COUPLED DYNAMICS OF CABLE-HARNESSED
STRUCTURES: ANALYTICAL MODELING AND
EXPERIMENTAL VALIDATION

by

Karthik Yerrapragada

A thesis
presented to the University of Waterloo
in fulfillment of the
thesis requirement for the degree of
Doctor of Philosophy
in

Mechanical and Mechatronics Engineering

Waterloo, Ontario, Canada019

© Karthik Yerrapragad&2019



Examining Committee Membership

The following served on the Examining Committee for this thesis. The decision of the Examining
Committee is by mayity vote.

External Examiner: Luc Mongeau
Professor
Department of Mechanical Engineering
McGill University

Supervisor(s) Armaghan Salehian
Associate Professor
Department of Mechanical and Mechatronics Engineering
Universty of Waterloo

Internal Member: Kirsten Morris
Professor
Department of Mechanical and Mechatronics Engineering
University of Waterloo

Internal Member: Giovanni Montesano
Assistant Professor
Department of Mechanical amdechatronics Engineering
University of Waterloo

Internatexternal Member Nima Maftoon
Assistant Professor
Department of System Design Engineering
University of Waterloo



AUTHOR'S DECLARATION

| hereby declare that | am the sole author of thesis. This is a true copy of the thesis, including
any required final revisions, as accepted by my examiners.

| understand that my thesis may be made electronically available to the public.



Abstract

This thesis presents analyticalodels to study the vibration characteristics of cable
harnessed beam structurestivated by space structuagplications The distributed parameter
models proposed in this work consislénto account the effect of coupling between various
coordinates ofibration such as the bending in the out of planglame direction, axial and the
torsion coordinates. The mathematical models are presented for structures with straight cable
wrapping pattern at an offset distance, periodic andp@oiodic wrapping attern. Numerous
theoretical simulations are performed to highlight the importance of having a coupled vibration
model and the analytical models are validated with experiments.

Chapter 2.Jpresents a distributed parameter model to sthdyibrations ofbeam with
straight cable pattern at an offset distaridee structure is modelled using Euleernoulli and
Timoshenko beam theories. The presented model studies the effects of coupling betwaen va
coordinates of vibrationsStrain and kinetic energyxpressions are developed using linear
displacement field assumptions a@@dceenrLagrange strain tensofhe governing coupled partial
differential equations for the cablarnessed beam that includes the effects of the cable pre
tension are found using Hamt o n 6 s . The affects of hé afset positiaf the cablepre
tension and radius are studied on the natural frequencies of the sybematural frequencies
from the coupled Euler Bernoulli, Timoshenko and decoupled analytical models are faund a
compared to the results of the Finite Element Analysis.

In Chapter 2.2amathematical model to study the coupled vibrations in eaétaessed beam
with periodic wrapping pattens presented. The structure is méste using EuleBernoulli and
Timoshenko beam theories. The fundamental element of the wrapping pattern consists of diagonal
cable section along with lumped masection at the end of eaehement. An equivalent fully
coupled continuum model is presented with goal of obtaining constaefficient partial
differential equations. Sensitivity analysis by the varying the cable radius, number of fundamental
elements on the natural frequencies is @edormed The concept of transition frequency in
Timoshenko beam theory is also studieddableharnessed structures. The effect of cable radius
on the transition frequency is presented. Natural frequencies and mode shapes for both the spectra
are presented for simply supported boundary condition and the results are compared to the bare



beam © show the effect of cabling on the behavior of the structure for both the spectra of
Timoshenko beam theory.

Chapter 2.3 presents an analytical model to stuthe coupled vibrations of cable
harnessed structures with npariodic wrapping pattern. Thexact coupled partial differential
equations of the structure are developed using Beenoulli (EB) theory. The analytical model
assumes each fundamental element of thetateibas different displacement, which means the
structure is discretized #te interface of two different fundamental elements by applyithg
continuity conditiols along with the cantilever boundary conditeamd the model is solved for
natural frequencies, mode shapes and frequency response furotimrsperiodic wrapping, té
wrapping angle changes for each fundamental eleriéet.coupld exact model developed in
Chapter 2.3 is an improvement of the model presented for the periodic wrapping [mattiens
compared to the decoupled mott#l nonperiodic wrapping patterns

In Chapter 3.1 fte experimental study and model validations for the coupled dynamics
of a cableharnessed beam structuaee presented. The system under considerafamthe
experimentonsists of multiple préensioned cables attachelbng the length of the host beam
structure positioned at an offset distance from the beam centerline. Analytical model presented by
the coupled partial differential equations (PDES) for various coordinates of vibrations are found
and the frequency respem functions (FRFs) obtained for both EuBarnoulli and Timoshenko
based models are compared to those from the experiments for validation.

In Chapters 3.2 and 3.3, experiments are performegeoceibled beam structgneith
periodic and noiperiodic wrapping patterrend the frequency response functions obtained from
coupled and decoupled modele compared to the experimental frequency response functions.
The experimental mode shape animation plots of the torsionndoimand ifplane dominant
modes are also presented to identify the type of modes associated with the sharp peaks observed

in the outof-plane bending frequency response functions.
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Chapter 1: Introduction

1.1 Literature Review
1.1.1 Motivation

Large space structures are often too large for dynamic ground testing as a whole. Therefore,
a common approach to model validationstfeese structures entails ground testing the individual
components prior to their launch. One major component for these structures include electronic
cords and power cables that have been commonly igiioeeeffect of cablingn modeling these
structuresThese cables have shown to weigh up to 20% of the mass of the host stijiciithis
number will increase significantlyith the use of coposite materials in aerospace applications
Therefore, obtaining a dynamic model that accurately accounts for the mass, stiffness and damping
effects of these cables is paramounimportanceand has received a lot of attention in the past
few years[2i 11]. As an example, the satellite structures of National Aerospace and Space
Administration (NASA) are shown in Figs. (1.1) and (1.2). The structures are harnessed with
significant amount of cabling which will affect the dynamic characteristics of the host structure.
The arrangement of cables can be straightor in a periodic or noperiodic manneand the
cables come in various sizegheU. S Air force Research Laboratory (AFRL), Space Vehicles
Directorategroup were the first to perform significastudyin this area. Fig. (1.3) shows the setup
of the space structure on the vilwat shaker to perform vibration testingpak[12] pointsout
that the space structures are usually tested prior to harnessing them with cables.
Therefore, in the experimental testing, the effects of cabling are not usually seen. Depending on
the amount of cabling on the structutegrewill be significanshiftin the peaks of the frequency
response function of the structuiidne structures usually exhibit large amplitude motions near the
resonant regions. Hencéete is a need to develop good theoretical models that can predict th
effect of cabling on the dynamics of host structoraccurately have an information regarding the
natural frequencies of the structulirethe initial stage of research in this area, the effect of cabling
is investigated using finite element modelsifé element analysis is a numerical technique, which
often involves discretizing the structures into large number of elements to obtain good results. As

the structure gets complicated, it becomes difficult to obtain physical insight into the problem
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using FEA models. In case of cabl@rnessed structures, there is an important need to obtain
physical insight as to how the cabling affects the natural frequencies of a structure and what
parameters or effects play an important role. This is better possililevieyoping analytical or
distributed parameter models. In the research performed by the U.S Air force research group,
experimental and theoretical studies are performed on scaled down structures where the host
structure is modelled using beam theo(ieg. (1.4)) Deeper analysis on scaled down structures

will help us physically understand how the dynamic characteristics are affected by cabling and the
models orsmallscalestructures can later be extended to understand the behavior of larger scale
strucures. In their studies, cables are attached to the beam and plate host structures. In addition,
in space structures, the beam and plate structures are the major load carrying members. The
theoretical models developed are for beam structures dtlesitotheoretical simplicitywhen
compared to platedlore details regarding the U.S Air force and other research groups in the area

of cabled structures are discussed in the following subsections of this chapter.

r

Fig. 1.1 Cable Haress in NASA satellite structure, Image Courtesy: NASA ICESat WehiSite



Cabling

Host Structure

Fig. 1.3 Setup of NASA Satellite structure on shaker for vibration testing, Imagae3y: NASALADEE
Website[14].

1.1.2 Research by U.S Air force Group in Cable-Harnessed Structures

As a general overview regarding analytical methods, theemattical model of vibration
of physical structure such as a beam or cable is usually obtained using force or energy methods.
As the structure gets complicated, it is difficult to account for all the moments or forces in a
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structure using force method andthat case, energy methods are preferred. For a distributed
parameter structure, the strain and kinetic energy of the structure are computed and the Lagrangian
of the system is found out. The final equations of motion are obtained by taking the vafiation

the time integral of thtagr angi an. This is referred to as

is shownin Eq. (1.1)

Beams and plates act as primary
load bearing members in space
structures. Assuming a cable
attached to beam host structure
helps in gaining deeper physical
insight into the problem

Host Structure

Courtesy: NASA IceSat

(a) (b) (c)

Fig. 1.4 Cable Harnesses in beam and plate structures by the U.S Air force research laborafory gro
Image Courtesy: (a) NASA ICESat; (b) Babuska et al,, 2BR0[2]; (c) Coombs et al, JSR, 20[1].

) Y Y Qo m (1.1)
“YandYin Eqg. (1.1) stand for kinetic and strain energy of the system respectietg the
governing partial differential equations are obtained, the vibration characteristics of the structure
such as the naturlequencies, mode shapes and the frequency response functions are found out
using analytical method3 hese analyses give an overall picture of the dynamic response of the
structure Previous researdh the area oVibrations ofcableharnessed structugey the U.S Air
force research groupcludes ad hoc techniques that mathematically model these cables as lumped
masses attached to the host structure ignoring their stiffness and damping pr¢pelti€e
overcome deficiencies in the earlier mod§l$,considers the effect of distributed mass, stiffness
and damping effects of cl#s where added cables are modeled as a beam structure attached to a
host specimenRef. [1] models the cables using shémam theory.Shear kam theory
incorporates the effect of shedaformation, whichs ignored in the EuleBernoulli model.The
dynamics of cabled beam is studied using analytical methods. The paper reports bending modes
related to the host structure and the cable. It isrtegpahatat higher vibration modes, the cables
start to vibrate and induce dissipative effect in the ehateessed system. This apparent damping

is usually more significant in the higher mod&ke shear beam model (for cable) predihts



apparentdanping effect better than the case where the cable is modelled usingEeteoulli

beam modelGoodding et aJ3] developed methods to attach the cable to the host structures with
the help of tiedown structuresnd performed vibration testirgn cabled beano capture the
bending modes for the frédeee boundary condition. Comparison of experimental data of bare
beam and cabled beam showed significant chartgepaper considers two different systems, one

is cabled beam with cable at the ceriee and the other with serpentine configuration. The
experimental study between the two different systems concludes that the frequency response
functions of the two systems are similar and serpentine configuration shows greater damping for
the higher mdes.The cabled beam is modeled using beam thddry paper also developed Finite
element models to study the bending vibrations and the natural frequencies of cabled beam
dynamic modematchwell with that of FEA.The bending frequency response functiobtained

from the FEAare validated using experimeni$ie paper reports that at lower modédending
vibrations mass effects dominate and at higher modes, the damping affedisminantBabuska

et al[2] modek the host structure and cable using EdBernoulli beam theory. They develop
distributed parameter model for transverse vibrations of cable and beam. It is alsorskiwsun i

work that the stiffness effects are dominant in the lower vibration modes, whereas, the damping
effects dominate the higher modes of vibratidfsuffmann et a[5] developednovel damping

model using shear beam theory assumptions. In the lower modes of vibration, the damping ratio
almost remais constant and in the higher modes when we see significant shear vibrations, the
damping ratio linearly increases with modember and the model proposed in the paper matches
well with the experiment. Remedia et[d] investigated the effect of cabling on the vibration of
cable harnessed honey comb panel. The theory model prapssedlated using Crai@ampton
stochastic method and provided better result than the full scale monte carlo simulation and the
model proposed in the paperdsocomputationally efficient than the monte carlo simulation.
Goodding et a[16] models cable and Bb stucture using beam theoryewkloped methods to
estimate geometric properties of the cable such as the effective area, modulus etc. Goodding et al
also developed linear finite element models (FEM) to model the bending vibrations of cable
harnessed beams awvalidated the FEM model with the help of experimeRist. [17] develop a
theoretical model for eableloaded panel. The host structure considered is a plate and cables are
attached to it. The paper develops finiteneent model to predict the vibration characteristics of

the cable loaded panel and the finite element model is validated with experi@eispapers



on cable or string attached to beam (not related to space structure applications) dfe3] Ref.
models the vibrations of two beams elastically connected together using an elastic foundation using
EulerBernoulli theory. Exact solutions of natural frequency are presented for simply supported
boundary conditions. R¢19] extended their previous work by performing analysis of beam and
string system connected by elastic layers. It was wgbdethat variation of tension in tistring
significantly changed the bending natural frequency of the structure for simply supported boundary
conditions. Other papers of interestlerelated area include tensioned string attached to beam
near boundaries and the string and beam have different coordirmateof plane vibrations. The
paperq20i 24] report norlinear behavior in the structure although the papers lapkrarental

analysis or validation.

1.1.3 Other Structural Application of Vibration Analysis of Cables
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Fig. 1.5 Applications of cables in power lineSourtesy: McClure et al, Computers and Structures, 2003
[25]
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Fig. 1.6 Marine applications of cable€ourtesy: Huang et al, Appl Sci, 1955%]

Fig. 1. (a) Cable-stayed bridge; (b} cable-stayed beam.

Fig. 1.7 Applications of cables in bridge structur&€aurtesy: Fujino et al, Appl Sci, 201Z7]

Apart from space structures, cables also have important structural applicatitmsreas
of (but not limited to) power lines and marine applications. In power[2&g¢Fig. (1.9) stranded
cables are used frequently, where several wires are twisted to form a single caf?®] Refdels
the dynamic response of power transmission cables when subjected to shock loads. The stranded
cables considered if25] comprise of aluminum and galvanized steel. H28] develops
mathematical models to determine the bending stiffness of stranded cables which have application
in power and signal transmission. In marine caf##8$two layers are present. Armor layer is the
outer, which provides the mechanical strength, and the inner layer contains fipdicaland

conducting wire$29]. Ref.[26] (Fig. (1.6))states that the mae cables usually cannot withstand
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compressive load and operate in tenstatk condition which results in néimear behavior. In
space structure applications, the power cables are attached to the host structures-tissngrzip
the cable resonanceseausually observed in the higher modes and the presence of cabling
significantly effects the dynamics of the host struci@te

Some of the other areas of applications of cables are in the area efteglel@ bridges
where bridge structures are supported by cables. It is observed that there will be nonlinear effects
in cablestayed bridges and the references are explained irpanggraph. Dallasta et 0]
analyzed bending vibrations of beams-pti@ssed by internal cables which attached to the
beam at the boundaries. The beam considered is a thin walled beatregsed by a parabolic
cable. It was found that the increase in cable force increased the frequency and the change in the
frequency is more significant for higher freqagmmodes. Fujino et §27] (Fig. (1.7))modeled
the nonlinear vibrations of cablstayed beam. The structure investigated has similarity to the
cablestayed bridges. The tension effect of cables is considered abéatimestructure is assumed
to vibrate in the in plane and out of plane direction. The cable is also assumed to vibrate in the
horizontal direction and it was observed that qaacametric resonance exists in the structure and
this phenomenon is validatedperimentally.Gatulli et al[31] built on the work of Fujino et al
and assmed the beam and cable vibrate separately in one direction. Gatulli et al investigated
additional nodinear resonances such as 2 to 1 resonance, internal resonance condition and found
the existence of period doubling bifurcation condition. Other relagégfances on nonlinear
vibrations of cablestayed vibrations can be found in Rgf22i 36]. Liu et al[32] modeled the
vibrations of deckcable system. The dedable system is coupledseparate displacement
assumptions of deck and cable which are couged)the dynamic model is agaéd for a single
cable attached to deck and the results are validated usinglthreesional finite element method.
The system has pure cable modes, pure deck modes and coupledecébteodes and the
presented analyticahodelis able to accurately pidect the coupled cabldeck modes. Kang et al
[33] modeled the nonlinear vibrations of calieck system. The degrees of freedom considered
arethein plane and out of phe bending vibrations of cable and out of plane bending vibrations
of deck. The paper reports observation of parametric resonances that 1:1 ratio cbetiieen
the out of plane and4plane bending modes will cause large displacements in the strlatprei
et al [34] models quadratic nelmearity in the copled cablébridge system. The system is

modelled using discrete lumped masses. The degrees of freedom considéredhgoiane and



out of plane bending vibration for the cable and the out of plane and torsion vibration for the
bridge. When the bendirand torsional vibrations of the bridge are subjected to forced excitation,

it is found to cause out of plane bending vibrations in the cable through parametric resonance. In
Ref.[35], the system considered is a beam with string attached to beam at boundaries and the paper
investigates nonlinear and chaotic motion. The case of 1 to 2 resonaweerbébe string and

beam is investigated. The equations of motion are solved using the method of multiple scales. It is

observed the excitation amplitudes play an important role on the vibrations of the structure.

1.1.4 Research by Other Research Groups in Cable-Harnessed Structures

Fig. 1. 8 Cable harnessed structure experimental setup by Inman researchG@podesy:Spak PhD
thesis,2014,Virginia Tech[12]

Apart fromtheU. S Air force, the research performed by other groups in the area of cable
harnesse structures ar§pak et. aRefs.[12,28,37 43] (Fig. (1.8))modeled the spaflight cables
using theshear and Timoshenko beam theoaes developed theoretical models to determine
various effective propertiesof ndno mogenous space flight cabl es

modulus.

A NS PSS e

Fig. 1. 9 Cable harnessed structure to valldate' the spectral element method by InmanA researchgroup
Courtesy: Choi et al, JSV 20144]



The initial phase of Spak et al work studies the frequency response of strings and space
flight cables.In Ref.[37], the main focus is on the bending vibrationthefcable. The theoretical
FRF is plotted using the effective properties determinedsodmpared with the experimental
FRF and the theory showed good match with the experiment. Using the predicted properties, the
frequency response characteristics of bending vibrations cable harnessed structures are found out
using analytical methods arttie predicted frequency response functions are validated using
experiments. In Ref[39,40] Spak et aldeveloped damping models to quantify the damping
induced by cabling. The paper concludes that the Timoshenko beam predicts damping and
frequencies better than EwBernoulli beam due to rotary inertia and shear deformation effect.
Ref.[42] developed distributed transfer function method (DTFM) to predict the damping and other
modal parameters in cabled structure and the DTFM model takes into titmcable attachment
points and it was found that the DTFM predicts the frequencies and damping better than the
distributed mass modeThe experimental investigations in REf5] study the bending vibration
characteristics of cables (meldd as beams). Spak et al report that as the tensibe string,
cables vary, t he struct ur edsno rhajoeeffacteohtengioar e s p o n
seen The paper validated the cable models for bending modes that are developed aising be
theory (model solved using DTFM approach) with the experiments. Extensive experimental
investigations if12] focus on cabled beams and reports the existence of-tealm interaction
modes and coupled benditmysion modes. Spak et al report that when host structure is harnessed
with thick space flight cables, the gsence of interaction and torsional modes is seen
experimentally. The analytical model by R@R] neglects the effect of bending torsional coupling
in the cabled structure. Rfl2lc o mpar es t he anal yti cal model 6s
function with that of experimental frequency response function.

Choi €. al [44,46 48] (Fig. (1.9))model both the bending vibrations of cable and beam
structures using Timoshenko beam thgadiBT). The cable is attached to theamusing tie down
structuresThe calke-harnessed structure is moeldlasa doublebeam problem using Timoshenko
beam theory. The displacements of host structure and the cable are different. The problem is solved
using spectral element method where the displacemactions are defined using standard
exponential form. Impacest experiments are performed on the practical structures and the results
show good agreement with the theory for the-free boundary condition tested. The bending

vibration coordinates are modeled in these papers and the motion of the structuredinexttiers
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and the coupling effects are neglectétle frequency response functions for the bending mode
obtained using the Spectral Element Metf®BEM)are compared with the Finite Element Method
(FEM). Authors[44] conclude that Spectral Element Method uses significantly lower number of
elements when compared to the FEM method. Huang[49 &0] extend this gectral element
approach developed by Choi et [d4] to study the bending vibration characteristafs a
cantilevered cabldarnessed beam with a tip mass at the free end. The mathematicg4ad3

also accounts for damping in the structamart from extensively studying of tip mastuang et

al attaches cable to the beam at discrete locations and developsnsousing Cheybyshev
spectral element method to study the bending vibrations in-babhessed structure. In this
method, Cheybyshev polynomials are used as basis function while finding the natural frequency

and the paper reports that more accuraselt® can be obtained using fewer elements when

compared to the other Spectral element methods published in literature.

@ Accelerometer
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Fig. 1.11 Experimental setup of periodically wragpeableharnessed structur€ourtesy: Martin et al,
AIAA 2016 [52]
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Fig. 1.12 Non-periodic wrapped cablearnessed structur®lartin et al, AIAA 201853]

Martin et al[51i 60] (Figs. (1.10) to (1.12)leveloped analytical models along with their
experimental validations for bee-harnessed beam structures vp#riodicand norperiodiccable
patterns. In their work, cables are modeled using both bar and string element assuimptions

develop low order, higffidelity distributed parameter models foending vibrations of the cable
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harnessed beam structures of periodic pattdrne main goal of Martin et al work is to predict

the stiffening and mass effects induced by cabling on the beam strudingslecoupled bending
vibration modelRef.[51,52] models the decoupled vibrations of cable harnessed structures with
periodic wrapping pattern. The mathematical model takes intaiattoe pretension effects of

adding cable along with the poempressive effect induced in the host structure. The model could
predict that by adding cable to host structure there is significant amount of stiffening effect.
Numerous simulations are presed by varying parameters such as the number of fundamental
elements of wrapping pattern, cable radius and the modulus of the cable to show case the
importance of having a mathematical model to predict the stiffening effect. The theory model is
validatedexperimentally in Refl52] and the theory shows goodragment with the experiment.
Refs.[54i157] are some of the early modeling attempts by Martin et al to study the stiffening
effects. The préension effectareneglected in those papers and the cable is modeied lbar

model. These models alater built upon and improved in Ref51,52] In Ref.[60], Martin et al

solved a stepped beam which periodic elements using Lindbéaitare theory for the decoupled
bending vibrations. The coefficients for the stepped beam ai@bieaand the frequencies and
mode shapes are calculated using perturbation theory. The theory develope (6] Redpplied

to cable harnessed structures with 4peniodic wrapping pattern in R3] by Martin et al. In
nonperiodic wrapping pattern, the cable has different wrapping angle in each fundamental
element. Martin et al modelled the decoupbehdingvibrations. In case of zigzag wrapping
pattern with inclined side sectionthe coefficients of partial differential equations become
dependent on the spatial coordinate. The spatially vanmstel different equationd®DES9 are

solved using LindstedRoincare approach and the results are experimentally validzaetgl

Differ ent i al Equations (PDEs) that account for
the systemds dynamics ar e de\5852bp5F|dthe odtot a | |
plane bending is of primary interest. The method used employs the homogenization technique for
truss structures if61,62,71,72,6870)t o obt ain the PDE®&ds using a
through tle strain and kinetic energy expressions of a fundamental repeated elefents.
asymmetric wrapping pattern in Fig. (1.10) could potentially create 1oodgling effect as the
intensity of cabling on the host structure is increa3éw coupling induced beeen various

coordinates of vibrations due to the addition of the cablesirelgmeglected in their model.
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1.1.5 Effect of Coupling between Vibration Coordinates in Other Structures.

