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ABSTRACT

The central objects of study in this thesis are varieties defined by rank deficiencies of matrices
with polynomial entries, which are known as determinantal varieties. We consider effective
questions about these varieties from two distinct perspectives. The first part of this thesis
concerns computational results in the arithmetic complexity model, where basic field operations
have unit cost. From classical results on free resolutions of determinantal ideals, we extract
information about the syzygy modules of determinantal ideals, and use this information to
adapt existing general-purpose Grobner basis algorithms to determinantal ideals. This leads us
to new algorithms to solve zero-dimensional determinantal polynomial systems and polynomial
optimisation problems. We give complexity analyses of our algorithms, and in so doing, show
that they improve upon the state-of-the-art. The central problem considered in the second
part of this thesis is to bound heights of determinantal varieties. By way of new constructions
in arithmetic integral geometry, we give exact values for Mahler measures of determinantal
resultants. Coupled with a determinantal analogue of the standard u-resultant, this enables us
to bound heights of Chow forms of determinantal varieties.

Les objets centraux de cette thése sont des variétés définies par une chute de rang dans
des matrices a entrées polynomiales, appelées « variétés déterminantielles ». Nous abordons
les questions effectifs relatives a ces variétés sous deux angles distincts. La premiére partie de
cette thése porte sur des résultats dans le modéle de complexité arithmétique, ot les opérations
de base sur les corps ont un cofit unitaire. A partir de résultats classiques sur les résolutions
libres d’idéaux déterminantiels, nous extrayons des informations sur les modules des syzygies
des idéaux déterminantiels, et utilisons ces informations pour adapter des algorithmes existant
de bases de Grobner généralistes aux idéaux déterminantiels. Cela nous conduit a de nouveaux
algorithmes permettant de résoudre des systémes déterminantiels d’équations polynomiales
zéro-dimensionnels et des problemes d'optimisation polynomiale. Nous analysons la complexité
de nos algorithmes et démontrons ainsi qu’ils constituent une avancée par rapport a I'état de
l'art. Le probléeme central abordé dans la deuxiéme partie de cette thése consiste a borner
les hauteurs des variétés déterminantielles. A I'aide de nouvelles constructions en géométrie
intégrale arithmétique, nous donnons des valeurs exactes pour les mesures de Mahler des
résultants déterminantiels. En y associant un analogue déterminantiel du wu-résultant standard,
cela nous permet de borner les hauteurs des formes de Chow des variétés déterminantielles.
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INTRODUCTION

For as long as humans have been sentient, we have sought to understand the universe and our
place in it. Why is there something rather than nothing? Does free will exist? Is cereal a soup?
Finding these questions far too difficult to answer, we instead turn our attention, in this thesis,
to the effective algebraic geometry of determinantal varieties. Algebraic geometry concerns itself,
broadly speaking, with the study of solutions to polynomial equations and polynomial maps
between such sets. Effective algebraic geometry concerns itself with algorithms to compute
properties of such solutions sets. This thesis concerns itself with the design and analysis of
algorithms to solve polynomial systems which arise as the minors of a fixed size of a matrix of
polynomials.

Data structures and algorithms to compute numerically with algebro-geometric objects are
an active area of research, and numerical methods to solve polynomial systems have shown
remarkable efficiency in practice (see e.g. [BTI8, Ver99, BSHWI3| SVWO05]). Such methods
however, are, by their very nature, susceptible to error, and cannot work over fields of positive
characteristic.

On the other side of the coin is symbolic computation, which treats constants as exact,
symbolic values. As such, it incurs a potentially much higher computational cost, though it is
not susceptible to error and works over fields of arbitrary characteristic. Our focus in this thesis
is on the design and analysis of symbolic algorithms to solve polynomial system:s.

The main contributions of this thesis can be most naturally divided into two distinct parts -
results concerning the arithmetic complexity of solving determinantal polynomial systems, and
those concerning the bit sizes of solutions to such systems.

DETERMINANTAL POLYNOMIAL SYSTEMS

Let k be a field, and fix an algebraic closure k of k. Let k[zy, ..., z,] be the ring of polynomials
in n variables with coefficients in k. Consider a p X ¢ matrix of polynomials

le f172 e qu
T R P
fp,l fp’g T fp,q

Let 0 < r < min{p, ¢} be an integer. An ((r + 1) X (r + 1))-minor (or simply (r + 1)-minor)
of M is the determinant of an (r 4+ 1) X (r + 1) submatrix of M:

fihjl fihjz e fil,jr-ﬂ
det flz,]l flz,j2 '. o f’i2,:7'r+1

Jivert Jirge 0 Jivsrden

The collection F, (M) of all (r + 1)-minors of M is a determinantal system. The ideal
T.41 (M) generated by F, (M) is called a determinantal ideal. If, for o = (o1, ..., a,) €k,
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we denote
fialan, .. an) fiolan,..o o) - figlon, ... o)
M(a) = f2,1(041,....,04n) f272(041,....,o_/n) fzq(al,....,ozn) |
fpaats0n) Fpa(@rseeesqn) o Fyglans-e.san)

then there is an equality of sets

V(Fri(M))={a ek :Vf e FuM), fla)=0} = {a ek’ :rank (M(a)) <71} .
It is easy to see that F,.,,(M) has cardinality precisely (Tﬁl) (ril), which, in general, exceeds
n. Before proceeding further, it seems prudent, then, to ask if the sets V' (F,;1(M)) are even
nonempty. This depends, of course, on the entries of M, and on n, but in the most general
case, there is a simple expression for the dimension of V' (F,1(M)) as an algebraic set.
Treorem ((BV8S, Proposition11). — Let M = (2;;), . € k[{zi;} 1 1<i<p,1<j<qlbea

matrix of variables. Then for any 0 < < min{p, ¢}
codim (V/(Fr11(M))) = (p = 7)(g = 7).

This equality turns out to hold even with arbitrary polynomials in place of the variables,
provided the polynomials are chosen generically.

The natural determinantal analogue of square systems of polynomials is then n = (p —
r)(q¢ — r). In this situation, the set V(F,;;(M)) is generically finite. In this thesis, we will
study systems of the form F, (M), with an eye towards improving algorithms for computing
V(F,+1(M)) - when it is finite - and understanding their complexity.

GGROBNER BASES

We refer to [CLOI5] for a reference textbook on the theory of Grobner bases. Let F' =
(fi,-- s fm) Ckl[zq,...,x,] be a sequence polynomials, let Z be the ideal that they generate,
and let V' = V/(Z) be the corresponding variety.

When V is zero-dimensional, it can be computed via the classical two-step polynomial
systems solving strategy. This consists in first computing a Grébner basis for £, (M) with
respect to the graded reverse lexicographic (grevlex) order, and then using a change of order
algorithm to obtain a lexicographic Grébner basis for F,. (M), from which the solutions to
F,..1(M) can be read off. The focus of the first part of this thesis is on the first part of this
process. It is frequently the most expensive of the two (see [FM17, BNS22]).

Evolutions of Buchberger’s original Grobner basis algorithm (see [Bucb65]) have led to linear
algebra-based algorithms, which originate from the algorithm of Lazard in [Laz83] and include
the now standard F; and Fj algorithms (see [Fau99, [Fau02]) which have shown their practical

efficiency.
These algorithms work by row echelonization of Macaulay matrices, whose columns are
indexed by the monomials of k[x1, ..., z,]| up to some degree d and sorted in decreasing order

(left to right) by the grevlex order, and whose rows store the coefficients of the input polynomials
multiplied by the monomials required to reach the degree d. If d is large enough, the echelon
form of the corresponding Macaulay matrix yields a Grébner basis (see [Laz83]). Any bound

2
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on the maximum degree of a polynomial in the reduced grevlex Grébner basis for Z therefore
gives, immediately, a bound on the arithmetic complexity of Lazard’s algorithm. Unfortunately,
as shown by an example of [MM82, Lemma 8] (see also [Yap9l]) this maximum degree can be
doubly exponential in nf}

Tueorem ([BM93, Proposition 3.11],[Yap91]). — For any n, there exists an ideal of k[zy, ..., z,]
generated by polynomials of degree at most d whose reduced grevlex Grébner basis contains
polynomials of degree d2".

Fortunately for us, the situation is exponentially less dire for Cohen-Macaulay ideals:

Tueorem ([Laz83, Theorem 2]). — If Z C k[zy, ..., x,] is a homogeneous ideal generated by m
polynomials of degrees d, ..., d,, such that k[xy, ..., x,]/Z is Cohen-Macaulay, then, after a
(generic) linear change of variables, every polynomial of the reduced grevlex Grébner basis of Z
has degree bounded from above by d; + - - - + d,,, — m + 1.

It is worth mentioning that the maximum degree of a polynomial in the reduced grevlex
Grobner basis of Z can be bounded by the Castelnuovo-Mumford regularity of the initial ideal of
7 (see [Eis05, Chapter 4]). Moreover, by [Eis05, Corollary 4.8], when Z is Cohen-Macaulay, the
Castelnuovo-Mumford regularity of Z agrees, up to an additive correction by the dimension of
7, with the lowest degree at which the Hilbert function of Z agrees with its Hilbert polynomial.
Putting this fact together with the fact that determinantal ideals are generically Cohen-Macaulay
(see [BV88, Theorem 2.5]) enables the extraction of a bound on the maximum degree of a
polynomial in the grevlex Grobner basis of a generic determinantal ideal from its Hilbert
function.

Successive enhancements of the linear algebra approach to Grobner basis computations have
culminated with the Fj algorithm [Fau02] (see also [EF16]), which manages to, a priori, discard
some rows of the Macaulay matrices which are in the linear span of others, and thus reduce
to zero in the echelonization. It has been shown that for regular sequences of polynomials,
the so-called F5-criterion detects all reductions to zero and Fj thus computes only full-rank
Macaulay matrices.

Reductions to zero in Macaulay matrices are in one-to-one correspondence with syzygies
of the input system, and the Fj criterion precisely captures the Koszul syzygies, coming from
the commutativity of polynomial multiplication. This yields asymptotically faster Grébner basis
computations for ideals of complete intersections [BFSI5).

Of course, it is not the case that the Fj-criterion eliminates all reductions to zero on classes
of structured polynomial systems, including determinantal ones. Indeed, determinantal varieties
are, in general, not complete intersections. This presents both an opportunity (the F3 algorithm
can be adapted to determinantal ideals) and a hint (superfluous computations in F5 come from
syzygies of determinantal ideals).

MaAaIN ResuLTs (ParT I)

Within the realm of arithmetic complexity, the research exposited in this thesis has given rise
to three articles, all of which in some sense serve to provide partial answers to the following
questions:

lthough not much worse than doubly exponential, thanks to [Dub90, Theorem 8.2]

3
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(i) What shape do the syzygies (or algebraic relations) between the minors of a fixed order of
a polynomial matrix take?

(ii) How can we exploit this structure to create Grobner basis algorithms which are adapted
specifically to determinantal systems?

(iii) What is the arithmetic complexity of the resulting algorithms we obtain?

First, in [GNS23], an article published at ISSAC 2023, we concentrate on the case of square
matrices of linear forms. We analyse the complex of Gulliksen and Negard (see [GN72]), which is
a free resolution for Z,,_ (M) (provided it is Cohen-Macaulay) to describe the syzygy modules
of Z, 1 (M). For r < p— 2, we use [Kur89, Theorem 5.1] to lift syzygies between the 7-minors of
the (r 4+ 1) x (r + 1) submatrices to syzygies between the r-minors of A, thereby reducing the
problem of computing syzygies between r-minors in general to the case » = p — 2. Equipped
with our understanding of these syzygy modules, we then introduce new criteria which avoid
reductions to zero when computing Grobner bases of determinantal ideals of square matrices.

In particular, when » = p — 2, p = ¢, and the ideal Z, (M) is Cohen-Macaulay, all
reductions to zero are avoided. This implies that all linearly redundant rows in the Macaulay
matrices can be pruned a priori, leading to faster echelonization. A subsequent complexity
bound is given (see Proposition or [GNS23, Proposition 6.2] for a precise statement and
proof):

Tueorem. — Let M be a p X p matrix of homogeneous linear forms in four variables with
coefficients in a field k. There exists an algorithm (see [GNS23, Algorithm 3] or Algorithm
to compute the reduced grevlex Grébner basis of Z,_; (M) which, under suitable genericity
assumptions, performs O(p?“~!) arithmetic operations in k.

This upper bound compares favourably with the best previously-known bound of O(p®~*2)
from [FSSI3, Theorem 20].

In [Gop25|, a subsequent article published in the Journal of Algebra, we provide an exact
formula for the size of the reduced grevlex Grobner basis of Z,_; (M) (see [Gop25} Theorem 8.3]
or Theorem for a precise statement and proof):

Tueorem. — Let M be a p X p matrix of homogeneous linear forms in four variables over a
field k. Under suitable genericity assumptions and assuming that the ideal Z, (/) is reverse
lexicographic, the number of elements of k in the dense representation for the reduced grevlex
Grobner basis of Z,_1 (M) is in ©(p").

In this article, we also sharpen the complexity analysis of the algorithm [GNS23| Algorithm 3]
taking into account the specific structure of the Macaulay matrices encountered (see [Gop25,
Theorem 8.10] or Theorem [3.4.10) for the precise statement and proof):

Taeorem. — Let M be a p X p matrix of homogeneous linear forms in four variables over a
field k. Under certain genericity assumptions and assuming that the ideal Z,,_;(M) is reverse
lexicographic, the number of arithmetic operations in k performed by [GNS23| Algorithm 3]
when computing the reduced grevlex Grébner basis for Z,, (M) is in O(p*™3).

Noting that 2 < w < 3, we see that the upper bound O(p**3) that we obtain on [GNS23,
Algorithm 3] is subquadratic in the size of the output. However, taking, optimistically, w = 2,
which corresponds to being able to compute row-echelon forms of matrices over k in linear

4
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time, we also see that our upper bound becomes O(p”), while the size of the output is still p°.
This suggests that our complexity analysis is still not as sharp as it could be.

Finally, in [GNSED24], an article published at ISSAC 2024, we consider a sequence F' =
(fi,..., fp) of polynomials and another polynomial g, all of them in R, and the Jacobian matrix
jac(g, F') associated to g and F. We denote by (F') the ideal of R generated by F'. We consider
the problem of computing a grevlex Grobner basis of the ideal

I(ga F) = <F> +Ip+1 (Jac(g,F))

When (F') is radical, is equidimensional of codimension p, and defines a smooth algebraic set
V(F) in k", the algebraic set V(Z(g, F)) in k" defined by Z(g, F) is the set of critical points
of the restriction of the polynomial map defined by g to V(F).

We analyse the first syzygy module of the Eagon-Northcott complex (see [EN62]) and exhibit
a submodule of its leading terms (with respect to some module order induced by the grevlex
monomial order). This has a simple algorithmic consequence: by incrementally computing
Grobner bases of ideals generated by the leftmost entries of the matrix jac(g, F'), one obtains
enough information to easily identify a submodule of the one generated by the leading terms
of the first syzygy module of Z(g, F'). When combined with the syzygy criterion of Fj (see
[EF16, Lemma 6.4] or Proposition [L.2.2), this allows us to, a priori, discard a significant number
of rows in the Macaulay matrices that arise when computing critical points. We provide a
corresponding complexity analysis and compare it to the best previously known bound given in
[Spald]. Experimental evidence suggests that our new complexity bound could, asymptotically,
improve on that given in [Spal4] by a polynomial factor.

ARITHMETIC GEOMETRY

Suppose F' = (f1,..., fm) € Q[z1,...,x,] is a sequence of polynomials defining a variety V'
of dimension zero. A rational univariate representation of V, introduced in [ABRW96} Rou99], is
a tuple of polynomials

(w(t), q(t),pr(t), - - pa(t)) € Q[t]

such that, if vy, ..., Qaeg(1 (1)) denote the (possibly repeated) roots of the separating polynomial
v(t) in an algebraic closure Q of Q, then

V= {(pl(af),...,p”(o‘f)) 1< j <deg (V(t))}.

q(c;) q(a;)

Rational univariate representations are a ubiquitous, efficient data structure used in practice
(see, e.g., [BES2I, MGH™05]) to represent solutions to zero-dimensional polynomial systems. Of
note is the fact that the number of points of V' is deg(V') = deg (v(t)). This degree is already
a good first measure of the complexity of V. Indeed, an algorithm which outputs V' must,
at a minimum, compute deg (v(¢)) points. This measure of complexity fits nicely within the
arithmetic complexity model that we consider in the first part of this thesis, since we bound
the number of arithmetic operations over k performed by the algorithms that we present, and
we treat each such arithmetic operation as having unit cost. In the most general situation,
the Thom-Porteous formula (see [Ful98a, Theorem14.4]) gives an effective way to compute
fundamental classes of degeneracy loci, and this can be applied to deduce degree bounds on
determinantal varieties (see, e.g., [FSS13, Corollary 11)).

5
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In practice, however, the complexity of V' is not completely captured by its size alone. Each
point of V' may not necessarily be representable, in a computer, using the same number of bits.
The main goal of the second part of this thesis is to understand the number of bits required to
encode the separating polynomial of a zero-dimensional determinantal variety. This leads to
bounds on bit sizes of rational points on determinantal varieties.

The fundamental measure of the complexity of a rational number is its naive, logarithmic
height. For ¢ € Q with ged(a,b) = 1, h (%) = logmax{]al,|b|}. The degree of V' cannot
be bounded purely in terms of m and n. Bézout's theorem gives us the bound deg(V') <
[T~ deg(f;), and this bound is as sharp as one could hope for in the sense that it is an
equality as soon as V' is a complete intersection (which generically, it is). Analogously, it is too
much to hope for that the maximum naive logarithmic height of the rational points of V' can
be bounded in terms of m,n, and deg(f),...,deg(f.), and the bounds we give additionally
take as input a bound 7 on the naive logarithmic heights of the coefficients of the f;.

The naive logarithmic height of V' makes little sense if V' is positive dimensional. It is thus a
somewhat unwieldy quantity to work with directly. Instead, we will consider the Faltings height
of V, first defined in the enormously influential [Fal83]. There are a few equivalent definitions
of this height, the most concrete of which is in terms of the Mahler measure of a Chow form
of V. Let V C P" be the projective closure of V, and let d = dim(V’). The intersection of V'
with d + 1 hyperplanes is generically empty, and the collection of (d + 1)-tuples of hyperplanes
whose intersection with V' is nonempty is a codimension one Zariski closed subset of (IP"),
Any polynomial defining this hypersurface is called a Chow form of V.

The Faltings height of V can then be defined in the following wayf] Let @y be a Chow form
of V, defined over an algebraic extension K of Q with maximal order Of. For each maximal
ideal p of Ok, let u, be the minimum p-adic valuation of the coefficients of @y, and let p be
the prime of Z over which p lies. Then

d+ 1)K : Q] deg(V 1
hFaltings Z / log|CI> ’:un Zup IOg‘pH-( >[ 5 ] ( ) Z -
p

o:K—C i=1

where i, is the standard probability measure on P{ (that is, the pushforward of the Haar
measure on the complex unit sphere S"™! C C™*! under its natural quotient map to P). This
definition is, as one would hope, independent of the choice of @y, as can be seen by routine
application of the product formula. The integral appearing in the definition of the Faltings
height above is called the Mahler measure of ®y,. The maximum of the naive logarithmic heights
of the coefficients of a polynomial over (Q can be bounded in terms of its Mahler measure (see
[KPSO0L, Lemma L1f), and it is precisely this link which allows us to bound the maximum naive
logarithmic height of a rational point on a zero-dimensional determinantal variety in terms of its
Faltings height. Of course, what remains is to bound the Mahler measure of the Chow form of a
determinantal variety. This is accomplished via the classical link between the Chow form and
the wu-resultant, together with a new construction of the determinantal resultant, first defined in
[Bus04].

2That this definition agrees with the definition of the Faltings height in terms of the first arithmetic Chern
class of the tautological line bundle follows from [BGS94} Theorem 4.3.2] and [BGS94] Lemma 4.3.3]. That it agrees
with the original Arakelov-theoretic definition of [Fal83] is essentially the content of [BGS94, Lemma 2.3.2]

3For the case n = 1, this is a consequence of Jensen’s formula.
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MaiN rResuLts (Part 1)

The main problem motivating the work in the second part of this thesis is that of bounding
the naive logarithmic height of rational points on determinantal varieties. We approach this
problem, as explained above, by giving a bound on the Faltings height of determinantal varieties.
Let e, f,r be integers, with ~ < min{e, f}. For integers d,...,ds, and N, let

f
€ = Of% and F = (P Opn (d;).

j=1

A morphism of vector bundles ¢ € Hom(&, F) can be given by an f x e matrix, the (i, )
entry of which is a homogeneous polynomial in N + 1 variables of degree d; (i.e. a section
of Opn(d;)). The locus M, (¢) at which ¢ has rank at most r is called a degeneracy locus. Its
degree is well-understood, thanks to the Thom-Porteous formula (see [Ful98a, Theorem 14.4]).
It is evident from its definition (see above) that the crucial missing ingredient required to
understand the Faltings height of M, (¢) is the Mahler measure of its Chow form. In Chapter [6)}
we introduce a new object, which we call the determinantal Chow divisor. This construction
associates, to a cycle Z on P, a cycle Ch‘eif}m(dlwdf)(Z ) which parametrises morphisms in
Hom(€, F) which drop in rank to at most 7 at some point of Zff| We link this construction to
the determinantal resultant of [Bus04]:

TueoreM (Theorem [6.1.2). — The determinantal Chow divisor of projective space is the divisor
of the determinantal resultant of [Bus04].

Next, we introduce a determinantal wu-resultant, which adapts the standard wu-resultant
construction to the setting of determinantal varieties. The key (easy) theorem which we prove is
that this u-resultant is in fact a Chow form of M, (¢) (see Theorem [6.1.6).

The main technical content of Chapter [6] lies in computing the Mahler measure of the
determinantal resultant. In the case when » = e — 1 and e < f, this is quite straightforward.
The incidence correspondence which we use in our construction of the determinantal Chow
divisor is the same as that used to define the usual (generalised) Chow divisor (see [BGS94, 4.3.],
Proposition 4.3.3]). This enables us to prove

Tueorem (Proposition [6.2.3). — For any cycle Z on P} of dimension f —e + 1,

h(ChS,e;,efl,(dl,...,df)(Z)) = esymf—e+1 (d17 v ,df)hFaltings(Z>
+esym;_ (dy, ..., dy)deg(Z)oe

where esym,, is the p™ elementary symmetric polynomial, h(-) is the normalised multiprojective
height (see [BGS94, Definition4.11]), and o, the p Stoll number, is the Faltings height of
p-dimensional projective space (see, e.g., [BGS94, Lemma 3.3.1)).

From this theorem, we can deduce exact values for Mahler measures of determinantal
resultants. For example, in Section we show that the exact value of the Mahler measure of

the determinantal resultant associated to the maximal minors of a 3 x 4 matrix of linear forms
.57
is —2L,
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*In particular, when e = 1 and r = 0, then the determinantal Chow divisor is just the usual (generalised)
Chow divisor.
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For general r, the situation is more complicated. In this case, the incidence correspondence
is no longer the same one as is used to define the usual generalised Chow divisor. Understanding
this new incidence correspondence requires us to prove Theorem which is a generalisation
of [BGS94, Proposition 4.3.3].

Using this, we are able to give a (non-closed, but easily computable) formula for the degree
(see Proposition and height (see Proposition of the determinantal resultant in general.
Finally, we apply the general results of [KPS0I] to deduce, in Theorem bounds on heights
of rational points on determinantal varieties.

PERSPECTIVES

It is worth mentioning two natural continuations of the work in this thesis.

First, in the realm of arithmetic complexity, some of the work done in [Gop25] to use generic
grevlex staircases to analyse the structure of Macaulay matrices could be applied to the situation
of regular sequences as well. The Fj; algorithm works by successively row-reducing highly
structured matrices. The sharpest existing analysis of the F} algorithm is that of [BFSI5]. This
analysis proceeds first by finding a bound on the number of unreduced rows of each matrix
encountered in Fj (see [BFSID, Theorem 2]), then by finding a bound on the cost of reducing
each of these rows. As explained in [BFSI5| Section 4], the second step of this analysis is far from
sharp. In particular, it does not take into account the sparsity of the rows of the matrices being
reduced. This sparsity is closely related to the structure of the Grobner bases being computed.
As such, under the same genericity assumptions of [BESI5, carrying out an analysis similar to
the one performed in [Gop25] could yield a finer estimate of the complexity of F;. Preliminary
work shows that this avenue of research is quite promising, potentially leading to an arithmetic
complexity estimate of F5 which accurately captures its subcubic behaviour with respect to the
Bézout bound. It remains, however, to find tight closed-form asymptotic bounds on these new
sharper estimates - a highly nontrivial step, considering the intricacy of the asymptotic analysis
carried out in [BFSIF].

Second, our work on heights leaves open many questions. Akin to the way the Schubert
calculus which leads to formula for the degrees of determinantal varieties can be generalised to
prove the Thom-Porteous-Giambelli formula for degrees of degeneracy loci, one might hope that
the work in this thesis on heights of determinantal varieties could be used to derive formula
for heights of degeneracy loci in general. An arithmetic Schubert calculus already exists (see
[Mai95, Tam99]), and is a crucial ingredient in our existing work on heights. Moreover, the
construction of the determinantal resultant in [Bus04] - which yields the same resultant as our
construction in the appropriate setting - already works in remarkable generality and shows
that a resultant exists for degeneracy loci under quite mild assumptions. By combining these
two, a priori quite disjoint bodies of work, one could hope that an arithmetic analogue of
the Thom-Porteous-Giambelli formula might exist. While this generalisation may seem, at first
glance, to yield little in the way of practical complexity bounds, the flexibility provided by
allowing for arbitrary degeneracy loci would result in bit-size bounds for determinantal varieties
built from a more general class of matrices than the ones considered in this work. In particular,
this general result could lead to sharp bounds for bit sizes of the outputs of a wide array of
polynomial optimisation tasks arising from real-world applications.



INTRODUCTION (EN FRANCAIS)

Depuis que les humains sont dotés de conscience, nous avons cherché a comprendre I'univers
et notre place en son sein. Pourquoi y a-t-il quelque chose plutét que rien ? Le libre arbitre
existe-t-il ? Les céréales au lait sont-elles une soupe ? Trouvant ces questions bien trop difficiles
a résoudre, nous tournons plutdt notre attention, dans cette thése, vers la géométrie algébrique
effective des variétés déterminantielles. La géométrie algébrique s'intéresse, en général, a
I'étude des solutions d’équations polynomiales et des applications polynomiales entre de tels
ensembles. La géométrie algébrique effective s'intéresse aux algorithmes permettant de calculer
des propriétés de ces ensembles de solutions. Cette thése porte sur la conception et I'analyse
d’algorithmes permettant de résoudre des systémes polynomiaux qui apparaissent comme les
mineurs d’une taille fixée d’'une matrice de polynomes.

Les structures de données et les algorithmes permettant de calculer numériquement avec
des objets algébro-géométriques constituent un domaine de recherche actif, et les méthodes
numériques de résolution de systémes polynomiaux ont démontré une efficacité remarquable en
pratique (voir par exemple [BT18, Ver99, BSHWI3, [SVW05]). De telles méthodes sont cependant,
par leur nature méme, sujettes a des erreurs, et ne fonctionnent pas sur des corps de
caractéristique positive.

A Topposé se trouve le calcul symbolique, qui traite les constantes comme des valeurs
exactes et symboliques. Il entraine ainsi un cotit de calcul potentiellement bien plus élevé,
mais n'est pas sujet a I'erreur et fonctionne sur des corps de caractéristique arbitraire. Notre
attention, dans cette thése, se porte sur la conception et I'analyse d’algorithmes symboliques
pour la résolution de systémes polynomiaux.

Les contributions principales de cette thése se répartissent le plus naturellement en deux
parties distinctes - des résultats concernant la complexité arithmétique de la résolution de
systemes polynomiaux déterminantiels, et ceux concernant la taille en bits des solutions de tels
systémes.

SYSTEMES POLYNOMIAUX DETERMINANTIELS

Soit k un corps, et fixons une cloture algébrique k de k. Soit k[zy,...,,] l'anneau des
polynémes en n variables a coefficients dans k. Considérons une matrice de polynémes de
taille p x ¢

f]_,]. f172 vt fl,q
| BB B g e
fp’l fp’2 oo fp7q
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Soit 0 < r < min{p, ¢} un entier. Un mineur ((r + 1) x (r + 1)) (ou simplement mineur
(r+1)) de M est le déterminant d’'une sous-matrice (r + 1) x (r+ 1) de M :

Jog  Jiug 0 Jiuden

e | o T S

fir+17j1 fimjé fir+1,jr+1

Lensemble F,.;(M) de tous les mineurs (r + 1) de M est un systéme déterminantiel.
Lidéal 7,4 (M) engendré par F, (M) est appelé un idéal déterminantiel. Si, pour o =
(oq,...,0p) €k, on note

f171(0z1,...,0zn) fLQ(O./l,...,O./n) qu(Oél,...,Oén)
M(a) _ f271(a1,:. .. ,O{n) fg,g(al,:. . ,O{n) . f27q(041,:. .. ,Oén) 7
fp71(061,...704n) fp?g(al,...,an) fp,q<0517~--7an>

alors on a une égalité d’ensembles

V(F.1(M)) = {a ek :VfeF. (M), fla)= O} = {oz ek" :rank (M(a)) < 7“}.
1l est facile de voir que F..1(M) a pour cardinal exactement (Tfil) (ril), ce qui, en général,
excéde n. Avant d’aller plus loin, il semble donc prudent de se demander si les ensembles
V' (F,41(M)) sont ne serait-ce que non vides. Cela dépend, bien entendu, des coefficients de
M, ainsi que de n, mais dans le cas le plus général, il existe une expression simple pour la
dimension de V' (F,;1(M)) en tant qu'ensemble algébrique.
TutoriME (BV88| Proposition 1.1]). — Soit M = (x”)” ek[{z;;} :1<i<p,1<j<q| une

matrice de variables. Alors pour tout 0 < r < min{p, ¢}
codim (V(F,41(M))) = (p —r)(q — 7).

Cette égalité se trouve rester vraie méme en remplacant les variables par des polynémes
arbitraires, pourvu que ces polynomes soient choisis de maniére générique.

L'analogue déterminantiel naturel des systemes polynomiaux carrés est alors donné par
n = (p—r)(q—r). Dans cette situation, I'ensemble V'(F,1(M)) est génériquement fini. Dans
cette thése, nous étudierons des systémes de la forme F,.;(M), dans le but d’améliorer les
algorithmes de calcul de V' (F,,1(M)) - lorsque cet ensemble est fini - et de comprendre leur
complexité.

Bases DE GROBNER

Nous renvoyons a [CLOI5] pour un ouvrage de référence sur la théorie des bases de Grébner.
Soit ' = (f1,..., fm) C k[z1,...,x,] une suite de polyndmes, soit Z I'idéal qu'ils engendrent,
et soit V = V/(Z) la variété correspondante.

Lorsque V' est de dimension zéro, elle peut étre calculée au moyen de la stratégie classique
en deux étapes de résolution de systémes polynomiaux. Celle-ci consiste a calculer d’abord une
base de Grébner de F, (M) relativement a l'ordre lexicographique gradué inverse (grevlex), puis
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a utiliser un algorithme de changement d'ordre pour obtenir une base de Grébner lexicographique
de F,.1(M), a partir de laquelle les solutions de F,. (M) peuvent étre lues directement. La
premiére partie de cette thése porte sur la premiére étape de ce processus. C'est fréquemment
la plus cotiteuse des deux (voir [FM17, BNS22]).

Les évolutions de I'algorithme original de Buchberger pour le calcul de bases de Grobner
(voir [Buc65]) ont donné naissance a des algorithmes fondés sur l'algebre linéaire, issus de
I'algorithme de Lazard dans [Laz83], et incluant les algorithmes désormais classiques F et Fj
(voir [Fau99, [Fau02]), qui ont fait la preuve de leur efficacité pratique.

