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Abstract

With advancements in technology, new types of data have become available, including
functional data, which observations in the form of functions or curves rather than scalar or
vector-valued quantities. This emerging area presents unique challenges in handling intrin-
sically infinite-dimensional objects. In this thesis, we primarily focus on three problems,

each of which has a distinct flavour of functional data analysis.

In Chapter 1, we provide an overview of the foundational concepts and methodologies
that will serve as a basis for the subsequent chapters. This includes an exploration of topics
such as functional data analysis, functional time series analysis, probabilistic forecasts,
copula modelling, and robust methods that will be in later chapters. Additionally, we
conclude this chapter by presenting a comprehensive list of the main contributions made
by this thesis.

In Chapter 2, motivated by the goal of evaluating real-time forecasts of home team win
probabilities in the National Basketball Association, we develop new tools for measuring
the quality of continuously updated probabilistic forecasts. This includes introducing cal-
ibration surface plots, and simple graphical summaries of them, to evaluate at a glance
whether a given continuously updated probability forecasting method is well-calibrated,
as well as developing statistical tests and graphical tools to evaluate the skill, or relative
performance, of two competing continuously updated forecasting methods. These tools
are demonstrated in an application on evaluating the continuously updated forecasts pub-
lished by United States-based multinational sports network ESPN on its principle webpage
espn.com. This application provides statistical evidence that the forecasts published there
are well-calibrated, and exhibit improved skill over several naive models, but do not show
significantly improved skill over simple logistic regression models based solely on a mea-
surement of each teams’ relative strength, and the evolving score difference throughout the

game.

In Chapter 3, we propose a new autocorrelation measure for functional time series that
we term “spherical autocorrelation.” It is based on measuring the average angle between
lagged pairs of series after having been projected onto a unit sphere. This new measure en-

joys at least two complimentary advantages compared to existing autocorrelation measures
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for functional data, since it both 1) describes a notion of “sign” or “direction” of serial
dependence in the series, and 2) is more robust to outliers. The asymptotic properties
of estimators of the spherical autocorrelation are established, and used to construct con-
fidence intervals and portmanteau white noise tests. These confidence intervals and tests
are shown to be effective in simulation experiments, and in applications model selection
for daily electricity price curves, and in measuring volatility in densely observed asset price
data.

In Chapter 4, we propose a new model for spatial functional data that departs from
the commonly adopted assumption of normality of the errors. Instead, we assume the
existence of a common process that equally affects the measurements of the data at all
locations at each time point. By using general copulas, our model can accommodate heavy
tails and tail asymmetry, which the existing methods may suffer from. We then derive the
closed-form expression of the likelihood function when the tail dependence is generated by
an exponential distribution. The simulation studies show that the parameter estimates of
the proposed method accurately capture the spatial and temporal dependence when the
model is correctly specified. In the case where the model is misspecified, our method is still
robust in capturing the spatial dependence and the general shape of the common mean
function. We close the chapter by discussing some future works and potential extensions

of the proposed model.

We conclude this thesis by presenting concise summaries of each chapter and engaging
in further discussions in Chapter 5. Additionally, we also offer directions for future research
in each chapter, highlighting potential applications of the proposed methods. Furthermore,
we explore theoretical and computational avenues that may prove beneficial to practitioners
and researchers, extending the scope of the proposed methods to encompass research,
applications, and beyond.
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Chapter 1
Introduction

This thesis explores topics in functional time series (FTS) analysis, retrospective forecast-
ing evaluation, and modelling of spatial-temporal functional data (FD). Functional data
analysis (FDA) and time series analysis are two prominent sub-fields within statistics.
FDA, a relatively newer research area, has gained significant attention in recent decades,
while time series analysis remains a classical branch that continues to undergo steady de-
velopments. In recent years, these two fields merged to form a new research area known
as F'T'S analysis, wherein the FD objects exhibit serial correlation. Similar to time series
analysis, making accurate prediction of future outcomes is a primary objective in FTS.
Additionally, FTS aims to quantify the extent of serial dependence within a sequence of

curves.

A significant body of research has been dedicated to finding appropriate models for
generating accurate forecasts and evaluating the predictive performance of forecasting
methods. However, the majority of these studies has focused on multivariate data, as
exemplified by works such as Box (1980) and Gneiting et al. (2008). When predictions are
naturally represented as smooth curves rather than discrete observations, the evaluation
criteria become less clear. Moreover, quantifying the difference in predictive capability
between two continuous curves generated by distinct models remains an unresolved issue.
Remarkably, to the best of our knowledge, no prior investigation has addressed the statis-

tical testing of predictability comparisons between competing forecasters in the context of



FD.

When it comes to statistically quantifying serial correlation between functional objects,
there have been some recent developments (Kokoszka et al., 2017; Rice et al., 2020; Mestre
et al., 2021). However, the existing methods in the literature are still relatively limited
and fail to capture certain characteristics inherent in the data, such as the “sign” of the
dependency. Unlike the classical Pearson correlation or autocorrelation in classic time
series analysis, which produce summary statistics based on scalar values, FD are inherently
infinite-dimensional objects. Their covariance behavior is best summarized by a covariance
operator, and effectively summarizing and evaluating the magnitude of such an object poses
challenges. One possible approach is to employ mathematical norms; however, these norms

are non-negative, resulting in the loss of the “sign” of the covariance.

Lastly, another more recently emerging area of research involves modelling data with
both spatial and temporal dependence. In the context of FDA, there has been a recent
focus on spatial functional data (SFD). However, to the best of our knowledge, models
capable of handling situations where the data have heavy tails with asymmetric behavior
have not been investigated. Fortunately, there have been some related works in this area,
but mostly in the multivariate setting. Our goal is to extend those models and develop a

framework to effectively model SFD in such scenarios.

In this first chapter, we provide a concise introduction to the relevant background of
this thesis, including FDA | time series analysis, F'T'S, probabilistic forecasts, and modelling
SFD for copula models. This overview serves to outline the open problems that will be

addressed in subsequent chapters.

1.1 Functional Data Analysis

As technology advances, new types of data become accessible to researchers, including FD.
FD can be seen as an extension of multivariate data, where the observations are elements
of a general function space. However unlike multivariate data, where observations are
represented by scalars or vectors, FDA involves analyzing smooth functions or curves.

In recent years, FDA has gained enormous attention due to its innovative approach in



analyzing intrinsically infinite-dimensional objects and its ability to provide additional
insights compared to traditional methods, for instance by incorporating information about

the rate of change.

Since the publication of the first edition of Ramsay and Silverman (2005) in 1997,
numerous works and comprehensive treatments of FDA have become available. These
include books such as Ferraty and Vieu (2006), Ramsay and Silverman (2007), Horvath
and Kokoszka (2012) and Hsing and Eubank (2015). FD techniques have also been widely
applied across various fields, including medicine (Leng and Miiller, 2006; Sgrensen et al.,
2013), finance (Hormann and Kokoszka, 2012; Horvath and Kokoszka, 2012), and environ-
mental studies (Ignaccolo et al., 2014; Aue et al., 2020). A review of applications of FDA
in different fields can be found in Ullah and Finch (2013). The increasing interest in FDA
has led to the publication of special issues in various journals, such as the “Functional
Data Analysis and Related Topics” in the Journal of Multivariate Analysis, “Functional
and Object Data Analysis” in the Canadian Journal of Statistics, and “High-dimensional
and Functional Data Analysis” in Computational Statistics € Data Analysis. Review pa-
pers on FDA can be found in Wang et al. (2016) and Koner and Staicu (2023). These
developments highlight the growing prominence of FDA as a powerful tool which provides

a new way to analyze complex datasets.

In multivariate analysis, the i-th unit observations {x;;, i = 1,...,n, j = 1,...,m}
are either scalar or vector on discrete-time observed points at location j. In contrast, the
observations in FDA are typically viewed as stochastic processes, denoted by {z;(t), i =
1,...,n, t € T}, where T is a problem-specific compact interval. Without loss of generality,
unless stated otherwise, we consider the function X () to be in the L? space over the field
of real numbers R, and the domain 7 to be a unit interval [0, 1] throughout the thesis.
We denote this space by H := L?([0,1]) from now on. In #, the typical metric/norm is
induced by an inner product defined by

1
(1) =l = [ folo)de < oo,
0

We further assume that H is separable, which means that there exists a countable subset
of H such that this subset is dense in H. Consequently, we may express every x € H as

T = Z;’il c;je;, where {ey, ea,-- - } is a countable orthonormal basis. In addition, with this
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orthonormal basis, we may express any x € H as v = Z;’il (x,e;) ej, and its norm may be

written as ~
] = | (@, e5) [* (1.1)
j=1

Equation (1.1) is known as Parseval identity, which provides a useful way to calculate the

norm by projecting the elements onto the orthonormal basis.

Therefore, the data can be expressed by using a basis expansion as follows:

o0 K
Xi(t) =) e;Bj(t)~ Y ¢;Bi(t), i=12--- N, tel01], (1.2)

j=1 J=1
where B;(t) denotes basis functions. The salient point here is that the function X itself is
inherently infinite-dimensional, yet it can be well-approximated by finite-dimensional pro-
jections along with associated coefficients. The selection of basis functions can be tailored
to suit specific requirements of practitioners or characteristics of the observations, such as
their shape or other attributes. For instance, the Fourier basis is commonly preferred when
the observed curves exhibit periodic behavior, while spline basis functions, particularly B-
splines, are suitable for non-periodic data due to their desirable properties such as compact
support (i.e., a finite number of supports for each sub-interval in the domain), which helps
alleviate computational burdens. Numerous other basis systems are also available for di-
verse applications, including wavelet, monomial, and power bases, as discussed in Chapter
21 of Ramsay and Silverman (2005). Note that, it is essential to determine the number
of basis functions, denoted as K, in the expansion as it requires some pre-specifications.
Before delving into the methodology for selecting K, one might contemplate how to choose,
in a sense, the “optimal” basis functions among various options for the observations X;(-).
In this regard, one approach is to employ a principal component analysis to guide the

selection process which we will go through in the next section.

1.2 Principal Component Analysis

One of the most widely-used tools in FDA is functional principal component analysis

(FPCA). Principal component analysis (PCA) is an adaptive descriptive tool and dimen-
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sionality reduction technique commonly employed in statistics and various other disciplines.
Since its original conception by Pearson (1901), PCA has gained immense popularity due
to its geometric interpretation and practical utility across diverse fields; see, e.g., Wold
et al. (1987), Abdi and Williams (2010), and Jolliffe and Cadima (2016) for comprehen-
sive reviews, as well as reference books including Jolliffe (1986), Mardia et al. (1979), and
Gnanadesikan (2011). Notably, when applying PCA to FD objects, numerous excellent re-
views are available; e.g., Chapter 8 in Ramsay and Silverman (2005), Chapter 3 in Horvith
and Kokoszka (2012), Section 11.4 in Kokoszka and Reimherr (2017), and Section 3.a in
Jolliffe and Cadima (2016).

The significance of FPCA lies in its versatility across various areas of FDA| including
exploratory data analysis (Hyndman and Shang, 2010), modelling (Ramsay and Dalzell,
1991; Ramsay and Silverman, 2005), forecasting (Hyndman and Ullah, 2007; Aue et al.,
2015; Shang, 2017), and dimensionality reduction, to name only a few. At a higher level
of understanding, FPCA involves iteratively projecting infinite-dimensional sample curves
onto directions that contain the most statistical information or variability within the data.
Consequently, the leading functional principal components (FPCs) can capture a substan-
tial portion of the “information” associated with a given dataset, while the remaining
components contribute only a minimal amount of information, achieving dimension reduc-

tion.

1.2.1 Principal component analysis for multivariate data

Before presenting FPCA, we briefly review PCA in the context of multivariate data. For a
dataset with N observations and p features, we define a data matrix X € RVN*?, where the
i-th column X; corresponds to the i features of the observations. Let X have IE(XZ) = i,
and Var(X ) = S. We can centre the dataset by setting X; = X; — ju;, representing the
centred observations for each column. This convention does not affect the solution since
covariance and correlation values are independent of shifting. Next, we seek a vector of
principal component (PC) scores by performing a singular value decomposition on the

centred data matrix X. Let ()" and tr(-) denote a transpose and a trace, respectively.



Recall that any matrix M € RV*? with rank r (where r < min (IV, p)) can be expressed as
M =LDR',

where L € RY*" and R € RP*" have orthogonal columns, and D € R™" is a diagonal
matrix. The matrix D represents singular values of M and contains non-negative square
roots of non-zero eigenvalues of matrices MM and MM . Additionally, let’s assume that

diagonal elements of D are arranged in decreasing order. We can then express S as

_ X'X RDL'LDR' RD’R'

S N N N 7

where D? represents a diagonal matrix with squared singular values (or eigenvalues in a
decreasing order), and R is a matrix whose columns are eigenvectors. These eigenvectors
are PCs of the data. The projection of data onto the PCs, XR = LDR'R = LD, is
known as PC scores. Note that the denominator can use N — 1 instead of N, but the

difference is often negligible, especially when the sample size N is large.

1.2.2 Principal component analysis for functional data

Let X;(-) be a square integrable process with point-wise mean EX;(t) = u(t), t € [0,1]
and covariance function c(t, s) = E[(X;(t) — p(t))(X;(s) — u(s))], t,s € [0,1]. By Mercer’s

Theorem (Mercer, 1909), ¢(-,-) has an orthogonal expansion
c(t,s) =Y Noi(t)e;(s), t.s€[0,1],
j=1

where ¢(-)’s and \’s are the eigenfunctions and eigenvalues of ¢(-,-), respectively. The
eigenvalues \;’s are arranged in a decreasing or non-increasing order (ie. 0 < .- < Ay <
A1) and eigenfunctions ¢;(-)’s are orthonormal, i.e., (¢, ¢¢) = 1 when k = ¢, and zero
otherwise.. Then we can express independent and identically distributed (i.i.d.) copies of

a square integrable function X € [0,1] with A\; > Ay > -+ as
j=1
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where ¢;; = (X; — p,n;) and n; are called a FPC score or simply a score, and the FPCs,
respectively. Decomposition (1.3) is known as Karhunen-Loéve expansion after Karhunen
(1946) and Loeve (1946). The scores are uncorrelated across j with mean Ee;; = 0,
Var (¢55) = A7 and Cov (g5,e) = 0, for j # k.

In practice, since the orthogonal eigenfunctions n(+) for & > 1 form a basis for L?(T),
the first K FPCs encompass the majority of variability in the curve. Therefore, the first
K terms typically provide a solid approximation to the infinite sum using a finite number

of terms. As a result, we may express (1.3) by truncating it up to the first K terms
K
X5 = Xn(t) = éyi(t), j=1,-,N. (1.4)
j=1

The estimated FPCs are unique up to sign, so we will need to assume that the sign has

been taken into account,

7 = sgu ({9, 1;)) 0,
where the sgn (-) is the sign function that returns the sign of a real number. Note that
sgn ((nj,n;)) cannot be computed from the data. Hence, we will assume that the sign is

aligned between 7;’s and 7);’s and omit writing it out from now on. The estimates for the

FPCs and the scores are obtained by solving the eigenfunctions
1 A
/ é(t,S)ﬁj(S)dS:Ajﬁj(t), ]: 1,...,N, ,tE [0,1],
0

where &(t,s) = N7' 301 (X (8) —(6) (Xi(s)—u(s)), t,s € [0, 1] and jit) = N7 30,1, Xi(h)
are sample covariance function and sample mean, respectively. The scalar K in (1.4) may
be chosen by using a cumulative percentage of total variance (CPV) criterion since the

total variability explained by the first K empirical FPCs is

P
A

CPV(K) = % (1.5)
Zezl Ae

where \’s are empirical FPCs. There are other selection methods available in the literature,

including information criteria (Shibata, 1981; Yao, 2007), resampling methods (Hall and
Vial, 2006; Bathia et al., 2010) and cross-validation (Leng and Miiller, 2006).
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1.3 Functional Time Series

Time series is a classic and distinct area in statistics and econometrics where measurements
of random responses are recorded sequentially across over time. One may think of a time
series as a stochastic process, which is a collection of random variables, { X (t) };cz, indexed
by time ¢t. The unique structure and practical utility of time series analysis have led
to its widespread application in various domains, such as hydrology (Salas et al., 1980;
Lane, 2002), meteorology (Duchon and Hale, 2012), engineering (Wiener, 1949), and many
others.

Numerous comprehensive references, including books, have been published on the topic
of time series analysis. Some notable examples include Brockwell and Davis (1991), Cryer
and Chan (2008), Shumway and Stoffer (2017) and Hamilton (1994). Additionally, there
also exists a scholarly reviewed journal specifically focused on time series analysis, aptly
named the Journal of Time Series, along with closely related journals such as the Journal

of Forecasting and the International Journal of Forecasting.

In this section, we aim to provide a concise overview of F'T'S analysis, exploring funda-

mental concepts and notions that will serve as a cornerstone for this thesis.

1.3.1 Time series

Prior to delving into the topic of F'T'S, it is necessary to outline some fundamental concepts
rooted in classical time series analysis, hereafter referred to as time series for brevity.
The principal objective of time series analysis is to provide a quantitative description
of a random mechanism inherent in the underlying process that are observed over time.
Typically, this objective is achieved by leveraging the available data to draw inferences
within the observed timeframe. Making accurate predictions, which we refer to as forecasts
in the time series context, beyond the observed timeframe is also of interest. To achieve
such goals, it requires the assumption that the underlying structure of the data generating
process remains somewhat stable throughout the entire domain, in which we require the
concept of stationarity. This assumption plays a fundamental role in the analysis, as it

enables us to analyze the sampled series in the presence of a single realization of the series.



Furthermore, without the stationarity assumption, it becomes difficult to forecast future
values as anything becomes possible. Usually two types of stationarity are considered in

time series analysis, namely strict stationarity and the weak stationarity.
Definition 1.3.1 (Stationary) A time series {X;}ien is (weakly) stationary if

1. EX; = p for allt € N, and

2. Cov(Xy, X;) = Cov(Xo, Xji—y)).

That is, stationarity means that the mean function EX; is constant and independent of

time, and the covariance function

vx(t,8) = 7(t, s) = Cov(Xy, Xy) = E[(X(t) — (1)) (X (s) — p(s))], (1.6)

only depends on the difference |t — s|. When the covariance function acts on the same
series at two different time points ¢ and s, it is known as autocovariance, while the cross-
covariance refer to the two time points between two distinct series. The subscript is an
indication of the series X, which may be dropped when the series that the autocovariance
function acts on is clear. Note that the autocovariance function is symmetric in time, i.e.
v(s,t) = ~(t,s). There is another strong notion of stationarity that is commonly used,

namely the strict stationarity.

Definition 1.3.2 (Strict Stationary) A time series {x;}ien is strictly stationary if its
finite dimensional distributions are shift invariant. Namely, if i1,...,iq € Z and h € Z,
then
™ D T
(Xi17 e 7Xid) — (XilJrh’ e 7Xid+h) .
One may think that strict stationarity implies stationarity, but actually neither implies the
other in general. This fact is well-documented in the standard textbooks. For example, a
strictly stationary sequence that does not have the second moments is not weakly station-
ary. However if X; € L? (i.e. EX? < 0o) and is strictly stationary, then X; is stationary.

Conversely, if X, is stationary and a Gaussian process, then X; is strictly stationary. As



we have mentioned in Section 1.1, the FD in this thesis are assumed to be in H, where the

process being strictly stationary does not imply weak stationarity.

In most real life scenarios, tine series raw data are often non-stationary. In those scenar-
ios, one typically employs some data-preprocessings to obtain an approximately stationary
series. These preprocessing techniques often include detrending, differencing or deseason-
alizing the series. When the data has been transformed into stationary series, one may
employ a model selection procedure to find a model which best captures the characteristics
of the given sample of observations. Once a model is selected, one often wishes to perform
statistical inference on the model, including goodness of fit, forecasting, and parameter

estimation.

Time series analysis encompasses two principal approaches, namely time domain and
frequency domain. The time domain approach considers temporally lagged relationships
of the series. In contrast, the frequency domain focuses on sinusoids. For the purpose of
this thesis, our focus will solely be on the time domain. However, readers with an interest
in exploring the frequency domain may refer to the monographs by Brillinger (2001) and
Bloomfield (2004). There is a variety of methods developed in the time series literature
that are for model selection and forecasting. Among which, there are linear time series
methods, non-linear time series models, and state space models or hidden Markov models.
This thesis will only look at the first two topics, while readers interested in state space

models may consider Commandeur and Koopman (2007) and Durbin and Koopman (2012).

There are several ways of quantifying and identifying the serial dependence structures
in time series. Perhaps the most commonly used technique is an autocorrelation function
(ACF). The ACF is a scaled version of the autocovariance function (1.6), and is defined as

(s, 1)
v(s, 8)y(t,t)

Under the assumption of stationarity, assuming s > t, say t = s + h, where h > 0, the

p(s,t) = ,  where s,t € N. (1.7)

notation may be simplified as p(h) = p(t,s). We refer to the difference in the two time
points h as a lag from now on. The ACF is a tool to examine serial dependence in time

series and identify suitable models for time series. One may estimate the autocovariance
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function and the ACF at lag h consistently using their sample counterparts, as

N—h

o ) _ A

Y(h) = N Z(Xt — XN)(Xpgn — Xy) and  p(h) = ;Eoi, h=1,2--- N
t=1

Under the mild assumptions that X; is i.i.d. and E|X;|* < oo, if X; is the random error

process, the asymptotic distribution of the sample ACF is given as
VNp.(h) 2 N(0,1),

where N is a normal distribution, and Z denotes convergence in distribution. The tech-
nical details of the proof can be found in Theorem A.7 of Shumway and Stoffer (2017).
Consequently, if the observed process is white noise (WN), then 100(1 — «)% of the sample
ACF are expected to lie within the limits of the corresponding confidence interval. The

ACF is hence a useful tool to reduce complex time series process to a WN.

For instance, the left panel in Figure 1.1 displays the growth rate of weekly closing
returns of the S&P 500 index from January 3, 2003 to September 28, 2012. It shows
that this series has constant mean around zero, while the variation is roughly the same
except for a short time period around week 300. The latter characteristic indicates that the
assumption that the series is a WN process is questionable. The right panel of the figure
shows the estimated ACF with strong WN bound. We observe spikes that extend beyond
the confidence bands, indicating that the series is not a white noise process. In fact, the
series is more likely to exhibit weak WN characteristics due to the presence of volatility
clustering in the data. We will discuss certain models designed to address the scenario
of weak WN in the subsequent section, namely Section 1.3.3. However, it’s important to

emphasize that this aspect is not the central focus of this thesis.

Definition 1.3.3 (White noise process) If {e;:}ien has expectation zero EX; = 0 for
all t, and covariance Cov(ey,e5) = 02 only when s =t and zero otherwise. Then we refer

to such a sequence as a white noise process, which is denoted as WN(0, 02).

The ACF offers several advantages, such as its ease of interpretability, its connection to

the Pearson correlation function in non time series contexts, and its visual representation.
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Figure 1.1: Left: The growth rate of weekly closing returns of the S&P 500 from January
2003 to September 2012. The large spikes centre around week 300 suggest the presence of
vilatility clustering in the data. Right: The autocorrelation function computed up to lag
30 with 95% strong WN band. The spikes exceeding the strong WN noise bands suggests

the presence of serial dependence, which needs to be addressed.

However, it is important to acknowledge that the ACF has its limitations. One of the
criticisms it faces is that it solely provides information regarding the correlation at a pre-
selected lag, thereby limiting its usefulness in examining the broader dependence structure.
Consequently, a class of tests has been developed to address and examine groups of ACF's
collectively, rather than on an individual basis. This approach recognizes that even if none
of the ACFs at the selected lags exhibit a significant deviation from a WN, a group of

ACFs may collectively yield a large test statistic, indicating a strong serial dependence.

Notable examples of such tests are referred to as “portmanteau tests,” and include the
Ljung-Boz test. The portmanteau test states that, under a set of mild assumptions, the
test statistic for assessing the significance of autocorrelation coefficients of the samples
Xi,...,Xn from lags 1 to H is denoted as Qn g = NZle p(7), which approximately

follows a chi-squared distribution with a specific number of degrees of freedom. The Ljung-
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Box test operates similarly. However, it is important to note that we will revisit this
discussion after introducing the model, as the degrees of freedom are contingent upon the

model being employed.

1.3.2 Linear processes

Time series is a broad area, and to narrow our scope, we focus on the linear processes which
we will use in the later chapters. This class includes some of the most widely used time
series models, such as an autoregressive moving average (ARMA) models, which provides
a general and flexible framework for studying stationary processes. It is originated from
a seminar book of Whittle (1951), and later it is extended to accommodate nonstationary
time series in a groundbreaking book (Box and Jenkins, 1970) and known as an autoregres-
sive integrated moving average (ARIMA) model. The aim of these models is to analyze the

structure of time series data and use time series models to fit the time series given data.

The data is usually assumed to follow a typical model such that
Xi :g(Xi—17-~) + &4 (18)

where ¢(-) is linear in the past observations X;_1,..., and &; is a random fluctuation that

is independent of g(+). In time series, the random error is usually assumed to be a WN.

If a time series model fits a dataset well, the residual, defined as r; = X; — Xt where
X, is the predicted value, namely the forecasts, r, would behave similarly to the WN ¢,
under model (1.8). Hence, it is of interest to use a WN test to check the model fitting.

Definition 1.3.4 (Autoregressive (AR) process) A time series {X;}ien is said to be

an autoregressive process of order p, written as AR(p), if

1. 1t is stationary, and
2. if for every t,
X = = 61(Xiy = 1) 4o 6Ky — 1) + 21 (1.9)

where g, ~ WN(0,02) given that ¢, # 0.
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Definition 1.3.5 (Autoregressive moving average (ARMA) process) A time series
{Xi}ien is said to be an ARMA (p, q) process if

1. it 1s stationary, and

2. if for every t,
Xi—p=¢1(Ximr —p) + -+ Op(Xip — p) + TiEi1 + - + TeEing, (1.10)
where ¢, 74 # 0, e, ~ WN(0,02) given that ¢, # 0.
Sometimes, there are seasonal or periodic components augmented to the models. Before
introducing the model for this, it is easier to write the models in a compact form by
introducing what is often called a backshift or lag operator. It is a commonly used way to
express linear time series models and is widely used in textbooks. The backshift operator

B is defined as follows:
BX, = X4,

which can be further extended to
B*X, = X,_;, for k € N.

The backshift operator can be used to express the ARMA type of models more compactly.
First we write the AR(p) model as

O(B)X, = (1—¢B— B2 — -+ — ¢,B")X, = ¢;.

Sometimes the ®(B) operator is referred as an autoregressive operator. Similarly, we express

the noise part in a concise form as
U(B) == (1 =91 B — B> — --- — 4, B")e;.

In practice, time series observations often exhibit a high degree of persistence. To assess
the “whiteness” of the data or residual, various statistical tests have been developed,
including the Ljung-Box test mentioned in the previous section. It is common for the

original time series, denoted as {X;}ien, to be nonstationary, while the d-th differenced
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series, such as the first-order differenced series {X; — X;_1 }ien, is stationary. To address
this characteristic, the ARIMA model extends the ARMA model. Instead of analyzing the
original time series, the ARMA model is applied to the d-th differenced series, denoted as
{X; — Xi_a}ien, resulting in the ARIMA(p, d, ¢) model.

Moreover, it is common for time series to display seasonal and cyclic patterns, as seen in
series related to air pollution or stock prices. These seasonal behaviors can be incorporated
using the backshift operator. For instance, in temperature data, a yearly cycle might be
meaningful. Therefore, by indexing the series with month, we can use {X; — X; 12 }ien
to capture a seasonal lag. For a purely seasonal autoregressive moving average model,
ARMA(P, Q)s, we may write it in the following form

(I)p(BS)Xl = @(BS)&,
where the following operators
dp(B*)=1—® B — ®B* — ... — dpB"*,

and
Og (B*) =1+ 6,B°*+ 0,B* +--- + OB,

are called a seasonal autoregressive operator and a seasonal moving operator, respectively.

In this model, there is one thing which is defined as the seasonal difference of order D:
VPX, = (1- BPX,

where D € {1,2...,}. Integrating the seasonal operator and the differencing operator
into the ARIMA model, following the notation given on page 150 in Shumway and Stoffer

(2017), we now can define a seasonal ARMA model of the differenced series as follows:

Definition 1.3.6 (Seasonal autoregressive integrated moving average (SARIMA) process)
A time series { X }ien is said to follow an SARIMA model of order p,d,q, P, D,Q, and sea-
sonal period s, abbreviated as (p,d,q) x (P, D,Q)s if

1. it is stationary, and
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2. if for every t,
®p (B%) @,(B)VIVIX; = Og(B*)0,(B)e;, (1.11)

where &, ~ WN(0,02).

We will use these models in Chapter 3. Once the model is specified, one often wishes to
assess its goodness of fit. Let N denote the number of data points, and X, represent the
fitted value for ¢ € {1,..., N}. We can examine the residuals, defined as r; = X; — X;, to
evaluate how well the model captures the underlying dependence structure. If the residuals
exhibit behavior similar to that of a WN process, it suggests that the model adequately
captures the underlying serial dependence in the data. Specifically, under the null hypothe-
sis that the residuals r; behave similarly to a WN ¢;, the sampled autocorrelation function
will converge to a standard normal distribution with a rate of N~'/2. Furthermore, for
an ARMA(p, q) model with a pre-specified value of H such that N > H > (p+q+ 1),
the portmanteau test statistic will asymptotically follow a X%{_(p ) distribution, where

H — (p+ q) represents the degrees of freedom.

