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Abstract

Computational techniques are commonly used for real-time simulation of complex geomechan-
ics problems, such as hydraulic dilation stimulation. A significant challenge in this realm is
that high-fidelity mathematical models or full order models (FOMs) are computationally
expensive as they must span multiple spatial and temporal length scales, often including
nonlinearities and thermo-hydro-mechanical processing. The computationally intensive
nature of these simulations continues to pose challenges in parameter estimation, uncertainty
quantification, and optimization applications, where hundreds to thousands of simulations
are required to achieve a solution. Intrusive reduced order models (ROMs) have emerged as
a method to derive and train a computationally efficient surrogate/proxy model using the
FOM. This thesis seeks to bridge the gap in existing intrusive ROMs in reservoir engineering
by introducing efficient ROMs that are capable of capturing hydro-mechanical coupling
behavior and path-dependent plastic deformation of rocks. A complex case involving
hydraulic dilation stimulation is used to show the efficiency and accuracy of the ROM in
addressing coupling, plasticity, and permeability enhancement features.

First, an efficient and accurate ROM is proposed for nonlinear porous media flow problems,
with specific application to a two-dimensional layered reservoir with a two-well system.
Standard projection-based intrusive ROMs without hyper-reduction, such as proper orthogonal
decomposition-Galerkin (POD-Galerkin), have not demonstrated efficacy in reducing the
computational cost of the ROM for nonlinear problems. In this context, we combine
POD-Galerkin with discrete empirical interpolation method (DEIM) as a hyper-reduction
technique to reduce the size of the system of equations and accelerate the computation of
nonlinear terms (residual force vector and its Jacobian). Column-reduced Jacobian DEIM
technique is employed to interpolate the Jacobian, leading to a significant reduction in
the computational time of the online stage. The ROM is parameterized for the nonlinear
transient injection rate (pumping schedule). Offline, training data is generated by the FOM
runs with simple constant injection rates. Online, the ROM demonstrates high accuracy
and efficiency for complex and time-varying pumping schedules, including sinusoidal, high-
frequency, and time-discontinuous pumping schedules that are located outside of the training
regime. It is shown that POD-DEIM ROM has about 103 times fewer degrees of freedom
(DoFs) and is approximately 190 times faster than the FOM for a reservoir model with
3 × 104 DoFs, while maintaining an accurate solution in the online stage. The accuracy
and efficiency of the POD-DEIM motivate its potential use as a surrogate model in the
real-time control and monitoring of fluid injection processes.

Intrusive ROMs have faced considerable difficulties in accurately capturing the history-
dependent nonlinear evolution of plastic strain. In the second objective, an intrusive ROM is

v



developed and evaluated for a Drucker–Prager plasticity model, in which material properties
and cyclic load path are parametric inputs. By constructing multiple local DEIM (LDEIM)
approximations in combination with clustering and classifier techniques, a fast and accurate
ROM is achieved. The FOM consists of a two-dimensional finite element analysis (FEA) of
a deformable solid with Drucker–Prager plasticity. Offline, the temporal and parameterized
training data generated from FOM runs are classified using the k-means clustering algorithm,
whereby LDEIM basis vectors are computed. Online, a nearest neighbor classifier identifies
the appropriate LDEIM. The ROM has three hyper-parameters (the size of the ROM, the
number of clusters, and the number of DEIM measurement points per cluster), influencing
both accuracy and speed-up. In a micromechanics porous media problem, parameterized
by Young’s modulus and hardening modulus, the ROM’s performance is demonstrated for
inputs within and outside of the training domain; error and speed-up vary with inputs -
accuracy is highest for inputs within the training domain (Error: 1.0–3.5% vs 1.0–9.2%),
while speed-up varies from 106 to 134 times. For a cyclic plasticity problem, parameterized
by load path, the ROM exhibits stable and accurate online performance with a substantial
speed-up for test load paths. Under FOMs with ∼ 103 and ∼ 5 × 104 DoFs, speed-ups are
11 and 770 times, respectively. Larger speed-ups seem likely for larger FOMs.

Finally, the ROM for nonlinear transient porous media flow as a diffusion problem is
coupled with the ROM for plasticity to develop a novel ROM formulation for poroplasticity
problems. This ROM aims to significantly reduce the computational costs for nonlinear
and fully-coupled hydro-mechanical simulations in large-scale reservoirs. The developed
mathematical model integrates a coupled system of equations from a two-dimensional FEA
of momentum and mass balance equations equipped with Drucker–Prager plasticity and
stress-dependent permeability enhancement models. The proposed ROM combines various
ROMs, including POD-Galerkin to reduce the number of DoFs, DEIM to accelerate the
computation of nonlinear terms, and local POD and local DEIM (LPOD/LDEIM) for
further reductions in poroplasticity problems. LPOD and LDEIM classify the parameterized
training data, obtained from offline FOM runs, into multiple subspaces with similar dynamic
features. A new strategy for clustering and classification techniques tailored for the coupled
formulation framework is introduced. The advantages of this ROM are demonstrated
in a large-scale application involving hydraulic dilation stimulation of a reservoir with a
horizontal well pair. The ROM is parameterized not only by the material properties but
also by the injection rate. Its effectiveness is evaluated for more realistic use cases, where
ROM remains efficient for injection rates that extend beyond the training data.

In large-scale subsurface flow modeling of hydraulic dilation stimulation, a speed-up of
∼ 400 times is achieved, with a ROM reducing the model dimension from 105 DoFs to 100
DoFs. This substantial computational saving results from a real-time analysis of the ROM
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and becomes even more highlighted in multi-query problems, where the model must be
executed for multiple inputs and system configurations. This ROM has a high potential for
accelerating various problems, such as uncertainty quantification, design, history matching,
and well control optimization. It is also recommended that the proposed ROM be adopted
for other real-world subsurface applications, including conventional and unconventional oil
and gas production, hydraulic fracturing, and carbon storage.

vii



Acknowledgments

I would like to thank my supervisor, Dr. Robert Gracie, for his guidance and continuous
support throughout my time as his student. I would also like to thank the committee
members for reviewing this thesis providing thoughts and feedback.

I must express my gratitude to my wife, Elaheh, for her eternal love and support. Without
her, nothing is possible in my life.

viii



Dedication

To my better half, Elaheh, and my family for all their love and sacrifices.

ix



Table of Contents

Examining Committee ii

Author’s Declaration iii

Statement of Contributions iv

Abstract v

Acknowledgments viii

Dedication ix

List of Figures xiii

List of Tables xvii

1 Introduction 1

1.1 Complexity of Large-scale Reservoir Simulation . . . . . . . . . . . . . . . 1

1.2 Reduced Order Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Intrusive Reduced Order Models . . . . . . . . . . . . . . . . . . . . . . . . 4

1.4 Purpose and Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4.1 Objective 1: Develop an efficient intrusive ROM for nonlinear transient
flow in porous media as a diffusion problem . . . . . . . . . . . . . 9

x



1.4.2 Objective 2: Develop a parameterized ROM for cyclic plasticity
models (Drucker–Prager model) . . . . . . . . . . . . . . . . . . . . 9

1.4.3 Objective 3: Develop a robust ROM for poroplasticity models with
an application in hydraulic dilation stimulation . . . . . . . . . . . 10

2 Intrusive ROM for Nonlinear Transient Porous Media Flow 11

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Mathematical Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3 Intrusive Model Order Reduction . . . . . . . . . . . . . . . . . . . . . . . 17

2.3.1 POD-Galerkin: Proper Orthogonal Decomposition-Galerkin Projection 17

2.3.2 DEIM: Discrete Empirical Interpolation Method . . . . . . . . . . . 21

2.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.4.1 Comparison between FOM, POD-Galerkin and POD-DEIM . . . . 26

2.4.2 Sensitivity Analysis for Parametric ROM . . . . . . . . . . . . . . . 34

2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3 Parameterized ROM for Drucker–Prager Plasticity 41

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.2 Full Order Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.2.1 Drucker–Prager Elastoplasticity Model . . . . . . . . . . . . . . . . 43

3.2.2 Newton–Raphson Solution to the Nonlinear System of Equations . . 44

3.2.3 Linear-Nonlinear Decomposition . . . . . . . . . . . . . . . . . . . . 45

3.3 Intrusive Reduced Order Model . . . . . . . . . . . . . . . . . . . . . . . . 46

3.3.1 Proper Orthogonal Decomposition-Galerkin Projection . . . . . . . 46

3.3.2 Discrete Empirical Interpolation Method . . . . . . . . . . . . . . . 47

3.3.3 Localized Discrete Empirical Interpolation Method . . . . . . . . . 49

3.3.4 Offline Stage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.4.1 FOM Verification . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

xi



3.4.2 Micromechanics of Porous Media . . . . . . . . . . . . . . . . . . . 60

3.4.3 Cyclic Plastic Loading . . . . . . . . . . . . . . . . . . . . . . . . . 69

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4 Parameterized ROM of Stimulated Volume Evolution in Large-scale
Reservoirs 76

4.1 Mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.1.1 Poro-Elasto-Plastic Model . . . . . . . . . . . . . . . . . . . . . . . 78

4.1.2 Coupled Full Order Model . . . . . . . . . . . . . . . . . . . . . . . 80

4.2 Intrusive Local Reduced Order Model . . . . . . . . . . . . . . . . . . . . . 82

4.2.1 Proper Orthogonal Decomposition . . . . . . . . . . . . . . . . . . . 83

4.2.2 Discrete Empirical Interpolation Method . . . . . . . . . . . . . . . 84

4.2.3 Localized Discrete Empirical Interpolation Method . . . . . . . . . 85

4.2.4 Localized Proper Orthogonal Decomposition . . . . . . . . . . . . . 86

4.3 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.3.1 Example 1: Parameterized ROM with material inputs . . . . . . . . 89

4.3.2 Example 2: Parameterized ROM with material inputs and injection
rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5 Conclusions 105

5.1 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.2 Research Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.3 Directions for Future Study . . . . . . . . . . . . . . . . . . . . . . . . . . 110

References 113

APPENDICES 124

A Drucker–Prager Plasticity Constitutive Equations 125

B Finite Element Discretization for Poroplasticity Problem 127

xii



List of Figures

1.1 a) Illustration of hydraulic dilation stimulation of SAGD well pair and b)
typical mesh used in SAGD simulation, involving a large FEM mesh with a
large number of DoFs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2.1 Reservoir-well system consisting of two wells (well A with a time-varying
injection rate Q(t) and well B with a constant pressure P). . . . . . . . . . 14

2.2 Coarse finite element mesh with 1423 DoFs for FE training process. . . . . 26

2.3 Fluid pressure overtime at two characteristic points using POD-DEIM and
FOM. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.4 Pressure field snapshots at t = 6.5 days, t = 34.3 days, t = 87 days, from
top to bottom. Left column: FOM results and right column: POD-DEIM’s
relative error. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.5 Mass flux snapshots at t = 6.5 days, t = 34.3 days, t = 87 days, from top
to bottom. Left column: FOM results and right column: scaled difference
between FOM and POD-DEIM results. . . . . . . . . . . . . . . . . . . . . 29

2.6 a) L2 error versus CPU time and b) H1 error versus CPU time for the various
numerical techniques: POD-Galerkin, POD-DEIM and FOM. . . . . . . . . 32

2.7 Effect of the number of truncated modes (k) on the accuracy of the results.
a) L2 norm error and b) H1 norm error. . . . . . . . . . . . . . . . . . . . . 33

2.8 Role of snapshot period in the training process on the accuracy of the results.
a) L2 norm error and b) H1 norm error. . . . . . . . . . . . . . . . . . . . . 34

2.9 Online time-varying injection rates (test functions 1 to 4). . . . . . . . . . 35

2.10 Pressure and mass flux over time for a) test function 1, b) test function 2, c)
test function 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

xiii



2.11 Comparison of the time history of the POD-DEIM and FOM for a highly
variable injection rate. a) injection pressure and b) mass flux. . . . . . . . 37

2.12 Rectangular waves with regular and irregular time sequences as online time-
varying injection rates. a) load case 1, b) load case 2, c) load case 3, d) load
case 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.13 Pressure and mass flux overtime for different rectangular waves. a) results
of rectangular wave 1, b) results of wave 2, c) results of wave 3, d) results of
wave 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.1 Workflow for the offline and online stages of the presented ROM. . . . . . . 54

3.2 k-folds cross-validation procedure. . . . . . . . . . . . . . . . . . . . . . . . 56

3.3 (a) k-fold cross-validation of DEIM force vector for training dataset, (b)
average testing error vs. measurement points for testing dataset (k = 3). . 57

3.4 Spatial distribution of DEIM measurement points when q = 200. . . . . . . 57

3.5 a) Two-dimensional slope stability problem, b) FEM mesh with 909 nodes
and 282 Q8 elements. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.6 a) Load factor vs. settlement diagram, b) increment of accumulated plastic
strain at collapse. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.7 a) Two-dimensional micromechanics of porous media, b) FEM mesh with
5209 nodes and 4992 Q4 elements, c) plastic strain bands. . . . . . . . . . 61

3.8 a) Force-displacement diagram for the FOM, the ROM with DEIM and the
ROM with LDEIM, b) energy of mode shapes in DEIM and LDEIM. . . . 62

3.9 Quality of nonlinear force vector and Jacobian approximations based on the
number of measurement points, a) nonlinear force vector, b) Jacobian. . . . 63

3.10 Effect of the hyper-parameters m and q on the accuracy and the computational
cost of the ROMs, a) hyper-parameter q (m = 60), b) hyper-parameters m. 64

3.11 Global responses of the FOM for ten samples used for training purposes. . 65

3.12 Accuracy and speed-up analyses, a) relative L2 error contour of LDEIM
for inputs inside and outside of the training domain, b) ROM speed-up for
inputs inside of the training domain. . . . . . . . . . . . . . . . . . . . . . 67

3.13 Loss function of online phase at various load steps, b) load-displacement
response when the ROM input is E = 27.5 MPa and H = 475 kPa. . . . . 67

xiv



3.14 Comparison of primary and secondary variables for the FOM and the ROM
with LDEIM when the ROM input is E = 27.5 MPa and H = 475 kPa, a)
displacements in x and y directions along the line S, b) von Mises stress, c)
accumulated plastic strain. . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.15 (a) Two-dimensional plastic plate with a central hole, (b) quarter plate with
a central hole due to symmetric, (c) FE mesh with 707 nodes and 649 Q4
elements. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.16 Online loading-unloading paths, (a) load case 1, (b) load case 2, (c) load
case 3, (d) load case 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.17 Division of force vector into seven clusters. . . . . . . . . . . . . . . . . . . 72

3.18 Comparison of load-displacement responses for FOM and ROM with LDEIM
using various load paths, (a) load case 1, (b) load case 2, (c) load case 3, (d)
load case 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.19 Plastic strain evolution for FOM and ROM with LDEIM at points A and B. 73

4.1 Offline/Online procedure of the presented LROM. . . . . . . . . . . . . . . 88

4.2 a) Two-dimensional hydraulic stimulation problem, b) comparison of the
domain size to the size of the stimulated zone (accumulated plastic strain
zone), c) FEM mesh with 32993 nodes and 32848 elements. . . . . . . . . . 90

4.3 Ten samples non-uniformly distributed in the two-dimensional training domain. 91

4.4 Projection error for the displacement and pressure equations using POD and
LPOD. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.5 DEIM interpolation error for both the mechanical and hydraulic parts of the
nonlinear force snapshots, a) mechanical part, b) hydraulic part. . . . . . . 93

4.6 Accuracy and efficiency analyses for inputs inside of the training domain,
a) relative L2 error contour of LROM for displacement, b) relative L2 error
contour of LROM for pressure, c) LROM speed-up. . . . . . . . . . . . . . 95

4.7 Comparison of primary variables ux, uy, and p for CFOM and LROM, a)
displacement in x direction ux, b) displacement in y direction uy, c) pore
pressure p. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.8 Comparison of secondary variables ε̄p, κ, and ϕ for CFOM and LROM, a)
ε̄p, b) κ, c) ϕ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.9 Three-dimensional training domain, including two-dimensional material
parameter space and one-dimensional injection rate space. . . . . . . . . . 99

xv



4.10 Top row: contours of the pressure field p at t = 2.5 days, t = 6 days, and
t = 10 days, from left to right. Bottom Row: contour of LROM relative
error at t = 2.5 days, t = 6 days, and t = 10 days, from left to right. . . . . 100

4.11 Displacement field snapshots in the x and y directions (ux and uy) at t = 2.5
days, t = 6 days, and t = 10 days, from left to right, a) ux, b) uy. In each
subfigure, the top and bottom rows show CFOM results and LROM relative
error, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.12 The evolution of accumulated plastic strain for CFOM and LROM at point
A located at the surface of the bottom well with coordinate x = 100 m and
y = 95.1 m. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.13 Porosity and permeability enhancement for CFOM and LROM at point A,
a) Permeability, b) porosity. . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.1 Algorithm of history matching process using ROM. . . . . . . . . . . . . . 112

xvi



List of Tables

2.1 CPU time (second) needed from the FOM, POD-Galerkin, and POD-DEIM
techniques for different training meshes . . . . . . . . . . . . . . . . . . . . 30

2.2 Total number of Newton–Raphson iterations needed from the FOM, POD-
Galerkin, and POD-DEIM techniques for different training meshes (note
that the total number of time steps is 200) . . . . . . . . . . . . . . . . . . 30

3.1 Material properties of slope stability problem . . . . . . . . . . . . . . . . . 59

3.2 Material properties for the generation of training data . . . . . . . . . . . . 61

3.3 Samples used for training process . . . . . . . . . . . . . . . . . . . . . . . 65

3.4 CPU runtime in seconds for offline and online stages of the ROM with
LDEIM. The CPU time for online phase is reported based on an average of
36 material inputs inside the training domain . . . . . . . . . . . . . . . . 69

3.5 CPU time in seconds, ROM speed-up, and average number of Newton–
Raphson iterations needed for the FOM and the ROM with LDEIM . . . . 74

4.1 Material properties for the two-dimensional injection wells problem . . . . 89

4.2 CPU runtime in hours for offline and online stages of LROM . . . . . . . . 98

xvii



Chapter 1

Introduction

1.1 Complexity of Large-scale Reservoir Simulation

Reservoir engineers are interested in simulating the behavior of complex geomechanical
problems under different conditions (temperature, pressure, and loading). Hydraulic dilation
stimulation of heavy oil reservoirs is a complex process in reservoir engineering, which
was introduced to enhance the productivity of steam-assisted gravity drainage (SAGD) [1].
Prior to commencing SAGD operations, by injecting high-pressure fluid into both injector
and producer wells over a short period of time, the porosity and permeability of the vertical
zone connecting the well pair increase. Consequently, less steam is needed during SAGD,
the oil production rate increases, and steam circulation time decreases [2]. A schematic
diagram of hydraulic dilation stimulation for SAGD well pair is illustrated in Figure 1.1a.

Computational techniques, such as finite element method (FEM), are frequently employed
to numerically simulate the full physics SAGD dilation process [3, 4, 5]. In all studies,
shear dilation and permeability enhancement were analyzed using thermo-hydro-mechanical
(THM) modeling of plasticity couplings. Yin et al. presented a coupled thermo-poroplasticity
model to simulate shear dilation and permeability enhancement in a multiphase oil sand
reservoir [3]. They assessed the effect of dilation angle, initial lateral stress ratio, and stiffness
of overburden rock on the magnitude of shear dilation and permeability enhancement. Xu
and Wong proposed a fully coupled finite element model to simulate injection well testing in
oil sand reservoirs by considering poroplastic constitutive relationships and strain-dependent
permeability models [4]. Yang et al. simulated vertical-well-assisted SAGD dilation process
(VW-SAGD-Dilation) where several vertical wells are utilized in the vicinity of SAGD well
pair to enhance the interwell communication between SAGD well pair by making dilation
zones [5].
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One important challenge in the full physics models mentioned above is their very high
computational cost. The runtime to complete a single simulation can easily take more
than 100 hours. This high cost stems from the need to solve an extremely large nonlinear
coupled system of equations at each time step. The governing equations are based on solid
phase deformation, multiphase fluid flow, and heat transfer. Additionally, plasticity models
are used to simulate the dilation process, and the large physical size of the domain (102–103

m) and the small size of the wells (10−1 m) result in a large number of degrees of freedom
(DoFs) in finite element (FE) simulations, as illustrated in Figure 1.1b. The computational
cost issue is even more highlighted for (a) estimating parameters in inverse problems; or
(b) history matching process, where the model must be executed hundreds to thousands
of times to estimate the posterior distribution [4]. In this context, models that execute in
minutes rather than requiring 10s to 100s of hours of computation are needed.

(a) (b)

Figure 1.1: a) Illustration of hydraulic dilation stimulation of SAGD well pair and b) typical
mesh used in SAGD simulation, involving a large FEM mesh with a large number of DoFs.

In recent decades, much progress has been made to increase the computational efficiency
of simulations through improved interpolation methodologies (e.g., the eXtended Finite
Element method [6, 7], Meshfree method [8], and Isogeometric method [9, 10]), adaptive
meshing techniques [11, 12], and high-performance computing [13, 14], to name a few.
Confounding these efforts, the expectations and ambitions of modelers increase continuously.
Current aspirations to apply multiphysics simulations in iterative design processes or real-
time operational use motivate the development of more novel methodologies to reduce
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computational costs. This thesis presents the derivation of such a novel method and
evaluates its accuracy and efficiency against high-fidelity mathematical models. It is applied
to large-scale industrial scenarios to demonstrate its potential use as a surrogate model for
real-time control and monitoring of fluid injection processes.

1.2 Reduced Order Models

Model order reduction (MOR) techniques have been developed to reduce the computational
cost of complex and large-scale simulations. The main idea of MOR is to compute/derive
an approximation to the full order model (FOM), in which the ROM has significantly
fewer DoFs than the FOM. The derived system with a small number of DoFs is called a
reduced order model (ROM). In this thesis, we refer to the FOM as a discrete system of
nonlinear equations derived using the FEM, which is common in geomechanics simulations.
As an application, ROMs provide designers and operators with a rapid evaluation of the
system instead of using the computationally expensive full order multiphysics models.
MOR techniques have found applications in thermal analysis [15], aerodynamics [16, 17],
structural dynamics [18], control [19], biomechanics [20], computational fluid dynamics
(CFD) [21, 22], and reservoir simulations [23, 24].

ROMs are trained in a two-phase offline process. Phase 1 involves performing many full
physics simulations to generate data for the training process. In phase 2, the ROM is
trained. Although full physics simulations are considered computationally expensive, the
data generation process is executed only once in the lifecycle of a ROM. The created
ROM is utilized online to rapidly predict the response of the system. The accuracy of the
ROM is less than that of the FOM; however, ideally it is in orders of magnitude more
computationally efficient. In practice, the ROM designer must balance trade-offs between
variables that increase ROM accuracy (e.g., more training data) and those that increase
ROM efficiency (e.g., fewer ROM DoFs).

MOR techniques can be classified into two categories: intrusive [25, 26, 27, 28, 29, 30, 31, 32]
and non-intrusive approaches [33, 34, 35, 36, 37, 38]. The algorithms of an intrusive
ROM are directly integrated with that of the FOM. Knowledge of governing equations
and modification of the FE simulator codes are required to develop an intrusive ROM.
In contrast, non-intrusive (black box) MOR approaches train a surrogate (regression)
model using FOM outputs without requiring modifications of the FE reservoir simulation
code. Various types of surrogate models can be found in the literature, such as response
surface methods (RSMs) [33, 34], Gaussian process regression [35, 36] and neural network
architectures [37, 38].
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Here, an important question is “Which MOR technique should be selected for large-scale
reservoir simulation?”. One consideration is how much access one has to the simulator’s
source code. Intrusive ROMs necessitate manipulating the FE source code or at least
having a good interface to the source code, for instance, access to the stiffness matrices
and residual forces. In cases where we are not able to modify the FE source code of the
FOM, the best option for creating ROM is non-intrusive approach. For example, there are
some limitations in accessing different parts of the FE subroutine in most commercial FE
software. In this case, non-intrusive ROM is the only option. Another consideration is the
offline and online computational costs. The offline computational cost includes the costs of
data generation and training process, while the online cost involves the execution time of
the trained ROM as a surrogate model. The offline computational cost of non-intrusive
methods is very high compared to the intrusive methods due to the need for copious
amounts of training data generated by computationally expensive high-fidelity models.
However, the online computational cost of non-intrusive methods is often low, particularly
when GPUs are used for computations. The huge computational cost of offline phase in
non-intrusive methods might be considered acceptable due to very fast computations during
the online phase. This trade-off is justifiable in cases where the ROM is used many times
in the online phase. In our application, these high-fidelity models include plasticity and
stress-dependent permeability models in a large-scale reservoir with many DoFs. Data
generation and training non-intrusive ROMs can exceed the available computational budget.
In contrast, intrusive ROMs require significantly smaller datasets as the underlying physics
of the FOM is explicitly incorporated into the ROM. In this thesis, an intrusive ROM is
selected as we desire a model that minimizes the computational cost associated with data
generation in the offline stage.

