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Abstract

This thesis deals with the phase space realization of asymptotic higher spin symmetries,
in 4-dimensional asymptotically flat spacetimes. These symmetries live on the conformal
null boundary, namely null infinity .#, and were first revealed few years ago via the study
of conformally soft gluons and gravitons operator product expansions, in the context of
celestial holography. Connections with twistor theory and phase space realization followed
soon after. In the gravitational case for instance, these symmetries generalize the BMS
algebra to include an infinite tower of symmetry generators constructed from tensors on the
sphere of arbitrary high rank s. The bulk interpretation of these transformation parameters
is still largely under investigation.

Building on a first series of results on their canonical representation, we develop the
necessary framework to define Noether charges for all degrees s. Importantly, we construct
these charges out of a ‘holomorphic’ asymptotic symplectic potential, such that we obtain an
infinite collection of charges conserved in the absence of radiation. The classical symmetry
is then realized non-perturbatively and non-linearly in the so-called holomorphic coupling
constant, generalizing the perturbative linear and quadratic approach known so far. The
infinitesimal action defines a symmetry algebroid which reduces to a symmetry algebra at
non-radiative cuts of #. The key ingredient for our construction is to consider field and time
dependent symmetry parameters constrained to evolve according to equations of motion dual
to (a truncation of) the asymptotic equations of motion in vacuum. We expose our results
for Yang-Mills, General Relativity, and Einstein-Yang-Mills theories.

This canonical analysis comes hand in hand with an in-depth study of the algebraic
structure underlying the symmetry. We reveal several Lie algebroid and Lie algebra brack-
ets, which connect the Carrollian, celestial and twistorial realizations. We show that these
brackets are a deformation of the soft sw;, . celestial algebra, where the deformation pa-
rameters are the radiative asymptotic data. On the one hand they allow us to define the
symmetry algebra at non-radiative cuts of ¥, for arbitrary values of the asymptotic shear and
gauge potential. On the other hand, we can accommodate for radiation using the algebroid
framework.

For the specific case of non-abelian gauge theory, we also investigate how the asymptotic
expansion around null infinity of the full Yang-Mills equations of motion in vacuum can
be recast in terms of the higher spin charge aspects. Since the analysis of higher spin
symmetries is for now inherent to a truncation of the latter equations of motion, this paves
the way towards the understanding of the relevance of these symmetries in the full theory.

Keywords: Gravity, Yang-Mills, Non-Abelian Gauge Theory, Einstein-Yang-Mills, Asymp-
totic Symmetries, Asymptotically Flat Spacetimes, Flat Space Holography, Celestial Holog-
raphy, Wedge Algebra, Covariant Wedge Algebra, wy,, algebra, s-algebra, sw; . algebra,
Lie Algebroid, Bicrossed Product, Semi-direct Product, Noether Charge, Charge Aspect,
Canonical Representation, Poisson Bracket, Symplectic Potential, Radiation, Twistor, Good
Cut Equation.
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Chapter 1

Introduction

1.1 Overview

Symmetries... Symmetries are the raison d’étre of this thesis. It is pretty humbling to realize
that after more than a 100 years, we still do not fully understand what are the symmetries
of General Relativity (GR). Even the framework to ask that question in full generality is not
well defined. And even more surprisingly, we learned only about a decade ago that Maxwell’s
theory was more subtle than just global charge conservation and U(1) redundancy. The fact
that a gauge transformation does not have to die off or be constant at infinity—contrary
to what I had heard and read during my master in any field theory lecture—which implies
that there exists a non-zero associated Noether charge and a local' notion of electric charge
conservation came as a shock. Modern physics formulated as a gauge theory is thus not
a split between local (synonym of redundancy) and global (synonym of conservation laws)
symmetry parameters, but between zero and non-zero Noether charges. And in order to
be able to distinguish the two paradigms, the presence of corners, namely co-dimension 2
surfaces, is essential, since this is where this new set of symmetry charges is supported. If the
Noether charge is non-zero—thus acting non-trivially on the phase space—for a subset of the
local transformations, the dimensionality of the resulting symmetry group becomes infinite.
I had heard about the predictive power of 2 dimensional Conformal Field Theory (CFT)
due to the enhancement of the usual conformal group to the infinite dimensional Virasoro,
but this curiosity seemed disconnected from 4 dimensional spacetime. The relevance of the
corner, which is 2 dimensional in 4d, plus the fact that one also gets an infinite dimensional
enhancement of the traditional global symmetry group are concepts I found intriguing. Tie
them together with the overarching idea of holography, and you get the missing link to a new
form of understanding of Nature.

Here I am referring to Asymptotically Flat Space (AFS) holography, which has several
features I am particularly fond of.

Firstly, we are most likely living in an asymptotically de Sitter (dS) space, with a small
positive cosmological constant. Thus flat space holography seems a natural step from the
well-established AdS/CFT correspondence towards a potential dS counter-part.

'Local in the sense per direction on the sphere.
2This subset typically retains a sphere dependence.



Chapter 1. Introduction

Secondly, the goal is to understand to which extent the combination of corner data with
symmetries determine bulk dynamics. This means understanding how certain corner degrees
of freedom allow to reconstruct bulk information via the constraints of the corner symmetries
(recall: infinite dimensional). This is an exciting task.

Thirdly, the endeavor is carried out from a bottom-up approach, a way of thinking I
relate to in my daily life. I find it humbling and appealing because moving forward is done
out of necessity. We are guided by Nature (or say, well tested theories), rather than our
expectations and educated guesses. Hence we infer universal statements agnostic of any
fundamental theory of Quantum Gravity (QG).

I purposefully mention the word ‘quantum’ only now to emphasize that before all, we
need a rework of GR at the classical level; and this comes with acknowledging that we do
not have the classical theory under control yet. The quantum cart shall thus not be put
before the classical horse. But yes, it goes without saying that pondering on the quantum
gravitational path is a major part of the thrill. This is therefore the fourth point. Knowing
the importance of representation theory to organize the Hilbert space, exploring the power
of working with infinite dimensional symmetry groups is worth pursuing for this reason as
well.

Fifthly, null physics is at the heart of the conversation. This is especially due to the
causal structure of flat space, which admits null boundaries at infinity (where past and
future light rays end up), but it also more simply relates to the one to one correspondence
between a corner and its causal domain of influence (or causal diamond). Null lines are a
profound?® feature of our world and should not be treated merely applying the motto “Do the
computation in Euclidean and Wick rotate” (no denial of the power of analytic continuation
here, just the thought that it can only lead us so far).

Sixthly, flat space holography addresses the elephant in the room of Quantum Field
Theory (QFT), namely how to define the scattering S-matrix in the presence of long range
interactions? One has to deal with infrared (IR) physics and the QFT soft theorems have
been recognized as the conservation laws associated to this infinite set of new symmetries.
Remarkable. Moreover, there are growing evidences that QG and the study of causal dia-
monds lead to a mix between ultraviolet (UV) and IR physics, with potentially observable
consequences. This would signal a departure from the Effective Field Theory framework and
would be a smoking gun that QG has the potential to cure QF T pathologies.

Seventhly, asymptotic symmetries (i.e. corner symmetries at infinity) manifest themselves
through observable memory effects.” To be honest, I was very far from imagining (but for
sure pleasantly astonished) that my research in theoretical physics could be related to an
effect measurable by the Laser Interferometer Space Antenna (LISA) in a couple of decades.

Finally, the topic brings together aspects and communities of GR, scattering amplitudes,
2d CFT, twistor theory, Carrollian physics and experimental physics. People try to build
bridges and this feels wholesome and fruitful. Besides, the encompassing and open-minded
vision of Laurent is also a motivation by itself.

Hence, the main questions of interest that the framework of asymptotic symmetries can

3(and insane as soon as one thinks about it for too long)
4A wave made of massless particles generically carries memory due to the presence and the scattering of
soft (i.e. zero energy) modes.



1.2. Historical review

help to tackle are: What are the fundamental symmetries of Nature? What are the fun-
damental degrees of freedom? How to define the gravitational S-matrix? What are the
observable signatures of Quantum Gravity?

We now give a proper introduction to some of the aforementioned elements.

1.2 Historical review

FLAT SPACE HOLOGRAPHY:
For more than a century, Emmy Noether
has guided us thanks to her theorems relat-
ing symmetries and conserved quantities [7].
Since the seminal work of Bondi, van der
Burg, Metzner and Sachs [8, 9], we know
that Asymptotically Flat Spacetimes (AFS)
do not reduce to Minkowski space at infinity.
In particular, the symmetry group preserving
the asymptotic structure was originally recog-
nized to be the BMS group, namely an infi-
nite dimensional enhancement of the Poincaré
group where (null) time translations different
at every point onto the sphere—called super-
translations—are physical symmetries on the
null boundary .#, see Fig. 1.1. Recently it was
shown that it is necessary to consider exten-
sions such as the extended BMS (eBMS) al-
gebra [10-12]—where Lorentz rotations® are
replaced by Virasoro super-rotations—, the Figure 1.1: Penrose compactification for
Generalized BMS (GBMS) algebra [13-16]— asymptotically flat spacetimes. (u,r,2,Z) are
where Lorentz is further enhanced to diffeo- the Bondi coordinates.
morphisms of the sphere—or the Weyl BMS
(BMSW) algebra [17, 18]—where GBMS is supplemented by Weyl rescaling of the sphere—
and view BMS as a residual unbroken symmetry group [19]. These symmetry groups are
infinite-dimensional, and the associated Noether charges depend on the point of the celestial
sphere. This led to the notion of charge aspect which represents, through Noether’s theorem,
the charge density on the celestial sphere. It is now understood that asymptotic symmetries
can be directly related to the broader concept of corner symmetries [20, 21], which appear
as global symmetries associated with gauge symmetries [22-24]. These corner symmetries
are associated with codimension 2 surfaces, on which causal diamonds can be attached and
which represent entangling surfaces [25].

To appreciate this paradigm of corner symmetries, recall that in any gauge theory,
Noether’s theorems not only tell us that there exists a conserved current’® je such that’

°SL(2,C) is also the group of global conformal transformations of the 2d sphere.
6¢ is a symmetry parameter and we use form notation for simplicity. Jje is thus a co-dimension 1 form.
"Here we use ~ to emphasize an equality valid on-shell of the equations of motion.
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dje ~ 0, but also that this current reduces to a corner term (i.e. a co-dimension 2 form
g¢) on-shell, namely that je = dge. From there, we readily see that if the Cauchy surface ¥
on which we integrate the Noether current is boundaryless, i.e. 93 = (), then the Noether
charge Q¢ = fz Je =~ 0 vanishes on-shell, for any symmetry parameter {. If however the
boundary of ¥ is not empty, in other words X = S, then Q¢ ~ |, ¢ q¢- Depending on the
nature of £, this charge can either vanish or not. If Q¢ = 0, § is a so-called small gauge
transformation and corresponds to a genuine redundancy of the theory (since its action on
physical states is trivial). If Q¢ # 0, £ is a so-called large gauge transformation and corre-

sponds to a genuine physical symmetry. A super-translation & LT o(z,2)0, is an example of
this last category. The set of asymptotic corner symmetries is then defined as the quotient of
all gauge transformations by the small ones.® In the context of AFS, we can take the limit
of a t = c¢st Cauchy slice, as depicted on figure 1.1, to late times. Assuming that we do not
have any matter,” especially massive matter, then the Cauchy slice reduces to'” .¢* (in other
words there is no contribution from time-like future infinity i*). The boundary of the latter
is made of two corners, 4" and .$", and we assume the boundary condition f 5= 0 such

that the Noether charge reduces to a corner integral at .+,

Determining to which extent one can encode bulk information using corner data is the
defining quest of flat space holography, also branded celestial holography [29]. In particular,
of major interest over the past decade is the reformulation of the gravitational S-matrix in
terms of correlators leaving on the celestial sphere [30]. The dual theory to 4d AFS has
been putatively called a Celestial Conformal Field Theory and understanding its nature is
the subject of tremendous investigations (we shall give specific references later in the intro-
duction). This thesis partakes in this endeavor, by studying the canonical representation of
asymptotic higher spin symmetries and their algebraic structure.

INFRARED TRIANGLE:

One achievement from a decade ago was the realization that
the leading soft graviton theorem [6], cf. Fig. 1.3, could be rein-
terpreted as a Ward identity for the supertranslation charge
(namely the Bondi mass aspect) [31, 32]. This relation be-
tween soft theorems and asymptotic charges is generic and
does not rely on the peculiarities of the gravitational analysis.
On top of that, the position space version of the leading soft
graviton theorem was proven to be equivalent to the leading
displacement memory effect'! [33] (see [34-38] for the original Figure 1.2: IR triangle [5].
work on displacement memory effect). The main point is that

an equivalence between three seemingly disconnected topics related to infrared physics was
unraveled for General Relativity. Nowadays known as infrared triangle, it was then natural

80ne often treats this question by studying residual gauge symmetries, i.e. imposing a partial gauge
fixing first. For a gauge independent statement, see the BRST approach of [26-28].

9This is always true in this thesis.

10T the following we are only interested in quantities on .$* and we shall usually drop the ‘+’.

HThe fact that after the passage of a gravitational wave, two free falling masses end up at a different
proper distance than the one they started at.
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to look for a similar set of relationships in the case of gauge theories as well.

Besides, the Ward identity associated to an asymptotic symmetry can be phrased as
the invariance of the S-matrix under an infinitesimal transformation generated by a charge
which contains a soft (S) and a hard (H) part. In equations, this schematically gives

(out| Q4 S —SQ_|in) =0 & (out| Q35 — SQ? |in) = — (out| QY S — SQ" |in), (1.2.1)

where Q1 = Q% + QY. @, and Q_ are respectively constructed on $* and .9~ and (1.2.1)
thus states the conservation of the charge between past and future.'? The soft part, linear
in the gauge field, only exists for local (i.e. not constant) large gauge transformations. It is
related to the insertion of the soft mode while the hard part, quadratic in the gauge field,
acts on the in- and out-states to create the soft factors appearing in soft theorems [5, 29, 39].

o0
gO(Z; UQA—A S(A)-F ...)
N:=o

4

Figure 1.3: The soft theorem s a factorization property of scattering amplitudes containing
at least one massless particle of energy w, when w — 0. The leading soft theorem has the
Weinberg pole [6] form A, 11 w20 (%S(O) +... )An. The leading soft factor S only depends
on the momenta of the n external particles. A Taylor series in the energy can be extracted
to all orders. The ‘...  contain logarithmic, loop and theory dependent corrections. See the
rest of the introduction for multiple references.

ASYMPTOTIC SYMMETRIES VERSUS LEADING SOFT THEOREMS:

The study of asymptotic symmetries for abelian and non-abelian gauge theories is much more
recent that its gravitational counterpart which dates from the 1960’ [8, 9]. This illustrates
one of these situations where the quest for Quantum Gravity led to new discoveries and per-
spectives in non-gravitational theories. Historically, in 2014, [40] established the equivalence
between leading soft photon theorem (see [41-46] for the original references on the lead-
ing and sub-leading soft photon theorems) and the Ward identity for super-phase rotation
ap(z, z)—the so-called large gauge transformation of [40].'® Later that year, [48] studied the
implications of the subleading soft photon theorem and how it could be formulated as the
Ward identity for a new set of charges associated to a vector onto the celestial sphere (see
[49] for the generalization to massless particles and [50] for the extension to massive scalar
QED and a discussion of the associated memory effects). In our analysis, we shall denote
this vector by a;(z,2). The generalization to non-abelian gauge theories was developed in
parallel: [51, 52] proved that one can re-interpret the leading soft gluon theorem as the
Ward identity for the super-phase rotation (in color space) symmetry. The associated color
memory effect was introduced in [53] and the IR S-matrix was then further constrained by

120mne assumes in particular the (potentially subtle) antipodal matching between $. and 97 through
spatial infinity °.
13See also [47] for the generalization to massive charged particles.
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the discovery of the subleading soft gluon theorem [54-56]. Exactly as in the abelian case,
the latter can be recast as the Ward identity for a charge parametrized by the vector a; (now
g-valued, with g the gauge Lie algebra) [57].

On the gravity side, on top of the original link between conservation of the super-
translation charge and leading soft graviton theorem [31, 32], Cachazo and Strominger uncov-
ered a sub-leading and a sub-sub-leading soft theorem [58].'* [61] then related the sub-leading
soft factor to the Ward identity of super-rotations, i.e. of a meromorphic diffeomorphism of
the sphere generating the Virasoro algebra. In parallel, [13] showed the equivalence between
the sub-leading soft theorem and the Ward identity this time for smooth diffeomorphisms
of the sphere. These two cases respectively correspond to the eBMS and GBMS asymptotic
symmetry groups mentioned as the beginning of the introduction and their associated charge
is the angular momentum aspect. We refer the reader to [14] for a good summary of the
subtle differences between the two cases. For the analysis performed in this thesis, where
we primarily focus on the generalization of (¢/G)BMS to higher spin at the algebraic level,
these subtleties will not show up. A vector onto the sphere will be then denoted by Ti(z, z).
Nonetheless, the questions related to phase space extensions and Goldstone modes are def-
initely important. They are simply out of the scope of the present work. Let us also point
out that [62] worked out the spin memory effect related to the sub-leading soft theorem.

All the preceding results hold for the tree-level S-matrix. See [63] for one-loop correction
to the subleading soft theorems and [64] for factorization properties of scattering amplitudes
to all orders. See also [65—68] for the loop and logarithmic corrections to the soft theorems.

Despite the aforementioned relations between the most leading soft theorems and asymp-
totic charges, how to relate the charges associated to the sub-leading soft theorem in gauge
theories, or the sub-sub-leading in GR, to asymptotic symmetries was not immediately trans-
parent. In 2016, Campiglia and Laddha [69] proposed to interpret the sub-leading soft theo-
rem as coming from the Ward identity associated to a charge parametrized by an over-leading,
linear in 7, gauge transformation—with r the radial coordinate which tends to infinity on .#.
In that context, the vector on the sphere previously considered by Strominger et al. then
becomes the derivative onto the sphere of this over-leading gauge transformation. Even if
such a divergent gauge transformation does not preserve the asymptotic fall-offs of the gauge
field and leads to divergent charges, there is still a natural finite part of the charge that one
can relate to the sub-leading soft theorem. The prescription is to neglect the divergent piece
if the latter corresponds to the smearing of the leading charge aspect with the divergent
parameter. This is an important point, also emphasized in [70]—where the analysis of [69]
is extended to the non-abelian case. Indeed, this is because we know that the leading soft
photon/gluon theorem holds and relates to the conservation of the leading charge that we
can neglect the divergent contribution. The fact that the divergent gauge transformation
enters in a charge associated to a “more leading” soft theorem than the one associated to
the finite part of the charge is key to get a finite Ward identity.

TOWER OF ASYMPTOTIC SYMMETRIES AND TOWER OF SOFT THEOREMS:
The present work deals with asymptotic higher spin symmetries, which in the context of
Yang-Mills (YM) theory means that the symmetry parameters a5 and the associated charges

1See [59, 60] for a generalization to higher dimensions.
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are labeled by their spin-weight s € N, hence generalizing the aforementioned ay and a;. In
GR, T; generalizes Ty and 77 in a similar way. Their relevance became manifest in 2018,
when [39] unraveled a set of Ward identities constraining the sub®-leading infrared structure
of gauge theory and gravity. This was understood [71] as the universal'® tree-level part
of sub®-leading soft theorems, thus giving information on the higher order soft behavior of
gauge bosons and gravitons. Thanks to the IR triangle, one knows that an interpretation
of this result in terms of asymptotic symmetries should be possible. In particular, [72]
conjectured'® for massless QED how to relate these newly found sub®-leading soft theorems
to the conservation of asymptotic charges associated to over-leading O(r*) gauge parameters.
We expect the latter to be related to our parameters ag but this link is not the point of the
present thesis.

We also refer the reader to [73-76] for an analysis of over-leading gauge transformations
in YM theory and gravity and the definition of an extending phase space compatible with
such transformations.

CELESTIAL OPES AND SOFT ALGEBRAS:

Importantly, asymptotic higher spin symmetries also appeared in the celestial holography
context (see [77] and references therein for a review). There, the main objects of interest
are celestial amplitudes/operators, obtained after a Mellin transform in energy of the usual
momentum space amplitudes/operators. This transformation trades the energy dependence
of the Fourier transform 5(w, z, z) of the field O(u, z, z) for a dependence in the conformal
dimension'” A as follows:

OA(Z,Z):/ dww® ' O(w, 2, 2). (1.2.2)
0

The energetically soft theorems described so far then morph into conformally soft theorems,
where the soft energy limit of the boson is replaced by a limit in the conformal weight of the
associated conformal operator [79]. Equivalently, one can study conformally soft theorems
and their Ward identities by considering 2-operators celestial operator product expansions
(OPESs) where one operator is the soft current [80]. The simple poles on the sphere appear-
ing in celestial amplitudes and OPEs come from the collinear singularities in momentum
space scattering amplitudes. These collinear singularities can be studied on their own via
Feynman diagrams. However, one can bypass the diagrammatic approach and show that
the 2-points celestial OPE coefficients are fully constrained by the asymptotic symmetries
associated to the conformally leading and sub-leading soft gluon theorems (and similarly for
GR including the sub-sub-leading order) [81]. In the same way [39, 71] discovered a whole
tower of sub®-leading energetically soft theorems, [82-84] studied a tower of sub®-leading
conformally soft currents, characterized by definite conformal weights,'® whose OPEs satisfy

150n top of the loop and log corrections already mentioned, the sub®-leading soft theorems—s > 2 in gauge
theory and s > 3 in gravity—are no longer universal and depend upon the details of the bulk interactions
[71].

16 And showed for the sub-sub-leading case.

I7A together with the spin of the operator label SL(2,C) representations [78].

18The relation with the order s of the soft theorems is A = 1 — s.
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respectively the s-algebra, w; o algebra!” and sw;,. algebra?’ for pure YM, pure GR and
Einstein-Yang-Mills (EYM) theory. See also [90] for an excellent account of the equivalence
between momentum-space soft limits and emissions of particles of definite conformal weight;
and how the wy . soft algebra organizes the universal part of the infinite tower of soft the-
orems, both with massless and massive particles.”! Furthermore, the w; . symmetry was
found to be exact in self-dual gravity [93].

AsyMPTOTIC HIGHER SPIN SYMMETRIES:

Such symmetries have been referred to as higher spin symmetries because the symmetry
generators—originally the Bondi mass aspect and the angular momentum aspect, generat-
ing respectively super-translations (spin 0) and sphere diffeomorphisms (spin 1 transforma-
tion)—included a spin 2 charge aspect. Allowing for such a spin 2 symmetry transformation
then forces the inclusion of the whole infinite tower of positive spin in order to close the
algebra. This thesis focuses on the canonical asymptotic representation of the higher spin
symmetry algebra at .. We follow the work of [94-97], which formalized that there exist
charge aspects of spin s that one can build from the asymptotic gravitational data. These re-
sults generalized to higher spin the classic construction of [13, 31, 33, 61, 98] for spin 0 and 1.
These charges are related to the sub®-leading soft theorems and they are known to represent
corner data that incorporate the necessary information to reconstruct the bulk spacetime
(95, 97]. They are also related to gravitational multipoles [99]. Besides, they furnish an
operational description of General Relativity, where the metric components are recast as
a set of non-commutative observables satisfying a well-defined Poisson algebra. Moreover,
they are associated to a higher spin generalization of the memory effect [14, 62, 100-111]
(although the whole tower is not understood). This suggests that a proper non-perturbative
understanding of the higher spin charges would then be invaluable for quantization. Finally,
the soft components of these charges and their dual can be used to construct a discrete
asymptotic basis of states [112, 113].

TWISTOR:

The loop extension of w4, denoted Lw; . appears naturally in the twistorial approach of
gravity as canonical transformations of the 2-dimensional fibers of the twistor fibration over
the celestial sphere [114-116]. In the original Penrose’s construction, self-dual spacetimes
[117] are recast in terms of complex deformations of twistor space. Moreover, these defor-
mations were obtained by applying a canonical transformation of the fiber on the overlap
between the two coordinate patches. The fact that the topology of the base is C* leads to
a parametrization of the twistor deformations in terms of Lw;.. In this perspective, the
latter algebra therefore parametrizes self-dual spacetimes. Recently, the connection between

9Historically, Wy algebras have been studied in the context of two-dimensional conformal field theories as
extensions of the Virasoro algebra to higher conformal spin operators [85, 86]. The contraction (or classical
limit) of W to we [87], together with the enlargement to wi4o can be interpreted in terms of area
preserving diffeomorphisms [88]. See [89] for a review of the mathematical and historical developments of
Wy algebras.

20Technically the wedge sub-algebra of the loop algebra of these.

21Gee [91, 92] for the deformation of the soft gluon theorems and the associated soft algebra in the presence
of a massless scalar field.
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twistor and celestial OPE [118] was achieved through the study of a twistor sigma model for
self-dual gravity developed in [115, 116, 119]. More recent developments involving Lwi s
on the twistor side involve Moyal deformations [120], the connection with the Carrollian
perspective [121] and, quite remarkably, the relevance of Lwi, ., as a symmetry algebra for
de-Sitter amplitudes [122, 123].

Note that the direct proof of the equivalence between the twistorial and canonical realiza-
tion of the Lwj o, symmetry was first given in [124] at the quadratic order in Gy. Recently
in [125], this connection was established further to all order.

THE FREIDEL-PRANZETI-RACLARIU (FPR) CONSTRUCTION AND RESULTS (IN BRIEF):

To understand the origin of this thesis, we first give a brief summary of [94-96]: FPR
identified a particular truncation in the asymptotic Einstein’s equations and YM equations
of motion (EOM) in which the Weyl tensor, respectively field strength, was recast as a
collection of higher spin fields @S. The latter were shown to satisfy a simple set of evolution
equations, which represents the input of the analysis of the current work, cf.(1.3.1) and
(1.3.4). The conservation of these higher spin ‘charges’ (i.e. the fact that they commute
with the S-matrix) truncated to quadratic order was then equivalent to the infinite tower
of conformally soft theorems. In this approach, the label ‘charges’ was justified as the
(renormalized version of) Qs reproduced the celestial wy o and s-algebras generated by the
increasingly subleading soft modes of [82, 83|, thus furnishing a phase space representation
of this tower of symmetries. Nevertheless, a derivation a la Noether for the entire tower of
charges was missing, as well as a non-perturbative treatment. This thesis remedies to this
in the case of YM theory, General Relativity and finally EYM theory.

1.3 The FPR construction and results

We now review the procedure of [94, 95] in details. The starting point was to consider a set
of spin-weighted functionals Q,(u,z,2), s > —2, on .9.2> It had been proven in [18] that
a certain combination of them transformed homogeneously under the asymptotic BMSW
algebra [17], the symmetry algebra of null infinity, at least till spin 2. These combinations
took the form of evolution equations, with the simple recursive pattern

0uQs = DQs_1 + (5 +1)CQsz, 5> —1, (1.3.1)

where C'is the asymptotic shear, @,2 = 0,N, @,1 = DN and N = 9,C is the news tensor.
()2 and ()_; thus encode the radiation. For s < 3, these are the exact asymptotic EE
[18, 95, 126]. For instance, the s = 0 equation can be recast into the Bondi mass loss
formula. The first five st, ie. —2 < s <2, are actually the leading order components in the
asymptotic expansion®® of the Weyl scalars. In other words, in the Newman-Penrose (NP)
notation, Wy_, &~ Q,/r3** + ---. The rest of the tower Q, relates to W /rs+5; see [126] for

22We use the ~ as a reminder of the (u, z, Z) dependence.
0o \I/és)
23 . . 5\ — -n
Namely the expansion in 1/r: Uy, (u,r,2,2) = ZO s
=

9
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the original NP work but also [95, 127] and recently [97] for the most up-to-date account.
We also discuss the equivalent construction for Yang-Mills in chapter 3.

Notice that the charge aspect ()5 depends linearly on N and polynomially** on C. This
means that we can decompose Q, for s > —2 as®

Q:= >, QY (1.3.2)

where @(8’“’ is homogeneous of degree k in C' and linear in N (due to the initial condition
@_2). The charge aspect (:j;‘” = @? is the soft charge while @;1) = @'S" is the hard charge
and ZLS/ 2J+1 Q¥ is the super-hard contribution. Independently rescaling C' — g¢yC and
C — gNC’ by dimensionless ‘holomorphic’ and ‘anti-holomorphic’ couplings gy and gy, we see
that Qfs’“) = O(gxg"). As we are about to explain, the treatment of FPR was perturbative in
g, since only involved ég’), @S) and @f). One achievement of the present thesis is to be able
to deal with the ‘non-perturbative’ (in gy) object és rather than its perturbative expansion
Qw.

For spins higher than 3, (1.3.1) represents a truncation of EE on .#.%° Nevertheless, study-
ing this fundamental pattern, FPR were able to construct, after renormalization, a notion
of higher spin charges q4(T}),”" where the Ty(z, z) are smearing (spin-weighted) functions on
the sphere that play the role of symmetry parameters (recall that Ty and 7} corresponding
to a super-translation and a sphere diffeomorphism respectively). The reason why ¢4(7)
was called a charge is that on one hand it is conserved in the absence of radiation (at the
linear level in [95] and then corrected at the quadratic order O(gygy) in [97]%%) while on the
other hand it satisfies the algebra

{qw) } + {q“) ¢ (T )} = qgs, 1((3 + )T, DT, — (s + 1) ;,DTS). (1.3.3)

Note that the left hand side (LHS) can also be written as® {g,(T%), gy (TS’,)}(O) where the
superscript ‘(0)” emphasizes the fact that the computation is valid for the soft part of the
Poisson bracket.

On top of satisfying the soft algebra (1.3.3), the second main result of FPR was to prove
that the action of the tower of renormalized hard charge aspects ¢ on the asymptotic
gravitational phase space was related to celestial OPEs with conformally soft modes [82-84].

24Tn a general sense since the coefficients of the polynomial can be differential operators.

25This condition is valid for s > —2, with |n] the floor function. To see it, just notice that the initial data
Q_» and Q_; are of degree 0 in C and afterwards deg[Q,] = deg[Qs_2] + 1.

26The conjecture is that it corresponds to the part of Einstein’s equations linear in gy. The statement is
however more subtle than it may seem, cf. (3.4.15). From a twistor perspective though, (1.3.1) arises from
self-dual gravity.

27qs(Ts) = ﬁ fyj qus~

28Gee their section 6.4.2 for subtle points of the discussion. [97] also makes very transparent that the
procedure to build ¢s; order by order is particularly cumbersome. In chapter 6, we prove a systematic
approach to construct it.

29Using the Ashtekar-Streubel [128] Poisson bracket on null infinity, namely {N(z),C(a2')} = 47Gn 63 (2 —
z'), where © = (u, 2, ).

10
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To say it differently, by assuming the invariance of the S-matrix under the asymptotic charges
(truncated at quadratic order), and their conservation at spacelike infinity via antipodal
matching (see [31, 129-131] for a similar discussion about the BMS algebra), FPR could
relate the Ward identities for g; with the tower of sub®-leading conformally soft theorems.

Importantly, the combination of Ty and 77, on the RHS of (1.3.3) is a shifted Schouten-
Nijenhuis (SN) bracket for symmetric contravariant tensors on a 2-dimensional manifold S
[132, 133]. We shall come back on this property in great details in chapter 5. When S = C*,
one recovers the celestial holography Lw;,., algebra constraining the structure of the soft
gravitons OPEs. Although at leading order in perturbation around flat space, the result
(1.3.3) was already a first step towards the understanding of the canonical realization of
these higher spin symmetries.

The analysis and the results are similar for YM, treated in [96]. The counter-part of
(1.3.1) takes the form

au@s = D@sfl + [Aa @871]97 (134)

where A is the asymptotic gauge field onto the sphere (playing a similar role as the shear)
and the st are now related to the asymptotic expansion of the Newman-Penrose scalars built
from the field strength. Since the chapter 3 is dedicated to an in-depth review, demonstration
and generalization of (1.3.4), let us simply mention that FPR built YM charges satisfying
the following algebra

{¢.(a0), a0 (@)} = 42y (s, 2L ]g).- (1.3.5)

The (z, Z) mode expansion of the symmetry parameters a, then allows to recover the celestial
s-algebra of conformally soft gluons OPE [82]. Note that we can use the same convention as
in gravity with the superscript ‘(k)’, where now Qs = EZZE ~(S’“>. This means that one can
rescale the gauge field A — gA and A — gA in order to get a ‘holomorphic’ expansion in g
of the charges (which are still linear in g).

Another point of discussion when dealing with higher spin symmetries concerns the po-
tential restrictions imposed on the symmetry parameters T, and a;. Most of the analysis
done prior to the canonical one imposed a restriction called the wedge condition [82]. From
the celestial CFT point of view, super-rotations are described by the ebms algebra, i.e. by
two copies® of the Virasoro algebra, Vir x Vir. Classifying fields and generators in terms
of representations of Vir x Vir is still a challenge. The approach has been to reduce one
of the two factors to its global sub-algebra, namely s[(2,R) when working in split (2,2)
signature [82, 134]. This truncation induces a finite dimensional multiplet structure of the
modes of the soft currents, which can be recast (via the natural pairing of currents with
symmetry parameters) as a condition on the parameters Ts and a;. In our language, it
reads D**2T, = 0 for GR and D**'a; = 0 for YM. The wedge restriction is also a natural
consequence of the twistorial treatment of Lwj o [114-116]. The wedge then amounts to
a (anti-)holomorphicity condition on the transformation parameters in twistor space. This
restriction did not seem mandatory from the canonical perspective and thus required clar-
ification. A proper algebraic understanding of the wedge is a key aspect that we develop in
this thesis.

30Respectively for the holomorphic and anti-holomorphic diffeomorphisms.
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The next major step in the canonical approach to asymptotic higher spin symmetries
was the computation of the algebras (1.3.3) and (1.3.5) at quadratic order for GR and
Yang-Mills theory. For GR, the computation was done inside the wedge for arbitrary spins
s,s" and outside the wedge for s = s’ = 2. For YM, no wedge condition was imposed
and the calculation was valid for any spin. Showing the consistency of the algebra beyond
the wedge demanded a tremendous amount of calculation carried out in [96], and based
on computational techniques developed in [112]. The fact that the gravitational algebra
closed without any modifications of the aforementioned shifted SN bracket was so non-
trivial that it suggested that a mon-perturbative description should exist. Likewise, for YM,
the Lie algebra bracket [-, -], of (1.3.5) did not receive any correction at quadratic order, even
without imposing the wedge condition D**'a; = 0. Besides, notice that these computations
necessitated the cubic charge ¢ (75) (and ¢\ (T%)) to conspire with the soft charge ¢ (77)
(and ¢”(Ts)) so that the Poisson brackets of those would precisely recombine with the
Poisson bracket {¢("(T%), ¢\ (T%)} to close the algebra (see also [135, 136]). The essential
role of the cubic charge suggested that the higher spin symmetry should admit a non-linear
realization onto the phase space, a result that we shall indeed formalize at arbitrary high
order in the holomorphic coupling constants gy and g.

To conclude this summary, we want to give credit to Geiller [97], who disentangled some
nasty aspects of the computations mentioned throughout this exposition. Let us add that
the analysis of [97] was then reproduce for Einstein-Yang-Mills in [137]. The reader who is
at least familiar with the FPR-G series of papers will see a change of paradigm in the way
we treat the asymptotic higher spin algebras. This change of paradigm should bring a sense
of clarity on some of the subtleties of the topic, especially at the algebraic level and in the
canonical representation, but also in the relation to twistor theory. The implications and
the relation of our work to celestial OPEs are beyond the scope of this thesis. See however
(94, 135, 136, 138-140] for multi-particles and multi-collinear contributions.

1.4 Summary of results

ORIGINAL MOTIVATION OF THIS WORK (PART I):

The first motivation for this thesis was to better understand the origin of the fundamental
pattern (1.3.4) and the truncation of the equations of motion it corresponds to. In other
words, we wanted to analyze the corrections to (1.3.4) and how they impact celestial OPEs.
While we do have some promising preliminary results, the story has been more subtle than
expected. To avoid too many digressions, we limit ourselves to the presentation (without
any analysis) of the full YM EOM in terms of higher spin charge aspects. This is a result in
itself, which we have not yet published elsewhere.

ORIGINAL MOTIVATION OF THIS WORK (PART II):

Although there is evidence, for spin 2 only in the gravitational case, that the higher spin
charges could be understood as overleading diffeomorphism changing the boundary condition
[141-143], a fully consistent and non-perturbative Noether analysis is missing. In other
words, the charges have not been built as Noether charges derived from a symmetry action
on the gravitational phase space, but from consistency with the OPEs and soft theorems.

12
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Indeed, the derivation of [95] related the Ward identities for the spin s charge aspects st
(or their renormalization) with the tower of sub®-leading conformally soft theorems (see
(1.2.1) and [5, 29, 39]—plus references therein—for the interpretation of soft theorems as
conservation laws).

The goal of this thesis is to remedy this situation and give a first principle phase space
derivation of the tower of higher spin charges from the Noether’s theorem applied to the
gravitational phase space.?’ Understanding the tower of higher spin charges in a systematic,
non-perturbative way, where one can leverage Noether’s theorems, is primordial to determine
the full set of symmetries of GR (and YM) and understand to which extent they constraint
the gravitational dynamics and the quantum S-matrix [5, 29, 31, 39, 129-131].

The purpose of this project is therefore to show that the higher spin symmetries can be
realized canonically and non-perturbatively (in gy) via Noether charges. One of the many
challenges one faces is that the action of the symmetry generators on the gravitational (resp.
YM) phase space is non linear starting at spin 2 (resp. spin 1) and this non-linearity grows
with the spin, cf. (1.3.2). The fact that this non-linear action closes into an algebra up to
quadratic order was shown in [95, 96]. These promising results looked rather miraculous
and were due to the combination of highly non-trivial hypergeometric identities. Quite re-
markably, the closure of the algebra beyond the wedge required to include the commutator
with the cubic order charges, beyond the quadratic hard charges. This suggests that the
validity of the higher spin symmetry algebra controls some of the non-linearity of Einstein’s
equations—see also [135, 136]. The validity of the algebra is so non-trivial that it suggested
that a non-perturbative description should exist. This was the second original motivation for
the present work.

PRESENT WORK:

We give a summary of the main results which are conceptually common to the YM, GR,
and Einstein-Yang-Mills analyses. Each subsequent chapter also includes a more specific
introduction. To avoid repetition, we present few major equations written directly in the
EYM case. Of course in practice, the latter is the most complicated in terms of computations.
Yet, conceptually, all three analyses have a common rationale.

* We identify a higher spin symmetry algebroid®> S7. The “structure constants” of the
associated algebroid ST-bracket depend explicitly on the shear C' and the asymptotic
gauge potential A (as well as its time derivative F' = 9,,A). This bracket is proven to
satisfy the Jacobi identity.

* We show that the non-linearity and non-locality of the action of higher spin symmetries
on the EYM phase space can be recast into a simple set of equations of motion for the
time dependent transformation parameters v = (7, ), while the action itself involves
only spin 0, spin 1 and spin 2 generators.

* This radical simplification allows to construct, non-perturbatively in g and gy, the
canonical representation of the higher spin generators. The fact that these generators

31Understand the logic of the motivation as: if we can figure it out for GR, then YM and EYM will follow.
328, T and ST are respectively the YM, GR and EYM algebroids.
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Chapter 1. Introduction

satisfy the algebra non-perturbatively then follows from the power of Noether’s theorem
and the covariant phase space formalism [23, 144-150].

* We establish that the renormalization procedure developed (perturbatively) in [95, 97]
for the charge aspects simply amounts to evaluating the transformation parameters in
terms of their initial conditions (7}, a).

* We relate all the preceding elements to twistor space.

* From the general ST -algebroid, we define a symmetry algebra which preserves the
asymptotic data at a non-radiative cut of null infinity.

Let us now flesh out some of these items with equations. One of the key ingredients of
the new paradigm is to introduce Carrollian smearing parameters 74(u, z, ) and a;(u, 2, 2)
on $, of spin —s. These parameters are dual to the GR and YM spin s charge aspects. For

instance in gravity, the pairing Q”;[TS] defines a scalar charge via integration on the sphere
(denoted with [-] in that context). One can then form the object of central interest, called
master charge, and defined as follows:

YM

Z Q[ +ZQ“ o). (1.4.1)

s=—1

We constraint the time evolution of v to follow the dual equations of motion™

OyTs = (%7')8 = D751 — (s + 3)CTsyo, (1.4.2a)
durs = (Dv)s = Davgyr + [A, agi1]g — (5 + 2)Cargys — (s + 2) Fropa, (1.4.2b)

for s > 0. The RHS of the evolution equations (1.4.2) reveals a generalization of the covariant
derivative on the sphere, which depends expllcltly on the asymptotic data and plays an

YM

essential role in our construction. The derivatives D and D encompass the algebraic non-
linearity due to the presence of a non-vanishing shear and of the YM self-interaction.
These evolution equations ensure that the master charge is conserved in time in the
absence of left-handed radiation N = 0 = F. This is essential in our reasoning. Indeed,
by turning off the flux of radiation through .#, one should be able to construct a conserved
quantity. We precisely define the dual EOM such that the master charge is this conserved
quantity. We can then show that the limit of the master charge to the corner .7, i.e.
(@ = Q> is a Noether charge built from the holomorphic Ashtekar-Streubel asymptotic
symplectic potential. Denoting €2 the symplectic form, then @, satisfies the Hamiltonian
flow equation
I5,Q = —6Q, (1.4.3)

and generates the higher spin symmetries action

{Qir.a), O} = -0, (1.4.4)

,-]g denotes the YM Lie algebra commutator.

3.
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1.4. Summary of results

where O is a functional of (C,C, A, A). The infinitesimal symmetry transformations of the
asymptotic phase space variables are given by**

d(ra)C = 6;C = N1y — D*1y + 2DC7y + 3C D1y — 3C° 1, (1.4.5a)
O(ra)A = Fro — Dayg — [A, ]y + Cons. (1.4.5b)

This canonical action, supplemented by the dual EOM, reproduces the linear and quadratic
actions of higher spin symmetries derived in [95, 96]. Notice two important features about
(1.4.5): Firstly, when written in terms of 7, the symmetry is realized non-linearly due to
the presence of the C? term associated with the spin 2 symmetry. Secondly, the symme-
try transformation of the shear contains only the parameters 7y, 7, and 7. However, they
themselves contain arbitrary high spin symmetry generators when expressed in terms of the
celestial symmetry parameters given by the initial value T := 75(u = 0). When written in
terms of the latter, the associated symmetry transformation 6, (r,)C becomes polynomial in
C with a degree growing linearly with s and also non-local along the null time direction w.
The reasoning is the same for d,A.

Remarkably, we also prove that the commutator of ., closes thanks to the validity of the
dual EOM. This means that there exists a bracket [y,~'] such that

[3tr.0> O |- = =0t rrany - (1.4.6)

This is the aforementioned ST-bracket which encodes the commutator of Noether charges
and symmetry transformations on the EYM phase space. It includes a pure GR and a pure
YM part, while incorporating the effect of the coupling in terms of a bicrossed product
structure.

The ST-bracket can be cast in many equivalent forms. We give one of them:

[v, 7T = v AT+ 657 = 6,7, (1.4.7)
with
C’ S+1 GR GR
AT =[] =D (n+ 1) (7D sn — TUDT)smn), (1.4.8)
n=0
[v,7] :M = [a, O/}i1 + { Z(n +1) (Tn(%vl)s_n = oz;H(%T)s_nA) — 7 < 7’}. (1.4.9)
n=0

The GR projection, called the C-bracket, reveals a shear-dependent bracket given in terms

of the covariant derivative %, as a deformation of a shifted Schouten-Nijenhuis bracket for
symmetric tensors on 2d manifolds [132, 133]. In chapter 5, we show how it relates to the
W14oo bracket. The YM-bracket consists in the pure YM Lie bracket [-,:]%, whose modes
expansion forms the s-algebra, plus cross GR/YM terms. In chapter 7, we show how this
last part reduces to the swi,, algebra as a particular case.

We also discuss in details when does the algebroid reduce to an algebra, the so-called
covariant wedge, which defines the symmetry algebra of a non-radiative cut S of .#. In gravity

34N = 9,C is the news.
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Chapter 1. Introduction

for instance, we denote it W, (S), where o = C! o 1s the shear at the non-radiative cut. The
defining characteristic of W, (S) is a constraint on the set of symmetry parameters T;. In

terms of the covariant derivative D—evaluated at S as well—it takes the form (D5+2T ) =

0. Notice that in the special case where o = 0, then 0 = (%SHT)_2 =) DT, is the
‘usual’” wedge condition described previously in 1.3. The covariant wedge condition ensures
that (570) ‘ ¢ = 0 and that the symmetry transformation does not induce any radiation.®”
A transformation in the covariant wedge thus leaves invariant the defining properties of
the cut under consideration. The general theorem for the Noether charge (), also ensures
that the latter’® forms a representation of the algebra W, (S) at non-radiative cuts. This
result is non-perturbative and guarantees that the symmetry is realized non-linearly on the
gravitational phase space to all order in gy.*"

Let us emphasize that the algebroid framework we introduce in this work is essential to
carry over the calculations efficiently. In addition to uncovering a clear algebraic structure
that gives access to a non-perturbative description, we think that this framework naturally
accommodates the idea of radiation as a transition between two non-radiative states. Indeed,
if W,(S) and W, (S) represent the gravitational symmetry algebras at two different non-
radiative cuts of ., and that radiation was registered on . in the interval, then o # o
due to the memory component carried by this radiation. A Lie algebroid describes how
these algebras relate to one another and provides a notion of path in that space that we
can physically interpret (at least classically) as a transition between the two non-radiative
spacetimes. For a visual, see the drawing 77.

35For the scope of this thesis, the assumption that no radiation should be collected at S is crucial.

36More precisely Qr, = Q- (r,), where 7(T) is the solution of the dual EOM determined by the initial
condition 7s|,—o = Ts and 7, |y—0 = 0 for n # s.

37This discussion holds for EYM too.
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Chapter 2
Notation and Preliminaries

We present the basic elements of notation which shall appear all throughout the manuscript.
When necessary, we give extra details at the beginning of each chapter.

2.1 Notation

We use the Bondi coordinates (u,r, z, Z) together with the null dyad (m,m) on the sphere
S. We choose the normalization as follows:!

m = P0o,, m = Po;, mAmPyap =1, (2.1.1)

for a prefactor P = P(z,z) and where yap = mamp + mamp is the asymptotic sphere
metric. The measure on the sphere takes the form

1
€5 = 5€AB do* ANdo® =iy/ydzAdz  with  eap = i(Mamp — mamp).  (2.1.2)

The latter is induced by pull back to S from the 4-dimensional volume form?

e=ir’y/ydr AduAdz Adz, (2.1.3)
where /7 = /| det 7| = |P|72. Explicitly,
€0 = 19,10, € = T7€g. (2.1.4)

Rather than using the covariant derivative on the sphere D4 with a free index A, one
can use projected quantities and work with spin-weighted operators [151-153]. Namely, an
operator Oy of spin-weight, or helicity, s is defined by

OS = O(AlmAQmAl .. .mAS. (2.1.5)

IFor instance, on a round sphere m = 1*—\/%582 = Po,.
2This orientation amounts to € = 2 sin § dt Adr Ad9 Ady in usual spherical coordinates with z = €% cot g.
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Chapter 2. Notation and Preliminaries

Similarly, the operator O_; is defined by the same contraction with m — m. Angle brackets
stand for symmetric and traceless. The tracelessness condition allows us to map any sym-
metric traceless tensor to a Lorentz scalar of helicity s and a Lorentz scalar of helicity —s.
To make things more explicit, one can write®

O(Al..,A5> :OSTTLAI...TTLAS—{—O_STTLAI...TI’LA (216)

s*

For instance, C' = Cygm”m? and its complex conjugate C will denote the asymptotic shear.
Similarly, the news tensor will be denoted by N = 9,C

We introduce the intrinsic-Cartan derivatives on the sphere’ /2D = 8 and V2D = 0
defined as the sphere covariant derivative projected along the dyad. For instance, on an

operator of spin-weight s,
DO, = m™ .. .mASmADAOAl_,AS. (2.1.7)
Changing m” — m4, we get a similar definition for D. Using (2.1.1), we have equivalently

DO, = PP~°0,(P*0,), (2.1.8a)
DO, = PP*0;(P°0;). (2.1.8b)

See the appendix A.1 for extra details.
Like a function on the sphere which admits an expansion in terms of spherical harmonics
Yﬁ?m, a spin-weighed function of helicity s admits an expansion in terms of spin-spherical

harmonics Yy, [151], where £ > |[s],
00 L
O,=>»_ > omyp,, — Oimec. (2.1.9)
l=|s| m=—£

D and D act as raising and lowering operators for the helicity. Their action on the basis
element Y} is given by

DYs, - \/(ﬁ—s)(é—i—s—i—l)}/ﬂgl? (2.1.10)
DYg, = _\/(E+S)<€2_S+1)Y2ml, (2.1.11)

from which we also get

(l—s)(+s+1) — (L+s)(l—s+1)

3The isomorphism is justified by a counting argument: A symmetric tensor with s indices in dimension
2 has (2+j_1) = s + 1 independent components. Imposing it to be traceless adds (i:é) = s — 1 constraints,
so that the number of independent components reduces to two, encoded in the two helicities.

4Historically the edth differential operator has been defined with a different normalization [151].
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2.2.  Definition of conformal weight and helicity

2.2 Definition of conformal weight and helicity

We define Sy to denote the 2d-sphere and S,, to be the 2d-sphere minus n-points. In the
following we denote S any one of the S, and we define C(S) to be the space of smooth
functions on .S. The most studied cases are Sy in the gravitational literature and the cylinder
S, in the celestial and twistor literature.

We start by defining the notion of celestial primary fields C(CZI,S)(S ) on the 2-sphere (or
the punctured 2-sphere, on which D — 0.), where A is the celestial conformal dimension
and s the helicity (or spin-weight) as before. By definition a ¢(z, z) € CZ:Z"S)(S) transforms
under sphere diffeomorphisms ) € Diff(S) as

dyp= (YD +3(A+5)DY)¢+ (YD + (A —5)DY)¢. (2.2.1)

This reduces to the usual definition of a conformal primary field in 2d [154-156] when Y
(Y) is (anti-)holomorphic. Such fields commonly appear in the celestial holography context
when transforming momentum space scattering amplitudes to the conformal (boost) basis
by a Mellin transform, see [29] and references therein. Here we extend the definition of
conformal primary fields to arbitrary sphere diffeomorphisms [94]. What we call celestial
fields also corresponds to the restriction of Carrollian fields at the cut u = 0 of null infinity,
with u the Bondi time [94], see the following section.

Y and Y are the projections of ) along m and m respectively. When writing ) € Diff(.9),
we mean the full vector on the sphere, namely

Y=Y, = (m*YA)D + (m* YD =YD +YD. (2.2.2)

Notice that the parameter Y is the component of a holomorphic vector field Y9, € T'(T*YS)
and comes with a negative helicity degree, i.e. Y is the contraction of ) with m. Hence Y
has weight (—1, —1)° while Y has weight (—1,1).%

We can restrict the conformal transformation labeled by the vector ) to preserve the
round sphere metric. Y is then holomorphic, i.e. DY = 0. In this case, the operators D and
D are respectively operators of celestial weight (1,1) and (1, —1)."

Once a conformal structure is chosen one introduces homogeneous coordinates A, on the
sphere such that z = A\;/A\g. One can understand the conformal primaries as homogeneous
section O(n,n) over CPy [78, 152], where the homogeneity degrees are given by the celestial
weights as n = —(A + s) and 7 = —(A — s). This means that

P(aNa, @) = a~ BTG A9 6N, Na), aeC" (2.2.4)

This is clear from the fact that (2.2.1) matches with the Lie derivative £ when acting on a vector field.
Indeed, if we take W € Diff(S), then

SwY =me (EwY) = me(WADAYC —YAD,WE) = (WD + WD)Y — YDW, (2.2.3)

6Remark that in general the multivector 7, = 7{414s)

variable to the higher-spin charges, has spin —s.
"To extend this property to Diff(S) we need to introduce super-rotation Goldstone field ® and a boost
connection DOa 5y = (D + (s + A)P)O(a 5), see [15, 94, 156].

ma, -+ -Ma,, which shall play the role of dual
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Chapter 2. Notation and Preliminaries

In this formulation the SL(2, C) action on the sphere is linear on \,. Importantly, (A, s) label
SL(2, C) representations, naturally realized on the space of complex homogeneous functions
as above.

2.3 Carrollian fields

On . = R x S, the symmetry generators include the supertranslations 7'(z, 2)d,. More-
over, the action of sphere diffeomorphisms on Carrollian fields is given by the vector field
Yy = %(DY + l_))_/) u0, + YD + Y D, which includes a boost component determined by the
components Y and Y of an actual diffeomorphism of S. The combination of supertransla-
tions and sphere diffeomorphisms form the generalized BMS algebra gbms [11, 14, 18, 142].
If we demand in addition that the vector field is holomorphic, i.e. DY = 0 then we get the
algebra ebms(S). We have that ebms(Sy) = sl(2,C) and ebms(S;) = Vir x Vir.

The Carrollian field ®(u, 2, z) € C3 () of Carrollian weight ¢ and spin-weight s admits
the action of supertranslations o7® = T9,$. It also transforms under sphere diffeomor-
phisms as

5y® = (YD + (6 + ud, + s)DY)® + (YD + 4(6 + ud, — s)DY) ®. (2.3.1)

We see that the connection between the Carrollian and celestial weights (2.2.1) is simply
that

~

A =6+ ud,. (2.3.2)

A is the operator which once diagonalized in the celestial basis, has eigenvalues A. For
car cel

instance, if ®5 € C{7%)(J), we can construct a celestial field ¢ € C3 ;)(S) using the time
Mellin transform [95, 112]:

B _ B o0 Ds(u, 2, 2)
+ A 5 o\Uy <y
¢A(za zZ) = (HFZ)( H )F(A +1- 5)/ du (ut Z'e)(A—cS—H)'

—00

(2.3.3)

This means that a Carrollian field can be expressed as a direct sum (or direct integral) of
celestial fields after diagonalization of the boost operator. This decomposition is either done
in terms of the principal [157] or discrete series of representation [112, 113, 158].

Note that from our definition (2.3.1) we easily infer that d, is an operator of weight
(1,0).8

As before, introducing homogeneous coordinates A, on the sphere such that z = A\ /g,
the Carrollian primaries in C(C(;;)(ﬂ) is equivalently given by the homogeneous sections over

J of degree (— (64 s),—(0 — s)), cf. [152]. They transform as
®(|al*u, adg, GNa) = a= a9 (u, Ay, Ag), a € C*. (2.3.4)
In the following we will use the natural projection

G () = i (9)

8Use that 6y(9,P) = 0, (0y®).
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2.4. Various vector spaces

O ¢p(2,2) =P(u=0,z2,2), (2.3.5)

which follows from a choice of embedding of S into .#. This projection preserves the conformal
dimension A = § since the boost operator action vanishes (409, ®)|,=o = 0.

2.4 Various vector spaces

The V-space: We introduce the following space of celestial fields:

Vo=CE ,(9),  V(S) = P V. (2.4.1)
s=—1
V(S) is a graded vector space where the spin s denotes the grade. Note that V, = V,(95)
depends on the topology of S. To avoid notational cluttering we keep this dependence
implicit in the notation V. The gradation of V(S) induces a filtration denoted

Vi(S) = EB Va(9). (2.4.2)
n=-—1
In the following we denote by 7" the elements of V(S) and by T its grade s element. In
other words, T' corresponds to the series of spin weighted field (7%)s41en and Ty is the result
of the evaluation map , to the subspace of degree s:'’

s 1 V(S) = Vg
T— T (2.4.3)
Conversely, the inclusion map ¢,
t:Vy — V(S)
T, — T = (Ty), (2.4.4)

takes the element 7 and sends it to the series «(T5) = (0,...,0,T5,0,...) for which 7,(T") =0
for p # s and 74(T) = Ts. Finally, for later convenience, we also define

V(S) = évs (2.4.5a)

<l

(S) := V(S)\{V_1 @ Vo} = é V.. (2.4.5b)

The \7—space: We introduce the corresponding spaces of Carrollian fields:
Vo=CP y(9), VI =PV, V=V(9) =P V. (2.4.6)
s=—1 n=-—1

We denote by 7 the elements of V(.9) and by (7); = 7, a grade s element. The evaluation
and inclusion maps are defined as for V(95).

9This projection can also be written in terms of (2.3.3) as a limit lima_s(¢X).
10The associated projection operator is ¢ o .
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Chapter 2. Notation and Preliminaries

For g-valued fields: When dealing with Lie algebra g-valued fields, we use the following
notation:*!

aeV(9.9), VI, @v with V, =Cg"_,(5,9). (2.4.7)

s=0

Notice that the Carrollian weight of a is 0 while it was —1 for 7,. The reason of the difference
will become obvious once these fields, playing the role of symmetry generators, are paired
with charge aspects. The filtration associated to the gradation of V(.#,g) is denoted by

Ve =Vo(I,g) @v (2.4.8)
We also introduce the celestial counterpart of ay, denoted a,, where

acV(S.g), V(S9) :=€PV. with V,=Cg ,(S.9). (2.4.9)

s=0

"To avoid having even more symbols, we use V, and V, both in the GR and the YM cases. The context
shall make it clear which space we are talking about.
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Chapter 3

Non-Abelian Gauge Theory I

This chapter is based on unpublished notes. It serves as a first exposure to the higher
spin charge aspects (), even if at that point they only correspond to a field redefinition.
Their interpretation as charge aspects will become clear in the next chapter (see also the
introduction 1.2). We start in section 3.1 by giving few complementary elements of notation
with respect to chapter 2 and we detail some properties of the covariant derivative. We then
recast Maxwell’s equations and the Yang-Mills’ EOM in the Newman-Penrose formalism in
section 3.2. This is essential to understand how the (), enter the picture. Next, section 3.3
describes the fall-off conditions in the radial direction r that we use to study the asymptotic
solutions of the EOM. We also analyze the asymptotic phase space at null infinity. Finally
section 3.4 deals with the YM EOM written for the asymptotic expansion of the NP scalars
and we introduce the field redefinition in terms of higher spin charge aspects. The exact
time evolution of Q) (6.2.5), without any truncation, is the main result of this chapter. In
the subsequent chapters, we restrict our analysis to a part of these evolution equations, from
which we build a Noether symmetry preserving the symplectic potential. Certain details of
computation are gathered in appendix A.

3.1 Preliminaries

In order to keep track of the conformal dimension of the various equations, it is useful to
introduce a curvature parameter R € C(CQe'O)(S ) such that the flat space metric is

ds? = —Rdu? — 2dudr + r’*y pdo?de?, (3.1.1)

where 2dzdz 1+ Rzz
do?deB = 9% d Pz 5)| = - V2%

YApdo Ao |P(Z,2)|2 an | (Za Z)| \/5
The exact phase of P is irrelevant for our discussion and we shall consider formulas (espe-
cially for the covariant derivative (2.1.8)) valid for any P. When R = 1 this is the usual
parametrization of .¢ while R = 0 corresponds to the flattened space description [159]. The

inverse metric components are

(3.1.2)

gt =0, ¢g"=-1, ¢gq"=R. (3.1.3)
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The null vectors transverse to the sphere S located at a constant value of (r,u) are k = 0,
and ¢ = 0, — %&. They satisfy

kok=0, (-0=0, (-k=—1. (3.1.4)

Supplemented by the dyad (m,m), these vectors form the Newman-Penrose (NP) null tetrad
and appear in the definition of the NP scalars [126].
Furthermore, the edth derivatives satisfy the fundamental commutation relation

[D, D]O, = RsO, | (3.1.5)

We refer the reader to appendix A.1 for extra properties of these derivatives, especially about
their commutator.

3.2 EOM a la Newman-Penrose

3.2.1 Electrodynamics

We start with Maxwell’s equations in four dimensional Minkowski spacetime
VHE,, = J,. (3.2.1)

Using the formula for the divergence of an antisymmetric tensor V, F* = ﬁ@u ( lg|F “”) :

(3.2.1) reduces to

—r(2470,)Fy + y*B D Fp, = 12, (3.2.2a)
120y Fur + Y P D4 (Fpy — REFp,) =1 (Ju — RJ,), (3.2.2b)
1?0, Fay + 170, (Fay — RFa;) + ¥P“DpFoa = 1" J 4. (3.2.2¢)

The Bianchi’s identity V,(xF)* = Jv gives a similar set of equations. In Maxwell’s theory,

only the electric current J is non-zero while the magnetic current vanishes J = 0. It is
convenient to keep it alive for when dealing with YM theory. Indeed, we can understand the
asymptotic expansion of Yang-Mills’ theory in terms of a collection of QED like quantities
where both electric and magnetic currents are turned on. The dual tensor xF' is defined by

1
(*F)MV = 5 V=g Eaﬂuugapgﬁka)\' (323)

For instance

1 1 1
712 *Fur = §T4ﬁ€urABgACgBDFCD = §ﬁ€urAB’YAC’YBDFCD = _§€ABFAB- (324>

Moreover
By =¢,PF,g  and  xF,4=€,°(RF.p — F.p), (3.2.5)

24



3.2. EOM a la Newman-Penrose

meaning also that
r?xFy = iFpm,  *F., =1iF,,  and *xFy = —i(Fy — RFom), (3.2.6)

or equivalently

r2(%F) g = i Fpim, () em = 1 Fym, (KF ) om = —iFp |. (3.2.7)

It becomes then convenient to form the self-dual part of the field-strength, namely F* =

$(F — i »F) which we choose to repackage as follows:

1 R 1
Pm = ;qu - gFmr = ;F%u7 (3.2.8a)
_1 1 v L
1 1
G = ~Fppy = ~F1 . (3.2.8¢)
r T

We also have that that Ft. = 0 and F, = 2FF . Since the dyad (m,m) is defined for
the unit sphere, the factors of 1/r are introduced for the sake of normalization. The scalars
¢m, ¢ and ¢, correspond to the Newman-Penrose scalars ¢o, ¢1, and ¢q respectively [126].