Figure 1. Beam geometry.

Fig. 1.13 Coupling due to geometry @f crosssection beamCourtesy Bishop et a[73]

In the area of cablbarnessed structures, the effect of coupling between various
coordinates of motion is not studied before. The other steasturesn which themodecoupling
effects between vaus coordinates arebserved arexplained in thissection Dokumaci[74]
investigated the coupled benditagysion vibrations in beams with singggis symmetry where ¢
shear center and the centroid do not coincide. In this case, because of offset distance between the
shear center and the centroid, we see mass coupling between the bending and torsion coordinates.
The paper by Dokumaci presents exact results foiffeseand clampedree boundary conditions.
Bishop et a[73] (Fig. (1.13))e xt ended Dokumaci 6s theory to in
beams with single axis of symmetry and it was observed that the warping effect becomes
significant in beams witbpen channel crossections. The example of a beam structure with single
axis symmetry that undergoes coupleEhding torsion vibration is shown in Fid..13 [73].
Banerjed20,22,23,75jmprovedBishop et al work by solving the governing equations of motion
using dynamic stiffness method to obtain frequencies from beam with-sixiglsymmetry. The
cases investigated by Banerjee et al also includes the effect of external axial load. The dynamic
stiffness proposed in Banerjee et al research resulted in lower computation time and higher
accuracy for calculating the natural frequencies. Burlon[@tlakextended the works of Bishop et
al and Banerjeet al to include the effect of 4span masses and springs in beams with mono

symmetric cross section and analyzed the coupled bending torsional vibrations.
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Fig. 1.14 Material coupling in composite structur€ourtesy: Mei et al, Composite and Structures, 2005
[76].

Lee et a[77,78]analyzed fully coupled vibrations of thimalled composite beams with |
section and beams with mono symmetric cross section using Bereoulli theory. The natural
frequencies by Lee et al are found by finite element method by developing the mass and stiffness
matrices and solving for eigeralue problem. The variation in frequencies is analyzed for various
parameters such as the fiber orientation, boundary conditions. Vo] analyzed coupled
vibrations of thin walled beams with doubly symmetric cresstions. The natural frequencies are
obtained using Finite Element method. The cases analyzed consists of symmetric and asymmetric
stacking sequence of the laminat®®o et al [80] modded the coupled bending torsion of
composite thin walled beams using sheéaformable theory and is able to predict the buckling
loads on the structure through the external axial -foagliency analysis. Vo et §81,82]
developed fully coupled vibration model of thin walled composite beams. The coordinates
considered include bending in both the directions, axial, twidtbeth the rotations of cross
section. Vo et al also predicted the loads at which the structure would buckle using the fully

coupled model. So far, we have seen coupling between coordinates in beams wiymoredric

cross section where coupling is besawf offset distance between shear center and the centroid.

____________________

Fig. 1.15 Coupled Bendingorsion vibrations in piezoelectric composite struct@eurtesyXie et al,
MSSP, 201483].
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Fig. 1.16 Coupled bendingorsion vibrations in beams with eccentric tip mass boundary omsli
CourtesyAl-Solihat et al, 201834]

In Ref.[85], Dennis et al analyzed coupled bendiacsion in tapered beam with C cross
section using Galerkindéds approach. The paper:
Dennis et al experimentally validated their matheoahtimodel. Normally, in beams with
symmetric solid crossection we do not expect coupling between various coordinates. [[8&ef.
models coupled bendiAgrsional vibrations in beams with solid rectangular cgesgion. The
couded vibrations are because of externally applied torques. The coupled partial differential
equations are solved using Greenbés method and
method matched with the results obtained frormileéhods presentedthe literatureln Ref.[87]

Aldraihem et al studied the coupled bergland torsional vibrations of laminated beams. In the
paper, it is mentioned that coupling in the beam structures occurs due to four main cases: due to
geometry of the structure, offset mass, stiffness related terms and external loading. Orthotropic
PZT layers are attached and the coupled benttirgjon vibrations in the laminated beam with

offset mass are actively controlled using the PZT layers. Stoykovi@B]astudied the coupled
bending and torsional vibrations in a beam with exido@al. The load creates coupling between

the bending, torsion coordinates, and the paper develops-memsipn elements and performs the
vibration analyses using finite element method. Bhadbhade [88]aktudies coupled bending

torsion vibrations in beam gyroscopes where the base of the cantilever beam is assumed to rotate.
The structure is excited using a PZT actuator. Due to rotation, the coupling between the bending

and torsion terms occurs due to the gyopsc terms. The paper concludes that as the angular
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velocity of the base rotation is increased, the coupling between the bending and torsion mode gets
stronger. Eslimylsfahani et a[90] extended the work by Banerjeea¢{20] to incorporate the

effect of damping to studghe coupled bendintprsional vibrations of an aerofoil structure. The
coupled term because of damping is also included in the model. In addition, the forced response
of the structure under deterministic and random excitation is also studied in theTpeperean

square values of the bending, torsional displacements along the length of the structure are
presented for different damping ratios, and the response amplitude is found to decrease for higher
damping ratios for both the bending andston coordinges. Lenci et g|91] studied the effect of
nonlinear coupling between the bending and axial coordinates in the case where the structure is
axially restrained. The model neglects damping and investigdtethaparameter, which causes
hardening and softening behavior backbone curves in the structure. Yajg2etradels 6 degree

of freedom coupled vibrations in rotating Timoshenko beam. The coupling between coordinates is
createl by the gyroscopic and centrifugal effects induced due to rotation of one end of the structure.
The effect of coupling caused by damping is ignored in the work. The phase differences in the
motion of different coordinates caused by coupling isstigatel in the work. In Ref[84] Al-

Solihat et alFig. 1.16)developed a model to study the coupled benttigion vibrations in a
rotating Timoshenko beam. An edikis tip mass is attached to the structure. The main contribution

in the work is to include and study the effects of tip mass and damping. The coupling term between
the bending and torsion mode induced by the damping is also included in the work. Cbosidera

of internal damping in the structure yielded in considerable reduction in the simulation time.
Shakya et a[93] studied the flutter characteristics in composite aerofoil with berirsion

modes coupledThe structure is subjected to aerodynamic loading. Parametric studies are
conducted by changing the ply orientation angle in balanced and unbalance lamirssdbewn

that the critical flutter speed can be increased by 100 % in the case of bladesymithetric skin

and offaxis fiber angles. Ref[83] (Fig. 1.15) models the bending torsion vibrations in
piezoelectit composite structure. The aim of the paper is study, the effect of mode coupling on
energy harvesting capabilities of a structure. It is concluded that the coupling improved the multi
mode energy harvesting capabilities of the piezoelectric structure tl@ndresults are
experimentally validated. The model ignores the effect of dampirige recent past, researchers
working in the areas of energy harvesting have investigated into effect of coupling between

bending and torsion coordinates on the powerwduippiezoelectric structures, some of them are
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[941 98]. Hwang et al[99] investigated the coupling lve¢en bendingwist and bendingxial

modes in laminated composite structures. The main contribution of the paper lies in investigating
the effect of damping on mode coupling. When the fiber orientation angle is at 30 degrees, the
damping predicted from theoupled model is dominant for the first three flexural modes. When
the fiber orientation angle is at 90 degrees, the damping from theongted model is dominant

and when the fiber orientation is 0 degrees, the damping from the torsion coordinategrigmax

Lee et al[100] proposed a spectral element method to find the coupedingsheartorsion
vibration characteristics of axially loaded composite Timoshenko beams. The model also includes
the effect of damping. The observation from the paper is that the spectral element elements gives
results with higher accuracy, convergéhathat of finite element method, and could accurately
capture the damping effects. Chortis e{ld1] modeled the coupled vibrations in composite
blades, which exhibit coupled behavior. The foofighis work is to investigate the effect of
coupled damping terms. The model is solved using finite element method. The paper concludes
that the inclusion of coupled damping terms significantly improved the damgiingprediction

of the blade and this demonstrated by comparing the damping sadlatained from theory and
experiment.The references described in this paragraph highlight the importance of having a
coupled vibration model to study vibrations of structures where it is expected that gouplin
significantly affects the dynamics of the systeim.the current research, the host structures
considered are symmetric aisdtropic materials are considered. Normally, such structures do not
exhibit mode coupling. After the addition of cablindpe cowling effect between various
coordinates will come into picture. For Fig. (1.10), as the cabling increases, the stiffness due to
diagonal section members also increase and the coupling effect is irhaaidssed structures

will occur due to the stiffnegsrms. Due to this, the natural frequency prediction by the decoupled
models will not be accurate and the coupling effect needs to be incorporated into the existing
mathematical models. The advantage of having coupled model forlaablessed beams is it
helps in accurately predicting the natural frequency peaks of the cabled structure when compared

to the decoupled model assumptions.
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1.1.6 Transition Frequency in Timoshenko Beams

It is observed in existing literature that for Timoshenko beam theory tkists a cuoff
or transition frequency and the frequency spectra of Timoshenko beams is divided into two parts.
The natural frequencies below the cut off frequency belong to the first spectrum where the bending
dominant modes are seen and in the natuegliencies above the cut off frequency, both bending
dominant and shear dominant modes are seen. Paj6e192,111117,103110], explain the
concept of transition frequency in Timoshenko beam theory.[R&2] explains that the concept
of transition frequency and the second spectrum occurs only in beams with-supphyted
boundary condition and concluded that other boundary conditions such a$iXeddfreefree
and fixedfree etc. does not exhibit the second spectrum. Abbas etdiinise element procedure
where higher order element is used. Bhashyam [@04] used linear element for finiteezhent
simulations and observed that the second spectrum exists for boundary conditions other than the
simply supported boundary conditions. Levinson ¢1@b] argues that there is no specific second
spectrum of frequencies using Timoshenko beam theory and presented frequencies for simply
supported boundary conditions using analytical method. Stepheil@§Al07]explained through
his study that the concept of transition frequency is also seen in ggudiet and guidetinged
boundary conditions apart from hinghohged boundary conditions. Stephen et al concluded that
the concept of second spectrunTimoshenko beam theory is not practical and can be disregarded.
Bhaskar[108] pointed out that the Timoshenko beam theory gives alitialal branch of
frequencies which correspond to thicknebsar modes and explained that these modes have
practical significance and challenged the conclusion in the Stephen et al papers. [Dli¢kto
examined the vibrations of axially loaded Timoshenko beams and reported that Timoshenko
second spectrum frequencies are observed in the first few structural medegthranalysis for
mode shape behavior in Timoshenko beam with simply supported endsested by Cazzini et
al [109]. The papef109] concludes that for simply supported boundary condition, the wave
numbers corresponding to the mode shapeslecoupled and the first part and second part of the
spectrum produces similar mode shapes for both bending and rotation efextiss coordinates.
As per the mathematical expressions presented for the mode shapes by Cazzini et al, at the
transitionfrequency, the structure has pteear vibration mode and this divides the frequency

spectra into two parts. In the first spectra, we see bending dominant modes and in the second
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spectra, we see both bending dominant and shear dominant modes. Moreatiedherplanation

is providedin Chapter2. Li [112] analyzed the bending vibrations of functionally graded beams
using Timoshenko beam theory for simply suped boundary condition and reported that the
second spectra of Timoshenko beam exists in functionally graded beams. Cazzini efl@i3Jref.

also studied the concept of transition frequency in beams witth-fixed and cantilever boundary
conditions. Cazzini et al concluded that for boundary conditions other than simply supported
boundary condition, the transition frequency is not a part of spectrum. However, by the
mathematical nature of the mode shape patara he divided the behavior of frequencies of
Timoshenko beam theory into two spectra and their study concludes that the two spectra exist for
all boundary conditions with the thickness shear modes having important practical significance
especially wherthe length to thickness ratio of the structure is very small. [R&f.studied the
concept of transition frequency in cantilevered composite Timoshenko beams. The composite
strudure considered ifir6] has material coupling between the bending, rotation of cross section
and the torsion modes and the study by {f&j. (1.14)concluded that the presencenohterial
coupling has no influence on the cut off or transition frequency. The major contributions of each
chapter of this thesis is explained in the further paragraphs.

1.1.7 Key Gaps in the Literature

Fig. 1.17 Coupled bendingprsion motion in piezoelectric bea@ourtesy: Shan et al, Appl Sci, 20[DB].

In the literature, pertaining the vibrations of cablarnessed structures published so far,
the effect of coupling between various coordinates of vibrations such as the axial, out of plane
bending, irplane bending and torsion is neglected. The analytical models pubiishibe
literature onlyincludethe vibrations of structure in the out of plane bending direction. An example
from the literature of a beam structure undergoing coupled vibration can be seen in1H)g. (
The work published if95] studies the bendingprsional coupling in a piezoelectric beam with
eccentric tip mass which creates eccentricity the centroid and the sheardemteark done by

U.S Air force, Inman research group addressed a gap in literature by studying the distributed mass,
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stiffness and damping effects of cabling. Martin ef5dl 53,58] from University of Waterloo

developed lower order distributed parameter models with the goatahly deeper physical
insight into the mass and stiffening effects
[51i 53,58] although the model published gave good match with the experimental results. It
remains to be i nvesti gatmedélwherthe eabliagcbecomeamore of M
significant on the host structure and could makeettistingmodel inaccurate in predicting the

natural frequencies. In this thesis, the effect of coupling between various coordmates i
investigatedand compared to Martin el decouplednodel [511 53 58] natural frequencies and

frequency response functioft structures with more significant cabling

1.2 Objectives and Scope

The objective of this thesis is to develop analytical models to shetyoupled coordinate
vibrations in cabléhanessed structures. The theoretical model is to be validated with experiments.
Three different systems are investigated. The first one is the beam with straight cable attached at
an offset position, beam with periodic cable wrapping pattern and witkpermdic cable
wrapping pattern. A main object of the mathematical msdel extend the studies [51,52,54
57] to investigate the effects of coupling induced in the system due to presence of the cables on
the host structurél’he system with straight cable at an offset positepresents the first attempt
on the coupled vibrations dgais for cableharnesseddams. It isa simpler pattern geometry for
the cableandthe current workis compared to the previously published work by Martin et al
[51,52,5457] . The straight cablevork extends the assumptions of the model that is previously
used to study urdimensional vibrations in the cof-plane bending direction to account for the
coupling between various coordinate$ vibrations such as iplane bending, ouf-plane
bending, torsion and the axial modes. Both Euler Bernoulli (EB) and Timoshenko beam theories
(TBT) are used. The effects of several cable parameters such as the cable offset position, radius
andpretens on on t h epleddyrmmies aré isvestigatdiche results are compared to a
decoupl ed model to indicate the i mportance of
dynamics.Thenthe experimental validation of the analytical models develop¢118] for the
coupled vibrations of #%e cableharnessed structurespgsrformed.
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In case of straight cable, the wavelength is infinitee continuum model has constant
coefficients, and the dynamic behavior observed is for the exact sysberine structure with
periodic patterneach fundamental element has a diagonal element and lumped mass at the end of
each fundamental element. Iragonal wrapping pattern, the wavelength is finite and the coupled
strain and kinetic energies have variable coefficients and it becomes difficult to solve the exact
system of coupled partial differential equations by discretizing the structure at thé eacho
fundamental element particularly when there are larger number of fundamental elements or when
the wavelength of each fundamental element is smalarefore a constant coefficient coupled
PDE model is presented to study the vibrations of eabieessed beam with diagonal wrapping
pattern.The coupled natural frequencies of the cases: daeessed beam with straight cable at
an offset and the periodic wrapping pattern are also compared to give insight into the advantage of
having periodic wrappg pattern to reduce the impact of mass and stiffening effects of cabling on
the host structureSensitivityanalysis is presented where the coupled and decoupled models are
compared against different values of cable radius and the number of fundarnesnésite. Then
the results obtained from the fully coupled homogenized analytical models (using both Euler
Bernoulli (EB) and Timoshenko beam theories (TBT)) for diagonal wrapping pattern are validated
experimentallyln addition, he concept of transiticinequencyis notstudied before for the cable
harnessed structures. For the cdidenessed structure with diagonal wrapping pattern, the
coordinates of motion such as the axial, bending, rotation of cross section and the torsion modes
are coupled to eachther because of the presence of cabling. For simply supported boundary
conditions, a thick cable harnessed beam structure is considered. The findings of the mode shape
behavior corresponding to both the first and second frequency spectra along wihghsir or
cut-off frequency are presented and compared to that of bare beam with simply supported boundary
conditions.Cablewrapped structures in general have applications in space structures where cables
can be harnessed in any patterwonfiguratia around the host structure, which is the motivation
behind the work performed in thesis in studying the coupled dynamics behind the cabled structure.
Other areas where cablgapped structures can have practical applications include: by wrapping
cables mde of piezoelectric materials around the beam, energy can be harvested from the
vibrations of thecabledstructure. Cable wrapping can be used to stiffen the struessigeresult,

the overall critical buckling load of the structure can be incre&aiole wrapped structures can
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have applications in vibration control where by actively controlling the tension of the cable, the
desired natural frequenoy dynamic characteristics frothe structure can be achieved.

For structure with noiperiodic cable wrappg pattern, lte effect of coupling in cable
harnessed structures with npariodic wrapping patterns is studied. The coordinates of vibration
considered are bending in the out of plane, in plane direction, axial and the torsion coordinates.
The exact coupd partial differential equations (PDES) are presented. The wrapping pattern
considered is diagonal. Since the structureder studyhave multiple fundamental elements and
thewrappingpattern is nosperiodic (each fundamental element has a differenpping angle),
the equivalent continuum model as in H&fL9] for periodic wrapping pattercan no longer be
derived. Each fundamental element is assumed te Hdferent displacements and continuity
conditions are applied at each interfg@iscretizing the structure at each interface of two
fundamental elements) to setup the eigalue problem antb solve forthe natural frequencies
and mode shapes of theustture. Due to the diagonal section, some of the coefficients in the exact
set of PDEs are spatially variabfeéonstant coeffcient modé developed The results obtained
from the coupledtheoreticalmodel from both periodic and ngueriodic structureswill be
validated using experimentnd compared to the decoupled assumptions of Martin. &thal
samplesunder investigatioin this thesishavemoresignificant cablingvrapped around the host
structure and lesser fundamental elements whepamdtoMa t i n et [5JA938% wor k.
The following are the journal and conference paper manuscripts that have been prepared from this
thesis.

[J1] Yerrapragada, K., and Salehian, A. 2019,
Vibrations of CablHar nessed Beam Sdf VibratiatnuandeAzqugiics,J our n
141(3), p.031001.

[J.2Q Yerrapragada, K., and Sal e hiHarmessedAtructurds:Co u p |
Exper i ment alAcceptad withd Revisionsjourral of Vibratbn and Acoustics
(VIB 18 1553).

[J.3 Yerrapragd a , K., and Sal ehi an, A. ftHamesgpetd e d Vi
Structures: Theory and Experi ment al Val i dat

[J.4] Yerrapragada, K.Martin, B., Morris, K.,and Sal ehi aTheoretkal and 20 1 9,

Experimental Study of Mrations of CabléHarnessed Structures with N&eriodic
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Wrapping Pattern: Coupling Effe¢tsbo be Submitted

[Cll]Yerrapragada, K., and Sal ehian, A. 2017,
Bending Vibrations of Cable Harnessed Space Structuletgrnational Conference on
Applied Mathematics, Modeling and Computational Scie8peinger, pp. 24257.

[C2]Yerrapragada, K., and Salehian, A., 2018,
of a CableHarnessed Beam With Periodic Wrapping Rae IDETC €onferenceASME,
pp. I 8.
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Chapter 2: Mathematical Modeling and Theoretical Analysis of
Coupled Vibrations of Cable-Harnessed Structures

This chapter presentseveral mathematical modslto study the coupled/ibration
characteristicef different systems afableharnessed struates such as the structure wsthaight
cable positioned at an offset distance, structure with periodic cable wrapping pattern and structure
with nonperiodic cable wrapping pattern

In Section 2.1, the structure with straight cable at an offset distance is considdred. T
systemd6s conf i gu exactmathematicat rhoelel fdrehe dullyocpupled cable
harnessed beam and the procedure to find out the natural frequencies are preisentatural
frequencies for the decoupled and coupled vibration models are compared to the finite element
results for several boundary conditions such as the-fixed, cantilever and simply supported.
Finally, the results for the sensitivity analysistady the effects of several cable parameters such
as cabl e 0 s-tegsmroamekoffsetypositign onethe natural frequencies are presented. The
relation between the systembébs coupling and tFh
vibrationsare also studied

In Section 2.2, theoretical studies are performed for the structure with periodic cable
wrapping patternAn equivalent coupled continuum model is presented and the coupled natural
frequencies are first compared to the decoupled modehgsions from Ref51,52]for various
system configurations. Sensitivity analysis on the natural frequencies are performed by varying
the number of fundamental elements of wrapping pattern and the cable radius. For a given
structure, the dynamic behavior of the straight case and periodic pattern are compared to present
the advantage of periodic wrapping pattern.

In Section 2.3, theowled analyticamodel for the notperiodic wrapping cable pattern is
developedoy discretizing the structure after each fundamental element and applying continuity
conditions, which will result in a complicated mathematical model. The theoretical rdgaltsed
are compared to the decoupled model of-periodic structure by Ref53] for three different

non-periodic wrapping patterns.
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2.1 Coupled Vibrations of Straight Cable Harness at Offset Distance

2.1.1 Mathematical Model

This section presents the mathematical modeling and underlying assumptions for the
strudure in this study. The structure considered is a beam system with a cable attached along the
side of the beam as shown in F{g.1). The coordinate axes aksoshown in the~ig. (2.1a) and
Fig. (2.1 b) for Timoshenko and EuBernoulli theories resp#ively. The cable is positioned at
an offset distance along theaxis.

To develop the continuum model of the cabdgnessed structure, the following
assumptions apply:

1) The host structure is assumed to be a beam and it is modeled usingé&uleulli ard
Timoshenko beam theories.

2) The cable stays in contact with the beam during vibrations along its length. This is because
the electronic cords and power cables are secured in place using cable ties that prevents them from
being detached from the host sturet during vibrations.

3) The cable is in prgension at the equilibrium position and will remain in tension during the
vibrations. The tension value is assumed to be constant during vibrations.

4) The pretension in the cable results in thejompressioin the beanj51].

The fundamental difference between the E&ernouli and Timoshenko beam models is
that the Timoshenko model takes into account the effect of shear deformation and rotary inertia,
which the EuleBernoulli ignores. In EuleBernoulli, it is assumed that the neutral remains
perpendicular to the crosgcton after the structure bends. Timoshenko, the effect of rotation
of crosssection is taken into consideration. This can be clearly seen in Figs. (2.1 a) and (2.1 b).
The stress component assumes uniform shear stress across Hsectioaswhich is ngpractical
and therefore a shear correction factor is ugethe Timoshenko theory to correction this
assumptior{120]. The shear correction factdepends on the crosgction of the structurend
accurately takeinto accounthe shear stress across the cisesgion.The effect of damping in the

structure is neglected in this work.
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Fig. 2.1 Representation of the cable harness beam along with the coordinater §&¢gimoshenko
theory (b) EuleBernoulli theory.

