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Abstract

This thesis characterizes the description of two tracers, one passive and one reactive
(with a particular choice of model) within Reynolds Averaged Navier Stokes simulations
(RANS) and Large Eddy Simulations (LES). Both tracers are taken to be passive with
respect to the fluid dynamics and the reactive tracer is assumed to undergo a growth
reaction governed by Fisher’s equation. To begin, the Navier-Stokes equations and the
partial differential equation governing the reactive tracer evolution are Reynolds averaged
and spatially filtered to obtain the governing equations for each of the turbulence models.
The procedure is applied to a generalized polynomial reaction function and can be extended
to other sufficiently smooth non-polynomial reactions. The Reynolds averaged and filtered
reaction equations are analyzed using a simplified, zero dimensional toy model. A one
dimensional toy model is used to illustrate how a non-linear reaction term, advection, and
diffusion each influence the spectral distribution of a reactive tracer. To consider the effect
of Reynolds averaging, an ensemble of 50 two-dimensional direct numerical simulations
is run. Within each simulation, the reactive tracer is subjected to mixing induced by a
Rayleigh-Taylor instability. A priori Reynolds averaging is applied to the ensemble data
to evaluate the discrepancies between the mean system and the dynamics of the ensemble
members. A two-dimensional toy model with specified velocities is used to illustrate the
effect of spatial filtering. Further, the dependence of the sub-filter-scale flux and reaction
terms on the cutoff wavenumber of a low-pass filter and the reaction rate is evaluated. To
investigate a system with a larger range of spatial scales, a priori LES is applied to data
from a three-dimensional simulation of a reactive tracer subjected to turbulence induced
by a Rayleigh-Taylor instability. Various filter choices are applied and the sub-filter-scale
terms are quantified. Given the scope of this thesis, discussions of the findings and their
implications for modelling can be found at the end of chapters 5 and 6. This thesis
concludes with a broader discussion of the findings and highlights avenues for future work.
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Chapter 1

Introduction

1.1 Introduction for the General Public

Within the oceans, fluid motions occur on an incredible range of scales. Many of these
motions are turbulent in nature and are known to cause strong mixing [25, 85]. Turbulent
flows are characterized by large, irregular variations in space and time, making their details
unpredictable [52]. These variations often manifest in the form of vortices or filaments. The
concept of energy transfer is fundamental to the study of turbulent flows. It is understood
that kinetic energy is transferred from the largest scales of motion by non-linear, largely
inviscid interactions until it reaches sub-centimeter scales at which point it is dissipated
by viscous forces [72]. Meanwhile, gyres in the oceans can form on 1000 kilometer scales
[90].

Modern oceanography relies on field measurements, remote sensing, and, increasingly,
numerical simulations of ocean processes. All of these have their own established methodol-
ogy, yet all fail to provide a complete description of the ocean. While numerical models play
an important role as investigative and predictive tools of ocean processes [96, 48, 77, 36, 11],
they are limited by the underlying numerical method and model resolution. These are, in
turn, limited by the availability of computational resources [37, 31].

A host of biogeochemical processes exist within the oceans and the effect of turbulent
mixing on these processes cannot be ignored [59, 50, 46]. For instance, transport plays
an important role in many ecosystem dynamics [44, 97]. Biogeochemical processes have
their own characteristic length and time scales (e.g. the seasonality and distribution of
phytoplankton blooms). Studying these processes is complicated by the coupling of envi-
ronmental and internal factors. For example, migration patterns are dependent on seasonal

1



Figure 1.1: Scales of ocean processes and related reactive (biological) processes.

timescales and biological factors, but may also vary according to environmental conditions
[108]. Even small fluctuations in environmental conditions in the form of noise can induce
resonance in population dynamics, causing large oscillations [13].

Figure 1.1 provides an overview of the range of active scales in the oceans and some of
the reactive biological processes that occur at these scales. Coupling hydrodynamic and
biogeochemical models only increases the computational demand of a simulation [32]. For
this reason, ocean modellers must make choices as to which processes to resolve, which to
parameterize, and at times, even which to ignore.

The necessary approximations and parameterizations used to handle turbulence in
ocean models (see the technical introduction below 1.2) inevitably affect our interpre-
tation of the biogeochemical aspects of these systems. A multitude of reactive passive
tracers (simplified to reactive tracers in what follows) exist within the oceans. Herein,
we use the reactive tracer terminology to describe tracers that are passive with respect to
fluid dynamical processes, but reactive in a biological or chemical sense. The term pas-
sive tracer indicates that the tracer is non-reactive. Examples of reactive tracers include
phytoplankton, nutrients [39, 24], and carbon [77] among others.
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The effect of turbulence on the reaction dynamics of nutrient phytoplankton zooplank-
ton (NPZ) models has been considered from several different lenses [71, 93, 78]. Compli-
cations arise from the impact of turbulence on the spatial distribution of a reactive tracer
possibly affecting the reaction rate [78]. Phytoplankton rely on light and nutrient avail-
ability, both of which are spatially heterogeneous. Turbulent mixing replenishes nutrients
to areas where phytoplankton blooms may quickly deplete them [27]. Transport of phy-
toplankton towards (or away from) favorable conditions affects growth rates and overall
ecosystem dynamics [94, 91]. This is particularly important in polar environments that
can be both nutrient and light limited [18, 66, 92, 54]. To complicate matters further,
phytoplankton have been found to adjust their buoyancy to sink on timescales of seconds,
which increases the nutrient flux to their cells [34]. Additionally, it has been posited that
phytoplankton retain some memory of the turbulent mixing they have been subjected to
and that this has an effect on their affinity for nutrients [81].

Simplified models of thermal convection have been used in an attempt to explain the
impacts of convection, diffusion, and phytoplankton sinking on growth dynamics [93, 94].
These toy models generally use large cell convection to approximate the convective cells ex-
pected to form due to thermal convection. A schematic of this setup is shown in Figure 1.2.
Unfortunately, studies of this form neglect the effects of multi-scale turbulent motions. Sub-
mesoscale features result in strong vertical velocities that enhance the vertical transport
of tracers [8, 114, 107], particularly in winter [61]. Accounting for submesoscale physics in
numerical models of phytoplankton can result in spatial distributions dominated by fine
structures [64].

This thesis will illustrate some of the ways turbulent mixing can affect the dynamics of a
reactive tracer. Additionally, we will consider how the reactive tracer dynamics are altered
when interpreted through the a posteriori application of two forms of turbulence models.
To the best of the author’s knowledge, there are no published studies outlining these
details for a model reactive tracer. Numerous studies have been performed in specialized
applications, though none take into account how the model formulation itself affects the
interpretation of the reaction dynamics.

1.2 Technical Introduction

It is well-known that limitations on resolution make studying turbulent flows challenging.
Hence, the emergence and continued development of the turbulence modelling literature.
When a reactive tracer is introduced into a turbulent environment, the reaction dynamics
introduce additional length scales. Since few coupled hydrodynamic-biogeochemical models
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Figure 1.2: Schematic of convective cell approximation for under ice turbulence affecting phy-
toplankton dynamics.
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perform direct numerical simulations (DNS), it is difficult to pinpoint the interplay between
turbulent mixing and reaction dynamics. When advective and reactive timescales are on
the same order of magnitude, these effects have the potential to become tightly coupled.
Field studies [100] are limited by the resolution of observations and geographic applicability.
Turbulence modelling studies [91] are limited by the need for parameterizations. Not only
is the interplay between turbulent mixing and reaction dynamics not well understood,
but there are no standard best practices for modelling reactive tracers within turbulence
models. Two of the most widely used turbulence modelling frameworks are Reynolds-
averaged Navier Stokes (RANS) simulations and Large Eddy Simulations (LES) [72].

When simulating systems in which there is a high degree of variability, running ensem-
bles is a common practice. An ensemble consists of a set of numerical simulations and
allows for the mean state of a system to be quantified. By quantifying the fluctuations of
the ensemble members around the mean, the variability of the system can be evaluated
and a range of outcomes identified.

Consider Burgers’ equation in one dimension as an example

ut + uux = νuxx (1.1)

where subscripts denote partial derivatives. The procedure for deriving the Reynolds aver-
aged Burgers’ equation is as follows. Begin by splitting u into a mean part, U , and a part
representing fluctuations about the mean, u′, such that u = U + u′. We then substitute
this expression into Burgers’ equation

(U + u′)t + (U + u′)(U + u′)x = ν(U + u′)xx, (1.2)

Ut + u′t + UUx + Uu′x + u′Ux + u′u′x = νUxx + νu′xx. (1.3)

Reynolds averaging (denoted by overbars) removes the terms that are linear in u′ because
the mean of the fluctuations is zero, u′ = 0. Note that any terms that are non-linear in u′

are retained. Applying this procedure leaves us with an equation that resembles Burgers’
equation for the mean, U , but contains corrections in terms of the unknown fluctuations,
u′.

Ut + UUx = νUxx − u′u′x (1.4)

If we were to solve the Reynolds averaged system, we would need to parameterize or ignore
the unknown term.

Under LES, equations are filtered to retain only the larger-scale components. Let angled
brackets denote the filtering operation. Quantities are decomposed as u = ⟨u⟩+u′ where u′
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now denotes the sub-filter-scale contributions. Rather than substituting this decomposition
into the Burgers’ equation, we filter the equation directly

⟨ut⟩+ ⟨uux⟩ = ν⟨uxx⟩, (1.5)

⟨u⟩t + ⟨(⟨u⟩+ u′)(⟨u⟩x + u′x)⟩ = ν⟨u⟩xx, (1.6)

⟨u⟩t + ⟨⟨u⟩⟨u⟩x + u′⟨u⟩x + ⟨u⟩u′x + u′u′x)⟩ = ν⟨u⟩xx. (1.7)

Next, to obtain something that resembles Burgers’ equation with a correction, we need to
add and subtract ⟨u⟩⟨u⟩x as follows

⟨u⟩t + ⟨u⟩⟨u⟩x − ⟨u⟩⟨u⟩x + ⟨⟨u⟩⟨u⟩x + u′⟨u⟩x + ⟨u⟩u′x + u′u′x⟩ = ν⟨u⟩xx, (1.8)

⟨u⟩t + ⟨u⟩⟨u⟩x = ν⟨u⟩xx + ⟨u⟩⟨u⟩x − ⟨⟨u⟩⟨u⟩x⟩ − ⟨u′⟨u⟩x + ⟨u⟩u′x⟩ − ⟨u′u′x⟩. (1.9)

The last terms on the right-hand side form the correction. Note that it is written in terms
of both filtered and sub-filter-scale (sfs) quantities.

RANS and LES are fundamentally different in their representation of a turbulent sys-
tem, but similar in their treatment of parameterized processes. The fundamental assump-
tion in RANS is that the most feasible representation of a turbulent system with a high
degree of variability is through an ensemble mean. In practice, running an ensemble of any
large, three-dimensional system is not computationally feasible and so a set of equations
describing the mean state of a system is solved instead. Each quantity of interest is de-
composed into two parts; a mean, and fluctuations about the mean. Equations describing
the evolution of the mean state of the system are then obtained by substituting the de-
composition into the governing equations and then Reynolds averaging (see section 2.4 for
the detailed procedure). Any terms involving the fluctuations need to be parameterized.
Reynolds averaging the Navier-Stokes momentum equation introduces the Reynolds stress
tensor which poses a closure problem as it is defined in terms of the fluctuations which are
not known [72]. Eddy viscosity models are the most common choice for parameterizing
Reynolds stresses, largely owing to their relative simplicity. These models assume that the
Reynolds stress tensor is aligned with the mean strain tensor, allowing the Reynolds stress
term to be related to the ensemble mean velocity field [52, 72]. In practice, the Reynolds
stress terms in the RANS momentum equation are replaced by simply introducing addi-
tional viscosity into the system [72]. These models assume that the local gradient of the
mean velocity field dictates the direction of flux. However, if the advection in a turbulent
flow is strong enough, the large eddies that emerge may dominate and cause the flux to be
oriented against the gradient [52], making the eddy viscosity assumption invalid. In par-
ticular, there are cases in which the eddy viscosity becomes negative and the model breaks
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down because anti-diffusion is mathematically ill-posed [73]. There are numerous eddy vis-
cosity models which fall under the broad categories of mixing-length models, one-equation
models, and two-equation models among others [109]. Other eddy viscosity models have
been developed for large eddy simulations, such as the Lilly-Smagorinsky model [111].

Analogously, the eddy fluxes that emerge from Reynolds averaging scalar transport
equations are often modelled by eddy diffusivities. Eddy diffusivities have been estimated
for passive tracers with satellite observations and found to be strongly space and time
dependent [2]. In the upper 2000m of the oceans, horizontal eddy diffusivities on a 300km
scale range between 102m2/s and 104m2/s [20, 65, 80]. The expression used to calculate
the eddy diffusivity inevitably affects the estimate. If one were to consider the suppression
of mixing by mean currents, then the spatial distribution and magnitude of the eddy
diffusivities would differ dramatically [29] compared to estimations that simply use mixing
length theory [43]. Evidence has suggested that in stratified fluids, the ocean being a prime
example, vertical eddy diffusivity should be modelled as a decreasing function of buoyancy
frequency [33]. When considering a reactive tracer eddy diffusivity parameterizations must
be treated with caution as the timescale of a particular reaction dictates the amount of
effective eddy diffusivity experienced by a tracer [71] as does the mixing regime in which
the tracer is located [84].

Eddy mixing is strongly dependent on the tracer being considered [47]. Active tracers
may require counter-gradient fluxes rather than down gradient fluxes, resulting in negative
eddy diffusivities [84]. For instance, double diffusion displays counter-gradient density
flux while turbulence transports density down-gradient [76]. Though some methods for
determining eddy diffusivities and transport characteristics have shown indistinguishable
performance when used for passive or active tracers [7], this is not necessarily the case for
reactive tracers. Several methods for modelling the eddy diffusivity of a reactive tracer
have been presented in the literature. Ensembles of Lagrangian particle trajectories have
been used to determine a time-dependent diffusion function that yields the effective eddy
diffusivity when evaluated at the reaction timescale [71]. The gradient-diffusion hypothesis
has been examined by regressing true eddy fluxes onto tracer gradients to determine an
effective eddy diffusivity [74]. It was shown to perform more poorly for reactive versus
non-reactive tracers, with specifics depending on model parameters.

NPZ models are generally described with advection–diffusion–reaction (ADR) equa-
tions. When Reynolds averaging is applied to the reaction term, eddy reactions, defined as
covariances of tracer fluctuations, are introduced. Eddy reactions are inevitably strongly
reaction dependent and have been shown to be sensitive to seasonality, location, and spa-
tial scales for some NPZ models [58]. In a study of phytoplankton primary production and
zooplankton grazing, it was shown that ±5% to ±30% of productivity and grazing was
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due to eddy reactions on a sub 100km scale [58]. Similarly, resolving down to the subme-
soscale (as opposed to the mesoscale) was shown to result in a decreased phytoplankton
abundance of 10 to 20% when the model was integrated over 50 years [63]. To the best of
our knowledge, there is no standard practice for parameterizing eddy reaction terms.

The Regional Ocean Modelling System (ROMS) is a popular tool for conducting re-
gional (on the order of tens of kilometers) simulations due to its flexibility and stable
numerical methodology. ROMS, and similar models, effectively solve the Reynolds Aver-
aged Navier-Stokes (RANS) equations. It has a topography-following coordinate system in
the vertical, an implicit free-surface, and can be run as a coupled physical-biogeochemical
model [53]. ROMS is a split-explicit model, meaning fast and slow dynamics are split
into sub-problems. If non-dissipative time-stepping is used for both, the model becomes
unstable [38, 42]. Time-stepping algorithms with forward-backward feedback are used to
enhance the internal stability of the model [82]. In addition to the numerical diffusivity
introduced by the time–stepping method, ROMS treats horizontal and vertical diffusion
differently, and has a number of options for parameterizing vertical mixing [38, 1] all of
which are, by nature, dissipative [17]. While not strictly necessary, the majority of re-
gional modeling studies invoke the hydrostatic approximation, meaning some processes
(e.g. density overturns) are inherently excluded from consideration. Example use cases
for ROMS include the Atlantic Canada Model (O(10km) horizontal resolution and 30
vertical levels) [16], the Coupled-Ocean-Atmosphere-Wave-Sediment-Transport modeling
system (4.7-9.0km horizontal resolution, 50 vertical layers spanning 8km) [51], and studies
of storm induced circulation and hydrography changes in tropical regions (6km resolution)
[89]. The diversity of studies that use ROMS indicates the importance of model flexibility
and adaptability.

In addition to being a popular tool for examining oceanic ecosystems, RANS has been
used to model reactive tracers in the contexts of water disinfection [112, 113, 5], the spread
of air pollutants [106], and combustion [6]. For a discussion of several classes of models,
as well as popular modelling techniques and closures when using RANS for turbulence
modelling, see [4]. For a review of the uncertainty in RANS models, see [110].

In LES, the governing assumption is that large-scale features dominate the system dy-
namics, so the smaller-scale features can be parameterized. The division between large
and small scales is a function of the model resolution, and so quantities are decomposed
into resolved and sub-grid-scale parts. To obtain equations describing the evolution of the
resolved portion of each quantity, the governing equations are filtered (see section 2.5 for
the detailed procedure). The terms involving sub-grid-scale (equivalently called sub-filter-
scale) quantities are then parameterized. LES essentially aims to improve low resolution
simulations by including parameterizations of the processes that cannot be resolved. When
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filtering the Navier Stokes equations, a residual stress tensor is introduced which is anal-
ogous to the Reynolds stress term in RANS and is also often parameterized with an eddy
viscosity model. As an example, the Germano dynamic model dynamically calculates an
eddy viscosity from the smallest resolved scales under the assumption that turbulence is
similar on all small scales [35]. Filtering scalar transport equations introduces sub-filter-
scale flux terms that are analogous to the eddy fluxes introduced in RANS and also often
represented by eddy diffusivity parameterizations. The two frameworks share many simi-
larities in terms of what the unknown quantities are. However, it is important to remind
oneself that RANS and LES provide very different representations of a system.

LES filtering is often performed a posteriori to DNS to analyze contributions at varying
length scales. Note that this is called a priori analysis by convention. Filtering can be
performed in physical space, but is most often performed in Fourier space [56]. Turbulence
is well known to lead to a cascade as energy moves from larger to smaller scales in a nearly
inviscid manner, before being dissipated by viscosity [52]. This is often expressed using
Fourier theory in what is referred to as a spectral cascade, wherein higher wavenumbers
become active as the cascade progresses. A reactive tracer in a turbulent flow would be
expected to follow a similar spectral cascade. However, the introduction of additional
variability in the tracer distribution due to local growth or decay will inevitably affect the
spectral distribution, though details are not a priori known from the equations themselves.
When advective and reactive timescales are on the same order of magnitude, these effects
have the potential to become tightly coupled.

Diffusion acts to smooth a physical distribution and thus limits the cascade of spectral
power to higher wavenumbers. The combined effects of diffusion and turbulence have
been found to enhance reaction excitability in the Truscott-Brindley Model [98] under a
particular set of conditions (the relative sizes of the Damköhler number and the fraction of
the initial state that is excitable) [78]. However, too large a diffusivity value simply results
in a loss of spatial structure. Therefore, by artificially increasing the diffusivity of a tracer
through an eddy diffusivity parameterization, one constrains its spectral distribution in
addition to possibly restricting feedbacks between the fluid physics and reaction dynamics.
This likely results in the overestimation of large-scale features since interscale transfer down
to smaller scales is suppressed.

Observations of plankton distributions in the oceans are often reported in the form
of spectral slopes. In an effort to explain the differences in the spectral slopes of phyto-
plankton and zooplankton, numerical experiments have been conducted to investigate the
effects of advection, diffusion, and varying reaction timescales [15, 3]. The general con-
sensus is that phytoplankton have steeper spectral slopes than zooplankton because they
are consumed quickly enough to not have time to cascade down to smaller scales. The
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spectral distributions are reliant on the predator-prey (reaction) dynamics [10]. However,
one factor to note is that the forms of the phytoplankton and zooplankton reaction terms
differ. If the reaction dynamics influence the spectral distribution of a reactive tracer, then
the differences in the slopes may be governed by the forms of the reactions at first order,
with the reaction timescales playing a secondary role.

Considering that reactions have the potential to introduce fine spatial features beyond
what one would expect from turbulence alone, running coupled hydrodynamic biogeo-
chemical models with an overly coarse resolution should be avoided wherever possible.
For instance, resolutions on the order of tens of kilometers [18] are bound to miss signifi-
cant dynamics that have the potential to change quantitative if not also qualitative model
outcomes. In geophysical fluid dynamics, substantial work has been done to develop and
evaluate parameterizations [67]. LESs have thus been used for studies of ocean processes
fairly reliably [83]. The same cannot be said for sub-grid-scale reaction parameterizations,
and perhaps it is not a fair comparison. After all, each reactive tracer evolves according
to its own unique dynamics and equations.