1.3 Intrusive Reduced Order Models

The main focus of this thesis is on intrusive ROMs, whereby the governing equations are
modified to derive a new system of equations with fewer DoFs. To illustrate the concept
of an intrusive ROM within a simple reservoir context, a nonlinear and time-dependent
hydro-mechanical coupled problem is considered, and the main MOR formulations are
summarized. In the framework of FEM, the domain is discretized by a mesh with ne finite
elements, nnodes

u nodes for the displacement field, and nnodes
p nodes for the pressure field.

The finite element interpolations are utilized to approximate the trial solution for the state
variables (bulk displacement fields uh(x, t) and pore pressure ph(x, t)) in a two-dimensional
system of coupled partial differential equations (PDEs) at point x and time t:
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uh(x, t) = Nuu
t, x ∈ Ω, t ∈ [0, T ] (1.1)

ph(x, t) = Npp
t, x ∈ Ω, t ∈ [0, T ] (1.2)

in which Nu is a matrix of shape functions for displacement, Np is a vector of shape
functions for pressure, ut is a vector of nodal displacements at time t, and pt is a vector
of nodal pressures at time t. FOM has nu = 2 × nnodes

u and np = nnodes
p DoFs for the

displacement and pressure fields, respectively.

At time step t, a large nonlinear coupled system of equations must be solved for the nodal

values of the unknown dt =

[
ut

pt

]
. The solution of the nodal unknowns dt at time step t,

given the solution dt−1 at the previous time step t− 1, leads to a large discrete coupled
system of equations of the form

R
(
dt
)

= 0 (1.3)

In FEM, the nonlinear system of equations (1.3) is solved iteratively by Newton–Raphson
method, such that the increment, ∆dt(j), in the nodal values at time step t and iteration j
is

Kt(j)∆dt(j) = Rt(j) (1.4)

and the updated solution at time t is obtained as

dt(j+1) = dt(j) + ∆dt(j) (1.5)

In (1.4), Rt(j) = R
(
dt(j)

)
and Kt(j) = K

(
dt(j)

)
are the residual force vector and the

Jacobian matrix at time step t and iteration j, respectively.

The goal of intrusive ROM is to replace the solution of (1.3) and (1.4) for a large number of
DoFs nu and np with the solution of a computationally efficient ROM for a smaller number
of DoFs mu and mp (mu ≪ nu and mp ≪ np). Galerkin projection method is utilized to
approximate the vectors ut ∈ Rnu and pt ∈ Rnp by means of a linear combination of the
elements of the projection matrices Wu ∈ Rnu×mu and Wp ∈ Rnp×mp , respectively:

ut = Wuũ
t (1.6)
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pt = Wpp̃
t (1.7)

where ũt ∈ Rmu and p̃t ∈ Rmp denote the reduced vector of DoFs for ROM at time t.
Equations (1.6) and (1.7) can be written in a coupled form

dt = Wd̃t (1.8)

where W is called the coupled projection matrix and is presented as

W =

[
Wu 0
0 Vp

]
(1.9)

The displacement and pressure equations at time step t and iteration j are now solved in
the reduced space by substituting (1.8) into (1.4) and multiplying both sides by W⊤:

K̃t(j)∆d̃t(j) = R̃t(j) (1.10)

where the updated reduced solution is obtained as

d̃t(j+1) = d̃t(j) + ∆d̃t(j) (1.11)

in which R̃t(j) ∈ Rmu+mp and K̃t(j) ∈ R(mu+mp)×(mu+mp) are the reduced residual force
vector and the reduced Jacobian matrix:

R̃t(j) = W⊤Rt(j) (1.12)

K̃t(j) = W⊤Kt(j)W (1.13)

So far, ROM construction has been discussed for linear systems such as (1.3); however,
nonlinear transient coupled problems present additional challenges, including multiple
sources of nonlinearity such as plasticity and permeability enhancement. In these cases, the
computational cost of nonlinear terms scales with the dimension of the FOM. To address
this issue, hyper-reduction techniques, ranging from global to local versions, are employed
to accelerate the computation of the nonlinear terms [39, 40, 41]. More details are provided
in Chapters 2, 3, and 4.
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Projection-based intrusive ROMs are used in reservoir engineering and have been extended
to some applications, including two-phase flow and transport systems. However, they come
with a number of limitations. These ROMs neglect the effect of rock deformation in the
reservoir and focus solely on a system of pressure-saturation equations. They fail to account
for plastic deformation as a highly nonlinear behavior in rock mechanics. In fact, intrusive
ROMs have faced significant challenges in learning the path-dependent nonlinear evolution
of plastic strain [42]. Furthermore, these ROMs typically lack parameterization for material
properties and loading paths, which are important variables in calibration and optimization
processes.

There is therefore a need for a novel intrusive ROM that can significantly enhance the
computational efficiency of numerical models in reservoirs where rock deformation plays
a significant role. In this thesis, a ROM is developed to reduce computational costs in
nonlinear and fully-coupled hydro-mechanical simulations. The advantages of ROM are
demonstrated in a large-scale industrial application: hydraulic dilation stimulation of a
reservoir with a horizontal well pair. The ROM is capable of capturing the path-dependent
and nonlinear evolution of plastic strain. The ROM is parameterized by material properties
and loading conditions, specifically injection rate. This advancement will provide reservoir
engineers with a powerful tool to reduce the computational cost of complex and large-scale
simulations. They may use this ROM to design pumping schedules in such a way that the
hydraulic dilation process is optimized. In addition, this ROM allows them to accelerate
history matching, a process for the calibration and validation of the reservoir models by
minimizing the difference between production history data and simulator prediction.

Additional challenges also need to be considered during ROM development for geomechanical
problems:

• Modeling Error: The modeling error can be significantly larger than the discretization
error in geomechanics simulations. For instance, when comparing numerical results
to experimental data from a simple triaxial test, large discrepancies often arise due to
numerous sources of uncertainty that influence the numerical predictions. Plasticity
models, in particular, introduce substantial modeling errors due to their assumptions
and simplifications. For example, results obtained using the Drucker–Prager model
can differ significantly from those generated by more advanced and complex soil
plasticity models. This discrepancy emphasizes the significance of modeling errors
compared to discretization errors in geomechanics simulations.

• The Cost of Offline Training: When designing the training regime of a ROM, it
is essential to evaluate the computational cost of the data generation and training
process. The aim is to minimize the effort of the offline stage while maintaining a
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highly accurate solution in the online stage. The complexity of the problem, including
the number of parametric inputs and the quality of interest, plays an important role
in determining the training regime.

• The Accuracy of the ROM: The accuracy of the ROM is often a trade-off with
its speed-up: as the ROM becomes faster, the accuracy decreases. A ROM must
be parameterized by various hyper-parameters, such as the size of the ROM, which
influence both its accuracy and computational efficiency. For each specific project,
these parameters must be carefully configured to meet the desired level of accuracy
while considering the acceptable trade-off with speed-up.

Acceptable accuracy must reflect the practical considerations and uncertainties present
in geomechanical modeling. In practice, the required accuracy depends on the specific
application and its associated tolerances. Subsurface modeling is influenced by
significant uncertainties arising from geomechanical data (e.g., material properties,
in-situ stress conditions), heterogeneity (both quantified and unquantified), and
limitations of constitutive models. Furthermore, the assumption of small deformations
introduces additional simplifications that may influence the accuracy. For example,
when comparing the FOM results to experimental data from a simple triaxial test,
large discrepancies can be observed, highlighting the numerous sources of uncertainty
that influence FOM accuracy. Thus, the acceptable accuracy of the ROM must be
evaluated within these uncertainties.

• The Domain of Applicability and Extrapolation: It is essential to identify the
valid ranges of inputs that yield reliable results and to define the domain of applicability
in both space and time. The performance of the ROM must be evaluated for inputs
within and outside the training domain. For example, in industrial applications, the
injection rate can serve as an input to the ROM, and the rates in online use may differ
significantly from those for training the ROM. An effective ROM should accurately
reproduce the response of the reservoir to such dynamic changes in injection rates,
including those that extend beyond the training regime.”

1.4 Purpose and Objectives

Thus, given the need for the development of a robust ROM for the hydraulic dilation
stimulation process, the objectives of this thesis are illustrated in this section.

8



1.4.1 Objective 1: Develop an efficient intrusive ROM for nonlinear
transient flow in porous media as a diffusion problem

The first objective is to develop an intrusive ROM for nonlinear porous media flow problems
with transient and time-discontinuous fluid injection rates. The performance of the ROM
is studied in the context of a two-dimensional analysis of time-varying injection into a
two-well system in a layered porous media reservoir. The developed ROM consists of
the combination of proper orthogonal decomposition and discrete empirical interpolation
method (POD-DEIM) as a hyper-reduction technique. Its computational efficiency is
compared with the classical proper orthogonal decomposition-Galerkin (POD-Galerkin)
without hyper-reduction and the FOM. An analysis of the trade-off between accuracy and
run-time is conducted for ROMs of different sizes and hyper-parameters. Furthermore, the
impact of the training regime on the performance of the ROMs is evaluated. Specifically,
the training regime is generated using the FOM with constant injection rates during the
offline stage, while the ROM is tested with more realistic complex online time-discontinuous
pumping schedules. This objective is fulfilled in Chapter 2 which is based on the article:

S. Hatefi Ardakani, G. Zingaro, M. Komijani, and R. Gracie, “An efficient reduced order
model for nonlinear transient porous media flow with time-varying injection rates,” Finite
Elements in Analysis and Design, vol. 241, p. 104237, 2024.

1.4.2 Objective 2: Develop a parameterized ROM for cyclic
plasticity models (Drucker–Prager model)

One step in the simulation of hydraulic dilation stimulation is considering nonlinear elasto-
plastic behavior for the porous media. Objective 2 will focus on the development of MOR
technique for a two-dimensional system of nonlinear equations equipped with pressure-
dependent plasticity constitutive model. Drucker–Prager plasticity model is considered for
oil sand reservoir, and the challenge is to accurately capture plastic deformation around
the wells using ROM. Intrusive ROMs have faced significant challenges in learning the
path-dependent nonlinear evolution of plastic strain as a function of a loading path. In this
objective, we develop and evaluate an intrusive ROM for a Drucker–Prager plasticity model,
in which the material properties and the cyclic load path are parametric inputs. Efficiency
is achieved via multiple reduction methods: POD-Galerkin to reduce the total number of
DoFs, DEIM as a hyper-reduction technique to accelerate the computation of nonlinear
terms, and clustering to enable the use of a local version of hyper-reduction technique
(LDEIM). It is shown that the standard DEIM approximation is inefficient for constructing
accurate plasticity ROMs, while LDEIM substantially improves the online computational
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cost. The objective is completed by developing a ROM for two problems. First, in a
micromechanics porous media problem, ROM is parameterized by material properties, and
its performance is demonstrated for inputs within and outside of the training domain.
Second, the ROM is parameterized by load path for a cyclic plasticity problem. This
objective is completed in Chapter 3 which is based on the article:

S. Hatefi Ardakani, G. Zingaro, and R. Gracie, “An efficient parameterized local reduced
order model for Drucker–Prager plasticity,” Submitted to Computational Mechanics, September
2024.

1.4.3 Objective 3: Develop a robust ROM for poroplasticity
models with an application in hydraulic dilation stimulation

Following the derivation of an intrusive ROM for nonlinear transient porous media flow and
plasticity problems, the third objective is to develop a ROM for poroplasticity problems. A
novel ROM formulation for fully-coupled hydro-mechanical simulations of deformable porous
media with single-phase fluid flow is introduced. The coupled FOM (CFOM) employs a
two-dimensional finite element analysis (FEA) equipped with Drucker–Prager plasticity
and stress-induced permeability enhancement models to describe the dilation behavior of
sandstone. A robust ROM is achieved by clustering the training data for the displacement
and pressure equations. Clustering and classification techniques are tailored for the coupled
formulation framework. The model is applied to a large-scale application: hydraulic dilation
stimulation of a reservoir with a horizontal well pair. Finally, the performance of the ROM
is evaluated for a complex case, where the ROM is parameterized with material properties
and injection rate. This version of ROM is ready to be used as a powerful tool for the
calibration and history matching processes. This objective is described in Chapter 4 which
is based on the article:

S. Hatefi Ardakani and R. Gracie, “A parameterized local reduced order model of stimulated
volume evolution in reservoirs,” Submitted to International Journal for Numerical and
Analytical Methods in Geomechanics, November 2024.
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Chapter 2

Intrusive ROM for Nonlinear
Transient Porous Media Flow

2.1 Introduction

In Chapter 2, an intrusive reduced order model (ROM) for nonlinear porous media flow
problems with transient and time-discontinuous fluid injection rates is developed. Many
intrusive model order reduction (MOR) approaches, such as Balanced Truncation [43]
and proper orthogonal decomposition-Galerkin (POD-Galerkin) [44], efficiently reduce the
computational cost of ROM for linear, steady-state, and time-dependent full order model
(FOM). However, these standard projection-based techniques are not effective for nonlinear
systems of interest here. The computational cost of the nonlinear terms in the ROM scales
with the dimensionality of the FOM, which significantly reduces the computational efficiency
of the ROM. Hyper-reduction techniques have been proposed to circumvent this drawback
by reducing the computational cost without sacrificing the stability and accuracy of the
underlying projection. They can be grouped into two families: project-then-approximate
methods (energy-conserving sampling and weighting (ECSW) method [45, 46], empirical
cubature method (ECM) [47], Linear program-based empirical quadrature method [48])
and approximate-then-project methods (missing point estimation (MPE) [49], empirical
interpolation method (EIM) [50], discrete empirical interpolation method (DEIM) [30, 51],
Gappy POD [52]).

The POD-Galerkin technique without hyper-reduction reduces the dimensionality of
complex systems by determining the optimal basis vectors extracted from singular value
decomposition (SVD) of high-fidelity snapshots; however, the complexity of evaluating the
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nonlinear terms remains unchanged. To improve computational efficiency for nonlinear
problems, the DEIM approach was developed [30, 51] and used to interpolate the nonlinear
contributions to the residual and the Jacobian. DEIM has seen some applications in
structural dynamics [53], plasticity problems [30], and reservoir simulations [54].

There are several variants of DEIM in the literature. The Q-DEIM (QR factorization
DEIM) is similar to DEIM but uses a different method for selecting measurement points,
which results in improved error bounds [55, 56]. Trajectory DEIM (TDEIM) approximates
the nonlinear operators by combining the trajectory linearization technique with DEIM [54].
Tan et al. [54] used TDEIM to generate a ROM for a two-phase heterogeneous reservoir.
Matrix DEIM (MDEIM) is the matrix version of DEIM, which allows us to directly calculate
the reduced Jacobian approximation instead of approximating the full order Jacobian matrix
[57, 58]. Adaptive DEIM (ADEIM) is a dynamic version of DEIM, proposed by Peherstorfer
and Willcox [59]. Classical DEIM provides a linear interpolation of nonlinear operators, and
it is based on offline data. However, ADEIM is a nonlinear interpolation as the DEIM basis
vectors are dynamically regenerated through the online state. Peherstorfer and Willcox
[59] proved that ADEIM shows improvements in the accuracy of ROMs. Localized DEIM
(LDEIM) is an efficient ROM which approximates the nonlinear components using multiple
local DEIM subspaces instead of a single global DEIM subspace [30, 60, 61, 62]. Each local
DEIM subspace is tailored to a specific part of the properties of the system, which can be
parameters and states [60]. LDEIM has found applications in fluid dynamics [60], solid
mechanics [30], electromagnetic problems [61], and reservoir simulations [62].

In this chapter, we focus on the combination of the DEIM and the POD-Galerkin approaches,
referred to as POD-DEIM. We study the accuracy and efficiency of the proposed model
by solving nonlinear porous media flow problems, specifically those extending from fluid
injection from a well. Furthermore, a fast and efficient version of the DEIM approach, that
of [28], which is based on the approximated column-reduced Jacobian, has been adopted.
In addition, previous studies of POD-Galerkin and similar ROMs have insufficiently studied
the relationship between the accuracy of the ROM results and computational time, which
will be addressed in this work.

Another challenge for applying ROM technologies to reservoir simulations is that the exact
pumping schedule (injection rate vs. time) is not known in advance of the operation, as
technical and logistical challenges impact schedules. Thus, the pumping schedule used for
training the ROMs can differ greatly from online pumping schedules. Furthermore, pumping
schedules are often characterized by active and inactive injection periods. Therefore, an
effective ROM will need to accurately reproduce the response of the reservoir, subject to
such sudden changes in injection rate. To date, the applications of ROMs to complex and
time-discontinuous pumping schedules have not been adequately accessed.
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This chapter evaluates (a) the effectiveness of the combination of the DEIM and the POD-
Galerkin approaches (POD-DEIM) to develop ROMs for transient nonlinear porous media
flow problems; (b) the trade-off between accuracy and run-time, in comparison to coarse
FE mesh (less accurate, but fast); and (c) the impact of training regime on the performance
of the ROMs, specifically investigating the use of simple training sets for ROMs with more
realistic complex online time-discontinuous pumping schedules. Thus, the utility of the
POD-DEIM approach for more realistic use cases can be beneficial in practice.

2.2 Mathematical Model

This section develops the mathematical formulation for a reservoir-well system consisting of
two wells: The fluid is injected into one well, and the pressure is constant for another. First,
the governing equations with boundary conditions for nonlinear porous media flow are
described. Then, a brief description of the nonlinear finite element formulation is discussed.

As a model problem, consider a two-dimensional reservoir with two wells. In well A (left),
fluid is injected at a given rate Q, and in well B (right), pore pressure is maintained at a
given elevated level. All boundaries of the modeled reservoir are assumed to be impermeable.
Figure 2.1 depicts the 20 m × 20 m domain with the given boundary conditions (BCs). We
also presume that the initial pore pressure is 2 MPa.

The transient flow equations in a porous medium Ω are given as [63, 64]

s
∂p

∂t
= ∇ · q + Qp on Ω× (0, T ) (2.1)

n · q = h on Γq × (0, T ) (2.2)

p = g on Γp × (0, T ) (2.3)

p (x, 0) = p0(x) ∀x ∈ Ω (2.4)

in which s is the specific storage of the medium, and Qp is the body source. Γp and Γq are
the boundaries in which pressure (Dirichlet) and mass flux (Neumann) boundary conditions
are applied, respectively. q is the mass flux defined using Darcy’s law:
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Figure 2.1: Reservoir-well system consisting of two wells (well A with a time-varying
injection rate Q(t) and well B with a constant pressure P).

q = −κ(p)

µ
∇p (2.5)

in which κ is the permeability of the medium and µ is the dynamic viscosity of the
fluid. To define a source of nonlinearity in (2.1), it is assumed that the permeability is
pressure-dependent (κ = κ(p)).

By multiplying the strong form of (2.1) by a weight function δp, integrating over the domain,
and applying integration by parts, the corresponding weak form can be written as∫

Ω

δp s
∂p

∂t
dΩ −

∫
Ω

δpQpdΩ +

∫
Γ

δp (q · n) dΓ −
∫
Ω

∇δp · q(p)dΩ = 0 (2.6)

The aim here is to find the field p(x, y, t) such that the weak form of the nonlinear transient
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equation is satisfied.

The domain is discretized into 4-node quadrilateral (Q4) finite elements. Using Galerkin
method, the finite element approximation for the pressure field ph(x, y, t) and the weight
function δp are

ph(x, t) =
4∑

I=1

NI(x)pI(t) = Np (2.7)

δph(x) =
4∑

I=1

NI(x)δpI = Nδp (2.8)

in which pI and δpI denote the nodal values of the trial solution and weight function,
respectively. NI(x) are the shape functions of the conventional Q4 isoparametric element.
The gradients of ph and δph are written as

∇ph(x, t) =
4∑

I=1

∇NI(x)pI(t) =
4∑

I=1

BI(x)pI(t) = Bp (2.9)

∇δph(x) =
4∑

I=1

∇NI(x)δpI =
4∑

I=1

BI(x)δpI = Bδp (2.10)

in which BI = ∇NI .

Substituting the trial solution (2.7), weight function (2.8), and their gradients (2.9, 2.10)
into the weak form (2.6) and evoking the arbitrariness of the δpI leads to the discretized
form of the nonlinear transient flow equation

Sṗ + Fp (p) + FQ = 0 (2.11)

in which

S =

∫
Ω

N⊤sNdΩ (2.12)

Fp = −
∫
Ω

B⊤q(ph)dΩ (2.13)
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FQ =

∫
Γq

hN⊤dΓ −
∫
Ω

N⊤QpdΩ (2.14)

The implicit and unconditionally stable backwards Euler method is utilized to numerically
integrate the semi-discrete equations (2.11) over time. The relation between the pressure
degrees of freedom at time steps n and n + 1 is defined as

pn+1 = pn + ṗn+1∆t (2.15)

So, the residual of the nonlinear system of equations (2.11) for time step n + 1 is

Rn+1 = S
pn+1 − pn

∆t
+ Fn+1

p + Fn+1
Q = 0 (2.16)

Equation (2.16) is a nonlinear system of equations due to the presumed dependence of
the permeability on pressure (Fp(p) = Fp(κ(p))). Applying the Newton–Raphson iteration
method to solve the nonlinear system of equations (2.16) results in

Kn+1(j)∆pn+1(j) = −Rn+1(j), j = 1, ..., J (2.17)

pn+1(j+1) = pn+1(j) + ∆pn+1(j) (2.18)

in which ∆pn+1(j) is the increment of the pressure vector at time step n + 1 and iteration
j. Rn+1(j) denotes the residual vector evaluated at pn+1(j). In addition, Kn+1(j) is the
Jacobian matrix and can be defined as

Kn+1(j) =
∂Rn+1(j)

∂p
|pn+1(j)=

S

∆t
+ (Kp)

n+1(j) (2.19)

where

Kp =

∫
Ω

B⊤κ(ph)

µ
BdΩ +

∫
Ω

B⊤κ
′(ph)

µ
BpNdΩ (2.20)

The initial guess for the solution in time step n+ 1 is the converged solution in time step n:
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pn+1(0) = pn (2.21)

A summary of the Newton–Raphson iteration algorithm for the time integration of nonlinear
fluid flow can be found in [65].

2.3 Intrusive Model Order Reduction

Intrusive MOR techniques are carried out in an offline-online decomposition. In the offline
stage, computationally expensive FEM simulations are performed to generate training data
(snapshots). Snapshot matrices are constructed by collating snapshots of pressure DoFs,
residual vectors, and the Jacobian matrix at various time steps and for various inputted
injection rates. This data set is utilized for training the ROM. Online, the trained ROM is
employed to predict the response of the system to arbitrary time-varying injection rates.

We begin with the POD-Galerkin technique without hyper-reduction [44, 66] to reduce
the dimensionality of complex systems by determining the optimal basis vectors useful for
the projection of the FOM onto the reduced space. Since the complexity of evaluating
the nonlinear terms remains unchanged in POD-Galerkin, DEIM [51] is then utilized
to approximate the residual force vector and its Jacobian using empirical interpolation
techniques. Finally, a ROM, referred to as POD-DEIM, is used to reduce the dimensionality
and complexity of nonlinear transient flow from wells by combining POD-Galerkin and
DEIM.

2.3.1 POD-Galerkin: Proper Orthogonal Decomposition-Galerkin
Projection

Galerkin Projection

The most widely used methods for constructing an intrusive ROM are projection-based
techniques. In this section, we use the Galerkin projection method to reduce the dimensionali-
ty of the nonlinear transient flow equations. By using a weighted linear combination of the
optimal orthonormal basis vectors (U = [ϕ1 ..... ϕk] ∈ RN×k (k ≪ N)), a projection process
is employed to approximate the full order state from a reduced order state

p(t) ≈ Up̃(t) (2.22)

17



where p(t) ∈ RN is the full order state vector, and p̃(t) ∈ Rk is the reduced time-dependent
coefficient vector of order k ≪ N . By projecting the nonlinear system of equations (2.17,
2.18) using U and applying the orthogonality condition, the dimensionality reduced system
of equations in time step n + 1 and iteration j for the Newton–Raphson iteration method
are given as

K̃n+1(j)∆p̃n+1(j) = −R̃n+1(j), j = 1, ..., J (2.23)

p̃n+1(j+1) = p̃n+1(j) + ∆p̃n+1(j) (2.24)

where R̃ ∈ Rk and K̃ ∈ Rk×k denote the reduced residual vector and the reduced Jacobian
matrix, respectively. They are defined as

R̃n+1(j) = U⊤R(Up̃)n+1(j) = S̃ ˙̃p
n+1(j)

+ (F̃p)
n+1(j) + (F̃Q)n+1(j) = 0 (2.25)

K̃n+1(j) =
∂R̃n+1(j)

∂p̃
|p̃n+1(j)= U⊤Kn+1(j)U =

S̃

∆t
+ (K̃p)

n+1(j) (2.26)

In (2.25, 2.26), S̃ ∈ Rk×k, K̃p ∈ Rk×k, F̃Q ∈ Rk, and F̃p ∈ Rk are of the form

S̃ = U⊤SU (2.27)

K̃p = U⊤KQU (2.28)

F̃Q = U⊤FQ (2.29)

F̃p = U⊤Fp (2.30)
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POD: Proper Orthogonal Decomposition

The quality of approximations (2.27, 2.28, 2.29, 2.30) is clearly affected by the choice
of basis vectors U. One method for constructing the reduced basis vectors is the POD.
POD is a technique to determine the optimal orthonormal basis vectors U = [ϕ1 ..... ϕk]
which contain the overall physical behavior of a time-dependent system. In the literature,
there are three different variants of POD: Karhunen–Loève decomposition (KLD), principal
component analysis (PCA), and singular value decomposition (SVD) [67]. In this study,
the variant of the POD known as singular value decomposition of snapshots is utilized.
The aim is to find a set of basis vectors {ϕ1 ..... ϕk} in which the snapshot matrices can be
optimally represented. Snapshots can be produced by varying the parameters of the system,
e.g. time steps or injection rates. Full FE analysis is carried out in the training process
to compute the solution at each time step. Then, snapshot matrices are constructed by
collecting the corresponding pressure, nonlinear force, and Jacobian vectors in matrices
PSNP, FSNP, and KSNP:

PSNP =

 | | |
p1 p2 ... pns

| | |

 (2.31)

FSNP =

 | | |
F1 F2 ... Fns

| | |

 (2.32)

KSNP =

 | | |
K1 K2 ... Kns

| | |

 (2.33)

According to [68], a set of orthonormal basis vectors {ϕ1 ..... ϕk} solves the below minimization
problem. In other words, the Euclidean norm error between snapshots and their projection
on lower-dimensional space is minimized to calculate the basis vectors:

arg min
{ϕ1 ..... ϕk}

ns∑
m=1

∥∥∥∥∥pm −
k∑

n=1

(p⊤
mϕn)ϕn

∥∥∥∥∥
2

2

(2.34)

where
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ϕ⊤
mϕn =

{
1

0

m = n

m ̸= n
(2.35)

Equation (2.35) shows one of the important properties for basis vectors, i.e. orthogonality.

