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Abstract

This thesis develops mesh-free approximation methods for linear elliptic and free-boundary
partial differential equations within variational formulations. It consists of two main con-
tributions.

First, we construct radial basis function approximations for linear elliptic partial dif-
ferential equations and free-boundary value problems. Classical problems, including the
Poisson and Reaction—diffusion equations, are reformulated as minimization tasks, with
boundary conditions imposed through penalty methods. For obstacle problems, we con-
sider a variational formulation with a non-smooth ¢*-regularized objective. To address the
ill-conditioning of the discrete linear systems, a truncated singular value decomposition is
employed as a stabilization mechanism. Numerical experiments demonstrate that the pro-
posed method achieves high accuracy and efficiency, and that it outperforms competing
approaches, including finite-difference methods, Galerkin methods, and neural network-
based solvers.

The second contribution extends this variational framework to high-dimensional prob-
lems by means of random feature approximations. The resulting formulation yields scalable
convex optimization problems that are well suited for high-dimensional settings. Numeri-
cal results indicate that the proposed approach surpasses other mesh-free methodologies,
particularly physics-informed neural networks and the Deep Ritz method, while preserving
high accuracy.

In general, these contributions provide effective variational mesh-free algorithms for
linear elliptic, obstacle-type, and high-dimensional partial differential equations. The find-
ings highlight the potential of radial basis function networks and random feature models
as accurate, stable, and scalable methods for the numerical approximation of variational
partial differential equations.
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Chapter 1

Introduction

Partial differential equations (PDEs) play a significant role in the mathematical model-
ing of biological, physical, and engineering systems. PDEs arise in the study of diffusion
processes, elasticity, heat, and phase transitions. They present significant challenges for
numerical approximation and motivate the development of robust computational methods.
In recent decades, radial basis function (RBF) methods have been developed as powerful
tools in the area of numerical analysis, especially in the solution of PDEs in mesh-free set-

tings [17, 35, 53, 76]. Their ability to approximate functions, coupled with their flexibility
in high-dimensional situations, indicates that RBF-based solvers are in use across different
types of PDEs in [53, 5, G1]. In this thesis, we develop and investigate mesh-free variational

solvers in the form of RBF networks for linear elliptic PDEs and obstacle problems. We
intend to formulate PDEs as optimization problems and solve them using numerical linear
algebra methods for linear elliptic PDEs combined with proximal methods in obstacle-type
PDEs.

1.1 Partial Differential Equations and Free-Boundary
Value Problems

Linear elliptic PDEs [32, 81, 82] arise in many applications, including steady-state heat
conduction, diffusion, and electrostatics. Elliptic PDEs can be formulated using varia-
tional forms and there are several classical methods to approximate. Those approaches
include the finite difference method (FDM) and the finite element method (FEM), which



have been widely used for those problems and provide a strong foundation for computa-
tional analysis. Boundary value problems (BVPs) form an important problem class for
PDEs in which the initial and boundary conditions are specified. Obstacle problems are
a special kind of variational inequality that consist of the requirement that the solution
lies above a prescribed obstacle function ¢ (z). We refer readers to [38, , 93] for a
detailed understanding. Such problems arise in a broad variety of applications, includ-
ing fluid mechanics, elasticity, financial mathematics, and phase transition modeling. The
free-boundary aspect arises naturally since the location where the solution touches the
obstacle is unknown beforehand and must be determined as part of the solution [38, 93].
According to [107], classical approaches to tackle such problems include FEM and FDM.
These methods, including FDM and FEM, provide a solid theoretical foundation and well-
established convergence results; however, they typically require domain meshing and, in
many cases, adaptive mesh refinement near the contact region boundary. Furthermore,
enforcing inequality constraints can add algorithmic complexity and computational cost.

Those limitations motivate the exploration of mesh-free approximation methods for free-
boundary value problems. Kernel feature (KF) methods offer several advantages, including
geometric flexibility, ease of extension to high-dimensional settings, and compatibility with
variational formulations. We combine the KF method in the approximation space with
appropriate optimization algorithm choices to incorporate the inequality constraints of
obstacle-type BVPs.

In this thesis, we address linear elliptic PDEs and obstacle-type problems using opti-
mization and variational frameworks built on the KF method. The variational inequalities
are reformulated as minimization problems, allowing numerical optimization techniques to
be employed. This approach provides a systematic method for the development of stable
mesh-free methods that can handle a broad class of PDEs, such as Poisson and reaction-
diffusion equations, and elastic obstacle problems.

1.2 Radial Basis Function and Random Features Mod-
els

RBF models provide an effective framework for mesh-free approximation and form a key
building block of the methods developed in this thesis. An illustration of the RBF model
is given in Figure 1.1. We refer the reader to [79, 96, 17] for a detailed understanding of
the approach. RBF models offer an approach to construct approximate solutions that do
not rely on domain meshing, making them suitable for BVPs with complex geometries and



inequality constraints. In the context of linear elliptic and obstacle-type BV Ps, the solution
is approximated as a linear combination of radial basis functions centered at selected points
in the expanded domain. Let ¢(r) denote a radial basis function, where r = ||Z — &2 is
the Euclidean distance between a spatial point & € 2 and a center ¢;. A well-known choice
of basis function is the Gaussian RBF, defined as follows.

¢(r) = exp(—(b7)?),

where the shape parameter b > 0 controls the flatness of the basis. Other commonly
used radial basis kernels include multiquadric (MQ), inverse multiquadric (IMQ), inverse
quadratic (IQ), and compactly supported Wendland functions, as described in [31]. How-
ever, the matrices generated from these kernels suffer from severe ill-conditioning, partic-
ularly in the flat limit. This topic has been discussed in [5], and it becomes an issue in
practical RBF computations, which motivates the stabilization strategies developed in this
thesis.

RBF methods require a computational cost that scales with the dimension of the PDEs,
and dense kernel matrices are expensive to form and manipulate. The random feature
model (RFM), as described in [34, (7], provides an alternative that retains the advantages
of kernel methods while reducing computational complexity. The RFM approximation is
a linear combination of randomly generated features. This leads to low-rank approxima-
tions in which the computational cost is scalable with the number of features rather than
the dimension, making RFM well-suited for high-dimensional PDEs. Ilustrations of the
architecture for RBF and RFM are introduced in Illustrations 1.1 and 1.2.

Overall, from a conceptual point of view, the RBF and RFM models occupy com-
plementary roles within the framework of this thesis. The RBF network offers a high
accuracy approximation most suitable for low and moderate dimensional settings, while
RFM provides a scalable alternative for high-dimensional PDEs. Both approaches share a
common variational principle and optimization strategy, enabling practical algorithms for
linear elliptic and obstacle-type BVPs.
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[Mustration 1.1: Architecture of d-dimensional RBF model illustrated in the form
of a shallow neural network: The input layer contains the variables (z1,zs, ... ,xd)T,
which are mapped to N radial basis functions ¢ (||Z — &]|) for 1 < i < N. The output layer
then combines these responses linearly using the learnable coefficients w; for 1 <7 < N to

produce the approximation igpp(Z) = S0, w; ¢(||Z — &]|)
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[lustration 1.2: Architecture of RFM model illustrated in the form of a shallow
neural network. The input vector £ € R? is mapped through fixed random weights
(W,b) into M nonlinear random features {z; M. . each computed as z; = o(J 7 + b;).
These features form the hidden layer of the network. A linear readout with trainable
coefficients d € RM then produces the output tigpy () = d ' Z.



1.3 Variational Principles

Linear elliptic PDEs are ubiquitous in the mathematical modeling of steady-state phenom-
ena in science and engineering systems, including diffusion processes, elasticity, and finan-
cial mathematics [32, 81, 82]. Some applications are subject not only to initial /boundary
conditions but also to inequality constraints that reflect physical requirements. A promi-
nent example is obstacle-type BVPs, in which the solution is constrained to remain above
a given function [38, , 93]. Such problems involve free-boundary regions, which must
be determined as part of the solution. The presence of inequality constraints and free
boundaries complicates the analysis and numerical approximation of BVPs.

Complementary to the traditional strong formulations of PDE problems, variational
formulations of elliptic and obstacle-type boundary value problems provide an alterna-
tive concept [38, 32, ]. Rather than enforcing the governing equation in strong form,
the variational framework characterizes the solution as a minimizer of an energy func-
tional over an approximation space; for obstacle problems, this perspective incorporates
inequality constraints directly leading to variational inequalities. Furthermore, variational
formulations allow for flexibility in the choice of approximation spaces, which is beneficial
in mesh-free domains and high-dimensional settings.

Consider the following Poisson equation:

—Au(?) = f(Z), Ve QCR?
uw(Z) = g(2), T € 09.

(1.1)

According to the Dirichlet principle, the solution of Eq. (1.1) is a solution of the following
optimization problem

1
min J(u), where J(u)= 5/ |Vul? dz — / fudz such that u(Z) = g(Z) onof.
u Q Q

(1.2)
The functional J(u) represents the total energy of the system in Eq. (1.1) for the Poisson
boundary value problem. It balances a quadratic energy term associated with the gradient
of the solution and a given forcing term induced by the source function f in 2. The

minimizer of this functional coincides with the weak solution of the corresponding elliptic
PDE as described in [122].

For obstacle problems, the governing equations require additional inequality constraints
that the solution must satisfy. Specifically, we impose the solution v within the closed and
convex set.

C={ue H\Q) : u@ > (@) inQ},
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where v is a given functional obstacle. The constrained minimization problem leads to a
variational inequality that encodes both the governing PDEs and the obstacle constraint.
The weak formulation can be expressed as a complementary problem [93]:

—Au > f, u >, (—Au—fllu—¢)=0 in Q wu=g on I (1.3)

By casting BVPs as an optimization problem, it becomes possible to leverage numerical
optimization techniques. In particular, the convex structure of the energy functional and
the constraint set allow for the use of efficient splitting-based algorithms, such as proximal
methods and the alternating direction method of multipliers (ADMM) [15, , 6]. The
ADMM is a classical operator-splitting method for constrained optimization problems.
In this thesis, we do not introduce ADMM as a new algorithm; however, we use it as a
standard numerical tool to solve the non-smooth constrained optimization problems arising
from the obstacle-type BVPs.

In general, the variational framework both characterizes elliptic and obstacle-type BVPs
and provides a foundation for designing stable numerical solvers [107, , 68]. The meth-
ods proposed in this thesis are constructed on this foundation to address challenges, in-
cluding the condition number of matrix systems, non-smooth inequality constraints in the
PDEs, and high-dimensional settings, while maintaining high accuracy and computational
efficiency. A central reason for adopting the variational formulation is that it reduces
the regularity requirements on the solution and allows the differential equation to be en-
coded through energy minimization principles. This is particularly useful for obstacle-type
BVPs, where classical differentiability may fail near the contact region or free boundary.
In contrast, strong-form residual minimization requires pointwise evaluation of differen-
tial operators and may be less robust when the solution has limited smoothness. The
variational formulation also provides an approach to penalty methods for boundary con-
ditions and convex optimization formulations for the finite-dimensional RBF and RFM
approximations considered in this thesis.

A key idea in this thesis is to formulate the corresponding linear elliptic and obstacle-
type BVPs as a minimization problem. We use penalty methods to incorporate Dirichlet
boundary conditions and inequality constraints [15, , 0]. Linear elliptic PDEs lead
to smooth quadratic minimization, while obstacle-types BVPs introduce non-smooth con-
straints, for which we use proximal and operator splitting methods, including ADMM

[15, 107].



1.4 Objectives and Contributions

The primary objective of this thesis is to develop stable, accurate, and computationally
efficient mesh-free numerical methods for solving linear elliptic and obstacle-type BVPs,
which are reformulated into variational form. In particular, the thesis aims to address
the challenges of ill-conditioning, non-smooth inequality constraints, and high-dimensional
settings that arise in kernel-based discretizations. Consequently, the thesis seeks to pro-
vide systematic algorithmic insights about accuracy, stability, and efficiency for variational
solvers. The main contributions of this thesis are summarized as follows:

e We develop a stabilized variational formulation based on the RBF approximation
to solve linear elliptic and obstacle-type BVPs. The approach enables mesh-free
discretization and flexible handling of boundary conditions and inequality constraints.
The truncated singular value decomposition [2, 1, 5, 13] is used to solve linear algebra
systems to reduce the ill-conditioning resulting from the kernel matrix generated by
the RBF. The experiments study the trade-off between the choice of a truncation
threshold value and computational error. Obstacle inequality constraints are treated
using a ¢; penalty according to [38, |. This leads to non-smooth optimization
problems that are efficiently solved using the ADMM algorithm.

e We use the RFM model with the variational principle and combine optimization
methods to solve high-dimensional PDEs. We validate the proposed RFM method
using analytical solutions as references to compare the accuracy and convergence
order with competing approaches. With low-rank RFM as in [81, 85, 86, 67], we
construct scalable approximations in which the computational cost grows with the
number of feature functions. Through various numerical experiments, we show that
the proposed kernel-feature-based approaches retain an accuracy level on par with
competing numerical methods, while providing better scalability and robustness in
high-dimensional settings.

1.5 Thesis Overview

The outline of the remaining chapters is presented below.

Chapter 2. We recall mathematical preliminaries, which include some important
definitions and concepts from obstacle-type BVPs, RBF and RFM models, truncated sin-
gular value decomposition (T'SVD), and numerical optimization techniques. These are key

8



to understanding the content of the thesis. We then provide a brief definition of varia-
tional formulation, boundary conditions, and penalty enforcement under the constraints of
obstacle-type problems. In addition, we discuss numerical discrete formulations in the vari-
ational framework. These are foundational to the presented studies of variational mesh-free
methods and their application to high-dimensional PDE methods.

Chapter 3. We investigate variational RBF models to approximate linear elliptic PDEs
and obstacle-type BVPs, emphasizing numerical accuracy, robustness, and efficiency. This
chapter addresses the ill-conditioning of dense RBF discretizations by using truncated
singular value decomposition. We examine the resulting stability and accuracy trade-offs.
Numerical experiments are presented to evaluate performance and illustrate convergence
behavior. The approximation and truncation errors are explored for practical choices of
the number of basis functions N, truncation threshold 7, and domain expansion factor 7'
The empirical results demonstrate that the variational RBF method provides an accuracy
that is competitive with existing methods. Proximal algorithms are employed to handle
non-smooth ¢; constraints, followed by an examination of the effects of parameters such
as penalty weights, threshold values, the number of basis functions, and the oversampling
ratio. The contents of this chapter have been adapted and modified from the following
article:

Tan Phuong Dong Le, Giang Tran and Hans De Sterck. Stable Mesh-free Variational
Radial Basis Function Approximation for Elliptic PDEs and Obstacle Problems. arXiv
preprint arXiw:2604.19882, 2026.

Chapter 4. In this chapter, we present a framework for solving high-dimensional PDEs
using RFM methods within a variational formulation. The proposed approach combines
the advantages of random features with a principled variational formulation, leading to
a convex quadratic optimization problem. The method is developed for high-dimensional
settings, and we discuss in detail how the overall accuracy of the method depends on its
main components. Numerical experiments are presented to demonstrate the performance
of the method. We discuss a comparative study of the proposed variational solver. This
chapter compares RBF and RFM models, as well as neural networks, in terms of accuracy
and computational cost. A robustness analysis concludes the chapter by assessing sensitiv-
ity to parameter variations. The contents of this chapter have been modified and adjusted
from the following article:

Tan Phuong Dong Le, Giang Tran and Hans De Sterck. Random-Feature Solvers
for High-Dimensional Variational Problems: A Practical Framework. Preprint. 2026.
Available as manuscript.

Chapter 5. We summarize the main findings of the thesis and highlight the remaining



challenges and future research directions that arise from this work.
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Chapter 2

Mathematical Preliminaries

This chapter provides the foundations required for the development of RBF and RFM
approximations within the variational framework for PDEs. In Section 2.1, we begin with
a general introduction to BVPs and Sobolev spaces as functional settings for the solution
of PDEs. Sections 2.2-2.3 formulate the BVPs into the variational formulations. In Sec-
tion 2.4, we review the basic construction of RBF, RFM, and their universal approximation
properties. In Section 2.5, we briefly review the numerical linear algebra tools, particu-
larly singular value decomposition (SVD), and its truncated variant, which are presented
as stabilization methods for solving ill-conditioned systems. Section 2.6 defines our BVPs
and the obstacle problems to construct the variational form in the next chapter. Lastly,
the details of ADMM are provided in Section 2.7.

2.1 Linear Elliptic and Free-Boundary Value Prob-
lems

We first define the linear elliptic PDEs and obstacle-type BVPs [32]:

Definition 1 (Boundary Value Problem [32]) Let Q C R? be a bounded open domain
with its boundary OS2. The closure of the domain is denoted by 2 = QU IQ. We seek an
unknown function u : Q0 — R satisfying

{zm (7)
Blu](Z)

(2.1)

f(@), vEeq,
g(F), T eon.
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where L is a differential operator (e.g., Laplacian A), f € L*(Q) is a forcing function,
B is a boundary operator encoding Dirichlet, Neumann or Robin-type conditions, and g €
C*(0R) prescribes the boundary data.

Definition 2 (Linear Elliptic Boundary Value Problem) We maintain the notation
from Definition 1. The linear elliptic boundary value problem with Dirichlet boundary
conditions is given by:

(2.2)

Llu|(Z) = f(Z), VZeQ,
u(r) = g(2), T € 09,

where L is a linear elliptic differential operator that acts on the unknown function u with
smooth coefficients.

For instance, one of the well-known linear elliptic BVPs is the Poisson equation

—Au=f, in €,
u=g, on 0f).

Definition 3 (Obstacle-Type Boundary Value Problem [93]) Given an obstacle func-
tion ¢ : Q0 — R, the Fuler-Lagrange equations for this type of free-BVPs are given by:

—Au >0, Vi e,

u(Z) > (@), Vf € Q, (2.3)
(—Au) (u—1) =0, in Q,

uw(Z) = g(@), on 0N,

When seeking weak solutions of the BVPs described in Definitions 2 and 3, one must require
an appropriate function space that extends classical differentiability. This is provided by
Sobolev spaces, as outlined below.

Definition 4 (Sobolev Space [32]) Let Q C R? be a bounded domain and 1 < p < co.
The Sobolev space W*P(Q) is defined as follows:

Whe(Q) = {u € LP(Q)| D€ LP(Q),Va € N with |o| < k} (2.4)

12



where a = (aq, ..., aq) is a multi-inde,

olely

d
ol = E « and Du= ———"——
o] " dxt - - Oy

m=1

denotes the weak derivative of u.

A fundamental result in [32] states that C°°(Q) N W*P(Q) is dense in WHP(Q), ensuring
that Sobolev functions can be approximated by smooth functions.

Theorem 1 (Global approximation by smooth functions [32]) Let Q@ C R?Y be a
bounded domain and u € W*P(Q) for some 1 < p < oo. Then there exist functions
Uy, € C®(Q) NWHEP(Q) such that:

U —u in WEP(Q). (2.5)

While Theorem 1 guarantees the existence of globally smooth approximations to weakly
differentiable functions, practical solver methods require explicit approximations with sta-
bility and universal approximation properties. RBF and RFM methods provide parameter-
ized models and offer universal approximation properties. The remainder of this section is
devoted to introducing these representations and establishing fundamental approximation
properties that are relevant to the variational framework considered in this thesis.

2.2 Variational Formulation for Elliptic Boundary Value
Problems

In this section, we review the variational formulation for classical elliptic boundary value
problems and introduce a penalty-based approach for enforcing Dirichlet boundary condi-
tions. These formulations form the foundation for the mesh-free optimization framework
developed in this work. We begin with the Poisson boundary value problem defined on a
bounded domain Q C R? with the boundary 9 as stated below.

(2.6)

—Au=f(7), VFeQ,
u(@) = g(F), Vi€,
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where f : Q2 — R is a given source term and g : 92 — R prescribes Dirichlet boundary
data. The classical variational formulation associated with Eq. (2.6) seeks a function u by
minimizing the energy functional

1
5/ V|| di — / fudz, subject to u(Z) = g(Z) V¥ € 90. (2.7)
Q Q

While Eq. (2.7) is well-defined in standard Sobolev spaces with essential boundary condi-
tions imposed strongly, it poses practical challenges in mesh-free approximation settings. In
particular, constructing trial spaces that exactly satisfy u = g on 9€) can be restrictive and
computationally inconvenient. Following the approach of [88, 87, 120], we instead adopt a
penalty method to enforce the Dirichlet boundary condition. Specifically, we consider the
unconstrained minimization problem as defined in the following definition.

Definition 5 (Variational Formulation for Elliptic PDEs) LetQ C RY be a bounded
domain with boundary 02, and let f : Q — R and g : 92 — R be given functions. The
variational formulation of the Poisson PDE with Dirichlet boundary conditions in Eq. (2.6)
is defined as the unconstrained minimization problem

m&n jﬁ,poisson(“)? (28)

where the penalized energy functional J3 poisson HY(Q) — R is given by

1
Togisonlt) =5 [ IVl az= [ fudi+ 5 [ w=gias >0 (29

The boundary penalty term enforces the Dirichlet condition v = g on 0dS2, penalized by
the parameter 5. By an appropriate choice of 3, the minimizers of J3 poisson cOnverge to the
solution of the BVP [122, 32, 27  29]. This formulation is particularly suitable for radial
basis function and neural network approximations.

2.3 Variational Formulation for Obstacle-Type Bound-
ary Value Problem

We now extend the variational framework for elliptic boundary value problems to obstacle-
type problems, which arise naturally in variational inequalities and free-boundary phenom-
ena. We let Q € R? be a bounded domain with boundary 9. Given an obstacle function

14



1 : © — R, and Dirichlet boundary function g : 92 — R, the classical obstacle problem
seeks a function u satisfying

—Au(Z) >0, VT e Q,

u(T) > (%), VT € €,
(@) @ (2.10)

u(r) = g(@), Vi e 09,

([ (—Au) (u—1) =0, VIeQ.

Following the classical theory of variational inequalities [56], this problem is equivalent to
minimizing the Dirichlet energy in Eq. (1.2) over the convex admissible set
Keontact = {u € H*(Q) :u > in Q, u= g on 9Q}.

To avoid explicit constraint handling, we adopt an ¢!-penalty approach [107] that replaces

the inequality constraint u > v with a non-smooth penalty term, where we define (¢ —
w)y = max {¢ — u,0}.

This leads to the following unconstrained variational formulation.

Definition 6 (Variational Formulation for Obstacle-Type Problems) The variational
formulation of the obstacle problem in Eq. (2.10) is defined as a minimization problem

muin jp,ﬁ,obstaele(u)a (211)

where the penalized energy functional J, g obstacte : HY(Q) — R is given by

1 — — 5 —
Tnsavsaew) =5 [ [Vuldien [(w-udir] [ w-gfds,  ps>0. @212
2 Jg Q 2 Jaa
For an appropriate choice of parameter p and an appropriate choice of B, the minimizers of
Ju.B.obstacte COVETgE to the solution of the classical obstacle problem in Eq. (2.10) according

to [01, 15].

This penalty-based formulation transforms the variational inequality into an unconstrained,
non-smooth optimization problem, making it well suited for mesh-free approximation using
radial basis function networks. The penalty parameters p and 8 control the enforcement of
the obstacle constraint and the Dirichlet boundary condition, respectively. In the following
sections, we describe the discretization of Eqs. (2.9)—(2.12) and the optimization algorithms
used to compute their minimizers.
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2.4 Radial Basis Functions, Random Features and Uni-

versal Approximation Properties

The RBF and RFM models define mesh-free approximation spaces that are suitable for
variational formulations of PDEs. In this section, we discuss approximations using radial
basis and random feature functions. We give a brief overview of these kernel methods and
their advantages. For a detailed understanding, we refer the reader to [01, 60]. First, we
define the RBF model as below.

Definition 7 (Radial Basis Function Approximation Model) Given u : Q — R,
where Q C R Let ¢ : [0,00) — R be a radial basis function and N be the number of radial
basis functions. Assume that the radial basis centers ci,...,cn are sampled independently
from an expanded domain Qp, where T > 1 is the expansion domain factor, which is dis-
cussed in more detail in Chapter 3. We then define the radial basis function approximation
tger : Q — R to the function u by

N
nor () = —= > ws (17 = i), (213
=1

where the weight vector W = (wy, . .. ,wN)T € RY is to be learned. We note that the scaling
factor \/LN 1s to normalize the representation with respect to the number of centers. The
graphical schematic representation is shown in Illustration 2.1.

