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Abstract

In studies of life history data, individuals often experience multiple events of interest
that may be associated with one another. In such settings, joint models of event processes
are essential for valid inferences. Data used for statistical inference are typically obtained
through various sources, including observational data from registries or clinics and admin-
istrative records. These observation processes frequently result in incomplete histories of
the event processes of interest. In settings where interest lies in the development of con-
ditions or complications that are not self-evident, data become available only at periodic
clinic visits. This thesis focuses on developing statistical methods for the joint analysis of
disease processes involving incomplete data due to intermittent observation.

Many disease processes involve recurrent adverse events and an event which terminates
the process. Death, for example, terminates the event process of interest and precludes
the occurrence of further events. In Chapter 2, we present a joint model for such processes
which has appealing properties due to its construction using copula functions. Covariates
have a multiplicative effect on the recurrent event intensity function given a random effect,
which is in turn associated with the failure time through a copula function. This permits
dependence modeling while retaining a marginal Cox model for the terminal event process.
When these processes are subject to right-censoring, simultaneous and two-stage estimation
strategies are developed based on the observed data likelihood, which can be implemented
by direct maximization or via an expectation-maximization algorithm - the latter facilitates
semi-parametric modeling for the terminal event process. Variance estimates are derived
based on the missing information principle. Simulation studies demonstrate good finite
sample performance of proposed methods and high efficiency of the two-stage procedure.
An application to a study of effect of pamidronate on reducing skeletal complications in
patient with skeletal metastases illustrates the use of this model.

Interval-censored recurrent event data can occur when the events of interest are only
evident through intermittent clinical examination. Chapter 3 addresses such scenarios and
extends the copula-based joint model for recurrent and terminal events proposed in Chap-
ter 2 to accommodate interval-censored recurrent event data resulting from intermittent
observation. Conditional on a random effect, the intensity for the recurrent event process
has a multiplicative form with a weak parametric piecewise constant baseline rate, and a
Cox model is formulated for the terminal event process. The two processes are then linked
via a copula function, which defines a joint model for the random effect and the terminal
event. The observed data likelihood can be maximized directly or via an EM algorithm;
the latter facilitates a semi-parametric terminal event process. A computationally conve-
nient two-stage estimation procedure is also investigated. Variance estimates are derived
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and validated by simulation studies. We apply this method to investigate the association
between a biomarker (HLA-B27) and joint damage in patients with psoriatic arthritis.

Databases of electronic medical records offer an unprecedented opportunity to study
chronic disease processes. In survival analysis, interest may lie in studying the effects
of time-dependent biomarkers on a failure time through Cox regression models. Often
however, it is too labour intensive to collect and clean data on all covariates at all times, and
in such settings it is common to select a single clinic visit at which variables are measured.
In Chapter 4, we consider several cost-effective ad hoc strategies for inference, consisting
of: 1) selecting either the last or the first visit for a measurement of the marker value,
and 2) using the measured value with or without left-truncation. The asymptotic bias of
estimators based on these strategies arising from misspecified Cox models is investigated via
a multistate model constructed for the joint modeling of the marker and failure processes.
An alternative selection method for efficient selection of individuals is discussed under
budgetary constraint, and the corresponding observed data likelihood is derived. The
asymptotic relative efficiency of regression coefficients obtained from Fisher information is
explored and an optimal design is provided under this selection scheme.

The contributions of this thesis are reviewed in Chapter 5 where we also discuss topics
of future research.
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Chapter 1

Introduction

1.1 Overview

Life history data pertain to the events and conditions that individuals experience over their
lifetime. In some settings, events of interest are transient and can occur multiple times,
making it meaningful to model the event occurrence. In other settings, we may characterize
complex life history processes, such as chronic disease progression, into different states
where events are more naturally viewed as representing transitions in the status of an
individual. Recurrent event analysis ( , ) and multistate models
( , ; , ) are particularly useful for such settings where
interests lie in investigating the association between fixed or time-varying risk factors and
event occurrence or state transitions. Often the time individuals experience multiple events
of interest, and these event processes may be associated with each other. Death, for
example, will terminate the disease process of interest and preclude the occurrence of
further events. In such settings, joint models of the disease process incorporating death
are necessary for valid inferences. A common example is the illness-death model ( ,
). Another example of joint modeling in life history data is the joint analysis of survival
data and time-varying covariates. A standard modeling method is to specify a linear mixed-
effects model for the time-dependent covariates and a Cox proportional hazards model for
the survival data, and link the two models via shared random effects ( , ).

Datasets used for statistical inference are typically obtained through various sources,
including longitudinal surveys and cohort studies, observational data from registries or
clinics, and administrative records. Such observation processes often result in incomplete
histories of the disease process of interest. Common observation schemes include censoring



or termination of the observation period due to the end of study or loss to follow-up, and
intermittent measurement times at which data are collected. In settings where interest lies
in the development of conditions or complications that are not self-evident, data become
available at periodic clinic visits, giving rise to so-called panel data (

, ) where transition times are subject to interval censoring. In multistate settings
with cyclical disease processes it may even be unknown how many transitions occurred be-
tween successive assessment times. This limits the scope of models that can be fitted but
some (e.g. Markov processes) can, in principle, be fitted in such settings. Standard meth-
ods of life history analysis depend on independence and ignorability assumptions of the
observation process ( , ; , ; ,

; , ). It is crucial to understand the dependence between the disease
process and the observation process for valid inferences from such data through statistical
modeling. ( ) provide a thorough discussion of the independence
conditions of the observation process in the analysis of life history data.

This thesis is concerned with the development of statistical methods for the joint anal-
ysis of disease processes involving incomplete data due to such intermittent observation.
In Chapter 2 and 3, we focus on joint modeling of a recurrent event and a terminal event,
accommodating the framework for incomplete recurrent event data due to intermittent
observation. In Chapter 4, we focus on joint modeling of a time-varying covariate and
a failure process, where the time-varying covariate can only be measured at intermittent
clinical visits. The topics of the projects in this thesis are discussed in more detail in
Section 1.4. A brief overview of the statistical methods covered in this thesis is presented
in Section 1.2, and the motivating studies are described in Section 1.3.

1.2 Introduction to Statistical Methods

1.2.1 Multivariate Distributions via Copula Models

Let X} be a continuous random variable with a continuous cumulative distribution function
Fi(zy), k=1,..., K, the joint distribution function of X = (X1, Xs, ..., Xk)’, denoted by

F(z)=P(X; <21,Xo <29,..., X < 2g),

can be represented by a K-dimensional copula function C : [0,1]% — [0,1] ( , ;
, ) indexed by a vector of dependence parameters p, such that

F(z) =C(Fi(x1),..., Fx(xzk);p).

2



If we let Uy = Fip(Xy), k =1,...,K, and U = (Uy,...,Uk), Uy is a uniform random
variable over [0,1], k =1,..., K, and we have

Clu; p) = F(F N (wy), ..., Fgl(uK);p)

with quantile functions F} Ufor k = 1,..., K. There are a variety of ways to measure
the dependence, one is known as Kendall’s 7 ( , ). For each pair of random
variables, Kendall’s 7 is defined as the probability of concordance minus the probability of
discordance ( , ), with 7 = 0 signifying an independence and 7 = 1 signifying a
perfect association. Kendall’s 7 is a common association measure in copula models due to
its functional independence from marginal parameters.

Well-studied copula functions can be generally classified into elliptical copulas, Archimedean
copulas and vine copulas. Archimedean copulas are popular because they allow modeling
dependence in arbitrarily high dimensions with only one parameter, while governing the
strength of dependence. Clayton copulas ( , ) and Frank copulas ( , )
are examples of the Archimedean copula family. Other well-known copulas, such as Gaus-
sian copulas and t-copulas, belong to the elliptical copula family. Vine copulas are con-
structed from a sequence of bivariate copulas organized in a hierarchical structure, allowing
for flexible modeling of complex dependencies in high dimensions. One appealing feature
of copula models is that the dependence structure induced by them does not depend on
the marginal models but is solely characterized by the copula function itself. Consequently
the marginal models can be constructed in a flexible manner.

1.2.2 Analysis of Recurrent Events

In many medical conditions, an event of interest may occur multiple times for the same
subject during the period of follow-up. Such processes are referred to as recurrent event
processes, and the data consisting of information on the events and covariates over time are
called recurrent event data. Various statistical methods have been developed for analyzing
recurrent event data, including intensity-based models, random effect models and marginal
methods; see ( ).

Intensity functions and counting processes are very useful for modeling recurrent events.
We detail intensity-based methods here, as they form the foundation for the projects
discussed in this thesis. Suppose the recurrent event process starts at t = 0, and T} < T3 <
.., where Tj is the time of the jth event. Let N(t) = > .2, 1(7; < t) denote the number of
events occurred over (0,t], N(s,t) = N(t) — N(s) denote the number of event occurrences
over (s,t], and {N(t),t > 0} denote the corresponding counting process. The event rate
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function is the instantaneous probability of an event occurring at time t, conditional on
the process history, which is given by

At | H(E) = Jim P(AN(t)A:t 1] H(t))

where H(t) = {N(s),0 < s < t} is the event history up to time ¢, and AN(t) = N(t +
At™) — N(t7). If the individual is observed over (0, 7], the joint probability of observing

m = N(7) events at times ¢y,...,t, can be written as
[Ix e {= [ x| ae) s
j=1 0

Specifications of the event rate function A(¢ | H(t)) is quite flexible but Markov or semi-
Markov assumptions are perhaps most often adopted. Poisson models are also commonly
employed for the event rate function so that \(¢ | H(t)) = A(t). Intensity-based regression
models with multiplicative covariate effects are often used in life history analysis due to the
appealing nature of the interpretation of covariate effects and the fact that such models
can be fitted by exploiting software for Cox regression analyses.

1.2.3 Multistate Models

Multistate models are a natural way to characterize chronic disease processes with multiple
stages. Let {Z(t),t > 0} denote a continuous stochastic process with state space S =
{0,1,...,K}. Let H(t) = {Z(t),0 < s < t} be the full history of the multistate process,
we can define the transition intensity from state k to state [ as

PZt+At")=1|Z({t")=k H(t"))
At—0 At

for k # [ and k,l € S. Under a Markov model assumption, the transition intensity can
be simplified to A\g(t | H(t7)) = A(t). The transition probabilities py(s,t) = P(Z(t) =
l| Z(s) = k), s < t, are then obtainable from the intensities via the differential equation

(Cox, 2017) 5

_P(Sv t) = P(S7t)Q<t)

ot

where P(s,t) is the transition probability matrix with entries pg(s,t) and Q(t) is the

transition intensity matrix with off-diagonal entries A\ (¢) for k # [ and diagonal entries



— > 1z, Mwi(t). Furthermore, if a time-homogenous model is adopted for the transition
intensities, we have Q(t) = Qq and the transition probability matrix can be obtained by
matrix exponential as

P(s,t) = exp{(t — s)Qo} = Y Qp(t — )" /n!.

n=0

A more flexible Markov model can be adopted for the transition intensities by specifying
piecewise constant intensity functions. Let 0 = by < by < -+ < bx_1 < bg = o0 be a
sequence of pre-defined cut-points of the real line, then Q(t) = Qy if t € By = [bx_1, bx),
k=1,..., K. The transition probability matrix P(s,t) can then be obtained by

P(s,t) = 1_1 P (max(s, br_1), min(t, b))

k=ks

= H exp {(min(t, by) — max(s, br_1)) Ok} -

k=ks

Under a Markov assumption, multiplicative intensity-based models can be used to charac-
terize the effect of covariates on the dynamics of the disease process by specifying

)\kl(t | X) = )\klo(t) eXp(X’Bkl)

where A\go(t) is the baseline transition intensity from state k to state [, X = (Xy,..., X))
is a p x 1 covariate vector, and S = (B, - - -, Brip)’ 18 a vector of regression coefficients
specific to the k£ — [ transition.

1.3 Motivating Studies

1.3.1 Skeletal Complications in Patients with Bone Metastases
from Breast Cancer

The presence of bone metastases is common among women in advanced stages of breast
cancer. The destruction of bone from these lesions is a consequence of osteoclast-induced
bone resorption, possibly stimulated by osteoclast-activating factors released by tumor
cells ( : ; : ). Bisphosphonates are powerful in-
hibitors of osteoclast-induced bone resorption and have efficacy in treating cancer-related



hypercalcemia ( , ; , ). Pamidronate disodium, a
second-generation bisphosphonate, can inhibit bone resorption without impacting bone
mineralization when administered at appropriate doses ( , ).

( ) conducted a randomized, double-blind study to investigate the
efficacy of pamidronate in prevention of skeletal complications in patients with bone lesions
due to metastatic breast cancer. Women with stage IV breast cancer who were receiving
cytotoxic chemotherapy and had at least one lytic bone lesion were enrolled into the study
from January 1991 through March 1994 to receive either placebo or pamidronate infusion
monthly for 12 cycles. After recruitment to the study, patients were evaluated for the
occurrence of skeletal complications (including pathologic fractures, the need for radiation
to bone or bone surgery, spinal cord compression, and hypercalcemia) at each monthly visit,
and for survival until the patient’s death, the last date of contact or loss to follow-up, or
Februray 1, 1995, whichever occurred first. Bone pain, use of analgesic drugs, performance
status, and quality of life were assessed throughout the trial.

Marginal analyses of the efficacy of pamidronate on the skeletal-related event process
and the survival process were conducted by ( ). However, these
analyses did not account for a possible association between the two processes, thereby
failing to give insights into the relationship between the two aspects of the disease processes.
The challenge of a joint analysis of the occurrence of skeletal complications with death
terminating the event process motivates the project discussed in Chapter 2.

1.3.2 The University of Toronto Psoriatic Arthritis Cohort Study

Psoriatic arthritis (PsA) a complex rheumatic disease defined as a chronic inflammatory
arthritis associated with psoriasis. Patients with PsA often experience symptoms such as
stiffness, swelling, pain and inflammation in the affected joints. The majority of the patients
will develop nail lesions, approximately half will develop dactylitis and axial disease, and
at least one third will develop enthesitis. Additionally, at least 20% of the patients suffer
from a severe, rapidly destructive form of arthritis ( , ).

The University of Toronto PsA Clinic at the Centre for Prognosis Studies in The
Rheumatic Diseases at Toronto Western Hospital maintains a comprehensive database
of patients diagnosed with PsA ( , ). Established in 1978, the
PsA Clinic focuses on studying the course and prognosis of PsA patients. Individuals with
a prior diagnosis of PsA are recruited to participate in the cohort and are followed prospec-
tively over time to monitor the severity of disease progression. Data collected at the clinic
contains retrospective information on disease history, such as age at diagnosis of psoriasis



and PsA, as well as information of disease progression collected during each follow-up visit
through clinical and laboratory assessments.

The development of joint damage in PsA patients is of primary interest to clinicians
since this damage impairs quality of life and functional ability. Therefore, understanding
the impact of various factors on the risks of rapid and cumulative joint damage in patients
with PsA is crucial. Important factors of interest include genetic markers such as HLA-
B27, as well as time-varying biomarkers like CRP and ESR. Since patients are only assessed
at periodic clinical visits, the data collected on joint damage recurrences and time-varying
biomarkers are often incomplete. This motivates the two projects discussed in Chapters 3
and 4 of this thesis. In Chapter 3, we consider joint modeling of death and recurrent joint
damage in PsA patients with intermittent observation. In Chapter 4, we consider joint
modeling of a time-varying biomarker and a failure (of more than five total joint damages)
with budgetary constraints.

1.4 Outline of the Thesis

The remainder of this thesis is organized as follows.

Joint modeling of recurrent and terminal event processes is considered in Chapter 2. We
propose a new framework of the joint analysis by retaining the marginal hazard function
for the terminal event process, adopting a rate function model for the recurrent event pro-
cess conditional on a multiplicative random effect, and linking the terminal event and the
random effect via a copula function. Under a Gaussian copula and a Gamma distributed
random effect specification, plots of conditional recurrent and terminal event intensities
given the full history are investigated to gain insights about the nature of the joint pro-
cesses under our model formulation. When these processes are subject to right-censoring,
the observed data likelihood can be maximized directly or via an expectation-maximization
algorithm, with the variance estimates derived based on Louis method ( , ). We
also present a computationally efficient two-stage procedure which enables semiparametric
specifications. Simulation studies confirm that the proposed methods provide valid infer-
ence, and an application to the motivating study signifies the effect of pamidronate on
reducing skeletal complications in patients with skeletal metastases due to breast cancer.

In many clinical settings, the occurrence of events can only be determined during peri-
odic visits through radiographic examinations, blood tests, or detailed clinical examination.
Consequently, instead of observing the exact times of event occurrences, we only observe
the total number of occurrences during each interval between successive visits. Chapter



3 addresses such scenarios and extends the copula-based joint model for recurrent and
terminal events proposed in Chapter 2 to accommodate interval-censored recurrent event
data resulting from intermittent observation. A K-piece piecewise constant baseline rate
function is adopted for the recurrent events due to its flexibility in modeling and ease
of implementation. Each visit interval can then be divided into K subintervals based on
pre-specified cut points. The complete data likelihood containing the latent random effects
and the unobserved number of event occurrences within each subinterval is derived with
an EM algorithm for estimation and inference. Additionally, a computationally efficient
two-stage procedure allowing for semiparametric specifications is proposed. Simulation
results demonstrate satisfactory finite sample performance of the proposed estimators. We
apply this method to investigate the association between a biomarker (HLA-B27) and joint
damage in patients with psoriatic arthritis.

In studies of chronic disease, interest often lies in studying the association between a
time-dependent biomarker and a failure time of interest. Typically marker values are not
available in continuous time, but are measured at periodic clinic visits when blood or urine
samples are collected for testing. In Chapter 4, we present a multistate model for the
joint analysis of a time-dependent biomarker process and a failure process by discretiz-
ing a continue biomarker into two levels. This multistate model is further expanded to
accommodate a marker-dependent visit process. We adopt Markov transition intensities
with multiplicative proportional hazard models to govern the disease dynamics. In prac-
tice, collecting and cleaning data on a time-varying biomarker at all clinical visits can be
labour-intensive. Consequently, a subsample of marker values is often accessed for statis-
tical inference on the effect of the marker on the failure time of interest. We investigate
the asymptotic bias of several naive strategies of selecting marker measurements with Cox
regression models for inference under budgetary constraints. An alternative cost-effective
selection method is discussed for efficient selection of individuals and the corresponding
observed data likelihood is derived. The Fisher information is presented for an optimal de-
sign of the proposed selection method, and the asymptotic relative efficiency of regression
coefficients under different designs is explored.

Finally, further comments regarding proposed methods and topics warranting future
research are discussed in Chapter 5.



Chapter 2

A Copula-Based Joint Model for
Recurrent and Terminal Events

2.1 Introduction

In many medical conditions subjects can experience recurrent clinical events. Examples in-
clude tumour recurrences in patients with superficial bladder cancer ( , ), repeated
transient ischemic attacks and strokes in patients with asymptomatic carotid stenosis (

, ), and recurrent exacerbations of respiratory symptoms in patients with
cystic fibrosis ( , ). Various statistical methods for analyzing such recur-
rent events have been proposed and investigated ( , : , :

, 1982; , 1989; , 1995).

In addition to recurrent events, individuals are often also at risk of terminal events
which preclude the occurrence of further recurrent events. In patients with advanced
breast cancer and bone metastases, for example, death precludes the occurrence of future
skeletal complications ( , ). In trials of such patients, one may wish
to examine the effects of covariates on the occurrence of both the recurrent and terminal
events; one may also be interested in modelling and understanding the dependence between
the recurrent and terminal events. Joint modelling of the recurrent and terminal events is
typically necessary to obtain estimates aligned with a data generating process and ensure
valid inference.

Two general methodologies have been developed for joint analysis of recurrent and
terminal events with one based on marginal methods, and the other based on shared



or correlated random effect models. Marginal methods do not require specification of a
complete probability model for both recurrent and terminal event processes.

( ) specify a marginal distribution for the terminal event, and a conditional
rate function for the recurrent events, defined as the instantaneous risk of a recurrent
event conditional on the individual remaining at risk for recurrent events (i.e., conditional
on them not having experienced the terminal event). ( ) extended
this approach to accommodate regression and proposed a two-sample test for a binary
treatment effect. While marginal methods can be robust, they do not model the dependence
structure between the recurrent and terminal events, inference is not likelihood-based, and
the approach does not provide a good basis for prediction in terms of disease progression.

Random effect models incorporate the dependence between the recurrent and terminal
events by introducing a shared random effect (frailty) and allowing it to affect the recurrent
event rate and hazard function for failure where the specified recurrent event rate can be
either complete ( , : , : , ) or marginal
( , ; , ). Under the framework of shared random effects
heterogeneity in recurrent events, along with the dependence between the recurrent and
terminal events, is reflected by a single factor and it is therefore difficult to separately char-
acterize heterogeneity and dependence. One may also consider separate random effects for
the recurrent and terminal event processes and specifying conditional event intensities for
the respective processes conditional on the corresponding random effect ( ,

). A joint distribution for the bivariate frailty with different covariance structures may
be specified to account for various correlation between the recurrent and terminal events.
A limitation of this approach is that the terminal event is modelled with a frailty model
which is not appealing in the absence of the recurrent events. Moreover, the regression
coefficient from the frailty Cox model is not aligned with the coefficient from a standard
Cox model.

We propose a new framework for joint analysis of the recurrent and terminal event pro-
cesses by retaining a focus on the marginal hazard function for the terminal event, adopting
a rate function model for the recurrent event process conditional on a multiplicative ran-
dom effect, and linking the terminal event and the random effect via a copula function. We
also present a computationally efficient two-stage procedure for estimation and inference
that allows for semiparametric analysis.

The remainder of this chapter is organized as follows. In Section 2.2 we define notation,
formulate the model, and give expressions for some conditional and marginal event rates of
interest. The likelihood is presented, along with details on estimation and inference when
this is marginalized via an expectation-maximization algorithm. An alternative two-stage
estimation procedure is described in Section 2.3 which facilitates semiparametric modeling.
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The finite sample performance of the proposed estimators are assessed by simulation studies
in Section 2.4 and we illustrate the methodology by application to a study on the effect of
pamidronate on the occurrence of skeletal complications in patients with skeletal metastases
from breast cancer in Section 2.5. Concluding remarks are made in Section 2.6.

2.2 A Copula-Based Joint Model

2.2.1 Model Formulation

2.2.1.1 Notation and Independence Assumptions

For the ith individual in a sample, we let N;;(s) denote the number of recurrent (type 1)
events over (0, s] experienced by this individual and {N;;(s),0 < s} denote the correspond-
ing counting process. Let AN;;(s) = Ny (s+As™)—N;1(s™) denote the number of recurrent
events over a small interval [s, s + As) and dN;(s) = iisrﬂ) AN;1(s). In addition to this re-

current event process, individuals are at risk of a terminal (type 2) event; once the terminal
event occurs at time T} the recurrent event process ends. Note Nji(s) = [; Y (u)dN;y (u)

where Y, (1) = 1(u < T}) indicates the individual is terminal-event-free by time u. We let
Nia(s) = I(T; < s) and {N;2(s),0 < s} be the terminal event counting process for this
individual. If AN;s(s) = Nya(s + As™) — Nia(s™) and dNja(s) = iir?o AN;s(s), then we let
dN;(s) = (dNj(s),dNs(s))', Ni(s) = (Na(s), Nia(s)) and {N;(s),0 < s} be the bivariate
counting process.

Let X; denote a set of covariates for the individual and let h(t | X;;6,) denote the
marginal hazard function for 7;. The marginal survival function is

where F(t | X;;05) denotes the corresponding c.d.f. and H(t | X;;05) = [ h(s | X;;0,) ds;
we let f(t| X;;6,) denote the corresponding p.d.f. Any type of marginal regression model
can be specified for the terminal event but what follows is based on a proportional hazards
model, with

which can be fitted with parametric or semiparametric specifications; ho(t) is of an un-
specified form for the latter.
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To accommodate between-individual heterogeneity in the propensity for the type 1
(recurrent) events (which can not be explained by available covariates) we introduce a latent
random effect U;; > 0 with U;; L X, for each individual. We assume U;;,i = 1,...,m,
are independently distributed with E(U;;) = 1, var(U;;) = ¢ and c.d.f. P(Uj < up;¢1) =
G1(uy; ¢1); the corresponding p.d.f. is denoted by g (uy;¢;1). Conditional on the random
effect U;; = w;; and the full history H;(s) = {V;(u),0 < u < s, X;}, the intensity function
for the recurrent events is

lim P(ANuj(s) =1|Hi(s), un;6h) _
Asl0 As

(2.2)

Under the assumption that {N;;(s),0 < s < T;} L T; | Uy = w1, X;, we adopt a multi-
plicative model for the recurrent events so that (2.2) can be written as

_ vyt ‘ .
Rsl0 As =Y/ (s)uap(s | Xi;01). (2.3)

A multiplicative model can be specified for the covariate effects so that p(s | X;;6,) is of
the form

P(S | Xi; 91) = PO(S§061) eXp(Xz{Bl)a

where po(s; aq) is a baseline rate function of a parametric or unspecified form.

2.2.1.2 Specification of the Joint Model

In settings involving serious medical conditions, individuals with more severe or advanced
forms of the disease are often at higher risk of adverse outcomes such that individuals
experiencing frequent recurrent events are often at increased risk of the terminal event. In
settings where the recurrent events signify declining health (e.g., when they are myocardial
infarctions, stroke or hospitalizations), there may be an increased risk of death with each
event occurrence. In cancer trials, individuals with more extensive tumour involvement
they may be both at greater risk of recurrent metastases and death. We model a dependence
between the two processes via a copula model.

Copula functions define joint distribution for a vector of uniform [0, 1] random variables.
Let Vj, 7 =1,2,..., K, be uniform random variables over [0,1], V = (Vi, V5, ..., Vk)" be a
vector random variable, and v = (v, v, ..., vk)" denote the corresponding realization. A
K-dimensional copula function indexed by a vector of dependence parameters v is

Clv;) = P(Vi <wyp, Vo <y, ..., Vig <wugsah).
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The degree of association between each pair of V; and V;, j # [, 5,1 = 1,2,..., K, can
be expressed in terms of Kendall’s 7 ( , ), denoted as 7j. 7; = 0 signifies an
independence between V; and V; and 7; = 1 signifies a perfect association. One appeal-
ing feature of copula models is that the dependence structure induced by them is solely
characterized by the copula function itself. Consequently the marginal models can be
constructed in a flexible manner. Within the copula framework, regression parameters in
marginal models are meaningful and maintain the same interpretation regardless of the
choice of the copula function used. Several widely-used copula functions include the Gaus-
sian copula, the Clayton copula and the Frank copula; the first one belongs to the elliptical
copula family and the last two belong to the Archimedean family ( , ).

The proposed model uses copula functions in a unique way. Typically they are used to
specify joint models for multivariate failure time data (Joe, ) or perhaps multivariate
random effect distributions ( , ). Here we use the model to characterize
the dependence between the multiplicative non-negative random effect on the recurrent
event process and the terminal event time. This enables one to retain the simple marginal
prospective of any desired failure time model, while allowing the event history to affect the
intensity for death, and while allowing the event history (number of recurrent events and
survival status) to effect the intensity for recurrent events. Specifically, given X;, a joint
model for U;; and T; is constructed by setting Vi = G1(Us1; ¢1), Vo = F(T; | X;;62) and
linking these via a bivariate copula model indexed by a single parameter

P(Uin S uy, Ti >t | X402, 01,90) = C(Gr(ur; ¢1), F(t | Xi504)50) .

Note 0, = (o, B1)" indexes the recurrent event process in (2.3), 02 = (b, 55)" indexes the
terminal event process in (2.1), ¢; indexes the random effect distribution, and ¢ measures
the association between the random effect (and hence the recurrent event process) and
the terminal event process. We let 0 = (6,05, ¢1,1) denote the set of full parameters
of interest. Under this joint model formulation, we assume the recurrent events and the
terminal event are independent given covariates and the random effect as long as we know
if the bivariate process has not been terminated.

2.2.2 Implied Rates and Intensities
2.2.2.1 Computation of Intensities

Based on the model framework along with the aforementioned assumptions, some condi-
tional and marginal intensities can be calculated for the recurrent event and terminal event
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processes. We do this in what follows in order to gain insights into the propensities of this
model.

The complete intensity function for the recurrent event process is

E{dNu(s) | Hi(s)} = Ev, { E{dNa(s) | Ui, Y (s), Hi(s)} | Y (s), Hi(s)}
=Y (s) p(s | X;:01) E{Usr | AN (u),0 < u < 5,T, > 5, X;}  (2.4)

where E{Uj; | dNj;(u),0 < u < s,T; > s, X;} can be calculated as
/ ur gi(ur | dNj(u),0 <u < s,T; > s, X;;0) duy
0

with g1 (u1 | dNji(u),0 < u < s,T; > s, X;;0) equal to
831C(G (ur; d1), F(s | Xi;02:10) P(dNi(1),0 < u < s | ug, X;, Y, (s) = 1;61)

foo 831(3 1(u1; @1), F(s | Xi;050) P(dNjt (u), 0 <u < s | UlaXian(S) = 1;01) duy '

Note under the specification of (2.3), P(dNj(u),0 < u < s | uy, X;, Y, '(s) = 1;6y) is
calculated as

(LY wp(sis | Xi501) b exp(—uR(s | Xi01))

Nor(s)] (2.5)

where s;0 =0, s;;, j = 1,..., Ni(s) are recurrent event times, and

R(s | X;:0,) = / p(u | Xi201) du.
0

The rate of the recurrent event process at time s conditional only on being alive at time s
is

E{dNa(s) | X5, Y] (s) = 1} = Eu, {E{dNu(s) | U, X;, V' (s) = 1} | X,V (s) = 1}
= pls | Xi3600) E{Un | X,,Y/!(s) = 1}

where E{Uzl ’ X“Y;T(S> = 1} = fOOO Uy gl(“l ‘ XHY;T(S) = 1;027 ¢1>¢) dul with

PUy = uy, T; > t | Xi;50a, 01,7)

91(”1 | XZ?KT(S) = 1;92#25171?) =
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This quantity can be estimated nonparametrically by restricting attention to individuals
who are alive and estimating the proportion having an event at time s; see
( ). The marginal recurrent event rate averaging over the survival status is

E{dNi(s) | Xi} = By, vt {E{dNu(s) | Un, Y, (s), Xi}} (2.7)
= p(s | Xi;61) E{Unn | V' (s) = 1, X;} F(s | Xi56,)

where E{Uy; | Y;'(s) = 1,X;} = E{Uy | X;, T, > s}. This is a quantity that can also be
estimated nonparametrically as described by ( ) and considered by

(2002).