A modified and improved version of the Box-Pierce test (Box and Pierce, 1970) was
proposed by Ljung and Box (1978) to improve poor finite sample performances of the

original test. This enhanced test is given as

H
Qv =N(N+2))

=1

where H is the maximum lag that are being tested, IV is the sample size, and p; is the
sample autocorrelation. Note that the asymptotic distribution of this test statistics Qn g

as N tends to infinity is still X%{_( ) under the null hypothesis that the time series data

p+aq
is i.i.d..

1.3.3 Nonlinear process

The class of nonlinear processes/models finds extensive applications across various fields,

in particular in financial econometrics. Among the widely utilized nonlinear time series
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models, an autoregressive conditional heteroskedasticity (ARCH) and a generalized autore-
gressive conditional heteroskedasticity (GARCH) models are prominent. These models are
motivated by the observation that the volatility or heteroskedasticity of data tends to ex-
hibit clustering behavior over short periods of time, which traditional ARMA models are
unable to adequately capture. However, it is important to note that the investigation of
these models falls beyond the scope of this thesis. Interested readers seeking are encouraged
to refer to Chapter 3 of Tsay (2005) and Francq and Zakoian (2019).

1.3.4 Functional time series

Similar to the spirit of time series, when FD objects are obtained sequentially over time,
it is natural to expect them to exhibit serial correlation. We refer to this type of data
as FTS. Figure 1.2 displays the concentrations of particular matter with an aerodynamic
diameter of less than 10 micrometers, denoted PM10, in ambient air taken in Graz-Mitte,
Austria from October 1, 2010 to October 11, 2010. The curve is segmented into 10 sub-
intervals, each represents a single day of pollution. As one may imagine, air pollution
from each day affects the next day; and so we expect these curves to be serially dependent.
This is one of the key characteristics that separates F'T'S from most other scenarios in FDA
which temporal dependency between the observed values must be taken into consideration.
The focus of FD literature are centred around i.i.d. observations. Without incorporating
temporal dependency, the corresponding estimation and inferential procedures may be

inappropriate.

Since the monograph of Bosq (2000) which focuses on the theory of linear functional
time series, F'T'S literature has seen an upsurge in exposure; see, for example, Hormann
and Kokoszka (2012) and the references therein. See also Chapters 13 — 18 in Horvéth and
Kokoszka (2012) and Chapter 8 in Kokoszka and Reimherr (2017) for textbook treatments.

Akin to scalar or multivariate time series, forecasting and performing statistical infer-
ence are two of the most important aspects of FTS. Similarly to the scalar or multivariate
counterparts, many procedures in the F'T'S literature requires a given FTS object to be sta-
tionary. To address this fundamental issue, Horvath et al. (2014) proposed a stationarity

test. Perhaps the most used model in F'TS literature is the functional autoregressive model
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Figure 1.2: The concentrations of particular matter with an aerodynamic diameter of less
than 10 micrometers (PM10) in ambient air in Graz-Mitte Austria from October 1, 2010 to
October 11, 2010. The curves are evenly segmented into 10 sub-intervals, which represents
the change in PM10 of each day.

(FAR) , especially the FAR(1) model. We will elaborate those autoregressive processes in
the next section. One of our aims is to quantify serial dependency of FTS. In particular,
the previous work of investigating the correlation structure are centred around the “norm”

approach, which misses the “sign” of the dependency.

The state-of-the-art investigation of the WN assumption is centred around the (auto)covariance
operator. Gabrys and Kokoszka (2007) propose a portmanteau test for FD based on lagged
autocovariance operator and FPCA; also see Chapter 7 of Hormann and Kokoszka (2012)
for the descriptions of this method. Horvéath et al. (2013)’s approach uses the sum of

the L? norm of the estimated correlation functions. Kokoszka et al. (2017) propose an-
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other version of the portmanteau test to account for potential presence of conditional
heteroscedasticity in previous settings. The above references mentioned thus far mainly
lie in the time-domain, and literature about independence test for F'TS on the spectral
domain are scanty until recently. The independence test on the frequency-domain has re-
cently been investigated based on a spectral density operator; see a review paper of WN
tests for FT'S by Kim et al. (2023). When the interest is to identify the presence of serial
correlation at an arbitrary lag h, Mestre et al. (2021) proposed a functional version of
the ACF shown in (1.7) which is helpful in model identification and WN diagnosis. Let a
lagged autocovariance function and its empirical estimate at lag h be respectively defined

cn(t, s) = E[(

s ) = () (Xign(s) — p(s))],  and
éh(t, 8) =

Xi(t) —

| Nh

LI — R () (Kin(s) — ()], tos € 0.1),

i=1

where Xy (-) = N"' 32 X;(-) is a point-wise sample mean function. Following the work
of Kokoszka and Reimherr (2017) and Mestre et al. (2021), who study a functional auto-
correlation function (fACF) at lag h as

o = 1”6—’1“, where ||c|| = (/1 /1 ci(t, s)dtds) 1/2, (1.12)
f(] Co(t,t)dt 0 0

with their respective large sample properties. Through simulations and empirical studies,
they further show that the proposed fACF is able to extract information on the serial
dependence structure at specified lags. This information is useful to model selection for
FTS. The left panel in Figure 1.3 shows 400 simulated i.i.d. Brownian bridges, i.e., the
conditional Brownian motion B(t) where B(1) = B(0) = 0; The right panel shows the
fACF of the simulated Brownian bridges with 95% error bound. The estimated fACF at
all lags are within the bound indicating that there is no significant serial dependence, which
agrees with the underlying data generating process. Despite the usefulness of FPCA in
detecting the correlation between FTS objects, unlike the ACF shown in Figure 1.1, fACF
is not able to capture the negative dependence as shown in Figure 1.3. This information
may have both theoretical and practical significance, such as in medical or environmental

applications, where the “sign” is often as important as the magnitude.
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Figure 1.3: Left: 400 simulated Brownian bridges, which are i.i.d. Right: Functional
autocorrelation function with the 95% error bound under the assumption of data are i.i.d.
The fACF at all lags are within the 95% bound indicates the independence of the simulated

curves, which agrees with the data generating process.

1.3.5 Functional time series models

A variety of FTS models and other general linear processes have been extensively stud-
ied in the literature. One of the earliest monographs to explore the theoretical aspects
of these linear processes in Hilbert and Banach spaces is Bosq (2000). These models can
be viewed as extensions of the linear processes taught in elementary time series analysis
courses. Among these models, the functional autoregressive model is particularly widely
used. Functional autoregressive processes, or models, are an extension of the autoregres-
sive model commonly used for univariate or multivariate time series. To provide a brief
overview, let {g; };cz represent i.i.d. WN functions in a function space, typically the Hilbert
space of square integrable functions H. Let ®,(-) be a linear operator mapping H to H for

each j. The functional autoregressive model of order p, denoted as FAR(p), is defined as
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follows:
p

(Xi =) = 30 @5 (Xooy — 1) + 25

j=1
where y is the mean of the process, which is often estimated by fi(-) = Xn(-) = N7} ZzT:1 Xi (o).

The FAR model extends the AR models (1.9) in the univariate time series, where the
variables are now considered to have values in H. Extensive research has been conducted
to investigate this class of models, especially the FAR(1) case. The FAR models are
commonly referred to as Autoregressive Hilbertian processes with order p (ARH(p)), as
described in the influential book by Bosq (2000). Notably, this book provides extensive
limiting theories pertaining to covariance operators and the associated kernels in Chapters
4 to 6. In particular, we briefly outline a method for estimating the kernels in FAR(1)
case, which is based on Section 8.2 in Kokoszka and Reimherr (2017) and Section 13.2
in Horvath and Kokoszka (2012). Without loss of generality, we suppose that p = 0.
Otherwise, we may take X := X — y and work with X in the following procedure. We first
rewrite the FAR(1) model as

Xi_;,_l(t) = @(Xl)(t) + €it1 (t) = /qb(t, S)[L’i(S)dS + Ei_:,_l(t).

Note we require the kernel ¢(-,-) to be square integrable, i.e. ||¢[, < co. Suppose that
A;’s are the eigenvalues and v; be the eigenvector of the covariance operator C', that is
C(vj) = A\ju;. Using FPCA 0;,7 = 1,...,p, the estimator of the kernel operator and its

associated kernels are
(1) = DSOS TN (@ 0) (X, B5) (X, 01) (1.13)

and

Gp(t,9) = g 2 DT DA (X ) (X, 5 05(5)04(0), (1.14)

respectively. That is, the relationship between (1.13) and (1.14) is as follows:

B, (x)(t) = / 8.t 5)2(s)ds. (1.15)
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The detailed derivation of the result may be found in Section 8.2 in Kokoszka and Reimherr
(2017) and Section 13.2 in Horvath and Kokoszka (2012).

As for the general FAR(p) case, there are more general methods for estimating the
kernels, and we refer to Bosq (2000) and Horvath and Kokoszka (2012) for an in-depth
discussion. There are other linear F'T'S models including functional autoregressive mov-
ing average model (Bosq, 2014), functional autoregressive conditional heteroskedasticity
(FARCH) model (Hormann et al., 2013), and functional generalized autoregressive condi-
tional heteroskedasticity model (Aue et al., 2017).

As for available statistical software, there exist various software implementations in R
programming language that are specifically designed to perform FTS analysis. Noteworthy
examples include the ftsa package (Shang, 2013; Hyndman and Shang, 2022) and the far
package, both of which provide functionalities related to F'TS analysis. Additionally, there
is the WN tests for FD package, wwntests (Kim and Petoukhov, 2022), which offers WN
tests specifically tailored for FD. Another valuable resource is the freedom.fda package
(Hormann and Kidzinski, 2017), which implements a version of the FPCA specifically
designed for FTS, based on the work of Hormann et al. (2015). Furthermore, the fACF
method that was mentioned in (1.12) is included in the fdaACF package by Mestre et al.
(2020).

1.4 Spatial Statistics

Spatial statistics is another sub-field within the broader discipline of statistics, focusing
on datasets that possess a spatial dimension. Its unique structure lies in the pronounced
interdependence observed between data points located in close proximity on a grid or spatial
domain. This spatial proximity gives rise to a heightened degree of dependence among
nearby data points. In the past, rsearchers applied the spatial statistics techniques to a
vast variety of applied fields, spanning from demography, transportation, environmental

studies, ecology and beyond.

In this section, we offer a concise overview of essential concepts, aiming to provide a

preliminary understanding that will pave the way for subsequent chapters, in particular
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Chapter 4. It is, however, important to note that this section is not intended to serve as
a comprehensive review. We only focus on geostatistical spatial data, which refers to data
comparised of multiple quantities/points in a region of interest D. There are other spatial
structured data type, for instance, Lattice/regional data where the data are measured not
at its exact location, but rather as a region; and point pattern analysis data refers to
the study of spatial locations of occurrences of the event of interest. The main difference
of geostatistical spatial data and point pattern analysis data is that the former treat the
locations as an explanatory variable and the value as a response, while the latter treat both
values as a response. For a comprehensive understanding of the subject, we refer readers to
the monograph by Cressie (1993). As a brief introduction, let s, denote the k-th (spatial)
location. s may lie in a d-dimensional Euclidean space R?, or another arbitrary space
denoted by D. Then the observation, X(s;) is a measurement taken of the location s,
and the dataset is usually denoted by X* = {X(s;), s, € D, k =1,...,K}. Those
observations are viewed as a realization of a random process referred to as a random field.
A more detailed treatment of random field can be found in Hristopulos (2020). Similar
to time series, in spatial statistics, there is a concept of stationarity, which also plays an
important role. As in Definition 1.3.2, a random field X ¥ is strictly stationary if for any

spatial locations sq,..., s such that for any shift §, we have
{(X(s1),..., X(sp)} 2 {X(s1+6),...,X(sp +6)}.

Similarly the stationary is defined as if the mean EX (s) remains the same for all locations,
and the covariance between two locations Cov(X (s), X (s+4d) only depends on the distance
60 >0.

Recently, SFD have received more attention, see Section 5 in Koner and Staicu (2023),
and Chapter 9 in Kokoszka and Reimherr (2017). The distinct difference is that now X (s)
is a random function. In this thesis, we assume, similarly to Section 1.1, that all the
SFD of this type lie in H, and denoted by X (s;t) for the observation X (s) at time ¢. In
addition, we assume that each X(s;-) such that E|| X (s;-)|* = [EX?(s;t)dt < oo, and
is strictly stationary. These two conditions imply the mean function is constant across all
locations, i.e. EX (s;-) = pu(-) and covariance C(d;t,u) = Cov(X (s;t), X(s + d;u)). In

the spatial statistics literature, a popular approach to estimate this covariance function is
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to use something called a semivariogram, but a detailed discussion of it is out of the scope
of this thesis. Interested readers may refer to Section 9.1 in Kokoszka and Reimherr (2017)

and references therein. One common assumption, known as isotropy, is usually employed.

Definition 1.4.1 (Isotropy) For a geostatistical data {X (8)}, the correlation between
two observations Cov(X (s), X (s')) depends only on ||s — &'|,.

In Chapter 4, we will adopt the assumptions of strict stationarity, isotropy, and square
integrability in our analysis. These assumptions will be restated and discussed in detail

within that chapter.

As for the available software in R language, the geofd package developed by Giraldo
et al. (2020) offers functions to perform predictions within the field of spatial statistics,
which sometimes known as kriging in the context of spatial statistics. The fdaPDE
package (Arnone et al., 2023) allows for estimation of partial differential equations that

capture the spatial dependence while leveraging the availability of prior information.

1.5 Robust Methods in Functional Data

Robust statistics is another classic area in statistics which considers the case where the
assumptions we made do not hold. It has been around 90 years since, perhaps the first
person who noted this was Pearson (1931) and termed “robustness” by Box (1953), as
mentioned in the review paper by Huber (1972). There is a vast amount of studies of
robustness properties among different subareas in statistics, as assumptions are often vio-
lated in real life applications. Huber (2011) in the International encyclopedia of statistical
science is perhaps the most popular reference to this field. Maronna et al. (2019) provides
a textbook length description of this subject, including ways to measure the robustness,
robust regression methods and data with temporal dependence; with implementations in
its associated R package RobStatTM (Salibian-Barrera et al., 2023).

Centring the data before proceeding to subsequent steps is a common statistical practice

that offers several advantages. For example, pre-centring the data in a regression analysis
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can ensure identifiability by allowing the estimators of other parameters to be distinguished
from the intercept term. Additionally, assuming that the data is centred around the
origin makes it easier to explain important concepts and simplify notation for readers.
Nevertheless, centring the dataset is not a straightforward process in many settings and
presents a challenge during estimation steps. In Chapter 3, we use a geometric median,
which may be referred as spatial median to centre the FD. The purpose of this section is
to elucidate the background of the multidimensional median that are used for centring the

data in the problems considered in this thesis.

1.5.1 Univariate and multivariate centring

The common practice before performing any statistical analysis including inference or pre-
diction is to analyze the trend or the average i of the data and the fluctuation or the random
noise €, separately. An immediate question would arise is how to estimate the centre of
distributions. When centring the data X7, ..., Xy, the sample mean Xy := N} Zf\il X;
is perhaps the most commonly used statistic. On the other hand, it is commonly known
that X itself is not robust, as one contaminated value may change it to an arbitrary degree.
To address the lack of robustness of the sample mean X, the median is often used in the
literature of robust statistics. The median X,,, defined as the “middle” point of the sorted
data, is much more robust against outliers or contaminated points. To be specific, for

one-dimensional data, the median is defined as

~ X(N+1)/2 if N is Odd,

N =
(X(N/Q) + X(N/2)+1)/2 otherwise

It turns out that, the L; median of the data points Xi,..., Xy can be found by solving

the following optimization problem

arg min B[[|X —cflz — [[X|[z],

ceRP

where || - ||g is a standard Euclidean norm of a vector. In the univariate case where the

dimension p = 1, we have
argmin E [|X — ¢| — | X]].

ceR
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Given the samples z1,...,7,, one may find a sample median pyeq € R? by solving the
above optimisation problem. It is well-documented that centring the data using the median
will be more robust compared to using the mean. A few review papers on this topic are
available in the literature, including Small (1990), Chapter 1 in Becker et al. (2014) for

general overview, and Fritz et al. (2012) reviews the computational algorithms.

1.5.2 Centring for functional data

For FD, as it may be viewed as a natural extension of multivariate data, the centring is

usually used with the functional mean which is defined as
u(t) =EX(t), tel0,1].

In many cases, we may see the asymptotic rate of replacing u by its estimate using the
sample mean i = Xy. However, it is not always to case. For a broader class of robust
estimations or a general notion such as data depth, see Fraiman and Muniz (2001), Cuevas
et al. (2007), Serfling and Wijesuriya (2017) and Gijbels and Nagy (2017).

1.6 Probabilistic Forecasts

Probabilistic prediction is a type of prediction which estimates the probability of a future
event. There exists a rich literature on this topic, see e.g., Gneiting and Katzfuss (2014)
for a detailed review of predictive models and methods, and of evaluating the quality of

probabilistic forecasts. We provide a brief overview here.

When it comes to accessing the quality of forecasts, one may wonder what is the best
way to evaluate the predictions. Murphy and Winkler (1987) and Gneiting et al. (2007)
argued that the optimal probabilistic forecasts maximize the sharpness of the forecasted
distributions, subject to their calibration. Sharpness, also known as refinement, explains
the confidence level between the forecasts or the concentration of the resulting predictions,
while the calibration refers to the alignment/agreement between the forecasts and the

actual observed outcome distribution. A reliability diagram is a commonly used tool
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in accessing the calibration, in which it plots the conditional events frequency against
binned predictive probabilities. The deviation from the diagonal reference line indicates
a degree of miscalibration. When it comes to measures of sharpness, we may use the
graphical or numerical summaries of the width of prediction interval Gneiting et al. (2007),
or the sharpness diagram (Bremnes, 2004). Throughout the development of probabilistic
forecasts, other measurement of quality such as resolution and bias also existed in the
literature, but is not the focus here; for further details, one can read, e.g., Murphy and
Winkler (1992). The two indices, sharpness and calibration, may be measured separately,
but more commonly, we may estimate them jointly via overall performance measures. One

such measures is a scoring rule which can access two metrics simultaneously.

The scoring rule measures the overall performance of probabilistic forecasts. It assigns a
numerical value based on the realized value of the outcome and the predictive probabilistic
distribution. Let F be a generic convex class of probability distribution on R. A scoring
rule is a function such that S : F x R — R, where R is the extended real line. In the
definition of the scoring rule, it is difficult to compare two distinct forecasting methods,
or to find the “optimal” strategy. To address these issues, we introduce a proper scoring
rule (Murphy, 1972; Gneiting et al., 2007). The proper scoring L : F x R — R is proper
relative to the class F if

L(G,G) < L(F,G),

for all F,G € F. It is strictly proper if the equality only holds when F' = G. We should be
cautious at using improper scoring rules as they may lead to false conclusions about the
predictive quality (Gneiting et al., 2007; Hilden and Gerds, 2014; Gneiting, 2011). Some
common proper scoring rules can be found in Gneiting et al. (2007), in which a few examples
are continuously ranked probability score (Matheson and Winkler, 1976; Hersbach, 2000),
Brier score (Brier, 1950), and logarithmic score (Good, 1952; Bernardo, 1979).

1.7 Copula

Given the exponential growth of data volume and the increasing complexity of its features,

there is a growing demand within the academic community to devise a flexible modelling
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framework capable of accommodating such diverse datasets. This issue has garnered signif-
icant attention in recent years. One of the approaches is to use copula modelling. Copulas
provide a versatile and potent approach when it comes to modelling a complex depen-
dence strcture in multivariate data. Copula is a Latin word that means link or tie. It is
widely used in the multivariate statistics literature as it provides a flexible approach on
the multivariate distribution class. Often there exists dependence between the variables
themselves, for instance, measurements of moisture and temperature, may have some de-
pendence. Perhaps the most important characteristic/advantage of copulas is that it allows
one to separate univariate marginal distribution functions from the dependence structure
of a joint distribution of all of the variables together. To fix ideas, we first state a few
notations. Let x4 = (21, ... ,:cd)T be a d-dimensional vector, f; and F; be a marginal
probability density function and distribution function for each i = 1,...,n, and F' be the
joint distribution function. A d-dimensional copula is represented as C : [0,1] — [0, 1].
Particular, if C' is an absolutely continuous copula distribution function, then the corre-
sponding copula density can be obtained by taking a partial derivative of each components
as o

c(ug, ... ug) = —————C(ug, ..., uq).

8u1 s -E)ud

In this thesis, we assume that the random variables are all absolutely continuous. The
relationship between the multivariate distribution and the copula was first established by
Sklar (1959). Following the copula definition stated in Nelsen (1999), Sklar’s fundamental

representation theorem is as follows:

Theorem 1.7.1 (Sklar’s theorem in d-dimensions) Let F' be an d-dimensional dis-

tribution function with margins Fi, ..., Fy. Then there exists a d-copula (d-dimensional
copula) C' such that for all x € R?,

Fo(xy,...,2q) = C (Fi(x1),..., Fy(xq)) . (1.16)

If all F;’s are continuous, then C is unique. Otherwise, C' is uniquely determined on the
Range Ran I} x---xRan F,;. Conversely, if C' is a d-copula, and Fi, ..., F, are distribution
functions, then the function F(+), defined by (1.16), is a d-dimensional distribution function
with margins Fy, ..., F,.
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From Sklar’s theorem 1.7.1, the relationship between the density function and the copula

density c(-) may be defined as follows:

fay,. .. xq) = C(Fl(azl),...,Fd(xd))Hfj(g;j).

Given that copulas involve assessing the joint dependence while also accounting for the
univariate marginal distributions, it becomes crucial to select an appropriate dependence
measure. Although the Pearson correlation coefficient Cov(X,Y)/(0x0oy), denoted as
Corr peqr (X, Y), is commonly employed, its value can change depending on monotone trans-
formations of the marginal distributions, making it less suitable for use in copula. On the
other hand, two widely used measures, namely Kendall’s tau and Spearman’s rho, are
invariant under such transformations, thus making them particularly appropriate for the

copula.

Spearman’s rho is a nonparametric correlation measure that is similar to the Pearson
correlation but acting on the ordered samples. Denote R, ; and R, ; as ranked value from
smallest to largest of z’s and y’s, respectively. Spearman (1904) defined a rank correlation

coefficient as
6 N
. -1-—— D?
PR(x),R(y) N(N2 _ 1) Z jo
7j=1
where D; = R, ; — R, ;, for j = 1,..., N assuming that there are no ties in both z’s and
y’s.

Kendall’s tau is another popular nonparametric correlation statistics based on the sign

statistics instead of the rank which is used in Spearman’s rho. It is defined as

N
2
T = m ngl’l (x@ - .Tj) Sgn (yl - yj) )
1<)
where sgn (+) is the sign function. There is an extensive amount of work in the copula
literature that used those two correlation measure to examine the correlation between the
variables. Since copula is a flexible framework, it also is capable of modelling the heavy tail

and asymmetric distributions such as the skew-normal, skew-t, Pareto, three parameters
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generalized extreme value, and so on. There are many different kinds of copula functions,
depending on the definition of the univariate variables. Some instances include Gaussian
copula, Clayton copula and survival copula. Since this topic is rather broad, we refer
interested readers to consult the references: For review papers of copula, see Genest and
Favre (2007) and Czado and Nagler (2022); and the monograph of Nelsen (1999), Joe
(1997) and Joe (2014) provide in-depth theoretical treatments. In particular, we extend

one particular kind of the copula class, factor copula, to FD in Chapter 4.

1.7.1 Factor copula

Factor copulas are a class of copulas that extends Gaussian factor models, allowing for
modelling dependence beyond the Gaussian framework. They offer significant advantages,
particularly in terms of ease of interpretability, as the factor model provides a clear un-
derstanding of the relationships. Factor copulas incorporate copulas of latent variables,
sometimes referred to as factors, with an additive structure. They have gained popularity
in modelling dependent data structures, including those in the temporal domain (Hull and
White, 2004; Oh and Patton, 2017) and the spatial domain (Krupskii and Genton, 2017;
Krupskii et al., 2018). Krupskii and Joe (2013) introduced a vine copula construction that

employs bivariate linking functions. The p-factor copula model is defined as follows:

d
C(“’) = /[ | H Cj\Vh...,Vp (u]‘ | Viyew ,Up) dvl e dvp, Uu < [0, 1]d,
0,1]?

j=1
where Uy, ..., U, are assumed to be conditionally independent given p-dimensional latent
variables Vi,...,V,, which, without loss of generality, are assumed to be i.i.d. uniform

with support from 0 to 1. The conditional cumulative distribution function (CDF) of
U; given Vi’s is denoted as Fjy,, ..y, = Cjjv;,..v,. For theoretical properties and detailed

descriptions, see Section 3.10 in Joe (2014) and the references therein.

Although this approach reduces the number of dependence parameters to a low-dimensional
representation (O(d) instead of O(d?)), the selection and interpretation of the linking

functions can be challenging. In contrast, the interpretability offered by the former class
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provides a full explanation of the dependence structure between variables, which is advan-
tageous in applications where interpretability is a primary focus. In addition, for a good
reference on the details of the copula, see the book by Joe (2014). In Chapter 4, we follow
the formulation in Krupskii and Genton (2017) of which they extend replicated spatial
data in Krupskii et al. (2018) to a spatial-temporal process. Our goal in Chapter 4 is to
extend this formulation to the SFD. In Krupskii et al. (2018), they proposed a model with

only spatial dependence as follows:
X(s)=Y(s)+Vy, seRY (1.17)

where Y is a Gaussian process and Vj is a common factor that is independent on Y'(-)
or location s. Krupskii and Genton (2017) further extend this model to incorporate the
temporal dependence while still considering the spatial dependence, and the model is as
follows:

X(s;t) =Y(s;t) + B(s;t)Epy, s€RY teR,. (1.18)

Hofert et al. (2018) provide a comprehensive book along with their associated pack-
age, copula, which offers extensive examples of various copula types, including elliptical,
Archimedean, and extreme-value copulas, among others. In the book and the accompa-
nying manual, Hofert et al. (2023) provide numerous graphical and coding examples. The
first version of the copula package was developed by Jun Yan in 2005, who later wrote
a paper explaining some early concepts of the package and introducing basic examples.
Yan (2007), also includes a discussion and comparison of other related packages for copula
problems. Moreover, Joe (2014) provides an associated R code with a monograph, imple-
mented in Fortran90 or C, to efficiently compute copulas. Additional references for some of
the functions used in this software can be found in Krupskii (2014). It is also possible to
compute copulas using other software platforms, such as MATLAB (Goérecki et al., 2020)
and in Python (e.g., the copulas package).

1.8 Outline of the Thesis

In this thesis, we focus on the problems centred around FDA. In Chapter 2, we develop a

new statistical test and graphical representations for measuring the quality of continuously
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updated probabilistic forecasts. This work has been published in Yeh et al. (2022).. In
Chapter 3, we introduce novel ways to quantify the correlation between curves, which we
term functional spherical autocorrelation. It can be seen as the functional counterpart of
the autocorrelation function in the time series data framework. This method is helpful
in identifying a suitable model, diagnosing the existing correlation, and understanding
the underlying dependence structure. This work has been published in Yeh et al. (2023).
In Chapter 4, we extend the factor copula model to FDA. This new modelling approach
provides notable advantages over existing methods, as it accommodates tail dependence
and addresses the issue of tail asymmetry. Lastly, in Chapter 5, we wrap up the thesis
with summary and discussions of preceding chapters. We also outline potential avenues

for future research and provide concluding remarks.

1.9 Contributions

The contribution of this thesis extends beyond the classical FDA, which mainly studies
independent random functions. It falls within streams of study that record multiple func-
tional observations according to either time series and/or spatial designs. The analysis
required for these FD must account for complex dependencies between functional obser-
vations and calls for more advanced methods to analyze the data. This thesis introduces
new methods and models that bridge this gap. Specifically, the summary of the main

contributions in this thesis is as follows.

1. We develop a significance test on examining the predictive power of competing con-

tinuously updated probabilistic forecasts.

2. We develop identification tools to quantify the correlation in functional time series
objects. Our method is able to capture the “direction” of dependency, which previous

methods were not able to achieve.

3. Our version of the autocorrelation function for FTS which we termed “functional
spherical correlation function,” is more robust against outliers compared to the ex-

isting method.
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4. We develop a portmanteau test to examine the significance of the group autocorre-

lation at multiple time lags.

5. We develop a model to handle SFD, which is more flexible at handling the case when

there are some fat tails, or asymmetric tails.

6. We provide full implementations of the proposed methods in user-friendly computa-

tional packages in the R programming platform.
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Chapter 2

Evaluating Real-time Probabilistic
Forecasts with Application to
National Basketball Association

Outcome Prediction

2.1 Introduction

Probabilistic predictions and forecasts are ubiquitous in modern society, and many individ-
uals consider, and make decisions based on, such forecasts on a routine basis. For example,
in the United States probability of precipitation forecasts became widely publicly available
starting in the late 1960’s, and are now a critical factor in countless people’s daily decisions
(Murphy, 1998; Council, 2006). Over time the number and scope of probabilistic forecasts
readily accessible to the public has increased at a steady pace, and now covers prediction
of phenomena ranging from sports (Silver et al., 2019), to politics (Erikson and Wlezien,
2012), to medicine (Spiegelhalter, 1986), to geology (Gomberg, 2015), among many others,

some more exotic (Rowe and Beard, 2018), areas.