Indeed, in terms of the tetrad,

1 1

T T

According to subsec.2.3, they respectively have dimension /helicity (1, —1), (0,0) and (—1,1).
We then introduce the combination of currents

1 ~
JI = Q(Ju —iJ,),  sothat  VIE! =JF, (3.2.10)

"

and therefore recast the Maxwell’s equations (3.2.2a) and the projection of (3.2.2¢) along m,
combined with the corresponding Bianchi’s identities, respectively as

(2+719,)¢ = Doy, +1JT, (3.2.11a)
(1+70,)¢m = Do+ J. (3.2.11b)

These two radial evolution equations determine—almost entirely—the data of ¢ and ¢
in terms of ¢,, and the currents. We also get two time evolution equations starting from
(3.2.2b),! the projection of (3.2.2c) along m, and the associated Bianchi’s identities:

(r@u — %(2 + rar)> ¢ = Doz —r (J;r — %Jﬁ) (3.2.12a)
(mu - %(1 + r@r)) b = D — JE. (3.2.12b)

!For convenience, we actually write the linear combination (3.2.2b)— % (3.2.11a)=(3.2.12a).
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Chapter 3. Non-Abelian Gauge Theory I

One can also get a closed form of these equations. For instance, if we multiply (3.2.12Dh)
by the operator (2 + r0,), recalling that 0, and 9, commute with D and D, and then use
expression (3.2.11a), we get

R(1+r0,)

(24 r0,) (r@u - 5

) ¢m =1rDJT + DDé,, — (2 +710,)J}.

Simplifying and repeating similar steps, we find that the three NP scalars satisfy the following
closed equations:?

R +70,)(2+710,) —10,(3+70,) | ¢ + DDy, = (2 +710,)J 5 —rDJ}, 3.2.15a
2
(%(1 +70,)(2+710,) —ro,(2+ r@r)) ¢+ DD¢ =
+_ R +
=r(2+70,)(J, — EJT —DJr, | (3.2.15b)
R _
= (%(2 +7d,) — r@u) Jt+rD <J;r — %JJ> | (3.2.15¢)

3.2.2 YM theory

We generalize the previous equations of motion (3.2.11-3.2.12) to the non-abelian case before
studying the solution around null-infinity. The linear component is essentially the same as
before. The difference comes from the gauge covariant derivative V,, + A,,, inducing a self-
interacting contribution. We work with Lie algebra valued quantities to lighten the notation,
ie. A, = AlZ, with {Z,} a basis of anti-hermitian Lie algebra generators. Besides, we
adopt the convention that the complex conjugation acts only on the spacetime components,
i.e. relates to the frame fields, and not on the algebra generators (in case the latter are
complex).® Even if we shall write expressions such as ¢,,, it must then be understood as
qu;m = T’QZEZ;an = FTanb = FffmZb-

To keep the same structure as Maxwell’s equations, the non-linear piece of YM equa-
tions can effectively be written as a current J/?CD purely involving gauge fields. Hence YM

2These equations can also be obtained by starting from the Bianchi identity
V,Fog =VoF,53—VgF,, (3.2.13)
and contracting it with V7 which gives

OFap = Vads — Vg a. (3.2.14)

3Note that we used the notation ¢,,, and ¢ as a mere reminder of the helicity of these scalars, the latter
are thus not complex conjugate of one another.
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3.8.  Asymptotic behavior

equations in vacuum and the Bianchi’s identities take the form

Vi 4+ [A, FH] =0 & V,FH = 3P| (3.2.16)

where JAP = [FF A . JP thus plays the role of J* in equations (3.2.11-3.2.12). In other
words, without matter, a non-abelian gauge theory can be viewed as an abelian gauge theory
sourced by self-interacting gauge fields that include both electric and magnetic charges—
contrary to ordinary matter which does not source magnetic monopoles. Therefrom we just

have to specify

JOP = 4, 6], + [ A, bl (3.2.17a)
1 R

JOP = +[A,, 0]~ . ~[Ap. bm] , + 5 (A, &), — R[Ar, 0], (3.2.17Db)

T3P = (A ] 4 r[Au )~ o [Ar 0], (3.2.17¢)

JO© — 4 7A 7¢] r[A,, Qbm}g- (3.2.17d)

Using these currents we see that the radial evolution equations are, in the radial gauge
A, =0, simply given by*

(2470,)¢ = (D + ad Az) du, (3.2.18a)
(14 7r0,)¢m = (D +ad Az) . (3.2.18b)

The time evolution equations for Yang-Mills are in turn given by

<rau — %(2 + r@r)) ¢ = (D+adAy)dm —r[Ay, ¢}g, (3.2.19a)

(rau - g(l + r&«)) Sm = (D +ad Ap)o — r[Au, o] - (3.2.19b)

This also implies that the closed form for ¢,, can be written like
(%(1 +70,)(2+10,) —r(3+ rar)au) Om + (D + ad Am) (l_? + ad Am)gbm =J, (3.2.20a)

where

T =13 +70,)[Au, Ou], + [0,70,A5] . (3.2.20b)

3.3 Asymptotic behavior

3.3.1 Asymptotic expansion

We look for a solution of (3.2.15) analytic around r = co. See [5] for a review. In particular we
assume that the Peeling theorem holds, meaning that we discard any logarithmic behavior.

Yad A () = [Am, Jg-
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Chapter 3. Non-Abelian Gauge Theory I

We thus consider the large r expansions employed by [126] and consistent with the boundary
conditions suggested by the soft theorems. The components of the field strength take the
form

7’l

1SR - u’; 1 & Fé? -
Fu=2 Z Z =5 Z Z (3.3.1a)
n=0

n=0 n=0 n=0

In the following, we shall impose the radial gauge A, = 0, so that for the gauge field, the
fall-off conditions (3.3.1a) correspond to

=AY A
A=) S An=P()A. = y o (3.3.1b)
n=0 n=0

Concerning the Newman-Penrose scalars, this amounts to

| 1 Q) 1 )

r rn T
n=0 n=0 n=0

Physically, ¢ contains the Coulomb’s field while ¢ contains the radiative component which
is part of the asymptotic phase space. Notice that once we assume that ¢,, ~ qu Jr3+-

the behavior of ¢ and ¢ is fixed. Indeed, say ¢ ~ ¢ /rP 4 ... and integrate (3.2.11@).
If p = 0, we get a logarithm, that we explicitly disregard. If p = 1, then ¢ would be 0.
If p = 2, then ¢ is unconstrained by (3.2.11a). In other words, the equations of motion
indicate that we cannot impose a stronger fall-off condition without extra assumptions. A
similar reasoning leads to ¢m; ~ gb /7’ once we integrate (3.2.11b). The relation between
fall-off behavior and helicity (dimension) is thus ¢, ~ 1/r25 (¢, ~ 1/r2700]),

3.3.2 Asymptotic Phase Space

In order to analyze the asymptotic solution of YM equations, we have to identify which
Varlables constitute the phase space at null infinity. On g, the radiative phase space consists
of (Az ,A(O)) and their conjugate variables (6 AZ o A ) Indeed, we start from the
symplectic potential current®

i eu(F",04,),, (3.3.2)

YM

0 — —

where €, is the 3-form obtained by contraction of the 4d volume form, i.e. i5,€ = €,. Pulling
back on ¢, and using the metric components (3.1.2)-(3.1.3) together with the expansion
(3.3.1), we get

g2.,0 = lim €, Tr (F”’(SA,,) = lim €, Tr (FT"(SAU + FTAéAA)
r—00 r—00
= lim €, Tt (FW(SAU — 17 (Fyn — RFn)0Am — 17 (Fym — RFrm)éAm)

r—00

5<Za, Zb>g = —Tr(Z.Zp), where Tr denotes the trace, i.e. the Cartan—Killing form for g, normalized such
that Tr(Z,Zy) = —dap (recall that we use anti-hermitian generators).
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3.8.  Asymptotic behavior

_ <lim r*2er) Tr (FOAD — FO5A0 — U540, (3.3.3)

T—00

The limit of the measure is simply lim,_,. 7 %€, = du A €5 where €g is the sphere measure
(2.1.4). To continue we introduce a phase field ¢ valued in the group such that AL = 0 10,
and we denote

A=A+ D)™, A=AV + D)y, (3.3.4)
These fields are gauge invariant combinations® such that

F=¢ (0,49  and  F =o' (0, A). (3.3.5)

um

The variables A € Ci",(4,9) and F' = 0,A € C3",)(F, g) represent the radiative degree of

freedom. A is the analog of the shear in GR and F' of the news. To evaluate the symplectic
structure we use that

SAQ = o L (Do ]+ 64) ¢ and  GAQ = o (0,000 )¢, (3.3.6)

where we introduced the asymptotic gauge covariant derivative

D:=D+adA| (3.3.7)

that incorporates only the radiative phase space variable. Any sub-leading quantity in the
asymptotic expansion is determined by the latter. The symplectic potential current finally
simplifies to’

g2.0 =du N eg Tr <8u (qug)go_l&p) + l_)(auAcpégo_l) + D(@uf_lgo&p_l) — F6A —F(SA).
(3.3.9)

After integration over .#, the total divergence on the sphere vanishes and the symplectic
structure simply reduces to

1 . 1 o
@:/90:_Q§M /y+ es (FO, ¢ 1(5go>g+E ’ du/\eg<<F,6A>g+<F,6A>g>. (3.3.10)

The first expression on the RHS is a corner term that provides the canonical pair conjugated
to the memory effect. The integral over . corresponds to the Ashtekar-Streubel symplectic
potential [128].

SWe use the right group multiplication law.
"Here we used the equation of motion V,F*, + [A,, F*] = 0. Indeed, if we select v = u, use the
asymptotic expansion (3.3.1), focus on the leading (1/7)? contribution, and multiply by ¢-¢~!, we find that

OV F' (AL FE) e =0 = 0,(eFWe™ ') — D(8,A) — D(9,A) = 0. (3.3.8)
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Chapter 3. Non-Abelian Gauge Theory I

3.4 Higher spin charge aspects

3.4.1 Time evolution of gb%)

We are now ready to analyze the equations of motion (3.2.18)-(3.2.19). The first step consists
in expressing the data in ¢ and ¢ as a function of those of ¢,,,. We work in the radial gauge
where A, = 0 and we also impose that AY = 0on 9.8 In this gauge we have that A = A

Let us show that (almost) any sub-leading quantity in the asymptotic expansion is ex-
pressed in terms of ¢,,. Once we plug the radial expansion (3.3.1) into the radial evolution

equation (3.2.18a), we get o) = D¢ and
n—1
—(n+ 1)) =D + 3 [AZT ¢B] . n>1 (3.4.1)
p=0
Similarly, from (3.2.18b), we infer that gzﬁf%) = —D¢O® and
n—1
—(n+1)pu ) =D + 3 [AZTP ¢P] . n>1 (3.4.2)

We thus get an expression for the NP scalars of spin 0 and —1 in terms of the spin 1
component, with the exception of two coefficients. For later purposes, we rename the part
of ¢ and ¢7 not determined by ¢,, and the dominant part of ¢,, respectively as

Q. = 42 ~3,4,
Gy = o — 1( S&—A;”), (3.4.3)
@1 = ¢£2)-

The radial gauge has the advantage of having a simple dictionary between the Newman-
Penrose scalars and the gauge potential (see Appendix A.2 for further details):

—(n+ 1AM =2Re(¢™),  n>0,
—(n4 DAY = pm), n > 0. (3.4.4)
Gathering the former results and definitions, we find
r
qu = F Z n+37 (345&)
Q D =~ 1 1 o = 1
— X0 _ — D™ — = [pp) pn=1-p) 3.4.5h
Pt nznﬂ?"””’ o ;pﬂ[%’gbm Js)- | (B45D)
@ 1_)~ N B S~ L (30 1w
- = n —_— , o\ : 3.4.5

8Strictly speaking this is not a gauge condition as the soft goldstone mode / P A&O) enters the symplectic

potential as a zero mode conjugated to the memory variable. In this work we ignore these subtleties associated
with the presence of soft goldstone modes since we focus on the resolution of the bulk equations of motion.
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3.4. Higher spin charge aspects

We now move our attention to the tlme evolution equations. We have to distinguish the
ones for Qo and Q1 from the one for ¢m ,n > 1. For the former, we first look at the order
1/r of the evolution equation for ¢ (3.2.19a). At this order the only source term contributing

is —rJOP ~ (A, ¢W] /) and we simply get that

8,0 = Do + [A, qb,(%))}g = 0.Q0 = DQ_1 | (3.4.6)

Similarly, we then consider the time evolution equation (3.2.19b). Using the expansions
(3.3.1) we can easily extract the lowest order (1/r)? term. It is given by

0,08 = Do + [A,60] & 2.0 =DQo) (3.4.7)

where we identified ¢£2) = @1(’ We have checked that the whole tower of time evolution
equations for ¢ associated to higher powers than (1/r) is trivially satisfied—as it should since
all the rest of the information is already contained into ¢,, and thus (3.4.11) below—once

we use the solution (3.4.11) to replace the appearance of 0,¢m (nt1),

The next equation to analyze concerns the sub-subleading charge of spin 2. For this we
need an evolution equation for ¢$,11). We present here the gist of the computation and refer
the reader to Appendix A.2 for the general demonstration of the evolution equation satisfied
by gzﬁm )

The starting point is the closed form (3.2.20). If we plug in the leading orders in 1/r of
each quantity using (3.4.3), (3.4.4) and (3.4.5b), namely

and A, ~A-——, (3.438)

r2 r3 r r

Q1 | ow - Qo D N Qo+ Qq O
T
we find that the leading contribution is proportional to (1/r)? and takes the form

) + RQy +DDQy — 2[Qo, 1], — [, 1], = 0. (3.4.9)

Finally, we commute the derivatives thanks to (A.1. 9)!% and make use of (3.4. 3) one more

(0)

time to replace Iy, — Q Qo Hence the evolution equation satisfied by (bm is

9,6 +DDQ, — 3[Qo, él}g =0 (3.4.10)

Generalizing the previous calculation to any s > 0, we find (cf. App.A.2) the evolution
equation for gb&?:

9The general formula is given by (3.4.12).
0Tn our case it simplifies to DDQ, = DDQ; — RQ:1 — [ mm, Ql]
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Chapter 3. Non-Abelian Gauge Theory I

3 _
(5 +1)9u ot + quﬁ,ﬁ) + DD
s—1
s+1 )(s+2) o
3)[ Dp® | pls=p=1 3.4.11
s—1 s—1
f_v s+ 1 _
+ D (s—1- p D (p)7 (s—1-p)
510, 2; - « (p+ 1)( p—l—2)[ O O ]9

(k) 4(p—1-k) (s—1—p)
D020 Rk D —p) L@t e onm

+S“§ S_|_1)[3—|—2)(p k) = (k + 1)(s —pﬂ

This is the full non-linear evolution equation for the NP scalar ¢,, in non-abelian gauge
theory, under the assumption that the solution is analytic in 1/r.

3.4.2 Time evolution of @S

Similarly to the gravitational case treated in [95], we introduce the set of spin s objects @S,
called higher spin charge aspects, defined via

o) = pl + o8, = o) + (_1) D Qi | (3.4.12)

The split between ¢£Z?G and ¢£§?L, called global and local part respectively, is determined
by SL(2,C) representation theory [78] (see also the celestial diamond discussion of [95] for
a concise summary). The statement goes as follows. As mentioned around (2.2.4) and
(2.3.4) the conformal and spin weights are labels for SL(2, C) representations. In the case

of gb( € Citta (#,9)," the representation is reducible:

Csajr2 1) (,0) = G(s42,1) @ Liss2,1), (3.4.13)

where one can prove that
Lizysn) = Cla1)(I50)/Gstany) = Csny (I 9)- (3.4.14)

We precisely take @S+1 as an element of the latter, namely @5 € C(CS'S) (f,9). Next, notice

that CE7, )

car
(2:5+1)

covariant version,'” i.e. D — 7_2, we deduce that ¢$,i> is partially made of the irreducible
subspace Lsy21) generated by D°Q,y1. We can now infer that G,42 1) is the co-kernel of

(F) is the image of (.9,9) by D*. Trading the edth operator for its gauge

12

D#, namely the part of the NP coefficient <b,(f;) not captured by Dsésﬂ. Denoting the vector

1We keep the notation C’:ar (ﬂ g) but what really matters for the representation theory is the transfor-

mation property described i 1n (2 2.4).
12 According to the pattern that started to appear in (3.4.6) and (3.4.7), it is natural to extend the definition
of [95, 96] given in terms of D, to the one given in (3.4.12) where D — D.
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3.4. Higher spin charge aspects

space of definite helicity s and angular momentum ¢ (and conformal dimension s+ 2) by Y},
we have that ¢4 € @, Y, while D3Qyy1 € D.2,.1 Y. Therefore G201y ~ @;_; Y, and
is captured in QSSL?G

If we were in Maxwell’s theory or in linearized gravity, then the EOM for the global and
local parts would split and become independent of one another (see [95] for a demonstration).
In the following, for simplicity we set ¢£§?G = 0 and compute the evolution equation for
@s. Under this restriction, plugging (3.4.12) in (3.4.11) and using (A.1.9) to commute the
derivatives on the sphere, we get an evolution equation for és, s > 2. The general result is
reported in appendix A.3 and takes the form

—_

Ss—

— . ~ ~ s+1)! =1 mep 1

D +1(8UQ8+2 —DQsy1) + 0 o 25!(3 _)p m— [DpHQo,D P 1Q5+1]g
p:
— (s +2)!

+ (28 + 3) [@07 @Sés—&-l} g + ] [Z_)p+1©p+l7 ,Z_)S_l_p@s—p} g

— (p+2)!(s — p)!

p
— 1)! e
=1k 2§f(1_—)p —1)! [P0 D], (3.4.15)
e
— (s+1)!

[Dpﬂépﬂ» @s_l_p@s—p] .

1

— (p+2)l(s—1—p)!

« ’U

+
(]

’—‘O

(p+ 1)!(5‘_ 1- P)!D[Dp@p“’ﬁs_l_pés—p}g

p—1 (s+ 1)! 2)(p—k‘)—(/€+1)(s—p)).
—0 k=0 p+1 +2)(p — K)!(k + 1)!(s — p)!

’ [@s_l_p@s—m [Dk@k+172_)p_1_k©p—k]9]g‘

T
= o

+

”B

As already computed in (3.4.10), the evolution of Q. is given by

D(8,Q2 — DQ1) + 3[Qo, Q1) = 0. (3.4.16)

The appearance of the commutators breaks the pattern initiated in (3.4.6)-(3.4.7). This is
not surprising in the sense that any commutator is at least made of two charges, hence has
a minimal Carrollian weight of 4, so that such a term could not appear at a lower order.
Note that if we were in the abelian theory, the commutators would not exist and D, D
would reduce to D, D so that we would leverage the injectivity of D and recover the pattern
0.Qs = DQs_1, Vs € N, which was satisfied for s = 0, 1.

In the next chapter, we truncate this EOM and analyze the recursion relation

0uQs = DQs_1 (3.4.17)
for s > 0. Notice that this amounts to neglecting all the commutators, both the [@, @}g
present on the LHS of (3.4.15) and the [@, C:ﬂg present on the RHS. The latter naturally

33



Chapter 3. Non-Abelian Gauge Theory I

disappear if we impose the self-duality condition ¢,, = ¢ = ¢5 = 0 (see also the RHS of
(3.4.11)). Yet, the former are still present in this case. According to the recent result [160],
the pattern (3.4.17) can be recovered starting from the self-dual action of YM in twistor
space. This would suggests that there is a non-linear redefinition of the charges @s which
re-absorbs the [Q, Q}g commutators into the recursion relation (3.4.17). From a different

(related?) viewpoint, one could truncate (3.4.15) at linear order in the anti-holomorphic
coupling constant g—cf. the discussion around (1.3.5). This allows us to discard the [Q, Q} .

terms, since they are at least O(g?). However, the part of the [@, g)}g commutators which

involves the soft part of CZQS, i.e. the O(g) piece, still contributes to the evolution equation
of Qs. This may suggest that there exists a better field redefinition that (3.4.12), where Q;

is dressed by Q3.
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This chapter corresponds to the material published in [3].

4.1 Introduction

We start in section 4.2 with a reminder of the notation introduced in the previous chapter,
together with the defining evolution equations for the YM higher spin charge aspects ().

In section 4.3, we then define the master charge. This is a pairing, via integration over
the sphere, between @), and a dual variable called ay, such that one gets a scalar. On top of
that, the ‘s’ dependence disappears by summing over all spin-weights. In other words, the
master charge Q% takes the form

Q" = Z QY o] - (4.1.1)

If I had to pick one equation to memorize from this thesis, it would be this one. It is extremely
simple, and from it, one can deduce all the key aspects of our analysis. Mathematically, it
corresponds to a pairing between an algebra and its dual. Physically, it is a conserved
quantity. More precisely, by letting ay(u, z,Z) depend on time,' we can constraint their
time evolution such that the master charge is conserved in the absence of radiation (i.e. in
the absence of flux through .#). This leads to the notion of dual equations of motion and
allows us to construct the symmetry transformation of the asymptotic gauge potential A,
respectively

Ouats = Dagyq and 0,A = —Day. (4.1.2)

Hence, d,A depends on the whole collection of « implicitly through their recursive time
evolution.

Next, we show that this transformation is the realization of the S-algebroid in section 4.4.
The use of algebroids is essential all throughout this thesis (notably to describe radiation)
and we will give ample explanations in due time. For now, simply notice that the ay are

!Contrast this with the traditional celestial picture where the smearing symmetry parameters are time
independent, cf. 1.
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Chapter 4. Non-Abelian Gauge Theory II

field dependent (since D = D+ad A) and algebroids are therefore the adapted mathematical
framework.

Furthermore, we relate the master charge to the Noether charge @), = @), in section
4.5. The essence of the demonstration consists in constructing 6,/ such that the asymptotic
holomorphic symplectic potential is invariant under the symmetry transformation. We thus

obtain a canonical representation of the symmetry algebroid for all spins and at all orders in
g.

o0

We then give an explicit solution of the dual EOM in section 4.6. This allows to relate
Carrollian and celestial symmetry parameters ag by defining the latter as the initial condition
of the former, namely ay := 045’”:0. Next, in section 4.7, we show how to algorithmically
and non-perturbatively build a renormalized charge aspect for each spin which is conserved
in time in the absence of radiation. This is a generalization of what we called ¢,(as) in the
introduction 1.3. We then dedicate section 4.8 to the computation of the quadratic action
on A, recovering the results of [96].

In section 4.9, we introduce the covariant wedge algebra, both on . and on the sphere.
Wu(F) is the Lie algebra associated to the Lie algebroid S. In particular at a non-radiative
cut of .9, it corresponds to a restriction on the symmetry parameters, of the form D**la, = 0,
s > 0. This thus generalizes the wedge condition D*™!a, = 0 mentioned in the FPR summary
1.3. The general Noether result for the algebroid guarantees that the covariant wedge algebra
is canonically realized.

Finally, section 4.10 shows how to relate the graded vector a to a function & which
naturally appears in twistor space. This link with twistor space will be discussed in way
more details in sections 6.6 and 7.6. The purpose here is just to give the gist of the change
of perspective. A collection of appendices B complements the main text with details of
demonstrations.

4.2 Symplectic potential and equations of motion

We study non-abelian gauge theory over flat space, with the associated Lie algebra g, and
denote by A, and F},, the gauge potential and field strength respectively. We work with
spin-weighted scalars rather than tensors over the sphere. As an example, when performing
a 1/r expansion around null infinity of the YM gauge field [5], where for instance A, takes

the form .

PR wk SO (4.2.1)

n=0 ™

then we can show that only AW g part of the asymptotic phase space (cf. section 3.3.2) and
we thus denote its contraction with the frame field by A = Ag)mB . Similarly, the canonically
conjugated variables will be denoted by F = 9, A and its complex conjugate F'. Notice also
that we work with Lie algebra valued quantities to lighten the notation, i.e. A, = AZZb with
{Z,} a basis of anti-hermitian Lie algebra generators. Besides, we adopt the convention that
the complex conjugation acts only on the spacetime components, i.e. relates to the frame
fields, and not on the algebra generators (in case the latter are complex). Even if we shall

write expressions such as A, the latter must then be understood as A = A*Z, = Ag)me Zy.
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4.8. Master charge and symmetry transformation

A and F parallel the role of the shear and news in asymptotically flat spacetimes. This
is transparent since the asymptotic YM symplectic potential is given by?*:*

2 _
BN A o),

which is the holomorphic Ashtekar-Streubel asymptotic symplectic potential. Recall that
the Ashtekar-Streubel symplectic potential [128] is real and takes the form

1
ng\[

If we add a total variation together with a boundary term, namely

ggM <5 (/_9<F7A>g) —/98U<A,6A)g> : (4.2.4)

we transform it into its holomorphic version. Notice that we allow for complex canonical
transformations. This is essential in the upcoming Noether analysis.

By performing an asymptotic expansion around .¢ and relating the field strength to the
higher spin charges aspects Qs, s = —1, the YM EOM in vacuum are approximated by [96],
cf. (6.2.5)

(4.2.2)

ons = <<F 6A), + (F,54), ). (4.2.3)

0.Q. = DQur + [A.Qua], |, 520, (4.2.5)

We define D the asymptotic gauge covariant derivative on the sphere,

‘D::D—F

(4.2.6)

where ad A(+) = [4, -] is the adjoint action in the Lie algebra g. The EOM are thus expressed
as 0,Qs = (DQ) = DQS 1. The initial condition Q | = —F encodes the radiative content

of the gauge potential. Here we take (4.2.5) as a defining property for QS and it is sufficient
to know that the evolution equations are the exact asymptotic EOM for s = 0,1 and then
become an approximation. We refer the reader to the previous chapter and in particular
(3.4.15) for the non-approximate equation. From (4.2.6), it is clear that A € C"} (4, 9).

Moreover, since the initial charge Q_; = —F € C(Cir_l)(ﬂ,g), we deduce that Q, € Cir (¥,9).
4.3 Master charge and symmetry transformation
The main insight from this thesis is to introduce g-valued time dependent symmetry param-

eters a, € C(CS"_S) (F,9). Besides, we denote the series (o )seny by . In other words, « is a
graded vector such that

aeV(9.9), VI, @v with V, =Cg"_,(5,9). (4.3.1)

s=0

2<Za, Zb>g = —Tr(Z.Zp), where Tr denotes the trace, i.e. the Cartan—Killing form for g, normalized such
that Tr(Z,Zy) = —dap (recall that we use anti-hermitian generators).

3f9 Efydu/\ﬁs.
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We define the smeared charges®
2 -
Qg [Oés] =5 <Qs;as>g(u7272>' (432)
s

YM

Since QY [as] involves an integral over the sphere (at u = cst), we can freely integrate by
parts. Using (4.2.6) to construct

(Da)s = Dagyy = (D + ad A)asy1, (4.3.3)
we get that®
Q5 [Dasi] = =Dy [asia] (4.3.4)
where 5
DQ; [asi1] = —— / <<D@)s+1>as+l>g- (4.3.5)
Jym Js

We then construct the master charge Q%,

QL= Qo] | (4.3.6)

Using (4.2.5) and (4.3.4), its time evolution takes the form

0,08 =3 (QU10u0] — Q1 [Pan] ) = =@ [Dao) + 3 Q4 [0uers — Do (43.7)
s=0

s=0 —

By imposing what we shall refer to as the dual EOM,

0w = &y =Dy, $20, (4.3.8)
and remembering that @,1 = —F, we obtain that
Q" = F[Day] = —F[6.4], (4.3.9)
where we have defined the transformation®
0,A = —Day | (4.3.10)

The master charge is thus conserved in the absence of left-handed gluons, namely Qg =0
when F' = 0. Moreover, by imposing the fall-off condition Q> = 0,” it takes the form of an
integral over a portion of .9,

Qn = /OOF[%A}. (4.3.11)

Notice that Q> o f p <F , 5aA>g. In other words (),>° can be constructed from the sym-

plectic potential (4.2.2). Hence, the dual EOM are key in order for Q> to be a Noether
charge, see Sec. 4.5.

4, = [, es and the product Tr (Qsavs) € Ci3l)(F) is a scalar density.

"Tr (Q[A; asi1lg) = = Tr ([4, Qulgasta)-
6This choice of sign implies that the anchor § [161] is an anti-homomorphism of Lie algebroids. We also
take that sign convention in GR. Sign consistency is especially important when coupling GR and YM.

7Namely limy 00 Qsas = 0.
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4.4. S-algebroid

4.4 S-algebroid

In this section, we prove that the a-transformation (4.3.10) is a realization on the asymptotic
Yang-Mills phase space P of an algebroid extension of the s-algebra [82].

4.4.1 Comments about Lie algebroids

For the reader’s convenience, we provide a reminder about Lie algebroids [161, 162], since this
notion will be essential in our understanding of the nature of the time dependent symmetry.

Reminder [Lie algebroid — Definition]

A Lie algebroid (A, I-, -], ,6) is a vector bundle A — M with a Lie bracket [, -] on its
space of sections I'(\A) and a vector bundle morphism p : A — T'M, called the anchor.
The anchor gives rise to an anchor map p : I'(A) — X(M) with two fundamental
properties, namely the compatibility between Lie algebras and the Leibniz rule:

) ol D) = [p(@), ple)] (4.4.1a)
i1) [ow fo'] = fle, o] + (p(a) > f)o, (4.4.1b)

for a, 0’ € I'(A) and f € C>°(M). The RHS of i) is the Lie bracket of vector fields on
M while in i7), p(a) > f is the derivative of f along the vector field p(«).

A canonical way to construct algebroids arises when the action of a Lie algebra on a given
manifold exists. In this case we can construct a symmetry algebroid as follows.

Reminder [Symmetry algebroid]
Let us assume that we have a manifold M equipped with the action of a Lie algebra
(g,[-,]g). In practice this means that there exists an infinitesimal left action p: g —

X(M), such that

[A(a), (1)) 10 = =5 ([0, blg), a,beg. (4.4.2)

One can build the associated Lie algebroid A as the trivial bundle M x g — M with
anchor map p : I'(A) — X(M) such that p(a)(x) = p(a(z)) for each € M and
a € I'(A). We identify sections of A with Lie algebra functions on M. This naturally
extends the vector fields action to I'(A). The Lie algebroid bracket is then given by

[, '] := [, '] + p(a') > — p(a) > & (4.4.3)
where we have defined [o, o/](z) := [a(z), /(z)], for o, 0’ € T'(A). In other words,
the bracket [-,-] over I'(A) is the fiberwise lift of [-,-]; when we identify the sections

a,a’ € I'(A) with g-valued functions over M.

In the physics literature the notion of symmetry algebroid appears naturally in field
theory (see e.g. [163] and references therein). It is used when we have the action of a
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Chapter 4. Non-Abelian Gauge Theory II

symmetry algebra on the space of fields F defined as the space of sections over a spacetime
manifold M. In this case the algebroid is a bundle over field space F and the algebroid
bracket is a generalization of the Lie bracket to field dependent transformations. It is exactly
the modified bracket introduced in [10].

4.4.2 S-bracket

Let us first show that one can build a bracket [a, @’]® such that®

(60,00 ] A = —0ja.apeA | (4.4.4)

From the transformation (4.3.10), we deduce that

6abor A = —b,(Dat) + [A, ay])
= —Déa — [A, 5010‘(/3]9 + [Daw, ag]g (4.4.5)
= —D(b6.0) + [Day, a{)]g.

The action of the commutator [5047 5a/] on A is thus

[5a, (5a/]A = —D(éaag — 5a/040) + [Dao, O‘()}g — [Dag, Oéo}g- (4.4.6)
Merely using the Leibniz rule on the third term, we get
(60, 0ar] A = D([ao, aply + dwao — dacy) = Dla, '8, (4.4.7)
for
[, &8 = [0, g + darto — da g (4.4.8)
Notice that the Leibniz rule for the derivative operator D on the Lie algebra bracket [-, |4

is nothing else than the Jacobi identity for this bracket. Indeed,

Dlas, op]g = [Dag, oy ]g + [as, Doy g + [A> [, O‘;z]g]g = [Das, ]y + [as, Doy, (4.4.9)
after using Jacobi. Since the evolution in time of o is related to a; via (4.3.8), we have to
define a bracket of degree 1 which respects this property as well. By induction, we thus need
to construct [a, ]9, for all s € N.

Hence we generalize the bracket (4.4.8) for s > 0 by writing

‘ [a, ]° = [, ] + b — |, (4.4.10)
where the evaluation at degree s satisfies
[, /] = Z v, a;_n]g and  (0,0")s = 0n00. (4.4.11)

n=0

8[0a,dar] is the Lie bracket of vector fields over fields space [23, 164] and (B.2.2).

40



4.4. S-algebroid

Notice that [, /]? is the natural extension of the Lie algebra bracket [-,:]; to the full
graded vector space V(.,g). Indeed, using the inclusion map ¢ : Vg — V(¥,g), such that
as— (0,...,0,04,0,...), we see that

yve ) as,al]y fn=s4+4,
[es), )], = { 0 otherwise. (4.4.12)
This also means that [-,-]9 is a bracket of degree 0.

4.4.3 S-algebroid construction

Since the Carrollian symmetry parameters « are restricted to follow the dual EOM (4.3.8),
we define the S-space accordingly.

Definition [S-space]

S .= {a €V(I,9) | 0uas = Dagy, 5 >0 } (4.4.13)

The fact that the parameters ay are constrained to follow an evolution equation involving
A implies that they are field dependent. It is thus natural and necessary that the S-bracket
(4.4.10) involves the variations d,a’ and d,«. This is a well-known fact in the algebroid
literature [161]. The following theorem then represents one of the main result of this chapter.

Theorem [S-algebroid]
The space S = (S, I-,-]e, (5) equipped with the S-bracket (4.4.10) and the anchor map
9,

i:S8 = X(P)
a = Oy, (4.4.14)

is a Lie algebroid over P. This means that the anchor map is a morphism of Lie
algebroid, namely [504,50/}14 = —[a,sd, cf. (4.4.4) and also that the S-bracket
closes, i.e. 0,]c,']® = D]a, d']°.

Proof: First of all, the proof that the S-bracket satisfies the Jacobi identity follows from

a general result about symmetry algebroids, see [2, 161]. In words, since [-,-]|® is built from
the Lie bracket [-,-];—and thus satisfies Jacobi on its own—and that the anchor ¢, acts as
a derivative operator on [, |9, i.e. d4[ , ]9 = [da, ] + [, da’]? then the Jacobi identity for

[-,-]¢ is guaranteed to hold. For the sake of completeness and to illustrate this general fact,
we give the explicit demonstration in App. B.1 (this result even holds over the whole space

V(9,9)).
Second of all, we already proved that ¢ is a Lie algebroid anti-homomorphism, cf. (4.4.4),
and thus an anchor map.
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Chapter 4. Non-Abelian Gauge Theory II

Third of all, in App. B.2, we report the technical details to show that [-,-]¢*: S xS —S
is a well-defined bracket over S, i.e. that it satisfies the dual EOM,

Ouler,a']® = Dfer, ]2 |, (4.4.15)

The essence of the proof goes as follows: We mentioned already that D is the asymptotic
gauge covariant derivative onto S. Its appearance in the current analysis is thus natural.
However, D may or may not be a derivative operator depending on which bracket is acts
on. Hence, we compute the potential Leibniz rule anomaly of D (and similarly for d,) on
the various brackets. This then allows us to straightforwardly ensure that the bracket [-,-]?
closes in S.

Concretely, we define the Leibniz rule anomaly for any bracket [-,:] and differential
operator 9 as

We find that
As([o, &1, D) = [0 A ] | = [0a A, ] (4.4.17)
and
A([[a, a']e, D) = 0pa 0 — dpurar. (4.4.18)
We can also compute
.A([[O./, Oé/]]g, 6u) = 5{9”@0/ — 55ua/a. (4419)

Combining (4.4.18) with (4.4.19), we obtain
A([[a, o/]]g, 6u - D) = 5(au_p)aa/ - 5(au_p)a/0z. (4420)

If a, € S, then the RHS of this last equation vanishes while its LHS reduces to (9, —
D)[a, '] Therefore
Ouler, '] = Dfer, '8, (4.4.21)

so that [a,d’]? € S if o, &’ € S, which concludes the proof of (4.4.15) and of the theorem.

4.5 Noether charge

In quantum mechanics, the presence of a symmetry associated with the Lie algebra g acting
canonically on the phase space P, means that there exists a moment map’ Q* : P — g*,
[165, 166]. This is the essence of Noether’s theorem [7].

In practice the Noether’s theorem means that for any element X € g we have a Noether
charge Q[X] which is a functional on phase space P such that

{QIX],QY]} =Q[[X,Y]],  {Q[X],0} =xO0. (4.5.1)

where O € C(P) is a phase space functional and dx represents the action of g on P. In our
case, we have a symmetry algebroid and a generalization of the moment map theorem for
the S-algebroid.

In the physics literature, it is customary to work with the co-moment map instead @ : g — C(P), which
is simply the dual map.
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4.5. Noether charge

The goal of this section is thus to prove that there exists a canonical representation of
the higher spin algebroid bracket (4.4.10) on the holomorphic Ashtekar-Streubel phase space
(4.2.2). This is the central result of this chapter, which is valid provided we impose proper
boundary conditions. In this work, we choose the fields (A4, A) to belong to the Schwartz
space.'’ This hypothesis about the fall-off in « is important for two reasons. On one hand,
at this stage of the analysis, we discard any boundary terms that arise when integrating by
parts 0, derivatives. Therefore, the fields must tend to 0 when |u| — oco.'* On the other
hand, in section 4.6, we construct solutions of the dual EOM (4.3.8) which are polynomials
in u. Hence, in order for Qo to tend to 0 when |u| — oo, the gauge potential must decay
faster than any positive inverse power of u, namely be part of the Schwartz space.

We now show that the action of & on the YM phase space is canonical. So far, we have
only described how S acts on A. We also need to describe its action on F. For this, we
use that 6, A is a functional of A only. This action involves local terms 3"DmA, but it also
involves non local terms 9;"D™A where we choose'? 9,'0 = [ oo O(W)du’. Moreover, if
a € 8% (cf. (4.6.1)), the non-locality is bounded since the most non- local term involves 0, °A
at most.'® The general variation rule (B.2.2) then implies that we can write'*1?

5(5,4)(y) = /y Bz Do (y, )5 A(z), Z Z 5 an Dm A ))anpm (4.5.4)

where z = (u, z, ). To write down the action of S on F' we need the dual operator D (z, y),
where the duality is defined by

/yd%d% (Di(z,y)A(y)) B(z) ::/jd3$d3yA(x)(E)Z)a($,y)B(y)). (4.5.5)

10The Schwartz space S is defined [167] as the set of continuous functions f(u) that decay faster than
any positive inverse power of u as |u| — co. Formally,

Sh={feC®|Va,BEN,||fllas <}, (4.5.2)

where || flla.g = suﬁ |ua85f(u)| .
ue

HWe let for future work a potential relaxation of this condition. See [75, 76] for some recent developments.
12The definition of 9, ! is ambiguous and depends on a base point 3. We could also choose 9,10 =

I Bu du/O(u’)dv’ and more generally
u w1 Un—1
:/ dul/ dus . / dunO(uy,). (4.5.3)
B B B

In this section we take 8 = +00. Another choice will be used in the next section. The context makes it clear
which inversion we use.

13As we shall see explicit in (4.6.16), d,A contains terms of the type 9, 1(A9,1A), thence (6, A) in-
volves 0, 1(6A9,1A) and 9;'(Ad;*(6A)). Using the generalized Leibniz rule (D.4.5) for d;!, the first

u
variation contributes to terms of the type (9u (2+")A) (016 A) while the second variation involves terms like
(9. ™ A) (915 A), for n € N.

14§ here is the fields space exterior derivative, not to be confused with the anchor. By definition, both are
related according to I, (§A) = 0,C, for I the fields space interior product.

15Notice that by construction, the operator &, incorporates the variation of the field dependent symmetry
parameters a.
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Chapter 4. Non-Abelian Gauge Theory II

In order to construct P we therefore need to construct (9D™)*. For D, we have D* =
—D since we are integrating over the sphere. Moreover, we also have 0 = —0, since we
are assuming that the fields are Schwartzian, thence we can safely integrate by parts. To
construct (9;1)* we use that that

/ " QAo Bl(u) = / T dua, ( / ' du’A(u’)) 01 B](u)

‘m [ oo~ [ [ o]

_ ( / Oo du'A(u’)[&:lB](u)) .

_ /_ Z du [ /u - du’A(u’)] B(u), (4.5.6)

where the evaluation at the boundary drops since we picked 9, = f; Hence in that

case, (071)* = [ ™. We give the general expression of (9;!)* for arbitrary base point 3 in
u ” g g u

App. B.3.
The knowledge of (D*, 85, (9;1)*) defines D and we find that the canonical action of S

Y u) u

on F is simply given by
P (@) = - [ @y a)F ) (457)
g

It is now straightforward to see that'®

%(Léa@) L, A (F,04), = /9 ((5uF.64), + (F.0(,4)),)  (458)
_ A (= (BF . 64)g + (F, DasA),) =0

From there we infer that'”

1,2 = —6Qa |, (4.5.9)

where 0 = 60O is the symplectic form'® and

Qo =0, =150 (4.5.10)

is the Noether charge. This charge can be written as an integral over ¥ as a direct conse-
quence of (4.3.11), namely

2 _
Qo = — L(F,Dao>g : (4.5.11)

2
Iym

The dependence on the higher spin «; is implicit via the dual EOM (4.3.8).

16We use that [Ls, , 8] = 0.

17Using Ls, = 15,0+ 61s,,.

18The fact that the symmetry action is integrable is non-trivial and due to the fact that all the field
dependency of «; is taken into account in the definition of the dual action operator PZ.
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The equations (4.5.9) and (4.5.10) prove that @), is the Noether charge for the S-algebroid
action. Using the morphism (4.4.4) and by definition of the Poisson bracket,' we get that*

{QQ,O} = 0,0 and {Qa, Qa,} = — Q.o

(4.5.13)

where O is an arbitrary functional of (A, A). Notice that we find an equivariant moment
map,’! namely a representation without any 2-cocycle.

4.6 Solution of the dual EOM

In this section, we study the polynomial class of solutions to the dual EOM and give explicit
expressions to all order in the gy, expansion. We especially introduce the Lie algebroid
map o which defines a unique a(a) € S given an element a € V(S,g). This is essential
to define a corner symmetry charge with an associated celestial symmetry parameter a,
namely a parameter living on the sphere. Indeed, for now @, is either defined over .$
(4.5.11), using the u-dependent Carrollian symmetry parameter «q, or as a corner integral
(4.3.6) by summing over multiple as. The solution a(a) will allow us to write the Noether
charge as a corner integral for a single a, with definite spin-weight.

In order to define such a spin-s Noether charge @, we need to understand the space of
solutions of (4.3.8). Therefore, we now describe the filtration and the associated gradation
of the S-algebroid.

4.6.1 Filtration and gradation

S has a natural filtration,

0lcS’cStc...cS8c...cS suchthat S= S", 4.6.1
{0}

neN

where the 8* = SN V* are the subspaces for which «,, = 0 for n > s. This filtration is
compatible with the bracket since

[S5, 85T € S+, 5,8 >0. (4.6.2)

The associated graded algebroid Q(S) is defined as

G(S) = éss, (4.6.3)

19 According to the symplectic form  (or the symplectic potential (4.2.2)), we have that {F(z), A(z')} =

2
%53(;5 — '), where x = (u, z, 2).

20We used that the morphism property [50/, 6a} O = J[q,a7s O of the symmetry action implies

{Qa’v{QOuO}} - {Qa7{Qa’7O}} = {{Qa’aQa}>O} = {Q[[a,o/]]f‘aO}' (4512)

#Sign convention: I ,I5,Q = Q(6a,00') = {Qa,Qua} = L5, Qo = (ady(Q))(¢/) = —Q(adae) =
—Q([[a, o/]]g) = —Q[a,a/]e, With ad” the coadjoint action [168].
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Chapter 4. Non-Abelian Gauge Theory II

with
Sp =S and S, =8°/S*! for s > 0. (4.6.4)

Each S, is an equivalence class and we can write S* = @, _,S,. We can easily show that
the following isomorphism holds:

S, >~ V,. (4.6.5)

To prove this, we just have to pick a representative element of S, and show that it is fully
determined by an element a;, € V,. The mapping goes as follows: For @ € &%, d,as = 0
so that ay is equal to its value at any cut of .#. For definiteness, we take the u = 0 cut.
Therefore,

as = as, where ag:= agly—o € V. (4.6.6)

The other values, a,_,, # 0 for 1 < n < s are determined recursively from a, by the dual
equations of motion. We thus have constructed the unique section «

a:Vy, — 8°
as — alay), (4.6.7)

which is a solution of the dual EOM with initial condition given by
Ocs(as)‘u:0 = a,, as,n(as)‘uzo =0, for 1<n<s. (4.6.8)

By construction, such « is precisely a representative element of §*/S*~! and is fully given
in terms of a; € Vg, which proves (4.6.5). As we mentioned already, these solutions are
polynomial in u and thus diverge at infinity, which forces us to take the charge aspects @S
as part of the Schwartz space.

Since a : V; — S is a linear map, we can extend it by linearity to the map o : V(S) — S
on the full space,??

a:V(Sg) —S

arrafa) =) afa,). (4.6.9)

s=0

4.6.2 Explicit construction of the section «

We recast the dual evolution equation (4.3.8) with initial condition a(a) ’u:(] = a as follows:

a(a) = 9,'Da(a) +a|. (4.6.10)

More explicitly,
as(a) = (0,'D + 0, [A, ]g) ass1(a) + ag, (4.6.11)

22We use the notation a(a) = a(a) interchangeably.
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4.6. Solution of the dual EOM

where it is understood that 9;' = [ acts on all products on its right.”® Therefore, the
solution for a1, as o,... and so on, is built by taking one more power of the operator
07D at each step. Concretely, picking o € S%, we can write

s—n

an(@) =3 (9,'D) an . (4.6.12)

k=0

To find a representative element of S, we take only a; # 0, cf. (4.6.5),

an(as) = (9,'D)" "a, |, 0<n<s. (4.6.13)

This is a non-perturbative solution. To illustrate this, let us see how it expands in power of
A. Using the formula

k ¢
(B+A)!=>"Y BWAB"AB™...AB",  with P=) p, (4.6.14)
(=0 P=k—¢ 1=0

which holds for arbitrary operators A and B, we get that

k
(0,'D)" = (9,'D +0,'ad 4) =Y Y 9,mDm (aul A, 0,mDm (0,40, D (.

{=0 P=k—¢

ot (g (o (oo )] )] )] ) weas

Notice that each term in the sum over ¢ contains ¢ gauge fields A. We shall use this way
(4.6.13) and (4.6.15) of writing the solution of (4.3.8) in the discussion about the renormalized
charges in section 4.7. As an example, we give the explicit expressions of (4.6.13) when
a € 8%, which implies that a = (ag, a1, a, 0, .. .):

az(a) = ag, (4.6.16a)

a1(a) = uDay +a; + 9, '[A, a9, (4.6.16b)
2

apla) = %D?a2 +uDay + ag + 9, 2D[A, as), (4.6.16¢)

+ 0;1 [A, uDasg + al}g + 8;1 [A, a;l[A, ag]g]g.

Let us emphasize that the construction of a(a) is algorithmic. In particular, the symme-
try transformation 6,4 = —Day is simply expressed in terms of o but the latter incorporates
a great deal of non-linearity and non-locality via the solution «g(as). From a perturbative
point of view, the number of gauge fields appearing in the transformation ;A = 04, A
grows linearly with the helicity s. However, from the perspective of the variable «a;, the
infinitesimal transformation is still —Dqg. This is the key reason why our approach is non-
perturbative. Moreover, since the proof that the action d,A is canonically represented on
the phase space holds for generic «, we get for free that the non-linear action 0;'A in terms

23Here we choose the base point 4 = 0, namely the cut of .¢ where a is defined.
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of the celestial symmetry parameters a, is canonically represented too. The Noether charge
associated to this transformation is denoted Qa,, i.e. 8- = {Qa,, -}, and we give its explicit
expression in the next section.

To be more accurate about the notion of ‘non-perturbative’ used here, if we formally
introduce ¢ and g as small dimensionless parameters, then by rescaling A — gA and A — A,
our result is non perturbative in ¢ and at leading order in §,** see also section 1.3. g and
g are a bookkeeping device and play the role of a complexification of the gauge coupling
constant once we impose gg = ¢2,,.

4.7 Renormalized charge

In [96], the charge renormalization procedure was necessary to get a finite action of the
charge aspect in the limit © — —oo. In [97], it was then discussed at length (in the case of
General Relativity, but YM would be the same) that even if the final formula for the action
on phase space was correct, the actual expression of the renormalized charge aspect 68 in
terms of the original charges aspects ()5 was subtler than the ansatz of [96].

Here we prove (see also the work of [125] for a twistorial perspective) that the charge
renormalization procedure amounts to trading the Carrollian symmetry parameter g for
its celestial counterpart a;,. The renormalization is thus no longer an iterative procedure to
remove divergences. It rather reflects the change of perspective between the Carrollian and
the celestial descriptions of the symmetry. The complicated field dependency necessary to

construct the corner/celestial charge aspect Qq(z,2) is then fully determined by the dual

EOM for «.

The systematic usage of the dual EOM furnishes an algorithmic, non-ambiguous and
non-perturbative (in g) way of defining the renormalized charges for any helicity.

On top of that, as it was pointed out in [94, 95, 97], the finiteness of the action generated

by @, comes hand in hand with the answer to the question “In the absence of radiation,
what is the conserved charge associated to ()s7”.

Let us now see how the knowledge of the explicit solution a(a) € S allows to construct
the Noether charge Q,, associated to the celestial symmetry parameter as.

Turning words into equations, we define (cf. (4.3.6))

Q4 = Qi = Y _ Qi on(ay)]. (4.7.1)
n=0

The following theorem then summarizes the aforementioned points.

24Recall that Q_y = —F oc g while the EOM (4.2.5) or their dual (4.3.8) only introduce extra A’s.
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Theorem [Noether charge of spin s]
The Noether charge Q,, associated to the celestial symmetry parameter ag of helicity
s is written as the following corner integral:

Q> 2 <65,a5>g= lim QYfa,], 5>0, (4.7.2)

g‘?(M g+ T=—=C=

Qa

S

with QF given by (4.7.1) and

-~

Qu(z,2) = lim Q,(u,z,2). (4.7.3)
U——00

The renorznalized charge aspect 65 satisfies 8u€is = 0 in the absence of left-handed

radiation F' = 0.

Proof: We construct @zs systematically in the appendix B.4, cf. (B.4.7), where we also give

explicit expressions for s = 0,1,2 in (B.4.3). To show that @, is conserved in the absence of
left-handed radiation, notice that (cf. (4.3.9))

9
92

0.Qz, = (F,0a@yA)g=0 it F=0, (4.7.4)
S

while we also have that

d.Q3, = %% (/ <(7Zis,as>g> = %/<0u(§5,as>g. (4.7.5)
Iym S 9ym J S

This concludes the proof.

Remark: In a non-radiative strip of ¢, where F' = 0 for u € [0, ug], we get that

= (u)f

Q. = !

k=0

D*Qy_i | (4.7.6)

The proof is straightforward since for u € [0, ug],

Q'fa) "= Y Qufan@)] =T ST QU9 D) " (4.7.7)
n=0 n=0

F=0 > u " u s—n (4i4) - (_U)S_n S—n u
- (s—n)!Q"[D 2] = — (s—n)!D Qnlas).

n=0

where to go from the first to the second line, we used that ' = 0 so that (Gng)anas =
Ds g, “TMa, = 2 Ds—na  We then extract (4.7.6) upon changing s—n — k. The reader

(s—n)!
can check that this renormalized charge aspect is conserved in the strip if we also assume

that FF = 0.
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Chapter 4. Non-Abelian Gauge Theory II

4.8 Action on the gauge potential

As an application of the general formalism presented so far, we compute the soft and hard
actions of the higher spin charges @5, on the asymptotic gauge potential A.

The Noether charge Q,,, or equivalently the charge aspect @Q,, depends linearly on F' and

has a polynomial dependence? on A. More precisely, for s > —1, we can decompose Q, as

s+1

Q=) Qv (4.8.1)
k=0

where @;) is homogeneous of degree k in A and linear in F.?° The charge aspect CE;W =
(7:135 is the soft charge while 6(51) = /@\l? is the hard charge and 3 3*) /@\2(3’” is the super-hard
contribution. Here we compute the soft and hard actions for any spin. We let for future work
the study of the super-hard contribution. However, we underline that the algebra generated
by @, does close without relying on any soft or hard truncation; this is the main point of
this work.

We classify the action as a function of the helicity by defining

OYIA == baa)A = {Qa,, A}, (4.8.2)

where a(ag) is the solution (4.6.13). The superscript ¢ refers to the helicity of the charge
the transformation is associated with. This notation will come handy in the following.
Moreover, since the fields do not diverge at |u| — oo due to the Schwartz fall-off condition,
the operation 9,0 ! is the identity and we can conveniently write

—68 A = Day(a,) = D(9;'D)"a, = 8,(8,'D) " a,. (4.8.3)

We also denote?’
{@3,, A} =d"A  and  {QF A} =dMA (4.8.4)

Before stating the results, we define yet another piece of notation, namely
0L A = degy (8114), (4.8.5)

where degj(O) stands for the coefficient of the term u° in the expression O (when O is a
polynomial in ).

Lemma [Soft action]
The soft action for arbitrary spin s € N is given by

S A = —= D, (4.8.6)
' S!

25The coefficients of the polynomial are in general differential operators.
26Recall that this is equivalent to the expansion in terms of the coupling constant g (while all charges are
at leading order in g), cf. 1.3.

Q3 =3 [ <(§3§, as)g and similarly for Q}! .

2
9ym
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4.9. Wedge sub-algebras of S

Proof: It is direct since the soft part of D¥*! is D**! so that

A== (0,00 D) a) = 0,0 D) e = =

Ds+l
s!

as. (4.8.7)

Notice that 01*A = Qé—jggfasA, where 5;{3}514 = —Day. This means that the soft transformation
of spin s, parametrized by the tensor ay, is simply the soft part of a super-phase rotation
parametrized by the tensor D*ag (times the u dependence %)

Lemma [Hard action]
The hard action for arbitrary spin s € N takes the form

S s—p 5
A=Y g A (4.8.8)
(s—pl e
where
0OMA = —[A,a)y and OPMA=-D[3;PD" ' A5,], p>1. (4.8.8b)
Proof: We have to consider
-1 s+1 H
oA = —(9.(0,'D) " a,) (4.8.9)

where (9, D) ! is given by (4.6.15). In (4.6.15), the sum over ¢ precisely counts the number
of gauge potential, i.e. the expansion in ¢*. The hard part, namely the part proportional to
g, is thus the term ¢ = 1. We present the proof of how to relate (4.8.9) to (4.8.8) in appendix
B.5.

A similar computation was carried out in [96] using a discrete basis of modes for A (see
also [112]). Since it was not obvious from [96], we find remarkable that the hard action
specific to the degree p, namely gg’;]”A, reduces to a total derivative (for p > 1). More
precisely, our formula (4.8.8) is the same as equation (50) in [96]. The proof necessitates
some manipulations so we report it in appendix B.6. The point is that (4.8.8) now appears
as a consequence of the general, non-perturbative action of the Noether charge @),, in a
much simpler way than the perturbative treatment known so far.

4.9 Wedge sub-algebras of S

In this section, we discuss (wedge) sub-algebras present in S or its projection at a cut of .%.

4.9.1 Wy(¥)-algebra

The Lie algebroid S-bracket [-,-]9 reduces to the Lie algebra bracket [-,:]9 when 0,0’ o
0oA = 0. This imposes a set of constraints on the symmetry parameters a. Indeed, by
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Chapter 4. Non-Abelian Gauge Theory II

definition 0,A = —Day is set to 0. Then, since 6,A = 0 implies 0,(d,A) = doF = 0, and
that the commutator of 9, with D is just

we also have that
0= —(5QF = au(DCY()) = D(auOé()) + [F, Oéo]g = D2Oél + [F17 Oéo]g. (492)

Iterating this reasoning, the s'"-time derivative of 6, A then generates a condition on D**a.
To summarize, the first 3 conditions are

Day = 0, (4.9.3a)
Doy = —[F, apg, (4.9.3b)
DSCKQ = —[DF, Oél]g — B[F, DO&l]g — [@LF, Oéo]g. (4930)

We thus define the covariant wedge space as follows.

Definition [Covariant wedge space on .¥]

Wa(F) = {a €S | 9 (Day) :O,VseN}. (4.9.4)

Theorem [Covariant wedge algebra on .¥]
Wa(F) = (Wa(F),[-,]?) is a Lie algebra over .%.

Proof: Since 6,A = 0 = 0, A implies that 0,[a, '] = Dla,/]?, cf. App.B.2, we are
allowed to evaluate 92(9,A) for a — [o,/]?. The s'-time derivative then generates a
condition on D* o, which is automatically preserved by the bracket. In brief,

baA =0 = (0a(034) =0 & Oawu(@i4) =0), VseN, (4.9.5)

Even if we let a detailed analysis of W4 (.¥) for another work, we can say that it encom-
passes the symmetry transformations that leave the asymptotic gauge field A invariant. It
is thus the symmetry algebra of such an asymptotic solution.

4.9.2 W;s(S)-algebra

We now focus on the particular case of a non-radiative cut of .#, for which the analysis
simplifies greatly.

First of all, notice that the S-algebroid over ¢ can be projected at any cut. For definite-
ness and to match with the solution of the dual EOM discussed in section 4.6, we always
consider the cut S = {u = 0} C .9. Therefore, there exists a Lie algebroid bracket [-,-]?
over S which is naturally given by the evaluation of its Carrollian version at u = 0, namely?®

[a,a]® := [o,a']%| _, = [a,2']" + duva — 022" (4.9.6)

u=0

20f course [a,a'] = >0 _[an,a,_,]g and we use the fact that 9;'(...)| _ =0.

u=0
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4.9. Wedge sub-algebras of S

Second of all, if Day = 0 = Daj, then the action of the anchor map vanishes and [a, a’]?
reduces to the Lie algebra bracket [a, a’]9. When writing Day, it is understood that the gauge
covariant derivative is evaluated at the cut too. In other words Day := Da, + [5o, as), where
Bo 1= A‘u:o' With that notation, 0,8y = (5QA) ’u:O = —Day.

Third of all, if we consider a fully non-radiative cut, by which we mean that 3, :=
(Q’}A) |u:0 = 0 for n > 1, then the symmetry of the cut has to preserve these conditions.
Using the calculation (4.9.2), we get

—6aB1 = —(6aF)|,_o = D%a1 + [B1,20] (4.9.7)

We thus see that in order to preserve the condition 3; = 0, we need to take D?*a; = 0.
Iterating this computation, we deduce that

—62n = (0}(Da))|,_, = D" ay, if B,=0n>1. (4.9.8)
Hence preserving the non-radiative nature of the cut under consideration—namely 3 =

(Bo, 0, ...) where 3 denotes the collection {3, }>° ,—amounts to imposing the covariant wedge
condition D**tla, =0, s € N.

To summarize our findings, we define the Wg(.S)-space (in the special case 8 = (5,0, .. .))
and state the associated theorem.

Definition [Covariant wedge space on S]

Wj(S) = {a € V(S,g) | D**'a, =0, Vs €N } (4.9.9)

Theorem [Covariant wedge algebra on 5]
Wg(S) = (Wg(9),[,]%) is a Lie algebra over S.

Proof: From the intrinsic perspective of the sphere, i.e. not using the projection from .$
of Wa(F), the reason why the bracket preserves the covariant wedge condition is that

s s+l

1

D*a,a18=> ") (S Z ) [D*a,, D al ] =0 (4.9.10)
n=0 k=0

since D*a,, = 0 for k > n+ 1 and D**'"*a/_ = 0 for k < n. Hence [a,2']? € Wg(9) if

a,a’ € Wg(9).

Remark: As we can see from the proof (4.9.10), the S-algebroid admits a collection of
sub-algebras Wj(S) which are organized into a filtration

Ws(S) C ... C WEHH(S) € Wi(S) € ... € Wi(S), (4.9.11)
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Chapter 4. Non-Abelian Gauge Theory II

where??:30

Wi(s)i={a eS| D*a,=0,0<s<nfCS (4.9.12)
and Wy(S) = lim,,oc Wj(S5).