The following sections pertain to the vibration analysis of the dadleessed beasthown
in Fig. (2.1) using a distributed parameter model. The previous work by the authors on the
analytical model for the periodically wrapped begbi], excludes the coupling effects between
various coordinates of vibrations, i.e., bending, axial and torsion. The following steps outline the
procedure for a exactfully coupled continuum model development for the system showviign
(2.1 using EulesBernoulli and Timoshenko beam theories. The first step in finding an equivalent
continuum model is to establish the displacement field relationship andstti@ascomponents.
The linearized thredimensional displacement fields using EtBarnoulli (EB) and Timoshenko
beam theories are as folloy&8,121 123].
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Euler-Bernoulli beam model Timoshenko beam model
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whereo afo,0 @, 0 oo ,—a0,» oo, oo are the motions in the axian-plane bending,
out-of-plane bending, torsion, rotation of cresection about z andgxes respectively.
& ohugiod hd chufgid andd ahuhoid are thetotal displacemertf the structure along thig wand
& axes respectively afteonsidering all the coordinateBhe next step is to find the strestsain
expressions usintpe displacement field. Eq2.2) gives the relationship between the stress and
strain for an isotropic material.

Op (o} (e}

{'v 1 1 1 1 1 1 T[ n nl,l

1P p C p p C Y p C N
I’IJ” ") 11 ‘O ’ !O p ’ !O ! T[ T[ T[l’ll'u_ v
T e PP P p( e 22
I‘I’T 2N O O O p T T T[rn‘IF % '
vtr p T p ¢ p  p C P p C R "
vt o T i M O mul

3 T Tt T mn O ml

u T i i n n &

O

where O is the elasticity matrix, ari®@and Care the Young s a nhetar Mdd@i reSpectively.
Eq. (23) gives the relationship between the stress and strain for an isotropic material after
neglecting the e[l2dlect of Poissonds ratio

) o it o At O (2.3

This structure is modelled using beam theory, therefore, the strain tentpan theband
& directions, { AT A ), and the shear strain on thiegplane, [ ), can be neglected (Ref.
[121]). The expressions for the Grekagrange stiia tensorfor EulerBernoulli modelare shown
in Eq (24 b)-(2.6 b) [88,121]and for Timoshenko model are shown in Ej4@)-(2.6 @). The
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displacement fieldEq. (2.1))is substituted into the Gredragrangestrain tensoexpressions to

obtain the fiml expressions for the strain tensoEqgs. (24 a)i (2.6 a) and Egs. (2.4 b)(2.6b).
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where- is the direct strain in th@direction] andf are the shear strains in ttevand the

W ¢plane respectivelHere, |l is the shear correction factand can be found as—, [88], where,

is the Poissobr s  rTheteffeot of Poissins r ati o on the direct stre
neglected. The total strain energy of the unit can be found using the strain energy for each of the

beam and cable as,
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v 2L ae - L Qo (2.7)
G
where - and - are the strain components of the beam and cable respectiyely.
0 - and , O - . After neglecting h R in Eq (2.2) due to using a beam

theory, the stresses in the beam are found using ht ht

O - RO 1 RO T . The cable is assumed to undergo strain irctd@ectiononly,
therefore, ,, O - . Also, the shear modulus effects in the cable are assumed negligible.
Additionally, the strains components for the beam and cable include the strain experienced during
the vibrations as well as theable pretension that also induces aqoepression in the beam.
Therefore, the expressions for the direct strains induced in the cable and beam after the
incorporating the effect of prension in the cable and pcempression in the beam are as

- YOO - and - “"YOO - . The negative sign in the equation for

- is due to the preompression induced in the beam upon the cabléepsdon. The final
energy expressionsrfthe kinetic and strain of the cabdiarnessed beam for a Timoshenko beam

theory are as follows.
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The constants used in the kinetic and straargynexpression®r the Timoshenko model
are presented iEqg. (A.1) inthe Appendix A.The terms®, ®,® and® represent the strain
energies in the axial, iplane bending, out of plane bending and torsion modes respeaiively.
and®, @ represent the coefficients related to the two rotations of -sextons. The remaining

stran energy coefficients are due to coupling terms, which in case of Timoshenko model depend
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on the geometry and material properties of the host structure and the radites)spe and
position coordinates of the center of the cable.

The energy expressiorfer EulerBernoulli model can be found by neglecting shear
deformation and rotary inertia effects. Assuming negligible initial twist, and zero wrapping angle
of the cable, the strain and kinetic energy expressions of the system using this theory aae found
Ref.[51],

“vg bo do HO b — dO 0 Do v
5 , ’ 5 ’ 5 \ 3 N (210)
Ccw o6 v Cwl — ccwL — Qw
w P o o - . (2.11)
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where superscript denotes partial derivative with respect to spatial coordinate) and

superscript  denotes partial derivative with respect to tioge-). The constants of the above

strain and kinetic esrgy expressionfor EulerBernoulli modelare presented i&g. (A.2) in the

Appendix A.Here,& to @ represent the coupling coefficients in the axiapliane bending, out

of-plane bending ahtorsion modes respectively. The remaining coefficiehtdq &) represent

the coupling coefficients. The coupling coefficients in case of EBéenoulli model depends on

the parameters like cable radius, cabletpren si on, Yy o u hegdblke anchthepoditions o f
coordinates of the center of the cable along the y and z Mgifecting dissipative forces,

assuming free vibrations and no external loads acting osystem equations of motion fathe

cable harnessed structdoe the two leam theoriesnay be foundi si ng Hami | t ondés Pr
(1.2)).

The coupled equations of motion for the six coordinates of vibrations for the Timoshenko beam

model are found as,
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The six coupled partial differential equations obtained afiespd y i ng Haaplel t ond s
are presented in Bq@R.12 a) - (2.12 f) will require six boundary conditions at each end. The
boundary conditions (also obtained from Hami
supported and free ends are as folloWse boundary conditions for the fixed, free and simply
suppated ends are shown in E¢R.13), (2.14) and @.15) respectively.

6 0 0 — e« | TS (2.13
W6 Qe QO TS
OO Qe O — TS
OO O— O TS
O— QO OO TS (2.14
Qe Q6 QO TS
Of 6 Qe TS

o
c
c

|
3

(2.19

e
@

we WO

[OR]
)

W Wo

A simpler versiorof Eqs (2.12 a) - (2.12 f) can ke found using assumptions for Euler
Bernoulli beam model in which the shear and rotary inertia effects are exclindeglquationfor
the EulerBernoulli are derived from the displacement fiedthd strain tensosimilar to the
Timoshenko beam theory. In EwBernoulli, beam theoryEgs. (2.2 e) and (2.2 f) which
correspond to the rotations of cresectionsare not presenThe governing equatis for Euler
Bernoulli beam modearepresented ifEqgs (2.16a) (2.16d).
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The associated bodary conditions for the B 2.16 a) - (2.16 d) for the fixed, free and simply
supported ends are shown in E@L17), (2.18) and @.19) respectively.
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Egs. .12 a) (2.12f) and Q.16 a) - (2.16 d) are coupled through stiffness terms. All the
coordinates of motion are coupled because of th¢ gen si on i n t he usandl e, Y
radius of the cable. In mathematical terms, the first derivative of displacement represents the slope,
second derivative represents moment, third derivative represents shear and the fourth derivative
represents the intensity of load. Mathematicdllys. .16 b) and 2.16 c) corresponding to the in
plane and oubf-plane bending coordinates. The axial and torsion coordinates are coupled to these
modes because of equivalent shear terms (third derivative of displacement and second derivative
of angle) Thetorsion mode Eq(2.16 d) is coupled to the #plane and oubf-bending modes
because of equivalent moment terms. The axial mode Zk§ 4) is coupled to the bending
coordinates because of equivalent shear terms.(E@6 b) and 2.16 c) show thathe coupling
term related to the in plane and out of plane bending is fourth derivative, which physically
corresponds to load. In Timoshenko model, .Eg42 a)(2.12 f), the coupling coefficients in
addition to depending on the cable parameters lilsitipn coordinates along y and z axis, cable
radius and cable pre tension, also depends on the geometry of the host structure. In a Timoshenko
beam, apart from the cable coupling, the rotation of cross section are geometrically coupled to the
bending coormhates. In Eq(2.12 a), the axial mode is coupled to the rotations of esestions
through the cable parameters. In Ej12 b), the irplane bending mode is coupled to the torsion
mode through the cable parameters and to the rotation ofsgossnabout z axis because of
geometry of the beanoy( ). Similarly, in Eq (2.12 c) the out of plane bending mode is coupled to
the torsion mode through cable parameters and to the rotation ofseass) through the

geometric term. In Eq2.12 d), the brsion mode is coupled to the bending terms through the cable
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parameters. Similarly, in 5g(2.12 e) and 2.12 f), the rotations of crossection about z andy

axis are coupled to other coordinates through the cable parameters and beam geometry terms. In
Timoshenko beam, we can also observe that unlike Bdaroulli, we do not see presence of in

plane bending termsin the out of plane bending mode equatiofEq. (2.12 c)) and viceversa

(Eg. (2.12 b)). The two bending terms here are coupled through the rotations ofseqtsm

related terms (Eq$2.12 e) and 2.12f)). After obtaining the governing equationise next step is

to obtain the natural frequencies and mode shapes. In the following steps, the solution procedure
for coupled partial differential equations, the Timoshenko model is shotgsn@.12 a) (2.12

f). The same procedure is applicable far EulerBernoulli model, which are shown in E¢8.16
a)-(216d). The gener al form of t hreshosvoihEgd @1@a&)r f or

(2.12f) are as follows,

O Y,

I|’”P: :’UP ;’uv(b;’uv

‘U ) ‘(,o 00 (2.20)

1P TP 1 Pg 1P

(W I’PB 'y
where Yoo fg i3 andw are modal vectors. The temporal solution of the PDEs is assumed to be
harmonic (represented by the compdecponentiall ), and the spatial solution issumed to be
of the form'Q , wherg is the frequency and is the mode shapearameter. Substituting Eq
(2.20) in Egs. .12 a)} (2.12 f), we obtain six simultaneous algebraic equations, which are

converted into matrix form as follows,

LY,

! d)l,l!

1P 1P

0 (2.21)
0 o s

| Pg 1P

I’PB ’p

try &
where A] is given by:
rYd)| Q Tt Tt Tt ® O 0
11 Tt d-)| 'Q| Tt (b | (b | Tt Y]
A Tt o Y o | m D | "
11 4 ~ 4 - ]
I n w | W | o] Q] Tt L o
1 w | T Tt w| w w | 7l
v ol n G | n 5 o a U
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For nontrivial solution® | A sshould beero. This results in a polynomial that relates the mode
shape parametersand frequency . Solving the above polynomial results in 12 roots| fan
terms of . The next step is to find the spatial solutions. We know fromZE2{l)(that
6 Y 6w 0w 6g 0B 06 w m (2.2

whered0 ('® poO g represent the elements of the sixth row of matix(hny arbitrary row
can be used to develop the linear dependency ¢ondit this case, sixth row selected). Fothe
linear dependency betwerato hg s andw to be satisfied, the spatial solutions for different
coordinates of motion should be as follows.

Y osp b os ® s p 0O s ® s p b s (223

g s p 0 s B p 0 w s p 0 s
whered (® po & represent the minors of the elemehtsfor ® p O Ip of matrix [A]. The
determinant of the etactor elements presented in.E2}23) gives us the finadpatial solution for
each coordinates of vibration. Since we have 12 roots feubscript is fromp O b ¢ After
obtaining in terms of and obtaining the spatial solutions, the general solution of the coupled
PDEs is expanded as follows.

I'I’() 6D % I’P'Y | | i
\ Y ’ 1P
s ((j% rp rp® || || rp
0 &)
s Q Q Q
P— G0 b ;eI v (2.24)
r oo I'r i3 | | P
Ul oo o ew || O

Here,Q is a solition constant fot © p O p ¢ The total of 12 boundary conditions are then used
to find the frequencies using the algebraic equations below.

07 '® T (2.25)
The nontrivial solution results irdd ] S 1, from which the natural frequencies amihd.As
the system is fully coded, the entries of matrice® | h and 07 are very
complicated. The characteristic equation obtained by evaluating the determinant of is
found usng a computational software. Similarly, the transcendental frequency equation from
0] is also found using computational software. The radtthe transcendental frequency
equationare found graphically by plotting tt@®1 Sswith respect to theréquency to find the
natural frequencies of the systeRuor the experimental validation, the structure is subjected to
harmonic base excitation in the eftplane bending direction and the description is shown in Fig.
(2.2). The equations of motion (2.18) to (2.12 f) and (2.16 a) to (2.1 are modified #er

34



including the effect of base excitatias Eq. (2.2pand Eqg. (29) respectivelyAlso, 0 0 is the
base excitatioequivalent forcing termprovided to the cantilevered structure in the out of plane
bending directiorwhich appears othe right hand side of Eq. (2.2 and Eg. (29 ¢ in the
equation related to the out of plane bagdidlominant motion

Cantilever Boundary Condition
wp (1)

Cable Base excitation in the

out of plane bending direction
u(x,t) Axial

v(x,t) In Plane Bending
w(x,t) Out of Plane Bending
0(x,t) Torsion

@(x,t) Rotation of Cross-Section about z-axis i(’ ] :t) 0(x,t)
u(x,
YP(x,t) Rotation of Cross-Section about y-axis

Fig. 2.2 Schematic of the cablearnessed beam subjected to harmonic base excitation and the coordinate
axes.

For the EuleBernoulli model, the equations are as follows: (Eqs.§@)2o (2.5 d)).

N6 w6 OO WlhexaeT (2.26a)
Q0 QL W0 QleexE®D— T (2.26b)
QU OleexeadO QU o— Q0 (2.26¢)
N— O— QU B0 T (2.26d)

The boundary conditions associated with the fixed and free ends are shown in.Z&HqQsar{d

(2.29.

Fixed end

6 b 06 — 0 O TS (227
Free end.

®O0 ®UL O S

OL WL 0o TS

MO0 OleXEOO O— TS (2.28
L OL  ®o TS

Olxexeenl OO O— TS
Ww— o WL TS

35



Therefore,0 is the relative out of plane bending motion of any poimtthe structure
with respect to the bas8imilarly, the governing partial differential equations of motion along

with the boundary conditions for the Timoshenko model can be foulitilas,

VO ®O D T (2.29a)
QW O O— D T (2.29b)
QU Wlee O — O QU (2.29¢)
N— 00— WU lOexe T (2.29d)
e QO QO 6 OUL OF T (2.29e)
O or O ®6 wle e T (2.29f)

The boundary conditions for the fixed and free ends are,
Fixed end
6 0 0 — e [ 1S (2.30)
Free end
wo e W TS
DL e O — TS (230
wle w— W[ T8
O— VU @O, TS
Qe DO @[ TS
O ©6 e TS
Next, the frequency responsaftions, for the oubf-plane bending, for experimental validations
is shown in Eq. (23.
P Qa&E ® ©8 W ®Q®

o = 2.3
1 : T (2.32

Here,w is the sening location] is the excitation frequency and is the natural frequency
associated with th&® mode. Also,w ; @ ® is the relative mass normalized mode shape
value of théQ mode at thesensing location foihe out of plane bending.

To better understandhe matkematicsbehindthe coupling effectsa further simplified
model is built for the cablbarnesse beam in which only the coupling is assumed to be between
the in plane and oubf-plane bending modedhe simulations for the simplified model are
presented in the secti@nal.2after the simulation of the fully coupled model for obtaining@pth
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insight into the problenRefs[125,126]developed closed form expressions for natural frequencies
of repeated truss structures and beams with initial loads. Folloergatme approach, closed form
expressions for natural frequencies are obtained for the system in the following study for simply
supported boundary conditions. T$teain and kinetic energy for the simplified model are shown

below.

i i ) ) 233

"y g do 6o chO 0 Qo (233
_ _ 234

"y g Q0 00 Qo (234

The strain and kinetic energies include decoupled energies in the in plane and out of plane
bending directions. Theouping energy between the plane and out of plane bending is also
included. The coupling is due to offset position of the cable and the coupling coeffibient
vanishes if the cable is placed along the centerlinthe cable is along the centerlinelypithe
decoupled coefficients , @, Q and’Q remain.

The reduced order Eul@&ernoulli model for the cablearnessed beam that includes the
bending modes only can be written as follows (reduced from Equattob8a} (2.16 d)):

Q0 QL AY) Tt (2.3%)
Q0 ®OO A Tt (2.3%)
Simply supported boundary condition is considered as an example, therefore,
O 0 TS
@O0 @O TS (2.36)
OL QL TS
The last two expressions of EQ.36) correspond to the equivalent bending moment in the in
plane and oubf-plane directions.

Using the assumed form of solution thebending of a simply supportéam, we get,

s oo &7 W
U oD wOE—Id— Q

e (2.3
O OE—Id— Q
After substituting the general solution in the coupled PDEs (EquaoBsd) and (235b)) and
converting the simultaneous algebraic equations the matrix form, we obtain the following

equation.
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r'l

11 d d n W Tt (23&
Ll we " we " - nw T

RNV

For the system to have a ntiivial solution, the determinant of the matrix in E8.38 should
vanish.

O0E “ »E “ »QE “ »Q¢ -« " (2.39)
- - - - ] QQ 118
o a a a

SolvingEq. 2.39 for] we obtain the expressions for the natural frequencies as follows,

» Q¢ » Qs wQ ¢ COWQQE 1w QQ¢ wQ ¢
1 a a _ a p
cQQ
(2.40)
» Q¢ » Q¢ wQ ¢ CowQ0E 1w QO wQ ¢
1 a a _ a
¢QQ

For a given value of one of them corresponds to the out of plane bending dominant mode and
the other corresponds to theplane dominant mode. As a result, the two natural frequencies
obtained from Eq. (20) correspond to the same wauenber.In Section 2.1.2, further
explanations for the simplest case are provided through numerical simulations after the simulations
for the fully coupled casesqg. (2.40) can help in obtaining deeper physical insight into the
problem by providing us imfmation how the frequency changes when a parameter is varied.
Using analytical solutions as presented in Eq. (2.40) helps us understand the physical behavior that
takes place in the system when the offset position of the cable is changed and the &gimplifie
coupled partial differential equations along with the results help us explain the phenomenon of

coupling better.

2.1.2 Results and Discussion of numerical simulations

Presented in this section are the natural frequencies and mode shapes for the cable
hanessed beam structure shown in R2dl) using the analytical models developed in the previous
section. The results are compared to the decoupled Euler Bernoulli model presented5i] Ref.
for the system parameters shown in Tal§2l). Further, the presented results help better
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understand the dynamics behind the cowpéind its effects. In addition, sensitivity analysis such
as the effects of the offset position, radius andt@nsion of the cable on the natural frequencies
are further presented and discussed using the coupled Euler Bernoulli theory.

The position codtinates of the center of the cable in the y and z directions are given by
the expressiongsd - i1;4a - 1. For the system p.d219 me ttehres

v a | (@éixs are equal toT@t Tt T8t Tt p TGL The root of transcendental equati@n] S
Tt is used to obtain theatural frequencies of theystem for the parameters shown in Ta{#el)
for the coupled system. Results of both Ed8ernoulli and Timoshenko models are presefbed

parametersn Table (2.1). Fixedfixed, cantilever and simply supported boundary conditions are

considered.
PO — i o o 0 0 m——— X
w(x,t)
e Q(X, 1) Y(x, t)
v(x,t)
0(x,t) u(x,t)

Fig. 2.3 Finite Element Analysisidcretization along with theodal displacements

To validate the analytical results, a finite element analysis is performed. The system is
discretized by assuming each displacement functioe @ third order polynomial i (wherew
is the length of the beamlD beam elemepn{51,127]in Eq. (2.41) The discretzation and the
nodal displacement are shown in Fig.3.
6ad Q

6 Qo Q o Q ow
Dadd Q0 Qo QOB MV o
Vo Qo Qo Qo Q oO® (2.41)
—ad Q0 Q on NV ow QoW
e QO Qowm Qon QoW

Frad Qo0 Q 00 Q 0 Q Ow
The degrees of freedom considered for each node are the displacements and the
derivatives which areo,0,0,—+,] and ————h——8 Using the cubic interpolation

polynomials the displaement®f the elemendre foundut using standard procedures in vibration
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text bookq120]. Using the element displacementgss and stiffness matricalsthe elemenare
constructed from the strain and kinetic energy expressions using the Timoshenko model, Egs.
(2.8)-(2.9) for the cableharnessed structure using numerical computatiftwvare In this case,
since the strain energy and kinetic energy expressions have the effect of cable, the entries in the
mass and stiffness matrices have the effect of cable incorpoFaediass matrix is consistent, it
is constructed by taking into ammnt the shape function$he structure was meshed into 200
elements. The total number of nodes in the system are 201 for all the boundary conditions
consideredEach node has 12 degrees of freedom which includes the displacement corresponding
to the axial in-plane bending, out of plane bending, torsion and the two rotations ofsactssn
and their respective derivatived@nce the elemental mass and stiffness matrices are constructed,
they are assembled and respective boundary conditions are appéezig@&hvalue problem gives
us the natural frequencies and the mode shdpesmesh size is varied to check that the natural
frequency result has converged. The finite element methodpogdicts the natural frequencies
when compared to the analytical nebdue to the Rayleigh Ritz criterion. The purpose of finite
element analysis adopted in this chapter is to use another method to obtain the natural frequencies
from the strain and kinetic energy continuum model. This will help in crosschecking the
frequerties obtained using analytical procedure. Ultimately, the analytical models developed in
this thesis will be validated against the experiment®e flatural frequency errors for each of the
models in comparison with the FEA results are presented in thesT@)-(2.4). To identify the
coordinate of vibration associated with each frequency, the mode shapes are found and plotted in
Figs. @.49-(2.6). Themass normalization condition for the coupled Timoshenko beam model can
found by following the proceduiutlined in[128].

QY Y o Qo oo QO oo @ Q—o—o Qs s ©
O O ® Qw p (2.42)
Eq. 242) shows the mass normalization condition for a ésdifimoshenko model, the same

condition can be easily obtained for an EiBernoulli beam model and is shown in E214Q).

(2.43)

QY YO Qo oow Qo oo ®@ Q—o—od Qd p

40



Table 2.1 Material and geometrical properties of the cable harnessed beam structure.

