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Abstract

This thesis presents a very e�cien t hybrid method for analysisand designof optical

and passive photonic devices.The main focusis on unboundedwave structures. This class

of photonic systemsare in generalvery large in terms of the wavelength of the driving

optical sources. The size of the problem spacemakes the electromagneticmodelling of

thesestructure a very challengingproblem. Our approach and main contribution hasbeen

to combine or hybridize three methods that together can handle this classof photonic

structures as a whole.

The basisof the hybrid method is a novel GaussianBeamTracing method GBT. Gaus-

sian Beams(GB) are very suitable elementary functions for tracing and tracking purposes

due to their �nite extent and the fact that they are good approximations for actual laser

beams.The GBT presented in this thesisis basedon the principle of phasematching. This

method can be usedto model the re
ection and refraction of Gaussianbeamsfrom general

curved surfacesaslong asthe curvature of the surfaceis relatively small. It canalsomodel

wave propagation in freespace.The developed GBT is extremely fast as it essentially uses

simplealgebraicequationsto �nd the parametersof the re
ected and refractedbeamsonce

the parametersof the incident beam is known. Therefore sectionsof the systemswhose

dimensionsare large relative to the optical wavelengthare simulated by the GBT method.

Fields entering a photonic systemmay not possessan exact Gaussianpro�le. For ex-

ample if an aperture limits the input laser to the system, the �eld is no longer a GB. In

theseand other similar casesthe �eld at someaperture plane needsto be expandedinto

a sum of GBs. Gabor expansionhas beenusedfor this purpose. This method allows any

form of �eld distribution on a 
at or curved surfaceto be expandedinto a sum of GBs.

The resultant GBs are then launched inside the systemand tracked by GBT. Calculation

of the coe�cien ts of the Gabor seriesis very fast (1-2 minutes on a typical computer for

most applications).

In some casesthe dimensionsor physical properties of structures do not allow the

application of the GBT method. For example if the curvature of a surfaceis very large

(or its radius of curvature is very small) or if the surfacecontains sharp edgesor sub-

wavelength dimensionsGBT is no longer valid. In thesecaseswe have utilized the Finite

Di�erence Time Domain method (FDTD). FDTD is a rigorousand very accuratefull wave

electromagneticsolver. The time domain form of Maxwell's equationsare discretizedand
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solved. No matrix inversion is neededfor this method. If the size of the structure that

needsto beanalyzedis largerelativeto the wavelengthFDTD canbecomeincreasinglytime

consuming.Neverthelessoncea structure is simulated using FDTD for a given input, the

output is expandedusingGabor expansionand the resultant beamscan then be e�cien tly

propagatedthrough any desiredsystemusing GBT. For exampleif a di�raction grating is

illuminated by somesource,oncethe re
ection is found usingFDTD, it canbe propagated

very e�cien tly through any kind of lensor prism (or other optical structures) using GBT.

Thereforethe overall computational e�ciency of the hybrid method is very high compared

to other methods.
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Chapter 1

In tro duction

Performanceof hybrid and monolithic integrated photonic circuits and components in

modern optical systemshighly dependson vectorial (polarization) and scalarcharacteris-

tics of interconnecting components and junctions between various optical and electronic

devices. The components that form a typical photonic device can be divided into two

major categories:

1. Activ e devices,such as optical lasersand optical ampli�ers.

2. Passive devices,such as waveguides,lenses,prisms and di�raction gratings.

Activ edevicesarenot dealt with in this research. The passivecomponents in a photonic

systemcan further be subdivided into two major categories:guided wave structures and

unboundedwave structures. The guidedwave section,containing structuressuch assimple

waveguides,waveguide junctions, waveguidecouplersand power dividers, have been the

subject of extensive research for many years. There are analytical formulas describingthe

characteristicsof such guiding structures for a number of simple geometries[1]. For other

more complexgeometriesmany approximate but very accuratemethods such asVectorial

and Semivectorial Finite Di�erence BeamPropagationMethod [2, 3], have beendeveloped

during the past two decades.Rigorous methods such as Finite Di�erence Time Domain

(FDTD) [4, 5, 6] have alsobeenapplied successfullyto such structures. The analysisand

design of such guiding wave structures are not included in this research. Nevertheless

the coupling of power to such structures must be considered.In addition to simplewaveg-

uide and �b er junctions and guiding structuresin general,novel interconnectand transition

structurescontaining complexcombinations of micro-lens,micro-prisms,taperedsegments,

curvedstructures,semi-openregions(star couplers),polarizing devices,and MEMS devices
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have beenproposedand implemented in state-of-the-art emergingcomponents. Simulation

and designoptimization of thesestructures,which areprimarily non-guidedwavesubstruc-

tures, are extremely challenging electromagneticproblem. Existing full-wave simulation

tools, such as thosebasedon the Finite Element Method (FEM) and FDTD for example,

are computationally very expensive if applied on their own and thereforeare not appropri-

ate for such components. The main reasonbeing that such structures, as miniaturized as

they might have become,are still very large comparedto the wavelength of light sources

and may have dimensionsin the order of hundredsor even thousandsof wavelengths. On

the other hand geometricaloptics and scalarphysical optics methods cannot model vector

scattering properties of the optical interconnectswith su�cien t accuracy. In this research

a very fast and yet reasonablyaccuratecomputational schemefor modelling such photonic

interconnectsis developed. The approach, which is basedon the combination of a newly

developed GaussianBeam Tracing (GBT) technique with Gabor type expansionand its

hybridization with the �nite di�erence time domain method, is particularly suitable for

designoptimization of such open and semi-open transitional structures and interconnects.

In this scheme,the entire structure is divided into the active devices,modal guiding parts

(coupledwaveguidesand non-radiating transitions) and radiation in openor semi-open3-D

regions(lenses,prisms, micro-lenses,gratings, etc.). The focus of this research is the last

category. For theseopenand semi-openradiation/scattering regions(containing lensesand

MEMS micro-mirror), our vectorial 3-D GaussianBeam Tracing is utilized in conjunction

with a Gabor type beam expansionformulation and theseare hybridized with FDTD in

regionswherethe GaussianBeam Expansion/Tracing fail to produceaccurateresults.

1.1 Overview of the Hybrid Metho d

According to what was presented above, the generalform of the problem that is targeted

is shown in Fig.(1.1).

The input �b er(s), waveguide(s)or laser(s) launch an electromagnetic�eld inside the

system. The input structures are treated as apertures, whoseradiation would propagate

through the system. Paraxial Gaussianbeams(GBs) are very good approximations for

output of lasersources.Other sourcesof electromagnetic�elds such as special laser types

(producing truncated GaussianBeams)or output of �b ers and/or waveguidescan be ex-

panded as a sum of GaussianBeams. These facts make the paraxial GaussianBeam a

very attractiv e candidateas an elementary beamentit y for modelling of propagation phe-

nomenain open and semi-open structures. The hybrid method developed in this research
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Figure 1.1: Geometry of the generalform of the problem

is thereforebasedon this new GaussianBeam tracing method. When the input(s) to the

systemdo not possessa purely GaussianPro�le, their aperture �eld has to be expanded

in terms of a set of GaussianBeam elementary beam functions. In this research Gabor

representation of aperture �elds hasbeenusedfor this purpose.

The combination of the Gabor Expansion and the GaussianBeam Tracing can han-

dle a relatively large classof problems,but neverthelessthey fail in certain situations. If

the dimensionsof the structures becomevery small in terms of wavelength, this method

fails. Furthermore, the combination of GBT and Gabor expansioncan not handleperiodic

structures such as di�raction gratings and the problem of coupling to the output waveg-

uide(s). For thesesituations hybridization of the FDTD method with the GaussianBeam

Expansion/Tracking method has beenused. Although a completeFDTD was developed

during the courseof this research the actual hybridization is of paramount importance

to us. Therefore the \combination" of the di�eren t methods that constitute the hybrid

method is our major contribution.

1.2 Thesis Organization

This thesis is organizedas follows:

In Chapter 3. �rst the di�eren t typesof GBs are introducedand their basicproperties

are explained. This is done by extending the de�nition of a narrow bundle of rays by
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de�ning complexradii of curvature of the phasefront. In sec.(3.3)the re
ection and trans-

missionof a generalastigmatic GB from an arbitrary surfaceis considered.Subsequently

the fast GB tracing method (GBT) is formulated: given the parametersof an arbitrary GB

and the equation of a generalcurved surfacethe parametersof the re
ected and refracted

beamsare obtained. 2D GBT is explainedin Appendix C. After a short discussionof the

Goos-Hanchen shift and the pulsedGB a number a examplesare given that demonstrate

the speed and versatility of GBT. Finally a veri�cation is presented by comparing the

results of GBT with the physical optics method.

In Chapter 4 �rst the onedimensionalaperture representation using Gabor expansion

is introduced. It is shown that a one dimensionalaperture which gives rise to 2D �elds

can be represented by a number of shifted and rotated GBs. The representation of a 2D

aperture which givesrise to 3D �elds is then formulated (basedon the works of Felsenet.

al.) Subsequently the beamrepresentation in the paraxial regimefor the 1D caseis given.

An attempt is madeto extend the beam�eld representation to the 2D case.Only the case

where the beamsare narrow in one direction but possessan arbitrary waist in the other

direction is considered.After tabulating the well known properties of Gabor expansion,a

number of examplesthat are combinations of Gabor expansionand GBT are given.

In Chapter 5. the main focus is on Hybridization of Gabor expansionand GBT with

FDTD. Neverthelessafter testing a number of commercialFDTD softwareit wasconcluded

that an implementation of this method was required. The total �eld/scattered (TF/SF)

�eld formulation is usedto model a GB launchedat arbitrary angleinsidean FDTD lattice.

This combines GBT with FDTD for a single GB. If the input to the FDTD algorithm is

not a pure GB, it needsto be expandedusing Gabor expansion. Therefore the FDTD

usedneededto be able to launch multiple GBs (shifted and rotated) simultaneously. After

numeroustest it is shown that the implemented FDTD can in fact handle multiple GBs

very e�cien tly. A very e�cien t near �eld to far �eld transformation is also utilized in

order to rigorously propagatethe �elds found by FDTD to any other point in space.This

concludesthe combination of FDTD with Gabor expansionand GBT.

In Chapter 6 the hybrid method is applied to three classesof problems: 1) Scattering

type problems 2)Transmissiontype problems 2)Coupling problems. After obtaining the

generalgrating formula for a dielectric grating a systematic approach is used to ensure

the accuracyof the results obtained. First two dielectric grating with di�eren t pitchesare

illuminated by a GB at di�eren t anglesand the peaksof the scattered�eld is comparedwith

the generalgrating formula. The accuracyof the predicted anglesshows the applicability

of the hybrid method to this rather numerically extensive problem. Convex and concave
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gratings are considerednext. The interesting results predicted by this method is then

comparedwith a phasedarray approach. A problem comprising all the components of

the hybrid method is considerednext. In this problem a phasedcosine�eld illuminates a

dielectric grating. The phasedcosine�eld is expandedusing Gabor expansionto yield a

number of shifted and rotated GBs. The GBs are then launched inside the FDTD lattice

and the �eld is observed closeto the TF/SF region. This �eld is then passedthrough a

thin lens. To the author's knowledgethe resultsobtained for this complicatedproblem can

not be comparedwith any other method as a whole. Neverthelessas each component has

beensuccessfullytested individually it is concludedthat the results are accurate.



Chapter 2

Literature Review

2.1 Gaussian Beam Tracing

As wasmentioned abovethe developedGBT is the basisfor our hybrid method. GB tracing

and tracking have beeninvestigatedand reported in the literature. The main methods are

reviewed below:

2.1.1 Ray Matrix Metho d

In this method, an optical structure such asa lensor slabor lens-like structure is modelled

by its ray matrix method [7, 8, 9, 10]. The propagation of a simple astigmatic GB1 is

found by transforming its complexcurvature. This is the simplest and the most common

way for tracking beams. Although there are somemodi�ed versionsof this method [10],

they all have the following strengthsand weaknesses:

a) Strengths:

1. The methods are all very fast.

2. A Cascadeof several optical structures can be easilyanalyzedby simply multi-

plying the ray matrices of the individual structures.

b) Weaknesses:

1. Inaccurate.

2. Can not handle generalsurfaces.

1SeeChapter (3) for the de�nitions of simple and generalastigmatic GBs

6
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3. Can not model generalastigmatism.

4. The beamsmust be paraxial with respect to the optical axis; thereforetilts and

o�sets can not be accurately modelled.

5. The re
ection of light from the surfaceof lensesis not taken into account.

6. The polarization e�ects are not taken into account.

2.1.2 Complex Source Poin t Presentation and Complex Ray Trac-

ing

Deschamps[11] (1971)showed that a stigmatic GB canbe represented asa bundle of com-

plex rays, meaninga bundleof rays originating from a point in the complexplane(Complex

SourcePoint method CSP). This representation hasbeenusedby many authors in di�er-

ent ways to trace GBs through an optical system. Arnaud [12] used this representation

combined with the ray matrix to �nd more accurateways for modelling GB propagation

through an optical system. Felsenet.al [13, 14, 15, 16, 17, 18] who have donethe most ex-

tensive research on this method, usedthe CSP representation together with Complex Ray

Tracing methods. Felsenet.al traced the rays originating from a sourcepoint to a typical

observation point. The sourceis then transformed to a point in the complex plane and

the propagation of a GB is modelled by rays originating from this complexpoint. As ray

tracing is the basisof this method, the resultsare valid in the far �eld of the source.Quite

lengthy search algorithms are neededto �nd the point of incidencefor any observation

point. Thesemethods' strengthsand weaknessescan be summarizedas follows:

a) Strengths:

1. They are very accuratein the far �eld of the source.

2. Polarization of the �elds are taken into account.

3. No assumptionsare made a priori on the form of the re
ected and refracted

beams.

4. There are no limitations on the waists of the GBs and/or on the radii of curva-

ture of the surfaceupon which the GB is incident.

b) Weaknesses:

1. Due to the lengthy search algorithms neededto �nd the point of incidence,these

methods are relatively slow.
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2. Only two dimensionalproblemshave beenconsidered.

3. Generalastigmatism is not explicitly taken into account.

4. Only 
at and circular surfaceshavebeenanalyzedbut, theoretically, the method

can be extendedto more complexsurfaces.

2.1.3 Uniform Asymptotic Solution

Pathak et.al [19, 20] used the Green's function formulation (which can be shown to be

equivalent to the Kirchho� 's integral representation) together with the physical optics

approximation to �nd the re
ection and di�raction of an arbitrary GB from a smooth

surfacewith an edge. Pathak et.al explicitly used the physical optics approximation in

far �eld radiation integrals (Green's function formulation). Assuming that the re
ected

beamfrom the surfaceunder considerationremainsa GB, they found a closedform for this

beamusingasymptotic methods to calculatethe radiation integral. They developed closed

form solutions to this problem. Their method is speci�cally developed for large re
ector

antennas,and the di�raction from the edgesof the antenna is alsotaken into account. The

only problem with this method is that it hasbeenformulated for re
ection of GBs from a

smooth surfaceand therefore, the refraction of such beamsinto dielectric surfaces(lenses

and other structure that are used in photonic structures) is not considered. Although,

theoretically, it is possibleto extend this method to refractive surfaces,such an extension

is quite involved and can be the subject of a Ph.D thesis on its own. The strengths and

weaknessesof this method is summarizedbelow:

a) Strengths:

1. The method is extremely fast (closedform solution).

2. Polarization of the �elds are taken into account.

3. Edgedi�raction is taken into account.

4. GeneralAstigmatism is implicitly taken into account.

b) Weaknesses:

1. They are developed only for re
ectiv e surfaces.

2. The re
ected GB is assumedto remain a GB. This condition holds true only

if the radii of curvature of the surfaceunder considerationis at least twice the

sizeof the beamwaist at the point of incidence.
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2.1.4 Other Metho ds

There are alsoother methods found in the literature e.g [21, 22, 23]. In [21] the scattering

of a GB is found from a homogenoussphereby the combination of the CSP method and

the exact analytical solution of the problem involving the scattering of a spherical wave

from a sphere2 The results which are exact in the paraxial regime,are only applicable to

a homogenoussphereand can not be extendedto other geometries.Nevertheless,they can

be used to verify other approximate methods. Siegman[23] useddirect phasematching

to �nd the re
ected and refracted scalar GBs from an ellipsoid. The axis of the GB in

their work was assumedto be aligned with one of the axesof symmetry of the ellipsoid.

In addition GeneralAstigmatism and the vectorial nature of the GB werenot considered.

2.1.5 GB Tracing metho d (GBT)

The GaussianBeam Tracing method that is presented here, usesan extensionof phase

matching [24] as applied to GBs. It is an extremely fast, fully vectorial three dimensional

method. Given an arbitrary Vectorial 3D GeneralAstigmatic incident GaussianBeamand

the analytic equationof a surface(dielectric, conductoror any mediathat canbe modelled

by an e�ectiv e dielectric constant), the parameters(waist, center and direction of propa-

gation and the complexangleof rotation) 3of the re
ected and transmitted GBs are found

using phasematching by approximating the surfacewith a quadratic function. Whenever

a simpleAstigmatic GB is incident on a non-orthogonal[25] surface,a GeneralAstigmatic

GB is produced;therefore,this kind of astigmatism is a very important and essential part

of GBT. Fresnelre
ection and transmissioncoe�cien ts are then usedto account for the

vectorial nature of the beamsconsidered.The method, therefore,takesthe polarization of

beamsinto account. Lensesand other similar structures can be analyzedby considering

multiple re
ections and refractions from the di�eren t surfacesof thesestructures. In this

work the method hasbeenveri�ed by comparingthe results with Physical Optics method

and it has been applied to several practical problems. The accuracy of the method in

calculating higher order abberations needto be investigated.

a) Strengths:

1. The method is extremely fast (a number of algebraicequations).

2. Polarization of the �elds are taken into account.
2We had derived the sameresults without knowing about this work.
3Refer to Chapter (3)
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3. Tilted and o� axis surfacescan be analyzedwith no di�cult y.

