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Figure 3.9: Radiation coupling factor 
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I PARAMETERS I VALUES 

Effective bimolecular Carrier recombination coefficient (Bet/) 1.0 x 10-10 cm3 s- 1 

Gain coefficient (a) 2.5 x 10-16 cm2 

Transparency carrier density ( Ncr) 1.5 x 1018 cm - 3 

Absorption and scattering loss of the central region ( a 1) 10 cm-1 

Absorption and scattering loss of the Bragg reflector (a) 5 cm-1 

Table 3.1: Parameters used in the analysis of the circular-grating DBR laser 

The threshold gain and threshold current as a function of the reflection coeffi­

cient for f = 0. 7 are plotted in Figs. 3.11 and 3.12, respectively. The dotted lines 

correspond to the threshold gain and threshold current of the laser if one ignores 

the first-order Bragg coupling coefficients. As is expected, coupling to the radiation 

field causes additional loss and increases the threshold gain and threshold current. 

Furthermore, the above threshold parameters decrease as the reflection coefficient 

r of the facet increases. Although in some cases it is not a general trend, how­

ever, in this case since the DBR section is passive, the larger values of r result in 

less power coupling to the outside of the laser cavity through the facet, hence less 

threshold gain and threshold current. Note that, in general, this trend is not true. 

The same curves are plotted for f = 0.4 in Figs. 3.13 and 3.14, respectively. As 

illustrated, for this case, the corresponding threshold parameters are higher than 

those for f = 0.7. Referring to Fig. 3.10, in this case the radiation coupling factor 

is larger than that for f = 0. 7. However, increasing of the threshold parameters is 

mostly due the change of the sign of the second-order Bragg diffraction coefficient. 
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3.5 Summary 

In this chapter, for the first time, we have developed a general formalism to con­

sider the effect of the radiation field in the performance of circular-grating surface­

emitting lasers. For the sake of mathematical simplicity, we have assumed that the 

laser field is azimuthally invariant. Therefore, this formalism is two dimensional in 

nature. 

Based on the large argument approximation for the Hankel functions, we have 

derived the coupled-mode equations governing the behavior of the amplitudes of the 

guided modes. Especially, the first-order Bragg diffraction coefficient which is the 

result of the joint interaction of the guided modes with the grating has been derived 

using the Green's function formulation. The Green's function has been derived by 

the transfer matrix method. In general, the radiation coupling coefficient depends 

on the depth and the duty cycle of the grating. It has been shown that there is a 

trade off between the radiation power and the laser feedback. Moreover, in almost 

all cases, the real and imaginary parts of the radiation coupling are not larger 

than 10 cm-1
. We have used this new formalism to obtain the threshold gain and 

threshold current of a circular-grating DBR laser. 



Chapter 4 

Rate Equations of Second-Order 

Distributed Feedback Lasers 

4.1 Introduction 

In the previous chapter the modal analysis of circular-grating lasers has been 

treated. This type of analysis is based on a linear model. In fact, we have ob­

tained the eigenvalues and eigenvectors of a linear operator. This linear analysis is 

valid only in the threshold region. Essentially, lasers like any other oscillators are 

nonlinear in nature. Especially, this behavior manifest itself in the above-threshold 

region. Moreover, in the modeling of the DFB lasers several unique distinctive 

features must be taken into account. Among them are: (1) the spatial dependence 

of the photon density causes nonuniform carrier density and gain; (2) the coupling 

of the spontaneous emission into the lasing modes is affected significantly by the 

distributed feedback. Furthermore, as in other types of semiconductor lasers the 

carriers undergo complex diffusion and transport processes, which also lead to spa-

93 



CHAPTER 4. RATE EQUATIONS 94 

tially nonuniform carrier density and thus inhomogeneous complex index profile. 

All these factors need to be taken into account in the modeling and analysis of the 

semiconductor lasers. 

To model the static behavior, almost all existing DFB laser models use either 

the coupled-wave theory (CWT) (65], (66] or the transfer matrix method (TMM) 

[67], (68], which are practically equivalent. For the dynamic analyses, there are 

essentially two approaches: the traveling wave approach and the standing-wave ap­

proach. The former treats interaction between the contra-directional propagating 

waves along the laser cavity in time and frequency domain. Vankwikelberge et al. 

[69] develop a coupled-wave formulation in time domain. The governing equations 

for the optical fields are partial differential equations for the forward and the back­

ward propagating wave as function of z and t. Static, small signal dynamic, and 

noise characteristics of diode lasers with distributed feedback are analyzed. 

A similar method is presented by Zhang and Carrol (70] and Zhang et al. [71] 

who solve the coupled-wave equations by the power matrix method (PMM) which 

is a mixed time/frequency domain model and the finite-difference (FD) method, 

respectively. A good comparison between these two methods is made by Tsang et al. 

[72]. Static and small/large signal dynamic behavior is simulated by these methods. 

Another method of this category is the transmission-line model (TLM) developed by 

Lowery et al. [73]. The TLM divides a DFB laser into a series of sections and then 

describes the interactions between the contra-directional propagating optical fields 

and the carriers within each section by using an equivalent circuit. Comparison 

among the different approaches appear to be in fairly good agreement (72], (74], 

and [75]. 

Standing-wave approach, on the other hand, utilizes the fact that the optical 

fields in a DFB laser manifest themselves as cavity modes with distinct resonance 
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frequencies. In this model, the conventional rate equations are a set of coupled 

ordinary differential equations that describe the optical field, carriers (both elec­

trons and holes) and their interactions (76)-(80]. These rate equations are, however, 

derived based on the assumption that the optical field may be represented by a 

linear combination of the normal modes in a closed and passive cavity. 

In the case of semiconductor DFB lasers, this assumption is not valid. This is 

because the laser cavity is open, especially for the DFB lasers with low loss KL. 

Moreover, the field within the cavity changes dramatically as a function of injection 

current due to spatial and spectral hole burning. Therefore, improved rate equations 

based on more realistic models are needed to reflect the characteristics of the D FB 

semiconductor lasers. Furthermore, an underlying assumption in the conventional 

rate equations is that both the carrier and the photon densities are uniform over the 

entire laser cavity and therefore they are functions of time only. This approximation 

is acceptable for many practical semiconductor lasers, but becomes questionable for 

DFB semiconductor lasers. 

To treat nonuniformities in the carrier and photon distributions that occur in 

a wide range of semiconductor lasers, a variety of modifications of the conven­

tional rate equations have been made (81], (82]. Many of these modifications are 

phenomenological and lack solid theoretical basis. Tromborg and co-workers devel­

oped a rigorous rate equation formulation by using the Green's function method in 

frequency domain (83], (84], an approach originally introduced by Henry (85]. 

Recently, an alternative approach to the optical rate equations by using a 

standing-wave in time domain, similar to that employed in the laser theory (77]­

(80], has been presented (86]-(89]. Different from the conventional theory for the 

semiconductor lasers in which the optical fields are expressed in terms of the normal 

modes of a closed and passive cavity, the fields are represented by the normal modes 
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of an open and active cavity, which a.re adiabatic functions of the injection current. 

In comparison with the Green's function approach which starts in the frequency 

domain, the modal approach appears to be more straightforward and physically 

more intuitive. 

In all the modified standing-wave time domain approaches reported so far [86]­

(89], only DFB lasers with first-order gratings have been considered. In this chapter 

we apply this method on DFB lasers with second-order gratings. Two dimensional 

DFB lasers with straight and circular-gratings a.re treated on the same framework. 

4.2 Time Domain Standing-Wave Approach 

We start from the fundamental governing equation for the envelope of the laser 

field in its most general form (see Appendix E.1) 

2 ) j2wr 8E 2 • 
V XV XE- ko(fr,. +XE+ -2-fg-a = µowrP 

V
0 

t 
( 4.1) 

where E a.nd P• are the slowly-varying envelopes of the electric field and the po­

larization associated with the spontaneous emission source, respectively. That is, 

£(r, t) = Re { E(r, t) e7w .. t} 

p• = Re { P•(r, t) e7w .. t} 

(4.2) 

(4.3) 

Wr is a reference frequency, v0 = b,, fr,. is the Fourier transform of the dielectric 
yl"o~o 

constant at w = wr, xis the susceptibility of the lasing medium, and e9 is the group 

dielectric constant given by 
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As can be seen the spontaneous emission is the main source for initiating the 

laser oscillation. Therefore, as one might expect, the envelope of the electric field 

is a random process. The statistics of E( r, t) heavily rely on that of p• ( r, t). 

The solution of the above equation in its most general form is a challenging issue. 

However, for the two dimensional problems in which either :Y = 0 or:"' = 0, it can 

be solved by using either the traveling wave or the standing wave approach. 

The essence of the standing wave approach in solving ( 4.1) is based on the as­

sumption that essentially two processes happen during the lasing oscillation. First, 

the cavity modes form as the adiabatic functions of the injection current. Then the 

amplitudes of the cavity modes fluctuate as a result of variation of the injection 

current. Based on this assumption it is natural to assume that 

N 

E(r, t) = L CiAi(t)E?'(r) ( 4.4) 
i=l 

Eq. ( 4.4) implies that the random function E(r, t) is expressed by a complete set 

of deterministic basis functions of the the spatial variables only. The amplitudes 

of these basis functions are complex-valued function of time which are not deter­

ministic. The constants Ci 's are chosen such that the total number of the photons 

inside the laser cavity, S(t), can be expressed by 

N 

S(t) = L IA(t)l2 ( 4.5) 
i=l 

The spatial-dependent basis functions are the solutions of the following set of 

equations 

(4.6) 

(4.7) 
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where x is the susceptibility of the lasing medium under the constant bias and is 

defined by the following relation 

x(r, t) = x(r) + Llx(r, t) ( 4.8) 

ei is a constant resulting from the separation of the temporal and spatial variables. 

Physically, this parameter is related to the steady-state net gain and frequency shift 

of the lasing mode. From (4.7) and (4.8), it can be seen that Ef1 is the solution of 

the following eigenvalue problem 

( 4.9) 

Substituting (4.4) into (4.1) and using (4.9), we obtain 

In order to obtain the equations for the amplitudes Ai(t), one may define suit­

able inner product and obtain adjoint eigenmodes of Ef1(r) and Hf1(r). Then, 

talcing inner product of the adjoint eigenmodes with (4.10), we may obtain a set of 

coupled first-order ordinary differential equations for the amplitude functions. This 

approach is very similar to the moment method in the electromagnetic theory (90]. 

These are the basic premises of the time domain standing-wave approach in dealing 

with the multimode lasers. However, we do not go further in treating multimode 

lasers. Instead, we follow the above approach to develop suitable rate equations in 

the investigation of second-order DFB lasers under single-mode operation. 
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4.3 Derivation of the Rate Equations 

4.3.1 Field rate equations 

In general, a normal mode of a DFB laser is a combination of the modes of the 

unperturbed cold cavity of the laser. By unperturbed we mean that no corrugation 

in the boundary, gain, or loss present in the cavity. Any mode of semiconductor 

lasers either of Fabry-Perot or DFB type consists of the fundamental guided modes 

traveling in the opposite longitudinal directions. These guided modes are of energy 

type. They are responsible for the total number of photons inside the laser cavity 

due to the stimulated emission and the spontaneous emission coupled to the laser 

mode. Different mechanisms of the loss, gain, and perturbation from the ideal 

geometry manifest their effects on the mutual interaction between the amplitudes 

of the guided modes. In fact, the exact behavior of these amplitudes strongly 

depends on the nature of the laser mode. 

In a second- and higher-order DFB laser, the mutual interaction of the guided 

modes with the grating excites the radiation modes of the unperturbed waveguides. 

The inclusion of these modes in the description of the laser mode is necessary. 

However, these modes are of the power type fields and are party responsible for the 

escape of the photons from the laser cavity. Therefore, this loss mechanism changes 

the interaction between the fundamental guided modes. 

Let us assume that a second-order DFB laser is single-mode and lases in the 

fundamental LSE or TE mode. For a two dimensional problem, the electric field 

has only one component. In the rectangular coordinate system, Eq. (4.1) reduces 

to 

( 4.11) 
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where 
a2 a2 

V:z:z: = 8z2 + {)z2 

In the rectangular coordinate system, we assume that the transverse direction is 

along the z axis. In the cylindrical coordinate system with the z axis normal to 

the laser junction, we have 

where 
a 1 a 1 a2 

8=-+----+-- 8p2 p 8p p2 8z2 

( 4.12) 

To illustrate the basic ideas, we assume a second-order DFB laser with straight 

grating. The circular grating can be treated in a similar manner. To obtain the 

laser field satisfying (4.11), we assume that the slowly-varying amplitude of the 

electric field can be written as 

( 4.13) 

where we have considered Ey{z, z,t, I) as a function of the injected current. '11(:z:, z, N) 

is the carrier dependent mode function of the pumped laser cavity. Cn is a normal­

ization constant to be determined such that A( t) can be related to the total number 

of photons inside the cavity. It should be emphasized that the photon number is 

used only as a convenient measure of the optical energy and power inside the cavity. 

Later we will show that how the radiating power from the facets and the grating 

can be related to the photon number. 

In this section, we obtain the rate equation for A(t). To this end, we substitute 

( 4.13) into ( 4.11). Thus 

A( ) (
8

2
tP 8

2
tP) k2( )A( )•Tr j2we ,T,dA -µow!p• 

t 8z2 + 8z2 + 0 e,.,. + X t 'J! - v! fgYdi = Cn. ( 4.14) 
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Let us assume that W(:z:, z, N) be the eigenvector of the following eigenvalue problem 

( 4.15) 

where {( N) is a carrier dependent constant resulting from the separation of the 

temporal and spatial variables. Recall that this parameter is related to the steady 

state net gain and frequency shift of the lasing mode. Xo(:z:, z) is the static part of 

the susceptibility of the lasing medium. That is, we assume that 

x( :z:, z; t) = x0( :z:, z) + Llx( :z:, z; t) 

Substituting ( 4.15) and ( 4.16) into ( 4.14), we have 

( 4.16) 

( 4.17) 

Eq. ( 4.17) is the fundamental equation for the slowly-varying complex ampli­

tude function of the laser based on the two-dimensional model. So far, no assump­

tion has been made regarding the type of the laser. It can be used for Fabry-Perot, 

DFB, and DBR laser. The laser type comes into the picture through the eigen­

value problem in ( 4.15) and the slowly-varying of the spatial amplitudes in the 

longitudinal direction. Eq. ( 4.15) is very similar to the eigenvalue problem that 

we have used in the threshold analysis of the semiconductor laser. However, the 

main difference between ( 4.15) and that one used in the threshold analysis is that 

the eigenvector of the former is carrier dependent. That is, stimulated emission 

has the central role in the formation of the cavity mode. This in turn necessitates 

consideration of a nonlinear gain model. Moreover, due to the stimulated recom­

bination, the nonuniform intensity distribution gives rise to the nonuniform carrier 

distribution. Therefore, nonuniform gain profile resulting from spatial hole burning 

must be taken into account. 
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Let us use ( 4.17) to obtain the equation for the amplitude of the mode of a 

second-order DFB laser. The starting point is to assume a general form for the 

eigenvector of the associated eigenvalue problem in ( 4.15). To this end, first we 

assume that the grating period is A and 

( 4.18) 

f~"( :c) is the dielectric constant of the unperturbed geometry, i.e., the multilayer 

structure in the absence of the grating. /' ( :c) accounts for the dielectric losses. 

6E(:c, z) is deviation of the dielectric profile from the unperturbed structure due to 

the presence of the grating. It can be expressed by the following Fourier series 

6€( :c, Z) = ~ '77m( :C )e-jmi'.3o(z-.z:o) 

m*O 

where z0 is a fixed point accounting for the phase shift of the grating and 

(4.19) 

( 4.20) 

Having defined the above parameters, we write the eigenvector '¥(:c, z, N) as 

(4.21) 

'119 is the combination of fundamental coherent guided modes traveling in the oppo­

site directions. These two coherent modes are produced by the stimulated recom­

bination. In addition, each guided mode interacts with the grating in first-order 

diffraction. This joint interaction provides a mechanism that causes photons to 

escape from the laser cavity. This loss mechanism can be considered by including 

the radiation field, W""d(:c,z), in the laser eigenvector. Following the conventional 

method in treating second-order DFB lasers [60), we write 

( 4.22) 
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where F( x) is the normalized form function ( transverse profile) of the guided modes 

satisfying the eigenvalue equation 

( 4.23) 

subject to the continuity of F and its normal derivative at the interfaces of the 

unperturbed multilayer waveguide. By normalized we mean that 

( 4.24) 

The interaction between the laser field and the laser medium can be considered 

by mutual interaction between the slowly-varying amplitudes of the guided waves. 