Many such forecasts are made initially well before the event in question occurs, and are
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then continuously updated as new information becomes available. The example that we
focus on throughout this chapter is a basketball game outcome prediction in the National
Basketball Association (NBA). Websites like espn. com, the main web page of the United
States-based multinational sports network, ESPN, publish and update, in real time, prob-
abilistic forecasts of the home team winning for each NBA game played. Although the
method by which ESPN produces these forecasts is largely proprietary, ostensibly initial
probability forecasts of the home team winning are constructed based on information that
is available before the game starts, e.g. the usual home court advantage in the NBA, rela-
tive team strength, player injuries, etc., and then after the game commences and progresses
these forecasts are updated with new information such as the score, game time remaining,
ball possession, fouls, in-game player injuries, etc. The resulting probabilistic forecasts and
their fluctuations may be viewed as a curve that is a function of the in-game time; see Fig-
ure 2.1 for an example. Such curves arise in any similar continuously updated probabilistic
forecasting task, and are evidently not unique to the basketball game outcome prediction;
see e.g. Silver (2020).

Natural questions to ask when faced with any probabilistic forecast, including those that
are continuously updated, are “are these forecasts accurate?” and “could these forecasts
be improved upon?”. Following the seminal work of Murphy and Winkler (1987, 1992)
on evaluating the quality of probabilistic forecasts in meteorology, evaluating a method
for producing probabilistic forecasts is often broken into the tasks of measuring its cali-
bration and skill. A model is deemed well-calibrated if its forecasts are compatible with
the observed outcomes. In other words, a model that predicts an outcome with a given
probability is well-calibrated if the relative frequency that the outcome occurs matches the
probability forecast in the long run. A model is deemed to have higher skill than a compet-
ing model if its predictions are “sharper” or “more concentrated” than its competitor. For
example, a model that forecasts the probability of a rainy day in New York City on a given
day with the long run background rate of rainy days (which happens to be about 33.1%
for New York City), will in the long run be well-calibrated, but has less skill than a model,
perhaps based on more complete weather data, that correctly predicts rainy days with
probabilistic forecasts of zero and one. Excellent reviews and more in-depth discussions of
these concepts can be found in Gneiting et al. (2007) and Gneiting and Katzfuss (2014).
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Figure 2.1: Real-time probabilistic forecasts as a function of the in-game time published
on espn.com/nba (ESPN, 2020) from a November 8, 2018 game in which the Los Angeles
Lakers hosted the Minnesota Timberwolves. The black points are the points at which
ESPN updated the home team winning probability forecasts due to events occurring in
the game, and the red line is a piece-wise constant interpolation between these forecasts

to produce a real-time probabilistic forecast curve (function).

The goal of this chapter is to develop simple, easily interpretable, tools for evaluating the
calibration and skill of methods to produce continuously updated probabilistic forecasts,
and to apply these methods to evaluate the probabilistic forecasts pertaining to the NBA
basketball game outcome prediction published on ESPN. In terms of evaluating model
calibration of probabilistic forecasts, standard tools are reliability diagrams and calibration
plots, in which outcome frequencies are plotted against binned forecast probabilities; see
Gneiting et al. (2007). Below we show how such curves can be extended in the continuously

updated case to calibration surfaces, and how such surfaces can be summarized to show at
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a glance whether a given method is well-calibrated. In order to evaluate the relative skill of
one continuously updated forecasting model against another, we employ the method of Lai
et al. (2011) to construct confidence intervals for the average loss difference measured by
the Brier score (Brier, 1950) between the two models at given time points throughout the
updating process. Estimating these intervals pointwise can be used to construct a simple
graphical summary of the relative skill of one model versus another. In order to measure
the cumulative statistical significance of differences observed in such a plot, we develop a
new significance test for the skill differences aggregated across time based on a novel large

sample result for estimating continuous loss difference curves.

For the purpose of demonstrating these methods and evaluating ESPN’s forecasts, we
introduce a number of “competing” continuously updated forecasting methods for basket-
ball outcome prediction. Some are designed to be “straw men” for the purpose of demon-
stration, whereas others are based on logistic or probit generalized linear models making
use of in-game information such as the score difference. We show that using the proposed
methods that ESPN’s model is generally well-calibrated, and exhibits significantly better
skill than some naive models, although it does not demonstrate superiority over relatively
simple logistic regression models based on the score difference and relative team strength

alone.

The rest of the chapter is organized as follows. Section 2.2 introduces the details
of the ESPN forecasting data that we consider, as well as some competing forecasting
methods that we develop and use for the purpose of comparison. Section 2.3 discusses the
construction of calibration surfaces for such forecasts, as well as simple graphical summaries
of these surfaces. Section 2.4 explains the proposed methods to evaluate the relative skill
of two sets of real-time probabilistic forecasts. A Monte Carlo simulation study of these
methods is given in the Appendix 2.5. A detailed comparison of the ESPN forecasts as
well as those of the proposed models is given in Section 2.6. Technical details are provided
in the Appendix A.1.
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2.2 Motivating Data and Competing Models

The specific data that we consider are play-by-play records and real-time probabilistic
forecasts of NBA regular season games downloaded from espn.com/nba (ESPN, 2020).
The NBA is a major professional basketball league, which is often referred to as one of
the “Big Four” professional sports leagues in North America. Since 2004, except for the
lockout season in 2011 and the COVID-19-influenced seasons in 2020 and 2021, the NBA
is comprised of 30 teams, with each team playing a schedule of 82 games in the regular

seaso1.

Starting in the 2017-18 NBA season, ESPN Analytics began providing real-time in-
game probabilistic forecasts of the home team winning for each NBA game played; an
example of the forecasts from one game is shown in Figure 2.1. The data available from
ESPN are quite rich, including real-time information about details such as substitutions,
fouls, and ball possession. We consider here only a subset of these data that includes the
real-time probabilistic forecasts provided by ESPN, as well as the evolution of the score
throughout the game, for the 2017-18 and 2018-19 seasons. These data are updated each
time there is an “event” in the game, which includes primarily score changes, fouls, and

changes of possession. A typical game features between 460 to 480 events.

We excluded a small portion of these data from our analysis due to two issues. Quite
often, multiple events will occur at the same instant in a game. One of the main examples
that contributes to this is multiple players substituting at the same time. Although these
events are all logged at the same time point, they occur in the dataset in an ordered se-
quence. The forecasted probabilities published by ESPN during such an event are typically
contingent on this order. Therefore, we simply average the forecasts together in such a
scenario to produce a probabilistic forecast at that instant. We also tried a number of
other ways to handle this situation, such as using the first or last probabilistic forecast

among the events recorded, and the difference in the results was negligible.

The second issue is due to games that go to overtime. If two teams’ scores are tied at
the end of the 48-minute regulation game time, the teams will play an extra five-minute
overtime period. For such games we remove the overtime period from the analysis, and

only consider probabilistic forecasts up to the end of the game so that they are comparable
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Table 2.1: Summary of the data obtained from ESPN (ESPN, 2020) from the 2017-18
and 2018-19 NBA regular seasons. Raw counts represent the total number of games that
ESPN provides probability forecasts for. Selected refers to those games that do not contain
errors or missing values. Processed represents the data after averaging out multiple events

recorded at the same game time.

Season Mode Games Events Max. events Min. events Avg. # of events
Raw 1158 530032 606 234 457.7133
17-18  Selected 1137 517983 572 240 455.5699
Processed 1137 354749 375 173 312.0343
Raw 1229 583443 700 124 474.7299
18-19  Selected 1213 572546 598 366 472.0082
Processed 1213 396991 385 241 327.2803

to those that arise from games that did not go to overtime. Overtime games represent
slightly less than 10% of the total games. Additionally, a small number of data points were

discarded due to evident defects or excessive missing values.

The remaining data that we analyze are summarized in Table 2.1, and in each season
there are more than 1100 games with a total of over 350,000 play-by-play records available.
Below we use the data from the 2017-18 season as training data for our own models, and

then we produce and evaluate forecasts for the 2018-19 season.

Letting N denote the total number of games with forecasts that we wish to evaluate,
so N = 1213 when we consider the 2018-19 forecasts, the data may then be denoted as
pESPN(1), 1 < i < N, t € [0, 1] representing the probabilistic forecasts of the home team
winning in the i'th game at intra-game time ¢t. We assume that the game time parameter ¢
is normalized to be between zero and one so that it represents the proportion of the game
completed. Although these forecasts are only available when events occur, due to the fact
that events are very dense throughout the game, we complete these forecasts as a piece-
wise constant function set to the last probability forecast in-between events to produce full
probability forecast curves over [0, 1], which also makes them more comparable from one

game to the next. The high frequency of the events also helps minimize bias from piecewise
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constant interpolation. This is illustrated in Figure 2.1. We also consider the data H;(t)
and A;(t), 1 <i < N, t € |0,1], denoting the home team score and away team score in the
i'th game, respectively, at proportion t of the game. In our analysis below we frequently
make use of the score difference ScD;(t) = H;(t) — Ai(t), 1 <i < N, t € [0,1].

The goal of the methods that we develop below is to evaluate the quality of the forecasts
pESPN(1), 1 <i < N, t € [0,1]. To do this we also develop a number of benchmark models

that are used for the purpose of comparison.

2.2.1 Benchmark models for predicting NBA game outcomes

We use the following notations below. We let Y; denote the indicator random variable
that the home team wins in the i-th game, so that Y; = 1 if the home team wins the i-th
game, and Y; = 0 if the home team loses the i-th game. We are interested in forecasting
or estimating the probability p;(t) that the home team wins, given the information up to

time t in the game, so that

pi(t) = P(Y; = 1| all information up to time ¢ in game 7).

A more formal definition of p;(t) is given in Appendix A. pFSFN(¢) is in principle an

estimate (forecast) of p;(t). In order to evaluate the quality of these forecasts, we consider
a number of competing benchmark models, progressing from naive to more realistic ones.
The benchmark models that we consider are for the most part generalized linear models
(GLMs) for binary response data, which are often termed logistic regression models. Using
g(+) to denote the GLM link function, which we take to be the logit link, see e.g. Chapter
4 of McCullagh and Nelder (1989), each of our models is of the form

d

g(pi(t)) = Bo(t) + Y B;(t)X;(1),

j=1

where the terms X(¢) denote covariates that are used to predict p;(¢). All GLMs were
fit pointwise over a discrete grid of 721 equally spaced time points ¢, which corresponds

to a 4 second in-game resolution, using the R programming language, specifically the glm

40



function in the stats package, version 4.0.2. For each model we used the 2017-18 season
data as training data, and then produced rolling forecasts on the 2018-19 season data to

compare to the ESPN forecasts.

The most complicated covariates that we consider to build these benchmark models are
the score difference ScD;(t), and some measure of the relative strength of the teams, which
we term RS;. We also consider the “leading status” covariate, which encodes whether or
not the home team is winning at intra-game time t. We define this as the covariate LS;(t),
which takes the value 1 if SeD;(t) > 0, —1 if SeD;(t) < 0, and 0 if SeD;(t) = 0.

In terms of defining R.S;, there is a number of ways of evaluating the relative strength of
teams, including using the Elo rating system (Elo, 1978), which has been extensively used
to rate the strength of basketball teams (see Silver 2014; Silver and Fischer-Baum 2015;
Silver et al. 2019) and determine odds in betting markets. We instead use as a proxy of

the relative team RS; = pF5FN(0)

, the pre-game probability of the home team winning as
forecast by ESPN. We considered a number of alternate metrics to define R.S;, and found
that generally the results and conclusions of the analyses did not change materially, and

so we use this quantity to avoid the need to introduce new metrics.

Descriptions of the basic benchmark models that we considered to forecast p;(t) are
collected in Table 2.2, and are listed in order from naive to more realistic ones. We note
that the GLMs with intercept terms are able to implicitly model the home team advantage,
which refers to the phenomenon that in the NBA the home team tends to win a higher
percentage of games than the away team, and so a model based on the score difference but
without an intercept term, like ScDnolnt in Table 2.2, could be expected to be poorly
calibrated, at least at the beginning of the game. As mentioned, each GLM model is fit
pointwise over the game-time parameter ¢t. This allows that, for example, the effect, as
determined by the models, of relative team strength, home team advantage, and score
difference can evolve throughout the game. Diagnostic plots of the pseudo R? (McFadden,
1973) and relative variable importance over the course of the game of the variables in
our “least naive” model, which uses both the score difference and relative team strength
and is termed PgRSScD, are displayed in Figure 2.2. It is clear from this figure that
the models’ predictions improve as the game progresses, evidently since ultimately the

score difference covariate determines the winner, and also that the relative importance
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of the score difference versus team strength changes inversely as the game progresses;

relative team strength is the most important predictor early in the game, but becomes less

important later in the game as the score difference becomes more informative.

Table 2.2: Descriptions of benchmark models used to forecast p;(t), listed from more naive,

to more realistic models.

Model Covariates  Description

CF None A constant forecast for all intra-game times of 1/2; i.e.
pi(t) = 0.5 for all t € [0,1]. Abbreviation is for Coin Flip.

HomeWP None A constant forecast for all intra-game times set to the ob-
served home team win rate in the prior 10 NBA regular
season, spanning 2008-17. This amounts to forecasting
pi(t) = 0.593 for all ¢ € [0,1].

PgRS RS; GLM for the home team win probability in terms of Pregame
Relative team Strength, as measured by pZ57V(0).

LS LS;(t) GLM for the home team win probability in terms of the
Leading Status for the home team.

ScDnolnt ScD;(t) GLM for the home team win probability in terms of the Score
Difference between the home and away teams. No Intercept
term is included in the model.

ScD ScD;(t) GLM for the home team win probability in terms of the Score
Difference between the home and away teams.

PgRSLS RS;, LS;(t)  GLM for the home team win probability in terms of pregame
Relative team Strength as measured by pF5FN(0), and the
Leading Status.

PgRSScD | RS;, ScD;(t) GLM for the home team win probability in terms of pregame

Relative team Strength as measured by pZ“FN(0), and the

Score Difference.
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Figure 2.2: Left: the pseudo R? of the logistic regression model PgRSScD, which uses
the covariates pre-game relative strength and score difference, as a function of the game

time. Right: the variable importance of each covariate as it contributes to the pseudo R?.

2.3 Evaluating Calibration of Continuous Forecasts

We now turn to the task of evaluating the calibration for a given set of continuously updated
forecasts p;(t) with realized outcomes Y;, i = 1,..., N. As mentioned in the introduction,
traditionally when evaluating such forecasts one often considers what are called calibration
plots or reliability diagrams. A calibration plot is a plot of binned probabilistic forecasts
against the conditional event frequency associated with forecasts in a given bin. Since well-
calibrated forecasts should have that the event frequency matches the forecast probability,
calibration may then be measured by comparing these points against a 45-degree diagonal
reference line. Large departures from this line thus indicate poor calibration (cf. Dawid,
1986, Murphy and Winkler, 1992 and Ranjan and Gneiting, 2010). We refer the reader
to Gneiting and Katzfuss (2014) and the references therein for a more comprehensive
discussion.

One obvious method then to check for calibration of continuously updated forecasts
is to produce a calibration plot for each ¢ € [0, 1] based on the pairs (p;(¢),Y;). While
this is in essence what we propose, there are two main challenges in doing so. First

traditionally when producing calibration plots, the forecasted probabilities are binned into
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fixed bins, commonly by deciles. For example, often the event frequency corresponding to
all forecasted probabilities between [0,0.1) are compared to 0.05, similarly for [0.1,0.2) to
0.15, and so on. With continuously updated forecasts, and as with the ESPN forecasts, it
is typical that the forecasts fluctuate so that for certain time points ¢ the forecasts cluster
around some fixed values, and are hence far from being uniformly distributed in such fixed
bins. In the case of the ESPN forecasts, near the end of game the majority of forecasts are
clustered around 0 and 1. Fixed bins will often have the problem that the forecasts within
them are not uniformly distributed within the bin. Second having constructed calibration
plots for each ¢, one must examine a large number of such plots to pinpoint whether a
method appears to be well-calibrated, or to diagnose whether there is a subset of times
t at which the method is more or less calibrated than others. A simple summary of the

many calibration plots produced would therefore be useful.

In order to address the first point, we propose to use adaptive bins in construct-
ing the calibration plots. Specifically, for each ¢, suppose that we wish to construct M
bins for the forecasts p;(¢). By calculating the ranked forecasts pg(t), i = 1,..., N,
we may group them into M bins so that pg)(t) is in bin j if (([N/M](j—1)+1) <
i < |[N/M]j. We denote the collection of p;(t)’s in the j'th bin as Bin;. In sim-
pler terms, the forecasts at a given time ¢ are grouped into M bins based on their
rank. As a reference point or summary of the forecasts in the j'th bin, we use p;(t) =
Median (p()(t), ([N/M](j —1)+1) <i< |[N/M]j). A calibration plot at time ¢ is con-
structed then by comparing p;(t) to Y;(t) = Average(Y;, such that p;(t) € Bin;). Letting
n; denote the number of forecasts in Bin;, a 95% confidence interval for the mean of the
events in Bin; is constructed as

nYilt) + k22 | mnj”

n; + k2 nj + k2

1/2

(Y3 (£)(1 = Y;(8)) + £7/(4ny)) ™,

where k = 2,20, and zg denotes a 3 quantile of the standard normal distribution. Here

we have applied a Bonferroni correction to the significance level according to the number of
bins used M. « is typically taken to be 5% so that 95% confidence intervals are computed.
This interval is often referred to as Wilson interval; see Brown et al. (2001) and Wilson
(1927). We have noticed significant improvements by using the Wilson interval in this

setting due to event frequencies that approach zero and one near the end of the game,
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and so we use these intervals in calibration plot construction below. Additionally, so that
no bins contain predominately zero or one probability forecasts, we discard all forecasts
to produce a calibration plot at a given ¢, and corresponding events, if p;(t) < 0.005 or
pi(t) > 0.995, and we analyze those forecasts for calibration separately; those results are

summarized in Table 2.3.

Table 2.3: The number of games in which a probability forecast exceeded 0.995 or was
less than 0.005 at some point for each of the ESPN, PgRSScD with a logit link, and the
ScDnolnt with logit link forecasts, as well as the number and proportion among these

games in which the home team won.

ESPN PgRSScD ScDnolnt
pi(t) for some ¢ > 0.995 < 0.005 >0.995 < 0.005 >0.995 < 0.005
Total Games 555 343 591 358 589 374
Home team wins 553 1 588 0 587 0
Proportion 0.9964  0.0029  0.9949  0.0000  0.9966  0.0000

A calibration plot may then be made by plotting the bin references p;(t) against the
above confidence intervals, and comparing these intervals to the reference line y = x. The
method is deemed well-calibrated at a given significance level if the reference line generally
goes through each interval. An example of this is shown based on the ESPN forecasts for
t = 0.5 using M = 10 bins in the left hand panel of Figure 2.3a at the 95% confidence
level. By linearly interpolating the upper bounds of these intervals across both the reference
proportions p;(t) as well as ¢, we may construct an “upper calibration surface”, Uy_,(t, p).
The upper 95% calibration surface Uy o5(t, p) is displayed in the right hand panel of Figure
2.3b for the ESPN forecasts from the 2018-19 season. A lower surface L;_,(t,p) may be
similarly constructed by linearly interpolating the lower bounds. A continuously updated
forecasting method may then be deemed well-calibrated at a given significance level if the

reference plane f(t,p) = p, for t,p € [0, 1], is contained between both surfaces.

Before proceeding, we note that an interesting alternative that we implemented, with
results presented in Appendix A.2, is to choose the bins, both their locations and number,

adaptively based on an isotonic regression as discussed in Dimitriadis et al. (2021). In our
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application to the ESPN forecasts this leads to similar results, and so we omit them here.

(a) (b)

Observed Frequency

0 . . . .
0.00 0.25 0.50 075  1.00
Forecasted Probability

Figure 2.3: Left: a calibration plot of the ESPN forecasts at time point ¢ = 0.5. Right:
an upper calibration surface along with reference plane f(¢,p) = p for the continuously
updated ESPN forecasts obtained by interpolating the upper bounds of each confidence

interval of the calibration plots across t € [0, 1].

Although such surface plots are informative, it can be challenging to infer quickly based
on these plots whether a given method appears to be well-calibrated. In order to produce a
more easily interpretable summary of such calibration surface plots, we instead consider a
plot for each ¢ of the minimum distance over p between the reference plane f(t,p) = p, and
the upper and lower calibration surfaces. Specifically, we consider plots of the functions
UTa(t) = mini<jonr Ur—a(t, §;(t)) — p;(t) and LT5(t) = maxicj<nr Lia(t,55(t)) — §;(t)
against ¢t. If the upper and lower confidence surfaces contain the reference plane f(¢,p) = p,
then U™ (t) should always lie above zero, and L**(t) should always lie below zero. Points
with respect to ¢ at which this does not hold can be used to identify times for which a given
method does not appear to be well-calibrated. We note here that in this case, due to the
high degree of fluctuations in continuously updated probabilistic forecasts for basketball
prediction, we have found it also useful to aid in the interpretation of these plots to smooth

them with respect to ¢ using a simple moving average smoother over 5% of the game times.
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These summary plots calculated based on the ESPN forecasts as well as from the
benchmark models HomeWP, ScDnolnt, and PgRSScD are shown in Figure 2.4; see
Table 2.2 for a description of these models. From these we see that the naive model
HomeWP, which predicts that the home team will win each game at all times ¢ with the
prior 10-year historic win rate of home teams in the NBA, is well-calibrated, as expected.
Similar plots (not shown) for the method CF, which simply predicts that the home team
will win with probability 50%, show that this method is not well-calibrated. Considering
this plot for the method ScDnolInt (Panel (b) in Figure 2.4), we see that the forecasts are
poorly calibrated at the beginning of the game, but calibration improves towards the end
of the game. This is expected since the corresponding logit model is taken to be free of
an intercept term, and so the model is unable to capture the home team advantage which
should force the forecast probabilities to favour the home team at the beginning of the
game. Both the ESPN forecasts and those from the model PgRSScD, which incorporates
team strength as well as the score difference, demonstrated generally good calibration for

all game times.

A summary of the outcomes corresponding to games in which a probability forecast at
some intra-game time exceeded 0.995 or was less than 0.005 is given in Table 2.3 for the
ESPN forecasts as well as for the forecasts based on the models PgRSScD and ScDnolnt.
The empirical home team win rate closely matched these thresholds in each case suggesting
that the forecasts for each of these methods are reasonably well-calibrated at these extremal

probability forecast levels.

2.4 Evaluating Skill of Continuously Updated Fore-

casts

In this section we consider methods to produce pointwise confidence intervals for the dif-
ference in skill, measured by the Brier score, between two competing methods as a function
of the intra-game parameter ¢, which can be used to identify intra-game times where one
method appears to perform significantly better than a benchmark. We also introduce a

method to evaluate the statistical significance of differences in skill aggregated across all
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Figure 2.4: Plots of Uyus(t) and LT'$2(t) against ¢ based on M = 10 bins: Methods (a)
historic home team win probability (HomeWP); (b) GLM using Score difference without
intercept (ScDnolnt); (c) ESPN forecasts; (d) GLM using Pre-game relative strength
and Score difference (PgRSScD).

intra-game times.
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2.4.1 Pointwise confidence intervals measuring the skill differ-

ence between competing methods

As described in the introduction, the skill of a probabilistic forecasting method generally
refers to its acuity relative to a competing or benchmark method. Formally this can be
measured by defining a loss function, or a scoring rule, used to measure the accuracy of
a given probabilistic forecast based on the realized events. Perhaps the most frequently
used loss function is L(a,b) = (a — b)* and defines the Brier score (Brier, 1950). We use
this loss function below, but the following results generalize to any loss function that has
a linear equivalent, which means that (1) L'(z,b) is linear in x, and (2) L'(z,b) — L(z,a)
does not depend on . This includes a Kullback-Leibler Divergence (Kullback and Leibler,
1951), and a Good’s log-score, among others; see Bickel (2007) and Lai et al. (2011).

Following the work of Lai et al. (2011), ideally any method to forecast p;(t) would satisfy
the condiitons that L(p;(t),p;(t)) is small, and further when averaged over all forecasts

would minimize

N

Ly(t) =+ Z L (pi(t), pi(t)) - (2.1)

Since the underlying true probabilities p;(¢) are unobservable, a sensible estimate of
Ly (t) is obtained by replacing these probabilities with their point estimates based on the

realizations Y; to produce

En(t) = 5 32 LY i(0). 2:2)

The quantity L ~(t) captures the skill of the forecasting method at a given time point ¢
as described above, since a given forecasting method is ascribed generally lower losses, or
higher scores, if p;(t) is closer Y;, the latter of which takes the values 0 and 1.

Suppose that we wish to compare two methods, call them method A and method B,
respectively, for producing continuously updated probabilistic forecasts. We denote such

forecasts by p(t) and pZ(¢), and we compare them based on the corresponding realized
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events Y;, 1 <14 < N. This can be done by comparing their average losses defined in (2.2).

Specifically, we consider a function of ¢

But) = 37 [L0G5(0) - LGP 1) (23)

i=1
which can be viewed as an estimate of the true loss difference

=%Z (1)) = Lpn(t). 5(1))] (24

Larger than zero values of A ~(t) favour method B at the given t, whereas negative
values show favour for method A. In order to measure the statistical significance of any
deviations of Ay(t) from zero, we may view Ay(t) as an estimator for Ay(t). By con-
structing suitable confidence intervals for Ay (t) based on Ay(t), we may evaluate whether
observed deviations suggest the superiority of one model over another, and further con-
struct simple graphical summaries that illustrate the skill of one model compared to another

as a function of £. To construct such confidence intervals, we first define the variance of

An(t) as
252 pi(t)(1 = pi(t)), (2.5)

where 0;(t) = [L(1,p(t)) — L(0,p(t))] — [L(1,pE(¢t)) — L(0,p(t))]. The following result
is proven in Lai et al. (2011) and stated for each ¢ € [0, 1].

Theorem 2, Lai et al. (2011): Suppose that for each ¢t € [0,1] that s%(t) converges
in probability to a positive constant as N — oo, and that each of the variables A;(t) =

L(Y;, () — L(pi(t),p(t)) and B;(t) = L(Y;, pE(t)) — L(pi(t), p2(t)) forms martingale
difference sequences. Then, for each t,
An(t) — An(t)
sn(t)

B N(0,1),

where 2 denotes convergence in distribution, and A(0,1) denotes a standard normal

random variable.
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We note that the above result is similar to the main asymptotic result underpinning
tests for equivalent predictive accuracy discussed in Diebold and Mariano (2002), see also
Gueiting and Katzfuss (2014). The two main conditions of the above theorem are that (1)
s3:(t), the variance of Ay(t), should for large N behave like a positive constant, and (2)
that the forecast loss differences should behave like martingale difference sequences. The
first condition can be thought of as a non-degeneracy condition — this result only holds if
the forecasts of the two methods to be compared do not coincide entirely. It is not valid for
two methods that produce equivalent, or almost equivalent, forecasts. This is, in general, a
reasonable assumption if the forecasts being compared are from entirely different models,
or if one or both sets of forecasts to be compared come from unknown models, as with
the ESPN forecast data, since it is unlikely in this case that they will produce forecasts
that coincide. This assumption is in question when comparing forecasts of nested models,
e.g. comparing two GLM models whose only difference is that a covariate is included or
excluded. A more in-depth discussion of comparing forecasts from nested models, and the
problems that arise from it, may be found in Clark and McCracken (2015). Regarding the
second condition, this is almost always satisfied when using a loss function with a linear
equivalent and constructing genuine forecasting methods that must be based on available
(past) information, rather than information from the unknown future, as discussed on page
2361 of Lai et al. (2011) (see also page 356 of Seillier-Moiseiwitsch and Dawid, 1993).

The above results suggest constructing a 100(1 — a)% confidence interval for Ay (t) as

An(t) = zla/fN—V%).

(2.6)

Note that since p;(t)(1 — p;(t)) in the definition of s3,() is unobserved, we may replace
it with the upper bound of 1/4 in both (2.5) and (2.6) to obtain a conservative confidence
interval. Plots as a function of ¢ of A ~(t) and the corresponding conservative confidence
intervals can be used to evaluate the relative skill of one model compared to another.
Points ¢ at which the associated confidence interval 1 — a confidence interval for Ay(¢) do
not contain zero indicate a significant improvement at the level a of the average loss of one
method over another. Examples of plots of this form may be found in Figure 2.7, which

we will discuss in more detail in Section 2.6. We note again that due to the high degree of
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fluctuations in continuously updated probabilistic forecasts for basketball prediction, we
have found it also useful to aid in interpretation of these plots to smooth them with respect

to ¢ using a simple moving average smoother over 5% of the game times.