4. GeneralAstigmatism is explicitly taken into account.

5. No causticsare produced,upon any number of re
ections and refractions.

6. Both re
ectiv e and refractive surfacescan be treated.

b) Weaknesses:

1. The re
ected and refracted GBs from the surfaceare assumedto remain GB.

This is valid if the radii of curvature of the surfaceunder consideration is at

least twice the waist of the incident GB at the point of incidence.

2. EdgeDi�raction is not taken into account.

2.2 Gaussian Beam Expansion

To our knowledgethe only well investigatedmethod for discretization of an aperture �eld

into a set of Gaussianelementary functions (which give rise to GBs) are basedon Gabor

series[26, 27, 28, 29, 30, 31] and the work by Pathak et.al [20]. In this research the Gabor

representation [27] has beenused. The work by Pathak et.al [20] is speci�cally designed

for fast analysis of re
ector antennas. In this special casethe aperture (the feed of the

re
ector) is much smaller than the re
ector; therefore, this method is not generalenough

to be extendableto arbitrary ratios of aperture to scattererdimensions.In a hypothetical

photonic structure this ratio could becomevery small (e.g. a �b er illuminating a thick lens)

closeto one(e.g. a largeaperture laserilluminating a thick lens(Chapter(4))) or very large

(e.g. a number of GBs with largewaist illuminating a small lens.) A moregeneralmethod

is thereforeneeded.The Gabor seriesis such a generalscheme. The waist of the GBs at

the aperture plane in this method can be chosenvirtually arbitrarily . The waists of the

GBs at the aperture plane will then dictate their waist at the position of the scatterer. In

[27] the Gabor serieswas used in 1D aperture �eld discretization. Following [27], Felsen

et.al [28] developed a systematic method for one dimensionalaperture discretization for

narrow waisted, matched and large waisted 2D GBs. In Dec 2002they extendedtheir 2D

formulation to a 2D aperture (3D GBs). The Gabor seriesinherently doesnot imposeany

restrictions on the sizeof the waists of the GB elementary functions. The recent work by

Felsenet.al [29, 30] is basedon a narrow waisted formulation. In this special case,the

aperture �eld is sampledat di�eren t points. Parallel Stigmatic circular GBs with waists

that are much smaller than the aperture dimensionsare then launched from the aperture
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plane. In this research, a method is proposedthat would potentially extend this method

to astigmatic GBs with arbitrary waists in one direction and narrow waists in the other

direction.

2.3 Hybridizing the GB Expansion/T racing with the

Finite Di�erence Time Domain Metho d (FDTD)

The �nal topic in this research is the hybridization of the GB Expansion/Tracing with

FDTD. FDTD has been investigatedextensively in the past number of decadessince its

�rst 2D and 3D implementations [32, 33]. This method has beenusedin the Microwave

and Photonics group at the University of Waterloo [34, 35, 4, 5, 6, 36, 37]. This work

includes: hybridization of FDTD with ray tracing method for modelling of indoor radio

wave propagation and the application of FDTD for studying of dielectric waveguideprob-

lems and modelling guided-wave junctions. Speci�c issues,such as truncating boundary

conditions for FDTD are still areasof extensive research and can be the subject of several

Ph.D theses.Although the implementation of an FDTD method is not a newcontribution,

neverthelessit becamenecessaryand thereforea very suitableFDTD waswritten aspart of

this research. It shouldbe noted that the main goal in this area,is the actual hybridization

of the FDTD with GB Expansion/Tracing method. There weremany challengesassociated

with this task and it forms a major contribution of this research.



Chapter 3

Vectorial General Astigmatic

Gaussian Beam Tracing

In this chapter a novel GaussianBeamTracing method (GBT) is formulated. This method

is basedon the phasematching procedureintroducedby Deschamps[24]. A similar formu-

lation is derived in Appendix A for the sake of completeness.First, the simple astigmatic

GaussianBeam (GB) is de�ned as an analytic continuation of the geometictrical optics

�eld. A GB is usually de�ned by a transformation of the z coordinate to the complexplane

[11]. The procedureintroduced in this chapter is a more generalform of this transforma-

tion. Next the fundamental properties of a GB are described. The General Astigmatic

GB is then de�ned by formally attaching a complex angle to the phaseterm of a simple

GB. The novel GB tracing method, which is basedon phasematching, is subsequently

introduced. Examplesare presented that demonstrate the speed of this method and its

strengths and weaknesses.Finally a comparison is made between GB Tracing scheme

and Physical Optics integrals which provided a simple veri�cation for the method. This

comparisonidenti�ed the limits of validit y of the method.

3.1 General Astigmatic GBs

Here the Vectorial GeneralAstigmatic GB is introducedin a way which is both insightful

and usefulfor the development of the other components of the hybrid method (this fact will

be seenin later chapters) . Astigmatic rays and narrow bundlesof rays (pencil of rays) are

�rst introduced,Astigmatic GBs are then de�ned by transforming two of the elements of

its curvature matrix. The standard de�ning formula of the GB can then be easilyderived

12
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from this form. It can then be veri�ed that such a beam satis�es the paraxial Helmholtz

equation. The Vectorial General Astigmatic GB is then found by formally attaching a

complex value to the angular orientation of the coordinate system in which the GB is

expressed. Throughout this work an exp(j wt) time dependenceis assumed.

3.1.1 Narro w Bundles of Rays (P encil of Rays)

It is shown in Appendix(B) that the leadingterm in the asymptotic representation (Lunberg-

Kline) of the electric �eld yields the geometricaloptics �eld:

E(s) = E(0)

s
R1R2

(R1 + s)(R2 + s)
e� j nk s (3.1)

The rays that are very close to an axial ray are called a pencil of rays or a bundle of

rays. The rays of a bundle are normal to a family of surfaces(the wavefronts). Normally a

singleray passesthrough each point in space;therefore,the rays of a pencil constitute a so

calledcongruence. This congruenceis normal to a family of surfacesand is thereforecalled

a normal congruence. It can be shown [38] that a normal congruenceremains a normal

congruenceupon any number of re
ections and refractions. Although the form of the �eld

may changedue to the changein radii of curvature. The �eld of an arbitrary paraxial ray

in the bundle can be related to the axial ray Fig.(3.1)in the following manner (assuming

that the axial ray is in the z direction and k = nk0) :

e(z) = e(0)

s
R1R2

(R1 + z)(R2 + z)
e� j kz

Becausethe rays in the pencil are very closeto each other and they are nearly parallel, the

variation of the amplitude with z is ignored; thereforeif (x1; x2; z) is a point in spacenear

the axial ray the following is obtained:

e(x1; x2; z) = e(0)

s
R1R2

(R1 + z)(R2 + z)
e� j k� (x1 ;x2 ;z)

Where again k = nk0 is used instead of k0. Now from Fig(3.1) it is clear that l1 ' l2;

therefore,the phaseat point (x1; x2) is the phaseat point (0; 0; z) plus the normal distance

(with a sign) of the phasefront at (x1; x2; z) from the tangent planeat z or l1. If the phase

front is approximated by a quadratic function then:

l1 = �
1
2

x �Qx T
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Figure 3.1: Two rays from a pencil of rays.

wherex = [x1; x2] and �Q is a symmetric matrix called the curvature matrix (a diverging

pencil is designatedby a positive curvature). If x̂1 and x̂2 are taken in the direction of the

lines of curvature [39] of the phasefront then �Q would becomediagonal:

�Q(z) =

"
1

R1+ z 0

0 1
R2+ z

#

(3.2)

where R1 and R2 are the principal radii of curvature of the phasefront at z. With any

other choice for x̂1 and x̂2 then �Q will still be symmetric and it can be shown that the

radii of curvature of the phasefront are its eigenvalues[24]. Therefore the phasecan be

represented as:

� (x1; x2; z) = z +
1
2

�x �Q�xT

The amplitude variation can alsobe related to �Q. It is obvious that if R1 and R2 are the

principal radii of curvature of the phasefront at z = 0, then the principal radii of curvature

at z would be R1 + z and R2 + z and also:

det �Q(z) =
1

(R1 + z)(R2 + z)
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therefore:

e(x1; x2; z) = e(0)

s
det �Q(z)
det �Q(0)

e� j k(z+ 1
2 �x �Q �x T ) (3.3)

3.1.2 Simple Astigmatic GB

A simple GB is usually de�ned by consideringthe solution to the free spaceHelmholtz

equation (3D Green'sfunction):

G =
e� j kR

R
and transforming the z coordinate to the complex plane z ! z + j b (where b is a real

number). If this function is substituted into Helmholtz equation and the paraxial approx-

imation is utilized a simple GB is obtained [11]. In this work a more generalapproach is

introduced. The real curvature matrix of an astigmatic ray is represented by Eqn.(3.2).

As this equation is derived directly from Maxwell's equationsand solutions of Maxwell's

equationscan be analytically continued to the complexplane by direct transformation of

one coordinate, it is natural to de�ne a more generalcurvature matrix in the following

form:

�Q(z) =

"
1

z� z0x + j zr x
0

0 1
z� z0y + j zr y

#

=

"
1
qx

0

0 1
qy

#

(3.4)

zr x , zr y, z0x and z0y being real numbers. Therefore complex radii of curvature, R1 =

� z0x + j zr x and R2 = � z0y + j zr y are assignedto the bundle of rays. When zr x = zr y = zr

and z0x = z0y = 0, Eqn.(3.4) can be interpreted as a transformation of the origin of

the coordinate system to the complex point (0; 0; j zr ) [11]. Substituting Eqn.(3.4) into

Eqn.(3.3) the following form (x1 is replacedby y) is obtained:

E(x; y ; z) = E(0)

s
1

qxqy
exp[� j k(z +

1
2

(
x2

qx
+

y2

qy
)]

= E(0) exp(� j kz) (3.5)

It can be veri�ed (through simple but rather long algebra) that  is a solution of the

paraxial Helmholtz equation:

@2 
@x2

+
@2 
@y2

� 2j k
@ 
@z

= 0
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Therefore, Eqn.(3.5) is valid in the paraxial regime, which was quite obvious as it was

obtained from the equation of a bundle of paraxial rays. Following somestraightforward

algebra,Eqn.(3.5) can be written in the following standard form:

E(x; y; z) = E0

p
w0xw0y

p
wx (z)wy(z)

expf� j k[z +
1
2

(
x2

qx (z)
+

y2

qy(z)
)] + j � (z)g (3.6)

where:

1
qi (z)

=
1

Ri (z)
� j

�
� nw2

i (z)

wi (z) = w0i

r

1 + (
z � z0i

zr i
)2

Ri (z) = (z � z0i )[1 + (
zr i

z � z0i
)2] (3.7)

zr i =
w2

0i n�
�

for i = x; y

� (z) =
1
2

tan� 1(
z � z0x

zr x
) +

1
2

tan� 1(
z � z0y

zr y
)

E0 = E0x x̂ + E0y ŷ

This is calleda Simple Astigmatic GB. The propertiesof an Astigmatic GBs can be found

in [9]. The spots of such beamare ellipses.The minimum waist in the x and y directions,

w0x and w0y as well as their positions z0x and z0y are di�eren t. The plot of R(z), w(z)

and � (z) for a simple GB are given in Fig.(3.2). As it is well known, GBs are very good

approximations for the output of lasersources.Furthermore becausemost of the energyof

the GB is con�ned to the spacenear its waist, it represents a much better basisfunction

for tracing formalisms than the plane wave, thereforeGBT forms the baseof the Hybrid

method createdin this work.

3.2 General Astigmatic Gaussian Beams (GA GB)

When a simpleastigmatic GB passesthrough a non-orthogonalsystem,such asa sequence

of astigmatic lensesplaced at oblique angle relative to one another, it has been shown

experimentally [25] that a new form of beamis formed, whoseelliptical spot rotates asthe

beampropagatesin freespace.This is calleda General astigmatic gaussianbeam. Arnaud

and Kogelnik [25] showed that a General Astigmatic GB can be formally obtained \b y

attaching a complex value to the angular orientation" of the coordinate systemin which
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the GB is expressed, and a typical ray �xed coordinate system. Under such complex

rotation angle � of the coordinate system,the GB curvature matrix becomes:

�Q � = �J �
�Q�J � � (3.8)

�J � =

"
cos� sin�

� sin� cos�

#

(3.9)

where � = a + j b is complex. For such a beam a principal coordinate system can not

be de�ned as it is not possibleto eliminate the crossterm in both phaseand amplitude

functions in any coordinate system. In other wordsthe principal coordinate systemchanges

as the beam propagatesthrough free space. It has been shown that for such a General

Astigmatic GB the ellipsesof irradiance and also the ellipseof phaserotate as the beam

propagatesin free space,while they maintain a �xed anglerelative to oneanother. It has

also beenshown that the axesof thesequadratic forms can never be aligned. Although a

principal coordinate systemis not de�ned for such a beam,it is completelyspeci�ed by its

curvature matrix �Q and the complex angle � in a speci�ed ray �xed coordinate system.

The GBT method presented in this thesiscan handle GAGB very e�cien tly. This is due

to the fact that herethe main parameterof interest is the curvature matrix of a GB. For a

GAGB this matrix is complexbut neverthelesssymmetric. Thereforeat any point it can

be diagonalizedand the parametersof the GAGB can then be extracted. This is explained

in detail at the end of the next section.

3.3 Re
ection and Transmission from a General Curv ed

Surface

Consider a Vectorial GAGB that is incident upon a generalcurved surface,Fig(3.3). It

is assumedthat at the point of incidencethe waist of the incident beam is smaller than

the radii of curvature of the surface. It can be shown that in this casethe re
ected and

transmitted beamsare very closeto GBs. It has beenveri�ed (Sec.3.9)that if the radii of

curvature of the surfaceis twicethe beamwaist at the point of incidence,the GBT method

yields very good results. The goal is to �nd the re
ected and transmitted beamsfrom the

interface once the incident beam is known. For this problem two di�eren t coordinate

systemsare considered:

1. Main Coordinate system(x; y; z) is a �xed coordinate systemin which the equation of

the interface is known.
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Figure 3.3: The geometryof GB re
ection and transmission
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2. (x l ; yl ; zl ) refers to the ray �xed coordinate system [40] for l = 1; 2; 3 for incident,

re
ected and transmitted respectively. [x1; y1] is denotedby x1.

The point of incidencewith the surfacez = f (x; y) is P0. The normal vector to the surface

at the point of incidenceis given by

n̂ = ~r (f (x; y) � z)

The re
ection and transmissiondirections are determinedfrom Snell's laws:

ẑi :n̂ = ẑr :n̂ or � i = � r (Law of re
ection) (3.10)

n1(ŝi � n̂) = n2(ŝt � n̂) or n1sin� i = n2sin� t (Law of refraction) (3.11)

where n1 and n2 are the refractive indicesof the two media shown in Fig(3.3). The case

of re
ection from a perfect conductor can also be easily handled. The angleof incidence,

re
ection and transmissionare denotedby � i , � r and � t . Oncethesedirections are known

the ray �xed coordinate system of the incident, re
ected and transmitted beamscan be

found from ( seefor example[41]):

x̂1 =
ẑi � (n̂ � ẑi )
jẑi � (n̂ � ẑi )j

x̂2 = �
ẑr � (n̂ � ẑr )
jẑr � (n̂ � ẑr )j

x̂3 =
ẑt � (n̂ � ẑt )
jẑt � (n̂ � ẑt )j

ŷl = ẑl � x̂ l forl = i; r; t (3.12)

Being a slowly varying function of z, � (z) is dropped [9] as it doesnot contribute to the

changesof phaseon the surfacewhich are of primary importance, and has only a bulk

e�ect (for exampleproducesa phaseshift of �
4 at the Raleigh rangezr ). The e�ect of � is

taken into account at the last stageof the method Eqn.(3.24). The phasesof the incident,

re
ected and refracted GBs can then be expressedas:

k1(zi +
1
2

x1
�Q i xT

1 )

k1(zr +
1
2

x2
�Q r xT

2 )

k2(zt +
1
2

x3
�Q txT

3 ) (3.13)

respectively. The phasesof the incident, re
ected and transmitted beamsare matched at

points near P0 in a manner described in [24] and [40]. The only di�erence here is that
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the components of the curvature matrix are complexnumbers,but this doesnot alter the

results in any way. The curvature matrix of the re
ected and transmitted beamsare found

from:

�Q r = ( �K r )� 1[ �K T
i

�Q i
�K i + �C(cos� i + cos� r )]( �K r )� 1 (3.14)

�Q t =
n1

n2
( �K t )� 1[ �K T

i
�Q i

�K i + �C(cos� i �
n2

n2
cos� t )]( �K t )� 1 (3.15)

with:

�K r =

"
� cos� r 0

0 1

#

�K t =

"
cos� r 0

0 1

#

�C is the curvature matrix of the surfacede�ning the interfacerelative to the main coordi-

nate system. The fact that the o� diagonalelements of �Q r are given by [42]:

2C11 cos� i + Q12
i

and the o� diagonalelements of �Q t are given by:

sec� t

k2
(k1 cos� i Q12

i � (k1 cos� i � k2 cos� t )C12)

(Qij and C ij represent the elements of �C and �Q) shows that for any arbitrary choiceof �Q i

and �C (real or imaginary) the curvature matrix of the re
ected and transmitted beamsare

symmetric and can therefore be diagonalized. Once thesematrices are diagonalizedthe

eigenvaluesor the diagonalelements of the resultant matrix yield the reciprocal of qx and

qy 's of thesebeams.The real part is the reciprocal of the R(z) and the imaginary part can

be usedto �nd the spot sizew(z). SeeEqn.(3.7). The waist and the position of the waist

of the beamscan then be found from: (All the subscriptsare dropped for convenience)

g =
� (z � z0)

� w2
0n

then:

g = �
Re[1

q]

I m[1
q]

and :

w0 =

s
w(z)

(1 + g2)
(3.16)

z0 = �
R(z)g2

(1 + g2)
(3.17)
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Now if it is assumedthat,

�V =

"
v11 v12

v21 v22

#

is a matrix whosecolumns are eigenvectors of �Q r or �Q t . This matrix is normalized by

dividing each element by
p

v11v11 + v21v21 (not by the norm of the eigenvector)[42]. The

complex rotation matrix of each beam relative to its ray �xed coordinate system is ob-

tained by �nding the inversecosine(on the appropriate branch) of the �rst element of the

normalizedmatrix. Note that the origin of the re
ected and refracted beamsare taken to

be the point of incidence.The only remainingunknownsarethe amplitudesof the re
ected

and refracted beams.