This interaction is partly due to the presence of the radiation field. The ultimate 

goal is to obtain this interaction in the presence of the radiation field. To this 

end, we substitute ( 4.21) and ( 4.22) into ( 4.15) and make use of the slowly-varying 

amplitude approximation. By collecting slowly-varying terms with respect to z it 

can be shown that 

82.Y,rad 
~ 2 d 2 A A 

Bx2 + f.,.uk0 q,"a = -k0 [At(z)11-1(:z:)F(x) + Ab(z)771(:z:)F(:z:)] ( 4.25) 

where we have considered that f.:, x0 , and e are negligible in comparison with f.,-u• 

Eq. ( 4.25) clearly shows that the the guided modes are the source for the radiation 

field. That is, radiation field is not independent of the guided modes. That is why 

we have used the same time varying amplitude for the radiation field. Eq. ( 4.25) 

can be solved by obtaining the Green's function satisfying 

a2G(:z:; x') I ( )k2 ( ') 6( ') 
8:z:2 + f.,-u :z: oG :Z:jX = X - :z: ( 4.26) 

The Green's function satisfying the above equation can be obtained easily by using 

the transfer matrix method as described in Appendix D.1. Thus solving Eq. ( 4.25) 

for E,,.ad leads to 

(4.27) 
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where 

h±1 ( :z:) = -k! /_: G( :z:; :z:') T/±1 ( :z:')F( :z:')d:z:' (4.28) 

Radiation field expressed by ( 4.27) in turn interacts with guided modes via the 

first-order diffraction. Considering these mutual interactions leads to the following 

modified coupled-mode equations for the slowly-varying amplitudes of the guided 

modes. 

where we have assumed that 

( 4.30) 

o:n is the so-called linewidth enhancement factor which is also known as the Henry 

factor. The carrier-induced refractive index changes of the active medium is con­

sidered by the o.n factor. Furthermore, 

( 4.31a) 

( 4.31b) 

( 4.31c) 

( 4.31d) 

( 4.31e) 

( 4.31£) 
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( 4.31g) 

(4.31h) 

( 4.31i) 

After describing the general characteristics of the laser modes in a second-order 

DFB laser, we return to ( 4.17). We will shortly show that it can be reduced to a 

more tractable form. If we substitute for W(:z:, z) into (4.17), we obtain 

The above equation should be valid for all spatial variables. However, due to the 

different behavior in the transverse direction, the guided mode must be separated 

from the radiation field. More precisely, one may write 

( 4.33) 

It is interesting to note that ( 4.33) can be considered as the fundamental gov­

erning equation for the amplitude of the laser mode. At first glance, it might be 

thought that the radiation field has been ignored in deriving (4.33). However, it 

should be emphasized that the effect of the radiation field has been considered in a 

self consistent fashion in the eigenvalue of the laser. Moreover, the radiation field 

is not independent of the guided modes. It is the direct consequence of the lasing 

action. Therefore, it does not provide additional information for predicting the 

amplitude function. 

As mentioned earlier, the laser operation heavily relies on the behavior of the 

guided modes which are of energy type fields. Photon density inside the laser cavity 

can be obtained from these fields. The coupled-mode equations in (4.29) completely 
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reflect such a behavior. In fact, the effect of the radiation field is included in a self 

consistent manner in the laser operation by considering it as a loss mechanism. This 

means that as far as the laser operation is concerned, one may ignore the radiation 

field in the analysis of second-order DFB laser provided that one includes the cou­

pling factor to the radiation field in the coupled-mode equations. Furthermore, the 

spontaneous emission directly coupled to the radiation field couples to the guided 

mode through first-order diffraction. This part of the indirect mechanism of noise 

coupling is reflected through the modified longitudinal eigenmodes as will be de­

scribed later. More importantly, the use of standing wave approach is based on the 

evolution of the laser mode which means that the cavity mode is considered in the 

presence of the radiation field. Following the same reasoning, it can be shown that 

( 4.33) is not valid only for first- and second-order gratings. It is also valid for DFB 

laser with higher-order grating. 

It is more convenient to write ( 4.33) in terms of the refractive indices. Therefore, 

let 

( 4.34) 

Then, ( 4.33) can be rewritten as 

j
2
:'" n(x, z) ng(x, z)'119 (x, z) ddA = k!(e + Llx)'119 (x, z)A(t) + µCow; p• 

Vo t n 
( 4.35) 

where 

n,(z,z)=n(z,z)+ [!:L w, ( 4.36) 

In order to obtain the equation for the amplitude function, the spatial-dependent 

part must be eliminated. To this end, we use a procedure which is very similar to 

that used in the electromagnetic theory, the so-called moment method. However, 

before that we define some terms. From now on by a laser eigenmode we mean the 

longitudinal dependence part of the laser mode which is described by the guided 
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mode. These eigenmodes are the eigenvectors of an open resonator operator which is 

non-Hermitian or non-self-adjoint operator. Therefore, they are not energy orthog­

onal (with complex conjugation) [91]. However, the laser eigenmodes are biorthog­

onal (without complex conjugation) to a set of adjoint eigenmodes. The adjoint 

eigenmodes correspond physically to the modes traveling in the reverse direction in 

the same resonators [91], (92]. We will return to this point later. However, for the 

time being, we use the concept of the adjoint modes to reduce ( 4.35) to a function 

of time only. 

First, it is natural to multiply both sides of ( 4.35) by the normalized transverse 

profile F(z) and integrate from -oo to oo. After that we integrate the resulting 

equation in the lateral direction. Thus, 

where w is the width of the laser in the lateral direction. We have also assumed that 

Llx( z, z) is constant along the transverse direction and replace the overlap integral 

of Llx(z, z) with the optical field by r u(z)Llx(z). Note that, for gain-guided lasers, 

r 9 changes along the longitudinal direction. However, for second-order gratings we 

consider it fixed along this direction. w,(z) is the longitudinal eigenmode. n(z) and 

n9 (z) are defined such that 

/

00 

n(z,z)nu(z,z)F2(:z:)dz = n(z)nu(z) 
-oo 

( 4.38) 

It is natural to choose n(z) and nu(z) as the average values of n(:r;, z) and nu(:r;, z), 

respectively. Moreover, 

w 00 

r(z,t) = la loo p•i'(z)d:r;dy ( 4.39) 

Multiplying both sides of (4.37) by w:(z), the adjoint eigenmode of w,(z), and 
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integrating along the laser cavity leads to 

dA 
dt 

_ -jw.,. [foL[{ + fg{z)~x(z)]'11,(z)'11\z)dz] A(t) 
2 foL n( z )ng( z )'11,( z )'11: ( z )dz 

. w.,. Jcf '11:(z)r(z,t)dz 
-J 21:oCnw f0L n(z)ng(z)'11,(z)\Jt:(z)dz 

where we have used 

108 

( 4.40) 

Eq. ( 4.40) is the final governing rate equation for the amplitude function. This 

equation and the coupled-mode equations in ( 4.29) along with the boundary con­

ditions at the laser facets are the fundamental equations predicting the dynamics 

of the second-order DFB lasers. It should be, however, noted that the eigenvalue 

{ and the normalization constant Cn are yet to be determined. At first glance, it 

seems that the only unknown in ( 4.29) is the complex number {' which is related 

to the eigenvalue { through ( 4.31b ). In fact, this is not the case. As mentioned 

earlier, due to the spatial hole burning effect, the carrier density is affected by the 

optical field and the photon density inside the cavity which are not uniform along 

the cavity. Therefore, the spatial dependence of the laser gain must be considered 

in the coupled-mode equations. To this end, we write ( 4.40) in a more convenient 

form. We address this issue in the next section. 

4.3.2 Rate Equations for the Photon Numbers and Phases 

In the preceding section we have pointed out that the gain of the laser medium 

depends on the photon density. Therefore, in treating the laser above the threshold, 

it is usually more convenient to express the laser field in terms of the intensity and 

the phase of the optical field. The stored energy in the laser cavity is proportional to 
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the number of photons inside the cavity and is also proportional to the square of the 

modulus of the field amplitude. Therefore, it is possible to choose the normalization 

constant such that the complex amplitude A( t) can be related to the total number 

of photons inside the cavity through the following relation 

A(t) = jsweJtl>(t) ( 4.41) 

where S( t) is the total number of photons of the laser mode inside the cavity. 

From (4.41), one may write 

dA 1 dS .d</> A( ) 
-dt = 2A•(t) dt + J dt t ( 4.42) 

Now 

( 4.43) 

where we have used 

S(t) = A(t)A*(t) 

From ( 4.43) one may easily find that 

dS {dA • } - =2Re -A (t) 
dt dt 

( 4.44) 

d</> = _l_Im{dA A*(t)} 
dt S(t) dt 

( 4.45) 

Ifwe multiply both sides of Eq. (4.40) by A*(t) and use (4.44) and (4.45), we obtain 

dS = w,.Im { Jcf [! 1 r g(z)Llx(z)]v,(z)'1i: (z)dz} S(t) + Re{p(t)A*(t)} ( 4.46) 
dt fa ii( z )ng(z )\J!,( z )\J!: ( z )dz 

d<f> = _ w,. Re { f0L[{ + r g(z)Llx(z)]'1i,(z)'1i: (z)dz} + _l_Im{p(t)A*(t)} ( 4.47) 
dt 2 f0Ln(z)ng(z)\J!,(z)\J!:(z)dz S(t) 

where 

( 4.48) 
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On the other hand, it can be shown [77] (pp. 306-307) that 

1 
< p(t)A*(t) >= 2Rrp 
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( 4.49) 

where< ... > denotes the ensemble average. Rap is the ensemble average of the rate 

of the spontaneously emitted photons into the lasing mode and will be determined 

later. Since p(t)A*(t) is a complex random process, from (4.49), one may write 

( 4.50) 

with 

< F.(t) >=< F"'(t) >= 0 ( 4.51) 

Carrying ( 4.50) into ( 4.46) and ( 4.47), we get 

dS = w,.Im {J/[e 1 rg(z)Llx(z)]'1t1(z)w:(z)dz} S(t) +Rap+ F.(t) (4_52) 
dt fo ii( z )iig{ z )'111( z )'11: ( z )dz 

def>=_ w,.Re {J0L[e + rg(z)Llx(z)]'11 1(z)'11:(z)dz} + Ft1i(t) (4.53) 
dt 2 fl ii( z )iig{ z )'111( z )'11: ( z )dz 

Eqs. ( 4.52) and ( 4.53) are of the form of Langevin rate equations in the fluctu­

ation theory [93]. F.(t) and Fq,(t) are the Langevin intensity and the phase noise 

sources due to the spontaneous emission which cause fluctuation in the optical in­

tensities ( or photon numbers) and phases of the lasing modes. It should be noted 

that, in the presence of Langevin noises, S(t) and <f>(t) become stochastic processes. 

Fluctuation in the phase of the laser field is the main source of the broadening of the 

laser line. On the other hand, the change in the intensity also leads to the change 

of the phase of the laser field [94]. Therefore, to calculate the line broadening due 

to the spontaneous emission, the combined effect of the fluctuations in the intensity 

and the phase of the optical field must be considered. This in tum calls for the 

statistics of S(t) and ef>(t). Since the Langevin forces are the random sources of the 
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field intensity and phase, the statistics of S(t) and ¢(t) can be obtained in terms of 

the statistics of the Langevin forces. In choosing F.(t) and FtP(t), it is commonly 

assumed that the system is markoffian with zero mean. This assumption can be 

completely justified in the semiconductor laser for which the spontaneous emission 

is the major source of the fluctuations. In fact, the spontaneous emission is only a 

correlated process for a carrier scattering time of order 10-13 s, which is negligibly 

short time [95]. 

In addition to ( 4.51), the Langevin forces satisfy the following general relation 

[94] 

where the so called diffusion coefficients Dab satisfy 

2Ds(p = 0 

I R.p 
2D(p(p = --

2 S 

a, b = Sor </> ( 4.54) 

( 4.55) 

( 4.56) 

( 4.57) 

From the diffusion coefficients only the mean square fluctuation can be calculated. 

To calculate the spectral linewidth it is assumed that the Langevin forces have 

Gaussian amplitude distributions (95]. Since in this thesis we do not plan to do 

noise analysis of the laser, we do not go into the details in treating the Langevin 

forces. However, the ensemble average of the spontaneous emission, R.p, coupled 

to the laser mode is very important in the laser operation. 

To obtain R-i,, we invoke the cross-correlation product of the noise polarization 

P•(r, t) [96] 

P·( )P··c, ') 81i.nq,(r)na(r)G(r)vofo cc ') cc ') < r,t r ,t >= ----........ -------a r- r o t- t 
w,. 

( 4.58) 
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where na is the refractive index of the active medium. n.,, is the inversion factor de­

scribing the degree of inversion [97). This parameter is a measure of the incomplete 

population inversion associated with the unoccupied levels of the lasing transition. 

It is always larger than 1 and decreases with an increase of the pumping level. 

For complete inversion n.,, approaches unity. Under typical lasing conditions, it is 

in the range of 1.5, ... , 2.5. GC x, z) is the intensity gain coefficient and Ii is the 

reduced Planck constant. v0 is the velocity of light in vacuum. Using C 4.39) and 

C 4.58), one may write 

IC ) IC 
' ') Swlir g( z )n.,,C z) naC z) GC z) Vofo cc ') cc ') < z, t z , t >= __ .;:;...:......;._--=-.;;__;.._...;......;_...;......; __ a z - z a t - t 

w.,. 
( 4.59) 

where n.,,Cx, z), nCx, z), and GCx, z) are considered constant along the transverse 

direction. Thus the overlap of the product of these three terms with the optical 

field is replaced by r 9 C z )n.,,C z) nC z) GC z). Now from C 4.48) and C 4.59), we obtain 

< pCt)p•Ct) >= 21iw.,.v0 J;'fCz)n.,,Cz)na(z)GCz)lw:Cz)l
2
dz SCt- t') 

€oC~w I foL nCz)ng(z)w,Cz)w:cz)dzl2 ( 4.60) 

On the other hand, R.,, is equal to the diffusion coefficient of the Langevin force 

responsible for the fluctuation of A( t) [97). That is, 

( 4.61) 

On comparison of (4.60) and C4.61), it can be easily seen that 

C 4.62) 

To complete the expression for R.,,, we need to calculate normalization constant 

Cn. As mentioned earlier, we choose Cn such that the total number of photons inside 

the laser cavity is equal to A(t)A•(t). To this end, we need to obtain the stored 
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energy inside the cavity. Using the energy density function in dispersive media (98], 

the average stored energy inside the cavity can be obtained as 

W(t) 
1 W L oo -

- 2€o la dy la dz [
00 

n(z,z)ng{z,z)C; < A(t)A•(t) > F 2(z)l'1t,(z)l 2dz 

- !.€0 C!w < A(t) A•(t) > (L n(z)ng{z)1'1t,(z)l 2dz (4.63) 
2 lo 

where we have used ( 4.38). On the other hand, the stored energy must be propor­

tional to the number of photons inside the cavity. That is, 

( 4.64) 

Comparing (4.63) and (4.64) leads to the following expression for Cn 

C! = __ .. ( n(z)ng{z)l~Jz)l 2dz 2/iw ( L )-l 
€ 0 W lo ( 4.65) 

Substituting for C~ in ( 4.62), we obtain 

( 4.66) 

Let R.pon be the spontaneous emission rate coupled to the lasing mode obtained 

according to the usual Einstein relation (99]. According to this relation, the rate 

of spontaneous emission per laser mode is equal to the stimulated emission rate 

per laser photon number. Using rspon(r) as the local rate of spontaneous emission 

according to Einstein relation, we have 

Iv r •pon( r )na( r )ng( r) I '1t( r) l2dv 
R.pon = Iv n(r)ng(r)llP'(r)l 2dv 

( 4.67) 

where V is the volume of the laser cavity. r span ( r) for a semiconductor laser is given 

by (99) 

( 4.68) 
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For a two dimensional case, based on the conditions we have set forth on n.p, n11 , 

and G, we obtain 

R _ J/ rg(z) vg(z) n.p(z) na(z) ng(z) G(z) l'1i",(z)l 2dz 
apon - J/ n(z )ng(z)l'1i",(z)l2dz 

( 4.69) 

Comparing (4.66) with (4.69) and noting that v9 (z) = n;(z) and 1w;12 = l'li',12
, we 

have 

where 
K _ [ Jln(z)ng(z)l'li',(z)l 2dz ]

2 

p - lfoLii(z)iig{z)'li",(z)w:(z)dzl 

If one examines ( 4. 71) and notes that 

one finds that 

(4.70) 

( 4. 71) 

(4.72) 

(4.73) 

According to the accepted principle of the quantum-noise theory, the rate of 

the spontaneous emission into any resonant mode of a cavity must be exactly equal 

to the stimulated emission rate that would be produced by one extra photon in 

the same electromagnetic mode [100]. In other words, the spontaneous emission 

per laser mode is equal to the stimulated emission rate per laser photon. However, 

(4.70), (4.71) and (4.73) state that a second-order DFB laser is subject to an excess­

spontaneous-emission. This behavior is a direct consequence of the non-self-adjoint 

nature of the longitudinal eigenmodes. In fact, due to non energy orthogonal prop­

erty of longitudinal eigenmodes the spontaneous emission coupled to the different 

modes are correlated and one might expect larger amount of the spontaneous emis­

sion coupled to a laser mode. Therefore, DFB lasers like all open-sided optical 

resonator are subject to the excess-spontaneous-emission. 
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Since the spontaneous emission is completely uncorrelated with the coherent 

stimulated emission, it plays an important role in determining the static, dynamic, 

and the spectral characteristic of the semiconductor laser. As an example, we 

consider the adverse behavior of the spontaneous emission on the laser linewidth. 