Remark: From the general result about the Noether representation in Sec.4.5, we infer
that the covariant wedge algebra is represented canonically, so that

{Qa, @y} = —Qp o | (4.9.13)

4.10 Relation to twistor theory

We present an alternative description of the Carrollian symmetry parameters a by trading
the spin degree for a continuous dimension labeled by a spin 1 variable ¢ € C(Cg"l)(ﬂ). We
shall give much more explanations about the origin of ¢ in section 6.6. For now, let us notice

that it allows to promote the series a = ()sen to a g-valued holomorphic function & of ¢!
aq) = g € Vo (4.10.1)
s=0

The graded vector o and the function & are two representations of the same abstract vector
in V(4,g). The dual EOM are represented on these functions as the functional

Ea(q) := ) _ (0uevs — (Da)s) g’ (4.10.2)

s=0

Moreover we see that the function representation of the bracket [a,/]® is the Lie algebra
g-bracket of the function representation of «, o’. Indeed,

[@,67(q) =) o, 8¢° =D Y lams @l Jed” = Y D [and™ o’
5=0 s=0 n=0 n=0 s=n
= [a(a). & (a)] - (4.10.3)
Finally, introducing the covariant derivative
V:=q0,— D —adA, (4.10.4)
we obtain that
Va(q) = i (Ouevs — Dagy1)¢* — Dag = qEs(q) + 6. A (4.10.5)

s=0

29We use the same letter S to designate both the algebroid over .9 and the one over S. Since we use a
and a for the respective variables, the context always makes it clear which algebroid we are referring to.

30The condition Dag is always satisfied, so that the anchor &, always vanishes and Wg(S ) is a Lie algebra
for any n € N.

31The Bondi coordinates dependence is implicit.
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4.10.  Relation to twistor theory

The condition a € S, which imposes E; = 0, simply reads 9,Va = 0. It shows that when
a € 8, then Va is independent of ¢ and

5, A = 0,A = Va. (4.10.6)

Here we see that the dual EOM appear when requiring that the infinitesimal field transfor-
mation 04 A be independent of the coordinate g. This is natural since the asymptotic gauge
field A is by construction only a function of (u, z, Z).

It is customary to get field dependent symmetry parameters after a partial gauge fixing
procedure. In our case, we can tie this g-independence of d4A to the analogous twistor
gravitational study of [125], where ¢ is precisely the twistor coordinate in the fiber above .¥
[115].%% Indeed, assuming that the twistor gauge potential comes from the lift of a .¥ gauge
potential, the former must be independent of the fiber coordinate ¢q. From a twistor space
perspective, this can be seen as a gauge fixing. With that insight, d4 A should result from a
twistor gauge transformation when studying self-dual YM theory in twistor space. This was
confirmed in [160].

32Gee also 6.6 for a discussion about the interpretation of ¢ in the context of Newman’s good cut equation
[169, 170] and as a parametrization of an Ehresmann connection in the Carrollian context [171, 172].
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Chapter 5

General Relativity I

This chapter contains the material of [1] and of the first half of [2].

5.1 Introduction

In the quest for understanding the symmetries of asymptotically flat spacetimes, the study of
conformally soft gravitons symmetries led to the discovery of a Lw;, o, algebra structure that
organizes the OPEs of the soft modes [82-84, 93]. Understanding this algebraic structure
is particularly relevant for the study of the gravitational S-matrix, infrared physics and the
relationship with asymptotic symmetries.

On top of this celestial treatment of Lw;, (see the introduction 1.2), FPR identified a
collection of higher spin charge aspects that generalize the Bondi mass aspect (spin 0) and
the angular momenta aspect (spin 1) to higher spins [94, 95, 97] (see Sec. 1.3 for a detailed
summary). The soft theorems are then understood as a matching condition for this set of
higher spin charges at spacelike infinity [5, 29, 39].

This point of view is closer to a Noetherian perspective where the charge aspects are
symmetry generators which act on the gravitational phase space and are dual to a symmetry
algebra. The algebra that arises from this analysis is not directly Lwi,.: it is a shifted
version of the Schouten-Nijenhuis algebra for symmetric contravariant tensor fields [132,
133]. The advantage of this description is that the symmetry generators do not have to be
holomorphic or to have specific singularity properties on the complex plane, as it is the case
for Lwi . In fact, one can define the symmetry algebra on any Riemann surface S. This
algebra is encoded into a set of spin s fields on S denoted Ty(z, z) for s > —1.! T, and Ty
correspond respectively to the super-translations and super-Lorentz-rotations parameters.
The parameters 7; labels the center. The shifted Schouten-Nijenhuis algebra bracket is

given by
s+1

[T, 77 = (n+1)(T.DT, ., — TyDTei1-), (5.1.1)

n=0
where D is the holomorphic covariant derivative on S. If we truncate this algebra to spin 0
and spin 1 fields we recover the gbms algebra which includes 2d diffeomorphisms [12-15, 17],

1See section 2 for our conventions of notation and a reminder about conformal and spin weights.
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5.1. Introduction

cf. Sec.5.3.

In section 5.2, we establish that the consistent inclusion of the supertranslations into
the higher spin—i.e. not just super-rotations—algebra forces the parameters to satisfy the
condition D*2T, = 0, which defines the wedge sub-algebra denoted W(S). As we will see,
this condition is mecessary in order for the Jacobi identity to be valid. The connection
between W(S) and Lwi is revealed if one chooses S to be the cylinder. Indeed, it was
established in [124] that W(C*) = Lwjis. The correspondence between the twistor and
celestial sphere actions is such that the wedge condition on S = C* follows from the demand
for holomorphicity of the twistor transformation parameters. On the other hand, if we
choose S = S? as the global 2-sphere then we find that YW(S?) is a finite-dimensional algebra
given by a 3-dimensional central extension of the chiral Poincaré algebra sl_(2,C) @C* (see
sections 5.2.1 and 5.2.3), a fact first noted in [173]. This means that the wedge algebra is a
global symmetry algebra that depends on the 2d surface topology.

Moreover, the higher spin fields s > 1 form a Lie sub-algebra that extends Diff(S) to
higher spins. The wedge condition is not required in this case. This explains why [96] had
been able to relax the wedge restriction at spin 2 when checking the closure of the algebra
at quadratic order, cf.1.3. This property thus clarifies why their computation is not in
contradiction with the aforementioned Jacobi identity anomaly. The latter vanishes in the
absence of time (namely spin 0 parameter).

In the present work, we investigate the possibility of deforming the wedge algebra. There
are several reasons to expect such a deformation. The main one is physical: While the
wedge algebra is a perturbative symmetry of amplitudes near the flat space vacuum, we
expect the symmetry to exist at any non-radiative cut of $. Due to the memory effect, we
know that such cuts will carry a non-trivial value of the shear o. Therefore, promoting the
wedge algebra as a symmetry algebra of gravity requires us to find what symmetry algebra
is represented at cuts with non-zero shear.

Quite remarkably, a deformation of the wedge algebra exists, which respects Jacobi and
is labeled by a shear parameter o(z, z). The bracket for this algebra, denoted W, (S), reads

[T,7'7 = [I,T']Y — (s +3)o(ToTL,s — TyTss2). (5.1.2)

This bracket respects the Jacobi identity for a set of parameters that satisfy a deformed
wedge condition (see sec. 5.3.2). We also introduce the notion of a shear dependent covariant
derivative that represents the adjoint action of the time translation element. Besides, we use
this covariant derivative to present equivalent forms of the o-bracket, which highlight some
of its key properties, cf.5.3.3.

Next, in section 5.3.4 we show that this deformed algebra is isomorphic to the undeformed
one through a dressing transformation, which allows us to describe symmetry parameters in
W, (S) in terms of dressed symmetry parameters in W(S). This involves the definition of
a dressing map 7 as a path ordered exponential along a flow in the space of Lie algebras,
where the flow of the o-bracket is determined by the adjoint action of the Goldstone field
G. The possibility of removing the shear through a redefinition of the symmetry parameter
provides an algebraic equivalent of Newman’s H-theorem and good cut equation [169, 174],
which established that we can reabsorb the asymptotic shear into a redefinition of the cut
(see also the next chapter).

57



Chapter 5. General Relativity [

Remark: Let us mention that one can also construct the o-bracket (5.1.2) following a logic
similar to chapter 4, namely by studying the flux of a master charge. This will become clear
in chapter 6. In chapter 7, we even present a way to get (5.1.2) from the on-shellness of
an off-shell, kinematical bracket. All of that to say that there are many equivalent ways of
introducing (5.1.2) and we shall expose some of them in due time. Concerning the present
chapter, we really want to emphasize the extent to which the discussion in independent of
GR.% Even if throughout the introduction we used words like ‘shear’, ‘Goldstone’, ‘dress-
ing’, ‘non-radiative’ or ‘memory’, that are loaded with physical meaning, this was mostly
to guide the reader towards the final physical interpretation of the various objects. These
mathematical objects are however agnostic about any physical input and are defined to be
consistent with the underlying mathematical structure. Although in the main text we do not
commit entirely to a “maths first” approach,® let us point out that the deformation of the
wedge bracket into the o-bracket can also be deduced through the Jacobi identity anomaly
(5.3.14). The latter then allows the identification of an anchor map, which itself defines an
algebroid bracket. The latter naturally defines a flow, that we can dub ‘temporal’. Pairing
the algebroid with its dual leads to a temporal flow on the dual variables,” which turns out
to reproduce the asymptotic Einstein’s equations till spin 3! This means that a sector of the
GR dynamics is determined by a Jacobi identity anomaly!

Getting back to business, we give a one page summary of the main results of the previous
sections in 5.4.1. The next step consists in introducing time and generalizing the objects
discussed so far (i.e. in [1]) to adapt them to .. This is carried over in section 5.4.2. We
define the dual equations of motion in 5.4.3 and show that they are consistent with the
algebroid bracket [-,-] in 5.4.4. Section 5.4.5 deals with the main object of interest in this
work, namely the T-algebroid. The two main characteristics of 7 are on one hand the dual
EOM satisfied by its elements,

OuTs = DTsi1 — (s + 3)CTyss, (5.1.3)
and on the other hand the action of the anchor map onto the shear,
6,C = 1700,C — D*15 + 2DCy + 3C D1 — 3C*7. (5.1.4)

This is the symmetry action on the asymptotic GR phase space discussed in chapter 6. As
we just noticed in the remark, there are several ways of understanding the relevance of these
equations. Here we focus on an exposition which builds up from the construction onto S
laid down in the preceding sections. The algebroid is essential to waive the covariant wedge
restriction® and describe radiation within an algebraic framework. Then 5.4.6 completes
5.4.5 with a discussion about the sub-algebroids 7 and 7, which differ by their treatment
of the central element.

2This is why we partitioned chapters 5 and 6 this way.

3 After all, this is a thesis in Physics, not in Mathematics.

4To confuse the reader: what we just referred to as ‘dual’ variables are what we call charge aspects and
the temporal flow of the symmetry generators is called ‘dual’ equations of motion. Again, it is a physics
thesis, so the duality is reversed...

5The covariant wedge space precisely becomes the restriction of the anchor map § to its kernel, which
defines an algebra within an algebroid.
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5.2. The wedge algebra

Finally, section 5.5 is a glossary of the notation, both for the current and the next chapter.
Besides the main text, we gather the technical proofs of our results in an extensive collection
of appendices C.

5.2 The wedge algebra

There is by now ample evidence that the infinite dimensional Lie algebra Lw; ., is a sym-
metry algebra of perturbative gravity in the self dual sector [115, 124]. One direct way
to see this is to use the twistor representation of self dual solutions and use the fact that
Lwi o = L(Ham(C?)) is a loop algebra over Hamiltonian vector field acting on the fiber of
the twistor fibration T* — CIP;.

Another way to see this is to show that this algebra possesses a canonical action on
the asymptotic data at .$ [94-97]. This chapter lays down all the necessary mathematical
material in order to find such a canonical action from a physically motivated viewpoint in
chapter 6.

In this section, we remind the reader about the wedge algebra, first studied in the twistor
context by Penrose [117], and in celestial holography context by Strominger and al. [82-
84] and then in the canonical framework by Freidel, Pranzetti and Raclariu [94-96]. The
connection between the twistor and canonical action of Lwj ., has been studied in [124, 125].

5.2.1 The W-space

An important subspace of V(5), cf. 2.4, corresponds to the wedge vector space:

W(S) := {T EV(S)| DT =0, s > —1} CV(S) | (5.2.1)

The W-space inherits the grading of V(.S), namely

W(S) = é W, (S), (5.2.2)

s=—1

where W, (S) := {T, € V| DT, = 0} and V, = C(Ci'l’fs)(S).

Depending if we work on the sphere Sy, the complex plane C = S; or the cylinder
C* = C\{0} = S,,° the restriction DT, = 0, s > —1, on the parameters T} takes different
forms (see [155] for a similar discussion about bms).

On the sphere the solution depends on the spin s. It is direct to establish that the space
of solutions of D*Tj, = 0 is 4-dimensional,” parametrized by a 4-vector ¢ € C* and given by

To(z) = x.q%(2, 2), q(z,2) = ( ! (1+ 224 2,—i(z— 2),1— |2*).  (5.2.3)

1+ [2[?)

6Recall that S,, generically denotes a 2-sphere with n points removed.
7All the vector spaces discussed in this section are complex vector spaces, over C.
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The vector ¢ is null and of the form (1, n*) where n is normalized, n‘n’d;; = 1, and represents a
point on the sphere. The space of solutions of DT_; = 0 and D*T; = 0 are three dimensional
and respectively given by

T.i(y) =y'Dni,  Ti(w)=w'Dn;,  y,weC” (5.2.4)

On the other hand, the space of solutions of D**2T, = 0 for s > 2 is zero-dimensional. It
only contains the null solution 7Ty = 0. The reader can check the appendix C.1 for a proof
using spherical harmonics.

This result means that on the sphere the wedge algebra is 10 dimensional. We will see
around equation (5.2.29) that the algebra reduces to a central extension of the chiral Poincaré
group. The chiral Poincaré algebra is obtained if we restrict to s > 0.

On the complex plane C = S, the situation is different. The wedge condition D**2T, = 0
is merely the anti-holomorphicity of DS™'T, (since D — 0,). T, is thus an arbitrary entire
series in z and a polynomial of degree s + 1 in z:

s+1

T, = Z T(Sm)(i)zm, T(Sym)(Z) = ZT(s,m,k) z*, (525)
m=0 k=0

The algebra it generates is L (w110), a sub-algebra of Lwi; .
Finally, on Sy = C*, we are allowed to take a Laurent series in z.® Therefore, the general
solution of D**2T, = 0 is

s+1 0o
T, = Z T(s7m)<2>zma T(S,m)(z) = Z T(s,m,k) zF, (5.2.6)
m=0 k=—00

This generates Lw;;. Notice that while the vector space W(Sy) is finite dimensional,
W (Sy) and W (Ss) are infinite dimensional.

The relationship between Ty and the modes commonly used in the celestial literature (see
e.g. [83]) arises if we take s = 2p — 3 and write (5.2.6) as

p—1 o]
L= 3 Y Topspremn? """ (5.2.7)

m=1—p k=—o0

The following table summarizes the previous discussion about the space of solutions of
the wedge condition together with the algebra structure that we discuss in subsection 5.2.3.

manifold | Ty Ty Ty To --- T, | algebra
So 3 4 3 0 ... 0 |W(Sy)=is0_(3,1) @ C?
Sl 1 2 3 4 c. s+2 W(Sl) = L+(w1+oo)
SQ 1 2 3 4 e S+2 W(SQ) = Lwl—i—oo

Table 5.1: Number of independent complex solutions to D*>T, = 0 depending on the choice
of manifold. For Sy and Ss, each subspace of degree s has complex dimension (s+2)- 00 due
to the loop part.

SRecall that since D(1/2) = 276®)(z), we had to discard these solutions on Sj.
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5.2. The wedge algebra

5.2.2 The W-bracket
We equip W(S) with the following W-bracket:

s+1
[T, 71 :=> (n+1) (T.DTLy, , — Ty DTos1) - (5.2.8)

s
n=0

Notice that the bracket acts on the family 7" = (7%)s11en rather than on a single object T
with definite helicity —s. This notation will turn out to be very convenient and allow us to
derive statements valid for any spin-weights. Quite remarkably, this bracket is defined on
W(S) independently of the topology of S.

This bracket is usually written in term of its components. This means that [¢(T},), (T, é)] .
vanishes unless s = p + ¢ — 1. Hence one could also write (5.2.8) as

w
() T = (p+ VT,DT, — (q+ VT,DT,, (5.2.9)

which shows that [-,-]W is a bracket of degree —1, namely
[ Y W, x W, — Vg (5.2.10)

In our case, we choose to define the natural extension of the latter to the full graded space
W(S), namely
[ W s W(S) x W(S) — V(9), (5.2.11)

such that we take the sum over all combinations of p and ¢ with p +¢ — 1 = s to recover
(5.2.8):

.17 = > W) ], (5.2.12)

ptg=s+l1

An important property of this bracket (which is the reason why we use the superscript
W) is that it closes on the wedge. In other words, D**2[T,T"], = 0 when both 7" and T" are
in W(S). Hence we get (see the proof in Appendix C.2.1)

LW D W(S) x W(S) — W(S). (5.2.13)

Relation between T and the celestial modes w?:
Defining the modes wh, , = —u (527717"2F), ¢f. (5.2.7), we find that the W-bracket of the
latter reduces to

w -2
[wf;vk’ wgvd2(p+q—2)—3 = (m(g—1) —n(p— 1>)w£;fln,k+e' (5.2.14)

This is the usual form of the Lw;, ., Lie bracket.
5.2.3 The W-algebra

We are now ready to show the following lemma.
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Lemma [Wedge algebra]
The wedge algebra W(S) = (W(S), [, ]W) equipped with the bracket (5.2.8) forms a
Lie algebra.

As we already emphasized in the table 5.1, W(S) is a generalization of Lwi, since it is
defined for any 2d surface S of arbitrary topology, while Lwy o is equal to W(S3).

Proof: The linearity and anti-symmetry of (5.2.8) are obvious. Besides, we already dis-
cussed the closure of the bracket in (5.2.13). In Appendix C.2.2 we also show that

[T, (T, T 2 (s + 3) DTy (T TL, s — TlynTY). (5.2.15)

The symbol £ means that we add the cyclic permutation of (7,7",7") on both sides of the
equal sign, i.e.

(T, T, T") £ (T, T, T") (5.2.16)
s AT, T+ f(T,T",T)+ f(T",T,T) = g(T, T",T") + g(T', T",T) + g(T", T, T"),

for some arbitrary functionals f and g. It means in particular that
F(T, T, T" S f(T',T".T) £ f(T",T,T). (5.2.17)

We see that the RHS of (5.2.15) vanishes when D?*Ty = 0 which is implied by the wedge
condition.” And therefore this shows that the Jacobi identity is satisfied when T, 7", T" €
W(S).

Twistorial proof: We present for completeness an alternative proof of the Lemma which
highlights the relationship with twistor space when S = S;. Indeed, the W-bracket satisfies
the Jacobi identity since it originates from the image of L(Ham(C?)) when projected from
twistor space to .. We refer the reader to [124], whose notation we follow, for extra details.
Projective twistor space can be written as an O(1) @ O(1) bundle over CP;. The anti-
holomorphic fibers coordinates of this bundle are represented as coordinate ji® on C2. A
hamiltonian generator of area preserving diffeomorphism (i.e. with unit Jacobian'’) of degree
s+ 1 is given by

Gs = Gagsi1)(2) 1Y, (5.2.18)
where «(n) is a multi-index notation that stands for'' a;-- -, and where g,(s41)(2) is an
anti-holomorphic function on Ss,

_ k _
ga(erl)(Z) = Z gi()erl)Zk- (5219)

k=—o00

9The closure of the algebra requires the wedge condition D**2T, = 0 for all s > —1 (and not only for
s=0).

10Which amounts to require the tracelessness of the symmetry parameters. This is trivial in twistor space
since using (5.2.21), we know that {g,-} = NYaay..a, (Z)a* . ..[La"%aﬁ%. Ja(n) being symmetric, we
immediately get that the symmetry parameter is trace-free, i.e. 7 gagas...a, P =0.

11 sa(n) __ 701 TR

pet = per
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We consider another hamiltonian generator ¢, of degree s’ + 1,

Gl = Gy (2) BT, (5.2.20)

The algebra Lw; s is then realized through the Poisson bracket

o 0
B 5.2.21
(oymer 2 (5.221)
so that
{957 g;’} = gg—&—s’—l = gg(s-l—s’)(z) ﬁa(s+s )7 (5222)
where
gg(s—i—s’) (2) = (S + 1)(8, + 1)6aﬁgaa1---a5(Z)g/ﬁas+1...a5+5/(2)' (5223)

Still following the notation of [124], we project the algebra down to .#. The hamiltonian
generator g, is mapped to the function 75(\*, Z) and then to the function T(z, z) given by

gs = TeA%2) = Gaern)(Z)AETD = (AT (2, 2), (5.2.24)

where z = —A\%/A = \;/\g. The function T} is such that

) D G By | ko _
TS(Z, Z) = ga(s_;'_l)(Z)m = Z I (—1) z go(k)1(5+1_k)(z>. (5225)
k=0

We define similarly if,()\a, z) and T! for ¢.,. Besides, the Poisson bracket (5.2.21) is sent to

o 9
LY B T T
by = o

The easiest way to see the correspondence with the W-bracket is to evaluate the bracket in
terms of d, acting on Tj:

(5.2.26)

~ o~ _ y1ys+1 , 3 1y\s'+1
{TS,T;,}ﬂ — OB <<_)\1)s+1ﬁasz + TSM) <<_)\1)s Hﬁ@sz// + Tsf/a(A—))

o\ o ON? ON?
= (=M B (D, T (00 + 26%) — (5 + D)TL05) (0.TL (85 + 28%) — (s + 1)TL6%)
= (=AY ((s + DT0.TL — (s + 1)TL0.Ty). (5.2.27)

From there we identify'?

T v = (s+ D)T0.T0 — (8" + D)TL0. Ty = [u(Ty), (T % o1 (5.2.28)

s

The W-bracket thus descends from the canonical Poisson bracket on twistor space, which
proves the isomorphism between the projection of L(Ham(C?)) on .¢ and the W-algebra.
Notice in particular that since Dgq(s) = 0 we have that T} given by (5.2.25) satisfies D*+?T, =
0. The fact that the Jacobi identity holds for [-,-]" is thus merely a consequence of {-,-}
satisfying Jacobi.

20n C* we have D = 0,.
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We bring the reader’s attention to the shift in degree between the twistor perspective
compare to the gradation in V(S). Indeed, the element T € V originates from a polynomial
of degree s+1 in i or A* in the twistor perspective (cf. (5.2.18) and (5.2.24)). In particular,
the spin 0 super-translations are polynomials of degree 1 in %, so that for s = 0 = s', we
get { TR g/’gﬂﬁ } = 9ags # 0. In other words, the super-translations do not commute
in twistor space. From the W-algebra viewpoint, this amounts to the presence of central
elements of degree —1, as we now discuss.

Central elements: Notice that the space W_;(.9) is central for the wedge bracket. Given
¢ € W_q, we denote by ¢ := i(c) = (¢,0,...) the series for which 7_1(¢) = ¢ and 74(¢) = 0
for s > 0. It is easy to see that ¢ commutes with any element of W,

e, TV =0, VYT eW(S), s>-1. (5.2.29)

The fact that W_,(S) is central and thus forms an ideal, implies that we can define the
quotient algebra W(S) = (W(S), [-,-]") where

W(S) = W(S)/W_1(S) ~ D W.(S). (5.2.30)
s=0
To define the quotient bracket [- -]W one recalls that, since the bracket is of degree —1, the

only way to obtain a degree —1 element is through the commutation of two supertranslations,
namely

[T, T\, = ToDT;, — TyDT, € W_,(S). (5.2.31)

This means that the supertranslations do not commute in W(S) while they do in W(S).
Overall we have that

7Y =0, [TV =[TT)Y, for s>0. (5.2.32)

Therefore all the brackets in W(S) agree with the ones in W(S) except for the bracket of
two supertranslations.

Wedge and Poincaré algebra: It is interesting to understand how the central extension
works in the case of S = Sy where W(S) is the self dual truncation of the Poincaré algebra
and W(S) is a three dimensional central extension of it. As we discussed, we have that
W(Sp) = W_1(S0)BW(So)BW,(Sp) is ten dimensional. The basis elements are parametrized
by

Ci = Dnz S W_1<SQ), Pa = qq € Wo(So), jz = D?’Ll S Wl(So), (5233)

where 1 = 1,2,3 and a = 0,1, 2,3, while ¢(z,2) = (1,n(z, 2)) was defined in (5.2.3). From
the definition of the wedge algebra bracket, we can compute the algebra between these
generators. We find that C; commutes with (C}, P,, J;), while the non trivial commutators
are

[J;, Jj] = —2iei* Iy, (5.2.34a)
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[ i, Po] = Tlai P, (5.2.34b)
[Pa, P] = 11" Ci, (5.2.34c)

where €5, is the Levi-Civita tensor, while N’ and 7’ are the Lorentzian versions of the
t’Hooft symbols [175]. They are antisymmetric in (a,b) and their components are given by

it =" = deig, ot = —Tioi® = ;. (5.2.35)

Nay’ and 7,,° are respectively projectors onto the self-dual and anti-self-dual basis of 2-forms.**

In other words, the three generators J*¥ are nothing else than the anti-self-dual part of the
usual Lorentz generators J, i.e. J* = £7,"7". The quotient algebra W(Sp) is obtained
by imposing C; = 0. In this case we get the anti-self-dual Poincaré algebra

W(Sy) = sl_(2,C) ®C* = iso_(4), (5.2.36)

where sl(2,C)_ denotes the anti-self-dual projection of the complexified Lorentz algebra.
Although the Poincaré algebra (sl_(2,C) @ s[,(2,C)) ®C* does not admit any central ex-
tension [176], it is remarkable that its (anti-)self-dual part does. The proof of the brackets
(5.2.34) is given in appendix C.3 and relies on the validity of the following identities:

Dzni = 0, QDTL@DTLJ + nn; = 5@' + z'qjknk,
DDn; = —n;, n;Dnj —n;Dn; = ieijank. (5.2.37)

It is interesting to note that the centrality of C; is consistent with the Jacobi identity.*

The central extension of the chiral Poincaré algebra can also be written in spinor variables.
In this case the different generators are (j o Piq, Cyp) which renders manifest the respective
chirality of each generator.'” The translation commutator is given by

[Pc'wm Pﬁ/j] = Ed/j’oaﬂ- (5238)

This expression makes it clear that while the anti-self-dual rotation J &p acts on P, on the
left, it does not act on C,g3, respecting its chirality. Note that the dual chiral algebra is
given by generators (Jaﬂ,Pad,C' d6)7 where P, denotes the opposite chirality translation
generators that commute with J and transform as a vector under the action of J.

To recover the usual action of Poincaré one needs to impose the reality condition P, =
P, = P,. This condition means that [J;, Py] = 0 P® and [J;, Py] = 7apP?. The Jacobi
identity then implies that [J;, [Pa, Ps]] # 0. Hence the only way to respect the centrality of
C’s is to impose C; = C; = 0.'9 With these 10 constraints we have that P,, J;, J; represent
4 + 3 4+ 3 = 10 generators which form the Poincaré algebra. We learned a posteriori that
this central extension of chiral Poincaré was already discussed in [173].

0ne has (xn)ap” = F€ab“Ned™ = Nap® and (x7)ap” = F€a“ca® = —iflap”, where x is the Hodge star
associated to the Minkowski metric.

YMRequiring [J;, [Pa, Py]] = 0 demands that 75 feq; —1a“ Nepi = 0, which is satisfied due to the orthogonality
of self-dual and anti-self-dual projections.

15ja8 is symmetric in (¢, 8) and similarly Cyp is symmetric.

16 Another way to be consistent with Jacobi is to impose C; = AJ; and C; = AJ;. The C’s are no longer
central and we recover the de Sitter or anti-de Sitter algebra depending on the sign of A.
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5.3 Deforming the wedge algebra

In this section we show that the presence of a shear element o € C(Cf'Q)(S) allows for the
deformation of the wedge algebra.

5.3.1 Can we extend the W-bracket beyond the wedge?

We know that the gbms algebra closes without any wedge restriction on 7Ty and 77. Besides,
it was proven in [96] that the wedge condition on T5 is not necessary for the algebra of higher-
spin charges to close at the quadratic level. In the same work, it was also proven that, in
Yang-Mills, the wedge restriction can be lifted at quadratic order for all spin s charges.
These results strongly suggest that the symmetry can be extended beyond the wedge and
we now investigate how we can waive the restriction D*+*2T, = 0 at the algebraic level.

The first question that arises is whether we can simply consider the bracket |-, -]W to be
valid beyond the wedge, i.e. to be viewed as a map [+, -]V : V(S) x V(S) — V(S). This means

that
s+1

[T, 77 =Y (n+1)(T,DT, ., — TuDToi1_), (5.3.1)
n=0

for T,7" € V(S). This V-bracket is simply the naive extension of the W-bracket. As we are
about to see, it is ill-defined since fails to satisfy the Jacobi identity, once we go beyond the
wedge. This is surprising at first sight since the V-bracket is very closely related to a well-
known bracket: the Schouten-Nijenhuis (SN) bracket for symmetric contravariant tensor
fields. Be mindful that the literature often deals with the SN bracket for antisymmetric
multivectors. For the symmetric version, check the original reference [132] and [133] for a
modern perspective.

Reminder [Schouten-Nijenhuis bracket]

Consider X*(M) = O T'(T'M), the algebra of symmetric contravariant tensor fields of
any rank over a d dimensional manifold M with coordinates {z'}¢_,. For S, € XP(M)
and S, € X9(M), the SN bracket is a graded commutator of degree 1, i.e.

[ PN - XP(M) x X9(M) — XPH=Y(M), Vp,q €N,

with components given by

& 1SN dptg— (irip_1 O Gipiprq_ Gilinigt O Cligmigtp
[SIHS(]] 1--tptg—1 :pSIZ(l P 1@5’(113 pt+q—1) _qsg(l q I@Spq q+p 1). (532)
This is a well-defined tensorial expression, so that the partial derivatives can be re-
placed by any torsion-free covariant derivative. In our case where the manifold is the
2-sphere/complex plane (such that 4;,iy... — Aj, Ay... and {24} = (2, 2)) and we
restrict to symmetric holomorphic traceless tensors, the projection of (5.3.2) along

— — N
ma, ---Ma,,, , reads®’

SN
ptq—1

[S,, S,] = pS,DS, — q¢S,DS,. (5.3.3)
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This means that for generic S, S € ¥*(M) we have

s+1
(3,81 = > 18080, 1 =D n(SuDSesicn — 8uDSeiin).|  (5.34)
ptg=s+1 =0

“We use that the sphere metric yap = mamp + mamp.
®Notice the natural abuse of notation where on the LHS, S, refers to the full tensor as in (5.3.2),
while on the RHS, it stands for the projected quantity along m’s.

We thus see that what we are calling V-bracket is actually a shifted SN bracket where the
prefactor between (5.3.4) and (5.3.1) is shifted from n to n + 1. Now comes the intriguing
part, with far reaching consequences: Although the original SN bracket satisfies the Jacobi
identity (see App.C.4.1 for a reminder), this is not the case for (5.3.1).

In the appendix C.2.2, we demonstrate that

(7,17, 7"V]" £ D*Ty (1", "5, |, (5.3.5)

where we introduced the new quantity'”

(T, T'S s = (5+3) (ToTiyy — TyTeya) | € CF o 5(S). (5.3.6)

Notice that the Jacobi anomaly is proportional to D?Tj. In other words, it disappears if we
restrict the algebra to the wedge, as it should.

Relation to gbms: If we consider solely transformations of helicity s = 0 and s = 1, for
which Ty = 0 and Ty,2 = 0 for s > 0, then (5.3.6) vanishes. Formally, this amounts to
T,T7" € Vo ® V;. The bracket (5.3.1) restricted to these symmetry parameters is explicitly
given by

(T, T = (T,DT, — T;,DTy) + 2(Ty DT}, — T, DTy), (5.3.7a)
(T, 7)Y = (T,DTy — T, DT») + 2(Ty DT| — T|DTy). (5.3.7b)
The quotient algebra obtained by imposing the vanishing of the central elements, i.e. T 1 =0
is the gbms algebra [13-15, 17]. To recognize the latter, we denote T, = T, the super-

translations parameter and 77 = Y/2, the super-Lorentz-rotations parameter. We get that

the super-translations commute,
[T, T']%"™ = 0. (5.3.8a)

Picking respectively Ty = 0,7y = Y/2, T =T',T] = 0in (5.3.7a) and 7o = 0,7} = Y/2, T} =
0,77 =Y'/2in (5.3.7b), we get the commutation relations with super-rotations:

1
Y. T =Y DT — T'DY,  [V.Y'|*™ =Y DY’ ~Y'DY. (5.3.8b)

17T refer to {-,-§ as the Dali-bracket, as a reference to the paintings with melting watches.
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gbms

We employ the notation [, ] which represents [1(-),¢(-)]V restricted to spin 0 and 1,
where V(S5) is the quotient V(S)/V_;. Importantly, gbms forms an algebra without any
wedge restriction D?T = 0 = D3Y on its parameters.

There is even a third case where (5.3.6) cancels out. Indeed, even if the anomalous

quantity depends on arbitrary high spins s, it also always includes Ty. By restricting the
algebra to V(S) (where precisely Ty = 0, cf. (2.4.5)), we thus restore the Jacobi identity.

On top of that, notice that the V-bracket closes on V (S),'
[,V V(S) x V(S) = V(S). (5.3.9)
We thus proved that

Lemma [ﬁ_algebral
The space V(S) = (V(S),[-,]V) forms a Lie algebra.

This Lie algebra is a higher spin generalization of Diff(S) which is contained in f(S )
as its spin 1 component. This proves that there exist three algebras, W(S), gbms(S) and

V(S), for which the V-bracket is a genuine Lie bracket.'” The next step consists in building
a new bracket, denoted [-, -], that reduces to the V-bracket for W, gbms and V.

5.3.2 Covariant wedge algebra

In order to resolve the Jacobi identity issue (5.3.5), we introduce a new field dependent
bracket

[T, 7 = [T, T — o T, T'S s, s> —1
s+1
= (n+1)(T,DTL, , — TyDToi1-n) — (s + 3)o (ToThyy — TyTeya),| (5.3.10)
n=0

where o(z, Z) is a spin-weighted function on S. At that stage, it can be viewed as a parameter
of the algebra. The physical motivation for this deformed bracket will appear in chapter 6.
From a purely algebraic point of view, notice that the o-bracket is built from the V-bracket
by subtracting the part of the Jacobi identity anomaly which looks like a bracket, namely
what we called the Dali-bracket {-,-§. The latter is multiplied by the deformation parameter
o, whose properties we constraint in order to construct a Lie bracket.

The difference between [-,-]° and [-,-]Y involves {T,T’§,, which vanishes for gbms and

v(S) Therefore, [-,-]” reduces to the V-bracket for these cases. Note that {7,7"§, has

181t is clear since for any 7,7’ € v(S), we have that [T, T']¥ = 0. Hence [T,T'] € v(S) .
This includes any sub-algebras of these, such as the e¢bms(S) sub-algebra of gbms(S) which consists of
holomorphic vector fields on S, i.e. vector fields satisfying DY = 0.
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celestial weight —2 and helicity —(s + 2); therefore the additional field dependent term
o {T,T'§ s belongs to V, provided we choose o of celestial /spin weights (1,2).%

Let us investigate the Jacobi identity for that newly proposed bracket. The double
commutator expands as

(1,1, 7" = [T, [T, T"V]} — o T, [T, "5, — [T, 0 (T, T"S)" + o UT,0 (T, T"S 5.
(5.3.11)

We then evaluate the cyclic permutation of each term entering this expression. We report
the details of computation in appendix C.4.2. Besides (5.3.5), we have

—o T, [T, T")VS s — [T, 0 T, T"§]" £ —(2DoTy + 30 DT}) {T', T"S , (5.3.12)

and
o T, 0 (T, T"S S, < 36> T (T, T"5 ,. (5.3.13)

Therefore we conclude that

[T, (1, 7"°]7 = =6p0 (T, T"S s, s> -1, (5.3.14)

where

010 = —D*Ty + 2DoTy + 30 DTy — 30°Ty| € CEy(S). (5.3.15)

In order for the Jacobi identity to hold, the simplest choice is to set opo = 0, a condition
under which [-,-]7 is a well-behaved Lie algebra bracket. In that case, o is a field whose
field variation vanishes.?! It plays the role of a background structure that represents the
symmetry algebra atop a coherent state of gravitons. As we will see in more details, o also
represents a deformation parameter mapping the wedge algebra onto the generalized wedge
algebra W, (S). Note that the condition d70 = 0 only gives a relation between (Tp, 71, Ty).
However if we demand that such elements form an algebra, i.e. that 3[T7T/]aa = 0 when

oro =0 = 5T/a, then this leads to a generalization of the wedge condition on the parameters
T,. To linear order in o, this generalized wedge condition reads

s+1
0=D"T, = (k+ 1)D* (oD T ) +---,  s>-1, (5.3.16)
k=0

where the dots stand for terms of higher powers in ¢ when s > —1.

We now demonstrate the various statements of the last paragraph. For this, it is essential
to introduce a preferred element n € V_; & V.?* In other words 1 := (1_1,7,0,0...) is such
that m,(n) = 0, s > 0. Note that 7y € Vy is, by definition, of conformal dimension —1.%* Tt
therefore transforms non trivially under sphere diffeomorphisms. We assume that 7y # 0.

20This implies that 74 (o {T,T"S) = o {T,T" s.

21Tt is a functional constant in the sense that 5TU =0.

22 Any element of V_; is central for the o-bracket, like W_; was for the W-bracket.
23Like the inverse of the square root of a density on a 2d manifold.

69



Chapter 5. General Relativity [

Quite remarkably, this means by Moser’s theorem [177] that there exists a diffeomorphism
frame such that 7, is constant, i.e. Dny = 0 = Dny.>* We choose the scale of 7y to be such
that 179 = 1 in this frame. We are then left with the choice of n_;. This freedom can be
parameterized by another spin 0 element G € V through n_; = nyDG € V_;—we can check
that the dimensions match as DG € Cfg!l)(S). In the following we fix G' to be the Goldstone
mode associated with o. In other words, G is such that

D*G = o. (5.3.17)
To summarize we chose a frame of reference where n = ., is given by
no =1, n_1 = DG, ns =0, fors>1. (5.3.18)

Plugging in (5.3.10), we get that

e, TN = no(DTsr1 — (s + 3)0Ti2) | € Vs, s> —1. (5.3.19)

S

We kept 79 explicit to avoid confusion with the weights counting (since [ng, 717 and DTy
have different weights). In the frame we work in 1y = 1, so we could leave it implicit, but it
is useful to keep it to remember that 7y is of conformal weight —1. This reflects the general
fact that any equality between expressions with the same spin can be written in an arbitrary
frame using powers of 7 to ensure that the conformal weight matches.

The quantity in parenthesis in (5.3.19) is of fundamental importance in the following.
We thus define

(DT)s := DTyq — (s +3)0Tera| € CG_o(9). (5.3.20)

Depending on the context, either (5.3.19) or (5.3.20) will turn out to be the most conve-
nient way to write or manipulate expressions. Both equations eventually carry the same
information and can be used interchangeably recalling that*’

DT = ad,ne(T) = [0, T)° | (5.3.21)

We introduced the natural notation ad, : V(S) — End(V(S)) for the adjoint map. By
definition this map is such that ad,7(7") = [T,7"]°. It sends an element T' € V(S5) to a
linear map in V(S). We can restrict this map to W, and anticipating the upcoming result
that [-,-]7 is a Lie algebra bracket, we find that ad, : W,(S) — Der(W,(95)), i.e. ad, T, with
T € W,(S) maps W, onto itself and is a derivation of the o-bracket.

We also point out the difference of notation when we write (5.3.20). DT}, is the concise
version of (DT), = 7,(DT).?® While this convention is not confusing when using D, it is not
possible for D. It is important to keep the parenthesis when dealing with (DT),, because of
the extra shift in degree for the part proportional to o.?"

24The condition Dny = 0 is not preserved by diffeomorphisms: under an infinitesimal diffeomorphism
generated by the element (V) with Y € Vy, we have that [n,:(Y)]§ = noDY # 0. This is analogous to the
statement that the energy is not boost invariant.

25Notice that ad,ns = ad,ne for two Goldstone fields G and G'.

26Here the celestial weight is irrelevant, so we just assume that 7, is defined the same way as the helicity
evaluation at degree s, on fields with arbitrary conformal dimension.

2TTo say it in another way: the action of D (and powers thereof) is well-defined only on a graded vector
T € V(59), and not on a single grade s element T.
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The introduction of n; and D allows us to give a new flavor to the quantity oro. To see
this, first notice that (5.3.20) makes sense for s = —2, even if the o-bracket (5.3.19) is only
defined for s > —1. In the following, we thus denote

[7’]G, T]SQ = nO(DT)—Q with (DT)_Q = DT_l - UT(). (5322)
Using this notation we can conveniently write the variation of o as a double commutator:*®

(adgnc(T)),z = [nc, M T]J}ig = D[ne, T)Z; — o[ne, T1g
= D(DTO — 20T1) — O’(DT1 — 30T2) (5.3.23)

= —(5TO'.

Moreover, since we know the variation dro, we can compute [5T, 5T/}a and djr 0. The
sum of these two reduces to”’

[ST, ST/]U + S[TJ‘/}UO' = TO S[nc,T/]"U - Té S[nG,T]"J’ (5324)

where
~dtngr1e0 = (adina(T))_y = [, [1e: e, T17] 77, (5.3.25)

We report the brute force demonstration of (5.3.24) in appendix C.5.

From these computations, we deduce that: 70, and thus (ad?ns(T))_s, has to vanish in
order for the Jacobi identity to hold for the o-bracket. Now given two elements T, 7" € V(5)
such that dpo = dpo = 0 we need to have that (S[TT/]UO' = 0 in order for the set of such
elements to form a Lie algebra.

From (5.3.24) we conclude that this happens if 5[77G7T]aa and 3[,7G7T/]aa vanish too. To
summarize, the property necessary for the Jacobi identity is preserved by the bracket if T’
is such that d70 = (ad2n.(T))_s = 0 and S[HGT]UO' = (ad3ns(T))_o = 0. Applying the latter
to T = ad,n(T") means that we have to demand (adin.(T))_ = 0 and so on. This leads
us to define the parameter space W, (S) as follows.

Definition [Covariant wedge space]
The covariant wedge parameter space is denoted W, (.S) and given by

W, (S) = {T eV(S) | D(adina(T))_, = o(adina(T)),, Vn > o}, (5.3.26)
where ad,n(T) := [ng, T)7 is the adjoint action of the Hamiltonian .

This definition is such that if T € W, (.S) then [ng, T]7 € W, (S).

ZStrictly speaking we have [ng, [1q, T]”}iQ = —n2bpo.
29The fact that the RHS is non-zero, in other words that ér is not an algebra action, is connected to the
fact that [-,-]7 is not a Lie bracket when dro # 0.
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Remark: Note that according to our definition (5.3.22) the wedge condition can also be
written, more succinctly, as (audZHnG(T))i2 = 0. This suggests to identify the graded vector
space V(S) with the subspace of V_o @ V(S) such that all degree —2 elements vanishes, i.e.
such that 75 = 0. This is trivial addition but it turns out to be very convenient once
endowed with an algebra structure. It simply requires to extend the o-bracket to the degree
—2 taking [-, -], := 0. This choice is consistent with the definition of the space W, (S5) and
perfectly natural since this is precisely what one obtains by evaluating our original definition
(5.3.10) at s = —2. Notice how on one hand, [T, T]Y, = 0 since the sum is empty, while on
the other hand {7, 7" = 0 for the special case s = —2.

The definition of 7, and its repeated action ad}™'n(T") = [ne, adine(T)]” implies that
the action of D is recursively given by

(DT := D(D"T )41 — (5 + 3)o(D"T)ss2 € Co_,)(9), (5.3.27)

and is such that nj (D"T), = (adyne(T)),. From there, one straightforwardly obtains that
(adf,+277@(T))_2 is given to first order in ¢ by the RHS of (5.3.16). When ¢ = 0, this
condition reduces to the wedge condition D*T2T, = 0. Moreover, since the condition on T is
linear, W, (S) is a linear space. We wrote down already the expression for (D"T')_5, n = 2,
cf. (5.3.23). It is interesting to look at n = 1,3 too. In brief, (D"T)_o =0 for n =1,2,3
gives

DT, = 0Ty, (5.3.28a)
DTy = 2D(cTy) + o DTy — 30*Ty, (5.3.28b)
DTy = 3D*(0Ty) + 2D(0 DT3) + o D*T;

—8D(0*T3) — 40 D(0Ts) — 30> DT3 + 150°T. (5.3.28c¢)

Remark: 7, € W,(S) because of its non zero central part, namely 7_;, which has been
defined precisely such that Dn_; = D?G = o = o1y in our preferred frame, and because

adgne (77G) =0.

The previous analysis leads to one of the main results of this paper.

Theorem [)V,-algebral]
The space W,(S) = (WO(S), [-,+]7) equipped with the o-bracket is a Lie algebra.

Proof: The fact that the o-bracket satisfies Jacobi follows from (5.3.14) and (5.3.23). So
far we have also seen from (5.3.24), that when T, 7" € W, then 5[T,T/]aa = 0. This is a
necessary but not sufficient condition for [T,77]° to belong to W,. To show that the o-
bracket closes on W, i.e. [T,7"]” € W, when T, T € W,,, we first use that when 7, 7" € W,,,
then (see App. C.6)*

(16, [T, 1°]7,, = DT, T'), — o[T,T']§ = Tyoro — Tydro = 0. (5.3.29)

30Notice that (5.3.23) is compatible with (5.3.29).
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This in turn allows us to compute the quantity

(adinc([f T']”)) = (adanc < [[7707 T)°, T,}U + [T, M, T/]U]a>>

- (T(; St 170 — [, T]gST,a) T T =0 (5.3.30)

-2 -2

In the first step, we used that d70 = 0 = dpo, ie. T,T' € W, (S), so that we could leverage
the Jacobi identity®! on the internal elements [ng, [T, T7"]°]" £ 0. The second line follows from
(5.3.29) applied to (T, T") — ([nG, T\, T’), while in the last step, we used again that T, 7" €
W, (S) together with (5.3.23). We can then show recursively that (ad)n.([T,1"]7))_, = 0,
n > 1, when T, 7" € W,(5), which concludes the proof.

5.3.3 Covariant form of the o-bracket

The fact that W, is a Lie algebra suggests that it should be possible to write the bracket in
a strict Lie algebra form, namely with field independent structure constants. This is what
we describe in this subsection, using the surprising appearance and importance of the degree
—2 seen in the previous subsection.

Previously, we proved that for [-,-]” to be a Lie bracket, DT_; has to equate 0Ty. Using
this condition, we find that the o-bracket can be simply written as

s+2
7,77 = (n+1)(T.DT.y , — TyDTesin) | 5> —2. (5.3.31)

n=0

The RHS of this expression is similar to the V-bracket, but the sum now runs till s + 2
and the bracket is naturally defined for all elements T,, s > —2. The boundary term
n = s + 2 precisely generates the piece —(s + 3)o (T, 1" s once we use the initial constraint
DTy = oTy. Under this constraint we also have that [T, 7", = To,DT" | — TyDT_1 = 0. It
is also worth emphasizing that the degree —1 elements are central, as they should. Indeed,
denoting ¢ = (¢,0,0,...) € «(V_1) N W,(S) (which means that Dc = 0), we readily get that
[T,¢)7 = (s+ 3)Ts2Dc = 0.

Remark: This new way of writing [, -]7 sheds light on the fact that W, is a Lie algebra.
In other words, that (5.3.31) is a genuine Lie algebra bracket on the sphere, with field
independent structure constants. Indeed, so far we said that ¢ = o(z,z) was a special
field such that é70 = 0. Hence, rather than being a structure constant, it played the role
of a functional structure constant.”> What we show by (5.3.31) is that the residual field
dependency of the functional structure constants can be re-absorbed into the constraint
between the generators T_; and Tj.

31Obviously 5%0 =0.
32This suggests an algebroid framework to tackle the general case éro # 0.
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Remark: In the appendix C.7, we give a proof of the Jacobi identity starting from the
definition (5.3.31), where we stay agnostic about the element 7" ;, i.e. we do not impose
DT 1 = 0Ty a priori. To avoid confusion, we remove the superscript o to denote the RHS
of (5.3.31). We find that

[T.[7', 17", = —[T",T"]_,DTyss — (s + 4T, s D[T", T"] s>-2,  (5.3.32)

27

which vanishes when [T, T’ ] _, = 0. Since

[T,T'] , = TyDT", — T;DT 4, (5.3.33)

2
this happens if and only if the initial constraint (5.3.28a) is satisfied.>® Under this condi-
tion we have that [-,] = [-,]?, and the analysis of subsec. 5.3.2 carries over. This result is
interesting on its own since it shows how [, -] could also be a legitimate modification of the
W-bracket and another starting point for the analysis performed in subsec. 5.3.2.

Next, the bracket (5.3.31) can also be recast as

[T,T')7 = i(n + 1)(T(DT") - — T, (DT)s—y) |, s> —2. (5.3.34)

n=0

To see this, note that the quantity

s+2
> (n+1)(s+3-n)o(TuTly  — TyTesa—n) (5.3.35)

n=0

is equal to its opposite (after a change of variable n — s+2—mn), and thus vanishes. Adding
it to (5.3.31), it precisely changes D — D, so that

1.7 =S (0 (DT~ TUDT)), s> 2

n=0

The term n = s + 2 of this sum drops since it involves (DT')_5 (and (DT”)_3), namely the
initial condition (5.3.28a) written in covariant form.

The viewpoint (5.3.34) is particularly pleasing since it eventually shows that the o-bracket
on the covariant wedge space W, () really is the covariantized version of the W-bracket on
the wedge space W(S).

Finally, we show that D is indeed a derivative operator, namely that it satisfies the Leibniz
rule.

33The vanishing of [T, 7] _o implies that DT_; is proportional to Tp, with a coefficient in Cfle'Q)(S). This
coeflicient is o.
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5.83. Deforming the wedge algebra

Lemma [Leibniz rule]
D is a covariant derivative and satisfies the Leibniz rule on the covariant wedge algebra
bracket [-,-]7:

i)  D(fT) = f(DT)+TDf, (5.3.36a)
i) D[T,T° =[DT,T']" + [T,DT"]’, (5.3.36b)

for f € C(C&'O)(S) a smooth function on S.%?

“To evaluate the first identity at spin s we use that (T'Df)s = Ts41Df.
bStrictly speaking, by ii) we mean noD[T,T"]” = [noDT, T']U + [T, nODT’}U.

Proof: i) follows directly from the definition (5.3.20) while éi) follows from the Jacobi
identity (that holds when 7', 7" € W, (S)), which ensures that ad,ne = 1D is a derivation.

Remark: For the sake of completeness and as a follow-up to the former remark, we give
another demonstration of the property ii) of the previous lemma in appendix C.8. In this
version of the proof, we use the form (5.3.34) of the o-bracket. The fact that the covariant
wedge condition, now simply written with D rather than D, is preserved by the bracket
becomes trivial thanks to the Leibniz rule. Indeed,

s+2
<D5+2 [T, T/}o')_2 _ Z (5 ‘]: 2) [DkTa Ds+2_kT/} i2 —0 (5337)
k=0

since the bracket at degree —2 is 0 by definition of (5.3.34).

Remark: Coming back to the Jacobi identity anomaly (5.3.14) that motivated the whole
0 0

analysis of the last two subsections, we notice that the most general solution of [T T, T ]"] .

0 is not STJ =0 but
opo = —vT, (5.3.38)

where one has to take v € C(CQe'Q)(S) to get VT € C(Cf'Q)(S). This is due to the fact that the
combination vTy {T",T"§ s vanishes under cyclic permutation, namely

VI (T, T"S s = v(s + 3) (T TYTY o — ToTyT.,5) 2 0, (5.3.39)

for any v. We denote by W, ,, the set of elements of V(S) that satisfy (5.3.38)." Remarkably,
we have that if 7,7" € W, , then [T,7"]” € W,. This follows from the fact that identities
(5.3.29) and (5.3.30) are still satisfied for T, 7" € W,,,,. Therefore the proof given there is still
valid and we conclude that (D”([T, T’]"))i2 =0if 7,7" € W,,, for all n > 0. This shows
that W, is the maximal set which forms a Lie algebra in the sense that W, = Wy, W, |”
is the commutator sub-algebra of W, ,,.

34More precisely, W, := {T € V(S) | (DT)—2 =0 & (D*TT)_y = v(D*T)y, s > 0}.
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5.3.4 Covariant wedge solution

In this section we show that the two notions of wedge algebra that we have constructed are
in fact equivalent: they are related by a Lie algebra isomorphism. In practice this requires
constructing an element of the covariant wedge W, given an element of W and vice-versa.
This construct relies on the Goldstone mode G € V; introduced in (5.3.17). We also make
use of the filtration of W,,

{0bcW cWlcW.c...cWiC...CW, suchthat W,= [J WZ (5.3.40)

n+1€elN

where W$ = W, N V¢ are the subspaces of W,, for which 7}, = 0 when n > s.*° Importantly,
the o-bracket is of degree —1 for this filtration

(W, W37 = wsts'=1, (5.3.41)

Let us start with the definition of the map 7€ : V(5) — V(S)—where V(S) = V_, ®
V(S)—given by

o0

TOT) = 3 S e (1), (5.3.42)

n=0

where T is the following filtration preserving map,*¢

o0

(s+k+1)!
—DG)*T, ., > —1 5.3.43
z; k(s + 1)! [ Torw, 52 (5.3.43)

and is such that TC,(T) := T .37 Note that if T € VP = @r_ , V., then both series
truncate to finite sums where n+ k < p — s since (D"T")s4x = 0 when s+ k +n > p. In this
case we have 7.¢(T) = T, and the next two terms read

TEUT) =Ty + G(DT),—1 — (p+ 1)DGT,, (5.3.45a)
7;€2(T> =Tp2+ G(IDT>p72 - pDGTpfl
G? 1
+ 7(1>2T)p_2 —pGDG(DT),-1 + M(DG)QTP. (5.3.45b)

This map is linear on \7(5 ) and possesses three remarkable properties.

35Note that {0} can equivalently be viewed as the trivial space W2 := W, NV _,.
8We use the notation 7.9(T) = (T¢(T)) and similarly for 7.
37This can be seen as an extension of the last formula since

Nt 1
TOT) = To+ (s +2) Y e (s + i + (=DG)* Ty, (5.3.44)
k=1

from which we get that T%(T) := T_.
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Lemma [Intertwining properties]
The map T preserves the filtration, i.e. 7¢ : V¥ — V?; it intertwines the regular and
covariant derivative operators

DTT) =T (e, T)°); (5.3.46a)

and is equal when restricted to W, to the path ordered exponential of the adjoint
action of the element G = (0,G,0,0,---) € VY along the path G; := ¢'G. In other
words we have

T¢(T) = Pexp ( / : ad,, G, dt) (T), (5.3.46b)

—00

where 0, := el and for T € W,,.

The identity (5.3.46a) means that DTS, (T) = T% ([, T)7) for s > —2. Applying this
intertwining equality recursively, we get that

o0 ’Vl

s+2G s+2 s+2+n
D¥PATE(T) = TS(DH2T) Zn!D 7).,

n=0

Wo

Y2 0. (5.3.47)

This shows that 7¢(T) € W when T € W,.
To understand the nature of (5.3.46b), we recall that the path ordered exponential W,, :=

- « . o, . . . . .
Pexp ( f_oo Atdt> is, by definition, the unique solution to the differential equation d,W, =
W, A, with initial condition W_,, = 1. From (5.3.46b) we have that

— @ R A
T Y = Pexp (/ ady, Gy dt) , = Oa TG = T% o ad,, Ga. (5.3.48)
The expression (5.3.46b) also shows that T¢ is invertible with inverse the opposite path or-

dered exponential (7¢)~! = ﬁexp (— fi)oo ad,,G, dt). This inverse can be written explicitly
as

i ¢(D"T), (5.3.49)

n=0

where T-¢ is the map (5.3.43) with G — —G. We check in the appendix C.9.3 that this
expression satisfies the intertwining property D(7)~1(T) = (T%)~1(DT).
The identity (5.3.46b) for T¢ also means that we have the following theorem.

Theorem [Wedge isomorphism)|
T : W, — W, provides a Lie algebra isomorphism:

TE(IT,T)) = [TS(T), TS(T)]" . (5.3.50)
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The morphism property naturally follows from (5.3.46b). It is surprising at first since we
know that 24T is an internal automorphism of W, when T' € W,.?® The key point here is
that G ¢ W, since it satisfies Séa — —D2G = —o. This means that ad,G is not a morphism
of the o-bracket. Instead, using the violation of Jacobi identity (5.3.14) on (G, T,T"), where
T,T7" € W,, we have that

ad, G([T, 7)) — o (T, T'§ = [ad,G(T),T']° + [T, ad,G(T")]°. (5.3.51)
This equality can be promoted to a differential identity. To do so we define

e ([

—0o0

ad,, G, dt) (T), (5.3.52)

where T' € W and similarly for 77. By construction 7,7 € W,,_. They are solution of the
differential equation

OaTy = —ady, Ga(Th), (5.3.53)
and similarly for 77. We are now ready to evaluate the following derivative
Oa (T ([T, o))
=T (ady, G ([To Te") + 00 [To, T

— 7 Ca (ad(,a Co ([To, TL7) = 0o {Toy TLS + (0T, TL)™ + [T, aaT;]"a) (5.3.54)
— 7 Ca (adgaéa ([T, TL7) = 00 U, TS — [adaaéa(Ta%To,é} - [Ta, adaaGAa(T,;)ra)
=0.

In the first equality we use (5.3.48), in the second equality we use that 0,[T,7"]” = —{T,T'§,
in the third we use the evolution equation (5.3.53) and in the last we leverage (5.3.51). This
shows that T ([T,,T"]°") is independent of a. We can evaluate it at o = 0 and o = —o0.
Using that [-,-]°=% = [, W and T_, := T € W together with 7¢(T,—9) = T, we get the
morphism property (5.3.50) of T¢.

Proof of 7% being the path ordered exponential of the adjoint action (5.3.46b):
Let us first evaluate the adjoint action of G = (0,G,0,0,---) on an arbitrary element T" €
V(S). It is given by

(ad,G(T)), =[G, T]] = G(DT), — (s + 2)DGT, 1. (5.3.55)

Then we use again the auxiliary parameter o and evaluate in appendix C.9.1 the derivative
of T¢ . We use the fact that the o dependence of T appears directly from the polynomial
dependence on G and DG but also through the o dependence of D = D, since 0 = D?G.
In the following we denote by T, € W, a family of elements which depend smoothly on a.
We do not assume that T, satisfies the identity (5.3.53). We find that

(1o (1) = Y. B G- pG (00 an,G) (D3,1)) o (5356

k
n,k=0 st

3In other words e*d=T ([T",7"]7) = [e2d-T(T"), e2d=T(T")]|” when T € W,,.
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where we used (5.3.55). Next we recast (5.3.51) as a differential identity:

(Oa + ady, Go) ([T, T217) = [(On + ads, Ga) (T0), T2) ™ + [T, (9 + ady, Ga) (TL)] 7.
(5.3.57)

We can rewrite this equality in terms of the commutator of the adjoint action as
[(aa + ad%éa),ad%:ra} = ad,, (0a(Th) + [Gas Tu]™), (5.3.58)

which is valid when 7, € W,,_,. On the LHS the commutator is simply the commutator of
linear operators acting on V(.S).

We can apply this identity for T}, = 7, and need to remember that since Ga, Ne., € VO,
their commutator is in V_; and is therefore a central element. Similarly 0,74, € V_1 and is
central. This implies that [(&X + ad,, @a), ad,, nGa] = 0. Therefore,

(0o + ady, Go) (D2 T0) = (9a + ady, Ga) (ad2 06 (Th)) = ad? 1. ((Oa + ady, Ga)(T0))
= D" (0aTw + [Ga, Ta]™).

From this and (5.3.56) we conclude that 0, (7% (T,)) = T% (0,Tn + [ T,]°), hence
Do TC = T 0ad,,Ga. (5.3.59)

This equation supplemented by the initial condition 7° = Id implies that

T = Pexp ( / ad,, G, dt) . (5.3.60)

—00

Proof of the intertwining property (5.3.46a): We first show in appendix C.9.2 that
the map T¢ satisfies the key relationship®

DT(T) + DGT (6, T)7) = T%([na, T°). (5.3.61)

This in turn implies that

DTE(T) i % (DTG (adne(T)) + DGTC (adZ+1nG(T))>

n=0

n

—r T (ady e (T)) = T (Ine, T)%)- (5.3.62)

I
K

Il
=)

n

We come back in sections 6.6.2 and 6.6.3 to this dressing map and its interpretation
in the context of Newman’s good cut equation [169, 170]. Since this chapter emphasizes
the mathematical aspects of the thesis, we postpone the physical picture attached to these
various theorems to the next chapter.

39The degree s — 1 component of this equation reads DTE(T) + DGTE ([, T)?) = TE 1 ([ne, T]°) since
(DGTC),_, = DGTC and (DT),_, = DT}.
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5.4 Time and Algebroid

In this section we construct an algebroid bracket on .$ which generalizes the covariant wedge
bracket from section 5.3.2.