3.4 Determination of the Amplitude of the Re
ected

and Transmitted Beams

The amplitudesof the re
ected and transmitted beamsare found from Fresnelcoe�cien ts:
"

E r
y (P0)

E r
x (P0)

#

= �R(P0)

"
E i

y(P0)

E i
x (P0)

#

(3.18)

"
E t

y(P0)

E t
x (P0)

#

= �T (P0)

"
E i

y(P0)

E i
x (P0)

#

(3.19)

wherethe matrices �R(P0) and �T (P0) are de�ned as:

�R(P0) =

"
RT E 0

0 RT M

#

(3.20)

�T (P0) =

"
TT E 0

0 TT M

#

(3.21)

RT E =
sin(� t � � i )
sin(� t + � i )

(3.22)

RT M =
tan(� t � � i )
tan(� t + � i )

TT E =
2cos� i sin� t

sin(� t + � i )

TT M =
2cos� i sin� t

sin(� i + � t ) cos(� i � � t )

(3.23)
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Assuming l is the distance between the origin of the incident beam and P0, and that

the electric vector of this beam is given in its ray �xed coordinate system, the following

de�nition are made:

E0i (P0) =
p

w0ix w0iy
p

wix (l)wiy (l)
exp(� j k1l + j � i (l)) (3.24)

A r =
p

w0r xw0r y
p

wr x (0)wr y(0)
exp(j � r (0))

A t =
p

w0tx w0ty
p

wtx (0)wty (0)
exp(j � t (0))

Taking the e�ect of the ignored � (z) term into account the following is obtained:

~Er = ~Er (0)
p

w0r xw0r y
p

wr x (zr )wr y(zr )
expf� j k1[zr +

1
2

(
x2

2

qr x (zr )
+

y2
2

qr y(zr )
)] + j � r (zr )g

~E t = ~E t (0)
p

w0tx w0ty
p

wtx (zt )wty (zt )
expf� j k2[zt +

1
2

(
x2

3

qtx (zt )
+

y3
2

qty (zt )
)] + j � t (zt )g

where:

~Er (0) = (E i
x (0)RT M x̂2 + E i

y(0)RT E ŷ2)
E0i (P0)

A r

~E t (0) = (E i
x (0)TT M x̂3 + E i

y(0)TT E ŷ3)
E0i (P0)

A t

~E i (0) = E i
x (0)x̂1 + E i

y(0)ŷ1

3.5 2D GBT

The FDTD usedin this work is a 2D FDTD, thereforea 2D GBT is needed.The formu-

lation of the two dimensionalGaussianbeamtracing can not be directly derived from the

3D caseand is thereforegiven in Appendix C.

3.6 The Pulsed GB

It must be noted that through out this work only time harmonic GBs are considered.The

temporal form a GB can obviously be other than exp(j wt). An aperture �eld whoseboth

temporal and spatial dependencyare Gaussianis an examplethat createssuch a �eld in

free space.The properties of PulsedGBs and their applications have beeninvestigatedin

the literature mainly by Felsenet. al. [43]- [51] and other groups [52]-[56]). In this work
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when a GB is neededin its time domain form it is obtained by multiplying its phasorby

exp(j wt) and taking the imaginary part and dividing by j . A sinefunction is usedbecause

it is moresuitable for future combination with the FDTD method. Thereforefor a 2D GB

(Appendix C) the following time domain form is obtained:

E = =f exp(j ! t)

s
j b

z + j b
exp(� j kz �

j k
2

x2

z + j b
)g=j

(3.25)

. If the initial driving function has a Gaussiantemporal dependency, it will also have a

Gaussianspectrum. Thereforethe electric �eld can be obtained from:

E(x; z; t) =
Z 1

�1

~F (w)

s
j b

z + j b
exp(� j kz �

j k
2

x2

z + j b
)dw (3.26)

Where ~F (w) is the Fourier transform of the driving temporal pulse. If this integral is

evaluated it can be shown [55, 56] there is a coupling betweenthe GB parametersin space

and time. The spatial variables becomepresent in the time shape of the pulse and the

pulse width e�ects the phaseof the spatial form. Therefore the GB does not retain its

Gaussianshape as the beampropagatesin freespace.If a similar GBT can be formulated

for a pulsed GB then the hybrid method can be usedfor spectral analysisof a photonic

system. The derivation of a pulsedGBT is part our future work.

3.7 Go os-Hanc hen Shift

It is well known fact [57] that a GB incident on a dielectric interfacefrom a densermedium

on a lessdensemedium, with an angle larger than the critical angle, undergoesa spatial

shift. This is due to the fact that the re
ection coe�cien t at an incidenceangle greater

than the critical anglehasunit amplitude but a �nite phase.A planewave is not spatially

a�ected by this phaseshift as the spatial extent of a plane wave is in�nite. On the other

hand a spatial shift (actual shift in the position of the re
ected beam) is produced by

this shift for a GB. This shift has beencalculated in the literature [58]-[64] The classical

derivations are given in [58] and [60] but under the assumption that the beam waist is

much smaller than the wavelength. The calculation of the Goos-Hanchen shift is greatly

simpli�ed in this caseand closedform solutions can be obtained. In [57] it is assumed

that the phasefront of the GB is 
at therefore again greatly simplifying the calculation
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of the shift. A closedform expressionfor the shift for a simple GB (not to mention a

GAGB) with arbitrary waist doesnot exist. A closedform Fourier transform of a simple

GB does not exist, therefore in order to rigorously calculate the Goos-Hanchen shift the

Fourier transform has to be calculated numerically. This was performed for a number of

di�eren t launch anglesand beam waists. The Fourier transform of a GB travelling at an

angle� wascalculated. If this transform is denotedby ~F (w � w0) wherew0 = k sin� it was

observed that in retrieving the original GB through inverseFourier transform, the main

contribution is from the neighborhood of w = k sin� . Thereforeit wasconcludedthat the

results obtained in [57] are approximately correct. This shift has to be taken into account

in dielectric guiding structures where the �eld is trapped betweentwo dielectric surfaces

due to total internal re
ection. As guiding structures are not part of this research we have

not included this shift in this work, although it hasbeentaken into account elsewhere[65].

In Fig.(3.4) the Goos-Hanchen shift betweentwo dielectric surfaceshasbeenqualitativ ely

depicted.

3.8 Numerical Examples

3.8.1 Example I

As a �rst examplethe re
ected and transmitted beamsfrom a rotated cylindrical surface

have been determined. The incident beam is an elliptical GB with waists of 5�m and

20�m . This beamhits a cylindrical lens, which is rotated about the z axis at an angleof

45 degrees.Becauseof this rotation, the expressionof the cylindrical surfacewould have a

crossproduct term (xy) in the ray �xed coordinate systemand thus is an nonorthogonal

system. The beam is therefore transformed into a generalastigmatic GB. The geometry

of the problem is shown in Fig.(3.5). The parametersof the incident, transmitted and

re
ected beamsare shown in Tables(3.1 and 3.2).
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(a)

(b)

Figure 3.4: Comparisonof GBT with FDTD for a slab waveguideat z=7�m
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Figure 3.5: The geometryof the problem

Surface z = �
q

(50e � 6)2 � x2

2 � y2

2 �
p

(2)xy

w0x 5�m

w0y 20�m

z0xi -100�m

z0yi -100 �m

E0xi 1

E0yi 1

� 1.31e-6

n1 1

n2 2.5

� = � + j � 0+0j

Table 3.1: Parametersof the incident GB.
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(a)

(b)

Figure 3.6: Top XZ view of the �eld at (a) y=0 and (b) 10�m respectively, the units are

in microns
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(a) (b)

(c) (d)

Figure 3.7: (a),(b),(c),(d) Top XY view of the �eld at z=-10, 25, 40 and 80�m the units

are in microns
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w0xt .931�m

w0yt 6.457�m

z0xt � 18:41�m

z0yt 103:5�m

E0xt 0:96� j 0:93

E0yt � 0:96+ j 0:93

� = � + j � 0:71+ j 0:074

w0xr 4.04�m

w0yr 1.31�m

z0xr � 171:9�m

z0yr 74:3�m

E0xr 1:84� j 0:47

E0yr 0

� = � + j � 0:69+ j 0:097

Table 3.2: Transmitted and Re
ected Beams'Parameters

3.8.2 Example I I

As a secondexampleGBT wasusedto �nd the collimating e�ect of a hyperbolic surfaceof

revolution. As it can be seenin Fig.(3.9) the method correctly predicts a nearly constant

phasewhich is an indication of the 
atness of the wavefront. The incident GB wasplaced

at the focal plane of the hyperbola and due to the fact that its waist was chosento be

small, it behavessimilar to a sphericalwave. The equation of the hyperbola is given by

z =
n2F

n2 + 1
+ r c

p
(1 +

n2 + 1
n2 � 1

(x2 + y2)
F 2

)

wheren2 is the refractive index of the lensand is assumedto be 1:435,F is the focal length

of the lensand is equal to 100mm, r c = F=(n2 + 1) and the wavelength is 2:667mm. The

waist of the beamis 4:14mm and it is placedat a distanceof 95:8mm from the surfaceto

achieve the desired100mm curvature at incidence.
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Figure 3.8: Phaseof the �eld after passingthrough the surface.

3.8.3 Example I I I

As a third example, the e�ect of a ball lens placed in front of a GB was determined.

Ball lensesare small (usually glass)spheresusedin photonic structures to collimate GBs.

GBT was used repeatedly (multiple re
ections)to �nd the output �eld. The �rst beam

createsa re
ected and transmitted beam. The transmitted beam then createsa re
ected

and transmitted beamand soon. Six internal re
ections wereconsideredin this example.

More re
ections are not neededdue to the fact that the re
ection coe�cien t is always

lessthan one and therefore the beam amplitude becomessmaller and smaller after each

re
ection. The standing wave inside the ball lensdue to multiple re
ections aswell as the

imperfect collimation of the ball lens should be noted. As mentioned before,this method

is extremely fast (it takes lessthan a secondto analyze this structure on a P4 3 GHz).

Therefore,it canbeusedto optimize, for example,the position of the ball lensfor optimum

collimation (seeFigs.(3.10,3.11)).(Thedistancesare given in terms of wavelength.)
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(a)

(b)

Figure 3.9: 3D XZ and top XZ view of the �eld
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Figure 3.10: GB passingthrough a ball lens

Figure 3.11: GB propagating in free space
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3.9 Veri�cation

In this sectionthe results of GBT are comparedwith the physical optics (PO) method in

a manner similar to [66]. To apply PO to this problem (re
ection and refraction of a GB

from a curved surface)the equivalent electric and magneticsourceson the surfacemust be

found.
~Jeq = n̂ � ~H

~M eq = � n̂ � ~E

where ~E and ~H are the total �elds on the surfaceand n̂ is the outward normal (towards

the region including the incident beam). Determining theserigorously is not an easytask.

Following the method of [66] these total �elds are approximated by the physical optics

�elds over the surface:
~Jeq = ~JP O = n̂ � ( ~H i + ~H r )

~M eq = ~MP O = � n̂ � ( ~E i + ~Er )

and ~Er and ~H r are found under the assumptionthat the �elds act locally as plane waves

and Fresnelcoe�cien ts are applicable. The �elds inside S are found from the equivalent

sources:
~Jeq = � ~JP O

~M eq = � ~MP O

Radiation integrals are then used to �nd the �elds inside and outside of S [67]. Two of

theseintegrals are given below and the rest of the components can be found in [67]:

EAx =
� j �
4� �

ZZ

s
f G1Jx + (x � x0)G2[(x � x0)Jx + (y � y0)Jy + (z � z0)Jz]ge� j � Rds0

EF x =
� 1
4�

ZZ

s
[(z � z0)M y � (y � y0)M z]G0e� j � Rds0

where:

G0 =
1 + j � R

R3

G1 =
� 1 � j � R + � 2R2

R3

G2 =
3 + j 3� R � � 2R2

R5
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Figure 3.12: The Geometry of the problem usedfor veri�cation

whereds0 is the element of areaof the surfaceover which theseintegralsmust be evaluated.

If this surfaceis given in terms of (x0; y0; f (x0; y0)) then this element of area is given by:

ds0 =

s

1 + (
@f
@x

)2 + (
@f
@y

)2dx0dy0

and thereforethe integrals becomenormal double integrals in terms of x0 and y0. It must

be noted that z0 in the above formulas has to be expressedin terms of x0; y0. As a speci�c

example,the oblique incidenceat 30 degreesof a GB with w0x = 10�m and w0y = 5�m on

an elliptic surfacewasconsidered.The distanceof the waist to the surfaceis 100�m and the

equation of the surfaceis z = 1
200� ( x2

1 + y2

2 ). The geometry is shown in Fig.(3.12). Three

plots showing GBT solution to the re
ection and refraction of a GB from the elliptical

surfacetogether with PO solution (Fig.(3.13)) show that the two methods yield very close

results.

3.10 Conclusion and Summary

An extremely fast GB tracing method which can handle GeneralAstigmatic GBs was de-

veloped in this chapter. This asymptotic method forms the basisof our proposedhybrid
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Figure 3.13: Comparisonof the GB tracing method with PO
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method. It canbeusedto model GB propagationin freespaceand its re
ection and refrac-

tion from generalcurved surfaces.The medium has to be isotropic but can include losses

which can be taken into account through a complexpermittivit y. Conducting surfacesare

also easily analyzedusing this method. No edgedi�raction has beentaken into account.

The method cannot be usedto model periodic structures such as gratings. The spot size

of the GB at point of incidencemust be at most half the radii of curvature of the surface

at that point.



Chapter 4

Gab or Expansion of the input �eld

4.1 In tro duction

The �eld distribution at the input of the photonic system may not be a pure Gaussian

pro�le. Therefore in order to use the GB tracing method, the input �elds needsto be

expandedinto a number of GBs. GB expansionhasbeeninvestigatedand reported in the

literature, [20, 27, 28, 29, 30, 31]. Apart from the work by Pathak et. al. [20] which is

mostly applicable to re
ector antennaswhere the the aperture �eld is much smaller than

the re
ector, all the remaining work mentioned above basedon Gabor representation [26].

Theoretically, this method can be usedto expandan arbitrary aperture �eld into a sum of

shifted and rotated GBs emanatingfrom a 4 dimensionallattice (for a 2D aperture). One

of the main advantagesof this method is the arbitrariness of the waist of the elementary

beams that cover the aperture. This suggeststhat beams having an appropriate and

compatible waist with our GB tracing method can be created from any aperture �eld.

Therefore,by knowing the curvature of the surfaceupon which the �eld would eventually

impinge, the waists of the beamsrequired at the aperture plane are estimatedby working

backwards from the surfacetowards the aperture. The theory of arbitrary beam waist in

onedirection (either x or y) at the aperture plane is developed in this chapter.

