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Abstract

In this thesis, we design a quantum optimal control protocol to mitigate the noise
in Rydberg atom systems. First, we address the problem of simulating the dynamics of a
single rubidium-87 atom excited to a Rydberg state in the presence of imperfections. Then,
we design an optimal control protocol to mitigate the effect of physical imperfections and
fluctuations in control parameters. This work will be useful for applications in quantum
information processing and quantum simulation.

iii



Acknowledgements

“Teach your students to doubt, to think, to communicate, to question, to make mis-
takes, to learn from their mistakes and most importantly have fun in their learning.” It is
with those words from Richard Feynman that I would like to thank:

First and foremost, my supervisor David Cory for giving me the opportunity to work
and study in his group. The group discussions we had each week broadened my knowledge
and expertise in the areas of quantum information and quantum control.

I would like to thank Jeremy Levick from AIMS who introduced me to the field of
quantum computing.. My deepest and sincere thank to Alexandre Cooper-Roy for the
devotion, time and energy that he has invested to establish the Quantum Simulation Group
in Cory’s Lab. Working with him was one of the greatest experience in my life. The
methodology he used for me to come up with this thesis will always stay in my mind. I
am also so grateful to Jeremy Flannery, who gave me the possibility to deeply understand
quantum concepts; I am so thankful for the great mentor he is.

I would like to thank the Quantum Simulation Group in Cory’s Lab. The insightful
discussions among us helped me a lot to enjoy my learning experience. Thank also to mem-
bers of David Cory’s group, especially Troy Borneman, Maryam Mirkamali who introduced
me to quantum information.

I would like to thank all my University of Waterloo lecturers, especially Joseph Emerson,
Dmitry Pushin, John Yard, Raymond Laflamme, and Chris Wilson. Their lectures helped
me to better understand many new quantum information concepts.

I would not end without sending my great sincere thank to my family for their prayers,
support, love, advice. I thank also my friends Gole, Kongho, Inoussa for their support.

iv



Dedication

I dedicate this thesis to my family especially to my mother.

v



Table of Contents

List of Tables vii

List of Figures viii

1 Simulating the dissipative dynamics of an effective two–level system 1

1.1 Thesis outline and summary of contributions . . . . . . . . . . . . . . . . . 1

1.2 Description of the control problem . . . . . . . . . . . . . . . . . . . . . . 1

1.2.1 Rubidium–87 atoms . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2.2 Master equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.3 Dynamics of a three–level system . . . . . . . . . . . . . . . . . . . 4

1.2.4 Dynamics of an effective two–level system . . . . . . . . . . . . . . 5

1.2.5 Dynamics of an effective two–level system with dissipation . . . . . 6

1.2.5.1 Dissipative physical processes . . . . . . . . . . . . . . . . 6

1.2.5.2 Fluctuations in control parameters . . . . . . . . . . . . . 8

2 Designing an optimal control pulse 11

2.1 Stimulated Raman adiabatic passage (STIRAP) . . . . . . . . . . . . . . . 11

2.2 Superadiabatic transitionless driving (SATD) . . . . . . . . . . . . . . . . . 13

2.3 Quantum Optimal Control (QOC) . . . . . . . . . . . . . . . . . . . . . . . 15

3 Conclusion 18

References 19

vi



List of Tables

1.1 Physical properties of Rydberg atoms . . . . . . . . . . . . . . . . . . . . . 2

vii



List of Figures

1.1 Relevant energy levels of a Rb–87 atom with optical transitions . . . . . . 3

1.2 Probability of exciting a single–atom to a Rydberg state . . . . . . . . . . 4

1.3 Effective two–level dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4 Depopulation rate induced by black–body radiation . . . . . . . . . . . . . 7

1.5 Doppler effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.6 Laser phase noise on a three–level system . . . . . . . . . . . . . . . . . . . 9

1.7 Laser amplitude noise on a three–level system . . . . . . . . . . . . . . . . 10

2.1 Simulation of the three–level system dynamics using STIRAP . . . . . . . 13

2.2 Simulation of the three–level system dynamics using SATD . . . . . . . . . 15

2.3 Optimized � pulse parameters . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.4 Excitation probability for different control protocols . . . . . . . . . . . . . 17

viii



Chapter 1

Simulating the dissipative dynamics
of an e�ective two{level system

This thesis addresses the problem of improving the performance of quantum simulators
using quantum optimal control. In particular, this thesis addresses the problem of exciting
a neutral atom to a Rydberg state using optimal control pulses to mitigate the e�ect of
dissipative physical processes and 
uctuations in control parameters.

