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Abstract

Recent years have seen a rapid growth of reinforcement learning (RL) research. In year
2015, deep RL achieved superhuman performance in Atari video games (Mnih et al., 2015).
In year 2016, the Alpha Go developed by Google DeepMind beat Lee Sedol, one of the
top Go players in South Korea. In year 2022, OpenAI released ChatGPT 3.5, a powerful
large language model, which is fine-tuned by RL algorithms. Traditional RL considers
the problem that an agent interacts with an environment to acquire a good policy. The
performance of the policy is usually evaluated by the expected value of total discounted
rewards (or called return) collected in the environment. However, the mostly studied
domains (including the three mentioned above) are usually deterministic or contain less
randomness. In many real world applications, the domains are highly stochastic, thus
agents need to perform decision making under uncertainty. Due to the randomness of the
environment, another natural consideration is to minimize the risk, since only maximizing
the expected return may not be sufficient. For instance, we want to avoid huge financial
loss in portfolio management, which motivates the mean variance trade off.

In this thesis, we focus on the problem of policy learning under uncertainty and risk.
This requires the agent to quantify the intrinsic uncertainty of the environment and be
risk-averse in specific cases, instead of only caring for the mean of the return.

To quantify the intrinsic uncertainty, in this thesis, we stick to the distributional RL
method. Due to the stochasticity of the environment dynamic and also stochastic polices,
the future return that an agent can get at a state is naturally a random variable. Distri-
butional RL aims to learn the full value distribution of this random variable. Usually, the
value distribution is represented by its quantile function. However, the quantile functions
learned by existing algorithms suffer from limited representation ability or quantile crossing
issue, which is shown to hinder policy learning and exploration. We propose a new learning
algorithm to directly learn a monotonic, smooth, and continuous quantile representation,
which provides much flexibility for value distribution learning in distributional RL.

For risk-averse policy learning, we study two common types of risk measure, i.e., mea-
sure of variability, e.g., variance, and tail risk measure, e.g., conditional value at risk
(CVaR). 1) Mean variance trade off is a classic yet popular problem in RL. Traditional
methods directly restrict the total return variance. Recent methods restrict the per-step
reward variance as a proxy. We thoroughly examine the limitations of these variance-
based methods in the policy gradient approach, and propose to use an alternative measure
of variability, Gini deviation, as a substitute. We study various properties of this new risk
measure and derive a policy gradient algorithm to minimize it. 2) CVaR is another popular
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risk measure for risk-averse RL. However, RL algorithms utilizing policy gradients to op-
timize CVaR face significant challenges with sample inefficiency, hindering their practical
applications. This inefficiency stems from two main facts: a focus on tail-end performance
that overlooks many sampled trajectories, and the potential of gradient vanishing when
the lower tail of the return distribution is overly flat. To address these challenges, we start
from an insight that in many scenarios, the risk-averse behavior is only required in a subset
of states, and propose a simple mixture policy parameterization. This method integrates
a risk-neutral policy with an adjustable policy to form a risk-averse policy. By employing
this strategy, all collected trajectories can be utilized for policy updating, and the issue of
vanishing gradients is counteracted by stimulating higher returns through the risk-neutral
component, thus the sample efficiency is significantly improved.
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Chapter 1

Introduction

Reinforcement learning (RL) considers the problem that an agent interacts with an envi-
ronment to maximize its expected cumulative rewards (or called return) (Sutton & Barto,
2018). This interaction is usually modeled as a Markov decision process (MDP) as shown
in Fig. 1.1, but the agent is initially uncertain about the true dynamics and rewards of the
MDP. Each time, the agent performs an action, receives a reward, and moves to the next
state. With this data collected, the agent will be more and more certain of the environ-
ment and learn which action leads to higher return. Usually, the expected future return
the agent can get by taking an action at a state is called theQ value.

RL algorithms have shown super human performance in several domains, e.g., Atari
video games (Mnih et al., 2015), and Go. We should notice that these domains are deter-
ministic, and the algorithms used to master these domains are risk-neutral, i.e., the goal
is to maximize the expectation of the return. In real world applications, the environ-

Figure 1.1: Markov Decision Process, �gure from Sutton & Barto (2018). Agent interacts
with the environment by taking action A t . Environment transits agent toSt+1 and provides
a reward Rt+1 .
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Figure 1.2: Random trajectories. Even though the agent starts from the same initial state,
it may end up with di�erent trajectories due to the intrinsic uncertainty.

ment dynamic is usually stochastic, thus the uncertainty of the environment need to be
considered, and the risk need to be avoided. For instance, we want to avoid huge �nan-
cial losses in portfolio management, which motivates mean-variance portfolio management
research (Markowitz & Todd, 2000).

1.1 Uncertainty in RL and Distributional RL

Generally, the uncertainty in RL stems from two sources:

Aleatoric uncertainty due to the intrinsic stochasticity of the environment such as
stochastic rewards, transitions, and the intrinsic stochasticity of agent's policy.

Epistemic uncertainty due to limited data samples caused by insu�cient exploration.
While the epistemic uncertainty can be eliminated if the agent is equipped with a perfect
exploration strategy, the aleatoric uncertainty always remains during the learning process.

Due to the aleatoric uncertainty, even though the agent starts from the same initial state
and takes the same initial action, it may end up with di�erent trajectories and therefore
di�erent returns, as shown in Fig. 1.2. This naturally suggests the return at each state is
a random variable. Estimating the uncertainty of the return variable has been widely used
in RL for guiding exploration and stabilizing policies. O'Donoghue et al. (2018) designed
an uncertainty Bellman equation that estimates the variance of theQ value posterior
distribution. Distributional RL methods (Bellemare et al., 2017; Dabney et al., 2018b,a;
Zhou et al., 2020; Luo et al., 2022) directly model the distribution of return variables.
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Figure 1.3: Traditional RL V.S. distributional RL. Traditional RL aims to learn a point
estimation for the action value. Distributional RL instead aims to recover the full action
value distribution.

Bootstrapped methods (Osband et al., 2016; Da Silva et al., 2020) learn ensembles ofQ
values to capture uncertainty.

In this thesis, we focus on the distributional RL methods. The di�erence between
traditional RL and distributional RL is brie
y depicted in Fig. 1.3. In traditional RL,
the algorithms only estimate a scalar value, i.e.,Q value (or expected return) to quantify
the preference of an action. In distributional RL, the whole distribution of the return is
modeled, which provides a richer understanding of uncertainty in the environment and
allows agents to make more informed decisions. For example, agents can choose actions
with the highest expected value (i.e.,Q value) as in risk-neutral setting, or choose actions
according to risk values extracted from the value distribution (Dabney et al., 2018a).
Distributional RL is shown to outperform traditional RL in several domains, e.g., Atari
video games (Bellemare et al., 2017).

In distributional RL, how to parameterize the return distribution is crucial. The main
stream methods represent the distribution by its quantile function, also known as in-
verse cumulative distribution function. Existing distributional RL methods use step func-
tions (Dabney et al., 2018b,a; Zhou et al., 2020) or piece-wise linear functions (Zhou et al.,
2021) to represent the quantile, which have limited representation ability. Some of them
also su�er from quantile crossing issue, which will be discussed later in Chapter 3.
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1.2 Risk Measures and Risk-Averse RL

The demand for avoiding risk in decision making motivates risk-averse RL. For example,
we want to avoid collisions in autonomous driving (Naghshvar et al., 2018), or avoid huge
�nancial losses in portfolio management (Bj•ork et al., 2014). The classical or risk-neutral
RL methods (Sutton & Barto, 2018) only care about the expectation (or mean) of the
return, where the higher order moments or other statistics of the return are neglected. In
contrast, risk-averse RL optimizes some risk measures of the return instead of optimizing
the mean only.

In this thesis, we focus on two commonly used risk classes, i.e., measure of variability
and tail risk measure. Measure of variability re
ects the dispersion of a random vari-
able, thus it considers theinformation of the whole distribution (we do not consider semi-
deviation in this paper). For example, variance and standard deviation are well known and
common choices for measures of variability. Tail risk measure only cares about the value
of a distribution in its left tail and re
ects the worst case values of a distribution, thus
only partial information of the distribution is considered. Value at risk (VaR) and condi-
tional value at risk (CVaR) are two common examples of tail risk measures. For readers
not familiar with VaR and CVaR, we give a visualization in Fig. 1.4. VaR is the smallest
value if the probability of a random variable larger than this value is no less than a given
threshold (also called a risk level). CVaR is the expected value smaller than VaR. In RL,
a policy's return with low variance indicates a stable performance. While a policy's return
with high CVaR indicates a good performance guarantee even in worst case scenarios.

Usually, users may expect some properties of risk measures, and risk measures satis-
fying some of them are called coherent (Furman et al., 2017). LetM denote the set of
real random variables. Consider a measure� : M ! (�1 ; 1 ] along with the following
properties

ˆ (A) Law-invariance: if X; Y 2 M have the same distributions, then� (X ) = � (Y)

ˆ (A1) Positive homogeneity: � (�X ) = �� (X ) for all � > 0, X 2 M

ˆ (A2) Sub-additivity: � (X + Y) � � (X ) + � (Y) for X; Y 2 M

ˆ (B1) Monotonicity : � (X ) � � (Y) when X � Y, X; Y 2 M

ˆ (B2) Translation invariance: � (X � m) = � (X ) � m for all m 2 R, X 2 M

ˆ (C1) Standardization: � (m) = 0 for all m 2 R
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Figure 1.4: Visualization of VaR and CVaR of a distribution. By choosing a VaR value
at the tail of a distribution, CVaR is the average value of the distribution no larger than
VaR.

ˆ (C2) Location invariance: � (X � m) = � (X ) for all m 2 R, X 2 M

Coherent measure of variability: a measure of variability iscoherent if it satis�es prop-
erties (A), (A1), (A2), (C1) and (C2) (Furman et al., 2017). Standard deviation is coherent
while variance is not since variance does not satisfy (A1). However, variance is still a com-
mon choice in RL given its easy interpretability and computation, which leads to the �eld
of mean-variance RL (see Chapter 4).

Coherent risk measure: a risk measure iscoherent if it satis�es properties (A1), (A2),
(B1) and (B2). CVaR is coherent while VaR is not (whose de�nitions will be given in
Chapter 5). CVaR is often preferred to VaR in RL since CVaR considers the expectation
of the tail while VaR is like a chance constraint.

Optimizing risk of the total return, e.g., variance and CVaR, in RL is not easy due
to the lack of time consistency, i.e., optimizing risk at each step is not consistent with
optimizing risk of the total return. As a result, the well developed value-based risk-neutral
RL algorithms can not be directly applied, e.g., Bellman equation (Eq. 2.6). The most
straightforward way to optimize variance or CVaR is still policy gradient. The idea of policy
gradient is similar as doing gradient descent to minimize some loss function in supervised
learning. The policy is usually parameterized by a function with some parameters. The
gradient of the objective with respect to policy parameters is computed and the policy
parameters are updated via gradient ascent. For measure of variability, e.g., variance, the
objective is usually maximizing the mean of the total return while minimizing the return
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variance. For tail risk measure, e.g., CVaR, the objective is usually maximizing the CVaR
of total return given a risk level.

Tough the policy gradient for variance is easy to compute, we give a thorough analysis
in Chapter 4 to reveal the issue caused by using variance which leads to unstable policy
update. For tail risk measure, e.g., CVaR, by de�nition, it only uses the tail data of the
return distribution (usually a small portion), thus the sample e�ciency is extremely low
with the majority data being discarded after the policy update.

1.3 Contribution

Based on the brief analysis above, in this thesis, we focus on the following questions:

1. What is an e�cient way to learn quantile functions of value distributions in distri-
butional RL?

2. How to stabilize policy gradient for measure of variability?

3. How to improve sample e�ciency of CVaR policy gradient?

To give answers to these questions, our contributions can be summarized as follows.

1. For distributional RL, we propose a new learning framework to learn quantile func-
tions for value distributions. Speci�cally, our quantile parameterization, inspired by mono-
tonic splines, directly learns a smooth continuous and monotonic quantile function, which
o�ers more 
exibility compared to previous methods. Also, the quantile crossing issue is
avoided thanks to the monotonicity guarantee of our method. We compare our method
with all existing distributional RL methods by the time when this work was published in
several stochastic environments. Particularly, one method named NDQFN (Zhou et al.,
2021) also learns continuous and monotonic quantile function, we compare with this method
under di�erent quantile sampling regimes. Results show that our estimation for quantile
functions enhances distributional RL in terms of faster empirical convergence and higher
rewards in most cases.

2. To optimize measure of variability, we show the commonly used term variance (de-
�ned on both total return and per-step reward) leads to unstable policy updates, and may
fail to learn a reasonable risk-averse policy. This optimization issue is caused by the square
function used by variance. We thoroughly examine the limitations of these variance-based
methods, such as sensitivity to numerical scale and hindering of policy learning, and pro-
pose to use an alternative measure of variability, Gini deviation, as a substitute. Di�erent
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from variance, Gini deviation computes the absolute value of the di�erence between sam-
ples, and Yitzhaki et al. (2003) showed that Gini deviation is superior to variance if the
underlying distribution is far from Gaussian. The corresponding policy gradient algorithm
is derived for optimizing Gini deviation in RL. Since standard deviation (STD) gets rid of
the square term in variance by taking the square root of variance, we also give a discussion
on the policy gradient of STD and a comparison between Gini deviation and STD in the
experiments.