System parameters Value
Beam length ¢ 0.25m
Beam width (@ 0.01m
Beam heightQ 0.0015m
Beam density”( 2,700 Kg/m?
Beam modulus of elasticityQ( 68.9 GPa
Beam Shear modulud) 26 GPa
Beam Pois$§onds 0.34
Cable tension™Y 25N
Cable radiusi( 0.0007 m
Cable density’( 1,400 Kg/ni
Cable modulus of elasticity 150 GPa

As an examplehe first few massormalized mode shapes for the coupled theory using
EulerBernoulli assumptions for several boundary conditions are shown in Eijs(Z.6). For
the mode shape analysis, the masanalizedmode shapes obtained from the coupled Euler
Bernoulli model are presented. The results in Rd) for fixed-fixed boundary condition indicate
that for the ¥, 2"9and 4" modes, the ouf-plane bending is the dominant mode. THex®de is
predominarly an in-plane bending mode, and th& Eode is the torsional mode. The first
predominantly axial mode is also shown in this figure, which corresponds to"the@ge. To
further confirm, the findings of this figure on the dominance of each coordinatierafions at a
given frequency, a strain energy analysis is performed to find the contribution of each coordinate
for the modes shown. Therefore, after obtaining the solution to the coupled PDEs, the strain energy

for each of the coordinates is calcutht each frequency.
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Fig. 2.4 Vibrations mode shapes for fixdiked boundary conditions usirapupled EB theory for fixed
fixed boundary conditions using coupled EB theory for Out of plane bending dominant (Modes 1
4), In plane bending dominant (Mode 3), Torsion dominant (Mode 5) and Axial dominant (Mode
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Fig. 2.5 Vibrations mode shapes for cantilever boundary conditions using coupled EB theory for
Out of plane bending domina(odes 1, 3 and 4), In plane bending dominant (Mode 2), Tol
dominant (Mode 5) and Axial dominant (Mode 16).
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Fig. 2.6 Vibrations mode shapes for simply supported boundary conditions using coupled EB
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Fig. 2.7 Percentage for the strain energy contribution of each modal coordinate with respect t

number ® denotes axial,™ denotes in plane bendin * denotes out of pte bending, * denotes
torsion.
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Table 2.2 Natural Frequencies for coupled and decoupled models forfiixxed boundary conditions (Hz)

Mode Decoupled Coupled Coupled FEA Error % Error % Error %
EulerBer. EulerBer. Timoshenko Decoupled - Coupled 'IC':i(r)rLlch))sk?]?wko
Euler-Ber.
1 227.36 OP 189.39 189.23 189.75 16.53 -0.16 -0.22
2 626.73 OP 521.87 521.55 522.68 16.60 -0.13 -0.18
3 990.1 IP 964.32 949.51 952.35 3.81 1.20 -0.28
4 1228.6 OP 1023.7 1020.98 1023.63 16.68 0.00 -0.21
5 1650.8 T  1650.8 1650.44 1652.8 -0.12 -0.12 -0.14
6 2031 0P  1691.8 1685.45 1689.91 16.79 0.09 -0.21
7 3034 OP  2527.4 2513.06 2520.45 16.92 0.22 -0.24
8 2729.31IP  2657.9 2567.17 2576.83 5.58 2.97 -0.35
9 3301.7T  3301.7 3302.47 3305.59 -0.11 -0.11 -0.09
10 4237.6 OP 3528.5 3504.59 3513.78 17.08 0.34 -0.21
22 10889 A 10890 10886.2 10900.1 -0.10 -0.09 -0.12

*OP, IP, T and A refer to the owff-plane bending, uplane bending, torsional and axial modes respectively.

Table 2.3 Natural Frequencies for coupled and decoupled models for cantilever boundary conditions
(Hz)

Mode Decoupled Coupled Coupled FEA Error % Error % Error %
EulerBer. EulerBer. Timoshenko Decoupled Coupled Ti%())iﬂ:ldko
EulerBer.
1 35.720P  29.79 29.63 29.76 16.67 0.07 -0.37
2 155.58 IP  151.53 151.32 151.47  2.63 0.03 -0.09
3 22391 OP 186.53 186.37 186.65  16.63 -0.05 -0.12
4 626.86 OP 522.35 521.71 522.38  16.66 -0.00 -0.10
5 825.42T  825.38 825.69 82591  -0.05 -0.06 -0.02
6 975.07 IP  949.52 938.53 939.92  3.60 0.98 -0.14
7 1228.5 OP 1023.7 1021.46 1022.75 16.74 0.07 -0.10
8 2031 OP 1691.8 1687.04 1688.65 16.85 0.15 -0.07
9 2476.3T 2476.5 2476.45 2477.73 -0.05 -0.04 -0.05
10 2729.8IP 2527.4 2516.24 2518.81 7.72 0.31 -0.09
16 54445 A  5447.9 5446.28 5449.63 -0.09 -0.03 -0.06

*OP, IP, T and A refer to the owuff-plane bending, iplane bending, torsional and axial modes respectively.
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Table 2. 4 Natural Frequencies for coupled and decoupled models for simply supatedary
conditions (Hz)

Mode Decoupled Coupled Coupled FEA Error % Error % Error %
EulerBer. EulerBer. Timoshenko Decoupled  Coupled C_oupled
Timoshe
EulerBer.

nko

1 100.29 OP 86.38 86.34 86.32 13.93 0.06 0.01

2 401.18 OP 334.06 334.06 334.03 16.73 0.00 0.00

3 436.76 IP  436.40 434.65 434.98 0.40 0.32 -0.07

4 902.67 OP 755.34 754.07 754.17 16.45 0.13 -0.01

5 1604.75 OP 1336.58 1333.56 1333.87 16.88 0.16 -0.01

6 1650.84 T 1650.44 1650.44 1652.8 -0.11 -0.14 -0.14

7 1747.06 IP 1701.37 1675.90 1677.3 3.9 1.37 -0.08

8 2507.42 OP 2091.3 2083.34 2084.66 16.86 0.26 -0.05

9 3610.69 OP 3008.03 2992.11 299251 17.12 0.42 -0.01

10 3301.69 T 3302.47 3302.47 3305.59 -0.11 -0.09 -0.09

23 10889.0 A 10797.1 10766.8 10783.9 0.96 0.12 -0.15

*OP, IP, T and A refeto the ouwtof-plane bending, uplane bending, torsional and axial modes respectively.

Finally, the percentages for the energy contributions of each of the coordinates of
vibrations for each mode are plotted in F@.7(a). These values indicate the doamne of each
coordinate for a given mode, and furtisenfirm the findings of Fig(2.4). The same explanation
can be extended to cantilever and simply supported boundary conditions. It should be noted that
the main assumption behind a decoupled mod#ias the stiffness values associated with the
coordinates of vibrations not included in the analysis are infinitely large, and as a result those
coordinates may be neglected. This leads to an overestimation of the frequencies using a decoupled
model. Oncehe effects of these coordinates are included in the coupled analysis, the stiffness
values associated with the previously ignored coordinates now become finite that result in a more
reasonable natural frequency estimation and improved accuracy. The stsin in Tables.
(2.2)-(2.4) further indicate the overestimation of the frequencies for the decoupled model as well
as the improved accuracy for the coupled model that is particularly more important for the higher
modes. In another words, the coupled elalows for the distribution of strain energy between
coordinates of vibrations that igriored in a decoupled analysis. As the coupled model is more
accurate, from a practical perspective this coupling effect can be utilized by positioning the cables

at an offset position to reduce the stiffening effect by cabling on the host structure in the out of
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plane bending modekn addition, it is very important to accurately predictdieof plane bending
natural frequency peak thebeamstructure, whichs better possible by the coupled model.

The mode shape results in Fig.5) pertain to the cantilever boundary conditions. For this
boundary condition, it is shown that the -@ditplane bending is dominant in the first, third and the
fourth modes; whereathe inplane bending is dominant at the second mode. Also, the torsional
mode is dominant at the fifth frequency, and the higher mode shown corresponds to the first axial
mode. For the simplypupported boundary condition, Fig2.4), the outof-plane bendig is
dominant in the first, second, fourth and the fifth modeglame bending is dominant in the third
mode. Torsion is dominant the sixth mode, and the mode 16 shown relates to the axial dominant
mode. In the modes 5, 22 of Fi@.4), modes 5, 1&f Fig. (2.5 and modes 5, 23 of Fig2.6)
respectively, due to the effect of coupling, coordinates of motion related to-pheni bending,
out-of-plane bending and the torsion exhibit different behavior when compared to the decoupled
theory. The equain for the displacement of each coordinate of motion is given byZEf) (
Mathematically speaking, the mode shape expression for each coordinate of motion includes the
effect of all wave numbers (| ). For example, in mode 5 of FigR.4), consider the out of
plane bending curv@ @, mode 5 is a torsion dominant mode, the mode shape parameters
related to torsion also contribute significantly to the out of plane bending respsreseesult, we
see distinct behavior in the mode shape of out @hglbending for mode 5 of FiR.4) when
compared to the decoupled model. The same explanation related to the dominance of the mode
shape parameter can be extended to other modes dtirthe boundary conditions wherever
distinct behavior is seen.

The natural frequencies found using the decoupled and coupled models are presented and
compared to the FEA results in Tablés2)-(2.4). Comparing the errors in the natural frequency
estimatons for each of these methods clearly indicates the advantage of the coupled analysis over
the decoupled. In particular, significant improvement in the accuracy can be observed for the out
of-plane bending dominant modes. It is shown that the decouplee€l temds to overestimate the
frequencies compared to the coupled model due to overestimating the overall stiffness of the
system. This is because the decoupled model only allows for the out of plane bending, hence, it
ignores the flexibility of the system other directions and their vibrations. In addition, it can be

seen that the Timoshenko model predicts the frequencies better when compared to the Euler
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Bernoulli. This is particularly noticeable for the highespiane bending modes due to the length
to thickness ratio in that direction and the shear effects becoming more important.

Finally, to obtain more insight into the coupling effects, a sensitivity analysis is performed
by varying several parameters such as radius of the cable, the offsetrp@sitl the tension in
the cable. For simplicity, these analyses are performed using the coupled EB analytical model as
the shear effects become important for structures with largehlémgickness ratios. Fig. (3.8
shows, the effects of cable radwsnatural frequencies for each mode while keepihgratystem
parameters constarAs the cable radius increases, the frequencies pertaining to the modes for
which out of plane bending is dominant increase, while the frequencies for the dominantly
torsional modes decrease. This is because the as the radius of the cable increases, the strain energy
increases at a faster rate than the kinetic energy for the out of plane bending dominant mode and
its frequency increases; however, the kinetic energy incratadaster rate than the strain energy
for the torsion dominant modes as the cable radius becomes larger, that results in smaller torsional

frequencies.
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Fig. 2.8 Effects of cable radius on the coupled natural frequen&iekd lines denote Out of plar
dominant modes; Dash dot lines denote In plane bending dominant; Dashed line denote
dominant.

In Fig (2.9), the errors between the natural frequencies of coupled and decoupled EB
models compared to the FEA are plotted against the cable radius for different boundary conditions.
As expected, when the cable radius increases, the coupling between different cmrolinat

vibrations gets stronger.
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Fig. 2.9 Error comparisons for natural frequencies between the coupled and decoupled models

FEA. == = denotes error between depted analytical and FEA ar===== error between couple
analytical and FEA.
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It is shown that the error for the decoupled model with respect to the FEA becomes
significantly larger when compared to the coupled model due to ignoring the coupling effects that

are particularly important for larger cable radius values due to greater coupling.

Fixed-Fixed Boundary Condition
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Fig. 2. 10 Effect of cable offset positionnothe coupled natural frequenci&olid lines denote Out ¢
plane dominant modes; Dash dot lines denote In plane bending dominant; Dashed line denote
dominant.
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The results for several cabidfset positions are presented in F{g.10). The natual
frequency results shown in this figure further indicate the strain energy transfer between the in
planeand out ofplane bending modes as the system coupling increases. As the cable is placed
further from the center, the coupling effects are more procedithat result in a@nergy transfer
between the in plane and oufptdne bending modes subsequently causing the smaller frequencies
for the outof-plane bending dominant modes and larger frequencies for4plarie modes. In
addition, the frequency garns show a symmetric behavior for offset positions on either side of
the beam as expected.

1 Y Bt UOQ

v(x) w(x)
1.5 A

0.05 0.10 0.15 0.20

1.0

0.5

! 0.05 0.10 0.15 0.20 D.25x -14
(a)
1 T o@&wdDa
V(x) w(x)
I 15
10
8 1.0
]
4 0.5
2
' 0.06 010 0.15 0.20 l:l.2‘.'"X ! 0.05 0.10 0.15 0.20 IJ.25X
(b)

Fig. 2. 11 Mode shapes corresponding to n=1 for the system with coupled bending at 0.0043
offset position

The analysis of the natural frequencies of the sistpteupling case from Eq. (2.40) is
presented in Fig. (2.12 a). The system parameters are assumed the same as Table. (2.1). The value
of € is taken to be one. Fér p, we get two frequencies from Eqg. (2.40). The next step is to plot

the mode shapes.
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Fig. 2.12 Strain energy and natural frequency with respect to cable offset po
of plane bending dominant mo(== = denotes in plane bending dominant mode.

denotes out

The smtial solutions can be obtained by satisfying the linear dependency criterion for the

following equation.

— o & @ — 6 m (2.44)

Therefore, the coupled mode shapesfor p of the system are as follows.

“ LYW o - w" - A ) (2.4
OE—IE W w w — Q OE—IE

&

Q" e

The mode shape constant can be found out by using the following mass normalization criterion.

(2.49

Qo oo Qo OO © Qr p
The coupled mode shapes corresting to the lower and higher natural frequency roots
of Eq. .40) are plotted in Fig2.11 (a) and?.11 (b) respectively. In Fig2.11 (a), the mode shapes

corresponding tehe out of plane bending andptane bending are out of phase with each other.

The magnitudes for the mass normalized mode shapes shown in this figure indicates that the lower
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root corresponds to the eat-plane bending dominant mode, and the other corresponds te the in
plane bending. Fig2(12) shows the variations for the strainergy and the fundamental natural
frequency for these two bending modes as the cable offset changes. Zero offset in the plot denotes
the system is decoupled at that point and at zero offset, the solutions pertaining to the decoupled
system are presentdtis shown that as the offset distance increases, both the frequency and strain
energy corresponding to the eaftplane bending dominant mode drop while they both increase
for the inplane bending mode. This indicates an energy transfer between theotles as the
coupling increases due to the offset position.

Another interesting aspect to study is the effect of the cable tension on the natural
frequencies. For this purpose both rectangular dvahin crossections are further considered in
this paperFig. (2.13) shows the natural frequency variations for the firgilane and oubf-plane
bending and torsional modes with respect to the cableepston for the system parameters shown
in Table (2.1). From this figure, it can be understood thatghetension has negligible effect on
the systemds natur al frequenci es. This is be

makes it less susceptible to the effects of tension. Therefore, to better study this effect, the system

2000 Fixed-Fixed Boundary Condition, Rectangular CS

Natural Frequency [Hz]
=
S

500

° 40 60 80 100 120 140 160 180 200

Tension [N]
Fig. 2. 13 Effect of cable praension on the natural frequencies for firspplane bending, owf-plane
bending and torsional mode using the system parameters of Pable= denotes out of plane
bending dominant mode¢== = denotes torsion domant mode ==== denotes in plane bending
dominant mode.

parameters in Tablé2.5) are additionally considered for a rectangular cross section. The position
coordinates of the center of the calbehft are equal tor8t Tt dage 1T 7T kb From Fg. (2.14),

we can see that as the cable-f@asion increases, the fundamental natural frequency for the out
of-plane bending drops to zero as the system undergoes buckling. As expected, the buckling load
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for the fixedfixed boundary condition is the largfe then the simply supported, and finally the
cantilever beam has the smallest critical loading. The strain energy distribution (bar graph) for
beams with system parameters from Tal{24) and @.5) for fixed-fixed boundary condition for

the first modgwhich corresponds to the out of plane bending dominant mode) are shown in Figs
(2.15 a) and 2.15b) respectively. In Fig(2.15 a), the strain energy contributions from the axial,
in-plane bending, out of plane bending and torsion coordinates aré5143 %, 79.48 % and

0.008 % respectively. In Fi¢2.15b), the strain energy contributions in the axiaplane bending,
out-of-plane bending and torsion coordinates are 0.005 %, 0.023 %, 71.75 % and 28.21 %
respectively. As explained earlier forgF{(2.7 a), in Fig (2.15a), the out of plane and in plane
bending coordinates are strongly coupled to each other (for beam with parameters fram Table
(2.2)). In Fig (2.15b), the out of plane bending coordinate is strongly coupled to the torsion mode
when compared to axialandml ane bending as a beam with | ow
geometry is more flexible in the torsional direction. By increasing the value for the cable pre
tension, the systembs coupl kergygrangfer bebween the auin g e r
of plane bending mode and other coordinates of ma®shown in Fig(2.14). As similarly
observed for the offset case study, for the modes associated with the same wave number, the mode
with lower natural frequency transgeenergy into the modes with the higher frequency. In this
case, there is noticeable increase in the frequency for the torsion dominant mode when compared
to the in plane due to the nature of the coupling between these three modes.

Table 2.5 Material and geometrical properties for the tension case study, rectanguleseaiogs beam.

System parameters Value
Beam length 0.25m
Beam width 0.02m
Beam height 0.0015 m
Beam density 1,300 Kg/ni
Beam modulus of elasticity 2.2 GPa
Beam shear modulus 0.785 GPa
Beam Poi sson 0.4
Cable radius 0.0002 m
Cable density 1,200 Kg/ni
Cable modulus of elasticity 2 GPa
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Fig. 2. 14 Effect of cable prdenson on the natural frequencies for firstptane bending, otf-plane
bending and torsional mode using the system parameters of TAbje === denotes out of plan
bending dominant mod¢== = denotes torsion dominant moc==== denotes in plane bendir

dominant mode.
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Table 2.6 Material and geometrical properties for the tension case stedyss$ section beam

System parameters Value
Beam length 0.25m
Beam density 1,300 Kg/ni
Beam modulus of elasticity 1 GPa
Beam sheamodulus 0.35 GPa
Beam Poi sson 0.4
Cable radius 0.0002 m
Cable density 1,200 Kg/ni
Cable modulus of elasticity| 1.1 GPa

Parameters from Table 1, Mode 1, Fixed=fixed Boundary Condition
Strain Energy Contribution (%)

a0

20+

Type of Coordinate
In plane ut of plane  Torsion P

@)

Parameters from Table 5, Mode 1, Fixed-fixed Boundary Condition
Strain Energy Contribution (%)
70}
80}
50
40+
30
20
10}

Type of Coordinaie

Axial ' Inplane ' Outof plane  Torsion

(b)

Fig. 2. 15 Bar graph of strain energy contributions for mode 1 for beam with pazesrfedm a) Table
(2.1); b) Table(2.5) for fixed-fixed boundary condition.

To further, study the impact of tension on the natural frequenciedyeam crossection shown
in Figure. .16 (Front View) with the numerical parameters presented in Téb) is also

considered. The position coordinates of the center of the cable in this cas@hare (
T L @ .
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Fig. 2.16 I-beam cross section and dimensions
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Fig. 2. 17 Effect of cable préension on the natural frequencies of first in plane bendingfepiane
bending and torsional mode using the system parameters of P&jldof an tcross section bean
m—_(lenotes ouof plane bending dominant mo(=== = denotes torsion dominant mMo(=== = =
denotes in plane bending dominant mode.
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This geometry was chosen due to its smaller torsional stiffness. As shown in Ridure (

a), the fundamental mode for the fixBxled boundary codition corresponds to the torsional
dominant mode. In Figure2.(7 b) and R.17 c), for cantilever and simply supported boundary
conditions, the fundamental mode corresponds to the in plane bending dominantAsiode
expected for the | crossection, then-plane bending has much smaller critical loading compared

to the outof plane bending due to the smaller moment of inertia in that direction. Therefore, the
in-plane bending is shown to be more prone to buckling in Fig@réglf) and 2.17c). Also, tre

critical loading for the simply supported is shown to be larger than the cantilever beam as expected.
For fixedfixed boundary condition, because the torsion mode is the fundamental one, the | section
beam experiences torsional buckling. For cantilversamply supported boundary conditions, the
system experiences buckling in theplane direction.

Finally, to clearly show the effect of coupling, a case study where forced excitation is
applied to the structure in the out of plane bending directionrencesulting frequency response
functions for the coupled Euldernoulli analytical, coupled Timoshenko model, FEA and
decoupled Euler Berndumodel are presented in Fi2.18).

The numerical parameters used are from TaBl#).(The frequency respom$unction for
the coupled analytical model is calucated from B2¢16).

®
! 1 1 (2.46)

wherew @  represents the massrmalized coupled otgf-plane bending displacement at
the sensing location andw @ w represents the mas®rmalized coupled aof-plane
bending displacement at the actuation locatipn. is the forcing frequency. is the natural
frequency corresponding to the mo@eThe natural frequencies for fixéked, cantilever and
simply supported boundary conditions areganted in Tables2 @)- (2.4) respectively. The mass
nornalized coupled mode shapes are calculated and presented i2.Bjgé2.6) for fixed-fixed,
cantilever and simply supported boundary conditions respectively.

Here,@ T ¢ 0p& w TBIT (i T W & W THBIOWLIGW TP W
& w T o arethe sensing and actutation locations respectively for-fixed, cantilever,
simply supported boundary condition respectively. Similarly, the frequency responserfarati
the decoupled and FEA models are calculated and plotted ir2Fig). (The significant peaks in
the plots correspond to the out of plane bending direction and the first sharp peak corresponds to
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the inplane bending dominant mode and the second sharp peak corresponds to the torsional
dominant mode. In Fig2(18a), for the fixedfixed boundary condition, for the4plane bending
dominant mode, it can be seen that the coupled Timoshenko beam model predicts the frequency
better than the coupled Euler bernoulli beam model. As we can clearly observe frot1B)g. (

the frequency response function of both coupled EBénoulli and couled Timoshenko models

match very well with that of FEAvhen compared to the decoupled modélerefore, the coupled

model provides a better picture of the dynamics when compared to a decoupled model.

2.2 Coupled Vibrations in Structure with Periodic Wrapping Pattern

2.2.1 Mathematical Model

The cableharnessed structure with periodic wrapping pattern is shown i(Zi§.a) with
the different coordinates of motion such as the axial, in plane bending, out of plane bending, torsion
and both the rotations crosssections about y andaxes. The cable is wrapped around the beam
in a diagonal manner. The fundamental element of thppimg pattern is shown in Fi¢2.19 b).
Each fundamental element of the wrapping pattern consists of a diagonal setli®catile and

the cable wrapping at the end of each fundamental element act as lumped masses.

Beam z
KA / s [ e
' , ) wp(t)
A\;\:'/y Cantilever Boundary Condition
<L)

u(x,t) Axial

v(x,t) In Plane Bending
w(x,t) Out of Plane Bending
6(x,t) Torsion

@(x,t) Rotation of Cross-Section about z-axis
P(x,t) Rotation of Cross-Section about y-axis

(@)

z
N

(b)

Fig. 2.19 (a) Representation of the cable harnessed structure with periodic wrapping pattern along with
the coordinates ahotion. (b) Fundamental element of wrapping pattern.
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In case of straight cable in Section. (2.1), the model developed is exact and in case of periodic
pattern it is difficult to develop exact model due to diagonal section and also multiple fundamental
elements. An equivalent continuum model is presented to study the vibrations of structures with
periodic pattern. The total strain and kinetic energies of the calenessed structure for
Timoshenko model are shown in Eqa.4()) and @.48).

Y g O "YAi‘Qoo - 071 07 QQ®
p e o N O X
- @] YOO - Al O T AI'@QEI QOWO
< (2.47)
- ®o AR @0 O— - oI Q.
CO O o cO o T O ¢ T CO UL ¢ CO * — CcCO UV —
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CO U *&@ CO | *@& CO U *&2 CO [ —e. CO [ 0 Qo
"Y _ Q ” ”n I" o I" », " I" o I" . ,Q .0‘,Q (b g ” ” I" ) I" » » I" o I" » ,Q 6_
_ _ 5 . - ~ (2.48)
- Q o) QU Q0 Q — Q . Qr Qw

where- is the direct strain in th@direction/ and’ are the shear strains in ttevand the
W oplane respectivelyThe constants used in the kinetic and strain energy expre&sioii2.47)
and Eq. (2.48are shown in EqHR.1) of Appendix B.0 is the length of each fundamental element

of the periodic patternwhere superscript denotes partial derivative with respect to spatial
coordinatecwy —) and superscript denotes partial derivative with respect to tinge). The

strain and kinetic energy coefficients depend on the material and geometric properties of the cable
and the beam.