According to [68], the SVD of the snapshot matrix PSNP ∈ RN×ns leads to a solution to the
optimization problem (2.34). SVD decomposes the complex matrix PSNP into the matrices

UF, ΣF, and VF⊤
:

PSNP = UFΣFVF⊤
(2.36)

where UF = [ϕ1 ..... ϕr] ∈ RN×r and VF ∈ Rns×r are full orthonormal matrices, consisting

of the eigenvectors of matrices PSNP
(
PSNP

)⊤
and

(
PSNP

)⊤
PSNP, respectively. ΣF ∈ Rr×r

is the full diagonal matrix:

ΣF = diag(σ1, σ2, ..., σr) (2.37)

where σ1 ≥ σ2 ≥ ... ≥ σr ≥ 0 are the singular values.

POD Truncation Error

By applying the SVD on (2.34), the minimum error between snapshots and their projection
on lower-dimensional space is obtained by [51]

ns∑
m=1

∥∥∥∥∥pm −
k∑

n=1

(p⊤
mϕn)ϕn

∥∥∥∥∥
2

2

=
r∑

n=k+1

σ2
n (2.38)

The total number of POD basis vectors is determined by the rank of PSNP(r ≤ min(N, ns).
Our goal is to truncate the POD basis vectors with a low-energy approximation to achieve
the desired accuracy of the ROM. Equation (2.38) indicates that the projection error in
POD only depends on the neglected singular values ((k + 1)th singular value to rth singular
value). Hence, a criterion for the relative energy is defined to determine the number of
truncated POD basis vectors: ∑r

n=k+1 σ
2
n∑r

n=1 σ
2
n

≤ TOL (2.39)
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where TOL is a tolerance and can be a value between 0 and 1. As the value of TOL tends
to zero, the number of truncated POD basis vectors increases, resulting in a more accurate
ROM. A summary of POD basis computation is presented in Algorithm 1.

Algorithm 1 POD Basis Computation

Data: Snapshot matrix PSNP ∈ RN×ns

Result: A set of truncated POD basis vectors U = [ϕ1 ..... ϕk] ∈ RN×k

Construct the SVD of PSNP: PSNP = UFΣFVF⊤

Compute U by truncating the basis vectors UF using (2.39)

2.3.2 DEIM: Discrete Empirical Interpolation Method

As illustrated in Section 2.3.1, the POD-Galerkin technique without hyper-reduction reduces
the dimensionality of complex systems by determining the optimal basis vectors extracted
from SVD of high-fidelity snapshots. However, the complexity of evaluating nonlinear terms
R̃ and K̃ in (2.25) and (2.26) scales with the dimensionality of the FOM, since they are
dependent on the dimension of the full order terms R and K. This makes the direct use of
the POD-Galerkin too computationally expensive. To overcome this drawback, DEIM, as
a hyper-reduction technique, is employed to accelerate the computation of the nonlinear
terms. DEIM, known as a discrete version of the empirical interpolation method (EIM)
[51, 69], utilizes empirical interpolation techniques for fast approximation of the reduced

residual vector R̃ and the reduced Jacobian matrix K̃ in the reduced nonlinear system of
equations (2.23).

Hyper-reduced Residual

In DEIM, by using a weighted linear combination of the truncated basis vectors (Z = [z1 ..... zm] ∈
RN×m , m ≪ N), a projection-based process is employed to approximate the full order
nonlinear term R from a lower-dimensional subspace Z = span {z1 ..... zm} ⊂ RN :

R(t) ≈ R̂ = Zc(t) (2.40)

where c(t) ∈ Rm is the reduced time-dependent coefficient vector of order m ≪ N . The
aim is to determine the set of basis vectors Z and the corresponding coefficient vector
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c(t). To find the set of basis vectors Z, a snapshot matrix for the nonlinear term R is first
constructed (RSNP = [R1...Rns ]). Then, the left singular vectors obtained from SVD of
RSNP is considered as the set of basis vectors Z:

RSNP = ZΣRV
⊤
R (2.41)

To determine the coefficient vector c(t), both sides of the overdetermined equation (2.40)
are multiplied by the measurement matrix P = [eγ1, ..., eγm] ∈ RN×m. The result is the
selection of m rows of the system of equations

P⊤R(t) ≈ P⊤Zc(t) (2.42)

eγi = [0 0 ... 0 0 1 0 0 ... 0 0]⊤ ∈ RN denotes the γith column of the N -dimensional identity
matrix. Algorithm 2 shows the procedure used to compute eγi. From (2.40) and (2.42), the
final approximation to the nonlinear term R is of the form

R̂(t) = Z(P⊤Z)−1P⊤R(t) ∈ RN (2.43)

The above equation illustrates a reduced complexity in evaluating the nonlinear terms.
In the offline stage, the matrices Z and P⊤, and consequently Z(P⊤Z)−1 are calculated.
Then, in the online stage, RDEIM = P⊤R(t) ∈ Rm, where m ≪ N , is constructed for each
iteration of the Newton–Raphson method.

Hyper-reduced Jacobian

The main issue with DEIM is associated with the calculation of the Jacobian matrix
K ∈ RN×N , since its computational cost scales with the dimensionality of the FOM. There
are several interpolation-based approaches to efficiently compute the large Jacobian matrix
[28, 30, 51].

The first method method is to approximate the Jacobian with the same POD basis vectors
calculated for the nonlinear residual vector [30, 51]:

K ≈ K̂ =
∂R̂

∂p
= Z(P⊤Z)−1∂RDEIM

∂p
= Z(P⊤Z)−1kDEIM (2.44)
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Algorithm 2 DEIM Algorithm

Data: Snapshot matrix for nonlinear term R : RSNP = [R1...Rns ]
Result: Measurement matrix: P = [eγ1, ..., eγm] and location of the elements of the

nonlinear term R selected by DEIM: LOC = [γ1, ..., γm]

Compute singular value decomposition of RSNP: RSNP = ZΣRV
⊤
R

Construct Zm = [z1 ..... zm]

Initiate LOC = [γ1] where γ1 = index of the maximum element of |z1|
Initiate measurement matrix P: P = [eγ1 ]

for j = 2, ...,m do
Compute cj by solving P⊤Zj−1cj = P⊤zj where Zj−1 = [z1 ..... zj−1]

Compute residual RES = zj − Zj−1cj

Determine γj = index of the maximum element of residual |RES|
Update matrices P and LOC: P =

[
P eγj

]
and LOC =

[
LOC γj

]
The computational cost of kDEIM ∈ Rm×N remains high as it requires looping over all
elements. kDEIM can be calculated by solely computing contributions from the elements that
have shared measurement points, resulting in significant computational savings without a
reduction in accuracy [30, 51].

The second method involves approximating Jacobian with a new set of POD basis vectors
that are associated with the snapshots of Jacobian. As suggested in [28], rather than
focusing on the full order Jacobian K(j) ∈ RN×N , column-reduced Jacobian K(j)U ∈ RN×k

is approximated in (2.26), leading to a significant reduction in the computational cost. We
consider the column-reduced Jacobian as a collection of columns; thus, its columns are
approximated independently using DEIM. The procedure for approximating the full order
column-reduced Jacobian K(j)U using DEIM is detailed in Algorithm 3.
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Algorithm 3 Procedure for approximating the full order column-reduced Jacobian using
DEIM
Data: Snapshot matrices for full order column-reduced Jacobian (Kcr1 Kcr2 ... Kcrns

)

Result: Aproximated column-reduced Jacobian matrix K̂cr by using DEIM

for j = 1, ..., k do
Construct snapshot matrix for jth column of column-reduced Jacobian: COLSNP

j =[
Kcr1(:, j) Kcr2(:, j) ..... Kcrns

(:, j)
]

Compute matrices Pj and LOCj using Algorithm 2. The input data for the algorithm
2 is COLSNP

j

Compute singular value decomposition of COLSNP
j : COLSNP

j = ZjΣjV
⊤
j

Compute approximation to jth column of column-reduced Jacobian K̂crj : K̂crj =
Zj(P

⊤
j Zj)

−1P⊤
j Kcr(:, j)

Construct approximated column-reduced Jacobian matrix K̂cr =
[
K̂cr1 K̂cr2 ..... K̂crk

]

In Algorithm 3, Kcr and K̂cr represent the abbreviations defined for the column-reduced
Jacobian matrix KU ∈ RN×k and its approximation, respectively.

The first method is computationally faster than the second one. However, the most
important concern is the convergence of the Newton–Raphson method. The second method
provides a more accurate approximation of the Jacobian, resulting in better performance of
the Newton–Raphson algorithm and fewer iterations to converge. This study employs both
approaches to evaluate the efficacy of the methods in different nonlinear problems. In this
chapter, we adopt the first approach, while in Chapters 3 and 4, the second approach is
used to approximate the Jacobian matrix.

The current study employs a combination of POD-Galerkin projection and DEIM to build
a ROM, called POD-DEIM, for a nonlinear transient fluid flow.

2.4 Results and discussion

The wellbore injectivity responses during fluid production are known as complex phenomena
in geomechanics due to their temporal and spatial behaviors. The movement of fluid is
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essential in such porous media since it produces deformation in their solid skeletons. In
addition, injecting fluid into a gas and oil reservoir through an injector well and pumping
gas and oil from a producer well play an important role in conventional and unconventional
oil and gas reservoirs. Hence, we consider a system of wellbores inside a porous medium as
an oil and gas reservoir where the efficiency and accuracy of the proposed MOR technique
are observed. As depicted in Figure 2.1, the system is a practical two-dimensional reservoir
for nonlinear transient flow in the porous medium with two wells.

The material properties of the fluid are considered as follows,

ρ = 1000 kg/m3;µ = 0.0011Pa.s

The medium is idealized as a layered rock mass with different permeability. The permeability
of side layers is constant,

κ1 = 1 mD

To make the problem more complex (nonlinear) and to evaluate the performance of our
POD-DEIM, the below pressure-dependent relation is defined for the permeability of the
middle layer:

κ2 = 0.1 +
100

9
(p− 2)2 mD

With this k-p relationship, permeability varies from 0.1 mD to nearly 50 mD over a pressure
change of 2 MPa, implying a critically stressed media and that the pressure changes cause
considerable plastic dilation, which is not directly modeled. The relationship is not based
on measurements; however, using such an aggressive k-p relationship will allow for initial
conclusions about the utility of the ROM for well stimulation problems in which porosity
and permeability changes are large.

The fluid is injected into the left well, flowing through the porous medium. For the right
well, it is assumed that the pressure is constant. Figure 2.1 depicts the 20 m× 20 m domain
with the given BCs.

We assume that the initial pressure distribution is 2 MPa for all the DoFs since this
two-dimensional problem is the cross-section of a three-dimensional model at a depth of
about 200 m.

The rock mass field is discretized using 4-node quadrilateral elements (Q4). Figure 2.2
depicts the coarsest mesh (mesh 1) around the well with 1423 DoFs. Furthermore, five
finer meshes are considered for FE training process (mesh 2: 5998 DoFs, mesh 3: 10810
DoFs, mesh 4: 17614 DoFs, mesh 5: 35114 DoFs and mesh 6: 101121 DoFs). It should
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be mentioned that the finest mesh (mesh 6) acts as a reference solution since there is no
analytical solution for this problem.

Figure 2.2: Coarse finite element mesh with 1423 DoFs for FE training process.

Numerical time integration is carried out using the backward Euler method for the total
time = 87 days and the number of time steps is 200.

2.4.1 Comparison between FOM, POD-Galerkin and POD-DEIM

This section will investigate the accuracy and run-time of the POD-Galerkin, POD-DEIM
and FOM for the nonlinear time-dependent system. In addition, the accuracy of the trained
model and its dependency on mesh size, the number of truncated modes, and the snapshot
period will be discussed.

In the training process, a full FE analysis is carried out to compute the solution at each time
step. Then, to compute the POD basis, snapshot matrices are constructed by collecting the
corresponding pressure, nonlinear force, and Jacobian vectors in matrices PSNP = [p1...p200]
and FSNP = [F1...F200], and KSNP = [K1...K200].

A ROM is generated using the mentioned snapshot matrices. As a result of our POD-DEIM
technique, the pressure overtime at two characteristic points, as specified in Figure 2.1,
is shown in Figure 2.3. It can be seen that the ROM captures the solution of the FOM
with high accuracy. Here, the size of the system of equations is reduced to 40 × 40 from
10810 × 10810 while the online accuracy is guaranteed. Furthermore, using DEIM, the
residual vector is interpolated using 400 measurement points versus the complete vector
with 10810 components. Similarly, the Jacobian is interpolated using 10 measurement
points rather than the complete Jacobian with 96158 number of non-zero entries. In similar
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applications, it has been noted that fewer measurement points are required to accurately
interpolate the Jacobian compared to the residual vector [57].
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Figure 2.3: Fluid pressure overtime at two characteristic points using POD-DEIM and
FOM.

Figure 2.4 illustrates pressure field snapshots at 6.5, 34.3 and 87 days. Initially, the fluid
flows from well A to B in the porous media since the fluid is injected into well A. After
some time, the fluid stream from well A begins to converge with the stream from well B
near the midpoint between the wells. Whereby the stream from well A begins to dominate
the rock mass. It should be mentioned that most of the fluid flow with the domain occurs
in Material 2 due to its higher permeability than Material 1. In Figure 2.4, FOM results
and the relative error of the POD-DEIM are presented. The relative error at each DoF is
calculated by

eI(t) =

∣∣pROM
I (t) − pFOM

I (t)
∣∣

|pFOM
I (t)|

(2.45)

where subscript I refers to the Ith DoF. The error contour evidently shows that the
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maximum relative error is 3.5 × 10−3, meaning that the ROM is sufficiently accurate in the
whole domain.

The mass flux and error between the POD-DEIM and the FOM are presented in Figure 2.5.
It is worth mentioning that it is not possible to use (2.45) for the calculation of the error of
mass flux as the amount of mass flux in some DoFs is zero, leading to division by zero in
(2.45). Hence, a scaled difference between FOM and POD-DEIM mass fluxes is represented
in Figure 2.5:

Ds,I(t) =

∣∣qROM
I (t) − qFOM

I (t)
∣∣

max(|qFOM(t)|)
(2.46)

As shown in Figure 2.5, the maximal scaled difference does not exceed 2.5 × 10−3, showing
an acceptable accuracy mass flux for POD-DEIM.

Figure 2.4: Pressure field snapshots at t = 6.5 days, t = 34.3 days, t = 87 days, from top
to bottom. Left column: FOM results and right column: POD-DEIM’s relative error.
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Figure 2.5: Mass flux snapshots at t = 6.5 days, t = 34.3 days, t = 87 days, from top to
bottom. Left column: FOM results and right column: scaled difference between FOM and
POD-DEIM results.

In Table 2.1 and Figure 2.6, the efficiency and accuracy of three different techniques (POD-
Galerkin, POD-DEIM, and FOM) are compared for the designed nonlinear time-dependent
system.

In order to investigate the computational cost of the three different techniques, the CPU
time from different training meshes is presented in Table 2.1. It can be seen that POD-
Galerkin is faster than FOM for different training meshes since POD-Galerkin reduces the
dimensionality of the complex system using optimal basis vectors. However, the reduction
in computational cost is not significant. This can be explained by noting that the POD-
Galerkin does not reduce the complexity of evaluating the nonlinear terms, meaning that
most CPU time is devoted to formulating the full order residual force vector and its full order
Jacobian at each Newton–Raphson iteration. To improve the drawback of POD-Galerkin,
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the POD-DEIM is utilized to approximate the time-dependent nonlinear contributions
(residual force and its Jacobian). As a result, the POD-DEIM significantly decreases the
CPU time compared to POD-Galerkin and FOM. For instance, POD-DEIM is about 190
times faster than two other techniques for a very large model, where the size of the system
of equations is 35114 × 35114.

Table 2.2 also shows the total number of Newton–Raphson iterations required from the
FOM, POD-Galerkin, and POD-DEIM techniques for different training meshes. Although
the difference between the three numerical techniques in the total number of Newton
iterations is small, the POD-DEIM requires more Newton–Raphson iterations than the
FOM and POD-Galerkin methods. This is attributed to the fact that the POD-DEIM
uses approximations to the full order residual force and its Jacobian to accelerate the
computation of each iteration.

Mesh
CPU Time (second)

FOM POD-Galerkin POD-DEIM
1 1285.4 657.1 768.0
2 7641.7 3587.5 1028.0
3 13825.0 7817.0 1122.4
4 42336.8 28885.4 1201.4
5 271042.1 210282.9 1396.1

Table 2.1: CPU time (second) needed from the FOM, POD-Galerkin, and POD-DEIM
techniques for different training meshes

Mesh
Total Number of Newton Iterations
FOM POD-Galerkin POD-DEIM

1 1286 1354 1439
2 1291 1451 1414
3 1300 1489 1608
4 1302 1513 1645
5 1546 1546 1668

Table 2.2: Total number of Newton–Raphson iterations needed from the FOM, POD-
Galerkin, and POD-DEIM techniques for different training meshes (note that the total
number of time steps is 200)

To show the performance of POD-DEIM, L2 norm error (2.47) and H1 norm error (2.48) in
conjunction with CPU time for a single-core processor are depicted in Figure 2.6 for different
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training meshes (from coarse mesh (mesh 1) to very fine mesh (mesh 5)). In other words, the
results present the effect of the number of DoFs on the accuracy and the computational cost
for three different techniques. It should be mentioned that the finest mesh (mesh 6) acts as
a reference solution used to compute the error, since there is no analytical solution for this
problem. As can be seen, for the cases of POD-Galerkin and FOM, increasing the number
of DoFs decreases the L2 error while the CPU time significantly increases, showing the
inefficiency of these two techniques for large systems. However, in the light of POD-DEIM,
increasing the number of DoFs does not significantly increase the CPU time. Rather,
the accuracy is well guaranteed. For example, in the case of 35114 DoFs, POD-DEIM
decreases the run time from 270000 seconds to 1400 seconds while also maintaining a highly
accurate solution. Figure 2.6 shows that the online computational cost of POD-DEIM is
not entirely independent of the FOM size. There are three main reasons for this behavior.
The first reason is related to the total number of Newton–Raphson iterations required
by the POD-DEIM technique for different FE meshes. The total number of iterations
varies depending on the FOM size, directly impacting the online computational cost. Finer
meshes generally require more Newton–Raphson iterations compared to coarser meshes.
The second reason involves the computation of the approximation for the nonlinear force
vector and the jth column of column-reduced Jacobian K̂crj = Zj(P

⊤
j Zj)

−1P⊤
j Kcr(:, j). In

this chapter, full matrices were used to perform these multiplications during the online
phase. This process is time-consuming, particularly for large FOM sizes. As the FOM size
increases, the computational cost of these multiplications grows. In Chapters 3 and 4, this
issue is addressed by using sparse matrices instead of full matrices. The third reason relates
to the DEIM algorithm used in this thesis. In the online phase, approximating R and K
requires a loop over the measurement points, and within this loop, another loop iterates
over the DEIM elements. If a DEIM element is shared among two or more measurement
points, it is only considered once in the calculation of RDEIM and kDEIM. For coarse meshes,
measurement points share more DEIM elements, resulting in fewer iterations over the DEIM
elements. In contrast, in finer meshes, the measurement points share fewer DEIM elements,
necessitating additional iterations to calculate RDEIM and kDEIM.

The computational budget and error tolerance are two important factors for design engineers.
The computational budget depends on the time allocated to simulate the desired model
based on the customer’s budget. Error tolerance is also a desired accuracy considered in
a specific project. If the computational budget and the error tolerance are defined at the
levels depicted in Figure 2.6, it can be said that our POD-DEIM technique is a viable
model for designing large models.

||e||L2 =
||pROM − pFOM||L2

||pFOM||L2

(2.47)
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||e||H1 =
||pROM − pFOM||H1

||pFOM||H1

(2.48)
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Figure 2.6: a) L2 error versus CPU time and b) H1 error versus CPU time for the various
numerical techniques: POD-Galerkin, POD-DEIM and FOM.

In Figure 2.7, a sensitivity analysis is conducted to determine the effect of the number
of truncated modes (k) on the accuracy of the results. Although increasing the number
of truncated modes reduces the L2 and H1 norm errors, the error converges at a certain
number of POD modes. For example, in the case of training mesh 1, the L2 and H1 errors
are constant for values k greater than 20.

Furthermore, the error tolerance of the design and the size of the training mesh specify the
minimum dimensionality required for constructing a ROM. For instance, a ROM designer
considers the tolerance error to be 5× 10−4. Hence, for two training meshes, 5998 DoFs and
17614 DoFs, the minimum dimensionality in our MOR technique is 40 and 20, respectively.
In comparison to coarse training mesh (5998 DoFs), fine training mesh (17614 DoFs) needs
smaller truncated modes since snapshots of fine training mesh for the extraction of the
reduced basis functions have higher fidelity (more accurate) than the ones of coarse training
mesh.
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(a) (b)

Figure 2.7: Effect of the number of truncated modes (k) on the accuracy of the results. a)
L2 norm error and b) H1 norm error.

One important point about the POD approach is the selection of high fidelity snapshots
in the training process. In fact, snapshots should have enough physical information about
the spatial and temporal evolution of the model. In order to demonstrate the effect of
the number of snapshots on the accuracy of the results, L2 and H1 errors are plotted for
different periods of snapshots in Figure 2.8. The snapshot period for the training data is
the percentage of the data set used to construct the reduced basis functions useful for the
projection of the FOM onto the reduced space. It is observable that decreasing the snapshot
period reduces the accuracy of the model, driving us to be particular when selecting the
snapshots in our ROMs. In addition, the error tolerance of the design plays a crucial role in
determining the minimum snapshot period required for constructing a ROM. For instance,
it is assumed that the error tolerance of the design is equal to 0.01. According to the
Figure 2.8, at least 75% of the full data should be selected as the snapshots to achieve the
desired accuracy.

This section compared the accuracy and run-time of the POD-Galerkin, POD-DEIM and
FOM for the nonlinear time-dependent system without any parametric inputs. Section 2.4.2
will discuss the behavior of untrained parametric inputs on the performance of the POD-
DEIM previously presented.
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(a) (b)

Figure 2.8: Role of snapshot period in the training process on the accuracy of the results.
a) L2 norm error and b) H1 norm error.

2.4.2 Sensitivity Analysis for Parametric ROM

We now evaluate the effectiveness of the presented POD-DEIM for the pumping schedules
that fall outside of the training regime to assess the extrapolative ability of the ROM. The
injection rate is typically an input parameter, which fluctuates in practice due to operational
requirements or constraints, and different time-varying injection rates during the online
stage. At the same time, the offline training process is based on constant injection rates.
The idea here is to push the limits of the constructed POD-DEIM with a relatively small
amount of training data and try to answer the question: how simple can the training data
be while still yielding accurate results in the online stage? To this end, the ROM is first
trained using 60 full FE simulations with mesh 1 (1423 DoFs) at constant injection rates
Q = 1, . . . , 60. Then, samples for pressure and nonlinear force are collected at each time
step in matrices PSNP

Qi
and FSNP

Qi
, respectively. These snapshot matrices are combined into

two big matrices PSNP and FSNP using Algorithm 4. Next, a POD-DEIM is constructed
using samples obtained from 60 different sets of injection rate. Finally, the surrogate model
is tested through the online state with different time-varying injection rates, as depicted in
Figure 2.9.
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Algorithm 4 Build Matrices PSNP and FSNP

Data: Matrices PSNP
Qi

∈ RN×ns and FSNP
Qi

∈ RN×ns for i = 1, ..., 60
Result: Combined snapshot matrices PSNP ∈ RN×60ns and FSNP ∈ RN×60ns

Initiate the combined snapshot matrices: PSNP = [ ] and FSNP = [ ]
for j = 1, ..., ns do

for i = 1, ..., 60 do
PSNP =

[
PSNP PSNP

Qi
(:, j)

]
FSNP =

[
FSNP FSNP

Qi
(:, j)

]

Figure 2.9: Online time-varying injection rates (test functions 1 to 4).