1.3 Overview of thesis organization

In this thesis, we consider an idealized model reactive tracer that undergoes a growth reac-
tion governed by Fisher’s equation. In Chapter 2, we begin by treating the incompressible
Navier-Stokes equations and the advection-diffusion-reaction equation describing the tracer
evolution. The governing equations are Reynolds averaged and spatially filtered. The de-
tailed procedures are shown for a generalized polynomial reaction function and extended to
a multi-component system. As an example, the procedure is applied to a Michaelis-Menten
reaction term to demonstrate how it might be adjusted for non-polynomial reaction func-
tions. Chapter 3 presents the numerical methods used in the subsequent analysis. In
Chapter 4 the advection-diffusion-reaction system is systematically analyzed. The sys-
tem’s evolution in spectral space is explored with a toy model to illustrate the competing
effects of advection, diffusion, and the reaction on the presence of fine spatial features.
Differences that arise from RANS or LES are highlighted from both a signal interference
perspective and through a stability analysis of a single-spatial point model. The results
from performing a priori RANS on an ensemble of 50 two-dimensional Rayleigh-Taylor
(RT) simulations are presented in Chapter 5. To compliment the a priori analysis, the
Reynolds averaged advection-diffusion-reaction system is solved using data from the en-
semble. Chapter 6 presents the results of spatial filtering a two-dimensional toy model
(for the purposes of developing some intuition) and a three-dimensional Rayleigh-Taylor
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Figure 1.3: Outline of topics covered in this thesis. Chapter numbers are shown in orange boxes.

simulation. Figure 1.3 shows how the various topics discussed herein are interconnected.
The thesis concludes with a discussion of the results and highlights how they might be
helpful in model development.
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Chapter 2

Methods

This chapter introduces the governing equations, their dimensionless forms and the nota-
tion to be used throughout the remainder of this thesis. The Reynolds averaging procedure
presented in Section 2.4 is pertinent for the ODE analysis in Section 4.3 and for the a priori
Reynolds averaging results presented in Chapter 5. The filtering procedure performed in
Section 2.5 is relevant to the majority of Chapter 4 and to all of Chapter 6 which discusses
the results from filtering a toy model and three-dimensional data. Sections A.1 and A.2
are provided for the reader interested in applying the procedures of the earlier sections to a
more complex system. Appendix A provides examples of how the mathematical treatment
presented in this chapter might be applied to multi-component or non-polynomial reaction
functions.

2.1 Governing Equations

Consider the following set of partial differential equations

ρu⃗t + ρ∇ · (u⃗ T u⃗) = −∇p+ ρg⃗ + µ∇2u⃗, (2.1)

1

ρ

Dρ

Dt
+∇ · u⃗ = 0, (2.2)

Dρ

Dt
= κρ∇2ρ, (2.3)

θt +∇ · (u⃗θ) = κ∇2θ + F (θ). (2.4)
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The first two are the Navier-Stokes equations for the conservation of momentum and the
conservation of mass, respectively [52]. The third is an advection-diffusion-reaction (ADR)
equation describing the evolution of a scalar tracer undergoing a reaction given by the
function F (θ) and is coupled to the first two equations through the advection term.

Under the Boussinesq approximation, density changes are treated as negligible except
where multiplied by g⃗. The magnitude of the (1/ρ)Dρ/Dt term in the continuity equation
is much smaller than that of the velocity gradients, so equation 2.2 can be replaced with
the incompressibility condition

∇⃗ · u⃗ = 0. (2.5)

Suppose there exists some reference state wherein the density, ρ0, is constant and the
hydrostatic pressure is ∇⃗p0 = ρ0g⃗. Then we can write ρ(x⃗, t) = ρ0 + ρE(x⃗, t) where ρE is
the excess density and p(x⃗) = p0(z) + pE(x⃗). Substituting into equation 2.1, subtracting
off the reference state, and dividing by ρ0 yields(

1 +
ρE
ρ0

)
u⃗t +∇ · (u⃗ T u⃗) = − 1

ρ0
∇pE +

ρE
ρ0
g⃗ + ν∇2u⃗ (2.6)

Since ρE/ρ0 ≪ 1 for small density variations, this reduces to

u⃗t +∇ · (u⃗ T u⃗) = − 1

ρ0
∇pE +

ρE
ρ0
g⃗ + ν∇2u⃗. (2.7)

(2.8)

For flows in which compressibility effects matter, the Boussinesq approximation cannot
be applied. The Mach number, which describes the ratio of inertial to compressibility
forces, is given by M = U/c where U is the characteristic velocity of a flow and c is the
speed of sound in the fluid medium. For M < 0.3, compressibility effects are negligible
[52]. In water, attainable flow speeds are much less than the speed of sound, and so the
incompressibility assumption is quite good. Further, so long as the vertical scale of the
flow, L, satisfies the condition L≪ c2/g, one need not consider compressibility effects due
to hydrostatic pressure variations causing large density changes.
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To summarize, under the Boussinesq approximation, the governing equations are

u⃗t +∇ · (u⃗ T u⃗) = − 1

ρ0
∇p+ ρE

ρ0
g⃗ + ν∇2u⃗, (2.9)

∇ · u⃗ = 0, (2.10)

DρE
Dt

= κρ∇2ρE θt +∇ · (u⃗θ) = κ∇2θ + F (θ). (2.11)

Note that we drop the subscript on the pressure term.

The numerical simulations presented later in this thesis are produced using the SPINS
(Spectral Parallel Incompressible Navier–Stokes Solver) model [88] which solves the Navier-
Stokes equations under the Boussinesq approximation and the ADR equation given above.

Herein, a scalar tracer undergoing a reaction and evolving according to equation 2.11
will be referred to as a reactive tracer. The term passive tracer will be used to refer
to non-reactive, F (θ) = 0, tracers. Both the reactive and passive tracers are passive in
the fluid dynamical sense, meaning they do not affect the fluid flow. Reactive tracers
are an important component in biophysical models describing ecosystem dynamics, which
generally include components evolved by growth and interaction terms [11, 15, 36, 48, 77].

There are a number of forms for the reaction term that are used repeatedly in varying
contexts. For example, the logistic equation, αθ(1−θ/K), is a popular choice for modelling
population growth because it captures the concept of self-limitation [101, 99]. The model
allows a population to grow with a maximum rate of α up to a value of K, the carrying
capacity of the environment. Accounting for the saturation of resources within an envi-
ronment is a clear improvement upon linear models, which allow for unlimited exponential
growth. For this reason, reaction terms are non-linear more often than not. Fisher’s equa-
tion [62], F (θ) = θ(1−θ), will be used as an illustrative example herein, but the procedure
presented in what follows can be used to treat any reaction term expressed as (or approxi-
mated by) a polynomial. Fisher’s equation provides a simple, non-linear reaction function
and takes the same form as the logistic equation with α and K set to one.

As we will see in section 2.4.2, polynomial reaction functions are fairly straightforward
to analyze despite being non-linear. Non-polynomial functions that are infinitely differen-
tiable at a point a can be expressed as a Taylor series. Without loss of generality, we can
take a = 0 and write

F (θ) =
∞∑
n=0

F (n)(0)

n!
θn (2.12)
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so that F (θ) is locally represented by a polynomial. If we truncate the polynomial at some
n = N , then if F (θ) is N + 1 times differentiable on the interval (0, θ) and F (N)(θ) is
continuous on [0, θ] we can use Taylor’s Theorem to express the difference between F (θ)
and its degree N Taylor polynomial as a remainder

RN(θ) = F (θ)− PN(θ) =
F (N+1)(ξ)

(N + 1)!
θN+1 (2.13)

where ξ ∈ (0, θ). By placing a restriction on the size of the remainder, one can select an
appropriate degree for the Taylor polynomial.

2.2 Non-Dimensionalization

Consider the one-dimensional Navier-Stokes momentum equation and let u = U ũ, z = Lz̃,
t = τ t̃, and p = P p̃ where tildes denote dimensionless variables. Substituting and dropping
the tildes yields the following

U
τ
ut +

U2

L
uuz = − P

ρ0L
pz +

ρE
ρ0
Gĝ +

νU
L2
uzz, (2.14)

ut +
Uτ
L
uuz = − Pτ

ρ0UL
pz +

ρE
ρ0

GL

U2
ĝ +

ντ

L2
uzz, (2.15)

ut + uuz = −pz +
ρE
ρ0

1

Fr2
ĝ +

1

Re
uzz, (2.16)

τ =
L

U
, P = ρ0U2, F r =

U√
GL

, Re =
UL
ν

(2.17)

where Fr is the Froude number, the square root of the ratio of inertial to gravitational
forces, and Re is the Reynolds number defining the ratio of inertial to viscous forces.

In equation 2.11, we take θ to be a dimensionless quantity, though it will often be
referred to as a (dimensionless) concentration is what follows for the sake of conceptualiza-
tion. The reaction term is required to have units of time−1. So, we add a rate parameter to
Fisher’s equation, F (θ) = αθ(1− θ), with units [α] = 1/(time) to satisfy the requirement.
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Once again let u = U ũ, z = Lz̃, and t = τ t̃. Substituting and dropping the tildes yields

1

τ
θt +

U
L
uθz =

κ

L2
θzz + αθ(1− θ), (2.18)

θt +
Uτ
L
uθz =

κτ

L2
θzz + ατθ(1− θ). (2.19)

We choose to set τ = L
U
to retain a timescale consistent with that from the non-dimensionalization

of the Navier-Stokes momentum equation. Substituting and simplifying we get

θt + uθz =
κ

UL
θzz +

αL

U
θ(1− θ), (2.20)

θt + uθz =
1

Sc ·Re
θzz +Da · θ(1− θ), (2.21)

Sc = ν/κ, Da =
αL

U
, (2.22)

where Sc is the Schmidt number, the ratio of momentum to mass diffusivity, and Da is the
Damköhler number which gives the ratio of the reactive (α) to advective (1/τ) timescales.
Note that the definition of the Damköhler number depends on the context in which it is
used and that we have made a choice as to how to formulate it. The characteristic length,
time, and velocity scales will depend on the numerical simulation being considered and
will be discussed in chapter 3.

2.3 Notation and Vocabulary

We will be considering how Reynolds averaging and the spatial filtering used to derive
the equations for LES (referred to as LES filtering from this point onwards) affect the
form of equation 2.11, paying particular attention to the reaction term. As will be shown
in sections 2.4 and 2.5 the two methods produce similar equations and unknowns. It is
therefore important to outline the fundamental differences between the two approaches,
and to keep these differences in mind throughout the rest of this chapter.

Reynolds averaging consists of taking the average over an ensemble and will be denoted
with an overbar. The differences between each ensemble member and the ensemble average
are defined as fluctuations. Applying a Reynolds decomposition to an ensemble member
consists of expressing it as the sum of a slowly varying mean part (the ensemble average)
and fluctuations about the mean. As an example, the horizontal velocity component of a
fluid can be expressed as u(x⃗, t) = U(x⃗, t) + u′(x⃗, t) where U(x⃗, t) = u(x⃗, t) is the mean
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and u′(x⃗, t) = u(x⃗, t) − U(x⃗, t) captures the fluctuations with u′(x⃗, t) = 0. Throughout
this thesis, capitalized variables will correspond to mean values and primes will denote
fluctuations (except when used in the filtered equations).

Where Reynolds averaging requires an ensemble of data, the spatial filtering associated
with LES only requires one ensemble member. LES filtering a physical quantity removes
all sub-filter-scale features leaving only the resolved data. Grid resolution determines what
is resolved in a numerical simulation and what is ignored. Similarly, the length scale
associated with an LES filter determines which features in a dataset are retained. Angled
brackets will be used to denote filtered quantities, ⟨u(x⃗, t)⟩ and sub-filter-scale quantities
will be denoted with primes, u′(x⃗, t) = u(x⃗, t)− ⟨u(x⃗, t)⟩.

Filtering can be thought of as taking a running mean in space, with the filter scale
setting the distance over which the average is taken. This inevitably smooths (smears)
the features observed in a single simulation. A Reynolds average can be interpreted as
a single spatial point average, since it does not introduce any interdependence between
values at different spatial points. Rather, the Reynolds average at a spatial point is simply
the average of the values of the ensemble members at that same point.

2.4 Reynolds Averaging

2.4.1 Reynolds Averaging the Governing Equations

We begin by decomposing the velocity field into a slowly varying mean part, U⃗ , and a
rapidly fluctuating part, u⃗ ′, so that u⃗ = U⃗ + u⃗ ′ with u⃗ = U⃗ and u⃗ ′ = 0. Similarly, for
the pressure and excess density we have p = P + p′ and ρE = PE + ρ′E. Substituting
the Reynolds decompositions into equation 2.9 and then Reynolds averaging yields the
Reynolds averaged momentum equation,

U⃗t +∇ · (U⃗ T U⃗) = − 1

ρ0
∇P +

PE

ρ0
g⃗ + ν∇2U⃗ −∇ · u⃗ ′T u⃗ ′. (2.23)

The Reynolds stress tensor describes the effects of the fluctuations on the mean flow and
is defined as Rij = u′iu

′
j. Note that here we are assuming u⃗ is a row vector.

The procedure can be applied to equation 2.11 by applying a Reynolds decomposition
to the tracer field, θ = Θ+ θ′. Following the same procedure, the Reynolds averaged ADR
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equation is

Θt +∇ · (U⃗Θ) = κ∇2Θ+ F (Θ + θ′)−∇ · u⃗ ′θ′, (2.24)

where u⃗′θ′ is the eddy flux, representing the transport of tracer fluctuations by fluctuations
in the velocity field. The treatment of the F (Θ + θ′) term will be considered in section 2.4.2.

2.4.2 Reynolds Averaging F (θ)

Consider a polynomial reaction function of degree N . We want to rewrite each term,
θn with n ≤ N , in a way that allows us to separate the effects due to the mean tracer
field, those due to fluctuations, and those due to interactions of the two. By substituting
θ = Θ+ θ′, the reactions can be binned as follows

θn = (Θ + θ′)n (2.25)

=
∑

α1+α2=n; α1,α2≥0

(
n

α1, α2

)
Θα1(θ′)α2 (2.26)

= Θn +
∑

α1+α2=n; α1>0 α2>1

(
n

α1, α2

)
Θα1(θ′)α2

︸ ︷︷ ︸
In

+(θ′)n︸︷︷︸
Sn

. (2.27)

The scalar quantity In represents the interactions between the mean tracer field and the
fluctuations. Correlations between the fluctuations are quantified through Sn with S2 being
the scalar variance of the tracer. Note that In = 0 for n < 3 and Sn = 0 for n < 2 since
θ′ = 0 and a constant function (n = 0) does not have a fluctuating part.

The Reynolds averaged reaction term can be written as

F (θ) ≈
N∑

n=0

F (n)(0)

n!
Θn +

N∑
n=3

F (n)(0)

n!
In +

N∑
n=2

F (n)(0)

n!
Sn. (2.28)

Note that this expression can be used to treat both polynomial reaction functions and
Taylor polynomial approximations of degree N taken around θ = 0. The expression can be
modified for Taylor polynomials taken around a point θ = a by evaluating the coefficients
at a (rather than at zero as is written above) and substituting (Θ−a) anywhere Θ appears.

If one wanted to find an evolution equation for the fluctuations, the reaction term would
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take the following form

F (θ)′ = F (θ)− F (θ) =
N∑

n=0

F (n)(0)

n!
(θn −Θn)−

N∑
n=3

F (n)(0)

n!
In −

N∑
n=2

F (n)(0)

n!
Sn. (2.29)

For Fisher’s equation, the Reynolds averaged and fluctuation reaction terms can be
expressed as follows

F (θ) = Θ(1−Θ)− (θ′)2, (2.30)

F (θ)′ = θ′(1− θ′) + (θ′)2 − 2Θθ′. (2.31)

The scalar variance, S2 = (θ′)2, is strictly non-negative and therefore acts as a sink in the
Reynolds averaged equation and a source in the fluctuation equation.

If the tracer in question must have non-negative values everywhere in its domain (con-
centration, population, etc.), then its mean must also be non-negative. However, there is
no such restriction on the fluctuations, the signs of which depend on the spatial distribution
of each ensemble member relative to the mean. Fluctuations will be negative (positive)
anywhere an ensemble member has less (more) tracer than the mean. At these locations,
the sign of −2Θθ′ is opposite that of θ′ and so this term drives the fluctuations towards 0.
However, it must compete with F (θ′) which drives θ′ → 1 if θ′ > 0 and θ′ → −∞ if θ′ < 0
as well as S2 which drives θ′ → ∞.

The Reynolds averaged ADR (RAADR) equation is

Θt +∇ · (u⃗Θ) = κ∇2Θ+Θ(1−Θ)− (θ′)2 −∇ · u⃗ ′θ′, (2.32)

and the ADR equation describing the evolution of the fluctuations is

θ′t +∇ · (U⃗θ′ + u⃗ ′Θ) +∇ · (u⃗ ′θ′ − u⃗ ′θ′) = κ∇2θ′ + θ′(1− θ′) + (θ′)2 − 2Θθ′. (2.33)

We note that the equation for the fluctuations is often multiplied by θ′ and averaged to
produce an equation for the scalar variance [109]. However, with Fisher’s equation as the
reaction term, this would result in triple correlations of the form (θ′)3, posing another
closure problem. Since our numerical simulations provide sufficient data and resolution to
treat the fluctuations directly, we consider an equation for the fluctuations.
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2.5 Spatial Filtering for LES

We denote spatial filtering with angled brackets, ⟨θ⟩, and the sub-filter-scale quantities
with primes, θ′. Filtering is applied by taking the convolution of a quantity with a filter
function, G(x⃗)

⟨θ(x⃗, t)⟩ =
∫∫∫ ∞

−∞
G(x⃗− s⃗)θ(s⃗)ds⃗. (2.34)

By taking the Fourier transform of a filter in physical space, we can define an equivalent
filter in spectral space

Ĝ(k⃗) =

∫∫∫ ∞

−∞
exp(i⃗k · x⃗)G(x⃗)dx⃗. (2.35)

Wavenumbers are denoted k⃗ = (k, l,m). Filtering in spectral space is advantageous for
a number of reasons. For one, filtering in spectral space consists of simply performing
multiplication

⟨θ̂(k⃗, t)⟩ = θ̂(k⃗, t)Ĝ(k⃗). (2.36)

From a conceptual standpoint, considering a dataset in terms of its spatial frequencies
makes it easier to understand the relevant active length scales. It also makes it easier
to cleanly separate a dataset into low frequency (resolved) and high frequency (sub-filter-
scale) parts. Low-pass filters which employ a hard cutoff allow for a perfect separation and
take the form

Ĝ(k⃗) =

{
1, |ki| < kcuti

0, |ki| ≥ kcuti

(2.37)

where kcuti is the wavenumber cutoff [109]. Since wavenumbers are inversely proportional
to wavelengths, a low-pass filter only retains features with wavelengths larger than that
corresponding to the wavenumber cutoff.

Fourier transforms allow us to express a periodic quantity in spectral space through its
Fourier series.

θ(x⃗, t) =
n=∞∑
n=−∞

θ̂(k⃗n, t) exp(i⃗kn · x⃗) (2.38)
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where θ̂(k⃗n, t) is a coefficient that needs to be solved for. For a triply-periodic variable we
have

θ̂(k⃗n, t) =
1

PxPyPz

∫ Px/2

−Px/2

∫ Py/2

−Py/2

∫ Pz/2

−Pz/2

θ(x⃗, t) exp(−i⃗kn · x⃗)dx⃗ (2.39)

where Px is the period in x, kn = 2πn/Px, and similarly for y and l, and z and m.

When we apply a spectral filter to the Fourier series we get

n=∞∑
n=−∞

Ĝ(k⃗n)θ̂(k⃗n, t) exp(i⃗kn · x⃗). (2.40)

For a low-pass filter with wave-cutoff k⃗cut = (kQ, lR,mS) this simplifies to

q=Q∑
q=−Q

r=R∑
r=−R

s=S∑
s=−S

θ̂((kq, lr,ms), t) exp(i(kq, lr,ms) · x⃗). (2.41)

so that we have effectively truncated the series and only the large-scale components remain.

2.5.1 Filtering the Governing Equations

When a spatial filter is applied to a physical quantity, whatever is removed by the filter
constitutes the sub-filter-scale (sfs) part of the quantity. We will denote resolved com-
ponents with angled brackets and sfs components with primes. For a velocity field, we
have u⃗′ = u⃗ − ⟨u⃗⟩. Rearranging, we can decompose the velocity field in terms of the two
components so that u⃗ = ⟨u⃗⟩ + u⃗′. This looks similar in form to a Reynolds decomposi-
tion. In both cases, we are taking physical quantities to be the sum of some known (mean
or resolved) component and an unknown (fluctuation or sfs) component. Note that while
U = U for Reynolds averaging, the relationship between ⟨⟨u⃗⟩⟩ and ⟨u⃗⟩ depends on the form
of the spatial filter used. The order of operations for deriving the filtered Navier-Stokes
equations is not the same as that for obtaining the RANS equations. We do not substitute
u⃗ = ⟨u⃗⟩ + u⃗′ into equation 2.9. Instead, we apply the filter to the equation directly. Note
that the filtering operation commutes with differentiation.
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⟨u⃗⟩t +∇ · ⟨u⃗ T u⃗⟩ = −1

ρ
∇⟨p⟩+ ⟨ρE⟩

ρ0
g⃗ + ν∇2⟨u⃗⟩ (2.42)

⟨u⃗⟩t +∇ · (⟨u⃗⟩T ⟨u⃗⟩) = −1

ρ
∇⟨p⟩+ ⟨ρE⟩

ρ0
g⃗ + ν∇2⟨u⃗⟩ − ∇ · (⟨u⃗ T u⃗⟩ − ⟨u⃗⟩T ⟨u⃗⟩) (2.43)

The second term on the LHS is the result of adding and subtracting ∇· ⟨u⃗⟩T ⟨u⃗⟩. By doing
so, we have recovered the form of the NS equations in terms of only the resolved velocity.
However, we have also introduced the residual stress tensor τLES

ij = ⟨u⃗ T u⃗⟩ − ⟨u⃗⟩T ⟨u⃗⟩. We
can rewrite the tensor by substituting u⃗ = ⟨u⃗⟩+ u⃗ ′ as follows

τLES
ij = ⟨(⟨ui⟩+ u′i)(⟨uj⟩+ u′j)⟩ − ⟨ui⟩⟨uj⟩ (2.44)

τLES
ij = ⟨⟨ui⟩⟨uj⟩⟩ − ⟨ui⟩⟨uj⟩︸ ︷︷ ︸

Lij

+ ⟨⟨ui⟩u′j + u′i⟨uj⟩⟩︸ ︷︷ ︸
Cij

+ ⟨u′iu′j⟩︸ ︷︷ ︸
Rij

(2.45)

τLES
ij = Lij + Cij +Rij (2.46)

Using the substitution allows us to re-express the residual stress tensor in terms of three
sub-tensors. The resolved interactions are grouped into Lij, termed the Leonard tensor or
sub-grid stress tensor. The sub-filter scale interactions are contained in Rij, the Reynolds
stress-like tensor (not to be confused with the Reynolds stress tensor from the RANS
equations). The cross-scale interactions are grouped in the Clark tensor, Cij.