3. To optimize CVaR, generally, the sample e�ciency of CVaR policy gradient is low
and improving sample e�ciency of CVaR optimization is hard due to the following two
facts: 1) according to CVaR gradient formula, the majority of samples do not contribute
to the gradient calculation; 2) the gradient may potentially vanish if the left tail of the
distribution's quantile function is overly 
at. We give a concrete example to reveal this
gradient vanishing issue. To address these challenges, we provide insight that in many do-
mains the risk-averse behavior is only required in a subset of states and agents can behave
akin to a risk neutral agent in the remaining states. We provide a concrete example to
validate this idea. Based on this insight, we propose a simple mixture policy parameter-
ization. This method integrates a risk-neutral policy with an adjustable policy to form
a risk-averse policy. By employing this strategy, all collected trajectories can be utilized
for policy updating which improves sample e�ciency, and the issue of vanishing gradients
is counteracted by stimulating higher returns through the risk-neutral component, thus
lifting the tail and preventing 
atness. Our empirical study reveals that this mixture pa-
rameterization is uniquely e�ective across a variety of benchmark domains. Speci�cally,
it excels in identifying risk-averse CVaR policies in some Mujoco environments where the
traditional CVaR-PG fails to learn a reasonable policy.
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Chapter 2

Reinforcement Learning Background

This chapter introduces some basic background in RL. It is mainly based on the commonly
referred book by Sutton & Barto (2018). We �rst introduce the background of the Markov
decision process (MDP) (Bellman, 1957), which is the main theoretical framework for RL.
We then introduce the value based algorithm and the policy gradient (PG) algorithm,
which are two main stream algorithms in RL. Finally, we introduce the concept of o�ine
RL.

2.1 Markov Decision Process

The interaction between agent and environment is modeled as a MDP (Fig. 1.1), repre-
sented by a tuple (S; A ; P; R; 
; � 0). S and A denote state and action spaces.P(�js; a)
de�nes the state transition dynamics, withP : S�A�S ! [0; 1 ). R is the state and action
dependent reward.
 2 [0; 1] is a discount factor, which controls the importance of rewards
that are closer in time to the agent, and� 0 is the distribution of the initial state. The agent
starts from the initial state S0 � � 0. At any time point t, the agent is in a stateSt and has
to take an action A t according to its policy � , i.e., A t � � (�jSt ), with � : S � A ! [0; 1 ).
Upon taking this action, the agent transits to next stateSt+1 � P(�jSt = st ; A t = at ) and

receives a scalar rewardr sampled fromRt+1
def= R(St ; A t ). We will overload the notation

of R to represent the reward random variable when states and actions are given. For ex-
ample, R(s; a) is the reward random variable when agent takes actiona in a particular
state s, and the scalar valuer (s; a) sampled fromR(s; a) is what the agent actually gets
when it visits state s and takes actiona (some work may treatR(s; a) as a scalar, while
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we treat it as a random variable as a general case). We may also overload the notation of
P to represent the probability of other quantities when the context is clear.

The return random variable at time t, denoted byG�
t is the discounted sum of future

rewards given that actions are selected according to� (we may write Gt for simplicity).

Gt
def= Rt+1 + 
R t+1 + 
 2Rt+3 + :::

= Rt+1 + 
G t+1

(2.1)

Thus, the random variableG0 indicates the return starting from the initial state following
� . The goal of the agent (in a risk-neutral setting) is to maximize the expected value of
G0, i.e.,

max
�

E[G0] (2.2)

Note that the choice of
 and whether the summation in Eq. 2.1 goes to in�nity will
lead to di�erent considerations for the problem de�ned in Eq. 2.2. Usually,
 = 0 is not
particularly studied since the agent is myopic in being concerned only with maximizing
immediate rewards. When
 > 0, we can write Eq. 2.1 in a more uni�ed way as

Gt =
TX

k= t+1


 k� t � 1Rk (2.3)

When T 6= 1 , 
 can equal to 1. This is often called an episodic task. WhenT = 1 ,

 is set to be smaller than 1 to ensureGt is bounded. This is often called a discounted
continuing task. The undiscounted continuing task, also known as the average reward
setting, i.e., T = 1 and 
 = 1, is also possible, but requires di�erent techniques to solve,
which is outside the scope of this thesis.

In this thesis, we focus on the discounted continuing task, i.e.,T = 1 and 
 2 (0; 1).
For on-policy policy gradient methods, sometimes we are unable to sample a trajectory
with T = 1 . In this case, it is a discounted episodic task, and we can regard it as a special
case of the discounted continuing task by treating the reward to be 0 when timet > T .

It is usually convenient to de�ne the value function to represent the expected return
the agent can get when it is in some status. The state value function is de�ned as

V � (s) def= E[Gt jSt = s; � ] (2.4)

The state-action value function is de�ned as

Q� (s; a) def= E[Gt jSt = s; At = a; � ] (2.5)
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2.2 Value-based Method

The value-based method usually refers to the approaches that only estimate the value
functions in Eq. 2.4 or 2.5, and extract a policy from the value function accordingly, e.g.
taking argmax over the action space (when the action space is discrete). For simplicity of
expression, we consider the state and action spaces as discrete. The basic idea is that, the
optimal policy, i.e., the solution to Eq. 2.2, should achieve the maximumQ value for each
state-action pair. We can consider this through counter examples. Suppose a trajectory
the agent can get under� is (s0; a0; s1; a1; :::), if the value of Q� (st ; at ) is not the maximum
and can be increased, it will in turn increase the value ofQ� (s0; a0) (we may think E[G0]
is estimated byQ� (s0; a0)), which means� is not the optimal policy.

De�ne the optimal state-action value function asQ� (s; a) def= arg max� Q� (s; a). Q� (s; a)
satis�es the Bellman optimality equation as (Bellman, 1966)

Q� (s; a) = E[R(s; a)] + 

X

s0

P(s0js; a) max
a0

Q� (s0; a0) (2.6)

Based on this equation, one can de�ne the Bellman optimality operator as

8s 2 S; a 2 A T Q(s; a) = E[R(s; a)] + 

X

s0

P(s0js; a) max
a0

Q(s0; a0) (2.7)

The Bellman optimality operator in Eq. 2.7 is known as a contraction mapping in the sense
that

kT Q1 � T Q2k1 � 
 kQ1 � Q2k1 (2.8)

for any Q function Q1 and Q2. This contraction property can be proved based on Banach
�xed-point theorem (Banach, 1922).

To interpret the Bellman optimality operator, consider that we initialize a state-action
value table with jSj � jAj entries. To update the value for everyQ(s; a), while we do not
have a direct target as in supervised learning, we can push our value estimate towards the
target given byE[R(s; a)]+ 


P
s0 P(s0js; a) maxa0 Q(s0; a0), which is known as thetemporal

di�erence (TD) target . This procedure is guaranteed to recover the optimalQ� (s; a)
for each (s; a) when it converges. To extract the optimal policy, one can simply do� � (s) =
arg maxa Q� (s; a).
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2.2.1 Q Learning

The above example to recoverQ� is based on the Bellman optimality operator, which
requires the full knowledge of the reward and transition function of the MDP, and works
on the whole state-action space at a time. In real RL problems, agents only get point
samples, which are (st ; at ; r (st ; at ); st+1 ) tuples during the interaction. Thus, in practice
agents can only updateQ functions based on these point samples, instead of the whole
state-action space at a time as done in Eq. 2.7.

To update with point samples, usually the learning process is that we choose a learning
rate � t and update theQ value after observing some transition data, i.e.,

Qt+1 (st ; at )  Qt (st ; at ) + � t (st ; at )
h
r (st ; at ) + 
 max

at +1
Qt (st+1 ; at+1 ) � Qt (st ; at )

i
(2.9)

where 0� � t (st ; at ) � 1 is the step size. Eq. 2.9 is also known asQ learning. The following
theorem shows thatQ learning converges to the optimal valueQ� under some conditions.

Theorem 1 Given a �nite MDP, the Q learning algorithm, with the update rule in Equa-
tion 2.9 converges with probability 1 to the optimal Q function as long as

X

t

� t (s; a) = 1
X

t

� 2
t (s; a) < 1 (2.10)

for all (s; a) 2 S � A .

Proof. See the proof by Jaakkola et al. (1993).

2.2.2 Deep Q Learning

To leverage the advancement of deep learning, deepQ learning or deepQ network (DQN) (Mnih
et al., 2013) uses a deep neutral network as function approximator for theQ function.
When interacting with the environment, the transition samples are stored in a bu�erB.
To update the Q function, a mini batch of f (s; a; r(s; a); s0)g is sampled from the bu�er,
and the parameters of theQ function is updated to minimize the squared TD error

L 2(� ) = E(s;a;r (s;a);s0)�B

h
r (s; a) + 
 max

a0
Q� � (s0; a0) � Q� (s; a)

i 2
(2.11)
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where � is the training parameter of theQ function, � � is the target network parameter
which is updated periodically with the most recent� .

DQN has shown super human performance in video games (Mnih et al., 2013). There
are several follow up works of DQN, e.g., dueling DQN (Wang et al., 2016), double
DQN (Van Hasselt et al., 2016) to stabilize and improve the performance of DQN.

2.3 Policy Gradient Method

Recall that the goal is to solve the maximization problem in Eq. 2.2. A straightforward
way is doing gradient ascent to maximizeE[G0] with respect to the parameter of policy� .
This is similar as doing gradient descent to minimize a loss function in supervised learning.

Denote the policy by� � (ajs), i.e., the probability of choosing actiona in state s, where
� denotes the policy parameters. Here we are interested in computingr � E[G0]. This
gradient is given in Chapter 13 of the book by Sutton & Barto (2018) by calculating
r � V � (s0) (since V � (s0) estimatesE[G0]). We give another method based on Monte Carlo
sampling, i.e., sampling trajectories from the environment.

Given a policy� � , by executing this policy, we get a trajectory� = ( s0; a0; r1; s1; a1; :::rT ; sT ),
with the return of this trajectory R� = r1 + 
r 2 + ::: + 
 T � 1rT . Note that E[G0] = E� [R� ],
thus r � E[G0] = r � E� [R� ]

r � E� [R� ] = r �

X

�

P(� ; � )R� =
X

�

R� P(� ; � )
r � P(� ; � )

P(� ; � )

=
X

�

R� P(� ; � )r � logP(� ; � ) = E� [R� r � logP(� ; � )]
(2.12)

where we applied the equality thatr � log(x) = 1
x r � x. At this point, we still need to com-

pute the log probability of the trajectory, i.e., logP(� ; � ). The probability of a trajectory
is de�ned as

P(� ; � ) = � (s0)
T � 1Y

t=0

h
� � (at jst )P(st+1 jst ; at )

i
(2.13)

Thus, the logarithm is

logP(� ; � ) = log � (s0) +
T � 1X

t=0

h
log� � (at jst ) + log P(st+1 jst ; at )

i
(2.14)
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whose gradient is

r � logP(� ; � ) = r �

T � 1X

t=0

log� � (at jst ) (2.15)

Combining Eq. 2.12 and 2.15, the policy gradient is

r � E� [R� ] = E�

h
R� r �

T � 1X

t=0

log� � (at jst )
i

(2.16)

The gradient in Eq. 2.16 has high variance. The variance can be reduced by the following
two commonly used techniques. First, there exists cross time terms in Eq. 2.16. Recall
that R� = r1 + 
r 2 + ::: + 
 T � 1rT . Thus there exist terms ofr i r � log� � (aj jsj ) with i < j .
Those terms can be removed. One simple explanation is that actions executed at later
time steps will not e�ect the rewards received earlier. In practice, the expectation of those
terms is zero, thus removing them can reduce variance. DenoteR�;t

def=
P T

t0= t+1 
 t0� t � 1r t ,
i.e., the return starting from time t of trajectory � . Removing those cross time terms yields

r � E� [R� ] = E�

hT � 1X

t=0

r � log� � (at jst )
 tR�;t

i
(2.17)

Second, the termR�;t in Eq. 2.17 can be regarded as the Monte Carlo estimation of
Q� (st ; at ). Based on the concept of control variate, we can subtractV � (st ) from it to
reduce variance, sinceV � (st ) = Eat Q

� (st ; at ), which results in

r � E� [R� ] = E�

hT � 1X

t=0

r � log� � (at jst )
 t
�
R�;t � V � (st )

� i
(2.18)

Eq. 2.18 is more often known as REINFORCE with baseline, whereV � (st ) is the baseline.
In practice, we need another function to estimate this baseline.

Remark . The algorithm REINFORCE with baseline in Eq. 2.18 is also derived in
Chapter 13.4 of Sutton & Barto (2018). However, the readers who are familiar with RL
may �nd there is a 
 t term that does not appear in commonly used forms of policy gradient.
To understand this, de�ne the unnormalized discounted state visitation distribution as

� � (s) def=
T � 1X

t=0


 tPr(St = sj�; P ) (2.19)
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By replacing R�;t with Q� (st ; at ), the gradient in Eq. 2.18 equals to

Est � � � (�);at � � � (�j st )

h
r � log� � (at jst )(Q� (st ; at ) � V � (st ))

i
(2.20)

which reveals the commonly used form of policy gradient in the literature. In practice,
most policy gradient methods e�ectively use undiscounted state visitation distributions,
i.e., 
 = 1 for � � (Gu et al., 2017).

2.3.1 Deterministic Policy Gradient

In the above policy gradient, the policy function� � is always modeled as a probability
distribution over actions. Deterministic policy gradient (DPG) instead de�nes the policy
as a deterministic function, i.e.,a = � � (s), and aims to generalize the policy gradient from
a stochastic policy to a deterministic one. The gradient is given by (Silver et al., 2014)

r � E[G0] = Es� � � (�)

h
r � � � (s)r aQ� (s; a)ja= � � (s)

i
(2.21)

Readers may refer to Silver et al. (2014) for the proof. For an intuitive interpretation of
this gradient, we can think of it as di�erentiating the Q-function (using the chain rule)

r � Es� � � (�)

h
Q� (s; � � (s))

i
(2.22)

Thus, doing gradient ascent maximizesEs� � � (�) [Q� (s; � � (s))]. Recall that in value-based
approaches, the optimal action is a greedy maximization of the state-action value, i.e.,
� (s) = arg maxa Q(s; a). When greedy action is hard to compute, e.g., action space is
continuous, a simple and computationally attractive alternative is to move the policy in
the direction of the gradient ofQ, rather than globally maximizing Q.