Figure 2.10 represents the pressure and mass flux over time for three test functions 1, 2, and
3. Pressure variations are reported at nodes 16 and 959. In addition, mass flux variations
are plotted as the average of mass fluxes at the integration points of elements 262 and
433. In the ROM, the size of the system of equations using DEIM is reduced to 40 × 40,
where the residual vector is approximated using 400 measurement points. As can be seen,
the reduced order model captures the solution of the FOM with acceptable accuracy. It is
worth mentioning that test function 3 falls outside of the training injection rates; however,
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the POD-DEIM surrogate model provides accurate results for design and optimization
purposes.
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Figure 2.10: Pressure and mass flux over time for a) test function 1, b) test function 2, c)
test function 3.
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We now investigate the performance of the POD-DEIM for a highly variable injection rate
(dark line in Figure 2.9). The aim is to design a complex high-frequency test function to
find an answer to the question: how dissimilar can the parametric inputs (e.g., the pumping
schedule) of the ROM be from those of the training regime while still ensuring an accurate
ROM? Figure 2.11 contrasts the results of the FOM and POD-DEIM for the injection
pressure (pressure at node 16) and mass flux (the average of mass fluxes at the integration
points of the element 262). The response of ROM is based on three different values for
the number of POD basis function (k = 5, 10, 40). It should be mentioned that the size of
the DEIM basis function is considered 400 for all cases. Figure 2.11 demonstrates that the
ROM captures the solution of the FOM with reasonable accuracy with a relatively small
amount of ROM basis functions (k = 40). Furthermore, it is demonstrated that moderately
sized ROMs (k = 10) can capture the majority of the dominant modes in the model, where
its response closely resembles the FOM. In contrast, in the case of a small set of basis
functions (e.g. k = 5), the dominant modes cannot adequately capture the response of the
system. In the case of k = 5, we are missing most of the dominant modes of the model,
resulting in larger errors. Hence, it can be concluded that the presented POD-DEIM yields
an efficient and accurate ROM, which can capture the mode shapes of unseen complex
injection rates.
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Figure 2.11: Comparison of the time history of the POD-DEIM and FOM for a highly
variable injection rate. a) injection pressure and b) mass flux.

We finally try to solve a possible applied scenario, where the injection rate acts as a
rectangular wave, using the presented ROM. Figure 2.12 illustrates the variations of
rectangular waves with regular and irregular time sequences. In load case 1, the fluid is
pumped into the wellbore at a constant rate for 22 days, whereby the pumping process is
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stopped for the remaining run time. In load case 2, irregular time sequences of pumping
are considered while the same maximum injection rate is applied for all time sequences. In
load case 3, the pumping schedule alternates between short and long pumping sequences,
with periods of no pumping in between. Finally, load case 4 presents the most complex
rectangular wave, i.e., a wave with irregular time sequences and varying injection rates.

(a) (b)

(c) (d)

Figure 2.12: Rectangular waves with regular and irregular time sequences as online time-
varying injection rates. a) load case 1, b) load case 2, c) load case 3, d) load case 4.

The pressure and mass flux over time for the defined rectangular waves are depicted in
Figure 2.13. Our POD-DEIM can effectively and accurately approximate the FOM with
highly complex pressure and mass flux behavior. Thus, the proposed model is suitable for
use as a surrogate model with sufficient accuracy to calibrate and control the fluid injection
pressure, which is a critical factor for preventing waterflooding through natural fractures.
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Figure 2.13: Pressure and mass flux overtime for different rectangular waves. a) results of
rectangular wave 1, b) results of wave 2, c) results of wave 3, d) results of wave 4.

39



2.5 Conclusions

In this chapter, an efficient and accurate POD-DEIM ROM is proposed for the application of
nonlinear porous media flow problems, particularly in reservoir simulations. POD-Galerkin
and DEIM are utilized to reduce the size of the system of equations and interpolate the
nonlinear terms, respectively. Column-reduced Jacobian DEIM technique is employed to
interpolate the Jacobian, leading to a significant reduction in the computational time of
the online stage. POD-DEIM ROM has about 103 times fewer DoFs and is approximately
190 times faster than the FOM for a modest reservoir model with 3 × 104 DoFs while
maintaining an accurate solution in the online stage.

The ROM proposed has been shown to be an effective surrogate model with sufficient
accuracy to calibrate and control the fluid pressure during injection operations. The
ROM is parameterized for nonlinear transient injection rate (pumping schedule). Offline,
training data is generated by FOM runs with simple constant injection rates. Online, the
ROMs are demonstrated to have both high accuracy and efficiency for complex and time-
varying pumping schedules. These include sinusoidal and high-frequency pumping schedules.
Furthermore, the ROM is online tested for a possible applied scenario, time-discontinuous
pumping schedules with regular and irregular time sequences. The reservoir responses
(pressure and mass flux) demonstrate that the ROM can capture the spatial-temporal
evolution of the FOM with reasonable accuracy using a relatively small ROM basis (k = 10
and 40). ROMs with a very small basis (k = 5) cannot adequately capture the response of
the FOM system. Furthermore, POD-Galerkin without DEIM does not yield a ROM with
meaningful speed-up over the FOM.

POD-DEIM ROM is demonstrated to have strong potential for reservoir modeling; yet
likely requires augmentation for more complex applications incorporating hydro-mechanical
coupling behavior and path-dependent plastic deformation of rocks. The next step is to
extend the current ROM framework to a plasticity problem, where capturing the history-
dependent nonlinear evolution of plastic strain is a big challenge.
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Chapter 3

Parameterized ROM for
Drucker–Prager Plasticity

3.1 Introduction

Chapter 3 will focus on the development of model order reduction (MOR) technique for a
two-dimensional system of nonlinear equations equipped with pressure-dependent plasticity
constitutive model. Drucker–Prager plasticity model is considered for oil sand reservoir, and
the challenge is to accurately capture plastic deformation around the wells using reduced
order model (ROM).

Despite continued advancements in computing hardware, the simulation of plastic deformati-
on of solids and structures remains computationally expensive as it involves solving a large
system of nonlinear equations. The computationally intensive nature of these simulations
continues to pose challenges in parameter estimation, uncertainty quantification, and
optimization applications, where hundreds to thousands of simulations are required to
achieve a solution [70, 71]. Additionally, in real-time applications, full physics simulation of
plasticity by finite element analysis is often impractical. MOR techniques have emerged as
a method to derive and train a computationally efficient surrogate/proxy model through
the use of the full order model (FOM). In this chapter, the FOM is the solution to the
system of discrete nonlinear equations derived through the finite element method (FEM) for
the plastic deformation of a solid domain. The development of ROMs for cyclic plasticity
requires new MOR techniques due to the path-dependent and nonlinear evolution of plastic
strain, which is the focus of this chapter.

Recent research has made considerable efforts in the development of intrusive and non-
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intrusive ROMs involving nonlinear and path-dependent constitutive laws, particularly
plasticity and viscoelasticity [30, 72, 73, 74, 75, 76]. Gorji et al. generated artificial neural
network-based (ANN-based) constitutive modeling for plasticity using recurrent neural
network (RNN) [72]. Chen investigated the extrapolation ability of RNN in viscoelasticity
constitutive laws [73]. Ghavamian et al. developed an intrusive ROM for the Perzyna
viscoplastic model when the ROM is parameterized by only one material property [30]. In
their case, the load path is not a parametric input for ROM. Intrusive ROMs have faced
significant challenges in learning the path-dependent nonlinear evolution of plastic strain as
a function of a loading path. This chapter develops and evaluates an intrusive ROM for a
Drucker–Prager plasticity model, in which the material properties and the cyclic load path
are parametric inputs. By constructing multiple local DEIM (LDEIM) approximations in
combination with clustering and classifier techniques, a fast and accurate ROM can be
achieved [60]. It is shown that the standard DEIM approximation of the FOM residual
vector and Jacobian is inefficient for constructing accurate ROMs. The FOM response is
path-dependent and strongly nonlinear as described in Section 3.2. Further, the online
computational cost of LDEIM is substantially improved as each local DEIM requires fewer
measurement points than the traditional DEIM. Section 3.3 discusses these concepts in
more detail.

Each ROM is parameterized by several hyper-parameters (tuning parameters), which
influence both the accuracy and computational efficiency of the ROM. The user must
specify these parameters, as they are not determined directly in the training algorithm.
The influence of hyper-parameters will be explored in several examples in Section 3.4.
This chapter will demonstrate the effectiveness of the ROMs based on LDEIM when
parameterized by material properties and loading paths for Drucker–Prager plasticity
problems.

3.2 Full Order Model

In this chapter, the FOM consists of a finite element analysis of the elastic-plastic deformation
of a two-dimensional solid domain, where loads are applied incrementally. At each step, a
large nonlinear system of equations with n degrees of freedom (DoFs) must be solved for
unknown increments in the nodal displacements.

Consider the two-dimensional FEM approximation of the displacement of a solid domain Ω:

uh (x, τ) =

nd∑
I=1

NI (x)uI (τ) = Nuτ , x ∈ Ω (3.1)
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in which x denotes material points and τ denotes pseudo-time. nd is the number of nodes of
the FE mesh, NI are the shape functions, uI are two-dimensional nodal displacements, N is
a 2 × n matrix of shape functions, and uτ is a n× 1 column vector of nodal displacements
at load step τ . The FOM has n = 2 × nd DoFs for two-dimensional problems.

Assuming small elastoplastic deformations, a system of n nonlinear discrete equilibrium
equations can be derived for the solution of the nodal displacements uτ at load step τ given
the solution uτ−1 at load step τ − 1:

R (uτ ) = Fext (τ) − Fint (uτ ) = 0 (3.2)

in which Fext is the external force vector

Fext (τ) =

∫
Γt

N⊤t̄ (τ) dΓ +

∫
Ω

N⊤fbdΩ (3.3)

and Fint is the internal force vector

Fint (uτ ) =

∫
Ω

B⊤σ (uτ ) dΩ (3.4)

in which σ is the Cauchy stress in Voigt (matrix) notation and fb is the body force. Γt is the
portion of the boundary where traction t̄ is prescribed. The outward pointing normal vector
to Γt is denoted as nt. B is the standard 3 × n B-matrix of shape functions derivatives.

3.2.1 Drucker–Prager Elastoplasticity Model

The Drucker–Prager yield criterion is a widely used mathematical model that describes the
plastic behavior of materials, particularly in the field of geotechnical engineering [77, 78].
It is a modified version of the von Mises criterion that accounts for pressure sensitivity and
dilation. Dilation refers to the increase in volume when a material is subject to shear stress
in the presence of compressive stresses.

According to the Drucker–Prager yield criterion, plastic yielding starts when a critical
combination of the hydrostatic stress p and the J2 invariant of the deviatoric stress s is
attained, specifically:

Φ (σ, c) =
√
J2 (s (σ)) + ηp (σ) − ξc = 0 (3.5)
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where c is the cohesion, the stress level at which a material transitions from the elastic
to the plastic deformation regime. s is the deviatoric stress. The parameters η and ξ can
be selected according to the approximation required to simplify the Mohr–Coulomb yield
surface (compression cone, extension cone, and plane strain condition)[79]:

η =
3 tanϕ√

9 + 12 tan2 ϕ
ξ =

3√
9 + 12 tan2 ϕ

(3.6)

in which ϕ denotes the friction angle. The linear hardening curve is defined as

c (ε̄p) = c0 + Hε̄p (3.7)

ε̄p is the accumulated plastic strain. c0 and H represent the initial cohesion and the
hardening modulus, respectively.

The details of the constitutive equation are given in Appendix A. The small deformation
assumption is used so the total strain tensor can be additively decomposed into elastic and
plastic parts. To solve the elastoplastic constitutive initial value problem (A.2, A.3, A.6),
the elastic predictor/plastic corrector algorithm is used [79].

3.2.2 Newton–Raphson Solution to the Nonlinear System of
Equations

The solution of (3.2) for the displacements at load step τ is sought iteratively using a
Newton–Raphson solver. At each iteration j, a large n× n linear system of equations is
solved for the increment of the solution (nodal displacements) ∆uτ(j):

Kτ(j)∆uτ(j) = Rτ(j) (3.8)

and the solution is updated according to

uτ(j+1) = uτ(j) + ∆uτ(j) (3.9)

where Rτ(j) = R
(
uτ(j)

)
and uτ(j) are the residual vector and the nodal displacement vector

at load step τ and iteration j, respectively. Kτ(j) is the Jacobian matrix, defined as

Kτ(j) = K
(
uτ(j)

)
= − ∂Rτ(j)

∂u

∣∣∣∣
uτ(j)

=

∫
Ω

B⊤DepBdΩ (3.10)
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Dep is the consistent (algorithmic) tangent modulus in elastoplasticity. It is a function of
uτ(j) and the plastic strain εp,τ(j), which is defined in Appendix A [79, 80]. The FOM is
based on a classical finite element implementation, further details of which are found in
numerous textbooks [79, 81, 82]. The FOM is computationally expensive due to the cost of
both assembly and solution (matrix inversion) of the large n× n system of equations (3.8)
at each iteration. An efficient ROM must reduce these costs. The construction of such a
ROM is described in the next section.

3.2.3 Linear-Nonlinear Decomposition

In this study, we adopt a linear-nonlinear decomposition as described by Ghavamian et al.
[30]. They found that a more efficient ROM can be achieved by applying hyper-reduction
solely to the nonlinear components of the residual vector and its Jacobian rather than to
the full residual vector. To this end, the residual vector is decomposed into linear and
nonlinear parts as follows:

R = Fext −KLu− F (u) (3.11)

where Fext −KLu is the linear part. F (u), called the force vector, is the nonlinear part of
the residual vector

F (u) =

∫
Ω

B⊤σ (u) dΩ −KLu (3.12)

in which the linear elastic stiffness matrix is

KL =

∫
Ω

B⊤DeBdΩ (3.13)

Similarly, the Jacobian matrix (3.10) is decomposed into linear and nonlinear components:

K (u) = KL + KNL (u) (3.14)

in which KNL (u) is the nonlinear part of Jacobian matrix and is defined as

KNL (u) =
∂F

∂u
=

∫
Ω

B⊤ (Dep (u) −De)BdΩ (3.15)
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3.3 Intrusive Reduced Order Model

This section describes the methods used to construct the intrusive ROM for plasticity.
Multiple techniques are used to reduce the computational complexity of the ROM while
minimizing the loss between the FOM and the ROM. Specifically, i) the POD-Galerkin
technique is utilized to project the FOM with n DoFs onto a reduced space of m DoFs
(m ≪ n); ii) sparse sampling and interpolation (i.e., DEIM) are employed to reduce the
complexity of evaluating nonlinear components of the force vector F and its Jacobian
KNL to be proportional to the number of measurement points q (q ≈ m and q ≪ n); iii)
multiple local DEIMs are constructed, each of them characterizes a distinct region of the
FOM response. Offline, regions are identified by clustering the training data. Online, a
classification algorithm identifies the appropriate cluster/DEIM approximation based on
the current state of the ROM.

3.3.1 Proper Orthogonal Decomposition-Galerkin Projection

We utilize the Galerkin projection method in conjunction with POD to reduce the
dimensionality of the FOM nonlinear equilibrium equation (3.8) from n to m (m ≪ n). Let
W denote the matrix which projects the DOFs of a reduced order space ũ at load step τ
and iteration j onto the DoFs of the FOM:

uτ(j) = Wũτ(j) (3.16)

in which ũ ∈ Rm and u ∈ Rn. W will be defined in detail later in this section.

The discrete equations of the ROM are constructed by multiplying the FOM equations (3.8)
with W⊤ and subsequently inserting (3.16) into (3.8) yielding

K̃τ(j)∆ũτ(j) = R̃τ(j) (3.17)

ũτ(j+1) = ũτ(j) + ∆ũτ(j) (3.18)

in which K̃τ(j) ∈ Rm×m represents the reduced Jacobian matrix and R̃τ(j) ∈ Rm represents
the reduced residual vector :

K̃τ(j) = W⊤Kτ(j)W = W⊤KLW︸ ︷︷ ︸
K̃L

+ W⊤K
τ(j)
NL W︸ ︷︷ ︸

K̃
τ(j)
NL

(3.19)
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R̃τ(j) = W⊤Rτ(j) = W⊤F
τ(j)
ext︸ ︷︷ ︸

F̃
τ(j)
ext

− K̃Lũ
τ(j) −W⊤Fτ(j)︸ ︷︷ ︸

F̃τ(j)

(3.20)

in which the linear-nonlinear decompositions (3.11) and (3.14) have been used. The

projection matrix W and reduced linear part of the Jacobian K̃L ∈ Rm×m are computed
once offline. The nonlinear terms F̃τ(j) and K̃

τ(j)
NL must be computed online at each iteration

of the nonlinear solver. Since ROM quantities F̃τ(j) ∈ Rm and K̃
τ(j)
NL ∈ Rm×m are dependent

on the corresponding the FOM quantities, the computational cost of their assembly scales
with n. Methods to reduce the cost to q (q ≈ m and q ≪ n) are discussed in Section 3.3.2.

The projection matrix W is computed using snapshots of the high-fidelity FOM simulations
conducted offline, with inputs sampled from the parameter space where the ROM is to
operate. Samples of the FOM displacement vector u ∈ Rn are collected at the end of each
load step and assembled into the snapshot matrix USNP, as

USNP = {u1, ...,uns} ∈ Rn×ns (3.21)

where ns is the number of snapshots. Ideally, ns is chosen to minimize the offline training
cost of the FOM executions, yet large enough to span the domain of the online use of the
ROM.

Singular Value Decomposition (SVD) (2.36) is performed on USNP to extract the projection
matrix W. The columns of the projection matrix W are taken as the first m left singular
vectors wi, W = {w1, ...,wm} ∈ Rn×m, where m ≪ n.

3.3.2 Discrete Empirical Interpolation Method

POD-Galerkin without hyper-reduction is an effective approach for reducing the computatio-
nal cost of ROMs for linear elastic problems. However, it is not efficient for plasticity
problems due to the presence of the nonlinear terms F and KNL in (3.19) and (3.20), which
must be recomputed at every iteration of the Newton–Raphson algorithm. Using DEIM
[39, 51], F and KNL are replaced by the approximations based on interpolation and sparse
sampling. Here, we summarize the DEIM approximation. The details were discussed in
Section 2.3.2.

The DEIM approximation of F, denoted as F̂, is determined by a linear map from fDEIM:

F̂ = AfDEIM ∈ Rn (3.22)
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where

A = Z(P⊤Z)−1 (3.23)

fDEIM = P⊤F (3.24)

In (3.23) and (3.24), the truncated POD basis Z (Z = [z1 ..... zq] ∈ Rn×q , q ≪ n) and the
measurement matrix P were defined in Section 2.3.2. q are measurement points determined
using a greedy algorithm [69, 39, 51].

The matrix A is computed once offline. Online, the computation of F is replaced by the
cheaper F̂, which only involves the evaluation of a small number of rows of F, i.e., fDEIM.
The cost of the evaluation of F̂ scales with q which in practice is similar to the ROM size
m.

In this chapter, we adopt the first method, as detailed in Section 2.3.2, to compute the
nonlinear term KNL using the same POD basis vectors that are determined for the term F
[30, 51].

The computationally efficient form of the reduced order system of equations is

R̃ = F̃ext︸︷︷︸
m×1

− K̃Lũ︸︷︷︸
m×1

− Aw︸︷︷︸
m×q

fDEIM︸ ︷︷ ︸
q×1

= 0 (3.25)

K̃ = K̃L︸︷︷︸
m×m

+ Aw︸︷︷︸
m×q

kDEIMW︸ ︷︷ ︸
q×m

(3.26)

in which Aw = W⊤A and is computed offline. It can be shown that K̃ corresponds to the
Jacobian matrix for the first-order Taylor series approximation of the reduced system R̃.

The DEIM technique offers notable computational cost savings, particularly in scenarios
where q is much smaller than n (q ≪ n). However, in many nonlinear plasticity problems,
accurate estimation of F and KNL necessitates a large number of measurement points (q),
as the POD singular values exhibit slow decay. In such scenarios, utilizing small values
for q leads to ROMs that are very inaccurate compared to the FOM or that are unstable
because the Newton–Raphson solver fails to converge. We can employ multiple local DEIM
(LDEIM) subspaces instead of a single global DEIM subspace to address this limitation.
The LDEIM implementation is explained in the next section.
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3.3.3 Localized Discrete Empirical Interpolation Method

LDEIM follows an offline-online decomposition process. During the offline phase, the force
sample matrix FSNP is partitioned into multiple clusters, and DEIM is applied to each
cluster individually to compute local DEIM interpolation matrix

Ac = Zc(P
⊤
c Zc)

−1 (3.27)

in which Zc and Pc denote the POD basis vectors and measurement point matrix associated
with the cth cluster, respectively. LDEIM requires fewer measurement points for each cluster
compared to global DEIM, as the energy associated with basis vectors for each cluster
decays significantly faster than those for unclustered samples. Online, the most appropriate
cluster is selected based on the current state of the system. The online phase in LDEIM is
faster compared to DEIM because it involves a small number of measurement points for
each cluster.

Two main questions must be addressed to develop a ROM with LDEIM: i) How can the
force samples be divided into clusters during the offline phase?; ii) How can the ideal
cluster be effectively determined during the online phase? There are different methods for
clustering the samples [60, 83]. In this study, offline the k-means clustering algorithm is
employed to divide the snapshot matrix FSNP into clusters [60], while online the nearest
neighbor classifier algorithm is used to identify the appropriate cluster [60].

k-Means Clustering Algorithm for LDEIM

The k-means clustering algorithm is a widely unsupervised machine learning technique that
partitions a given dataset into a specified number of distinct clusters, denoted as nc [84].
In the standard k-means clustering algorithm, the cluster labels are initialized for each
data point from the dataset, where cluster labels are updated through an iterative process
by calculating the distance between each data point and each centroid (i.e., the center
of cluster). The centroid is defined as the mean of the samples allocated to the cluster.
Peherstorfer et al. [60] tailored the standard k-means clustering algorithm for DEIM by
improving the definition of the distance. In the proposed k-means clustering algorithm, the
distance is defined between a data point and its local DEIM approximation. By applying
the modified k-means clustering algorithm to the snapshots resulting from elastoplasticity
model, we can effectively group data points based on their similarity in loading paths and
material properties, allowing us to uncover patterns and transitions within the material
response, enabling better estimation of its complex behavior.
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The objective is to partition the nonlinear force sample matrix FSNP into mutually exclusive
subsets FSNP

1 , ...,FSNP
nc

in the offline phase. Subsequently, for each cluster FSNP
c , a local

DEIM interpolation matrix Ac is constructed. Furthermore, a classifier function is trained
to designate the mapping between the sample Fi and cluster number c. In the algorithm,
the input is the set FSNP and the outputs are the classifier function and nc matrices Ac.
In this thesis, non-overlapping clusters are used. A more advanced method is to use
overlapping clusters to make the approximation more robust at the cluster interfaces [85].
This investigation will be of interest in future studies.

The first step is to initialize the cluster labels for each sample force. The samples in the
dataset are divided into nc clusters, and the classifier function cls is defined as a simple
ns × 1 array that maps snapshots to clusters. In most applications, it is crucial to have an
appropriate initial guess, as the k-means algorithm does not guarantee convergence to a
global minimum. However, in this work, we found that a random initial guess for clusters
works well. To ensure optimal clustering results, the k-means algorithm is performed
multiple times with different initial conditions, and the clusters that make the minimum
error for ROM are selected.

The second step involves the iterative assignment. The distance between each sample force
Fi and its DEIM approximation F̂i,c = AcP

⊤
c Fi is calculated using the Euclidean distance

and cosine similarity

D =
√
D2

cosine + D2
Euclidean (3.28)

Dcosine = 1 −

∣∣∣F⊤
i F̂i,c

∣∣∣∥∥∥Fi

∥∥∥∥∥∥F̂i,c

∥∥∥ (3.29)

DEuclidean =

∥∥∥Fi − F̂i,c

∥∥∥∥∥∥Fi

∥∥∥ (3.30)

The benefits of clustering using Euclidean distance and cosine similarity metrics are discussed
in [30, 86]. The cosine similarity metric is more effective at capturing similarities in the
orientations and features of high-dimensional data sets as it measures the cosine of the angle
between vectors. In contrast, the Euclidean distance measures the absolute magnitude
between points.
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Next, for each sample force, we determine the cluster that provides the most accurate DEIM
approximation by finding the minimum distance between Fi and F̂i,c. Finally, the classifier
function cls and the local DEIM interpolation matrix Ac are updated. This process is
repeated until the convergence criterion is met. Convergence is achieved when the classifier
function remains unchanged or the maximum number of iterations has been reached. A
summary of the k-means clustering algorithm is presented in Algorithm 1.