Definition 8 (Radial Basis Functions, see [34]) A functional ® : R — R is called
radial kernel centered at @ € RY, if there exists a uni-variate mapping ¢ : [0,00) — R such
that

(%) = o(r), where r=|7—7 (2.14)

and || - || denotes a norm on R - normally we use the Euclidean norm.

The specific form of ¢ determines the smoothness, locality, and conditioning properties of
the resulting RBF approximation and affects the empirical performance of the variational
method. More details will be discussed in Chapter 3. Some well-known examples of kernel
functions are defined in Table 2.1. With regard to the choice of the kernel in Table 2.1, RBF
networks possess the universal approximation theorem, ensuring the ability to approximate
arbitrary functions in compact domains.
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[ustration 2.1: Schematic representation of a RBF-network in the Definition 7.

A single input vector & € R is evaluated with a set of radial basis centers {c,

...,5]\[} via

the kernel functional ¢(||Z — G||2) for 1 < ¢ < N. The resulting approximation consists
of a linear combination of functional values ¢ with the weighted learnable coefficients w;.

Source: [61].

Name

Formula ¢(r) Smoothness Locality
Gaussian e~ (brpr7)? (@hed Global
Multiquadric 1+ (brprT)? > Global
Inverse Quadric m (Ohed Global
Inverse MQ —L c*> Global

1+(brpr )2
Wendland C? X[0,1] (bRBF T)(l — brBF 7')4(4bRBF r+ 1) C? Compact
Wendland C* X[0,1] (bRBF 7”)(1 — brBF T)6(35(bRBF T)2 + 18 brBr r + 3) ct Compact

Table 2.1: Examples of widely used radial basis functions. The parameter bggr > 0 controls

the shape of the kernel. The term xjo,1)(brr) denotes the indicator function, which takes
the value 1 if bgpp 7 € [0, 1] and 0 otherwise.
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Theorem 2 (Universal Approximation Theorem for RBF [79]) Let Q C R? be an
open bounded set. We suppose that ¢ : [0,00) — R is continuous, then for every h € LP(2)

with p € [1,00) and every € > 0, there ezists an integer N € N, radial centers ¢y, ...,Cy
where each & € RY, weighted coefficients w1, ..., wx, and a scale parameter b > 0 such
that:

lirsr — bl o) <€ (2.15)

The RBF approximation typically requires the construction and inversion of dense, ill-
conditioned kernel matrices, especially in a high-dimensional setting, which will be dis-
cussed later. This limitation motivates the consideration of alternative representations
that retain the advantages of kernel methods. One such approach is the RFM method-
ology, which uses randomized feature maps derived from the spectral representation of

positive-definite kernels. In particular, Bochner’s theorem in [14] enables the kernel to be
expressed over trigonometric functions, leading to finite-dimensional approximations based
on random sine and cosine features. We refer the reader to [67] for a detailed exposition.

To construct the RFM approximation, we recall Mercer’s condition and reproducing kernel
Hilbert spaces (RKHS) as a foundation.

Theorem 3 (Mercer’s theorem) Suppose that K : Q2 x Q — R is a symmetric function.
Then K is a positive semi-definite kernel if and only if

5" 3oy (0,9 30
i=1 j=1
for all Z®, 70 € Q C R? and real numbers aq, .. ., Gp,.

Definition 9 (Reproducing Kernel Hilbert Space) Let K : QxQ — R be a symmet-
ric and positive semi-definite kernel. Then there exists a Hilbert space H and a mapping
v from Q to H such that

K(Z,§) = (y(@),v({)n, VZ,5 €
Furthermore, H has the reproducing property given by
Vh € HVZ € Q, h(Z) = (h, K(Z,))3.

Then H s called a reproducing kernel Hilbert space associated with K. The definition
implies that the evaluation of h at ¥ can be written as,

hE) =) a; K@V, z), (2.16)
=1
for some aq,...,a, € R.
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The RKHS H associated with the functional kernel K in Definition 9 is viewed as a feature
space induced by the mapping o. In general, this feature space is not unique. Although
kernel methods allow inner products in high-dimensional feature spaces to be computed
efficiently, identifying the kernels that yield data separation can still be challenging. To
address these limitations, RFM was introduced in [3]. For a detailed understanding of the
thesis, we review the random feature framework and related recent developments below.

Fixed feature map

-d ' (Random afflne Nonlinear actlvatlon Linear head A _
rek wa W95+b cRY HURF( r) = ﬁcﬁa(Wﬁ-&b) URp ()

Frozen: W € RM*¢, € RM Trainable: d € RV

[ustration 2.2: Graphical representation of a random features model: fixed feature
map o(W &+ b) and trainable linear head.

Definition 10 (Random Feature Approximation [84, 85, 86])
We let u: R — R be a given unknown function. The RFM approzimation takes the form

aRF(f)::JLMd’T (Wa:+b> \/_Zda<w x+bl>, (2.17)

where W € RM*d gnd b € RM are chosen at random and d € RM is trainable. The
graphical schematic representation for RFM is shown in Illustration 2.2.

In Definition 10, the parameters of the matrix W = [w; ;] are sampled independently and
identically from a probability density function p(d), i.e., wjr ~ p(d) for all 1 < j < M
and 1 < k < d. Similarly, the components of the bias vector b are also sampled from a
probability distribution. More precisely, we assume that the components of the random
matrix and the bias vector are sampled as follows:

Ojj NN(()?b%{F Id)a bj NM(QT,CI)? j - 17 s 7M' (218)

where QT,d is an expanded domain that depends on the parameters Tgr and d, which
will be discussed later in Chapter 4. The scale b}y represents the variance of the normal
distribution for the random matrix W in the RFM model. The activation function o :
RM — RM is a fixed nonlinear function applied element-wise. For the remainder of the
thesis, we assume that the activation function is the hyperbolic tangent function o(z) =
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tanh(z) for z € R, unless otherwise stated. There is a variety of activation functions that
have been considered in the literature. We refer readers to [27, (41, 65, (6] for a detailed
understanding of different random features approximation models. The choice of activation
function also influences both the smoothness of the approximation and the locality of the
kernel features. For instance, if we use sine and cosine features, the bias vector b is
initialized using a different probability density function. In that case, we initialize the bias
values as shown below.

by ~U[0,27), j=1,..., M.

The following Table 2.2 summarizes the various activations utilized in the literature.

Name Formula Approximation type
Hyperbolic tangent | o(z) = tanh(z) Global smooth
(tanh)
1
Logistic sigmoid o(z) = T Global smooth
e z
Softplus o(z) =log(1l + €?) Global smooth
Gaussian o(z) = exp(—2?%) Global smooth
Cosine feature o(z) = cos(z) Global smooth (periodic)
Sine feature o(z) = sin(z) Global smooth (periodic)
ReLU o(z) = max(0, 2) Piecewise; non-smooth at
Z€ro
Leaky ReLU o(z) = max(azz), a € | Piecewise; non-smooth at
(0,1) Z€T10

Table 2.2: Examples of activation function o(-) employed in random feature models.

In the random feature model, a feature refers to a scalar nonlinear function of the input
form
g (CUJ T + bJ) y
where &J; is a sampled weight vector and b; is a sampled bias. The activation function o(-)
determines the nonlinear feature used to approximate the unknown solution.

In the next section, we present a concise overview of the numerical linear algebra
techniques used to solve least-squares problems. In particular, Section 2.5 provides the

theoretical and algorithmic foundations for the methods developed later in the thesis to
solve BVPs.

20



2.5 Numerical Linear Algebra Method: Truncated Sin-
gular Value Decomposition

A common problem in numerical linear algebra is to solve the system Aw = ¢ where the
data ¢ € R™ and an unknown vector @ € R are connected via a measurement matrix
A € R™N_ This system can be encountered in many problems, such as solving PDEs
according to the results of [38, 10, |. Many of the discretization techniques used to solve
BVPs give rise to large linear systems. The SVD [13, 17, | provides a fundamental tool
for analyzing such systems, offering insight on rank, conditioning, and numerical stability.
The truncated version of SVD, the TSVD [2, 4], provides a regularization method by
discarding small singular values that amplify errors. First, we start by recalling the SVD
method, and then we give a brief introduction to the TSVD as follows:

Definition 11 (Singular Value Decomposition, see [43, 1) Let A be an m x N
matriz. Let r denote the number of nonzero singular values of A, 01 > 09 > -+ > 0, >0,
or equivalently the rank of A. Then a singular value decomposition of A is a factorization

A=UxV"T (2.19)

where:

e U is an m x m orthogonal matrix.
e Visan N x N orthogonal matriz.

o ¥ is an m x N matriz whose i'" diagonal entry equals the i*" singular value o; for
1=1,...,7r. All other entries of ¥ are zero.

Definition 12 (Truncated Singular Value Decomposition, see [2, 4, 5]) Suppose that
the matriv A € R™N has rank r < min(m, N) and is possibly ill-conditioned. Given a
singular value decomposition of A

A=UXV", UeR™™ VeRVV,

For any T > 0, the truncated approzimation of A

A=) ot U] = U5,V (2.20)
0;>01T
where 3, = diag(oy, . ..,0,) with 0, > 017 > 0,1 and U, € R™P V, € RN*P contain the

first p singular vectors of U and V', respectively.
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We introduce the pseudo-inverse of the TSVD as follows:

Definition 13 (TSVD Pseudo-inverse [5]) Let A € R™" and 7 > 0. Suppose that
A=UXV" isaSVD of A. Then

—

A=Y El—ysuT (2.21)
a;

T

0,;>01T

where ¥1 = diag(1/oy,...,1/0p) with 0, > 017 > 0pyy. The truncated SVD solution of
AW =y with the truncation parameter T is

W, = Al

Tg=v,5'U, 7. (2.22)
The TSVD in Definition 12 offers a means of stabilizing rank-deficient and ill-conditioned
systems and provides an approximate solution to the linear system. Our PDE formulation
involves additional constraints, such as inequality conditions in obstacle problems. To
address the inequality constraints, we require optimization strategies that go beyond just
linear solvers. For this reason, in Section 2.7, we consider a flexible algorithmic framework
for solving constrained optimization problems.

2.6 Discrete Numerical Formulations

We now derive the discrete optimization problems corresponding to the penalized vari-
ational formulations for elliptic and obstacle-type boundary value problems. Let m =
mq + mpqo denote the total number of collocation points in  for approximating the inte-
grals in the variational formulation, where mg and mgq are the numbers of interior and
boundary points, respectively. These points are used to approximate the interior varia-
tional integral and the boundary penalty term, respectively.

2.6.1 Discretization with radial basis functions

We select NV uniformly distributed centers {&;}Y., C Q, where Q7 is the domain extended
by a factor "> 1 and a radial basis kernel ¢(-). Using the approximation in Definition 7,
the gradient of the approximate solution is given by

N
Vi(7) = %ﬁ S wi V(|17 — &) € R (2.23)
=1
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We aggregate the centers into the matrix
C = |:51 82 5N ERdXN,

We define the feature vector ® (7, C') and the gradient matrix V®(z, C) as follows:

oz — cill2) Vo (17— cill2)
d(z,C) = : cRY and VO(F C)= : c RV*4,
o(||7 — nll2) Vo (|7 —cnll2)
(2.24)
The pointwise Dirichlet energy admits the quadratic form
1
Va(T)|5 = NWV@@, C\WVo(Z,C) . (2.25)
Approximating the integral over € via the interior sample points {fgm T yields
Lo e Lo
—|| Va5 dZ ~ W' Ay, (2.26)
a2 2
where
. iy S =9) Q) T NxN
A = N pr(xj L)WV )T e RV, (2.27)
The load matrix is discretized as
/ F(@)a(T) dT ~ T Ay, (2.28)
Q
with
o [PE@O £(#7)
Ay = : c R™N  and  fi= : e R™e, 2.29
(@0, O) 7 (#52)
The boundary penalty term is approximated using boundary sample points {féam P as
6 ~ — /8 — —
5 (4 — g)? d5 =~ 5”143’(1} — g3, (2.30)
El9)
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where

(00 o0
0 o (", C)T 0 (@)

Ay = : e Rmo2*N  and  §i= 4/ — € R™oe
Nmoa | = o) o1 moa | aq)
@(xWMQ7CU g($WWQ)

Collecting the above terms leads to the following discrete variational problem:

Definition 14 (Discrete Variational Formulation for Elliptic PDEs using RBF)
The penalized variational formulation of the Poisson problem in Fq. (3.2) admits the dis-
crete form

1
min {inAlw — [T AyD + guAgw - gug} : (2.32)

wWERN

where Ay, As, and As are defined in Eqgs. (2.27)—(2.31).

For reaction—diffusion equations, the stiffness matrix A; is modified by the addition of a
mass term,

Al, reaction-diffusion —

Z (Vo@?, c)ve@®, o) + @, )o@, 0)") .

NmQ
(2.33)

We now consider the obstacle-type boundary value problem. The non-smooth penalty term
is discretized as

" / (4 — )4 dT = (& — Agid) ]I, (2.34)
Q

where
(#")

PSR (2.35)
V()

This yields the following discrete obstacle formulation.

Definition 15 (Discrete Variational Formulation for Free-BVP using RBF) The
penalized variational formulation of the obstacle problem in Eq. (3.6) is given by

N I I 7 "
min {ﬁwTAﬂU + §||A3w =gl + pll (¥ — A2w)+||1} : (2.36)

weRN
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Example 1 (One-dimensional discretization) For d = 1, the feature and gradient
matrices evaluated in the mgq interior sample points, according to Eq. (2.24), can be written
as

o(| —crlla) - o( 2l = enll)
o(aS = crlla) - ozl = enll2)
¢ —alls) - (2 = enl)
V(ID(XmQ,O)z : :
&z —cills) - @z — enll2)
.
where X,,, = <x§ﬂ),,x£§2> . Consequently,
Q| T Q|
A = ——(VO(X,,,,C ®(X,,,,C d Ay = P(X,,, C),

and, similarly,

_ 199
Ay =\ 3 = @Ky C).

2.6.2 Discretization with random features models

Following from Sections 2.2 and 2.3 and the approximation model in Eq. (2.17), we derive
the discrete numerical formulation corresponding to the variational equations for elliptic
and obstacle-type boundary value problems. We let m = mgq+mgq denote the total number
of collocation points in Q = QU 9. We select M features such that the weight vectors
and biases are sampled independently from a probability density function as follows.

CUzNN(O,b?%FId), biNu(ﬁTRde), izl,...,M,

where brr > 0 is a standard deviation scaling parameter. We recall the random features
model with hyperbolic tangent activation in Eq. (2.17):

Uppr (%) = \/LM Zdia(d}';f%— bi>, o(z) = tanh(z),

=1
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where d € RM are the unknown coefficients of the model to be learned, and {3, b M,
are fixed parameters with the random initialization, as described above. Similar to Sec-
tion 2.6.1, we specify the variational problem in Definition 14 for elliptic BVPs as follows.

1
muinjﬁ,poisson(u), where 73 poisson (1) = 3 /Q | Vul|5d & — /Q fudZ+ g /(m(u —g)*d5.

The corresponding discrete numerical formulation is given by

me a moqQ
iy e 2 (IS - S7) 7))+ G083 (™) — ()

deRM 2T 2mpgq
jﬁ,poisson(ﬁRF)
Then we deduce that
M
1 1 .
Vigp(#) = —= > dio’ (@Ti:‘Jr bz-) G = ——= J(T)d, (2.37)
M = VM

J(7) = [d( 53 TE 4+ b)G,  o (Wi T bM)wyw} .
Thus, for j = 1,...,mq and the interior sample points {fgm T we get that:
- T -
IVane(@ )3 = 1@ i =d" 7 (#7) 7 (#7) & (2.38)
From Eq. (2.38), this yields
I 1 I S AV AN
IVulr =~ - d S (xj ) J (:cj ) d. (2.39)
j=1
Hence, we define
Q -
B, = M'ﬂLQ Z J( ) ( 5.9)) e RMxM (2.40)
j=1

Similarly, in the forcing term in €, since urp(%) = il d" o (WEH— g), we have

g (Wi +7) @



Then, the forcing term becomes expressed as follows:

/ F(@)u(@)d7 ~ [T Bod.
Q

with
29 7\ ()
o <W Ty + b) f (:L’l >
|Q| M r .
By = —— : e R™*™ and f = : (2.41)
vV M mg @) NT ()
o <W Tma + b) f (xmg>
. . (o) "%
With the boundary sample points {xz } , we let
=1

N T
o (W 70 4 b)

By = 992 : € Rmoax M, (2.42)
M maq T

o (W 70 4 b)

Then, we deduce that:

B . B 109 e . 2 Bip 7 =
o [ gpas= SIS (an @) - o@™) = Simad - gl @23)
¢
oo\ T
where the Dirichlet boundary condition term is g := lg—;‘z (g(fgam), e g(fﬁ%) . We

combine the terms defined from Egs. (2.40)-(2.42), which yields the following discrete
variational problem for Poisson BVPs using RFM:

Definition 16 (Discrete Variational Formulation for Poisson BVP using RFM)
The variational formulation of linear elliptic PDFEs with Dirichlet boundary conditions ad-
mits the discrete optimization form

derM | 2

1 . . .
min {—dTBld—FBQm§||Bgd—§|y§} (2.44)
where By, By and By are defined in Eqs. (2.40), (2.41), and (2.42), respectively.
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Similarly, according to Section 2.3, the variational equation for obstacle problems is as

follows:
min l/||Vu(f)||§d5?—i—,u/ (Qﬁ—u) df—i—é/ (u—g)2d§ :
uw 2 Jq Q + 2 Jaq

The difference in Definition 16 is the non-smooth penalty term. Maintaining the same
notation for RFM, this can be discretized as follows:

" / (6 — )y d7 ~ pl|(F — Bad) |1, (2.45)
[9]

where the obstacle term J is defined in Eq. (3.20). This results in the following discrete
obstacle-type variational formulation using RFM:

Definition 17 (Discrete Variational Formulation for Free-BVP using RFM) The
discrete variational formulation of the obstacle problem with RFM yields

deRM

E L -
min {§Jr31d+ﬂf|(¢—32d)+|’1+gHBsd—gHg} (2.46)

where the matrices By, By and Bs are defined according to Eqs. (2.40), (2.41), and (2.42)
respectively.

Since Bj is symmetric positive semi-definite and the boundary penalty contributes the pos-
itive semi-definite term 3B, Bs, the quadratic component of both formulations is convex.
The addition of the ¢!-penalty preserves convexity, ensuring that the obstacle formulation
remains a convex optimization problem. The random feature model in Definition 10 im-
plicitly encodes the active set in the coefficient vector CZ; while in classical finite-element
discretizations, the active set is identified in the nodal space. Both optimization problems
defined in Definitions 16-17 shape the methodologies to apply the random feature model
in Definition 10 to solve boundary value problems and establish a unified framework. The
Poisson BVPs yield a smooth quadratic optimization problem, whereas the obstacle prob-
lem leads to a convex but non-smooth optimization problem. This enables the systematic
application of modern optimization algorithms when solving high-dimensional boundary
value problems. The quadratic Poisson formulation in Definition 16 can be solved using
linear solvers. In contrast, the obstacle formulation requires non-smooth convex optimiza-
tion techniques, such as proximal gradient descent methods, proximal point methods, or
ADMM. In this thesis, we use ADMM to solve the corresponding non-smooth convex op-
timization problem.
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2.7 Alternating Direction Method of Multipliers

Optimization problems arising from variational formulations of partial differential equa-
tions frequently involve non-smooth constraints, such as inequality conditions in obstacle-
type boundary value problems [107]. These constraints naturally lead to constrained min-
imization problems, whose numerical treatment requires careful consideration of both pri-
mal feasibility and dual optimality. In this section, we review the primal-dual structure
underlying such problems and use the ADMM as a robust algorithmic framework for their
solution. For details, we refer the reader to [15]. We begin with the primal constrained
optimization problem, which encodes the variational energy along with its associated con-
straints.

Definition 18 (Primal Optimization Problem) Let F' : RY — R be a convexr and
continuously differentiable function, and let G : R™ — R be a convex functional that may
be non-differentiable. The primal problem is defined as

min F (W) + G(v)

subject to Q10 + QU = ¢, (2.47)

where @ € RY and v € R™ are primal decision variables, Q, € RPN and Qy € RP*™ are
given matrices, and gz € RP is a prescribed constraint vector.

This formulation is sufficiently general to encompass a wide class of variational problems
arising from linear elliptic- and obstacle-type PDEs. In particular, the function F typically
corresponds to a smooth quadratic energy derived from the weak form of a differential op-
erator, while G’ encodes non-smooth penalties or constraint enforcement terms. To analyze
optimality and derive iterative solvers, one introduces Lagrange multipliers associated with
the equality constraint and constructs the dual problem as follows.

Definition 19 (Dual Optimization Problem) Let X € RP denote the Lagrange multi-
plier associated with the constraint in Definition 18. The dual problem is defined as

max d(\), (2.48)

XERP

where the dual function d : RP — R s given by

d(X) = inf | () + G(5) + X (QuiF + Qa7 — q;,)} . (2.49)
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Under standard assumptions of convexity and appropriate constraint qualifications, strong
duality holds, implying that the optimal objective values of the primal and dual prob-
lems coincide. The primal-dual gap, therefore, provides a natural measure of optimality.
However, directly solving the dual problem via gradient ascent or dual decomposition
can be inefficient when the constraint sets are large or when the system matrices are ill-
conditioned, which is often the case in mesh-free discretizations [15]. To improve numerical
stability and convergence, augmented Lagrangian methods modify the classical Lagrangian
by adding a quadratic penalty on constraint violations. This leads to a formulation that
blends primal and dual information.

Definition 20 (Primal-Dual Augmented Lagrangian) Let p > 0 be a penalty param-
eter, and let Z € RP be the dual variable. The scaled augmented Lagrangian associated with
Definition 18 is defined as

Ly(@,7,2) = F(@) + G@) + £ | + Qo7 — & + Z3 - 21215 (2.50)

The quadratic penalty term enforces the constraint progressively during iteration, while the
dual variable Z accumulates information about the violations of the constraint. This formu-
lation mitigates the slow convergence typically associated with pure dual ascent methods.
ADMM exploits the separable structure of the augmented Lagrangian by alternating min-
imization with respect to the primal variables @ and v, followed by an update of the dual
variable. This splitting strategy is particularly effective when F' and G admit efficient
minimization subproblems.

Definition 21 (ADMM Iterative Updates) Given an initial iterate (W, 7 z(0),
ADMM iterations are defined for i > 0 by

Y = arg min {F(w) + g HQﬂU + Qo — g + £ )HQ} ; (2.51)
704 = argmin { G(#) + £ | @™ + Qa7 — @ + 205 (2.52)
D = F0) 4 QgD 4 QugitY — g (2.53)

The convergence of ADMM is assessed using residuals that measure the feasibility and
stability of the iteration as follows:
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Definition 22 (Primal and Dual Residuals) In iteration (i + 1), the primal and dual
residuals are defined as
7:'(1'4*1) — Qlu_j(i+1) 4 QQU(i+1) o (ZS? (254)
§0D = p Q) Qo (70T — 50)) . (2.55)
The primal residual measures the wviolation of the equality constraint, whereas the dual

residual measures the change in the dual variables induced by updates of the primal vari-
ables.

Stopping criteria. Iterations are terminated once both residuals satisfy the prescribed
relative tolerance criteria.

Definition 23 (ADMM Stopping Criteria) Given tolerances €ppimal, €auar > 0, the ADMM
iterations are terminated when

1]

[y —(; = S €primal; 2.56

i (1017 o, [Qar i, [ 0) = ™ (250
1591,

—_— ual- 2.57

[QreI], = (257

Typical tolerance choices are €primal = €dual = 107% or 107*, depending on the desired

numerical accuracy.