Following Henry (94), the linewidth of a single-mode semiconductor laser is given 

by 

(4.74) 

where S is the number of photons in the laser cavity. Therefore, the linewidth of 

the laser is enhanced by the factor KP . 

For the first time, Petermann calculated the excess-spontaneous-emission in 

stripe gain-guided lasers (101). Thus, the KP factor is usually referred as Peter­

mann 's factor or Petermann 's excess noise factor in the literature. Eqs. ( 4. 70) with 

( 4.69) and ( 4. 71) are completely general. If the longitudinal variations of n( z) and 

ng(z) are slow, the Kp factor reduces to the expressions by Petermann [77) (pp. 

41-44). 

So far, we have obtained the rate equations for the total number of photons 

and the phase of the optical amplitude inside the laser cavity. These rate equations 

and the eigenvalue problem in ( 4.29) must be solved simultaneously. However, to 

complete the formulation, we need the dynamics of the carriers upon which the 

interaction between the carriers and the optical field is described. This matter will 

be investigated in the next section. 

4.3.3 Carrier Rate Equation 

In this section, we complete the rate equations of second-order DFB lasers by 

including the carrier dynamics. However, before that, let us see what we have done 
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so far. We have started from the guided mode of a second-order DFB laser which 

is of the form 

(4.75) 

where F'(z) is defined via (4.23) and (4.24). 'li,(z) is the longitudinal eigenmode 

given by 

( 4. 76) 

It satisfies the following eigenvalue problem 

X [ ~] (4.77) 

subject to the boundary conditions at the laser facets. The total number of photons 

inside the cavity and the phase of the optical amplitude are the solutions of the 

following rate equations 

dS = w,.Im {J0L[€-; fg(z)Ax(z)]'li,(z)'li:(z)dz} S(t) + R.p + F.(t) 
dt Io n( z )ng( z )'ii,( z )w: ( z )dz 

( 4. 78) 

d</> = _ w,.Re{f0L[€+ fg(z)Ax(z)]'li,(z)'11:(z)dz} +F"'(t) 
dt 2 f0Ln(z)ng(z)'11,(z)'li:(z)dz 

( 4. 79) 

where all parameters have been defined in the previous sections. e' is related to the 

eigenvalue€ via (4.31b). For those cases where n(z) and ng(z) can be considered 

constant along the longitudinal direction, from (4.78) and (4.79), it can be seen 

that the imaginary part of € is related to the steady-state net gain shift and its real 

part is a measure of the frequency shift. Eqs. ( 4. 78) and ( 4. 79) indicate that the 

longitudinal eigenmode of the laser and the corresponding eigenvalue are necessary 

in the investigation of the dynamics of the laser. 
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To solve the eigenvalue problem in ( 4. 77), additional information must be pro­

vided. That is, one must consider the relation between the input current and the 

gain and also the interaction between the carriers and the optical field. This can 

be done by including the carrier rate equation in the set of equations listed in this 

section. We use the conventional rate equations for the carrier density [70] 

dN J N a( N - Ne.,.) 
-=---- vp 
dt ed Te ( 1 + Ep) g 

( 4.80) 

The first term on the right represent the injection of the electrons. J is the current 

density of the driving current, e is the electron charge, and d is the thickness of the 

active layer. Te is the carrier lifetime and is a function of N such that 

1 
-=A+BN+CN2 

Te 
( 4.81) 

where A, B, and Care the non-radiative, radiative and Auger recombination coef­

ficients, respectively. a is the differential gain coefficient, Nt.,. is the carrier density 

at transparency, Eis the nonlinear gain suppression factor, v9 is the group velocity 

and p is the photon density. We assume that the carrier density is uniform over 

the transverse cross section of the active region. For simplicity, the carrier diffusion 

and transport effects have been neglected. From the field amplitude, we have 

( 4.82) 

where deJJ = f is the the effective length of the transversal photon distribution , 
and d is the thickness of the active layer. Finally, the material gain which includes 

the saturation effect at large photon density, is given by 

G = a(N - Ne-r) 
(1 + t:p) 

( 4.83) 
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Eq. ( 4.80) along with ( 4. 77) and ( 4. 78) are the complete system of equations 

describing the dynamics of second-order DFB lasers. These equations can be used 

in the investigation of the above-threshold static, dynamic small signal, and dy­

namic large signal analysis. For the purpose of this thesis, we only consider the 

above-threshold static analysis. However, before dealing with this issue, we obtain 

expressions for the output radiating power from the facets and the grating section. 

The details of the derivations are given in the next section. 

4.3.4 Output Power 

To calculate the output power from the facets and the grating, we use the concept 

of the photon flux density traveling in the longitudinal direction. This idea makes 

use of considering the standing wave pattern of the longitudinal eigenmode as the 

superposition of two contra-directional traveling waves. The power density of each 

wave passing through a plane transverse to the longitudinal direction is simply 

equal to the energy flux density times the group velocity of the photons at that 

plane. Thus, the power passing through the plane z = z1 can be obtained according 

to the following relation 

P,,,, = vg(z1) ~ C~IA(t)l 2 kw dy 1_: n(:z:, z1 )ng(:z:, z1 )IA,,,,(z1 )1
2 .F2(z)dz 

- Voliw .. S(t) n(zl )IA,,,,(zl )12 ( 4.84) 
foL n(z)ng(z)l'11,(z)l2dz 

where f and b refers to forward and backward traveling waves. Moreover, we have 

used ng(z1 )vg(z1 ) = v;. Eq. (4.84) is the fundamental equation from which the 

output radiating power from the facets and the grating can be obtained. The 

power radiating from the facet at z = L is equal to the difference between the 



CHAPTER 4. RATE EQUATIONS 119 

Active region 

z=O z=L 

Figure 4.1: Cross sectional view of a second-order DFB laser 

power carried by each traveling wave at z = L. More precisely, we have 

( 4.85) 

where RL is the amplitude reflectivity of the facet at z = L. Note how the output 

power is related to the total number of photons inside the laser cavity. Using the 

same reasoning, one may find the radiating power from the facet at z = 0. 

The situation for calculating radiating power from the grating is more com­

plicated than the previous case. In this case, it is more convenient to calculate 

the power density going into the cover and the substrate per unit length in the 

longitudinal direction. Referring to Fig. 4.1 the amount of the power due to the 

forward traveling wave which enters the region of the length Llz in the longitudinal 

direction is 
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€ 
vg{zl + Llz) ;c!wlA(t)l2n(z1 + Llz)ng(zl + Az)IAt(zl + Llz)l 2 

( 4.86) 

The power due to the backward traveling wave which enters this region is 

b -Pin -
€ 

vg{z1 + Llz) ;c!wlA(t)l2vg(z1 + Llz)n(z1 + Llz)iig{z1 + Llz)IA&(z1 + Llz)l 2 

-vg(z1) Eo C!wlA(t)l2vg{z1 )ii(z1 )ng{z1 )IA&(, z1 )1
2 

( 4.87) 
2 

In addition to the power budget in ( 4.86) and ( 4.87), in this region we must also 

consider the stimulated power, the radiating power from the gratings and the power 

absorption due to the material loss. Let us assume that p., pg and Pab are the powers 

per unit length in the longitudinal direction of the stimulated emission, radiation 

from the grating and absorption, respectively. Then optical power conservation 

requires that 

( 4.88) 

where we have assumed that Llz is vanishingly small. Before proceeding further, 

we assume that the variations of the refractive index and the group index is much 

smaller than that of IA11 2 and IA&l2
- Considering this assumption and substituting 

(4.86) and (4.87) into (4.88), and after dividing by Llz, we get 

p. - pg - Pab = vg(zi) ~C!wlA(t)1 2n(z)iig{z) d~ (IA11 2 
- IAbl2

) ( 4.89) 

where the derivative is calculated at z = z1 • 

In order to obtain the derivatives in (4.89), we invoke the coupled-mode equa­

tions in ( 4. 77). Without lose of generality, we consider two types of gratings; i.e, 

symmetric and asymmetric gratings. By symmetric grating we mean those types 

of gratings such that 

71-m(z) = 71m(z) (4.90) 



CHAPTER 4. RATE EQUATIONS 121 

where 11m ( :z:) are the coefficients of the Fourier expansion of the grating perturbation. 

Asymmetric gratings are such that the coefficients of the Fourier expansion have 

odd symmetry. That is, 

For a symmetric grating we have 

(4.91) 

( 4.92a) 

( 4.92b) 

Applying the coupled-mode equations in ( 4. 77) for symmetric gratings, we have 

:z (IA,12 - IA&l2) = [-2a + 2g + 2Re{e'} - 2Re{K.}] (IA,(z)l2 + IA&(z)l 2) + 

2Re{~:}IA,(z) + A&(z)l 2 + 2Re{Ka}IA,(z) + A&(z)l2 

where 

_,. - .,.,. - .,.,. .,.,. - _,. 
...... - "'II - "'/b = "'bf - "'bb 

Using (4.93) in (4.89) and substitution for C! and IA(t)12, we obtain 

P• = Voliw,.S(t) (2g + 2Re{e'} )n(z) (IA,(z)l
2 + IA&(z)l

2
) 

I
0
L n(z)ng(z)IW'i(z)l2dz 

_ 1: S( )2Re{~:}n(z)IA,(z) + A&(z)l2 
pg - -v0 r1,W,. t --L...;;..;;...___,;_~_,;;._.,;--'---"-.....;...;_ 

I0 n(z)ng(z)I-.P,(z)l2dz 

Pab = Voliw,.S(t)2:(IA,(z)l2 + IA&(z)l2) 
I0 n(z)n9 (z)I-.P,(z)l 2dz 

( 4.93) 

( 4.94a) 

(4.94b) 

( 4.95) 

( 4.96) 

( 4.97) 

It should be noted that for index-guided lasers k. is purely imaginary. Using ( 4.96), 

one may obtain the total power radiating via grating as 

(4.98) 
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The above result is completely expected. More precisely, for symmetric gratings 

( 4.28) leads to 

( 4.99) 

Thus, using ( 4.27), we have 

( 4.100) 

For asymmetric grating, we have 

1 (IA,1 2 
- IAt,12) = [-2a + 2g + 2Re{e'} - 2lm{1ta}] (1At(z)l 2 + IAb(z)l 2

) + 

2Re{K:}IA1(z) - Ab(z)l2 + 2lm{1ta}IA1(z) + jAb(z)l 2 

(4.101) 

where 

( 4.102a) 

(4.102b) 

For the index-guided DFB lasers, Ka is purely real. More importantly, following the 

same line as we have used in the case of symmetric gratings, for asymmetric gratings 

the total radiation power from the grating can be obtained from the following 

relation 

( 4.103) 

Again, the validity of the above result can be verified by noting that for asymmetric 

gratings ( 4.28) yields 

( 4.104) 

Consequently, from ( 4.27), we have 

( 4.105) 
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It should be emphasized that ( 4.98) and ( 4.103) refer to the total power radiating 

from the grating into the cover and the substrate. Needless to say, the minus sign 

in ( 4.98) and ( 4.103) is necessary due to the fact that K-4 and K.: have negative real 

parts. As mentioned earlier, we can see how the total power radiating from the 

grating is proportional to the total number of photons inside the laser cavity. This 

is the direct consequence of the fact that the total number of photons inside the 

laser cavity is directly proportional to the optical energy. 

Having completed the analysis of second-order DFB lasers with straight grating, 

in the next section we tum to the circular gratings. As will be shown, only minor 

modifications are needed and based on the large argument approximation of the 

Hankel functions the formulation is essentially the same. 

4.4 Circular-Grating DFB Lasers 

In this section we show that essentially the same equations that we have obtained 

for ordinary second-order DFB lasers can be used in the case of circular-grating 

D FB lasers. To this end, first we set up the cylindrical coordinate system as we 

adopted in Chapter 3. We choose the z axis to coincide with the axis of the laser. 

Let us assume that 

Aer(p,z) = L 17m(z)e-jm/3o(P-Po) ( 4.106) 
m#O 

where /30 is given by ( 4.20). According to ( 4.106), we use the following expression 

for the fundamental guided mode of the laser 

( 4.107) 
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where F( z) is defined through ( 4.23) and ( 4.24) by changing the role of x to z. 

'1i 1 (p) is the radial eigenmode which is of the form 

(4.108) 

Based on the large argument approximation of the Hankel functions, the radial 

eigenmode '1i 1 (p) satisfies the same eigenvalue problem in ( 4. 78). For the sake of 

simplicity, we use the same coupling factor defined in ( 4.32) in the coupled-mode 

equations. The boundary condition at the center; that is, 

(4.109) 

and appropriate facet reflection must be considered in solving the eigenvalue prob­

lem. Eq. (4.35) remains the same with changing (x,z) to (p,z). If we multiply the 

new version of ( 4.35) by .F( z) and integrate from -oo to oo and then we integrate 

the resulting equation in the azimuthal direction, we obtain ( 4.37) where z and 

w are replaced by p and 21r, respectively. In order to obtain the final equation, 

we replace the spatial delta function in the cross-correlation product of the noise 

polarization by 
1 

5(r- r') = -5(p - p')S(</>- <l>')S(z - z') 
p 

Multiplying by the radial eigenmode and integrating in the radial direction must 

be weighted by p. Therefore, (4.52) and (4.53) reduce to 

dS = w,.Im {JoL[e + rg(p)Llx(p)]'1i,(p)'1i:(p)pdp} S(t) + R.,, + F.(t) (4.110) 
dt foL ii(p )iig(p )'1',(p )w: (p )pdp 

d</> = - w.,.Re {foL[e + rg(p)Llx(p)]'1i,(p)'1i:(p)pdp} + F¢(t) (4.111) 
dt 2 Jl ii(p )iig(p) '1i 1 (p) '1i: (p) pdp 

where 
R - 21iw.,.Vo fl rg(p)n.,,(p)na(p)G(p)l'1i: (p)l 2pdp 

.,, - 21reaC~ lf0Lii(p)iig(p)'1i,(p)v:(p)pdpl 2 
(4.112) 
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and 

c2 = 21iwr 
n 21rfo I.f n(p )ng{p )111',(p )l2pdp 

(4.113) 

The photon density in ( 4.82) is replaced by 

(4.114) 

Finally, by using the asymptotic values for the Hankel functions, the radiation 

power from the symmetric grating can be obtained by the following relation 

( 4.115) 

In the next section we consider the static behavior of the two dimensional 

second-order DFB lasers above the threshold. 