Ces algorithmes procédent par échelonnement des matrices de Macaulay, dont les colonnes
sont indexées par les monomes de k|xq,...,z,] jusqu'a un certain degré d et triées par
ordre décroissant (de gauche a droite) selon l'ordre grevlex, et dont les lignes contiennent les
coefficients des polynémes d’entrée multipliés par les monémes nécessaires pour atteindre
le degré d. Si d est suffisamment grand, la forme échelonnée de la matrice de Macaulay
correspondante fournit une base de Grobner (voir [Laz83]). Toute borne sur le degré maximal
d’'un polynome de la base de Grobner grevlex réduite de Z donne donc, immédiatement, une
borne sur la complexité arithmétique de l'algorithme de Lazard. Malheureusement, comme
le montre un exemple de [MM82, Lemma 8] (voir aussi [Yap9l]), ce degré maximal peut étre
doublement exponentiel en 7 :

TutoreéMme (BM93| Proposition 3.11],[Yap9l]). — Pour tout n, il existe un idéal de k[zy, ..., ;]
engendré par des polynomes de degré au plus d dont la base de Grébner grevlex réduite contient
des polynémes de degré 2.

Heureusement pour nous, la situation est exponentiellement moins dramatique pour les
idéaux de Cohen-Macaulay :

TutoriéMme ([Laz83, Theorem2]). — Si Z C k|xy,...,z,] est un idéal homogéne engendré par
m polynomes de degrés dy, ..., d,, tels que k[z1,...,x,]/Z soit Cohen-Macaulay, alors, aprés
un changement de variables linéaire (générique), tout polynéme de la base de Grobner grevlex
réduite de Z a un degré majoré par dy + - -- + d,,, — m + 1.

Il convient de mentionner que le degré maximal d'un polynéme de la base de Grébner
grevlex réduite de Z peut étre majoré par la régularité de Castelnuovo-Mumford de 1'idéal initial de
7 (voir [Eis05, Chapter 4]). De plus, d’apres [Eis05, Corollary 4.8], lorsque Z est Cohen-Macaulay,
la régularité de Castelnuovo-Mumford de Z coincide, a une correction additive pres liée a la
dimension de Z, avec le plus petit degré a partir duquel la fonction de Hilbert de Z coincide
avec son polynéme de Hilbert. En combinant ce fait avec celui que les idéaux déterminantiels
sont génériquement Cohen-Macaulay (voir [BV88, Theorem 2.5]), on peut extraire une borne
sur le degré maximal d'un polynéme de la base de Grobner grevlex d’'un idéal déterminantiel
générique a partir de sa fonction de Hilbert.

Les améliorations successives de I'approche par algébre linéaire du calcul de bases de
Grébner ont culminé avec I'algorithme Fj [Fau02] (voir aussi [EFI6]), qui parvient, a priori, a
écarter certaines lignes des matrices de Macaulay se trouvant dans l'espace engendré par les
autres, et donc a se réduire a zéro lors de I'échelonnement. 1l a été démontré que, pour des
suites régulieres de polynémes, le critére dit de F5 détecte toutes les réductions a zéro, de sorte
que F3 ne calcule que des matrices de Macaulay de rang plein.

Sbien que pas beaucoup plus grand que doublement exponentiel, grace a [Dub90, Theorem 8.2]
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Les réductions a zéro dans les matrices de Macaulay sont en bijection avec les syzygies
du systeme d’entrée, et le critere F; capture précisément les syzygies de Koszul, issues de la
commutativité de la multiplication polynomiale. Cela conduit a des calculs de bases de Grobner
asymptotiquement plus rapides pour les idéaux d’intersections completes [BFSI5].

Bien entendu, il n'est pas vrai que le critere F; élimine toutes les réductions a zéro pour
les classes de systémes polynomiaux structurés, y compris les systémes déterminantiels. En
effet, les variétés déterminantielles ne sont, en général, pas des intersections complétes. Cela
constitue a la fois une opportunité ('algorithme F5 peut étre adapté aux idéaux déterminantiels)
et un indice (les calculs superflus dans F proviennent des syzygies des idéaux déterminantiels).

REsurrats PRINCIPAUX (PARTIE )

Dans le domaine de la complexité arithmétique, les travaux de recherche exposés dans cette
these ont donné lieu a trois articles, qui contribuent tous, dans une certaine mesure, a apporter
des réponses partielles aux questions suivantes :

(i) Quelle forme prennent les syzygies (ou relations algébriques) entre les mineurs d'un ordre
fixé d’'une matrice polynomiale ?

(ii) Comment exploiter cette structure pour créer des algorithmes de calcul de bases de
Grobner spécifiquement adaptés aux systémes déterminantiels ?

(iii) Quelle est la complexité arithmétique des algorithmes que nous obtenons ainsi ?

Tout d’abord, dans [GNS23], un article publié a ISSAC 2023, nous nous concentrons sur
le cas des matrices carrées de formes linéaires. Nous analysons le complexe de Gulliksen et
Negard (voir [GN72]), qui est une résolution libre de Z, ;(M) (@ condition qu'il soit Cohen-
Macaulay) permettant de décrire les modules de syzygies de Z,_1(M). Pour r < p — 2,
nous utilisons [Kur89, Theorem 5.1] pour relever les syzygies entre les mineurs d'ordre r des
sous-matrices (7 + 1) x (r + 1) en des syzygies entre les mineurs d'ordre r de A, réduisant
ainsi le probleme du calcul des syzygies entre mineurs d'ordre r en général au cas r = p — 2.
Munis de cette compréhension des modules de syzygies, nous introduisons alors de nouveaux
criteres permettant d’éviter les réductions a zéro lors du calcul de bases de Grébner d’idéaux
déterminantiels de matrices carrées.

En particulier, lorsque » = p — 2, p = ¢, et que l'idéal Z,,_; (M) est Cohen-Macaulay, toutes
les réductions a zéro sont évitées. Cela implique que toutes les lignes linéairement redondantes
des matrices de Macaulay peuvent étre élaguées a priori, ce qui accélére I'échelonnement. Une
borne de complexité s’ensuit (voir Proposition ou [GNS23, Proposition 6.2] pour un énoncé
et une preuve précis) :

TutoréME. — Soit M une matrice p X p de formes linéaires homogénes en quatre variables a
coefficients dans un corps k. 1l existe un algorithme (voir [GNS23| Algorithm 3] ou Algorithm
permettant de calculer la base de Grobner grevlex réduite de Z,_;(M) qui, sous des hypotheses
de généricité adéquates, effectue O(p**~!) opérations arithmétiques dans k.

Cette borne supérieure se compare favorablement a la meilleure borne précédemment
connue, a savoir O(p®*2), issue de [FSSI3, Theorem 20].

Dans [Gop25], un article ultérieur publié dans le Journal of Algebra, nous fournissons une
formule exacte pour la taille de la base de Grobner grevlex réduite de Z,_; (M) (voir [Gop25,
Theorem 8.3] ou Theorem [3.4.3| pour un énoncé et une preuve précis) :

12
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TatorEME. — Soit M une matrice p X p de formes linéaires homogénes en quatre variables sur
un corps k. Sous des hypothéses de généricité adéquates, et en supposant que l'idéal Z, ; (M)
soit lexicographique inverse, le nombre d’éléments de k dans la représentation dense de la base
de Grobner grevlex réduite de Z, (M) est dans O(p°).

Dans cet article, nous affinons également I'analyse de complexité de I'algorithme [GNS23]
Algorithm 3] en tenant compte de la structure spécifique des matrices de Macaulay rencontrées
(voir [Gop25, Theorem 8.10] ou Theorem [3.4.10| pour un énoncé et une preuve précis) :

TutorEME. — Soit M une matrice p X p de formes linéaires homogenes en quatre variables sur
un corps k. Sous certaines hypothéses de généricité, et en supposant que l'idéal Z,_; (M) soit
lexicographique inverse, le nombre dopérations arithmétiques dans k effectuées par [GNS23,
Algorithm 3] lors du calcul de la base de Grébner grevlex réduite de Z,_; (M) est dans O(p*+3).

En remarquant que 2 < w < 3, on voit que la borne supérieure O(p***3) que nous obtenons
sur [GNS23| Algorithm 3] est sous-quadratique en la taille de la sortie. Cependant, en prenant,
optimistement, w = 2, ce qui correspond a pouvoir calculer les formes échelonnées de matrices
sur k en temps linéaire, on voit également que notre borne supérieure devient O(p”), alors que
la taille de la sortie reste p°. Cela suggére que notre analyse de complexité n’est pas encore
aussi fine qu’elle pourrait I'étre.

Enfin, dans [GNSED24], un article publié a ISSAC 2024, nous considérons une suite F' =
(fi,..., fp) de polynomes ainsi qu'un autre polynéme g, tous appartenant a R, et la matrice
jacobienne jac(g, F') associée a g et I. Nous notons (F) I'idéal de R engendré par F'. Nous
considérons le probleme du calcul d'une base de Grobner grevlex de l'idéal

(g, F) = (F) + Tpu (jac(g, F))

Lorsque (F') est radiciel, équidimensionnel de codimension p, et définit un ensemble algébrique
lisse V(F) dans k', I'ensemble algébrique V (Z (g, F)) dans k" défini par Z(g, F) est l'ensemble
des points critiques de la restriction & V' (F") de I'application polynomiale définie par g.

Nous analysons le premier module de syzygies du complexe d’Eagon-Northcott (voir [EN62])
et exhibons un sous-module de ses termes dominants (relativement a un certain ordre de
module induit par I'ordre monomial grevlex). Cela a une conséquence algorithmique simple :
en calculant de maniére incrémentale les bases de Grobner des idéaux engendrés par les
entrées les plus a gauche de la matrice jac(g, F'), on obtient suffisamment d’information pour
identifier facilement un sous-module de celui engendré par les termes dominants du premier
module de syzygies de Z(g, F'). Combiné au critére de syzygie de F5 (voir [EFI6, Lemma 6.4] ou
Proposition [L2.2), cela nous permet d'écarter a priori un nombre significatif de lignes dans les
matrices de Macaulay qui apparaissent lors du calcul des points critiques. Nous fournissons
une analyse de complexité correspondante et la comparons a la meilleure borne précédemment
connue, donnée dans [Spal4]. Les résultats expérimentaux suggerent que notre nouvelle borne
de complexité pourrait, asymptotiquement, améliorer celle de [Spal4] d'un facteur polynomial.

GEOMETRIE ARITHMETIQUE

Supposons que F' = (f1,..., fm) C Q[z1,...,x,] soit une suite de polynomes définissant une
variété V' de dimension zéro. Une représentation univariée rationnelle de V', introduite dans
[ABRW96, Rou99], est un uplet de polynomes

(), q(), p1(t), - -, pa(t)) € Q[f]

13
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tel que, si a1, ..., Qdeg(u(r)) désignent les racines (éventuellement répétées) du polynome séparant
v(t) dans une cléture algébrique Q de Q, alors

V= {(pl(o‘j),...,pn<o‘j)) 1<) <deg (y(t))}.

q(a;) q(a;)

Les représentations univariées rationnelles constituent une structure de données efficace et
omniprésente, utilisée en pratique (voir, par exemple, [BES2I, MGH™05]) pour représenter les
solutions de systémes polynomiaux de dimension zéro. Il convient de noter que le nombre de
points de V' est deg(V') = deg (v(t)). Ce degré constitue déja une bonne premiére mesure de
la complexité de V. En effet, un algorithme qui calcule V' doit, au minimum, calculer deg (v(t))
points. Cette mesure de complexité s'inscrit naturellement dans le modéle de complexité
arithmétique que nous considérons dans la premiére partie de cette thése, puisque nous
bornons le nombre dopérations arithmétiques sur k effectuées par les algorithmes que nous
présentons, et que nous traitons chaque opération arithmétique comme ayant un coiit unitaire.
Dans la situation la plus générale, la formule de Thom-Porteous (voir [Ful98a, Theorem 14.4])
fournit un moyen effectif de calculer les classes fondamentales des lieux de dégénérescence, ce
qui peut étre utilisé pour en déduire des bornes de degré sur les variétés déterminantielles (voir,
par exemple, [FSSI3, Corollary 11]).

En pratique, cependant, la complexité de V' n'est pas entiérement capturée par sa seule taille.
Chaque point de V' n’est pas nécessairement représentable, dans un ordinateur, a I'aide du
méme nombre de bits. Lobjectif principal de la seconde partie de cette thése est de comprendre
le nombre de bits nécessaires pour encoder le polynéme séparant d'une variété déterminantielle
de dimension zéro. Cela conduit a des bornes sur la taille en bits des points rationnels des
variétés déterminantielles.

La mesure fondamentale de la complexité d'un nombre rationnel est sa hauteur logarithmique
naive. Pour $ € Q avec ged(a,b) = 1, h (%) = logmax{|al,|b|}. Le degré de V ne peut
étre borné uniquement en fonction de m et n. Le théoréme de Bézout fournit la borne
deg(V) < TI%, deg(f:), et cette borne est aussi fine que possible, en ce sens qu'elle est
atteinte des que V' est une intersection compléte (ce qui, génériquement, est le cas). De méme,
il est illusoire d’espérer que la hauteur logarithmique naive maximale des points rationnels de
V' puisse étre bornée uniquement en fonction de m,n, et deg(f1),...,deg(f.), et les bornes
que nous donnons prennent également en entrée une borne 7 sur les hauteurs logarithmiques
naives des coefficients des f;.

La hauteur logarithmique naive de V' n'a guere de sens si ' est de dimension strictement
positive. C’est donc une quantité quelque peu malcommode a manipuler directement. Nous
considérerons plutot la hauteur de Faltings de V, définie pour la premieére fois dans l'article, d'une
influence considérable, [Fal83|. 1l existe plusieurs définitions équivalentes de cette hauteur, la
plus concréte étant en termes de la mesure de Mahler d'une forme de Chow de V. Soit V' C P"
la fermeture projective de V, et soit d = dim(V/). Lintersection de V avec d + 1 hyperplans
est génériquement vide, et 'ensemble des (d + 1)-uplets d’hyperplans dont l'intersection avec
V est non vide forme un sous-ensemble de Zariski fermé de codimension un de (P")%. Tout
polynome définissant cette hypersurface est appelé une forme de Chow de V.

La hauteur de Faltings de V' peut alors étre définie de la maniére suivantef] Soit ®y une

SLe fait que cette définition coincide avec la définition de la hauteur de Faltings en termes de la premiére classe
de Chern arithmétique du fibré en droites tautologique découle de [BGS94) Theorem 4.3.2] et [BGS94] Lemma 4.3.3].
Le fait qu'elle coincide avec la définition arakelovienne originale de [Fal83] constitue essentiellement le contenu de
[BGS94, Lemma 2.3.2]
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forme de Chow de V/, définie sur une extension algébrique K de Q d’anneau des entiers Ok.
Pour chaque idéal maximal p de Ok, soit u, la valuation p-adique minimale des coefficients de
®y, et soit p le nombre premier de Z au-dessus duquel se trouve p. Alors

d+1 Q] deg(
hFaltings Z / log|q> ’/‘Ln Zup 1og|p\+( )[ g Z_
p

o:K—C

ou /i, désigne la mesure de probabilité standard sur P¢ (c’est-a-dire 'image directe de la mesure
de Haar sur la sphére unité complexe S"*! C C"*! par son application quotient naturelle vers
PR). Cette définition est, comme on l'espére, indépendante du choix de ®y, comme on peut
le voir par une application de routine de la formule du produit. L'intégrale apparaissant dans
la définition de la hauteur de Faltings ci-dessus est appelée la mesure de Mahler de ®y,. Le
maximum des hauteurs logarithmiques naives des coefficients d'un polynéme sur Q peut étre
borné en fonction de sa mesure de Mahler (voir [KPS0I, Lemma 1.1, et c’est précisément ce lien
qui nous permet de borner la hauteur logarithmique naive maximale d'un point rationnel d'une
variété déterminantielle de dimension zéro en fonction de sa hauteur de Faltings. Bien entendu,
il reste alors a borner la mesure de Mahler de la forme de Chow d’'une variété déterminantielle.
Cela est accompli grace au lien classique entre la forme de Chow et le u-résultant, ainsi qu'a
une nouvelle construction du résultant déterminantiel, défini pour la premiére fois dans [Bus04].

REsurrats PRINCIPAUX (PARTIE II)

Le probléme principal motivant les travaux de la seconde partie de cette thése est celui de
borner la hauteur logarithmique naive des points rationnels sur les variétés déterminantielles.
Nous abordons ce probléme, comme expliqué ci-dessus, en établissant une borne sur la hauteur
de Faltings des variétés déterminantielles. Soient e, f,r des entiers, avec r < min{e, f}. Pour
des entiers dy, ..., ds, et N, posons

f
£ =0 et F =D Opn(d))

Un morphisme de fibrés vectoriels ¢ € Hom(E, F) peut étre donné par une matrice f X e,
dont le coefficient (7, j) est un polynéme homogene en N + 1 variables de degré d; (c’est-a-dire
une section de Opn(d;)). Le lieu M, (¢) ou ¢ est de rang au plus r est appelé un lieu de
dégénérescence. Son degré est bien compris, grace a la formule de Thom-Porteous (voir [Ful98al
Theorem 14.4]). 1l ressort clairement de sa définition (voir ci-dessus) que l'ingrédient crucial
manquant pour comprendre la hauteur de Faltings de M, (¢) est la mesure de Mahler de sa
forme de Chow. Dans Chapter [6} nous introduisons un nouvel objet, que nous appelons le
diviseur de Chow déterminantiel. Cette construction associe, a un cycle Z de P, un cycle
Chﬁfﬁn(dh“_d »(Z) qui parameétre les morphismes de Hom(&, F) dont le rang chute a au plus

r en un point de Nous relions cette construction au résultant déterminantiel de [Bus04] :

TutorEME (Theorem [6.1.2). — Le diviseur de Chow déterminantiel de 'espace projectif est le
diviseur du résultant déterminantiel de [Bus04].

"Pour le cas n = 1, ceci est une conséquence de la formule de Jensen.
8En particulier, lorsque e = 1 et 7 = 0, le diviseur de Chow déterminantiel n'est autre que le diviseur de Chow
(généralisé) usuel.
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Ensuite, nous introduisons un u-résultant déterminantiel, qui adapte la construction usuelle
du w-résultant au cadre des variétés déterminantielles. Le théoreme clé (facile) que nous
démontrons est que ce u-résultant est en fait une forme de Chow de M, (¢) (voir Theorem [6.1.6).

Le contenu technique principal du Chapter [6] réside dans le calcul de la mesure de Mahler
du résultant déterminantiel. Dans le cas o 7 = e — 1 et e < f, ce calcul est assez direct.
La condition d’incidence que nous utilisons dans notre construction du diviseur de Chow
déterminantiel est la méme que celle utilisée pour définir le diviseur de Chow (généralisé) usuel
(voir [BGS94} 4.3.1, Proposition 4.3.3]). Cela nous permet de démontrer

TuforiME (Proposition [6.2.3). — Pour tout cycle Z de P} de dimension f — e + 1,

h<Chg?]§,e—1,(d1,...,df)(Z)) = esymf—e+1(d17 cee 7df)hFalﬁngS(Z)

+esym;_ (dy, ..., dy)deg(Z)oe
ou esym,, désigne le p'®™ polynéme symétrique élémentaire, () désigne la hauteur multipro-
jective normalisée (voir [BGS94, Definition 4.11]), et ), le pme nombre de Stoll, est la hauteur de
Faltings de I'espace projectif de dimension p (voir, par exemple, [BGS94, Lemma 3.3.1)).

De ce théoréme, nous pouvons déduire des valeurs exactes pour les mesures de Mahler
de résultants déterminantiels. Par exemple, dans Section nous montrons que la valeur
exacte de la mesure de Mahler du résultant déterminantiel associé aux mineurs maximaux d’une
matrice 3 X 4 de formes linéaires est —%.

Pour r général, la situation est plus compliquée. Dans ce cas, la condition d’incidence n’est
plus la méme que celle utilisée pour définir le diviseur de Chow généralisé usuel. Comprendre
cette nouvelle condition d’incidence nous oblige & démontrer Theorem qui est une
généralisation de [BGS94, Proposition 4.3.3].

Grace a cela, nous parvenons a donner une formule (non close, mais aisément calculable)
pour le degré (voir Proposition et la hauteur (voir Proposition du résultant détermi-
nantiel en général. Enfin, nous appliquons les résultats généraux de [KPSO1] pour déduire, dans
Theorem des bornes sur les hauteurs des points rationnels des variétés déterminantielles.

PERSPECTIVES

Il convient de mentionner deux prolongements naturels des travaux de cette thése.
Premiérement, dans le domaine de la complexité arithmétique, une partie des travaux menés
dans [Gop25|, qui utilisent des escaliers grevlex génériques pour analyser la structure des matrices
de Macaulay, pourrait également étre appliquée au cas des suites régulieres. L'algorithme Fj
procéde par réductions successives par lignes de matrices hautement structurées. L'analyse la
plus fine existante de l'algorithme F; est celle de [BFSI5]. Cette analyse procéde d’abord en
trouvant une borne sur le nombre de lignes non réduites de chaque matrice rencontrée dans Fj
(voir [BFSI5, Theorem 2]), puis en trouvant une borne sur le coiit de réduction de chacune de
ces lignes. Comme expliqué dans [BFSI5, Section 4], la seconde étape de cette analyse est loin
d’étre optimale. En particulier, elle ne tient pas compte de la parcimonie des lignes des matrices
réduites. Cette parcimonie est étroitement liée a la structure des bases de Grobner calculées.
Ainsi, sous les mémes hypothéses de généricité que [BFSI5], mener une analyse similaire a celle
réalisée dans [Gop25| pourrait fournir une estimation plus fine de la complexité de Fj. Des
travaux préliminaires montrent que cette piste de recherche est trés prometteuse, et pourrait
conduire & une estimation de la complexité arithmétique de F5 capturant avec précision son
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comportement sous-cubique par rapport a la borne de Bézout. Il reste néanmoins a trouver des
bornes asymptotiques closes et fines pour ces nouvelles estimations plus précises - une étape
hautement non triviale, compte tenu de la complexité de I'analyse asymptotique menée dans
IBESIS).

Deuxiémement, nos travaux sur les hauteurs laissent de nombreuses questions ouvertes. A
l'instar de la maniére dont le calcul de Schubert, qui conduit aux formules pour les degrés des
variétés déterminantielles, peut étre généralisé pour démontrer la formule de Thom-Porteous-
Giambelli pour les degrés des lieux de dégénérescence en général, on pourrait espérer que les
travaux de cette thése sur les hauteurs des variétés déterminantielles puissent étre utilisés pour
établir des formules pour les hauteurs des lieux de dégénérescence en général. Un calcul de
Schubert arithmétique existe déja (voir [Mai95, [Tam99]), et constitue un ingrédient essentiel de
nos travaux existants sur les hauteurs. De plus, la construction du résultant déterminantiel
dans [Bus04] - qui produit le méme résultant que notre construction dans le cadre approprié
- fonctionne déja avec une généralité remarquable et montre qu'un résultant existe pour les
lieux de dégénérescence sous des hypothéses assez faibles. En combinant ces deux corps de
travaux, a priori assez disjoints, on pourrait espérer qu'un analogue arithmétique de la formule
de Thom-Porteous-Giambelli existe. Bien que cette généralisation puisse sembler, a premiere
vue, n'apporter que peu de bornes de complexité pratiques, la flexibilité offerte par la prise
en compte de lieux de dégénérescence arbitraires conduirait a des bornes sur la taille en bits
pour des variétés déterminantielles construites a partir d'une classe de matrices plus générale
que celles considérées dans ce travail. En particulier, ce résultat général pourrait conduire a
des bornes fines pour la taille en bits des sorties d'un large éventail de tiches d'optimisation
polynomiale issues d’applications concrétes.
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CHAPTER 1

PRELIMINARIES

The notation used throughout the first part of this thesis is introduced here. We begin by
recalling some basic notions coming from commutative algebra. We then turn our attention to
signature Grobner bases, which enrich regular Grobner bases with some extra data identifying
the input polynomial from which each element of the Grobner basis came from. We conclude
with the (unfortunately rather onerous) framework we use to formalise the notion of genericity.

1.1 BASIC CONSTRUCTIONS

11.1 POLYNOMIALS AND MATRICES

We denote by R,, = k[z1,...,x,] the ring of polynomials in n indeterminates over k. For a
module M over a ring R and a subset F' C M, we denote by (F")) the R-submodule of M
generated by F. In particular, if M = R, so that ' C R is a collection of elements of R, the
R-submodule (F)) of R is the ideal (F') of R generated by F.

For o € ZZ, we take 2 = x7" - - - xp» € R,,. For d € Z>(, we denote by Mong, (R,,) the
set of monomials of R,, of degree d.

For a ring R, we will denote by RP*? the set of matrices with p rows and ¢ columns with
entries in R; this is a free R-module of rank p-q. Let M € RP*9, and let r € {1,..., min(p,q)}.
Let 1 <3 <---<i,<pand 1l < j; < -+ < j. < q be two strictly increasing sequences
of integers. We denote by [i1 -4, | j1 -+ j.]a the 7 x r submatrix of M with rows indexed
by (i1,...,%,) and columns indexed by (ji,...,J,). We denote by F, (M) the subset of R
consisting of the minors of M of size r x r, and by Z, ;1 (M) = (F,41(M)) the ideal of R
generated by F,.1(M).

11.2 GRADED MODULES

A ring R is called graded if, for each integer d > 0, there exist additive abelian groups R4 such
that R = @7, Rig and RigR( € Riate. The elements of Ry are called the homogeneous
elements of degree d. Our prototypical example of a graded ring will be the ring R,,. Here,
k[x1,...,,]q consists of the homogeneous polynomials of degree d (together with 0, which
is, by definition, homogeneous of every degree).

A module M over a graded ring R is called graded if, for each d > 0, there exist abelian
groups Mg such that M = @7 My and RigM|) € M4y For an integer s > 1, R*
naturally carries the structure of a free R-module of rank s. We take as a basis for R* the
standard basis vectors {e; : 1 <7 < s}. If R is graded, it induces a natural grading on all free
modules R*. For a graded module M and e € Z, we denote by M (e) the module M with the
grading such that M(e)g = Miatq.

For s € Z~, we call an element of R? a monomial if it takes the form x“e; for some
a € 2%, and 1 < i < s. Note that R,, is naturally graded by degree and thus so is R;,. We
denote by Mon, (R%) the set of all monomials of R? of degree d.
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1.1.3 ALGEBRA CONSTRUCTIONS

The tensor algebra of a module M over a ring R is denoted T (M) and is defined by
T(M) = @, M®?. Explicitly, for pure tensors f1 @ ® f; € M®¥ and ¢;®- - - ®g. € M®*
of ranks d and e respectively, we have

(@ @f) (® ®g)=he @ f1®n® &g € M.

The algebra T'(M) carries a natural grading as a ring, wherein its homogeneous part of degree
d is precisely the R-module M®,

Prorosition 111 ([Eis95}, Corollary A2.3]). — Let R be a ring and let M be a finite free R-module
with basis ey, ..., e,. Then for any integer d > 1, M®? is a free module of rank s¢ and the set
{e;, @ -®e;, 1< dy,...,1q < s} is an R-basis for M®,

The symmetric algebra Sym(M) of a module M over a ring R is simply the quotient
TM)/(u®@v—vQ@u:uv e M). The grading on T(M) naturally induces a grading on
Sym (M), wherein the homogeneous part of degree d of Sym(M) is called the d-th symmetric
power of M and is denoted Sym,(M).

The exterior algebra of a module M over a ring R is denoted /(M) and is defined by
AM)=T(M)/{(x @ x:x € M). We denote by f; A --- A f; the image of the pure tensor
fi®--® fgin A\(M). The grading on 7'(M) described above naturally induces a grading
on A\ (M). In this case, the homogeneous part of degree d of A (M) is called the d-th exterior
power of M and is denoted \“(M). As in the case of M®?, the abelian group A*(M)
naturally carries the structure of an R-module.

Proposition 1.1.2 ([Eis95, Corollary A2.3]). — Let R be a ring and let M be a finite free R-module
with basis €1, . .., e;. Then for any integer d > 1, A*(M) is a free module of rank (5) and the

set {e;, ®---®e;,:1<ip <--- <ig<s}isan R-basis for A\*(M).

For a module M over a ring R, we denote by M"Y = Hom(M, R) the dual module of M.
A sequence (f1,...,fs) C R is said to be M-regular if f; is not a zero-divisor in M, for all
2 < i < s, f; is not a zero-divisor in M /(f1,..., fi_1), and (f1,..., fs )M # M. If T is an
ideal of R, the grade of Z with respect to M, denoted grade(Z, M) is the length of a maximal
M -regular sequence of elements of Z. We take grade(Z) = grade(Z, R).

11.4 HILBERT FUNCTIONS

For a graded module M over R,, equipped with its natural grading by degree, the Hilbert func-
tion of M is defined by HF v (d) = dimy(Mg). The Hilbert series Ha(t) = 3~ oo HF p(d)t? €
Z[t] of M is the generating function of HF (d).

Tueorem 1.1.3. — [Eis95, Theorem 11] If M is a finitely generated graded module over R, then
HF v((d) is, for sufficiently large d, a polynomial Py(d) of degree at most n — 1.

Pursuant to Theorem the polynomial Py(d) is called the Hilbert polynomial of d. The
Hilbert regularity of M, is the smallest integer d such that for all ' > d, HF \((d') = Pu(d').
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1.1.5 SvyZYGIES AND FREE RESOLUTIONS

Free resolutions are a fundamental construction, with many general properties [Eis95, Part III]
[CLOI5| Chapter 6]. Again, we recall below only what we need for our purposes.
Let R be a ring and M a finite R-module. An exact sequence

9; 9; d 3
- Y V|

is a left resolution of M. The maps 0; are boundary homomorphisms, and the map ¢ is an
augmentation homomorphism. If for each i, the module &; is free, then the resolution is a
free resolution. For the sake of brevity, we will often refer to a resolution as above simply by
(Ee = M, 0,). We call sup{i € Z : & # 0} the length of the resolution (£, < M, d,). The
length of (£, = M, d,) could be infinite and free resolutions of finite length are finite free
resolutions.

Tueorem 1.1.4 (Hilbert’s syzygy theorem, [Eis95, Corollary19.7]). — Let M be a finitely generated
k[z1,...,7,]-module. There exists a free resolution (£, — M, d,) of length at most n.

When R is graded and M is a graded R-module, M possesses a free resolution (£, —
M, 0,) where each &; is graded so that the boundary maps 0; and the augmentation map ¢
are graded R-module homomorphisms. Such free resolutions are called graded free resolutions.
Graded free resolutions (&, S M, 0.) such that the ranks of each of the &£ are minimal are
minimal free resolutions.

Let R be a ring, and F' = (fy,..., fs) € R" a sequence of elements of the free module R".
We define the syzygy module of F' to be the R-module

SYZ(F) = {(gla s 798) ER: glfl + - +gsfs = O}
The syzygy module can be read off from a free resolution.

Proposition 115, — If F = (f1,...,f;) € R, M = (F)), and (£, = M,0,) is a free
resolution of length ¢ such that €(e;) = f; for all 1 < i < s, then

Sya(F) = Sya(eler), .. elen,)) = ker(e) = ()
where rank(&;) = r;.
Moreover, for each 1 <7 < /¥,
Syz(0;(e1), ..., 0i(er;)) = ker(0;) = im(0;41).

