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+ 37715656752 T2° ;> ~ 296770614753, px $2° — 384365250 &,” 7 ¢2°

+ 1022112000 X" — 3779136000 &2 s ¢2° + 103335750 6,” v ¢2°

+ 5557987125 ¢, 7 $2° + 6759979200 &, X $2° — 13987736100 4,” 7 ¢,°

+ 2196622800 $,% v ¢2° + 8263069200 &, A ¢, + 2515322160 &,° X 62*

— 82555200 3,5 X 6,7 — 4629678912 8,2 v ¢,° — 5979531375 8,7 pz 2°

- 4882550400 6,% A ¢ — 41778749448 i ¢,° ¢,* — 6092022400 T h2* 4,°

— 18991709568 T > ¢, ~ 8452359072 H d,° ¢2*

+ 35157088368 [, ¢2° — 8093255040 T d,° #2°

+ 12348779904 & §,° ¢2° — 4535930880 T d, ¢2*

~ 8675612416 B¢, ¢2° — 6824030720 B 4,2 @,°

+ 18639723240 X ¢,° $,° + 15570182592 ,% 7 ¢,°

+ 219463206727 ¢2° @,* + 377257500 ¢, X ¢,° — 2254031550 &,7 v ¢,°

~ 818215200 ¢,% u ¢3° — 19233376128 v ¢,° $,* — 778752000 i 6>

~ 47010632580 u ¢5° $,% + 3546220500 $,° A g2 — 2112642000 &,° A 4,2) /
((5242+ 608, + 45 622 3,)? (528, + 60 67 + 45 62 ,7)
(2623, + 30062 + 243628," + 2473,)$2) = 0. (4.187)

Applying é to this equation we finally obtain

441591750 ¢,” 4,° + 310645125 ¢,® 6,° ~ 22136490 ¢,° ¢, + 17583744 ¢, $,°
— 3498368 ¢,° 6, + 16398720 6,° — 3560128 ¢,° — 393120 ¢.° &,

~ 177632000 ¢,° 6,2 — 107857904 ¢5* §, — 52284384 ¢,> &,°

— 112661856 ¢, ¢, — 105529032 6,7 &, + 988474185 ¢,” P5

— 88746576 ¢2° §, — 1530578808 &,* 62" + 667433538 &, 45

— 190683720 ¢,° $2° + 804787650 &,° $2° + 332813600 ¢° 4,°
+ 1312034112 ¢,° ¢2% + 686129256 &, ¢, — 200584704 3,° ¢,*
— 2318632020 ¢° ¢2* — 303342408 6,° ¢,° + 35471520 ,° 62

— 162751680 ¢,° — 48740016 ¢;° + 1022112¢," = 0. (4.188)

In terms of the real variables y; and y;, defined in (4.174), the real and imaginary parts
of (4.188) have the form

L, = y1(269797096 y,* yZ — 5466377538 y,® + 2096123712 v, y,2
— 3591041850 y,® + 4213949265 y,% 2 + 697196970 ¥,° y,*
— 7387688430 1, y.° — 2462001075 y,'® — 7913378835 y;2 y.° — 490343625 y,'2
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+ 3270840750 y,° y22 + 5070650625 y;° y,* + 2618932500 v,° y2°

— 1142251875 y;* y2® + 1580441625 y;'° + 752236875 1,12

~ 1699481250 v, y,1° + 26923968 y;% — 625815584 y,* — 661927840 y;*

~ 24430400 y,2 — 6465455704 y, y.* — 4722528648 y,° + 2078139320 y°

—~ 18320579712 ¥, 2% — 23807908980 1% y,* — 14544748656 v;° y52) , (4.189)

L; = y,(—6970927880 y;* y,2 — 287858646 y.° — 1381203968 ;2 y»°
+ 3169984050 y;® + 15739890435 y;® y22 + 24103263150 ;% y,*
+ 16372561590 y3* y2° — 15139305 y.'° + 4143838095 y,° v,®
+ 130946625 y,'? + 6998582250 3, % y, % + 14390004375 y1® v»*
+ 15044737500 y,% y2° + 8177101875 y,* 3,® + 3850211475y, 1°
+ 1373527125 ;12 + 2028260250 ;% y2'° — 80958656 ;% — 16139904 y,*
+ 459122560 y;* — 1123264 y,% — 2499935176 y,2 yo* — 32733656 y.°
— 4438311192 v,° + 3988582704 1% v,° + 12035885076 y;* y,*
+ 10929427776 1,° y.?) . (4.190)

Applying gsolve now to the set of equations {N,., N;, L., L;} we find that the only
possible solutions are given by

Tl = [yl 1 92] ) (4‘191)
T, := [24600y? + 13896y2 + 1211, 990288y3 + 2135768y2 + 182405] . (4.192)
Obviously, the set T3 admits no real solution.

Let us now suppose that the denominator of (4.169) is zero:
e1 1= 29, + 60¢2 + 45¢2¢2° = 0. (4.193)
This also implies that the numerator of (4.169) is zero:
fo = 276¢:¢, +398,> +20=0. (4.194)
In terms of the real variables (4.174) the real part of (4.194) have the form
R(f1) = 315y7 + 237y2 +20 =0, (4.195)

which leads to a contradiction, since it admits no real solution.

Let us consider now the case when the denominator factor e, of (4.185) is zero:

ez := 207 $o° ¢, + 300 ¢2 + 243 $2 ,° + 2476, = 0. (4.196)
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In this case the numerator of (4.185) is also zero:

f2 = 8775 ¢, 2° + 780 ¢2° &, (4-197)
+ 62100 ¢2* B,* + 68745 ¢,* $,2 — 2028 ¢,* + 577260 ¢5° $,°

+ 3364 ¢5° @, + 583740 22 G, * + 242436 2% §,2 — 6448 $,°

+ 11088 ¢2 ¢,° + 20128 ¢; §, — 347760 $,* + 35040 6,2 = 0. (4.198)

The real and imaginary parts of (4.196) are given, respectively, by

R(es) := y1 (450 ;% + 450y,%) =0, (4.199)
S(e2) = ~y2 (36312 +36y2%) =0. (4.200)

The real part of (4.198) has the form

R(f2) := 2380365 y1* y22 + 1075395 1% yo* + 62875 y,% + 61325 y,® + 1230525 y,°
— 74445 3,5 + 246850 112 y,% — 8464 y,° + 48720 4, + 2583600 y;2 y5>
~ 92900 y,* — 121804 y.* + 249950 ,% y,2 + 3726001, % y,* = 0. (4.201)

The application of gsolve to the system of equations formed by (4.199), (4.200) and
(4.201) shows that the only possible solution is y; = 0, y2 = 0, which is a contradiction.

Let us now go back to (4.158) and consider the case in which $;; = 0. We assume
that 8 # 0, since the case 8 = 0, ®;, = 0 was already considered.

Suppose initially that = #% 0. From [I;,, IVio and I1],p we have

d¢2 = 2¢28, (4-202)

8¢, = —6¢,8 + 4742, (4.203)

68 = 8. (4.204)
From the NP equations,

Du = ém + =% + fr, (4.205)

Dy = fr, ‘ (4.207)

8§85 = —20 ~ 28,,8 (4.208)

From the commutator [8, 8]®2; we find

§n = —3pw. (4.210)
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From the commutator [§, §]¢; we now find
w(38¢, — 27d2) = 0. (4.211)

Since we are assuming m # 0, we can solve this equation for 32. Substituting in V3o we
find
TB=0, (4.212)

which contradicts the assumption.
Let us now consider the case in which § # 0 and = = 0. From V3q, we find

$2620° =0, (4.213)

a contradiction.
(i) »=0.
Here we consider o # 0, since the case @ = 0, # = 0 was examined before. Let us

assume first that 8 # 0. Then, from (4.100) we must have ¢,2 — 4 # 0. Equations (4.111)
and (4.125) now imply, respectively,

~6628 + 56,0 =0, (4.214)
~3688 + 250 =0. (4.215)

F‘rom I/20$

—6 Py 9208 — 6 P2 Py 0@ — 15 ¢289,@ + 24883 + 24 6@

—9¢,8¢28 +19 ¢, JEzﬂ +13 32 dg@ + 86¢26$2

+32¢:8¢, T+ 725 +248% - 3626(86,) — 36,6(5¢2)

+2888T— 182, T — 6@, 428 =0. (4.216)

Substituting (4.100), (4.101) and (4.108) into (4.216), and solving the complex conjugate
for §a we obtain

—24¢,8,8° — 3¢,%a® + 44Ba + 9¢ Ba + 12a°

da = = 4.217
) b -4 a1)

Solving (4.214) for ¢, and substituting into (4.217) we find
da = -a(115 + 3a). (4.218)

However, from (4.132), .
Sa = a(1578 - 3a), (4.219)
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implying Ba = 0, a contradiction.

Let us suppose now that 8 = 0. From I1ly;,
Dy 429, +2Dp+da—aa=0.

From the NP equations

ba=at+®;, Dy=%;, Dp=0.

Substituting these Pfaffians into (4.220) we find
$,;, =0.
The commutator [§, 8], (cf. (4.132)) gives
ad(ps — 62) =0,
i.e., ¢2 = ¢,. Equation (4.219) becomes
2

da = -3a?,

and from Vi1,
a‘&(¢22 -4)=0.

From IIIQO, and (NP].S),

_ 5
dp= -8y —pa - 24522 )
3’?: '-7&-{"&'-):*[— P, .

Since ¢, is constant Vy; now becomes

2da+10’E~5@Aa+2%af — Toa+ 367a — 28 a +28ar

+48Fa=0.
Using (4.224), (4.226) and (4.227), this equation becomes
agy(—24 + 38y + 4¢,%) =0,

or, since ¢,2 = 4,
C!(-—S + 3@21) =0.

However, from the NP equations,

8%y = —2a(-1+ &) =0,

90

(4.220)

(4.221)

(4.222)

(4.223)

(4.224)

(4.225)

(4.226)
(4.227)

(4.228)

(4.229)

(4.230)

(4.231)
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so a = 0, which is a contradiction.

(iii) B =0.

91

We now suppose that a # 0, since the case @ = 0, 8 = 0 was already considered.

From the NP equations

da = ao + §11 ’
ér =Dy -7+ e,
D'[ = af + §11 .
From (4.120),
D[l =TT — §11 .
Thus, IIgg and I'Vig now become
6¢2 =0,

86, = —20,0 + 4T¢; + 26,0 .
Thus, using these Pfaffians in the commutator [§, §]¢; we find

g1 = 2&'¢2a—4b'z'1r$2 -25$2a—¢2 §11+81l’f¢2+477¢2&.
-3, P11 +4aTgy =0.

From V;o and Vi, we have, respectively

—16 9.2 a% — 12¢,%a* + 32DX - 327 + 64a7T + 16 da+ 48 &°
~8¢° DA+ 8¢2 7 —4¢%da=0,

4¢r80T~8nl ¢, @ —60ad,@+16DAT P2 +8DA g @
+47¢,00 + 8T pr0a — 12T P, DA+ 87 P, DA ~ 16 w27 ¢,
—28;, 0,0 -268), 9,7 -30a’P,@ - 127 P, o + 2872 @,
+24T G, M2+ 6B11 92 +24¢202 T+ 48T P2 a® — 4wy By
+6@Tdra+ 12T dra—16Tar g,

~387d,@a+ D(Ad)a=0,

(4.232)
(4.233)
(4.234)

(4.235)

(4.236)
(4.237)

(4.238)

(4.239)

(4.240)

where the second order Pfaffian D(A@,) can be determined from the NP commutator

[A ' D]¢2: _ _
D(A¢,) = —2and, + 4nTP, + 27 dax.

(4.241)
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Solving the complex conjugate of (4.239) for DA and substituting it into (4.240) we obtain
g2 == —16?&11'32 - 8p$ﬂz‘a+ 16?$21r2 +87r2?i$2 - 60:2?52&'
-127¢,a% — 81, P — 138, @, 7 + 12T py0® — 27 $2 By

—4Fndra—8FnPra+6¢a’T@+ 3P, ,2a=0. (4.242)

Applying gsolve to g;, g2, and their complex conjugates, we obtain the following set of
possible solutions:

Ky :=[1218); +24F, ¢ — ¢y, 4@+ 11T, 4+ 11 7], " (4.243)
Ky :=[®,@+ 27, a+27], (4.244)
K3 :=[®1,¢2a-27d, —ppa,@n +27F + aT]. (4.245)

If ¢; = @, we have from (4.238) and (4.239) that 7¢; =0, so # = @ = 0, a contradic-
tion.

If a+27 = 0 and &,;; = 0, we obtain the corresponding forms of §¢,, da, Dy, calculate
the the second order Pfaffian D(A¢;) from the respective commutator, and substitute
them into Vi; tofind a=n = 0.

What remains is solution K3. If # = 0 we have immediately that ¢, — $2 =0, a case
that was considered above. So, taking = # 0, we introduce the variable z; := a/#. Thus
this solution implies

11 =0, (4.246)
z+71+2=0, (4.247)
z(42 — 52) - 252 =0. (4.248)

Thus, we can eliminate z; in terms of ¢»:
2¢,
P2 — ¢,

(4.249)

T =

At this point, the simplest attempt to close this case would consist in using (4.247)
and (4.248) to eliminate Z7 and 2; from Vi;:
T ($2?6,” — 6628, + 8,7 + $2%)
(—¢2 + ¢,)?
Since the case ¢, — ¢, = 0 was already considered, we find that ¢, must satisfy the side
relation

(4.250)

$276,2 — 662, + &% + 2 = 0. (4.251)



4.2 Proof of the Main Theorem ) 93

However, this equation is not restrictive enough. It is also recurrent under further appli-
cations of § to it. Thus, we still need one more side relation. We observe that Vj; has
the form

437 8¢s + 287802 +28(8P,) A — 282, 802 + 282 A,
+258(0¢2)E+7a°Ad, +(A%,)a+48ad, —378(3¢2)

+927 ¢y + 43 AP, +83Edra — 14T ¢, a® — 2@ A 3¢,

+14a? 4, 7+ 127aAd, + 20’ i+ 4 ¢2 8 + 14add, B
~137ad¢; —6F¢20a+2¢,07a—3Ad¢,a— 4Pz dz @
+4¢,8GA+457¢a+ 807, T+ 40ad, 7 — 4T A2

+6mP, By —4TNPra—8TAGra— 6 E

+24rag,¥=0. (4.252)

Let us determine all Pfaffians appearing in the expression above, beside those found
previously. From (NP15), (NP7) and the commutator [§, A]@, we have, respectively:

07 = —Ja + @\ + &2, (4.253)
or =DA-n?~ar, (4.254)
5(A3,) = —ald, — 2X$,a + 4ATa + 2\&,; - (4.255)

The Pfaffians DA and D% can be eliminated using (4.239) and (4.235), respectively. The
terms containing da and A¢, cancel themselves. Finally, from ITIoo,

Sp= % (—@12 - Y& ~ &y + aX - 2ua ~ g¢2$2 + 21rX) . (4.256)

After all substitutions, (4.252) takes the form

—-107r¢2$§ —5¢2a$§+85Aw$2 - 574,85 +4) GG x
—33,aP +16TATG, +8TAP,a+46¢, 7+ 24
—-8FAdra—4TaAPpa=0. (4.257)

Using (4.247) and (4.249) this equation assumes the form

7 (10638, — 4643+ 5628, 321 — 2628, + B2 83)
$2— ¢,

=0. (4.258)

From (NP25),
082 = 2(a+2m - adyy) . (4.259)
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Applying § to (4.258), using (4.236), (4.237), (4.259), (4.247) and (4.249), we obtain

Py (g — $z§22(5¢2 + 8,) —0. . (4.260)
b2 — ¢,
Thus,
&,y = b2 (4.261)
?,

Substituting this expression into (4.258) we get, finally,

$2(41¢2+ ¢,) =0, (4.262)

i.e., ¢; = 0, a contradiction.

Thus, we have proved that the assumption that Ay ;; # 0 leads to a contradiction.
So, the necessary conditions for the validity of Huygens’ principle imply that we must
have H;; := Aj; j; = 0. The last step of the proof requires the use of the following lemma
[38}:

Lemma 4.3 Every scalar wave equation of the form ({.1) for which Ay ;; = 0, is related
by a trivial transformation to one for which A; = 0.

The proof consists in observing that A; ;; = 0 implies that the differential form A = A;dz?
is closed. Thus there exists locally a function k such that A = dh. It follows that for
transformation (bc) (cf. Subsection 2.3.1) with A = ezp(~h/2) one has, according to
(2.125), 4; = 0.

From necessary condition I (cf. (2.181)) we now have B = R/6, so the wave equation
is conformally invariant.

Thus, the Main Theorem is proved.



Chapter 5

Maxwell’s Equations and Weyl!’s
Neutrino Equation

5.1 Introduction

In this chapter we consider the problem of determining the validity of Huygens’ principle
for Maxwell’s equations and Weyl's neutrino equation in Petrov type III space-times.
We start by reviewing the theory of the initial value problem for both cases and the
determination of the necessary conditions. The review will follow the papers of Giinther
and Wiinsch [39] (41] [82] [84] [85]. Finally we shall prove the main result of this chapter,
that states that there are no Petrov type III space-times on which Maxwell’s equations
or Weyl’s neutrino equation satisfy Huygens’ principle [63].

5.2 Huygens’ principle for Maxwell’s equations

The problem of the validity of Huygens' principle for the solutions of Maxwell's equations
for p-forms in a curved space-time was considered for the first time in 1965 by Giinther
[39]. These equations are given by

dw, =0, dwp, =0, (5.1)
where wj, is the p-form

w, = (1/p!) w,-lm,-pdz"‘ A...Adz®. (5.2)

95
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The symbols d and é denote the exterior differentiation and codifferentiation operators,
respectively, given by

(d‘dp)il n-ip+l = (p + l)a[il wi:---ipi»l] ¥ (5'3)

and
k
(awp)il wefpal =-V Whey weelpet” (5'4)
For p = 2 and dimension n = 4 we obtain the Maxwell’s equations for the electromagnetic

field:
a[awbc] =40, ijja =0. (5.5)

The Laplace-Beltrami operator in this case is defined as

O=-(§d +dJé). (5.6)

The initial value problem for (5.1) was studied by Duff [30] in 1953, using the Riesz
kernel formalism [71] , and by Lichnerowicz [55] in 1961, using the distribution formalism.
Giinther used the first method to establish the first necessary condition for the validity
of Huygens’ principle for (5.1) with n = 4 and p = 2, which is the vanishing of Bach’s
tensor (2.201).

5.2.1 The Riesz kernel

Let I'(z,&) denote the square of the geodesic distance between two points z and £ (cf.
(2.134) in a n—dimensional pseudo-Riemannian space M™". The Riesz kernel is defined
by the double p—tensor:

rA-n)/z2 = Vk(p) (z, f)rk

e T @) ST ()

(5.7)

where ) is a complex parameter, I'(\) is the Euler gamma function ! analytically contin-

ued to the complex plane, and Vk(lp ) are double p—differential forms given by

Vi) (2,6) = Ayir iy ar oy (2, €) d2™ A - - dzPdE™IA - - RdE®P . (5.8)

The symbols A,;,..i,,a,-, denote the components of the double p—form V,c(p ) and the
symbol ~ is used to denote operations relative to the variables £*. It can be shown [30]
that V, must satisfy

OWVplz, £, A+2) = Vi(z,£,)). (5.9)

'we denote the Euler gamma function by a boldfaced gamma to distinguish it from the square of the
geodesic distance
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Substituting (5.7) into (5.9) and equalling the coefficients of the powers of I' to zero, we
obtain the following recursive system:

PRAVA VJ'VO(p) + LVO(?) =0, (5.10)
GV VP L (L+ 20V = -av®, k=1,2,..., (5.11)

where the covariant derivatives are relative to z*, and V,V is the differential form whose
coefficients are given by VaA ;i ., a1-ap(2§) (with A, . considered as a covariant
tensor of rank p). L(z,§) is given by

L(z,8) == %v*v,»r -n, L{£€§=0. (5.12)

Equations (5.10) and (5.11) can be considered as ordinary differential equations (transport
equations) along the geodesic line between z and £ [71] [42] [32]. For p = 0, VO(O) is
uniquely determined by (5.10) and the initial condition V (¢, £) = 1. Notice that V"’
can be identified with the U defined for the self-adjoint scalar equation (A* = 0) (see
(2.40)). It can be shown that for %‘p ) we have the following initial condition:

gilal e gigap
1
Agiy -fp @y Qp &&= G’f)"f €, (5.13)

gip(!] e gipap

while Vk(p )k > 1 is determined by (5.11), together with the requirements for regularity
at z = £. This shows that (5.11) admits a solution system V,fp)(::,f), which is analytic
in z and £. When z and £ are in a sufficiently small neighborhood U(£) and R(A) > ¢
the series in (5.7) converges absolutely and is regular in z, £ and A. Thus V,(z,§, A) for
z,£ € U,T >0, and X arbitrary, is an analytic function in z, £ and A. If R(A —n} > 0,
then V,(z,&,]) is also regular on the characteristic surface, I'(z,£§) = 0. If, however,
R(A — n) < 0, then V,(z,£, A) is singular for I'(z,£) = 0. One exception occurs for
A=n-2¢,¢=1,2,..., when V(z,£,n - 2g) is regular for all z, £ € U.

The Riesz kernel also satisfies the following useful relations [30]:

Vo(,6,0) = Vp(€,2,2),  V&P(z,6) = V¢, 2), (5.14)
V;’(zlfl A) =% ;I/‘l-p(zl 6! A) y (515)
dVy(z,&,A) = =8V, (€, 2, ), (5.16)

8Vp(2,€,A) = ~dVp—1(€,2,)). (5.17)
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5.2.2 Cauchy’s problem for Maxwell’s equations

Let us consider an n — 1-dimensional space-like surface S of class C™, with parametric

representation
z¢ = z%(u’) i=1,2,...,n-1. (5.18)

Using this parametrized representation for the coefficients of a form w,, we obtain the
tangential part of wp, denoted by (w,)s, given in terms of the variables * and differentials
dz°. If we substitute dz® = 2Z:dv’ into (w,)s we obtain a form (wp)s,4s in the variables
v’ and differentials du’. The class of these forms is denoted by M(S). The initial value
problem for Maxwell’s equations is the problem of finding a form w,, 1 < p < n -1,
satisfying (5.1) for given (wp)s. This problem is also equivalent to the following: For
given (wp)s find a form w,, 1 < p < n — 1, satisfying

Owp, =0 (5.19)

and .
(dwp)s =0, (dwp)s = 0. (5.20)

The coefficients of (wp)s (the initial data) are not arbitrary, but on account of (5.20)
must satisfy

(dwp)sds = d{(wp)sas} =0, (5.21)
(d*wp)sas = d{(*wp)sas} = 0. (5.22)

The initial value problem can now be stated in the following manner:

Given on M(S) the p—form ©, = (wp)sds and a (n — p)-form O,_, =
(*wp)s,ds, with d®, =0, dII,_, = 0, find a p— form w, satisfying the equations

Owp =0, (dwp)s =0, (dup)s = 0. (5.23)

It has been shown by Duff [30] that the above problem has a unique solution.
Now we can state Huygens’ principle as follows:
Huygens’ principle is said to be valid for Maxwell’s equations (5.1) if for any

space-like surface S and any point z, w,(z) = 0 for all permissible choices for
the initial data on S, with support in D*(z) N S.



5.2 Huygens’ principle for Maxwell’s equations 99

5.2.3 Necessary and sufficient condition

For the initial value problem, let us choose z in a neighborhood of S, supp©,,
suppIl,_, € D(z) NS, Then, from the Riesz integration method the following repre-

sentation is found:

=- §Vp(z,€,2) Al 0, A%dV,(z,¢,2), 5.24
we) == [ @Ayt [ 0,REdV(e,E,2) (5.24)

where the integration variable is £. Employing the above representation, with

and using partial integration, Giinther [39] proved that a necessary and sufficient condition
for the validity of Huygens’ principle Maxwell’s equations (5.1) of order p, 1L <p<n-1
is

déVp(=,€,2)=0, (5.26)

for all z and £. Condition (5.26) is also equivalent to
8dV,y(2,£,2) =0,  ddVp_y(2,£,2)=0, diV,(z,£,2)=0. (5.27)

A detailed proof can be found in [39].

From this result Giinther [39] obtained the following immediate consequences:

(1) If n is odd Huygens' principle is never valid for (5.1).

(1) If n is even and the metric is Minkowskian then Huygens’ principle is
valid for Maxwell's equations (5.1) for any order p, satisfying1 <p<n -1.
(iii) If n is even and the space-time is conformally flat, then Huygens' principle
is valid for Maxwell’s equations (5.1} of order p = n/2.

The essential reason for the restriction in (iii) is that Maxwell’s equations (5.1), for n
even, are conformally invariant only for p = n/2([39)].

5.2.4 Necessary conditions for n =4 and p =2

When n = 4 and p = 2, equation (5.1) represents Maxwell’s equations for the electromag-
netic field and Huygens' principle is satisfied if the metric is conformally flat. Explicit
necessary conditions for the validity of Huygens’ principle can now be obtained from
(5.26) or (5.27). Giinther [39] considered the second equation in (5.27) :

K(z,£) = [ddVi(z.€, 2)]z=£ =0, (5.28)



5.2 Huygens’ principle for Maxwell’s equations 100

with ) .
~ L 3 V(= Qr
Vi(z.£,2) = Z;,Z«:, g (5.29)

The coefficients A,; (2, §) of V,cm can be developed into a Taylor series around §:

Ayia(2,6) = @iall) + Ginfiy 4 + Ginliyin ©'07 + -, (5.30)
Ajia(z,€) = bial€) + bia) 4" + bi oy 8¢ + -0, (5.31)
A—;i,a (31 5) = ci,a(&) + ci.a[i;q‘l + € exfiyiz q:l q‘: +-e, (532)
where ¢* = z* — £ and the following notation is used:
1
Ba-"lix"-ir(a = [ﬁa;, .- -ag,Bam(z,E)] . (5.33)

As in the case for the scalar equation, covariant Taylor expansions are here determined
in a system of normal coordinates z*, with origin at a fixed point . The equalities that
are valid only in this coordinate system are denoted by =. Thus

S e a0 s o .

¢ =z, I(z, &) =9:5 =27, 3;,-: gij(fo) , (5.34)
« 1 .

L(z,&) = 797 z*gi - (5.35)

From (5.10) a differential equation for A,; o(z, ) can be obtained in normal coordinates.
Using the initial condition A,ia(£, £) = gix(£), from (5.13), the coefficients a;q , aiqyi,, - - -
can be specified in terms of the metric and its derivatives. In order to expand (5.29) up
to three terms, we need to find b; 4, bisji,, biji,i; 2nd Cia-

Using (5.11), a differential recurrence relation between 4,;.(z1,£&) and 4,;(z1,§)
is induced. Since Vom does not appear in (5.29), we need only the first four terms in
the expansion (5.30). The recurrence relation allows the determination of b;4, biafs,
biaji i, and ciq(£) in terms of the metric and its derivatives. The calculations are lengthy,
requiring the use of the conformal invariance of certain tensors. Details can be found in
Giinther’s paper [39]. The result is

[47rdd.Vl(z,E, 2)] = -L Fia (13,;@;: L E;ﬁj) dz? A dz*AdE™ . (5.36)
z=E=fo 20
This implies that E,,,,—_— 0 and so, the conformally invariant Bach'’s tensor, Cop := Lgp;) -
%Ckab'Lu, vanishes.

Thus, we have the following result [39]:
A necessary condition for the validity of Huygens’ principle for the homo-

geneous Mazwell equations for the electromagnetic field s the vanishing of
Bach'’s tensor.
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5.2.5 Determining necessary conditions using conformal invariance of
tensors

The vanishing of Bach’s tensor and other higher order necessary conditions for the valid-
ity of Huygens’ principle for Maxwell’s equations ? can be determined by using general
properties of tensors which are symmetric, trace-free and conformally invariant. We shall
summarize the method by following the paper of Wiinsch [82]. We write K(z,§) (cf.
(5.28)) as

K(z,£) = Kijopdz® A dz? de= A dEP, (5.37)
and
1
Kijapliy-i. (§) = [;ai, : "3irKijaﬁ(z,£)] , (5.38)
. z:f
1
Kijapiy i (&) = [;.-!Ve,---VnKijaﬁ(z,f)] T €N. (5.39)

Thus, from (5.28), Huygens’ principle is satisfied when K;j,g;;,...i,(§) = 0, Vr € N. Let
G denote the set of all metric tensors g € C* defined on M?*,

G, = g ! fors=0
o= {g € GlVr € {0,1,...,5 ~ 1}VE € M* : Kijappi,.i (€) = 0} fors € N\{0}.

(5.40)

Wiinsch [83] proved that (M?*, G,) defines a conformal class of Riemannian spaces. It
can also be shown that for s € N and g € G, we have

Kijapliy-i, = Kijagiiy-i, - (5.41)

We now define an additional tensor

Kii' gy i if 5 is even
E; iy ety o 7 ﬁ_"‘ ts 1 y 49
o { *Kii*gi,i,, if sisodd. (5.42)

In [82] Wiinsch proved the following facts:
1. For s € N and g € G, we have

Kij'ami, = 0 Eigiyd, =0, (5.43)

2. Ejgi, -4, in the class (M*,G,), are conformally invariant tensors with weight -1.
3. Ejgi,--4, is symmetric:
E;giy i, = E(igiy-.d,) » (5.44)

*From now on, by Maxwell’s equations we mean the physically relevant equations (5.1), with n = 4
and p = 2.
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4. El'lir"i- is trace-free:
yjﬁEjﬁip--i,_; =0. (5.45)

As consequence, the following result follows:

Let E;giy..s,, s € N, be symmetric, trace-free, in the class (M*,G) of con-
formally invariant tensors of weight -1. Then Huygens’ principle is valid for
Mazwell’s equations (5.5) when the following equation is satisfied:

Eiiyi,_, =0, VseN. (5.46)

This result enables us to determine explicit necessary conditions, by studying the possible
representations of E;, ... It was shown by Wiinsch [83] that if E; ...;, is a rational integral,
symmetric, trace-free tensor, in the class (M*,G,) of conformally invariant tensors of
weight -1, then the following properties must be satisfied:

E; .. =0 fors=0,1,3, (5.47)
Ei i = 2Ciyy (5.48)
3 v
Eijiyiyiy = 3_ TS (Ni,igi_-,z‘.‘) ' a, €R, (5.49)
v=1
where
1
Niiigie, = VoC%45, VaCrigice ~ 4C%,5," (2VaSiyiss + Caizis L)
+165;,43a 5430, % (5.50)
2
Nil’:lisii = 2vi[ Caizisbsaiqb + Cai{l’gb (2vl'3 Sabi4 - Cdcb’ix Lciq)
+2814,255,i,% (5.51)
3 a be d
Nixizi3i4 =C Sy C i3ty Cabcd, (5.52)
where ’
Sabc = La{b;c] . (5.53)

In order to find the coefficients «, we first define classes of “test metrics”:

Hy = {g € G|VsRpede =0, Rgp= ;ligobR} (Einstein’s space), (5.54)
Ho = {g € G|Rap =0} . (5.55)
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These classes are such that #;, H, € G;. Furthermore, with
ﬁi‘igiai. =TS (Kf{lﬁi;i‘) , (5.56)
we define, for any null vector k2, the scalars
M (k) =Mi,.i, K24 (2 =1,2,3). (5.57)

By developing Ej;, .., k%1%, with respect to a normal coordinate system, in Taylor series
we obtain, for g € H, [41],

.. 1 3
Bipq B = o2 M (K). (5-58)

In the class H,, AEI (k) is zero, but not 15[ (k) and A?[ (k), in general. Thus,

1
Q) = 3—3—6', Q3 = 0. (559)

Calculating now E;,..; k"1"* for g € 2, and using (5.59), Wiinsch [82] has shown that

1
=——. .60
Thus, from these results and from (5.46), we obtain two necessary conditions for the

validity of Huygens’ principle:
1 2
Cii, =0, 5 Mijizisi, —16 M= 0. (5.61)

The generating set for s = 5 was found by Gerlach and Wiinsch [36]. The necessary
condition for the validity of Huygens’ principle in this case was partially determined by
Alvarez and Wiinsch [3]. We shall present the explicit form of this condition later.