The ADMM framework described above provides a flexible and robust foundation for
solving the non-smooth discrete variational formulations introduced in Section 2.6. In the
next chapters, this general algorithm is specialized to the obstacle-type boundary value
problems considered in this thesis.
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Chapter 3

Stable Mesh-Free Variational Radial
Basis Function Approximation for
Elliptic PDEs and Obstacle Problem

!This chapter is based on the following paper: Tan Phuong Dong Le, Giang Tran, and Hans De Sterck,
Stable mesh-free variational radial basis function approximation for elliptic PDEs and obstacle problems,
arXiv:2604.19882, 2026.
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3.1 Introduction

In this chapter, we develop a stable mesh-free variational framework using RBF approxi-
mations for elliptic boundary value problems and classical obstacle-type variational inequal-
ities. PDEs are reformulated as optimization problems, as mentioned in Section 2.6.1, and
are projected onto finite-dimensional spaces. Boundary conditions are imposed through
quadratic penalty terms, while obstacle inequalities are incorporated via an ¢ penalty
term, resulting in a convex and non-smooth optimization problem.

The difficulty in global RBF discretizations lies in the severe ill-conditioning associated
with the shape parameter brgr and the number of basis functions N. To ensure numerical
stability, TSVD is applied to regularize the least-squares systems derived from a variational
framework. For obstacle problems, the non-smooth formulation is solved using ADMM and
TSVD within each convex quadratic minimization problem.

The following chapters provide rigorous derivations of the discrete variational forms for
Poisson and reaction-diffusion equations, as well as for obstacle-type PDEs. Section 3.2
introduces the boundary value problems, variational formulations, and algorithmic frame-
works that we address. In Section 3.3, we formulate the algorithms into pipelines to solve
the associated boundary value problems. Numerical experiments in Section 3.4 demon-
strate the monotone convergence for linear elliptic PDEs and obstacle-type BVPs. With
suitable choices of parameters and scaling, the proposed variational RBF method achieves
high accuracy, indicating fast convergence.

These results substantiate the effectiveness of the stable variational framework RBF
for elliptic and free-boundary value problems. This analysis is a central component of the
thesis, supporting the empirical results of the theoretical developments presented in the
preceding chapters.

3.2 Problem Statement

3.2.1 Variational Functionals for Boundary Value Problem

The central objective of this chapter is to construct a stable, variational, mesh-free frame-
work for solving elliptic BVPs and obstacle-type PDEs. Before introducing the approxi-
mation methodology, including algorithmic frameworks, it is essential to clearly define the
class of differential equations and inequality constraints that we study.
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We state the mathematical problem, including both strong and weak formulations. For
details of the derivation and understanding, we refer readers to Sections 2.1, 2.4, and 2.6.1.
Let Q C R? with d > 1 be a bounded domain with a sufficiently smooth boundary 0.
We consider the linear elliptic BVPs as defined in Definition 2 as follows:

Lu=f in €, Bu =g on 0S, (3.1)
where L is a second-order elliptic differential operator,
Lu ==V - (a(Z) Vu) + c(Z)u,

with a(Z) > 0 and ¢(Z) > 0 in €2, B denotes a boundary operator for Dirichlet, Neumann,
or mixed boundary conditions. According to the results in [01], we consider Poisson,
Reaction-Diffusion, and Free-boundary value problems. The Poisson equation is given by:

¥), € CR?
)= @), 7 - (3.2)
( ) g(2), on 0f.
From Section 2.2, we recall that the variational problem for Eq. (3.2) is given by:
1
5/ |Vull3d 7 — / fud#, suchthat u(Z)=g(z) Ve . (3.3)
Q Q
Using the penalty method as in [120], we impose the boundary condition and minimize a
modified functional from Definition 5.
muin jﬁ,poisson(u>’
where
_ 1 2 — — /8 2 —
Tspoisson(v) = 5 | [|VullzdZ— | fudZ+ [ (u—yg)°ds, (6>0).
2 Ja Q 2 Jaa
Similarly, we consider the reaction-diffusion equation, which is defined as follows:
—Au + uf f(@), Vyi’ Y (3.4)
u(s) = ¢g(9), V5 e 09.

The corresponding modified variational formulation of the reaction—diffusion boundary
value problem in Eq. (3.4) is expressed as

muin jﬂ,reaction-diffusion (U) ’ (3 5)
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where the functional J3 reaction-diffusion 15 defined by

1 — — —
jﬂ,reaction—diﬂusion(“) =35 / (HVUH% + u2) dz — / fde + é / (U - 9)2 ds.
2 Q Q 2 o0

Lastly, we consider the obstacle-type BVPs which is defined as follows:

—Au(¥) > 0, Vi € Q,
u(3) = g(3), V5 € 09,
uw(Z) > (D), in €, (36)

(—Au) (u—1) =0, in €,

where 1 denotes a prescribed obstacle function.

The following ¢;-penalty formulation provides a robust and flexible alternative to im-
pose the obstacle constraint in Eq. (3.6) in the presence of inhomogeneous Dirichlet bound-
ary conditions as in Definition 6, namely:

muin ju,ﬁ, obstacle (u) (37)

where the functional J, g, obstacle iS given by

J 1,8, obstacle (U) = %/ |Vul|2dz + [L/ (Y —u), di+ g/ (u— 9)2 ds,
Q Q a0
where p1 > 0 is the penalty coefficient for the free-boundary term, and (- ), = max{-,0}. In
the next section 3.2.2, we recall the model RBF, which is summarized in Definition 7, and
useful settings to constrain the necessary coefficients and parameters in the approximate
representation.

3.2.2 Radial Basis Function Model

In this section, we introduce the RBF approximation model outlined in Definition 7, which
serves as the finite-dimensional space for the variational formulations developed in the
previous Section 3.2.1. The main purpose is to represent the weak solution u using a
mesh-free expansion in terms of globally supported basis functions defined at center points
in the computational domain. This approximation framework allows the continuous min-
imization problems for linear elliptic BVPs and obstacle-type PDEs. This reduces to
finite-dimensional optimization problems for the RBF coefficients. The definition of the
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approximate model, including the selection of centers and kernel parameters, is a funda-
mental step in constructing the stable variational framework RBF. We refer the reader to
the previous Section 2.4 for a detailed understanding of the approximation model.

We let ¢ : R>g — R be a well-defined basis function. Given a set of N center vectors
{G}Y, C R a RBF approximation dgpr : £ — R is given by:

1 N

lirpr (T) = \/_N sz‘ o7 — éll2),
i=1

where 7 €  and the weight coefficient vector is @ = (w1, ..., wy)" € RV,

The representation defines a finite-dimensional approximation based on a radial kernel
centered at points {G}¥,. The universal approximation theorem in [79] states that a single
hidden layer with fixed radial basis units can uniformly approximate any integrable function
in a compact subset of RY. Mesh-free approximation frameworks utilize the smoothness and
locality properties of RBF to approximate the solution [114, 34]. For this approximation to
be admissible in the variational framework introduced in Section 3.2.1, we impose standard
settings on the basis function, center locations, and coefficient vector. These ensure that
the approximation is well-defined in Q C RY, yielding a consistent finite-dimensional ap-
proximation space. In practice, we place centers in an expanded domain Q7 where T > 1;
see below.

Setting 1 (Expanded domain for center points, see [5]) Let Q = [b;,b] C R be a
bounded rectangular domain with midpoint Guiqa = @ and half-length Ly = 62%1“, S0
that

Qp = [gmia — T Lnait, ¢mia + T Lnaie] C R, (3.8)

where T > 1 is a prescribed expansion domain factor. We assume that the RBF center
points {G}Y.| are sampled from the expanded domain _QT, while the approximation and
error evaluation are performed on the original domain ).

The setting 2 states that we utilize Gaussian kernels that satisfy the universal approx-
imation property of RBFs, as expressed by:

Setting 2 In numerical experiments, we normally use the Gaussian kernel defined in Ta-
ble 2.1

2

o) = e mor 7,

In some numerical tests, we state the use of different kernels.

(3.9)
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The Settings 3 and 4 guide the construction of the center points. The fill distance hg
measures the largest distance from any point in the domain €2 to the nearest center, while
the separation distance ¢ measures the minimal spacing between centers.

Setting 3 (Fill distance, see [34, 76]) The center points are sampled from a distribu-
tion such that {c,...,én} € Qp. Then, the fill distance property state that

hg :=sup min |¥—¢|—0, as N — oo.
Feq 1IN

Setting 4 (Separation distance, see [34, 76]) For a set of center points {cy,...,cy} C
Qr, the separation distance qq satisfies
1
go=- min ||¢;—¢Cjlla—0, as N — occ.

2 ij=1,..,N
i#]

Settings 3 and 4 ensure that the center points become increasingly dense in the computa-
tional domain. In [114, 70], these lead to the quasi-uniform condition, which is given by
the following definition:

Definition 24 (Quasi-uniform distribution of centers, see [114]) LetC' = {G}}L, C

Qr be a set of RBF centers. The fill distance relative to the approximation domain ) is
defined by

hq =sup min ||Z — &l|a,
Feq 1<isN
and the separation distance of the center set is defined by
= —min||¢; — ¢;||».
o = 3min I = G

The center set C' is called quasi-uniform if there exists a constant Aq, > 0, independent of
N, such that

go < hg < Aquqa.
Equivalently, the ratio

hq
Yo = —
q0
satisfies
1 S e; S Aqu;

and hence remains uniformly bounded as N — oo.
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With Settings 1-4 and Definition 24, one can derive the formulation of the shape multiplier
factor, which is ¢(7', 7) as in [5]. For the domain expansion factor 7' > 1 and the truncation
threshold 7 € (0,1) in TSVD, the shape-factor multiplier is chosen as follows:

o(T,7) = min{ 1, - . (3.10)
T\/2log(1l+772)

In practice, we assume that the resulting shape parameter lies in the stable scaling regime,

namely

bRBF = C(T, 7') N in 1D,

and
bRBF = C(T, 7') \/N in 2D.

In Eq. (3.10), the multiplier ¢(7', 7) determines not only the proportionality between brpp
and the number of basis functions IV, but also the effective width of the Gaussian RBFs. As
a result, it governs the trade-off between approximation accuracy and numerical stability.
A larger ¢ yields more localized basis functions, which generally improve conditioning
but may reduce approximation accuracy. In contrast, a smaller ¢ produces flatter and
more overlapping basis functions, which can enhance approximation accuracy for smooth
solutions but may also lead to ill-conditioning and greater sensitivity to truncation errors.
Therefore, the choice ¢ = ¢(T,7) serves as a practical compromise between expressive
approximation and stable numerical computation. Lastly, Remark 1 states that using the
radial kernel from Setting 2 results in a frame sequence for the closed span {¢(||7—¢||2) }¥,,
ensuring uniform equivalence between the coefficient and function norms. Remark 1 is
given by:

Remark 1 (Riesz-sequence Frame for RBFs, see [3]) Let H be a Hilbert space, for
ezample L*(Q), H*(Q), or the RKHS associated with a positive-definite kernel. A family
of RBFs

o={a}L, @) = (|7~ Gill),

s called a frame for H if there exist constants 0 < By < By < 0o such that

N
Bial% < Hwi di)ul® < Baolldlly, V& € H.
i=1
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Remark 1 is generalized in [3] from Gaussian RBF to arbitrary compactly supported func-
tions ¢ € LYRY) N C(RY). This implies that the kernels in Table 2.1, including both
globally and compactly supported functions, satisfy the frame property in Remark 1. In
finite-dimensional setting, the corresponding stiffness matrices may still be ill-conditioned.
This frame property is crucial for applying the TSVD methods developed in [2, 4, 5].

In general, Section 3.2 has established the mathematical and approximation framework
that underpins the methodology in Section 3.3 of this thesis. The variational formulations
for the linear elliptic BVPs and obstacle-type PDEs models provide a continuous optimiza-
tion setting where the unknown solution is the minimizer of an appropriate functional, as
described in Section 3.2.1. This perspective is suitable for mesh-free approximation, as
it enables the governing equations and constraints to be incorporated directly into an
energy-based formulation without relying on a mesh-dependent discretization.

Within this framework, the RBF model provides a finite-dimensional approximation
space to represent the unknown solution. By expressing the approximation as a linear
combination of radial basis functions centered at prescribed points, the original infinite-
dimensional problem is reduced to determining a finite set of coefficients. Settings 1-4
on the basis function, center distribution, and expanded computational domain ensure
that this approximation space is mathematically admissible and flexible for the considered
problems. Using sampled center points in an expanded domain provides the construction
of the kernel space and supports improved approximation behavior near the boundary of
the physical domain €.

These results provide the foundation for the methodology in [61], discussed later in
Section 3.3. In this way, the variational functions of BVPs in Section 3.2.1 are translated
into a numerical method for the stable mesh-free approximation of the BVPs studied in
this thesis.

3.3 Variational Algorithm for Radial Basis Function
Model

Section 3.3 focuses on the numerical implementation of the variational approximation
framework RBF developed in the preceding section. The continuous formulations in Sec-
tion 3.2 define each model problem’s solution as the minimizer of a well-defined variational
functional. By replacing the associated infinite-dimensional function space with a finite-
dimensional RBF trial space, the problem reduces to finding a finite number of expansion
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coefficients. This section derives the corresponding discrete optimization problem and de-
scribes the computational methodology used in this thesis. To discretize the variational
functional, we introduce two finite sets of collocation points: mg interior sampling points
in 0 and mgyo boundary sampling points in 0¢€2. To discretize the variational functional,
we introduce two finite sets: mg interior sample points in €2 and mgq boundary sample
points in 0f2.

The interior discretization approximates the domain contributions in the variational
functional, while the boundary discretization imposes the prescribed boundary conditions
and evaluates any arising boundary terms. Consequently, the continuous objective func-
tional is approximated by a discrete counterpart expressed entirely in terms of the RBF
coefficients and the values of the approximation at the selected sample points. This results
in a finite-dimensional, mesh-free optimization problem that can be solved numerically.

The methodology introduced above is now adapted to the two problem classes studied
in this thesis. Although both rely on the same variational RBF approximation framework,
their discrete formulations differ due to the analytical structure of the underlying problem.
The next two subsections describe these constructions for linear elliptic BVPs and obstacle-
type PDEs, respectively.

3.3.1 Algorithm for Linear Elliptic Boundary Value Problem

This subsection is devoted to the numerical methodology of linear elliptic boundary value
problems using the variational RBF methodology developed in Section 3.2.1. For a detailed
understanding, we refer readers to Section 2.6.1.

Starting from the continuous variational formulation, we approximate the unknown
solution by a RBF expansion and replace the continuous functional with a discrete objective
defined on suitable interior and boundary point sets. The numerical solution is obtained
by solving the resulting finite-dimensional optimization problem for the RBF coefficient
vector.

The methodology developed here provides a direct computational realization of the vari-
ational principle for elliptic problems. By evaluating the governing equation in the interior
of the domain and enforcing the boundary conditions through boundary discretization,
the method yields a fully mesh-free approximation procedure that is suitable for the class
of model problems considered in this thesis. To start approximating the integrals in the
variational PDEs, we select m collocation points from the domain Q = Q U 95, including

. . : (0 ~(Q . (09 (00
mgq interior points 935 ), e ,xgné and myq boundary points :)sg ), e ,x&lmi
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From Section 2.6.1, we recall that the numerical discrete formulation for solving the
corresponding modified minimization problem in Eq. (3.3) is given by:

~ _’ 0 . o 6 o0 moQ e 3
Faison() = 11 ’Z( IV - 7)) + 5O 6 - o)

2mpq
(3.11)

Similarly, the discrete form of Eq. (3.4) for Reaction-Diffusion PDEs is defined as follows:

(@) @)

~ . Q .
j,u,B,reaction—diffusion(I) | | Z [2 HV (Q

B laﬁl nf (a(F0%) — g(#0))°. (3.12)

2 meoa —

Here, |Q| and |02 denote the Lebesgue measure of the computational domains €2, €2,
respectively.

The discrete functionals in Eqgs.(3.11) and (3.12) are obtained by replacing the con-
tinuous integrals in the corresponding variational formulations by finite averages over the
selected interior and boundary sample points. The factors |Q2|/mgq and |0Q|/maq provide
the appropriate normalization so that the discrete objectives remain consistent with the
underlying continuous measures. Consequently, the first summation represents the interior
contribution associated with the differential operator and source term, while the second
summation introduces a penalty term for the enforcement of the Dirichlet boundary con-
dition on 0f2.

For the Poisson problem, the discrete objective functional consists of the standard
energy contribution involving the gradient of the approximation, together with the forcing
term f, supplemented by a boundary penalty weighted by the parameter § > 0. For
the reaction—diffusion PDEs, the discrete formulation additionally includes the reaction
contribution in the interior term, which modifies the energy landscape of the optimization
problem. In both cases, the penalty parameter § controls the weight in which the boundary
conditions are imposed.

By substituting the RBF approximation Ggrpr into the discrete functionals in Eqgs. (3.11)-
(3.12), both problems are reduced to finite-dimensional minimization problems concerning
the coefficient vector @ € RY.

The numerical approximation is therefore obtained by solving

—% e . = —
w" € arg min Js(w),

41



where jg denotes the corresponding discrete variational function in Eqgs. (3.11)-(3.12) for
the problem under consideration. Once the optimal coefficient vector @w* has been com-
puted, the approximate solution is recovered through the associated RBF expansion. We
now reformulate the discrete objective functional in vectorized matrix form so that the vari-
ational RBF approximation problem can be expressed as a finite-dimensional minimization
problem over the coefficient vector w. For a detailed understanding of the derivation, we
refer readers to Section 2.6.1.

By assembling the evaluations of the basis functions and their derivatives at the interior
and boundary discretization points into suitable matrices, the discrete functional admits
a compact algebraic representation in terms of matrix—vector products. For the Poisson
PDEs, we approximate the Dirichlet energy integral, which is given by:

1
| Viggsr(7) |5 = ~ W' VO(F C) V(T C)" w,

where the center points are collected into the matrix
C = [51 Gy v EN] € RN

We deduce the approximation of the integral over €2, which is outlined in Eq. (2.27) as

follows: . .
§/Qr|va||3dm L Ay

where o
Q m.
i Vo (@, C)ve@?, o) e RV,
1

ALPOiSSon = ng -
In the same manner as Reaction-diffusion PDE, the stiffness matrix A; incorporates a
reaction term in Eq.(2.33). We recall that,

Q]
Al,reaction—diffusion = ]\leJQ Z <v¢(f§g)7 C’)V(I)(g_;ﬁﬂ)’ C)T + CI)(:E"§Q)’ O)@(f§ﬂ), C)T> S RNXN.
j=1

We also note that the load matrix term is discretized as follows:

/fﬂdszAgw,
Q
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where the matrices for the terms are defined in Eq. (2.29), which is provided by:

-
o [0 /()
A, = E]RmQXN7 _": eRmQ
© VNma Q N\ ! Q)
o (fggz, C) f (xmg)
Similarly, the matrices for the integral over the boundary domain 0f) are given by:
5 2 55 /8 — 512
O [ (u- g dsn 2| au - g
o9

with the following matrices in Eq. (2.31)

-
o (fgasz), (J) g(fgag))
A3 — ’aQ‘ c Rmang7 g _ |aQ| c Rmag
\/ N maq \ man

T (09
® (52?22, 0) 9(#a0)

Therefore, the discretized interior and boundary functionals together constitute a finite-
dimensional unconstrained minimization problem in the coefficient vector w, as stated
in Definition 14. In this way, the continuous variational formulations in Egs.(3.3)-(3.5)
are converted into a discrete quadratic optimization problem, whose solution determines
the RBF model for the linear elliptic BVPs. We recall the unconstrained minimization
problem, as stated in Definition 14:

weRN

1
min {§IUTA1U_J’—JETAQIU+ g ||A3w—§|’§}v

where the stiffness matrix is defined as either in Eq. (2.27) or (2.33). The matrices A,
and Aj are defined as stated in Eqgs. (2.29)-(2.31), respectively.

The minimizer w* satisfies the following equation:
Aelliptic W = belliptica (313)

where . .
Aelliptic =A +f A;:,r Az € RNXN; belliptic = AQT f+8 A3T g (3-14)

However, the choice of the shape parameter bggr in the kernel function ¢ affects the
condition number of the stiffness matrix in Eq. (2.27). To resolve this issue, we compute
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the TSVD solution using the pseudo-inverse, as stated in Definition 13. This is provided
by:

where 1 1
E;l = djag<0—1, cee U—p), with 0, > 017 > 0pq1. (3.16)

Furthermore, we require Aepiptic = UpEpV;)T, which is the SVD of the corresponding Aeiptic,
as stated in Definition 11. According to [5], with a suitable choice of parameters for RBF,
the TSVD solution yields an accurate approximation given by:

N

. - 1 oL

URBF,T(I) = \/_N ZUJ(TH ¢ (“I’ — Ci||2) . (317)
i=1

Hence, the Algorithm 1 summarizes the schematic solver for linear elliptic BVPs and also
establishes the foundation for the subsequent development of obstacle-type PDEs. The
algorithm is given by:
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Algorithm 1: Stable RBF weak-form solver for variational elliptic PDEs using
TSVD.

Input : ¢(-) (kernel function); {¢;}}¥., C Q7 (sampled center nodes from the expansion
domain); {fgm }i=3 (interior nodes); {a‘c’%am}nmj? (boundary nodes); f(-), g(+)
(source/boundary data); 8 > 0 (boundary penalty parameter); 7 > 0

(truncation tolerance)
Output : Weight vector @, € RY; RBF approximation iigrpr (%) € R.
Assemble discrete matrices;
Compute A; € RVXN using Egs. (2.27) or (2.33);
Compute Ay € R™2*N and A3 € R™o2*N ysing Eqgs. (2.29)(2.31);
Form vectors f, J;

Build the normal-equation system according to Eq. (3.13);
Actliptic < A1 + BA] As;
gelliptic — A;f+ /BA;—gv
Stabilize via TSVD;
Compute the SVD: Agpiptic = U VT,
Identify the index set T, = {i : 0; > 701 };
Form the pseudo-inverse of the TSVD: Eljl, where (Zgl)i,i =1/0; ifi € T; and 0
otherwise as stated in Eq. (3.16);

; ‘v At —177T.
Form the pseudo-inverse matrix Aeuiptic, SEEWVESU,;

Compute the weight coefficients in RBF;
Wr 4= Aanmc,T belliptic using Eq. (3.15);

return;

@y and drpr - (T) = < Sy wr) S| — Gll2) as in Eq. (3.17);
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3.3.2 Algorithm for Obstacle-Type Boundary Value Problem

Algorithm 1 provides a stable weak-form RBF solver for linear elliptic BVPs. We now
generalize this framework to obstacle-type PDEs, in which both the state variable and
the a priori unknown moving interface must be determined simultaneously. This class
of problems introduces an additional level of difficulty due to the coupling between the
governing differential operator and the geometry of the free-boundary region. To address
this difficulty, we extend the previously introduced variational mesh-free approximations
and adapt them to a formulation that can simultaneously approximate the solution and
the free boundary. As before, we select m collocation points from the closure of the domain
0, consisting of mg interior points #\7, ..., #% and magq boundary points 77, ..., 70

) g Q p 15 y Lmg oN yp 1 » Lmag
The resulting discrete form of Eq. (3.7) can then be expressed as:

_ (e . L
j,u,,B,obstacle 'LL | ‘ Z Hv Q H2 + pmax <¢($§ﬂ)) - u(xgﬂ))a 0)]

N 5100, 2

(709 —(002)\) 2 318
* S 2 (1) = g@) (3.18)

Using the RBF representation for U, as stated in Definition 7 and by Definition 15, the
discrete form of the obstacle problem in Eq. (3.18) becomes:

jp,,@,obstacle<w) = 5 wT Al w + ILLH(w - AQ ’LU)+”1 + 5”145’(1) - gH%a (319)

where the matrices Ay, Ay and Az are defined in the same way as in Egs. (2.27), (2.29),
and (2.31), respectively. The vector of the obstacle function is defined as follows:

()
o | @2)

- :
o)

The unconstrained optimization problem involving the /*-norm is convex but non-differentiable.

We address this problem using the ADMM, as outlined in Section 2.7. Specifically, we in-

troduce the slack variable v = @/; — Ay, which reformulates the original problem as an
equivalent constrained optimization problem:

o= e R™. (3.20)

Hlly j,u,ﬁ,obstacle (U_ja 17)

Tru g obstacte, (0, 0) = 20T Ay + p| 7y | + 2| g — g3 (3.21)
st. U—1+ Ay = 0.
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According to Definition 20, the associated augmented Lagrangian functional, parameter-
ized by a penalty coefficient p > 0 and a scaled dual variable 2 is defined as:

1 . L B L. . Pl = - S
5 TA1@U+§|’A3w—9||§+MHU+Hl+§HU—¢+A2W+ZH2 1Z13. (3.22)

L,(,7,7) = .

