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Abstract

The LiHo,Y;_,F4 magnetic material in a transverse magnetic field B, perpendicu-
lar to the Ising spin direction has long been used to study tunable quantum phase

transitions in pure and random disordered systems. We first present analytical and
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tion of a general dipolar spin glass model with strong uniaxial Ising anisotropy and
subject to weak B,. We relate this toy model to the LiHo,Y;_,F, transverse field

Ising material. We show that an effective spin—% model is able to capture both the

numerical evidences for the validity of an effective spins approach to the descrip-

qualitative and quantitative aspects of the physics at small B,. After confirming
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netization along the z direction, combined with the local random dilution-induced

the validity of the effective spins approach, we show that the field-induced mag-
destruction of crystalline mirror symmetries generates, via the predominant dipo-
lar interactions between Ho3* ions, random fields along the Ising 2 direction. This
identifies LiHo,Y;,_,F4 in B, as a new random field Ising system. We show that
the random fields explain the smearing of the nonlinear susceptibility at the spin
glass transition with increasing B,. In this thesis, we also investigate the phase
diagram of non-diluted LiHoF, in the presence of B,, by performing Monte-Carlo
simulations. A previous quantum Monte Carlo (QMC) simulation found that even
for small B, where quantum fluctuations are small, close to the classical critical
point, there is a discrepancy between experiment and the QMC results. We revisit
this problem, focusing on weak B, close to the classical Tc, using an alternative
approach. For small B,, by applying a so-called cumulant expansion, the quan-
tum fluctuations around the classical T, are taken into account perturbatively. We
derived an effective perturbative classical Hamiltonian, on which MC simulations
are performed. With this method we investigate different proposed sources of un-
certainty which can affect the numerical results. We fully reproduce the previous
QMC results at small B,. Unfortunately, we find that none of the modifications to
the microscopic Hamiltonian that we explore are able to provide a B, — T' phase

diagram compatible with the experiments in the small semi-classical B, regime.
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Chapter 1
Introduction

The study of magnetism and magnetic materials has allowed physicists to pro-
foundly develop our understanding of the collective behaviour of systems with many
interacting degrees of freedom. To understand how the interactions between a very
large number of individual microscopic degrees of freedom lead to the fascinating
macroscopic behaviours observed in magnetic materials is one of the major theo-
retical challenges faced by the community. To theoretically study these magnetic
systems, after identifying the most relevant physics, one can construct an abstract
theoretical model that hopefully captures the essential features of the properties of
the real magnetic materials. The advantage of this approach is that the insights
obtained from such a generic model may apply to whole classes of materials rather

than just a specific material.

Early theoretical works, aiming to address the general collective behaviour of
magnetic materials, concentrated on classical models, and assumed the system to
be pure and perfect. However, in the real world, such an ideal situation does not
exist. Most materials contain a certain amount of frozen (quenched) random dis-
order! such as impurities or vacancies. Some strongly disordered systems (i.e. spin
glasses) have competing interactions which lead to random frustration?. The ques-

tion of how quenched disorder influences phase transitions and critical points is

'In statistical physics, a system is said to present quenched disorder when some parameters

defining its behaviour are random variables which do not evolve with time.
2Tn a physical system with competing interactions, frustration occurs when all the interactions
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conceptually very interesting and of fundamental importance. Most early studies
of spin glass systems and other systems with strong disorder were performed in the
regime where the quantum mechanical nature of the microscopic degrees of freedom
was neglected. Later on, it turned out that when only a classical framework is con-
sidered to describe disordered systems, then the understanding of the experimental
behaviour of some realistic disordered systems becomes problematic. The physics
becomes more interesting and complicated when quantum fluctuations come into
play. The interplay between disorder and quantum mechanics can lead to behaviour
which is qualitatively distinct from the clean situation. The physics becomes even
more interesting when one goes to very low temperatures, where thermal fluctua-
tions are weak and the system overcomes energy barriers by the aid of quantum

tunnelling.

In the last 30 years, there has been a large effort to produce simplified theoretical
models in order to capture the physics of realistic disordered systems. However, a
large number of interesting disordered quantum systems, such as high-temperature
superconductors, are rather complex. Therefore, it is desirable to identify a real
system with a well defined Hamiltonian, in which disorder and quantum fluctuations
are tunable in a simple manner. In this thesis, we focus on a quantum magnetic
material, LiHo,Y;_,F,. This material, because of the quite simple form of its
Hamiltonian, is one of those desired systems which is the host to a wide variety
of collective quantum effects. For example, for x = 1, when an external magnetic
field B, is applied transverse (perpendicular) to the crystallographic Ising c—axis
direction LiHoF4 becomes one of the rare physical realizations [1] of the transverse
field Ising model (TFIM) [2, 3, 4, 5, 6], where quantum fluctuations are tunable via
the external magnetic field. This material is such that one is able to investigate
the influence of thermal and quantum fluctuations in a single physical system.
On the other hand, in the absence of an external field, the system can be recast
as a diluted dipolar Ising model with the low-temperature phase being either a
ferromagnet or a spin glass depending on the concentration = of magnetic ions [7, 8,
9]. Therefore, when an external transverse magnetic field is turned on, this material

potentially can help us to establish a quantitative understanding of the interplay of

among its degrees of freedom are not fully satisfied.
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quenched random disorder and quantum fluctuations in a system, especially when
we are at relatively very low temperatures (close to 7' = 0). There are a number
of puzzling experimental observations pertaining to LiHo,Y;_,F,, for which the
physics is not well understood yet. Later on in this chapter (see Section 1.4), we will
briefly discuss some of these paradoxical experimental results of LiHo,Y;_,F4. This
thesis addresses theoretically some of the mysterious behaviours of this insulating
magnetic material, hoping to shed light on the underlying physics and provide a

better understanding of this system.

Prior to a review of the physics of the real material LiHo,Y;_,Fy4, it will prove
useful as background to have a short introduction to some of the theoretical models
which have been developed to study quantum magnetic materials and disordered
magnetic materials. In this chapter, the theoretical models, which are discussed in
the following sections, are useful for our later discussions related to the real material
LiHo,Y;,_,F, depending on the concentration x and depending on whether it is
subject to an external magnetic field B, or not. These models and some of the
related techniques and methods used to study these models are fruitfully applied

to the theoretical studies we perform in this thesis.

In this chapter, in Section 1.1, we give a brief introduction to the transverse field
Ising model (TFIM), which is the simplest theoretical model exhibiting a quantum
phase transition. It has generally been believed that pure LiHoF, with an applied
external B, is an ideal host for this model. Then, we make a simple mean field
study of this model. As we discussed above, diluting LiHo,Y;_,F4 enough drives
the system into a spin glass phase. Quantum fluctuations can be induced via an
external B,. Therefore, in Section 1.2, we introduce the classical and quantum Ising
spin glass models as the simplest models to study spin glass systems without and
with quantum fluctuations, respectively. In Section 1.3, we introduce yet another
class of interesting class of disordered materials known as the random field Ising
model. The motivation behind introducing this model will be more apparent when
we discuss in Chapter 3 the possibility that random fields may be effectively induced
by an external B, in diluted LiHo,Y;_,F4. After the theoretical background of
Section 1.4, we give a brief review of some of the interesting phenomena observed

in the real LiHo,Y;_,F, material. In Section 1.5, we give an overall outline of the



CHAPTER 1. INTRODUCTION 4

rest of this thesis.

1.1 Transverse Field Ising Model

As we mentioned earlier, and it will be discussed in more detail later (see Sec-
tion 1.4), LiHoF4 with an applied external B, is quite well explained by a trans-
verse field Ising model (TFIM)3, in which the pair-wise interactions are long-range
dipole-dipole interactions. This motivates us to start with an introduction to the

simple transverse field Ising model.

Phase transitions into a highly fluctuating disordered phase are most commonly
driven by thermal fluctuations. However, near absolute zero temperature, a system
can, via quantum fluctuations associated with the Heisenberg uncertainty principle,
undergo a quantum phase transition (QPT) [4, 10]. Quantum phase transitions can
differ fundamentally from their classical counterparts because of the large influence
of the dynamics on the static critical behaviour at zero temperature. In other words,
at T = 0, a phase transition occurs by a transition of the ground state to another
state via, i.e, level crossing. Such transitions, in the absence of thermal fluctuations,
are governed by varying a non thermal controllable parameter (i.e magnetic field,
pressure, etc.). Naively speaking, considering for example the AEAt ~ h version of
the Heisenberg uncertainty principle, quantum mechanics can admix the dynamics
with statics. Approaching the phase transition where level crossing between the
ground states occur, we will have AE — 0 for the energy gap between the states.
Therefore we will have a diverging time scale (At — 0). During this characteristic
time scale, there will be correlation between events. This diverging time scale can be
considered as adding an additional effective dimension (imaginary time dimension)
to the existing spatial dimension. Hence, each microscopic degree of freedom is

correlated with itself during the diverging time scale [4].

The transverse field Ising model (TFIM), first proposed by de Gennes to describe

proton tunneling in ferroelectric systems [2], is perhaps the simplest model that

3In Chapter 3, it is shown that at low energies the Hamiltonian of LiHoF, is approximately

mapped to an effective spin-% TFIM.



CHAPTER 1. INTRODUCTION )

exhibits a QPT [3, 4, 5]. The Hamiltonian of the TFIM is given by

Hrppg = —%Zjijafaj—FZaf , (1.1)
i\j i
where o (1 = x,y, z) are the Pauli matrices. The Pauli spin matrix, 0%, has two
eigenvalues (£1), which denotes that if the expectation value of the Z-projection
of the spin is aligned either along the Z direction or along the opposite direction,
respectively. The eigenstate corresponding to eigenvalue (+1) is symbolically de-
noted by | 1), while that corresponding to (—1) is denoted by ||). By taking these

two eigenvectors as a basis, the Pauli matrices have the following representation

. (01 , [0 =i . 1 0
o’ = , 07 = ) , 00 = .
10 1 0 0 —1

The Pauli matrices satisfy the commutation relation*

o8, af] = 200;j€a8,0;

7 )

where 7 and j denote the position of the spins and «, (3, v indicate a permutation
of x, y, z. d;; is the Kronecker delta and €,g, is the Levi-Civita fully antisymmetric
tensor. Since of and o] do not commute, a nonzero field I', transverse to the
Ising Z direction, causes quantum tunneling between the spin-up and spin-down
eigenstates of o7, hence causing quantum spin fluctuations. These fluctuations
decrease the critical temperature T, at which the spins develop long-range order.
In the simplest scenario, where J;; > 0, the ordered phase is ferromagnetic [3, 5].
As it is schematically shown in Fig. 1.1.1, at a critical field I'., T, vanishes and
a quantum phase transition between the quantum paramagnet (PM) and a long-
range ordered ferromagnetic state occurs. Via a Trotter-Suzuki transformation [11],
the partition function of the transverse field Ising model in d space dimensions is
equivalent to that of a classical Ising model in d + 1 space dimensions [11] with
imaginary time playing the role of the extra dimension (In Appendix A we derive

the equivalent d 4+ 1 dimension classical Hamiltonian for a TFIM.). Therefore, to

1
0
Therefore, any 2 x 2 matrix can be written as a linear superposition of o, ¢¥, %, and ¢°.

4The Pauli matrices 0, 0¥ and o* with the Identity operator ¢° = < form a group.
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il

Figure 1.1: Schematic mean field phase diagram of a simple TFIM.

study quantum phase transitions of the d-dimensional, disorder-free transverse-field
[sing model, one can study the equivalent d + 1 dimensional classical Ising model.
In the following subsection, we will use a simple mean field framework to show that
for the TFIM, the quantum fluctuations induced by the transverse field reduce the
paramagnetic to ferromagnetic phase transition temperature. Subsequently, within
the same mean field framework, we will see that at T" = 0 there exists a finite I,

such that for I' > I'. collective ferromagnetic order disappears.

1.1.1 Mean Field Theory for the TFIM

The standard mean field approximation can be extended to study the TFIM of
Eq. (1.1) at non-zero temperature. Writing o7 = (07) + (67 — (07)) and using
the mean field approximation ansatz, which neglects the fluctuation term (o7 —
(07))(0F — (0F)) = 0, the TFIM Hamiltonian is approximated as

%

1
Hrpoa & —5 D Jiloi)os) = (hiof + hiof) (1.2)
i
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where hf = I is a local transverse field and h} = (% > i Jij<aj)) is a local longitu-
dinal mean field, which interacts with each spin at site 7. Therefore, the mean field

partition function reads

Znr :CHTI'GXP (8 (hio] + hio?)] (1.3)

where 3 = 1/kgT and C = exp [%6 > i Jij<af><a?)} . If X, = +]h;| denote the

J
eigenvalues of the 2 x 2 matrix

h:  he
heo® + hio? = g g , 14
ZUZ ZUZ ( hf —hZZ ) ( )
then, Zyr reads
Zyp = C [ ("™ + e ™) = ] 12 cosh (Bh])] (1.5)

where |h;| = /(h¥)? + (h#)2. For a non-random case, where the system is transla-
tionally invariant, |h;| is replaced by |h| = /T2 + (Jo(0?))? , where Jy = > Jij -

Therefore the mean field equation for (0%) and (o) reads

z ']0 <0.z> T I
(0% = (M) panb(An). (%) = bS] (1.6
Equation (1.6) is the self-consistency equation needed to obtain the order param-
eter (0*) at any temperature 7" and transverse field I". Clearly, the order-disorder
transition is tuned both by I and T (see Fig. 1.1.1). For I' = 0, where the transition
is driven by T’

<Uz)ztanh<J]:;U]j>> and  (0") =0 . (1.7)

This equation has a nontrivial solution only if kgT < Jy, i.e.,

<O'Z> # 0 for kT < Jy
(07) =0 for kgT > Jy . (1.8)
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Therefore, there is a critical temperature T, = Jy above which, there is no order
and the system is in the paramagnetic phase. When kT — 0, the transition is
driven by I', which implies

(%) = Jo(o?)
V)2 + (Jofo?))?

From this equation we easily find that in the limit JLO — 1, the only real nontrivial

(since, tanh = = 1) : (1.9)

solution is
(0%) =0

and r r
(o") = — 1, as — — 1.

V)2 + (Jo(o7))? Jo

Thus, we see that there is a critical transverse field I'. = Jy (I'. = zJ for nearest

neighbor interactions) such that for any I' > I'. there is no ferromagnetic order
((c%) = 0) even at zero temperature. In general one sees that for any temperature
T < T, there exists some transverse field I'. at which the transition from the
ferromagnetic ordered state ((c*) # 0) to the paramagnetic state ({(c%) = 0) occurs.
The equation for the phase boundary in the (I' — T') - plane is obtained by putting

(07) — 0 in Eq. (1.6). The equation gives a relation between I'. and T as follows:

I, I’
tanh = —. 1.1
an (kBT) 7 (1.10)

One may note that for the ferromagnetic phase, since (o) # 0,

1 1
— tanh(#|h|) = — = Constant.
i tanh(9n) =

Hence, independent of temperature in the ferromagnetic phase, the £ component
of the average/static moment (o%) is (0%) = ﬁtanh(ﬁ|h|) = JLO . While for the
paramagnetic phase, since (¢*) = 0, (¢”) = tanh(SI") . In this section we saw that a
tunable transverse field induces quantum fluctuations and how the simple TFIM toy
model exhibits a quantum phase transition. In Section 1.4, we see that LiHoF, with
an applied transverse field maps onto a TFIM. The simple Ising model and TFIM
are simple abstract models introduced to capture some of the general collective
characteristics of clean (dilution free) classical and quantum magnetic systems. In
the next Sections 1.2 and 1.3, the Ising model and the TFIM are generalized such

that they model simple systems with quenched disorder and random interactions.
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1.2 Spin Glasses

In the real world, no pure, perfect and disorder free system exists. One of the
theoretical and experimental challenges in the study of magnetic systems is to
understand the physics of quenched disorder and random interactions in magnetic
systems. In LiHo,Y;_,F,, which is the material on which we focus in this thesis,
the effect of random disorder can be studied by randomly substituting a fraction
1 —2 of the magnetic Ho®* ions by nonmagnetic Y?* ions. It is expected that, if the
system is diluted enough, the system will be a spin glass. As we discussed earlier,
one of the aims of this chapter is to introduce several of the theoretical models that

seem to be useful in benchmarking some of the physics pertaining to LiHo,Y;_.Fy.

In the previous section, motivated by pure LiHoF, with an applied external
magnetic field B, we looked at the TFIM. Now, in this section, inspired by diluted
LiHo,Y;_,F4 with/without an external B,, we introduce a generalized variation
of the classical Ising model and the quantum TFIM which incorporates random
interactions. In this generalization, the J;;’s in Eq. (1.1) are considered to be
quenched (frozen) random interactions. Competing ferromagnetic J;; > 0 and
antiferromagnetic J;; < 0 couplings generate random frustration (see Fig. 1.2). For
a three dimensional case, the system freezes into an (Ising) spin glass state at a spin
glass critical temperature 7, [12, 13]. Similarly to the simple TFIM in Eq. (1.1) in
the presence of I' # 0, T,(I') decreases as I is increased until at I' = I, a quantum

phase transition between a quantum paramagnet and a spin glass phase occurs.

In this section, we first have a look at spin glass phenomena and then review
some of the models and methods developed to study classical Ising spin glasses. In
a separate subsection, we discuss the magnetic nonlinear susceptibility as a general
experimental probe for determining spin glass transition temperatures. Also, in
analogy with LiHo,Y;_,F, with an applied B,., we look through the topic of quan-
tum spin glasses, particularly the Ising spin glass model with a transverse field as

a prototype of a quantum spin glass.
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1.2.1 General Overview

Spin glasses were first studied in dilute magnetic alloys AuFe, AgMn and CuMn.
In these systems, the magnetic impurities are coupled via the Ruderman-Kittel-
Kasuya-Yosida (RKKY) interaction [14, 15, 16] J(ry;) oc cos(2kpr;)/ry;, where
kp is the Fermi wave vector and r;; is the spatial distance between two magnetic
impurities positioned at ¢ and j. Since the polarization is oscillating spatially,
the coupling between two randomly positioned impurities is random, and may be
positive or negative, resulting in competing interactions. A number of unusual be-
haviour were observed in these materials. For example, in the measurement of the
AC susceptibility as a function of temperature, a cusp is observed in the magnetic
susceptibility. What is unusual about the susceptibility is that it strongly depends
on the frequency f at which it is measured [17]. The cusp appears at a temperature
Tg
example, these materials also exhibit significant remanence effects in their magneti-

(f), and moves to lower temperatures as the frequency is lowered. As another

zation and susceptibility below 7. Very different values of the static susceptibility
will be measured if the sample is field cooled or zero-field cooled even for very small
magnetic fields [18]°. These experiments along with a series of other experimental
evidence are consistent with a scenario in which the spins in the material enter a
“frozen” state with very slow dynamics. The same generic experimental features
are also observed for the insulating magnet Eu,Sr;_,S, which was discovered to be-
have as a spin glass for certain values of x [19]. The exchange interaction between
the magnetic Eu ions are ferromagnetic between nearest neighbors and antiferro-
magnetic between next-nearest neighbors. When the Eu moments are sufficiently
diluted, because of randomness and frustration, the system becomes a spin glass.
The fact that this very different type of magnet also demonstrates spin glass be-
haviour indicates that there is some degree of universality in these materials which

have been named “spin glass” materials.

Generally spin glasses are random magnetic systems, with competing (frus-

5Tn susceptibility measurements, if a longitudinal magnetic field is applied when the system is
above T, and the system in this field is subsequently cooled down below 7T, the measurement is
a so called “field-cooled” measurement. In contrary, “zero-field-cooled” susceptibility is obtained

after cooling down the system in zero field, below Tj.
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Figure 1.2: A simple illustration of frustration. If the interaction on the bond is
“+” (ferromagnetic), the spins tend to be parallel and if the interaction on the
bond is “ - (antiferromagnetic), the spins tend to be antiparallel. Such condition
can not lead to a simultaneous satisfaction of all the bonds. Therefore, there is

frustration in the system.

trated) interactions. Here, frustration in the context of spin glasses, arises due
to the competition between ferromagnetic and antiferromagnetic quenched random
interactions. Therefore, it is not possible for the spins to energetically satisfy every
bond associated with them simultaneously. Fig. 1.2 simply illustrates an example
of such competitions. In the spin glass phase, frustration and the random inter-
actions introduce large energy barriers between states that are closely spaced in
energy. This leads to very long relaxation times and the occurrence of spontaneous

cooperative freezing of the (random) spin orientations.

An important concept required for understanding measurements of systems
which equilibrate slowly is that of ergodicity. If the time scale for an experiment is
much longer than any relaxation time, then the system explores all regions of phase
space with its equilibrium probability. In this case, the time average of a physical
quantity corresponds to the statistical average of the same quantity. However, in
a spin glass phase there are very long relaxation times, and on any time-scale only

some portion of the phase space will be sampled. Hence the glassy state is non-
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ergodic, so that time averages and thermodynamic averages may not be identical

due to the system spending large amounts of time in metastable states.

As we briefly discussed, spin glass materials possess a class of generic charac-
teristics which are in common in all these disordered systems, no matter what the
precise underlying microscopic disordered interactions among the spins. Therefore,
studying a simple toy model which possesses the generic character of spin glasses
(frustration and random interactions), can be useful in understanding spin glass ma-
terials better. In the next subsection, we introduce the Edwards Anderson model

as one of those generic toy models.

1.2.2 Classical Ising Spin-Glass model (I'=0)

The Edward-Anderson (EA) model [20]
1
Hpa = =5 ) Jyoio; —h) o7, (1.11)
irj i

is perhaps the simplest model that features random disorder and frustration. Here
h denotes a longitudinal external field in the 2 direction of the Ising spins. J;;
couplings are independent random variables with a symmetric distribution such
that [J;jlay = 0 and [J; 2]51‘42 = J, where [- - -],y means an average over the disorder.
To be more precise, for example, if {.J;;} denotes a specific realization of random
variables and P({J;;}) stands for the probability of that specific realization then
the disorder average of a general quantity A({J;;}) reads

(AT D] = Y PEIGHAW ) - (1.12)
{Jij}

In a spin glass phase, because of the frozen random direction of the spins, the

magnetization
m. = [(07)]4 (1.13)

is zero and obviously is not a suitable order parameter. One choice of order pa-

rameter which distinguishes between a paramagnetic phase and spin glass (frozen
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configuration) phase is the Edwards-Anderson order parameter defined as
q=[(o7)] . - (1.14)

Despite the simple form of the EA model, it is not an easy model to solve
exactly. Sherrington and Kirkpatrick [21] proposed that the mean field theory of
spin glasses should be the exact solution of an infinite-range version of the EA
model in which the distribution of the J;; is the same for all distinct pairs ¢ and
j. The distribution is considered to be Gaussian P(J;;) o exp [-NJ2/J?] , where
[Jijlav = 0 and [J}]s = J?/N. The variance of the distribution is scaled by the
number of spins N, such that at a fixed temperature the total free energy scales

with NV and the free energy density is independent of N.

For a specific configuration of random variables {.J;;} the partition function
Z{J;;} can be evaluated. To calculate thermodynamical quantities properly one
should average over extensive quantities such as the free energy density [f {Ji;}]av,
where Z {J;;} = exp (—NGf{J;;}) . In this case the free energy density will be

kBT

f =11} = N [0 Z {Jij}av, (1.15)

which in practice is difficult to calculate®. If we consider a large system and divide it
into m macroscopic subsystems (replicas) with different configurations and assume
that the coupling between the subsystems is negligible, then it can be argued that
the average of the extensive quantity of each replica should be equal to the average
over the whole system. The idea of the replica trick is based on the use of the exact

relation

02 () = lim L (27 ()]~ 1) = im D (20 (. (1L16)

SFor example, to calculate f = —£&T >,y PAJi ) In Z [{Ji;}], before averaging over the
quenched disorder variables {J;; }, we need to calculate the logarithm of the partition function for
each specific configuration of {J;;} quenched variables. But the specific {J;;}’s are not known a
priori. Knowing the distribution function P({J;;}), one can overcome this difficulty, if there is a
way to integrate out the disorder before tracing out the different configurations of the microscopic
degrees of freedom (i.e. the configuration of spin variables {01,092, - ,0n5} in a spin system).

The replica trick provides us with a way to overcome this difficulty.
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where we used the identity as n — 0, Z™ = exp(nlnZ) ~ 1+ nlIn Z. Now, momen-
tarily, if we assume that n is a positive integer, we can say that we have made n
copies (replicas) of the system and we can express Z" {.J;;} as the partition function
of a larger system consisting of n replicas of the original system. If H [{o;},{Ji;}]
denote the Hamiltonian of the original system with a specific configuration of N
spins {o;} (the microscopic thermodynamical variables) and a specific configuration

of quenched random variables {.J;;}, then
Z" = [Triyexp{=BH [{oi} {Ji}]}]"
= TrenTreoy - Tregexp {—ﬂ;ﬂ {oi'} {Jij}]} ;o (117)

where H [{o{} ,{J;;}] is the Hamiltonian of the a-th replica. Employing this trick,
for example for the EA model, we can average over the {J;;} before tracing over
a set of N spins with n components, where each component specifies one of the
replicas. After solving the problem by whatever tool which can be implemented,

we have to restore the n — 0 limit in the final result.

Sherrington and Kirkpatrick [21], in order to find a mean-field solution for their
proposed infinite range model, assumed that the replicated system has replica sym-
metry, which means that the total replicated system is invariant under permutations
of replicas. If n is an integer number this assumption is correct. However, in the
case that n is real and n — 0 it is not obvious that if the replica symmetry as-
sumption is still valid. One can use the replica trick and the replica symmetry

assumption to calculate the EA order parameter

[Trof exp {—FH [{oi}, {Ji}]}] [Troj exp {—FH [{oi}, {Ji}]}]
Z2

2\ 2
q9= [<01> :|av -

(1.18)
Multiplying the numerator and the denominator in Z"~2, and letting n — 0, we
obtain

q= <af“afﬁ> (1.19)
for the order parameter ¢, where o and 3 correspond to different replicas. The

replica symmetry assumption says that ¢ should not depend on the choice of v and

(. Sherrington and Kirkpatrick [21] in their mean-field replica symmetric solution,
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as an ansatz, before applying the n — 0 limit, use the replica symmetry ansatz (¢*°
independent of a and ). Under this assumption, the mean-field solution shows a
phase transition at temperature T, = J, where below T}, the order parameter ¢ has

a nonzero value.

However, the mean-field replica symmetric model fails to describe the low tem-
perature behaviour correctly (i.e. at low temperature the entropy becomes nega-
tive). Subsequently, Almeida and Thouless [22] analyzed the stability of the replica
symmetric solution of the classical Sherrington-Kirkpatrick (SK) model as a func-
tion of temperature and the external field A . They found that in the temperature-
external field plane, the mean-field replica symmetric solution is only stable above a
so-called AT line, and for the values of T" and h below this line the replica symmetric
solution is not stable. Thus, the replica symmetric assumption is not valid below
the AT line. As we previously discussed, it is not obvious that when n is real and
n — 0, then the assumption that the system is invariant under the permutation of
the replicas, is still valid. Parisi [23] assumed that the permutation symmetry of
the replicas is spontaneously broken in the spin glass phase below the AT line and

instead of a single ¢, there is a distribution P(q) in the spin glass phase.

Later, in this thesis (Chapter 5), in the context of diluted LiHo,Y;_,F4 with an
applied B, in the spin glass phase, for a variant of a generalized Sherrington and
Kirkpatrick model with a transverse field and a random longitudinal field, we shall
perform a mean field calculation and obtain the stability criteria of our mean field

solution, where the replica symmetry assumption is valid.

Droplet Picture

In this subsection, we introduce another framework developed to study spin glasses
which is based on phenomenological scaling arguments, known as the “droplet pic-
ture”. The droplet picture is another well known paradigm on spin glasses. The
droplet picture competes with the replica symmetry breaking picture and produces
quite different conclusions for a number of quantities. One reason for mention-
ing the droplet picture here, is that in this thesis, we discuss a phenomenological

scaling approach using droplet picture arguments, which was applied [24, 25] in a
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recent work to study the evolution of domains with spin glass order in the context
of diluted LiHo,Y;_,F, with an applied B,.

As discussed in the previous section, even though mean-field models of spin
glasses have proved very useful in the understanding of glassy phenomena, they
are constructed in the limit of infinite dimensions. To compare with real glasses,
it would be useful to have an understanding of what happens in lower physically
relevant dimensions, such as three. A phenomenological approach to the finite
dimensional problem was developed by McMillan [26], Bray and Moore [27], and
Fisher and Huse [28, 29, 30]. A key difference between their approach and the replica
symmetry breaking scenario is that their scaling theory assumes that the phase
transition is “somewhat” as trivial as in a ferromagnet. Instead of the multiplicity
of ground states found in mean-field theory, there are only two ground states, which
are related by a global spin flip. The droplet approach is based on an ansatz for
the scaling of low-energy large-scale droplet excitations in the system. By droplet
excitation, we mean a compact domain, in which the spins within the domain are
flipped. The droplet has a typical size of L in d dimensions. It is assumed that
the low-energy excitations that dominate long distance and long time correlations
are clusters or droplets of coherently flipped spins. The density of states of the
droplets is assumed to scale as paroplets(£) ~ L= where 6 is a scaling exponent,
with 0 < 0 < (d—1)/2 [28, 29, 30]. The barriers to activation of the droplets are
assumed to scale as LY . These barriers correspond to the energy required to flip
the spins in a domain wall between the two ground states. The domain walls are
assumed to have a non-trivial fractal dimension dy > d—1 . The scaling and fractal
dimensions are not determined a priori but need to be determined from computer

simulations or other types of numerical approaches.

Nonlinear Susceptibility

For magnetic systems, one of the methods commonly used to observe a phase tran-
sition from an ordered ferromagnetic phase to a disordered paramagnetic phase
is to measure the linear susceptibility. The linear response of the magnetization
to a small external field diverges as one approaches temperatures close to the fer-

romagnet transition temperature. This can be understood by the connection of
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the linear susceptibility with the spin-spin correlation <afaj- which diverges at
the ferromagnetic critical temperature. What about spin glass materials? In spin
glasses, because of strong quenched randomness, the spin correlation <0'ij> does
not extend over more than a few spins and there are no long range correlations.
One of the characteristic features of spin glasses is their very slow dynamics at low
temperature. This property is due to the presence of a complicated energy land-
scape with many metastable valleys separated by barriers. Therefore dynamical
measurements such as AC susceptibility measurements are useful tools. However,
here we shall focus on another important feature of spin glasses, namely that they
can have a sharp thermodynamic phase transition. For a temperature 7' less than
the spin glass transition temperature 7}, the spins are frozen in a quenched ran-
dom arrangement as 7' — T.". In the spin-glass regime the bulk magnetization
2

m, = [(07)],, is zero, while the spin glass order parameter ¢ = [(a-

2 .
)7] _ is nonzero
3 av

in the spin glass phase and zero in the paramagnetic phase. For spin glasses the
linear susceptibility is not a diverging quantity as 7" — T; . Hence, for spin glass
systems it is useful to study the so called spin glass (order parameter) susceptibility,
which is defined as [12]

xsa = 5 3 (o) = o) o)), (1.20)

i
The order parameter susceptibility ysg diverges when the ordering temperature
T, is approached. The practical way to study the order parameter susceptibility
experimentally and observe the spin glass transition is to measure the nonlinear sus-
ceptibility x3. The nonlinear susceptibility is obtained from the nonlinear response
of the longitudinal magnetization with respect to an external longitudinal magnetic

field h,. Generally the longitudinal magnetization m, (7', h,) can be written as [12]

m (T, h) = x1(T)h. = xs(T)h3 + xs(T)h — - -~ . (1.21)
where 1 kT OlnZ({J;;}, T, h
T, ) = 5 3, = Fp A e
By calculating y3 = —¢ 6;}’%2 h.—o and considering the definition of ysg in Eq. (1.20),

z

it can be shown that for the regime where [(07)]., = 0, x3 is a function of xs¢ via
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the linear relation [12, 31]

X3 = L{BLTF (Xsa — %) : (1.22)

Close to the transition temperature xs o< (7" —T,)~", where v > 0 [12]. Therefore,
measuring the nonlinear susceptibility is a useful technique to probe the spin glass

transition in disordered magnetic materials.

1.2.3 Quantum Spin-Glasses

Now that the classical spin glass Ising model has been introduced, we proceed to
generalize the theoretical models developed to study classical spin glasses in order
to incorporate quantum effects. Since one of the main intent of this thesis is to
study the interplay of quantum fluctuations in the presence of random disorder,
which is induced by diluting LiHo,Y;_,F4, it is now sensible to open a discussion

of quantum spin glasses.

Only recently has the interplay between quantum effects and disorder in quan-
tum statistical models begun to attract interest. Quantum spin glasses [5, 32, 33,
34, 35, 36, 37] have the interesting feature that the transition in randomly frustrated
(competing) cooperatively interacting systems can be driven both by thermal fluc-
tuations and by quantum fluctuations. The main question is how quantum mechan-
ics influences the phases and phase diagram of these disordered magnetic systems.
The early studies of quantum spin glasses were focused on quantum Heisenberg
spin glasses introduced by Bray and Moore [38]. Quantum fluctuations cannot be
tuned in such systems. Bray and Moore [38] studied the infinite range SK version
of the quantum Heisenberg spin glass model using the so called “static approxima-
tion”. The idea behind this approach is simply that in addition to the usual mean
field approximation, in which the spatial fluctuations are neglected, one may also
neglect the fluctuations of the order parameter in the imaginary time direction.
Hence, the mean field approximation is actually extended to the quantum regime
(the imaginary time direction). Bray and Moore [38] found that mean field calcula-
tions show a decrease in the critical temperature due to quantum effects. Another

class of quantum spin glass models is generated by perturbing the classical spin
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glass via tunable quantum fluctuations, for example, by applying a field transverse
to the Ising direction [37, 5|. The transverse field Ising spin glass (TFISG) model

is perhaps the simplest model that exhibits a tunable quantum phase transition.