Constructing free resolutions of a given finitely generated R-module is a straightforward process.
Let M be a finitely generated R-module. Fix a set of generators F' = (fl(o), o ,fs(g )) for M.
Let & = R*, and let € : & — M be the map which sends e; — fi(o). Next, let (fl(l), - ,fs(ll))
be a set of generators for ker(e¢) and £ = R* and let 0; : £, — &, be the map which sends

e fi(l). Iterating this process, we obtain a free resolution (£, < M, d,) of M with fixed
generating sets for the images (resp. kernels) of each boundary morphism. We will call

Syz;(F') = Syz(0;(e1), ..., 0;(er;))

the j™ syzygy module of F.
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RemaRrk 1.1.6. — The way we define syzygy modules here is quite ad-hoc. In particular, as defined
here, the syzygy modules of a given module M depend on the choices of a free resolution of
M and generating sets for the images of each of the boundary homomorphisms in the chosen
free resolution. In our setting this suffices, since we will define the free resolutions which we
consider, and take explicit generating sets for the images of their boundary homomorphisms.

It is frequent that M is the ideal generated by polynomials F' = (fi,..., f;) € R,. Then,
the first syzygy module of F' contains the Koszul syzygies, which are those following from the
commutativity of polynomial multiplication: f;f; — f;fi = 0. In fact, they generate Syz(F') in
the case of regular sequences (that is, when f; is not a zero-divisor in R,,/(f1, ..., fi_1) for any
2<1 <0

Tueorem 11.7 ([Eis05, Theorem A.2.49)). — If (fi,..., f¢) is a regular sequence, then Syz(F') =
(fie; — fiei 1 <i,j < L,i# j) where e; is i-th standard basis vector.

In the context of F,. (M), while the Koszul syzygies are among the syzygies of the minors
of M, they do not generate Syz(F,.1(M)).

The following consequence of Hilbert’s syzygy theorem elucidates the connection between
free resolutions and Hilbert series.

Cororrary 1.1.8. — [CLO05, Theorem 4.4] Let R be a graded ring, let M be a finitely generated
graded R-module, and let (£, = M, d,) be a finite graded free resolution of M of length /.

For any 1 < i < 4, let s; = rank(&;) and write & = @’ R(—d"). Then

l S; . (,j) .
HE (@) = S (1S (k;+dk _di 1>'

i=0 j=1

1.2 SIGNATURE GROBNER BASES

1.2.1 GROBNER BASES

A wealth of general theory about Grébner bases can be found, for example, in [CLO05] and the
references therein. We recall here only what is necessary for our purposes.

We denote by > an admissible monomial order on R,. That is, > is a total order on
Mong (R,,) such that if o, 7 are monomials with o > 7, then for any monomial m € Mon, (R,,),
mo > mt, and for which there is no infinitely decreasing sequence of monomials. Given a
polynomial f € R,, we use LM (f) to denote the leading monomial of f with respect to >,
and LT-(f) to denote the leading term of f with respect to >, that is, LM< (f) multiplied by
its coefficient in f. Given a set /' C R of polynomials, we define the sets

LM (F) :={LM.(f): f € F} and LTL(F):={LT.(f): f € F}.

When - is clear from the context, we remove it as a subscript.

From here on, we take < to be the graded reverse lexicographic (or grevlex) order on R,
and <, to be the corresponding position over term (or POT) order on R} (see e.g. [CLO05,
Def. 2.4, p211]).

By Proposition if M is a free R,-module of rank s, then A\%(M) is also a free
R,-module of rank (3). Since the basis we fix on AY(M) is not indexed by the integers
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1,...,(5) we slightly generalise the definition of the POT order: for o, 8 € Z2, and two
strictly increasing sequences 1 < i3 < -+ < ig < 5, 1 < i) < -+ < i, < s, we take
(e, @ - ® €iy) <por 7(ey @ - @ ey ) if and only if (iy,...,44) miex (i),...,) or
(i1,...,iq) = (&}, ...,i,) and z® < 2°.

The set of all monomials of R,, (resp. R;) forms a basis for R,, (resp. R;) as an infinite-
dimensional k-vector space. The leading monomial of an element f € R, (resp. f € R}),
denoted LM_(f) (resp. LM, (f)) is the largest monomial, with respect to < (resp. <ot),
which appears in the unique representation of f in this k-basis. We naturally extend the leading
monomial notation to sets: for a set ' C R, LM, (F) ={LM, . (f): f€ F}.

For some s € Z~(, a <po-Grobner basis of a submodule M C R} is a set G C M such
that (LM, . (G)) = (LM, (M))). When s = 1 so that < coincides with < and M is
an ideal of R, we call a <,,-Grébner basis of M a <-Grobner basis.

1.2.2 MACAULAY MATRICES

For s,n € Z-o and a set F = {f;,... f;} C R of homogeneous elements, the Macaulay
matrix of F in degree d with respect to <, denoted .#;(F'), is constructed as follows: its
rows are indexed by the set | JI_ {7e; : 7 € Mong_gegt; (Ry)}, its columns are indexed by
Mong (RS), ordered decreasingly by <o, and for some 1 < 4,5 < s and 7 € Mong_gegs, (Rn),
o € Mon, (R;), the entry of the row indexed by 7e; in the column indexed by oe; is the
coefficient of oe; in 7f;. The monomial 7e; is the signature of the row of .#;(F) which it
indexes. For 1 < i < t, we abbreviate .#,;(F) = .#,({f.,....£}).

A walid elementary row operation on a Macaulay matrix .#,;(F') consists in adding to a row of
M y(F) with signature Te; a k-multiple of a row with some signature oe;, where Te; <0t 0€;.
Finally, we denote by /ZZZ(F) a row-echelon form of .Z,; computed via a sequence of valid
elementary row operations.

Each row of .#,(F) can be interpreted as an element of R? by multiplying the entry in a
given column by the monomial which indexes that column and taking the sum over all columns.
We refer to rows of .#,(F) (resp. /Z/;(F)) as elements of R?, denoting them by rows(.#,(F))
(resp. rows(.#y(F))).

For some D € Z-g, we call (D, <,ot)-Gribner basis of (F) the union of the sets
rows(,//A/;(F)) for d = {min;;;{degf;}, ..., D}. This is justified by the following.

Proposirion 1.2.1 ([Laz83) Sec.3]). — Let F = {f;,... f;} C R?, for s,n € Z~(, be homogeneous
elements with respect to the standard grading on R?. Then there exists D € Z- such that a
(D, <pot )-Grobner basis of (F)) is a <,o;-Grobner basis of (F')).

Moreover, it is shown in [Laz83| Sec.3] that generically (in the sense of Section , the
integer D in Proposition satisfies the bound D < 1+ 3", (deg(f;) — 1).

1.2.3 THE MATRIX-F5 ALGORITHM

Proposition leads to an algorithm to compute Grobner bases using linear algebra. This
algorithm, known as Lazard’s algorithm, is described in [Laz83]. Informally, given a polynomial
system ' C R, and a degree bound D € Z-,, it works by building the matrices .#;(F’) and

computing from them .#;(F), for each degree min;;;{deg(f;)} < d < D.
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The following proposition, known as the syzygy criterion, lies at the core of the MatrixF5
algorithm, which improves upon Lazard’s algorithm by building Macaulay matrices with fewer
TOWS.

PropositioN 1.2.2 (Syzygy Criterion, [EF16, Lemma 6.4]). — Let s € Z~o, F' = (f1,...,f;) C R}
be homogeneous elements and let » = (hy,...,h;) be a homogeneous syzygy of F' with
LM>pot (h) = T€;.

1. The row of .#jeg -+a, with signature 7e; is a linear combination of rows of .#Zjeg r+deg s, Of
smaller signature.

2. For any monomial 0 € R,, the row of Zyegrtdego+degs, With signature o7e; is a linear
combination of rows of .Zjeg r+deg o+degf; Of smaller signature.

Suppose now that F' = (f1,..., f;) € R, is a polynomial system. Then for each 1 < i,j <
t, fie; — fje; € Syz(F'). Syzygies of this form are called Koszul syzygies and the MatrixF;
algorithm exploits precisely these syzygies to improve upon Lazard’s algorithm.

Tueorem 1.2.3 (F5 Criterion, [Fau02, Theorem1]). — Let F' = (f1,..., f;) be a polynomial

system in R,,. Then for any d € Z-, any 1 < ¢ < t, any 7 € LM (rows(.#,;(F))), and any
i < j < t, the row of .#yyaeq(s;)(F7) with signature 7e; is a linear combination of rows of
My deg(f;)(F) with smaller signature.

Proposition leads naturally to Algorithm [Il which is a slightly modified version of the
standard MatrixF5 algorithm [BESI5] (see also [EF16} Sec. 3]) permitting the input of precomputed

syzygies.

1.3 GENERICITY

1.3.1 NortaTIiON

Several of our results rely on genericity assumptions. As usual, let Mon, (R,,) be the set of
monomials in R, of degree d. For n,d € Z-,, and a set ¢ = {c, : 7 € Mony (R,)} of
indeterminates, we call the polynomial

fina = Z .7 € Rylc]

TEMong(Ry)

the generic homogeneous polynomial in n variables of degree d. A point ¢ = (¢, : T €
n+d—1

Mony (R,,)) € Aﬂg ) defines a map
O Rule] = Ry ¢ = ¢y

which maps fina toa homogeneous polynomial of degree d, with coefficients in k.
Let (dy,...,ds) € Z3, and let ¢V, ... ¢ be sets of indeterminates, with ¢(*) = {cg) T E
n+d;—1
Monyg, (R,,)} for each 1 < i < s. For a point ¢ = (¢V, ..., c¥) e ], Aﬂg n ), the map

be: Ro[c¢V, ..., 9] = R, cg) > cg)
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PRELIMINARIES

Algorithm 1 MatrixF;(F, S, D)
Input: A sequence F' = (fi,..., f;) of homogeneous elements of degrees d; < -+ < d; in
k[z1,...,2,]% a degree bound D; a set S of syzygies of F.
Output: A (D, <,0)-Grobner basis for (£7).
1. for i from 1 tot do G, < ()
2: for d from d; to D do
3 My < ; Crit <~ LM, (S5)

4 for i from 1 to ¢ do

5 if d < d; then /ﬂd,z’ — //d,i—l

6 else if d = d; then .#,;,; < concatenate the row f; to //Z; i1 with signature e;

7: else N

8 My — Mai

9: if s =1 then

10: for 7 € LML (rows(.#y—q, ;1)) do

1n: Crit + Crit U {re;}

12: for f € rows(//?d,l,i) ~ rows(//?;,u,l) do

13: Te; < signature of f

14: if f =0 then

15: for j from 1 to £ do

16: Crit - Crit U {7z;e;}

17: for f € rows(Ay_1,) ~ rows(My—1,-1) do

18: Te; < signature of f

19: for j € {max{j’ :x; | 7},...,k} do

20: if 7z;e; ¢ Crit then .#,;; < concatenate the row z;f to .#;,; with
signature 7 e;

2L: ////;7 ; + reduced row echelon form of .#,;; obtained via a sequence of valid
elementary row operations -

22: G < G U{f erows(Aa,;) : [ ¢ (LM, (G))}

23: return G1,...,G,

defines a sequence of polynomials (qbc (fiizl)ch)) e O (ﬁil)))’ with ¢, <ff$)dl)> homoge-
neous of degree d;, for each 1 < ¢ < s. Given such a point ¢, we will simply denote by
O (f(m dyo ds)> the sequence of polynomials defined by ¢ in this way.

Similarly, let p,q € Z-o with ¢ > pand for 1 < i <p, 1 < j < g letd;; € Z-y and

let ¢(9) — {c(f’j) : 7 € Mong,, (Rn)} be a set of indeterminates. For a sequence of points

o ("H'di,j*l)
c= (0(171), . ,c(p’q)) with ¢ € A; "' ’, the map

Ge : RuleBD PV 5 Ry (9 s 09

defines a matrix ((bc <fz;;)”)))” € RP*4. Again, given such a sequence of points ¢ =

(c(l’l), e ,c(p’q)), we will simply denote by ¢, (f(n,di’j)> € RP*1 the p x ¢ matrix defined by ¢
in this way.
The following important fact is one which will be central to our ability to use well-known
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free resolutions for generic determinantal ideals to compute syzygies of determinantal ideals of
polynomial matrices.

PropositioN 1.3.1 (BV88, Theorem 2.5)). — Let n, p, q, dy,r € Z~o with ¢ > p > r. Then there
n+dg—

exists a Zariski open subset U C AP0 uch that for all ¢ € U ,
grade (IT ((bc (f(n’do)))) =(@q@—-r+1)(p—-r+1).

1.3.2 PROPERTIES

The notation pertinent to genericity used in Chapters [2| and [3| differ slightly from that used in
Chapter |4} In the former, we take notation from [FSSI3| Sec. 2 and 3], which we recall here.

In what follows, we use sz/pd to denote the p X p matrix of generic homogeneous polynomials
of degree d, whose i, j entry is

ffiﬁifd) = Z Cg)T € Ry [{cij(T) : 7 € Mong (Rn,)}] -

TEMong(Rn)

A map
2 : {Ideals of R,,} — {true, false}

is called a property.
A property & is (n,r,p,d)-generic if there exists a nonempty Zariski open subset U C

n+d—1

A( W) such that for all ¢ € U,

P (Tor (60 (7)) = trve.

One important property is the notion of Cohen-Macaulayness. Let Z be an ideal of R,,.
A sequence (f1,...,fr) € R, is called an Z-regular sequence if for all 1 < i < ¢, f; is not
a zero-divisor in the module Z/(f1,..., fi_1). The ideal Z is called Cohen-Macaulay if there
exists an Z-regular sequence (f1,..., f;) such that ¢ = dim(Z) (here dim(Z) is the Krull
dimension of Z in R,,).

Remark 1.3.2. — If (fi,..., f¢) is an Z-regular sequence, then ¢ < dim(Z). Hence, Cohen-
Macaulayness requires that there exists an Z-regular sequence of maximal possible length in
R.

The following proposition is a fundamental result on determinantal ideals.

Prorosition 1.3.3. — Let CM be the property given by

true if 7 is Cohen-Macaulay

CM(I) = {

false otherwise

Then for any p,d € Z~q, 7 < p, CM is ((p — 7)?,r, p, d)-generic.

Proof. By [BV88, Theorem 2.5], the depth of Z,.,, (qbc(%d)) is at most (p — 7). By [FSSI3,

n+d—1Y 2
Theorem 10], there exists a Zariski open subset U C Aug ) such that for all ¢ € U,
Loy (¢e (%d)) has codimension (p — 7)?, and is therefore Cohen-Macaulay. O
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CHAPTER 2

COMAXIMAL DETERMINANTAL IDEALS

We begin by considering the case of a square matrix of polynomials. That is, the case where M
is a p X p matrix. By [Kur89, Theorem 5.1], the module Syz(F,1(M)) is generated by syzygies
between minors of order 7 + 1 of submatrices of M of size (r + 2) x (r + 2). This allows us
to reduce the problem of computing generators for Syz(F,.1(M)) from the general case to
the case r = p — 2. The Gulliksen-Negérd complex (see [GN72, BV88]) is a free resolution of
Z,1(M). We will exploit this complex to obtain Syz(F,,,(M)) first when = p — 2, then in
full generality. The content and results of this chapter come from the paper [GNS23], which
was published in the proceedings of the International Symposium of Symbolic and Algebraic
Computation (ISSAC) 2023.

21 SYZYGIES OF DETERMINANTAL IDEALS

211 THE GULLIKSEN-NEGARD COMPLEX

The Gulliksen-Negard complex is a free resolution of Z,,_; (M),

O—)ggd—3>€2d—2>51d—1>50 i)Ipfl(M)—)O

As such, we can use Proposition to compute the first syzygy module of the set of generators
F,_1(M) as the kernel of the augmentation map e of this complex. We recall the construction
of the complex here; details and proofs can be found in [BV88] 2.D].

We denote by M,(R,) the set of p x p matrices over R,, with the structure of a free
R,,-module of rank p?>. We will denote by E; ; the standard (i, j)-th basis matrix of M,(R,).
In this section we will take as generators for Z, ; (M) the cofactors of M. To that end, let
M = (Mf});; € My(R,) be the matrix of these cofactors.

THE MODULES

We begin by defining the component modules &;, &, &, &. Let & = M,(R,,). Consider the
sequence

Rn — My(R,) ® My(R,) = R,

with ¢(a) = (alp, al,), where I, is the identity matrix in M,(R,,) and 7(X,Y") = trace(X —Y)
is the trace of X — Y. The module ker(r) is generated by the union of the following sets:

e {(0,E;;) € My(R,) & M,y(R,):1<4,j <n,i#j},
o {(E;;,0) € My(R,) ® My(R,) : 1 <4,j <n,i#j},
e {(Ei;, Er11) € My(R,) & My(R,,) : 1 <i<n}, and
e {(0,E;; — Ei1) € My(R,) ® My(R,): 2 <i < n}.
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SYZYGIES OF DETERMINANTAL IDEALS

On the other hand, im(:) is generated by
(Ip, Iy) = (BEv, Evp) + 320 o (Eii, Evp) + 320 5(0, By — En ).

This shows that & = ker(7)/im(¢) is a free module. Finally, let & = M,(R,) and & = R,,.

THE MAPS

We next define the maps dy, ds, d3, ¢, as follows:

o c:& T, (M), Nwstrace(MCN),
o dy: & — &, (Ni,No) — NyM — MN,,
o dy:E — &, N%m,and

o dy: & — &, x> xMC,

where for (N1, N;) € M,(R,)® M,(R,), we denote by (N7, N,) its image under the canonical
surjection M,(R,,) & M,(R,) — &:.

ProrosiTion 2.11. — Let M be a matrix of homogeneous linear forms in R,,. Assume Z,_; (M)
is Cohen-Macaulay. With
o, &1, &9, E3, €, d1, da, d3.

as defined above, the sequence

O—>(€3 d—3>(€2 d—2>(€1 d—1>(€0 i>.’Z:p_1(]\4>—>0
is a free resolution of Z, ;(M).

Proof. Since Z = Z,,_1(M) is Cohen-Macaulay, there exists an Z-regular sequence of length
equal to the Krull dimension of Z in R,,. By [FSSI3} Theorem 10] and Proposition the Krull
dimension of Z is exactly 4. Then, the result follows from [BV88, Theorem 2.26]. O

212 THECASET =p— 2

We give generators for the first syzygy module in the case r = p — 2, assuming Z,,_;(M) is
Cohen-Macaulay.

Tueorem 2.1.2. — Let M = (m,; ;) be a matrix of homogeneous linear forms in R,,. Suppose
that Z,_ (M) is Cohen-Macaulay. Then the first syzygy module of F,_;(M) is generated by:

)i *imy, By j for i # j;

—1)
—1)**m; 1 By for i # j;

(
(

Furthermore, the syzygies described by Items (i), (ii), (iii) and (iv) form a minimal generating set
for the Syz(F,_1(M)) of size 2p* — 2.

(i Y Fmy By — (=) tmy By g) for 1 <i<p—1;

@) 35
(i) D s (

) 2 k(-1
) Y (1) *my ;e — (—1)Fmy By ) for 2 < j < p.
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COMAXIMAL DETERMINANTAL IDEALS

Proof. By Proposition ker(e) is the first syzygy module of the cofactors of M. By
Proposition since Z,_1(M) is Cohen-Macaulay, the Gulliksen-Negard complex is exact and
ker(e) = im(d;). The image im(d;) is generated by the images of generators for £, under d;.
Thus, by Section the first syzygy module of F},_; () is generated by the following syzygies.

For i # j,

_ p
d1 ((E@j, O)) = E@',jM = Z mk,iEkJ. (21)
k=1
Similarly, for i # j,
_ p
d1 ((0, E@j)) = ME»L"J' == Z mj,kE@k. (22)
k=1
Forany 1 <i:<p—1,
_ p
dy ((Em, El,l)) =E,;M—ME,; =Y my;Ep; —myEr . (2.3)
k=1
Finally, for any 2 < j < p,
P
d1 ((0, Ej,j - E1,1)> = ME]‘J‘ - MEl,l = Z ’I’)”Ljyk.EjJﬁ - mlykELk. (24)
k=1

Since the generators for Z,_; (/) taken in the Gulliksen-Negard complex are the cofactors of M
rather than the (p — 1)-minors of M, we obtain Items (i) to [(iv) by pulling back each of Egs.
to , respectively under the isomorphism M, € Z, (M) — (=1)"IME € I, ((M).
There are p? — p syzygies described by each of Item (i) and Item (i)} and p — 1 syzygies described
by each of Item and Item This gives a total of 2p* — 2 syzygies.

We conclude by proving that these 2p? — 2 syzygies form a minimal generating set for
Syz(Fp—1(M)). Let mq,...,moe_o € Syz(F,_1(M)) denote the generating set given by
Item (i)} Item Item Item Suppose that for some 1 < i < 2p? — 2, m; is generated by
{ma,...,mgpe o}~ {m;}. Then we can write } ., ajm; = m; for some a; € R,. Since the
m; are all homogeneous, this forces a; € k for all j # i. Subsequently, a; € im(dy) N k2r° 2
for all 7 # 1.

Letting a; = 1, and taking N € d; " ((ay, . .., a2 »)), we find that MN, NM € M,(R,) are
matrices with entries in k. For 1 < j < p, the entries of the j-th row of M N are members of
the ideal generated by the j-th row of M. The entries of M are homogeneous linear forms,
so the only constant element contained in this ideal 0. Similarly, for 1 < j < p, the entries
of the j-th row of NM are members of the ideal generated by the j-th column of A, and an
analogous argument applies. Thus, a; = 0 for each 1 < j < 2p? — 2. ]

One can easily construct an algorithm, named SyzCorankOne, which, given a matrix M,
computes the syzygies described in Theorem [2.1.2]

Remark 2.1.3. — In both Theorem and SyzCorankOne(M ) we require that Fj, (M) is
Cohen-Macaulay. This is necessary, as without it the Gulliksen-Negard complex need not be
exact and subsequently we cannot compute Syz(F,_;(M)) using its differential maps. However,
since ¢ is defined by €(N') = trace(M“N), where M = (M) is the matrix of cofactors of M,
a matrix N = (N; ;) € M,(R,) is in the kernel of € if and only if >, ; N;iMF; = 0. That
is, ker(¢e) corresponds to Syz(F,_1(M)) even if Z, (M) is not Cohen-Macaulay. Moreover,
even if 7, ;(M) is not Cohen-Macaulay, the Gulliksen-Negard complex is still a complex.
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Thus, in all cases, im(d;) C kere, so if Z, (M) is not Cohen-Macaulay, Theorem [2.1.2]
describes (and subsequently SyzCorankOne(M) computes) a generating set for a submodule
of Syz(F,_1(M)).

Remark 2.14. — If the entries of M are not homogeneous, then assuming Z, ;(M) is Cohen-
Macaulay, the syzygies computed by Theorem still generate Syz(F,_1(M)), but they need
no longer be a minimal generating set.

2.1.3 THE GENERAL CASE

Taeorem 2.1.5. — Let p > 3 and let 1 < r < p — 2. Then there exists a nonempty Zariski open
set U C A™” such that for all @ € U, taking M = ¢a(<; ), the following holds: Let M’ be the
set of submatrices of size (r+2) x (r+2) of M. For each matrix N € M’, let S(N) be the set
of syzygies of F,,1(N) computed using Theorem Then Syz(F,11(M)) = Uyepr S(N).

Proof. Let % be an p x p matrix of indeterminates over k. Let %/’ be the set of (r+2) x (r+2)
submatrices of % . For each A" € %', let S(.4") be the set of syzygies of F,1(.#") computed
using Theorem By [Kur89, Theorem 51|, Syz(F,1(#!)) = U 4 ey S(A"). Thus, by
[FSSI3| Lemma 3], there is a nonempty Zariski open subset U; C A"” such that for all a € Ui,
the syzygies between the (r+1)-minors of @, (.27, ) are those between the (7+1)-minors of each

(r42) x (r+2) submatrix of ¢q (). We denote by 7 the set of (r+2) x (r+2) submatrices
of <7. By Proposition for each submatrix NV of ;zfpl/, there exists a nonempty Zariski open

subset Uy C A™” such that for all @ € Uy, the ideal generated by the (r + 1)-minors of N is

Cohen-Macaulay, so that Theorem applies. Thus, taking U = [ y.,» Un N Uy, the result
P

follows. O

Consequently, using SyzCorankOne(M) we obtain an algorithm SyzGen(M,r) which
constructs a set of generators for Syz(F,1(M)).

Remark 2.1.6. — From Theorems and neither SyzGen (M, r) nor SyzCorankOne(M)
require any arithmetic k-operations.

Again in the statement of Theorem we require that Z,.,; (M) is Cohen-Macaulay. This
is necessary in order for Syz(Z,,, (M)) to be computed via the syzygies of (r + 1)-minors
of (r +2) x (r + 2) submatrices. If Z,,; (M) is not Cohen-Macaulay, Theorem gives a
(possibly proper) subset of a generating set for Syz(Z, .1 (M)).

Finally, we require that the entries of M be homogeneous linear forms. Once again, the
theorem holds if the entries are affine, as long as Z,..; (M) satisfies the stated genericity
assumption.

Note that no claim is made as to the minimality of the generating set computed in
Theorem However, one can show that when the entries of M are homogeneous, a minimal
generating set can be extracted from the set computed in Theorem by throwing away any
element which differs by multiplication by —1 from another element. This need no longer hold
if the entries are affine.

2.2 DETERMINANTAL MATRIX- F5 ALGORITHM

In this section, we use the syzygies returned by SyzGen (M, r) to avoid reductions to zero when
running Algorithm ] As explained below, the following result will be instrumental.
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Prorposition 2.2.1 ([EFI6, Lemma 6.4]). — Let (f1,..., f¢) = F C R! be a system of homoge-
neous module elements. Let D € Z, and let G = G p_pin,{deg(s,)} be the elements up to
degree D — min;{deg(f;)} of a POT-Grébner basis for Syz(F'). Then,

L If re; € LT, (G), the row of AZaeg(r)+deg(f,)
of rows with smaller signature.

; with signature (¢, 7) is a linear combination

)

2. If a row with signature (i, 7) of Aqeg(r)+deg(,),: Teduces to zero, then Te; is in the module
generated by LT, _ (G).

Proof. Item [l| is simply Proposition We turn to Item 2| Fix min;{deg(fi;)} < d < D

and 1 < i < {. Suppose that the row with signature (i, 7) reduces to zero in .Zeg(r)+deg(f:),i-
Then there is a linear dependency s;f; + --- + s¢f; = 0. This corresponds to a syzygy
s = s1e1 + -+ + speg € Syz(F) with LT, (s) = Te;. Finally,

deg(si) = d — deg(fi;) < D — deg(f;) < D — min{deg(f:)}.

for each 1 <@ < 4. Thus LT, (s) = 7e; is in (LT, (G)). O

Using Proposition in order to remove all reductions to zero when running Algorithm [l|
to compute a D-Grébner basis for a graded module F' C R, we compute the leading terms
of the elements up to degree D — minscp{deg f} of a Grobner basis for Syz(F'). We can
compute them by running Algorithm [I] on a set of chosen generators for Syz(F) itself, with
the appropriate degree bound given by Proposition However, if Syz,(F') # {0}, then
Proposition once again shows that reductions to zero will be encountered when computing
the elements up to degree D — minscr{deg f} of a Grobner basis for Syz(F).

When r = p — 2, the Gulliksen-Negérd complex allows us to explicitly compute generating
sets for all higher syzygy modules. Thus, we can avoid all reductions to zero when computing a
D-Grobner basis for F,1(M). When r < p — 2, we can only compute a generating set for the
first syzygy module Syz(F,,1(M)), and thus cannot efficiently remove all reductions to zero.

Now we are ready to describe an algorithm which exploits the syzygies computed by
SyzGen(M,r) to compute a grevlex Grgbner basis for F,., (M) without reductions to zero in
degree r + 2.

Algorithm 2 Determinantal-Matrix- F5 (M, r, D)
Input: An integer 1 < < p — 2, an p X p matrix M of homogeneous linear forms over k in
(p — r)? variables such that Z,.; (M) is Cohen-Macaulay, and a degree bound D.

Output: A grevlex D-Grébner basis for Z,. 1 (M).

L S« SyzGen(M,r)

2 S" «+ Matrix-F5(S, 1, 0)

3 G < Matrix-F5(F,.1 (M), D, S")

4: return G

ProrositioN 2.2.2. — Algorithm [2| terminates and is correct.

Proof. Termination follows from that of SyzGen(M, r) and Algorithm [} To prove correctness,
we need to show that the set S’ of Algorithm [2|is indeed a set of syzygies between the elements
of Z,,1 (M). By Theorem the set S computed on Algorithm [2| is a minimal generating
set for Syz(F,1(M)). By the construction of this generating set, given in Theorem each
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THE case 7 = p — 2

element of S is homogeneous of degree one. Hence, according to correctness of Algorithm [l the
set S’ consists of the elements of degree one of a POT-Grobner basis for Syz(F,1(M)). O

Remark 2.2.3. — Both the number of rows and the number of columns of the Macaulay matrix
in degree one for the set S on Algorithm 2| of Algorithm [2| is bounded by the number of rows
of the Macaulay matrix for F,.,1(M) in degree r + 1. Therefore, asymptotically, the arithmetic
cost of Algorithm [2 is bounded by the arithmetic cost of its final step, computing the Grébner
basis of F,.1(M).

Prorosition 2.24. — Let p > 3, let 1 < r < p—2,let D =7r-(p—r)+ 1, and let
n = (p — r)?. There exists a nonempty Zariski open set U C A" such that for all a € U,
taking M = goa(%d), upon running Algorithm [2{ with arguments M, r, D:

1. a full grevlex Grobner basis is returned; and

2. foreach 1 <17 < (Tﬁl)Q, the matrix .#, 5, has full rank.

Proof. By [FSSI3| Lemma 18], there exists a Zariski open subset U; C A" such that the maximal
degree of a polynomial in the reduced grevlex Grobner basis for Z,. 1 (M) is precisely D. Let
U, be a nonempty Zariski open subset of A" such that the results of Theorem hold. Let
U = U; N Us. Ttem [I] follows immediately from the degree bound given in [FSSI3]. We turn to
Item [2} By Proposition Item [2} it suffices to show that the leading terms of the set S” of
Algorithm [2| consists of the elements of degree at most r + 2 of LT, (Syz(Z,;.1 (M))). This
is immediate from Theorem and correctness of Algorithm O

Remark 2.2.5. — If we do not impose the genericity assumption on Z,., (M) Algorithm [2| will
still return a D-Grébner basis for Z, .y (M), though .7, .5, need no longer be full rank for all
1<i<(hy)”

If the entries of M are affine, by Remark there are two possibilities. First, SyzGen(M, r)
still returns a generating set for the first syzygy module of F.. (M), and these may be used in
the original F} algorithm which works on affine input to avoid reductions to zero. Alternatively,
following [CLOI5} Ch. 8, § 2, Prop. 7], one can simply homogenise F,. (M) with respect to a
variable h which is taken to be grevlex smaller than all other variables of R,, and specialise
h = 1 upon termination of Algorithm

23 THECASEr=p—2

Now, we describe an altered version of the Fj algorithm which computes a Grébner basis
for Z,,1 (M) when r = p — 2 without any reductions to zero. Note that Algorithm [2| does
not require r < p — 2. Thus, we could simply compute a Grébner basis for Z,,1 (M) using
Algorithm 2l when r = p — 2. However, only those reductions to zero arising from syzygies of
degree r + 2 will be avoided. By Proposition any syzygies of degree d > r + 2 which
cannot be generated by the syzygies of degree r + 2 will manifest as reductions to zero in the
Macaulay matrices in degree d.

2.3.1 HiIGHER SYZYGY MODULES

By Proposition the Gulliksen-Negard complex is a free resolution of Z,,; (M) as soon as
Z,41 (M) is Cohen-Macaulay. Thus, the kernels of its differential maps are precisely the syzygy
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modules of Z,,; (M). The map ds is defined by d3(z) = xM®, where M is the matrix of
cofactors of M. The third syzygy module Syz;(Z, 1 (M)) is the image of d3, and is thus free
of rank p? and principally generated by the entries of M.