Following Definition 21, the ADMM algorithm iteratively updates the primal variables 0, ¥
and the dual variable Z" at each iteration accordingly:

- 1
zﬁ“*”—argmm{ TAlw—i-—HAgw dlla + '0||_'(l w—i-Agw—i- ||} (3.23)

#0) = argmin { u)3, |y + 2|5 = &+ 4@ + 203, (3.24)
Hitl) _ i) (17(z‘+1) i AQw(i+1))_ (3.25)

The iterate w1, which solves the w-subproblem, is characterized by the optimality con-
dition associated with the above quadratic minimization problem.

<A1 + BAT Ay + pA] Az) 50D = BAT G+ pAT (w 7 _ z<>)

Since the total stiffness matrix is ill-conditioned in the w-update, we stabilize the linear
system by computing the TSVD solution with the parameter 7:

@it = Al 0 (3.26)

obstacle,7 “obstacle’

where Ausacs i= Av0AT AstpAT Ay € RYN and B, 1= BAT+pAT (§—70—219) €
RY. The matrix A

is computed in the same manner as the matrix Al
Eq. (3.15).

Let {0 = 1/7— A+ — 70 ¢ R™e Then, for each component index j = 1,...,mq,
the update of the variable v is subsequently given by

obstacle, elliptic,r m

i)

9 1 <o,
ol = 0, ogty‘g/ﬁ (3.27)
D
P P

The primal and dual residuals at iteration (i 4+ 1) are defined by

Y

7—,(i+l) — 1—)»(i+1) _ 75‘1‘ AQU—}»(iH)’ §(i+1) — pAQT (17(z‘+1) . 17(1))
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where 71 denotes the primal residual and 50+Y) denotes the dual residual associated
with the (i 4+ 1)-th iteration.

In accordance with Definitions 22 and 23, the algorithm is terminated once both the
primal and dual residuals, 7Y and 5+ respectively, satisfy the prescribed relative
tolerance criteria €primal, Edual > 0.

74D,
max (|| 4@+, [ 764D, 1]

B

) S €primal (328>

(3.29)

The proposed algorithm for the obstacle problem is given in Algorithm 2. In Section 3.4,
we employ numerical experiments for linear elliptic BVPs and obstacle-type PDEs to test
the accuracy of Algorithms 1 and 2.

48



Algorithm 2: Stable ADMM-RBF solver for the classical obstacle problem

Input : ¢(-) (kernel function); {c}}évzl C Qp (sampled center nodes from the expanded
moq

RO €0 B AT . [ (69) .
domain); 17 ¢ ) (interior nodes); < Ty, (boundary nodes); f(-), g(-)
j=

(source/boundary data); ¢(-) (obstacle data); 5 > 0 (boundary penalty); > 0
(obstacle weight); p > 0 (ADMM penalty); 7 > 0 (truncation tolerance); maxIter
(maximum number of iterations); €pyi, €dual (tolerances for primal and dual residuals)
Output : Weight vector w, € RY; RBF approximation dgrpr (%) € R
Assemble operators and vectors;
Compute Ay, Az, A3 as stated in Eqgs. (2.27), (2.29) and (2.31), respectively ;
Form Aopstacte < A1 + BA; As + pAg Ao;
Form f, §,
Initialize @@, ¢(®) 0,
for i = 0,..., maxlter do
// 1. w-update (TSVD solve)

B e ¢ BATG+ pAT (5 — 70 — 200
G Aibsmdeﬁ bffgstaele using Eq. (3.26);

// 2. 4v-update (positive hard-shrinkage)
D Ap@itD) — 50,
foreach j=1,...,mqo do
if t" <0 then
|
else if 0 < t;i) < u/p then
‘ LD
J

(i
— tj

~0
else

| gy

// 3. Dual update
Hitl) i) 4 litD) _,(Z+A2,L[)’(i+1);

// 4. Primal and dual residuals; stopping criteria
Fl+1) o pli+1) 1E+A2u7(i+1);
gU+1) pA;I'(@*(iJrl) _ —'(i));

[l [P [Exkiael [P

. v =— < éepri N i <€ then
max{[| Ap@ Do [0 o[z} = P JlpAT OO = Sdval
reak

—

N
=(i+1) N 4 1 (i+1) o o
return @y € RY, U, (7) = —= Y wy; (|7 —all2);
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3.4 Numerical Experiment

In the following experiments, we evaluate the accuracy, stability, and computational
efficiency of the RBF-based variational method, as stated in Definition 7. The numerical
experiments encompass linear elliptic PDEs, specifically Poisson and reaction—diffusion
BVPs, as well as the obstacle-type PDEs. All tests are conducted under inhomogeneous
Dirichlet boundary conditions. The Gaussian kernel specified in Table 3.1 is utilized with a
shape parameter brgr > 0 throughout all experiments, except in cases where the objective
is to compare the performance of different kernel functions. We employ a dimension-
dependent scaling for the kernel shape parameter. Specifically, in the one-dimensional
setting, we set brgr = ¢ IV, whereas in the two-dimensional setting, we choose brgr = ¢ V/N.
Here, ¢ = ¢(T, 1) is selected according to Eq. (3.10); see [5]. In particular, we recall the
formula for the shape-factor multiplier ¢(7, 7), which is given by:

7

T /2 log (1+72)

c(T,7) =min < 1,

As discussed in Section 3.2.2, the multiplier ¢(7', 7) governs the trade-off between approxi-
mation accuracy and numerical stability through the shape parameter bggr. In particular,
larger values of ¢ improve conditioning but may reduce approximation quality, whereas
smaller values enhance accuracy at the expense of stability. We adopt Eq. (3.10) from [7]
as a reference to assess its performance in the numerical experiments of Section 3.4, while
recognizing that it does not represent the optimal choice for solving the variational PDEs.

In [5], the centers are not strictly constrained to be within Q; instead, they are sampled
uniformly from an enlarged interval [¢mia — T Lnait, Gmia + T Lnax], as specified in Setting 1.
Sampling in an extended domain beyond the physical domain reduces boundary effects on
the approximation and enhances the numerical stability of the resulting collocation system.

For each problem, we sample m = ( N collocation points, which include mg interior
points and mgyn boundary points, where ( is an oversampling scale and N is the number
of RBF centers. In particular, the total number of collocation points is expressed as
m = mgq + man = ( N. In the one-dimensional setting, the boundary points consist of two
endpoints by, by. Hence, the number of interior points is mg = m — 2. However, in the
two-dimensional setting, we uniformly sample /¢ N points on each side of the boundary
domain 052, which yields mgq = 4/ N. For interior collocation points, we uniformly
sample mgq = ¢ N — 4y/CN points of the domain €.

To compare accuracy and facilitate performance benchmarking, we report the following
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Parameter Symbol Value/Formula
Number of basis functions N problem-dependent
Oversampling factor ¢ 2(1D); 4(2D)
Total number of all collocation points m (XN
by — b
Half-length of interval [by, b] Ly Lot = ——
by +b
Midpoint of the interval [by, b] (mid (mid = ! _; 2
; centers are sampled on
Domain expansion factor T .
P [Qmid — T'Lyalf; Gmia + TLhalf“ in 1D
Truncation threshold value T 1071°
Shape-factor multiplier c min< 1, T as in [J]
T+/2log(l+7172)
Kernel shape parameter breF c¢N in 1D; ¢v/N in 2D
Maximum number of iterations
i1 the ADMM maxIlter 50,000
Obstacle penalty weight 1 problem-dependent
Boundary-condition penalty term problem-dependent
ADMM penalty parameter p problem-dependent

Table 3.1: Summary of the parameters used in the numerical implementation of
the variational RBF algorithm. The table reports the approximation, stabilization,
and penalty parameters employed throughout the computational experiments.
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error metric. The relative £2 error, which measures the fidelity of the approximation, is
defined as

HﬁN - uexact”Z
E(N) = , 3.30
( ) ”uexactHQ ( )

where 4 denotes the numerical approximation of the optimization problem; see Eq. (3.17).

Furthermore, we compute the local estimate of the convergence order p, defined as

p = log <%> , (3.31)

where E(N) denotes the relative error associated with the number of RBF centers N, as
mentioned in Eq. (3.30).

We compare the proposed RBF-based variational solver with finite-difference ADMM,
neural network, and Galerkin methods in the linear elliptic BVPs. For the obstacle-
type PDEs, we compare the proposed RBF-based variational method, FDM solvers, with
ADMM, proximal gradient descent (PGD), and neural networks. For the finite-difference
benchmark, we use the method of [107] to solve the variational form of the Poisson prob-
lem under the same Dirichlet boundary conditions. In the two-dimensional setting, we
compare with finite-difference and solve the optimization problems with PGD as in [6].
The packages for finite-difference methods with ADMM! and PGD? can be accessed on-
line, respectively. For the neural-network benchmark, we use the physics-informed neural
networks (PINNs)? from [38, 89, 87], in which the network parameters are trained by
minimizing the corresponding variational loss from Section 2.6. In one-dimensional exper-
iments, we set the fully-connected neural network to consist of one hidden layer with the
hyperbolic tangent activation function using N as the number of neurons, followed by a
linear output layer. In two-dimensional experiments, we consider two architectures: the
same one-hidden-layer architecture as in the one-dimensional case and a deeper network
with three connected layers that have N neurons each, again using tanh activations. In
the Galerkin® method, we solve the weak form of the boundary value problems using finite-
element discretization; a common open-source implementation is FEniCSx in [25]. We use
N as the number of mesh resolution in Galerkin method. For reproducibility, we report

'FDM with ADMM implementation is obtained from https://github.com/jwcalder/
MinimalSurfaces

2FDM with PGD implementation is obtained from https://github.com/lumeilevel /MGProx

3PINNs implementation is obtained from https://github.com/maziarraissi/PINNs

4Galerkin package is implemented in https://github.com/METHODS-Group/ProximalGalerkin
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the main implementation parameters for each method. In the neural network, we use the
same parameter settings as in [33] with a learning rate of 1072, the Adam optimizer, and
a hyperbolic tangent activation function. For the finite-difference and Galerkin methods,
the stopping criterion is chosen so that the relative error is below a prescribed tolerance.
These numerical experiments provide a quantitative assessment of convergence for linear
elliptic PDEs and obstacle-type BVPs. We note that the method of [5] is closely related
to the RBF approximation considered in this chapter. However, the method in [5] is for-
mulated for the strong-form solution of PDEs, whereas the present chapter is based on
the variational formulations. This distinction is important for obstacle problems, since the
obstacle problem is naturally posed as a variational inequality and its solution theory is
most naturally expressed in a weak form. The variational formulation also allows the ob-
stacle constraint to be incorporated directly into an energy-minimization framework. For
this reason, a direct numerical comparison with [5] is not considered in this chapter. The
implementation details, parameter choices, and discretization setting of the strong-form
method in [5] are not identical to the variational RBF framework.

3.4.1 Linear Elliptic Boundary Value Problem

In this subsection, we present numerical experiments for linear elliptic PDEs to assess
the performance of the variational RBF method introduced in Algorithm 1. The primary
objective is to investigate the accuracy, stability, and robustness of the proposed mesh-free
approximation framework when applied to problems characterized by different differential
operators and distinct qualitative solution behaviors.

The test problems considered comprise the Poisson equation and the reaction-diffusion
equation, which are presented in further detail later. Those BVPs serve as representative
benchmark problems for assessing the performance of the proposed method. For each
problem, we compare the computed numerical solution with the corresponding analytical
solution and quantify the discrepancy using the error measure defined in Eq. (3.30). This
procedure demonstrates the capability of the variational RBF framework to produce highly
accurate approximations for linear elliptic boundary value problems.

Poisson equation

In Sec_tion 3.4.1, we investigate a class of elliptic PDEs posed on a bounded, closed
domain €2 C R. Specifically, we consider the following Poisson boundary value problem
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with inhomogeneous Dirichlet boundary conditions:

—Au= f(z), z€Q=(0,1),
a (3.32)

u(1) = as,

For a detailed understanding, we refer readers to the corresponding experiment presented

in [01]. The analytical solution, which corresponds to the Poisson BVPs in Eq. (3.32), is
given by:

(3.33)

{u(x):sin(ﬂx)—(al—ag)x—kal, xeQ=(0,1),
u(0) = ay, u(l) = as.

2

where the external forcing function is set at f(z) = 7° sin(7mx) and the boundary values

are set at a; = —1.0, as = —%, respectively.

Our method employs the RBF representation introduced in Definition 7. The resulting
linear system is regularized by TSVD with a truncation threshold of 7 = 107!, and the
boundary contribution is weighted by a penalty parameter 5 = 3 x 10°. The pointwise
approximation error remains uniformly small, as evidenced by Figure 3.1(a). In particular,
the erTor [Uexact () — @, (z)| exhibits oscillatory behavior with values ranging between 10~°
and 1072, The magnitudes at the interior collocation points decay to approximately 10~!4
in the vicinity of the boundary regions.

Figure 3.1(b) provides a comparison of the numerical schemes used to solve the Poisson
equation, including the proposed RBF-based approach, a neural network-based method,
a Galerkin formulation, and a finite-difference discretization. For the benchmark results
reported in Figures 3.1(b,c), all methods are run with the following hyperparameter set-
tings, as detailed in Section 3.4. The proposed RBF scheme employs a Gaussian kernel
with ¢ = 2,7 = 8,7 = 107 and 8 = 3 x 10°. The neural-network baseline consists of a
single hidden layer with a hyperbolic tangent activation tanh() and a linear output layer.
It uses N neurons, chosen such that the number of trainable parameters is comparable to
that of the proposed RBF method. The Galerkin approach relies on the standard weak
formulation with an equivalent nominal number of basis functions. The finite-difference
scheme is implemented on a uniform grid with a similar number of grid points as in the

RBF.

In Figure 3.1(b), it is evident that the RBF method yields a rapid decrease in the
relative £2 error as the number of basis functions N increases. The error baseline of the
RBF exhibits fast convergence. The Galerkin and finite-difference methods exhibit the
expected second-order accuracy, while the neural-network converges slowly and stagnates
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at higher resolutions. Figure 3.1(c) confirms the trends by showing the local estimated
convergence order p. The RBF approach achieves an approximate convergence order of
2.7, exceeding the second-order convergence rates of the Galerkin and finite-difference
schemes.

Reaction-diffusion equation

In this section 3.4.1, we apply the Algorithm 1 to solve the Reaction-Diffusion BVPs. The
PDEs to the Reaction-Diffusion equation is given by:

{—Au(x) +u(z) = f(z), inQ=(0,L),

u(0) = u(L) =0, on 99, (3.34)

where L = 5 represents the length of soliton waves.

In this experiment, we consider a weak solution to the reaction-diffusion equation in
one-dimensional space [0, L], as stated in [01]. The forcing function is given by:

f(z) =50 sin(rz), Vze (0,L). (3.35)
The corresponding weak solution is presented as follows:

50
1472

Uexact () sin(mz), Vxe|[0,L]. (3.36)
We maintain a similar setup to evaluate the accuracy, stability, and convergence behav-
ior of numerical methods. Because the reaction-diffusion PDEs admits the weak solution
in Eq. 3.36, it serves as a benchmark test for validating Algorithm 1 and for comparing it
with approximation methods, including finite-difference, Galerkin, and neural-networks.

According to Figure 3.2(a), we verify Algorithm 1 using the RBF approximation with
resolution parameters (N,m) = (4096,8192). The relative error E(N) = 7.697 x 107°
indicates that the RBF method accurately approximates the weak solution of the reaction-
diffusion equation. The error distribution is shown in Figure 3.36(a), indicating accuracy,
with errors remaining uniformly around 107'Y across the domain.

In Figure 3.36(b)(c), we examine the convergence behavior of the RBF method. For
hyperparameter settings, we choose T' = 2.0,{ = 2,7 = 1071, 8 = 10° in this experi-
ment. We discuss the details of choosing those parameters in Section 3.5. Particularly, it
consistently achieves a low relative error compared to the Galerkin, finite-difference, and
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neural network methods. Since the reaction-diffusion equation in Eq. (3.34) possesses a
weak solution, the Galerkin method and the proposed RBF-variational approach yield a
more accurate approximation to the solution in Eq. 3.36 than other methods. Hence, the
estimated convergence order stabilizes around 2.4 for the RBF method, similar to the rate
of convergence of the Galerkin method, while other methods exhibit larger fluctuations.
In Section 3.4.2, we consider Algorithm 2 to solve free-BVPs, which also validates the
convergence behavior of the proposed RBF method.

3.4.2 Obstacle-Type Boundary Value Problem

In this section, we validate the efficiency of Algorithm 2 to solve the obstacle-type BVP
and test the benchmark performance against other numerical methods. We start with the
setting of one-dimensional PDEs in Section 3.4.2. In Section 3.4.2, we examine the accuracy
and scalability of the algorithm concerning the radially symmetric obstacle problem. The
hyperparameters in the variational form in Section 2.3 are set according to Table 3.1. The
parameters (i, p) in Eq. (3.18) are tuned according to [107].

We vary the number N of basis functions to assess accuracy, tracking relative ¢ er-
ror, and monitor ADMM convergence through the relative primal and dual residuals in
Eq. (3.28), respectively. Generally, we set the tolerances as €, = €primal = €dual, depending
on the desired accuracy for the experiment.

One-dimensional obstacle problem

We address the one-dimensional obstacle problem using the ADMM-based penalized for-
mulation described in Section 3.2, employing the following piecewise-defined obstacles 14
(single bump) and ¥, (two bump), respectively:

100 22, x €[0,0.25],
Y1(z) = 100z(1 — x) —12.5, z € (0.25,0.5], (3.37)
¢1(1—$)a U (0571]a
and
10sin(27z), x € 0,0.25],
Pa(x) = § Seos(m(de — 1)) +5, = € (0.25,0.5], (3.38)
Pa(1 — ), z € (0.5,1].
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(a) Numerical approximation for the Poisson equation. The relative error
is F(N) = 7.419 x 107!, The resolution parameters are (N, m) = (4096,8192), with
(=2,T=8,7=10"1 and 8 =3 x 10°.
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(b) Relative 2 error versus N. (c) Local estimated convergence order p.

Figure 3.1: Comparison of different methods for the one-dimensional Poisson
equation —Au = f(z). The left panel shows the relative £? error versus the number of
basis functions NV, and the right panel shows the local estimated convergence order p. The
RBF method gives the smallest error and the fastest convergence, while the Galerkin and
finite-difference methods exhibit approximately second-order behavior.
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(a) Numerical approximation of the Reaction-diffusion equation. The relative
error is E(N) = 7.697 x 1079, The resolution parameters are (N, m) = (4096,8192),
with ( =2, T =2, 7=10"%, and 8 = 10°.
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Figure 3.2: Comparison of different numerical methods for the one-dimensional
reaction-diffusion equation —Au+u = f(z). The left panel shows the relative ¢ error
versus the number of basis functions N, while the right panel presents the local estimated
convergence order p;.
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For each obstacle problem, the exact solutions are given as follows:

(100 — 50v/2) =, z € [0, 5551,

Utexact(?) = 4 1002(1 —2) = 12,5, @ € (535,0.5], (3.39)
\ul,exact<]- — ), x € (0.5,1],
(10sin(27z), z € [0,0.25],

Ug exact () = 4 10, z € (0.25,0.5], (3.40)
[ U2,exact (1 — 2), @ € (0.5,1].

We test our Algorithm 2 on the unit domain [0, 1] for Egs. (3.37) and (3.38). These admit
the exact solutions g exact and g exact, Which are provided by Egs. (3.39) and (3.40),
respectively. We specify the choice of hyperparameters as follows. The boundary penalty
weight 3 is set at 10° for the single bump problem, while it is set at 10® for the two bump
problem. The expansion factor 7" is chosen to be 2.0 for the single bump; for the two
bump problem, it is set at 7" = 3.0. For truncation threshold values, we let 7 = 1071°. We
refer readers to Section 3.5 for a detailed understanding and discussion of the robustness
and sensitivity of the parameters. As mentioned in the beginning, the parameters for the
variational form and ADMM are set at (i, p) = (300,45) for the single bump problem,
while for the two bump problem, they are set at (u,p) = (2.5 x 10*,250) according to
[107]. For the tolerance in ADMM, we let €11, = Eprimal = Edual = 1075 Significantly, we
use the kernel shape b = ¢ N, where ¢ is determined in Eq. (3.10).

In Figures 3.3-3.4, we approximate the solutions of the obstacle problem using resolu-
tions (N, m) = (1024,2048). In the ADMM, convergence of the single bump is achieved
after 7234 iterations, while for the two bump problem, it takes 17,796 iterations. The
relative errors for the single and two bump problems are E(N) = 1.904 x 107'2 and
6.654 x 10719, respectively, indicating that the RBF approximates the solutions accurately.
The absolute pointwise errors in Figures 3.3-3.4 demonstrate that the approximations are
well-aligned with the exact solutions.

Similarly to Section 3.4.1, we compare the performance of the RBF method with others
for different values of basis functions N. From Figure 3.5(a)(b), it is indicated that the
proposed RBF method outperforms others, achieving a lower machine error than the FDM,
ADMM, PGD, and PINNs with depths and widths in the architecture. As shown in
Figure 3.5(c)(d), the proposed RBF method is able to converge faster than the other
comparison methods. Finite-difference (ADMM, PGD) methods exhibit slower convergence
rates and require finer grid resolutions. The one-dimensional obstacle experiments set our
baseline for validating Algorithm 2. In the next step, we determine the performance and
efficiency of our proposed RBF method in two-dimensional settings.
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Two-dimensional obstacle problem

In this experiment, we test the performance of our proposed method in Algorithm 2 using
the radially symmetric dome obstacle problem from [107, ]. The interior domain is
Q) = (0,1)% First, we consider an obstacle given by a single dome on the unit square,

centered at (3, 3), defined by

, ifr(z,y) <re,
b(r,y) = re (#9) (3.41)
0, if r(z,y) > re,

where the inner radius is r. = %, and the distance from the center is given by r(x,y) =
Ve =D+ -1

The linear obstacle problem admits the following radially symmetric analytical solution:

(1_7@?;27!)2)7 T('I?y) < T

: (3.42)
1— :—;(1 + 2log (—r(f;y)> ), re < r(z,y),

Uexact (.CC, Z/) =

where the contact radius r, ~ 0.260197 is determined by solving the following equation:

2 1
_7“; (1 + 2log (—) > =1, withO<r,<r. (3.43)
”

c *

For the boundary conditions, we impose ¢(x,y) = Uexact(x,y) for every (z,y) € 0. We
then randomly sample m grid points (z,y) and let N denote the total number of basis
functions. As illustrated in Figure 3.6, we take N = 400 basis functions overall, which,
for ¢ = 4, yield m = 1,600 collocation points over the domain €. A key aspect of our
approach is the use of linear scaling for the kernel parameter, given by b = ¢v/N, where
¢ = ¢(T, ) is listed in Table 3.1. This scaling ensures that the effective kernel length scale
remains proportional to the fill distance hg as the number of basis function N increases.
Furthermore, we let T = 3,7 = 107'%,3 = 105, The ADMM parameters are set at
(11, p) = (10/h?,20.3), where h = + is the mesh size of the system.

The dome obstacle function ¢ (z,y) is shown on the left in Figure 3.6. As illustrated in
Figure 3.7(a)(b), the proposed RBF method reproduces the solution with high accuracy
after 4016 iterations. The relative £% error is F(N) = 4.681 x 107!, confirming that
the exact solution Uegqe(,y) in Eq. (3.42) is recovered. Both the relative primal and
dual residuals fall below the tolerance €,,; = 1079, indicating convergence of the ADMM
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algorithm in Figure 3.7(c). The absolute pointwise error shows that it remains under 107°
in the interior and is mainly concentrated near the boundaries where the solution decays,
as shown in Figure 3.7(d).