5.4.1 The Wedge bracket

So far we constructed a Lie algebra W, (S) which generalizes the wedge algebra. It is labeled
by an element o € C(Ci'Q)(S) and this construction relies on the introduction of a bracket

[-, -] acting on V(S) and defined by’

s+1
[T, 71 =Y (n+1)(T.DT, ., — Ty DTes1—p) — (s +3)0 (ToTL s — TyTep).  (5.4.1)

s
n=0

We have shown in that this bracket satisfies the Jacobi identity when 7" belongs to a subspace
of V(S) called the covariant wedge space and denoted W, (S). To describe the latter, it is
necessary to introduce the key element 7, € V°(S) given by 1, = (DG, 1,0,0,---), where
G € Vj is the Goldstone field connected to o by

D*G = o. (5.4.2)

In other words, 7, is such that (n5)-1 = DG, (ns)o = 1 and (1g)s = 0 for s > 0. As we are
about to see, it is convenient to think of 7. as a Hamiltonian generator and define its adjoint
action ad,ng : V(S) — V(S) to be the linear operator ad,n.(7") = [ng,T]° with grade s
element given by

(adone(T)), = e, T){ = DToy — (s + 3) Ty = (DT),. (5.4.3)

Furthermore, we define (DT')_5 := DT — 0T,. We also showed that the o-bracket has a
convenient expression in terms of the covariant derivative D, namely

[T, T')° := SZ(n + 1)(T,(DT) sy — TL(DT)s ). (5.4.4)

n=0

The covariant wedge is then defined as
W, (S) = {T eV(S) | D(adna(T))_, = o(ad’ne(T)),, n € N}. (5.4.5)

Note that the covariant wedge condition is also compactly written as (D**2T) 5 =0, s > —1.
One of the main result so far (i.e. of [1]) is that W,(S) = (W,(S),[-,-]°) is a Lie algebra.

The Jacobi identity for the o-bracket follows from the fact that dro = 0, where

—bp0 = (D*T)_y = D[ne, T)% |, — 0[ne, T) = D*Ty — 2D(0Ty) — o DTy + 30Ty, (5.4.6)

40This is a deformation of the W-bracket, defined as [, -]V = ([-,]7)]

o=0"
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When o = 0 we recover the usual wedge algebra with bracket [T,7"]° = [T,T"]W
(the shifted SN bracket (5.2.8)) and the familiar wedge condition [83, 116] implying that
(D572T) o = DT, = 0 for s > —1.

Moreover, it was also shown that W, is isomorphic as a Lie algebra to Wy, = W with the
isomorphism given as the path ordered exponential of an adjoint action,

TGIWU%WO

1
T +— Pexp ( / ad, Gy d/\) (T). (5.4.7)
0
where @A = \G and G € V0 is such that Gn =0 for n # 0 and GO =G.

5.4.2 From celestial to sky

The Lie algebra W,(S) = (W,(S),[-,+]%) is a celestial symmetry algebra supported on the
2d surface S. It depends on the value of the shear o on S. In order to understand how this
symmetry acts on the gravitational phase space one needs to include time into the picture
and extend this symmetry from S to .#. One also needs to go beyond the wedge in order
to allow for the shear to be time dependent. Quite remarkably the two issues are connected
and there exists a choice of time dependence for the transformation parameters that allows
to go beyond the wedge. This is what we now develop.

The first step consists in promoting the transformation variables Ts(z, 2) € V(S) to time
dependent variables 7,(u, z,Z) € V(%) where V(.9) is introduced in (2.4.6). This change of
support is reflected in the change of notation 7 — 7. As we have seen, V(%) = hr . V, is
graded, and we denote by 7 the elements of \7(55) and by 7, its grade s elements.

Now that we introduced a time dependency in the transformation parameters, we need
to allow o to also depend on time. For clarity, we shall henceforth use C(u, z, Z) to denote
the time dependent version of the parameter o(z,z). We did not choose the letters o and
C without reason. In section 6.2, C' will play the role of the asymptotic shear on the
gravitational phase space. In particular this means that we take C' € C(Cf’g) ().

Given these data, we can naturally extend the o-bracket to .$: given 7,7’ € \N/(J ) we

define the bracket |-, -] to be the same as the bracket [, -] after replacing o — C, i.e.
s+1
7, 7]¢ = Z(n + 1)(1u D7l — TaDTor1-n) — (s +3)C (070 — ToTss2). (5.4.8)
n=0

For later convenience, we denote the two pieces as

_ s+1 _
[ 7Y = "+ 1)(u D7l — D7) € Vi, (5.4.92)
n=0
(7,755 = (54 3)(T0Tsa — ToTs42) €Cy o) (F), (5.4.9b)

so that [r, 7)Y = [r, 7'/]\7 — Clr,7§. We refer to (-,-§ as the Dali-bracket, in homage to
Dali’s paintings with melting watches. Note that the term proportional to C' introduces
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a field dependency on C' in the structure constants of the bracket. This field dependency
encodes the algebra deformation in the presence of shear and reflects the non-linearity of
the Einstein’s theory. It will prove convenient to recast this non-linear dependence into a
covariant derivative operator. Since the context is clear, we keep the symbol D for the C-
bracket adjoint action of 7, where the element n := (0,1,0,0,---) is such that n, = d,,.
This means that*!

Dr =7  (D7)s = DToy1 — C(s + 3)Tesa. (5.4.10)

Although 7, is defined only for s > —1, it will be convenient to use the previous definition of
D for s = —2, where by definition we denote (D1)_s := D71 — C1y. Notice that the value
of n_; is irrelevant for the definition of D, since the degree —1 elements are central for the
C-bracket.*?

Now notice that 372 (n 4 1)(s + 3 — n)7,,7/,5_,, is symmetric under the exchange of T
and 7' (using the change of variable n <+ (s + 2 — n)). Isolating the term n = s + 2 in the
sum implies the important identity:

s+1

(54 3)(T0Thig — ToTor2) = Z(n +1)(s 43 —n)(TaThiopn — TaTs42-n)- (5.4.11)
n=0

This allows us to recast the term C{7,7'{s as a deformation of the sphere derivative
Drev1pn = D7si1pn — (s +3 = n)C7s49-y, = (D7)s—p. The C-bracket (5.4.8) then also
takes the form

s+1

7718 = "(n+ 1) (7a(DT)scn — 74(DT)sn). (5.4.12)

n=0

This shows that the field dependency of the C-bracket can remarkably entirely be recast in
the deformation D — D of the holomorphic derivative. The analysis of the Jacobi identity for
the C-bracket is similar to the one done in 5.3.2 for the o-bracket since the time dependence
plays no role. For completeness, we also report another proof in appendix C.10, that uses
the form (5.4.12) of the bracket. We find that

€1 & ~5.cir, s, (5.4.13)

[T, [, "
where £ denotes the equality after summing over cyclic permutation of (7, 7/, 7). The hatted
variation is given by

5,C = —D?my + 2D(C1) + CD1 — 3C?%*1y = —(D?*71)_s. (5.4.14)

Note that (5.4.13) is not the most general way to write the Jacobi identity violation. We
have the freedom to add a term proportional to 7y in the expression of 4,.C' since the following
cyclic combination vanishes identically:

o, 75,20, Vs. (5.4.15)

41We use D and ad.7 interchangeably, with appropriate multiplication by ng € \70 in order for the Car-
rollian boost weight to be consistent; see the corresponding discussion in section 5.3.2.

42This implies that the adjoint action of n and 7, are the same. The condition D(ng)-1 =0 =0(ne)o
was needed for the wedge but is not necessary here so we chose 17_; = 0 for simplicity.
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This justifies the addition of a term ampN, a € R, to the initial transformation 5,. This
additional term is however constrained to have definite Carrollian weights. In order for 7o N
to have Carrollian weights (1,2) we need N to be in CZ(.9). Next, remember that 9, is an
operator of weight (1,0). Therefore, the only local functional with the right weight is

N :=0.C| (5.4.16)

This allows to conclude that we have [r, [/, T”]CLC £ 5.0, "5, with

5.C = ard,C + 0,C. (5.4.17)

This possibility is a crucial difference between working solely on S and working on .#: the
field variations d7¢ and 6,C are not the same. In the following we assume that o # 0 since
the case @ = 0 was thoroughly investigated in the previous sections. When « # 0 we can
always rescale the time coordinate u — au to ensure that @ = 1. This means that the
expression for 0,C' is

6;C = 1N — D*19+2D(Cm) + CD7y — 3C%n, | € CF'y(I), (5.4.18)

5.4.3 Time as a canonical transformation

So far we have left arbitrary the time dependence of 7,. As we will see in the next chapter, in
order to have a well defined action of symmetries generated by 7 on the gravitational phase
space, we need to assume that 7, satisfies a differential equation in time.

The key idea comes from realising that the aforementioned element n = (0,1,0,0,---) is
the generator of a constant supertranslation.***** Therefore, we naturally give n the status
of Hamiltonian in the space of 7 and identify its adjoint action with the flow of time. We
thus consider, for s > 0, the dual equations of motion

auT = 770_1[777 T]C ~ auTs - (DT>S = DTs—f—l - (S + S)CTS+2. (5419)

In the following we refer to these dual equations as E4(7) = 0, where E(7) := 0,7 — D7 and
denote the corresponding space of parameters by T. If the context is clear, we often write

E, instead of E4(7).
Definition [T-space]

T.— {T €V(I) | Oute = D7orr — (5 +3)CTara, 520 } (5.4.20)

These evolution equations imply that elements of T are uniquely determined by their celestial
data Ty(z, 2) = 75(u = 0, 2, 2) which play the role of initial conditions for the 7.

43See remark 5.4.6 for an alternative time translation generator that generalizes 7.
“Notice in particular that the action of 7 on the phase space is consistent with this fact since §,C' = 9,,C.
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5.4.4 Consistent time evolution

In order to impose the dual evolution equations (5.4.19) we need to allow for a field depen-
dency of the transformation parameters. Therefore one defines an algebroid bracket® [-,-]
associated with [-,-]¢ and which acts on T.

Definition [T-bracket]
The T-bracket [-,-] : T x T — T, between 7,7 € T takes the form*

[7 70 = In 7l + (0er), = (7),, 52 -1 (54.21)

°If there is no possible confusion, then we write (677" )S = 6,7, for shortness.

The first remarkable fact is that the bracket is well defined on T. It satisfies the following
closure property.

Lemma [T-bracket closure]
The T-bracket closes, i.e. satisfies the dual EOM (5.4.19). If 7 and 7" are in T then
Es([7,7']) =0, s > 0. Hence [r,7] € T.

Proof: For any bracket [-, -] and differential operator &, we define the Leibniz rule anomaly
as

A 1.D) = D[]~ (D]~ [ D] (5.4.22)
In appendix C.11, we compute that
A ([7,719,D) = —(5 + 3) (Ts420C — 7.5 6,C). (5.4.23)
This anomaly disappears for the algebroid bracket and is replaced by
A, ([1, 7], D) = =N {7, 7'S s + 6p: 7. — 6pri T (5.4.24)
Moreover, 0, is also anomalous:
A ([7,7'],0u) = =N {7,755 + 80,72 — 0o,77s. (5.4.25)
Hence, taking the difference gives
Ay ([7,7'],0u — D) = 80ur—Dr)Ts — S(0ur—Dr) T, (5.4.26)
which amounts to
(0w — D)7, 7] = [(0u — D)7, 7] + [7, (80 — D)T'] + 6(90—D)r T — S0u-pyr7.  (5.4.27)

The RHS vanishes on shell of the dual EOM (5.4.19), i.e. if 7,7/ € T, which proves that the
bracket [-,-] closes on T.

45See 4.4.1 for a reminder about Lie algebroids.
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5.4.5 A symmetry algebroid

The next step is to show that d, is an algebroid action for the T-bracket. ¢, is a vector field
in the gravitational phase space denoted P, namely the space of functionals of C' and C,
cf. (B.2.2). Holomorphic functionals on P are simply functionals of C' € CF"(.9). When
acting on 0-forms on fields space, d, is nothing else than the Lie derivative Ls_in P along

the vector field generated by the symmetry parameter 7.

Lemma [Algebroid action and dual EOM]
The action d, admits a representation of the bracket [-,-] onto P when 7 € T:

TeT = [6,0/]C=—bC. (5.4.28)

While we already gave a physical motivation for the form of the time evolution of 7, the
validity of this morphism property for the d, action is what formally justifies the introduction
of the dual equations of motion (5.4.19). Indeed, the proof shows that the violation of the
morphism property is parametrized by E; (see (5.4.38)).

The next step requires to show that if § is an algebroid action, then the T-bracket [-, -]
is indeed a Lie (algebroid) bracket, so that the Jacobi identity holds.

Lemma [Jacobi identity]
The Lie algebroid bracket [, -] satisfies Jacobi if and only if ¢, is an algebroid action:

[6-,0/] + Oprrp = 0 & [ [, 7"1], 2. (5.4.29)

Since the penultimate lemma means that 7 — J, is a Lie algebra anti-homomorphism
when 7 € T, then piecing everything together, the following theorem represents one of the
main results of this thesis.

Theorem [7-algebroid]
The space T = (T, I, -1, 5) equipped with the T-bracket (5.4.21) and the anchor map
9,

60:T — X(P)
T =0, (5.4.30)

is a Lie algebroid over P.

Remark: The T-bracket construction is similar to the notion of symmetry algebroid ex-
plained in 4.4.1, where § plays the role of the anchor map p, d, plays the role of the vector
field p(«) and the C-bracket plays the role of the Lie bracket [-,] (or equivalently [-,],)
while P corresponds to the base manifold M. The difference in our case is that the C-
bracket is field dependent and is not a Lie bracket. What is remarkable is that the violation
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of its Jacobi identity is cancelled by the T-bracket field dependency. This result is therefore
a generalization of the symmetry algebroid construction (see also the next remark).

Proof of lemma [Jacobi identity]: We rewrite the property (5.4.13) for convenience,
[T, [, T"]CLC £ _s.Cclr, 7S, (5.4.31)

We then establish that we have a Leibniz anomaly involving the C-bracket and the variation
57'7

A 71C.8) = 0[] = o) — [ = 6O S (5432)

We then turn to the quantity of interest: the expansion of the double commutator of the
T-bracket reads

[7. 17, 7"1] = [r.[7, 7] 4 (7,007 = 6,7"] ‘4 Oprr T — O[T, 7"]
o [T, [, T"]C}C - ‘/4([7_/7 T//]C, 57) + O 7T + [0, Opr]T. (5.4.33)

In the second equality we have used the cyclic permutation to reconstruct the variational
Leibniz anomaly (5.4.32). In the context we are in, the first two terms cancel each other and
we are simply left with

[[7'7 [[7—,7 T”Ms = 6[[7’77”}]7_8 + [57’7 57—”]7'57 s> —1. (5'4'34)

Therefore the RHS vanishes iff [57/,, 67/} = 0 7, on all functionals of C'. This concludes
the proof of this lemma.

Remark: The fact that [-,-] is a Lie algebroid bracket was not guaranteed since the C-
bracket fails to be a Lie bracket. The validity of the former lemma follows from the fact that if
[+, -] is a bracket with Jacobi anomaly [, [-,-]] £ B and with Leibniz anomaly A([-, ], 0()) =
B’ one can still build a Lie algebroid bracket [, -] via the ‘symmetry algebroid” procedure,
provided that both anomalies are equal, i.e. B = B’. We are using the notation of the
reminder of section 4.4.1.

Remark: As mentioned in section 5.4.3, we can introduce a flow of time by noticing that n
is a constant supertranslation. This supposes that one has noticed the relationship between
the W-bracket and the gbms or Poincaré algebras. One thing we find remarkable is the
extent to which one can be agnostic about any physical input. Indeed, we can choose the
flow generated by n to define the flow of time 9, i.e imposing that §,C =: 9,C.*° Quite
remarkably this means that the dual time evolution equation can then be simply written as
a constraint using the algebroid bracket. Indeed, from what we just said around equation
(5.4.17), the C-bracket is only a Lie bracket in the associated covariant wedge where 6,C = 0.
The introduction of time therefore comes hand to hand with the introduction of the algebroid
bracket [-, -], cf. (5.4.21), for which 6,C # 0. The adjoint action of 7 is then given by

[n, 7] = D1 — 6,7 =: D1 — 0, T. (5.4.35)

46This in turn tells us that N has to be 9,C (since what we call N is after all just 6,C).
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Time evolution (what we shall sometimes refer to as “going on-shell of the dual EOM”) thus
amounts to imposing the ‘dual Hamiltonian constraint

[n.7] =0 (5.4.36)

In section 6.2.1, we will even show that (5.4.36) is equivalent by duality to a truncation of
Einstein’s equations, so that the sole knowledge of the C-bracket (from which the construction
of the T-algebroid is unique) determines part of the GR dynamics! Furthermore, if Jacobi
holds, then we immediately infer that

[, 07710 = [, 71, 7] + [ [, 7] (5.4.37)

which is another proof that the T-bracket closes on-shell.

We now give the proof of the algebroid action lemma. This requires to investigate under
which conditions ¢, is an algebroid action.

Lemma [Pre-algebroid action]
Let us assume that 7,7" € V(.9), hence that no evolution equations are imposed, then

[57-, CST/}C + 5[[777-/]}0 = 7_66(+—DT)C = TO(S(+/—DT/)C' (5438)
The RHS vanishes if the 7’s satisfy the recursion relations
7s = (DT)s, s > 0. (5.4.39)

In particular, no condition is required on 7_;.

Proof: Notice that [(57, 57/]6’ splits into 3 contributions, namely

[6-,0.]C = 5T{N76 — D*7,+2DC7| +3CD7| — 3CQT£} -7 T

_ { Né.7, — D*(6,78) + 2DC6,7| + 3CD(5,7]) — 3C5,74 (5.4.40a)
+ 27D (5,C) +3D7{(5,C) — 6C75(5,C) (5.4.40b)
+ 700, N + 211 D(N19) + 3N10DT, — GC'NTOTQ} -7 7. (5.4.40c)

The first line is equal to ds_-C, it contains all the terms of the type d,7'; the second line all
the terms that do not involve any news N nor any variations of 7 (it can be written using
the hatted action (5.4.14)). The third line collects all the terms that depend on N. Next,
d[71C also splits into the 3 same contributions:

5[[7‘,7'/]]0 = 6(57/7757_7./)0 + S[T’T/]CC + N[T, 7_/]00. (5441)

Once we sum (5.4.40) with (5.4.41), the terms involving 0,7 clearly cancel. In appendix
C.12, we evaluate the sum of the terms containing the variation 4. It reads

(5.4.40b) + dpr 1 C' = To0py C — 0, C. (5.4.42)

87



Chapter 5. General Relativity [

Finally, using the variation of N
6N = 0,(6,C) = 6C + 1,N + 2DN7| + 3N D7, — 6CNT}, (5.4.43)
and rewriting the spin 0 commutator as

[r, 7§ = (TODT{ + 21 D7y — 307075) —T &7
= (21 D7)+ 170(DT")o) — T & T, 5.4.44
0

we obtain that
(5.4.40c) + N[, 7§ = ((Té(STN + 27 D(NTy) + 3N1D1| — 6CN7'07'§) — T < 7'/) + N[r, 7|
= 7'0( — 0N +2DN7 +3ND7 —6CNTy+ N(DT')0> -7 7

_ TO( 5.0+ N(DT’)O) T (5.4.45)

In the second equality we swapped 70, N for —70,+N and in the last equality we use that the
term —7y7,N vanishes after anti-symmetrization. Adding (5.4.42) and (5.4.45), we finally
obtain (5.4.38):

[(ST, (ST/} C + (5[[777—/]]0 = 765(7'—_@7—)0 - T0(S(7'—/_DT/)C. (5446)

Note that the RHS vanishes when d;_p,C € C&a’rz) (.¢) is proportional to 7. Since 75 €
C(Ci'w)(ﬁ ) the proportionality coefficient is in Ciay) (). The only element of that weight that
can be constructed in a local manner from C' is 92C. This means that the RHS of (5.4.38)
vanishes when d;_p;)C = B790,N, where 3 is an arbitrary constant. In the following we
choose the condition f = 0 and therefore assume that

8(+—pryC = 0. (5.4.47)

Since 0,C' involves only 7y, 71 and 79, this condition implies that the 7’s satisfy the recursion
relations*”

#— (D7), =0 s=0,1,2. (5.4.48)

If we demand, in addition, that the condition (5.4.48) stays valid for all 7’s in the image of
the T-bracket, i.e. parameters of the form 7 = [/, 7”], then this implies that 7, = (D7), for
all s > 0.

The proof goes as follows: since 7, and 7. have to follow the differential equation (5.4.48)
for s = 0,1, 2, the same has to hold for the bracket [r,7']s, s = 0, 1, 2. In particular, we find
that in order to get

Oul7, 7'T1 = D[r,7']2 — 4C[7, 7']3, (5.4.49)

we need to impose
8u73 = DT4 - 607’5, (5450)

4THere we precisely want to keep 6,C # 0 in general, so that we set the argument 7 — D7 to 0, rather
than restricting the map to its kernel. This would lead us back to the covariant wedge, as explained around
(5.4.54) and in further details in Sec. 6.5.
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and similarly for 7—which is nothing else than (5.4.39) for s = 3. The general proof then
goes on as such recursively, so that (5.4.48) does imply (5.4.39). To give the gist of it, we
report the demonstration of “(5.4.49) implies (5.4.50)” in App. C.11.2.

This concludes the proof of this lemma and by extension the proof of the lemma [Alge-
broid action and dual EOM]. The demonstration of the theorem [T -algebroid] follows from
combining the various lemmas.

Remark: The anchor map is a left anchor, which implies that it is an anti-homomorphism™*®
of Lie algebras, i.e. satisfies” [d,,d,/]- = =0 ; the reason being that when acting on a
functional O, the field space action 9,0 is realized as a differential operator &£,0 on .%,
namely 6,0 = £,0. We purposefully chose the letter &£ since &£, can be viewed as a
generalization of the spacetime Lie derivative.’® Because the field space action ¢, commutes

with the spacetime action &, up to the derivative along the variation of 7/,°! we have

that 0,00 = 6,%.0 = £.0,0 + EZ(;TT/O = ZL.ZL.0 + 3577/0. Therefore, [57-,57-/]0 =
[gTI,gT]O + g(sTT/O — ggT/TO = g[T/,T]O + ngTTL(ST/TO = g[[T/,T]]O = 5[[7-/,7110, where we
applied the usual commutation rule for our Lie derivative-like operator &£,.

5.4.6 Initial condition

The T-algebroid defined in the previous section only uses the dual equation of motions E; = 0
for s > 0. No condition on 7_; was necessary. This is due to the fact that V_; is central and
acts trivially on the shear C'.

This leaves free the possibility to impose additional conditions on 7_; provided such
conditions are compatible with the T-bracket. One option is simply to also demand that
the dual equation of motion E_; = 0 is satisfied at level —1. Remarkably, there is another
option, highly relevant for the canonical analysis, which is to impose the initial condition
I, = 0 where

|7— = CTO - DT_l . (5451)

Depending on which condition we impose for 7_; we have two different time dependent
parameter spaces.

Definition ['T'-space & TT-space]

T={reV)|on =, s>-1}, (5.4.522)
Tt = {7’ € \~/(L¢) | Outs = (D7)s, 20 & D11 =C1y } (5.4.52b)
Both T and T+ are subsets of T. T and T+ differ by the condition imposed on 7_: the dual

equation of motion E_; = 0 for T or the initial condition I, =0 for TT. Quite remarkably,
the T-bracket is compatible with both spaces.

48This is the same convention used for p in the reminder (7 here plays the role of « there).
*9Since the notation shall never be confusing, we use [0-,6+/] = [0, 67 |rie(soop), cf. (B.2.2).
50After all, when 7 is just a vector field Y, then &, is the Lie derivative.

5n general we have [0, £yv] = Lsy for an arbitrary vector field.
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Lemma [T-bracket closure—degree —1]
The T-bracket closes on T and on TT, i.e. it satisfies

7P eT=[rr]eT and 7,7 eTt=[r,7]eT. (5.4.53)

Proof: In practice this means that D[r,7']_1 = C[r,7']o when 7,7/ € T and that
Oulr, 7]-1 = (D[, T’]])_l when 7,7 € T. The former is proven in appendix C.11.3 while
the latter follows from the demonstration of the lemma [T-bracket closure|, which was based
on the computation of the Leibniz anomalies in App. C.11.1, a result which holds at degree
—1 too.

This lemma implies the following theorem.

Theorem [T- and 7 -algebroid]

Both spaces T = ('IA', [, -]],5) and T+ = (T*, I-, -]],(5) are Lie algebroids equipped
with the T-bracket (5.4.21) and the anchor map 6 : 7 — X(P) (5.4.30) restricted to
T and T+. They are distinct sub-algebroids of 7. Moreover, the intersection between
these two algebroids defines an algebra®

We:=TNT+. (5.4.54)

which is a generalized wedge algebra on .$.

2An algebra can be characterized as an algebroid with trivial anchor map.

Proof: To prove the last part of the theorem, let us assume that both the initial condition
and the initial EOM are satisfied for 7. This means that

DO, = D*ry — 2DC1y — 2C D,
0u.D1_1 = N1y + OD7 — 3C?7s. (5.4.55)

Therefore, taking the difference we get that
5,C =0, when T€We=TnT", (5.4.56)

When this condition holds® we have that the C-bracket |-,-]¢ satisfies the Jacobi identity,
thanks to (5.4.13), and thus, there is no need to use field dependent transformation param-
eters and algebroid extension.”® In other words, the anchor map ¢ is identically 0 on W¢,
namely over its kernel, which means that VW is an algebra.

52\ is the time dependent analog of W,, the condition 6,C = 0 replacing STO' = 0. Note that the
condition 6;C = 0 seems to only imply 9,I, = —DE_;(7). However, using (C.11.5), we know that it
actually implies I, 1c = 0 as well, which then imposes I, = 0 by consistency and thus DE_; = 0.

537 still depends on C. This dependence is compatible with the condition 8,7’ = 0, since 6,7’ « §;C = 0.
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What needs to be established next is whether W is non trivial. The answer depends on
the value of C: If C' is a non radiative shear, i.e. such that 9,C = 0, then W is isomorphic
to the celestial wedge algebra W, (S) for . = R x S (see section 5.4.1) and we have shown
that W, (.S) is a non trivial algebra isomorphic to Lwi; when S = S,.

In general when N # 0 but 9""'C' = 0 for some n > 0 we also expect W¢ # {0}. For
instance, we can find a two dimensional space of solutions such that 7,, = 0 for n > 0. In
this case, elements of W are solutions of D?75 — N1y = 0. This is a second order differential
equation on S that admits a 2 dimensional set of solutions. If we denote by f := 2 the ratio
of these two solutions we have that ’

ON—{f.2}:=D (%?) - % (%—2;)2. (5.4.57)

We recognize on the RHS the covariant Schwarzian derivative of f along z. This shows that
We is non trivial. Understanding the exact nature of W is an interesting question which
goes beyond the scope of this thesis.

Remark: As we are about to see in the next section, the initial condition D7_; = Crq,
which defines T, is primordial to recover the Bondi mass aspect as the canonical generator of
supertranslations; i.e. when we show that the algebroid constructed here can be represented,
through Noether’s theorem, in terms of higher spin charges living on the gravitational phase
space P. It is quite remarkable that the algebroid 7 has “room” for this condition, in the
sense that we are able to accommodate for such a constraint without changing anything to
any of the previous discussions.

Remark: Note that nisin 'T', but it is not in T™. The time translation generator in T is
denoted 7 and given by 1, = (DG, 1,0,0,...) where G is the Goldstone, i.e. the solution
of D?G = C. 1, differs from 1 by an element of \7,1, which is central. Therefore the adjoint
action of 7, coincides with the adjoint action of 7. This means that we could have used 7
everywhere instead of 7 in the previous section. We will see in section 6.2 that the shift from
1 to ne corresponds to, at the level of charge aspect, shifting the mass generator from the
covariant mass to the Bondi mass.
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5.5 Glossary

General notation, cf. section 2.1:
e S: a 2d complex manifold.
e S,: a 2d complex manifold with n punctures.
e (m,m): null dyad on S.

e D =m?”Dy: the covariant derivative on S along m.

(u,r, 2,Z): Bondi coordinates.

C & N = 0,C: the shear and the news on .%.

o: a deformation parameter of the w;, ., algebra that plays the role of the shear at a
cut S of ¥.

o P & Py: the Ashtekar-Streubel and the “twistor/self-dual” phase spaces.
e /N: the Newman space (6.6.25).
Graded and filtered vector spaces:
e V(5): the space of celestial symmetry parameters T, cf. 2.4.
e W: the wedge subspace of V(5) (5.2.1).
e W,: the covariant wedge subspace of V(S) (5.3.26).

e V(.9): the space of time dependent symmetry parameters 7, cf. 2.4.

T: a subspace of V(.9) where 7 satisfies the dual EOM E, = 0 for s € N, cf. (5.4.20).

~

T: a subspace of V(.9) where 7 satisfies E, = 0 for s + 1 € N, cf. (5.4.52).

o T*: a subspace of V(.%) where 7 satisfies E; = 0 for s € N and I, = 0, cf. (5.4.52).
Graded vectors:

o T & 7: graded vector in V(S) and V(%) respectively. T, and 7, are the degree s
elements, cf. 2.4.

e 7: a representation of a vector in V in terms of a holomorphic function of a spin-1
variable ¢, cf. (6.6.1).

Dual equations of motion (EOM):
e E (7) = E,: the dual EOM of degree s, (5.4.19) and (6.2.7).

e |.: the initial constraint (5.4.51) and (6.2.8).
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5.5. Glossary

e 7(T): a solution of E(7) = 0 for which T(T)}uzo =T, cf. (6.3.9) and (6.3.20).
Brackets:

e [-,-]V: the V-bracket on S (5.3.1).

[-,-]V: the W-bracket (5.2.8), a restriction of the V-bracket to the wedge. It reduces
to the wy bracket on Ss.

e [-,-]°: the o-bracket (5.3.10), a deformation of [-,-]", which is a Lie bracket over W,.
e [, -]\7: the V-bracket (5.4.9a). Same as [-,-]V but over .J.

e (-,-§: the Dali-bracket (5.4.9b).

e [-,:]¢ the C-bracket (5.4.8). Same as [-,-]” but over .

e [-,-]7: the algebroid bracket (6.5.4) over S.

[-,-]: the algebroid T-bracket (5.4.21) over ..
Covariant derivative:
o DI' = nio[n, T)%: the adjoint action (5.3.20) of the particular super-translation 7.

e Dr = L[n, 7] the adjoint action but for the C-bracket, cf. (5.4.10).

1
0
Algebra and algebroids:

e W(S) = (W,[,]W): the wedge algebra.

o W,(S) = (W,,[,]7): the covariant wedge algebra.

o T = (T7 I-, -1, 5): the T-algebroid.

o TH= (T [,],0): the T "-sub-algebroid, that admits a representation on P.

(:|:, I-, -], (5): the '?'-sul')—algobroid.

o7
o7

('T', I-, -], 5) an extension of the ?—sub—algobroid that admits a representation on

Ph.
Anchor map and infinitesimal variation:
e § & 4: anchor maps of the various algebroids.
e 4: ‘non-radiative’ anchor map (5.3.15) and (5.4.14).

e 0. fields space vector field that generates an infinitesimal symmetry transformation
on functional over ., (5.4.18).

e O7: same as 0, but on functional over S.
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Chapter 5. General Relativity [

° 5[T] = Or(1,): the infinitesimal variation of spin-weight s along the parameter T,

) SFE the coefficient of u° when 07+ is a polynomial in wu, cf. (6.4.22).
Charges:

) @S(u, z,Z): charge aspect of helicity s that satisfies the truncation of EE (6.2.5).

e Q,(u,z, z): renormalized charge aspect (6.4.9). Bondi version.

o S (u,z, z): renormalized charge aspect (D.3.13). Covariant version.

~ ~

Q,(z,2) = lim,,_o Q,: ‘Bondi’ renormalized charge aspect at $7.

o~ ~

o Hy(z,2)=1lim,, o H ‘Covariant’ renormalized charge aspect at g+,
o @S’“): the part of @, homogeneous of degree k in C, cf. (6.4.16).

o QU[rs] x fs @STS: st smeared over the sphere.

e Q¥: master charge, the sum over all spins of Q¥[7].

e QU: ‘Bondi’ master charge (6.2.9). Conserved when N = 0.

e H*: ‘Covariant’ master charge. Conserved when N = 0, cf. (6.2.23).
e (), = Q-°°: ‘Bondi’ Noether charge (6.2.31).
e H, = H_>: ‘Covariant’ Noether charge (6.2.34).
o Qp, = Q1) x fS (AQSTS: Noether charge of the helicity s parameter, cf. (6.4.10).
e Q: charge aspect 2-form (6.2.37).
e Q,: master charge 2-form (6.2.37). ‘Bondi’ version.
e H.: master charge 2-form (6.2.42). ‘Covariant’ version.
e QU: master charge on an arbitrary cut S(U) of .9, cf. (6.2.41).
Goldstone:
o G(2,%2) & G(u, z,2): the Goldstone field (5.3.17) & (6.6.15).

~

e (: the Goldstone diffeomorphism on .¥ (6.6.15).

e (3: the Goldstone diffeomorphism on N, (6.6.25).

e 7T the dressing map (5.3.42), see also 6.6.3.
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Chapter 6

General Relativity 11

This chapter gathers the material of the second half of [2].

6.1 Introduction

We now describe the canonical realization of 7+ and T in section 6.2 and prove that the
symmetry algebroids are realized as Noether charges on the gravitational phase space. This
chapter follows more closely the style of the YM discussion. We also give a definition of the
surface charges for arbitrary cuts of ¥ in 6.2.4. We discuss the filtration and the gradation
of T, together with a class of solutions of the dual EOM in section 6.3. This allows us to
define the renormalized charges in 6.4.1 and we give some insights about our systematic,
non-perturbative (in gy, cf. 1.3) procedure by comparing with the findings of [97]. We then
compute the action of the associated Noether charge onto the shear in 6.4.2 and show that
we recover previously known results as a particular application of our formalism. In section
6.5, we make the connection with the covariant wedge algebra from chapter 5.

While this work was in completion, the Oxford group published a beautiful paper [125]
which obtained independently results in agreement with ours. They showed, starting from
a twistor space formulation of self-dual gravity, that the twistor symmetry charges satisfy,
after integration over the fiber, the equation (6.2.5). They also proved that the Noether’s
theorem ensures a realization of the twistor symmetry beyond the wedge on the self-dual
phase space. The dual equations of motion arise there from a gauge fixing condition that
projects twistor functionals onto spacetime functionals. One apparent difference between
their work and ours is that the symmetry bracket used in twistor theory is simply a Poisson
bracket on the twistor fiber and is, therefore, independent of the shear. In our work, the
symmetry bracket that stems from the spacetime analysis is shear-dependent. In section
6.6, we show that, quite remarkably, the shear non-linearity can be reabsorbed through the
introduction of an extra spin 1 variable ¢ and after using the dual EOM. It should be clear
to the reader that our work, which focuses on the spacetime and canonical formulation, was
done independently of [125]. It shows that spinor and canonical approaches lead to similar
results from very different perspectives. For instance, the canonical framework allows for

two series of charges: the one conserved when C = 0, which includes the Bondi mass, and

the covariant charges conserved when C' = 0. The latter are the ones that appear naturally
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Chapter 6. General Relativity 11

from the twistor analysis. Both are represented canonically and differ only by how one treats
the spin —1 transformation.

Finally, we discuss the relationship to Newman’s good cut equation [169] in section 6.6.
We are able to construct a field dependent frame' along which the time evolution (5.4.19) of
the transformation parameters now no longer involves any shear C.? In other words, we find a
frame which brings the dynamics back to its flat space version. Interestingly, this necessitates
the definition of a diffeomorphism on what we call the Newman space /N, namely the line
bundle of .#-complexified by a fiber parametrized by the variable ¢ mentioned above. This
new coordinate is related to Carrollian physics as well as work by Adamo and Newman [174].
When the diffeomorphism is time-independent, we recover the definition of the dressing map
T¢ from section 5.3.4. The isomorphism between the wedge® and covariant wedge algebras
therefore originates from the possibility of dressing the symmetry parameters using a shear
(or more precisely its associated Goldstone) dependent diffeomorphism. Geometrically, we
interpret these findings as the possibility of constructing the wiggly cuts of .¢ which result
from the light-cones emitted by the bulk points of an asymptotically flat spacetime. The
symmetry algebra associated to a (shear-determined) wiggly cut effectively does not see the
shear. The dressing map (or the generalized diffeomorphism in W) makes concrete and
formal this last statement. As usual, a collection of appendices D supplements the main
text.

6.2 Noether charge

The goal of this section is to prove that there exists a canonical representation of the higher
spin algebroid bracket (5.4.21) on the Ashtekar-Streubel phase space. This phase space
possesses a symplectic potential which depends on the shear C(u, z, Z) and the news N =
9,C. We use the convention where C' := %Cmm = %ZC’ZZf instead of the one of [95]. The
holomorphic Ashtekar-Streubel symplectic potential [128] is given by an integral over .%,°

1 —

It is related to the usual, real Ashtekar-Streubel symplectic potential by a complex canonical
transformation. Indeed,

OMAS = oM + ﬁ (5 (/¢ NC) — /¢ au(ccic_i)) : (6.2.2)

o = SﬂlGN /} (NOC + N&C). (6.2.3)

where

'Recall that the definition of the higher spin charges always depends on a choice of Newman-Penrose
tetrad, as we reviewed in details in chapter 3.

2By duality, this also means that C' disappears from the charge aspects time evolution (6.2.5).

3Recall that the wedge is precisely the 0 shear limit of the covariant wedge.

4This is the Newman-Penrose’s shear oyp.

5§ here is the fields space exterior derivative, not to be confused with the anchor. By definition, both are
related according to I5_(6C) = 0,C, for I the fields space interior product [22].
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6.2. Noether charge

This section aims to show that the 7 T-algebroid is represented canonically on the gravita-
tional phase space. This is a major result of this chapter, which is valid provided we choose
the fields (C,C) to belong to the Schwartz space. Mutatis mutandis, this result follows ex-
actly the same reasoning as the demonstration we provided in section 4.5. Consequently, in
section 6.2.3, we only emphasize the main arguments and refer the reader to 4.5 for details.

6.2.1 Master charge

Let us start with the explicit construction of the algebroid Noether charge. For each s €
{=1,0,1,--- ,} we define a charge aspect ()5 to be the spin s charge aspect. This is an
element of CZ", () and its evaluation at a point (u, z,z) on .9 is denoted Q.(u, z,Z). These
charge aspects are defined recursively by imposing that

Q,Q - N, @,1 == DN, (624)
and through the evolution equations
0,05 = DQy_1 + (s + 1)CQy_s, s> —1. (6.2.5)

This set of evolution equations encodes the asymptotic evolution of the Weyl tensor [95, 97,

174]. Imposing the asymptotic condition that Qs|,—10 = 0 allows us to define Q,(u), after
recursive u-integration, as a function of (C, N) which is linear in N and polynomial of degree
|s/2] + 1 in C and its derivatives® [95].

At any given v = const cut of . we define, for s > —1, the smeared charges’

Qslms] = 47r1GN /S(@sfs)(u,z, 2), (6.2.6)

where 7 satisfy the dual evolution equations Es(7) = 0 for s > 0 (5.4.19), where
Es(7) := 75 — D751 + (s + 3)CTyssa, (6.2.7)
and are subject to the initial condition (5.4.51) |, = 0, where
I, :=C71— D7_31. (6.2.8)

When the context is clear, we henceforth use E; instead of E4(7). The fact that 7, €

C(Cirlﬁs)(&) while @ € Cily () implies that the product Q.7 € C(Cza’ro)(ﬂ) is a scalar density

on the sphere and (6.2.6) actually defines, after integration on S, a pairing between 7 and
its dual (7’*)*.

It is important to remember that Q¥ [75] involves an integral over the sphere, so that
we can freely integrate by parts sphere derivatives. We then construct the time-dependent
master charge Q¥,

Qi= ) Qinl| (6.2.9)

6This condition is valid for s > —2, with [n] the floor function. To see it, just notice that the initial data
Q-2 and Q_1 are of degree 0 in C' and afterwards deg[Q;] = deg[Qs—2] + 1.
In the following we shall write fS = fs €s.
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The time evolution of the master charge is remarkably simple. One first uses the charge
aspect evolution equation (6.2.5) to get

0uQ2 = Q4[] = Qo D7 + > (QUR) = Qi [Dr] + (s + D)QELCR])  (62.10)

=Q"y[— D7_1 + Cro) + Q" [f-1 = D70+ 207 ] + > Q¥[#s — D1 + (s + 3)Copa].

s=0

Using the dual evolution equations (6.2.7) and initial condition (6.2.8), i.e. when 7 € T+,

only the second term survives. The latter can be simplified using that Q_; = DN, so that

Q* = —N [Di_y — D’19 +2D(Cmy)]
= —N [(N7o+ C(D1; — 3C12)) — D*r9 4+ 2D(Cy)| (6.2.11)
=-N

[— (D* = N) 70+ (2DC + 3CD) 7 — 3C*7] .

Hence
1 —
8,0 = — No.C. 6.2.12
-7 [ (6:212)
where we used the transformation (5.4.18)
5,C = —D*1+ N7y +2DC1 +3CD1 — 3C? 7. (6.2.13)

On the RHS, all functions are evaluated at the same point (u, z,Z) where the shear C' is
evaluated on the LHS. We have seen in sections 5.4.5 and 5.4.6 and equation (5.4.28) that
this transformation provides a representation of the 7 T-algebroid on phase space. Besides,
notice that Q is conserved in the absence of left-handed radiation, i.e. when N = 0. From
(6.2.12) and the final condition Q1> = 0,® we can express Q" as the integral

—+00

Q' = N[5,C). (6.2.14)

6.2.2 Covariant charge

It is interesting to note that the initial condition D7_; = Cry is crucial in order to obtain a
series of charges which is conserved when N = 0 and for which the total mass satisfies the
Bondi loss formula. We now show that the total mass is the charge associated to 7. (see e.g.
remark 5.4.6).

The initial condition ensures that 7_; is not an independent parameter, so there is no
independent spin —1 charge. Instead, it implies that the charge associated with 7y is given

8Note that what matters for the definition of the charge is that lim, o @87'8 = 0, which is much less
restrictive than imposing lim, 1.0 @s = 0 as it can be read as a condition on the transformation parameters
T, instead.
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6.2. Noether charge

by the combination,’

Qi) + Q8 = 1 /S (-NDry + Gomo) /S (G0~ NC)m.  (6:216)

- 47TGN

@0 is the covariant mass aspect equal to the leading order in the 1/r expansion of the Weyl
tensor component 5. On the other hand the combination @y — NC is the Bondi mass
aspect!'” The total mass is the charge evaluated for 7 = 7, and is given by the Bondi flux
formula

1 _
S — < 0. 2.
0 =~ 1o /S NN <0 (6.2.17)

Note that a choice was made in (6.2.10) about the behavior of 7_;. If we only assume
that the evolution equations E; = 0 for s > 0 are imposed, we obtain that

0.Qt = Q" — D71 + C1o] + Q" [721 — D1o + 2CT], (6.2.18)

where the notation Q, refers to the fact that 7_; is left unconstrained, i.e. that 7 € T.
From this expression we see that two natural possibilities open: either we impose the initial
condition which gives a charge Q% — Q“ conserved when N = 0; or we impose the condition
E_i(7) =0, namely

7",1 = DTO - 207’1. (6219)

In this case we denote the charge by Q¥ — H*, which is conserved when N = 0. This is

T

what we call the covariant charge in [18]. In order to understand the relationship between
H. and @),, we reveal the important identity

Ou(D1_1 — C19) = DT7_1 — N19 — C79o
= D(7—y — D1y +2C1) + (D* — N)1o — 2DC7y — 2C D71 — C(D71 — 3CT3)
= D(7_y — D1y 4 2C1) + (D* — N)1y — 2DC1y — 3C D1y 4 3C*n
= DE_, — 6.C. (6.2.20)

In other words,

16,C = DE_y +0,l.], (6.2.21)

with 0,C given in (6.2.13). From this identity we conclude that if we impose the initial
condition, then we come back to the definition of 6,C" and the original computation (6.2.11)
for which 9,Q% = —NJ[J,C]. On the other hand, if we impose, E_; = 0, then we conclude

9Notice however that
{Q“ [r-1],C(W,2,2)} = —C1o6(u — ). (6.2.15)
We thus see that the bracket with the @,1 charge contributes to a contact term which becomes 0 upon

taking the limit w — —oo, cf. the definition of the Noether charge (6.2.31).
0This was first noted by Moreschi in [178].
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Chapter 6. General Relativity 11

that we can interpret |, as the transformation of the potential h := 9;'C."" We denote this
transformation by d, and define

0:h = 100,h — D1_y = |, = —(D71)_s|. (6.2.22)

From the condition E_; = 0 we get that the charge associated to o, satisfies
O, H" = Q",[C7o — D7_y] = N[5,h]. (6.2.23)

This evolution equation shows that the charge is conserved when N = 0.

A priori the symmetry transformation 8, associated with the charge H, is different than
the one ¢, associated with the charge (), due to the different conditions on 7_;. However,
the equation (6.2.21) means, under the condition E_; = 0, that 8u57h = §,C. This signifies
that although the charges ), and H, are different, their action on the shear C' coincides!
The difference only lies in the fact that the twistor potential h is transformed by the H,
action since the H, action of 7_; is non trivial on h.

In [125] it was recently showed that the covariant charge H, can be naturally derived
from the analysis of the twistorial formulation of self-dual gravity after a gauge fixing that
projects the twistor description onto spacetime. Equation (6.2.23) shows that the charge H,
is naturally associated to the symplectic potential

1 -
On,=— Noh. 6.2.24

h 47 GN /¢ ( )
This potential is, after integration by part, equal to the holomorphic Ashtekar-Streubel

symplectic potential provided we assume the boundary condition ligl (N6h)(u, z,2) = 0.
U—> 00

To avoid confusion, we also label the associated phase space with h, namely P.

In the appendix D.1, we show that we can readily adapt the 7T-algebroid construction of
Sec. 5.4.6 to accommodate for this change of symplectic potential. In particular, re-defining
the algebroid bracket using 8, instead of 8, for the anchor map, i.e.'?

[[T7 T/]]S = [7-7 TI]SC + ST’TS - STT; (6225)

we prove that

07,0,/ ]h = —bpr 2P | (6.2.26)

when 7,7’ € T.
Moreover, if instead of requiring 7 and 7’ to satisfy the initial condition I, = 0 (6.2.8),
we impose the dual EOM E_; = 0 (6.2.19), then the latter is preserved by [r, 7']:

Oullr, 7)1 = (D7, 7']) _,. (6.2.27)

The proof of (6.2.27) and that (6.2.25) respects the EOM is the same as for the lemma
[T-bracket closure|. In other words,

(0w — D)7, 7] = [(0u — D)7, 7] + [7, (8. — D)7'] + 0(0u_D)rT — O@y_pyriT,  (6.2.28)

Hh = 9, C appears as the twistor potential evaluated at .$ [115, 124, 125].
127, 7/]¢ is still the bracket (5.4.8).
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6.2. Noether charge

and the RHS vanishes for 7,7/ € T.

We thus have two notions of T-algebroid, the first one is 7, which is naturally adapted
to the AS symplectic potential; the other denoted 7 is adapted to the twistor (or self-dual)
symplectic potential. Both share the same action on the shear.

We can then state the same theorem as in Sec. 5.4.5, but for the ?—algebroid.

Theorem [T -algebroid]
The space T = (T, I, -1, 6) equipped with the bracket (6.2.25) and the anchor map,
S : 7\— — %(Ph)
T 0, (6.2.29)

forms a Lie algebroid over Py,.

Since the action 4, reduces to &, on P, we have that T here reduces to T from section 5.4.6
if all the functionals 7 depend only on C' and not h. To put it differently, (T, I, -1 5) is an

extension of (?, I-, -1, 5) to Py,.

6.2.3 Canonical action

We now show that the action of 71 and j' on the gravity phase space is canonical. So
far, we have only described how 7% and T act on C. As in 4.5, the whole point of the
demonstration is to show that one can build §,/V such that

Ls O =0, (6.2.30)

where Ls_ is the Lie derivative in fields space along the vector field ¢,. Using Cartan calculus
23], this amounts to I5 00O"AS 4§15 OHAS = 0, which means that

I,Q=—0Q,| for |Q:=Q;*=1;0"| (6.2.31)

with 0 = 66©"AS the symplectic form. From (6.2.14), the charge can be written as an integral
over .9,

B 47TGN

1 _
0. / N((N — D1y +2DCry + 3CD7 — 30272) . (6.2.32)
g

Notice that the dependence on the higher spin 7, is implicit through the time evolution
E; = 0 (6.2.7). The equations (6.2.31) show that @, is the Noether charge for the T -
algebroid action. Using the morphism (5.4.28) and by definition of the Poisson bracket,
we get that

{Q-,0}=6,0|  and  |{Q,Qr}=—Qpr| (6.2.33)

13 According to the symplectic form €, we have that {N(a:), C’(m’)} = 4rGn &3 (x —2'), where z = (u, 2, 2).
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where O is an arbitrary functional of (C,C).

The same analysis goes through if we consider the covariant charge H, instead. In that

case,
V=00, I = —0H,,  H,=H>=1I;0, (6.2.34)

where the Noether charge is written as the following integral over .%:

H, =—

47TGN / N(Cr— D7) | (6.2.35)

H is the Noether charge for the ?\'—algebroid action. It satisfies

{H,,0}=46.0 and {H, H,}=—Hp| (6.2.36)

6.2.4 Arbitrary cut

So far the charges we have constructed are associated with constant u cuts. We need to
be able to construct Noether charges associated with any cut S(U) = {u = U(z,2)} C 4.
where U € C(Ce'1 0) (S). Here, we generalize the Noether charge construction to accommodate

any such cuts of ﬂ To do so, we promote the charge aspect to a 2-form on S. One defines'?

oo

Qs := Qs es + Q1 du A %Z, Q=Y Q. (6.2.37)

s=—1

Denoting d*z := du A €g the volume element on .¥ and d = du 9, + d—PZD—l— %D its differential,
one evaluates

o0

Z (Ts (aués - D@s—l) + auTs@s - DTs@5_1> d?’q;

s=—1

= (Z(s +1)CTQs—2 — DT1Q 5 + (0u7-1 — D70)Q_1 + Z (OuTs — DTS+1)QS) d?z

s=0

dQ;

= ((CTO - D’l—,l)@,Q -+ (au’i',l - D’TQ + 207’1)©,1> d x, (6238)

where we used the EOM (6.2.5) in the second equality and the dual EOM (6.2.7) in the last
one. Hence,

dQ, = (1,Q_» +E_1Q_1)d%x | (6.2.39)

The initial condition (6.2.8) implies that the first term vanishes while we know that DE_; =
6,C, cf.(6.2.21). Therefore, since Q_, = DN, we get that'®

dQ, = —(N¢,C)d’z, Q. :=Q, +E_i(1)NduA %Z. (6.2.40)

MRecall that eg = d;/\;z.

15Q, = Q, on a constant u cut, as it should.
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6.3. Solution of the dual EOM

When the left-handed radiation vanishes, i.e. N = 0, we have that Q. = Q, is covariantly
conserved: dQ, = 0. One can use Q, to define the Noether charge at any cut,

1 1

47TGN S(U) QT B 47T-GN s:z_l/S (TSQS ™ Tst*lDU) (U(Z, Z)? Z, 2) €gs, (6241)

QU =

and similarly for Q'U.
Following the discussion in Sec.6.2.2, if we impose E_; = 0 rather than the initial con-
straint |, = 0, then dH, = (NSTh)d%, or equivalently (using 9,1, = 6,C)

dH! = —(N§,C)d’x, H, :=H, — I, Nes. (6.2.42)

6.3 Solution of the dual EOM

In this section, we study the solution to the dual EOM and give explicit solutions to all
order in the gy expansion. In particular, we introduce a Lie algebroid map 7 which defines a
unique 7(T) € T+ or 7(T) € T given an element T' € V(S). As we will see in section 6.4.1,
the knowledge of this explicit solution gives a geometrical and natural understanding of the
charge renormalization procedure that was devised in [95, 97].

We have proven that the symmetry algebroids 7+ and 7A’, which are sub-algebroids of
T are canonically represented on the gravitational phase space. This algebroid 7 is filtered
and it is natural to understand the associated gradation. This is what we now describe, in
a similar fashion to section 4.6.

6.3.1 Filtration and gradation

There exists a natural filtration of T,

{0}cT'cTcT' c...cT°C...CT suhthat T= ] 7", (6.3.1)

n+1eN

where the 7% C T are the subspaces for which 7,, = 0 for n > s. This filtration is compatible
with the bracket in the sense that

[75, 7] € T, when s,5 > 0. (6.3.2)

The spin 0 is an exception since in general we only have that [7%,7°] C 7°.'% There exists
an associated graded algebroid Q’(’T) to the filtered algebroid 7T, defined as

G(T) = é T, (6.3.3)

s=—1

with
T ,=7" and T,=T°/T*" fors>0. (6.3.4)

Tndeed, if 7 € 7% and 7/ € T, then [7,7']s = 6,7, which does not generically vanish.
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Each Tj is an equivalence class and we can write 7° = @;_ | T,. It is easy to show that
we have the isomorphism

Ts > V. (6.3.5)

To prove this we just look at the evolution equations for the equivalence class [r] € T,. Let
us assume that 7 € 7° for s > 0. Since 0,[7]; = 0, this means that [7]s is constant in time
and therefore equal to its value at any cut of . For definiteness we choose the cut to be at
u = 0, hence we have that

[7]s = Ts, where T, := T4|u=0 € V. (6.3.6)

The other values, [7]s—, # 0 for 1 < n < s are determined recursively from [7]s by the equa-
tion of motion. Describing this construction explicitly is the purpose of the next subsections.

In the following, rather than working with equivalent classes, it is more convenient to
pick the natural representative element 7(75) € 7% s > 0, which is fully determined by
Ts € V5. To do so we use that the isomorphism (6.3.5) means that we have a projection
map p : 7° — V, which maps 7 — T = Tg|y,=0. This map admits an “inverse”, i.e. a section
T7:Vy— T3,

7:Vg —>T°
Ts — 7(Ty), (6.3.7)

such that (po7)(Ts) = Ts. This section denoted 7(T%)(u, 2, 2) € T is the unique solution of
the dual EOM with initial condition given by'”

TS(TS)l T, TS_n(TS)‘u:0 =0, for 1<n<s. (6.3.8)

u=0 -

These solutions are polynomial in w and thus diverge at infinity. This is however not an issue
since the charge aspects Q, € S are part of the Schwartz space (see also footnote 8). For
simplicity, we study the cut S = S(0), i.e. T is the value of 7 at the cut u = 0 of .¥. The
construction done here can be adapted to any other choice of cut. In particular, a constant
finite cut S(ug), ug € R is equivalent to S by translation, i.e. by replacing u — u — ug in the
upcoming analysis, for instance in (6.3.12).

Since 7 : V, — T* is a linear map, it can be extended by linearity to a map 7 : V(S) — T
on the full space using that V(S) = @2, V,:

T:V(S) =T

T 7(T):= iT(Ts). (6.3.9)

s=0

The filtration for 7 extends to a filtration for 7 and 7+ which treats the modes T
differently. On one hand, the construction of this subsection goes along the same lines
with 7, where 7_; is treated on par with the positive degrees.'® On the other hand, 7_;

"By definition, we also have that 7, (u, z,z) = 0 for all n > 0 since 7(Ty) € T*.
18We have in particular the map 7 : V(S) — 7.
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6.3. Solution of the dual EOM

is determined by 7y through the initial condition when dealing with 7.2 In this case,
since (77)7! is central,”” we can consider the quotient Lie algebroid 7+/(7)~! for which
G(TT/(TH)™) = @, T,. By construction, the bracket at degree —1 vanishes on this
quotient space (and the other degrees are unchanged). In particular, the super-translations
commute. This is thus the right object to consider if we want to recover the generalized
BMS algebra as a sub-case of the higher spin symmetries analysis.

6.3.2 Explicit construction of the section for s <4

To illustrate the construction of the map 7, we start with an explicit example. Let us assume
that 7, = 0, n > 5. Since 9,7 = D751 — (s + 3)C7sy0, we deduce that 74 is constant in
time. By taking”! 0! = fou, we can then write 75, s = 0,1, 2, 3,4 as follows:

T4(T) = T4, (6310&)
7(T) = Ty + uDTy, (6.3.10b)
2
w(T) = Ty + uDT; + %D2T4 — 5071 T, (6.3.10c)
2 3
n(T) = T1 +uDT, + %DQTg + %D3T4 — 50, D((9;'C)Ty) — 40, (C(Ts + uDTy)),
' (6.3.10d)
4
= Z— 50,1 D)* (9, C)Ty) — 4(0;' D), (C(Ts + uDTy))
k=0
- 30" (O <T2 +uDTy + 2 5 D Ty — 5(8;10)T4)) : (6.3.10¢)

Now that the pattern is clear, we write a general solution for 7 € T°.

6.3.3 General solution

When 7 € T, then 75 = 0 and we can solve the dual EOM (6.2.7) recursively. The solution
which satisfies 7,(u =0, 2, 2) = 0 for p > s and

T(u=0,2,2) =Ty(2,2), 0<p<s, (6.3.11)

is given by 7, =T}, 75_1 = Ts_1 + uDT, and in general by

D upP—F - p—2 -
Top(T) = ;mm ATy — ;(s —k+1)(0;' D) P (Cre k) € To | (6.3.12)

19The only quantity that matters to define the Noether charge is D7_1, which precisely is purely given in
terms of 9. Furthermore, the transformation of the shear §,C does not involve 7_; at all. Therefore, it is
sufficient to consider elements 7(7) with T € V(S).

MIndeed, if T € (T7)* and 7/ € (T+)7, then [r,7'], =0, n > 0 and [7,7']_; = —6,7";. Since D", =0,
7/, is field independent and §,7’ ; = 0. Therefore [(T1)*, (T+)~1] = {0}.

21'We anchor the inverse operator at the cut 0 where the initial condition is set up.
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for 2 < p < s. These relations show that 75_,, is defined recursively in terms of 75, 751, .. ., Ts_pyt2
and Ty, ..., Ts_,. It also shows that 7,_, is a polynomial in the shear C' and its derivatives
of degree |p/2|. Solving (6.3.12) can then be done recursively starting from the expression
for 75, then 7,_1, 755 and so on, as we did in the warm-up. Doing so, (6.3.12) is an explicit
solution of (6.2.7). The reader can readily check that this recursive definition satisfies the
dual equation of motion

p—1 p—k—1 p—2

Fop(T) = > mm’kﬂk - kZ:O<8 — k+1)(0; D) ()
= D7 pi1(T) — (s = p+ 3)C1s_pi2(T). (6.3.13)

Because when palrlng Ts with Qs the initial condition (6.2.8) amounts to a change of the
spin-0 charge from Qo to @0 = Qy — NO—cf. (6.2.16)—we do not need to solve for the
parameter 7_; when we restrict to 7(T) € 7+. On the other hand, if we consider 7(T) € T,
then we just have to extend the range of p to 2 < p < s+ 1 in the solution (6.3.12).

Next, let us choose a solution for which only T}, # 0. We get that??

p—2

ol = “ per, - Ss—k+1)(0,' D)0 (Cr) |, p=0. (6.3.14)
k=0

By construction, this 7(7T}) is precisely a representative element of T,,** which makes explicit
the aforementioned isomorphism with V, since for a given shear C, 7(7%) is fully determined
by T, € V.

The form (6.3.14) of the ‘polynomial class’ of solutions of (6.2.7) is handy for section
6.4.2. However, we also present a systematic approach in Sec.6.3.4, more convenient for
Sec.6.4.1.

6.3.4 Systematic approach

First of all, we introduce s and S, respectively the spin and shift operators, acting on the
series 7 € V(¥) as*!
8T, = ST, and STy = Ter1. (6.3.15)

Hence $ is an operator of degree (0,0) and S is an operator of degree (0,1). The usage of
S turns out to be convenient for any systematic approach. Furthermore, $ and S satisfy the
following commutation relations with D and C:%

SD=DS, SC=CS, Di=(3+1)D, 3C=C(5-2), 85=5(3+1). (6.3.16)

#2Recall that 7(T) = >, 7(T5), where the sum runs over all the values of s for which 74(T) # 0.

23Notice however a subtlety in the fact that the gradation depends on the cut S(U) of .¥, so that to be
precise, we should have written Gy (7)) in section 6.3.1.

24The same formulas are valid for any A\, € C_g(I)or As € C(CeAly_s)(S).

25Notice that from this point of view, C' acts as an operator that shifts the degree by —2 and multiplies
the graded vector by its “eigenvalue” C.
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6.3. Solution of the dual EOM

This formalism then allows us to write D as follows:
Dr = (D—-C(3+1)), (6.3.17)
which in particular means that
(D7)s = (D7)s — (3 +3)(C7)s = (D = O3+ 1)) 1. (6.3.18)
Hence (D"7), takes the compact form
(D"7)s = (D — C(3+1)S) " To1m. (6.3.19)

Next, we recast the dual evolution equation (6.2.7) as follows:

T=0,'"Dr+T| (6.3.20)

More concretely, )
7o = (0,"'D — 9,'C(5+ 1)S) 741 + T, (6.3.21)

where it is understood that 9, ' acts on all products on its right. Therefore, when looking for
Ts—1, Ts—2,... and so on, we see that formally, one does nothing more than taking an extra
power of the operator 9;'D at each step. Concretely, picking 7 € 7%, we can write

n N
Teal) =Y (a;lp — 970G+ 1)5) Ty (6.3.22)
k=0
or equivalently
S—n . k
(M) =3 (a;lp 906G+ 1)5) T (6.3.23)
k=0

At that stage, this solution is still very formal. As we did in (6.3.14), the next step is to find
a representative element of T,, i.e. we take only T}, # 0. By inspection, we find that?°

7u(Ty) = i (a;ID —0,'C(5+ 1)S*)k Toikl (6.3.24)

h=|stlen

Notice that we have to deal with an operator of the form (A — B)*, where in our case B is
linear in the shear and in S. A good way to organize the solution is thus to make patent
this expansion in powers of C'. For this, we can use the following formula:

k ¢
(A=B)F=>"(-1)) Y  APBA"BA™ .. .BA”  with P=Y p.  (6.3.25)
=0

=0 P=k—¢

26The key to find the lower bound in the sum over k is to realize that for each term in the sum, the
shift operator acts between 0 and k times. Each term at a definite k£ is thus a linear combination of
Trtks- - Thior. k needs to be sufficiently large, so that n + 2k > s. We therefore have to take the integer
part of S=2+L
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Therefore,
N\ Kk
(a—lD 90+ 1)5) - (6.3.26)

= Xk:(—l)f > oD (3u1{0(§ +1)9, 7 D™ (a;l{C(g +1)8, 72 DP? ( .