Similarly, the strain and kinetic energy expressitmisthe cable harnessed beam with
diagonal wrapping pattern for the EulBernoulli mode[51] are shown in Eqs2(49) and 2.50).

Y - ©06 @ 0 @ 0 w0 — Cw v U Cw o —
CWL — UL — Co O Leecw 0 L:e:eC® U - (2.49
CO U —» ¢ U Ve

Y- Q6 Q0 Q0 0— Qo (250
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The constants of the aboveasir and kinetic energy exgsions for the EuleBernoulli strain

and kinetic energy are shown in Eq. (B.2) of Appendix B.

Let — w ke the local coordinate system of a single fundamental element(2Fig.b)). Then

position of the cable where the strsiare evaluated can be defined @t -OAT -h.

The wrapping anglé can be defined a® A1 - . The advantage of periodicity of wrapping

pattern can be taken and the equivalent continuum model includingebedfflumped masses at

the end of each fundamental element can be obtained using the homogenizatior{5a¢tibe

strain and kinetic energy per unit length of the fundamental element are calculated and are assumed
the same through the length of the fundamental element. Since the wrapping pattern is periodic,

the homogenied strain and kinetic energy is assumed the same across all the other fundamental
elementsAf t er applying the "MawQd fthe gogernipgegquatonsp | e,
for the Timoshenko and Eul&ernoulli model after including the effect of harmonic base

excitation are shown in Eq2.61) and @.53). The boundary conditions for the fixed and free ends
are shownn Egs. .52, 2.55 and @.54, 2.56 respectively

Timoshenko model

V6 06 e Q e OUL GO— T (2.51a)
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N— d— w0 o e QU WO T Q . s (2.51d)
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Euler-Bernoulli model
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wherel 0 is the base displacement in the out of plane direalion. afo is the relative
out of plane bending displacement of the structure with respect to the base exditation.
Timoshenko model Eq2(51), coefficientsco hd and@ to & and br the EulesBernoulli
model, in Eq.2.54) coefficients® to  are the additional coupling terms that are not seen in the
case of straight cable pattern. Therefore, the mathematical model in this paper covers a more
general case when the wrapping angle isreno. In Eq(2.51a), theaxial coordinate is coupled
to the two rotations of crossection, iaplane bending and the torsion mode. In €951b), the
in-plane bending mode is coupled to the two rotations of @®@son, axial and the torsion mode.
In Eq.(2.51c), the out ofplane bending is coupled to the rotation of cresstion about 4axis
and thetorsion mode. In Eq2(51d), the torsion mode is coupled with the all the coordinates. In
Eq.(2.51¢€), the rotation of crossection about-axis is coupled with all the cadinates except
theout of plane bending. In Eq. (2.5} the rotation of crossection aboutaxis is coupled to all
the other coordinates. Igg. (2.54 a), the axial mode is coupled to all the other coordinates.
Similarly, in Eqs(2.54 b), (2.54 c) an(R.%4 d), the inplane, outof-plane and torsion modes are
coupled to all the other coordinates. The coupled partial differential equations2 Eijsatid
(2.54) are second order in time and the temporal solution of the PDEs can be assumed harmonic.
In the first step, the unforced coupled system is solved for the natural frequencies and mode shapes.

The solution procedures for obtaining the natural frequencies, mode shapes for the PDEs of the
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type Egs. 2.51) and @.54) are shown in the previous worksl8,129,130jand are presented in
Section. 2.1 of this chapter.

2.2.2 Numerical Simulations and Analysis

In the Section. 2.2, theoretical case studieslated to the periodic wrapping patteare
performed. Firstly, the frequency response functions obtained from the coupled EB and TBT
models are compared with the frequency response &umalitained from the EB decoupled model
for three different samples. Then, the sensitivity analysis is performed by varying parameters such
as the cable radius and the number of fundamental elements of the wrapping pattern and the
frequencies of the periazhlly wrapped structure are compared with the frequencies of straight
cable to highlight the change in dynamic behavior between the two patterns.

Table 2.7 System parameters for the samples 1, 2 and 3.

System parameters Sample 1Values Sample 2 Values| Sample 3 Values
Beam lengthd 250 mm 260 mm 252 mm
Beam width ) 10mm 11 mm 9.5mm
Beam thicknessyf 1.5mm 0.975 mm 1.20mm
Beam density”( ) 2,700Kg/m? 2,768 Kg/nm 2,768 Kg/m
Beam modulus of elasticity)) 68.9 GPa 68.9 GPa 68.9 GPa
Beam Shear modulu¥Y) 26 GPa 25.7 GPa 25.7 GPa
Pretension of the cable&Y 25N 40 N 20N
Cable radiusi() 0.7mm 0.21 nm 0.21 mm
Cable density’( ) 1,400 Kg/n 1,400 Kg/nm 1,400 Kgm?®
Cable modulus of elasticity() 150 GPa 128.04 GPa 128.04GPa
Number of fundamental elementg 8 10 9
Number of Cables 1 5 10
Sensing location 250 mm 534 & 250 mm

Theoretical Sample
Netements = B letement = 312 cm

Experimental Sample

Netemenes = 9 letemens = 2.8 cm
- O, - - »

()

Experimental Sample a/'/l/l/l/l

Netements = 10 letement = 2.6 cm ©
- M ceeeeeeeee - .

NN

Fig. 2.20 Representation of thep viewcable harnessed structure with periodic wrapping patterig alon
with the dimasions. (aSample 1 (b) Sample 2 (c) Sample 3.
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The layout and dimensions of wrapping pattern of the three different periodic designs studied are
presented in Fig. (2.20n Fig. (221), the frequencyesponse functions (FRF) of thdly coupled Euler
Bernoulli, Timoshenko models are compared to the frequency response function of the Maffih, 824l
decoupled radel for the samples 1,2 and 3 whose parameters are presented inZIgbl€hé boundary
conditionassumeds cantilever as shown in Fig2.09 and the structure is subjected to harmonic base
excitation.It is assumethat the cable will have same strain values as the top fiber of the Deasensing
locatiors for the simulatios are ate ¢ vhx cand¢ v @t for samples 1, 2 and 3 respectively
Physically, out of the three samples, sample 1 has the highest letigttkiess ratio followed by samples
3 and 2. Sample 1 has the largest cable radius of 0.7 mm, sample 3 has 10 cables with each cable having a
radius of 0.21 mm and sample 2 has 5 cables each having a diameter of ORRbmFigs. 2.21 a), .21
b) and(2.21 c), it can be seethat the out of plane bending pedi@m the decoupled model ovpredict
the frequencies when compared todcbeaesponding peaks from the fullpupledEB and TBTmodek for
all the samplesSince the structure is excited in tloeit of plane bending direction, the significant peaks in
coupled FRF correspond to the -@itplane bending dominant mode andrtain sharp peaksvhich
correspond to the torsion andpitane bending modean also be noticedhe natural frequencies frorme
coupled and decoupled mdslare tabulated and shown in Tablés8], (2.9) and (2.1)Calong withthe
percentage differende the frequenciebetween the coupled and decoupled modalsample 1, where
the cable radius is the largest, we see grafifference between the coupled and decoupled model. When
the cable radius is large, the strain energy is highly-presticted by the decoupled model when compared
to the coupled model for the out of plane bending modes. At larger values of cable redzmygling
coefficients also increase in magnitude. This increase in coupling effect means that the structure is more
flexible in multiple directions, which the decoupled model ignores. In decoupled model, the structure is
assumed flexible in one directiand rigid in the other directions, so, the decoupled FRF curve does not
predict the modes in the other coordinates of motion. Therefore, in the coupled model the strain energy is
re-distributed amongst different coordinates from the out of plane dindoticause of this the frequencies
are lower forcoupled model. Later on, in thgection.2.2.2, the simulation result of the variation of natural
frequency with respect to the cable radius is presented. For the modes analyzethiaet samples, from
Table. (2.8 we see two irplane bending modes and one torsion miadeddition to the five out gblane
bendingmodes for the fully coupled models for sampl&imilarly, for samples 2 and 3, we see twe in
plane bending dominant modes and asrsion dommant mode (Tables. (2.@nd @.10). In the higher
modes in the FRF plot (Fig2.21)), the coupling effect can be significantly seen. The Timoshenko model
also under predicts the frequencies when compared to the-Eerneoulli model. This is becaus

Timoshenko modelve consider two moradditional coordinates namely the rotations ofssiection
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therefore the coupled Timoshenko model allows more flexibility for the structure when compared to the

coupled EuleBernoulli model

Table 2.8 Coupled and Decoupled Natural Frequencies for sample 1.

Mode | Decoupled| Coupled EB Coupled % Decoupled | % Decoupled
No EB [Hz] TBT EB and EB and
[Hz] [Hz] Coupled EB | Coupled TBT
1 31.29 22.40(0P) 22.27(0P) 28.41 28.82
2 - 135.71(1P) 13553 (IP) - -
3 196.13 140.430P) 139.55(0pP) 28.39 28.84
4 549.23 393.190P) 390.6(0P) 28.41 28.88
5 1076.21 770.4%0P) 764.93(0P) 28.41 28.92
6 - 850.52IP) 842.40(1P) - -
7 - 852.17(T) 851.78(T) - -
8 1779.02 1253.580P) | 1263.62(0P) 28.41 28.97

*OP, IP and T stand for Out of plane bendingplane bending and Torsion dominant modes respectively

Table 2.9 Coupled and Decoupled Natural Frequencies for sample 2.

Mode | Decoupled| Coupled Coupled | % Decoupled| % Decoupled
No EB [HZ] EB BT EB and | EB and
[Hz] Mzl | coupled EB | Coupled TBT
1 14.16 12.66(0P) 12.61 10.59 % 10.94%
2 88.81 79.25(0P) 79.03 10.76 % 11.01%
3 - 133.74(1P) 133.54 - -
4 248.7 222.28(0P) 221.26 10.62% 11.03%
5 487.32 435.59(0P) 433.8 10.67% 11.04%
6 - 497.93(1) 497.52 - -
7 805.56 720.02(0P) 716.40 10.61% 11.06%
8 - 838.12(1P) 829.69 - -

*OP, IP and T stand for Out of plane bendingplane bending and Torsion dominant modes respectively

Table 2.10 Coupled and Decoupled Natural Frequencies for sample 3.

Mode | Decoupled | Coupled EB Coupled | % Decoupled| % Decoupled
No EB [Hz] [Hz] BT EB and | EB and
[Hz] Coupled EB | Coupled TBT
1 20.76 17.63(0P) 17.49 15.07% 1575 %
2 130.13 110.56(0P) 109.62 15.03% 15.76%
3 - 126 (1P) 125.85 - -
4 364.41 309.55(0pP) 306.86 15.05% 15.79%
5 714.06 606.53(0P) 601.07 15.05% 15.82%
6 - 705.97(T) 705.22 - -
7 - 789.70(1P) 783.02 - -

*OP, IP and T stand for Out of plane bendingplane bendingnd Torsion dominant modes respectively
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Table 2.11 System parameters for the sensitivity analysis

System parameters Values
Beam lengthd 250 mm
Beam width () 10mm
Beam thicknessj 1.5mm
Beam density”( ) 2,700Kg/m?
Beam modulus of elasticityQ) 68.9 GPa
Beam Shear modulu¥Y) 26 GPa
Pretension of the cable&Y 25N
Cable radiusi() 0.7mm (variable)
Cable density”( ) 1,400 Kg/n
Cablemodulus of elasticity@ ) 150 GPa
Number of Cables 9 (variable)

In Figs. .22 and @.23, the effect of parameters like cable radius and number of
fundamental elements on the natural frequency are presente®.ER pfesents the variation of
natural frequency of the structure with respect to the number of fundamental elements of wrapping
pattern along the -axis. The parameters used for this simulation are from Tablel)( The
natural frequencies of the out of plane bending dominasilaine bending dominant and the
torsion dominant are plotted in Big2.22 a), .22 b) and R.22 c) respectively. Frequencies
obtained from the coupled model presented in this paper and Martifbé&{ atodel are plotted
on the same figure. For the results pertaining to the coupled curve, couple8&uleulli is used,
as he structure considered in the simulation is slender and the effect of rotation eextiss
degree of freedom will be minimal. In Fi@.22a), when the number of fundamental elements are
lower, there is large difference between the coupled ancettmugdled models and as the number
of fundamental elements increase, the coupling effect reduces and we see the gap between the
coupled and decoupled getting smaller. The coupling in the structure is maximum when the
wrapping angle is smaller and as the ppiag becomes tighter, the coupling decreases. More
analysis related to this is presented in Tal®el3d and the discussion related to this will be
touched upon at that point. From F{g.22b), it can be observed that the coupling in the in plane
bending dominant modes is lesser than theaylane bending mode. From Fi@.22 c), the
torsion dominant mode increases until 20 elements and starts decreasing when the number of
elements increase beyond 25. This suggests that the strain enerdigistngted from the oubf-

plane bending into the torsional mode until when the number of fundamental elements are 25. This
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is because of the coupling effect between various coordinatestifiening effects dominate the
response of the structure when the number of fundamental elements are less than 20 because of
smaller wrapping angle and the mass effects start becoming more significant when the number of

fundamental elements of wrappis@rt increasing beyond 25 elements
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Table 2.12 System parameters for the sensitivity analysis in T&&

System parameters Values
Beam lengthd 250 mm
Beam width ) 10mm
Beam thicknessyf 1.2mm
Beam density”( ) 2,768 Kg/nm
Beam modulus of elasticity()) 68.9 GPa
Beam Shear modulu¥Y) 25.7 GPa
Pretension of the cable§Y 25N
Cable radiusi() 0.21 mMm
Cable density”( ) 1,400 Kg/nm
Cable modulus of elasticity)) 128.04 GPa
Number of Cables 9

Table 2.13 Sensitivity analysis for multiple frequencies with respect to the straight and periodic pattern
cases

Mode | Bare | Straight | Straight n=5 n=9 n=15 n=20 n=30 n=50
No Beam | Cable Cable at | [HZz] [Hz] [Hz] [Hz] [Hz] [Hz]

[Hz] No offset
offset [Hz]
[Hz]
15.47 | 18.4 17.39 18.1 17.6 16.82 | 16.18 | 15.24 | 14.30

96.96 | 115.2 109.76 113.5 | 110.7 |105.28 | 101.22 | 95.92 | 88.71

128.93 | 125.67 | 147.20¢P) | 135.8 | 133.7 |130.07 | 127.37 | 122.70 | 116.43
271.54 | 322.6 307.48 317 309.2 | 295.07 | 284.25 | 267.53 | 248.44
532.09| 632.3 602.87 621.2 | 606.2 |578.20 | 556.88 | 524.09 | 486.77
702.16 | 683.88 | 660.50(T) | 678.6 | 681.8 | 688.02 | 690.57 | 689.07 | 658.42
808.09 | 787.64 | 923.25(p) | 850.7 | 838.1 | 815.82 | 798 769 729.64

879.57| 1045.3 | 996.94 1027.5 | 1001.9 | 956.04 | 920.23 | 866.31 | 804.52
*OP, IP and T stand for Out of plane bendingplane bending and Torsion dominant modes respectively

O INO|O|RWIN|F

Fig. (2.23a),(2.23b) and(2.23c) represents the variation of the first-ofiplane, inplane
andtorsion dominant modes with respect to the cable radius respectively. (8.ERp) and Fig.
(2.23Db), the natural frequencies increase as the cable radius increases forahplang and in
plane dominant modes as the strain energy increases stearf@e when compared to kinetic
energy. The natural frequency of the coupled curve increases at a slower rate when compared to
the decoupled curve. As the radius of the cable radius increases, the coupling coefficients, which
depend on the area of cressction, also become stronger. Stronger coupling means the structure
is flexible in multiple directions, which the decoupled model does not take into account, and as a
result the decoupled model over predicts the frequencies at larger values of caldefaadi

bending dominant modes. In Fi.23c), the frequency associated with the torsion dominant
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mode decreases as the cable radius increases. The torsional kinetic energy increases at a faster rate
when compared to the strain energy in the torsiomattion.

In Table. .13, the natural frequencies associated with the case where the cable is
positioned at the centerline (no offsgtl8], case where the cable is at an offset posifidr8],
bare beam and cases where the number of fundamental elements are varied are compared to each
other. The parameters used for this simulation are from Tahl3).(In Table. .13, the
frequencies presented in the third row correspond to the fupgtame bending mode. The
frequencies presented in the sixth row correspond to the first torsmmant mode and the
frequencies presented in the seventh row correspond to the second in plane bending dominant
mode. To analyze further, the case with straight cable at offset shows more coupling than the case
of periodic wrapping pattern. This can bdiced when we look at the coupled natural frequencies
of the two different systems under comparison with their respective decoupled counterparts. For
out-of-plane bending modes, in case of straight cable with offset case, the percentage difference
betweenthe coupled and the decoupled model in Martin ¢54] for the irst three modes are
19.56%,19% and8.97% and the difference between the coupled and decoupled models for the
structure with five diagonal elements for the first three modes are 14.29%, 14.26% and 14.51%.
As the coupling effect in case of periodic patternowdr, the coupled out of plane bending
dominant frequencies did not drop as much as the straight cable case and therefore we see more
stiffening effect in case of structure with periodic wrapping pattern until when the number of
fundamental elements areuad|to 9. The case where straight cable is positioned at the centerline
(no offset case) shows lesser coupling and more stiffening effect (by also comparing with the
frequencies from bare beam) when compared to the case where the cable is positioaHgedt an
distance. When the number of fundamental elements of wrapping pattern are increased beyond 9
elements, the natural frequency of the periodic wrapped structure decreases and approaches the
bare beam. As the number of fundamental elements of wrajppaittgrn increase, the natural
frequencies drop in periodic structure as more mass is added to the structure and also when the
more fundamental elements of wrapping pattern are increased, the wrapping angle also increases.
As the wrapping angle is increasele stiffening effect reduces, and therefore we see a drop in
the natural frequencies as the number of fundamental elements are increased. Therefore, to
minimize the effect of stiffening and mass effects of cabling on the host structure, it is better to

wrap the cable around the host structure in periodic pattern. From the case study presented in
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Table. £.13), if number of fundamental elements are around 30 we see minimal effect of mass and
stiffening effects of cabling on the host structure. The optmatber of fundamental elements
depends on the parameter under study and from the mathematical models presentsetirothis
coupled analytical models give better picture of the dynamics of the system when compared to the
decoupled model.

Another int@esting aspect to study in the cablenessed beam with periodic wrapping
pattern is the concept of cut off or transition frequency in Timoshenko beam theory. The relevant
literature regarding this is described in Chapter 1. In Timoshenko beams witly supplorted
boundary conditiongL09], we see a mode with puskear mode vibrations which is referred to as
cut off or transition frequency an interesting concept which has received considerable attention
the recent past. For frequencies below this transition frequency, we see bending mode vibrations
and for frequencies above the transition frequency, we see both shear dominant mode and also
some modes with bending dominant vibrations. This concept beagf practical interest in
structures where the transition frequency and shear dominant modés apgréar in the lower
modes of vibration. For a simple beam, this aspect has been studied thoroughly through various
papers for simply supported boundamgndition and it is concluded there that the transition
frequency is a part of frequency spectrum for simply supported boundary conditions. For other
boundary conditions, it is not part of the frequency spectrum. However, we still see the appearance
of shear dominant modes in the structure for all the boundary conditions. For a simple Timoshenko
beam, the modes that are coupled are the bending and the rotation afectass modes. The
governing partial differential equations for Timoshenko bare bearmlamed from Ref{120].

The mathematical form of the mode shape parameisrshown in Egs. (2.57§2.59 as follows:

Table 2.14 System parameters for transition frequency case study

System parameters Values
Beam lengthd 200mm
Beam width ) 11 mm
Beam thicknes ) 10mm
Beam density”( ) 2,768 Kg/ni
Beam modulus of elasticity)) 68.9 GPa
Beam Shear modulu¥Q) 25.7 GPa
Pretension of the cable§Y 25N
Cable radiusi() 3mm
Cable density”( ) 1,400 Kg/ni
Cable modulusf elasticity ©O) 128.04 GPa
Number of fundamental elements 10
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Fig. 2.24 Variation of normalized transition frequency of cabled beam with respect to the radius of the
cable. ®®®=®=mE pareheam T Cabled beam

Eq. (2.57)(2.59 shows the mode shape parametergrequencies below the cut off frequencies,

at the transition frequency and above the transition frequencies. The fconpté of dechanges

from real to zero to imaginary. In the literature, for a given structure the transition frequency was
constant and even in composite structures with coupling between multiple coordinates, this
frequency was found to be unaffec{@@]. In this Chapter, the effect of wrapping a cable around

the host structure in a periodic manner on the transition frequency and mode shapes is investigated
for simply supported bouidy condition. For this analysis, the continuum model for the
Timoshenko beantheory applies here. This study is the first in the area of chhteessed
structures. Initially, a case study is investigated where the effect of cable radius is studied on the
transiton frequency. In Fig. (2.34the radius of the cable is varied along thaxis and the
normalized frequency is plotted along thexis. The system parameters foiststudy are shown
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in Table. (2.1% The transition frequency of the cabled beamormalized with respect to the

transition frequency of bare to clearly obtain an idea of the behavior of cabled beam with respect

to the bare beam. The transition frequency of bare beam is independent of cable radius and will
remain constartL09]. In Fig. (2.24, the transition frequency of the cabled beam is plotted using
coupled vibration model (Eqg. (2.51 a) to Eq. (X)§1As it can be seen in Fig. (2)24he transition

frequency of cabled beanecreases with increase in cable radius. This shows that at the transition

frequency, the kinetic energy effects of cabling will be more dominant than the strain energy,

which is why the frequency decreases.
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Table 2.15Natural Frequencies for bare and cabled beam for both first and second spectra using TBT
Mode No Bare beam Cabled beam

First Spectra [HZz]

la 563.09 660.88 (OP)
2a 2224.98 2348.01 (OP)
3a 4910.40 5190.35 (OP)
4a 5990.59
5a 8506.83 8785.35 (OP)
6a 11861.26
7a 12372.76
8a 12891.39 13368.92 (OP)
Transition Frequency [kHZ]

156.70 117.13
Second Spectra [kHz]
1b 117.62
2b 157.36 118.02 (SD)
3b 118.88
4b 159.29 120.63 (SD)
5b 123.12
6b 124.26
7b 162.33 12484 (SD)
8b 128.64
9% 129.41
10b 130.31
11b 166.63 130.62 (SD)
12b 135.37
13b 136.35
14b 171.72 137.17 (SD)
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For the bare beam model, the mode shapes are plotted i2.Bf. The mode shapes are
explained in detail in the published litexee for the simply supported boundary conditjib@9].
While solving the partial differential equations for a bare beam, it is assumed that the mode shapes
for simply supported are sinusoidal. We sear@ghea vibration mode in Fig. (2.25dFigs. 2.25
(a)(c) are the mode shapes in the first spectrum which aréifge dominant modes. Figs. 2.25
(e)i (g) are shear dominant modes and some bending dominant modes in between the shear
dominant modes. Theatural frequencies corresponding to the bare beam and cabled beam for
both gectra are shown in Table. (2)15

In a similar way, the natural frequencies for the cabled beam are calculated using the theory
proposed in this Chapt&. For the cabled beam sihations of Table. (2.15 the coordinates
considered are the axial, out of plane bending, torsion and the rotation of cross section. The
governing equations of motion along with the simply supported bourdadjtions are shown in
Egs. (2.60) and (2.61

V6 06 W 0w — T (260a)
W o0 ©O— ©O— o ™’ (2.60 b)
N— o0— w0 ®O WO OfF T (2.60c)
O Qr O 06 0 O — ™| (2.60d)
0 TS
0 TS
— R (2.61)
O Wo W — TS

79



OutofPlane

Axial
5
4

0.015]
4
0.010
2

0,005/

-2

Beamlength
0.05 o 045 0
-0.005]

-0.010
-0.015
4 005 0.0 015 o.