Hrpsg = —% > Jyoioi =T of . (1.23)
i.j i
Here the J;;’s are quenched (frozen) random interactions and I" causes quantum spin
fluctuations (as in the simple transverse field Ising model of Eq. (1.1)). These quan-
tum fluctuations decrease the spin glass transition temperature 7j as I' increases.
The transverse field is increased until, at I' = I'., a quantum phase transition be-
tween a quantum paramagnet and a spin glass phase occurs. For example, in the
classical SK model, the free energy landscape consists of high barriers which sepa-
rate deep valleys from each other. In the thermodynamical limit, below 7}, thermal
fluctuations are unable to assist the system in crossing the barriers, so the system
becomes non-ergodic. However, if one considers quantum fluctuations, then there
exists a finite probability for the system to tunnel through the barriers. Hence,
quantum fluctuations allow the system to explore the free energy landscape easily.
The TFISG model is perhaps one of the simplest models in which the quantum

effects in a random system can be and have been studied extensively [5, 37].

An interesting phenomenon which is studied in quantum spin glasses is the
occurrence of Griffiths-McCoy singularities [39, 40, 41]. In an infinite system one can
locally find arbitrarily large spatial regions, which do not have impurities. When the
total bulk system is not in a paramagnetic phase yet, and the total magnetization
is zero, these rare regions show local magnetic order and can lead to a singularity
in the free energy. In classical systems with uncorrelated or short-range correlated
disorder, the probability of finding such rare regions is small and the possibility that
Griffiths singularities may effect the thermodynamics of the system is very weak.
Long-range disorder correlations can increase the rare region effects qualitatively
if the disorder is perfectly correlated in some spatial directions. Such a situation
may occur for a quantum disordered system at the T" = 0 quantum critical point.
At T = 0, the rare regions are extended objects with an infinite correlation in the
imaginary time direction. Now these strongly correlated rare regions can have much

stronger effects, ranging from strong power-law singularities in the free energy to
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a complete destruction of the phase transition [41]. Therefore there is a possible

influence on the critical behaviour in the vicinity of the quantum critical point.

The possibility of finding a rare region with a volume vgr and a typical length
of Lrr (vrr LdRR) decreases exponentially with the volume of the rare region,
therefore it is expected that the effect of Griffiths physics decreases by increasing
the dimension of the system [37, 41]. Obviously, the Griffiths physics is not cap-
tured by the mean field study of the infinite range transverse field Ising spin glass
model, where the spatial dimension is considered infinite (d = o0o). However, in the
opposite limit, where the spatial dimension is d = 1, Fisher [42] used the renormal-
ization group method to show how the Griffiths-McCoy singularities influence the
critical behaviour of a random Ising spin chain with a transverse field close to the
quantum critical point. For higher dimensions (d > 1), extensive numerical studies
have found that in proximity to a quantum phase transition between a quantum
paramagnetic phase and a spin glass phase [43, 44, 45], Griffiths-McCoy singular-
ities [39, 40] occur. For example, a divergence in the nonlinear susceptibility is
observed in a range of transverse field I' in the vicinity of the critical transverse

field ', as one approaches T'=0 for d = 1,2, 3

1.3 Random Field Ising Model

In this section, we finish our discussion of those theoretical models that provide
an important background to the work presented in this thesis by introducing the
random field (RF) Ising model. In the previous sections, in order to study disor-
dered magnetic models, we made a generalization to the Ising model (or TFIM) by
imposing disorder to the pairwise spin-spin couplings J;;, for example by consider-
ing them to be random. We previously discussed that, especially when the random
interactions lead to frustration, the disordered variant of the Ising model (i.e EA
model) is used to model spin glass magnetic systems. One can consider another
way to adding disorder to the Ising model. Instead of considering the interactions
to be random, one can consider the linear longitudinal field, which is coupled to
the Ising spin to be random. Models with quenched random fields provide another

class of disordered magnetic models, which have been studied extensively.
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In this thesis, we propose that for diluted LiHo,Y;_,F4, applying B, effectively
induces random fields, which couple locally to the Ho*" magnetic moments. The
presence of RF physics in LiHo,Y;_,F4; motivates us enough to include a short
background on the RF Ising model.

Here, disorder manifests itself as a generalized random field coupled directly
to the order parameter of the otherwise clean (dilution free) system. In a RF
problem, the system attempts to lower its energy by adjusting locally to the RF's
while the tendency of the system toward order opposes this local deformation. The
competition between these two trends brings out very interesting and rich physics.

The prototype of such models is the generic random field (RF) Ising model
1 z __Z z
i\j i

where there is a field that varies randomly from site to site with zero mean. Despite
all the interesting rigorous theoretical studies related to random-field models [46, 47,
48, 49, 50], site-random fields are difficult to tune experimentally, and the random
field model seemed quite abstract and not amenable to quantitative investigation
until Aharony and [51, 52] showed that site-diluted antiferromagnets in tunable,
uniform external magnetic fields should behave like ferromagnets in tunable random
fields. A simple Hamiltonian, which describes a random diluted antiferromagnet in

a uniform magnetic field h reads as
i 1 z -z z
H{L = 5 Z €i€jJijo; o] — hz €0; (1.25)
(6,3) g

in which ¢; = 1 if site ¢ is occupied and 0 if empty. In the case of antiferromagnetic
interactions, where the system is not diluted and the external field is absent, the
spins order in two sublattices. The spins in the same sublattice order parallel to
each other and antiparallel respect to spins in the other sublattice. Adding random
dilution imposes a local statistical imbalance of spins on each sublattice. The
uniform field attempts to align the local spins with itself, while the neighboring
spins from the other sublattice attempt to force the local spin to align antiparallel
with respect to their direction. Therefore, the sublattice which locally has a greater

number of spins will attempt to have its spins pointing along the uniform field.
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In a general RF Ising model, the RFs tend to destroy order, which effectively
reduces the ferromagnet to paramagnet transition temperature 7. relative to that
of a classical Ising system. As the distribution width of the RFs, h, = \/[h?].,
increases, 7, decreases until, for a critical RF distribution width A¢, 7. goes to
zero. Therefore for fields with h, = \/m larger than hS, the system is always
disordered.

Imry and Ma [46] used a droplet picture framework and energy scaling argu-
ments to show that for spatial dimension d < 2, even small RFs destroy the ordered
phase of an Ising system. If one considers a droplet with a typical size of L, which
is a compact domain of reversed spins opposite to the average magnetization of
the bulk, then for the case that interactions are assumed to be ferromagnetic and
nearest neighbor, the energy cost to flip a domain is proportional to the domain
wall area Eo ~ +JL% !, This energy cost of flipping the spins should be compared
with the energy gain which comes from the interaction of the spins with the random
fields. For uncorrelated random fields, according to the central limit theorem, the
mean square value of the random field energy F2p inside a region of volume L4
is proportional to h,2L?. Therefore, the total energy cost for the formation of a
domain is

E(L) ~ +JL4Y — b, L? = jri-! [1 — <%) L_] (1.26)
Therefore, by this simple argument [46, 53|, one can see from Eq. (1.26) that for
h, much smaller than J, the ferromagnetic state becomes unstable with respect to
domain formation for d < 2, when L is large enough. In other words the system
can not ferromagnetically order at d < 2 and d; = 2 is the lower critical dimension
of the RF Ising model.

Up to now, we have presented a minimum introductory back-ground material
required for the discussion of the physics of LiHo,Y;_,F4 which follows in the rest
of this thesis. The goal of this thesis is to study disordered magnetic materials in
the context of LiHo,Y;_,F4 and to understand some of the paradoxical physics of
that material. In the next section we preview the main properties of the magnetic
material LiHo,Y;_,F}4.
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1.4 LiHo,Y, .Fy

In the previous sections, we introduced some of the simple theoretical models which
were developed to study disordered classical/quantum magnetic materials. From
now on, we focus on the real magnetic material LiHo,Y;_,F4. Depending on =z,
the concentration of the magnetic Ho®*" ions, or B,, the amplitude of the external
magnetic field applied transverse to the Z Ising direction, LiHo,Y;_,F4 provides
an excellent framework to benchmark a variety of well-studied theoretical models,
which were introduced in Sections 1.1, 1.2 and 1.3.

In LiHoF,, the predominant .J;; interaction between the Ho*" ions is the long

3
5
distance between the ¢ and j ions. The sign of J;; depends on the position of j

range interaction between magnetic dipoles which decays as 1/77;, where r;; is the
respect to 2. The existence of a large crystal field anisotropy acting on the magnetic
Ho®" ions [54] causes the system to behave as a classical Ising system with dipolar
interactions for zero applied magnetic field B,. The single ion crystal field ground
state is an Ising doublet, meaning that the matrix elements of the raising and
lowering angular momentum operators J* vanish within the space spanned by the
two states of the doublet. The Ising direction is parallel to the

c-axis of the body centered tetragonal structure of LiHoFy. In zero applied magnetic
field B,, the pure compound LiHoF, is well described by a low-energy effective spin-
% classical dipolar Ising model [55, 56]. For B, = 0, LiHoF} is an Ising ferromagnet

at low temperature with a critical phase transition at 7, = 1.53 K.

For Ho** in LiHoF,, the energy gap between the ground state doublet and the
first excited state singlet is fairly large compared to the J;; couplings, so there
is little quantum mechanical admixing between the ground state ad excited states
that is induced by the interactions [55]. However, a nonzero B, admixes the ground
state doublet with the excited states thereby splitting the ground state doublet. It
is this energy splitting which corresponds to the effective transverse field I" in the
TFIM description of LiHoF, in nonzero B, [1, 56, 57].

Hence, LiHoF, with an applied external B, can be advocated as one of the rare
physical realizations [1] of the transverse field Ising model (TFIM) [2, 3, 4, 5, 6].

Here, quantum fluctuations are induced via an external B,, which is experimentally
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Figure 1.3: The phase diagram as a function of dipole concentration x for LiHo, Y1_,Fy,
showing paramagnetic (PM), ferromagnetic (FM), spin glass (SG) “anti-glass” (77)
phases [7] .

tunable. Therefore, LiHoF, provides an ideal framework to study quantum phase

transitions.

The Ho*" ions may be substituted (i.e. randomly diluted) by non-magnetic
yttrium (Y31) ions, with very little lattice distortion”. Therefore, the substitution of
Ho3* with Y?* almost does not change the magnetic pairwise interactions between
the magnetic moments of the remaining Ho3* ions. This allows one to study the
effects of disorder on LiHo,Y;_,F4 as an example of a diluted Ising model with
quenched disorder.

Now, we momentarily set B, = 0 and review different phases of LiHo,Y;_,F, for
different ranges of z in the absence of induced quantum fluctuations. Fig. 1.3 shows
the temperature vs Ho®" concentration (z) phase diagram of LiHo,Y;_,F4 [7]. As

the concentration z is varied, LiHo,Y;_,F4 exhibits various phases. Starting from

"The ionic radius of the non-magnetic Y3* is ~ 104.0 pm, which is very close to the one of
Ho?* (~ 104.1 pm).
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xr = 1, as we mentioned earlier, the system maps on a simple classical Ising model
with long range dipole-dipole interactions. By randomly diluting the system, the
transition temperature is initially depressed linearly with dipole concentration down
to & ~ 0.5 following the simple mean-field relationship T.(z) ~ 27.(z = 1). The
long-range ferromagnetic order survives down to z ~ 0.25 and the system is a
ferromagnet with quenched disorder [1, 58, 59, 60]. For z < 0.25 the quenched
disorder and the competition of the pairwise ferro/antiferro-magnetic interactions,
which is inherent in dipolar interactions, dominate. The system cannot satisfy
all the interactions, hence the system becomes very strongly randomly frustrated
and a classical spin glass is observed [7, 9]. The spin glass transition is found by
observing a sharp divergence in the nonlinear susceptibility, x3 (see Eq. (1.21)),
and also from the dynamical signature in the dissipative component of the linear
AC susceptibility, x/ [36, 61]°.

What happens if we dilute the system further (x — 0)? When LiHo,Y;_,F4
is highly diluted (e.g. LiHog 045 Y0.0955F4), very interesting and peculiar behaviours
are observed. AC susceptibility data show that the distribution of relaxation times
narrows upon cooling below 300 mK [7, 67, 8]. This behaviour is quite different
from that observed in conventional spin glasses, where the distribution of relaxation
times broadens upon approaching a spin glass transition at 7, > 0 [12, 68]. This
so-called antiglass behaviour has been interpreted as evidence that the spin glass
transition in LiHo,Y;_,F4 disappears at some nonzero z. > 0 [9] and the system

appears not to freeze at a finite temperature in this highly diluted regime. This is

8We note that the existence of a spin glass transition in LiHo,Yi_,F4 (x ~ 0.17) in zero
transverse magnetic field has very recently been questioned. Recent numerical [62, 63, 64] and
experimental works by Jonsson et al. [9, 65] claim that a finite temperature paramagnetic to
spin glass phase transition may not occur for = as large as . ~ 0.2. However, Ancona-Torres
et al. [66], in a more recent experimental work, remeasured the nonlinear susceptibility x3 for
x = 0.167 and also for x = 0.198. They reclaim that LiHo,Y;_,F4 has a spin glass transition at
B, = 0 and question the results of Ref. [9]. They criticize the authors of Ref. [9] for having used
large longitudinal magnetic fields and fast sweep rates in their measurements, probing the system
far from equilibrium. However, subsequently in a rebuttal, Jonsson et al. [65] claim that their
own measurements were performed at equilibrium and requestion the results of Ref. [66]. They
emphasize that one can not justify a spin glass transition just from observing a sharp peak in y3
without performing a rigorous scaling analysis similar to the one presented in Ref. [9].
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Figure 1.4: The phase diagram of diluted LiHog 44 Y 56F4 as a function of temperature
and the external transverse magnetic field. The lower curve is an experimental curve
reported in Ref. [70], while the upper curve is obtained from a simple mean field calcula-
tion. In nonzero B, with increasing B, T.(B,) decreases faster than mean field theory

predictions .

in contrast with theoretical arguments [69] which argue that, because of the long-
ranged 1/r® nature of dipolar interactions, classical dipolar Ising spin glasses should
have T,(z) > 0 for all = > 0.

Now, we induce quantum fluctuations in the system by applying an external
transverse magnetic field B, # 0 to LiHo,Y;_,F4, with < 1. One may naively
expect that in such a situation, LiHo,Y;_,F, provides a framework to straight-
forwardly explore the physics of the TFIM in either a diluted ferromagnet or a
spin glass, depending on the concentration . However, it seems that the interplay

of quenched disorder and quantum fluctuations leads to complex and nontrivial
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Figure 1.5: The evolution of the nonlinear susceptibility of LiHog 167 Y0.833F4 with an
external transverse magnetic field, measured by Wu et al. [36]. The divergence in the
classical limit becomes quenched upon going to low temperature and/or the large B,

quantum limit.
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physics in this material. One of the basic motivations for the work in this thesis
was to understand some of the physics behind the puzzling behaviour of diluted
LiHo,Y; ,F4 with z < 1 and B, # 0.

One of the unusual behaviours which has been observed in experiment is in
the range of 0.25 < x < 1.0, where LiHo,Y;_,F, is a ferromagnet. For B, = 0,
a mean-field behaviour T.(z) o« z for the paramagnet to ferromagnet transition
temperature is observed. However, as it is shown in Fig. 1.4, with increasing B,,
T.(B,) decreases faster than what mean field theory predicts [70]. This implies
that, compared with the energy scale for ferromagnetic order, set by T.(B, = 0),
the applied field B, becomes progressively more efficient at destroying ferromagnetic

order as x is lowered [70].

What about the range where LiHo,Y;_,F, is diluted below x ~ 0.257 As we
previously discussed, for B, = 0, when x < 0.25, a conventional spin glass transi-
tion is observed [9, 36]. The general physics of LiHo,Y;_,F4 at B, = 0 is captured
by a classical Ising spin glass model, where the couplings are randomly diluted long
range dipole dipole interactions. Therefore, at B, # 0, one may naively expect
that a transverse field Ising spin glass (TFISG) model is a suitable framework to
study LiHo,Y;_,F4 theoretically. However, it turns out that in reality for B, # 0,
a TFISG model fails to capture some of the important macroscopic properties of
the spin glass behaviour of LiHo,Y;_,F4 for z < 0.25. As was discussed earlier,
the clearest signature of the spin glass transition is a divergence of the nonlinear
magnetic susceptibility xs3 at T}, [68]. However, surprisingly, x3(7") becomes less sin-
gular as B, is increased from B, = 0, suggesting that no quantum phase transition
between a paramagnetic and spin glass state exists as 7" — 0 [36, 71] (See Fig. 1.5).
This behaviour is rather puzzling. For example, mean-field studies of infinite-range
quantum Ising spin glasses, suggest that at 7' =0 and I'. = T,(I" = 0), the nonlin-
ear susceptibility is divergent (see Chapter 5), where T,(I' = 0) is the classical spin
glass transition temperature. Also, numerical studies on the quantum version of the
EA model with a transverse field for spatial dimension d = 2 [43] and d = 3 [45],
indicate that the nonlinear susceptibility diverges at 7' = 0. This is in contrast
with what is observed for LiHo,Y;_,F4.

Recently, theoretical studies [24, 25, 56, 72| have suggested that for dipole-
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coupled Ho®** in diluted LiHo,Y;_,F4, a nonzero B, generates longitudinal (along
the Ising Z direction) random fields that couple to the magnetic moment and (i)
lead to a faster decrease of T,(B,) in the ferromagnetic regime and (ii) destroy the
paramagnet to spin glass transition in LiHo,Y;_,F, samples that otherwise show
a SG transition when B, = 0 [9]. In this thesis, we discuss the mechanism of this
random field generation in detail. This induction of random fields in LiHo,Y;_,F4
via a tunable external transverse magnetic field may have a significant impact on
the theory of random fields, which is currently an important problem in the field
of disordered systems. As mentioned in Section 1.3, a direct manifestation of the
RF phenomenon in real magnetic systems is extremely rare, because it is difficult
to generate random fields at the atomic scale which couple directly to the spins.’
Therefore LiHo, Y ,F4, with B, # 0 is seemingly the first realization of a random
field Ising model in a ferromagnetic material providing a new venue for studying
the random field problem with a direct probe, by measuring bulk properties such
as magnetization and susceptibility. Recently, for the ferromagnetic regime, the
influence of these induced random fields on the behaviour of the linear magnetic
susceptibility x in the presence of an external transverse magnetic field has been

experimentally studied [58, 73].

The authors of Ref. [58] measured the linear susceptibility of diluted LiHo,Y;_,F4
in the presence of a transverse magnetic field for x = 0.44, where the system is a
diluted ferromagnet. They observed that for B, # 0, the linear susceptibility shows
singular behaviour for temperatures above the Curie-Weiss temperature 7. They
discuss that, as a result of the induction of random fields, the susceptibility has a
leading contribution proportional to | B,|. This | B,| dependence is the origin of the
singular behaviour of y for temperatures in the proximity of the critical tempera-
ture. The authors of Ref. [58] claim that this is possibly evidence that LiHo,Y;_,F4

displays Griffiths singularities. However, the details of how this specific singular be-

9As discussed earlier in Section 1.3, Aharony and Fishman [51], showed that site-random an-
tiferromagnets, such as Fe,Zn;_,F5, in a tunable uniform external magnetic field map onto a
ferromagnet in tunable random fields. The experimental probe to study these diluted antiferro-
magnets is usually neutron scattering. Because, in practice one is not able to apply a staggered
field (a field that is periodically alternating in space), direct bulk measurements such as magne-

tization and susceptibility measurements are not applicable for antiferromagnets.
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haviour in the linear susceptibility is connected to the Griffiths physics for nonzero
T is unclear. However, motivated by the discussion we had in Section 1.2, where
numerical studies for a TFISG model in d = 2,3 [43, 44, 45] observe Griffiths sin-
gularities at T" — 0 in the vicinity of the quantum critical point, it would be very
interesting to investigate how these Griffiths rare regions influence the physics of

LiHo,Y;_,F,4 at low temperatures T' — 0, a subject beyond the scope of this thesis.

In addition to phenomena arising in the dilute regime of LiHo,Y;_,Fy, thex =1
regime also turns out to be interesting. There still exist problems for LiHoF,, that
require the properties of this system in nonzero B, to be re-investigated more thor-
oughly. Perhaps surprisingly, it is just recently that the properties of LiHoF, in
a transverse external magnetic field have been studied in quantitative detail start-
ing from a truly microscopic spin Hamiltonian [57]. In Ref. [57], which reported
results from a quantum Monte Carlo (QMC) study using the stochastic series expan-
sion (SSE) technique [74], a general qualitative agreement between the microscopic
model and experimental data was obtained [1]. However, as illustrated in Fig. 1.6,
a significant quantitative discrepancy between the Monte Carlo results of Ref. [57]
and the experimental data of Ref [1] was reported. In particular, the discrepancy
between experiment and QMC results persists asymptotically close to the classical
ferromagnetic to paramagnetic phase transition, where B, /T, and quantum fluc-
tuations are perturbatively small. For very low temperatures and high B,, it is
crucial to consider the hyperfine interaction in order to explain the behaviour of
the phase diagram close to the quantum critical point [1, 57, 75]. However, for very
small B, /T,, the numerical results shown in Fig. 1.6 indicate that the effect of the
hyperfine interaction is not important close to the classical transition at 7., where
T, is much higher than typical energy scale of the hyperfine interactions and the
effect of nuclear levels are effectively averaged out. In this thesis, we numerically
re-investigate the temperature 7', versus transverse field phase diagram of LiHoF,
in the regime of weak B,. Our goal in doing so is to scrutinize the individual role of
a number of computational issues as potential culprits for the discrepancy between

QMC and experiment observed in Fig. 1.6.
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Figure 1.6: The discrepancy between the experimental [1] phase diagram of LiHoF, and
quantum Monte Carlo (QMC) simulations using stochastic series expansion for small B,
from Ref. [57]. The whole phase diagram is shown in the inset. At low temperature and
high B, neglecting the large hyperfine interaction A generates a significant discrepancy
between the experimental quantum critical point and the one obtained from simulation.
However, at low B, and close to the classical critical point (7, ~ 1.53K), we are in
a temperature range where the hyperfine interaction does not quantitatively affect the
phase boundary. Other possibilities for the origin of this discrepancy must be investigated

in this regime.
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1.5 Outline of the Thesis

The rest of the thesis is organized as follows. In Chapter 2, we review the crystal
structure and the physical properties of LiHo,Y;_,F4 in a transverse field B, and
the effect of the electrostatic interaction of the atoms surrounding the magnetic
ions, the so called crystal field effect. We discuss how to derive the crystal field
Hamiltonian of LiHo,Y;_,F4 based on the crystal structure and the symmetry of
the lattice. Then, we introduce the full microscopic Hamiltonian, which describes

the magnetic interactions in the lattice.

In Chapter 3, we first discuss how, for sufficiently low temperatures, an effective
spin—% Hamiltonian is generated for a generalized simple S > 1 model with long
range dipolar interactions and with strong uniaxial Ising anisotropy and subject
to a weak external magnetic field B, transverse to the Ising direction. Then, we
focus on LiHo,Y;_,F, and explain how such an effective spin—% Hamiltonian can
be constructed. We explain how one can picture pure LiHoF, in nonzero B, as
a dipolar TFIM and show how, in the case of dilution, magnetic field-induced

longitudinal random fields naturally arise in the effective Hamiltonian.

In Chapter 4, we present analytical and numerical evidence for the validity of
an effective spin—% approach to the description of random field generation in S > 1,
and especially for an S = 1, dipolar spin glass model with strong uniaxial Ising
anisotropy and subject to a weak external magnetic field B, transverse to the Ising
direction. We show that the spin—% approach is able to capture both qualitative
and quantitative aspects of the physics at small B,, giving results that agree with

those obtained using conventional second order perturbation theory.

In Chapter 5, we study LiHo,Y;_,F, in the spin glass regime. Motivated by the
effective spin—% Hamiltonian, proposed in Chapter 3 to describe the low temper-
ature behaviour of the diluted quantum magnetic material LiHo,Y;_,F, with an
applied transverse magnetic field B,, we investigate an infinite range quantum spin
glass model with random field interactions in the Ising Z direction. To study this
model we use a mean field replica symmetric calculation and an imaginary time
static approximation. We calculate the nonlinear susceptibility for this model and

discuss the range of temperature and transverse field over which the mean field so-
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lution is stable. Finally, we bring our results in contact with the real LiHo,Y;_,F4
material and discuss how one can expose in this model the smearing of the nonlin-
ear susceptibility y3 with increasing external applied magnetic field B,., similar to

what is observed experimentally [36].

Chapter 6 is devoted to numerically re-investigating the temperature 7', versus
transverse field phase diagram of LiHoF, in the regime of weak B,. We discuss
how a semiclassical effective Hamiltonian is derived from the TFIM Hamiltonian
by incorporating the transverse field term perturbatively via a cumulant expansion.
We employ the semiclassical effective Hamiltonian in classical Monte Carlo simu-
lations for small B,. We investigate the influence on the phase diagram of various
effects that may be at the source of the discrepancy between the previous QMC
results and the experimental ones. For example, we consider two different ways
of handling the long-range dipole-dipole interactions and explore how the B, — T
phase diagram is modified when using different proposed values of the parameters

for the microscopic crystal field Hamiltonian.

Finally, in Chapter 7, the thesis is summarized and avenues for future work
are discussed. The thesis also contains five appendices. Appendix A introduces
the Trotter-Suzuki method for transforming a d-dimensional TFIM to a d + 1-
dimensional classical Hamiltonian, which is useful to study a very simple TFIM.
Appendix B gives some of the intermediate steps needed to construct an effective
classical Hamiltonian out of the non-commuting terms in the quantum Hamiltonian
of the TFIM, using a perturbative cumulant expansion. This perturbative effective
Hamiltonian is used in our Monte Carlo simulations. Appendix C gives the formulae
needed to calculate physical thermodynamic quantities when performing classical
Monte Carlo simulations with the effective perturbative Hamiltonian. Appendix
D gives a very brief introduction of the numerical Lanczos method, which is used
to perform numeric exact diagonalization of spin Hamiltonians and which is used
in the calculations presented in Chapter 4. In Appendix E, we discuss the details
of the derivation for the stability condition of the replica symmetric solution un-
der the static approximation for the generalized infinite range model with random

interactions, studied in Chapter 5.



Chapter 2

Crystal Structure and the

Microscopic Hamiltonian of
LiHo,Y{_, F4

This chapter is devoted to the crystal structure of LiHo, Y;_,F4 and the microscopic
interactions acting on the magnetic Ho*" ion within the crystal. In Section 2.1, we
introduce some of the basic properties of the magnetic Ho** ions within the LiHoF,
lattice and discuss the crystal structure and the symmetry of the LiHoF, lattice.
In Section 2.2, we review the effect of the electrostatic interaction of the atoms
surrounding the magnetic ions, the so-called the crystal field effect. We discuss
how to derive the crystal field Hamiltonian based on the crystal structure and the
symmetry of the lattice. The crystal field interaction can partially lift the atomistic
degeneracy of isolated ions within the lattice. We also discuss how the crystal field
Hamiltonian of LiHoF, is obtained. In Section 2.3, we introduce the full microscopic
Hamiltonian that describes the interactions of the magnetic Ho®*" ions within the
LiHoF, lattice.

34
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a=b=5176 A
c=10.75 A

Figure 2.1: The crystal structure of LiHoF,. NN identifies the first nearest neigh-
bors and NNN identifies the next nearest neighbors
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2.1 Structure and Crystal Properties

The magnetic material LiHoF, undergoes a second-order phase transition from a
paramagnetic to a ferromagnetic state at a critical temperature of 1.53 K [36, 54].
The critical temperature can be reduced by applying a magnetic field B, transverse
to the Ising easy-axis direction. The magnetic field induces quantum fluctuations
such that beyond a critical field of BS ~ 4.9 Tesla, the system displays a quantum
phase transition from a ferromagnetic state to a quantum paramagnetic state at
zero temperature [1] (see Fig. 1.6). The magnetic properties of LiHoF, are due to
Ho3* rare earth magnetic ions. The electronic ground state of Ho** is 4£1°, which
gives small exchange coupling [57, 76, 77!, such that the predominant magnetic in-
teraction between the Ho®" ions are long-range magnetic dipole-dipole interactions.
Hund’s rules dictate that the total angular momentum of a free ion Ho**, J = 8
(L =6 and S = 2) and the electronic ground state configuration is °Iz. LiHoF, is
a compound with space-group C%, (74, /a) and lattice parameters a = b = 5.175A,
¢ =10.75A, and has 4 Ho*" ions per unit cell positioned at (0,0,1/2), (0,1/2,3/4),
(1/2,1/2,0) and (1/2,0,1/4) [76]. The lattice structure is shown in Fig. 2.1 The

s

crystal has Sy symmetry, which means the lattice is invariant with respect to a §

rotation about the z axis and reflection with respect to the x — y plane?.

In the crystal structure, the Ho®** ions are surrounded by F~ and Li* ions, which
create a strong crystal electric field with S, symmetry. This crystal field lifts the 17-
fold degeneracy of the I configuration giving a non-Kramers ground state doublet.
The next excited state is a singlet with an energy gap of ~ 11 K above the ground
state doublet [54, 78, 79]3. In Section 2.2, we discuss the crystal field Hamiltonian

and the crystal field parametrization in more detail. Holmium is an isotopically

IThe reason of weak exchange coupling in rare earth ions is that, the 4f orbitals are deeply

buried within the electronic shell under the 5s, 6s and 5d orbitals
2This reflection with respect to the x — y plane makes the Sy symmetry different from the Cj

symmetry, which the system is invariant respect to § rotations around the 2 axis (i.e see Fig. 2.1).
3In LiHoF, there is an ambiguity in the value of the energy gap A between the ground state

doublet and the excited state for B, = 0 among different experimental works. For different
estimations of A see Refs. [54, 78, 79].



CHAPTER 2. CRYSTAL STRUCTURE AND ... 37

pure element with nuclear spin I = 7/2, which is coupled to the electronic spin J
via the hyperfine contact interaction AI-J, where A &~ 39 mK [76, 80].

2.2 The Crystal Field Interaction

In this Section, we briefly discuss how the crystal field Hamiltonian of LiHoF, is

written in terms of angular momentum operators and crystal field parameters.

The outer shell of the Ho*" ion is an unfilled f-shell of 10 electrons, and the
ground state configuration is (2J 4+ 1) = 17-fold degenerate. However, the electro-
static interactions of the electrons in the unfilled shell with the neighboring charged
ions partially lifts the degeneracy. The effect of these electrostatic interactions can
be captured by an approximate model in which the overlap of the electronic wave-
functions, centered on different ions, are neglected. This approximation is known as
the point-charge approximation in which all the other ions and their electrons sur-
rounding the ion of interest are treated as point-charges sitting at their equilibrium
position in the crystal. In case of an insulator like LiHoF,, where the individual
electronic wave-functions are strongly localized on a single ion, this is not a totally

bad approximation.

If we assume that the ions electrostatically interacting with the f-electrons of
Ho?* are close to point-charges, then the electrostatic energy is simply the sum
of the point-charge Coulomb interaction energies. Thus, if we choose a reference
frame such that the magnetic ion is at the center of the coordinates, the electrostatic
interaction between the environmental ions and the f-electrons of the rare earth

ions can be expressed as
q;
irj

where r; is the position of the ¢’th f-electron of the rare earth ion, R; denotes the
position of the jth ion, which is surrounding the Ho®*" ion, —e is the charge of an
electron and ¢; is the total electric charge of the j'th ion surrounding the Ho**
ion. The sum over j includes all the other ions surrounding the rare earth ion of
interest, and the sum of 7 is over all the f-electrons of the rare earth ion. In order

to take advantage of the crystalline symmetry, it is useful to expand the crystal
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Figure 2.2: The position of the f-electrons (small, blue circle) of the rare earth ion and

the position of the environmental ions (large, red circle), in spherical coordinates.

field energy in terms of the spherical harmonics. The components of r;=(r;, 0;, ¢;)
and R;=(R;, 0}, ¢;) are written in terms of the spherical coordinates (See Fig. 2.2).

In general Vl—r-w in terms of the spherical harmonics for R; > r;, can be written
as 4
Ly S Y e 0es) . (22
|Rj — I‘i| B - 2n + 1 Rjn-i-l S~ n 3 ¥Pi)tn Vi, Pi) - .

However, in order to avoid imaginary coefficients in the crystal field Hamiltonian,

it is more convenient to work with tesseral harmonics [81], which are defined as

ZnO - Yr? )
1
Z¢ = — Y " -1)my’m 2.3
i \/5[ S G DU i I (2.3)

V2

4Tn the case of the rare earth, where the electronic wave-function of the f-electrons are strongly

localized, R; > r; is a fair assumption.



CHAPTER 2. CRYSTAL STRUCTURE AND ... 39

where m > 0. Rewriting, —‘R_l_ﬂ in terms of tesseral harmonics yields the expression
J i
L S 2000 Zunl01) (24)
R — 1| &= 2n+1 Ryt £ T e '

where m = 0,...,n. For each n in the summation over « there are terms 7, for
and Z2  for m # 0. Finally, by substituting Eq. (2.4) into

Eq. (2.1), one derives the expression

Vor = =€ 3 ) 1 naZnali, ¢1) | (2.5)

i n=0 «

m =0, as well as Z¢

nm?

where 7, is defined as

Arnq;  Zna(0, ¢5)
= E . 2.

Note that, the dependence of the crystal field potential on the positions of the
neighboring ions is captured entirely by the ~,, parameters. Thus, the symmetry
of the crystal manifests itself through these parameters, causing some of the terms

in the harmonic expansion of Eq. (2.5) to vanish identically.