1.1 Thesis outline and summary of contributions

In Chapter 1, we address the problem of simulating the dynamics of a single rubidium-87
atom excited to a Rydberg state via a two-photon transition in the presence of 
uctuating
control parameters. First, we introduce the control problem and describe experimental
imperfections. Then, we show that the dynamics of a three-level system can be approxi-
mated by the dynamics of an e�ective two-level system. Finally, we simulate the dynamics
of the e�ective two-level system in the presence of amplitude and phase noise in the control
lasers. These results establish the protocol to design optimal control pulses to mitigate
these imperfections.

In Chapter 2, we address the problem of using optimal control pulses to counteract
dissipation and 
uctuations in control parameters. First, we introduce two control pro-
tocols to increase the �delity of excitation of a single rubidium atom to a Rydberg state:
stimulated Raman adiabatic passage (STIRAP) and superadiabatic transitionless driving
(SATD). Then, we show that these control protocols increase the �delity of a rubidium
atom excited to a Rydberg state. Finally, we design a robust control pulse using quantum
optimal control and compare its result to the STIRAP and the SATD protocols.

1.2 Description of the control problem

Quantum simulators enable exploring the dynamics of quantum many-body systems [1{
10]. A promising platform for quantum simulation is neutral atoms trapped in arrays of
optical tweezers interacting via Rydberg-mediated interactions [1{3, 8, 10{16]. Here, we
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consider rubidium{87 (Rb{87) atoms trapped in arrays of optical tweezers. The atoms
are coherently controlled using laser beams and microwave �elds. A tunable interaction
is introduced by exciting atoms to a Rydberg state, which then acquire unique physical
properties (Table 1.1).

Properties symbols
Rydberg atoms's properties
as function of their quantum
number n

typical value
for 70S1=2 of Rb{87

Binding energy En n� 2 -500 GHz

Level spacing En+1 � En n� 3 [10� 100] GHz

Size of wave function hr i n2 500 nm

Lifetime � n3 100 � s

Polarizability � n7 -1.5 GHz/(V=cm)2

van der Waals coe�cient C6 n11 10 THz. � m6

Table 1.1: Physical properties of Rydberg atoms. Properties of Rb{87 atoms
excited to a Rydberg state as a function of their primary quantum numbern with their
experimental values reported for 70S1=2.

1.2.1 Rubidium{87 atoms

Our controllable quantum system is formed by a Rb-87 addressed optically using laser
beams. The relevant energy levels of Rb{87 form a three-level system (Fig. 1.1). The
ground state is chosen as the hyper�ne state,jgi = j5S1=2; F = 2; mF = � 2i and the
excited state is chosen as the Rydberg state,jr i = j70S1=2; mJ = � 1=2i . Because the
direct optical excitation from jgi to jr i is forbidden by selection rules, we excite the atoms
from the ground statejgi to the excited statejr i via the intermediate stateji i = j6P3=2; F =
3; mF = � 3i .
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Figure 1.1: Relevant energy levels of a Rb-87 atom with optical transitions . The
optical transition (blue double arrows) from the ground statejgi = j5S1=2; F = 2; mF =
� 2i to the intermediate stateji i = j6P3=2; F = 3; mF = � 3i is driven with a laser beam at
� 1 = 420 nm with circular polarization � � . The Rabi frequency is 
1 and the frequency
detuning is � 1. The optical transition (red double arrows) from the intermediate state
ji i = j6P3=2; F = 3; mF = � 3i to the Rydberg state jr i = j70S1=2; mJ = � 1=2i is driven
with a laser beam at� 2 = 1013 nm with circular polarization � + . The Rabi frequency is

 2 and the frequency detuning is �2. The two-photon detuning is� = � 1 +� 2. The decay
rate (green long wiggly arrow) of the intermediate state is �i = 2� � 0:282 MHz [17]. The
decay rate (green small wiggly arrow) to the Rydberg state is �r = 2� � 2:67 kHz.