-4

Beamlength
20

Torsion RotofCS

Torsion RotofCS
o 150 150
s 100
100 50
Beamlength Beamlength
0.05 0 015 020 0.05 10 015 020
50 5 040 0. 0.20
-50
=100

(b)

@)

Axial OutofPlane Axial OutofPiane
10 010
0.2 4
005 05
04 2
005 A0 045  0.20 005\ 010 Jo4s 0.0 005 010 015 020 005 010 015 020
-0 -2 -0.05 -005
-0.2 -4
-010 -0.10
. RotofCS
Torsion RotofCS DT%E“’" 2000
150 200
100 100 005 1500
% 1000 e
T05s 010 015 020
&0 005 o0dp 0.20 0.05 0. 015 020
-100 -0.05 500
-100
-200
-010 000 005 010 015 020

(©) (d)

OutofPlane Aial OutotPiana
0.2
01 04
Beamlength 0z
-041 .20
Beamlength
: g -0.2 0.05 0. 045 0
-03 -02
-04 o
-05
Torsion RotorCS -
60 1500 1500
40 1000 1000
20 500 -
1 A . 0 005 A0 045 020  Beamieagih iy Beamiangth
-20 -500 500
-40 -1000 oo
e 1500

(€)

‘OutofPlane

010 Joas 020

RotofCS
1500

1000

500

500 .05 0 015\ 020
-1000
=1500

(9
Fig. 2. 26 Mode shapes for (df) frequencies in first spectrumd)( transition frequency; (€p)

frequencies in the second spectrum.
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Fig. 2.27 The nature ofmode shape parameters of out of plane dominant modes in spectra 1 ar
dominant modes in spectra======Im[ ],Im[ ],Im[ ],Re[ ]|™ === im[ ],Im[ 1],
Im[ J,Im] ]®"""*Re[ ] =====Im[ .

The natural frequencies are tabulated in the third column of T@bl&) @nd the mode
shapes of the cabled beam for botl fipectra @ presented in Fig. (2.26). The focus of Table.
(2.15) is to compare the frequencies of bending and shear dominant mode for both the spectra with
that of bare beam. In the first spectra for bending dominant mode, we see stiffening effect as
predicted in the all the results @@nted earlier in this ChapterRor the transition frequency, we
see that the frequency has decreased after the addition of cable. It can also seeb. B)Rigat(
the transition frequency for the cabled beam is flean that of bare beam. From this, it can be
analyzed that the addition of cable will push the shear modes into the lower modes for cabled beam
when compared to bare beam. In the second spectagueincies shown in Table. (2)1the
shear dominant moddéequencies are lower than that of bare beam. The slenderness ratio of the
structure considered for this simulation is 20. Practically, when the slenderness ratio decreases
further, we see the transition frequency appearing in the lower modes and h#fiesigole on
the overall dynamics of the structure. This concept may be used for reducing the bending vibrations
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of thick structures by adding cables to bare beam structure to increase the vibrations of structure
in the thickness shear direction.

Coming to the nture of mode shapes in Fig. (B)2 for thetransition frequency in Fig.
(2.26 d), we see pure shear vibration mode for the simply supported boundary condition for the
cableharnessed structure as well. The nature of the mode shape parandtarifare beam is
explained in EQgs.257) to (2.5% Similarly, the mode shape parameters fdrlea beam are
plotted in Fig. (2.2Y. In Fig. (2.27, on the xaxis OP stands for Out of Plane bending dominant
mode and SD stands for shear dominantentn Figs. (2.27a) to .27 c), the mode shape
parameter is imaginary for both the spectra and the transition frequency. 1B.Ergl)( the pair
of mode shape parameters are real for the out of plane bending dominant modes in the first spectra.
At the transition frequency, they approach to zero and in the second sihect@r of mode shape
parameters turn imaginary. In the second spectra, only thssociated with the shear dominant
modes are presentdebr the shear dominant modes, for bare beam in simply supported boundary
conditions we sesymmetricsolutions of the mode shafi9] that isthe profile of the shapes for
both the spectra a similar (symmetric behavior). For example, we observe that the shapes of the
first, second bending dominant (Fi@.Z5 a) and Fig. Z.25 b)) and skear dominant modes (Fig.
(2.25 g and Fig. (2.8 f)) are smilar although the magnitudes are different due to dominance of
each direction in each spectrum. For the chblmessed structure, we sEemplicatedshape of
the first,secondshear dominant modes and the bending coordalstshowscomplicatecshaps
different from the shapes for bare beam for the second spectra. From the boundary conditions in
Eq. 2.61), we can observe that the modal shape for eladteessed structuvéll not beas simple
as that of bare beam even for simply supported boundaditams. For a bare beam, the mode
shape is simply a sinusoidal function. In case of ehbl@essed structure, when there is coupling,
the mode shapes from axial and torstonrdinatecontribute to the bending and rotation of cross
section displacemesnitAll | 6 s contri bute to the response of
see complicated mode shapes for the second spectra where we see lesser bending vibrations and
more shear vibration3his suggests that the symmetry of having similar shapboth spectrum
for bare beam is broken in case of catdenessed structure with periodic wrapping pattern for a

simply supported condition due to effect of coupling between various coordinates of vibration.
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2.3 Coupled Vibrations in Structure with Non-Periodic Wrapping Pattern

This sectionpresents the coupled vibrations of cabénessed structures with rpariodic
wrapping patternin Section.2.31, exact set of coupled PDEs for the fmariodic wrapped
structure are presented. The solutiorcpdure to solve the system of PDEs by applying boundary
and continuity conditions to find the natural frequencies is presented. In S@@idntheoretical
studies are performed. The frequency response functions of decoupled and coupled models are

analyed.The findings obtained dhis Sectionwill be submitted tg131].

2.3.1 Mathematical Model

The cableharnessed structure with nperiodic wrapping pattern along with the coordinates
of motion is shown in Fig.228. In case of periodic wrapping pattern, all the fundamental
elements had same wrapping angle and equivalent continuum is devélapkel.in the case of
Periodic wrappig patterrf119,124] here the wrapping angle is different across each fundamental
element and represents a mooenplicateccase of study than compared to the periodic wrapping
pattern.To analyze noiperiodic wrapping structuseit is important to discretize the structure into
multiple subsubstructures (at the end of each fundamental element) and assume the displacement
function is continuous by applying continuity conditionkhe coordinates of motion considered
areAxial 6 o , In plane bending afp , Out of plane bending ¢ and Torsion—atD . The
cable is assumed to wrapped in a diagonal manner and there is a lumped mass section at the end

of each fundamental element.
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Fig. 2.28 Representation of negperiodically wrapped cable harnessed structure pattern along with the
coordinates of motion.

Each fundamental element of wrapping is assumed to have different displacement. The
fundamental element along with the &bccoordinges is described in Fig2.28b). where
6O o oo o and— afd in the Fig. 2.28) are the displacements in the axial, in
plane bending, out of plane bending and the torsion coordinates ‘6f thimdamertal element.
In this Section. 2.3he procedre to obtain the governing exact partial differential equations using
energy methods is described. Then the mathematical steps to set up the eigen value problem and
obtaining the natural frequency from the partial differential equations are darheedsumptions

made in the continuum model development are as follows:

The strain and kinetic energy of the cablnessed structure for EuiBernoulli model are shown
in Egs. (2.62) and (@3).
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where superscript denotes artial derivative with respect to spatial coordinate—) and

superscript denotes partial derivative with respect to tidte). whered is the length of th&
fundamental elementvherel is the wrapping angle dhe 'Q fundamental element and given

by O AT - . The coefficients of Egs. (2.62) and&3) are presented in E(D.1). Once the strain

and kinetic energy expressions jar &Y &rixoari ned,

to obtain the fully coupled partial differential equations of equations along with the boundary
conditions. This paper does not consider the damping induced by the cabling and the focus is on
the mass and stiffness effeas cables Although the structure is subjected to harmonic base
excitation, the free vibration charecteristics of the system such as the natural frequency and the
mode shapes remain unaffected. The following mathematical steps show the procedure to calculate
the natural frguency and mode shapes from the unfosyetiem. At the end of Section. ZL3the

partial differential equations are shown for the structure subjected to base excitation along with

the formula to find the frequency response functidre &xact coupled sef governing equations

of motion obtained after appl yi ng -peribdecallle x t e n d

wrappel structure are shown in Egs. (2.642)64d).
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N6 o ab— duD UL Tt (2.64a)

QU Aoy +dUO0  +duo— + dUnd du— do Tt (2.64b)

Q0 ad— o U o— Um0 auo U0 (2.64¢)
Tt

N o— dlo— o U ®U AUm O vy m (2.64d)

In Eq. £.64), we can observe that the coefficieathc hoy hoy hwy and® are spatially
variable. This would make solving the Eg.G4) complicated with the spatially varying PDEs.
The coefficients that areaviable are averaged in Eq. (2 @%er the length of the fundamental
elemento develop constant coefficient coupled PDEs. The constant coefficient coupled PDEs can
be solved using the standard procedure adopted in the previous works by the[aw8)2B0]
The y and z coordinates of the cregxtion of the cable in terms of local coordinatare

of —OAT i
¥ )va)_’Q_ . (:)—Q— _ (:)_Q_
W — W E— W E—
Q- - -
_ B B (2.65)
¥ ~ w - Q- - . W - Q- . N w - Q-
W — W _— 0V} _—
Q- 0- -

The form of the constant coefficient PDEs for each fundamental element of the structure are as
follows.

N6 ®6 O— w0 L T (2.66 a)
VUV OO +O0 +O— W6 W — w0 n (2.66 b)
QU ®o O— OO ®W— o @ 0 n (2.66 ¢)
N— dO— ®6 O 0 OO ®OU ™| (2.65d)

From the form Eqs2(66a)- (2.66d), in each equation we can see that each coordinate is
coupled to all the other coordinates. For example, inZE666), the axial is coupled to all other
coordinates such as the in plane bending, out of plane bending and the torsion mode2.B6E(q. (

a), the axial coordinate is coupled to other coordinates through equivalent shear term2.66Eq. (

b), the inplane bending is coupled to the out of planedieg through the fourth derivative and

shear (cable tension related) term, to the torsion through the second (tension related term) and third
derivative term, to the axial coordinate through equivalent shear term. I8.BGc), the out of

plane bendings coupled to irplane bending term through fourth derivate term and tension related

shear term, to the axial coordinate through shear related term and to the torsion coordinate through
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the third derivative term and tension related second derivative bergg. 2.66d), the torsion
coordinate is coupled to the axial coordinate through moment related term, to the out of plane
bending coordinate through shear and moment related terms, to the in plane bending coordinate
through shear and moment related &rm

The PDEs in Eq.2.66 a)(2.66d) have constant coefficients and the general form of the

PDE solution is assumed as shown in Rg7).

6 D "y
0 ofd @ . (2.67)
0 D o 20

— 0

where| is the mode shape parameteris the natural frequency’Q W p. Substituting the

general form of solution Eq. (2.pihto Eq. .66 we obtain,

QY ® Y @ 0| ® O] @ O T (2.683)
Q @ O @O ©0 @7 @ O O O] T (2.68b)
Qo] OOl ® O S ® O O O O O T (2.68¢)
Q0O OO0 O o0l O o 00 O o i (2.68d)

The boundary conditions at the fixed end are as follows: 1. (Eq. .69)
YT O Om O M wea WM W T (2.69

The boundary conditions at the free end are as follows: . (Eq. 2.70)

Y 0 O o Oo a1 Y n

e

Do O OO0 o7 n

bo Ho dGo &Y H 7 H O a1 6 m

. v o w v (2.70
WWw 0 0w 'Y wuw W w T

OO OO0 O Y O O W ® 0 4] o T

®0 O oo OO O O o a] 0 m

At the interface of the two fundamental elements, the displacement, slope, moment and
shear functions should be continuous. The continuity conditions for all the coordinates of motion
at the interfacare as follows®w o : (Eq. .71). & is associated with the lumped mass at the
end of each fundamental element in the bending in the in plane and out of plane direction and axial

direction.a is the lumped mass associated with the toadidirection.
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The expressions for the lumped masses @re: " 64 T'Q ¢ andd "0 T —

—  ¢wQ . For oontinuity conditions, In Eqgs. (2.71 i) and (2.%4, the axial and torsional,

displacement and slope are assumed to be continuous. IrREGsi)(and @.71iii), the in plane

and out of plane bending, displacement, slope, moment and shear are assumed to be continuous.
whered andd in Egs. .70 and @.71) are the lumped mass parameters due to cable section

at the end of each funcfeental elementConverting Egs. (2.68 .68 d) into matrix form we

obtain Eq. 2.72.
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0 I (2.72)
where p ] is given by
L0 Q7 o | @ | @ rl
SR AT ol 0 o ol e 6] -
1 v v ] ¥ L7 7 ¥ e
T | W | | Q7 W | ® |,
u o | Q| @ | Q| @ | ol QU

By settingd | i S T we obtain nofirivial solution to Eq. 2.72). The déerminant
gives a 19 degree polynomial in terms of mode shape parametand frequency . Solving the
above polynomial, we get 12 roots forin terms of . In the next step to find the spatial solutions
"Yhofto and'O, we write from Eq. (2.72

O Y w0 & o O 0 mn (2.73
where®d for 0 © ptot represent the elements of the fourth row of mdiiy (any row can

be selected at this stef)he spatial solutins should be as follows to satisfy the condition in Eq.

2.73.

Y osp 0 s ® s p 0 s @ sp 0 s (274
g s p 0 s
where0 (0 © poO & represent the minof the elementsd  for® po & of matrix [0 ].
The determinant of the eactor elements presented in Equatid74) gives us the final spatial
solution for each coordinates of vibratidrhe general form of the spatial solution of fPBESs

can be expanded to be of the following form

0 ofd Yo

0 ofd , w || , (2.75)
0 ofo Q ®» | Q Q0

— o g | |

The next step is to setup the eigarlue problem and find the natural frequencies. Karami
et al[132] and Ansari et aJ133] in papers related to vibrations of zigzag structure for energy
harvesting purposes used matrix method for applying continuity and boundary conditions to set up
the eigervalue probém for the zigzag structure. The matrix method has advantages in that it

results smaller determinant values when compared to traditional methods. This is advantageous
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for solving systems where different coordinates of motion are coupled to each othéar Simi
procedure is used in this paper to set up eigdue problem from the coupled set of PDEs.
Substitute Eq.4.75 into the continuity conditions Eg2.(71) and convert into matrix form, we
obtain,

0 Q Q E

M

Q Q 0 Q Q EEQ Q (2.79

Repeating Eq.276) type analysis for all the segments, we obtain
Q Q EQ Q 0 0 Q Q EQ Q (2.77

Combining all the matrices we get the following form
0 -

o . Q Q EQ Q

0 6 0 888 n (279
0 and 0 are the matrices obtained from the boundary conditidns;and 0 forQ Tor
aare the matrices obtained from the continuity conditi@edting the determinant of the 12X12
matrix in Eq. .78 to zero would lead us to the frequency equation, the roots of which can be
found numerically and would lead to the natural frequency of the structure. The form of the

constant coefficient PDEs after including the effect of base excitation@sash Eq. 2.79).

N6 K6 O— ®ULFp UL T (2.79a)

QU OL +Q0f O — W0 O — ® ULf T (2.79b)

VO LR O— WO O — U o U (2.79¢)
Q A1 ® 0 &1 o & o

N— d— ©6 vy ®UOF WU @O W (2.794d)

where( is the base excitation and ; is the elative displacement of the structure in the out
of plane bending direction with respect the base. The boundary and the continuity conditions can
be modified accordingly. The mass normalization condition for the fully couplegheriodic

cableharnessedtricture is as follows: (Eq2(80).

QY Qo Qo N0 Qw

Ny N LY !\dw\ r ™y N 2.&)
a Y w W W W d—Ooo a Y o (2.80)
. a
w W w d—Ooo p



o in Egs. (2.79) and (2.80s the location 0ofQ lumped mass. whef¥ fo o and'O denotes
the axial, in plane bending, out gflane bending and torsion mode shapes respectively
corresponding to th&) mode andQ fundamental element. The formula for the frequency

response function after incorporating the effect of base excitation is shown ih&@y. (

N8y © o
& 1 11 1“ : (2.81)

0 W Qw aw ® a0 o (2.82)

where'Q is the kinetic energy coefficient the outof-plane bending directio is the sensing
location] is the forcing frequency. is the natural frequency associated with e mode.
Wi o isthe relative massormalized mode shape value of tie mode at the sensing

location,co & ,with respect to the base motion in the-ofsplane bending direction. whebeis
defined in Eq.2.82.

2.3.2 Numerical Results

In Section. 2.3.2the theoretical frequency response functions obtaired coupled and
decoupled53] models are compared for the threenpbes analyzedThe top view of wrapping
pattern for the three samplesnsidered are shown in Figs.22 a)- (2.29 c). In Fig. (229), the
solid line represents the diagonal section and the dotted line represents the lumped mass section.

Clear isometriview of thestructure can be seen in Fig. (2.28
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Table 2.16 System parameters for the sangple 2 and 3.

(©)
Fig. 2.29 Top view representation of (a) Sample 1; (b) Sample 2; (c) Sample 3

Som 25cm

System parameters

Sample 1Values

Sample 2Values

Sample 3 Values

Beam lengthd 250 mm 250 mm 250 mm
Beam width () 10 mm 13.1 mm 10mm
Beam thicknesf 0.782mm 0.782 mm 1mm
Beam density”( ) 2,768 Kg/nm 2,768 Kg/m 2,768 Kg/m?
Beam modulus of elasticity)) 68.9 GPa 68.9 GPa 68.9 GPa
Beam Shear modulu¥Y) 25.7 GPa 25.7 GPa 25.7 GPa
Pretension of the cable$Y 14N 14 N 15N
Cable radiusi() 0.00021 m 0.00021 m 0.00021 m
Cable density’( ) 1,400 Kg/m 1,400 Kg/ nd 1,400 Kg/ nd
Cable modulus of elasticityY) 128.04 GPa 128.04 GPa 128.04 GPa
Number of Cables 9 8 7
Number of fundamental element; 4 4 4
Sensing Locationa§) 23.8cm 24.8 cm 24 cm
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Fig. 2.30Frequency response functions of coupled and decoupled models for (a) Sample 1; (b)
2; (c) Sample 3 **"*****"****** Cabled Analytical (Decoupled === == === Cabled Analytical

(Coupled).
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Table 2.17 Coupled and Decoupled Natural Frequencies for Sample 1

Mode | Coupled EB | Decaupled EB | % Coupled
No [Hz] [Hz] EB and

Decoupled

1 10.78(0P) 16.65 35.22 %

2 78.45(0P) 104.18 24.69 %

3 140.29(1P) - -

4 218.85(0P) 291.93 25.03 %

5 429.9(0P) 570.06 24.58 %

6 447.07(T) - -

7 706.47(0P) 946.33 25.34 %

8 878.21(1P) - -

*OP stands for out of plane bending, IP stands for in plane bending and T stands for Torsion dominant modes

Table 2.18 Coupled and Depupled Natural Frequencies for Sample 2

Mode | Coupled EB | Decaupled EB | % Coupled
No [Hz] [Hz] EB and

Decoupled

1 10.27(0P) 14.92 31.13 %

2 74.62(0P) 93.32 20.04 %

3 179.65(P) - -

4 208.32(0P) 260.69 20.09 %

5 335.52(1) - -

6 406.96(0P) 511.52 20.44 %

7 674.98(0P) 843.36 19.96 %

8 1007.980P) 1256.05 19.75 %

9 1045.291) - -

10 1120.34(1P) - -

*OP stands for out of plane bending, IP stands for in plane bending and T stands for Torsion dominant modes

Table 2.19 Coupled and Decoupled Natural Frequencies for Sample 3

Mode | Coupled EB | Decaupled | % Coupled
No [Hz] EB EB and

[Hz] Decoupled

1 13.03(0P) 17.81 26.83 %

2 94.85(0P) 112 15.31 %

3 136.03(1P) - -

4 264.60(0P) 313.83 15.68 %

5 520.55(0P) 611.54 14.87 %

6 574.60(T) - -

7 857.4(0P) 1013.67 15.51 %

*OP stands for out of plane bending, IP stands for in plane bending and T stands for Torsion dominant modes

In Fig. (229 a), alternate elements have the same wrapping angke@s from the element
from the clamp to the tip, in Fig2.29 b), the wrapping angle increases as we go from one element
to the other starting from the clamp and in Fig29 c), semiperiodic wrapping pattern is
considered. Using the procedure derire8ection2.3.1, the natural fregencies and mode shapes
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are catulated for cantilever boundacondition as shown in Fig. (2.28 he structure is subjected

to harmonic base excitation and the frequency respgonsgon are plotted in Fig. (2.3@or all

the three sample$he strain values of the cable are assumed the same as the top fiber of the host
structureThe frequency response fucntion of the decoupled curve is plotted using the assumptions
of Martin et al[53] for pure out of plane bending coordinate. The frequency response function for
the coupled model praged in this paper considering the effect of coupling between the out of
plane, inplane bending, torsion and the axial coording&gsotted in the same Fig..@). The
significant peaks denote the frequencies corresponding to the out of plane beodigate and

the sharp peaks denote the torsional afmlane coordinates. For clarity, the frequencies are listed

in Tables. 2.18)(2.20 for the samples 1, 2 and 3 respectively. The dominance of each mode is
decided by looking at the mode shapes. Moele shapes corresponding to the torsion and the in
plane bending dominant modes for the samples 1 and 2 are showrCimagbter 3 Since for the
structures considered, the axial dominant mode is associated with very high frequency, that
particular mode Vil not be in the range considered for finding the frequeesponse functions.

From Fig. (230), in all the samples considered, the decoupled model consistentiprexgcted

the natural frequency. The decoupled model assumes the structure only uildtaesitof-plane
direction and assumes the stiffness of other coordinates to be infinity. The coupled model takes
into account thdlexiblity of multiple coordirates, as a result the coupled model assumes the out
of-plane bending coordinates is lessdfest than the decoupled model. As a result, the coupled
model gives lower frequency for the out of plane bending when compared to the decoupled model.
Samples 1 and 2 have lower length to thickness ratio when compared to sample 3. The effect of
coupling wil be more prominent in samples 1 and 2 due to greater effect of stiffness related terms
and the coupling in the structure in turn comes from the stiffness terms. From the percentage
difference between coupled and decoupled in Tablek?)(R2.19) we cansee that the sample 3

has the least coupling effect. Sample 1 has the largest number of cables, therefore we expect that
sample 1 has maximum coupling effect amongst samples 1 and 2. In terms of wrapping pattern,
samples 1 and 2 have largest sectionstheatlamp. The fundamental element with largest length

will have the least wrapping angle. Sections with least amount of wrapping angle contribute more
to stiffness effect. Since the largest elements are located near the clamp for samples 1 and 2, this
line of thought has also some contribution to the argument that samples 1 and 2 exhibit more

coupling when compared to sample 3 which has the smallest element is located near the clamp. In
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addition to the out of plane bending modes, all the samples alssheyepeaks in the frequency
range of interest. Sample 1 has tweplane and one torsion dominant mode. Sample 2 two in
plane bending and torsion dominant modes. Sample 3 has @& bending and torsion
dominant mode. The frequaas are tabulatechiTables. 2.18)(2.20 for samples 1,2 and 3

respectively.