2.2.1 A Discussion of Symmetry

The free ion wave-function of a rare earth ion is written as a Slater determinant of
the wave-functions ¥y, (r, 6, @) of the free electrons in the 4 f shell. 4f free electrons
are denoted with quantum numbers n = 4, [ = 3, and m = —I[,--- ,[, where the
angular part of the ¢y, (r, 0, ¢) wave-function is proportional to Y;*(r, 0, ¢) [81, 82].
Therefore, in the calculation of the matrix elements of Vo for 4f rare earth ions,

we end up calculating expressions such as
oy zz vian. (2.7)

However, as a result of the addition theorem for spherical harmonics, such matrix
elements will be zero if n > 6. Thus, we only need to consider the Z,, terms for
which n < 6. It should be also noted that, in general, [ (Y}T“)* Z3 Y dS) s zero,
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unless [ + Iy + n= even integer. This means that in Eq. (2.7), where [} = I = 3,
the integral vanishes if n is an odd integer. Therefore, when writing the crystal
field Hamiltonian of Eq. (2.5), one can neglect those v, terms for which n is odd
and n > 6.

Of the remaining 7, terms, some will vanish due to the symmetries of the crys-
tal. Thus, as a result of all this, the total number of terms required to completely
characterize the crystal field Hamiltonian within the point charge approximation is
finite.

LiHoF,, which is our subject of interest, has S; symmetry. This means that
the lattice remains invariant under a rotation of 7 /2 about the z-axis followed by a
reflection about the z-y plane. Now, for example, if we concentrate on a Ho** ion
positioned at the origin, the position of its four nearest-neighbor Ho**, in spherical

co-ordinates, are given by

(Tons Opns @ + 7/2)

(Tnny Oy @ + 37/2)
rs = (Tpn, ™ — Opn, @)

(Pony T — Oy @ + 1)

o =

T4 =

where 7, = \/ (a/2)* + (¢/4)? is the nearest neighbor distance and 6,,,, = arctan (2a/c) .
Therefore, since the m dependence of Z'(6, ¢) originates from the sinme¢ and
cos m¢ terms, the 7, terms, for which m # (0 and 4) will vanish. Thus, the total
NONZETO Y, terms in Eq. (2.5), remaining for LiHoFy are va0, a0, Y545 Vs> 7605 Véus
and ¢, -

2.2.2 Steven Operators

According to arguments provided by Stevens [83] for evaluating the matrix elements

of the crystal field Hamiltonian between wave-functions® |LS.J.J?) specified by the

5In rare earth elements, the spin orbit interaction is very strong and, as a result, the total an-
gular momentum J is a good quantum number and the eigenstates of the total angular momentum

operator J are good states.
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angular momentum J, the crystal field Hamiltonian can be written in term of

Stevens’ operator equivalents O2 [81, 82]6.

To do so, we write Z,, in Cartesian coordinates by making the substitutions

sin(0;)e’” — (@ +iy;) /70
sin(f;)e " —  (z; —iy;)/r; ,and

cos(b;) — zifr; .

The Wigner-Eckart theorem [81, 82] states that r' Z,,. (4, yi, z;), which is an explicit
function of z;, y;, and z;, can be replaced by combinations of the vector components

of the J operator, resulting in equivalent Stevens’ operators such that
(LSJTJ |1 Z e (s, yiy 2) | LSTJ?Y o< (LSJTJ*|OX|LSTJ?) . (2.8)

To write OF, one can “simply” replace the z, y, and z operators by the J,, J,, and
J, total angular momentum operators respectively. However, because the angular
momentum operators do not commute as the spatial coordinates do, products of
x, y, and z have to be replaced by all the different combinations of J,, J,, and J,

divided by the total number of combinations. A simple example is
1
ry — §(Jny + JyJs) .

As a result the crystal field Hamiltonian can be written in a compact form, in

terms of the Stevens’ operators, as
Vo=> Brog. (2.9)
n,a

The Stevens’ equivalent operators act on the angular momentum states of the wave-
functions. The matrix element of the radial part of the wave-function is incorpo-

rated in the B; parameters

Bg = _eqf)/naen <7,n> ; (210)

5The details of the method and conventions for expressing the crystal field Hamiltonian can

be found in the review paper by Hutchings [81].
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where the ¢,,’s are constants which are prefactors existing within the Z,,, terms [81].
0y = ay, 04 = (35, and 05 = v, are constants which depend on the angular momen-
tum state of the ion in question. For Ho*", ay; = 1/2-3%-5%, 8, =1/2-3-5-7-11-13
and v; =5/3%-7-11%- 132 [81].

Since, B¢ is proportional to 7,,, the zero BS parameters are set by symme-
try arguments. Therefore, from the discussion given in the last subsection, the
remaining nonzero B® parameters of the LiHoF, crystal field Hamiltonian are BY,
BY, Bi¢, B¢, B, Bg¢, and Bg¢, due to the S; point group symmetry of LiHoF.
However, because the complexity of the electrical charge distribution and the quan-
tum effects are neglected in the point-charge approximation, the nonzero By’s are
usually determined semi-empirically by fitting to experimental (e.g. spectroscopic)
data [54, 78, 79].

The crystal field Hamiltonian for LiHoF,, in terms of Stevens’ equivalent oper-
ators , is
Vo = BYOY+ BYOY + BiOf + ByFO;*
+B0Y + BiOg + BiEOg®. (2.11)

The relevant operator equivalents are given in terms of angular momentum oper-
ators [81] (J., Jy, J_, J?) by

Oy = 3J2-J%,

0 = 35Jz" —30J%J2 +25J2 —6J° +3J*
1

01" = S+ 7)),
1

0y = Q—Z.(Jf‘; —Ji),

Oy = 231J° —315J%J} + 735J% + 105J*J2

—525.J%J?% 42942 — 5J° 4 40J* — 60.J*

1
Oic — Z(Ji +J4)(11J% — J?> —38) + Hee. ,and

1
O = L (Ji=JH(LS = J2 = 38) + Hc. (2.12)

Two different sets of experimentally determined crystal field parameters, B

are given in Table 2.1. The first set of the parameters was determined by inelas-
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Parameter Ref. [78] Ref. [79]
B —0.696 K —0.609 K
BY 406 x 1073 K 3.75 x 1079 K
Bic 118 x 102K 3.15x 102 K
Bis 0K 272x 102K
BY 464x 1076 K 6.05x 10 K
BiC 812x 1074 K 678 x 10 K

B 1137x 104K 414x 1074 K

Table 2.1: The first column lists the crystal field parameters (CFP) for LiHoFy,
which were determined by fitting the results of random phase approximation spin-
wave dynamics calculation to neutron scattering data from Ref. [78]. The second
column gives the crystal field parameters estimated using data from an electron

paramagnetic resonance (EPR) spectroscopy experiment [79].

tic neutron scattering reported in Ref. [78] and implemented in the calculations of
Ref. [57]. The second set of BS parameters was determined using electron param-

agnetic resonance (EPR) spectroscopy, and reported in a recent work [79].

2.3 The Microscopic Hamiltonian of LiHo,Y;_F}.

There are different type of interactions that play a role in the magnetic properties
of LiHo,Y;_,F4. The strongest of these interactions is the crystal field interaction
Ver, which is a single ion interaction. This interaction, which originates from the
interaction of the Ho®>* ion with the electrical field of all the other surrounding ions,

was discussed in the previous section.

In LiHo,Y;_,F4, the main pair-wise interaction between the magnetic ions is

the long-range dipole-dipole interaction. These interactions, which are between the
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magnetic moments of Ho3* ions read as

1 B
Hayp, = 5(9LMB)2 Z ZEZ'EJ'L% JI (2.13)
i)
where p1, v=x,y, z and J; is the total angular momentum of Ho®* ion 7. L} is the

magnetic dipole interaction written in the form
Ly = [0 |eig|? = 3(ey) (v59)"] /v (2.14)

where r; are the crystalline positions occupied either by a magnetic Ho** ion
(e; = 1) or a non-magnetic Y** ion (¢, = 0), and r;; = |r; — 7;| is the inter-ion
distance. Here, g; = 1.25 is the Landé g-factor of free Ho*" and ug = 0.6717 K/T
is the Bohr magneton. The dipolar interaction between the Ho3t magnetic ions is

complemented by a short range nearest-neighbor Heisenberg exchange interaction

Heyen = %JexiZNI:\IEiENN Ji I, (2.15)
where NN denotes the nearest neighbors of site 7. This exchange interaction is
considered to be weak and isotropic [57, 84]. The third interaction is the hyper-
fine coupling between the electronic and nuclear magnetic moments of the Ho3*

magnetic ions.
Hyyp =AY (I - ;) . (2.16)

The hyperfine constant A ~ 39 mK is anomalously large in Ho**-based materi-
als [1, 57, 75]. Finally, if one applies an external magnetic field to the system, then
the magnetic Ho** moment couples to the external magnetic field B via Zeeman in-
teraction. Thus, the complete Hamiltonian of the system with an applied magnetic

field B, is written as
H = Y eVor(J) —gups Yy eB-J;
_'_Hdip + Hexch + thp . (217)

The first two terms are single ion interactions, where Vip describes the strong
crystal field interactions which has been discussed in Section 2.2 . The second term
is the Zeeman interaction.
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In the next chapter we will see that, for sufficient low temperatures, an effec-
tive spin—% Hamiltonian can be derived from the full microscopic Hamiltonian of
Eq. (2.17). We will see how the low energy effective model can assist us in studying

the low temperature behaviour of LiHo,Y;_,F4 analytically and numerically.



Chapter 3

Effective Spin-1/2 Theory

3.1 Introduction

In condensed matter physics systems with strongly interacting quantum mechani-
cal degrees of freedom, it is often a challenge to explain physical phenomena from
a truly first principle atomistic point of view. In systems where there are high
energy scales well separated from a low-energy sector, effective low-energy theories
offer the advantage of a reformulation of the problem with a Hilbert space with
an exponentially smaller number of states. There are various methods to carry
out this reformulation [85, 86]. These methods usually consists of projecting the
Hamiltonian and operators onto the subspace of the low energy levels. The effect
of higher orders are usually incorporated perturbatively. However, the reduction
of the Hilbert space is not priceless. The price is a much complicated form for
the effective operators associated to physical observables as well as the effective
Hamiltonian in the new reduced subspace compared with the original fully micro-
scopic Hamiltonian. A well known and topical example where such an approach is
used is in the derivation of an effective spin-only model starting from a Hubbard
model describing electrons hopping on a lattice. It is commonly accepted that the
low-energy magnetic excitations of a Hubbard model with a large on-cite Coulomb
repulsion U are easier to investigate within an effective spin Hamiltonian than the
full spectrum of the Hubbard model [87, 86, 88]. At least, in the context of the

46
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Hubbard model, it has been shown that different methods for constructing a low-
energy effective Hamiltonian leads to equivalent results [86]. Generally speaking,
the only requirement to be able to derive an effective model is to have a small
parameter, which is ¢/U in the previous example, where ¢ is the nearest-neighbor

hopping constant.

In many magnetic materials, the ground state degeneracy of the otherwise free
magnetic ions can be partially lifted by the crystal field effect. In a number of
situations, the energy scales associated with the spin-spin interactions are much
smaller than the energy gap between the single-ion ground state and the excited
crystal field states. In such cases, one can, as a first approximation, often neglect
the high energy states and reduce the relevant Hilbert space to a much smaller
subspace of low energy states. In this chapter, we discuss how to construct a low
energy effective spin—% Hamiltonian from the full microscopic Hamiltonian of such
magnetic systems with a strong crystal field effect. Then, targeting LiHo,Y;_,Fy,
which is the main focus of this thesis, we derive a low energy effective spin—%
Hamiltonian for LiHo, Y _,F4.

In this chapter, prior to any discussion related to obtaining an effective Hamilto-
nian for LiHo,Y;_,F4, we first introduce in Section 3.2 an easy-axis spin-S (S > 1)
dipolar spin glass toy model Hamiltonian, 7>, in the presence of a nonzero B,.
Motivated by the phenomena displayed by LiHo,Y;_,F,, this model was originally
considered by Schechter and collaborators [24, 25, 89] to investigate the general
phenomenology of induced random fields in LiHo,Y;_,F,. Based on the general
model H® introduced in Section 3.2, we derive in Section 3.3 an effective spin—%

description for H5.

There are two reasons, which persuade us to study this general anisotropic

model and subsequently its effective spin—% derivative:

e The anisotropic toy model H°, which has a simplified structure compared
to the actual full Hamiltonian of LiHo,Y;_,F4, is a general model that cap-
tures the basic interactions and characteristics that we want to address and
investigate in relation with the phenomenology of diluted LiHo,Y;_,F4 in

an applied transverse magnetic field. Broadly speaking, the model can be
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used to model any dipolar system, where there is a strong Ising anisotropy

and, in the absence of any external field, there is a degenerate ground state
doublet [6]'2.

e In a recent argument offered by the authors of Refs. [24, 25, 89], the use-
fulness of an effective spin—% model to capture the physics of a “bare” mi-
croscopic (large-spin) anisotropic dipolar spin glass model in the small B,
regime was questioned. Therefore, one might interpret the conclusion of
Refs. [24, 25, 89], regarding the inadequacies of an effective spin—% model to
describe LiHo,Y;_,F4in B, # 0, as a counter example of the precise quantita-
tive usefulness of effective low-energy theories for quantum N-body systems.
However, because of the simple structure of this anisotropic toy model, spe-
cially for the case that S = 1, we can rather easily compare the low energy
spectrum of the effective spin—% Hamiltonian, derived in Section 3.3, with the
low energy spectrum of the full S = 1 model introduced in Section 3.2. By
doing this, we can validate the general usefulness of the effective Hamiltonian
approach. In Chapter 4, we perform an analytical and numerical investigation
of the validity of the effective spin—% Hamiltonian. Since we will convincingly
demonstrate in this chapter the validity of the effective spin—% approach, we
shall within the following chapters of this thesis, we use an effective spin—%

description for LiHo,Y;_,F4 to investigate this material theoretically.

In Section 3.4, we return to the LiHo,Y;_,F, problem and derive an effective
spin—% Hamiltonian from the full microscopic Hamiltonian of LiHo,Y;_,F4 given
in Eq. (2.17). In LiHo,Y;_,F, the energy scale for dipolar interactions between
nearest-neighbor Ho?* ions is about 0.31 K 2. Collective behaviour in this material

occurs at temperatures less than O(1 K) (when z = 1 the critical temperature

Ip. Stasiak and M. J. P. Gingras, in a recent theoretical study, find that the Ho(OH)3 and
Dy(OH)3 uniaxial dipolar ferromagnets may constitute a new class of suitable materials to inves-
tigate the problem of transverse field physics in an Ising system.

2The pairwise ion-ion interactions are considered small, compared to the Ising anisotropic
interaction. Therefore, the possibility that these interactions lift the ground state degeneracy is
neglected in the discussions that follows.

3The displacement d between two nearest neighbor ions positioned, for example, at (0,0, ¢/2)
and (0,a/2,3¢/4) in the unit cell of LiHoFy, is d = (0, a/2, ¢/4). Therefore, the energy scale of the
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is T.(B, = 0) = 1.53 K). This energy scale is much smaller than the energy gap
A between the two lowest single ion energy states and the next higher crystal
field states (Agp ~ 11 K) [78]. In this energy scale only the ground doublet is
significantly thermally populated. In this case, one can neglect the higher energy
states and reduce the full Hamiltonian Hilbert space to a smaller subspace spanned
by the two lowest energy states. This enables us to construct a low energy effective
spin—% Hamiltonian for LiHo,Y;_,F, [57, 72] . The details of this calculation are
discussed in Section 3.4 for both x = 1 and < 1. In Sections 3.3 and 3.4, we also
show how random fields, which couple to the effective spin—% degree of freedom,
develop in a natural apparent way, in a microscopic model of LiHo,Y;_,F, for
a nonzero B, [72]. In Section 3.5 we discuss the physical origin of the induced
random fields within a mean field picture. In particular, in Chapter 5, we will see
that, in LiHo,Y;_,Fy4, the induced random fields are crucial for explaining how
the nonlinear susceptibility xs becomes progressively less singular at the putative

paramagnetic to spin glass transition as B, is increased.

3.2 Anisotropic Spin Hamiltonian

Schechter et al. [24, 25] proposed a generic anisotropic spin-S toy model Hamilto-

nian with long-range dipolar interactions

H = —D) [(57)~ 57
1 zZZ z z zZx z xX xr
- Z {5‘/;7 S5+ V'S Sj] _szsi ‘ (3.1)
i#j i

This Hamiltonian is a simplified model that preserves the basic characteristics of
the proposed microscopic Hamiltonian [57, 72| for LiHo,Y;_,F,. In the absence
of an external magnetic field B,, individual Ho** spins have an Ising like ground

state doublet with a large energy gap between the lowest excited state and the

dipole-dipole interaction between the two nearest neighbor ions is (%)2 [|df? —3d.%] /|d|° =
0.31 K (a = 5.1754, ¢ = 10.754, g| = 13.8 is the renormalized Lande g factor for LiHoF, [57],
and pp is the Bohr magneton.).
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ground doublet. Also, for S = 1, the excited state of the model in Eq. (3.1) is a
singlet, as for Ho** in LiHo,Y,_,F, [54, 78]. Here, D > 0 is the anisotropy constant
mimicking the crystal field, and 7,5 are the positions of the randomly positioned
magnetic moments. VZ;‘ ¥ denotes the random long-range dipolar interaction between
the spins *, V;7* stands for the Ising interaction and V;* stands for the off-diagonal
interaction (V" = V5" for dipolar interactions). H, is the field transverse to 2,
the direction of the Ising anisotropy. H, is proportional to the transverse magnetic
field B,. Here, we consider D > H,,V};”. For H, = 0, the ground state (GS) of a
single spin is doubly degenerate with S* = +5 . The corresponding states of the
doublet are denoted |S) and | —S). The first excited states have S* = £(5 — 1)
and energy €y = (25 — 1)D with respect to the ground state doublet and with
the corresponding states denoted as | £ (S — 1)). Ignoring momentarily the V"
interactions, the Zeeman term, —H, >, S¥, lifts the GS degeneracy of the | = .5)
ground doublet, resulting in two new lowest energy states, |a(H,)) and |3(H,)),
with corresponding energies E,(H,) and Eg(H,), and with an energy gap

Ap(Hy) = Eo(Hy) — Ep(H.) (3.2)

between them. For H, < (), to leading order in perturbation theory, the gap
Ag(H,) is proportional to (H,)%%.

3.3 Effective spin—% Description

In this section we derive an effective spin—% Hamiltonian for the anisotropic Hamilto-
nian (3.1). Firstly, we focus on a situation where the temperature considered is neg-
ligible compared to )y, and project the spin S operators onto the two-dimensional
subspace formed by the two lowest energy eigenstates, |a(H,)) and |3(H,)). Fol-
lowing Refs. [57, 72|, we define an Ising subspace, | T) and | |), by performing a

*The dipole-dipole coupling V;}” is proportional to €;e; Lt
SFor S=1, using second order degenerate perturbation theory, one finds that Ap =

H2(1]5%]0)(0|5%| — 1)/Qo. For S > 1, one should go to higher orders of perturbation theory

to obtain the leading term proportional to (H,)%°.
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rotation
1 .
) = —5lla) +esp(i)])
1) = ——(la) — exp(iB)|3)) . (3.3)

V2

The phase 6 is chosen such that the matrix elements of the operator S* within
the new (Ising) subspace are real and diagonal. In this case, we introduce S7 =
C..07. When we are working in a regime where the temperature, H, and the
interactions are much smaller than the energy gap €2, we are allowed to recast H>
in Eq. (3.1) in terms of an effective spin—2 Hamiltonian, HZ;, that involves the o*
Pauli matrices [57]. In this projected subspace, a transverse field I' = %A e(H,) acts

on the effective of spin. The projected S¥ (u = z,y, z) operator may be written

St = Chuo(Hy)o" + > Cou(Ho)ol (3.4)
where V
Coo = ICTISHIT) + (LISHI0)]
Cue = 5 TISIT) — (LIS |
Cue = SUTIS L+ (111D and
1

Cu = 5 [TIS"1) = (LIS

The o!"s are Pauli matrices plus the unit matrix o =1. The C), and Ag depen-
dence on H, can be obtained by exact diagonalization [57, 72] of the non-interacting
part of H® (i.e. V' =0) in Eq. (3.1).

ij
For zero transverse field, H, = 0, the only nonzero C,,, coefficient is C,.(0) = S,

giving a “classical” (effective) low-energy dipolar Ising model
1 zZzZ Z _Z
Hising = —552 Z Vi oio;. (3.5)
i#]
Turning on H,, the coefficients C,g and C,, increase with H,, while C,, shows a

slight decrease with increasing H,, as shown in Fig. 3.1. Thus, by substituting S7?
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0.01
0.1
0.008
0.05
0.006¢
A/D
0.004 %
0.002¢
0 0.05 0.1
O I I I I
0 0.02 0.04 0.06 0.08 0.1
HX/D

Figure 3.1: Evolution of Ag, C.., C,, and C,, as a function of the external
transverse field H, for S = 1. Ag is the energy gap between the two lowest states
() and (f3) in absence of interactions (V;” = 0). C.., Cyo and C,, are the nonzero
coefficients used to map the matrix elements of S = 1 spin operator within the

low-energy manifold spanned by |a) and |3) to that of an effective spin—% operator.
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with C,(H,)o7 and S¥ with C,,(H,)of + Cyo(H,)o" in Eq. (3.1), the following
effective spin-3 Hamiltonian® HZ; is obtained

1 ZZ 2 _Z
Hgff = _§ng(Hm)ZVij 0,05
7]
—C,.(H,) {C’m(Hm) Z Vitojo) — Cuo(H,) Z Vljwaf}
i#j i#]
1
—58n(Hy) Y o (3.6)

As can be seen, the projection of the Vi*SFSY term in Eq. (3.1) results in an

induced bilinear coupling, oc V5?0707, and a longitudinal field interaction, oc o7, for

H, # 0. For low enough transverse field H,, the Ising dipolar interaction (o V;3*)

is the dominant term. In Chapter 4 we shall present analytical and numerical

1
2

the description of random field generation in S > 1, and especially for an S = 1,

evidence, using H>;, that confirms the validity of an effective spin-3 approach to

dipolar spin glass models with strong uniaxial Ising anisotropy and subject to weak

external magnetic field H, transverse to the Ising direction. We shall show that the

1
2

aspects of the physics at small H,, giving results that agree with those obtained

effective spin-5 approach is able to capture both the qualitative and quantitative

using conventional second order perturbation theory. In the next section, we use a

similar approach to obtain an effective spin—% Hamiltonian for the real microscopic

Hamiltonian of LiHo,Y;_,F, as opposed to the simple model of Eq. (3.1).

3.4 Effective Spin—% Hamiltonian for LiHo,Y_,F,

Postponing the demonstration of the quantitative validity of H> to Chapter 4, we

carry on with the same procedure as in Section 3.3, used in the previous section to

6Recently, Chin and Eastham derived for B, = 0 an effective two-state Hamiltonian for
LiHo,Y;_,F4, via a general second order perturbation theory [55]. In general, the method of
Ref. [55] can be implemented for HS with H, # 0. The result to lowest order of perturbation
theory is consistent with HSH derived above, if we consider the H, dependence of the C),, to
leading order (see Ref. [55] and Chapter 4, Section 4.2).



CHAPTER 3. EFFECTIVE SPIN-1/2 THEORY o4

derive a low energy effective spin—% Hamiltonian for LiHo,Y;_,F4. As discussed in
Section 2.3, in Eq. (2.16) the complete Hamiltonian, which describes the magnetic

interactions of the Ho** ions in LiHo,Y;_,F4 in B = B,% is
H = Z e;Vor(Ji) — grps Z € B, Jyi
+Hdip + Heen + thp . (37)

The first two terms are single ion interactions where Ver denotes the strong crystal
field interactions. These crystal field interactions are discussed in detail in Chapter
2, Section 2.2. The second term is the Zeeman interaction, which couples the

magnetic moments to the external transverse magnetic field B,.

As stated previously, the magnetic Ho®*" ion in LiHo,Y,_,F, is characterized by
a relatively large hyperfine interaction between the electronic and nuclear moments,
The hyperfine interaction plays an important role in a number of Ho** —based mag-
netic materials [1, 78, 90, 91, 92]. In particular, in LiHoFy, it leads to a significant
increase of the zero temperature critical transverse field for the dipolar ferromagnet
to quantum paramagnet transition [1, 57]. It also plays an important role in setting

the relevant critical transverse magnetic field scale in the dilute LiHo,Y;_,F4 [93].

When LiHo,Y;_,F, is in a spin glass phase (z < 0.20), the system is in an energy
range, in which hyperfine interactions are no longer negligible [93, 94](compare
A = 39 mK with the classical spin glass transition, 7,(B, = 0) ~ 100 mK.).
However, in this thesis, we are specifically interested in studying the phenomenology
of random fields along the Ising spin directions generated by applied transverse
field (See Chapters 4 and 5). Although we discuss our results in the context of
LiHo,Y;_,F4, we believe that the random field physics we investigate has a more
general scope. The methods we apply to study random field physics in LiHo,Y;_,F4
can be fruitfully applied to other possible dipolar Ising magnetic materials, similar
to LiHo, Y _,F4, for which the hyperfine interactions may not be as strong as those
in Ho?>*. To avoid possible complexities imposed by these hyperfine interactions,
and to concentrate on the physics of the random field phenomena, of LiHo,Y;_,Fy,
we therefore neglect the role of hyperfine interactions in the process of deriving

the effective spin—% Hamiltonian”. However, in Chapter 5, we will discuss how

"The toy model of Eq. (3.1) was also developed to mainly study the random field phenomena
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the hyperfine interactions may be somewhat incorporated by renormalizing the
interaction parameters in the effective spin—% Hamiltonian in order to achieve a

closer match with the real system.

Also, in Chapter 6, which is focused on the non-diluted LiHoF,, we will investi-
gate the non-diluted LiHoF, for small B, in the vicinity of the classical paramagnet
to ferromagnet transition temperature (7.(B, = 0) ~ 1.53 K). Thus, in Chapter 6,
we are interested in a temperature range, where hyperfine interactions can be ne-
glected (see Fig. 1.6).

At this point, in the procedure of obtaining an effective low-energy spin—% picture
for LiHo,Y;_,F4, we ignore Hyy,. Now, we consider the first two single ion (non-
interacting) terms in H in Eq. (3.7), denoted as

Hsinglc—ion = VCF(J) - gL,U/BBxJX . (38)

Hiingle—ion can be easily numerically diagonalized for arbitrary transverse field B,
[57]. |a(B;)) and |B(B;)) are the two lowest states of the single ion Hamilto-
nian (3.8) for a given B,. Their corresponding energies are denoted by F,(B,) and
E3(B,).

At B, = 0 these two states form a doublet, but B, # 0 lifts the degeneracy.
Similar to what we did in the previous section in Eq. (3.3), the Ising subspace | 1)

and | |) are chosen by performing a unitary rotation on the |a(B,)) and |G(B;))

states :
1 )
) = —slla) +esp(i)])
1) = (o) - exp(i8)|5)). (3.9)

V2

The phase 6 is chosen such that the matrix element of the operator J* between
| 1) and | |) is real and diagonal, giving J? = C,.07. Since the first excited state,
|v(B.)), above |a(B,)) and |3(B;)), is at an energy at least seven times higher
than kpT.(B,), and is repelled for all B, from the |«a(B,)) and |3(B,)) set (see

induced by an external B,. Therefore, the hyperfine interaction is not considered in that model

as well.
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Figure 3.2:  The evolution of the energy spectrum of the two lowest ground states
E.(B;), E3(Bg) and the first excited state E.(B;) as a function of B,. The crystal field
Vor was obtained from Refs. [57, 78]. For more details on the crystal field and crystal

field parametrization, refer to Section 2.2.

Fig. (3.2)), we henceforth neglect all excited crystal field states and work with a
reduced Hilbert space solely spanned by |«a(B,)) and |3(B,)), or equivalently | 1)
and | |). Projecting the single ion Hamiltonian of Eq. (3.8) in this two-dimensional

subspace for an arbitrary ion i, we get
— 1

where E(B,) = (E4(B,) + Es(B,)) and Ag(B,) = Es(B,) — E.(B,). The energy

2

difference between the two lowest states caused by the transverse magnetic field

B, can already be interpreted as an effective transverse field I' = % acting on

effective spin-1 degrees of freedom at each site. The dependence of Ag(B,) on the

magnetic transverse field B, is plotted in Fig. 3.3.

Since we are working with a two-dimensional subspace for each ion i, we can
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A (Kelvin)

BX (Tesla)

Figure 3.3:  The energy splitting of the ground state doublet, Ag(B,) = Eg(B,) —
E.(B,), in LiHoF, as a function of B, the transverse magnetic field. The crystal field
Vor was obtained from Refs. [57, 78]. For more details on the crystal field and crystal

field parametrization, refer to Section 2.2.

write the interactions between J; and JY in terms of interactions between Pauli
matrices. Indeed, any operator in a two-dimensional space can be written as a
linear combination of of Pauli matrices plus the unit matrix ¢ = 1. In order to
express J! in terms of o!', we project J% in the subspace spanned by | 1) and | |).

Specifically, we write the J* operator as

I =Cuo’+ > Cu(By)o" (3.11)

Vv=x,y,z
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Figure 3.4: The evolution of the C),, parameters using the crystal field Vo from Refs. [57,

78]. In the inset one can see that Cyy ~

vo- Coeflicients that are not plotted are zero.
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where
Coo = 5 [TI#IT) + (L111)]
Cue = FUTIFIT = (LII0)]
Cur = SUTIPIL +(L3#1)]  and
Cu = 5 [T = (L]

Based on the crystal field parameters of Refs. [57, 78|, the evolution of the
various parameters C),, and C) as a function of B, is plotted in Fig. 3.4. These
parameters were obtained by direct numerical diagonalization of the 13 x 13 matrix
representation of Hgpgle—ion given in Eq. (3.8). We see that C',, is the largest term

compared to all the other C},’s.