2.3.2 O�-Policy Policy Gradient

Both policy gradients described in Eq. 2.18 and 2.21 are on-policy policy gradients, i.e.,
the state is sampled from� � (�) induced by the current policy� . It is often the case that we
have trajectories generated by another behavior policy �� and try to optimize � with the
data we have. Under the o�-policy setting, the objective to maximize is slightly di�erent
from the on-policy setting, which is given by (Degris et al., 2012)

J (� ) =
X

s

� �� (s)
X

a

� � (ajs)Q� � (s; a) (2.23)
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The gradient is

r � J (� ) = r � Es� � �� (�)

hX

a

Q� � (s; a)� � (ajs)
i

� Es� � �� (�)

hX

a

Q� � (s; a)r � � � (ajs)
i

= Es� � �� (�);a� �� (�j s)

h� � (ajs)
�� (ajs)

Q� � (s; a)r � log� � (ajs)
i

(2.24)

The approximation in the second line of Eq. 2.24 ignores the term� � (ajs)r � Q� � (s; a) since
r � Q� � (s; a) is hard to compute in reality. However, Eq. 2.24 still guarantees a policy
improvement, which is justi�ed by Degris et al. (2012).

When a policy is deterministic, the objective function is thus

J (� ) =
X

s

� �� (s)Q� � (s; � � (s)) (2.25)

whose gradient is (Silver et al., 2014)

r � J (� ) � Es� � �� (�)

h
r � � � (s)r aQ� � (s; a)ja= � � (s)

i
(2.26)

Again, the term that depends onr � Q� � (s; a) is ignored.

2.3.3 Policy Gradient with Deep Learning

In deep RL, the policy can be modeled by a deep neutral network. For a stochastic policy,
when the action space is discrete, the policy is usually a categorical distribution; when the
action space is continuous, a Gaussian distribution is a common choice, whose mean and
standard deviation are the outputs of a neutral network. For a deterministic policy, the
policy is just a one-to-one mapping from states to actions.

Here we brie
y introduce some well-known deep PG algorithms.

On-Policy . REINFORCE with a baseline is de�nitely one of the most important
algorithms, which is introduced in Eq. 2.18. By representing policy and baseline functions
with deep neutral networks, it is then incorporated with the deep learning framework.
Trust region policy optimization (TRPO) (Schulman et al., 2015) sets a constraint that
ensures the updated policy stays close to the previous policy to ensure stability. Proximal
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policy optimization (PPO) (Schulman et al., 2017) uses a simple clip ratio function to
approximately achieve the constraint in TRPO.

O�-Policy . Deep deterministic policy gradient (DDPG) (Lillicrap et al., 2016b) is the
deep learning version of the o�-policy DPG in Eq. 2.26. With the help of the deep learning
framework, it is convenient to compute the gradient of theQ function with respect to
actions. TD3 (Fujimoto et al., 2018) enhanced DDPG by learning twoQ functions and
taking the minimum value of them to address function approximation errors in DDPG.
Soft actor critic (SAC) (Haarnoja et al., 2018) is based on maximum entropy RL, and is
mathematically di�erent from the policy gradients introduced in this chapter. Interested
readers may refer to Haarnoja et al. (2018) for details.

2.4 O�ine Reinforcement Learning

The methods discussed above are all online RL methods, i.e., there is an online environ-
ment that agents can interact with. In practice, the environment is usually provided as
a simulator, i.e., Atari games (Bellemare et al., 2013), Mujoco (Todorov et al., 2012), or
real world simulators like Commonroad (Wang et al., 2021). In many real world applica-
tions, directly interacting with the environment is expensive or impossible. For example, it
is dangerous to directly learn autonomous driving policies using real cars on the highway.
Though using simulator for policy learning is safe, developing accurate simulators for every
real world domains is challenging.

Compared with learning policies from scratch via trials in interactive domains, usually,
the data generated by other users is relatively easy to collect. For example, it is easy to
collect the driving behavior of taxi drivers in a city by installing some tracking system on
the vehicles. Thus, we can consider learning autonomous driving policies from the collected
data instead of interacting with the environment.

Learning a policy directly from a �xed dataset without interacting with the environment
is called o�ine RL. The challenge of learning a policy from a dataset only is that the dataset
may not have full coverage of all actions. Thus, greedy decisions based on the learnedQ
values as in Eq. 2.9 is problematic especially when theQ value is an overestimate for
out-of-distribution actions (Fujimoto et al., 2019).

O�ine RL methods can be broadly categorized into value-based, policy-based, and
model-based approaches. Value-based methods, such as conservativeQ learning (Kumar
et al., 2020) and its variants, learn a value function from the data and use it to derive
policies. To avoid selecting out-of-distribution actions, theQ values of out-of-distribution
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actions are underestimated. Policy-based methods, including behavioral cloning and im-
itation learning (Fujimoto & Gu, 2021), directly optimize policies based on the observed
behavior. Model-based methods leverage the data to learn a model of the environment
dynamics, which can be used for planning or policy improvement (Yu et al., 2020). Since
o�ine RL is not the main focus of this thesis, and it only contributes to a component of
the algorithm proposed in Chapter 5, we only provide a brief review in this section.
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Chapter 3

Distributional Reinforcement
Learning with Monotonic Splines

3.1 Introduction

As introduced in Chapter 2, a fundamental problem in traditional value-based RL is to
estimate the expectation of future returns (Mnih et al., 2015; Van Hasselt et al., 2016).
However, due to the stochastic environment transition dynamics and stochastic policies,
the future return is naturally a random variable. Distributional RL di�ers from traditional
RL by also taking into account the intrinsic randomness of returns (Morimura et al., 2010;
Bellemare et al., 2017). To do so, distributional RL algorithms estimate the underlying
distribution of the total return random variable. In contrast, traditional value-based RL
algorithms focus only on the mean of the random variable.

Distributional RL o�ers several advantages over traditional value-based RL that com-
putes only expected returns. The distribution of returns enables risk-sensitive RL by facili-
tating the optimization of other statistics than just the mean of the returns (Dabney et al.,
2018a; Martin et al., 2020). Even when we stick to maximizing the mean of the returns,
the distribution o�ers a more reliable and robust way of computing the expectation, which
has led to a series of records on the Atari benchmark among value-based non-distributed
RL techniques (Bellemare et al., 2017; Dabney et al., 2018a,b; Hessel et al., 2018; Yang
et al., 2019; Zhou et al., 2020; Nguyen et al., 2021). Intuitively, while it is su�cient to
represent an expected return by a single mean value, errors due to �nite samples and
function approximations can be reduced by "canceling" each other when multiple sample
returns or quantile values are used. This is similar to the bene�ts of ensemble learning
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techniques although, strictly speaking, distributional RL is not an ensemble RL technique.
In fact, distributional RL has been combined with ensemble learning and truncated critic
predictions to mitigate the overestimation bias in continuous control (Kuznetsov et al.,
2020).

One key aspect of distributional RL algorithms is the parameterization of return dis-
tributions. In Categorical DQN (C51) (Bellemare et al., 2017), the return distributions
are limited to categorical distributions over a �xed set of discrete values. It is also shown
that the distributional Bellman operator is a contraction under the maximal form of the
Wasserstein metric, but in practice, C51 optimizes the cross-entropy loss with a Cram�er-
minimizing projection (Rowland et al., 2018). To bridge the gap between theoretical anal-
ysis and algorithmic implementation, quantile regression (QR)-based distributional RL
algorithms (Dabney et al., 2018a,b; Yang et al., 2019; Zhou et al., 2020) estimate a �nite
number of quantile values instead of the distribution of returns since quantile regression
can easily use the Wasserstein metric as the objective. In fact, the Wasserstein metric is
approximately minimized by optimizing the quantile Huber loss (Huber, 1992) between
the Bellman updated distribution and the current return distribution.

Although with an in�nite number of quantiles, the step quantile function in those
quantile regression based methods will approximate the full quantile function arbitrarily
closely, in practice, it is infeasible to have in�nite quantiles in most existing architectures.
In addition, the quantile crossing issue, recently pointed out and solved by (Zhou et al.,
2020), was ignored by previous distributional RL techniques. The issue is that if no global
constraint is applied, the quantile values estimated by a neural network at di�erent quantile
levels are not guaranteed to satisfy monotonicity, which can distort policy search and a�ect
exploration during training (Zhou et al., 2020).

In this chapter, we propose to learn a continuous representation for quantile func-
tions based on monotonic rational-quadratic splines (Gregory & Delbourgo, 1982). The
monotonic property of these splines naturally solves the quantile crossing issue described
above. Furthermore, unlike step functions or piecewise linear functions that provide a
crude approximation in each bin, monotonic splines provide a more 
exible and smooth
approximation. With su�ciently many knots, splines can approximate any quantile func-
tion arbitrarily closely. We compare empirically our spline-based technique with other
quantile-based methods in stochastic environments. We demonstrate that our method of-
fers greater accuracy in terms of quantile approximation, faster convergence during training
and higher rewards at test time.

Remark . Tough distributional RL captures the intrinsic uncertainty of the environ-
ment, in this chapter, we consider policy learning in risk-neutral setting, i.e., maximizing
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the expected return (Eq. 2.2).

3.2 Background: Distributional RL

For a policy � , the discounted sum of returns starting from states by taking action a is
denoted as a random variableZ � (s; a) def=

P 1
t=0 
 tR(St ; A t ), where S0 = s, A0 = a, St+1 �

P(�jSt ; A t ), and A t � � (�jSt ). The Q value de�ned in Chapter 2 isQ� (s; a) = E[Z � (s; a)].
In most deep RL studies,Q is approximated by a neural network. To updateQ, Q learning
trains the network iteratively to minimize the squared temporal di�erence (TD) error in
Eq. 2.11.

Instead of learning the scalarQ(s; a), distributional RL considers the distribution over
returns (the law ofZ ) to capture the aleatoric uncertainty. A similar distributional Bellman
operator for Z can be derived as (Bellemare et al., 2017)

T � Z � (s; a) D= R(s; a) + 
Z � (S0; A0); (3.1)

with S0 � P(�js; a), A0 � � (�jS0), and X D= Y indicates that random variablesX and Y
follow the same distribution. In theory, Bellemare et al. (2017) proved the distributional
Bellman operator is a contraction in the maximal ofp-Wasserstein metric (see Lemma 3
of Bellemare et al. (2017))

Wp(X; Y ) =
� Z 1

0
jF � 1

X (! ) � F � 1
Y (! )jpd!

� 1=p
; (3.2)

where F � 1 is the quantile function (inverse cumulative distribution function). Following
this theory, a series of distributional RL algorithms have been proposed based on quantile
regression to estimateF � 1 at precisely chosen quantile levels, such that the Wasserstein
metric is approximately minimized.

For a random variableZ with cumulative distribution function FZ (z) = P(Z � z), the
� -level quantile ofZ is minf zjFZ (z) � � g; � 2 (0; 1]. For a given quantile level�� and value
v, the quantile regression loss is expressed as

EZ

h� �� I f Z>v g + (1 � �� )I f Z<v g

�
jZ � vj

i
(3.3)

The gradient is
EZ

h
�� I f Z>v g � (1 � �� )I f Z<v g

i
(3.4)
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Similar to the Q learning algorithm in Eq. 2.9, we can only use point samples to
do quantile regression. Suppose the return variableZ (st ; at ) is represented by a set of
quantiles f � 1(st ; at ); :::; � N (st ; at )g, corresponding to quantile levelsf � 1; � 2; :::; � N g. The
return variable for the next state-actionZ(st+1 ; at+1 ) is represented by a set of quantiles
f � 1(st+1 ; at+1 ); :::; � N (st+1 ; at+1 )g. The gradient in Eq. 3.4 leads to the update rule

� t+1
i (st ; at )  � t

i (st ; at ) +
� t (st ; at )

N

NX

j =1

(� i � I f r (st ; at ) + 
 � t
j (st+1 ; at+1 ) < � t

i (st ; at )g)

(3.5)

Theorem 2 (Theorem 5.1 in Rowland et al. (2023)) Given a �nite MDP, consider
the quantile update rule in Eq. 3.5 with non-negative step sizes satisfying

1X

t=0

� t (st ; at ) = 1 ; � t = o(1=logt) (3.6)

Then � k converges almost surely to the set of �xed points with probability 1.

Remark . The distributional Bellman operator in Eq. 3.1 is in the policy evaluation
setting, i.e., the policy � is given and �xed. It is di�erent from the Bellman optimality
operator in Eq. 2.7 where there is a maximum for the nextQ value. The contraction
property for the random variable of Eq. 3.1 is thus in the policy evaluation setting. If we
apply a similar greedy action selection forS0 for Eq. 3.1, i.e.,

T Z (s; a) D= R(s; a) + 
Z (S0; A0); A0 = arg max
a0

E[Z(S0; a0)]; (3.7)

then we can only expect a contraction forE[Z ], e.g., see Lemma 4 of Bellemare et al.
(2017).

In this chapter, we focus on the control problem in risk neutral setting, i.e., Eq. 3.7.