4.2 One Dimensional Ap erture Represen tation Using

Gab or Expansion

In [27] the Gabor representation [26] is usedin the aperture discretization context for the

�rst time (1986). The �eld over a onedimensionalaperture f (x)(giving riseto a 2D �eld) is

38
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expandedasa doublesumof spatially and spectrally shifted elementary functions (window

functions):

f (x) =
X

m

X

n

Amn w(x � mL x ) exp(j n� xx); � xL x = 2� (4.1)

and in Fourier domain,

~f (kx ) =
X

m

X

n

Amn ~w(kx � n� x ) exp(� j mL xkx ) (4.2)

From this point onwards, the functions with a tilde will represent the Fourier transformed

function. Although, theoretically, the window can be any �nite energyfunction, hereonly

the Gaussianwindow is considered:

w(x) = (

p
2

L x
) exp[� � (x=Lx )2];

Z 1

�1
jw(x)j2dx = 1

~w(kx ) = (
p

2L x )1=2 exp[� � (kx=� x )2] (4.3)

This type of non-orthogonaltransform was introducedby Gabor in 1946;however, it has

had limited usedue to the di�cult y of calculation of the coe�cien ts and the uncertainty

regardingcompletenessissues.In 1980-1981Bastian and Jansenshowed the completeness

of the representation and o�ered relatively easyways for calculating the coe�cien ts [68,

69, 70, 71]. It can be shown that the coe�cien ts of theseseriescan be calculatedfrom:

Amn =
Z 1

�1
f (x)
 � (x � mL x ) exp[� j n� xx]dx

=
1

2�

Z 1

�1

~f (kx )~
 (kx � n� x ) exp(imL xkx )dkx

The asterix represents complexconjugateand 
 is the socalledbiorthogonal function given

by the condition:
Z 1

�1
w(x)
 � (x � mL x ) exp[� j n� xx]dx = � m � n ; � m = 1 for only m = 0

It can be shown [71] that for a Gaussianfunction, 
 can be found from:


 (x) = 
 0(x)
X

l � l0

(� 1)l exp[� � (l +
1
2

)2]


 0(x) =
1

p p
2L x

(
K 0

�
)� 3=2 exp� [(

x
L x

)2]

l0 = (x=Lx ) � 1=2; K 0 = 1:85407



40

�4 �3 �2 �1 0 1 2 3 4
�1

�0.8

�0.6

�0.4

�0.2

0

0.2

0.4

0.6

0.8

1

Figure 4.1: Normalized 
 (x=Lx )

A plot of the normalizedgammafunction is given in Fig.(4.1). Assumingthat at z = 0 an

aperture whoseelectric �eld is given by E(x; 0) = ŷf (x), Eqn.(4.1) is substituted in the

plane wave spectrum (Kirc hho� ) integral:

E(x; z) =
1

2�

Z 1

�1

~f (kx ) exp[j (kxx + kzz)]dkx ; kz =
q

k2
0 � k2

x ; < [kz] > 0; = [kz] < 0

(4.4)

~f (kx ) =
Z 1

�1
f (x) exp(� j kxx)dx

It can be shown that by making the transformation:

h
x � mL x z

i
=

"
cos� n sin� n

� sin� n cos� n

# "
x t

zt

#

(4.5)

wheresin� n = n� x=k = n�=L and evaluating this integral using asymptotic techniquesin

the paraxial regime the following is obtained (the asymptotic technique is elaborated in

Section(4.4):

E(x; z) =
X

m

X

n

Amn Bmn (x; z) (4.6)

Bmn = (21=2=L)1=2
p

j an=(zt + j an ) exp[� j k(zt + x2
t =2(zt + j an)] (4.7)

Thereforeit is observed that the �eld of aperture hasbeendiscretizedas a sum of shifted

and rotated beamsemanatingfrom a 2D lattice. The subscripts\n" represent the rotated

beamsand subscript \m" represent the shift.
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Figure 4.2: The 2D Aperture distribution

4.3 Gab or Represen tation for the 3D Case

Maciel and Felsen[29, 30] extendedthis method to the 2D apertures for the special case

that the beamwaistsaremuch smallerthan the dimensionsof the aperture. In this method,

which is an extensionof what was said above, the input 2D �eld is represented by a four

dimensionalsum of narrow waisted Gaussianfunctions [28]. Given the the 2D aperture

�eld shown in Fig.(4.2) the two conventional methods for �nding the radiated �eld are:

1)usingspectral domain or expandingthe aperture �eld asan integral over planewaves,2)

using Green'sfunction method or consideringthe aperture as a sum of point sourceseach

giving rise to the shifted free spaceGreen's function. It is clear that in terms of spatial

and spectral distribution these two approaches are the two extreme cases;one having

in�nite spatial distribution and the other having impulse spatial distribution. Thesetwo

formulations are given in Eqns.(4.8,4.9).The spectral domain formulation is given by [29]:

F(x; y; z) =
j

(2� )2

ZZ 1

�1

1
kz

ẑ � ~f (kx ; ky) � exp(j k:r )dkxdky (4.8)

~f (kx ; ky) =
ZZ 1

�1
f (x; y) � exp[� j (kxx + kyy)]dxdy

kz(kx ; ky) =
q

k2 � k2
x � k2

y ; < [kz] � 0; = [kz] � 0

k = kx x̂ + ky ŷ + kzẑ; r = xx̂ + yŷ + zẑ
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where F(x; y; z) is the electric vector potential de�ned by ~r � F = E. Green's function

approach obtains:

F(x; y; z) = 2
ZZ 1

�1
ẑ � f (x0; y0) � G(jr � r 0j)dx0dy0 (4.9)

G(jr � r 0j) = exp(� j kR)=4� R; R = jr � r 0j

Where G(jr � r 0j) is the free spaceGreen's function. As was mentioned in the previous

sectionGabor representation usesan intermediate formulation. Instead of the two double

integrals in the previoustwo formulations this formulation involvesquadruplediscretesum

of spatial shifted and rotated elementary functions [27, 29]:

f (x; y) =
X

m

X

n

X

p

X

q

A mnpq w(x � mL x ; y � pLy)�

exp[j (n� xx + q� yy)]

~f (x; y) =
X

m

X

n

X

p

X

q

A mnpq ~w(kx � n� x ; ky � q� y)�

exp[j (mL xkx + pLyky)]

With the self consistencyequations:

� xL x = � yL y = 2�

Maciel and Felsenshowed that for a Gaussianwindow function:

w(x; y) = (
2

L xL y
)

1
2 expf� � [(

x
L x

)2 + (
y

L y
)2]g
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the coe�cien ts can be found from:

A mnpq =
ZZ 1

�1
f (x; y)
 � (x � mL x ; y � pLy)�

exp[� j (n� xx + q� yy)]dxdy


 (x; y) = 
 0(x; y)
X

l � l0

(� 1)l exp[� � (l +
1
2

)2]�

X

g� g0

(� 1)g exp[� � (g +
1
2

)2]


 0(x; y) =
1

p
2L xL y

(
�

K 0
)3 expf � [(

x
L x

)2 + (
y

L y
)2]g

l0 = (x=Lx ) � 1=2; g0 = (y=Ly) � 1=2; K 0 = 1:85407

Maciel and Felsen found that for narrow waisted beams(meaning beamswhosewaists

are much smaller than the aperture dimensions),there is no needto calculate the above

integrals. They showed that in this caseonly shifted beamsare important (n; q = 0) and

thereforethe quadruple sum becomesa double sum:

F(x; y; z) =
X

m

X

p

ẑ � A mpBmp(x; y; z)

Bmp(x; y; z) �

p
2L

2� (z + j b)
�

expf� j k[z +
(x � mL)2 + (y � pL)2

z + j b
]g

where b = L 2=� . The coe�cien ts Amp can be estimated as the samplesof the aperture

�eld:

A mp � L=
p

2f (mL; pL)

So a number of shifted narrow waisted stigmatic GBs with equal waists with no angular

rotation are launched from the aperture plane.

4.4 Beam Field Represen tations 2D and 3D

In order to �nd the beam �eld representation of the Gabor expansionfor the 2D case

substituting Eqn.(4.2) into Eqn.4.5and using the Gaussianelementary function Eqn.(4.3)
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Figure 4.3: Shifted and rotated coordinate systemfor elementary beam�elds

yields (C is constant than can be usedto calibrate the �eld representation):

Bmn (x; z) = C
Z + 1

�1
expf� � [(kx � n� x )=� x ]2gexpf j [kx (x � mL x ) + z

q
k2

0 � k2
x ]gdkx

(4.10)

In the far zoneof the beam�eld propagatorsthe steepest descent method can be usedto

evaluate the above integral [72]. The saddlepoint condition:

d (kx )
dkx

= 0 (4.11)

where

 (kx ) = kx sin� +
q

k2
0 � k2

x cos� + j
�
� t

(
kx � n� x

� x
)2 (4.12)

and � = � + � n , yields the explicit form:

(x � mL x ) �
kxp

k2
0 � k2

x

z + j �
L2

x

�
(kx � n� x ) = 0 (4.13)

Alternativ ely [27] this integral can be found by converting it to polar coordinates:

kx = k0 sin�

According to [27] the following is obtained:

� = � n +
x t

zt + j an
+ higher order terms (4.14)

an = L2
x cos� 2

n=�
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Wherex t , zt and � n areshown in Fig.(4.3). Hereit is shown that Eqn.(4.14)and Eqn.(4.13)

are identical under paraxial approximation. First the coordinate systemis transformedto

the ray �xed coordinate system(x t ; zt ). After straightforward algebra,this transformation

yields:

zt sin(� � � n ) �
j L2

x

�
(sin � � sin� n ): cos� � x t cos(� � � n ) (4.15)

If it is assumedthat b is an unknown parameterproportional to the waist of a beam;in the

paraxial regimeof this beam the relation x2
t � z2

t + b2 holds. Thereforea parameter � =
x t

zt + j b is de�ned whosesmallnessde�nes the paraxial approximation. Using a perturbation

expansion

� = � 0 + � 1� + higher order terms (4.16)

and substituting in Eqn.(4.15) results in the following:

� = � n +
x t

zt + j b
+ higher order terms (4.17)

b= L 2
x cos� 2

n=�

Therefore the equivalenceof the two representations is obtained. The beam emanating

from (mL x ; 0) launched at an angle � n accordingto [27] can be obtained from what was

derived above as a GB of the form:

Bmn (x; z) = C1

s
j an

zt + j an
exp[� j k0(zt +

1
2

x2
t

zt + j an
)] (4.18)

whereC1 is a constant dependent on L x .

For the 3D caseaccordingto [30], the saddlepoint conditions are two coupledequations

containing kx and ky. Obtaining a very generalform of solution in terms of beamsema-

nating from a 2D lattice at arbitrary angles(� n ; � n ) with respect to the z axis is extremely

di�cult. Neverthelessa method is proposedin this work that extendsthe narrow waisted

approximations derived by Felsenet. al. Here two casesare considered:

1. Beamshaving narrow waists in the y direction leading to q = 0 but no restriction on

the beamwaist in the x direction n 6= 0. This leadsto astigmatic beamsemanating

from shifted positions m; p and launched at an angle � n in planesparallel to x � z

plane.
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2. Beamshaving narrow waist in x direction leading to n = 0 but no restriction on the

beam waist in y direction q 6= 0. This leads to astigmatic beamsemanating from

shifted positions m; p and launched at an angle � n with in planesparallel to y � z

plane.

In the 3D casethe integral form of the beamrepresentation (for Gaussianwindow functions)

becomes[30]:

Bmnpq =
Z + 1

�1

Z + 1

�1
g(kx ; ky) exp[j rmnpq  mnpq (kx ; ky)]dkxdky (4.19)

g(kx ; ky) =
j
p

2L xL y

(2� )2kz

kz =
q

k2
0 � k2

x � k2
y

Where r is amplitude of the position vector and  is the complexphasegiven in [29, 30].

Thereforethe saddlepoint conditions , @ 
@kx

= 0 and @ 
@ky

= 0 become:

(x � mL x ) �
kxz
kz

+
j L2

x

2�
(kx � n� x ) = 0 (4.20)

(y � mL y) �
kyz
kz

+
j L2

y

2�
(ky � q� y) = 0 (4.21)

Now if it is assumedthat q = 0 so the beamsare narrow waisted in the y direction then

kz '
p

k2
0 � k2

x and Eqn.(4.21) becomesidentical to Eqn.(4.13). This suggeststhat the

beam�eld has the following form:

Bmnp = C(L x ; L y)

s
j an

zt + j an
exp[� j k0(zt +

1
2

x2
t

zt + j an
)]

�

s
j L y

zt + j L2
y=�

exp[
1
2

y2

z + j L 2
y=�

)] (4.22)

This is an astigmatic GB which is narrow waisted in y direction. The samecan be said

for Bmnp . The fact that such an expansionis completein reproducing the aperture �eld is

obvious. Its propertiesand strengthsin predicting the Fresnelzoneand far�eld of arbitrary

aperture �elds is part of our future work.

4.5 Prop erties of Gab or Expansion

The important properties of Gabor expansionare listed below. Only the 2D caseis men-

tioned but all the properties apply equally well to the 3D case:



47

z

x

y

wn

(a) x-z plane

z

x

y

un

(b) y-z plane

Figure 4.4: Rotated beamsin x � z and y � z planes



48

1. The Gabor expansionis complete[27].

2. If the shift parameterL x is largerelative to the sizeof the aperture which alsomeans

that the resultant beamshave largewaists the amplitude of the expansioncoe�cien ts

fall o� rapidly with increasingm. This meansthat only a few shifted beamsneedto

be included in the beamexpansion.From each shifted position many rotated beams

are launched ( n is large). This is called the \matched" case.If L x goesto in�nit y it

can be shown that the summation becomesthe usual plane wave expansionintegral.

3. If the shift parameter L x is small relative to the size of the aperture which also

meansthat the resultant beamshave narrow waists the amplitude of the expansion

coe�cien ts fall o� rapidly with increasingn. This meansthat only a few rotated

beamsneedto be included in the beamexpansion.From each shifted position only a

few rotated beamsare launch ( n is small). This is calledthe \narrow waist" case.In

the limit asL x goesto zeroit can be shown that the summation becomesthe Green

function integral thereforethe beamsact like point sources.

4. The launch angle of the beamsare given by sin� n = n� x=k = n�=L x . Therefore

if n� x=k > 1 the beamsbecomeevanescent. In this work as GBT usesGBs only

non-evanescent beamsare considered.

4.6 Results and Numerical Simulation

4.6.1 Airy Disk

The problemof a circular aperture with constant amplitude and phasein front of a thin lens

(intersectionof two sphereswith radius of 100mm and separationof 0:5mm) and alsotwo

typesof thick lensesare consideredin this section. The aperture radius is 1:65mm and the

lensesareassumedto beadjacent to the aperture. The wavelengthis assumedto be633nm

The aperture �eld is expanded in terms of narrow waisted GBs (Fig.4.5). As the re-

sults show there is a very good agreement between the Airy function and our results in

caseof the thin lens. The focal point of the lens was found by maximizing the amplitude

of the �eld (it was observed that this condition was coincident with the stationary phase

condition). The focal point found is very close to the prediction of the lens designer's

formula (1=f = (n � 1)2=R), where f is the focal distance and R is the radius of each

face). The aperture �eld, �eld of the aperture with no lensand �eld of the aperture placed
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(a) Expansion into GBs (b) Field at the aperture plane

Figure 4.5: The pulsedaperture decomposedinto GB's and the �eld at the aperture plane

Figure 4.6: Comparisonof the Airy function with GBT for a thin lens

in front of a thin lens are shown in Figs(4.6,4.7). It should be noted that after the coef-

�cien ts of the aperture expansionare found (which takes lessthan 1min on a P4 PC for

this particular case)for any arbitrary position of lens (any angle, any o�set from optical

axis and any distancefrom the aperture plane), the calculation of the �eld take lessthan

a secondfor any point in space. Note that although more than 300 beamsare launched,

the time required to calculate the �eld is still very small (lessthan 1 min on a P4 3GHz

machine). As it can be seenin Fig.(4.8), the method can equally well handle the caseof a

thick lensplacedin front of the sameaperture.
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Figure 4.7: 3D plot of the �eld at the focal plane

(a) Comparison of Airy function with
GBT

(b) Geometry of the thick lens

Figure 4.8: Thick lens
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Figure 4.9: High Numerical Aperture Lens

4.6.2 Thic k High Numerical Ap erture Lens

As a secondexampleagainthe combination of GBT and Gabor expansionwasusedto �nd

the propagation of a truncated Gaussianpro�le through a very high numerical aperture

lens. As beforedue to the fact that the aperture is large in terms of wavelength (size of

aperture and wavelength is the sameas the above problem) the coe�cien ts of the Gabor

expansioncan be easily obtained by sampling the aperture �eld. The geometry and the

results are shown in Figs.(4.9,4.10,4.11,4.12).
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(a) (b)

Figure 4.10: jEx j and top jEx j at the focal point z = 8:73mm

(a) (b)

Figure 4.11: jEzj and top jEzj at the focal point z = 8:73mm
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(a) (b)

Figure 4.12: jEy j and top jEy j at the focal point z = 8:73mm



Chapter 5

Hybridization with Finite Di�erence

Time Domain Metho d

5.1 Ob jectiv es

The hybridization of GB expansion/tracing methods with Finite Di�erence Time Domain

(FDTD) method forms the �nal stage of this research. This hybridization is essential

becausea typical photonic systemmay contain structuresthat cannotbeanalyzedusingthe

combination of GB expansionand GB tracing methods discussedin the previouschapters.

For example,the di�raction phenomenacausedby very �ne featuresof a structure, such

as lenseswith very small radii of curvature (in the order of wavelength) or di�raction by

�nite dielectric gratings with groove depthsof the order of wavelengthcan not be handled

by GBT and Gabor expansionalone. Special material such as left handed material or

anisotropic material can not be handled accurately using GBT either. In thesecasesthe

scatteringanddi�raction e�ects aresimulated by surroundingsuch structureswith a virtual

box in order to isolate them from the rest of the problem. The aperture launched GBs are

then traced throughout the problemspaceignoring the e�ect of the scatterer(the structure

and its box). The �elds over the planes(or the surface)of the virtual box are then found.