Algorithm 1: k-means clustering algorithm

Data: Snapshot matrix for nonlinear force vector F : FSNP

Maximum number of iterations: MI

Number of clusters: nc

Result: Local DEIM approximations for each cluster c = 1, ..., nc: Pc, Zc, Ac

Classifier function cls : sample Fi → cluster number c
Set convergence index: conv = 1
Initiate classifier function cls according to the initial guess

for j = 1 : MI do
for c = 1 : nc do

Calculate POD basis vectors: Zc

Calculate measurement matrix Pc using the greedy algorithm [69, 39, 51]
Calculate Ac using (3.27)

for i = 1 : size
(
FSNP, 2

)
do

Calculate the DEIM approximation to the force sample Fi: F̂i,c

Calculate the distance between Fi and F̂i,c using (3.28)
Save the distance in D (i, c)

for i = 1 : size
(
FSNP, 2

)
do

Determine the old cluster number: cold = cls (i)
Calculate the new cluster by finding the minimum distance between Fi and
F̂i,c: cnew = min(D (i, :))

if cold ̸= cnew then
conv = 0
Update the classifier function: cls (i) = cnew

if conv = 1 then
Break (terminate the execution of for loop on j)
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Nearest Neighbor Classifier Algorithm

In the online phase, the nearest neighbor classifier is utilized to identify the most suitable
cluster based on the current state of the system. The classifier operates on the low-
dimensional representation of the data instead of using the full order data. At the end of
each load step, the distance between the low-dimensional converged nonlinear force vector
and each of the low-dimensional sample forces in the set FSNP is calculated [60]. The
low-dimensional representation of the converged nonlinear force vector f̂DEIM ∈ Rq and the
sample force data fDEIM,i ∈ Rq are defined as

f̂DEIM = P⊤
cold

F̂ (3.31)

fDEIM,i = P⊤
cold

Fi (3.32)

in which the subscript cold denotes the cluster number in the current load step.

The cluster number associated with the sample force data that has the minimum distance
to the converged force is determined. This cluster represents the training state that is
closest to the current state of the system and is denoted as cnew. A summary of the nearest
neighbor classifier algorithm is presented in Algorithm 2.

Algorithm 2: Nearest neighbor classifier algorithm

Data: Snapshot matrix for nonlinear force vector F : FSNP

Classifier function: cls
Converged force vector F̂ at the end of load step τ
Cluster number in the load step τ : cold

Result: Cluster number for the load step τ + 1: cnew
Calculate the low-dimensional representation of F̂: f̂DEIM

for i = 1 : size
(
FSNP, 2

)
do

Calculate the low-dimensional representation of sample force Fi: fDEIM,i

Calculate the distance between f̂DEIM and fDEIM,i using (3.28)
Save the distance in d (i)

Determine the minimum of vector d and find its index k
Determine the cluster number for load step τ + 1: cnew = cls (k)

The online stage involves solving a nonlinear reduced order system of equations, which is
significantly more computationally efficient than the FOM. Once the update cluster number
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cnew is determined, the appropriate local interpolation matrix is utilized to define and solve
the reduced order system of equations for the next load step:

R̃ = F̃ext − K̃Lũ−Aw,cnewfDEIM,cnew = 0 (3.33)

K̃ = K̃L + Aw,cnewkDEIM,cnewW (3.34)

3.3.4 Offline Stage

In this section, the offline stage of the presented ROM is summarized. We begin by presenting
the algorithm used for data generation, whereby the training process for constructing training
basis vectors is explained. Furthermore, the implementation of k-fold cross-validation for
constructing approximated nonlinear terms is described. Figure 3.1 illustrates the procedure
used during the offline stage.

Data Generation

The offline stage begins by selecting a sampling space. A sampling space is generated using
the material properties space M = {µ1, ..., µnm}, load steps space T = {τ1, ..., τns}, and the
Newton–Raphson iterations space J = {iter1, ..., iterJ}, where J denotes the total number
of iterations across all load steps (J > ns). The snapshot matrices USNP, FSNP, and FSNP

conv

are constructed by combining the snapshots of the high-fidelity FOM simulations for each
sampling point si = (µi, τi, iteri), described in more detail in Algorithm 3. Samples for
the nonlinear force vectors are stored at each iteration in the matrix FSNP

si
. Then, samples

for displacement and converged nonlinear force vectors are collected at the end of each
load step in matrices USNP

si
and FSNP

conv,si
, respectively. These snapshots are combined into

three large matrices USNP, FSNP
conv, and FSNP, which are used in the construction of the ROM

through the processes described in Section 3.3.4.

Training Process

In the training process, snapshots USNP and FSNP are used to construct the global bases
for POD and localized bases for DEIM, respectively. Additionally, FSNP

conv is divided into
nc clusters using the k-means algorithm. Finally, the local DEIM approximations are
computed for each cluster. Figure 3.1 shows the training regime for the ROM with LDEIM
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Figure 3.1: Workflow for the offline and online stages of the presented ROM.

approximations. It should be noted that the k-means algorithm is utilized to cluster the
converged force vector FSNP

conv rather than FSNP, since the online nearest neighbor algorithm
is based on the converged nonlinear force vector, resulting in a significant decrease in the
computational cost of the clustering algorithm. A crucial step in the training process involves
the precomputation of certain matrix multiplications, which reduces the computational
cost during the online stage. In (3.33) and (3.34), the terms K̃L, W, and Aw,c, where
c = 1, . . . , nc, are executed once offline.

Cross-Validation

The primary concern associated with machine learning (ML) algorithms is overfitting.
This situation occurs when the model learns the noise and outliers within the dataset.
Cross-validation techniques are the most common strategies used to combat overfitting and
improve the generalizability and predictability of models.
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Algorithm 3: Data generation

Data: Material properties space M = {µ1, ..., µnm}, load steps space
T = {τ1, ..., τns}, and Newton–Raphson iterations space
J = {iter1, ..., iterJ}

Result: Combined snapshot matrices: USNP, FSNP and FSNP
conv

Initiate the combined snapshot matrices: USNP = [ ], FSNP = [ ], and FSNP
conv = [ ]

for i = 1, ..., nm do
Displacement and nonlinear converged force vectors at the end of each load step
are collected in snapshot matrices USNP

µi
and FSNP

conv,µi
, respectively:

USNP
µi

= {u1, ...,uns}
FSNP

conv,µi
= {F1, ...,Fns}

The nonlinear unbalanced force vector at every iteration of each load step is
stored in the snapshot matrix FSNP

µi
:

FSNP
µi

= {F1, ...,FJ}
for j = 1, ..., ns do

for i = 1, ..., nm do
USNP =

[
USNP USNP

µi
(:, j)

]
FSNP =

[
FSNP FSNP

µi
(:, j)

]
FSNP

conv =
[
FSNP

conv FSNP
conv,µi

(:, j)
]

Overfitting is not of concern for intrusive ROMs due to the quasi-optimality of Galerkin
projection. In this study, k-fold cross-validation is applied to assess the performance of
ROM to ensure the model can generalize and extrapolate to unseen data. Furthermore,
k-fold cross-validation provides computational savings during the offline stage, as only a
portion of the generated data is used in the training process. This study introduces k-fold
cross-validation to assess the predictive ability of the DEIM approximation of F. However,
future studies should implement cross-validation techniques to validate the complete ROM.

The approach involves randomly partitioning FSNP into training, validation and testing
datasets. 10% of the FSNP is retained as the testing or unseen dataset. The remaining
dataset is partitioned into k folds where the kth fold is used as the validation set FSNP

Validation

and the remaining k−1 folds are used collectively as the training dataset FSNP
Train. The training

dataset is used to train the DEIM approximation of F. In contrast, the validation dataset
is used to evaluate the candidate models. For each value of k, the model is trained k times
for all combinations of training and validation datasets, and then, the average validation
error is reported. This procedure is iterated over different values of k to determine the
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optimal hyper-parameter k, which minimizes the testing error in the final constructed model.
Finally, the testing dataset, withheld from the training process, is used to measure the
extrapolation ability and generalizability of the model. Figure 3.2 illustrates the standard
k-fold cross-validation procedure [69].

Figure 3.2: k-folds cross-validation procedure.

We show the process employed for selecting the hyper-parameter q, the number of DEIM
measurement points for the problem discussed in Section 3.4.2. The process begins by
performing k-fold cross-validation for values of k ranging from 2 to 10, where the average
validation error for each k is reported, as shown in Figure 3.3a. Through k-fold cross-
validation, the optimal hyper-parameter k for the DEIM approximation should be set to
3 to achieve an accurate approximation of the force vector, where measurement points
between 150 and 250 should be used to ensure adequate accuracy and minimize the
computational cost. Figure 3.3b shows the average validation error for the constructed
DEIM approximation of the nonlinear force vector against the testing dataset.
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Figure 3.3: (a) k-fold cross-validation of DEIM force vector for training dataset, (b) average
testing error vs. measurement points for testing dataset (k = 3).

A 3-fold cross-validation is employed to demonstrate the consistency of the nonlinear force
vector approximation where the common measurement points between folds are shown
in Figure 3.4. The measurement points used in the DEIM approximation are consistent
between folds, indicating that the trained DEIM approximation of the F is not overfitting
to the training data. Furthermore, the common measurement points between folds tend to
be located in areas where the plastic behavior occurs.

Common MPs

between folds

Fold 1

Fold 2

Fold 3

Figure 3.4: Spatial distribution of DEIM measurement points when q = 200.
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3.4 Results and discussion

In this section, we first verify the FOM code using established verification examples from
the literature. An inclined earth embankment under self-weight is analyzed in plane strain
condition, and the results are compared with those presented by de Souza Neto et al. [79].
Next, we present two examples to demonstrate the capability of the presented ROM for
plastic deformation of solids, in which the material properties and load path are parametric
inputs. The first example considers a parameterized ROM with two material inputs for
a micromechanical model of porous media. The effects of hyper-parameters (m and q)
and training regimes are investigated. In addition, the performance of the ROM with
LDEIM over the ROM with classical DEIM and the FOM is demonstrated. In the second
example, reduced two-dimensional plastic deformation of a plate with a central hole subject
to cyclic plastic loading is considered. It will be shown that using LDEIM approximations,
an efficient and accurate ROM can be constructed. In both examples, a sensitivity analysis
is performed to evaluate the ability of ROM to extrapolate beyond the training data range.

3.4.1 FOM Verification

In this section, a slope stability analysis is conducted on an inclined earth embankment, as
shown in Figure 3.5a. The problem is simulated under plane strain state, and the results
are compared with the available numerical results [79].

The gravity acceleration load ḡ is applied to the domain as follows:

ḡ = αg (3.35)

where g is the standard acceleration of gravity, and α is the gravity load factor. In an
incremental process, the value of α, starting from 0, is gradually increased until collapse
occurs. At the collapse level, the value of α represents the safety factor.

To verify the results, the same FEM mesh used in [79] is adopted. The FOM is discretized
using eight-noded quadrilateral elements (Q8) with reduced integration (2 × 2 integration
points). Figure 3.5b shows a mesh with 909 nodes and 282 elements. The material properties
of the soil, modeled as a perfectly plastic Drucker–Prager material, are listed in Table 3.1
[79].
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Figure 3.5: a) Two-dimensional slope stability problem, b) FEM mesh with 909 nodes and
282 Q8 elements.

Table 3.1: Material properties of slope stability problem

Variable Symbol Value
Young’s Modulus E 20 MPa
Poisson’s Ratio ν 0.49
Initial Cohesion c0 50 kPa
Friction Angle ϕ 20◦

Hardening Modulus H 0 kPa
Density ρ 2000 kg/m3

Standard Acceleration of Gravity g 10 m/s2

Figure 3.6a compares the FOM results with the numerical model by de Souza Neto et
al. [79] in predicting the settlement of the embankment at point A. The FOM results
demonstrate good agreement with the reference FE results for various gravity load factors.
The calculated safety factor is 4.21, which closely matches the value reported by [79], i.e.,
α = 4.2. Figure 3.6b presents the contour map of the incremental accumulated plastic
strain at collapse. As can be seen, the failure mechanism predicted by the FOM is in good
agreement with the numerical results reported by [79].
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Figure 3.6: a) Load factor vs. settlement diagram, b) increment of accumulated plastic
strain at collapse.

3.4.2 Micromechanics of Porous Media

The objective of this example is to compare the performance of parameterized ROM with
that of the FOM for a readily reproduced, yet non-trivial, plasticity problem. The example
is inspired by models of representative elementary volume (REV) used in FE2 simulations
of porous media [87, 88, 89]. The micromechanical behavior of a porous medium is studied
through the analysis of a 2m × 2m domain consisting of four large elliptical cavities, as
shown in Figure 3.7a. A uniform compressive load of 120 kPa is incrementally applied along
the right edge of the domain; the displacements along the left edge are restrained in both
x and y directions. The FOM is discretized by quadrilateral elements (Q4). Figure 3.7b
depicts the coarser mesh (mesh 1) with 5209 nodes and 4992 elements. Furthermore, a
finer mesh (mesh 2) with 45478 nodes and 44822 elements is considered for the FOM
training process to ensure a more accurate capture of stress concentration around cavities.
Figure 3.7c illustrates a complex plastic behavior due to the domain geometry and the
applied load. Multiple plastic strain bands are formed in the domain and initiated from
stress concentrations at the cavities. A successful MOR technique must capture such
behavior. Table 3.2 outlines the material properties used in the training process.
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Figure 3.7: a) Two-dimensional micromechanics of porous media, b) FEM mesh with 5209
nodes and 4992 Q4 elements, c) plastic strain bands.

Table 3.2: Material properties for the generation of training data

Variable Symbol Value
Young’s Modulus E 20 MPa
Poisson’s Ratio ν 0.49
Initial Cohesion c0 50 kPa
Friction Angle ϕ 20◦

Hardening Modulus H 50 kPa

Non-parameterized ROM

We begin by evaluating the accuracy and computational cost of the ROMs with DEIM
and LDEIM for a nonlinear system without parametric inputs, comparing them to the
FOM. In the presented example, the size of the ROM is reduced from 10418 DoFs and
90956 DoFs using POD to 60 DoFs for meshes 1 and 2, respectively. The low-energy POD
modes are truncated to achieve an accuracy of 99% for the projection matrix W. Based
on our experience, reducing the number of truncated POD modes significantly affects the
performance of the Newton–Raphson solver in plasticity problems. By excluding certain
mode shapes, some crucial features of the problem are missed, leading to an ill-conditioned
Jacobian matrix that is non-invertible.

Figure 3.8a illustrates that ROMs with DEIM and LDEIM can accurately capture the
global response of the system. The ROM with DEIM approximates the nonlinear force
vector using q = 200 measurement points compared to the 10418 DoFs of the FOM. It is

61



observed that the Newton–Raphson algorithm in DEIM will not converge when trained with
fewer than 200 measurement points. However, the local DEIM approximations enable many
fewer measurement points. In this example, LDEIM with 5 clusters and 5 measurement
points per cluster is efficient and the Newton–Raphson algorithm is stable. In Figure 3.8a,
the notation 5-5-5-5-5 refers to the use of an LDEIM approximation with 5 clusters and 5
measurement points per cluster. Figure 3.8b depicts the energy of modes in DEIM and
LDEIM resulting from SVD analysis of nonlinear force snapshots. DEIM exhibits slower
decay compared to LDEIM. In such a case, truncating a large number of POD singular
values (q) with significant energy can exponentially increase the interpolation error. In
contrast, LDEIM requires fewer measurement points to decrease the interpolation error
through the approximation of the nonlinear terms.
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Figure 3.8: a) Force-displacement diagram for the FOM, the ROM with DEIM and the
ROM with LDEIM, b) energy of mode shapes in DEIM and LDEIM.

One cause of the instability of the Newton–Raphson algorithm observed with DEIM can
be attributed to the quality of the DEIM approximations for the nonlinear force vector.
Figure 3.9a represents the quality of the approximation of the nonlinear force vector. In this
figure, a nonlinear force vector from the FOM solution is approximated using DEIM and
LDEIM. As can be seen, DEIM shows poor performance with fewer measurement points
compared to LDEIM. For instance, with 25 DEIM modes, the quality of approximation
of the force vector is much lower than that of LDEIM with 5 × 5 modes. However, as
the number of modes increases, the accuracy of DEIM and LDEIM becomes comparable.
Therefore, the same number of measurement points is not expected for DEIM and LDEIM.
The Newton–Raphson algorithm in DEIM will not converge when trained with fewer than
200 measurement points because of the poor approximation quality of the force vector.
Another cause of the instability of the Newton–Raphson algorithm observed with DEIM
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can be attributed to the accuracy of the DEIM approximation for the Jacobian. Figure 3.9b
shows the quality of approximation of the Jacobian for DEIM and LDEIM. As shown, the
approximation error of DEIM is consistently higher than that of LDEIM. For a small number
of measurement points, the error of DEIM is significantly high, adversely affecting the
convergence of the Newton–Raphson algorithm. However, as the number of modes increases,
the DEIM error decreases, which improves the convergence rate of the nonlinear solver. It
should be noted that the error for LDEIM remains relatively high at approximately 0.5.
This high value is related to the method used to approximate the Jacobian. In this chapter,
the Jacobian is approximated using the same DEIM bases determined for the nonlinear force
vector. Thus, the approximated full order Jacobian matrix is different from the exact full
order Jacobian matrix. Another potential cause of the instability of the Newton–Raphson
algorithm may be the poor scaling of the Lebesgue constant with the number of DEIM
interpolation points. Regression methods, such as Gappy POD, provide more accurate
approximations for the nonlinear force vector and Jacobian [90]. Unlike DEIM, which uses
interpolation to ensure exact alignment with the solution at measurement points, Gappy
POD employs regression and least squares to approximate nonlinear terms. Furthermore,
other DEIM variants, such as QDEIM, which has a tighter error bound compared to DEIM,
could address these issues [55]. These investigations will be of interest in future studies.
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Figure 3.9: Quality of nonlinear force vector and Jacobian approximations based on the
number of measurement points, a) nonlinear force vector, b) Jacobian.

Figure 3.10 shows the performance of the ROM with LDEIM compared to the ROM with
DEIM. The results indicate the effect of hyper-parameters m and q on the accuracy and
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the computational cost of the ROM. For mesh 1, DEIM shows a small speed-up of 7. In
contrast, LDEIM produces significantly faster ROMs than the FOM. When q is 5, the
CPU time for LDEIM is 28 seconds, which is 170 times faster than the FOM. Furthermore,
for a finer mesh (mesh 2), LDEIM provides a speed-up factor of 2933 when q in each
cluster is 5. We can conclude that LDEIM seems to be a more robust ROM than DEIM for
Drucker–Prager plasticity problems.

From Figure 3.10a, it can be observed that the number of measurement points q in each
cluster does not affect the accuracy of LDEIM, as the POD error becomes dominant in this
case. In Figure 3.10a, the ROM size m is 60. The fluctuations in the response of the system,
attributed to cluster changes, significantly affect the error. However, the CPU time increases
with the number of measurement points. In addition, LDEIM error is generally smaller than
DEIM. Figure 3.10b shows the effect of hyper-parameter m (POD modes) on the accuracy
and the computational cost of the ROM. Increasing the size of the hyper-parameter m
decreases the L2 error for LDEIM, while the CPU time remains relatively unchanged. For
m > 50, the error stalls because the DEIM error becomes dominant. It is noted that for
mesh 2, LDEIM fails to converge for m smaller than 50.
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Figure 3.10: Effect of the hyper-parameters m and q on the accuracy and the computational
cost of the ROMs, a) hyper-parameter q (m = 60), b) hyper-parameters m.

Parameterized ROM with Two Material Inputs

In the following section, we perform a parameter sensitivity analysis, focusing on Young’s
modulus and hardening modulus as parametric inputs of the presented ROM. This example
discusses the ability of the ROM to solve plasticity problems with two parametric inputs.
As outlined in Table 3.3, the ROM is trained using a small amount of data (only ten
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samples). The ability of the ROM to interpolate and extrapolate the response of the system
is evaluated using parametric inputs located inside and outside of the training domain.
Figure 3.11 illustrates the global responses of the FOM, based on mesh 1, for ten samples
used in the training set.

Table 3.3: Samples used for training process

Sample E (MPa) H (kPa) Sample E (MPa) H (kPa)
1 10 300 6 10 500
2 12 300 7 12 500
3 15 300 8 15 500
4 20 300 9 20 500
5 30 300 10 30 500
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Figure 3.11: Global responses of the FOM for ten samples used for training purposes.

It is important to highlight that the Newton–Raphson algorithm in the ROM based on
classical DEIM fails to converge unless a large number of measurement points q are used.
It is observed that the Newton integration does not converge when the ROM is trained
with fewer than 2000 measurement points. An explanation could be that DEIM exhibits a
slow decay in terms of the energy of the mode shapes for the nonlinear force snapshots over
the two-dimensional material parameter space. Additionally, the approximated tangent
stiffness matrix can be a cause of the instability of the Newton–Raphson solver. The tangent
stiffness matrix is approximated using the same POD basis vectors that are determined for
the residual force vector. This issue necessitates the use of LDEIM.
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The converged nonlinear force vectors are grouped into 5 clusters. The size of the ROM
is reduced from 10418 DoFs to 60 DoFs using the POD, and the nonlinear force vector is
approximated with 5 measurement points in each cluster.

Figure 3.12a displays the relative L2 error of the ROM with LDEIM for the inputs within and
outside of the training domain. In the presented domain, Young’s modulus and hardening
modulus range from 2.5 to 35 MPa and 200 to 550 kPa, respectively. The accuracy is
highest for the inputs within the training domain (error of 1.0–3.5%). However, the error
increases when the input parameters are located outside of the training domain (error of
1.0–9.2%).

The computational efficiency of the ROM is shown in Figure 3.12b. The LDEIM substantially
reduces CPU time compared to the FOM. Speed-up factors range from 106 to 134 across
different ROM inputs. As can be seen, speed-up factor distribution is not uniform for the
inputs in the training domain, as the Newton–Raphson performance in the ROM (number
of Newton iterations) varies from one input to another one. It is expected that the upper
bound of the speed-up factor is 170 based on the results of the unparameterized ROM
shown in Section 3.4.2. Furthermore, the online computational cost savings scale with
the size of the training FOM (DoFs) and the number of load steps (ns). In this example,
the training data is generated using FOM simulations with a coarse mesh. Potential cost
savings are expected to grow exponentially if FOM simulations with a fine mesh are used
during the offline stage, similar to the observations outlined in Section 3.4.2.

Figure 3.13a illustrates the online loss function over the load steps for inputs inside the
training domain. The loss function is defined using (3.36), where ntest refers to the number
of online material inputs, which, in this case, is equal to 36. It can be observed that the
loss function increases with the load, which indicates that the error between the FOM and
the ROM with LDEIM solution increases due to the evolution of the plastic front in the
domain. The load-displacement curve of LDEIM for the input parameters E = 27.5 MPa
and H = 475 kPa is presented in Figure 3.13b. There is considerable agreement between
the response of the FOM and the ROM with LDEIM. The observed fluctuations in the
load-displacement curve for LDEIM, specifically in ∆ = 0.0059, 0.0077, 0.0102, and 0.0113
m, can be attributed to the cluster changes in DEIM basis vectors. One possible solution to
remove these small fluctuations is to use overlapping clusters rather than non-overlapping
ones which is beyond the scope of this work [85].

Loss function =

∑ntest

i=1 |∆LDEIM − ∆FOM|
ntest

(3.36)

Figure 3.14a illustrates the displacements in x and y directions along the cross-section S for
a set of input parameters inside the training domain: E = 27.5 MPa and H = 475 kPa.
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(a) (b)

Figure 3.12: Accuracy and speed-up analyses, a) relative L2 error contour of LDEIM for
inputs inside and outside of the training domain, b) ROM speed-up for inputs inside of the
training domain.
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Figure 3.13: Loss function of online phase at various load steps, b) load-displacement
response when the ROM input is E = 27.5 MPa and H = 475 kPa.

This is one of the configurations where the difference between the FOM and the ROM
inside the training domain is the largest. There is a good agreement between the response
of the FOM and the solution of the ROM with LDEIM. LDEIM calculates the displacement
in the entire domain and satisfies the boundary conditions along the left edge of the domain.
The von Mises stress σvm and accumulated plastic strain ε̄p are presented in Figures 3.14b
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and 3.14c, respectively. The gray zone indicates areas where LDEIM does not compute
σvm and ε̄p. σvm and ε̄p are the secondary variables in the governing equations which are
calculated only at LDEIM measurement points. In contrast, displacement is the primary
variable that can be regenerated from the reduced order solution using (3.16).