In addition, users can only perform quantile regression with limited quantile points in
practice. In this case, we may think the random variableZ is projected to a quantile
distribution space. The projected distributional Bellman operator is still a contraction
mapping (see Proposition 2).
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3.2.1 Quantile Regression based Methods

Di�erent distributional RL methods consider di�erent parameterization of quantiles. In
QR-DQN (Dabney et al., 2018b), the random return is approximated by a uniform mixture
of N Diracs

Z � (s; a) =
1
N

NX

i =1

� � i (s;a) ; (3.8)

with each � i set to a �xed quantile level, �̂ i = � i � 1+ � i

2 for 1 � i � N , and � i = i=N . The
quantile estimation is performed by minimizing the quantile Huber loss (Huber loss is for
the purpose of making the loss function smooth), with threshold�

1
N

NX

i =1

NX

j =1

� �
�̂ i

(� ij ) (3.9)

on the pairwise TD error � ij = r + 
 � j (s0; a0) � � i (s; a), where

� �
� (� ) = j� � I �< 0jL � (� ); with

L � (� ) =

(
1
2 � 2; j� j � �

� (j� j � 1
2 � ); otherwise:

(3.10)

Based on QR-DQN, Dabney et al. (2018a) proposed to sample quantile levels from a
base distribution, e.g.� 2 U([0; 1]) rather than �xing them. They built an implicit quantile
network (IQN) to learn mappings from sampled probability embeddings to corresponding
quantile values. FQF (Yang et al., 2019) further improves IQN by learning a function to
propose� 's. However, the quantile values generated by neural networks may not satisfy
the non-decreasing property ofF � 1 (known as the quantile crossing issue). This was
recently solved by NC-QR-DQN (Zhou et al., 2020), by applying a softmax, followed by
a cumulative sum of the output logits of the neural network 
, and then rescaling by
multiplying a non-negative factor � (s; a) and adding an o�set � (s; a):

� i (s; a) = � (s; a) � � i;a + � (s; a); with

� i;a =
iX

j =0

� j;a ; and � j;a = softmax(
( s)) j;a
(3.11)

One recent method NDQFN (Zhou et al., 2021) further combines the ideas of NC-QR-
DQN and IQN to learn a monotonic function forF � 1 by connecting the neighboring two

22



Figure 3.1: The architecture of DQN, QR-DQN, IQN, and NDQFN. In this �gure, we
assume the size of the action space is 4. The colored dots represent the output value of
the network. DQN only outputs a single value for an action. Distributioanl RL methods
generally output multiple (quantile) values for an action.

monotonic quantile data points with line segments. Di�erent from NC-QR-DQN, NDQFN
generates monotonic quantile values by �rst learning a baseline value and then adding
non-negative increments.

We brie
y show the architecture of di�erent quantile based distributional RL methods
in Fig. 3.1. Suppose the size of the action space is 4. DQN (Mnih et al., 2013) outputs 4
scalar values, one for each action to represent theQ value, i.e.,Q(s; a). QR-DQN (Dabney
et al., 2018b) outputsN values for each action dimension, to represent the quantile values
of Z (s; a). QR-DQN assumes theseN quantile values are uniformly spaced. IQN (Dabney
et al., 2018a) instead samples the quantile level from uniform(0,1), and embeds the quantile
level as input to output corresponding quantile values. NDQFN (Zhou et al., 2021) assumes
a �xed quantile level set (� 1; :::� n ) and outputs the corresponding quantile values. Then
piece-wise linear interpolation is applied. The output layer of NC-QR-DQN (Zhou et al.,
2020) is the same as QR-DQN, and the architecture of FQF (Yang et al., 2019) is similar
to IQN, which are not shown in the �gure.
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3.2.2 Other Distributional Methods

Other recent methods investigate di�erent metrics for the distributional Bellman operator.
Moment matching, generally parameterized as the maximum mean discrepancy (MMD)
between two sample sets in a reproducing Hilbert kernel space (Gretton et al., 2012), is
adopted by Nguyen et al. (2021) to propose moment matching DQN (MM-DQN). The
MMD loss with kernel � is derived as:

d2
� (f � i g; f  i g) =

1
N 2

X

i;j

� (� i ; � j ) +
1

M 2

X

i;j

� ( i ;  j ) �
2

NM

X

i;j

� (� i ;  j ); (3.12)

wheref � i gN
i =1 � Z (s; a) and f  i gM

i =1 � R(s; a) + 
Z (S0; A0).

It is worth noting that the theoretical analysis by Nguyen et al. (2021) shows the
distributional Bellman operator under MMD is not a contraction with commonly used
Gaussian kernels or exp-prod kernels. It is a contraction only when the kernel function is
shift invariant and scale sensitive.

Categorical distributional RL was also combined with policy gradient to obtain the
Reactor algorithm (Gruslys et al., 2018) for discrete control and the Distributed Distribu-
tional Deep Deterministic Policy Gradient (D4PG) algorithm (Barth-Maron et al., 2018)
for continuous control. Subsequently, Singh et al. (2020) replaced categorical return dis-
tributions by samples in Sample-based Distributional Policy Gradient (SDPG), yielding
improved sample e�ciency. The return distribution can also be represented by a gen-
erative network trained by adversarial training (in the same way as GANs) to minimize
temporal di�erences between sampled returns (Doan et al., 2018; Freirich et al., 2019).
While most distributional RL techniques compute state-action return distributions, Li &
Faisal (2021) proposed the Bayesian Distributional Policy Gradient (BDPG) algorithm
that computes state return distributions and uses inference to derive a curiosity bonus.
In another line of work, Tessler et al. (2019) introduced the Distributional Policy Opti-
mization (DPO) framework in which an agent's policy evolves towards a distribution over
improving actions.

3.3 Learning a Return Distribution via Monotonic
Splines

Our method is originally motivated by NC-QR-DQN, where a special architecture is de-
signed for the last layer of the neural network to satisfy the monotonicity ofF � 1. The
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output represents the estimated quantile values at chosen quantile levels. One drawback
of discretization is that a precise approximation forF � 1 may need in�nite levels. But in
practice, one can only use �nite quantile levels to estimate quantile values for decision
making. In this work, we propose to learn a dense approximation forF � 1 using monotonic
rational-quadratic splines (Gregory & Delbourgo, 1982) as a building block.

3.3.1 Quantile Approximation with Monotonic Rational Quadratic
Splines

Monotonic splines produce a monotonic interpolation to a set of monotonic data points
(called knots) f (xk ; yk)gK

k=0 , which has been recently used as a transformation function
in normalizing 
ows (Durkan et al., 2019; Dolatabadi et al., 2020). Furthermore, denote
f dkgK

k=0 , a set of positive numbers, as the derivative of each knot. The monotonic rational-
quadratic splines aim to �nd rational-quadratic functions with form f k(x) = Ok (x)

Pk (x) to �t
the points and derivatives in each interval (called bin) [xk ; xk+1 ], where Ok and Pk are
quadratic functions (with form ax2 + bx+ c).

Gregory & Delbourgo (1982) suggested to constructOk and Pk as follows. Denote
gk = ( yk+1 � yk)=(xk+1 � xk) and hk(x) = ( x � xk)=(xk+1 � xk) for x 2 [xk ; xk+1 ]. The
expressions for the quadraticOk(hk(x)) and Pk(hk(x)) for the kth bin is de�ned by (usehk

for short of hk(x)):

Ok(hk) = gkyk+1 h2
k + ( ykdk+1 + yk+1 )hk(1 � hk) + gkyk(1 � hk)2

Pk(hk) = gk + ( dk+1 + dk � 2gk)hk(1 � hk)
(3.13)

Then, the rational-quadratic function for the kth bin is computed by the quotient ofOk

and Pk

f k(hk) =
Ok(hk)
Pk(hk)

= yk +
(yk+1 � yk)[gkh2

k + dkhk(1 � hk)]
gk + ( dk+1 + dk � 2gk)hk(1 � hk)

: (3.14)

Equation 3.14 is proven to be monotonic and continuously di�erentiable, while passing
through the knots and satisfying the given derivatives at the knots (Gregory & Delbourgo,
1982).

Proposition 1 (Gregory & Delbourgo (1982)) The function f whose formulation in
k-th bin given by Eq. 3.14 is monotonic on[x0; xK ]
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Proof. Here we assume the derivatives satisfy the necessary conditions for monotonicity,
i.e.,

sgn(dk) = sgn(dk+1 ) = sgn(gk) (3.15)

For x 2 [xk ; xk+1 ],

f 0
k(x) =

P0
k(hk)Qk(hk) � Pk(hk)Q0

k(hk)
(xk+1 � xk)Qk(hk)2

(3.16)

The numerator is

P0
k(hk)Qk(hk) � Pk(hk)Q0

k(hk) = ( xk+1 � xk)g2
k [dk+1 h2

k +2gkhk(1� hk)+ dk(1� hk)2] (3.17)

Sincehk = x� xk
xk +1 � xk

, hk 2 [0; 1]. Thus hk(1 � hk) � 0. Using the necessary condition in
Eq. 3.15, we have

sgn
�

dk+1 h2
k + 2gkhk(1 � hk) + dk(1 � hk)2

�
= sgn(gk) (3.18)

which shows the spline function is monotonic.

The fact that spline functions satisfy the end point values (yk ; yk+1 ) and derivatives
(dk ; dk+1 ) is easy to check by settingx = xk and x = xk+1 .

The monotonicity of the above splines �ts the non-decreasing property ofF � 1. Let
F � 1

Z (s;a)(� ) be the quantile function for the random variable of the discounted total return
Z(s; a) with � 2 [0; 1]. Given the number of binsK , the aims of the spline approximator
for F � 1

Z (s;a) are threefold. First, propose a partition for the domain of de�nition [0; 1] with
� 0 < ::: < � k < ::: < � K . Here � 0 = 0 and � K = 1. Second, estimate the corresponding
quantile valuesq0 < ::: < q k < ::: < q K . Third, assess the derivatives at those points with
d0; :::; dk ; :::; dK . We give a small �xed positive value ford0 and dK as they are assigned
with endpoints. After the generation of these three sets of statistics, the monotonic spline
of each bin is given by Equation 3.14 (by replacingxk by � k and yk by qk).

3.3.2 Model Implementation

We now show how to learn the monotonic splines for quantile functions in distributional
RL by neural networks, and we name the techniquespline DQN(SPL-DQN). As shown in
Figure 3.2, the SPL-DQN consists of three major components, including aFeature Extractor
which extracts latent features from a state, aKnots Logit Network which, for each action,
generates the logits of the widths and heights forK bins, and derivatives forK � 1 inner
knots, and aBin Scale Networkwhich recovers the heights in [0; 1] to the original quantile
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Figure 3.2: System Flow of SPL-DQN architecture

range. Here we describe the model for a discrete action space of sizejAj . To use monotonic
splines in continuous control, the model can be modi�ed by taking state-action pairs as
input and only producing knots for that state-action pair.

The Feature Extractor F is usually made up of multiple convolutional layers with
subsequent fully-connected layers for image-like inputs or stacked fully-connected layers for
non-image inputs. It produces the feature embeddingF (s) 2 Rd of states. Then the Knots
Logit Network W mapsF (s) to unconstrained logitsv with dimension jAj � (3K � 1) using
a fully-connected layer. The vectorva for each actiona is partitioned asva = [ vW

a ; vH
a ; vD

a ],
where vW

a and vH
a have lengthK , and vD

a has lengthK � 1. Instead of directly learning
� k;a and qk;a associated with each monotonic knot, we propose to learn the normalized
width and height of each bin. Here, vectorsvW

a and vH
a are each passed through a softmax

function and are interpreted as the normalized widths and heights. VectorvD
a is regarded

as the derivatives, and is passed through a softplus function to satisfy monotonicity.

With the width and height of each bin, � k;a and qk;a of each knot can be easily calculated
by a cumulative sum. Since the values ofvW

a and vH
a fall into [0; 1], each� k;a (k > 0) is

computed by

� k;a =
kX

i =1

vW
i;a ; k = 1; :::; K ; a = 1; :::; jAj (3.19)

without rescaling as the domain of a quantile function is [0; 1] (� 0;a = 0 by de�nition).
To compute eachqk;a , another transformation is required to rescalevH

a to a range corre-
sponding to the true quantile values. Inspired by NC-QR-DQN, we introduce theBin Scale
Network to generate two adaptive scale factors� and � by applying a fully connected layer
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C: Rd ! RjAj� 2 to the state embeddingF (s). We compute the exponential of� to ensure
the total bin height is positive. Then q0;a = � a and for k > 0, qk;a is computed by

qk;a = exp( � a) �
kX

i =1

vH
i;a + � a; k = 1; :::; K ; a = 1; :::; jAj (3.20)

3.3.3 Approximate Wasserstein Metric Minimization

When using continuous approximations of the quantile functions, there are several choices
to compute the integral of the Wasserstein metric between two quantile functions. We can
try to calculate the integral directly, but this is not straightforward for rational-quadratic
functions since the integral rarely has a closed form. Alternatively, we can calculate the
Riemann integral, but this leads to a loss function analogous to the L1-norm, which may
cause instability in training. Thus, in this work, we perform quantile regression (Koenker
& Hallock, 2001) in a projected space to approximately minimize the Wasserstein metric.

Let ~� = ( ~� 0; :::; ~� N ) be a �xed sequence of non-decreasing quantile levels (note that the
set ~� is di�erent from the x-values of knots in Section 3.3.1 to partition the [0; 1] domain,
which are learned by the neural network. In our experiments, we let~� be uniformly �xed),
we project the monotonic spline quantile functionf to a quantile distribution spaceZQ by
computing

Zq(s; a) =
NX

i =1

(~� i � ~� i � 1)� q̂i (s;a) ; (3.21)

where each ^qi (s; a) is the corresponding quantile value at the quantile level̂� i =
~� i � 1+ ~� i

2

given by f (�̂ i ) with 1 � i � N . To computef (�̂ i ), we �rst search which bin �̂ i lies in. Then
the value is returned by the corresponding spline function givenhk(�̂ i ) as input. In this
case, the optimal value distributionZ is achieved by minimizing the 1-Wasserstein metric
with Zq

W1(Z (s; a); Zq(s; a)) =
NX

i =1

Z ~� i

~� i � 1

jF � 1
Z (s;a)(! ) � q̂i (s; a)jd!; (3.22)

which is equivalent to �nding a projection operator � W1 such that

� W1 Z := arg min
Zq2Z Q

(Z; Z q): (3.23)
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Furthermore, Dabney et al. (2018b) shows that the unique minimizer of this operator is
given by

F � 1
Z (s;a)(�̂ i ) = q̂i (s; a); �̂ i =

~� i � 1 + ~� i

2
(3.24)

Proposition 2 (Proposition 2 in Dabney et al. (2018b)) Let � W1 be the quantile pro-
jector de�ned above. When applied to value distributions, it gives a projection for each
state-value distribution. For any two value distributionsZ1; Z2 2 Z for an MDP with
countable state and action spaces,

d1 (� W1 T � Z1; � W1 T � Z2) � 
 d1 (Z1; Z2); (3.25)

wheredp(Z1; Z2) = sups;a Wp(Z1(s; a); Z2(s; a)) and Z is the space of action-value distri-
butions with �nite moments.