Note that the �elds must be found as functions of time and thereforebeamsreaching the

samepoint on the surfacefrom di�eren t paths will have di�eren t phases. The �elds on

thesesurfacesare then expandedusing the Gabor expansionand the resulting set of GBs

are launched inside the FDTD lattice. This approach has beenuseddue to the fact that

analytical form of a GB is utilized in the FDTD formulation and there is no needfor time

tracking. FDTD is then usedto simulate the scattering (re
ection or transmission)e�ect

54
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Figure 5.1: The structures that are analyzedby FDTD are surroundedby virtual boxes

of the box. These�elds will then be addedto the traced GBs. This hybrid schemeis a very

powerful tool in the analysisand designof complex photonic structures Fig.(5.1). Using

this method systemswith sizesof hundredsof thousandsof wavelengthscan be designed

and analyzed. The free spacepropagation and transmissionthrough large structures are

handledby the combination of Gabor expansionand GBT. The �ner featuresaremodelled

by FDTD. Di�eren t combinations of the di�eren t components of the method can be used

to analyzevery complexstructures.

As part of this research a number of commerciallyavailable software wereusedto evaluate

their capabilities. To the best of the author's knowledge the most popular commercial

FDTD software available are:

1. RSOFT's FULLWAVE: This is most popular commercialFDTD software designed

speci�cally for optical structures. The latest version is available in the form of a

simulation module that is addedto the vendor'sBPM softwareBeamProp. Although

the vendorclaimsthat the software can handle3D structures with arbitrary incident

�elds, the performed tests proved that even a simple 2D tilted GB is not modelled

correctly.



56

2. XFDTD: This software is a 3D simulator software that usesa so called quasi-2D

method for solving 2D problemswhich is not very convenient. Furthermore the GB

launching method is bi-directional, making it unsuitable for scattering problems.

3. EMPIRE: This software is alsodesignedfor microwave structures. The producersof

the software claim that they are incorporating GB incident �elds and also periodic

boundary conditions for the software. The current version doesnot support any of

thesefeatures.

4. CST: MAFIA and Microwave Studio: Theseprogramsare speci�cally designedfor

modelling of microwave structures. They do not have the capability of simulating ar-

bitrary incident waveformson the surfacesurroundinga typical structure. Therefore,

they can not be usedin conjunction with GB expansion/tracing methods.

It was concludedthat virtually none of the available commercialsoftware (at least those

available to our group) can be e�ectiv ely usedas part of the hybrid method; therefore a

versionof this method had to be implemented.

This chapter and the next chapter of this thesisdealwith 2D problemsbut asthe only part

which is 2D is the FDTD an implementation of a 3D FDTD is part of the future phaseof

this research. The basicrequirements of the FDTD schemeneededfor the hybrid method

are as follows:

1. Possessingaccuratetruncation boundary conditions with a very low re
ection coef-

�cien t ( Perfectly match layer (PML) boundary condition was used).

2. Accurate modelling of the incident �eld ( total �eld / scattered�eld TF/SF formu-

lation was used).

3. Accurate modelling of GBs launched at arbitrary angles.

4. Abilit y to launch many GBs simultaneously.

5. A highly accuratenear �eld to far �eld transformation method.

6. Accurate link with Gabor expansion.

5.2 In tro duction to the FDTD

With the ever increasingspeedand computational power of today's computers,problems

that were oncetoo expensive to be solved using numerical methods are becomingviable.
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Figure 5.2: The YeeMesh

The FDTD method was �rst usedby Yee [32] for 2D electromagneticproblemsand was

then extendedto 3D by Ta
ove and Brodwin [33].

This method is basedon the time domain form of Maxwell's curl equations:

~r � ~E = � �
@H
@t

~r � ~H = �
@E
@t

+ � ~E (5.1)

Theseequationsare discretizedusing a central di�erence schemewhich attains a second

order accuracyin both time and space.The divergenceequationscan be usedfor checking

the validit y of the predictions made by the curl equations. The FDTD method can be

used to model the propagation of electromagnetic�elds in a volume of spacecontaining

the structures of interest. The propagationprocedurefor the Cartesiancoordinate system

wasoriginally developed by Yeein 1966[32]. The problem spaceor the volume of interest

is discretizedinto a number of cells. It canbe shown that the meshcontaining the valuesof

the components of the electric �eld and the meshcontaining the magnetic�eld components

are staggeredin space. Such a staggeredlattice is called Yee's lattice Fig.(5.2). The

coupledset of Maxwell's partial di�eren tial equationsare then solved using the leap-frog

method (time marching) [37]. The electric �eld and the magnetic �eld components are

then updated at alternate half time steps(Seesection(5.4)). It is interesting to note that

there is no needfor any matrix inversionof any kind for this method. The �eld components

are repeatedly updated as the method simulates the propagation of the electromagnetic

wave in the volume of interest. The result is a set of complete �eld components in the
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problem space. The advantages of the FDTD method are its simplicity and versatility.

Becausethe computational schemeis both local and time-explicit, the completeinteraction

betweenthe �elds and the structures under considerationare found sectionby sectionand

at any given time. The fact that the solution procedure is local, eliminates the need to

�nd the simultaneous solution to the entire problem. Furthermore, the curl equations

generatethe internal boundary conditions (internal to the volume under consideration).

The above mentioned features allow the natural implementation of FDTD on parallel

processorcomputers,which can greatly enhancethe speedof this method.

5.3 Form ulation of 2D FDTD

Although FDTD is a major part of this research, the method itself is not a newcontribution.

Thereforethe basicsof this formulation is presented at a high level . Referringto Eqn.(5.1)

the �elds are normalizedaccordingto the following equations:

~E =
p

� 0 E

~H =
p

� 0 H

This normalization causesthe magnitudesof E and H to be of the sameorder, and there-

fore, truncation and round o� errors will be reduced[37]. If � x and � z are the size of

the cells in x and z directions and � t is the sizeof the temporal increment by writing a

central di�erence schemefor both time and spacethe following is obtained (it is assumed

that� x = � z = �):

E n+1 =2
y (i; j ) = E n� 1=2

y (i; j ) + c
� t
�

[H n
x (i; j + 1=2) � H n

x (i; j � 1=2)

� H n
z (i + 1=2; j ) + H n

z (i � 1=2; j )] (5.2)

H n+1 =2
x (i; j ) = H n� 1=2

x (i; j ) + c
� t
�

[E n
y (i; j + 1=2) � E n

y (i; j � 1=2)] (5.3)

H n+1 =2
z (i; j ) = H n� 1=2

z (i; j ) + c
� t
�

[� E n
y (i + 1=2; j ) + E n

y (i � 1=2; j )] (5.4)

It is assumedthat i; j ; n = i � x; j � z; n� t. The above formulation is valid for free space.

Neverthelessmaterial propertiescanbe incorporated in theseequationsto allow modelling

of many real physical cases.For exampleassumingthat the medium under consideration

is �lled with a nonhomogeneousmaterial with variable � and � the above equationshave

to be altered in the following form to incorporate the nonhomogeneity (only the update
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equation for Ey is given):

E n+1 =2
y (i; j ) = Ca(m)E n� 1=2

y (i; j ) + Cb(m)[H n
x (i; j + 1=2) � H n

x (i; j � 1=2)]

wherem = M EDI AEy (i;j ) and MEDIA(i,j) is an integer array de�ned for each set of �eld

components (e.g. here Ey). This array enablesthe proper coe�cien ts to be usedat any

point of the FDTD lattice. Ca and Cb are de�ned as follows:

Ca(m) = [1 �
� i;j � t
2� i;j

]=[1 +
� i;j � t
2� i;j

] (5.5)

Cb(m) = [
� t

� i;j �
]=[1 +

� i;j � t
2� i;j

] (5.6)

In terms of the classesof material the capabilities of the implemented FDTD can be

summarizedas follows:

1. Perfect conductors.

2. Conductorswith �nite conductivities.

3. Normal dielectric material.

4. Dielectric with negative refractive index or left handedmaterial [73]

5. Anisotropic material.

6. Inhomogeneousmaterial with variable � and � .

5.4 Leap Frog Metho d (Time Marc hing)

The time marching procedurecan be explainedasfollows: Assumingthat the �eld compo-

nents are known prior to someinstant of time t < = n, the components of H at t = n + 1=2

can be evaluated by updating its valuesat t = n � 1=2 by using @H
@t at t = n. Since @H

@t

is related to ~r � E, its valuesat t = n can be found from the valuesof E (in adjacent

cells) at t = n, Eqn.(5.4). Knowing the value of H at t = n + 1=2 the components of E at

t = n + 1 are readily found from Eqn.(5.4), Fig.(5.3). This procedurecan continue until

any desiredtime Fig(5.3).
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Figure 5.3: The Time Marching Procedure

5.5 Stabilit y Criteria

It can be shown that a FDTD schemewill remain stable, in the sensethat the �eld values

will remain �nite as the time marching procedure continues if the following criteria is

satis�ed:

v� t � [
1

� x2
+

1
� z2

]� 1=2 (5.7)

where v is the maximum speed of light in the medium. This is called the Courant-

Friedrichs-Lewy(CFL) condition. This criteria hasa simplephysical interpretation. When

the CFL condition is satis�ed, the FDTD grid (mesh) is causallyconnected,meaningthat

the speedof light limits the rate at which information is transformedacrossthe mesh.

5.6 Numerical Disp ersion

The satisfaction of the CFL condition guaranties that the �elds will remain bounded. In

free spaceor any non-dispersive media, plane waves travel at the samespeed. It can be

shown that this is not the casefor an FDTD mesh. To demonstrate this phenomena,

considera one dimensionalwave propagating in x direction . The wave equation and its

discretizedform in such media are give by:

1
c2

@2E
@t2

=
@2E
@x2

E n+1 (i ) � 2E n (i ) + E n� 1(i )
c� t2

=
E n (i + 1) � 2E n (i ) + E n (i � 1)

� x2
(5.8)

Assumethat a plane wave in such a media is given by

E n (i ) = ej (wn� t � ki � x) (5.9)
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w is the angular frequency (rad/sec), and k is the wave number. In free spacewhere

k = w=c. If Eqn.(5.9) is substituted in Eqn.(5.8) the following is obtained :

1
(c� t)2

sin2(
w
c

c� t
2

) =
1

� x2
sin2(

k� x
2

) (5.10)

It canbe observed that if w� t ! 0 and k� x ! 0 the relationship (w=c)2 = k2 is obtained.

Furthermore, if c� t = � x the samerelationship between k and w is obtained. In all

other casesit is observed that waves at di�eren t frequenciestravel at di�eren t speeds.

Therefore, the FDTD mesh acts as a dispersive medium. Furthermore it can be shown

that unfortunately, more stable schemes(according to the CFL condition) lead to more

dispersive meshes.

5.6.1 Truncation Boundary Condition

In order to use the FDTD method to solve open or semi-open regions, theoretically the

whole spaceneedsto be discretized. This is obviously not possible. Thereforethe FDTD

meshmust betruncated by somemethod. This leadsto the conceptof truncating boundary

conditions. In this work the perfectly match layer (PML) absorbingboundary condition

is used. Applying such a boundary condition to a problem is a mechanism that ideally

permits the electromagnetic�elds to be absorbed by the walls where the PML is placed

and thereforeno re
ection or distortion occur. There are many problemsassociated with

absorbingboundary conditionsand the subject hasbeenan areaof extensive research. For

a detailed discussionof the PML refer to [33]

5.7 Mo delling of Inciden t Field

In order to model an incident �eld on a wall of the virtual box, the following 2D case

[33] Fig.(5.4) is used. The area around the structure under considerationis divided into

two regions: total �eld region and scattered �eld region. According to �eld equivalence

concepts,if a closedsurfacecontaining a scattereris surroundedby the equivalent currents

produced by the incident �elds, Js = n̂ � H inc and M s = � n̂ � E inc and thesecurrents

radiate in the presenceof the scatterer,they producethe scattered�eld outsidethe surface.

Inside the surfacethe total �eld is produced[57]. Thereforeif E inc is known on the incident

plane, inside the surfacethe total �elds are given by:

E tot = E inc + Escat

H tot = H inc + H scat (5.11)
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(The subscriptsstand for total, incident and scatteredrespectively), and outsidethe surface

Escat and H scat exist only. If the discretizedform (2D) of the equation of Ez for a point

inside the total �eld region is written, according to Fig.(5.4) the following is obtained

(assuming� x = � z = �):

E n+1
y;tot (i; j ) = E n

y;tot + c
� t
�

[H n+1 =2
x;tot (i; j + 1=2) � H n+1 =2

x;scat (i; j � 1=2)

� H n+1 =2
z;tot (i + 1=2; j ) + H n+1 =2

z;tot (i � 1=2; j )] (5.12)

but this result is wrong (or more precisely inconsistent) due to the fact that in order to

�nd the value of Ey in the total �eld region the value of H x in the scattered�eld region is

used. Thereforethe incident H x is added to Ey :

E n+1
y;tot (i; j ) = E n

y;tot + c
� t
�

[H n+1 =2
x;tot (i; j + 1=2) � H n+1 =2

x;scat (i; j � 1=2) � H n+1 =2
x;inc (i; j � 1=2)

� H n+1 =2
z;tot (i + 1=2; j ) + H n+1 =2

z;tot (i � 1=2; j )] (5.13)

The sameconcepthasto be applied to the other �eld components. The above equation

can be implemented in the following way: Ey is updated in the normal manner and then

the incident Hx is added to it. One might assumethat by having a very good absorbing

boundary condition onedoesnot needthe TF/SF formulation. This is not true due to the

fact that when we are simulating scattering problems the scattered �eld might be much

smaller than the incident �eld. If the incident �eld is present at the point of observation,

the scattered �eld may becomesimilar to a noise added to that �eld. The TF/SF act

as a numerical �lter that �lters the input signal from reaching the output. Although the

literature on this formulation is quite rich [33, 74] the simple implementation usedin this

work is adequately accurate to serve our purposes. In Figs.(5.5 and 5.6) a plane wave

propagating in the total �eld region of an FDTD lattice is shown. Note that in order to

obtain such a plane wave, the TF/SF formulation needsto be applied to all four walls of

the box. This is due to the fact that if TF/SF is applied to the left wall alone, then that

wall would act as a uniformly (but phased)aperture that is radiating in free spaceand

thereforeit doesnot remain a plane wave. Ta
ov [33] hasuseda look up table schemeto

acceleratethis process.Another problem ariseswhen the TF/SF region extendsinto the

PML. Ta
ove et al. [74] have comeup with a new formulation for TF/SF that allows such

extensionbut this a�ects the simplicity of the method. Any other �eld can be propagated

through an FDTD lattice using the TF/SF formulation. A GB is one excellent choice.

Other choicesmay include guided modes of slab waveguides,phasedraised cosine�elds

etc. The only problem is that both the electric �eld and magnetic �eld of the sourcein
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Figure 5.4: Modelling ScatteredField
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Figure 5.5: Plane Wave propagating at 45 degrees

a plane one cell beforethe TF/SF region needto be known. In caseof a GB this �eld is

known. In other casesa plane wave approximation can be usedto �nd the magnetic �eld,

i.e. it is assumedthat the propagation from onecell to the adjacent cell is similar to plane

wave and the magnetic �eld is obtained using simple plane wave formulas. Fig.(5.7) is a

snapshot of a plane wave that is scatteredby a rectangular pieceof left handedmaterial.

This �gure providesa qualitativ e understandingof how the TF/SF formulation yields only

the scattered�eld in the SF region and the total �eld in the TF region.

5.8 Hybridization

In order to hybridize the GB Expansion/Tracing methods with FDTD, a virtual box must

be drawn around the structure to be analyzed. GBs which have beentraced through the

systemeventually impingeon this virtual box. Without lossof generality, it is assumedthat

the GBs impinge on only oneof the surfacesof the virtual box. Thesebeamsare originally

in time-harmonic form. Thereforethe amplitude and phaseof the the �eld are known on

oneof the boundariesof the TF/SF region. At this boundary, if the exact form of each GB

is known then the problem is somewhatsimpli�ed; otherwise,using Gabor expansion,the

�eld has to be expandedto a sum of GB emanatingfrom di�eren t points of the boundary

and travelling in di�eren t real directions. Thesespatially shifted and tilted GBs will then

form the incident �eld to the 2D FDTD lattice. Thesebeamsmust be propagatedthrough

the virtual box. Once the scattered �eld (which can be either the re
ected �eld or the
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Figure 5.6: Plane Wave propagating at 45 degrees

Figure 5.7: Plane Wave propagating at 45 degrees
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transmitted �eld) is found, it has to be expandedin terms of GBs, again using the Gabor

expansion. If the amplitude and/or phasevariation of the �eld is too high relative to the

wavelength over an extendedaperture the �eld needsto be propagateda distance away

(from the TF/SF region) using a near �eld to far�eld and then expandedusing Gabor

expansion.The Gabor expandedGBs can then be propagatedusing GBT. It is clear that

by using such a hybrid method, problemsthat are extremely large in terms of wavelength

(hundredsof thousandsor even larger) can be analyzed. The application of this method

has been demonstratedfor the 2D casebut conceptually, the extension to 3D is trivial.

We already have formulated the 3D GBT and 3D Gabor expansion;the only component

missingis an accurate3D FDTD. A number of applicationsof the method is demonstrated

in the next chapter. Many of theseproblemscan not be accurately solved by any single

method. Oneof the other main merits of this method is that any of the components of the

hybrid method can be made more accuratewithout a�ecting the other components. For

example,if the existing FDTD is replacedwith a highly optimized FDTD which runs on a

parallel machine, the hybrid schemecan still be usedwithout needingto changeanything

else. In terms of speedthe only time consumingcomponent of the method is obviously the

FDTD. This time can always be shortenedby reducing the sizeof the FDTD lattice and

including a larger portion of the problem into the GBT/Gab or components.

5.9 GB Incidence

As mentioned abovean FDTD method is neededthat canaccuratelymodel the propagation

of spatially shifted, tilted GB. In this work the TF/SF formulation hasbeenused.