5.3 Huygens’ principle for some spinor equations

Using Riesz’ integration method, Wiinsch [84] [85] [86] has formulated the Cauchy prob-
lem for several generalized spinor equations. In many cases, he found a representation
formula, and was able to formulate the corresponding necessary and sufficient conditions
for the validity of Huygens’ principle. We shall follow Wiinsch’s papers and Alvarez’s
thesis [3] to make a brief summary in this section. Complete details can be found in these
papers. As we shall see, the spinor approach can deal not only with the Weyl neutrino
equation, but also with Maxwell’s equations.
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5.3.1 Definitions

Let S = S(M*) be a complex vector fiber bundle on M?*, whose fiber on each point
z € M* is a two-dimensional vector space S, over the complex field C. Let S* be the
dual vector fiber bundle to S, and S (5*) the antidual vector fiber bundle to S (S*). The

elements of » ~
-_n v
SP = SRS®5"®S-, (p,g,n,me N) (5.62)

are called spinors of type (). In other words, a spinor at z € M* is defined to be a
point of SP? lying in the fiber over z. A smooth spinor field g is a (smooth) cross section
of SP1 . The coordinates of a spinor field with respect to a basis of SP? are designated

by . »
LYRPIE 0 Sl el (5.63)

where the indices can take vales 0 and 1.

Spinors with p+ ¢ + n+ m = 1 are called 1-spinors and spinors of type (%2} are
called (n, m)—spinors. The set of all C*® (n, m)—spinors on M?* is designated by S, m-
The set of all C* symmetric (n, m)—spinor fields on M* is designated by S = {p €

Sn.mIQAI...AnXl...)'(m = Q(Al"'An)(jﬁ---ffm)}'
We define the first order differential operators M : Spm — Spe1m+1,3nd M : Sppp —
Sp-1,m+1 by .
= e K - .
(M(P)Al'"An-IXome i VX., PKA - Any X1 Xm ! (5.64)
Y ; K

(MQ)A.,“-A.._.X,-,.;'(," 1= Vg, QA A KXy Xom t (5.65)

where n € N\{0} m € N, ¢ € Sp;n and ¢ € Sp—1,m+1-

The differential operators of second order Q : Spm — Spm, and Q P Sp—lmt1 =

Sn—1,m+1 are defined by
Q:=MM, Q:=MM, (5.66)

where n € N\{0} m € N.

Using the operator M we can express some particular field equations. Let us consider
Mp=0. (5.67)
For ¢ € Sy m, We have

(Me)x,..%.. = Vi, K eri, k=0, (5.68)
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called the generalized Weyl equation. The relativistic equation for a massless field of spin
s is given by:

(M@)a, -y = VXOKQGKA‘ Ay =0, (5.69)
where ¢ € S,p, and s = n/2. In particular, for n = 1 (¢ € S;o) we have the Weyl
neutrino equation: .
(Mp)y = ViXpx=0. (5.70)
For n = 2, (¢ € S2,0), we have the homogeneous Mazwell equations for the electromagnetic
field:

(M) o3 = VXora=0. (5.71)

The Riesz spinor kernels V.2 (z, £, \) with respect to the operator Q are spinors on
Snm(z, &) ® Smn(z, ), dependent of a complex parameter A, and for all z,£ € Q, (Where
€ is a geodesically convex domain), which satisfy the relation 3

QVL.(z, 6,2+ 2) =V (2,6 ), (5.72)

with V,Sn(z,f, 0) = 0. For £ and z in a sufficiently small neighborhood V,f;’n(z,f, A)is
analytic. Thus, it can be represented as a power series in I’ [30] (75] [84]:

= (<1 (z, TR
VQ , ,A = £ ’
am (2.6, A) E;o (=2)*2-1T (‘z\’) T (% +k- 1)

(5.73)

The spinor coefficients V,, must then satisfy the transport equations [71] [32] [75) [80]

VTV VS + (L + 2B)V S = { ‘i ova.. g’; : ; g (5.74)
where L = L(z,£) is given by (5.12).
The coefficient Vo?,m satisfies the initial condition
Vdm(€,€) = Snm (5.75)
where
(Bm) gy A Ty T hin T Ko "= EAL A E A i€ Xy K E X X (5.76)

with hatted indices referring to £. The coefficients Vf;’,m, k > 1, are determined by the
second equation in (5.74) and by the the condition that each V,,, remains bounded when
z— £ IET > 0and z, £ € Q the series (5.73) converges absolutely and the Riesz kernels
V2 .(z,&, )) are analytic in z, £, A

3The operator Q and all derivatives in the following formulas refer to £.
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Defining the Riesz spinor kernels V,f:’n (z,€,X) on Spn1,m+1 ® Sn-1,m+1 the above rela-
tions are again valid and the following symmetry relations, obtained by Wiinsch [84] are
satisfied:

Va.(2,6,2) = (-1)""™V2 (€,2,2), (5.77)
V3.(2,6,4) = (-1)™*™VE, (6,2, 7) (5.78)
M:Van(zr '3 A) = (_1)n+mM(VnQ-—lm+1(Et z, ’\) . (579)

5.3.2 Cauchy’s Problem

Let us consider a three-dimensional space-like surface F C M* of class C*°, with para-
metric representation

z™ = z%(u%) (a=0,1,2,3; :=0,1,2). (5.80)

If ¢ is a spinor field on M*, then @:= ¢|F on F is induced by the parametrization (5.80).
The spinor field on F defined from Sy, is designated by Spmn(F). The Cauchy Problem
for the equation My =0, ¢ € S, 1, is the following:

Find a solution ¢ € Sy of My =0, for which @ on F is prescribed.

In order to obtain a representation for the solution of Cauchy’s problem the use of Green’s
formulas for spinor fields is necessary. Let 2 be a bounded domain of M* with smooth
boundary dQ. Then, for ¢, p € S, we define the scalar product

{(p,0) = /s;(so, 0)(z)dVz, (5.81)

where dV7 is the invariant volume element in z € 2, and

(#:0) = Pa,.n iy %, @ ARK K (5.82)

For ¢ € Sp;m 2nd @ € Sn—1,m+1 We have

(Mo, 0) - (p, Mo) = Ve X (ppp, n iy ign ™ Anm1 K1 Xm) (5.83)

Integrating the above expression and using Gauss’ theorem, the Green'’s formula can be
obtained [84]:
(Mo, 0)a - (¢, Me)a = | (¢n,e)ds., (5.:84)
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where
= K ..
(P0) Ay -ty Ko Tom =T Ty PR Ay KoK ? (5.85)
g, =l g (5.86)
Here 7 is the interior unit normal vector of dQ and dS; is the invariant element of area
of Q2.

:Q
Following the Riesz method, using (5.84) with o = M V.= MV ), @ = Dp(€) :=

D~ (§) N F, Wiinsch obtained, by analytic continuation of ), as solution of the Cauchy’s
problem in the point £, the following representation formula [84] {30] [75]:

Q o
(P(f) = ﬂicont. /;,( (M Vnm (zrfr ’\))qan)dsz r (5.87)

where F; := D(§) N S.

On the other hand, Huygens’ principle is valid for the equations (5.68), (5.70) or
(5.71) if and only if, for arbitrarily chosen consistent Cauchy data which has support
inside Fe, the solution ¢(§) of the enunciated Cauchy problem at any point £ vanishes.

Wiinsch [84] has proved using (5.87) that for Weyl’s neutrino equation, i.e. n = 1,
Huygens’ principle is valid if and only if for all z and §:

.Q
MV, (62=0, meN, (5.88)

If one defines o
Wl (z,€) =aM V., (z,6,2), meN, (5.89)

the criteria for validity of Huygens’ principle become the following: A necessaery and
sufficient condition for the validity of Huygens’ principle for equations (5.68) and (5.70)
s

Wo(z,€) =0 (Weyl’s neutrino equation) , (5.90)
W™(z,€£)=0 (Generalized Weyl's equation) , (5.91)
for all z, €. -
Let .Q
Y(z,) =7MM Vy (2,€,2). (5.92)

It was shown in [84], using (5.87), that: a necessery and sufficient condition for the
validity of Huygens’ principle for the homogeneous Mazwell equations is given by

Y(z,£) =0, (5.93)
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forallz, €.

It can be shown that the conditions (5.90}, (5.91), and (5.92) are conformally invariant
[85]. The following relations are then satisfied [84]:

(0) — (0) _ B _yQ
WO z,6) =0 = WL =6 .o = ViV 55(=:8)
-V 5(=. O VExI(2,6) =0, (5.94)
W =0 = W tmtoin ™ e 1m0
—uB . yQ L. -
= V5V paxxmitrin 6
:Q
V.BBXi X Rrim (2:6) VP 5 P(2,€) =0. (5.95)

Let us consider the case of Weyl’s neutrino equation. In terms of the spinor field

ng (z,€), we define for r € N the trace-free symmetric tensor

1 P
Wi, .i (€) =TS [(r — 1)!a,-,’9"(a.-)v,-1 -.-V.-,._.Wf};.(z,f)] e (5.96)

From (5.90) it follows that Weyl’s equation (5.70) satisfies Huygens’ principle if and only
if for k € N\O and for all £ € M* we have

Wiyin (€) = 0. (5.97)

Let us define, (cf. (5.40)):

=19 fork=1,

In [85] Wiinsch has proved that:

The tensors I/f/,-l wigi= (1)*Wiy..ip, (k € N\{0}) in Ax are real, symmetric,
trace-free, integer rational and conformally tnvariant with weight -1.
For the homogeneous Maxwell’s equations (5.71) we define for » € N\ {0, 1},

1
r-2)

G, fork=2,
- 5.100
o { (B€OVreq2. .. k- LVEE M*: Yy (6) =0} fork>2.  200)

i % (@), BY (2)Vi, - Vi, Yy i5( f)J . (5.99)

Y .i(2,6) =TS [ =t
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Thus, Huygens’ principle is valid for Mazwell’s equations (5.71) if and only if, for k €
N\{0,1} end for all £ € M* we have

Y;, i (6) = 0. ’ (5.101)
For this case, Wiinsch [85] has proved that:

The tensors E;,.., = (i)*¥Y;,..;; (k € N\{0,1}) in Hj are real, trace-free,
symmetric, integer rational and conformally invariant uith weight -1.

5.3.3 Necessary conditions

We now refer to the discussion in Subsection 5.2.5. The results described in the preceeding
Section imply that the tensors W, ...;. and Y;,..;, must be decomposable as in (5.48) and
(5.49). The vanishing of Bach’s tensor as a necessary condition for the validity of Huygens’
principle, for both Weyl's and Maxwell's equations, follows immediately. The coefficients
a, can be determined by using the transport equations (5.74) and (5.75) together with the
necessary and sufficient conditions (5.96) and (5.99). Taylor series expansions of tensors
expressed in a normal coordinate system can be applied, in a procedure similar to that
explained in Chapter 2 for the scalar wave equation. Using the weak field space-time as
a test metric, Wiinsch [85] found the coefficients of the expansion (5.49) for W, ..4,, to
be a; = —1/2520, a; = 13/20160, a3 = 0. )

For r = 5 a five-index necessary condition is obtained. Using the results of Gerlach
and Wiinsch [36], Alvarez [3] was able to show that

r 1 2 3
Wiyis= Ao Tiy-is TAL Tiyois +A2 Ty i (5.102)

124
where Ao, A; and A; are fixed real numbers, and the T, ...;; are trace-free, symmetric,
conformally invariant tensors given by

11";, wis= TS[47C% 0, ' Coigtiukiy, — 67C%4i, i Cigistiukt+
“C*ii " Chigighinis + 57 Ciiiy  C™istiis Lin + 47C% 015, C™iyi itk Lin
+47CF; 1, C¥ iy Ligig — 217C 15  C% ik Lt
+26"C%, i, o CVishivis] (5.103)
Tz‘;‘.-«'s i= TS[~12°C*;,i,! Chiyi,™ C¥tnigiu — Ck™ 5, Ciniy "CFigig iy ] (5.104)
13';'1-45 = TS[-8"C¥: 1, Criyi,"Cinisiu +~ Ck™ iy Clignh Cigig' i3] (5.105)
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A similar relation is valid for Y;,..;;. The constant A; was determined in {3] and is
nonzero for both cases. Thus the necessary conditions for validity of Huygens’ principle
for the Maxwell’s equations (5.71) and Weyl’s neutrino equation (5.70) are given by *

(I11)  Cyiy =0, (5.106)
(V) ky A:I iyiziaiy —Fk2 lél'i.i,i,i,: 1} (5.107)
(vry Tl‘;,---.'s +a; ’.’2’;'1--4'5 +o2 13’;,...;5= 0, . (5.108)
where
.I\'/’filizﬁa-': TS (l\uliligi;;i,) ' (5.109)

(ky, k2) = (5, 16) corresponds to Maxwell's equations, (k;, k2) = (8, 13) to Weyl’s neutrino
equation. The real numbers #; and o, are fixed in each case. We note here that necessary
condition IIT for the conformally invariant scalar wave equation (3.1) is given by (5.106)
with (k1, k2) = (3,4).

5.4 Previous results

Applying condition VI’ to a Petrov type N space-time Alvarez and Wiinsch [3] [4] obtained
the following result.

Every Petrov type N space-time on which Mazwell’s equations or Weyl’s neu-
trino equation satisfy Huygens’ principle is conformally related to the gener-
alized plane wave metric space-time of McLenaghan and Leroy [59].

Later, Wiinsch (89] (see also [88]) solved Hadamard’s problem in this case, obtaining the
following result:

Every Petrov type N space-time or C-space-time® on which Mazwell’s equa-
tions or Weyl’s neutrino equation satisfy Huygens’ principle is conformally
related to the ezact plane-wave space-time (1.12).

In Petrov type D space-times Hadamard's problem was solved by Carminati and McLe-
naghan [22], Wiinsch [87], and McLenaghan and Williams [62]. The result can be stated
as follows:

‘In our conventions, the Riemann tensor, Ricci tensor and the Ricci scalar have opposite sign to those
used by Wiinsch and collaborators [85] [3] [4].
C-space-times are defined by the property V°Capeq = 0.
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There ezist no Petrov type D space-times on which Mazwell’s equations or
Weyl’s neutrino equation satisfy Huygens’ principle.

5.5 Main Theorem

The main results obtained by Carminati and McLenaghan [22] for the conformally in-
variant scalar equation on Petrov type III space-times as stated in Theorems 3.1 and 3.2
of Chapter 3 are also valid for Maxwell’s equations and Weyl’s neutrino equation.

Maxwell’s and Weyl’s equations in Petrov type III space-times was stated in Theorems
3.1 and 3.2 of Chapter 3, also valid for the conformally invarfant scalar equation.

It will be proved here that conditions (3.7), (3.8) and (3.9) are superfluous, i.e., they
are consequences of the necessary conditions for the validity of Huygens’ principle. The
main result of this Chapter is the proof of the following Theorem:

Theorem 5.1 (Main Theorem) There exist no Petrov type III space-times on which
Mazwell’s equations (5.71) or Weyl’s equation (5.70) satisfy Huygens’ principle.

5.6 Proof of the Main Theorem

We shall use here the same method employed on Chapters 3 and 4. The explicit form
of the necessary conditions is obtained by first converting the spinorial expressions to
the dyad form and then contracting them with appropriate products of 04 and ¢4 and
their complex conjugates. The templates used for obtaining the dyad components of the
necessary conditions are given in the Appendix E.

It was shown in [22] that there exists a dyad o4, ¢4 and a conformal transformation
such that

K=c=p=1=€=0, . (5.110)

Yo=¥ =¥, =9%,=0, ¥3=-1, (5.111)
Poo =Po1 = B2 =A =0, (5.112)
Da=DB=0. (5.113)

& =c, (5.114)

where ¢ is a constant. The proof is similar to that illustrated in Chapter 4, when we
treated the self-adjoint scalar equation, except for the fact that the paper by Carminati
and McLenaghan [22] considers all three cases at once. Here we shall consider the cases
for Maxwell’s equations and Weyl’s neutrino equation separately.
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5.6.1 Maxwell’s equations
We start by supposing that afw # 0. By contracting condition II] with ABGAB and
4,B7AB (where the notation o4,..4, = 04, ---04,, etc. has been used) we get, respec-

tively,

Dr=0, (5.115)
68 =—-B(@+pH). (5.116)
From the Bianchi identities, using the above conditions, we obtain

Délz = 2?@11 ’ (5117)
D®3; = —2(8 + B) + 2817 + 281, (5.118)
881, = 2@ + 47 + 22®,; — 2ad,3, (5.119)
§8,, = -20 + 2%, — 28%;,. (5.120)

6825 = A®yp + 27 + 47 — 208y, + 223
+2§12[£ - 2@22ﬂ - 2§225 + 27@12 . (5121)

From the Ricci identities we get

Dy =Ta+ Br + &1, (5.122)
6% = DX -7 —Fa + 78, (5.123)
Dv= AT+ TE+ Am+ 77 -7y — 1 + &2, (5.124)
ba =3f + aa+ B ~ 2Ba+ &y, (5.125)
dr = Dpu — T + & — fBr, (5.126)

We can obtain useful integrability conditions for the above identities by using the NP
commutation relations. Using (5.117), (5.118), (5.121), (5.116), (5.122), (5.123), (5.124)
and (5.126) in the commutator expression [§, D]®2; — [A, D]&,2, we obtain

8B = —2&,, — Ba — 4B7 - 2DE — BB + 27~ (5.127)
From now on we shall consider both Maxwell and Weyl cases separately. We begin
with Maxwell’s equations, i.e., (kj, k2) = (5,16) in (5.107). By contracting condition V

with (ABCDABGCD  we get

6287 + 40Ba + 6ra+ 3a* +da+ 20r + 3B +B° =0. (5.128)
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Substituting (5.116) in this equation we get

3(27 + @) = —627P — 39Fa — 67& ~ 3&° . (5.129)
From (5.125), (5.126) and (5.127) we obtain

(27 + a) = 2ra + aa — 687 — 3fa— B, . (5.130)

Contracting condition V' with (ABC (D7ABCHD using (5.122), (5.126) and the complex
conjugate of (5.127), leads to the real expression:

148%,, + 15207 + 76[Du + Da] — 87a — 10488 — 8a& — 2327x

+15287 — 8@ =0. (5.131)
Using (5.129), (5.130), (5.116), (5.125), (5.126), (5.127) in [8, 8](a + 27) = (a — B)é(a +
27) + (—@& + B)8(a + 27), we obtain

—80 offT — 16887 — 40Baa@ ~ 88Dy — 647 D — 40 a D — 39 oy,
~ 208%,; + 647n* ~ 64fra~ 60w By, +40a7w — 12087 =0. (5.132)

By eliminating Dg from (5.131) and (5.132), we find

1 a 3 - —
=155 [-—1520aﬂ-x + 208ccw — 1527w + 104088a + 7608 + 196838~
+12168n@ — 12287 &;; + 1688an® — 739a®,; + 80a’@ + 3808%,; + 807a’

+24967x? — 2432px° + 128n7a| /(B + 5a + 8r), (5.133)
where we are assuming, for now, that the denominator of (5.133),
v ;= f — 5a — 8, (5.134)

is non-zero.

By substituting (5.133) into (5.131), we find an expression for Dp:

DE=; [776aﬁ6 ~ 3048°% + 2085°8 - 12167 + 741ad,; + 133278a

— — - — 5.135
+848%,, + 153678 — T60a7r + 27447r 3 + 1140#@11] /(B — 5a — 8x). ( )

We notice that (5.133) and (5.135) have the same denominator. So, in what follows we
shall use the Pfaffians éa, 6, and 88, given by (5.125), (5.126) and (5.127), respectively,
and their complex conjugates, in such a way that they have all the same denominator.
This procedure simplifies the expressions to be obtained from the integrability conditions.
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Converting (5.108) to its spinorial form in the dyad basis, and contracting with
(AB ,CDEABCDE 4;

gives
~14@67 - 12@ - §(6@) — 26(67) + 4(38) — 88 + 14adp
+20a8% + 42827 — 14867 - 6 Bda + 28T + 2 A D7
+ADa - 10ada - 24@* 7 - 67da+ 2068 - 148ar=0. (5.136)
Substituting the expression (5.116) for §3 into (5.136), we get

~147 &7 - 12&° - §(6(a + 27)) — 218a° + TAB% + 148°F
~7846(@ + 27) — 4207 — (10a + 67)éa — 24a°7 = 0. (5.137)

We observe that the terms (5.104) and (5.105) do not contribute to this component.
Using (5.129) to eliminate §7 from this equation, we have

B(19278 + 1218a — 6a ~ 3&%) = 0. (5-138)
Solving (5.138) for é& yields
d& = 19287 - 3a° + 1218a. (5.139)

Now, from (5.129),
6% = —12773 — 80pa — 37a. (5.140)

We have now all the Pfaffians we need to complete the proof. The integrability
conditions provided by the NP commutation relations can now be used.

Let us onsider the NP commutator [8, §la = (& — p)Da + (a - B)d(a) + (- + B)dc.
Using the Pfaffians calculated previously, and solving for $;;, we obtain
®,; := —8B(—1381888%x> + 62208 r° & — 6292882 @ — 76544872

+ 145232 an?@ — 2556128 T2 a + 26450 a® @ + 6555070 o®
— 32505072 — 26650 BBa’ + 197607 BB° + 12350 88" — 24225 50a?
+ 18057687 2 + 9025 @ B° a + 14440 7 B & — 15778607 a®
+ 108790 7o @ — 90480 87 B a — 78090 nBa & + 217740 n7a B)
/ (—214700 o + 10868 7 B~ + 772320 72 B + 1020276 rfc + 4085 B o
+ 33598580 — 1158240 m a? — 2048352 1% & — 1191680 7°) , (5.141)

where the denominator of the expression above,

vy = —2147000° + 10868 7B~ + 772320 2B + 1020276 xBa + 4085 F° o
+ 3359858a% — 1158240 7 o> — 2048352 72 & — 1191680 w3, (5.142)
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is assumed to be non-zero for the moment.

On the other hand, the commutator [, §}(c+B) = (1 — B)(D(a+ B) + (@ - B)(6(a +
B) + (—@ + B)8(x + B) gives the following expression for $;;:

&, := 88(—~80568r @ — 533088 o — 17273672 + 7776 w2 @ ~ 956888
+13294 an @ — 211556 a®x — 50358a @ + 5290 o @ + 20672F7 =
+ 129207a S — 650107a?) / (148960 72 + 10412 5° — 130478
+42940 o’ + 162944 7« ~ 18564 1 8) , ) (5.143)

where we assume, for now, that

vy = 148960 w2 + 104125 — 130478 + 42940 o* + 162944 o
—~1856478 £ 0. (5.144)

Using the fact that §($;;) = 0, we obtain, from (5.143), a third expression for &,;:

&, := —8B(—6145239989312 a7 n* B — 7649757648780 o*Fr B
— 16323677160464 a’Fn? ¥ — 15274850502912 a7r> B
— 26601021440 F° a@r ~ 3675701240760 o*Fr B
— 1635701635136 3" a@r? — 1040399202440 ocir B
+ 13162176133400 o®a@n? ¥ + 5632482563850 a’ar B
— 1208861900450 o® & + 49609754350 B 8 o + 433891736678488 7° o
+ 52252921810507a° + 1952913512680 B8 7 o® + 265058659320 7 B a®
+ 4375379783424808 72 o® — 265004094784 F° 8 n2
— 30330200378072 o*an? + 905003032125 a*af — 9564050953390 a'ar
— 8524238850 a?GB° + 469041329536 F B 72 o — 220969445675 o°Gp-
— 3201301478408 B 7 o + 13687783600768 an’af
+ 724772046800 0w B° + 4980319900 8" o &
+ 180931104170496 o’7n° 4 39628423187260 o'
+ 119915073751888 o*7n? 4 5344911334400 = *a
~ 20739582848 72af° — 48191081692160 o? #3 & + 40801870077952 F x°
— 52685902008327 % B + 5927135740167 w2 B° — 38360007652096 7'Gc
~ 858758431040 w3&5° + 24894675520 F* B + 79685118408 r &
+ 1360818858496007* o — 34169316696327 73 5
~ 102469061500 F° B o + 274949282816 B B x> — 1329967209650 7o B
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+ 2214537894007a? B° — 7309276839007 B° + 325649974650 3 8 o*
+ 155591722003" B o — 127796888007 B* — 204475020803 * =
+ 1606267826176r* § — 12237656133632 r°a) / ( (7684576 7* 8

+ 9460852 7B — 24320 B~ + 133000 B o + 29157458a?

— 194465152 7% @ — 123050612 7 a® — 102596352 ©° — 25995895 )

(104123° + 162944 7 — 13047 B @ — 18564 7§ + 42940 o?

+1489607%) ) , (5.145)

where we assume that

vs = (7684576 728 + 9460852 B — 24320 w B + 133000 B° & + 29157450
— 194465152 7% @ — 123050612 o — 102596352 n° — 25995895 )
(104123 + 162944 o — 13047 B — 18564 73 + 42940 o
+14896072) £ 0. (5.146)

The next step consists in proving that (5.141), (5.143), and (5.145) imply that «, 3
and 7 are proportional to each other. In order to get a system with only two complex
variables, instead of three, new variables are defined as follows:

B

) = ’ Ty = % . (5147)

AR

By subtracting (5.141) from (5.143), taking the numerator and dividing by (8 +5z; —
z3)(5776Z3°m%T), we obtain

Ny := 178100 =, 2, T3° + 284960 2 Z3° + 208240 77° Z1 + 130150 Z7%3° =1
+ 109825 7%z 23 + 252850 z, Tz 72 + 523744 22 %7 + 3451480 z, 7
+ 341900 T3 7; Z7 + 265888 T3 71 + 735800 2,73 71 + 291526473
+ 1018400%3z2 — 879008 Z1 + 18263488 — 408050 z3 T + 4864450 z}
+ 35335248 z; + 22731900 z3 — 2101032 z, 1 — 1622550 z3Z7 = 0. (5.148)

By subtracting (5.143) from (5.145), taking the numerator and dividing by (8 + 5z; —
Z3)(5776Z27°T), we get
Nz := —11651821200 z3 — 26531539120 =7 — 10132263424 — 26800626944 =,
+ 242619584 T3 + 593671488 T3° + 2256829184 1 — 35155250 £3° =5 z,°
+ 21550100 Z3° z, z, — 128589500 %3 22 =3 + 11036720 T3 Z;
+ 21755825 73° z2 T1 + 130839250 z3 77 — 216631750 T3 =5 T1
— 17700400 F3° =, + 372958500 =} F7 4 220600700 T3° =2 + 34480160 z,T3°
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— 1915591500 z§ — 28320640 T3° + 6897950 Z7° =, Z1 + 724005800 %3° z,

— 112640320 z; 2, T3~ — 90878112 2, %3~ + 59839936 F3° £

+ 72209280 Z7%z° z; — 1002142990 Z1%; z2 — 585808600 z, 77 =2

— 448045312 £2 5 + 632690016 £, T; - 1546809184 T3z, Ty — 796702240 T3 77

— 887976960 z2 7 £, + 509836460 Z3z2 + 2328634300 3 Z1

+ 5728848896 =, 77 + 5470002280 z2z7 = 0. (5.149)

At this point we shall consider z;, z;, Z, 77 as independent variables, and apply gsolve
to the polynomial system formed by the polynomials N, N,. The four possible solutions

are given by
Vii=[42-3Z7+6522%7,8+5z1],

V2 := [205049562510 Tz — 2072817918600 2 T7 + 529175067720 z,
+ 5001500073283 1% — 3239213905470 Z7 + 3029503111800 77
— 26163100475032, 23707187714600 z,75° — 12070111345240 z, %5
— 15004500219849 7 — 34648966659800 Z3° + 11975391986580 3
+ 41386627076564, ~1113092 — 431311 Z1 + 1909780 z7 + 954890 77 Z;5.

205 z, + 368],

V3 1= [2175607695654600868570 ZTz» — 244429060944194171242925 2,7 =,
— 362016456337543432617920 z, T3 — 25492004395136420363950 2 =,
— 33777552239002428460240 =, — 352210319977170626297190 =, 77>
-~ 527515033185400238012371 ;% — 372609773697867989940085 =, Z1
- 568758266358009596992694 TT + 357242473687668404124275 z, 7
+ 529100974647178863056960 Z7 + 421165196163010815629650 z,
+ 613523694569903050334320, 74421671368200 2, 3>
— 372108356841000 =, %7 z; — 595373370945600 z, %3
+202992871981785 =, T7 + 309188233840256 T7 — 108770135076600 T3°
+ 408707348737250 z, 77 + 731690446259960 Z7 — 363026773505180 z,
— 558465136160528,
139740 T3 T1 — 497365 =, T7 — 799324 7 + 279480 T; — 1187280 =, — 1879248,
43975 z2 + 137900 z, + 107824]

Vs := [15138500 Z1 22 E7 — 200682625 z, 22 T1 — 589775940 z, 1 T3
— 425769864 T7 2 + 30277000 £, 3 — 677199250 z, =3 — 2061417280 z5 2,
— 1553711328 z, — 34073270 T3 577 — 2202762525 z2 T2 — 6761833290 z, T1°
- 5193018500 Z1° — 13933181776 — 6178746050 =5 — 18555219840 z,
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— 18054408077 — 17865753288 T1 — 158418580 3 Z1 — 23445716600 z, 71
— 7696469075 z3 %7, 38482345375 z; Z1 + 30893730250 =3

+ 11013812625 z3 72 + 1003413125 z, z3 =7 + 3385996250 z; 3

+ 51211999525 z2Z72 + 16053417900 z, =3 + 4651759450 =2 ;% 1

+ 177479507850 z2 Z1 + 140245780600 z2 + 212140488080 z,

+ 7133355840 £, z; Z1 + 272934958520 =, F7 + 25260582880 252,

+ 79415365840 z; T72 + 106967929856 + 13183919424 z, + 41078949112 72

+ 139995956352 T + 3612843312 Z7 5, 427238747000 z, =37

— 80593740760 z, %7 — 961615825940 73° Z7 + 72041680708 T3 77

+ 31587988349750 22 + 9360849735875 z2 Z1 + 90434478667240 z,

+ 26404464403460 , ZT + 540197297800 z, 77 -+ 64702426970096

+ 18636073790528 T7 + 1307883090496 T3 — 2547657512880 737,
31185310 2, T3 =, + 52924196 =, T3 — 6814654 T3 T1 — 716849880 =2

— 440552505 277 — 2156806048 ; — 1352366658 z,Z7 — 45578530 , 23
— 1620399064 — 1038603700 Z7 — 90980056 T3, 505750 =2 + 149875 2 71
+ 1539520 z; + 440460 z, 1 + 116450 T3 2, Z1 + 232900 =, T3 + 1160352
+ 317976 27 + 372640 77 + 18632075 Z7] .
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The only sets where the solutions z; = const. and z; = const. are not obvious are Vi,
and V. For 1, if we substitute z, = —8/5 into N} we get 195z,%; + 702/5 = 0, which

is incompatible with the first equation of this set.