(a)

(b)

(c)

Figure 3.14: Comparison of primary and secondary variables for the FOM and the ROM
with LDEIM when the ROM input is E = 27.5 MPa and H = 475 kPa, a) displacements in
x and y directions along the line S, b) von Mises stress, c) accumulated plastic strain.
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Figures 3.14b and 3.14c show that LDEIM measurement points are situated along the
plastic bands, particularly close to the zones with stress concentration. As can be seen
in the contours corresponding to LDEIM, σvm and ε̄p are evaluated at more than five
measurement points. LDEIM contours provide information across all the measurement
points of all the clusters, reflecting the history-dependent nature of the problem and the
need to store the evolution of variables over time.

Table 3.4 summarizes the computational cost associated with the offline and online phases
of the ROM with LDEIM. The offline phase consists of two main portions: data generation
and data training. The online phase involves testing the trained ROM with different inputs.
The computational cost of the online phase is significantly lower than that of the offline
phase, highlighting the efficiency of the presented ROM for plasticity problems. In addition,
intrusive ROMs, as physics-informed methods, are expected to require smaller training data
than purely data-based methods. This can be explained by the concept that intrusive ROMs
leverage the underlying physics of the system to reduce the data required to achieve an
accurate solution. For this specific problem, due to the complexity of plastic distribution in
the domain, we speculate that the computational cost of the offline phase for non-intrusive
ROM techniques is significantly higher than the cost for intrusive ROM. This investigation
will be of interest in future studies.

Table 3.4: CPU runtime in seconds for offline and online stages of the ROM with LDEIM.
The CPU time for online phase is reported based on an average of 36 material inputs inside
the training domain

Offline phase (second) Online phase (second)

Data generation Data training ROM FOM

4.5 × 104 4.1 × 104 3.6 × 101 4.5 × 103

3.4.3 Cyclic Plastic Loading

Intrusive ROMs have faced significant challenges in learning the path-dependent nonlinear
evolution of plastic strain as a function of a cyclic loading path. This section demonstrates
the capability of the presented ROM with LDEIM when parameterized by the loading
path. A plate with a hole subject to compressive cyclic loading is analyzed. The plastic
strain originates from the hole boundary exhibiting stress singularity, and then propagates
through the plate as a plastic strain band.
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Figure 3.15a depicts a two-dimensional plastic plate with a central hole. Due to the
symmetry, a 1/4 model is used where Dirichlet boundary conditions are applied along the
symmetric planes. A cyclic compressive load is considered to highlight the ability of ROM
to capture pressure-dependent Drucker–Prager plasticity models. The domain is discretized
by a coarse mesh consisting of 707 nodes and 649 Q4 elements, as shown in Figure 3.15c.
The material properties utilized in the simulations are listed in Table 3.2.
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Figure 3.15: (a) Two-dimensional plastic plate with a central hole, (b) quarter plate with a
central hole due to symmetric, (c) FE mesh with 707 nodes and 649 Q4 elements.

In this example, the parametric input of the ROM is the loading path. We define a simple
training regime that can capture a wide range of responses while online load paths exhibit
significant variations in both time and magnitude. Offline, the training dataset is generated
by collecting the displacement, converged force vector and unbalanced force vector in
matrices USNP, FSNP

conv, and FSNP for three loading and unloading cycles with compressive
stresses ranging from 0 to 100 kPa, as shown in Figure 3.16a. Online, the ROM is evaluated
with arbitrary loading paths, depicted in Figure 3.16.
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(a) (b)

(c) (d)

Figure 3.16: Online loading-unloading paths, (a) load case 1, (b) load case 2, (c) load case
3, (d) load case 4.

Here, the Newton–Raphson solver is inaccurate and unstable for the ROM with DEIM unless
a large number of measurement points q are used. A small number of measurement points
does not appear to be an accurate approximation for the nonlinear terms, as DEIM shows
a slow decay in the singular values of the mode shapes. However, LDEIM approximations
enable many fewer measurement points. In this case, the snapshot matrix for FSNP

conv is
divided into 7 clusters. As depicted in Figure 3.17, the clusters correspond to specific
sections of the training load-deflection curve and are defined using the k-means clustering
method, yielding intuitive results.

In the presented ROM, the size of the system of equations is reduced to m = 40, where
the nonlinear force vector is approximated using q = 5 measurement points at each cluster
(nc = 7). In Figure 3.18, it is shown that the ROM accurately captures the response of the
FOM for all test cases. In addition, the ROM can reproduce the complex response of cases
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Figure 3.17: Division of force vector into seven clusters.

3 and 4, which are greatly different from the loading-unloading cycles used for the training
process.

In Figure 3.19a, the history of accumulated plastic strain at points A and B is shown to
evaluate the path-dependent nonlinear evolution of the plastic front. The figure represents
the accuracy of the ROM with LDEIM in simulating the local plastic deformation in the
domain throughout the loading cycles. There are five segments in the graph for plastic
evolution, showing the loading parts of the cycles. The constant parts represent the
unloading part of the cycles, as there should be no plastic evolution during unloading.

The computational cost of four load cases is summarized in Table 3.5. First, the FOM with
a very coarse mesh size (1414 DoFs) is used to generate the training data. It is observed
that the ROM with LDEIM is faster than the FOM for different load cases. For instance,
the ROM speed-up factor for load case 4 is 11. Table 3.5 also shows the average number
of Newton–Raphson iterations per load step required for the FOM and the ROM. The
difference between the FOM and the ROM with LDEIM in the number of Newton iterations
is small; however, ROMs with LDEIM generally need more Newton–Raphson iterations
than the FOM. To further demonstrate the potential computational savings of the ROM,
we utilize a very fine mesh with 46,352 DoFs for the most complex loading-unloading cycle
of load case 4. The CPU speed-up for the fine mesh is approximately 770, while the average
number of Newton–Raphson iterations per load-step is 5, close to that of the FOM. These
results highlight the significant gain in computational efficiency provided by the ROMs
with LDEIM. In addition, it is demonstrated that a more significant ROM speed-up is
attained for problems with larger FOMs (i.e., DoFs).
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Figure 3.18: Comparison of load-displacement responses for FOM and ROM with LDEIM
using various load paths, (a) load case 1, (b) load case 2, (c) load case 3, (d) load case 4.
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Figure 3.19: Plastic strain evolution for FOM and ROM with LDEIM at points A and B.
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Table 3.5: CPU time in seconds, ROM speed-up, and average number of Newton–Raphson
iterations needed for the FOM and the ROM with LDEIM

Load Case
Mesh 1 - Coarse Mesh (∼ 103 DoFs)

CPU Time (second)
ROM Speed-up

Number of Newton Iterations

FOM ROM FOM ROM
1 2.7 × 102 4.6 × 101 6 3 5
2 2.7 × 102 4.3 × 101 6 3 5
3 3.5 × 102 4.3 × 101 8 3 3
4 4.9 × 102 4.3 × 101 11 3 3

Load Case
Mesh 2 - Fine Mesh (∼ 5 × 104 DoFs)

CPU Time (second)
ROM Speed-up

Number of Newton Iterations

FOM ROM FOM ROM
4 3.7 × 105 4.8 × 102 770 3 5

3.5 Conclusions

In this chapter, we have developed a robust ROM that can efficiently and accurately
predict path-dependent nonlinearity in Drucker–Prager plasticity problems. DEIM provides
computational cost savings by approximating the high-dimensional nonlinear terms (i.e.,
residual vector and its Jacobian). By clustering the temporal and parameterized training
data generated from the FOM runs and localizing the DEIM approximations, further
reductions are incorporated into the ROM. Using linear-nonlinear decomposition, an efficient
and accurate ROM is achieved by applying sparse sampling and interpolation exclusively
to the nonlinear components of the residual vector and its Jacobian. The accuracy and
computational efficiency of the ROM are compared to the FOM when parameterized by
three hyper-parameters (the size of the ROM, the number of clusters, and the number of
DEIM measurement points per cluster).

The ROM is applied to a micromechanical porous media model, parameterized by elastic
and hardening moduli; and plate with a hole problem, parameterized by a cyclic load.
Observations confirm the benefits of LDEIM compared to global DEIM for problems in
which there is a slow decay in the singular values of mode shapes. The lack of stability
in the Newton–Raphson algorithm is one of the challenges in applying global DEIM to
the Drucker–Prager model. The ROM built with classical DEIM is excessively inefficient
as it requires a large number of measurement points. However, the ROM built with
LDEIM exhibits stable, accurate, and efficient online performance because of its superior
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ability to accurately interpolate the nonlinear terms over the parameter space with very
few measurement points. A potential cause of the instability of the Newton–Raphson
algorithm can be the poor scaling of the Lebesgue constant with the number of DEIM
interpolation points. Regression methods, such as Gappy POD, can provide more accurate
approximations for the nonlinear force vector and Jacobian. Unlike DEIM, which uses
interpolation to ensure exact alignment with the solution at measurement points, Gappy
POD employs regression and least squares to approximate nonlinear terms. We therefore
recommend the adoption of Gappy POD in approximating nonlinear terms. The accuracy
of LDEIM is highest for the input parameters within the training domain with minimum
and maximum errors of 1.0% and 3.5%, respectively. For inputs outside of the training
domain, the error increases to 9.2%. In addition, the ROM with LDEIM substantially
reduces CPU time compared to the FOM. The speed-up ranges from 106 to 134 across
different ROM inputs.

The performance of the ROM with LDEIM in cyclic plasticity models is also assessed when
the load path is considered to be an input. Combining hyper-reduction techniques such
as POD with LDEIM produces ROMs with reasonable accuracy that execute significantly
faster than the FOM for cyclic loads, which differ from the training regime. The ROM
clusters the training cyclic load path to better approximate the nonlinear force vector at
each part of the online load path. Under FOMs with ∼ 103 and ∼ 5 × 104 DoFs, the
speed-ups range from 11 to 770 times, respectively.

This ROM successfully predicts the nonlinear mechanical behavior of porous media, but it
does not capture the effect that pore pressure has on the deformations. The next step is to
couple the ROM for plasticity with the diffusion-based ROM presented in Chapter 2 to
develop a novel ROM formulation for hydro-mechanical poro-elasto-plastic problems.
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Chapter 4

Parameterized ROM of Stimulated
Volume Evolution in Large-scale
Reservoirs

Following the derivation of an intrusive reduced order model (ROM) for a diffusion problem
in Chapter 2 and for plasticity problems in Chapter 3, this chapter develops a ROM for
poroplasticity problems. This ROM aims to significantly reduce the computational costs
for nonlinear and fully-coupled hydro-mechanical simulations in large-scale reservoirs.

DEIM and its variants have been applied in various reservoir simulations [24, 39, 54, 91].
Ghasemi et al. significantly reduced computational costs by applying POD-DEIM to a
two-phase flow and transport system [91]. Tan et al. combined POD-DEIM with trajectory
piecewise linearization (TPWL) to interpolate the nonlinear terms in a two-dimensional
heterogeneous reservoir simulation [54]. They demonstrated that this combination can lead
to a more efficient and accurate ROM than the basic form of POD-DEIM. Ghadiri et al. used
smooth orthogonal decomposition (SOD) instead of POD and combined it with DEIM to
enhance the accuracy and speed-up of ROMs for well control optimization in two-dimensional
and three-dimensional reservoirs [24]. Hatefi Ardakani et al. developed a parametric POD-
DEIM for a layered reservoir with a two-well system [39]. They parameterized POD-DEIM
for nonlinear injection rates and showed that ROM is efficient and accurate for injection
rates inside and outside the training domain.

For systems characterized by a wide range of dynamic features and parameter variations,
POD-DEIM becomes inefficient, as a large number of POD and DEIM basis vectors
are required to sufficiently reduce the errors associated with the projection and the
approximation of nonlinear terms. To address this limitation and achieve a further reduction,
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one can partition the system of interest into multiple components with similar dynamic
features and compute multiple local POD/DEIM (LPOD/LDEIM) basis functions for each
part rather than relying on a single global basis function for the entire system [60]. Local
reduced order models (LROMs) have found a few applications in reservoir simulation [92, 93].
Florez and Gildin proposed a ROM by manually time partitioning a linear/nonlinear thermal
poroelastic system into subintervals and calculating local POD basis vectors for each local
space [92]. Ghasemi and Gildin introduced a combination of LPOD and LDEIM to generate
an efficient ROM for two-phase flow in reservoirs [93]. They neglected the effect of rock
deformation in the reservoir and focused on a system of pressure-saturation equations,
where the nonlinearity arose solely from the saturation equation.

In this chapter, an extension of LPOD-LDEIM is demonstrated to reduce the computational
cost of numerical models in reservoirs with rock deformation. We introduce a novel LROM
formulation for fully-coupled hydro-mechanical simulations of deformable porous media with
single-phase fluid flow. A Drucker–Prager plasticity model, as a pressure-dependent yield
criterion, is considered to describe the plastic behavior of sandstone. At the same time, the
effect of stimulated dilation on porosity and permeability enhancement is investigated. A
robust LROM is achieved by introducing distinct local DEIM subspaces for displacement and
pressure equations. A new strategy is proposed for clustering and classification techniques
that align with the coupled formulation framework. Furthermore, LPOD is applied to the
pressure equation to reduce the size of the system of equations even further than global
POD. In addition to material properties, the proposed LROM is parameterized with the
injection rate. The effectiveness of LROM is evaluated for more realistic use cases, where
LROM remains efficient for injection rates that extend beyond the training data.

The organization of this chapter is as follows: Section 4.1 describes CFOM for the
hydraulic dilation stimulation problem, exploring the sources of nonlinearity, such as
plastic deformation and stress-induced permeability enhancement. Section 4.2 discusses the
proposed intrusive LROM for a fully-coupled hydro-mechanical problem. In Section 4.3, we
evaluate the performance of LROM for a large-scale reservoir with a SAGD horizontal well
pair. Finally, a summary of the work is presented in Section 4.4.

4.1 Mathematical model

This section describes the mathematical formulation for a system of reservoir-well experiencing
hydraulic dilation stimulation. In this phenomenon, a short period of high-pressure fluid is
injected into the injector and producer horizontal wells. Then, due to the shear dilation,
the porosity and permeability of the vertical zone connecting the well pair drastically
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increase. One step in the simulation of hydraulic dilation stimulation is to formulate the
problem of coupled fluid flow and poroplasticity in a well-reservoir system. First, the
governing equations of momentum and mass balances with boundary conditions for the
poro-elasto-plastic model are discussed. Then, the coupled full order model consisting of a
finite element analysis (FEA) of a two-dimensional poro-elasto-plastic domain is developed.

4.1.1 Poro-Elasto-Plastic Model

In this section, it is assumed that a deformable porous medium is saturated with a single-
phase fluid. Pore pressure and bulk displacement fields are considered as the primary
variables. According to Biot’s formulation, two coupled governing equations are defined to
describe the hydraulic-mechanical problem: linear momentum equation and mass balance
[94, 95].

The first attempt is to define the linear momentum equation. The infinitesimal strain ε
and the total stress σ are defined as

ε =

(
∇u + (∇u)⊤

)
2

(4.1)

σ = σ′ − αpI (4.2)

in which σ′ and p are the effective stress and the pore pressure, respectively. I is the unit
tensor, and α represents the Biot’s coefficient. The momentum balance equation with
appropriate initial and boundary conditions is written as

∇ · σ + fb = 0 in Ω × [0, T ] (4.3)

where fb represents the body force vector.

By substituting (4.2) into (4.3), the momentum balance equation is represented as

∇ · σ′ − α∇ · (pI) + fb = 0 in Ω × [0, T ] (4.4)

The Drucker–Prager plasticity model, as a pressure-dependent yield criterion, is considered
to describe the plastic behavior of sandstone and to simulate the dilation:

Φ (σ′, c) =
√

J2 (s (σ′)) + ηp (σ′) − ξc = 0 (4.5)
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in which s is the deviatoric part of the effective stress. The plane strain condition is assumed
to determine the parameters η and ξ as follows [79]:

η =
3 tanϕ√

9 + 12 tan2 ϕ
ξ =

3√
9 + 12 tan2 ϕ

(4.6)

In (4.5), c is the cohesion, defined by the hardening curve

c (ε̄p) = c0 + Hε̄p (4.7)

where H is the hardening modulus, c0 is the initial cohesion, and ε̄p is the accumulated
plastic strain. More details on the elasto-plastic constitutive equation can be found in [40].

The next governing equation is the mass balance equation defined as [95, 96](
ϕ

Kf

+
α− ϕ

Ks

)
∂p

∂t
+ α

∂εv
∂t

+ ∇ · q = 0 in Ω × [0, T ] (4.8)

εv is the volumetric strain, ϕ is the porosity, and Ks and Kf are the solid and fluid bulk
moduli, respectively. q is the mass flux defined using Darcy’s law:

q = − κ

µf

∇p (4.9)

where κ is the permeability of the reservoir, and µf represents the dynamic viscosity of the
fluid.

To model the permeability enhancement due to shear dilation, a relation between permeability,
porosity, and strain changes must be defined. There are several models in the literature
[3, 97, 98, 99, 100]. According to [97, 100], for an anisotropic elaso-plastic model, a
permeability change factor is defined based on volumetric plastic strain (dilation). However,
for an isotropic elasto-plastic model, we can establish incremental relations between changes
in permeability, porosity, and total strain (the sum of the elastic and plastic components of
strain) [3, 98, 99]:

ϕt = 1 −
(
1 − ϕt−1

)
e−β∆εv (4.10)

κt = κt−1

(
ϕt

ϕt−1

)γ

(4.11)
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in which ϕt is the porosity at time step t, ϕt−1 is the porosity at time step t − 1, κt is
the permeability at time step t, κt−1 is the permeability at time step t − 1, ∆εv is the
volumetric strain change, and β and γ are constant coefficients.

4.1.2 Coupled Full Order Model

CFOM consists of an FEA of a two-dimensional poro-elasto-plastic domain. In the framework
of FEM, the domain Ω is discretized by a mesh with ne elements, nnodes

u nodes for the
displacement field, and nnodes

p nodes for the pressure field. The finite element interpolations
are utilized to approximate the trial solution for the state variables (bulk displacement fields
uh(x, t) and pore pressure ph(x, t)) in a system of coupled partial differential equations
(PDEs) at point x and time t:

uh(x, t) =

nnodes
u∑
I=1

(Nu)I (x)uI(t) = Nuu
t, x ∈ Ω, t ∈ [0, T ] (4.12)

ph(x, t) =

nnodes
p∑
I=1

(Np)I (x)pI(t) = Npp
t, x ∈ Ω, t ∈ [0, T ] (4.13)

in which Nu is a matrix of shape functions for displacement, Np is a vector of shape
functions for pressure, ut is a vector of nodal displacements at time t, and pt is a vector
of nodal pressures at time t. CFOM has nu = 2 × nnodes

u and np = nnodes
p DoFs for the

displacement and pressure fields, respectively.

At time step t, a large nonlinear coupled system of equations must be solved for the nodal

values of the unknowns dt =

[
ut

pt

]
. The solution of the nodal unknowns dt at time step t,

given the solution dt−1 at the previous time step t− 1, leads to a large discrete coupled
system of equations of the form

R
(
dt
)

= Fext (t) − Fint
(
dt
)

= 0 (4.14)

Fext is the external force vector

Fext (t) =

[
Fext

u (t)
∆tFext

p (t)

]
=

 ∫
Γt
Nu

⊤t̄dΓ +
∫
Ω
Nu

⊤fbdΩ

−∆t
∫
Γq

q̄Np
⊤dΓ

 (4.15)
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in which Fext
u and Fext

p are the mechanical and hydraulic parts of the external force vector,
respectively. Γt and Γq are the portions of the boundary where tractions t̄ and q̄ are
prescribed, respectively.

In (4.14), Fint is the internal force vector

Fint (t) =


Fu︷ ︸︸ ︷

Fint
u

(
ut
)
−Qpt

∆tFint
p

(
pt
)︸ ︷︷ ︸

Fp

+ Q⊤ (ut − ut−1) + Stpt − St−1pt−1

 (4.16)

in which Fu and Fp are defined as

Fu

(
ut
)

=

∫
Ω

Bu
⊤σ′ (uh

)
dΩ (4.17)

Fp

(
pt
)

=

∫
Ω

Bp
⊤q

(
ph
)

dΩ (4.18)

where Bu and Bp are the matrices of derivatives of the standard shape functions for the
displacement and pressure fields, respectively. The details of the finite element discretization
for poroplasticity problems are given in Appendix B.

The matrices Q and S are the coupling and compressibility matrices, written as [94, 101]

Q =

∫
Ω

Bu
⊤αmNpdΩ (4.19)

St =

∫
Ω

Np
⊤
(

ϕt

Kf

+
α− ϕt

Ks

)
NpdΩ (4.20)

In FEM, the nonlinear system of equations (4.14) is solved iteratively by Newton–Raphson
method, such that the increment, ∆dt(j), in the nodal values at time step t and iteration j
is

Kt(j)∆dt(j) = Rt(j) (4.21)

and the updated solution at time t is obtained as
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dt(j+1) = dt(j) + ∆dt(j) (4.22)

In (4.21), Rt(j) = R
(
dt(j)

)
and Kt(j) = K

(
dt(j)

)
are the residual force vector and the

Jacobian matrix at time step t and iteration j, respectively. Kt(j) is defined as

Kt(j) = − ∂Rt(j)

∂d

∣∣∣∣
dt(j)

=

 Ku −Q
Q⊤ S + ∆tH︸ ︷︷ ︸

Kp

 (4.23)

where

Ku =

∫
Ω

Bu
⊤DepBudΩ (4.24)

H =

∫
Ω

Bp
⊤κ

(
ph
)

µ
BpdΩ (4.25)

Dep is the algorithmic tangent modulus in elasto-plastic constitutive models, which is defined
in [40, 79, 80]. CFOM is computationally expensive due to the nonlinear multiphysics
phenomena involved. In fact, an extremely large nonlinear coupled system of equations
must be solved at each iteration. An efficient hyper-reduced ROM drastically reduces the
costs associated with both the assembly process of nonlinear terms and the solution of the
system of equations.

4.2 Intrusive Local Reduced Order Model

In this section, we describe multiple reduction methods to reduce the computational
complexity related to the simulation of the permeability enhancement due to shear dilation.
It includes the need for POD-G to reduce the number of displacement and pressure DoFs,
the need for DEIM to accelerate the computation of nonlinear terms, and the need for
local ROM (LPOD/LDEIM) to apply a further reduction for nonlinear coupled transient
problems.
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4.2.1 Proper Orthogonal Decomposition

POD is performed to replace the solution of (4.14) and (4.21) for a large number of DoFs
nu and np with the solution of a computationally efficient ROM for a smaller number of
DoFs mu and mp (mu ≪ nu and mp ≪ np). Galerkin projection method is utilized to
approximate the vectors ut ∈ Rnu and pt ∈ Rnp by means of a linear combination of the
elements of the projection matrices Wu ∈ Rnu×mu and Wp ∈ Rnp×mp , respectively:

ut = Wuũ
t (4.26)

pt = Wpp̃
t (4.27)

where ũt ∈ Rmu and p̃t ∈ Rmp denote the displacement and pressure reduced vectors of
DoFs for ROM at time t. Equations (4.26) and (4.27) can be written in a coupled form

dt = Wd̃t (4.28)

where d̃t =

[
ũt

p̃t

]
is the nodal values of the unknowns in the reduced space. W is called

the coupled projection matrix and is presented as

W =

[
Wu 0
0 Vp

]
(4.29)

Assume that the samples of displacement and pressure vectors are stored at the end of each
time step as

Su = {u1, ...,uns} ∈ Rnu×ns (4.30)

Sp = {p1, ...,pns} ∈ Rnp×ns (4.31)

in which ns is the number of time steps. The quality of approximations (4.26) and (4.27) is
affected by the choice of basis vectors Wu and Wp. Using singular value decomposition
(SVD), the projection matrices are selected by truncating POD basis vectors with a low-
energy approximation [40].
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The displacement and pressure equations at time step t and iteration j are now solved in
the reduced space by substituting (4.28) into (4.21) and multiplying both sides by W⊤:

K̃t(j)∆d̃t(j) = R̃t(j) (4.32)

where the updated reduced solution is obtained as

d̃t(j+1) = d̃t(j) + ∆d̃t(j) (4.33)

in which R̃t(j) ∈ Rmu+mp and K̃t(j) ∈ R(mu+mp)×(mu+mp) are the reduced residual force
vector and the reduced Jacobian matrix

R̃t(j) = W⊤Rt(j) (4.34)

K̃t(j) = W⊤Kt(j)W (4.35)

So far, ROM construction has been discussed for the linearized system (4.14); however,
there are additional challenges that appear for nonlinear transient coupled problems where
there are several sources of nonlinearity, such as plasticity and permeability enhancement.
In this case, the nonlinear components Rt(j) and Kt(j) must be calculated online at each
iteration j, and the computational cost of their assembly scales with the dimension of the
CFOM. This issue can be addressed by DEIM, as discussed in the next section.