The filtered incompressible Navier-Stokes equations are

⟨u⃗⟩t +∇ · (⟨u⃗⟩T ⟨u⃗⟩) = −1

ρ
∇⟨p⟩+ ⟨ρE⟩

ρ0
g⃗ + ν∇2⟨u⃗⟩ − ∇ · τLES (2.47)

∇ · ⟨u⃗⟩ = 0 (2.48)

Let us now perform the same procedure on the ADR equation for the reactive tracer 2.11.

⟨θ⟩t +∇ · ⟨u⃗θ⟩ = κ∇2⟨θ⟩+ ⟨F (θ)⟩ (2.49)

⟨θ⟩t +∇ · ⟨u⃗θ⟩ − ∇ · (⟨u⃗⟩⟨θ⟩) +∇ · (⟨u⃗⟩⟨θ⟩) = κ∇2⟨θ⟩+ ⟨F (θ)⟩ (2.50)

⟨θ⟩t +∇ · (⟨u⃗⟩⟨θ⟩) = κ∇2⟨θ⟩ − ∇ · (⟨u⃗θ⟩ − ⟨u⃗⟩⟨θ⟩) + ⟨F (θ)⟩
(2.51)

Note that we added and subtracted∇·(⟨u⃗⟩⟨θ⟩) to obtain an ADR equation of the same form
but in terms of resolved quantities. The non-linearity of the advection term introduces a
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sfs flux term that we define as f⃗A = ⟨u⃗θ⟩ − ⟨u⃗⟩⟨θ⟩. Substituting the decompositions

u⃗ = ⟨u⃗⟩+ u⃗ ′ and θ = ⟨θ⟩+ θ′, we can reformulate f⃗A as follows

f⃗A = ⟨u⃗θ⟩ − ⟨u⃗⟩⟨θ⟩ (2.52)

= ⟨(⟨u⃗⟩+ u⃗ ′)(⟨θ⟩+ θ′)− ⟨u⃗⟩⟨θ⟩ (2.53)

= ⟨⟨u⃗⟩⟨θ⟩⟩ − ⟨u⃗⟩⟨θ⟩︸ ︷︷ ︸
L⃗A

+ ⟨⟨u⃗⟩θ′ + u⃗ ′⟨θ⟩⟩︸ ︷︷ ︸
C⃗A

+ ⟨u⃗ ′θ′⟩︸ ︷︷ ︸
R⃗A

(2.54)

Note that the A superscripts indicate that these are advective terms. The expression for
f⃗A is similar in form to that for the residual stress tensor. The L⃗A component contains the
sfs portion of the transport of the resolved part of the tracer, ⟨θ⟩, by the resolved velocity

field, ⟨u⃗⟩. The other components, C⃗A and R⃗A, represent the cross-scale and sub-filter scale
interactions, respectively. The filtered ADR equation can thus be written as follows

⟨θ⟩t +∇ · (⟨u⃗⟩⟨θ⟩) = κ∇2⟨θ⟩ − ∇ · f⃗A + ⟨F (θ)⟩. (2.55)

The treatment of ⟨F (θ)⟩ will be discussed in section 2.5.2

2.5.2 Filtering F (θ)

When filtering a degree N polynomial, we can filter each term individually so that

⟨F (θ)⟩ =

〈
N∑

n=0

F (n)(0)

n!
θn

〉
=

N∑
n=0

F (n)(0)

n!
⟨θn⟩ . (2.56)
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For consistency, we wish to express ⟨θn⟩ in terms of a decomposition with the same form
as those for the residual stress tensor and sfs flux term. Consider the following

⟨θn⟩ = ⟨(⟨θ⟩+ θ′)n⟩, (2.57)

=
∑

α2+α2=n; α1,α2≥0

(
n

α1, α2

)
⟨⟨θ⟩α1(θ′)α2⟩, (2.58)

=
∑

α2+α2=n; α1,α2>0

(
n

α1, α2

)
⟨⟨θ⟩α1(θ′)α2⟩+ ⟨⟨θ⟩n⟩+ ⟨(θ′)n⟩, (2.59)

= ⟨θ⟩n + ⟨⟨θ⟩n⟩ − ⟨θ⟩n︸ ︷︷ ︸
LR
n

+
∑

α2+α2=n; α1,α2>0

(
n

α1, α2

)
⟨⟨θ⟩α1(θ′)α2⟩︸ ︷︷ ︸

CR
n

+ ⟨(θ′)n⟩︸ ︷︷ ︸
RR

n

. (2.60)

We define scalar quantities LR
n , C

R
n , and R

R
n to describe the resolved scale, cross-scale, and

sub-filter scale portions of this expression. The R superscript identifies them as contribu-
tions to the reaction term. Let fR

n = LR
n +CR

n +RR
n so that we have defined a sfs reaction

term with a form analogous to that of the sfs fluxes. Note that fR
n is zero for n < 2.

Using fR
n , we can express a degree N polynomial reaction function as

⟨F (θ)⟩ =
N∑

n=0

F (n)(0)

n!
⟨θn⟩ =

N∑
n=0

F (n)(0)

n!
⟨θ⟩n +

N∑
n=2

F (n)(0)

n!
fR
n . (2.61)

For Fisher’s equation, F (θ) = θ(1− θ), the filtered reaction term is

⟨F (θ)⟩ = ⟨θ⟩ − ⟨θ2⟩ = ⟨θ⟩ − ⟨θ⟩2︸ ︷︷ ︸
F (⟨θ⟩)

− (⟨⟨θ⟩2⟩ − ⟨θ⟩2)︸ ︷︷ ︸
LR
2

− 2⟨⟨θ⟩θ′⟩︸ ︷︷ ︸
CR

2

−⟨(θ′)2⟩︸ ︷︷ ︸
RR

2

. (2.62)

The RR
2 term acts as a sink in the filtered reaction equation similarly to how the fluctuations

formed a sink in the Reynolds averaged reaction. The contributions of the LR
2 and CR

2 terms
are not as straightforward to interpret.

To summarize, the filtered ADR equation with Fisher’s equation describing the reaction
is

⟨θ⟩t +∇ · (⟨u⃗⟩⟨θ⟩) = κ∇2⟨θ⟩+ ⟨θ⟩(1− ⟨θ⟩)−∇ · f⃗A − fR (2.63)
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2.6 Summary of Equations

For the reader’s convenience and for ease of comparison, the Reynolds averaged and fil-
tered governing equations are summarized in this section. The RANS equations under the
Boussinesq approximation are

U⃗t +∇ · (U⃗ T U⃗) = − 1

ρ0
∇P +

PE

ρ0
g⃗ + ν∇2U⃗ −∇ ·R, (2.64)

∇ · U⃗ = 0. (2.65)

The Reynolds averaged energy equation is

DPE

Dt
= κρ∇2PE, (2.66)

and the Reynolds averaged ADR equation with Fisher’s equation as the reaction is

Θt +∇ · (U⃗Θ) = κ∇2Θ−∇ · u⃗ ′θ′ +Θ(1−Θ)− (θ′)2. (2.67)

The filtered incompressible Navier-Stokes equations under the Boussinesq approximation
are

⟨u⃗⟩t +∇ · (⟨u⃗ T ⟩⟨u⃗⟩) = −1

ρ
∇⟨p⟩+ ⟨ρE⟩

ρ0
g⃗ + ν∇2⟨u⃗⟩ − ∇ · τLES, (2.68)

∇ · ⟨u⃗⟩ = 0. (2.69)

The filtered energy equation is

D⟨ρE⟩
Dt

= κρ∇2⟨ρE⟩ (2.70)

and the filtered ADR equation with Fisher’s equation as the reaction is

⟨θ⟩t+∇ · (⟨u⃗⟩⟨θ⟩) = κ∇2⟨θ⟩+ ⟨θ⟩(1− ⟨θ⟩)−∇ · f⃗A − fR, (2.71)

f⃗A = (⟨⟨u⃗⟩⟨θ⟩⟩ − ⟨u⃗⟩⟨θ⟩) + ⟨⟨u⃗⟩θ′ + u⃗ ′⟨θ⟩⟩+ ⟨u⃗ ′θ′⟩, (2.72)

fR = (⟨⟨θ⟩2⟩ − ⟨θ⟩2) + 2⟨⟨θ⟩θ′⟩+ ⟨(θ′)2⟩. (2.73)

Filtering the governing equations produces more complex expressions for the unknown
terms (in the sense that there are more components to account for) than Reynolds aver-
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aging. Based on this fact alone, one might be tempted to hypothesize that LES provides
a weaker representation of a reactive tracer evolving in a turbulent flow. However, this is
not necessarily true, as the two methods are conceptually quite different. This discussion
point will be revisited throughout what follows.
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Chapter 3

Numerical Methods

This chapter presents the numerical methods used to generate and analyze the data con-
sidered in Chapters 4, 5 and 6. Section 3.1 discusses the relationship between spatial
filtering and the effective resolution of a simulation, in addition to briefly addressing
some of the challenges posed by aliasing. In Section 3.2, the Spectral Incompressible
Navier Stokes Solver is introduced. The model is later used to generate the ensemble of
50 two-dimensional Rayleigh-Taylor instabilities (see Section 5.1) and a high-resolution
three-dimensional Rayleigh-Taylor simulation (see Section 6.2.1). The solver presented in
Section 3.3 is used to generate the toy model results presented in Chapter 4 and Section 6.1.

3.1 Filtering in Spectral Space, Resolution, and Alias-

ing

For computational convenience, all spatial filtering was performed in spectral space. Recall
that the filtering operation as defined in Chapter 2 involved a convolution in physical space.
By filtering in spectral space, we eliminate the need for numerical integration and instead
use multiplication alongside the fast Fourier transform, well-known for its efficiency.

The resolution of a numerical simulation determines the smallest wavelength (largest
wavenumber) that can be resolved. To resolve a wave with wavelength λ and wavenumber
k = 2π/λ the distance between grid points cannot exceed λ/2 [95]. The wavenumbers that
can be resolved on a grid with spacing dx lie in the interval [−knyq, knyq] where knyq = π/dx
is the Nyquist frequency. Each wavenumber, k, within this interval has infinitely many
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aliases given by k̃ = k + 2πm/dx where m is an integer. For two functions to be aliases of
one another, they must have the same value at each grid point.

Applying low-pass spatial filtering with a cutoff wavenumber, kcut < knyq enlarges the
smallest wavelength that can be resolved. The reduced resolution associated with the cutoff
wavenumber is ∆ = π/kcut where ∆ > dx. Suppose you ran a simulation with resolution
dx = L/N (with L being the width of the domain and N the number of grid points) and
want to know what information you would lose should the grid spacing increase by an
order of magnitude. Then the appropriate cutoff for your a priori LES analysis can be
determined by setting ∆x = 10dx and solving for kcut = π/∆x. However, it is important to
note that if you were to compare data from a low-resolution simulation with data from a
high-resolution simulation that had been low-pass filtered to a resolution equivalent to that
of the low-resolution data there may still be differences. In part, these differences could be
due to aliasing errors that might accumulate in the low-resolution data more readily than
in the high-resolution data.

If u(x) is a smooth function with a bounded first derivative and v(x) is its representation
on the discrete grid, vj = u(xj), then from the aliasing theorem the error is [95]

v̂(k)− û(k) =
∞∑

j=−∞,j ̸=0

û

(
k +

2πj

dx

)
. (3.1)

In a low resolution simulation, the spectral power associated with unresolvable wavenum-
bers is attributed (erroneously) to their resolvable aliases (de-aliasing techniques may mit-
igate these errors). Under low-pass filtering, the spectral power contained in wavenumbers
greater than kcut is removed from the system entirely. The generation of high wavenumbers
results from non-linear terms in the governing equations. Therefore, even simulations with
initial conditions containing only resolvable wavenumbers will eventually develop unresolv-
able wavenumbers.

The spectral power of smoother functions is concentrated around lower wavenumbers.
Therefore, aliasing errors are reduced for smoother functions. When simulating physical
distributions with spectral or pseudospectral methods, the stability of the scheme relies
upon the distributions remaining sufficiently smooth. Diffusion and viscosity play impor-
tant roles in maintaining the stability of such schemes, and in practice large diffusivity and
viscosity values may be used to compensate for coarse grid resolution. More details are
provided in section 4.2. In general, even the orders of magnitude of viscosity values taken
from various parameterizations differ between studies. See [103, 9, 26] for examples of how
viscosity parametrizations might be implemented.

28



3.2 SPINS

The pseudospectral model SPINS was used to perform direct numerical simulations of
the Rayleigh-Taylor instability. The model uses third-order accurate, variable time step
Adams-Bashforth time-stepping and has spectral accuracy in space. When compared to
lower order finite difference or volume schemes with the same resolution, numerical errors
are much smaller [95]. Further, the numerical dispersion and diffusion errors often found in
classical lower order methods are absent from spectral methods. The SPINS code has been
extensively validated against linear theory (e.g., growth rate for shear instability and inter-
nal wave generation [88]), existing numerical methods (e.g., in the context of dipole–wall
collisions [88]), exact solutions (e.g., for the propagation of exact internal solitary waves
[40]), and experimental data (e.g., cross-boundary layer transport due to shoaling mode 2
internal waves [23]).

SPINS solves the Navier-Stokes equations under the Boussinesq approximation and a
scalar transport equation for density.

u⃗t +∇ · (u⃗ T u⃗) = − 1

ρ0
∇p+ ρE

ρ0
g⃗ + ν∇2u⃗, (3.2)

∇ · u⃗ = 0, (3.3)

ρt + u⃗ · ∇ρ = κρ∇2ρ. (3.4)

Here u⃗ is the velocity field, p is the pressure, ρ0 = 1000 kg/m3 is the reference density,
ρE = ρ−ρ0 is the excess density, and g⃗ = 9.81 m/s2 ẑ is the gravitational acceleration. The
viscosity of water is ν = 1×10−6 and the diffusivity of density is taken to be κρ = 1×10−6

so that Pr = ν/κρ = 1.

In this work, SPINS is extended to solve a scalar transport equation for a reactive
tracer

θt +∇ · (u⃗θ) = κ∇2θ + F (θ) (3.5)

where θ is a dimensionless reactive tracer concentration and F (θ) = αθ(1−θ) tanh(θ/0.001)
with α = 0.1. We take κ = 1× 10−6 so that ν/κ = 1. The reaction term is a modification
of Fisher’s equation, chosen because it is both simple and non-linear. The multiplication
by a hyperbolic tangent ensures that if any oscillations around θ = 0 develop due to the
numerical scheme, any points with θ < 0 will be pushed back to θ = 0.

SPINS minimizes numerical errors due to unresolved scales and aliasing through the
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implementation of an exponential filter [14]. The filter takes the form

ĜSPINS(k) =

1, if |k| ≤ kcut

exp

(
−α
(

|k|−kcut
knyq−kcut

)β)
, otherwise

(3.6)

for each component of k⃗. The filter has parameters kcut, α (filter strength at knyq), and β
(falloff order after kcut) with default values kcut = 0.6knyq, α = 2, β = 20 [88]. The filter is
applied to all velocity components and all tracers at each time step. In Chapter 6, we will
consider the implications of various filter choices and touch upon the SPINS filter in the
discussion.

In Chapter 5, SPINS is used to generate an ensemble of two-dimensional simulations.
The simulations are initialized with an unstable density stratification so that RT instabili-
ties develop. Reactive and passive tracers are evolved through the scalar transport equation
above, with F (θ) = 0 for the passive tracer. More details are provided in section 5.1. In
Chapter 6, the two-dimensional setup is extended and a three-dimensional RT simulation
is run with reactive and passive tracers. Details can be found in section 6.2.1.

3.3 Explicit-Implicit Euler’s Method Solver in Fourier

Space

Throughout this thesis, toy models are used to illustrate important concepts in a controlled
manner. These models have prescribed velocity fields, so only the ADR equation for θ needs
to be solved. The numerical method we use to do so treats the advection and reaction terms
explicitly and handles diffusion implicitly. Equation 2.11 is solved using a discretization in
Fourier space and the solution is transformed back into physical space at each timestep.

The update equation is obtained as follows. First, we take the Fourier transform of
equation 2.11, denoted by tildes. Note that we only use this method in at most two
dimensions (the x− z plane).

θt +∇ · u⃗θ = κ∇2θ + F (θ), (3.7)

θ̃t + i(k,m) · ˜⃗uθ = −κ(k2 +m2)θ̃ + F̃ (θ). (3.8)

Discretizing in time and treating the advection and reaction terms implicitly and the
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diffusion term explicitly yields

θ̃n+1 − θ̃n

∆t
+ ikũθn + imw̃θn = −κ(k2 +m2)θ̃n+1 + F̃ (θn), (3.9)

θ̃n+1 − θ̃n

∆t
+ κ(k2 +m2)θ̃n+1 = −ikũθn − imw̃θn + F̃ (θn), (3.10)

(1 + ∆tκ(k2 +m2))θ̃n+1 = θ̃n +∆t(−ikũθn − imw̃θn + F̃ (θn)), (3.11)

θ̃n+1 =
1

1 + ∆tκ(k2 +m2)

(
θ̃n +∆t(−ikũθn − imw̃θn + F̃ (θn))

)
. (3.12)

To recover the solution in physical space, we simply take the inverse fast Fourier transform.

To consider the stability of the numerical scheme, let us reduce the system to one
dimension, assume u to be constant, assume F (θ) = 0, and take the norm of both sides.

|θ̃n+1| =
√
1 + ∆t2k2u2

1 + ∆tκk2
|θ̃n| (3.13)

The relative sizes of ∆t, u, and κ govern the stability of the numerical scheme. The
timestep, ∆t must be chosen such that the amplification factor on the right-hand side
is less than one. Small diffusivity values can lead to instability, especially if paired with
relatively large velocities. The addition of a non-zero reaction term would inevitably affect
the stability as well. For Fisher’s equation with θ ∈ [0, 1], F (θ) = θ(1 − θ) ≥ 0 so the
reaction term increases the magnitude of the right-hand side.

Euler’s method is well-known to be a first order method and prone to stability issues. In
our toy models, values of κ, ∆t, and u were selected with this in mind. Concerns over using
such a low order method for our toy models are valid, though in practice unnecessary since
the toy models were re-run using Strang Splitting and Heun’s method for the reaction term.
In the one-dimensional model presented in section 4.2, the maximum difference (among all
simulations considered) between the reactive tracer profiles from either method was found
to be O(10−7).

In the two-dimensional simulations presented in section 6.1.1, the order of magni-
tude of the maximum difference between the reactive tracer distributions depends on the
Damköhler number. For Da ∼ O(0.1) and Da ∼ O(1) the maximum differences are
O(10−6) and O(10−5) respectively. In these two cases, the differences reach a maximum
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value early in the simulation and then continuously decrease. For Da ∼ O(10) the order of
magnitude of the maximum difference jumps up to O(10−3) and the error monotonically
increases with time. Note that all these runs used ∆t = 5×10−5 as the time step. Reducing
∆t by an order of magnitude in the Da ∼ O(10) case reduced the maximum difference by
an order of magnitude.

If we were solving a set of equations describing a particular physically meaningful sys-
tem, these differences would be admittedly quite concerning. However, the two-dimensional
toy data is only generated to create a dataset that can be used to illustrate the effect of
spatial filtering. The results from the filtering process are unaffected by errors introduced
by the numerical method. Rather, the resolution is the far more important factor to con-
sider. Figures 3.1 and 3.2 quantify the differences. To the unknowing observer, the spatial
distributions in columns one and two of Figure 3.1 look identical.
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Figure 3.1: Solutions to the system with Da ∼ O(10) using Euler’s method (first column),
Heun’s method with Strang splitting (second column), and the difference (third
column). The difference is taken by subtracting the solution found with Euler’s
method from that found using Heun’s method.
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Figure 3.2: (a) Maximum difference between the Euler and Heun solutions when Da ∼ O(10),
and (b) absolute differences integrated over the domain area.
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Chapter 4

Analytical Treatment of the ADR
Equation

In Chapter 2 we derived Reynolds averaged and filtered ADR equations. Both frameworks
changed the form of the original ADR equation by introducing advection and reaction
terms that would need to be parameterized in a RANS simulation or LES. In this chapter,
we will explore these frameworks from a conceptual standpoint. We will also interpret the
effects of the various terms in the equations through ODE analysis and in spectral space.

The intuition developed in Section 4.1 will be important for the interpretation of the
Reynolds averaged ensemble in Chapter 5. In Section 4.2, the competing effects of advec-
tion, diffusion, and the reaction will be investigated using the reactive tracer distribution
in spectral space. These results are relevant to those in Chapter 6. In Section 4.3, the
Reynolds averaged reaction dynamics and spatially filtered reaction dynamics will be in-
vestigated. The single-spatial point ODE model is not directly helpful in our later analysis,
but understanding how the reaction dynamics change under either framework is important.

4.1 Understanding RANS and LES with Toy Signals

Consider two signals δ1 = sin(x/2) + 0.1 sin(2x) and δ2 = sin(x/2 − π). The signals are
plotted as ensemble members in the top left panel of Figure 4.1. If we consider the resulting
signal under RANS, we get (δ1 + δ2)/2 = 0.1 sin(2x) because the large components of the
two signals are perfectly out of phase and cancel each other out. The mean captures what
is essentially noise in one of the ensemble members. In this (albeit constructed) example,
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Figure 4.1: Result of Reynolds averaging when signals are interpreted as an ensemble versus
the result of LES filtering the individual signals.

the fluctuations capture the lower frequency signal components. RANS is intended to
represent the range of possible outcomes from a large ensemble so it is important to note
that we should not expect good results from an ensemble with only two members.

Suppose we want to instead apply a filter to the two signals as if they were being
processed via a priori LES. Let us choose a low-pass filter with a cutoff value that retains
the low frequency components of the signals but removes the high frequency noise from
δ2. We are left with two signals that resemble the original signals fairly well. If we were to
increase the cutoff wavenumber used by the filter, then it would also be possible to capture
the high frequency component in the blue curve.