4.5 Static Analysis and Steady State Character­

istics 

In this section, we only consider the static behavior of second-order DFB lasers. If 

the injection current is constant, the photons and the carriers reach steady state 

and are invariant with time. In this case, Llx = 0 and the rate equations in (4.78), 

( 4. 79) and ( 4.80) reduce to 
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J0 _ N 0 _ a(No-Nu-)vp=O, 
ed Te ( 1 + Ep) 

9 ( 4.118) 

respectively. g in ( 4.116) is the steady-state net longitudinal modal gain and tl.f 

is the steady-state net frequency shift. Therefore, to calculate S0 , A/, and No, 

one needs to consider the eigenvalue problem in (4.77) with appropriate boundary 

conditions simultaneously with ( 4.116)-( 4.118) at a given bias current density. 

The eigenvalue problem in ( 4. 77) may be solved by taking into account the 

longitudinal variations of the photon and carrier densities and effective index dis­

tributions. To this end, the laser cavity is divided into a number of segments such 

that for the k-th segment of length l1c, we have A~ l1c ~ L. Within each segment, 

the above parameters are assumed to be constant. However, they are allowed to 

vary from segment to segment. Each segment can be described by the so called 

transfer matrix in the longitudinal direction as described in Chapter 3. That is, 

where for gratings of either symmetric or asymmetric 

where 

Note that for gratings of either symmetric or asymmetric type, we have 

( 4.119) 

( 4.120) 

( 4.121a) 

(4.121b) 
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The overall transfer matrix relating A1(z) and Ao(z) at two ends can be ob­

tained by cascading the transfer matrices corresponding to each segment. Therefore, 

[ 
A1 (L)) ] = T [ A,(O) ] 

A.(L) A.(O)) 
( 4.122) 

where 
1 

T = II T1c ( 4.123) 
lc=M 

Applying the boundary conditions at z = 0 and z = L leads to the lasing oscillation 

condition. More precisely, at z = 0, we have 

At z = L, one may write 

[ 
A,(O) ] [ R(O) ] = A.(o) 
A.(O) 1 

[ R( L) -1 ] [ A 1 ( L) ] = 0 
A.(L) 

( 4.124) 

( 4.125) 

Using (4.124) and (4.125) in (4.122) yields the characteristic equation for the lasing 

condition 

( 4.126) 

The laser eigenvalue! is the solution of the above equation. 

In a similar fashion, the carrier rate equation may also be discretized by assum­

ing that the carrier density N0 is constant within each segment. That is, 

Jo _ N1c _ a( N1c - Ntr) v Pie = O 
ed Te (1 + €p1c) g 

( 4.127) 

where N1c = N0 (z1c), k = 1, 2, ... M and 

S( ) 
n(z1c)ng(z1c)l'P,(z1c)l 2 

Pie = t -----=L=------------
wde// Jo n(z)ng(z)l'P,(z)l 2dz 

( 4.128) 
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In order to obtain a seH-consistent solution we use an iterative approach. First, we 

assume uniform gain throughout the laser cavity. The eigenvalue { and eigenvec­

tor W(z) obtained from this assumption is used to obtain Rap and S0 in ( 4.116). 

Substituting these values into ( 4.127) leads to M simultaneous equations for the 

unknowns N1c. Using the solutions for N1c in the gain model of each segment leads 

to the modification of (4.126). We use the new value of { and w(z) to improve 

the carrier density. After reaching convergence, the steady state photon number 

S0 , the frequency shift ll.f, as well as the carrier and photon densities along the 

laser cavity can be obtained as a function of the injection current density J0 • This 

completes the static analysis of second-order DFB lasers. It should be emphasized 

that the same ideas can be used in the case of circular gratings. In the next section 

we present the expressions for the far-field patterns. 

4.5.1 Far-Field Pattern 

To calculate the far-field pattern, we need to calculate the Fourier transform of 

the near-field pattern of the radiation field on the aperture. For symmetric and 

asymmetric gratings, we have 

( 4.129) 

Thus using the relation for the far-field pattern in (2.67) with suitable coordinate 

transformation one may easily obtain the far-field pattern. More precisely, if we 

consider the :z: axis as the polar axis, and the azimuthal angle is measured from the 

y axis, we have 

E(9,4>) ~ iJ [A1(ksin9cosef>) ± .A,,(ksin9cosef>)] cosef>-

ef, [ A1( k sin9 cosef>) ± At,( k sin9 cosef>)] sinef> cos9 ( 4.130) 
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where AA a) and Ab(a) are the Fourier transforms of A1(z) and Ab(z), respectively. 

Finally, in order to obtain the far-field pattern of circular-grating laser, we use 

the aperture field due to the radiation component. As illustrated in Chapter 3, 

within the limits of the validity of large argument approximation for the Hankel 

functions, using (3.22) one may write 

d "{J (2) ·13 (1) E;a (p E aperture)~ A1(p)e' oPH
1 

(f3oP) =f i~(p)e-J 0 PH
1 

(f3oP) (p > 0.5 µm) 

(4.131) 

Moreover, since the laser field is azimuthally invariant, it vanishes at the center 

of the laser. Consequently, it is reasonable to ignore the the radiation part of the 

aperture field around the center of the laser. Having determined the aperture field, 

one may construct the auxiliary functions E±(p ), as described in Chapter 2, on the 

aperture. For circularly symmetric beam, we have E+(p) = -E-(p). Now using 

( 4.132) 

we have 

( 4.133) 

Now using (2.80), we have 

E( 8, 4>) ,..,_, ef, cos8E+(k sinB) ( 4.134) 

In the next section, we consider a typical circular-grating DFB laser and present 

some numerical results. 

4.6 Numerical Results 

This section is devoted to an illustrative example. We consider a typical circular­

grating bulk DFB laser with second-order grating as depicted in Fig. 4.2. The 
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z 

n =3.17 

r r 
. n=3.54 Active 

n=3.4 

n = 3.17 --------R--------i 

Figure 4.2: The cross sectional view of a typical circular-grating bulk DFB laser 

fixed parameters used in the numerical calculations are listed in Table 4.1. In all 

calculations, we have ignored the spatial hole burning. In the first example, we 

assume that the radius of the laser is 100 µm and the facet reflectivity at the laser 

edge r is equal to 0.3. In addition, let the the duty cycle of the grating f be 0.6. 

With these parameters, the calculated surface-emission power of the first mode 

versus injected current is shown in Fig. 4.3. The side mode suppression ratio of 

the surface emission as a function of the injected current is shown in Fig. 4.4. As 

illustrated, the second mode is effectively suppressed above the threshold. 

This fact is verified by referring to Fig. 4.5 where the total number of photons 

of the first and the second mode are plotted. It can be easily seen that above the 

threshold, the number of photons of the first mode is three orders of magnitude 

larger than that of the second mode. Hence, the large side mode suppression ratio. 

It should be noted that since the number of photons are proportional to the energy 

and power, we have 

Number of photons in dB = 10 log10 (Number of photons) 
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Non-radiative recombination coefficient (A) 2.5 X 108 S-l 

Bimolecular Carrier recombination coefficient (B) 1.0 x 10-10 cm3 s- 1 

Auger carrier recombination coefficient ( C) 3.0 x 10-29 cm8 s- 1 

Nonlinear gain coefficient ( E) 2.0 x 10-17 cm3 

Differential gain (a) 3.0 x 10-18 cm2 

Transparency carrier density ( N,T') 1.0 x 1018 cm-3 

Absorption and scattering loss of the central region (a) 25 cm-1 

Linewidth enhancement factor (aH) 3.5 

Reference wavelength (..\) 1.55 µm 

Table 4.1: Parameters used in the analysis of the circular-grating bulk DFB laser 

The lasing wavelengths of the first and the second mode are plotted in Fig. 4.6. 

As illustrated, the lasing wavelength is very stable in the above-threshold region. 

Moreover, the first or dominant lasing mode is on the shorter wavelength of the 

stop band. In Fig. 4. 7, the normalized intensity of the first modes inside the laser 

cavity is illustrated. The sampling current is 25 mA. We have considered the value 

of IA,(p)l2 + IA.(p)l2 as the normalized intensity. For sufficiently large distances 

from the laser center, this value is proportional to the number of photons inside an 

annular region. Therefore, most of the photons are accumulated near the edge of 

the laser. 

The near-field intensity pattern which is proportional to IA,(p) + A.(p)l 2 is 

illustrated in Fig. 4.8. The near-field profile shows the destructive interference 

around p = 40 µm. This is the characteristic feature of the first mode in a second­

order DFB laser [60], [104]. In fact, since the first mode has smaller radiation loss, 

it is favored. 

The normalized far-field pattern of the first mode is illustrated in Fig. 4.9. 
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It can be seen that the laser beam.width is less than 0.5° and the laser is highly 

directional. However, as anticipated before, there is a dark spot at the center of the 

far-field pattern. Moreover, the far-field patterns at different bias currents; e.g., I= 

30, 35 mA are the same as that shown in Fig. 4.9. Moreover, the far-field patterns 

at different bias currents, e.g., I= 30, 35 mA, are the same as that shown in Fig. 

4.9. 

For the purpose of comparison, the surface-emitted power and the total output 

power from the laser facet of the first mode as a function of injected current are 

plotted in Fig. 4.10. Because of the split near-field distribution, the power from 

the surface is about one-third of that from the facet. The surface-emitted power 

versus injected current of the first mode for four different reflection coefficients are 

plotted in Fig. 4.11. For this range of reflection coefficient the threshold current 

decreases with increasing reflection coefficient. However, for the same bias current 

the output power increases with increasing reflection coefficient. 

The normalized far-field intensity pattern as a function of the facet reflectivity 

is shown in Fig. 4.12. The surface-emitted power from two lasers with different 

radii are plotted in Fig. 4.13. As one might expect, the laser beam emitted from 

the larger aperture is narrower. This fact is clearly shown in Fig. 4.14. In Fig. 

4.15, the relative intensity spectra of the power from the facet are plotted for two 

different radii. 
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Figure 4.8: Near-field intensity pattern of the first mode inside the laser cavity 
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Figure 4.14: Normalized far-field intensity pattern of two lasers with different radii 
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4.7 Summary 

In this chapter, we have developed a method for treating second-order DFB lasers 

in the above-threshold region. The rate equations for the total number of photons 

and the phase of the optical amplitude inside the laser cavity are derived from 

Maxwell's equations. Our approach is an alternative one to the existing models 

which are based on the traveling wave formulation. This approach is based on the 

generalization of the time domain standing-wave method used for treating first­

order DFB lasers. This formulation is basically two-dimensional in nature, that 

is, the lateral or azimuthal variations are ignored. As an illustrative example, the 

rate equations for a typical circular grating surface have been solved in the above­

threshold region under static condition. 



Chapter 5 

Generalized Coupled-Mode 

Equations for Planar Dielectric 

Waveguides with Circular Grating 

5.1 Introduction 

So far, in the study of circular-grating surface-emitting lasers, we have assumed 

that the laser beam is circularly symmetric. This assumption extremely simplifies 

the exact mathematical formulation. However, a circularly-symmetric beam causes 

the laser to suffer from a dark spot at the center of its far-field pattern. On the 

other hand, only first harmonic azimuthal variation can produce a nonzero far-field 

pattern on the laser axis. Consequently, depending on the applications, this laser 

mode may be the mostly desirable one and must be favored. Although the general 

methods of treating first-order circular gratings reported in the literature [30], (32] 

combined with the Green's function approach described in Chapter 2 can be used in 

140 
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a perturbational fashion to obtain the radiation field, this method is a noncoherent 

approach in nature. That is, the direct influence of the radiation field on the laser 

performance is neglected. It should be noted that including azimuthal variation 

increases the complexity of the problem and the p component of the electric field 

comes into the picture. Therefore, more general formulation is needed to model 

circular-grating lasers. 

The coupling between the guided modes of corrugated optical disk waveguides 

was first investigated by Kerner et al. [16]. Zheng and Lacroix [17] considered the 

coupling between the guided modes in the analysis of finger print ( circular-grating) 

resonators. As one step toward more general formulation, Wu et al. considered TE­

TM coupling. In all other coupled-mode equations formulated for circular gratings 

(23], [24], [30], and [19] coupling to the radiation modes has been ignored. In this 

chapter, for the first time, we present a generalized coupled-mode equations for 

planar dielectric waveguides using circular gratings. The characteristic feature that 

distinguishes it from other formulations is the inclusion of the radiation modes. In 

this formulation, the background materials treated in Appendix A are fundamental. 

Moreover, the method is essentially based on the Erdogan's approach [30] in dealing 

with first-order circular-grating DFB lasers. However, to generalize this approach, 

we need some modifications at the very beginning of the formulation. Moreover, 

we use the ideal mode expansion. The details of this method will be described in 

the next section. 

5.2 Basic Formulation 

This section focuses on the derivation of the fundamental equation on which the 

generalized coupled-mode equations are based. To this end, we start from Maxwell's 
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equations 

{ 

V X E = -jwµ0 H 

V X H = jwE0 ~(p, z )E 
(5.1) 

where we have assumed that E.-( r) is independent of ¢,. Instead of eliminating H, 

we eliminate E from the above equations. This leads to the following equation for 

the H field 

V XV X H - ~(p, z)k!H = jw0 E0 V~(p, z) XE (5.2) 

where k~ = w2 µ 0 €0 • In non-magnetic materials which is of our interest, we have 

V · H = 0. Consequently, 

VV-H = 0 (5.3) 

Subtracting (5.3) from (5.2) leads to the following equation for the H field 

V XV X H - VV · H - ~(p, z)k!H = jw0 €0 VE.-(p, z) XE (5.4) 

Expanding the above equation for TE.z: mode in cylindrical coordinate system leads 

to the following equations 

2 1 2 8Htt, 2 . 8~ 
'v Hp - P2 Hp - P2 8¢, + ~(p, z)k0 Hp = JW€0 8

z Ett, 

2 1 2 8Hp 2 . 8E .. 
'v Htt, - p2 Htt, + p2 8¢, + E,.(p, z)k0 Hq, = -JWE0 8

z Ep 

V 2 H.z: + ~(p,z)k!H.z: = -jWEa ~; Ett, 

where 
82 1 8 1 a2 82 

v2=-+--+--+-
8p2 p 8p p2 8</>2 8z2 

and we have assumed that ~ = 0 and E.z: = 0. 

(5.5a) 

(5.5b) 

(5.5c) 

It is important to note that for TE.z: mode, since all field components can be 

obtained from the axial component of the magnetic field, it is only necessary to 
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consider (5.5c) as the fundamental equation governing TE: mode in an azimuthally 

invariant circular grating. Eq. (5.5c) can be written in a more convenient form, if 

one substitute er(P, z) by 

E,.(p, z) = E,.( z) + LlE,.(p, z) (5.6) 

As a result, (5.5c) reduces to the following form 

(5.7) 

Equation (5. 7) is the fundamental governing equation for TE: mode which is exact 

for the azimuthally invariant circular gratings. At this stage, one may choose two 

different approaches. 

In the first approach, one may ignore ~ on the right hand side of (5.7). This 

assumption leads to 

V-E = 0 (5.8) 

Eq. ( 5 .8) directly follows from 

(5.9) 

which is valid for TE: mode and azimuthally invariant perturbation of the dielectric. 

Since scalar approaches are based on the assumption of solenoidal electric field, the 

first approach is referred as the scalar approach. 

In the second approach, it is assumed that ~ is nonzero. Therefore, the exact 

nature of the vector field is unchanged. We refer to this approach as the vector 

approach. Due to the presence of the additional term on the right hand side of ( 5. 7), 

the vector approach is more complicated than the scalar one. Therefore, in order 

to illustrate the basic ideas, in the next section we start from the scalar approach. 