ProrosiTion 2.3.1. — Let M be an p x p matrix of homogeneous linear forms in R,,. Suppose
Z,-1(M) is Cohen-Macaulay. In the R,,-basis for ker(7)/im(¢) given in Section the second
syzygy module Syz,(F,,1(M)) is generated by the following syzygies:

) For2<i<pand1<j<p-—1,

kal(Ek‘]? )+ ijk(o Ezk)
k#j ki

+my,; ((E]J, Ei1)+(0,E;; — El,l)) :

(ii) For 2 <+ < p,

S i (B, 0) + - mp (0, Eig)
k#p k#i

_mp,i<i( Ejj, Eva) + i( Ell))

(iii) For 1< j<p—1,

S mi(Bry, 0) + S myx(0, Evg) + myi(Ej , Bry)
oy k£l

(iv) Finally,

ka I(Ekfpv 0)+ > mpk(o Ey )
k#p k#1

— My (IS( G Bra) + Zp: (0,Ej; — Em))

J=1 Jj=2
Proof. The second syzygy module Syz,(Z,, (M)) is the image of ds, by Proposition The

map dy is defined by
do(N) = (MN,NM).
Taking E; ;, 1 < i,j < p to be the canonical R,,-basis for M,(R,), a basis for im(d,) is given

by {(ME,;,E;;M) | 1 < i,j < p}. We can express M E;; and E; ;M in the canonical
R, -basis for M, (R ),

ME;;=m;;Ej;+ > myiBEyj; EijjM=m;,Ei;+ > mjiE;.

k£ ki
From this, we express generators for Syz,(Z,41 (M)) in the R,-basis for ker(7)/im(:). Doing
so gives precisely Items |(i)l . )| to L

Proposition leads to an algorithm, which we will call Syz2GenCorankOne(M) which
constructs the set Syz,(F,_1(M)). We use this algorithm in the next section to design a
dedicated Fj;-type algorithm which performs no reduction to zero when computing a Grébner
basis of Z,_; (M) when Z,_; (M) is Cohen-Macaulay and n = 4.
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Remark 2.3.2. — Analogous to Remark if Z,_1(M) is not Cohen-Macaulay, the Gulliksen-
Negéard complex need not be a free resolution of Z,_; (M), though it is still a complex. Thus,
even if Z, (M) is not Cohen-Macaulay, im(ds) C ker(d;), so the syzygies described by
Proposition are a subset of a generating set for the syzygies between the generators for
ker € given by Theorem [2.1.2]

2.3.2 A RerINED F5 ALGORITHM

We combine Proposition Theorem and Proposition to give an algorithm which
computes a grevlex Grébner basis for F,_;(M) without any reductions to zero, provided
Z,1(M) is Cohen-Macaulay. In order to obtain the leading terms of the first syzygy module,
of F,,_1(M), we must know which rows will reduce to zero when echelonizing the Macaulay
matrices associated to the first syzygy module in various degrees. By Proposition the
signatures of these rows are precisely the leading terms of a Grobner basis for the second syzygy
module in the appropriate degree.

Subsequently, applying Proposition once again, the leading terms of the first syzygy
module in various degrees are precisely the signatures of the rows which reduce to zero when

echelonizing the Macaulay matrices associated to Fj,_1 (M ).

Algorithm 3 Determinantal-Corank-One-Matrix- F;

Input: An integer p > 3, an p X p matrix of generic homogeneous linear forms over k in 4
variables, and an integer D > p — 1

Output: The elements up to degree D of a grevlex Grobner basis for Z,,_; (M).

1 Sy < SyzCorankOne(M)

Sy +— Syz2GenCorankOne(M )

Sh < Matrix-F5(Sz, D — p, 0)

S}« Matrix-F5(51, D —p+1,5%)

G < Matrix-F5(F,_1(M), D, S})

return ¢

Prorosition 2.3.3. — Algorithm [3| terminates and is correct.

Proof. Termination follows from termination of SyzCorankOne(M ), Syz2GenCorankOne(M),
and Algorithm [I] For correctness, it suffices to show that the set S] computed on Algorithm [3] is
indeed a set of syzygies of the polynomials in F},_;(M). This follows from Theorem O

ProposITION 2.3.4. — Let D = 2p — 3. Then there is a nonempty Zariski open subset U of A%’

such that for all @ € U, upon running Algorithm [3 with arguments ¢q(Z,_1(<7")), D,

1. a full grevlex Grobner basis is returned; and
2. for each 1 <7 < p? and for each p — 1 < d < 2p — 3, the matrix My ; is full rank.

Proof. By [FSSI3| Lemma 18], there is a Zariski dense subset U; of A%’ such that for all a € Ui,
the maximal degree of a polynomial in the reduced grevlex Grobner basis of Z,,_1 (M) is 2p — 3.
By Proposition there is a nonempty Zariski open subset Us of A%’ such that for all a € Us,
the ideal q(Z,—1(<7")) is Cohen Macaulay. Thus, taking U = U; N U, we obtain Item

We turn to Item By Proposition Item [2 it suffices to show that the leading
terms of the set S] computed on Algorithm [3| consists of the elements of degree at most
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2p — 3 of LT, (Syz(Z,—1(M))). This is immediate from Theorem and correctness of
Algorithm O

24 COMPLEXITY IN THE CASE r =p — 2

Throughout this section we focus on the dimension zero case. Thus, n = (p — r)? = 4. For a
homogeneous ideal Z C R,,, we take HF7(d) to be the Hilbert function of Z. That is, for an
integer d > 0, HF7(d) = dimy Z,. Further, we take Hz(t) = >, HFz(d)t? to be the Hilbert
series of Z. We refer to [Eis95, 1.9] for further details.

When r = p — 2, we can use the results of the previous section to give explicit formulae for
the coefficients of the Hilbert series Hz,  (a)(t). Subsequently, we can exactly compute the
ranks of the Macaulay matrices in each degree computed by the Fj algorithm, and bound the
complexity of computing the reduced grevlex Grébner basis of a matrix of generic homogeneous
linear forms by that of computing the row reduction of each of these matrices.

First, note that for any 1 < d < r, both the number of rows and the number of columns of
the Macaulay matrix in degree d for the set Sy (resp. S1) computed by Algorithm [3| is bounded
by the number of rows of the Macaulay matrix in degree d + 1 (resp. d + r + 1) for the set S}
(resp. Fj,_1(M)). Thus, the arithmetic cost of Algorithm [3|is bounded by the arithmetic cost of
the final step, computing the grevlex Grébner basis for F,_;(M).

Proposition 2.4.1. — There exists a Zariski open set U C A%’ such that for all @ € U , the
Hilbert series H@a(zr+l(£{d) (t) for wu(Z,11 (%d)) is given by:

2r+1
d=r+1

Proof. Let U be as in Proposition If M is a free R,,-module of rank ¢, then the monomials
of M of degree d form a basis for the finite-dimensional k-vector space of homogeneous
elements of degree d of M. Thus, HF y((d) = ¢ - (”+d "). The description of each free module
in the Gulliksen-Negard complex given in Section [2.1.]] gives rise to
rank & = #F, (M) = (p81)2 =p?, rank& = 2p* —2
rank & = p?, rank&; =1

Thus, by [Eis95, Thm. 113], HFz,_ (ar)(d) = Z?:o(—l)iHF&(d), which equals p (d r+2) B

(2 =2 ("3 +p7() - (T2, -

In the following proposition, we take

P g:l <—r+2) (2p2_2)<d—;+1>+p2(d;r>_

d=r+1

ProposiTioN 2.4.2. — There is a Zariski dense subset U of A%’ such that for all @ € U,
the arithmetic cost of computing the reduced grevlex Grébner basis for ¢4 (Z,-1(#)) using
Algorithm [3] is in

0 (57 (77%) = 0 ().
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Proof. Take U as in Proposition Fix a € U and let M = @G(Ip,l(%‘i)). The ideal
Z,-1(M) is homogeneous, so the complexity of computing a grevlex Grébner basis for Z,_1 (M)
is bounded by the complexity of reducing the intermediate Macaulay matrices encountered in
the matrix- Fy algorithm. The coefficient on ¢¢ in the Hilbert series Eq. gives the rank of
the Macaulay matrix of F,, (M) in degree d. The Macaulay matrices computed in Algorithm
have full row rank, allowing for the use of any echelonization algorithm when computing
M y;. Hence, the result follows from the complexity of computing the reduced row echelon
form [Sto00} Sec.2.2] (see also [JPSI3| App. A]) and the fact that the number of columns in the
Macaulay matrix in degree 2p — 3, the maximal degree of a polynomial in the grevlex Grobner
basis of Z,.; (M), is the number of monomials of degree 2p — 3 in k[zy, z2, 23, 24]. O

Asymptotically, the bound given in [FSSI3} Theorem 20] is in O (p°“*2) whereas that given
by Proposition is in O (p*~1).

2.5 EXPERIMENTAL RESULTS

Here we present some experimental results on numbers of reductions to zero in our refinements
of the Fj algorithm compared to the standard Fj algorithm. The systems used for these
results were obtained by building square matrices of homogeneous linear forms with random
coefficients over k = [Fg550;. This field is large enough that the genericity assumptions necessary
for our results to hold do so with high probability when taking random coefficients.

All Grobner basis computations were performed using an implementation of both standard
F5 and our refinements to F5 written in SageMath (see [The22]) using the FFLAS-FFPACK library
(see [Grol9)) for the linear algebra subroutines. When r = p — 2, we compute a full Grobner
basis for F,_; (M), whereas when r < p — 2, we only compute a Grobner basis of £, (M) up
to degree 7 + 2, as past this degree our algorithm performs no differently to standard Fs.

When r = p — 2, all reductions to zero are avoided and thus all Macaulay matrices are full
rank. By virtue of Proposition if a row of .#; reduces to zero, then all multiples of this
row in .#y; for d’ > d reduce to zero as well, and the standard F} algorithm avoids these
rows. Note however, that there are a significant number of reductions to zero which do not arise
from reductions to zero in lower degree, as evidenced by the discrepancy between the size of
the generating set for Syz(F,_1(M)), which is 2p* — 2 (when r = p — 2) and the number of
reductions to zero encountered by the standard F} algorithm.

Note also that by [FSSI3| Cor. 19], the largest degree of a polynomial in the reduced grevlex
Grobner basis for Z, (M) is 2p — 3, which is strictly smaller than 2(r + 1) = 2p — 2. Thus,
Theorem is never used when running either the standard Fj algorithm, or our refined
algorithm on Z,_(M).

When r < p — 2, we avoid all reductions to zero in the Macaulay matrices .#, -, for all
1<i< (T_’il)2. As the data in Table |2.1] shows, this already allows us to avoid a significant
number of reductions to zero. In fact, in all higher corank cases, over half of the reductions to
zero overall appear in degree r + 2. The number of reductions to zero in degree r + 2 (and
thus the size of a minimal generating set for Syz(Z,,; (M))) appears to be

( b )2(2<T+2)(T11)+2r+2>.

r+2 p—7r—

From this quantity one could derive a refined estimate of the complexity of Algorithm
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Note that generically, in the case < p — 2, the largest degree of a polynomial appearing in
the reduced grevlex Grébner basis for Z,. 1 (M) is 7 - (p — r) + 1 again by [FSSI3} Cor. 19]. Thus,
in this case, Theorem is used as soon as the degree exceeds 2(r + 1).

Finally, we observe that the speedups which can already be achieved using the results of
this paper, within our software framework, increase when p grows and p — r remains fixed. In
the case where p — r = 2 we obtain a speedup which is close to a factor of 10. This clearly
indicates the potential of these results with respect to practical computation times.

Table 2.1: Reductions to zero in standard Fj (there is none in determinantal-F5) as well as ratio
of timings for standard F; compared to determinantal-F5, when computing a D-Grobner basis
for the system of (r + 1)-minors of a generic p X p matrix of homogeneous linear forms in n
variables over k = Fgs59:.

p r n D Rec(l). to ((ls)télﬁgi))
(Std. F3)
4 2 4 5 56 0.11
5 3 4 7 129 0.08
6 4 4 9 239 0.43
7 5 4 1 414 0.69
8 6 4 13 663 1.46
9 7 4 15 959 1.65
10 8 4 17 1387 2.26
n 9 4 19 1871 3.07
12 10 4 21 2525 3.99
13 101 4 23 3181 4.94
4 12 4 25 4032 6.00
15 13 4 27 4977 6.03
6 14 4 29 6213 7.93
17 15 4 31 7515 1.22
18 16 4 33 8845 7.99
9 17 4 35 10544 8.65
20 18 4 37 12969 10.59
4 1 9 3 160 1.27
5 2 9 4 450 L.77
6 3 9 5 1008 2.04
7 4 9 6 1960 2.16
8 5 9 7 3456 2.40
9 6 9 8 5670 2.50
5 1 16 3 800 1.34
6 2 16 4 3150 1.59
7 3 16 5 9408 1.72
6 1 25 3 2800 1.28
7 2 25 4 14700 1.39
7 1 36 3 7840 1.22
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CHAPTER 3

A REFINED COMPLEXITY ANALYSIS

The complexity analysis of Algorithm (3| in Proposition is deficient in one key way. It does
not take into account the structure of the Macaulay matrices built by the Matrix- F algorithm.
To understand this structure, we need insight into the grevlex staircase of determinantal ideals.
This chapter is devoted to gaining that understanding. In particular, it seems to be the case
that the initial ideal of the ideal of comaximal minors of a square matrix of linear forms
is reverse lexicographic. We provide a general formula for the number of nonzero entries of
Macaulay matrices for such ideals, and use this formula to refine our complexity analysis from
Proposition and, crucially, give a formula for the size of the dense representation of its
output. The content and results of this chapter come from the paper [Gop25|, which was
published in the Journal of Algebra.

3.1 AN EXPLICIT HILBERT SERIES

One of the key inputs into our complexity analysis is the Hilbert series of determinantal ideals.
Here, we give explicit formula for the Hilbert functions of determinantal ideals in the case
r = p — 2, under certain genericity assumptions. We accomplish this by analysing a complex
associated to these ideals called the Gulliksen-Negard complex, which under suitable genericity
assumptions turns out to be a free resolution. This allows us to obtain the Hilbert series’ we
require by computing the ranks of the component modules.

Applying Corollary we extract from the Gulliksen-Negard complex the Hilbert series of
T, 1(M).

ProrositioN 3.1.1. — Forany n > 3, D > 1, let

H, p(t) = 2%_3 | <n2 (3 +d— ?l))(n - 1)) (a9 (3 + d3— Dn>

d=D(n—1

+n2(3—|—d—D(n—|—1)> 4
3 :

Then the property

HS (1) true if H;(t) = H, p(t)
] false otherwise

is (4,p — 2, p, D)-generic.

Proof. By Proposition there exists a Zariski open subset Ucy € A%” such that for
all a € Ucm, Zp-1(¢a())) is Cohen-Macaulay. Subsequently, by Proposition for any
a € Ucw, the Gulliksen-Negard complex is a free resolution of Z,_;(¢4(<7”)). In order to
apply Corollary on the Gulliksen-Negard complex, we must write, for each 0 < @ < 3,

&= @R, (—d).

J=1
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First, rank(&y) = n? and for each 1 < j < n? the image of e; under € is an (n — 1)-minor
of ¢ (27"). Such a minor is a polynomial of degree D(n — 1), so in order for € to be graded,

e; must be a member of the D(n — 1) graded piece of &. This gives d(()j) = D(n —1) for all
1< <n?

Next, rank(€;) = 2n? — 2. Consider the basis elements of &£ from Section of the
form (E;;,0) for 1 <4,j < n, i # j. These map, under 0, to EZ-J%(%D). Each nonzero
coefficient of E; j¢,(<7"), written in terms of the standard basis elements of & = M, (R,),
is an entry of ¢,(<7"), and is thus a polynomial of degree D. Thus, in order for the map

01 : & — &(—D(n—1)) to be graded, (E; ;,0) must be a member of the Dn graded piece of
&1. This gives dgl) = Dn. A similar computation for the other basis elements of &£, described
in Section shows that, in fact, for all 1 < j < 2n% — 2, dgj ) — Dn.

By construction, rank(€;) = n?. For any basis element E; ; of &, each nonzero coefficient
of 0y(E; ;) = (0a( L) E; j, E; j0u()), written in terms of the basis elements for & given
in Section is again an entry of ¢, (JzipD ), and therefore a polynomial of degree D. In order
for 0, : & — & (—Dn) to be graded, E; ; must then be a member of the D(n + 1) graded
piece of &,. This gives, for each 1 < j < n? déj) = D(n+1).

Finally, rank(&;) = 1, and 93(1) = ¢a(2%")°. When written in terms of the standard basis
of & = M,(R,), the nonzero coefficients of ¢, (27" ) are precisely the cofactors of ¢,(<"),
which have degree D(n — 1), giving dél) = 2Dn.

Putting these quantities together and applying Corollary gives precisely H, p(t). [

We conclude this section with an auxiliary lemma regarding the structure of the Hilbert
series given in Proposition which will be necessary in order to perform the complexity
analyses we give in later sections.

Lemma 3.1.2. — Foralln — 1 < d < 2n — 3, hgyq1 > hg.
Proof. Taking D = 1 in Proposition and simplifying the summand, we find that

o (24+d—n)(d®*+ (—2n+4)d + 4n* — 4n + 3)

d= 3 :
Let f(d) = hg and view f as a continuous function in one real variable. Then f”(d) =
2d — 2n + 4 has its unique root at d = n — 2. Thus, f'(d) attains its minimum at d = n — 2,

and f is therefore strictly increasing on the interval [n — 1, 00). O

3.2 REVERSE LEXICOGRAPHIC IDEALS

Reverse lexicographic ideals have been studied for the special place they hold amongst all ideals
with a given Hilbert function (see e.g. [Dee96]). After recalling their definition in Section [3.2.1}
we prove a general result about the structure of the grevlex leading monomials in the case of
a homogeneous reverse lexicographic ideal (Proposition 3.2.2). In Section we show that
as long as a certain Zariski open subset that we make explicit is nonempty, this result can be
applied to the determinantal ideals considered in this paper. In the following section, Section
we further investigate when the determinantal ideals that we consider are generically reverse
lexicographic, and relate this property to the so-called 2-strong Lefschetz property.

Recall that we have fixed our monomial order > to be the graded reverse lexicographic
order and suppressed the symbol > from all relevant notation.
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3.21 'THE GREVLEX STAIRCASE OF A HOMOGENEOUS REVERSE LEXICOGRAPHIC IDEAL

Let I C R be a nonzero ideal. We call I reverse lexicographic if for all 7 € LM (1),
{0 € Mongeg+ (Ry) : 0 > 7} C LML(I).

We begin with a simple and helpful observation about the grevlex staircase of a reverse
lexicographic ideal.

Lemma 3.21. — Let [ C R, be a reverse lexicographic ideal. Let 7 € LM<(/) and x; be
the smallest variable in 7. For any variable y € {xy,...,2,} with y > z;, the monomial
0 = =y € Mongeg - (Ry) is such that 0 = 7 and o € LML ().

J

We come now to the main result of this section, which provides a formula to calculate the
number of polynomials of degree d + 1 in a grevlex Grobner basis of a homogeneous reverse
lexicographic ideal whose leading monomials are not divisible by any leading monomial of
degree d.

Prorosition 3.2.2. — Let F' C Kk[z1,...,x,] be a sequence of homogeneous polynomials, all of
degree dy. Suppose I = (F) is a reverse lexicographic ideal. Let HF;(d) = h, be the Hilbert
function of I and let D be the largest degree of a polynomial appearing in the reduced grevlex
Grobner basis of F. For any dy < d < D, let G4 be the set of elements of degree at most d in
the reduced grevlex Grébner basis for F' and let ¢, be the largest integer such that

bg+d—1
hy.
( lg—1 )< ‘

#(LM<(Ga1) N LM<(Ga)) = hasr + (Lo — n)ha

Then for any dy < d < D,

Proof. We begin by noting that GG, can be obtained from G, by multiplying each of the Ay
nonzero rows of //A/; by each of the n variables to build .#, 1, echelonizing to obtain /Z[;H,
then discarding zero rows and rows that are redundant because their leading terms are already
divisible by those in LM.(Gy). Letting z441 (resp. r4) be the number of these zero (resp.
redundant) rows, we can write

#(LM<<Gd+1) N LM_<(Gd)) = nhd — Zd+1 — Td+1- (31)

Note also that if the echelonization process alters the leading term of some row of .#;; built
in this way, then either that row reduces to zero, or its new leading term is no longer divisible
by any monomial in LM (Gy). Thus, denoting by c4y1 the number of rows of .#,,; which are
to be reduced during the echelonization process, one has

cat1 = za+1 + #(LM<(Gar1) N LM<(Ga)) (3.2)
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and rg. 1 = nhg — cqy1- (3.3)
Combining Egs. (3.]) to gives
#(LM<(Gay1) N LM2(Ga)) = hay1 — nha + capr.

The rest of the proof consists in computing c441. Fix 7 € LM< (Gy), and let x; be the grevlex
smallest variable in 7. Then by Lemma for each of the j — 1 variables larger than x;, there
exists some 0 € LM_(G,) such that ox; appears as the leading term of some row of .Z;,
which can be reduced by a multiple of 7. Thus, the row of My with leading term 7 generates
exactly 7 — 1 rows of .#,;,, which are to be reduced. The number of monomials of degree d
whose grevlex smallest variable is some z; is simply

j4+d—1 j4d—2 B j4+d—2
J—1 J—2 a J—1
—— ——— ———
number of monomials number of monomials number of monomials
of degree d in j of degree din j — 1 of degree d with
variables variables grevlex smallest
variable x;

Finally, since the leading monomials of My are simply the h, grevlex largest monomials of
degree d, we obtain the final result

#(LM<(Gay1) N LM<(Ga)) = haw1 — nha + o

o,
+d—2Y\,.
:hd+1_nhd+z<jj_1 )(]‘1)
j=1

3.2.2 REVERSE LEXICOGRAPHIC DETERMINANTAL IDEALS

With the hope of applying Proposition we investigate here the conditions under which
the determinantal ideals we consider are indeed reverse lexicographic. We begin by showing
that the Macaulay matrices of reverse lexicographic ideals possess a certain structure. Next,
we construct an explicit Zariski open subset whose points correspond to reverse lexicographic
ideals of the form Z,_;(M). That this Zariski open subset is nonempty is left as a conjecture,
which we give insight into in Section

Lemma 3.2.3. — Let ' C R, be a sequence of homogeneous polynomials. Then I = (F') is a
reverse lexicographic ideal if and only if for any d € Z+, the first h; columns of the Macaulay
matrix in degree d, .#;, have rank h, = rank(.#,;), or equivalently, the echelonized Macaulay
matrix in degree d, ,/Z/; takes the form

A= (1]X)
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after having removed reductions to zero and up to a permutation of rows, where [ is the identity
matrix of size hy X hg.

Proof. Fix d € Z~,. Suppose [ is reverse lexicographic, and let

7o = min{7 € LM< (]) : deg(7) = d}.
Then 7, appears as the rightmost pivot of /Z/;. Since

{o0 € Mon, (R,,) : 0 = 7} C LM<(I),

all columns to the left of that indexed by 79 contain a pivot.

Conversely, suppose .#; takes the desired form. For any 7 € LM_(I) of degree d, the
column indexed by 7 contains a pivot, and thus belongs to the left identity block. Thus, any
column to the left of that indexed by 7 must also contain a pivot. O

We conclude by conjecturing that comaximal determinantal ideals of matrices of linear
forms are indeed reverse lexicographic, and describing the appropriate Zariski open subset
which must be nonempty in order for this to be true.

Conjecturk 3.2.4. — Let RL be the property defined by

RL(I) =

true if I is reverse lexicographic
false otherwise '

Then for any p > 3, RL is (4,p — 2, p, 1)-generic.

By Lemma it is sufficient to prove that there exists some Zariski open subset U C A%’
such that for all a € U, for any d € Z, the reduced Macaulay matrix .Zy(F,_1(¢4())))
takes the form

Mo(Fyr(da()) = (1] X )

after a suitable row permutation and removal of reductions to zero. Recall that the notation
used here was introduced in Section [L3]

By Proposition there exists a Zariski open subset Uyg C A%” such that for all a € Ugs,
the Hilbert series of Z,_1(¢4 (7)) is the one given in Proposition m For any d € Z-, let
ha = HFz,_, (4.(a)) ().

Now fix some d € Z~g, n — 1 < d < 2n — 3. The determinant of the square submatrix of
the Macaulay matrix ,/Z/;(Fp,l(%l)) given by the first h; columns after removing zero rows is
a polynomial in a, g4(a) € k[a].

The distinguished Zariski open set A% < V(gq(a)) consists precisely of those a € A%
such that -

A Fy ) = (1] X ).

By [FSSI3} Corollary 19], there exists a Zariski open subset O C A%’ such that the largest degree
Macaulay matrix which needs to be reduced is .#5, 3. Thus, letting

2n—3

U, =0NUs N () (A% N Vilgula)))

d=n—1
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for any a € Ugy, the ideal Ip,l(%(%l)) is reverse lexicographic.

It is not clear, however, that the set Ugy, is nonempty. Equivalently, it is not clear that the
polynomials g,(a) € k[a] are nonzero.

In [Parl0} Theorem 3] (see also the references therein), necessary and sufficient conditions are
given in order for a given power series to be the Hilbert series of a reverse lexicographic ideal.
By Lemma these assumptions are satisfied by the Hilbert series given in Proposition [3.11]

In the following section, we relate Conjecture to the Lefschetz properties (see
[HMM13b]), and show that under certain genericity assumptions, Z, 1(M) has the weak
Lefschetz property.

3.3 DETERMINANTAL IDEALS AND THE LEFSCHETZ PROPERTIES

We devote this section to exploring conditions under which determinantal ideals possess the
so-called Lefschetz properties, in the hope of shedding some light on Conjecture These
properties have been widely studied in various contexts, notably that of Artinian Gorenstein
algebras.

This section is entirely self-contained, and for ease of exposition we do not provide
definitions of several classical properties from commutative algebra (e.g. Artinian, Gorenstein).
Such definitions and a wealth of related facts can be found, e.g., in [Mat87].

Let A = @;_, Aq be a graded Artinian k-algebra with A. # 0. The algebra A has the weak
Lefschetz property (see [HMM™13b} Definition 3.1]), or simply WLP if there exists some ¢ € A;
such that for all 0 < d < ¢ — 1, the map of k-vector spaces

X0 : Ad — Ad+1

given by multiplication by ¢ has full rank. Such an ¢ is called a weak Lefschetz element. 1f, in
addition, for all 0 < d < c¢—1and 1 < s < ¢ — d, the map

NOARE Ad — Ad+s

has full rank, then A is said to have the strong Lefschetz property (see [HMM'13b, Definition 3.8]),
or simply SLP, and / is called a strong Lefschetz element.
For some t > 1, A has the t-WLP (resp. ¢-SLP) if there are some /1, ...,¢; € A; such that
/1 is a weak (resp. strong) Lefschetz element for A and, for each 1 < i < ¢, the linear form /; is
a weak (resp. strong) Lefschetz element for A/(¢y,...,¢; 1) (see [HMM™13a, Definition 6.1].
When A is an Artinian ideal of a polynomial ring over k, the notion of the ¢-SLP has a
useful description in terms of the Hilbert series of A.

Prorosition 3.3.1 (HMM™13a, Remark 6.11]). — Let / C R, be a graded Artinian ideal. Then ¢ is
a strong Lefschetz element for R,,/I if and only if for all s > 1,

HER, /(1 4@sy)(d) = max{HFz, /1(d) — HF g, /1(d — s),0}.

If I CR, is an Artinian ideal, then R,,/I has dimension zero. Thus, there is some D such
that for all d > D, HFg, /;(d) = 0. Clearly, one can restrict to s < D in the above proposition.

Tueorem 3.3.2 ((HMMT13a, Corollary 6.30]). — Let I C k|[x1, x9, z3, 4] be a graded Artinian
ideal such that R4/ has the 2-SLP. Then the generic initial ideal gin(/) of I with respect to
the grevlex order is the unique weakly reverse lexicographic ideal with Hilbert function HF g, ;.
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To establish Conjecture it is therefore sufficient to prove, in our setting, that the 2-SLP
is (4,p — 2,p, 1)-generic. On the other hand, while it would not establish Conjecture it
would still be useful to discern whether or not the WLP is (4, p — 2, p, 1)-generic.

Tueorem 3.3.3 (IMMRO3, Remark 4.4]).. — Let I C k[xy, ..., z,] be a graded ideal. If I is Artinian
and has no generator in degree 1, and if the quotient R,,/I is Gorenstein and compressed with
even socle degree, then R, /I has the weak Lefschetz property.

The socle degree of a zero-dimensional ideal I C k[xq, ..., z,] is simply the degree of its
Hilbert series, which is a polynomial. In this context, to be compressed simply means that
HFg,/1(d) = HFg, (d) for all 0 < d < 35, where s = deg(Hx, /;(t)) is the socle degree of
R./I.

By [FSSI3} Theorem10], the property of being zero-dimensional is (4, p — 2, p, 1)-generic,
thus so is the property of being Artinian.

As soon as p > 3, the 2-minors of M are of degree at least 2 and generate Z,_;(M).
Again by [FSSI3| Theorem10], the property that R, /I has socle degree exactly 2p — 2 is
(4,p — 2, p, 1)-generic.

If M is a matrix of linear forms the degree of the (p — 1)-minors of M is p — 1. Thus, the
property that R, /I is compressed is also (4,p — 2, p, 1)-generic.

Finally, by [BV88| Theorem 2.26], the Gulliksen-Negéard complex is a free resolution of M as
soon as Z,_1 (M) is Cohen-Macaulay and the final module of this resolution has rank one (see
Section . Thus, the property that Z, (M) is Gorenstein is also (4, p — 2, p, 1)-generic.

3.4 COMPLEXITY ANALYSIS

We consider a matrix of the form M = ¢,(<7)), where a is taken to be a point in some suitable

Zariski open subset of A%”. We make precise which Zariski open subsets we must take a
to lie in below, appealing to the various genericity statements we have established above (e.g.
Propositions and and Conjecture [3.2.4). Our complexity analysis begins by computing
the number of polynomials of each degree in the reduced grevlex Grobner basis of Z,_;(M).

The coefficient of ¢¢ in the Hilbert series of Z,_;(M) is, by definition, the dimension of the
k-vector space of homogeneous polynomials in Z, (M) of degree d. This dimension is also
precisely the rank of the Macaulay matrix of F, (M) in degree d. Combining these ranks
with the aforementioned count of polynomials of degree d in the reduced grevlex Grébner basis
of Z,_1(M) allows us to compute tight bounds on the complexity of the overall Grobner basis
computation using fast linear algebra techniques.

341 BounpiNG #(LM<(Gar1) ~ LM< (Gy))

The work of computing the number of polynomials of degree d in the reduced grevlex Grobner
basis for Z,,_;(M) is already accomplished by our analysis of staircases of reverse lexicographic
ideals in Section The following proposition arises from plugging in the relevant quantities
into the formula given in Proposition [3.2.2]

ProrosiTion 3.4.1. — Suppose Conjecture is true. Fix a € Upy, N Ung € A%, Let
M = ¢q(7)). For any integer p — 1 < d < 2p — 3,

(d—2p+3)(d—2p+2)
2 )

#(LML(Gap1) N LM (Gy)) =
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where G is the reduced d-Grébner basis for Z, (M) with respect to the grevlex order.

Proof. 1f Conjecture is true, then the ideal Z,_; (M) is reverse lexicographic. Therefore, we
can apply Proposition We begin by showing that for all d > p — 1, the integer ¢, is 3.
Recall, from the statement of Proposition that /4 is defined to be the largest integer such

that fd 1
d+ad—
( ly—1 ) < ha,

where hy = HFz,  (an(d). For any a € Ugs, the Hilbert series Hz, () is given by

Proposition .11}
First, note that h,_; = p? and

((p—;)+2) :p22+p'

Since p > 1, this shows that ¢/, 1 > 3. Asn =4, {,_; < 3.