4.2.2 Discrete Empirical Interpolation Method

The same formulations provided in Section 3.3.2 are used for the fast approximation of the
nonlinear terms Fu, Fp, Ku, and Kp at time t and iteration j in (4.16) and (4.23). Here, it
is necessary to define separate measurement matrices (Pu and Pp), measurement points (qu
and qp), and DEIM interpolation matrices (Au and Ap) for the displacement and pressure
contributions of the nonlinear terms.

In this chapter, we adopt the first method, as detailed in Section 2.3.2, to approximate the
large nonlinear functions Ku and Kp using the same POD basis vectors that are determined
for the nonlinear terms Fu and Fp [30, 40, 51].

The POD-DEIM provides a significant reduction in computational cost, particularly for
problems with a small number of measurement points qu and qp. However, for certain
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problems, such as permeability enhancement due to shear dilation, a large number of
measurement points are required to sufficiently reduce the error associated with the
approximation of nonlinear terms, as depicted in Section 4.3.1. To address this limitation and
achieve further reduction, one can partition the system of interest into multiple components
with similar dynamic features and compute multiple local POD/DEIM (LPOD/LDEIM)
basis functions for each part rather than relying on a single global basis function for the
entire system.

4.2.3 Localized Discrete Empirical Interpolation Method

The main idea is to partition the snapshot matrices SFu and SFp into multiple groups and
apply DEIM to each domain to obtain local DEIM interpolation matrices:

Ac
u = Zc

u(Pc
u
⊤Zc

u)−1 (4.36)

Ac
p = Zc

p(P
c
p
⊤Zc

p)
−1 (4.37)

where Zc
u, Zc

p, P
c
u, and Pc

p are the DEIM basis vectors and the measurement matrices
corresponding to the displacement and the pressure contributions of the nonlinear terms
for the cth cluster, respectively. The clustering process provides a smaller number of
measurement points for each domain compared to global DEIM, leading to a fast online
phase for LROM. The same offline/online procedure provided in Section 3.3.3 is used for
the construction of LDEIM. k-means clustering algorithm and nearest neighbor classifier
are used for offline and online stages, respectively [60].

k-means clustering algorithm is used to classify the snapshots SFu and SFp into different
clusters:

SFu =
{
S1
Fu
, . . . ,Snc

Fu

}
(4.38)

SFp =
{
S1
Fp
, . . . ,Snc

Fp

}
(4.39)

in which the superscript nc denotes the number of clusters. It is important to note that
the clustering process is done based on the snapshot SFu . After the convergence of the
algorithm, the same clusters are applied to the snapshots SFp . In the algorithm, the inputs
are snapshot SFu , SFp , and nc, and the outputs are local DEIM interpolation matrices (Ac

u
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and Ac
p) and a classifier function showing the mapping between each column of snapshot

matrices (Fui
and Fpi) and cluster number c: Class : Fui

,Fpi → c. The procedure for
k-means clustering algorithm was detailed in Section 3.3.3.

Our attention now turns to the online phase of LDEIM. The objective is to use the
nearest neighbor classifier as a computationally efficient search algorithm to select the
most appropriate cluster with respect to the current state of the system. Similar to the
offline phase, the online classification process relies on the displacement contribution of the
nonlinear force vectors. The procedure for the nearest neighbor classifier was detailed in
Section 3.3.3.

4.2.4 Localized Proper Orthogonal Decomposition

The main idea is to partition the snapshot matrices of the primary variables into multiple
clusters and apply POD to each cluster to obtain local POD basis vectors. This localization
method allows to reduce the size of the system of the equations even further compared
to global POD. Furthermore, it provides us with a better estimation of the solution
in each cluster. Here, LPOD is applied only in the pressure equation. Based on our
experience, in elasto-plastic hydromechanical problems with permeability enhancement,
where the nonlinearity is due to mechanical and hydraulic parts of the coupled system
of equations, localizing the displacement equation negatively impacts the stability of the
Newton–Raphson algorithm, while localizing the pressure equation enhances the stability. A
possible explanation for this behavior is that the displacement space does not approximate
the inf-sup supremizer effectively. It is expected that a supremizer stabilization technique
will address this issue by ensuring that the LBB condition is satisfied in the ROM.

The presented LPOD follows an offline-online decomposition. Offline, the clustering process
for the pressure equation follows the same clusters determined in LDEIM. Thus, there is no
need to rerun k-means clustering algorithm for the pressure snapshot. The same number
of clusters nc and classifier functions (Class : pi → c) are utilized to classify the pressure
snapshot Sp into multiple clusters:

Sp =
{
S1
p, . . . ,Snc

p

}
(4.40)

POD is applied to each domain to obtain local projection matrices

Wc =

[
Wu 0
0 Wc

p

]
(4.41)
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where Wu is the global projection matrix for the displacement equation, and Wc
p is the

local projection matrix for the pressure equation associated with the cth cluster.

In the online phase of LPOD, the projection matrix Wc is updated based on the current
state of the system. At the end of the time step t− 1, once the updated cluster number ct

is determined using the nearest neighbor classifier, the appropriate local projection matrix
is used to solve the reduced order coupled system of equations for the next time step:

R̃
(
d̃t
)

= Wc⊤Fext (t)

−Wc⊤
[

F̂u (ũt) −QWc
pp̃

t

∆tF̂p (p̃t) + Q⊤Wu (ũt − ũt−1) + StWc
pp̃

t − St−1Wc
pp̃

t−1

]
= 0

(4.42)

K̃
(
d̃t
)

= Wc⊤
[
K̂u (ũt) −Q

Q⊤ K̂p (p̃t)

]
Wc (4.43)

In Figure 4.1, the offline/online procedure of the presented LROM is summarized.

4.3 Results and discussion

Hydraulic dilation stimulation of SAGD is a complex phenomenon in geomechanics due to
its temporal and spatial behavior. Before the start of SAGD production, a short period of
high-pressure fluid is injected into the injector and producer horizontal wells. Due to the
shear dilation, the porosity and permeability of the vertical zone connecting the well pair
drastically increase. We use this phenomenon to show the capability of the presented LROM,
in which the material properties and injection rate are parametric inputs. Two prominent
examples are considered. In the first example, a parameterized LROM with two material
inputs (hardening modulus and initial permeability) is generated. It is demonstrated that
using LPOD/LDEIM, a numerically stable LROM can be generated. The second example
considers a possible applied scenario where the injection rate is not constant. LROM is
trained and tested by adding another parametric input: injection rate.

The material distribution is assumed to be uniform along SAGD well length. Thus, numerical
simulations are based on two-dimensional models cut perpendicular to SAGD well pair. As
illustrated in Figure 4.2a, CFOMs are created for a 200m × 200m domain with the given
BCs. SAGD well pair, with a diameter of 0.2 m, is located in the middle of the model, and
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Figure 4.1: Offline/Online procedure of the presented LROM.

the distance between wells is 5 m. The size of the domain is chosen to be sufficiently large to
ensure it is far from the plastic zone distributed around the well. As shown in Figure 4.2b,
the size of the plastic zone is approximately 2.8 m. Therefore, the domain size is set to
be about 70 times larger than the plastic zone, ensuring that the boundary conditions
are adequately distanced from the stimulated zone. The fluid is injected at a rate of 18
L/s at the boundaries of both injector and producer wells, as shown in Figure 4.2a. The
domain is subject to uniform in-situ stresses with a minimum horizontal stress, σHmin = 8
MPa, a maximum horizontal stress, σHmax = 7 MPa, and a vertical stress, σV = 9 MPa.
The stresses are approximately equivalent to the stress fields at SAGD depth. The initial
pore pressure also equals 4 MPa. Table 4.1 summarizes the material properties, including
hydraulic and elasto-plastic mechanical properties. The loading process is performed in
injection rate-controlled mode. The injection rate is the model input as the boundary
condition, and the pressure is the output of the simulation.
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Table 4.1: Material properties for the two-dimensional injection wells problem

Symbol Value Unit Symbol Value Unit
E 10 GPa µf 10−12 GPa·s
ν 0.38 - Ks 36 GPa
c0 6 MPa Kf 3.3 GPa
φ 20◦ - α 1 -
H 42 MPa β 3 -
k0 5 mD γ 20 -
ϕ0 0.34 -

The large physical size of the reservoir (200m×200m) and the small size of the wells (0.2 m)
lead to many DoFs in CFOM simulations. Figure 4.2c depicts the fine mesh considered for
the FE training process. The reservoir is discretized using 4-node quadrilateral elements (Q4)
instead of Taylor–Hood elements due to the failure to meet the Ladyzhenskaya–Babuška–
Brezzi (LBB) condition in the reduced order space. When Taylor–Hood elements are
used, pressure instabilities related to spurious pressure POD modes are observed in LROM.
However, no LBB instabilities are observed in both CFOM and LROM after switching to the
same-order elements. This issue has also been noted in computational fluid dynamics (CFD)
applications [102, 103]. Ballarin et al. demonstrated that the POD-Galerkin approximation
of incompressible Navier–Stokes equations becomes unstable when Taylor–Hood finite
element spaces are employed in ROM [102]. They proposed a supremizer stabilization
technique to ensure that the LBB condition is met in ROM. Although implementing the
supremizer stabilization technique in porous media is beyond the scope of this work, it
represents an area of interest for future studies.

4.3.1 Example 1: Parameterized ROM with material inputs

The objective is to compare the performance of the presented LROM parameterized with
two material inputs, i.e., hardening modulus and initial permeability, with that of CFOM.
The training domain for hardening modulus and initial permeability are considered in the
ranges of H ∈ [40, 60] MPa and κ0 ∈ [5, 10] mD, respectively. It is important to note that
the injection rate is not a parametric input for LROM in this example. As depicted in
Figure 4.3, LROM is trained using only 10 samples in the two-dimensional parameter space.
The distribution of samples is not entirely uniform. From our observations, reservoirs with
low permeability tend to experience more plastic deformation around the wells than those
with higher permeability. Therefore, we have concentrated more samples near the lower
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(a)

(b) (c)

Figure 4.2: a) Two-dimensional hydraulic stimulation problem, b) comparison of the domain
size to the size of the stimulated zone (accumulated plastic strain zone), c) FEM mesh with
32993 nodes and 32848 elements.

bound of the permeability range. It should be noted that the sampling method can be
automated and less dependent on the user’s knowledge of the problem. However, automated
sampling methods, such as a uniform distribution of sampling points across the training
domain, will require significantly more samples, resulting in a substantial increase in the
offline computational cost for data generation. In contrast, leveraging knowledge of the
problem helps reduce the number of required samples while maintaining accuracy.

To apply LROM, the reservoir is simulated with a training schedule for 10 days, and
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snapshots of displacement, pressure, and nonlinear terms are stored every 36 minutes
for each sample. Thus, we have 4000 snapshots for each variable. Next, an LROM is
constructed using snapshots, as explained in Section 4.2. Finally, the surrogate model is
tested online for the inputs inside the training domain.

the sampling method can be automated and made less reliant on the user’s knowledge of
the problem. However, automated sampling methods, such as a uniform distribution of
sampling points across the training domain, will significantly increase the required number
of samples. This will lead to a substantial increase in the offline computational cost for
data generation. In contrast, leveraging knowledge of the problem helps reduce the number
of required samples while maintaining accuracy. For example, in Section 4.3.1, we used a
non-uniform distribution of samples within the training domain based on our knowledge
of the problem. Specifically, we observed that reservoirs with lower permeability tend
to exhibit greater plastic deformation around the wells compared to those with higher
permeability. Based on this observation, we concentrated more samples near the lower
bound of the permeability range. Adopting an automated sampling method instead will
require at least twice as many samples to achieve comparable accuracy, resulting in a
substantial increase in the offline computational cost.

Training domain

Permeability κ0

Hardening H

Training samples

Testing sample 1

10 mD

5 mD

40 kPa 60 kPa

Testing sample 2

Figure 4.3: Ten samples non-uniformly distributed in the two-dimensional training domain.

By applying POD, the size of ROM for the displacement field is reduced from 65986 DoFs
to 90 DoFs (ku = 90). Figure 4.4 depicts the projection error for the displacement field as
a function of POD mode. As can be seen, to achieve a POD projection error of 5 × 10−3%,
the first 90 POD modes with the highest energy are kept, and the remaining modes are
truncated. The projection error is defined as
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ErrPrj (k) =
(
1 − EPOD

Acc (k)
)
× 100 (4.44)

where EPOD
Acc (k) refers to the cumulative normalized energy of the first k POD modes.

Based on our experience, in elasto-plastic hydromechanical problems with permeability
enhancement, where the nonlinearity is due to mechanical and hydraulic parts of the coupled
system of equations, localizing the displacement equation negatively impacts the stability
of the Newton–Raphson algorithm, while localizing the pressure equation enhances the
stability. The pressure field is localized by dividing its snapshot into 8 clusters. Figure 4.4
depicts the projection error for the pressure field using POD and LPOD derived from SVD
analysis of the pressure snapshots. LPOD demonstrates a faster decay in the singular values
of the mode shapes than global POD. Thus, LPOD allows for the truncation of a large
number of singular values within each cluster. To achieve a POD projection error of 10−6%,
the first 10 POD modes with the highest energy are kept in each cluster, and the remaining
modes are truncated. Thus, using LPOD, the size of ROM for the pressure field is reduced
from 32993 DoFs to 10 DoFs (kp = 10).

LPOD-P

0 50 100 150

10
-8

10
-6

10
-4

Figure 4.4: Projection error for the displacement and pressure equations using POD and
LPOD.

It is important to note that a large number of measurement points q (at least 2000)
are required in global DEIM to ensure that the Newton–Raphson algorithm in ROM
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converges to a correct solution. However, LDEIM drastically reduces the number of required
measurement points while maintaining an accurate and stable ROM. The improved stability
of the Newton–Raphson solver observed with LDEIM can be explained by the interpolation
error in DEIM and LDEIM. Figure 4.5 illustrates DEIM interpolation error for both the
mechanical and hydraulic parts of the nonlinear force snapshots resulting from SVD analysis.
DEIM interpolation error is defined as

ErrInp (q) =
(
1 − EDEIM

Acc (q)
)
× 100 (4.45)

where EDEIM
Acc (q) refers to the cumulative normalized energy of the first q DEIM modes.

Figure 4.5 shows that the energy of modes in DEIM decays significantly slower than in
LDEIM. Consequently, global DEIM requires a large number of measurement points to
accurately approximate the nonlinear force vectors, whereas LDEIM approximations achieve
this accuracy with significantly fewer measurement points.

In this example, the converged coupled nonlinear force vectors are grouped into 8 clusters.
As explained in Section 4.2.3, clustering is based on the displacement part of the snapshots
for the nonlinear force vector SFu and the same clusters are subsequently applied to the
pressure part of the snapshots SFp . Each cluster in LDEIM requires 30 mode shapes
((qu = 30) ≪ nu and (qp = 30) ≪ np) to accurately interpolate the nonlinear force vectors.
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Figure 4.5: DEIM interpolation error for both the mechanical and hydraulic parts of the
nonlinear force snapshots, a) mechanical part, b) hydraulic part.

The accuracy and efficiency of LROM are evaluated for inputs inside the training domain
in Figure 4.6. The relative L2 error of LROM for displacement and pressure equations
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is demonstrated in Figures 4.6a and 4.6b, respectively. LROM accurately captures the
reservoir responses (displacement and pressure) using a small ROM size (ku = 90 and
kp = 10) and a small number of measurement points for each cluster (qu = 30 and qp = 30).
The accuracy ranges from 0.2% to 4.5% for the displacement variable and from 0.2% to
4.1% for the pressure variable across different material inputs. The highest accuracy is
observed for the upper bound of the initial permeability range. However, the error increases
as the initial permeability decreases. Lower initial permeabilities lead to more significant
plastic deformation in the formation, decreasing the accuracy of the Newton–Raphson
algorithm in LROM.

A key metric in the evaluation of the performance of a ROM is the speed-up factor.
Computational speed-up (with reference to CFOM) is illustrated in Figure 4.6c for different
inputs within the training domain. LROM significantly reduces CPU time compared to
CFOM, with speed-up factors ranging from 368 to 402 across the material parameter space.
The maximum speed-up factor of 402 corresponds to the upper bounds of inputs in the
training domain. Higher initial permeability leads to lower plastic deformation around the
well. This lower level improves the Newton–Raphson performance by reducing the number
of iterations per time step.

Figure 4.7 illustrates the displacement in x direction ux, the displacement in y direction
uy, and pore pressure p along the cross-section S. These are the primary variables in
the governing equations. A vertical cross-section is used for uy and p, while a horizontal
cross-section is used for ux. There is a good agreement between CFOM results and the
solution of LROM for two sets of the input parameters (Test 1: H = 42 MPa and κ0 = 5.2
mD and Test 2: H = 58 MPa and κ0 = 8 mD). As shown, LROM reproduces the complex
responses of the reservoir, particularly those near the wellbore. Using (4.26) and (4.27),
LROM computes the primary variables in the entire reservoir and satisfy the boundary
conditions on the boundary of the domain. Discontinuities in the graphs indicate the
location of wells. It should be mentioned that an initial pore pressure of 4 MPa must be
added to the contour values to represent the total pore pressure.

Figure 4.8 demonstrates the ability of LROM to calculate the secondary variables in the
governing equations. The figure depicts the stimulated dilation zone, represented as the
accumulated plastic strain ε̄p, along with the permeability κ and porosity ϕ, after 10
days of fluid injection for online test case 1. As expected, the stimulated volume grows
symmetrically from both wells in the direction of the maximum in-situ stress, defined by a
region of increased porosity and permeability. There is considerable agreement between the
contours produced by CFOM and LROM. However, as seen in all LROM’s contours, the
gray zone indicates areas where LROM cannot compute values for the secondary variables.
LROM calculates these values only at LDEIM measurement points. Further efforts are
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(a) (b)

(c)

Figure 4.6: Accuracy and efficiency analyses for inputs inside of the training domain, a)
relative L2 error contour of LROM for displacement, b) relative L2 error contour of LROM
for pressure, c) LROM speed-up.

required to redistribute LROM results over the entire domain, which is beyond the scope of
this work. For instance, using neural network architectures, a map function between the
reduced order vector and the full order vector can be developed. By comparing Figure 4.8a
with Figures 4.8b and 4.8c, it is observed that the measurement points for mechanical
term ε̄p differ from those for hydraulic terms κ and ϕ, as LROM utilizes different LDEIM
basis vectors for mechanical and hydraulic nonlinear terms. Figure 4.8 shows that LDEIM
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(a) (b) (c)

Figure 4.7: Comparison of primary variables ux, uy, and p for CFOM and LROM, a)
displacement in x direction ux, b) displacement in y direction uy, c) pore pressure p.

measurement points for ε̄p are situated along the dilation zone, while those for κ and ϕ are
located in areas with enhanced permeability and porosity.

Table 4.2 summarizes the CPU performance in hours for both offline and online phases of
LROM and CFOM. The offline phase involves multiple CFOM runs for the generation of
snapshots and the training process using POD/LPOD/LDEIM. During the online phase,
LROM is tested with two different sets of parametric inputs. The CPU runtime for the
offline phase is significantly larger than the online phase. In addition, LROM provides a
substantial computational speed-up (with reference to CFOM), with factors of 377 and
397 for test cases 1 and 2, respectively. These results highlight the efficiency of LROM for
poro-elasto-plastic problems.
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Figure 4.8: Comparison of secondary variables ε̄p, κ, and ϕ for CFOM and LROM, a) ε̄p,
b) κ, c) ϕ. 97



Table 4.2: CPU runtime in hours for offline and online stages of LROM

Test case
Offline phase (hour) Online phase (hour)

Data generation Data training LROM CFOM
1

92.7 32
0.24 89.4

2 0.21 82.8

4.3.2 Example 2: Parameterized ROM with material inputs and
injection rate

We now consider a possible applied scenario where the injection rate in LROM acts as
an input. In practical applications, the injection rate often fluctuates due to operational
requirements and various time-varying injection rates through the online phase. In this
example, we aim to generate an LROM that remains efficient for pumping schedules that
extend beyond the training domain. This model provides designers with a rapid evaluation
of the reservoir instead of using computationally expensive coupled full order models. In
addition to two material inputs, the injection rate is also treated as an input parameter
for LROM. Thus, we have a parameterized LROM with three inputs: hardening modulus
H, initial permeability κ0, and injection rate Qin. The training domain for hardening
modulus and initial permeability is defined within the ranges of H ∈ [40, 60] MPa and
κ0 ∈ [5, 10] mD, respectively. At the same time, the offline training process is done using
constant injection rates in the range of Qin ∈ [0, 22] L/s. Figure 4.9 illustrates the training
regime and test schedules. In total, LROM is trained using 40 samples (10 samples in
two-dimensional material space × 4 samples in injection rate space). First, the reservoir
is analyzed with a training schedule for 10 days for each sample. Then, snapshots for
displacement, pressure, and nonlinear force vectors are collected every 36 minutes. Next,
LROM is trained using data obtained from 40 different sets of samples. Finally, online,
LROM is evaluated with different time-varying injection rates and material properties, as
depicted in Figure 4.9.

Global POD is applied to the displacement equation, and the size of the system of equations
for the displacement part is reduced to 90. For the pressure part of the system, LPOD
is applied to reduce its size to 10 for each cluster. The snapshot matrix of the pressure
variable is partitioned into 8 clusters. Consequently, the total size of the system of equations
in LROM is 100.

LDEIM is applied to both the mechanical and hydraulic parts of the converged nonlinear
terms by dividing them into 8 clusters using k-means clustering method. Clustering is
performed based on the displacement part of the snapshot, and the same clusters are
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Figure 4.9: Three-dimensional training domain, including two-dimensional material
parameter space and one-dimensional injection rate space.

subsequently used for the pressure part. In each cluster, the number of measurement points
is set to 30.

To ensure the robustness of the presented LROM, it is necessary to test it with inputs that
differ significantly from the training regime. Two online test samples are used, as depicted
in Figure 4.9. Test sample 1 shows a pumping schedule acting as a rectangular wave with
irregular time sequences: Qin = Q1. For test sample 2, a constant injection rate with a
value different from the training schedules is used: Qin = Q2. In both test samples, the
material parameter space employs inputs within the training domain: H = 42 MPa, κ0 =
5.2 mD. This configuration is chosen because it represents one of the scenarios where the
error between LROM and CFOM is the largest.

Figure 4.10 presents the pore pressure field p and the relative error between LROM and
CFOM. The top row of Figure 4.10 depicts the contour map of pore pressure snapshots
for three given times during the pumping schedule: t = 2.5, t = 6, and t = 10 days. It
should be noted that an initial pore pressure of 4 MPa must be added to the contour values
to represent the total pore pressure. The material properties and injection rate are set to
test sample 1. Initially, the fluid flows from both horizontal wells into the porous media.
Over time, the fluid streams from both wells begin to converge. Subsequently, the fluid
diffusion front propagates far beyond the stimulated zone. The maximum pore pressure,
approximately 26 MPa, is located at the boundaries of the wellbore, while the minimum
pore pressure remains equal to the initial pore pressure at the reservoir boundaries, far from
the wells. The bottom row of Figure 4.10 illustrates the relative error of LROM for the
inputs corresponding to test sample 1. LROM relative error at each DoF is calculated by
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ErrI(t) =

∣∣pLROM
I (t) − pCFOM

I (t)
∣∣

|pCFOM
I (t)|

(4.46)

The error contour map indicates that LROM is sufficiently accurate in both temporal and
spatial domains. The maximum relative error is 8.3 × 10−3, occurring near the wellbore. In
addition, the error is symmetrically distributed in the reservoir.

Figure 4.10: Top row: contours of the pressure field p at t = 2.5 days, t = 6 days, and
t = 10 days, from left to right. Bottom Row: contour of LROM relative error at t = 2.5
days, t = 6 days, and t = 10 days, from left to right.

The displacement in the x and y directions (ux and uy), along with the relative error
between LROM and CFOM, are presented in Figure 4.11 at 2.5, 6, and 10 days. Since the
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displacement near the reservoir boundaries is zero, the error is calculated using a scaled
difference between CFOM and LROM results at each DOF as

Dx,I(t) =

∣∣uLROM
x,I (t) − uCFOM

x,I (t)
∣∣

max(|uCFOM
x (t)|)

(4.47)

Dy,I(t) =

∣∣uLROM
y,I (t) − uCFOM

y,I (t)
∣∣

max(
∣∣uCFOM

y (t)
∣∣) (4.48)

in which Dx,I is the error for ux, Dy,I is the error for uy, and the subscript I denotes the
Ith DoF. As depicted in Figure 4.11, the maximal scaled difference increases over time
but is constrained to 3 × 10−2 for ux and 4 × 10−2 for uy. This indicates that the LROM
maintains acceptable accuracy for the displacement field.