The complete intensity for the terminal event process is
E{dNa(s) | Hi(s)} = Vi () P(dNals) = 1| Hi(s);0) (2.8)
where P(dN;2(s) = 1| Hi(s);0) is given by
P(T; = s,dN;(u),0 < u < s | X;;0)
P(T; > s,dN;1(u),0 <u < s|X;;0)
[ P(Us = uy, Ty = s | X302, 61,9) P(dNiy(u),0 < u < s | ur, X, Y;' (s) = 1;61) duy
- foo P(Uii = u1,T; > s | X;502,01,¢) P(AN;1(u),0 <u < s | ulaXth(S) =1;6,) duy

0

with P(dNj;(u),0 < u < s | uy, X;,Y; (s) = 1;6;) obtained from (2.5). Note that the
complete intensity for the terminal event of death makes it clear that the recurrent event
process impacts the risk of death (although through integral expressions). The appealing
feature of our model is that if one only conditions on the treatment indicator a simple Cox
model is appropriate and leads to a standard interpretation of the treatment effect on this
outcome. Thus insights are gained regarding the relationship between the recurrent and
terminal event processes through this model, but the model is compatible with a familiar
Cox model used for time to event outcomes.

If Nii(s) = k, (2.4) is the recurrent event intensity that characterizes the risk of a
k — k + 1 transition in the multistate diagram in Figure 2.1, and (2.8) is the terminal
event intensity characterizing the risk of a k — D transition. While these are of interest
to study the the joint process from the perspective of intensities, marginal quantities are
useful for assessing treatment effects in clinical trials.

2.2.2.2 Graphical Explorations of Complete Event Intensities

Here we aim to gain insight into the forms of the complete recurrent event intensity
E{dN;(s) | H;(s)} in (2.4) and the complete terminal event intensity E{dN;(s) | Hi(s)}
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Figure 2.1: A multistate diagram illustrating the recurrent and terminal event processes

in (2.8) by specifying model parameters and plotting the intensities over time for some
illustrative sample paths. For simplicity, we consider a simple setting with a binary co-
variate where X; = 0 or 1. We consider multiplicative models for both the recurrent
and terminal event processes with constant baseline functions (i.e., po(s;a1) = po and
ho(t; as) = ho). We let the random effect U;; be gamma distributed with mean = 1 and
variance = ¢1, and specify a Gaussian copula with Kendall’s 7 indexing the association;
the copula parameter v is a deterministic function of 7 (see Appendix A.1). For the co-
efficients, we set 1 = log0.8 and [y = log0.9. We let ¢; = 0.2,0.4 to reflect different
levels of heterogeneity in the recurrent event process and vary 7 over 0, 0.2, and 0.4 to
investigate scenarios with no, weak and medium associations between the two processes.
We consider a common administrative right-censoring time C; = 1 for all individuals.
Let E(N;(1)|X; = 0) = fol E{dN;(s)|X; = 0}ds be the expected number of recurrent
events by time 1 in the control group (X; = 0) with E{dN;1(s) | X; = 0} obtained from
(2.7), and let P(7; < 1|X; = 0) be the probability of the terminal event by time 1 in
that group. We then set py = 3.0543 and hy = 0.9163 so that E{N;;(1)|X; = 0} = 2
and P(T; < 1|X; = 0) = 0.6 when 7 = 0. The set values of py and hy are used for all
combinations of ¢; and 7.

We consider four sample paths illustrated in Figure 2.2 and evaluate the conditional
intensities under different specifications of ¢; and 7. Specifically, for sample paths A — D,
we compute E{dN;i(s) | Hi(s)} and E{dN;s(s) | Hi(s)} for the group with X; = 0, and
plot them in Figure 2.3.

For the recurrent event process, we observe that in general, the conditional recurrent
event intensity given the full history gradually decreases over time provided there are no
recurrent or terminal events, while at time points where the recurrent event occurs, the
conditional intensity instantly jumps. This is similar to how the intensity behaves in mixed
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Figure 2.2: Four illustrative sample paths to investigate intensities for recurrent and ter-
minal events implied by the model specified in Section 2.2.1.2

Poisson models ( : ) but we note that survival up to a time ¢ > 0 also
has an impact on the recurrent event intensity here. We also find that as the association 7
between the two processes increases, the magnitude of the slope of the conditional intensity
decreases when there is no occurrence of the recurrent event. This makes sense because
by our model framework, a survival up to some point suggests that this individual has a
smaller than average random effect u; and hence a smaller recurrent event intensity. Hence
a stronger association between the two processes makes the impact of the survival on the
recurrent event intensity stronger. In addition, comparing left and right panels, we see
that the instantaneous change of the recurrent event intensity (including the size of the
jump at each recurrent event time) is greater when ¢; = 0.4.

For the terminal event process when 7 = 0, the event intensity is not affected by
the recurrent event process, giving horizontal lines when the baseline hazard is constant.
When 7 > 0, the terminal event intensity is similar to what we observe in the recurrent
event intensity: the conditional terminal event intensity jumps to a higher value upon
the occurrence of each recurrent event time and it decreases over time when there are no
additional recurrent events occurring. The magnitude of the instantaneous change of the
conditional terminal event intensity is influenced by both 7 and ¢;. A higher value of 7
results in a larger change because it corresponds to a stronger association between the two
processes, while a higher ¢, reflects greater heterogeneity in risks for recurrent events and
an event occurrence suggests a more extreme value of the frailty.
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Figure 2.3: Plots of the complete intensity for the recurrent event process (E{dN;(s) |
Hi(s)}) and the complete intensity for the terminal event process (E{dN;(s) | Hi(s)})
versus s for X; = 0, for ¢; = 0.2 (left panels) and ¢; = 0.4 (right panels); the four rows
correspond to the four illustrative paths in Figure 2.2
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2.2.3 Parameter Estimation and Inference

To accommodate possible right-censoring, we let C; denote an independent right-censoring
time, W; = min(T}, C;), §; = L(T; < C), Yi(s) = 1(s < C;) and Yi(s) = Y;(s)Y!(s). We
define the observable counting process notation for the recurrent and terminal events as
dN;(s) = Yi(s)dNy(s), Nig(s) = [ dNig(u), k = 1,2, and let dN;(s) = (dNj1(s), dNja(s))’
and N;(s) = (Ni1(s), Nia(s))'. The observable history of the bivariate process under right-
censoring is then H;(s) = {Y;(u), dN;(u),0 < u < s, X;}. Conditioning on Uy = u; and
7-_li(s), the observed recurrent event rate is then

lim P(ANH(S) =1 | 7:[1'(8>,U1‘1;81)
Asl0 As

Under the assumption of independent and non-informative censoring, the observed data
partial likelihood contributed from individual 4, denoted by L;(0), is

h(w; | Xi505)% exp (—H (w; | X;;65))

o0 i
X {/ P(dNi(s),0 < s < w; | Xi,ur, Y, (wi) = 1301) g1 (uy | X3, Ty = wy; 02, 61, 0)) du1}
0
1-6;

X {/ P(dN(s),0 < s < w; | Xi,ur, Y (w;) = 13601) gi(us | X, Ty > wis 02, 61, 0) du1}
0

where P(dN;i(s),0 < s < w; | Xi,uy, Y, (w;) = 1;61), g1(ur | X3, Ty > wy; 0, ¢1,90) can be
obtained from (2.5) and (2.6) respectively, and

PUy =w, T, =t | Xi;62, 61,9)
f(t | Xi; 00)

The corresponding observed data log-likelihood is then log L;(#), and the observed data
score and information contribution from this individual are S;(0) = Jlog L;(6)/06 and
I(0) = —0%*log L;(0)/0000" respectively. With a sample of data from m independent
individual processes, for parametric analysis the maximum likelihood estimator (MLE) of
0 (denoted by 6) can be obtained by solving Yo, Si(0) = 0. Variance estimate of the
MLE (denoted by var(d)) can be obtained by calculating {327, I;(8)} ", where S;(f) and
I;(0) are the contributions from individual 7, i = 1,...,m.

gl(ul | Xz;ﬂ = t;927¢17¢) =

An EM algorithm ( , ) can be appealing for estimation when latent
variables are involved and particularly when existing algorithms can be used for optimiza-
tion at the maximization step. We consider a complete data likelihood contributed from the
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individual where U;; is part of the complete data. This gives a complete data log-likelihood
which can be partitioned as

log £;(0) = £;1(01) + Lia(02) + Lis(O2, ¢1,7)) (2.9)

where we denote

li(61) Zlogp Sij | Xi;01) —ua R(w; | Xi;601),

7=0

and

iz(0a, ¢1,9) = 05 log g1 (ua | X, Ti = wy; 02, ¢1,9)
+ (1 —6;) log g1 (uin | Xi, T; > wis 0, 61,9),
with n; = Ny (w;). We let S;(0) = dlog £;(0)/06 and Z;(0) = —0*log L;(0)/0000" denote
the corresponding complete data score vector and information matrix respectively. The
EM algorithm is described as follows.

The E-Step: Given a current estimate 87—, we calculate the expectation of the complete
data log-likelihood in (2.9) with respect to U;; conditioning on the observed data H;(w;")
which is defined in Section 2.2.1.1. This gives us

E(ln(61) | Hi(w); 67 7V) = log p(sij | Xi361) — E(Uan | Hi(w;);077Y) R(wi | Xi561)
=0

E(€i2(02) | Hi(w]); 07 V) = £i(62)

since the random effect does not appear in ¢;5(6s), and

E(€i3(92,¢1,¢) | ﬁi(wj)ﬂ(r_l)) :5'E(10g91(Uz‘1 | X, T; = wi;€27¢17¢) | H ( j) o )
+ (1= 8) E(log g1(Usy | Xi, T; > wi; 0, @1, 1) | Hi(wi"); 0 (r= D)»
with f L )
_ du,
B(U, | Hi(wh): 90—y = Jo_ 1k , 2.10
(Ui | Falw 300 ) = S cxe o (2.100)
E(loggl(Uz‘l | X3, T = wy; 927¢1,¢) | ﬁi(wi—%);@“*l)) given by
1 X, T = 2;0 » P15 ‘Cl Q(T_l) d
fo Ogg(ul ’ ’ W5 U2 ¢1 w) ( ) Uy (210b)

fooo 51(9("—1)) du1 ’
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and E(log g1(Usr | Xi, Ti > wi; 0o, ¢1, ) | Hi(w;"); 07Y) given by

S log gi(ur | Xi, Ty > wys 02, 01, 00) Li(007Y) duy
Jo  Li(001) duy ‘

(2.10¢)

Detailed calculations of the above conditional expectations under a joint Gaussian copula
can be found in Appendix A.2.

The M-Step: We then maximize > " E(log £;(0) | Hi(w;"); 0T~ Y) wrt. to 6 and ob-
tain a new estimate 0): for the recurrent event process, we maximize > ., E(l;1(6:) |

Hi(w;);00~Y) wrt. 6, and obtain QY), for the rest of the parameters, we maximize
S {lalt0) + E(biola, 61,) | Hu(w):00 1)) wrd. (0, b, 1) and obtain (65, 07
™). We have 60 = (67, (657Y, ¢\, Y. The E-Step and M-Step are repeated until

the absolute value of each element of the vector #) — #"=1) are smaller than 10~* and
is obtained.

The observed data information can be obtained alternatively through the complete data
score and information as

1(6) = BT(0) | Hi(w):0) — B(S(0)S/(0) | Halwi);0) (2.11)
T+ E(S(0) | Halw?); 0)E(S(0) | Hulwy):6).

as shown by ( ). We use var(d) = {327, I;(6)} " as an estimated variance-
covariance matrix of  and evaluate the validity of it in simulation studies.

2.3 A Two-Stage Procedure

2.3.1 Estimation and Inference via Direct Optimization

An appealing feature of the model formulation in Section 2.2 is that the analyses of covari-
ate effects on the terminal event time can be based on a standard Cox regression model
(Cox, ). This is in contrast to most joint models for recurrent and terminal event
where random effects are introduced in the failure time model to incorporate a dependence
structure - in this case the estimate of the treatment effect on the terminal event has a
conditional, rather than marginal, interpretation and one would not adopt such a specifi-
cation if one were not fitting a joint model. In light of this appealing feature of our joint
model, we now consider a computationally more convenient two-stage estimation procedure
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where in stage one we focus on the marginal terminal event process and estimate related
parameters 2, and in stage two we estimate all remaining parameters, with 6 set to their
estimated value obtained at stage one. We let 6 denote all the other parameters except 6
(i.e., 0 = (01, ¢1,v)") and reorder the parameters so § = (65,6")'. The two-stage estimation
procedure works as follows.

Stage 1: Estimate 65 by maximizing Y ", £;2(62) w.r.t. 65 to obtain 0.

Stage 2: Obtain 0= (6%, é1,%) by maximizing S, log L;(6s, ), the overall observed data
log-likelihood after 65 is inserted. Let 6 = (6, 0’) denote the estimate from this two-stage
procedure.

We denote the scores of the partial log-likelihoods used in the two stages contributed
from the th individual as Ui (0y) = 0o (62)/005 and Uiy () = Olog L;(6) /08 respectively,
and let U;(0) = (U}, (02),U5(0)). The two-stage procedure solves the unbiased estimating
equation Y. U;(0) = 0. By the standard estimating function theory ( :

), we have

Vm(8 — 8) — MVN(0, A~1(0)B(8)(A~1(6))) (2.12)

where A(0) = E(—0U;(0)/06") and B(0) = E(U;(0)U!(6)). Moreover, A(f) and B(f) can
be estimated empirically by

Zagie(e)‘e@ and B(é):%ZUi(Q)U((Q)‘ . (2.13)

Hence, the asymptotic covariance matrix can be estimated by var(8) = A~ (6) B()(A~1(6))' /m.
Note U;2(0) is a sub-matrix of the corresponding observed data score S;(6) and —ol;»(0) /06’
is a sub-matrix of the corresponding observed data information I;(0).

2.3.2 Two-Stage Estimation with the EM Algorithm

2.3.2.1 Parametric Analysis

Stage 2 of the two-stage estimation procedure can be complemented via an EM algorithm as
follows. As described in (2.9), the complete data log-likelihood log £;(0) can be partioned

into three parts: £;1(01), ¢;2(02) and €;3(62, ¢1,1), so the two-stage estimation procedure
can be described as follows.

Stage 1: As in Section 2.3.1 we obtain 0, by maximizing Y " lin(0s) w.r.t. 6s.
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Stage 2: We use an EM algorithm to estimate 6 as follows. Let 801 = (g5, (D)"Y
Step 1: Maximize Y7 E((;1(61) | Hs(w;); 07D) w.r.t 6; and obtain 6

Step 2: Maximize Zgl{&g(@) + E(Eig(ég,qbl,@/)) | 7-_[2-(11);“);8(”*1))} w.r.t (¢1,1) and
obtain ( Y),@/J(’”)).

Note ") = ((HY))’, ¢§T)~, ™). We repeat Steps 1 and 2 until #) converges to obtain 6.

The estimate 6 = (6}, 6')’ obtained here is theoretically the same as the estimate obtained
in Section 2.3.1 because we are solving the same estimating equation Y ", U;(0) = 0.
The standard estimating function theory therefore still applies and we calculate yi(e),

—0U;(0)/06" to obtain A~'(#), B(A) using (2.13), and thus a variance estimate var(f).

The score of the partial log-likelihood used in the first stage contributed from the ith
individual is still ;1 (f2), and we denote the score of the partial complete data log-likelihood
used in the second stage as U5 (0) = (US1(01)), (U (0))") where U, (01) = 04;1(01)/00,
and U5, (0) = 0l;3(02, p1,1)/0(d1,)". Note U5(0) is a sub-matrix of the corresponding
complete data score S;(0) and we can obtain U;»(f) using

Uin(0) = BE(U(0) | Hi(w]"); 0).

For —0U;5(0)/06', we use (2.11) to calculate the corresponding observed information I;(6)
and then extract —olU;2(6)/00 from I;(0).

2.3.2.2 Semiparametric Analysis

The two-stage estimation procedure is particularly appealing when considering semipara-
metric analyses since through its use one avoids the need to directly maximize the likelihood
with respect to two infinite dimensional parameters - the baseline rate and hazard func-
tions. Here we adopt a semiparametric Cox model for both the recurrent and terminal
events with multiplicative covariate effects of the forms:

dR(s | Xi;61) = dRo(s) exp(X;B1),
Estimation proceeds via partial likelihood ( , ) in a two-stage pro-

cedure using the EM algorithm. The idea is similar to what was described in Section
2.3.2.1.
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Stage 1: We obtain 0, by maximizing 27, £io(62) w.r.t. 0y = (dHo(-), B5)'. Note 321" £i2(62)
can be re-written using counting process notation as

m

S [T osants| xomeanat - [“viame X0} 21

i=1
Taking its derivative w.r.t dHy(t) and setting the derivative to 0 gives an estimating equa-
tion for dHy(t):

m

> Vi(t)[dNin(t) — dHy(t) exp(X[By)] =0, ¢ >0.

i=1
By solving this estimating equation for dHy(t) at a fixed (35, a profile likelihood estimate
( , 2000) is

>oiny Yi(t)dNia(2)
Zz 1 2( )eXp(Xz/ﬁQ)

Moreover, taking the derivative of (2.14) w.r.t. to 3 gives

dHo(t; Ba) =

(2.15)

S { [ RNt~ o) esaxi 216)

and plugging d]:IO(s; fo) into (2.16) gives a profile score function for f,

= [0 s A )

Setting U(32) = 0 and solving for 3, gives 5. Which, upon substituting in (2.15), gives
dHy(t).

Stage 2: We use an EM algorithm to estimate 6. If the specified model for the recurrent
events is parametric, we follow the steps described in Stage 2 of Section 2.3.2.1 and calculate
scores directly. If the specified model is Cox semiparametric, we do the following steps.

Step 1: We maximize Y. E(liy(61) | Hi(w]); 00 D) wrt 6, = (dRo(-), ;)" and
obtain 6. Note S E(Ca(01) | Hi(w]); 00 1)) can also be re-written using counting
process notation as

S { [ tosirtn | Xo¥iwaNat - [ B | a0 im0} 217
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An estimating equation for dRy(s) can be obtained similarly as described in Stage 1:
Z $)[dNy(s) — E(Usy | Hi(w;H): 0" ) dRo(s) exp(X/51)] =0, s>0.

Solving the estimating equation for dRy(s; f1) at a fixed 3 value gives us

Z?ll Yfi(s)dNil( )
Zz 1Y( ) (U’Ll ‘ ﬁ@(w:r),ﬁ )exp( ,ﬁl) (2'18)

We then take the derivative of (2.17) w.r.t. to ; and substitute dR(()T)(s; f1) to obtain a
profile score function for ;

ey N Ty [ L 2 V)X EUn | H(w); 07 D) exp(XiB)]
o0 =34 e - S e | V9

dRY (s; 1) =

The estimate BY) is obtained by solving U(31;07~V) = 0 for 3;. We can then compute
dRY(s) by substituting 8, with 8" in (2.18).
Step 2: We then maximize 7" {lia(02) + E(lis(02, ¢1,0) | Hi(w));00~)} wor.t.

(¢1,1) and obtain (¢, ™). ~
We repeat Steps 1 and 2 until §7) converges and obtain 6.

Again, we use (2.12) from standard estimating function theory and (2.13) to obtain a
variance estimate for 6 with 62 (dHy(-), B,)', and 6, = (&}, 8})" if the recurrent event pro-
cess is parametric or 8; = (dRy(-), 3}) if it is semiparametric. We need to calculate the first
stage score and information contribution from the ith individual U;; (62) and —0U;;(65) /06"
We also need to calculate the corresponding complete data score and information, S;(0)
and Z;(0), to get the observed data score and information S;(6) and I;(#), and thus the
second stage score and information Uz (0) and —dl;»(6) /06’

2.4 Simulation Studies

In this section we conduct simulation studies to assess and compare finite sample per-
formance of different estimation methods described in Section 2.2 and 2.3, particularly
the simultaneous estimation (for parametric analysis) and the two-stage estimation. We
consider the true model specifications described in Section 2.2.2.2 and set X; = 1 with
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probability 0.5 and X; = 0 otherwise. We still set f; = log0.8 and By = log0.9, and
vary ¢; = 0.2,0.4 and 7 = 0,0.2,0.4. For each combination of ¢; and 7, we then solve
for py and hgy to ensure that E{N;;(1)|X; = 0} = 2 and P(T; < 1|X; = 0) = 0.6. The
implied parameter values for each scenario are summarized in Table 2.1. We aim to assess
estimators of parameters of interest. Some are specified directly (i.e., for £y, fa, ¢1, )

and some are computable by plugging in estimates of all parameters into their expressions

Table 2.1: Parameter specifications for each parameter setting

Scenario | ¢; Kendall’s 7 P o b2
Po P ho o
1 0.2 0.0 0.0 3.0543 -0.2231 0.9163 -0.1054
2 0.2 0.2 0.3090 3.2769 -0.2231 0.9163 -0.1054
3 0.2 0.4 0.5878 3.5135 -0.2231 0.9163 -0.1054
4 0.4 0.0 0.0 3.0543 -0.2231 0.9163 -0.1054
5 0.4 0.2 0.3090 3.3732 -0.2231 0.9163 -0.1054
6 0.4 0.4 0.5878 3.7368 -0.2231 0.9163 -0.1054

2.4.1 Parametric Analysis with Cox Piecewise Constant Baseline
Hazard Models

We simulate a data set of m = 1000 individuals following the data generation procedure
described in Appendix A.3. We conduct fully parametric analyses by using a Gaussian
copula and fitting a proportional hazard model with a piecewise constant baseline hazard
function for both the recurrent and terminal event processes. The number of pieces of the
baseline hazard function for the recurrent and terminal events are denoted by K; and Ko
respectively, and we consider Ky = Ky = 1,4,8. Detailed calculations of the observed
and complete data likelihood, complete data scores, and complete data information under
this fully parametric joint model are presented in Appendix A.4. We investigate the finite
sample performance of proposed estimators via simultaneous estimation and the two-stage
estimation by evaluating and comparing the empirical bias (EBIAS), empirical standard
error (ESE), average asymptotic standard error (ASE) and empirical coverage probabil-
ity (ECP) for parameter estimates of interest. Simulation results based on ng, = 500
replications are summarized in Tables 2.2 and 2.3.
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Table 2.2: Tabulation of frequency properties of estimators obtained from a fully parametric
specification with piecewise constant baseline hazards for both processes under no random cen-
soring (just administrative censoring at 1; estimates are obtained via direct optimization of
the observed data likelihood with simultaneous estimation; m = 1000 and ng, = 500)

61 =02 61 =04

7 (K, K,) Parameter TRUE EBIAS ESE ASE ECP%  TRUE EBIAS ESE ASE ECPY%

0 (L) B 02231 -0.0007 0.0601 0.0567 94.2 202231 0.0025 0.0663 0.0644 94.6

B 01054 -0.0038 0.0823 0.0831 944 01054 -0.0009 0.0810 0.0831  95.0

log 61 16094 -0.0059 0.1725 0.1742  95.8 209163 -0.0120 0.1086 0.1180  97.4

log{(1+1)/(1—¢)} 0.0000 0.0080 0.1975 0.1936 95.4 0.0000 0.0026 0.1424 0.1521  96.4
E(Na(1)|X; = 0) 2.0000 -0.0036 0.0897 2.0000 -0.0066 0.0968
F(1X; = 0) 0.4000 -0.0005 0.0210 0.4000 -0.0001 0.0210

(4,4 B 202231 -0.0008 0.0601 0.0567 94.6 20.2231  0.0026 0.0663 0.0645 94.8

B 01054 -0.0038 0.0823 0.0831  95.0 -0.1054 -0.0010 0.0810 0.0831  95.0

log ¢ -1.6094 -0.0049 0.1726 0.1743  96.0 209163 -0.0115 0.1085 0.1182 97.4

log{(1+1)/(1—%)} 0.0000 0.0098 0.2136 0.2071 95.2 0.0000 0.0016 0.1512 0.1610  96.2
E(Na(1)|X; = 0) 2.0000 -0.0030 0.0914 2.0000 -0.0063 0.0985
F(1X; =0) 0.4000 -0.0007 0.0213 04000 -0.0002 0.0216

(8,8 B 02231 -0.0008 0.0601 0.0567 94.6 02231 0.0026 0.0663 0.0645 94.4

B 01054 -0.0038 0.0823 0.0831 94.8 -0.1054 -0.0010 0.0810 0.0831  95.0

log ¢ -1.6094 -0.0050 0.1723 0.1743  96.0 209163 -0.0116 0.1083 0.1182  97.6

log{(1+14)/(1—¢)} 0.0000 00100 02134 02084 952 0.0000 0.0022 0.1522 0.1620 96.6
E(Na(1)|X; = 0) 2.0000 -0.0031 0.0915 2.0000 -0.0064 0.0984
F(1|X; = 0) 0.4000 -0.0006 0.0213 0.4000 -0.0002 0.0217

02 (1,1) B 202231 -0.0014 0.0597 0.0566 92.6 202231 -0.0018 0.0638 0.0645 95.4

B -0.1054  0.0006 0.0802 0.0831  96.0 -0.1054 -0.0007 0.0837 0.0830 95.4

log ¢1 -1.6094 -0.0153 0.1638 0.1685  97.0 209163 -0.0142 0.1174 0.1117  94.2

log{(1+%)/(1—v)} 06389 00114 02051 02021 94.4 06389 0.0018 0.1594 0.1546 94.8
E(Na(1)|X; = 0) 2.0000 0.0010 0.0947 2.0000 -0.0078 0.0980
F(1|X; = 0) 0.4000 -0.0003 0.0208 0.4000 -0.0010 0.0219

(4,4 B 20.2231 -0.0016 0.0598 0.0566  93.2 -0.2231 -0.0018 0.0637 0.0645 954

By 01054 0.0006 0.0802 0.0831 958 -0.1054 -0.0007 0.0838 0.0830 952

log ¢ -1.6094 -0.0135 0.1646 0.1689  96.8 209163 -0.0143 01174 0.1121 944

log{(1+1)/(1—v)} 06389 0.0166 02247 02174 93.6 0.63890 -0.0009 0.1674 0.1651  96.0
E(Ny(1)|X; = 0) 2.0000  0.0007 0.0958 2.0000 -0.0075 0.0999
F(1]X; =0) 04000 -0.0002 0.0210 04000 -0.0010 0.0221

(8,8 B 02231 -0.0017 0.0598 0.0566 92.8 02231 -0.0018 0.0637 0.0645 954

B 01054  0.0006 0.0802 0.0831 95.8 01054 -0.0007 0.0838 0.0830 95.2

log ¢ -1.6094 -0.0131 0.1648 0.1689  96.8 209163 -0.0145 0.1175 0.1121  94.2

log{(1+14)/(1—¢)} 06380 00194 02257 02189 93.6 06389 -0.0019 0.1671 0.1661 95.2
E(Na(1)|X; =0) 2.0000 0.0006 0.0962 2.0000 -0.0075 0.1000
F(1|X; = 0) 0.4000 -0.0002 0.0210 0.4000 -0.0010 0.0222

04 (1,1) B 202231 -0.0006 0.0592 0.0565 93.2 202231 -0.0004 0.0622 0.0642 95.6

Bs -0.1054 -0.0030 0.0804 0.0831  95.6 -0.1054 -0.0011 0.0823 0.0830  96.2

log é1 16094 -0.0122 0.1564 0.1646  97.8 -0.9163 -0.0126 0.1064 0.1078  95.6

log{(1+)/(1—v)} 13486 -0.0095 0.2065 0.2254 95.8 13486 -0.0129 0.1675 0.1655 94.8
E(Na(1)|X; = 0) 2.0000 -0.0027 0.0892 2.0000 -0.0053 0.0881
F(1|X; =0) 0.4000 -0.0006 0.0214 04000 -0.0002 0.0218

(4,4) B 0.2231 -0.0007 0.0592 0.0565 93.0 -0.2231 -0.0005 0.0621 0.0642 95.6

B 01054 -0.0030 0.0804 0.0831 95.6 01054 -0.0013 0.0823 0.0830  96.4

log ¢, -1.6094 -0.0125 0.1605 0.1679  97.6 209163 -0.0134 0.1079 0.1099  95.4

log{(1+14)/(1—¢)} 13486 -0.0136 0.2247 0.2387 94.4 13486 -0.0148 0.1762 0.1766  95.2
E(Ns(1)|X; = 0) 2.0000 -0.0030 0.0910 2.0000 -0.0047 0.0912
F(|X; =0) 04000 -0.0006 0.0215 0.4000 -0.0003 0.0222

(8,8 B 02231 -0.0007 0.0592 0.0565 93.0 02231 -0.0005 0.0621 0.0642 95.2

B 01054 -0.0029 0.0804 0.0831 95.6 01054 -0.0012 0.0823 0.0830 96.4

log 61 -1.6094 -0.0116 0.1612 0.1681  96.8 209163 -0.0136 0.1084 0.1101 954

log{(1+1)/(1—¢)} 13486 -0.0109 0.2250 0.2400 94.6 13486 -0.0151 0.1767 0.1777 954
E(Na(1)|X; = 0) 2.0000 -0.0032 0.0911 2.0000 -0.0050 0.0914
F(1|X; = 0) 0.4000 -0.0005 0.0216 0.4000 -0.0002 0.0221
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Table 2.3: Tabulation of frequency properties of estimators obtained from a fully parametric
specification with piecewise constant baseline hazards for both processes under no random cen-
soring (just administrative censoring at 1; estimates are obtained via direct optimization of
the observed data likelihood with two-stage estimation; m = 1000 and ng, = 500)