We consider now the fourth and fifth equations in set V4, given respectively by

g1 = 31185310 Z3z; z; + 52924196 Z; =, — 681465432
— 716849880 z,? — 440552505 z,2 ZT — 1352366658 =, Z1
— 2156806048 =, — 45578530 z; Z; — 1038603700 Z7
— 1620399064 — 90980056z; = 0,

g2 := 505750 z,% + 149875 z,% ZT + 440460 z, Z
+ 116450 Z5z; Z7 + 1539520 z; + 232900 2, Z5
+ 317976 Z7 + 186320z 71 + 1160352 + 372640Z; = 0.

Solving (5.151) for T3z, we get

Z3 = (505750 2,2 + 149875 z,% Z7 + 440460 z, T7 + 1539520 z;
+317976 77 + 1160852) /(116450 z, 7
+232900 z, + 186320 Z7 + 372640) .

(5.150)

(5.151)

(5.152)
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By decomposing z; into real and imaginary parts, z; := a; + tb;, where a; and b, are
real constants, we obtain

1 .
Zy = — M(946210 012 4+ 10115001 @, by — 65290 612

+ 149875 a,> + 1498757 a2 b, + 149875 o, b, % + 1498751 b,°

+1857496 a; + 1221544 i b; + 1160352)

[(6ar* +58,% +18ay +2ib +16). (5.153)
Note that the denominator in (5.153) is non-zero, for otherwise b; = 0 and a; is —8/5

or -2, in which case the numerator is not zero. The imaginary and real parts of the
numerator of (5.150) are given, respectively, by

S(g1) = —92472504314674800 a, by — 3396515814215625 a;% b;°
~ 12887111896092160 by — 22335692616810000 5a,° b,
~ 8853268391445500 b;° — 44681861502535500 a;* b,
— 58888845411599360 a, b; —~ 103665520621538240 a;% b,
— 11167846308405000 a,® b; — 11167846308405000 a; b; °
~1132171938071875 a,% b; — 3396515814215625 a,2 b;°
- 53535129893981000 a,> 5,3 — 55036870101954800 a, b,*
—-20188750190495040 b, — 11321719380718758," = 0, (5.154)

R(g1) = ~118070804784230912 a; — 256990350929161280 a;>

— 236342536550411968 a,® — 164607606502680600 a;*

~ 62274474933156500 a,® — 12908018823713750 a,°

~ 1132171938071875 a;’ — 14331668411316200 b,*

— 111592846552991680 ay by — 141503640701276800 a;? b,

— 34722066950419648 b, — 1740172515308750 b,°

— 26445881822066500 a; b;* — 16388363854331250 4,2 5, *

— 3396515814215625 a,> b;* — 88720356755223000 a3 b2

~ 27556210162736250 a;* 5,2 — 3396515814215625 a,° b, >
—1132171938071875 b,% a; — 24562542110062592 = 0. (5.155)

Applying gsolve to these two equations we get

[[b1, 118070804784230912 a; + 256990350929161280 a,°
+ 236342536550411968 a,° + 164607606502680600 a,*
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+ 62274474933156500 a,® + 12908018823713750 2,5

+ 1132171938071875 a,” + 24562542110062592),
[165,2 + 1,4a; + 7], [ 148225 b;® + 40804, 385 @, + 818],
(265225 b1* + 6084, 952 + 515 a; ], [6717299609435847\
94824830992201165680405029801540622591163634175\
80757295393684357497056747230537452850103356992\
21375b,% + 6524656716421327074670655831371561677\
59961810634274525286395504982544348989403683041\
75846540367435906495438912914203000a,* + 1268436\
36848768527485583126510676549749821344243259063\
17578586444019188819023711307002067527298652615\
32491267281522597038a; + 4422585554549177527847\
32263068743767829966110341826186726255851063327\
89904909811686411081682293895778361714099659320\

2350a;> + 11237211285977585777210502807916771300\
12135639384027821315066763423010850458738004101\
564759833322705547989100245959212495a° + 536656\
60951906154805215031233483426225190352037534112\
39243178045826084009946615806771758683781318083\
36975231407627695244,
42718375190532690473528672373404295756839213650625 a,*

+ 361406063293826379400562992657674998947543835431875a,*
+1222753876336528955590266313149671000600007216479875a,>
+2067983846571524351461108235292920431994899305750505a,>
+1748279636334904363175342610403332595088199218681388a,
+ 591032130843345547761619408868305384589251879895804]] .
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This implies that a; and b; must be constants, and so z; and z; are also constants.

Let us consider now the special cases in which each one of the denominators v, v,,

vz and v4, in the previous used expressions for ®,;, is zero.
(i)vi=0
In terms of the variables z, and 23, v; = 0 (cf. (5.134)) assumes the form
8-Z;45z;=0.
Applying § to this equation, using (5.116), (5.139) and (5.140), we get
34z,%7 — 22 + 5625 4+ 15272 + 24z7 = 0.

(5.156)

(5.157)



5.6 Proof of the Main Theorem 121

Thus, the only solution for these equations is
zy =-3/2, =z,=1/2. (5.158)

Since the numerator on the right side of (5.133) must be zero, we obtain, solving for &,;,

86 _
Qu = ——mmr. (5159)

Applying 4 to this equation, using (5.140), we obtain

1
ot = —n% = —'8;46];§11 - (5160)

Applying 4 to this equation we get ]
or=nt. (5.161)

If we calculate the NP commutator [3, d]w, using these Pfaffians and the values given in
(5.158), we find no solution other than = = 0, which is a contradiction to our initial
assumptions.

(ii) ve=20

In this case, from (5.142) we have

10868 Z3° + 772320 T3 + 1020276 z, Z7 + 4085 Z3° =,
— 1158240 z% — 2048352 z; — 214700 z3
—1191680 + 3359857327 =0, (5.162)

Applying & to (5.162) we obtain

63729588 2327 — 670120 23 73° + 12371205 23 %5 — 617652 F7° + 18435168 22
+ 108263616 z; 73 + 10424160 z,° + 10725120 z; — 1048608 Z3° + 60746496 73
— 383325%3° z; — 1749232732 2, + 1932300z§ = 0. (5.163)

Applying § again on (5.163) leads to

~71849032%3° 2, — 2917197592 22737 + 212642918475z

+ 3683108352 z, Z3 + 357185400 z3 3 — 128701440 z2 — 125089920 z,*

— 67408896 77" — 18590290 21 77" + 6696360 73" + 4179810z, 27*

— 221222016 z§ — 2418547200 732 + 2059223040 77 — 22411650 z§ 73

- 614629870 z 732 — 23187600 z} — 4605932928 F3°z; = 0. (5.164)

Using gsolve on (5.162), (5.163) and (5.164) gives the empty set solution.
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(iii) vs =0
From (5.144) we have
148960 + 42940 2? + 10412 %52 — 18564 %7 — 13047 2, Z3 + 162944z; =0,  (5.165)
Applying & twice to (5.165) gives
—128832%3° — 101344 %3° z; — 2591852 %722 — 8248048 z, 77 — 257640 z}
— 6550592 %7 — 977664 z2 — 20824 73" — 893760z, =0, (5.166)
and

62472 %3 — 60094064 3 22 + 35714228 22 32 + 2832764 2123

— 2838720Z3° + 8043840 22 — 210698752 z, Z7 + 8798976 z3

— 171601920 Z5 — 1690904 73° z, + 86775744 F3°

+111204048 Z3° z, + 2318760z; = 0. . (5.167)

Using gsolve on (5.165), (5.166) and (5.167) we obtain the empty set solution.
(iv) va = 0
From (5.146),
(148960 + 42940 22 + 10412 732 — 18564 73 ~ 13047 z, 5 + 162944 2, )

(—24320%3° + 7684576 T3 + 9460852 z; 73 + 2915745 T3 2% — 194465152 2,
~ 123050612 z2 — 102596352 — 25995895 z; + 133000Z2°z;) = 0. (5.168)

We observe now that one of the factors in d3 is d;. Thus, if d3 = 0, we have to consider
only the expression

133000 Z3° z; — 24320 T3° + 7684576 T3 + 9460852 z, Z; + 2915745 73 =2
— 194465152 z; — 123050612 2% — 102596352 — 2599589523 = 0. (5.169)

By applying & twice to this equation, we obtain

1923742456 Z322 — 54838615 z2 732 + 387128860 2277 + 28673280 Z3°

+ 1750186368 = + 3181762656 z, 77 + 1107455508 z3 + 923367168 z,

— 143083296 T3 + 1751900928 T3 + 17772600 Z3° 2y — 175990444 73° 2,

+ 233963055z =0, (5.170)
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and

3071183072 %3° z; — 65381238064 22 73> + 363466389312 Z3 22

+ 414477092352 z, 73 + 141775882688 z} 77 — 11080406016 z?

— 13289466096 z} + 2839158528 77" + 811332320 z2Z7° — 315187200 z,*

— 196695600 z, z3* — 21002236416 =3 — 58327724544 3°

+ 20770389380 z1 7 — 13320040240 z] z3° — 2807556660 z;

— 106950649152 %5 2, + 1772864962567 = 0. (5.171)

By applying gsolve to (5.170) and (5.171) we obtain again the empty solution set.
We consider now the case in which z, and z; are constants. From éz; = §(a/7) =0,
and dz; = §(B/7) = 0 we get, respectively,
31z;+ 10z, +2=0, (5.172)
and
63z2+40z,Z7 4+ 21 =0. (5.173)

Thus, we have two solutions, given by z; = 2, = —8/5 and z; = -3/2, z; = 1/2. The
first solution is impossible, since these values do not satisfy the equation Ny = 0. The
second one is included the case 5z, + Z3 — 8 = 0, which was already considered.

Before analysing the cases in which any one of the spin coefficients a, 8 or r is zero,
let us study the case of Weyl’s neutrino equation.

5.6.2 Weyl’s neutrino equation

For the Weyl neutrino equation (5.70) the proof follows the same steps used in Maxwell’s
equations case. The numerical coefficients are different, however, since in condition V,
we now have k), = 8 and k; = 13. Condition VI' remains the same. Supposing that
afix # 0, the corresponding Pfaffians are now given by

68 = —-p(a@+8), (5.174)
68 = —2&,, — B — 4f% — 2DE ~ BB + 27w, (5.175)
ér = Dyp — *r + na — fr, (5.176)
da =388+ aa+ BB - 2Ba + $11, (5.177)
Dg = T:E (38m + 2420808 + 38aa + 346ma — 199@11) - 28n

—2B8% - Dy, ; (5.178)
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1
Dy := - m(rmso 12 & + 9728%a? - 49684 r &,; + 10902072

+116988 w8 B + 9728 o’ @ + 78152 a7r — 55808 a7 — 25111 a &y,
+1395233,, — 2834f7 & + 27208 ar &+ 27904fa & + 5014087 & —

~100280 872 + 6195223 B) /(128 — 230 7 + 13B), (5.179)
901 — 512
or = —3ra - —nB — —=Ba, 5.180
™ ma = Sowf — <P (5.180)
- 787~ 1380
= —30?% 4+ — = Ba. 181
a 3a’ + lgﬁa T5 B (5.181)
For now we suppose that the denominator of (5.179)

wy ;= —128a— 2307+ 133, (5.182)

is non-zero.

By evaluating the NP commutator [3, 8] and solving for $1,, we find

&y, = — %E( 64 a + 1157 )(~70557184 o @ + 2848281607a” — 308707627

+ 198927872 a8 B ~ 208191208 ar @ + 1075093784 o7tr
+ 94822806Fa & + 372750664 73 B — 32576830 BB~ — 1467303573 &

+ 17446104087 &@ — 148196124 w2 & — 6350994087 7 + 10159435767 ?)

/ (6639868416 7 o? + 12728096988 w2 a — 3519721740 72§ ~ 320122100 x5

~ 15126777608c? — 160164491 5 o — 4676894514 B

+ 1134018560 o> + 8011469480 =), : (5.183)
where, for now, we assume that the denominator of (5.183},
ws = 6639868416 ra? + 12728096988 7% a — 3519721740 v F — 320122100 7 3°
— 1512677760Bc® — 160164491 B o — 4676894514 7 a B + 8011469480 =°
+ 1134018560 °, (5.184)
is non-zero.

From the commutator [, §](a + ) we obtain

&y = — -1%3(186375332 BB — 35278592 o & + 49969088Fa &

+ 537546892 ofr — 104095604 ar & — 2313961077  — 128776967a B
+ 5079717887 + 142414080 T a® ~ 74098062 w & + 897882058 &
+ 99463936 a3 B) /(3956264'52 + 34832476 % + 8859520 2B

— 1909041Pc + 35954522 w o — 2471658 7) , (5.185)
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where the denominator of (5.185),

w3 = 395626475 + 34832476 72 + 8859520 o2 — 2471658 7B
—19090418a + 35954522 7 o, (5.186)

is assumed to be non-zero for now. Applying & to (5.185) and solving for ¥;, leads to

4 _ —
%11 == 75B(~1344269327096344151932 BB — 10403278435339208027048 r° &

+ 59923202450163828400 7 8 B* — 1477114920115465297524 788" a

+ 280677400132209377280%a’ — 37478351038135764224 oG5

— 159890852407044687552 o’GB- — 19467668236044912265592 a’ar?
+ 473040134074265051136 a*af — 5632169965798660707328 a'ar

+ 13306080518774467840 8" a @ — 6384731356034140878432 o?7n°

+ 1311340403820242086912 a*Fr + 500972089824147807112 o7’

— 33848545227453106128476 o* r° @ — 6161759722991919800 B 7r

~ 5354631176015930421548 B 7> + 393214960941764596310 B 7>

+ 1161779084905798045447a> B — 34291532371433292807c B*

— 8474723655899746152967> B + 2316192510117561303047a* B

— 119944081155221371663047r* a + 41278309183055287908887r* 5

— 520382783165765812955 12&8° — 29593940082956278612888 7 'aEa

+ 2780732489078980454348 7*&B — 149003750614353507158 7°&3-

+ 23909363432172871900 8" 7 & — 406196834518165360384 a2 3 B~

+ 33348614928786826240 a8 B* + 105876489462531014656 a* 5"

+ 581251655030130180096 o 8 B — 655826674254976090112 a° @

+ 7419075098951138158536 7° BB + 1539963724455861237676 n° 4 B
+ 714092390250930442752 7 8 B~ o + 3501348512586350593024 7 BB’
+ 7746506116538053739160 7 3B a’

+ 6947187936974535067874 a*ar? B

+ 2967810342844948015872 a’ar B — 175356677920671924092 o’Gr B
- 277120019536861321340 5" a @n? — 576908206919856353633 B adr
— 4702384568989017941628 o7 B + 427589853234427405106 an B°
+ 8256906521350382449848 a7

+ 6102451801889024027752 a’xn2 B

+ 1966547466224183147520 o°Fx B
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~ 8693062827653668759880 amn2 B
+ 7192813273579142396128 an @B + 25738209233743544961288x* B
+ 1075278308022562464392 73 B B~ ~ 64440605488194180296487r°) /

((1055170442911 7 B° + 1078454503804 72 2 -+ 1512507879634 7« B

+ 5025059208968a% + 539884980544 B~ o + 20438706838844 7% o

+ 11874643647996 7> 4 2258636415872 o® + 11752612613194 w a?)

(3956264 8" + 34832476 n2 + 8859520 o? — 2471658 r 3 ~ 1909041

+ 35954522 1)) , (5.187)

where the denominator of the expression above, given by

wy = (1055170442911 w5  + 1078454503804 72 F + 1512507879634 v B
+ 502505920896Fa® + 539884980544 5 a + 20438706838844 2 o
+ 11874643647996 7> + 2258636415872 o> + 11752612613194 7 a*)
(3956264 B° + 34832476 =2 + 8859520 a? — 2471658 7 8 — 19090418
+ 35954522 wa) , (5.188)

is assumed to be non-zero.

Using again the new variables defined on (5.147) we find that the numerator of the
expression resulting from the subtraction of (5.183) from (5.185), modulo non-zero factors,
is given by

W, = 26702241280 z, z, Z7° + 12027042560 77Z3° , + 47980589800 z, Z7>
+ 21611092100 %3° Z7 + 8984800256 Z7Z5 =7 + 31980778048 73 27
+ 1884642252573 77 + 35403422912 z:f z2 T3 + 117520024900 Z7
+ 122867909195 z, Z7 + 26633006800 Z3z; Ty + 76765656110 z2Z7
+ 106782873769 z; z; 77 + 261675596240 + 485314284486 =,
+ 58433053760 z3 — 67281983133 z2 Z7 + 293978412579 z2
- 15664790464'27."::1’ — 94729861629 z, Z7 — 43762238110Z7=0. (5.189)

Subtracting (5.187) from (5.185) and taking the numerator we obtain

W2 = —1601969338273040 Z5 + 4129050225093160Z7 — 17022062106400 Z3° Z;
— 2049538760980992 =3 — 566063835068160 z,Z3°
— 1290515732341388 Z5 27 + 1813947885483370 73 z,
— 156307460657920 22 z; Z3° — 529932588630016 23 z2 Z;
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— 2395601461620224 23z, T; — 592506195135140 2, 25 Z3°

+ 215914322990080 z, z; Z3° — 12298734418880 3% Z7 z?

+ 86149705857280 3° ZT z; — 324490247237888 2377 =3

— 3566306629981524 =, z, T3 — 2497770555691740 z, Z3

— 1751778168157160 z, 77 — 1145153147020940 Z5Z7

+ 9538495990898584 z, T + 8328991417137380 23z

~ 2262375560761580 Z3z, 71 + 1681954895431200 73

~ 1829880263729056 z, + 3261696353289728 Z1 z;

+ 387971049122800 2, Z3° + 154800252712300%3° Z1

+ 483642598244352 z$ 27 — 220462420144384 2377

+ 488572339166080 22752 — 22201920565760%3° z,

— 396075553505280 z: — 39894076016600 Z3° + 150798528554560
~ 31572436015965 T1Z3° 2, — 1487221068155276 Z1Z3 <>

— 346930273254249222 = 0. (5.190)

By applying gsolve to (5.189) and (5.190) we obtain

Gy = [-969Z7 + 7744z, T7 + 1911,64 z; + 115],

G2 := [702595747667968 z2 + 121561751175031 Ty — 134682583774537,
16977 + 128,832z, + 1559],

G; := [4763826238429598822020 z5 + 2088112373321932882471 Z7
+ 742589473497620115866, 102349Z7 — 1005670, 7873 z; + 6290},

G4 := (4853169289024 z3 + 16104186410816 z} Z1 + 38184678219776 2, =
+ 86310739986951 2 ZT + 26904390691527 z2 + 203221914331392 z, 72
+ 49611268000368 z; + 360358810420950 z; =, + 154128880390023 z, 77
+ 30431388478120 + 212900193245300 z, + 91706289015320 77,
—-230 — 128 z; + 13 %3],

Gs := [4037246221032260175082572 =, + 170847711566706971421898 7377
+ 1842223470946382876251169 7 — 2151796111124306284725932 77
+ 29478217649766010536134,
30653197266757 T3° ~ 7333203052239 T3 + 91133703096833,
7873 z; + 6290],
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Gs := [4323109461237319842355422221345280 =,

+ 46183471026538296892529127154365952 %5z, TT

+ 79832623058273089905552319534505600 277

+ 30826093787322261564581717778863949 =, Z1

+ 53881430334963778202590138834072470Z1

+ 37653654070557306191772918226884096 z, 75

+ 72227030230352536009292793907170560 27

+ 612427389403827899065561094706957 =z,

+ 2335214054314487710589163609138390, 8021313391208 73°

— 3870574900377 =, T3 — 5011279180026 Tz + 9575660143104 =,
+ 14886269629872, 129759808 z% + 457429931 , + 402632890] ,

G7 :=[1164217719808 z, T3 + 3442198165120 5 =} + 13969446387182 2 -

Gs

+ 13533496732756 z + 545200873048 T3 21 1 + 1171997712964 71
+ 1466225999873 z2 77 + 5848154092029 z, T1 + 5675239070344 77

+ 616344189185 z2 + 3286184711720 =, — 4334043693096 Z7

— 2200889444520 z, 7 + 4110217929624, 220300682567680 7> 3

+ 93838463991872 2} Z1 + 39446028107840 = — 140856924449280 T z?
+ 177545178666675 z3 + 34892855875072 23 F1 %7 -

+ 1306843564119808 z, =2 + 576543920419059 =2 z7

— 531669354282872 =, 75 + 1142523519936231 z, 77

+ 102957422665864 Tz, T7 + 254458848112632 7,

+ 2541402784559210 z, =, — 502417624470008 7

+ 73287873790092 T3 %7 + 112380655902536 + 736100107004696 Z7

+ 1622978569720508 5, 3056264 T3° + 34832476 + 8859520 =3

— 2471658 T7 — 1909041 z, T3 + 35954522 7, ,

= [608541253301109086673 1z, — 1893574737771427476480 z2 T3

+ 748235809613808093864 =, — 717730821827652203347 712

—~ 1800215735122340926539 77 + 1705782201794005825920 73

— 303698104523960879024, 10162171373169616486400 =, 777

— 4857175675240178118400 =, 73 — 2153192465482056610041 77

— 9154352724590811545600 23° + 4356900576465488213760 =5

+ 563782884805837289012,

—5684169941 Z7 + 15668257280 77 — 6989007688 + 7834128640 3 77,
832z, + 1559],

128
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Gs := [34057606428788062666314734252947989580724901428 T7 =2
+ 1189094466646830891540308518501127951317064268800 z, =2 T3
+ 195661563511934523126718999546694194 7416744478720 22 T3
+ 1112976027371166045326606804622128105239044935968 =, z»

+ 1969029949528043861810432486908073579520105553960 z2

+ 267790460084507616578085547631039975448516085824 =, T1>
+ 430130557723693693939253804346911726108144402641 772
+97591515810147282436846850714136547679268861136 =, T1
+ 74443641287489696060370308150533709804367616448 T

— 1071167742681855927090029987740685509864132275200 =, T3
— 1762571109322385373620857103354517952631612794880 7
— 1236094110677986125167928907954767973155881869708 z,

— 2191948479304771236829317467690244724888782628780,
20514001932442291279766073600 z, T3>

— 201984019027124098754619801600 1 z» T3

~ 362940034189363614949707456000 2 T3

+ 70819418588411562406146864696 z; T1

+ 122015905179962854931243123488 Z1

— 18479555459803386359458694400 Z3°

+ 120908918634405801869529826240 =, T3

+ 223283925608883768976619259520 T3

— 18543741798739275278297336209 =, — 30998980192200465669046290670,
17259564660 T35 — 67579394104 z, 77 — 129104492662 77

+ 34519129320 77 — 340905273759 z, — 611541656670,
129759808 z3 + 457429931 z, + 402632890] ,

G1o := [7447690047469100 Z1z; Z7 + 10072797662497856 = =5 77
+ 30187987711437699 z, z, Z1 + 21615932628713280 Z1 z»
+ 14895380094938200 z, Z; + 19346866846955648 2 =3
+ 58539752116856582 2, =, + 42274669373988480 z
—2990121038695700 %7 Z1° — 68991695053497024 z2 772
— 228975807652585101 , T7> — 191511479748643520 Z71°
— 841111561086194560 — 319773751004882816 =7
— 1036003398680892594 z, — 25378636471710600 Z
— 804009873723420480 Z7 — 18669560313246700 Z3 %1

— 976780373903286131 z, 77 — 298230023477643584 =2 Z7,
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10072797662497856 z =] Z1 — 298230023477643584 =3 71

+ 19346866846955648 z, =7 — 68991695053497024 z; F7°

— 319773751004882816 =3 — 1487784358371461151 z3Z7

~ 348909525470751281 £3%7% — 1577701651433863034 =3

+ 38235478794520579 2, 23 Z7 + 73996603694063622 2 3

— 590857363509776915 £, T1° ~ 2484379550399181610 z, Z1

~ 2603145849422208520 z; + 45734114097650550 =, = Z1

+ 89044012802799340 z, 2 + 33774631063430400 z,

— 1439493309495798400 — 1391014344034870800 77 -

— 335461621166647400 Z1° + 17269683250934400Z7 z-,
68930851862096014419200 z, %32 + 36347153899567955649920 2, T3

— 27674566080809380678400 Z3° Z7 — 41160443800662115740500 T3 77
— 1555088136882902032797568 =3 — 809644697205174851164096 =2 Z7
— 2747702512044784276737709 z, 1 + 124782918376053863614720 z1 75
— 5231459772963769369377242 z, — 2335350482507069487515200 ZT
+ 103158379644007188899800 Z7 — 4402864679022309409187200

— 117443866483672195833600 752, 392792077300480 z, =, T3

+ 313814577190400 z, Z7 + 157374791510300 3227

+ 7956462676222848 =7 + 3631141844920896 z; T1

+ 12051358297504479 z, Z1 — 353837491121920 z, 75

+ 25875506363560382 z; + 10079551565718080 T1 + 32057112659000 73
+21132353181745280, 1562218112 22 + 813356864 3 z7

+ 2437615431 £, ZT + 1205250560 =, T3 + 4726959758

+ 602625280 T3 z1 Z1 + 1745440320 77 + 2165684600 T; + 3413589120
+ 1082842300 7777] -

Among these sets of solutions, the only ones which are not tri'vially impossible, or do not
imply 2, and z; be constants, are G7 and Gyp. Let us take the third equation in G7:
f1 := 3956264 73° — 2471658 77 — 1909041 z, z7 + 8859520 z;
35954522 z, + 34832476 = 0. (5.191)
Applying & twice successively to this equation, using the Pfaffians calculated previously,
we obtain respectively:
f2 := 1079685917 Z3z2 + 252496320 z3 + 3781787431 z, 77 + 1024703877 z?
+ 3287720348 T3 + 87748156 Z3° =, + 90137805 732 + 37584508 Z5°
+ 992725566 z; =0, (5.192)
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fa := 3794884235 z3 73 + 13984191503 22737 + 2272466880 =7 + 8934530094 z
— 91739451273 z; + 40424847312 5% ~ 72805233934 2, Z;
+ 9222334893 =3 — 11338514006 z7 27 + 47275438170%3° z,
+ 112753524 73* — 1918581915 73" — 72103225320z =10. (5.193)

Applying gsolve to these three equations we obtain z, = 0, a contradiction.

Let us now consider Gjg. The fourth and fifth equations of this set are given respec-
tively by

ky := 1205250560 z, 77 + 602625280 Z3 2, z7 + 2165684600 75
+ 1082842300 377 + 1562218112 22 + 813356864 =2 Z7 + 4726959758 =,
+ 2437615431 2, 77 + 1745440320 Z7 + 3413589120 =0, (5.194)

hy := 392792077300480 z, z, 75 + 313814577190400 2,73
+ 157374791510300 2321 — 353837491121920z,%;
+ 32057112659000 Z; + 7956462676222848 z2 + 3631141844920896 2z
+ 25875506363560382 z; + 12051358297504479 z, Z1
+ 10079551565718080 7 + 21132353181745280 = 0. (5.195)

Applying gsalve to (5.194), (5.195) and their complex conjugates we find the four for-
mally possible solutions, not listed here due their huge size, with coefficients having up
to a thousand digits. They can be easily computed, however, by running the code listed
in the Appendix E. They all imply that at most z; and z, are constants.

We shall consider now the cases where each of the denominators that appeared in the
equations above is zero.

(i)WI =0

In terms of variables z; and z; we have from (5.182),
~128z; + 1377 - 230 =0. (5.196)
Applying & twice to this equation, using (5.174), (5.181) and (5.189), we obtain

883%7z, + 38422 4 1610Z7 + 690z, — 13z; =0, (5.197)

—72841%3%z; + 920147322 — 131330%;° — 21888z + 429410%;z,
—39330z? + 476100%3 + 247z7° = 0. (5.198)
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Applying gsolve to (5.196), (5.197) and (5.198) we find that we must have z; = 0.
(ii)w2 =0

From (5.184) we have

1134018560 z3 + 6639868416 z2 + 12728096988 z;, — 3519721740%;
— 320122100 Z3° ~ 1512677760 2322 — 160164491 73% z,

— 467689451473z, + 8011469480=10. (5.199)

By applying & to this equation twice, we obtain, respectively,

—1369961281080 z; — 6430475744520 Z5z; — 3248076062982%Z7z2
+ 81643014022 Z3° z; — 1135417499136 23 — 4090228161000 7
— 2176504584948 z2 4 5757170101373 22 + 4393931144173 2,

— 521008666752 3 25 + 79567654320 Z5° — 193917173760 =}
- 4470114078073 =0, (5.200)
13059027509688 =3 + 8219767686480 z7 — 49751225470800Z7

+ 59461698073800 Z7° + 6812504994816 =¥ — 410251659210 5

+ 1838793243264 z} 75 — 227972148945 73 z; + 11422677583148 23737

1%2
+ 5129406799620 E’ + 10952586334853_23 zf + 1163503042560 zg

+ 4820826637652 27" 2, + 60294205229306 237 2
+104573868807840Z7% z; — 23114065312032 55 22

~ 68556933929400 Z3z; + 3098494712094%;23 = 0. (5.201)

By applying gsolve to (5.199), (5.200) and (5.201) we find immediately that Z3 = 0.
(ii)ws =0

From (5.186) we have

—1909041 52, — 2471658 7 + 3956264 Z5° + 34832476 + 8859520 22

+ 359545222, = 0. (5.202)

Again, by applying J to this equation we get

87748156 73° z; + 1079685917 23z + 90137805 z3°

+ 3781787431 Z7z; + 37584508 75° + 992725566 z; + 328772034873

+ 252496320 z2 + 102470387722 =0, 5.203
1 1
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and

—72805233934 77z, — 11338514006 327 + 47275438170%7° 2,
+ 9222334893 z3 — 72103225320 %7 + 8934530094 z3 + 40424847312 Z3°
+ 13984191503 Z3° 27 — 917394512 23" z, + 3794884235 5 z5

~ 1918581915%3° + 112753524 T3* + 2272466880 z% = 0. (5.204)

By applying gsolve to these three equations we find again that z; = 0.
(iv)wg =10

From (5.188),

(11874643647996 + 11752612613194 22 + 20438706838844 z,
+ 1512507879634 37, + 2258636415872 23 + 502505920896 73 z2
+ 1078454503804 73 + 1055170442911 73 + 539884980544 7% z;)

(—1909041 T3 z; — 2471658 Z3 + 3956264 Z3° + 34832476 + 8859520 z2

+359545222,) = 0. (5.205)

We observe here again that the second factor of (5.205) is proportional to (5.202). Thus,

only the first factor needs to be considered. Applying & to the first factor of (5.205) we
get

—106871792831964 2, — 20327727742848 =} — 183948361549596 =2
— 204828754890972 F3 — 352155985333632 2, 77 — 7151232439104 23" 2,

— 203691384240944 7322 — 990832120537 Z3° 2, — 39554229871616 23z

— 105773513518746 23 — 2331389501632 777 z? + 6494485393044 232
— 1293493540751123° = 0.