For the Hamiltonian in Eq. (2.16), the J% operators are substituted by their
two dimensional representations given in Eq. (3.11). This leads to a complicated
effective spin-1 Hamiltonian that acts within the Ising subspace of | T) and | |).
The projection generates various kinds of interactions among the effective spin—%
spins. Via Eq. (3.9), a specific rotated subspace was chosen, such that C,, = 0
(w=m,y,0; 0 = 1). As shown in the inset of Fig. 3.4, C,,, Cy, and Cyg are very
small, so the interacting terms containing these coefficients can be safely neglected
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for fields below B¢ ~ 5T. Therefore, neglecting these terms, we obtain

1
Hspin—1/2 - §(gL,uB)2 [ C?z(Bw) Z EiEijj'-ZO'fO';

i#]

+2C..(B;)Cou(By) Y €i;Li a0t
i#]

+2C,.(B;)Cyy(By) Z eie; Llotol + C2(B,) Z cie; L ofor
i#j i#j

1
+C§y(Bm) Z EZEJLZZ/JyO';UU;J ] + 5‘]0){ Z CiU(Bm> Z €i€NNUfU§N
i#j 1 i, NN
+(gLp8) Cez(By)Cao(By) Y €ie;Liv a7 (3.12)
i#]j
+ Z €; CmO(Bx)Cxx(Bm> <4€NNJCX + (QLMB)2 Z Eijjx)
i j

When the external magnetic field B, is equal to zero, only C,.(0) # 0 and all the
other C,,, and C) are zero. Hence, in absence of an external magnetic field, the sys-
tem can be described by a simple classical dipolar Ising model [57]. Fortunately, a
number of interaction terms are zero or can be neglected with respect to the leading

Z ~Z
ifofor. As we can see

from Eq. (3.12), an effective o707 and o}0 pair-wise interactions as well as a linear

Ising interaction, which is proportional to CZ, (B,) Y, 2 €6 L

transverse field along the = direction are induced in the presence of an external mag-
netic field. As suggested by Fig. 3.5, and already assumed in Ref. [57], we expect
the quantum fluctuations induced by these terms via either dipolar or exchange
coupling, to be quite small and negligible compared to the quantum fluctuations
induced by Ag(B,). For the pure (disorder free) LiHoF,, where z = 1 and ¢; = 1,
the invariance of the dipolar interactions under lattice mirror symmetries forces
>_; Lif = 0. So the linear term with C..(B;)Cro(By) Y _,; Lij o vanishes. Consid-
ering the C..(By)Cor(By) -,y Lifoi o} term, because of lattice mirror symmetry,
one has ), Lo} <af> = 0. Therefore, this term can only contribute via thermal
Go0(Ba) - 1, we

Czz(Ba)
expect the (second order) thermal fluctuation contribution effects from the above

fluctuations above the vanishing mean-field contribution. Since
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Figure 3.5: The ratio of the typical value of terms neglected in Hamiltonian (3.13) respect
to Ap, using the crystal field Vg from Refs. [57, 78] and the dipolar sum is performed

for a long cylindrical sample.
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oio} term to be small. Hence we neglect the C..(B;)Cyu(By) 32y Lif0f0f term in
the effective spin—% Hamiltonian Hg,i,—1/2. Consequently, the spin—% Hamiltonian
in Eq. (3.12) can be further simplified to a familiar looking transverse field Ising

Hamiltonian with a dipolar and nearest-neighbor exchange Ising interaction.

ure 1 ZZ _Z __Z
Hsppin—1/2 = §Cz22(BI> (QLMB)QE Lijgiaj
i#]
AE(Bm>
+ JOXg oioan| — E ol . 3.13
i NN NN 2 i ( )

We should emphasize that for diluted LiHo,Y;_,F4, where x < 1, since the lat-
tice mirror symmetries are broken, the two latter terms, proportional to ) . 4 Lijeejof
and ), €65 LT of (o7), can no longer be neglected [72]. However, as discussed in
the Introduction, for B, > 0, a longitudinal random field (RF) term o o7 emerges.
The bilinear ofo? also provides a “mean-field” contribution to the longitudinal RFs,
(of)o%, as well as transverse RFs, (07)of [24, 93]. We find that Cy,/Cyo S 1 for
all B, > 0 so that the leading correction to Hrppy is indeed a (correlated) random
field term ~ 3, hiof with hf oc CroCl. Y, €, L7 [72, 24, 56]. Therefore, for the di-
luted LiHo,Y;_,Fy4, by only keeping the leading interactions in the Spin—% effective
Hamiltonian in Eq. (3.12), we obtain the Hamiltonian

i 1 2z 2 2 z .z
Hsdp}n—l/2 = iozzz(BI) (QLNB)2Z€i€jLijUz’Uj+JexZEiENNUz'UNN

i i,NN
+(grin)*Chn(By) [Cm(Bm) N e Lioiol (3.14)
i#]
+Cro(By) ;eiejLij O’i] -y Zeiai )
17] 7

3.5 Physical Origin of the Random Fields (a Mean-
Field Picture)

Having derived the effective spin—% low-energy theory for diluted LiHo,Y;_,F4
(Eq. (3.14)) and showed how both random longitudinal fields and random bilin-
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mirror plane

© ><» )

Figure 3.6: The induction of effective local random fields by B, in the presence of a
destructed mirror plane symmetry. Here, we consider the case which the system is in the
paramagnetic regime. The magnetic moments of the blue ions fluctuate in the Z direction.
(a) The system is not diluted and B;=0. Considering a reference point on the mirror
plane, the magnetic ions generate no local field at the reference point. (b) The system
is not diluted and B, # 0. The B, cants the magnetic moments (green arrow) in the Z
direction. The nonzero (J*)s effectively, generate local By, fields at the point of reference
via dipolor interactions. As it is shown, due to symmetry, the total local field B, in the
Z direction vanishes. (c¢) The system is diluted and B, # 0. Due to the destruction of

symmetry, there is now a nonzero effective field component in the Z direction.
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ear terms develop, it is worthwhile to discuss the physics at play by considering
a simple mean-field argument applied to the bare dipole-dipole interaction H g,
of Eq. (2.13) as a part of the full microscopic Hamiltonian for LiHo,Y;_,F4 of
Eq. (2.16)%. Quite simply, the application of a field B, along # breaks the symme-
try J? — —J7 in the system. If we consider the single ion Hamiltonian of Eq. (3.8),

for B, = 0 the expectation values of Jf are

((By = 0)[J7|e(B, = 0)) = (B(Bs = 0)|J7|6(B. = 0)) =0, (3.15)

while for B, # 0 we have

((Be)Jila(Ba)) # 0 and  (B(B.)|J7[B(Bs)) # 0 . (3.16)

This non-zero expectation value of J¥ can be interpreted as a finite “canting” of the
Ho?" magnetic moments. However, because of this canting, each Ho*" magnetic
moment p;(7;) acts as a source of local internal magnetic field, Bjo.(r;), at sites r;.
In the pure material, the lattice mirror symmetries make the y and z components
of B, vanish. However, they cease to vanish in the diluted case, and both the y
and z components of Bj,. become random in sign and in magnitude (z being the
largest component), generating a random field. In other words, if we consider the

off-diagonal term of the dipole-dipole interaction

Hiz = (gops)’ Y ee; LTI (3.17)
i#j

then at a mean-field level we have

HE =~ (grps) Ze,eij (Jr)J? (3.18)
i#j

where Bf, (r;) = (grps) ;€ Lif (J¥) can be interpreted as an effective local ran-
dom field acting on the position 7; in the 2 direction. Fig. 3.6 is a schematic
picture, illustrating the phenomenology of the random field generation. In Fig. 3.6,

to avoid the contributions of the longitudinal Ising interactions in the illustration,

8The argument proposed here is quite generic and can be employed to the dipolar spin glass
toy model Hamiltonian, H®, of Eq. (3.1).
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which would make our drawing more complicated, the system is assumed to be in

the paramagnetic phase.

The phenomenon discussed here is valid for any general random spin system for
which the effective spin-spin interaction are anisotropic and contain off-diagonal

terms which couple to the applied transverse field direction Z.

In Chapter 5, we will see that for < 1, the induced random field interactions
lead to a smearing of the nonlinear susceptibility y3 at the spin-glass transition
with increasing B, and render the B, -induced quantum criticality in LiHo,Y;_,F4
likely inaccessible. Now, within the more simple framework of the effective spin—%
picture, we are able to numerically study the phase diagram of LiHoF,. Also, for
the disordered LiHo,Y;_,F,, the effective spin—% model is a simple framework to

perform a mean field study of the system.



Chapter 4

Quantitative Validity of the
Effective Spin-1/2 Description

In Chapter 3, we developed an effective spin—% theory, for the S > 1 model of
Eq. (3.1). Subsequently, in a similar way, we developed an effective spin—% theory
for the microscopic model of LiHo,Y;_,F, in nonzero B, for both z =1 and = < 1
(see Eq. (3.13) and Eq. (3.14)). Within this framework, for z < 1, we found that
correlated random fields are induced by the external magnetic field transverse to
the Ising direction. In this chapter, the validity of an effective spin—% approach is
investigated in the context of a spin glass model. All discussions pertaining to the

non-diluted material is postponed to Chapter 6.

Schechter and collaborators [24, 25, 89] recently investigated in a series of pa-
pers the general phenomenology of induced random fields in LiHo,Y;_,F,. To do
so, they considered in Refs. [24, 25] an easy-axis spin-S (S > 1) dipolar spin glass
toy model Hamiltonian, in presence of a nonzero B,. By using second order per-
turbation theory, invoking a scaling droplet picture for spin glasses [28], and using
an Imry-Ma type argument [46], Schechter et al. [24, 25| calculated the finite en-
ergy 0 F required to flip the spins within a spin glass droplet. In their calculations,
they found a limit on how large the spin glass correlation length! ¢ can grow as

the system is cooled from the paramagnetic phase. The behaviour of the system,

1¢ is the typical length of domains within which the spin glass ordering is maintained [24, 25].

66
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and the corresponding 0F, is found to be analogous to that of a spin glass in a
random magnetic field which, according to the droplet model, does not show a spin
glass transition in nonzero field®. As a result, Refs. [24, 25] argue that no spin
glass transition can occur in a dipolar spin glass where random off-diagonal dipolar

interactions and an applied transverse magnetic field are simultaneously at play.

The results of Refs. [24, 25] as well as ours ours in Section 5 derive from the
notion that, the applied transverse field generates effective random fields. The
average magnetization along the direction of the applied transverse field induces
the random fields via the off-diagonal part of the dipolar interactions, which couple
the Ising Z component with the perpendicular & and § components (see Section 3.5
and Fig. 3.6). However, what is not clear, is how the random fields in these two
calculations are related or if, in fact, whether they are equivalent. In their studies,
the authors of Refs. [24, 25] argued, correctly, that consideration of a model with
large spin (S > 1) is crucial in order to understand the weak field response of
the spin glass phase in either their toy model or in LiHo,Y;_,F4. Furthermore,
exact diagonalization results of an S = 1 dipolar spin glass model with easy-axis
anisotropy provided further quantitative support to the theoretical arguments as to
the scaling behaviour of § ' with both B, and the number of spins in the system [24,
25]. Ref. [25] also considered an effective anisotropic spin-% dipolar Ising model in
a transverse field, but with the off-diagonal dipolar interactions rescaled compared
to the longitudinal Ising coupling. For that model, their numerical results did
not conform with those obtained for the “bare” (high-energy) anisotropic S = 1
model [24, 25]. Partially on the basis of those results, and seemingly confirming a
previous suggestion [24], Ref. [25], concludes that an effective spin—% model, such as
that developed in Section 3.3 and used in Chapter 5 and Ref. [72], is not sufficient

2The argument of Ref. [28] regarding the absence of a spin glass transition in a magnetic field
pertains to the case of a uniform magnetic field. However, the same conclusion applies to the
case of a random field as long as the distribution of couplings is such that one is deep in the
spin glass regime and that the randomness in the sign of the random field can be “gauged away”.
In this context, a recent Monte Carlo study of the Ising spin glass specifically considered the
case of random fields as opposed to a uniform field in order to check for the existence of a spin
glass transition in nonzero random field (and the presence of an Almeida-Thouless line) for a

three-dimensional Ising spin glass model (see A. P. Young and H. G. Katzgraber in Ref. [95]).
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to capture the physics in the small B, regime compared to the “bare” microscopic
(large-spin) anisotropic dipolar spin glass model H® of Eq. (3.1). The question
of the usefulness of an effective spin—% model to describe random field phenomena
in the dilute ferromagnetic regime of LiHo,Y;_.F4 [58, 70, 72] was also raised in
Ref. [89].

Considering a perspective beyond the specific problematic of LiHo,Y;_,Fy4, one
could interpret the conclusion of Refs. [24, 25, 89], regarding the inadequacies of an
effective spin—% model to describe LiHo,Y;_,F4 in B, # 0, as a counter example
of the precise quantitative usefulness of effective low-energy theories for quantum
N-body systems. It is therefore of interest to investigate with some scrutiny the
mathematical justification for an effective spin—% model for LiHo,Y;_,F, with B, #
0. More specifically, the question that we ask here is: to what extent are the
explicitly manifest random fields derived in an effective low-energy theory, such as
in Ref. [72], related to the random field-like effects at play in perturbation theories,
such as used in Refs. [24, 25]7 On the basis of analytical calculations and exact
diagonalizations, we highlight the fact that an effective spin—% Hamiltonian properly
derived from an S = 1 high-energy toy model H, such as the one proposed in
Refs. [24, 25] (see Eq. (1) in Section 4.1), is a quantitatively valid and controlled
approach.

This chapter is organized as follows. In Section 4.1 we consider the easy-axis
spin-S (S > 1) dipolar spin glass toy model Hamiltonian of Eq. (3.1) [24, 25], in
presence of a nonzero B,. Similarly to the approach of Schechter et al. [24, 25|,
we employ second order perturbation theory and invoke the scaling droplet picture
of Fisher and Huse for spin glasses [28] and an Imry-Ma type argument [46], to
calculate the finite energy 0 E required to flip the spins within a spin glass droplet.
A limit on how large the spin glass correlation length ¢ can grow to as the system
is cooled from the paramagnetic phase is determined [24, 25]. Then in Section 4.2,
we follow the same procedure using the effective spin—% Hamiltonian of Eq. (3.6)
to lowest order. In Section 4.3 results from exact diagonalization calculations are
reported. It should be emphasized that the numerical exact diagonalization results
reported here, have been obtained by Francois Vernay, who was a postdoctoral fel-

low in the condensed matter theory group of University of Waterloo from September
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2005 to September 2007. The combined analytical work done by the author of this
thesis and Dr. Vernay was published in Ref. [56]. The comparison of the numerical
results for S = 1 and the effective spin—% models directly confirms the quantitative

validity of the effective Hamiltonian approach. Section 4.4 concludes the Chapter.

4.1 Anisotropic Spin Hamiltonian

Here, just as a reminder, we briefly rewrite the Schechter et al. [24, 25] generic

anisotropic spin-S toy model Hamiltonian of Eq. (3.1) with long-range dipolar in-

teractions:
H = —DY[(57)? - 57
1 22 Oz Oz Zx Oz Q% i
— Z {5% ST+ Vi SZ-SJ-] _HwZS" ’
i ‘

This Hamiltonian is a simplified model that preserves the basic characteristics of

the proposed microscopic Hamiltonian [57, 72] of Eq. (2.16) for LiHo,Y;_,Fy.

Invoking the spin glass droplet scaling picture of Fisher and Huse [28] and using
an Imry-Ma [46] type argument, one can calculate the energy required to flip a
spin glass droplet of size L containing N ~ L? spins, with d the number of space

dimensions (here d = 3). This energy cost is due to the perturbative quantum term

M=) Vi"SiSr—H,» St (4.1)
i#] i

in HS above, which does not commute with the classical term

1
S 2\2 2 2z Qz QZ
Hj=-D> [(S) —S]—§ZVU CHCHS (4.2)
i i#]
We first consider only H|. We invoke the droplet picture that affirms that there
exist only two degenerate ground states related by a global spin flip S7 — —S57
symmetry in a spin glass [28]. |®g) and |®g) denote these two collective (doubly-

degenerate) Ising spin glass ground states of the system. These two ground states
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are related by the global S7 — —S7 symmetry, where each spin is either in its
| +5) state or its | — S) state. As discussed in Refs. [24, 25], nonzero H lifts the
ground state degeneracy, as we now review in order to make contact with our own

approach and results presented below in Sections 4.2 and 4.3.

The lowest energy excited states (above the otherwise two degenerate |Pg)
and |®g) ground states) are |gz5 1)) and |¢(S 1)) states, in which the £’th spin has
its S* quantum value changed from +S to +(S—1) or from —S to —(S —1). Using
standard second order degenerate perturbation theory [82] and considering only
excitations to the (intermediate excited) [¢(s—1)) and |¢(S 1)) states, the energy

difference between |®g) and |Dg) is

2
o= \/ (H%@S—H%s,&»s) +4lHy 5, (4.3)
where
1 . 2
H<I>s,<1>s = —Q—OZ’<(I)S’HJ_‘¢(S_1)>’ ,
k
1 ~ ~ 2
Hys s = _Q_OZ’<(I)S’HJ-‘¢(S—1)>’ ;
k
and
1 ~
Hyo5,= — Q_OZ<¢5’H¢‘¢I(€s_1)><¢](€5_1)‘HL)(IDS>
k

+ <‘I>S‘HL’$I{C5—1)><$I{C5_1) H¢‘55> :
where we have taken the ground state energy to be zero. Here, 0y = (25 — 1)D
Since (®g|H, | ¢’(“S_1)) = (By|H,| ¢’(“S_1)> = 0, we have Hy_5 = 0 Subtracting

HEJS’E)S from Hg, s, only the odd terms in H, remain, with the even terms in H,

canceling each other out. Finally, to lowest order in H,, we get

OF = 25— > VI (@,57],) (4.4)
0 iz
Taking the largest V;7* to have a typical value V,, the typical energy gained by
flipping a droplet of N ~ L¢ spins is, to leading order in H,,

S2H,V, VN

(9B} o =

(4.5)
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indicating that the total energy gain increases with H, linearly to leading order, as
first found in Refs. [24, 25].

This decrease in energy is to be compared with the energy cost due to the
formation of a spin glass droplet [28]. This energy cost scales with the linear size L
of the droplet, L = N'/3, as ~ 52V L% where V] is the typical value of the largest
Vz*, which one typically expects to be of the same order as V. Comparing the
energy gain (|0E|) of Eq. (4.5) with the energy cost S?V| LY for droplet formation,
Refs. [24, 25| find a finite spin-glass correlation length ¢, identified with L, which,

for small H,, scales as
1
OV \ 37285
@( 0”) . (4.6)

H, V|
Based on an argument by Fisher and Huse [28], 6; < (d —1)/2, or 05 < 3/2
here for d = 3. Hence, turning on H, leads to a reduction of the correlation length
¢(H,), inhibiting its divergence which occurs when H, = 0. In other words, the
presence of the applied transverse H, leads, via the presence of the off-diagonal V;7*
spin-spin interactions, to a destruction of the spin glass phase with a typical spin
glass correlation length £ decreasing as H, increases. According to Refs. [24, 25],
this is the mechanism via which the non-linear magnetic susceptibility y3 no longer

diverges in LiHo,Y;_,F, as H, is increased from zero [36].

4.2 Effective spin—% Description

In the previous section we reviewed the arguments of Refs. [24, 25] which lead to
the key result of Eq. (4.4). We now proceed to show that the reformulation of the

microscopic spin Hamiltonian, Eq. (3.1), in terms of the effective spin—% model of

3In Chapter 5 we find, using a replica-symmetric mean-field theory calculation (in the static
approximation), that xs becomes immediately non-singular as H, is turned on. However, as that
calculation proceeds with a mean-field framework, it makes no comment as per the existence or
not of a thermodynamic spin glass transition in presence of nonzero H, in a real three-dimensional
system. In other words, in Chapter 5, the elimination of the divergence in the nonlinear suscep-
tibility via the random fields does not eliminate the spin glass transition at finite temperature
in infinite dimension, which is signaled by the more complex mathematical concept of replica
symmetry breaking rather than the mere divergence of ys.
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Eq. (3.6), obtained in Chapter 3, leads identically to Eq. (4.4) in the limit of small
H,/D. We focus on a situation where the temperature considered is low compared
to €29, and we are able to project the spin S operators onto the two-dimensional

subspace formed by the two lowest energy eigenstates.

As a reminder, the effective spin-1 Hamiltonian of Eq. (3.6)

1 zZzZ 2 Z
HSH = _iogz(Hx)E Vz’j 0;0;
i#]

i#]

Zr 2 1 x

— Cyo(H,) Z Vito; } — 52n(H,) Za :
1#] i

is rewritten here. Ome is reminded here that, as discussed in Chapter 3, the

C,w(H,)’s are coeflicients which connect the S > 1 operators to the spin-1/2 Pauli

operators via the relation

St = Clo(Ha)o® + ) Cou(Hy)o?

when the S¥ operators are projected onto the two dimensional subspace of the two
lowest states. As discussed in Chapter 3, the projection of the V;*S7SY term in
Eq. (3.1) results in an induced random bilinear coupling, oc 070§, and a longitudinal
random field interaction, o< o7, for H, # 0. For low enough transverse field H,, the

Ising dipolar interaction (o< VZ*) is the dominant term.

Having the effective Hamiltonian of Eq. (3.6), we now repeat the calculation
of 0F within this effective spin—% framework by again bringing in the spin glass
droplet picture [28]. For H, = 0, we denote |¢)) the ground state of the effective
spin—% system where [1)) is a specific realization of the T and | (effective) Ising spins
configuration*. For H, = 0, because of time reversal symmetry, the time reversed
state |1Z>, which is obtained by flipping all the spins of [¢), is a ground state of the
system as well. We thus have a ground state doublet in the droplet picture for the

‘For H, =0, |1) =|S) and | |) = | — S), which indicates that at H, = 0, 1)) = |®g).
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effective spin model. Carrying on a similar discussion as in the previous section
and as in Refs. [24, 25], at low enough H, within a droplet picture, the symmetry
is broken due the presence of the induced random fields in Eq. (3.6). The energy

cost to flip the spins over a droplet is,

SE = (P|Hea|t)) — (| Heg|1h)

which, to lowest order in H,, gives

0E = 2C..Coo ¥ V¥ (0|07 |¥) (4.7)
i#]
Although we have an exact analytical expression for the C), coefficients as a func-
tion of H, (which is available for S < 3/2), in order to compare with Eq. (4.4)
above and with Refs. [24, 25], we consider the H, dependence of the C), to leading
order in H,/D. Using standard degenerate perturbation theory, for S > 1 and up
to second order in H,”, the |1) and ||) defined in Eq. (3.9) are given by

1= (1-228) I+ \ﬁs—l
0 = (1 2as) -9+ 2[5 s
(4.8)

recalling that €y = (2S5 — 1)D. Returning to Eq. (3.4), from which the C,, are
obtained, (C=; = 3({T[S*|1) = (L[5% 1)) and Cao = 5({T[S"| 1) +-{1]S"| 1)), we use
Eq. (4.8) to ﬁnd C,.~S(1- 292) Cro = SH,/Q, Cpp < (H)?*71 (Cpp = Hy /S
for S = 1), while Ap < (H, )25 6. Substituting those H, dependencies back in
Eq. (4.7) and keeping terms to lowest order in H,, the dependence of the energy
cost OF is

Hx Tz z
5Ez252—90 § VisE (Wlofly (4.9)
i#j

5 _ _ . Hy oy _(1_H2\|_ H, _
PFor S=1, 1) = (1= g ) 1L+ 5510 - g5l = 1) and 1) = (1= 55 ) | = 1)+ 5l510)
g—l%|1>, but the final H, dependence of C},,’s are, to leading order, not changed, and are similar

0

to the S > 1 case.
SFor S=1, using second order degenerate perturbation theory, one finds that Ap =

H2(1]5%]0)(0|.5%|1) /. For S > 1, one should go to higher orders of perturbation theory obtain-
ing the leading term proportional to (H,)%.
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Referring to Eq. (4.8), we have S(¢|07|¢) ~ (|S7|P) to zeroth order in H,. Hence,
we find that the energy cost obtained in the spin—% picture is identical to the
energy cost given by Eq. (4.4) obtained via a conventional degenerate second order
perturbation theory and previously reported in Refs. [24, 25]. Thus, Eq. (4.9)
leads to the same RMS energy cost for flipping a droplet, given by Eq. (4.5),
and the same H, dependence of the spin glass correlation length ¢ in Eq. (4.6).
Hence, we have shown that a formally derived effective spin—% Hamiltonian does
capture quantitatively the low energy physics of the full S Hamiltonian at low
transverse fields. While the argument above was constructed for the toy model of
Eq. (3.1), one could proceed identically for the full blown microscopic Hamiltonian

of LiHo,Y;_,F4. Indeed, this is the underlying program of Chapter 5.

4.3 Numerical Results

In the same spirit as Ref. [24, 25], My collaborator, Frangois Vernay, performed
numerical calculations to back up the analytical perturbative approach described
in Section 4.2. This allows us to investigate to what extent our proposed low
energy effective spin—% model is a good description of the full anisotropic Hamilto-
nian (3.1) as well as determine the range of transverse field over which the above
analytical small H, results are valid. In this section we present results from exact
diagonalizations on finite-size clusters with open boundary conditions”. In order to
compare the present approach with the previous investigations done by Schechter

et al.[25, 24], we consider the same constant fixed concentration = = 18.75%.

As stated in chapter 2, LiHoF, is a compound with space-group C%, (I4/a)
with lattice parameters a = b = 5.175A4, ¢ = 10.75A4, and with 4 Ho*" ions per
unit cell positioned at (0,0,1/2), (0,1/2,3/4), (1/2,1/2,0) and (1/2,0,1/4) [76].
For LiHo,Y_,Fy, a dilution of = 18.75% is realized by distributing randomly N

magnetic moments (holmium, Ho®*" ions) in a sample of @ possible sites. We

"Since our goal is merely to compare numerically the energy eigenvalues of two quantum spin
models, as opposed to describe a system approaching the thermodynamic limit, we consider here
the simplest case of open boundary conditions as opposed to periodic boundary conditions, which

could be implemented, for example, using Ewald summation techniques as done in Chapter 6.
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chose samples of size (2a,2b, ¢ X %), where N is a multiple of 3. Thus, changing

the number N of magnetic ions means changing the size of the sample in the 2

direction in order to keep a constant dilution.

In Eq. (3.1), the dipolar interaction is written as V;;”, which takes, with the

negative coefficient convention used in Eq. (3.1), the explicit form:

2 [3pHtpv.
/"L 2, 1,
T—f { i 5,4 : (4.10)

i i

wo_
vy =

where r;; is the distance between the ions at positions ¢ and j, and p,v = z,y, 2.
The dipolar interaction V** is of the order ’2—2? ~ 4.49 x 1073 K, whereas the on-site
anisotropy is taken as D = 10 K. In the following, we investigate the behaviour of
the gap 0F between the ground-state and first excited-state as a function of the
applied transverse field H,. Since we are mainly interested in checking the relations

(4.4), (4.5) and (4.9), we present our results in terms of renormalized parameters

0F  Hg

To perform a first check of the validity of our approach, we choose a small cluster
with a fixed random distribution of N = 9 spins and compute the renormalized gap
SE/(DVN), for both models (i.e. S = 1, Eq. (3.1) and spin-1, Eq. (3.6)) as a
function of the reduced transverse magnetic field H,/D. The results are shown in
Fig. 4.1. In zero transverse field, the ground-state is degenerate and its energetics
are governed by the Ising interaction V#*. The application of a transverse field H,
lifts the degeneracy. The splitting energy between the ground-state and the first
excited state corresponds to excitation energy 0F between the ground state and
the excited state with spins flipped. For sufficiently small H,, the most important
interaction remains V#* and the gap JF is found to be proportional to H,/D
(inset of Fig. 4.1), as suggested by the arguments leading to Eqs. (4.4) and (4.9).
Upon increasing H,/D to a sufficiently large value, the transverse field eventually
becomes stronger than the dipolar interactions. At that point, the perturbative

8 is no longer valid and the gap 0F is no longer proportional to H,.

low H, regime
However, Fig. 4.1 shows that, even for high transverse fields, we observe an almost

exact agreement between the S = 1 and the effective spin—% description.

8This low H, regime corresponds to a region where the transverse field H, is small compared

to the longitudinal part of the dipolar interactions, V**.
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Figure 4.1: Comparison between the S = 1 and spin—% models for a given sample
(e.g. realization of disorder) of N = 9 spins: gap §E/(D+vN) as a function of
the transverse field H,/D. 0F is the energy gap between the two lowest energy
states of the system in presence of both dipolar interactions VZ’; ” and the transverse

magnetic field H,. The inset shows the small H,/D regime for the same sample.
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Interestingly, for a specific realization of disorder, in Fig. 4.1, we note a local
maximum in 6 E around B, /D = 0.0024, followed by a local minimum, before 6
starts diverging with increasing H,. We investigated the origin of this behaviour and
found that it can be understood as arising from the H, dependence of C,, o (1 —
2(B./Q)?) vs Cyo o< H,/Qg, both for small H,/D. The dependence of §E on H, is
controlled not only by the C),, parameters, but also by a prefactor coming from the
dipolar interactions which is proportional to r;r; in Eq. (4.10). Obviously, if this
is the case, the random distribution of the magnetic ions in the sample must play a
crucial role in the position (or even the existence) of this local maximum/minimum
feature. If one takes an extreme case in which all the magnetic ions are aligned on
a line along the Z direction, the resultant r7;r7; terms are 0, and there is no dip in
the curve. To confirm this scenario we show in Fig. 4.2 6E/(D+/N) as a function
of the transverse field H, for twenty different disorder configurations for N = 6.
One sees that the majority of curves do not show these local maximum /minimum
features and, as shown by the inset of Fig. 4.2, the average of ) ¥ over those twenty

realizations of disorder reveal no such max/min structure.

Having demonstrated the one-to-one correspondence between the S = 1 and the
effective spin—% model for various (specific) realizations of disorder, we now proceed
to check the scaling with system size for (|0 F|) predicted by Eq. (4.5) for the S =1
model and also check that it agrees with the one for the effective spin—% model.
The results for both models are shown in Fig. 4.3. The average gap (|0E|) was
computed over 1000 samples which, for each system size of N spins, we renormalize
as ([6E[)/(DVN), and plot for both models (S = 1 and effective spin-1) as a
function of the transverse field H,. As predicted by Eq. (4.5) and previously found
in Ref. [24], our numerical results displayed in Fig. 4.3, reveal a regime for which
the two models obey % X % scaling. Indeed, we observe in a good collapse of

the results with this scaling behaviour.

One can see that at higher H,, the scaling relation for different system size IV,
as well as the proportionality of the gap (|0F|) with H, starts to break down. As
explained above in the context of Fig. 4.1, this comes from the fact that the trans-
verse field term in the Hamiltonian is larger than the dipolar interaction V;3*. Thus

the droplet picture is not valid and neither are the scaling nor the proportionality
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Figure 4.2: Random variations of the disorder configurations for a N=6-spin system
for twenty realizations of disorder. Gap 0E/(D+/N) as a function of the transverse
field H,/D. Depending on the disorder configuration the curves exhibit a local
maximum and a local minimum. The thin (black) curve in the main panel shows
the minimum/maximum structure of 0 E vs H, for a specific realization of disorder.
This structure disappears after taking the average as shown by the thick (red) curve
joining the filled (red) circles. The monotonous behaviour for the average of 0 E,

already for 20 samples, is emphasized in the inset.
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Figure 4.3: Scaling of the renormalized gap (§E)/v/N (average taken over 1000
samples) for various system sizes as a function of the transverse field H,. The
closed symbols are for the S = 1 model and the open symbols are for the effective

spin—% Hamiltonian.

relations in Eq. (4.5) fulfilled. In Fig. 4.3, we also show the results for the effective
spin-3 model (open symbols), demonstrating the agreement with the results for
the S = 1 model, even when the (§E/vN « H,/D) regime breaks down. This
confirms the correctness of the analytically obtained conclusion, based on Eq. (4.9),
and that F is the same for both the S = 1 and the effective spin—% models.
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4.4 Conclusion

We have shown in this chapter how to rigorously derive an effective spin—% Hamil-
tonian to describe the problem of induced random fields in a spin glass model with
strong single-ion Ising anisotropy and subject to a transverse magnetic field. We
discussed the relation of this model with the physics of the LiHo,Y;_,F, material

in a magnetic field transverse to the Ho®*" Ising spins [36]. We have shown, both

1
2

results in full quantitative agreement with previously reported perturbation theory

analytically and numerically, that the use of such an effective spin—35 model give
calculations on a “large” spin S toy model with strong anisotropy [24, 25, 89]. How-
ever, the large hyperfine interactions present in the real LiHo,Y;_,F4, and which we
ignored here, must ultimately be considered in order to obtain a good quantitative

understanding of the low-temperature regime [93].

The approach of Refs. [24, 25] proceeds via the Rayleigh-Schrédinger pertur-
bation theory, while the approach presented in Section 4.2 relies on an effective
Hamiltonian approach. To lowest order in the quantum H5 term in Eq. (4.1), the
two approaches are found to give identical results. That is Eq. (4.4) agrees with
Eq. (4.9). However, the emergence of induced random fields is more apparent in
the spin—% effective model approach. The C,,, coefficients needed to construct the
effective Hamiltonian are easily calculated, providing an ability to investigate the
evolution of 0 F and & with H, beyond the term linear in H, and to arbitrarily high
order in H,. Such high order perturbation theory would be more cumbersome to
construct when proceeding via a direct Rayleigh-Schrodinger perturbation scheme.
In this context, the crucial step connecting the perturbation theory method and the
effective spin—% approach is in the determination of the H, dependence of the C,
transformation parameters in Eq. (3.4). It is the neglect of this H, dependence of
the spin interactions in the effective spin—% model that leads to the different results
for the effective spin—% and S = 1 models investigated in Refs. [25, 89], and which
lead their authors to argue for the quantitative inadequacies of the effective spin—%
approach. Per se, the numerical results for the effective spin—% and S = 1 models
reported in Ref. [25] are correct. Indeed, there is no problem in finding a different

H, dependence of the disorder average |0FE| if one is not interested in making a
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formal connection between the S = 1 and the effective spin—% model. However, in
a study aiming at calculating physical quantities defined in the high-energy sector,
one may want to formally relate the low-energy description to the “microscopic”
(bare) high-energy model.

We note that, in a general case where the V3" spin-spin interactions are not
much smaller than D, higher-order perturbation theory calculations must be car-
ried out to derive an effective Hamiltonian. The physical result would be that
virtual transitions to the excited states induced by the spin-spin interactions lead
to an admixing of those states with the low-energy sector. This effect was recently
discussed in Ref. [55]°, where it was shown that such effective interaction-induced
quantum mechanical effects are seemingly negligible for LiHo,Y;_,F4. For a dif-
ferent magnetic rare-earth system, we note that it was recently found that such

interaction-induced admixing can dramatically change the low-energy physics °.

Having shown that the effective spin—% model is a valid description for the
problem of induced random fields in a spin glass model with strong single-ion Ising
anisotropy and subject to a transverse magnetic field, we use in the next chapter
the effective spin—% approach to investigate with a mean-field theory the smearing

of the nonlinear susceptibility, x3, at the spin glass transition with increasing B,
in LiHOxyl_szl.

9Tn a recent work, Chin and Eastham derived an effective two-state Hamiltonian for
LiHo,Y;_,F4, but for B, = 0. In that work, the effect of admixing of the crystal field levels

via the spin interactions was investigated via a second order perturbation theory [55].
10A similar approach to that employed in Ref. [55] was recently used to investigate the role of

quantum fluctuations in the highly frustrated TbyTi2O7 pyrochlore antiferromagnet [96].



Chapter 5

Mean Field Study of a
Generalized Quantum Spin-(Glass
Model with a Random Field

In this chapter, we focus on one of the key problems pertaining to the inter-
play of quantum fluctuation induced by B, in the presence of random disorder
in LiHo,Y;_,F4. In the Introduction, Section 1.2, we mentioned that one of the
signatures of the spin-glass transition is a divergence in the nonlinear susceptibility
x3 [12]. For LiHo,Y;_,F, with z < 0.25 for B, = 0, the system displays a spin
glass phase of moments frozen in time but randomly in space, which is observed via
a sharp increase of nonlinear susceptibility y3 [36] (see Introduction, Footnote 8).
As B, is increased from zero, the ys measurements indicate that the transition
to the spin glass phase becomes progressively less singular with no indication of a
quantum phase transition at zero temperature [36] (see Fig. 1.5). This is contrary
to theoretical expectations [43, 45, 97].

In Section 1.4, we argued that within a transverse field Ising spin-glass model, in
the vicinity of the quantum critical point at 7' — 0, x3 is expected to diverge [97].
Such a divergence in y3 has been observed, for example, in mean-field studies of
an infinite-range transverse field Ising spin glass (see Ref. [97]), where 3 has a

sharp transition as T — 0. Also, quantum Monte Carlo studies performed to

82
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study the quantum version of an Edward-Anderson model with a transverse field
for spatial dimension d = 2 [43] and d = 3 [45], indicate that at 7" = 0 the nonlinear
susceptibility xs diverges at the transverse field I'. (see Eqs. (1.1, 1.23)). This is
very different from experimental observations of LiHo,Y;_,F.