=0 P=k—¢

. .a;l{C(g 4 1)9; P Pt (a;l{c)(st + 1)8;1’erfo})} . ) }) })

For visual clarity, we used round and curly parentheses to distinguish (when necessary)
between the action of D versus 9, .

This way (6.3.24) and (6.3.26) of writing the solution of (6.2.7) is particularly convenient
for the discussion about the renormalized charges in section 6.4.1.

This result is also an opportunity to show how algorithmic the construction is and how
concise the results and the notation we have been using are. Indeed, §,C is very simply
written in terms of 79, 7y and 7p—cf. (6.2.13)—but the amount of complexity hidden in the
latter is tremendous. Having proven that d, is a representation of the symmetry algebroid
T+ on the phase space—and here we want to emphasize that 7 contains all the symmetry
parameters T, and arbitrarily high powers of C—is clearly a non-perturbative result. To
be more accurate, recall that if we formally introduce gy and gy as small dimensionless
parameters, then by rescaling C' — ¢yC and C' — gy C, our result is non perturbative in gy
and at leading order in gy. We can use gy and gy as a bookkeeping device.

We now turn to the next section, where we exploit the machinery developed so far in order
to clarify the notion of renormalized charge introduced in [94, 95| and partially corrected in
[97, 125].

6.4 Renormalized charge and its action on the shear

In this section we show that the charge renormalization procedure devised in [95, 97], amounts
to evaluate the smearing variable at the cut u = 0. We then compute the action of the
renormalized charges at quadratic order onto the shear to show that we recover the results
of the aforementioned papers.

6.4.1 Renormalized charge aspect

The goal of this subsection is to recast the Noether charge @, when 7 = 7(T}), as the

integral over the sphere of a certain charge aspect Q4(z,Z) smeared against the symmetry
parameter T that defines the 7(7}).

As we did in section 6.3, let us start with an example for the lowest spin-weights. Consider
successively 7 = 7(T}) for s =0,1,2,3,4. We denote

Qf, = Q¥ = Y Qulm(TV)]. (6.4.1)

n=-—1
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6.4. Renormalized charge and its action on the shear

Using the explicit computation (6.3.10), we deduce that

(4rGy)QY, = / (Qo — NC)Ty) = / Qo Ty, (6.4.2a)
(4nGn)QY, = / (@ uDT, +Q1T1) = /S (—uDQq + Q1) Ty, (6.4.2b)
(47Gy)QY, = (@0 ( DTy — 3T2a;10) + QuDT, + ©2T2>
(%DQQO —uDQ: + Qs — 3@y 10) Ty, (6.4.2¢)
(4G )@Y, = ( (% —4D(T30;2C) — 3DT30; (uC))
(“;Dm ATy0; > + QouDTs + é3T3)

3
:/(—3—D3®0+4D@0 20 + 3D (Qod; ! (uC)) (6.4.2d)
S

+%D2Q1 4@1 9,'C — uDQy + Q3) 15,

and similarly for QF,. We can thus identify the charge aspects

60 =q, — NC, (6.4.3a)
Q =q+ uD(NC), (6.4.3b)
~ 2 ~

Q=g — “—D2(NC) — 3Q,0,C, (6.4.3¢)
Qs = g3+ i D3(NC) +4DQud;2C + 3D(Qud;  (uC)) — 418 C, (6.4.3d)

Qu=q-— 4—D4(NC) — 5D2@0 0,°C — 4D(D®o *(uC)) — §D2(60851(u20))

+5DQ10;%C 4 4D(Q19; (uC)) — 5020, C + 15Qp0; " (CO;C), (6.4.3¢)
where
n=0

The reader can check that the 68 defined by (6.4.3) are conserved when no radiation is
present. More precisely, d,Q@, involves only terms that contain N-—see App.D.2 for the
explicit computation of 9,Q,. We dub Q, the renormalized charge aspect of helicity s.%7

27Such a renormalization procedure depends on the choice of cut S(U). For simplicity, as we did in section
6.3, we present the discussion associated with the cut S = S(0).
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Up to the term® (—1)*T%4 D*(NC) and to the fact that the Bondi mass @ enters in our
expressions rather than the covariant mass )y, the expressions for the spins 0,1, 2 were first
given in [94] while the form of @3 was first given in [97]. The fact that the renormalized

charges @, only involve the combination @0 — NC, and never the charge @0 alone is perfectly
natural in our construction, since this is a direct consequence of the initial constraint (6.2.8),

cf. (6.2.16). The expression @, was also partially given in [97]: the part linear in (C, Q) is
correctly reproduced by their equation (6.18); however the term of higher order, namely

150,80, (CO;'C), (6.4.5)

is incorrectly written as

SGo(0,1C)(0;0) (6:46)

in [97]. Notice however that the time derivative of (6.4.6), namely
15 ~ -1 —1 ~ —1 15 ~ -1 -1
Oy 7620(0” C) (0, C) ) =15Q,C0O, " C + ?GUQO(GU C)o,-C), (6.4.7)

equals the time derivative of (6.4.5), namely
0, (15Q00;1(C;'C)) = 150,00, 'C + 150,000, 1 (CO; ' C), (6.4.8)

up to terms that vanish when there is no radiation. We understand that fact as an indication
of how one can easily be misled in the construction of the renormalized charges. Two terms
can have the same behavior upon time derivation, but actually lead to a different action on
the phase space. Without a general procedure, it is incredibly cumbersome to work out the
correct notion of @, for arbitrary s and at arbitrary order in gy. The fact is, our construction
precisely realizes this for free. It guarantees that the charges form an algebra and is non-
ambiguous when it comes to defining the renormalized charge. Besides, as we mentioned
already, our algorithm (understand the systematic usage of the dual EOM) is blind to the
peculiar value of helicity one wishes to consider or to the order in gy one wishes to work at.

Summarizing the results so far, we showed that
S

u 1 ~ 1 ~
b= QYy, = yrvem > /SQW(TS) = Ce /SQT s=0,...,4. (6.4.9)

=—1

We are thus ready to state the following theorem.

28This term is also just the consequence of swapping @0 for 60 in the definition (6.4.4) of gs.
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6.4. Renormalized charge and its action on the shear

Theorem [Noether charge of spin s]
The Noether charge Q7, associated to the symmetry parameter T of helicity s is
written as the following corner integral:

1 ~
=@ ° = T, >0, 6.4.10
@Ts ®Ts 47TGN /SQ S ( )

with Qf, given by (6.4.9) for all s € N and

Q(z,%) = lim Q,(u,z,2). (6.4.11)

U——00

The renormalized charge aspect 65 satisfies Gués = 0 in the absence of radiation

N =0.

Proof: We present the way to construct 65 systematically in the appendix D.3, cf. (D.3.10),
where we also show that the renormalized charge € associated to the covariant charge H,

matches with the one recently proposed in [125]. To show that 8.Q, = 0 in the absence of
left-handed radiation, simply notice on the one hand that, cf. (6.2.12),

1 — _
u o N _ if N = 4.12
8u®'T5 47TGN /5 5T(TS)C 0 1 0, (6 )

while on the other hand, we also have that

u 1 ~ o 1 =

This concludes the proof.

Remark: In a non-radiative strip of ¢, where N = 0 for u € [0, ug], we get that

Q. = Z <_kqf)k (D*Q). | (6.4.14)

k=0

where @, = Q, for s > 0; @y = Qy = Qy — NC and Q, = 0 for s < 0; while (D*CN))S =
D@S_l +(s+ 1)0655_2. We present the proof of (6.4.14) at the end of App.D.3. We can
easily check that this renormalized charge aspect is conserved in the strip if we also assume
that N = 0 since

0,0, = — ;; ((;i)kl; (D*Q) + ’; <_k—7f)k(2>*k+1é)s = (_(S—Q!L)S(D““é)s = 0. (6.4.15)

In the last step, we used that (D*SJr1 @)S only contains és for s < 0.
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6.4.2 Soft and Quadratic actions for arbitrary spin s

We now study the action 6,C in details at quadratic order and show that we recover the
result from [95] and [97].

The Noether charge Qr,, or equivalently the charge aspect @23, depends linearly on N
and polynomially* on C. More precisely we can decompose @ for s > —2 as

ls/2]+1

Z Qw, (6.4.16)

where @“‘) is homogeneous of degree k in C' and linear in N .20 The charge aspect @0) = @S
is the soft charge while @,“ @H is the hard charge and ZLS/ 2+1q Q% is the super-hard
contribution.

In this section, we compute the soft and hard action for any spin. Actually (6.2.13) allows
us to predict much more than just the quadratic action, but for now we shall focus mostly
on the latter and show how the action (6.2.13) combined with the dual EOM (6.2.7) contain
all the information previously obtained after tedious computations. Nevertheless, even if we
let for further work the study of the super-hard action, we emphasize that the closure of the
algebra generated by ),—in full generality, i.e. without relying on any sort of soft or hard
truncation—is a huge achievement and a highly non-trivial consistency check that (6.2.13)
bears a fundamental status.

In order to classify the action as a function of the helicity, we define

5 C = (6.C)| ={Qr,,C}, (6.4.17)

T=7(Ts)

where 7(Ty) is the solution (6.3.14). We introduce a superscript 6!, which refers to the
helicity of the charge the transformation is associated with. We also use it to emphasize that

o # bp for T =(0,...,0,T,,0,...).

Warm-up: Spin 0, 1 and 2: Before giving a general proof, we start with a warm-up and
focus on the action of super-translations (spin 0), sphere diffeomorphisms (spin 1) and the
helicity 2 charge. This was one of the results of [94]. Using the solutions (6.3.10),

o C =—(D’Ty) + (NTy), (6.4.18a)
OHC = —(uDTy) + (uNDT1 +3CDT; +2DCTy), (6.4.18b)

2
onC =— (%D‘*TQ) + ( 5 NDT; 4+ 3D*(T»0,'C) + 2uDCDT, + 3uCD2T2)
— (3NT0,'C + 3C*Ty), (6.4.18¢)

where we have highlighted the soft, hard and super hard (in the spin 2 case) actions with the
parentheses. The reader can directly compare the 3 lines of (6.4.18) with the equations (59),

29Tn a generalized sense since the coefficients of the polynomial can be differential operators.
30As a reminder, this amounts to the expansion in terms of the coupling constant gy (while all charges are
at leading order in gy).
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(75) and (89) from [94]: they are identical upon changing 7o — 7', 71 — Y/2, Ty, — Z/3 and
C — (/2. These transformations were confirmed in [97], cf. formula (6.14) upon changing
To—T, T, =Y, To— Zand C — —C.

In order to facilitate the comparison with the expressions of [95] this time, we rewrite
(6.4.18) in this equivalent way:

o C = —(D*Ty) + (Ty)0u.C, (6.4.19a)
op C = —(uD*Ty) + (DTy(ud, + 3) + 2T, D) C, (6.4.19D)

2 2
o C = — <%D4TQ> + (DzT2 (%83 + 3ud, + 3) +2DT5D(ud, + 3) + 3T2D2) o,'C
— (3T%0,(CO,'C)). (6.4.19¢)

We emphasized that the hard action §""C can be viewed as a differential operator acting
on 9:7PC. We will see that this property holds for any p and not only for p = 0,1,2 as we
showed explicitly in this warp-up.

The transformation 6,C (6.2.13), combined with the dual EOM (6.2.7), thus reproduces
the correct action of the charges of spin 0, 1 and 2 on the gravitational phase space.

General case: We then focus on the soft and quadratic actions for arbitrary values of s,
namely>!

{@7,.C} =07°C = -D*r3(T) (6.4.20)
and
(@}, C} = 6MC = —D*rN(T,) + N75(T,) + 2DC7{ (T,) + 3C D7 (T,) | (6.4.21)

Before stating the lemmas, we define yet another piece of notation, namely

05 C = degy (650, (6.4.22)

s

where by degy(O), we mean the coefficient of the term " in the expression O (when the
latter is a polynomial in w).

Lemma [Soft action]
The soft action for arbitrary spin s € N is given by

O8EC = —= DT, (6.4.23)
S!

s

Notice that 6;°C = Z—fggssTsC , where 5%50 = —D?Ty. This means that the soft transfor-
mation of spin s, parametrized by the tensor T, is nothing more than the soft part of a
super-translation parametrized by the tensor D*T; (times the u dependence 1;—,)

31S _ _ 1 QS imi H
Q7. = =67 Js Q2T and similarly for Q7 .
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Lemma [Hard action][Part 1]
The hard action for arbitrary spin s € N takes the form

e, C, (6.4.24a)

where
EMC = Z (p k+1)DP=*(D*T, 01 77C), (6.4.24b)

with (z)y = z(z —1)...(z — k + 1) the falling factorial, a, = max/modsy(p),p — 2]
where p modulo 2 dominates if p =0, 1.

Finally, the formula (6.4.24b) can also be written in another useful form:

Lemma [Hard action]|[Part 2]

min[3,p]

RrC = CD (p+1— k)D*T, DP~*9L*C. (6.4.25)

k=0

We present the proofs of these lemmas in Appendix D.4. The formulae (6.4.24a) and (6.4.25)
match with the equations (73) and (74) of [95].

Remark: In a non-radiative strip of .#, where N = 0 for u € [0, ug], we have that (6.3.24)

reduces to
sS—n k

()= 3 %(DkT)n, (6.4.26)
k=| st
which implies that
o=- Y ° T (DMT) N (6.4.27)

k=1*5"]
Since 65/ C' = {Qr,, C'}, this expression parallels (6.4.14).

6.5 Algebroid section of the )V, -algebra

We now study the map 7 in more details. In particular, we prove that it is a Lie algebroid
isomorphism. Let us start with some preliminary calculations which follow from the previous
sections. R N

Given 7,7 € T, we have seen in section 5.4.4 that [7,7'] € T then satisfies the dual
EOM. It is therefore in the image of 7 and we can write that

[r(T), ("] = (T"(T,T")) € T. (6.5.1)
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Indeed, since the LHS is fully determined by T" and 7", so should be the RHS. We are thus
looking for the symmetry parameter 7" determined in terms of 7" and 7" such that 7(7")
matches with [7(T),7(T")] € T. By evaluating (6.5.1) at u = 0, we are then able to deduce
this associated symmetry parameter 7”. By construction of the map 7 as a solution of the
dual EOM, we have that ’T(T)‘uzo = T. It is then clear that

[7(T), 7(T")]¢

=[T,T'°, o:=C| _, (6.5.2)

u=0

Besides, using the concise form (6.3.20) plus the fact that 9;' = [ so that (9;(...)) }u:o =
0, we have that®

(¢@WGW)

:(q%Mn@ﬂT»MwﬂﬂQLO:@T, (6.5.3)

u=0

with 0p0 = vT + 5TJ, cf. (5.3.15), and v := N|,—o, so that dro is indeed (5T(T)C)‘
We thus define the Lie algebroid bracket onto the sphere, denoted by [-,-]7:

u=0"

[1.7]° = [1.T']° + 60T — 6:T" |. (6.5.4)

The space (V(S),[,-]?,9) is clearly an algebroid over S since it results from the projection

of the T-algebroid at the cut v = 0 of .$. Since we know that 7+ is also an algebroid,
we can similarly consider the projection coming from 7, for which it is guaranteed that
D[T,T']°, = o[T,T']§.*® The previous results (6.5.1-6.5.3) show that the map 7 is an
isomorphism of Lie algebroids, i.e.

[7(D),=(T)] =([T.T7°) | (6.5.5)

Besides, 7 maps the base space S of the sphere algebroid, to the base space .¢ of T (or T7),
via the inclusion map at a constant u cut vg : S — S(0) C .$. We let for future work the
careful discussion of an arbitrary cut S(U); cf. also section 6.2.4.

Remark: Why did we not name (V(S),[-,-]7,d) as 7,7 The subtlety comes from the
transformation property of v. Knowing about the 7-algebroid structure over .¢ (here we use
T to refer irrespectively to T or 7 ), we have by construction that

6TV = (6T(T)N> }u=0 = <§T(T)C + ’To(T)N -+ QDNTI(T) + 3ND’T1(T) — 6CN’T2(T)> u—0
= 5DTO' + O'QT() + 2DVT1 + 3VDT1 - 60’I/T2, (656)

where oy := (9,N) ’u:O and we use the fact that 0,7(T) = D7(T). The important fea-
ture to notice here is that while the T-algebroid is determined by only one parameter,
namely the shear C, we expect its projection at a cut to depend on o := {0, }°°,, where

32Had we considered 7(T) € T, then 7_;(7T") would not be defined (where 7 = 750 T).
33In that case, the map 7_1(7T') is implicitly defined via the constraint D7_1(T) = C1o(T). We never need
more than this relation.
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op = (8”0)! . We know that onto .# the action of the anchor map on 0;'C' is given by
on(6,;C). This deﬁnes recursively dro, from the sphere viewpoint. Repeating the compu-
tation (5.4.38) for the bracket [-,-]7, we find that érv = d70; needs to be equal to (6.5.6)
in order for [67,d7/]o + Ofrre0 = 0 to hold (where oy = ¢). Similarly we expect that
(67, 07/)on + Sprrpeon = 0 to follow from the transformation property of dr0y,41. The sys-
tematic study (at the intrinsic corner level) of the potential T,-algebroid structure goes
beyond the scope of the present manuscript and we let it for future investigation. Notice
however that 7, can still be defined as the restriction of T to an arbitrary cut.

A great simplification arises when the chosen cut at which 7' = T|u:S(U) is non-radiative.

In this case v = 0 so that 670 — dro and we can restrict 7' to belong to the generalized
wedge algebra W, (.5). The latter is characterized by orc = 0 so that the algebroid bracket
[-,-]° reduces to the Lie algebra o-bracket [-,-]” that we studied in chapter 5. We also
know that 070 = 0 amounts to the condition (D*+2T)_, = 0 on the graded vector T.3* To
consistently satisfy the non-radiation condition v = 0, we impose that the transformation
drv vanishes as well. Evaluating (6.5.6) at v = 0, we see that we have to take oy = 0.
Iterating this reasoning, we find that a non-radiative cut is characterized by o, = 0, n > 0,
so that W, is indeed parametrized by the sole parameter o. In this case, we get that®

orv|,_y = dpro = —(D*T) 5 =0 for T €W, (6.5.7)

Remark: The discussion of this section is alike the one for YM in chapter 4 where W, (5)
here corresponds to Wg(S) there. In both cases, the covariant wedge comes about as the
non-radiative restriction of the projection of Wx (%) (or Wa(¥) in YM) at a cut. In the
gravitational study, there is however another layer where the covariant wedge appears in-
trinsically from the sphere (i.e. not from the projection . — S). The reason being that the
deformed o-bracket is a Lie bracket only inside W, (S). The Jacobi identity is otherwise vi-
olated, with the violation proportional to dro, where dro is the gravitational analog of d,0,.
The bracket [-, -] (equivalently [-,|,) does not undergo any deformation in the gauge theory
case and is thus a genuine Lie bracket irrespectively of any conditions on a;. Remarkably,
in the gravitational case, dro = 0 amounts to the covariant wedge onto the sphere; namely
it leads to conditions on all T, s > 0. For YM, we saw that Dag = 0 does not impose any
constraint on a;.”° In that sense, Wg(S) appears solely as the projection of W(¥) at a
non-radiative cut.

Then, as a consequence of equation (6.5.5), we obtain the following theorem.

Theorem [Representation of W, on 9]
At any non-radiative cut of .¥, the Lie algebra W, (S) admits a Lie algebroid section

34Note that s = —1 is the initial constraint I, ‘ =0.

35We similarly get that §Tan|{ =0 = 5DnTcr = —(D"2T) 5y =0for T € W,.

36This behavior can be traced back to the fact that [-,-]? is of degree 0 while its gravitational counterpart,
namely the o-bracket [-,-]7 is of degree —1.
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in 7, realized via the map T,

T W,(S) =T+
T — 7(T), (6.5.8)
which satisfies
([T, 77°) = [«(T), w(T"]. (6.5.9)

When we study a gravitational system in between two non-radiative cuts ug and wg,
with definite shears 0,0’ and symmetry parameters T, T" respectively, the covariant wedge
conditions 070 = 0 = 40’ come from the requirement that the symmetry action leaves
these shears unchanged. In other words, the covariant wedge algebra is the Lie algebra that
preserves the boundary conditions C|,—,, = 0 and C |u:% = ¢'. In the limit uy — oo, this
is the algebra that preserves the late time fall-off condition, cf. footnote 10. Notice that
imposing the normal wedge condition D**2T, = 0 is not sufficient (if o # 0 at the cut in
question) since it only kills the inhomogeneous, i.e. soft, part of the shear transformation.
Nevertheless, recall that one can build a dressed symmetry parameter 7(T) which does
satisfy D*"2TC(T) = 0, see 5.3.4. In the next section, we come back to this fact and give it
an interpretation in terms of Newman’s good cut equation.

We let for further investigation the proper description of the transition between W, (S (ug))
and W,/ (S(ug)). This is an interesting question that requires a careful treatment of radiation.

We conclude this chapter by making contact with the twistor description of higher spin
symmetries, especially the work [125].

6.6 Good cut and relation to twistor theory

While finishing [2], the Oxford group published a remarkable work [125] which overlapped
our work, although their starting point was totally different from ours. They study self-dual
GR in twistor space and show that via a gauge fixing adapted to the asymptotic twistor
space, the residual gauge transformations form the Lw,, ., algebra on twistor space. From
there, they build Noether charges on .# that realize the algebra to all order in gy. The
construction of the Noether charges is non-perturbative because the renormalization scheme
necessary to form a charge conserved in the absence of radiation to all order in gy only
involves the knowledge of the dual EOM (6.2.7). In their perspective, the latter come as a
result of a gauge fixing, which is totally independent from our standpoint.

They also show that the charge conservation laws (6.2.5) can naturally be derived from a
generalized Gauss’s law in twistor space that follows from the twistor equation of motion on
the Lagrange multiplier that imposes self-duality. Connecting these equations non perturba-
tively directly to the Bianchi identities for the Weyl tensor is still a challenge for us. What is
remarkable is that the twistor space construction is based on a twistor Poisson bracket which
is independent of the field while we have seen that the canonical analysis done in this work
involves a shear deformation of the original W-bracket. In the next subsection, we show that
the twistor Poisson bracket equates our C-bracket on-shell of the dual EOM, cf. (6.6.5) and
(6.6.6).
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6.6.1 Trading the grading for an extra dimension

The key element needed to understand the connection between our derivation of the T-

algebroid and the twistor derivation is the introduction of a spin 1 variable ¢ € C(Cgrl (F).

This variable can be used to promote the series 7 = (75)s41eny to a holomorphic function 7
of ¢*" valued onto vector fields on .¥,

s=—1

To avoid misunderstanding and shorten the notation, we denote this function by 7. The
graded vector 7 and the function 7 can be viewed as two different representations of the
same abstract vector in V(.9). The covariant derivative operator is simply represented on
these functions as the functional

o0

(D#)(g) = Y (D7)uq" = 0u7(q) — E+(g), (6.6.2)

s=—1

where we introduced E;(q) := > oo | E5(7)¢*"!. Using this we can write our bracket in terms

of the spin functionals. Quite remarkably we find that it is related to the Poisson bracket in
the (¢, u) plane, namely we introduce

{7,7'} = 0,70,7 — 0,707 (6.6.3)
Denoting [7,7']%(q) := >_.[7, 7]9¢°"!, we find that

00 oo  s+1
Z[T,TCSH (ZZn#—lmq (D7) s—nq®™ "“)—T o7

s=—1n=0

(Z Z Oy ( (Taq"tH)( DT’)s_nqS"H> —T7&7 (6.6.4)

n=0 s=n—1

=0, (i an"+1> (i (DT')SQS“) —T T
n=0

s=—1

Using (6.6.2), we conclude that

7,717 = {#,7} = 0,7Ew — 0,7+ | (6.6.5)

This shows that the C-bracket is given by the Poisson bracket, once we assume the dual
equations of motion, i.e. for 7,7/ € T. The Poisson bracket is the canonical twistor Poisson
bracket under the parametrization of the twistor fiber coordinates i* = un® 4 gA® where
A% is the spinor parametrizing holomorphic homogeneous coordinates on the sphere and n®

3TWe keep the Bondi coordinates dependence hidden. The full expression reads 7(q,u,z,2z) =
Yoo Ts(u, 2, 2)g
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6.6. Good cut and relation to twistor theory

is a spinor such that e,5 = Aang — A\gng.*®* This directly follows from 9, = no‘% and
0y = )\a% so that
o 0 o+ 07
7,7 = (A" — Nn® = ¢ . 6.6.6
{7.7}=(\"n n/)aﬂaaﬂg o o7 (6.6.6)

Finally we can establish that the transformation d,h of the twistor potential given in (6.2.22)
is equivalent to a twistor gauge transformation. One first introduces the covariant derivative

V :=4¢0,— D+ C09,, (6.6.7)
and we obtain that
V7(q) = Z (&ﬂ's — D7eiq + (s + 3)CTS+2)(]S+2 — D7t 1+ Cr1
s=—1
= |, + qE:(q). (6.6.8)

The condition 7 € :I:, which imposes E; = 0, simply reads, in twistor variables, 9,V 7 = 0.
This shows that when 7 € T, then V7 is independent of ¢*° and

o.h=Vi=l. (6.6.9)

We recognize (6.2.22), which establishes the equivalence between the twistor and phase space
transformations for 7 € 7.

Although we agree with most of the results of [125], there seems to be a discrepancy
with their equation (4.16) whose RHS misses the shear dependence of the term o (-, -§
(cf. (5.4.9b)) in the o-bracket (5.4.1). We suspect that the reason of the difference is that
there bracket is evaluated at .#*, where according to the Schwartz boundary conditions,
the shear vanishes. This shear dependence of the o-bracket when written on an arbitrary
non-radiative cut of .# is the origin of the many subtleties of the present work.

6.6.2 Good cut

From [115, 125] we know that ¢ is a fiber coordinate associated with the projection p :
PT — 9c given by (i% As) — (4 = i%Xa, Aay Aa). "' We now want to show that the spin
coordinate ¢ possesses a natural geometrical interpretation from the point of view of . and
its spacetime embedding. First we know that .#, being a null surface, is equipped with a
Carrollian structure (€%, q,) where ¢ is the vector tangent to the null congruence and the
degeneracy vector for qup, i.e. £%qy = 0 [179, 180]. Choosing a complex structure on the
metric amounts to the choice of a frame field m, such that q.,, = mgmy, + memy. This frame

Agiﬁ

39Tf we consider the perturbation around flat space due to a single graviton, i.e. a plane wave propagating
in the direction w® on the celestial sphere, then ¢ = —fi%“n, = rA%w,, cf. [124]. In that case, we also have
g0y — 0, in the (on-shell) Poisson bracket (6.6.3).

40This is natural since the asymptotic potential h is only a function of (u, z, 2).

41 The coordinate we call (u,q) here are denoted (i, q) in [125].

38Tt is customary to take ng = where 5\(1 = T, o\ with T, a timelike vector.
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is such that ¢*m, = (*m, = 0. In order to equip . with a connection we need to choose a
ruling, that is a one form k, such that k,¢* = 1 [172, 181]. In the Bondi analysis, one selects
the ruling form to be exact and given by the differential of the Bondi time & = du. The
carrollian vector is then simply ¢ = 0,. However, it is useful to allow more general choices
such that k carrying vorticity, i.e. dk # 0. For instance we can choose k, to be associated
to a null rigging structure [171]. This means that we can see the ruling form as deriving
from a spacetime null vector k* transverse to .. Such a transverse vector is understood
as labeling a congruence of null geodesics transverse to .$. Such general ruling vector, like
the ones associated with geodesics null congruence, can be parametrized by a pair of spin
variables (¢, ) and given by

kga =k +qm+qm — qql. (6.6.10)
The complex structure vectors normal to k, are then given by
mg = m — qt. (6.6.11)

The transformation (k, m,¢) — (k,, mg,{,), which fixes £ = ¢, corresponds to a null boost
with angle ¢. This shows, as explained in the work of Adamo and Newman [170, 174], that
the value of ¢ at any point of .¢ is the stereographic angle which describes the null direction
of each geodesic intersecting 9.

The supertranslations T = T'(z, Z) acts non trivially on the pair (u, q)**
5T’LL = T, (STq = —DT (6612)

The transformation for u is the supertranslation definition. The transformation for ¢ follows
from the fact that while m is a vector tangent to the cut u = cst, the vector my—_pr =
m + DTV is the vector tangent to the cut u — T = cst.

In order to use the power of the null rotations we consider a Goldstone field G(u, z, 2),
which transforms linearly under supertranslation 07G = —T'. This field defines a diffeomor-
phism of .¢ denoted G : .$ — ¢ and given by G(u, z, 2) := (G(u, z, 2), z, Z). Under this map
the Bondi cuts u = ug are mapped onto supertranslated cuts u = G(uy, 2, Z). Moreover, the
holomorphic derivative is shifted by a spin 1 connection L

D(FoG) = (DF + L3,F) oG, with L=DGoG". (6.6.13)
The Goldstone is defined to satisfy the good cut equation®®** [169]

D*G=CoG < DL+ Ld,L=C, (6.6.15)

42For the special case of a supertranslation, note that Or(Tp) = 6,[19(]) = d7,-, and here we just rename
To — T since the context is clear.

43For the equivalence, apply (6.6.13) to L o G.

44 Notice how a super-translation acts on C o G:

57(C o G) = (5rC) 0 G + 67G(8,C 0 G)
= (T8,C — D*T) 0o G — T8,C o G = —D?T o G = —DT = 67(D*G). (6.6.14)
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which determines G from the shear C up to a 4 dimensional freedom interpreted as complex
spacetime [169, 170].
Given 7 € T,* we define the map 7¢ : T — T with image TY[#] € T given by

T[(g) =g —L)o G| (6.6.16)

T¢ is a map which combines a shift of ¢ by the spin 1 connection L and a redefinition of
time, both determined by the supertranslation Goldstone field. Explicitly, this means that

TC#(q,u, 2,2) = %(q — DG(u,z,%2),G(u, 2, 2), 2, 2) (6.6.17)
This transformation is such that
0.TC 7] = GTC[0,7] — DGTE[0,7]. (6.6.18)
Similarly for D, we can write compactly*
0. TC#] = GTY[0,7 — 0,L0,7], (6.6.19a)
DTC[#] = TC[D# + LO,7 — C9,7). (6.6.19h)

These relations can be inverted once we introduce the frames
(¢ .= G0, + DGo,), DY:=D— DGIE. (6.6.20)

We see that DG and DG play the role of rotation coefficients respectively deforming the
usual derivatives (D, d,) along (£¢,9,). We recast (6.6.19) as'’

(CTC#] = TC[0,7],  DOTC[F] = TE[(D - C9,)7]. (6.6.21)

Notice also that
TCg7] = (¢ — DG)TC[7] = ¢“T[7], (6.6.22)
where ¢ := ¢ — DG is the new ¢ variable after the change of frame. The dual equation of

motions for 7 are then mapped into simpler equations where the shear has been removed.
Indeed, by combining the last two equations, we readily get that

(¢9“ = DY) TC7] = TE V]| (6.6.23)

For # € T, we can use (6.6.8) to deduce the following form of the dual EOM:
9y (¢%t¢ — D) TC[7] = 0. (6.6.24)

It is interesting to formalize the previous findings. First we introduce the Newman space*®

N = C x ¢ which is a one dimensional fibration of .¢ with fiber coordinate ¢ and we extend
the map G into a diffeomorphism G : N/ — N given by

~

G:(qu,z2)— (¢% G, 2). (6.6.25)

45Recall that the function 7 is also a representation of the vector space T.
DG = G(0,L o Q).
Y19, TCI7] = TC[0,7].

481t is related to twistor space via the relations around (6.6.6).
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This map extends as an inverse pushforward to the vector fields (9,, £, m) according to*’
G.(0y, t,m) = (8,,£%,m"). (6.6.26)

The map G is such that (8qc,€G, mG)(F o é) = [(8q,€,m — Caq)F] o (3. Tt is designed such
that the shear variable C' is mapped onto 0! Hence, the result (6.6.23) simply means that

7C implements the pullback G* of 7 from a radiative N to a non radiative one. In other
words, the evolution operator V = (¢f —m + C0,) is mapped onto its non radiative version
VY = (q¥¢% —m%) such that

G* (V) = VO(G*7). (6.6.27)

6.6.3 Relation to the dressing map

We show that the map 7€ defined here is the same as the dressing map 7¢ introduced in
5.3.4. In a way this follows from the previous calculations by noticing that®

DETC[#] = T¢[¢D7] — 1, o G. (6.6.28)

Therefore 7 intertwines the action of D and ¢D when 7 € T, which was the definition
of the intertwining map in section 5.3.4. It is also instructive to prove the isomorphism
explicitly. First notice that by definition (6.6.17),’

TR () = ) Tl = ) 7(G.2,2) ) <8 Z 1) ¢ (DGR (6.6.29)

Rearranging the summations we can write this expression in terms of the map T¢ (5.3.43).
Namely if we define

G N~ (sHkEDL o
TC[r] := kzzo eI (=DG)eryr, s> —1, (6.6.30)
we have that
. N (s +k+1)! . P o
TC[(q) = Z Z (k,(ST),)(—DG)kq (1w 0 G) = Z T¢ro G, (6.6.31)
k=0 s=—1 ' s=—1

This implies that while T%[7](q) = 7(q — DG), we get that T¢ is the composition of T¢
with the pullback of G-

T#(q) =7(qg— L) o G = (F 0 G)(q — DG) = T[# o G)(q). (6.6.32)

197f we treat G, as a holomorphic map, it leaves m invariant.
50We can readily check that (D — Cd,)7 = —|, + ¢D7.
5IThis equation defines the map 7 on the graded vector 7.

122



6.6. Good cut and relation to twistor theory

Notice finally that in the particular case where Gis a supertranslation, i.e. when G =
G(z, z) is time independent, then

o~

ToG = ("7)| _, = ePT. (6.6.33)
Therefore,
TCr]) =T%[r 0 G] = T[ePT] = n—TTG [D"T7], (6.6.34)
n=0

as it was defined in (5.3.42). In the previous chapter, we had denoted this map T¢[T] to
emphasize its expression intrinsic to the sphere S. Here we see explicitly that the pecu-
liar dependence in G and D comes from e“? and reflects the evaluation of the Carrollian
symmetry parameter 7 at the super-translated cut defined by G.

123



Chapter 7
Einstein- Yang-Mills Theory

This chapter gathers the material of [4].

7.1 Introduction

In this chapter, we piece together our analysis on asymptotic higher spin symmetries in
General Relativity and Yang-Mills theory, and study the symmetry algebra and symmetry
algebroid resulting from the minimal coupling of gravity and non-abelian gauge theory,
namely Einstein-Yang-Mills (EYM) theory. The main input of this part, i.e. the EYM
evolution equations for the charge aspects, comes from [137].

Notice that in this chapter we change notation for few objects, especially the name of
some vector spaces, mostly because we will not repeat certain parts of the analysis of the
previous chapters and instead present yet another viewpoint on the brackets, putting the
emphasis on their off-shell versus on-shell versions. The new notation shall thus reflect this
approach and the reader may refer to the new glossary in section 7.7 if needed.

We derive in section 7.2 the set of dual EOM that the Carrollian symmetry parameters
7 and « have to satisfy in order for the higher spin symmetries to be canonically realized
via Noether charges. We deduce the infinitesimal symmetry transformation onto the shear
C and the transverse gauge field A in section 7.2.2. This gives us the opportunity to shed
a new light on the gravitational analysis using a complementary standpoint compare to the
previous chapters 5 and 6. We show that these transformations are generated by a Noether
charge @(r.), which is given by the sum of the Noether charges (), and (), introduced in
sections 6.2.3 and 4.5 plus cross terms.

Next, in subsection 7.3.1, we define the ST-algebroid-bracket [, -], which generalizes the
pure GR and YM ones worked out in the previous chapters to incorporate the cross terms
specific to the EYM coupling. We then introduce a kinematical Lie algebra bracket defined
off-shell of the dual EOM in subsection 7.3.2. We prove that the ST-algebroid bracket is
obtained from this kinematical Lie algebra bracket after imposition of the dual EOM. The
off-shell algebra has the structure of a semi-direct product. Imposing the dual EOM however
destroys this structure. We prove in section 7.4 that the ST-algebroid is instead realized
through a combination of a bicrossed product and a semi-direct action of 7 on §. This

means that ST ~ T »4 (7_' D< S), where 7 is the sub-algebroid of super-translations with
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the center, while T represents the sub-algebroid of sphere diffeomorphisms and higher-spin
parameters. S is the YM algebroid and an ideal. This structure allows us to prove in
subsec. 7.4.2 that the ST-bracket satisfies the Jacobi identity.

Besides, we study in section 7.5 the covariant wedge algebra Wea(.¥) associated to the
ST-algebroid and how it represents a deformation of the celestial sw; . bracket, cf.7.5.2,
while on the other hand it can also be recast as a shifted Schouten-Nijenhuis bracket. In-
terestingly, we find that the 3 actions forming the bicrossed/semi-direct products of Lie
algebroids recombine into a single action B such that at a non-radiative cut S of .#, the
EYM wedge algebra takes the form of the semi-direct product of the gravitational wedge
algebra with the Yang-Mills one.

Finally we point out in section 7.6 the relationship with twistor theory and its Poisson
bracket. On top of the main text, a large collection of appendices E details most demonstra-
tions.

7.2 Dual EOM, infinitesimal action and Noether charge

From the paper of Agrawal, Charalambous and Donnay [137], we know that the EYM
equations of motion for the higher spin charge aspects are given by!

au@;n\[ DQZMI + [A QYM:| + C@:MQ’ s
0uQ5" = DOy + (s + DA, + (s + D(F QM) s

0, (7.2.1a)
-1, (7.2.1b)

with C' and N = 0,C the shear and curvature news, and A and F' = 0, A the asymptotic
gauge field and Yang-Mills curvature. The lowest charge aspects encode the radiative data’

N ~ DN ~
R _ ar _ DNV w2 7.2.2
—2 47TGN7 —1 47TGN7 —1 ( )

The gravitational charge aspects @GR have a Carrollian weight equal to 3 and a Carrollian

spin equal to s which we denote as QGR € Cca')(J ). Similarly, the charge aspects QNXM
are Lie algebra valued and of Carrollian weight equal to 2 and spin s which we denote as

QM € CEL) (I, 9).

To define the integrated Noether charge we introduce the dual transformation parameters
Ts € C(Cirlj_s)(ﬁ), as € Ccar (ﬂ,g), (7.2.3)

which can be used to form the integrated master charges

Q=3 Qrl= Y / G, (7.2.4a)
S=— s=—1 Su
"'We use an anti-hermitian basis of generators for g. The pairing <Y, Z>g =-Tr(YZ), Y,Z € g, is
positive definite.
20ur conventions are such that QT =Q =0.
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Q=Y Qo= / (@0, (7.2.4)
s=0 s=0 Y Su

Here and in the following we denote the series 7 = (7_1, 79,71, ...) and o = (g, g, @2, . . .)
simply by the letters without the subscript. The integrals are taken over the sphere S, at the
cut u = cst. We naturally define the EYM master charge Q%ﬂa) as the sum of the respective
master charges Q¥ and Q%:

Q' = Qo = QL+ Q] (7.2.5)

where 7 stands for the pair of elements (7,«). We denote v, = (75,5), s > 0 and y_; =
(’7',1, O)

7.2.1 Dual equations of motion

As in chapter 4, we find the dual set of EOM for v in order for the master charge to be
conserved in the absence of left-handed radiation.®

Theorem [Master charge conservation]

In the absence of left-handed radiation, N = 0 = F, the master charge is conserved
0,05 =0, (7.2.6)

if and only if the dual EOM E(v) = 0 are satisfied, where E(y) = (ES*(7), E™(v)) and

ESR(T) = auTs - (DTs+1 - (S + B)CTerZ)a s > —1, (727&)

E™(q) 1= Bpars — <DA045+1 (54 2)Casps — (5+ 2)FTS+1>, §>0. (7.2.7h)

We have denoted the asymptotic gauge covariant derivative onto the sphere by*

Di=D+adA=D+]A,], (7.2.8)

Remark: In the following it will be useful to note that the equations of motion can be
simply written as

E(v) = 0wy — D7/ (7.2.9)

GR YM

where we define a covariant derivative Dy := (DT, ny) with®

(D7) = D7yp1 — (54 3)Croso, (7.2.10a)

3See section 6.2 (and what follows) for an extensive discussion about the subtleties of defining the non-

radiative condition either as N =0 or as N = 0.
4What we were denoting by D in chapters 3 and 4.

5% is what we called D in chapters 5 and 6.
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7.2. Dual EOM, infinitesimal action and Noether charge

YM

(D7)5 = Daagi1 — (s +2) (C’as+2 + FTS+1). (7.2.10Db)

Notice that the gravitational evolution equations for the Carrollian symmetry parameters
7 are unchanged compare to (6.2.7). However, the dual EOM for a get corrected by inter-
action terms of the type C'a and F'7. It is worth emphasizing the structure of the couplings
by rewriting E(+y) in matrix form as

auf)/s = (D + As)fstrl - Cs’YerZ, (7211)

where

Vs = (;) A, = (—(siz)F aC?A) . C= ((S +03>C (s +02)C> . (7.2.12)

We see that the gravitational field acts diagonally as —(§ 4+ s + 2)C¢sy2, on a symmetry
parameter ¢ € C(%; _ ) (F). Note that § 4+ s+ 2 is the homogeneous holomorphic weight (see
[78] and (2.3.4)) of the field ¢s.o.

The condition N = F' = 0 corresponds to asymptotically self-dual solutions of EYM. If
one relaxes this condition we find that the master charge satisfies a simple flux equation.

Theorem [Charge flux]
Assuming that the dual EOM E() = 0 are satisfied, in the presence of left-handed

radiation the master charge flux is linear in (N,F') and given by

1 - 2 _
0,QY = Nl | — —F ||, 7.2.13
Q‘Y AnGy [ } ggM [7 } ( )
where we define the initial constraint |, as
by = (I, 1) i= (Cro = D7y, —Dacg + Con + Fry). (7.2.14)

Proof of Theorems: The proof of both theorems follows from the same calculation. Tak-
ing the time derivative of (7.2.5), we find, using the charge conservation laws (7.2.1) and the

YM GR

convention Q*, = Q"5 = 0, that

0,Q% = Z (65 [auas} - 61;71 [DAOZS} + 6?,2 [SC&S])

s=0
s (&Sg (0] = 0" [Dr] + 0%y [(s + 1)Cm] + O, [(s + 1)%])
s=—1

127



Chapter 7. Einstein- Yang-Mills Theory

YM

= Z Qu 3 s — Daogir + (5 +2)(Caggg + FTs+1)}
s=0

+ Z 5“ OuTs — D71 + (s + 3)07’S+2} (7.2.15)
s=—1

YM GR

+ qul [ - DAC(O + COél + F7'01| + Qli2 [CTO — DT_l}.

Therefore we get that

u 1 A7 YM u = YMu YM
0uQy = = N[l] - g—F L Z QU[ES] + ;QS [E™] (7.2.16)

s=—1

where we used the definitions (7.2.7-7.2.14). Imposing the dual evolution equations ES™(7) =

0,Vs > —1and E™(vy) =0, Vs > 0, implies (7.2.13). Setting N = F = 0 in addition, we
see that 0,0Q% = 0, which concludes the proofs.

7.2.2 Infinitesimal variations and Noether charge

Given the central relevance of the dual EOM we introduce the following vector spaces:
Definition [ST-space]
ST+ ::{ y=(r,a) € TE®Sk | E(y) =0, Vs >0 } (7.2.17a)

STi={y=(r,0) € Tx @Sk | E%(r) =EM(7) =0, ¥s >0 }.  (7.2.17h)

Tk and Sk are short-hand notations for the spaces

Ty = @ccaf 9 Sk =EPCE (9, 9). (7.2.18)
s=—1 s=0

The subscript K stands for Kinematical, i.e. without any dual EOM imposed. Similarly we
denote T;% := P, C(erL_S)(ﬂ) as the space similar to Tx with the 7_; parameter excluded.
For shortness, we write STy = Tg @ Sk while ST is the space where the dual EOM are
imposed. The difference between ST and ST C ST is in the range of parameters and of
dual EOM imposed. In ST" only dual EOM for positive s hold. v = (7,«) denotes an
element of ST (or STk according to the context). The S-space and the T-space are just the
restrictions of ST to the YM, respectively GR sub-spaces.

Another master charge plays a key role in the analysis of gravitational symmetry. It is
defined as®

1
47TGN

Q' =Q" — N[I] | (7.2.19)

6This perspective is equivalent to the initial constraint |, = 0 and the 7+ discussion of chapters 5 and 6.
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7.2. Dual EOM, infinitesimal action and Noether charge

By construction @g is independent of 7_; and corresponds to a modification of the mass
aspect QSR — éjgf* — NC/4mGy, namely the Bondi mass aspect, while all the other charge
aspects are unmodified.

If we assume that v € STT we obtain that this master charge satisfies the conservation
law

~ 1 — 2 —

YM

where we have defined the infinitesimal variations of the shear and gauge potential as

Definition [Infinitesimal variations]
For v € ST,

5,C = N1o — D*r5 + 2DCry + 3C D1y — 3C? 3, (7.2.21a)
5714 = FT() — DAOC() + COél. (7221b)

The proof of (7.2.20) follows from (7.2.16) from which we infer that the modified master
charge satisfies the conservation law

—~ 1 _ 2 _
0,Q" = — N |0, + DES® — —F|I"M]. 7.2.22
Qv 47TGN [ + 1<T)} g\le [7 } ( )
Moreover we have that
0, A = I;M and 0,C =6,C =0,l; + DE® (7). (7.2.23)

According to (7.2.21), note that the action of 7y is the supertranslation action 790, on
C and A while o acts as a gauge transformation on A. The subleading parameter 7, acts
as a holomorphic diffeomorphism on C' while a; and 7 respectively act on A and C via a
term proportional to the gravitational shear. The action on C' is unmodified compare to the
purely gravitational case while the action on A can be written as

5(770()14 =0, A+ Fryg+ Ca;. (7.2.24)
The term 6,A = —Djay is the usual gauge action, the extra two terms represent the coupling
of Yang-Mills to gravity.

The symmetry charge @7 = CA); * is defined as the limit of @‘WL to the asymptotic corner
F$7F ie. when u — —oo. In the absence of matter fields, the boundary condition at timelike
infinity is such that lim, , @g = 0. This means that for v € ST, we can express the
charge as an integral over .9

~ 1 _ 2 _
o) = N§,C + / F,8mA) | 7.2.25

Besides, the holomorphic Ashtekar-Streubel symplectic potential [128] for EYM is given by

1 — 2 _
HAS — _— [ N§ / F 5A) . 2.2
@ 47TGN /] C * g\Q'M g < 7 >g (7 6)

129



Chapter 7. Einstein- Yang-Mills Theory

We see that the charge is obtained as the contraction of the symplectic potential with the
field space variation: @, = L;y@HAS and therefore, following the Noether analysis of 4 and
6, we know that the limit to the corner .#* of the master charge is the Noether charge.” By

construction, (), generates the symmetry transformation, namely

{Qre),C}=0.C  and  {Qpra), A} = dra)A. (7.2.27)
Remark: The Noether charge splits as follows

@y ZQERJFQEMJFT/ (F,F). 10+
9ym Jg

2 /y (FC, a1>g, (7.2.28)

where the gravitational and Yang-Mills charges were already constructed in 6.2 and 4.5:

Qe ! < / (NN — D°N) 1o — / (3DNC+ NDC) 7 — / 3NC272), (7.2.29a)
ArGy \Jg g g
2

Q=0 | (F, Dacy)

(7.2.29D)

o
In particular, the Noether charge associated to a global time translation 7y = 1, i.e. the total
energy, takes the Bondi form (with 7 := (1,0,0,...) € TT)

~

oy

— 2 —
= NN+—/ F.F) . 7.2.30
AnGy Jg4 92, )y < >g ( )

7.2.3 Explicit action of the low spin symmetry

In order to write the Noether charge for the spin 0, 1 and 2 transformations, we solve the
dual EOM (7.2.7) for some initial conditions given at the u = 0 cut for simplicity. These
are the usual celestial symmetry parameters. We first focus on the gravity side. The spin 0
symmetry is labeled by a supertranslation parameter Tjy. The spin 1 is labeled by the time
independent vector 7T while the parameter T5 € C(Cf'l’fz (S) labels the spin 2 transformation.
On the gauge theory side, ag is a super-phase rotation while a; labels the subleading spin 1
transformation. To proceed, it is convenient to introduce the potentials (h,a), h € C(C&rz)(f)
and a € C3"\(:¥), which are such that

(0,1)
O.h=C,  Bua=A (7.2.31)

We write the solutions of the dual EOM for parameters that vanish at high spin: 7, = 0,
s > 3 and ay = 0 for s > 2. These solutions are expressed in terms of functions on the
sphere (Tg,T1,T3) for the gravitational sector and (ap,a;) for YM. These encode the first
subleading symmetries.

Ty =Ty, (7.2.32a)

1 =uDTy, + T1, (7.2.32b)
2

To = %DZTQ +uDTy + Ty — 3hT5. (7.2.32¢)

" Assuming the fields satisfy Schwartzian fall-off conditions [167]. Going beyond is an interesting challenge
which is necessary to include hyperbolic scattering data, see [182, 183].
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7.2. Dual EOM, infinitesimal action and Noether charge

Similarly,
Qp = a; — 3(9uaT2, (7232d)
ag = uDay +ag + [a, a1]y — 20,01 — 2u0,a DTy — aDTy — 3DaT5, (7.2.32¢)

The validity of the dual EOM can be checked by direct inspection. The various Noether
charges for Ty, Ty, T», ag, a1 are then obtained by plugging the solutions (7.2.32) into (7.2.25).
After some algebra we get®

—~ 1 _
- N(— DT, + 1L h)
QTO 47TGN /9 0 + To +

f / (F, ]LTOa>g, (7.2.33a)
g

YM

- 1 [ , 2 [ -
On = -c /y N(=uD’Ty + Ly,h) o L (FLpa),, (7.2.33b)
~ 1 — u? 1 2 _
Qr, = 47TGN / N(— 5 D' +LT2h> + . /¢ (F,Lna), (7.2.33¢)
(F.[A,BT:D +2DT)a] ) .
gYM g g
Qa0 = /< , —Dag + (a9, d,al, > : (7.2.33d)
gYM R7 g
a; = /< ,—uD?a; + [a1, Dal, — [[al,a]g,ﬁua} + [Dal(l +u8u),a] +C’a1> ,
gYM 37 g 9 g
(7.2.33¢)
where the differential operators I are defined as
Ly, := Tp02, (7.2.34a)
Ly, := (211D + (s + 1 + ud,) DT) 0, (7.2.34b)

1
Ly, :=3T5(D* — CO, — hd.) + 2DT5(s + 1+ ud,)D + §D2T2(s 4+ udy) (s 4+ 1+ ud,).
(7.2.34¢)
Here s is the spin-weight of the field I acts on, i.e. 1 for YM and 2 for GR. QTl is the

Dray-Streubel charge, which is covariant [19, 184-186]. The charges Qal and QT2 contain
terms which are cubic in the field variables (N,F, h,a).

7.2.4 Self-dual phase space

The self dual phase space is defined in terms of the potential h which is related to the shear
via

C = ,h. (7.2.35)
The asymptotic self-dual symplectic potential is then given by
2
0P = /N6h+ F,5A) . 7.2.36
7TCT*N gYM < >g ( )

8Since the context is clear, we write QTS = Q(T(Ts)’a(Ts)) and Qas = @(O,a(as)) for conciseness.
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It is related to the holomorphic Ashtekar-Streubel potential (7.2.26) by a corner term which
vanishes under the Schwartzian fall-off conditions. An analysis similar to the subsection
7.2.2 lets us conclude that when v € ST the charge

1 - 2 _
= (QT® = — No.h+ — | (F,5,A 7.2.37
@y:i=Q, 4Gy /¢ Orh ¥ 92y /y {F,0,4), ( )

is the Noether charge for the action 4., where 0, A is the same as before while

(6:h=1.=Cry— D74}, (7.2.38)

Note that thanks to (7.2.23) and the fact that E(7) = 0 for v € ST we have that
O0uo-h = 96,C, (7.2.39)

so the action of ST on h extends the action of STY on C = 9,h. Notice that the analog
of the Bondi mass aspect involves now the covariant mass introduced in [18]. Given n =
(V,1,0,0,...) €T,

@ = 47TGN/NDV C) + = /<F,F>g, (7.2.40)

gYM

where V = 7_; such that 0,V = 0 labels the value of the central element. We see that the
central element evaluates to a vanishing boundary term under the boundary conditions we
work with.

7.3 &7 -algebroid

In the previous section we have defined the action 4, for v € ST* or v € ST. We intend to
show in this section that this action closes under the commutator, namely

[6,,6,] C Im(6). (7.3.1)

The fact that this action closes means that there exists a bracket on ST, denoted [-, -], which
is such that

[0y, 04 = =01y (7.3.2)

when acting on functionals of C' and A, for 7,7 € ST. In this section we first define the
bracket, then prove that it preserves the dual EOM and that it satisfies (7.3.2) and the
Jacobi identity.

7.3.1 (-, YM- and ST-brackets

For the reader’s convenience, we recall the expressions of [7,7/]¢ and {7, 7§}, respectively
called the C-bracket and GR Dali-bracket, both defined in section 5.4.2.
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7.3. ST -algebroid

Definition [C-bracket]
The C-bracket [-,-]¢ : Tx x Tx — Tg is given by

s+1

[, 719 =) (n+ 1) (mD7lyy_, — T4 DTap1—n) — C {7, 7§ S, (7.3.3a)
n=0

Ur 'S = (s 4 3) (T 42 — ToTor2)- (7.3.3b)

We then introduce the YM-bracket. It contains a piece [a, ']9 which denotes the algebra
part of the S-bracket (4.4.10),

s

[a,0']% = Z [an,a;_n}g. (7.3.4)

n=0

Definition [YM-bracket]
The YM-bracket |-, |™ : STx x STx — Sk between ~,7" € STk is defined as

s

[v,7] :M = |a, O/E + { Z(n +1) <7’nDAOé;+1_n — a;HlDTS_n) — v 'y’} (7.3.5)

n=0

—(s+ 2)C<TOQ;+2 — ToQst2 + Q1 Th g — 04’173“) — F{r, 7'M,
where the YM Dali-bracket takes the form

(r, 75 = (s +2)(ro7iy — ToTer1) € €5, py(9). (7.3.6)

These brackets are antisymmetric pairings defined off-shell. In order to connect with the
Noether charge construction and to prove the Jacobi identity we need to impose the dual
EOM. The on-shell condition for (7,«) means that they are field dependent and therefore
the brackets need to be promoted to an algebroid bracket with the anchor map . See 4.4.1
for a reminder about algebroids [161, 162].

Definition [ST-bracket]
The ST-bracket [-,-] : ST x ST — STk between v, € STk is given by

[v. 7] = [v.7] + 6y7 = 6,74 = <[[fy, odl o [v,~] YM), (7.3.7)

with the projection onto the GR subspace given by the T-bracket (5.4.21), namely the
sum of the C-bracket (7.3.3) with the anchor map,

AT =171 =7 71° + 607 — 6,7, (7.3.8)

and the projection onto the YM subspace given by the sum of the YM-bracket (7.3.5)
with the EYM anchor map,

AT = (AT + bpa — 6,0 (7.3.9)
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Remark: From (7.3.5) and the results of chapter 5, it is clear that 7_; spans the center of
the ST-bracket.

The first major property of this bracket is its closure in the ST-space.

Lemma [ST-bracket closure]
The ST-bracket closes, i.e. satisfies the dual EOM (7.2.7). 1If 4,79 € ST then

E([v,7]) = 0. Hence [y,7] € ST.

Proof of Lemma [ST-bracket closure|: We showed already in Lemma [T-bracket clo-
sure| that if 7,7’ € T, then

0,[r, 71 = DIr, 7']. (7.3.10)
We report the brute force demonstration of
8.7 =D[v.v], 7y €ST (7.3.11)

in App. E.1. The covariant derivatives are introduced in (7.2.10). The lengthy part is to
compute

(0.~ D) [1.+1)

YM

- { [(5’7‘47 als+1}g — (s +2)af50-C — (s + 2)7';+157F} —v e
(7.3.12)

S

It is then easy to show that
(0 =D)Err=87)) ==(@-D)[.7]) (7.3.13)

so that (7.3.11) holds.

Remark: The time evolution of v amounts to requiring [n,~] = 0, for n the Hamiltonian,
see also the remark around (5.4.36). If we had started by the proof of the Jacobi identity
for the ST-bracket, the previous lemma would be a corollary.

One of the main results of this chapter is then the following theorem.

Theorem [ST-algebroid]
The space 8T = (ST, I-, -], (5) equipped with the ST-bracket (7.3.7) and the anchor

map 9,
§: ST — X(P)

(T7 a) = 5(7,04)7 (7314)

is a Lie algebroid over the Einstein-Yang-Mills phase space P. This means in particular
that the anchor map is an anti-homomorphism of Lie algebroids, i.e.

[04,0y] = =01 (7.3.15)
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and that the ST-bracket satisfies the Jacobi identity,

[V, [+, v"1] = o. (7.3.16)
aQ

= indicates an equality valid upon cyclic permutation of both the sides.

The demonstration of this theorem is split into three lemmas. We already showed the first
one, namely [ST-bracket closure|. The second lemma goes as follows:

Lemma [Algebroid action]
The action ¢ defined in (7.2.21) and (7.3.14) is a realization of the ST-bracket (7.3.7)
onto the phase space P:

(03,6 ]- = =01 - (7.3.17)

Proof of Lemma [Algebroid action]|: The fact that the anchor map restricted to the
GR subspace is an anti-homomorphism of Lie algebroids, i.e.

[0,,8,]C = [6:,0,]C = =61 C, (7.3.18)

is already one of the main result of chapter 5. Concerning the YM subspace, we report in
appendix E.2 the demonstration of the morphism property

6,0, ] A = =6}, A (7.3.19)

for ~,~" € ST.

The third lemma [Jacobi identity| is given is section 7.4.2 and necessitates a careful
analysis of the algebraic structure of the ST-bracket. We dedicate the entire section 7.4 to
the latter.

We now come back to the YM-bracket (7.3.5) and detail one way to construct it, high-
lighting the complementarity of the Carrollian and celestial perspectives. Doing so, we also
give a complementary proof of the aforementioned lemma [Jacobi identity].

7.3.2 Kinematical algebra

In this subsection, we provide a simplified construction of the YM-bracket (7.3.5), as the
on-shell restriction of a simple kinematical bracket.

Let us start with the pure gravitational analysis. In (5.4.12), we showed that the C-
bracket (7.3.3) can equivalently be written as

7,71 =3 (n+ 1) (7a(D7) s — 7H(DT)s-0) (7.3.20)
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with the covariant derivative defined in (7.2.10). This was a consequence of the identity”

s+2
S (0 1)(s 43— 1) (1Tl yay — ToTeran) =0

n=0
s+1

&= Z(n +1)(s+3 = n)(TaThya-n — TaTst2-n) = (1,7 S (7.3.21)
n=0
The remarkable point is that by working on .¢ and using the dual EOM 0,7 = %T, one can
replace the derivative onto the sphere by 0, so that the C-bracket takes the simple form
(7,79 = {7, 7'}, with

s+1

{77} =) (n+1)(ra0u7]_, — Th0uTemn) | (7.3.22)

n=0

In appendix E.3 we show that {7, 7'} is a Lie bracket, namely
{T, {7, T”}} 20. (7.3.23)

This means that the kinematical algebra Tx = (Tk,{,-}) is a Lie algebra which admits a
natural action on S = (Sk, [+, ]?).

Definition [1> action]
We define the action > of GR onto YM by

> : Tx — End(Sk) (7.3.24)
T = TI>, (7.3.25)
such that \
(T D>o/)s = Z(n +1) (Tnﬁua;_n - a;H@uTs_n_l). (7.3.26)
n=0

We prove in App. E.4.1 and E.4.2 that the action [> is a derivative and a homomorphism of
Lie algebras, i.e.

> T — Der(SK), (7.3.27)

which amounts to the two properties
T [O./,, o/'] 8 = [7’ > o, o/’]g + [o/, T > o/’] ’ (7.3.28a)
{7_7 7_/} > o = [7- >, 7 D>] o (7.3.28Db)

This shows that > is a semi-direct action, which in turns guarantees that the Jacobi identity
holds for {-,-}™ defined as follows (so that STx = Tk P< Sk is a Lie algebra).

9This is obvious upon changing n — s +2 — n.
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Theorem [STx-algebral]

Tk = (TK, {, }) and Sk = (SK, [, ~]9), respectively equipped with the brackets
(7.3.22) and (7.3.4) are Lie algebras. Moreover, STy = (STK, {-, }), equipped with
the kinematical K-bracket {-,-} : STx x STx — STk defined as

{(v.,7} = {7} Y™, (7.3.29)
where the GR projection is given by (7.3.22) and the YM projection takes the form
{7, Y =lo,d P+ 7> — T >a, (7.3.30)
is the semi-direct product Lie algebra

We now establish that the Carrollian kinematical bracket projected on-shell is the same
as the celestial bracket!'” defined earlier.