According to Figure 3.8(a), the variational RBF method distinctly surpasses both the
FDM and neural-network methods, achieving faster convergence and the smallest compu-
tational errors. More specifically, as discussed in Section 3.4.2; the proposed RBF approach
converges faster than the alternative techniques, displaying monotone convergence in the
error, as illustrated in Figure 3.8(b). In general, we find that the high accuracy approx-
imation for the obstacle-type PDEs, especially the RBF solver, depends on the following
choices of parameters: the expansion domain factor 7' = 3.0, the truncated threshold value
7 = 107'°, and the boundary penalty weight 8 = 10°. In Section 3.5, we examine the
different types and influences of the aforementioned parameters. Our objective is to verify
their impact and finalize our parameter choices using the relative error metric.
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Figure 3.3: RBF approximation of the one-dimensional obstacle problem with
a smooth single-bump obstacle function ¢(z) on the domain Q = [0, 1], using
(N,m) = (2048,4096) and the ADMM parameters (u, p) = (300,45). Top left: Exact
solution u(x), numerical approximation u(x), and obstacle function 1 (z). Top right: Ab-
solute error |4 — u| shown on a logarithmic scale. Bottom left: convergence history in the
ADMM, showing rapid decay of the relative primal and dual residuals toward the stopping
tolerance e, = 107%; convergence is achieved in 7,234 iterations. Bottom right: Relative

{y-error history, reaching 1.904 x 10712,
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Figure 3.4: RBF approximation of the one-dimensional obstacle problem with a
two bump obstacle function i (x) on = [0,1]. The computation is performed with
(N, m) = (2048, 4096) and hyper-parameters (i, p) = (2.5x10%,250). Top left: comparison
of the exact solution u(x), the RBF approximation @(x), and the obstacle profile ¢(x). Top
right: absolute error |4 — u| plotted on the logarithmic scale. Bottom left: convergence in
ADMM, illustrating the decay of the relative primal and dual residuals to the tolerance
ol = 107 after 17,796 iterations. Bottom right: evolution of the relative £ error, which
attains 6.654 x 10719,
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102
10!
101 & =
o *—t.‘._._.__’ . 107
5107 e e P — > — — § 107
@ 107 3 1075
% \ % 1077
= 10-10 | B o . e | =
107°
10713 o1t
24 25 26 27 28 29 210 211 212 24 25 26 27 28 29 210 211 212
N: number of basis functions N: number of basis functions
Method(s) Method(s)
=@~ RBF == NN3, [1,N,N,N,1] =@- RBF == NN3, [1,N,N,N,1]
== Finite-Difference (ADMM) == Finite-Difference (PGD) == Finite-Difference (ADMM) == Finite-Difference (PGD)
=4 NNI,[1N,1] =4 NN, [L1N,1]
(a) Single-bump problem: relative ¢? error vs.  (b) Two bump problem: relative ¢ error vs. N
Nwith T =20,(=2,7=10", and B = withT =3.0,¢=2,7=10"1, and 8 = 108.
106.
Estimated convergence order in Obstacle Problem (One-Bump) 20 0Estimated convergence order in Obstacle Problem (Two-Bump)
16 —@- RBF, (p =6.8) | —@= RBF, (p=5.6)
[\ - FD+ADMM, (p=22) 17.5| 9 FD+ADMM, (p=22)
14 ; V. =k NNLILNI](p=10) 21 =& NNL,[1,N,1], (p = 0.6)
;) @ NN3[LNNN1IL (p=02) @ NN3,[1,NNN1], (p=1.2)
12 1 \‘ =¥~ FD + PGD, (p = 0.1) 15.01 —= FD + PGD, (p = 0.3)
I
\
&10 'l \ g125
g D 5
5 8 ! ‘\ £10.0
] \ 8
S e \ 3 75
s 0 @ P
/4 KEpA
2 2.5 ;-{
(. P S Y
0 ‘4 0.0 —#
25 26 27 28 29 210 211 212 25 26 27 28 29 210 211 212
N: number of basis functions N: number of basis functions
(c) Single-bump problem: local estimated con-  (d) Two bump problem: local estimated con-
vergence order p and average order with 7' =  vergence order p and average order with T =
2.0, (=2, and 7 =101, 3.0, (=2, and 7 = 10712,

Figure 3.5: Comparison for the one-dimensional obstacle problems. The top row
shows the relative ¢? error versus the number of basis functions N for single-bump problem
(top left) and two bump problem (top right). The bottom row shows the corresponding
local estimated convergence order p and average orders p for single-bump problem (bottom
left) and two bump problem (bottom right).
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(a) Obstacle function 1 (z,y) on Q = [0, 1]2. (b) Interior and boundary collocation points
used by the variational solver.

Figure 3.6: Setup for the two-dimensional dome obstacle problem on Q = [0, 1]2.
The left panel shows the obstacle function ¢(x, y), and the right panel shows the collocation
points, where green dots denote interior points and red dots denote boundary points.
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(a) Approximation u(x,y) with ADMM
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Figure 3.7: Meshfree RBF approximation of a radially symmetric obstacle prob-
lem on Q = [0,1]2 using ADMM, with N = 400 and 1,600 collocation points.
The top-left panel shows the numerical approximation u(z,y), the top-right panel shows
the exact solution Uexact (7, y), the bottom-left panel shows the convergence history of the
primal and dual residuals, and the bottom-right panel shows the pointwise error |u — u|.
The method reaches the tolerance e, = 107% in 4, 016 iterations and attains a relative ¢2

error of F(N) = 4.681 x 107!
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3.5 Robustness: Parameter Sensitivity

For Section 3.5, we examine the sensitivity of the proposed RBF approach to the follow-
ing parameters: the expansion domain factor 7', the kernel shape multiplier ¢ = (7, 1),
the truncated threshold value 7, and the boundary penalty weight 8. Respectively, we
refer readers to Sections 3.5.1-3.5.4. In Section 3.5.5, we examine and validate the choices
for the radial basis function ¢ in Setting 2, and we use the RBF kernels listed in Table 2.1.

The mentioned parameters directly impact the numerical stability and approxima-
tion accuracy of the method. The expansion factor 7' controls how far the RBF centers
are placed beyond the physical domain, thereby governing the balance between reducing
boundary effects and maintaining local resolution in the region. The truncated threshold
value 7 affects the number of singular values that are retained in the TSVD, which is
the core method we use to solve the linear system. Furthermore, we examine the penalty
weight 3, which needs to be tuned to a sufficiently large value to impose the Dirichlet
boundary condition u = g on 9€2. We also examine the relationship of the kernel shape
parameters b = ¢ N and b = ¢+/N. Although the choice of the kernel shape parameters
is made in Eq. (3.10), it is necessary to investigate that, in the one-dimensional setting,
we use b = ¢ N, while in the two-dimensional setting, we consider b = ¢v/N. Unless oth-
erwise stated in Section 3.5.4, for the 1D Poisson and reaction-diffusion equations, we set
the boundary-condition penalty weight to 3 = 3 x 10° and 10, respectively. For the 1D
obstacle problems, we choose 3 = 10% and 3 = 10%, respectively. Finally, for the 2D dome
obstacle problem, we take 3 = 10°. Except for the experiments in Section 3.5.3, we let
the truncated threshold value be 7 = 1071°. Lastly, the kernel ¢ specifies the smoothness,
support, and approximation characteristics of the basis. Consequently, a systematic com-
parison of the parameters and kernels is necessary to determine robust configurations for
the numerical experiments conducted in this work.
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(a) 1D Poisson problem, 3 = 3 x 10°. (b) 1D reaction-diffusion problem, 8 = 106.

Figure 3.9: Comparison of the expansion domain factor 7' in one-dimensional
Poisson and reaction-diffusion equation. Relative ¢ error versus NN for several choices
of the expansion factor T across different test problems. In all experiments, we calculate
¢ = ¢(T,7) using the formula provided in Table 3.1. In (a), the 1D Poisson problem is
shown with ¢ = 2, 7 = 107,38 = 3 x 10°. In (b), the 1D reaction-diffusion problem
is shown with ( = 2, 7 = 1071%, 8 = 105, We use the relationship of the kernel shape
parameter b = c N.
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Figure 3.10:
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Comparison of the expansion domain factor 7 for the one-

dimensional obstacle problem under the scaling b. Relative ¢ error versus N for
several choices of the expansion factor 7" in two test problems. The top row corresponds
to the scaling b = ¢N, while the bottom row corresponds to the scaling b = ¢v/N. In all
experiments, the parameter ¢ = ¢(7', 7) is computed using the formula given in Table 3.1.
The left column shows the single-bump obstacle problem, and the right column shows the
two bump obstacle problem.
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Figure 3.11: Comparison of the expansion domain factor 7" for the radially sym-
metric obstacle problem. The plots show the relative £2 error versus the number of basis
functions N for several choices of the expansion factor 7', where the coefficient ¢ = ¢(T', 7)
is determined accordingly. The left panel corresponds to the linear scaling b = ¢N, while
the right panel corresponds to the scaling b = ¢v/N. In both cases, the error decreases
steadily as N increases, demonstrating convergence of the RBF approximation. The results
also show that the choice of T" influences the accuracy, particularly for moderate values of
N, while both scaling strategies achieve very small relative ¢? errors for sufficiently large
N. Here, the penalty parameter is set to 3 = 105, the oversampling factor is ( = 4, and
the truncated threshold value is 7 = 10715,
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3.5.1 Sensitivity Analysis of Domain Expansion Factor T

In this section 3.5.1, we investigate the sensitivity of the parameter T', which represents the
expansion domain factor in Setting 1. The role of the expansion domain factor 7" is crucial
because it expands the physical domain © from PDEs to the expanded domain Q. It is also
one of the parameters that determines the kernel shape multiplier ¢ = ¢(7', 7). Furthermore,
we investigate the effect of the relationship between the kernel shape parameters, including
linear scaling b = ¢ N and the scaling b = ¢v/N. First, we start with the examination of
T in Algorithm 1 to solve linear elliptic PDEs. Figures 3.9(a)(b) indicate that the best
choice of T is problem-dependent. For the 1D Poisson equation in Figure 3.9(a), we select
T = 8 because it yields a more consistent error decay than smaller expansion factors and
remains among the top-performing values across the examined range of N. In contrast, for
the 1D reaction—diffusion problem, we take T = 2, since for other values of T the relative
error plateaus and then increases after a certain number of RBF functions, as illustrated
in Figure 3.9(b).

As shown in Figure 3.10(a)(b), we set 7" = 2 for the 1D one bum obstacle problem and
T = 3 for the two bump case. These values are sufficient to reveal the primary advantages
of the domain expansion factor T', while still preserving an accurate representation of the
localized obstacle structures. Increasing T' further does not yield systematically improved
performance in either example. Moreover, from Figure 3.10(c)(d), it is evident that in this
setting the kernel shape parameter should not follow the scaling b = ¢v/N. Under this
choice, the relative error levels off, becomes less accurate, and converges more slowly than
when using the linear scaling b = c/V.

As shown in Figure 3.11(a)(b), for the 2D dome obstacle problem we choose 7' = 3,
which yields one of the most stable error profiles among the tested values and strikes a
good balance between mitigating boundary effects and maintaining adequate resolution
near the physical domain. Recall that the shape parameter for the 2D dome obstacle
problem is set to b = ¢v/N. Consistent with the one-dimensional case, as illustrated in
Figure 3.11(a), the relative error clearly converges more slowly when the linearly scaled
parameter b = ¢ N is used. Thus, the scaling b = ¢/N is indeed preferred to be selected
in the two-dimensional setting.

Therefore, the chosen expansion factors are selected empirically according to the sen-
sitivity results for each problem. In the next section, we examine the effect of the kernel
shape multiplier ¢ = ¢(7', 7) based on Eq. (3.10).
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Figure 3.12: Effect of the kernel shape multiplier ¢(7,7) in the Poisson equation.
Relative £? error versus the number of basis functions N for fixed expansion factor T', with
oversampling ratio ¢ = 2 and truncation threshold 7 = 107!%. Each panel compares several
values of the proportionality constant ¢ in the linear shape-parameter scaling, including
the selected value copi (7, 7). For moderate values of 7', the error decreases steadily with
N for a range of stable c-values, while overly large ¢ leads to a loss of stability at large N.
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Figure 3.13: Effect of the kernel shape multiplier ¢(7, 7) in the reaction-diffusion
PDE. Relative ¢? error versus N for fixed expansion factors T and varying parameters c.
Each panel shows the sensitivity of the RBF approximation to the choice of ¢ for a fixed
value of T'. The value copy = ¢(T, 7), selected from the formula in Eq. (3.10), consistently
gives the best or most stable performance. For smaller values T' = 1.5 and T = 2.0, the
error decreases steadily as N increases, whereas for larger values T' = 4.0 and T" = 6.0,
non-optimal choices of ¢ lead to noticeably larger errors. These results support the use of
¢ = ¢(T, 1) for balancing accuracy and stability. Here, 7 = 107!° and ¢ = 2.
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Obstacle (One-Bump): Error vs N for fixed T= 2.0

Obstacle (One-Bump): Error vs N for fixed T = 3.0
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Figure 3.14: Panels of the kernel shape multiplier ¢(7T,7) in obstacle-type BVP
(single-bump problem). Relative £* error versus N for fixed expansion factors T and
varying parameters c. For each fixed 7', the figure compares several choices of ¢ in the
kernel shape parameter. The theoretically selected value ¢, = ¢(7', 7) gives the best or
most stable accuracy across all cases. The approximation is less sensitive to ¢ for smaller
values of T', while for larger T" the error deteriorates significantly for non-optimal choices.
Here, 7 = 10715, ( = 2, and 8 = 10°.
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Obstacle (Two-Bump): Error vs N for fixed T=2.0

Obstacle (Two-Bump): Error vs N for fixed T = 3.0
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Figure 3.15: Effect of the kernel shape multiplier ¢(7, 7) to the two bump obstacle
problem. Relative ¢? error versus N for fixed expansion factors 7" and varying values of c.
For each fixed T', the theoretically selected value copr = ¢(T, 7) provides the best or most

stable accuracy, while non-optimal choices become increasingly less reliable for larger 7'
Here, 7 = 107*°, ( =2, and 8 = 108.
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Figure 3.16: Effect of the kernel shape multiplier ¢(7,7) for the radially sym-
metric obstacle problem. Relative ¢ error versus N is plotted for fixed values of the
expansion factor T" and different choices of the kernel shape multiplier parameter ¢. The
theoretically motivated value copy = ¢(7', 7) consistently gives the best performance, con-
firming its effectiveness in balancing approximation accuracy and numerical stability. Here,
T=10"", ¢ =4, #=10°% and (u, p) = (10/h?,20.3), where h = .
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3.5.2 Experiments on the Kernel Shape Multiplier Parameter
o(T, T)

In this subsection, we investigate the effect of the kernel shape multiplier parameter ¢(7', 7),
which is calculated based on Eq. 3.10 by [5]. We acknowledge that the formula for ¢ =
¢(T, 7) is used for functional approximation in [5]; however, in the experiment, it works
effectively close to the optimal value for the kernel shape multiplier. Given the analysis in
Section 3.5.1, we consider fixing the following parameters in this experiment. For linear
elliptic PDEs, we set T' = 8.0 for the Poisson problem and 7" = 2.0 for the reaction-diffusion
equation, followed by the boundary penalty weight 8 = 3 x 10°, 10%, respectively. In the
one-dimensional obstacle problem, we choose 7' = 2.0, 3 = 10° for the single-bump obstacle
and T = 3.0,3 = 108 for the two bump problem. In the radially symmetric obstacle
problem, we keep T' = 3.0, 3 = 10°. In all cases, the truncation threshold 7 = 1071 is
selected.

As shown in Figure 3.12, the ¢, does not always work effectively across all choices in
the Poisson problem, particularly in the case of T' = 1.5, 2.0.. However, when the expansion
domain factor 7" is selected to be sufficiently large, the kernel shape multiplier cope = ¢(7, 7)
influences the convergence of the Poisson problem, as illustrated in Figure 3.12(c)(d). It is
evident that for T = 4, 8, ¢, causes the relative error to increase and decreases steadily
with the N number of basis functions.

Similarly, Figure 3.13(a)(b) shows that when 7" is chosen sufficiently large enough, as
T = 1.5, 2.0, copt causes the relative error to decay as N increases. On the other hand, for
larger values of T' = 4.0, 6.0 non-optimal choices of ¢ lead to a larger relative error.

For the one-dimensional setting in Figures 3.14-3.15, a similar observation is noted in
the Poisson and reaction-diffusion problems. It is necessary to choose T' sufficiently large
to ensure that the relative error decays steadily as N increases due to the kernel shape
multiplier copy = ¢(T, 7). As illustrated in Figure 3.14(a)(b) and Figure 3.15(a)(b), we need
to select T = 2.0 for the single-bump obstacle problem, while in the two bump problem,
we choose T' = 3.0. Because when 7" = 2.0 there are not enough selective center points in
the expansion domain to ensure the convergence of the problem. In the two-dimensional
settings, Figure 3.16 shows a similar observation, as it is not recommended in panels (a)
and (b) to choose T' = 1.5, 2.0. For T' = 3.0,4.0 and cope = 0.089,0.067, respectively,
the formula ¢(7T', 7) consistently causes the relative error to decay steadily as N increases,
confirming its effectiveness in balancing approximation accuracy and stability.

Thus, the experiments in Section 3.5.2 confirm our selective choices for the kernel shape
multiplier c¢opy = ¢(T, 7). The formula in Eq. (3.10) serves as a guideline for deciding the
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choices of the kernel shape multiplier ¢ in the relationship b = ¢ N for one-dimensional
problems or b = ¢+/N for the two-dimensional setting. In most cases, we observe that the
relative error decays and converges as IV increases for the appropriate choices of cqp from
the formula ¢(7T', 7). It is also noted that the expansion domain factor T needs to be chosen
sufficiently large, as illustrated in Figures 3.12-3.16, to ensure that c.p, becomes effective
in the RBF model. Next, we examine the influence of the truncation threshold value 7 in
the TSVD.

3.5.3 Experiments on Truncation Threshold Value 7

In this subsection, we investigate the influence of the truncation threshold value 7 in
Algorithms 1-2. We maintain the settings for each corresponding PDE in the following.
For the one-dimensional Poisson and Reaction-diffusion equations, we let 5 = 3 x 10, 106,
respectively. In the single- and two bump obstacle problems, we choose 3 = 10°, 108,
respectively. Lastly, in the dome obstacle problem, we let 8 = 10°. The oversampling
ratio ( is selected as 2 for the one-dimensional setting and { = 4 for the two-dimensional
setting. As shown in Section 3.5.2, we assume the kernel shape multiplier to be ¢ = ¢(T', 7)
in [5]. According to Figures 3.17-3.21, it is noticeable that smaller truncation thresholds
cause a more stable relative error decay and improve the approximation accuracy in the
TSVD. For instance, all panels in Figure 3.17 show that although the sensitivity of the
truncation threshold value 7 depends on the choice of T, choices for 7 = 107!2,107%°
generally influence robust error decay, particularly for larger N. Similarly, in the two-
dimensional setting, as shown in Figure 3.21, all panels indicate that smaller values of 7
tend to yield lower error levels, especially for 7 = 107'2,107'°. Therefore, selecting the
truncation threshold 7 = 107% for the numerical experiments in Section 3.4 is regarded
as well justified. We then examine the parameter weight 3, which is used to penalize the
Dirichlet boundary condition.

3.5.4 Experiments on Boundary Penalty Weight

We now examine the effect of the boundary penalty weight § on the Dirichlet condition.
We maintain the hyperparameter settings as in the previous experiments. In particular,
we select T' = 8 in the Poisson equation and T" = 2 for the reaction-diffusion problem,
respectively. In the one-dimensional obstacle problems, we set T' = 2, 3 for the single and
two bump problems, respectively. Lastly, we keep T' = 3 for the two-dimensional dome
obstacle problem. In all cases, we choose 7 = 107! as the truncation threshold value in
the TSVD.
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Figures 3.22 and 3.23 indicate that the boundary penalty parameter § must be chosen
sufficiently large to enforce the Dirichlet condition. For the one-dimensional problems,
small values of § result in large relative ¢? errors, whereas increasing 8 quickly enhances
the accuracy until a stable, low-error regime is attained, as shown in Figure 3.22. Thus,
increasing [ enforces the Dirichlet constraint more strongly, so that if § is chosen too
small, the solution fails to match the prescribed boundary data and the approximation
error becomes large. The appropriate range depends on the specific problem: 3 = 3 x 10°
already suffices for the Poisson problem; 8 = 10° yields robust and accurate solutions
for the reaction-diffusion and single-bump obstacle problems; and the two bump obstacle
problem necessitates a stronger choice, 3 = 10®. For the two-dimensional dome obsta-
cle test case, the relative error becomes insensitive to § once the penalty parameter is
sufficiently large, suggesting that the approach remains stable across a wide spectrum of
boundary weights. Taken together, these findings demonstrate that the chosen § values
achieve a suitable compromise between enforcing the boundary conditions and maintaining
numerical stability.

Overall, these experiments demonstrate that the boundary penalty weight needs to be
selected sufficiently large to reliably impose the Dirichlet condition, yet not so large that
it introduces excessive numerical stiffness. Therefore, in the Poisson and reaction-diffusion
problems, we select 8 = 3 x 10°, 10°, respectively. In the single- and two bump obstacle
problems, we set 3 = 10%, 108 for each corresponding PDEs. Finally, we choose 8 = 10° in
the dome obstacle problem. In the last set of experiments, we compare the performance
of the radial kernels presented in Table 2.1 and justify Setting 2.

3.5.5 Comparison between the Kernel Functions ¢

The influence of the kernel function ¢ on the approximation accuracy is examined in Fig-
ures 3.24 and 3.25, where we compare several globally supported and compactly supported
radial basis functions, including the Gaussian, MQ, IMQ, 1Q, and Wendland C? and C*
kernels. For a detailed understanding of smoothness, we refer readers to Table 2.1. For the
one-dimensional Poisson and reaction-diffusion problems, the Gaussian-type globally sup-
ported kernels consistently provide the most favorable convergence behavior as the number
of basis functions NN increases. In particular, the Gaussian, MQ, IMQ, and 1Q kernels all
produce rapidly decaying relative errors, whereas the compactly supported Wendland ker-
nels exhibit noticeably weaker performance, especially for larger values of N, where the
error either stagnates or increases. The same qualitative behavior is also observed in the
obstacle problems, including the two-dimensional dome obstacle problem, where the Gaus-
sian kernel remains the most stable and accurate choice, as illustrated in Figure 3.25. This
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indicates that globally supported kernels are more effective in capturing the smooth struc-
ture of the exact solution within the present variational RBF framework. In Section 3.6,
we discuss the drawbacks and challenges inherent to the variational RBF approach.
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Figure 3.17: Effect of the truncation threshold value 7 on the Poisson BVP.
Relative ¢? error versus the number of basis functions N for the 1D Poisson problem with
fixed expansion factor T' and oversampling ratio ( = 2. In each panel, the truncation
threshold 7 € {1073,1072,107!2,107'%} is varied, with ¢ = ¢(T,7). Smaller truncation
thresholds yield more stable error decay and lower error floors, while 7 = 107'2 and
7 = 1071 give the most accurate results overall.
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Error vs. N with fixed T=1.5 Error vs. N with fixed T=2.0
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Figure 3.18: Effect of the truncation threshold value 7 on the reaction-diffusion
problem in 1D. Relative 2 error versus the number of basis functions N for fixed expan-
sion factors T, with oversampling ratio ¢ = 2. In each panel, 7 € {1073,107%,10712, 10715}
is varied, and the parameter c is selected according to ¢ = ¢(T, 7). The results indicate
that smaller truncation thresholds lead to more stable error decay and improved accuracy,
while 7 = 10712 and 7 = 107! provide the best overall performance.
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Obstacle (One-Bump): Error vs N for fixed T =2 (varying 1)
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Figure 3.19: Effect of the truncation threshold value 7 on the single-bump
obstacle problem in 1D. Relative ¢? error versus the number of basis functions N

for fixed expansion factors T, with oversampling ratio { = 2.