5.9.1 Field of Spatially Shifted Tilted GB at the In terface of the

TF/SF Region

Referringto Fig.(5.8) and the analytic formulation of a 2D GB (Appendix C) the coordinate

systemof the shifted and tilted GB (x t ; zt ) to the problem'smain coordinate system(x; z)

as can be related as follows:

zt = (x � h) sin� + z cos�

x t = (x � h) cos� � z sin�
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Figure 5.8: Coordinate systemfor a spatially shifted, tilted GB

z = 0 at the interfaceof the TF/SF region therefore:

zt = (x � h) sin�

x t = (x � h) cos�

If the above equationsare substituted in the analytic formula for a 2D GB, the following

is obtained:

E(x; 0) = E0y ŷ

s
j b

(x � h) sin� + j b
expf� j k(x � h) sin� �

j k
2

[(x � h) cos� ]2

(x � h) sin� + j b
g (5.14)

The above formula forms the incident electric �eld.

5.9.2 Magnetic Field of a GB

It was shown in [41] in a very simpli�ed manner that the magnetic �eld of a GB is also

GB and that the electric �eld, magnetic�eld and the direction of propagationform a right

handed system and the ratio of jE j=jH j is � the impedanceof free spaceas long as the

problem remains in the paraxial regime. It was shown that although the magnetic �eld

may possesa component in the direction of propagation, the magnitudeof this component

is extremely small in the paraxial regimeand it is thereforeneglected.
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5.9.3 GBs and the TF/SF Form ulation

One of the main advantages of a GB when used in the TF/SF formulation is that the

correctionterm canbeadded/subtractedon only oneof the walls of the TF/SF region. This

is due to the fact that if a launched GB is assumedto be a physical �eld emanating from

a �nite aperture, as long as the aperture is larger than the waist of the GB, the aperture

radiated �eld will be a physical GB. This is of coursedue to the exponential nature of the

�eld in planesperpendicular to the direction of propagation. As was mentioned above,

this is not true for a plane wave. In order to implement the TF/SF formulation for a GB,

Ey and Hx are updated normally and then Hx inc is addedto the updated Ey and Eyinc is

subtracted from the updated Hx , whereHx inc and Eyinc are represented by:

Eyinc = =f exp(j ! t)

s
j b

(x � h) sin� + j b
expf� j k(x � h) sin� �

j k
2

[(x � h) cos� ]2

(x � h) sin� + j b
gg=j

Hx inc = =f exp(j ! t) cos�

s
j b

(x � h) sin� + j b
expf� j k(x � h) sin� �

j k
2

[(x � h) cos� ]2

(x � h) sin� + j b
gg=j

Here it is assumedthat the driving sourceof the problem is sin(! t). Numerousnumerical

experiments were performed with beamslaunched at di�eren t angles. The performance

of both the implemented PML and TF/SF formulation was tested at di�eren t angles. It

was concludedthat if the angle of incidenceis less than 75 degreesboth the PML and

TF/SF formulation obtain very good results. In the worst casewhere the launch angle

is 90 degreesthe TF/SF formulation fails completely and therefore this angle must be

avoided. In Figs.(5.9,5.10,5.11)snapshotsof the propagatedGBs at 18, 45 and 90 degrees

in free spaceare shown. The waist of the beam is 2� and 25 points per � is used for

the FDTD lattice. In Fig.5.12 a GB is launched at 45 degreesand the �eld in a plane

perpendicular to the z axis is comparedwith the analytical formula of a GB at 4� away

from the source. The e�ect of the PML at the far right hand side of the plot should be

noted. The �eld dies o� perfectly after entering the PML which was set to 50 cells (2� ).

In Fig.(5.13) a GB is launched at 60 degreesand the �eld in a plane perpendicular to the

z axis is comparedwith the analytical formula of a GB at 3� away from the source.
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Figure 5.9: GB propagating at 18 degrees

Figure 5.10: GB propagating at 45 degrees
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Figure 5.11: GB propagating at 90 degrees
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Figure 5.12: GB - FDTD comparison45 degreespropagation
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Figure 5.13: GB - FDTD comparison60 degreespropagation

5.10 Com bination of the FDTD Metho d with Gab or

Expansion

In this section the hybridization of the FDTD method with the Gabor expansionis ex-

plained. This hybridization has two forms: The �rst at the input and the secondat the

output.

5.10.1 Com bination of Gab or Expansion with FDTD at the In-

put

Here the incident �eld at the incident plane (which is formed by propagation of certain

beamsinsidethe photonic structure under considerationusingGBT) is expandedusingthe

Gabor expansion. Therefore at the input a number of spatially shifted and rotated GBs

are obtained. Thesebeamsare launched inside the FDTD lattice all at once(Fig.(5.14)).

At any time step a loop adds the contribution from each �eld and the routine �nds the

resultant Eyinc and Hx inc . A test was performed where the matched casewas used to

propagate a phasecosine�eld inside the FDTD lattice. The length of the aperture is

4� in the matched caseand the L parameter of the Gabor expansionwas chosento be

L = 5:8� so that each beamhasa waist that is larger than the aperture itself. The reason

a non-integer value for the L parameter was chosenis that if L is an integer then the
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Figure 5.14: Gabor expanded�elds launched inside a FDTD lattice

non-evanescent �elds have launch anglesequal to:

arcsin(
n�
L

)

by changing n a non-evanescent beam will be produced that travels at 90 degreeswhich,

as was mentioned above, is not desirable. The phasedcosinedistribution which is given

by:

f (x) =

(
cos(� x

L 0
) exp(j � x) if � L 0=2 < x < L 0=2 ;

0 otherwise:

(where � determinesthe angle of the peak of the far�eld) imposesa more severe test on

the Gabor expansiondue to the phasingof the �eld. � was chosento be 0:1k wherek is

the wavenumber. 60beamswerelaunched into the FDTD lattice. The excellent agreement

betweenthe FDTD simulations and the rigorous solutions (Fig.(5.15,5.16))show that:

� The di�erence in wave velocities for beamslaunched at di�eren t angles(see[33]) is

negligible.

� The errors causedby re
ection from PML and the imperfection of the TF/SF for-

mulation are negligible.

� As only non-evanescent beam�elds are launched, the error causedby not including

the evanescent beamsare negligibleeven as closeas 5� to the source.
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Figure 5.15: FDTD and Greenfunction (Hankel) comparisonFresnelzone�eld

It was therefore concludedthat the Gabor expansioncan be successfullycombined with

the FDTD at the input.

5.10.2 Com bination of Gab or Expansion and FDTD at the Out-

put, Near Field to Far Field Transformation

Once the scattered �eld from the simulated structure is found (this can be in the form

of a re
ection or transmission), in order to further propagate the �eld inside the optical

system, the �eld needsto be re-expandedin terms of GBs. As it is always desired to

keepthe FDTD lattice assmall aspossible,the �eld is observed ascloseaspossibleto the

scatterer. The phaseand amplitude of the �eld in phasorform at a planenearthe scatterer

is obtained from the time domain form of the �eld. Therefore the near scattered�eld in

phasor form is obtained in this manner. The �eld in any region (near �eld, Fresnelzone

and far �eld) can be found using a Hankel function approach. This method is explained

in the next section. The knowledgeof the phasor form of the total �eld in theseregions

is not su�cien t in this method. As was mentioned earlier, the �eld at the output must

be expressedin terms of a set of GBs. This is due to the fact that this output �eld must

be further propagatedinside the photonic systemusing GBT. If the �eld remainssmooth

with slowly varying phaseover the output plane it can directly be expandedusing Gabor

expansionin the usual format. If the near �eld is rapidly 
uctuating it might not be very
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Figure 5.16: FDTD and Greenfunction (Hankel) comparisonfar �eld

e�cien t to directly expandthe �elds into GBs. In thesespecial caseswhich form the worst

casescenariothe �eld must be propagatedusing the Hankel function approach up to a

distancewhere the �eld becomeswell behaved. This �eld is then expandedinto a set of

GBs using a simple Gabor expansion.

Hank el Function Approac h

At any planeparallel to the TF/SF regionboundary (either insidethe regionor outsidethe

region) the amplitude and phaseof the �eld in phasor form can be obtained. Once these

are known that planecanbe consideredasan aperture radiating in freespaceand the �eld

on either sideof it canbe obtainedusing2D Greensfunction (Hankel function) Egn.(5.15).

It must be noted that this approach is rigorous and thereforethe results obtained for the

near, Fresnelzoneand far�eld regionsare 100%accurate. For the near and Fresnelzone

�elds NAG library wasusedto calculatethe Hankel function and the integral (Eqn.(5.15)).

For far�eld the large argument approximation of the Hankel function must be used.

E(x; z) = ŷ
j kz
2

Z 1

�1
f (x0)H (2)

0 (kR)=Rdx0

R = [(x0 � x)2 + z2]1=2 (5.15)

wherek is the wavenumber and H (2)
0 () is the 2D Greensfunction (Hankel function).



Chapter 6

Applications of the Hybrid Metho d

6.1 In tro duction

In this chapter the hybrid method is usedto analyzea number of passive photonic struc-

tures. Three di�eren t classesof problemshave beenconsidered:

� Scattering problems: In this classof problemsa structure is placedinside the FDTD

virtual box and is illuminated by a setof GBswhich areproducedby Gabor expansion

of the incident �eld. The �eld scatteredby the structure is then found closeto the

TF/SF region. This near �eld is then expandedusing the Gabor expansionand the

resultant GBs are then launched back into the photonic system. For example the

e�ect of a thin lensplacedmany wavelengthsaway from the scattering structure can

be found. Dielectric gratings were chosenfor this class. The reasonfor this choice

is twofold. The �rst is related to the very interesting properties of the gratings that

make them applicable in many photonic systems(�lters, couplers,etc). The second

reasonwhich is of primary importanceto us, is that a dielectric grating imposesa very

severe test on any numerical method usedto analyzeit. This is due to the fact that

the sizeof a typical grating can be hundredsof wavelengthsbut it contains feature

sizes(the elements of the grating) that are smaller than the wavelength. This large

ratio betweenthe overall sizeand the �ne featuresizesmake thesestructuresdi�cult

to analyzeas any numerical method needssometype of discretization and the �ne

featuresset an upper bound for the sizeof the cellsusedin the numerical method's

discretization scheme. In order to analyze and verify the result of our tests on a

dielectric grating a systematicprocedurewasused. The grating was�rst illuminated

by a singleGB launched at di�eren t anglesand the results were comparedwith the

75
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generalgrating formula derived in section 6.2. The 
at grating was then deformed

by gradually shifting the elements of the grating forward up to its midpoint and then

backwards (and vice versa)to form concave and convex structures. Surprisingly the

far �eld was identical in both cases!Using a phasedarray of antenna it was proved

that this was to be expected. This observation further con�rmed the accuracy of

this hybrid method. In order to put the hybrid method to full use,a generalphased

phasedcosineaperture �eld wasused. This �eld wasthen expandedto a set of GBs.

The GBs were launched inside the FDTD lattice and the resultant scattered �eld

was propagatedfor a distanceof 100 lambda using the Green function formulation.

The �eld at 100wavelengthswas then expandedusing Gabor expansionand passed

through a thin lens. This example(section 6.5) employs all the components of the

hybrid method.

� Coupling problem: In many photonic structuresoncethe beamshave passedthrough

various structures they are ultimately coupled into a waveguide. A simple grating

couplerwasusedasan exampleto show the applicability of this method to this class

of problems.

� TransmissionProblems: In this classof problems,a structure is again placedin the

FDTD lattice but insteadof analyzingthe scattered�eld, the transmitted �eld which

is in the total �eld region is taken as the near �eld. A very simple transparencyillu-

minated by a GB wasconsideredand the propertiesof the structure wasqualitativ ely

observed.

In the next sectionit is shown that for a planewave illumination the positionsof the peaks

of the far �eld of a dielectric grating are the sameas thoseof a perfect electric conductor

grating:

6.2 Grating Form ula for a Dielectric Grating

In this sectionthe generalgrating formula for a dielectric grating is derived. The geometry

of the problem is shown in Fig.(6.1). Here the approach usedby H. Haus [75] has been

extendedto include the dielectric case.It is assumedthat the grating is illuminated by a

plane wave given by:

E i (x; z) = E0i ŷ exp(� j k1xx � j k1zz)
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Figure 6.1: Geometry of the problem

The grating's geometryis de�ned by x = f (z) wheref (z) is a periodic function with period

�. The boundary condition at the surfaceof the grating is given by:

8(x; z); x = f (z)

E i (x; z) + E r (x; z) = E t (x; z)

or equivalently:

8(x; z); x = f (z)

E0i ŷ exp(� j k1xx � j k1zz) + E r (x; z) = E t (x; z)

From the above equationsit is evident that:

E t (x; z) = h(x; z) exp(� j k2zz)

E r (x; z) = g(x; z) exp(� j k1zz)

whereg and h are periodic with period �:

g(x; z + �) = g(x; z)

h(x; z + �) = h(x; z)

The proof is given for the re
ected wave, the proof for the transmitted wave is identical

and only the resultsaregiven. As g is periodic the re
ected �eld canbe expandedin terms

of a Fourier seriesin z but this Fourier seriesis nothing but the plane wave expansionin
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this case;i.e the continuous spectrum of plane wavesbecomesa discretesum. Therefore

the following is obtained:

E r (x; z) =
X

m

� m exp(� j k1zz) exp(� j
2� m

�
z) exp(j kmx)

As each plane wave must satisfy Helmholtz:

(k1z +
2� m

�
)2 + k2

m = w2��

This meansthat for each m, km is found from the above equation. Furthermore as

k1z = w
p

�� sin� i =
2�
�

sin� i

thereforethe following relation holds:

k1z +
2� m

�
= w

p
�� sin� m

r

and thereforethe Grating Equation for a generaldielectric gratings is obtained:

sin� i +
m�
�

= sin� m
r (6.1)

Where � is the wavelength. Note this result wasobtained from phasematching considera-

tions and is thereforeidentical to the equation for a metallic grating. With the exact same

argument the following equation holds for the transmitted plane wave:

sin� i +
m�
�

= n sin� m
t (6.2)

wheren is the refractive index of the dielectric.

6.3 Dielectric Grating

In this sectiona �nite dielectric grating illuminated by a GB launchedat di�eren t anglesis

considered.To the author's knowledgeno analytical method that canpredict the near�eld,

Fresnelzone�eld and far �eld for this problem exists. Herethe grating is illuminated with

a singleGB but obviously any �eld can be treated by the hybrid method. Five numerical

tests were performedon a 
at grating. In the �rst three the GBs were launched at 0,3,9

degrees.The waist of the beamsare 25� and the length of the grating is 150� . The � of

the grating is 3�= 2. The depth of each tooth like element is �= 4. The �elds are observed
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at 15� from the sourcein the scattered�eld region. The near �eld amplitude and phase

and the far �eld in both cartesianand polar coordinate systemsareshown in Figs.(6.2,6.3,

6.5, 6.6). The anglesof the peaksof the far �elds matchesthe generalgrating extremely

well. Fig.(6.4) is magni�ed versionof the phaseplots of the scattered�eld. It is provided

for comparisonwith the phaseplots of the �fth test.
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Figure 6.2: Near �eld, normal incidence

In all of the above casesaccordingto the generalgrating formula 3 peaksexist in the

far�eld namely m = � 1; 0; 1. In the next 2 tests the GB is launched at 18 degreesfor two

di�eren t grating periods namely 1:5� and :8� . The polar plot of the far �eld for � = 1:5�

is shown in Fig.(6.7.d)(the near �eld and phasein this caseis not shown). The near �eld,

phaseand polar plots for � = :8� are shown in Figs.(6.7.a,6.7.b,6.7.c).When the grating

period is reducedto � = :8� , according to the grating formula only 2 peaksexist. This

is shown by comparingFigs.(6.7.c,6.7.d).For � = :8� the far �eld side lobe is accurately

predicted to be 71:35 degrees.There is a very interesting observation in the phaseof the

near �eld in this case(Fig.(6.8)). Two clearly di�eren t regionscan be distinguishedin the

phaseplots. In the �rst region an increasingphasefunction revealsa beam propagating

upwards. In the secondregion a decreasingphasefunction reveals a beam propagating

downwards. The di�erence in the slope of the phaseshows that the beamsare travelling at

di�eren t angles.Thereforethe peaksobserved in the amplitude of the near �eld will move
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Figure 6.3: Normal Incidence
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Figure 6.4: Magni�ed phase
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Figure 6.5: 3 DegreesIncidence
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Figure 6.6: 9 DegreesIncidence
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away from one another and eventually produce the two lobes in the far�eld region. This

can be comparedwith the normal incidencewith � = 1:5� , Fig.(6.4) where the fact that

the equality of the slope of the phasein the left and right regionsshows beamstravelling

at the sameangle.
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Figure 6.7: 18 DegreesIncidence
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Figure 6.9: Geometry of the problem
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6.4 Concave and Convex Gratings

In this sectionthe propertiesof concaveandconvexgratingswereinvestigated. The concave

and convex shapeswereobtained by gradually shifting the elements of the grating forward

and backward aswasexplainedin the introduction. Very interesting resultswereobtained

that further reveal the accuracy and versatility of the Hybrid method. Fig.(6.9) shows

the di�eren t geometriessimulated. The �gures are not drawn in the actual proportion in

order to depict the grating elements and their spacing. The actual gratings contain 100

elements. The length of the 
at grating is therefore 100� 3=2 � � = 150� . The relative

shift of the elements in the concave and convex grating is �= 32; thereforethe mid point of

the concave grating is 50� �= 32 = 1:5625� shifted relative to the endpoints. The sameis

true for the convex grating but the shift is in the other direction. The near �eld and far

�eld of the scattered�eld which were createdby a normally incident GB were calculated

for each structure. The results are shown in Figs. 6.10,6.11and 6.12. The polar plots

of the 
at grating and the concave grating are also shown in Fig.(6.13). As it was shown

in section 6.2 the grating formula for a dielectric grating is the sameas a PEC grating.