2.4 Conclusions of the Chapter

In Chapter 2analytical moded are presented to study the free vibrations characteristics of
cableharnessed beam structsimmotivated by space applicatiomgth straight cable pattern,
periodic pattern and neperiodic patternA distributed parameter model that accounts for the
effect of coupling in cablaarnessed structures is developed. Kinetic and strain energy derivations
are found using the Gredragranges t r ai n fi el d and Hamiltonds pr
partial differential equations for the system. The natural frequencies of the decoupled vibration
model adopted in the literature were compared against the coupled vibration model used in this
paper. The coupling effects between various coordinates of vibrations due to the presence of the
cable are studietbr all systems The results demonstrate the importance of using a coupled
vibration model to accurately predict the vibration behavior ot#ideharnessed structuré-or
straight patternessv er al cabl e parameters are studied fo
coupling and the energy transfer between the modes. It is observed that at larger cable radius, and
if the cable is placedt an offset position, the coupling effect is greater and the coupled analytical
model predicts the natural frequencies better than the decoupled model.

For periodic patternheoretical simulations were presented to compare the frequency response
function of EulerBernoulli and Timoshenko fully coupled models and the decoupled-Euler
Bernoulli model in the literature. Sensitivity analysis were performed by varying the number of
fundamental elements of wrapping pattern and the cable radius. It was $¢lea toapling effect
was maximum for lower fundamental elements and larger cable radii. The natural frequencies
obtained from the straight cable case (cable positioned at an offset distance from the centerline)
are also compared to the periodic wrappiatigyn for a given host structure and cable parameters
and it was found that the cable effects on the host structure are minimized when the cable is

wrapped in a periodic manner particularly when the number of fundamental elements are larger as

96



opposed tdhe case when the cable is positioned at an offset distant® concept of transition
frequency for cabkaarnessed structure, we have seen that for larger cable radius, the transition
frequency decreases. It is also observed for simply supported d@gundndition that the
symmetrical behavior of mode shapes in both spectra is broken due to effect of coupling between
various coordinates.

For nonperiodic patternthe structure was modetl by assuming that each fundamental
element has different displanent. The system of coupled partial differential equations were
solved using analytical method. Displacement, slope, moment and shear continuity conditions
were applied at the interface of two fundamental elements to obtain the coupled natural frequencies
and mode shapes. Analyses were performed on three different samples with diffeqesriodic
wrapping patterns. The theoretical results suggested that it is important to incorporate the coupling
effects in the mathematical model, which the recently ipnbdl literature orcableharnessed

structures wittnon-periodic wrapping patteghas ignored.
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Chapter 3: Experimental Validation of Coupled Vibrations of
Cable-Harnessed Structures

In the Chapter 3 experimental valiten of the mathematical models developed in
Chapter 2 for the cases of beam structure with straight cable pattern at offset distance, periodic and
nonperiodic wrappmg patterns are performed. In Secti@nl, the coupled vibration model in
Section 2.1 fr straight cable pattern at offset distance is experimentally validated. The sample is
subjected to harmonic base excitation using a vibration shaker to obtain the experimental
frequency response function. The experimental frequency response functempared to the
coupled EuleBernoulli, Timoshenko and the decoupled EdBernoulli models. In plane impact
tests are performed to confirm the presende ptanebending dominant modes. In Chapters 3.2
and 3.3, the experimental validation for the modelsted to the periodic and ngeriodic
wrapping patterns are performed respectibgiysing shaker and impact te€gperimental mode
shape deflection snabots are also presentecctmfirm the modes related to theptane bending

and torsion coordiates

3.1 Experimental Validation of Straight Cable Pattern with Offset Distance

In Fig. (3.1), the experimental setup for the cable harnessed system under the base excitations
is shown The system consists of 10 giemsioned cables attached to thettsdsicture as shown
at an offset distance in a straight pattérhe host structure is a beam made of Aluminum 6061
alloy and the cable is an §®und strength Power Pro Super 8 Slick fishing line. The material and
geometrical properties are presentedatle. 8.1). This research is built on Martin et al work in
AIAA Journal [52] where they have developed lower order decoupled distributed parameter
models In this research, coupled mathematical models are developed. In the current thesis, the
amount of cabling in the experiments is more significant than Mattal work and as observed
in Chapter 2, this will lead to increase in the mode coupling effects. For the experimental testing,
exactly same type of cab[®2] is used to perform experiments in this the$ise material and
geometrical properties for the cable can be founfb)53] In terms ofbeamhost structure
dimensionsthe lengths are similar to the ones used by Martin et al and other researchers with
slight variation in width ad thickness. Extremely thick substrates are difficult to clamp
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cantilever boundary conditioso relatively slender substrates are used to perform experiments.
The length of the host substrates have been selected in such a way that the beam stsatate d

create dynamic moments on the shaker particularly when there are large displacements of the hos

structure near the resonance. Since this work compares coupled model with the decoupled model,

for selecting cable preension values guidance is takeom the experimental analysgapersof
the decoupled mod§h2,53,58] Before conducting experiments, it has been physically checked
that there is no permanent deformation in the structtee attaching préensioned cables and it
has been ensured that the-fgpsion is large enough that the cables do not rattle.

A 2075E TMS electrodynamic shaker and a 2050E09 TMS power amplifier both by modal
shop are used to provide the excitations. Tiotrab the acceleration profile for the shaker base
excitations, a PCB accelerometer 352A24 and an LMS SCM 05 SCADAS data acquisition unit

are used. This data acquisition system is also used to obtain the frequency response functions. A

Polytec OF\Y5000 lagr vibrometer controller and an OF305 sensor head are dder vibration
measurementd.he structure is mounted on the shaker as shown inF-igg(and is subjected to

the sine sweep base excitations in theaftglane bending direction {axis) from5 to 500 Hz

using the LMS Sine Control Module. The frequency response functions are measured in the out

of-plane bending direction as well. In order to make sure that the added tape to attach the cables

to the beam has not resulted in any noticeable dynaffiects, the experimental frequency

response functions for the substrate beam without any cables both before and after adding the tape

are measured and shown in F8.2). It has to be noted that there is no cabling in the structure in
Fig. (3.2) andhe purpose of Fig. (3.2) is just to observe the effect of tape on the natural frequencies
of the structureThe FRFs comparison for the two systems clearly indicates that the added tape
has no noticeable effect on,exbeetedshatithe tapeadesd 6 s
for attaching the cable® Fig. (3.1)will have no measurable dynamic impact ¢t hatural

frequencies of the cablearnessed systeim the future experimental analysis
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Accelerometer

Sy

(b)

Fig. 3.1 Base excitation experimental setup for the cantilevered cable harnessed beam, (a) beam structure,
accelerometer and shaker, (b) laser viborometer controller, sensor head, power amplifier, and LMS data
acquisition system.
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Table 3.1 Material and geometrical properties of the cable harnessed beam structure.

Next step involves obtaining the experimental frequency respondgfustor the cable

System parameters Value
Beam length 0.25m
Beam width 0.01243 m
Beam thickness 0.00144 m
Beam density 2,768 Kg/ni
Beam modulus of elasticity 68.9 GPa
Bean Shear modulus 25.7 GPa
Pretension of the cables 17.22 N
Cable radius (per cable) 0.00021 m
Cable density 1400 Kg/n?
Cable modulus of elasticity 128.04 GPa
Number of Cables 10

harnessed beam structure with-pgasioned cables. Modular weights are used to apply the cable

pretension while the unit is fabricated. The cables are attached at an offset distance aleng the y

axis as shown in Fig3(1 9. The totalpre-tension applied is 17.22 N for the 10 cables attached.

The base excitations for the cakbl@rnessed beam to obtain the FRFs are performed at two

different sensing location®5 mm and 248 mnin Fig. (3.3),anoverall pictureof the theoretical

and eyerimental frequency response functions are presented. The experimental and theory FRFs

of the bare beam match very wék a sanity check, the experimental frequency response function

for the substrate beam with the added t@yeecable)s compared tohe analytical results for the

substrate beam with no tape or cable. The good match between the two showrBid)Higtier
t hat the added

proves

tape has

no

not i

ceabl e

therefore, it can be ignored in thetre$ the analysis for the cable harnessed bstacture as

well. TheFig. (3.3)also presents the results of the cabled analytical (coupled EB and decoupled

models) and cabled experimental. From the, iiatan be observed that addition of cables to the

host structureauses stiffening effect in the system and it also observed experimentally by shift in

the natural frequency peaks going from bare beam to cabled Bewmm.it is observed that the

cabling induces stiffening effect, the next step is to compaupled and decoupled models to the

experiment.Further analysis of coupled and decoupled models to the cabled experimental is

presented in Figs. (3.5) and (3.6hown in Fig. 8.4) is the crossectional area of the cables

bundled together; here=10. The total crossectional area of thecables can be found using Eq

(3.1). This area is equivalent to that of a circle wid radius as shown in Fi¢3.4). Using this

101



diagram, it can be easily understood havandz coordinates of thegnt of attachment of the

cable to the beam are fourithis is the point where the strain value for the cables is evaluated. It

is assumed that the cables remain attached to the top surface of the beam at all times and, therefore,
will have the same strawvalues as the beam top fiber. It is also assumed that the entire bundle of
cables experiences the same strain values. This assumption includes further corrections to Martin
et al.[51] where the strain was previously evaluated at the center of the cable using the beam strain

distribution function.

0 &8i “ pnEa (3.1

10'9 L L L L L 1 L L L
50 100 150 200 250 300 350 400 450 500

Frequency [Hz]

Fig. 3.2 Experimental frequency response functions from shaker tests for substrate beam + tape and no

cables and substrate beawithout tape at xs=95 mm sensing locati © Bare beam experimental
(Uncabled) Bare beam + Tape experimenfdhcabled)
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Fig. 3.4 Schematic of beam width view and cable offset position.

The frequency response functionistained from the experiments are compared to the
theoretical results for each of the Euler Bernoulli and Timoshenko abupbelels presented in
this Chaptemas well as the previously decoupled Euler Bernoulli mdéél, The results for the
two sensing locations are shown in Figurés5)(and @.6). As clearly demonstrateit these
figures, significant improvement is observed forpheposedoupled model in comparison to the
previous decoupled model particularly for the higher modes. In addition, in the frequency range
shown, apart from the three significant peaks comedimg to the oubf-plane bending dominant
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modes, there exists a small peak at around 147.1 Hz. This peak correspondsytatietending
that is well predicted by the coupled modeling approach while the decoupled system is only

capable of predictinthe outof-plane bending modes.

10°

FRF [s%]

50 100 150 200 250 300 350 400 450 500
Frequency [Hz]
Fig. 3. 5 Comparison of the cable harnessed frequency response functions from shaker experiment,
decoupled and coupled analytical models xe¥95 mm —---—--- Cabled Analytical (Decoupled EB)
Cabled Eperimental| === Cabled Analytical (Coupled E -:------ Cabled Analytical

(Coupled Timoshenko)

10710

50 100 150 200 250 300 350 400 450 500
Frequency [Hz]

Fig. 3. 6 Comparison of the cable harnessed frequency response functions from shaker experiment,
decoupled and coupled analytical models¥s¥248 mm. ------—- Cabled Analytical (Decoupled EB)
Cabled Experimentg™====== Cabled Analytical (Coupled E - Cabled Analytical

(Coupled Timoshenko).

The mode coupling occurs because of the addition of the cable through stiffnessiteams.
intensity of couplinglepends on the various cable parameters such as the number of cables, offset
position etc.For a bare rectangulauminumbeam as the crossection is symmetricall the

coordinates of vibration are decoupledgémeralfor certainuncabled structuresmode coupling
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depends on geometry, boundary condition and material properti€®etxample, the difference
between coupled and uncoupled models largely depends on the values of parameters causing
coupling such as the fiber orientation angle in cdsmposite structurelo better observe the
details of the FRFs comparisons, the zeiarplots around each mode are showfigs. 3.7) and

(3.8 for both sensing locationghe reason for overestimating the natural frequencies by the
previous decouplediodel,[51], is due to ignoring the compliance in the other coordinates
vibrations as also discussed by Yerrapragada [@t18]. Since in the decoupled model only the
out-of-plane bending coordinate is considerdas implies that the structure is assumed to be rigid

in all the other directions of motion preventing it from vibrating in those directions. This
overestimation of the overall stiffness of the structure results in the frequencies to be overestimated
aswell. Therefore, introducing the other coordinates of vibrations in the model is a more realistic
assumption that results in a more accurate r
natural frequencies compared to their experimental valueditidwailly, the coupled model
accounts for the energy transfer between various coordinates of vibrations that ultimately results
in lowering the oubf-plane bending frequency estimations compared to the decoupled system,
[118]. The magnitude of peaks near the resonance are different for experiment and theory as the
effect of damping is neglected in this thesis. The maah giothe thesis is to psent fully coupled
mathematical model that can accurately find the natural frequeotidse cabled structure
Incorporating damping related mode coupliegns into the mathematical moaeain be taken up
asafuture work as is outlined i@hapter 4Also shown in the experimental FRFs for the-ofit

plane measurement is a small peakl4f.1 Hz. This mode pertains to theplane bending
coordinate, which is difficult to observe in the -@iftplane direction of measurement. To further
investigate this mae, the iaplane bendindests are also performed for the two sets of actuation
and sensing locations shown in Fig.9 and the RFs are presented in Fig. (3)18ubscript® a 6

and 6 sdénote the actuation and sensing in F&9)(respectively An impact hammermodel

number PCB 086C01 with a metal tip is used for this test. Both the impact excitation and sensing
are made in the iplane direction showrA total number of 5 averages are taken for the impact
test for which the coherence plots are alseg@méed in Figure.3(11). The very dominant peak
shown at about 147 Hz frequency for both these FRF plots further indicates of this mode

corresponding to an4plane bending mode.
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Fig. 3.7 Zoom in plots for frequency response functions for shaker experiment, coupled and de:
models ofxs=95 mm for a) Mode 1 b) Modes 2 and 3 and c) Mod —------- Cabled Analytical
(Decoupled EB) ~

Cabled Experimente™====== Cabled Analytical (Coupled E ------
Cabled Analytical (Coupled Timoshenko).
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Fig. 3.8 Zoom in plos for frequency response functions for shaker experiment, coupled and dec
models ofxs=248 mmfor a) Mode 1 b) Modes 2 and 3 and c) Mode —-=-=-=- Cabled Analytical

(Decoupled EB) Cabled Experimente ™= Cabled Analytical (Coupled E ===
Cabled Analytica[Coupled Timoshenko).

Also, shown in these plots are the small peaks at about 22 Hz and 133 Hz, both corresponding to
the outof-plane bending modes that are not as obvious due to being in the other direction. Both
experimental and their correspondingdiegical frequency values for all the modes are tabulated
and shown in Table3(2) for comparisonAlso, the sharp peak at around 178 Hz in the FRFs from

the model corresponds to the coupled model estimation for {pkame bending frequency. To
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further prove this, the theoretical mode shapes are also plotted at this frequency and shown in

Figure. 8.12.

Xgz = 31mm x4 =55mm
] I

X1 = 95 mm Xgp = 248 mm

Fig. 3.9 Sensing and actuation locations for the twlgne impact hammer tests.
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Fig. 3.10Frequency response functions foipilane impact tests. a) impact test for (xal, xs1) = (55, 95)
mm, b) impact test for (xa2, xs2) = (31, 248) mm.
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Fig. 3.11Coherence plots for the-plane impact hamer tests. (a) (xal, xsl1) = (55, 95) mm, (b) (xa2,
xs2) = (31, 248) mm.
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From the mass normalized values for each
frequency, it can be observed that this mode is clearly-plaive dominant mode. The mode pha
also indicates the first iplane bending modelhe error values shown in Table3.p) further
indicate the improvement made for using the coupled model when compared to the previous
decoupled model. Also, the EwWBernoulli and Timoshenko results linp perfectly showing that
for the system parameters considered in this case study, there is no need for including the
Timoshenko beam assutmgns to obtain better accurachhe testing performed at two different
locations yielded same natural frequenciesaddition, the cables were removed andttached
to the host structure aridsted again. Similar natural frequencies are obtained and are presented
in Table. 8.3). This suggests the repeatability of the tests is very gftedre-wrapping of the
hod structure with cableS he percentage difference in the out of plane bending modes is less than
1 %.For the testingf future samplesn periodic anchon-periodic wrapping pattern, repeatability

test results arpot included.

Table 3.2 Natural frequencies for analytical and experimental models for cabled harnessed beam.

Mode Decoupled Coupled Coupled Experiment Error % Error % Error %
EulerBer. Euler  Timoshenko Decoupled  Coupled _Coupled
Timoshenko
EulerBer.
Ber.

1 23.88 2065 20.65 22.35(0OP) 6.84% -7.60 % -7.60 %

2 149.70 129.56 129.53 133.2 (OP) 12.38% -2.73 % -2.75 %

3 - 179.42 178.99 147.1 (IP) - 21.97 % 21.67 %

4 419.23  362.85 362.65 345.6 (OP) 21.30 % 4.99 % 493 %

*OP and IP refer to the out of plane and in pléending modes respectively.

Table 3.3 Natural frequencies fdwo different experiment sefsr cabled harnessed beam.

Mode | Experiment 1[Hz] | Experiment 2 [Hz] % Difference
1 22.35 (OP) 22.30(OP) 0.22 %
2 133.2 (OP) 134.30(0P) 0.82 %
3 147.1 (IP) 145.25(IP) 1.25 %
4 345.6 (OP) 345.80(0P) 0.057 %

*OP and IP refer to the out of plane and in plane bending modes respectively.
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Table 3.4 Effect of product of inertia terms on the natural freques

Mode Coupled Coupled %
. Timoshenko Difference
Timoshenko | .. :
(including product
[Hz] of inertia terms)
[HZ]

1 20.65 20.65(0P) 0%
2 129.53 129.53(0OP) 0%
3 178.99 178.98(1P) 0.005 %
4 362.65 36266 (OP) 0.002%

*OP and IP refer to the out of plamnd in plane bending modes respectively.

In additionthe following providegustification of ignoring the product of inertia terms in
the kinetic energy expression in Eg. (28).obtain more insight, the kinetic enegafter including
the terms relatd to theproduct of inertisbetween various coordinates are shown befokq.
(3.2).

Y g Q6 Q0 Q0 Q— Q- QF ¢ 6&0 .

(3.2)
¢oao6 T ¢ Oowg ¢ ¢O0Q0 — OO — Qo

After incorporating the abovadditionalterms in the governing partial differential equations and
the resulting frequencies from the model that contains the effect of these additional terms is
compared to thenodelwhich neglects these term&.he system parameters are used are the same
as the experimental samplghe natural frequency comparison is shawitable (3.4. From the

Table (34) it is clear that thgroduct of inerticdcerms in the kinetic energy do not play a rofe o

the natural frequencies associated with the ehbtaessed structuand can be ignored in the

analysis of future samples.
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3.2 Experimental Validation of Periodic Wrapping Pattern

(b)

Fig. 3.13 Experimentaketup of the cable harnessed structure (a) Sample 2 (b) Sample 3.

The experimental setup is shown in Fi§.18). Two samples for host structure are
considered and multiple ptensioned cables are wrapped in a diagonal manner around the
structure. One ehof the cable is attached to the host structure through a small hole at the tip of
the cantilever. The cable ptension is applied using modular weights while the structure is being
wrappedTwo of the three sampléasr periodic patterpresented iChager 22 are experimentally
validated namely the samples 2 and 3. The system parameters for the host structure and cables for
samples 2 and 3 are shown in the third and fourth columns of T2AMerdspectivelyin thefirst
sample, theablesystem paraeters are chosem the similar lineas theoretical paper on periodic
wrapping pattern by Martin et f31]. The purpose of sample 1 is to first theoretically demonstrate
the differences in the peaks between the coupled model proposed in thesis for periodic wrapping
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pattern and the decoupled one published by Martin et alsystem parameters for tbable for
thenext two samples are chosemthe similar lineas experimental papgs2] as the same cable

is used to perform experiments. mstthesis, more cables when compare®®) are useas the
effective increase in the cable wrapping aceshowcase the increase®modecoupling effect.

The cable considered is an 80 pdwtrength Power pro Super 8 Slick fishing line whose material
properties are §82,130] The equipment used to perform experiments is the same as described in
Section3.1. In the first set of testshe structures are subjected to harmonic base excitation in the
out of plane bending direction and the experimental frequency response function (FRF) is recorded
at a given sensing location in the out of plane bending direction using the laser vibrombedp.

identify the type of coordinate associated with the sharp peaks in the experimental FRF, mode
shape animation studies are performed by sensing at multiple locations. To animate the torsion
mode experimentally, the structure is discretized inteetlwolumns, with two columns at each
edge and one along the centerline. At each column, the sensing is performed at every 1 cm.
Similarly, to animate the #plane bending modes, the structure is excited in Hptaine bending
direction using a PCB 086Cd0fnpact hammer with a metal tip and is sensed in thglane

bending direction using laser vibrometer at multiple sensing locations

10—14

1 1 Il 1 Il 1 Il 1
100 200 300 400 500 600 700 800
Frequency [Hz]

Fig. 3. 14 Comparison of experimental frequency response function with theoretical frequepopse
function for Sample 2 ==="=*=* Cabled Analytical (Decoupled EB] Cabled Experimental

Cabled Analytical (Coupled EF =#s=+sssss+ Cabled Analytical (Coupled Timoshenko)

s

The frequency response function comparison results for sample 2 are presented in Fig.
(3.14). The coupled analytical frequency function (both ExBernoulli and Timoshenko theory)

match well with that of the experimental frequency functidren compared to the decoupled
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model The frequency response function from bending decoupled model of Mat{B2}is also

shown in Fig. 8.14). Previous work byhe authors in Ref130] includes further correction to
Martin et al assumptions and the strain values the cable experiences araldbsusaene as the
strain values of the top fiber of the beam and the assumptions are used in this paper. The significant
peaks denote the modes associated with th@fgoiane bending coordinate. The experimental
natural frequencies associated with thstfiwo inplane bending dominant modes and the torsion
dominant mode are 118, 752 and 573.7 Hz respectiVb/FRF obtained from the test where the
actuation is performed using an impact hammer in th@ane direction and the sensing also
performed inthe inplane direction is presented in F{§.20 a). The plot in Fig(3.20 a) clearly

gives the frequencies associated with the in plane bending dominant mode. The natural frequencies
obtained from both theoretical models and experiment for this saatmhg with the error
percentage with respect to the experimental natural frequencies are presented ir3.5abl@ (
confirm the experimental frequencies associated with tipdaime bending and torsion dominant
mode, the deflection shapes are plotteig (3.15). Fig.(3.15a) shows the first in plane bending
dominant shape and Fif8.15b) shows the second in plane bending dominant peak(3Fix)

shows the first torsion dominant mode shape. In Bgl5 c) we can clearly see that the
displacemat of points at the two opposite edges in the same row are out of phase, which clearly
confirms that it is a torsion dominant mode. As explained earlier in the first paragraph of Section.
3.2, these shapes are obtained by sensing at multiple locationsoifégponding theoretical mode
shapes from the coupled EB model for the twpleme dominant modes and the torsion dominant
mode are plotted in Fig63.16 a),(3.16b) and(3.16 c) respectively
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Fig. 3. 15 Experimentalsnapshot mode shapésr (a) first inplane dominant (b) second-jane
dominant (c) first torsion dominant modes for sample 2.
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Fig. 3.16 Theoretical mode shapes for (a) Firsplane bending dominant; (b) Seconepiane
bending dominant; (c) First torsion dominant for sample 2
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Fig. 3. 17 Comparison of experimental frequen@sponse function with theoretical frequency response
function for Sample 3 ===*="=" Cabled Analytical (Decoupled EB] Cabled Experimental

Cabled Analytical (Coupled EE ssssreasens Cabled Analytical (Coupled Timoshenko)
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The theoretical natural frequencies associatigtathe first, second iplane modes and the
first torsional mode are 133.74, 838.12 and 497.93 Hz respectively. Overall, the coupled model
proposedor periodic wrapping pattershows significant improvement wifoodmatch with the
experimental FRF whecompared to the decoupled model presented in the existing literature. As
explained earlier, the coupled model accounts for the stiffness of the structure in all the coordinates
whereas the decoupled considers the stiffness only in one direction ast avesylredicts the

stiffness by more than the coupled model.
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Fig. 3. 18 Experimental snapshot mode shafmega) first inplane dominant (b) secondjane
dominant (c) first torsion dominant modes sample 3.
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Fig. 3.19 Theoretical mode shapes for (a) Firsplane bending dominant; (b) Seconepiane bending
dominant; (c) First torsion dominant for sample 3.
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Table 3.5 Comparison of Theoretical Natural Frequencies with Experiment for Sample 2.