Theorem [on-shell K-bracket]
The on-shell projection of the K-bracket (7.3.29), i.e. its restriction to the ST-space,
is the ST-bracket (7.3.7):

] ={%7} i 17 €sT, (7.3.32)
and therefore the algebroid brackets coincide on-shell
[/l = {77} +6v =67 if 7.7 €ST. (7.3.33)

Proof of Theorem [on-shell K-bracket]: We start by showing how to get (7.3.5) from
(7.3.30) after the on-shell projection. For this we use the dual EOM in the form (7.2.9)
and the definition (7.2.10) of the covariant derivatives in order to recast the K-bracket as a
bracket involving derivative operators over the sphere. Hence, when ~,~" € ST we have

s

{71 E [a,0]" + { > (n+1) (rn(%v’)sfn - agﬂ(%r)s,nfl) —y & ’y’} . (7.3.34)

n=0

Next we expand D~y and leverage two identities. The first one is that

s+1
> (n+1)(s+2 = n)(TaTls = ThTap1-n) =0, (7.3.35)

n=0

10Celestial in the sense that it involves differential operators onto the sphere. The relation with the usual
celestial swi4 oo bracket is given in Sec. 7.5.2.
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or equivalently

S

Z(n + 1) (s+2=n) (TaThy1on — ToTori—n) = (s + 2)(ToThsy — T0Ts41) = (7. 7S (7.3.36)
n=0

The second one is

s+1

> (4 1)(s+2 = n) (Tt sy — Oy Tapion) =0, (7.3.37)
n=0

which amounts to

C Z(n +1)(s+2 = n)(Tallyoy — A1 Tori—n) = (s +2)C (100,15 — & Tst1).  (7.3.38)
n=0

From there we deduce that

(1 o), +

/ / / !/ Yl\l
—(s+ 2)C<Toa5+2 — ToOts2 + 01Tl — alTsH) Flr, 7

s

(n+1) <TnDAa’S+1_n — a1 D7y n) — v 'y’} (7.3.39)
n=0

which is indeed the YM-bracket (7.3.5). Similarly, we already showed in the discussion at the

beginning of this subsection that {7, 7'} 2 [7,7']¢. The general structure of Lie algebroid

ensures that there is a unique choice of anchor map ¢, on (C, A) which preserves the dual
EOM. This phenomenon is generic in the context of gauge fixing [11, 17, 180, 187] where an
algebra is promoted after gauge fixing to an algebroid which preserves the gauge fixing in
question. Once this choice is made the bracket is an algebroid bracket by construction.

Let us illustrate how this works on the gravitational sector. It is useful to introduce the
concept of Leibniz rule anomaly of a bracket [-, -] with respect to a differential operator &,
encoded in the expression

A, D) =D, ] = D] = [, D] (7.3.40)
We find that N N

A({T, 7"}, Oy — D) = —A<{T, T’},D), (7.3.41)
where
As<{7, ’7"},%) = ((s+3)75+28 DT , T Sz: DT 8 T —DT) _n> —7 < 7. (7.3.42)

This clearly shows that even when 7,7’ € T, such that 0,7 = bT, we are still left with

GR

(0.~ B){rr}), T (s+3) [rhdu(Br)_, = radu(Br) ). (7.3.43)
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7.4. Bicrossed product and Jacobi identity

where (DT) = D7, — C7y. The action of 9, — D is thus anomalous on the Lie bracket.
The algebroid correction provides a counter-term. Indeed it is direct to check that

(0 = D) (307 = 7)) T (54 3) (71.26-C = 7420-C) . (7.3.44)

S

This means that for 7,7 € T,!!

GR

(. c,n)[[q-Tﬂ> (s +3)7L.(8:C + 0,(D7) ) 7 > 7. (7.3.45)

Requiring that §,C' = —0, (DT) _, in order for the RHS of this last equation to vanish can
be viewed as a definition of 6,C. This definition matches the one given in (7.2.21) since

GR

Oy (DT) o, =Dd71 —COy10 — NTo
L D1y — 2D(C7y) — CD7y + 3C%1, — N7y = —6,C, (7.3.46)

where we use the dual EOM E_;(7) = Eo(7) = 0 and the definition of the action (7.2.21)
in the last equality (see also (7.2.39)). The story is similar for the YM projection of the
K-bracket. This thus concludes the proof that

(v} + 007 =67 Z [17]- (7.3.47)

Remark: The various ways (7.3.3) or (7.3.22) and (7.3.5) or (7.3.30) of writing the C- and
YM-brackets each have pros and cons. On one hand (7.3.3), (7.3.5) and (7.3.20), (7.3.34)
emphasize the corner algebra structure, since only derivative operators onto the sphere ap-
pear. Once projected at a cut of ., the bracket keeps the same functional form with the
Carrollian parameters (7, «) replaced by the celestial ones (T',a). Moreover, as we will see
in section 7.5.2, once we impose the wedge condition, the resulting algebra is a deformation
of the swy. . algebra studied in [137], where the radiative data play the role of deformation
parameters. We expect the deformed algebra to be isomorphic to the undeformed one, as
this was the case in gravity, cf. 5.3.4."> On the other hand, (7.3.22) and (7.3.30) emphasize
the simplicity of the brackets once expressed on .9, fully committing to a Carrollian picture,
where this is now the derivative along the null generator which appears explicitly. These
brackets satisfy the Jacobi identity off-shell and exhibit the semi-direct product structure
of the off-shell algebra. The algebroid arises naturally by imposing the dual EOM, which
mimics a gauge fixing procedure.

7.4 Bicrossed product and Jacobi identity

In the previous section, we showed that the kinematical K-bracket {-,-} satisfies the Jacobi
identity and projects to the ST-bracket on shell of the dual EOM. We also showed that

11 Albeit presented differently, this computation was done already in Sec. 5.4.4.
12Note that the brackets (7.3.3), (7.3.5) do not satisfy the Jacobi identity outside of the wedge, see (7.4.22)
and (7.4.23) below (and chapter 5).

139



Chapter 7. Einstein- Yang-Mills Theory

the STk-algebra possesses a semi-direct product structure (7.3.31). Unfortunately once we
impose the dual EOM, the semi-direct product structure no longer holds on the ST-space.

In this section, we show that the ST -algebroid is instead built as the combination of a
bicrossed product [188, 189] and a semi-direct product of Lie sub-algebroids. Unraveling this
algebraic structure also provides a direct proof that the Jacobi identity holds for the ST-
bracket. If the reader wishes to have a glance at the results, the main theorem is [Bicrossed
product structure].

7.4.1 Bicrossed product structure

We already mentioned the two vector subspaces S = ST NSk and T = ST N Tg. Let us
introduce the S-bracket, which generalizes (4.4.10) when the anchor map depends on the
shear.

Definition [S-bracket]

The S-bracket [a, @/]® = [or, /]9 4 durx — dac is simply the ST-bracket restricted to
S. It naturally generalizes the one introduced in 4, where the only difference appears
in the usage of the anchor 50” satisfying

SQA = —Dyag + Cay. (7.4.1)

S = (S, I-,-]e, 5) is the S-algebroid in the presence of a non-zero shear.

We can readily check that the S-algebroid is an ideal. Indeed, taking ' = (77, '), we have

that
[0.0),7] = (0. [0, @), 7T™). (7.4.2)

However the T-algebroid is not a sub-algebroid! This is clear since

[(7,0),(7",0)] = ([7‘, % —Fr,7'§ YM). (7.4.3)

In other words, the Dali-bracket prevents us from having a semi-direct action of 7 onto S.
The situation is thus subtler. To address it, we define T and T as follows.

Definition ['T'— & T-subspaces]
T:=STN (CE 1) (F) ®CE 0 (), (7.4.4a)

T:=STnN (@Cfﬂ’_s)w)) . (7.4.4D)
s=1

T is the subspace of “Carrollian super-translations” together with the center. We
denote its elements as 7 = (7_1,70,0,0,...). T is the subspace of “Carrollian
sphere diffeomorphisms” and higher-spin parameters. We denote its elements by
7=1(0,0,71,7,73,...).
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7.4. Bicrossed product and Jacobi identity

For convenience we denote an element of T@®S as ¥ = (7, a) and an element of T as 7 = (7; 7).

Definition [o- & bar-brackets]
We define the o-bracket [7, 72’]]0 = [7, 79’}0 + 027 — 027" and the bar-bracket [7, 7] =

[7,7'] + 0-T — ;7' respectively as the restriction of the ST-bracket to Tand T

o

[,]°:T x T-T with [?, 70"}0 = (TODTé —1yD19,0,0,... ), (7.4.5a)

[.]:TxT—>T with [F7],=) (n+1)(7aD70y1_, — TaDTss1-n). (7.4.5b)

s
n=1

Since {7, 7§ = 0, we infer that [(7,0), (7,0)] = (m, 0), so that 7_’ (T,m §) is a
sub-algebroid. Simﬂarly, since {7,7'§*™ = 0, we deduce that [(7,0),(7,0)] = ([7,7]°,0),
so that 7 = ( ,[-.-1°,9) is a sub-algebroid of ST as well. Notice that [(7,0), ]]YM # 0
and [[(%, 0),~ ]]YM #£ 0, so that neither 7 nor T are ideals. Finally, we see that [[’y, ]]GR =
(O;W) € T, which proves that (T &S, [-,-],8)" is itself a sub-algebroid of ST (though
it is not an ideal).

We now define several actions and a co-reaction to describe the algebroid structure. The
white action > allows to construct the semi-direct product of algebroids 7 < S. We also
introduce the black action » and the black back-reaction « to form the bicrossed product

18] T w4 (T 1< S).
Definition [>, », € Actions]
We define

> : Tk — End(Sk) » : Tk — End(Tx ®Sk) < :Tx @Sk — End(Tx) (7.4.6)
LT T D, ST T B Y 47,

such that®

(F> o), = Z <(n + 1)1 Dact 1, — na;DTsH_n) + (s +2)Ca Ts11, (7.4.7a)

n=1
(7> 7)." = 7Drly — (s +2)7. D7y — (s + 3)Cro7l s, (7.4.7b)
(7 » ”):M = 10Dact, 1 — (s + 1), 1 D79 — (s + 2)C1o0 5 — (s + 2)F1o7s 4, (7.4.7¢)
(7 47)_, == —2Cnm, (7.4.7d)
(7 47"), :=10D7{ — 211 D79 — 3C7073. (7.4.7¢)

%The first 3 lines are valid for s > 0,s > 1 and s > 0 respectively.

13Here it is understood that [-,-] is the restriction of the ST-bracket to the subspace T &S. We do not
introduce any new notation for this bracket. The context should always make it clear which one we consider.
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Remark: Notice that if we restrict ourselves to gbms transformations, i.e. spin 0 and 1,
then 7 » 5" = 0 and the entire gbms bracket comes from (7 € 7'), after setting the center,
namely the degree —1 element, to 0.

One of the main result of this chapter is the following theorem, see also (7.4.31)."

Theorem [Bicrossed product structure]

ST =T (T <8), (7.4.8)

such that in particular

[v.7] = ([%, M+ 4y - a7 [H7]+Fe A - ), (7.4.9)

[Ck;o/]g_‘_fba/_,flba_‘_(;_bvl_;_/»ﬁ)wl)'

Proof: By definition of a bicrossed product bracket [189], we have that
[(7.9), (7.7)] = ([%,%’}" +7 47 -7 43, [3,7]+7eF - > 7). (7.4.10)

Using the semi-direct structure 7 >< S, we can further expand the bracket as

[(7.9), #A)] = [(%:7,0), (77, 0))]
([ P+ Y Ay 7]+ (e A =), (T4.11)

[a’a/}g+%>al_7t/l>@—|—(7O'>’_y/—7o'/>"_y)YM).

From the definitions (7.4.5) and (7.4.7) of the various brackets and actions, we find by
inspection that (7.4.11) is indeed equal to [y,7'] as defined in (7.3.7).

Remark: At this stage, (7.4.8) is technically valid only if the anchor map ¢ is identically
vanishing. Indeed, we only expressed [y, '], and not [y,~'], in terms of the bicrossed product.
We made that choice to highlight a feature of the proof of the Jacobi identity of the ST-
bracket, that we address in the next subsection. For completeness, we report the algebroid
version of this discussion in section 7.4.3. On top of that, all the computations of the next
subsection are necessary for 7.4.3 anyway.

7.4.2 Jacobi identity

We can now come back to the proof of the Jacobi identity for the ST-bracket. It is a
well-known fact that the Jacobi identity for a bracket constructed via bicrossed (or semi-
direct) product amounts to a list of properties that the actions have to satisfy (we recall

4We could also have written the algebroid as a different cross-product structure, of the type
T ' (T'><S) for some primed actions related to the unprimed ones.
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7.4. Bicrossed product and Jacobi identity

the proof in what follows). For instance, the semi-direct action > has to be a derivative
operator on the product over the S-space, namely the bracket [-,-]®. > must also be a Lie
algebra homomorphism. As we just mentioned in the previous remark, at this stage we do
not include the anchor map part of the brackets. We thus proceed as follows: we check
all the properties that the actions must satisfy. Most of them are “anomalous”, where the
anomaly is the difference between what the property is and what the property should be in
a traditional Lie algebra setting [188, 189]. We show that these anomalies can always be
expressed in terms of the action of the anchor map onto the deformation parameters, i.e.
the infinitesimal variations of C; A and F'. We can then easily compute the Jacobi identity
for the algebra part of the ST-bracket, namely [%7’} and see how the various anomalies
recombine to define a Jacob: identity anomaly. Next, we show that the latter is equal to the
Leibniz anomaly of the anchor onto [’y,’y’ ] This fact then allows us to conclude that the
Jacobi identity for the algebroid ST-bracket [[’y, ’y’]] holds. Recall that the Leibniz anomaly
is defined in (7.3.40).

Properties of >: We can show that 7 > is a derivative operator up to an anomaly (see
appendix E.5.1):

Ay ([of, "8, 7>) = Z(n+ )70 [0ar Ay 0, n]g — (o < ") (7.4.12)

n=1

Recall that 5aA = —Djag + Cay. The action > is also a homomorphism of Lie algebras up
to an anomaly (see appendix E.5.2)

([7", oo — [, 7 D}o/’) = (s +2)af (TS+15;/C - T;+15;C'> : (7.4.13)

S

where 0-C' is the variation 6,C restricted to the T-subspace, i.e.

6-C =2DCT + 3CDT1 — 3C° . (7.4.14)

Properties of »: Similarly for the black action, we get (see App.E.6.1)

AGR([ S, >> = {((? <))+ (s + 3)707;;25;,0} —5 5" (7.4.15)

and (see App. £.6.2)

AN ([, 7w ) = {((% «7) > 7)™t (5 4 20l 501C — (s + 2)a 7, ,55C

— 7o [5 A a's'+1] + (s 4+ 2)107 105 F (7.4.16)

—|—Zn—|—1 (624, a2, n]}—v'<—>7",

143



Chapter 7. Einstein- Yang-Mills Theory

where 0:C = —D?7y + N7y and (using the dual EOM (7.2.7))

6, F = 0,(6,A) = —Dja; + 3CDaas + 2DCay — 3C*a3 — [F, aplg + 2DaF'1y
+3FDm + Nay — 6CF1y + Fry. (7.4.17)

05 F' is just 0,F with 79 = 0. These Leibniz rule anomalies contain 2 different parts. The
term (7 € #¥') » 4" mixing the black action and co-reaction is a classic feature of a bicrossed
product [189]. The other part of the anomalies involves the infinitesimal variation of the

asymptotic data C; A and F. Concerning the homomorphism anomaly, we show in appendix
E.6.3 that

YM

([?, A b >W’> = (s+2)al, (7’65790 — 705;,0) : (7.4.18)

s

Similarly, the projection onto the T-subspace is

GR

(77770 3" = [F o7 215") = (s 4+ 37l (160:C = 7000 C) | (7.4.19)

S

Properties of «: The Leibniz rule anomaly at degree —1 is (proof in App. E.7.1)

Ay ([?’, 72"}0, | ?) = {(70"4 (7" » 7))_1 + 27‘17'6'5;/0} — 7 e (7.4.20a)

while the degree 0 is anomaly free,

Ao([#.#7]°,47) = 0| (7.4.20b)

Finally, the homomorphism anomaly takes the form (proof in App. E.7.2)

(%’"4 7,9 - 7" «47, < ﬂ) = (5 + 3)70 (T2140:C — 751267 C) | s=—1,0. (7.4.21)

S

Jacobi identity anomaly: As we have proven in (5.4.13), the GR projection of the Jacobi
anomaly of the bracket [y,7/] is given by

[% Y, fy”ﬂjR = [7‘, [, T”]CLC c —0,.C U7 "SR (7.4.22)

Besides, the Jacobi anomaly of the YM-bracket takes the form

S

[% W’ V””:M ol Z(” +1) <Tr/L [57’47 O‘gﬂfn]g - 7_1/1/ [57147 O‘;an}g) (7.4.23)

n=0

!N 1 !N 1 _! ! /I ¢ YM
—(s+ 2)5TC'<70048+2 — T Qgyo T QT g — 0417's+1> — 6 F i TS
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7.4. Bicrossed product and Jacobi identity

We present the proof of this result in appendix E.8 (which at the same time serves as a
reminder of the equivalence between demanding the Jacobi identity and requiring the actions
>, B, < to satisfy the derivation and homomorphism properties).

Next we prove that the Jacobi identity for the ST-bracket holds if and only if § is a
morphism, namely a realization of the ST-bracket onto the phase space P. This is the usual
result when one deals with an algebroid bracket of the type “[-,-] = [-,:]+d.- —4.-”. We had
an illustration of that fact in chapter 4 when treating the pure YM S-bracket. The subtlety
here (and the reason why the proof is non-trivial) is that the C- and YM-brackets are not
Lie brackets per se, in the sense that they have the aforementioned Jacobi identity anomaly.
Besides the anchor map § is not a derivative operator onto the YM-bracket (nor the C-
bracket) as it would be in the usual symmetry algebroid setup. Instead it satisfies a Leibniz
rule anomaly precisely equal to the Jacobi identity anomaly, so that the two compensate
one another. The essence of the demonstration is thus to establish this cancellation. We
encountered the same mechanism when treating the pure GR case and we refer the reader
to remark 5.4.5 and to the upcoming proof for details.

Lemma [Jacobi identity]
The ST-bracket [-, -] satisfies Jacobi if and only if J is an algebroid action:

[yl =0 e [6,6] + 0 =0 (7.4.24)

Proof: For any bracket [v,7'] = [v,7] + 6y — 6,7, we have that

v, VA" = [ 15D + Oy — 5197
= [v. 0" + [ 0] = [ 059" 4 Oy = 05 [V 4] = 050,07 + 056,9"
o)
= [v. [ ] = A A", 65) + Sy + 84,64 ]7" (7.4.25)
Hence if the Jacobi identity anomaly of the bracket [-,-] equates the Leibniz rule anomaly

of the anchor onto this bracket, we get the result (7.4.24). In our specific case where |7y, /]
reduces to the C- and YM-brackets (7.3.3) and (7.3.5), it is clear that

A, 4"),6,) = (7.4.22)  and  A™([Y,7"),8,) = (7.4.23). (7.4.26)

The combination of the 3 lemmas [ST-bracket closure|, [Algebroid action| and [Jacobi
identity| proves the theorem [S7-algebroid].

7.4.3 Bicrossed product of Lie algebroids

In this subsection, we come back to the generalization of the bicrossed product to Lie alge-
broids. In (7.4.9) we emphasized the bicrossed product structure of the single staff bracket
[7,7'], to which we added by hand the contribution d.,v — d,7" of the anchor map in order
to form the double staff bracket [v,~']. Doing so, the Jacobi identity for the ST-bracket
split into 3 easily identifiable contributions, cf. (7.4.25). However, the equality of the Jacobi
identity anomaly (7.4.22)-(7.4.23) with the Leibniz rule anomaly A([y,7"],d,) is revealing
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of the fact that one should be able to define algebroid actions B>, » and <, denoted with a
dot, which are no longer anomalous.

Definition [, >, €4 Actions]
We define®

> T — Der(S) b : T - End(Ti<8) «<4:TxS— End(7O‘) (7.4.27)

T TR, ST T B Ly = a.
such that
7o =7>d =6, (7.4.28a)
77 =707 — 7, (7.4.28b)
T4y =7 4 + 7. (7.4.28¢)

“For simplicity we do not add dots on the products appearing in (7.4.27) or (7.4.31).

Lemma [Properties of >, >, 4]
The dotted white action is a semi-direct action and thus satisfies the following deriva-
tive and homomorphism properties:

> o, "]+ [o, 7> d]°, (7.4.29a)
g o (7.4.29b)
The dotted black action and back-reaction are bicrossed product actions and thus sat-

isfy the following derivative and homomorphism properties characteristic of bicrossed

products [189] (where we use the notation (7.3.40)):
A([W,ﬁ”]],f’ >) =(7a47)py - (T47)p7, (7.4.30a)

[[72’ 70_/]]0 > ,7// — [7‘1 > 77"-/ >}7”7 (7430b)

A7 a7) = # 4 (78 9) = 74 (# B 9), (7.4.30¢)

™a[y.7] =747, 4% ]. (7.4.30d)

We give the proofs for the actions > and € in App. E.9.1 and E.9.2. The other demonstrations
go along the same lines. We can then state again the theorem [Bicrossed product structure],
this time in a full algebroid fashion.

Theorem [Bicrossed product structure]

ST = Tra(T<S). (7.4.31)
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Hence, using the definitions (7.4.5) and (7.4.28),
[v.~] = <[[%,%’]]° +7 a7 -V a7 [/, 7]+ (FeF -3, (7.4.32)

[[Oé,a’]]g+7tbo/_7t/[>a+(7°_>,71_70_/>r7)YM>‘

7.5 Covariant wedge algebras

From the analysis done in the previous section we see that the Jacobi and Leibniz anomalies
associated with the bracket [-,-] = ([-,]%, [+, -]"™) defined in (7.3.3-7.3.5) vanish when the
symmetry parameters are such that d,7 = 0. This imposes constraints on v which define a
wedge algebra. In other words, picking v in the kernel of the anchor map in the ST -algebroid
is the definition of the associated algebra W a(.9).

Definition/Corollary [Covariant wedge on .¥]
The covariant wedge space We4(#) and algebra Wea(.¥) are given by

Wea(9) i= {7 €ST|6,h=0=45,4 } (7.5.1a)
WCA(j> = (WCA(ﬂ), [ y ]), (751b)

where the ST-bracket (7.3.7) reduces to (7.5.9-7.5.10). Wea (%) is a Lie algebra.

Remark: The fact that Wea(.¥) is a Lie algebra follows from the fact that ST is a Lie
algebroid. Indeed, the closure of the bracket [-,:], namely that [y,7] € Wga($) when
7,7 € Wea(¥), is obvious from (7.4.26)." Moreover the dual EOM are respected by
construction. The important point to emphasize is that since d,(C, A) = 0 we can view the
radiative data (C, A) as background data which are not varied and label the wedge algebra.
On top of that, we show in (7.5.9-7.5.10) that in the wedge, the Lie algebra brackets [-,-]¢
and [, -]™ can be recast in a form which makes manifest that their structure constants are
indeed constant, i.e. independent of the radiative data. The dependence in these background
fields only remains as a constraint among the symmetry generators.*¢

From (7.3.42) and a similar condition for [-, -], one establishes that D is a covariant

derivative in the covariant wedge and thus satisfies the Leibniz rule. In essence the corollary
simply follows from the well-known fact that an algebroid reduces to an algebra when the
anchor map is trivial. The Leibniz property is a bonus result which is a consequence of the
fact that the algebroid satisfies the dual EOM as constraints. To see it, just notice that!”

[0, 101 = [0 7] + [0 I y]] 220 Dhyy) = [DyA] + [ D], (752)

15Using that 0,7 o & (h, A).

16For instance that DT_; = Crp, but also that D%y = N1y + 2DC7; + 3C D1 — 3C?1y, which follows
from the time derivative of the previous condition, and so on so forth.

1"To be accurate, one should think of this equation as being evaluated at a non-radiative cut.
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We are especially interested in the projection of We4(¥) onto a non-radiative cut S of
. For simplicity, let us consider the cut u = 0. The celestial symmetry parameters 7" and a
are then defined as the initial condition of the dual EOM (7.2.7), i.e. 7|u:0 = (T,a). On .9,
d,(h, A) = 0 trivially imposes 9 (8, (h, A)) ‘u:O =0, Vn € N. At a cut all conditions labeled
by n are independent. In order to write them we need to encode the radiative data in terms
of a collection of fields o, € C(CSLL1,2)(S ) and S, € C(CfL'JrLl)(S ). These background fields are
defined as

o, = (0;C)| and fn = (8314)}“:0. (7.5.3)

u=0

Besides we denote the collections as o = (0g, 01,09, ...) and B = (B, b1, B2, - - .). Evaluating
6(h,A) =0 and 0,(C, F) = 0 at u = 0, we get'®

Dﬁoao = 0pgay + BlT(), (754&)
D;oal = 30’0D5032 + 2DO’032 — 30'(2)33 — [51, ag]g + 2D5061T1 (754b)
+ 381 DT1 + o121 — 6001 T2 + G210,
Dgoa2 =...
together with
DT,l = UoTo, (754C)
D?*Ty = 01Ty + 2D Ty + 300 DT — 3057y, (7.5.4d)
D3T1 = O'QTO + 2DO’1T1 + 40’1DT1 + 8DO’0DT2 + 60'0D2T2 + 3D20'0T2 + .- 5 (7546)
where - -- contains higher order terms in o. This set of relations thus takes the form of a

constraint on the derivatives Dg:las and D"*2T, for s > 0 and n > —1. If we focus on a
non-radiative (NR) cut, for which o, = 0 = (,,Vn > 1, then the constraint takes a very
compact form. Indeed, simply notice that for n € N,

(00(5,0)) |, _, = dron 2 (DT _, =0, (7.5.52)
(05, 4))]_y = SrayB 22 (D™a)_, =0, (7.5.5b)

where Da is the non-radiative part of %% namely '’
(EZY)Ma)S = (%V)S‘F:O = Daasi1 — (s +2)Cagga. (7.5.6)

Therefore, in order to preserve the non-radiative conditions o, = 0 = 5,,n > 1 of the cut,
together with the initial values of the shear gy and of the gauge potential 5y, we must impose
the RHS of (7.5.5) to be 0.

181t is understood that Dg,as = Da, + [60, as}g and (%T)S = DTs11 — (s + 3)00Tso.
YTn (7.5.5), we use its projection onto S.
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Remark: Another way to phrase the result (7.5.5) is to say that the no radiation condition
of a cut S of .¥ is an integrability requirement, in the sense that

GR

[0, D]

YM

; =0 and [0, D]

NR

JE0p ez (7.5.7)

This discussion then motivates the definition of the covariant wedge Weyg(S) onto the
sphere, or more precisely a non-radiative section of .¢ for which o = (0y,0,0,...) and
B = (5,0,0,...). In the following STx(S) is the same as STk, cf. (7.2.18), but for celestial
fields.

Definition [Covariant wedge space & algebra on S|
The covariant wedge space W4g(S) at a non-radiative cut S of .¢ characterized by the
condition o, =0 = (,,Vn > 1 is defined as

EYM

W,5(S) = { (T,a) € STK(S) | (D™'T)_,=0=(D""a)_,VseN } (7.5.8)
Was(S) = (Weg(9), [, ]) is the associated Lie algebra with the bracket given by (the
projection on S) of (7.5.9-7.5.10).

Weg(S) is a Lie algebra since it corresponds to a special case of the projection of Wea(.¥)
at a cut.

Remark: We leave for future investigation a more refined study of the non-radiative struc-
ture of the covariant wedge. Indeed, it is natural to wonder what happens if we relax the
non-radiation condition o, = 5, = 0, Vn > 1 into, for instance, o, = 3, = 0, Vn > 2 while
keeping oy, 01, By and [ different than 0. Note that the parameters (o, 3,,) are the higher
goldstone fields introduced in [112] which allowed the construction of the discrete basis of
states.

We now give a compact form for the ST-bracket when restricted to the covariant wedge.
At the same time, we point out how the 3 actions >,» and <« recombine into a single
semi-direct action B when the symmetry parameters pertain to Wyg(S).

7.5.1 Semi-direct structure

We have seen already in (7.4.3) that the gravitational T-algebroid is not a sub-algebroid of
ST . However, the culprit term in (7.4.3) involves F. This suggests that in the non-radiative
sector, where F' = 0, a semi-direct structure should hold. Let us show that indeed, the
symmetry algebra Wyg(5), where S is non-radiative as in the previous subsection, can be
recast in the form Wg*(.S) s< W5(S) for a certain action g . Here Wg¥(S) denotes the GR
covariant wedge algebra from sections 5.4.1 and 6.5 and W}j3(S) is the YM covariant wedge
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in an asymptotically flat background.?’ Their brackets are respectively the C-bracket and
-, ]e.

To avoid too many changes of notation, but also because the first part of the computation
is valid on ¢, we keep using the Carrollian parameter v in the following. The projection
onto S can be applied at any point. For 7 € WgE¥ (), we know that D7_y; = C7y, which
allows us to recast the deformation along the shear of the C-bracket as a constraint on 7_;.
Therefore, for 7,7 € WER(.$), the C-bracket (7.3.3) takes the form

s+2

[T7 T/]SC = Z(TL + 1) (T”‘DTé/;Jrlfn - Tf/L-DTs—&-l—n) . (759)

n=0

Note that the sum now runs till s + 2 and the term n = s + 2 precisely reproduces the GR
Dali-bracket.

The same phenomenon occurs with the YM-bracket (7.3.5) when imposing 6,4 = 0, i.e.
Doy = Cay + Fry, together with 0,h = C19 — D7_1 = 0. Indeed, for 7,7 € Wca(F), we
have that

s+1
[7, 7’} :M = [oz, O/H + { Z(n +1) (’TnDAO./;_H_n — a;HDTS_n) — 7 7’}, (7.5.10)

n=0

where the sum now runs till s + 1. The equations (7.5.9) and (7.5.10) represent a compact
way of writing the algebra part of the ST-bracket. It also emphasizes the fact that the
brackets associated to the covariant wedge algebras have field space independent structure
constants, as they should. We had noticed that feature in Sec.5.3.3 already.

Defining the action B as

b WER(I) = End(W2L(S))

T TR, (7.5.11)
s+1
(T > O/)s = Z(n +1) (TnDAO‘;an - a;HlDTsfn)v
n=0
we get that
AT =l P+ e =Tl (7.5.12)

The reader can check?’ that in the wedge (supplemented by the non-radiative condition
F =0), the action B is a derivative and a homomorphism of Lie algebras, i.e.

A ([, 0", 75 ) = 70[a)0:h — Sur A, oz’S'Jrl]g RPN 4 0, (7.5.13a)

EYM

2ONamely characterized by (DS‘Ha)il = 0. We show in App.E.10 that A([a,a’]g,%‘) = 0if a,a’ €
Wy5(S) such that (%‘Sﬂ[a, a’]g)_l =0if a,a’ € W}5(S5). We proved already in Lemma [Leibniz rule] that

A([T, T, D) =0 when T, 7" € WSR(S). Overall, this is also a consequence of (7.5.2).
2'We do not report these demonstrations since they are similar to the ones presented in appendices E.5.1-
E.5.2.
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7.5.  Covariant wedge algebras

([7’, " =[5, 7 5] o/') {(s +3)a, s D(130,h) + (s + 3)ToTo,0Da (5a~A)
+ 0, h(1)Dactl, 5 — (s + 3)7. 4 Dac{ — a{D7l,,) — (s + 3)a7.,,D(d-h)
+ b0 A(ToDT! 1o + (5 +3) SHDTO)} ) (7.5.13b)
with 8,5 and 0, A given by (7.2.38) and (7.4.1). This means in particular that the covariant

wedge algebra associated to the ST-algebroid at a non-radiative cut S of .9 is given by the
semi-direct product?®?

Weas(S) ~ WEH(S) < WIS(S) ] (7.5.14)

7.5.2 Relation with the celestial bracket

Since we considered Schwartz fall-off conditions for C' and A, the deformation parameters
are zero on the celestial sphere .. From the Carrollian YM-bracket (7.3.5), one can define
its projection onto the sphere S = .97, to obtain the celestial bracket which reduces to**

[(T,a), (T’,a’)]zel = {Z(n +1)(T,Dal,,_, —al, . DT, n)} —(T,a) < (T',d"), (7.5.15)

n=0

where T and a are formally defined at the cut ¥ = u — —o0.

Relation with the celestial modes w?, and S%°: The celestial bracket (7.5.15) cor-
responds to a symmetry algebra bracket when a € WY, ((S) and T € Wg%(S), which

means that D**la, = 0 and D*"?T, = 0, see (7.5.8). Notice that if we work onto the twice
punctured sphere S = C*, then we can expand a, and T} as**

=Y al,,2"Z,  with al, . =af, (%), (7.5.16a)
m=0
s+1
To=> Tamz", with  Tigm) = Tis.m) (2). (7.5.16b)

Setting s = 2p — 3 for GR and s = 2p — 2 for YM,?* we equivalently get

p—1
ds = Z Aop-2p-10my? " Ly (7.5.17a)
m=1-p
-1
I, = Top-s.p-14m 2" (7.5.17b)
m=1—p

22This structure was pointed out in [190] for the restriction to gbms.
23For the upcoming argument, we just focus on the part of the bracket that mixes T’ and a.
2L 7} is the set of generators of g.

25This leads in both cases to p = 1, 2,2, e
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Besides, notice that if we takea = 0 =T" and T = «(Ty), a’ = ¢(a,),*® then the only non-zero
term in (7.5.15) reduces to

[((T2),0), (0,0())]<,_, = (s + 1)TyDal, — s'al, DT.. (7.5.18)
In particular, the bracket of the modes
wh, = —u (32271 and ST = — (L0717, (7.5.19)
is given by
[wh,, S2°] ;:Hq_g)_Q = (m(g—1) —n(p - 1))5’,’;5?7:2’b. (7.5.20)

This is the usual sw;; bracket introduced in [83].

7.5.3 The return of the Schouten-Nijenhuis bracket

In chapter 5, we started the analysis of the higher spin symmetry bracket by pointing out
the relation to the Schouten-Nijenhuis (SN) bracket for symmetric tensors [132, 133] on the
2d manifold S. In our notation, as explained in (5.3.4), the SN-bracket reads

s+1 s
[r, 713N = Z n(1, D7l — TaDToy1-n) = Z(n + 1) (1o D7._, — 101 D7) (7.5.21)
n=0 n=0

If we define the tilde variable 7,1 = 74, then (still assuming v,v" € Wea(#) so that we can
use (7.5.9) and (7.5.10))

s+2
7710 = (n+ 1) (701 D7y, — Foiy DFssan). (7.5.22)
n=0
Furthermore,
s+1
AT = e P+ (n+ 1) (%HHDAa;H,n — a1 DFsiiy (7.5.23)
n=0

~/ ~/
- Tn+1DAas+17n + an+1DTs+1fn) :

Comparing with (7.5.21), we obtain the following lemma.

Lemma [SN-bracket]

In the covariant wedge algebra W4 (%), the C-bracket and the action g (cf. (7.5.11))
at degree s are SN-brackets at degree s + 2 and s + 1 respectively, over the shifted
variables 7 and 7/,

[r, 715 = [7,7] s (7.5.24a)
(rea), = [7,a]2), (7.5.24b)

where D — D4 when the argument is Lie algebra valued.

26, is the inclusion map, cf. section 2.4.
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7.6. Twistorial standpoint

Since the SN-bracket is known to be a Lie bracket, this is a complementary way to confirm
that Wca(#) is indeed a Lie algebra?’—the dual EOM being preserved by the brackets is a
particular case of (7.3.10)-(7.3.11).

7.6 Twistorial standpoint

We now give one last perspective on the ST-bracket, by recasting it as a Poisson bracket in
the (¢, u) plane, where ¢ is a spin 1 coordinate in the Newman space. The latter is defined as
the homogeneous bundle”® N = O(—1,1) — Y over complexified .#. Since .J¢ is a O(1,1)
bundle over CP' [152] we have equivalently that /' = O(—1,1) ® O(1,1) — CP! when
fibered over the Riemann sphere. One can supplement the holomorphic coordinates (g, )
of the fibers over CP! by their anti-holomorphic counterpart (g, ). The variables ¢, g have
a remarkable geometric interpretation since they parametrize the notion of horizontality on
Jc. In other words, they define an Ehresmann connection on $¢. To see this, recall that on
top of the Carrollian structure (€%, qqp,) on %, where £ = 9, is the null generator and g, the
degenerate metric, we need to specify a one-form k, to get a notion of connection [172, 179
181]. It satisfies k,¢* = 1 by definition. Using a congruence of null geodesics transverse
to .#, labeled by a null vector k%, the Ehresmann one-form can arise from a so-called null
rigging structure [171]. Upon a choice of reference one-form,?” for instance k,dz® = du, a
generic Ehresmann connection, or equivalently the associated ruling vector, is parametrized
as follows (see also Sec.6.6.2):

kg =k +qm + gm — qqt. (7.6.1)
The sphere dyad normal to k() is given by
mg =m — ql, mg =m — gt. (7.6.2)
As such, (ﬁ, Eeg.a), mq,mq—) forms a null tetrad. The coordinate g appeared in [170, 174] and
recently in [125] as a natural way to parametrize the fibers of twistor space over CP!.

We can straightforwardly convert the expressions written in terms of 7 and « as formulas
involving the functions 7 and @&, cf. 4.10 and 6.6. For this we define the vector’

g, u,2,2) = (7,4) = (Z Teq* M, Zasqs> : (7.6.3)
s=0

s=—1
where ¢ € CG) (), 7 € CF 1) (F), and & € CF (¥, 9). Besides we define the differential
operators

GR

V :=¢q0,— D+ Co,, (7.6.4a)

2"This lemma implies that the C- and YM-brackets when 0, = 0 are Lie algebra brackets, hence Jacobi
holds. This however does not imply that Jacobi is satisfied for the Lie algebroid bracket. See Lemma [Jacobi
identity] for details.

28Recall that a Carrollian field of weights (4, s) can be matched to a homogeneous section of the bundle
O(—(6+s),—(6 —s)) once one introduces homogeneous coordinates onto the sphere.

29This means that /V is an affine bundle, since a reference one-form defines an origin for the coordinate g.

30The graded vector v and the function 4 are two different representations of the same abstract vector in
STk.
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Vy:=q0, — D —adA, (7.6.4Db)

V = V4 +C0,. (7.6.4¢)

Denoting also Ez(q) = >_.° | ES*(7)¢*™ and EX(q) = >°02  EY™(7)g®, we deduce that

s=—1 s=0 s
v( ) (Vv 0 ( ) —~ < ff*qEEjM ) , (7.6.5)
Fd, V AT 455

which shows that V(7, &) is an infinitesimal gauge transformation if (7, &) € ST.

Finally, as in the gravitational case 6.6, the YM-bracket corresponds to the Poisson
bracket in the (¢, u) plane (on-shell of the dual EOM). Indeed, after some algebra, we get
that

S
S

5.4 @) =) vy
= [4,d]%(q) + (({%, '} — 0, FED + 8q<3/E+> (q) =4 < ”y) (7.6.6)

where

{7,8'} == 0,70,0' — 0,70, (7.6.7)

In other words,

(3= (3 a3 ) 765)

s=—1

where we used the kinematical K-brackets (7.3.22)-(7.3.30). The Poisson bracket on the
LHS (up to the pure g part [ol, o ]g) is the canonical Poisson bracket on the twistor fibers,
expressed using the coordinates (¢, u). Indeed, taking 1% = un®+g\* where \* parametrizes
holomorphic homogeneous coordinates on CP' and n® is a spinor such that e,5 = A\ang —
AgNa, We see that

a- 0-
R A =0, 0y-—0y-0,-. 7.6.9
{ ) } a,LL auﬁ q q ( )
Notice finally that if we define the potential i € CoYy (ﬂ) which depends on ¢ € Cf, (ﬂ)

as
R 2

h(q,u,z,z) := —% + h(u, z, z), (7.6.10)

then we can understand the covariant derivatives as

—(VA)™ = Vi =Di+ {h#},  —(VA)™ =Daa+ {ha}+ {47},  (76.11)

EYM

while —Va = DAOH—{h a} These operators thus represent a deformation by the asymptotic
data of the original complex structure D (or Dy) [115, 125].
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7.7. Glossary

7.7 Glossary

e {7,Y}™: YM kinematical bracket
Vector spaces (7.3.29).

o Sk, Tk, T, STx:  Kinematical spaces
(7.2.17).

* Sk =D CE ()
Tk =P2 _C& (I
* T =@ (L) o [v,y]™: YM-bracket (7.3.5) or
3

o Ti=@Z,C (). (7.3.
e STk =Sk ® Tk. e [7,7']: GR T-bracket (7.3.7).

e {7.7/'}: EYM kinematical bracket
(7.3.29).

e [r,7']° GR C-bracket (7.3.3).

e S,T,ST,ST*: On-shell spaces (7.2.17). o [v,v]: EYM ST-bracket (7.3.7).
Same vector space structure as their

kinematical pendant, but with their re- ) [[T ]] . o-bracket (7.4.5).
spective dual EOM imposed.

B e [7,7']: bar-bracket (7.4.5).
T: sub-spaces of ST (7.4.4).

i
o Woa(F),Wop(S):  Wedge
(7.5 1708)

Spaces  Covariant derivatives

YM

Algebras and algebroids * D, D, Da,D: (7.2.10).

EYM

e S: YM algebroid 4 and (7.4.1). e D: (7.5.6).

e 7: GR algebroid 5 and (7.3.14). v % v F%I (7.6.4)
i y Vs VA, V! -0 ).

e ST: EYM algebroid (7.3.14).
Charges

o T, T: sub-algebroids of ST (7.4.5).
e QV,Qu, QY master charges (7.2.4-

o Sk, Ti,STk: kinematical algebras 7.2.5).
(7.3.29). R
e (), Q.: Noether charges (7.2.25-7.2.28)
* Weald), Woa(5), Wa'(S), Wo(5): and (7.2.37).
covariant wedges (7.5.1-7.5.8-7.5.1).
Brackets Actions
e [-,]g: YM Lie algebra bracket. o I>: (7.3.26).

o [, ]9 [ar, ]9 S-bracket (7.3.4) and o >, « (74.7).
(7.4.1).
o >, b, (7.4.28).
o {1,7'}: GR kinematical bracket

(7.3.22). o & (7.5.11).
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Chapter 8

Conclusion

In this thesis, we constructed a symmetry algebroid ST+ onto .#, which is realized on the
holomorphic Ashtekar-Streubel asymptotic Einstein-Yang-Mills phase space non linearly.
We also built the algebroid S7, which admits a linear realization on a self-dual phase space
that naturally appears from the reduction of twistor space to $. They differ on the way
one deals with the gravitational symmetry transformation of degree —1. Both algebroids
have the same action on the shear C' and asymptotic transverse gauge field A and both are
realized canonically via Noether charges. Interestingly, the charge associated with the time
translation is the Bondi mass for ST+ and the covariant mass [18] for ST. These charges
satisfy a Hamiltonian flow equation valid for every spin and at all order in the holomorphic
coupling constants g and gy and are conserved in the absence of anti-holomorphic radiation

N =F =0 (or N =F =0). The algebroid bracket represented on phase space is built out
of the C-bracket (5.4.8) and YM-bracket (7.3.5), which are a deformation of the celebrated
SW1400 bracket. Deforming the sw;. ., algebra is essential to go beyond the wedge and realize
the whole symmetry algebra canonically.

All the aforementioned results are derived for pure YM, pure GR, and then build up
to deal with EYM. We give a strong emphasis on the algebraic structure, which in prac-
tice comes by studying the many facets of these brackets, from their Carrollian to their
celestial realizations, in their algebroid or their algebra forms, cf.(5.4.8)-(5.4.12)-(7.5.9)-
(7.3.22)-(7.5.15)-(7.3.5)-(7.3.34)-(7.5.10)-(7.3.30) to cite only a few. This analysis leads to a
rich internal structure of the algebroid ST ~ T ('T < S), which is made of a bicrossed

product of 3 sub-algebroids, the time algebroid 'i‘, the diffeomorphism plus higher spin al-
gebroid T and the Yang-Mills algebroid S. By restricting ST to its algebra part W,5(S)
at a non-radiative cut S of ., the bicrossed product boils down to the semi-direct structure
Wos(5) = W (5) < Weg(19).

The key for our classically non-perturbative treatment is the introduction of time and
field dependent symmetry parameters 7, & «, constrained by a set of evolution equations
(7.2.7) dual to (a truncation of) the asymptotic Einstein-Yang-Mills equations (7.2.1). The
infinitesimal shear transformation under the algebroid is then parametrized entirely by 7y, 7
and 7o while the infinitesimal variation of A is given in terms of ag, oy and 79, see (7.2.21).
The usual celestial symmetry parameters Ty, a, that generalize super-translations Ty, sphere
diffeomorphisms 77 and super-phase rotation ag are understood as initial conditions for the
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dual EOM. In other words, they correspond to the value of (75, ) at a certain cut of .%.
When evaluating 7, 71, 72, a9, 1 on such a solution parametrized by Ty & ag, the dual EOM
encode all the non-linearity and non-locality of the radiative data variations. Similarly, the
Noether charge (defined at %) associated to the spin s parameter T or a, is the result of
a renormalization procedure fully determined by the dual EOM.

We also find that the symmetry transformations that preserve the shear and gauge po-
tential at any non-radiative cut of ¥ define an algebra—called the covariant wedge algebra
Weya(S). This is the latter which represents the true symmetry transformations preserving
the late time fall-off condition of the asymptotic data. We explain how these algebras (one of
for each shear and gauge field) are embedded inside the algebroid. Our formalism guarantees
that W,g(S) is canonically represented on .9 through the ST-algebroid.

Moreover, we prove that the C-bracket (and YM-bracket) amounts to the twistor Poisson
bracket discussed in [125]. The correspondence relies heavily on two essential features: The
higher spin parameters can all be recast in terms of a generating functional which depends
on a spin variable ¢q. This variable was first introduced by Newman as the parameter that
describes the choice of Carrollian ruling of ¢ [172, 180]. It also can be understood from
the twistor perspective as the fiber coordinate of the twistor fibration over .¢. The second
ingredient is the dual equations of motion that allow to recast the C-bracket defined on the
celestial sphere, which explicitly depends on the shear, into a linear Poisson bracket. One
therefore sees that the twistor description amounts to a linearization of the gravitational
symmetry representation (again, only possible on-shell of the dual EOM).

Our work opens up several questions. First the analysis of [125] and recently [160] clearly
shows that the asymptotic EOM (6.2.5) can be obtained as charge conservation in self-dual
gravity. What is missing, from our perspective, is to understand clearly the relationship
between these equations and the asymptotic Bianchi identities. It was conjectured in [97]
that the conservation laws can be extracted from the Weyl Bianchi identities associated
with self-dual gravity after a proper choice of asymptotic frame, but that still needs to
be demonstrated. Equivalently in non-abelian gauge theory, the self-dual condition which

consists in setting the Newman-Penrose scalar ¢m, ¢ and ¢, to 0 (and thus Q, = 0) does
not reduce (3.4.11) (or similarly (3.4.15)) into the fundamental pattern (3.4.17).

On another front, while the symmetry algebras are identified as generalized wedge alge-
bras, the algebroid, which goes beyond the wedge, has to be the appropriate algebraic entity
to describe radiation. Some questions are still to resolve, in particular it would be interesting
to understand more deeply how the algebroid structure allows us to interpolate between two
non radiative cuts. A better understanding of the algebra W¢ (%) and potential algebroid
structure 7, will probably be necessary to address this question.

Also, while we constructed explicitly the renormalized symmetry charges parametrized
in terms of Ty or a, defined at a cut u = ug, we did not study directly the flux laws for these
renormalized charges. This should allow us to define directly the charges in terms of data
defined as limits to .™ and .%;", which would be interesting to construct.

Moreover, while we have mostly described the renormalized charges at constant u = g
cuts (see however section 6.2.4), we can more generally define them at arbitrary cuts u =
U(z, z). It would be desirable to understand better the covariance properties of the charges,
and how does that relate to the notion of dressing map that enables to reabsorb the shear
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into a change of frame, as described in sections 5.3.4 and 6.6.2.

It would also be interesting to understand the (anti-)holomorphicity structure determined
by the equation (5.4.19), which does not involve the operator D. See [191, 192] for 3d
generalization of the notion of chirality, relevant for extending the celestial modes expansion
in (z,2) to include the u direction. Working solely with a cut of .9 for instance does not
capture the higher degree negative modes (i.e. the raviolo polynomials [192]) which could
be present when working globally on null infinity. The relevance, if any, of these modes in
celestial holography seems worth investigating.

Besides, an important question concerns whether we could generalize the canonical anal-
ysis and relax the Schwartzian fall-off condition for the time dependency of the shear/gauge
potential and the charge aspects. Recently the work [76] investigated the possibility of con-
structing an extended phase space for Yang-Mills—generalizing the dressing field ideas of
[22] to higher spin (see also [193] for an application of the phase space extension to include
GBMS)—in order to allow for a relaxation of the asymptotic boundary conditions. A sim-
ilar construction should be available in gravity and it seems important to understand the
connections between [76] and the current work.

Another important aspect left to understand is the link with OPEs and soft theorems.
A natural question is that if we assume that the S-matrix is invariant under the action
of the Noether charge @, (including the super-hard contributions), what does it imply for
the scattering of soft gravitons (see the recent work [140] for super-hard corrections to the
sub-subleading soft graviton theorem)? Is there a quantum anomaly in the charge algebra as
suggested by [194, 195] that can be re-derived from the canonical perspective? See [27, 196]
for a BRST approach on that question for super-rotations.

After having treated theories in vacuum, we naturally expect our formalism to hold
in the presence of matter. In particular, including massive matter and getting a proper
understanding of the matching conditions between future timelike infinity i* and null infinity
at g is desirable. More generally, we seek a unified picture from past timelike infinity i~
to i, passing through spatial infinity . See [197-200] for works in the context of the
BMS group. We expect the conservation laws at i (where there is no flux of radiation)
to determine a set of antipodal matching conditions for the higher spin charge aspects, as
originally proposed for the Bondi mass [31].

Besides, being able to relate the charge aspects to the more common language of mul-
tipoles expansion would shed a new light on the way bulk information can be collected by
a distant observer [99]. In conjunction with the previous paragraph, let us mention the
recent work [201], which studies electromagnetic multipoles around i and indeed deduces
an infinite set of antipodal matching relations between them. Upon inclusion of long-range
Coulombic interactions, the antipodal matching conditions become subtler due to the ap-
pearance of tails leading in particular to logarithmic corrections to soft theorems [63, 65—68].
How to treat these logarithmic corrections from an amplitude point of view, both their
classical and quantum parts, and the extent to which they are determined by asymptotic
symmetries is an active topic of research [182, 183, 202]. The question is also related to the
inclusion of Goldstone modes in the phase space [203, 204], which could admit a higher spin
generalization.

Finally, from [125] it is clear that the higher spin symmetries described here are sym-
metries of self-dual gravity. However we also know that they are exact symmetry of full
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Einstein gravity up to spin 3 (and up to spin 1 in YM) and that spin 2 (resp. spin 1 for
YM) generates the entire tower of higher spin charges. It therefore begs the question to
understand what can be the use of the higher spin charges in full GR.

We can hope that the understanding of the quantization of the higher spin charges serves
as a solid basis to describe asymptotic dressed states and develop a new type of interacting
picture for full gravity. Whether or not part of the algebraic structure (or a deformation of
it) will survive the inclusion of the corrections to the fundamental pattern (7.2.1) necessary
to reproduce the full asymptotic Einstein-Yang-Mills equations is a major open question.
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Appendix A

Non-Abelian Gauge Theory I

A.1 Covariant derivative onto the sphere

The formulas (2.1.8) can be obtained starting from the definition of the intrinsic derivative
[153]:
Omm|m = mAl A mASmADAOAl__AS
= 0,05 — s(mADAmB)mBOS
P _ —
= P0,0Os + sﬁazPOs

= DO, (A.1.1)
and similarly Om..mjm = DO,.

Moreover, as it is clear from the definition (A.1.1), DO, has helicity s + 1 and DO, has
helicity s — 1. Besides, D and D satisfy the commutation relation

[D, D]O, = RsO, | (A.1.2)

In the following, we will need another useful relation,

DD"On+p = (DD —R(p+1))D" ' Opnyyp
(D p + 2))Dn_20n+p - 'R(p + 1)Dn_10n+p
*DD"?O0pipy = R((p+ 1) + (p+2)) D" ' Opsy

I
u o] U

D"DO,.p — RZ p+k)D" 0,4y (A.1.3)
k=1

Therefore,

n(n+1+ 2p)

5 D" 04yl (A.1.4)

DD"Opy, = D"DO,yp — R
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Appendiz A. Non-Abelian Gauge Theory I

Using the last relation recursively, we can even generalize it further and get DmD"On+p.
After a lengthier but similar in spirit computation, we can show that

min[m,n]
D"D"Opip= Y (—R) FpmD" D" F0, | (A.1.5)
k=0
where
fO,m = 17
" n(n+2q—1+2p)
Fl,m - Z 9 )
q=1
- (n+1—q)(n+q+2p)
F, = 1.
q=1
— m+1—k)(n+2¢q—k+2+2
_ Z g ) 2q p), k # {0,1,m}.
q=k

A.1.1 For a gauge covariant derivative

When dealing with non-abelian gauge theory, the gauge field becomes charged and we need
to replace the covariant derivative onto the sphere D by the gauge covariant derivative D
(3.3.7).

First of all, (3.1.5) now includes the usual curvature term:

D, D)0, = RsO, + [F5), 04 | (A.1.7)
When one has to rearrange terms, one can use'
DDO, = DDO; — [A, DOy, — D[A, Oy, — [A, [A, Os]g}g, (A.1.8)

or its complex conjugate. The equation (A.1.4) also admits a generalization, namely

_ _ 1+2
DD"O,ys = D"DO,,4 —RMP“ YO0pys — ZD'“ [FY) Dr1- “Onts],
k=0

n—1 k

_ 1+ 2s)

I R T ZZ( ) (D E D" P00ss]
k=0 p=0

B 41429 500 NS (R o) peeios
— D"DO,,, — R T &) -1 ZZ [DPEY) D Onss]

2 mm7
p=0 k=p

'In our case, O, always transforms under the adjoint representation.

176



A.2. Ewvolution equation for Qﬁq(g)

Finally,
_ _ 1+ 2s) -
DD"Opys = D"DO, s — prn—lonﬂ
n!
— p 17(0) n—1—p
p:zo T D) DY F D" P00 (A.1.9)

A.2 Evolution equation for gby(ﬁ)

The starting point is the closed form (3.2.15a) for ¢,, in the radial gauge. We reproduce it
here for convenience:

(R + RM —7r0,(3 + r&)) Om + Dngm + D[Ax, qu]g

2
® ® (A.2.1)
+ (24 70,) (rom, Aulg) + (2 +70,)[Am, d]; = 0.
® ’ &

Using the radial expansions (3.3.1) and for now only shifting the sums when necessary, we
get?

= Ro@ +R™ED 40 4 (n 4 1)0,04 + DDl

®=>"D[AL™ o] (A.2.2)
p=0
®=(n+1)3 [T, 0],
p=0
n+1
@=—(n+1)y [AlH) ¢<p>]g.
p=0

First of all, we get rid of the field ¢ using (3.4.1), reproduced here,

1 p!
(p+1) _ 9] S 1
gty (v S

We also start to extract the leading charge @0 and the phase space variables A, A since they
have a different status than the sub-leading terms (e.g. A, A will later recombine into the
gauge covariant derivative D). Second of all, taking advantage of the radial gauge A, =0 =

2In the following, we will always write expressions valid for n > 0 unless stated otherwise. If a sum
does not contain a term n = 0, it is assumed to be 0. Moreover, notice that ZZ;& [Af,lj“),qs,(g—?’—l)}g =

PR é [A- (n—p ), PP |g- Both ways can be convenient sometimes.
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Appendiz A. Non-Abelian Gauge Theory I

A&O), we rewrite every appearance of A,’s in terms of ¢’s. Indeed, F,,, = r¢,, = 0,A,, which
amounts to

—(n+1)APD = g |y >0, (A.2.3)

m

Moreover F,, = ¢ + ¢ = 0, A, meaning that®

—(n+ DAY = ¢ 4| n>0 (A.2.4)
Hence the fourth term is recast as
® = —(n-+ D[AG, 60— (n+1) 3 [ALP, 6040
p=0
™ 5 ~ 1 ) B S L e 0B )
= [, Qo] +(n+1)Y ——[ANP D] + (n+1) ——[ADP) [AZ o],]
g p:0p+1 9 p:Ok:0p+1 g
n—1 A
~ n —|— 1 7 — >
= [0, Qo] , + [A, D[] (n=p=1) D@ A25
7171 - n—1 p—1
1 n+1 &
. [¢ (n—1— k: + ¢ n—1—p) [¢ ¢ p—1-— )] .
2 kvt 22 i pE )| s

Without further ado the second term is

1 h
_ 1 _
@=D[A,¢)] = —=D[o¥, o] . (A.2.6)
_ 8 “~p+1 g
p=0
The 2 terms denoted with a < - * form a total gauge covariant derivative. On the other

hand, the four terms marked with a - - - recombine as follows

(6 + DD + DIA. 6] + [A.D6), ) = 6% + DD
= DD — [From, 6],

where in the last step we used the fact that F,, = r%(¢ — ¢), meaning that

FO = Qo— Qo (A.2.8)

We now address the third term, using (A.2.4):

_ S At gon] — NPl 20 )
®=(n+1)y [AFTV ¢l = STl 86,
p=0 p=0
3For completeness, notice also that 7¢m = Fmy — 1Fmr = Fmu + 8 . A7 so that that Q 1= ,(nog
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A.3. Ewvolution equation for @n

n—1
n+1 - el
= —(n+1)[Qo + Qp, O 5 [07Y + 6 o]
p=0 p
n—1 7’L—|—1

(D69 + Dol o7,

g

—(n Q0 + Qoy o) p+ 1 +2)
(n+1)[Qo + Qq, &' }g+ — (p+1)(p+2)

=

n—1 p—1

1 _
> oo 689,60, + 680, 6], 0], (A29)
=0

— <~ (p+1)(p+2)(p—k)

=3

If we add the terms involving a double commutator in (A.2.5) and (A.2.9), we get

n+ 2)(p— k) — (k+1)(n —p)]
)(p+2)(p—Fk)(k+1)(n—p)

n— 1p71

[0, 0% g 0P . (A2.10)

p=0 k=0

Furthermore, the 2 terms topped by a ™ - - sum up to

n—1

n—l—l )(n+2)

TG np+2)n-p)

p

(Do), o] . (A.2.11)

m ) rm

Collecting everything, we find the evolution equation (3.4.11) for ¢£,1Z):

(n + 1)au¢(n+1) + RM&”) + ﬁngﬁfj)
n—1
n+2) — .
_|_3 7 .t D (p) (n—p—1)
n—1 n—1
— 1[Gy, 6] (n-1 ntl paw g1-m
=n[Q, o +Zop Do), o' 7)] Z (Do), o]
p= p=

(p+1)(p+2)
]

A P | +2)( k) k+1)(n— -
+ZZ (n+1)[(n+2)(p — k) — (k+ 1)(n —p) (16,60 Mg, 1P | (A.2.12)
=0

(p+1)(p+2)(p—k)(k+1)(n—p)

p=

In the next section, we shall refer to each line by @, @, ® and @ respectively.

A.3 Evolution equation for @n

We have computed the evolution equation of the charges @0 and @1, cf. equations (3.4.6)
and (3.4.7), let us do the same for @),, n > 1. Starting from (3.4.11) and using the local
ansatz (3.4.12), i.e. o) = %TD"Q”H, we obtain®

3
—_

n!

(p +Dl(n—p— 1)!@[@10(@0 - 50)71_)n717p@n+1]g,

J/

0= Z_)n+1 (au©n+2 - D@nJrl) +

(1]

4We have multiplied each line by (—1)"*!n! and used (A.1.9) to massage ©.
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0 —

(TL + 3) [QO) D Qn-‘rl + Z n ha 2) [Z_)p—‘rl@/p—i-la,z_)n_l_p@n—p} g’
p=

“ (p+2)!(n—p)!

n—1

}gf;(mn(

I(ln—1—p)!

n!

®=-n [507 ﬁnén—i—l

D [DPCZQPH, ﬁn_l_p@n—p} .

n—

'
Z (p+2 n — 1 —p)! [Dp+1Qp+17Dn P Qn p}

k) — (k+1)(n
)ik + Dl(n

(A.3.1)

n+2)(p
p+1 (p+2)(p—

—p)]
—p)!

[[Dk@k—i-l ) ﬁp_l_kép—k]gv ,Z_)n_l_pén—p} g

p=0 k=0

The 3 terms denoted Wlth - reduce to

n—|—1)
p+2)(n—p

[@pﬂ(éo — éo),@nfpflénﬂ}g + (2n + 3) [@07ﬁnén+l}g (A.3.2)

+Z; —1)

The evolution equation for the charge Q,, is then (3.4.15)

n—1
Y_Dn+1<auQn+2 - DQn—H + Z

n+1)

"S

(p+2)(n—p—1)! [P Q0, D" Q]

§ (204 8)[00 D]+ S g, G,

- g (o + 2()7'1(: —1)1!9 ~1)! (D71 Q0 D" Q]

) : (p+ 2§n(; —1)1 —p)! (D71 Qpa D" Q)

" :g: (p + 1)!(: !— 1— p)!D[Dpép“’ﬁn_l_p@"‘p}g

S B R T P e PR DGl

It is also possible to expand the total derivative so that the fourth and the fifth line of the

latter equation recombine into

n—2

+1 -
D7 Qpin. D"

|
0 )'p!