CHAPTER 5. GENERALIZED COUPLED MODE EQUATIONS 144 

5.3 Scalar Approach 

In this approach, to derive the coupled-mode equations describing the interaction 

between the guided and the radiation modes, we use the following equation 

(5.10) 

where we have used 
a2 

v2 = v""' + 8z2 

The above equation is similar to Eq. (7) in (24] where the role of q; has been 

changed to Hz.. However, qi in (24] is the scalar potential from which a TE.z: mode 

can be constructed. Referring to Appendix A, it is obvious that IV is proportional 

to Hz.- Let us write 

Hz = U(p, </> )F( z) + f 00 R(p, <Pi Cl\ )!R( z; a 1 )da1 
-oo 

(5.11) 

where F( z) is the normalized form function of the fundamental guided modes sat­

isfying the eigenvalue equation 

d2F 2- 2-
dz2 + e,.(z)k0 F = /31 F (5.12) 

In our formulation, we only consider the fundamental guided modes. This is the 

case for circular-grating lasers. The second term on the right hand side of (5.11) 

represents the radiation component of the magnetic field. This term distinguishes 

our formulation from that used by Erdogan (24]. Note that as described in Section 

A.8.4, we have used the generalized Fourier kernel !R(z; a) which is the combination 

of the substrate and the cover modes. !R(z; a) satisfies the following differential 

equation 

(5.13) 
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where 

(5.14) 

and €,.. and f.-c are the dielectric constants of the substrate and the cover, respec­

tively. It should be emphasized that (5.14) implies that !R(z;a) for negative values 

of a corresponds to the substrate radiation modes. In addition, we assume that 

~(z; a) is normalized. That is, 

/

00 

!R(z;a)R•(z;a1 )dz = 5(a - a 1 ) 

-oo 
(5.15) 

Substituting (5.11) into (5.10) and using (5.12) and (5.13), we get 

00 

2 2 - r 2 2 -(V P<f> + f3J U(p, </> )F( z) + 1_
00 

(V P<f> + /3 ( a 1 )]R(p, </>; a 1 )!R( z; a 1 )da1 = 

-k!Ll€,.(p, z) U(p, </> )F( z) - k! £: A€,.(p, z )R(p, </>; a 1 )!R( z; a 1 )da1 (5.16) 

In order to obtain the equations for U(p, </>) and R(p, </>, a), one may take advantage 

of the orthogonality of the form functions appearing in (5.16). More precisely, 

multiplying both sides of (5.16) by F(z) and integrating from -oo to oo, we obtain 

where 

00 

K(p) = -k! [
00 

Ll€,.(p,z)F2(z)dz 

Ku(Pi a 1) = -k! £: A€,.(p, z)R(z; a 1 )F(z)dz 

(5.18a) 

(5.18b) 

In a similar fashion, by multiplying both sides of (5.16) by !R•(z; a) and integrating 

from -oo to oo, one may write 

[v~ + /32(a)] R(z; a) = KOR(Pi a)U(p, </>) + £: KR.B.(Pi a, a 1 )R(p, </>; a 1 )da1 

(5.19) 
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where 

Kua(p;a) = -k! 1: Lle,.(p,z)F(z)~*(z;a)dz 

Kaa(Pi a, a 1) = -k! f,,,. Lle,.(p, z )~( z; ai)~*(z; a)dz 
-or, 

(5.20a) 

(5.20b) 

On the other hand, we know that U(p, <f,) and R(p, ¢,;a) are periodic functions 

of ¢,. Consequently, one may express them by the following Fourier series 

n=-oo 
00 

R(p, ¢,; a) = E Rn(p; a)dfl<P 
n=-oo 

(5.21a) 

(5.21b) 

Substituting (5.21a) into (5.16) and (5.21b) into (5.19) and using orthogonality of 

eifl<P we have 
' 

where 

(Bn + {3nUn(P) = Qn(P) 

[Bn +/32(a)] Rn(p;a) = Pn(p;a) 

(5.22a) 

(5.22b) 

82 1 8 n 2 

Bn = Bp2 + P Bp - P2 (5.23) 

Qn(P) = K(p)Un(P) + 1: Ku(p;a1 )Rn(p;a1 )da1 (5.24) 

Pn(p;a) = Kua(p;a)Un(P) + j"" KRR(p;a,a1 )Rn(p;a1 )da1 (5.25) 
-or, 

Equations (5.22)-(5.25) show the mutual interactions of the guided and radiation 

modes with nth harmonic of azimuthal variation. In order to obtain the explicit 

form of these interactions (5.22a) and (5.22b) must be solved. To this end, we use 

the Green's function approach. Therefore, first, we obtain the Green's function 

Gn(p,p'; a) satisfying the following differential equation 

(5.26) 
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The differential operator acting on G(p, p1
; a:) is the Bessel differential opera.tor. 

Therefore, one may expect the Green's function can be expressed in terms of the 

Bessel functions. Depending on the values of 132( a:) three different cases may hap­

pen. That is, 132(0:) > 0, 132(0:) = 0 and 132(0:) < 0. However, the case l32(a) < 0 

need not be treated separately. It can be directly obtained from the Green's func­

tion obtained for 132(0:) > 0 simply by changing l3(a) to -j/-132(0:). In Appendix 

F.1 the outlines of the derivation of the Green's function are described. Accord­

ingly, we have 

(5.27a.) 

(5.27b) 

(5.27c) 

where p< and p> denote smaller and the larger values of p and p', respectively. 

Having obtained the Green's function, one may solve (5.22a.) and (5.22b) for Un(P) 

and Rn(p), respectively. Solution for Un(P) is as follows 

Un(P) = [j; LP Jn(l31 p')Qn(p')p'dp'] H~
21

(l31 p) + 

[ j; t n<:' UV)Q .(p') p' dp'] J.({J, p) (5.28) 

where we have assumed that the grating extends from p =atop= L. Eq. (5.28) 

can be written in a. more convenient form, if one uses the following identity 

(5.29) 

More precisely, substituting (5.29) into (5.28), we obtain 

(5.30) 
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where 

An(P) = j: [lp 2Jn(f31 p')Qn(p') p'dp' + lL H~
21

({31 p')Qn(p') p'dp'] (5.31a) 

• L 

Bn(P) = ]: l H~
21

({31 p')Qn(p')p'dp' (5.31b) 

From (5.31a) and (5.31b), we obtain 

dAn = j1rpQ ( )H(l)(/3 ') 
dp 4 n P n 1P 

dBn = _j1rpQ ( )Hc21(/3 ') 
dp 4 n P n 1P 

where we have used (5.29). 

(5.32a) 

(5.32b) 

In order to obtain the solution for Rn(p; a), we consider those spectra of the 

radiation modes such that {32(a) > 0. The other cases can be treated in the same 

way. Following the same procedure as we have used for Un(P), we have 

where 

Therefore, 

8Mn = j1rp P. ( )H(l)[,B( ) ) 
8p 4 n p n Q p 

8Nn = _ j1rp P. ( )H<21 [,B( ) ) 
8p 4 n p n a p 

(5.35a) 

(5.35b) 

Eqs. (5.32) and (5.35) are the desired coupled-mode equations. This fact can be 

seen by substituting (5.30) and (5.33) into (5.24) and (5.25). That is, 
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In the next section we use the similar procedure to obtain the coupled-mode equa­

tions from (5. 7) in the presence of the second term on its right hand side. 

5.4 Vector Approach 

To derive the coupled-mode equations from (5.7), it is necessary to substitute for 

Eq, on the right hand side. To this end, we use the ideal mode expansion approach. 

According to (A.20), for TEz mode, we have 

Hz = _1 _{32wh 
µ,.(z) 

(5.38) 

where wh is the Hertzian scalar potential function. On the other hand, (A.19) 

states that 
awh 

Eq, = jwµ 0 Bp 

Comparing (5.38) with (5.39) leads to 

E jwµo8Hz 
"'= ~ 8p 

(5.39) 

(5.40) 

where we have assumed that µ,.( z) = 1. By ideal mode expansion, we mean that if 

one assumes the expression in (5.11) for Hz, the corresponding electric field is 

iwµa au - j"° iwµo all 
Eq, = - 132 -

8 
F(z) + {32( )-

8 
!l(z;a1 )da1 

l p -ao Ql p 
(5.41) 
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This assumption is the main difference between our approach and that was used by 

Erdogan [30). However, the approximation used by Erdogan reduces his formulation 

to ours when it is used only for the guided modes. 

Let us substitute (5.11) and (5.41) into (5.7) and follow the same procedure 

described in the preceding section. That is, using the Fourier series in (5.21) and 

talcing advantage of the orthogonality of the form functions. With this procedure, 

we end up with (5.22a) and (5.22b ). However, the main difference in the vector 

approach is the modification of Qn(P) and Pn(p;a). In fact, Qn(P) and Pn(p;a) 

reduce to 

(5.42) 

After solving (5.22a) and (5.22b) by Green's function method, it can be seen 

that the expressions for Un(P) and Rn(p;a) in (5.30) and (5.33) are still valid. 

Specifically, the coupled-mode equations in (5.32) and (5.35) are applicable in the 

vector approach. However, it should be noted that On(P) and Pn(P) are modified 

according to (5.42) and (5.43), respectively. This means that the derivatives of the 

amplitude functions· i.e. dAn dBn BMn and BNn appear on the right hand sides of 
' ' d.p ' d.p ' 8p ' 8p 

the corresponding equations. For example, by considering (5.33), we have 

d d rri2) dH(l) 
Un = dAn H(2)ca ) Bn H(l)ca ) A( )~ B ( )-n-
dp dp n /J1P + dp n /J1P + .l'1n p dp + n p dp (5.44) 
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When only the guided modes are concerned, Erdogan (30] simply by solving 

a system of two linear equations showed that the derivatives of the amplitude 

functions on the right hand side can be ignored. In this case we have a system of an 

infinite number of linear equations. However, as far as numerical considerations are 

concerned, one may ignore the derivatives of the amplitude functions on the right 

hand sides of the associated equations. In practice, by discretizing the integrals, 

one ends up with a system of finite number of equations. By transferring the 

derivative of the amplitude functions to the left hand side of the equations, the 

coefficient matrix is not the identity matrix anymore. However, it can be seen that 

the coefficient matrix is of the form 

C=l+B (5.45) 

where I is an 2n x 2n identity matrix. The general form of B is given by 

1:Z :z bl:Z -a3a 1 b 13 -a2 12 

a2 b12 1J 

l 12 
a1a3b13 

34 

-a4a1 b12 

34 

-a4a2b12 

34 34 

a3a1 b12 a3a:zb12 
B= 

1:Z 

-a:zalb34 

12 
a1aJb34 

34 

-a4alb34 

a 2b
34 

3 34 

12 
-a a b 

2 :z,. 2 .. -1,:z,. 

b
u 

ai a2,. 2 .. -1,2 .. 

34 
-a a b 

4 21' 2n-1 .:z,. 

b
34 

al a:z,. 2 .. -1.:z,. 

-a :z b:z .. -1.:z .. 

2n 2n-1.:z,. 

b:Zn-1,:Zn 
• a2 .. -1 a2 .. 2,.-1.:z,. 

(5.46) 

A careful look a.t B reveals that if one starts from the first row or the first 

column, one realizes that its two consecutive rows and columns are dependent. 

This special feature can be used to obtain the determinant of the coefficient matrix 

C. To see this fact, suppose that we do an elementary row operation such that the 
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first row of B vanishes. This operation reduces the matrix C to 

(5.47) 

The elements of B 1 are exactly the same as the elements of B except for the first 

row which is identically zero. Note that the determinant of C 1 is equal to the 

determinant of C. In the next step, we do an elementary column operation such 

that the second column of B 1 vanishes. As a result, C 1 reduces to 

(5.48) 

The elements of B 2 are exactly the same as those of B, except for its first row and 

second column which are identically zero. Now the whole idea is clear. One needs 

to continue the elementary row and column operation to eliminate the successive 

odd rows and even columns of B 2 • It should be emphasized that after each step, 

the determinant of Ci remains unchanged. After 2n step, one ends up with 

(5.49) 

where I is the identity matrix and B 2• is a matrix such that its odd rows and 

even columns are identically zero. All its nonzero elements are the corresponding 

elements of B. From the above considerations, C 2• can be written as 

1 

0 

0 

1 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

(5.50) 

It is a trivial matter to show that the determinant of C 2• is equal to 1. Consequently, 

the determinant of C is also equal to 1. 
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On the other hand, the right hand side of the system of equations is of the form 

D= 

a2 £ 13 

-a1L12 

a,L3, 

-alLl, 

a2 .. £2 .. -1,2 .. 

-a2 .. -1 £2 .. -1,2 .. 

(5.51) 

Now if we use Cramer's rule to obtain the ith unknown; that is, the derivative of 

the ith amplitude, the numerator is the determinant of the matrix 

C' = ~ +B' (5.52) 

where the elements of ¾ are the elements of the identity matrix, except for the 

iith element which is identically zero. Moreover, B' can be obtained from B by 

replacing its ith column by the column vector D in (5.51). Matrix B' has almost 

the same property as B; that is, starting from the first row every two consecutive 

rows are dependent. Similarly, starting from the first column every two consecutive 

columns are dependent except for the ith column and one of its neighbors. In this 

case by the elementary row and column operation it is possible to show that the 

determinant of C' is equal to the ith element of the column vector D. 

We have already shown that the determinant in the denominator is equal to 1. 

This means that the derivative of the ith amplitude in the system of coupled-mode 

equations is simply equal to the right hand side of the ith equation without the 

derivative of the corresponding amplitude. In other words, in vector approach, one 

may use the coupled-mode equations in (5.32) and (5.35) with Qn(P) and Pn(P, a) 
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given by (5.42) and (5.43), respectively. However, one may ignore the derivatives 

of the amplitudes appear on the right hand sides. This completes the derivation of 

coupled-mode equation using vector approach. 

In the next section, we briefly describe how to use the coupled-mode equations 

that we have derived in the threshold analysis of circular-grating lasers. 

5.5 Application to Circular-Grating Lasers 

The coupled-mode equations derived in Sections 5.3 and 5.4 can be used for a 

DFB laser near the threshold. However, due to the complexity of the equations, 

especially the presence of the radiation modes these equations must be solved by a 

perturbational approach. First, we expand the dielectric perturbation in a Fourier 

series and discard improper terms due to the phase mismatch. For example, first­

order interaction of the guided modes with the grating results in the whole spectrum 

of the radiation modes. For the sake of simplicity, we ignore the mutual interactions . 

of the radiation modes with each other. Moreover, as far as the laser operation is 

concerned, one needs to consider radiation modes in the visible range only. That 

is, those radiation modes with positive value of /32(0:). 

With the above considerations, by ignoring the radiation modes, one may obtain 

an initial guess for the guided modes. We can obtain the amplitudes of the radiation 

modes using the amplitudes of the guided modes in the coupled-mode equations. 

Substituting the amplitudes of the radiation modes in the coupled-mode equations 

describing the guided modes, results in the modified coupled-mode equations such 

that the radiation coupling factor comes into the picture. 

As suggested by (59] in treating DFB lasers with straight gratings, more accurate 
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calculation of the radiation modes is possible, if one solves the modified coupled­

mode equations to obtain a better approximation of the amplitude of the guided 

modes. These amplitudes in turn can be used to obtain a better approximation 

for the radiation modes. This procedure can be continued until it converges to a 

self-consistent solution. From the final coupled-mode equation, one may obtain the 

radiation coupling factor. 

5.6 Summary 

In this chapter we have developed a generalized coupled-mode equation for planar 

dielectric waveguides with circularly-symmetric gratings. The special feature in 

our formulation is the inclusion of the radiation modes. This feature distinguishes 

it from the previous works reported in the literature. We have considered two 

different approaches. The scalar approach is based on the ignorance of 8
8~~ in the 

fundamental governing equation. However, in the vector approach, the coupled­

mode equations are derived by considering 8
8~~. 



Chapter 6 

Conclusions and Direction for 

Future Research 

This concluding chapter provides a survey of the materials covered in the entire the­

sis and the scientific contributions resulting from this Ph.D. research work. More­

over, some guidelines for conducting the future research are presented. 

In this thesis, the emphasis has been to consider the radiation field in the model­

ing of CGSELs. This special feature distinguishes it from previous works. Moreover, 

including the radiation field in the model enables one to obtain better criteria for the 

design of these lasers. With this a.im in mind, the following original contributions 

have been achieved. 

• Developing the mathematical theory of radiation modes in a multilayer planar 

structure 

For the first time, a systematic and mathematically rigorous approach has 

been used in the study of lossless multilayer planar structures. The central 

focus in this study are the radiation modes. This formulation makes it easy 

156 
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to treat the radiation modes in a multilayer planar structure. By introducing 

the form functions and considering their inner products as distribution, the 

orthogonality of the radiation modes has been placed in a proper structural 

form. This is the most important contribution of this study. We have also 

proved the orthogonality of the degenerate radiation modes. As a consequence 

of this theorem, we have introduced another theorem called the Brewster 

theorem in honor of Brewster and the famous angle he introduced. For the 

first time, we have presented the mathematical proof of the simple analytical 

formulas for the normalization of the radiation modes. In addition, we have 

shown that the form functions of the radiation modes can be considered as 

a kernel of a generalized Fourier transform. Finally, we have presented a 

systematic approach for constructing real-valued form functions. All of these 

materials are covered in Appendix A. 