Under a priori LES, the resolved part of the signal converges to the actual signal
as the cutoff wavenumber is increased past the largest active wavenumber in the signal.
Under a priori RANS, increasing the size of the ensemble may increase the amount of
information captured by the mean. However, cancellations between ensemble members
dictate whether information ends up in the mean field or in the fluctuations. For highly
variable systems such as turbulent flows, interference between the signals contained in
the ensemble members is not something that can be predicted a priori. Therefore, it
is possible that cancellations between ensemble members result in a large portion of the
dynamics needing to be modelled.
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4.2 Interpreting Dynamics in Spectral Space

LES filtering is often performed in spectral space because this allows high frequency signals
to be isolated and removed. A tracer distribution can be interpreted in terms of signals
of varying frequencies. As a reactive tracer is evolved through the ADR equation, so too
are the frequencies that describe its distribution. In this section, we use toy models to
examine how the frequencies evolve and how the terms that make up the ADR equation
contribute to this evolution.

4.2.1 Non-Linear Reactions Activate Higher Wavenumbers

Consider Fisher’s equation as an ODE with initial condition θ(t = 0, x) = sin(kx) where k
is a constant. Using Euler’s method to discretize the ODE in time we have

θn+1 = θn + dtθn(1− θn). (4.1)

So, after the first update θ becomes

θ(t = dt, x) = sin(kx) + dt(sin(kx)(1− sin(kx)) (4.2)

= (1 + dt) sin(kx)− dt

2
(1− cos(2kx)). (4.3)

Squaring θ introduces the additional active wavenumbers k = 0 (due to the addition of a
constant) and 2k (from the cosine). A wavenumber “cascade” thus occurs as the update
is repeated. A similar effect can be found by plotting the spectral distribution of the
analytical solution versus time.

Note that the term “cascade” is being used in this chapter to draw a parallel between the
activation of higher wavenumbers due to the non-linear reaction and the spectral cascade
induced by turbulence. The mechanisms behind the two processes are very different. In
a turbulent cascade, kinetic energy is continuously being transferred from larger scales
to smaller ones by inviscid processes. When the energy reaches small enough scales, it
is dissipated by molecular viscosity. Turbulent cascades occur in physical space, but are
generally interpreted in spectral space because the power spectral density of kinetic energy
clearly indicates the active length scales. In physical space, the disorder associated with
turbulence makes interpreting the cascade in detail quite difficult.

The cascade induced by the reaction does not depend on physics but rather on the
non-linearity in the reaction term. Figure 4.2 compares the spectral cascades associated
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with four common reaction terms. In the linear case there is simply no observable cascade,
while in the three non-linear cases the cascade is very clear. It is important to note that the
cascades in the non-linear cases require the initial tracer distribution to have a non-uniform
initial spatial structure. The spectral power in each of the non-linear cases remains greatest
for small wavenumbers. From our discretization of θt = θ(1 − θ) we see that there is a
consistent re-injection of spectral power at the initial wavenumber k and a small injection
at wavenumbers 0 and 2k. This is an important point that will be returned to in Chapter 6.
Briefly, if low spatial frequencies dominate, then running simulations that cannot resolve
the highest frequencies is less problematic.

The spectral cascade corresponds to the localized steepening of the tracer distribution
in physical space resulting from the non-linearity of Fisher’s equation. If the initial spatial
distribution has a point, x0, for which θ(x0, t = 0) = 0 and θ(x0 + δx, t = 0) > 0 then
a particularly sharp front will form and be sustained until diffusion catches up with the
reaction (assuming the reaction timescale is faster than that of diffusion). In the absence of
diffusion, the reaction would cause the tracer distribution to develop a jump discontinuity
at x0. Panel (a) of Figure 4.3 shows how the solution of θt = θ(1− θ), θ(t = 0) = sin(2πx)
develops steep valleys over time.

Fourier series converge exponentially fast for functions that are both analytic and peri-
odic, but an n term Fourier series only converges at O(n−1) for non-periodic functions[70].
As the distribution of the reactive tracer develops sharp transitions, convergence takes
longer, until, in the limit of a jump discontinuity, the function is no longer smooth and the
Gibbs phenomenon occurs. In panel (b) of Figure 4.3, the solution curves are filtered with a
hard spectral filter with kcut = 50. In the yellow curve, filtering has introduced oscillations
because due to the longer Fourier series required to represent the steeper valleys.

In many numerical process studies, artificially large viscosity and diffusivity values are
used to smooth the distributions of physical quantities, thereby reducing the number of
terms required for convergence. This strategy also allows simulations to be run with a
lower resolution. A coarse resolution may fail to capture sharp transitions in physical
distributions, and thus such transitions would effectively become jump discontinuities. In
practice, periodicity can be recovered by extending a dataset with a periodic extension
so long as this does not make it unreasonably large and thus maintaining periodicity is
generally of less concern than ensuring a distribution remains smooth.
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Figure 4.2: Cascades resulting from the evolution of different reaction terms in the absence
of advection or diffusion. In the second row, the resolution is quadrupled. Note
that the x-axis of each row is scaled by the Nyquist frequency corresponding to the
resolution used. The initial condition is θ(0, x) = 0.5(sin(4πx/L) + sin(10πx/L)).

Figure 4.3: (a) Analytical solution to the ODE with Fisher’s equation and (b) solution filtered
with kcut = 50.
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4.2.2 Implications for Filtered Data

Consider two tracers θ = exp(ik1x) + exp(ik2x) and ϕ = exp(im1x) + exp(im2x) where
k1,m1 < kcut and k2,m2 ≥ kcut. The operations of multiplication and spatial filtering do
not commute, as shown in the following equations.

⟨θϕ⟩ =

{
exp(i(k1 +m1)x), if k1 +m1 < kcut

0, otherwise
(4.4)

⟨θ⟩⟨ϕ⟩ = exp(i(k1 +m1)x) (4.5)

When performing a priori LES, the differences will be apparent in any calculations per-
formed on the simulation data.

Under true LES, filtered data is resolvable data, and so the conditions on equation 4.4
would also be applied to equation 4.5. For reactive tracers, the equations describing the
reaction dynamics have the potential to evolve resolved features into unresolvable ones.
The green area in Figure 4.4 indicates the area in k−m space where exp(i(k1+m1)x) can
be resolved. The yellow areas indicate where cross-scale terms (due to the multiplication
of resolved and sfs terms) can be resolved. The blue areas indicate that two out of phase
sfs signals can cancel each other out and result in resolvable signals. In true LES, the sfs
data is unknown and so the yellow and blue areas contain contributions to the tracer field
that are, in theory, resolvable, but that can not be directly accounted for in practice. LES
models account for the contributions of sfs terms through various parameterizations. This
will be revisited in Section 7.2.

While we have only discussed results pertaining to the multiplication of two tracers,
these concepts are also applicable when considering the advection term in the material
derivative since it involves the multiplication of two physical quantities with various active
spatial frequencies. Of course, if the velocity is constant, then it has no effect on the
spectral distribution of the tracer.
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Figure 4.4: Areas in ki–mi space where exp(i(ki +mi)x) can be resolved assuming kcut = 4.

4.2.3 Effects of Diffusion and Advection on Tracer Spectrum

Diffusion and viscosity act to smooth the spatial distributions of physical quantities. Their
effect is to constrain the distribution of said quantities in spectral space. For velocity
fields, increased viscosity values inhibit the formation of fine turbulent structures and thus
restrict the spectral cascade that is attributed to turbulence. In the previous sections, we
noted that non-linear reaction terms encourage higher frequency features in reactive tracer
distributions. In this section, we consider the contributions of diffusion and advection.

Consider the one-dimensional diffusion equation in spectral space.

θt = κθxx (4.6)

⇒ θ̃t = −κk2θ̃ (4.7)

⇒ θ̃ = θ̃(0) exp(−κk2t) (4.8)

The solution with θ̃(t = 0) = 0.5 is plotted in Figure 4.5 for (a) κ = 1× 10−2 and (b) κ =
1×10−6. The smaller the diffusivity value, the longer it takes for the Gaussian to broaden.
These Gaussian distributions indicate the envelope that restricts the spectral power at
each wavenumber and can be interpreted as filters (since they affect higher wavenumbers
more strongly). There exists a time at which the width of the Gaussian nears 2kcut and
the spectral power in the sub-filter-scale is suppressed. For a passive tracer, this time can
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Figure 4.5: Solutions to the diffusion-reaction equation in Fourier space at t = 10s with (a)
κ = 1 × 10−2 and (b) κ = 1 × 10−6. The vertical dashed lines indicate kcut = 20
which was chosen as an arbitrary cutoff for the purposes of illustration.

be calculated via the relationship

t∗ =
−1

κk2cut
ln

(
ε

θ̃(0)

)
(4.9)

where ε is some small threshold value. Unsurprisingly, the time is inversely proportional to
the diffusivity, as observed in Figure 4.5. As t→ ∞, the passive tracer solution in Fourier
space goes to θ̃(k) → 0 with the exception of θ̃(k = 0) = θ̃(0). This says that the effect
of diffusion is to create a uniform passive tracer distribution everywhere in the domain,
which is precisely what we expect from our physical intuition.

To illustrate the effect of advection and diffusion on a reactive tracer, let’s consider the
one-dimensional ADR equation

θt + uxθ + uθx = κθxx + θ(1− θ), (4.10)

and prescribe a spatially-varying velocity field constructed with sinusoids of different fre-
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Simulation
Name

Diffusivity (m2/s) Prescribed velocity (m/s) Da = αL/U

LD 1× 10−6 0 n/a
HD 1× 10−3 0 n/a
HD-LA 1× 10−3 sin(4πx/L) 1.41
HD-SA 1× 10−3 sin(10πx/L) 1.41

Table 4.1: Simulations run with the one dimensional toy model. We use the root-mean-square
of the prescribed velocity as the characteristic velocity scale and L = 1 (domain half
width) as the characteristic length scale.

quencies

u =
∑
i

sin(kiπx/L). (4.11)

The simple one-dimensional model is solved with the explicit–implicit Euler’s method solver
as described in section 3.3. The four cases described in Table 4.1 were run. The initial con-
dition for all simulations was taken to be θ(x, t = 0) = (sin(4πx/L) + sin(10πx/L) + 1)/3
(shifted up by the minimum and normalized to that θ is in [0, 1] everywhere). A supple-
mentary case without diffusion or advection was compared with the analytical solution at
all outputs and the maximum root–mean–square difference was found to be 0.0685. The
difference was primarily due to sharp transitions in the tracer distribution between the
equilibrium points θ = 0 and θ = 1. The effect of diffusion is to stabilize the model,
therefore we expect our discretization, resolution, and timestep to suffice for the purposes
of illustration.

In cases LD and HD, we purposefully do not introduce advection to demonstrate the
competing effects of the reaction and diffusion on the spectral cascade. In Figure 4.6, the
first and second columns correspond to simulations LD and HD, respectively. Increasing
the diffusivity of the tracer leads to a more uniform tracer distribution in physical space. It
also constrains the cascade of spectral power to higher wavenumbers as shown by comparing
panels (e) and (f). The cascade coincides with the presence of sharp fronts in the physical
distribution of the tracer as caused by the reaction.

When introducing advection into a system, an additional timescale and (potentially)
many additional length scales are introduced. The introduction of large-scale advection
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Figure 4.6: One dimensional tracer fields for (a) LD, (b) HD, (c) HD-LA, and (d) HD-SA. The
second row shows the fields in spectral space as functions of wavenumbers and time.

given by

u = sin(4πx/L) (4.12)

causes the tracer distribution to reach uniformity in physical space more quickly, panel (c)
of Figure 4.6. Note that the division between large and small scales is arbitrary. These
terms are used to indicate the spatial frequencies of the velocities in HD-LA and HD-SA
relative to one another.

While the introduction of the large-scale advection in HD-LA eliminates sharp fronts,
it also allows for a larger cascade and a larger range of persistently active wavenumbers
as compared to the advection-free case with the same diffusivity value, HD. In simulation
HD-SA, the presence of small-scale advection causes local changes in the tracer distribution
and thus sharpens the fronts. The sharpening of the fronts once again corresponds to an
amplified cascade.

In turbulent systems, there is a large range of active advective length scales and so the
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interplay between the effects of advection, diffusion, and the reaction are less clear-cut.
We considered a case with multi-scale advection (not shown) taken as the average of the
prescribed velocities in HD-LA and HD-SA. The resulting spectral cascade was found to
lie between those of the HD-LA and HD-SA cases. Having limited resolution is concerning
if you are considering a reactive tracer with a small diffusivity, and even more problematic
if it is exposed to small–scale advection.

4.3 Fisher’s Equation ODE Stability Dynamics

Modelling studies of biogeochemical systems often reduce complex processes to a set of
ODEs thereby ignoring the effects of diffusion and transport[18, 28]. Taking this reduc-
tionist approach is computationally advantageous and allows model formulations to be
analyzed using an arsenal of ODE analysis techniques. As we saw in Chapter 2, the form
of the reaction term in the ADR equation is modified under Reynolds averaging and spa-
tial filtering. Inevitably, this changes the reaction dynamics that lead to the growth of
the Reynolds averaged reactive tracer and the filtered reactive tracer. To study how the
dynamics change, we reduce the ADR system to an ODE. The solution to θt = θ(1 − θ)
with initial condition θ(0) = θ0 is

θ(t) =
θ0

θ0 + (1− θ0) exp(−t)
. (4.13)

The ODE has an unstable equilibrium point at θ = 0 and a stable equilibrium at θ = 1,
Figure 4.7. Since we are interested in non-negative tracer values, we can safely assume that
θ0 ≥ 0 and so θ → 1 as t → ∞. Note that in Chapter 3, Fisher’s equation was modified
by a hyperbolic tangent to ensure that any oscillations in the numerical solution causing θ
to become negative would not grow towards −∞.

4.3.1 Reynolds Averaging

When the Reynolds averaging procedure (substituting a decomposition of the form θ =
Θ+ θ′ and then averaging) is applied to Fisher’s equation, a sink appears in the resulting
reaction term.

F (θ) = Θ(1−Θ)− (θ′)2 (4.14)
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Figure 4.7: F (θ) = θ(1− θ) as a function of θ.

The effect of the sink is to shift the parabolic function describing the growth rate of θ
downwards. In panel (a) of Figure 4.8, this is shown for several constant sink values.
In a turbulent system, the sink will not be constant. Note that as the parabola shifts
downwards, the equilibrium points of the system become

θ =
1

2
± 1

2

√
1− 4(θ′)2. (4.15)

So long as 1
2

√
1− 4(θ′)2 ̸= 0 the stability of the equilibrium points does not change. The

point with the smaller value of θ remains unstable and the other point remains stable.

If we consider (θ′)2 to be a system parameter, then we can conclude that the system
has a bifurcation point at (θ′)2 = 1/4. At this point, a saddle-node bifurcation occurs. As
a result, the system behavior changes. For θ0 ≥ 0.5, θ → 0.5 (the equilibrium value) but
for θ0 < 0.5, θ → −∞. For (θ′)2 > 1/4, the equilibrium points become imaginary and
θ → −∞ for any θ0.

For convenience, assume (θ′)2 is constant in time. Solving Θt = F (θ) with Θ(0) = θ0
yields the following
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Figure 4.8: (a) Θ(1 − Θ) − (θ′)2 with a constant value of (θ′)2 given in the legend. Solutions

to (b) Θt = Θ(1−Θ)− (θ′)2 and (c) Θt =
(
Θ(1−Θ)− (θ′)2

)
tanh(Θ/0.001) with

Θ(0) = 0.51.

Θ =



1

2
+

√
1− 4(θ′)2

2
tanh


√

1− 4(θ′)2

2
t− arctanh

 1− 2θ0√
1− 4(θ′)2

 , if a < 1/4

(2θ0 − 1)t+ 4θ0
2(2θ0 − 1)t+ 4

, if a = 1/4

1

2
−

√
4(θ′)2 − 1

2
tan


√
4(θ′)2 − 1

2
t− arctan

 2θ0 − 1√
4(θ′)2 − 1

 , if a > 1/4

(4.16)

As compared to equation 4.13, the solution form has changed drastically due to the addition
of the sink. The first and third expressions come from using the identities tanh(x) =
−i tanh(ix) and i arctanh(x) = arctan(ix). Solutions for varying values of (θ′)2 are shown
in panels (b) and (c) of Figure 4.8.
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Figure 4.9: (a) Solutions to θt = θ(1 − θ) with initial conditions randomly generated from a
uniform distribution. (b) Mean and (c) scalar variance of the ensemble.

When initializing an ensemble of reactive tracer values for a system with a single reactive
tracer, you would need it to be perfectly uniform such that to have (θ′)2 = 0. In a multi-
component system with two or more reactive tracers that interact, it is possible for the
covariances to cancel in such a way that (θ′ϕ′) = 0 without the ensemble being perfectly
uniform. If the initial scalar variance is non-zero, then in the absence of any perturbations
to the ensemble members, the scalar variance will tend towards zero at the same rate that
the ensemble members tend to the equilibrium value of θ = 1. In Figure 4.9, we create
an ensemble with initial conditions randomly chosen from U(0, 1). The initial value of the
scalar variance is very close to the variance of the U(0, 1) distribution, as expected. This
may seem reassuring given our previous discussion of how the sink term may alter the
stability of the Reynolds averaged system. The scalar variance monotonically decreases for
all time and is never greater than or equal to the bifurcation value.

However, this narrative is a cautionary tale that illustrates the danger of basing one’s
intuition on overly simplified ODE models. In the oceans, there are numerous factors that
may effectively perturb the growth trajectories of the ensemble members. Turbulent mixing
modifies the spatial distribution of a tracer, thereby creating fluctuations and driving tracer
gradients. This will be revisited in Chapters 5 and 6. Other perturbations can come from
the modification of growth rates and carrying capacities by environmental conditions (e.g.
cloudiness[12]) . Therefore, in more realistic systems, it is likely that the scalar variance is
quite large and is sustained by environmental factors.
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4.3.2 LES Filtering

Recall the modified reaction function for Fisher’s equation under LES:

⟨F (θ)⟩ = ⟨θ⟩(1− ⟨θ⟩)− ⟨⟨θ⟩2⟩+ ⟨θ⟩2 − 2⟨⟨θ⟩θ′⟩ − ⟨(θ′)2⟩ (4.17)

We want to investigate how the behavior of the filtered ODE changes based on the form of
the correction term. Let θ = exp(ik1x)+exp(ik2x) where k1 < kcut and k2 > kcut. Suppose
k1 and k2 are both non-negative. Then the terms in the correction to the LES filtered
equation become:

⟨⟨θ⟩2⟩ − ⟨θ⟩2 =

{
0, if kcut/2 > k1

− exp(i2k1x), if kcut > k1 ≥ kcut/2
(4.18)

⟨⟨θ⟩θ′⟩ = 0 (4.19)

⟨(θ′)2⟩ = 0 (4.20)

If k1 and k2 have the same sign, then the filtered reaction falls under one of two cases:

⟨F (θ)⟩ =

{
⟨θ⟩(1− ⟨θ⟩), if |k1| < kcut/2

⟨θ⟩, if kcut/2 ≤ |k1| < kcut
(4.21)

Suppose now that k1 is non-negative but k2 < −kcut. In this case, the terms in the LES
correction become:

⟨⟨θ⟩2⟩ − ⟨θ⟩2 =

{
0, if kcut/2 > k1

− exp(i2k1x), if kcut > k1 ≥ kcut/2
(4.22)

⟨⟨θ⟩θ′⟩ =

{
exp(i(k1 + k2)x), if − kcut > k2 ≥ −kcut − k1

0, if k2 ≤ −kcut − k1
(4.23)

⟨(θ′)2⟩ = 0 (4.24)
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So we have four cases for the correction and thus four possible filtered reactions when k1
and k2 have opposite signs:

⟨F (θ)⟩ =


⟨θ⟩(1− ⟨θ⟩), if |k1| < kcut/2 and |k2| < kcut + k1

⟨θ⟩, if kcut/2 ≤ |k1| < kcut and |k2| < kcut + k1

⟨θ⟩(1− ⟨θ⟩ − θ′), if |k1| < kcut/2 and kcut + k1 ≤ |k2|
⟨θ⟩(1− θ′), if kcut/2 ≤ |k1| < kcut and kcut + k1 ≤ |k2|

(4.25)

In the first case, the form of the ODE is unchanged. The second and fourth cases now
only have an unstable equilibrium at 0. In the third case, the stable equilibrium is shifted
down to 1− θ′. The four possible solutions are

LES1: ⟨θ⟩(t) = θ0
θ0 + (1− θ0) exp(−t)

(4.26)

LES2: ⟨θ⟩(t) = θ0 exp(t) (4.27)

LES3: ⟨θ⟩(t) = (1− θ′)θ0 exp((1− θ′)t)

1− θ′ − θ0 − θ0 exp((1− θ′)t)
(4.28)

LES4: ⟨θ⟩(t) = θ0 exp((1− θ′)t) (4.29)

The labels are provided for interpreting Figure 4.10 which shows sample solution curves
as a function of time with θ′ = 0.1 taken to be constant. Note that the LES1 solution and
the true solution are the same for a single-spatial point model since spatial filtering does
not have any significance without a spatial distribution.

4.4 Travelling Wave Solutions

This section is presented for completeness given the substantial amount of literature that
investigates travelling wave solutions to Fisher’s equation.