1.2.2 Master equation

The master equation describes the dissipative evolution of a quantum system. It is de-
scribed by its Hamiltonian H and its dissipator L . The Hamiltonian describes the inter-
action of the atom with the laser �eld, whereas the Lindbladian describes the noise acting
on the system under the Markovian approximation.

The interaction of the three-level system and the laser �eld is described by the Marko-
vian master equation (1.1) for the unknown density matrix� ,

d�
dt

=
1
i~

[H ; � ] + L [� ]; (1.1)

where the HamiltonianH is

H = � � 1(ji ihi j) � � (jr ihr j) +

 1

2
(jgihi j + ji ihgj) +


 2

2
(ji ihr j + jr ihi j); (1.2)

and the dissipatorL is

L [� ] =
� i

2
(2jgihi j� ji ihgj � j i ihi j� � � ji ihi j) +

� r

2
(2ji ihr j� jr ihi j � j r ihr j� � � jr ihr j); (1.3)
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where � i = 2� � 0:282 MHz [17] and �r = 2� � 2:67 kHz are the decay rates of the
intermediate and the Rydberg states respectively. Here, we have made the assumption
that the �rst laser �eld does not drive the second optical transition and the second laser
�eld does not drive the �rst optical transition.

Our time{dependent observable is the population of the Rydberg statePr (t). Our
measurement operator �r is the projector on the Rydberg statejr i , � r = jr ihr j. The
time{dependent populationPr (t) of the Rydberg state is thus

Pr (t) = Tr f � (t)� r g: (1.4)

1.2.3 Dynamics of a three{level system

Given the initial state � (0) = jgihgj, we compute the time{evolved state� (t) by solving
the master equation (1.1) using the Qutip library (version 4.6.0) in Python (version 3.7).
The intermediate state has a short lifetime, leading to a reduced excitation probability to
the Rydberg state. To increase the excitation probability, the �rst driven �eld is detuned
away from the intermediate stateji i (Fig. 1.2a). To reduce scattering o� the intermediate
state, we choose the detuning of the �rst laser to be �1 = 2� � 740 MHz and the detuning
of the second laser to be �2 = � � 1, so that the two{photon detuning is � = 0 kHz to
avoid spontaneous decay on the Rydberg state. The excitation probability to the Ryd-
berg state increases with the detuning until decay from the Rydberg state dominates the
dynamics (Fig. 1.2b).

(a) (b)

Figure 1.2: Probability of exciting a single{atom to a Rydberg state . (a) Exci-
tation probability of the ground state (orange solid line) to the Rydberg state (blue dash
line) via the intermediate state (red solid line) for � 1 = 2� � 740 MHz. (b) Excitation
probability of the Rydberg state at t = (2 �= 
) � s, where 
 = 
 1
 2=2� 1. The excitation
probability to the Rydberg state increases with the detuning away from the intermediate
state until the decay from the Rydberg state limits the excitation probability.
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1.2.4 Dynamics of an e�ective two{level system

In the limit of large detunings � 1 from the intermediate state, the dynamics of the
three{level system can be approximated by the e�ective Hamiltonian

H ef f = � � ef f jr ihr j +

 ef f

2
(jgihr j + jr ihgj); (1.5)

where 
 e� = 
 1
 2=2� 1 is the e�ective two{level system drive �eld, � e� = � � � � AC is
the e�ective detuning, and � AC = � (
 2

1 � 
 2
2)=4� 1 is the AC stark shift arising from the

interaction of the intermediate state with a far{detuned driving �eld.

The dissipator for a Markovian noise takes the form

L [� ] =
� ef f

2
(2jgihr j� jr ihgj � j r ihr j� � � jr ihr j); (1.6)

where

� ef f = � r + � i

 2

1 + 
 2
2

4� 2
1

(1.7)

is the e�ective two{level decay rate. We con�rm that the e�ective two{level dynamics
matches the three{level dynamics in the far{detuned regime (Fig. 1.3).