¢ =02 61 =04

7 (K, K,) Parameter TRUE EBIAS ESE ASE ECP%  TRUE EBIAS ESE ASE ECP%

0o (L1 B 02231 -0.0007 0.0601 0.0567 94.4 202231 0.0025 0.0663 0.0645 946

By 201054 -0.0038 0.0823 0.0831  94.6 01054 -0.0008 0.0810 0.0831 94.8

log 61 16094 -0.0059 0.1725 0.1734  95.6 209163 -0.0120 0.1086 0.1175  97.0

log{(1+1)/(1—¢)} 0.0000 0.0080 0.1974 0.1939 95.4 0.0000 0.0026 0.1424 0.1522  96.4
E(N;(1)|X; =0) 2.0000 -0.0036 0.0897 2.0000 -0.0066 0.0968
FX; =0) 0.4000  -0.0005 0.0210 0.4000 -0.0001 0.0210

(4,4 B 202231 -0.0008 0.0601 0.0567 94.4 0.2231  0.0026 0.0663 0.0646  94.6

B 01054 -0.0038 0.0823 0.0832 94.8 -0.1054 -0.0009 0.0811 0.0832 94.8

log ¢ 16094 -0.0049 0.1726 0.1735  95.6 209163 -0.0115 0.1085 0.1177  96.8

log{(1+1)/(1—¢)} 0.0000 00098 02135 02074 946 0.0000 0.0016 0.1511 01611 96.2
BE(N; (1) X; =0) 2.0000 -0.0030 0.0914 2.0000 -0.0063 0.0985
F(1X; =0) 0.4000 -0.0007 0.0213 04000 -0.0002 0.0216

(8,8 B 02231 -0.0008 0.0601 0.0567 94.4 02231 0.0026 0.0663 0.0646 94.4

By 01054 -0.0038 0.0823 0.0832 946 01054 -0.0009 0.0811 0.0832 95.0

log ¢ -1.6094 -0.0050 0.1723 0.1735  95.8 209163 -0.0116 0.1083 0.1177  96.8

log{(1+14)/(1—¢)} 0.0000 00100 02133 02086 95.4 0.0000 0.0022 0.1521 0.1621  96.2
E(Na(1)|X; = 0) 2.0000 -0.0031 0.0915 2.0000 -0.0064 0.0984
F(1|X; = 0) 04000 -0.0006 0.0213 04000 -0.0001 0.0217

02 (L1 B 202231 -0.0014 0.0597 0.0565 92.6 20.2231 -0.0018 0.0638 0.0646 954

B -0.1054  0.0006 0.0803 0.0831  95.8 -0.1054 -0.0009 0.0839 0.0831  95.0

log ¢1 16094 -0.0153 0.1638 0.1674  96.4 209163 -0.0142 0.1174 0.1111  94.0

log{(1+14)/(1—¢)} 06380 00113 02051 02014 942 06389 0.0017 0.1594 0.1547  95.0
E(N;(1)|X; =0) 2.0000  0.0010 0.0948 2.0000 -0.0078 0.0979
F(1|X; = 0) 0.4000 -0.0003 0.0208 0.4000 -0.0010 0.0219

(4,4 B 20.2231 -0.0016 0.0598 0.0566  93.0 0.2231 -0.0018 0.0636 0.0646 954

By 01054 0.0006 0.0804 0.0831 958 -0.1054 -0.0009 0.0839 0.0831 952

log ¢ -1.6094 -0.0135 0.1646 0.1678  96.0 20.9163 -0.0143 0.1174 0.1115 94.4

log{(1+)/(1—¢)} 06380 00164 02247 02166 93.8 06389 -0.0012 0.1673 01652  96.0
E(Ny(1)|X; = 0) 2.0000  0.0007  0.0959 2.0000 -0.0075 0.0999
F(1]X; =0) 04000 -0.0002 0.0211 04000 -0.0010 0.0221

(8,8) B 202231 -0.0017 0.0598 0.0566 92.8 02231 -0.0018 0.0637 0.0646 952

By 201054 0.0006 0.0804 0.0831 958 01054 -0.0009 0.0839 0.0831 952

log ¢ -1.6094 -0.0132 0.1648 0.1678  95.6 209163 -0.0145 0.1175 0.1115 944

log{(1+14)/(1—¢)} 06389 00191 02256 02181 93.6 06389 -0.0022 0.1670 0.1662 95.2
E(Na(1)|X; =0) 2.0000  0.0006 0.0962 2.0000 -0.0075 0.1000
F(1|X; = 0) 04000 -0.0002 0.0211 04000 -0.0010 0.0221

04 (1,1) B 202231 -0.0007 0.0592 0.0564 93.4 20.2231 -0.0005 0.0621 0.0644 956

B 01054 -0.0031 0.0804 0.0831  95.6 -0.1054 -0.0016 0.0825 0.0832 96.8

log &y 16094 -0.0123 0.1563 0.1626  97.0 209163 -0.0127 0.1063 0.1067 95.4

log{(1+14)/(1—¢)} 13486 -0.0097 0.2063 02104 926 13486 -0.0132 0.1674 0.1615 934
E(N;(1)|X; =0) 2.0000 -0.0030 0.0892 2.0000 -0.0055 0.0883
F(1|X; =0) 0.4000 -0.0009 0.0214 0.4000 -0.0003 0.0217

(4,4) B 0.2231 -0.0007 0.0592 0.0564  93.0 -0.2231 -0.0006 0.0620 0.0644  95.0

By 01054 -0.0031 0.0805 0.0831  95.6 01054 -0.0017 0.0825 0.0832 97.0

log 1 16094 -0.0126 0.1605 0.1661  97.0 209163 -0.0134 0.1078 0.1088 952

log{(1+1)/(1—v)} 13486 -0.0140 0.2247 02216 91.0 13486 -0.0152 0.1763 0.1720 93.4
E(Na(1)|X; = 0) 2.0000 -0.0034 0.0911 2.0000 -0.0052 0.0915
F(|X; =0) 04000 -0.0008 0.0215 04000 -0.0004 0.0220

(8,8) B 202231 -0.0007 0.0592 0.0564  93.0 0.2231 -0.0006 0.0620 0.0644 952

B 01054 -0.0030 0.0804 0.0831 95.6 01054 -0.0017 0.0825 0.0832 97.0

log 61 -1.6094 -0.0117 0.1612 0.1663  96.6 209163 -0.0136 0.1084 0.1090  95.2

log{(1+1)/(1—¢)} 13486 -0.0114 02249 02226 91.0 13486 -0.0155 0.1767 0.1730 944
E(N;(1)|X; =0) 2.0000 -0.0037 0.0912 2.0000 -0.0055 0.0917
FX; =0) 0.4000  -0.0007 0.0216 0.4000  -0.0003 0.0220
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For both the simultaneous and two-stage estimation methods, the empirical biases are
small for all parameters of interest, demonstrating the consistency of proposed estimators
through either estimation procedure can be achieved within a finite sample size. The
empirical standard errors are in good agreement with the average estimated standard
errors and the empirical coverage probabilities are close to the nominal level of 95% for
either estimation procedure. Meanwhile, the finite sample performance of parameters from
two-stage estimation method is comparable to those from the simultaneous estimation
in terms of empirical biases, empirical standard errors and average estimated standard
errors regardless of the strength of the association, showing that the two-stage estimation
procedure is remarkably efficient.

2.4.2 Semiparametric Analysis with a Cox Model for the Termi-
nal Event

Now we conduct semiparametric analyses by fitting a Cox proportional hazard model
with a non-parametric baseline hazard function for the terminal event process. For the
recurrent event process, we consider a proportional hazard model with either a 8-piece
piecewise constant baseline hazard, or a non-parametric baseline hazard. We use a two-
stage estimation procedure with an EM algorithm to obtain point estimates and variance
estimates. The complete data score and information as well as the two-stage score and
information under this semiparametric specification are calculated in details in Appendix
A5,

Simulation results averaged over 500 replications are summarized in Table 2.4. We see
that for all parameters of interest from the semiparametric analyses, the empirical biases
are small, the empirical and average estimated standard errors are in good agreement, and
the empirical coverage probabilities are close to the nominal 95% level.

Tables 2.2, 2.3 and 2.4 all demonstrate the validity of our model framework even when
there is no dependence between the recurrent and terminal event processes. Moreover,
for all scenarios of parameter settings, all point estimates and variance estimates are close
between parametric and semiparametric model specifications.

29



0220°0 00000 0220°0 00000 00070 9120°0  ¥000°0- 9120°0  ¥000°0- 00070 (0="xIDz

61600 ¥S00°0- 61600 G000~ 0000°G 1160°0  T€00°0- 1160°0  T€00°0-  0000°C (0="xI(n)"Nn)a
7’66 €9LT0 9LLT°0 SET0°0- &6 8SLT'0 TISLT'0 GPI00- 98PE'T 7'€6  99zT0 1¥eT0 @el00- 086 6S2C0 LEGE0 GET00-  98FE'T = 1)/(¢+1)}801
966 €FOT0 6601°0 €G00°0 76 TPOT'0 €601°0 GZ00'0  €916°0 8'€6  IST'0 G8GT°0 890070 0F6  0IST'0 ¥8ST'0 69000 ¥609'1- 1¢ So
026 T€80'0 ¥TRO'0 9T000- 026  TE80D'0 ¥ER0'0 9T000- FSOL'0- 966 T€80°0 0800 0800°0- 966  T€30°0 TOSO'0 080070~ PEOT'0- e
2’6 SP90°0 13900 90000~  &'S6  FFI00 03900 L0000~ TEGT0- Z'€6  G9S0°0 g6S0°0 80000~  0°€6  ¥9S00 T6S0'0 800070~ TEGE0- g 10

22200 L000°0- 22200 200070~ 000F0 01200 10000 01200 10000 000%"0 (0="xI1L

66600 89000~ 66600 6900°0-  0000°G 19600 G100°0 1960°0 1000 0000°C (0="xI(n"Nn)a
066 899T°0 9.9T°0 61000  0G6  €99T°0 LIT'0 63000 68€9°0 T'e6  €812°0 29250  £020°0 7'E6  9L1°0 €5TT0  C8I00 68890 +1)}801
9F6  TIIT0 GLIT0 FITOO-  9F6 OITT0 GLIT'0 GITO0- €916°0- 2’6 099T°0 €F9T°0 TIT00-  0°66  8S9T°0 CFIT'0 S0T00- F609T- 1¢ 3o
T'S6  0£80°0 6£80°0 80000~  ¢'G6  0S30°0 6S80°0 800070~ PEOT0- 866 0£80°0 €080°0 L0000 866 0£80°0 €080°0 L0000 TEOT0- )
766 9F90°0 LEY0'0 STO00-  T'S6  9F90°0 LEYO'0 S8T00°0- TE€ET0- 826 99500 86G0°0 LI000- 86 99500 86G0°0 LI000- TEGE0- g zo

91200 20000 91200 20000 000F0 €120°0  8000°0- €120°0  €000°0-  000F°0 (0="xIDzL

7860°0 09000~ 78600 0900°0-  0000°G S160°0  9200°0- GI60°0 9300°0-  0000°G (0="xI(n"Nn)a
7’96 82910 FTST0 L1000 796 F29T'0 FTCI’0 90000 00000 866 16020 62120 20100 7’66 98020 TEIT0  T600'0 00000 = 1)/(#+1)}801
2’96 @8I0 GITT'0 0L000- 96 T8I0 EITT'0 S900°0- €9T6°0- 096 TPLT'0 0GLT°0 TPOO'0- 096  6ELT°0 0GLT'0 S€00°0- F609°T- 1¢ 3o
066 T€80°0 TI80°'0 60000  0°G6 T1€80°0 TI80°0 60000~ FEOT0- 976  1€80°0 TTR0°0 LEO0D-  9F6  TE30°0 &GS0'0 LE000- PEOT'0- e
PF6 9F90°0 990°0  900°0 PF6 9F90°0 9900 92000 120" 976 L9S0°0 T090°0 80000~  ¥F6  L9S0°0 T090°0 L0000~ TEGE0- g oo
%dDA ASV  dSd  SVIAd  %dDd  ASY  ASH  SVIdd ANUL %dDA  HSY  dASd  SVIAAd  %dDA  ASV  ASH  SvVIdd HNUL ojpwRR] L

() srpourereduwos (&) DM 99918 (1) orpowreredimos (&) DM 291d-8
70 = zo="19

ssooo1d Juaad

009

= "u pue Q0T = w
‘W )LIoS[Re A 98e)s-0Mm) © SUISTL POUTR)CO OIR S9)RWISO {(SULIOSUSD WOPURI OU) T J SULIOSUSD DAIIRIJSTUTIIPR [[IIM

[eururia) drijeweredruias ® pue ‘sse00ld JUoAd JULIIMODI dLIjourRIRdINILS © I0 (SUIPSRY JUR)STOD

ostmanald aoa1d-g ue [m) oujeweIed ® Iey)le WO siojewl)se Jo sorpredord Aduenbaiy jo uoryemqe], g o[qe],

30



2.5 Efficacy of Pamidronate in Reducing Skeletal Com-
plications

Bone metastases occur in most women with advanced breast cancer. Cytotoxic chemother-
apy or hormone therapy is the preferred treatment for symptomatic bone disease, but
progressive skeletal destruction ultimately leads to increased pain, immobility, and deteri-
oration in the quality of life. Bisphosphonates such as pamidronate disodium are powerful
inhibitors of osteoclast-induced bone resorption associated with cancer that has metasta-
sized to bone.

A randomized, double-blind trial was conducted to study the efficacy of pamidronate
in preventing skeletal complications in patients with bone lesions due to metastatic breast
cancer ( , ). In this trial, 382 women with stage IV breast cancer who
were receiving cytotoxic chemotherapy and had at least one lytic bone lesion were enrolled
across 97 study sites. The participants were randomly assigned to receive either a placebo
or pamidronate infusion each month for 12 cycles, with 185 of them receiving pamidronate
and 197 receiving placebo. During the 12-month trial, patients were administered either a
placebo or pamidronate (90mg) as a two-hour intravenous infusion monthly for 12 cycles.
The clinical features of patients when they entered the study were comparable between the
placebo group and the pamidronate group. Figure 2.4 displays the timing and number of
skeletal related events (SRE) for ten patients from each treatment group. This figure illus-
trates the fact that each patient may experience more than one skeletal complication prior
to death, and that some deaths are right-censored. The mean duration of participation in
the study was 9.6 months in the pamidronate group and 8.9 months in the placebo group.
The median time to the first skeletal complication was 7.0 months for the placebo group
and 13.1 months in the pamidronate group. 6 patients were lost to follow up and 326 were
observed to die.

To account for the fact that death precludes the occurrence of further skeletal complica-
tions, we apply our proposed framework to conduct a joint analysis of skeletal complications
and the survival process. The association between the two processes is accommodated by
a Gaussian copula with Kendall’s 7, and the random effect is specified to be a Gamma
distribution. We consider the treatment of receiving either pamidronate or placebo as the
sole covariate and fit a fully parametric model with a 8-piece piecewise constant baseline
rate, as well as a semiparametric model with a non-parametric baseline rate for both pro-
cesses. For the fully parametric model, we employ the two-stage estimation method with
direct optimization of the likelihoods; for the semiparametric model, we use the two-stage
estimation procedure with an EM algorithm.
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4 Death ¢ Skeletal complications
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Pamidronate
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o4

Figure 2.4: Sample profile features for various skeletal complications and survival times
in the Pamidronate and placebo groups; green circles represent skeletal complications and
red triangles represent observed deaths

32



The results obtained from the joint analysis of the SRE and the survival processes are
summarized in Table 2.5. We observe that there is broad agreement between the fully para-
metric and semiparametric models in terms of point estimate (EST), standard error (SE)
and bootstrap standard error (BSE), which demonstrates that parametric 8-piece piecewise
constant baseline rate models are satisfactorily flexible. The treatment of receiving monthly
intravenous infusion of pamidronate significantly reduces the occurence of skeletal compli-
cations in patients with advanced breast cancer (exp(f8;) = exp(—0.4564) = 0.634, 95%
CI: (0.426,0.943), p = 0.024 with the parametric model; exp(3;) = exp(—0.4580) = 0.633,
95% CI: (0.425,0.942), p = 0.024 with the semiparametric model), while it doesn’t have
significant effects on the survival process among these patients. There is evidence of het-
erogeneity in the risk of skeletal complications (¢, = 2.457, 95% CI: (1.838, 3.283) with the
parametric model; ¢; = 2.253, 95% CI: (1.757,2.890) with the semiparametric model) and
there is a positive association between skeletal complications and death within patients
who have bone lesions due to metastatic breast cancer (7 = 0.337, 95% CI: (0.232,0.433),
p < 0.001 with the parametric model; 7 = 0.310, 95% CI: (0.196,0.415), p < 0.001 with
the semiparametric model). Figure 2.5 shows the estimated cumulative conditional and
cumulative marginal rates for the SRE process (left panel) and the estimated cumulative
death hazard and survival function (right panel), obtained from both parametric and semi-
parametric model specifications. The conditional cumulative rate for the SRE process is
calculated given that the individual is alive and the random effect is specified to be 1,
i.e., u;; = 1. The marginal cumulative rate is an integrated version that averages over the
random effect and the survival status. The marginal cumulative rate is smaller compared
to the conditional one because death terminates the SRE process. The figure also indicates
a decent agreement between parametric and semiparametric model specifications.

2.6 Discussion

We proposed a new joint model for recurrent and terminal events involving a copula func-
tion used to link a terminal event with a random effect that modulates a mixed Poisson
process. Estimation and inference methods including a computationally more efficient two-
stage procedure which enables semiparametric specifications have been developed with and
without the use of an EM algorithm. Under a Gaussian copula and a Gamma distributed
random effect specification, plots of conditional recurrent and terminal event intensities
given the full history have been investigated to gain insight about the nature of the joint
processes under our model formulation; numerical studies demonstrate satisfactory fre-
quency properties of estimators obtained from both simultaneous and two-stage proce-
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Table 2.5: Joint analysis of the SRE and the survival process with a Gaussian copula,
a Gamma distributed random effect and a single binary covariate indicating receipt of
pamidronate rather than placebo; both parametric (with 8-piece PWC baseline rates) and
semiparametric models are considered (all estimates are obtained via a two-stage procedure
while the semiparametric estimation exploits the EM algorithm; BSE is the bootstrap
standard error of the estimates obtained from 100 bootstrap runs)

8-Piece PWC (Direct) semiparametric (EM)
Type Parameter  EST SE BSE EST SE BSE
Pamidronate (on SRE) Io -0.4564 0.1947 0.2027  -0.4580 0.1751 0.2034
Pamidronate (on death) Ba -0.0515 0.1095 0.1184  -0.0502 0.1101 0.1201
Variance of the Random Effect log ¢, 0.8988 0.1587 0.1480 0.8124 0.1233 0.1270
Copula Parameter log %ﬁ 1.1130 0.1710 0.1873 1.0159 0.1501 0.1993

dures in finite samples and the high relative efficiency of the two-stage procedure makes
the semiparametric analysis practical. We note the copula function can be any copula
function from well-studied copula families and the marginal distribution of the random
effect can be other distributions, e.g., a log-normal distribution.

Compared to the joint modelling of the recurrent and terminal events based on shared
or correlated random effects, our model preserves the neat marginal proportional hazard
property for the terminal event process. Furthermore, our approach distinguishes itself by
addressing unobservable heterogeneity in recurrent events and capturing the interdepen-
dence between the two processes through distinct structures. Notably, it remains valid even
in situations where there is no association between the two event processes. An alternative
framework of joint analysis via marginal approaches though is robust, it doesn’t exploit
the history of the joint processes that leads to more accurate and precise predictions of
features of the recurrent event process.

As our model accommodates the dependence structure using a pre-specified copula
function, a natural next step is to investigate the sensitivity of our model to misspecification
of the copula function, particularly in terms of coefficient estimation. Copula models
indexed by more than one parameter could be used, but it may require more data for
accurate parameter estimation. Furthermore, this general model can be readily extended
to scenarios involving multiple types of recurrent events and a terminal event process
by increasing the dimension of the copula function. Gaussian copulas, vine copulas or
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hierarchical copulas might be appealing in this context. Another potential extension is
to adapt our work to adjust for recurrent events with intermittent observations; see

( ). This is developed in Chapter 3. Additionally, one may also be interested in
sample size estimation when designing clinical trials with these endpoints in mind.
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Chapter 3

A Joint Model for Recurrent and
Terminal Events with Intermittent
Observation

3.1 Introduction

Recurrent events are of interest in many fields of study. In health studies, there are
many chronic disease processes for which affected individuals experience recurrent adverse
events. For instance, individuals with chronic bronchitis frequently experience recurrent

exacerbations ( : ). Various statistical methods have been developed
for analyzing recurrent events, including intensity-based models ( , ;

, ; , ), random effect models ( , ), and marginal
methods ( , : , ).

In many settings, interest lies in characterizing the incidence of recurrent events in
conjunction with an event which terminates the recurrent event process. For example, in
organ transplant studies, transient graft rejection episodes are terminated by total graft
rejection or patient death. When the terminal event is related to the recurrent events,
joint modelling of both events is necessary for valid statistical inference. Existing method-
ologies for joint analysis of recurrent and terminal events can be broadly divided into two
categories: marginal methods and shared or correlated random effects models. Marginal
methods involve specification of a marginal distribution of the termination time and a rate
function for the recurrent events conditional on the termination time or survival to the
time of interest ( , : , ). Shared or correlated
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random effects models account for the dependence between recurrent and terminal events
by incorporating a shared random effect or correlated random effects into the respective
event rates ( , : , : , : , ).
See Chapter 6 of ( ) for future discussion of these methods.

In some settings the occurrence of events is not evident, but rather the event count
can only be determined upon radiographic examination, some other form of imaging, or
detailed clinical examination. Examples include the development of new tumors in blad-

der cancer patients ( , ), the occurrences of joint damage in arthritic patients,
and the development of new skeletal metastases in cancer patients with bone metastasis
( , ). In such scenarios, the exact times of event occurrence are not ob-

served; instead, only the number of events occurring during successive assessment periods
is available. This type of data is often referred to as panel count data or interval-grouped
recurrent events data ( : ).

( ) proposed a nonparametric approach to compare the recurrence
rates of two treatment groups using panel count data. ( , ) and
( ) explored nonparametric estimation of rate and mean functions
in Poisson processes from interval-count data. ( ) and
( ) conducted semiparametric estimation of regression parameters without estimating
baseline rate or mean functions. Other methods for semiparametric regression analysis
of interval-censored recurrent events have also been developed ( , ;

, : , ). ( ) considered multiplica-
tive recurrent event models with piecewise constant baseline rate functions, fitted using
semiparametric methods via estimating functions as well as fully specified random effect
models fitted using maximum likelihood. Such piecewise constant models share the ad-
vantages of parametric models while providing some robustness against misspecification of
the parametric form of rate functions. Regression analysis on interval-censored reverent
events with informative observation times has been investigated by ( );

(2007); (2011).

While there is extensive literature on joint modeling of recurrent and terminal events
and on analysis of recurrent events with interval-censored data, there has been limited
discussion on the joint analysis of recurrent and terminal events subject to intermittent
observations. ( ) developed a framework for handling multivariate interval-
censored recurrent events; however, the events considered in their study do not terminate
each other.

In Chapter 2, we developed a copula-based framework for the joint analysis of recurrent
and terminal event processes. In this chapter, we briefly review the model and describe
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a framework for analysis to situations where recurrent events are subject to intermittent
observations. We achieve this by specifying piecewise constant baseline rate functions for
the recurrent events, following the approach of ( ). A semipara-
metric analysis for the terminal event is feasible via a two-stage estimation procedure and
the simple marginal interpretation of the regression coefficients of the Cox model for the
terminal events is retained.

The remainder of this chapter is organized as follows. In Section 3.2, we briefly describe
the copula-based model and specify a piecewise constant baseline rate for recurrent events
under intermittent observation. Besides direct optimization of the observed data likeli-
hood, a complete data likelihood is presented along with details on the implementation
of an EM algorithm ( , ) for estimation and inference. In Section 3.3,
we describe an alternative two-stage estimation procedure that facilitates semiparametric
modeling. Section 3.4 investigates the finite sample performance of the proposed estima-
tors through simulation studies. In Section 3.5, we apply our model to the University of
Toronto Psoriatic Arthritis Cohort Study and investigate the effect of HLA-B27 on the
occurrence of joint damages in patients with psoriatic arthritis. Concluding remarks are
made in Section 3.6.

3.2 A Copula-Based Joint Model

3.2.1 Model Framework

For individual ¢ in the sample, we let N;;(s) denote the number of recurrent events over
(0, s], and {N;1(s),0 < s} denote the corresponding counting process. Let AN;(s) =

Ni1(s+As™)—N;1(s™) denote the number of recurrent events over a small interval [s, s+As)
and dN;(s) = ilsrﬁ) AN;i(s). Let T; denote a terminal event time at which point the

(T, < 5) and {Nin(s).0 < 5} be
) 12(5 + As~ ) — Niz(sf) and
S)) NZ(S) = (N11(3>,Ni2<8))l be

recurrent event process is terminated, and let Nj(s) =
the terminal event counting process. If we denote AN;s(s
szQ( ) = illﬁ) ANZQ( )7 then let dN( ) = (szl( ) dNZQ(

the bivariate counting process for both events.

Let X; denote a p x 1 vector of covariates and consider a marginal hazard function for
T; denoted by h(t | X;;0s). The corresponding marginal survival function is then

F(t] Xis02) =1— F(t| X;;00) = exp(—H(t | X;;02)),
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where F(t | X;;605) denotes the corresponding c.d.f. and h(t | X;;6,) = dH(t | X;;02)/dt;
f(t | Xi;02) is the corresponding p.d.f. We may specify a proportional hazards model,
where

h(t | Xi;09) = ho(t; az) exp(X;52)
and consider parametric or nonparametric specifiations for the baseline hazard ho(t).

To model the recurrent event process, we introduce i.i.d. latent random effects U;; > 0
for each individual with E(U;;) = 1, var(U;;) = ¢1 and c.d.f. G1(Uj1; ¢1) to accommodate
variation in the recurrent event rates between individuals which cannot be explained by
available covariates; we assume U;; L X;. The rate function for the recurrent events
conditional on U;; = w;; and the full history #H;(s) = {N;(u),0 < u < s, X;} is

hm P(ANM(S) =1 ‘ Hi(8)7ui1;91>
Asl0 As

Under the assumption that {N;(s),0 < s < T;} L T; | Uy = wj, X;, we consider a
multiplicative rate function for the recurrent event process of the form
lim ( 1(s) | Hi(s), ui; 61)

Asl0 As - Y;T(s)uﬁp(s | Xi;61)

with Y;'(s) = 1(s < T}). A proportional hazard model may also be specified for p(s | X;; 6;)
with a baseline hazard po(s; 1),

p(s | Xi;01) = po(s; ar) exp(X[f1) -

The last step to complete our model framework is to construct a dependence structure
between the two processes by specifying a joint model for the random effect and the terminal
event via a copula function ( , ). Let C(v;1) denote a copula function where
V = (W1, V,)" with V; a uniform random variable, v = (vy,v2)" with v; the corresponding
realizations, and v indexes the dependence. That is,

C(v;v) = P(Vi <y, Va < wa31h).

Setting Vi = G1(Uy;¢1) and Vo = F(T; | Xi;603), a joint model for Uy and T; | X is
determined by linking these via

P(Uil <wup, Ty >t ’ Xi;927¢17¢) = C(Gl(u1;¢1),f(t ’ Xz';92);¢)-

Note that 6; = (o, 57)" indexes the recurrent event process, = (a4, 35)" indexes the
terminal event process, ¢; indexes the random effect, and ¢ measures the association

40



between the random effect (and hence the recurrent event process) and the terminal event
process. We let 6 = (0,0}, ¢1,1)" denote the set of full parameters of interest. Under
this model framework, we assume that the recurrent events and the terminal event are
independent conditional on covariates and the random effect, provided that the whole
process has not been terminated.

3.2.2 A Piecewise Constant Conditional Baseline Rate

Often in clinical studies, instead of the full history of the bivariate process H;(s), we observe
incomplete data denoted by H,(s) for each individual, where we only have intermittent
observations of the recurrent event process due to periodic clinical examination. For the
terminal event process, the events are of more serious in nature (i.e., death) and so the
event times are known subject to right-censoring. In other settings alternative sources of
data (e.g., electronic health records) may make this information available.