Consider the scalar transport equation reduced to one spatial dimension with u = 0

θt = κθxx + F (θ). (4.30)

For simplicity, we present the equation without an advection term, though it is common
practice to group the reaction and advection terms into a function of the form G(θ, θx)
which would take the place of F (θ) in the equation above. To find travelling wave solutions,
we move into a reference frame moving with constant speed c, z = x − ct, and look for
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Figure 4.10: (a) ⟨F (θ)⟩ for the various ODEs. (b) Solutions with initial condition θ0 = 0.2 and
θ′ = 0.1.

solutions of the form θ(x, t) = θ̃(z). Switching into the moving reference frame allows for
the PDE to be rewritten as an ODE

− cθ̃′ = κθ̃′′ + F (θ̃) (4.31)

κθ̃′′ + cθ̃′ = −F (θ̃) (4.32)

To require that the solution be bounded and approach equilibrium states as z → ±∞, we
impose the following conditions

θ̃(−∞) = θ̃L, and θ̃(∞) = θ̃R, where F (θ̃L) = F (θ̃R) = 0. (4.33)

If we let ψ = θ̃′, then the second order ODE can be re-written as a system of first order
ODEs

κψ′ + cψ = −F (θ̃), (4.34)

θ̃′ = ψ. (4.35)

Expressing the system in this way allows us to apply dynamical systems techniques, such as
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performing stability analyses. A travelling wave solution exists if a trajectory from (θ̃L, 0) to
(θ̃R, 0) can be identified in phase space[62]. There is a large body of literature surrounding
this problem for various forms of F (θ) and the more general case G(θ, θx)[104]. Exact
solutions tend to be highly specialized, and traveling wave solutions are more generally
shown with non-constructive proofs. For Fisher’s equation, F (θ) = αθ(1 − θ), there are
traveling wave solutions if c ≥ 2

√
ακ[30]. Investigating travelling wave solutions to Fisher’s

equation within LES is a potential avenue for future work.
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Chapter 5

Reynolds Averaging Analysis

Note that the material in Sections 5.1 and 5.2 was published in[55].

In sections 2.4 and 2.4.2, we presented the Reynolds averaged equations and a method
for treating ADR equations. In this chapter, we begin by presenting the results from an
ensemble of simulations governed by equations 2.9 and 2.11. The ensemble provides data
that can be used to diagnose the ability of Reynolds averaged quantities to capture the
dynamics of a reactive tracer. The mean quantities described in section 2.4 are calculated
by averaging over the ensemble members. The fluctuations are the differences between
each ensemble member and the ensemble mean. The analysis of the ensemble is what we
term a priori RANS. Note that we use the term “RANS” in the sense of the simulation
method and not as an acronym.

Following the a priori RANS analysis, we will consider the results of pseudo-RANS sim-
ulations. These simulations are described in section 5.3. We term them “pseudo-RANS”
because we are solving the Reynolds averaged ADR equations, but not the Reynolds av-
eraged Navier-Stokes equations. Rather, we use the ensemble data to determine the mean
velocity field. The theory behind Reynolds averaging suggests that solving the Reynolds
averaged ADR equation (eq. 2.32) should yield a result that resembles the ensemble mean.
In section 5.3.1 we will determine whether this holds true. Further, by isolating the eddy
flux and eddy reaction terms in the various simulations, we can determine their effects on
the mean. Since the passive tracer is not affected by eddy reactions, we need only consider
the effects of eddy fluxes.
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5.1 Setup for Ensemble of 50 Two-Dimensional Rayleigh-

Taylor DNS using SPINS

Simulation parameters and dimensionless numbers are given in Table 5.1. All simulations
were run in two dimensions with a 2.048m wide and 0.512m tall domain. We used 4096
grid points in the horizontal and 1024 in the vertical to have 0.5mm resolution in both
directions. Periodic boundary conditions were implemented in x and free slip boundary
conditions were implemented in z.

Table 5.1: Simulation parameters and dimensionless numbers for Rayleigh-Taylor Ensemble.

Simulation
Parameter

Value Dimensionless
Number

Value

Lx 2.048 m Re 1.1264× 104

Lz 0.512 m Sc 7.1429
Nx 4096 Pe 8.0457× 104

Nz 1024 Da 2.3273
g 9.81 m/s2

ρ0 1000 kg/m3

ν 1× 10−6 m2/s
κ 1.4× 10−7 m2/s
α 0.1

All simulations begin from a state with u⃗ = 0. To induce the formation of Rayleigh-
Taylor (RT) instabilities, each ensemble member is initialized with an unstable density
stratification that is perturbed in the horizontal. The density and velocity fields thus take
the form

ρE(x⃗, t = 0) = −5× 10−4

(
1− tanh

(
z − 0.256− ε(x)

0.02

))
, (5.1)

ε(x) = 2.5× 10−3

3∑
i=1

Y1i sin

(
16π(Y2i + 1)

2.048
x+ 2πY3i

)
, (5.2)

u⃗(x⃗, t = 0) = 0, (5.3)

where Yji ∼ U(0, 1) is a random variable chosen from a uniform distribution between 0
and 1. Following standard practice, the random number generator for the distribution is
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seeded by the fastest changing portion of the clock-time at the start of each simulation.
The only difference between ensemble members is the perturbation, ε, applied to the initial
density stratification. The initially unstable density stratification leads to the formation
of RT instabilities. By perturbing the density interface in each simulation, we create
lateral variability between ensemble members as the large-scale dynamics of RT instabilities
maintain some memory of the initial conditions of the system[21].

The instability growth is exponential in time and a quasi-turbulent state is reached by
t = 26 seconds. We generate an ensemble of 50 simulations (i.e. 50 realizations of the
quasi-turbulent state), storing the initial condition of each and then storing data every
two seconds from t = 14s to t = 40s. This yields 2.5G of data per ensemble member and
a total of 125G of data for subsequent analysis of the ensemble. Each of these relatively
small simulations took roughly 4 hours to run with 16 cores giving a total of 200 hours of
computing time.

Panel (a) of Figure 5.1 shows an example stratification from a subdomain of one of the
simulations. In panels (c) through (e), the initial stratification in three other ensemble
members are shown. The distinction between ensemble members comes from the pertur-
bations, ε, to the density stratification, which are observable by comparing the panels.

Estimates of the dimensionless numbers were calculated using the domain height as
the characteristic length scale and the maximum root-mean-square vertical velocity of a
sample ensemble member as the velocity scale. Values are given in table 5.1. The Reynolds
number, Re = UL/ν, represents the ratio of the inertial to viscous forces. Our simulations
have Re ≈ 1.1264 × 104 indicating the flow becomes turbulent. The Schmidt number,
Sc = ν/κ = 7.1429, tells us the momentum diffusivity is greater than that of the tracers.
The Péclet number describes the ratio of advective to diffusive transport and is given by
Pe = Sc ·Re ≈ 8.0457× 104.

In each of the simulations, the reaction term is

F (θ) = 0.1 · θ(1− θ) · tanh(θ/0.001), (5.4)

where the multiplication by the hyperbolic tangent ensures that any oscillations around
the unstable equilibrium θ = 0 are suppressed. The reaction timescale parameter α = 0.1
was chosen so that the Damköhler number, which we define as Da = αL

U
≈ 2.3273, is

O(1). The order of Da was chosen to balance the reaction and advective timescales for the
purposes of illustration. A fast reaction (e.g. α = 1) has θ → 1 too quickly for structures
created from turbulent mixing to be observed. Slow reactions (e.g. α = 0.01) allow for the
creation of sharp fronts which can be difficult to resolve.

55



Figure 5.1: (a), (c)-(e) Sample initial density stratifications perturbed by ε(x) (eq 6.7). (b)
Initial tracer concentration profile.

The initial distributions of both the reactive and passive tracers are given by

θ(x⃗, t = 0) = 0.5

(
1 + tanh

(
z − 0.48

0.06

))
, (5.5)

so that the tracers lie in a band along the top of the domain as shown in panel (b)
of Figure 5.1. Each simulation evolves both tracers with the same velocity fields and the
tracers do not interact. The simulations are stopped after 40s when the system has reached
a well-mixed state.
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Figure 5.2: Mean and scalar variance of the reactive, (a) and (c), and passive, (b) and (d),
tracers at t = 26s.

5.2 A Posteriori RANS Results

5.2.1 Tracer Mean and Scalar Variance

The reactive and passive tracers are initially distributed according to a hyperbolic tangent
function varying with z so that there is a tracer band lying along the top of the domain.
The system starts at rest to mimic the accumulation of a tracer in calm waters, and
because this state provides a clear basis of comparison for analyzing differences in the
spatial distributions of the reactive versus passive tracers. The initial density stratification
is centered at z = 0.256m, about 0.16m below the bottom of the tracer band. There is
thus a delay between the start of the simulation and the time at which the RT instabilities
start advecting the tracers. During this time, the tracers begin diffusing downwards and the
reactive tracer grows according to the function in equation 5.4. The reaction both increases
the concentration of the tracer and accelerates its downwards spread by enhancing Fickian
diffusion. Therefore, the reactive tracer front extends lower into the domain, allowing the
RT plumes to reach it sooner than the passive tracer front.

Figure 5.2 shows the (a) mean and (b) scalar variance of the reactive tracer at t = 26s.
When comparing these quantities with those of the passive tracer, panels (b) and (d), it
is clear that the magnitude of the reactive tracer ensemble mean is nearly twice that of
the passive tracer and that it extends further downwards. In panels (a) and (b) of Fig-
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Figure 5.3: (a)-(b) Bulk mean tracer concentrations and (c) bulk scalar variances for the reactive
(blue) and passive (orange) tracers. Shaded areas extend two standard deviations
away from the mean. (d)-(e) Scalar variance integrated with respect to x for the
reactive and passive tracers, respectively.
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Figure 5.4: (a) Reactive and (b) passive tracer distributions in a sample ensemble member at
t = 26 s.

ure 5.3 the values of the means of the reactive (blue) and passive (orange) tracers are
integrated over the domain and plotted as functions of time. The mean reactive tracer
concentration increases by nearly 400% while changes in the mean passive tracer concen-
tration are O(10−5) and likely due to the filter used in the numerical method. Note that in
all Figures presented herein, shaded areas extend two standard deviations away from the
corresponding ensemble means.

The ensemble is designed so that the RT plumes in each simulation have different spa-
tial distributions. In each simulation, the RT bubbles (plumes of light fluid rising into
heavy fluid with mushroom-shaped heads) push up against the tracer front and the tracer
concentration is displaced upwards and outwards around the bubble, Figure 5.4. Mean-
while, spikes entrain the tracers downwards, causing the streaks observed in Figure 5.2.
Shear causes vorticial structures to form on the undersides of the mushroom-shaped plume
heads. These vortices are the first manifestation of turbulence in the flow and begin mixing
the tracer that is displaced around the RT bubbles. While the coherent structures that
characterize turbulent mixing are obvious in the ensemble members, Figure 5.4, they are
not captured by the ensemble mean because they are essentially averaged out. Instead,
turbulent structures are captured by the fluctuations, defined as differences between the
individual simulations and the ensemble mean. The tracer fields in each of the simulations
begin to differ from the mean as soon as the RT plumes start affecting their spatial dis-
tribution. Panel (c) of Figure 5.3 indicates a sharp increase in the scalar variance of the
reactive tracer (blue) at t = 18s as the RT bubbles reach the tracer front. It takes longer
for the plumes to reach the passive tracer front.

The turbulence in each of the simulations deforms and contorts material volumes of the
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conserved scalar, in this case our passive tracer, and increases the magnitude of local scalar
gradients. This in turn enhances molecular diffusion[109]. When this same process acts on
the reactive tracer, the reaction occurring within the material volume complicates things
further. For growth governed by Fisher’s equation, the concentration in each material
volume increases towards the stable equilibrium value θ = 1 thereby increasing the rate of
molecular diffusion. This doubly enhanced diffusion allows the reactive tracer to spread
to areas that a passive tracer may take much longer to reach, or potentially never reach
should it have a sufficiently small diffusivity and exist in a sufficiently large domain. As
the process of deformation by the flow is repeated, diffusion is further enhanced.

The scalar variance of the reactive tracer acts as a sink in the mean ADR equation
(equation 2.32) and as a source in the fluctuation equation (equation 2.33). The fluctua-
tions are effectively taking concentration from the mean field while also growing according
to Fisher’s equation. In panels (a) and (c) of Figure 5.2 the spatial distribution of the scalar
variance looks like it fits under that of the mean as if the two distributions were puzzle
pieces. As the tracers are entrained deeper into the domain, concentration is inevitably
transferred from the mean to the scalar variance, which evolves into a band spanning the
horizontal extent of the domain. Eventually, the system becomes so well-mixed that the
differences between ensemble members become less noticeable and thus the scalar variance
decreases, Figure 5.3 panel (c).

In panels (d) and (e) of Figure 5.3, the reactive and passive scalar variances are inte-
grated with respect to x and plotted as a function of depth and time. The dotted white
lines indicate the inflection point of the hyperbolic tangent function describing the initial
tracer distribution and the dashed lines indicate the height of the mean initial density strat-
ification. The scalar variances begin to significantly increase once the RT plumes reach
the tracer interfaces. This occurs at a greater depth and earlier for the reactive tracer
due to the growth from the reaction. The scalar variance of the passive tracer reaches
a maximum at the top of the domain as the RT plumes reach the upper boundary and
then degrade, resulting in increased turbulence. As turbulent structures entrain the pas-
sive tracer deeper into the domain, its scalar variance propagates downwards. The scalar
variance corresponding to the reactive tracer behaves similarly. However, we note that
it propagates in both vertical directions and has a much larger magnitude. The upwards
propagation corresponds to the transfer of concentration from the mean to the fluctuations,
while the downwards propagation is uniquely due to RT induced turbulent mixing.
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Figure 5.5: (a) Bulk absolute Reynolds stresses, with shaded areas extending two standard
deviations away from the mean. Normalized Reynolds stresses (b) R12, (c)R11, and
(d)R22 integrated with respect to x.
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5.2.2 Reynolds Stresses

The bulk absolute values of the Reynolds stresses are depicted as functions of time in
panel (a) of Figure 5.5. The shear stress is much weaker than the other stresses (though
still on the same order of magnitude) and we note R22 varies the most between ensemble
members. Panels (b) though (d) show the normalized Reynolds stresses integrated with
respect to x as a function of z and time. The dashed white lines indicate the initial height
of the mean density stratification. From panel (d) we see that R22 spreads symmetrically
from the location of the initial stratification, which is in agreement with RT theory. The
spatial distribution of R11, panel (b), indicates that fluctuations in the horizontal velocity
are symmetrical in z, greatest along the sidewalls, and take longer to increase than those
in the vertical. The distribution of the shear stress is very different from those of R11 and
R22. There is no symmetry around the initial stratification, nor is there a coherent pattern.

An eddy viscosity parametrization relates the Reynolds stress tensor to the mean rate
of strain and turbulent kinetic energy (TKE) as follows[72]

−Rij = νeS̄ij − kδij, (5.6)

where

S̄ij =
1

2

(
∂Ui

∂xj
+
∂Uj

∂xi

)
, (5.7)

is the mean rate of strain and

k =
1

2
(u′u′ + w′w′). (5.8)

is the TKE. The Kronecker delta is denoted by δij, and νe is a phenomenological con-
stant that needs to be selected as the “best” representation of the turbulence. Like the
components of Rij, k would be an unknown quantity in a RANS simulation. We have an
ensemble of DNS simulations and so, we have access to both the averaged, and fluctuating
quantities. The turbulent kinetic energy, k, is shown in Figure 5.7 as (a) a function of
depth and time, and (c) as a bulk quantity. The mean kinetic energy, K = 1

2
(U2 +W 2),

is similarly shown in panels (b) and (c). The turbulent kinetic energy exceeds the mean
kinetic energy by two orders of magnitude and so we expect fluctuations in the velocity
fields to have a significant impact on the tracer distribution.

Since we are interested in the downward propagation of the tracer front due to the
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Figure 5.6: (a) Normalized bulk mean Reynolds stress R12 with shaded areas extending two
standard deviations away from the mean and corresponding normalized bulk gra-
dient approximation (Uz + Wz)/2 calculated with all 50 ensemble members. (b)
Time-dependent eddy viscosities from equation 5.6. (c) Normalized R12 and (d)
normalized gradient approximations for the entire ensemble and two unique subsets
of 25 members.
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Figure 5.7: (a) Turbulent kinetic energy given by equation 5.8 integrated with respect to x. (b)
Kinetic energy of the mean integrated with respect to x. (c) KEs integrated in x
and z (TKE in blue and KE of mean in orange).

downward transport of horizontal momentum, we focus on the R12 component in what
follows. The spatial distribution of R12 can be obtained from our data. So, we diagnose a
time-dependent eddy viscosity defined as

νe =
S̄12

R12

(5.9)

In panel (a) of Figure 5.6 the absolute value of the off-diagonal component of the Reynolds
stress tensor is integrated in space and normalized. The shaded area extends two standard
deviations (calculated using u′w′ from each ensemble member) away from the Reynolds
stress and is scaled by max(|R12|). The black line indicates the normalized eddy-viscosity
approximation given by the right-hand side of equation 5.6. The trend in R12 is not well
represented by the corresponding entry in the mean rate-of-strain tensor, S̄12. While R12

increases monotonically, the eddy-viscosity approximation reaches its maxima at t = 30s
and then begins to decrease. The calculations were performed with the entire ensemble
as well as two unique subsets of 25 members each. In panels (c) and (d) we see that the
normalized quantities collapse to nearly the same curve no matter the number or set of
ensemble members considered. Panel (b) of Figure 5.6 shows the time-dependent eddy
viscosity obtained according to equation 5.9. Once again, the trend in the eddy viscosity
is largely unaffected by the ensemble members used for the calculation.
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Figure 5.8: Bulk absolute value of the (a) horizontal and (b) vertical eddy fluxes of the reactive
(blue) and passive (orange) tracers. Vertical eddy fluxes integrated with respect to
x for the (c) reactive and (d) passive tracers.

5.2.3 Eddy Fluxes

Eddy fluxes quantify the mean transport of tracer fluctuations by fluctuations in the ve-
locity fields. In section 5.2.2 the evolution of the fluctuations in the velocity fields was dis-
cussed. We saw that fluctuations in the vertical velocity component spread symmetrically
from the location of the initial density stratification, while fluctuations in the horizontal
one are largely found along the top and bottom boundaries. In Figure 5.8, we compare
the bulk absolute horizontal and vertical eddy fluxes in panels (a) and (b) for the reactive
(blue) and passive (orange) tracers. In section 5.2.1 we saw that reactive tracer fluctua-
tions are larger than those of the passive tracer. It thus comes as no surprise that the eddy
fluxes corresponding to the reactive tracer are larger than those of the passive tracer.

Despite the magnitudes of the horizontal, R11, and vertical, R22, Reynolds stresses being
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similar, it is clear from Figure 5.8 that the tracer fluctuations are more closely correlated
with the vertical velocity fluctuations than the horizontal ones. Around t = 30s, the heads
of all the RT plumes have collided with the vertical boundaries. At this time, the vertical
eddy fluxes reach their maxima and subsequently decrease because the tracers cannot be
advected any further in the vertical. This decrease is more dramatic for the reactive tracer
because it is affected by both the top and bottom boundaries having been entrained into
a greater portion of the domain than the passive tracer which is not significantly affected
by the RT plumes reaching the bottom boundary.

In panels (c) and (d) of Figure 5.8, the vertical eddy fluxes of the reactive and passive
tracers are integrated with respect to x and shown as functions of depth and time. The
dotted white lines indicate the inflection point of the hyperbolic tangent function describing
the initial tracer distribution and the dashed lines indicate the initial height of the mean
density stratification. For both tracers, the vertical eddy fluxes are negative because the
fluctuations are travelling downwards. The heights at which the eddy fluxes first become
nonzero align with the locations of the tracer fronts. The reactive tracer fluctuations and
fluctuations in the vertical velocity field both propagate upwards (Figures 5.3 and 5.5)
making the vertical eddy flux propagate upwards. This does not necessarily imply that
the fluctuations are being transported upwards. Rather, it tells us that the fluctuations
develop higher in the domain as concentration is pulled from the ensemble mean. These
space-time plots further support the conclusion that the decrease seen in the bulk absolute
vertical eddy flux of the reactive tracer is more dramatic because fluctuations in the passive
tracer barely reach the bottom of the domain.

When running RANS simulations, eddy diffusivity parameterizations of the form

−u′θ′ = κH
∂θ

∂x
, −w′θ′ = κV

∂θ

∂z
, (5.10)

are often used to model the unknown eddy fluxes. In section 5.2.2, we saw that the eddy
viscosity parameterization does not capture the same trends as the off-diagonal Reynolds
stresses if the eddy viscosity is assumed to be constant. This does not inspire much
confidence in the performance of the analogous eddy diffusivity parameterization. In panels
(a) and (b) of Figure 5.9 the normalized bulk absolute eddy fluxes are plotted along with
the normalized right-hand sides of the equations in 5.10. The tracer derivatives taken with
respect to x capture the general behavior of the horizontal eddy fluxes but fail to capture
the details. The horizontal eddy fluxes start increasing earlier and are starting to plateau
by the ends of the simulations.

The tracer derivatives taken with respect to z fail to capture even the general behavior
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Figure 5.9: Normalized bulk absolute values of the (a) horizontal and (b) vertical, eddy fluxes
of the reactive (blue) and passive (orange) tracers. The bulk absolute values of
the derivatives of the mean tracers are plotted for comparison. Time-dependent (c)
horizontal and (d) vertical eddy diffusivities.
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Figure 5.10: Absolute angle between the eddy flux and gradient of the mean at (a) t = 14s, (b)
t = 26s, and (c) t = 40s quantified as a proportion of the total number of grid
points.

of the vertical eddy fluxes. In particular, they do not capture the peak and subsequent
decrease shown in the blue and orange curves of panel (b) in Figure 5.9. Rather, they
increase almost monotonically (the exception being in the z derivative of the mean passive
tracer around t = 30s). Due to the initial tracer stratifications, the derivatives with
respect to z are initially non-zero whereas fluctuations in the velocity and tracer fields are
initially zero by construction. Fluctuations in the velocity field only begin to appear as
the Rayleigh-Taylor instabilities develop. Therefore, there is a clear mismatch between the
vertical eddy fluxes and their eddy diffusivity parameterizations.