2.4.2 Functional tests to measure skill aggregated across ¢

Although the above confidence intervals can be used to evaluate whether two methods
exhibit similar or significantly different skill at any given time point ¢, it is often also of
interest to evaluate whether two continuously updated models have approximately equal
predictive power when discrepancies between them are aggregated across t € [0, 1]. For ex-
ample, it might be that one method exhibits similar but somewhat better skill at each game
time that when viewed in aggregate suggests the superiority of one model over another.
Conversely, it is also possible one method exhibits apparently improved performance at a
single game time ¢y, although when viewed in aggregate across ¢t € [0, 1] this improvement

may appear rather insignificant.

To make this more precise, we formulate the null hypothesis of equal predictive power
aggregated across t € [0, 1] of two methods as

Ho: ||Ay|* =0,

where || - ||? is a standard squared L? norm of a function, so that || f||> = [, f(t)dt. The
hypothesis Hy posits then that the two methods to be compared exhibit approximately on

average (across t) equal skill. Let
Zn(t) = VNAN().

A measure of global discrepancy across time between the two forecasting methods may be
obtained by considering ||Zy/||>. In order to determine the large-sample properties of Zy
that would inform determining appropriate significance levels and estimating p-values for
tests of Hy based on || Zy]|?, we make use of the following result, which we state rigorously

and prove in the Appendix A.1.
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Theorem 2.4.1 Under Hy and conditions analogous to those of Theorem 2 of Lai et al.

(2011), see Appendiz A.1, there exists an infinite sequence of constants {\;, © > 1} that

satisfies
M >N > >0, and Y N < o0,
i=1
so that .
D
1Zx]* =D A (1),

i=1

where x?(1), i = 1,2,... are independent and identically distributed x* random variables

with one degree of freedom. Moreover, the constants {\;, i > 1} can be conservatively

estimated by the eigenvalues of the function

N
N 1 R R R R
Ccons(ta 8) = N Z[p?(t) - sz<t>][p:4(8> - sz(S)]
i=1
That is, with {5\2, i=1,...,N} defined so that M> A > > Ay >0 and satisfying the
condition that there exist functions ¢y(t), i =1,..., N, t € [0,1] with ||¢;||> = 1, such that
~ ~ l A ~
)\z¢z(t) = / Ccons(t>s>¢i(5)d87 (27)
0

then for any fixed j > 1, P(;\j > )= 1as N — oo.

This result suggests a simple way of conducting an approximate and conservative test
of the hypothesis H.
Step 1: Evaluate || Zx||*.
Step 2: Estimate C.ons, and the eigenvalues satisfying (2.7).

Step 3: Estimate the distribution of the random variable Qp = S>2 A\ix2(1) where D
is a large number (below we take D = 10 and have found this choice generally
adequate). This can be done easily with a Monte-Carlo simulation, or using a
numerical method of Imhof (1961).
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Step 4: Calculate an approximate and conservative p-value of the test of Hy as p = P(Qp >
1Zx]I?).-

This p-value combined with the confidence intervals in (2.6) allow for a detailed eval-
uation, both at particular game times ¢ and across all ¢ € [0, 1], of the relative skill of

competing continuously updated methods.

We studied this test as well as the pointwise confidence intervals introduced in the next
Section in which an extensive simulation study is performed on synthetic basketball game
data, and found that both methods performed generally as expected, and exhibited power
to differentiate models with differing skills levels.

2.5 Simulation Studies

In this section we present the setup and results of a simulation study to investigate the per-
formance of the methods proposed in the main document, and illustrate their application

in a controlled setting.

2.5.1 Basketball game simulation

We generate data that resembles the NBA game data that we have described in Sec-
tion 2.2 of the thesis. This entails generating random quantities that serve the role
of the score difference and the initial relative team strength of the teams to play. Let
{W;(t),t € [0,1]},i = 1,..., N be independent standard Brownian motions, where again
N is the total number of games. To represent relative team strength, we consider RS; ~
a x Unif(—1,1) 4+ ¢, where Unif(—1,1) denotes a uniform random variable on [—1, 1], and
a,c € R are constants that we use to calibrate the simulated data. With this defined, we
model the score difference as SeD;(t) = tRS; + W;(t), and hence define the indicator vari-
ables (analogous to the home team winning) Y; = 1 if SeD;(1) > 0, and Y; = 0 otherwise.
Namely, the score difference is modelled as a Brownian motion with drift determined by

RS;; positive RS; makes it easier for the home team to win, while negative R.S; has the
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opposite effect. The constants a and ¢ defining RS; were selected so that the home team
win probability is approximately 59% in order to match the past-10-year historical home
team win rate in the NBA. Similar and simple Brownian motion models for NBA scores
have been extensively studied; see Stern (1994), Gabel and Redner (2012), and Chen and
Fan (2018).

Under these settings, it is relatively straightforward to show that

—~

Y; = 1] all information up to time ¢ in game %)
= 1| Fy) =E [Lisenaysop | Fiil
cDi(1) > 0] Fiy)
cD;(1) — SeD;(t) + ScD;(t) > 0| Fiy)
RS; + W;(1) — [tRs; + Wi(t)] + ScD;(t) > 0 | F )
—t)RS; + [Wi(1) = Wi(t)] + SeD;(t) > 0| Fiy)
Wi(1—1t) > —[(1 —t)RS; + ScD;(t)] | Fi)
V1—tZ > —[(1 —=t)RS; + ScD;(t)] | Fi.) (Wi(1 —1t) ~N(0,1—1))
Z > —[(1 = t)RS; + SeDy(t)]/V1 —t)
— O(—[(1 = t)RS; + ScD;()]/V1 —t)

1 —t)RS; + SeD;(t
o (U888 SeD),

where ® denotes the standard normal distribution function. We call this true probability

pi(t)

I . LI
%) O)

I
TE@ZZzzEaas
/,:

function an “Oracle” model or probability below.

2.5.2 Models

We first consider the problem of constructing two “models” for this simulation experiment
that have equal forecasting power and satisfy the null hypothesis Hy of equal forecasting
accuracy. This is achieved in this setting by perturbing the Oracle probability by inde-
pendent random noise that has the same distribution in each model to be compared. We

considered two such “models” in our simulation experiments:
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The Oracle model perturbed by standard Brownian motion (OraBM):

5.6 = & (ScDi(t) Y RS,(1—1) + BMi(t)) |

1-1¢
where { BM;(t),t € [0,1]},7i=1,..., N are independent standard Brownian motions.

The Oracle model perturbed by time homogeneous Ornstein—Uhlenbeck process
(OraOU):

A SeDy(t) + RS;(1 —t) +0Ui(t))
i(t) = ¢ )
pilt) ( N
where {OU;(t),t € [0,1]},7=1,..., N are independent time-homogeneous standard Orn-

stein—Uhlenbeck processes. We may generate the OU;(t) from the standard Brownian
motion as follows: OU;(t) = exp(—t/2)BM;(e").

We use the notation OraBM1 and OraBM2 (similarly OraOU1 and OraOU?2) to
denote two probabilistic forecasts generated according to the above models with indepen-
dent noise terms. Since the noise term in both forecasts are equal in distribution, they
intuitively have equal predictive power and satisfy Hy. We compare these “models”, as
well as the GLM models introduced in Section 2.2.1. To fit these GLM models in a way
that is similar to our analysis of the ESPN forecast data, we first generate two independent
“seasons” following the description above with N games in each season, one of which we
refer to as training data, and the other we call the testing data. We fit the competing
models introduced in Section 2.2.1 on the training data with the link function g(-) taken to
be the Probit link, and then compare the model forecasts on the test data. We note that
with the Probit link the model PgRSScD is correctly specified in the sense that ® ! (p;(t))
is for each fixed ¢ a linear function of RS; and ScD;(t).

2.5.3 Results

For each setting of N = 100, 250 and 500 and model comparison considered, we simulated
data independently 1000 times and applied the test of Hy described for comparing forecast
skill in Section 2.4.2. The results in terms of empirical rejection rates of Hy are summarized

for each comparison made in Table 2.4.
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We first compare the oracle models perturbed by noise OraBM1 versus OraBM2, and
OraOU1 versus OraOU2. Figure 2.5 gives a representative example of plots of Amoo(t)
as a function of ¢, with a conservative 95% pointwise confidence interval for Ao (%), across
all ¢, and an approximate p-value of the test of H, for these comparisons. We see in this
example that the plots show clearly that the two models have approximately equal skill
at all time points ¢, and further that any discrepancies between the models across ¢ are
not significant. We observed in this case that the empirical rejection rates of Hy for this
example tended to be close to, though typically slightly below, the nominal levels of 10%,
5%, and 1%, respectively, for each sample size N used to define the size of the training
and testing sets considered, which shows that both the asymptotic result that motivates
the test of Hy seems to be reasonably accurate for the sample sizes and examples that we
considered, and that the conservative approximations made do not produce a test that is
too conservative in practice. We believe that this might be due to the fact that the way
that we have generated the synthetic game data leads to probabilities p;(t) that are close
to 1/2, in which case the conservative approximation is ineffectual. We also have tried
adjusting the parameters of the RS; variable in the simulation so that the home team
win rate would be closer to 90%, and found that this made the empirical rejection rates
somewhat lower, as expected. We also compared the oracle probability forecasts against
the models with noise added, and found that generally the test rejected Hy at a high rate

over all significance levels in this case, as expected.
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(a) OraBM1 v.s. OraBM2 (b) OraOU1 v.s. OraOU2
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Figure 2.5: Representative plots of Awoo(t) with 95% confidence intervals and approxi-
mate p-values for tests of Hy for (a) OraBM1 versus textbfOraBM2; (b) OraOU1 and
OraOU2.

In terms of comparing the proposed GLM models, similar representative plots compar-
ing the correctly specified model PgRSScD to several naive competitors are displayed in
Figure 2.6. When comparing PgRSScD to models that do not adjust their forecasts as the
game progresses, our test was always able to distinguish PgRSScD as having higher skill.
From Figure 2.6, we can see that the expected advantages of PgRSScD over the com-
petitor models are transparent in the plot. The relative skill of PgRSScD improves over
the course of the game compared to models that do not incorporate score information, and
for models that do incorporate score information the relative improvement of PgRSScD
decays as the game progresses. We do see in Table 2.4 that once the sample size reaches
500 the proposed test of Hj is generally able to distinguish between the correctly specified

and naive models with empirical power approaching one.

Overall, we found that the proposed test seems to perform well and as expected in many
controlled examples, and tends to be conservative. While the test is certainly powerful to
differentiate poorly performing models as having low skill compared to competitors, it
might struggle to differentiate competitive models without a large sample size (N > 500 in

the examples considered). This along with the graphical tools proposed allows one to easily
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identify the relative skill of two competing continuously updated probabilistic forecasting

models.

(a) PgRS v.s. PgRSScD
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Figure 2.6: Representative plots of Awoo(t) derived from simulated data with 95% confi-
dence intervals and approximate p-values for tests of Hy for (a) PgRSScD versus PgRS
(b) PgRSScD versus ScD (c) PgRSScD versus LS (d) PgRSScD versus PgRSLS.
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Table 2.4: Empirical rejection rates with nominal levels of 10%, 5% and 1% for the test
Hy : ||Ax]]* = 0 in 1000 independent simulations.

Competing Models N=100 N=250 N=500
10% 5% 1% 10% 5% 1%  10% 5% 1%
Ora v.s. OraOU 0.997 0.993 0.960 1.000 1.000 1.000 1.000 1.000 1.000
Ora v.s. OraBM 1.000 0.996 0.963 1.000 1.000 1.000 1.000 1.000 1.000

OraOU1 v.s OraOU2 0.096 0.043 0.007 0.085 0.046 0.005 0.083 0.037 0.002
OraBM1 v.s OraBM2  0.072 0.028 0.007 0.081 0.034 0.006 0.089 0.030 0.003
PgRSScD v.s. PgRS 1.000 0.998 0.972 1.000 1.000 1.000 1.000 1.000 1.000
PgRSScD v.s. ScD 0.510 0.377 0.176 0.831 0.745 0.509 0.995 0.982 0.907
PgRSScD v.s. LS 0.795 0.704 0.415 0.990 0.967 0.898 1.000 1.000 1.000
PgRSScD v.s. PgRSLS 0.820 0.648 0.253 1.000 0.999 0.958 1.000 1.000 1.000

2.6 Evaluating the Skill of ESPN Forecasts

In this section, we apply the methods described in Section 2.4.1 to evaluate the skill of
ESPN’s continuously updated probabilistic forecasts.

Figure 2.7 shows plots A1213(t) with conservative 95% confidence intervals, as well as
approximate p-values of the test of Hy for comparisons of the ESPN forecasts with the
naive models PgRS, ScD, LS, and PgRSLS. These plots suggest that, in aggregate, the
ESPN forecasts significantly outperform these models. The specific points in the game at
which the ESPN forecasts exhibit higher skill compared to these benchmarks is also clear
in the plots. For the models that use relative team strength as encoded by ESPN’s initial
home win probability as a covariate, the relative skill is similar to ESPN’s forecasts early
in the game, and similarly those that make use of the score difference improve relative to
the ESPN forecasts towards the end of the game. For example, ScDnolnt, the model
based on the score difference alone, is strongly outperformed by the ESPN forecasts early

in the game, but their forecasts have indistinguishable skill towards the end of the game.
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(a) PgRS v.s. ESPN (b) ScD v.s. ESPN
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Figure 2.7: Plots of Alglg(t) based on the 201819 season forecasts with 95% confidence
intervals and approximate P-values for tests of H for (a) ESPN versus PgRS; (b) ESPN
versus ScD; (¢) ESPN versus PgRSLS; (d) ESPN versus PgRSScD.

We also compared the ESPN forecasts to those of the somewhat less naive model
PgRSScD using a logit link. Figure 2.7 shows a plot A1213<t> based on the 2018-19
season with conservative 95% confidence intervals, as well as approximate P-values of the

test of Hy for this comparison. In absolute terms, the estimated skill as measured by the
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Brier score generally favoured the simple logit model PgRSScD, with the exception of
the last moments in the game. However, we do see from this analysis that the difference
is apparently not statistically significant at the 5% level at any game time point based
on the conservative confidence interval estimates, nor is it significant when the difference
is aggregated across time points. We found it interesting that the ESPN’s sophisticated
proprietary model, which ostensibly makes use of more nuanced information about the
game status and more sophisticated models, did not significantly outperform a simple
logistic regression model. One might draw the conclusion based on this that whatever
additional information used by ESPN’s model in producing these forecasts is not clearly
beneficial for the purpose of forecasting, except for perhaps in the final moments of the

game.

2.7 Discussion

Motivated by evaluating forecasts of NBA basketball games, we have developed graphical
tools and statistical tests for assessing the calibration and relative skill of continuously
updated probabilistic forecasts. These were studied via a simulation study of synthetic
“basketball games”, and applied to evaluating and comparing the forecasts published on
ESPN and a number of competing models. In terms of calibration, the ESPN forecasts, as
well as forecasts produced from simple logistic regression models using the in-game score
difference and/or pre-game relative strength of teams as covariates, appear reasonably well-
calibrated. In terms of skill, the ESPN forecasts exhibited significantly higher skill over
naive models, but did not demonstrate superiority over simple logistic regression models

based on the score difference and relative team strength.

We conclude with a few remarks about some ideas that we have considered but chose
not to include in this chapter, and treat them as avenues for future work. It is noteworthy
that the confidence intervals defined in (2.6) may be made narrower and less conservative
by using auxiliary information to improve the approximation of replacing p;(t)(1 — p;(t))
with the upper bound 1/4. We have considered a number of methods to achieve this,

including employing auxiliary models and covariates to estimate p;(t)(1 — p;(t)) solely in
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the variance estimation step, but found both that this changed the intervals little, and lead
to poor performance near the end of the game. For a discussion of similar methods, see
Sections 3.4 and 3.5 in Lai et al. (2011).

The basic reason why nested models often cannot be compared by means of the confi-
dence intervals introduced and the test of Hy derived using Theorem 2.4.1 is that nested
models may lead to a covariance kernel Cloons that is approximately (and asymptotically)
degenerate. It might be interesting to adapt this result, and the corresponding intervals
and test, to this case, for instance using methods similar to those described in Clark and
McCracken (2015).
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Chapter 3

Functional Spherical Autocorrelation:
a Robust Estimate of the
Autocorrelation of a Functional Time

Series

3.1 Introduction

Functional data analysis (FDA) as a field has grown considerably over the past three
decades, likely owing to increasing interest in analyzing high-dimensional data that arise
from continuously observing processes over various domains, including time, space, and
frequency. We refer the reader to Ramsay and Silverman (2005) and Horvath and Kokoszka
(2012) for textbook length treatments of FDA. In many cases of interest, functional data
(FD) are collected sequentially over time. For example, continuous observations of the
electricity price in a given region might be interpolated and fashioned into daily electricity
price curves. Such series of FD objects are referred to as functional time series (FTS), and
methods for analyzing and F'T'S have also been steadily developed in recent years; see Bosq
(2000), Hormann and Kokoszka (2010), and Chapter 8 of Kokoszka and Reimherr (2017)

for an overview of FTS analysis.
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When analyzing, or evaluating a model for, any time series, one often begins by com-
puting and plotting a measure of a sample autocorrelation of the series, along with cor-
responding confidence intervals computed assuming that the series forms a strong white
noise. This is usually done in order to evaluate the serial dependence structure of the series
or model residuals in order to inform further modelling, or serve as validation that a given

time series model appears to fit the data well.

In terms of estimating the serial dependence structure of a functional time series, avail-
able methods to date are based on measuring the magnitude of the lagged autocovariance
operator of the series. In order to fix ideas, suppose that {X;(t), i € Z, t € [0,1]} is a
sequence of stochastic processes whose sample paths are in L2[0, 1], the space of real-valued
square-integrable functions defined on the unit interval. For example, X;(¢) might denote
the electricity price in a certain region on day ¢ at time ¢, where ¢ is normalized to lie in
[0,1]. Conceptually a FTS can be thought of as an observed stretch of such a sequence of
length N, Xj,..., Xn. As defined in, for example, Panaretos and Tavakoli (2013), when
the series {X;(t), i € Z, t € [0,1]} is stationary, the autocovariance kernel at lag h of the
series is

Ci(t, s) = E[(Xo(t) — EXo(t)) (Xn(s) — EXa(s))]-

Using a standard L?-norm to measure the magnitude of C}, a fACF may be defined as the

)

mapping h — ng , where

(F) [Cll

= and 2= 2(t, s)dtds.
i = et MG = [ [ i syinas

Mestre et al. (2021) considered this definition of the fACF, and studied its use in per-
forming model selection for functional SARIMAX models. Kokoszka et al. (2017) also
considered the properties of this fACF by assuming that the underlying FTS is condition-

ally heteroscedastic.

Although this functional autocorrelation function (fACF) is useful in many situations, it
has several drawbacks. Among them are that pglF) describes only the magnitude of C},, and
is always non-negative. Any information about the “sign” or “direction” of the correlation
;LF Sf) is highly prone to the

in the series is lost in computing p ), Additionally, estimating p

influence of outliers. Although the definition of the fACF only presumes the existence of
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two moments of the underlying series, i.e. E|X;||* < oo, in order to perform inference on
pglF), one often requires four moments through the condition that E||X;||* < co. Worse
still, in many cases of interest, for instance in the context of fitting volatility models to
FTS, one often wishes to estimate the autocorrelation structure of transformations of the
original series. A popular transformation to consider in this setting is X?, and in this case
the implicit number of moments required in order for the usual confidence intervals for p,(zF)

to be valid is reflected in the condition that E||X;||® < co.

To address some of these shortcomings, we propose a new autocorrelation measure for
functional time series that we dub a spherical autocorrelation function. It is constructed by
computing the average angle, as encoded by the inner product of projections of the series
onto the unit sphere in L?[0, 1], between lagged pairs in the series that have been centred
by the spatial (geometric) median of the series. This measure both captures “signed”
serial dependence in the series, and is also robust in the sense that it does not require
high moment conditions to define and estimate. We show that this new autocorrelation
function can be consistently estimated when the underlying series is stationary, and satisfies

the central limit theorem assuming that the series is a strong white noise.

The main theoretical challenge that we need to overcome in doing so lies in handling
the effect of estimating the spatial median, since the natural estimator of the spherical
autocorrelation is not easily linearized in terms of the spatial median, and existing spatial
median estimators are defined in terms of iterative optimization procedures, and do not
have closed-form expressions; see e.g. Gervini (2008) and Cardot et al. (2013). We establish
though that under primitive conditions, which are satisfied by existing functional spatial
median estimators, the estimator that we propose for the spherical autocorrelation is still

consistent and asymptotically Gaussian when the underlying series is a strong white noise.

These results are used to construct asymptotically valid confidence intervals and port-
manteau white noise tests for the spherical autocorrelation function. As confirmed in
simulation experiments and two real data applications, these confidence intervals and tests
appear to perform well in many settings, and are useful in exploring the dependence struc-

ture, and performing model selection, with functional time series.

There are a number of papers related to this work that generally address the problems
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of estimating the correlation between FD objects, and robust covariance estimation with
FD. Leurgans et al. (1993) studied the canonical correlation between paired FD, see also
page 28 in Boente and Kudraszow (2022), and Ramsay and Silverman (2005) put forward a
robust estimator for the canonical correlation of FD. Boente et al. (2019) develop a robust,
spherical covariance operator for FD, which is also based on centring the data using the

spatial median.

Dubin and Miiller (2005) is perhaps the most related to the present work. They develop
a correlation measure between paired FD based on projecting onto the unit sphere referred
to as “dynamical correlation”. Some drawbacks to their measure are that it is computed by
centring the data with the sample mean, which causes the measure to potentially take non-
zero values for measuring the correlation between independent FD. Moreover, asymptotic
normality of the sample statistic is established only when the mean is either known or
constant. Weighted empirical likelihood methods are used to construct confidence intervals

for the dynamical correlation in Sang et al. (2019).

The rest of the chapter is organized as follows. Section 3.2 gives a definition of the
spherical autocorrelation and its natural estimator. That section also includes statements
of the asymptotic properties of the estimator, as well as definitions of confidence intervals
and portmanteau tests. The practical implementation of the methods are discussed in
Section 3.3, as well as the results of several simulation experiments. Two data applications
are provided in Section 3.4, and we close the chapter with concluding remarks in Section
3.5. All proofs and some additional implementation details and simulation results are

placed in an Appendix following these main sections.

3.2 Problem Statement and Methodology

We begin by introducing some notation that will be used throughout the chapter. We
consider a FTS {X;}icz = {Xi(t) : i € Z, t € T}, where T is a compact interval, from
which we assume that we have observed a stretch of length n, X;,..., X,,. Without loss
of generality, we assume that the argument ¢ is re-scaled so that 7 = [0,1]. Here each

variable X is viewed as a stochastic process whose sample paths lie in the Hilbert space
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H = L?[0, 1] of real valued square integrable functions equipped with an inner product

(f.9) = / F(Hg(t)dt,

and corresponding norm || - || = /(-,-), where [ = fol. Although the methods and results
below would hold equally well when H is any separable Hilbert space, we take H = L?[0, 1]
since this both covers the applications that we consider, and also coincides with the space

considered for many existing methods for robust estimation of the centre and covariance
of FD; see Gervini (2008) and Boente et al. (2019).

3.2.1 Definition of spherical autocorrelation

In the event that the series {X;}ic is strictly stationary, our main goal is to quantify the
autocorrelation present in the series using the observations X, ..., X. The method that
we propose is based on examining the angle between suitably centred, lagged pairs of the
series X; and X;,. This angle is encoded by the inner product of the projections of these
pairs onto the unit sphere. We denote the projection of x € H onto the unit sphere as
S(z) = z/||z| for  # 0, and S(0) = 0. S(-) is often referred to as a spatial sign. The
centred and projected observations may then be written as

Xi—p

X )= P
S ==

i=1,-,N, (3.1)

where p is a suitably defined “centre” of the process X;, which we discuss in detail below.
Note that S(z) is bounded as it is easy to see that ||S(z)|| = 1. The following defines a

new notion of autocorrelation for a FTS.

Definition 3.2.1 Suppose that the series { X, };c7 is strictly stationary. Given a fixed time

lag h, we define a spherical autocorrelation at lag h as

ph) = on = E[(S(Xo — ), S(Xn — ))]. (3.2)
A functional spherical autocorrelation function (abbreviated fSACF) is a function h p,(ls)

for h € {0,1,...}.
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It is immediate from its definition that the fSACF shares a number of similar features
with the classic autocorrelation function of a univariate time series: i) —1 < p, < 1, ii)
po = 1, and iii) the fSACF is symmetric around the origin, i.e., p, = p_,. Another clear
consequence of its definition is that pj, is well-defined for any stationary process in H. In

particular, no moment conditions are required in defining the fSACF.

In order to maintain its analogy to other classic notions of autocorrelation and aid in
its interpretation, it would also be an appealing feature of the fSACF when the variables
are independent at lag h, i.e. when Xy and X}, are independent, p, = 0. It turns out
that this property depends primarily on how the observations are centred by p. A natural
candidate is to take u(t) = EX;(t), the mean function of the observations, however this

does not lead to a fSACF possessing this property.

What appears instead to be the correct “centre” in order to preserve this property is

take p to be the functional spatial median:

Definition 3.2.2 A spatial median (also sometimes referred to as a geometric median) p

of a random variable X € H is any element of H satisfying

p=argmin E[||X —y| — [|X[]].
yeEH

See Kemperman (1987), Gervini (2008), Cardot et al. (2013), and Boente et al. (2019). As
noted in equation (2) of Gervini (2008), when P(X = p) = 0, the definition of the spatial
median implies that ES(X —p) = 0. As a result when X and X}, are independent and y is
the spatial median, we have by Fubini’s theorem that p, = (ES(Xo— u), ES(X, —u)) = 0,
so long as P(X; = ) = 0.

Going forward we thus take p in the definition of p;, to be the functional spatial median
as in Definition 3.2.2.
3.2.2 Inference for p; assuming p is known

Although in practice the spatial median g must be estimated from the sample in order

to produce feasible estimators of p,, we think that it is useful to begin the analysis by
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considering estimators of pp,, and their properties, assuming that p is known. In the next
subsection we will consider the properties of these estimators when g is replaced with
typical estimators of the spatial median. Presenting the results in this order allows us
to separate the properties of the underlying process {X;}icz that are needed to perform

inference on p; from those that are required to handle the effect of estimating u.

Assuming that p is known, a natural estimator of pj, is

1 N—h

Pn = N Z (S(Xi — ), S(Xiwn — 1)) - (3.3)

i=1
When analyzing a FTS, we are often interested in evaluating whether the series, perhaps
comprised of model residuals, appears to be a white noise, or instead appears to exhibit
significant autocorrelation at some lags, which may inform subsequent modelling. As such
our main aim is to approximate the distribution of gy, if the underlying series forms a strong
white noise, i.e., if a sequence of independent and identically distributed FD objects, and

also show that pj, is consistent for pj, if the underlying series is strictly stationary.

If the series {X;}iez is strictly stationary and ergodic, then py, % pp by the mean
ergodic theorem. Our first result then concerns the asymptotic distribution of p, when the

underlying series is a strong white noise. Let
Cp(t,s) = E{[S(Xo — w)(®][S(Xo — p)(s)]}, s €[0,1],

denote a covariance kernel of the observations projected onto the unit sphere in H.

Theorem 3.2.1 Suppose that {X;}icz is a strong white noise in H such that P(Xy = pu) =
0. Then

VNpL 5 N0, G, 13). (3.4)
where || + ||2 is the Hilbert-Schmidt norm of a kernel. Moreover, if for a positive integer H
RH = (1517 s 715H)T7 then
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where Nz (m, X) denotes an H-dimensional normal random vector with mean vector m and

covariance X3, and Ly is the H-dimensional identity matriz.

The proof of Theorem 3.2.1 is given in the Appendix B.1.1. This result may be used to
justify the asymptotic consistency of tests of the hypotheses:

Ho,n: For a fixed positive integer h, pp = 0, and
0.5 For a fixed positive integer H, p, =0 for all h € {1,..., H}.

In particular, an asymptotically sized o« test of Hyy is to reject when |V Npy| >
|Cpll22as2, Where 2z, is the ¢ critical value of the standard normal distribution. Simi-
larly, a 1 — « confidence set for the fSACF assuming that the series is a strong white noise
is

21—a)2 “l-a/2

CVN|Cpl VN|Colls

Comparing the estimated fSACF pj, to its 95% confidence bounds assuming that the un-

< pn < (3.6)

derlying series follows a strong white noise leads to a simple visual summary that may be
used to measure at a glance the serial dependence structure of a FTS; see e.g. Figure 3.1

below.