Mode | Experim- Coupled | Coupled | Decoup | Error % Error % Error %
No ent EB TBT -ledEB | Coupled | Coupled | Decoupled
[Hz] [Hz] [Hz] [Hz] EB TBT EB

1 13.20(0P) | 12.66(0OP) 12.61 14.16 -4.09 % 4.46 % 7.27 %
2 81.1(0P) | 79.25(0P) 79.03 88.81 | -2.28% 2.55 % 9.50 %
3 118(1P) 133.74¢P) | 133.54 - 13.33% | 13.16 % -

4 224.500P) | 222.28(0P) | 221.26 248.7 | -0.98 % 1.44 % 10.77 %
5 438(©0P) | 435.590P) | 433.49 | 487.32 | -0.55% 1.02 % 1126 %
6 573.70(1) | 497.93(M) 497.52 - -13.20% | 13.27 % -

7 718.600P) | 720.02(0P) | 716.40 | 805.56 | 0.197 % 0.30 % 12.10 %
8 752(1P) 838.12(1p) 829.69 - 11.45 % 10.33 % -

*OP, IP and T stand for Out of plane bendingplane bending and Torsion doraimt modes respectivelizB stands for Euler

Bernoulli. TBT stands for Timoshenko theory and errors are computed with respect to the experiment

Table 3.6 Comparison of Theoretical Natural Frequencies with Experimer@dmple 3.

Mode | Experim- | Coupled | Coupled | Decoup | Error % Error % Error %
No ent EB TBT -led EB Coupled Coupled | Decoupled
[HZ] [Hz] [HZ] [Hz] EB TBT EB

1 15.60(0P) | 17.63(OP) 17.49 20.76 13.01 % 12.11% | 33.07 %
2 99.6(oP) | 110.56(0P) | 109.62 | 130.13 11.00 % 10.06 % | 30.65 %
3 96 (IP) 126(P) 125.85 - 31.25% 31.09 % -

4 280.2(0P) | 309.55(00P) | 306.86 | 364.41 10.47 % 9.51 % 30.05 %
5 548.6(0pP) | 606.53(0P) | 601.07 | 714.06 10.55 % 9.56 % 30.16 %
6 764.5(T) | 705.97(T) 705.22 - -7.65 % 7.75 % -

7 580(pP) 789.70(1P) 783.02 - 36.15 % 35 % -

*OP, IP and T stand for Out of plane bendingplane bending and Torsion dominant modes respectiZ8\stands for Euler

Bernoulli. TBT stands for Timoshenko theory and errors are computed with respect tpdtimert

120




10
Z 10t 5
E
i
= M \‘W\—_‘/ |
AN
A
10%¢ 5
10-7 L 1 1 1 L L L L
0 100 200 300 400 500 600 VOO 800
Frequency [Hz]
(a)
102
107
z
E bl
L 10
e
w
g
10°F ' g N
\1___4_// \\
-"'“--...“_\‘*
10-6 L 1 ! L 1
0 200 400 600 800 1000
Frequency [Hz]
(b)

Fig. 3.20 Frequency response function obtained frorplame impact test (a) Sample 2 (b) Sample 3.

Similarly, in the FRF comparison for sample 3 in Fi§j17), the coupled model shows
significant inprovement when compared to the decoupled model from the existing literature. The
case of sample 3 considered has more coupling when compared to sample 2 due to larger number
of cables considered. The significant peaks again represent the out of plamg beodés. The
natural frequency results from the theory and experiment along with the error percentages are
tabulated in Table.3(6). Fig. (3.20 b) shows the FRF for the-jplane actuatiorsensing case to
clearly identify the natural frequencies assodiatgth the in plane bending dominant modes. To
further confirm, the type of each mode, experimental deflection shapes for sample 3 are presented

in Fig. 3.18). The first two inplane bending dominant mode shapes are presented iJ:igs.
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a) and(3.18 b) and the first torsion dominant mode shape is presented I(Fi§. c). The
corresponding theoretical mode shapes for the first two in plane bending dominant modes are
presented in Figg3.19a) and 8.19 b) and the torsion dominant mode is presentefig. €.19

c). Similar to experimental sample 2, from the overall analysis of the FRF plots iB.E®), (he
coupled EB and TBT models give better matches when compared to the decoupled model. For
both samples 2 and 3, the in plane bending dominadéergives higher errors when compared to

the other coordinates of motion. The theory gmexdicts the natural frequencis the inplane
bending dominant modes

Table 3.7 Natural Frequencies after updating the width paramete

Mode | Experiment | Coupled EB Error %
No [Hz] Analytical [Hz] | Coupled EB
(Parameter and
Updating) Experiment
1 13.20 (OP) 12.73 (OP) -3.56 %
2 81.1 (OP) 79.83 (OP) -1.59 %
3 118 (IP) 127.94 (IP) 8.42 %
4 224.50 (OP)| 223.45 (OP) -0.46 %
5 438 (OP) 437.9 (OP) 0 %
6 573.70 (T) 519.95 (1) -9.36 %
7 718.60 (OP)| 723.99 (OP) 0.75 %
8 752 (IP) 801.82 (IP) 6.62 %

For sample 2, the width parameter is updated from 11 mm to 10.5 mm. The new natural frequencies
are presented in Table. (3.10), the error peegged have improved when compared to Tabl&).(3.
The inplane bending and torsional dominant errors are now lower.

The natural frequencies for sample 3, are presented in Table A8the cabling becomes
more significant for sample 3, the out of plamending mode is slightly ovgredicted when
compared to sample 2. The coupled model proposed in this thesis shows improvement over the
model published by Martin et §b2,54] for periodic patternAs the cabling becomes more
significant, the shear effects due to cable also increakies is ignored in the current coupled
model As a futue work, the model may benproved incorporating the shearing effatthe top
of the crosssectionof the cableas its value is minimum at the top of the cablzue to thisthe
natural frequency prediction will be lower and may provide better matchiveitaxperimentThis
can be investigated by interested readers as a future Mleds the natural frequencies for the in

plane bending dominant moftem the theoretical modaire on the higher side. To obtain more
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insight, the experimental in plane bamgl dominant natural frequencies of the bare beam for
sample 3 are found. The FRF in the in plane bending direction for the experimental data of bare
beam is shown in Fig. (31). The results are tabulated in Table8f&nd are compared with the

bare bem analytical frequencies along with the error percentages. The error for-pihenen
bending modes between the bare beam theory and experimental is higher. This is because the
analytical model treats the fixed end as rigid (infinite stiffness). In re#tigyfixed end has some

finite stiffness, which becomes more important while modeling th@ane bending modes for

thicker substrates. When larger number of cables are added to host structure (in case of sample 3
they are 10 cables when compared tolesain sample 2). The error that existed in the bare beam

will also increase due to increase in effective thickness of the structure to be clamped. In addition
to this, for larger number of cables, the diagonal section of the cables are not in proper cont
with the host structure when it vibrates in theplane direction. For clarity, the system
configuration is shown in Fig. (3.22When the cable does not stay in contact, both the inertia and
stiffening effect due to cabling will be lower when complate the situation where the cable is
perfectly in contact. Mathematically, this case can be modelled by assuming dis{utehen
displacements for the host structure and the cable for the system in E&). P3actically, in the

in-plane bending direion, the compressive axial force acting on the host structure due-to pre
tension in the cable will be dominant. Because of this compressive effect, the resulting frequencies

will be lower than the bare beam. The equation to stugyefifeéct is shown indg (3.2.

Table 3.8 Comparison of theoretical and experimental in plane bending dominant natural frequencies for
bare beam of Sample 3.

Mode Analytical Experiment | Error (%)
No Frequencies [Hz] Analytical and
[HZ] experiment
1 120.55 (IP) 103.6 (IP) | 16.36
2 755.55 (IP) | 619.20 (IP) | 22.02
6 Lo @0 000 Go m (3-2

where 0 is the compressive force acting on the host structure duetensien of the cable.
The kinetic energy mass term also contains theedabhped masses. The lumped masses stay in

contact with the host structuréhe mathematical form dEg. (3.2) is a standard equation in
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vibration text book§120] when a structure is subjected to compressive axial load and can be easily

solved for natural frequency by applying boundary conditions.
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Fig. 3.21 Frequency response function ofpiane bending vibration of bare beam of sample 3

v(x,t), In plane bending

Lumped masses

AN

Fig. 3.22 Top isometric view of the cablearnessed structure undergoing in plane bending vibration

Eq. (3.2) is valid only when the cable is pobperly attached to the host structure, which
happenonly in the inplane bending direction when the structure has larger number of cables as
in sample 3. By using the system parameters of sample 3, the natural frequencies of the first two
in-plane bendig dominant modes are 114.05 Hz and 739.59 Hz. The errors w.r.t cabled
experimental are 18.80 % and 27.5 %. The errors are still on the higher side. For further
explanation, these errors are when the clamped end is assumed\pagectAs seen in Table

(3.8) for the bare beam of sample 3, the error for the first two modes are in the range of 16.26 and
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22.02 %. Large part of resulting error after solving Eq. (3.2) can be related to error propagating
into the cabled structure from bare beam structure.

In addition, the Timoshenko coupled model curve shows some more improvement over
coupled EuleBernoulli model as the Timoshenko model allows for additional degrees of freedom
(rotation of crossection coordinates). To concludeom the theory and experimgl
observationsin order to accurately study the dynamic behavior of eabiaessed structure with
periodic wrapping pattern, coupled vibration model is a better choice when compared to the

decoupled vibration model.

3.3 Experimental Validation of Non-Periodic Wrapping Pattern

Thenon-periodicsamples along with experimil setup are shown in Figs. (3.23 a) and (3.23

b). The top view of the wrappirig clearly described in Figs..@ a) and (24 b) respectively

(b)

Fig. 3.23 Experimental setup of a) Sample 1 b) Sample 2 forpeiodic wrapping pattern
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The numerical parameters of the samples are shown in Talle). (The structures are
fixed at one end (cantilever boundary condition). Btte samples have four fundamental
elements. The wrapping pattern of samples 1 and 2 are descriGéa@apter 2.3Multiple pre
tensioned cables are wrapped around the host structure. After the structure is wrapped and clamped
tightly at one end, super gus applied at discrete locations to make sure the cables stay in contact
with the structure while the structure vibrates. The cable is an 80 Ib. strength Power Pro fishing
line. The substrates are made of Al 6061 alloys. The material and geometrieatipsopf the

host structure and the cable are presented in T&ilé) for samples 1 and 2.

10°

10-10
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Fig. 3. 24 FRF comparison between the coupled, decoupled analytical models and the experiment for
sample 1 s Cabled Analytical (Deagpled) Cabled Experimenta=== === Cabled

Analytical (Coupled).
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Fig. 3.26 Theoretical plots for curvature for (a) Mode 4 (b) Mode 5 for sample 1

Table 3.9 Coupled and Decoupled Natural Frequencies for Sample 1

Mode | Experiment | Coupled | Decaupled | % Coupled | % Deoupled
No [Hz] EB EB EB and EB and
[Hz] [Hz] Experiment | Experiment

1 13.2 10.78(0pP) 16.65 18.33 % 26.13 %
2 78.6 78.45(0P) 104.18 0.19 % 32.54 %
3 121 (P) 140.29(1P) - 15.94 % -

4 215.7 218.85(0pP) | 291.93 1.46 % 35.34 %
5 384.8 429.9(0P) 570.06 11.72 % 48.14 %
6 459.5m) 447.07(T) - 2.70 % -

7 709.1 706.47(0P) | 946.33 0.37 % 33.45%
8 752.80p) | 878.21(1P) - 16.65 % -

*OP stands for out of plane bending, IP stands for in plane bending and T stands for Torsi@ntimodes
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Fig. 3. 28 Experimental snapshot mode shafms(a) First torsion dominant mode (b) Firstgtane
bending dominant mode (c) Secondplanebending dominant mode (d) FRF obtained from img
testing for sample 1

In Fig. (3.24), the FRF comparison between the coupled, decoupled models and experiment
are presented for sample 1. The schematic of the wrapping patté¢ine $ample can be seen in
Fig. (2.29 a). The coupled model shows significant improvement over decoupled model for all
modes and overall the coupled curve matches well with the experiment. I8. 4, the coupled
theory ovepredicts the fourth bending mode. To analyze furtiertheoretical and experimental
mode shapes are compared for out of plane bending dominant modes 4 and 5 and the plots are
shown in Figs(3.25a) and 8.25b). To animate the experimental mode shapes in the out of plane
bending direction, the centerlitias been selected and the sensing is done every 0.5 cm starting
from the clamp. The node locations of the out of plane bending dominant modes 4 and 5 of theory

and experimendre close to each othéfo obtain more insight into the mismaiaito one of tle
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out of plane bending dominant modetide theoretical curvature— is plotted for the modes 4

(mismatched mode) and modes 5 (mode with good match). The coupled modevshags
selected for plotting the curvature. The structure under consideration (sample 1) has four
fundamental elements of wrappipgttern. The length of the elements in the order starting from
the clamp aré» x® A il A ihx® A Tandv A i. From Fig.(3.25a), for the fourth out of plane
bending dominant mode, the second and the third peak locations of the curvature line up with th
interface location of the two fundamental elements and the first interface location is fairly closer
to the first node of the curvature. The structure has lumped mass section at the interface of two
different fundamental elements. The bending stiffnepsaportional to the curvature. In F{§.25

a), the close proximity of two peaks of the curvature to the lumped mass locations would mean
that the stiffening effect for the fourth mode will be practically lower and mass effect will be
higher. Therefordt is expected that the practically measured natural frequency for this mode will
be lower and the theory ovpredicted the frequency for this mode more than the other out of
plane bending modes. This can be also observed in T&8@. Where the fregencies of the
coupled theory proposed in the paper and the experiment are compared to each oth¢B.28 Fig.

b), for the fifth bending dominant mode, the three interface locations are away from the peak
locations of the curvature and therefore we doseetthe type of behavior seen in the fourth out

of plane bending dominant mode. Some more explanation regarding this is provided while
discussing Table3(12) later in this section. To identify the modes in the other direction for both
theory and experient, mode shape analysis is performed. The theoretical mode shapes for the
first in plane bending dominant, first torsion dominant and the secepidrie bending dominant
mode shapes are plotted in Fi¢3.27 a) - (3.27 ¢) respectively. The experimentaist torsion
dominant, first and second-pilane bending dominant modes are plotted in K§)28a) - (3.28

c) respectively. Practically speaking, the in plane bending dominant mode is weakly coupled to
the out of plane bending mode, we do not clesgbthe sharp peaks associated with the in plane
bending dominant mode in the experimental curve of RA@4). To accurately identify the
frequencies associated with the in plane bending dominant mogkani@ impact tests are
performed and in Fig3.28d), the FRF for the case where the structure is excited in fhlarne
bending direction is presented and the significant peaks ii32&8d) correspond to the in plane
bending dominant modes. The error percentages of the coupled and decoupledithodspect

to the experiment are presented in Tal8&9)( As explaned in Chapter 2,3he decoupled model
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proposed irf53] overpredicts the natural frequencies when compared to the coupled model and
gives large errors. The out of plane bending modes from the coupled model match well with the
experimentwhen comparedot Martin et al mode[53] . In Table 8.9), the inplane bending
domnant modes are over predicted by the coupled theory and show larger errors when compared
to other coordinates. This means that the theory assumes larger stiffness in that direction than the

practical stiffness of the structure in theplane direction.

100 T T T T T T

1 0‘1 0 L 1 1 1 1 1
200 400 600 800 1000 1200
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Fig. 3.29 FRF comparison between the coupled, decoupled analytical models and the experiment for
sample 2 =i Cabled Analytical (Decouple(= Cabled Experimenti=== = == Cabled

Analytical (Coupled).

In Ref.[119] (Chapter 3.}, for the sample 3 tested for periodic wrapping pattern, the errors
for the in plane bending dominant are on the higher side. I$#uton 3.3the number of cables

in samples 1 and 2 are of similar range in sample 3 of[RE9] but the substrates used have
higher slenderness ratie)( Large part of the error in the-plane bending mode for cabled beam

in Ref.[119] for sample 3 is attributed to the error existing in bare bdaetoclamping in the in
plane directionSince the substrates used in this paper are thinner than sample b1 Reve
could observe that the structures arevretter clamped than the thicker substrate in[[RE9).
For the testing of structures, traditional type clamp for cantilever beam testing is used. The

structue is constrained in the thickness (z direction) and from the discussionSé&aion3.2,
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for thicker substrates, the fixed end will have some finite stiffness in {plame direction which
gives lower frequencies than the theory can predict. Fohitheer samples, this issue should not
be as significant as thinner structures can be better claffipieds also one of the reason why the
overall in-plane errors are lower in thi@n-periodic wrapping patterwhen compared to sample

3 of periodic wrappng patternin addition, glue is applied to the samples 1 and 2 in this paper at
discrete cable locations. This is more practical representation ofttatrlessed structure where
the cables are attached at discrete locations to the host structureasetuen by U.S Air force

[16,44,45] The assumptions in the theoretical model are n@remealistic.

Fig. 3. 30 Experimental testing of preliminary sample

Table 3.10 System parameters for the sample for preliminary testing

System parameters Value
Beam length 270 mm
Beam width 11 mm
Beam thickness 0.975 mm
Beam density 2,768 Kg/nd
Beam modulus of elasticity 68.9 GPa
Beam Shear modulus 25.7 GPa
Pretension of the cables 20N
Cable radius 0.00021 m
Cable density 1,400 Kg/ni
Cable modulus of elasticity 128.04 GPa
Numberof Cables 5
Sensing Location w atip sensing
Number of fundamental elements 3 (nonperiodic)
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Fig. 3.31 Top view of the preliminary sarﬁple
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Fig. 3.32Comparison of in plane impact FRFs for experiment of cabled beam of ipaatinsample
with and without glug™==== cahled beam without glL === = == cahled beam with glue

To obtain more insight into the in plane bending dominant modes, the experimental setup
of preliminary sample is presea in Fig. (3.3D It consists of three ngperiodc elements and
the wrapping angle increases after each section. The system parameters are presented in Table.
(3.10 and the top view of the wrapping pattern is shown in Bi§l. The purpose of this analysis
is to find out the effect of adding gluedascrete locations to the natural frequencies of the in plane
bending dominant mode. The result is presented in &@2)( It can be seen that there is not much
change for the first plane bending dominant mode and the frequency is slightly reducttefo
second implane bending dominant mode. For the in plane bending dominant modes-in non
periodic wrapping pattern, the cable is in better contact with the host structure when compared to
the periodic wrapping pattern c4449]. When the cable is in better contact with the host structure,
the inertia effect due to cabling increases along with the stiffening effect. Since the bending

stiffness of the cables neidered in this paper is negligible, the plane in which the host structure
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vibrates is parallel to the plane in which the-fesioned cable is attachéat in plane bending
vibrations In this case, overall, the poempressive effect on the host sturet due to cabling
dominates the stiffening effect due to cabling in thelane bending direction; because of this,
we do not practically see significant stiffening effect in thelane bending direction. To
conclude, the reason for ovprediction ofthe in plane bending dominant modes is because of
combination of three reasons. First, the clamping issue, which in this paper ishigit as Ref.
[119] dueto using thinner substrates. Second, the dominance -abpnpressive effect of on host
structure over the preension effect of cable in the-plane bending direction. Third, in thien
periodic wrapping pattern experimerasiditional inertia effectuk to better contact of cables with
the host structurélhe same reason can also be extended to the next samplglanenbending
explanation.

Fig. (3.29 shows the comparison of the frequency response functions between the coupled,
decoupled moddb3] and the experiment for sample 2, the schematic of wrappirgrpédt this
sample is shown in Fig2(29b). The significant peaks denote the out of plane dominant modes
and the sharp peaks denote the modes in thiamne and the torsional direction. Similar to sample
1, the decoupled model ovpredicts the naturdrequencies. The coupled model shows good
agreement with the experimental cuwieen compared to the decoupled modiethe frequency
range tested, the structure has 6 out of plane bendingplane bending and 2 torsion dominant
modes. For the out @lane bending modes, the match between coupled theory and experiment is
goodfor all the modesvhen compared to the decoupled the&igr the fourth out of plane bending
dominant mode, the theoslightly underpredicts the natural frequency and for thdtsiout of
plane bending dominant mode, the theory slightly gredicts the natural frequency. Similar to
sample 1, the mode shapes corresponding to'tf#¥ and the & out of plane bending dominant
modes are simulated using experiments and compartéedory in Figs.3.33 a)(3.33c).
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Fig. 3.33 Comparison of experimental and theoretical out of plane bending mode shapes for (a)
4 (b) Mode 5 (c) Mode 6 for sample ™= Experimenta ™= ™= Centerlne == =
Analytical.

The curvature plots are presented for the sandemare presented in Fig3.34 a)(3.34
c). For the sixth out of plane bending mode similar to the fourth mode of sample 1, the theory over
predicts the natural frequendytom Fig. 8.34c), first interface location of the structure is near
the second node of the curvature plot. The next two interface locations are near the peaks of the
curvature plot. For the modes, that have interface locations near the peak of curvature particularly
near the tip of the cantilever, practically we see less stiffening effect but in this case the first
interface location is near the node of the curvature, this should add some stiffening effect into the
system. Overall, the measured frequency for the sigtiding mode is slightly lower than the
frequency predicted hiye coupled model. In Fig3(34a), the curvature plot for the fourth out of
plane bending dominant mode, the interface locations of the structure are near the node locations

of the curvatureThis means, practically at the fourth mode for this sample, the stiffness measured
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