As previously discussed, the vertical eddy fluxes peak when tracer fluctuations reach
the bottom of the domain. Eddy diffusivity parameterizations consider the gradient of
the tracer mean, which only begins to reach the bottom boundary when the simulations
are stopped and the tracer is well-mixed. In panels (c) and (d), we plot the correspond-
ing vertical and horizontal eddy diffusivities obtained from dividing the parameterizations
through by the tracer derivatives. The horizontal eddy diffusivities are an order of magni-
tude smaller than the vertical ones. The variability in the values brings the use of constant
eddy diffusivities into question.

Bulk descriptions do not capture any information about the directions of the eddy fluxes
or gradients. The angle between the vectors (Θx,Θz) and (−u′θ′,−w′θ′) can be calculated
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Figure 5.11: Angle between the eddy flux at gradient for the (a) reactive and (b) passive tracers
at t = 26s.
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at each grid point and indicates whether the eddy diffusivity parameterization is diffusing
the tracer in the correct direction. Figure 5.10 presents the distribution of the grid points as
a function of the absolute value of the angle between (Θx,Θz) and (−u′θ′,−w′θ′). Note that
the absolute angle is in [0, π] with a value of π indicating that the vectors are antiparallel.
In this case, a negative eddy diffusivity would be required to realign them. The panels in
Figure 5.10 show the distribution of angles at (a) t = 14s, as the RT instabilities are just
forming, (b) t = 26s when the RT plumes are large but have not reached the boundaries,
and (c) t = 40s when the system is well-mixed. For early times, the distribution indicates
that the eddy fluxes and gradient of the mean tracers are mostly aligned. The distribution
then slumps towards π and becomes fairly uniform by the end of the simulations. The
eddy diffusivity parameterization performs better for the passive tracer than the reactive
one, especially for intermediate times.

The spatial distribution of the angles in the upper portion of the domain is shown in
Figure 5.11 at t = 26s for the (a) reactive and (b) passive tracers. At this time, Figure 5.2
shows that the mean front of the reactive tracer fluctuates around z = 0.4m and that of
the passive tracer fluctuates around z = 0.48m (white lines in Figure 5.11). The alignment
of (Θx,Θz) and (−u′θ′,−w′θ′) is best within the tracer band for the reactive tracer and
directly beneath the tracer front for the passive tracer. Along the top boundary, the
gradient and fluxes are generally perpendicular to one another. The mean tracer gradients
do not take the effect of boundary conditions into account. The somewhat regular pattern
in the distribution of the angle values along the top of the domain is the result of rising
plume heads pushing fluid horizontally and downwards. Meanwhile, the tracer gradients
are primarily pointing downwards, as the mean tracers lie in bands along the top of the
domain. Therefore, the angles are primarily ±π/2 in this region. So, while the eddy fluxes
reflect properties of the flow governing the tracer transport, the gradients only reflect the
spatial distribution of the mean tracer field.

The plumes formed by RT instabilities primarily move vertically, though the perturba-
tions applied to the initial density stratification do encourage some plumes to propagate
diagonally. If we consider the mean initial stratification, the perturbations average out. So,
the mean effect of the RT instabilities is to transport the tracers vertically until turbulent
mixing becomes strong enough to induce horizontal transport. At t = 26s, the mixing is
strongest in the region where the eddy flux and gradient vectors are most aligned. In the
passive tracer case, panel (b), we note that between z = 0.3m and z = 0.4m, the angle
distribution is loosely arranged into columns. This is also true for the reactive tracer,
panel (a), but less obvious because the reactive tracer fluctuations are larger and spread
lower into the domain as the RT bubbles have already reached the tracer front, making
the angle distribution more disordered. As previously mentioned, the increased Fickian
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diffusion exhibited by the reactive tracer will allow it to diffuse into turbulent structures
and then be transported to regions the passive tracer may struggle to reach. The reaction
then causes this process to be repeated, enriching the fluctuation field.

5.3 Reynolds Averaged ADR Simulations

Performing a priori RANS was useful for developing intuition around how Reynolds aver-
aging affects the representation of a reactive tracer within a turbulent environment. We
now wish to investigate whether solving the RAADR equation will generate tracer distri-
butions similar to the Reynolds averaged ones calculated from the solution to the full ADR
equation.

Rather than solve the RANS equations, we use the ensemble mean velocity field in
the RAADR equation. The data from the ensemble allows us to calculate eddy flux and
eddy reaction terms rather than having to rely on parameterizations. By calculating these
values from the ensemble data, we retain some level of consistency between the ensemble
mean representation of the reactive tracer field and the values generated by the RAADR
equation.

In solving the RAADR equation, we keep the domain and resolution consistent with
the ensemble. All parameters have the same values as those used for the ensemble, given
in table 5.1. We use the same reaction function given by equation 5.4. The velocity fields
are taken to be the ensemble mean velocities. The ensemble outputs data every 2 seconds
starting at t = 14s and ending at t = 40s, so the velocity values are updated every 2
seconds in the RAADR simulation as are the eddy flux and eddy reaction terms. We take
the mean state of the ensemble at t = 14 s to be the initial condition and solve the RAADR
equation with the numerical method described in section 3.3. The timestep is taken to be
dt = 1 × 10−3s and simulation data are saved every 2 seconds so that the output times
are the same as those of the ensemble. It may be argued that this is somewhat of a crude
solution method, but it proves to be sufficient for identifying the qualitative differences
between the RAADR solution and the ensemble mean. To isolate the effects of the eddy
fluxes and eddy reactions, we run four simulations:

S – Base simulation with eddy fluxes and eddy reactions set to zero.

SF – Simulation with eddy fluxes calculated from ensemble data and eddy reactions set to
zero.
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SR – Simulation with eddy fluxes set to zero and eddy reactions calculated from the en-
semble data.

SFR – Simulation with both eddy fluxes and eddy reactions calculated from the ensemble
data.

By constructing the simulations in this way, we can identify the individual impacts of the
eddy fluxes and eddy reaction on the reactive tracer and any feedbacks that result from
the combination of both terms. Note that since there are no eddy reaction terms in the
equation for the passive tracer, we only need to consider simulations S and SF to observe
the effect of the eddy fluxes.

5.3.1 RAADR Simulation Results

In Figure 5.12, we show the passive tracer integrated over x as a function of depth and
time. In panel (a) we have a sample ensemble member. We see that around t = 30s the
tracer begins to be transported downwards. Looking at the ensemble mean, panel (b), we
see that the downward transport of the tracer is smoothed. We can therefore deduce that
the pattern in (a) is, unsurprisingly, the result of fluctuations. The solution to the RAADR
equation (with a reaction term of 0 for the passive tracer), neglecting the eddy fluxes is
shown in panel (c). The tracer evolution differs significantly from that demonstrated by the
ensemble mean. We see a uniform front at nearly all times and no downwards propagation.
In panel (d), we have the RAADR solution, this time including the effects of eddy fluxes.
The eddy fluxes push the tracer front upwards and sharpen it, but do little to encourage
the downward transport observed in panels (a) and (b).

Figure 5.13, panels (a)-(d), show the analogous quantities for the reactive tracer. Once
again, in panel (a) we observe fluctuations in the downward transport of the reactive tracer
in a sample ensemble member. This transport is smoothed in the ensemble mean, panel
(b), but otherwise remains qualitatively similar. When we consider the result of simulation
S, panel (c), we see a strong tracer front that grows downwards, but it is not transported
into the lower portion of the domain. The effect of the eddy fluxes in simulation SF is
to once again push the tracer front upwards, panel (d). When the eddy reactions are
considered alone, panel (e), we see a similar effect in slowing the downwards propagation
of the tracer. The combined effect of the eddy flux and reaction terms is to push the tracer
front even higher for later times so that it reaches its deepest point near the middle of the
simulation.
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Figure 5.12: Passive tracer concentration integrated with respect to x from (a) a sample mem-
ber, (b) the ensemble mean, (c) simulation S, and (d) simulation SF.
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Figure 5.13: Reactive tracer concentration integrated with respect to x and plotted as a function
of z and time. The panels correspond to (a) a sample member, (b) the ensemble
mean, and simulations (c) S, (d) SF, (e) SR, and (f) SFR.
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Figure 5.14: Bulk (a) reactive and (b) passive tracer concentrations for a sample member, the
ensemble mean, and the pseudo-RANS simulations.

In Figure 5.14, the differences in the bulk concentrations of the (a) reactive and (b)
passive tracers can be observed for each of the simulations we have just discussed. The
pseudo-RANS simulations under-estimate the amount of reactive tracer in the domain,
especially when both eddy fluxes and reactions are considered. It is not surprising that
the eddy reactions should reduce the amount of tracer given that they introduce a sink
into the equation governing the evolution of the mean. However, it is perhaps unexpected
that the eddy fluxes would cause the amounts of both the reactive and passive tracers to
be reduced. As indicated by the space-time plots, it seems the effect of the eddy fluxes is
to push the tracers against their gradients and prevent their spread lower into the domain.
This implies that any areas with non-zero reactive tracer concentration are more likely to
have concentration values near the stable equilibrium of one (i.e. the tracer is distributed
over a smaller area and thus more concentrated). The eddy fluxes therefore prevent both
the downward spread of the tracer and the increase in the total amount of reactive tracer.

In Figure 5.15, the final reactive tracer field in each of the simulations is shown. By
comparing (a) the sample member with (b) the ensemble mean and (f) simulation SF, we
see that the three are simply not comparable. This will be revisited in the discussion.
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Figure 5.15: Reactive tracer concentration at t = 40s. The panels correspond to (a) a sample
member, (b) the ensemble mean, and simulations (c) S, (d) SF, (e) SR, and (f)
SFR.
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5.4 Conclusions

Turbulent flows are highly unpredictable and disordered. Small O(10−2) perturbations to
the shape of the initially unstable density stratification were enough to produce significant
variability within an ensemble of 50 well-resolved simulations. RANS simulations implicitly
assume that the most important dynamics are captured by the mean. We have shown that
this assumption fails when considering the transport of a reactive tracer growing according
to Fisher’s equation.

Under Reynolds averaging, the mean reaction equation is altered by the introduction
of eddy reaction terms. The procedure in Section 2.4.2 can be applied to any polynomial
reaction function and extended to non-polynomial functions if they can be approximated
with a Taylor polynomial. The procedure allows the roles of the mean, fluctuations, and
mean-fluctuation interactions in the Reynolds-averaged reaction function to be isolated. It
also tells us that any terms raised to an even power will introduce fluctuation dependent
sources or sinks (depending on the sign of the coefficient) into the mean ADR equation.
For Fisher’s equation, a sink in the mean ADR equation transfers concentration from the
mean to the fluctuations. Growth, whether in the mean or fluctuations, increases diffu-
sion, allowing the reactive tracer to spread to parts of the domain that the passive tracer
may struggle to reach. These areas may include turbulent structures, further transferring
concentration from the mean to the fluctuations. Diffusion and turbulent mixing push the
tracer concentration away from its stable equilibrium, θ = 1, thereby promoting further
growth and creating a positive feedback loop. Numerical dispersion, while not significant
in our pseudospectral simulations, has the potential to artificially increase the diffusivity
of a tracer. The positive feedback would, thus, be intensified in an inherently dissipative
model (i.e., one based on finite volumes) such as ROMS [17].

Due to the flux of concentration from the mean to the fluctuations, the mean underes-
timates the tracer concentrations in the individual simulations. Further, as shown by the
supplementary movies, the downwards propagation of the reactive tracer is captured by
the fluctuations and not the mean. In a true RANS simulation, one has no knowledge of
the Reynolds stresses, eddy fluxes, or eddy reactions. In our numerical experiment, these
quantities have proven to have a significant effect on the downward propagation of the
reactive tracer. The bulk scalar variances (which are also the eddy reactions for Fisher’s
equation) for both the passive and reactive tracers are approximately one quarter of the
magnitude of the corresponding bulk mean and, thus, certainly non-negligible.

Given the initial distribution of the tracers (panel (b) of Figure 5.1), the generation of
turbulent mixing with an RT instability doomed the eddy diffusivity relations to fail. RT
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bubbles pushed up against the tracer fronts, causing counter-gradient fluxes and negative
eddy diffusivities. As the fronts of the RT plumes hit the top and bottom of the domain,
the flow transitioned from a state dominated by large-scale motions to one dominated by
smaller-scale turbulent mixing. In the latter state, negative eddy diffusivities continue to be
observed because the largest eddies are larger than the curvature of the mean vertical tracer
profiles [52]. The reactive tracer fluctuations associated with the reaction–turbulence–
diffusion feedback that was previously discussed can spread into large turbulent structures
more easily than passive tracer fluctuations. Therefore, one would expect more counter-
gradient flux associated with the reactive tracer, which is exactly what is observed in
Figure 5.10. Negative eddy diffusivities have been observed in numerical studies of non-
passive oceanic tracers and attributed to symmetric instabilities and other submesoscale
phenomena [84], in agreement with the results presented herein. We would expect an eddy
diffusivity parameterization to perform just as badly if not worse for the same setup in
three dimensions since the eddy diffusivity parameterization does not account for vortex
tilting [109].

When comparing the results from a single simulation, the a priori RANS quantities,
and the quantities obtained from solving the RAADR equation, Figure 5.15, we see that
the three provide entirely different representations of a system. Despite the eddy fluxes and
eddy reactions being calculated from the ensemble data, the quantities from the pseudo-
RANS simulations are very different from the Reynolds averaged quantities obtained from
the data. In particular, there is a lack of downward transport for both the reactive and
passive tracer, likely due to cancellations in the calculation of the averaged vertical veloc-
ity. The inclusion of the eddy reactions and fluxes reduced the downward transport even
further, contrary to what one might expect.

The simulations presented herein are two-dimensional and thus cannot capture some
aspects of oceanic flows. However, they do provide a simple turbulent x − z flow and
demonstrate that the coupling between turbulence and the reaction dynamics should not
be ignored. This is an improvement over the toy flows that have been used to study the
reaction dynamics of phytoplankton, for example [93]. Rayleigh–Taylor flows were chosen
because they result in primarily vertical transport and the downward propagation of the
reactive tracer front. To keep the computational demand of running the ensemble reason-
able, our simulations and performed in a relatively small domain due to the requirement of
0.5 mm resolution for resolving the sharp reactive tracer fronts. Other flows may be more
appropriate for representing convection in the oceanic boundary layer, and this is an area
for future work.
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5.5 Discussion

Due to the feedbacks observed between turbulent mixing and the reaction dynamics, we
stress the importance of conducting studies of reactive tracers within turbulent flows. The
use of convective cells to approximate turbulence is problematic, primarily because the
cells introduce streamlines that the tracer can only diffuse across [93, 94]. In our study,
turbulent RT-induced mixing created small, irregular structures that pulled the reactive
tracer into parts of the domain it otherwise would have only reached due to diffusion. There
was a significant amount of variability in the tracer distributions of our ensemble members.
With pre-specified velocity fields, it would be nearly impossible to capture the structures
that characterize turbulent mixing, and thus, variability in the tracer distribution would
be underestimated.

In addition to the flow used to induce turbulent mixing, the results of this study are
highly specific to the reaction and Damköhler number selected. We chose Da ∼ O(1)
to balance the effects of advection with those of the reaction. The balance causes growth
and mixing processes to become coupled and eddy diffusivity parameterizations to fail [74].
Ocean tracer dynamics are complex, so interactions between turbulent mixing and reaction
dynamics are not as simple as the positive feedback we observed in our study [78, 44, 15].

When considering a slow reaction with Da ∼ O(0.1) or smaller, the coupling will
be weaker, but new challenges arise as turbulent mixing creates sharp tracer filaments.
Decreasing Da to O(0.1) made our 0.5 mm grid spacing insufficient to resolve the tracer
filaments. This is problematic given the large disparity between the scale of our simulations
and those of any regional modeling study. Increasing the diffusivity of the tracer would
smooth out the fronts, thereby reducing the demand for a higher resolution. In a RANS
simulation, this is achieved through eddy diffusivity parameterizations. Modeling studies
based on ROMS generally have a O(1) to O(10)-kilometer horizontal resolution and O(1) to
O(100)-meter vertical resolution [51, 79, 89]. Therefore, it should be assumed that tracer
distributions in these models have been over-smoothed. Further, the spacing between
ROMS grid points is not uniform and the vertical resolution is often better near the surface
than at the bottom (O(1 m) versus O(200 m) [44]). A possible improvement may be
simulating near surface effects, which are weighted more heavily due to the grid spacing,
while parameterizing those deeper in the domain.

Thanks to our relatively small simulations, we were able to run an ensemble with
50 members. However, for larger, more complex simulations, the question of how many
ensemble members to run is a tricky one to answer. In the limit of infinite ensemble
members, we would expect quantities such as ∂Θ/∂x and ∂U/∂z to vanish. In fact, when
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computing our results, we found that the mean tracer derivatives calculated with only half
of the ensemble members demonstrated the same time-dependent trends, but had larger
magnitudes. This was similar for R12 and the derivatives of the mean velocities. Therefore,
we present the results of Figures 5.6 and 5.9 as normalized quantities and note that the
eddy viscosity and diffusivities presented are functions of the ensemble members considered,
though their orders of magnitude remain unaffected. This brings into question how many
ensemble members one should run when conducting studies of this form. The limiting
behavior of an infinitely large ensemble varies drastically from the behavior observed in
an individual simulation. Perhaps this is a reason to consider large eddy simulations over
interpretations based on Reynolds averaging.
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Chapter 6

Large Eddy Simulations

In this chapter, we will be considering how spatial filtering affects the details conveyed by
a dataset. To start, we will consider a simple two-dimensional toy model with a prescribed
velocity field as described in section 6.1.1. The velocity field is intentionally chosen to
only have two wavenumbers (one small and one large). This allows us to examine how
the components of the residual stress tensor, the sfs flux term, and the sfs reaction term
respond to the coarseness of a low-pass filter.

Next, we will extend the two-dimensional RT simulations discussed in Chapter 5 to
three dimensions to create a truly turbulent flow and a sample dataset. The details are
presented in section 6.2.1. We will consider the implications of various filter choices by
examining the sfs flux and reaction terms.
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6.1 Two-Dimensional Toy Model

6.1.1 Toy Model Setup

Table 6.1: Simulation parameters and dimensionless numbers for Toy Model

Simulation Parameter Value

Lx 2 m
Lz 2 m
Nx 256
Nz 256
κ 1× 10−2 m2/s

In this section, we present a toy model in which the velocity fields are prescribed with
known large scale and small scale components. The stream function used to define the
velocity fields is

ψ(x⃗, t) = 0.01 sin

(
2πx

Lx

)
sin

(
2πz

Lz

)
+ 0.01 sin

(
2πt

T

)
sin

(
8πx

Lx

+ a

)
sin

(
8πz

Lz

+ b

)
.

(6.1)

The domain is Lx = 2m wide by Lz = 2m tall, with N = 256 grid points in either direction.
We choose a timescale of T = 0.1 with which the magnitude of the small scale component
of the stream function oscillates. The parameters a and b are randomly selected from
a uniform distribution between 0 and 1 at each time step to randomly shift the spatial
distribution of the small scale component. This introduces some stochasticity into the
model to mimic the unpredictable nature of turbulence. The results derived from the
toy model are independent of these parameters, and remain unchanged if the small-scale
component of the velocity field is not shifted in space. Note that for the horizontal velocity
component, u, we take a ̸= 0 and b = 0 so that it is only shifted in the horizontal. Similarly,
for the vertical velocity component, v, we take a = 0 and b ̸= 0 so that it is only shifted in
the vertical.

The initial tracer distribution for both the reactive and passive tracers is

θ(x⃗, t = 0) = exp(−20(x2 + z2))4. (6.2)
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Figure 6.1 shows (a) the initial distribution of the tracer and (b) the large and (c) small
components of the stream function.

Figure 6.1: (a) Initial tracer distribution for both the reactive and passive tracers. (b) Large
and (c) small scale components of the stream function.

The ADR equation is solved with Fisher’s equation modified with a hyperbolic tangent,

F (θ) = αθ(1− θ) tanh(θ/0.001), (6.3)

as the reaction term. The reaction rate is varied by using α = 0.1, α = 1, or α = 10 in
order to vary Da. The tracer diffusivity is taken to be κ = 1 × 10−2. The ADR equation
is integrated with the numerical method described in section 3.3.

6.1.2 Spatial Filtering

The toy model has N = 256 grid points in both the x and z directions. The wavenumbers
range from (−N/2+1)π = −127π to (N/2− 1)π = 127π. A low-pass filter is implemented
which takes a cutoff wavenumber value as input. We define a “square” low-pass filter as

Ĝ(kcut) = (|k| < kcut) AND (|l| < kcut), (6.4)

and a “circular” low-pass filter as

Ĝ(kcut) =
√
k2 + l2 < kcut. (6.5)
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Figure 6.2: (a) Square and (b) circular filters with cutoff values of 100. (c) Reactive and (d)
passive tracer power spectral densities at t = 0.5s.

For simplicity, we always take the cutoff value to be the same in all directions. Figure 6.2
shows the (a) square and (b) circular filters with kcut = 100. For a square filter, the number
of Fourier components retained after low-pass filtering can be calculated from the cutoff
value as n = 2(⌊kcut/π⌋ + 1). For a cutoff value of 100, only 64 Fourier components are
retained.

Panels (c) and (d) of Figure 6.2 show the two-dimensional power spectral density of the
reactive and passive tracers at the end of a simulation. The majority of the spectral power
of the signals is contained in the smallest wavenumbers. With wavenumbers less than 20,
nearly all of the signal can be captured.

84



Figure 6.3: Evolution of the reactive (first row) and passive (second row) tracer distributions
at t = 0.1s (a, d), t = 0.3s (b, e), and t = 0.5s (c, f). Note the difference in the
colorbar limits in the two rows.

6.1.3 Toy Model Results

To understand the effects of spatial filtering, we must first establish a basis of comparison
by considering the unfiltered data. In Figure 6.3, the evolution of the reactive (first row)
and passive (second row) tracers is shown. Note the differences in the colorbar limits in each
of the rows. The reactive tracer distribution spreads via advection and diffusion, resulting
in growth in new parts of the domain. This behavior is consistent with what we observed
in the two-dimensional Rayleigh-Taylor simulations in Chapter 5 though in this case we
have a controlled, analytically specified velocity field. The large and small cells in the
velocity field illustrate how the reactive tracer grows within a material volume (advective
cell). The passive tracer exhibits simpler behavior in that advection and diffusion cause
its distribution to tend towards a uniform state.