We proceed by induction. Suppose ¢; = 3 for some d > p — 1. Then there must be at least
one monomial 7 in which the variable z, appears in LM (G,). Subsequently for any variable
x, x7 € LM4(G441) and 27 contains the variable x4 as well, showing that /4, = 3.

Finally, applying Proposition we obtain

#LMZ(Gay1) N LML (Ga) = hgyr — ha + <d> + 2(d T 1) — 3(d - 2>

1 2 2
d+1 d+2
:hd+1—hd+d+2< + )—3( + )
2 2
_ (d—2p+3)(d—2p+2) O
_ ; _

3.4.2 LOWER BOUNDS

As a first application of Proposition we establish an exact expression for the size of
the reduced grevlex Grobner basis of ideals of the form Z, ;(M) under certain genericity
assumptions.

ProposiTioN 3.4.2. — Fix a € Ugy, C A", Let M = ¢,(</}). The total number of polynomials
in the reduced grevlex Grébner basis for Z, (M) is

pp+1)(p+2)
: .

Proof. Enumerating the polynomials in the reduced grevlex Grobner basis for 7, (M) is
equivalent to enumerating the leading monomials of these polynomials. That is,

#G =

2p—4
#G = #LM(Gpo1) + ) #(LM<(Gan) N LM<(Ga)).
d=p—1
Using Proposition
2p—4
d—2 3)(d—2 2 243 2
#GP+Z p+( p+2) _pl"+3p+2) 0
d=p—1 6
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Recall that here, we consider the computation of a dense representation of the sought
Grobner basis, meaning that all coefficients in k of all elements in this basis are explicitly
computed.

The expression obtained in Proposition counts only the leading monomials of the
polynomials in the reduced grevlex Grobner basis of Z,,_; (M), and not the smaller monomials in
these polynomials. In the following theorem, we compute — under our genericity assumptions —
the number of nonzero coefficients in each of these polynomials.

Tueorem 3.4.3. — Suppose Conjecture is true. Fix a € Ugy N Ups C A%’ Let
M = ¢o(,)). The number of elements of k in the dense representation of the reduced grevlex
Grobner basis of Z,,_1 (M) is asymptotically bounded from below by p°.

Proof. Since a € Uysg, the Hilbert series of Z,,_; (M) is the one given in Proposition Let
ha = HFz 7, (a)(d). The number of monomials appearing in a degree d polynomial in the
reduced grevlex Grobner basis for Z,_ (M) is

3+d
— 1.
( ! ) ha+

Therefore, using Proposition we find that the number of nonzero monomials appearing in
the grevlex Grobner basis for Z, ;(M) is

(7))

2p—4

(d—2p+3)(d—2p+2) ((3+4d
—h .
+ ) > ; o+ 1
d=p—1
Expanding this gives
1 13 4 13 31 7
N = op® + —op” = opt + 50t + op” - oop O

72 120 9 24 72 20

3.4.3 UPPER BOUNDS

For a given degree d > p — 1, Algorithm [3| builds the Macaulay matrix in degree d by multiplying
each row of the Macaulay matrix in degree d — 1 by each variable, utilising the signatures
attached to each row to avoid redundancies in rows. The reverse lexicographic property of
determinantal ideals provides the unreduced Macaulay matrix in degree d with a precise
structure, which we analyse to obtain complexity upper bounds.

PropositioN 3.4.4. — Suppose Conjecture is true. Fix a € Upy, C A%, Let M = gba(%l)
and let d € Z~o, p — 1 < d < 2p — 3. Then after a suitable row permutation, the unreduced
Macaulay matrix .#;1 of Z,_1(M) built by Algorithm [3|is of the form

( Tir | Xan )
Agyr | Yan

where T, is a square upper triangular block of size hg. 1 —
HFz,  (a)(d + 1) is the Hilbert function of Z,_; (M) evaluated at d + 1.

(d—2p+3)2(d—2p+2) and hd+1 _
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Proof. Let G be the reduced grevlex Grébner basis of Z,,_;(M). We partition the rows of /Z/\;ﬂ
into the following two sets

Ry = {f € rows(My1): f € G} Ry ={f €rows(Mys1): [ ¢ G}.

Let 7 = mingep, {LM<(f)}. Then there must exist some variable z; such that = € LML (G).
Fix 0 € R;. In Proposition it was shown that all monomials involving z, 25, x3 appear
in LM<(G,-1). Thus, since d +1 > p—1, 24 | 0. As G is a reduced Grobner basis and
o € LM (G) the monomial 14 is not in LM~ (G). Since we assume Conjecture [3.2.4} this

forces =~ = - . Subsequently, since x; > x4, we have that 7 > 0.

This shows that any monomial of LM (R;) is smaller than 7. On the other hand, assuming
Conjecture for any 7/ - 7, there exists some g € Ry such that LM, (g) = 7'.

Now for any polynomial g € Rs, there exists some h € rows(/Zl;) such that LML(h) |
LM< (g). Since Algorithm [I| constructs the rows of .#;,, by multiplying the rows of My by
suitable variables, we see that there must be a row of .#,;; with leading monomial precisely
LM_<(g). Thus, the set of rows of .#,;,, which, upon echelonization, are in R, form a submatrix
of ;.1 of the form

((Tur1 | Xar1)
with 7,1 upper triangular. The rows of 7}, are in bijection with Ry, and by Proposition

the set Ry has cardinality (d=2p +3)2(d72p +2) As Myy1 has exactly hy 1 rows, we see that Ty,

has hd+1 B (d72p+3)2(d72p+2)

rows. O

By Proposition [3.4.4) A, is a matrix with ay 1 = (d=2p H)Q(d 242 rows, T, 441 is a matrix
with 8411 = hgy1 — agy1 rows, and and X4y is a matrix with v4,.; = (id) — B441 columns.
We begin by establishing various useful facts about the behaviour of hyy1, agi1, Bar1, Yar1-

LemMma 3.4.5. — Forall p—1 <d < 2p—3, agy1 < ag.

Proof. Let f(d) = a4 and view f as a continuous function in one real variable. Then
fi(d)y=d—-2p+ % has its unique root at d = 2p — g Thus, f is strictly decreasing on the
interval (—oo7 2p — g} [
Lemma 3.4.6. — Forall p — 1 < d < 2p— 3, agr1 < Bayi-

Proof. In view of Lemmas [3.1.2) and [3.4.5 it suffices to show that o, < =2. We have a— p 3p +2
and h, = = 2p? + 2. Thus, 7” —a, =" ;31” , which is certainly positive for p=3. O

Lemma 3.4.7. — Forall p— 1 <d < 2p—3, agi1 < Yar1-

Proof. For ease of exposition, in this proof we take R = R;.
Recall that hyq = dimg(Z,—1(M)441). The k-vector space Z, 1(M )41 is a sub-k vector
space of Rig11]. Since dimy(Rg41)) = (4;"1), we have that hg 1 < (4J§d). Finally,

44d
Yd+1 = ( 5 >_6d+1

4+d
= 3 — hay1 + @i

Z Q41
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Before turning to the complexity of echelonizing a Macaulay matrix in a fixed degree, we
need one final auxiliary lemma regarding the cost of solving several triangular systems.

Lemma 3.4.8 (see [DGP04, Lemma 3.1]). — Let U € kP*? be an invertible p x p upper triangular
matrix and V' € kP*? a p x ¢ matrix. Let C(p, q) be the arithmetic complexity of computing
U~V using [DGP04, ULeft-TRSM(U, V). Then

w—1 :
Clp.q) € 0(%29 w_g %fp <a
Op*¢™) ifp>q
Proof. For p < g, this is precisely the statement of [DGP04, Lemma 3.1]. Assume then that p > q.
In the following, we denote by C,, the constant associated to rectangular matrix multiplication
with exponent w. That is, the cost of multiplying a p x ¢ matrix by a ¢ x s matrix (all with
entries in k) is bounded by C, min{p, ¢, s}* "2 max{pq, ps, gs}. We use the case p < ¢ as a
base case for the recursion. The complexity in this case is given directly by [DGP04, Lemma 3.1].

That is,
_ 2(2wc—1w271)qu_ if p<gq
O(pa Q) - p p 9 w2 } .
C({ﬂ ,q) +C( bJ .q) + Cupiq otherwise

1

By padding U with an identity block and V' with zeroes, we may assume that § is a power of
two. Subsequently, we have

oea (1)1

p o 1
C(p,q) = =C(q,q) + Cup’¢* > =
q : 27
J=0
C., 1 2 w2 4q
2(2W4<_])pq +2Cup7q ( ’
=20,p%¢" 2 + __G 20, | pg“™!
@ 222 —1) ¢
as desired. O

Putting together Lemmas [3.1.2 and [3.4.5| to [3.4.7} we can compute an upper bound on the
cost of echelonizing a Macaulay matrix in a fixed degree.

PropositioN 3.4.9. — For any p — 1 < d < 2p — 3, the number of arithmetic operations in k
required to compute the matrix .4y, from .#;,; is in

2 w2 9
O (B0t + Qi1 Barivan) -

Proof. The computation of /Z{;H from .#;,; can be broken up into four steps.

Step 1. First, we echelonize the upper block, which is of the form ( Ty ‘ X1 ), with
Ty, 1 upper triangular. Applying Lemma the cost of this step is O(f33 Hozzl:f)
Step 2. Next, we use the I;,1 block to eliminate Ay, 1. The resulting matrix takes the form

las1 | Xay1
0 | Y — A Xa )
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The arithmetic complexity of this step is bounded by the cost of computing Ay, 1 X4,1. The
matrix Ay, 1 has oy, 1 rows and §;41 columns, while X ;.1 has ;.1 rows and 74,1 columns.

By Lemmas and

min{ad+1; Bat1, 7d+1} = Og41-

Hence, by [Kni95, Section 2.1], the matrix A;,1 X441 can be computed using O(a‘(}:f Bar1Vdsr1)
arithmetic operations in k.

Step 3. Next, we compute the reduced row echelon form of Yy, 1 — Ay1 X 4,1 which has a4
rows and ;41 columns. By Lemma and using the general results of [Sto00, Section 2.2]
(see also [JPSI3} Appendix AJ), this can be done using O(aj,|74+1) operations in k.

Step 4. The matrix after the previous step takes the form

I | X5 [ X5
0 ‘](adﬂ) ‘ Yii ’

where X4, = ( XM

i1 ‘ x? ) and I(®4+1) is an identity matrix of size g, . The final step

d+1
of the echelonization process is then to reduce Xy, using the identity block I(®e+1). The
resulting matrix takes the form

I | 0 [ X3 — X3 Ve
0 ‘[(adﬂ) ‘ Yd+1 '

Similarly to above, the arithmetic complexity of this step is bounded by that of computing
X C(li)leH. The matrix X C(li)l has 4,1 rows and a1 columns, while the matrix Y, has oy
rows and (4Jgd) — hgy1 columns. Therefore, by the general bound given in [Kni95, Section 2.1],

the number of arithmetic k operations required to compute the matrix X (gi)leH is in

{O (((4J§d) - hd+1)W72 Oéd+15d+1> if agyr > (4J§d) — hai1

O (((4J§d) — hd+1) 043:12 5d+1) otherwise

In the first case,

4+d v B )
O ((( 5 ) - hd+1> Ozd+1ﬁd+1) C O Bar1) C O(a477 Bar1vas1)

and in the second case, since (4;”1) — hgi1 = Yart

44d ) N
O ((( 3 ) - hd+1> a§+125d+1) - O(O‘d+125d+17d+1)

so the complexity of the second step dominates. O

Our main complexity upper bound, given in the following theorem, is now an easy
consequence of Proposition [3.4.9]

TueoreM 3.4.00. — Fix a € Up, € A% Let M = ¢,(</!). The number of arithmetic
operations in k performed by Algorithm (3| when computing the reduced grevlex Grébner basis
for Z,_1(M) is in O (p**3).
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Proof. Note first that all arithmetic operations occur when computing the //Zl from the .#,.
Secondly, note that the complexity of the final step of Algorithm [3| bounds the complexity of the
algorithm as a whole, since the number of rows to be reduced in the Macaulay matrix in degree
d for the first (resp. second) syzygy module is precisely the number of (a priori) reductions
to zero encountered in .#;, (resp. the Macaulay matrix in degree d + 1 of the first syzygy

module). Note also that .#, ; has p* rows, and (p;:z) columns, and is of rank p?. Thus, by

[Sto00} Section 2.2] (see also [JPSI3} Appendix AJ) the arithmetic complexity of computing ,j/;,l

It follows, by Proposition that the total complexity of computing the reduced grevlex
Grobner basis for Z, (M) is in O(p*™ + f,(p)), where

2p—4
2 —2 —2
fw(p) = Z ﬁd+1a(0’lj+1 + 042}+1Bd+1’7d+1~
d=p—1

By Lemma forallp—1<d<2p—4, ag1 < o < p? hence

2p—4
fulp) € O <p2w_4 > 6d+wd+1+ﬁ§+l>- (3.4)

d=p—1
One can verify (e.g. using the Maple computer algebra system [MGH™05]) that

2p—4

619 341 7 7 169 89 1
2 _ 7_ 9% e L 5 o4 1095 0OJ o 1
d:;lﬁ avae + P = TogpP” ~ 360P ~ 360” 36”360’ 3607 420"
It follows that f,(p) € O(p*™3), which concludes the proof. O

Remark 3.4.11. — The upper bound on Algorithm [3| obtained in Theorem [3.4.10] is subquadratic
in the size of the dense representation of the output Grébner basis obtained in Theorem [3.4.3}

Remark 3.4.12. — When w = 2, the bound O(p***3) becomes O(p”), which still differs from
the lower bound on the output size obtained in Theorem by a factor of p. This suggests
that there might still be room for improvement upon the bound obtained in Theorem In
experiments, when working on input of matrices of homogeneous linear forms in four variables
with coefficients chosen uniformly at random from some large prime field, one can observe that
the submatrices A, defined in Proposition are sparse. Perhaps by taking into account this
sparsity, a tighter upper bound could be achieved.

344 THE ASYMPTOTIC BEHAVIOUR OF f,,(p)

In the proof of Theorem only one upper bound is actually used — the bound a4y, < p?.
We conclude our complexity analysis by presenting precise asymptotics for f,(p) for various w.
Using the SageMath computer algebra system (see [The22]), we obtain the asymptotic data in
Table [3.1] It suggests that the asymptotic result f,(p) = O (p®**?3) obtained in Theorem

is sharp.

50



A REFINED COMPLEXITY ANALYSIS

Table 3.1: The asymptotics of f.,(p) compared to p?**3 for various 2 < w < 3.

2w+3
w f w (p) ~p—oo p
0T 9 9
3 . 18144 P p
97 270 .76533282553747476335323 , 8.4 8.4
: 2761171875000(\)%)000000000 p p
20v2 . 8 8
2.5 " 10080 P p
9 38 | 230 3808710515124609640564981876343720387 , 7.76 7.76
: 41658431291580200195312500000000000000 p p -
2 12607 p
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CHAPTER 4

MAXIMAL MINORS AND CRITICAL POINTS

Our next focus is on the case of maximal minors of a rectangular matrix of polynomials. First
defined in [EN62], the Eagon-Northcott complex is a complex of free modules associated to a
matrix with entries in any commutative ring with unity. We are specifically concerned with the
first syzygies of maximal minors of a polynomial matrix. The Eagon-Northcott complex provides
access to them, and in a similar fashion to Algorithm [2, we use these syzygies to adapt the
Matrix- F5 algorithm to determinantal polynomial systems of maximal minors. As a particular
application of this adapted algorithm, we compute critical points of a polynomial map restricted
to an algebraic set. The content and results of this chapter come from the paper [GNSED24],
which was published in the proceedings of ISSAC 2025.

41 THE FIRST SYZYGIES OF MAXIMAL MINORS

411 Tae EAGoN-NORTHCOTT COMPLEX

Taeorem 4.1.1 ([EN62, Theorem 1], [Eis05, Theorem A2.60]). — Let R be a commutative ring with
unity and let A be a p X ¢ matrix with entries in R, with p < ¢. For each 0 < i < ¢ — p, let

& = Sym, R @ N\ (RY),

Then there are graded morphisms 0; : & — &1, 1 < i < ¢ — p, such that the complex
EN(A) = (£, = R/Z, (A),d,) is a free resolution if and only if grade(Z, (4)) = ¢ —p + 1.

We make explicit the first boundary morphism 0, whose image is precisely the first syzygy
module of Z, (A). First, by the definition of the free modules &;, the map 0, is a map

o R e N R - N (RY).

We take as a basis for R?" the standard basis functionals e; for 1 < i < ¢. It follows
immediately from Propositions and that a basis for the R-module R?Y @ A""(R9) is
given by

fei@ (e Ao Ney,) 1 <i<p, 1 <iqp < -+ < < g}

Subsequently, 0 (e; ® (e;, A--- Ae;,,,)) equals

p+1
Z(_l)t—l (eitATei) (g Ao ANeg Ao A eip+1)-
t=1

The map € : A\"(R?) — R/Z, (A) is given by
eles, N Ney) =det([1---p|ig---ipla).

The image of 0; (and thus Syz(F, (A)) then admits an explicit description. For each
p X (p+ 1) submatrix A’ of A, the determinant of the square matrix formed by duplicating any
row of A’, computed via Laplace expansion around the duplicated row, is zero.
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ExampLE 4.1.2. — Let p = 2, ¢ = 4, and suppose

_ fll f12 f13 f14 2x4
A‘(m For fas f24> € R

We have

81(61 X (62 A €3 A 64)) = f12(€3 A 64) — f13(62 A\ 64) + f14(€2 A 63).

Note that the fact that J;(e; ® (ex A ez A ey)) € kere is precisely the statement that the
determinant
fiz fiz fua

det | fiz2 fis fua
faa  faz  fou

is zero. More explicitly, €(01(e1 ® (e2 A e3 A eq))) is simply the determinant of this matrix,
computed via Laplace expansion along its first row. Analogously, €(0;(es ® (e1 Aesz Aey))) is
simply the determinant of the singular matrix

f21 f23 f24
fll f13 f14
f21 f23 f24

computed via Laplace expansion along its first row.

41.2 LEADING TERMS OF SYZYGIES

We start with a consequence of the description of the first syzygy module provided by the
Eagon-Northcott complex.

PropositioN 4.13. — Let A = (a; ;) be an p x ¢ matrix with entries in k[zy, ..., z,], with p < ¢.
For each 1 < k < ¢ —p, let J;(A) be the ideal (a;;: 1 <i < p,j <k) of kjxy,...,x,]. Let
€ be the set

L_J U {LM_(g)(exs1 Aeiy Ao Ney) g€ Ti(A)}

k=1 k+1<iz<-<ip<q
Then the module (7)) is a submodule of LM, (Syz(F, (A))).

Proof. Fix 1 < k < q—p. Let iy, ... 4, € Z>( be integers such that k +1 < iy < --- < i, < g,
and let g € J(A). Then there exist polynomials %, ; € R, such that g =", i hi ja; ;. Let

G = Z hijO1(ei @ (€5 A enpr Aeiy Ne-- Ne,)).
,J
We claim that

LM>pot(G> = LM< (g)(eri1 Aeiy A-- A ez'p)-

Now taking ¢ = (ex11 A -+ A el-p)v, we have

¢(G) = Z gb(hm@l(ei X (€j VAN €r+1 N €is VANRRRIVAY €Z‘p))>
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= E hmgb(@l(ei & (Gj A Cr+1 A\ 6,‘2 A A 611))))
‘7j
= hijaij=g
1,7

By the definition of 0;, only those basis vectors of A\”(R%) of the form e; A--- Ae;, A--- Ae;,
appear with nonzero coefficient in G. The largest of these basis vectors with respect to the
lexicographic order is clearly e, Aey, A---Ae;, so our claim is proven. Having constructed an
element of LM, _ (Syz(F), (A))) whose leading term is precisely LM (g)(ex1 Aej, A---Ae;,),
we are done. ]

Remark 4.1.4. — We have seen, in Section that the syzygies described by the Eagon-
Northcott complex between the maximal minors of a p x ¢ matrix A over R,, are given by
choosing a p x (p + 1) submatrix A’ of A, duplicating any row of A’, and computing the
determinant of this matrix by Laplace expansion over the duplicated row (see Example for
an example). The <,,i-leading term of such a syzygy is simply the leading term of the leftmost
entry of the duplicated row.

Upon fixing a maximal minor of A, the leading monomials of a ord-Grébner basis of the
polynomial system formed by the entries of the columns to the left of the leftmost column of
this minor are leading monomials of syzygies amongst the maximal minors of A.

Proposition leads directly to the following algorithm.

Algorithm 4 MaxDetMatrixF5(A, D)

Input: A matrix A = (a;;) € k[z1,...,2,]P*? of homogeneous polynomials, with p < ¢ and
an integer D.

Output: A (D, ord)-Grobner basis of Z,, (A).

L C—{ar1,. 1, -, Qgps-- s Qpgp}

2 Gy, ...,Gpg—p) < MatrixF5(C,0, D — mingep, , (mpa{deg(f)})
3 H+ 0

4 forie{l,...,p(¢—p)} do

for f € FTH(M)p[l---p | (L%J + 1> ---q}A do
j < index of f in F,. 1(M)pA
H «+ HU{LM(g)e; : g € G;}
return MatrixFs(F,1(M)pA, H, D)

Tueorem 4.1.5. — Algorithm MaxDetMatrixF is correct.

Proof. This follows from the correctness of MatrixF; [BESI5, Theorem 9], and from Proposi-
tion which establishes that the set H input to MatrixF5 on Algorithm [ is a subset of
LM, . (Syz(F, (A))). Recall that here we use the slightly modified MatrixF5 from [GNS23,
Algorithm 1], whose description requires the input of a set of syzygies whose leading terms it
immediately extracts. Instead, here we directly give it as input the set H, which is a set of
leading terms of syzygies. O
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4.2 CRITICAL POINTS

Recall that for a set of homogeneous polynomials ' = (fi, ..., f,) € R,, and a homogeneous
polynomial g € R, our goal is to compute a Grobner basis for Z(g, F') = Z,, (jac(g, F')) + (F).
Note that if g and the f;’s are affine, by [CLO15, Chapter 8, Section 4, Theorem 4], one can simply
homogenise them with respect to a variable i which is smaller than all of the z;, apply the
algorithms in this paper, then set h = 1.

Via a minor modification of Algorithm |4} we obtain an algorithm which computes a Grobner
basis for the ideal Z(g, F').

Algorithm 5 CritGB(F, g, D)
Input: A system of homogeneous polynomials /' = (fi,..., f,) € R,, a homogeneous
polynomial ¢ € R, and an integer D.
Output: A (D, >)-Grébner basis of Z(g, F').
L J < jac(g, F)
2. O+ {Jl,la cey Jp+171, ey Jl,n—p—la cey Jp,n—p—l}
3 Gy, Gty (n—p—1) < MatrixFs (C, (), D — min {deg (%) })
4 H <+ 0
5 forie{1l,...,(p+1)(n—p—1)} do
6: forfEFr+1(M)p+1[1-~-p+1 | (L i J +1) n} do
J
7
8
9

P+l
j < index of fin F..;(M)p+1J
H <+ HU{LM.(g)e;: g € G;}

: return MatrixF5(F U F, (M)p+ 1J,H, D)

Proposition 4.2.1. — Algorithm CritGB is correct.

Proof. The only modification made to Algorithm |4| to obtain Algorithm [5|is to add the set F' to
the polynomial system upon which we run MatrixF5. Thus, the correctness follows immediately

from that of Algorithm [4} proven in Theorem [4.1.5] O
For a system of homogeneous polynomials /' = (fi,..., f,) € R, and a polynomial

g € R, there may exist, a priori, nontrivial syzygies between the polynomials in F" and the
maximal minors of jac(g, F'). Generically, this does not occur.

ProrosiTion 4.2.2. — Let n,p,dy € Z~o. There exists a nonempty Zariski open subset
n+dg—

UC AP such that for all ¢ € U, taking (g, f1,- -, fp) = @c(F (.. .o)) )

.....

Sya(F U Fpia (Jac(g, F))) = Sya(F) © Syz(Fp41 (jac(g, F)))

where F' = (f1,..., f,).

’VL+d071)
n—1

Proof. By [Spal4, Lemma 2.2], there exists a nonempty Zariski open subset U C A +1)(
such that for all ¢ € U, taking

(9, frs -5 o) = De(Finido,....do)))-

.....

and F' = (fi,..., f,), the sequence (fi,...,f,) is a R,/Z,+1 (jac(g, F'))-regular sequence.
For such ¢, F is also a regular sequence in R, so the Koszul complex associated to F, IC(F),
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is exact. By [ML95, Theorem 9.3], there is then an isomorphism
H;(EN(jac(g, F)) ®r, K(F)) 2= Tor" (R, /{F), Rn/Tp41 (jac(g, F)))

between the homology of EN(jac(g, F')) ®g, K(F') and the torsion products of R,,/(F") and
Rn/Z,+1 (jac(g, F)) as R,-modules.
Now since F' is an R, /Z,+1 (jac(g, F'))-regular sequence, the complex

K(F; Rn/Lpi1 (Gac(g, F)) = K(F) @r, Rn/Lpi1 (jac(g, F)) -
is acyclic, and thus for all i > 0,
Tor;" (Ru/Zys1 (jac(g, F)) , Ru/(F)) = 0.
It follows that EN(jac(g, I')) ®%,, K(F) is a free resolution of the tensor product

Rn/(F) @r,, Rn/Lps1 (jac(g, F)) = R/ ((F) + Lp1a (Jac(g, F))) - -l
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The complexity of linear-algebra based Groébner basis algorithms is governed by the cost of
echelonizing Macaulay matrices. The work that we have done thus far allows us to estimate
these costs, since the sizes and ranks of the Macaulay matrices computed can be deduced from
the Eagon-Northcott complex.

431 NEW COMPLEXITY BOUND

Recall that given a polynomial system F' C R,, the columns of .#,(F'), are indexed by the
monomials of degree d in R,,. We are left to compute the rank of .#;(F’) and the number of
rows of .Z;(F') taken into account by our algorithm. We first count the number of syzygies
from Proposition 4.1.3]

ProrositioN 4.3.1. — Let A = (a; ;) be a p x ¢ matrix with entries homogeneous polynomials
of degree dj in R, with ¢ > p. For each 1 <k < g —p, let Ji(A4) == (a;; : 1 <i<p,1<
j < k) CR,. Then for any D € Z-q and any d € {dyp, ..., D}, the number of elements of
degree d — pdj of the set H computed in Algorithm {4 is

q—p

Z HF 7, (4)(d — pdy) (q —k— 1)

k=1 p—1

Proof. Let Hy_,q, € H be the subset of the set H in Algorithm {4 of Algorithm |4 consisting of
elements of degree d — pdy. This set H is precisely the set 7# defined in the statement of
Proposition We can therefore write

#HHa pay, = Z Z # {LM=(g)(ext1 Aeiy A= Aey)

k=1 k+1<iz<--<ip<q

g € Ji(A),deg(g) = d — pdo}
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q—p
=Y >, HF 7, (4)(d — pdo).

k=1 k+1<iz<--<ip<q

The last equality follows from the fact that the number of monomials of LM (7 (A)) of degree
d — pdy is HF 7, (4y(d — pdp). The result follows from the fact that for 1 < k < ¢ — p, there are

(q;le) sequences of the form k +1 < iy <--- <, < q. O]

Using Proposition we are left to compute the Hilbert functions of the ideals J;.(A)
of flattened columns, of course under certain genericity assumptions. To do this, we rely on
Froberg's conjecture [Fro85, Sec. 1], which we reformulate below.

P(t)

In what follows, for polynomials P(t), Q(t) € Z[t], we denote by [m} the power series
+

expansion of %, truncated at its first non-positive coefficient.

Conjecture 4.3.2 ([Fr685) Sec.1],[Nicl7, Conj. 1]). — For any n € Z-( and any sequence of

integers (dy, ..., d,,) € ZZ, there exists a Zariski open subset U C [[", AU such that
for any c € U,
(1 — ¢
n/\Pe\T(n dq,....dm) (1 — t) "
ProrosiTioN 4.3.3. — Let m,n € Z~o and let F' = (f1,..., fm) C k[x1,...,z,] be a sequence

of homogeneous polynomials, all of degree dy. Let D be the Hilbert regularity of (F'). If F'is a
semi-regular sequence, and Conjecture is true, then for any 0 < d < D,

n+d—1
5] -
fn+d—d j—1 m
HER, /(g (d) = D (_DJ( e ) (j )
=0

Proof. By Conjecture the Hilbert series of R,,/(F’) is

HR, ffre iy (1) = [%L

The numerator (1 — %)™ can be expanded as Y™ ((—1)’ (T) tJ% while the reciprocal of the
denominator has the classical expansion

()

j=0
The result follows by taking the product of these expansions. Il
ProposiTioN 4.3.4. — Let n € Z~,. For any p < n and any dy € Z-~, there exists a Zariski

n+do—1

open set U C AP0 such that for all ¢ € U, taking (g, f1,-- ., fp) = Gc(Fdo....d0))
the sequence

dg Ofr Ofp dg dfi Ofp
Oxy Oxy’ T 0xy’ T 0xpy_py Oxp_py OTp_py
formed by the leftmost n — p — 1 columns of jac(g, fi, ..., f,) is semi-regular.
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Proof. Let c(l), ..., c®™ be sets of indeterminates, with ¢ = {c!’ : 7 € Mong, (R,)}. For
XO)
(. do)

any 1 <i<p+1andfor1l<j<n—p-—1, the coefficients of the partial derivative Oa

are polynomlals in the indeterminate coefficients ¢(*),
For any d > dy, (upon fixing bases for the domain and codomain), the multiplication map

(1)
R, Ry
(D [CED) — (D (D)
<6f(n dg) 8f5n¢d0) > <6f(n dg) 8fEn,d0) >
Oxy 7777 Oxj d—dy Oxy 7777 Oxj d

o
(n,dg)
by Ox;

is represented by a matrix whose entries are rational functions in the indeterminate coefficients
@,

The points ¢ € APV ("2 such that this mayp is full-rank form a (possibly empty) Zariski
open subset. By intersecting all such subsets forall 1 <i<p+land1<j<n—p—1, we

obtain the set U we seek. O]
CoroLLARY 4.3.5. — Let n € Z~( and assume Conjecture n 4.3.2| is true. For any p < n and any
dy € Z~, there exists a Zariski open set U C A (p+1) ( o) such that for all ¢ € U, taking
(g, fr,-- - fp) = gbc(f(n dod ) forany 1 <k <n—p—1, HF 7, jac(g,r)) (d) is
Ry
("5 = ime® (N () ifd <D
(") if d > D

where Ji(jac(g, F')) is the ideal generated by the first £ columns of jac(g, F'), and D is its
Hilbert regularity.

Proof. Let U be the set defined in Proposition and take any ¢ € U. Then for any
1 <k <n—p-—1, the set of generators for J;(jac(g, F')) given by the first £ columns
of jac(g, F') forms a semi-regular sequence. We can therefore apply Proposition to
obtain the Hilbert function of R,/ J;(jac(g, F')). Since the Hilbert function of R,, itself is
HF%, (d) = ("+d71), the result follows. O

n—1

ConjecTUrE 4.3.6. — The set U defined in Proposition is nonempty.

Remark 4.3.7. — One possible way to prove Conjecture would be to exhibit the existence
of a family of explicit examples of polynomial systems parameterised by (p, n, dy) such that, for
these polynomial systems, the statement of Proposition holds. This is a classical method of
proof for statements similar to that of Conjecture and has been used successfully even in
the determinantal context (see e.g. [HSEDSV2], Sec. 8]). However, in our setting, it is not even
known that semi-regularity holds for overdetermined sequences of polynomials. Indeed, this is
one possible formulation of Froberg’s conjecture.

Finally, we compute the ranks of the Macaulay matrices associated to the maximal minors
of a polynomial matrix from the Eagon-Northcott complex.