Testing H; 5 is often referred to as “portmanteau testing”. As a result of Theorem
3.2.1, the test statistic is

H

~ ~ 2 D

Quar = [VNRul =N Y pi = |Cplox’(H),
h=1

where || - || is a standard Euclidean norm of a vector, and x*(H) denotes a x* random
variable with H degrees of freedom. An approximate p-value of a test of Hj 5 may be
computed as p = P(||Cp|3x*(H) > Qn.1r).-
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3.2.3 Inference for p;, assuming i is unknown

In practice of course the spatial median p is typically not known, and must instead be

estimated from the sample. Given its definition, it is natural to estimate pu with

N
flideal = AIE minz | X — pl] - (3.7)
HEH Ty
Although there is no closed-form solution for the estimator satisfying (3.7), several authors
have proposed iterative procedures to approximate fi;geq;, and have shown that these lead
to consistent estimators with quantifiable convergence rates. For example, Gervini (2008)
proposes an approach to approximately solve (3.7) using Gateaux differentials, and Cardot
et al. (2013) propose an approach based on stochastic gradient decent. Both of these
approaches result in an estimator fi approximately satisfying (3.7). Using i in place of p
n (3.3) leads to the feasible estimator

=z

—h

b= 3 (SO — ), S(Xien — ) (3.8)

i=1

We now aim to establish conditions under which p, also satisfies Theorem 3.2.1 and is
asymptotically consistent to p,. Or, in other words, conditions under which the effect of
estimating the spatial median p is asymptotically negligible. We begin by establishing an

analogue of Theorem 3.2.1 under the following additional assumptions.
Assumption 3.2.1 The sequence V' N (i — 1) is uniformly tight in H.

Assumption 3.2.2 There exists constants Cy, Cy > 0 so that for allu € H with ||ul|| < C4,
E[X: — (n+ )| < Ca.

For a definition of uniform tightness in a metric space see Billingsley (1968). Assumption
3.2.2 coincides with Assumption A3 in Cardot et al. (2013), where it is discussed extensively.
It holds, for example, for Gaussian processes under mild conditions, as well as for many

other processes possessing exponentially decaying small-ball probabilities; see [i and Shao
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(2001) and Nazarov (2009). The stochastic gradient decent-based estimator of Cardot
et al. (2013) also satisfies Assumption 3.2.1 under Assumption 3.2.2 and an additional
assumption entailing that the spatial median is unique. The estimator of the spatial median

proposed in Gervini (2008) also satisfies Assumption 3.2.1 under similar conditions.

Theorem 3.2.2 Suppose that {X;}icz is a strong white noise in ‘H, and that Assumptions
3.2.1 and 3.2.2 hold. Then py, satisfies Theorem 5.2.1 in place of py,.

Theorem 3.2.2 shows that under Assumptions 3.2.1 and 3.2.2, the same confidence sets

and portmanteau tests based on pj, remain asymptotically valid when based on p;, instead.

We now turn to the asymptotic consistency of p,, which we establish under the following

assumptions.

Assumption 3.2.3 1 %% 1 as N — oc.

Assumption 3.2.4 For anyh>1, E [||X0H71 |\Xh||71} < 00.
Assumption 3.2.5 E||X,| " < oo .

Theorem 3.2.3 Suppose {X,}icz is strictly stationary and ergodic, and that Assumptions
3.2.5-3.2.5 hold. Then pp, 3 pp, as n — .

Assumption 3.2.3-3.2.5 are analogous in a time series setting of the assumptions in
Theorem 1 of Boente et al. (2019), and the proof makes use of some of the same ideas.
Assumption 3.2.5 essentially ensures that the terms in the sum defining p; have bounded
expectation, and from a technical perspective appears in bounding terms in the sum where
X; or X,y have large deviations from fi. When the data are a strong white noise Assump-
tion 3.2.4 is implied by Assumption 3.2.5. Theorem 3.2.3 implies that when p, # 0 for
some h € {1,..., H}, both tests of Ho;, and Hy 5 described at the end of Section 3.2.2 are

consistent when based on py,.
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3.3 Implementation and Simulation Studies

In this section we provide some details on implementation, and then present the results of

several simulation studies that aimed to evaluate the proposed inferential procedures for

the fSACF-.

In the simulations and applications below, we assume that all FDs are observed on a
common grid ¢t; € [0,1], j = 1,..., M. In our applications to electricity price data and
intraday asset price data below, each FD object is observed at M = 24 and M = 78 points,
respectively, and for all simulated examples we generated the data on M = 101 equally
spaced points. In these cases all inner products and norms involved in producing p, can

be estimated by simple Riemann integration. For instance, with ty = 0

M

1 = al1* = Y [XG(t;) = alt)Plty — -]

J=1

and

(S(X; — ), S(Xi—i-h — f1))

S - u||||Xz+h — il & Z (D[ Xipn(ts) — p(t))](t5 — t51).

If the FDs are not observed on a common grid, then one may use interpolation techniques to
estimate the integrals required to compute py; see e.g. Chapter 2 of Ramsay and Silverman
(2005).

In order to estimate ||Cp||2, we use the estimator

N

Crlt,) = = D2 SO (1) — HS(X(s) — i(s)),

j=1
and estimate its norm based on the discrete sample with
M
ICRN3 ~ > CRty ti)lty — ti-al[tr — toa]-
k=1
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Additional simulations evaluating the accuracy of these estimators are provided in
Appendix B.2, which suggested that they work well so long as the resolution of the data
is not too low. With these estimators, the confidence sets for p, assuming the series is a

strong white noise, and p-values for the portmanteau test, may be calculated respectively

as
21—a)2 . “l-a/2
——— <Py < =, (3.9)
VN||Cp- VN|Cpll2
and
Qn.r = szm p="P(|Cp|I>X*(H) > Qur)- (3.10)

In all examples below p was estimated using the estimator described in Gervini (2008).

We now turn to presenting the results of several simulation experiments. Below we
refer to the functional autocorrelation function of Mestre et al. (2021) as the fACF. All of

the computations are performed using R, version 4.1.2 (Team, 2021).

3.3.1 White noise processes

We simulated several strong white noise (WN) processes, and examined their fACF and

fSACF. The examples that we considered were

1. Standard Brownian motion (BM): X;(t) = W;(t), where {W;(t), ¢t € [0,1]}icz are

1.1.d. standard Brownian motions.
2. Brownian bridge (BB): X;(t) = B;(t), where B;(t) = W;(t) — tW;(1).

3. Fourier-Cauchy process (F): X,(t) = F(t), where Fy(t) = Zy i+ s [Zox.s cos(2mkt)+
Zog1,8in(27kt)] and Z;,; are a family of independent and identically distributed

standard Cauchy random variables.

4. B-spline Exponential process (BS): X;(t) = Bs;(t) where Bs;(t) = >, _; €1 Bk(t) in
which €, is a family of independent and identically distributed exponential random

variables with mean 1, and By(¢) is the k-th orthogonal cubic B-spline basis function.
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The top panel of Figure 3.1 displays 50 i.i.d. realizations of each WN process along
with the estimated spatial median. The estimated fSACF for each process is displayed in
the bottom row of Figure 3.1, along with blue lines indicating the confidence intervals in
(3.9).

In order to evaluate the coverage properties of the proposed confidence intervals for
the fSACF, each WN process was independently generated 1000 times for sample sizes
N € {100, 250, 500, 1000,2000}. Table 3.1 shows the proportion of estimators p;, and py,
that were not contained in the 1 — « confidence intervals (3.9) and (3.6), respectively,
for a € {10%,5%,1%}, and for several values of h. These results suggest that, for the
sample sizes and processes considered, the confidence intervals derived from Theorems
3.2.1 and 3.2.2 have approximately correct coverage. We notably also observed this for the
Fourier-Cauchy process, as well as the exponential process, which lends some evidence to
the statement that the fSACF is robust against low-order moments/outliers and skewness
in the data in practice. For smaller n and larger values of h, we noticed that the intervals
tended to have somewhat larger than nominal coverage, which we think may be attributed
to the fact that the estimators p, and pj are normalized by 1/N rather than 1/(N —h). In
unreported simulations when we normalized by 1/(N — h) instead we noticed the opposite
effect. Additionally, we observed that the effect of estimating the spatial median appeared

to be negligible in all cases.

3.3.2 Functional time series models

We now turn our attention to some examples of serially dependent FTS. We consider
several models here, the first two in this section for the purpose of performing simulation
experiments, and the second two presented in Section 3.4 are used for the purpose of time

series modelling and residual analyses in two real data examples.

The time series models that we considered in our simulation experiments are from the

general class of functional autoregressive models of order p (FAR(p)), which take the form

ZCD t) + €t Z/gbjts i—i(s)ds + €(t),
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Brownian motion W,(t) Brownian bridge By(t) Fourier F(t) Bspline BS;(t)
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Figure 3.1: Top: 50 i.i.d. curves of each strong noise process with the spatial median
estimate from Gervini (2008) (in black); Middle: The leading 7 basis functions in the
Karhunen-Loéve expansion of each process; Bottom: The estimated fSACF of each series
for lags h € {1,...,30} with 95% confidence bounds as in (3.9) (in blue).

where ¢;(t,s) are the kernels of the integral operators ®;, and ¢; is a sequence of i.i.d.
mean zero functional processes. In our examples, we use the Gaussian kernel
2 + s

P(t,s) = cexp 5 )

where the constant ¢ is chosen in order that ||¢|| = |S| € [0, 1], where S = sign(c) ||¢]|.
As such the parameter S describes both the magnitude and “sign” of the kernel ¢. We
considered the processes

7



Table 3.1: The empirical rate among 1000 independent simulations of four WN processes
that the 1 — « confidence intervals (3.6) and (3.9) do not contain the estimators py, and py,
for a € {10%, 5%, 1%}, N € {100, 250, 500, 1000, 2000} and several values of h.

N h Significance level « N h Significance level «
10% 5% 1% 10% 5% 1%
Statistic P Ph Ph P P P P P P Ph Ph P
BM 100 1 0.104 0.108 0.052 0.055 0.011 0.013 BB 100 1 0.086 0.093 0.048 0.05 0.008 0.013
5 0116 0.112 0.053 0.062 0.011 0.010 5 0.087 0.080 0.040 0.043 0.007 0.005
10 0.081 0.082 0.033 0.030 0.006 0.004 10 0.070 0.069 0.038 0.038 0.007 0.006
15 0.074 0.079 0.034 0.039 0.003 0.005 15 0.070 0.078 0.022 0.027 0.003 0.002
250 1 0.118 0.118 0.053 0.056 0.008 0.010 250 1 0.097 0.096 0.046 0.049 0.010 0.011
5 0.092 0.096 0.049 0.049 0.010 0.013 5 0.110 0.104 0.057 0.059 0.011 0.015
10 0.078 0.082 0.038 0.039 0.007 0.007 10 0.066 0.076 0.030 0.029 0.004 0.004
15 0.088 0.089 0.034 0.035 0.005 0.006 15 0.094 0.097 0.050 0.050 0.002 0.002
500 1 0.114 0.123 0.059 0.055 0.005 0.008 500 1 0.091 0.094 0.048 0.053 0.012 0.011
5 0.087 0.094 0.04 0.038 0.004 0.004 5 0.097 0.101 0.051 0.052 0.01 0.013
10 0.106 0.106 0.053 0.054 0.013 0.01 10 0.086 0.088 0.036 0.037 0.005 0.003
15 0.100 0.099 0.058 0.054 0.011 0.012 15 0.101 0.105 0.048 0.044 0.011 0.007
1000 1 0.104 0.108 0.043 0.045 0.010 0.011 1000 1 0.115 0.114 0.056 0.054 0.014 0.016
10 0.105 0.107 0.059 0.060 0.008 0.008 10 0.094 0.094 0.044 0.041 0.010 0.009
20 0.104 0.107 0.055 0.057 0.009 0.010 20 0.098 0.099 0.046 0.045 0.009 0.008
30 0.112 0.104 0.056 0.058 0.015 0.014 30 0.091 0.086 0.042 0.041 0.008 0.01
2000 1 0.098 0.096 0.043 0.045 0.004 0.005 2000 1 0.107 0.113 0.066 0.063 0.016 0.016
10 0.096 0.096 0.058 0.058 0.009 0.009 10 0.084 0.084 0.045 0.043 0.007 0.007
20 0.098 0.098 0.056 0.057 0.013 0.012 20 0.093 0.093 0.045 0.046 0.006 0.005
30 0.107 0.107 0.053 0.055 0.009 0.008 30 0.096 0.098 0.041 0.044 0.006 0.008
F 100 1 086 0.108 0.051 0.055 0.012 0.016 BS 100 1 0.095 0.102 0.05 0.062 0.01 0.013
5 0.089 0.102 0.052 0.053 0.007 0.009 5 0.08 0.081 0.036 0.029 0.005 0.005
10 0.07 0.069 0.03 0.032 0.007 0.010 10 0.075 0.075 0.029 0.036 0.003 0.004
15 0.062 0.074 0.028 0.026 0.003 0.003 15 0.07  0.077 0.026 0.033 0.006 0.009
250 1 0.09 0.101 0.052 0.052 0.005 0.006 250 1 0.099 0.095 0.044 0.05 0.005 0.008
5 0.074 0.08 0.031 0.032 0.007 0.008 5 0.084 0.086 0.047 0.046 0.012 0.012
10 0.088 0.083 0.038 0.04 0.003 0.003 10 0.103 0.107 0.05 0.056 0.012 0.01
15 0.078 0.087 0.039 0.038 0.006 0.007 15 0.08 0.083 0.044 0.042 0.006 0.005
500 1 0.099 0.096 0.048 0.046 0.012 0.01 500 1 0.2 0.117 0.057 0.055 0.008 0.01
5 0.102 0.097 0.051 0.048 0.01 0.012 5 0.105 0.113 0.051 0.052 0.012 0.012
10 0.088 0.093 0.045 0.04 0.008 0.01 10 0.101 0.116 0.043 0.043 0.007 0.008
15 0.093 0.092 0.041 0.043 0.009 0.005 15 0.101 0.101 0.036 0.042 0.003 0.005
1000 1 0.117 0.113 0.062 0.062 0.019 0.019 1000 1 0.1 0.098 0.047 0.047 0.011 0.011
10 0.097 0.09 0.045 0.046 0.011 0.01 10 0.09 0.088 0.035 0.038 0.005 0.008
20 0.110 0.109 0.054 0.051 0.01 0.012 20 0.097 0.101 0.052 0.05 0.013 0.013
30 0.085 0.081 0.047 0.045 0.007 0.006 30 0.096 0.096 0.039 0.039 0.006 0.007
2000 1 0.115 0.11 0.071 0.07 0.016 0.016 2000 1 0.098 0.103 0.044 0.049 0.013 0.011
10 0.104 0.108 0.063 0.06 0.011 0.014 10 0.087 0.087 0.043 0.046 0.011 0.01
20 0.1 0.095 0.047 0.046 0.004 0.005 20 0.08 0.075 0.035 0.037 0.01 0.009
30 0.1 0.099 0.047 0.046 0.006 0.004 30 0.101 0.103 0.048 0.046 0.01 0.011

e FAR(L, S): Xi(t) = [ ¢1(t,s)X;_1(s)ds + €;(t), where g;(t) follows the Brownian
bridge WN process (BB).
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e FAR(2, S1, S9): X;(t) = [ é1(t, s)Xic1(s)ds+ [ ¢a(t, s) Xi_a(s)ds+e;(t), where again
ei(t) follows the Brownian bridge WN process (BB).

Figure 3.2 illustrates simulated series of length 1000 from the FAR(1,S) process for
various values of the parameter S, along with corresponding plots of the fACF of Mestre
et al. (2021) and the fSACF. This figure highlights one of the advantages of the fSACF
compared to the fACF, in that when the parameter S is negative, the fACF displays a
similar behaviour as if the parameter were positive, whereas the fSACF in this case shows

an alternating pattern.

To study the empirical power of the proposed confidence interval and portmanteau
test in (3.9) and (3.10), we applied our tests to 1000 independently generated FAR(1,
S) processes of various lengths N € {100, 250,500, 1000} and for increasing values of S.
Figure 3.3 shows the empirical rejection rate of the hypotheses H 5 for H = 1,10 that we
observed among the 1000 independent simulations with significance level set at a = 0.05 in
terms of power curves that are a function of S. We note that the rejection rate of H;, at
level 0.05 is equivalent to the rate at which the confidence interval (3.9) does not contain
p1. We observed that the tests appeared to have empirical size close to the nominal size,
and that expectedly as S increased to 1, the power of each test also increased to 1. The
power was observed to increase more slowly for larger H, which we attribute to the fact
that the FAR(1,5) process has decreasing correlation as a function of the lag. It was also
clear that the empirical power of the test increased as the sample size n increased even
when S was small, and the empirical power reached one when the dependence is around

0.45 regardless of the sample size.

We also performed some simulations to highlight the use of the fSACF in evaluating
the goodness-of-fit of FTS models through residual analysis. Given a model capable of
producing fitted /forecasted values of the series Xi(t), the residuals are calculated simply

as

A

ri(t) = Xi(t) — X;(t). (3.11)

We considered performing residual analyses of FAR models using an estimator derived
from FPCA. For the FAR(1) model, the kernel ¢ may be estimated using a least squares
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Figure 3.2: 1000 curves simulated from FAR(1, S) models with different scaling parameter
S. Top: 50 i.i.d. curves simulated based on each model; Middle: The fACF of each of
the processes with 95% confidence bound (in blue) Bottom: The fSACF of each of the
processes with 95% confidence bounds (3.9) (in blue).

80



principle by the first J FPCs:

=

-1

J J
N - SO AT (X, 05) (X, D) D5(5)0(8), (3.12)

1 j=1 i=1

le (tv S)

B
Il

where the j\j and ©;(-) are the estimated eigenvalues and eigenfunctions of the covariance
operator of the observations; see e.g. Shang (2014). Such an estimator may also be con-
structed for the kernels in general FAR(p) models, and we provide the details in Appendix

B.3. The fitted values are then calculated in this case as

(;(t) = / d1(t, ) X1 (s)ds

There are a number of ways to determine the number of FPCs J to use, including
information criteria (Shibata, 1981; Yao, 2007), resampling methods (Bathia et al., 2010;
Hall and Vial, 2006) and cross-validation (Leng and Miiller, 2006). Here, we use the CPV

Zk 1>‘k
k1>‘k

and choose the smallest J for which CPV(J) > 90%. We used the fda package to carry
out FPCA; see Ramsay et al. (2009).

CPV(J) =

Figure 3.4 shows three fSACF’s: the left most is computed from simulated FAR(2,57,55)
processes, whereas the middle and right figures are computed from the residuals of an
FAR(2) and FAR(1) model fit, respectively. It is clear based on these plots that in each
case there remains significant autocorrelation in the residuals based on the FAR(1) model,

as expected, while the residuals of the FAR(2) model appear to be reasonably white.

3.4 Applications

In this section, we demonstrate the proposed methodology in two data applications. The
first is concerned with fitting forecasting models and evaluating their goodness-of-fit with
Spanish electricity price curves. We now introduce the two forecasting models that we

consider.
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Figure 3.3: Empirical rejection rate of the portmanteau test under Hj, ;; of data generated

according to the FAR(1,S) model based on 1000 independent simulations. Left: H = 1;

Right: H = 10. The nominal level « is set to be 0.05.

1) Functional seasonal autoregressive model (FSAR) (Horvath et al., 2020): The model

is given as
Xi(t) = /C% (t,8)Xi—gy (8)ds + -+ /¢e,,(t>5)Xi—ep(5)dS + &i(t),
., £, are user selected lags. It is clear that the FSAR models are a special cases

where /4, .
model may be constructed based on FPCA and a least-squares principle akin to (3.12).

2) The forecasting model that we consider is the Hyndman-Ullah method (Hyndman
and Ullah, 2007), which we abbreviate as the “HU” model: The HU(J) is a model that is
potentially nonlinear and non-stationary that makes use of a truncated Karhunen—Loeve

expansion. It supposes that the underlying processes may be well-approximated by its

of general FAR models. We show in Appendix B.3 how estimators for the kernels in this

projection onto the first J eigenfunctions of the covariance operator
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Figure 3.4: 1000 simulated curves from FAR(2, S5}, S2) models with different scaling pa-
rameters S; and Sy with the error process being a Brownian bridge. Left: The fSACF of

observations simulated from the FAR(2

,S1,S2) models with different coefficients of depen-

dence S; and Sy. Middle: The fSACF of the residuals r; from an FAR(2) model. Right:
The fSACF of the residuals 7; from an FAR(1) model, which in this case is evidently under
specified.

where the m is the standard sample mean function, §; ; is referred to as the PC score, or

simply the score, and the v;(-) are the eigenfunctions of the sample covariance operator.

There are three steps to fit and forecast with HU(J) models:

1.

Each X; is approximated as X;

(t) ~

m(t)+ Z;}:l &.;0;(t). J may be selected accord-

ing to a number of criteria, e.g. general cross validation, information criterion, CPV,

or goodness-of-fit testing.

. To each of the FPC series, & ;7 =1,...
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stationary, scalar time series model. Notably the models can be distinct for different
score series. Here, we fit SARIMA models, see e.g. Shumway and Stoffer (2017).

These models may be used to compute forecasts and fitted values of the score series
&ij-
3. Forecasts or fitted values are constructed as X (t) = m(t)+2j:1 &.0;(t), and residual
¢

X (t) = S, s (1),

curves may be computed as r;(t) = X;(t) — X;(t)

3.4.1 Spanish electricity data

The first application we consider is Spanish electricity price data observed hourly from
January 1, 2014, to December 31, 2014. The data was originally provided by the Spanish
electricity market operator, and are also available in the R fdaACF package (Mestre
et al., 2020). Gonzalez et al. (2017) studied fitting and forecasting these data using an
autoregressive-moving-average model with exogenous inputs (ARMAX), and Mestre et al.
(2021) uses the same dataset to illustrate the properties of the fACF. We use {Y;(t), i =
1,2,...,365, t € [1,24]} to denote the linearly interpolated Spanish electricity price curves,
and these are displayed in the top left panel of Figure 3.5. Although each curve generally
evolves according to a standard daily pattern of low prices in the early morning hours, and
higher prices during the times of peak demand, we also observe that there is a strong weekly
and seasonal trend to the series over the course of the year. The corresponding fACF and
fSACF presented in the middle and right of the top row of Figure 3.5 both indicate such
a pattern. To remove the trend component, we consider the pointwise differenced series
D;(t) = Y;(t) — Yi—1(t). The bottom row of Figure 3.5 displays the differenced series along
with the corrsponding fACF and fSACF plots. The differenced series appears roughly mean
stationary, and has prominent autocorrelation corresponding to the weekly lag h = 7. In
particular, the fSACF indicates that the correlation at lags one and two are “negative”,
while the correlation at weekly lags is “positive”, which is to be expected. In contrast, the

fACF does not capture this pattern.

We then fit FSAR and HU(J) models to the differenced series D;, and examined their
goodness-of-fit using a residual analysis based on the fSACF. For the FSAR model, we
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chose lags 1 and 7, as we see the data exhibited both lag 1 and weekly autocorrelation, and
selected the model dimension using the CPV criterion explaining 90% of the total variation.
We also considered HU(J) models for J € {1,...,5}, and to each resulting scalar score
series we fit a SARIMA model using the automated model selection method in Hyndman
and Khandakar (2008). In particular, this lead to SARIMA models with orders (1,0, 2) x
(2,0,0)7 , (1,0,2) x (2,0,0)7, (2,0,2) x (2,0,0)-, (2,0,1) x (2,0, 1)7 and (2,0,2) x (2,0, 0)-
for the first five univariate score series, respectively, where (a, b, ¢) x (A, B, C')s describes a
SARIMA model with seasonal lag s, standard and seasonal differencing b and B, standard
and seasonal autoregressive orders a and A, and standard and seasonal moving average
orders of ¢ and C'. Figure 3.6 shows the fSACF of the residuals of these models. We
observed that the FSAR model does not fit the data well, as strong autocorrelation is still
present in the residuals at low lags as well as in the weekly lag. This did not improve by
increasing the CPV value up to 99%. As for the HU(J) model with J € {3,4,5}, most of
the fSACEF values fall within the 95% confidence bounds coloured in blue. We additionally
computed the p-values of tests of H 5 as a function of H based on the statistic Q364, H
applied to the residuals of each model in Figure 3.6. These suggest again that the FSAR fit
and HU(1) fit are poor. As for HU(3), these p-values for small lags were slightly above 0.05,
while for HU(5) the p-values were for most lags above the 0.05 threshold. This suggests
that, although there may still be some weak, lingering autocorrelation in the residuals of

the HU(5) model at the weekly lag, this model generally appears to fit well.

3.4.2 Densely observed intraday asset price data

The second application that we considered was to the densely observed intraday asset
price data used in Kokoszka et al. (2017). This dataset consists of financial asset prices,
including commodity and currency exchange rates, obtained from the Chicago Mercer
Exchange (cmegroup.com), S&P 500 index, and Apple stock price obtained from Nasdaq
(nasdagq.com). Each series that we consider is tabulated in Table 3.2. There are 78 daily
observations spanning 249 trading days within the time span from Jan 02, 2014, to Dec
31, 2014.

Let P;(t) denote the intraday asset price of an asset on the i-th day at time ¢, which
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Figure 3.5: Left: Top is the hourly observed annual Spanish electricity data {Y;(t),7 =
1,...,365,t =1,...,24} from January 1st 2014 to December 31 sgemented by day. Bottom
is the differenced curves {Y;(t) —Y;_1(t),t € [0,24]}; Middle: The fACF of Y;(¢) (top) and
Yi(t) —Y;_1(t) (bottom), respectively; Right: The fSACF of Y;(¢) (top) and Y;(t) — Yi_1(t)
(bottom), respectively. The blue lines in the middle and right panels are the 95% confidence
interval under the null hypothesis H 5, for h =1, ..., 20.

we obtained from the raw data using linear interpolation. On each trading day, the first
return is recorded at 9:35, and the last one is at 16:00. We consider four FTS derived from

these data: 1) five minute log return sequence
Ri(t) =In P(t) —In P(t — 5),
2) the cumulative intraday returns (CIDRs)
Ci(t) = In P,(t) — In P,(0),
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Figure 3.6: Left: The fSACF of the residual r; after fitting by the FSAR model; using
the ; Middle: The fSACF of the residual r; after fitting the data using the HU model
with three FPCs; Right: The fSACF of the residual r; after fitting the data using the
HU model with three FPCs; Bottom The p-values of test statistics Q3647 g under H(I), g of
residual using FSAR model, residual using HU model with three and five FPCs, and the
differenced series Y;(t) — Y;_1(t), respectively.

3) the squared sequence of five minute log return curve R?(t), and 4) squared CIDR
sequence C?(t). The CIDR may be thought of as a normalized, smoothed curve that
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Table 3.2: Assets used in the study spanned from Jan 02, 2014, to Dec 31, 2014.

Class Notation Description

Index S&P 500 Standard and Poor’s 500
Currency exchange EC Euro to US Dollar
Commodity futures CL Light sweet crude oil futures
Technology AAPL Apple Inc.

interpolates the standard log-returns with intraday data, which can potentially have high
volatility; see, Ji et al. (2022), Kokoszka et al. (2019) and Rice et al. (2020).

Figure 3.7 displays the S&P 500 five minute log return R;(t), squared S&P 500 log return
R%(t), the CIDR Cj(t), and the squared CIDR C?(¢) in the first four days, respectively. It
appears that both the log return curves R;(u) and CIDRs C;(t) are roughly stationary. We
then calculate the fSACF of each series, which is displayed in the case of light sweet crude
oil futures (CL) in the the bottom row of Figure 3.7. We observed that both the five minute
log-return series and CIDR series appear based on their fSACF's to be white noise processes.
As for the squared curves, we observed that most series exhibited significant, although
weak, spherical autocorrelation, especially in early lags. The cumulative significance of the
observed spherical autocorrelations was assessed using the portmanteau test of Hy 4, the
p-values of which are reported in Table 3.3. The appearance of white noise of the original
series coexisting with correlation in the squared series is the hallmark of GARCH type
behaviour or volatility. Confirming this observation with the fSACF, which is more robust
to outliers and lower order moments in the data generating process, helps confirm that
the patterns in the autocorrealtion observed previously in these series is not simply the

consequence of outliers.
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Table 3.3: Value of the test statistics Q249,10 and associated p-values computed from (3.10)
for: 1) five minute log returns R;(t), 2) squared five minute log returns R?(t), 3) CIDR
Ci(t), and 4) squared CIDR, C?(t), for each asset considered.

Type R;(t) R (t) Ci(t) CZ(t)
C?249,10 p-value Q249,10 p-value CA2249,10 p-value C?249,10 p-value
S&P 500 3.0144 0.9811 31.0026 0.0006 6.2736 0.7918 12.9304 0.2276
EC 7.2702 0.6997 227.4773 0.0000 4.4191 0.9265 166.4873 0.0000
CL 6.6572 0.7574 390.0302 0.0000 4.4574 0.9244 210.533  0.0000
AAPL 5.8559 0.8272 24.0211  0.0080 6.8985 0.7350 7.7158 0.6566
CL log return Squared CL log return B CL CIDR Squared CL CIDR
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Figure 3.7: Top: samples of four curves from each of the four F'T'S considered, constructed
from the intraday light sweet crude oil futures prices (CL). Bottom: the empirical fSACF
of each to these series along with the 95% confidence interval 3.9.
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3.5 Conclusion

We have put forward a new autocorrelation measure for FTS: the functional spherical
autocorrelation function (fSACF). Unlike existing methods in the literature that rely on
measuring the size of the empirical autocovariance operators, the approach we propose is
based on measuring the inner product between projections of lagged pairs of the series onto
the unit sphere. Some advantages conferred by this approach are its ability to capture the
direction or “sign” of the serial dependence in the series at a given lag, and it is more

robust to outliers/lower order moments of the data generating process.