Prescribing the velocities allows us to control the scales present in the toy flow. The
large scale component has a wavenumber of π while that of the small component is 4π.
So we expect that for kcut > 4π, the sfs components of the residual stress tensor will
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Figure 6.4: Time-averaged absolute (a) resolved, (b) cross-scale, and (c) sub-filter-scale compo-
nents of the residual stress tensor plotted as a function of the wavenumber cutoff,
kcut.

go to zero. This is precisely what is observed in Figure 6.4 which shows the norm of
the time-averaged absolute residual stress tensor components as a function of kcut. In
panel (c), the sfs components go to zero for kcut > 4π. For kcut < π, we see that only
the sfs components are nonzero. Recall from section 4.2.2 that multiplication alters the
active wavenumbers in a system. For the cross-scale terms to be non-zero we require
that both ⟨ui⟩ and u′j be non-zero, which is the case for π < kcut ≤ 4π. Additionally,
the multiplication of the two components must result in a resolvable wavenumber. Since
sin(πx) cos(4πx) = (sin(3πx) + sin(5πx))/2, Cij is only non-zero for 3π < kcut ≤ 4π. The
resolved components of the residual stress tensor are zero when ⟨⟨u⟩⟨v⟩⟩ = ⟨u⟩⟨v⟩ which
occurs for 2π < kcut < 4π. Otherwise, as long as at least one component of each of u and
v can be resolved, Lij will be non-zero.

In Figure 6.5 we compare the unfiltered reactive tracer distribution, panel (a), with its
low-pass filtered counterparts. The wavenumber cutoff used in the low-pass filter deter-
mines the amount of detail retained in the distribution. A particularly harsh filter with
kcut = 10, panel (b), results in a smeared distribution and makes it easy to identify differ-
ences between the filtered and unfiltered data. As kcut is increased from 10 to 40, there
is a clear improvement in the details captured by the filtered data. However, as kcut is
increased to 60 or 100, the details gained are not quite as obvious. This is not surprising
since Figure 6.2 showed that the power spectral density is highly concentrated around low
wavenumbers.
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Figure 6.5: Figure 6.5: (a) Reactive tracer concentration at t = 0.5 s. Low-pass filtered reactive
tracer concentration with cutoffs of (b) 10, (c) 20, (d) 40, (e) 60, (f) 100.

While the low-pass filter is a simple and commonly used choice, we could have chosen
from numerous other filters. The differences that arise from filtering with the square versus
circular filters introduced in section 6.1.2 are presented in Figure 6.6 which shows (a) the
unfiltered data, and differences for cutoff values of (b) 10, (c) 20, (d) 40, (e) 60, (f) 100.
The circular filter discards the Fourier components captured in the corners of the square
filter. For small cutoff wavenumbers, this causes the differences to be larger because the
number of Fourier components retained is already very limited.
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Figure 6.6: (a) Unfiltered reactive tracer concentration at t = 0.3 s. Differences between reactive
tracer data filtered with the square and circular filters for cutoffs of (b) 10, (c) 20,
(d) 40, (e) 60, (f) 100.

Effects of Varying the Damköhler Number

We now want to consider how changing the timescale of a reaction (thereby changing the
Damköhler number) affects the filtered reactive tracer distribution and the sfs flux and
reaction terms. Up to this point, we have had a passive tracer, Da → 0, and a reactive
tracer with Da ∼ O(1). Consider two additional simulations in which Da ∼ O(0.1) and
Da ∼ O(10). We simply change α by an order of magnitude to scale Da. The extreme
cutoff values of kcut = 10 and kcut = 100 shown in Figure 6.5 will be used to demonstrate
the range of possible outcomes when low-pass filtering is applied.

In Chapter 5 we discussed the existence of positive feedback between turbulent mixing
and tracer growth. Naturally, one might wonder how this is affected by the reaction rate
since the simulations presented were constructed with the advective and reactive timescales
on the same order of magnitude. The effect of the reaction rate on the sfs flux is important
for understanding how LES might perform for various systems with reactions of different
rates. In Figure 6.7, we show the norm of the time-averaged sfs fluxes as a function of
the wavenumber cutoff. The magnitudes of the sfs fluxes increase with the reaction rate,
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Figure 6.7: Sum of the norm of the time-averaged components of the sfs fluxes, f⃗A, on the (a)
resolved-scale, (b) cross-scale, and (c) sub-filter-scale. The vertical line in panel (c)
at a wavenumber of 4π indicates the point at which the sub-filter-scale fluxes go to
zero.

though it is not a linear relationship. The resolved-scale component of f⃗A (defined in
equation 2.72) is largest for all values of kcut, panel (a). For small values of kcut, the cross-

scale contributions to f⃗A, panel (b), are smaller than those on the resolved-scale. However,
as the wavenumber cutoff is increased, the contributions become similar in magnitude. For
a cutoff greater than 4π the sub-filter-scale components, panel (c), drop off to zero because
u⃗′ → 0. In the absence of turbulence, the velocity field limits the contributions of the
sub-filter-scale components.

The non-linearity of Fisher’s equation makes θ′ ̸= 0 despite there not being any turbu-
lence in the system. In Figure 6.8, we consider the norm of the time-averaged sfs reactions
versus cutoff wavenumber for (a) Da ∼ O(0.1), (b) Da ∼ O(1), and (c) Da ∼ O(10).
The sfs components are most significant for small values of kcut. The vertical dotted
lines indicate cutoff values for which the sfs component becomes less significant than the
resolved-scale (first line) and cross-scale (second line, second row of panels) components.
As expected, the magnitudes of the components scale with the reaction rate, though not
linearly. Fast reactions reach a spatially uniform equilibrium state more quickly. Since the
quantities in Figure 6.8 are averages over time, in the Da ∼ O(10) case, the contribution
of the sfs component becomes smaller than those of the resolved or cross-scale components
for a smaller value of kcut.
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Figure 6.8: Norm of the time-averaged components of the sfs reactions, fR, for (a)Da ∼ O(0.1),
(b) Da ∼ O(1), and (c) Da ∼ O(10). The first vertical black line indicates the
wavenumber for which the sum of the resolved components becomes equal to that
of the sub-filter-scale components. The second line shows the same for the cross-
scale components. The second row of panels provides a close up of the same data
for the cases (d) Da ∼ O(0.1), (e) Da ∼ O(1), and (f) Da ∼ O(10).
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In Figure 6.9, the norms of the components of the sfs reactions with kcut = 10 (first
row) and kcut = 100 (second row) are integrated and shown as a function of time. The sfs
reactions capture the time-dependent fluctuations in the higher frequency components of
the prescribed velocities if kcut is greater than 4π. The sfs reaction terms are largest when
the smallest features in the velocity fields induce the most mixing. When Da ∼ O(1),
advection and the reaction are tightly coupled. The tracer is spread into the finest flow
structures via advection and diffusion and then growth enhances the development of sharp
fronts. Thus, the magnitude of the sfs reaction term is sustained over the duration of
the simulation. For Da ∼ O(10), fR → 0 because the system approaches a spatially
uniform equilibrium state. In the Da ∼ O(0.1) case, mixing dominates, spreading the
tracer through the domain. Compared to the Da ∼ O(1) case, fewer sharp fronts are
formed. The sfs reaction term thus tends towards zero due to the lack of sharp, fine
structures in the tracer distribution.

In Figure 6.10, the norms of the sfs flux components are integrated over the domain
and shown as a function of time. Note that here we consider the vertical component
of flux, but the horizontal component shows the same behavior. When kcut = 10 the
time dependent oscillations in the velocity field are captured by the sfs and cross-scale
components. When kcut is increased to 100 the oscillations are captured by the resolved
and cross-scale components. The distribution between the components of the sfs flux is
highly dependent on kcut, but interestingly, the qualitative behavior exhibited by the total
sfs flux seems relatively unaffected.

Integrating the sfs reaction and sfs flux quantities without taking their norms (thus
allowing for cancellations) yields the results shown in Figures 6.11 and 6.12. For all values
of kcut, the resolved and cross-scale components of both the sfs reaction and flux terms
are negligible. This indicates that while the terms are non-zero, local balances result
in cancellations. The sfs component of the sfs reaction term is non-negligible for both
kcut = 10 and kcut = 100, though its magnitude decreases with the increased wavenumber
cutoff. The sfs component of the sfs flux term is non-negligible for kcut = 10, but is on the
order of machine precision for kcut = 100. This is due to the fact that u⃗′ = 0 for kcut = 100.

6.1.4 Toy Model Takeaways

The toy model has proven to be an effective tool for investigating spatial filtering. The
cutoff wavenumber used in a low-pass filter determines the degree to which a filtered
distribution appears smeared compared to the unfiltered distribution. Using too harsh of a
wavenumber cutoff results in a loss of detail. The cutoff value also determines the relative
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Figure 6.9: The norms of the components of the sfs reaction term integrated over the domain
and scaled by Da. The first row has kcut = 10 and the second has kcut = 100.
The columns, from left to right, correspond to the simulations with Da ∼ O(0.1),
Da ∼ O(1), and Da ∼ O(10).
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Figure 6.10: The norms of the components of the vertical sfs flux integrated over the domain.
The first row has kcut = 10 and the second has kcut = 100. The columns, from
left to right, correspond to the simulations with Da ∼ O(0.1), Da ∼ O(1), and
Da ∼ O(10).
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Figure 6.11: The components of the sfs reaction term integrated over the domain and scaled
by Da. The first row has kcut = 10 and the second has kcut = 100. The columns,
from left to right, correspond to the simulations with Da ∼ O(0.1), Da ∼ O(1),
and Da ∼ O(10). Note that only the yellow curves are observable since the blue
and red curves have tiny values.
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Figure 6.12: The components of the vertical sfs flux integrated over the domain.The first row
has kcut = 10 and the second has kcut = 100. The columns, from left to right,
correspond to the simulations with Da ∼ O(0.1), Da ∼ O(1), and Da ∼ O(10).
Note that the values in the second row are on the order of machine precision.
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importance of the resolved, cross-scale and sfs components of the sfs flux and reaction
terms. The time-dependence of the small-scale component of the velocity field is reflected
by the vertical sfs flux and, if the cutoff is sufficiently large, by the sfs reaction term.
Cancellations in the resolved and cross-scale components cause the sfs component of the
sfs reaction term to dominate. For the sfs flux term, this is only the case for relatively
small cutoff values.

6.2 A Posteriori LES on 3D Rayleigh-Taylor Simu-

lations

The two-dimensional toy model allowed us to understand the effect of spatial filtering and to
begin investigating the sfs flux and reaction terms. Prescribing a multi-scale velocity field
was helpful for analyzing the sfs quantities, but ultimately limiting because u⃗′ went to zero
for small values of kcut. In Chapter 5, we spent a significant amount of time understanding
the evolution of a reactive tracer within a RT flow. Two-dimensional simulations are
limited in their representation of turbulence because vortex tilting and stretching cannot
be accounted for. In this section, we wish to consider a truly turbulent flow, so we extend
the two-dimensional RT setup to three dimensions and then perform a priori LES analysis
on the data.

6.2.1 3D Rayleigh-Taylor Simulation Setup

A three-dimensional RT simulation was run with a 1536 x 1536 x 384 grid and domain size
1.024m x 1.024m x 0.512m. The resolution in the horizontal is 6.67×10−4m and that in the
vertical is 1.3× 10−3m. Rayleigh-Taylor mixing was chosen as a real, well-studied example
of a flow that induces primarily vertical mixing. The system starts from u⃗(x⃗, t = 0) = 0. A
heavy layer of fluid overlies a lighter layer (∆ρ = 1× 10−3) with the interface centered at
z = 0.256m. The mean excess density profile with respect to the vertical is shown in panel
(b) of Fig 6.13. To destabilize the stratification, the interface is perturbed symmetrically
in both the x and y directions.
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Figure 6.13: (a) The initial reactive and passive tracer profiles with respect to the vertical. (b)
The mean initial excess density profile with respect to the vertical. (c) The excess
density at z = 0.256 m.

ρE(x⃗, t = 0) = −5× 10−4

(
1− tanh

(
z − 0.256− ε(x⃗)

0.02

))
, (6.6)

ε(x⃗) = 2.5× 10−3

3∑
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16π(Y2i + 1)

Lx
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)
· sin

(
16π(Y2i + 1)

Ly

y + 2πY3i

)
,

(6.7)

where Yji ∼ U(0, 1) is a random variable chosen from a uniform distribution between 0
and 1 and Lx = Ly = 1.024m. An x-y slice showing the pattern the perturbations form is
shown as panel (c) of Fig 6.13.

The initial tracer distribution is given by

θ(x⃗, t = 0) = 0.5

(
1 + tanh

(
z − 0.38

0.06

))
(6.8)

and is shown in panel (a) of Fig 6.13. The reaction function is modified with a hyperbolic
tangent as in Equation 5.4 with α = 0.1s−1.

Table 6.2 provides an overview of the parameters and dimensionless numbers relevant
to the three-dimensional simulation. We take the Damköhler number, which is the ratio of
reactive to advective timescales, to be Da = αL/U . Using the root-mean-square vertical
velocity at t = 22s (the latest output time we consider in the Results section) as the
velocity scale and Lz as our characteristic length scale, then Da ≈ 5.95 ∼ O(1).
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Parameter Value Dimensionless Number Value
Lx x Ly x Lz 1.024m x 1.024m x 0.512m Re 4.5834× 103

Nx x Ny x Nz 1536 x 1526 x 384 Sc 1
ν 1× 10−6 m2/s Pe 4.5834× 103

ρ0 1000 kg/m3 Da 5.9535
∆ρ 1× 10−3 kg/m3

g 9.81 m/s2

κ 1× 10−6 m2/s
α 0.1 /s

Table 6.2: Parameters and Dimensionless numbers corresponding to the 3D simulation.

A priori LES is performed on the 3D simulations using the following filters:

Gsharp(k⃗) =

{
1, ki < kcuti

0, ki ≥ kcuti

(6.9)

Gsmoothed(k⃗) =

1, ki < kcuti

exp

(
−α
(

|ki|−kcuti

1−kcut1

)β)
, ki ≥ kcuti

(6.10)

Gwide smoothed(k⃗) =

1, ki < kcuti

exp

(
−α
(

|ki|−kcuti

knyq
i −kcuti

)β)
, ki ≥ kcuti

(6.11)

GGaussian(k⃗) = exp

(
−2

(
|ki|

1− kcuti

)2
)

(6.12)

The value of kcuti corresponding to the Gsharp filter reduces the equivalent resolution of
the filtered data by an order of magnitude (kcuti ≈ knyqi /10). The Gsmoothed filter uses the
same cutoff value and has parameter values α = 4.6052, and β = 2. The GGaussian and
Gwide smoothed filters use kcuti = 0.5knyqi . This loosely corresponds to halving the equivalent
resolution. In Gwide smoothed, the parameter values are α = 20, and β = 2. The filters are
shown in Figure 6.14.
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Figure 6.14: Filters used on the 3D data in the (a) k and l directions and (b) m direction. The
smoothed and sharp filters retain all wavenumbers between the cutoff lines. The
wide smoothed filter is the least harsh, as it retains a larger range of wavenumbers.

6.2.2 3D Filtering Results

Let us start by considering the evolution of the unfiltered reactive tracer distribution within
the RT flow. Figure 6.15 shows x−z (first row) and x−y (second row) slices of the reactive
tracer at three outputs. The x−z panels are comparable to what was observed in the two-
dimensional simulations. The reactive tracer concentration increases and it is entrained
by structures that form due to the RT instability. For later times, panel (c), we observe
more disordered turbulent structures as compared to the two-dimensional simulations due
to the additional degrees of freedom in the system. Note that the x − y panels retain
some evidence of the perturbations applied to the density interface when the simulation
was initialized, though this becomes less evident for later times.

We now take the reactive tracer distribution shown in panel (c) of Figure 6.15 and apply
each of the four LES filters outlined in section 6.2.1. The normalized differences between
the unfiltered data and the filtered data are shown in Figure 6.16. Filtering introduces
oscillations because the Fourier series describing the data are truncated. In panel (a) of
Figure 6.16, a sharp cutoff filter corresponding to an order of magnitude reduction in grid
resolution has been applied. As a result, large oscillations are observed throughout the
domain. When the low-pass filter is smoothed, a significant improvement can be observed,
panel (b), in that the oscillations are distributed around the fine turbulent structures
rather than throughout the entire domain. The Gaussian filter performs similarly to the
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Figure 6.15: Evolution of the reactive tracer field. x− z slices are taken at y = 0.512 m and at
(a) t = 10 s, (b) t = 16 s, and (c) t = 22 s. x− y slices are taken at z = 0.3462 m
at the same times.
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Figure 6.16: Normalized differences between the unfiltered reactive tracer field at t = 22 s and
y = 0.512 m and data filtered with (a) the sharp filter, (b) the smoothed filter, (c)
the wide smoothed filter, and (d) the Gaussian filter.

smoothed filter but, as expected, the wide smoothed filter (which retains the most Fourier
components and corresponds to the smallest decrease in resolution) results in the fewest
large scale oscillations.

In Chapter 5, we noted that both the a priori RANS analysis and the pseudo-RANS so-
lution underestimated the rate at which the reactive tracer spread deeper into the domain.
Under a priori LES, we expect the filtered data to capture the rate at which the reactive
tracer spreads fairly well. This can be quantified by considering the vertical profiles of the
unfiltered and filtered reactive tracer distributions. In panels (a), (d), (g) of Figure 6.17 we
show the reactive tracer profile with respect to the vertical for each of the times shown in
Figure 6.15. The profile is calculated by integrating in the x and y directions. The second
column of Figure 6.17 shows the profile of the differences between the filtered and unfil-
tered data. The third column shows the profile of the norm of the differences. Once again,
using the wide smoothed filter is most advantageous, with the Gaussian filter being the
next best choice since these result in the smallest amplitude oscillations and the smallest
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Figure 6.17: Unfiltered reactive tracer norm integrated in x and y at (a) t = 10 s, (d) t =
16s, and (g) t = 22 s. The second column shows the differences between the
profiles of the unfiltered data and data filtered with the various filter choices at
the corresponding times. The third column shows the profiles of the norm of the
differences between the unfiltered data and filtered data.

differences. For coarser filters, the differences are largest in areas where the tracer is most
affected by turbulent mixing. Harsh filters result in larger oscillations and thus choppy
tracer profiles. For models that implement filters as part of their numerical method, for
example as a de-aliasing strategy, it is ideal to choose the least harsh filter allowable.

Taking the reactive tracer data at t = 22 s, we can investigate how each of the four
filters we have been considering affects the sfs reaction term. The vertical profiles of the
components are shown in Figure 6.18. When the sharp cutoff filter is used, panel (a), the
sfs component of the sfs reaction term is dominant. The resolved and cross-scale profiles
oscillate around zero, suggesting that local balances result in cancellations. When the filter
is smoothed, panel (b), the cross-scale component begins to contribute more. In the cases
of the wide smoothed, panel (c), and Gaussian, panel (d), filters the cross-scale component
dominates. Note that the sfs term produced by the wide smoothed filter is two orders of
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Figure 6.18: The sfs reaction components at t = 22 s integrated with respect to x and y for
the data filtered with the (a) sharp filter, (b) smoothed filter, (c) wide smoothed
filter, and (d) Gaussian filter.

magnitude smaller than those produced by the other filters. For the modeller limited to a
coarse resolution simulation, the local balances in the resolved and cross-scale components
of the sfs reaction term are good news. Parameterization efforts can be concentrated on
the sfs component. It is likely also the easiest term to parameterize, considering (θ′)2 is
positive semi-definite.

It is, of course, advantageous to retain as much information as possible when filter-
ing. However, LES is generally used when the resolution of a simulation is limited. The
unfiltered data we are working with has millimeter scale resolution. Applying the sharp
cutoff filter brings this to centimeter scale resolution. In any physical context, this is
still extremely well resolved (though usually such contexts involve much larger domains).
For instance, large eddy simulations of submesoscale ocean dynamics are considered to be
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Figure 6.19: Profiles of the components of the vertical sfs flux term under the sharp filter.
Panels (a) and (c) show the reactive and passive tracers, respectively, at t = 16 s.
The second column corresponds to t = 22 s.

highly resolved with resolutions of 0.5 to 2 meters[91, 107] even though three-dimensional
turbulence is known to extend to much smaller scales. Therefore, for the remainder of this
chapter, we will use only the sharp cutoff filter to consider the effect of decreasing the LES
resolution by an order of magnitude.

Turning to the vertical sfs flux term that results from applying the sharp cutoff filter,
we once again find that the sfs component dominates. In Figure 6.19, the components of
the vertical sfs flux term are plotted for the reactive (first row) and passive (second row)
tracers at t = 16 s (first column) and t = 22 s (second column). As the flow becomes
more turbulent, the total sfs flux increases, as does the contribution of the sfs component.
The contributions of the resolved and cross scale components remain largely unchanged,
though the magnitude of the cross-scale component does increase around the mid-depth.