Proposition 2 suggests that after projectingf to Zq, the operator � W1 T � is a 
 -
contraction under the measured1 and the repetition of this operator converges to a �xed
point in spaceZQ.

Based on Proposition 2, the ultimate goal is to estimate quantile values in Equation 3.24
for F � 1

Z (s;a) using quantile regression in each training batch. In our implementation, we

uniformly �x ~� = ( ~� 0; :::; ~� N ) to be consistent with QR-DQN and NC-QR-DQN, which
leads to the same quantile Huber loss as shown in Equations 3.9 and 3.10. However, the
advantage of our method over QR-DQN and NC-QR-DQN is that we can freely enrich
the density of ~� to get a better estimation of the quantile function without increasing the
size of the model architecture, while QR-DQN and NC-QR-DQN must enlarge the output
dimension of their models to get more quantile estimates. Since we can freely query quantile
values at any quantile level, quantile level embedding as done in IQN and FQF is no longer
necessary in our method.

Remark : Although one recent method, NDQFN, also learns continuous monotonic
quantile functions, our method is di�erent from NDQFN in three aspects. First, thex-
values of those monotonic knots, i.e.,� 0; :::; � K , are uniformly �xed in NDQFN, while they
are trainable in our method. Second, by also learning the derivatives at each knot, we get
a smooth interpolation over the entire domain, while NDQFN connects those knots with
line segments, which has limited approximation ability. Third, to get the increments of
y-values of those knots, i.e.,q0; :::; qK , NDQFN learns a function taking the quantile level
embeddings, i.e., the embeddings of corresponding� s, as input, while we do not calculate
increments but use a scale network as discussed in Section 3.3.2.
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Figure 3.3: (a) Windy Gridworld, with wind strength shown along bottom row. The detial
of the domain is described in text. (b) & (c) The quantile functions for value distribution
of the cyan square state and yellow circle state by MC, SPL-DQN (SPL), NC-QR-DQN
(NC-QR), NDQFN, and QR-DQN (QR).

To demonstrate the monotonicity and approximation strength of our method in stochas-
tic environments, we plot the quantile functions learned by SPL-DQN, NC-QR-DQN,
NDQFN, and QR-DQN in a variant of the classic Windy Gridworld domain (Sutton &
Barto, 2018). In Figure 3.3a, the agent starts at the yellow circle state and makes stan-
dard moves in a gridworld to reach the red 
ag. A reward of� 1 is earned at each step.
Some columns are a�ected by some wind blowing from bottom to top. The orange line
shows the optimal trajectory without stochasticity. We set each state transition to have
probability 0.1 of moving in a random direction without any wind e�ect, otherwise the tran-
sition is a�ected by the wind, which pushes the agent northward. All methods here use the
same training settings and similar network architectures as discussed in Appendix A.1.1.
We compute the ground truth value distribution for an optimal policy (learned by pol-
icy iteration) at each state by performing one thousand Monte-Carlo (MC) rollouts and
recording the observed returns as an empirical distribution. Then we transform the em-
pirical distribution to the quantile function as the baseline. Here we show case the learned
quantile functions at cyan square state and yellow circle state (start state) as shown in
Figures 3.3b and 3.3c.

All these four methods eventually learn the optimal policy, however their quantile ap-
proximations are quite di�erent. Without constraints, quantile functions given by QR-DQN
clearly violate the monotonic property, which is known as the quantile crossing issue (Zhou
et al., 2020). Although NC-QR-DQN applies monotonic constraints, the estimated quan-
tile range is biased towards smaller values according to the quantile functions given by MC,
and we observe that the quantile functions learned by NC-QR-DQN are straight lines for
some states, e.g. cyan square state, which means that it fails to learn the value distribution
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Figure 3.4: The learned quantile functions at the green square state. The detail of the
Windy Gridworld is described in text.

in those states, and in turn this leads to a biased estimation for the start state. The reason
for this biased estimation is that in NC-QR-DQN, when rescaling the quantile range in
Equation 3.11, a ReLU function is imposed to the coe�cient� to ensure it is non-negative.
However, this often sets� to zero and the quantile distribution will only depend on the
shift parameter � (which leads to a straight line). In this case, the value distribution
cannot be precisely captured. For NDQFN, its quantile approximation at the goal nearing
state (cyan square state) is close to SPL-DQN , but it overestimates the quantile range
at the start state. We also observe the overestimation issue of NDQFN at another state
in the middle of the orange line trajectory as shown in Fig. 3.4. Though still exhibiting
estimation errors, the quantile functions learned by SPL-DQN are often the closest to the
ground truth.

3.4 Experiments

While most previous distributional RL algorithms were evaluated with Atari games from
the Arcade Learning Environment (ALE), it was noted that the ALE is deterministic (Belle-
mare et al., 2017) and therefore questionable as a benchmark to evaluate distributional
algorithms that are designed to capture environment stochasticity when there is none.
However, we note that sticky actions can be used in Atari games to introduce stochas-
ticity in policies (Machado et al., 2018) and this regime was used to evaluate IQN and
FQF (Yang et al., 2019). When the environment is deterministic, value distributions still
arise due to stochastic policies, stochastic approximations and random parameter initial-
ization, but the resulting value distributions tend to be simple and close to deterministic.
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It is also well-known that deterministic environments possess optimal policies that are
open-loop and therefore ignore observations (Machado et al., 2018; Koul et al., 2019). In
practice, it is often desirable to train controllers with simulators in which noise is injected
to increase the robustness of the learned policies in case of discrepancies between the sim-
ulator and the real world. Hence, in this work, we modify several robotics environments
by adding stochasticity, including one discrete environment from OpenAI Gym (Brockman
et al., 2016b) and nine continuous environments from PyBulletGym (Ellenberger, 2018{
2019). We compare our method with QR-DQN, IQN, FQF, NC-QR-DQN, MM-DQN, and
NDQFN. For MM-DQN, we used the unrecti�ed Kernel � � (x; y) = �jj x � yjj � with � = 1
(parameter taken from Nguyen et al. (2021)) instead of the Gaussian kernel recommended
by the authors when they tested on Atari games since the unrecti�ed kernel gave better
results in the robotics benchmarks used in this thesis. For a fair comparison, we made
sure the sameFeature Extractor architecture was used in di�erent models. To simplify
acronyms, we omit -DQN when referring to a method in what follows.

3.4.1 Computing QR Loss in Di�erent Methods

We �rst brie
y summarize how di�erent QR-based distributional RL methods sample quan-
tile values when computing the QR loss. Since the QR loss is computed in a time di�erence
manner, we will needN current quantile samplesf q1

i g; i = 1; :::; N and N 0 target quantile
samplesf q2

i g; i = 1; :::; N 0 corresponding to two quantile level setsf � 1
i g; i = 1; :::; N and

f � 2
i g; i = 1; :::; N 0. Without loss of generalization, we considerN = N 0. Here we discuss

the case with discrete actions, and denote the action space byjAj .

For discrete quantile approximations, including QR-DQN, NC-QR-DQN, IQN, and
FQF, in order to get N quantile samples for each action, the output dimension of the
model is jAj � N for an input state. For QR-DQN and NC-QR-DQN, f � 1

i g and f � 2
i g are

assumed to be uniformly spaced. For IQN,f � 1
i g and f � 2

i g are independently drawn from a
uniform distribution U([0; 1]). For FQF, f � 1

i g and f � 2
i g are proposed by a quantile fraction

network.

For methods that learn a continuous approximation of the quantile function, including
SPL-DQN and NDQFN, the output (for an input state) consists of knots with shape
jAj � (K + 1) when the domain is divided into K bins. For SPL-DQN, it learns thex, y
values, and derivatives of those knots. A smooth continuous function with closed form is
obtained in each bin. When sampling quantile values to compute the QR loss, SPL-DQN
uniformly �xes f � 1

i g and f � 2
i g, and f q1

i g and f q2
i g are obtained by querying the closed form

with f � 1
i g and f � 2

i g as inputs. For NDQFN, it only learns they-values of those knots, and
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Figure 3.5: Performance comparison in stochastic Cartpole. Each curve is averaged over 5
seeds with shaded area indicating standard error.

the x-values of the knots are uniformly spaced. The continuous function is constructed
by connecting neighboring knots with linear functions. When sampling quantile values to
compute the QR loss, NDQFN drawsf � 1

i g and f � 2
i g from a uniform distribution U([0; 1])

independently, andf q1
i g and f q2

i g are obtained by querying the linear functions in each
bin.

3.4.2 Discrete control in Cartpole

We begin our experimental results in a stochastic environment with a discrete action space
modi�ed from Cartpole (Florian, 2007). The system is controlled by a force of +1 or
� 1 applied to the cart. A reward of +1 is returned if the pole remains upright. We set
each state transition to have probability 0.05 of moving to a neighboring state to make
the environment stochastic. The QR-based methods useN = 8 quantiles to compute the
QR loss. MM-DQN usesN = M = 8 samples. More training details are provided in
Appendix A.1.2.

As the episode rewards may vary signi�cantly due to stochasticity, to better re
ect the
training process, we de�ne the running score as a soft update of episode rewards:

running score= 0:99� running score+ 0:01� episoderewards (3.26)

Figure 3.5 shows the running score curves for stochastic Cartpole. In general, SPL
learns much faster (faster empirical convergence) than its counterparts. As discussed be-
fore, SPL can freely increase the number of quantiles when performing quantile regression
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without enlarging the output dimension of the model. We further increase the number
of quantiles to 24 to compute the QR loss while keeping the number of bins unchanged
(K = 8 and N = 24), yielding the curve labeled 'SPL1' in Figure 3.5. This curve shows
that approximately minimizing the Wasserstein metric with more quantiles leads to bet-
ter quantile approximations and increases the learning speed and performance of SPL. As
NDQFN also learns continuous quantile functions, we do the same experiment (K = 8
and N = 24) for NDQFN, whose training curve is labeled by 'NDQFN1' in Figure 3.5(b)
(to make the comparison clear, we show this in another �gure). Although its training
performance improves, SPL withN = 24 is still better.

Table 3.1: Noise settings for di�erent environments in PyBulletGym

Environments Noise
InvertedPendulum N (0; 0:02)

InvertedDoublePendulum N (0; 0:01)
InvertedPendulumSwingup N (0; 0:05)

Reacher N (0; 0:01)
Walker2D N (0; 0:005)

HalfCheetah N (0; 0:005)
HalfCheetah1 N (0; 0:008)
HalfCheetah2 N (0; 0:01)

Ant N (0; 0:01)
Hopper N (0; 0:003)

Humanoid N (0; 0:003)

3.4.3 Continuous control in PyBulletGym

PyBulletGym provides RoboSchool1, which is a free port of MuJoCo2. The state of these
environments contains joint information of a robot and an action is a multi-dimensional
continuous vector. We take nine environments from RoBoSchool and make them stochastic
by introducing Gaussian noiseN (�; � ) to both the location and velocity of each part of
the robot, with � = 0 and � varying in di�erent environments. We choose a reasonable�
for each environment such that robots won't exhibit unrealistic motion. That is, for noise
sensitive environments, such as Walker2D and Humanoid, we use a smaller� , and for

1https://openai.com/blog/roboschool/
2http://www.mujoco.org
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relatively easy tasks, like InvertedPendulumSwingup, we choose a bigger one. The noise
setting for di�erent environments is shown in Table 3.1 in the appendix.

To evaluate on continuous control tasks, we combine distributional RL with DDPG (Lil-
licrap et al., 2016a) by modifying the critic, as done by Zhang & Yao (2019). Instead of
learning Q, the critic learns the distribution Z directly. To handle continuous actions, the
critic takes state-action pairs as input. As an exception, for the Humanoid environment,
we combine distributional RL with SAC (Haarnoja et al., 2018) due to the fact that DDPG
is not as good as SAC for this environment. To update the actor in DDPG and SAC, the
expectation ofQ values is computed as the expectation of quantile samples given by the
distributional critic. We refer to the original papers for hyperparameter settings, which
are discussed in Appendix A.1.3. We also include raw DDPG and SAC as baselines.

Figure 3.6 shows the running score curves given by Equation 3.26 for these stochastic
environments. Generally, the training performance varies among di�erent approaches in
di�erent environments, however, in most cases, the quantile regression based methods who
learn monotonic quantile representations are better than those whose quantile representa-
tions have no monotonicity guarantee, which clari�es that the quantile crossing issue can
distort policy learning as pointed out by Zhou et al. (2020). Especially, for SPL, apart
from Reacher and InvertedPendulumSwingup, it always converges faster and performs bet-
ter during training. For InvertedPendulumSwingup, SPL performs comparably to NC-QR.
Although NDQFN also learns continuous monotonic quantile functions, its performance is
even worse than NC-QR in most cases, because NDQFN queries linear functions for quan-
tile samples when computing QR loss, but the approximation ability of piecewise linear
function is very limited. For methods with no monotonic quantile guarantee, we notice
that although IQN is the best in Reacher, it performs worse in InvertedPendulum and
Humanoid during training.

To further demonstrate the ability of our method to handle uncertainty of the environ-
ment, we slightly increase the noise in HalfCheetah toN (0; 0:008) (labeled by HalfChee-
tah1) and N (0; 0:01) (labeled by HalfCheetah2). The training curves in these two envi-
ronments are shown in Figure 3.7. On average, QR and MM for DDPG behave poorly
in these three HalfCheetah variants. The enhanced randomness of environments degrades
the training performance of SPL, but SPL is generally faster and better than NC-QR and
IQN, thanks to more precise quantile approximations.

During training, Ornstein-Uhlenheck noiseOU(� 0; � 0) (Uhlenbeck & Ornstein, 1930) is
utilized when selecting actions to induce exploration in DDPG. At the evaluation stage,
the methods are executed with only exploitation (without action noise). We test the
best models we get after training for each method, and the testing score across di�erent
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Table 3.2: Scaled testing scores across di�erent stochastic environments. Scores are aver-
aged over 4 seeds.