Let C; denote an independent and non-informative right-censoring time for individual
i, and suppose we observe W; = min(7;, C;) for the terminal event and let §; = 1(T; < C}),
Yi(s) = 1(s < C;) and Yi(s) = Y;(s)Y;'(s). We define the “complete data” observable
counting process notation for the recurrent and terminal events as dN;(s) = Y;(s)dN(s),
Nik(S) = IOS szk(u), k= 1, 2, and let dNZ(S> = (dNil(S), dNZ'Q(S))/, NZ(S) = (Ni1(8>, NZ’Q(S))/
denote the bivariate counting process notation. The recurrent events are subject to inter-
mittent observation and so this “complete data” is not observed for the recurrent event
process. Let 0 = a0 < a;; < --+ < a;, denote the r; assessment times for individual ¢
over (0, W;]. We define the counting process notation for the assessments accommodating
right-censoring as {4;(s),0 < s} with 4;(s) = Yi(s)A;(s) and A;(s) = > 5oy Maij < 's). We
observe a total number of events n;; = Ny (a;;)— Ny (a; j_1) in the interval A;; = (a; -1, ai;]
for j = 1,...,r;, where r; is the number of intervals for which individual 7 is assessed. Note
a;; times vary across individuals and may be stochastic in this case in what follows we as-
sume a conditionally independent visit process ( , ). Note in particu-
lar the recurrent events over (a,,, W;] is unknown. The observed history for individual i can
be explicitly written as H;(s) = {Vi(u), dNia(u),0 < u < s;(aij, nij), 5 = 1,..., Ai(s), X;}.
Conditioning on U;; = u; and H;(s), the recurrent event rate is

Asl0 As

In general, the baseline rate py(s; ;) for the recurrent events can be modeled para-
metrically or nonparametrically. For this project, we specify it to be a piecewise constant
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rate function because such models are flexible and robust, and they are much easier to
implement than purely nonparametric or semiparametric models, particularly when the
observed data are incomplete. We let K; denote the number of pieces of the baseline
hazard for the recurrent (type 1) events and let 0 = byg < by < -+ < by, = 00 denote a
pre-specified sequence of cut points of the positive real line. Let d1x(s) = 1(s € Biy) indi-
cate if time s is in the interval By = (b1 j—1, b1x], and dyx(s) = fos d1x(u) du be the length
of the intersection of the interval (0, s] and By, for k = 1,..., K;. The instantaneous and
cumulative baseline recurrent event rates can be written as

K,

K s
plsian) = [[ o and Ro(sian) = [ mlusan)du=3 pudu(s).
k=1 0 k=1

respectively with a; = (p1, ..., pk,)’. Under a model where covariates act multiplicatively
on a baseline rate function, we have

R(s| X;;601) = / p(u | Xi;01) du = Ro(s; ) eXP(Xz{@)-
0

The observed data likelihood contributed from individual ¢ can now be written as
L;(0) OC/ P(Hi(w;), Un = uir; 0) duy (3.1)
0

where P(H;(w;"), Uiy = u;1;0) is equal to

h(w; | Xi;02)" exp (—H (w; | Xi;0,)) (3.2)
Xisun, Ty > wys s 91)

x{g1(uin | Xi, T; = wy; 92>¢1,@/})}6i {g1(ui | X5, T; > w¢;927¢1,¢)}175i

X P(nil,...,niri

with P(U To> 1| Xi: 0, 1, 0))
i1 = i > i U2, 1
XiaTzi > t78 ) 9 = : oL : : 7 ’
gl(ul ‘ 2 ¢1 ¢) F(t ’ X“92)
and P(U To =t | Xi: 0, 1, 0))
ij—;:te _ i1 = U, L3 = iy Y2, P1, .
gl(ul | ) ’ 27¢17¢) f(t | X1,92)
Let

dijk = / ]l(u S Aij N Blk) du = maX(O, min(blk, aij) — max(bLk_l, Cli,j_1>>
0
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denote the length of the interval A;;NBy, po,ij(c) = Zf:ll prdijr denote the baseline mean
over the interval A;;, and p;;(01 | X;) = po,ij(0q) exp(X/F1). We then have P(n;q, ..., ny,
Xi,uin, T; > w;; 071) equal to

uiy exp(—uin R(air, | Xi300)) [T2 {pag (01 | Xo) ™
ngl 5!

Xis6h) = >0, p1ij(01). The corresponding observed data

where n;. = Z;Zl nij and R(ai,
log-likelihood log L;(6) is then

+0; log{/ P(ni1, ... Nir,
0

+(1_5z)10g{/ P(nﬂ,...,nm
0

Xi,ur, Ty > wi; 01) g1 (uy | Xy, Ty = w;; O, ¢1, ) dul}

Xiyuy, T; > wi; 01) g1 (uy | Xy, Ty > wi; 0o, 1, 0) du1} .

We denote the corresponding observed data score and information as S;(0) = 0 log L;(6)/06
and [;(0) = —0%log L;(0)/0000" respectively. The overall observed data log-likelihood
from a sample of m independent individuals is log L(0) = " log L;(#). For parametric
analysis, the maximum likelihood estimator (MLE) of 6, é, can be obtained by solving
>, Si(0) = 0. The MLE 0 is consistent and asymptotically normally distributed with
the variance-covariance matrix estimated by var(d) = {327, I;(4)}~'. Wald tests can be
conducted to make inferences about 6. We next consider implementation of an expectation-
maximization algorithm for estimation, motivated by the desire to exploit existing software
for the maximization step.

3.2.3 EM Algorithm and Complete Data Likelihood

An expectation-maximization algorithm ( , ) can be appealing for esti-
mation when there are latent variables involved and existing functions can be used for the
maximization step, which we show is the case here. In constructing the complete data like-
lihood, we now consider a pseudo-assessment time for the recurrent events at w; = a;,,+1
and let n;,, 11 denote the number of events in the interval A; ;.11 = (@jr,, @;r;+1]. By doing
this, now we have 7; 41 intervals of assessment periods of the recurrent events A;;, with the
number of event occurrences in each interval n;;, 7 = 1,...,r;+1. Note n;;, j =1,...,1, s
observed but n; ,,11 is latent. Moreover, we let n;;; be the unobserved number of recurrent
events in the interval A;; N Byx and p;5x(01) = prdijr exp(X.P1) be the corresponding mean
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event rate for j = 1,...,7, + 1 and &k = 1,..., K;. Note we have n;; = ZkK:ll N, and
11 (01) = S0 puijn(61). A complete data likelihood contribution from the ith individual

containing the information of u;; and n;,, 7 = 1,...,m +1and £k = 1,..., K, can be
written as
i+l K )
) oc h 1—1[ Uit fign(01))™9% exp(—uq pin(01))
j=1 k=1 B

X h(w; | X5;02)" exp(—H(w; | X;;65))
x {g1(un | Xi, T = wi; 02, 1, 0) Y {91 (wir | Xi, Th > wy; 0a, b1, )} %

The corresponding complete data log-likelihood can be partitioned as

log £i(9) = 51‘1(91) + @2(92) + £i3<92, ¢17 7/1) (3-3)
where we have
ri+l K1 ri+1
Ezl (01 Z Z Nijk 1Og ,uzjk 01 — Ui Z sz 01
7=1 k=1

£i2(62> =9 108; h(wi | Xi; 92) - (wi | Xi;92)7
and &3(92, ¢1, 'lb) is

0ilog g1(uir | X5, Ti = wy; 02, d1,00) 4+ (1 = 0;) log g1 (wir | X5, T > wy; 02, ¢1,9) .

We let S;(0) = dlog L£;(0)/00 and Z;(0) = —0%log L;(0)/000¢" denote the correspond-
ing complete data score and information respectively. The EM algorithm for parameter
estimation is described as follows.

The E-Step: Given a current estimate 87~ we calculate the expectation of the complete
data log-likelihood in (3.3) with respect to U;; and all ka conditioning the observed
history H;(w;"). This leads to Qs (61;07V) = E(£:1(6) | Hi(w;h); 80~V) given by

Tz‘i‘l K

Qi (0107 ) =" " E(Nijx | Hi(w;);077Y) log piji(61)
=1 k=1
ri+1

E(Ua | Hfw 0 3 8.
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and Q3(0s, ¢1,1;077V) = E(li3(02, ¢1,9) | Ha(w;); 07~) given by
5iE(10g91(Ui1 \ Xi, T = w;; 02, 01,0) ‘ H ( ) 0~ 1))
+ (1= 6;)E(log g1 (Un | Xi, Ty > wi; 02, ¢1,) | Ha(w;); 071
Also note that -
E(lin(82) | Hi(w]); 007 1) = Lia(6,)
since there is no missing data in £;5(6y). To compute these expectations for Q1 (f1;0~Y),
we require the expectation for the latent counts given by

Tlij :uwk( )/:U”L] (QY_I)) ) J#ET+1,

B(N,p. | B ):60) = 1
Nz‘jk(‘gy_ )) E(Ui | Hi(w]); 001, otherwise ,

with

Uzl = w13 00 Y) duy

For Qy3(0a, ¢1,1;00~Y), we require E(loggl( i | Xi»Ti = w;; 0a,¢1,0) | Hi(w;"); 00)
given by

fooo loggl(uil | Xi? E = Wy, 827 ¢17 1/}) P(?:[’L(wj)7 Uil = U415 9(7‘—1)) duil

(3.4)

= 3.5
fooo P(H;(w]"), Ui = un; 00-V) duy ’ (3:5)
and E(log g1 (Ui | Xi, Ty > wy; 02, ¢1,0) | Hi(w;h); 00D given by
fooo log g1 (ui | Xi, T; > w;; 02, ¢1,9) P(ﬁi(w;_)> Uit = wit; Q(T_l)) du; (3.5b)

fooo P(H;(w}), Uy = w15 0071 dugyy ’
with P(H;(w;), Uy = us1;07V) obtained from (3.2). Detailed calculations of the expec-
tation terms in (3.4), (3.5a) and (3.5b) are presented in Appendix B.1.

The M-Step: We maximize Y " E(log £;(6) | Hi(w]); 00~Y) w.r.t. to § and obtain a new
estimate ). For the recurrent event process, we maximize Qi1(01; 9(”_1)) w.r.t. 87 and ob-

tain HY). For the rest of the parameters, we maximize > 1" {£is(62) + Qiz (02, ¢1, 1; 001)}
w.r.t. (6,61,1) and obtain (657, ¢\, ™). This gives 60 = (8", (6857Y, ¢\, ™Y,
The E-Step and M-Step are repeated until the absolute value of each element of the vector

00 —(r=1) are smaller than 104 and 6 is obtained. The observed data information matrix
may be obtained based on the complete data score and information

Li(0) = E(Zi(0) | Hi(w +)‘9)—E(&‘5¢(9)5£(_9)\’1‘%:(%*);9) (3.6)
+ E(Si(0) | Hi(w); 0)E(S;(0) | Hi(w]);0).
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as shown by ( ). We use var() = > L6 9)}~! as an estimate of the variance-

covariance matrix of 0. Note the Louis formula requires calculations of E(S; (9)8’ 0) |
H;(w;); 00V, which involves for example, calculations of E(NyjxNiy | Hi(w;h); 00)
and E(N;jUs | Hi(w;h); 07~Y); see Appendix B.1 for the details on how to calculate these
terms.

3.3 A Two-Stage Procedure

As discussed in Chapter 2, an appealing feature of the copula model framework is that the
analyses of covariate effects on the terminal event time are based on a marginal specifi-
cation. This enables a computationally more convenient two-stage estimation procedure.
In stage one of the procedure, we focus on the terminal event model and estimate related
parameters ;. We let § denote all parameters in 6 excluding 6, (i.e., 8 = (8%, ¢1,v)). In
stage two, we estimate 6 with 6, set to the estimated value obtained in stage one. This
two-stage procedure thus allows for a semiparametric Cox model for the terminal events.
In what follows we reorder the parameters and write § = (6%, 0')".

3.3.1 Two-Stage Estimation via Direct Optimization

We describe the two-stage estimation procedure as follows.

Stage 1: We obtain an estimate of 65, denoted by 52, by maximizing Z:il lin(02) w.r.t. 6.
If we adopt a semiparamteric Cox model for the terminal event, we have

H(t | Xi;02) = dHo(t) exp(X]f2)

with 0y = (dHy(+), 55)', and we can rewrite Y .| £;2(f2) using counting process notation as

Z { [ ogarts | Xastaisianiats) - [T vians | xi0}

Taking its derivative w.r.t dHy(t) and [ respectively gives partial score functions

t) = iifi(t)[dNiQ(t) — dHy(t)exp(X]3,)] =0, t>0.
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and

U= S { [ aNa(o) - ato(s) exp(x15)] | (3.7)

=1

Solving U;(t) = 0 for dHy(t) at a fixed 5 value gives the Breslow profile estimate

S Vi()dNa(t)
ST Vi(0) exp(XLa) (38)

which upon substitution into (3.7) gives a partial profile score function for g as

= ([0 - i)

dHy(t; By) =

Setting U(f2) = 0 and solving for 3, gives 5. Having computed f3,, then dHy(t) can be
computed by substituting S, in (3.8).

Stage 2: Having an estimate 05, we obtain 0= (0}, ¢1,9) by maximizing Yo log Ly (62,0),
the overall observed data log-likelihood, with respect to 6, after 0, is inserted.

Let 6 = (6}, 0 ) denote the estimate from this two-stage estimation procedure. We also
denote the individual contribution of scores of the partial log-likelihoods used in the two
stages as Uy (02) = 0lin(02) /002, Uin(0) = Olog Li(6) /00 respectively, and the overall score
U (0) = (U (02),U5(0)). The two-stage estimation procedure described above is indeed
solving the unbiased estimating equation > ;" U;(¢) = 0. By standard estimating function
theory ( : ), we have

Jm(f — 8) = MVN(0, A1 (8)B(8)(A~1(9))') (3.9)

where A(0) = E(—0U;(0)/00") and B(0) = E(U;(0)U(0)). Moreover, A(f) and B() can
be estimated empirically by

A0) = —% Z azg;(,e) ‘925 and B(f) = %Zui(e)ul.’(e)‘ . (3.10)

The asymptotic covariance matrix can then be estimated by var(d) = A~'(9)B(0)(A()) /m.
Note U;2(0) is a sub-matrix of the corresponding observed data score S;(6), and —0U;2(0) /060
is a sub-matrix of the corresponding observed data information I;(0).
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3.3.2 Two-Stage Estimation via an EM Algorithm

Note that Stage 2 of the two-stage estimation procedure can also be completed via an EM
algorithm as follows. As shown in (3.3), the complete data log-likelihood log £;(#) can be
partioned into three parts: £;;(01), io(62) and £;3(62, ¢1,1), so the two-stage estimation
procedure with an EM algorithm works as follows.

Stage 1: Same as in Section 3.3.1, we obtain 6, by maximizing Yo lin(62) wer.t. Os.
Stage 2: We use an EM algorithm to estimate 6 as follows. Let 801 = (g5, (91"
Step 1: We maximize > i~ E(¢i1(61) | Hi(w;);0T~Y) w.r.t 6, and obtain o).

Step 2: We then maximize 7" {£iz(02) + E(liz(0a, ¢1,%) | Hy(w;); 07D} wort (¢4, )
and obtain (¢\”, ™).

Note 0 = ((6Y, ¢\, Y. We repeat Step 1 and Step 2 until 67 converges and
obtain 0. The estimate § = (6}, 6’)’ obtained here is the same as the estimate obtained via
direct optimization in Section 3.3.1 because we are solving the same estimating equation
St Ui(0) = 0. The standard estimating function theory still applies, and we need to

compute U;(60), —dU;(0)/00' to obtain A~1(), B(f) using (3.10), and thus a variance

estimate var(6).

The first stage score contributed from individual ¢ is still U;;(62). We denote the second
stage complete data score contributed from individual i as U5 (0) = (U, (01)), (U (6)))
where Z/{chl(gl) = 8&1(91)/601 and Z/{ZCQQ(Q) = 8£7L3(927¢17¢>/8(¢17w)/~ Note Z/IZCQ(H) is a
sub-matrix of the corresponding complete data score S;(f) and we can obtain U;»(0) using

Un(0) = E( 102(9) ’ ﬁi(wi)§9)'

For —oU;5(0)/00', we use the Louis formula ( , ) in (3.6) to calculate the observed
information I;(0) and then extract —ol;»(0)/00 from I;(6).

3.4 Simulation Studies

In this section, we perform simulation studies to evaluate and compare the finite sample
performance of the proposed estimation methods outlined in Sections 3.2 and 3.3. Specif-
ically, we focus on comparing simultaneous estimation (for parametric analysis) and the
two-stage estimation.
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3.4.1 Simulation Set-up

We consider a simple setting with a binary covariate where X; = 0 or 1. We consider
multiplicative models for both the recurrent and terminal event processes with constant
baseline functions (i.e., po(s; 1) = po and hg(t; an) = hg). We let the random effect U;; be
gamma distributed with mean = 1 and variance = ¢;, and specify a Gaussian copula with
Kendall’s 7 ( ) ) indexing the association; 1 is a deterministic function of 7
with the particular function governed by the specification of the Gaussian copula. For the
coefficients, we set f; = log 0.8 and By = log0.9. We set ¢; = 0.2,0.4 to reflect different
levels of heterogeneity in the recurrent event rate and vary 7 = 0,0.2,0.4 to investigate
scenarios with no, weak and medium associations between the two event processes. We
consider an administrative right-censoring time for the terminal event C; = 1. For the
assessment process {A;(s),0 < s}, we consider it to be a time homogeneous Poisson process
with an instantaneous rate E{dA;(s) | X;} = Aa. We set E(A;(1) | X;) = 4. Let
E(N;(1)|X; =0) = fol E{dN;;(s)|X; = 0} ds be the expected number of recurrent events
by time 1 in the control group (X; = 0) where

E{dNu(s) | Xi} = By, y1 {E{dNu(s) | Un, Y/ (s), Xi}}
= p(s | Xi:00) E{Uq | Y (s) = 1, X;} F(s | X;;65)

with .
E{Uﬂmws):l,xi}z/ w1 g1(us | Xo, Ty > s: 09, 61, ) dss
0

We then solve for py and hg so that the expected number of events over (0, 1], E{N; (1) |
X; =0}, is 2 or 4, and P(T; < 1|X; = 0) = 0.6 corresponding to a 60% failure rate if
X; = 0. The true parameter values corresponding to each scenario are summarized in
Table 3.1 for 12 scenarios. We aim to assess estimators of parameters of interest when the
recurrent events are subject to intermittent observation. Some of the parameters of interest
are specified directly by us (i.e., 51, B2, ¢1, ¥) and some are computable by plugging in
estimates of 6 into their expressions (i.e., E(N;(1)|X; = 0), F(1|X; = 0)).

3.4.2 Parametric Analyses with Piecewise Constant Models
Here we simulate datasets of m = 1000 individuals according to the parameter setting
given in Section 3.4.1, following the data generation procedure described in Appendix B.2.

We conduct fully parametric analyses by using a Gaussian copula and fitting a proportional
hazard model with a piecewise constant baseline hazard function for the terminal event
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Table 3.1: True parameter values for each scenario

Scenario | E(N;1(1)|X; =0) ¢ Kendall's 7 P o 2
Po e} ho fa
1 2 0.2 0.0 0.0  3.0543 -0.2231 0.2877 -0.1054
2 0.2 0.3090 3.2769 -0.2231 0.2877 -0.1054
3 0.4 0.5878 3.5135 -0.2231 0.2877 -0.1054
4 0.4 0.0 0.0  3.0543 -0.2231 0.2877 -0.1054
5 0.2 0.3090 3.3732 -0.2231 0.2877 -0.1054
6 0.4 0.5878 3.7368 -0.2231 0.2877 -0.1054
7 4 0.2 0.0 0.0 6.1086 -0.2231 0.2877 -0.1054
8 0.2 0.3090 6.5537 -0.2231 0.2877 -0.1054
9 0.4 0.5878 7.0270 -0.2231 0.2877 -0.1054
10 0.4 0.0 0.0 6.1086 -0.2231 0.2877 -0.1054
11 0.2 0.3090 6.7464 -0.2231 0.2877 -0.1054
12 0.4 0.5878 7.4736 -0.2231 0.2877 -0.1054

process. The number of pieces of the baseline hazard function for the terminal events are
denoted by K5 and we set K; = K, = 8. Computation of the observed and complete
data likelihood, complete data scores and information under this fully parametric joint
model are presented in Appendix B.3. We investigate the finite sample performance of
proposed estimators via simultaneous estimation and the two-stage estimation by evaluat-
ing and comparing the empirical bias (EBIAS), empirical standard error (ESE), average
asymptotic standard error (ASE) and empirical coverage probability (ECP) for parameter
estimates of interest. Simulation results obtained via simultaneous estimation and a two-
stage estimation are summarized in Table 3.2 and Table 3.3 respectively. All the estimates
are averaged over ng, = 500 replications.

For both the simultaneous and two-stage estimation methods, the empirical biases
are small for all parameters of interest, as expected for both simultaneous and two-stage
procedures. The empirical standard errors are in good agreement with the average model-
based standard errors, and the empirical coverage probabilities are close to the nominal
level of 95% for both estimation procedures. In addition, the finite sample performance
of parameters from the two-stage estimation method is comparable to those from the
simultaneous estimation in terms of empirical standard errors, average estimated standard
errors and coverage probabilities, regardless of the strength of the association between
the two event processes. This demonstrates that the two-stage estimation procedure is
remarkably efficient. Comparing the simulation results for scenarios 1-6 in Table 3.3 to

20



Table 3.2: Tabulation of frequency properties of estimators obtained from a fully parametric
specification with an 8-piece piecewise constant baseline hazards for both processes under no
random censoring for F(A;(1) | X;) = 4 (just administrative censoring at 1; estimates are obtained
via direct optimization of the observed data likelihood with simultaneous estimation; m =
1000 and ngjy, = 500)

=02 ¢ =04
E(Ny(1)]X; =0) 7 Parameter TRUE EBIAS ESE ASE ECP% TRUE EBIAS ESE ASE ECP%
2 0 A4 -0.2231  0.0003 0.0662 0.0665 94.6 -0.2231  0.0005 0.0827 0.0749  92.0
B -0.1054 -0.0014 0.0795 0.0831 95.2 -0.1054 -0.0030 0.0853 0.0831  95.2
log ¢ -1.6094 -0.0199 02159 0.2218 94.8 -0.9163 -0.0096 0.1500 0.1464 95.4
log{(1+¢)/(1—)} 0.0000 0.0080 0.2752 0.2861 96.8 0.0000 0.0087 0.2201 0.2196  94.6

E(Ny(1)|X; = 0) 2.0000 -0.0030 0.1100 2.0000 -0.0030 0.1232

F(11X; = 0) 0.4000 -0.0013 0.0212 0.4000 -0.0006 0.0204
02 B -0.2231 -0.0011 0.0625 0.0671  96.2 -0.2231 -0.0005 0.0716 0.0754  96.0
B -0.1054 0.0074 0.0828 0.0831 95.4 -0.1054 -0.0059 0.0823 0.0831 95.0
log ¢, -1.6094 -0.0037 02155 0.2120 96.4 -0.9163 -0.0128 0.1425 0.1378 9338
log{(1+4)/(1—%)} 0.6389 0.0318 0.2089 0.2990  94.4 0.6389  0.0163 0.2349 0.2253  94.0

E(Nz(1)|X; = 0) 2.0000 -0.0028 0.0994 2.0000 0.0016 0.1129

F(11X; = 0) 0.4000  0.0011 0.0215 0.4000 -0.0009 0.0213
04 B -0.2231 -0.0004 0.0634 0.0671 95.6 -0.2231 -0.0008 0.0710 0.0755  96.0
B -0.1054 0.0064 0.0840 0.0831  95.2 -0.1054 -0.0054 0.0849 0.0830  95.2
log ¢, -1.6094 -0.0067 0.2184 0.2153  96.4 -0.9163 -0.0143 0.1403 0.1383 954
log{(1+4)/(1—4¢)} 1.3486 0.0561 0.3428 0.3580 97.2 1.3486  0.0193 0.2588 0.2500 94.2

E(Ny(1)|X; = 0) 2.0000 -0.0076 0.0974 2.0000 -0.0010 0.1050

F(11X; = 0) 0.4000  0.0008 0.0210 0.4000 -0.0008 0.0220
4 0 B -0.2231 -0.0001 0.0510 0.0529 96.6 -0.2231  0.0008 0.0694 0.0627 91.4
Bo -0.1054 -0.0014 0.0795 0.0831  95.2 -0.1054 -0.0031 0.0853 0.0831  95.0
log ¢1 -1.6094 -0.0118 0.1343 0.1385 97.0 -0.9163 -0.0058 0.0992 0.1010 95.4
log{(1+¢)/(1—)} 0.0000 -0.0011 0.2079 02162 96.2 0.0000 0.0117 0.1703 0.1740  95.8

E(N;(1)|X; =0) 4.0000 -0.0051 0.1774 4.0000 -0.0113 0.2012

F(1]X; = 0) 0.4000 -0.0013 0.0212 0.4000 -0.0007 0.0204
02 B -0.2231 0.0016 0.0507 0.0533  95.6 -0.2231 -0.0014 0.0614 0.0632  95.8
Bo -0.1054 0.0074 0.0827 0.0831 952 -0.1054 -0.0058 0.0822 0.0831 94.8
log 1 -1.6094 -0.0006 0.1302 0.1328  96.2 -0.9163 -0.0059 0.0970 0.0951 948
log{(1+v)/(1—¢)} 0.6389 0.0173 02201 02217 94.8 0.6389  0.0053 0.1752 0.1760 0.1760

E(N;y(1)|X; =0) 4.0000 -0.0066 0.1647 4.0000 0.0111 0.1905

F(11X; = 0) 0.4000  0.0011 0.0216 0.4000 -0.0009 0.0213
04 B -0.2231  0.0022 0.0515 0.0532 96.0 -0.2231 -0.0022 0.0606 0.0632  96.2
B -0.1054 0.0064 0.0841 0.0830 95.2 -0.1054 -0.0051 0.0847 0.0830 95.0
log ¢ -1.6094 0.0027 0.1317 0.1369 96.8 -0.9163 -0.0103 0.0973 0.0968 94.8
log{(1+¢)/(1—)} 1.3486 0.0450 0.2527 0.2484 94.8 1.3486 0.0036 0.1855 0.1877 94.4

E(Na(1)|X; = 0) 4.0000 -0.0039 0.1608 4.0000 0.0064 0.1784

F(11X; = 0) 0.4000  0.0008 0.0210 0.4000 -0.0007 0.0220
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Table 3.3: Tabulation of frequency properties of estimators obtained from a fully parametric
specification with an 8-piece piecewise constant baseline hazards for both processes under no
random censoring for F(A;(1) | X;) = 4 (just administrative censoring at 1; estimates are obtained
via direct optimization of the observed data likelihood with two-stage estimation; m = 1000
and ngy, = 500)

=02 ¢ =04
E(Ny(1)]X; =0) 7 Parameter TRUE EBIAS ESE ASE ECP% TRUE EBIAS ESE ASE ECP%
2 0 A4 -0.2231  0.0003 0.0662 0.0665 94.4 -0.2231  0.0005 0.0827 0.0748  92.0
B -0.1054 -0.0014 0.0795 0.0831 95.2 -0.1054 -0.0031 0.0853 0.0831 95.4
log ¢ -1.6094 -0.0201 02159 0.2199  95.0 -0.9163 -0.0096 0.1500 0.1452 95.6
log{(1+¢)/(1—)} 0.0000 -0.0199 0.2751 0.2857  96.6 0.0000 0.0087 0.2199 0.2195 94.4
E(Ny(1)|X; = 0) 2.0000 -0.0031 0.1101 2.0000 -0.0030 0.1232
F(11X; = 0) 0.4000 -0.0013 0.0212 0.4000 -0.0006 0.0204
02 B -0.2231 -0.0011 0.0625 0.0670  96.2 -0.2231 -0.0005 0.0716 0.0753  96.0
B -0.1054 0.0074 0.0828 0.0831 952 -0.1054 -0.0058 0.0822 0.0832 95.0
log ¢, -1.6094 -0.0037 02156 0.2107 95.8 -0.9163 -0.0128 0.1425 0.1371  93.6
log{(1+4)/(1—%)} 0.6389 0.0315 0.2088 0.2990 94.6 0.6389  0.0160 0.2348 0.2250  93.8
E(Nz(1)|X; = 0) 2.0000 -0.0028 0.0994 2.0000 0.0016 0.1129
F(11X; = 0) 0.4000  0.0011 0.0215 0.4000 -0.0009 0.0213
04 B -0.2231 -0.0005 0.0634 0.0671  95.6 -0.2231 -0.0007 0.0710 0.0756 95.8
Bo -0.1054 0.0063 0.0841 0.0831  95.0 -0.1054 -0.0050 0.0846 0.0832  95.6
log ¢, -1.6094 -0.0069 0.2184 0.2145 96.2 -0.9163 -0.0144 0.1403 0.1378  95.2
log{(1+¢)/(1—¢)} 1.3486 0.0555 0.3426 0.3558  96.6 1.3486  0.0187 0.2588 0.2501 94.4
E(Ny(1)|X; = 0) 2.0000 -0.0077 0.0973 2.0000 -0.0010 0.1050
F(11X; = 0) 0.4000  0.0007 0.0210 0.4000 -0.0007 0.0220
4 0 B -0.2231 -0.0001 0.0510 0.0528 96.4 -0.2231  0.0008 0.0694 0.0626 91.6
Bo -0.1054 -0.0014 0.0795 0.0831  95.2 -0.1054 -0.0031 0.0853 0.0831 95.4
log ¢1 -1.6094 -0.0118 0.1343 0.1381  97.0 -0.9163 -0.0058 0.0992 0.1007  95.2
log{(1+¢)/(1—)} 0.0000 -0.0011 0.2078 0.2160  96.2 0.0000 0.0117 0.1702 0.1739  95.8
E(Na(1)|X; = 0) 4.0000 -0.0051 0.1774 4.0000 -0.0112 0.2012
F(1]X; = 0) 0.4000 -0.0013 0.0212 0.4000 -0.0006 0.0204
02 B -0.2231 0.0016 0.0507 0.0533  95.4 -0.2231 -0.0014 0.0614 0.0632  95.6
Bo -0.1054 0.0074 0.0828 0.0831 952 -0.1054 -0.0058 0.0822 0.0832 95.0
log 1 -1.6094 -0.0006 0.1302 0.1319 958 -0.9163 -0.0059 0.0970 0.0949  94.6
log{(1+v)/(1—¢)} 0.6389 0.0171 02201 02218 94.8 0.6389  0.0050 0.1751 0.1760  95.2
E(N;y(1)|X; =0) 4.0000 -0.0067 0.1646 4.0000 0.0111 0.1903
F(11X; = 0) 0.4000  0.0011 0.0215 0.4000 -0.0009 0.0213
04 B -0.2231  0.0022 0.0515 0.0532 96.2 -0.2231 -0.0022 0.0607 0.0631 958
B -0.1054 0.0063 0.0841 0.0831 95.0 -0.1054 -0.0050 0.0846 0.0832 95.6
log ¢ -1.6094 0.0025 0.1317 0.1365 96.8 -0.9163 -0.0104 0.0973 0.0965 95.0
log{(1+¢)/(1—)} 1.3486 0.0443 0.2526 0.2479  94.0 1.3486 0.0020 0.1855 0.1878 94.4
E(Na(1)|X; = 0) 4.0000 -0.0041 0.1609 4.0000 0.0064 0.1782
F(11X; = 0) 0.4000  0.0007 0.0210 0.4000 -0.0007 0.0220
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those in Table 2.3 (where the recurrent events are subject to right-censoring), we find
that the empirical standard errors as well as the asymptotic standard errors of estimators
related to Bl, (%1, and 1& are larger when the recurrent events data are interval-censored.
This is reasonable because we lose information on the exact recurrent event times when
recurrent events are intermittently observed.