Figure 1.3: Rabi oscillations for the e�ective two{level system. Comparison of the
simulated dynamics for the three{level system (black dash line) and the e�ective two{level
system (pink solid line). We con�rm that the e�ective two{level dynamics matches the
three{level dynamics in the far{detuned regime. The simulation parameters are �1 =
2� � 740 MHz, � = 2� � 0 kHz, 
 1 = 2� � 60 MHz, and 
 2 = 2� � 60 MHz.
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1.2.5 Dynamics of an e�ective two{level system with dissipation

We now simulate the dissipative evolution caused by two sources of imperfections: dis-
sipative physical parameters and 
uctuating control parameters. Because the quantum
dynamics resulting from those 
uctuating control parameters is a non{Markovian process,
we simulate the quantum dynamics using the Monte Carlo sampling method, i.e., by av-
eraging the solution of the master equation over multiple realizations of the noise rather
than using a Lindbladian.

1.2.5.1 Dissipative physical processes

Imperfections in the physical system include radiative decay, black{body radiation, and
Doppler e�ect.

ˆ Radiative decay

Given an atom in an excited state, there is a probability for the atom to return to
a lower energy state by releasing a photon. This phenomenon is called spontaneous
emission. In our system, the rate of decay of the intermediate state and the Rydberg
state is � i and � r respectively. The e�ect of spontaneous emission in the Rydberg
state is seen in Figure 1.3, where �i = 2� � 0:282 MHz [17] and �r = 2� � 2:67 kHz.

ˆ Black{body radiation (BBR)

According to Planck, the energyB � released from a black{body at temperatureT is

B � (�; T ) =
2h� 3

c2

1

e
h�

k B T � 1
; (1.8)

where � the frequency of the electromagnetic radiation,c the speed of light in the
vacuum, kB the Boltzmann constant, andh the Planck constant. In our system, at
large quantum numbern � 70, the depopulation rate of the Rydberg state due to
the BBR decreases at large quantum numbern (Fig 1.4).
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Figure 1.4: Depopulation rate induced by black{body radiation . At large quan-
tum number, the e�ect of the BBR on the depopulation of the Rydberg state is small
compared to the radiative decay, �r = 2� � 2:67 kHz.

ˆ Doppler e�ect

The Doppler e�ect is associated with the change of the frequency e�ectively seen
in the reference frame of the atom due to its velocity. In our system, we use two
counter{propagating beams with wavevectors~k1013 and ~k420. The e�ective frequency
seen in the reference frame of the atom iskef f = k420 � k1013, wherek = 2�=� . At

temperature T, the spread in velocity of the atoms is �v =
q

kB T
m and its standard

deviation is kef f � v. In the reference frame of the atom, the Doppler e�ect leads to
a 
uctuation of the two{photon detuning � (Fig. 1.5).
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Figure 1.5: Doppler e�ect . Probability to reach the Rydberg state for kef f � � =
2� � 120 kHz (pink solid line) andkef f � � = 2 � � 10 kHz (black dash line). An increase of
the mean temperature leads to a decrease in the population of the Rydberg state. These
results were obtained for �1 = 2� � 740 MHz, � = 2� � 0 kHz, 
 1 = 2� � 30 MHz,

 2 = 2� � 30 MHz, kef f = 8:76� 106 m� 1, and T = 30 �K .

1.2.5.2 Fluctuations in control parameters

We now consider the e�ect of amplitude noise and phase noise on the dynamics of the
e�ective two{level system.

The phase noise of the laser can be measured by beating the laser against a more stable
laser reference. If such a reference is not available, the phase noise of the laser can be
inferred from the 
uctuations in the error signal of the servo controller stabilizing the laser
to the reference cavity. For our calculations, we use the phase noise data extracted from
Ref. [13], which provided phase noise data for a two{photon transition driven at 795 nm
and 475 nm. Because the laser light at 475 nm is obtained from frequency doubling of a
laser source at 950 nm, the phase noise is speci�ed for the fundamental laser at 950 nm.
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