Environments MM QR FQF IQN NDQFN NC-QR SPL
InvertedPendulum 0.911 0.940 0.953 0.970 0.992 0.9690.999

InvertedDoublePendulum 0.814 0.978 0.975 0.967 0.990 0.9931.019
InvertedPendulumSwingup 0.461 0.945 0.223 0.944 1.091 1.1451.179

Reacher -1.501 0.412 -10.5464.269 3.416 4.241 2.972
Walker2D 0.503 0.661 0.585 1.375 0.776 1.7323.142

HalfCheetah 0.731 1.084 0.809 2.122 1.039 2.9323.004
HalfCheetah1 0.763 0.897 0.859 1.764 1.156 2.1582.633
HalfCheetah2 0.834 0.855 0.773 1.741 1.231 1.8122.21

Ant 0.871 2.283 0.345 2.403 2.388 3.0453.321
Hopper 0.689 0.868 0.671 0.960 0.893 1.4051.609

Humanoid 1.077 1.409 0.035 0.044 1.108 1.5581.640

environments are shown in Table 3.2. We test all DDPG based agents without Ornstein-
Uhlenheck noise for 0.125 million frames, and SAC based agents for 2.5 thousand episodes.
We treat DDPG and SAC scores as baselines and scale other methods' scores by them, i.e.

method scaledtest score=
method raw test score

DDPG=SAC raw test score
(3.27)

Apart from Reacher, SPL outperforms its counterparts in all other domains. For the
�rst two environments, although the training performances vary signi�cantly among dif-
ferent methods, the testing scores of their best models are close to each other. For most
remaining environments, the testing scores of SPL and NC-QR are signi�cantly better than
other methods.

Di�erent sampling regimes of SPL and NDQFN

Since both SPL and NDQFN learn continuous quantile function, di�erent sampling strate-
gies can be applied to sample quantiles forQR loss. As discussed in Sec. 3.4.1, in the
original paper of NDQFN, it samples quantile levelsf � i g from U(0; 1) as done in IQN.
While our method SPL �xes quantile levelf � i g as uniformly spaced as done in QR-DQN.
However, NDQFN can also use uniformly spaced quantile levels, and SPL can also use
quantile levels sampled fromU(0; 1).
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In Fig. 3.8, we label the learning curve by SPL-rnd to denote the SPL with quantile
levels sampled fromU(0; 1), and label the curve by NDQFN-uni to denote the NDQFN
with uniformly spaced quantile levels. In general, there is no clear advantage of on sampling
strategy over the other, e.g., in Reacher, SPL-rnd is better than SPL (which is actually
SPL-uni), but in Ant, SPL (SPL-uni) is better than SPL-rnd. But SPL outperforms
NDQFN in both training regimes. Note that though original SPL does not work well in
the Reacher domain, SPL-rnd instead, achieves a comparable result as the best method,
i.e., IQN, in this domain.

3.5 Summary

Based on previous works in distributional RL, in this chapter, we propose a more gen-
eral and precise approximation for quantile functions using monotonic rational-quadratic
splines. With a monotonic continuous representation of the quantile function, the quantile
value at every quantile level is accessible during training, yielding greater accuracy. In the
windy gridworld domain, the learned value distribution is closer to the ground truth com-
pared with other distributional RL methods. In stochastic robotics domain, our method
leads to higher expected returns. Particularly, comparing with piece-wise linear function
interpolation in NDQFN, our rational quadratic spline parameterization performs better
in most cases.
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Figure 3.6: Performance comparison in stochastic RoboSchool. Each curve is averaged by
7 seeds. The �rst eight environments are solved with DDPG. The last one is assigned to
SAC.
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Figure 3.7: Performance comparison in two stochastic HalfCheetahs with enhanced ran-
domness.

Figure 3.8: Performance comparison of SPL and NDQFN when trained with uniformly
spaced quantile fractions or random quantile fractions sampled fromU([0; 1]) in eight
environments with DDPG as the baseline
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Chapter 4

Optimizing Measure of Variability in
RL: Gini Deviation as an Alternative
to Variance

4.1 Introduction

Although learning a value distribution is discussed in Chapter 3, it remains in the risk-
neutral setting. The demand for avoiding risks in practical applications has inspired
risk-averse reinforcement learning (RARL). For example, we want to avoid collisions in
autonomous driving (Naghshvar et al., 2018), or avoid huge �nancial losses in portfolio
management (Bj•ork et al., 2014). In these cases, we would like to optimize a risk measure
of the total return instead of maximizing the expectation only.

Many risk measures have been studied for RARL, for instance, exponential utility
functions (Borkar, 2002), value at risk (VaR) (Chow et al., 2017), conditional value at
risk (CVaR) (Chow & Ghavamzadeh, 2014; Greenberg et al., 2022), and variance (Tamar
et al., 2012; La & Ghavamzadeh, 2013). In this chapter, we mainly focus onmeasures
of variability , where variance is a popular choice, as variance has advantages in inter-
pretability and computation (Markowitz & Todd, 2000; Li & Ng, 2000). Such a paradigm
is referred to as mean-variance RL. Traditional mean-variance RL methods consider the
variance of the total return random variable. Usually, the total return variance is treated
as a constraint to the RL problem, i.e., it is lower than some threshold (Tamar et al.,
2012; La & Ghavamzadeh, 2013; Xie et al., 2018). Recently, Bisi et al. (2020) proposed a
reward-volatility risk measure, which considers the variance of the per-step reward random
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variable. Bisi et al. (2020) shows that the per-step reward variance is an upper bound of
the total return variance and can better capture the short-term risk. Zhang et al. (2021)
further simpli�es Bisi et al. (2020)'s method by introducing Fenchel duality.

Directly optimizing total return variance is challenging. It either necessitates double
sampling (Tamar et al., 2012) or calls for other techniques to avoid double sampling for
faster learning (Tamar et al., 2012; La & Ghavamzadeh, 2013; Xie et al., 2018). As for the
reward-volatility risk measure, Bisi et al. (2020) uses a complicated trust region optimiza-
tion due to the modi�ed reward's policy-dependent issue. Zhang et al. (2021) overcomes
this issue by modifying the reward according to Fenchel duality. However, this reward
modi�cation strategy can possibly hinder policy learning by changing a \good" reward to
a \bad" one, which we discuss in detail in this work.

To overcome the limitations of variance-based risk measures, we propose to use a new
measure of variability: Gini deviation (GD). We �rst review the background of mean-
variance RL. Particularly, we explain the limitations of both total return variance and
per-step reward variance risk measures. We then introduce GD as a dispersion measure for
random variables and highlight its properties for utilizing it as a measure of variability in
policy gradient methods. Since computing the gradient using the original de�nition of GD
is challenging, we derive the policy gradient algorithm from its quantile representation to
minimize it. To demonstrate the e�ectiveness of our method in overcoming the limitations
of variance-based risk measures, we modify several domains (Guarded Maze (Greenberg
et al., 2022), Lunar Lander (Brockman et al., 2016a), Mujoco (Todorov et al., 2012)) where
risk-aversion can be clearly veri�ed. We show that our method can learn risk-averse policy
with high return and low risk in terms of variance and GD, when others fail to learn a
reasonable policy.

4.2 Background: Mean-Variance RL

Mean-variance RL aims to maximizeE[G0] and additionally minimize its varianceV[G0](Tamar
et al., 2012; La & Ghavamzadeh, 2013; Xie et al., 2018). Generally, there are two ways to
de�ne a variance-based risk. The �rst one de�nes the variance based on the Monte Carlo
total return G0. The second de�nes the variance on theper-step reward R. We review
these methods and their limitations in the following subsections. We will refer to� , � �

and � interchangeably throughout this chapter when the context is clear.
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4.2.1 Total Return Variance

Methods proposed by Tamar et al. (2012); La & Ghavamzadeh (2013); Xie et al. (2018)
consider the problem

max
�

E[G0]; s:t : V[G0] � � (4.1)

where � indicates the user's tolerance of the variance. Using the Lagrangian relaxation
procedure (Bertsekas, 1997), we can transform it to the following unconstrained optimiza-
tion problem: max� E[G0] � � V[G0], where � is a trade-o� hyper-parameter. Note that
the mean-variance objective is in general NP-hard (Mannor & Tsitsiklis, 2011) to opti-
mize. The main reason is that although variance satis�es a Bellman equation, it lacks the
monotonicity of dynamic programming (Sobel, 1982).

Double Sampling in total return variance. We �rst show how to solve uncon-
strained mean-variance RL via vanilla stochastic gradient. Suppose the policy is pa-
rameterized by � , de�ne J (� ) = E� [G0] and M (� ) := E�

�
(
P 1

t=0 
 tR(St ; A t ))2
�
, then

V[G0] = M (� ) � J 2(� ). The unconstrained mean-variance objective is equivalent to
J� (� ) = J (� ) � �

�
M (� ) � J 2(� )

�
, whose gradient is

r � J� (� t ) = r � J (� t ) � � r � (M (� ) � J 2(� )) (4.2)

= r � J (� t ) � �
�
r � M (� ) � 2J (� )r � J (� )

�
(4.3)

The unbiased estimates forr � J (� ) and r � M (� ) can be estimated by approximating the
expectations over trajectories by using a single set of trajectories as discussed in Sec-
tion 2.3, i.e., r � J (� ) = E� [R� ! � (� )] and r � M (� ) = E� [R2

� ! � (� )], where R� is the return
of trajectory � and ! � (� ) =

P
t r � log� � (at jst ). In contrast, computing an unbiased esti-

mate for J (� )r � J (� ) requires two distinct sets of trajectories to estimateJ (� ) and r � J (� )
separately, which is known as double sampling.

Remark. Some work claims that double sampling cannot be implemented without
having access to a generative model of the environment that allows users to sample at least
two next states (Xie et al., 2018). This is, however, not an issue in our setting where we
allow sampling multiple trajectories. As long as we get enough trajectories, estimating
J (� )r � J (� ) is possible.

Still, di�erent methods were proposed to avoid this double sampling for faster learning.
Speci�cally, Tamar et al. (2012) considers the setting
 = 1 and considers an unconstrained
problem:

max
�

L1(� ) = E[G0] � �g
�
V[G0] � �

�
(4.4)
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where� > 0 is a tunable hyper-parameter, and penalty functiong(x) = (max f 0; xg)2. This
method produces faster estimates forE[G0] and V[G0] and a slower updating for� at each
episode, which yields a two-time scale algorithm. La & Ghavamzadeh (2013) considers the
setting 
 < 1 and converts Formula 4.1 into an unconstrained saddle-point problem:

max
�

min
�

L2(�; � ) = � E[G0] + �
�
V[G0] � �

�
(4.5)

where � is the dual variable. This approach uses a perturbation method and a smoothed
function method to compute the gradient of value functions with respect to policy pa-
rameters. Xie et al. (2018) considers the setting
 = 1, and introduces Fenchel duality
x2 = max y(2xy � y2) to avoid the term J(� )r � J (� ) in the gradient. The original problem
is then transformed into

max
�;y

L3(�; y ) = 2 y
�
E[G0] +

1
2�

�
� y2 � E[G2

0] (4.6)

wherey is the dual variable.

Limitations of Total Return Variance. The presence of the square termR2
� in the

mean-variance gradientr � M (� ) = E� [R2
� ! � (� )](Equation 4.2) makes the gradient estimate

sensitive to the numerical scale of the return, as empirically veri�ed later. This issue is
inherent in all methods that require computingr � E[G2

0]. Users can not simply scale the
reward by a small factor to reduce the magnitude ofR2

� , since when scaling reward by a
factor c, E[G0] is scaled byc but V[G0] is scaled byc2. Consequently, scaling the reward
may lead to di�erent optimal policies being obtained.

4.2.2 Per-step Reward Variance

A recent perspective uses per-step reward varianceV[R] as a proxy forV[G0]. The proba-
bility mass function of R is

Pr(R = x) =
X

s;a

d� (s; a)I r (s;a)= x (4.7)

whereI is the indicator function, and

d� (s; a) = (1 � 
 )
1X

t=0


 tPr(St = s; At = aj�; P ) (4.8)
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is the normalized discounted state-action distribution. Then we haveE[R] = (1 � 
 )E[G0]
and V[G0] � V[R]

(1� 
 )2 (see Lemma 1 of Bisi et al. (2020)). Thus, Bisi et al. (2020) considers
the following objective

Ĵ� (� ) = E[R] � � V[R] = E[R � � (R � E[R])2] (4.9)

This objective can be cast as a risk-neutral problem in the original MDP, but with a new
reward function r̂ (s; a) = r (s; a) � �

�
r (s; a) � (1 � 
 )E[G0]

� 2
. However, thisr̂ (s; a) is non-

stationary (policy-dependent) due to the occurrence ofE[G0], so standard risk-neutral RL
algorithms cannot be directly applied. Instead, this method uses trust region optimiza-
tion (Schulman et al., 2015) to solve.

Zhang et al. (2021) introduces Fenchel duality to Equation 4.9. The transformed ob-
jective is

Ĵ� (� ) = E[R] � � E[R2] + � max
y

(2E[R]y � y2) (4.10)

which equals to

max
�;y

J� (�; y ) =
X

s;a

d� (s; a)
�
r (s; a) � �r (s; a)2 + 2�r (s; a)y

�
� �y 2 (4.11)

The dual variable y and policy � are updated iteratively. In each inner loopk, y has
analytical solution yk+1 =

P
s;a d� k (s; a)r (s; a) = (1 � 
 )E� k [G0] since it is quadratic fory.

After y is updated, learning� is a risk-neutral problem in the original MDP, but with a
new modi�ed reward

r̂ (s; a) = r (s; a) � �r (s; a)2 + 2�r (s; a)yk+1 (4.12)

Since ^r (s; a) is now stationary, any risk-neutral RL algorithms can be applied for policy
updating.