(5.206)

Applying gsolve to (5.205) and (5.206) we find that all possible solutions require that
both z; and z, are constants.

When z; and z2 are constants we have
= -~ 4
dz; = d(a/r) = ngzw(ﬁtizl + 115)(2z; +3) =0, (5.207)

2
822 = §(B/T) = 75 (1977 + 441z, + 2562,27) = 0. (5.208)

From (5.207) we have z; = —115/64 or z; = —3/2. In both cases, we can obtain the

corresponding value for z; from (5.208), substitute into M; = 0 (cf. (5.189)) and find
that this would imply 7 = 0, a contradiction to our initial assumptions.
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The analysis of the case affx = 0 follows exactly the steps described in [22] for the
self-adjoint scalar equation. Instead of repeating them again we present the proof for the
Weyl and Maxwell cases in the form of a Maple code in Appendix E.

5.7 Discussion

We have proved Theorem 5.1 (Main Theorem): there ezist no Petrov type III space-times
on which Mazwell equations or Weyl neutrino equations satisfy Huygens’ principle. The
use of the necessary five-index condition VI’ determined by Gerlach, Alvarez and Wiinsch
[36] [3] [4] was essential for the solution of this problem. Its conversion, from tensorial to
spinor dyad form was possible thanks to the Maple package NPspinor. The polynomial
system obtained from integrability conditions was simplified using the procedure gsolve,
from Maple’s package grobner. Since a direct application of the algorithm seems impossi-
ble, due to the large size of the polynomial system, a “divide and conquer” approach was
applied with success to solve this problem, i.e., we took pairs of polynomials, decomposing
the problem into several smaller, manageable parts.



Chapter 6

Conclusion

In this Thesis we have studied three problems concerning Hadamard’s problem in Petrov
type III space-times.

In Chapter 3 we have considered the conformally invariant (self-adjoint) scalar wave
equation in four dimensions:

Ou+ %Ru:(}, (6.1)

In this case we have proved the following result:
Let M* be any space-time which admits a spinor dyad with the properties

op88 = 0Alps, (6-2)
where I g 15 a 2-spinor, and

¥ 4BcD.EE ABCoPoBsE =0, (6.3)

R=0, ®,5,30%°%=0. (6.4)

Then the validity of Huygens’ principle for the conformally invariant equation
(6.1) implies that o
&, 550" Po4E £0. (6.5)

Besides the necessary conditions II] and V (cf. (2.188) and (2.190)), that were
already used by Carminati and McLenaghan {22}, we have used the six-index necessary
condition VI derived by Rinke and Wiinsch [72] (cf. (2.192)). Although we have not
solved polynomial system involving a, 8, w and ®;; in the general case, the analysis offers
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evidence that these necessary conditions are enough to settle the problem for Petrov type
ITI space-times.

In Chapter 4 we have studied the non-self-adjoint scalar wave equation:
Ou+ A%(z)Viu 4+ B(z)u =0. (6.6)

In this case, using the necessary conditions I'T, ITI, IV, V and VI (cf.(2.187) - (2.191))
we have obtained the following result:

If a non-self-adjoint scalar wave equation (6.6) satisfies Huygens’ principle on
any Petrov type III space-time, then it must be equivalent to the self-adjoint
invariant scalar wave equation (6.6) with A =0 and B = R/6.

In Chapter 5 we have considered Hadamard’s problem for the homogeneous Maxwell’s
equations, and Weyl’s neutrino equation, given respectively by

dv=0, dw=0, (6.7)
VEAok =0. (6.8)

We have solved Hadamard’s problem for this case by proving the following statement:

There ezist no Petrov type I[II space-times on which Mazwell's equations (6.7)
or Weyl’s equation (6.8) satisfy Huygens’ principle

In order to obtain this result, we have used necessary conditions III, V' and VI’ (cf.
(5.106), (5.107), (5.108)).

An essential tool in our calculations was the Maple package NPspinor [27] [29], used
to convert tensorial expressions into their corresponding spinorial forms , and also for
manipulating the Newman-Penrose (NP) expressions. The Maple package grobner (28]
was used to study the polynomial systems that would be obtained from the necessary
conditions, the NP field equations and commutation relations. We have verified that
the procedure gsolve, from grobner, which attempts to factor the polynomial system
after each reduction step of Buchberger’s algorithm, was more useful than procedures
or programs that try to find a Grobner basis. Moreover, we have used a “divide and
conquer” approach, dealing with pairs of equations and then analysing separately the
several sets of possible (smaller) results together with the polynomials that had been left
out.

We believe that Hadamard’s problem can finally be solved for the scalar wave equation,
on Petrov type III space-times, by using the methods employed on Chapter 3, or using
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heuristic Grobner basis methods. Hadamard’s problem for equations (6.1), (6.6) (6.7)
and (6.8) on Petrov type II space-times has been partially studied [23] and is good area
for the application of the techniques developed in this Thesis.



Appendix A

Grobner Bases

In this Appendix we present a summary based on the references {35], [1], [28] {2].

A.1 Basic definitions

Definition A.1 A commutative ring is a set (R, +, -) with the two binary operations
(+) and multiplication (-} defined on R such that (R, +) is a commutative group, (R, )
is commutative and associative, and the distributive law a - (b + ¢) = ab + ac holds
Ya,b,c €R. ’

Definition A.2 A field (K, +, -) is a commutative ring in which every nonzero element
has a multiplicative inverse.

Definition A.3 Let N denote the non-negative integers. Let a = (ay,...,a,) be a
power vector in N", and let z,, z3, ..., z, be any n variables. Then a monomial x® is
defined as the product x* = xJ' - x3? ---x3. The total degree of the monomial x* is
defined as |a| = a; + -- - + an.

Definition A.4 A multivariate polynomial f in z;, z3, ..., z, with coefficients in a
field K is a finite linear combination f(zy, 23, ..., Zn) = Y, 8a2*, of monomials x* and
coefficients a, € K. The total degree of the polynomial f is defined as the maximum ||
such that a, # 0.

We denote the set of all multivariate polynomials in x = (x;, x2, ..., Xa) with coeffi-
cients in a field by K[x]. It can be shown that K[x] forms a commutative ring. It is called
a polynomial ring.

Definition A.5 A nonempty subset I of a noncommutative ring K is called an ideal
of Kif, V2, y € I and r € K,
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(i)z-y €,
(iyz-randr-z€I.

Definition A.6 Let F = {fi, ..., f.} be a set of multivariate polynomials. Then the
ideal generated by F, denotated by I = (F) = (fi, ..., f), is given by

(fl:-"rfl) = {Zhlfl : hlr 2R hl € K[X]_, ...,Xn]}.
i=1 .

The polynomials fi, ..., f, are said to form a basis for the ideal they generate and, since
F is finite, we say that the ideal is finitely generated. The two polynomials are said to
be equivalent with respect to an ideal if their difference belongs to the ideal.

Theorem A.7 (Hilbert Basis Theorem). In the ring K[x, ..., x,) the following
properties are satisfied:

(1) If I is any ideal of K[x;, ..., xa], then there exist polynomials fi,..., f; €
K[xi, ..., xa] such that I = (fj, ..., f.).

()L CI,C---C I, C---is an ascending chain of ideals of K[xy, ..., xn],
then there exists N such that Iy = Iy41 = INy2 =+

Thus, according to Hilbert Basis Theorem, every ideal is finitely generated. Every
ideal can be generated by different bases, since we can always add any linear combination
of the generators, or suppress one of them if it is a linear combination of the others. In
general, it is a difficult problem to decide whether a given polynomial is a member of an
arbitrary ideal. This problem can be considered as an instance of the "zero-equivalence“
problem. For example, deciding if a polynomial h € I = (fi,..., f,) is the same as
deciding if h simplifies to 0 with respect to the side relations f; = 0, ..., f, = 0. Also,
the problem of solving a polynomial system of equations f; =0, ..., f, = 0, where each
fi € K[x1, ..., Xa], is equivalent to finding a "reduced® basis for the ideal {fy, ..., fs), i.e.,
a basis in which the system assumes a simpler form.

What the Grébner bases theory provides is an algorithm that leads to the determi-
nation of a standard basis for a polynomial ideal, where this standard or reduced basis
always exists and from which the existence and uniqueness of solutions (or even the
solutions themselves) may be easily determined.

A.2 Monomial ordering

As we shall see, the computation of Grobner bases is very sensitive to the choice of the
monomial ordering. Let us consider polynomials in K{x;, ..., xa]. For the variables z; we
assume the ordering z; > 23 > ... > za) > 2.



A.3 Polynomial reduction 140

Definition A.8 An admissible total ordering > on N™ is defined by the two conditions:

1. Ve N*, a> 0.
2. Vo, B, YyeEN* ,a>f=>a+y>PF+7.

An admissible ordering establishes a one-to-one correspondence between N™ and the
monomials x* = x7" -x32 -- -x3" in K[xy, ..., Xa], i.e., if > is an admissible ordering on N™
then > is an ordering on the monomials, @ > 8 => z* > z#. Among the several different
monomial orderings we consider only the three most important ones:

Definition A.9 Let o and § be in N™. We define the following monomial orderings:

1. Pure lericographic order (plex): a >plez 8 <=> the left-most nonzero
entry in a ~ f is positive.

2. Graded lezicographic order (grlex): a >4z B <> |af > |B] or [a] = |8
and a >plex B.

3. Graded reverse lezicographic order (grevlex): a >greulez B < |a] > |B]
or |a| = |B| and the right-most nonzero entry in a — 8 is negative.

The orderings grlex and grevlex are also called total degree ordering. In Maple the
grevlex order is referred by tdeg.

Definition A.10 Given a particular admissible ordering > and a nonzero polynomial
h € K[xy, ..., Xa], we define:

- Multidegree of h: multideg(h) = max(a € N*, a, # 0).
- Leading monomial of f : LM(f) = z™tidea(f ).

- Leading coefficient of f : LC(f) = auuitideq(s) -

- Leading term of f : LT(f) = LC(f) - LM(f).

A.3 Polynomial reduction

The reduction method for the case of multivariate polynomials is a generalization of the
reduction process known for linear and univariate polynomials (long division), normally
used for solving systems of equations. The basic idea consists of the following: when
dividing f by fi, ..., fs, we have to cancel terms of f using the leading terms of the
fis (so the new terms which are introduced are smaller than the cancelled terms) and
continue this process until it cannot be done any more.
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Definition A.11 Given f, g, hin K[x;, ..., x,], with g # 0, a € K — 0, we say that
f reduces to h modulo g in one step, denoted by f -3 h, if and only if LM(g) divides a

nonzero term ax* of f and
ax®

h=f~fﬂg—)g.

Example A.12 Consider the polynomials f = 6z* +132° -6z +1, g = 322 +5z — 1.
Then, if we decide to reduce the first term of f we get f -+ h, where

h-f—gz: =323 +222 -6z +1
- 3227 = )
If we start by reducing the term of degree 3 of f, we obtain
1323 65 5
h=f- =6zt~ —z2_ 2
f-gg9=6z -5z ~32+l

In both cases we could continue the reduction until we get 0, since in fact g divides f.

Example A.13 Let f = 622y — z + 4y — 1 and g = 2zy + y°. If we use the plez
ordering with z > y, then LT(g) = 2zy, ax* = 6x?y, and f -Z h, where

622y

= -3 3 _ 3_ .
2zy‘q zy z + 4y 1

h=f-

We can continue the process to get
3
f2 -3z’ -z+48°-1-5 —-z+§y5+4y3—1.

Since no term in the last polynomial is divisible by LT (g) = 22y, the process cannot
continue. If we use grlez ordering, with z > vy, then LT(g) = v°, and ax® = 4y® and
f 25 k, where

4y°

h=_f——ys—g=6zzy—83y—z—1.

Here h cannot be reduced further since it does not contain any term which is divisible by
LT(g9) =9

In the multivariate case we usually have to make reductions modulo many polynomials
at a time. Thus, the following Definition is necessary:

Definition A.14 Let f, h, and fi, ..., f, be polynomials in K[x, ..., xu], with f; # 0,
(1 <i<s)andlet F={fi,..,f.}. We say that f reduces to h modulo F, denoted
f £ +h, if and only if there exist a sequence of indices 7;,1;,...,4%, € 1,...,s and a
sequence of polynomials hy, ..., he—; € K[xy, ..., x4] such that

£ £ 5 fiee fi
F=h hy = - by “5Hh.
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Example A.15 Let F = {f, f2}, where f; = yz — v, }2 =y? -z, and f = y’z.

Using grlez order we have f LN + 2, since y?z Ay y? F.

Definition A.16 A polynomial r is said to be reduced with respect to a set of non-
zero polynomials F' = fi, ..., f, if » = 0 or no power product that appears in r is divisible
by any one of the LT(f;), i =1, ..., s, i.e., r cannot be reduced modulo F.

Definition A.17 If f £ +r and r is reduced with respect to F, then we call r a
remainder for f with respect to F. The polynomial r is also called a normal form of f.

Usually an ordering among the polynomials in the set fi, ..., f, is taken by choosing 2
to be the smallest integer such that LT(f;) divides LT(f) [28]. The multivariate division
procedure described above can be presented in the following algorithmic form.

Taput: f, f1,..- /. € Kixs, ., %] with f; Z0(1 < < 9)
Output: u),...,u,, rsuch that f=u f +---+u,f, +r and
r is reduced with respect to {f, ..., fs} and
max(LM(u1)LM(fy), ..., LM(u)LM(f,), LM(r)) = LM(f)
Initial Values: u; :=0, u3 :=0,...,u,:=0,r:=0,h:= f.
While & # 0 do ]
If there exists ¢ such that LM(f;) divides LM (k) then
choose 7 least such that LM ( f;) divides LM (h)

w==w+{'—%{%

hi=h- fG5fi
else

r:=r+ LT(h)

h:=h-LT(h)

This algorithm provides the proof for the following Theorem.

Theorem A.18 Given a set of non-zero polynomials FF = {fi,...,f,} and f in
K[x1, ---) Xn], then Juy, ..., u,, ,» € K|xy, ..., xn) such that f = u1fi+---+u,f, +r
and either r = 0 or r is a completely reduced polynomial.

With f written as in the Theorem A.18, we have f — r € (fi,..., fs). Therefore, if

r =0, then f is in (f1, ..., f,). However, the converse is not necessarily true, i.e., we may
have f € (f1,..., f,) and r # 0, as we can see in the following example:

Example A.19 Let f = y’z —z, F = {fi, 2}, I = (fi, f2), where f; = yz — y,
f2 = y* —z. Using grlez term with y > z, we obtain, according to the Division Algorithm,
f A) y? -z £, 0. Thus f —F++ 0, and indeed, f = yfi + f2, so f € I. However, if we
start the reduction process with f; instead of f;, we get f —F—++ z2 — z, so the remainder
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of the division of f by {fs, fi} is nonzero, but f € (fi, f). This fact shows that the
Multivariate Division Algorithm is of limited usefulness. In the next sections we describe
how Grobner-Buchberger theory deals with these difficulties.

A.4 Grobner bases

Definition A.20 A set of non-zero polynomials G = {g,, ..., g:} contained in an ideal I is
called a Grébner basis for I if and only if for all non-zero f € I, there exists z € {1, ..., ¢}
such that LT (g;) divides LT(f). In other words, if G is a Grobner basis for I, then there
are no non-zero polynomials in I reduced with respect to G.

There are other useful characterizations of a Grébner basis, which will be presented
in the next Theorem. We first need the following definition:

Definition A.22 For a subset S of K[x, ..., xa], the leading term ideal of S is defined
as the ideal
Lt(S) = (LT (s)|s € S). (A.1)

Theorem A.23 Let I be a non-zero ideal of K{x,, ..., xo]. The following are equiva-
lent for a set of non-zero polynomials G = {g1,...,9:} C I:

(i) G is a Grobner basis for T,

@) fel+<fSp0,

(ii) f € I &= f = Ticy igi, with LM (f) = maxigice(LM (h:) - LM (g:)) ,
(iv) Lt(G) = Lt(1).

Proof:

(i) = (ii). Let f € K{xi, ..., xa). Then, by Theorem A.18, there exists
r € K[x1, ..., Xa], reduced to G, such that f —G—)+ r. Thus f —r € I and so
felifandonlyifr € I. If r = 0 then, of course, f € I. Conversely, if f € I
and r # 0 then r € I and, by (i), 3¢ € {1,..., t} such that LM(g;) divides
LM(r). this contradicts the fact that r is reduced with respect to G. Thus
r=0and f -2—).,. 0.

(ii) = (iii). Follows immediately from Theorem A.18.

(iii)) = (iv). Clearly, Lt(G) C Lt(I). To prove the reverse inclusion, we
notice that from (iii) it follows that LT(f) = X ; LT(k;) LT (g:), where the
sum is over all ¢ such that LM(f) = LM (H;) LM(g:). This implies that for
all f eI, LT(f) € Lt(G) and thus, Lt(I) C Lt(G).
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(iv) == (i). For f € I we have LT(f) € Lt(G) and thus LT(f) =
t_1 hiLT(g;) for some h; € K[xy, ..., X,] . Expanding the right side of this

equation it is clear that each term is divisible by some LM(g;). Thus LT(f)
is also divisible by some LM(g;), as required.

Corollary A.24 If G = {g1,...,9:} is a Grobner basis for the ideal I, then I =
{91y --199)- .
Proof: We must have (g,, ..., g¢) C I, since each g; is in I. For the reverse inclusion, let
f € I. Then, by Theorem A.3, f —q-n. 0, which implies that f € (g1, ..., g¢)-

Let us consider now the special case of ideals generated by monomials.

Lemma A.25 Let I be an ideal generated by a set S of nonzero terms, and let
f € K[x1, -.., xn). Then fisin I if and only if for every monomial X appearing in f there
exists a monomial Y € S such that Y divides X. Moreover, there exists a finite subset
So of S such that I = (Sp).
Proof: If f € I then f = Y., hiX;, where k; € K[xy, ..., X] and X; € S, fori=1,..., 1.
Thus, every term of the left-hand side of this equation must be divisible by some X; € S.
Conversely, if for every term X appearing in f there exists a term Y € (S) such that Y
divides X. For the last statement we note that, according to the Hilbert Basis Theorem
(Theorem A.7), I has a finite generating set. By the first part of the the lemma, each
term of each member of this generating set is divisible by an element od S. Thus, the
finite set Sy of such divisors is a generating set for (I).

Corollary A.26 Every non-zero ideal I of K[xy, ..., x,] has a Grébner basis.
Proof: According to Lemma A.25, the leading term ideal Lt(J) has a finite generating
set of the form {LT(g,), ..., LT(g:)}, with g1, ..., g € I. If we let G = {g1, ..., g¢}, then
Lt(G) = Lt(I). Thus, by Theorem A.23, G is a Grdbner basis.

In order to make use of a shorter terminology, from now on we say that a subset
G = {g1,-.-, g¢} of K[xy, ..., xq] is a Grobner basis if and only if it is a Grobner basis for
the ideal (G) it generates.

Theorem A.27 Let G = {41, ..., §:} be a set of non-zero polynomials in K[xy, ..., Xa]-
Then G is a Grobner basis if and only if V f € K[x;, ..., xa], the remainder of the division
of f by G is unique.

The proof for this Theorem is straightforward but long, and can be found in [1].

Example A.28 Let us consider Example A.19 again, where f = yz? -2, f; = yz -z,
f2 =y*—=z, and F = {f,, f;}. We have already verified that f in. Oor f —F-'++ 2 -z,
depending of the order in which f; and f, are taken to make the reduction. Thus,
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according to Theorem A.27, F is not a Grobner basis. There is another way to prove
this. Since f = yfi + f2 € (f1i,f2), and f —F++ 2?2 - z, we have 2% - z € (f1, f2)-
However, LM (z? — z) = z2 is not divisible by either LM(f1) = zy or LM(f,) = y*.
Thus, by Definition A.20, F is not a Grobner basis.

A.5 Buchberger’s algorithm

The preceding section proved the existence of a Grébner basis for an ideal I. We shall
now be concerned with a method to find Grobner bases. As we have already seen in
Example A.19, the multivariate algorithm alone has limitated usefulness, since we can
have f € I = (f1, ..., fa), Where the leading power products of f are not divisible by any
LM(f;). Let us analyse this ambiguity in a more systematic way. Namely, in the division
of f by fi, -.., fs, it may happen that some term X appearing in F is divisible by both
LM(f;) and LM(f;), for i # j. If we reduce f using f; we get the polynomial h; =
f- ET'}T{?T fi» and if we reduce f using f;, we get hy = f — ETJ‘((?,T fj- Thus, the introduced

ambiguity is given by ks — k1 = pF(7fi — F(;fi- Slnce X must be also divisible by
L = LCM(LM(f;), LM(f;}), where LCM denotes the "least common product”, we can
rewrite this equation as hy — ky = {—(3%6_—) - -g-?-—(f};;) = £S(fi, f;), where S(f;, f;) =

Lf Lf;
LT(f) ~ LT(S)"

Definition A.29 Let 0 # f, g € K[y, -.., X}, and let L = LCM(LM(f), LM(g)).
We define the S-polynomial of f and g as

This leads us to the following definition.

_Lf _ Lf
S B = T T T (42

Theorem A.30 Let G = {g;, ..., g:} be a set of non-zero polynomials in K[x;, ..., xp].
Then G is a Grobner basis for the ideal I = (gy, ..., g+) if and only if for all i # j,

5(f £5) 54 0. (A.3)

In order to prove this theorem, we need to introduce the following lemma:

Lemma A.31 Let fj, ..., f; € K[x1, ..., Xa] be such that LM(f;) = X # 0,Vi =
1,...,5. Let f=Y7{ ¢af;, witheg € K,i=1,..,s. If LM(f) < X, then f is a linear
combination, with coefficients in K, of S(f;, f;),1 <i<j<s.

Proof: Let f; = a; X +lower terms, a; € K. Then the hypothesis asserts that }_7_, c;a; =
0, since Y, ci(a;X + lower terms) and LM (f) < X. Since LM(f;) = LM(f;) = X, the

=
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S-polynomials will take the form S(f;, f;) := al‘ fi- é f; . Thus
1 1
f=ah+ ---+ecfi= Clal('a:fl) +---+ Caan(a_'f:)
1 1 1 1
= ¢1a1(;'1'f1) -~ a—zfz) + (c1a; + Czﬂz)(;fz) - ;:fs) +---

Hem b erar) (o fuet) = 1) (o o) 1
= a1a1S(fi, fo) + (101 + ¢262)S (2, fo) + - + (101 + -+ €0180-1)S (fo-, £i) -

Proof of Theorem A.30: If G = g,, ..., g: is a Grobner basis for I = (g;, ..., §¢), then, by
Theorem A.23 (ii), S(g:, 95) —Ci>+ 0, Vi # j, since S(g;, g;) € I. Conversely, let us assume
that S(gi,9;) —4 0,Vi # j. Let f € I. Then it can be written as f = Y%, higi,
with X = max;<i<¢(LM(h;)LM(g;)). According to Theorem A.23 (iii), if we prove that
X = LM(f), then we are done. Let us assume, on the contrary, that LM (f) < X. Let
S = {i{|[LM(h;)LM(g;) = X}. For i € S we can write h; = c; X; + lower terms. Define
9 = YiesciXigi- Then LM(X;g;) = X,Vi € S, and LM(g) < X (since LM(f) < X).
By Lemma A.31, there exist d;; € K such that g = 3_; ;¢ ;4; di;S(Xigi, X, 95)- Since
X = LCM(LM(X;Q;), LM(ng,')), we have
X X

S(Xigi, Xj,95) = mxigi - mxjgj
__X X . X S(a:. a:
= IT() g9i — LT(g,-)‘q’ = X_q— (i1 95)

where X;; = LCM(LM(g:), LM(g;)). Since S(g;, g;) —+4 0, we have S(X:g:, X;9;)

—G-)+ 0. Thus, by Theorem A.23 (iii) we can write

t
S(X:9i, X395) = Y hijugy (A.4)
r=1
where
maxy <p<t (LT (Riju) LT (9v) = LT(S(X:9i, X;9;) < max(LT(X:g:), LT (X;95)) = X .
: (A.5)
However,
t t
f=) hgi= ) (lowerterms)g; + Y ;i X:g:,
i=1 i=1i¢s ies
where

t

YaXigi=g= Y &;S(XigXj9)=Y. Y. dijhijug.. (A.6)

i€S 1,JESi#] vr=11,7€S,i#5
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Thus, .
f= Zl k3g; - (A7)
Thus, from (A.4), (A.5), (A.6) and (A.?),:e obtain, finally,
max; ¢;<e(LT(H;)LT(g;)) < X, (A.8)

which is a contradiction.

Buchberger’s Theorem provides a strategy for computing Grobner bases: reduce the S-
polynomials and, if a remainder is non-zero, add this remainder to the list of polynomials
in the generating set. Continue this until there are enough polynomials to make all S-
polynomials reduce to zero. In other words, given a set F = {fi, ..., fi}, f; € K[x1, ..., x4,
we start testing F° by checking whether S(f;, f;) -in. 0,Vfi, fj eF,i#j.lfwefinda
pair (f;, f;) such that S(f;, f;) =4 r # 0, then (F) = (F,r) (since S(f:, f;) € (F)), and
S(fis ;) FU—{;} + 0. The procedure is repeated for all pairs (f;, f;) formed in the updated
generating set, until the process terminates.

Example A.32 Let G = {g1,9,} with g; = 42%z — Ty?, g; = zyz? + 3zz*. We use
plex ordering with z > y > z. Thus, in the first step we get ~

S(g1,92) = 122%2* - 7%z L -2 - TPz =g

The generating set is now G = {g;, 92, 93}. The S-polynomials to be considered now are
S(91,93) and S(g2, 93). If we pick the first pair we get S(g1, 93) in, 49y5 4+ 1323252 =
g4, and G is updated to G = {g1,92,93,94}- The S-polynomials to be considered
now are S(g2,93),S5(91,94),5(92,94), and S(g3,94). If we compute each of these S-
polynomials and reduce them modulo G, we find that they all reduce to zero. Hence,
G = {91, 92, 93, 94} is a Grobner basis. Buchberger’s Algorithm for computing Grébner
basis is as follows:

Imput: F={f,, fi,., fs} C K[x1, ..., x5) with f; £0(1 < i< s)
Output: G := {g1, ..., gt}, a Grdbner basis for (fi, ..., f,)
Initialization:G := F, M := {{f;, f;}|fi # [; € G}

While M # 0 do

Choose any {f,g} e M

M =M - {{fig}}

S(f,9) S+ b

Ifh # 0 then

M ;= M u {{u, h}|Vu e G}

G := Gu{hr}
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We can show that this algorithm terminates. Let us suppose the contrary. Then, as
the algorithm progresses, we obtain a strictly increasing infinite sequence Gy C G2 C - -~
Each G; is obtained from G;_;, by adding some h € I to G;-;, where h is the non-
zero reduction, with respect to G;_;, of an S-polynomial formed by a pair of elements
of G;—;1. Since h is reduced with respect to G;_1, we have LT(h) ¢ Lt(Gi-1). Thus,
Lt(G,1) C Lt(G2) C ---. This is a strictly ascending chain of ideals which contradicts the
Hilbert Basis Theorem.

Example A.33 Let F = {g,,93,93}, where gy = 2?2 - y*, g2 = yz2 + z, g3 =y — 2.
We use plex ordering with z > y > 2.
Initialization:G = F = {g1, g2, 93}, M = {(g1, 92), (91, 93), {92, 93)}-
First pass through the while loop:
Choose the pair (g1, g2)
M = {(91,92). (92, 93)}
S5(g1,92) = 2?z + ¥z -g->+ 224+ 22=h#0
M = {(91,93), (92, 93), (94, 91), (94, 92), (94, 93) }

G = {91,92, 93, 94}
Second pass through the while loop:

Choose the pair (g1, g3)

M = {(92,93), (91, 1), (94, 92), (94, 93)}

S(gr,93) =222 —y* Sr, 0=h

Choose the pair (g2, g3)

M = {(94,91), (94, 92), (94, 93)}

S(g2,93) =z+2° -9—>+ 224+z=h#0

M = {(94,91) (94, 92), (94, 93), (g5, 91, (g5, 92) (95, 93), (g5, 94) }

G= {yli g2, 93194395}
Third pass through the while loop:

All pairs of M reduce to zero modulo G

M=0

G = {91,92, 93, 94, 95}

where gy =222 —y2, o =yz’ + 2z, ga=y—2, 94 =24+ 22, gs = 2 + z.
From this example we observe the following facts:

1. The computed Grébner basis G is not reduced:

-g4 = zgs, and therefore the ideal generated by G does not change. Thus g4
can be eliminated.
-LT(g3) divides LT(g,), so g3 can also be eliminated.

2. There are some reductions of S-polynomials that are unnecessary. For example, the
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fact that LT(g,) = 2%z and LT(g3) = y are relatively prime assures us that S(g1,93)
reduces to zero without carrying out the reduction.

These facts give a hint for some improvements to Buchberger’s algorithm which will
be be described in the next section.

A.6 Improved Grobner bases

As we saw in the previous section, Buchberger’s algorithm consists basically of two steps:
the computation of S-polynomials and their reduction. A possible problem that might
arise is the possibly very large number of S-polynomials that must be computed and
reduced. As the computation progresses the number of polynomials in the basis gets
larger, and therefore, each time a new polynomial is added to the basis, the number of
S-polynomials to compute also increases. Since the proportion of S-polynomials which
reduce to zero eventually increases as we get far in the algorithm, a huge amount of
computation might be performed for very little gain, since few new polynomials are added
to the basis. Indeed, at some point, the computation of S-polynomials and their reductions
are useless except for the fact that they verify that we really have a Grébner basis. In
order to improve this situation one has to find a way to predict which S-polynomials
reduce to zero without actually computing or reducing them.