ProrosiTion 4.3.8. — Let A be a p X ¢ matrix with entries homogeneous polynomials of degree
do in k[zy,...,2,), with ¢ > p. If grade(Z, (A)) = ¢ —p + 1, then

HﬂﬂmW%ZSf“4y<n+d_§t?ﬂ%_ﬂ)(p+j_1><(Z)'

= p—1 P+
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Proof. Since grade(Z,(A)) = ¢ —p + 1, by Theorem the Eagon-Northcott complex is a
free resolution of Z,, (A). In order to turn the Eagon-Northcott complex into a graded resolution,
we need to shift the grading on the component free modules to ensure that the boundary
homomorphisms are graded.

First, the degree of the maximal minors of A is pdy. As such, in order to make the
augmentation homomorphism € of EN(A) graded, we need only replace & by E(—pdy).

Now, by the description of the boundary homomorphisms in [Eis05, A2H] (see also [Eis05}
Exa. A2.69]), each boundary homomorphism (except for the augmentation homomorphism) can
be represented by a matrix with entries linear in the entries of A. Thus, in order to make
these boundary homomorphisms graded, we need to replace &; by &;(—pdy — idy) for each
l<j<q—p

Finally, we have rank(&y(—pdy)) = (Z) and

rank(&;(—do(p + j))) = rank (Symj (RP) ® /\P+j(7?,‘1)>

:(p;i:l)(pij)‘

The result then follows from Corollary O
ProrosiTion 4.3.9. — Let F' = (f1,..., fp) C k[zy,...,2,] be a regular sequence of homoge-
neous polynomials, all of degree dy, and let g € k[z1, ..., z,] be a homogeneous polynomial of

degree dy. Then the Hilbert function of the ideal Z(g, F') = (F) + 7,41 (jac(g, F')) is given by
HFR"/I(g,F) (d) which is

SO (G

nw4v4y(n+d_@rztzﬁ*w%_ﬂ>(p;j>(p+?+l)>

J=0

~

Proof. By [Spald, Lem. 2.2], the sequence F'is a R, /T, (jac(g, F'))-regular sequence. It
follows (see e.g. [Eis95, Exe. 10.13(a)]) that

HR,/2(9,5)(t) = HR,, /2,41 Gac(g, 1) () (1 = 1) (CR)
By Proposition HFZ . | jac(g,F))(d) equals
n—p—1 i .
, d— 1dy — 1
Z(—l)”(n+ ®+3+1)do >(p+])( " ) 4.2)
P n—1 p J\p+i+1

Since the Hilbert series Hg,, /7, (jac(¢,r))(t) is the generating series of the difference between
the Hilbert function of R,, (which is simply HF%  (d) = (":ﬁl)) and this Hilbert function, the
result follows by combining Eq. with Eq. and expanding. O

We use the Hilbert functions to estimate the cost of echelonizing each of the Macaulay
matrices encountered in Algorithm
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TueoreM 4.310. — Let F' = (fy,..., f,) C klzy,...,2,] be a regular sequence of homogeneous
polynomials, all of degree dy, and let g € k[x1,...,z,] be a homogeneous polynomial of degree
do. Finally, for each 1 < k <n —p—1, let Ji(jac(g, F')) be the ideal of R,, generated by the
first k& columns of jac(g, F'). Then assuming that Conjecture and Conjecture are true,
the number of arithmetic operations in k required to compute a grevlex Grobner basis for the
ideal Z(g, F') = (F') + Z,11 (jac(g, F')) is in

(B ((27) wrsia) (37

d=dop

with

R(d) :p(n+c7l1—_dlo—1) N (n+d—?§p_+11)do—1) (pil)

_ ( Y HE g Gactoy(d — (p + L)do) (n o 1))

k=1 p

.....

functions HF 7, (jac(g,r)) (d) are those given in Corollary [£.3.5 D = (n+p)do+1, and 2 < w < 3
is a suitable exponent of matrix multiplication.

Proof. By |Spal4, Cor. 2.3], the largest degree of an element of the reduced grevlex Grébner basis
of Z(g, F) is D = (n + p)dy + 1. The output of CritGB(F, g, D) is thus a grevlex Grobner
basis of Z(g, F).

The complexity of computing Grébner bases for systems of partial derivatives of F' in
Algorithm 5| is bounded by the complexity of computing a Grébner basis of F' itself, and
thus the complexity of Algorithm /5| is bounded by that of its final step. MatrixF5 only
performs arithmetic operations when computing row-echelon forms for the Macaulay matrices
it builds. We can therefore bound the number of arithmetic operations performed by MatrixF';
on any given input by the cost of echelonizing the Macaulay matrices it encounters. For
a given dy < d < D, the Macaulay matrix .#;(Z(g, F')) is of rank HFz(, r)(d) and has
# Mony (R,) = (”+d_1). The rows of .#;(Z(g, F')) are indexed by a subset of

n—1
(Mond_do (RfF) U Mond_(p+1)d0 (R#FT“(M)p—i-ljac(g’F))) AN Hd—pd07

which has cardinality precisely R(d) by Proposition By [Sto00} Sec.2.2], an s X ¢ matrix of
rank r over k can be echelonized using O(r“~2st) operations, so the result follows. O

4.3.2 COMPARISON WITH LAZARD'S ALGORITHM

We conclude with a comparison of the upper bound

do(p—1)+(do—1)n-+1

> R(d)

d=pdy

from Theorem [4.3.10| on the total number of rows in all of the Macaulay matrices built by
Algorithm {4] to the upper bound

(q) <d0(p— 1)+ (dp—1)n+1 +n>‘

P n
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on the number of rows in the Macaulay matrices built by Lazard’s algorithm obtained in [FSSI3,
Theorem 20].

This comparison does not take into account the fact that in [GNS23| Algorithm 1], Macaulay
matrices are computed degree-by-degree, so that reductions to zero in lower degrees can be
used to eliminate reductions to zero in subsequent degrees.

This comparison also does not take into account the Fj criterion [Fau02, Theorem 1], which
allows for several more reductions to zero to be avoided. However, the complexity of Fj has
only been analysed in the case of a regular sequence, in [BFSI3].

Remark 4.311. — By computing a <,-Grobner basis for Syz(F), (A)), we can estimate the
number of extra reductions to zero avoided by Algorithm {4 thanks to Proposition (ii). For
p=3,q=06,n=4,dy = 3, the ratio of the number of rows estimated by taking into account
this criterion to the number of rows computed by Lazard’s algorithm is 29.397, while not taking
into account this criterion yields a ratio of 26.786. Similarly, for p = 3,¢ = 7,n = 5,dy = 3,
taking into account this criterion gives a ratio of 41.006, while not taking into account this
criterion gives a ratio of 34.946. This suggests that a careful complexity analysis of Algorithm
might provide a theoretical complexity improvement that is better than the one suggested by
the graphs we give here.

p, n fixed, dy grows

First, we fix the number of polynomials p and the number of variables n, and allow the degree
dy to grow. We take ¢ = n + p — 1, so that the ideal of maximal minors has dimension zero.
Figure [4.1| shows that for a fixed p and n, the theoretical gain which we obtain appears to grow
logarithmically in dj.

Finally, we compare Lazard’s algorithm to a (nonexistent) algorithm which would compute
full-rank Macaulay matrices. Fig. 4.2 shows that such an algorithm appears to also only provide
a theoretical gain which grows logarithmically in dj.

p, dy fixed, n grows

Next, we fix the number of polynomials p and the degree dy and allow the number of variables
n to grow. Again, we take ¢ = n + p — 1 so that the ideal of maximal minors has dimension
zero. Figure 4.3 shows that for a fixed p and dy, the theoretical gain which we obtain appears to
grow linearly in n.

We conclude by again comparing Lazard’s algorithm to a (nonexistent) algorithm which
would compute full-rank Macaulay matrices. Figure 4.4 shows that such an algorithm appears
to provide a theoretical gain which grows exponentially in n, demonstrating that there is still
potentially much to be gained by devising new criteria which predict more reductions to zero.
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bottom: dy = 4.
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CHAPTER 5

PRELIMINARIES

The second part of this thesis finds its mathematical foundations in (arithmetic) intersection
theory. We begin, therefore, by recalling these foundations. First, in the realm of usual (algebraic)
intersection theory, all of the statements which we give can be found, with proof, in [Ful98b].
For the reader who is willing to admit, without proof, some of the more technical machinery,
[EHI6] is perhaps a more approachable reference.

Second, in the realm of arithmetic intersection theory, we draw the basic constructions
from [GS90a]. We also rely heavily on the theory developed in [BGS94] for heights of projective
varieties, and on [GS90b] for the theory of characteristic classes of Hermitian vector bundles.
Finally, it seems prudent, before delving into all of this theory, to acknowledge that this second
part is far more technical than the first]]

5.1 ALGEBRAIC CONSTRUCTIONS

5.1.1 THE ALGEBRAIC CHOW RING

Let X be an algebraic scheme over a field k. For an integer p > 0, we will denote by Z?(X)
(resp. Z,(X)) the group of cycles of codimension (resp. dimension) p on X. Let Y C X be
a subvariety of X of codimension p — 1, with generic point y. Let f € k(y)* be a nonzero
rational function on Y. Then f gives rise to a cycle div(f) € Z?(X) defined by

div(fy= >, ordv(f)[V],

VCY
of codimension one

Cycles of the form div(f) are called cycles rationally equivalent to zero. We denote by RP(X) C
ZP(X) (resp. R,(X) C Z,(X)) the subgroup of cycles rationally equivalent to zero The
quotients CH?(X') = ZP(X)/RP(X) (resp. CH,(X) = Z,(X)/R,(X) are the algebraic Chow
groups of X. We will denote by Z*(X) = P, Z7(X) (resp. Z.(X) = D, Z,(X) ) the group
of cycles graded by codimension (resp. dimension).

Similarly, we denote by 2*(X) = @, RP(X) and CH"(X) = @, CH"(X) (resp. R.(X) =
@D, 1,(X) and CH.(X) = P, CH, (X)) the group of cycles rationally equivalent to zero graded
by codimension (resp. dimension) and the algebraic Chow group graded by codimension (resp.
dimension) of X. When the choice of grading is unimportant, we will simply denote by Z(X)
(resp. R(X), CH(X)) the group of cycles (resp. group of cycles rationally equivalent to zero,
algebraic Chow group) of X.

We recall that rational equivalence has a slightly more geometric interpretation: two cycles
V,W € Z(X) are rationally equivalent if and only if there exists a cycle Z € Z(X x P') not
contained in any fibre such that V' = m(Z N (X x {0})) and W = 1 (Z N (X x {o0})).

'This acknowledgement, of course, completely shields the author from any criticism arising from the perceived
difficulty of the presented material.
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Taeorem 5.1.1 ([Ful98c, Proposition 8.1.1,Example 8.1.11],[EH16, Theorem-Definition 1.5]). — Let X
be a smooth, quasi-projective scheme. Then the group CH(X) carries on it an intersection
product, under which the product of the classes of two generically transverse subvarieties
V,W C X is the class of their intersection:

V]-[W] = [VNW] e CH(X).

Note that this intersection product makes our choice of grading CH(X') by codimension
(rather than by dimension) a well-motivated one, and, by [Ful98c, Proposition 8.3], turns CH(X)
into a graded ring CH*(X), called the Chow ring of X.

5.1.2 FUNCTORIALITY

Let f : Y — X be a proper map of algebraic schemes over a field k, and V' C Y a subvariety.
The pushforward of the cycle [V] under f is defined to be

LVl = {o if dim(f(V)) < dim(V)
) (V) k(FOVDIF(V)] i dim(f(V)) = dim(V)

Extending by linearity, the pushforward becomes a map f, : Z,(Y') — Z,(X). It turns out that
f« respects rational equivalence and is therefore functorial.

Taeorem 5.1.2 ([Ful98d, Theorem 1.4],[EHI6, Theorem 1.20]). — Let f : Y — X be a proper map
of schemes. Then the pushforward of cycles f. : Z,(Y) — Z,(X) respects rational equivalence,
and therefore defines a graded morphism of Chow groups f, : CH.(Y) — CH,.(X).

Now suppose that f : Y — X is a flat map of schemes over a field k, and V C YV
a subvariety. The pullback of the cycle [V] under f is defined to be f*[V] = [f~'(V)].
Analogously to pushforwards, f* respects rational equivalence, and even the intersection product
when it exists.

Tueorem 5.1.3 ([Ful98d, Theorem 1.7],[Ful98c, Proposition 8.3(a)],[EHI6, Theorem1.25]). — Let
f:Y — X be a flat map of schemes. Then

(i) the pullback of cycles f*: ZP(X) — ZP(Y") respects rational equivalence, and therefore
defines a graded morphism of Chow groups f*: CH"(X) — CH*(Y).

(i) if, moreover, X and Y are smooth, quasi-projective, algebraic schemes over a field k,
then f*: CH(X) — CH(Y) is a graded ring morphism, turning CH(—), together with
f* into a functor from the category of smooth, quasi-projective, algebraic k-schemes to
graded rings.

Of particular importance is the relationship between the pullback and the pushforward,
called the projection formula.

Tueorem 5.1.4 (Projection formula, [Ful98c, Proposition 8.3(c)],[EHI6, Theorem 1.23(b)]). — Let
f Y — X be a proper map of smooth, quasi-projective, algebraic k-varieties. Then
f« : CH(Y) — CH(X) is a graded morphism of graded CH(X)-modules. In particular, for
any o € CH(X) and g € CH(Y)),
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5.1.3 ALGEBRAIC VECTOR BUNDLES

Let X be an algebraic scheme and F a coherent locally free sheaf on X. Let 7 be the dual of
F and Sym(F") the symmetric algebra of 7. The X-scheme I" = Spec  (Sym(F")) is the
algebraic vector bundle associated to F. It has a natural geometric interpretation. Let p € X be
a point, with residue field x(p). Let 7 : F' — X be the structure map, and g : Spec(k(p)) = X
the canonical map. Then
n~Hp} = F xx Spec(x(p))
= SPCCy o (9 Sym(F )
= Spec, )( - Sym( ") @g-10x Ospec(s(p)))
(Sy (Fv ®oxp (p)))

Now F) ®o,, k(p) is a vector space over r(p) of dimension equal to the rank of F,, as a free
Ox p-module. If this rank is r, we can then conclude that

7 p} = Spec ))(H(p) 1, .. t]) = ALy,

Since F' is the scheme-theoretic union of the fibres of 7, this construction allows us to realise
any point of I as a pair (p,?) where p € X and ¢ € A}

= SpecS

PP pec(n(p

ProposiTion 5.1.5 ([Ful98b, B.3.3]). — Let 7 : Y — X be an X-scheme and suppose that there
exists an open cover {U;} of X, isomorphisms of U-schemes ¢; : Y xx U; — A" x x U,, and,
for any pair 4, j, automorphisms g¢; ; : U; N U; — GL, x such that (y; o gpj’l)mej = g;;- Then
there exists a coherent, locally free sheaf 7 of rank r on X such that Y = Spec (Sym(F")).

A section of F' is a map of schemes s : X — F' such that 7 o s = idp. Note in particular
that if s is a section of F, then s(x) € 7~ '{z}. The sections of F over an open set U C X
correspond to sections of 7, : 7 H(U) — U.

Motivating the terminology here is the fact that sections of F" are exactly global sections of
F as a sheaf. In one direction, a global section s € F(X) defines the section z — s, ® 1 of
F'. In the other direction, the universal property of the relative spectrum shows that sections
s: X — F correspond to Ox-algebra maps Sym(F") — Ox. Each such map restricts to a
map F" — Ox, which in turn dualises to a global section of F. Indeed, given an X -scheme
Y — X satisfying the hypotheses of Proposition the corresponding sheaf F given by
Proposition is called the sheaf of sections of Y.

Exampie 5.1.6. — Let k be an algebraically closed field and let X = Spec(k[t]) = Al. Let
F = Ox. Consider the global section ¢ € F(X) = k[t|. For any closed point z € X,
the residue field x(x) =2 k and t, = z € Al = F,. At the generic point € X, we have
ty=1t€ Ay, = F),

The zero section 0 € F(X) corresponds to a section 0 : X — F. Let s : X — F be any
section of /. Consider the pushout diagram

Z(s) — X

[e=]

-
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The fibre product Z(s) = X X o X is called the zero subscheme of the section X. Note that
if we denote by Z C F' the image of X, then Z(s) = s71(Z).

Exampie 5.1.7. — Consider again the global section t € F(X). The zero subscheme of ¢ is
the subscheme of X consisting of those points € X such that ¢, = 0. In other words,
Z(t) = {0} as a set.

Consider now the global section t? € F(X). As a set, the zero scheme of ¢* is the same
as that of t. Note, however, that as a scheme, Z(¢?) is non-reduced. Indeed, it is the scheme
corresponding to the ideal (¢?) C Kk|t].

Prorosition 5.1.8. — Let F be a coherent, locally free sheaf of rank r on a scheme X. Let F'
be its associated vector bundle. Let s : Ox — F be a global section of F. Then Z(s) is the
closed subscheme of X defined by the quasicoherent ideal sheaf im(F" 0 X)-

Proof. Let {U;} be an affine open cover of X. Refining our cover if necessary, we may assume
that F is trivial over each U;. The Ox-module map defined by s is given, over some U;, by

1+ s, . For each i, let U; = Spec A; and choose an A;- basis egi), . 67@ for each free
A;-module F, . Write, for each i, s, = f1 61 -+ fT‘ ) for some f1 ,e frA
Then the dual of s defines an Ox-module map .7-" V — Ox Wthh is given, over some U, by
(@)
= 1,

Over a U, the image of s is then the ideal ( fl(i), ce j’}gl)) in A;.
The construction of relative Spec allows us to cover F' by the collection of affine open

subschemes {7 ~1(U;) = Spec(F(U;)[t1,--.,t.])}. Subsequently, the zero subscheme Z(s) =
X Xo,rs X can be covered by {U; X r-1(1,),s Us}. But, for each i,
Ui X0,m=1(U;),s Uy = SpeC(Ai ®s#,Ai[t1 ..... tr],0%# Ai)
Ailty, ...t Ailty, ...t
= Spec : — D Ailt,..., g
<<t1 A Ol R

= Spec(A4;/(f, ..., fD).

The ideal sheaf defining Z(s) therefore agrees with the ideal sheaf im(F" L0 x) on each Uj,
so we are done. O

We will call a section s € F(X) (equivalently s : X — F) a regular section if Z(s) has pure
codimension 7.

Exampie 5.1.9. — Consider the sheaf 7 = Ox @ Oy, with X = Spec(k[z, y, 2]). Then (zy, x)

is a global section of F. The zero scheme of (zy,x) is simply Spec k[x ywz which has

codimension one in X. Thus, (zy, z) is not a regular section of F. Note that (xy,x) is not a
regular sequence. In general, if F is locally free of rank r, then a section s € F(X) is regular
if and only if for each U C X, the r-tuple of regular functions on U defining s, is a regular
sequence.

514 GRASSMANN BUNDLES

Let X be a smooth scheme. A projective bundle on X is an X-scheme 7 :Y — X such that
there exists an open cover {U;} of X, isomorphisms ¢; : Y x x U; — P" x x U;, and, for any

70



PRELIMINARIES

pair 4, j, automorphisms ¢; ; : U; N U; — PGL, 41 x such that (¢; o 90]1)\Uimuj = ¢;j.- The
following fact, for which we do not furnish a proof, allows us to view projective bundles as

fibrewise projectivisations of vector bundles:

Proposition 51.10. — Let 7 : Y — X be a projective bundle. Then there exists a coherent,
locally free sheaf F on X such that for all p € X, 7' {p} = P(F, ®o,, £(p)). Conversely,
for any coherent locally free sheaf F on X, there exists a projective bundle 7 : P(F) — X
such that for all p € X, 77 {p} = P(F, ®o,, £(p)).

According to Proposition we may view points of a projective bundle P(F) as pairs
(p, £), where p € X and ¢ C F, ®o,, k(p) is a one-dimensional subspace of the fibre above p
of the bundle corresponding to F. Accordingly, P(F) carries on it a bundle whose fibre over
a point (p, () is simply ¢. The sheaf on P(F) associated to this bundle is Op(#)(—1), and so
there is an injection Op(r)(—1) < 7*F. If Q is the cokernel of this map, we then have an
exact sequence

0= Opr)(—1) =7 F = Q — 0.

This sequence is called the tautological exact sequence on P(F). The bundle Op(#)(—1) (resp.
Q) is called the fautological subbundle (resp. tautological quotient bundle) on P(F).

The interpretation in Proposition of projective fibre bundles as fibrewise projectivisations
of vector bundles has a natural generalisation.

ProrositioN 5.111. — Let F be a coherent, locally free sheaf of rank r on an algebraic scheme
X. For any k € Z-, the functor which associates to an X-scheme 7 the set of locally free
submodules of F ®o, Or of rank k is representable by an X-scheme 7 : G(k, F) — X.

The scheme G(k, F) from Proposition is called a Grassmann bundle. Taking T = {p}
for a point p € X shows that G(k, F) can be viewed as pairs (p,V) with p € X and
V C F) ®oy, #(p) a k-dimensional subspace of the fibre of I above p. As in the projective
case (when k& = 1), the Grassmann bundle G(k, F) carries on it a vector bundle whose fibre
over a point (p, V') is simply V, called the fautological rank-k subbundle. Denoting by S the
sheaf associated to this bundle, there is an injection & < 7*F which is just fibrewise inclusion.
Taking Q to be the cokernel of this injection - called the tautological quotient bundle - yields
the tautological exact sequence on G(k, F)

0—>S—71"F—=090—=0.

5.1.5 ArGeBrAIC CHERN CLASSES

Let F be a coherent, locally free sheaf of rank r on a smooth projective scheme X. Let
s € I'(P(F), Opr)(1)) be an arbitrary regular section. Then the zero subscheme Z(s) has
pure codimension one in P(F), so corresponds to a Weil divisor div(s). Let ¢ be any other
regular section of Op(r(1). Then div(t) — div(s) = div(%) is the divisor of a rational function
on P(F), and thus [div(s)] = [div(¢)] in CH'(IP(F)). This class is called the hyperplane class
of P(F).

Proposirion 5.1.12 ([EH16, Theorem 5.9],[Ful98e, Remark 3.2.4]). — Let F be a coherent, locally
free sheaf of rank r on a smooth algebraic scheme X, and let 7 : P(F) — X be the canonical
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projection. Let £ € CH'(P(F)) be the hyperplane class. Then for any class z € CH”(P(F))
there exist (a1, ..., q,) € @;_, CH"”""(X) such that

T

T = Z(_l)i_l'ﬂ*(ai)fr_i-

=1

In particular, there exist (a1, ..., a,) € @)_, CH(X) such that

T

&= () e

i=1

The coefficient q; is called the i Chern class of F and is denoted by c;(F). We will additionally
take ¢o(F) = 1. The sum

T

o(F) = c(F) € CH(X)

=0

is called the total Chern class of F. It behaves well with respect to exact sequences.

Tueorem 5.1.13 (Whitney sum formula,[Ful98e, Theorem 3.2(e)]). — Let 0 - F' — F — F" — 0
be an exact sequence of coherent, locally free sheaves on a smooth projective scheme X. Then

c(F) = c(F)e(F") € CH*(X).

ExampLe 5114. — Let X = Speck, for k a field. Since X has dimension zero, CHY(X) =7
and CH'(X) = 0 for all i > 0. Let F = OY". Then Proposition [5.1.12| shows that we can
decompose

CHo(P(F)) = CH™}( @CHl LX) =CHYX) = Z.

In this case, P(F) = P, and the computation CHy (P, ") = Z admits a particularly intuitive
explanation - any two zero-dimensional varieties with the same number of points (counted with
multiplicity) are rationally equivalent.

5.2 ARITHMETIC CONSTRUCTIONS

5.2.1 FoRMS AND CURRENTS

For an integer n > 1, denote by C'°(C") the vector space over C of smooth, compactly
supported, complex valued functions on C”. For each integer p > 1, the space C'>°(C") carries
on it the C? topology. A sequence (¢ )x of smooth functions, the support of each of which
is contained in a compact set K C C", converges to 0 in the C? topology if for - any tuple

(a1,..., ) of nonnegative integers with oy + -+ + «,, < p, the sequence al (;CZ; o(x)

converges uniformly to 0 for any x € K. The sequence (¢ ) converges to 0 in the C’OO topology
on C2°(C") if the support of each ¢y, is contained in a compact set K, and if it does so in the
C? topology for each p > 1.
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For an integer k > 0, we denote by A*(C") the space of differential k-forms on C". This
space admits a decomposition

AHen) = @ a(X)

p+a=Fk

where AP9(C") is the vector space over C of differential forms of type (p, ) on C". The space
AP1(C™) is spanned by
{odz Ndzy - [I|=p, |J]=q} -

The C* topology on C2°(C") induces a topology on the space AP?(C") C AP?(C"™) of
compactly supported differential forms of type (p, ¢). A linear functional on A?%(C™) which is
continuous for this topology is called a current of type (p, q). We denote by D, ,(C") the space
of all currents of type (p,¢) on C", and let

Di(C") = P Dpa(C).

pt+q=k

Let X be a complex manifold of (complex) dimension n. Extending the definition of
differential forms on C" by working on coordinate charts, we define A29(X) to be the
topological vector space of compactly supported differential forms on X. Similarly, we denote
by D, ,(X) the space of currents of type (p,q) on X.

Of particular importance are the currents of integration. Let i : Y — X be an analytic
subspace of dimension k, and let Sing(Y") be the closed subspace of singular points of Y. The
map

Oy : o+ o
Y ~Sing(Y)
defines a current dy € Dy, (X). This definition extends by linearity to define currents of
integration along analytic cycles on X.
For integers p < 7 and ¢ < s, the wedge product on differential forms induces a map

Dy y(X) @ AVH(X) = Dy g—s(X)

defined by T ® a — (8 — T'(a A 5)). We will denote by T'A o € D, ,—s(X) the image of
T ® o under this map.

Specialising this construction to the case where 7' = dx € D, ,(X) is the current of
integration on X itself, we obtain a map

[} : AQS(X) — ’anr,nfs(X)

which sends a differential form « to the current [a] = dx A a. Note that if « is a locally L*
form on X, then the current dx A « is well-defined, even if « is not compactly supported. For
such forms, we will also denote by [a] the current §x A a. For ease of exposition (actually there
are much better reasons to do this), we let D™*(X) = D, ,,—s(X).

As usual, we denote by 0 : A*(X) — A*L(X) (resp. 0 : A (X) — AHFY(X))
the holomorphic (resp. antiholomorphic) derivative. The map O (resp. 0) dualises to a map
D**(X) — D*1*(X) (resp. D**(X) — D***1(X)), which, abusing notation, we denote by
O (resp. 0). On both forms and currents, we let d = 9 + 9 and d° = - (d — 9).
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Finally, let
A(X) = A/ 0AZH(X) + A2 (X))

c c

DP4(X) = DM(X)/ (0D (X) + 9D (X))

Since the map 9” (resp. 7, &, (d°)?) is zero, the map on these quotients induced by 0 (resp.
0, d, d°) is well-defined and will also be denoted by O (resp. 0, d, d°).

5.2.2 THE ARITHMETIC CHOW RING

Let X be a regular scheme, flat and quasi-projective over Spec Z, with regular generic fibre
Xq. The scheme X is a particular kind of arithmetic variety, as in [BGS94, 2.1]. Following the
notation therein, we will denote by F,, : X(C) — X (C) the complex conjugation involution,
and by

APP(Xg) ={a € APP(X(C)) : FL ()
DPP(Xg) = {a € DPP(X(C)) : F ()

(=1D)Pa}
(=1)Pa}.

We will also denote by AP?(Xg) (resp. DP?(Xg) ) the image of AP?(Xpg) (resp. DPP(Xp)) in
APP(X(C)) (resp. DP?(X(C))).

For any cycle Z € ZP(X), the complex points Z(C) of Z form an analytic cycle on X (C),
and therefore we can, abusing notation, define §, € DP?(X%) to be the current of integration
along Z(C). A Green current for Z is then a current g € DP~1P~1(Xy) such that dd°g + 0 is
smooth. An arithmetic cycle is a pair (Z, g) where Z € ZP(X) and g is a Green current for Z.
In order to define arithmetic cycles rationally equivalent to zero in a way which is compatible
with the construction of the algebraic Chow group of X, we must find Green currents for
algebraic cycles rationally equivalent to zero.

Let f be a holomorphic function on X (C). Let Y = div(f) be the analytic hypersurface
associated to f. The function — log| f|? is locally L' on X, and so defines a current [— log| f|?] €
Dy,.n(X). Moreover, dd°[—log| f|*] = —£00[log|f|]. The Poincaré-Lelong formula (see [GH94b)
pg. 388]) therefore immediately implies that —[log|f|?] is a Green current for Y. It follows that
for any subvariety Y C X of codimension p — 1 with generic point y, and any f € k(y)*, the
pair (div(f), [~ log|f|?]) is a well-defined analytic cycle on X. We define RP(X) C Z?(X)
to be the subgroup of arithmetic cycles generated by those of the form (O,@u —l—gv) and

(div(f), [~ log|f]?]). Finally,

CH'(X) = Z"(X)/R*(X)

are the arithmetic Chow groups of X. There are several group morphisms relating éT—I(X ),
CH(X), and APP(Xg) (see [GS90a, 3.3.4]):

»: CH (X) — CHP(X) w: CH(X) = APP(Xp)
[(Z,9)] = [Z] (Z,9)] = dd°g + 6z

a: APP(Xp) — éﬁ(X)
[ = 1(0,m)]

As in the algebraic setting, arithmetic Chow groups admit pushforwards and pullbacks.
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Tueorem 5.2.1 ([GS90a, Theorem 3.6.1)). — Let X and Y be regular schemes, flat and quasi-
projective over Spec Z, with regular generic fibres and let f : Y — X be a morphism between
them. Suppose that the map Yy — X induced by f on generic fibres is smooth. Then

(i) If f is flat, then for any p > 0, there is a group homomorphism
£ CH'(X) = CH' (V).

(ii) If f is proper and X and Y are equidimensional, then for any p > 0, there is a group
homomorphism

fe: éﬁp(y) — éﬁp(X)‘

Provided X is smooth over SpecZ, arithmetic Chow groups also carry an intersection
product.

Tueorem 5.2.2 (IGS90a, Theorem 4.2.3],[GS90a, Theorem 4.5.1]). — Let X be a scheme which is
smooth and quasi-projective over Spec Z. Then for any p, ¢ > 0, there is a pairing

CH'(X)® CH'(X) — CH" "(X)
equipped with which 61\-1*(X ) = @?EBX éﬁp(X ) is a commutative, associative, graded ring.
The ring @*(X ) is called the arithmetic Chow ring of X. The construction of the arithmetic
Chow ring is functorial in the following sense.

Tueorem 5.2.3 (Projection formula,[GS90a, Theorem 4.5.1],|GS90a, Theorem 4.4.3(7)]). — Let X and
Y be schemes which are smooth and quasi-projective over SpecZ. Let f : Y — X be a flat
morphism. Suppose that the map Yy — Xg induced by f on generic fibres is smooth. Then

(i) There is a ring homomorphism
F7:CH (X) = CH (V)
which agrees with the pullback map on the level of arithmetic Chow groups.
(ii) If f is projective, a € éT—Ip(X), and § € C/I\—Iq(Y) for any p,q > 0, then
filao- f78) = fila) - B.
5.2.3 ARITHMETIC CHERN CLASSES

Let X be a regular scheme, flat and quasi-projective over Spec Z, with regular generic fibre.
Let F be a coherent, locally free sheaf on X, and let F¢ be the corresponding holomorphic
vector bundle on X (C). If h is a C*° Hermitian scalar product on JF¢ invariant under F,, then

F = (F,h) is called an Hermitian vector bundle. Hermitian vector bundles admit characteristic
classes lying in arithmetic Chow groups. In particular, there is an arithmetic Chern class

&, (F) e CH'(X).

A construction of these classes can be found in [GS90b, Section 4]. For any p > 0,

2 (¢ (F)) = ¢, (F) € CHY(X) and w (¢, (F)) = ¢p(F) € APP(Xp).