3

-1

3

71Qn —p— 1 +

' ,Dn P 1Qn p?DD Qp+1]

(A.3.3)

|
0 p)'p!

3
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Appendix B

Non-Abelian Gauge Theory 11

B.1 Proof of the Jacobi identity

To prove that the S-bracket [-, -] is indeed a Lie (algebroid) bracket, we check that it satisfies
the Jacobi identity. First notice that [, [¢/, o/’]]]]S splits into 3 contributions:

le, [, o/’]]]]S = —dafd/, "]s + Opor,arprs + Z [, [ o/’]]s_n]g

n=0

= 0000, /Oz” — 0004 //O.// + 5Ha/7a//]]a5 (B.l.la)

_Z<(5a asng—i—[a NN n]g)— [0, ], — Bancdy n}g

n=0
(B.1.1b)
+ZZ Qs [, 1] ] (B.1.1¢)
n=0 k=0
Taking the cyclic permutation,’ we get that the first line vanishes,

(B.1.12) 2 64000 — 60000 + O a0’ = 0, (B.1.2)

where we used the morphism property (4.4.4). Similarly, all terms of (B.1.1b) cancel once
we consider its cyclic permutation. Indeed,

S S S

—(B.1.1b) 3;([5 Wl Al n}g—l— [, Gl n]g) +Z_; [, duct, n}g—zo [, Gt n}g
= —~ [6aa;z’ O/s/—n}g + Z:O [a;/—na 5040'/:1}9 =0, (B13)

1'We use the notation 2 to denote an equality valid upon adding the cyclic permutation of the terms on
the left and right hand sides.
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Appendiz B. Non-Abelian Gauge Theory I1

where to get the second equality, we changed n — s — n in the third term of the first line.
The contribution (B.1.1c¢) vanishes thanks to the Jacobi identity of the Lie algebra bracket

[+, ]g-> We thus infer that [[a, [, 0//]”] =0.

B.2 Closure of the S-bracket and Leibniz anomalies
In this section we use that the variational derivative d, commutes with the differentials
[0y, 0a] = 0, [D,d,] = 0. (B.2.1)

This is a consequence of the fact that the variational Cartan calculus commutes with the
differential Cartan calculus [23].%

The action d,, can be written explicitly as a vector field on the jet bundle [164] J*p over
¥, where p : P — .9 is the line bundle of Carrollian fields of weight (1, 1):

= 00
= D" (00 A) —————. B.2.2
0 H;O/y 9" (3 )5(63DmA) (B.22)
Recall that we define the Leibniz rule anomaly for any bracket [-,:] and differential
operator & as
We already proved in (4.4.9) that
A(l-,1s: D) = 0. (B.2.4)
However, notice that
s+1
(Dla, 0/]9)8 = Dla, ]2, = Z ([(Da)n_l, O/SJFPTJg + [, (DO/)S_n}g> (B.2.5)
n=0
= [(Da)—la a;—&—l}g_‘_z% [(Da)nv a;—n]g_l— [as—i—l) (Da/)—l]g_‘_z% [anv (DO/)S—T’Jg?
while
[Da, ]2+ [0, D] = > [(Da)n, o]+ [om, (Da)sa] (B.2.6)
n=0 n=0

Consequently, using (Da)_; = Day = —6,A, we get that?

As([o, 18, D) = [ Ay ] | = [0aA, ] | (B.2.7)

2Simply notice that (B.1.1c) = >, 0., [@a, [0, aé’]g]g and that the sum is now invariant under per-
mutation of a,b, c.

3In general we have [0, £y] = Lsy for an arbitrary vector field.

“Note that this anomaly vanishes inside W4 (.%) (or Wa(S) if we trade « for a), see Sec. 4.9.
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B.3. General expression for (9;')*

Next, using that

D((sa’a5+l - 5a04/5+1) = 0o (D@)s - 5a(Da/)s - [5Q’A> Oéerl}g + [(5@A’ a;-*-l}g
oo (D) — 80 (Do) — As([a, o], D), (B.2.8)

we infer that
(Dlev, ']), = (Dla, &']P) . 4+ D(6arvssr — bty ;)
= ([Da, o/]i + 0o (Da)s) —a+a. (B.2.9)

Since [[Da, o/]]s = [Da, O/}i + do (Dax)s — dpa s, we finally obtain that

.A([[oz, a']],D) = 0pa @ — Opyrar. (B.2.10)
We can also compute similar anomalies for 0,,:
A([,]5:0,) =0 and  A([,]]%,0,) =0, (B.2.11)
while
A([a, ], 04) = 89,00’ — g arcr. (B.2.12)

B.3 General expression for (9, !)*

If we keep 3 arbitrary in the definition of 9, !, namely 9, = | ; , then

/_ Z du A(u)[0-" B)(u) = /_ Z du A(u) [ /OO du’B(u’)] + /_ Z du A(u) [ /ﬁ h du’B(u’)]
. /_ :du [ / _oodu’A(u’)}B(u) + /_ Zdu [ /_ Zdufe(u - B)A(u')}B(u)

= /_OO du[(0,1)* A] (u) B(uw). (B.3.1)

[e.e]

We thus get that in general,
9.10)(u) = uO u')du/, 9,1 0) (u) = _OOO u')du'+6(u— OoO u')du'. (B.3.
0,0)(w) = [ o, (@'y0)w = [ 0w h—s) [ 0w B2

Equivalently,
[ du'O) if u < B,

9,1 0) (u) =
(6.0)w) { [ZdWO) if u>p.
Notice that if we require ((9;')*O)(u) to be continuous, then

(B.3.3)

u

/ﬁ ) du'O(u) = /ﬁ - dWw'ow) & / N du'O(u') = 0, (B.3.4)

—0o0

so that any memory effect between .$* and .4." is excluded, which is expected from imposing
Schwartz falloffs.
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B.4 Proof of Theorem [Noether charge at spin s]

The goal of this demonstration is to recast the Noether charge @Q,, when a = a(ay), as
the integral over the (possibly punctured) sphere S of a certain renormalized charge aspect
Qs(u, z, Z) smeared against the symmetry parameter a; that defines the a(ay).

Let us start with an example for the lowest spin-weights. Take o € S?, which implies
that a = (ap, a1, as, 0, ...), then

as(a) = ag, (B.4.1a)

a1(a) = uDay + a1 + 9 '[A, a2, (B.4.1b)
2

apla) = %D%g +uDay + ag + 9;2D[A, ay), (B.4.1c)

+ 0,1 [A, uDasy + al}g +0," [A’ 0, '[4, 32]9]9'

Consider successively a = a(ag) for s = 0, 1,2. Using the explicit computation (B.4.1), we
deduce that”°

9 ~
YM@;L :/TI‘ (Q0a0)7 (B.4.2a)

gyM@u _/ T 0 uD31 +8 [A,a1]g) +@131>

g\QKM Qv —

_ Tr ( —uDGo + [(0.0," 4], + Oy >al) (B.4.2b)
Tr (@0 ( DPay + 02 DIA, asly + 0, [ A, uDas) + 0, [A, 0,4, 32]9]9)
-+ Ql (uDaQ + 81:1[14, ag]g) + @232)

- [n ((“;192@0 — [DQo, 0;24] | = D[Q0, 0, ()] + [ [0, 0, (4], 0, 4) |

9

—uDQ, + [Q1, a;lA}g + @2) 32). (B.4.2¢)
We can thus identify the renormalized charge aspects’
Qo = qo, (B.4.3a)
Qi =g+ [Q0,0;4] (B.4.3b)
Q2 = g2 — [DQo, 0,2A] | — D[Qo, 0, (uA)] + [[@0, 9, (4], 8;1A)L+ [Q1,0;' 4],
(B.4.3¢)

5We use the trace for convenience of writing, which introduces a sign, cf. footnote 2.
SNotice that some steps need care. For instance, Tr (Qo [A uDag] ) =Tr (Qo[ LuA), Dag]g) =

([QO, L (uA)] Dag) = ( [Qo, » (uA)] ) up to a total derivative that drops upon integration.

"Be mindful of the peculiar set of parenthesis when one starts to have nested commutators in 62.
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B.4. Proof of Theorem [Noether charge at spin s]

such that Q) = Q¢[a,], s =0, 1,2, where

qs = Z ﬂDn@s—n- (B44)

n!
n=0

The reader can check that 8UC723 only contains terms that involve F' so that @zs is conserved
when no left-handed radiation is present.
Let us mention that the expression for Q}, in the abelian case first appeared in [48]. In

that case we have Q}, = 6% fs (éo(uazal) + élal), with e the electric charge, which matches
with (4.9) of [48] since lim, (7’2]-}”%5 + ng) = 2Qo and lim,_, (TQFTZ) = (1, while

a; — Y? = ngé; _
We now construct @, for a general s > 0. For this we use the solution (4.6.13) and the
general formula (4.6.15). We obtain”

2
Y

Bes =3 [1(@D)s)
- ,; /s b (@” Xk: g, D (8u1 [A, ;7 D (a;l [A, 972 D2 ( .

(=0 P=k—¢

ot A o pves (o7t o7 v g)}g...)}g)}g))_ (B.15)

Each term in the sum over k behaves similarly. We thus get (the strategy consists in alterna-
tively integrating by parts over S and using the trace invariance over the adjoint action)'%!!

919= 3 0@ (s 5 ocmon (a0

0’ S TELK! ’ i B o

S T
+“,+a;1[A,@;l[A,...6;1[A,as}g.~-ug>)

S k
kY k) 0 PO ) —po—1 —p1 1
/STr ((—1) D Qga+ Y (1D Qe 0,771 4,0, D"a,

k=0 P=k—-1

g

£ 30 (U DRt A0 D (0, A 0,7 D )|

P=k—-2

g

ot [@ennt (4 g2 [t ] ] ) 349

8Just for simplicity, we wrote the expressions on the celestial plane where D — 0,.

9Recall that P = Zfzo i

0We use that 9, Pa, = %’;as.

HRemember that if there is no opening parenthesis/bracket right after 9, !, then it acts on everything on
its right till the first closing parenthesis/bracket.
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-y /5 Tr ((-1)R%Dk@5kas+ Y (- [Dm@sk,&um1<A]gaup1(1)>Dp1as

P=k—1

+ 30 1P [ D7 Qu 0 (4] oD (07 [A D) )

P=k-2 g

n H@'Sk,aul(A]g,au1<A]g...au1 [A,aSL...))>

N /S Tr <(—1)kgpk©5_kas+ 3 (-~ [Dpoéjs_k,aum1<ALaupl(1)>as

k=0 P=k—-1

g

+mqmww@ﬁwﬁw@{qwafwg
=3 [ (o S o[ on] o (4]
-a;m—l(A]g,a;m—l(ALa;m(1>)) ))a

Hence the renormalized charge aspect for arbitrary spin-weight s takes the form

6= Y3 VMY o [ [0 (4] ]

Lo (o)) | man

B.5 Proof of Lemma [Hard action]

From the generalized Leibniz rule for pseudo-differential calculus [86],

o

(n+ﬁ)

9. BeR, (B.5.1)

n=0

where (5), = 8(8—1)--- (8 —n+ 1) is the falling factorial, we get in particular that

a,” ((uiA) = (=P)_ w™ 0, A, (B.5.2)

s—p)! —~ nl (s—p— n)
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B.5. Proof of Lemma [Hard action]

From there we can compute (4.8.9) using (4.6.15):

(au (81:11))8“35) H _ Z a;p(H—leo (a;1 [A, a;plelas] g)

po+p1=s
s—

=S {A’ J_ ;!D”as]g)

_ZZ nl 5= _n). DP[9; " P A, D> Pa,] (B.5.3)

pOnO

_ ZZ _(k‘n—' n))n (SU_ o Dk- n[a;kA, Dnﬂ*kas]g,

k=0 n=0

where in the last step we changed variable n + p — k. Therefore,

SEMA = Z 5;;1“ va A, (B.5.4)

with!?

OVMA = Z ”H ) DY [0,PA, D"y (B.5.5)

When p = 0, then SL%]HA = —[A, agly, but if p > 0 then we can simplify (B.5.5) much further.
Indeed, using that (p — 1), = 0, we have that

p—1 p—n

OWMA == (-1 B10;7D*A, DPFa 3],
n=0 k=0
P p—k

=D p—n) =, (-1,
(_) p Pk! ko (_) p

n!

==Y [0,7D*A, D" ",

(]

[0,7A, DPa,)] .

9

i
—
S
I
o
3
Il
o

p
==Y [9,7D*A, D" ",

k=1

To get the first line, we just used the Leibniz rule on DP~". In the second equality, we
extracted the term £ = 0 in order to then be able to commute the sums over n and k. The
third line is a rewriting of the binomial coefficients in terms of hypergeometric functions,
which will allow us to use the identity (cf. formula 7.3.5.4 in [205])

>3

)QFl(—(p—k),p—l;p; 1). (B.5.6)

o Fi(—m,b;c; 1) = i(—l)" (m> (O)n = (€ = ) if b—c<m. (B.5.7)

2(=p=n)n = (=1)"(p = Dn-
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So to get the third line of (B.5.6), we used that

p—k p—k
2 (P=1n(p—n) W (P— k) (= Dalp—n)!
;(_” pn! : k! : :;(_D (pn ) : (p—kZ;!k‘!
p—Fk
QR e

together with the binomial identity

p::(—1)” (p_ 1) = 0. (B.5.9)

By (B.5.7), we infer that for p > 1,

p
~ B 3 1) k
SMA = — N [0;7DFA, DP*a (p)( ?
’ ;[ ' p]g k) (p)p-r

= —[0,PDP A, a,,}g — [0,7D"" A, Dap]g = —DI[0,’D" A, a,) (B.5.10)

g7

which corresponds to the formula (4.8.8).

B.6 Hard action: comparison with literature

Here we show that the equation (50) in [96] amounts to (4.8.8). Indeed, on one hand we get
from [96] that

s 1 ~S - (A> S— N
OFMA(A) =iy = [DPa, D PA(A - 5)] . (B.6.1)
p=0
where A(A, z,z)' is the gauge potential in the conformal basis (i.e. the conformal gluon
primary operator'®):

A(A) = i®T(A) / du (u + ie) 2 A(u). (B.6.3)

R

13In terms of Kronecker &, (1)p—x = 0pk + 0p—1.k-
We keep the dependence in (z, z) implicit henceforth.
15(B.6.3) is also equal to the Mellin transform in energy of the Fourier transform A(w) of A(u), i.e.

o0

AN = [ dww? TAw). (B.6.2)
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B.6. Hard action: comparison with literature

I" denotes the Gamma function. On the other hand, we can apply the change to the conformal
basis to (4.8.8). For this we use the following properties—that can be proven by induction:!'®

ua(ﬁ%—n—l);l = (£+n—1—a);1u°‘, u "o, = (ﬁ—{—n—l);l, (B.6.4)

valid for n € N and a € R and where A := d,u = 1 4 ud,. From (4.8.8), we thus obtain
that'’

[s]H A _ A s - U’ 1 s—
SEHA(A) = —i F(A)/Ru <31[AD3”+; ) D[o;?D""A, D pa}>.
(B.6.5)
We then use (B.6.4) to infer that
/sAPaPA / AA+p—1),1A
/(A+A—s+p—1) =2 A
R
. F(A_S) s—A
Z’s—A A\A
“T@ i BT

where in the penultimate line, we used that A (and any analytic function of it) integrates
to 0 for fields in the Schwartz space. Therefore, (B.6.5) simplifies to

5531Hg(A) = %{DS%MZ(A _ 5)}9
s i'0(A) .
*2 (5_p)'F(A—S+p)D[D as, DPTA(A = 9)] . (B.6.7)

Notice that we can recast the sum as follows: We first act with the total D derivative, change
p — p — 1 in the second sum and then recombine both sums. This gives

> i*T(A L
e LI !
> i°*T(A) p T
"L G P DA =)
SF(A) s—p pA — 3
+Z e (A_S+p+1)[p as, DPA(A = 5)]

16The operator u="9;™ = (A +n — 1);! is the formal inversion of d"u" = (A +n — 1),,. We prove the
latter by induction using that 07w+ = 9, ((00u")u) = (A +1)pBut = (A + n)pi1, which itself follows
from 8y (A + a)p = (A + o+ 1),0,.

1T"We keep the ie prescription implicit for shortness. It is understood that it appears all along the calcu-
lation, as in (B.6.3). Besides, we also write fR = fR du since the context is clear.
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6o 1>f;F((AAz Y [D*a,, A(A — s)], +1°[as, D*A(A — s)], (B.6.8)

s—1

PT(A+1) .
+Z(s—p)!F(A—s+p+1)[D 2 DPA(A = 5)]

Hence (B.6.7) reduces to

s

A *T(A+1) B .
SEMA(A) = [ DsP S,DPA A
AN = 2 I A s D DAL
s s [(A+1) ) s
=1 < p'F(A S I 1) |:D 357 D A(A — S):|g7 (B69)

which is indeed (B.6.1).
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Appendix C

General Relativity I

C.1 Solution of the wedge condition on S5

We study the solution of the constraint D727, = 0 on the sphere Sy. Expanding T in
spin-spherical harmonics (2.1.9), we find

T, =) Y TY),, = DTl_Z\/€_1€+2 ZT“”YM, (C.1.1)

{21 m 0>2

: ¢
for some coefficients 77" € C. Hence,

DT =0 = T.,= Z T Y. (C.1.2)
m=—1
Similarly,
MEDIR S
DI M = NG
=0 m £>2 g 2
Therefore,
1
D’Ty=0 = To=T"Y5+ > Ty"Y,. (C.1.4)
m=—1

Note that Y, oc 1 while the basis of functions Y}, is equivalent to the normalized sphere
vector n', with n? = 1. Therefore this means that

Ty = 2° + 2'n; = 2%, (C.1.5)
for g, defined by (5.2.3). In the same vein, we find that

Z TU"YL (C.1.6)

m=—1
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Then we use (2.1.10) and (2.1.11) to show that

This establishes (5.2.4).
For s > 2, one uses that
T, = Thmy s DT, “S L2 S~pemy2 (18
S Xy s pine 3\ s, s
(2522 m 0>522
Therefore
DsT, =0 = T,=0  fors>2. (C.1.9)

C.2 Proof of Lemma [Wedge algebra]

C.2.1 Closure
The closure of the W-bracket (5.2.8) follows from the Leibniz rule which implies that

542

S S+2 S

D +2(T DTs/+1 n) = § < k )DkT D= kTé+1 -n
k=0

2
_ (Zj; 1) DT, DI (C.2.1)

To get the second equality, we used that D*T), vanishes when k > n + 2 while D377 stlon
vanishes when s +3 — k > s+ 3 — n, i.e. when k < n. Therefore,

s+1
2)!
DS+2[T, TI]XV _ Z % (Dn+1T Ds+2 nTS/Jrl L Dn+1T7ILDS+27nTS+1,n)
— 0, (C.2.2)

since by changing s + 1 — n — n, we see that the sum is equal to its opposite. This proof
holds for s > —1. This bracket thus acts in the wedge.

C.2.2 Jacobi identity

Here we show that the W-bracket satisfies the Jacobi identity when the wedge condition
holds.

s+1

7, (1, MY =S+ 1) (TnD[T’, YAl |- T”]nWDTsH_n) (C.2.3)
n=0
s+1 s+2—n
= Z Z (n+1)(k+ 1)<TnDT1::DT;:r2 nk — L DTDTL 5,
n=0 k=0

+ TnTl;D2Ts”+2—n—k - TnTlgD2TS/+2—”—k>
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C.3. Poincaré algebra

=S+ )k + 1) (TADT = TEDThy ) DTt .

It turns out to be very convenient to rewrite the sums as follows

Y = Y ((a 4+ 1)(b+ VITDTIDT — (a +1)(c + 1)TQDT(§’DTI§>

a+b+c 542
b+c>0

— b+c)b+ 1T, DT"DT, — (b+c)(c+ \)T'DT,DT,
b c c b

a+b+c:s+2
b+e>

+ Y (a+ )b+ )LTDT! - (a+1)(c+1)TaTC”D2Tg). (C.2.4)

a+b+c=s+2
b+c>0

In the first two lines we relax the restriction b +¢ > 0 as the terms b=c=0and a = s+ 2
vanish. In the last line the restriction b + ¢ > 0 can be relaxed if we subtract the term!

(s + 3)Toy2 (T4 D*Ty — Ty D*T5). (C.2.5)

When the summations are simply over a + b+ ¢ = s + 2 we can freely exchange indices.

For instance the last line becomes >, (a+ 1)(b+ 1)(T,T,D*T! — TaTb”D2TC’> and

therefore after cyclic permutation we have that

R ANNEEY ((a S0+ 1) — (a+ e+ 1))TQDTZ§DT(§’

- ¥ <(a Y b)(a+1) - (a+e)at 1)>TaDT,jDTC”
a+b+c=s+2
+ (s +3)D* Ty (T4 Ty — Tiyo Ty ) .- (C.2.6)

The first two lines are easily seen to cancel and we are left with (5.2.15):

[, (T, T 2 (s 4 3) DTy (T T2,y — Tl ). (C.2.7)

C.3 Poincaré algebra

In this section we establish the results needed for the proof of (5.2.34) and (5.2.37). One starts
with the expression for the unit vector and its derivative Dn = Pd.n, with P = (1+|z/|?)/v/2:

B 1
INERPE
1 1

= (1-
NIEEER

IThe latter vanishes inside the W-space. For later convenience, we keep it explicit.

(z+z,—i(z — 2),1 — |2]%),

2%, —i(1 4 2°), —2z). (C.3.1)
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We then evaluate (notice that Dn = (Dn))

D 1 72 — 22 2+ %)) =
2Dn1Dny + ning = m (1-2*)(1 )+ (z+2)°) =1,
2Dn1Dn2 + ning = m ((1 — 22)(1 + 22) _ (Z + 5)(2 — 2))
CENERE (1= [2I*) = ins. (C.32)

We can evaluate similarly the other components and get
Besides D*n = 9.(PDn) = 0. From (2.1.12) we know that DDY? = —£(¢ + 1)Y} .

Specifying for ¢ = 1 gives DDn; = —n;. Taking the D derivative of (C.3.3), we thus infer
that

TLZ'DTLJ‘ — nan,; = ieijank:a (034)
which establishes (5.2.37).

We can now straightforwardly compute the different commutators. We start with the
rotation generators, for which?

[

<

(nil_)nj — ?”L]DTLl)
= —2ie;"Dny = —2ie;;* J,.. (C.3.5)

il =

The translation generators bracket is given by

[P(m Pb] = anqb — quqa’
[Py, Pj] = qoDq; — q¢;Dgo = Dn; = C,
[P, Pj] = 4:Dgq; — q;Dqi = n;Dnj — nyDn; = iei* Dy = iejf* Cy, (C.3.6)

where we used that ¢ = 1 and ¢; = n;. For the mixed commutators we get

[Ji, B] = 2Dn;Dgy, — quDDn; = 2Dn; Dy + niqs,
[tjia PO] =nNn; = -Pl
[ji7 P]] = QDHZDTL] + nin; = 51’]‘ + z'ejiknk = (SijP() — ieijkPk. (C37)

Using the definition of the 't Hooft symbol (5.2.35), we recover (5.2.34).

2Since the notation in terms of the Poincaré generators is clear, we denote for shortness [J;, J;] =
S W W - - W
[L(Ji),L(Jj)]l s [Pa,Pb] = [L(Pa)vL(Pb)]fl and [Ji,Pb] = [L(Ji),L(Pb)}O .
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C.4 Proofs related to the Jacobi identity

C.4.1 SN bracket

As well summarized by [133], the fact that the SN bracket satisfies the Jacobi identity is
obvious once we know two things. Firstly, (and keeping the notation of the reminder), that
each S, € X"(M) is uniquely related to a function f on T*M by

——

n times

for all x € M and co-vector p € T(M). Such a function is called a homogeneous polynomial
observable of degree n on T*M. Given such a function, it determines S uniquely, i.e. (C.4.1)
can be read from right to left too. We dub S,,(f) the tensor resulting from this mapping.
Secondly, that the SN bracket (5.3.2) (and by extension (5.3.4)) between S,,(f) and S,(g), for
f and g homogeneous polynomial observables of degree n and ¢ respectively, can be defined
as

[Sn<f)’ Sq(g)]Z—qu—l = SnJrqfl ({f, 9})> (C-4-2)

where {f,g} = 3¢, g;% - g—g% is the canonical Poisson bracket on T*M such that

{ps, 27} = 67, Jacobi for [-,]>N thus follows from Jacobi for {-,-}.

C.4.2 Proofs of formulae (5.3.12) & (5.3.13)

We first deal with the two terms proportional to o

—[T,0(T", T"5)" — o U, [T, TS, =
s+1

~S (4 1)(s+4-n)T,D (a (LT s — T(;’TS’H%))
n=0
s+1
+0 Y (n+1)(n+3)(TyT s — Ty Thys) DTss1
n=0
s+3
— (s +3)oTy (Z(n +1)(T. DT/, 5, — T,{L’DTS;M)) (C.4.3)
n=0

1
+ (54 3)0T s (Z(n +1)(T, DT}, — T,’l’DTl’_n)) .

n=0

195



Appendiz C. General Relativity 1

In the following, we refer to each line as @ to @ respectively. First of all,?

s+1
(D= =30+ )(s +4 - m)DoT(TyTy — Ty Tl )

n=2
s+1
—o Y+ s A MLD(TT -~ T )
n=2
—(s+ 4)T0D(U(T6T:+3 - TélTé+3)) —2(s + 3)TAD(a(TyTyy s — T(;/TSIH))
s+1

SN "+ 1)(s+ 4 n)DoTy (TiTers—n — TL5) (C.4.4)
n=2

s+1
— oY 0+ (s +4 = n)DTy (TP, — T,
n=2

s+1

—0 Y (n+1)(s+4—n)Ty(T)DT,,5 , — T,DTl,, )
n=2
+o(s + 4 DTy (TyT s — Ty TLy) — 2(s + 3) VDo (TyTYy — Ty TL.,)

—20(s + 3)(T| DTy Tyrs — Ty DTyTuss) — 20(s + 3)(TiTy DTurs — T{TyDTyss),

where we used that
D(oTyTyT! s — o Ty Ty T, ) = 0 (C.4.5)

and changed few prime indices for later convenience. The sums cancel since equal to their
opposite (change variable n — s 4+ 3 — n to see it). Second of all,

s—1

2= (n+1)(n+3)0Ty (T} DTy, = T2 DTL 1) (C.4.6)

n=0

+ (s +2)(s + 4)o DTy (TyTe 5 — Ty Tiyy) + (s + 1) (s + 3)a DTy (Ty Ty 5 — ToTL)-
Third of all,

s+1
(3) S —(s+3)0Ty Z(n +1)(T, DT/ 5, — T/L’DT;+3H)> (C.4.7)

=2

— (s +3)(s +4)o(TyTY, s DTy — Ty T, s DTy) — (s + 3)°0 (TyT2,, DTy — Ty Te,, DY)

S

— (s + 3)0 (LIPS, — TITWDT) — 2(s + 3)0 (T4TY DT, — TyT DT, 2)

Fourth of all,

(4) 2 (s +3)0 (T, Ty DTy — T, TyDT + 2T, T, DT} — 2T, s T DT}). (C.4.8)

3Since in this first step we extract the n = 0 and n = 1 terms, a whole part of (C.4.4) drops if we consider
the special cases s = —1 and s = 0. The final result of the demonstration is however unchanged.
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C.5. Proof of the morphism formula (5.3.24)

Summing all of them,

(C43) =2 (=(s+3) + (s + 1) (s +3) — (s +3)2) o DTV (TYTY oy — TYT., )
+2((s+3) = (s + 3))oTsy2 (T} DTy — T{ DTy)
+(—(s4+3)(s+4)+ (s+4)+ (s +2)(s+4)) o DIy (TyTy s — Ty Th,5)  (C.A9)
+2((s+3) = (s +3))oDTa (TyTy — TyTY) — 2(s + 3)T1 Do (TyTY, o — Ty TL.,)

s+1
—oTy (Z ((n+1)(s+4=n) = (s +3)(n+ 1)) (T DT y5_, — T;DT;;g_n)>

n=2

s—1
+ 0Ty (Z(” +1)(n+3) (T2 DT, — TT/L/+2DTS/+177,)>

n=0
= —3(s+3)o DTy (T4, — TyT..y) — 2(s + 3)T\ Do (TyT" y — TYT.,)
= —(30DTy + 2Dy {T', T"S ,.
Concerning the term proportional to o2, we get straightforwardly
o (T, (T, T"S §s = (s +3)0? (s + 5) (To Ty Tr,y — ToTy Thyy) — 3(ToTy — T4 Ty)Tyso)
= 3(s + 3)02To (TyTYy — Ty TL,) (C.4.10)
£ 302, T, TS, .

C.5 Proof of the morphism formula (5.3.24)

For convenience, here is the equation (5.3.15) again:
or0 = —D*Ty + 2DoTy + 30 DTy — 30°T5. (C.5.1)

This implies that*

(07, 07]0 = {2T1D (=D*T; + 2DoT{ + 30 DT} — 35°T})

+ 3DTy (—D*T§ + 2DoT] + 30 DT} — 305°T) (C.5.2)
— 60T, (—D°Ty + 2DoT| + 30 DT| — 30°T}) } ~T+T.

On the other hand we know that

5[T7T,]aa = { — D*(TyDT| + 211 DT}, — 30Ty Ty)

+ 2Do (Ty DTy + 2T DT + 315 DTy — 40T, T5) (C.5.3)
+ 30 D(ToDTy + 2T DT + 315 DTy — 40T, Ty)

— 30%(TyDT} + 2T, DT} + 3T, DT, + 4T3 DTy, — 5aTDT4)} —T T,

4Here T does not depend on ¢, hence 67T, = 0, s > 0.
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Hence, by expanding every term, we compute

(07, 07]0 — e =

= { — 2(T\ DTy - T{D*Ty)) — 3(DT\D*T, — DT D*Ty) + 1(D*T, DT| — D*T;DT))

+2(DT,D*T] — DTyD*Ty) + (T D*T] — T,D*Th) + 2(D*T1 DT} — D*T|DTy)

A(DT\D*T} — DT{D*Ty) + (T DT} — T{D'Ty) }

+ {AJ%(TlDT{ — T{DTy) + 60 (T\D*T] — T D°T}) + 60 (T D*T; — T, D*T)
+6P5 (11 DT} — T/ DTy) — 655 (T1DT] — T, DTy) — 90 (12D°T}, — Ty D)
— 3D*0(ToTy — TyTs) — 6DoD(ToTy — TyTs) — 30 D*(TyTy — TyTs)
—2Do (TyDT, — T;DT;) — 4D7 (T, DT; — T/ DT\) — 6Do (T, DTy — TyDTy)
+ 60 (DT, DT, — DT;DT;) — 30 (To D*Ty — Ty D*Ty) — 60 (11 DT — T{DZTl)}

+ 20{ —6Do (I Ty — T\ Ty) — 30(11 DTy — T\ DT5) + %(TQDTI’ — T3DTY)
— 6Do (1T, — TyTh) — 95(12DT] — T,DTy) + ADo (Ty Ty — T4 Ts)
+6Da (TyTy — ToTs) + 60 (To DTy — Ty DT3) — 60 (1301 — T4 DTy)

+ ga(TODTg — TyDT3) +30(T1 DTy — T\ DT>) + %(TQDT{ —T,DTy)

+ 60(Ty DT}, — TyDTy) — %72 (1T} - T3Ty) |-

We emphasized the obvious simplifications. A few more occur between the terms involving
one 0. We notice that we end up only with terms proportional to Ty (and 77). Therefore,

[ST/, ST]O' — 5[T,T’]UU ==
- TO{D3T1’ —30 DT} — 3D*0T, — 6D DT, —2Do DT, — 30 D*T}, + 80 Do'T,

—3D2%(oT})

+120 Do T, + 1202 DT, + 362 DT} — 1503T4} —ToT

= Ty{ D*(DT] - 30T}) — 2Do (DT} - 40T})
~ 30D(DT} — 40T}) + 30°(DT} ~ 50T}) } = T > T" (C.5.4)
= TO{DQ(DT’)O — 2Do(DT"), — 30 D(DT"); + 302(DT’)2} T T

=To{ oo} —T & T,

which is indeed (5.3.24).°

5 Again, strictly speaking, no([éTf, ST}U — S[T’T/]o‘o') = Tés[nG’T]ao — TOS[UG’T,]UU.
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C.6 Covariant wedge initial condition
To prove the formula (5.3.29), notice that
D[T,T"?, = D(ToDTy — 20Ty 1Y) = T < T
= (ToD*Ty — 2DoTyT] — 20T\ DTy — 20ToDTy) = T <> T" (C.6.1)
_ (TO(DQT(; — 2DoT] — 30DT}) + 20T, DT, + aTODT{) TeT,
while
oI, T')§ = (¢ToDT| + 20Ty DT}y — 36°TyTy) — T <> T'. (C.6.2)
Therefore, using the definition (5.3.15) of the variation é7o, we see that
D[T, T, — o[T, T'|S = T}oro — Tydpo, (C.6.3)

which matches with (5.3.29) up to the usual factor of 7y that we keep implicit.

C.7 Proof of the Jacobi identity (5.3.32)

Here we study the condition that the bracket (5.3.31) has to satisfy in order to respect the
Jacobi identity, if we were not aware that DT has to be equal to ¢Ty. To avoid confusion,
we remove the superscript o to denote this preliminary version of the o-bracket.

s+2

(1,07, 7], = >0+ 1) (TDIT T e = [T, T, DT ) (C.7.1)
—0
s+2 s+3—n
=3 > 0+ )k + 1) (TDLDTyy — TDTY DTy,
n=0 k=0
+ T DT g — TnTlgD2Ts,+2—n—k>
s+2 n+2
- Z Z(” +1)(k+1) (TI;DT:+14€ - TIQIDTr/szk)DTstn-
n=0 k=0

The goal is to extract the boundary terms of the sums, namely those that involve the element
T_,. Therefore

1) = Y (a+1)b+1) (TaDTgDTC” - TaDTg’DTC’)
a+b+c=s+2
s+2

+ (0 +1)(s + 4 = n) (T.DTLy, DT, — T,DTy, DT, )

n=0
+ Y (a+1)(b+1)<TaT,§D2TC”—TaT,§’D2TC’>

a+b+c=s+2
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s+2

+3 e+ 1)(s+4-n) (TnTS’ s DT — T, T DZT’_1>
n=0

- Y o+ <T,§DTC”DTa - Tg’DTc’DTa>
a+b+c=s+2
s+4

S (s +3)(k+1) (T,QDT;;g,kDT_l . T,;’DT;+3,kDT_1) (C.7.2)
k=0
s+1

S+ 1)(n+3) (T,’LHDTLDTSH_H - T;;HDTLlDTSH_n).
n=0

According to (C.7.1), the first sum that comes with a minus sign should be restricted to
b+ ¢ > 0, but of course we can include the term b + ¢ = 0 for free since that contribution
vanishes. Upon cyclic permutations, we get

(1,7, 1], = Y T.DTDT!((a+1)(b+1) — (a+1)(c+1) — (a+b)(a+1) + (a+c)(a+1))

a+b+c=s+2
+ Y TIDT!((a+1)(b+1) = (b+1)(a+ 1))
a+b+c=s+2
s+2
+ DT {Z(n +1)(s+4—n) (T;DT;;?,_” = T,;’DT;+3_H)
n=0
s+4
Y (s +3)(n+1) (T;DT;;3_n . T;’DT;H_n) (C.7.3)
n=0
s+1
- Z(” +1)(n+3) (Té/+2DTsl+1—n - TT/L+2DTsﬂ+l—n> }
n=0

_ DT (s +4) (T;+3T(;' - TS”+3T5>.

The first two lines vanish. Hence

s+2
T, (7,7 £ DT, {Z(n +1)(1—n) (T;DTs’;g_n —T'DT! +3_n)
n=0
— (s +3)(s +4) (T;HDT(;’ - T;;SDT(')) (C.7.4)

— i(n +1)(n+3) <T7/L/+2DT;+1_TL - Trlz+2DTs”Jr1—n> }
n=0
— D*T_y(s +4) (Ts/+3T6/ - Ts”+3T0/>’
where we got rid of
—DT_y(s +3)(s +5)(T0,,DT", — Ts”+4DTLI> ) (C.7.5)
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Massaging the sums (as usual by extracting some boundary terms), we have

s+2

[Ta [, TH”S = DTl{TéDTsHJr:s — Ty DTy, 5 — Z(n +1)(n—1) <T7/LDTS”+377L - TT/LIDTSI+377L)
n=2
s+2
=Y =)+ )(TUDTLy, ~ ToDTL ) (C.7.6)
n=2

~ ot (T DTY = T2 DT) | = DT+ ) (T - TT3),

The two sums cancel one another and we can also get rid of the D?T_; term using the
Leibniz’s rule (over the last term in {---}), so that one ends up with

[T, (7, 7] £ (s + 4)D(DT,1T5’T’+3 . DT,lT(;T;;3> + (s +3)DT_, (Tg’DT;+3 - T(;DT;’+3>

S _(s+ 4)D<TS+3 (1,DT", — T} DTil)) + (s +3) DTy (Tg)DTﬁ1 _r DT11>

S —DTys[T',T"] , — (s +4)TosD[T', T"] (C.7.7)

2 2"

In the second line we used the cyclic permutation one more time to highlight the combination

[T, 7T"] , =TyDT", — Ty DT",. (C.7.8)

2

This concludes the proof of (5.3.32).

C.8 Proof of Lemma [Leibniz]

We proved that (D[T, T’]")i2 = 0 when (D?T)_, = 0 in App. C.6. Moreover, the original
version of the proof of the Lemma at any degree was presented in [1]. We then had to
repeat it in [2]. Since the latter is slightly more general than the former, we refer the reader
to appendix C.11.1 for the newest version, where one simply needs to make the change of
notation (C,7) — (0,7T) to recover the version which concerns us here. Both proofs are
otherwise identical.

C.9 Proof of Lemma [Intertwining properties]

C.9.1 Adjoint action

We evaluate the derivative

(T (1)) = 3 R GG (0 + 1) (P2, T2) .+ (P2 T2, )

n,k=0
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= s+ k
Z( n_;r - ))vleZ(_DGa)k) (D7 Ta) 0

>
e
+ 2 f; (n, o f *1) )!Gz<—DGa>’f) (DT,
f; (s AR _’jf DGL-DG) (9.(PAT),.)
_ ; (s *Sr _’i T T Ga(=DG) ((GaDs )+ 0a(D3,T0)
(s +k+2)DGu(DLT) )
B n:oo ELS Jgi:r i Ga(~DGa)’ <(8“ +ado,Go) (D‘T’L“Ta)>s+k e

which corresponds to (5.3.56).

C.9.2 Intertwining relation

Here we prove (5.3.61). Starting from

— (s +k+1)!
P K

we easily see that we have for T € VP

DTSG(T) = z_: % ((—DG)’“DTS+k _ k(_DG)k—lDQGTS+k>
— (s+k+1) - (s+ k) .
_ %W( DG DT,y — Z T DTy DO sk Do
_p—s(s+k+1). . =5~ (S+k+1>! )
= %W(_DG) DTy — g W<_DG) (s+k+2)0Ts k11
B %(_DGWDT@“- (C.9.3)

Next we evaluate (D shifts the filtration since it comes from a bracket, i.e. D : VP — VP~1)

(DT(T)),_, + (DGTC([ne, T17)),_, = DTE(T) + DGTE (Ine, T)")

B s+k+1 ) (s+k+1) k1
Z k! (=DG)"(DT)s1x-1 — kZ:O m(—DG) (DT) sk

SIf T € VP then the series truncates to a finite sum where k < p — s since T, = 0 for k > p — s.
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(s+k+1)! s+ k)l .
(DT).- 1+Z( TR G +(1)!(k)_ 1)!) (~DG)H(DT g1, (C.9.4)

At this stage there are two cases to consider: If s = —1 then we see that the two coefficients
appearing in the difference inside the sum are equal to 1. Their contributions cancel and we
are left with

DTC(T) + DGTC (e, T)7) = (DT)-o = T% ([0, T]"). (C.9.5)

When s > —1 we can evaluate the difference and get that (C.9.4) reduces to

(DT, +Z (s £ R _ DG (DT spr. (C.9.6)

On the other hand we have that

— (s +k)!
slk!

Tﬁl([%,T]g) = (=DG)M(DT)syp-1- (C.9.7)

el
[e=]

Equation (C.9.5) and the equality of (C.9.6) with (C.9.7) proves (5.3.61).

C.9.3 Inverse intertwining relation
Here we prove that (7¢)~! defined in (5.3.49) satisfies the intertwining relation D(7¢)~}(T) =
(TY)~1(DT). Using that

(e 9]

(s+k+1)! &
ZO e (DG * Ty, s> —1, (C.9.8)

one evaluates

(DT=4(T)),_, = DT, C(T) — (s +2)0 T, S(T)

-1

2 (s 1+k) - X (sH1HR)
= D D*GT, 2 T DAY DT
kzz:(sﬂ)!(k—l)!( @ 8*”; Gt PO DT

> s+k+2
UZ 1)'%! (DG)' Totra

~ (s+k+1)! .
z:; e (DG (DT)sh-1, (C.9.9)

where in the second line, the first and third terms cancel out since D?G = o. Next we
evaluate’

(DT-%(T)), , — (DGT~4(DT)),_, = (DT~9(T)), , — DGT, “(DT)

s—1

For s = —1, (DT~%(T) - DGT~%(DT))_, = (DT)_, = T-£(DT).

-2
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 (s+k—+1)! (s+k+1)! )
= kz:% W(DG)k(DT)s—f—k—l - kz:% m<DG)k+ (DT)S—‘,-]C
(s +k+1)! (s + k)! .
- (DT)S‘1+“( (s+ 1) (s+ DIk — 1)!) (DG)* (DT )s4k-1
- i (S;klf)! (DG (DT )41 = T,5(DT), 5> 0. (C.9.10)
k=0 o

D(T)(T) = i (=6 (pr-¢(D"T) ~ DGTC(D"*'T))

n!
= i (_j)nT_G (D™IT) = (T%)~1(DT). (C.9.11)

C.10 Proof of the Jacobi anomaly of the C-bracket

Here we tackle the computation of the cyclic permutation of [7’, [/, " ]C}C, making use of
the Leibniz anomaly (5.4.23), that we prove in App. C.11.1. We use that 6,C = —(D>r)_,.

s+1

[7’, [T, T//]C]f = Z(n +1) <Tn (D[T/, T”]C)S_n — [, T”]S(Dr)s,n>

n=0
s+1

B e

n=0
+ (3 —nNn + 3)7—n <Té—n+2(D27//)_2 - T!—TH—Q(DZT/)_Q))

s+1

— Z(n + D)7, 7"9(D7)sn

= {Z E (n+1)(k+1) <Tn(DT’)k(DT")S,n,k — TnT,g(DQT’)s,n,k)

n=0 k=0
s+1 n+1

=X (+ [)(k+ Dri(DT")0i(D7)sn (C.10.1)

n=0 k=0
s+1

+ Z(n +1)(s—n+ 3)Tn7;_n+2(D27”)2} — ("),
n=0

The last equation then splits into three types of contributions, that we shall refer to as @,

@ and @ Let us start with the third line of (C.10.1), that we dub @ Extracting the
n = 0 term and then taking appropriate cyclic permutations, we get
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@ = (54 3)707L 1o (DT") 0 — (s 4+ 3) T Tss2(DT") 5 (C.10.2)
s+1 s+1
+Y (4 1)(s = n+3) 7l 5 (D7) 2 = Y (n+ 1)(s = n + 3) 7 Te_nia(D°7") .
n=1 n=1

Changing n — s —n + 2 in the last sum, the two sums cancel and @ reduces to

B) 2 (D) L 1,75 2 =6.C U, "5, (C.10.3)

which is precisely (5.4.13). We thus have to show that all the other terms in (C.10.1) cancel.
The trick first consists in isolating from the summation the boundary terms that contain
degree —1 element such as (D7)_; or (D?7)_;. We denote all the latter by @ and the rest

by @ For instance, in the first line of (C.10.1),

s+1 s—n+1 s+1 s s—n
Yo =) (k=s—n+1)+ (C.10.4)
n=0 k=0 n=0 n=0 k=0

and we collect the first term in @ and the second term in @ We proceed similarly with
the second line of (C.10.1) and obtain that

D= {Z(n +1)(s = n+2)70(D7)sn1(D7") 1

n=0
s+1

=) (n+1)(s —n+ 27l (D7), (C.10.5)

n=0

— Z(n + 1) (n+2)1, 1 (DT") (D7) sy — Z(S +2)(k + 1)T,Q(DT/')S+1_;€(DT)_1} — (7' 7).

The second term of this equation evaluates after skew-symmetrization to

s+1 s+1
—(D*7) 1 Y (A1) (51427 (D7) 1 D (A D)(s=n4+2) 77y = 0, (C.10.6)
n=0 n=0

where we used the cyclic permutation and the change of variable n — s — n + 1 in one of
the sums. Hence, by extracting the terms n = s, k = s+ 1 and k = s + 2 in the last line of
(C.10.5) (and renaming k — n), @ is equal to

O {Z(n +1)(s =1+ 2)70(D7)scns1 (D)1 = D (s 4+ 2)(n+ D)7 (D7) ss1-0(D7)

— Z(n +1)(n+ 2)T7;+1(D7'//)_1(DT)5_”} —(F =20 (C.10.7)
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These terms vanish upon cyclic permutation, which becomes clear as soon as one puts (D7)_4
as a prefactor of every term.
We still have to deal with @, which can now very conveniently be written as

@ = - Z (a+1)(b+1) (TaTZ;/(DQT/)C . TaTI;(D2T”)c>

a+b+c=s

+ > (@t )b+ 1) (ru(DT WD) — 7u(DT (D). )

-y (a+b+1)(a+1)(T;(DT")b(Dr)c—T;'(DT'),,(DT)C). (C.10.8)

Notice that a,b and ¢ run from 0 to s. Without extracting the degree —1 elements in @,
the ranges for a, b and ¢ would have been different, preventing us from treating them on par.
Using cyclic permutation, we have that

@ g _ Z (a+1)(b+1) (TaTé/<D2T/)C — T;/Tb(D2T')C>

a+b+c=s

+ Z (a+1)(b+1) (TG(DT/)(,(DT”)C — Ta(DT”)b(DT/)C)
a+b+c=s

_ (a+b+1)(a+1)(7a(pf')b<2>7")c—TG(DT")I,(DT')C) (C.10.9)
a+b+c=s

S Y alat ) (DIUD) -~ DE(D)) L0

a+b+c=s

Therefore @ =0= @ and [, [7, TH]C]S = @ = (C.10.3).

C.11 Proofs of closure for the T-bracket

C.11.1 Leibniz anomalies

In this section we provide the proof of (5.4.27). We start by computing explicitly (D[T, 7 ]C)
for s > 0, using the formula (5.4.12) for the C-bracket.

s—17
(Dlr,71),_, = DI, 7§ — (s + 2)C[r, 7154,

= {Z(n +1) (DTn(DT’)S_n + TnD(Dr’)s_n> (C.11.1)

~(s+2)C) (n+ 1)Tn(DT')an} —(r 7).

We now add and subtract the necessary terms to transform the D into D in the first sum:

(D[T7 7J]O)s—l - {Z(n +1) ((DT)H—l(DT,)s—n + Tn(DQT/)s—n—1>

n=0
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s+1 s+1
+) (n+1)(n+2)C10s1 (D7 )acn + > _(n+ 1)(s = n+ 2)CT (D7) s
n=0 n=0

- (s+2)C Z(n + D)7 (D7)si1-n — (s +2)(s + 3)CTS+2<DT/)1} — (1)

n=0

— {i(” +1) <(D7-)n_1(D7-’)8_n + Tn('DQTI)S_n—1>

n=0
s+2 s+1
+> n(n+1)C7(DT)ss1mn — D n(n+ 1)C7(DT) 10
n=1 n=1
—(s+2)(s + 3)CTS+2<DT'>1} —(r 7 (C.11.2)

- {Z(n +1) <(D7‘)n_1(D7")s_n + Tn(DQT/)S_n_1> } —(r+ 7).

n=0

We now evaluate the second term in the anomaly,

[7_7 DT/} 50—1 + [DT7 T,} 50—1

=0+ 1) (PP )+ 7D )y1 ) = (760 7).

= {Z n(D7)p1(DT")sn + Z(n + 1)Tn(D27/)3_1_n} —(r+ 7). (C.113)

n=1 n=0
Therefore the difference gives
s+1
A ([, 71°,D) = {Z(m)nl(m)” +(s+ z)TSH(DQT')Q} —(reT)
n=0

= (s 42) (o1 (D*7) =y — 70,1 (D7) ) . (C.11.4)

In the last equality we use that the first term is symmetric in 7 <> 7/ which follows from the
relabelling n <> s +1 — n.
Moreover, we can also consider the special case (D[T, 7/ ]C)_2 for which

(D[r,7°)_, = D[, 1%, = C[r,7]§
= (D(r(D) 1) = C (D7) + 271 (D7) 1) ) = 7 65 7
= (Dr(D7) 1 + (D) 2 = 20m(DT) ) =7 7
= 70(D*7")_y — T(D?*7) _s. (C.11.5)

In the third line, we gathered D(D7')_; — C(D7')y = (D?*7')_5 while in the last step, we
expanded the rest of the terms and used the anti-symmetry between 7 and 7/. Now notice
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that the C-bracket at degree —2 vanishes identically, |-, -], = 0. This is a natural extension
of our definition for the C-bracket, that we discuss at length in section 5.3. It implies that
the Leibniz anomaly of D on [-,-]¢ takes the general form

'AS([T> T/]C’D) = (5 + 3) (Ts+2(,D2T/)72 - 7—;+2(D2T>72) , s = —2. (C.11.6)

This establishes (5.4.23) since (D?*r)_y = —6,.C.
We then consider the quantity

(D(é}n’))s = D(0Tss1) — (s +3)C0pTsro
=0, D711 — (84 3)0(C7es2) + (8 + 3) 75120 C
= 0.(D7)s + (5 + 3) 75420, C. (C.11.7)

This allows us to compute the anomaly to the Leibniz rule of D onto the algebroid bracket,
As([[T, ], D) = .As([T, 1%, D) + As(<(5TIT —0,7'), D)
— —OpoT + Ope7 + (s +3) (TM((ST/C —5,0) =7 (6.0 — 5Tc>)
= —0pyT 4 0p; 7' 4 (54 3)N (ToraTy — ThiaT0), (C.11.8)

which corresponds to (5.4.24). Finally, we compute similarly the time derivative of [-, -] and
find that

O, 7']s = ([7’, 6u7"]§ — (s +3)N1o7liy + 5T/8u7'5> —(t+ 7
= ([[T7 auT/]]s - 58u7"7—s - (S + 3)N7—07—;+2) - (T < T/), (0119)

which matches with (5.4.25).

C.11.2 Proof of (5.4.49) = (5.4.50)
Here we assume only 0,7, = (D7)s, s = 0,1,2 and compute d,[7, 7]y — (D[r,7']),. We just

need to use the Leibniz anomaly (5.4.27), which at degree 1 gives
((0u —=D)[,7]), = [(Ou = D)7, 7], + [, (B — D)T']| | + S(0=D)r Tl — S(6u—D)r'T1
= [0y —=D)r, 7], =7 7, (C.11.10)
where we use that d(s,—p)-7] o d(9,—p)>-C = 0 by hypothesis. Hence,

2

[0, — D)7, 7] 1= Z(n +1) <W(DT/)1—71 — 7, (D(8, — D)T)l,n)

n=0
2 2
=— Z(n + 1)1, D(0 T)o—n + Z(n + 1)7,(4 = n)C (0,1 — 'D7')3_n
n=0 n=0
= 4C7) (013 — (D71)3). (C.11.11)

This means that 9,[7,7']1 = (D[[T, T’]])1 precisely if 73 — (D7)3 = 719Ms3, where M; €
Ci'_s(F). No such local functional can be constructed using only C' and its (holomor-
phic) derivatives and we therefore conclude that 73 = (D)3 which is the dual equation of
motion for s = 3, namely (5.4.50).
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C.11.3 Initial condition

If we assume that 7,7 € T™ we show that the T-bracket respects the initial condition
(5.4.51), i.e.

D[, 7]-1 = C[r,7]o | (C.11.12)

Indeed, notice that thanks to the computation (C.11.5), we have that

(D[[T, T’]])_2 = ((D[T, T’]C)_2 + (D((ST/T))_2> -7 7

= (TO(DQT'),g +0.(D1_q) — C5T/TO> —TeT
= (Tg(DQT/)_Q + 7'05T/C) — T T (C.11.13)
—0,

since 0,,C' = —(D?7')_y + N1} and we leveraged the anti-symmetry in 7, 7.

C.12 Proof of formula (5.4.42)

We compute the following quantity:
({QT{D(&—C) +3D7] (570) —6CT, (&C’)} — T T') + 5[TﬂcC, (C.12.1)

using 6,C = —(D?7)_, and the Leibniz anomaly (C.11.6). This is a complementary demon-
stration to the one already performed in App. C.5. Indeed,

-2

5[7,7/]00 = —(D2 [T, T']C) = — (D[DT, 1% + D[r, D¢ + DA([T, 71, D))

= — [DQT, T’] ?2 -2 [DT, DT’} (32 — [7’, DQT/] fz : (C.12.2)
— A_Q([DT, 71, D) — A_g([T, D', D) —DA_,4 ([T, 71°, D) + CAO([T, 1, D).

We can now exploit the fact that the C-bracket at degree —2 vanishes identically, |-, -], = 0.
Therefore, we just have to evaluate the various anomalies using (C.11.6). We get

5[777/100 = ((DT)OST/C — T(/)SDTC + D(27'1(§T/C) — 307’2(§TIC> — T < 7'/. (C.12.3)
Hence,

(C121) = <DT{ (STC) - 307—5570 - (DT/)(]gTC + 7'051)7./0> — T ’T/
= Tdpr/C — 7000 C, (C.12.4)

which concludes the proof.
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D.1 Symmetry action on h

On the one hand,

[6-, ST/]h =0, (Cry— D7) =T 7' = (T(/)STC + 55T7/h) -7 7. (D.1.1)
On the other hand (using (C.11.5)),
S[[T,T']]h = —(D[T, 7"]0)72 + 55 g = (7'6(2?27'),2 - SSTT'h) -7 T

= —(756.C + 557T,h) — T T (D.1.2)

where in the last step, we used that (D?*r)_y = —4,C and we then replaced 5,.C by 6,C' since
the two differ by a term that vanishes upon anti-symmetrization in 7,7’. Finally, using the
fact that 6,C = 0,(6;h) = 6,C, we readily see that {57, 571} h + dpr-1h = 0.

D.2 Time derivative of (54

We compute the time derivative of

Gu=qi— 4—D4(NC’) 5D*600;°C — 4D(DGu0 (uC)) §D2(6Oa;1(u20))

+5DQ10;%C + 4D (19, (uC)) — 5Q00;C + 15Qp0; ™ (CH,'C). (D.2.1)

We get

4

0.Qu = Z

=1

D”@4 n+2 D”(DQs nt (5= n)CQxr)

- §D4(NC’) — ED‘*& (NC) — 5D%3,Q00,°C — 5D*Q8;,2C — 4D (D, Q0 *(uC))
3

—4D(DQyd; " (uC)) — 5D*(9,Q00; " (w*C)) ~ ;DQ(éoﬁc) +5DQ,0;,'C (D.2.2)
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+5D(DQo + 2CQ_1)9;2C + 4D((DQo + 2CQ_1)d; (uC)) + 4D(Q,uC)
—5(DQ1 +3CQ0) 8, C — 5Q5C + 150,Q08; " (C;'C) + 150y (C, ).
Let us reorganize the terms to emphasize the simplifications:
3

auCQZJL:_Z( ) Dn+1Q fn+z Dn(DQZS n)+

n=0

'D48 Qo — —D4a (NC)

4] 4!

3
—u) n 3 ~ ~
+ Z TD —n)CQon) — §D4(N(J) - 5D2((<:1 u?C) + 4D (QuC) — 5Q5C
— 5D2®0 92C — 4D (DQyd; (uC)) + 5D*Qud, 2C + 4D (DQod;  (uC))

+5DQ,0,'C — 5DQ.9;'C — 15CQud; ' C + 15@0(08 '0) (D.2.3)

— 5D%0,040,°C — 4D(D8,Q00;*(uC)) — ;D2(au®oau1(u20)) +150,Q8, 1 (CO,1C)

+10D(CQ-1)9;%C + 8D (CQ-197  (uC)).

The first line reduces to

ZD48 Qo, (D.2.4a)

the second line to

3 3

u (NC)+37D2(NC’2) 23%03(0@_1), (D.2.4b)

3!
where we used that Qv_l = DN. The third line reduces to
5D*(NC)0,?C +4D(D(NC)9, ' (uC)), (D.2.4c)

and the fourth to
—15NC?0,'C, (D.2.4d)

while the last and penultimate lines always involve 8u60 or @,1 = DN, which are 0 if N = 0.

Similarly, the leftover (D.2.4) annihilates when N = 0, so that 9,@Q4 = 0 when no left-handed
radiation is present.

D.3 Proof of Theorem [Noether charge at spin s

We construct @ for a general s > 0. For this we have to leverage the computation (6.3.24)
and (6.3.26). We define §* and S* the dual spin and shift! operators according to

§* = _§; é*@s - S@s and S*@s = @sflv (D31>

18+ and S are actually equal.
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with commutation relations given by

$'D=DS, $C=C$, Di=(3-1)D, §C=C5"+2), &5 =896 -1).
(D.3.2)
By definition, and using (6.3.24),

ArG QY. —/Q VT 1+Z Z /Qn oD —9.'C (5 + )S)kTM. (D.3.3)

n=» Ok LS+1 n

Then, since
> = > (D.3.4)

we need to compute, using (6.3.26),
N
/Qn 01D — 97105 + )S) Topr =

/Qn(i(—w 3" oD (a;l{c*(gﬂ)a;plpm(... (D.3.5)

=0 P=k—¢
..8;1{0(§+1)8;pr?fo}...)}))Tn+k.

Recall that we study 7 € T, so that only T # 0. Hence, for each term in the sum over n,
there is only one term in the sum over ¢ that survives, namely the one for which n+k+/¢ = s.
We thus get?

n=s—2k

n=s—2k

(D.3.5) :/S (@s_k(— )° k'D To+ Quop—a(-1)' 0y POD:Do( {c<§+1)pp1:rsa;m(1>})

P=k—1

+ Qura(=1)>" 9y Dr <a;1{0(§ +1)a 7 pe (a;l{c(g + 1)Dp2T38;p2(1)}> })

P=k—2

NI @S_%(—l)’“c‘);l{C(é n 1)3;1{0(§ +1).. .a;l{(](s: + 1)T5} y }}) (D.3.6)

k ~
= [ (0Dt 3 1 DGt (O 10, (1)) D

P=k-1
£ 3 Cprpng o o+ on (o et + vprra ) ) )

P=k—2

o G 3G 0r {Co; {O<§+1>...8;1{0<§+1>Ts}~-}}),

2Recall that P = Zf:o Di-
3We use that 9, PT, = %TS.
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where in the last line we trade the action of § for its dual. Indeed, (5+ 1) acts on the object
CF1T, (the 0, are irrelevant for counting the spin), so that

(3+1)(C*'T,) = (s — 2k + 3)C*'T.,. (D.3.7)

On the other hand,
(§* + 3)st2k = (S — 2k -+ 3)@372197 (D38)

so that the prefactors do match. We proceed further,*

(D.3.6) :/5(( D W kG T NELS Dm( 4 3) DO, O 1{03 P )})Ts

P=k—-1

+3° (—1)rrotepe ((g* n 3)Dm@s_k_2a;prl{c) a;prl{C(g + 1)Dp2Tsa;p2(1)}}

b (—1)R(E 4 3) ((g* + 3)@8,%8;1{0)3;1{0. . a;l{C(g n 1)Ts} . }})
=/S(— )’“(Z—T "Qok + Z D’“( & £ 3)DPQ, 97! C)&;plu)} (D.3.9)
3) W)+

((§*+3)<<§*+3)@5f2ka;1{c)a;1{c) .0 1{0} }})T
/( kz 3 Dp°< *+3) DP1<(§*+3)DP2<...((§*+3)5’*‘5D”f@s,k~

o E.auml{C) ar{e)ar{e)arw}) )T

Most of the work is now done. To relate this expression to Q% , we need two slight mod-
ifications. Firstly, as we discussed already in several occasions, adding the term Q“,[7_4]

! {
£ (5" +3)D7 ((é* +3)0mG, 0,7 Yo ¢ Yo
+ (8" + 3)< ) "

amounts to replacing every appearance of Qo by QO — NC. For that purpose, we introduce

= Q,, for s > 0 and Qy = Qy — NC. Secondly, according to (D.3.4), the variable n had
to be positive. The easiest way to implement this restriction is to take és =0, for s < 0.
Finally, taking the sum ) ;_,, we get the expression for @, namely

Q, = i(—nk zk: Y pm <(§* +3)D» <(§* + 3)DP ( . <(§* +3)87DPQ, -

(=0 P=k—¢

: a;pe—l{c) . .)a;pz—l{o) a;m—l{c) a;poa)}} . } (D.3.10)

“When trading § for §* in the first line for instance, we use that (§ + 1)DP1T, = (s — p; + 1)DPT, =
(s +po — k +2)DP Ty, while (5 4 3)DPQ, 1 = (s +po — k +2)DPQ,_j_1.
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This proof is straightforwardly amended if we wish to work with the covariant charge H.-
instead. Indeed, since the element 7" ; now behaves on par with Tj, 71, ..., we just have to
consider

yeﬁ—z Z /Qn 0'D —0,'C(5 + )5*) Tk, (D.3.11)

n__lk, Ls+1 n

and then notice that
s s+1 s—k

> Z => > . (D.3.12)

n=—1f— \_S-H n | k=0 —1<n=s5—2k
We thus find that .
yor = — | #.T., > 1, D.3.13
ey ; (D313

fgr 377:05 given by the formula (D.3.10) where és is now defined as @s = @S, s > —1 and
Q,=0,s < —1. As an example,

%71 = Q*la
o = qo — uDQ_,

- 2 - -
Hy =g+ %DQQ_l —20.,0;1C, (D.3.14)

~ 3 ~ ~ - ~
Ky = g2 = 5 D° Q-1 +8DQ10;°C +2D(Q-19;" (uC)) = 3Q00;'C.

where ¢, is given in (6.4.4). The reader can check that 81,;7765 — 0 when N = 0, as expected.
Of course, the associated Noether charge is defined as

1 -
Hop, = —— | #.T, > 1, D.3.15
T 47TG/S 5 ( )

with 3?63 = lim,_, o Hs.