A starting point towards the desired improvements is given by the following theorem:

Theorem A.34 Let f, g € K[xy, ..., %] be non-zero polynomials. Then the following
statements are equivalent:

(1) LCM(LM(f),LM(g)) = LM(f)LM(g), i.e., LM(f) and LM(g) are rela-
tively prime.

(i)S(f,9) >4 0.

In particular, {f, g} is a Grobner basis if and only if LM(f) and LM(g) are
relatively prime.

A proof for this theorem can be find in (1}, p.125, although it is formulated there in
a slightly different form.

This theorem gives a criterion for a priori zero reduction: during Buchberger’s algo-
rithm, whenever f and g are such that LM(f) and LM(g) are relatively prime, it is not
necessary to compute S(f, g), since it will reduce to zero, and therefore will not create a
new polynomial in the basis. The next criterion is based on the following theorem.

Theorem A.35 G is a Grobner basis if and only if Vf, g € G either
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(i) S(f,9) 4 0, or (ii) 3k € G, f # g, such that
LM(h) divides LCM(LM(f), LM(g)),
S(f, k) <34 0, S(g,h) 34 0.

The proof is given in [35] , p.444 .

This theorem implies that if there is an element f; of the basis such that LM (fi) di-
vides LCM(LM(f;, LM(f;)) and if S(f;, fi) and S(f;, fi) have already been considered,
then S(f;, f;) reduces to zero and can be ignored.

A third criterion was proposed by Buchberger and Winkler [17] : In the process of
selecting a pair {f;, f;}, choose one such that LCM (LM (f;; LM(f;)) has the minimal
degree among the pairs.

Another useful improvement is the reduction criterion divides LM(g;), then g; can be
deleted from the basis. We can carry this out by reducing all polynomials in the basis with
respect to each other. Each time a new polynomial is adjoined to the basis, all the other
polynomials may be reduced using the new polynomial. Such reductions initiate a whole
cascade of reductions and cancellations. If this process is carried out systematically, the
resulting basis will be reduced.

We can summarize these criteria as follows:

Criterionl (f;, f;) & LCM(LM(fi, LM(f;)) is of minimal degree.
Criterion2 (f;, f;) &= LCM(LM(f:, LM(f;)) # LM(f;)- LM(f;).
Criterion3 (fi;, f;,G) < 3fi € G such that f; # fr # f;
LCM(LM(f;,LM(f;)) is a multiple of LM( fi), and S(f;, fi) have already
been considered.

Criteriond (G) < keep G reduced.

The modified Buchberger’s algorithm is given below.
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Imput: F={f,,fi,.... fo} CKlx1, ..., xq] with f; 20(1 < i < )
Output: G := {41, ..., ¢}, a Grobner basis for (fy, ..., f,)
Initialization:G := F, reduce(G) M := {{f;, fiHifi# f;€G,1<i<j<}.t=s
While M # 0 do
{f: f;} = a pair in M satisfying Criterionl(f;, f;) = true
If (Criterion2(f;, f;) = true and Criteriond(f;, f;,G) = false) then
S(fuf;) o4 b
If A #0 then
t:=t+1
fe="h
M =Mvu{{fi, i}V1<i<t-1}
G :=GU{fi}
M= M - {{fu. ;}}
G := Reduce(G)

Example A.36 Let us consider again Example A.33, where F = {¢1,92,93}, 91 =
22z — y%, g2 = y2* + 2z, gs = y — z, using plex ordering with z > y > z.
Initialization: G = F = {g1,92,93}.- Since LM(g3) divides LM (gz), we detect that

92 {gl—'g-;}+ g4 = 2 +z Thus, G = {91.93' 9'4} and M = {(g1,gs), (91,y4), (93,94)}-

First pass through the while loop:
Since LCM (LT (g1), LT (g3)) = 1 has the minimum degree, we choose (g, g3). However,
LT(g,) and LT(gs) are relatively prime. Thus, by Criterion2, this pair can be ignored.
For the same reason, the next pair, (g3, g4), can also be deleted, and the only remaining
pair is (91, 94)- Thus S(g1,94) = 22z + y22? £,. 0. The algorithm then stops, and the
Gréobner basis for the ideal generated by F is, therefore, G = {g1, g3, 94} = {22 - 2%,y -
z,23 + z}.

Thus, in comparison with its predecessor, the improved version of Buchberger's algo-

rithm provided a reduced Grdbner basis, and instead of ten reductions we needed only
three.



Appendix B

Spinor Formalism

B.1 The NP formalism

We shall use here the two-component spinor formalism of Penrose [67] [69] [24] and the
spin-coefficient formalism of Newman and Penrose [64], whose conventions ! we follow.
In the spinor formalism tensor and spinor indices are related by the complex connection
quantities g,44 (¢ =0,...,3; A = 0,1) which are usually chosen to be Hermitian in the
spinor indices A4, A, and satisfy

G'QAAU“BB = JABJ% ' daABa'bAB =46%. (B.l)

In these equations spinor indices have been lowered by the Levi-Civita symbols defined
by

EAB = 4B = €[aB], €01 =1, (B.2)
with the conventions
€4 =€Bema, §8 = eBAg, . (B.3)
Thus
e4%epc =84 = -4, (B.4)

To every tensor T... %~ we can therefore associate an equivalent spinor defined by

the relation: N _ '
Tcé_._ABAB"' = a'aAAa'bBBaccé . -Tc...ab'" . (B.5)

It can be verified that the spinor equivalent of a real tensor is Hermitian.

'See the conventions in Appendix D.
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The correspondence between tensors and spinors will be denoted in the following way:
T..%" & T, ABAB- (B.6)

The invariant associated with a 4-vector £*, expressed in terms of the metrics Jaby EAB
and ¢ ;5 of the space-time and spinor space, has the form

€26% = gubfo€® = £, 5648 = 4065 ,E45€°D . (B.7)

Using E"'B s a'aAB &% in the above equation we obtain

9ab = €4BE¢pasC PP . (B-8)

B.2 The dyad formalism

We can set up, at eaf.h point of space-time, an orthonormal dyad basis C(Q)A and C(,-,)A
(a, @ = 0,1 and A, A = 0,1) for spinors in the same way as we set up an orthonormal
tetrad basis eb(a) (a, b = 0,1,2,3) for tensors in a tetrad formalism. The dyad indices
are included in parentheses. It is convenient, however, to define special symbols for the
two basis spinors in the following way

C(O)‘ll =o# ) C(1)"l =, . (B.9)

The condition of orthonormality is given by

oat =eapotP =0% — o' %= —0fi =1. (B.10)
This implies that
5ABC(a)AC(b)B = ((a)B¢ (b)B = —C(a)BC(b)B = E(a)(b) (B.11)
and
@40 = ClotTy — S *Co)® = 0 — Bt =48, (B.12)

As in the tetrad formalism, we can project any spinor £4 onto the dyad basis:
§a) = €4C%a) s (B.13)

or

oy =€a0?,  Euy=¢Eat. (B.14)
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The spinors 04 and ¢4 and their complex conjugates determine the null tetrad (1n mim)
by the correspondence

e 058, m® e dt®, mFo 6P, n® o P (B.15)
These null vectors satisfy the orthogonality conditions

°n, = OAT)'B&AZB =1, mm, = OAZBLAﬁs =-1, (B.16)

while all the remaining inner products are zero. We can determine, from (B.15), the

>

Hermitian representation for the matrices ¢ A2 and 0% 5- In a dyad basis we have

oy = a0 0 = o%p P =17, (B.17)
7loxi) = "'léCA(a)EB(i) = ”‘3;30"35 =m?, (B.18)
o = ”ZBCAmfﬁ(é) = 0% 5t =, (B.19)
Ty = ”’fas("u)zé(i) = 0% 5*tP =ne. (B.20)
Thus
oAy = (-,i:a 7:: ) , o AB) = (_ﬁa -f) : (B.21)

The metric tensor, according to (B.8) and (B.21), is given by

Gab = 5438&30:"00630 = 2n(alb) - 2m(a'ﬁz‘5) . (B.22)

Thus, the null vectors (I%,n%, m®, ™®), determined from the dyads, are the same as
those originally defined in the Newman-Penrose (NP) spin coefficient formalism.

B.3 Covariant derivative of spinors

The covariant differentiation of spinor fields can be uniquely defined by the following
postulates:

(i) It must satisfy the correspondence relations

Ve Vg, (B.23)
VoXp = Xuja &V, gXcp = Xcpap (B.24)

or
Xepus = cpo 4aXis- (B.25)
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(ii) The covariant differentiation of spinor fields satisfies the Leibnitz rule:
Vg (S o xT . )=T"..V, 5 (5. )+ S .V, 5(T.). (B.26)
where S5™... are any two spinor fields.
(iii) The operator V , is real, i.e.,
V= v AiB - (B.27)

In a way analogous to the case of the tetrad formalism, we define the intrinsic deriva-
tive of the dyadic component £, of a spinor along the "direction" (a)(b) by

£l = S Ecanlar Cm” (B.28)
or .
§(e)jas = Clo)Ecias - (B.29)
From (B.25), (B.1) and the Leibnitz rule it follows that
opas =0, 0.0 5 =0. (B-30)

Also, from (B.24), the Leibnitz rule for tensor and spinor fields, and (B.8) it follows that
ECD;AB = 0 . (B-31)

The spin coefficients, L ia)d)(e)(d) 2re defined in the dyad formalism by

— .~ Fp0 Cpr D
r(a)(b)(c)(g) = [C(a)F];CDC(b) o) C(d) 3 (B.32)

or

L a)wyep = [Carlcpln’ - (B.33)
The first two indices of the above spin coefficients are symmetric, as it can be immediately
verified by applying the covariant derivative to (B.11) and by using the definition (B.33)
together with (B.31). We now use the preceeding definitions to find the explicit expression
of intrinsic derivative of the dyadic components of spinors of first rank, in terms of the
spin coefficients. Thus,

Eayae = Eayme = €4l *Lse — €alla)].5e - (B.34)

The first term inside the square brackets is the scalar §(;). To find an expression for the
second term we notice that, using (B.11), we obtain from (B.33):

[a)Elcp = ‘C(b)Er(b)(a)cD = C(b)Er(b)(a)cD : (B.35)
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Thus
$a1ae = &a).8¢ ~ €al m(n)Bd‘C(d)A =§(q),Bc T P(d)(a)ac"((d) . (B-36)

Since the spin coefficients are symmetric in the two first indices, there are twelve
independent components. To these coefficients are assigned special symbols described in
the Table B.3.

(a)(b) 00 01 11
(c)(d)
00 K e w
10 P a A
01 o B u
1i T ¥y v

Table B.1: NP spin coeficients

It can be verified that these definitions of the spin coefficients agree with those of the
Ricci spin-rotation v, defined in the NP formalism [24].

B.4 The basic equations of the NP formalism

The spinor equivalents of the tensors (2.119), (2.118), (2.121) and (2.120), which appear
in the necessary conditions I — VI are given by [69]

Cabed ¢+ ¥aBcDE jgEpe + ¥ igepEABEDC (B.37)

Hap & 2(¢paBejp + 6 4gEaB (B.38)

Lap & 2(§ABAB — AeaBep), (B.39)
=D

Sabe ¢ ¥ qpcpifcn + ¥ ipe.pAECE (B.40)

where ¥ 4pcp = ¥(4BcD) is the Weyl spinor and A := (1/24)R. ¢4B = #(4B) is called
the Maxwell spinor, and ®,5:5 = Q(AB)(AB) = @ ,p,p is-called the trace free Ricci
spinor (since it is the spinor equivalent of the trace-free Ricci tensor R,p— %Rgab). As we
shall see, the basic equations of the NP formalism can be expressed in terms of spinors
defined above and their derivatives.
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The NP components of the Weyl tensor are defined as follows

To := ¥(0)(0)(0)(0) = $(0)*<(0)%C10)° C(0)° ¥ aBCD = ¥aBcDo*BCP

¥ = ¥o)0)0)1) = $0)*¢0) > C0) 1) P ¥ aBcp = ¥apcpotBC.P,
¥, = ¥ (o)0)1)1) = $(0)*¢(0)%€1)°C1)P ¥aBep = ¥aBcpotB P,
@3 := ¥ (o)1) = )26y P¢0)C )P ¥ aBep = ¥ascpotBCD,
¥y =¥ y0y0)0) = $0)* €080 $)P Yasep = ¥apcpiABCP,

or
Yagep = ¥otaBcD —4¥10(4tpcp) + 6¥20(4BiCD)
—4%30(48ctp) + ¥404BCD -
In (B.41) and (B.42) we have used the notation o4p... := 0405 <--.

The NP components of the trace-free Ricci spinor are given by

Bgo := @ABABO"BB{‘? y Por = QABABOABEA{,B.,
®gy = §ABABOAB?4.B., Py = QABABOALB_E'-‘LB )
$,, = @ABABOALBZAB , Pap:= QABABLABTAB ,
or, equivalently,
P, pin = ®220480,3 - 2@210,43'0'('}‘1.3-) — 2%12004tBY0 ;3

+§200uz‘49 + QOZLABZAB + 4§110(A“B)6(;4‘B')
—2‘5100(.4"8)6('4‘3') - 2@011.45?‘45 .

For the Maxwell spinor ¢ 45 we have

$o = b(0)(0) = $(0)*C(0)Pb4B = AP d4n,
$1 = b)) = P)(0) = C0)* ¢y P ban = oA Bdam,
é2 = b)) = )¢y Péan = AP éus,
or
$4B = $otaB — 2¢10(4LB) + $204B .
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(B.41)

(B.42)

(B.43)

(B.44)

(B.45)

(B.46)

The covariant derivatives of the dyad basis spinors can be obtained from (B.33),

together with definition of the NP spin coefficient symbols defined on Table B.3:

0488 =0algg+iallgp, typp=oalllgg—1algy,
where .
Igp == ~vopog — copgly — Bipo? + SLBIé ,
Ilgy = —Togdg + popiy + aLBB_B - Kigly,
IIIgp = vogdy — Aoty — puego? + wLBLy -

(B.47)

(B.48)
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The NP differential operators can be defined as being the dyad components of 3, :

D := ()¢ = §(0)” C(O) 045 = 1°0a.
§ = Bayiy = o c(l) 50,5 =m"a,

- (B.49)
4 = 81)) = ) 4(0) 3,13 =M0a,
= Bayeiy = Sy Ciy "Oap = "0
These operators give rise to the following commutation relations
[A,D]=(y+F)D+(e+)A - (T+m)d - (r+7)3, (B.50)
6,D)=(@+p~7T)D+KkA ~ (p+e—¢€)d+ad, (B.51)
[6,Al=-vD+(r—-a-B)A+(p—-7+7)8+ 23, (B.52)
[6,3]= (E-p)D+(P-p)A+ (a—B)s + (B -m)3. (B.53)
The Ricci identity .
Xab;[cd] = E(Rkacdxkb + Rkbchak) ' (B54)
has the following spinor form
V(BAVA)A&; = -¥45cpE” + 2A€4eB)c (B.55)
VC 8Veika=2a5i5E" (B.56)

where €4 is an arbitrary 1-spinor. It is easier to count independent components in the
spinor formalism than in tetrads or coordinates. Identity {B.55) clearly contains six
complex components, while identity (B.56) has six real ones.

The Bianchi identity

Rab[dc:c] =0, (B.57)

has the spinor form
V4 i %a8cp = V5" 8cpy iz (B.58)
VBB i = ~3V A, (B.59)

Clearly, equation (B.58) possesses eight complex components and (B.59) three real com-
ponents.

The Ricci and Bianchi identities can be written explicitly in terms of twenty nine
dyadic components, by using (B.42), (B.44), (B.47) and (B.49). They are listed in Ap-
pendix C. Together with the commutation relations (B.50- B.53), they constitute the
basic equations of the Newman-Penrose formalism. In general, however, it is not clear
what these equations are for and in what sense they replace Einstein’s equation or are
equivalent to it {24).
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B.5 Petrov classification

Let 04, 4,...4, = P(a;4;... 4p) be a symmetric p-spinor, and let (4¢ be an arbitrary 1-spinor.
Then the expression

P(C) = Paray.. 4,84 - (e (B.60)

is a homogeneous polynomial of degree p in ¢! and ¢?. By the Fundamental Theorem of
Algebra, this polynomial can be factored into p linear factors:

o) = (Ga, C4)---(Ba, ¢*). (B.61)

Thus,
1
(P Az a,— Cay - Ga )M (P =0, (B.62)

Since ¢4i is arbitrary, we have

1 p
PA .. A, =X(4, " X4, (B.63)

i.e., a p-spinor is decomposable into p 1-spinors. Since the Weyl spinor is totally symmetric

we must have 2 3 4
1
¥ aBcD =@4aBacap,, (B.64)

Each of the 1-spinors &4 iscalled a principal spinor of ¥ g p and their corresponding
null vectors are the principal null vectors (or directions). Space-times in which all four
principal null directions of the Weyl spinor are not distinct are called degenerate or
algebraically special. The Petrov type is defined according to the following table:

Petrov | Form of Eq. satisfied by
type | ¥aBcD ¥ aBcD
1 2 3 4 lglgl 1
I asapacap) | YapepaBa®al=2ray
I 1 2 3 1o L T 1
II A AXBaCcAp \I’ABCD at @ D— Aagapg
T 1 2 2 Ic1lp 1 1
D aiAaBacaD) Yagcpa@® a® = Aasapg
1 1 1 2 I p T 1 1
11 Q(AQBacC!D ‘I’ABCD a” =A p0pac
T 1 1 1 T 1 1 1
N aqapacap) | Yagcp =a4a8acap

Table B.2: Petrov classification

) 1 2 3 4 . .
where the 1-spinors a4, @4, @4 and ay are distinct, and A # 0.
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B.6 Dyad transformations

In establishing the necessary conditions for the validity of Huygens’ principle, it is usual to
take advantage of the freedom to choose a null basis that is best suited for the calculations.
The proofs for the results presented in this and in the next Section can be found in [79]
(61]. The tetrads transform as follows:

U'=el, m=e®(m+ql) n’ =e*(n+qm+gm+qql), (B.65)
where ¢ and b are real-valued functions and ¢ is a complex-valued function. The corre-
sponding transformation of the spinor dyad {o, ¢} is given by

’ w/2

o =e"%, =e"?1+q0). (B.66)

where w = a+tb. This induces the following transformations on the covariant derivatives
of the dyad:

w 1
O).pp =€ /2(04;33 + §°A"’3,3) ) (B.67)
w 1 1
‘f‘hBB' = e¥/? (LA;BE +qo,pp+ 0a(g9gs — EquB) - ELAWBB) . (B.68)
Combining (B.67), (B.68) with (B.47), we find
1
55 =188+ 5¥s8 ~ 1ll5s, (B.69)
gy =e"Ilgp, (B.70)
Iy =e™(IIlgg + 2955 — ¢ Ilgs + qgp) - (B.71)

The NP spin coefficients can now be obtained by contracting the above equations,
using (B.48), with the appropriate pairs of basis spinors. The result is as follows:

K = eBwt®)/2, : (B.72)
o = B~ 2(g 4 gx), (B.73)
p = et 2(p 4 gx), (B.74)
v = ™3 (r 4 g0 + Gp + q3x) , (B.75)
V' = e~®uD/2 (4 4 Ag + g(8g + p+ 27) + T(A + 3g)

+q7(Dq + 7 + 2a) + ¢*(r + 28) + ¢*T(p + 2€) + ¢°3x) (B.76)
N = e(w-39)/2 (A +08g+q(Dg+ 7+ 2a) + ¢*(p + 2¢) + q“n) , (B.77)

W= e~ (4t 5q 4298+ ¢*0 + T(D(g +7) + 2q3e + ¢°35) ,  (B.T8)
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x = elw=9)/2 (7r + 2ge + ¢*x + Dq) . (B.79)

_ 1 1 1-
¥ = e (w2 (1 + 38w+ g(r + 8+ Sw) +3(a + J5w)

+qq(p+ €+ %Dw) + ¢+ qzﬁn) , (B.80)
o = e(v=%)/2 (ﬁ + %cfw +qo+g(e+ %Dw) + qﬁn) , (B.81)
f' = ew—%)/2 (,3 + %Jw) +qo+q(e+ %Dw) + q&n) . (B.82)
¢ = ewt9)/2 (e + -;-Dw + qlc) . (B.83)

The transformation laws for the NP components of the Weyl spinor are obtained by
contracting ¥ spcp with the transformed basis spinors 04" and 4. The result is:

¥l = 2, ‘ (B.84)
¥) = (¥ + %), (B.85)
¥, = Uy + 29%; + ¢° %, (B.86)
¥y = eV (¥3 + 3q¥; + 3¢°¥, + ¢°¥y), (B.87)
V) = e7 2 (W4 + 4903 + 6¢°F, + 4¢°Y, + ¢*¥y) . (B.88)

The NP components of the trace-free Ricci spinor are obtained by contracting ® 5,5
with the basis spinors o*', t2' and its complex conjugates:

B0 = €T ¥ B0, (B.89)
o1 = €”(®o1 + 7%00) , (B.90)
B0 = €~ (o2 + 24%01 + 7°B00) » (B.91)
&1 = €11 + 9%01 + 710 + 97%00, (B.92)
12 = e (@12 + g0z + 23811 + 2¢7%01 + ¢°®10 + ¢7P00) , (B.93)
ho = e~ WD) (&g, 4 29815 + 2782 + 49781, + ¢° %02 (B.94)
T°®20 + 20°3%01 + 207" %10 + 7°7 o0 - (B.95)

The NP operators transform as follows:
D= A58V = vt @)/2p (B.96)
§' = oATAY ;= D25 4 3D), (B.97)
A= o454V = e+ DA 4 73 4 g6 + g7D) . (B.98)
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B.7 Conformal transformations

The trivial transformation corresponding to the conformal transformation of the metric:
Gab = €% gap, (B.99)

is induced by the following transformation of the null tetrad [79] [61]:

L=e?l, fia=e"n,,  i,=em,. (B.100)

The transformation laws for the spin coefficients now are:

&:e""(a-{—%(r—Z)), /§=e"¢‘(ﬂ+§5¢), )
& =elr=2¢g E=el""2% (e + 2D¢g) ,
F=e? (11--{-34‘:) , A=eT¢),
F=eT¢ (7-{- (- 2)A¢) , b =ell=¥ey f (B.101)
F=e(r-4¢)), p=e"’(ut Ad),
kR=e"x, p=elr~2%¢(p~ Dg) .
y=eTt(y+3(r-2)49), J
where r is a parameter associated to the transformation of the basis spinors in the fol-
lowing way:
5t = eot, A=A, (B.102)
s=T21 (B.103)

The Weyl spinor components transform as follows:

T = 226y, §) =38y, |, ¥, = e, } (B.104)

@3 = 6—(r+1)¢‘1'3 ‘34 = 8—'2"#‘1‘4 .

For the NP components of the trace-free Ricci spinor $ 5 ;5 we get
$oo = e2lr=2)$ (q'eoo - D?¢+ (D¢)* + (e +€) D¢ — Kdgp — n:fgs) . (B.105)
Pop = elr¢ (‘501 - '21'(175?5 +4Dg) — ‘;‘(3“‘ €+7p)¢
+-§-(f+ &+ B)Dé ~ %nAqé - -;»a?iqs + 5¢D¢) , (B.106)

-

$p =2 (<I>u - %(DAqS + ADG + 856 + 563)
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—%(e+'€'+ p+P)Ad+ i‘("”” a-r1-p)os

+3(m+a-7-F)ég) (B.107)
Bip = e (213 - L(ASH +306) + (s +7 - T)i9

—-;-(a'+ T+ B)Ad+8¢D¢ + -;—77046 + —;—Wcﬁ) ; (B.108)

$yp = 229 (‘i‘zz - A%+ (A9 -~ (Y +7)Ad+ v+ 'u‘6¢) . (B.109)

The Maxwell tensor H, is invariant under conformal transformations [60]:
Hap = Ha. (B.110)
Thus, using the correspondence (B.38),
$anejs + bi5ean =%, ;7 ppHas = e 2 (SanE ip + Pipcan) (B.111)

or
$an =e"%¢,p. (B.112)

Thus, the NP components of the Maxwell spinor transform as follows:

éo = J;AB(;AE,B — e—2¢¢we(r—1}¢voB — e(r—3)¢¢0 )
¢ = ey, . (B.113)

éz — e“(r+l)¢¢2 .



Appendix C

Newman-Penrose Field Equations

C.1 Bianchi identities

(NP1) Dp-3k=p*+ 05+ (e +&p — Rr — (3a+ B — )& + Bq0,

(NP2) Do—-dx=(p+p)o+ (3e—€o - (r—T+a+30)x+ ¥,

(NP3) Dr—Ar=(t+T)p+ (T+m)o+ (e~ - 3y+ 7))+ ¥ + &0,

(NP4) Da—de=(p+¢—2)a+ 7 — Be — kA — By + (e + p)7 + &1,

(NP5) DB -be=(a+m)o+(p-B - (p+v)e+ (F-a)e+ ¥y,

(NP6) Dy—Ae=(r+T)a+(F+m)f—(e+&y— (Y+T)e+ 0 —vK
+¥%2 — A+ ¥y,

(NP7) DA-dr=pA+au+ 2+ (a—B)r — vR+ (8- 3]\ + $20,

(NP8) Du-dr =pp+ oA+ a7 — (e4+&)u— (@ — B} — va + ¥y + 24,

(NPY9) Dv—Ar=(FT+r)p+(t+F)A+ (v —F)r — Be+&)v + ¥3 + $4,

(NP10) AA=Sv=(F-37y-p-BA+Ba+f+7-T)v - ¥y,

(NP11) ép-da = (@+B)p— (Ba—-Blo+(p~p)T+ (p —E)r — ¥1 + 01,

(NP12) ba~88 =pp—or+aa+ BB — 228 + (p — B)y + (4 — B)e
¥, + A+ &4,

(NP13) A -8u=(p-p)v+ (u— B + (a+ B+ (@~ 38)A — T3 + &y,
(NP14) v - Ap =2+ A+ (Y + F)p - on + (1 — @ - 38)v + &3,
(NP15) by~ AB=(r—a@—-Bly+pur~ov—-e7 — (Y-F— p)B+ar+ &y,
(NP16) ér7 - Ao =po+ dp+ (t—a+B)r — (3y - 7)o — ¥ + $o2,
(NP17) Ap-é1=—pE-od+(Y+7)p - (T+a—B)T+ve — ¥z ~ 2A,
(NP18) Aa—8y=(e+p)v— (v +BA+ (T—Blat (B-T)y - 5.
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C.2 Ricci identities

(NP19) §%, — D¥; + D®g; — 6@g0 = (4 — 7)¥o — 2(2p + €) ¥,
+3x¥, + ('1? - 2a- 2,6)@00 + 2(6 + 75)§01 +20®P19 - 26P,; — B2,

(NP20) A¥y — 0¥, +DPgy — 6Pg; = (4‘7 - [.L)‘I’Q - 2(21‘ + ﬂ)‘F]_'*‘
30%; — A®qg + 2(7 — B)Bo; + 20®,; + (26 — 28+ §)Pg2 — 26¥12,

(NP21) 38%, — 3D¥; + 2D®;; ~ 26®;0 + 8Pg; — Adgo = 3A¥g — 9p¥,
+6(a — 7)¥; + 6x¥3 + (B — 2p — 27 — 27) B0 + (2a + 27 + 27) P,
+2(r - 2a+ ?)‘Pm +2(27 — p) 811 + 20P30 — T892 — 2KP12 — 2xBy;y

(NP22) 3AT, - 36¥; + 2D®;; — 26®1; + 680, ~ Adgr-= 3v¥y + 6(7 — )T,
—97¥, + 60¥3 — 7P + 2(H —-—p- ‘7’)@01 - 2X§10 + 2(1" + 23?)@11
+(2a + 27 +7 - 2ﬂ)§02 + (25 - 2p - 4?)@12 + 26@21 - 2K.§22 '

(N P23) 38%, — 3D¥;3 + D®y; — 8Pz + 2091, — 24810 = 60T — I,
+6(E - p)\fs + 3x¥y — 2uPgo + 2([7 il 2"7)@10 + (21!‘ -+ 47_')§11
+(2ﬂ +2r47 - 2&)@20 — 2%, + 2(? —-p - E)§21 - E@gz + 2A®q;,

(NP24) 3AY¥,; — 30¥3 + DPyy — §P; + 23@12 - 2A%,; = 6v¥, — 9u¥,
+6(ﬂ - T)‘I’3 + 30"1’4 - 211‘501 - 2F§10 + 2(222— [l)§11 + 24\@02 - Xézo
+2(7l’ +7T - 25)@12 + 2(,6 +T7+ ?)ézl + (.ﬁ —2e -2~ 2p)§22 ,

(NP25) 3‘1’3 - Dy, +3§21 - Adyp = 32Y, — 2(& + 21()‘1’3 + (46 - p)‘I’4
—211@10 + 2A§11 + (2‘7 hd 27'*- ﬁ)@ZO + 2(?— a)§21 - E@zz ’

(NP26) AV3 — 8T, + 8B, — Ady; = 30T, — 2(y + 2u) T3 + (48 — 7) ¥y
—20®;; — 7830 + 22812 + 2(7 + B) P21 + (T — 28 — 2a) %22,

(NP27) D®;; — 6B10 — 6%0; + Adgo + 3DA = (27 — p + 27 — 1) oo
+(m — 2a - 27)Po; + (F ~ 2& - 27) P10 + 2(p + §) 811 + 7802 + P20
—K®P12 — £¥21,

(NP28) D&, — 6&,; — 3@02 + A%p; + 30A = (2‘)’ el T 2ﬁ)§01+
7o — A®1g + 2(F — 7)81; + (7 + 2B — 2a — 7) P2
+(2p+7 — 28) 812 + 0®31 — £P22,

(NP29) D&;; — 6%3; — 8812 + A®y; + 3AA = v®; + 7810 — 2( + )
B11 — ABoz — APa0 + (27 — T+ 28)B12 + (28 — T + 27) 8
+(p+ 7P — 2e—2€)82,.
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C.3 NP commutation relations

86 -8 =(—p+BD+ (—p+P)A + (-a+8)3,
SA-AT=vA+(T-a-BA+ X+ (E+7+7),
D-Dé=(a+B—-7)D+RA—-56— (p—e+e)d,
AD-DA=(y+7)D+(e+)A - (T+m)d~ (v+ 7).