A central limit theorem for the fSACF was established under the assumption that the
underlying process is a strong white noise, and mild additional conditions were also put
forward under which this result remains true when the spatial median defining the fSACF
is replaced with an estimator. These large sample results were used to derive confidence
intervals and portmanteau tests for the fSACF. Through Monte Carlo simulations, we
showed that these confidence intervals and tests work well in finite samples, highlighting
that they also appear to be robust against outliers/low moments in the data generating
mechanism, and can be useful in performing model selection with FTS models. Two real
data applications illustrated the use of the fSACF for model selection, and also helped
confirm with a more robust approach the finding that intraday return curves derived from
dense asset prices series appear to evolve as a weak white noise exhibiting conditional
heteroscedasticity. Note that these densely observed intraday price data may not align
with the assumption of strong white noise; instead, they may be more consistent with the
assumption of weak white noise. Developing a version of the functional spherical ACF for
this case is a potential avenue for future work.
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Chapter 4

Factor Copula Models for Spatially
Correlated Functional Data

4.1 Introduction

In functional data analysis (FDA), it is commonly assumed that the observed data are
corrupted by noise and represent realizations of a smooth random function X (t), where
t € T and 7 is a compact interval of R. The mean function and covariance function of X are
denoted by p(t) = EX(t) and C(s,t) = Cov(X(s), X(¢)), respectively. Over the past two
decades, considerable attention has been given to the estimation of mean and covariance
functions in functional data (FD). Relevant studies can be found in Li and Hsing (2010) and
Zhang and Wang (2016). Among these studies, functional principal component analysis
(FPCA) has gained significant popularity as a means of exploring the variational modes
of FD. FPCA extends the concept of principal component analysis (PCA) to multivariate
data and utilizes a linear combination of a finite number of functional principal components
(FPCs) to approximate the infinite-dimensional true random function, thereby achieving

dimension reduction.

Modelling FD using principal components (PCs) has long been a popular method,
known as reduced-rank mixed-effects models in the FDA literature. Specifically, a ran-
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dom function is expressed as the sum of its mean and the random deviation from the
mean function. The mean function is modelled using a linear combination of fixed basis
functions, such as B-spline basis functions, while the random deviation is represented as
a linear combination of FPCs with random coefficients. Multivariate normality is com-
monly assumed for the joint distribution of the vector of random coefficients to facilitate
model fitting. This model is widely employed to study the dependence between multiple
curves. For example, Zhou et al. (2008) applied this reduced-rank mixed-effects model to
investigate the dependence of paired sparse FD. Furthermore, Zhou et al. (2010) proposed
reduced-rank mixed-effects models for spatially correlated hierarchical FD, while Li et al.
(2014) extended this model to accommodate paired longitudinal data with simultaneous
measurements of continuous and binary outcomes. Liu et al. (2017) utilized this model to
conduct FPC analysis for spatially correlated FD. However, it is important to note that the
use of FPCs may lead to computational complexity as they need to be estimated from the
observed data. Recently, Zhang and Li (2022) proposed unified model of spatial functional
data (SFD) through FPCA.

Moreover, a lack of justification for the assumption of multivariate normality is another
concern regarding this reduced-rank model. Additionally, a bivariate Gaussian distribution
is symmetric, meaning that positive and negative extreme events have the same probability
distribution. Such symmetry does not always appear to hold in practice. For example,
the return distribution of stocks is typically not empirically symmetric. Although extreme
events have low probabilities, their occurrence can have severe consequences. Therefore,
using a Gaussian distribution when asymmetric tail distributions are desired is inappropri-
ate. Furthermore, a bivariate Gaussian distribution cannot accommodate tail dependence.
According to page 208 in McNeil et al. (2015), the coefficient of upper tail dependence
between a pair of random variables (X,Y) is defined as lim, o P(Y > u | X > u) when
the limit exists. The coefficient of lower tail dependence can be similarly defined. For
a bivariate Gaussian copula, this coefficient must be zero unless the two components are
perfectly correlated (Embrechts et al.; 2001). This implies that under a bivariate Gaussian
copula, the components behave in the extreme tails as if they were either independent or
perfectly correlated. Staicu et al. (2012) developed models and inferential methods for

the analysis of functional skewed data, where the marginal distribution of observations
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made at each time point is not Gaussian, but their joint dependence is characterized by a
multivariate Gaussian copula. Cao et al. (2019) extended the model proposed by Staicu
et al. (2012) to investigate the dependence structure of multiple functional outcomes. In
these articles, the Gaussian copula is employed to separate the dependence structure from
the marginal distributions. Skewed distributions such as the skew-t or the skew-normal
distributions (Azzalini and Capitanio, 2003; Azzalini and Valle, 1996) are allowed for the
marginal distributions, while the dependence structure is still characterized by the Gaus-
sian copula. Therefore, the models developed in these papers still cannot accommodate

tail asymmetry or tail dependence.

In this chapter, we are concerned about spatio-temporal dependence within FD. Our
main contribution is that we develop a factor copula model which will partially abandon
the normality assumption. We first represent the FDs that are collected from a number of
different locations where the set of time points is smooth. We then express these functional
observations by basis functions. In place of the traditional white noise term, as in Krupskii
and Genton (2017), we assume that there is a common factor which has the same effect
on all the spatial locations. This common factor plays an important role in that it allows
the model to capture the dependence structure without the normality assumption on the

noise.

The rest of the chapter is given as follows. Section 4.2 presents the factor copula model
for SFD. Section 4.3 describes the estimation procedure, and a way to get a closed form
expression for the likelihood estimation. We provide simulation studies to evaluate the
performance using the closed-form expression in Section 4.4, as well as certain misspecified
cases. We close the chapter with concluding remarks, followed by areas of future work, in

Section 4.5.
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4.2 Model

4.2.1 Copula models for spatial data

In a recent study, Krupskii et al. (2018) presented a copula model that offers an alternative
approach to modelling replicated spatial data. Unlike the multivariate Gaussian copula,
Krupskii’s proposed copula model incorporates a common factor that is present across all
locations in the spatial process. Specifically, consider a (scalar) random field denoted by

{X(s), s € R}, the common factor copula model is expressed as follows:
X(s)=Y(s)+ Vb, (4.1)

where Y'(s) is a Gaussian random field and V{ denotes the common factor. In addition,
assuming that Y (s) is a stationary Gaussian process, its corresponding correlation matrix
can be parameterized using either an exponential or Matérn function, leading to a reduc-
tion in the number of parameters required to specify the model. Notably, Proposition 1
in Krupskii et al. (2018) suggests that the proposed copula can effectively model tail de-
pendence and tail asymmetry of X (s) if Vi meets certain mild conditions. For situations
involving multiple variables of interest, Krupskii and Genton (2019) introduced a non-
Gaussian copula capable of modelling the dependence structure of replicated multivariate
spatial data. Moreover, to address spatio-temporal data, Krupskii and Genton (2017) pro-
posed an extension of model (4.1), accommodating repeated observations measured over

time across distinct spatial locations.

In this setting, there exists a common factor that affects the measurements of a spatio-
temporal process. The proposed copula can still enjoy the ability that it may model
the data with tail dependence and asymmetry. They justified that a simple form for
the likelihood is available and therefore maximum likelihood estimates are immediately

available.

Introducing a common factor in the aforementioned work eliminates the need for mul-
tivariate normality assumptions, resulting in the ability to accommodate tail dependence
and asymmetry under appropriate conditions. Motivated by these findings, our objective

is to extend this model to the realm of SFD analysis.
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4.2.2 Factor copula models for spatial functional data

To the best of our knowledge, using a common factor copula to model dependence of mul-
tiple random functions to achieve tail asymmetry or dependence has not been investigated
in the literature. As illustrated in Section 4.1, the random vector of the coefficients in a
reduced rank model is usually assumed to follow a multivariate Gaussian distribution. Al-
though a multivariate normality assumption is quite common in practice, sometimes it may
fail to fit the data sufficiently well, especially when investigating tail asymmetry and tail
dependence is of primary interest. Next, we drop the multivariate normality assumption,

and accommodate the common factor copula model for SFD.

To characterize spatial correlation of random functions observed at different locations,
we borrow the idea of the reduced rank model while assuming a spatial correlation structure
for the multivariate normally distributed random coefficient vector. To accommodate tail
asymmetry and tail dependence, we introduce a common factor in the representation of
SFD. As SED are actually spatial data that are observed repeatedly in time at each location,
the common factor in model (4.1) is indeed time-dependent in the new setting. To fix ideas,
let X (sy;t) denote a discrete observation at time ¢ on a random curve sampled at location

sk, k=1,..., K. We assume that X (sy;?) (as a function of time ¢) can be represented as
X(sp;t) =Y (si:t) + Vo(b), (4.2)

where Y (sg;t) is a spatio-temporal process defined on (s, t) € D x T, and Vy(t) is a
common process that can affect all locations equally at time ¢ but it does not dependent
on the spatial location s;. Note that in model (4.2), there is no error term that usually
represents the noise or measurement error in a typical FDA model. We note that measur-
ment error could also be a factor in obtaining observations of the form (4.2), although, as
in Krupskii and Genton (2017) and Krupskii et al. (2018), we do not consider that problem
here. Instead, we let the common process Vj(t) replace the traditional error term €(t). A
remarkable difference between the common process Vy(t) and the error term €(t) is that
observed functions at all locations are affected by the same process Vj(t). Note that Vo (t)
does not need to be Gaussian, whereas €(t) is usually assumed to be a Gaussian process or

independent for different ¢’s.
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Assuming that spaital dependence is second-order stationary and isotropic. When
the times of two observations are fixed, the isotropy condition states that the correlation
between any two observations depends solely on distance and not on their relative orien-
tation. This helps us infer the spatial dependence structure from a single replicate of the

spatio-temporal process. The general covariance function of Y (sx;t) can be expressed as
R(Hskl — Sk, || b1, t2> = (COV(Y(SIQ; tl)v Y(Skz;tQ))’

for any (sg,,t1), (Sk,,t2) € D x T. In addition, consider Y (sy;t) as spatial replicates of a
temporal process with a standard Karhunen-Loeve expansion

Y(sp;t) = p(t) + Zﬁkefe(t)a (4.3)

where p(t) = EY (s;t) is the mean function taken over all locations, fy(-)’s are orthonormal
functions referred to as the FPCs, and FPC scores

= Eulsy) = /T (Y(si:t) — u(t)} fo(t)at,

is the loading of Y (sg;t) on the ¢-th principal component. We assume that {£x,} are zero-
mean, second-order stationary and isotropic random fields that are uncorrelated across
{. Spatial dependene among the functional data is induced by dependence with each &g,.

Denote the spatial covariance function of &, as

Co(llsky — sk, |l) = Cov(&e(s, ), &Sk, ),

for any (sy,,t1), (Sky,t2) € D x T . Then the covariance function for Y (sg;t) can be written

as

R([[sk, = Sk, ||, t1,t2) = Cov (Z Ee(8ky) fe(t), Z&(Skg)fe(tz)>
k=1 k=1

[e.9]

= Co(||sk, — Sksll) fe(tr) fe(t2).

k=1
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To reduce the complexity of (4.3), we employ the reduced rank model proposed by
James et al. (2000) to approximate the random function Y(s;-) by its first L FPCs
f=(f), f2(t),..., fL(t))". Then Y(sy;t) can be approximately expressed as

Y(spit) = p(t) + Z Erefo(t). (4.4)
=1

Following James et al. (2000), we approximate the mean curve u(t) with the regression
spline. Specifically, u(t) is written as a linear combination of B-spline basis functions
(bi(t),...,bs(t))". To represent each FPC, we employ the same set of B-spline basis

functions. Then Y'(sg;t) in model (4.4) can be rewritten as

J J
Y(siit) =Y vibi(t) + Y agibi(t),
=1 =1

where v;, © = 1,...,J, are fixed coefficients that are independent of locations, and ay; is
a linear combination of &, ..., & . Let o = (ag1,...,ars) k= 1,..., K. We assume
that the joint distribution of (e ,...,aj)" follows a multivariate Gaussian with mean 0

and covariance matrix 3,. As spatial dependence among the random function Y (sg;t) is
induced by the dependence within each of the random coefficients &, we assume the 3,

is parameterized by a powered exponential spatial correlation structure. More specifically,

Vi
Cov (i, Qpyi) = €Xp {— (w) } 03, (4.5)

where 6; > 0 is a scale parameter, 0 < 7; < 2 is a shape parameter, i = 1,...,J and d(z, ')

we assume that

denotes a distance measure between locations x and z’. In this chapter, we employ the
Euclidean distance metric. However, alternative distance measures such as the Manhattan
distance and Minkowski distance can also be utilized. We choose to use the Euclidean
distance due to its intuitive geometric interpretation and widespread usage as a default
metric in many applications. However, it is important to note that it may not always be
the most optimal choice in certain scenarios. For further discussion on distance metrics,
we refer to Shahid et al. (2009). For the coefficients of different B-spline bases (i.e., i # j),

we assume that Cov(ag,;, ag,;) = 0, regardless of the locations k; and k;. Consequently,
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for any two time points t1, to, we have

Cov(Y (sk;t1), Y (si5t2)) = > bi(t1)bi(t2) Cov(aus, pyi)- (4.6)

=1

The common process Vy(t) is the key component that distinguishes our model from
conventional FD models. Following Krupskii and Genton (2017), we adopt a common

process with the form
Vo(t) = B(t)ENw), (4.7)

where ((t) is a non-random time dependent coefficient function, and N(¢) is a Poisson
process with the rate A(¢) controlling the dependence of model (4.2) in the time domain.
If the Poisson process does not have a jump between ¢; and #;,, then Eny,) = Eng, )
However, when there is indeed a jump between ¢; and ¢;,1, these two random variables are
assumed to be independent with the same distribution as &. According to the property
of a Poisson process, P (N(t;) = N(ti1)) = exp{— ftt:“ A(t)dt}. Therefore, if the interval
between two time points is sufficiently large, the common process evaluated at these two
points is less likely to have the same common factor, which implies lower dependence.
Similarly, when the average rate A(t) between two time points is large, it is also less likely

to have the same common factor, therefore giving rise to lower dependence.

As shown in Krupskii et al. (2018), different designs for the common factor & can lead
to different dependence structures. For example, when the common factor & follows a
Weilbull distribution, the tail property of the copula depends on the shape parameter; when
the common factor & is the difference between two exponential factors with different means,
the resulting copula is asymmetric and there is a closed form for the upper tail dependence
coefficient; when the common factor & follows a Pareto distribution, the resulting copula
is asymmetric with perfect upper tail dependence. In this chapter, we further study model
(4.2) with Y (sg; -) specified through (4.4) and V through (4.7) where the factor & follows

an exponential distribution or a Pareto distribution.

Let T = {t1,...,tr} denote a (common) set of time points when the FD are observed.
This assumption can be relaxed to allow for different observational time points for ran-

dom functions at different locations. Let Fx(-) and fx(-) denote the joint cumulative
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distribution function (cdf) and probability density function (pdf) of the vector
X = (X<Sl;t1)7 s >X<SK;t1)7' - 7X(81;tT)7 s 7X(SK;tT))T7

respectively. Note that we rearrange the random variables X (s, t;)’s in this order such
that observations that are made at the same time points are gathered together. Let F};(x)
and fi;(z) denote the marginal cdf and pdf of X(sg,t;), respectively. Then the copula
C(u) of X and its density c(u) can be written as:

Cx(u) = F (Fi'(un), ..., Fer(ukr)) (4.8)
. f (Fi ), .. Fighluxcr)
. 11 U1 )y - -y KTUKT
X = ) - T (Fichurcr)) 49
respectively, where u = (uy1,...,ugr)’ € [0,1]57.

4.3 Estimation

In this section, we show that the likelihood function may be written in a closed form when
the common factor &, follows an exponential distribution, and then estimate parameters
through the likelihood function. This allows for fast estimation even when the number of

spatial locations is fairly large.

Based on model (4.2), one needs to know Y'(sy;t;) and Vy(¢;) for K = 1,..., K and
j=1,...,T in order to obtain the exact likelihood function. However, neither of them are
directly observable, so we employ a conditioning technique to find the likelihood function.
Let N := (Ny,..., Ny)" denote the collection random observations of the Poisson process
N(t) at each time in the set 7, and thus N forms a T-dimensional Poisson random vector.
Let us denote a realization of the random vector N by N = (Ny,...,N7)" and the
collection of all possible realizations of N by . By conditioning on N(¢;) = 1, there are
T — 1 points remaining random each representing a specific time instance that may or may

not have associated events. At each of these points, there are two possible outcomes: a
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jump or no jump. Consequently, the cardinality of the resulting set 7 is 27=1. Then, we
may calculate the joint pdf of X using the total law of probability as

= Z fxn(x| N =N)P(N = N). (4.10)

Without loss of generality, we assume N; = 1, and the jump size is at most one between
any adjacent time points. As a result, P(N; = Njy1) = exp{— [[""" A(t)dt}, and P(N; #
J

Nji1) =1—exp{— ftj_j“ A(t)dt}. For every realization N € J#, we have

P(N =1) =P (N(ty) = No,--- ,N(ty) = Np | N(t;) = 1)

- 1:_[ exp{—/:j+1 )\(t)dt}' 11 (1—exp{—/:j+l )\(t)dt}).

3 J:N;#Nj 1 J

Let @, »(-) denote the cdf of the multivariate normal distribution with covariance ma-
trix 3 and mean vector p. Let ; = (x(s1;t),...,2(sk;t))". Given the history information

of N(t) and assuming that & ~ exp(1), the conditional distribution of X is given by
fX|ﬁ(.’,C1, .., LT | N)

- / Qus(x1 — 6B, ..., — &{rBr) exp ( Z§Z> déy - dépm,

where ¢; is the value of the j-th common factor &;, 3; = f(t;) - 1 (i.e., a vector of ones
of length K) and m = max N. To simplify the notation, since we know that m < T, some
of the terms &1, ..., & have the same value. We combine the terms that have the same

differential of the variable together and obtain

fX|N(m17 sy LT | N)
= /T (I)H,E(wl - 51/617 <oy gmﬁm exp < Z§1> dél (411)
= (2n) TR [ e (hi€as )} dn

m
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where

h(éb s 7§m>
Ly~ 3T ~ 3\T) -1 (= 3 ~ 3 N\T

= =5 (@ 6B @ —uBn)T) B (@1 =GB @ — &)

m (4.12)

-D&

i=1
1 * * — * *

= Co— 56— &= )N — 6 = ).

In the above formula, we let x; denote the subvector of w =  — u = ((x; —
p)' (@ — ) )T = (w] - w,)) T, in which wy includes all w;’s such that
N; =k, k =1,...,m, and B;’s are defined similarly. Note that equation (4.12) con-
tains two quadratic functions of &1, ..., &,,. By equating the coefficients of &1, ..., &, in the

two functions, we have

>,'=B'Y"'B, ¢ =%, (-L,+B'Y'X)1,,
1
Co =5 ((X1,) ="' X1, - (BE) =7 BE)
where B and X are KT x m matrices such that the kth column is equal to B (wy,
respectively) that can be obtained by replacing all element except for 8y (wy) in 8 (w)
by zeros. That is

ﬁl::<01r70;7 7ﬂl;ru"' 70}—)—'—

and _
B 0 -~ 0
0 .0
B=(o g )=, 7
0 0 - B,

Furthermore, I,,, denotes an m-dimensional identity matrix. The details may be found in
the Appendix C.1. With the notation, we simplify the integral in (4.11) as

fX|N(w17 <o Tm ‘ W) = (27T)(m7KT)/2‘2’71/2|2*|1/2 eXp(CO)(I)E* (5{7 e 75* )7 (413>

m
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where &, i € {1,...,m} represents the corresponding index of the i-th entry in the &*

vector.

Since the number of time points in the time interval 7 is finite in practice, the number
of possible outcomes of the Poisson process N(t) evaluated at times points should also be

finite. Having the above expressions, we may rewrite (4.10) as

fx(x1,...,&y) = Z wa(:cl, oy | N =DP(N =1).
le#
The marginal distribution of X (s;¢;) can also be computed explicitly when the common
factor & follows an exponential distribution. Generally, it is assumed that Y (sy;t;) ~
N (u(t;),7(t;)), and the coefficient of the common factor is 5. To simplify the notation,
we denote p; = p(t;) and 7; := 7(¢;). We may then express the marginal distribution of
Y (sk;t;) as

Fij(x | Mj;Tj,Bj) = F(xk(tj) | s Tis Bj)

_ o ((Eelt) = p 2 wt) — o, () — T
—<I>< JTj J)—exp(Qﬁ]?— Jﬁj J)cb( JTj 7—5—2), (4.14)

where ®(-) is the cdf of the univariate standard normal distribution. Consequently, the
probability density function (PDF) is

fule | 15:73.55) = -0 (M)

Tj
2
+ L e ( Tj2 _a(ty) - ﬂj) o (xk(tj) — 1 Q)
B; 26]’ Bi T Bi
2

T a(ty) - Mj) (ﬂf(tj) — 1 Tj) 1
— exp — 10} - = | —. 4.15
(25? Bj 7j Bi) 7 (419)
If we have N i.i.d. replicates, r; = (xll,ia L1245 -+ T1T,is L2145 - - - 7J7KT,7J)7 where Tkji =
z(sg,t;) and * = (x],xq,...,xx) . Then, the log-likelihood function in terms of the

copula density can be expressed as

N
u|B,X7,0)=> log (Z Fxm (@i T | N =D)P(N = 1)) (4.16)

lest
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=D D log (fi(wwsa) (4.17)

i=1 k=1 j=1

To employ the copula density to define the above log-likelihood function, the input should
be a vector u = (uyy,...,uxr)’ with uj € [0,1], instead of the raw observed data
(11, ..., lgr. One may use the empirical CDF to do the inversion as uy; = F(ﬁkj). However,
this require the estimate empirical distribution function F (+). When having N replicates,

an alternative way is to use the nonparametric score function as follows:

o Rank(£%))—0.5

Uy = N , n=1,...,N.

Then, the observations X ,g;l) may be obtained by taking the CDF transformation X ,g;l) =

(Fij) " (u?).

4.4 Simulation Studies

In this section we present the results of several simulation studies that serve the purpose
of evaluating the parameter estimation of the model described in Sections 4.2 and 4.3. We

first introduce the data generating process as follows:

Step 1: Specify the number of locations K and number of time points 7. Then, simulate

K locations s1, ..., sk over a two dimensional lattice [0, 1] x [0, 1].

Step 2: Calculate the covariance matrix >y. We assume that it is separable so that Xy =
Yioe X 2time- We note here that we assume that the SED are fully observed and so

we do not take into consideration the presence of measurement errors.
Step 3: Simulate the Gaussian component Y where Y ~ N (O 1, Xy ).

Step 4: Simulate the common factor using the exponential distribution with parameter

value 1.

Step 5: We then calculate the probability of no jump using the formula exp{—X\ x dt}.
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Step 6: Simulate a uniform random variable ¢ where ¢ ~ Unif(0, 1).

In Step 4, we are able to compute the true covariance/correlation matrix ¥;,. parame-
terized by the separable correlation structure presented in (4.5). Next, with the 7" number
of points, we equally discretize the time points as 7 = (1,...,T)". Alternatively, we may
parameterize those points to a unit length [0, 1]. Along with the pre-specified B-spline ba-
sis functions for both mean and random components &(t;) = (bi(t;),...,br(¢;)) ", we may
calculate the correlation matrix using (4.6). Using this correlation matrix, we simulate the

Gaussian part of the data (i.e. Y) N times.

In Step 4, to simulate the common factor, we need to first simulate a Poisson process
N. Under the assumption that there could only be one jump between any two adjacent
time points, the event that there is a jump between any two adjacent time points has a
probability p = 1 —exp{— ftii“ A(t)dt}. This helps us to simplify the simulation of Poisson
process to the simulation of 4 x N i.i.d. Bernoulli samples with probability p. Following
this, we generate (T'—1) i.i.d. samples following an exponential distribution with parameter
1 for each time point from 2 to T'. If the probability is low, there is no jump and the value
of the common factor at current time ¢; is the same as the value at previous time point
t;_1. If the simulated probability is high, it correspondes to a jump, and then we simulate

a new value from exponential 1. We repeat this procedure for a total Nsim times.

There are many values that need to be pre-specified, namely 1) the number of B-
spline basis functions for the mean curve p(¢) and the random noise around the mean
curve. We set J to be 5. 2) The coefficient vector for the mean curve £ is set to
be (0.7,—0.5,0.6,0.5,—0.3)T. As a consequence, the covariance matrix ¥ has dimen-
sion 25 x 25. 3) The number of locations K we choose to be 10, which are lying in a
subspace of R%. 4) The number of time points T is set to be 5 and T = {t1,...,t5}.
The coefficients for the exponential common factor are B(t) which controls the mag-
nitude, and the intensity of the jump in p = exp (— ftt;_l )\(t)>‘ We set the magni-
tude parameter [(t) to be constant (, i.e., it is time invariant. We set the parame-
ter vectors as Q = (o,0,7,8,\)" = (1.1,0.6,0.3,1.2,0.15) " and basis coefficient vector
€= (£,6,8,64,&)" = (0.7,-0.5,0.6,0.4, —0.3)T. We first look at the estimates for the
dependence vector €.
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In Figures 4.1 and 4.2, we see that when the tail dependence is generated from the
exponential distribution with shape parameter 1 (i.e. exp(1l)), the estimates are very
accurate for a small sample size of N = 50. When the sample size is large N = 200, as
the boxplot indicates that of all dependence parameters are shrinking which indicates that
the variation decreases. This is expected as we obtain the closed form expression of the
likelihood function when the common factor is generated from exp(1). We also perform
an additional simulation in the case when () is time-varying. In that case, all of the

parameter estiamtes are still very close to the true values.

(a) N = 50 (b) N =200
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Figure 4.1: Boxplots for the the parameter estimates coefficients of the mean curve &1, &,
&3, &4 and & with different sample sizes of N in 500 simulation runs when the jump process

is generating from an exponential distribution with parameter.

We then take a look at the case when the model is misspecified. We use two different
distributions to generate a common factor, namely the Gaussian and Pareto distributions.
In particular, the Pareto distribution we use is with a scale parameter 1 and a shape
parameter 2, denoted & ~ Pareto(1,2). In addition, we include the case where the common

factor is generated from a standard Gaussian distribution N(0,1) when there is no tail
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Figure 4.2: This figure presents the parameter estimates for o, 6, v, A and § with different
sample sizes of N in 500 simulation runs when the jump process is generating from an

exponential distribution. The red lines denote the true parameter values.

distortion.

In Figure 4.3, we see that when the tail dependence is generated from different distribu-
tions, Pareto(1,2) or N'(0, 1), the parameter estimates seem a bit off from the true values.
In particular, for the mean vector, it seems that all of the estimates for £ are overestimated
for the Pareto, and underestimated for the Gaussian case. It becomes more apparent in
Figure 4.4 that the mean estimates when the tail is generated using the exponential dis-
tribution result in a perfect fit, while the cases using the Pareto distribution or Gaussian
distribution are inaccurate, despite that the shape of the mean curve is well captured and
they differ from an affine transformation. As for the dependence parameters, v, A\, o and 6
are each accurately estimated as shown in Figure 4.5. Notably, with a small sample size
of N = 50, the estimates for those four parameters perform well, with only a few outliers
that fall outside the interquartile range. When the sample size increases, for instance, to

N = 200, this deviation is much improved and the true value is almost the same as the
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estimates. This is not the case for 3, however. Similar to the basis estimates, it seems that
the model tends to overestimate the parameter S, and it does not change when the sample
size increases. This suggests that the model is robust to the spatial correlation structure
and model misspecification, and it captures the overall shape of the trend presented in
the data. However, additional (future) work is necessary for finding some robust ways to

estimate the magnitude of the trend.

4.5 Concluding Remarks and Future works

This chapter introduced a model for FDA that challenges the traditional assumption of
normality consistent with the copula paradigm. The proposed model builds upon FPCA
and specifically targets SFD observed across multiple locations. The underlying function
comprises a mean function, a variance (or covariance) function, and a common factor. The
mean and variance functions are modeled using B-spline basis functions. Unlike previous
models, the proposed model accommodates a common factor that affects all locations uni-
formly and does not require adherence to a Gaussian distribution. We anticipate that this
model will effectively capture spatio-temporal dependence in FD. To examine the depen-
dence structure, a new copula model is introduced, which exhibits desirable properties of
tail dependence and asymmetry when tailored with specific common factor distributions.
Furthermore, we derive a closed-form likelihood function, enabling parameter estimation
through maximum likelihood estimation. Throughout simulation studies, we show that
this model is able to capture the spatial correlation presented in the data, while capturing
the shape of the temporal trend. The proposed model can accommodate various depen-
dence structures by tuning parameters and modifying the distribution of common factors.
In summary, this model is versatile for FD with spatio-temporal dependence and can be
used to obtain desirable properties that are unattainable using the normality assumption
by precluing the existence of heavy tails. Moreover, the parameter estimate for spatial

dependence parameters converges fast to the true values even with a small sample size V.