In Chapter 3, Section 3.5, we invoked a qualitative argument, to show that
in LiHo,Y;_,F4 (r # 0), an applied magnetic field B, transverse to the Ising
direction Z induces nonzero magnetic moments along the  direction. Because of the
destruction of crystalline mirror symmetries, these field-induced magnetic moments
couple via the off-diagonal dipolar interactions to the 2 components of the Ho?*
magnetic moments. Such couplings can be interpreted as effective random fields
along the 2-direction acting on the Ho®** magnetic moments. We believe that the
induced random fields, can explain the puzzling behavior observed in the nonlinear
susceptibility experiments discussed above. In Chapter 3, we also showed how the
general microscopic spin Hamiltonian with strong Ising anisotropy of Eq. (3.1) and
the microscopic Hamiltonian of Eq. (3.7) for LiHo,Y;_,F, can be reformulated in
terms of an effective spin—% model. We showed that, by using an effective spin—%
model (see Egs. (3.6, 3.14)), the induction of random fields by an external magnetic
field B, can be exposed in a rather transparent way. Indeed, the effective random
fields emerge naturally in the effective spin—% description. The random field physics
manifests itself as a random off-diagonal dipole-dipole interaction between o7 and
o; spin degrees of freedom as well as a longitudinal correlated random field in the
2z direction that is linearly coupled to the o7 degrees of freedom. Such interactions

have not been typically considered in the idealized transverse field Ising spin glass
model of Eq. (1.23) *.

In Chapter 4, we confirmed the quantitative validity of our effective spin—% ap-
proach. This confirmation provides us with enough confidence to apply the effective
spin—% approach to a quantitative study of the influence of the B,-induced effec-
tive random fields on the nonlinear susceptibility x3 measurements of LiHo,Y;_,F4

(x =0.167) in the spin glass phase.

Tn Refs [98, 99], a transverse field Ising spin glass model with a random field (no off-diagonal
interaction) has been studied to investigate the effects of quantum fluctuations on the proton glass

phase in mixed hydrogen-bonded ferro-antiferroelectric systems.
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As discussed in Chapter 4, it has been suggested by the authors of Ref. [24]
that the underlying random fields physics destroy the spin glass transition in
LiHo,Y;_,F4. In this chapter, we take a more pragmatic approach and ask whether
the qualitative behavior of the experimentally observed y3(B,,T") can be interpreted
in terms of underlying B,-induced effective random fields, by providing some “quan-
titative” evidence, showing that random fields destructs the sharp transitions in xs.

The rest of this Chapter is organized as follows.

In Section 5.1, inspired by the effective spin—% models of Egs. (3.6, 3.14), we
investigate a model which is a generalization of an infinite-range Sherrington-
Kirkpatrick (SK) model [21] at the mean-field level. We introduce a spin-3 Hamilto-
nian similar to the Hamiltonians of Egs. (3.6, 3.14). This generalization is achieved
by including an infinite range random off-diagonal coupling between o, and o, com-
ponents of the spin degrees of freedom, plus a transverse field in the & direction and
a single site longitudinal random field in the Z direction. The spin-spin interactions
are considered to be infinitely long-range interactions and modeled via Gaussian
distribution. Such simplifying assumptions, enable us to perform mostly analytical

mean field calculations for this system.

Via the original classical SK model, which is the prototype of an infinite spin
glass model, one can qualitatively capture some of the important features of spin
glasses such as the existence of a cusp in the linear susceptibility or the critical
behavior of the nonlinear susceptibility. Hence, it seems that studying a generalized
quantum SK model which incorporates random fields and the transverse field is a
quite reasonable theoretical framework to initially investigate the peculiar behavior

of LiHo,Y;_,F4 in the SG regime with an applied transverse magnetic field.

By using the standard replica trick [21] and the imaginary time formalism [38]
employed in the theory of quantum systems, one can derive a mean-field free en-
ergy for the generalized quantum SK model. Having the mean-field free energy
one can obtain self-consistent expressions for the order parameters of the theory.
In Section 5.2, using the self-consistent equations for the order parameter, we de-
rive an expression for the nonlinear susceptibility x3. Unfortunately, because of
the complexity of self-consistent equations, the nonlinear susceptibility has to be

calculated numerically. In Section 5.3, the range of 7" and I' (the transverse field
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coupled to the  component of the spin—% degrees of freedom) over which mean
field calculations are stable is investigated. In Section 5.4, we heuristically estimate
the dependence of I" with the the real applied external magnetic field B,. We also
incorporate the external magnetic field B, dependence of the amplitude of the ran-
dom interactions, which originally exist in Egs. (3.6,3.14) in our mean field model
and in the calculation of y3. We show how the overall trend of the experimental y3
data is qualitatively reproduced. In Section 5.5, we summarize the results of this

chapter.

5.1 A Generalized Infinite-Range Quantum Spin-
Glass Model

Motivated by the effective spin-1/2 model of Eqs. (3.6, 3.14), we introduce here a
heuristic model as a generalization of the SK model, which grasps the main phe-
nomenological aspects of the microscopic effective Hamiltonians of Eqgs. (3.6,3.14).
Our aim is that within this heuristic model, we may compute the nonlinear sus-
ceptibility y3 and check whether the physics of the B,-induced effective random
fields leads to qualitatively similar behavior to what is observed experimentally for

LiHoq 67Y0.833F4 in the presence of an applied B,.

The Hamiltonian of the generalized SK model is written as

HSK = —% Z JijUij — %ZKZ]UfUJm
4, 4,
= hioi—hiy o =T of . (5.1)

In the original problem of interest, the couplings between the magnetic moments
are dipole-dipole long range interactions, where the magnetic ions are randomly
diluted with non-magnetic ions. Here, in order to implement a simple mean-field
calculation, we make a simplifying assumption for the distribution of the couplings
Jij, Ki; and the linear random field h;. We consider the couplings J;; and Kj;; to

be independent zero-mean infinite-range interactions with Gaussian distribution



CHAPTER 5. MEAN FIELD STUDY OF ... 86

N \'? —NJ,;;?
P(Ji;) = (27TJ2> exp< 2]2]) and (5.2)
N\ ~NK;;*

The variances of the distributions are respectively denoted by J?/N and K?/N. The
scaling N~! is necessary in order that the thermodynamical quantities be extensive
in the thermodynamic (large V) limit. Here, N is the total number of spins. Also,
the distribution of the random field A} is considered Gaussian with a variance of A

and zero mean as well

. 1 —hi?
P(h}) = SR exp | 5 |- (5.4)

This model is a more generalized version of those studied in Ref. [97] and Refs. [98,
99]. The model that is studied in Ref. [97] is an infinite-range Ising spin glass
model with a transverse field. It is similar to the model we propose in Eq. (5.1),
with the difference that K;; = 0 and A} = 0. The model of Refs. [98, 99] was
proposed to study the effects of quantum fluctuations on the proton glass phase in
mixed hydrogen-bonded ferro-antiferroelectric systems and to calculate linear and
nonlinear electrical susceptibility in such systems [98]. The model is similar to our
model with the difference that the off-diagonal coupling K;; = 0. However, the

model in Refs. [98, 99] also possess internal A random fields.

In the calculation of the free energy, to overcome the difficulty caused by the
non-commutation of the spin operators, we use the imaginary time functional
method [38, 100] in which the spin operators are regarded as the functions of
the imaginary time 7. Thus, the partition function for a specific configuration

of random variables {J;;, K;;, hi} can be written as

i

p 1 1
Z{Jij, K;j,hi} = Tr T exp [/0 dT{§ ; Jijoi (T)os(T) + 3 Z-Z]-Kij o7 (1)oj(7)

+§:Wﬁﬁ%”%2kﬂﬂ+F§:ﬁﬁ%].

(5.5)
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Here, a formal dependence of the spin operators on time 7 is introduced in
order to treat the spin operators as c-numbers [38]?. 7 denotes the time ordering
operator, which in the expansion of the exponential of Eq. (5.5) rearranges o(7)
and ¢”(7) in the order of decreasing time arguments. Tr denotes the trace over

spin degrees of freedom.

To calculate physical quantities we have to make a disorder average of the free-
energy of the system. Therefore, we should calculate [In Z{J;;, K;;, h7}], . In order
to calculate [In Z{J;;, K;;, h}}|
Section 1.2 of Chapter 1). Practically, to perform the replica trick, we use

we use the well known replica trick method (see

av’

(In Z {Jij, Kij, I }av ([Zn {Jij, Kij, i Hay — 1) (5.6)

n—>0 n
which is valid for n — 0. However, if n is considered as a positive integer, one can
express Z" {J;;} in terms of n identical replicas (copies) of the system. Replicating

the partition function of Eq. (5.5) we have

2% = o |
£

xT exp [/0 dTZ{iZJU o;(1)o;%(7) (5.7)

ZKwo—f“ or° th ( —l—hSZUfO‘(T)+FZUfO‘(T)}].

If we average the replicated partition function respect to the random couplings and

HP (h?)dh? HP )VP(K ;) dJdK;

the random field, then we obtain

B B 2
7" = Tr Texp [ | dT’{Z—NZZof%)a;ama:ﬁ<f’>a§ﬁ<f’>

i a8

S S e (o) f%’)} (53)

ij o,
A
+5§i:§a;a(7)a;ﬂ(w +/ dTZZ (h§oi® (1) + Tai(r))

2By c-number, we mean a classical quantity, as opposed to an operator.
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Defining K/.J = k, and after reorganizing the quadratic terms one gets

&} B J? 2
(2" = Tx T exp{ dr [ dr'— [( a;a(f)o—fﬁ(f'))
/0 /0 4N o, ;
A (S (Seronron)

i o,

B
+ /0 dTZZ(hga;a(T)+ra;a(7))} . (5.9)

The Hubbard-Stratonovitch transformation

exp(Aa?/2) = [QA] / dx exp [—)\% + an] , (5.10)
™ — 0o

2
can be used in order to linearize the quadratic term (ZZ o2 (1) (! )) . To

linearize the term (ZZ afa(T)afﬁ(T’)> (ZZ afo‘(f)afﬁ(f’)), one can use the ab =
*(a+b)* — 1(a — b)? identity to write

(Z % “<T>Ofﬁ<f’>> (Z af“<7>afﬁ<7'>) -

) [E o @)+ Y ot )

%

By implementing a modified version of the Hubbard-Stratonovitch transformation

exp(—Aa*/2) = [?] / dx exp [—)\% + ia)\x} , (5.12)
T

—00

one can linearize the second term in the right-hand-side of Eq. 5.11. Performing

+ 2T S oo )

- [Z o (o () = 3ot ()

(5.11)

%')] .
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the transformations of Eqgs. (5.10,5.12 ), the free energy per spin is readily obtained

- 1/2
—Bf = limllf HNJ2K2 [NJQ] dNap(T,7")dOus(7, 7)dQ5(T, ')

n—0n 00 4l 2m 2w

NJ?K? [ NJ?
XHJ {J

1/2
/ / 2z /
271' 27T :| dwocoz (77 T )d@aa(T, T )draa(7_7 T )

«

exXp { NG a%a Aoeﬁa @a,ﬁa ij;n Waa eaa)} - 1] )

where
G( z%’Aaﬁ7@aﬁ7részaau‘9aa) = ia]2/ dT/ dT azﬁ(T,T/))z
0‘75[3
k2 2
B astr )+ (@t 7)
+3 |z ’))2+k—2( ( ’))2+k—2(9 (r, 7))
a rez (T, T 1 Waal(T, T 1 (T, T
—TrL [QZZB“AO&[%@aﬁargzawaaaeaa} (513)

The explicit form of L is

c= L / dr / ar’ L#{ (Qz5(r,7) + ) 0% (7)o" ()

& Aaﬁ(T ) [o* (1) (7') + o™ (7)o (7')]

2

+ikz@aﬁ(7, ) [07(1)o*P (') — o™ (7)o" ()] }

+ Z {ij;(T, ™o (1)o* (') + kzzw,m(ﬂ ) [0*(7)a** (7)) + o™ (7)o™ (7")]
8 bl ) () () — 07 (7)o (o) }]

B
+/0 dTZ(hZ (1) +To™ (1)) . (5.14)

a
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The trace is over the n replicas at a single spin site. Using the method of steepest
descent [21, 38|, we can apply the saddle point condition 0Gly]/0y = 0, where
y’s are the fields Q75(7, 7'), Aop(7,7'), Oup(7, 7'), 135 (7, 7'), Waa (7, ') and Oua (7, 7).
Therefore, as a result, we obtain the following relations

aa(T, ) = <’Tam T O’Zﬁ(T/)> (5.15)
App(T,7) = <’TUZO‘ Yo B ( 7")> + <’Tam xﬁ(T’)> (5.16)
Ous(T, 7)) =1 <TUZ°‘ ()0 (1) > — 4 <’Tam T)O'wﬁ(T/)> (5.17)
rZZ (1, 7)) = (To**(1)o** (7)) (5.18)
Waa (T, 7)) =T o (1)0**(7")) + (T o™ (7)™ (")) (5.19)
Ope (7, 7") = i (To**(1)0* (7)) — i (T o™ (7)™ (")) (5.20)
If we define
(To"(r)o"’ (7)) = hs(t, ') and
(To"(r)o" (")) = r(r,7), (5.21)

where y1 = x,y, z, then the free energy f can be written in terms of QZ5(7,7'),

Qe5(7, '), ri5(T, ') and ri (7, 7'). There is no exact analytical solution for Egs. 5.21.

However, we can make the so called “static approximation” [38, 101, 102]3. This

approximation, which is somehow a mean field approximation in the imaginary

time direction, neglects the quantum fluctuations in the imaginary time direction.

The order parameters above are independent of time by setting Qaﬁ(T ') = B
op(r, ) = Qg rin(r, ) =12 and rig (T, T) = oG,

Now, we use the replica-symmetric assumption, where we consider that the
system is symmetric under different permutation of the replicas. We set Q75 = Q7
Aop =N =Q7 4+ Q%, Onp =0 =i(Q* — Q™), 122, =17, Waq 1= w =17 + 177,
and O, := p = i(r** — r™) for all & # (. The spins of two different replica are

3For a Heisenberg model with infinite range random couplings, numerical studies show that
the static approximation is reasonable in many regimes [102]. However, because it neglects the
quantum fluctuations in the imaginary time direction, this approximation is not suitable for
studying quantum equilibrium dynamics. Due to the nature of this approximation, it is expected
that at low temperatures, where the effect of quantum fluctuations are more significant, static

approximation overestimate the critical temperature. See Ref. [101, 102].
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coupled to each other. We can decouple the spins of different replicas by applying
the Hubbard-Stratonovitch transformation. We rewrite the free energy as
1 1
ﬂf _ Z(ﬂ']>2 [(Tzz)Q o (sz)2:| + 1(6‘]]{:)2 [,rzz,rmv . QZZQ:E:E]

1 1
—lim — x In — dzdx e~ FTe)/2

n—0 N T J_oo

Trexp { Sy [ (o= B o o) (7

«

2
_'_% (TZZ o sz> (O_xa>2

Hijmﬁ+mﬁ@, (5.22)

where H, and H, the random mean fields coupled to the ¢ and ¢* degrees of

freedom are

2
H, = JZ\/QZZ + %Qm + A+ hg, (5.23)

2
m,zqmw%Qw+r. (5.24)

For ease of use we define X as

X = e {(ﬁJ)2 [(Tzz_sz WL (Tm_QM)) (570’

2

k’2
_‘_? (,,,,zz o sz) (O.xoz)Q

+ (B [H,0" + H,0"] }, (5.25)

where the trace is taken over a specific replica at a single spin site. Therefore, the

free energy in terms of X is rewritten as
1 1
ﬂf — Z(ﬂ']>2 [(Tzz)2 . (sz>2:| + Z(ﬁ']k)z [Tzzrmm o QZZQLELE]

1 1 [
—M{XmT/cMMW%WWV (5.26)
n—0n T ) oo

In the n — 0 limit we use X" =exp (nlnX) ~ 1 +nln X and In(1 +nA) ~ nA.

So we write

1 1 [
lim — x In —/ dzdx e FH22 xn
n—0mn 2 J_ o
L= (40?2
=5 dzdz e InX . (5.27)
™ —00
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and Q% = [<am(7')axﬁ(7")>]

measure the average overlap of the z and x components of the spin configuration

In areplica symmetric framework Q** = [(c**()0*(7'))]

av av

in two replica of a system with quenched disorder. The magnetization in the Z and
& direction are denoted as M? = [(0**(7))],,, and M* = [(6”*(7))],, - In a replica
symmetric picture, (Q** is the spin glass order parameter [12, 21]. In a paramagnetic
phase M?* = Q** = 0, while M* = 0 and QQ** # 0 indicates the the z component of
the spins are in a randomly frozen state. For Q**, Q**, M? and M?® the following

av’

self-consistent equations are at last obtained:

1 [ 12

le

0= = 5w/ dody e—F+e)/2 i tanh? [3H,.] ,
o — % _Z dady e~ +e)/2 -IS{ZCZ- 2 tanh® [3H,.] ,
M, = % _Z dzdr e~ F+2)/2 }Z; tanh [3H,,] and ,
M, = % _C: dzdx e~ +e*)/2 -15:,2- tanh [BH,.] ,

where

H,, = JHZ+H2.

In Fig. 5.1, we have plotted @., and Q.. as a function of temperature and I" for
K = A = 0, where in this case the model is simply denoting a transverse Ising spin
glass model. Subfigures 5.1(a) and 5.1(c), subsequently show QQ** as a function of T
and I'. Q** shows a sharp transition to zero at T,(I"). By going to higher I', T, (I"),
the temperature at which ** vanishes, decreases. Subfigures 5.1(b) and 5.1(d)
show Q" as a function of 7" and I'. As it is expected for I' = 0, Q** is zero and, by
increasing I', Q" increases from zero to the maximum value of Q** = 1, where the
spins tend to align parallel with I' (Z direction.) By increasing the temperature,

@** monotonically decreases to zero at T'— oo .

In Fig. 5.2, Q.. and )., are shown as a function of temperature for different
transverse field values and different choices of nonzero K or A. Generally, Q..

decreases as the temperature 7" and transverse field increase. In Subfigure 5.2(a)
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Figure 5.1: The plot of Q.. and Q.. are illustrated as a function of temperature and T' for
K=A=0.
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the result of the existence of a finite random field A # 0 in the Z direction is that
Q.. looses its sharp transition to zero. However, the temperature where there is an

inflection point, similar to Fig. 5.1(a), where A = K = 0, decreases by increasing
I

As it is shown in Subfigure 5.2(c), K # 0 has the similar effect of destroying
the sharp transition of (),.. One can just consider a mean field like contribution of
x (0”) o arising from the K;;o0”0? term in the Hamiltonian of Eq. (5.1). Now, the
difference with the case that A # 0 is that because (o0”) increases by increasing I,
therefore by going to higher I's the inflection point is more rounded. Subfigure 5.2(f)
shows ()., as a function of 7', when both K and A are nonzero. As it is shown in
Subfigures 5.2(b), 5.2(d), and 5.2(f), Q.. decreases by going to high temperatures

and low I's, similar to what is seen in Fig. 5.1(a).

Now, having a method to calculate Q).., Q).., M, and M, in a self-consistent way
numerically, one can derive a self-consistent equation for the nonlinear susceptibility
by differentiating M, with respect to h§. In the next section, we describe the

calculation of y3 in some detail.

5.2 Calculating the Nonlinear Susceptibility

In the previous section we derived a mean field expression for M, the magnetization
in the Z direction. In this section we derive the mean-field nonlinear susceptibility
for the model we studied. The nonlinear susceptibility is calculated using y; =

3 . . o0 _ (-2 2 .
—%%hj‘f;, where M. is written as M, = 5= [*0 dzdx e”T)/2m, . m, is defined as
0

m, = [II{{;} tanh [fH,,]. Therefore y; is

1 [ Pm,
dedy e +e0/2 C 12 (5.28)

X3 = _m . 8}1,63 hio )
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Figure 5.2: The plot of Q.. and Q.. are illustrated as a function of temperature for different

transverse field values and different choices of K and A.
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. 3 . .
which for %\ nz=0 we need to calculate a set of self-consistent equations
0

00~ = R dzdy e~ o)/ {sz 8mz] ;
Oh§ hi=0 21 J_ o Oh§ ha=0
8@1‘1‘ — i * dZd:L' 6—(z2+x2)/2 |i2mx am.’ﬂ:| ’
OhG |pz—g 2m J_ Ohg hi=0
OH, J22 [0Q%*  k*0Q™

=1 — + — d
Oy |y 2H lahs "2 o } g
OH,  Jz k:_2 oQ*®
O lyecy  2H, |2 OB |4y

This set of self-consistent equations is applied in order to derive the nonlinear
susceptibility of Eq. (5.28)in the form of

3b 3a
_ _ _ 2
X (ad—bc 2)C od—bc (5.29)
where C, F, ¢, d, a and b represent the following equations:
1 e o (2 a?) /2
C = % . dzdx TZZ X

{3 H? (4H? — H?) (tanh [BH,.] — BH,.sech® [8H,.])
—128%*H? (H2H?) tanh [3H,.] sech® [BH,.]

—2(°H? H!sech® [3H,.] (1 — 3 tanh® [8H,.]) } :

1 e o~ (z2+a?) /2
F = % . dzdx TZZ X

{ (2H}, — 15(H.H,)?) tanh [BH,,.]

+ BH,.(—2H?}, + 3H2H?)sech? [3H,..]
—23?H2 (H!, — 6H2H ) tanh [3H,.] sech® [3H,.]

—2B3°H? (H?H?)sech® [3H,.] (1 — 3tanh? [ﬁHm]) } ,
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_ g2 g o (224222
a = ? _OOdZdl'TgZX

{Hg (-3H? + H?) tanh [BH,.]"
+56H,. H>H? tanh [3H,.] sech® [ H...]

+6°H2, H sech” [BH,.] (1 — 3 tanh® [8H,.]) } :

2 J2 oo e—(z2+x2)/2
b = ﬁ—% _OOdZdl'TgZX

{sz (3H§ — sz) tanh [ﬁHm]2
+BH,.H? (—4H? + H?) tanh [3H,.] sech® [3H,.]

+B°H2, H? H2sech® [3H,.] (1 — 3 tanh® [BH,.]) } ,

EJ)2 [ —(22422)/2
c = 1+a_(27r) /_ dZdl'engx

{Hg (302 — H?) tanh [8H,.]”
+BH,.H? (—4H? + H?) tanh [3H,.] sech® [BH,.]

+3*H? H?HZsech® [3H,.] (1 — 3tanh® [8H..)) }

2 e

{Hf (—3H? + H?) tanh [3H,.)*
+56H,. H>H? tanh [3H,,] sech® [BH,.]

+6°H, H,sech” [BH,.] (1 — 3 tanh® [8H,.)) }
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In Fig. 5.3 and Fig. 5.4, x3 is plotted as a function of temperature T7'/J or the
transverse field I'/J for different choices of A and K. The dotted lines indicate
the region where the mean-field replica symmetric calculation is unstable. In the
next section the calculation of the stability condition is discussed in detail. In
Subfigure. 5.3(a) it is observed that for A = K = 0 the nonlinear susceptibility ys3
shows a very sharp peak at a critical temperature 7,(I"). This sharp peak persists
as we lower the temperature to 7' — 0. In Subfigures 5.3(b) and 5.4(a) it is shown
that a nonzero random field with a variance A # 0, smears the singularity of the
nonlinear susceptibility. For K = 0, the results we obtained for ys, using the
imaginary time replica formalism, is consistent with the results obtained for an
infinite range transverse Ising spin-glass model with a longitudinal random field
reported in Ref. [98]. The model in Ref. [98] was performed to study the effects of
quantum fluctuations on the proton glass phase in mixed hydrogen-bonded ferro-
antiferroelectric systems. However, as it is shown in Subfigures 5.3(b) and 5.4(a),
a constant A # 0 does not show the decreasing of the x3 peak by going to lower
temperatures, which is what experimentally observed for LiHo,Y;_,F4 in an applied
transverse magnetic field [36] (See Chapter 1, Fig. 1.5.) Subfigure 5.4(b) shows
that a nonzero K # 0 gives a qualitative decreasing in the height of the peak.
Subfigures 5.3(c) and 5.4(c), subsequently show y3 as a function of 7" ans I'. As it
is easily noticed from Fig. 5.3 and Fig. 5.4, the sudden sharpening of the nonlinear
susceptibility, which is observed in real diluted LiHo,Y;_,F, systems as the classical
T,(I' = 0) is approached (see Fig. 1.5), is not captured from a model in which A and
K are considered nonzero and constant. This indicates the necessity of bringing
the simplified model of Eq. (5.1) into better contact with the realistic microscopic
model for the diluted LiHo,Y;_,F, material [72], In Section 5.4, we discuss how by
considering A and K to be dependent on the external magnetic field B,, one can
obtain a qualitative behavior that is more similar to what is observed in the real

system.
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Figure 5.3: The nonlinear susceptibility ys is plotted as a function of 7'/.J for
different choices of K and A. The region where replica symmetric solution is

unstable (see next section) is plotted with dotted lines.
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Figure 5.4: The nonlinear susceptibility 3 is plotted as a function of the transverse
field T'/J for different choices of K and A. The region where replica symmetric
solution is unstable (see next section) is plotted with dotted lines.
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5.3 De Almeida-Thouless Stability Condition

In this section we want to find the stability condition for the replica symmetric solu-
tions. For our mean field replica symmetric calculations it is essential to investigate
the condition for which the replica symmetric assumption is a valid assumption. De
Almeida-Thouless[22] have shown that for an infinite range SK model, the mean
field solution becomes unstable below a critical temperature. Therefore, the replica
symmetry is broken and the replica symmetric solution is not correct anymore.
In the previous sections, we performed a mean field calculation using the replica
symmetry assumption to calculate the order parameters and the nonlinear suscepti-
bility. Therefore, it is crucial to determine the range of 7" and I" in which the mean
field replica symmetric solution is stable. To do this, we allow a small fluctuation
of Q7% MNag, Oup, Tiny Waa and by, by a small amount around their respective

stationary values

ST Q4+ Q)
Aop(T, 7)) — A+ 0A5(7, 7))
Ous(T: ) — O +00,4(1.7) (5.30)
PRrT) T 4 Braa(r, )
Waa(T, 7)) — W+ dwaa(T, ™)
Oue(T,T') — O+ 8000(T, 7).

The free energy G(Q75, Aag, Oup, Tiis Waa, Uaa) has to be expanded up to the
second order in the fluctuations. Referring to the work of De Almeida and Thouless
[22], in order to have a stable solution, the deviation of G from the stationary value
(5G R ZM, 82G[y]/8y8y’) oydy’, should be positive definite, where y and vy’ are of
the Q75, Aup, Oup, 757 5 Waa, and O,,. Therefore, the eigenvalues of the stationary
matrix, which its elements consists of 9?G[y]/dydy’ should be all real and positive.

For simplicity, we define Q,s3(7,7') as a three component array in the form of

()
Qus(T,7') = | Aus(r,7) , (5.31)
Ous(T, 7')
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4122 Wae and O, we define a three component

[e7e'2)

while for the self interacting terms

array Woo(7,7') as

rza(r.7)
Wool(r, ) = | Waalr, ™) . (5.32)
Opa (T, T")
Q%
Their stationary replica symmetric equivalents are written as Q = A and
O
22
W = w |. The deviation of the elements of the array Q.g(7, 7’") with respect
0

to their stationary values of Q are defined as an array of fluctuation fields

5z, )
Nap(T.7') = | SAup(T, 7)) , (5.33)
00,5(7, )

and subsequently the deviation of the array of self-interacting terms W, (7, 7') with

respect to the stationary values of W are defined as an array of the fluctuation fields

driz(r.r)

on(T,7) = | Swaalr, ™) ) (5.34)
00p0 (T, T

Referring to the work of De Almeida and Thouless [22], the stability condition is
fulfilled if all the eigenvalues of the stability matrix G” are real and positive. The
elements of the stability matrix are 9*G[y]/0ydy’, where y and 3’ are the different
permutations of the elements of Qus (QZ5(7,7), Aap(7,7’), Oup(7, 7)), and the
elements of W, (rZ2(7,7"), Waa(7,7'), and 0o (7,7')). In the stability matrix
the derivatives are calculated with respect to the stationary values under static
approximation. After a rather involved calculation, which is found in Appendix E,

for n — 0, where n is the number of replicas, the stability condition of our mean

4Self interacting terms are those terms, where the overlap between the spin—% degrees of freedom
are calculated within a single replica (see Eq. (5.18)).
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field replica symmetric solution is satisfied if the eigenvalues of the 3 x 3 matrix
M = P — 2Q + R, is positive definite. P, Q, and R only include a permutation
of the second order derivatives of the free energy 0°G/0Q!;0Q7, respect to the

non-self-interacting terms® such as Q%5 Nap, and O,

Here, a, (3, u, and v denotes different replicas, while ¢ and j labels the specific

elements of the fluctuation field arrays n,s defined in Eqgs (5.33).

As discussed in Appendix E, the 3 x 3 matrix elements of P, Q, and R denotes

the three different types, which one can consider for «, 3, 4, and v, such as

B 2
0Q30Q 5
~ G
Qijzm a = pandf( # v,
. 0?G

Rij=——— d )
1= 35 9ah o+ pand 4 v

where Qflﬁ and Qiﬁ denotes one of the three non-self-interacting fields Q75, Aup
and O,p of the array Q,z.

Considering G, which was originally defined in Eq. (5.13), to calculate the ele-

ments of matrix M, we have to calculate expressions such as
<To.xloz(T)O_:clﬁ(T/)o,xmu(T//)o,xmu(7_///)> . <To_xla(7_)o.xlﬁ(7_/)> <To,xmu(T//)o,xmu(T///)> )

To write the stability matrix elements in a more compact form we define O%%* as

Z|Tm

Oglﬁx;::(T’ 7_/’ 7_//’ 7_///) = <To_mla(T)o,xlﬁ(T/)o_xmu(T//)o_mmu(7_///)>
— <Tamla(7')a:”6(7")><Tamm“(7'”)axm”(7"”)> , (5.35)
where we trace with respect to the effective Hamiltonian £ for the n replicated

single ion system in the n — 0 limit.

Here, z; and z,, are either z or z, identifying ¢* and o*.

5The fluctuation of the non-self-interacting terms, where the overlap of the spin—% degrees of
freedom are calculated between two different replicas play a crucial role in the stability of the

replica symmetric free energy G and the concept of replica symmetry breaking.
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The matrix M = P — 2(2 + R, only includes the non-self-interacting terms Q75,
A.p, and ©,5. The elements of the stability matrix not including the self-interacting

terms are listed as below

52G
52G
Q750
52G
0Q7,00,4,
52G
SAagol,,

852G
000300,

52G
A 0300,,

In Eq. (5.35), regarding the definition of Q%2+

zz

(BI)2S0p)0(uw) — (BI)* O™ (7,7 7", 1)

4]{22
. (ﬁJi [Ozazﬁ;w (r, 7 7_///) + O?xﬁw/ (r, 7o 7_///)}
B Z(ﬁ{l)‘lkj2 [ngﬁuy(T’ 7_/’ 7_//’ 7_///) . ng”y(T, 7_/’ 7_//’ 7_///)]
k 2
(BI5)"0@,8)0)

104

(5.36)

k
—(ﬁj§)4 [O?,ZBMV(Tv 7_/’7_//’ 7_///) + ngﬁ;u/(T’ 7_/’,7_//’7_///) + 20(;5#1/(7_’ 7_/’ 7_//’ 7_///)}

2
(37 5)25(a,ﬁ>5<u,u>

k

+(/6J—)4 [O?f/.u/ (7_’ 7_/’ 7_//’ 7_///) + Og‘f’w(ﬂ 7_/’ 7_//’ 7_///) . 20?5“”(7‘, 7_/’ 7_//’ 7_///)]

2

k
~i(BI5)  [0x (r.7 7 7") = O (.7 7 7]

T]Tm

the static approximation and the replica symmetry assumption in the n — 0 limit

and performing the Hubbard-Stratonovitch transformation, we obtain

Oaﬁuu o

T Tm

20015041/ + Oaﬁaﬁ

T Tm

T Tm

1 o
oo | dade e (gt — (g) (o)
T J -

1 o0
%/ dede G2 [y, o (2,2, (5.37)

where 2; and z,,, denotes either z or z. We have defined xg, ., (2, 2) as

Referring to the matrix elements in relation (5.37), we are now able to calculate

Xxlyxm (x7 Z) =

9% In [cosh (BH,.)]
oM, 0,

(5.38)

the matrix elements of, M = P — 2Q + R, which we list below

it can be shown that after applying
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1 [e.9]
Mg=g= = (BJ) {1 2r / dzdx e—<22+x2>/2x3z},

21 J_ o
M _ 1 Jk 2 dzd —(2242%)/2 [, 2 2
Q** A — —g ﬂ 5 - zaxr e [Xzz +szi| ?
M. _ 1 Jk Lo dzd —(22+22)/2 [, 2 2
Q>0 = —Z% /6 5 B zax e [Xzz - Xz:c] )
k 2 I —(22422)/2 [, 2 2 2
Myn = (815" 41— 57 [ dedve X2+ X0 +2X2%]) ¢
M, _ Jk 2)q 1k ood d (22422)/2 .2 2 942
0,0 — (6 5) +§Z - zaxr e [Xzz_'_Xmm_ sz:| )
1 k22 [
where
H? H,1?
Xeo = e tanh [BH] + 8 [H—} sech? [BH,.] (5.39)
H? H,1?
Xex = Hi’f tanh [GH,.] + [H—} sech? [3H,.] (5.40)
H,H, H.H,
Xzz = — H3 tanh [ﬁHmz]—i_ﬂ H2 SeCh2 [6H$Z] (541)

The origin of the complex matrix elements is due to the relation of © with @,,
and Q.. (see Eq. (5.17).) © is a complex function of the real parameters @.,
and Q... The condition that the eigenvalues of this matrix should be all real
and positive definite, provides us with a condition for the stability of the replica
symmetric calculation. The matrix elements of M are calculated numerically. By
calculating all the matrix elements of M, Ay, the eigenvalues of matrix M, can
then be determined.