3.4.3 Analyses with a Cox Model for the Terminal Event

Now we conduct semiparametric analyses by fitting a Cox proportional hazard model with
a non-parametric baseline hazard function for the terminal event process. We use a two-
stage estimation procedure with direct optimization to obtain point estimates, with the
variance estimates obtained using the Louis formula ( ) ) in (3.6). The complete
data score and information needed to compute the observed information are provided in
Appendix B.4 where the two-stage score and information are also given.

Simulation results averaged over 500 replications are summarized in Table 3.4. We see
that for all parameters of interest from the semiparametric analyses, the empirical biases are
small, the empirical and average estimated standard errors are in good agreement, and the
empirical coverage probabilities are close to the nominal 95% level. In addition, simulation
results obtained from a fully parametric specification with a 8-piece piecewise constant
baseline model are comparable with those obtained from semi-parametric specifications
(Table 3.3 vs Table 3.4) in terms of point estimates and variance estimates. Tables 3.2,
3.3 and 3.4 all demonstrate the validity of our model framework when the recurrent events
are subject to intermittent observation.

3.5 Joint Damage in Psoriatic Arthritis

HLA-B27 is a protein within the human leukocyte antigen (HLA) system, which is found
on the surface of white blood cells and plays a crucial role in the body’s immune response.
Its presence is found to be strongly associated with several autoimmune diseases such as
particularly ankylosing spondylitis, and other related inflammatory conditions like reactive
arthritis, psoriatic arthritis, and inflammatory bowel disease ( ).
To examine the effect of the genetic marker HLA-B27 on the development of joint damage
among patients with psoriatic arthritis, we apply our proposed model to the data from the
University of Toronto Psoriatic Arthritis Clinic registry. The joint damage is measured
by radiographic examination among patients with psoriatic arthritis and it is assessed
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Table 3.4: Tabulation of frequency properties of estimators obtained from a semiparamet-
ric specification with a Cox model for the terminal event under no random censoring for
E(A;(1) | X;) = 4 (just administrative censoring at 1; point estimates are obtained via direct
optimization of the observed data likelihood via two-stage estimation; variance estimates are
obtained through Louis formula with an EM algorithm; m = 1000 and ngj, = 500)

=02 ¢ =04
E(Ny(1)]X; =0) 7 Parameter TRUE EBIAS ESE ASE ECP% TRUE EBIAS ESE ASE ECP%
2 0 A4 -0.2231  0.0003 0.0662 0.0667 94.4 -0.2231  0.0005 0.0827 0.0751 92.0
B -0.1054 -0.0013 0.0794 0.0830 95.2 -0.1054 -0.0030 0.0853 0.0831  95.2
log ¢ -1.6094 -0.0198 0.2159 0.2199  95.0 -0.9163 -0.0096 0.1500 0.1452 95.8
log{(1+¢)/(1—)} 0.0000 0.0080 0.2753 0.2866 97.0 0.0000 0.0088 0.2203 0.2205 94.6

E(Ny(1)|X; = 0) 2.0000 -0.0024 0.1101 2.0000 -0.0023 0.1233

F(11X; = 0) 0.4000 -0.0010 0.0212 0.4000 -0.0004 0.0204
02 B -0.2231 -0.0011 0.0625 0.0684 96.2 -0.2231 -0.0005 0.0716 0.0789 96.8
B -0.1054 0.0075 0.0827 0.0830 95.2 -0.1054 -0.0057 0.0821 0.0831  95.2
log ¢, -1.6094 -0.0036 0.2155 0.2111  96.0 -0.9163 -0.0127 0.1424 0.1375 93.6
log{(1+4)/(1—%)} 06389 0.0323 0.2988 0.3071 95.4 0.6389 0.0168 0.2352 0.2374 95.4

E(Nz(1)|X; = 0) 2.0000 -0.0022 0.0994 2.0000 0.0022 0.1129

F(11X; = 0) 0.4000  0.0014 0.0215 0.4000 -0.0006 0.0213
04 B -0.2231 -0.0005 0.0634 0.5602 97.4 -0.2231 -0.0007 0.0710 0.0756 95.8
B -0.1054 0.0064 0.0840 0.0830  95.0 -0.1054 -0.0049 0.0846 0.0831  95.6
log ¢, -1.6094 -0.0064 0.2185 0.2145 97.0 -0.9163 -0.0140 0.1402 0.1453  96.2
log{(1+4)/(1—¢)} 1.3486 0.0568 0.3431 0.3558  96.6 1.3486  0.0197 0.2592 0.2949  97.2

E(Ny(1)|X; = 0) 2.0000 -0.0069 0.0973 2.0000 0.0000 0.1050

F(11X; = 0) 0.4000  0.0010 0.0210 0.4000 -0.0004 0.0220
4 0 B -0.2231 -0.0001 0.0510 0.0531 96.4 -0.2231  0.0008 0.0694 0.0633 92.2
Bo -0.1054 -0.0013 0.0794 0.0830 95.2 -0.1054 -0.0030 0.0853 0.0831  95.2
log ¢1 -1.6094 -0.0118 0.1343 0.1381 96.8 -0.9163 -0.0058 0.0992 0.1007  95.2
log{(1+¢)/(1—)} 0.0000 -0.0011 0.2080 0.2172  96.2 0.0000 0.0118 0.1705 0.1754  97.2

E(Na(1)|X; = 0) 4.0000 -0.0039 0.1773 4.0000 -0.0099 0.2014

F(1]X; = 0) 0.4000 -0.0010 0.0212 0.4000 -0.0004 0.0204
02 B -0.2231 0.0016 0.0507 0.0567  96.6 -0.2231 -0.0014 0.0614 0.0732  97.6
B -0.1054 0.0075 0.0827 0.0830 95.2 -0.1054 -0.0057 0.0821 0.0831  95.2
log 1 -1.6094 -0.0005 0.1302 0.1328  96.0 -0.9163 -0.0059 0.0970 0.0957 94.6
log{(1+v)/(1—¢)} 0.6389 0.0177 0.2202 02381 96.4 0.6389  0.0057 0.1753 0.1760  95.2

E(Na(1)|X; = 0) 4.0000 -0.0056 0.1647 4.0000 0.0123  0.1902

F(11X; = 0) 0.4000 0.0014 0.0215 0.4000 -0.0006 0.0213
04 B -0.2231  0.0022 0.0515 0.0532 96.2 -0.2231 -0.0022 0.0607 0.0631 958
B -0.1054 0.0064 0.0840 0.0830 95.0 -0.1054 -0.0049 0.0846 0.0831 95.6
log ¢ -1.6094 0.0029 0.1317 0.1365 96.8 -0.9163 -0.0101 0.0972 0.0965  95.0
log{(1+¢)/(1—)} 1.3486 0.0455 0.2527 0.2479  94.0 1.3486  0.0039 0.1856 0.1878 94.4

E(Na(1)|X; = 0) 4.0000 -0.0025 0.1610 4.0000 0.0085 0.1786

F(11X; = 0) 0.4000  0.0010  0.0210 0.4000 -0.0004 0.0220
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in each of 42 joints, including 30 hand joints (wrists, metacarpophalangeals, proximal
interphalangeals and distal interphalangeals) and 12 foot joints (metatarsophalangeals and
interphalangeal fist toes).

The cohort we focused on consists of 1131 patients diagnosed with PsA, all of whom had
at least one follow-up visit after recruitment into the study. Figure 3.1 displays ten profiles
of individuals that were recruited to the PsA cohort; 2 of them are HLA-B27 positive and
are coloured in blue in the figure. The dashed lines represent periods from PsA onset to
the recruitment, and the solid lines represent the follow-up periods. This figure shows that
the timing and number of visits vary across individuals. For each individual, the reported
age of recruitment is taken as the time origin, and the dates of radiological assessments and
numbers of cumulative damaged joints were recorded at subsequent assessment visits. The
average follow-up period is 21.17 years (S.D. 10.61, range 3.22 to 50.22), with an average
time from recruitment to the first follow-up visit of 1.27 years (S.D. 2.46, range 0.04 to
32.18). On average, patients had 18.50 visits (S.D. 15.45, range 1 to 80) and 4.95 total joint
damages (S.D. 8.67, range 0 to 59) during the follow-up period. A total of 184 (16.3%)
patients are HLA-B27 positive and 82 (7.3%) patients were observed to have died.

We consider a joint analysis of the recurrent joint damage process and the survival
process with the association between the two processes accommodated by a Gaussian
copula with Kendall’s 7 and the random effect specified by a Gamma distribution. We
consider the HLA-B27 as the only covariate and conduct both parametric and semipara-
metric analyses. For the fully parametric analysis, we specify an 8-piece piecewise constant
baseline intensity for death and use direct optimization of the observed data likelihood to
obtain estimators. For the semiparametric analysis, we specify a Cox model for death,
and estimators are obtained via a two-stage procedure, with variance estimates derived
through an EM algorithm. Results obtained from the joint analyses are summarized in
Table 3.5. We observe that the point estimates obtained through both parametric and
semiparametric models are comparable to each other while the estimated standard errors
are notably larger when we use a two-stage procedure for estimation. The presence of a
positive HLA-B27 significantly increases the occurrence of joint damage in patients with
PsA (exp(fp1) = exp(0.4410) = 1.554, 95% CI: (1.339,1.805), p < 0.001 with the para-
metric model; exp(f3;) = exp(0.4414) = 1.555, 95% CI: (1.191,2.030), p = 0.001 with the
semiparametric model), while it doesn’t have a significant effect on the survival process
(p > 0.05 for both specifications). The recurrences of joint damage show heterogene-
ity (¢ = 1.894, 95% CI: (1.722,2.083) with the parametric model; ¢; = 1.893, 95% CI:
(1.719,2.085) with the semiparametric model) between individuals and there is no evidence
of a significant dependence between the two processes (p > 0.05). Figure 3.2 shows the es-
timated cumulative conditional and cumulative marginal rates for the joint damage process
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Figure 3.1: Selected sample profiles of individuals recruited to the PsA cohort
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(left panel) and the estimated cumulative death hazard and survival function (right panel),
obtained from both parametric and semiparametric model specifications. The conditional
cumulative rate for the joint damage process is calculated given that the individual is alive
and the random effect is equal to 1. The marginal cumulative rate is an integrated version
that averages over the random effect and the survival status. The two cumulative rates
of the joint damage process give comparable results, which may be due to the fact that
death is rarely observed in the data and not significantly associated with the joint damage
process.

Table 3.5: Joint analysis of the joint damage and the survival process with a Gaussian
copula, a Gamma distributed random effect and a single covariate of HLA-B27; both
parametric (with an 8-piece PWC baseline rate for death; estimates are obtained through
direct optimization) and semiparametric models (estimates are obtained via a two-stage
procedure with variance estimates derived through an EM algorithm) are considered

Parametric Semiparametric

(Simultaneous) (Two-Stage)

Type Parameter EST SE EST SE
HLA-B27 (on joint damage) b1 0.4410 0.0762 0.4414  0.1360
HLA-B27 (on death) B2 0.2718 0.2671 0.2436  0.2733
Variance of the Random Effect log ¢, 0.6385 0.0486 0.6382 0.0493
Copula Parameter log =4 0.1749 0.1245  0.1723 0.1402

1—y

3.6 Discussion

In this chapter, we extended the copula-based model for joint modeling of recurrent and
terminal events, initially formulated in Chapter 2, to address scenarios where the recurrent
events are intermittently observed. This extension was achieved by specifying a piece-
wise constant baseline rate function for the recurrent events, as such models are flexible,
robust, and relatively easy to implement. We developed estimation and inference meth-
ods, including a computationally efficient two-stage procedure that enables semiparametric
specifications, with and without the use of an EM algorithm. For numerical studies, we
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specified a Gamma distributed random effect and a Gaussian copula. The results demon-
strate satisfactory frequency properties of estimators obtained from both simultaneous
and two-stage procedures in finite samples. The high relative efficiency of the two-stage
procedure supports the practicality of semiparametric analysis. Our model preserves the
neat marginal proportional hazard property for the terminal events and remains valid in
situations where there is no association between the two event processes.

We note that the copula function can be chosen from any well-studied copula families,
and the marginal distribution of the random effect is not limited to the Gamma distribu-
tion; other distributions, such as a log-normal distribution, can also be utilized. As our
model accommodates the dependence structure using a pre-specified copula function, an
important next step is to explore the sensitivity of the model to potential misspecifications
of the copula function. Copula models indexed by more than one parameter could be used,
but it may require larger datasets for estimability. Additionally, this model can be readily
extended to scenarios involving multiple types of recurrent events and a terminal event
process by increasing the dimension of the copula function. In this context, options such
as Gaussian copulas, vine copulas, or hierarchical copulas may be particularly appealing.

When individuals are observed or assessed intermittently, we generally assume that the
observation process is 1) non-informative about the event process and 2) independent of
the event process. These assumptions are necessary to draw valid inferences from standard
methods of life history analysis. However, the second condition might be violated in some
settings. For example, in clinical studies, assessment times may be related to the number
of event occurrences, such as when individuals visit more frequently if they experience
more severe disease conditions. Dependent censoring can also occur when individuals
decide to drop out of the cohort when they feel better. Such event-dependent observation
processes have received attention; see ( , ) for a general review
and discussion. In this project, we assume the censoring is ignorable and independent,
and the assessment times are non-informative and each is conditionally independent of the
corresponding current count of the recurrent events given the past observed history. A
potential extension is to accommodate event-dependent censoring; see ( ).
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Chapter 4

Cost-Effective Design of Survival
Studies Involving Intermittent
Observation of Time-Dependent
Covariates

4.1 Introduction

In studies of chronic disease, interest often lies in studying the association between time-
dependent biomarker processes and a failure time of interest which may represent death,
disease onset, or the progression time of a disease. Marker values are not available in
continuous time, but are available at periodic clinic visits when measurements can be made
on patients or blood or urine samples are drawn for testing. The Cox regression model
(Cox, ) is routinely used to model the association between marker processes and failure
but it requires the time-varying marker values to be known at all event times which may
not be the times they are measured. As a result, an ad hoc approach to statistical analysis
is to carry forward marker values from the times they are measured until they are updated
at the next clinic visit.

The bias between the true covariate effect and the estimand arising from a naive analysis
using the carry-forward approach has been investigated when the marker processes are
under intermittent observation ( , : , ). To address this issue,
joint modeling of continuous marker processes and failure times is needed, with most models
for the marker trajectory having an additive form with subject-specific random effects
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accommodating heterogeneity in the marker paths and a serial dependence. The association
between the marker process and the failure process is accommodated by incorporating
shared or correlated random effects to the failure time model ( , :
) ). Conditioning on the random effects, the failure time process
and the marker processes are typically assumed to be independent, but a joint model can be
obtained by integrating over the random effects. Such joint models often require a strong
assumption about the distributions of the marker processes ( , :

, ) and are less appealing when the failure event is death, as the marker process
does not terminate upon death ( : ). Other strategies for dealing
with intermittent observation of marker processes do not involve joint modeling.

( ) proposed a weighted Cox regression analysis where weights are introduced and
defined to decay with the time since the marker was most recently measured; this reduces
the bias by down-weighting contributions to the partial score function when it is a long
time since the marker measurement. Other methods involving using smoothing techniques
to impute the missing “current” marker values at failure times have been explored (

, ; , ; , ).

In medical research, it is common to discretize continuous biomarkers by specifying cut-
points agreed upon by researchers; in some settings these may be thresholds delineating
meaningfully different disease states. Such discretization can be appealing since it enables
a joint multistate model of the marker and failure processes by specification of a discrete
state spacing incorporating different levels of marker states and an absorbing state for the
terminal effect of death ( ) ). Moreover, in settings where marker
values are recorded at clinic visits or when an individual seeks medical care, the visit times
are often associated with the values of the marker process. It is then crucial to account
for such association between the clinical visit process and the disease process for valid
inference of the marker effect as the observation process conveys information about the
disease process ( , : ).

For this project, we consider a discrete biomarker with two levels representing, say, an
indicator of whether a marker is elevated (abnormal) or not. A multistate model is therefore
used for the joint marker and failure processes. A more general multistate model is also
formulated by incorporating a marker-dependent visit process. In practice, databases of
electronic medical records offer an unprecedented opportunity to study chronic disease
processes and it is too labour intensive to collect and clean data on all covariates at all
times. In such settings it is common to select a single clinic visit at which covariates are
measured and used for statistical inference. Ad hoc strategies include

a) using the marker value measured at the last visit time before failure or censoring;
the (misguided) rationale is that these values are likely the ones closest to the true
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values at the times of the respective failures for these observed to fail.

b) using the marker value measured at the last visit time under left-truncation; the
rationale is to avoid carrying “backward” measurements made later in the course of
follow-up.

¢) using the marker value measured at the first visit time, approximating the role of a
baseline covariate and having a consistent strategy for those failing and those who
are censored.

d) using the marker value measured at the first visit time under left-truncation.

We adopt the joint multistate model framework to investigate the asymptotic bias of esti-
mators based on these ad hoc strategies. We then propose and investigate a simple alterna-
tive cost-effective selection strategy for efficient choice of individuals and assessment times
to measure available markers to enable consistent parameter estimation in joint models.

The remainder of this chapter is organized as follows. In Section 4.2 we define notation
and formulate a three-state multistate model for joint modeling of the marker and the
failure processes. The joint marker-failure multistate model is then extended to incorporate
random censoring and marker-dependent visit processes. In Section 4.3 we present the Cox
model and review the large sample theory associated with misspecified Cox models. We
also describe four naive cost-effective ad hoc strategies and calculate limiting values of
the estimators from misspecified Cox models based on these strategies. Determinants of
the asymptotic biases of estimators based on these strategies are investigated through
simulation studies. In Section 4.4, we describe an alternative simple cost-effective selection
strategy where the final dataset for inference consists of a subsample of individuals with
marker values measured at each visit, and a subsample of individuals with marker values
measured only once at the first visit. A joint model is fitted to these selected individuals and
the effect of the size of the longitudinal subsample (to the cost budget) on the efficiency of
estimating the covariate effects is explored via numerical studies. We illustrate the proposed
selection strategy by an application to the PsA data in Section 4.5 and concluding remarks
are provided in Section 4.6.

4.2 Joint Modeling Framework

4.2.1 A Joint Marker-Failure Process

Suppose we have a time-dependent binary marker process and our primary goal is to study
the effect of the marker state on the intensity of failure (e.g., death or some other clinical
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endpoint). For continuous marker processes, we may discretize marker values into two
levels “normal/low” or “elevated/high”. We then consider a joint model for the binary
marker and the failure time depicted in Figure 4.1 where states 0 and 1 correspond to
ordered marker states and state 2 is an absorbing state entered upon failure at time 7. We
let Z(s) denote the state occupied at time s, s > 0, and {Z(s),0 < s} denote this joint
3-state marker-failure process. Note the transitions are possible in both directions between
adjacent states for the marker process.

LOW MARKER HIGH MARKER
0 - > 1
2
FAILURE

Figure 4.1: A joint marker-failure process model for a binary marker and a single absorbing
state entered upon failure

Let X3 be a p x 1 vector of fixed covariates, X;(s) = 1(Z(s~) = 1) indicate the time-
dependent binary marker, and X(s) = (Xi(s), X}) the overall covariates. Let H(t) =
{Z(s),0 < s <t, Xy} denote the history of the joint marker-failure process up to any time
t~ along with the fixed covariates. The intensity for the failure is defined as

L PZs+ AsT) = 2| Z(s7) = b, H(s))

Asl0 As = Mia(s | H(s)), k=0,1, (4.1a)

and the intensity for the transition between the marker states can be defined as

lim P(Z(s+As™)=k|Z(s7)=1—Fk,H(s))
Asl0 As

= Al—k,k(s ‘ H(S)) s k= 0, 1. (41b)
Under a conditional Markov assumption ( , ) given the fixed covari-

ates Xo, we can simplify (4.1a) as

. PZ(s+As7)=2|2Z(s7) =k, X3)
lim
Asl0 As

= M2(s | X(s)), k=0,1, (4.2a)
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and (4.1b) as

. P(Z(s+As7)=k|Z(s7)=1—k,X3)
lim
Asl0 As

= )\1,]6,]6(5 ‘ XQ) s k= O, 1. (42b)

Under a proportional intensity model for the transition intensities within the joint marker-
failure process, (4.2a) and (4.2b) can be expressed as

Ai2(s | X(s);02) = Aa(s;an) exp(X'(s)B), k=0,1, (4.3a)

and
Mokr(s | Xo;0k) = Me(s;ap) exp(Xoye), k=01, (4.3b)

respectively, where A\y(s; ) denotes the baseline intensity to failure indexed by ay, and
Ak(s; ) denotes the baseline transition intensity from state 1 — k to state k between the
marker states indexed by ay. Note 6y = (o, 5') with = (81, 85) a (1 +p) x 1 vector of
regression coefficients acting on the intensity to failure, and 0, = (o, ;)" with v, a p x 1
vector of regression coefficients acting on the state 1 — k to state k transition between the
marker states. We adopt this specification in what follows.

4.2.2 The Observation Processes

We consider the scenario where the failure time 7' is observed under a right-censoring
scheme. Let C' = min(7, W) be a right-censoring time where 7 denotes an administrative
censoring time and W a random withdrawal /censoring time. Let Y (s) = 1(s < C) indicate
an individual is under follow-up at time s and Y(s) = 1(Z(s7) < 2) = 1(s < T indicate
an individual is at risk of failure at time s, so Y'(s) = Y (s)Y(s) indicates an individual is
under follow-up and failure-free at time s. We let V' = min (7', C') and assume an individual
is followed up until whichever censoring or failure occurs first at time V. To incorporate
random-censoring, we expand the marker-failure process {Z(s),0 < s} in Figure 4.1 by
adding another absorbing state and depict the expanded joint model in Figure 4.2. By
the administrative censoring time 7, an individual either has been lost to follow-up due
to a random withdrawal (Z(7) = 3), has failed (Z(7) = 2), or is still under follow-up and
failure-free (Z(7) =0 or Z(1) = 1).

To model the random censoring we define dC(s) = 1(W = s), C(s) = [; dC(u),
AC(s) = C(s+ As™) — C(s™) and let {C(s),0 < s} denote the corresponding counting
process notation. The intensity for random censoring is defined as

L PAC(S) = 1| H(s):6)
Asl0 As

= As(s [ H(s); 03), (4.4)
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with H(s) explicitly defined in (4.6) and 65 indexing the random censoring process. A
marker-dependent random censoring process can be accommodated with (4.4) but for sim-
plicity we consider a completely independent random censoring time so that

As(s | H(s);03) = As(s; ), (4.5)

where 03 = a3 with as indexing the baseline random censoring intensity.

RANDOM CENSORING
3

LOW MARKEF/'
0 = > 1
\ /

HIGH MARKER

2
FAILURE

Figure 4.2: A four-state process obtained by incorporating a random censoring state to
the joint marker-failure process

The marker process is not typically under continuous observation even during the follow-
up period (0, V], but values may be potentially available at clinical visits intermittently
held during follow-up. As a result, both the number of transitions and the exact transition
times within the marker process are not observable. We let A(s) denote the number of

clinic visits over the period (0, s], AA(s) = A(s + As™) — A(s™), dA(s) = Erﬂ) AA(s), and
{A(s),0 < s} be the counting process for visits. Let
H(t) = {Y(s),dA(s), Z(s),0 < s < t, X} (4.6)

denote the full history of the joint marker-failure process, the censoring and the visit
processes, and the covariate information up to time ¢~. The intensity for the visit process

is defined as
P(AA(s) =11 H(s))

lim s = pls | H(s)). (4.7)
We then consider a modulated Poisson visit process ( : ) given the

covariates X (s) with a proportional intensity model so that (4.7) simplifies to

lim P(AA(s) =11 X;0,)
Asl0 As

= p(s | X(8);04) = po(s; au) exp(X'(s)n), (4.8)
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where pg(s; a4) denotes the baseline visit intensity indexed by a4 and n = (n1,75)" is a
(1 4+ p) x 1 vector of regression coefficients acting on the intensity to visit. Under the
specification of (4.8), we have

E{dA(s) | X(s)} = po(s; au)ds exp(X'(s)n),

and we note (4.8) allows a dependent visit process governed by marker values and fixed
covariates.

4.2.3 Observable Event Processes

Note that the full history H(¢), ¢ > 0 includes information from the past that is unob-
servable. The marker-failure process becomes unobservable if censoring occurs; similarly,
the random censoring process becomes unobservable if a failure occurs. Additionally, the
visit process becomes unobservable if either censoring or failure occurs. We now define the
counting process notation and intensities for the observable marker, failure, and observation
processes.

We let dNy(s) = 1(T
failure with Na(s) = 1(T < s) Let dNy(s) = Y( )dN (s) indicate a failure is occurred and
observed at time s, Na(s) = [ dNa(u), ANy(s) = Na(s+As™)—Na(s™) and {No(s),0 < s}
denote the counting process for an observable failure. The intensity of an observable failure
is then

s) and {Nz(s),0 < s} denote the counting process for the

lim P(ANy(s) =1 Z(s7) = k,H(s))
Asl0O As

=Y (s)Ma(s | H(s)), k=0,1.

If the failure process is conditionally independent of the observation processes (

, )y Aka(s | H(s)) simplifies to A\ga(s | H(s)) which is defined in (4.1a). For the
observable marker process, let dN(s) = 1(Z(s7) = 1—k, Z(s) = k), dNy(s) = Y (5)Ni(s),
Ni(s) = [ dNy(u) and ANg(s) = Ni(s + As™) — Ni(s™) for k = 0,1, the observable
tran51t10n intensity between the marker states is then

i P(ANy(s) =1|Z(s") =1k H(s))
Alsw As

Similarly we have A\j_p k(s | H(s)) = M_rx(s | H(s)) defined in (4.1b) if the visit process
does not affect the transition intensities between the marker values. For the random
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censoring process, we let dC(s) = Y(s)dC(s), C(s) = [, dC(u) and AC(s) = C(s +

As~) — C(s7), the intensity for an observable random withdrawal is then

lim P(AC(s) = 1| H(s))

lim - Y (s)hals | ()

with As(s | H(s)) defined in (4.4). For the visit process, we let dA(s) = Y (s)dA(s),
A(s) = [y dA(u) and AA(s) = A(s + As™) — A(s™). The intensity for an observable visit
is then

L P(AA(s) = 1] H(s))
Asl0 As
where p(s | H(s)) is defined in (4.7).

Figure 4.3 represents a more general joint model that incorporates a visit process on
top of the four-state process described in Figure 4.2. Transitions from row j — 1 to row j
arise when the jth visit is made. We let a; denote the time of the jth visit, j = 1,2,...,
and ag = 0 denote the time of origin. Under the observation scheme described in Section
4.2.2, the observable history of the marker-failure process and the observation processes
up to time ¢t~ can be written out explicitly as

=Y (s)p(s | H(s))

H(t) = {Y(s),dA(s),dNy(s),0 < s < t,{(aj, Z(a;)),j=1,...,A(t7)} , Xa} . (4.9)

A conventional analysis of data under such an intermittent observation of the marker
process is to carry forward recorded marker values from one assessment to the next available
one and update it, or from the final assessment until censoring or failure. This means
using X7 (s) := X1(aj) in lieu of X;(s) and fitting a standard Cox model for the failure
time with covariates X7 (s) and X,. Figure 4.4 shows the deviation of the carried-forward
marker values compared to the true marker values using an illustrative example.

( ) investigate the asymptotic bias of covariate effects estimated from this conventional
method.

4.3 Asymptotic Bias from Naive Cost-Effective Strate-
gies
4.3.1 Cost-Effective Ad Hoc Strategies Using Cox Models

In a large database there may be biospecimens collected periodically over follow-up and
stored in a biobank, but it may be prohibitively expensive to assess all of them. In settings
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Figure 4.3: A joint model for a four-state marker-failure-censoring process and a visit
process
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Figure 4.4: An illustration of the discordance between the observed value X7 (s) and the
true value Xi(s) when marker values are carried forward under intermittent observation
schemes
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with electronic medical records it may be necessary to delve into clinical cohorts to retrieve
more detailed information than is routinely recorded in medical records. This can be
laborious and time-consuming. In such cases some researchers advocate selecting only one
visit per individual for the measurement of expensive biomarkers due to budget and time
constraints. Common approaches include using the first visit to measure the marker value,
or the last visit before failure or censoring at time V. We let X7 denote the marker value
measured at the chosen visit, so that X7 = X7(V) = Xi(as)) when we select the last
visit before censoring or failure, and X7 = X7 (a;) = Xj(a1) when we select the first visit
to assess the marker value. The observed history of the marker-failure and the observation
processes up to time ¢~ is now

HO(t) = {Y(s),dA(s),dNx(s),0 < s <t, X7, X5} .

One conventional analysis involves using X7 in place of X;(s), treating the value as fixed
either from time 0 to V' which involves carrying backward and forward, or from the time
of measurement to V under left-truncation (which only involves carrying forward). Fitting
a Cox model for the failure time is then carried out with

[(s| X°) =Ty(s)exp(y'X°) (4.10)

where X° = (X7, X%), ¥ = (¢1,9))’, and T'g(s) is the baseline intensity to failure under this
specification. We consider four ad hoc strategies described in Section 4.1. The deviation of
X7 from X;(s) under these strategies is illustrated in Figure 4.5. Such a misspecification of
the true model in (4.1a) with (4.10) generally results in asymptotic bias in the estimation of
parameters of interest. In particular, we explore the asymptotic bias of this misspecification
on estimating parameters /51 and 2 when the true model for the failure process is (4.3a).