• Deriving closed-form spectral dyadic Green's function of multilayer planar 

structures 

Using the transfer matrix technique, we have derived a closed-form spectral 

domain dyadic Green's function of a multilayer planar structure. Therefore, it 

is very well suited for numerical implementation. The importance of this work 

stems from the fa.ct that both rectangular and cylindrical coordinate systems 

are treated in the same mathematical framework. Introducing auxiliary func­

tions in the cylindrical coordinate system brings about such a possibility. The 

formulation explicitly shows that the Green's function is independent of the 

branch cut of the dispersion parameter of each layer having finite thickness. 

This formulation has been used in the investigation of the far-field pattern of a 

novel circular-grating laser at threshold. Chapter 2 is devoted to considering 

these materials. 
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• Including the radiation effects in the threshold analysis of second-order CGSELs 

Inclusion of the radiation field in the threshold analysis of circular-grating 

lasers is another original contribution of this dissertation. The formulation is 

based on the azimuthally invariant electric field. Based on this assumption, 

for the first time, we have obtained the coupling factor to the radiation field in 

describing the mutual interaction of two guided modes in a cylindrical laser. 

The derivation of the radiation coupling factor has been done by using the 

Green's function method. Moreover, by using the TMM we have obtained 

the exact Green's function. 

• Developing the rate equations of second-order CGSELs 

The above-threshold analysis of circular-grating lasers is the heart of this 

thesis. For the first time, we have developed a model based on the time 

domain standing wave approach for treating second-order DFB lasers. This 

formulation is an alternative approach to the existing ones using the traveling 

wave method. In this model, starting from Maxwell's equations, we have 

derived the rate equations for the total number of photons inside the laser 

cavity and the phase of the optical amplitude. The effect of the radiation 

field has been properly and accurately included in the model. Although small 

signal and large signal analysis can be done from the rate equations, we 

have only considered the above-threshold static analysis of CGSELs. As a 

result, we have succeeded in obtaining the relationship between the injected 

current and the radiated output power. It is interesting to note that from 

this relationship it is possible to obtain some guidelines for the design of 

these kinds of lasers. Again, an azimuthally invariant electric field is the 

basic assumption in our formulation. 
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• Developing generalized coupled-mode equations of planar waveguides with cir­

cular grating 

As far as the effect of the radiation field in circular-grating lasers is concerned, 

our modeling is mostly based on the circularly symmetric beam assumption. 

On the other hand, the electric fields that have the first harmonic of az­

imuthal variation are the only aperture fields that can produce a nonzero 

far-field pattern on the laser axis. Therefore, the next step in the modeling 

of circular-grating lasers is to consider this type of variation. To this end, 

we have developed generalized coupled-mode equations in planar waveguides 

with circular gratings. The original contribution to this development is the 

inclusion of the radiation modes in the derivation of the coupled-mode equa­

tions. Our theoretical study of radiation modes is the core of this generalized 

formulation. We have derived the coupled-mode equations based on the scalar 

and vector approaches. 

The above is the scope of the main contributions of this research work in the study 

of circular-grating lasers. However, to make such lasers commercially available, 

there is still a long way to go. There are important theoretical and technological 

difficulties that must be faced in order to use these lasers in optical communication 

systems. We address some of these challenges in the next section. 

6.1 Suggestions for Future Research 

• Discriminating of different azimuthal modes 

One of the most important issues in the study and fabrication of circular­

grating lasers is the mode control mechanism. The theoretical formulation of 
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first-order circular-gratings reveals that the modes with different azimuthal 

orders are in competition. At least, within the limits of the validity of the large 

argument approximation of the Hankel functions, all even order azimuthal 

modes lase simultaneously and the same is true for azimuthal modes of odd 

order. The discrimination between even and odd orders can be done through 

phase control of the grating. Even if different orders of the Hankel functions do 

not behave in the same fashion, however, the mode competition in first-order 

circular-grating lasers is very high. In second-order circular-grating lasers, 

due to the presence of the complex coupling factor, it is not clear whether 

the mode competition is as high as in the case of first-order grating. To 

investigate this problem, it is necessary to obtain an accurate model to predict 

the behavior of the laser modes with different azimuthal orders. Although we 

have developed generalized coupled-mode equations for different azimuthal 

modes in the presence of the radiation modes, however, we do not recommend 

using this approach as a first attempt towards this end. 

An immediate next step in the study of drcular-grating lasers is to consider 

the laser mode with the first-order azimuthal variation. Since this type of 

field is almost linearly polarized, the easiest way to analyze this mode may 

be by the modification of the LP mode technique in the study of optical 

fibers. Armed with the analysis of this type of mode, one may assess different 

ways of discriminating between the circularly symmetric beam and the beam 

with the first-order azimuthal variation. In fact, the suppression of unwanted 

azimuthal modes is the most challenging issue in the study of circular-grating 

lasers. 

• Suppressing the radiation field in the substrate 

In general, the radiation field propagates both in the substrate and the cover 
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regions. This feature may be undesirable in many applications. Therefore, 

another challenging issue for future research is the suppression of the radiation 

field in the substrate. 

• Considering small signal and large signal analysis 

Needless to say, using these architectures in optical communication systems 

necessitate considering their modulation responses. Therefore, small signal 

and large signal analysis is another approach for future work. 

• Considering different architectures 

There are still other possibilities for designing circular-grating lasers. For 

example, one may design a laser with a passive second-order grating at the 

center enclosed by a first-order D FB laser, or, the other way around. That 

is, a first-order DFB laser at the center enclosed by a passive second-order 

grating. It is also possible to apply some other existing techniques used for 

improving the performance of surface-emitting lasers with straight gratings. 

For example, using a. two-section DFB/DBR with a continuous second-order 

grating and central pumped region (105], (106]. Finally, first-order circular­

grating DFB lasers can be used in folded cavity lasers. That is, by using 

an integrated mirror suited internally or externally to the laser cavity, the 

edge-emitting power is redirected in the normal direction. 

In summary, surface-emitting lasers using circular gratings are in the early stages 

of development. There are many opportunities for research. Much more theoretical 

and experimental work is required to make t!.em commercially available. Many 

problems are still open and can be the subject of other Ph.D. theses. However, those 

who are interested in entering into this area should be a.ware of many difficulties 
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in their way and the number of challenges ahead. Working in this area requires 

persistence. Insight and inspiration will follow. 



Appendix A 

Mathen1atical Theory of 

Multilayer Planar Structures 

A.1 Introduction 

The study of integrated optics starts with the stack theory of planar structures. 

Moreover, many important properties of most of the state-of-the art semiconductor 

lasers are based on the engineering of multilayer planar structures (MPSs ). For this 

reason, we have devoted an appendix on the theoretical study of these geometries. 

In fact, this appendix provides the necessary background material upon which the 

entire thesis is based. 

Although the core of the subject matter treated in this appendix is normally 

covered in the literature, however, we treat MPSs in a systematic and self-contained 

fashion. We use the potential approach in the study of MPSs which is a departure 

from customary practice of dealing with the components of the vector fields. We 

tackle a full vectorial problem by defining two suitable scalar potential functions. 

163 
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These scalar generating functions enjoy interesting properties among which the 

characteristic behavior of the electromagnetic fields in MPSs can be obtained. 

One of the main purposes of this appendix is to introduce suitable basis functions 

for treating radiation modes. We believe that the analytical method employed 

in the literature to prove the orthogonality relation of the radiation modes only 

satisfies credulous readers and can not be accepted by more scrupulous readers. 

In this appendix an attempt has been made to achieve mathematical rigor of this 

issue using the distribution theory. In this study some simplifying assumptions 

in treating of MPSs, e.g. symmetric geometries or limited number of layers have 

been relaxed. Especially, by using the transfer matrix method we treat arbitrary 

number of layers and prove the orthogonality of degenerate radiation modes. More 

importantly, simple analytical formulas have been derived for the normalization of 

radiation modes. This is the central focus of this appendix. 

A.2 Basic Formulation 

Let us consider the geometry shown in Fig. A.I. By a multilayer planar structure, 

we mean a stack of N homogeneous dielectric films which make a stratified medium 

sandwiched between two semi-infinite homogeneous dielectric mediums. The upper 

and lower semi-infinite mediums are called the cover and substrate, respectively. 

To make the formulation completely general, we also assume different homogeneous 

linear magnetic properties for each film or medium. For the sake of simplicity and 

for the purposes of this thesis, we assume no gain or loss in our model, i.e., we 

consider only lossless MPSs. 

The above description of the structure permits us to write Maxwell's equation 
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Figure A.1: The cross section of a multilayer medium consisting of N dielectric 

planar films 

in the ith source-free region as 

(A.1) 

(A.2) 

where eiwt time variation has been assumed. E0 and µ0 are permittivity and perme­

ability of vacuum, respectively. The subscript i denotes the associated layer number 

which can also be c or s standing for the cover and substrate, respectively. By an ar­

bitrary electromagnetic field we mean any electromagnetic field satisfies Maxwell's 

equation in each region subject to the boundary conditions at the interface and the 

radiation conditions at infinity. 
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In view of the solenoidal character of Ei in the ith region, we can express the 

electric field in terms of the curl of the so-called magnetic type of Hertzian vector 

potential Ilf [107] (pp. 30-34) as 

(A.3) 

Substituting (A.3) into (A.I) leads to 

1 h 
Hi = -V X V X Iii. (A.4) 

µr; 

where V · Ilf is as yet arbitrary. By imposing the Lorentz condition on Ilf [107] 

(pp. 30-34), the equation for Ilf becomes the vector Helmholtz equation 

(A.5) 

where k0 = w~ is the free space wave number. Note that the Hertzian vector 

potential defined in (A.3) is slightly different than that defined in [107] (pp. 30-34). 

In fact, the Hertzian vector potential in (A.3) is the multiple of the corresponding 

potential function defined in [107] (pp. 30-34). The reason of this fact will be 

explained later. 

In a dual manner, we let 

(A.6) 

where Iii is the electric Hertzian vector potential. Following the same line as before, 

we find that Iii satisfies the following equation 

and the electric field is given by 

Ei = .!.. v x v x rr: 
€,.; 

(A.7) 

(A.8) 
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In principle, an arbitrary electromagnetic field in each homogeneous source-free 

region can be expressed in terms of either IIf or IIi, i.e., a single vector potential 

function. For example, one may start from the general form of the solution of the 

vector wave equation (A.5) in each region and match the boundary conditions by 

using (A.3) and (A.4). However, this is a difficult task in practice. This problem 

can be solved by taking advantage of the special form of the field description in 

terms of vector potential functions in (A.3) and (A.6). More precisely, let us assume 

that ti is an arbitrary fixed unit vector. By choosing the particular form of Ilf as 

(A.9) 

and using (A.3), one obtains 

(A.10) 

As can be seen the corresponding electric field is perpendicular to the unit vector 

ti. Thus, the associated electric field due to the particular choice of IIf in (A.9) is 

transverse to ti; the so-called TEu field. In a similar fashion, the particular choice 

of IIi as 

II~ = ti\JI~ 
' ' 

(A.11) 

results in a transverse magnetic field with respect to the direction of ti. 

In general the associated fields due to the above choices of Ilf or IIi only satisfy 

Maxwell's equations in the ith region and do not satisfy the boundary conditions 

at the interfaces. Moreover, an arbitrary electromagnetic field is neither TEu nor 

TMu. Thus, these particular choices of Ilf and Ili are only useful if one employ 

the principle of superposition and express part of the field in terms of II? defined 

in (A.9). Therefore, the remaining part of the field which is of TMu type can be 

expressed by IIi in (A.11). In fact, an arbitrary electromagnetic field in each layer 
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can be decomposed into TEu and TMu parts. Now we express the electromagnetic 

field in each layer as 

(A.12) 

(A.13) 

where Ilf and Iii are directed in the u direction as expressed by (A.9) and (A.11), 

respectively. Thus the TEu part of the field can be derived from Wf and Wi generates 

the TMu part. Using the identity 

V X V X II~c,11.) = vv · II~c,11.) - V 2 II~c,11.) 
' ' 1 

and noting that Iii and Ilf are the solutions of (A.5) and (A.7), we obtain 

(A.14) 

H • A vtT,e 1 V(8Wf) k2.T,h• (A ) 
i=-JW€0 UX '.ri+ f,.i au +µ.,.i 0 '.rill .15 

where u is the variable along the u direction and Wf and Wi are the solutions of 

scalar Helmholtz equation 

(A.16) 

We shall find it possible to choose ,Pi and Wf sufficiently general to express an 

arbitrary electromagnetic field by (A.14) and (A.15). Thus, an arbitrary electro­

magnetic field in each source-free homogeneous layer can be expressed by the two 

types of scalar potential functions Wf and Wi. 

A.3 LSM and LSE Fields 

In the preceding section a general method for constructing an arbitrary electro­

magnetic field in a source-free MPS has been described. This method is completely 
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general and can be applied to an arbitrary piecewise homogeneous and source-free 

region. It has been shown that in general two types of scalar potential functions 

completely determine an arbitrary electromagnetic field in a source-free MPS. In 

Chapter 2, we have used Green's function approach to study MPSs in the presence 

of the source. In that case, by using the principle of superposition, we have shown 

that the source-free constraint can be relaxed and even in the presence of the source 

the electromagnetic fields can be obtained from the two types of scalar potential 

functions. In this appendix we stick on the source-free constraint. 

As far as engineering is concerned, we are interested in constructing of electro­

magnetic field in their simplest form. More importantly, these simplest fo:rms of 

solutions can be considered as the building blocks of more general solutions. There­

fore, the question may be raised at this point is that 

How to construct the simple forms of the solutions of the Maxwell's equa.tions in a. 

MPS? 

To answer the above question we have to specify what we mean by the simple 

form of the solutions. Let us consider the simple forms of the solutions as those 

kinds of solutions that can be obtained from one type of scalar potential function. 

In this context, the above question can be answered by a careful study of (A.14) 

and (A.15). It should be mentioned that the direction of ii in (A.14) and (A.15) is 

completely arbitrary. For planar structures it is natural to choose u either parallel 

or perpendicular to the planar interfaces. We now consider each case separately. 

Case A: ii is parallel to the planar interfaces 

In this case any attempt to construct an electromagnetic field from one type 

of the potential functions without any restriction on the potential function leads 

to a complete failure. For example, suppose that we want to construct an elec­

tromagnetic field from '1if's. With this goal in mind, from (A.14) and (A.15) we 
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(A.17) 

(A.18) 

Now (A.17) requires that €ri 'lTf's be continuous at each interface whereas (A.18) 

results in the continuity of ~- 'lTf's. A dual reasoning can also be applied to show 
I 

that in general a potential function of the electric type only is not sufficient to 

support an electromagnetic field. However, a suitable condition on the potential 

functions makes it possible to construct an electromagnetic field from one type of 

the potential function only. 

Let us assume that 'lTf's are independent of the coordinate normal to ti in 

the planar interfaces. In this case, the electromagnetic fields constructed from 

(A.17) and (A.18) have only three components and completely fulfill the boundary 

conditions at all interfaces. The only requirements are the continuity of 8
8:,.. and 

-
1
- 8

8 (aa~~) at all interfaces. By !_, we mean the directional derivative with respect 
µ-ri n n un 

to the normal to the interfaces. Moreover, it can be shown that 8
:} is the solution 

of the following partial differential equation 

As will be shown later, the above conditions are completely self-consistent. Impos­

ing similar conditions on 'lTf s bring the possibility of constructing an electromag­

netic field from wf s only. 

It is always possible to rotate the coordinate axes parallel to the planar interfaces 

in such away that the dependence of the potential function on one variable vanishes. 

Therefore, in principle, choosing a suitable direction parallel to the interfaces of a 

MPS makes it possible to generate an electromagnetic field from only one type of 
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the potential function. However, each simple form is associated with a different 

direction. This is the main drawback of choosing ti parallel to the interfaces. 