In each panel, 7 €

{1073,107%,1072,107'2,107'°} is varied, and the parameter c¢ is chosen according to
¢ = ¢(T,7). The results show that smaller truncation thresholds generally lead to im-
proved accuracy and more stable error decay, although the sensitivity to 7 depends on the

choice

of T.
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02 Obstacle (Two-Bump): Error vs N for fixed T= 2 (varying 1) Obstacle (Two-Bump): Error vs N for fixed T = 3 (varying T)
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Figure 3.20: Sensitivity to the truncation threshold 7 for the 1D two bump
obstacle problem. Relative ¢? error as a function of the number of basis functions N for
several fixed values of the expansion factor T', using oversampling ratio ( = 2. For each
threshold 7, the proportionality constant is chosen as ¢ = ¢(T, 7). The figure indicates
that smaller truncation thresholds generally improve stability and accuracy, although the
optimal behavior remains dependent on 7.
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Dome Obstacle: Error vs. N (T=2, c=c(T, 1),{=4)
Convergence type: sublinear
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(d) Dome obstacle problem (2D), T' = 4.0

Sensitivity of the truncation threshold 7 on the approxima-

tion error for the 2D dome obstacle problem. Relative ¢ error versus N for

fixed expansion factor 7" and oversampling ratio ( = 4.

Each panel compares 7 €

{1073,1075,1072,10712,107'°}, with ¢ = ¢(T, 7). Smaller values of T tend to yield lower
error levels and more robust decay, particularly for larger V. Here, we use the kernel shape

relationship b = ¢(T,7) v/ N.
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Figure 3.22: Influence of the penalty parameter § in the boundary condition.
Relative ¢? error versus 3 for the 1D Poisson, reaction-diffusion, single-bump obstacle, and
two bump obstacle problems, with fixed T', 7, and ¢ = ¢(T, 7). Each panel compares several
values of N. The results indicate that each problem admits a suitable g-range balancing
boundary enforcement and numerical stability; the selected values are 8 = 3 x 10° for
Poisson equation, 3 = 10° for reaction-diffusion, § = 10° for the single bump obstacle
problem, and 3 = 108 for the two bump obstacle problem.
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Figure 3.23: Influence of the boundary penalty weight § on the radially symmet-
ric obstacle problem. Relative ¢? error versus /3 for the 2D dome obstacle problem with
fixed expansion factor T', oversampling ratio ( = 4, and truncation threshold 7 = 107'°.
Each panel compares several values of N. The results indicate that the relative error is
stable across a wide range of 3, with only limited variation in the final error. Here, we use
the scaling for the kernel shape b = ¢v/N.
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Figure 3.24: Comparison of the radial kernels for the Poisson and reaction-
diffusion problems in 1D. Relative ¢? error versus the number of basis functions N
for several radial kernels, including Gaussian, multiquadric (MQ), inverse multiquadric
(IMQ), inverse quadratic (InvQuad), Wendland C?, and Wendland C*. Panel (a) shows
the Poisson problem with 7= 8.0 and 8 = 3 x 10°, while panel (b) shows the reaction-
diffusion problem with 7' = 2.0 and 8 = 10°. In both cases, the Gaussian, MQ, IMQ,
and inverse quadratic kernels yield fast convergence as N increases, whereas the compactly
supported Wendland kernels exhibit lower accuracy, especially for large N. Overall, the
Gaussian-type globally supported kernels provide the most accurate and fast convergence
behavior for these two model problems.
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Figure 3.25: Comparison of the radial kernels for obstacle problems. Relative
02 error versus N for several radial kernels in three obstacle-type test problems: the 1D
single-bump problem, the 1D two bump problem, and the 2D dome problem. In all three
cases, the Gaussian-type globally supported kernels show stronger convergence behavior
and attain smaller final errors than the compactly supported Wendland kernels, supporting
their use in the subsequent numerical experiments. Here, for 1D obstacle problem we use

the linear scaling for kernel shape parameter b = ¢ N while in the two-dimensional setting,
we let b=c+vN.




3.6 Limitations

Although the proposed variational RBF method performs well for the benchmark problems
considered in this chapter, several limitations remain. In particular, difficulties arise when
the obstacle function is discontinuous because a globally smooth basis saturates sharp
features and diminishes local accuracy. Additionally, the method is based on dense lin-
ear systems, which means that rank efficiency and computation time become important
practical concerns as the number of basis functions NV increases.

3.6.1 Discontinuous Obstacle Problem

In this subsection, we consider the following discontinuous obstacle function from [107, 125].
The free-BVP is solved using Algorithm 2. We let Q = [0, 1], and the obstacle function is
defined as follows:

5.0, |z —0.6]+ |y —0.6] <0.04,

4.5, (x —0.6)? + (y — 0.25)% > 0.001,
Y(z,y) = ( S+ ) (3.44)
4.5, for y=057 and 0.075 <z < 0.13,

0, otherwise.

The obstacle problem with the function ¢ in Eq. 3.44 consists of different disjoint shapes
within the domain [0, 1] x [0, 1], as shown in the left panels of Figure 3.26(a) and (b).
However, our RBF method does not provide an accurate solution in this case. As shown
in the right and middle panels of Figure 3.26(a)(b), it is clear that the approximation
behaves smoothly away from the obstacle; however, it fails to accurately represent the
region where the obstacle is active on its support level set, despite the convergence in
ADMM after 4963 iterations. We maintain the same hyperparameters as in the numerical
experiment with the domain obstacle problem in Section 3.4.2. For the ADMM parameters,
we choose (i, p) = (6.5 x 105,1.3 x 10%) in [107]. The discontinuous obstacle problem in
Figure 3.26 exemplifies the limitations of the variational RBF framework when the contact
set is associated with disjoint shapes and sharp transitions. Because the Gaussian kernel
is globally smooth, it tends to smooth away the discontinuous features of the obstacle,
reducing the accuracy of the contact region when the ADMM has converged. Adding more
basis functions would improve the solution accuracy. This limitation motivates future work
on localized basis functions and adaptive refinement.
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(a) Surface plots of the discontinuous obstacle function ¥ (z,y) and the corresponding RBF ap-
proximation u(zx,y).
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(b) Contour plots of the obstacle function ¢ (x,y) and the RBF approximation u(x,y), and the
convergence history of the primal and dual residuals in the ADMM iteration.

Figure 3.26: RBF approximation of the two-dimensional obstacle problem with
a discontinuous obstacle function using the variational method. The figure com-
pares the obstacle profile and the computed RBF approximation in both surface and con-
tour representations, together with the convergence history of the ADMM iterations. The
number of basis functions N is set at 2048, oversampling ratio ( = 4, and 3 = 10°. For
ADMM and TSVD parameters, we let the truncation threshold value 7 = 10715, and
(i, p) = (6.5 x 10°,1.3 x 10*) as in [107].
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3.6.2 Numerical Rank Efficiency and Computational Time

This subsection examines the numerical rank efficiency and computational cost of the lin-
ear systems in the variational RBF framework. To begin, we consider the one-dimensional
Poisson problem in the experiment of Section 3.4.1 as the baseline. We quantify the use-
fulness of the basis representation with the rank efficiency of A € R™*¥, which is given
by:

Teff

Thrank = W )

(3.45)

where 7o = card(7;) and we recall 7, = {i : 0; > 701} as mentioned in Definition 12.

In Eq. 3.45, reg is the effective numerical rank after TSVD truncation. The ratio
Nrank Tepresents the fraction of basis functions N that remain numerically informative.
Figure 3.27 shows that the rank efficiency decreases as N increases, indicating growing re-
dundancy and ill-conditioning in the system. The right panel in Figure 3.27 shows that the
computational time rises rapidly, approximately following the expected O(N?) complexity
for large N. In general, the results show that increasing the number of basis functions
N leads to substantially higher computational costs without a proportional increase in
effective approximation capacity. This demonstrates that the current variational RBF
formulation has limited scalability for high-dimensional PDEs and large-scale problems.
This limitation motivates the development of scalable strategies, such as adaptive basis
selection.

Numerical rank saturation, Poisson problem TSVD cost vs N in Poisson problem
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Figure 3.27: Rank efficiency and computational cost in the one-dimensional Pois-
son problem. The left panel plots the effective numerical rank normalized by N, showing
that the proportion of useful modes decreases as the number of basis functions increases.
The right panel shows the measured TSVD runtime together with a reference O(N?), con-
firming the growth in computational cost for large V.
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3.7 Summary

In this chapter, we have presented a mesh-free variational framework to solve the linear
elliptic BVPs and obstacle-type PDEs using the RBF approximation according to Defini-
tion 7. To address the ill-conditioning inherent in global RBF discretizations, we incor-
porated TSVD as a stabilization mechanism in the least-squares solver. We extend the
methodology to solve classical obstacle problems by introducing a variational formulation
with /!-penalty on the contact constraint in Section 3.3. The resulting non-smooth opti-
mization problem is efficiently solved using the ADMM, as described in Section 3.3.2. In
our methodology of Sections 3.3.1-3.3.2, we enlarge the effective basis support through the
expansion factor 7. The kernel parameter is chosen using linear scaling b = ¢(7',7) N in
one dimension and b = ¢(T,7) /N in two dimensions, which leads to stable convergence
and high accuracy. Extensive numerical experiments in Section 3.4 confirm that our RBF
solution method achieves fast convergence for linear elliptic and obstacle-type BVPs. The
results offer pragmatic guidance for selecting the (N, T, 7) parameters to balance accuracy,
condition number, and computational stability. There are future research directions that
include:

e Generalizing the framework to high-dimensional PDEs, including adaptive center
distributions.

e Investigating alternative penalty formulations (e.g., Huber or augmented Lagrangian
methods) in order to improve conditioning.

e Developing a systematic theoretical characterization of the trade-offs between hyper-
parameters (N,T,7) in terms of accuracy and conditioning by deriving a relation,
such as in Eq. (3.10), specifically tailored to our variational RBF method in multiple
dimensions.

e Extending the framework to other nonlinear PDEs and time-dependent variational
problems.
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Chapter 4

Random-Feature Solvers for
High-Dimensional Variational
Problems

2This chapter is based on the following paper: Tan Phuong Dong Le, Giang Tran, and Hans De Sterck.
Random-feature solvers for high-dimensional variational problems: A practical framework. Preprint, 2026.
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4.1 Introduction

RFM methods constitute a framework for the numerical approximation of high-dimensional
PDEs, as they have advantageous approximation capabilities relative to the number of
features. In this chapter, we propose a mesh-free RFM framework for high-dimensional
variational elliptic PDEs and free-BVPs. The method approximates the solution using
a random-feature expansion and determines the coefficients through discrete variational
principles. This results in convex finite-dimensional optimization problems: quadratic
minimization for linear elliptic PDEs and a nonsmooth constrained minimization for free-

BVPs, which are solved by the ADMM.

The proposed framework is particularly efficient in high dimensions, where mesh-based
discretizations are infeasible and fully trained neural-network methods may be compu-
tationally demanding. Boundary conditions are imposed through penalty terms, which
preserve a mesh-free formulation. We further investigate the effects of the variance scale
and domain expansion parameters on the accuracy and robustness of the approximation,
and we compare the method with the radial basis approximation from Chapter 3 and
neural-network approaches.

Numerical results for various high-dimensional elliptic and free-BVPs demonstrate that
the proposed RFM solvers are accurate, efficient, and scalable. In particular, the approx-
imation error consistently decreases as the number of random features increases. The
method compares favorably with radial basis approximation schemes at a lower memory
cost and achieves prescribed tolerances faster than gradient-trained neural-network solvers.
These results indicate that our variational random-feature methods constitute a practical
computational framework for high-dimensional PDEs.

4.2 Problem Statement and Motivation

Chapter 3 introduced the variational formulation of elliptic PDEs and free-BVPs in the
context of RBF models. In Section 4.2, we consider the same class of variational problems
but focus on the high-dimensional regime and replace the RBF approximation space with
the RFM approach. The main objective is not to reformulate the underlying PDE model
but rather to develop a computationally efficient mesh-free solver that remains practical
when the spatial dimension d becomes moderately large.

The motivation for this shift is the increasing computational difficulty associated with
high-dimensional PDEs. Classical grid-based discretizations suffer from the curse of di-
mensionality, while local kernel methods may become expensive in terms of memory and
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computation as the approximation space expands. RFM methods provide an alternative
by fixing the nonlinear features. This results in an explicit low-complexity approximation
framework that is sufficient compared to fully trained neural networks and potentially
more scalable than local kernel-based methods. Accordingly, this chapter investigates
variational RFM solvers for high-dimensional elliptic and free-boundary problems, with
particular emphasis on computational scalability, approximation accuracy, and parameter
sensitivity. To recall RFM approximations, we refer readers to Definition 10 in Section 2.4.
We let Z € Q C R? and consider the function dgp : Q — R, which is given by:

N 1« ST~ Lo L, 7

Ugp (%) = WiTi izldza(wix+bz) = md a(Wx—i—b), (4.1)
where W = [w; ;] € RM*? denotes a random matrix whose entries are drawn according
to a probability density function p(J), and b e RM isa corresponding bias vector. The
coefficient vector d € RM is trainable. Here, the factor 1 /v/M is introduced to normalize
the random-feature map with respect to the number of features M, thereby preventing the
magnitude of the approximation from growing with M.

To fully define the random feature approximation, we now introduce the sampling pro-
cedure in Assumption 1 for the random weight and bias parameters, as well as Assumption 2
on the kernel function employed in the RFM in Eq. (4.1).

Assumption 1 (Sampling distribution of random features [84, 85, 86]) Let Q) =
[q1, qQ]d and M be the number of random features. For each i =1,..., M, let
J; € RY, b, € R,

be the random parameters associated with the i-th feature. We assume that the random vec-
tors &y, . ..,Wy and the bias terms by, ..., by are independently and identically distributed.
Specifically,

Wiy enn, Wiy B N(G, b%{pﬂl) ) bi,...,bm £ u<§Tr{F,d> )

where B
Qppd = |:Qmid — TRy Lhalf\/c_ia qmid + TRF Lhalf\/c_i] )
with
Gt [
Gmid - 5 half - 5
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Here, brr > 0 controls the variance scale of the random-feature map, while the expansion
factor Trp > 0 determines the sampling range of the bias parameters. Accordingly, the
random matrix W € RM*? and the bias vector b € RM are defined by

@) b,
W=1": and b=
nip bas

Assumption 2 (Hyperbolic tangent activation function [60]) The activation func-
tion o : RM — RM in Eq. (4.1) is assumed to be the hyperbolic tangent function applied
element-wise. More precisely, for any Z = (z1,...,zy) € RM we define

o(Z) = (tanh(z), tanh(z), . . ., tanh(zp)) ",

This choice yields a bounded nonlinear feature map and provides a stable scaling for the
variational random feature approximation considered in this chapter.

Assumption 1 details the construction of the random feature functions via sampling
the weight vectors and bias parameters. Drawing the weights from a Gaussian distribution
yields isotropic random directions in R¢, whereas using a uniform distribution over the
expanded domain ﬁT,d broadens the sampling range of the bias terms beyond the physical
domain. The parameters bgr and Trp are crucial in regulating the expressivity, numerical
stability, and spatial coverage of the resulting random feature approximation. When alter-
native activation functions are employed, as shown in Table 2.2, the sampling distribution
for the bias vector must be modified. For instance, if we use cosine and sine features
instead, we change the domain of the probability density function as follows:

b, U0, 2m), i=1,..., M.
Since the random weights and biases are fixed after sampling, and only the output coeffi-
cients are optimized, the resulting variational formulation in RFM is a convex quadratic
problem for linear elliptic PDEs. Assumption 2 specifies the particular nonlinear feature
map in this study. The use of the hyperbolic tangent function yields a smooth, bounded
activation, which is compatible with the variational formulation and promotes stable nu-
merical computation. The additional scaling factor 1/ V/M serves to normalize the RFM,
as introduced in Definition 10. In the next section, we use the RFM in an optimization

framework by employing a variational formulation to solve linear elliptic and obstacle-type
BVPs.
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4.3 Algorithmic Framework

We develop the numerical algorithms associated with the variational framework for
the high-dimensional BVPs examined in this chapter. Similar to Chapter 3, we consider
the high-dimensional elliptic and obstacle-type BVPs, utilizing the RFM in Eq. (4.1) in
the variational equations. This yields an optimization problem to minimize the unknown
variables d € RM , as presented in Eq. (4.1). The precise form of the discrete optimization
problem depends on the underlying variational framework. For linear elliptic BVPs, the
resulting formulation is a convex quadratic minimization problem. For obstacle-type BVPs,
however, the variational formulation contains additional nonsmooth terms, which lead to
a constrained optimization problem that is solved using the ADMM. We next derive these
two cases separately and present the corresponding solvers.

4.3.1 Random-Feature Solver for High-Dimensional Linear El-
liptic Boundary Value Problems

In this section, we consider high-dimensional linear elliptic PDEs, which were also discussed
in Section 3.3.1 in Chapter 3. Specifically, we examine the high-dimensional Poisson and
Darcy flow BVPs, which are studied and formulated as discrete optimization problems.
We let Q C R be a bounded domain. We consider the following linear elliptic BVP:

~V - (a(@)Vu(@) = f(F), FeQ,
u(7) = g(7), 7 e o0,

(4.2)

where a : 2 — R denotes the diffusion coefficient, f : 2 — R is the source term, and
g : 092 — R is the prescribed Dirichlet boundary function.

Similar to the derivation in Section 2.2, the variational formulation corresponding to
Eq. (4.2) is given by:
00 Ty, (1), (4.3)

where the penalized functional Jyarey s : H'(Q) — R is defined as:

Tuwevol) = 5 [ ald) IVu@ a7 [ f@yu@az+ 5 [ (u-a@)*ds. (@4

In the same manner as in Section 3.3.1, we select mg interior sampling points in €2,
z‘:‘ﬁ“), e ,fﬁ%, and mgn boundary sampling points in 0f2, fﬁf’“), e ,:ES,?;Q. Then, the dis-
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crete variational equation is given by:

;nin jﬁ,darcy (IaRF> )
dERIM

where

00| X 2
n 3109 (a <f§am> _y (a‘:’fm)) ‘
Using the Jacobian matrix J(7) € R™M which is defined in Section 2.6.2 as
J(@) = /@ T4+ 00) @1 -+ '@+ bar) S,

We obtain for j =1,...,mq

o(57) |7ime (57)

Hence, we deduce that

2

= (@) | (=) 4

) .

~ N 1 - - - 2
Jﬁ,darcy(u) = 5 d—T Bl,darcy d— f_T BZ d + g HB3 d— 9H27

where
Q] A (O (A M
Bl’darcy:M—mQ Za(xj )J($j ) J(xj )ER XM
j:
AT
o (ngﬂ) —I—b)
€] : M
B, = : € R,
? VM mg N
o Wfq(% —I—b)
and

M mon

(4.5)



The discrete variational formulation for Poisson’s equation is

min ~dTB d— fr Bgd+—||Bgd 7ll?, (4.9)
deRM 2

where

_ o] §" HON)T 7 (7D ¢ R,
1,poisson — ]\4771Q ; J(&T] J( ) €R

The load and boundary data matrices By and Bjs are defined as above, see also Eqgs. (2.41)-
(2.42). For the remaining of the section, we use By to mean either Bj poisson OF B darcy-

We apply the TSVD and its pseudo-inverse in the same manner as in Section 3.2.1.
The minimizer d* satisfies the following system:

Belliptic J:k = gelliptim (410)
where S
Belliptic = Bl + BB:;F BS € RNXNu gelliptic = B; f + BBZ;F g (411>
We compute the pseudo-inverse of the TSVD, as stated in Definition 13, which gives
J; - B;rlliptic,T ?jelliptic - ‘/p E;I U;— gelliptica (412)
where 1 1
5t d1ag< : —), with o0, > 017 > 0,41. (4.13)
1 Op
By [5], the TSVD solution yields an accurate approximation d:, which we use in

i dr bi), (4.14)

i=1

URFT

%\H

Accordingly, Algorithm 3 presents the variational REM solver for linear elliptic PDEs.
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Algorithm 3: Stable RFM solver for high-dimensional elliptic PDEs using TSVD

Input: o(-) (activation function); M (number of random features); bgr > 0 (variance

m m,
scale); Trr > 0 (domain expansion factor); {a_c'gm} Ql (interior nodes); {x%am} e
j:

n=1
(boundary nodes); f(-), g(-) (source/boundary data); 5 > 0 (boundary penalty
parameter); 7 > 0 (truncation tolerance)

Output: coefficient vector d. e RM ; RFM approximation tgp - : 2 — R

Generate random features:

Sample W € RM*4 row-wise by @; "~ N(0, )

Sample b € RM componentwise by b; g (QUrpp.d)

Assemble discrete matrices:

Compute By € RM*M a5 either in Eq. (2.40) or Eq. (4.8)

Compute By € R™2*M 35 in Eq. (2.41) and B3 € R™92*M a5 in Eq. (2.42)

Form vectors f, g
Build the normal-equation system according to Eq. (4.11)

Belliptic < Bl + 5 B;Bg, yelhptlc < B2 f + /8 BT _i-

Stabilize via TSVD:

Compute the SVD: Bejiptic = Uxv’

Identify the index set 7, = {i : 0y > 701}

Form 2*1 where (E;l)” = 1/0; if i € T; and 0 otherwise

Form the pseudo-inverse matrix B! elliptic,r V2, 1UpT

Compute the coefficient vector in RFM using Eq. (4.10):
dr < Blliiie.r Peltiptic.

return: d, € RM  and URp, (%) = \/% Zf\il d(T)’ia((D’inqt bi).

4.3.2 Random-Feature Solver for High-Dimensional Free-Boundary
Problems

In this section, we continue the development of the variational random feature method for
obstacle-type PDEs, based on Algorithm 3. Similar to Section 3.3.2 in Chapter 3, we extend
the previously introduced variational RBF framework to a mesh-free RFM and adapt it
to a formulation that can approximate the solution of obstacle-type PDEs. In the same
manner, we start by selectln% m collocation points from the domain Q, which consists of

mgq interior points x , xmﬂ and mygq boundary points x(am, ce 7(716(2. From Eq. (3.18)
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and utilizing the RFM in Eq. (4.1), the resulting discrete form of the obstacle problem is
given by:

. 1 . . L
Gusowsn () =30 Bud e (7= 2d) | +J0Bad =gl (@19
1

where the matrices By, By, Bs are defined as in Eq. (2.40), (2.41), and (2.42), respectively.
The vector for the obstacle function is given by:

v f(Q)
g= <;1) eR™. (4.16)

maq
— Q
v (#0)

The optimization problem min ju,gyobstade(dq) is an unconstrained problem that includes
deRM

an ¢'-norm term, and is convex but not differentiable. We consider applying the ADMM,
which is outlined in Section 2.7.

We let v = J — B, d be the slack variable and reformulate the optimization problem
into an equivalent constrained problem, which is given by:

Hlin jy,ﬁ,obstacle (d7 ’U>7
d, v

Tipovsiacte(d) = 2dT Byd+ || (@), |1+ 2 ||Bsd — 3, (4.17)
such that o — ¢ 4+ Byd = 0.

We form the associated augmented Lagrangian functional, penalized by the parameter
p > 0 and with a scaled dual variable 2’

T 7 5 o 1 7 /8 7T o — p — e 7T o p )
Lp(d,UaZ)=§JrBld+§||Bsd—9||§+M|| (V) ||1+§||U—¢+Bzd+z||§—§||Z||§- (4.18)

By Definition 21, the algorithm updates the primal and dual variables at each iteration
1 =0,...,maxIter, as follows:
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J&J+%Bﬁlm@+g

X 1 . - - 112
d'+Y = arg min {5 7 — 4 + Bod + 79 H } ; (4.19)
d 2

T — ) + Byd* 4 20

74 = argmin {uumul .

’ 4
.20

2} 3 ( )

A1) — ) 4 (v—’(i-kl) J BQJU-H)) ' (4.21)

The d-subproblem is a quadratic minimization problem, and its minimizer dUt) is
characterized by the corresponding first-order optimality condition:

(5 855 BB .Y — 3 5530 - 0,

Since the coefficient matrix may be ill-conditioned, we compute the update using the
TSVD pseudo-inverse, as presented in Definition 13. Thus,

JS_iJrl) _pf i)

obstacle, Yobstacles

where
Bobstacle = Bl+5B;,r B3+pB;— B2 € RMXM? y_f)igstacle = ﬁng—l—pB; (J_U(Z)_E’(Z)) € RM

The TSVD pseudo-inverse Blbstadeﬁ is constructed in the same manner for the linear elliptic

PDEs, which was presented in Section 4.3.1.