Suppose we already decided which visit (e.g., the last visit) to measure the marker value
and thus have a sample of observations from n independent processes yielding observed
data of {#H{(7),i = 1,2,...,n}. Treating the marker value fixed with X7 from time 0 to
the time until failure or censoring at V', the Cox partial likelihood score functions based
on (4.10) can be formulated as

Ui(s) = Z 1(A;(7) > 1)Yi(s) {dNjo(s) — dlo(s) exp(y' X))}, s> 0, (4.11a)
and .
Uy = Z 1(4;(r) > 1)/0 Y;(8) {dNi(s) — dTo(s) exp(¢' X7)} X7 (4.11Db)
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(a) choosing the last visit; without left-truncation (b) choosing the last visit; under left-truncation
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Figure 4.5: An illustration of the discordance between X7 and the true value Xj(s) based
on four ad hoc strategies: a) choosing the last visit to measure the marker value and carry
it both forward and backward; b) choosing the last visit to measure the marker value and
only carry it forward via left-truncation; ¢) choosing the first visit to measure the marker
value and carry it both forward and backward; d) choosing the last visit to measure the
marker value and only carry it forward via left-truncation;
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with Xp = (X7, X),)’, since each individual has to make at least one visit to have a
measured marker value X7. Solving U;(s) = 0 for dl'y(s) at a fixed level of ¢ gives the
Breslow profile estimate ( , ) modified to reflect the requirement of at least one

visit _ _
2imy L(Ai(7) = DYi(s)dNia(s)
>y L(Ai(7) > 1)Yi(s) exp(¢/ X7)

Upon substitution into (4.11b) we obtain a partial profile score function for v as

s> 0. (4.12)

df0(5§¢) =

i d o S R0
Z/ ) > 1)Yi(s ){Xi S )}lez( ) (4.13)
where ) i
R (s;0) = 1(Ai(r) = 1)Yi(s)(X7) W exp(4/X7) (4.14)

for k = 0,1, with a®) = 1 for k = 0 and ™ = a for k = 1. Setting U(¢) = 0 and
solvmg for ¢ gives w Upon substituting ¢ into (4.12), we obtain dly(s;1)) and thus

FO( fo dFO 1/})
The hmltmg value of 12 is denoted by v¥*, and is the solution to

T (s
E{U()} = n/o {T(l)(s) - ﬁr(o)(s)} 0, (4.15)
where
r®(s) = B{R"(5)} (4.16a)
and
r®(s;9) = B{R" (s;9)} (4.16b)
for k = 0,1, with
RM(s) = 1(Ai(7) = D)Yi(s)(X7)FdNa(s) (4.17)

and Rz(k)(s; 1) defined in (4.14). Note the expectations are taken with respect to the true
data generating model. More generally, v is consistent for ¢*, and as n — oo,

V() —¢") ~ MVN (0, A7 (") B(y") AT (07))) (4.18)
where A(y) = E{—-0U(¢)/0¢} and B(y) = E{(f)(¢)U’(¢)} ( , 1982;

Alternatively, if we consider the marker value left-truncated at the selected visit time
we denote generally by L; (i.e., the time of the measurement) and only carry forward X7
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from L; to V;, then the Cox partial likelihood score functions, the estimators QZ and Ty (s; QZ),
as well as the the limiting value ¥* and its asymptotic property, follow the results given
in (4.11a) to (4.18), but with Y;(s) = Y;(s)Y;'(s)Y;F(s) where Y;X(s) = 1(s > L;). If the
last visit is chosen to measure the marker value, L; = a,,(v;); if the first visit is chosen to
measure the marker value, then L; = a;;.

For what follows we focus on the scenario where the random censoring is independent as
specified in (4.5) and the visit process does not affect the nature of the transition intensities
between the joint maker-failure process, so that

Mea(s | H(s)) = Mea(s | H(s)) and  Aygi(s [ H(s)) = Mki(s [ H(s))

for k = 0, 1. In addition, we consider the particular setting of a conditional Markov process
with a proportional intensity assumption for the joint marker-failure process, so that the
true models for the marker-failure process are \ga(s | H(s)) = Ap2(s | X(s)) and A\_g k(s |
H(s)) = M—kx(s | Xa) for k = 0,1, with explicit forms specified in (4.3a) and (4.3b). We
discuss the implications of specifying (4.10) instead of (4.3a) under the observation scheme
described in Section 4.2.2. Specifically, we consider strategies of selecting the last or the
first visit to measure the marker value with the Cox model conducted without or with
left-truncation. Our goal is to investigate the relative asymptotic bias of 1& on the true
parameter 3, defined here as (¢v* — 3)/05.

4.3.2 Calculations of Expectations

In order to calculate the expectations required to evaluate the limiting value ¥* through
(4.15), we describe a multistate model which is a further expansion to the joint model of
Figure 4.3 in Figure 4.6, where states are labeled as Z(s) := (A(s), Z(s), X{(s)); the first
index is the number of observable visits up to time s, the second denotes the four-state
process of Figure 4.2 at time s, and the third is the marker value recorded at the most
recent assessment before time s. The states are arranged so that those in the left column of
Figure 4.6 are occupied by individuals with X7(s) = 0 and those on the right are occupied
by individuals with X7 (s) = 1. Transitions from the upper row to the lower row of states
indicate a visit is occurred and observed, and once entered one row the first and third
state indices remain the same within the row. This means transitions from one column to
another column of states can only occur when a new visit is observed and the marker value
recorded at this current visit is different than the marker value recorded at the last visit.
This figure thus contains information on the latent marker process, the observable failure
and observation processes, and the marker values recorded at each observable visit. Such
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Figure 4.6: A multistate model of Z(s) = (A(s), Z(s), X{(s)) depicting a more general
joint model for the marker-failure process and the observations processes
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a model was considered by ( ). We next define classes of states which are
convenient for future calculations. We let C§ = {(a, 2, 27}) : a = j} denote a set of states
occupied by individuals with the jth follow-up visit, C; = {(a, z,25}) : 2 = k} denote a
set of states occupied by individuals who are in state k for the four-state process depicted
in Figure 4.2, and Cf(f = {(a,z,x7) : 7 = [} denote a set of states occupied by individuals
whose most recently recorded marker value is (.

Based on this general multistate model, we calculate r*)(s) and r*)(s;%), k = 0,1,
under each of the four ad hoc strategies described in Section 4.3.1. Note 7 (s) can be
written as

rOs) = Bz { E{ R () | Z:(0), X} } .
and r@(s) can be partitioned into r®(s) = (r{"(s), [r{V(s)]")’ where
rV(s) = Bz { B {BD(5) | Z:(0), X} }
and
() = Bz { E{BS ()| 2:(0), X} |
= Ez,(0), X {Xz? E {REO)(S) | Zi(0), Xm}} ;
with REO)(S) defined in (4.17),
RY(s) = 1(Ai(r) > 1)Vi(s)X5dNia(s) ,

and
RY(s) = 1(A;(1) > 1)Y;(s) Xiz dNia(s)

Similarly we can write r(®)(s; 1)) as
r(s;4) = Ez,0) x. {E {REO)(S;%U) | Zi<0)aXi2}}
and partition M (s; 1) into M (s;1) = (r{V(s; ), [rSY (s;0)]') with
i (s:9) = Bzoxa { E{BY (5:9) | Z:0). Xa | |
and
) (5:0) = Ez,0).x. {E {Rg)(s;lp) | ZZ»(O),XQ}}

= Ez,0).x: {Xﬂ E {REO)(S;QM | Zz‘(o)»Xz?}} )
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where REO)(S; 1) is defined in (4.14),
RY (s;9) = 1(Ai(7) = 1)Yi(s) X7, exp(v'X7) ,

and

Ry (s:9) = L(Ai(7) > 1)Yi(s) Xoo exp(¢)/X7) .

Note the terms E{R"(s) | Z:(0), Xia}, E{RY(s) | Z:(0), Xz}, E{R" (s;0) | Z:(0), X:2}
and £ {REP(S; V) | Zi(0), X2} may take different forms when different ad hoc strategies are
used. Detailed calculations of these terms using the multistate model depicted in Figure
4.6 can be found in Appendix C.1.

4.3.3 Investigating Determinants of the Limiting Value ¢*

Next we investigate the limiting value ¢* as a function of the parameters of the transition
intensities in Figure 4.6 under above ad hoc strategies. We set the initial state occupancy
of the low marker value to be P(Z(0) = 0) = my = 0.5 and set the administrative censoring
time to be 7 = 1 without loss of generality. We consider a single binary fixed covariate
Xy with P(Xy = 1) = 0.5. For the conditional Markov marker-failure process with pro-
portional hazard transition intensities specified in (4.3a) and (4.3b), we set the baseline
transition intensities to be time homogeneous so that As(s;an) = Ay and Ag(s;ax) = g
for k = 0,1. For the failure intensities we set ; = log 1.5 so that an elevated marker
confers a 50% increase in the intensity to failure, and we set By = log1.25 so that X,
is also a risk factor. For the marker process we set 79 = log0.9 and v; = log1.1 so
Xy = 1 elevates the 0 — 1 transition intensity but reduces the 1 — 0 intensity. We let
m = A1/(A1 + A2) denotes the odds of a 0 — 1 transition when the process enters state
0 with Xy = 0, and set m; = 0.75. We then set ro; = (Ao + Aaexp(f1))/( A1 + A2) = 2
so that the mean sojourn time in state 0 is twice the mean sojourn time in state 1 when
X5 = 0. With all other parameters specified as described above, we control the marginal
failure rate at the administrative censoring time for the marker-failure process by let-
ting m = P(Z(1) = 2) = Ez0),x, {P(Z(1) =2| Z(0), X2} and solving for A\, to satisfy
g = 0.8.

Having specified the parameters for the three-state marker-failure process in Figure 4.1,
we now consider the expanded four-state model in Figure 4.2. We consider an independent
random censoring with an intensity specified in (4.5) with a time-homogeneous model so
that A3(s;a3) = As. Let m3 = P(Z(1) = 3) = Ez0)x, {P(Z(1) =3 Z(0), X5} denote

the marginal random censoring rate by the administrative censoring time, and we solve
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m3 = 0.2 for A3 to ensure a 20% random censoring rate. Lastly we consider a conditional
Poisson visit process with a proportional intensity for visits specified in (4.8). We let the
visit process to be time-homogenous so that py(s;ay) = po. We consider both a completely
independent visit process (7, = 172 = 0 in (4.8)) and a marker-dependent visit process
(m # 0,m = 0). For the former case we investigate the limiting value ¥* as a function of
po- For the latter case, we investigate ¢* as a function of the marker effect on the visits
11; we let

p=E{A(T)} = Ez@),x, {ZJ - P(2(r) € CF | Z(O),Xz}
=0
and for each specified value of 7, we solve for py such that u = 4,8,12. The relative
asymptotic bias of ), i.e., (F — B1)/B1 and (¢ — B2)/Bs, obtained from the four ad
hoc strategies with either an independent or marker-dependent visit process are shown
in Figures 4.7 and 4.8 respectively. The solids dots in Figure 4.7 represent the average
estimate from a naive Cox model fitted under the corresponding assumptions; 500 samples
were generated of 1000 individuals each. It is clear to see that these empirical averages
coincide well with the corresponding limiting values.

Figure 4.7 contains plots of the asymptotic relative bias of estimators of the effects of
X7 (left column) and X, (right column) on the failure time process defined as (¢} — 1)/
and (¢35 — Bs)/ B2 respectively. The four naive sampling strategies are represented in the
four rows of the figure. The results demonstrate that even with an independent visit
process, selecting only one visit to measure the marker value and carrying it forward
or backward as well will render the estimator @ inconsistent for §. All four-strategies
severely underestimate the marker effect. For the effect of fixed covariate, all strategies
overestimate the effect except when X7 is measured at the first visit and treated as left-
truncated. Specifically, when X7 is measured at the last visit and carried both backward
and forward, there is a trend of decreasing bias of both 7,/31 and zﬂg as the visit intensity pg
increases. When X7 is measured at the last visit but carried only forward, we still observe
a decreasing bias of 2[11 as po increases, but the bias of 2/32 goes to the other direction and
significantly increases when pg increases. For the strategy where X7 is measured at the first
visit and carried both backward and forward, the asymptotic bias of 1,&1 tends to increase
while the bias of 15 tends to decrease with an increasing po- There is no trend of change
of the biases of 1&1 and 1;2 when X7 is carried only forward from the first visit.

Figure 4.8 shows analogous results that in general all strategies provide a conservative
estimate of the marker effect and a progressive estimate for the fixed covariate effect,
except when X7 is carried only forward from the last visit. A negative value of 7; indicates
a negative association between the marker and the visit intensity. As 7; increases from
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—2 to 2, the association between the marker and the visit process goes from negative
to positive, and the strength of the association first decreases (to 0) and then increases.
When X7 is carried only forward from the first visit, no trend is observed as 7; increases.
In contrast, a trend of increasing ¥j and 15 is apparent for all other strategies, with the
rate of increase being higher with greater visit intensities.

4.4 Cost-Effective Design of Selection Schemes

Having established that any of the ad hoc approaches that we considered yield inconsis-
tent parameter estimators with appreciable asymptotic bias, we next turn to the design
questions of how to develop sampling strategies to facilitate joint modeling and the possi-
bility of consistent parameter estimation. We do this by sampling some individuals for the
complete evaluation of their samples over assessments and some individuals for a single
assessment of the baseline (first visit) value.

The rationale for this simple scheme is that those selected for the complete assessment
of their samples will enable estimation of the transition intensities for the marker process
which enables suitable use of data from those where a single sample is chosen. There are,
however, individuals who experience events that are not sub-sampled in this scheme so there
is the potential for some loss of information. Suppose we have n individual processes, each
with m; > 0 clinical visits by the administrative censoring time for individual z,7 =1,... n.
For all individuals their biospecimens are sampled and stored at each clinical visit. The
total number of measurements of the marker value is denoted by m. = > | m;. Suppose
instead of accessing all m. measurements, budgetary constraints mean only an average
number of 1, (pp < m.) measurements can be made across all n individuals. In Section
4.3, iy = n and we investigated the allocation of the p;, measurements such that for each
individual we access one single measurement of the marker value at a chosen clinical visit.
We demonstrated that the Cox estimators of regression coefficients are asymptotically
biased regardless of which visit these marker values are measured and whether they are
treated as left-truncated. The nature of the bias, however, varied according to the sampling
strategy.

The bias induced by using the naive ad hoc strategies can be mitigated by fitting a joint
model based on Figure 4.3 with intermittently observed data H(V;") defined in (4.9), and
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Figure 4.7: Relative asymptotic biases of ¢, (left panel) and ¥ as a function of the baseline
visit intensity pp with an independent visit process under four ad hoc strategies; the solids dots
represent estimators averaged over 500 simulations with a sample size of 1000.
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Figure 4.8: Relative asymptotic biases of 11 (left panel) and v, as a function of the marker
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the partial likelihood is given by

n %

(Vi)
{ H P(Zi(aij) | Zi(aij-1), Xiz)

=1

1

X ZP (Z:(V7) =k | Zilaia, o), Xiz) Me2(Vi | X (V) = k’Xiz)éi} -
k=0

Thus it is natural to consider an alternative cost-effective selection strategy that enables
joint modeling: we select ny, individuals and access all of their marker values (i.e., at each
clinical visit); we then select ng individuals from the rest to access their marker values at
their first visit. Let R;; indicate individual 7 is selected to be followed longitudinally for
complete assessment of marker values over time, R;s indicate the individual is selected for a
single measurement of the marker value at the first visit, ¢ = 1,...,n, then ny, = > " | Rir
and ng = E?:l R;s. Note under this selection strategy, an individual is either selected
to be in the longitudinal subsample (R;;, = 1, R;s = 0), or selected to be in the single-
measurement subsample (R;;, = 1, R;s = 0), or not selected at all (R;, = 0, R;s = 0).
Let

n
myp = E Ripm;
i=1

denote the total number of visits in the longitudinal subsample, we denote the total number
of marker measurements selected as my, = my + ng with E{m;} = p, to satisfy the cost
constraint. A question then naturally arises: how should the budget be allocated between
the longitudinal and single-measurement subsamples? In other words, what fraction of m,
should be allocated to m?

We consider an independent random sampling so that (R;z, R;s) follows a trinomial
distribution with m;;, = P(R;;, = 1) and m;s = P(R;s = 1). For simplicity, here we focus
on the setting where the observation process is independent and non-informative. Under
the conditional Markov assumption, the partial observed data likelihood contributed from
one individual can be written as

L; {WLLiL}RiL {WSLiS}RiS

where L;;, L;s denote the contributions from the longitudinal and single-measurement
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subsamples respectively, with explicit forms

Lip, OCHP (Zi(ay) | Zi(aij-1), Xia)
j=2
1

X ZP (Z:(V;7) = k| Zi(aim,), Xiz) M2 (Vi | Xan (V") = k, Xio)" |

k=0
and

1
Lis < Y P(Zi(V7) =k | Zian), Xi2) M2(Vi | X (Vi) = &, Xia)™ .
k=0

where V; = min(T;, C;) and §; = 1(V; = T;). With a sample of n independent individual
processes, the overall partial observed data likelihood is then L(#) = " | L;(¢) where
0 = (60;,07,0,) denotes parameters associated with the marker-failure process defined in
(4.3a) and (4.3b). The Fisher information Z(0) = E {0L;(0)/0000'} can be written as
a weighted sum of the Fisher information contributed from the longitudinal and single-
measurement subsamples

Z(0) =7 Zp(0)+ msZs(0),

where

T.(0) = E{0L;1(0)/0000'} and Zs(0) = E{0L;s(0)/0006'} .

Let i = E{A;(7) | Ai(t) > 1} denote the expected number of visits per individual by
the administrative censoring time conditioning on making at least one visit. Taking the
expectation of my, = mL + ng on both sides gives the relation

fp/n = T+ T (4.21)

With a pre-specified value of y;,/n and fi, we can solve mg for a specific value of 7;,. Hence
the asymptotic variance of regression coefficients is a function of 7, and such we can find
an optimal value of 7y that minimizes the asymptotic variance.

Next we investigate the asymptotic variance of B when we vary the fraction

E{mp}/pw =nmLi/ (4.22)

which represents the relative proportion of the measurements in the longitudinal subsample
to the total budget. We follow the model specifications and parameter settings of Section
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4.3.3 and let the failure rate be m = 0.1,0.25,0.5, or 0.8. We set pp/n =0.5,1and g = 4,8,
and plot the asymptotic relative efficiency of 5, defined here as

A

ARE(R) = asvar(f3)
ol

as a function of E{myg}/u in Figure 4.9. The optimal values of E{my}/u, vary between
5% to 25% and the corresponding asymptotic variances of B are provided in the legends
of the plots. Across all parameter settings, there is a common pattern: the asymptotic
relative efficiency of 3 increases rapidly and then gradually decreases when the relative
proportion of my, increases from 0 to 1. This is aligned with the fact that when E{mp}/u
is smaller, we have more individuals with fewer repeated measurements of the marker value
so that we lose information about the marker transitions; while E{my}/u, is larger, on
the other hand, we have fewer individuals with more repeated marker measurements, so
we lose information on the failure time. Comparing various levels of failure rate my, the
optimal fraction of E{m}/u, is larger with higher my; additionally, the rate of change in
the relative efficiency is also larger. The asymptotic variances are overall smaller when we
have more budget (pp/n = 0.5 vs pp/n = 1).

4.5 Illustrative Application to Psoriatic Arthritis Co-
hort Data

An illustrative example of the proposed selection strategy is given here by applying the
method to the PsA cohort data described in Section 1.3.2. C-reactive protein (CRP) is
a substance produced by the liver in response to inflammation, and a CRP blood test
measures its level to detect inflammation from acute conditions or to monitor the severity
of disease in chronic conditions. Erythrocyte sedimentation rate (ESR) is another blood
test used to detect inflammation in the body. While similar to CRP in its purpose, ESR
measures different aspects and can sometimes be used together with CRP for a more
comprehensive view of inflammation. Both CRP and ESR measurements can only be
taken during periodic clinical visits through blood tests. The primary interest here lies in
studying the effect of the time-dependent covariate denoted ESR_.CRP (which indicates if
either ESR or CRP is elevated) on the time to the development of five or more damaged
joints in patients with PsA. This represents a sufficient degree of damage that it satisfies
the condition for a severe form of arthritis called arthritis mutilans ( , ).
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We focus on a total of n = 1123 patients with a prior diagnosis of PsA who had made at
least one follow-up visit after recruitment into the study. For each individual, the reported
age at PsA diagnosis is taken as the time origin. At each subsequent clinical visit, data
including the ESR and CRP results from the blood tests, the date of the blood test, and
the number of cumulative damaged joints were recorded. The age of onset of PsA varies
from 4 to 49 years (with an average of 39.07 and S.D. of 13.57) across patients in this
cohort, and the number of visits made per individual during their follow-up period ranges
from 1 to 62 (with an average of i = 9.98 and S.D. of 12.42). Additionally, 274 (24.4 %)
patients were observed to develop five or more damaged joints.

Instead of using all m. = 11204 measurements of the ESR_CRP marker value, we
imagine that the measurements were not available and consider a budgetary constraint.
We subsample the times at which samples are available by our proposed cost-effective
sampling strategy for a joint analysis of the ESR_.CRP marker and the development of
arthritis mutilans. We consider a fixed covariate of HLA-B27 and consider budgets py to
be 0.5n, n or 2n. With a pre-specified value of E{m}/u, (i.e., the relative proportion of
the marker measurements in the longitudinal subsample to the total budget), 7, and 7g can
be determined via (4.21) and (4.22). We then select a subsample of marker measurements
accordingly for the joint analysis. Our goal is to empirically investigate the variance of
the coefficients of both ESR_.CRP and HLA-B27 covariates under different specifications
of E{mr}/m. When u, = 0.5n or n, we choose E{m}/u, = 0.2,0.4,0.6, or 0.8; when
wy = 2n, we choose E{mp}/m = 0.6,0.7,0.8, or 0.9, since we have to assign at least half
of the budget to the longitudinal subsample (i.e., E{mr}/us > 0.5 ) to ensure mg < 1.
Time-homogeneous transition intensities are fitted for the joint multistate model, and the
results of the estimates of the regression coefficients under various specifications of u, and
E{mpg}/m are summarized in Table 4.1. For u, = 0.5n or n, a minimum variance of the
effect of the time-dependent marker ESR_CRP on failure is achieved when we assign 40%
of the marker budget to the longitudinal subsample, while a minimum variance of the effect
of the fixed covariate HLA-B27 is achieved at 60%. For u, = 2n, the minimum variance of
both the marker effect and the fixed covariate effect is achieved when E{m}/u, = 60%.
Additionally, the estimated variance of both effects decreases as we have more budget
(data) for the time-dependent ESR_.CRP value. The point estimates of the ESR_.CRP
effect are comparable when E{mp}/u, < 0.6 but not when E{m}/u, > 0.6. This may
be due to the small censoring rate of the original data, meaning that recruiting fewer
individuals (and having more longitudinal marker measurements) results in less data on
observed failures.
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Table 4.1: Joint analyses of the ESR_.CRP and failure processes with a fixed covariate
of HLA-B27 using subsamples selected under different specifications of p, and E{mp}/;
time-homogeneous baseline transition intensities are fitted; variance estimates are obtained
through observed information matrix averaged over 500 repetitions

Covariate
ESR.CRP (B;) HLA-B27 (5,)

w/n  E{mp}/py  EST VAR EST VAR

0.5 0.2 1.639  2.848 0.175  0.590
0.4 1.464  2.449 0.293  0.588

0.6 1.361  2.608 0.225 0.532

0.8 0.941 2.634 0.291 0.574

1 0.2 1.660  1.343 0.231 0417
0.4 1.522  1.288 0.270  0.339

0.6 1.355  1.305 0.285 0.312

0.8 0917 1.324 0.258 0.351

2 0.6 1.229  0.705 0.283  0.200
0.7 1.134  0.732 0.270 0.211

0.8 0974 0.974 0.268 0.231

0.9 0.798  0.791 0.263 0.273
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4.6 Discussion

We considered a common setting where biomarkers that vary over time are measured at
periodic clinical visits. By discretizing a continuous biomarker into two levels, we for-
mulated a joint multistate model for the marker-failure process; moreover, the multistate
model was further expanded to accommodate dependent observation processes, following

( ). Markov transition intensities with proportional hazard models were
adopted to govern the disease dynamics. With the marker value measured at each clin-
ical visit, a joint analysis can be conducted for the marker-failure process. However, in
practice, instead of having the marker value measured at each visit, it’s common to use
the marker value assessed at one single visit for statistical inference due to cost and time
constraints. Four common cost-effective strategies where the marker value is treated as
fixed from either time 0 or the time of measurement were described and the asymptotic
bias of estimators arising from fitting misspecified Cox models were investigated. We found
that there is generally an attenuation of the estimated regression coefficients, particularly
for the marker effect, even when the visit process is completely independent. We then pro-
posed an alternative cost-effective selection scheme of individuals that enables efficient and
consistent estimation of parameters and formulated the observed data likelihood under the
assumption of independent observation processes. The Fisher information was presented
for an optimal design and the asymptotic relative efficiency of estimators obtained from
the proposed strategy was explored.

As we only have focused on simple random sampling for individual selection, a natural
next step is to consider other sampling mechanisms such as outcome-dependent sampling
- we may select more individuals with observed failures. Additionally, we could choose
specific visits for marker measurements of individuals, either dependent or independent of
the failure status - the visits chosen could vary across individuals. Robustness of the joint
model could be improved by adopting piecewise constant baseline transition intensities.
Random effects could also be incorporated to account for unexplained heterogeneity in the
individual level. More complex multistate disease process could be considered when there
is more than one clinical event of interest. Moreover, higher dimensional marker process
could also be considered via the use of more cut-points or through the consideration of
more time-dependent markers.
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Chapter 5

Discussion and Future Work

5.1 Discussion

This thesis has presented new statistical methods addressing challenging problems in the
joint analysis of disease processes involving incomplete data due to intermittent observa-
tion. In Chapters 2 and 3, we concentrated on joint modeling of a recurrent event process
and a terminal event process subject to right-censoring as well as intermittent observation.
In Chapter 4, we focused on the joint analysis of a time-dependent marker process and a
failure process, where the marker is only assessed during intermittent clinical visits.

The project discussed in Chapter 2 was motivated by a study of the efficacy of pamidronate
in preventing skeletal complications in patients with bone metastases from advanced breast
cancer. To accommodate the fact that death precludes further skeletal complications, we
formulated a new model for a joint analysis of the recurrent skeletal complications and
death. We specified a Cox model for the terminal event, and a multiplicative rate function
for the recurrent events conditional on a latent random effect. These two processes are
linked via a copula function, which defines a joint model for the random effect and the ter-
minal event. Plots of conditional recurrent and terminal event rates given the full history
have been investigated to gain insights about the nature of the bivariate process under
our proposed model formulation with a Gaussian copula and a Gamma distributed ran-
dom effect. When these two processes are subject to right-censoring, we have developed
estimation and inference methods including a computationally more efficient two-stage
procedure that enables semiparametric specifications, both with and without the use of an
EM algorithm. Simulation studies demonstrate that the proposed methods provide valid
inference in finite samples, and the two-stage procedure is highly efficient. Important in-
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sights were gained about the efficacy of pamidronate in reducing skeletal complications in
breast cancer patients with bone metastases. Compared to joint modelling of the recurrent
and terminal events based on shared or correlated random effects, our model preserves the
marginal proportional hazard property for the terminal event process. Additionally, our
approach distinguishes itself by addressing unobservable heterogeneity in recurrent events
and capturing the interdependence between the two processes through distinct structures.
Notably, it remains valid in situations where there is no association between the two event
processes. While alternative frameworks for joint analysis via marginal approaches are ro-
bust, they do not exploit the history of the joint processes which can lead to more accurate
and precise predictions of features of the recurrent event process.

In Chapter 2, we focused on the settings where recurrent events are subject to right-
censoring so that the exact times of event occurrence during the follow-up period can be
observed. However in many clinical trials, the occurrences of events of interest are not
immediately evident and can only be determined during periodic clinical visits. As de-
scribed in the motivating study of patients with PsA, the number of joint damages for
participants is assessed through radiographic examinations during their periodic clinical
visits. This motivated the project discussed in Chapter 3 where we considered the joint
analysis of the terminal event and interval-censored recurrent events. The extension of the
coupled-based joint model was achieved by specifying a piecewise constant baseline rate
function for the recurrent events. These piecewise constant models offer the advantages of
parametric models while providing some robustness against misspecification of the para-
metric form of rate functions. The marginal interpretability of the regression coefficients
for the terminal event is retained, and semiparametric analyses are feasible via a two-stage
estimation procedure. The finite sample performance of estimators obtained through pro-
posed methods demonstrated the validity of our model framework. Applying this method
to the PsA cohort data revealed a significant positive association between the HLA-B27
marker and joint damages in patients with PsA.

In Chapter 4, we studied the association between a time-dependent biomarker and a
failure time of interest, focusing on the setting where biomarkers are measured at intermit-
tent clinical visits. We introduced a multistate model for the joint marker-failure process
by discretizing the continuous biomarker into two levels. One appealing feature of this
model formulation is that this multistate model can be further extended to account for
dependent censoring and visit processes ( , ). We also considered budgetary
constraints on collecting marker values at clinical visits and investigated asymptotic biases
of several common but naive cost-effective strategies for statistical inference arising from
misspecified Cox models. Our findings indicated that there is generally an attenuation
of the estimated regression coefficients, particularly for the marker effect, even when the
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visit process is completely independent of the disease process. To address this, an alterna-
tive cost-effective strategy has been proposed to mitigate bias under budgetary constraints
which involves efficient selections of individuals. The asymptotic relative efficiency of es-
timators obtained from this proposed strategy under different designs has been explored
and an optimal one can thus be determined.

5.2 Future Work

5.2.1 Future Research on Chapters 2 and 3

In Chapters 2 and 3, we accommodated the dependence structure between the recurrent
and terminal events by linking the random effect and the terminal event using a pre-
specified copula function. An important next step is to investigate the sensitivity of our
model to potential misspecification of the copula function. We note the choice of copula
functions can be quite flexible - copula models indexed by more than one parameter of
association could be used and copula functions from any well-studied family could be used.
More data may be required for estimability of parameters when the copula function in
use is of more than one parameter. The random effect is not restricted to the Gamma
distribution, a log-normal distribution may be used for example.