Limitations of Per-step Reward Variance. 1) V[R] is not an appropriate
surrogate for V[G0] due to fundamentally di�erent implications. Consider a simple
example. Suppose the policy, the transition dynamics and the rewards are all deterministic,
then V[G0] = 0 while V[R] is usually nonzero unless all the per-step rewards are equal.
In this case, shifting a speci�c step reward by a constant will not a�ectV[G0] and should
not alter the optimal risk-averse policy. However, such shift can lead to a big di�erence
for V[R] and may result in an invalid policy as we demonstrated in later example.2)
Reward modi�cation hinders policy learning. Since the reward modi�cations in Bisi
et al. (2020) (Equation 4.9) and Zhang et al. (2021) (Equation 4.12) share the same issue,
here we take Equation 4.12 as an example. This modi�cation is likely to convert a positive
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reward to a much smaller or even negative value due to the square term, i.e.� �r (s; a)2. In
addition, at the beginning of the learning phase, when the policy performance is not good,
y is likely to be negative in some environments (sincey relates to E[G0]). Thus, the third
term 2�r (s; a)y decreases the reward value even more. This prevents the agent to visit
the good (i.e., rewarding) state even if that state does not contribute any risk. These two
limitations raise a great challenge to subtly choose the value for� and design the reward
for the environment.

Empirical demonstration of the limitations . Consider a maze problem (a modi�ed
version of Guarded Maze (Greenberg et al., 2022)) in Figure 4.1. Starting from the bottom
left corner, the agent aims to reach the green goal state. The gray color corresponds to
walls. The rewards for all states are deterministic (i.e.,� 1) except for the red state whose
reward is a categorical distribution with mean� 1. The reward for visiting the goal is a
positive constant value. To reach the goal, a risk-neutral agent prefers the path at the
bottom that goes through the red state, butV[G0] will be nonzero. A risk-averse agent
prefers the white path in the �gure even thoughE[G0] is slightly lower, but V[G0] = 0.
Per-step reward variance methods aim to useV[R] as a proxy ofV[G0]. For the risk-averse
policy leading to the white path, ideally, increasing the goal reward by a constant will not
e�ect V[G0], but will make a big di�erence to V[R]. For instance, when the goal reward
is 10, V[R] = 10. When goal reward is 20,V[R] � 36:4, which is much more risk-averse.
Next, consider the reward modi�cation (Equation 4.12) for the goal reward when it is
20. The square term in Equation 4.12 is� 400� . It is very easy to make the goal reward
negative even for small� , e.g., 0:1. We do �nd this reward modi�cation prevents the agent
from reaching the goal in our experiments.

4.3 Gini Deviation as an Alternative of Variance

To avoid the limitations of V[G0] and V[R] we have discussed, in this chapter, we propose
to use Gini deviation as an alternative of variance. Also, since GD has a similar de�nition
and similar properties as variance, it serves as a more reasonable proxy ofV[G0] compared
to V[R].

4.3.1 Gini Deviation: De�nition and Properties

GD (Gini, 1912), also known as Gini mean di�erence or mean absolute di�erence, is de�ned
as follows. For a random variableX , let X 1 and X 2 be two i.i.d. copies ofX , i.e., X 1 and

45



Figure 4.1: A modi�ed Guarded Maze (Greenberg et al., 2022). Red state returns an
uncertain reward (details in text).

X 2 are independent and follow the same distribution asX . Then GD is given by

D[X ] =
1
2

E[jX 1 � X 2j] (4.13)

Variance can be de�ned in a similar way asV[X ] = 1
2E[(X 1 � X 2)2].

Given samplesf x1
i gn

i =1 from X 1 and f x2
j gn

j =1 from X 2. The unbiased empirical estima-
tions for GD and variance are

D̂[X ] =
1

2n2

nX

i =1

nX

j =1

jx1
i � x2

j j

V̂[X ] =
1

2n2

nX

i =1

nX

j =1

(x1
i � x2

j )2

(4.14)

Both risk pro�les aim to measure the variability of a random variable and share similar
properties (Yitzhaki et al., 2003). For example, they are both location invariant, and can be
presented as a weighted sum of order statistics. Yitzhaki et al. (2003) argues that the GD
is superior to the variance as a measure of variability for distributions far from Gaussian.
We refer readers to this paper for a full overview. Here we highlight two properties ofD[X ]
to help interpret it. Let M denote the set of real random variables and letM p, p 2 [1; 1 )
denote the set of random variables whose probability measures have �nitep-th moment,
then
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ˆ V[X ] �
p

3 D[X ] for all X 2 M 2.

ˆ D[cX ] = cD[X ] for all c > 0 and X 2 M .

The �rst property is known as Glasser's inequality Glasser (1962), which showsD[X ] is a
lower bound ofV[X ] if X has �nite second moment. The second one is known as positive
homogeneity in coherent measures of variability Furman et al. (2017), and is also clear
from the de�nition of GD in Equation 4.13. In RL, consideringX is the return variable,
this means GD is less sensitive to the reward scale compared to variance, i.e., scaling the
return will scale D[X ] linearly, but quadratically for V[X ]. We also provide an intuition of
the relation between GD and variance from the perspective of convex order, as shown in
Appendix B.1. Note also that while variance and GD are both measures of variability, GD
is a coherentmeasure of variability (Furman et al., 2017). Sec. 1.2 provides a discussion
of the properties of coherent measures ofvariability, while explaining the di�erences with
coherent measures ofrisk such as conditional value at risk (CVaR).

4.3.2 Signed Choquet Integral for Gini Deviation

This section introduces the concept of signed Choquet integral, which provides an alterna-
tive de�nition of GD and makes gradient-based optimization convenient. Note that with
the original de�nition (Equation 4.13), it can be intractable to compute the gradient w.r.t.
the parameters of a random variable's density function through its GD.

The Choquet integral (Choquet, 1954) was �rst used in statistical mechanics and poten-
tial theory and was later applied to decision making as a way of measuring the expected
utility (Grabisch, 1996). The signed Choquet integral belongs to the Choquet integral
family and is de�ned as:

De�nition 1 (Wang et al. (2020), Equation 1) A signed Choquet integral� h : X !
R; X 2 L 1 is de�ned as

� h(X ) =
Z 0

�1

�
h

�
Pr(X � x)

�
� h(1)

�
dx +

Z 1

0
h

�
Pr(X � x)

�
dx (4.15)

whereL 1 is the set of bounded random variables in a probability space,h is the distortion
function and h 2 H such thatH = f h : [0; 1] ! R; h(0) = 0 ; h is of bounded variationg.
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This integral has become the building block of law-invariant risk measures1 after the work
of Kusuoka (2001); Grechuk et al. (2009). One reason for why signed Choquet integral is of
interest to the risk research community is that it is not necessarily monotone. Since most
practical measures of variability are not monotone, e.g., variance, standard deviation, or
deviation measures in Rockafellar et al. (2006), it is possible to represent these measures
in terms of � h by choosing a speci�c distortion functionh.

Lemma 1 (Wang et al. (2020), Section 2.6) Gini deviation is a signed Choquet inte-
gral with a concaveh given byh(� ) = � � 2 + �; � 2 [0; 1].

This Lemma provides an alternative de�nition for GD, i.e., D[X ] =
R1

�1 h
�
Pr(X �

x)
�
dx; h(� ) = � � 2 + � . However, this integral is still not easy to compute. Here we

turn to its quantile representation for easy calculation.

Lemma 2 (Wang et al. (2020), Lemma 3) � h(X ) has a quantile representation. If
F � 1

X is continuous, then� h(X ) =
R0

1 F � 1
X (1 � � )dh(� ), whereF � 1

X is the quantile function
(inverse CDF) of X.

Combining Lemma 1 and 2,D[X ] can be computed alternatively as

D[X ] = � h(X ) =
Z 1

0
F � 1

X (1 � � )dh(� ) =
Z 1

0
F � 1

X (� )(2� � 1)d� (4.16)

With this quantile representation of GD, we can derive a policy gradient method for
our new learning problem in the next section. It should be noted that variance cannot be
directly de�ned by a � h-like quantile representation, but as a complicated related represen-
tation: V[X ] = suph2H

�
� h(X ) � 1

4kh0k2
2

	
, wherekh0k2

2 =
R1

0 (h0(p))2dp if h is continuous,
and kh0k2

2 := 1 if it is not continuous (see Example 2.2 of Liu et al. (2020)). Hence, such
representation of the conventional variance measure is not readily usable for optimization.

4.3.3 Discussion on Variance, Standard Deviation, and Gini De-
viation

Variance, standard deviation and Gini deviation all describes the variability of a distribu-
tion. Mathematically, they all correspond to the mean of some di�erence between every

1Law-invariant property is one of the popular "�nancially reasonable" axioms. If a functional returns
the same value for two random variables with the same distribution, then the functional is called law-
invariant.
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pair of points. The main di�erence is how this di�erence is computed. Gini deviation uses
L1 distance, standard deviation uses L2 distance and variance uses squared L2 distance.
As a result, Gini deviation is less sensitive to outliers because L1 distance is less sensitive
than L2 distance to outliers. As reveled in Sec. 4.2, using variance (squared L2 distance)
causes the stability issue.

To intuitively interpret the limitations of variance and standard deviation, we give some
examples. When a random variable follows a Gaussian distribution, variance or standard
deviation is the best choice to describe the variability or dispersion of the random variable,
since variance is a parameter of the Gaussian distribution. However, when the underlying
distribution is far from Gaussian, e.g., Pareto distribution, multimodal distribution, then
variance or standard deviation potentially leads to misleading interpretations of the data's
variability. For example, variance or standard deviation is sensitive to the extreme values
in Pareto distribution due to L2 distance. For multimodal distribution, variance is not
su�cient since data are concentrated around several peaks. In the context of RL, the total
return distribution is generally not Gaussian and very likely to contain extreme values or
being multimodal, thus Gini deviation is preferred over variance and standard deviation.

Here we give an analysis of using standard deviation for policy gradients. By tak-
ing the square root of variance, standard deviation gets rid of the square and is positive
homogeneous. Readers may wonder if using standard deviation may stabilize the policy
gradient. First, similar to Gini deviation, standard deviation can also be de�ned using
signed Choquet integral

STD[X ] = sup
h2H 0

Z 1

0
F � 1

X (1 � � )dh(� ) (4.17)

where H 0 = f h 2 H ; h(1) = 0 ;
R1

0 (h0(t))2dt < 1; h is concaveg. It is not convenient to
take gradient due to the supreme over a function space. Second, directly taking gradient
for standard deviation is still possible by using the gradient of variance (since STD[X ] =p

V[X ])

r STD[X ] =
1

2
p

V[X ]
r V[X ] (4.18)

Using the notation in Sec. 4.2.1, the gradient of STD[G0] is (via Monte Carlo sampling)

E� [
R2

� ! (� )

2
p

V[R� ]
] � E� [

R�p
V[R� ]

] � E� [R� ! (� )] (4.19)

where! (� ) includes the gradient of sum of log� . Note that this gradient can be potentially
unbounded since

p
V[R� ] can be very small or be zero. For example, in the maze domain

49



in Sec. 4.5.1, the return of the risk-averse path has zero variance, then the gradient of
standard deviation causes a division by zero error in this domain.

We give a comparison of Gini deviation and standard deviation in the lunarlander
domain in Fig. 4.7.

4.4 Policy Gradient for Mean-Gini Deviation

In this section, we consider a new learning problem by replacing the variance with GD.
Speci�cally, we consider the following objective

max
�

E[G0] � � D[G0] (4.20)

where� is the trade-o� parameter. To maximize this objective, we may update the policy
towards the gradient ascent direction. Computing the gradient for the �rst term has been
widely studied in risk-neutral RL Sutton & Barto (2018). Computing the gradient for the
second term may be di�cult at the �rst glance from its original de�nition, however, it
becomes possible via its quantile representation (Equation 4.16).

4.4.1 Gini Deviation Gradient Formula

We �rst give a general gradient calculation in Proposition 3 for GD of a random variable
Z , whose distribution function is parameterized by� . This is the main contribution of this
chapter. In RL, we can interpret � as the policy parameters, andZ as the return under
that policy, i.e., G0. Denote the Probability Density Function (PDF) of Z as f Z (z; � ).
Given a con�dence level� 2 (0; 1), the � -level quantile of Z is denoted asq� (Z ; � ), and
given by

q� (Z ; � ) = F � 1
Z �

(� ) = inf
�

z : Pr(Z � � z) � �
	

(4.21)

For technical convenience, we make the following assumptions, which are also realistic in
RL.

Assumption 1 Z is a continuous random variable, and bounded in range[� b; b] for all � .

Assumption 2 @
@�i

q� (Z ; � ) exists and is bounded for all� , where� i is the i -th element of
� .
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Assumption 3 @fZ (z;� )
@�i

=fZ (z; � ) exists and is bounded for all�; z . � i is the i -th element of
� .

SinceZ is continuous, the second assumption is satis�ed whenever@@�i
f Z (z; � ) is bounded.

These assumptions are common in likelihood-ratio methods, e.g., see Tamar et al. (2015).
Relaxing these assumptions is possible but would complicate the presentation.