This can be easilyseenfrom the polar plot and the grating formula. A strangephenomena

was observed in that although the near and Fresnelzone�elds of the concave and convex

grating are very di�eren t, their far �eld match perfectly, seeFig.6.4. The reasonfor this

cannot be the fact that the curvature of the curved gratings is small. If that was the case,

the results should match the result of a 
at grating; therefore, it was concludedthat the

phasedistribution on the grating elements should be responsible for this phenomena. In

order to show this, a phasedarray approach was used. A virtual grating was illuminated

by a normal GB. At the centers of the elements of the grating the phaseand amplitude

of the GB was found. The pattern of the resultant phasedarray was thereby calculated.

Thereforeif x i ; zi , i = 1; 2; :::; 100are the coordinatesof the centers of the elements of the

imaginary grating the phasedarray is formed by

A i exp(j � i ) =

s
j b

zi � z0 + j b
exp(� j k(zi � z0) �

j k
2

x2
i

zi � z0 + j b
) (6.3)

This phasedarray then radiatesin freespaceand thereforethe array factor is found simply

by [76]:

AF =
100X

i =1

A i exp(j � i ) exp[� j k(x i sin� � zi cos� )] (6.4)

The above procedurewas implemented by a simple code and to our surprise the results

were the same for the concave and convex case! The curvature was then changed by
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Figure 6.10: a. Near, b. Fresnel,c. Far �eld of the 
at grating
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Figure 6.13: Polar Plots of the Flat and Concave Gratings
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increasingthe shift between consecutive elements. Even with a relative shift of �= 2 the

result remainedthe samefor the concave and convex case. It becameclear that with s as

the relative shift, the array factor hasa term with + s and another term with � s therefore

changing+ s to � s (convex to concave) doesnot changethe result. Another way of looking

at the problem is that a translation of an array doesnot changeits far�eld as long as the

phasingof the individual elements are not changed. By moving a tilted array in the �eld

produced by a plane wave the phasedi�erence between the elements remains the same.

Therefore,the upper half of the concave array acts like the lower half of the convex array

and vice versa. Another interesting observation is the qualitativ e similarit y between the

results obtained using the phasedarray approach and our method. The observation that

the central lobe is missing from the phasedarray result is due to the fact that the phase

array consistsof 100elements in free space therefore,there is no main structure to produce

a normal re
ection. In caseof the grating the wholestructure (not consideringthe grating

elements) re
ects the incident �eld; therefore, the central lobe exists. It is obvious that if

somehow the symmetry of the problem is broken the results will not be the same. This

can be achieved for exampleby tilting the incident beam.
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(a) Concave (b) Convex

Figure 6.14: Position of the phasedarray elements

6.5 An Application comprised of all the comp onents

of the Hybrid metho d

All the di�eren t components of the hybrid method has beenput to use in this example.

The schematic of the problem is shown in Fig.(6.16). A dielectric grating is illuminated by

a phasedcosineaperture �eld. The phasevariation in the aperture �eld causesa shift in

the peak of the �eld as it propagates.This is similar to a spatial tilt of the phasedcosine

pro�le. The aperture �eld is �rst expandedinto a number of GBs. The waistsof the beams

were chosensuch that they cover the whole aperture. Due to the large sizeof the beam

waists usedfor the Gabor expansion,a matched Gabor seriesis obtained. The coe�cien ts

of the Gabor seriesare shown in Fig.(6.18). The resultant beamsare then launched inside

the FDTD lattice. The �eld is then calculated in the SF region, in the near �eld of the

scatterer (the grating). As was mentioned in the introduction of this chapter, a grating

imposesa very severe test on the FDTD method. Although it is possibleto expand this

near �eld directly using a Gabor expansion,this approach is not very e�cien t. Numerous

numerical experiments wereperformedand it wasconcludedthat by propagating the �eld

a distanceof 100� away from the grating using the Hankel function approach, the Gabor

expansionbecomesmore e�cien t. The �eld is then expandedusing the Gabor expansion.

The resultant beamsmust bepropagatedthrough a thin lens. Multiple re
ection/refraction

of the beamsinside the lens is used to �nd the output. As expected the far�eld of the
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Figure 6.15: Array factors of the phasearrays
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Figure 6.16: Schematic of the main problem

original �eld is brought to the focal plane of the lens. The side lobesaround each peak in

the far �eld are obviously due to the truncated aperture �eld.

In order to clarify the individual proceduresthe problem is broken down into di�eren t

stepsand each step is explainedin detail in the following sections:

6.5.1 Step 1. Gab or Expansion of the Source

The driving sourceof the problem is a phasedcosinefunction given by:

f (x) =

(
cos(� x

L 0
) exp(j � x) if � L 0=2 < x < L 0=2 ;

0 otherwise:

The wavelengthof operation was� = 1�m . L 0 waschosento be50� and � = � :1k, k being

the freespacewavenumber. If such a sourceradiatesin freespacethe far �eld pattern peaks

at arcsin(� 0:1) = � 5:739� . The sourcewas expandedusing Gabor expansion. The shift

parameter of the Gabor expansionwas chosento be L = 55:8. Therefore the beam �elds

cover the whole aperture. According to the properties of the Gabor expansionas L > L 0

only a few shifted GBs needto be considered.The major contribution is dueto the rotated

beams. This can be seenin Fig.(6.18). Only Amn where m = � 1; 0; 1 have amplitudes
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Source

Figure 6.17: SourceExpansion

larger than 0:1. To be on the safeside jmj < 3 and jnj < 10 (a total of 7 � 21 = 147

beams)werechosen.It can be seenin Fig(6.19) that the aperture �eld and the far�eld (in

absenceof the scatterer) are accurately reproduced. According to the properties of Gabor

expansionfor n > �=L the �elds becomeevanescent. In this caseasjnj < 10 no evanescent

beamis produced. The maximum angleof producedGBs is arcsin(10=55:8) = 10:32� .

6.5.2 Step 2. FDTD Simulation

The coe�cien ts of the 147beams, Amn are read by the FDTD routine. The analytic form

of singlefrequencytime domainGBs is then usedby the code to producethe launched�eld

at the boundary of the TF/SF region Fig.(6.20). The dielectric grating was placedin the

TF region. The pitch of the grating was� = 1:5� and its dielectric constant was� r = 2:25.

A FDTD lattice of 5000� 800cellswerechosenwith 32 cellsper � . As it wasmentioned in

the introduction to this chapter, due to the largedi�erence betweenthe overall dimensions

of the grating and the sizeof its elements, a largeproblemspaceis created. This is virtually

the worst casescenario. The PML was chosento be 100 cells or (100=32)� on each side.

After 7200time steps(around 10hourson a P4 3GHzmachine) steadystate is reached. The

observation planewasplacedat 12� away from the grating Fig.(6.20). The amplitude and

phaseof the steady state electric �eld is shown in Figs.(6.21,6.22)respectively. Using the

Hankel function approach the far�eld at z = 10000� wasfound and is shown in Fig.(6.23).
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(b) Far�eld

Figure 6.19: Aperture Field and Far�eld of the Sourcein absenceof the scatterer
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Figure 6.20: FDTD Schematic

The peaksof the far�eld are located at � m = � 50:053� ; � 5:73� ; 34:51� which are the exact

anglesobtainedfrom the generalgrating formula: � m = arcsin(� :1+ 2=3m) for m = � 1; 0; 1

(this m which represent the order of the grating lobesmust not be confusedwith the m

usedin the Gabor expansion).The sidelobespresent in the far�eld pattern are due to the

truncation of the phasedcosinefunction.

6.6 Step 3. Gab or Expansion of the Output Field

The near �eld shown in Fig.(6.21) could be directly expandedusing the Gabor expansion

Fig.(6.24), but becauseof the rapid changesin amplitude and phasea relatively large

number of beams are required to represent the �eld. Therefore the near �eld is �rst

propagatedto the observation plane (I I), which is 100� away from observation plane (I)

(Fig.(6.16)) using the Hankel function approach. The result is shown in Fig.(6.25). The

�eld is smoothed out and a Gabor expansionbecomesmoree�cien t. The �eld at plane(I I)

wasexpandedusingboth narrow waistedbeams:L = 1:5� and matchedbeamsL = 420:8�

Fig.(6.26). As it canbeobserved in Fig.(6.26), the matchedexpansiongivesa much better

approximation of the aperture �eld. A total of 701� 3 beamswere created. Finding the

coe�cien ts of the expansionin this casetakesaround 2 minutes. The expansionof such a

complicated�eld into GBs hasnot beenreported in the literature.
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Figure 6.21: Near Field
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Figure 6.22: Phaseof the Near Field
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Figure 6.23: Far Field
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Figure 6.24: Gabor expansionof the near �eld
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Figure 6.25: Field at 100�
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Figure 6.26: Gabor expansionof the �eld at observation plane (I I) using narrow waisted

and matched beams
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Figure 6.27: Schematic of the �nal step

6.7 Step 4. Propagation through a thin lens

In this step a thin lens is placedadjacent to observation plane (I I) Fig.(6.27). The set of

2103beamsare propagatedinside the thin lens using 2D GBT. This step takes lessthan

a minute to complete. Multiple re
ection inside the lens are usedto �nd the �eld at the

focal plane of the lens(Fig.6.28). The result is shown in Fig.(6.29). The horizontal axis is

stretched to allow comparisonwith the rigorous Hankel function result.

All the features and components of the hybrid method is e�ectiv ely utilized in this

example. A problem of extremely large sizecomparedto the wavelength is analyzedusing

this method. Therefore the full power of this method is revealed. Other applications of

the hybrid method are demonstratedby the following examples.

6.8 Grating Coupling

In many photonic structures, light needsto be coupled to optical waveguides. This can

happen either at the input (for examplea laser entering an integrated photonic device)

or at the output of a detector system. In many applications it is desirableto couple light

to the midsection of a guide as opposedto its ends(butt coupling). In this examplethe

problem of coupling of a GB into a slab waveguide is considered. The geometry of the

problem is shown in Fig.(6.30). This exampleis usedto demonstrateabilit y of the hybrid



103

Figure 6.28: Multiple Re
ections in the Lens
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Figure 6.29: Field at the focal planeof the lenscomparedto the rigorousfar �eld obtained

using Hankel function.
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Figure 6.30: Geometry of GB Coupling

method in analyzing such structures and therefore, the actual coupling e�ciency is not

of primary interest. Due to the fact that relatively large sectionsof a weakly guiding

slab are neededfor the modesto becomestable, FDTD is not very suitable for analyzing

thesewaveguides.Therefore for this examplea strongly guided waveguideis chosenwith

ncore = 1:5 and nclad = 1. The refractive index of �nite slanted grating was chosento be

ng = 2. The angleof the slanted grating is 45 degreesand the entire grating is illuminated

by the GB. The relatively large di�erence betweenthe refractive index of the grating and

slabcausesthe incident �eld to be strongly perturbed. This perturbed �eld is then coupled

to the slab within a few wavelengthsdue the fact that the slab is strongly guiding. As it

can be seenin Fig.(6.31) the �eld is strongly coupledto the waveguideand this coupling is

unidirectional, although the incident �eld is perpendicular to the slab. Other methods of

the grating coupling require the incident beamto be tilted at a very speci�c angleand the

coupling e�ciency is strongly dependent on this angle. A very good agreement between

the simulated results and the fundamental mode (analytic solution) of the slab can be

observed in Fig.(6.32). The 
uctuation of the �eld far from the slab is due to the leakage

from the coupling mechanism.
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Figure 6.31: GB Coupling into a Slab Waveguide
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Figure 6.32: Comparisonof the Fundamental Mode (FDTD-Analytic Solution)
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TF SF 

Source Observation Plane

Figure 6.33: Schematic of the Transmissionproblem

6.9 A Transmission Problem

In this example,the very thin dielectric transparencyis illuminated by a GB. The fact that

the output �eld can be chosenin the TF region is demonstratedby this example. In many

practical problems the transmittance of light through optical structures is of paramount

importance. For examplea laserbeampassingthrough a Fresnellens[76] or through a slab

of LHM material. All theseproblemscanbe categorizedastransmissionproblems. If these

structuresareplacedinsidean FDTD lattice the output �eld hasto becalculatedin the TF

regionasthe collective e�ect of the incident and transmitted �elds forms the output of the

system. The applicability of the hybrid method to this classof problemsis shown in this

very simple example. The geometryof the problem is given in Fig.(6.33). The refractive

index of the transparencywasn = 1:5, its pitch � = 1:5� and the thicknesswas�= 15. Due

to the very small thicknessof the transparencythe phaseshift experiencedby the beam

doesnot di�er signi�cantly for the di�eren t points on the transparency. Thereforea very

small 
uctuation is seenin the transmitted �eld in the near �eld of the transparency. It

must be noted that this �eld is calculatedin the TF region. The amplitude of the beamis

neverthelessreduceddue to re
ection from the surface.100� away from the transparency

the original form of the beamis obtained.
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Figure 6.34: Top 3D Plot of the TransmissionProblem
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Figure 6.35: Near Field of the Transmitted Field
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Figure 6.36: ComparisonbetweenFDTD results and free spaceGB propagation

6.10 Estimation of Error

Fig.(6.37) shows the sourcesof error created by the di�eren t components of the hybrid

method: In Gabor expansionas a limited number of beamsare used to represent the

aperture plane, truncation errors are the main sourceof inaccuracy. The other sourceof

error is representation of the aperture �eld using GBs (ignoring the higher order terms).

In the FDTD region the main sourceof error is the error due to discretization. The �ner

the FDTD lattice the moreaccuratethe results. The other sourceof error is the due to the

�nite sizeof the FDTD computational domain (re
ections causedby PML). This problem

canbeovercomeby increasingthe sizeof this domain. Another problemis the imperfection

of the TF/SF region formulation. Again by choosinga �ner grid sizethe error due to this

imperfection is reduced. The �nal sourceof error in the FDTD region is the fact that

the results should reach steadystate. The error causedby this can be estimatedby curve

�tting the �eld at somepoint on the observation plane by a pure sinusoidal function and

�nding the mean squarederror. In utilizing the near �eld to far�eld transformation the

errors involved are thosedue to integration and calculation of Hankel functions.
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TF SF 

I II

PML

Gabor Expansion/GBT:
1.Truncation Errors.
2.Beam field representation.

FDTD:
1. Discretization errors.
2. Finite size of FDTD.
3. Errors due to TF/SF.
4. Has steady state 
    been reached? 

Gabor Expansion/GBT:
1.Truncation Errors.
2.Beam field 
   representation.

Proppagation from I to II
1. Integration Errors.
2. Errors in calculating 
Hankel  function.

Figure 6.37: Di�eren t sourcesof Error



Chapter 7

Summary of Con tributions and

Future Work

7.1 Summary of Con tributions

In this chapter the main contributions of our research and the major topics presented in

this thesis are summarized. The main purpose of the research presented in this thesis

has been to create a computationally e�cien t method for analysisand designof passive

photonic structures. Our main focus has beenon unbounded wave structures. As these

structures are in generalextremely large in terms of the optical wavelength of the driving

sourcesa singlead hoc method can not be usedto both accuratelyand e�cien tly analyze

them. Thereforea hybrid method was usedfor this purpose.

The main contribution of this research has beenthe actual combination or \ hybridiz-

tion " of three methods:

1. The GaussianBeam tracing method.

2. The Gabor expansionmethod.

3. The Finite Di�erence Time Domain method.

First a novel 3D GaussianBeamTracing method wasdeveloped basedon phasematch-

ing techniques. This method which enablesone to �nd the re
ection and refraction of

a Vectorial General Astigmatic GaussianBeam from a general curved surface was for-

mulated, implemented and veri�ed. The fact that the hybrid method is computationally

e�cien t is mainly due to the speedof the GBT. Free spacepropagation, re
ection from
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mirrors, re
ection and refraction from lensesand prisms and many other similar problems

canbe accuratelyand e�cien tly handledby this method. Fields at the focal planeof lenses

can be easily found and the problem of causticsdoesnot exist in this method. The main

limitation of GBT is that the surfaceunder considerationmuch be relatively smooth. In

general,di�raction phenomenoncan not be modelled by this method. The use of many

examplesin this thesishas revealedthe speed,accuracyand versatility of this method. A

2D versionof this method hasalsobeenformulated in Appendix C.

If the sourceof electromagneticwave in a speci�c problem is not of Gaussianform, it

needsto be expandedin terms of a number of Gaussianbeams.The Gabor expansionhas

beenusedin this research. This method which is basedon a seriesexpansionof an aperture

�eld into elementary beam functions has been extensively investigated in the literature.

In this method the �eld over a 
at or curved surfaceis represented by a quadruple sum

of Gaussianelementary function. Subsequently, using asymptotic techniquesa beam�eld

representation of the radiated �eld is obtained. A general3D Gaussianbeam representa-

tion of the radiated �eld is extremely di�cult to formulate. In this work, a method for

extendingthe 3D Gabor expansionto the caseof astigmatic beam�elds hasbeenproposed

wherethe resultant Gaussianbeamsare narrow waisted in onedirection. Both the 2D and

3D Gabor expansionof a �eld on a 
at surfacehas beenimplemented in this work. The

classof problemsconsideredin this work (for examplethe expansionof the Fresnelzone

scattered�eld of a di�raction grating over an aperture sizeof 100� ) hasnot beenreported

in the literature. The GBT and the Gabor expansionhave beencombined in this research.