Case B: u is perpendicular to the planar interfaces 

With this choice of u, (A.14) and (A.15) reveal the possibility of single-potential 

construction without any restrictive condition on the potential functions. In this 

case, the boundary conditions require that 

VtW?+ilz=d. = VtW?lz=d. i = 0,1,2, ... N 

1 8W?+1 I _ 1 8-wf 
-Vt(----) z=d. - -Vt(-)lz=d. 
µ.,.i+l Bu µ.,.i au 

i = 0, 1, 2, ... N 

where the indices O and N + 1 correspond to the substrate and cover layers, re­

spectively. Therefore, continuity of Wf's and the normal derivatives of ~- Wf 's at 
I 

each interface are sufficient to meet the above requirements in constructing TE0 

field. Whereas construction of TMu requires that Wfs and the normal derivatives 

of ...!... Wf s be continuous. Furthermore, this choice of u direction is useful not only 
~ri 

in the rectangular coordinate system. It is also advantageous to choose u in the 

axial direction of the cylindrical coordinate system which is usually set up in the 

direction perpendicular to the planar interfaces. 

In this case, since the electric field of the so-called TE0 field does not have any 

component transverse to the interfaces and completely lies in the planar interfaces, 

the field is also called the longitudinal-section electric (LSE) field. These types 

of fields first were introduced in the investigation of closed-boundary waveguides 

[107] (Chap. 6.). Therefore, the word 'longitudinal' is more appropriate for closed­

boundary waveguides rather than MPSs. However, we use the same terminology 

in the investigation of MPSs. By the same token, the TMu field generated by 

the electric Hertzian potential function is referred to as the longitudinal-section 

magnetic (LSM) field. 
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As illustrated in Fig. A.1, the coordinate axes are set up in such a way that 

the z axis is normal to the interfaces. As will be shown later, this choice of the z 

axis makes it possible to use the same footing in the investigation of MPSs in the 

rectangular and cylindrical coordinate systems. Now the LSE and LSM modes in 

a coordinate-free system can be described as 

LSE mode: 

subject to the continuity of q,~ and -1 8
:"' at all interfaces. 

11-T-i % 

LSM mode: 

He • • v•T•e 
i = -JWE0 Z X ~i 

(A.19) 

(A.20) 

(A.21) 

(A.22) 

subject to the continuity of \{Ii and E!- 8
8~~ at all interfaces. lPt"'' are the solutions 

I 

of the (A.16). 

The special forms of the Hertzian potential functions defined in (A.3) and (A.6) 

result in the continuity of the potential functions and the discontinuity of their 

normal derivatives at all interfaces. However, those defined in [107] (pp. 30-34) 

require that the normal derivatives be continuous and the potentials themselves 

be discontinuous at each interface. This behavior is the result of the continuity of 

appropriate field components at the interfaces. Since all the normal derivatives must 

be considered as one-sided derivatives, it is not a problem at all. However, we are 

interested in the continuity of the potential functions rather than their derivatives. 

For this reason, we use (A.3) and (A.6) as the definition of the Hertzian potential 

functions. 
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Equations (A.19)-(A.22) are the starting point in the study of MPSs in a 

coordinate-free system. In the absence of the current source, the LSE and LSM 

fields are decoupled and can exist independently. Since the fields are obtained from 

the scalar potential functions, one might expect these generating scalar fields com­

pletely reflect the properties of the electromagnetic fields in MPS. Therefore, it is 

natural to focus on the potential functions rather that the vector fields. This is the 

topic of the following section. 

A.4 Characterization of the Potential Functions 

So far, we have shown that how a vector field problem in a MPS can be reduced to 

a scalar one. This problem can he further simplified if one tries to find the simplest 

form of the potential functions. We turn now to a systematic treatment of this 

matter. To this end, we return to (A.16), the basis for constructing the potential 

functions. According to (A.16), wt"> are the solutions of the scalar Helmholtz 

equation 

(A.23) 

where V~ is the Laplacian operator in the transverse plane to the z axis. Since the 

Helmholtz equation is separable, it is possible to find the solutions of the form 

(A.24) 

where ( u 17 u2 ) are suitable transverse coordinates to the z axis, i.e., ( :z:, y) and (p, </>) 

in the rectangular and cylindrical coordinate systems, respectively. 

The special factorization form in (A.24) follows from Marcuvitz [109] in the 

treatment of the closed-boundary waveguides. To explain the basic idea, let us 
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Perfect electric conductor 

5 

Figure A.2: The cross section of a closed-boundary waveguide 

consider a general closed-boundary waveguide with an arbitrary cross section trans­

verse to the propagation direction as illustrated in Fig. A.2. According to Marcu­

vitz [109], the electric and magnetic field components of each mode of the closed­

boundary waveguide are factorable into the form functions, depending only on the 

cross-sectional coordinates transverse to the propagation direction, and into the am­

plitude functions, depending only on the coordinate in the propagation direction. 

That is, 

E
(c,1&)( ) (c,i.)( ) (c,1&)( ) u, v, z = a z e u 1 , u2 

H
(c,1&)( ) _ (c,I&)( ) h(c,1&)( ) u,v,z - a z u 1 ,u2 

(A.25) 

(A.26) 

where ( u 1 , u2 ) are suitable coordinates transverse to the propagation direction. The 

characteristic equation of the waveguide can be obtained by applying the boundary 

conditions on the waveguide cross section. 

Using the Marcuvitz terminology in the factorization of the potential functions 

in (A.24), the form functions of a MPS depend only on the z variable ( cross-sectional 

coordinate) and the amplitude functions are dependent on u and v coordinates ( di­

rection of propagation) transverse to the z axis. The mathematical representations 
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of the amplitude functions defined by Marcuvitz for closed-boundary waveguides 

are the same for waveguides with different cross sections and the form functions 

depend on the geometry of the cross section of the waveguide. However, in the 

case of MPSs, the form functions have the same mathematical representation and 

the amplitude functions are geometry-dependent. In both cases by applying suit­

able boundary conditions on the form function, the characteristic equations of the 

waveguide can be obtained. In order to satisfy the boundary conditions at all in­

terfaces, the dependence of the potential functions on u and v in each layer must 

be the same. For this reason, the amplitude functions in (A.24) do not depend on 

the layer index. 

Using the method of separation of variables, the amplitude functions in the 

rectangular coordinate system can be written as 

(A.27) 

With a suitable coordinate transformation, that is, by rotating the planar coordi­

nates in the z-y plane, the amplitude functions can be rewritten as 

where 

Consequently, if one substitutes (A.24) and (A.27) into (A.16), one finds that 

Ft°"1 
( z) are the solutions of the following differential equation 

d2 p<c,,.> 
i + ( . k2 - [,B(c,")]2) F~c,,.) = Q 

dz2 €",µ"i o ' (A.28) 

Now the boundary conditions for the the LSE field require that 

i = 0, 1,2, ... N (A.29) 
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_l_dFi~l la. = _...!:__ dFih la. i = 0, 1, 2, ... N (A.30) 
µ .. i+i dz µ..i dz 

The form functions F{( z) of the LSM field satisfy the following boundary conditions 

i = 0, 1, 2, ... N (A.31) 

1 dF{H I 1 dF{ I -----c4 = ---c4 
€..i+i dz e,.i dz 

i = 0, 1, 2, ... N (A.32) 

Note that the continuity of the form functions is the direct consequence of choosing 

the Hertzian potential function as defined in (A.3) and (A.6). 

Using the same technique in the cylindrical coordinate system, the amplitude 

functions can be written as 

(A.33) 

where Bn[,Bc~,,.> p] are suitable Bessel functions satisfying 

d2 Bn + ! dBn + ([,B(c,1')]2 _ n
2

) Bn = O 
dp2 P dp P2 

(A.34) 

On substitution of (A.24) and (A.33) into (A.16) and using (A.34), it can be easily 

seen that Ft°,.1(z) satisfy the same differential equation in (A.28) with the same 

boundary conditions. 

The important implication of the above considerations is that the investigation 

of MPSs in the rectangular and cylindrical coordinate systems leads to the same 

characteristic behavior of the form functions. This makes it possible to treat these 

structures on the same footing. Since the form functions completely determine the 

nature of the electromagnetic field supported by the MPS, we entirely focus on 

these functions. 

As will be shown later, the solutions of (A.28) fall into two basic categories. The 

first type of the solutions for the form functions leads to those kinds of electromag­

netic fields that are tightly bound to the stack and can not reach very far inside 
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the cover or the substrate. These types of fields are called surface waves or guided 

modes. The surface waves are peculiar to MPSs and in order to be supported at 

least two barriers are needed to trap the wave. Solutions of these types lead to an 

eigenvalue problem with a discrete set of eigenvalues. 

There are still other types of the form functions that lead to the so-called ra­

diation fields. These types of form functions have an oscillatory behavior in the 

substrate and cover or in the substrate only. Since the resulting electromagnetic 

field is no longer tightly hound to the stack, it is sometimes referred to as an un­

bound state in analogy with the hydrogen atom. These states are necessary to 

describe the scattering phenomena in MPSs. More detailed study of the radiation 

modes will be done later in this appendix. 

From the above considerations, the form functions are central to the investiga­

tion of MPSs. Since these functions satisfy the differential equation (A.28) subject 

to the boundary conditions (A.29) and (A.30) or (A.31) and (A.32), it is worth seek­

ing a systematic approach to tackle (A.28) in MPSs. To this end, we have shown 

that (A.28) and the corresponding boundary conditions can be replaced with suit­

able matrix equations. Since this thesis heavily relies on this method, in Appendix 

B.1 this technique is described in more details. 

A.5 Surface Waves 

Multilayer planar structures have the potential of guiding electromagnetic waves. 

This characteristic feature enables MPSs to support an electromagnetic field that 

is tightly bound to the stack with an exponential amplitude decay both in the 

substrate and cover regions. Therefore, MPSs are sometimes referred to as open­

boundary or surface waveguides. The mechanism of guidance in a MPS is based 
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on the trapping of the wave between at least two barriers. This phenomena is only 

possible if there exist at least one layer with index l such that its refractive index 

✓µr,41 ko is larger than max:(✓~c4c ko, ✓µr.4. ko)-

The study of surface waves or the so-called guided waves in MPSs is very similar 

to the study of an electron trapped in multiple quantum wells. Each eigenvalue of 

Schrodinger equation correspond to an allowed energy state of the electron. In 

a similar fashion, surface waves are the eigenvalue solutions of the characteristic 

equation of a MPS. 

Since form functions reflect the characteristic behavior of the electromagnetic 

wave in a MPS, it can be easily seen that a MPS can support a surface wave with 

a form function defined in the entire space as 

( " h.) (e,h.)( d ) a • e-"Yc z- N 
C 

F (e,h.)(z) = A(e,h.) h[ (e,i.)( ,J_ )] B(-,,h.J h[ (o,,h.)( ,l_ )] 
i C "Yi Z - Ui-1 + i S "Yi Z - Ui-1 

be,,,,., e"'•z 
• 

z > dN 

~-1 < Z < ~ 

z<O 
(A.35) 

where ch(•) and sh(•) stand for cosh( •) and sinh( • ), respectively. Moreover, 

(A.36a) 

(A.36b) 

(A.36c) 

a<"'•"' • nk d b d • d • ch h F(e,h.)( ) all /J 1s as yet u nown an to e etermme m su a way t at z meet 

required boundary conditions. 

In Appendix B.1 we have discussed how the boundary conditions can be reduced 

to a matrix equation. More precisely, the boundary conditions at each interface 
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z = ~ , i = 1 ... N - 1, leads to a matrix equation 

(A.37) 

where T~:~~i is a transfer matrix between two adjacent layers i and i+ 1. Its elements 

are derived in Appendix B.1. In a similar fashion, the boundary conditions at z = 0 

requires that 

(A.38) 

where 

(A.39) 

with pe = ~, ph = ~. Finally, applying the boundary conditions at z = dN leads 
€..-. µ,,., 

to 

(A.40) 

Different approaches use the so-called matrix formalism for obtaining the char­

acteristic equations of a multilayer stack [110]-[112]. The essence of this method is 

based on the three matrix equations in (A.37)-(A.40). By successive elimination of 

the amplitude coefficients of the form functions in each region, we end up with a 

system of two homogeneous linear equations in two unknowns 

where 
0 

T
(e.A) __ II T(e.A) 

i+1,i• 
i=N 

(A.41) 

(A.42) 
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Note that from (B.14), we have 

0 

II ( (c,,.) ) 
det Ti+i,i 

i=N 

(A.43) 

where c; = µ,.; and c; = 4;. Multiplying both sides of the matrix equation ( A.41) 

b h • [ (c,,.) y t e row matnx "Ye 1) leads to the cancelation of a~«,,.I . Nontrivial solution 

requires that the resulting coefficient of b~e,h.) be equal to 0. That is, 

(A.44) 

The two different equations in (A.44) are the characteristic equations of the 

normal LSE and LSM fields of the MPS shown in Fig.A.I. The roots of these 

equations are the eigenvalues of the surface waves, the so-called normal mode prop­

agation constants. A careful look at ( A.44) reveals that the characteristic equations 

are the determinants of coefficient matrices in (A.41). As shown in Appendix B.1, 

for a lossless MPS the elements of the transfer matrices are real. Therefore, from 

(A.36a), (A.36c), and (A.44) the characteristic equation of a lossless MPS is a real 

f t • f 13<•,,.I 0 f unc 10n o , 1 

In fact, the real roots of the characteristic equations (A.44) in the range of 

i=l,2, ... N (A.45) 

correspond to the eigenvalues of the surface waves that can be supported by the 

MPS. The largest root gives the fundamental mode. 
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Multiplying both sides of (A.41) by (T<«,11.i)-l leads to 

(A.46) 

If one multiplies both sides of the above equation by the row matrix [-,~"'•,.> 1] 

and uses the same arguments, one obtains the characteristic equations of LSM and 

LSE modes in the form 

(A.47) 

At first glance, the two types of the characteristic equations in (A.44) and 

(A.47) seems to be different. However, except within a multiplicative factor, these 

two equations have the same mathematical representations. More precisely, we 

have 

[ 

1 l ( ... ,., ( l] (T(c,h))-1 = ~ X -[ (c,h) 
(c,i.) c(c,h) le 

-le C 

Therefore, (A.44) and (A.47) have the same roots. 

l]T(c,h) [ 1 l) (A.48) 
(c,i.) ,, 

The characteristic equations of the MPS can still be written in a different form. 

For example, by changing the variable z to u = dN - z, the characteristic equations 

reduce to either 

(A.49) 

or 

(A.50) 

where 

(A.51) 
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A [ 1 0 ] To,1 = 0 q(c,A) 
(A.52) 

(A.53) 

{A.49) are totally different, however, physical considerations require that these two 

different characteristic equations have the same set of solutions. The same is true 

for (A.47) and (A.50). 

Since the form functions are the solutions of a homogeneous differential equation 

with homogeneous boundary conditions, they can be obtained within a multiplica­

tive constant. Therefore, one of the coefficients can be chosen arbitrarily. If, for 

example, b~"-'"1 is chosen as a real number, from matrix equations in (A.37)-(A.40) 

and noting that the eigenvalues of the surface waves are within the range specified 

in (A.45), it can be shown that the form functions are real valued. 

Further interesting properties of the form functions associated with the surface 

waves may be obtained by using the following definition. 

DEFINITION A.I Let Ft'"1(z) and Ft'">(z) be two entire form functions corre­

sponding to two surface waves supported by a lossless MPS. The notation 

denotes the symmetric inner product of F!"·'">(z) and Ft'">(z) and is defined by 

F(c,A) z:,C•,A) -100 
C•-"l( )F<"·">c )z:,C•,">c )d < a , .L'b >- W Z a Z rb Z Z 

-00 
(A.54) 

where we(z) = 1!.,(:) and wh(z) = µ..(:)" The notation 
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denotes the Hermitian inner product of F!e,,.l ( z) and Ft°"1 
( z) which is defined as 

F
(e,1') z:;,(e,1') -100 

(e,1')( )F(e,1')( )[ i;,(e,1'){ )]*d 
~ a , rb ~- W Z a Z .rb Z Z 

-00 
(A.55) 

where * means complex conjugate. 

An important property of the form functions is the orthogonality relation which is 

stated in the following theorem. 

THEOREM A.1 Let Ft"1(z) and Ft°"1(z) be two different form functions of a 

lossless MPS corresponding to two different eigenvalues /3~e,,., and f3t"1
, respectively. 