Proposition 3 Let Assumptions 1, 2, 3 hold. Then

r � D[Z � ] = � Ez� Z �

�
r � logf Z (z; � )

Z b

z

�
2FZ � (t) � 1

�
dt

�
(4.22)

Proof. By Equation 4.16, the gradient ofD[Z � ] = � h(Z � ) (h(� ) = � � 2 + �; � 2 [0; 1]) is

r � D[Z � ] = r � � h(Z � ) =
Z 1

0
(2� � 1)r � F � 1

Z �
(� )d� =

Z 1

0
(2� � 1)r � q� (Z ; � )d�: (4.23)

This requires to calculate the gradient for any� -level quantile ofZ � , i.e., r � q� (Z ; � ). Based
on the assumptions and the de�nition of the� -level quantile, we have

Rq� (Z ;� )
� b f Z (z; � )dz =

� . Taking a derivative and using the Leibniz rule we obtain

0 = r �

Z q� (Z ;� )

� b
f Z (z; � )dz =

Z q� (Z ;� )

� b
r � f Z (z; � )dz + r � q� (Z ; � )f Z

�
q� (Z ; � ); �

�
(4.24)

Rearranging the term, we get

r � q� (Z ; � ) = �
Z q� (Z ;� )

� b
r � f Z (z; � )dz �

�
f Z

�
q� (Z ; � ); �

�� � 1
(4.25)

Plugging back to Equation 4.23 gives us an intermediate version ofr � D[Z � ].

r � D[Z � ] = �
Z 1

0
(2� � 1)

Z q� (Z ;� )

� b
r � f Z (z; � )dz �

�
f Z

�
q� (Z ; � ); �

�� � 1
d� (4.26)

To make the integral over� clearer, we rewriteq� (Z ; � ) as F � 1
Z �

(� ), whereFZ � is the CDF.

r � D[Z � ] = �
Z 1

0
(2� � 1)

Z F � 1
Z �

(� )

� b
r � f Z (z; � )dz

1
f Z (F � 1

Z �
(� ); � )

d�
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Switching the integral order, we get

r � D[Z � ] = �
Z b

� b

Z 1

FZ � (z)
(2� � 1)r � f Z (z; � )

1
f Z (F � 1

Z �
(� ); � )

d�dz

= �
Z b

� b
r � f Z (z; � )

Z 1

FZ � (z)
(2� � 1)

1
f Z (F � 1

Z �
(� ); � )

d�dz

(4.27)

Denote t = F � 1
Z �

(� ), then � = FZ � (t). Here, we further change the inner integral from
d� to dFZ � (t), i.e., d� = dFZ � (t) = f Z (t; � )dt. The integral range for t is now from
F � 1

Z �
(FZ � (z)) = z to F � 1

Z �
(1) = b.

r � D[Z � ] = �
Z b

� b
r � f Z (z; � )

Z b

z

�
2FZ � (t) � 1

� 1
f Z (t; � )

dFZ � (t) dz

= �
Z b

� b
r � f Z (z; � )

Z b

z

�
2FZ � (t) � 1

�
dt dz

(4.28)

Applying r � log(x) = 1
x r � x to r � f Z (z; � ), we have

r � D[Z � ] = �
Z b

� b
f Z (z; � )r � logf Z (z; � )

Z b

z

�
2FZ � (t) � 1

�
dt dz

= � Ez� Z �

h
r � logf Z (z; � )

Z b

z

�
2FZ � (t) � 1

�
dt

i (4.29)

4.4.2 Gini Deviation Policy Gradient via Sampling

In a typical application, Z in Section 4.4.1 would correspond to the performance of a
system, e.g., the total returnG0 in RL. Note that in order to compute Equation 4.22, one
needs access tor � logf Z (z; � ): the sensitivity of the system performance to the parameters
� . Usually, the system performance is a complicated function and calculating its probability
distribution is intractable. However, in RL, the performance is a function of trajectories.
The sensitivity of the trajectory distribution is often easy to compute. This naturally
suggests a sampling based algorithm for gradient estimation.

Now consider Equation 4.22 in the context of RL, i.e.,Z = G0 and � is the policy
parameter.

r � D[G0] = � Eg� G0

�
r � logf G0 (g; � )

Z b

g

�
2FG0 (t) � 1

�
dt

�
(4.30)
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To sample from the total return variable G0, we need to sample a trajectory� from the
environment by executing� � and then compute its corresponding returnR� := r1 + 
r 2 +
::: + 
 T � 1rT , wherer t is the per-step reward at timet, and T is the trajectory length. The
probability of the sampled return can be calculated as

f G0 (R� ; � ) = � 0(s0)
T � 1Y

t=0

[� � (at jst )p(r t+1 jst ; at )] (4.31)

The gradient of its log-likelihood is the same as that of

P(� j� ) = � 0(s0)
T � 1Y

t=0

[� � (at jst )p(st+1 jst ; at )] (4.32)

since the di�erence in transition probability does not alter the policy gradient. It is well
known that r � logP(� j� ) =

P T � 1
t=0 r � log� � (at jst ).

For the integral part of Equation 4.30, it requires the knowledge of the CDF ofG0. In
practice, this means we should obtain the full value distribution ofG0, which is usually not
easy. One common approach to acquire an empirical CDF or quantile function (inverse
CDF) is to get the quantile samples of a distribution and then apply some reparameter-
ization mechanism. For instance, reparameterization is widely used in distributional RL
for quantile function estimation. The quantile function has been parameterized as a step
function (Dabney et al., 2018b,a), a piece-wise linear function (Zhou et al., 2021), or other
higher order spline functions (Luo et al., 2022). In this chapter, we use the step function
parameterization given its simplicity. To do so, suppose we haven trajectory samples
f � i gn

i =1 from the environment and their corresponding returnsf R� i g
n
i =1 , the returns are

sorted in ascending order such thatR� 1 � R� 2 � ::: � R� n , then eachR� i is regarded as a
quantile value of G0 corresponding to the quantile level� i = 1

2( i � 1
n + i

n ), i.e., we assume
q� i (G0; � ) = R� i . This strategy is also common in distributional RL, e.g., see Dabney et al.
(2018b); Yue et al. (2020). The largest returnR� n is regarded as the upper boundb in
Equation 4.30.

Thus, given ordered trajectory samplesf � i gn
i =1 , an empirical estimation for GD policy

gradient is

�
1

n � 1

n� 1X

i =1

� i

T � 1X

t=0

r � log� � (ai;t jsi;t ); where� i =
n� 1X

j = i

2j
n

�
R� j +1 � R� j

�
�

�
R� n � R� i

�
(4.33)

We give an example here to show how to estimate the integral of CDF in Eq. 4.30. The
CDF function FG0 is parameterized by a step function given its quantilesf R� i g

n
i =1 , which
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Figure 4.2: An example of parameterizing (inverse) CDF given six quantiles. The function
is highlighted in the bold line of orange color.

satisfy R� 1 � R� 2 � ::: � R� n . An example of the step function is shown in Figure 4.2.
With this parameterization, the integral over CDF can be regarded as the area below the
step function. Thus, for each� i , the integral over CDF is approximated as (R� n is treated
as b)

Z R � n

R � i

2FG0 (t)dt �
n� 1X

j = i

2 �
j
n

�
R� j +1 � R� j

�
(4.34)

which yields the estimation in Eq. 4.33.

The sampled trajectories can be used to estimate the gradient forE[G0] in the mean-
time, e.g., the well known vanilla policy gradient (VPG), which is more often used as
REINFORCE with baseline as in Eq. 2.18. Apart from VPG, another choice to maximize
E[G0] is using PPO (Schulman et al., 2017).

4.4.3 Incorporating Importance Sampling

For on-policy policy gradient, samples are abandoned once the policy is updated, which is
expensive for our gradient calculation since we are required to samplen trajectories each
time. To improve the sample e�ciency to a certain degree, we incorporate importance
sampling (IS) to reuse samples for multiple updates in each loop. For each� i , the IS
ratio is � i =

Q T � 1
t=0 � � (ai;t jsi;t )=� �̂ (ai;t jsi;t ), where �̂ is the old policy parameter whenf � i gn

i =1
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are sampled. Suppose the policy gradient for maximizingE[G0] is REINFORCE baseline.
With IS, the empirical mean-GD policy gradient is

1
n

nX

i =1

� i

T � 1X

t=0

r � log� � (ai;t jsi;t )(gi;t � V (si;t )) +
�

n � 1

n� 1X

i =1

� i � i

T � 1X

t=0

r � log� � (ai;t jsi;t ) (4.35)

wheregi;t is the sum of rewards-to-go as de�ned above.V(si;t ) is the value function. The
�rst part can also be replaced by PPO-Clip policy gradient. Then we have

1
n

nX

i =1

T � 1X

t=0

r � min
� � � (ai;t jsi;t )

� �̂ (ai;t jsi;t )
A i;t ; f (�; A i;t )

�
+

�
n � 1

n� 1X

i =1

� i � i

T � 1X

t=0

r � log� � (ai;t jsi;t ) (4.36)

whereA i;t is the advantage estimate, andf () is the clip function in PPO with � being the
clip range, i.e. f (�; A i;t ) = clip( � � (ai;t jsi;t )

� �̂ (ai;t jsi;t ) ; 1 � �; 1 + � )A i;t .

The extreme IS values� i will introduce high variance to the policy gradient. To stabilize
learning, one strategy is that in each training loop, we only select� i whose � i lies in
[1 � �; 1 + � ], where� controls the range. The updating is terminated if the chosen sample
size is lower than some threshold, e.g.,� � n; � 2 (0; 1). Another strategy is to directly
clip � i by a constant value� , i.e., � i = min( � i ; � ), e.g., see Bottou et al. (2013). In our
experiments, we use the �rst strategy for Equation 4.35, and the second for Equation 4.36.
We leave other techniques for variance reduction of IS for future study. The full algorithm
that combines GD with REINFORCE and PPO is summaried in Algo 1 and 2.

4.5 Experiments

Our experiments were designed to serve two main purposes. First, we investigate whether
the GD policy gradient approach could successfully discover risk-averse policies in scenarios
where variance-based methods tend to fail. To accomplish this, we manipulated reward
choices to assess the ability of the GD policy gradient to navigate risk-averse behavior.
Second, we sought to verify the e�ectiveness of our algorithm in identifying risk-averse
policies that have practical signi�cance in both discrete and continuous domains. We aimed
to demonstrate its ability to generate meaningful risk-averse policies that are applicable
and valuable in practical settings.

Baselines. We compare our method with the original mean-variance policy gradient
(Equation 4.2, denoted as MVO), Tamar's method (Tamar et al., 2012) (denoted as Tamar),
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MVP (Xie et al., 2018), and MVPI (Zhang et al., 2021). Speci�cally, MVO requires multiple
trajectories to computeJ (� )r � J (� ). We use n

2 trajectories to estimateJ (� ) and another
n
2 to estimate r � J (� ), wheren is the sample size. MVPI is a general framework for policy
iteration whose inner risk-neutral RL solver is not speci�ed. For the environment with
discrete actions, we build MVPI on top of Q-Learning or DQN (Mnih et al., 2015). For
continuous action environments, MVPI is built on top of TD3 (Fujimoto et al., 2018) as
in Zhang et al. (2021). We use REINFORCE to represent the REINFORCE with baseline
method. We use MG as a shorthand of mean-GD to represent our method. In each domain,
we ensure each method's policy or value nets have the same neural network architecture.

For policy updating, MVO and MG collect n episodes before updating the policy. In
contrast, Tamar and MVP update the policy after each episode. Non-tabular MVPI up-
dates the policy at each environment step. In hyperparameter search, we use the parameter
search range in MVPI (Zhang et al., 2021) as a reference, making reasonable re�nements
to �nd an optimal parameter setting. Please refer to Appendix B.2 for any missing imple-
mentation details.

4.5.1 Tabular case: Maze Problem

This domain is a modi�ed Guarded Maze (Greenberg et al., 2022) that was previously
described in Section 4.2.2. The original Guarded Maze is asymmetric with two openings
to reach the top path (in contrast to a single opening for the bottom path). In addition,
paths via the top tend to be longer than paths via the bottom. We modi�ed the maze to be
more symmetric in order to reduce preferences arising from certain exploration strategies
that might be biased towards shorter paths or greater openings, which may confound
risk aversion. Every movement before reaching the goal receives a reward of� 1 except
moving to the red state, where the reward is sampled fromf� 15; � 1; 13g with probability
f 0:4; 0:2; 0:4g (mean is � 1) respectively. The maximum episode length is 100. MVO and
MG collect n = 50 episodes before updating the policy. Agents are tested for 10 episodes
per evaluation.

The failure of variance-based baselines under simple reward manipulation.
We �rst set the goal reward to 20. Here, we report the optimal risk-aversion rate achieved
during training. Speci�cally, we measure the percentage of episodes that obtained the
optimal risk-averse path, represented by the white color path in Figure 4.1, out of all
completed episodes up to the current stage of training.

Notice that MVO performs well in this domain when using double sampling to estimate
its gradient. Then we increase the goal reward to 40. This manipulation does not a�ect the
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Figure 4.3: (a) Policy evaluation return and (b,c) optimal risk-aversion rate v.s. training
episodes in Maze. Curves are averaged over 10 seeds with shaded regions indicating stan-
dard errors. For optimal risk-aversion rate, higher is better.

return variance of the optimal risk-averse policy, since the reward is deterministic. However,
the performances of MVO, Tamar, MVP all decrease, since they are more sensitive to the
numerical scale of the return (due to theE[G2

0] term introduced by variance). MVPI is a
policy iteration method in this problem, whose learning curve is not intuitive to show. It
�nds the optimal risk-averse path when the goal reward is 20, but it fails when the goal
reward is 40. An analysis for MVPI is given in Sec. 4.5.1. We compare the sensitivity of
di�erent methods with respect to � in Fig. 4.4.

Analysis for MVPI in Maze (MVPI-Q-Learning)

MVPI-Q-Learning �nds the optimal risk-averse path when goal reward is 20 but fails when
goal reward is 40. Since it is not intuitive to report the learning curve for a policy iteration
method where its reward is modi�ed in each iteration, we give an analysis here.

The value of dual variabley in Equation 4.12 is (1� 
 )E[G0] given the current policy.
Recall that the maximum episode length is 100. At the beginning, when the Q function
is randomly initialized (i.e., it is a random policy), E[G0] =

P 99
t=0 0:999t (� 1) � � 95:2.

Thus y = (1 � 0:999)� (� 95:2) = � 0:0952, the goal reward after modi�cation isrgoal =
20 � 0:2 � 202 + 2 � 0:2 � 20 � y � � 60:7. For the red state, its original reward is
sampled fromf� 15; � 1; 13g. After the reward modi�cation, it becomes sampling from
f� 59:4; � 1:16; � 21:2g. Thus the expected reward of the red state is nowr red = 0:4 �
(� 59:4) + 0:2� (� 1:16) + 0:4� (� 21:2) = � 32:472. Given the maximum episode length is
100, the optimal policy is still the white path in Figure 4.1. (Because the expected return
for the white path is

P 9
t=0 0:999t (� 1) + 0:99910(� 60:7) � � 70. The expected return for

a random walk is
P 99

t=0 0:999t (� 1) � � 95:2. The expected return for the shortest path
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