Arithmetic Chern classes fail to be multiplicative on exact sequences in general, and this failure
is measured by the Bott-Chern secondary characteristic class.
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Tueorem 5.2.4 (IGS90b, Theorem1.2.2). — Let X be a scheme which is smooth and quasi-
projective over SpecZ. Let % : 0 — F' — F — F” — 0 be an exact sequence of Hermitian
vector bundles on X. Then for any p > 0, the equality

& (F) =2 & (F)e(F) -a(5 (7))

r+s=p

holds in éT—Ip(X ), where ¢, () € AP=Lp=1(Xp) is the Bott-Chern secondary characteristic class
of the exact sequence .Z.

The sum

is called the total arithmetic Chern class of .. Similarly, in the setting of Theorem the
sum

¢ (7) = 5 (F) € 4(x)

p>0

is called the total Bott-Chern secondary characteristic class of 7.
As one might hope, the construction of both arithmetic Chern classes and of Bott-Chern
classes is functorial.

TaEOREM 5.2.5 (|[GS90b, Theorem4.l])). — Let X and Y be schemes which are smooth and
quasi-projective over SpecZ. Let f : Y — X be a flat morphism, and suppose that the map
Yo — Xg induced by f on generic fibres is smooth. Then

(i) For any Hermitian vector bundle F on X, the equality f*¢(F) = ¢(f*F) holds in
CH*(Y).

(i) For any exact sequence .7 : F' — F — F" — 0 of Hermitian vector bundles on

.0
X, the equality f*¢ (F) = ¢ (f*F) holds in A**(Yz).

5.2.4 DEGREE MAPS

Let S = Spec Z. First, we have GI\{O(S) = CH°(S) = Z, and we will call the isomorphism

0,
degg : CH (S) — Z

the degree map.

1

The only other nontrivial Chow group of S is CH (S), since S has dimension one.
Codimension one cycles on S are formal sums over the closed points of .S, and D%°(Sg) = R,
)

Z1(8) = { ( Z ny(p), )\> : A € R,n, = 0 for all but finitely many p} :

p prime

On the other hand, the only codimension 0 subvariety of S is S itself, so
R'(S) = {(div(f), ~2log|f]) : f € Q"}.
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The kernel of the surjective map

Z'(8) > R
A
(Z np(p)7/\> = Z nplogp+§
p prime p prime

is precisely fil(S ), yielding an isomorphism

dog: CH (S5) >R

called the arithmetic degree map. B
As in [BGS94, 2.1.3], the arithmetic degree of an Hermitian vector bundle £ on S is the
arithmetic degree of its first arithmetic Chern class:

3o (€) = dez (21 (©))

5.2.5 THE CYCLE PAIRING

Let 7 : X — S be an equidimensional scheme which is smooth and projective over S = Spec Z.
Let Y € Z,(X) be a cycle of dimension p on X, and let x € C/ﬁq(X ). We will define a class
(x|Y) € C/I\{q_pH(X ). There are a few equivalent definitions of this pairing, all of which can
be found in [BGS94, Section 2.3.1. We will reproduce just one of these definitions here.

First, if p ¢ {q,q+ 1}, let (z | Y) = 0.

Next, if p=¢+ 1, let (z | Y) be the intersection number of z(z) and [Y]| on the generic
fibre of X. That is, choose an arithmetic cycle (7, g) representing z, and let

(@|Y)=1[2]-[v] € CH (S) = CH'(S) = Z

where [Z] (resp. [Y]) is the class of Z in CH,(X) (resp. CH?(X)).
Finally, if p = ¢, then choose a green current gy for Y, let y € CH,(X) be the class of the
pair (Y, gy), and let

(x|Y) = m(z-y—a(w(z)gy)) € CH (S) = R.

Tueorem 5.2.6 ([BGS94, Proposition 2.3.1])). — Let X be an equidimensional scheme which is
smooth and projective over S = SpecZ. Then 2 ® Y — (x | Y) defines a biadditive pairing

(5).
Moreover, if X’ is an equidimensional scheme which is smooth and projective over S and
f: X" — X is a morphism, then

qg—p+1

CH'(X) ® Z,(X) — CH

(i) For any 2’ € éﬁq(X/) and Y € Z,(X),
(f* (') | Y) = (' | f.(Y)) € CH (S).

@) If f: X — X'is flat, and the map Xq — X( induced by f on generic fibres is smooth
with constant relative dimension, then for any x € GI\{Q(X )and Y € Z,(X),

(x| f*(Y)) = (fu(x) | Y) € CH ().
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5.2.6 HEiGHTS

Let k be an arbitrary field, let N € Z~, and let Z € Z,(PL’) be a p-dimensional cycle. Since
PY is smooth and projective, its Chow group carries an intersection product. Accordingly,

o (opéya))p .[Z) € CH, (PY) = Z.

This integer is called the degree of Z. It can be thought of as the number of points of intersection
that Z has with p generic hyperplanes. Indeed, multiplying ¢;(Opx (1)) by [Z] corresponds
to intersecting Z with a generic hyperplane. This will cut the dimension of Z down by one.
Iterating this process p = dim(Z) times yields a zero-dimensional variety, and the number of
points of this variety is the degree of Z.

Now let S = SpecZ and £ = OF"™. Then P(£) = P} is a smooth, projective scheme

over S. The pair Op(e)(1) = (Ope)(1), hps) is an Hermitian vector bundle on P(€), where
hgs is the Fubini-Study Kihler metric (see [GH94a, pg. 31)). Since

2 (51 (OP(S)(1)>) = 1 (Ope)(1))

we can rephrase the discussion of degrees in the language of arithmetic pairings and degree
maps on P(€). Indeed, for any cycle Z € Z,,1(P(€)) with generic fibre Zg € Z, (P),

degg (’c} (O]p(g)(l))p | Z) = (O%(l))p' [Zg] = deg(Zp)

It is natural then, to consider also

— (" [ p+1 —~1
hop(g)(l)(z) = deg <Cl (Op(g)(1)> | Z) € CH (S) =R.

The real number hm(Z) is called the Faltings height of the cycle Z. Of particular
importance to us will be the Faltings height of ) itself. For any p > 1, let

"1
H”:Zﬁ

be the p™ Harmonic number, and let

be the p™ Stoll number.

Proposition 5.2.7 (BGS94, Lemma 3.3.1]). — The Faltings height of P} is

hm (P]ZV) = ON.

Let Q be the tautological quotient bundle on P(£), equipped with the quotient Hermitian
metric induced by the trivial metric on 7*€ itself, where 7 : P(£) — S is the structure
morphism for the bundle P(£). Note that the tautological subbundle Op(s)(—1) also carries
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a metric induced by the trivial metric on 7*&, and the dual of this metric is precisely the
Fubini-Study metric on Op(g(1). For any cycle Z € Z,,1(P(€)), we define the projective height
of Z to be

W(2) = deg (641 (Q) | 2) € CH (8) = R.

When the bundle € over which we are working is clear from context, we will simply write /(Z)
in place of h¢(Z).

We will need one final notion of height attached to products of projective spaces. Let
&, .. ,Ef be Hermitian vector bundles on S, and let, for each 1 <@ < f, O, be the tautological
quotient bundle on P(&;), equipped with the quotient Hermitian metric induced by that on &;.
For each 1 < i < f, let N; = rank(&;) — 1 be the relative dimension of P(&;) over S. For a
divisor D on the product [T/, P(&;), we will take

f

h(D) = deg (HE(Q) | D) e CH (S) =R

i=1
and

deg;(D) = degg (CNz-—l (Q) [T ew, (Q) | D) €Z.
JFi
Of particular importance to us will be the case where D is the divisor of a rational section. In
this case, the height h(D) has a (relatively) simple expression in terms of the Mahler measure
of the section itself.

LemMa 5.2.8 ([BGS94, Lemma4.3.4]). — Let £, ... ,Ef be Hermitian vector bundles on S, and
let, for each 1 < i < f, L;, be the pullback of the tautological hermitian subbundle on P(E&;) to
the product Hlle P(&;). Let y; = c1(L;) and let N; = rank(&;) — 1 be the relative dimension
of P(&;) over S. For any f-tuple of integers (J;,...,d;) and any nonzero rational section s of

0;
R L7,

f f
1
h(div(s)) = / log|s]| | A E diHn,.
(Mo ee)© i 25

5.2.7 ARITHMETIC SCHUBERT CALCULUS

Let S = SpecZ and £ = OFN "', Let £ be the Hermitian bundle obtained by equipping &£ with
its trivial Hermitian metric. For any integer 1 < k < N + 1, the scheme G(k, &) is smooth and
projective over Spec Z, so by Theorem the arithmetic Chow groups C/FI(G(ky £)) carry
an intersection product. A presentation of the arithmetic Chow ring of G(k,E) was first given
in [Mai95]. A different one was given later in [Tam99]. We recall here the presentation given in
[Mai95] which we will need in order to effectively compute heights of certain cycles on G(k, E).

For integers 0 < p < n, a p-partition is a sequence of integers A = (Ay,..., \,) such that
A1 = Ay = -+ = )\, > 0. The weight of a p-partition A is [A\|= Ay + - + )\, and its length
is the maximum index i such that \; # 0.. Following [Mai95, 5.2], we partition the set of
p-partitions into two disjoint subsets. First, the p-partitions of n are those p-partitions such that
A1 < n — p. The collection of all p-partitions of n will be denoted &?(p,n). Its complement,
the set of p-partitions such that \; > n — p, will be denoted by & (p, n).
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Let & :0C & € -+ € Eny1 = € be a complete flag of subbundles of £, and let, for each
1 < i< N+ 1, m; be the structure map for the bundle &;. To a partition A € Z(k, N + 1) is
associated a Schubert cycle (relative to &,)

Sy = {0, A) s dim (3 pion, () NA) 20} € ZM(G(k,€)).

By Kleiman'’s transversality theorem (see [Kle74, Corollary 8] and [EHI6, Theorem 1.7]), since two
different complete flags are GL,-conjugate, the class [25] € CH? (G (k, £)) depends only on
the partition A and not on the chosen flag. We will need two easy facts about Schubert cycles.

Lemma 52.9. — Let S = SpecZ, £ a bundle of rank N+ 1 on S, and & : 0 C & C
-+ C Eny1 = & a complete flag of subbundles of £, with structure maps 7;. Then for any
1 < k < N+1 and any Schubert cycle Z of dimension & on G(k, £), there exists 1 <7 < N+1

such that, as cycles on P (£VY)
{(p,¢) € P(£Y) : there exists (p, A) € Z such that ¢, =0} =P ((£/&,)").

Proof. Let \ be the partition corresponding to Z. Let r be the largest index ¢ such that
Ai = N + 1 — k. Such r exists, since Z has dimension k. We are left to prove that if the
hyperplane in 7", | (p) corresponding to some (p, ¢) € P (€") contains the entire fibre 7, !(p),
then it must contain some A € G (k, 7y}, (p)) such that (p,A) € Z.

Working fibrewise, it suffices to treat £ as a vector space of dimension N 41 over some field.
Let H be a hyperplane in £ containing &,. For each 1 <i <k, leta;=N+1—-k+i— X\
and let W; = H N &,,. We will show that dim(W;) > i for all 1 < ¢ < k. This is immediate for
1 < i<, since H contains &,.. For r + 1 < i < k, a; > 4, so dim(W;) > a; — 1 > 4, and we
are done. ]

Now let ¢1,¢o,... and s1, 9, ... be sequences of formal variables such that
(1+Clt+62t2+"‘)<1—51t+82t2 — ) =1.

To a p-partition \ is associated a Schur polynomialf]

Cx Cxi1+1 “r Catp-1
Cra—1 Chz Tt Cagtp—2
Ay (e, ... ¢p) =det : : N : € ZLlxy, ..., xp)
Cap—pt+1 Crp—pt2 *°°  Cy,

The product of Schur polynomials associated to two p-partitions A and ;. admits a decomposition

Ay (21, 2p) Ay (21, ..., 2p) = ZNA”#AV (1,...,1p)

where N} € Z are the Littlewood-Richardson coefficients. 1t turns out that classes of Schubert
cycles agree with Schur polynomials in Chern classes of the tautological quotient bundle Q on

G(k,&). For A € 2 (k,N + 1),
Ax(c1(Q), ..., en_irs1(Q)) = [E,] € CHM (G (K, &)).

Traditionally, the variables c; are elementary symmetric polynomials and the variables s; are the complete
homogeneous symmetric polynomials, and the definition we give of Schur polynomials here is the second
Jacobi-Trudi identity.
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We will therefore use the shorthand notation ¢ (Q) = Ay (¢1 (Q), ..., cn1-£(Q)).
We turn now to the arithmetic Schubert calculus of [Mai95]. Let

E:0=S—>1mE—=90—=0

be the tautological exact sequence on G(k, £), where all metrics are induced by that on €. By
Theorem [5.2.4) we can write

c(Q)e(S)=1+a(c()).
Following the notation of [Mai95, 5.2], we write
c(Q-&)=aQ (1-a(c(#)))
so that ¢ (Q — &) ¢(S) = 1. Crucially, unlike ¢, (Q) the arithmetic class ¢, (Q — &) does not
necessarily vanish for p > N — k + 1. Similarly, defining
B (@-8) =1, (6 (Q-F),...).

it follows that ¢ (Q — &) does not necessarily vanish for A € €'(k, N + 1). Note, however, that
for A € €(k, N + 1) (which, in particular, includes i > N —k+1), z (E (@ — E)) = (0. For

p-partitions «, 5, A such that |\|= |a|+|8|—1, the arithmetic Littlewood-Richardson coefficient
is defined, in [Mai95} 5.2], by

~)\ _ 1% r4+j+1 6(7’757tvu)
Nog = Z Nos Z (=1 THT’JFSNAW(T,S,WJ)

HEF (p,n) T‘+S+t+1'=,161+j
=l +8] 7356520
U(p)—1=j

where

O(r,s,t, ) = (pa+s+t+ 1, po +t+ 1, (p2 + 1), p2, 3, - -, i)
y(ry 8.t 1, §) = (2 +t+ 1, o + 1, (), (1))
Here, for integers u, j > 0, (u)’ is the partition
(uy...,u).
R
Finally, we can give the presentation of the arithmetic Chow ring of G(k, £).

Taeorem 5.2.10 ([Mai95, Théoréme 5.2.1]). — For any integer 0 < p < k(N —k+ 1) + 1 and any
z e CH (G(k,E)), there exist ky € Z and f) € R such that

r= Y ke (@-8)+ Y a(ha(9).

XeP(k,N+1) AP (k,N+1)
[A=p |A[=p—1

Moreover, for any A\, u € Z(k, N + 1),
5(@Q-9-a@-9)= Y Ma@-9+ 3 (K@)

veZ(k,N+1) veZ(k,N+1)
[I=A+ul W= [Al+ -1

2@-9a(@@)= > oW (@),

veZ(k,N+1)
[I=Al+pl

0(e2 (@) - (e, (@)) =0.
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CHAPTER 6

HEIGHTS OF DETERMINANTAL VARIETIES

Our construction of the determinantal resultant is naturally motivated by an intuitive description
of its geometry. We begin by giving a short summary of the construction of the determinantal
resultant of [Bus04], specialised to our context. Next, using a slightly different perspective, we
develop a new incidence correspondence which defines the same resultant, but to which many
of the results of [BGS94] can be more readily adapted. Using this new incidence correspondence,
we define an object which we call the determinantal Chow divisor and give formulas for both its
Faltings height and its multidegree. This study culminates in bit size bounds for rational points
on determinantal varieties, and mercifully, the end of this thesis.

6.1 THE DETERMINANTAL RESULTANT

6.1.1 BusE’s CONSTRUCTION

Let S = SpecZ, £ = OV and X = P(€) = P). Let e, f,r € Z- with 7 < min{e, f},
and dy, . ..,ds € Z~. Put

f
H = Hom (oi’;i &y (’)X(di)>

i=1

and let Y = P(#). For any field k, a point ¢ € Y'(k) is represented by an f x e matrix
of homogeneous polynomials in N + 1 variables with coefficients in k, the i row of which
consists of polynomials of degree d;. It follows that

N+vdi)_1

We endow Y (k) with multihomogeneous coordinates given by the coefficients of the polynomials
in the matrices representing its points.

The scheme X xg Y contains an incidence correspondence W whose k-points are pairs
(2, ¢) such that rank(¢(Z)) < r for any representatives ¢ € # (k) and & € AN of ¢ and z
respectively.

Consider the diagram

w
RN
X Y

Since 7 is flat and 7, is proper, the cycle mo.mf[X] in Y is well-defined. According to
[Bus04, Theorem1], when N = (e — r)(f — r) — 1, the cycle mo.7][X] is supported on a single
irreducible hypersurface V in Y, called the resultant variety. It is therefore the divisor of a
multihomogeneous polynomial with integer coefficients which vanishes precisely on the locus of
points in Y which are represented by morphisms in  which have a nonempty 7" degeneracy
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locus. In [Bus04], this polynomial is called the determinantal resultanf] We will denote this

polynomial by Res. . (a,....d,)-

Remark 6.1.1. — The determinantal resultant of [Bus04] is defined in a far more general context.
The projective space X is replaced by an arbitrary irreducible projective variety X and the
bundles @/, Ox(d;) and O%° are replaced by arbitrary vector bundles of ranks f and e
respectively. In this setting, [Bus04, Theorem 1] establishes sufficient conditions on X and the
chosen bundles for the determinantal resultant to be irreducible of codimension one.

6.1.2 A DIFFERENT PERSPECTIVE

Let S, X, e, f,r,and dy,...,dy be as in Section Let £Y be the dual bundle of £ and
for each 1 <@ < f, let

P; = P((Sym% £¥)Y) and P; =P ((Sym® £Y)%)
and let
Gi = G(e —r, 0% ®@0g4 (Sym® £¥)).

The scheme G, x g P; contains an incidence correspondence W; defined fibrewise by pairs of
(e — r)-planes and one-dimensional subspaces of functionals annihilating them.
Let ' =W, Xg: e ><5Wf and

f
=1
and
f
i=1

be the projection maps.
For each 1 <7 < f, let

s;i: Py xg G(e —r,05°) = G;
be the Segre embedding and,
vi 1 X — P((Sym% £Y)Y) = P..
be the Veronese embedding of degree d;. Let v : X — Hzle P; be the product of the v;, and

5 =51 Xg--- xg sy the product of the s;.
Consider the diagram

RN

X x5 Gle —r,08) % [T1, Py x5 G(e — r,08%) —— [I., G 1., P;

10f course, this resultant is defined only up to multiplication by an element of Z. However, we can always
choose a generator for the (principal) ideal defining V whose coefficients are pairwise coprime.
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Since s and v are closed immersions, they are proper. Thus, we can consider, for any cycle
Z € Z(X), the cycle ¢.p*s,(v x id), (Z x5 G(e — r,0F°)) in 1., P,
For Z € Z(_ry(e—r)(X), we denote
ChﬁjET( ip(Z) = q.p*s.(v X id), (Z x5 G(e —r,0F)) .

.....

THEOREM 6.1.2. — Suppose Z € Z(_y(—r)(X) is flat and irreducible. Then there is an equality

Ch%Y 41 ) (Z) = maumi (2)

.....

of cycles in Y.

This theorem essentially follows from a diagram chase. We defer this argument to after
Section where we perform such a diagram chase for some specific parameters. Note that
Theorem implies, in particular, that if N = (f —r)(e —r) — 1, then

Chg,e;,r,(dl ..... df)(X> div (Rese for(dy,..., )) :
ProposiTION 6.1.3. — Suppose Z € Z(y_y)e—r)(X) is flat and irreducible. Then the support of
the cycle Chge;T 4,)(Z) is an irreducible hypersurface in Y.

-----

Proof. For each 1 <i < f, let F; = 0% ®oq (Sym® £Y)V, so that P; = P(F)). Then W, as
a fibre bundle on P, is isomorphic to G(e — r, Q}/;_v).

Indeed, the fibre of W; over a point (p, ¢) of PP, is the subscheme of G; consisting of those
pairs (p, V') such that V' C (F;), ®oy, k(p) contains the hyperplane .
On the other hand, the fibre over (p, /) of G(e — r, Q%) consists of those pairs (p, W)

where
ng<«ﬂ»®@mmmY>v

14

is an (e — r)-dimensional subspace.
Each map W, — P; is therefore flat with irreducible fibres, so the scheme T is itself

irreducible and has rank (e — r) (Z < (N+d) e+r— 1)) as a bundle on P;. The

dimension of G; is (e — r) <e (N;:di) —e+ 7’) + 1, so we are done. O
ProposiTION 6.14. — Suppose Z € Z;_,ye—r(X) is flat and irreducible. Then the cycle
Chge};T ..... 4,)(Z) is irreducible.
Proof Note that Proposition [6.1.3[ shows that the support of this cycle is an irreducible subscheme
of HZ o i, so we only need to prove that the map p~'(s((v x id)(X x5 G(e —r,0%%)))) L
HZ 1 PP; is generically injective.

The proof of [BGS94, Lemma 4.3.1] goes through verbatim, with the scheme IP; replaced by
G;. See also [Bus04, Theorem1] for an alternative proof of this fact. O
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Remark 6.1.5. — Suppose ¢ = 1,7 = 0 and take N = f — 1. According to Proposition
the cycle Ch‘ff}@’(dhwdf) (PY) is a principal divisor. Indeed, it is simply the divisor of the
usual multivariate (Macaulay) resultant of f homogeneous polynomials of degrees d, ..., d;
in f variables. If we further specialise to f = 2, we recover Ch(fgo’(d .dz) (P) as the Sylvester
resultant of two homogeneous polynomials of degrees d;, dy in two variables.

Note that the Grassmann bundle G(1,Og) is simply S itself, in the diagram defining
Chclle; d,)(Z), the product Z x5 G(1,Og) = Z, the product P; x5 G(1,Og) = P;, and
the Segre embeddrng s is simply the identity map. It follows that for any N, if Z € Z; (PN} I the
cycle Ch{f F0,(d.. df)(Z ) is simply the generalised Chow divisor of Z (see [BGS94, Section 4.3]).

In particular, Ch1 o1, )( ) is the divisor of the usual Chow form of Z (see [CvdW37]).
For arbitrary parameters e, f,r,(dy,...,dys), it would be nice to have a geometric description
of the divisor Chff;7r7(d17___7df)(2).

6.1.3 AN EXAMPLE

Let f =4,e=3,7r=1. Let d; = dy = d3 = 1 and d4 = 2. According to Proposition [6.1.4] if we
take IV = 5, the resultant Resg 41,(1,1,1,2) = Chgil,u’l’m) (P°) will be an irreducible hypersur-

face in PL7 x P17 x P17 5 P3(3) 1, Give P homogeneous coordinates X, . .., X5. Endow the first
(resp. second, third) copy of P'7 with homogeneous coordinates a§3, . c&;, ce agg, X a&?i
(resp. bg;g, e bg(i, cg(()), . (3)) Similarly, give p3(3)-1 homogeneous coordinates 1! where
T ranges over all monomlals of degree 2in Xo,..., X5 and 1 < i < 3. Consider the matrix
a()%XO + - (I%X5 Clg?;Xo + -+ ag?%X5 a()?éXo + - (33)X5
b(ngO 4+t bX5X5 b%XO 4+ .4 bg?ng) b(ggXO 4+ bX5X5 61)
CXOX0+"'+CS(%X5 Cg?OX0+"'+Cg?;X5 CXOX0+"'+CS(%X5 ' '
2 2
g+l W ndxe Wxa e ralag

For a field k, choosing a k-point of P'7 x P!7 x P'7 x P3(2)~1 is the same as choosing a
specialisation of the coefficients of (6.I) in k. For a general such choice, the quotient of
k[Xo, X1, Xo, X3, X4, X;5] by the ideal of 2 x 2 minors of the corresponding matrix has Krull
dimension zero by [BV88| Proposition1l], so its projective variety is empty (see also [FSSI3}
Theorem 10]).

The cycle ChgiﬁL(LLm) (P°) xz Speck is the divisor of a polynomial in N IO CITION
homogeneous with respect to each block of variables, which vanishes precisely on those choices
of coefficients such that the projective variety defined by the 2 x 2 minors of the corresponding
matrix of polynomials over k is nonempty.

To see this, we chase through the diagram defining the determinantal resultant. In what
follows, we will denote by G(k,n) the Grassmann bundle G(k, O"). A k-point of G(k,n)
can be represented by a k£ x n matrix of full rank %k, whose rows generate the corresponding
k-dimensional subspace of k™.

First, we have

id xgid xgid xg vy : PP x5 G(2,3) = (P° x5 G(2,3)) " x4 (P(;)*l X G(2,3)> .

“Recall that we work over Spec Z, which has dimension one, so the generic fibre Zg will have dimension
f — 1. In particular, IF’JZV has dimension N + 1.
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A k-point of P° xg G(2,3) is simply a pair ([vg : v1 : vo : v3 : vy : v5], W) where [vg : -+ :
vs] € PP and
W = (wn W2 w13) '
W21 W2 W3
is a full rank 2 x 3 matrix with entries in k. The image of such a point under this map is a
4-tuple whose first three coordinates are just the point ([vg : - - : v5], W) again, and whose last

coordinate is ([v3 : vovy : - -+ : VE], W),
The Segre embedding

S§1 = 89 = 83 : ]P)E) Xg G(2,3) — G(Q, 18)

sends the point ([vg : - - : v5], W) to the 2-plane represented by the 2 x 18 matrix
VoW1 VWi e UsWip ot UpWiz e UsW
W= (VoW viwn 5Wi1 0W13 5W13 6.2)
UoW21 UV1War -+ UsWa1 -+ VW23 -+ UsWas

Without loss of generality, let us suppose that the maximal minor of W defined by its first
two columns does not vanish, and that vy # 0. Then the determinant of the submatrix of (6.2)
defined by the columns (vown ’Uowgl)T and (v0w12 UowQQ)T does not vanish, so (6.2) does
indeed represent a point of G(2, 18).

Similarly, the Segre embedding

s0: P % G(2,3) > G (23(2))

restricted to the image of 1 sends the point ([vZ : vovy @ - -+ : v2], W) to the 2-plane represented
by
2 2 2 2
W — Vywi1 Yo1W11 - VyWi1 - YgWiz - UsWig
=1{,2 2 2 2
VW21 VoU1W21 -+ VsWi1 -+ YWz -+ V5Wa3

which indeed represents a point of G (2, 3(;)) by the same argument as for s; = so = s3.

~ ~ 7 —_
Consider a point w € (IP’HIJ)3 X Pi(z) !
1 3 1 3 1 3 1 3
w = ([ag(z : agcg} , [bg(g : b&i} , [c&g : c&z] , [ug(é : u;gD

The pair (W’ , [a% D agi]) belongs to the incidence correspondence W, if and only if both

aggvown Tt agivg)wn + a§3v0w12 Tt aggvg,wlg + aggvowlg T+t agizvg,wlg =0
and
aggvowzl +- a§§v5w21 + a§3v0w22 +oeee a§§v5w22 + aggvow% Tt agiv5w23 =0.
Analogous statements hold for <W/ : [b§3 R beD and <W/ : [cgg] R CQD
Similarly, (W” ) [u&% R u%]) € W, if and only if
u%vgwn + et uxgv?)wlg =0
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and
5
;lvgwgl + ug(zzvgwgg =0.

It follows that (W, W', W' W" w) € T if and only if W7 is in the right kernel of the matrix
specialised at the point w, then evaluated at [vg : - - - : v5]. But of course, if this is the case,
then this matrix has a right kernel of dimension at least 2, and therefore its rank cannot exceed
1.

6.1.4 THE PROOF OF THEOREM [6.1.2]

By [Bus04, Theorem1], the cycle mo,7i(Z) is [V], where V is an irreducible hypersurface in
Hf PP;. On the other hand, Proposition combined with Proposition shows that the
cycle ChSeJET dr,...ap)(Z) is [V'], where V' is the principal Weil divisor associated to some
multihomogeneous polynomial on Hlle P;. 1t suffices, therefore, to prove that for a point
y € Hzf:1 P, the intersection ¢~ (y) N p~(s((v x id)(Z x5 G(e — r,0%%)))) is nonempty if
and only if the intersection 7, * () N7, *(Z) is.

First, by the discussion in Section and [GD60} Proposition 3.4.7], a point of Z x g G(e —
r,0%°) can be represented by a tuple (¢, A, p), where p € S, ¢ C r(p)¥*! is a one-dimensional
subspace, and A C k(p)© is an (e — r)-dimensional subspace. Subsequently,

s(v x id) (¢, A, p)) (szz ®A,p>

=1

As a sanity check, note that /% @ A is indeed an (e — r)-dimensional subspace of x(p)¢ ®
N+d;

Sym® (r(p)+1) = w(p) ).

Again, by the discussion in Section and [GD60, Proposition 3.4.7], we can represent y as
a tuple (Uy, ..., Uy, p), where U; C Sym® (/-c(p)N“)@e is a codimension one linear subspace.
By definition of the incidence correspondence I, a tuple

f
(He%@A, <U1,...,Uf>,p> €q' W) e (s (v x id) (7 x5 G (e = 7,0F))))

i=1
if and only if /% @ A C U; for each 1 < i < f.
Turning our attention to the incidence correspondence W, the point y can be represented by

a pair ([¢],p), where [¢] € P (Hom (/ﬁ(p)e, @/, Sym® (/ﬁ(p)N“))) is the class of a linear
map ¢ € Hom (/@(p)e, @{:1 Sym% (/ﬁ(p)N“)). By tensor-hom adjunction,

f ¥ ,

i=1
This isomorphism amounts to choosing bases and representing ¢ as a matrix M.

Under the induced isomorphism on projective spaces, the point [¢] gets sent to the tuple

Uy, ..., U;) where U; is the codimension one linear subspace of Sym® (x(p)¥+1)®* spanned
( I P y p p
by the i row of M.

The tuple

([¢],¢.p) € m ' (y) N7 (2)
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if and only if rank(¢(x)) < r, where x is any point in A + representing ¢ € PY . Now

K(p)’
rank(¢(z)) < r if and only if dimker(¢(z)) > e —, Whlch in turn happens if and only if
there is an (e — r)-dimensional subspace A C k(p)¢ contained in the kernel of ¢(x). Applying
the tensor-hom adjunction isomorphism once more, we see that rank(¢(z)) < r if and only if

(®% @ A C U, for each 1 < i < f.

6.1.5 THE DETERMINANTAL U-RESULTANT

In this section, we will work over an arbitrary field k. Let e, f,r,dy,...,d; € Z-, with
0 < r < min{e, f}. Let N = (f —r)(e — r) and give P homogeneous coordinates
[Xo:--+: Xn]. Foreach 0 < j < N, let k;(u) = Frac(k[ug, ..., uj_1,u;41, ..., un]), and

Fy =upXo+ - +uj1 X + X +u3+1X+1+--'+UNXN-
A morphism ¢ € Hom (Og?ﬁ,@{:l Opuzgv(di)> can be represented by an f X e matrix,
the 7,j entry of which is a homogeneous polynomial of degree d; in Xo,..., Xy with

coefficients in k. For each such morphism, we define, for each 1 < j < N, gb(j) €
Hom (OEBC P OPN )( Z)) coordinatewise by

¢gk = ¢€,k(X07 cee an—l> _F}'(Xm cee 7Xj—1707Xj+17 s 7XN)7X]'+17 s >XN)
foreach 1 </< fand 1 <k <

TueoreM 6.1.6. — Let ¢ € Hom ((’)1;'?,3, @Zf:l OPQW@')) and suppose that for any 0 < 7 < N,
k

the degeneracy locus M, (gb(j)) is reduced and of dimension zero. Then for each 0 < j < N,
there exists a nonzero constant C; such that

Rese 1. (dr,..dp) (87) = C; H Ei(p).