Figure 4.12 compares the time history of accumulated plastic strain ε̄p for CFOM and
LROM at point A located at the surface of the bottom well with coordinate x = 100 m and
y = 95.1 m. As observed, there is a good agreement between CFOM and LROM results for
both test samples. For test sample 2, LROM provides an almost perfect approximation
of the high-fidelity model, in contrast to test sample 1. The offline training process is
based on constant injection rates, and test sample 2 also uses a constant injection rate,
which is inside the training regime. Thus, it is expected that LROM will converge to nearly
exact results. However, test sample 1 pushes the limits of the constructed LROM by using
online injection rates that are significantly different from the simple training data. The
results confirm that LROM maintains acceptable accuracy even when the injection rate is
dissimilar from those in the training regime.
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(a)

(b)

Figure 4.11: Displacement field snapshots in the x and y directions (ux and uy) at t = 2.5
days, t = 6 days, and t = 10 days, from left to right, a) ux, b) uy. In each subfigure, the
top and bottom rows show CFOM results and LROM relative error, respectively.
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Figure 4.12: The evolution of accumulated plastic strain for CFOM and LROM at point A
located at the surface of the bottom well with coordinate x = 100 m and y = 95.1 m.

Figure 4.13 shows the evolution of porosity and permeability due to shear dilation at point
A. According to (4.10) and (4.11), there is an incremental relation between total strain
and porosity, and subsequently between porosity and permeability. Our LROM accurately
approximates the porosity and permeability enhancements for both test samples 1 and 2.
In the more critical case of test sample 1, the porosity increases from 0.34 to 0.367, leading
to a permeability enhancement from 5.2 mD to 24.5 mD.

(a) (b)

Figure 4.13: Porosity and permeability enhancement for CFOM and LROM at point A, a)
Permeability, b) porosity.
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4.4 Conclusions

In this chapter, a robust ROM formulation is introduced for poroplasticity problems, with
specific application to hydraulic dilation stimulation of a reservoir with a horizontal well pair.
A coupled projection matrix is used to reduce the size of the coupled system of equations.
DEIM is adapted to efficiently approximate the coupled forms of the nonlinear terms
(residual force vector and its Jacobian). Rather than applying DEIM to the fully-coupled
nonlinear terms, it is separately applied to the displacement and pressure contributions
of the nonlinear terms. In this way, different measurement points are defined for the
displacement and pressure variables.

For further reductions in the approximation of nonlinear terms, a new local ROM (LROM) is
proposed for clustering and classification techniques that align with the coupled formulation
framework. A robust LROM is achieved by introducing distinct local DEIM subspaces for
the displacement and pressure equations. Additionally, local POD is applied to the pressure
equation to reduce the size of the ROM even further than global POD. It is observed
that localizing the displacement equation negatively impacts the stability of the Newton-
Raphson algorithm, while localizing the pressure equation enhances the stability. One
possible solution to this limitation is to use overlapping clusters instead of non-overlapping
clusters, which will be considered for future improvements.

Two examples demonstrate the advantages of LROM. First, LROM is parameterized for
material properties (hardening modulus and initial permeability). The performance of
LROM is evaluated for inputs inside the training domain. LROM accurately captures
the reservoir responses (displacement and pressure) using a small ROM size (ku = 90
and kp = 10) and a small number of measurement points for each cluster (qu = 30 and
qp = 30). The accuracy ranges from 0.2% to 4.5% for the displacement variable and from
0.2% to 4.1% for the pressure variable across different material inputs. Furthermore, a
comparison between CFOM and LROM is accomplished for the spatial-temporal evolution
of the stimulated dilation zone. The second example extends the study to a more realistic
scenario by adding the injection rate as a third input for LROM. Results show that LROM
maintains efficiency even for injection rates outside the training regime.

In large-scale subsurface flow modeling of hydraulic dilation stimulation, a substantial
computational saving of 400 times is achieved for a single-query real-time simulation with a
ROM reducing the model dimension from 105 DoFs to 102 DoFs. The saving is highlighted
in multi-query tasks, where the model must be executed for multiple inputs and system
configurations. This ROM has a high potential for accelerating various problems, such as
uncertainty quantification, design, history matching, and well control optimization.
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Chapter 5

Conclusions

5.1 Concluding Remarks

In this thesis, a gap in existing intrusive ROMs to capture hydro-mechanical coupling
behavior and path-dependent plastic deformation of rocks was identified, and a new ROM
was developed. Complex geomechanics problems were used to show the efficiency and
accuracy of the ROM in addressing coupling, plasticity, and permeability enhancement
features. The ROM was parameterized by material properties and loading conditions,
providing reservoir engineers with a powerful tool to reduce the computational cost of
complex and large-scale simulations. The cost of offline training, the accuracy, and the
domain of applicability and extrapolation were discussed through the development of the
ROMs.

The first objective was to develop an intrusive ROM for a nonlinear diffusion problem
by combining POD-Galerkin and DEIM. POD-Galerkin was used to reduce the size of
the system of equations. Classical DEIM was applied to accelerate the computation of
the residual force vector. A robust version of the DEIM approach, which is based on the
approximated column-reduced Jacobian, was adopted to approximate the Jacobian matrix.
A significant reduction in the computational time of the online stage was achieved using
the combination of these methods. The problem under analysis was modeled by a transient
diffusion equation with a nonlinear permeability coefficient. The snapshots for the FOM
were generated using a continuous Galerkin FE solver and a backward Euler scheme for
time integration.

To demonstrate the efficiency and accuracy of the ROM, a two-dimensional layered reservoir
with a two-well system was analyzed. An analysis of the trade-off between accuracy and
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speed-up was conducted for ROMs of different sizes and hyper-parameters. The results
showed that as the ROM becomes faster, the accuracy decreases. Under FOMs with 3× 104

DoFs, it was observed that the ROM has about 103 times fewer DoFs and is approximately
190 times faster than the FOM, while maintaining an accurate solution with reference to
the FOM.

In terms of the domain of applicability and extrapolation, one important challenge in
applying ROM technologies to reservoir simulations is the uncertainty in the exact pumping
schedule (injection rate vs. time). The exact pumping schedule is not known in advance of
the operation, as technical and logistical challenges impact schedules. Pumping schedules
are often characterized by active and inactive injection periods, which can differ greatly
from those used for training the ROMs. Previously, the applications of ROMs to complex
and time-discontinuous pumping schedules have not been adequately accessed. The ROM
presented addresses this issue by accurately reproducing the response of the reservoir,
subject to such sudden changes in injection rate. Offline, training data was generated by
FOM runs with simple constant injection rates. Online, the ROMs demonstrated high
accuracy and efficiency for complex and time-varying pumping schedules, such as sinusoidal,
high-frequency, and time-discontinuous pumping schedules.

Intrusive ROMs in reservoir engineering have been extended to some applications, including
two-phase flow and transport systems. However, they come with a number of limitations.
These ROMs neglect the effect of rock deformation in the reservoir and focus solely on
a system of pressure-saturation equations. They fail to account for plastic deformation
as a highly nonlinear behavior in rock mechanics. The second objective of this thesis
was to address this gap by developing an intrusive ROM for a Drucker–Prager plasticity
model, which is capable of capturing the history-dependent nonlinear evolution of plastic
strain. POD-DEIM ROM presented in objective 1 was extended to POD-LDEIM by
constructing multiple local DEIM (LDEIM) approximations in combination with k-means
clustering algorithm and nearest neighbor technique. It was shown that the standard
DEIM approximation of the FOM residual vector and Jacobian is inefficient for constructing
accurate ROMs. Further, the online computational cost of LDEIM is substantially improved
as each local DEIM requires fewer measurement points than the classical DEIM.

The ROM was parameterized by three hyper-parameters (the size of ROM, the number
of clusters, and the number of DEIM measurement points per cluster), which influence
both the accuracy and computational efficiency of the ROM. The user must specify these
parameters, as they are not determined directly in the training algorithm. The performance
of the ROM was compared for inputs within and outside of the training domain and it was
observed that the accuracy is highest for the input parameters within the training domain
with minimum and maximum errors of 1.0% and 3.5%, respectively. However, for inputs
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outside of the training domain, the error increases to 9.2%.

To show the ability of the ROM to capture the path-dependent behavior, a cyclic plasticity
model was considered, and the ROM was parameterized by the load path. Offline, training
data was generated using a single load path with three loading and unloading cycles. Online,
the ROM was tested with arbitrary load paths and successfully reproduced the response of
the system for loading-unloading cycles that are greatly different from those used in the
training process.

The presented intrusive ROM requires only a small amount of data as the underlying physics
of the FOM is explicitly incorporated into the ROM. This substantially reduces the offline
computational cost, which was approximately 24 hours. The offline computational cost
includes the time for data generation, determining the POD and DEIM basis vectors, and
clustering the data. For this specific problem, due to the complexity of plastic distribution
in the domain, we expect that the computational cost of the offline phase for non-intrusive
ROM techniques will be significantly higher than the cost for intrusive ROMs. This
investigation will be of interest in future studies.

Real-time simulation of hydraulic dilation stimulation is computationally expensive as it
must span multiple spatial and temporal length scales, including plasticity, permeability
enhancement, and hydro-mechanical processing. Such a large-scale simulation typically
requires many hours or even days to complete. The final objective was to couple the
ROM for a diffusion problem with the ROM for plasticity to develop a novel local ROM
formulation for nonlinear and fully-coupled hydro-mechanical simulations in large-scale
reservoirs. The coupled FOM employed the FEA of a two-dimensional deformable porous
media with single-phase fluid flow. Drucker–Prager plasticity model was used to describe the
plastic behavior of sandstone. At the same time, the effect of stimulated dilation on porosity
and permeability was investigated using stress-induced permeability enhancement models.
The POD-Galerkin, DEIM, and their local versions (LPOD/LDEIM) were combined to
reduce the computational costs. A new strategy for clustering and classification techniques
tailored for the coupled formulation framework was introduced to calculate LPOD and
LDEIM basis vectors. LDEIM is applied to nonlinear force vectors in momentum and
mass balance equations, while LPOD is applied to the pressure state variable. It was
observed that in elastoplastic hydromechanical problems with permeability enhancement,
where the nonlinearity is due to mechanical and hydraulic parts of the coupled system
of equations, localizing the displacement variable negatively improves the stability of the
Newton–Raphson algorithm, while localizing the pressure enhances the stability. The
ROM was parameterized not only by material properties but also by the injection rate for
hydraulic dilation stimulation of a reservoir with a horizontal well pair. Under FOMs with
105 DoFs, a speed-up of 400 times was achieved using a single CPU. This performance can
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be significantly improved by the online implementation of multiple CPUs or GPUs.

Additional model parameters, such as friction angle and Young’s modulus, can be considered
to expand the parameterization. However, including more parameters will require additional
training data and an increased number of samples. This will lead to a higher number of
POD modes and DEIM basis vectors during the training process. Consequently, the size
of the ROM will increase, reducing its speed-up. Furthermore, it is expected that the
convergence of the Newton–Raphson method will be slower than the current scenario, which
considers only a two-dimensional material parameter space.

This version of the ROM is expected to provide reservoir engineers with a powerful tool
for multi-query tasks, such as history matching. In these tasks, an optimization process
must be conducted, where hundreds to thousands of simulations are required to minimize
the difference between field data and simulator prediction values to obtain an optimal
target. The replacement of computationally expensive FE models with the presented ROM
significantly accelerates the optimization process. For multi-query tasks, it is expected to
achieve a speed-up significantly greater than single-query tasks (speed-up ≫ 400), as the
ROM is executed multiple times.

5.2 Research Contributions

In the process of accomplishing the objectives of this thesis, research contributions that
expand the literature on intrusive geomechanics ROMs in reservoir applications were
produced. The significant contributions produced by this thesis were disseminated in
conferences and peer-reviewed journals and are summarized below.

The first objective was to develop an intrusive ROM for nonlinear porous media flow
problems, with specific application to a two-dimensional layered reservoir. This work is
disseminated in:

S. Hatefi Ardakani, G. Zingaro, M. Komijani, and R. Gracie, “An efficient reduced order
model for nonlinear transient porous media flow with time-varying injection rates,” Finite
Elements in Analysis and Design, vol. 241, p. 104237, 2024.

The key contributions of this work are:

• An efficient and accurate parameterized ROM is derived for a diffusion problem
by combining POD-Galerkin with classical and column-reduced Jacobian DEIM
techniques.
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• An analysis of the trade-off between accuracy and run-time is conducted for ROMs of
different hyper-parameters (POD modes and DEIM sample points).

• Online, the ROM demonstrates significantly lower computation times and accurately
models subsurface subject to complex time-varying injection rates.

The second objective of this thesis was to develop a parameterized ROM for a cyclic plasticity
model to address challenges in capturing the history-dependent nonlinear evolution of plastic
strain. This work is disseminated in:

S. Hatefi Ardakani, G. Zingaro, and R. Gracie, “An efficient parameterized local reduced
order model for Drucker–Prager plasticity,” Submitted to Computational Mechanics, September
2024.

The key contributions of this work are:

• The first ROM to solve a cyclic Drucker–Prager plasticity problem is developed. The
ROM captures the history-dependent nonlinear evolution of plastic strain around the
well.

• Numerical convergence issues observed in plasticity ROM with classical DEIM are
addressed by introducing local DEIM approximations.

• Influence of hyper-parameters (ROM size, number of clusters, and DEIM measurement
points) on accuracy and speed-up are investigated.

The third objective of this thesis was to develop a ROM formulation for the simulation of
stimulated volume evolution in large-scale reservoirs. This work is disseminated in:

S. Hatefi Ardakani and R. Gracie, “A parameterized local reduced order model of stimulated
volume evolution in reservoirs,” Submitted to International Journal for Numerical and
Analytical Methods in Geomechanics, November 2024.

S. Hatefi Ardakani and R. Gracie, “A hyper-reduced order model for nonlinear coupled
porous media flow,” 16th World Congress on Computational Mechanics and 4th Pan
American Congress on Computational Mechanics. Vancouver, Canada, July 2024.

The key contributions of this work are:

• The first intrusive hydro-mechanical ROM for poroplasticity problems is developed.
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• ROM is applied on a coupled system of momentum and mass balance equations
equipped with Drucker–Prager plasticity and stress-induced permeability enhancement
models.

• A robust surrogate model is presented to simulate well communication in a large-scale
reservoir.

• A new strategy for clustering and classification techniques tailored for the coupled
formulation framework is introduced.

5.3 Directions for Future Study

There are many potential topics for future study on ROMs in reservoir engineering. Some
of these ideas include:

Level of Intrusion: The ROM presented in this thesis is extremely intrusive, requiring the
modification of the FE source code of the FOM. There are other ROMs with different levels
of intrusion, such as hybrid ROMs and non-intrusive ROMs. One of the largest remaining
challenges is to evaluate non-intrusive ROMs in terms of accuracy, offline and online
computational costs, and generalizability beyond the training domain. Deep learning-based
ROMs and probabilistic-based regression methods, such as Gaussian process regression
(GPR), can be classified as non-intrusive ROMs. A primary challenge for deep learning
methods is the data requirements. They require a large amount of training data to learn
effectively. In geomechanical simulations, generating such data is computationally expensive.
Another challenge is associated with interpretability. Deep learning methods can be complex
to interpret since they are often seen as black boxes. The other challenge is generalization
and overfitting. Deep learning methods require careful design to avoid issues such as
overfitting or oscillations in output. GPRs can address many of these challenges. They
perform well with small datasets because of their ability to interpolate between known data
points. GPRs are often more interpretable because of their probabilistic framework. In
addition, GPRs can handle continuous inputs and outputs, providing smooth predictions
based on a probabilistic framework. Applying these ROMs to the same large-scale problems
solved in this thesis is recommended to compare their performance with the intrusive ROM.

Use of Other Hyper-reduction Techniques: Hyper-reduction methods based on
direct sampling, have demonstrated better stability than interpolation-based methods like
DEIM. They preserve the symmetry and the positivity of the tangent stiffness matrices. In
this thesis, a non-positive and non-symmetric approximated tangent stiffness matrix was
observed using the interpolation based DEIM method, particularly in plasticity, causing
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instabilities in the Newton–Raphson algorithm. While local DEIM helps to improve this
drawback, the need for direct sampling methods, such as energy conserving mesh sampling
and weighting (ECSW), to approximate the tangent stiffness matrix is remarked.

Redistribution of the ROM Results: The ROM developed for plasticity and poroplasticity
in this thesis computes the primary variables, such as displacement and pressure fields,
in the entire domain using POD projection matrices. However, the secondary variables,
such as plastic strain and permeability, are calculated only at sampling points and not
throughout the domain. Further efforts are required to redistribute the ROM results for
the secondary variables across the entire domain. Regression-based models, such as neural
network architectures and GPRs, can be developed to project the reduced order vector
back into the full order vector. Since the problems in this thesis are history-dependent and
the amount of training data is limited, choosing a proper method remains a big challenge.

Model Extensions: There are various physical behaviors that the presented ROM cannot
currently capture but are of interest for industrial applications. These include multiphase
fluid flow, thermal and chemical coupling effects. These features make the ROM suitable for
a wide range of geomechanics applications in enhanced geothermal systems (EGS), thermal
enhanced oil recovery (EOR), steam assisted gravity drainage (SAGD), and so forth.

Extension to Three-dimensional ROMs: A three-dimensional model provides a
more realistic representation of porous media reservoirs, including complex geometries,
heterogeneities, and multi-dimensional flow. The speed-up factor for three-dimensional
ROMs is expected to be significantly larger than for two-dimensional ROMs because
three-dimensional FOMs are much more computationally expensive compared to two-
dimensional FOMs. In three-dimensional FOMs, elements have more nodes and DoFs
compared to two-dimensional ones, and numerical integration requires more integration
points. This increases the computational cost for evaluating large matrices, such as stiffness
and permeability matrices. The reduction in the number of DoFs in the ROM, from a large
value in the three-dimensional FOM to a much smaller value in the reduced model, results in
a substantial speed-up, making three-dimensional intrusive ROMs much more efficient than
their FOMs. Additionally, solving the linearized system of equations in a three-dimensional
form involves larger matrices, making the inversion of the Jacobian matrix computationally
expensive. In three-dimensional ROMs, the large Jacobian matrix in the FOM is replaced
by a much smaller matrix, drastically reducing the computational cost of matrix inversion.
An extension of the ROM to a three-dimensional form would be challenging but valuable
contribution in terms of the efficiency.

Use of other constitutive plasticity models: Adopting a different constitutive plasticity
model, such as Cap plasticity model, increases the complexity of both the FOM and the
ROM. The yield surface in Drucker–Prager model is a simple cone, indicating a linear
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relation between shear stress and pressure. In contrast, Cap plasticity model introduces a
cap to the yield surface, requiring additional material parameters to define the cap geometry
and its evolution. The added complexity is expected to result in challenging convergence
behavior during Newton–Raphson algorithm. The algorithm requires more iterations per
time step, resulting in higher computational costs for the FOM and the ROM. In the
offline phase, the complexity impacts both data generation and training process. The
computational cost of data generation increases due to the need for additional iterations per
time step and the need for more sampling points to accurately capture the behavior of Cap
plasticity model. Furthermore, the complexity of stress distributions in the domain makes
the training process more demanding. In the online phase, the ROM is expected to require
more POD modes and DEIM basis vectors to accurately represent the complexity of the
system, resulting in a larger ROM. Implementing such a constitutive model is recommended
to compare its offline and online performance with that of Drucker–Prager plasticity model.

Multi-query Tasks in Reservoir Engineering: In this thesis, a real-time simulation was
conducted to evaluate the efficiency and the accuracy of the ROM. The ROM demonstrated
substantial computational saving for single-query simulations. The saving is highlighted in
multi-query tasks, such as history matching, where an optimization process is conducted to
calibrate the reservoir models by minimizing the difference between field data and simulator
predictions. Using the ROM in place of computationally expensive FE models would make
the optimization algorithm more robust, as depicted in Figure 5.1.

Figure 5.1: Algorithm of history matching process using ROM.
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Appendix A

Drucker–Prager Plasticity
Constitutive Equations

In Drucker–Prager plasticity, the equilibrium equation is equipped with the constitutive
equation in the incremental form:

dσ = De (dε− dεp) (A.1)

where d (•) is the increment in variable (•), ε is the total strain, εp is the plastic strain,
and De is the isotropic elasticity tensor. To determine the direction of the plastic strain
increment and hardening variables, the plastic flow rules are written as

dεp = dλ
∂Φ

∂σ
(A.2)

and

dα = −dλ
∂Φ

∂A
(A.3)

∂Φ
∂σ

is the flow vector, the direction of the plastic strain increment. In addition, dλ is
plastic multiplier which determines the magnitude of the flow vector. A is the hardening
thermodynamic force, and α is the hardening internal variable. For associative isotropic
hardening, α and A are defined as

α ≡ ε̄p (A.4)
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A ≡ k (ε̄p) (A.5)

The loading/unloading conditions can be described using the Kuhn–Tucker optimality
conditions as

Φ (σ, c) ≤ 0, dλ ≥ 0, Φ (σ, c) dλ = 0 (A.6)

Dep is the consistent (algorithmic) tangent modulus in elastoplasticity [79, 80] and is defined
as

Dep = 2G

1 − ∆λ
√

2

∥∥∥∥(εe,trialdev

)n+1(j)
∥∥∥∥
 Idev

+ 2G

 ∆λ
√

2

∥∥∥∥(εe,trialdev

)n+1(j)
∥∥∥∥ −GA

De ⊗De

−
√

2GAK (ηDe ⊗ I + ηI⊗De) + K (1 −KηηA) I⊗ I

(A.7)

where εe,trialdev is the deviatoric trial strain, which is defined in the elastic predictor/plastic
corrector algorithm [79]. I and Idev are the second order unit tensor and its deviatoric,
respectively. G is the shear modulus, K is the bulk modulus, and A is specified as

A =
1

G + Kηη + ξ2H
(A.8)
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Appendix B

Finite Element Discretization for
Poroplasticity Problem

By multiplying the strong form of (4.4) by a weight function δu, integrating over the
domain, and applying integration by parts, the corresponding weak form can be written as∫

Γ

δu (σ′ · n) dΓ −
∫
Ω

∇δu · σ′(u)dΩ −
∫
Ω

δuα (∇ · (pI)) dΩ +

∫
Ω

δu fbdΩ = 0 (B.1)

The weighted residual method is now applied to the mass balance equation (4.8) and to its
boundary condition. The weak form is written as

∫
Ω

δp

(
ϕ

Kf

+
α− ϕ

Ks

)
∂p

∂t
dΩ +

∫
Ω

δp

(
α∇ · ∂u

∂t

)
dΩ +

∫
Γ

δp (q · n) dΓ −
∫
Ω

∇δp · q(p)dΩ = 0

(B.2)

The aim here is to find the field u(x, t) and p(x, t) such that the weak forms (B.1) and
(B.2) are satisfied.

As explained in Section 4.1.2, the trial solutions uh and ph and the weight functions δuh

and δph are written using the finite element interpolations

uh(x, t) = Nuu
t (B.3)
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δuh(x) = Nuδu (B.4)

ph(x, t) = Npp
t (B.5)

δph(x) = Npδp (B.6)

in which ut is the vector of nodal displacement and pt is the vector of nodal pressure. δu
and δp are the nodal values of the weight functions. Nu is a matrix of shape functions for
displacement and Np is a vector of shape functions for pressure. The gradients of uh, δuh,
ph, and δph are written as

∇uh(x, t) = ∇Nuu
t = Buu

t (B.7)

∇δuh(x) = ∇Nuδu = Buδu (B.8)

∇ph(x, t) = ∇Npp
t = Bpp

t (B.9)

∇δph(x) = ∇Npδp = Bpδp (B.10)

where Bu and Bp are the matrices of derivatives of the standard shape functions for the
displacement and pressure fields, respectively.

Substituting the trial solutions (B.3, B.5), weight functions (B.4,B.6), and their gradients
(B.7, B.8, B.9, B.10) into the weak forms (B.1, B.2) and evoking the arbitrariness of the δu
and δp leads to the discretized form of the momentum and mass balance equations∫

Ω

Bu
⊤σ′ (uh

)
dΩ −Qpt = Fext

u (t) (B.11)

∫
Ω

Bp
⊤q

(
ph
)

dΩ + Q⊤∂u
t

∂t
+ St∂p

t

∂t
= Fext

p (t) (B.12)

in which Fext
u and Fext

p are defined in (4.15). The matrices Q and S are the coupling and
compressibility matrices, defined in (4.19) and (4.20).
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Equations (B.11) and (B.12) can be written in the coupling form as[
Fint

u (ut)
Fint

p (pt)

]
+

[
0 −Q
0 0

]
dt +

[
0 0
Q⊤ St

]
∂dt

∂t
=

[
Fext

u (t)
Fext

p (t)

]
(B.13)

where

Fint
u

(
ut
)

=

∫
Ω

Bu
⊤σ′ (uh

)
dΩ (B.14)

Fint
p

(
pt
)

=

∫
Ω

Bp
⊤q

(
ph
)

dΩ (B.15)

The implicit and unconditionally stable backwards Euler method is utilized to numerically
integrate the semi-discrete equations (B.13) over time. The relation between the nodal
unknowns at time steps t− 1 and t is defined as

dt = dt−1 + ḋt∆t (B.16)

So, the coupled system of equations (B.13) for time step t is written as

R
(
dt
)

=

[
Fext

u (t)
∆tFext

p (t)

]
−
[

Fint
u (ut) −Qpt

∆tFint
p (pt) + Q⊤ (ut − ut−1) + Stpt − St−1pt−1

]
= 0 (B.17)
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