In Fig. 5.5, we plotted [AT] = Z2AR™ as a function of I'/J, where Q" is the
smallest eigenvalue of the matrix M ®. Where ever [AT] intersects the horizontal

min

axis, beneath the horizontal axis [AT] is negative, A\jj" is negative, and the replica

5The matrix elements of M have a common factor of J2/T2. In calculating [AT], we have
divided the elements of M by J?2/T?.
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Figure 5.5: [AT] = 5—; Mt as a function of I'/J for different choices of the distri-
bution variances of K% and A and different values of T'//J. The transverse field T..
is the T', where the [AT] plot intersects with the [AT] = 0 line. For I" < T, [AT]

becomes negative. The replica symmetric solution is not stable anymore.
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symmetric mean field solution is unstable. In Fig. 5.5(a) for A = K = 0, one can
see that below the transition point where y3 shows a singular behavior the replica
symmetric solution in not stable. For A # K # 0, the field I' and temperature T’
for which the solution become unstable decreases. The instability point occur at
lower temperatures compared where y3 shows a peak. As plotted in Fig. 5.5(b) and
Fig. 5.5(d), there exist conditions in which the system remains stable even down to

zero transverse field.

5.4 Obtaining a Qualitative Match with Real
LiHOxYl_ngl

Comparing Fig. 5.4(a) with the experimental x5%(B;) (the top left inset of Fig. 5.4),
one finds that although the singularity in y3 is smeared down, the dependence of
X3 upon I' in Fig. 5.4(a) does not show a decrease in magnitude as T is decreased.
If we consider that in the microscopic spin-1/2 effective Hamiltonian of the real-
istic system v(B,) is simply an increasing function of B,, then the lack of mag-
nitude reduction in Fig. 5.4(a) is inconsistent with experimental observations for
the real system. Also, while x3 shows a decreasing amplitude with decreasing 7" in
Fig. 5.4(b), it does not reveal the rapid sharpening at I"' > 0 seen in experiments
as the classical T,(I' = 0) critical temperature is approached. The transverse field
I' of is a function of the Therefore, to make a closer connection with the real ma-
terial, we compare the random couplings, the random field and the transverse field
I’ of the generalized infinite range Hamiltonian introduced in Eq. (5.1) with their
equivalent counterparts of the microscopic spin-1/2 effective Hamiltonian of the
realistic system, when the system is randomly diluted and some of the magnetic
Ho®" ions are substituted with non-magnetic Y**. If we compare Eq. (5.1) with
Eq. (3.14), we see that J;; couplings correspond to —C?, (B, )e;e;L;;, Ky; correspond
to —2C..(B,)Cr (B, )€€ L, and hi correspond to —2C..(B,)Cro( B, )€ Zj &L
Here, ¢; denotes the dilution of site ¢, such that if site ¢ is occupied by a mag-
netic Ho®>" ion, ¢; = 1; otherwise ¢; = 0 . From the comparison of Eq. (5.1) with

Eq. (3.14), it turns out that the key physics ingredient missing in these calcula-
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tions is the underlying microscopic dependence of the distribution width of J;;,
K;;, and h7 upon B,. This dependence on B, is tied to the general phenomenology
of random field development in LiHo,Y;_,F;. In Chapter 3, we discussed that
for a general random spin system for which the effective spin-spin interactions are
anisotropic and contain off-diagonal terms, an applied transverse magnetic field B,
may induce random fields in the system. The amplitude of these random fields is
expected to increase for increasing B,. Therefore, the corresponding variances are
expected to increase with B, as well. If Eq. (5.1) is compared with Eq. (3.14), one
can see that the B, dependence of J(B,), K(B,), and A(B,) originates from the
C,(B,) transformation coefficients, which are B, dependent. As a result, from
Fig. 3.4, one can conclude that J(B,) decreases slowly with B,, while K(B,), and
A(B,) increase asymptotically with B,. Also, by comparing I" in Eq. (5.1) with the
transverse field term appeared in Eq. (3.14), one can conclude that the magnitude
of T'(B,) also increases asymptotically with B,. As a result, at higher tempera-
tures, where y3 has a peak at lower transverse fields, the amplitude of the induced
random fields are weak compared with low temperatures, where y3 has a peak at
higher transverse fields. Therefore, this B, dependence of K(B,) and A(B,) can
qualitatively explain the abrupt decrease of the magnitude of y3 as B, increases.
To obtain a further match with experiment, one may bring Eq. (5.1) in contact

with the relevant microscopic model describing the system.

One may expect that a B, dependence of J(B,), K(B,), A(B,), and I'(B,) can
be obtained from a one-to-one match between the terms of Eq. (5.1) and Eq. (3.14).
Unfortunately, the effective spin—% Hamiltonian of Eq. (3.14) does not incorporate
the nuclear ion hyperfine interactions. Previously, in Chapter 3, we discussed that
hyperfine interactions can not be neglected when LiHo,Y;_,F4 is in the spin glass
regime [93, 94]. The physical importance of these interactions, which are important
in Ho-based materials [1, 57], is discussed in Refs. [93, 94]. One of the main problems
which may occur as a result of neglecting hyperfine interactions is the relation
between I', the transverse field coupled to the spin—% degrees of freedom and the
applied magnetic field B,. Experimental results obtained from AC susceptibility
measurements on LiHog 147 Y0833F 4 indicate that at zero temperature, the spin glass
to paramagnet transition occurs at a critical field of BS = 12.0+£0.4 kOe [36, 71]. If
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the effective spin—% Hamiltonian of Eq. (3.14) is assumed to be the model describing
LiHog 167 Y0.833F4, then B¢ corresponds to a ground state doublet splitting of I ~
1.0 K. Such a value of I' contradicts theoretical expectations indicating that I ~
T,(B, = 0) = 133 mK. The experimental B¢ is therefore a factor of 10 higher
than the naively expected theoretical BS. Therefore, it is not correct to naively use
sAg(B,), the energy splitting gap of Eq. (3.14) as the I' of Eq. (5.1). The authors
of Refs. [93, 94] found that hyperfine interactions lead to a renormalization of the
pairwise interactions and the critical transverse field in SG samples of LiHo, Y;_,F4,
when T is substantially below the hyperfine energy scale (A4 = 39 mK). In order
to obtain a phenomenological relation between I" in Eq. (5.1) and the real physical
field B,, for x=0.167 we set

['(B,)/J(B,) = 1.05(B,/B)** . (5.42)

Here, BS = 1.2 T is the zero temperature experimental critical magnetic field for
x=0.167 [71]. In Ref. [71], for 2=0.167 the T,- B, phase diagram of LiHo,Y;_,F, is
obtained experimentally by measuring the AC susceptibility. The measured T;,(B,)
can be plotted as a function of B,. The spin glass transition temperature depends

on the transverse magnetic field via the relation
Ty(B.) = Ty(0)[1 — (B./B;)’] (5.43)

relation, where (¢ = 1.7+ 0.1). On the other hand, from Eq. (5.1), as a result of
our theoretical mean field calculations, we obtain a theoretical phase diagram for
T, as a function of I'. For K = A = 0, one can derive a theoretical relation for 7T},

in the form of
T,(I) = T,(0)[1 — a (I'/T,(0))"] (5.44)

by fitting to the theoretical phase diagram, where we find a ~ 0.79 and ¢ ~ 4.82).
By matching the theoretical T}, of Eq. (5.44) with the experimental 7, of Eq. (5.43),

we derive the relation between I and B,., which we use to obtain the parametrization
of Eq. (5.42).

To obtain the B, dependent variances, J%(B,), K*(B,) and A(B,) of the infinite

range generalized SK model of Eq. (5.1), we first calculate the disorder average of
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the dipole-dipole couplings of the first, second and third lattice sums in Eq. (3.14),

respectively. We have

2 4 zz
J* = (guB)"[C.z(B:)Cx NO ZEZEJ L7 Jav (5.45)
2 4 xz
K? = 4(gup)'[C..(B,)C, Noze,ej (L)%, and  (5.46)
1 xrz
A = (gi)*[Cex(Ba)Cro(Ba)l [ Z QL) av- (5.47)
0 JF#i
where [...],, signifies an average over the bimodal lattice occupancy probability

distribution, N is the total number of sites, P(e;) = xo(e; — 1) + (1 — 2)d(e;),
where x is the concentration ratio of the Ho3t ions. Motivated by the results of
Refs. [93, 94], where dipole-dipole interactions are renormalized for relatively low
temperatures, in order to incorporate the role of hyperfine effects on A7 and K,
and to obtain results comparable with experimental results, we rescale K and A
calculated from their microscopic origin in Eq. (5.45) by a scale factor n = 0.15
that repositions the peak of x"*°(B,) at B, ~ 5 kOe for T,(B,)/T,(0) = 0.75.
Without this rescaling, y3 would peak at relatively lower temperatures compared
to experiment [36]. As shown in Fig. 5.4, including the B, dependence of K/J
and A/J? in the x3 calculation provides a qualitative description for 3 behavior

similar to what is observed in experiments.

5.5 Summary and Conclusion

To address the puzzling behavior of the nonlinear susceptibility measurements of
LiHo,Y;_,F4 subject to an external transverse magnetic field B, in the spin glass
phase, and to give a qualitative analytical description of how random field effects
induced by an applied B, explains the smearing of the nonlinear susceptibility at
the spin glass transition with increasing B,, we studied a generalized SK transverse
field Ising SG model as a mean field variant of Eqgs. (3.6, 3.14). The standard SK
Ising spin glass model was generalized, such that it possess the relevant interactions

pertaining to induced random fields in LiHo,Y;_,.F4. To do so, we were inspired
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Figure 5.6: x5 vs B, for different temperatures given by the model of Eq. (5.1) and
considering A, K and J to be variating functions of B,, which were first reported
in Ref. [72]. The top inset shows x5 from Ref. [36]. The parameters K and A are
computed using x = 0.167 from Eq. (5.45). To incorporate in a phenomenological
way the role of hyperfine effects, both K and A have been rescaled by a scale factor
n = 0.15 to position the peak of x{**°(B,) at B, ~ 5 kOe for T,(B,)/T,(0) = 0.75.
The n—rescaled K(B,) and A(B,) are shown in the bottom inset. Similarly, I'(B,)

is scaled to match the experimental T,(B,) .
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by the low energy effective spin—% description of diluted LiHo,Y;_,F4 subject to
an external B,, where the random field effect directly manifest as a linear random

field coupled to o7 and a random off-diagonal coupling between o7 and o7.

We performed a mean field calculation on a generalized SK model, employing the
imaginary time formalism and the replica trick to derive the (replicated) free-energy
of the system. To further simplify the calculations, we made a static approximation
for the replica-symmetric solution in the PM phase. Via this mean field procedure,
we derived self-consistent equations for magnetizations, M?*, M?* and spin-glass
order parameters ¥, (**. We obtained y3 from y3 = %03MZ JOhZ®, by solving
numerically the resulting four coupled self-consistent equations for M?#, M?* and
spin-glass order parameters ™, (Q**. Following a standard procedure, first intro-
duced by De Almeida and Thouless [22], we determined the limit of stability of the
replica symmetric solution. We found that a finite random field smears the sharp
peak of y3. However, x5 does not show a decrease in magnitude as T is decreased,
similar to what observed experimentally [36]. Also, we found that, while for a finite
variance of the random off-diagonal couplings x5 shows a decreasing amplitude with
decreasing 7', it does not reveal the rapid sharpening seen in experiment as 7T is
reduced. We found that the crucial physics missing is the underlying dependence
of the amplitude of the random field and the off-diagonal random coupling with
the external B,. While the amplitudes are zero at B, = 0, they progressively grow
by increasing B,. This B, dependence of the random field is understood from the
original effective spin-3 model of Eqgs. (3.6, 3.14). Although, a B, dependent effec-
tive random fields explains the general trend observed in experiment, to bring our
calculations to a closer contact with real LiHo,Y_,F,4, we estimated the relation
of I'(B,) with B, by fitting with experimental data and estimated the variance of
our field-dependent random interactions and random field to be proportional to the
variance of the site diluted interactions and effective random fields of the effective
spin—% model for LiHo,Y;_,F, with an applied B, of Eq. (3.14).

In conclusion, by comparing numerical and analytical results with experimental
data we have obtained compelling evidence that induced random fields are indeed
at play and “observed” in LiHo,Y;_,F4. As a result, LiHo,Y;_,F4 in a transverse

field is identified as a new class of random field (RF) Ising system.
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Now that we have obtained some persuasive evidence of how effective spin—%
description of LiHo,Y;_,F, is useful to obtain a better understanding of the ran-
dom field physics in such materials, in the next chapter we shift gear and exploit
the effective spin—% model derived for pure LiHoF,, to numerically revisit the phase
diagram of LiHoF, in an applied B, (in particular small B, ) in the vicinity of the
classical critical temperature (see Fig. 1.6). As we discussed in the Introduction of
the thesis, our goal in the next chapter is to address the origin of the discrepancy
between the experimental phase diagram and the one obtained in Ref. [57] numer-
ically using stochastic series expansion quantum Monte Carlo [103, 104] and which

persists down to the classical transition temperature.



Chapter 6

Perturbative Quantum Monte
Carlo Study of LiHoF,

in a Transverse Magnetic Field

6.1 LiHoF, as a TFIM

In addition to the phenomena arising in the diluted regime of LiHo,Y;_,F,, the
LiHoF, (z = 1) system also turns out to be interesting. There still exist problems
for the pure LiHoF,, requiring its properties in nonzero B, to be re-investigated
more thoroughly. It is just recently that the properties of LiHoF, in a transverse
external magnetic field have been studied in quantitative detail starting from a
truly microscopic spin Hamiltonian [57]. In Ref. [57], which reported results from
a quantum Monte Carlo (QMC) study using the stochastic series expansion (SSE)
technique [74], a general qualitative agreement between the microscopic model and
experimental data [1] was obtained. However, as we discussed in the Introduction
and re-illustrate in Fig. 6.1, there is significant quantitative discrepancy between
the Monte Carlo results of Ref. [57] and the experimental data of Ref [1]. In partic-
ular, the discrepancy between experiment and QMC results persists asymptotically
close to the classical ferromagnetic to paramagnetic phase transition, where B, /T,

and quantum fluctuations are perturbatively small. For very low temperatures and
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NS =-©~-QMC, A=0
Soo <} QMC, A=39 mK|

‘ O Experiment

Ferromagnet

Figure 6.1: The discrepancy between the experimental [1] phase diagram of LiHoF,
and quantum Monte Carlo (QMC) simulations using stochastic series expansion for small
B, from Ref. [57]. The whole phase diagram is shown in the inset. At low temperature
and high B,, neglecting the large hyperfine interaction A, generates a large discrepancy
between the experimental quantum critical point and the one obtained from simulation.
However, at low B, and close to the classical critical point, the hyperfine interaction
is not a quantitatively important parameter. Other possibilities for the origin of this

discrepancy has to be investigated in this regime.
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high B,, it is crucial to consider the hyperfine interaction in order to explain the
behaviour of the phase diagram close to the quantum critical point [1, 57, 75]. How-
ever, for very small B, /T., the numerical results shown in Fig. 6.1 indicate that the
effect of the hyperfine interaction is not important close to the classical transition
at T..

It was suggested in Ref. [57] that the discrepancy between simulation and exper-
iment, close to the classical transition, may be related to some uncertainty in the
crystal field parameters (CFP) used in the crystal field Hamiltonian, which enters in
the transverse field Ising model (TFIM) description of LiHoF, (see Eq. (3.13)), and
which is simulated via QMC. Indeed a number of CFP sets obtained from differ-
ent experimental works, such as susceptibility measurements [54], neutron scatter-
ing [78], and electron paramagnetic resonance experiments [79], provide somewhat
different values for the CFP. Specifically, different CFP would lead to different field
(B,) dependent effective coupling parameters in the TFIM description of LiHoFy,

which would result in different B, vs T, phase diagrams.

Yet, there are other factors of strictly computational nature which may be at
the origin of the discrepancy illustrated in Fig. 6.1. For example, because of the
difficulties associated with dipolar interactions, calculations incorporating long-
range dipolar interactions should be performed carefully. Because of the long-
range nature and angular dependence of dipolar interactions, the dipolar sum
U@i) = 1/N3 (1 - 3 cos®0;;)/ry; is conditionally convergent [105, 106]", i.e the
value of the sum depends on the shape of the external boundary of the system
studied. Here, ;; is the distance between site 7 and j, and 6;; is the angle between

ri; and the Ising spin axis. For example, the conditional convergence of dipolar

!The sum of an infinite number of dipole-dipole interactions is conditionally convergent and
depends on the order of the summation. For example, if the dipole-dipole interactions of a central
unit cell with unit cells located on an ever-increasing long needle-shaped sample, the energy
converges to a different value than if the interaction energies is summed spherically. Roughly
speaking, this conditional convergence arises because the number of interacting dipoles on a shell
of radius R grows like R?, while the strength of a single dipole-dipole interaction falls like 1/R3,
and the mathematical 07 % summation diverges. The value that the sum converges to depends
on the shape of the boundary of the system. In the present work, the effect of the geometry of

the boundary is incorporated via the Ewald summation technique. See Ref. [106].
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sums has been studied by Luttinger and Tisza [105]. They performed the dipolar
sum for a number of spin structures for systems with different external boundary
shapes. For example, they considered an infinitely large system of dipoles on a body
centered cubic lattice. They found that when the external boundary is spherical,
the ground state is antiferromagnetic, while it is ferromagnetic for a needle-shaped
sample. Later, Griffiths rigorously proved that for zero external field, the free en-
ergy for a dipolar lattice system has to be independent of the sample shape in the
thermodynamic limit [107]. The immediate consequence of Griffiths’ theorem is
that, in zero external field, the net magnetization of the sample has to be zero.
Otherwise, the field originating from the magnetic moments sitting on the bound-
ary of the sample would couple to the dipolar moments of the sample, making the
free energy shape dependent. Therefore, as a result of Griffiths’ theorem [107], do-
mains are formed in the sample, such that in the thermodynamical limit, the total
magnetization of the sample is zero. Griffiths” theorem is contrary to Luttinger
and Tisza [105] results, where the spin configurations were assumed uniform, and
the formation of domain walls were neglected in their work. The reason Luttinger
and Tisza’s results do not conform with Griffith’s theory is that the former authors
assumed a uniform ground state spin configuration and ignored the possibility of
domain formation. This discussion emphasizes the complication of studying sys-
tems with long range dipolar interactions and the caution which should be taken
when dealing with such systems (e.g. the choice of the boundary geometry, bound-
ary conditions and the shape of the domain walls.) Finite size effects are another
issue that needs to be handled quite carefully in systems where ions interact via

long-range interactions.

There are different ways to incorporate dipolar interactions in a computation-
ally efficient way. The method implemented in Ref. [57] is the reaction field
method [108], which truncates the sum of the long-range interactions at the bound-
ary of a sphere, with the dipoles outside the sphere treated in a mean-field fashion.
Due to the semi mean-field nature of this method, the reaction field method overes-
timates the critical temperature, 7. In the presence of quantum fluctuations, this

overestimation is still at play and can possibly influence the B,-T, phase diagram
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near T.(B, = 0) as well. The Ewald summation method [109, 110, 111, 112]? is an-
other method to treat the long-range dipolar interactions. In the Ewald summation
method, a specified volume is periodically replicated. Then, by summing instead
two absolutely convergent series effectively representing the dipolar interactions be-
tween magnetic moments ¢ and 7, and all the periodically repeated images of j, an
effective dipole-dipole interaction between two arbitrary magnetic moments 7 and
j within the finite size sample to be numerically simulated can be derived. From a
general perspective point of view, it would appear quite worthwhile to investigate
the applicability and usefulness of the Ewald summation method to determine the
low B, vs T, phase diagram of LiHoF,. Indeed, the Ewald summation method,
unlike the reaction field one, is less prone to mean field over-estimations, and can

be used as another methodology to investigate LiHoF, via simulations [63].

Another factor whose influence on the B, — T phase diagram should be studied
is the role of the nearest neighbor exchange interaction Ji in LiHoF4. Although for
a 4f ion such as Ho?", the dipole-dipole interaction is the predominant interaction,
however, J,, is not that smaller to be completely neglected. The strength of J..
is unknown, but can be determined such that the numerically determined classical
critical temperature matches the experimental value for B, = 0. The estimated
value of Jo is highly sensitive to the method used to handle the external sample
boundaries and finite size effects in simulations, both of which having significant

effects when using the reaction field (RF) method, as already discussed in Ref. [57].

6.2 Scope of this Chapter

The above discussion should make it clear that there are two rather distinct avenues
to pursue in order to seek an explanation for the discrepancy between the experi-
mental 1] B, vs T, phase diagram of LiHoF, and the one obtained via QMC [57].

One avenue, is that the current microscopic model is incomplete. Specifically, as

2For example, the Ewald summation method has proved quite efficient to allow a characteri-
zation of the thermodynamic properties of rare-earth spin ice materials, such as HosTioO7 and
Dy TizO7, and a determination of the exchange in these materials. See Ref. [112] and references

therein.
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mentioned above, and suggested in Ref. [57], one possible source for this incom-
pleteness may be an inaccurate set of CFP. Another possible source is that other
interactions other than long-range magnetic dipolar interactions and nearest neigh-
bor exchange may be at play [113]. Examples of other interactions include higher
order multipole interactions and virtual phonon exchange [113]. The other avenue
is related to the ensemble of computational pitfalls and ensuing numerical errors
that may arise when one deals with long range dipolar interactions through sim-
ulations. Therefore, before one delves into exploring a more complex microscopic
Hamiltonian, there is a clear need to re-investigate the “simpler” problem that solely

considers long-range dipole-dipole interactions and nearest neighbor exchange.

In this work we aim to scrutinize the individual role of each of the computational
issues as potential culprits for the discrepancy observed in Fig. 6.1. Because QMC
and experiment do not match at B,/T. — 0, we have developed a tool that allow
us to achieve the goal in an efficient and computationally simple way. Since this
discrepancy appears at low enough B, near the classical T,, where quantum fluc-
tuations are perturbatively small, we can expand the partition function Z in terms
of the transverse magnetic field B,, and recast the partition function as a sum
over strictly classical states, using a new effective classical Hamiltonian Heg (7). In
Heq(T), the quantum effects are incorporated perturbatively, giving us the ability
to calculate all thermodynamical quantities in presence of small quantum fluctu-
ations within a classical Monte Carlo method. Therefore classical Monte Carlo
simulations can be easily performed using Hes(7T') in a very simple way, without
the need to perform complicated QMC [57, 74] simulations when interested in a

regime with weak quantum fluctuations?

. Therefore, we can focus on the region
close to the classical transition and investigate the different possible origins of the

discrepancy in detail.

In summary, (i) the complexity of the QMC SSE method, (ii) the problematic

conditional convergence of dipolar lattice sums, (iii) the question of controlled finite

3The quantum Monte Carlo method (QMC) based on stochastic series expansion (SSE) of
Ref. [74] amounts to a numerical summation of SH to high powers, where H is the Hamiltonian
and 8 = 1/kgT. The method we use splits H into the classical Ising sector, Hy, and the quantum
transverse field term, H;, and resums “analytically” all the terms in SHy and retains only the

leading (8H7)? term when evaluating thermodynamic averages.
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size effects and its role on the consistent determination of the nearest-neighbor ex-
change Ji, and (iv) the possible sensitivity of the T.(B,) dependence on the choice
of CFP altogether warrant a new numerical investigation of the 7.(B,) phase dia-
gram in the LiHoF, transverse field Ising material. Below, we will show that either
fortunately or unfortunately, depending on one’s disposition, the factors proposed
in the previous section as the possible origins of the discrepancy between exper-
iment and simulation (see Fig. 6.1) are apparently not the issue. Therefore, the
origin of the discrepancy remains unexplained. However, the perturbative cumu-
lant Monte Carlo tool that we have devised can be used effectively to search for
the cause of discrepancy. Without it, the discovery of the irrelevance of the above
factors through a quantum Monte Carlo simulation would have been a more CPU
time consuming burden. Ultimately, the same tool can also be used to explore the
role of the small B, when x # 0 [24, 25, 58, 72]. Indeed, constructing the whole
x-T.(B,) phase diagram in the “small B,” vicinity of the classical x-T, phase dia-
gram (see Fig. 6.1) by performing solely classical Monte Carlo, was an original key

motivation for the development of the method presented in this Chapter.

In Section 6.3, we explain how, from a generic TFIM such as the one introduced
in Eq. (3.13), a perturbative effective Hamiltonian can be derived. To do this,
the transverse field term is incorporated perturbatively via a cumulant expansion.
In Section 6.4, the perturbative effective Hamiltonian obtained in Section 6.3, is
employed in classical Monte Carlo simulations for small B,. We discuss the results
obtained using either the reaction field or Ewald summation method for the long-
range dipole interactions. We also investigate how J. is estimated and investigate
the sensitivity of the determined value upon the choice of the numerical method.
Finally, we compare the B,-T,. phase diagrams originating from two different sets

of crystal field parameters. Section 6.5 summarizes our results.
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6.3 Effective Classical Temperature-Dependent Hamil-

tonian — Perturbation Expansion

In this section, with a focus on the effective spin—% Hamiltonian for pure LiHoF, of
Eq. (3.13), we aim to implement a cumulant perturbative Monte Carlo method for a
general spin—% transverse Ising model [114] *. For small quantum fluctuations, close
to the classical critical temperature, we are able to derive a classical perturbative
effective Hamiltonian analytically, where quantum fluctuations are incorporated
perturbatively. Using such effective perturbative Hamiltonian, we can then perform
classical MC simulations. To set the stage, we first consider a general transverse

field Ising Hamiltonian such as

H = % Z Lioiof + %j > oioin

i,NN

Y}
—anf—hgzaf. (6.1)

I is a general transverse field in the Z direction coupled to the ¢* degrees of freedom
and h{ denotes an external longitudinal field along the 2 direction. For the sake
of compactness, the dipole-dipole and nearest neighbor exchange interactions are
written in the forms of L7 and Jex. The parameters I', hg, L£57, and Jex should
be matched up with their equivalent counterparts in the original effective spin—%
microscopic Hamiltonian Hspgzc_l /2 of Eq. (3.13). The partition function Z for a
system with Hamiltonian (6.1) is

Z = Trace(e M)
= Z<?/)i|€_m{|?/)i>> (6.2)
{vi}

where Z is obtained by tracing over v; s which are, for example, direct product of
o® eigenvectors (| 1) and | |)) and # = 1/kgT. We can write the Hamiltonian (6.1)
as H = Ho+ Hy,. Hy is the classical part of the Hamiltonian, for which the 1; ’s

are eigenvectors. H; = —I')Y . oF is the quantum term, which does not commute

4We follow closely the method laid out in Ref. [114] as well as adopt their notation. However,

we provide somewhat more details to assist the reader.
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with Hy. The existence of these two non-commuting terms in H prevents us from
applying classical Monte Carlo techniques directly to the system. However, we can

derive an effective classical Hamiltonian as a functional of v;, such that
e PHelvi] — (. |e=PM|op,) (6.3)

Referring to the definition above in Eq. (6.3), since the right hand side of Eq. (6.3)
is the matrix element with respect to [1;), Heg [¢);] is a functional depending only on
the set of o} eigenvalues. The partition function can then be written as a classical

partition function
Z ="y e PHenlvil (6.4)
{wi}
By finding an explicit expression for Heg [1);], one can calculate the thermodynam-

ical properties of the system described by H by performing classical Monte Carlo

simulations using H.g instead of H.

To proceed, we write the matrix element (1)|e ""|t)) in terms of a cumulant

expansion [115]
(Wle™y) =
exp | —B(WIHIY) +

n>1

(=8)"

n!

(W] (H = (L[H[v)" W>] : (6.5)

To make the notation more compact, we use [¢)) as a typical [¢;) eigenvector.
Using Eq. (6.5) we can derive the effective Hamiltonian Hg [1);] perturbatively.
The details of the derivation of Heg [1);] are presented in Appendix B. Hg [1);], is
to order O(T'?), given by

Ha = Ho+00% Y {07 Fi 28(h: + b))

—Fy [26(h; + )] . (6.6)
In Eq. (6.6), h; is the total local field affecting the spin at site i caused by all the

other spins, and which is

hi= =Y Lio7 =Ty 0 s (6.7)
NN

JFi
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and h{ is the external longitudinal field in the z direction. The functions Fy(x) and
Fi(x) are defined as

Fylz) = (:()sh;#’
Fi(z) = % (6.8)

In this effective Hamiltonian, the effect of quantum fluctuations is taken into
account perturbatively to order O(8I'%/[Hy]), where [Hy| denotes the order of mag-
nitude of Hy, the classical part (first two terms) of Eq. (6.1). To obtain the ther-
modynamical properties of the system for small transverse fields we can perform
a classical Monte-Carlo on H.g as a classical counterpart to the real quantum me-
chanical Hamiltonian. Since we are interested in thermal averages, we can calculate
thermodynamical quantities by differentiating the partition function, which is writ-
ten in terms of Heg [¢], with respect to hf, I' or f. The effective Hamiltonian
has an explicit h{ and 3 dependence. For each true thermodynamical quantum-
mechanical quantity, we obtain a pseudo-operator counterpart. For example the
pseudo-operators corresponding to (E), (M.), (M,), (M?), and (M?) are calcu-
lated in Appendix C, where E, M, and M, are the energy and magnetization
operators along the Z and & direction. (...) stands for the Boltzmann thermal

average.

Because of its perturbative nature in (GI"), this method is not reliable for large
transverse fields or low temperatures. To illustrate the range of validity of this
method we consider a simple one-dimensional nearest-neighbor transverse-field Ising

model Hamiltonian
H = —JZUfoH - FZUZ”

with periodic boundary conditions. For a one-dimensional chain of 10 ions, we are
able to calculate the exact total energy of the chain by exact diagonalization. To
check our perturbative MC technique, we calculated the energy of the Ising chain
as a function of temperature for a given transverse field. To make a comparison, we
also performed a quantum Monte-Carlo (QMC) simulation on the system. In this
QMC simulation, we used the Trotter-Suzuki [116, 11] formalism (see Appendix A)
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and applied a continuous time cluster algorithm with the same method used in
Ref. [117], which we refer to “time cluster QMC”. In Fig. 6.2, for a quite large
transverse field I'/J = 1, we plot the average thermal energy as a function of tem-
perature obtained from exact diagonalization, time cluster QMC and “perturbative
MC” using the effective perturbative Hamiltonian of Eq. (6.6). Although, for the
region where 312/ is relatively large, the perturbative MC results are not reliable,

this tests confirms the quantitative correctness of the perturbative Monte Carlo
scheme at small 372/ J.

-1.5 ¢ Perturbative MC .
O O Time Cluster QMC
% O Exact Diagonalization

Figure 6.2: Energy per spin as a function of temperature for a simple one dimen-
sional nearest-neighbor Ising chain with a transverse field of I' = J and N = 10 spins
and periodic boundary conditions. The energy is obtained by exact diagonalization

of the Hamiltonian, a time-cluster QMC algorithm, and a classical Monte-Carlo

algorithm of the perturbative effective Hamiltonian.
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Before we present our Monte Carlo results for LiHoF,, we should remind the
reader that through this thesis, we use two different notion of “effective Hamil-
tonian”, which should not be mixed up. To avoid any possible confusion, let us

summarize:

1. As discussed in Section 3.4, since the spin-spin interactions and 7,(B,) are
small compared to the gap between the low-lying states |«(B,)) and |3(B,))
with respect to the excited state |y(B,)), we can recast the full microscopic
model of LiHoF, in terms of an effective spin—% transverse field Ising model
with effective spin-spin interactions and effective transverse field I'(B,) that

depend on the real physical applied magnetic field B, (see Eq. (3.14).

2. As discussed in this section, since we are interested in a regime where B, /T.
is small, we can develop a perturbation expansion of the partition function in
powers of B, /T and recast the thermal averages of real physical observables in
terms of quantities that can be determined via a classical Monte Carlo simula-
tion of a further effective classical Hamiltonian in which quantum fluctuations

are incorporated perturbatively.

Having shown that the perturbative cumulant MC can quantitatively describe the
TFIM at small 312/[H,|, we proceed in the next section to describe how we use
this method to study LiHoF, at small transverse field B,.

6.4 Perturbative Monte Carlo Study of LiHokF},

In this section we report results from the perturbative Monte Carlo (MC) sim-
ulation to study the low transverse field B, properties of LiHoF,, using the low
field perturbative effective Hamiltonian in Eq. (6.6) and using Eq. (6.7) for the
definition of the local h; fields. As discussed in the Introduction, our primary goal
here is to check the quantum Monte Carlo results from stochastic series expansion
of Ref. [57], and investigate the contradictory results with the transverse field B,
phase diagram of Ref. [1] for small B, (See Fig. 6.1).
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In the following subsections, first as a reminder, we recall the effective spin—%
Hamiltonian for LiHoF, of Eq. (3.13) as the model we are interested to study. In
order to simplify the numerical calculations and apply the method introduced in
the previous section, we write a renormalized version of the Hamiltonian. We define
a renormalized temperature and a renormalized magnetic field based on the real
temperature 7" and magnetic field B,, with the goal to implement them in Eq. (6.6).
Next, we discuss the reaction field (RF) and the Ewald summation (ES) methods
that we use to deal with the long range dipolar interactions, and discuss how the
Monte Carlo results in the classical regime, where B, = 0, are affected by the choice
of the method we use. Then, we discuss the sensitivity of the J,, estimates at zero
B, to finite-size effects, boundary conditions and choice of the method to handle
the dipolar lattice sum. We also consider the effect of different J., on the phase
digram, when B, # 0 and B, /T is small. Finally, we investigate to what extent
the final results depend on the set of crystal field parameters chosen to describe the

Ho3* single ion properties.