If we compare the spatial distributions of the components of the sfs reaction and flux
terms produced with the sharp cutoff filter, Figure 6.20, to the reactive tracer distribution
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Figure 6.20: (a, d) Resolved-scale, (b, e) cross-scale, and (c,f) sfs components of the sfs reaction
term (first row) and the vertical sfs flux term (second row) at y = 0.512 m and
t = 22 s. The sfs terms are obtained using the sharp cutoff filter. Both the sfs
flux and reaction terms have a negative coefficient in the filtered equations that is
not being accounted for in this figure.

in panel (c) of Figure 6.15, we see that the magnitudes of the components are largest
around the edges of the turbulent structures that have managed to entrain the tracer.
The resolved and cross scale components for both the sfs reaction and flux terms have a
highly oscillatory spatial distributions. Local balances thus play a large role in reducing
their contributions to the overall sfs reaction and flux terms. The sfs component of the
sfs reaction term, panel (c) of Figure 6.20 is mostly non-negative and its magnitude is
largest within the bubbles and spikes of the RT plumes. Recall from equation 2.63 that
the non-negativity of the sfs component actually implies that it acts primarily as a sink
in the filtered ADR equation. Since applying the sharp cutoff filter to the reactive tracer
field results in a smearing of the tracer distribution, we can interpret the effect of the
sfs component of the sfs reaction term as maintaining the sharpness of the tracer fronts
by decreasing the amount of tracer outside the material volumes that are present in the
unfiltered dataset. The effect of the sfs component of the sfs flux term is less clear, but it
seems to mostly push the reactive tracer up-gradient out of the RT plumes.
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6.3 Conclusions

Spatial filtering applied in spectral space either truncates the Fourier series representation
of the data or limits the amplitudes of the terms in the Fourier series (or some combination
of both). The harshness of a filter is the result of its wavenumber cutoff and whether it
is a sharp cutoff filter or smoothed. Harsh filters retain only the features with the lowest
wavenumbers making distributions look smeared. For a sharp-cutoff filter, differences be-
tween the unfiltered and filtered data are contained in the truncated portion of the Fourier
series. In general, the differences between unfiltered and filtered data will take the form of
oscillations around the fine features visible in the physical distribution.

From the two-dimensional toy model we were able to investigate the impact of the re-
action rate on the sfs quantities. The Damköhler number determines the rate at which the
reactive tracer approaches a spatially uniform equilibrium state. The absorption of fine
spatial features into the uniform tracer distribution corresponds to the effective shortening
of the Fourier series representation of the data. In Chapter 4 we saw that the non-linearity
in the reaction term activates higher wavenumbers. If a reaction is fast enough (or a sim-
ulation long enough) for the reactive tracer distribution to reach a spatially homogeneous
equilibrium state, then the reaction can also have the opposite effect.

We found that the magnitudes of the sfs flux and sfs reaction terms scale with the
Damköhler number, though not linearly. Both terms captured the time-dependence of the
small-scale features in the analytically specified velocities. There are local balances in the
resolved and cross-scale components of both the sfs flux and sfs reaction terms. Therefore,
the sfs components are most important to consider when conceptualizing parameteriza-
tions.

Unfortunately, the intuition that can be derived from the two-dimensional toy simula-
tion is limited by the fact that the sfs components of the velocities go to zero for small
values of kcut and thus so do the sfs flux terms. Constructing a more complex toy model
with an increased number of advective scales may be a worthwhile avenue for future work if
it can be used to investigate interactions between scales. The three-dimensional Rayleigh-
Taylor simulation provides a better sample dataset, as it captures a greater range of scales.
By applying four different spectral filters, we showed that it is advantageous to use the
largest value of kcut possible and, when possible, construct the filter so that it is smoothed
past kcut.

We found evidence of local balances in the sfs reaction and sfs flux terms calculated
from the three-dimensional data. However, the balances are dependent on the filter being
applied. The resolved scale component of the sfs reaction term fluctuates around zero
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regardless of the filter, but the cross-scale component dominates over the sfs component
when the wide smoothed or Gaussian filters are used. Both the resolved and cross-scale
components of the sfs flux and reaction terms fluctuate around zero when the sharp cutoff
filter is applied. The fluctuations are largest near the mid-depth where there is the most
turbulent mixing and are larger for reactive tracers. The sfs components of the sfs reaction
and flux terms are distributed around the fine turbulent structures in the flow.

6.4 Discussion

The modeller wanting to parameterize the sfs flux and reaction terms should find some
comfort in the local balances found herein. The spatial distributions of the sfs components
indicate that the effects of the unresolved terms are localized to (relatively) more turbulent
areas. One strategy for parameterizing the sfs reaction could be to identify areas of strong
mixing and slow the reaction rate locally. Similarly, the vertical sfs flux is likely to amplify
the up-gradient transport of the reactive tracer in regions where there is significant mixing
and sharp reactive tracer fronts.

The sharpness of the fronts created by the reaction indicates the degree to which the
sfs terms contribute to the reactive tracer distribution. It is also a function of the relative
reactive and diffusive timescales. When running a low resolution pseudo-spectral simula-
tion, not being able to resolve sharp fronts results in ringing. It is common to use an eddy
viscosity or diffusivity parameterization in a LES to smooth the distributions and avoid
any artifacts from the numerical method. As shown in Chapter 4, diffusion is effectively
a Gaussian filter. Recall that the magnitude of the diffusivity dictates the width of the
Gaussian with larger diffusivities imposing harsher filters and that eddy diffusivity param-
eterizations assume the effect of the sfs fluxes is to transport the tracer down its resolved
gradient when we have indeed found the opposite to be true.

As shown in Chapter 4, a low-pass filter can be defined with a cutoff wavenumber equiv-
alent to the Nyquist frequency of a particular grid resolution. Therefore, filtering can be
used to draw comparisons between a high-resolution DNS and a lower-resolution LES. In
Section 4.2.2, we discussed how the multiplication of high wavenumber contributions that
are out of phase can result in resolvable contributions. In a priori LES, these contribu-
tions are accounted for. However, in a true LES, the sub-grid-scale features may be aliased
onto lower wavenumbers (subject to the de-aliasing strategy or numerical dissipation of
the model). Assuming the aliasing is adequately dealt with, running high resolution DNS
of events of features identified in a lower-resolution LES may allow for the development
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of process specific parameterizations. This is certainly an improvement over parameter-
izations that use a constant eddy viscosity or diffusivity. While computationally more
demanding than the Germano dynamic model[35], this method also avoids the assumption
that the form of three-dimensional turbulence is similar on all scales.
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Chapter 7

Overall Conclusions

7.1 Summary

Biogeochemical processes are ubiquitous within natural fluid environments such as the
oceans or the atmosphere. Such processes can generally be described by multi-component
systems wherein the components may react with themselves (growth or autocatalytic re-
actions), interact with one another, and react to their environment. The classic nutrient-
phytoplankton-zooplankton system is a well-studied example [98, 71, 93, 78].

Within fluid environments, motions occur over a large range of length scales. Tur-
bulence dominates the smallest scales and resolving turbulent motions has long posed a
computational challenge. In response, turbulence models have been developed in an ef-
fort to capture the most essential characteristics of a turbulent flow. These models allow
coupled fluid dynamical and biogeochemical systems to be simulated, but are inevitably
inaccurate to some degree due to their very nature.

This thesis characterizes the description of a model reactive, passive tracer under two
classes of turbulence models: Reynolds Averaged Navier Stokes simulations (RANS) and
large eddy simulations (LES). The tracer is taken to be passive with respect to the fluid
dynamics and undergoes a growth reaction governed by Fisher’s equation. Throughout this
thesis, the reactive tracer will be compared to a non-reactive, passive tracer. To begin, the
Navier-Stokes equations and the partial differential equation governing the reactive tracer
evolution are Reynolds averaged and spatially filtered to obtain the governing equations
for each of the turbulence models. The procedure is applied to a generalized polynomial
reaction function and can be extended to sufficiently smooth non-polynomial reactions.
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For Fisher’s equation, Reynolds averaging produces a sink in the governing equation, while
the effect of spatial filtering is less clear.

Using zero and one dimensional toy models, intuition can be developed as to the effect
of Reynolds averaging or spatial filtering on the evolution of the reactive tracer. It is
shown that non-linear reaction functions result in the activation of higher wavenumbers.
Diffusion has the opposite effect in that it effectively acts as a filter and constraints the
spectral distribution of the reactive tracer. Under Reynolds averaging, a sink is introduced
into the reaction function for the mean equations. In the 0D system, this results in the
mean tracer value tending towards the stable equilibrium more slowly than an ensemble
member. The terms introduced in the reaction function due to spatial filtering are harder
to interpret, though it is possible to make some analytical progress by assuming the reactive
tracer only has two active wavenumbers. Keeping the analytical results in mind, we turn
to two and three-dimensional direct numerical simulations of the model reactive tracer.

To consider the effect of Reynolds averaging, an ensemble of 50 two-dimensional direct
numerical simulations is run. Within each simulation, the reactive tracer is subjected to
mixing induced by a Rayleigh-Taylor instability. Using the ensemble data and applying
Reynolds averaging, it is shown that the mean provides a poor description of the dynamics
of the ensemble members and that the fluctuations capture the downwards propagation of
the tracer. Further, the magnitude of the scalar variance of the reactive tracer is found to
be non-negligible when compared to that of the mean and so the sink introduced in the
Reynolds averaged equations should not be ignored. The eddy diffusivity parameterization
is evaluated and shown to provide a poor approximation of the eddy fluxes due to the
presence of counter-gradient fluxes. To compliment the a priori analysis, the Reynolds
averaged equation governing the evolution of the reactive tracer is solved. The mean
velocities, eddy flux, and eddy reaction terms are calculated from the ensemble data. The
solution to the Reynolds averaged system exhibits a lack of downward transport, likely due
to cancellations in the mean vertical velocities of the ensemble members.

A two-dimensional toy model with specified velocities is used to illustrate the effect
of spatial filtering. Harsh filters result in smeared distributions due to the removal of
small-scale features. The dependence of the sub-filter-scale flux and reaction terms on the
harshness of a low-pass filter and the reaction rate is evaluated using the toy model. The
magnitudes of the sub-filter-scale terms scale with the reaction rate, though not linearly,
and capture the time-dependence of the small-scale features in the prescribed velocities. To
create a dataset with a larger range of spatial scales, a three-dimensional direct numerical
simulation is run. For consistency, a reactive tracer is once again subjected to turbulence
induced by a Rayleigh-Taylor instability. A priori LES is applied to the data with various
filter choices. Local balances that depend on the filter applied were found in the sub-filter-
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scale flux and reaction terms. The sub-filter-scale component of the unresolved flux and
reaction terms is found to be the most significant and its spatial structure is dependent on
the fine features present in the turbulent flow.

7.2 Discussion

The reactive timescale of our model reactive tracer is deliberately chosen to be similar to
the advective timescales of the flows considered herein. In the oceans, there are numerous
advective processes occurring simultaneously with varying spatial and temporal scales. To
complicate matters further, there are numerous interconnected biogeochemical reactions
occurring, each with a distinctive timescale. The description of a system with a reactive
tracer thus often contains multiple timescales from reactive processes and environmental
forcing. For example, the growth rate of phytoplankton may vary on a daily timescale due
to light availability, on a seasonal cycle due to temperature changes, and may be perturbed
by the injection of nutrients into the system. In the Southern Ocean, phytoplankton
biomass variability exhibits subseasonal, seasonal, and multiannual components [57].

In any physical or biogeochemical system, there does not exist a clean separation of
spatio-temporal scales. In the oceans, submesoscale (O(200m− 20km)) dynamics transfer
energy both down-scale from the mesoscale (where it is injected) to the scales of turbulence
(where it is dissipated) and in the up-scale direction [90]. This means that fine-scale flows
may impact biogeochemical processes on their own scales via eddy fluxes and on larger
scales due to up-scale energy transfers [57]. The importance of fine-scale dynamics is
strongly region dependent. In the tropics, low-frequency climate modes have been shown
to account for most of the inter-annual phytoplankton variability, whereas correlations are
weaker in higher latitudes [49]. In the Southern Ocean, the subseasonal component of
phytoplankton biomass contributes the most to the inter-annual variability and does not
correlate with the Southern Annual Mode, suggesting that small-scale intermittent forcing
plays an important role [75].

Given this context, it suffices to say that the model reactive tracer considered in this
thesis is highly idealized. The diversity of reactive tracers found in the oceans makes taking
a “one size fits all” approach infeasible. Rather, herein several fundamental concepts and
methods have been demonstrated that can aid in the development of parameterizations
for reactive tracers within turbulent environments. Rayleigh-Taylor instabilities were de-
liberately chosen because of the importance of small-scale (submesoscale) vertical mixing
for biological systems [57]. Considering the interactions of multiple advective scales is an
avenue of future work that is actively being pursued.
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For the reader looking to develop a model for a particular system containing a reactive
tracer, there are several important takeaways in this thesis. First and foremost, the suit-
ability of either RANS or LES depends highly on the tracer and model in question. For our
model reactive tracer, the Reynolds averaged reaction has an unknown term depending on
the scalar variance of the tracer. If there were to hypothetically exist sufficient observa-
tional data to quantify the scalar variance of the tracer, then developing a parameterization
for RANS may be the best choice. Otherwise, we suggest using LES under the speculation
that the resolved field will be more representative of a DNS than the Reynolds averaged
field from a RANS simulation. This is a potential avenue for future work, as it remains to
be concretely verified.

When the local balances in the resolved and cross-scale sfs flux and reaction terms
are considered, the filtered reaction reduces to a sink that is dependent on the unresolved
portion of the tracer distribution. While the filtered and Reynolds averaged reaction terms
essentially reduce to the same mathematical form, the sfs reaction is more physically
intuitive. The sub-grid-scale effects in a LES will be mostly localized to small-scale mixing
events. In atmospheric LES, nesting is used to account for small-scale dynamics [69, 68, 41].
For incompressible systems, nesting is problematic due to the need to communicate pressure
information across the entire domain instantaneously. For such systems, perhaps it would
be more appropriate to identify the presence of small-scale mixing events, how they connect
to one another, or what triggers them, though we recognize this is not a trivial task.
Studying such events in detail through high resolution simulations would allow for the
development of event-specific parameterizations, such as effective eddy viscosities, or at
the very least an understanding of the significance of the event within a larger simulation.
Taking this approach would allow for the description of intermediate mixing stages before
a turbulent flow reaches statistical equilibrium. In regional models, mixing events are
continuously perturbing the statistical equilibrium of a flow. In such contexts, it seems
unlikely that the form of the three-dimensional turbulence is similar on all scales as is
assumed by the Germano dynamic model [35].

As an example, internal waves are a nonhydrostatic phenomenon that most regional
models cannot resolve. The shoaling dynamics of internal waves are significant and in
the South China Sea have been documented to induce significant nutrient fluxes into the
euphotic zone, thereby supporting biological activity [60, 45]. Describing the generation,
propagation, and shoaling of internal waves is a multiscale problem. Environmental con-
ditions such as bathymetry, wind conditions, stratification, and pre-existing turbulence
among others affect the manifestation of an internal wave [102, 22, 115]. As an internal
wave propagates through a region, it induces mixing and systematic transport, thereby per-
turbing the system. Some of these features are highlighted in Figure 7.1. The first panel
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shows the generation of an internal wave due to flow over a sill. The second panel shows
an internal wave of depression shoaling over undulating topography. As the wave shoals,
instabilities are generated and eventually these breakdown into small-scale turbulence. A
significant amount of observational, experimental, and numerical work has been focused on
describing the mixing and transport induced by internal waves and their generation mech-
anisms (see [87] for a review). Further, several algorithms have been developed to detect
and track internal waves [19]. Given the degree to which internal waves have been studied,
it seems plausible that in a regional LES, they could be accounted for through a param-
eterization derived from observational data and tracking, and high-resolution numerical
simulations. This is indeed a challenging task, but one that is well-worth attempting.
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Figure 7.1: The first panel shows the generation of an internal wave over a sill. Within the
wave, a recirculating core forms. Large enough topography induces separation.
The second panel shows an internal wave of depression shoaling over undulating
topography. As the wave shoals, instabilities are generated and breakdown into
turbulence. The second panel is reproduced from [87] with permission.
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Appendix A

Mathematical Treatment of Other
Example Reactions

A.1 Multi-Component Systems

The Lotka-Volterra (LV) equations are a simple example of a non-linear multi-component
system [105]. In ODE form, the system can be written as

θt = θ − θϕ, (A.1)

ϕt = θϕ− ϕ. (A.2)

Note that all rate constants are taken to be 1 in the above. We want to consider how
Reynolds averaging or LES filtering affects a coupled system of DEs. It is sufficient to
consider the LV system in ODE form since the eddy flux and sfs flux terms introduced are
the same for all ADR equations.

Let us start by applying a Reynolds decomposition to both components so that θ =
Θ+ θ′ and ϕ = Φ+ ϕ′. Substituting and averaging yields

Θt = Θ−ΘΦ− θ′ϕ′, (A.3)

Φt = ΘΦ− Φ + θ′ϕ′. (A.4)

128



Under LES filtering the LV system becomes

⟨θ⟩t = ⟨θ⟩ − ⟨θ⟩⟨ϕ⟩+ (⟨θ⟩⟨ϕ⟩ − ⟨θϕ⟩) (A.5)

= ⟨θ⟩ − ⟨θ⟩⟨ϕ⟩+ (⟨θ⟩⟨ϕ⟩ − ⟨⟨θ⟩⟨ϕ⟩⟩)− (⟨⟨θ⟩ϕ′⟩+ ⟨θ′⟨ϕ⟩⟩)− ⟨θ′ϕ′⟩, (A.6)

⟨ϕ⟩t = ⟨θ⟩⟨ϕ⟩ − ⟨ϕ⟩ − (⟨θ⟩⟨ϕ⟩ − ⟨θϕ⟩) (A.7)

= ⟨θ⟩⟨ϕ⟩ − ⟨ϕ⟩ − (⟨θ⟩⟨ϕ⟩ − ⟨⟨θ⟩⟨ϕ⟩⟩) + (⟨⟨θ⟩ϕ′⟩+ ⟨θ′⟨ϕ⟩⟩) + ⟨θ′ϕ′⟩. (A.8)

The introduction of unknown terms both under Reynolds averaging and LES filtering is
due to the presence of a non-linear reaction term. Under Reynolds averaging, the eddy
reaction transfers population between θ and ϕ. Note that θ′ and ϕ′ can have opposing signs
and so population transfer can be either from θ to ϕ or in the opposite direction. Compared
to the simple sink term that was introduced when Reynolds averaging Fisher’s equation,
the effect of the two component eddy reaction term is harder to interpret and predict. We
see a similar effect in the filtered equations, though there are many more unknown terms
so understanding their distinct or even joint effects is challenging.

A.2 Using Taylor Polynomials on Michaelis-Menten

Reaction Terms

The simplest form of a reaction function describing Michaelis-Menten kinetics [86] is

F (θ) =
θ

1 + θ
. (A.9)

Due to the form of the equation (being non-linear and not a polynomial), substituting a
Reynolds decomposition and averaging is fruitless and similarly for LES filtering.

Instead, we need to use a Taylor polynomial to approximate the equation. The Michaelis-
Menten equation as written (with all parameters taken to be one) has a discontinuity at
θ = −1. Considering that θ is interpreted as a concentration in models in which this
equation would be used, it is safe to assume θ ≥ 0 and so the discontinuity can safely be
ignored.

The degree 3 Taylor polynomial corresponding to equation A.9 around a point a ≥ 0 is

P3(θ) =
a

1 + a
+

1

(1 + a)2
(θ − a)− 1

(1 + a)3
(θ − a)2 +

1

(1 + a)3
(θ − a)3. (A.10)
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For simplicity take a = 0, then

P3(θ) = θ − θ2 + θ3. (A.11)

The first two terms are identical to the terms in Fisher’s equation. The cubic term, being
non-linear, will inevitably introduce more unknown terms under Reynolds averaging and
LES filtering. In sections 2.4.2 and 2.5.2 we showed how to apply either procedure to θn

for any positive integer n. Here, we have n = 3, so the terms introduced by applying the
Reynolds averaging procedure to θ3 are

θ3 = (Θ + θ′)3 = Θ3 + 3Θ(θ′)2 + (θ′)3, (A.12)

and the resulting Reynolds averaged Taylor polynomial is

P3(θ) = Θ−Θ2 +Θ3 − (θ′)2 + 3Θ(θ′)2 + (θ′)3. (A.13)

The cubic term in P3(θ) introduces two additional unknown terms that rely on the fluctu-
ation, one of which involves third order correlations.

Under LES filtering θ3 becomes

⟨θ3⟩ = ⟨θ⟩3 + ⟨⟨θ⟩3⟩ − ⟨θ⟩3 + 3⟨⟨θ⟩2θ′ + ⟨θ⟩(θ′)2⟩+ ⟨(θ′)3⟩. (A.14)

The filtered Taylor polynomial is

⟨P3(θ)⟩ =⟨θ⟩ − ⟨θ⟩2 + ⟨θ⟩3 (A.15)

− ⟨⟨θ⟩2⟩+ ⟨θ⟩2 − 2⟨⟨θ⟩θ′⟩ − ⟨(θ′)2⟩ (A.16)

+ ⟨⟨θ⟩3⟩ − ⟨θ⟩3 + 3⟨⟨θ⟩2θ′ + ⟨θ⟩(θ′)2⟩+ ⟨(θ′)3⟩ (A.17)

The cubic term introduces new unknown terms (third line). Most notably, increasing the
order of the non-linearity considered to some integer value n increases the number of terms
in the cross–scale interaction tensor by n− 1.
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Glossary

sfs flux An unknown transport term that arises in the spatially filtered ADR equation.
The sfs flux has resolved, cross-scale, and sfs components. 23

sfs reaction An unknown reaction term that arises in the spatially filtered ADR equation.
The sfs reaction has resolved, cross-scale, and sfs components. The form of each
component depends on that of the reaction in question. 24

Damköhler number Ratio of the reactive to advective timescales. Defined as Da = αL
U

where α is the reaction rate and L and U are the characteristic length and velocity
scales. 9, 16

eddy flux Transport of tracer fluctuations by velocity fluctuations. An unknown trans-
port term that arises in the Reynolds averaged ADR equation. 7

eddy reaction An unknown reaction term that arises in the Reynolds averaged ADR
equation. The form of the term depends on the reaction in question. 7

passive tracer A tracer that is passive with respect to fluid dynamics and non-reactive.
2, 14

reactive tracer A tracer that is passive with respect to fluid dynamics and undergoes a
reaction. 2, 14

Reynolds average An average taken over an ensemble. 5

toy models Models that are highly simplified, often through the implementation of a
prescribed velocity field. 3
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