Regarding future work, we have several ideas. Firstly, we would like to incorporate

learning or optimization techniques into the problem, such as mini-batch gradient descent.
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These techniques can potentially improve the convergence speed of the optimization pro-
cedure while maintaining accuracy. Furthermore, they can allow practitioners to fine-tune
the model by incorporating prior or domain knowledge, for example, by specifying the
learning rate for each parameter separately. Additionally, it is desirable to explore the tail
dependence of the copula. Specifically, deriving closed-form expressions for the upper and
lower tail dependence coefficients, as well as investigating other distributions, would be
valuable. Although the parameter estimation appears satisfactory, there is still potential
to enhance the accuracy and efficiency of the algorithm. The number of B-spline basis
functions can also be modified based on exploratory data analysis. Lastly, we aim to apply
our method to real-life datasets, such as housing price data used in Zhang and Li (2022),
climate datasets similar to those provided by the North American CORDEX program as
utilized in French and Kokoszka (2021). By doing so, we hope to assist decision-makers in

various applied fields and beyond.

108
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Figure 4.3: Boxplots for the the parameter estimates coefficients of the mean curve &, &,
&3, &4 and &5 with different sample sizes of N in 500 simulation runs when the jumping
process is generating from Top row: the Pareto distribution and Bottom row: standard

Gaussian distribution. The red lines denote the true parameter values.
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Figure 4.4: The estimated mean function versus the true mean function with different

sample sizes of N for the case the tails are simulated from: Left: Exponential distribution,
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Figure 4.5: This figure presents the parameter estimates for o, 8, v, A and [ with different

sample sizes of N in 500 simulation runs when the jump process is generating from Top

row: Pareto distribution and Bottom row: Gaussian distribution. The red lines denote

the true parameter values.
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Chapter 5

Concluding Remarks and Future

work

In this thesis, we have investigated several important research problems in functional data
analysis (FDA) on the following topics: 1) Introducing a new significance test for assessing
the predictability of competing real-time updated probabilistic forecasts; 2) Developing di-
agnostic and inferential tools to quantify the correlation between paired random processes,
and 3) presenting a method capable of modelling tail asymmetric behaviour and heavy tails
in functional data objects. In this chapter, we provide a summary of each of the preceding
chapters along with discussions. Furthermore, we explore potential extensions and future

research directions before concluding the thesis.

In Chapter 2, we developed a significance test for comparing continuously-updated prob-
abilistic forecasts based on the L? norm. The proposed method was applied to data from
the National Basketball Association (NBA), in which we calculated the aggregated L? dif-
ference between competing probabilistic forecasts over time. The methodology was adapted
from the framework introduced in Lai et al. (2011) and extended to handle continuously-
updated predictions as new information became available. Moreover, we devised a graphi-
cal representation that facilitates the visualization of the performance between competing
methods at any given time point. To assess the finite sample properties of the test, we

conducted a simulation study. The results demonstrated that the proposed methods effec-
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tively distinguished competing models with different amounts of information. Lastly, we
applied our methods to real NBA game data. The results revealed that, in general, the
probabilistic forecasts generated by a large companies’ ensemble machine learning model
were well-calibrated and outperformed the naive models. However, the performance of this
model was similar to that of a simple logistic regression model that we specified, which
only included two covariates: pre-game relative strength and score difference during the

game. Hence, this approach may still have plenty of room to improve.

This project focused on developing a statistical significance test on the independent
observations with equal length. However, in reality, this might be a bit restrictive as the
length or the duration of the independent observations may be different, for example, the
game with overtime. Moreover, the difference in length may contain extra information.
For instance, in a medical study the patients may have different durations in an intensive
care unit, some sports games may have overtime past regulation time, and the sleeping
times of individuals are different, in which the duration may or may not be informative.

Our method does not account for these types of scenarios.

Next, in Chapter 2, we compared the predictive performance aggregated throughout
the entire game. Alternatively, there may be a curve-dependent cutoff point, the outcome
is determined and the predictions beyond that point may be disregarded. For instance, if
the home team is leading by 50 points in a basketball game with three minutes left, it is
reasonable to conclude that the home team is definitely going to win. Finding these cutoff
points by disregarding the probabilistic forecasts beyond may be helpful in extending the
method we have developed. The other concern is that the number of bins in the calibration
plot may be subjective. Although in the appendix we compare using ten bins and find that
the result seems adequate and comparable with the automated binning selecting algorithm
from Dimitriadis et al. (2021), it may be helpful to develop a tailored binning selection

algorithm for any given application.

In Chapter 3, we proposed a method called functional spherical autocorrelation which
may be used to quantify the dependence between paired FTS objects. This is achieved
based on measuring the average angle between lagged pairs of series after having been
projected onto the unit sphere. We then derived the limiting distribution of estimators

under the assumption that the underlying structure is similar to white noise processes. The
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novelty of the proposed method was that it is able to capture the “sign” or “direction” of the
correlation. Unlike the usual case, the estimator we used to centre the observed data was
the geometric median instead of the mean function. This is because the standardization
in our proposed method is highly nonlinear and using the mean function may bring in
unnecessary bias that is associated with the skewness of the underlying F'T'S objects. We
also showed that under mild conditions that the estimating effects of the centre of the data
using the geometric median is asymptotically negligible as the sample size increases. As a
by-product of using the geometric median, our method is also robust against the outlier
curves, which the conventional method suffers in these scenarios. We also developed a
portmanteau type of test in which we test the dependence at multiple lags simultaneously.

Its asymptotic distributions were given as well.

The simulation studies showed that the proposed methods have a similar rejection rate
to the existing methods, specifically fACF from Mestre et al. (2021), while accurately
capturing the direction of the serial dependence. Additionally, the proposed methods
exhibit good performance in finite samples. In addition, the power of the test is adequate
and type one error remains at the desire level. We further showed that our method is
able to access the “whiteness” of the data, and is helpful in the model selection step.
Lastly, we applied our methods on two real datasets, the Spanish electricity data and
the financial time series data. In the first application, we found that the autocorrelation
of certain lags were negative while the seasonal effects had positive correlation with the
current observation. In the second application, we demonstrate the GARCH type of model
is more suitable for the series as the square of the differenced series seem auto-corrleated

while the original series looked similar to a white noise sequence.

In Chapter 3, we projected the pair of stochastic processes on the unit sphere without
using dimensional reduction methods such as FPCA. It has a good performance when the
data generating process follows from the FAR(p) family. However, when the data generat-
ing process is from a functional moving average model with order ¢, denoted as FMA(q),
our method cannot handle this case. On the other hand, the conventional methods given
in Mestre et al. (2021) do have a version of the functional partial autocorrelation function
that is able to handle the observations coming from a FMA(q) process. Thus, using our

method alone may have a difficult time to distinguish between white noise and FMA pro-
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cesses. Moreover, our method does not consider missing data or partially observed time
series. Furthermore, we assume that the FTS objects have a strict stationarity through-
out the entire domain, and we do not consider any change point or structural break. It
is advisable to first perform a stationarity test proposed by Horvath et al. (2014) before
applying our method. In addition, the forecasting method assumes mean stationartiy, al-
though the Spanish electricity curves do not appear to be stationary. Thus, other types of

pre-processing steps may be necessary before fitting the FTS models.

In Chapter 4, we proposed a new factor copula model to deal with functional data
with spatial dependence, adapted from the factor copula model proposed by Krupskii and
Genton (2017) and Krupskii et al. (2018). This model is capable to handle scenarios in-
volving heavy tail dependence and tail asymmetry, which some basic models in the existing
literature are unable to accommodate. The key idea behind the model is the assumption
of the existing a common process that visits every location simultaneously in replacing
the conventional random error term. This common process can be generated by various
distributions, including Gaussian and exponential distributions. Specifically, when the gen-
erator of the common factor follows an exponential distribution, we are able to obtain a

closed-form expression, which significantly reduces the computational cost.

Through simulation studies, we demonstrated that parameter estimation using the
derived closed-form expression performs exceptionally well, even in situations where the
model is misspecified and the generator is from different distributions. Notably, our model
is robust against the model misspecification in capturing both the spatial dependence

structure and the shape of the trend function.

Moving forward, our future investigations will focus on extending our model to cases
where the common factor is generated from other distributions. Additionally, we plan
to apply our methods to real datasets, including those provided by the North American
CORDEX program, as well as housing price data used in other related works in studying
SED.
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5.1 Future Work

In this section, we briefly go through some possible future directions based on the work

presented in this thesis.

Alternative normed approaches for evaluating probabilistic forecasts: In
Chapter 2, we used the L? norm to quantify the aggregated difference between two com-
peting forecasters. However, the theory is general enough to allow for extensions to other
norms such as L' or L>*. Each norm may have its own interpretation. For instance, if
we want to assess the maximum difference between two predictive methods, using the L*>°

norm may be a more reasonable choice.

Functional spherical partial autocorrelation function: As mentioned in the pre-
vious section, one drawback of our method is that we only have the ACF counterpart.
When the data generating process is FMA(q), our method will suffer from the lack of
distinguishability between them and the white noise processes. Thus, it is desirable to
develop the PACF analogue to the FTS while retaining the direction of the dependence
which was absent in method proposed in Mestre et al. (2021).

Functional spherical cross-correlation: In Chapter 3, we investigated the depen-
dency on two time indexes of one long F'T'S object. An extension of this is to consider the
spherical cross-correlation in the multivariate FTS setting. This is useful to investigate
whether two F'T'S have lag effect or not. Such a scenario is common in the case of environ-
mental and medical studies. For instance, Kowal et al. (2017) considered the local fields
potential data in rats in which the prefrontal cortex and the posterior parietal cortex are
correlated. Our method may help in investigating the lagged effects between the bivariate

case and determine if it is practically important.

Spherical autocorrelation on panel data: In Chapter 3, we considered the case of
dependency among different time windows of a univariate F'T'S object that is sufficiently
long. On the contrary, it is common for the observed series to be short but have multiple
independent curves occurring simultaneously. This type of data is known as panel data, in
which the number of subjects can be large, but each subject may have a short time span

resulting in a smaller sample size. Many real-life scenarios consist of this type of data, for
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instance, women’s menstrual cycles from Gold et al. (1995); Ji and Dubin (2020), where

there are hundreds of study participants, each with only three cycles.

Multi-source spherical autocorrelation: In Chapter 3, we assumed that time is
the only source of dependency. Alternatively, it is possible that the correlation comes from
multiple sources, such as spatial-temporal data. In such cases, it is necessary to include
the dependency from both sources and summarize the overall correlation. Additionally,
it might be of interest to calculate the correlation from each of the sources separately to

observe the effects of each factor.

Asymptotic theory and fast numerical methods for the factor copula model:
In Chapter 4, we followed the work of Krupskii and Genton (2017), in which the likelihood
function may be written in an alternative form when the error follows a certain distribu-
tions, enabling numerical optimization. However, we, as well as the authors of Krupskii
and Genton (2017) and Krupskii et al. (2018), used R built-in functions, which can be
slow. It is of interest to analyze the runtime and develop fast numerical implementations

for performing parameter estimation of such models.

The list above is not meant to be exhaustive, as the methodologies presented in this
thesis are general enough to have many more potential extensions. Overall, this thesis con-
siders problems in FDA ranging from independent to temporal and, finally, incorporating
both time and spatial dependencies. We envision that it will shed light and serve as a

foundational building block for future research problems.
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Appendix A

Technical Details of Chapter 2

A.1 Definition of p;(t) and Proof of Theorem 2.4.1

In order to formally define p;(t), we first define two collections of sigma-algebras: F;, which
is the information available up to and including the i'th game, and F;_;; which is the
information in all games up to and including the ¢ — 1’st game, along with the information
up to time ¢ in the i'th game. Clearly then for allt € [0, 1], F;_;; C F; C Fiy. Let Y; denote
the zero-one variables encoding wins for the home team. We define p;(¢) = E[Y; | Fi—1.] to
be the probability that the home team wins in the i’th game given the information up to

time ¢ in that game (and previous games), which we are aiming to forecast.

Suppose that we have two methods p2(¢), p2(¢) for forecasting the in-game probabilities

of the home team winning in game ¢ at time ¢.

Assumption A.1.1 p(t), pP(t) are both measurable with respect to Fi_14. In other
words, only the information from all previous games as well as the current game up to

time t are used to produce the forecasts pi(t), pP(t).

Let L?[0,1] denote the space of square integrable functions defined on [0, 1], which has
canonical inner-product defined for f,g € L?*[0,1] as (f,g) = fol f(t)g(t)dt. We assume
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here that L(a,b) = (a —b)? is the Brier loss, but the following results generalize to any loss
functions with a linear equivalent (Lai et al., 2011). Define

Zn(t) = VN[Ax(t) = Ax()

= = 3 [0 A0) — LOGA70) = (L0 (0). 240 — L), 5]

Note that under the null hypothesis Hy : ||An||? = 0 of equivalent forecasting skill between
the models A and B, Zy(t) = V' NAx(t) in L? sense. In order to formally state and prove
Theorem 2.4.1, we also make the following assumptions. A sequence of covariance kernels

that arises in calculating the distribution of Zy(t) is

+ E[(5(s) — 57 () (07 (t) — 57 ())pi()(1 = pilt)) | Fica]Less) (A1)

where 1 is the indicator function. As we will show, Cy is essentially the average covariance
function of the (centred) difference between the forecasts p/(t) — pP(¢). This kernel is
evidently symmetric for each N, and we show below that it is also positive (semi-)definite,
which is to say that for all functions f € L?[0, 1],

/01/01 Cn(t,s)f(t)f(s)dtds > 0.

Assumption A.1.2 There exists a symmetric, positive definite kernel C satisfying
fol C(t,t)dt < oo such that

/0 1 /0 Onlt.s) — C(t.s)dtds = op(1). (A.2)

Assumption A.1.2 basically entails that there is a degree of “stationarity” or “ergod-
icity” between subsequent forecasts. This would be implied if, for example, subsequent

forecasts in each game were independent of each other and exhibit an approximately stable
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distribution, although independence could be relaxed a great deal here with (A.2) still
holding. This condition is analogous to condition (a) in Theorem 1 of Seillier-Moiseiwitsch
and Dawid (1993), the validity of which in probabilistic forecast evaluation is discussed

there, and this condition is also central to the results of Lai et al. (2011).

The kernel C' defined in Assumption A.1.2 may be used to define a symmetric, positive
definite linear operator C : L?[0,1] — L?[0,1] via

Cp)(t) = / C(t, 5) f(s)ds, (A3)

which by Mercer’s Theorem (Bosq, 2000) must have associated to it a decreasing sequence
of eigenvalues A\;y > Ay > --- and corresponding orthonormal eigenfunctions ¢i, ¢s, -+ €
L0, 1] satisfying C(¢;) = X\i¢;. A similar collection of eigenvalues and A\; y > Aoy > -+ -
may be defined the operator Cy obtained by replacing C' by Cy in the definition (A.3).

Assumption A.1.3 The sequence of variables Zy are uniformly tight in L*[0,1] (see pg.
46 of Bosq, 2000).

Uniform tightness is used in order to extend asymptotic Gaussianity of the finite dimen-
sional distributions of the process Zx to the entire process. Intuitively assuming tightness
in this context assumes a degree of continuity or “smoothness” to the forecasts p () and

p2(t) as a function of ¢t. A sufficient condition to imply Assumption A.1.3 is

o0

SUPZ/\i,N < 00;

Nzlioy
see the proof on page 52 of Bosq (2000).
Restatement of Theorem 2.J.1 Under Hy and Assumptions A.1.1-A.1.3,

b oo
1Zn* =Y~ (1),

i=1
where the x?(1),i =1,2,... areii.d. x? random variables with one degree of freedom and
the constants {\;, ¢ > 1} are defined in (A.3). These constants may be asymptotically
conservatively estimated by the eigenvalues of

. 1 &

Coons(t,8) = 57 D_IBi' (1) = 57 (1)][5{' () — D7 (5)]

=1
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Proof A.1.1 For all test functions v € L*[0, 1], and using the definition of the Brier score,
we have that

(Zn,v)/2 = VN[Ay(t) — Ay(1))/2 = ﬁ ;(L(E,ﬁf) L(Y;, ) = [L(ps; ;) — L(pi, 7)), 0)
\/—Z P —pP)(pi — Vi), v) =: \/LNZXU

Xiv 15 a martingale difference sequence with respect to the filtration F;. To see this, notice

by the tower property of conditional expectation and Fubini’s theorem that
E[Xi,v | -7:1‘—1] = E[E[Xi,v|ﬂ—1,t]ﬂ—1] = EKE[(@A _ﬁ?)( ) | Fie 1t] > | fz’—l] =0,

since B[(p(8) — E(O)(pi() = Y2) | Firal = (50) — EW)ELpi(t) = Yi) | Fird] =0, as

for all t, using Assumption A.1.1. Further,

Bt | il = [ [ B ~ 9P O)0) ~ YOGH) — 5206 0i() ~ Yu(tets) | Fo s
(A.4)

Suppose s > t, then using the tower property

E[(p;' () =7 () (pils) = Yo (5 (1) — p7 () (pa(t) = Yi)u(t)v(s) | Fii]
= E[E[(57'(s) — 57 () (pi(s) = YO (B;' (8) = B () (pi(t) = Yi)u(t)u(s) | Ficas] | Fici
E[(5{(s) — b7 ()51 (t) = B (1)) w(t)o(s)E[(pi(s) — Yi) (pi(t) = Yi) | Fimrs] | Fial.

Note that Y; | Fi_1s is a Bernoulli(p;(s)) random variable, thus it follows that E[(p;(s) —
Yi)(pi(t) = Y:) | Ficisl = pi(s)(1 — pi(s)). From this we obtain that for s > t,

E[(p;'(s) — b7 () (pi(s) = YD) (5 (t) — B () (pa(t) = Y)u(t)u(s) | Fii]
= E[(p7'(s) — p7 (s)) (07 (1) — 57 ())pi(s) (1 = pils)) | FicaJu(t)(s).

Plugging into (A.4) and applying the same calculation when t > s gives that

E[X2, | Fi] = //kEn DB () (FA(1) — PP )pi(s) (1 — pi()) | Fir st
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+E[(p7'(5) — 57 () (07 (8) — 57 ())pi() (1 = pi(1)) | FimalLisshu(t)o(s)dtds.

It follows that

N
%ZE[X; Fii] // —COn(t, s)v(t)v(s)dtds.
=1

Hence, using Assumption A.1.2,

%;E[ 1 Fia _>// Jo(s)dtds = (C(v),v) = o2 (A.5)

We consider the cases of o> = 0 and o2 > 0 separately. In the case where o = 0,

we first note that, using the Cauchy-Schwarz inequality, E[X7?, | Fi_1] < [o|PE[|(p{(-) —
PP (i) =Y)|? | Fios], which is uniformly bounded, and hence (1/N) SN, E[X?, | Fi-l
is uniformly integrable. It follows then from (A.5) that o2 = 0 implies

ar(\/%i)(i,v>: { ZE 2, El}—m.

When o2 > 0, let S, = Var(X1, Xiw) = S, E[X2,]. Using (A.5), it follows that
there exists a constant D > 0 so that for all N sufficiently large, SJZV’U > DN. Thus, for
all e > 0 and N sufficiently large, we have due to the uniform boundedness of Xz?’v that

1
YR ZEXw]lﬂxwpesNu} 0.
SNU i=1

Hence both the Lindeberg condition and the asymptotic constancy of the conditional vari-
ance condition of the Martingale central limit theorem, c.f. Theorem 1 of Brown (1971),
hold, giving that {Zy,v)/2 RS N(0,02). This shows that the finite dimensional distri-
butions of Zx asymptotically coincide with those of a Gaussian process with covariance
kernel C. This along with Assumption A.1.3 imply that Zy converges weakly in L]0, 1]
to a Gaussian process with covariance kernel C' (see Prohorov’s theorem, Theorem 2.6 in
Bosq 2000). The form of the limiting distribution of || Zx||* follows from the continuous

mapping theorem and the Karhunen-Loéve representation theorem.
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The fact that the eigenvalues of the kernel Cloons are uniformly larger than those of Cy
follows since Copns is obtained by replacing pi(t)(1 — pi(t)) and pi(s)(1 — pi(s)) with the
upper bound 1/4.

A.2 Selection of the Number of Bins using CORP
Binning Method

Dimitriadis et al. (2021) develops a criterion for estimating the optimal number of bins
in constructing reliability diagrams, which we also implemented and compared to. The
optimal number of bins at each time point estimated using the method of Dimitriadis et al.
(2021) and for the forecasting methods ScDnolnt, ESPN, and PgRSSCD are displayed in
Figure A.1, from which we see that their method tends to recommend more than 10 bins
at each time point, and tends to recommend closer to 20 bins in the middle of the game
when the forecast probabilities tend to be more uniformly distributed. The corresponding
real-time reliability diagrams for the methods ScDnolnt, ESPN, and PgRSSCD estimated
using the bins defined in Dimitriadis et al. (2021) are shown in Figure 2.4. These lead to

similar conclusions as when 10 bins are used in each case.

(a) ScDnolnt (b) ESPN (c) PgRSScD

30 30- 30
_25 _25 _25
3 8 2
£ 20 € 20 € 20-
2 2 2
15 15 15
m m o

10 10- 10

5a ‘ ‘ ‘ 5- ‘ ‘ ‘ ‘ 5 ‘ ] ‘ |
0.00 0.25 0.50 0.75 1.00 0.00 025  0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
In-game time elapsed (%) In-game time elapsed (%) In-game time elapsed (%)

Figure A.1: The change in number of bins across time using the CORP method: Methods
(a) logit model using Score difference without intercept (ScDnolnt); (b) ESPN forecasts;
(c) logit model based on Pre-game relative strength and Score difference (PgRSScD).
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(a) ScDnolnt (b) ESPN (c) PgRSScD
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Figure A.2: Plots of Uy¥2(t) and LS (t) against ¢ based on the bins obtained from CORP
method: Methods (a) logit model using Score difference without intercept (ScDnolnt); (b)

ESPN forecasts; (c) logit model based on Pre-game relative strength and Score difference
(PgRSScD).
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Appendix B

Technical Details of Chapter 3

B.1 Technical Details and Proofs

Throughout these proofs, we assume without loss of generality that the spatial median
i =0. We use C;, i > 1 to denote unimportant positive numerical constants that may
change from line to line.

B.1.1 Proof of Theorem 1

Proof B.1.1 We use the notation
| N=h | Neh
VN = —= > (S(X)), 8(Xin)) = —=>_ Tin- (B.1)
VN 2 i VN 2 :

{T} 1}icz forms a strictly stationary and h— dependent sequence of scalar random variables.
By equation (2) of Gervini (2008) and the independence of the X;’s, ET;;, = 0. Using
Fubini’s theorem and the independence of X;’s, we obtain that

ET?, = E(S(X;), S(Xisn))?
- // ES(X)(1)S(Xi0) (1)S(X) ()8 (Xin) (s)dbds = |2

143



Once again by equation (2) of Gervini (2008) and the independence of the X;s, we obtain
that for i # j, ET;,T;, = 0. Hence by Theorem 6.4.2 of Brockwell and Davis (1991),
VNG B N, ||Cp|2). It follows by elementary arguments that for fived H, v N| Ry —
Rulls 50, where

1 & 1 <
Ry =— Tiv,....Tig)" = = T4
H N;( 1 ) ,H) N; H

Similarly as above, the vector valued process {T; g ticz s strictly stationary, mean zero,
and H dependent, with ET; yT,'y = ||Cp|*1y, and BT, xT,'; = 0, if i # j. Hence by
Proposition 11.2.2 of Brockwell and Davis (1991), VN Ry 2 Ny (0, |Cp||2Ly). It follows
from the continuous mapping theorem that ||V NRy||% 3 ||Cpl*X2(H).

B.1.2 Proof of Theorem 3.2.2

Lemma B.1.1 Under Assumption 3.2.2, if ||u|| < C4, then there exists a constant C3 so

that )
| X |

E—
12X — ul?

< Cs.

Proof B.1.2 For all M > 0,

1|2 1|2 1|2
E =E I{[|X; —ul| > M} +E L{|X; —ul| < M}
1 X —ull* [ X —ul]? [ X5 — ulf?
1|2
< EHX- — u||2]1{|\Xi —ul| > M} + [M + C1]Cy,

where in the second line we applied Assumption 3.2.2, and used that | X; — ul| < M
implies by the triangle inequality that || X;|| < M + Cy. Again by the triangle inequality
| X: |l — C1 < || X; — ul|, which implies that so long as | X;|| > Ch,
X _ il
12X —ull = 1 X6l = Cy
Since || X; — ul| < || Xi|| + C1, we have if M > 2Cy, then || X; — ul| > M implies that
| X;|l > Cy1. This implies then with M > 2C, that

| X | 1{||X; — M} <C
-Gl > A = G
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almost surely for a positive constant Cs. Hence Lemma B.1.1 holds with Cy = Cs + [M +
Ch]Cy for any M > 2C.

Theorem 3.2.2 follows immediately from Theorem 3.2.1 and the following additional

lemma.

Lemma B.1.2 Under Assumptions 3.2.1 and 3.2.2, /N (pn — pn) = op(1).

Proof B.1.3 Letting m;p, = || Xi ||| Xisn ||| Xs — £l|| Xisn — 2|, we have that

(X = Xl (Xign = @ Xignll)

[
5= 3~
WE

i=1 i,
—(Xi|| X = |, Xignl| Xiwn — 2]])]
1 X
=N Z - (Xl Xl Xon | Xaqnll) — (Xl Xa = ll, Xoqnl| Xign — 1))
i=1 v
N N N ~
1 3 (AIXll Xipnll Xinll) 1 3 (XX, Al X))
VN — Mi.h VN — My

N
1 || Xql|, || X

4Ly Gl Kol

VN = mip

=Ry — Rony — R3n + Ryn.