The beam �elds produced by the Gabor expansionare e�cien tly propagated using the

GBT through optical structures. At any desiredplane the Gaussianbeamscan be added

up and then re-expandedin terms of a set of new Gaussianbeams.

In somecasesdue to either the sizeof a structure or its physical properties the combi-

nation of GBT and Gabor expansioncan not be used. In thesecasesthe Finite Di�erence

Time Domain method hasbeenusedin this work. As the spaceoutside the FDTD lattice

is analyzed by GBs, the FDTD method must have the capability of launching GBs at

arbitrary angles.Due to the lack of suitable commercialsoftware, a very robust 2D FDTD

has been implemented as part of this research. The GBT has been combined with the

FDTD. The time harmonic GBs usedin GBT are �rst converted to their sinusoidal form

and subsequently any number of shifted and rotated beamscan be launched at the same

time insidethe FDTD lattice. To our knowledgeno commercialsoftwarehasthis capability.
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To demonstratethe power of the hybrid method, many practical exampleshave been

presented. A systematic approach has been used to minimize any possibleerror. Many

interesting results wereobtained using the hybrid method that demonstratedits accuracy

and generality for analysis and design of passive photonic structures. Although only a

limited number of structures have beenanalyzedin this work, the problemsthat can be

modelled using this method are virtually limitless.

7.2 Future Work

This research can be extended in many ways. Some of the proposed areas for future

research are listed below:

1. Inclusion of the Goos-Hanchenshift for a 3D GAGB re
ection from a curved surface.

2. GBT formulation for a pulsedGB.

3. Inclusion of edgedi�raction from dielectricsand metals in the GBT.

4. Automation of the GBT.

5. GeneralGabor expansionfor arbitrary beamwaists at the aperture plane.

6. Implementation of a 3D FDTD.



App endix A

Geometrical Optics Field

A.1 Astigmatic Rays in Homogenous Media

Using Maxwell's equationsin time harmonic form:

~r � H (r ) � j w� E(r ) = 0 (A.1)

~r � E(r ) + j w� H (r ) = 0

~r :B (r ) = 0

~r :D (r ) = 0

together with the constitutive relationships:

D = � E

B = � H

leadsto the Helmholtz equation:

~r 2E + k2E = 0 (A.2)

wherek = w
v is the wave number of the mediumand v is the velocity of light in the medium

and is de�ned asv = 1p
�� , and � and � are the permittivit y and permeability of the medium

and r . According to Lunberg-Kline [38] asymptotic expansionof the electric and magnetic

�elds leadsto:

E = e� j k0 �( r )
X

m� 0

e(m)

(j k0)(m)
; H = e� j k0 �( r )

X

m� 0

h (m)

(j k0)(m)

(A.3)
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wheree(m) , h (m) and � are generallyfunctions of position but not a function of k0 = w=c.

The leading term of this asymptotic expansionis referredto as the Geometrical Optics

�eld (for very large k0), and is represented by:

E0(r ) = e(r )e� j k0 �( r )

H 0(r ) = h(r )e� j k0 �( r ) (A.4)

Substituting Eqn.(A.4) in Maxwell's equationsand the Helmholtz equation leadsto di�er-

ential equationsrelating e(r ), h(r ) and �( r ) where�( r ) is the Phase. For the geometrical

optics �eld, the Eikenol and Transport equationsare obtained respectively by:

j ~r � j2 = n2 (A.5)

(r � :r )e +
1
2

(r 2 �) e = 0 (A.6)

wheren = v=c is the refractive index of the medium and , c = 3 � 108 is the speedof light

in vacuum. The surfacesof constant phaseare called phase fron ts or wave fron ts and

the spacecurvesnormal to the wavefronts are called rays. Using Eqn.(A.5) the following

important observations [38, 77, 78] can be made:

1. Ray tra jectories In a homogenousmedium the rays are straight lines; therefore if

s is a variable measuringarc-length, then:

r (s) = A s + B

whereA and B are constant vectors.

2. Phase contin uation The phasechangeslinearly:

�( s) = �( s0) + n(s � s0)

wheres0 denotesan arbitrary number.

3. Amplitude contin uation The amplitude of the �eld changesaccordingto:

e(s) = e(0)

s
R1R2

(R1 + s)(R2 + s)
(A.7)

where R1 and R2 are the radii of curvature of the phasefront. SeeFig.(A.1) and

Fig.(A.2)
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Figure A.1: Astigmatic Rays
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Figure A.2: Narrow ray Tube around a central ray.
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This formula represents an Astigmatic Field as the phasefront has two distinct radii of

curvature. The plane wave, sphericalwave and the cylindrical wavesare special forms of

this equation with (R1 = 1 ; R2 = 1 ), (R1 = R2 6= 1 ), (R1 = 1 ; R2 6= 1 ) respectively.

The points s = � R1 and s = � R2 are the two causticsof this �eld where in theory, an

in�nite number of rays passthrough and therefore the geometricoptics �eld predicts an

in�nite �eld. According to what was presented above, the geometricoptics �eld can be

represented as

E0(s) = e(0)

s
R1R2

(R1 + s)(R2 + s)
e� j nk 0s (A.8)



App endix B

Phase Matc hing

Given the incident �eld (bundle of rays) and the equationof a general3D surface,the only

unknowns required to fully determinethe re
ected and transmitted rays are the curvature

matrices of the re
ected and transmitted rays. If the surfaceis approximated ~r (d1; d2) by

a quadratic equation the following is obtained:

~r (d) = d �
1
2

(d �CdT )n̂ + O(d3) (B.1)

whered = d1d̂1 + d2d̂2 and (d1; d2; n) is a local coordinate systemdescribingthe surfaceof

incidenceand d̂1 and d̂2 are unit vectors in the tangent plane to the surfaceat the point

of incidenceand �C is the curvature matrix of the surface. Now considerthe phaseof the

incident �eld:

� (x i ; zi ) = zi +
1
2

x i : �Q i (zi )xT
i

The phaseneedsto be found at all the points on the surface,therefore,x i component and

zi components of ~r (d) are found. This yields

x1i = x̂1i :~r (d) = x̂1i :d̂1 + x̂1i :d̂2 �
1
2

(d �Cd T )n̂:x̂1i + O(d3) (B.2)

x2i = x̂2i :~r (d) = x̂2i :d̂1 + x̂2i :d̂2 �
1
2

(d �Cd T )n̂:x̂2i + O(d3) (B.3)

zi = ẑi :~r (d) = ẑi :d̂1 + ẑi :d̂2 �
1
2

(d �Cd T )n̂:ẑi + O(d3) (B.4)
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zi

n

d1
d2

Tangent plane to the surface

x2i

r(d)

qi

Figure B.1: Ray-�xed coordinate system.

In the �rst two equationsignore the terms in O(d2) are ignored [24]. This would greatly

simplify the results. As mentioned earlier as long as d̂1; d̂1; d̂2; x̂1i ; x̂2i are vectors in the

tangent plane of the surface and the tangent plane of the incident wavefront then the

above equationshold. The results are further simpli�ed by assumingthat d̂2 = x̂2i . See

Fig.(B.1). The fact that this can indeedbe done is shown in Fig(B.2). This choice leads

to the ray-�xed coordinate systemfor the incident �eld , and the above relationshipswould

be greatly simpli�ed:

x i = �K i d

zi = ẑi :~r (d) = d1ẑi :d̂1 + d2ẑi :d̂2 �
1
2

(d �Cd T )n̂:ẑi

�K i =

"
cos� i 0

0 1

#

(B.5)

Although cos� i hasbeenusedit is better to write x̂1i :d̂1 becausethe signof this term might

changedepending on which sideof the surfacethe pencil is incident upon. Thereforethe

phaseat P0 can be expressedas:

� i = ẑi :d +
1
2

:( �K i d) �Q i (zi )( �K i d)T (B.6)
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Figure B.2: 3D plot showing the point of incident ray and the surface.

The next approximation usedis that although �Q i is a function of zi for the points on the

surfacebecausethe rays are paraxial it can be taken as �Q i (P0) and denotedby simply �Q i

for convenience,so that the phasecan be expressedin the form:

� i = ẑi :d +
1
2

d:��d T (B.7)

�� i = �K T
i

�Q i
�K i + �C cos� i (B.8)

Exactly the samething can be said for the re
ected and transmitted pencils.

�� r = �K T
r

�Q r
�K r � �C cos� r (B.9)

�� t = �K T
t

�Q t
�K t + �C cos� t (B.10)

�K r =

"
� cos� r 0

0 1

#

(B.11)

�K t =

"
cos� t 0

0 1

#

(B.12)

Now the phaseof the incident, re
ected and transmitted pencilsarematchedon the surface.

The phasehas a linear term and a quadratic term which should be matched separately.
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The linear term con�rms Snell's law and the quadratic terms givesus the equationsfrom

which the curvature matrix of the re
ected and transmitted pencilscan be found;

k1
�� i = k1

�� r = k2
�� t (B.13)

Which yields

�Q r = ( �K r )� 1[ �K T
i

�Q i
�K i + �C(cos� i + cos� r )]( �K r )� 1 (B.14)

�Q t =
n1

n2
( �K t )� 1[ �K T

i
�Q i

�K i + �C(cos� i �
n2

n2
cos� t )]( �K t )� 1 (B.15)

Theseequationshave beensimpli�ed and explicit equationsfor Qr and Qt exist [40],[77].

Once the elements of the curvature matrices are found, the principal radii of curvature

from can easily be obtained:

1
R1;2

=
1
2

Q11 + Q22 �
q

[(Q11 � Q22)2 + 4Q2
12]



App endix C

2D GB Tracing

In this appendix it is shown how the above phasematching can be used for tracing 2D

GBs. Although the tracing of a 2D beam is simpler and lessgeneral than the 3D case

we needit for the hybrid method. It must be noted that the 2D casecan not be simply

derived from the 3D caseand it needsseparatetreatment.

C.1 2D GBs

The 2D GB propagating in the z direction in a medium with refractive index n is given

by:

E(x; z) = E0y ŷ

s
j b

z + j b
exp(� j kz �

j k
2

x2

z + j b
) (C.1)

whereb= n� w2
0=� is the Rayleigh rangew0 is the minimum waist and � is the wavelength

and k = 2� =� . If this function is written in the form:

E(x; z) = E(0) exp(� j kz) (C.2)

it can easily be veri�ed that  is a solution of the paraxial Helmholtz equation:

@2 
@x2

� 2j k
@ 
@z

= 0

Therefore, Eqn.(C.2) is valid in the paraxial regime meaning that such function would

satisfy the wave equationonly when it remainsrelatively well focused.If the denominator

of x2=(z + j b) is multiplied by its conjugate, Eqn.(C.2) can be written in the following

standard form:

E(x; z) = E0

s
j b

z + j b
e� j kze� j 1

2 k x 2

R ( z ) e� x 2

w 2( z ) (C.3)
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where:

w(z) = w0

r

1 + (
z
b

)2

R(z) = z[1 + (
b
z

)2]

(C.4)

Clearly the spot size w0, the Rayleighrangeb (sometimesreferred to as zr ), the direction

of propagation, the position of minimum waist and the complexamplitude E0 completely

specify a GB.

C.2 Re
ection and Transmission from a General Curv ed

Surface

Consider a 2D GB that is incident upon a generalcurved surface,Fig.(C.1). It can be

shown that if at the point of incidencethe waist of the beam is smaller than both the

radius of curvature of the surfaceand also than the radius of curvature of phasefront

R(z) then the re
ected and transmitted beamswould remain GBs. The goal is to �nd the

re
ected and transmitted beamsfrom the interfaceoncethe incident beamis known. For

this problem two di�eren t coordinate systemsare considered:

1. Main Coordinate system(x; z) is a �xed coordinate systemin which the equationof the

interface is known.

2. (x l ; zl ) refersto the ray �xed coordinate system[40] for l = i; r; t for incident, re
ected

and transmitted respectively.

The point of incidencewith the surfacez = f (x) is 0. The normal vector to the surfaceat

the point of incidenceis given by

n̂ = ~r (f (x) � z)

The re
ection and transmissiondirections are determinedfrom Snell's laws:

ẑi :n̂ = ẑr :n̂ or � i = � r (Law of re
ection) (C.5)

n1(ẑi � n̂) = n2(ẑt � n̂) or n1 sin� i = n2 sin� t (Law of refraction) (C.6)
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wheren1 and n2 are the refractive indicesof the two medium shown in Fig.(C.1). The case

of re
ection from a perfect conductor can also be easily handled by only consideringthe

re
ected beam. The angle of incidence,re
ection and transmissionare denotedby � i , � r

and � t . Once thesedirections are known the ray �xed coordinate systemof the incident,

re
ected and transmitted beamscan be found from ( seefor example[41]):

x̂ i =
ẑi � (n̂ � ẑi )
jẑi � (n̂ � ẑi )j

x̂r = �
ẑr � (n̂ � ẑr )
jẑr � (n̂ � ẑr )j

x̂ t =
ẑt � (n̂ � ẑt )
jẑt � (n̂ � ẑt )j

(C.7)

Now that the direction of propagation of the re
ected and refracted beamsare obtained

the other parameterscan easily be found.

C.3 Phase Matc hing and Determination of the Am-

plitude of the Re
ected and Refracted Beams

Phasematching is used to �nd the spot sizeand origin of the re
ected and transmitted

GB's. It is assumedthat the re
ected and refracted beamsremain GB's so there exists

three di�eren t GB's:

E i (x; z) = E0i ŷ

s
j bi

zi + j bi
exp(� j k1zi �

j k1

2
x2

i

zi + j bi
)

E r (x; z) = E0r ŷ

s
j br

zr + j br
exp(� j k1zr �

j k1

2
x2

r

zr + j br
)

E t (x; z) = E0t ŷ

s
j bt

zt + j bt
exp(� j k2zt �

j k2

2
x2

t

zt + j bt
)

(C.8)

The procedurefor the re
ected beamis explainedonly, the details of obtaining the param-

etersof the transmitted beamis identical soonly give the resultsare given. In Fig.(C.1) If

~r (t) is a vector whosetip tracesthe surfaceof incidencein the (x; z) plane, if it is assumed



124

Figure C.1: The geometryof GB re
ection and transmission

that the beamwaist (spot size)at point of incidenceis much smaller (about half) than the

radius of curvature of the surface,a quadratic approximation for the surfacecan be used:

~r (t) = td̂2 + nn̂ = td̂2 �
1

2R
t2n̂ (C.9)

where R is the radius of curvature of the surfaceand n and t are the coordinate of the

point. The next step is to expressthe coordinatesof the surface(tip of ~r (t)) in the (x i ; zi )

and (xr ; zr ) systems. This is done so for points that are closeto the point of incidence

the phaseof the incident and re
ected beamscan be correctly matched. If ~OO
0

and ~OO
"

are the vectorsconnectingthe origins of the incident and re
ected beamsto the point of

intersection, it is easily shown that:

~r
0
(t) = ~OO

0

+ (t cos� i + n sin� i )x̂ i + (t sin� i � n cos� i )ẑi

~r " (t) = ~OO
"

+ (� t cos� r + n sin� r )x̂r + (t sin� r + n cos� r )ẑr (C.10)

Where~r
0
(t) and ~r " (t) are expressedin the incident and re
ected beamcoordinate systems.

Note that ~OO
0

and ~OO
"

are in the direction of ẑi and ẑr respectively and thereforecreate

a constant phaseterm which shall be dealt with later. Matching the phaseof the incident

and transmitted wavesthe following relations are obtained:

t sin� i +
1

2R
cos� i +

1
2Qi

t2 cos2 � i = t sin� r �
t2

2R
cos� r +

t2

2Qr
cos2 � r (C.11)
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whereQi and Qr are the socalledcomplexcurvature of the wavefronts of the incident and

re
ected beamsand are given by

Qi = zi + j bi

Qr = zr + j br

(C.12)

The secondapproximation that usedis that Qi and Qr remain constant and equalto there

valuesat the point of incidence.This approximation implies that the waist of the incident

and re
ected beams must be much smaller than the radius of curvature of the wavefronts.

Eqn.C.11 must hold for all values of t. The �rst order terms yield the law of re
ection

(� i = � r ) and the secondorder terms yield:

1
Qi

=
1

Qr
+

2
R cos� i

(C.13)

whereQi = � i + j bi and Qr = � r + j br ; � i and � r are the distancesfrom the origin of the

incident and re
ected beamsfrom the surface,Fig.(C.2). Following the exact sameproce-

dure for the transmitted beam it can be shown that the following equation for obtaining

the curvature matrix of the refracted beamis obtained:

1
Qi

=
n1

n2
(
cos� i

cos� t
)2 1

Qt
+

n1 cos� i � n2 cos� t

n2 cos� 2
t R

(C.14)

From the above equation the spot sizeand the position of minimum waist (origin of the

coordinate systemof the beam) are obtained.

To determinethe amplitude, Fresnelcoe�cien ts are used,
 (� i ), at the point of incidence.

This is obviously justi�ed as long as the beam waist remains small over the region of

interest. Thereforethe amplitude of the re
ected beamis given by:

E0r = 
 (� i )E0r

s
bi (� r + j br )
br (� i + j bi )

(C.15)
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Figure C.2: The geometryof GB re
ection and transmission
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