6.4.1 Renormalizing the Hamiltonian, Temperature and the
Magnetic Field

Let us, rewrite the effective spin—% Hamiltonian for LiHoF, of Eq. (3.13), which was

presented in Section 3.4 as follows:

ure 2Z % 2 (BSU) T
Hspin—1/2 - 02 (9r4m) Z Lijoioj + Jex Z TioNN | 2 Z g; -
1#] i,NN %

To simplify the calculations, and in order to be consistent with the notation of
Ref. [57] as well as for further comparison between our simulation results and those
of Ref. [57], we lump the whole B, dependence in the transverse field term into a

renormalization factor €(B,) defined as

BSL’ = 9 69

€(B:) . 00) (6.9)

where C,,(B,) is defined in Section 3.4. We renormalize the Hamiltonian as
HEg 12 = = [e(B.)’H (6.10)
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with, according to Eq. (3.13), H is

~ 1

H = 50222(0> (gL:uB)z Z ijzgfgj + Jox Z O-iZUIiIN
i£j i, NN

The renormalized effective transverse magnetic field, gm, is related to the real ap-

plied B, via

= 5 (6.12)
2g18C.2(0) X [e(B,)]

in accordance with Ref. [57]. In discussing Monte Carlo simulations below, we also

define a renormalized temperature, 7', in conjunction with 7:2, with 7' defined as
T =[e(B,)) T, (6.13)

where T is the real physical temperature.

All results presented in the Monte Carlo simulation subsections below were
obtained by considering the renormalized Hamiltonian (6.11), and performing the
simulations with respect to the renormalized T and B,. Regarding Eq. (6.11),
the transverse field I used in the perturbative effective Hamiltonian (6.6) is I' =
gL,uBCZZ(O)gm, where B, is defined in Eq. (6.12). For the local field h;, defined
in Eq. (6.7), we have L7 = C2_(0)(guus)’L;; and Jox = CZ,(0)Jex, where C.. is
defined in Section 3.4 .

6.4.2 Reaction Field Method vs Ewald Summation Method

As already alluded to earlier, Griffiths’ theorem [107] states that in the absence of
an external field the free energy for a dipolar lattice system has to be independent
of the sample shape in the thermodynamical limit. Therefore, as an immediate
consequence, in the absence of an external field, the net magnetization M of the
sample has to be zero. Otherwise, for a uniform M # 0, a shape dependent de-

magnetization field would couple to the dipolar moments of the sample, making
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the free energy shape dependent. Here, the demagnetization field is the field origi-
nating from the magnetic moments sitting on the boundary of the sample. Hence,
in the thermodynamic limit, domains form in order for the system to have a zero

magnetization, M = 0.

Experiments on LiHoF, show that the results (i.e. susceptibility measurements)
are shape independent, confirming Griffiths’ theorem and domain formation [118,
119]. There is evidence that in LiHoF, long needle-shaped domains form along the ¢
axis [118, 119]. If we assume that there is a uniform macroscopic bulk magnetization
M, within a long needle-shaped domain and the external magnetic field acting on

the domain is B™*, then the susceptibility y of the domain is
X =M./B>". (6.14)

It should be noted that the macroscopic bulk magnetization M., is given by M, =
nogris (J7), where ng = 4/a’c is the number of dipoles per unit of volume with
a’c the volume of the unit cell. Using J* = (.07, the bulk magnetization M, is
related to the total moment of the effective Ising spins, M, = >, 07, in the effective

spin—% picture by

o igL,U/Bsz(Bm)
M, = SHEEE () (6.15)

where N is the total number of dipoles.

Let us consider an imaginary macroscopic spherical cavity deep inside a needle-
shaped domain. The magnetization inside the sphere should be equal to the uniform
bulk magnetization of the long needle-shaped domain. Apart from the external
magnetic field B™, spins enclosed in the sphere experience an additional field that
originates from the spins on the outer boundary of the imaginary sphere. The
magnetic surface charge density on the surface of the needle-shaped domain with
uniform magnetization M, produces an internal magnetic field Bpeeqie = 47M..
Meanwhile, the magnetic surface charge density on the surface of the uniformly
magnetized sphere with magnetization of M, induces a (demagnetization) magnetic
field %’r/\/lz inside the sphere that is in the opposite direction to the applied field
and to Bpeedie- Therefore, the total field B! inside the spherical cavity is [120]

B — gt %”MZ + 47 M, | (6.16)
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with M, uniform throughout the whole sample. Now, instead of considering a
bulk needle-shaped sample, we can also study an isolated spherical sample which
an effective BSP! field is applied to it. If we substitute B&* with M. /x and BP"
with M., /Xsph, Where xqpn is the susceptibility of the spherical domain, then we can

write y as a function of ygpn

Xsph
x=—2oh (6.17)
1— 4?Xsph

If xspn is obtained via some calculation procedure for a spherical sample, one can
use Eq. (6.17) to determine the macroscopic susceptibility of the bulk sample within
which the sphere is embedded. Specifically, simulations can be performed on a fi-
nite size sphere, and the effect of the macroscopic bulk surrounding the sphere is
incorporated in a mean-field manner by considering an effective field BSP! inter-
acting with the spins inside the spherical sample. Using this method, called the
reaction field (RF) method, Chakraborty et al. calculated the finite size sphere
susceptibility xspn by using the stochastic series expansion quantum Monte-Carlo
method [57, 74]. They considered an NN spin system enclosed by a sphere, where
the susceptibility of the sphere is obtained from the spin-spin correlation. Refer-
ring to Eq. (6.17), the paramagnetic to ferromagnetic transition (criticality) within
the macroscopic long needle-shaped domain occurs at the temperature for which
Xsph = % occurs for a spherical sample. It should be noted that this criteria is de-
rived for macroscopic systems in the thermodynamic limit. Therefore, as discussed
in Ref. [111], because of the fluctuation of magnetic moments on the boundary of
a finite size surface, quantities such as specific heat and susceptibility obtained via

the reaction field method, are quite sensitive to finite size effects.

The Ewald summation (ES) method [109, 110, 111} is an alternative approach
used to obtain reliable quantitative results to describe real dipolar materials in a
periodic boundary condition (PBC) setting [112]. In the ES method, in order to
treat long-range dipolar interactions with PBC, the system is modeled by replicating
the simulation cell of linear size L into a large array of image copies. The ES
method generates an effective dipole-dipole interaction ), , Leg (ri;) i pf between
two arbitrary magnetic moments, p; and p; within the simulation cell. Here,
wi = gupsdi, p,v=x,y, 2, and r; — r;, where r; is the position of moment 7. This

is done by periodically replicating the simulation cell with a volume of vy = L3a?c
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and summing convergently the interactions between the real spins ¢ and j in the
specified volume of the simulation cell of size L °, and all the periodically repeated
images of j as
Lig(rij) = Y L (vi; +m) (6.18)
n

where n = (n,La,n,La,n,Lc) with n,, n,, n, integers. Here,
L“V(r,-j) = LZV = |:(S'uy|]f'ij|2 — SI'ZI';/J} /|rij|5 (619)
are dipolar couplings, which can be written in a more compact form as
LMV(FU) = V?Vﬂriﬂ_l . (620)

Therefore,
Leg (rij) = ViV Z r; +n|7" (6.21)

The sum Y |r;; + n|™! is calculated using the Ewald method, such that the sum

contain a real space sum plus a reciprocal space sum minus a self term [109, 110, 111]

_ erfc(k|r;; + n|)
r;+tn b= J
Sl et = 3

4 2
D k—ze_kQ/w cos (k - ;)
K20

_‘_L

TV

—%@j . (6.22)

Here erfe(z) = (2/y/7) x [ exp—t*dt and k = (2wm,/La,2wm,/La,2rm./Lc)
denotes the reciprocal vectors of the simulation cell, with m,, m,, m, integers.
The convergence factor s is chosen such that the real space sum and the reciprocal
space sum converge about equally rapidly [109, 110, 111]. The simulation cell and
all its replicated images are embedded altogether in a continuous medium. Addi-
tionally, each spin experiences a demagnetization field, which is originating from
the magnetic moments on the boundary of the system [111]. This boundary contri-

bution depends on the shape of the boundary of the macroscopic sample that we are

SHaving the unit cell of LiHoF, denoted by (a, a, c), a simulation cell of size L denotes a volume

with a size of (La, La, Lc¢), where L is dimensionless.
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interested in modeling. For example, for a long needle-shaped sample, the demag-
netization field correction to the ES representation of the dipole-dipole interactions
is zero [111]. However, for a bulk spherical sample, the magnetic polarization of
the magnetic moments on the boundary of the sphere induces a demagnetization
field proportional to the magnetization of the sample M = % > Wi, which creates
an additional effective field acting on the the magnetic moments. This results in

an extra effective interaction
dm i

200 +1 vy
between magnetic moments p; and p; to be incorporated in the simulation [111].
In practice, the term in Eq. (6.23) is merely added to L!g(r;;) in Eq. (6.21), which
itself is calculated via the ES expression of Eq. (6.22). Here, as before, L is the linear

(6.23)

system size, pu; = gpupJ;, and p’ is the magnetic permeability of the surrounding
continuum. For a sample surrounded by vacuum ' = 1 % This interaction is
added to the effective dipolar interaction between spins ¢ and j, derived by the ES
technique [112].

As a result, within the ES method, each spin interacts with all the “real” spins
in the specified simulation cell of linear size L, and with all its replicated periodic
images. Therefore, one would expect the system to behave more like a macroscopic
system than in the reaction field method. However, there are still some finite size
effects due to the artifact of having a periodic sequence of cells of finite size L. Once
an effective dipole-dipole interaction between spins ¢ and 7 within the simulation cell
has been derived via the ES technique, one can perform Monte Carlo simulations

using the standard Metropolis algorithm. Xu et al. [121] used the ES technique

6The magnetic permeability ' is usually not known beforehand. In general, as discussed in
Ref [111], it can be estimated rigorously in a self consistent way. In the problem that we are
interested in here, we simulate an isolated sphere, where the effect of the infinite continuum
surrounding it is incorporated via BSP! as defined in Eq. (6.16). We are interested in the situation
where xspn = 3/4m. When this situation is fulfilled the whole long needle-shaped bulk is in the
paramagnetic regime where in the thermodynamic limit the macroscopic magnetization of the
bulk is zero. We consider p/=1 for the spherical sample for which the simulation is being carried
without embarking into complex self-consistent calculations, which are beyond the scope of this
paper, specially since at the end the results so obtained are consistent with those found when

considering a long needle-shaped bulk with no demagnetization effects.
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to simulate long-range dipolar Ising interactions for both the body-centered cubic
(BCC) and body centered tetragonal lattices in zero applied field. In a more recent
work [63, 64], the ES technique was implemented in a Monte Carlo simulation study
of LiHo,Y;_,F4 in zero applied field. In the next subsection we discuss the results
of MC simulations using the cumulant perturbative method. In our simulations,
we incorporate the long-range dipolar interactions using either the reaction field
method as discussed in Ref. [57] and the ES method. The influence of each method

on the MC results is investigated in some detail.

6.4.3 Perturbative Monte Carlo Simulations Results

In this subsection we describe the Monte-Carlo results obtained using the effective
perturbative Hamiltonian (6.6) and which employ different ways to handle the dipo-
lar lattice sums. We first report results obtained using the reaction field method
for a spherical sample embedded in a long needle-shaped domain. The main pur-
pose of doing so is to corroborate the results of Ref. [57]. We also report results
from simulations using the ES method for both a long needle-shaped sample and a

spherical sample embedded in a long needle-shaped domain.

Results from reaction field method

To establish a comparison of the effective perturbative Hamiltonian with previous
QMC results [57], we first performed Monte-Carlo simulations for a finite size sam-
ple with open spherical boundary condition, containing N = 295 spins and with
Jex in Eq. (6.11) set to zero. These conditions are identical to those in Ref. [57].
As in Ref. [57], we used the reaction field criterion, set by the divergence of xy when
Xsph = 2= (see Eq. (6.17)), to find the effective critical temperature T.(B,) as a
function of the effective field B,, where T and B, are defined in Eqs. (6.12) and
(6.13). xspn is calculated using
1

@]
ooh = —=— (M?) | 6.24
Xsph /{ZBTN< > ( )
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Figure 6.3: Finding T. using the perturbative Monte-Carlo for a sphere of N=295

spins by using the reaction field xpn = % criterion at criticality, using Jo, = 0.

where the prefactor « is given by
4
2

p C(QLNBCZZ(O))z . (6'25>

o=

In the perturbative MC method, for determining (M?), we used the pseudo-operator
defined by Eq. (C.4). The results for B,=0T,0.5T, and 1.5 T are shown in Fig. 6.3.

The phase diagram as a function of the effective temperature T and the effective
field gx, using the effective perturbative Hamiltonian (6.6) and the above cumu-
lant expansion is shown in Fig. 6.4. At low enough fields, close to the classical
phase transition, our perturbative Monte Carlo results, using the same reaction
field method as in Ref. [57], closely match the quantum Monte Carlo results of
Ref. [57]. Using the reaction field method for B, = 0 we get a T, = 2.03 K similar

to what reported in Ref. [57], where T.(B, = 0) = T.(B, = 0) since ¢(B, = 0) = 1.
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Figure 6.4: Comparing the phase diagram of the perturbative Monte-Carlo with Quan-
tum Monte Carlo results [57] as a function of effective temperature and effective magnetic
field for a sphere of N=295 spins and Jex = 0, using the reaction field method of Ref. [57].

Results from Ewald summation method — needle-shaped sample

The simulations using the Ewald summation (ES) method were performed with
simulation boxes of size L = 7, 8,9, with each box containing N = 4 x L? spins,
where 4 is the number of ions per unit cell. The dipolar interactions of ions inside
the simulation boxes were derived via the ES technique and assuming an infinitely
long needle-shaped sample [122]. That is, the additional demagnetization term
correction from Eq. (6.23) is not incorporated into the Ewald representation of the
dipolar interactions between ions 7 and j. We determined the critical temperature

by finding the temperature at which the magnetization Binder ratio [123],

Q=1 (M) (aa2)"

for system sizes L = 7,8, and 9 intersect. The intersection point shown in Fig. 6.5
is at 7. = 1.92 K which is the critical temperature. (M2) and (M?) are calculated
using Egs. (C.4) and (C.9) within the perturbative effective Hamiltonian scheme.
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As demonstrated in the inset of Fig. 6.5, plotting Q as a function of L'/¥(T — T)
shows a good data collapse for system sizes L = 7,8, and 9, with the mean field
exponent v = 1/2. This is consistent with the argument that the upper criti-
cal dimension for dipolar interactions is d = 3. A more rigorous analysis of three
dimensional ferromagnetic dipolar systems shows logarithmic finite size scaling cor-
rections [121, 124]. We have not investigated these corrections in this study as it is

outside the scope of this work.

Results from Ewald summation method — spherical sample

We have repeated the perturbative MC simulations using the ES technique but
with a slightly different twist to it. Instead of simulating a long needle-shaped bulk
sample and using the Binder method to obtain the critical temperature, we simulate
a sample with a spherical domain. We derived the effective dipolar interactions
between the spins by using the ES technique for a spherical cavity The effect of the
spherical boundary is taken into account by incorporating the additional effective
interaction of Eq. (6.23) between spins ¢ and j. Now, one can assume that this
sphere is embedded in a long-needle-shaped bulk sample. Therefore, by recalling
the derivation of Eq. (6.17) from Eq. (6.16), where an effective field BSP® is applied
to the magnetic moments of the sphere, one can determine the macroscopic x of the
bulk, by calculating xspn via the ES method for a spherical sample. The procedure
that we use here is similar to the procedure above that employed the reaction
field for a finite size system and which led to the phase diagram in Fig. 6.4. The
difference between the ES technique within a spherical boundary and the reaction
field method implemented above and in Ref. [57] is the following. Instead of using an
open spherical boundary condition, and considering only bare dipolar interaction
between a finite number of spins within a cutoff sphere, a simulation box with
periodic boundary condition is considered. The effective dipolar interactions of
ions inside the simulation box is derived via the Ewald summation technique. In
this approach a spherical boundary is considered for the whole simulation box and
all the replicated images of the real box. In this case, each effective pairwise dipolar
interactions described by the ES representation has added to it the extra interaction

term given by Eq. 6.23. Once again, the origin of this additional interaction is
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Figure 6.5: (a) The Binder ratio crossing for L = 7,8,9 system sizes, performing MC
and using ES technique for a long needle-shaped sample, with B, = 0, Jox = 0. T=T
for B, = 0. The inset shows that the Binder ratios collapse for the mean field exponent
v =1/2 to a very good degree. (b) xsph calculated by performing MC simulation, using
Eq. (6.24). The diamonds are for a finite size sphere using the reaction field scheme
similar as in Ref. [57] (i.e. same results as shown in Fig. 6.3 for the B, =0 data). For the
circles, we have obtained the interaction between the ions by the ES technique for L =7
system size and incorporating the spherical boundary effect via the demagnetization term
of Eq. (6.23) and using B, = 0 and Jex = 0, with again T =T for B, = 0. As one can
see, the TC ~ 1.92 K obtained here agrees with the T, ¢ obtained using the Binder ratio

crossing.
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the demagnetization field, due to the polarization of the magnetic moments on
the spherical boundary. In this approach, the system behaves much more like a
macroscopic sphere compared to the one above that uses the reaction field method.
It is further assumed that this macroscopic sphere is embedded inside a macroscopic
long macroscopic needle-shaped domain. Therefore, by employing the perturbative
Monte Carlo method and using Eq. (6.24), we calculate yspn to obtain the critical

temperature. Based on Eq. (6.17), the critical temperature is calculated by finding
3
s
simulation box of L = 7, we obtain T, = 1.92 K for a zero transverse field and

where the yspn = criticality criterion is satisfied. As shown in Fig. 6.5b, for a
Jox = 0, very close to the T, previously derived using ES technique for a long
needle-shaped sample and shown in Fig. 6.5a. Thus, the two approaches using
ES technique lead to similar results. We believe that the difference between the
classical T, obtained via ES technique and the T.(B, = 0) obtained using the
reaction field method [57] is because, in the reaction field method, the number of
spins inside the cut-off sphere, which is embedded in the needle-shaped domain,
is of too limited size. By implementing Eq. (6.17) in the reaction field method,
the effect of the spins on the spherical boundary for a limited size is in essence
incorporated in a mean field manner in the simulation. For a limited size boundary;,
thermal fluctuations on the boundary are underestimated, hence resulting in an
overestimated T,.. This overestimation of 7., which decreases by increasing the
size of the spherical boundary, is expected to vanish in the thermodynamic limit

L — oo.

6.4.4 Nearest-Neighbor Exchange Interactions

The zero transverse field critical temperature of 1.92 K obtained above lies quite far
above the experimental critical temperature of 1.53 K. As suggested by Chakraborty
et al., it is reasonable to assume that the discrepancy may be related to a nearest-
neighbor Heisenberg antiferromagnetic exchange interaction. Indeed, in the related
LiTbF, material, it has long been known that an antiferromagnetic Jo, coupling
exists [84]. There has been no direct determination for the magnitude of this

nearest-neighbor exchange in LiHoF,. However, there have been indirect estima-
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tions, considering J., as a free parameter 7, such that the specific heat [76] and
susceptibility [77] calculations based on mean field theory fit to the equivalent
experimental measurements. Another procedure to determine .J.., would be to
fit theoretical calculation with neutron scattering data, similar to the procedure
followed for LiTbF, [84]. Recently, Rgnnow et al. [78] have performed inelastic
neutron scattering measurements on LiHoF4. Considering J., as a free parameter,
they used the so called effective-medium theory to modify the mean field random
phase approximation parameters. They estimated J., such that a best fit with the
experimental phase diagram is obtained. For example, although for J.,=1.16 mK
there is good agreement with experiment when 2.0 < B, < 4.0 Tesla, as is common
in calculations of mean field theory type, the critical temperature is overestimated

by 14 percent compared with the experimental critical temperature at zero applied
field B, = 0.

In this thesis, we use Monte Carlo techniques and consider the exchange in-
teraction as a free parameter. We can estimate the J., strength by adjusting its
value such that the experimental T is reproduced, as was done in Ref. [57]. Using
the reaction field method performed for finite spheres in Ref. [57], for N = 295
spins, Jox = 6.07 mK was obtained. As a check, we repeated our Monte Carlo
simulations, also using the reaction field method for the same number of spins, and
fitted Jo, such that the experimental zero-field critical temperature 7, = 1.53 K is
reproduced. We obtained the same Jo, = 6.07 mK as in Ref. [57]. It should be
noted that, as reported in Ref. [57], one does not obtain a unique Jox value when
performing simulations for different sphere sizes. The J. value strongly depends on
the number of spins considered. In Ref. [57], for the largest system size considered
(N=3491), a Jex = 5.25 mK was required to obtain a Monte Carlo estimate of 7.
of 1.53 K.

There are two sources of errors that affect the value of the estimated J., obtained
by the reaction field method of Ref. [57]. Firstly, for a given number of spins, when
Monte Carlo simulations are performed to calculate T, the reaction field method
estimates a higher value for T, compared to the ES method. The sources of these

errors are finite size effects and the underestimation of thermal fluctuations at the

"See Eq. (2.15) and Eq. (3.14) for the convention we used, denoting Joy in our calculations.
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Figure 6.6: The Binder ratio crossing for L = 7,8,9 system sizes, performing MC and
using ES technique for a cylindrical boundary with B, = 0. Jox = 3.91 mK is set such
that the critical temperature T, ~ 1.53 K is obtained. T =T for B, = 0. In the inset xspn
is calculated by performing Monte Carlo simulations, using Eq. (6.24). The interaction
between the ions is obtained by the ES technique for L = 7 system size and using a
spherical boundary condition for B, = 0. The same Jox = 3.91 mK used and a similar
T. ~ 1.53 K is obtained. Recall that T =T for B, =0.
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Figure 6.7: The Binder cumulant crossing for L = 7, 8,9 system sizes, employing pertur-

bative MC and using ES technique for a long needle-shaped sample with Jex = 3.91 mK.
In (a) we have B, = 0.05 T and in (b) we have B, = 0.15 T.
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boundary, as we now explain. To push down the value of T, obtained for J., = 0
such that it matches the experimental value for T,, an antiferromagnetic Jg is
required. For J.. = 0, the reaction field method generates a higher T, compared
to the ES method. Therefore, in order to push down the T, obtained from Monte
Carlo simulation to match the experimental value for 7., a larger value for the
antiferromagnetic J., is required than the one required when using the ES method.
A second source of error affects the value of the estimated J., obtained by the
reaction field method. It comes from the number of surface bonds, which depends
on the radius of the chosen cut-off sphere. For ions close to the surface, some of
the nearest-neighbors fall inside the spherical boundary while some remain outside.
Because of the missing number of exchange interactions on the boundary, the overall
exchange estimated is forced to be larger than the actual value. When the ES
technique is used in conjunction with periodic boundary conditions, this boundary
effect problem no longer exists, making the ES technique a more reliable tool for

estimating Jo, [112].

To estimate .J., using our Monte Carlo simulations, we used the Binder ratio
crossing method and employed both the ES technique for a long needle-shaped
sample and the ES technique for a macroscopic sphere embedded in a long needle-
shaped sample. For the latter case, the interactions of Eq. (6.23), originating from
the magnetic polarizations of the magnetic moments on the spherical boundary
were considered as well. The two J., values so determined are the same, which is
approximately Jo, = 3.91 mK, as illustrated in Fig. 6.6. Note that this value of
Jex = 3.91 mK is consistent with the one recently determined in Ref. [63]. The
definition of the exchange constant of 0.12 K in Ref. [63] for Ising spins corresponds
t0 JexC,.(By = 0)2 in our case (see Eq. (2.15)). Using Jox = 3.91 mK and C,. (B, =
0) = 5.51 from Fig. 3.4, we get JoC..(B, = 0)2 ~ 0.119 K, in excellent agreement
with the 0.119 K value of the Ref. [63].

6.4.5 Transverse Field vs Temperature Phase Diagram

Having determined a seemingly consistent value for J.,, we are now ready to perform

Monte Carlo simulations for small transverse magnetic fields B,, and attempt to
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compare the T.(B,) phase diagram from Monte Carlo with the experimental one
in Fig. 6.1. The effect of quantum perturbations are incorporated through the
effective Hamiltonian Eq. (6.6), which is derived from the B,—rescaled Hamiltonian
Eq. (6.11). To obtain the real temperature 7" and external transverse magnetic field
B, from the effective values T and Ew used in the simulations we employ relations
Egs. (6.12) and (6.13). To illustrate the procedure, we show the crossing of the
Binder ratio @) for gx =0.05 T and gx = 0.15 T in Fig. 6.7.

Interestingly, using each of the numerical methods discussed above to obtain the
phase diagram, it seems that for small B, the final phase diagrams illustrating the
critical transverse field as a function of temperature are affected very little in respect
to which specific technique is used. Figure 6.8 shows the phase diagrams, using the
perturbative Monte Carlo method implementing the reaction-field method and the
Ewald summation technique, compared with QMC [57] results and experiment [1].
We use Eq. (6.12) and Eq. (6.13) to obtain the real physical transverse magnetic
field, B, and temperature T from T and B,. As one can see, all the phase diagrams
obtained from the effective perturbative method show a good agreement with the
quantum Monte Carlo result of Chakraborty et al. [57], for small transverse fields
up to a “real” physical transverse magnetic field B, ~ 1.5 Tesla, where we presume
the lowest order cumulant formulation of the effective classical Hamiltonian model
breaks down. This is the main result of this Chapter.

In conclusion, we confirm the results of Ref. [57] but, perhaps unfortunately, we
fail to explain the discrepancy between numerical and experimental results. We are
thus led to ponder on theoretical reasons that may explain this discrepancy. We
explore one such possibility in the next subsection and which is also the one that
was put forward in Ref. [57].

6.4.6 Other Crystal Field Parameters

As reported in Ref. [57], we find that the numerical phase diagrams show a discrep-
ancy with the experimental phase diagram, even at asymptotically small transverse
fields. Indeed, this was one of the main motivations for the present work. As can

be seen in Fig. 6.8, our efforts in considering (i) a different Monte Carlo scheme and
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Figure 6.8: The phase diagram of the critical transverse field as a function of temperature
for LiHoF4. The closed boxes are the experimental phase digram [1]. The closed triangles
are the phase diagram obtained by QMC [57] using the reaction field method for a finite
sphere with N = 295 spins. The open stars are the result from perturbative Monte
Carlo (PMC) using the same reaction field (RF) method used in Ref. [57] for a sphere
with N = 295 spins. Quite importantly, as discussed in the text, the reaction field
method leads to a considerable overestimate of Jox. The open circles are obtained, using
the perturbative Monte Carlo in a needle-shaped domain using ES method. The open
diamonds are obtained, using perturbative Monte Carlo in a bulk sphere embedded in a

needle-shaped domain, using ES method and the spherical boundary effect of Eq. (6.23).
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(ii) other ways to handle the long-range dipole-dipole interactions have not allowed
us to resolve the discrepancy between the results from numerical simulations of
Ref. [57] and the experimental phase diagram of Ref. [1]. Chakraborty et al. [57]
suggested that this discrepancy may be related to uncertainties in the crystal field

parameters. We now briefly explore this possibility.

As discussed in Section 2.2, crystal field parameters are usually obtained such
that theoretical calculations match with experimental data from electron paramag-
netic resonance (EPR) [79], inelastic neutron scattering (INS) [78] or susceptibility
measurements [54]. Recalling the discussion that led to the derivation of the ef-
fective spin—% description of LiHoF, in Eq. (3.13), one realizes that the parameters
C..(B;) and Ag(B,) are implicit functions of the crystal field level energies and
crystal field level wave functions. As a result, the mapping of the problem to a
spin—% model depends on the chosen values of the BY crystal field parameters (See
Section 2.2) parameterizing the crystal field Hamiltonian Vop. This state of af-
fairs is rendered particularly important, since, unfortunately, there appears to be
some ambiguity in the literature about the empirical values of the BY parameters.
All the numerical results that we obtained in the previous sections are based on
the set of recent crystal field parameters reported in Refs. [78], and which were
also used in the stochastic series expansion quantum Monte Carlo of Ref. [57], and
which were determined by fitting theoretically determined crystal field levels with
those resolved in inelastic neutron scattering data. Recently, new electron param-
agnetic resonance (EPR) spectroscopy experiments have been performed, in which
the crystal field parameters were also determined [79]. Based on the EPR data
reported in Ref. [79], spectral parameters were refined in order to fit the observed
dependencies of the resonance frequencies on the external magnetic field, giving
a new set of crystal field parameters and an effective Landé g-factor g, reduced
from its pure °Ig gr, = 5/4 value down to an effective g = 1.21. Using this new
set of crystal-field parameters, we obtain a different renormalization factor e(B;)
(Eq. (6.9)) and effective transverse field B, (Eq. (6.12)) and, as a result, different
C..(B;) and Ag(B,). One of the consequences of obtaining a different C.,,, with
the new CFP is that, referring to Eq. (3.13), a different 7.(B, = 0) is obtained.

Having determined a different T, via this new set of CFP, the value of J,, required
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CZZ

Figure 6.9: Comparing C,, and Ag as a function of B,, calculated using two different
crystal field parameters (CFP). The solid line is obtained, using Refs. [57, 78] CFP based
on inelastic neutron scattering (INS) experiment. The dashed lines is obtained, using

Ref. [79] based on electron paramagnetic resonance (EPR) experiment.
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Figure 6.10: Comparing the phase diagrams of the critical transverse field as a function
of temperature for LiHoF,, based on two different set of crystal field parameters. The
closed triangles are the QMC results of Ref. [57], using the reaction field method for a
finite sphere with N = 295, based on the CFP of Ref. [78]. The open diamonds are
obtained from our perturbative Monte-Carlo, using the same reaction field method used
in Ref. [57] for a sphere with N = 295 spins, based on the CFP reported in Ref. [79].
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to match the experimental T, = 1.53 K is therefore different. In order to scrutinize
“only” the effect of using a new set of CFP and to compare the phase diagram
obtained using this new set of parameters with the results of Ref. [57] in a rather
simple way, we repeated the perturbative Monte Carlo simulations, using the same
reaction field method used above and done in Ref. [57] for a finite size sphere of
N = 295 spins and a newly determined J,, = 4.38 mK. At the end, after in essence
repeated all the work discussed in Section 6.4.3, a new phase diagram is derived.
This phase diagram is plotted in Fig. 6.10. As it can be seen, this new phase dia-
gram is consistent with the previous theoretical work, (e.g. Ref. [57] and Fig. 6.8).
Interestingly it therefore does not appear at this time that the different crystal field
Hamiltonians available for LiHoF, [54, 57, 78, 79] are able to explain the significant
discrepancy between the B, — T phase diagram obtained by simulations compared
to experimental results of Ref. [1]. Finally, we need to emphasize that there is no
difference in the results for this new set of CFP provided J,, is adjusted as well.
On the other hand, different CFP lead to a systematically different T if J,, is not
adjusted.

6.5 Conclusion

With a perturbative Hamiltonian derived from a low energy effective spin—% de-
scription of LiHoF 4, we have re-investigated the B, — T phase diagram with an in-
dependent approach from Ref. [57] for small B, /T, where quantum fluctuations are
weak. The method we used to incorporate perturbatively weak quantum fluctua-
tions within a semiclassical Hamiltonian, because of its simple numerically tractable
form, allows one to directly address possible factors behind the discrepancy between
results from experiments and from classical Monte Carlo simulations in the vicinity
of T.. This method can be easily generalized to more complicated quantum mag-
netic Ising models, where the Ising-like term is the dominant term and the other
non commuting terms are considered as weak perturbations. In particular, if one is
interested in studying numerically the effect of nonzero B, in the diluted regime of
LiHo,Y;_,F4, this perturbative method should be directly applicable by performing

Monte Carlo simulations of the appropriate low energy Hamiltonian [56, 72].
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To perform semi-classical Monte Carlo simulations that handle the magneto-
static long-range dipole-dipole interactions properly, we applied the Ewald summa-
tion technique for two different geometries. In order to determine 7,, we used the
Binder magnetization ratio crossing for a long needle-shape sample, and we used
the Ysph = % criterion for a spherical sample embedded inside a long needle-shaped
domain. We obtained the same T, for both cases and, consequently, determined the
same value for Jo. The values of the T, and J., that we calculated are somewhat
different from the 7, and J values found in Ref. [57]. This difference originates
from using open boundary conditions and a finite spherical cutoff in Ref. [57], which
underestimates the thermal fluctuations at the boundary. We found that although
we used a different method and found a different J,,, the final B, —T phase diagram
obtained here is the same in the low B, /T limit as in the previous results [57]. As a
result, we tentatively conclude that the discrepancy between the theoretical and ex-
perimental results is not of computational origin. To explore a possible explanation

for the discrepancy, we considered a different set of crystal field parameters.

A consideration of different crystal field parameters (CFP), which lead to a
different estimate for J., does not, however, at the end produce a dramatically
different T, vs B, phase diagram. This preliminary result, that only considers one
set of alternative CFP, goes against the suggestion of Ref. [57] that a possible origin
of the discrepancy might be due to the ambiguity in CFP. It is perhaps surprising
that the consideration of a rather different set of CFP compared to those used
in Ref. [57] affects the phase diagram so little once Jex has been re-adjusted to
match the experimental T.(B, = 0) = 1.53 K value. Therefore the origin of the

discrepancy between numerics and experiment remains fully unexplained.