We now aim to show that Rjn = op(1), j =1,...,4. Starting with Re n, we have by the
linearity of the inner product and the Cauchy-Schwarz inequality that

N
1 Xl Xignl| Xignl)
|Ron| = =
N &

min

N ~
N 2 TX— il X — 7
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N
o1 Xivn
= |\ M = =
< \/_Z T =l =70 >'

~ z h

— Alll[ Xipn — il

‘ = [IVNll| Rs x|l (B.3)
By Assumption 3.2.1, ||\/Nﬂ|| = Op(1). Let e,0 > 0. Also by Assumption 3.2.1, there
exists a compact set K C H so that
* 0 * ~
P([R ]l > €) < 5+ P{IIRs N > e} N {VNji € K}). (B.4)

Define the process Gon : H — H by

Xitn

G
vl Z 1K = N2 | X — N=H2u))”
so that R5 = Gaon(VNfi). Then
P({I 851> 0 (VF € KD < P (sup [Galw)] > ). (B
ue
Using that {X;}icz are i.i.d., we get that
X
_ -1/, -1 h
EGQVN(’LL) —EHXQ N UH ]E||Xh—N_1/2U||

Notice that for each u € K,

Xn

Yin
HHXh—N V2| IIXhII

‘—>OasN—>oo

Moreover, it follows from Lemma B.1.1 that {Y} y}n>1 are uniformly integrable. Hence by
the Vitali convergence theorem (see e.g. Theorem 16.14 of Billingsley, 1995), EY, y — 0
as N — 0o. According to the contraction property of expectation in Hilbert space (see pg.
29 of Bosq, 2000), it follows that

X
E
o=

’—)()asN—M)o. (B.6)
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Since E|| Xo — N~V2u|| 7! < 0o by Assumption 5.2.2, we then obtain that EGyn(u) — 0 as
N — oo for each u € K. Also for u,u’ € K, we obtain using simple arithmetic with the

reverse triangle inequality and again Assumption 3.2.2 that

[EGs v (u) = BGa,n (u)]]
_ )Xo = N7H2ul| — [|Xo — N7V

E Xn
| Xo — N=12ul||| Xy — N=1/20/|| | X — N=2u|
g Xnlll X — N~V 2y — || X, — N~V
| X5 — N=V2u||[| X — N=12/|

= Cg||lu — ']

] H EHXO . N—l/Qu/H—l

1

Hence EGy y(u) is uniformly continuous, from which it follows in conjunction with
EGa n(u) = o(1) that

sup |[EGa n(u)|| = o(1), as N — oo. (B.7)
ucK

Also, using that {X;}iez are i.i.d., we obtain that

E||Ga,n (1) — EGa y (u)|

1 Y X
i+h
N — EG
N ; {HXZ — N72u|[[| Xipn — N7H2u]] ng(u)]
N
1 Xith
=z |2_E —EG
e [Z ” 1% = N[ Xypn = N7~ G2 ()

Xitn
E —EG
" Z <||Xi — N7V2|||| X, — N1/ 2| 2 (1)

1<i#Aj<N

=K

Xjth
—EG .
1K = N=2ull[| Xjpn — N7V2ull 27N(u>>]

When i # j, and |j — i| # h, it follows due to the assumption that the {X;}iez are i.i.d.
that

Xitn
: < IX; = N2l Xy — N-1Pu]| EGan(w),
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Xjth
— EG =0.
1%, = N V7u]| Xyon = N 172a] 2’N<“>>

And when |j —i| = h, by the Cauchy-Schwarz inequality the same inner product term is
bounded by

2

Xh
E —EG B.8
| =i = ~ B 9
Hence
2
E|Gax () — EGaw (W) < SIE al ~EGow()| . (BY)
. B =N |1 Xo = NTV2ull[| Xy — N7V2u|| . '
By Assumption 5.2.2 and Lemma B.1.1, for all n sufficiently large,
X, ? 12— X ?
E =E|| X, — N"V%u|%E <
[t | = B0~ 3 || <0

which implies the term in (B.8) is bounded for all n sufficiently large. This along with
(B.9) gives that

Gan(u) =i EGa n(u), for each u € K. (B.10)

We now aim to show Ga,, is stochastically Lipshitz. To that end, for u,u’ € K, simple

arithmetic gives that

|G2v (1) = Go n(u ’)H

i 1 Xz+h
| X; — N V2|~ X — N2 | [ Xizn — N2

N
Z Xith Xitn
—~ ||| X; = N~ V2yl| X, = N-124|
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1 Xz—f—h
X = N [IX = N7

ii 1 Xz—i—h
N — | X; — N 1/2u|| |1 X — N—I/ZU/H 1X; — N_1/2UH

N
n iz Xivh B Xith
N = [[|X; = N7Vl || X — N7

1 Xl+h
I = N X = N2

=t | Lo, w) || 4[| Loy (u, w) -
Notice that by the triangle inequality,

1L, (u, )]

1« N2 — | Xin

< —
~ N Py ||XZ — ]\[_1/2“””)(Z _ N_1/2U,|| H ||Xz+h . N_1/2u||

1 Xith
|| 3/2 Z X —-1/2 . —1/24,1 X -1/2
N3z e || X; = N=V2ul|[| X5 = N=V2 | ] || Xipn — N7Y2||

where by Assumption 5.2.2 and Lemma B.1.1, EB, < Cy. This implies that the process
{Gan(u), u € K} satisfies the equicontinuity conditions of Assumption 3A of Newey
(1991). This along with (B.10) imply according to Theorem 2.1 of Newey (1991) that

— flu '

=: ||lu — u'|| By,

sup ||G2,N — ]EGZNH = Op(l).
ueK

In congunction with (B.7), this shows that sup,ck ||Ga.n(u)|| = op(1). Due to (B.2), (B.4),
and (B.5), it follows that Ry n = op(1). Following a nearly identical argument, it may be
shown that Rs y = op(1) and Ry ny = op(1). Although the argument is also similar to show
that Ry y = op(1), it differs in a few places and so we think it is valuable to provide the

details. Notice that we may write

1 L1
Riy=—=
L \/Nizlfn

7:7

(Xl Xill, Xisnl| Xignll)

149



—(Xil| Xi — ], Xign || Xivn — 22l))]

N
1 1 X
~UN¢ Z (X 1 Xill, Xinll[ Xignll = [[Xirn = all])
1

T

=1

Xalll Xl = 1% = Alll, Xognl| Xign — all)

N
1 3 Xill Xall, Xin[[1 Xl = 1 Xin — 2ll1)
= [ XinllllXi = Alll| Xizn — Al

N ~ ~
1 3 (GG = 12X = all], Xin | Xirn — All)

+ -
VN = [ Xasn 12X — Al 11X
1 2
Rilx + R%
Define
N _
W y_ 1 (XXl X[ Xinl| = (1 Xisn — N~72u]])
Gin(w) >
LN\ =

Xl X = N=172ul[[[ Xign — N-172u]

so that Rﬁv = Gﬁlj)\,(\/ﬁﬂ) Arguing as in (B.5), it is enough to show that for any compact
K CH,

sup |G} (u)| = op(1).
ueK

Due the independence of the X!s and Fubini’s Theorem,

X Xu[IXnl = | Xn — N~V2]|
EG (u :\/N<E 0 EZL .
L (@) Ko = N2 & X = N[

By the Cauchy-Schwarz and reverse triangle inequality, (B.6), and Assumption 3.2.2,
it follows that

EG\\(u) < VN HE Xo (B.11)

H' Xh NI X0l = 1 X, — N~/

%~ Nl | [ X~ Nl
Xo
< Cy||E E| X, — N"V2ul|™h =0
< Cuo |E e — iz | B = Nl v,
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as N — oo for each u € K. Moreover, noting that (X;, X;+n) ts independent of (X, Xj1n)
when i # 7, |i — j| # h, we obtain along with the Cauchy-Schwarz inequality that

N
1 (Xl Xall, X1 Xignll — [ Xopn — all])
Var(G') (u)) = — Var( ’ X X
LN N ; | Xsrn | Xe — alll| Xign — 2]
XXl Xl Xonll = X —
L9 Cov(< 1 X[, Xinlll th” | th M||]>7
e | Xirn |l Xs — || Xiwn — 2]
(XX Xn | Xanll = 1 X0n — ﬂHD)
1 X4 n 1 X5 — Al Xen —
XXl Xl X | = | Xin — 7
gCHVar(( | XG], Xinlll thH | th M|H>>‘
| Xsxnll[|Xi — Al Xin — Al

Again applying Assumption 3.2.2 and the reverse triangle inequality, we obtain that

Var ((Xz'||Xz‘||7Xi+h[||Xi+h|| — [ Xoqn — f1ll])
| Xinll | X — ol Xogn — £

) < C1eN7Y2 50 as N — .

This implies by Chebyshev’s inequality that Ggli(u)—EGgl,)l(u) = op(1). In order to establish

the stochastic equicontinuity of GSJ)V, we note that for u,u’ € K,

N
L (Xl XGll Xoanlll Xignll = 1Xi0n = N7V2ull])
G(l) u _G(l) A i iy A i i
‘ 1,N( ) 1,N( )| /_NZZ:; ||Xi+h||HXi_N_1/2U||||Xi+h_N_1/2uH

XX Xaan |1 Xl — [ Xon — N=V2|))

X ienll1X: — N2 | X, — N2

N
1 1

I

VN & |1 = N12u][[[Xipn — N2

1
1X; — N2 [ X — N2

11 Xin — N=Y2u]| — [ Xion — N~V20] > “

[ 1
‘ 1 X; — N=12u|| || Xipp, — N~V

+
-
1M
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1
X = NP X — N

(1 Xinll = 1 Xisn — N7V
[ Xl

x <X¢HXZ-H,XZ-+;Z
= Ll,N(ua U/) + LQ,N(U, Ul).
By Cauchy-Schwarz and the reverse triangle inequalities,

1 3 X
Lin(u,u) < ||u—u’||N 1X; — N=12u||| Xisp — N~ 120/ =: [lu — || B
i=1 ! !

By Assumption 5.2.2 and Lemma B.1.1, EBy, < 0co. It follows similarly that
LQ’N(U/7 u') S ||U — u/HBN’Q, with EBQJ\T < 0OQ.

Hence |Gg1])\,(u) - G( v < |lu — u||By, where EByN < oo. It follows once again by
Theorem 2.1 of Newey (1991) that

sup [G{') (w) — EGY'\ ()] = op(1).

ueK

Owing then to (B.11), sup,cx \G?])V(uﬂ = op(1). It follows similarly that sup,,cx |G§2])V(u)\ =
op(1), and hence Ry n = op(1), giving the result.

B.1.3 Proof of Theorem 3.2.3

Proof B.1.4 We first note that

N—h

1 1 — h
X . . X N < e a.s.
pa ( i+h N Zz:; ( i+h M)) =N =0
Thus the theorem follows upon showing that
1 — 1 —
7 2 (8 S(Xin — ) = 5 D (S(X0), S(Xin))| = 0
i=1 i=1
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Let Ay = {(z,y) € H xH: 2|l — pl| > [lz]| and 2|y — 4ll > [lyl[}. Then

% i (S(X; — ), S(Xin — 1)) — % il (S(Xi), S(Xign))

- %f; [(S(Xi — 1), S(Xiwn — 1)) — (S(X2), S(Xitn))]

_ %{A i sz | (S(X — 1), S (X — 1)) — (S(X,), S(Xirn))|
+% D3 S = ), S(Xasn = ) = (S0, S(Xis))|

We aim to show Sy 220 and SN2 2%0. Looking at the first term SN, we have

SN
1 Z ‘< Xi — it Xz'+h—ﬂ>_<Xz‘ Xith >‘
N e e eany NIX = il X = il G Xl
Loy <<Xi—;}>||xz-||’<Xi+h—;}>||xz-+h||>
N e e e NI = TG 12 = Al Xl
- < XX = il Xown | Xoen — 2l >‘

G X = All™ 12X | 1 — ]

| 1
> Fon

{i:(Xs, Xi4n)EARY}

(X — @) [ Xl (X — ) (| Xaqnl]) — (G IXG = 2l]), Xign ([ Xon — 20))1

where again m;p = || Xl | Xiwnll | Xs — 2l | Xizn — ]| By expanding the summand and
applying the triangle inequality, we get that

1 . X
= {(Xi = ) IXll, (Xiwn = ) [ X

i,h

— (Xa([| X = all), Xign (| Xign — £2l))]
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1 X .
- G X Xan 1 Xaqnll) = (X (11X = ), Xign ([ Xiwn — 21))}

= (Xl X ([ Xignll) = (X [1XGll Al Xepnll) + ANl 21 X enl)]

1 1
= S = S — S+ S| < o (|5 + SR+ S+ [s

mip

).

where

1 ~ ~
SN0 = G NXGll s X 1K) — CGUIXG — Al Xown(| Xiwn — 22]))
2 ~
SO = (@IXll Xopn 1 Xarnll)
3 N 4 N ~
SO = (X 1] Al Xasnll) s and S§ = @I Xl Al Xl -

By adding and subtracting (X; || Xz, | Xown |l | Xicn — 2|y and using the triangle inequal-

ity, we have

1 X
= [ Gl Xown (| Xinll) = (X [ Gl Xown [| Ko — 21D}

i,h

H{X X Xign [ Xin = A1) = (XX = ll), Xign ([ Xipn — al])) 3

1 (1,1) (1,2) 1 (1,2)
= — |SN SN — S,
mi,h ’ Nyi + N,i + mi,h 2,0

1 1)
— s
’ﬁli’h ‘ Ny

)

1 (1,1)
< S
- mih ) Ny

where

SU = (XXl X | Xisnll) — OGNl s X | Xisn — a2])) and
1,2 N N A
SUP = (X |1Xl s Xion 1 Xien — 1) — (XX — 2ll)s Xisn (| Xien — f2l])) -

Using the reverse triangle inequality and Cauchy—Schwarz inequality, we obtain that

1 1,1 1 N
— [P = —— XX Xia (XKl = 1 Xin = )]
i,h m;n
X — | Xign — £]) || X:
= Xl = X = DI
mi h
N ~ 2
BRI sy o BXGP Xn
mMin mi.n

~ 2
< AT 1 X
XX sl X = Al 1 X in — Al
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B o
%= All 1 X — 2

For (X;, X;1pn) € An, it follows that

| X | 1] 2] <4 Xl lall Allal
1 Xs = @l | Xogn — 2l = N Xl 1 Xagnll | Xosnll

Combining the above arguments, it follows that

1 (1,1 1 4 .
{i:(Xi,Xi41)€An } " {ix(Xi, Xi+h)€A e

o1 1

{(i:(X0, X 1n)EARY} H ith H

Since ||a]] <3 0 and + Zz IXinll ™ % B X7 < oo by the ergodic Theorem, we

have that .
— S “20. B.12
N . Z mzh ‘ ( )
{Z:(Xi,Xi+h)€A }
A similar argument shows that
0. (B.13)

i Z ‘512)
N )

{iZ(Xi,Xi+h)€A }

Combining (B.12) and (B.13), we get that

)
1
N2

{8:( X0, Xi4n)EAR}

As for S](\?,)i, using the Cauchy-Schwarz inequality, we have that

1,
N[ = = R X 1 X )]
i,h
" 2
_ A1 ] Xin |
= XX a1 = 2] (X, — ]
[LA2] (| Xin |

G = Al X —
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For (X;, Xin) € An, it follows that

Al | X sn | A Al 1 Xonll A ]l
1Xs — fll (| Xisn — all = I X Xenll ~1XG])
Thus,
N
1 @ 1 ) 1 1 ag
DS mh\SM_N W = 4l 5 3 gy =50
{i:(Xs,Xi4n)EARY  ° i i=1

Nearly identical arguments give that

LS

{i:(Xini+h)€An}

Finally considering S]((i)i, we have that using the Cauchy-Schwarz inequality that

1 | _ 1 1 .
D DI 1 D DI 1111 b el 7Y B A

(6:(X0, X n)EAR) (:(X5, Xogn)EAR} B
1y P
o 2 T X 1K — 4 [ Koo — 1
1 1
<4l = T T
N 2 X [ Xinl]

{Z'(X' Xiyn)EAn}

< 4| 220
<4l ZHXH Xl

since ||l %30, and 3 05, XG0T [ Xagall T 53 E[IXGT 1 Xienl 7 < 0o by Assump-
tion 3.2.4. Thus, we conclude that

W= > NS = ), S(Xign — 1)) — (S(Xi), S(Xizn))| %3 0.

{i:(Xi,Xi+h)€An}

Turning to Sna. The argument here is similar to that presented in the proof of Theorem
1 of Boente et al. (2019), but we provide the details so that the proof is self-contained. First

note that
[(S(Xs = ), S(Xign — D = IS (X3), S(Xin — @) || = 1. (B.14)
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Let dyo = {(z,y) € HxX H : 2[lx — pl = [lz]l}, dyy = {(z,y) € H xH : 2ly — 4l =
lyl}-

Recall Ay = {(z,y) € H x H : 2|z — g > ||z|| and 2|y — | > ||ly||}. Consequently
Ay =A{(z,y) e W x H: 2z — af| < el or 2y — 4l < lyll}. Clearly AT = dy, Udy,
Consequently,

Lag (z,y) < Lag, (w,y) + Lag, (2,9). (B.15)

Using the triangle inequality that

> IS = i), S(Xipn — 1)) — (S(X2), S(Xin))|

{i:(X5, Xi1n)EAL }

N
Z 1= % Z Lag (Xi, Xivn)

{i:(Xi, X4 n)€AS} i=1

SN =

==

IN
le

N
Z <]ldC Xza Xz—‘rh) + ]ldc (Xza Xz+h)>

(VAN
2]
T

=z

2 2
=N Z Lag,  (Xi, Xign) + < Z Lag, (Xi, Xign)
=1

=1

=. JN,1 + JN72. (B16)

We aim to show that Jy 220 and IN2 220.

Note that the assumption E | X|™" < oo implies that P(|X|| = 0) = 0. Thus, by
continuity of the probability measure, for every e > 0, there exists § > 0, such that P(]| X|| €
Bs.) <€, where Bs, = {(X,Y) € H x H : | X| <d}. Then

N
1
N > g, (X, Xign)

i=1

N N
1 1
= N 2 1, (Xi, Xiyn) + N ; (Llc (X5, Xiyn) — ]lBa,x(Xiin-i-h))_l_

1 2)
= J](V)l + J](V,17

where a4 = max(a,0). Using the ergodic theorem, Jy 1) 2 P(||X|| € Bsa) < €. Since € is
arbitrary, we take € | 0T and obtained J](\})l 220, As for the Jn 2, note that {(X;, Xi4n) €
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H X H: Hﬂ” < 5/2} C {(XiaX’H-h) e HXH: ]ldﬁ\,’I(XiaXi—i-h) — ]lB(;’z(Xi7XZ'+h) = 0}
Hence, using Assumption 3.2.3, there exists a null set F such that for w ¢ F, there exists
an M € Z such that for every integer N > M, |||l < §/2. This implies

2 _ 2 _
INa = > g, (X, Xign) = 0.
i=1
Combining the arguments above, we obtain Jy 22°0. An identical argument shows also

that Jn o £%0. Therefore, SN2 280, which completes the proof.

B.2 Additional Simulation Results

B.2.1 Accuracy of Estimator ||C’p]|2

We examined the accuracy of variance estimator ||Cp||, by generating data for which the

value ||Cp||2 may be computed explicitly. Consider the two-dimensional process

Xz‘ (t) = \/ 2)\12171' sin(27rt) —+ v/ 2)\2Z2,i COS(Z?Tt),

where Z;; are a family of independent and identically distributed A (0, 1) random variables.
Straightforward calculation shows that ||Cp||» may be calculated based on the moments
ratios of quadratic forms of normal random variables. Such moments are computed explic-
itly in Magnus (1986). It may be shown when A; = Ay = 1, then covariance kernel of the
projected data is

Cp(t,s) = cos(2nt) cos(27ms) + sin(27t) sin(27s) = cos(2w(s — t)),

and hence in this case ||Cp||3 = 1/2. Similarly, when \; = 1, Xy = 2, ||Cp|2 = 9 — 6v/2.

In order to examine the effect of variance estimation on the coverage of the confidence
intervals in (3.9), we considered four different ways for constructing the confidence interval:
1) Normal confidence interval with true variance; 2) t-confidence interval with true variance
with degrees of freedom N — 1; 3) normal confidence interval with estimated variance and

4) t-confidence interval with estimated variance with degrees of freedom N — 1. The
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empirical coverage rates for each of these intervals are reported in Table B.1. We observed
that the difference between the four construction methods was quite small, with the t-
confidence interval being relatively narrow which is a phenomenon that is widely known.
With the coverage rates that are close to the nominal levels, it evidently supports the

derived asymptotic distribution given in (3.5).

Table B.1: The comparison between the variance estimate in a finite-dimensional case: 1)
Za/2]|Cp||3 is normal confidence interval with true variance; 2) t,/2 v—1]|Cp||3 is t-confidence
interval with true variance with degrees of freedom N —1; 3) Z, /2||C’p||§ is normal confi-
dence interval with estimated variance; and 4) ¢, /2, n_1]|Cp||2 is t-confidence interval with

estimated variance with degrees of freedom N — 1.

A =1land \y =2 AM=X=1

N a b ZaplCrl} tapn-ilCrl3 ZaplCrl} tapn—ilCrl3 N o b ZupllCrlR tapnallCrIE ZapllCrll3 tapn-Crl}

100 0.01 1 0.008 0.006 0.007 0.006 100 0.01 1 0.007 0.006 0.007 0.006
5 0.008 0.006 0.007 0.006 5 0.009 0.007 0.009 0.006

10 0.009 0.008 0.008 0.008 10 0.008 0.007 0.007 0.006

0.05 1 0.048 0.046 0.045 0.045 0.05 1 0.047 0.046 0.047 0.043

5 0.049 0.046 0.047 0.044 5 0.048 0.045 0.047 0.045

10 0.044 0.041 0.041 0.038 10 0.045 0.04 0.043 0.04

0.10 1  0.09 0.087 0.09 0.088 0.10 1 0.094 0.093 0.094 0.09

5 0.102 0.099 0.103 0.098 5 011 0.105 0.109 0.105

10 0.088 0.084 0.086 0.084 10 0.094 0.091 0.092 0.088

250 0.01 1 0.011 0.011 0.011 0.011 250 0.01 1 0.008 0.008 0.008 0.008
5 0.008 0.007 0.007 0.006 5 0.006 0.006 0.006 0.006

10 0.009 0.008 0.008 0.006 10 0.007 0.007 0.007 0.007

0.05 1 0.047 0.045 0.045 0.044 0.05 1 0.048 0.047 0.048 0.047

5 0.050 0.048 0.050 0.050 5 0.045 0.045 0.045 0.044

10 0.037 0.035 0.036 0.036 10 0.034 0.033 0.034 0.033

0.10 1 0.101 0.100 0.101 0.101 0.10 1 0.102 0.100 0.100 0.009

5 0.091 0.089 0.088 0.087 5 0.093 0.093 0.093 0.093

10 0.084 0.083 0.083 0.082 10 0.076 0.075 0.074 0.074

500 0.01 1  0.009 0.009 0.009 0.009 500 0.01 1 0.008 0.008 0.008 0.008
5 0.009 0.008 0.01 0.009 5 0.006 0.006 0.006 0.006

10 0.010 0.01 0.011 0.011 10 0.007 0.007 0.007 0.007

0.05 1 0.045 0.044 0.043 0.042 0.05 1 0.051 0.050 0.05 0.049

5 0.047 0.046 0.047 0.047 5 0.045 0.044 0.045 0.044

10 0.046 0.046 0.047 0.047 10 0.044 0.044 0.044 0.044

0.10 1 0.111 0.111 0.111 0.111 0.10 1  0.104 0.104 0.104 0.104

5 0.100 0.098 0.101 0.1 5 0.094 0.093 0.094 0.093

10 0.093 0.093 0.093 0.093 10 0.091 0.089 0.09 0.089
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B.3 Details of the Estimation of the FSAR model

The FSAR model was introduced in Horvath et al. (2020). The estimation method that
we use is based on a least-squares principle and FPCA. The FSAR model is defined as

Xo(t) = @py (X)) () + -+ g (Xog,) () +en(t), (B.17)

where each ¢; € {1,..., N} and {; # {; for i # j. Assuming that the kernels ¢, and the
observations X;’s can be well approximated by the first p FPCs, we then let

Xi = (<X27@1> PR <Xi>@p>)—r c R?,

and
Xi o (Xizey, 01)
X, Xi.—ﬁz _ (Xz‘—tfl , U2) -
Xi—ﬂk <X’i—ék7 ®p>
Then
Xip= (Xz,p,ék,ﬂ Xz,p,£k+2 XI,pW)
<X£k+1—41>@1> <ka+1—f1a ’02> e <X1’ ﬁl) e <X17 @p>
. <ka+27517,81> <X£k+2*£17 @2> T <X27 @1> to <X27 ﬁp>
<anf1 ) ﬁl) <Xn*€1>@2> T <Xn*€k7 @1> T <Xn*£k7 @p>
c ]R(n_fk)XkP’
X1
XR,p =
XT
<ka+17 f)1> <X5k+17 @2> s <X5k+17 @P>
= : c R(n—tx)xp
(Xpn,01) (Xn,09) ... (Xn, f)p>
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The least-squares estimator is:

P,
=~ -1
®=(X] X1,) X[ Xpp=| : RF*P
78
Then the estimates of the kernel function vy, (t, s)
d, € RP*P,

~ Z Z (i)& [, 7103 () 0 (s),

j=1 r=1

where the square bracket [-, ] shows the indices of the matrix.

It may be re-written in the matrix form as

The forecasts are then made by using the estimated kernel as

/gbglts zll dS—I— /¢gkt8 ng( )d
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Appendix C

Technical Details of Chapter 4

C.1 Closed-form Expression for fxy(z | N)

This section provides a step-by-step derivation of the closed-form expression for
fxin(@1,. .., @p | N), adapted from Krupskii and Genton (2017). Before demonstrating
this result, let us recall some notations that will be used throughout this sections. Let K be
the number of locations and 7" be the number of time points. We denote T = {t1,--- ,tr}
the (common) set of time points where the FD are observed. Let N := (N, Ny, ..., Np)"
denote the collection random observations of the Poisson process N(t) at each time in the
set T, and we denote the realization of N by N = (N1, Ny,...,Nz)T. At each time ¢,
for 1 <j < T, we denote x; = (21, - -xK7tj)T and B; = (B, -~ -/BKJJ.)T. Furthermore,

we set x = (x|, 2y, - ,xp) and B=(B],85,--,B;)".

Without loss of generality, we assume that p(t) = 0, otherwise one may obtains the
same result after subtracting the mean process as X'(t) = X(t) — fu(t), where fi(t) =
Kt Zszl X(sk;t). Under this assumption, we have & = w, where the latter is defined in
(4.12).

The following theorem demonstrates the analytical representation of the conditional
density function fx|n in (4.13). The proof of this theorem is motivated and adapted by
Krupskii and Genton (2017).
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Theorem C.1.1 Suppose that the random variables & are i.i.d. exp(1l)-distributed, then

the density function fx|n admits the following form.:
fxin(yus - oyr | N) = 2n) " KD S8, 2 exp(Co) s, (67, . &),

where
> 1=B'2!B, & =3, (-1I,+B'2'X)1,,

1

Ty -1 T s—1 * (C'l)
Co=—3 ((X]lm) >-1X1,, — (B¢) =B >

Proof C.1.1 (Proof of Theorem C.1.1.) Let us begin the proof with the following al-

ternative representation of vectors  and 3. To this end, consider the index set
T.={1<j<7[N, =i},

for 1 < i < m, and denote n; = card(Z;). The vectors B; = ( B )T and ®; =
J-Tl e sc};,)Tare the collections of vectors B;’s and x; ’s respectively, where all of the indices
Ji, ", Jn; belong to the index set Z;. This leads to the following representation of vectors

(x

B and x as
B = (BlTa T 7B;)T and = (%1T7 o aiT)T' (C2)

m

Applying the above identities yields the following results:

fX|N<y1,---,yT\N>:/O /0 <I>zz<y1,...,yT>exp<— &)clsl...dsm
k=1

-
).

where the last equality holds due to the representation (C.2) and the fact that Sﬁj =1 for

Oy, (21— &5, B 2r — &y, Br) exp (— D &) da . déy,
T k=1

Os, (F1 = 6B, B — B ) exp (— Z&) dg ... g,
k=1

m
+

j € Z;. Comparing the above identity with (4.13), it remains to show that

5 (@ =6 Fn = 0B) ) = (@ - 6B Fo— )

T

X " (C.3)
=Ch—5(€—&)' (€~ &)+ &,
k=1

163



where Co, &* and X* are of the corresponding forms in (C.1). Provided that the above

equality holds, the result follows from

fX|N(y1>"'ayT \W) Z/R

_ (27T)_KT/2|E|_1/2/ exp {CO . 1(5 . E*)TE*_I(S . E*)} d& . 'dfm
R™ 2
(2m) =KD 712|311/ exp(Co) 1 P Tam .
:/RT PHREHAEE - eXP{—§(§—§ )2 e ¢ )}dﬁl"
= (2m) KD RIS exp(Co) s, (€1, -+ &),

where the final equality holds since

1 1
/R (277)m/2’2*’1/2 exp {_5(6 - 5*)TE:1(E _ g*)} d&y -+ - dé,,
00 00 1 .
i A (27T)m/2|2*|1/2 exp{_i(s_g*)—rz*—l(g_g*)}dgldé’m

. / e (27.‘_)771/2’2 ’1/2 exp{—§s E* S}dsl“'dsm
sm=—E&%, s1=—¢F i}

oo [oe]
/ Ox. (51,0 Sm)dsy ... dsy,
—&n s

Sm= 1:_5ik

- CI)E*<_£T7 ceey _5;)
E*<£T7 te 75:;1)

+3

I
—

I I
— —

|
o

Now, it remains to show the equality in (C.3) holds. To this end, note that

I?)l 9 0 é—l 5151

By -+ 0O

Be=(p 5 - B)e=|. " ]|
o 2\ EmBn
0 0 - Bn
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k=1

Em

: dgm
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Similarly, we have

i 0 0 -~
N 1 T
0 Lo 0
- 1 X,
0 O T,

Thus, it follows from (C.4) that

1
2
An analogous argument leads to
éTE;lé* — gnglz* (_]Im + BTZAX) ]lm
=¢'L, (I, +B'=7'X) 1,
=—¢'1,1,, +¢"B'Y7'X1,,

=Y &+ (B X1,
k=1

m ~ ~ T
==Y a~+(apl - b= (F - E)
k=1
Finally, we have
-
XX, = (3] & o @) s (F] & o &)

Applying the above equalities gives
- 1 * - *
Co+25k—§(€—€ )'ENE-€)
k=1
- 1 1
=Co+) &~ 5 (BE TBE+ETE - o (BE) BTBE
k=1

1 i 1
- 1'x"ys'x1,, — (B8 2 'B Ty -lgx
S +k§;§k 5 (BE) E+&301E

1

= =5 (@ = 6B @ = &uB)) BT (@1 — 6B (@ — B

2
This shows that (C.3) holds, and hence, we complete the proof of this theorem.
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C.2 Derivation of the Distribution and Density func-
tions

This section shows the derivations of the marginal CDF and PDF for x. Similar calculations

can be found in Krupskii et al. (2018) with the mean assumed to be zero.

We begin by showing the step-to-step calculation of the CDF.

where we obtain the last line by using integration by parts. We expand the exponent of

the last term in the intergral,

v —2uy+p® oy y' —2uy +p* 2yo®/B
202 202 202
0'2 0'2
v -2u+ 5+ i+ (n+ )P - (u+ %)
202
0'2 0'4
(y >+M2+2T“+@—ﬂ2
202
( 2

y-(u+)) :
p, o
B 2p

Therefore we have




2 2

:P(aZ+u§x)—exp<_xﬁ+M+2052>IP’(UZ+(M+%)§x)

= (ng;'u)—exp(_xﬁ+u+20;2>P<Z§w>
_ —r 4+ 2 o - 25

—o () e (S5 g ) o ()

B T — U o? T— W r—p o

_(D( o )_exp(zﬂf 8 )q’( o _B>'

We can obtain the marginal PDF by taking the derivative as fi;(z) = %ij (x). By

some elementary algebra, it yields
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Glossary

ACF Autocorrelation function 10

ARCH Autoregressive conditional heteroskedasticity 17
CIDR Cumulative intraday returns 86

CPV Cumulative percentage of total variance 7

FAR Functional autoregressive process 18

FDA Functional data analysis 1

FD Functional data 1

FPCA Functional principal component analysis 4

FPC Functional principal component 5

FSAR Functional seasonal autoregressive model 82
FTS Functional time series 1

GARCH Generalized autoregressive conditional heteroskedasticity 17
GLM Generalized linear models 40

HU Hyndman-Ullah 82

NBA National Basketball Association 35
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PCA Principal component analysis 4

PC Principal component 5

SARIMA Seasonal autoregressive integrated moving average 15
SFD Spatial functional data 2

WN White noise 11

fACF Functional autocorrelation function 19

fSACF Functional spherical autocorrelation function 68

i.i.d. Independent and identically distributed 6
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