Next, we define
10 .= p — By dU*) — 20 e R™=,

Then the v-update is obtained componentwise by the proximal mapping of the ¢!-penalty
on the positive part, namely,

(1) (@)
U§i+1): 0, Oftj §;> j=1...,mq.
tgl) — ﬁ, tgl) > Ha
p p

The stopping criterion of the ADMM is monitored through the primal and dual residuals
7:(i+1) — 17(i+1) . 1;+ Bgzﬁ(iﬂ), §(i+1) — pB2T (?—]»(Hl) _ 1—)»(1))
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That is, the algorithm terminates when both residuals satisfy the prescribed relative tol-
erance criteria defined by:

[l P
max (|| By 0|3, [[70D |2, [[])
(el P

lpB; 20|

S €primal (422)

< €qual- (4.23)

This is implemented in Algorithm 4.
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Algorithm 4: Stable ADMM-RFM solver for obstacle-type problems

Input: o(-) (activation function); M (number of random features); bgr > 0 (variance

m m,
scale); Trr > 0 (domain expansion factor); {a_c'gm} Ql (interior nodes); {x%am} e
j:

n=1

(boundary nodes); f(-), g(-) (source/boundary data); ¥ (-) (obstacle data); 8 > 0
(boundary penalty); 1 > 0 (obstacle weight); p > 0 (ADMM penalty); 7 > 0
(truncation tolerance); maxIter (maximum number of iterations); €primal, €dual (relative
stopping tolerances)

Output: ch e RM RFM approximation ugp r : {2 = R

Assemble operators and vectors:

Compute Bj, By, B3 from the discrete variational formulation, as in Egs. (2.40), (2.41),
and (2.42)

Set Bobstacle — Bl + BB;—B?) + pB;B2

Form f, g, 1;

Initialize 40, 70 70)

for i =0,...,mazIter do

// 1. d-update (TSVD solve)

gf)@bt&cle — /BB G+ pBQ (1/1 (Z) - Z_<z))

J)  pt (i)

obstacle Tyobstacle

// 2. W-update
) i — By dli+D) — 20
for j=1,... mqgdo
if ty) < 0 then v](-iﬂ) — tg.i)
else if 0 < tgi) < u/p then v](-iﬂ) +~0
else v(l+ ) tgi) —u/p
end
// 3. Dual update
20D 0 4 gD — o 4 BydlitD)
// 4. Residuals and stopping
Fit1) o pl+1) @;4_ BQJ(z‘H)
g+l pB;—(U(i'H) 6(1))

||—'(z+1)||2 Hg‘(z-ﬁ-l)Hz . .
<e 1 ———————— < €qual then
max{ || Bad(+D) |3, |||, |||} prima HPBTE(’“ 2 ua
‘ break
end

end

return CZ; € RM, ﬂRF;r(f) = \/% Zkle d(T),k o ((IJ}I T+ bk)
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4.4 Numerical Experiments: High-Dimensional PDEs

In this section, we consider high-dimensional linear PDEs and free-BVPs to validate Algo-
rithms 3-4, as presented in Section 4.3. We use the PDEs from [121, , , 19] to test
our proposed variational methods. In each experiment, we uniformly sample mqg = ¢ N
interior points at random from 2, where ( is the oversampling ratio. For the bound-
ary sampling, we select k points uniformly at random from each component of 92, com-
prising mapg = (dk boundary points. The total number of collocation points is thus
m = mgq + maq = ( (M + dk). In addition, we generate an independent testing set con-
sisting of m's* points to evaluate the accuracy of the PDEs approximation. To quantify
the difference between the exact and predicted solutions on the testing set, we use the
following error metric:

E(M) = HQRF%();)W(”EJ)HQ, =1,...,m (4.24)

All parameters utilized in the numerical experiments are compiled and presented in Ta-
ble 4.1. Unless otherwise stated, the same parameter configuration is used in all experimen-
tal cases. We specifically utilize the hyperbolic tangent activation function for the RFM,
except in the comparison studies specified in Section 4.6. To compare with mesh-free
approximation techniques, we employ machine learning approaches, specifically PINNs
[88, 89, 87, 90] and the deep Ritz method (DRM) [29, 87]. In the PINNs formulation
of [38], the objective function is imposed in strong form by minimizing a loss function
constructed from the mean squared residuals of the PDEs and the boundary conditions,
both evaluated at interior and boundary sampling points. The DRM approach in [37]
is developed for PDEs that admits a variational formulation, with boundary conditions
enforced through penalty contributions. In DRM, boundary constraints are incorporated
by adding a penalty term to the energy functional. PINNs uses a fully-connected neural
network with a hyperbolic tangent activation, while DRM adopts a ResNet architecture
With Gactivation(Z) = max{(2)3,0}. Boundary penalty weight 3 is set to 1 for PINNs and 10%
for DRM. To ensure reproducibility and fair comparison as in [121], all networks consist of
three hidden layers with 40 neurons each hidden layer. We set the learning rate of 0.001
for the Adam optimizer as suggested in PINNs! and DRM?2.

'Package of PINNs is implemented in https://github.com/maziarraissi/PINNs
2Package of DRM is obtained from https://github.com/junbinhuang/DeepRitz
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Table 4.1: Hyper-parameter settings used in the numerical experiments.

Parameter Description Value
o) random feature activation functional tanh(-)
M total number of random features problem-dependent
bry variance scale parameter in random fea- brr = 1.75
ture matrix
T expansion factor for domain in bias vec- | problem-dependent
tor of random features model
¢ oversampling ratio (=2
k number of sampled points per boundary | problem-dependent
component
d dimensionality of boundary value prob- | problem-dependent
lem
Q interior domain problem-dependent
0N boundary domain problem-dependent
m total number of collocation points m = mgq + Mmyq
me interior collocation points mqo=CM
maq boundary collocation points man = Cdk
mtest total number of testing points m'*®t = 2000
16 boundary penalty weight problem-dependent
maxIter maximum number of iterations in 50, 0000
ADMM
1 ¢! penalty parameter weight =10 M?
p penalty parameter for the augmented p=10.3
Lagrangian in ADMM
Estop relative stopping tolerance Estop = 10~
T truncated threshold tolerance in TSVD T=10"1°
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4.4.1 Numerical experiments for high-dimensional elliptic bound-
ary value problem

Weak form versus strong form for Poisson boundary value problem

In the first numerical experiment of Section 4.4.1, we show that Algorithm 3, based on the
variational formulation of PDEs, can be advantageous for solving Poisson BVPs, which
does not have a strong solution. In particular, we consider the following Poisson equation
with the Dirichlet boundary condition as in [121], which is given by:

{—Au(iz’) — f(&), VZ=(z1,2)" €Q, (4.25)
u=g, on 0f),

where Q = (0,1)? C R? and the source function f = —2 in 2. The boundary condition
is followed by g(x1,0) = g(x1,1) = 2 for 0 < xy < 5, g(x1,0) = g(x1,1) = (x1 — 1)? for
% < x1 <1, and ¢g(0,29) = g(1,22) = 0 for 0 < x5 < 1 on 9. This problem, however,
does not admit a strong (classical) solution, but has only a unique solution, which is given
by:

2 1
.7)1, O S X1 S 29
uexact(l‘h IQ) - 9 1 (426)
(x1—-1)% <7 <1
Weak solution Uexact Sampling points
0.250 L0y o X A
_'..- ; )*‘.; i ::--s.f,:,s R
0.8’. _.- & ‘l‘s h:.'!.:::f:.
% 0 ¢ %%
R E_ .' p \#'%' .: ‘:_‘o'- '}'5
= 06k f’ 6; ot .... ‘,-".;'.
0.125 § < ;t',_ ,-..d_ .-c ,-‘ Vo
3 | RS = e
S
0.000

Interior points Boundary points

Figure 4.1: Poisson problem in Eq. (4.25): Weak solution eyt in Eq.(4.26) on the
domain Q = [0,1]? (left) and the corresponding sampling points used in the numerical
experiments (right). Interior collocation points are shown in blue, while boundary points
are indicated in red.
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Figure 4.2: Result of Poisson’s Equation in Experiment (4.25). (a) The weak solution
Uexact; (D) Upinn obtained by PINN based on the strong form; (c) @pgry obtained by DRM;
(d) ugr obtained by the RF approximation based on the weak form using N = 2048 total
number of features; (f)—(h) pointwise absolute errors between approximation and exact

solution |t — Uexact|; (€) relative ¢y error versus number of unknown parameters of RF,
PINN, and DRM methods.
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In this experiment, we use the following resolution parameters M = 2048, = 2,k = 100
to approximate the solution in Eq. (4.26) in Figure 4.2(d)(h). For other hyperparameters,
we keep the expansion domain factor Trr = 2.2, the boundary penalty weight 8 = 3 x 104,
the truncation threshold 7 = 107!°, and the variance scale in the RFM model, which is
brr = 1.75. The choices of parameters are discussed in detail later in Section 4.5. As shown
in Figure 4.2, the RFM approximation ugp closely aligns with the exact solution teyxact When
visualized on the (z1,x5)-slice for d = 5. As shown in Figure 4.2(b)(c), contours of the
PINNs and DRM approximate solutions do not converge to the exact solution, respectively.
In Figure 4.2(g), the absolute difference between the RFM approximation and the exact
solution is relatively small and demonstrates the accuracy of F(M) = 3.458 x 10~*. While
the absolute difference for the PINNs and DRM approximate solutions in Figure 4.2(e)(f)
show that the errors are distributed large and do not converge to the exact solution. In
Figure 4.2(e), we compare RFM, PINNs, and DRM methods on the same plot. For PINNs
and DRM we vary layers from 2 to 3, using 32 or 64 neurons in each. This demonstrates that
the REM outperforms other mesh-free methods while using significantly fewer trainable
parameters. Due to the ResNet architecture, the trainable parameters of the DRM method
are increasing greatly, but its relative error plateaus at 107! level. A similar behavior is
observed with the PINNs method; it does not converge as the relative error stays around
the 107! level as well.

High-dimensional linear elliptic PDEs - Poisson equation

In this numerical experiment, we demonstrate that Algorithm 3, which is grounded in
variational principles, can offer advantages for high-dimensional linear elliptic PDEs that

admit an exact solution. The following problem is taken from [121]. We consider the
Poisson BVPs with the following boundary conditions, with d > 5 given by:
—Au=2 Y7 sin(3e), nQ=(-1,1)", 27
u=y", sin(§ ), on 0f). '

The BVP in Eq.(4.27) has an exact solution, which is given by:

d
Ueract (T) = Y sin (g x) i Q=[-1,1 (4.28)
=1

Figure 4.3 shows the contours of the exact solution in Eq. (4.28) and the RFM approx-
imation in the first two dimensions for d = 5 and M = 2048, = 2,k = 500,Trr =
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2.2,brr = 1.75. For details of the choices of hyperparameters, we discuss them later in
Section 4.5. The RFM approximate solution aligns well with the exact solution, with the
error E(M) = 2.628 x 1075, As shown in Figure 4.3(b), it demonstrates the convergence
behavior of the RFM method as the dimensions increase. The result illustrates that the
RFM method converges with a relative error level between 107% and 1073 for dimensions
up to d = 20. It further demonstrates that the RFM approach is influenced by a trade-
off between accuracy and the number of features. In particular, for d = 20, one needs
M = 20,000 features to attain a similar level of accuracy.. However, we require more
memory storage to train the large learnable coefficients. Figure 4.4 shows the comparison
of the competing methods with the RFM approaches. According to Figure 4.4(a)(b)(c),
the absolute error between the RFM method and the exact solution remains relatively
small when compared with the PINNs and DRM approaches. Figure 4.4, panels (d) and
(e), show the minimization of residual loss and variational loss functions, respectively, for
the PINNs and DRM methods over 20,000 iterations. Figure 4.4(f) demonstrates that
the RFM method converges to an error level of around 107% as the number of trainable
parameters increases. While the PINNs method remains at an error level of around 1073,
the DRM approaches attain a level of 1072 despite the increasing number of trainable
parameters in the ResNet architecture.
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Exact sol. RF-approx.
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(a) Exact solution in Eq. (4.30) and random feature approximation.

Error vs. Features

Dimensionality (d)
—.— d=5
1072 = d=10
=& d=15
51073
]
v
2
£ 107
]
-4
10-°
107

0 250 500 750 1000 1250 1500 1750 2000
Number of Random Features

(b) Convergence behavior of random
feature methods across dimensions.

Figure 4.3: High-dimensional PDE in Experiment (4.27). Top: comparison between
the approximation and the exact solution with the resolution parameters M = 4096, ( =
2,k = 500. We plot the contour of the first and second dimensions of [—1, 1]3. Bottom: con-
vergence behavior for increasing spatial dimensions. Results are shown for d = 5, 10, 15, 20.
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Figure 4.4: High-dimensional PDE in Experiment (4.27): Comparison of numerical
solutions obtained using PINN, DRM, and the proposed RF method over the domain
[—1,1]°. For RF method, we use the following parameters M = 4096, ¢ = 2, k = 500, Trr =
2.2, 3 =10°. (a)—(c) Pointwise absolute error | — texact| for PINN (left), DRM (middle),
and RF (right). (d) Relative ¢ error versus the size of model, illustrating the convergence
behavior of the three methods. We use M = {512,1024, 2048, 4096, 8192} for RF model,
for PINN and DRM we use the architecture with depth = {2, 3}, width = {32,64}.
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High-dimensional linear elliptic PDEs - Darcy’s Flow problem

We now consider a linear elliptic PDE with Dirichlet boundary conditions on an irregular,
nonconvex domain with dimensionality d = 2, 5, 10, as described in [121], which is given
by.

{_v-m(fwu):f(f), in Q= (-1,1)"\[0,1)" (4.29)

u(8) = g(5), Vs € 09,
where a(Z) = 1+ ||7]|3, and f(Z) = = (1 + || 7]|?) sin(Z1) cos(@2) + 7o sin(F;) sin(Z2) —
72 cos(T1) cos(Z2) in © and g (Z) = sin(Z;) cos(T2) on 0 with Z; == § x; for i = 1,2. The

BVP in Eq. (4.29) admits an exact solution in €, which is as follows:

Uexact (Z) = sin(Z1) cos(Z2). (4.30)

1.00
1.00 Exact Sol. Uexact(X1, X2) where x3.4=0 ford=5 Samples in Q
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Figure 4.5: Darcy’s Flow Problem in Experiment (4.29): Left: Exact solution in the
first two dimensions for d = 5 in the Eq. (4.29). Right: Sampled interior and boundary
collocation points in the domain 2 with a square exclusion.
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Figure 4.6: Darcy’s Flow Problem in Experiment (4.29): Top left: RF approximation
Ugr in the first two dimensions for d = 5 using parameters M = 4096,( = 2,k = 500
random features. Top right: Pointwise absolute error | — texact| on the same slice. Bottom:
Relative ¢? error versus the number of random features M for d = 2,5, 10, showing that
larger M is required as the dimension increases to achieve better accuracy.

Figure 4.5 shows the contour of the exact solution for Eq. (4.29) and the sampled interior
and boundary points from the irregular nonconvex domain. We select M = 4096,( =
2,k =500, Tgr = 1.0, 8 = 10%,7 = 10~'° and discuss this choice in Section 4.5. Figure 4.6
shows the RFM approximation, its absolute error distribution, and the convergence of
the proposed method for different dimensions. The RFM approximation aligns well with
the exact solution when d = 5, as shown in Figure 4.6(a) for the first two dimensions.
The absolute error in Figure 4.6(b) is relatively small, and the relative error E(M) =
2.581 x 1073 for d = 5. Figure 4.6(c) shows the convergence behavior of the RFM methods
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as the dimension d increases up to 10. It demonstrates that larger M is required as the
dimension increases to achieve the desired accuracy. For example, when d = 2 the RFM
method needs M = 103 to achieve a relative error level of around 1073, but when d = 5 it
is necessary to choose M between 5 x 10% and 10* to attain the similar error level.

4.4.2 Numerical experiment for obstacle problems

In this experiment, we consider a two-dimensional obstacle problem defined on the domain
Q = [0,1]? such that

(U(xla@) > 1 (21, 22), in €,
2 2
L T n O
ozt 023 (4.31)
(u(w1, 22) — 1 (1, 22)) —@—@ =0, in{ |
b I ox?  0x3) ’
u=4g, on 0f.

We let the distance to center (3, 3) be such that r(z1,s) = \/(Il - %)2 + (22 — %)2 for

any (1, 73) € Q. The radially symmetric obstacle function is given by:

AT S R S
wl(.ﬂjl,i[)g) = re ! . 2= e (432)
0, otherwise,
where the inner radius is r. = % This obstacle-related equation has been widely used
in [107, 68, 31] to demonstrate its accuracy. We also assume that the BVP satisfies the

Dirichlet boundary condition, where g(x1, 3) = Uexact (71, 2) on 0€2. The obstacle problem
corresponding to the governing equation in Eq. (4.31), subject to the radially symmetric
function in Eq. (4.32), admits an exact solution, which is given by:

(1 - T(xlr+2)2>’ T(x17x2) S T'x
1— :—3(1 + 2log (—r(zl’“)> ), re < r(xy,x2)

Tx

(4.33)

Uexact (1'17 x2) -

where the contact radius r, =~ 0.260197 is determined by solving the following equation

2 1
r_,; (1 + 2log (—)) =1, where 0 <r, <r.. (4.34)
rc

T
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Sampling points for O =[0, 1]
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Figure 4.7: Two-dimensional obstacle problem in Experiment (4.31): Obstacle
function ¢ (xy, x2) defined in Eq. (4.32). Interior and boundary collocation points sampled
in the domain Q = [0, 1]2. Scattered values of the exact solution teyact (71, 72) in Eq. (4.33)
evaluated at the sampled points.

Figure 4.7 shows the obstacle function defined in Eq. (4.32), the sampling points in the
closed convex domain [0, 1], and the exact solution in Eq. (4.33). We select Trr = 0.5, 8 =
104, 7 = 107, M = 2048, k = 100, ¢ = 2, and we discuss the choices later in Section 4.5.
Figure 4.8 shows the random feature approximation, absolute error distribution, ADMM
convergence, and relative ¢? error, along with a comparison to sine and cosine features. As
shown in Figure 4.8(a)(b)(c), the RFM model approximates the exact solution well, and
the error distribution remains relatively small in panel (¢). The error metric value E(M) =
9.351 x 1075 indicates the accuracy of the random feature approximation. Figure 4.8(d)
shows that the relative norm of primal and dual residuals meets the ADMM tolerance
value €, = 107%. The relative error, as shown in Figure 4.8(e), indicates that the RFM
attains an error level of around 10~* after 5000 iterations. Lastly, the RFM with hyperbolic
tangent activation achieves significantly better accuracy than the sine and cosine features,
as shown in Figure 4.8(f).

117



Uexact(X1, X2) Urr. (X1, X2) . 5.9e-03
Error |Uapprox. = Utrue

-
o

5.2e-03
1.0 1.0 0.8 46003
T
~ H
— 3.9e-03 £
0.8 X' 0.8 < 0.6 |3
g X < 3.3e-03 3
0.6 g 06 x 2.6e-03 &
3 s S
0.4 3 0‘4(:% 2.0e-03
1.3e-03
0.2 0.2
1.0
x 6.6e-04
Test relative £2 error = 9.351e-05 " 0.0e+00
(a) Exact solution (b) RFM approximation (c) Absolute error
Model Comparison
ADMM Convergence Obstacle (Dome): Relative error "-——l-—--—--‘\\
107! :
— rel. I -
rel. primal norm 10_1 _*
I —— rel. dual norm 5
s =
g 1073 5 <
© 5 s
3 9102 2107
B 1075 R 5
0 o 5
o > T
43 = £
2107 3 107 -
© &
&
107° .
104 107 102 10° 10
N: Number of random features
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Number of Iterations Number of Iterations @ RF (@) @ RF(sine) & RF (cosine)

(d) Relative primal and dual (e) Relative error versus itera- (f) Relative error versus num-
residuals tion ber of features

Figure 4.8: Two-dimensional obstacle problem in Experiment (4.31). (a) Exact
solution Uexact (71, x2). (b) Random feature approximation tgp(z1,x2) with M = 2048, =
2,k = 100, Tgr = 0.5, = 10*. (c) Absolute error |irr — Ueyact| On Q, with test relative
¢% error E(M) = 9.351 x 107°. (d) Relative primal and dual residuals during the ADMM
iterations. (e) Relative ¢ error versus iteration. (f) Relative ¢ error versus number of
random features, comparison with other o(-) function, sine and cosine.
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4.5 Effect of the Variance Scale brp, Expansion Do-
main Factor Tir, and Boundary Penalty Weight
on Random Feature Approximation

In this section, we examine the selection of hyperparameters in the random feature ap-
proach. Specifically, we provide justification for the chosen values of the expansion domain
factor Trp, the variance scale bgrp, and the boundary penalty weight § in the numeri-
cal experiments 4.4.1-4.4.2. The following Sections 4.5.2-4.5.3 examine each parameter,
respectively.

4.5.1 Sensitivity to the expansion domain factor Ty

In this subsection, we consider the choices of the expansion domain factor Tryr for each
of the numerical experiments. Figure 4.9 shows the effect of the expansion domain factor
Trr. In particular, Figure 4.9(a) indicates that Trr needs to be set at Tgp = 0.1 in the
experiment 4.4.1. Meanwhile, in high-dimensional Poisson equations, we set Trr = 2.2,
as illustrated in Figure 4.9(b). The physical domain Q differs in each experiment, and
the purpose of the expansion domain Q74 is to select the random features for the bias
term outside of the physical domain, along with the dimensionality-scaling factor Trr Vd.
Similarly, Figure 4.9(c)(d) shows that the choices of Tgr are 1.0, 0.5, respectively, for Darcy
flow and obstacle problems. Other choices of Trr in Figure 4.9 still show an effect on the
accuracy; however, they do not show monotone convergence as the number of features
increases.

4.5.2 Sensitivity to the variance scale brp

We examine the choices of the variance scale brr, which is crucial to the random matrix
W in the RFM model. We select the other parameters for each corresponding experiment
in Section 4.4.1. Figure 4.10 shows the effect of the variance scaling bgr. Generally,
all panels in Figure 4.10 indicate that the variance scale bgr needs to be selected in the
domain [1,2] as long as the number of features is sufficiently large enough. For instance,
when M = 512,1024 is not large enough, the relative error does not converge and causes
instability regardless of the choices of the variance scale, as shown in Figure 4.10. Hence,
we choose bgrr = 1.75 that can work in all experiments as well as when the number of
features M is sufficiently large.
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4.5.3 Sensitivity to the boundary penalty weight 5

Lastly, we study the choices of the boundary penalty weight [, which is crucial for the
integration between the random feature approximation and the Dirichlet boundary condi-
tions. Figure 4.11 shows the sensitivity of the random feature method with respect to the
choice of boundary penalty parameter 5. In all panels of Figure 4.11, there is an indication
to choose 3 at a sufficiently large value in order to obtain monotone convergence. Fig-
ure 4.11 demonstrates that when M is large enough, 5 needs to be chosen above around
102, and then the relative error plateaus at a level of 10~*. However, this is not true for
M = 512,1024 because the number of features is not enough for the random feature ap-
proximation to converge. A similar observation in Figure 4.11(b) indicates that § needs
to be set above 103 to obtain the desired accuracy at error level 107°. For the Darcy
flow problem, panel (c) in Figure 4.11 shows that as long as M is large enough, then the
choice of 8 above 102 makes the RFM converge monotonically. In the obstacle problem,
Figure 4.11(d) indicates that the suitable range for 3 is [10%, 10%]; otherwise, the relative
error level plateaus at 1072, Therefore, we select 3 = 10° for Poisson and Darcy flow
problems, respectively, while 3 is set at 10 in the obstacle problem.

4.6 Comparison with Kernel Methods

This section provides a direct comparison between the variational REFM developed in this
chapter and the RBF-based variational approximation introduced in Chapter 3. Both
approaches can be interpreted as the KF methods, since the approximate solution is repre-
sented as a finite linear combination of nonlinear basis functions. However, both methods
differ substantially in the way the features are constructed. In the RBF approach, the basis
functions are sampled at center locations in the expansion domain, and the approximation
is built using a structured kernel expansion. In contrast, the RFM uses randomly sampled
and fixed nonlinear features, and only the output-layer coefficients are optimized.