The method we obtained in the present work could be used to carry on further
investigation of the cause of the discrepancy. Without this tool, it would have been
somewhat less straightforward to have investigated the relevance of the various fac-
tors that we investigated in this paper. The disagreement with the experimental
phase diagram of Ref. [1], would suggest that it may be worthwhile to revisit the
experimental determination of the B, vs I phase diagram. On the other hand, in
both the work presented here and in that of Ref. [57], a very simple spin Hamilto-

nian was considered. Specifically, only long-range magnetostatic dipole-dipole and
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isotropic (Heisenberg) nearest-neighbor exchange interactions were considered. The
faster decreasing T,(B,), compared to the experimental case indicates that perhaps
there are effects at play in the real material that weaken quantum fluctuations for

small B,.

In other words, there may be other couplings in the effective theory in addition
to those in the simplest transverse field Ising model (TFIM) of Eq. (6.1). As
illustrated in Fig. 3.5, the terms that we ignored when passing from Eq. (3.12) to
Eq. (3.13) seem too small to be able to resolve this issue. It might be necessary to
consider the possibility that not completely negligible anisotropic exchange, higher

order multipolar exchange interaction, or magneto-elastic couplings may be at play
in LiHoFy.

Finally, we note that it would be interesting if one could study other magnetic
materials similar to the LiHoF, compound and that could provide another real-
ization of a TFIM. Recently, a mean-field theory calculation has concluded that
Ho(OH)3, which is an insulating hexagonal dipolar Ising ferromagnet, is very well
described by a TFIM when a magnetic field B, is applied perpendicular to the Ising
spin direction [6]. This material constitutes a close analogue of LiHoF, and, when
diamagnetically diluted with Y?*, may potentially be an analogue of LiHo,Y;_,F.
The existence of another experimental candidate for the study of the TFIM with
long-range dipolar interaction presents the opportunity to re-investigate the puz-
zling properties of pure and diluted LiHoF, in a new material, shedding light on the
physics of dipolar Ising systems in both zero and nonzero applied transverse field.
The method we have employed in this work is a suitable tool to study these new
proposed quantum magnetic Ising materials beyond mean field theory and provides
a tool to make comparison with future experiments performed on these proposed
TFIM materials.

To conclude, we hope that the work presented in this chapter stimulates further
theoretical and experimental studies of LiHoF, in the regime of small transverse
field B, where the classical paramagnetic to ferromagnetic transition is only per-
turbatively affected by B,.



Chapter 7

Conclusion and Avenues for
Future Work

7.1 Summary of Conclusions

In this thesis, in Chapter 3, we explained how to derive an effective spin—% Hamil-
tonian for the LiHo,Y;_,F4 magnetic material in a magnetic field B, transverse to
the Ho®" Ising spins for either 2 = 1 or < 1. For 2 < 1, via a general mean field
discussion and also, more rigorously, via an effective spin—% picture, we showed
that by randomly diluting magnetic Ho®** ions with nonmagnetic Y** ions, the
magnetization induced by B,, combined with the destruction of the spatial sym-
metry surrounding each Ho®*, consequently generates effective local random fields
via the long-range off-diagonal interactions between the magnetic Ho®** ions.

To affirm the soundness of our effective spin—% approach, in Chapter 4, we
presented analytical and numerical evidence for the validity of an effective Seg = %
approach to the description of random field generation in S > 1, and especially
for an S = 1, dipolar spin glass models with strong uniaxial Ising anisotropy and

subject to weak external magnetic field B, transverse to the Ising direction.

We proposed that the effective B, induced random fields are the key expla-
nation to the long standing experimental puzzle of the smearing of the nonlinear

150
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susceptibility y3 at the spin glass transition with increasing B,. To provide a quan-
titative description of how random fields influence the behaviour of y3, in Chapter
5, based on the effective spin—% model for LiHo,Y;_,F, with an applied B,, we
studied a mean field model, which generalizes the standard Sherrington-Kirkpatrick
model for a quantum spin glass model. We assumed a Gaussian distribution for
the random interactions and considered the amplitude of the random interactions
are B, dependent. Then, using the standard replica trick and the imaginary time
formalism employed in the theory of quantum systems, we derived the free energy
and obtained self-consistent relations for the magnetization and spin-glass order
parameters. Calculating y3 for our proposed model, we successfully reproduced the

overall trend of the experimental y3 data.

We believe, that by comparing experimental data with our theoretical results,
it can be concluded that induced random field physics is at play and observed
in LiHo,Y;_,F4. The significance of this piece of work is that, firstly, we have
proposed a novel realization of a three dimensional random field Ising model within
a magnetic setting and, secondly, have solved a long standing experimental puzzle.
LiHo,Y;_,F4 with B, # 0 is a realization of a RF Ising model and provides a new
venue for studying the RF problem. The RF physics can be probed directly by

measuring bulk properties such as magnetization and susceptibility.

In another part of this thesis, in Chapter 6, we used Monte Carlo simulations
to investigate the phase diagram of disorder-free LiHoF, in weak B,. A previous
quantum Monte Carlo simulation [57] had found that even for small B, close to the
classical critical point, there is a discrepancy between experiment and the quantum
Monte Carlo results. This discrepancy persists asymptotically close to the classi-
cal ferromagnet to paramagnet phase transition where quantum fluctuations are
perturbatively small. In our work, we aimed to scrutinize the potential culprits
for the discrepancy. We revisited this problem, using an alternative approach. We
focused on weak transverse fields close to the classical critical point. We started
with the effective spin—%, which we had previously derived for pure LiHoF,. Then,
we took the quantum fluctuations into account by applying a so-called cumulant
expansion. We derived an effective perturbative classical Hamiltonian analytically,

on which we performed classical Monte Carlo simulations. The “simple” numer-
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ically treatable form of our model allows one to directly address possible factors
behind the discrepancy between experiment and Monte Carlo simulation in the
vicinity of T.. We used the Ewald summation technique, which incorporates long
range interactions more systematically compared to the reaction technique used in
the previous work of Ref. [57]. By performing a systematic finite-size scaling, we
found a more accurate estimate for the nearest-neighbor exchange interaction than
in Ref. [57]. The crystal field from the ions surrounding each Ho ion is described by
an empirical Hamiltonian. Although the ambiguity in the empirical Hamiltonian
leads to different estimations for the exchange interaction, surprisingly, the phase
diagram we calculated does not produce a dramatically different change compared
to quantum Monte Carlo results of Ref. [57]. We found that the factors proposed
as the possible origins of the discrepancy are not the issue. Possibly other sources,
for example, interactions other than long-range magnetic dipolar interactions and
nearest-neighbor exchange may be at play. However, our Monte Carlo method can
be effectively used to carry out further investigations of the likely causes of the
discrepancy. Without this tool, the discovery of the irrelevance of the above factors
would have been less straightforward. The advantage of our perturbative Monte
Carlo method is that it can be applied to any magnetic spin—% system for which the
effects of quantum fluctuations close to the classical phase transition are of interest,

including case with disorder such as LiHo,Y;_,Fj4.

Up to now, significant experimental and theoretical efforts have been devoted
to obtain a better understanding of the underlying physics of the magnetic ma-
terial LiHo,Y;_,F4. Although, from a contribution of the total efforts, some of
the puzzling behaviours of LiHo,Y;_,F4 have been unraveled, still, there are many
questions opened regarding the physics of this material. In the next section, we
briefly mention a few interesting open problems related to the LiHo,Y;_,F, mate-

rial that may warrant further study:.
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7.2 Open Questions and Prospects for Future Work

7.2.1 The Perturbative Quantum Monte Carlo Method

The method we used in Chapter 6 to incorporate perturbatively weak quantum
fluctuations within a semiclassical Hamiltonian for dilution free LiHoF, (z = 1)
with a weak B,, can be generalized to more complicated Hamiltonians, where there
is a dominant Ising interaction plus non-commuting weak quantum interactions.
These non-commuting terms are perturbations to the Ising interaction. One of the
immediate applications of this method is to employ it for LiHo,Y;_,F4 in the di-
luted regime. Therefore, by deriving a perturbative semiclassical Hamiltonian for
LiHo,Y;_,F4 with a weak B, in the diluted regime (xz < 1), one can study the
diluted system numerically by performing Monte Carlo simulations. If we com-
pare the effective spin—% Hamiltonian of Eq. (3.14), which was derived for ran-
domly disordered LiHo,Y_,F,, with the effective spin—% Hamiltonian of Eq. (3.13)
for pure LiHoF4, we see that Eq. (3.14) has an extra non-commuting term of
20.:(By)Coru(Ba) 32 €i€jLif 007, compared to the Hamiltonian of Eq. (3.13).

The reason that this term is neglected in Eq. (3.13) is that, in the non diluted
system, because of lattice mirror symmetry, ., Lifo? <a3’? ) = 0. Therefore, this

term can only contribute via (thermal) fluctuations above the vanishing mean-field

CxO(Bz)
sz (B:v)

effects from the above o707} term is considered to be small. However, for z < 1 the

contribution. Since < 1, the (second order) thermal fluctuation contribution
spatial symmetry of the Ho®" ions is broken and this argument is no more valid.
Indeed, this term contributes when = < 1. Interestingly, the amplitude of these
random off-diagonal couplings are induced by B,. Therefore, at low B,, their con-
tributions are weak and these terms can be incorporated perturbatively to derive
a semiclassical effective Hamiltonian via cumulant expansion. We can apply this
newly derived semiclassical Hamiltonian to perform Monte Carlo simulations in
the vicinity of the classical regime, where B, /T — 0. Therefore, one can fruitfully
apply this perturbative semiclassical approach to numerically study the physics of
induced random fields in diluted LiHo,Y;_,F4 in a regime where B, is weak. In the
diluted regime, due to these non-comuting off-diagonal dipole-dipole interactions,

performing a full quantum Monte Carlo simulation is somehow complicated. There-
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fore, such a perturbative semiclassical method would be a useful tool for possible

numerical studies of LiHo,Y;_,F, in a weak B, /T regime.

7.2.2 Hyperfine Interactions

As we previously discussed, in LiHo,Y;_,Fy4, the electronic and nuclear moments
of the Ho®" ions are coupled via a hyperfine interaction Hyy, = AY . (L - J;),
with a relatively large coupling constant A ~ 39 mK [1, 57, 93, 94]. LiHo,Y;_,F4
in the spin glass regime (i.e x ~ 0.1) at B, = 0 has a transition temperature
~ 100 mK. At B, = 0 the classical transition temperature is a measure of the
typical energy of the dipolar interactions. Comparing the typical energy scale of the
average dipole-dipole interactions and the energy scale of the hyperfine interactions
indicates that these hyperfine interactions can not be neglected. Thus, at low
enough temperatures a study of LiHo,Y;_ ,F, without considering the hyperfine
interactions at a microscopic level is incomplete. In particular, at T' = 0 hyperfine
interactions enhance the critical transverse magnetic field B¢ for either = 1 and
x < 1[1,57,93]. If A =0, one would expect the order of magnitude of B¢ to be
the same as T.(B, = 0). A # 0 leads to a significant increase of B¢, compared to
T.(B, =0).

Schechter et al. [93, 94] have theoretically studied the physics of hyperfine in-
teractions at T — 0. The AI?J? contribution to the hyperfine interaction splits
the electronic ground state doublet into eight doubly degenerate states, with sepa-
ration ~ 205 mK between adjacent levels [93, 94]. Each of the ground states can
be associated with nuclear spins of equal magnitude and opposite sign. Schechter
et al., correctly discuss that, if only AI*J* is considered, then a B, < () cannot
couple or induce quantum fluctuations between these degenerate states. However,
A(TtJT +17J7) in the presence of B, # 0 can couple the ground state and allow
for quantum fluctuations, but these quantum fluctuations are significantly weaker
compared to the B, induced quantum fluctuations, when A = 0 [93, 94]. Subse-
quently, the authors of Refs. [93, 94], by including the hyperfine interactions and for
T — 0, derived an effective spin—% Hamiltonian written in the subspace of the two

lowest degenerate electro-nuclear ground states. The difference compared to the
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effective spin—% written in the subspace of the electronic degenerate ground state
in the absence of A is a much weaker effective transverse field and a renormalized
dipole-dipole interaction. From the work of Ref. [93, 94] one can understand the
origin of the high B at T" = 0 much better.

In this thesis, we were specifically interested in the general phenomenology of
the induced random fields generated by applied B, and the physics behind it, rather
than obtaining a precise quantitative description of diluted LiHo,Y;_,F4. In our
calculations, to focus only on the phenomena pertaining to random field physics
and to avoid the complexity of including hyperfine interactions, we therefore, did
not consider the hyperfine interactions explicitly in our modeling in the microscopic
level. We incorporated the role of hyperfine interactions by deriving the transverse
field I'(B,) relation with B, from a fitting with experiment and renormalizing
the amplitude of our dipole-dipole interactions such that we have a better match
with experiment. To have a further quantitative contact with experiments, we
have to somehow incorporate these hyperfine interactions. Unfortunately a spin—%
framework similar to what introduced in Refs. [93, 94] for T — 0 is not suitable for
the energy scales we are interested in. Unlike the case that A = 0 and the higher
electronic states are well separated from the degenerate ground state, for A # 0
the eightfold degenerate electro nuclear states associated to the electronic ground
state are very close to each other, therefore all the 16 electro nuclear states should
be incorporated in our analysis. For example one of the questions that may arise
is: Can the microscopic Hamiltonian of Eq. (2.16) be somehow projected properly
in the subspace of the lowest 16 electro nuclear states, such that each pair of the
eightfold degenerate states (when A(ITJ* +17J7) is neglected) be described by a
series of eight spin—% pseudo spins [94]? Can we develop a mean field theory, such
that the thermodynamical quantities (i.e magnetization, non linear susceptibility,

...) be quantitatively derived, either numerically or analytically?

7.2.3 Random Strain

In systems consisting of odd number of electrons, the Kramers theorem dictates

that, by time reversal symmetry, the ground state is at least a doublet (Kramers
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doublet). The Kramers doublet, which are time conjugates of each other can not
be split by any electrostatic field. In LiHo,Y;_,F,, Ho*" is an even electron ion
(non-Kramers ion). Therefore, if the local tetragonal symmetry is somehow broken
(e.g. by strain) then, new crystal field interactions such as B;?05” may be locally
induced. Such crystal field operators have nonzero matrix elements between the two
degenerate ground states. The degeneracy may be lifted, which in the effective spin-

picture reads as local transverse fields coupled to the £ component of the spin-

D= N[ =

degrees of freedom. Therefore, these locally induced transverse fields compete
with collective magnetic ordering and may destruct the ordered phase. In diluted
LiHo,Y_,F4 the random substitution of Ho** with Y3+ may induce “random”
strains in the system, and lead to random transverse fields [125]. Such random
transverse fields have been identified in samples with very dilute Ho*" in LiYF,
[79, 126].

These stain-induced random transverse fields open an interesting possible sce-
nario to explain the destruction of the spin glass phase in highly diluted LiHo,Y;_,F}.
It would be worthwhile to develop a mean field spin glass model including strain-
induced random transverse fields to investigate the possibility of the destruction of

the spin glass phase by these local random strains®.

7.2.4 Other Candidate Transverse Field Ising Materials

It would be very interesting if one could study other dipolar Ising magnetic materials
similar to the LiHoF4 compound and which could be easily diamagnetically diluted,
providing another realization of a TFIM. In the context of these new materials, one
can address specific problems such as: (i) Whether the proposal of B,-induced ef-
fective random fields valid in other diluted dipolar Ising materials [24, 56, 72]. (ii)
How do quantum fluctuations manifest in other possible transverse field Ising mate-
rials where hyperfine interactions are much smaller than the hyperfine interactions
within Ho*™ ions? (iii) Does the antiglass phenomenon [7, 8, 67] occur in other

diluted dipolar Ising materials?

'However, it might be possible that the quantum fluctuations induced by these random strains

be somehow blocked by hyperfine interactions (see the previous subsection).
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Recently, a mean-field theory calculation has concluded that Ho(OH)s, which is
an insulating hexagonal dipolar Ising ferromagnet, is very well described by a TFIM
when a magnetic field B, is applied perpendicular to the Ising spin direction [6].
This material constitutes a close analogue of LiHoF, and, when diamagnetically
diluted with Y3, may potentially be an analogue of LiHo,Y;_,F,. The existence of
another experimental candidate for the study of the TFIM with long-range dipolar
interaction presents the opportunity to re-investigate the puzzling properties of
pure and diluted LiHoF, in a new material, shedding light on the physics of dipolar
Ising systems in both zero and nonzero applied transverse field. The analytical and
theoretical methods we have employed in this thesis to study LiHo,Y;_,F, for both
xr = 1and x < 1, are suitable tools to study these new proposed quantum magnetic
[sing materials and provides benchmarking tools to make comparison with future

experiments performed on these proposed TFIM materials.

The work presented in this thesis covers a small part of the challenges offered
by LiHo,Y;_,F4, with apparently more left to understand than has so far been
understood. We hope that this work stimulates further theoretical and experimental

studies of this system and other related materials.



Appendix A

The Trotter-Suzuki Method

The Trotter-Suzuki method [11] is a useful tool that helps us to derive an effective
classical Ising Hamiltonian as a map to the quantum Ising Hamiltonian in such a
way that their partition function is the same. This general method can be used to
study the simple transverse Ising model by using Monte Carlo simulation. With
the aid of Trotter-Suzuki method, one can derive an effective classical Hamiltonian

with commuting terms, providing us with the ability to perform simulations.

If we have two non-commuting operators, A; and A,, we know that
exp (A + As) # exp Ay exp As .
Trotter has shown [127] that, in the case that M — oo, then

exp (A + Az) [exp Ay /M exp Ay/M]"™

= lim
M—o0
even when [A;, As] # 0. For the TFIM Hamiltonian
1
Hypmn = —§ZJijUfU; —FZUf =Ho+V, (A1)
i.j i
The partition function is then

7 — Tre PHo+V)
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By applying the Trotter formula, Z reads

2N
Z =" lim (] [exp (~3Ho/M) exp (=5V/M)]™ |n). (A2)
l
Here v, represent the [-th set of spin configuration {o1, 09, -+ ,on} of the whole 2V

configurations of the system, and the above summation runs over all such possible
configurations denoted by [. Here, 0 = +1 denotes the up and down eigenvalues of

o”. Introducing M number of identity operators

2N
1= Z |11 (ke k=1,2,..M.
1

in between the M product of exponentials we have

M

. —BH, —pY
Z =1 Tr —_ )
M{ﬂoo k:l<01,k UN,k| exXp ( Vi exXp Vi |<71,k+102,k+1 UN,k+1>

For the classical Ising term Hg, we have,

M N M
H(Ul,k---UN,k|eXp< Zaf Z>\01k+1 ON 1) = XP [Z Z wo'zkajk] (A.3)
=1 k=1

k=1 i,j=1

while for the term with transverse field interaction we have

M

T
H<Ul,k---UN,k‘ exp [% Z O’ZC] |01 k1 ON 1)

k=1

% N M
= <% sinh [%}) exp [2 In coth ( ) ZZUkuz k—l—l] (A4)

i=1 k=1

The last step follows because

ac® __ _—i(iac®)

e’ =e = cos (iac®) — isin (iac”™) = cosh (a) + o® sinh (a),

and then
) 1 1/2
(o]e® |0’y = {5 sinh (Qa)] exp (o0’ /2) In coth (a)],
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O1.m O2.Mm Oj,m Oi+1,M ON,M
R S O .
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Figure A.1: The Trotter-Suzuki equivalence of a quantum one dimensional chain and a
(1+1) dimensional classical system. J' indicates the additional interaction in the Trotter

(imaginary time) direction.
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since 172
1 «
(11| 1) = [ sinh (20)coth )] = cosh(a) = (116" 1
and
. 1 112 .
(16| 1) = | sinh (20)/ coth )] = s (@) = (1 e 1),
Thus the partition function becomes
Z = O e, (—fHaslo]) ;O = Lsinn 2oL (A5)

2 M

where the effective classical Hamiltonian is

HTS Z Z |: Usz']k gln coth (%) Uikaik+1:| . (A6)

4,7 k=1

The Hamiltonian Hrg is a classical one, since the variables o; ;’s involved are merely
the eigen values of ¢, and hence there is no non-commuting part in Hrs. For
T — 0, M — oo, and the Hamiltonian represents a system of spins in a (d+1)-
dimensional lattice, which is one dimension higher than the original d-dimensional
Hamiltonian, as is evident from the appearance of one extra label k for each spin
variable (see Fig. A). Thus, corresponding to each single quantum spin variable o;
in the original Hamiltonian, we have an array of M number of classical replica spins
oik. This new (time-like) dimension along which these classical spins are spaced
is known as the imaginary time (Trotter) dimension. From the explicit form of
Hrs, we see that in addition to the previous interaction (J) term (— vaj Jijoi0}),
there is an additional nearest neighbor interaction (J') between the Trotter replicas

corresponding to the same original spin, along the Trotter direction, given by the
term (vaj Zkle 2ﬁ L In coth (BT /M)oi0141)-



Appendix B

Perturbative Cumulant Expansion

for Small Quantum Fluctuations

In this appendix, starting from Eq. (6.5), we give the details of the derivation
of the effective perturbative Hamiltonian Heg [¢);] by a cumulant expansion, when
quantum fluctuations are small. Deriving Heg [¢;], as defined by Eq. (6.4), one can

rewrite the partition function of the system in a classical form.

Referring to Eq. (6.5) and recalling that |¢) is a direct product of o} eigenstates,
the expectation value (|0, |¢) is zero, so (Y|H|¢) = (Y|Hp|v). Defining Ey(v)) =

(V[Holth), we can write (| (H — (|H[1))" [v) = (@I(H — Eo(4))" ).
Performing a polynomial expansion on (H — Eo(¢))" = [(Ho — Eo(¢)) + Hy]", and

keeping terms to order of O(I'?) in the polynomial expansion (H; o I'), we have

(Y| [(Ho — Eo(1)) + Hil" [¢)
Z d(ny +ng +ng,n —2)

(W] (H = Eo(4)" [¥)

I

><7[<1’D|(Ho — Eo(¥))" Hi(Ho — Eo(¢))™ Hi(Ho — Eo(¥))" [4)]
= (|H, [Hy — Eo(v)]" % Hy|) . (B.1)

To write Eq. (B.1) we have used the fact that
(0 (Ho — Eo(¥))" [¢) =0 (B.2)
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and

(W|(Ho — Eo(v))™Hy(Ho — Eo(4))*[¥) = 0, (B.3)

for integer numbers m and k. The effect of o on [¢)) is to flip the spin i. We define
ofl) = |fib), where fi1h means that the i’th spin has flipped, such that if the i'th
spin was in the | 1) or the | |) eigenstate of o7, it changes into the | |) or | ) state
respectively. In Eq. (B.1), using H; = —I')_, 07, we get

(W[Hy [Hy — Eo(y)]" ™ Hil)
=23, (@07 [Ho = Eo(0)]"* o310)
=230, (fit| [Ho = Eo ()" |fi4) - (B.4)
Here (fiy)| [Hy — Eo(¥)]" % | ;1) is zero, unless i = j. Thus, Eq. (B.1) can be

written as

(W (H = Eo()" [v) = T* > [Eo(firr) = Bo(w)]"™* (B.5)
Considering the definition of Hg, by substituting Eo(f;10) — Eo(¥) = 2(h; + h§)o?
in Eq. (6.5), we obtain

Heg = H0—5F2ZZ [—28(hi + hg)]"™

i n>l

= Ho+ fpr? Z{UizFl 26(hi + hg)] — Fo [26(hi + hg)l}. (B.6)

In Eq. (B.6), h; is the total local field affecting the spin at site i by other spins ,
which is
hi= =D L]~ T Do (B.7)
JFi

and h{ is the external longitudinal field in the z direction. The functions Fy(x) and
Fi(x) are defined as

Folz) = Cos‘}li#’
Fi(z) = Snh@) =2 (B.8)
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Appendix C

Pseudo-Operator Counterparts of
Thermodynamical

Quantum-Mechanical Quantities

In this appendix, we establish the relationship between the real thermodynamical
quantities of physical observables and their corresponding pseudo-operator repre-
sentations, which can be calculated using the perturbative effective classical Hamil-
tonian of Eq. (6.6). To obtain the numerical values of these thermodynamical
quantities, the derived pseudo-operators should be averaged by employing our per-

turbative classical Monte Carlo simulations.

Writing the partition function in terms of the perturbative effective Hamiltonian
Heg 1], the pseudo-operators corresponding to (E), (M.), (M,), (M?), and (M?2),
which need to be calculated to obtain thermodynamical quantities using Monte
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Carlo simulations, are given by

(E) = —%g—g = <Hff +6a§53> (C.1)
(M) = <—8£%H> (C.2)
(M,) = <—a§?ﬁ> (C.3)

2
(M2) = <<a£?) — %a;:;zﬁ> (C.4)
(M) = % <—6% + 452 a;g;ﬁ aai[gf (C.5)
+ 6 <a§gf)4> : (C.6)

where E, M, and M, are the energy and magnetization in the z and z direction and
their equivalent pseudo-operators to be calculated are on the right. The thermal
average is denoted by (...). Applying the derivatives and using the perturbative

effective Hamiltonian (6.6), we find:
E = Eo+261°) {o7F [28(hi + hj)]

—Fy [28(hs + hg)]}
+BT2 Y " 28(h; + hg){o7 KV [28(hi + h)]

—FV[28(hi + 1))} (C.7)
while M, is
M, = =260') {o7F[28(h; + h3)]

—Fy [28(hs + hg)]} (C.8)
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and M,
> or =262 {oi Y [28(hi + h3)]
—FV [28(h: + B3]} (C.9)

with F™ (z) defined as F™ = 5E) where i = 1,0.

dx™ Y
1 2 4 chff 82Hcff
In order to find an expression for (M?) and (M}), we need to calculate e e

PHey and LHer W find:

onE® ohg*
T = i 2 e R+ 1)
—F0 126(h; +hz)]} (C.10)
2
a@gz - 453P2Z{ 2R [26(hs + hi)]
—F0 [2ﬂ(h + h)l}, (C.11)
3
aaggﬁ = 8ﬁ4P2Z{ 2R [26(hs + hi)]
—F® [2ﬂ(h +h§)]} and (C.12)
o' H., . .
ahgf = 1655P2Z{0F 26(h; + hZ)]

—F0 [2ﬁ(h +hi)l} - (C.13)



Appendix D

Lanczos Method

The Lanczos method [128, 129] is a useful numerical method for diagonalizing and
calculating the eigenvalues of a sparse matrix. The basic idea of the Lanczos method
is that a basis can be constructed iteratively, such that a general Hamiltonian H
has a tridiagonal representation. The first step is to choose an arbitrary state |¢g)
in the Hilbert space of H. If no information about the ground state is available then
|po) is chosen randomly. If there is any symmetry information about the ground
state then it is convenient to choose a state from a subspace which satisfies the
ground state symmetry of the system. After selecting an arbitrary |¢g), we can
construct a set of n orthogonal states. We apply H to the initial state. therefore,
we obtain another state H |po) . If we subtract the projection of the new state over

|o) we obtain
(g0l H|0)
~{oldo)

where |¢;) is orthogonal to |¢g) and (¢1|pg) = 0. This procedure can be continued

|61) = H|do) — o) (D.1)

and we can construct a new states that is orthogonal to |¢1) and |¢g). This new

(61 M |61) (91]01)
{len) (@0l o)

The procedure can be generalized. Hence, with the recursive relation

state reads as

|62) = Hl|1) — |61) — EDE (D.2)

(Gns1) = H|$n) = anln) = 2ldn-1) | (D.3)
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one can construct orthogonal basis for n = 0,1,2,.... The coefficients are given
by a, = % and b2 = % It should be noted that in the general

Eq. (D.3), bp = 0 and |¢_;) = 0. Therefore, using this new set of orthogonal states

the Hamiltonian matrix of H can be written as a tridiagonal matrix in the form of

ag bl 0 0
~ bl aq bg 0
H = 0 by ay by (D.4)

This matrix can be diagonalized using standard numerical techniques. However,
if one is interested in the low energy ground state properties of the interaction of
Hamiltonian H , then the ground state information is obtained more rapidly after
a number of iterations. The rapid convergence to the ground state can be obtained
by proceeding via a 2 x 2 step diagonalization procedure. Instead of using the
whole set of |¢,) basis, we only consider the |¢y) and |¢1). The Hamiltonian is
diagonalized in the 2 x 2 subspace of |¢g) and |¢p1). The lowest energy state is a
better approximation to the actual ground state than |¢g) . Therefore this new
state is used as the initial state of another 2 x 2 iteration. The iteration is repeated

as many times needed until a sufficiently high accuracy is reached.



Appendix E

Some Details of the De
Almeida-Thouless Stability

Condition Calculation

In this appendix we discuss the details of the derivation for the De Almeida-
Thouless [22] stability condition of the replica symmetric solution under the static
approximation for the generalized infinite range model with random interactions
defined in Eq. (5.1). As discussed in Chapter 5, Section 5.3, in order for the mean
field replica solution to be stable, the deviation of G, which is defined in Eq. (5.13),
should be positive definite. As an immediate consequence, the eigenvalues of the
stability matrix, of which the elements are 9?G[y]/0ydy’, should all be real and

positive. Here, y and y' denote one of the Q7%5, Aug, Oup, 7 Waa, and O,,. In

zz

ao )
the stability matrix, the derivatives are calculated with respect to the stationary
values under the static approximation. Taking n as the number of replicas, then

the order of the stability matrix is of 3 x In(n — 1)+ 3 x n = 3n(n+1).

When the free energy is variated from its saddle point, the elements of the
J., and §éa§é5 fluctuation
fields introduced in Eqgs. (5.33, 5.34). Here, o, 3, i, and v denotes different replicas,

while 7 and j labels the specific elements of the fluctuation field arrays 1,5 and &.q

stability matrix are associated with either n/ 51/, 03¢

defined in Eqs (5.33, 5.34). Therefore, we consider three subcategories for the
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matrix elements of the stability matrix:

(i) 9°G/0Q.30Q%, terms, which are associated with 7?57/, fluctuation fields.
These 6°G/ 8@25862{“/ terms can be represented as a 3 x 3 block matrix. Here 7 and
J, are used to label one of the three elements of the previously defined arrays 1,3
or Qqs. The value of the 3 x 3 matrix elements depends on the relation between

a, 3, i, and v, which has three different types such as

_ 2

Pyjj:.aiGj a=pand = v,
0Q430Q0s

~ 0°G

Qij:m a = pandf( # v,

- 0*G

i T d )
= oo o # pand f # v

where Qgﬂ and Qgﬁ are chosen among the different permutations of the three

non-self-interacting fields @75, Anp and O, of the array Qap.

(i) In a similar way, the 9*°G/ 8WéQ8Wgﬁ terms are associated with the gfmﬁéﬁ
fluctuation fields in the free energy, and represented as a 3 x 3 block matrix. These

matrix elements have two different types of

: PG
Gy — 29 -
T awi oW, x=h
. 92G
Ej = ——F-o a#Ff,
oW oWl

where W! _ are the different permutations of choosing the three self-interacting
fields 722

2%, Waa, and 0., of the R, array.

(iii) Finally, the 0°G /0Q},;0W} , terms associated to the 1/, ;&7 , fluctuating fields

in the free energy, can be represented as a 3 x 3 matrix. The matrix elements have
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two different types of

~ 9*G
Cij = — a=pn
~ 0*G
Dy = —rr a8 # p,
j 9 oW a7 pand § 7 pu

The replica symmetric mean field solution is stable if all the eigenvalues of the
stability matrix are positive definite. The eigenvectors of the stability matrix are

denoted as

u:<}2§> B<a=1,2..n). (E.1)

For a number of n replicas, considering the column vector {n,s}, there is n(n—1)
number of a and 3 pairs, and a three component 7,43 array is assigned to each pair.
For {&,q} there is a number of n &,, arrays, which each array consists of three
elements. As discussed in Refs [22, 97], in order to solve the eigenvalue problem for

the stability matrix in the n — 0 limit three conditions must be met. These are:

1. First, we consider an eigenvector p; where the elements are such that néﬁ = qy
for all @ and 3 and &, = b; for all . In this case the eigenvalue equations

become

> { [P+ 2(n — 2)Qij + %(n —2)(n — 3)Rij]a; + [2C;; + (n — 2) D] bj}

= )\ai
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In the n — 0 limit Eq. (E.2) can be solved by calculating the eigenvalues of
the 9 x 9 matrix
P—-4Q+3R 2(C-D)
A= L (E.3)
-C+D G-FE

2. The other eigenvector which can be considered is po, where nfxﬁ = a; if a or
B=o,n5="bfor a, B # ¢, &, = ¢; for a = ¢ and &, = d; for a # ¢. The
eigenvector py should be orthogonal to py. Therefore a; = —%(n — 2)b; and
¢; = —(n — 1)d;. The eigenvalue equations in this case are

{[Py + (0= 2)Quy — (1 =3)Ry]a + {(n —2)/(n = 1)} [Cy — Dy)es |

Jj=1
= )\CI,Z'
3

Z {(n —1) [C’Z] — Dyjla; + [Gy — Eij}cj}

= >\Ci )
(E.4)

which in the n — 0 limit Eq. (E.4) leads to the determination of the eigen-

values of a 9 x 9 matrix exactly identical to matrix A in Eq. (E.3).

3. Finally the last eigenvector set which can be considered is p3, where nfxﬁ = a;
for a = ¢ and 3 =, 0}z = b; for a = ¢, and 3 # ¢, v, n}5 = ¢; for a, 3 #
¢, & = d; for a« = ¢,1, and &, = e; for a # ¢,1. The orthogonality
of w3 with gy and py indicates that d; = e; = 0, while a; = —(n — 2)b; and
¢; = —5(n—3)b;. In the n — 0 limit, the eigenvalues of the instability matrix

are the eigenvalues of the 3 x 3 matrix
M=P-2Q+R. (E.5)

It can be numerically shown that for the case of eigenvectors p; and ps, the
eigenvalues of matrix A in Eq. (E.3) are always positive definite. Therefore to
check the positivity of the eigenvalues of the stability matrix we should check the
positivity of the eigenvalues of matrix M in Eq. (E.5).
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