Appendix D

Notation and Conventions

D.1 Symbols and tensors

M,

G,b,..., i,j,..., il,iz... '

Gab »

Vg or 4,

Cs

G,

D,

Q,

I(z,¢),

L'(v),

c(€),

C*(€),

D*(¢),

J*(€) := D*(§),

0 := g9V, = =2 (V=997 2%) .
wp := (1/p!) w;l,,.;szil A...Adz'
(dw)i:---l'p-n =(p+ l)a[i;“’ig...ip“] 1
(Bwp)iy.ipey = —VFwhiy ipy s
Ts(--),

n-dimensional pseudo-Riemannian space
natural basis, range 0...n

metric tensor with signature (+ — -*--)
components of the metric covariant derivative
class of all functions in C* with compact support
set of all metric tensors of class C™

vector space of distributions on the set 2 € M™
open connected neighbourhood in M™

square of the geodesic distance of z from §
Euler gamma function

null conoid with vertex at £

future (past) null semi-conoid with vertex at £
open subsets bounded by C£(€)

closure of D*(§)

Laplace-Beltrami operator on M™

p-form

exterior differentiation

exterior codifferentiation

trace-free symmetric part of the

enclosed tensor
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Xagpe — Xazeh = Rava™ Xk, Ricci identity
Ropfedie} = 0, Bianchi identity
Rap = Rai*s, Ricci tensor

R := R,*, Ricci scalar

Lab = —’Rab + %gubR)
Coabed = Rabed + gt{dLcja — JafaLep,  Weyl tensor
Sabe == La(b:c] = ckacb;k 1

Cab = Sapk:* — %C"ab'L,d . Bach tensor
€abed = €[abed] » €0123 = v/ —det(gap), Levi-Civita pseudotensor
"Cabed = 3€as"'Chted , left dual of Capeq

D.2 Correspondence between tensors and spinors

€EAB =€[aB], €01 = 1,
eACepc = 6% = -84,

Xa=XBegy, XB =eBAXx,,

Cabed ¢ ¥4BcDE jepe + ¥ igepEABEDC |
"Cabed & —1¥ABCDE 156 pc + i—‘I"ABéDSABEDC ,
Hay & 2(¢ape iz + 0,43648) ,

Sabe & U2 pc.pifcs + ¥ ipcipiccn

Loy & 2(® 45,45 — AeaBejg), A =(1/24)R.



Appendix E

Maple Codes

The codes described below were used to make obtain most of the results of this Thesis.
They are applications of the Maple packages NPspinor written by Czapor [27] [29] and
grobner, also by Czapor [28]. These codes should run under the versions 5.2 or 5.3
of Maple. The package NPspinor is not present in the latest version, 5.4, but it should
appear again in the following one, as an updated package built by Holly and McLenaghan
1

The files must be run interactively, since certain calculations can easily exceed Maple
memory and/or system memory.

E.1 Heading and templates

BHBABELRRABXBUR R ABHERIBIL LB RBBERBSAIUXABRVLERLSVARBBRBRRUBRGRRBBABER

#Call ¥Pspinor package and unprotect the name '"gc" (garbage collector)
with(NPspinor):

unprotect(’gc’):

maplec:=op(ge):

ge:=‘ge’:

ghbar:=gc:

gbarc:=g:

#Define spinor symbols

template[loeps] :=(loeps[A,Bl=0o[AJ+i[(Bl-i[Al*c[B]):

ex1:=psifA,B,C,2] *conj(loeps[A,B]*loeps(Z,C]):

template [CW]:=CW([A,Ac,B,Bc,C,Cc,Z,Zc)=ex1+conj(ex1):

# contract(dyad(epslAc,Cclsloepsc(Ac,Cc])):

ex2:=-I*exl:

template [SCW]:=SCW[A,Ac,B,Bc,C,Cc,Z,Zc]=ex2+conj (ex2) :

template[LL] :=LL[A,Ac,B,Bc]=2«(philA,B,Ac,Bc]-L*loeps[A,B]l *loepsclAc,Bc]):
template [SS]:=SS[A,Ac,B,Bc,C,Ccl=-

!private communication
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E.2 Self-adjoint scalar equation 170

del(CW[J,Jc,A,Ac,B,Bc,C,Cc],U,Uc)seps[U,J]*eps [Uc,Jc]:
template[ppl :=pplA,Bl=p0O*i[A]=i[B]~p1*(o[A)*i[Bl+o[Bl+il[A])4p2*o[A]*0(B]:
tam 1ato[HHJ'=HH[L,Ac B Bc]-i [a, B]tloo-scflc Bc] --c[Ac Bc]tloe sEA B]

$Name of the file: headingIII

8Zero spinors
W0:=0: WO0c:=0: W1:=0: Wic:=0: W2:=0: W2¢:=0: W4:=0: W4c:=0:
W3:=-1: W3c:=-1:

k:=0: kc:=0: sc:=0: $:=0: rc:=0 : r:=0: e:=0: ec:=0: t:=0: tc:=0:
5006=0:R01:=0:R02:=0:R20:=0:RIO:=0:
:=Q:
D(p):~0:D(pc):=0:D(a) :=0:D(ac) :=0:D(b) :=0:D(bc) :=0:
0(311)-=o I(Rll) =0 Y(Rii) =O V(Rll) =0'

E.2 Self-adjoint scalar equation

2Components of condition VIs (Rinke-Wunsch)
#8ame of the file: VIs

read heading; .
read headingIII;

#First term, %

Q11:=3+del (CWIR,Rc,A,Ac,B,B¢,Q,Qc],G,Gc) *eps [K,R]l *eps [Kc,Rc]l*eps [H, Q] *eps [He,Qc] +
eps[M,G]seps [Mc,Gc]:
Qi1:=contract(dyad(Q11)):
Qil:=rewrite(Q11,Aldum,Alexp):
Aldum:=Alexp:
Q11:=contract(dyad(Q11)):
Q11:=del(Q11,C,Cc):
Q11:=contract (dyad(Q11)):
Qit:=rewrite(Q11,B2dum,B2exp):
B2dum:=B2exp:
Q1i:=contract(dyad(Qi1)):

Q112:=del (CW[K,Kc,D,Dc,E,Bc,H,Hc] ,M,Mc) :
Q112:=contract(dyad(Q112}):
Q112:=contract (dyad(Q112)):
Q112:=rewrite(Q112,C3dum,C3exp):
C3dum:=C3exp:
Q112:=del(Q112,F,Fc):

Q112: =contract(dyad(ﬂ112))
Qi12:=rewrite(Q112,C4dum,Céexp):
C4dum:=C4exp:
Qi12:=contract(dyad(Q112)):
Qili:=contract(dyad(Q11+Q112)):
Ql1:=rewrite(Q11,A2dum,A2exp):
A2dum:=A2exp:
Qit:=contract(dyad(Qi1)):
save(Qil,generQi1):

Q12:=del(CW[V,Vc,A,Ac,B,Bc,R,Rc],C,Cc)*eps[K,V]*

eps[Kc,Vclseps [H,R]*eps[He,Re]:

Q12:=contract(dyad(Q12)):

Ql2:=contract(dyad(Q12)):

Q12:=de1(Q12,D,Dc):

Q12:=rewrite(Q12,D2dum,D2exp):

D2dum:=D2exp:
Q121:=10*del(SS[K,Kc,H,He,E,Ec] ,F,Fc)+6*del (SS(E,Ec,F,Fc,K,Kec] ,H,He):
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Q121:=contract (dyad(Q121)):

Q121:=contract (dyad(Q121)): y
Q121i:=contract(dyad(Q121)):

Q12:=contract(Q12+Q121):

save (Q12,generd12):

Q13:=64sdel(SS[A,Ac,B,Bc,K,Kc],C.Ce):
Q13:=contract{dyad(Qi3)):
Q13:=contract(dyad(qi3)):
Q13:»contract(dyad(Qi3)):
Q13:=rewrite(Q13,Eidum,Elexp):
Eldum:=Elexp:
Q131:=del(SS[D,Dc,B,Ec,H,Hc] ,F,Fc)seps [K, K] *eps[Kc,Hel:
Q131:=contract (dyad(Q131)):
Q131:=contract (dyad(Q131)):
Q131:=contract (dyad(Qi31)):
Q131{:=rewrite(Q131,E3dum,E3exp):
E3dum:=E3exp:

Q13:=contract((Q13%Q131)):

save((13,generQ13):
Q14:=~CW[H,Hc,A,Ac,B,Bc,G,6c]sops (K, H) seps{Kc,Hc} seps V.Gl #eps [Vc,Gel:
Qi4:=contract(dyad(Qi4)):

g&Q::aonttact(dyad(Q14)):

save(QW,generQVW):

0141:23»del (CW[T,Tc,C,Cc,D,De,K,Kc] ,E,Ec) seps M, T] *eps Mc, Tcl :
Q141:=contract (dyad(Qi41)):

Q141:=contract (dyad(Qi141)):

Q141:=rewrite(Q141,E5dun,ESexp):

ESdum:=ESexp:

Q141:=del(Q141,F,Fc)sLL[V,Vc ¥, Mc]:

Q141 :=contract (dyad(Q141)}:

Q141:=contract (dyad(Q141)):

Qi41:=contract(dyad(Q141)):

Q141:=rewrite(Q141,B6dun,B6exp):

E6dun:=E6exp:

Q14:=contract(Q14=Q141):

save(Qi4,generQl4d):

Q15:=5+del (CWIK,Ke,C,Cc,D,De,V,Vc] M, Mc) :
Q15:=contract{(dyad(Q15)):

Q15:=contract (dyad(Q15)):

Q1S:=rewrite (Q15,E61dum,E6iexp}:
E6idum:=E6iexp:
Q15:=de1(Q15,E,Ec)sLL[R,Rc,F,Fc)veps [M,R] 26ps [Mc,Re]:
Q15:=contract (dyad(Q15)):

Q15:=rewrite (Q15,E7dum,ETexp):
E7dum:=E7exp:

Q15:=contract (dyad(Q15»QW)):

save (Q15,generQ1s):

Q16:=7=del(C¥[R,Rec,C,Cc,D,Dc, K, Ke],V,Vc)seps[M,R] reps [Mc,Re]:
Q16:=contract(dyad(Q16)):

Q16:=contract(dyad(Qi6)):

Q16:=del1(Q16,E,Bc) «LL[M, Mc, F Fc]:

Q16:=contract (dyad(Q16));

Q16:=rewrite(Q16,Fildun,Filexp):

Flidum:=Fllexp:

Qi6:=contract{Q16=QW):

Q16:=contract(dyad(Q16));

save(J16, generQié):

Q17:=13+del(SS[K,Ke,V,V¢,C,Cc],D,De) ¢
Q17 :=contract(dyad(q17)):
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Q17 :=contract(dyad{Q17)):
Q17:=contract(dyad(Qi7)}:

Q17:=reurite (Q17,F3dum,F3exp):

F3dum:=F3exp:

Q17:=contract (Ji7+dyad(dyad (LL[E,Ec,F,Fc]))*QW):
save(Q17,generQ17):

Q18:=12%del(SS[C,Cc,D,Dc,K,Ke],V,Ve):

Q18:=contract(dyad(Q18)): .
Q18:=contract (dyad(Q18)):

Q18:=contract(dyad(Q18)):

Q18:=contract(dyad(Q18)):

Q18:=rewrite(Q18,F41dum,F4lexp):

F4ldum:=F4iexp:
Q18:=contract (Q18+dyad (dyad (LL{E,Ec,F,Fc]))*QW):
save(Q18,gener(18):

Q19:=T1sdel(SS[C,Cc,D, Dc K,Kc] ,B,Ec):

q19: -contract(dyad(QIS

q19: =contract(dyad(ﬂ19))
Q19:=contract(dyad(Q19)):
Q19:=rewrite(Q19,F5dum,FSexp):

FSdum:=FSexp:
Q19:=contract(Q19*dyad (dyad (LL[V,Vc,F,Fc]))sQW):

save(Q19,generQis):
#Second term, Q2

Q21:=del(SS[K,Kc,V,Vec,D,De] B, Be):

Q21: ~concract(dyad(02 1)):
Q21:=contract(dyad(Q21)):
Q21:=contract(dyad(Q21)):

Q21 :=expand("):

Q21:=del(Q21,F,Fc):

Q21: =rewr1to(021 F7dum,F7exp):

F7dum:=F7exp:
Q211:=del(CW[R,Rc,A,Ac,B,Bc,G,Gc],C,Cc)seps[K,R]x
eps [Kc,Re] *ops[V,G]l*eps[Vc,Ge]:

Q211:scontract (dyad(Q211)): -
QW2:=contract(dyad(Q211)):

save (QW2,generQW2) :

Q21i:=contract(Q21*QW2) :

save(Q21,generQ2t):

Q22:=3*del(SS[D,Dc,BE,Ec,K,Ke],V,Vc):
Q22:=contract{dyad(Q22)):

Q22 :=contract(dyad(Q22)):
Q22:=contract(dyad(q22)):
Q22:=rewrite (Q22,62dum,G2exp):
GZ2dum:=G2exp:

Q22:=del(Q22,F,Fc):

Q22: =contract(0228Q92)
save(Q22,generQ22):

Q23:=2+del(SS[A,Ac,B,Bc,K,Ke],C,Cc):

Q23: =contrace(dyad(023 )

Q23:=contract(dyad(Q23));

Q23:=contract(dyad(Q23));

(23 :=expand(*) :

Q23:=de1(Q23,D,Dc):

Q23:=rewrite(Q23,G5dun, G5exp):

GSdum:=G5exp:

QQ23:=dyad(dyad(dyad (SS[E,Bc,F,Fc,R,Rc])) ) xeps (K, Rl seps(Kc,Rc]:
QQ23:=rewrite(QQ23,651dum,G51exp):
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G51dum:=G51exp:
Q23:=contract(Q23+0Q23):

Q24:=-525S[A,Ac,B,Bc K, Kc]*eps[X,R] *eps[Kc,Re]:
Q24:=contract (dyad(Q24)):
Q24:=contract(dyad(Q24)):
Q24:=contract(dyad(Q24)):
Q24:=Q24+SS(C,Cc,D,De,R,Rc]«LL[E,Bc,F,Pc]:
Q24:=contract(dyad(Q24)):
Q24:=contract(dyad(Q24)):
Q24:=contract(dyad(Q24)):

QW3:=-(1/2)sdel(CW[R,Rc,A,Ac,B,Bc,G,Gc],C,Cc) *eps[X,R]
eps[Kc,Rc]*eps[V,G]*eps[Vc,Gel:

QW3:=contract (dyad(QW3)):

QW3:=contract (dyad(Q¥3)):

Q25:=2sdel1(CW[R,Rc,K,Kc,V,Vc,D,De] B, Ec)*
eps[M,R]xeps [Mc.Rc]*LL[M, Mc,F,Fcl:

save (QW3,generQW3):

Q25:=contract (dyad(Q25)):

Q25:=contract (dyad(Q25)):

Q25 :=contract (Q25+QW3) :

save (Q25,generQ25):

Q26 :=3#del (CW[R,Rc,D,D¢,E,Ec K, Ke],V,Vc) =
eps[M,R]seps[Mc,Rc]+LL (M, Kc,F,Fel:

Q26 :=contract (dyad(Q26)):

Q26 :=contract(dyad(Q26)):

Q26 :=contract (Q26+QW3) :
save(Q26,generQ26):

Q27 :=contract(dyad(SS[K,Kc,V,Vc,D,Dc]sLL[E,Ec,F,Fcl)):
Q27 :=contract(dyad(Q27)):

Q27 :=contract(dyad(Q27)):

Q27 :=contract (Q27sQW3) :

save (Q27,generQ27):

Q28:=3sdel(CW[K,Kc,D,Dc,E,Bc,R,Rc],F,Fe)*
eps{M,R]+eps[Mc RcI*LLLV,Vc,K,Mc]:
Q28:=contract(dyad(Q28)):
Q28:=contract(dyad(Q28)):

Q28:=contract ((28+QW3):
save(Q28,generQ28):

Q29:=15+ss[D,D¢,E,Ec,K,Kc]*LL[V,Vc,F,Fcl:
Q29:=contract(dyad(Q29)):
Q29:=contract(dyad(Q29)):
Q29:=contract(dyad(Q29)):

Q29:=contract (Q29+QW3) :
Q29:=contract(dyad(Q29)):
Q29:=contract(dyad(Q29)):

save (Q29,generQ29):

QW4:=-CW[G,Gc,A,Ac,B,Bc,R,Rcl*eps[X,G]*
eps[Kc,Gcl*eps[V,RI*eps{Vc,Rel:
QW4:=dyad (") :

QW4 :=dyad("):

save (QW4,generQW4) ;

Q210:=del (CW[K,Ke,C,Ce,D,Dc,H,Hc] ,E,Ec)*eps[M,B] seps[Mc, Hel:
Q210:=contract (dyad(§210)):

Q210:=contract (dyad(§210)):

QQ210:=(1/6)*(del (LLLV,Vc,M, Mc] ,F,Fc)+

del (LL[M, Mc,F, Fcl,V,Vc)+del (LL[F, Fc,V,Vc] M, Mc)
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+del (LL[F,Fc ,M,Mc],V,Vc)+del (LLEV,Vc,F,Fcl, M, Hc)
+del (LLLM,Mc .V Vc] .F,Pc)):

QQ210: acontract(dyad(ﬂq210))
QQ210:=contract (dyad (QQ210)):

Q210:=contract (dyad(Q210+=Q0Q210%QW4)) :

save (Q210,gener{210):

Q211: '(1/5)*(dol(LL[V Ve¢,E,Bc],F

del(LL[E,Ec,F,Fel V,Ve)+del (LLF, Pc V,Vel E,E)
+del(LL[F,Fc,B,Bc],V,Vc)+del (LLLV, Ve, F Pl B, Ec)
+del (LL[E,Bc,V Vc],F Fe)):
Q211'*cnntract(dyad(qzli))

Q211:=contract (dyad(Q211)):
Q211:>rewrite(Q211,G8dum,GBexp):

G8dum:=G8exp:

QQ211:=dyad(SS[C,Cc,D,Dc K, Ke]):
QQ211:=dyad(QQ211):

QQ211:=dyad(QQ211): .
QQ211:=rewrite(QQ211,H2dum, H2exp):
H2dum:=H2exp:

Q211:=contract (Q211+Q211+QW4):
save(Q211,gener211):

#Third term, Q3

Q31:=2¢del(CW([V,Vc, X, Xc, M ,Mc,D,De] B, Ee):
Q31: =contra¢c(dyad(q31)).
Q31:=contract(dyad(Q31)):
Q31:=contract(dyad(Q31)):
Q31:=del(Q31,F,Fc):

Q3t: =contruct(dyad(q31)):
Q31:=contract(dyad(Q31)):
Q31:=contract(dyad(q31)):
Q31:=rewrite(Q31i,Hidum,Hlexp):
Hidum:=Hlexp:

Q311:=CW[K,Kc,R,Rc, H,He,C,Ccl*eps [M,R]*
eps [Mc,Rc] *eps [X,H] seps {Xc,Hc] :
Q31:=contract (dyad(Q31+Q311+QW4)):
Q31:=contract(dyad(Q31));
save((Q31,generQ3i):

Q32:=-10%del(CW[K,Kc,E,Bc,F,Fc,V,Vc] M, Me):
Q32:=contract(dyad(Q32)):

Q32:=contract(dyad(Q32)):

Q32:=del(Q32,X,Xc):

Q32: -rewrlto(Qsz H32dum,H32exp) :

H32dum:=H32exp:

Q321:=dyad(C¥[H,Hc,C,Cc,D,De,U,Uc]*epa M, Hls

eps [Mc,Hc] »eps[X, thepsixc Uel) : .
Q321:=contract(dyad(Q321)):

Q32:=contract (Q32*Q321+QW4) :

save (Q32,generQ32):

033:=20+CW[V,Vc,C,Cc,D,Dc,H,Hcl seps [M,H] seps [Mc,Hel»
del(SS[K,Kc M, Mc,E Ec] F, FC)

Q33: =contracs(dyad(033))

Q33:=contract(dyad(Q33)):

Q33:=contract(dyad(q33)):
Q33:=rewrite(Q33,Kidum,Klexp):

Kidum:=Kiexp:

Q33:=contract(Q33sQwW4) :

save(Q33,generQ33):

34:=-5+del(CW[H,He,C,Cc,D,Dc,X,Xc] B, Ec) seps (K, H]*
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eps[Kc,Hc] #eps [V, X]seps[Vc,Xe]:
Q34:=contract(dyad(q34)):
Q34:=del(Q34,F,Fc):
Q34:=rewrite(Q34,K3dum,K3exp):
K3dum:=K3exp:
Q341:=CW[V,Vc,M,Mc,G,Gc,B,Bc]*CW[K,Kc,Y,Yc,U,Uc,4,Ac]*
ops[H,YJtopsEHc,chtops G,U)*eps[Gec,bc]:
Q341:=contract(dyad(Q341)):
Q341:=contract (dyad(Q341)):
Q34:=contract(Q3412Q34):
Q34:=contract(dyad(")):
Q34:=contract(dyad(*)):

Q34 :=contract(dyad(")):
Q34:=contract(dyad(")):
save(Q34,generQ34):

Q35:=7+CW[K,Kc,Y,Yc,U,Uc,C,Ccl*eps[M,Y]*
eps [Mc,Yc] #eps [G,U]seps [Gc,Uc)#®
cw([v,Vc,M,Mc,G,Gc,D,Dc]:
Q35:=contract(dyad(Q35)):
Q35:=contract(dyad(Q35)):
Q351:=LL[E,Ec,F,Fc]*(~QW4):
Q351:=contract (dyad(Q351)):
Q351:=contract (dyad(Q351)):
Q35:=contract(Q35+Q351):
Q35:=contract(dyad(")):
save(Q35,generQ3s):

Q36:=-10%CW[K,Kc,E,Ec,F ,Fc,V,Vc]l*«CW[U,Uc,C,Cc,D,Dc, X, Xc]*
eps[H,U]tops[Hc,chtaps[Y.xJtops[Yc.Xc]:
Q36 :=contract(dyad(Q36)):

Q36 :=contract(dyad(Q36)):

Q361 :=LL[M, Mc,Y,Yc]*(-QW4):
Q361:=contract (dyad(Q361)):
Q361:=contract (dyad(Q361)):
Q36:=contract(Q36+Q361):
Q36:=contract(dyad(Q36)):
Q36:=contract(dyad(Q36));
save(Q36,generQ36):

#Fourth term, Q4
Q41:=3*del(CW[K,Kc,U,Uc,X,Xc,C,Cc],D,De) =
eps(M,U] seps[Mc,Ucl*eps[Y,X]*eps(Yc,Xe]:
Q41:=contract(dyad(Q41)):
Q41:=contract(dyad(Q41)):
Q41:=rewrite(Q41,K62dum,K62exp):
K62dum:=K62exp:

Q411:=del (CW[V,Vc, M, Mc,Y,Yc,E,Bc],F,Fe):
Q411:=contract (dyad(Q411)):
Q411:=contract(dyad(Q411)):
Q41i:=rewrite(Q411,K63dum ,K63exp):
K63dum:=K63exp:
Q41:=contract(Q41+Q411+QW4) :

save (Q41,generQ41):

Q42:=54+*del(CW[V,Vc,C,Cc,D,Dc,X,Xc] ,E,Bc) vops [M, X]*eps [Mc,Xc] :
Q42:=contract(dyad(Q42)):

Q42:=contract(dyad(Q42)):

Q42:=rewrite(Q42, J2dum, J2exp):

J2dum:=J2exp:

Q421:=SS[K,Kc,M,Mc,F,Fcl*QW4:

Q421 :=contract (dyad(Q421)):

Q421 :=contract (dyad(Q421)):

Q421 :=contract (dyad(Q421)):

Q421 :=rewrite(Q421,J3dum, J3exp):
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J3dum:=J3exp:
Q42:=contract(Q42%Q421):
save(Q42,generQ42):

Q43:=74+del(CWEV,Vc,C,Cc,D,Dc, X, Xc] K, Ke) s
ops[H,l]topsEHc,Xc]tSS[E.Ec.F.Fc.H.chtQV&:
Q43:=contract(dyad(Q43)):
Q43:=contract(dyad(Q43)):
Q43:=contract(dyad(Q43)):
save((43,generQ43):

Q44 :=(-76/3)=del (CWLC,Cc¢,K,Kc,V,Vc,X,Xc],D,Dc)*
SS[E,E:.F,FC,H,Hc]teps[H.xj'epstHc,Xc]tqH4:
Q44:=contract(dyad(Q44)):
Q44:=contract(dyad(Q44)):

Q44 :=contract(dyad(Q44)):

save (Q44,generQ44) :

Q45:=(-404/3)*Ss[C,Cc,D,Dc,K,Kel:
Q45:=contract(dyad(Q45)):
Q45:=contract(dyad(Q45)):
Q45:=contract(dyad(Q45)):
Q45:=rewrite (Q45,J7dum,J7exp):
J7dun:=J7exp:
Q451:=SS[B,Ec,F,Fc,V,Vcl*QW4:
Q451:=contract (dyad(Q451)):
Q451:=contract (dyad(Q451)):
Q451:=contract (dyad(Q451)):

Q451 :=rewrite(Q451,J8dun, J8exp) :
J8dum:=J8exp:

Q45:=contract (Q45sQ451) :

save (Q45,generQ45):

Q46:=6sdel (CW[U,Uc,B,Bc,C,Cc,X,Xc],D,Dc)*eps{K, U+
ops[Kc,Uc)*eps[V,X]seps [Vc,Xel:

Q46:=contract (dyad(Q46)}:

Q46 :=contract(dyad(Q46)):
Q461:=del(CW[V,Vc,E,Ec,F,Fc, M,Mc],G,Ge)*
CW[K.Kc,Y,Yc,U.Uc.A Ac] *eps [M, Y] seps [Mc,Yc] »eps(G,Ul*eps [Ge,Uc]:
Q461:=contract (dyad(Q461)):
Q461:=contract(dyad(Q461)):

Q461 :=rewrite(Q461,L1dum,Liexp):

Lidum:=Liexp:

Q46:=contract (Q46*Q461) :

save(Q46,generQ46) :

#Fifth term, Q5
Q51:=25#(-QW4)*CW[V,Vc,C,Cc,D,Dc,X,Xc) #eps (M, X] #eps [Mc,Xc] :
QS1:=contract(dyad(Q51)):

QS1:=contract (dyad(Q51)):
Q511:=LL[K,Kc,M,Mc]=LL[E,Ec,F, Fcl:

QS11:=contract (dyad(Q511)):

Q51t:=contract (dyad(Q511)):

Q51:=contract(Q51*Q511):

save(Q51,generQ51):

Q52:=(1/6)=(-QW4)*CW[K,Kc,C,Cc,D Dc,V,Vc]*87s
LL[X.Xc,E,Ec]tepa[H,XJtops[Hc,chtLL[H,Hc,F,Fc]:
Q52:=contract (dyad(Q52)):

Q52:=contract (dyad(Q52)):

save(Q52,generQ52):

#We have to break the contractions into parts in order
2 to save computer memory
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Q1:=Q11+Q12+Q13+Q14+Q15+Q16+Q17+Q19:
02:=021+Q22+Q23+Q24+Q25+Q26+Q27+Q29+Q210+Q211:
Q3:=Q31+Q32+Q33+Q34+Q35+Q36:
Q4:=Q41+Q42+Q43+Q44+Q45+(Q56:

Q5:=Q51+Q52:

£:=eps[N,A)*eps[S,B] seps[P,Cl*eps[Z,D] *eps[Q,E])*eps[¥,F]:

fc:=conj(£):

cols:=i[N]*i[S]*i(PJ»i[Q]+i[Z]+ilW]:
co2:=i[N]*i[S]*i[P]silQl*i[Z]%o[W]:
co3:=i[N]si[S]si[P]*i[Q]*c[Z])*o[¥]:
cod:=i[N]si[S]*i[P]#o[Q]l*o[Z]*o(W]:
co5:=i[N]si[S)so[P]*o[Q]*o[Z])*0[W]:
co6:=i[N]*o0[S]sa(PI1solQl*o[Z]*cW]:
co7s:=o0[H]*0[S]*c[PI*oQ)*c[Z]so[W]:

co2s:=symm{co2,[N,S,P,Q,2,¥]):
co3s:=symm(co3, [N,S,P,Q,Z,W]):
cods:=symm(co4, [¥,S,P, ):
coSs:=symm(co5, [¥,S,P, ):
co6s:=symm(co6, [N,S,P )

5555

Q.2
lel
Q.2
Q.z

colsc:=conj(cols):
co2sc:=conj(co2s):
co3sc:=conj(co3s):
codsc:=conj(co4s):
coSsc:=conj(cos):
cobsc:=conj(co6s):
co7sc:=conj{co?s):

c:=array(1..28):

c[1] :=cols*colsc:
cf2] :=colssco2sc:
c[3] :=cols#*co3sc:
c[4] :=cols#codsc:
c[5]) :=cols*co5sc:
c[6] :=cols®cobsc:
c[7]) :=cols¥co7sc:

cf8] :=co2ssco2sc:
c[9] :=co2s*ca3sc:
c[10] :=co2s*codsc:
c[11) :=co2s*coSsc:
cf12] :=co2s%cobsc:
¢[13] :=co2s*co7sc:

cf14) :=co3s*co3sc:
c[15] :=co3s*codsc:
c[16] :=co3s*coSsc:
c[17] :=co3s*cobsc:
c[18] :=co3s*co7sc:

c[19] :=cods*codsc:
c[20] :=co4s*coSsc:
c[21] :=co4s*cobsc:
c[22] :=co4s%coTsc:

c[23] :=co5s*cabsc:
c[24] :=coSs*cobsc:
c[25] :=co5s2coTsc:

c[26] :=cobsscobsc:
¢[27] :=co6s*coTsc:

<[28] :=co7s%caTsc:

save(c,csix);
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sixQl:=array(1..28):

tor j from 1 to 28 do
séle(j]:nexpand(contzaCt(Qltc[j]tfc*tc)):
od:

sixQ2:>array(1..28):

for j from 1 to 28 do

sixQ2[j] :=expand(contract (Q2sc{jl*tcete)):
od:

2ixQ3:=array(1..28):

for j from 1 to 28 do

s ixna [j] :=expand(contract (q3=xc[jlsfcetc)):

[+ 1« 84

sixQ4:=array(1..28):

for j from 1 te 28 do
séxq4[j]:=oxpand(contract(Qé-cfj]ttctfc)):
od:

siiQ5:=array(1..28):

for j from 1 to 28 do .
séxQS[j]:=oxpand(contract(QS*:[j]'tctfc)):

od:

six:=array(1..28):

for j from 1 to 28 do
six[j]:=primpart(factor(=sixQ11{jl+sixQ12(j1+sixQ13{jI+sixQ14[jI+sixQ15[j]
+3ixQ16[j]1+sixQ17[j]1+sixQ18[jI+sixQ19[j]~10+(sixQ21(j]
+sixQ22[j]1+=ixQ23[j1+sixQ24[j]+sixQ25[j]1+sixQ26[j]
+8ixQ27[§1+sixQ28[j)+sixQ29[j1+sixQ210[j1+sixQ211[j])+4*(sixqQ31[j]+
3ixQ32(j]+sixQ33[jI+=ixQ34[j]1+sixQ35[j]
+3ixQ36[j1)+5+(sixQ41[j]+sixQ42[j]+sixQ43(j]