This joint model can be readily extended to scenarios when we are interested in mul-
tiple types of recurrent events and a terminal event process by increasing the dimension
of the copula function. Specifically, if we have K types of recurrent events of interest, we
can introduce a latent random effect for each type of recurrent event and specify an event
rate function modulated by this random effect. The dependence structure can then be
constructed by a (K + 1)-dimensional copula function linking the random effects and the
terminal event. Various dependence structures can be considered, such as specifying pair-
wise associations. Gaussian copulas, vine copulas, or other hierarchical copulas might be
particularly appealing in this context due to their flexibility and ability to model complex
dependencies. Additionally, one may also be interested in sample size estimation when
designing clinical trials with these endpoints in mind. Developing a joint test of the hy-
pothesis concerning the effects of covariates on both terminal and recurrent events might
be of interest as well. This could provide a more comprehensive assessment of the covariate
effects and improve the power of statistical tests in the context of complex event processes.

We focused on the situation where the right-censoring is non-informative about the
parameters of interest and independent of the disease process. However, this assumption
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might be violated in settings where individuals decide to drop out of the cohort simply
because they feel better. Such event-dependent censoring or loss to follow-up in studies of
failure time processes has received considerable attention ( , ;

, : , : , ). Models in which the
censoring shares a common random effect with the event process have been suggested for
settings involving event-dependent censoring or inspection ( , ). We
can follow the idea and introduce a shared random effect between the terminal event and
the censoring process, or we may introduce another latent random effect that modulates the
censoring process and link this random effect with other events of interest through a copula
function. In addition, interval-censored data for the terminal event might be considered
as well. When disease onset times are prior to selection to a cohort, for example, in the
PsA cohort individuals are required to have a previous diagnosis of PsA and be alive to be
recruited to the study, biased selection arises. Such outcome dependent selections might
be incorporated into the likelihoods to mitigate the bias in parameter estimation.

5.2.2 Future Research on Chapter 4

In Chapter 4, budgetary constraints are considered when collecting marker values measured
at clinical visit for statistical inference on the effect of the time-dependent marker on the
failure of interest. To address these constraints, we proposed a cost-effective selection
strategy where the final dataset for inference consists of a subsample of individuals with
marker values measured at each visit, and another subsample of individuals with marker
values measured only once at the first visit. We focused on simple random sampling
for individual selection into the subsamples and derived an optimal design for specifying
the selection probabilities. A natural alternation of the selection strategy is to consider
outcome-dependent sampling for individual selection to the two subsamples. Specifically,
we might intentionally select all individuals with an observed failure and collect their
marker values measured at all clinical visits. Besides selecting individuals with either
a single measurement or all measurements of the marker value, we could also consider
selecting specific visits or time points for each individual, and the visits chosen could vary
across individuals. In general, if we let R;; =1, j = 1,...,m,;, indicate the marker value
measured at the jth visit for individual ¢ is collected for analysis, the budgetary constraint
becomes my = Y i, > ) Ry;. Various models can be specified for the joint distribution
of the selection indicators R;;, allowing for the formulation of a joint likelihood of the
selection indicators and the marker-failure process. Fisher information can then be derived
for determining an optimal design of the parameters related to the selection distributions.

The robustness of the multistate model for the joint marker-failure process can be
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improved by adopting piecewise constant baseline transition intensities. Random effects
could be incorporated into the transition intensities to account for unexplained hetero-
geneity at the individual level. More complex multistate disease process can be considered
when there is more than one clinical event of interest. Additionally, the multistate model
can be extended to accommodate a higher-dimensional marker process via the use of more
cut-points for the marker value or through the consideration of multiple time-dependent
markers. Mixture multistate models might also be of interest when there is a portion of the
population not susceptible to the event of interest. These models can separate the suscep-
tible and non-susceptible subpopulations, providing more accurate estimates of the effects
of covariates on the failure risk. This approach could be particularly useful in settings
where heterogeneity in the population’s response to covariates or failure susceptibility is
expected.
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Appendix A

Appendix to Chapter 2

A.1 Joint Recurrent-Terminal Event Model via a Gaus-
sian Copula

A K-dimensional function of v = (vy,...,vk)" from the Gaussian copula family has the

form
C(v;8) = Pg (27 (v1),..., 2 (vk); D)

where ®(-) denotes the c.d.f of a standard normal distribution and ®g(-;%) denotes the
multivariate c.d.f. of a K-variate normal distribution with mean vector zero and and a
K x K covariance matrix Y. Note the Gaussian copula is determined entirely by its
covariance matrix.

Using a bivariate Gaussian copula, a joint model for the random effect U;; and the
terminal event time 7; conditioning on covariates X; can be written as

P(Un <uy, Ti >t | Xi5 02, 01,90) = C(Gr(ur; 01), F(t | Xi504)59) (A1)
=y (¢71(G1(U1;¢1))7 (I)fl(]:(t | Xi;92>)§¢)

where ®5(-, ;1) denotes the c.d.f. of a bivariate normal distribution with a covariance

matrix
1
EQXQ - ( 1/] @]Zi )

and the correlation ¥. Note that under such a specification, we have

2
Kendall's 7 = — arcsin(v)),
T
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and 1 = sin (g x Kendall’s T).
The first derivative of (A.1) w.r.t. u; gives

P(Uii = w1, T; > t | Xi304,¢1,9) = %C(Gl(ul;gbl),}"(t | Xi;02);37) (A.2)
___ 9 . ooy, oy G (s d1)
- (9G1(u1;¢1) C<G1(u17¢1)7"r(t ‘ X1792)’¢) dU1
0, —
= <QI(t7 2/—)1 _ii2(¢l)> g1(u1; d1)
where
q1(t;00) = O (F(t | Xi5602)) and  ga(¢1) = D (Gilus; ) (A.3)

Taking the negative of the derivative of (A.2) w.r.t to ¢, the joint density of (U;,T;) is
then given by

P(UZ = Ul,j—‘i =t | XZ) 027 ¢17¢) (A4)
o 0
= EC(Gl(Ul;%),}-(t | Xi502);0)
P C(Gi(u; ), F(t ] Xi;02);9) dGi(uis ¢1) OF (¢ ] Xi502) dF(t | Xi;0,)
n 8G1(u1; ¢1) 3]—"(75 | Xi;eg) du1 aF(t | Xi; 92) dt
B 1 V2 [q1(t;02) 4+ q2(01)?] — 29 u(t;02)q2(¢1) , B
- o - i Jantusi o) (2| Xis0).
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A.2 Calculations of Some Expectation Terms under a
Gaussian Copula

The EM algorithm requires calculation of some expectation terms in (2.10) and we give
details on their calculation here. We take E(Uy; | H;(w;); 07~Y) as an example. Speficially,

_ ) du
B(Un | i) 00— = Jo  £0T 1) duy
( 1 | (wl ) ) fO £l<9 )du1

0;
- fooo UlMi(U1;9§T_1))91(U1 | T; = wz;Xuer 1) (T 1);¢(r_1))du1
o Qz (@(r 1))

o0 r— r— r— _ 1-6;
y fo ule-(ul;6’§ 1))91(161 | T; > wi, Xi; 95 1)7 5 1)7¢(T 1)) duy
Qi2(0—1) ’

(A.5)

where
M(ul, 91) = U?Z exp(—ulR(wi ’ XZ, 91))

Qi1 (6 / M;(u1;01) g1 (ur | T = wy, Xi; 02, ¢1,0) duy

and
Qi2(0 / M;(ur;01)g1(ur | T; > wy, X3 0o, ¢1, ) duy

If we specify a Gaussian copula for the joint model as in Appendix A.1, and using the
notation ¢ (t;6s), q2(¢1) from (A.3) with

Q1(02) == qi(w;; 02), (A.6)
we have
91(“17 1) D q1(02)* + g2(61)*) — 2¢0q1(02)g2(1)
Qi1 (0 / M;(uy;64) o exp (— 20— 07) ) duy
¢(Q2(¢1)) @i (02)" + q2(61)*) — 2001 (02)q2(1)
/ M;(uy;61) T—? exp( 2(1 — ¢?) ) dga(¢1)
_ (-1 . ) 1 ox _(Q2(¢1) - ¢€I1(92))2
= [ MG @aton)so):0) s exp B o)
= By, {M;(GTH(®(V1); ¢1);61) } (A7)
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where V) ~ N(¢q(6s),1 — ¢?), and

Qi (0 /MU1791 <Q1(92)—¢CI2(¢1)> g1(uq; ¢1) s

V1 =12 F(w; | Xy;02)
7 v 01(02) — 0as(d1) | B(aa(n))
= /Oo M;(uy;0,)® ( N ) Flw, [ X,:05) dqa ()
- ! DV - 01 (0:) — OVs

where V5 ~ N(0,1). Similarly, we have
/000 s My (ug; 0 g (uy | Ty = wi, Xi: 080, 047, 070) duy
= By {GT @V 6l MG @V 0l T8 ) (A9)
where V"™ ~ N(p0Dg, (05 ), 1 — (~D)2), and

/ uy My (ug; 6V gy (uy | Ty > wi, X 0570 000 =) duy
0

r_ _ e r_ (r—1) (r=Dys,
By, {G @) ol )IMU(GT (@(Va)s 6 V) 6 ”)cb( s )}
=y (A.10)
Fwi | Xi305 )
(A.5) can be calculated using (A.7), (A.8), (A.9) and (A.10).

In general, for some function of uy, denoted by m;(uy;0), we have

/ mi(uy; 0 Ulyeyil))gl(ul | T, = wi,)(i;9£r71)7¢§r71)’w(7«71)> duy

~ e {mi@?(@( Vol MG @) 0 )

/ mi(ur; 0) My (ur; 05 V)gn (un | Ty > wi, X308, 00, 90 D) du

r— — r— r— 1 ér_l) - Dy
v{mxa (@00 R OMGT @Vl Vel ) e (2 )
Fluwi | X057 |
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Hence, we have

_ 00 . . 0) ,C(Q(T_l)) du1
E N (anT)- pr—1)y — fo ml(u17 i
i) Pl ) fooo L;(00=1) duy

(A.11)

which can be further expressed as

Evl(r,l) {mi(Gl—l((D(Vl(rfl));¢gr71));9) Mi(Gl—l(q)(Vl(rfl));¢grfl));9§r71))}
Qi (60—1)

0;

_ r— _ r— re 9(7‘—1) =Dy 1-9;
EVQ{mi(Gll(@(VQ); VY 0) Mi(GTH(@(Va); V) 6 1))©(q1(\2/1—(3/)<:ﬁ1))2 2>}
X

Flw | X308 ) Qua(60-1)

Other expectation terms in (2.10) can be calculated using (A.11) by specifying m;(uq;6) =
log g1(u1 | Xi, T; = wi; 02, ¢1, 1)) and then m;(uq;0) = log g1 (ur | Xy, Ti > wy; 0o, 1, ¢).

A.3 Data Generation Procedure for Simulation Stud-
ies

For each simulation, the data generation procedure for the ith individual is described as
follows.

1. Generate X; as Bernoulli with P(X; = 1) = 0.5.
2. Generate U;; ~ Gamma(mean = 1, variance = ¢y).

3. e If Kendall’s 7 = 0, generate the failure time ¢; from an Exponential distribution
with
T; ~ Exponential(rate = hoe™?) .
o If Kendall’s 7 # 0, generate p; from Uniform(0, 1) first, and then solve for ¢;
such that

pi = P(Ti > t; | U = ug, Xi = 2402, 61, 9)
P(Uin = uit, T; > t; | Xy = 24505, ¢1,7)
B 91(Ui1;¢1)
B O NF(t; | Xi = 25602)) — 9 (G (ua; h1))
) ( Vi-v? )
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where F(t | X; = z;;05) = exp(—hgte®”?). This gives

,_ Zle{o [0 VTP e G [}

hoexzﬂQ

4. Note C; =1, let w; = min(¢;,1) and 6; = 1(¢; < 1).
5. Let the recurrent event times be s;;, 7 =0,1,..., we generate s;; via
Sij = Sij—1+ €, J=0,1,...,

where e;; ~ Exponential(rate = wu;poe”") with s;0 = 0. We keep all s;; < w; and
n;, = Zjil [(Sij < U)Z)

We repeat Steps 1 to 5 for i = 1,2,...,m, and a data set is finalized.

A.4 Parametric Multiplicative Models with Piecewise
Constant Baseline Functions

Here the details are provided on the notation, complete data likelihoods and steps of the
EM algorithm for the setting of piecewise constant baseline functions. For both recurrent
and terminal events, we specify multiplicative models with piecewise constant baseline
functions. Note the number of pieces of the baseline functions for the recurrent and terminal
events are denoted by K and K respectively. Let byg, b11, ..., b1k, and bog, bay, . .., bag, be
the pre-specified cut-points of the baseline hazard function for the recurrent and terminal
events respectively. We let bjg = byg = 0, bix, = bog, = 00, byg < by; < -+ < bk, and
bog < by < -+~ <b2K2 .

For the recurrent event process, We let d1x(s) = 1(s € Byy) indicate if time s is in the

interval By = (byx—1,b1x] and dyg(s fo d1x(t) dt be length of the intersection of the
interval (0,s] and By, k = 1,.. Kl. So now the recurrent event rate and cumulative
rate functions can be written as po(s; ar) = [, pi”“ ) p(s | Xi61) = [[2 pi”“( %) eXib1,

Ry(s;aq) = EkK:ll prdik(s) and R(s | X;;60;) = Zk:l pkdlk(s)exz{ﬂl. Note 91 = (o, )
where oy = (p1, ..., pK,) -

For the terminal event process, we let dox(s) = L(s € By) with Boy = (ba 1, bex] and
doy (t fo dor(s)ds, k = ., K5, so we have the terminal event rate and cumulative rate
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functions written as ho(t; az) = Hiﬁl h52’“( Ch(t | Xi30) = T102 hiz’“(t)exz%, H(t; ) =
S2 hedor(t) and H(t | X;;602) = SO0z, hkdzk(t)eXéﬂQ. We also have

Ky
S| Xis0a) = H MO exp{= D7 hudan (1)}
and
Ko
F(t] Xis02) = exp{— Y hpdai(t)ei} .
k=1

Note 92 = (Oéé,ﬁé)/ with Qg = (hl, ceey hK2>/.

The observed data log-likelihood log L;(6) for a single individual under such settings
now has a specific form:

Ko K> n; Ky
51‘ <Z 52k(wi) log hk + X{ﬁg) - Z hkdgk (wi)eXiﬁQ + Z (Z (51k(8¢j) log Pr + X{ﬁ1>
j=1

k=1 k=1
+ 0; log {/ uy* exp <_u1 Zpkdlk > g1(u1 | Ti = wi, Xi3 02, 61,9) dul}
0
+ (1 —§;) log {/ uy' exp (Ul Zpkdlk ) g1(u | T > wi, Xi3 02, 61, 9) dul} :
0

The complete data log-likelihood contribution for one individual log £;(0) = ¢;1(61) +
&2(92) + &‘3(62, ¢1, 1/1) is then

n; K1 Kl
£i1(91) = Z <log u;1 + Z 51k(3ij) log Pr + X{ﬁ1> — U1 Z ,Okdm(wi)exml )

j=1 k=1 k=1

K>
Uin(02) = 6; (Z ok (w;) log hy, + X{ﬂ2> Z hiday,(w Xip

k=1

and

Uis(02, d1,0) =9; log g1(ui | Ty = wy, Xi; 02, ¢1, )
+ (1 —¢;) log gl(uil \ T; > w;, X;; 0, ¢1>¢)-
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A.4.1 Complete Data Score
The complete data score for a single individual is computed as follows.
The derivative of log L;(0) w.r.t. 0;:

Dlog £i(0)  0lu(f) <~ 0 0
gLi(0) _ 9lu(6) - Za—ellogp(slj | Xi;01) — uin 7 R(w; | Xi;01)
j=1

060, 06, 060,
where
i10»‘3§P(=5‘z‘j | Xi301) = (am lngg(Sm,Oél)> ;
90, Xi (K14p)x1
0 (iRo(w-'al)exml)
—R w; XZ,G == O " ’ ;
90, (s 2 Ro(wi; ) XseXM ) s
with
i10 (sij;o1) =19 (5)/ and iR (wi;o0) = | d (w)
Dy g PolSij; 1) = 1k 1'] Pk Doy o\W;; Q) = 1k' i
: K1><1 : K1><1

The derivative of log L;(0) w.r.t. Oa:

Olog L;(0) 0 0
—= L= — /(.50 —V0:5(0
892 092€12( 2) + 692 13( 27¢17¢)
where
0 0 0
—V5(05) = 0,— log h(w; | X;:05) — —H(w; | X;:;0
892 12( 2) 1892 0og (wz| 79 2) 892 (wz| ) 2)7
0 0
8_92£i3(62’ ¢1,1/1) = 5i8_92 loggl(u“ | T, = w;, Xi; 92#2517@
0
+ (1 - 51‘)8710%91(%1 | T, > w;, Xi; 02, ¢1,7) .
2
Note

%2 log ho(w;; ag)

0
90 Xi (Ka+p)x1

9, 0 Ho(wy; cg)e i
o H(w; | Xi505) = (80‘2 " , ,
90> Ho(wi; ag) Xse™s% ) (0
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with

0

. 8 .
% log ho(wz’; 042) = 5214(?11'1')/}% and @Ho(wz, 042) d2k<wi)

K2><1 K2><1

Moreover, under the specification of a Gaussian copula for the joint density, (A.2) and
(A.4) give

8 2 05) — a
57, 08 | Ty = wi, X502, 60,0) = — vrnlle) = vaelo)

1!)2 ) 8792(]1 (02)7
9 TS w X o(q (02,¢1,w>> 1 9
802 10ggl(uzl | T’z > Wz7X1702a ¢1a¢) = ( 92,¢1, \/77#2 892(]1 02) (A12)
1 0
" Fur Xty 0wy )
where ¢(-) denotes the p.d.f of a standard Normal distribution,
. C]1(92) - ?/)6_12@1)
CI3(927¢17¢) - \/m )
with ¢1(62), ¢2(¢1) defined in (A.3) and (A.6), and
0 1 0
—qi(02) = w; | X0
892611( 2) ¢(q1(92)) 892 ( | 2)
0 0
8—62.;(11)2 ‘ Xi,92> —f(wl ’ X@; 02)802 (wz | Xi,eg) .

The derivative of log L;(0) w.r.t. ¢1:

dlog L;(0) 9
a¢1 - 8¢1€Z3(027¢17¢)

0
= 51'—10%91(%1 | T, = wz‘7Xz‘;‘927¢1;¢)
el)

0
+(1— 51)87511%91(%1 | T; > w;, Xi; 62, ¢1,9)
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where

1 d
g1(ui1; 1) ‘ 5’¢lgl(uil;¢1)

2 B 0 5
- o),
olgs(02,61,0)  —v D o
D(q3(02,01,9)) /1 -2 Oh 2(01

1 d

0
_l i E: z7X2707 9 =
96, 08291(“1 | w 2, O1 "LP)

0
——log g1 (uq | T > wy, Xi; 02, ¢1,1) =
01

+ gl(uil;gbl) : a¢1gl(ui1;¢1)7
with 9 ) 9
56 ) = Glo) e -

Under the specification of a Gamma distributed U;; with E(U;) = 0 and var(Uy;) = ¢y,
we have

0

%gl(uil;¢l) = gi(uir; 1) 11

1

— {uil —logus 4+ 1 @(—) +log ¢y — 1}
o ¢

and we may approximate 0G1(u;1; ¢1)/0¢; through numerical approaches.

The deriwvative of log L;(0) w.r.t. 1:

T I%fm(@z;(bbl/f)
0
= 51’@ 108;91(%1 ’ T; = w;, X;; 0, ¢17¢)
0
+(1— 51)@ log g1 (wir | T; > w;, Xi; 02, ¢1,v)

where

0 U () + @60’ - (04 DB
%loggl(uil | E = 'lUini;927¢17¢) = 1— ¢2 - [Q1( 2) q2( 1()1] Q,Z)(2)2 )ql( 2)q2( 1) ’
P(g3(02, ¢1,%))  q1(02)¢ — ga(¢1)

(I)(q3(925¢1aw)) (1 —77[)2)% '

gﬁloggl(uil | T > wi, Xi; 02, ¢1,9) =

The complete data score for one individual is

dlog L;(0) Olog L;(0) OlogL;(0) dlog L;(0)
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A.4.2 Complete Data Information

Note by ( ) (2.11) requires calculations of Z;(0) to obtain I;(). So we present
the expression of Z;(6) here.

The derivative of 0log L;(0)/001 w.r.t. 0y:

82 IOg L:z(@) . 82&1(91) . i 82 82

- = 1 i | XisOh) —uipn == R(w; | X;;0
891091 89189,1 ‘= 80189/1 ng(Sj | 1) U180189£ (w | 1)

where

?

7 gy 108 po(siji ) 0
log p(si; | Xi16). = | 91901 i’
891801 ng<S]‘ 1) < 0

0> (K14p) x (K1+p)

P | Xii0y) = 0 aar Ro(wi; an) X[eXio
06,00, (wi | Xi;01) = X;eXiP L Ry (wys ) Ro(wy; ap) X; XeXi

Y

> (K1+p)x (K1+p)
with
62

8(1/1 80/1

10gpo(8ij; 041) = diag(- e 7—51k(3ij)/ﬂza "')K1XK1 .

The derivative of 0log L;(0)/00, w.r.t. other parameters:

0 log £;(0) _ 32@1(91) —0

00,00, 00,00, Utpxdn)
0% log Li(0) _ 04 (61) -0

00,001 90,09, P
0% log Li(0) _ (i1 (61) —0

00,00 00,00 ot

The derivative of 0log L;(0)/002 w.r.t. Oy:

0% log L;(0) 0? 02

_ Ca(0) + —2— (6, 61
0,00, a0,00, %) + G0, (02 01 ¥)
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where
0? 2 2

)

. 1 X,

a0,00, 202) = digg g los hwi | Xisb) = 500
U1 ’ T - waueQad)l w)

H(wz | Xi;ez),

0? 02
89280’ liz(0a, ¢1,9) = 89 o0, log g1 (

2

+ (1 6 )80 89/ loggl(ull ‘ T > wuXwe%(ﬁlaw) .
Note
? log ho(wg; az) 0
—— log h(w; | X;;0 dazdar v ,
a6,08, 08 hlwi | Xi:62) = ( 0 0
(K2+p) % (K2+p)
62 0 %H@(’w“ OéQ)X,Z€XZ{ﬁ2
89289§H(w1 | Xi792) = (XieXgﬁQa%Ho(wi;O@) Ho(wi;OéQ)XZ‘XZ{GXZ{BQ s
? (K2+p)x (K2+p)
with
2
Dasdal, log ho(wz'; 042) = diag(- Ty —52k(wi)/hi, s )K2><K2 .
Moreover, we have
2
8Q 39/ loggl(ull | T = wiin§927¢l7¢)
V*qi(02) —Yaa(¢) 0 201 (hy) O B
— 0 —qq(0 0
1— 2 80289/ q1(62) — 1— 42 89 a( 2)8(9’ q1(02)
and
2
30 86/ loggl(u’bl ‘ T > wZ7X17027¢17w)
_ L0 gy 2 ws(000) ol (92,¢1,w>> 1 o ()
\/m 892 89/2 (I)(q3(925 ¢1a 7/’)) ( 927 ¢17 Vv 1— @ZJQ 89280/
1 0 0 1 0?
 Fwn [ X007 opy7 X ) g P L X6 ) = TR gy a0m, X0
where
0 @) 0 0 1 0
0008 %) = Glan(@)) 90,V X6 P g O ¥ Gy dwom” (1 X %)
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0? 0 8

2
— F(w; | Xi;02) - mﬂ(wz’ | Xi;02)
and
0 las(02,01,¥)) _ ) o(q (82,¢1,¢)) 1 0 2 o,
005 D(q3(02, 01,v))  0qs(02, d1,v) P(q3(62, P1, 0 \/1—7@52 00,
with

0 $as3(02,01,%)) _  as3(02,61,9)p(a3(62, $1,9)) P (g3 (02, ¢1, ) + P(as(02, 61,9))°
9q3(02, 91, ) ®(q3(62, d1,%)) ®(g3(02, P1,7))? '

The derivative of 0log L;(0)/00s w.r.t. ¢y:

O?log L;(0) 07
90,00, 06,00, Uiz (02, 61, %) (A.13)

2

0
=i 190,00, log g1(ui | T = wy, Xi; 62, ¢1,)

2

+ (1 6 )89 a(b loggl(ull ’ T > w17XZ7027 ¢1 w)
where
0o gyua | T = w1 X O, ) = —— D1 0) Do) (A14)
6928¢1 Oggl ull w’ba iy V2, 1 w2 89 Q1 2 a¢lq2 1) .
? . . 1 0 0 ¢(CJ3(¢92,¢1,¢))
m loggl(uil | T; > w;, Xi; 00, ¢1,1/J) = \/1—7152 : 8_€2q1(92) ’

O @(Q3(92> ®1, @D)) ’
with

P(q3(02, 01,9)) 0 d(q3(0a, D1, 1)) . P
agbl (Q3(02, Cbl, )) B aQ3<92, 92517 ¢) CI)(q:;(QQ, le, 1/})) ad)l Q3(827 ¢17 w) ’ <A15)
0

- 0
——q3(02,01,v0) = \/1_L¢2 : a¢1Q2(¢1)-

ol
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The deriwative of 0log L;(0)/00s w.r.t. :

OPlog L;(0) O
D000 8028¢€i3(92»¢17¢) (A.16)

2

= digg—r 50 log g1(ua | T = wy, X;; 65, ¢1, 1)
2
+(1 5)89 8¢10ggl(ull |T >wlaX17027¢171/])
where
0? ~ 29qi(f) — (7 41 0
gy B | T = wi, X, ) = — 2P URO) B0y a1g)
82 a 1 0 ¢(q3(02a¢1a ))
809 8’¢ loggl(uzl |T > UJ7,7X7,7927¢17w> - { /71 _¢2 81/1(1) q3 92’(;51’ ))
n P P(g3(62, 91, ))
(1—¢2)32 ®(q3(02, 61,7))
with
i¢(Q3(92>¢1,¢)) _ 0 ¢(Q3(927¢1aw)) . 3 0 A
50 B(gs(0a, 61, 0)) 000 60, 0) BB, o0, )) gL E o) (AIS)
d Yq1(02) — q2(¢1)
0w ( 2>¢1,¢) = 1(1in)§/2 ! .

The derivative of 0log L;(0)/0¢1 w.r.t. ¢y:

DPlog £,(0) O
a¢2 ( ) = 8¢2£i3(627¢17¢)
1 1
62
8¢2 log g1 (ui | T; = wi, Xi5 02, ¢1,9)
2

0
+ (1 — 51‘)87&10%91(%1 | T; > w;, X;; 62, 61,7)
1
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where

0? 0 1 0
8¢2 log g1 (wir | T = wy, Xy; 02, ¢1,7) :3¢1 {91(%1;(251) : a¢lgl(uil;¢l)}
0 ¢QQ2(¢1) - 1/)611(92) d
_8q§1{ 1—¢2 ‘5’</§1Q2<¢1)}’

0
——log g1 (uir | T; > wi, Xi; 02, ¢1,0) =
0oy

—) { 0 ¢(Q3(92v¢17¢)). 0 q2(1)

V1 — 2 | 01 ®(q3(0a, 01,9)) Oy

d(q3(0a, 91,7)) O
B(q3(05, 61, 0)) 02

0 1 0
+ Do {91(Ui1;¢1) : a¢191(ui1,¢1)} )

+

q2(b1)

——

with
5 2

B { 1 (« ¢)}: 367)%91(%1;%)_ (3%191(%1;%))

01 | g1(wi1; ¢1) 3<Z5 9y I g1(uit; ¢1) g1(uit; 1) 7
0 [ q(d) — dai () Y (0 2 P(d) — vai(02) 07
aqﬁl{ 1— g 'a¢ (¢1)} -2 (&qu(¢1>) T o ag®
and

82 . q2(¢1) ) 0 0 1 82

Q1) 7—G1(uwin; ¢1) + G1(ui; ¢1) -

yﬁqQ(gbl) a ?(q2(¢1)) O olol} P(q2(¢1)) ' I}
Note %gl(“il; ¢1) and %Gl(uﬂ; ¢1) may be calculated using numerical approaches.
The derivative of 0log L;(0)/0p1 w.r.t. :

O?log Li(0) 07
X T T e

(02,91, ¢)

0?
8¢ B, 10@;91(%1 | T = wi,Xi;927¢1,¢)
2
+(1— 6z‘)m10ggl(uil | T; > w;, Xi; 62, ¢1,)
where
0? - _ 20q(d) = WP+ D)q(6) 9
Bgf) 81/} loggl(uzl ’ T, = wl,Xz,¢927¢1ﬂ/1) - (1 — 1/}2)2 ' %QQ(Qﬁl))
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loggl(uzl |T > wZuX27027¢)1 %0)

é)qb 6¢
— _ ﬂ (¢ ) 1/} . i¢(%(927¢1ﬂ/’)) + 1 . ¢(Q3(‘927¢17¢))
061 N JT= g2 00 ®(q3(02,61,9) | (1— 9232 B(q3(02,61,0) |

The derivative of 0log L;(6)/0v w.r.t. :
O*log L;(0) 07

00? = 8¢2€i3(927¢1a¢)
2
= 51'8%210%91(“2'1 | T; = w;, Xi5 02, ¢1,7)
2
+(1 )aan loggl(uzl | T > wuXu92>¢1a77Z})
where
2
a—wloggl(uﬂ \ T = w;, X; 92,¢1,w)

o Y241 " 20 + 3)q1(02)q2(d1) — (3Y* + 1)[q1(02)* + ga(h1)?]

- (1 —)2)2 (1 —2)3 ’
and

82
—— log g1 (wir | T; > wy, Xi; 0o, ¢1,)

oyY?