PEM,(0)ND1 (X;)
Proof. For ease of exposition, for each 0 < j < N, let
]P)(J) = PI‘Oj(k[UQ, cey Uj—1, Ujg1, - - ,UN]).
By Theorem [6.1.2}
V (Rese,f(dr,.ap) (09))) = {v € PY 2 M, (V) (v)) £ 0} .
On the other hand,
4 11 Fi(p) | = U V (F;(p))-

pEM,(p)ND1(X;) PEMr($)ND1(X;)

Since
V(E;(p)) = {v € PV s wgpy + -+ +0j-1pj1 +0jpapjun + - -+ onpy = —pj}
we can write this latter union as
) . IpeMo(H)ND4(X;),
U VE®E) = {vert): Feronbco.)
PEMyr(¢)ND+(X;)
={vePY: M, (6D (v)) #0}.

As M,.(¢) is reduced, we are done. O
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RemaRk 6.1.7. — As in the case of the standard u-resultant, the determinantal u-resultant which
we define here can be used to solve zero-dimensional determinantal polynomial systems. This
requires the explicit computation of a polynomial defining the determinantal resultant, or at
least a way to evaluate such a polynomial. It would be interesting and worthwhile to ascertain if
such a polynomial or black box could be extracted from our construction of the determinantal
resultant in Section [6.1.2} as is done in [Bus04].

As an immediate corollary of Theorem we can compute a polynomial defining the
Chow divisor of a zero-dimensional determinantal variety.

CoroLLARrY 6.1.8. — Let ¢ € Hom (OS?IS’ @Zf:l Opuiv(di)> and suppose that the degeneracy
k

locus M, (¢) is reduced and of dimension zero. Suppose, moreover, that M,.(¢) C D, (X;) for
some 0 < j < N. Then, as cycles on P,

Chq,..1) (M()) = div (Rese’fﬁr,(dl,m’df) (¢(J))) '

6.2 PRINCIPAL DETERMINANTAL RESULTANTS

Of particular interest in the context of polynomial optimisation is the case when r = min{e, f}—
1. The corresponding resultant Resc ;. (4,.....4,) is called, in [Bus04], the principal determinantal
resultant. In this section, we give explicit degree and height formula for principal determinantal
resultants in the case that e < f. Throughout this section, we will suppose that e < f and
r=e— 1L

6.2]1 PULLING BACK THE QUOTIENT BUNDLE

The key computation that enables us to compute degrees and heights is the pullback of the
tautological quotient bundle on some PP; through the incidence correspondence Wi;.

Under our assumptions on the parameters e, f, and r, we have e — r = 1, and the
Grassmannian G(e — 7, 05°) is simply P¢~!. In this situation, the incidence correspondence T’
is simply that of points on lines, and we can appeal to [BGS94, Proposition 4.3.3].

PropositioN 6.2.1 ([BGS94, Proposition 4.3.3]). — Let S = SpecZ and € an Hermitian vector
bundle on S of rank N + 1. Let £  be the dual bundle of €, and W C P(E) x5 P(EY) the
incidence correspondence of points on lines. Let Opcv) be the tautological Hermitian quotient

bundle on P(£Y), and Op(¢)(1) tautological Hermitian hyperplane bundle on P(£). Then, in
CH (P(£))o

W (€ (Qeen)) = (Ore(D))

We reproduce here the proof of this proposition from [BGS94} Proposition 4.3.3], adding some
relevant details where necessary.
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Proof. Consider the diagram

P(E) x5 P(EY)

P(g)/ W X

The bundle P(£) carries on it a tautological exact sequence

0 = Ope)(—1) = "€ = Qpey — 0

which dualises to
0= Qpey = a"E = Opey(1) = 0. (6.3)

On the other hand, the bundle P(£Y) carries on it a tautological exact sequence
0 = Opevy(—1) = 7€V = Qpevy — 0. 6.4)

Pulling back by p, back by ¢, and identifying the middle terms yields

7T*(c:v —— p*Op(g)(l)

P Qpey
H (6.5)

¢ Opevy(—=1) —— 1EY —— ¢*Qp(ev)

The vanishing locusﬂ of the composite map ¢*Opevy(—1) — p*Op)(1) is precisely W.
This can be seen by computing fibrewise. By the discussion in Section and [GD60),
Proposition 3.4.7], a point of P(€) xg P(EY) can be represented by a tuple (p,¢,U), where
pe S and l C & Ro, k(p) and U C £/ ®o,, k(p) are one-dimensional subspaces. The
point (p, ¢, U) lies in W if and only if ¢(x) = 0 for any ¢ € U and = € /.

We can identify the fibre (¢*Op(ev(—1)) (b.L.0) with U itself, and the fibre (p*Opg)(1)) .40)
with €Y. The map ¢*Opevy(—1) — 7*EY is fibrewise inclusion, and the map 7*£Y —
P*Op(g)(1) is fibrewise restriction, so the composite map

U— g;/ ®@s,p lﬁ(p) — Y
sends a point ¢ € U to the restriction ¢|,, and is therefore identically zero if and only if
(p,0,U) € W.
This shows that, restricted to W, the sequence

q*OP(g\/)(]_> — W*EV — p*O]p(g)(l)

3The composite map 7" Opgvy(—=1) — p*Op)(1) can be understood as a section of the Hom bundle

Hom (Q*OP(gv)(—l), p*Op(g)(l)), and we refer to the zero subscheme of this section as the vanishing locus of
the map.
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is a complex. By exactness of the rows of (6.5), the homology of this complex is
ker (71'*5\/ — p*O]p(g)(l))
im (q*OP(g\/)<—1) — W*gv)
im (p* Q¥(5) — 7r*5v)
im (C]*Op(g\/)<—1) — W*gv)
= coker (q*Op(gV)(—l) — p*ng(g)) .

Here, the map ¢*Op(ev)(—1) — p* Qg is defined, fibrewise over (p,£,U) € W, by sending

_ )\ V
¢ € U to the residue class ¢ € (M , which is well-defined since ¢|, = 0.

Similarly, there is a map ¢*Qp(evy) — p*(’)p(g)(l) defined fibrewise over (p,¢,U) € W by
sending 1) € M to 1, € €Y where ¢ is any lift of ¢ to & ®o,, #(p). This map is
independent of the choice of lift of ¢ since any functional in U annihilates ¢. We can identify
H with ker (¢"Qpevy — p*Op(e)(1)), yielding an exact sequence

&:0—>H— q*Q[p(gv) — p*Op(g)(l) — 0.

Equipping all bundles with the Hermitian metric induced by that on £ and applying Theo-
rem [5.2.4, we see that

¢ (¢ Qo)) = & (H) & (p"Ore) (1)) — a (@&)

where ¢(&") is the Bott-Chern secondary characteristic class of &. By definition, W* Qp(ev) =
Pl Qp(ev). Functoriality of the arithmetic Chern class (see Theorem [5.2.5) and the projection
formula (see Theorem [5.1.4) shows that

W (€(Qeien))) = (P (H)) € (Ore) (D) = piea @E))

Exactness of & allows us to compute rank(H) = N — 1. On the other hand, as can be checked
on fibres, p;,, : W — P(£) is isomorphic, as a fibre bundle on P(€), to P(Qg ) — P(E).
This forces o o

piye (F) € CH(B(E)) = CHY(B(E)) = 2,
SO we can compute p‘W*E(F) = pj,y«c(H) on the generic fibre. Over P(£), the bundle
P, - H — P(E) is isomorphic to the tautological quotient bundle on PP (QHVJ,(S)> — P(€), so

the Whitney sum formula applied to the tautological exact sequence on P <Q]¥(5)> allows us to
write

c(H)=c (P*ng(g)) (I4+¢+C+--)
and the projection formula yields

Phw+C(H) = co (Qpey) = 1.

It remains to show that py,,.a(c(&)) = 0.
The pushforward p|W*5(£’ ) is concentrated in codimension zero, so is a Emooth function
on P(£)(C), which is invariant under the action of the unitary group U(E¢). This forces
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Piw=a(¢(E)) = a(A) to be some real constant A € R. Now let £ be a line subbundle of &,
equipped with its induced metric, and let Z = P(£) € Z; (P(£)). Using Theorem (see
also [BGS94, Lemma 4.2.1],

(¢(Qeev) [Wa(2)) = (W7 (2(Qeev)) | Z)
= (2(OxeM) 1 2) = (pppsa (@) | 2)
— (¢(0r0M) 1 2) = (a’a(V) | 2)
— % (Z) — ().

Taking arithmetic degreed}) we see that
2 Y A
hE (W.(Z)) = deg <£ ) -3

Notice, on the other hand, that W,(Z) consists of those points of P(£Y) corresponding,
fibrewise, to hyperplanes meeting the fibres of £ nontrivially. Thus, W.(Z) =P ((£/£)"), so
by [BGS94] Proposition 4.1.2 (ii)],

W W.(2)) = deg (87) — deg ((€/2)") = dea (Z)
forcing A = 0. ]

6.2.2 CONSEQUENCES

Heights and degrees of some kinds of principal determinantal resultants follow readily from
Theorem and Proposition We begin with degrees. Let esym, (X1, ..., X,) be the k"
elementary symmetric polynomial in n variables, and, for each 1 < i < n, let

esym,(f)(Xl, vy Xp) =esymy (X, X1, 0, Xon, -, X))

ProrositioN 6.2.2. — Let S = SpecZ, N € Z>y, and € = (’)?NH. Let e, f,di,...,ds € Zx
with1 <e< f,and Z € Zy_.1(P(£)). Then

.....

deg, (CH25 .1 ay...a(Z)) = esym{ (dy, .., dy) dego(Z).

Proof. For each 1 < j < f, let N; = rank([pj) = e(N;dj) — 1, and let Q, be the tautological

quotient bundle on P;. Let
o =cn1(Q) [T en ().
JFi
“Up until this point in the proof, our proof is exactly the same as that of [BGS94} Proposition 4.3.3]. The only

1 ——1
tweak we make is to compute projective heights, so that we can work in CH (S) = R rather than CH (P(&)).
We do this here so that the proof of the generalisation obtained by replacing P(£) by a Grassmann bundle reduces
verbatim to the projective case.
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Then by definition (see Section
deg; <Chie;,efl,(d1 ..... df)(Z)> = degQ (a | Chge;e 1,(d1,..., df)(Z>) .

Let £; = OP((Symdj ©)™) (1) be the hyperplane bundle on G; = P ((Sym (EV)) > Then
by Proposition for each 1 < j < f, we have

W;CNJ.(Q]‘> = Cl(£j> and W;CNifl(Qi) = Co(ﬁi) =1.

Let Z = Z xsP(OZ°). Let my : P; x g P(OF°) — IP; (resp. ) is projection onto the first (resp.
second) factor. For each 1 < j < f, let M; = s;ﬁj be the pullback of £; under the Segre
embedding. We can then write

M; =siL; =MD @ MP

where
J

MW = 7:0p (1) and M§2):7TSOP<O%;6)(1).

Repeated application of Theorem (see also [BGS94, Lemma 4.2.1] yields
degq (| OB, (4y,..ap)(2)) = degq (T*(@) | s.(v x id).(2))

= degy Hc1 ) | s«(v xid), (Z))

JFi

= degg | s* <H cl(.cj)> | (v % id)*(2)>

i
— degg | T er (M) | (v x z’d>*<z>)

i

— degy (] <61 (MS’) te (Mf))) | (v % id)*(Z)>

J#

= degg | (v x id)* <01 <M§1)> + ¢ (Mf))) ‘ Z)

s (] 1 () 0 (7)) 2

J#i

.
*

Since Z has dimension f — e + 1, its generic fibre Zy has dimension f — e, and the only term
of this final product which survives is

esym!), (dy,...,dy)degq (c1(Ox (1))~ | Z).
as desired. 0
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ProposiTioN 6.2.3. — Let S = SpecZ, N € Z, and €& = OF¥!. Let £ be £ equipped with
its trivial Hermitian metric. Let e, f,dy,...,ds € Zzo with 1 <e < f,and Z € Z;_.1(P(E)).
Then

h(Chg,e;,e—l,(dl ..... df)(Z)) =esymy_.q(di, ... vdf)hop(g)u)(z)
+esym;_ (dy,...,ds)deg(Z)oe 1.

Proof. For each 1 < i < f, let O, be the tautological quotient bundle on P;, equipped with the
Hermitian metric induced by that on £. By definition (see Section [5.2.6),

f
h (Chﬁf},e_l,wl ..... df)(Z)> = deg (HE(QJ | Ch(ei,e;,e—l,(dl ..... df)(Z)> .
=1

As in the proof of Proposition [6.2.2, for each 1 < i < f, let £; = OIP((Symdi (Sv))@c> (1), equipped

with the Hermitian metric induced by that on £. Then, by Proposition for each 1 <@ < f,
Wie(Q;) = A(L;). Let Z = Z x5 P(OE°). Once again, let m; : P; x5 P(OF°) — P; (resp. )
be projection onto the first (resp. second) factor. For each 1 < ¢ < f, let M; = 7 L, be the
pullback of £; under the Segre embedding, equipped with the pulled back Hermitian metric, so
that

M, =i = M o M
where

MY = 705 (1) and M = 7305 (o) (1)
By Theorem (see also [BGS94, Lemma 4.2.1)),

/
deg (HE(Qi) | Chg,e;,e—l,(dl ..... df)(Z)>
=1

=

= deg | [[Wrea(@) | s.(v x z’d>*<2>)
— deg ﬁa@-) | s, (v % z’d)*(Z)>
— deg [ s (f[E(ZZ-)) | (v x id)*(2)>
—deg [[[e (M) | v x z’d>*<2>>

() s () i)
f

— dog ( (v x iay" (H (& (M) +2 (mﬁ”))) | Z)

=1
- (116 () v (7)) 1 2)
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_ deg (H (@ (M) +@ (M) Z)

The scheme P (O?e) has dimension ¢, and Z has dimension f — e + 1, so

T (4 () + 6 (4 )
(E <dlcl (MZ ) +¢ (Mz )) | 2
_ (esymfe(dl, L d)a (Mﬁ”)f_e a (M) z)

NSt et
(gt () () 2)

and the result follows from Proposition [5.2.7 O
CoroLLARY 6.2.4. — Let e, f,dy,...,ds € Zxo with 1 < e < f. Then

deg; (div (Resa fre—1,(dy

h (div (Res&f’e,l,(d1 ,,,,, df))) =esym;_ . (dy,...,ds)oy e +esym; (di,... ,dj)oe .
Proof. By Theorem

Ch(eij?,e—l,(dl dy) (P/*Y) = div (Rese,fe—1,(as,... a))

77777

and the equalities follow from Proposition and Proposition [6.2.3} together with Proposi-
tion O

CoroLLARY 6.2.5. — Let e, f,dy,...,dy € Z>o with 1 < e < f and let £ = O?fﬁeﬂ. For each
1<i< fletP, =P ((Symdi EV)@6>, N; = rank(ﬂvbz) (f €+d) -1, m : Hzle P, — P,

the projection onto the it factor, and j1; = ¢; (W;" O]pi(l)). Then

/
log||Rese,f.e1,dy,..apll - | | i = esymy_oiq(dy, ... dp)of.e
/(H[_IFP-)«@ o l_Il
+esym;_ (di,...,df)oe 1
- 1Zes m'” (d de)H
2' y f—e 1yeveyQf N; -
Proof. Apply Lemma using Theorem and Corollary O
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6.2.3 AN EXAMPLE

Consider the case e =3, f = 4,r = 2,dy = dy = d3 = dy = 1. The corresponding resultant
Ress 4,9,(1,1,1,1) is indeed a principal determinantal resultant, associated to the maximal minors
of a 3 X 4 matrix of linear forms. By Corollary we can immediately see that for any
1 < i < 4, the degree of Resz42(11.1,1) in the block of variables corresponding to the i
column is

esym{’(1,1,1,1) = 3.

The total degree of Ress 42 (1,1,1,1) is therefore 12.
Again by Corollary we can compute the (normalised projective) height of Resg 49 (1,1,1,1)

40

das

‘ 174
h (le (ReS3,4,2,(1,1,1,1))) = esymy(1,1,1,1)01 + esym,(1,1,1,1)0y = 3 <2>

and, via Corollary its Mahler measure as — 2%

10°

6.3 HIGHER CORANK CONDITIONS

We return to the general setting of the construction in Section where e, f,r € Z~o, with
r < min{e, f}, and dy,...,ds € Zz. In this section, we will show that both degrees and
heights of determinantal resultants can be extracted from our construction in Section [6.1.2]

6.3.1 PULLING BACK THE QUOTIENT BUNDLE

As in the principal case in order to compute degrees and heights, we must understand the
pullback of the tautological quotient bundle on P; through W;. The following theorem directly
generalises Proposition

THEOREM 6.3.1. — Let S = SpecZ and € an Hermitian vector bundle on S of rank N + 1. Let
k € Zo with k < N + 1. Let £ be the dual bundle of €, and W C G(k, &) xsP(EY) the
incidence correspondence of k-planes contained in hyperplanes. Let é[p(gV) be the tautological
Hermitian quotient bundle on P (£Y), and gg(k,g) the tautological Hermitian rank-£ subbundle

on G(k,&). Then, in éﬁ*(G(kZ,S))Q,
W (2(Qoien))) = (e )

Proof. Replacing Op()(1) with S((\;f(k’ g) In the proof of Proposition yields an exact sequence
of vector bundles
&:0—H— q*QP(gV) — p*Sé(k,é') —0

on W. Giving all bundles Hermitian metrics induced by that on &£, we once again see that

WE Qo) = (Stqre) = P (&

As in Proposition [6.2.1} we are left to show that p,,.a (¢ (&)) =0 in GI\-Ik((G(k, &)).
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By Theorem we can write
P (E(8)) = D alha(Q)

AEP(k,N+1)
IN|=k—1

for some f) € R.
Fix a complete flag of subbundles & : 0 C & C -+ C Eny1 = E. Foreach A € Z(k, N+1)
with [A\| = k& — 1, let AV be the dual partition of \, defined by

Yo € Z(G(k,E)) be the Schubert cycle corresponding to \Y with respect to &. From
Lemma we see that there exists some 1 < r < N +1 such that W, (Syv) =P ((£/€,)").
Using Theorem (see also [BGS94) Lemma 4.2.1]), we have

BE (W (Sav)) = deg (E(Qpev) | Wa(Ba))

= deg( " (€(Qrevy)) | 2av)
—deg( (Soke)) = Piw.a (€(£)) | £av)
deg (&) - f/\

On the other hand, by [BGS94, Proposition 4.1.2(ii)],
B (Wa(Ba)) = deg ((€/€,)") = deg (£))

forcing each f, to vanish. O

6.3.2 CONSEQUENCES

Theorem directly generalises Proposition It allows for the computation of degrees and
heights of determinantal resultants associated to arbitrary parameters e, f, 7, (dy, ..., dy).

PropositioN 6.3.2. — Let S = SpecZ, N € Z~¢, and £ = O?NH. Lete, f,r,dy,...,ds € Zx
with » < min{e, f}, and Z € Z(;_ye—r)(P(€)). Then

e 7 i k;
deg, (Ch2, ay...a) (7)) = deg(2) > NG ke [T
0<ky,..., kfgefr ]751
k;<e—r—1

2w ku=(f—r)(e—r)—1

where

Nk(z),...,kf = / e Ce—r—k;—1 (SV) H Ce—r—k; (Sv) .
G<6—T,OS )@ j;’él

Proof. As in the proof of Proposition|6.2.2) for each 1 < j < f, let N; = rank(Pj) = e(NJrvdj) -1,
and let Q; be the tautological quotient bundle on P;. Let

a = cn,—1(Qs) H e, (Q;).

J#
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Then by definition (see Section

deg,(ChY5,4,...ap)(Z)) = degg (@ | OO, 0,y (2))

..........

For each 1 < j < f, let SGj be the dual to the tautological rank-(e — ) subbundle on G;. By
Theorem we have

Wiew, (@) = cer (8) and Wiew1(Q) = ccormn (81)

Let Z = Z x5 G(e —r,0%°). Let m; : P; x5 G(e — r,05°) — IP; (resp. m2) be projection
onto the first (resp. second) factor, and let S be the tautological rank-(e — ) subbundle on
G (e -, (’)ge). For each 1 < j < f,let M; = S;-Séj be the pullback of the bundle S((\;fj under
the Segre embedding. We can then write

Mj = S;kSéJ = ’/TTO]Pj(l) & W;Sv.
By Theorem (see also [BGS94, Lemma 4.2.1], we have
degg (| OV, ... (2))
 degg (I*(0) | 5.(v x id).(2))
= degg | Ce—r—1 (SE,) Hce_r <S¢v;j> | su(v x zd)*(Z)>

J#i
— degg [ 5 (ce_r_l (S2) [ eer (sgj>> | (v x z'd)*(Z)>

J#i

= degg | Ce—po1 (M) [ ] comr (M) | (v % z'd)*(Z)>

J#

= deg(@ (V X Zd)* (Cerl (Ml) Hce,r (M])) ’ Z)
J#i

= degq [ Ce—r_1 (T} Ope)(d;) @ m3SY) H Ce—r (T} Ope)(d;j) ® m3SY) | Z)
i

By [Ful98e, Remark 3.2.3(b)],
e—r—1

Ce—r—1 (WTOP(g) (dl) X ’/T;Sv) = (k’ + 1)01 (WTOP(g) (dz))k Ce—pr—k—1 (W;Sv>

b
Il
o

and

Ce—r (T} Op(e)(dj) ® m5SY) Z c1 (77 Op(e) (d; ) Cor_t (M3SY).

Since Zg has dimension (f —7)(e —r) — 1 and G(e—r, (’)ge)Q has dimension r(e — ), the
only terms of the product which survive are

deg(Z@) Z ((kz + 1)dfi H d?j / Ce—r—k;—1 (Sv) H Ce—r—k; (Sv))

(3]
0<ky ek p<e—r i G(e_"’ose)@ j#i
ki<e—r—1

> ku=(f—r)(e—r)—1
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]

ProposiTioN 6.3.3. — Let S = SpecZ, N € Z=g, and € = OYN . Let e, f,r,dy, ..., ds € Zsg
with < min{e, f}, and Z € Z(s_ye—r)(P(€)). Then

/
h (OB o) (2)) = deg(Z0) > [ ddes Giv, s, | G (e~ 1,05))

0<ky, ..k <e—r =1
kit +kp=(f—r)(e—7)—1

+ hOP(S)(1)<Z) Z Hdk / Th,..., kg

D
0<ky,....kp<e—r i=1 6 T’Ose)(@
kit tkp=(f-r)(e-r)

where
f f

Vi o~ ~ -V
Thy,ky = Hce—r—ki () and Tk =] Crn (3 ) -

i=1 i=1

Proof. Let Q; be the tautological Hermitian quotient bundle on P;. We have

h <Ch(eie}:r ..... dr) (Z)> - deg (HC Qz ’ Ch(eie}:r ..... ds) (Z)> :
Let Z = Z x5 G (e —r,0%°). Applying Theorem d Theorem (see also [BGS34,

Lemma 4.2.1] repeatedly (as in the proof of Proposition |6.2.3), we see that

f
(00 0) =5 (1T (B omiF) 12) . 6
=1

By [GS90b} Theorem4.1(IIl)], we can write

o (RO @) 078" ) = Y0 (ri0re @) Fnrs (miS)
k=0
from which it follows that
(ON, 0 ()
f

cawz) ¥ (e (557 16605
<e—r

0<k,enky i=1
ki+-Akp=(f—r)(e—1)—1

Since Z has dimension (f —r)(e — ) and G (e — r, OF¢) has dimension (e —r) + 1, we can

decompose (6.6) as

f
deg (H o (ﬁoﬂm(g)(di) ® W;EV) | z)

=1

— Z degg (akl ,,,,, ke | Z) deg (5k1 ,,,,, ke | G(e—r (9@6))

0<ky,..., kfgefr
kEi4-+kp=(f-r)(e—r)—1

+ Z deg (k... k| Z) degg (Br,..., k| G (e —r,0F))

0<ky,..., kf <e—r
Bt by = (F—r)(e—r)
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and

Ifky+---+kf=(f—r)(e—7)—1, then

degg (ovky,..k; | Z) = deg(Zg) H dri.

i=1
On the other hand, if £y +--- + kf = (f —r)(e — ), then

/
deg (akh_,_kf | Z) = hm(Z) del

=1

and we are done. [

Remagk 6.3.4. — The number N, ,S)kf appearing in Proposition |6.3.2{ and the degree of 7, .,
appearing in Proposition can both be computed recursively using the iterated Pieri rule (see
[Ful98a) Proposition 14.6.1]). More specifically, for any integer 0 < k& < e — r, the Chern class
Ce_r_1 (S8Y) represents the Schubert cycle corresponding to the partition (1)~"*. According
to the Pieri rule, multiplying this Schubert class by ¢._,_, (S") for some integer 0 < ¢ < e —r
yields a sum over Schubert classes indexed by those (valid) Young diagrams obtained by adding
a total of e — r — ¢ boxes to the Young diagram corresponding to (1)¢~"~*, with at most one
box added to each row.

6.3.3 AN EXAMPLE

Let us consider the case f = 3,e = 4,r = 2,d; = dy = d3 = 1. We will compute both
the (multi)degree and height of the determinantal resultant Resy 3 (1,1,1) associated to these
parameters. Note first that this is actually a principal determinantal resultant. In fact, it is
precisely the resultant whose multidegrees and height we computed in Section The
polynomials Resy 39 (1,1,1) and Resg 42 (1,1,1,1) are the same, though they are homogenised
differently - one with respect to the coefficients of the rows of the corresponding indeterminate
matrix and the other with respect to the coefficients of the columns. Proposition shows
immediately that the total degree of Res 42 (1,1,1) is simply

4
> esym{’(1,1,1) = 12.
=1

It follows that deg; (Res4,3727(1,171)) = 4 for each 1 < ¢ < 3. Let us verify this for ¢ = 1 (and
hence, for all 1 < < 3) using Proposition [6.3.2]
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We must consider tuples 0 < ky, ko, k3 < 2 such that &y < 1 and ky + ky + k3 = 1. The
only such tuples are (1,0,0),(0,1,0),(0,0,1). We have

Mio= [ ey
G(z,og‘*)@
and
M= N = [ (s,
G(2,0%*)
The Pieri rule (see [Ful98a, Proposition 14.6.1)) shows us that]
c1(8V) 2 (8Y) =2 (8Y)" = [L)]
which is simply the class of a point in G (2, (9%94)(@. Thus,
Nigo = Ny = Nigy = 1 (6.7)
and Proposition correctly recovers deg; (Res4,3,27(1,171)) =4 forall 1 <7<3.
According to Proposition we must consider tuples 0 < kq, ko, k3 < 2 such that

ki + ko + ks =1 or ky + ko + k3 = 2. Note first that both 7, , x, and 7k, x, x, are invariant
under permutation of ki, ko, k3. We can therefore write

h (diV(ReS4’272’(1’1’1))) = 3&% (%\17070 ’ G (2, 0?4)) + 30'1 /( o ) (7'2’070 + 7'171’0). (68)
G(2,08* o

_ N2
We have Ty 90 = & (8\/) Co (8V> . As in Section 5.2.7, let 7 : G (2,(’)?4) — S be the

structure map of the Grassmann bundle, and let

058100 500

be the tautological exact sequence of Hermitian vector bundles on G (2, 0?4). In the notation
of Section |5.2.7

& (3) — 6 (S)=a(C-€)=5(9)
and . B . -
&(S) =2l =-a@ -a(@-9).
We are left, then, to compute
deg (Fio0 | G (2,08%)) = deg (7 (Q)° | G (2,08"))

~2deg (4 (Q)°% (Q- &) |G (2,08Y)) (6.9)
+deg (41 (9@ (Q-8)° 16 (2,08)).

5It may seem from this equality that ¢; (S¥)* = ¢, (SV). This is, of course, not true. There are two ways to
add one box to the Young diagram corresponding to the partition (1), yielding ¢1 (S¥)* = ¢5(SV) + [Z1,1)]-
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First, since Q is the pullback of the hyperplane bundle (with its Fubini-Study metric) under the
Pliicker embedding of G (2, O%*) into P}, the arithmetic degree geTg (51 (@)5 |G (2, O§4)>
is simply the Faltings height of the Grassmannian G (2, (’)?4) in its Pliicker embedding, which

according to [Mai95, Theorem 6.0.6] (see also [Mai95| Section 7], [Tam99} Theorem 2], and [Tam99,
Corollary 1), we know to be

43 43— —
o (€ (2.08) = 2 = 25 (4 (022 (9)) | & (2.05Y)). (6.10)
Z
Next, we compute ¢; (Q) ¢ (Q — ?) Applying the arithmetic Pieri rule (see Theorem
and [Mai95, Corollary5.2.2]) with A = 1 and m = 2, we get

P NP I - T — 5 —
1 (Q) Co (Q — Cg)) = (21 (Q — 5) — 5 (01,1 (Q)) + 5@ (02 (Q)) . (6.11)
Applying once more the arithmetic Pieri rule with A = (2,1) and m = 2 gives
= = = — ~ — 17 —
CQJ(Q — éa)CQ(Q — ég) =a (N((22:12))7202,2 (Q)) = ECL (6272 (Q)) . (612)
Using Theorem
& (Q@-8)a(e(Q) =a (NP2 (Q)) =0 (6.13)
and - - - -
%(Q-8)a((Q) =a(Nie2 (Q)) =a(es (Q)). (6.14)
Putting to together,
P — 16 —
6 (0)a(0-8)" = Fa(e2(Q). (6.15)
An analogous computation shows that
3~ = 49 —
C1 (Q)3 Co (Q — @(‘)) = FCL (0272 (Q)) . (616)

Substituting (6.10), (6.15) and (6.16) into (6.9) gives

3deg (TLoo | G (2,02%)) = 10deg (a (22 (Q)) | G (2,084)) = 5.
On the other hand, using (6.7),

/G(wm (o002 /G(z,om (28 + 0§ as) =2

so [6.3.3] shows that
h (le (Res473,27(171,1))) =8.
Notice that Proposition also gives

77777

>
VS
e
<
—
=
)
n
w
=
[\V)
=
Nl
SN—"
I
VOERRS
N =~
~__
S
+
VR
—
~_
Q
[N}
|
oo

as it should.
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6.3.4 HEIGHTS OF DETERMINANTAL VARIETIES

We conclude by combining our construction of the wu-resultant with height bounds for the
determinantal resultants to bound heights of determinantal varieties. Applying [KPS0IL, 1.2]
and [KPS0I, Lemma 1.1] immediately yields a bound on the bit sizes of the coefficients of the
determinantal resultant.

Lemma 6.35. — Lete, f,7,dy,...,dy € Zso with 0 < r < min{e, f}, and let N = (f —r)(e—
r) — 1. Let

f
m (Rese,f(d,.dp)) = /(Hf_lﬁ"i)(@) log || Rese, 1., (dydp) | quv

be the Mahler measure of the determinantal resultant. Let A C Z be the collection of coefficients
of Resc f.r(dy,...a,;)- Then

log max{|al} > m (Res. o, Z%N deg, (Ch%, o,...ap) (P2))
log r(llneaﬁ({]a\} < m (ReSe g, (dy, ) ZHN deg; (Chgejfr diooondy) (]P]ZV)> :

Bit size bounds of rational points on zero-dimensional determinantal varieties then follow
immediately from Corollary [6.1.8} using [KPS0I, Lemma 1.2(c)].

TueoreM 6.3.6. — Lete, f,r,dy,...,ds € Zso with 0 < r < min{e, f} andlet N = (f—r)(e—
r)—1. Give P homogeneous coordinates [Xj : - - - : Xy]. Let ¢ € Hom <O[P’N’ D/, Opg(di)>-

Suppose that M,.(¢) is reduced and of dimension zero. Let 7 be the maximum of the bit sizes
of the coefficients of the entries of ¢. Then for any 0 < 7 < N,

f
3
max {10g|p’} (Rese,f,r,(dl,...,df)) + B} Z Hy, deg; (Chie},r,(dl,...,df) (Pg))
i=1

p EMy($)oND4(
f
+ Zdegz ( Se;r (d1,ndy) (IP’N)> (T~|—log <2 + ZN,) + dlog (N + 1)) )

=1
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