Figure 4.12 compares the relative ¢? error of the RBF and RFM approximations as
a function of the total number of parameters. The comparison is shown for four BVPs
considered in this thesis: the one-dimensional Poisson equation in Eq. (3.32), the one-
dimensional reaction-diffusion equation in Eq. (3.4), the two-dimensional Darcy flow prob-
lem in Eq. (4.29), and the two-dimensional dome obstacle problem presented in Eq. (2.10).
These examples include both linear elliptic PDEs and a free-BVP, and therefore pro-
vide a comparison for evaluating the accuracy of both kernel-feature models. For the
one-dimensional Poisson problem, both methods converge as the number of parameters
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increases in Figure 4.12(a). The RBF approximation reaches very high accuracy, with
errors close to machine precision, while the RFM also improves but shows less monotonic
convergence and eventually stagnates at a higher error level. This difference reflects the
structured nature of the RBF basis, whose centers are directly associated with the spatial
domain, compared to the fixed randomized features used in the RFM.

A similar behavior is observed for the reaction-diffusion problem in Figure 4.12(b).
The RBF method produces a monotonic convergence in the relative £2 error and achieves
a lower error than the RFM. Although the REM converges over the tested range, its error
curve contains visible oscillations, indicating that randomly sampled features may require
more parameters to match the efficiency of a well-tuned structured kernel basis for smooth
low-dimensional problems.

For the two-dimensional Darcy flow problem, the difference becomes more pronounced
in Figure 4.12(c). The RBF approximation exhibits a sharp error reduction after a suffi-
cient number of basis functions is used and continues to improve as the parameter count
increases. The RFM also converges, but more slowly and with a higher plateau. This
suggests that the structured kernel basis remains effective for resolving spatial variation
in two dimensions, while the RFM provides a simpler and more scalable alternative. The
significant difference is observed in the dome obstacle problem in Figure 4.12(d). The RBF
approximation achieves substantially smaller errors because the obstacle problem contains
a free boundary and a contact set, whose localized geometry is accurately resolved. The
RBF centers provide a more accurate representation of these features, whereas the RFM
relies on fixed random nonlinear features; therefore, it is necessary to require more features
to accurately approximate the free-boundary region.

In summary, Figure 4.12 shows that the RBF method is more accurate for one- and
two-dimensional problems, especially for the obstacle problem. However, the RFM still
exhibits convergence as the number of random features increases and continues to serve as
an alternative approach for high-dimensional problems., where dense RBF systems become
costly to assemble, store, and solve.
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Figure 4.9: Sensitivity of the expansion domain factor Tir: Relative ¢? error ver-
sus the number of random features for (a) the two-dimensional Poisson problem, (b) the
high-dimensional Poisson problem, (c) the Darcy flow problem, and (d) the dome obstacle
problem. The results indicate that the expansion factor Ty significantly affects the accu-
racy of the variational random feature approximation.
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Figure 4.10: Sensitivity of the variance scale bgy: Relative ¢2 error versus the number
of random features for (a) the two-dimensional Poisson problem, (b) the high-dimensional
Poisson problem, (c) the Darcy flow problem, and (d) the dome obstacle problem.
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Figure 4.11: Sensitivity of the boundary penalty weight 3: Relative ¢? error versus
the number of random features for (a) the two-dimensional Poisson problem, (b) the high-
dimensional Poisson problem, (c) the Darcy flow problem, and (d) the dome obstacle
problem.
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Figure 4.12: Relative (?> error versus the total number of parameters for
the kernel-feature approximations. The comparison is shown using linear elliptic
PDEs and free-BVP: (a) the one-dimensional Poisson equation, (b) the one-dimensional
reaction-diffusion equation, (c¢) the two-dimensional Darcy flow problem, and (d) the two-
dimensional dome obstacle problem. The RBF approximation consistently achieves lower
errors as the total number of basis functions increases, while the RFM exhibits convergence
as the number of randomized features increases.
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4.7 Limitations and Remarks

Limitations. Despite the numerical performance of the proposed variational random
feature framework, several limitations should be acknowledged. First, the approximation
model is not fully adaptive because the hidden parameters are sampled at random from the
probability density function and then kept fixed throughout the computation. As a result,
the accuracy depends on the number of random features M and on the selected sampling
hyperparameters, such as the variance scale bgrp and the expansion factor Tgr. Another
practical limitation of high-dimensional variational solvers is memory consumption. Al-
though the RFM formulation avoids the dense global RBF kernel matrices used in Chap-
ter 3, the construction and storage of feature matrices, derivative matrices, and boundary
penalty matrices still become expensive when both the number of random features and
the number of collocation points are large. In high dimensions, memory cost depends on
both the number of features M and the number of interior and boundary samples needed
for Monte Carlo approximations of the variational integrals. As seen in Figures 4.3(b)-
4.6(c), higher dimensions d > 2 require more features for accurate approximation, creating
a trade-off between accuracy, sampling resolution, and memory. Future work may leverage
sparse feature representations, matrix-free optimization, and improved graphics processing
unit (GPU) memory management. Furthermore, the discrete systems stemming from the
variational formulation can become ill-conditioned when the number of features is large or
when the sampled features exhibit strong correlations, which makes stabilization via TSVD
necessary. Although this procedure is effective in practice, as demonstrated in Chapter 3,
it introduces an additional tuning parameter, namely the truncation threshold 7. For
obstacle-type problems, the ADMM formulation also involves penalty parameters such as
p, stopping tolerances, and iteration limits, which further increase the tuning effort and
computational complexity for more demanding free-BVPs.

Remarks. Overall, the numerical experiments demonstrate that the variational ran-
dom feature method offers an effective balance between accuracy and efficiency for high-
dimensional elliptic and obstacle-type BVPs. The approach is mesh-free, requires only
sampled interior and boundary points, and yields optimization problems that can be solved
efficiently using TSVD and ADMM. At the same time, the sensitivity analyses show that
parameter selection is crucial to ensure monotone convergence. Consequently, the pro-
posed approach should be regarded as a practical and flexible numerical framework that
integrates variational principles with the random feature approximation, even though fur-
ther improvements in adaptivity, conditioning, and theoretical analysis of the variance scale
brr are still required.
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Chapter 5

Conclusion and Future Work

This thesis developed mesh-free variational approximation frameworks for elliptic PDEs
and obstacle-type problems using kernel-feature representations. The principal objective
was to construct numerical methods that are stable, accurate, and computationally effi-
cient, while avoiding the need for mesh generation and remaining compatible with vari-
ational formulations. Within this setting, two complementary approximation paradigms
were investigated: RBF models for low- and moderate-dimensional problems, and RFMs
for high-dimensional problems.

5.1 Conclusion and Finding Remarks

The primary contribution of this thesis is the development of a stabilized variational RBF
framework for the numerical solution of linear elliptic and free-BVPs. Within this frame-
work, the governing partial differential equations are reformulated as variational minimiza-
tion problems, in which Dirichlet boundary conditions are imposed through penalty terms,
while obstacle constraints are incorporated through an ¢!-penalty formulation. Since the
dense matrices generated by RBF discretizations are ill-conditioned, TSVD is employed
as a stabilization technique. The choice of the domain expansion factor T leads to high
accuracy in the variational RBF framework. For the resulting non-smooth minimization
problems associated with obstacle constraints, the ADMM is adopted as an efficient opti-
mization algorithm. The numerical experiments presented in Chapter 3 indicate that the
proposed approach attains high accuracy for Poisson, reaction—diffusion, and obstacle-type
problems and exhibits robustness with respect to the algorithmic hyperparameters, includ-
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ing the expansion factor 7', the truncation threshold 7, the variance scale brpr, the kernel
shape multiplier ¢(7', 7), and the boundary penalty weight f.

The second contribution is the extension of this variational framework to high-dimensional
problems via the RFMs. In contrast to the classical RBF method, which computational cost
becomes increasingly prohibitive in higher dimensions due to the formation and solution of
dense linear systems, the RFMs offer a scalable alternative by using a randomized feature
mapping. This construction preserves the variational structure of the original problem and
leads to convex optimization formulations that remain practical in high-dimensional PDEs.
The results in Chapter 4 show that the proposed RFM method is an effective and flexible
methodology for high-dimensional elliptic and obstacle-type problems. Furthermore, the
numerical experiments indicate that the RFM performs competitively with other mesh-free
approximations, while the accuracy and sensitivities depend in a structured way on the
variance scale by, expansion factor Trg, and boundary penalty parameter (.

In summary, the results presented in this thesis establish that kernel-feature-based
variational methods provide an effective framework for the numerical solution of linear
elliptic and obstacle-type problems. The RBF approach offers more competitive accuracy
and robustness in low-dimensional settings. The random feature approach complements
this by offering a more scalable framework for high-dimensional problems. Thus, one of the
main conceptual outcomes of the thesis is that both RBF and random feature frameworks
can be treated within the variational principles, thereby connecting kernel-feature methods,
numerical linear algebra, and optimization techniques in a unified manner.

Concurrently, the present work also reveals several limitations and drawbacks. Within
the RBF framework, ill-conditioning emerges as a major challenge as the number of ba-
sis functions increases, while the computational cost associated with solving the resulting
dense linear systems becomes prohibitive for high-dimensional PDEs. In the context of
obstacle problems, reduced regularity and potential discontinuities in the obstacle function
further deteriorate approximation accuracy and complicate the analysis of convergence be-
havior. Regarding the random feature method, although it exhibits favorable scalability, its
performance remains sensitive to the choice of feature distributions and hyper-parameters.
Collectively, these findings indicate that further advances in adaptive approximation strate-
gies and principled feature selection may be required to improve the efficiency, robustness,
and generality of kernel-feature variational methods.

In conclusion, the thesis provides computational contributions to the study of mesh-
free variational frameworks for PDEs. We combine RBF networks, RFMs, variational
formulations, and optimization techniques to establish a framework for solving linear el-
liptic, obstacle-type, and high-dimensional BVPs. Accordingly, it also identifies several
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directions in which the methodology may be further strengthened and extended.

5.2 Further Directions

Several directions for future research arise from the developments presented in this thesis.

First and foremost, it is necessary to extend the current framework to broader classes
of PDEs, including nonlinear elliptic equations, time-dependent problems, and systems of
coupled equations. Since the methods are developed based on variational principles, such
extensions appear feasible, provided that optimization techniques and stability analyses
are incorporated.

Second, additional research is required to address more general boundary conditions
and complex geometries. While the present work primarily focuses on Dirichlet boundary
conditions enforced through a penalty formulation, it is also important to examine Neu-
mann, Robin, and mixed boundary conditions in the context of the mesh-free variational
framework. Likewise, problems posed on irregular domains, non-convex geometries, or do-
mains with limited boundary regularity provide a stronger test of the flexibility of both
RBF and RFM approximations.

Third, computational efficiency remains an important research direction. For RBF
models, this includes developing more efficient low-rank approximations, localized bases,
and preconditioners for large kernel systems. For random feature methods, further work
examines how the sampling distributions for random weight matrices and biases, as well
as adaptive feature selection strategies, affect approximation accuracy, conditioning, and
scalability.

A promising direction is adaptive sampling. In this thesis, interior and boundary collo-
cation points were sampled independently, yielding a reproducible framework. However, for
PDEs with singularities or sharp transitions, adaptive refinement near high-error regions
is needed to improve both accuracy and efficiency.

A theoretical analysis of kernel-feature variational methods remains an important long-
term objective. As shown in Chapter 3, this thesis acknowledges the formula for the kernel
shape multiplier ¢ = ¢(7,7) from [5] as a guideline for the empirical validation of the
variational RBF framework, but many analytical questions remain. These include deriv-
ing ¢(T,7) within the variational principles, establishing convergence rates, and proving
stability results that quantify sensitivities to truncation and the expansion domain factor.
Such developments strengthen the foundations of these methods and clarify their range of
applicability.
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This thesis concludes that the KF method with a variational framework forms a class
of mesh-free numerical methods for PDEs. Their accuracy and compatibility with opti-
mization techniques provide a useful basis for future work in scientific machine learning,
high-dimensional numerical PDEs, and constrained variational problems.
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Appendix A

Extendable Tables &
Hyper-parameters

A.1 Hyper-parameters for experiments in Chapter 3

Tables A.1-A.5 summarize the experimental settings used in the sensitivity studies for
the expansion domain factor 7', the kernel shape multiplier ¢(7’, 7), the truncation threshold
7, the boundary penalty parameter 3, and the basis function ¢.

Table A.1: Summary of sensitivity experiments for the expansion domain factor 7.

Problem Tested T' | Selected T | Scaling of b | Oversampling (
1D Poisson {1.5, 2, 4, 8} 8 b=cN 2
1D Reaction-diffusion {1.5, 2, 4, 6} 2 b=cN 2
1D Single-bump obstacle | {2, 3, 4, 6} 2 b=cN 2
1D Two-bump obstacle {2, 3, 4, 6} 3 b=cN 2
2D Dome obstacle {2, 3,4, 6} 3 b=cVN 4
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Table A.2: Summary of sensitivity experiments for the kernel shape multiplier ¢(T, 7).

Problem Fixed T | Fixed 7 | Fixed | Scaling of Shape
b multiplier c¢)

1D Poisson 101 3 x 10° =cN c=c(T,T)

1D Reaction— 1071 109 b=cN c=c(T,T)

diffusion

1D Single- 2 10-1 106 b=cN c=c(T,T)

bump obstacle

1D Two-bump 3 10°1 108 b=cN c=c(T,T)

obstacle

2D Dome ob- 3 1071 109 b=cVN c=c(T,T)

stacle

Table A.3: Summary of sensitivity experiments for the truncation threshold 7.

Problem Fixed T | Fixed ( | Fixed ( Shape Tested 7
parameter

1D Poisson 8 3 x 10° 2 c=c(T,T) multiple values, includ-
ing 10712 and 1071°

1D Reaction— 2 109 2 c=c(T,T) multiple values, includ-

diffusion ing 10712 and 1071°

1D Single- 2 106 2 c=c(T,7) multiple values, includ-

bump obstacle ing 107!? and 1071°

1D Two-bump 3 108 2 c=c(T,T) multiple values, includ-

obstacle ing 107!2 and 1071°

2D Dome ob- 3 108 4 c=c(T,7) multiple values, includ-

stacle ing 107!2 and 1071°
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Table A.4: Summary of sensitivity experiments for the boundary penalty parameter (.

Problem Fixed T | Fixed 7 | Scaling of b | Reference [
1D Poisson 8 101 b=cN 3 x 10°
1D Reaction-diffusion 2 10-1 b=cN 106

1D Single-bump obstacle 2 10-1 b=cN 106

1D Two-bump obstacle 3 1071° b=cN 108

2D Dome obstacle 3 1071° b=cVN 106

Table A.5: Summary of sensitivity experiments for the basis/kernel function ¢.

Problem Fixed T | Fixed 7 | Fixed [ | Scaling of Tested basis
b functions ¢
1D Poisson 8 1071 3x10° | b=cN Gaussian, MQ, IMQ), 1Q,
Wendland
1D Reaction— 2 1071 108 b=cN Gaussian, MQ, IMQ, 1Q,
diffusion Wendland
1D Single- 2 1071 108 b=cN Gaussian, MQ, IMQ), 1Q),
bump obstacle Wendland
1D Two-bump 3 101 108 b=cN Gaussian, MQ, IMQ), 1Q),
obstacle Wendland
2D Dome ob- 3 10°% 108 b=cVN Gaussian, MQ, IMQ), 1Q),
stacle Wendland

A.2 Settings for experiments in Chapter 4

In the numerical experiments presented in Chapter 4, a baseline configuration is used
for the variational RFMs.
to be tanh(-), fix the variance scale at bgp = 1.75, set the oversampling ratio to { =

2, choose a test set size of m

of 7 = 10715,

test

Unless specified otherwise, we take the activation function

= 2000, and use a truncated singular value threshold
The numbers of interior and boundary collocation points are given by

mqo = (M and mgq = 2dk, respectively. For the obstacle problem, the ADMM solver
additionally employs p = 10.3, p = 10N?, and a stopping tolerance of eyop, = 1074
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The experiment-specific parameter choices are as follows: for the variational form of the
Poisson problem, (M, k, Trr, ) = (2048,100, 0.1, 3x 10); for the high-dimensional Poisson
problem, the main approximation experiment uses (M, k, Trr) = (4096, 500, 2.2), whereas
the comparison experiment uses (M, k, Trr, 3) = (4096, 500, 2.2, 10°); for the Darcy flow
problem, we set (M, k, Tgr, 3) = (4096, 500, 1.0, 10°); and for the two-dimensional obstacle
problem, we choose (M, k, Trr, ) = (2048, 100, 0.5, 10%).

Table A.6: Hyperparameter settings in Chapter 4.

Parameter | Description Value
o) Random-feature activation function tanh(+)
bry Variance scale of the random-feature matrix 1.75

¢ Oversampling ratio 2
ma Number of interior collocation points mq = (M
meo Number of boundary collocation points meoo = 2dk
m Total number of collocation points m = mq + Maq
mtest Number of testing points 2000
T Truncation tolerance for TSVD 1071
p ADMM penalty parameter 10.3
14 ¢1-penalty parameter in obstacle problem 1002
Estop Relative stopping tolerance 1074
maxIter Maximum ADMM iterations 500000
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Appendix B

Code Notes and Configuration
Detalils

This appendix provides supplementary implementation notes and configuration specifica-
tions for the numerical methods developed in this thesis. Its purpose is to document the
practical aspects of the computational framework that underpin the reproducibility, trans-
parency, and systematic organization of the numerical experiments presented in the main
chapters. Whereas the principal text emphasizes mathematical formulation, algorithmic
design, and numerical analysis, the present appendix B consolidates technical information
related to code architecture, parameter configuration, and implementation decisions.

B.1 Reproducibility in the proposed radial basis func-
tion method

In particular, this appendix section summarizes the computational settings employed in the
experiments, including solver parameters, discretization schemes, initialization strategies,
stopping criteria, and other implementation-related conventions. It also records selected
notes on the structure of the codebase and the numerical workflow adopted in the ex-
perimental studies of the RBF presented in Chapter 3. These details are provided to
serve as a precise reference for the practical realization of the proposed methods and to
facilitate subsequent verification, replication, reuse, and extension of the computational
framework. We present the configuration details and code notes for the numerical ex-
periment for the Poisson’s equation, as mentioned in Section 3.3.1. For details on the
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configuration and implementation of other experiments, we refer to the following GitHub
link at https://github.com/phuongdongle/Variational-Formulation-RBFNets.git.

B.2 Reproducibility in the random features method

This section summarizes the computational settings employed in the experiments, includ-
ing solver parameters, sampling strategies for interior and boundary points, initialization of
random weights and bias terms, stopping criteria, and other implementation-related con-
ventions. It also records selected notes on the structure of the codebase and the numerical
workflow adopted in the experimental studies of the random feature method presented in
Chapter 4. These details are provided to serve as a precise reference for the practical real-
ization of the proposed methods and to facilitate subsequent verification, replication, reuse,
and extension of the computational framework. We present the configuration details and
code notes for the numerical experiments on high-dimensional elliptic and obstacle-type
problems. For details on the implementation and configuration of other experiments, we
refer to the accompanying code repository, which can be accessed at the following GitHub
link at https://github.com/phuongdongle/RF-Variational-Formulation-PDE-EQP.
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Glossary

activation function A nonlinear function applied to affine feature maps in neural net-
works or random feature models.

active set The set of points or degrees of freedom where an inequality constraint is active.

alternating direction method of multipliers An optimization algorithm that solves
constrained or non-smooth convex optimization problems by splitting them into sub-
minimization problems.

augmented Lagrangian A Lagrangian formulation augmented by a quadratic penalty
term for constraint violations.

boundary penalty A penalty term added to the variational functional to enforce Dirich-
let boundary conditions.

boundary value problem A partial differential equation problem in which the solution
is required to satisfy prescribed conditions on the boundary of the computational
domain.

collocation point A sampled point in the interior or on the boundary of the domain used
to discretize the variational formulation.

condition number A numerical measure of the sensitivity of a linear system to pertur-
bations in the data.

contact region The subset of the domain where the solution coincides with the obstacle
function.

convex optimization An optimization problem in which the objective function and fea-
sible set are convex, so that local minimizers are global minimizers.
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Darcy flow problem A linear elliptic boundary value problem involving a spatially vary-
ing diffusion coefficient, commonly used to model flow through porous media.

Deep Ritz method A neural-network-based method for solving variational problems by
minimizing an energy functional.

Dirichlet boundary condition A boundary condition that prescribes the value of the
solution on the boundary of the computational domain.

domain expansion factor A parameter that determines how far the center points of the
basis functions are sampled outside the physical domain.

dual residual A residual measuring the change in dual variables or dual feasibility in an
optimization algorithm.

energy functional A scalar functional whose minimizer corresponds to the solution of a
variational boundary value problem.

free-boundary problem A boundary value problem in which part of the boundary or
interface is unknown in advance and must be determined as part of the solution.

hyperbolic tangent activation The activation function o(z) = tanh(z), used in this
thesis to define smooth random features.

ill-conditioning A numerical situation in which small perturbations in the data or round-
off errors can cause large changes in the computed solution.

kernel feature method A mesh-free approximation method based on kernel functions
or feature representations. Radial basis function and random feature models are
examples of kernel-feature-based approximation methods.

kernel shape multiplier A proportionality factor used to determine the radial basis
function shape parameter from the domain expansion factor and the truncation
threshold.

linear elliptic partial differential equation A partial differential equation whose highest-
order terms define an elliptic differential operator. In this thesis, Poisson, reaction-
diffusion, and Darcy flow equations are treated as representative elliptic boundary
value problems.
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mesh-free method A numerical method that constructs an approximation without re-
quiring a mesh or triangulation of the computational domain.

non-smooth optimization An optimization problem involving objective terms that are
not differentiable everywhere, such as ¢! penalties or positive-part functions.

obstacle problem A variational inequality problem in which the solution is constrained
to lie above a prescribed obstacle function. The unknown contact region between the
solution and the obstacle gives rise to a free boundary.

oversampling ratio A parameter controlling the number of collocation points relative to
the number of basis functions or random features.

penalty method A method for enforcing constraints by adding weighted penalty terms
to an objective functional.

physics-informed neural network A neural-network-based method that trains a model
by minimizing residuals of the governing differential equation and boundary condi-
tions.

Poisson equation A linear elliptic partial differential equation of the form —Au = f,
together with prescribed boundary conditions.

primal residual A residual measuring violation of the primal constraint in an optimiza-
tion algorithm.

proximal gradient descent An optimization method for problems involving a non-smooth
term, using sub-gradient steps combined with proximal updates.

quadratic minimization An optimization problem whose objective function is quadratic
in the unknown coefficients.

radial basis function A function whose value depends only on the distance between an
input point and a center point.

random feature model A finite-dimensional approximation model constructed from ran-
domly sampled feature functions and trainable linear coefficients.

rank efficiency The ratio between the effective numerical rank after truncation and the
total number of basis functions or features.
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reaction—diffusion equation A partial differential equation combining diffusion terms
with a reaction term. In this thesis, it is used as a benchmark elliptic boundary value
problem.

relative ¢? error An error metric defined as the ratio between the discrete £2 norm of the
approximation error and the discrete £2 norm of the exact solution.

shape parameter A parameter that controls the width or flatness of a radial basis func-
tion and affects both approximation accuracy and numerical conditioning.

strong form A formulation of a differential equation requiring sufficient differentiability
of the solution.

truncated singular value decomposition A regularization technique in which small
singular values are discarded when solving ill-conditioned linear systems.

truncation threshold A tolerance value used in the truncated singular value decompo-
sition to determine which singular values are retained.

variance scale A parameter controlling the variance of the random weights in the random
feature model.

variational formulation A formulation of a differential equation in which the solution
is characterized as the minimizer of an energy functional or as the solution of a weak
integral equation.

variational inequality A variational problem with inequality constraints, commonly aris-
ing in obstacle and free-boundary problems.

weak form An integral formulation of a differential equation obtained by testing against
suitable functions, often used as the basis for variational and Galerkin methods.
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