+sixQ44 [j]+sixQ45[jl1+

sfileiﬁ [31)+sixQ51(jl+sixQ52[3j1));

od:

sa%a(six,‘six-array‘):
810:=six[10]:
save(s10,six10);

%48

#Solving for the case R11=0
#Name of the fils: sclveself(
R11:=0:

read ‘tt.array’;

X(b) :=solve(tt[4],X(b));
Y(bc) :=conj(X(b));
6q30:=tt[1]/2;
eq3l:=tt[2];

eqns();eqns();

D(R12) :=s0lve{0g22+conj(eq23),D(R12));
D(R21) :=conj(D(R12));

D(g) :=solve(eq6,D{(g)};

X(R12) :=solve(conj(eq25) ,X(R12));

Y(R12) :=solve(expand(eq24-eq28)/3,Y(R12)});
X(R21) :=conj(Y(R12));

Y(R21) :=conj(X(R12));

D(R22) :=solve(conj(eq24)+2%eq29,D(R22));
D(R12) :=solve(eq22+conj(eq23),D(R12));
D(R21) :=conj(D(R12));
X(a):=solve(eq12,X(a));

Y(ac) :=conj(X(a));

X(1) :=soclve(eqi3,X(1));

Y(lc) :=conj(X(1));

X_I(RIZ):

0q32:=expand(");
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8q36:=canj(eq26);

X(R22) :=solve(eq36,X(R22));
Y(R22) :=conj(Y(R22)};

D(n) :=solve(eqd,D(n));
D(nc):=conj(D(n));

X(p) :=solve(eq8.X(p));
Y(pe) :=conj(X(p)};

Y(p) :=sclve(eq7,Y(p));
X(pc) :=conj(Y(p));

D{gc) :=conj(D(g));

€q38 :=normal (X_ D(R22)-V_D(R12));
X(be) :=solve(eq38,X(be));
Y(b) :=conj(X(bec));

V(b) :=so0lve(eq15,V(b));
V(be) :=conj(V(b));

X(m) :=solve(eq30,X(m));
Y{(mc) :=conj(X(m));

# Condition V
t5:=array(1..15):

read ‘tSsca.array’
#Scalar field oqnatxons
8k1:=3;k2:=4;

for j tron 1 to 15 do
t5[j] :=normal(t5(j1);

od:

eq39:=normal (¢5[1]);
0q40 :=normal (t5{5]);
eq41:=normal (¢5[9]);
©q42:=normal (t5[16]);
D(1c) :=solve(eq41,D(1c));
D(1):=conj(D(lc));

D(m) :
D(Y(n)) =solve(",D(Y(m))};
Y D(gc):":“:":':
D(Y{gc)):=solve (" ,D(Y(ge)));
Y_D(g :u:n:u:u:
D(Y(g)) :=solve(",D(Y(g)));
v_pip) :
D(Vgp)) :=s0lve(",D(V(p)));

) "o,

DV(a)) :=solve (", D(V(a)));

read sixi10:
510 [ LI
210: —tactor(sw).

solve(eq39,D(nc)):":":
D(mc) :=factor(*);

eq43 =factor(");

normal (eq43):":":":
solve(",D(m)):

D(m) : =factor(");

305&::1'('0 (mec)-conj(D(m})):
s1:=normal(");

nsyi: rnunor(")/z

read six10:

s10:v:":
510:=factor(s10);
Ya6:=s0lve(s10,Y(a));
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Yal:=normal{solve(",¥({a))):

Y_X(b):“:":":":":“:":":":nnml("):
normal(solve(",X(ac)}):
Ya2:=conj(*):

sql:>normal(Yal-Ya6);
neqi:=numer("):

negl:=factor("):

neql:=op(5,neql);

#Y(neql) yields neql again
Y(neql):*:*:v:v::
8g60:=normal(");
solve(eq60,Y(a)):
Yag:=";
eq4:=normal(Yai-Ya4);
neq4:=factor(numer(*});
a:=xisp:

ac:=conj("):

b:=x2¢pc:

be:=conj("):

neqli:=factor(neql)/(~pc*p-2);
neqic:=conj(");
nsi:=factor(ns1)/(p~2spc~2);
neq4:=factor(neqé)/(2sp-S+pc~2);
with(grobner};

F1:=[neql,neq4l:

G1l:=gsolve(F1);
838853333338#3#8333333##883##’##38383383#83###3323##3#3#88###3#3###3#33

E.3 Non-self-adjoint scalar equation

8Components of condition II (on-self-adjoint scalar equation)
fName of the file: Ilnen
read heading;

Q2:=del (pp(K,A] X, Ac)*eps[K,X]:
Q2:=contract (dyad(")):
Q2:=contract (dyad(")):

f:=eps{G,A]:
fc:=conj("):

cl1] :=0{G)*0c{Gc]:
cf2] :=e[C]l*ic[Gec]:
cl3] :=0c[Gecl*ilG]) :
c[4] :=i[Gl#ic[Gc]:

for j from 1 to & do
QQ1(3j] :=contract(dyad(Q2sfxfcec[jl));

od;
save(QQ1, ‘QQ1.array‘):
BRBVRERVVBABLRBLLSE REBLARRUBERBRBIRBRIABBAURBERRABLBRBARBREBRAL

#condition III
#Name of the file: IIInon
read heading;

T21:=del(psi[A,B,K,V],J,Ac)=eps(K,J]:
T21:=contract(dyad(")):
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T21:=contract(dyad(*)):
T21:=del(" H,Bc)=eps[V,H]:
T21:=contract{dyad(")):

T22:=psilA,B,M,N]*eps[K,H]*eps [V, NI*philK,V,Ac,Bc]
+5spp[A,B]lsppclAc,Bc]:
T22:=contract(dyad(")):
T22:=contract(dyad(")):

T2:=T21+T22:

£:=eps[M,A]*eps[N,B]:
fc:=conj("):

cols:=i[M]«i[N]:
con.ssyun(l[H]*o[B] M™,8]):
co3s:=o[Mlsa[N]:

colco:=conj(cols):
co2co:=conj(co2s):
co3co:=conj{co3s):

c[1]:=cols*coico:
c[2] :=cols*co2co:
¢[3):=cois*co3co:

c[4]) :=co2s%coico:
c[5] :=co2s*co2co:
c[6]:=co2s%co3co:

¢[7] :=co3s*colco:
c[8] :=co3s%co2ca:
c{9] :=co3s*colco:

QQ2:=array(1..9):
for j from 1 to 9 do

QQ2(jl :=factor(contract (dyad(c[jl*T2=fs£c)));
od;

save(QQ2, ‘QQ2.array‘):
SBABRBZVRBRBAR
#Condition IV

#Name of the file: IVnon
read heading;

Q3:=3#SS[A,Ac,B,Bc,K,Kc]*#HR[G,Gc,C,Cc) sopsiK,G] xeps [Ke,Gel+
CW[M,Mc,A,Ac,B,Bc, N, Nc]*eps [K,M]*eps [Kc,Mc]l*eps [V ,N]*eps[Vc,Nc]s

del(HH[C,Cc,K,Kc],V,Vc):

Q3:=contract(dyad(")):
Q3:=contract(dyad(")):
Q3:=contract (dyad(“)):
Q3:=factor("):

£:=ops[H,A]»eps{X,Blxeps(Y,C]:
fci=conj("):

col:=o[H]lxo[X]eolY]):
co2:=symm(o[H] #o[XI*i[Y], (H,X,Y]):
cod:=symm(o[HI*i[X1+ilY], [H.X,¥]):
cod:=i[Hl+i[XJ*#i[Y]:

colc:=conj(col):
co2c:=conj(co2):
co3c:=conj(co3):
codc:=conj(cod):

FRSHLSRERBL R BURIRAAREIVRARIRSRRBRAIBABBALES
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cl1) :=colscolc:
c[2}:=co1%co2c:
c{3) :=col*coldc:
c(4] :=co1%codc:

c[5]:=co2%co2c:
c[6] : =co2%co3c:
c[7] :=co2*codc:
c[8) :=co3%co3c:
c[9]) :=co3*codc:

c[10] :=co4scodc:

QQ3:=array(1..10):
for j from 1 to 10 do
QQ3(j] :=factor(contract (dyad(c[jl*Q3sLstc)));

od;

#Condition V
#Name of the file: Vnon

read heading;

Q41:= 3=del (CW[K,Kc,C,Cc,D,Dc,V,Vc] M, M)

del(CWIW,Vc,E,Ec.F,Fc,G,Gc] ,H, He) veps (K, ¥] eeps [Kc,Wc] *eps[V,G] xaps [Vc,Ge]
eps (M, H] *eps (Mc ,He]:

Q41:=contract(dyad(*)):

Q41:=factor(contract(dyad("))):

save(Q41,Q41self):

1;

Q42:=8+¢del (CW[W¥,¥c,C,Cc,D,Dc,M,Hc] B, Ec)*eps[K,¥]x
eps[Ke,Wc]saps[V,M]*eps (Ve ,Mcl*SS[K,Ke,V,Ve,F,Fc]:
Q42:=contract(dyad(")):

Q42:=contract(dyad(")):

Q42:=contract(dyad(")):

Q42:=factor("):

save(Q42,Q42sel1f):

23
Q43:=40#5S[C,Cc,D,Dc H,Hc]*eps [K,H] seps[Kc,Hel :
Q43:=contract(dyad(*)):

Q43:=contract(dyad(")):

Q43:=contract(dyad(')): .
Q43:=contract (dyad(Q43+SS[E,Bc,F,Fc,K,Kc])):
Q43:=contract{dyad(")):

Q43:=contract(dyad(")):

Q43:=factor("):

save (Q43,Q43self):

'

Q44:=-8*CW[W,¥c,C.Cc,D,Dc M, Mc]seps (K, W] *eps[Ke,Wc] seps [V, M xeps Ve, Mc]:
Q44 :=contract (dyad(")):
Q44:=contract(dyad(")):
Q441:=del(S5[X,Ke,V,Ve,E,Bc] ,F,Fe):
Q441:=contract (dyad(")):
Q441:=contract (dyad(")):
Q441:=contract(dyad(")):
Q441:=rewrite(Q441,Fildum,Filexp):
Filidum:=Fliexp:
Q44:=contract(J441+Q44):
Q44:=factor("):

save(Q44,Q44self):

4;
Q45:=-24+CV[W,¥c,C,Cc,D,Dc, M, Mc] *eps (K, W] »eps [Kc,Wc]*eps [V, M] *eps[Vc, Mc] :
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Q45:=contract(dyad(")):
Q45:=contract(dyad(”)):

Q451:

Q451:

Q451:
Q4as51:
Q451:

=del (SS[B,Ec,F,Fc¢,K,Kel,V,Ve):
=contract(dyad(")$:
=contract (dyad(")):
=contract (dyad(")):
=rewrite(Q451,F12dum,F12exp):

F12dum:=F12exp:
Q45:=contract(Q45+0Q451):
Q45:=factor("):
save(Q45,Q45self):

§;
Q46:=4sCW[VW,¥c,C,Cc,D,Dc,X,Xc]®eps (K, Wlseps [Kc,Wc]seps [V,X]seps[Vc,Xc]:

Q46:=contract(dyad(*)):
Q46 :=contract (dyad(")):

Q461:
Q461:
Q461:
Q462:
Q462:
Q462:

=CW[V,Vc,H,Hc ,E,Ec,K,Kc]lseps [M,H] »eps[Mc Hc] :

=zcontract (dyad(")):
=contract (dyad(")):
=LL(F,Fc,M,Mc]:

=contract (dyad(")):
=contract(dyad(")):

Q46 :=contract(Q46sQ462*Q461):
Q46:=tactor("):
save (Q46,Q46self) :

6;
Q47:=12«CW[W,Wc,C,Cc,D,Dc M, Mc] seps [K,W]seps [Kc,Wc] «ops[V,M]*eps[Vc Mc]=
CW(H,Hc,E,Bc,F,Fc,V,Vc] ®eps [M,H] *eps (Mc,Hcl:

Q47:=contract(dyad(")):
Q47 :=contract(dyad(")):

Q471:
Q471:
Q471:

aLL[K,Kc,M,Mc]:
=contract (dyad(")):
=contract(dyad(")):

Q47 :=contract(Q471+Q47):
Q47 :=factor("):
;ave(Q47,Q47selt):

Q48:=del (12+HH[K,Kc,C,Cc] ,D,Dc):
Q48:=contract(dyad(")):
Q48:=contract(dyad(")):

Q48:=del (Q48,E,Ec):
Q48:=rewrite(Q48,F13dum,Fi13exp):
F13dum:=F13exp:

Q481:
Q481:
Q481:

=HH(H,Hc,F,Fc]*eps [K,H] *eps[Kc, Hel:
=contract(dyad("}):
=contract (dyad("}):

Q48:=contract(Q48+Q481):
Q48:=factor("):
save (Q48,Q48self):

8|
Q49:=-16+del (HH[K,Kc,C,Cc],D,Dc):
Q49:=contract (dyad(")):
Q49 :=contract(dyad(*")):

Q49 :=Q49+del (HH[M,Mc,E,Ec] ,F,Fc)*eps[K,M] *eps [Kc,Mc]:

Q49:=contract(dyad(")):
Q49:=contract(dyad(")):
Q49:=factor(™):

save (Q49,Q49self):

9.

Q410
Q410
Q410:
Q410
Q410
Q410
Q410

:=~84sHH[M,Mc,C,Cc] *eps [K,MI *eps [Kc,Mc]) :
:=contract (dyad(")):

=contract(dyad(")):

:=Q410+«CW[K ,Kc,D,Dc B ,Ec,V,Vc]:
:=contract{(dyad(")):
:=contract (dyad(")):
:=Q410+HH(H ,He ,F,Fclseps [V, Hlxeps (Ve ,He]:
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Q410:=contract (dyad(")):
Q410:=contract (dyad(")):
Q410:=factor("):
:8ve(q410.q4105011}:

Q411:=-18+HH[K,Kc,C,CcIsHHIG,Gc,D,Dcl *eps [K,G] *eps[Ke,GeI*LL{E ,Bc,F ,Fcl:
Q411:=contract (dyad(*)):

Q411:=contract (dyad(")):

Q411:-factor(”):

::vo(0411,ﬂ4iiselt):

Q4 :=Q41+Q42+Q43+Q44+Q45+Q46+Q47+Q48+049+Q410+Q411

£:=eps(S,Clreps[Sc,Cclseps[N, D) seps{Nc,Dcl*
epa[? E]l*eps[Pc,Bcl+eps[q,Fl*epaiQc,Fc] :

col:=i[S]*i[N]*i[P]I*o[Q]:
co2:=i[S]*i[N}*o[P]*o[Q]:
co3:=i[S]*o[K]*o[Pl*0[Q]:
co4ds:=o[S]sc[N]*o[P]*o[Q]}:
cobs:=i[S)+i[N]«i[P]=i[Q]:

cols:=symm(cet,[N,S,P,Q1):
co2s:=symm(co2, [N,S,P,Q1):
co3s:=symm(co3, [¥,5,P,Q1):

colco:=conj(cols):
co2co:=conj(co2s):
¢o3co:=conj(cods):
codco:=conj(cods):
coS5co:=conj(coSs):
c[1] :=cols#scoico:
c[2]) :=cols*co2co:
c[3] :=cols*co3co:
c[4] :=colsscodco:
c[5):=colsscobco:

c[6] :=co2s*co2co:
c[7] :=co2s%co3co:
c[8] :=co2s*codco:
c[9] :=co28%cabco:

«[10] :=co3s8%*co3co:
c[11]:=co03s%cobco:
c[12] :=co3s%coSco:

c[13] :=cods*codco:
c[14] :=co4s*co5co:

c[15] :=coSs*coSco:

QQ4:=array(1l..15):

for j from 1 to 15 do

QQ4Lj] :=expand(contract (dyad(Q4sc(jI*£)));

aod; .

save (QQ4, ‘QQ4.array‘);
f-3-2%2 22222223

#Condition VI
#Name of the file: VInon

read heading;
Q51:=36+CW[W,Wc,A,Ac,B,Bc,G,Gc]*eps[K, W] *eps[Kc,Wel *eps[V,Glxeps [Ve,Gc] *
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del(CW[V,Vve¢,C,Ce,D,Dc, M, Mc] K, ,Kc)*HHR[J,Jc ,E,Ec]sops M, J] seps [Mc, Jc] :
Q51:=contract(dyad(*)):

Q51:=contract(dyad(")):

Q51:=contract(dyad(")):

Q51:=factor("):

save(QS51,Q51self):

1’

Q52:=-6+del(CW[W,Wc,A, Ac,B,Bc,G,Gc) ,C,Cc)e
eps[K,W]seps[Kc,WcI+eps[V,G] *eps(Vc,Gecl*
CWLV,Ve,D,Dc,E,Ec,J,  Jc]seps (M, J]*eps Mc, Jc] «HH[K,Kc,M, Mc] :
Q52:=contract(dyad(")):

Q52:=contract(dyad(")):

Q52:=contract (dyad(")):

Q52:=factor("):

save(Q52,Q52self):

2;

Q53:=-138+CW[K,Kc,C,Ce,D,Dc,V, Vel
Q53:=contract(dyad(")):
Q53:=contract(dyad(")):

Q53:=Q53*HH[G,G¢c,E ,Ec]seps[V,G] veps [Vc,Gc]:
Q53:=contract(dyad(")):
Q53:=contract(dyad(")):

Q531:=contract (dyad(SS[4,Ac,B,Bc,¥,Wcl*eps[K,W]*eps Kc,Wcl)):
Q531 :=contract (dyad(")):
Q531:=contract(dyad("}):
Q53:=contract(dyad(Q531+Q53)):
Q53:=contract(dyad(")):

Q53:=factor("):

save(Q53,Q53self):

Q54:=6#*del(HH[X,Xc,C,Cc),D,Dc) *eps[K,X]sops[Kc,Xc]:
Q54:contract (dyad(")):
Q54:factor(contract(dyad("))):
Q54:contract (dyad(")):
Q54:=dyad("):
Q54:=rewrite(Q54,F12dum,F12exp):
F12dum:=Fi{2exp:
Q54:=del(Q54,E,Ec):
QS4:=rewrite(Q54,F13dum,F13exp):
F13dum:=F13exp:
Q541:=5S[A,Ac,B,Bc,K,Kc]:
QS41:=factor(contract(dyad("))):
Q541:=contract(dyad(")):
Q54:=0Q54+Q541:

Q54 :contract(dyad(")):
Q54:contract(dyad(*)):

Q54 :=factor("):

save (Q54,Q54sel1f):

4;
Q55:=6»%del (CW[¥,Wc,A,Ac,B,Bc,G,Ge],C,Ce)
eps[K.H]tops[Kc.chtopstV,G]tops[Vc,Gc]:
Q55 :=contract(dyad(*)):

Q55 :=contract(dyad(")):

Q551:=del (HH[K,Kc,D,Dc],V,Ve):
Q551 :=contract (dyad(")):

Q551 :=contract (dyad(")):
Q551:=del(Q551,E,Ec):
Q551:=rewrite(Q551,F14dum,Fi14exp) :
F14dum:=F14exp:

Q55 :=contract (Q551%Q55) :
Q55:=factor("):
save(Q55,Q55self) :
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Q56 :=-24»del(SS[A,Ac,B,Bc,K,Ke],C,Cc):
(56 :=contract(dyad(")):

Q56 :=contract(dyad(")):
Q56:=contract(dyad(")):

length(Q56):
Q56:=rewrite(Q56,F16dum,F16exp):
F16dunm:=F16exp:

length(QS56):

Q561:>del (HH[X,Xc,D,Dc] ,B,Ec)*eps (K, XI*eps[Ke,Xc]:
Q561 :=contract (dyad(")):
Q561:=contract (dyad(*)):
Q56:=contract (Q56+Q561) :
Q56:=factor("):

save(Q56,Q56self):

6;

Q57:=12sCW[¥W,Wc,A,Ac,B,Bc,G,Gel*eps (K, W]*

eps[Kc,Wc]seps [V,G]*eps(Vc,Gel «LL[X,Kc,C,Ccl*del (HH[V,Vc,D,Dc] ,E,Ec):
Q57 :=contract(dyad(")):

Q57:=contract (dyad(")):

Q57 :=factor("):

save(Q57,Q57self):

7

Q58:=-9+del(CW[W,Wc,A,Ac,B,Bc,G,Gc],C,Cc)*

eps [K,Wlseps{Kc,¥c]seps(V,G]seps[Vc,GeclsLLIK,Ke,D,Dc] #BHLV, Ve, B, Ec] :
Q58:=contract (dyad(")}):

Q58:=contract(dyad(")):

Q58:=factor(™):

save(Q58,Q58self):

8'
Q59:=-9+SS[A,Ac,B,Bc,K,Kc]*LL[C,Cc,D,Dc] sHH[G,Gc , E, Ec] seps [K,G] #eps [Kc,Gc] :
QS9:=contract(dyad(")):

Q59:=contract(dyad(")):

Q59 :=contract(dyad(")):

Q59:=factor("):

save(Q59,Q59self):

»

f:=ops[S,A]tops[Sc,Ac]tops[R,B]teps[Hc,Bc]teps[P,C]teps[Pc,Cc]#ops[Q,D]t
eps[Qc,Dcl#eps{Z,E]ceps[2c,Ec] -

cols:=i[NI*i[S]*i(P1+i[Q1*i[Z]:
co2:=i[N]*i[S]*i[P]*i[Q])*o[Z]:
co3:=i[K]*i[S)si[P]*o{Q]*0[2]:
co4:=i[N]*i[S]*o[P]sofQ]*0[2Z]:
coS:=i{H]to[SJ*o[P]to[%]to[Z]:
co6s:=0[R]so[S]*o[P1*o[Q]*o[Z]:

6023:=5m(c°2p m,S.P.Q.Z]) :
co3s:=symm(co3, [N,S,P,0,2]):
co4s:=symm(co4, [N,S,P,Q,2]):
co5s:=symm(co5, [N,S,P,Q,2

colsc:=conj(cols):
co2sc:=conj(co2s):
co3sc:=conj(co3s):
codsc:=conj(cods):
coSsc:=conj{co5s):
co6sc:=conj(cobs):

c:=array(i..21):

c[1]) :=cois*colsc:
c[2]) :=cols*co2sc:

3] :=cois*codsc:
c[4] :=cois*codsc:
c[5] :=cols*cobsc:
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c[6]) :=colsscobsc:

c[7] :=co2s8*colsc:
c[B] :=co2s%co3sc:
¢{9] :=co2s%codsc:
c[10] : =co2s*cobsc:
¢[11] : =co2s%cobsc:

c(12] :=co3s*co3sc:
¢[13] :=co3s*codanc:
c[14] :»co3sscobac:
¢[15] :=co3ascobfsc:

c[16] :=co4s*codsc:
c[17] :=co4s+coSsc:
c[18] :=cod4sscobsc:

<c[19] :=coS5s*cobsc:
c[20] :=coS5asco6sc:

c[21] :=co6sscobsc:

QQ5:=array(1..21):

for j from 1 to 21 do

QQ51[j] :=expand(contract (dyad(Q51sc(jIs£)));

QQ52[j] :=expand (contract (dyad(q52+c[jl=£)));

QQ53[;j] :=expand (contract (dyad(Q53sc(jlsL)));

QQ54(j] :=expand(contract (dyad(Q54*c[jl*£)));
)

QQ55(3]) :=expand(contract (dyad(Q55+c{jl*£)));
QQ56[j] :=expand (contract (dyad(Q56ec[j1+£}));
QQ57[j] :=expand(contract(dyad(Q57*c[jl*£)));
QQs58[j] : =expand (contract (dyad(Q58+*c[jl*£)));
QQ59[j] :=expand(contract (dyad(Q59=c[jl*£)));
QQ5[j] :=factor(qqs1(;j1+qQ52{j1+qQ53 (31 +QQ55(j1+
Qg55fj]+QQ56[j]*QQ57[jJ+QQSBCj3+QQ59Cj]):

#Building and solving the polynomial system for a,b and p
#Name of the file: solvenon

read heading;
W0c:=0: W2c:=0: Wic:=0: W4c:=0: W0:=0: W2:=0: W4:=0 :
Wi:=0:
W3:=~1: W3c:=-1:
k:=0:kc:=0:s5¢c:=0: s:=0: r¢c:=0 : r:=0: e:=0:ec:=0:%:=0:tc:=0:
500:=0:ROI:=0:R02:=0:HZO:=O:R10:=O:
:=0:
D(a):=0:D(b):=0: D(ac):=0:D(be):=0: D(p):=0: D(pc):=0:
X(R11):=0;Y(R11):=0;D(R11):=0;V(R11) :=0;
D(p2):=0: D(p2c):=0:
p0:=0:p0c:=0:p1:=0:plc:=0:

read ‘QQl.array‘:
X(p2) :=solve(QQ1l4].X(p2));
Y(p2c) :=conj(*):

read ‘QQ2.array’:
X(b) :=solve(QQ2[4] ,X(b}):
Y(be) :=conj(*):

eqns(): eqns():

D(R12) :=solve{eq22+conj(eq23),D(R12));
D(R21) :=conj (D(R12));

X(R12) :=s0lve(conj(eq25) ,X(R12));

Y(R12) :=solve(expand(eq24-eq29)/3,Y(R12));
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X(R21) :=conj(Y(R12));
Y(R21) :=conj (X(R12));
D(R22) :=solve{conj(eq24)+2+eq29,D(R22));
D(g) :=so1ve(eq6,D(g));
D(ge) :=conj("):
D{(n):=solve(eq9,D(n));
D(nc) :=conj(D(n));

X{a) :=xs0lve(eqi2,X(a));
Y(ac) :=conj(X(a));
X(1):=so0lve(eq13,X(1));
Y(1lc) :=conj(X(1));
Y_X(R12):':":
eq32:=expand("};
eq36:=conj(eq26);

X(R22) :=solve(eq36,X(R22));
Y(R22) :=conj (") ;
X(p):=solve(eq8.X(p)};
Y(pc) :=conj(X(p));

Y(p) :=solve(eq?,Y(p));
X(pe) :=conj{¥(p});
eq38:=factor (K_D(R22}-V_D(R12));
X(be) :=s0lve(eq38,X(bec));
Y(b) :=conj(X(be));
V(b):=solve(eq15,V(b));
V(bc) :=conj(V(b));

X(m) :=solve(QQ2[1],X(m));
Y(mc) :=conj{(X(m});

read ‘QQ3.array‘:
0q40:=QQ3[9] ;

0q41:=QQ3[10];

X(p2¢) :=solve(eqd0,X(p2¢c));
Y(p2):=conj(");

Y_X(p2):":
eq44:=factor{rhs(*)~1ns(*));
D(mc) :=solve(eq44,D(mc));
D(m) :=conj(");

read ‘QQ4.array‘:
for j from 1 to 15 do

QQ4{j]:=tactor (QR4L[j1);

d;
g(lc):=solvo(QQ4[9].D(lc));
D(1):=conj(");

8q45:=factor (1hs(")~rhs(")):

read ‘QQ5.array‘:
for j from 1 to 21 do

QQs5[j] :=factor(qes(il);

od;

QQS[:4]:":":":":"Z
eg46:=factor(");
6q47:=conj(");
6g48:=0p(3,0q46);
8q49:=0p(3,0q47);
Xp2:=X(p2);
p2:=solve(eqdB,p2);
factor (X(p2)-Xp2):":":":
0q50:=factor(");
eg51:=numer(eq43) /p2c;
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eq53:=factor (Lhs(")-rhs("));

Y_X(bc):": v v " factor(”):
eq54:=factor (tha(")-rhs("));
Yal:=solve(",(Y(a)));
Y.X(p2c):*r:v:: " ifactor () :
8q55:=factor (1hs(")-rhs("));
Ya2:=solve("”,Y(a));
6q56:=factor(Yal-Ya2);

exi:=solve(eq53,R11);
ex2:=solve(eg50,R11);
ex3:=s0lve(eq56,R11);

eqi:=factor(exi-~ex2);
6q2:=factor(ex2-ex3);

neql:=numer(eql);
neq2:=numer(eq2);

a:=xlsp:
ac:=conj("):
b:=x2spc:
be:=conj("):

nei:=factor(neql)/(~12¢p-4«pc);
ne2;:=factor(neq2)/(~2sp-4spc);
ne3:=factor(eq51)/(pspc);
nelc:=conj(nel);
ne2c:=conjne2);

with(grobner) ; .
X:=[x1,x2,x1c,x2c]:

Fi:=[nel,nelic,ne2,ne2c,ne3l:

R1:=§solve(F1):

E.4 Maxwell’s equations and Weyl’s neutrino equation

#Bachs’ tensor, condition III for the self-adjoint scalar equation,
#Maxwell equations and Weyl-neutrino equation

#Name of the file: IIls

read heading ;

t1:= del(psilA,B,K,G],C,Ac)*eps[K,C]:
t1:=contract(dyad(ti)):
ti:=rewrite(t1,Fidum,Flexp):
Fildum:=Flexp:
ti:=del(t1,J,Bc)*eps[G,J]:
t1:=contract(dyad(t1)):
ti:=rewrite(t1,F2dum,F2exp):
F2dum:=F2exp:
t2:=psi(A,B,C,Gl*philK,F,Ac,Bc]*eps[K,Cl*eps[F,G]:
t2:=contract(dyad(t2));

t3:=conj(t2);

t4:=conj(t1);

#Ve take here cnly the first two terms. Thus the total expression will
8be complex (not Hermitian)
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TT:=t1+t2;

£:=eps(N,Alseps(M,B]:

TTu:=contract (dyad (TT#fsconj(£)));

save(TTu, ‘TTu.res’):

cols:=i[M]*i[N]: )
col2s:=symm(iM]*o[N],[M,N]):

co3s:=o[M]*c[R]:

colco:=conj(cols):
co2co:=conj(co2s):
co3co:=conj(co3s):

c[1] :=coisscoico:
cf2] :=colssco2co:
c[3] :=cols*co3co:

c{4] :=co2s8#*colco:
c[5] :=co2s%co2co:
cl6] :=co2s%colco:

<[7) :=co3s*co3co:
cES}:chBStcoaco:
¢[9] :¥co3s*co3co:

tt:=array(1..9):
for j from 1 to 9 do
tt[j]l:=factor(contract(dyad(c[jl*TTu)));

od

#Condition Vs

#Name of the f£ile: Vs

*Self-adjoint scalar equation: ki:=3, k2:=4
#Maxwell equations: k1:=5, k2:=16
#VWeyl-neutrino equation: ki=5, k2= 16

read heading; -

T1:=kisdel (psilA,B,C,F] K ,Kc)*del(psiclAc,Be,Cc,Fc] H,He)
*eps [K,H] #eps[Kc,He] :

T1:=contract(dyad(T1)):

T1:=contract (dyad(T1)):

T2:= del(psic[B¢,Cc,Fc,Gc] ,Mc,K)seps[Ge,Mc]:
T2:=contract(dyad(T2)):

T2:=T2¢del (psi(M,A,B,C] ,F,Ac)*eps(K,M]:
T2:=contract(dyad(T2)):
T2:=rewrite(T2,F2dum,F2exp):

F2dum:=F2exp:

T2:=k2+T2:

T3:=conj(T2):

T4:=del(psic[Bc,Cc,Fc,Kc] ,He ,F)xeps{Kc,Hel:
T4:=contract(dyad(T4)):
T4:=rewrite(T4,H2dum,H2exp):

H2dum:=H2exp:

T4:=T4sdel(psi(A,B,C,K] H,Ac)*eps (K, H]:
T4:=expand(”):

T4:=contract(dyad(T4)):
T4:=rewrite(T4,Hidum,Hlexp):

Hidum:=Hiexp:

T4:=~2s(8ek1-k2)*T4:

T5:=del(psiclAc,Bc,Cc,Vel He ,K) *eps{Ve ,Hel:
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TS5 :=contract (dyad(T5)):
TS:=rewrite(T5,Kidum,Klexp):
Kidum:=Kiexp:
T5:=de)(TE,F,Fc):
T5:=contract (dyad(T5)) :
T5:=rewrite(T5,K2dum,K2exp):
K2dum:=K2exp:
T5:=T5+psi[H,A,B,Cl+eps[K,H]:
T5:=contract (dyad(T5)):
T5:=reurite(T5,K3dun,K3exp):
K3dum:=K3exp:

T5:=-k2¢T5:

T6:=conj(T5): .