_ 9 9(gs(02,01,¢))  q1(62)Y — ga(d1) n O(g3(02, 1, ¥))  q1(62)(2¢ +1)* — 3ga(d1)y
a¢ ®<Q3<027¢17¢)> (1 —wQ)% Q(Q3<02a¢17w)) (1 —w2)g ‘
The complete data information for one individual Z;(6) is

0%log L;(0)/00,00] 0 0 0
0 9% log £:(0)/00:00, 9% log L:(0)/00:0¢1 9 log Li(0) /00200
a 0 (0%1log L£i(0)/0020¢1)  0%log Li(0)/0¢3  9*log L;(0)/Dp101
0 (02 log L;(0)/0020v)  0%log Li(0)/0¢10¢  9*log L;(0)/09?

A.5 A Semiparametric Cox Model for the Terminal
Event

Here we present complete data score and information when the terminal event process is
specified to be the semiparametric Cox model.
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A.5.1 Complete Data Score

If the recurrent event process is fully parametric, dlogL;(#)/00; has been discussed in
Appendix A.4.1. Here, we focus on the scenario where the recurrent event process is also
semiparametrically specified. The complete data score for a single individual is computed
in the following.

The derivative of log L;(0) w.r.t. dRy(s):
dNﬂ(S) X1{51

ddRo(s) ~ OdRo(s) ' ) dRo(s)

=~

The derivative of log L;(0) w.r.t. fy:
b 9p
The derivative of log L£;(0) w.r.t. dHy(t):

0 log ,CZ(@) . 8&2(02) 8£i3(92; ¢1a 'QZ))

= anz — uﬂXieXz{ﬁlRo(wi)

where . o
i2(02 _ (1 s
=Y. _ /8o
pata(t) {dHO(t) ¢ ] 7
and 00;3(0y, ¢1,1)/0dHy(t) has the same form as (A.12) but now with
8 X 7
. X.- — . X'. _Y XZﬁQ .
adHO(t)JT"(wz | za92) }"(wl | “92)( 1(15)6 )

The derivative of log L£;(0) w.r.t. [y:

dlog L;(0) _ Olio(62) N Oli3(02, p1, )
0B, 03, B

where

O 62)
2
and 0l;3(0s, ¢1,1)/052 has the same form as (A.12) but now with

0 /
2
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The derivative of log L;(0) w.r.t. ¢1 and :
Olog L£;(0)/0¢; and 0log L;(6)/0y have the same forms as for the fully parametric case
discussed in Appendix A.4.1.

The complete data score for one individual is then

dlog L£;(0)., ,0logL;(0),, ,0logL;(0),, ,0logL;(0),, OlogL;(0) OlogL;(0)

Si0) = (( 8dR0(s)>’ 0B, >,’(6dH0(t))’ 0, ) o6, o )

A.5.2 Complete Data Information

Same here, we focus on the scenario where both processes are semiparametrically specified.
Not all entries of the complete data information are needed because what we need for the
variance estimation is actually a sub-matrix of the observed data information.

The derivative of 0log L;(0)/0dRy(s) w.r.t. dRy(u):

Plog L;(0) | -Yi(s) jgol(sg if s =u
OdRy(s)0dRy(u) |0

O0.W.

The derivative of 0log L;(0)/0dRy(s) w.r.t. py:

9% log L;(0) - X/
— =Y, nXeN
DdR,(5)0p, (s)un Xie
The derivative of 0log L;(0)/081 w.r.t. py:
0?log L;(0) XI5,

= —U;1€ XlXZ/R Ww;
05105 1 o)

The derivative of 0log L;(0)/00, w.r.t. other parameters:

82 IOg ﬁl(g) o 82&1(91)

00,00, 00,00, 0
9 log Li(0) _ L1 (61) 0

90,09, 90,01
9*log L;(0) _ 901 (6,) —0

90,00 90,00
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The derivatives of 0log L;(68)/0dHy(t) and the derivative of 0log L;(0)/0Ps w.r.t. ¢1:
The derivatives of 0log L;(8)/0dHy(t) and the derivative of 0log L;(0)/0Ps w.r.t. 1):
0?log L;(0)/0dHy(t)0v and 92 log L;(0)/0B201 follow (A.16), (A.17) and (A.18).

The derivatives of 0log L;(0)/0¢1 w.r.t. (¢1,v) and the derivative of 0log L;(6)/0¢ w.r.t.

Y:
0?log L;(0)/0¢%, 0*log L;(0)/dp10¢ and 9*log L;(0)/? all have the same forms as for
the fully parametric case discussed in Appendix A.4.2.

The complete data information for one individual is

92 log L;(6) 92 log L;(6)
8dRo(5)0dRo(s)  DdRo(s)0p, 0 0 0 0
9% log L;(0) \s 92 log L;(0)
(Gar(sios;) o808, 0 0 0 0
0 0 92 log L;(6) 92 log L;(6) 9?log L£;(0)  92%log L;(0)
I‘ (9) — 8dH0(t)8dH0(t)’ 6dH0(t)86§ 8dH0(t)8¢>1 8dH0(t)8w
E 0 0 ( 92 log L;(6) ) 02log £i(6)  8%logLi(8)  02log L;(6)
OdHo(t)0p) 0P32003), 0B20¢1 0B20Y
0 0 (62 log £;(0) )/ (82 log £;(0) )/ 9%log L£;(0)  02%log L£;(6)
OdHo(t)0¢1 0B20¢1 0¢3? 010
0 0 (82 log £;(0) )/ (62 log L£;(0) )/ A?log L£;(0)  82%log L;(0)
0dHo(t)0y 0B20¢ 0¢10¢ o2

A.5.3 Two-Stage Score and Information

Two-stage score U;(0) = (U!;(62),U5(0)) and two-stage information —olU;(0)/00" are
needed for variance estimation using (2.12) and (2.13). Note the first-stage score

0li2(02)
00,

Uir(02) =

has been derived in Appendix A.5.1, and the first-stage information is given in the below

B 0%;(62) _ Y;(t) jﬁo‘fgé ift =u
(9dH0(t)8dH0(u)’ 0 O.W. ’
@26'2<02> = X/
T enTe — }/; t X’L 1‘52 ,
OdHoy(t)0Bs (1) Xie

82€i2(92) X/B

= — NP2 X, X H, ).
P20 ‘ X Ho(wi)
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Moreover, note the second-stage score Uiy (#) = 9¢;(0)/00 is a sub-matrix of the observed
data score S;(f), and the second-stage information

L Uz(0)  (0°L(6) 8°L(B)
o0~ \ 0600, 0600

is a sub-matrix of the observed data information I;(6), thus we can obtain them using
Louis method in (2.11).
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Appendix B

Appendix to Chapter 3

B.1 Calculations for the EM Algorithm

The EM algorithm of Sections 3.2.3 and 3.3.2 requires calculation of some expectation
terms (e.g. see (3.4), (3.5a) and (3.5b)). The following computational procedures follow
what was present in Appendix A.2. In general, for some function of u; and H;(w;"), denoted
by m;(u1;6), we have

fO ml<u179) P(,HZ( ) U, :ul;e(r—l )du1

E(m;(U;0) | Hi(w]);0"Y) = I P(Hi(w]), Uy = ug; 00-1) duy

Under a specification of a Gaussian copula for the dependence model, if we let Vo ~ N (0, 1),
‘/1(7“—1) ~ N(w(r—l)%(gg—l))’ 1— (w(r—l))Q) with

q1(02) = (I)il(}-(wi | Xi;02)) and  ga(¢y) = @71(G1(u1;¢1)),

this expectation can be further expressed as

{ By {mi(GTH @6 0):0) a(GrH@ (v 000 | }

5

Wil (9(7”—1))

- r— r— _ r— r— 9(7“ 1 (r=Dyx 1-6;
By, {W(Gll(@(vl( D)6 ™);0) MG (@(Va)s 6 )64 ”>®< ey >}

X (1)
}'(wi | XZ'; 92 ) Wig(e(r_l))
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where
MZ(Ul, 61) = 'LLTZ exp(—ulR(am ‘ XZ, 91)) ,

Wi (0) = /000 M;(ur; 0h) gi(ur | X, T; = wy; 02, 61, 9) duy (B.1)
= By, {Mi(GT'(2(V1);:61);601) }

and

Wi (6) — / Mi(ug: 00) g1 (ur | Xos To > wis B, 61, ) dus (B.2)
0

_ 1 1 o q1(62) — Vs
= WEVQ {Mi(G (@(Va); ¢1);601) @ (W) } -

Expectation terms in (3.4), (3.5a) and (3.5b) can be calculated if we specify m;(uy
uy, mi(ui;0) = loggi(uy | Xi, T, = wyi;02,01,%) and my(ug;0) = loggi(u; | X;
wg; 02, ¢1,9).

The Louis formula in (3.6) requires calculations of the conditional expectation of the
square of the complete data score (i.e., E(S;(0)S(0) | Hi(w;);6T~)), which involves
for example, calculations of E(NyxNiw | Hi(w]);00Y) and E(N;jpUs | Hi(w;h); 00)
( , ). Here, we show the calculation details.

0) =
T, >

I
Y

Calculations of E(NijxNiw | Hi(w]); 0):
If j # hy, E(NijeNiw | Hi(w]");0) = E(Nigy, | Hi(w]"); 0)E(Niw | Hi(w]); 0).
If j = h,

e when j # r; + 1, we have

nipin(01) (1 — pir(61)) + n?jpgl(‘gl) ) k=1,
(35 — nij)pir (01)pia(61) k#1,

where p;1(61) = i (61) /1 (01) and pi2(61) = piju(61)/ pi; (61);

e when 7 =r; + 1, we have

E(NijiNint | H(w;); 0) = {

E(Nyj | Hi(w;); 6

, —pi 2 | Ha(w): 0) p (01
BN Nt | Fs(w):6) = {(E(NZ‘ Fulol 0001 pu(0) + BN | Folul 01550,

— E(Nyj | Hi(w;");0)) pir(61)piz(61)
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E(Ny | Hi(w]);0) = E(Us | Hi(w]); 0)p5(61)

E(Nj; | Hi(w);:0) = E(Un | Hi(w;): 0)pis (1) + E(U | Ha(w]); 0)55(61) -
Calculations of E(Nijumi(Us;0) | Hi(wih); 60—):

pige (8 1) E Ui:0) | H: (wH): 01 .
—~ 1y o (r—1)~ 1\Vil, \Wy; )y ) i+ 1 )
E(Nijkmi(Uﬂ;g) ‘ Hi(w?—);e(r—l)) _ Ngj uij((9§ 1)1)) (m ( 1 ) ‘ fw ) ) J 75 T
pijk (07 VEUinmi(Ua; 0) | Hi(wf); 007D, j=ri+1.

B.2 Data Generation for Simulation Studies

The data generation procedure is similar to what we describe in B.2 when the recurrent
events are subject to right-censoring. Besides the steps described in B.2, we also generate
assessment times for each individual when recurrent events are assessed intermittently.
For each simulation, the data generation procedure for the ith individual is described as
follows.

1. Generate X; as Bernoulli with P(X; =1) = 0.5.
2. Generate U;; ~ Gamma(mean = 1, variance = ¢).

3. e If Kendall’s 7 = 0, generate the failure time ¢; from an Exponential distribution
with
T; ~ Exponential(rate = hoe”"?) .

o If Kendall’'s 7 # 0, generate p; from Uniform(0,1) first, and then solve for ¢,
such that

pi=P(T; > t; | Ug = upn, X; = 4502, ¢1,7)
P(Uj =i, T; > t; | Xi = 3504, ¢1,7)
P<Ui1 = Ui1;¢1)
_ 3 (‘I)l(]:(ti | Xi = xi;6,)) — %Dq)l(Gl(Uil;Cbl)))

Vi
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where F(t | X; = z;;05) = exp(—hgte®”?). This gives

_10g{ [ (pi) /1 — 2+ @ (G ( u7,17¢1)):|}

ti - hO eIiﬁQ

4. Note C; =1, let w; = min(¢;,1) and §; = 1(¢; < 1).
5. Let the assessment times be a;;, j = 1,..., we generate a;; via
Qi =a;j-1+ €5, J=12,...,

where €;; ~ Exponential(rate = A4) with a;o = 0. We keep all a;; < w; so we have 7;
intervals of observation period A;;, j =1,..., ;.

6. Let the recurrent event times be s;, [ = 0,1,..., we generate s; via
Si = Sig—1tea, =1,2,...,

where e;; ~ Exponential(rate = uilpoe””ﬁl) with s;p = 0. We then calculate n;; =

Zlﬂ(sil S AZJ) fOl“j =1,...,71;

We repeat Steps 1 to 6 for : = 1,2,...,m, and a data set is finalized.

B.3 Proportional Hazards Models with Piecewise Con-
stant Baseline Hazards

For parametric analysies, we also specify a Cox proportional hazards model with a piecewise
constant baseline hazard for the terminal event. We let K5 denote the number of pieces of
the baseline hazard function for the terminal event and let 0 = byg < bgy < - -+ < bog, = 0
denote another pre-specified sequence of cut points of the positive real line. Let dor(s) =

L(s € Bay) with Bor = (bag_1,bax] and dox(s fo dorp(u)du, k = 1,..., Ky, so we have

ho(t; ) = TL2, @, bt | Xi;05) = Hfﬂ PO H(t:00) = S5 hydg(1) and
H(t| X;;0) = ZkKjl Ry doy (t)eXiP2. We also have

Ko
flt] Xis0) = H It e exp{— " hpdor(t)eXi®}  and

k=1

F(t] Xi;02) = exp{— Z hkd%(t)eX{ﬁz} _
k=1
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Note 0 = (a4, B5) with ag = (hy,..., hg,)". The observed data likelihood in (3.1) can be
re-written using some notation W;;(0) and W;2(0) (defined in (B.1) and (B.2)) as

Li(0) o< h(w; | Xi;62)" exp (—H (w; | Xi;62)) x Hﬂn” (61 ] X3) x {Win (0)} {Wia(0) 1177,

7j=1

and the corresponding observed data log likelihood is

j=1

B.3.1 Complete Data Score

Recall the complete data loglikelihood can be partitioned into three parts as in (3.3)
and note l;5(6y) and l;3(0s, ¢1,1) have the same expressions as in (2.9) where the re-
current events are subject to right-censoring. Hence we only present the calculations of
0log L;(0)/00; here. The rest of the complete data scores follow Appendix A.4.1.

The derivative of log L;(0) w.r.t. 0;:

ri+l Kj ri+l Ki

dlog Li(0) _ 0l (61) 9
= = l
(9(91 891 ;;nmkae Og,uwk: 91 — U1 321; 89 ;uzyk 01
where
0 52 1og ik (61)
— log i (0h) = <8a1 K ) ;
891 J X’L (K1+p)><1
0 0
8—91Mz’jk(91) = Mijk(91>a_01 log Nijk(gl) )
with
2 togpigk(@) = (0 -+ 0 1py 0 -0 O)
(9041

The derivative of log L;(0) w.r.t. 02, ¢1 and :
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0log L;(0)/00s, Olog L;(8)/0¢1 and dlog L;(0)/0v have the same forms discussed in Ap-
pendix A.4.1 where the recurrent events are right-censored.

The complete data score contributed from the ith individual is then

S(0) = dlog Li(0) dlog Li(0) dlog Li(0) Olog L;(0)'
o o0, 00y, T 94 T W '

B.3.2 Complete Data Information

Note the method of ( ) in (3.6) requires calculation of Z;(#) to obtain I;(f), so
we present the expression of Z;(f) here. Similarly, we only compute 9% log £;(0)/96,00 as
the rest follow the expressions presented in Appendix A.4.2.

The derivative of 0log L;(0)/001 w.r.t. 0y:

0*log Li(0) _ 9*lu(61) sgeit nitl K
= 1
00,00, 96,90, Z Z ”’“ae g, o8 1k (00) ~ jzl ; aelae' 6,0, "0
where
’ el log puji(61) 0
— 1 i 0 da100] v 7
o008, 8 k1) = ( 0 0
(K1+p)x (K1+p)
0? 0 0 o2

with

2

80418&/1

loglu’ljk<91) - dlag(07 o 707_1/pi707' o 70)K1><K1 .

The derivative of 0log L;(0)/00, w.r.t. other parameters:
82 IOg ﬁl(g) o 82&1(91)

00,00, 00,00, 0
9 log Li(0) _ L1 (61) 0

90,09, 90,01
9*log L;(0) _ 901 (6,) —0

90,00 90,00
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The complete data information contributed from the ith individual is then

0?log L;(0)/00100 0 0 0
7.(0) = — 0 0?1og Li(0)/00200,  0*log L;(0)/0020¢1 02 log L;(0)]0020%
' 0 (0%1og L;(0)/0020¢1)  0?log L;(0)/0¢3 0% log L;(0)/0¢10¢
0 (0%log Li(0)/00200)  021log Li(0)/0¢10¢ 0 log Li(0)/I?

B.4 A Cox Model for The Terminal Event

Here we present the complete data score and information when the terminal event process
is specified to be a Cox model with a non-parametric baseline hazard function.

B.4.1 The Complete Data Score

The complete data score for a single individual is computed in the following.

The derivative of log L;(0) w.r.t. 6:
Olog L£;(0)/00; has the same form as the fully parametric case of Appendix B.3.1.

The derivative of log L;(0) w.r.t. dHy(t), B2, ¢1 and :
0log L;(0)/0dHy(-), dlog L;(0)/0B2, Olog L;(0)/0¢1 and Olog L;(0)/0¢ have the same

forms discussed in Appendix A.5.1 where the recurrent events are right-censored.

The complete data score for one individual is then

S.(0) — Dlog £;(0) (dlog L;(0)\' 0logLi(0) Olog Li(6) dlog L;(6) /
o= (25 (G ) o e )

B.4.2 Complete Data Information

Note the semi-parametric analysis is conducted via a two-stage procedure and the second-
stage information is a submatrix of the observed data information. Hence, not all entries
of the complete data information are needed when using the Louis formula to calculate the
observed data information. The terms we need are 0 log L£;() /0006, and 0 log L;(0)/0000'.
We compute 9° log £;(0)/(06,00') here and the rest follow the forms presented in Appendix
A.5.2 when the recurrent events are subject to right-censoring.

The derivative of 0log L;(0)/00, w.r.t. 0;:
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0?log L;(0)/00,007 has the same form as for the fully parametric case discussed in Ap-
pendix B.3.2.

The derivative of 0log L;(0)/060, w.r.t. other parameters:

0% log L;(0) _ 94 (0) _
00,00, 00,00,
0*log L;(0) _ 4 (60,) —0
001091 9010¢1
9%log L;(0)  9%4;1(61)
00,00 00,00

=0

B.4.3 Two-stage Score and Information

The two-stage score U;(0) = (U!;(02),U5(0))" and the two-stage information —olf;(0) /00"
are needed for variance estimation using (3.9) and (3.10). Note the first-stage score

0li2(02)
00,

Ui (62) =

has been derived in Appendix A.5.1, and the first-stage information is calculated in the
below

B 0*i5(05) _ Y;(t) jgj(gi ift =u
OdHo(t)0dHy(u) |0 ow.
626'2<02> = X/
N ¢ — }/; t XZ 1‘62 ,
OdHo(1)0Ps (t)Xie
Plin(0) s
08,074 ofws)

Moreover, note the second-stage score Uip(0) = 9¢;(6)/08 is a sub-matrix of the observed
data score 5;(f), and the second-stage information

CU2(0)  (8°6(6) 8°L(6)
00— \ 0600, 0600

is a sub-matrix of the observed data information I;(), thus we can obtain them using the
( ) method.
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Appendix C

Appendix to Chapter 4

C.1 Computation of Some Conditional Expectations

Here we present detailed calculations of E{REO)(S) | Z:(0), X2}, E{Rg)(s) | Z:(0), Xia},
E{REO)(S;@D) | Z;(0), X;2} and E{Rg)(s;w) | Z:(0), X;2} for the four naive cost-effective
strategies described in Section 4.3.2.

C.1.1 Measuring X] at the Last Visit

When the marker value is accessed at the last visit and treated without left-truncated, we
have X§ = X5 (Vi) = Xu(a;4,1,) and Yi(s) = Yi(s)Y,(s). E{R(s) | Zi(0), Xia} can be
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calculated as

E{1(Ay(r) > 1)Yi(s)dNin(s) | Zi(0), X2} (C.1)

= Z P (A1) > 1,Z(s7) = k,dNp(s) = 1| Z;(0), X;2)

=Y P (Ai(s7) 2 1,Zi(s57) = k, dNis(s) = 1| Z,(0), Xs»)

=Y P(Ai(s7) = 1, Zi(s7) = k | Zi(0), Xip) P (dNia(s) = 1| Zi(s™) = k, Xip)
= Xo(s)ds 21: i P (Z,(s7) € C¢ | Z:(0), Xiz) exp(kpr + X}y 2)

k=0 j=1

where C§f = C§ N C;. Recall C§ = {(a,2,27}) : a = j} denote a set of states occupied by
individuals with the jth follow-up visit, Cf = {(a,z,25}) : 2 = k} denote a set of states
occupied by individuals who are in state k for the four-state process depicted in Figure
4.2, and Cfg = {(a, z,27) : 7 = [} denote a set of states occupied by individuals whose
most recently recorded marker value is . E{Rg)(s) | Z;(0), Xi2} can be calculated as

E {ﬂ.(Al(T) Z 1)}71(8))(@016”\[12(5) ’ ZAO),XQ} (CZ)
=3 P (A(r) > 1, Zi(s7) = k,dNp(s) = 1, X{,(Vi) = 1| Zi(0), Xo»)

=3 P (A(s7) > 1,Zi(s7) = k,dNpp(s) = 1, X7 (s7) = 1] Z;(0), Xi2)
:ZP (AZ(S_) Z 1,ZZ'(S_) = k’,X;l(S_) =1 | ZZ(O),XZQ) P (dNZQ(S) =1 | ZZ‘(S_) = k?,XZ'Q)

—o(s)ds 33" P (Zi(s7) € Gyt | Z:(0), Xia ) exp(hy + X )
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with C;,ffl Cone !, Similarly, we can calculate E{R(O)(s ) | Z;(0), Xio} as
E{1(Ai(r) = 1)Yi(s) exp('X7) | Zi(0), Xz}

:ZZP(A,»(T) >1,Zi(s7) =k, X3 (1) = 1| Z;(0), Xiz) exp(¢1l + 15 X;2)

1
:Z P (ZZ(S_) =k | ZZ(O),XZQ) P (Al(T) Z 1,X§1(T) =1 ’ Zi(s_) == k,XiQ) exp(qj}ll + ¢/2X12)

N
Il
=)
e
Il
=)
<
Il
—_

and E{R"(s:1) | Z:(0), X} as
E {H(Ai(T) > 1)Y;(s) X7, exp(¢' X7) 12}

1

=3 P (Ai(r) = 1, Zi(s7) = k, X (1) = 1| Zi(0), Xiz) exp(1 + ¢4 Xi)

=S P(2(s7) €Ci | Z,(0 ZP( Cot | Zy(s7) € C,’j,XiQ) exp(ty + 1 Xin) .

C.1.2 Measuring X| at the Last Visit with Left-Truncation

When the marker value is accessed at the last visit and considered as left-truncated, we
have X5 = X5(V;) = “(aiAi(Vi)) and Y;(s) = Y;(S)YJ(S)Y;L(S) where L; = a;4,(v;)-
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E{R\"(s) | Z:(0), X2} is now

Note these two conditional expectations have the same forms as in (C.1) and (C.2) where
the analysis is conducted without left-truncation. This makes sense since dNj(s) = 1
implies no more visits after failure, which means the process has made its last visit by time

s, 1.e., 8 > a;4,(;)- The other two conditional expectations E{R"(s;v) | Z:(0), X»} and
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E {REP(S; V) | Z;(0), Xiz} can be calculated as

1 1 oo
DD D P (Ailr) =5, Zi(s7) = k. X (7) = LAKsT) = 5 | Zi(0), Xiz) exp(tl + 45 Xn)

and
1 0
SOSTP(Air) =4, Zi(sT) =k, X5 (1) = 1, Ai(s™) = 5 | Zi(0), Xia) exp(hy + 15 Xso)
k=0 j=1

= ZZP (Zi(s7) € Cf | Zi(0), Xia) exp(¢1 + 15 Xia) P <Zi(7) € C;f? | Zi(s7) € }sz,Xm)

k=0 j=1

respectively.

C.1.3 Measuring X; at the First Visit

Now we use the marker value measured at the first visit time, ie., X3 = X5(an) =

Xi1(a;) and the Cox regression analysis is conducted without left-truncation, i.e., Y;(s) =
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Yi(s). E{REO)(S> | Z;(0), Xi2} can be written as

2

Yi(s

MH\_/
3

(/_1 (T) > 1,Zi(8_) = k,dNiQ(S) = 1,X§1(ai1) =1 | ZI(O),XZQ) (03)

>
=l
<]
&

Il
B

(/L-(s_) 2 1, Zi(s_) = k,dNig(S) = 1,Xfl(ai1) = ]. ‘ Zl(O),XZQ)

B

=l
=)

T

P (/L(Si) > I,Zi(si) = k‘,dNiQ(S) = 1,141'(0,1_) = O,Zi(al_) = l,dA,»(al) =1 | Zi(O),Xig) da1

o

Il
S—

=l

S

P (ZZ(S_) = k,dNZ'Q(S) = ].,AZ(G,;) = 0, ZZ(G,;) = 1,dAi(CL1) =1 | ZZ(0)7X12) da1

[=)

I
S—

=
|

S

{P (Zi(s™) =k, Aiay) = 0, Zi(ay ) = 1,dA;(a1) = 1] Z:(0), X:2)

Il
o

Il
S—

P (dNip(s) = 1| Zi(s™) = k) }daL1

1 s
= )\g(s)ds Zexp(kﬂl + X{zﬂz)/o P (ZZ(Si) = k,/L(al_) = O,Zl(al_) = 1,dAi(a1) = 1 | ZZ(O),XQ) da1
k=0

where P (Zi(s™) =k, Ai(a7) =0, Z;(ay) = 1,dA;(a1) = 1| Z;(0), X;2) is equal to

P(Zi(ay) € Cof | Zi(0), Xi2) P <Zi(s_) €Ci| Zi(m) € Cflzl$i,Xi ) po(ar) exp(lag + Xlhan)
(C.4a)
for a; < s, and
P(Zi(s™) € C6i | Zi(0), Xi2) P (Zi(ay ) € CGf | Zi(s™) € CGf, Xiz) po(ar) exp(lar 4+ Xjpas)
(C.4b)
for a; > s. Moreover, we can write E{R§0)<S; V) | Z:i(0), X} as

1
P (/L(T) > 1, ZZ(S_) = kj,Xiol(ail) =1 | Zi(O),XiQ) exp(i/)ll =+ wéXlg)

N
HMH
[}
Bl
~
o

-

exp(z/Jll + 1/)/2X12)/0 P (AZ(T) 2 ].,ZZ(S_) = k,flz(af) = 0, Zl(af) = l,dAi(al) =1 | ZZ(O),XZQ) da1

~
~ |l

0k

=l
=)

exp(¢1l + %Xm)/o P(Zi(s7) =k, Ai(a1) =0, Zi(ay) = I, dAi(ar) = 1| Zi(0), Xiz) day

(=)

1=0 k=0
and F {Rg)(s;w) | Z¢(0)7Xi2} as
1

> " exp(¥r + 1 Xig) /OTP (Zi(s7) =k, Ai(a) = 0, Zi(ay) = 1,dAi(ar) = 1| Zi(0), Xiz) day
k=0
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where P (Zi(s™) =k, Ai(a7) = 0, Zi(a7 ) = I,dA;(a1) = 1| Z;(0), Xi2) can be obtained from (C.4a)
and (C.4b).

C.1.4 Measuring X; at the First Visit with Left-Truncation
We still have X7 = X7 (a;1) = Xj1(ai1). The left truncation time L; is now the first visit time, i.e.,

L; = a;1, and we have Y;(s) = Yz-(s)}/iT(s)}/;L(s) under this strategy. Note E{RSO)(S) | Z:i(0), X2}
equals to

1
ZP (/L(T) > 1,Zi($_) = k,dNiQ(S) =1,s > aj | Zi(O),XiQ)
k=0

= P (Ai(r) 2 1,Zi(s7) = k,dNia(s) =1, Ai(s) > 1| Z;(0), Xio)

1‘(8_) > 1,Zi(8_) = k,dNiQ(S) =1 ‘ Z,(O),X,g)

I

M-
v

N

I
|

(f_li(s_) Z 1,Zi(8_) = k,dNiQ(S) = 1, fl(ail) =1 | ZAO),XQ) 5

which can be obtained by (C.3). E{Rgo)(s; Y) | Zi(0), Xi2} can be written as

N

M-
M-

P (Ai(1) > 1,Zi(s7) = k, X (ain) = 1, Ai(s) > 1| Z;(0), Xiz) exp(ih1l + 95 Xio)

Il
=)
=
=l
=)

P(

2

(s7) > 1, Zi(s7) =k, X7 (ann) = 1| Zi(0), Xiz) exp(t1l + 15 Xio)

Il
-
I MH
o
ol
~
o

|
B

exp(wll + w/Qng)/O P (AZ(S_) Z 1, Zi(s_) = k71‘11(a;) = O,Zz(af) = l7dA7;((11) = ]. | ZZ(0)7X22) da1

—
o
Eod

=l
=)

exp(¢1l + wéX12)[; i (Zi(si) = k)"zll(al_) = Oa Zl(al_) = l7dAi(a1) =1 ‘ ZZ(O)7X12) dal

N
Il
o
>
Il
o
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and E{Rg)(s; V) | Z:(0), Xia} is calculated as

1 s
= Zexp(wl + T,ZJ;XQ)/ P (ZZ(S_) = k‘,/_l,(al_) = 0, ZZ(CLI) = 1,dAi((11) =1 ‘ ZZ(O),XZQ) dal .
k=0 0

Similarly we can calculate P (Z;(s™) =k, 4;(ay) = 0, Zi(a7) = 1, dA;(a1) = 1| Z;(0), X;2)
via (C.4a) and (C.4b).
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