Furthermore, it is interesting to consider the special case of (D.3.10) where N = 0 in a
strip w € [0, ug], namely a non-radiative strip. The renormalized charge aspect then takes
a very compact form. Indeed, first notice that in this strip, C' = C |u:0 = ¢ and the shear
goes through the inverse u derivatives® of (D.3.10). The latter then reduces to

észz k| Z > (o5 +3)07 (o(57+3)D7 (. (o(57+3)57 D70, 4) . ).

(=0 P=k—¢
(D.3.16)

where we used that

Ot 0T (1) = (1) = 07 (1) = - (D-3.17)

SWhere 9, = [, with u € [0, uo).
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Defining the dual operator D* acting on @ as
(D*Q) _DQS 1+(5+1)CQ3 2 = (D+C(3 +3) )Qs 1

(D.3.18)

we conclude using formula (6.3.26) that when N = 0 in a strip of .#, then the renormalized

charge aspect inside this interval is given by (6.4.14)

S

k=0

D.4 Proofs of Lemmas [Soft and Hard actions]

We start with few preliminary computations. From (6.3.14), written again here,

S

— DT, — Y (n+1)(9,'D)"" 20-1(Cr),
(s —p)! Sl

S—

u
e

p(TS) =

we find in particular that

u®P
B(0) = il 0<p<s
Hence
S u S woloo
75 (Ts) = ED T, and ™ (Ts) = GoD) T,.
Moreover

o (T,) = — Z(n + 1)((9;1D)n_28;1 (Cr2), s> 2.
n=2
Using the generalized Leibniz rule for pseudo-differential calculus [86],

oo

“(fg) = Hop o, g, aeR,

n=0

which implies in particular that

—(n—1) u" _ — k[T k—2 usnk —(k+n—1)
O ((s—n)!c) 2_:( 2 ( k (s—n—k:)!a“ C,

we obtain

(D.3.19)

(D.4.1)

(D.4.2)

(D.4.3)

(D.4.4)

(D.4.5)

(D.4.6)

_ Z pi < ) (p—k+1) (S“i;)!DP—M (Ds‘p+kTS 3;—1’0), (D.4.7)

where we changed variable p = n + k in the last step.
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D.4.1 Proof of Lemma [Soft action]
Using (6.4.20), combined with (D.4.3) and the definition (6.4.17), we infer that

075C = ~D*r3(T,) = — D**2, (D.4.8)
s!
and in particular
SPC = —D’Ty = 69°C. (D.4.9)
Therefore
OFEC = 5D§TSC : (D.4.10)

D.4.2 Proof of Lemma [Hard action][Part 1]

The simplest way to prove (6.4.24) is to expand the result and check that it matches with
(6.4.21) (combined with (6.4.17)). For a = max[mody(p), p — 2| we have that®

SMC = Z 7 'Z (p k -+ 1) DPF(D* PR, 9L 7P C)

= Z % Z(_l)k (p ; 2) (p ke l)Dp—k (Ds—p-i-kTS 85—170)

s s—1
U_ s U s—1
+ DT 0.0+ ) <2D(D T.C) — (~1), D* TC) (D.4.11)
s—l 3—1
= —D*1(Ty) + N7 (Ty) + 2DC——<D*'T, + 3C ——D°T,

(s —1)! (s —1)!
= —D’r(T,) + N5 (T,) + 2DCT(T,) + 3C D7 (Ty),

as desired.

D.4.3 Proof of Lemma [Hard action][Part 2]

We have to distinguish the special cases s = 0 and 1.

e Spin 0:
MO = Ty0,C = 0RO | (D.4.12)
e Spin 1: 3 3
op"C = DTy (ud, + 3)C + 211 DC = udpyy, C + 04"C, (D.4.13)
where we identify
OMC = 2Ty DC + 3C DT, | (D.4.14)

The equations (D.4.12) and (D.4.14) indeed agree with the general formula (6.4.25).

6Recall that the falling factorial satisfies (x) = 1.
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e Spin p > 2:
Next let us massage (6.4.24b) for p > 2:

p—2
OPNC = (~1) #0 = Ds kz) (p — k+1)D"*(D*T,9,77C)

T
N O

k
- )k (p— k),
n!

“(p — k + 1)DFT, DPRngl R (D.4.15)

??‘

=0 n:O

We can change variable k +n — m such that the sums schematically become
1
Z—l—[k:zo;n:O]—i—[k:p—Z;n:l]. (D.4.16)

Explicitly, (D.4.15) turns into

p

~ n _2 m—n - n
%WTZ}:DWEDWWQWCE:PDW”%m_Lﬂ(p+2!m>@+n—nr+n

+ZDmTmeal pcz mnp 2)m n<p+n_ )(p+n_m+1)

—n)! n!
(p+ )T, D*o.~ ”C+6(— Y DPIT, D@}L rC. (D.4.17)
We then split the first line into three parts: [m = p — 1] + [m = p] + >.* %, Similarly we
split the second line into two terms: [m = 1] + 3.7, Therefore,
S P =2 (p 0= m)
[p m p—m Ql—p — 4)m-n - n .
IC = mz;D T, DP~™0, CZ (=)l o (p+n—m+1)
— (p—2)
— DP7T, DOLPCY) (—1p e (4 2
) DOLTC Y (1P i 2
+ DPT, 0L"C i(q)ﬂ—”w(n +1) (D.4.18)
T4 (p—n)!

1
— DT, D' 0,7PC Y (=1)"(p = 21-n(p+ 1 — 1)u(p+n)
n=0
+(p+ 1T, D"0,7C + 6(=1) D'\ T, D9, 7 C,

where for now we only simplified trivial factorial factors. In the first line, we have to deal
with the expression

S O D W0y

(m —n)! n!
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“e ()R () e

—(p+1)(i>2F1(—m,p 2p+1;1)

~oe0 (0 )G

=(p+1—m)%—{?p+1_m)<i) g"mlzg (D.4.19)

where we used the fact that the hyper-geometric function simplifies to (cf. formula 7.3.5.4
in [205])

o F (—m,byc; 1) = (_) : c—b>—m. (D.4.20)
C)m
Then notice that in the penultimate line of (D.4.18),
—Z "(p—2)in(p+n—1n(p+n)=3p. (D.4.21)

Moreover, the second line of (D.4.18) recombines with the term proportional to 6 in the last
line of the same equation:

- Z(-Qp—"%m +1)(n+2)+6(-1)F = Z —1)r " (p ; 2) (n+2)(n+ 3)
< Fi( = ~2;1)
(2>p 2
o ><mw2
@ R ETY
— 6<p_ e g é ggg, (D.4.22)
Concerning the third line of (D.4.18),
- p—n(p_2)p*n n _ — _1\p-n p—2 n
;(—1) ETEE ( +1)_n2%( 1) ( . )( +3)
=3(=1)"2F(— (p—2),—4;-3;1)
_ _1\p (1)}9*2
_3( ) (_3)p—2
3 if p=2,
ez ) ﬁz 3, (D.4.23)
pl
0 if p=>4
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Gathering those simplifications, (D.4.18) reduces to’

min[3,p—2]

pre =%y <i> (p+ 1 —m)D™T, D"""9L*C

m=2
+3p DT, D" '9,7"C + (p + 1)T, D?0, "C + 6,4(2D*Ty DI, > C)
+6,2(6DTDI, ' C + 3D*150,'C) + 6,5(6D*T3 DI, *C + D130, *C)

min[3,p]

= > (3 > (p+1—m)D™T, DP9, (D.4.24)
m

m=0

which is indeed (6.4.25).

"8p.n is just the Kronecker symbol.
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Appendix E

Einstein-Yang-Mills Theory

E.1 Closure of the ST-bracket

In this appendix, we prove that

YM

0,71 =D (E.1.1)

For this, we shall take the time derivative of the algebroid YM-bracket. This is a brute force
computation, so we simply expand most of the terms to then reconstruct the RHS of (E.1.1),
ie.

YM YM YM

D[v,7'] =D[,7'] + D(6y7 = 6:7), (E.1.2)
where
(Pl1) = Dali 10 = s+ 0[], = (s + 2)Flr 1. (E.13)

Let us proceed. In the following, for shortness, it is understood that equalities are valid upon
anti-symmetrization of the RHS. Using the form (7.3.5) of the YM-bracket, we get that

8u{{ Z(n +1) (TnDAOz;+1_n + ozn+1D7j;_n> — (s +2)C(m0al, 5 + CV1T;+1)} — o 7/} —

n=0

S
GR YM

~ S+ 1){ (D7), Dacry +7aDa(DY) ., + Tu[Fralyi]

n=0

g
+ <%7)n+1D7's/—n + O‘n+1D(%T/)s—n} —(s+ Q)N(Toa;+2 + 0417';+1)
— (s + 20 (Br)ala + (DY), ., + (B), s + (B,
= Z(n + 1) {D7n+1DAO/s+1—n + TnDElag-i-Q—n + DAanJr?DT;—n + an+1D2Ts/+1—n
n=0

— (n+3)CTys2Dac q_, — (s +3—n)DCT0l 5, — (s + 3 —n)C1,Dac, 5,

220



E.1. Closure of the ST-bracket

— (n+3)Capy3DT1l_,

—(s+3=n)1,Da(F1l 5 ,) + T|F, a;+1_n]g —(n+ 3>F7n+2D7—;—n}
— (s + Q)C{ (%7’)00/5Jr2 + 10Dacl, g — (s +4)Croay g — (s +4)F o7l 4

+ Dpast., —3Cas7, 4 —3F 7. + a1 DT,y — (s + 4)0017;+3}

- (S + 2)N(7’00{s+2 + alTerl)

s+1 s+1
= Dy <Z(n + 1)TnDAO/S+2_n> — Z(n + 1) D7, D, 5, — (5 + 2)Ts31 D3y

n=0 n=0 T

s+l s+1
+ Dy (Z(n + 1)an+1DTé+1_n) — > (0 + ) Dacui D7y, — (5 + 2)as 2D

n=0 n=0

+ Z(n +1)D7y1Dac 4, + Z(n + 1)Daciy DTl
n=0 n=0

(s 4+ 3)Da(Croct,,3) + CroDacl, 5 +(s + 3) DCoa,, 5 +(s + 3) C D1y,
N——/ N—— N —
(s +3)Da(Conly) + Coy DTl y +(s 4+ 3) Ol yDacy +(s + 3) DCoy 7.,
N —— N ——— N ——

(s + 3)Da(Fro7iys) + (5 +3) FTODT s+2 +(s+3) DA(FTO) Ts+2

s+2 542
(s+2)C Z D)1Dacyy s, + (s +2)C Z(n + )7 Dacy 5,
n=0

n=0

- C Z(n +1)(s+3 —n)r,Dact 5, — C Z(n +1)(n 4 3)Tw2Daci, 4,

n=0 n=0
5+2 5+2
—(5+2)0) (n+Danu D1l + (s +2)0 ) (n+ DannDrl, .,
n=0 n=0
—-C Z(n +1)(n+3)ay3D7._, — C Z(n +1)(s +3 —n)an1 D15,
L < T e

— Z(n +1)(s +3 —n) DCTy0 5, — Z(n +1)(s +3 —n) DCapi17s 9 p
n=0 — 0 S ~ g
(54 2)(s + C* (100 4y + 17ly5) + (54 2)(s + 4)CF 07

~ (5420 (Dr) — (s + 2Ny

— (84 2)C7l 1 Dacvs + 3(s +2)Ca37 + 3(s + 2)CFrrly — (s +2) N7y,
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Moreover, the time derivative of the YM Dali-bracket is simply

“Ou(F LTS = ~(s 4 DF iy, = (54 DF 7L (D) = (s 2) FoDrly

+ (s +2)(s +4)CF1yT. 5. (E.1.4)

Next, it is not hard to check that the underlined sums add up to 0 upon anti-symmetrization.
Moreover, the wavy underlined terms sum up to

= —(s+2)a,,,0.C +2(s +2) DC,  ,71 +2(s + 2) Cotl, , Dy, (E.1.5)
N — N —

while for the dashed underlined terms, we get

= —(S + 2)T;+157F - (8 + 2)T;+1[F, Cto]g + 2(8 + 2)T;+1DA(COJQ +\F:?1), (E16)

0,F = 0,(6,A) = —Diay + 3CDacs + 2DCay — 3C%a3 — [F, o)y + 2DaF'1y
+3FDm + Noy — 6CF1y + Fry. (E.1.7)

Besides, the double underlined sums simplify to

= (s + 3) C1saDacl +2(s + 2) \CTSJADA@’%— CroDacty, 3, (E.1.8)

while the dotted ones reduce to

=2(s+2) Cagya D1 +(5+ 3) gas+3DTé — ?alDTé+%. (E.1.9)

Furthermore, the under-braced sums contribute as

= (s + 3)DC(915+3Té— Tl ) +2(s + 2)DC(98+QT{J— Tl ). (E.1.10)

Finally, all the terms .- - cancel one another (upon anti-symmetrization) and the dashed
under-braced contributions take the form

s+2
=—(s+2)F ) (n+ )7D7l5 (E.1.11)

n=0

N
Therefore, gathering the factors that form the YM- and C-brackets, we obtain that

au([m/]w o, o/]g) (E.1.12)

~{a(br 1 = [ O/]Z> ~ (s 420 = lasal) |~ (s + 2P 70

s+1

= Z(n + 1)1, [ F, 0‘;+1—n]g_ (s +2)70 [ F, ao]g— (s +2)a),40,C— (s +2)7.,,0,F.

n=0



E.1. Closure of the ST-bracket

On the other hand the time derivative of [, /]9 is given by (using (F.5.1))

v, /) — Dalor, /)%, = —[Dac, 0,1 CZ (n+2)[any2, @] (E.1.13)

=19 [F, 04'5+1]g. (E.1.14)

Furthermore, writing the anti-symmetrization of the sum proportional to C explicitly, we
notice that

:_OZ(n+2>|:Ogn+27O[;n —i—CZn-i—? n+27a$ TL]

n=0
:C’{—Z(n+2)[an+2,a; . —i—Z (n+2)[al, 0, s n] + [ozl,o/sﬂ}g— [a,uasﬂ]g}
n=—1 n=-—1

s—1 s
C { Z (s —n) [a;HQ,ozs_n}Q + Z (n+2) [a%w,as_n}g + [oq,ocgﬂ]g — [of, a5+1}g}

n=-—2 n=-—1

s

= C’{(s+2) Z [a;”,as_n}g%— [041,04;+1]g - [o/l,asﬂ}g}

n=-—2

:C’{ (s +2)[a, ]85 + [, s+1} [o/l,asH]g}. (E.1.15)

The dotted underlined factors in (E.1.13), (E.1.14) and (E.1.15) simply add up to

= (0,4, agﬂ}g. (E.1.16)

Hence
0u[7: 7], = Dalv Y]y + (s +2C[1. 7]y + (s +2)F 715,
= [0,A, &y ] — (5 +2)a 150, C — (s + 2)70,,0, F. (E.1.17)

Finally, the last contribution comes from the anchor map, for which we get

Du(0yy — 8,0l) = —6,(DY). (E.1.18)

S
YM

= _(D((S«W/))S — [6,4, O/sJFJg + (5 +2)ag90,C + (5 + 2)7,,, 0, F.

Summing (E.1.17) and (E.1.18), we conclude that, cf. (7.3.11),

Oull7,7] ZM = <% [[7,7'}])8. (E.1.19)
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E.2 Proof of the algebroid action (7.3.19)

Firstly, using the variation (7.2.21) and the dual EOM (7.2.7), we compute
6,0, 4 = 8,( = Dacy + Cal, + Py
= —DA (57046) — [ - DAO./O + CCYl + F’l‘o7 Ckf)}g + 0570/1 + F&-T(’)

+ o (NTO — (%27'),2> + 768u< — Dyoagy + Cay + FTO)

YM

= —Du(8yap) + [ag, —DAag]g + C(0,0a] + [ag, a1lg + 70(DY)1) (E.2.1a)
— TO[F, Oé{)]g — Té[F, ao]g + NCYllTO + NCYlT(/) + FTOT(; (E21b)
—d (D(%T>_1 - 0(%7)0) — 7Da(Dy), (E.2.1c)
+ F(6,7, + 7(D1)o). (E.2.1d)

Upon anti-symmetrization between v and 4/, the line (E.2.1b) cancels out. Moreover, we
can easily identify the appearance of [/, a]? and [7/,7]. Indeed, the anti-symmetrization of
(E.2.1a) reduces to

YM YM

—Du([e, a]f + 6,00 — 0y ) + C’([a’, all + 0,0 — oy aq + 7)(DY)1 — To(D")//)1>, (E.2.2)
while the anti-symmetrization of (E.2.1d) is simply
F([[T', o — 27(D7)_1 + 21 (%T'),l) . (E.2.3)
Finally, (E.2.1¢) can be recast as

—Da (4 (D7) 1) + (Dac’)o(D7)_1 — Da(7(D7)0) + D1y(D7)o + Ca'y(D1)o.  (E.2.4)

Taking the anti-symmetrization of (E.2.4) and summing with (E.2.2) and (E.2.3), we get
that

YM

8,080 = = DalY T + €l + FI el + {{ € (B + at(Bria 46,01

+2F7 (bT')_l + (DAa,)Q(bT)_1 + DTé(Zj’y)O} -7 7’}, (E.2.5)

where we used the definition (7.3.34) of the YM-bracket. We still have to massage the last
line, which upon expanding each derivative turns out to be proportional to C:

{QFTl (D7) + (Dac)o(D7T) 1 + DTé(Dv)o} — vy (E.2.6)
= C(QT{DAOQ + 20/2DTO> —y ey = C’(ZT{ (%fy)o + 20/2(%7')_1> —y 9.

In the last step, we just added and subtracted the necessary terms to form D and D. Using
(E.2.6) in (E.2.5) we see that the terms proportional to the shear recombine to give the
YM-bracket at degree 1. We thus conclude that

YM

[03,0,]A = =Da[y A1y + OV Al + F IV Aly" = = (D[] = =dpmA. (B27)
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E.3. Jacobi identity for the gravitational K-bracket

E.3 Jacobi identity for the gravitational K-bracket

One uses that

{r.7} =Y (a+1)(radur) — T20uT). (E.3.1)

a+b=s

The sum is over integers —1 < a,b < s+ 1 such that a +b = s.

{r {7, 7"}}, = Z (a+1) <¢aau{r’, ™4 — {7, T"}a0u7b>

a+b=s

= Z Z (a+ 1)(c+ )70, (7.0u7] — T/ 0uT))
a+b=s c+d=b

- Z Z a+1)(c+ 1)0,n(720uT) — TV 0uT})
a+b=s c+d=a

— Z (a+1)(c+ 1)( OuT0uT) + ToT 027 — T,0,7) 00T — TaTé/ain/)
a+b+c=s

— Z (a+c+1)(c+1) (Té@uTbauTg — Té/auTbauT(;) (E.3.2)
a+b+c=s

= Y 0.0, a+1)((c+1) —(b+1) - (a+c+1)+(a+b+1)>
a+b+c=s

+ Y i ((a+1)(c+1) = (c+ D(a+1))
a+b+c=s

2 0.

Therefore we have proven that the Jacobi identity holds, cf. (7.3.23).

E.4 Properties of the action >

E.4.1 Leibniz rule

We first evaluate

(T, o/’]g)s = Z(n +1) (rnau o, o/’}i_n — [/, "] iH@uTs,n,l) (E.4.1)
= 8(n+1)< [Ducx oz]g + T [, 8a]sn—[a',a] aTsnl)

We then focus on

71>, O/'E = Z (71>, Oéls,_k]g (E4.2)
k=0
s k s k
= Zn—f—l T [0, V] Zn—l-l@ﬂc n— 1[&;1“70/8/%}9
k=0 n—= k=0 n=0
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s s—n s s—k
= (n+1)7’n[a Oék, S—k— n Zn+1aTsnk 1[ n+17ak}
n=0 k=0 k=0 n=0

where we commuted the first double sum, namely »;_, ZZZO = > 02 pens and then
changed k — n — n; while we also changed s — k — k in the second double sum. Taking
p =n+ k, we have that > ;_, Zi_:’é = -0 2 ro Simply renaming p — n, we then get

s

[7_ U>Oé,, a//]i _ Z(n+1)7n [auo/7 Oé//} iin_z Z(n—k‘Fl)auTsfnfl [O‘;L—k:—i—l? aﬂg. (E43)

n=0 n=0 k=0

The anti-symmetrization of this last double sum reduces to

_ Z Z(n — k4 1)0uTsmn1 [ i1, o/k’]g— o (E.4.4)
n=0 k=0
- Z Z(TL - 1)8“7-5*”*1 [a;l*kJrl? O/k/]g - Z(n + 1) [0/7 O/l} i+1au7-sfn—1-
n=0 k=0 n=0

Therefore, the action > is a derivative, namely satisfies the Leibniz rule, cf. (7.3.28):

7> [o, o/’]g = [rT>d, o/’]g + [, 7 D>o/’]g . (E.4.5)

E.4.2 Homomorphism

In this appendix, unless otherwise stated, we take the convention that equalities are valid
upon anti-symmetrization of the RHS. Firstly, we evaluate the action of the K-bracket:

s n+1
({7'» 7'} U>04”)8 = Z(n +1) Z(k + 1)70u7),_10uts_,
n=0 k=0
n=0 k=0

Secondly, the commutator of the actions is given by

([T >, 7 1> o/') = i(n +1) (Tn(?u (o), — (7 D>a")n+18u7-s_n_1>

S

n=0
- e 3Gk 1) ) (OurOuell_ i+ T2 (B.4.7)
n:0 k=0
L e rOuTsn- 1>
s n+1
> (4 1)y Y (k+ 1)(Tka i1 ‘?‘{fﬁl.(?.f...)
n=0 k=0
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The explicit anti-symmetrization of the underlined term vanishes,’

e = Z i(n +1)(k + 1) (77, — 7o) 02t = 0. (E.4.8)

n=0 k=0

The wavy underlined term gives us

L= T Z Z(n +1)(k+1) (Oé;;ﬂau (TkauT;,nfkfl) — Oé%+1au7'nau7';fnfk71>. (E.4.9)

w0 koo N T T T e

The dotted underlined terms reduce to”

.... = Z Z (s =n)(k+ 1)y 11 0uTnOuTs_p_pq + Z Z(n + 1)(k + 1)) 1 0uTnOuTe_ v

n=—1 k=0 n=0 k=0
=) ) s+ Dk + 1)1 0u0uT! oy =0, (E.4.10)
n=—1 k=0

which vanishes due to the anti-symmetrization. To see it, make use of

Z i:AanCs—n—k—l = Z i:AkBs—n—k—ICn- (E411)

n=—1 k=0 n=—1 k=0

Next the double underlined contribution is (in the first step we already permuted the sums
and used the anti-symmetry)

s+1 s
= Z Z (n+ D)k + D) 70uTy_ 1 Outiyy_y,
k=0 n=k—1
s+1 s
= Z Z s+k—n)k+ 1)70,7,_10ucls_, (E.4.12)
k=0 n=k—1
s n+l

=) D (s+k—n)(k+ )70, 0u0l .

n=—1 k=0

Finally the dashed underlined factors gather as (where we already swapped n <> k in the
first step)

s —k s
””—ZZn—i—l V(k + V)70t 0u0 . — ZZn+ (k+ )7mu0ut! o 10u0

k=0 n=-—1 k=0 n=-—1

= Z Z (s=2n—k—1)(k+ 1)70uTs_p_j_10u0t 1 (E.4.13)

S S

= (2n—k:—s—|— 1)(k 4 )10, _,0ucis

s—n?

'Using that Y0 o> i 0 AnBr = >0 o> 1_0 AkBn.
2Changing s —n — 1 — n in the first sum.
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where we changed s —n—1 — n to get the last line. Moreover we can add the term k = s+1
for free since its contribution vanishes, which allows us to commute the sums. Thus, we

obtain that
S n+1

ERASE S ZZnJrl )k + 1) 1007, 0ucty . (E.4.14)

n=—1 k=0

Combining the latter with ---, we get (E.4.6). Hence, cf. (7.3.28)

{r.7}ad =[r>, 7 1>]d"| (E.4.15)

E.5 Properties of the action >

E.5.1 Leibniz rule anomaly

We start by computing the action of 7 onto the bracket [o/,a”]. For this we use (B.2.7),
namely

A, ([of,a"]%, Da) = [Dacy, S+J [Dacay, a 5+Jg (E.5.1)
Hence
(7> [of,0"]%) = ((n + 1)7,Da [, o] §+1—n —nld, Oz”]iDTsH_n) + (5 4+ 2)Crop1 | a”ﬁ

i
I

I
WE

((n +1) (Tn [Dac/, o/} L+ Ta (o, D’ ]S n) —nfd, a"]iDTsH,n)

(E.5.2)

3
Il
—

S

+ (5 +2)C1ea [O‘/: O‘HH + Z(n +1) (Tn [DAO%’ agﬂ—”]g [DAa SH ”}9)

n=1

Next we calculate

I
NE

[f > o, a”}g [(7" > o), a;’,k]g

k=0

|

k k
E (n+ 1)1, DAOszrl s Qe E n DTk_H n

=1 =1 n=

+C Y (k+2) (7o, a;’_k]g)

??'
H
3
—

k=0
= (n+ 7 [Dachyr, @) = DY klag, al_JgDroa s (E5.3)
n=1 k=0 n=1 k=1

+C N (k+2)Tp [0, oy,
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where in the last step, for the term containing Djo/, we commuted the sums and then
changed k& — n — k; while for the term containing D7, we first change k — n — n, then
commuted the sums, changed k —n — k and finally s — n — n. Still in that same double
sum, we can add the term k = 0 since its contribution is 0. Anti-symmetrizing in o/, @, we
get in particular that the term involving D7 reduces to

- Z Z D7—5+17n (k [CK;C, a;:—k] g + k [O/n—lw Oé/];] g) == Z Z nDTSJFl*" [a;‘ﬂ’ Oé;"/b—k] g

n=1 k=0 n=1 k=0
= _ Z n [O/, a”} iDT5+1_n. (E.5.4)
n=1

Besides, the anti-symmetrization of the term proportional to C'o} gives®

C Z(n + 2) Tyt ( (o, o] .t [, 0/{]9) = (E.5.5)
n=0

= (s +2)Crus1[o,a"]" + C Z(n + 1)Tn([o/1, o/s’Jrl,n]g + [ 1, o/{]g).

n=1
Therefore, combining the last two equations with (E.5.3), we infer that

S

[7_' > o, o//]i + [0/77_' > o/’]g = — Zn[o/, o/'}fLDTSJrl_n + (s +2)C1g4q [O/, o/’]? (E.5.6)
n=1

+3 o+ D ([Dacs ]2+ [0, Daa’]L )+ O 3o ([0 ] o+ [l ).
n=1 n=1

Upon comparing (E.5.6) with (E.5.2), we deduce that the Leibniz anomaly of the 7-action
takes the form (7.4.12)

s

As([of, 08,7 >) = Z(n + 1)7, [Dacy — Cof, agﬂfn]g —a < ad"| (E.5.7)

n=1

E.5.2 Homomorphism anomaly

We start by computing the commutator of the actions of 7 and 7. In the following, for
shortness, it is understood that equalities are valid upon anti-symmetrization of the RHS.

(T (T >a), - (7> (T>a)), =

-3 <(n 1) 7Da(7 > 0")ss1n — (7 > a")nDTS+1_n> F (5420 (7 > o)
n=1

S s+1—n
— Z(n + 1)7’nDA{ Z <(k: + 1)1 Dacy 5 s — /{;a’k'DTs'H,n,k) + (s+3— n)C’o/l’T;Hn}
n=1 k=1

3The first step consists in extracting the term n = s from the sum.
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- ZnDTs-l-l—n{ <(k? + DnDacy gy, — kap DT,y k> +(n+2)Caf a,z+1}
- k

=1

+ (s + 2)CTS+1{QT{DA0/1’ —o{D1 + BCa’l’Té}

s s+1—-n s stl-n
=3 > e Dk DnrDialiy i+ > D (14 Dk )mDrDacl s
n=1 k=1 el hD1 o reemreeeee
s s+1-nm s s+l-n
=D D (DR DL, Daof =Y Y (n+ DEm DL, 0]
n=1 k=1 n=1 ke1 =~ T~TT"TTTTT77-

+ Z(n—l— D(s+3— ”)W + C’Z (n+1)(s +3 —n)7,T 9, Dact]

=N nlk+ )7 Droa—nDacly . + Z Z nkD7oiy DT, 1yl (E.5.8)

n=1 k=1 n=1 k=1

—CY n(n+ 2) D710 Ty + (s + 2)CTS+1{2T{DAa;' — D7 + 3ca;'T;}.
n=1

Writing the anti-symmetrization of the underlined term explicitly, we immediately notice

that*

=0. (E.5.9)

We then treat the dotted underlined terms. In the first step, we do the appropriate changes
of variables to get o/, ,_,_, to appear in each sum and we leverage the fact that the RHS is
understood to be anti-symmetrized to swap 7 and 7’ in the second double sum.

s s+1—-n s s—n+1
""" = Z Z n+1)(k + 1)1, D1 Dacis 5,1 + Z Z (s =n+1)(k+ 1)7D7,Dacyi_, o s
n=1 k=1 n=1 k=1
s s+l-n
Z (n+1)(s+2—n— k)71, Dy Daciy 5, _p. (E.5.10)
n=1 k=1

Next, still in the second double sum, we use the property emphasized in the footnote 4, such
that each term in (1£.5.10) now involves 7, D7, Daal),,_,, ;.. We thus obtain

..... = Z Z n+ 1)(n + k)7 DTpDac y s (E.5.11)

For later purposes, let us define the variable p = n + k such that

s+1 p

=23 pn+1)7Dr) ,Dacll, ZZ n+1)(k+ 1) 7D7 1 Dacliyy,

—1
p:2 n=1 n=1 k=1

(E.5.12)

“In the following, we often make use of the fact that Y>> _, ZSH "A.Br=>"_, Zbﬂ " ALBn,.
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where in the last step, we renamed p—1 — n and n — k. Concerning the dashed underlined
contributions, we get

s s+1-n s s+1-n
ol _Z Z n+1)kD(7, D715 ) Z+Z Z (s +2)kD7, D750
n=1 k=1 n=1 k=1
(E.5.13)
s s+l-n s s+l-n
= _Z Z (k+1D)nD (1 D7l i 0/’+Z Z (s+2)(s+2—n—k)Dr,DTial oy
n=1 k=1 n=1 k=1
The last double sum vanishes because of the anti-symmetrization. Hence,
st+1-—n
= _Zno/’D{ Z (k+1) D7l k}
k=1 N ——
We also get that the wavy underlined terms take the form
o= af Z(n +1)(s+3—-n)DC1,7L 0, +Cai » (n4+1)(s+3—n)1,D7l 5,
n=1 n=1
s+1
+ Cof Z(n —1)(n+ 1)7,D7l5_, — (s +2)C{Te1 DTy (E.5.14)
n=2
s+1
—2(s + 2) DC7o17] = 3(s + 2)Ca 71 D7{ + (s +2)Caf Y (n+ 1) 7, D7l .
n—1 N ——

It is now straightforward to notice that the terms emphasized with the under-brace recombine
to form the projection of the C-bracket onto the T-sub-algebra as follows:®

N Z <(” +1)[7, 7], Dacidyy oy — ”agD{%ﬂtl]sH—n) + (s +2)Caflr, 7], (E.5.15)

n=1

We recognize the latter as the action of the bar-bracket onto o, namely
= ([r, 7] >a").. (E.5.16)
Therefore, just gathering the various contributions, we get that

(T (T >ad), - (> (Fea), - (77 >d), = (E.5.17)
= —2(s+2) DO 7711 — 3(5 + 2)C T 1 DT| + 3(5 + 2)C% ! 744175,
The final result takes the form (cf. (7.4.13))

<ﬁ >a’ — [F>, 7 D}o/’)

(E.5.18)

= (s+2)of (T5+157—-/O - Ts,+15710>

S

where 0-C' is the variation 6,C restricted to the T-subspace, i.e.

6-C = 2DCt + 3C D7 — 3C* 7. (E.5.19)

50f course here the anti-symmetrization of the RHS is explicit.
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E.6 Properties of the action »

E.6.1 Leibniz rule anomaly: GR projection

We first compute the GR projection of the action of 7 onto the bracket [7’ R }

(7 » [, =nD[7, 7 vy — 8+ 27,7 D1 — (s +3)Cr| 7, 7],

s+1 s+1
— {To > (n+1)(Dr D7l g, + A Dy ) — (s +2)Dn Y (n+ V)7, D7l,

n=1 n=1
s+2
—(s+3)Cm Y (n+ 1>T;DT;;3_n} — 7 7 (E.6.1)
n=1

[F o 73] = [(F e 7)o, 7],

s

=Y (n+1) ((% > ) Drl D (F e ) )

n=1

= Z(” + 1>D7—s,/—|-1—n{7-0D7—7/l+1 — (n+2)7,4 D70 — (n+ 3)07—07—7/1—1-2}
n=1

_ Z(n + 1), ’D{TODT vom—(s+3—n)1l 5 D1y — (s +4—n)C1oT, 5 n}
n=1

=To Z(”+ 1) D7y, 1 D71y, DTOZ (n+1)(n+2)1,, D741,

n=1

~Cm Y (n+ 1)(n+3)1D7 1 — Do Y (n+ D)7 Drliy

n=1 n=1
s+1
— 7o Z n+1)7"'D? D i (s + 2)ror! D7 (E.6.2)

+D7’02n+1 (s+3—n)T ”D7'5+2n+D7'02n+1 J(s+3=n)T0 0Th

n=1 n=1
D(C10)Y (n+1)(s+4—n)l s 70 +CTOZ (n+1)(s+4—n)7"'Drl s ..
n=t 7777 n=1 T

Anti-symmetrizing the straight underlined terms leads to

s+1

:DTO{(S+2)Z(n—|—1) 7'D7l o =27 D7l — (5+2) SHDTI} ~ 7. (B.6.3)
N——

n=1
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Similarly for the wavy underlined terms, we get

s+2

= Cm{(s +3) ;(n + D) 7 DT =3(s + 2)75 DTy = 2(s + 3)7,, D7y
— 3T£’D7‘;+1} 7 7 (E.6.4)
Also notice that the anti-symmetrization of the dashed underlined term reduces to
oo = =D(C){3(s + D7l + 2s + BT — 7 o 7, (E.6.5)
and in a similar way
..... = ~Dn{2(s + )it} 7 o 7 (E.6.6)

In order to identify the double underlined term with its counterpart in (E.6.1), we conve-
niently write that

s+1
P 70{ Z(n +1) D7, D75, —DT{DT;’H} —7 &7 (E.6.7)
n—1 Ne—

Therefore, using the fact that the under-braced factors equate (E.6.1), we find that
Fey A+ e = E e [+
+ {{(s + 2)7077  D*1 + D7y (27’{D7';'+1 (s+2) SJFIDTl) —2(s +2)D*rori 74
- C’7-0< (s +2)7 D1y + 2(s + 3)7. ,D1{ — 3T§DT!+1> (E.6.8)

- D(CTO)< (s +2)17l 1 +2(s + 3)7{7;’+Z> DT DT, } —7 7""}.

Let us now compare the terms that did not recombine into ( [7’ ~" DGR with
(r«7)» 7”)? = (7 €47) D7l — (s +2)7!, D(T €47'), — (s +3)C7/ (T 47),
=Dt <7'0D71 — 27 D19 — 307570) (E.6.9)
—(s+2) s+1< — D7yD7| + 19D?*7 — 27, D*19 — 3D(C'79) 75 3CTODT2>
— (s +3)C7), (TODT{ — 271 D1y — 36’7570>.

All the factors proportional to D7, ; and to 7, (i.e. the first two lines of (E.6.9)) appear
as such in (E.6.8), up to a sign. It is then not hard to see that the terms proportional to
7. o add up to form the variation 0= C. Thence the Leibniz rule anomaly for the action »

projected onto T is given by (7.4.15)

A"R<[ ]7») {((?47) > 5")° +(s+3)7’07'+257/0}—7’<—>7”. (E.6.10)
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E.6.2 Leibniz rule anomaly: YM projection

The YM projection of the action of 7 onto [7/,7”] takes the form

(7 [7.3"])." = 0Dal7, 7"y — s+ D[ 7.5 Dm0 — (s + 2070 [7.7"] .,

= T0Da [O‘/’ a”}g —(s+1) [O‘ « ] D70 — (s +2)Cro [O/, O//] §+2

+ {{TUDA (7' > O‘”)s+1 —(s+1)(7 > Oé”)s_HDTO —(s+2)Cr(7' > a")s+2

s+1
—(s+2)Fr Y (n+ 1)T;DTS”+M} ¥ & 7’} (E.6.11)

n=1

On the other hand,

=Y (7w, oz;’_n}g + Z ((n +1) (7> )" Daally_, —naiD(7 » 5 ):L n)

n=0 n=1
(s +2)Caf(F e )5, =3 (4 DmDa(F e 7)Y, = n(F e 3)0 D)
n=1

~(s+4 =) D(Cro)Tlys, ~(s + 4= n)Cr DLy, |

+ (s +2)C’o/1'{ 10D7. 0 —(s+3) T s D19 —(s +4) Cor, +3}
H,_/ —— ——

- (S +2- n)as—i—Q—nD To _(S +3 - n) D(CTO)Q;—I—B—’VL _(S +3 - n)CTODA&;+3—n
N ~—_—— RaSeeaseaasasd

~ (543 = m)Da(Fr)ls = (s4+3 =) FrD7l,s } (E.6.12)

-—
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_— ——-— [ ——
n=1 -

+ ZnDT;/—H—n{TODAa;z—H — (n+1)aj Do — (n+ 2)% — (n+2) P74 }

— (s +2)CT! +1{7'0DAOz2 — 206y D19 —3CT0005 — 3F7’07'2}
——

After anti-symmetrization in 4/,4"”, the underlined terms contribute as®
= 70[Dac, "% + 1o [o, Dad"]% — (s + 1) D7 [/, /]i+1 — (s +2)Cnla’, o
+ CTO([O% s+1}g + [O/erl? 041]9)
= TODA [CY/, Oé//:| si1 + 7o [8a1A, O/s/—i-l] g — 70 [SQI/A, CYIS+1:| g (E613)
— (s +1)Dry[e/, "] §+1 — (s +2)Cna, 0

] i+2

}g

s+27

where in the last step, we used the property (E.5.1). Besides, the double underlined terms
partially recombine (leveraging the anti-symmetrization) to give 70 Ds(7' > )si1:

s+1 S s+1
L= 0{ S nDTDacly + S (4 D7 Dil s =S (0= 1)Daali DL,
n=2 n=1 n=2

=Y nalD | -
_ TO{DA(?' > 0", — DH{Dacly, — (s + 270, D3af + (s + 1)al,, D] (E.6.14)
— (s43) Da(CaiT.,,) } -5 A"
\—,_/

Concerning the dash-underlined terms, they partially recombine into D1y (7' > o) s41:

s s+1
...:DTO{Zn(3+2— n)ay, DT, o H+Zn(n—1 DT, o

s+1
—Z(n+1 (s+1—n)1,Dacts s, Zn n+ 1)1, Dacty o n}—"y’<—>7y”
n=2

_ —DTO{(S +1)(F > "), + (s+ Da,, D7} — 27| Daal’,, (E.6.15)

s+1
~(s+1)(s+3)Calrly | =7 ¢ 7

We can rearrange the wavy underlined factors as

542 s
e = —CTO{ Z(n —1)(n+ 1)1, Daciy 5, Z n(s+4—n)a, D1l 4 (E.6.16)
n=3 n=1

s+2
+Z (n+1)(s +3—n)7,Dace, 5 n—Zn(n—Z) ZDTl n} ¥ 7

n=1 n=3

6We use that

s s+1 s+1
Z(n+ 1ol q,al_ n}g —ad <o = Z (n[a;,a;;knh +n[ag+17n,ag}g) = Z(s—|— 1)[a;,a’s’+kn]g.
n=0 n=0 n=0
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— —CT(){(S +2)(7' > a”)_,, = 3nDaclyy — 2(s + 2)70, Dacy — (5 + 3) 70,5 Dac]
—_———

— D7, ,+3(s+ 1)ag 1 D1y + 2(s + 2) D71y — (s +2)(s +4) Cal{T. 4 } vy 5"

The straight under-braced contributions sum up to

s s+2
—D(CTO){Z (s+4—n)anrly ,— > n(s+4—n)rly, 0 Z} Y <"

n=1 n=3
= CDTO{<5 +3) 0/1/ s/,+2 +2(s +2) 0/2/ ;+1 =3(s +1a s+17'2 2(s +2)a s+27'1}
(E.6.17)

+ DCTO{(S +3) T +2(s +2)agT.  — 3(s+ 1)ag 175 — 2(s + 2)a S+271} 5 7.

The curly under-braced terms simply add up to 0,

=0, (E.6.18)

——

while the dash-under-braced factors reduce to
N DZTO{ —2(s + Doy + (s +2) s+1a1} v T (E.6.19)

Finally the curly dash-under-braced terms simplify to

s+1

------ _=—(s+ Q)FTO{ Z(n + 1)1, D7l 5, 27'S'+1DT{'} ¥ 7" (E.6.20)

n=1

Using the fact that

{DA(FTO) Z(n +1)(s+3—n)T)Tio n} — T 7" =2(s+2)Dy(Fro)To 7 — T 7,
n=1

(E.6.21)
we gather all these contributions and get that

o —1 = I YM__
([T>%ﬂ+h T>ﬂ) =

= 19Da[/, " ]s41 — (s + 1) D7o [, @]

—(s+2)Cr [o/,o/’] —(s+2)Fry [7_",7'”]S+1

s+1 s+2

+ ((TO [&,A, agﬂ}g o DA(F 5 o/f)s+1 s+ )Dn(F o/')s+1 (s 4 2)Cn (7 > o),

- DTO{(S + 1), D1y — 27’1DA045+1} + ODTO{ —3(s+ 1)ag, 17— 2(s + 2)a s+27'1}
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(E.6.22)

+ DCTO{ (s +2)ay,, —3(s+ L)ay, 75 — 2(s + 2)a s+27'1}

s—1
— (s + Dl [ ol — 3 (n+ 2 [F, a;'_n]g) e 7)

............. —

In order to simplify this last expression, we compute (using the dual EOM (7.2.7))
0, F = 9,(0,4) = —Dioy + 3C Dy + 2DCasy — 3C%as — [F, av)g + 2DaF'1y
+3FDm + Noy — 6CF1y + Fry. (E.6.23)
The dot-underlined terms then form the following combination:

= (s+ 277, <5 WF — No/' — FDT{’+3CFT;’>. (E.6.24)

Hence, comparing with (E.6.11) and grouping terms proportional respectively to o, Daal, ;,

oy, and 7., ;, we deduce that

([% > 7.7+ [V, T e f‘y”]>YM — (e )M

s

(( 7'0D7'1 27’1D7'0 —3C1 é) Dyl 1 + (s +2)a s+2< 2C79D1] — 2C1 D19 — 2DC'1097, )

-~

—T0 (SCDT1 +2DCT] — 302, ) + C( )0

(T <7 )
+ (s + 1)(1;’“{ T0D?*1] — 27 D*r9 — D7y D7] — 3C10 D7) — 3D(C109) 74 }

-~
D(r «¥),

+ (s + 2)7;’“{ N7oddy + FroD7] — 3C Froy7y — oy D*19 — 2F 7] D7y }

o (N9 — D?79) +F(7O' < q’/’)o

— Z n+ 2)1o7h . [ F, a’s'_n]g + 700 4, O‘Z+1]g + (s + 2)TOT;+1(57//F> -7 fy”).

As expected, we recognize the combination of actions
(7 «7)» 7). = (7 47) Daclly — (s + i, D(7 47),
— (s +2)C(7 47) 0y — (s +2)F (7 «47'), 7. (E.6.25)
Therefore the Leibniz rule anomaly for the action » projected onto S is given by (7.4.16)

!N

AN ([ A7) = {(@ «7) > ")+ (s + Dm0l 502 C — (s +2)0i7],0:0

— 7o [5 A oz;'H] + (s + 2)7o7, 105 F (E.6.26)

D N
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where we used that 024 = F'r.

E.6.3 Homomorphism anomaly

From the definitions (7.4.7b)-(7.4.7¢) of the action », we immediately get that the action of
the commutator [7,7']” vanishes,

[7, 7] » 4" = (0,0). (E.6.27)

We then compute the commutator of the actions. We give all the details for the YM sub-
space part, since the GR part is analogous.

(70_ >( ,//))YM .
=1Da(F > 3) = (s+ 1) (F » 7)Y Do — (s +2)Cro (7 > 7)

s+1
—(s+2)Fr(7 » 7 )
— 7004 (76 Dacly — (s + 2)alyaDrf = (s + 3)Crjallsy — (s + 3)Frirlys)

YM
s+2

— (s+1)Do (7’01?,4()/5’+2 (s +2)ay,, D1y — (s + 3)Cryain 5 — (s + 3)F7‘67’;l+2>
— (s +2)Cmo (T4 Daclss = (5 + 3)aly D7y — (5 + )CTAs = (5 + 4 Frirlly )
)

—(s+2)Fny (7‘6D7’S”Jr2 (s+3)7. oD1) — (s + 4)07’675,/_,’_3) : (E.6.28)
After anti-symmetrization in 7, 7', we obtain that
o o (o] o YM o o
(7’ > (7)) =7 > (T» 7”)) =—(7e7)+
+ {TODTODA(IS+2 (s 4+ 2)1o D7y Dactl 5 — (s + 2)all y7o D75 — (s + 3)0%

— (s +3)F1. y1oD7y — (s + 1)10D19Dacy, 5 + (s + 1) (s + 3)Cry Doy, 5 (E.6.29)

The various underlined terms cancel each other, so that we are left with”

YM

= (s +2)a’,, (755790 . Ws;c) . (E.6.30)

(7,777 > 9" = [F o7 2]

S

Similarly, the projection onto the T-subspace results in (7.4.19)

GR

= (s+3)7, (7’6(5;10 . 70570_,0> . (E.6.31)

(777> 5" = [F 2.7 »]7")

S

"The term N7 in d2C' does not contribute because of the anti-symmetrization. We can thus include it

for free.
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E.7 Properties of the action «

E.7.1 Leibniz rule anomaly

Since [72’ T ] °is in the center of ST, i.e. is non-zero only at degree —1, we readily see from
the definitions (7.4.7d)-(7.4.7¢) that

[7,7"]° 45 = (0,0). (E.7.1)

Moreover, since [7' <4 7,7 }; =0, we trivially get that the Leibniz rule anomaly at degree 0
vanishes:

Ao([#,71]°, 4 7) = 0] (E.7.2)

In the following, we will also need to calculate
(72’4 (7" » ’7))0 = T(/)D(%” > ’_y)fR = 2(79” > i/)(l}RDT(’) —3C7, (72” > ”_y);R
= 7,D (74 D12 — 312 D1 — ACT{73) — 2D7( (70 D15 — 372 D7)} — 4CT]73)
— 307 (1 D3 — 4m3D7 — 5CT)14), (E.7.3)

. . . . . o o . .
which upon anti-symmetrization in 7/, 7" simplifies to®

(74 ("> 7)), — (7" (T > 7)), = 311 D*7)) — 319, D7)
= 37’2 (7'6(570.//0 — 7'6/57910). (E74)

Concerning the degree —1, we compute
[+ a7, + ¥, 747, = ((%'4 5) D7l = TD(# < 7)0) N
= <(7’6D71 — 21D7 — 3CT)m2) D1y + 70D (7 D71 — 21 D7) — SC'T(’)'TQ)> —7 7
= < — 21y D*7l — GCTéTgDT(;/) — 7 7 (E.7.5)
Now notice that
(7' (7" > 7)), = —2C7(7" » "y)(;R = —2C7) (7 D72 — 37 D7) — AC7('13),  (E.7.6)
which upon anti-symmetrization reduces to
(74 ("> 7)), — (7"« (7 »7))_, = 6CTm D1y — 6CT) 12D (E.7.7)
Consequently,
[Py, 7]+ [P 48], = (2mndeC = (Fa (e 9) ) —F o (BTS)

where §2C' = —D?75 + N7y. The Leibniz rule anomaly at degree —1 is thus (7.4.20)

Ay ([?’, 7]°, < 7) = {(%’4 ("> 7)), + 27175’5;/(]} — s (E.7.9)

8In the last step we added N7iry — N1y7h = 0.
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E.7.2 Homomorphism anomaly

To check that the back reaction <« is a homomorphism of Lie algebras, we first calculate

(7" 47) «¥)_ — ((7"47) €47)_, = =207 (7" 47),—T < 7
= —2CT, (Té’DTl — 21 D7) — 3076’72) — 77

= 2701 (CDTl — 3027'2) — T 7. (E.7.10)
On the other hand,
(7"« [7.7])_, = —2C7[F, 7], -7 7 = —ACT{nDr{ — 7 7. (E.7.11)
Therefore,”
(%"4 7,9] — #'[ 47, < ﬂ)_l = 270/ (7]0:C — 116:,C) | (E.7.12)
At degree 0, we have that
(7" 47) 47'), = (7" 47),Dr{ = 2 D(7" 4 7), — 3C7;(7" 4 7). (E.7.13)

Anti-symmetrizing between 4 and 4" and using that
(79” < ﬁ)o =10 D1 — 21 D7 — 3C107f, (E.7.14)
we get after some simple algebra that

(?”[4 5, < "y’} )0 = ( — 2707 D*1 + 41 DTy D7) + 6 DCT 107 + 607'{D7'27'6’> — 77,
(E.7.15)

Since

(7" 41%,71), = 7 D7, 7], — 2[7.7],D7 — 3C7[7, 7], (E.7.16)
= (27’6’7’1D27{ — 47 DT D7l — 3C7 (211 D7) + STQDT{)> — T 7,

we infer that
(%” <«[7,7]-7"[47, 7]) = =371 (2DCT| + 3CD7) — 7 <> 7. (E.7.17)
0

The latter recombines with (E.7.12) such that for s = —1,0, one gets (7.4.21)

(%” < [7,7]-7"[47, < 7]) = (s + 3)70 (10,90:C — T5126-C) | (E.7.18)

s

9We can include the term 2DC'T; appearing in §>C since the anti-symmetrization cancels it.
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E.8 Proof of the Jacobi identity anomaly
We compute the Jacobi identity anomaly for the YM-bracket. We first evaluate [v, [y, "]

by splitting v as (7,7):
bl = [, [0, 6,30
= ([7‘ [7.7"]" + 7 47" — 7" < ﬂo +7 < ([1’,1”] +7ey -7 > ﬁ’)
— ([?’,?”}" +7 47 — 7"« ﬁ’) <7, (E.8.1)
[W, Y. A+ ey =7 e ﬂ +7p ([7’,7"} +7 e -7 7’)

- ([$/,$”}°+7"-’< v —7" 7’) > a).

Using the symbol £ to denote an equality valid upon cyclic permutation of both the LHS

and the RHS, we conveniently rearrange the terms as follows:
° ( BT+ [, 2 4 7) [ a7, ]+ 2 [7,7] +
— 74 (7)) [T, 7] 47— (7"47) 4«7 +

A Ik e

[, [ 7"]]

2 (-A([?’,%”}"A ?) +7' <

3. 1770 + A([7.7]. 7 %) = (

Since the cyclic permutation of [7,[5/,7"]] is similarly given by
(E.8.3)

7.7 = [(F.0), [(7, ), (7", 0]
(1777 0) = (Ao <[re.7 o)),

kA

([%, 7,71, e [, 8] ° + A
we can gather all the properties of the actions >, » and <« to deduce the Jacobi identity

anomaly of the ST-bracket. More precisely, using (7.4.15-7.4.20-7.4.19-7.4.21) and (E.7.4),

i

we get that'
[’77 [7/7 //H (_;I; g 27—6/ (7'{67——0 - 7-157‘—/0) - 27'1 (7’6/579/0 - 7'(/)(570_//0),

Y
10The reader can check that [ﬁ [7, %”]] 0. of course, since we already computed the Jacobi identity
anomaly of the C-bracket in (5.3.14) and also in (5.4.13), we know that its restriction to the T-sub-space

vanishes (the anomaly involving the degree 0 elements 7, 75, 7, cf. (E.8.4)).
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[7 [V, HGR 2 37, (7'55—0 — 72(5—/0) + 371 (7’660//0 — 7'"50/(7), (E.8.4)
[v: v, HGR = (s+ 3)70 (7)1 207C = 7415070 C) — (s + 3) 715 (700:C — 1002/ C), s 21,

which thanks to the cyclic permutation is more compactly written for all s > —1 as

[ [ A = =g, 0l TS (E.8.5)

Besides, collecting (7.4.12-7.4.16-7.4.13-7.4.18) we obtain that the YM projection of the
Jacobi anomaly of the ST-bracket takes the form*!

[, [7’,7"]]““ e {{(3 + 2)100, 007 C — (s + 2)a) 7., 102C — [5 A ozs+1] + (s + 2)7o7,, 105 F

S

+ Z n+ 1)1, [02A, ol n]g — Z(n + )7, [SQ/A, ] } 7 o ”_Y”}

n=1

— (s+2)a”,, (To(sgc - Toag,c*) — (s +2)a! (mla;,c 16 C) (E.8.6)

Simplifying and permuting cyclically some of the terms, we get

S

A 2 S 1) (7 [0, 0]y = T[4y el (E8.7)

n=0

! n /N ! /! 1 _! /! YI\[
— (s +2)d- O( Qoo = ToQgyo + QT 0417'3+1> oF U, T

where we used the fact that

{— Z(n + 1)7}/: [5,?_14, Oéi<;+1—nj|g — Z(n + ].)Tn [SQIA, Oég+1_n]g — 70 [50/14, Oéi‘?,+1j|g} fy < 5///

n=1 n=1

o _ Z(n + 1)1, [0 4, O/s/+1—n]g —v A" (E.8.8)

n=0

Finally, notice that we can swap 05 F for 0, F since 1 {7/, 7"§™™ ° 0, thence getting (7.4.23).

E.9 Properties of the algebroid actions

E.9.1 Leibniz rule

Action [>: First notice that

S

(7_' > (5a//a'))s = 5,1// (7_' > O/)S — Z(n + 1)Tn [50/114, O/s—i-l—n}g' (Egl)

n=1

1Using that [a, [o, o/’]g]g © 0, cf. footnote 2.
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Moreover we have that

[7>d, o/’]]g =[7>d, o/’]g + O (T>d) - Srpar. (E.9.2)
Using (7.4.12), this directly leads to
Ao, "8, 7 >) = A([e/, a"]8, 7 1>) —i—A(Sauo/—ga/oz”, T>) = broaq @ —Orpqra. (E.9.3)
From (7.4.28), we also know that
Ao/, a"]%, 7 ) = A([o/,a"]%, 7 >) — A([o, ]2, 67), (E.9.4)
where
A([o!, "0, 67) = ((5;50//0/ — b0 + Sg?a/a”) —o = ad
( — brpar_gand + 55?04104”) —a < a (E.9.5)

= Orpa/ @’ — Orpqrc.

In the second line, we used the morphism property (7.3.17) of the anchor map, i.e.

~

[07, 0ar ] @/ = =dj0;7.0), 00,0712 (E.9.6)

where the only non-vanishing part of [(0;7,0), (0;0,a”)] is in the YM subspace and equals

[(0;7,0),(0;0, )™ =71 " =7 > " — 6:a". (E.9.7)
Therefore, cf. (7.4.29),
Ao/, "], 7)) =0| (E.9.8)
Action <: On the one hand,
[7.7]" a5y = [7.7"]" 4«7+ [7,7]" (E.9.9)

= [ 27 A+ (0 — 057) 4T+ 0 [, 7] G — G0
On the other hand,

[7 47,7 = [7 47,7+ [6:7,7"]" + 0gn (7' 47) + 6210:7 — 621 47", (E.9.10)

We can now use the fact that, for s = —1,0,
o (7' 47) = ((62/7") 4 7)) + (7' 4 (627)) , — (5 4 3)7)Tay203/C, (E.9.11)
so that
A (7777 47) = A([7.77° 49) + A([7,71°.0) + {{ o, 000] 7, (B9.12)
— o i — (¥ 4 (5207)) + (s + 3)75@“5%,,0} P T}
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Note that for the o-bracket, A([7,7"]°,8;) = 0. We then have that the ST-bracket resulting
from [0z, d2r] is

[(0,%),(7",0)] = —<%”< 3,7 b w), (E.9.13)

such that
[5;—, 70_//}761, = (579/ —|— (5 0//> )(RT (E914)

Next recall that Ay ([7',7"]°, 4 7) = 0. Hence,
Ao (7,71, 47) = {Sprm pyentt — (/4 (0507)), + 37imadpnC ) = 7 3 7. (B0.15)
Comparing with
7 (b)) =7 4 (7> = 0en) 4 Sy T (E.9.16)

and using (E.7.4), we see that

Ao([#,#]°a7) = (Fa (7o 9) —# a4 (¥ B 7)) . (B.9.17)

0

Concerning the degree —1, we use the Leibniz rule anomaly (7.4.20) and get

([[o’ 71", 47) {(?’4(?”>7))_1—W (E.9.18)
+ O2rp yen T 1 — (7 4 (62n7)) _ +/BM}—T 7

We are therefore left with the same result both at degree —1 and 0, namely (7.4.30)

A([##7° 49) =# 4 (7 b 9) = 74 (> 7) | (E.9.19)

E.9.2 Homomorphism

Action p: We first compute

[7. 7] a" = [7,7] > o = dzq0” + (027) > " = (6:7') > . (E.9.20)
Next

7,7 o = {% > (7> ") =7 (62a") = 0: (7 > o) + 5;5f/a”} — T T

(E.9.21)
Using that'?
(02(7 > ")), = ((6=7) > ")+ (T > (62a"))  + (s + 2)0= CTe10f, (E.9.22)
and the fact that
(67, 07| = —0g0” (£.9.23)

2Notice that 6> A = 0.
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we infer that the commutator of the dotted action reduces to

([% >, 7 D]a”) — ([% >, 7 D]a”)s — dpFpal (E.9.24)

{00 5 ), 4 (54 D0} 7 0 7).

From the result (7.4.13), we conclude that

[F 7o — e, 7 =]a" =0| (E.9.25)

Action «: Firstly,
7'a [7,7] =7« ([7,7’} + 05y — %7’) + Oz 77" (E.9.26)
Secondly,
7'[47,47 ] = {(?”4 7) €47 + (6:7") 47 + 6= (7" 47) + 6;5#”} -5 <7, (E.9.27)
Hence, for s = —1, 0,
(?”[4@,4@’})82 (%”[4 §,<ﬂ> + 0777 +{{ J(=2 Bl (E.9.28)
— ((62<7), — (7" 4 (6:7)), + (s +3)7¢ ;+25 C} 5 < 7}.

Since 7" 4 (057") = 7" 4 (0-7'), we just have to use (7.4.21) to infer that, cf. (7.4.30)

74 [7,7] -7 [47,45] =0| (E.9.29)

E.10 Covariant derivative in the wedge

EYM

Starting from (Da)s = Daasi1 — (s +2)Cagya, we get that

EYM

(Dla, a'F), = Dala, |7, = (s +2)0 o, '],

= [Due o2+ o Dae ]2+ [Daca, = [Paca], 5 +2)0 oL

EYM

_Z (Da), o, +CZn+2 g2, O }g‘{'[DAaOaO/s-H]g
n=0

n=0

EYM

+Z Uy (D) s +C’Z s—i—2—n)[0zn, Qg o n} [DAozg,ost}g
n=0 —

n=0
s+2
—(s4+2)C ) [om, Oypn] - (E.10.1)
n=0—____
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The underlined terms simply give

o= =l g — [0 @ily). (B102)

Hence EYM EYM
(Dl a']?), = ([Da,o/]i — [5aA,a;+Jg) —a e d (E.10.3)
where 0, A = —Dpag+Cay = — (%104)71. Projecting this equation onto a non-radiative cut,

EYM

we infer that D satisfies the Leibniz rule:

EYM

A([a,a]®, D) =0, if a,a’ e Wis(S). (E.10.4)
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