T7:=del(psic[Ac,Bc,Cc,Vc] He,F)seps[Ve,Hel:

T7 :=contract (dyad(T7)):

T7:=reurite(T7,J1idum,Jiexp) :
Jidum:=Jlexp:
T7:=del(T7,K,Fc):

T7 :=contract (dyad(T7)):

T7 :=xrewrite(T7,J2dum, J2exp) :
J2dum:=J2exp:
T7:=T7*psi[H,4,B,Cl*eps[K,H]:

T7:=contract (dyad(T7)):

T7:=rewrite(T7,J3dum,J3exp):
J3dum:=J3exp:

T7 :=4ak1sT7:

T8:=conj(T7):

T9:=psi[V,A,B,C]*eps(K,V]sphilF,K,Kc,Ac)#psic [Be,Cc,Fc,Ve] *eps[Ke,Vel:
T9:=contract (dyad(T9)):

T9:=rewrite(T9,Midum,Mlexp):

Midum:=Miexp:

T9:=2%(k2-42k1)sT9:
T10:=-2%(4sk1+k2)sLspsiA,B,C,Fl*spsic[Ac,Bc,Ce,Fel:

T10:=contract (dyad(T10)):

TT:=T1+T2+T3+T4+TE+TE6+TT+TB+T9+T10:

£:=eps[S,A]*eps{Sc,Ac]*eps [N, B] seps(Nc,Bclreps[P,Cl*eps[Pc,Cclreps[Q,Fl*
) s[Q%%F;] :
w:=TTsf:

col:=i[S]*i[N]*i[P)so[Q]:
co2:=i{S]+i[N])=c[P]*o[Q]:
co3:=i[S]so[N]*o[P]*o[Q]: N
cods:=o[S)*c[N]*o[P]*olQ]:
coSs:=i[S]+«i[(N]+i{P]*ifQ]:

cols:=symm(cot, (N,S,P,Q]):
co2s:=symm(co2, [N,S.P,Ql):
co3s:=symm(co3, [N,S,P,Q1):

colco:=conj(cols):
co2ca:=conj(co2s):
co3co:=conj(co3s):
codco:3conj(cods):
coS5co:=conj(cobs):

c[t}:=cois*colico:
c[2] :=co1sxco2co:
c[3]:=cois*co3co:
c(4] :=colsscodco:
c[5]) :=cel1s*co5co:

c[6] :=co2s%co2co:
c[7] :=co2s*co3co:
c[8] :=co2s2codco:
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c[9] :=co2s%coSco:

¢{10] :=ce3ssco3co:
c[11] :=co3s*codco:
¢[12] :=co3s8%cobco:

c[13] :=codsscadco:
c[14] :=co4s*coSco:

c[15) :=co5s*co5¢co:
save(TTu,Vten);

t5:=array(1..15):

for j from 1 to 15 do
tg[j]:=oxpand(contract(dyad(TTutc[j])));
od;

save(t5, ‘tSsca.array‘);

I R S R AR S A I R S R I N R R A AL R NS L S IS AR B RN SSARIRER RN LIRS

#Five-index necessary condition of Alvarez-Wunsch,
#Maxwell equations and Weyl-neutrino equations
#Condition Vis

#Name of the file: VIimaxweyl

read heading;
read headingIlII;

8Term 1 of eq (12):

T1:=del(CW[J,Jc,D,Dc,B,Ec,P,Pc],U,Uc)*eps [U,J]*epsUc, Jc]:
T1:=contract (dyad(T1)):
Ti:=contract(dyad(T1)):
Ti:=rewrite(T1,Aldum,Alexp):
Aldum:=Alexp:

T1:=del(T1,K,Ke):

Tia:=T1:

Ti:=rewrite(T1,A2dum,A2exp):
A2dum:=A2exp:

T1:=del(T1,C,Cc):
Ti:=rewrite(T1,A3dum,A3exp):
A3dum:=A3exp:
T1:=5CW[M,Mc,A,Ac,B,Bc,Q,QcI*eps (K, M]
«ops [Kc ,Mc]*eps[P,Q] xeps[Pc,Qc]*T1:
Ti:=contract (dyad(T1)):

T1:=contract (dyad(T1)):

length(T1);

save(T1,Tires):

20ther terms of eq. (12)
2 2. Terms (13) and (14):

T2:=del(SCW[N,Nc,B,Bc,C,Cc,Q,Q¢c],4,4¢)
*ops[K.l]tepstxc.ﬂc]teps[P.Qj*eps[Pc,Qc}:
T2:=contract (dyad(T2)):

T2:=contract (dyad(T2}):
Tia:=rewrite(T1,B2dum,B2exp):
B2dum:=B2exp:

T2:=T2+Tla:

T2:=contract (dyad(T2)):

T2:=contract (dyad(T2)):

save(T2,T2res):

T3:=del(CW[J,Jc,D,Dc,BE,Ec,K,Kc],V,Vc)*eps [V, I]*eps(Vc,Jc]:
T3:=contract (dyad(T3)):

T3:=contract(dyad(T3)):

T3:=del(T3,C,Cc):
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T3:=rewrite(T3,C2dun,C2exp):

C2dum:=C2exp:

T3:=del (SCW[H,Hc,A,Ac,B,Be,Q,Qc],U,Uc)

*eps {U,H] topstUt Hel teps[K,q]topa[Kc Qcl*T3:
T3:=contract (dyad(T3)):

T3:=contract (dyad(T3)):

save(T3,T3res):

T4:>del (CW[K,Kc,D,Dc,B,Ec,P,Pc] H,Hc):
T4:=contract(dyad(T4)):

T4:=contract (dyad(T4)):
T4:=rewrite(T4,Didum,Dlexp):

Didum:=Dlexp:

T4:=del(T4,C,Cc):

T4:srewrite(T4,D2dum,D2exp):

D2dum:=D2exp:
T4a:=del(SCW[G,Gc,A,Ac,B,Bc,J,Jc],U,Uc)seps[K,G]
seps[Kc,Gc]reps[P,J]seps{Pc,Jc] «eps [H, Ul *eps{Hc,Ucl:
T4a:=contract(dyad(T4a)):
T4a:=contract(dyad(T4a)):
T4a:=rewrite(T4a,D3dum,D3exp):

D3dum:=D3exp

T4:2T4asT4:

T4 :=contract(dyad(T4)):

T4:=contract (dyad(T4}):

save(T4,T4res) :

T5:=del(C¥(J,Jc,D,Dc,B,Bc,P,Pc],C,Cc)*eps(H,I]sepsilc, Jc]+LLIK K, H,He) :

TS:=contract (dyad(T5)):
TS:=contract (dyad(T5)):
TS:=rewrite(T5,Eidum,Elexp):
Eldun:=Elexp:
T5a:=SCW[G,Gc,A,Ac,B,Bc,U,Uc]*eps[K,G] *eps[Kc,Ge] xeps [P, U]l seps[Pc,Uc] :
TS5a:=contract(dyad(T5a)):

TSa:=contract(dyad(T5a)):

T5:=T5+T5a:

TS:=contract(dyad(T5)):

TS:=contract(dyad(T5)):

save(T5,TSres) :

.

T6:=del(CW[J,Jc,C,Cc,D,De,P.Pc] K, Kc)*eps[H,J)seps[Hc,Ic]*LL{E, ,Ec,H,Hc] :

T6:=contract (dyad(T6)):
TG:=contrnct(dyad(TG))
T6:=T5a*T6

T6:=contract (dyad(T6)):
T6:=contract (dyad(T6)):
save(T6,T6res) :

T7:=del(cW([J,Jc,K,Ke,P,Pc,C,Cc],U,Uc)seps (U, J] #eps [Uc, Jc]*LL[D,Dc,E,Ec) :

T7: -contract(dyad(T7))-
T7:=contract (dyad(T7)):
T7:=TSa*T7:
T7:=contract (dyad(T7)):
T7:=contract{dyad(T7)):
save(T7,T7res):

T8:=del(CW[J,Je,C,Cc,D,Dec,K,Ke],U,Uc)*epsU,J]
seps{Uc,Jc]+LL[E,Ec,P,Pc]:

T8:=contract(dyad(T8)):

T8:=contract(dyad(T8)):

T8:=T5a*T8:

T8:=contract (dyad(T8)): .
T8:=contract (dyad(T8)):

save(T8,T8res):
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t3a:=-SCW[J,Jc,A,Ac,B,Bc,V,Vclseps[K,I]seps(Kc,Jc]
seps[P,V]*eps[Pc,Vcls

CVW([X,Kc¢,C,Cc,D,Dc,Y,Yc]lsepa[H, Y)*eps [He,Ycl*

del (CW (M, Mc,P,Pc,H,Hc,E,Bc],U,Uc) xep=[U,M] +eps (Uc ,Mc] :
t3a:=contract(dyad(t3a)):

t3a:=contract(dyad(t3a)): -

t3b:=-CW[K,Kc,Y,Yc,X,Xc,A,Ac]seps [H, Y] seps[He, Yc]seps [J, X *eps [Jc, Xc] =
cw(p,Pc,H,He,J),Jc,B, Bc]t

deI (SCW(F.Fc,D,Dc,E. Ec,U,Uc],C,Cc)*eps P, Ul seps [Pc,Uc]

eps[K, F]topsCKc Fc]

t3b:=contract(dyad(t3b)):

t3b:=contract (dyad(t3b)):

t3:=12*t3a+t3b:
save(t3,t3res):

t4a:=SCW[K,Kc,Y,Yc,X,Xc,A,Ac]*eps[G,Y]e
eps[Ge,Yc]*eps[J,XI*eps[Jc,Xc]e
cw(P,Pc,B,Bc,G,Gc,J,Jc)*del (CW[F,Fec,D,D¢,B,Ec,U,Uc],C,Cc)
tops[P UJtops[Pc chtaps[x F]tops[Kc Fel:
t4a:=contract(dyad(t4a)):

t4a:=contract(dyad(t4a)):

t4:=8st3a+tda:

save(t4,t4res):

# 3. Raising indices and summing (building eq(8)):

£:=eps[N,A]seps[S,B]*eps[P,Cl*eps[Z,D] *epsiQ,E];
fc:=conj("):

TTul:=4%T1-63T2+264T3+T4+54T5+4+T6+4+T7-21+t8:
#Calculating components

col:=i[N]«i[S]=i(PI1+i[Q]+o(Z];

co2:=i[N]+i[S]*i[P]*o[Q]*0[2];

co3: =1[N]t1[5}to[?]to[ﬂ]'n[z .
cod:=i(N]l*o[S]sac[P1*o{Q]*o(Z];

coSs:=i[N]*il[S1#il[P]1*ilQl*ilZ];
cobs:=o[N]*o[S]*o[P1*o[Q)*0[2Z];

cois:=symm(coi, [N,S,P,q,2]):

co2s:=symm(co2, [N, .P,Q,ZJ):
co3s:=symm(co3,[N,S,P,Q,2]):
co4s:=symn(co4, [¥,S,P,Q,2]):

colce:=conj(cols):
co2co:=conj(co2s):
co3co:=conj(co3s):
co4co:=conj(cods):
coS5co:=conj(coSs):
co6co:=conj(cobs):

c[1] :=cols*coico:
¢[2] :=cols*co2¢o:
¢[3]) :=cols*co3co:
c[4] :=colsscodco:
c{5]) :=co1s*coS5co:
c[6] :=colsscobeo:

¢[7] :=co2s*co2co:
¢([8] :=co2s*co3co:
c[9] :=co2s*co4dco:
¢[10] :=co2s#co5co:
¢[11] :=co2s%*cobco:
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c¢f12] :=co3ssco3co:
c[13] :=co3axco4dco:
cEl4}:=co3s#co5co:
c(15] :=co3s*cobco:

c[16] : =co4sscodco:
c[17] :=co4s%co5co:
c{18] : =co4s*cabco:

c[19] :=co5s#co5co:
c[20] :=coSs%xcobco:

c{21] :=co6s*cobco:

£:=eps(N,A]seps(S,Bl*eps[P,Cl*eps[Z,D]+eps[Q,E];
fci=conj("):

TT:=array(1..21):
for j from 1 to 21 do

TT1[j] :=expand (contract (dyad(Ti1sfsfcxc[jl)));

TT2[j] :=expand(contract (dyad (T2sf+fcec(jl1)));

TT3{j] :=expand (contract (dyad(T3=fxfcec(j]1)));

TT4(j] : mexpand (contract (dyad (Ta«gsfcecij])));

TT5[j] : =expand (contract(dyad (TS»£»fcec[jl1)));

TT6[j] : =expand (contract (dyad (T6*f+fcxc[j])));

TT7[j] :=expand (contract (dyad (TT*f*xfcec[j1)));

TT8[j] : =expand(contract (dyad (T8sf+fcxc(jl)));

tt3[j] :=expand(contract (dyad (t3sfefcec(jl1)));

tt4[j] :=expand(contract (dyad (t4xf2feec[j])));

TT(j] :=factor(4*TT1[j1-6+TT2[j1+26+TT3[jI+TT4[jI+5¢TT5[j1+4+TT6[j]
+§:m [j1-21»TT8[jl+alphaistt3[j]+alpha2stt4[j]};

od;

save(TT, ‘TT.array‘):

#Determination of Pfaffians for the

2 Maxwell equations and Weyl-neutrino equation
#Case a*b»p<>0

#Name of the file: Pfaweylmax

read heading;
read headingIII;

#Condition III (Bach tensor)
read ‘tt.array‘;

X(b) :=solve(tt[4],X());
Y(be) :=conj(X(b));
06q30:=tt[1]/2;

eq31:=tt[2];

eqns () ;eqns();

D(R12) :»solve(eq22+conj(eq23),D(R12});
D(R21) :=conj (D(R12));

D(g) :=solve(eq6,D(g));

D(ge):=conj("):

(R12) :=solve(conj(eq25) ,X(R12));

Y(R12) :=sclve(expand (aq24-eq29)/3,Y(R12));
X(R21) :=conj (Y(R12));

Y(R21) :=conj (X(R12));

D(R22) :=solve(conj(eq24) +2+eq29,D(R22));
D(R12) :=solve(egq22+conj(eq23),D(R12));
D(R21) :=conj(P(R12))};

X(a) :=solve(eq12,X(a));

Y(ac) :=conj(X(a));

D(n) :=solve(eq9,D(n));
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D(nc) :=conj(bP(n));
X(p):=solve(eg8,X(p));
Y(pc) :=conj(X(p));
Y(p) :=solve(eq?,Y(p));
X(pec) :=conj(¥(p)};

0q32:=factor(X_D(R22)-V_D(R12));
X(bc) :=s0lve(eq32,X(bc));
Y(b) :=conj(X(bc));

8E.g.

$Maxwell equations
#Condition V

read ‘tSmax.array‘;
ki:=5;k2:=16;

eq33:=factor(t5[1]);
eq34:=factor(t5[9]);

D(lc):=solve(eq40,D(lc));
D(1):=conj(");

solve(eq33,D(mc)):":":
D(nc) :=factor(”);

Y-x(a“,z‘p) [P Y
eq34:=factor(");
solve(",D(m)):":":
D(m) :=factor(");

D(mc)~conj(D(m)):":":":
si:=factor("});

%read component TT[14] of condition VIs
read TTi4;

0q35:=factor(ti4);

X(ac) :=solve(eq46,X(ac));
Y(a):=conj(X(ac));

X(pe):":":

X(pc) :=factoxr(");

z(p):=conj(");
SEABRRTRABRBRR

#Case asbsp<>0
#Maxwell equations
#Name of the file: solvemax

read heading;
read headingIII;

Y(a) := 192%psbe+121sbera-3va~2;

Y(b) := -bsbc+2spcrp-2+R11-2+D(m)-4sb*p-b*a;

= Y(b)+asac+bsbc-2¢bsa+R1l;

= ~bxac-b"2;

X(p) := D(m)-pcep+psac-bsp;

Y(p) := -127spsbc-B0*bcea-3sp*a;

0(m) := 1/152%(~1520%a* 1040sbcsbea
~1228#p*R11+208%aspsac+iG88+aspcep+2496
*pcep~2-2432sbsp~2-739*asR11+80%a"2xac
+380%bc*R11-152%bcrpesp+1968+besbep+760%
besasac+1216sbexpract]28+p~2%ac+80spcka2) / (~be+S+a+B8p) ;
D(mec) := 2/19%pce*a+26/19+bsbe+2/19%asac
+58/19spcep~2+bsp+2/19%peac-37/19sR11-D(m) -2¢bewpe;

X(bc) :=conj(Y(b)):
Y(bc):=conj(X(b)):

"
-~~~
[
St
o ae
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8Using the Pfaffians to build and solve polynomial systems for a,b and p.
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X(pc) :=conj(Y{(p)):
Y(pe) :=conj(X(p)):
X(ac) :=conj(Y(a)):
Y(ac) :=conj(X(a)):

Y _X(a):rzrev:
solve( ,R11):
exi:=factor(®);

Y-I(&*bc) :ll:‘l:":
solve(" ,R11):
ox2:=factor(");

Y(ex2):":v:":
solve(" ,R11):
ex3:=factor(¥);

#Denominators

di:= denom(exi);
d2:=denom{ex2);
d3:=denom(ex3);

Y{d1):":

Ydi:=factor(");

Y(Ydi):":":

YYdi:=factor(");

with(grobner);

Fl:=[d1,Yd1,YYd1]: .
Ri:=gsolve(F1);

Y(d2):¥:
Yd2:=factor(");
Y(Yd2):":":
YYd2:=factor(");
F2:=[d2,Yd2,YYd2]:
R2:=gsolve(F2);

Y(d3):":
Yd3:=factor(");
F3:=[d3,vd3]:
R3:=gsolve(F3);

#New variables
a:=xisp:
ac:=conj("):
b:=x2spc:
be:=conj("):

Ni:=factor (numer(ex2-ex1)/(-5T76%x2c"2+p~4+pc* (B8+5+x1~x2c)));
N2:=factor (numer(ex2-ex3)/(5776#x2c*p~6epc (8+5ex1~x2c)));

F4:=[N1,§2]:
:=gsolve(F4);

8Using the Pfaffians to find polynomial relations between a,b and p.
#Weyl neutrinoc equation

#Case asb#p<>0

#Name of the file: solveweyl

road heading;
read headinglII;

Y(a):=787/19%bcra-32a"2+1380/19spsbe;

Y(b) :=~babc+2+pcrp-2¢R11-bsa-4+*bsp-2+D(m) ;
X(a) := Y(b)+asac+bsbc-2sb*a+R11;

X(p) := D(m)~-pceptprac-bp;

X(b) := -brac-b*2;
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Y(p) :=-3#p*a-901/19%p*bc-512/19sbcsa;

D(m) :=-1/218+(17480#p"2*ac+9728+pc*a™2-
49654ap.n1z+109020t§z:g‘2+6 1952
sas*bsbc+116988spebx T28sa"~2sac+
78152*aspcep-25111+asR11-56808

ta#btg+5 1 tbctgtac+13952tbc‘311-
2834sbcspcsp+27208saspsract
27904+bceasac-100280*b*p~2) /(-128+a-230sp+13sbc) ;
D(mc) :=38/109spc*a+242/109¢bsbc+38/109%a*ac—
2+bap+346/109spcHp+38/109p
sac-199/109+R11-D(m)~-2sbecspe;

X(bc) :=conj(¥Y(b)):
Y(be) :=conj(X(b)):
X(pe) :=conj(Y(p)):
Y(pc) :=conj(X(p)):
X(ac) :=conj(Y(a)):
Y(ac) :=conj(X(a)):

Y_X(a):":v:v:
solve("”,R11):
exi:=factor(");

Y_X(a+be):v:v:":
solve(",R11):
ex2:=factor(");

Y(°‘2) :”:ll:ll:
solve(",R11):
ex3:=factor(");

#Denominators

di:= denom(exi)
d2:=denom(ex2);
d3:=denom(ex3);

Y(d1):v:
Ydi:=factor(");
Y(ydi):":":
YYd1:=factor(");
with(grobner);
F1:=[d1,Yd1,YYd1]:
Ri:=gsolve(F1);

Y(d2):":
Yd2:=factoxr(");
Y(Yd2):":":
YYd2:=factor(");
F2:=({d2,Yd2,YYd2]:
R2:=gsolve(F2);

Y(d3):":
Yd3:=factor(");
F3:=[d3,Yd3]:
R3:=gsolve(F3);

#New variables
a:xxisp:
ac:=conj("):
b:=x2*pc:
be:=conj(*):

Hi:=factor(numer (ex2-ex1)/(-95048x2c™2*p~4spc*(230+128%x1-13*x2¢)));
N2:=factor(numer(ex2-ex3)/(47524%x2c*p"6+pce(230+128sx1-13#x2¢c)));

with(grobner):
F2:=[N1,82]:
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:=gsolve(F2);

for j from 1 to nops(R2) do
GEj]:xop(j,Rz);
od;

#GL10]

gl:=op(5,6[10])
g2:=op(4,6(10])
glc:=conj(gl):
g2c:>conj (Xg2):

Hi:=(g1,g2,g1c,g2c]:

X:={x1,x2,x1c,x2c}:
R3:=gsolve(H1);

- owe

#Analysis of the sclutions
for j from 1 to nops(R3) do
ngJ :=op(j,R3);

od;

26[7]
£1:=0p(3,6[77);
flc:=conj("):

#£1:=8859520+x1"2+359545225x1-1909041+x1*x2c+3956264»x2¢c " 2-2471658%
#x2c+34832476

#Apply Y over £1
#£2:=~1079685917+bcsa”2-252496320%a"3-3781787431sa»psbc-1024703877+ps
$a72-3287720348*p " 2#bc-877481563bc™2#a~901378054psbc " 2-37584508+
#bc™3-992725566%p " 2#a

8Y(£2)
#£3:=3794884235sbc*a"3+13984191503xbc " 2%a~2+2272466880*a"4~-917394512*
#bc"3%a+40424847312+%p"2sbc"2-728052339342p" 25asbc+9222334893%pxa”
#3-11338514006%a"2%p*bc+47275438170¢bc " 2*asp+112753524xbc "4~
21918581915#bc " 3sp-72103225320+p~34bc+8934530094#p~2+a"2

H3:=[£1,£2,£3]:
gsolve(H3):

SERLABEIRLBAVRBRABRRLRIRBBLR B
#Conditions for a=b=p=0
gMaxwell equations

gHame of the file: solvemax0

read heading;
read headingIII;

a:=0:ac:=0:b:=0:bc:=0:p:=0:pc:=0: R11:=0:
read ‘tt.array‘;

for j from 1 to 9 do
t3[j):=factor(ttjl);

od;

eq30:=tt[1]/2;
ogSl:-ttﬁzl:
2Newman-Penrcse squations
eqns () ;eqns();

D(R12) :=solve(eq28,D(R12));

D(R21) :=conj(D(R12));

Y(R21) :=solve(eq25,Y(R21));

X(R12) :=conj(*"):

Y(R12) :=solve(expand(eq24-eq29)/3,Y(R12));
X(R21) :*conj("):

D(R22) :=solve(conj(eq24)+2+eq29,D(R22));
Y(R22) :=solve(eq26,Y(R22));

X(R22) :=conj(¥):
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D(m) :=solve(eq8,D(m));
D{mc) :=conj (") :
X(m):=s0lve(eq30,X(n));
Y(mc) :=conj{("):

X(1) :=solve(eq13,X(1));
Y(lc) :=econj(X(1));

X(g) :=solve(eql5,X(g));
Y(gc) :=conj(¥):

Y(g) :=solve(eqi8,Y(g));
X(gc):=conj("):

D(g) :=solve(eq6,D(g));
D(ge) :=conj("):

D(1) :=solve(eq7,D(1));
D(lc) :=conj("}):

#Maxwell equations

# Condition Vs
k1:=5;k2:=16;

read ‘tSnax.array';
for j from 1 to 15 do

t;s [j) :=factor(t5[j]):

eq32:=primpart (factor(t5(51));
0q33:=primpart (factor(t5(15]));

X(nc) ;=solve(eq32,X(nc));
Y(m) :=sconj("):

#Determination of second order Pfaffians

xvm) Il"
X(vim)): =solve(" X(V(m)));
Y(V(mec)): =conj( ™

) ",
X(V(:g)) =solvc(" X (V(mc)));
Y(V(m)):=conj(")

X_v(g):v:":
X(V(g)):=solve (", X(V(g)));
Y(V(gec)):=conj("):

X_V(ge):v:":
X(V{ge)) :=solve (", X(V(ge)));
Y(V(g)) :=conj("):

X_V(R12):*:
X(V(R12) ) :=solve (" ,X{V(R12))):
Y(V(R21)) :=conj("):

X_V(R21):v:
XTV(R21}): =solve(“ X(V{R21}));
Y(V(R12)) :=conj("):

X(eq33):“:":
eq34:x=factor(");

X(1lc) :=s0lve(eq34,X(1c));
Y(1) :=conj("):

Y_X(l) :u:n :n:
eq35:=(factor(lhs(")~-rhs("))};

X(eq35):":":
6436 :=numer(facter("));
eq37:=numer(eq35) ;
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V(R21):=v21;
V(R12):3V12;

with(grobner):

F1:={eq44,eq45]:
vars:={R21,R12,m,mc,V12,V21,g,g¢,1,1c}:
non:={1,1lc}:

Rl:=gsolve(Fi,vars,non);

for j from 1 to nops(R1) do
r&j]:nop(j,ki);

od,;
£1:=0p(4,r{1));

gl:=op(2,r[2]};
g2:=0p(3,r(21);

Vi2:=solve(g2,Vi2);
V21:=conj(¥):
aq38:=tactor(gl);
©q39:=nuner (") /(-50slc);

R21:=x+I*y:
R12:=x-Isy:

0q40:=factor(evalc(Re{eq39)));
yi=w"(1/2);
solve (eq47,w);

2Conditions for a=b=p=0
#Veyl neutrino equation
#Hame of the file: solveweylO

read heading;
read headingIII;

a:=0:ac:=0:b:=0:bc:=0:p:=0:pc:=0: R11:=0:
read ‘tt.array‘;
for j from 1 to 9 do
t3(j]:=factor(ttlil);

d.

od;

eq30:=tt[1]/2;
aq3i:=tt[2];
tﬁewnan~Ponrose squations
eqns() ;eqns();

D(R12) :=solve(eq28,D(R12));

D(R21) :=conj (D(R12));

Y(R21) :=solve(eq25,Y(R21));

X(R12) :=conj("):

Y(R12) :=solve(expand (eq24~eq29)/3,Y(R12));
X(R21) :=conj("):

D(R22) :=solve(conj(eq2%)+2*eq29,D(R22)};
Y(R22) :=solve(eq26,Y(R22));

X(R22) :=conj(*):

D(m):=solve(eq8,D(m));

D{mc) :=conj("):

X(m) :=solve(eq30,X(m)); )
Y{mec) :=conj("):

X(1) :=solve(eqi3,X(1))};

Y(lc):=conj(X(2));

X(g) :=solve(eql5,X{g));

¥(gc) :=conj("):

Y(g) :=solve(eq18,Y(g));

X(ge) :=conj("):
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D(g):=solve(eq6,D(g));
D{(ge) :=conj("):

D(1) :=solveleq?,D(1));
D(le) :=conj("):

#VWeyl-neutrino equation
# Condition Vs
k1:=8;k2:=13;

read ‘t5Smax. array‘;

for j from 1 to 15 deo

e:s (3] :=factor(¢5(3j1):

eq32:=primpart (factor(t5[51));
0q33:=primpart (factor(t5[15]1));

X(mc) :=solve(eq32,X(me));
Y(m) :=conj("):

#Determination of second order Pfaffians

x (I) NTINTIN
X(vim)): =solvo(" X(v(m)));
Y{V(mc)) :=conj( "y

X_V(mec):":":
X(V(mc)) :=so0lve (", X(V(re)));
Y(V(m)):=conj(*):

x v( PN T
x(V(g)) =solve (", X(vig)));
Y(V(ge)):=conj(™):

X_V(SC) :n: It:
X(V(ge)):=s0lve (" ,X(V(ge)));
Y(V(g)):=conj("):

X_V(R12):":
XTV(R12)) :=solve(",X(V(R12)));
Y(V(R21)) :=conj(*):

X_V(R21):%:
X(V(R21)) :=solve(" ,X(V(R21)));
Y(V(R12)) :=conj (") :

X(eq33):":":
eq34:=tactor(");

X(1c) :=solve(eq34,X(1c));
Y(1) :=conj("):

(1) ", e,
oq35 =(factor(lhs(")-rhs(")));

X(eq35):":":
6q36 : =numer (factor("));
@q37 : =numer (eq35) ;

V(R21):=V21;
V(R12) :=V12;

with(grobner):

Fi:=[eq44,eq45]):
vars:={R21,R12,m,mc,V12,V21,g,g¢c,1,1c}:
non:={1,1lc}:

R1:=gsolve (F1,vars,non);

for j from 1 to nops(R1) do
r[jl:=0p(j,R1);
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od;
£1:=op(4,r{1]);

gl:=op(2,r(2]);
g2:=op(3,r2]);

Vi2:=solve(g2,V12);

V2i:=conj("): :
0q38:=factor(gi);

0q39:>numer (") /(~36+1c);

R21:=x+Isy:
R12:2x~Isy:
0q40:=factor{evalc(Re(eq39)));
yr=w~(1/2);

solve(eg40,w);
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