Then 

F
(e,1') r;,Ce,1') _ Q 

< a ,.rb >- (A.56) 

and 

F
( e,1') r;,C e,1') Q 

~ a ,.rb ~= (A.57) 

The proof of the above theorem is given in Appendix B.2. Note that (A.57) is not 

valid for a lossy MPS. Moreover, there is no cross orthogonality between pe and 

ph_ 

By a symmetric MPS, we mean a MPS such that 

The form functions of surface waves in a symmetric MPS enJoy an interesting 

property. They are either symmetric or asymmetric. More precisely, a MPS can 

not support a surface wave with a form function which is neither symmetric nor 

a.symmetric. This important property is stated a.s follows. 
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. L. .L . 

Perpendicular Polarization Parallel Polarization 

Figure A.3: Two different polarization states 

THEOREM A.2 The form functions of surface waves supported by a symmetric 

MPS are either symmetric or asymmetric about the plane of the symmetry of the 

MPS. 

We have proved Theorem A.2 in Appendix B.3. When we introduce radiation 

modes of MPS, it will be seen that the above theorem is not necessarily valid for 

the radiation modes. 

In the next section the other possible solutions for the form functions, the so­

called radiation modes, will be discussed. Since our approach is based on the plane 

wave concepts, it is also insightful to relate the wave guiding mechanism of MPSs 

to plane waves . As noted earlier, the solutions of the characteristic equations of a 

MPS are within the range specified by (A.45). Therefore, at least in the l-th layer 

with the highest value of the refractive index ✓µr1 frp we have 

(c,h) 
✓µr1 €r1 ko > {3 

Using ( A.35) and ( A.36b ), the above condition means that the electromagnetic 

field within the l-th layer can be considered as a superposition of an upward and 

downward propagating plane wave. With the plane wave concepts, as illustrated in 
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Fig. A.3, the LSE and LSM modes correspond to perpendicular and parallel polar­

ization [113], respectively. Moreover, no matter whether or not the electromagnetic 

field within other layers can be expressed as a superposition of plane waves, there 

is no possibility of the waves escaping from the boundaries at z = 0 and z = dN. 

Therefore, in the z direction, the MPS can be considered as a one-dimensional 

transmission line resonator. 

The resonance condition, referred to as transverse resonance condition [114], 

leads to the characteristic equations in (A.44) or (A.47). Such a behavior is the 

physical basis of wave guiding property of MPSs. Moreover, with this physical 

picture in mind, we see that why there is no possibility to have surface waves with 

eigenvalues larger than max( Jµr. fr. ko ). 

A.6 Radiation Modes 

As mentioned earlier, there is still other possibility to construct an electromagnetic 

field in a MPS such that the field reaches undiminished to infinite distances in the 

substrate or cover regions. Due to this property, these types of modes are called 

radiation modes. In the literature, it is common practice to study the radiation 

modes of MPSs after investigating the guided modes. However, in principle, these 

types of modes are introduced much sooner than that. In fact, radiation modes are 

considered as the simplest examples of the solutions of Maxwell's equations in the 

elementary courses of electromagnetics. 

The concepts such as plane waves, normal and oblique incidence of plane waves 

on a dielectric or several dielectrics are nothing but the radiation modes. Therefore, 

one may expect that these modes are not peculiar to MPSs. More precisely, there 

is no need to have any barriers for supporting the radiation modes. For example, 
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free space can support its own radiation modes. In fact, all modes of free space 

are radiation modes. Two semi-infinite dielectric materials separated at a barrier, 

or even a dielectric film sandwiched between two other dielectric regions of higher 

refractive indices can support radiation modes. Whereas, it is not possible to have 

guided modes in these structures. This fact is a distinctive feature of radiation 

modes in comparison with the guided modes. 

The form functions of the radiation modes of a MPS and the study of a free 

electron incident on the several potential barriers are dual problems. It is well­

known that there is no restriction on the electron's energy. Therefore, radiation 

modes can be considered as an eigenvalue problem with a continuous spectrum. 

Mathematically, radiation modes are not square integrable functions. Therefore, 

no physical process can excite a single radiation mode. This is another difference 

between the radiation modes and the guided modes. Superposition of radiation 

modes, however, within a range of their spectra leads to a physical system. This 

idea is very similar to the so-called wave packet concept in quantum mechanics. In 

fact, the wave function of a localized particle can be considered as a superposition of 

the wave functions of a free particle which is a non-physical system. In the theory 

of Fourier transforms we have a similar situation. That is, even if the Fourier 

kernels are not square integrable, however, every square integrable functions can 

be considered as a superposition of them. 

Like guided modes, radiations modes are orthogonal among themselves. How­

ever, the orthogonality is not in the ordinary sense. In fact, as will be explained 

later, radiation modes are orthogonal in the distribution sense. Radiation modes 

are also orthogonal to each guided modes in the ordinary sense. In view of the 

orthogonality of the radiation modes, constructing an orthonormal set of these 

modes is highly desirable. However, since these modes are not bound, this task 
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does not seem to be quite straightforward as in the case of guided modes. Detailed 

investigation of these important issues are addressed in this section. 

After this introduction we turn now to the way of constructing of the basis func­

tions of the radiation field in a MPS. In the preceding section, the mechanism of 

waveguidance of MPSs has been described in terms of the excitation of plane waves 

inside the stack which suffer total internal reflection at some boundaries. The ques­

tion may be raised at this point is that whether it is possible that a traveling wave 

exists inside the cover or substrate regions with such mechanism. It should be noted 

that such a behavior necessitate that either {3(c,1o) < max( ✓µ.,.ce.,.c k0 , ✓µ.,.,e.,.J k 0 ) or 

p<c,,.I be purely imaginary number. A non trivial field of this type results in the de­

terminantal equations of the form (A.44). However, within the range shown above, 

there is no value of {3(c,1oJ such that the resulting field exhibits such a characteristic 

behavior. Physically, it is impossible to obtain steady power from a finite amount 

of energy. This is why the determinantal equations do not have any solutions in 

this range. This fact provides us other possibilities for constructing the solution. 

With a proper discontinuity of the appropriate field components in a finite range, 

it is possible to have a purely traveling wave in the cover or in the substrate. Such 

fields, however, are not the solutions of homogeneous Maxwell's equations. In fact, 

they are responses to some kinds of excitations. This is the topic Chapter 2 in 

dealing with the Green's functions in the spectral domain. If this discontinuity 

recedes to z = ±oo, the problem reduces to the excitation of the MPS with a plane 

wave which is still a homogeneous problem. It should be noted that, however, 

solutions of these types have standing waves nature at least in the cover or in the 

substrate. 

Let us excite the MPS shown in Fig. A.4 with a plane wave incident from the 
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z 

Figure A.4: Cover radiation modes 

top in the cover. Moreover, assume that 

(A.58) 

It is not difficult to show that the entire form functions Ft"> ( z; s) are of the form 

F (e,1')( ) 
c z;s = 

where 

bcei•(z-dN) + a~e,1') ( s) e-i•(z-dN) z > dN 

At"1(s)ch[·Yi(z - ~-d] + Bt"1(s)sh[;i(z - ~-d] ~-1 < z < di 

S = ✓ µ,.cf.,.c k! - 132 > Q 

"Yi = ✓ 132 
- µ,.i e,,.i k! 

T. = ✓ µ,.. e,,.. k! - 132 

z<O 
(A.59) 

(A.60a) 

(A.60b) 

(A.60c) 
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In our terminology, the radiation modes with the above form functions are 

called cover ra.diation modes or cover modes for short. As will be explained later, 

this terminology is slightly different than the conventional one usually used in the 

literature. For the cover radiation modes it is usually more convenient to consider 

the real variable s, called radia.tion para.meter, as an independent variable and 

express the dispersion parameters defined in (A.60) in terms of it. Therefore, 

{3 = ✓ µrcf..c k~ - S2 

"Yi = J(µrcfrc - µrie..Jk~ - s2 

T• = J(µr.fr. - µrce..Jk! + s2 

(A.61a) 

(A.61b) 

(A.61c) 

Note that the value of s is not restricted to some discrete values. It covers the 

complete range of positive real numbers. Now some important results can be derived 

from (A.61). As can be seen from (A.61a) within the range 0 < s < Jµrc€"c k0 , {3 

is real and O < /3 < Jµrc€rc k0 • All cover modes with radiation parameter in this 

range are called visible or propagating cover modes. The term propagating means 

propagation in the direction transverse to the z axis. These modes are associated 

with real values of {3. On the other hand, for s > Jµrc€rc k0 , /3 is purely imaginary. 

We call these types of radiation modes, with imaginary values of {3, invisible or 

decaying cover modes. For the sake of mathematical completeness, invisible modes 

are necessary to describe an arbitrary discontinuity in the amplitude functions at 

the junction of two different waveguides. 

From (A.58) and (A.61c), one may find that r. > s > 0. Thus, if the refractive 

index of the substrate is larger than that of the cover, the field of the cover mode 

in the substrate region is of traveling type irrespective of the radiation parameter. 

Of course, this field in the cover region is a standing wave. Since the amplitude 

be is related to the incident plane wave, we call it incident amplitude. Incident 
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z z 

Cover: 

(a) ( b) 

Figure A.5: Substrate radiation modes: (a) Type I. (b) Type II. 

amplitude can be chosen arbitrarily. All other amplitudes are called scattered 

amplitudes. Scattered amplitudes can be uniquely determined in terms of the 

incident amplitude. 

There is still other possibility to construct radiation modes. Let the MPS be 

excited by a plane wave incident from the bottom in the substrate as depicted in 

Fig. A.5. In this case the entire form functions Ft"'> ( z; s) can be described by the 

following expression 

F (~,A)( ) 
• z;s = 

z<O 
(A.62) 
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where s > 0 is the radiation parameter and 

{3 = ✓ µ,.. e,.. k! - s 2 
, 

'Yi= ✓(µ,..e,.. - µ,.ie,.Jk! - s 2 
, 

'Ye = ✓(µ,..€,.. - µ,.ce,.Jk! - s 2 
• 

191 

(A.63a) 

(A.63b) 

(A.63c) 

The radiation fields wit~ the form functions in (A.62) are called substrate radi­

ation modes or substrate modes for short. Again our terminology, using substrate 

modes as a class of radiation modes, is different than that in the literature. Note 

also how the role of radiation parameter has been changed. For these modes a. is 

called incident amplitude and all other amplitudes are called scattered amplitudes. 

Radiation parameters in the interval O < s < ✓µ.,..e,..k0 correspond to the visible or 

propagating substrate modes and those larger than ✓µ,..e,.. k0 are associated with 

the invisible or decaying modes. 

From (A.58) and those values of s such that O < s < ✓µ,..e,.. - µ.,.cf.,.c k0 , 'Ye is 

real. This means that the wave can only tunnel the barrier at z = dN and has a 

decaying character in the cover. These types of radiation modes are called substrate 

modes of type I. For these modes /3 is within the range ✓µ,.ce,.cko < /3 < ✓µ,..e,..k0 • 

Substrate radiation modes of type II are those substrate modes that are obtained 

for s > ✓µ,..E,.. - µ,.ce,.c k0 • These modes have traveling wave character in the 

cover. Therefore, substrate modes are either decaying or traveling wave in the 

cover. These modes are standing wave in the substrate. It should be noted that {3 

in the above consideration is doubled-valued. We have only considered positive or 

positive-imaginary values of {3. 
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A.7 LSEM Fields 

So far, we have categorized the electromagnetic fields supported by a MPS as LSE 

and LSM fields. In either type of fields we have one component transverse to the 

planar interfaces. However, when radiation modes come into the picture there is 

possible to have an electromagnetic field that completely lies in the transverse plane 

to the z axis. Therefore, in order to be consistent with our terminology, we call 

these types of fields longitudinal section electric and magnetic (LSEM) fields. 

In order to see how these fields can exist in a MPS, let us start from a LSE 

radiation mode. The field components can be derived from (A.19) and (A.20). 

Especially, we have 

Hh = _!-_ 82 '1'? k2,Tr~ 
Zi 82 + €,-i O 'J!' l 

µ,.i z 
(A.64) 

In order that H! be zero, it is necessary to have 

a2 wf 2 h 
a2z + µ,.iEri ka wi = 0 (A.65) 

On the other hand Wf is the solution of (A.16). Substituting (A.65) into (A.16}, 

we have 

(A.66) 

Now, if we write ~'? as a product of the form function and amplitude function as 

shown in (A.24), the conditions in (A.65) and (A.66) necessitate that 

d2Fih 2 h 
dz2 + µ,.i E,.i ko Fi = 0 (A.67) 

(A.68} 

The amplitude function of the LSEM field is the solution of Laplace equation. 

This means that we do not have wave propagation in the plane transverse to the 
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z a.xis. This can also he seen from (A.67). Comparing (A.67) with (A.28), we see 

that /3 = O. This value of /3 is permissible for the radiation modes. As a matter 

of fact, visible and invisible radiation modes meet each other at /3 = 0. It should 

be stressed that Fih satisfies the same boundary conditions as before. IT, instead of 

LSE field, we start with LSM field, by using the same argument, we have 

(A.69) 

(A.70) 

The LSEM field corresponds to normal incidence of plane wave on single or 

several dielectrics. This type of field plays an important role in the theory of 

second-order DFB lasers. This matter will be described in Chapter 3. 

A.8 Characteristic Features of the Form Func­

tions of the Radiation Modes 

As mentioned earlier, like surface waves, the form functions of the radiation modes 

are orthogonal to each other. However, this orthogonality must be considered in 

the distribution sense. This fact will be explained later. The orthogonality of the 

form functions in turn leads to the question of how to set up an orthonormal set 

of form functions. This is one of the most challenging problems when one deals 

with the radiation modes. Consulting with some good references [115]-[118], even 

in the simplest cases, shows that it may he an overwhelming task. Fortunately, 

this is not the case. Due to some interesting relationship between the amplitudes 

of the form functions normalization of radiation modes is much easier than has 

been thought before. It is even easier than the normalization of the guided modes. 
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These relationships a.re based on the some physical considerations. Based on these 

considerations and without any explanations, simple expressions for the normalized 

radiation modes of a lossless MPS a.re given in [59]. These relations a.re described 

in the following theorems. 

THEOREM A.3 Let Ft,.1(z) in (A.59} be the form function of the cover mode of 

a lossless MPS such that (A.58} holds. Then for all values of s > 0, we have 

(A.71) 

where ce = E,.c I and d' 1 = µre 1 • Cc,, I c,, cc,, c,, 

In general, the proof of the above theorem is not easy. For example, with the 

expressions given for the normalized radiation modes in [59], it is difficult to prove 

the above theorem. However, with the transfer matrix formulation that we have 

developed, this theorem can be proved very easily. The details of the proof of this 

theorem are given in Appendix B.4 

THEOREM A.4 Let Ft,.1(z) in (A.62} be the form function of the substrate mode 

of a lossless MPS such that (A.58) holds. Then for the substrate mode of type I, 

we have 

(A.72) 

and for the substrate mode of type II, the following relationship between the ampli­

tudes holds. 
(c,A) 

I 12 - lb(c,A)( )12 :!.._ Tc I (c,A)( )12 a. - • s + (c .,., ac s 
cc. s 

We have proved the above theorem in Appendix B.5. 

(A.73) 
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The relationships between the amplitudes of the form functions of the radiation 

modes stated in the Theorems A.3 and A.4 rely on some physical basis. In fact, 

they are another statement of the power conservation. In Appendix B.6, using the 

plane wave concepts, the physical interpretation of Theorems A.3 and A.4 is given. 

A.8.1 Orthogonality of the Radiation Modes 

In Section A.3, we have shown that the form functions of the surface modes are 

orthogonal. This is due to the fact that the entire form functions and their weighted 

derivatives are continuous at each interface. Moreover, they have decaying character 

in the substrate and in the cover regions, such that both the form functions and their 

derivatives vanish at z = ±oo. Radiation modes like surface modes are orthogonal 

among themselves. However, due to the oscillatory nature of the fields in the 

substrate and cover, the conventional reasoning in the proof of the orthogonality of 

bound modes is not valid in this case. 

So far, orthogonality of the radiation modes has not been treated carefully in 

the literature and has been overcome by ad hoc construction. This problem can, 

however, be dealt with in a rigorous manner by using the concept of generalized 

functions and the distribution theory [119]. More precisely, let us consider the 

inner products of the form functions defined in Section A.5 in the distribution 

sense. That is, we consider them as linear forms or functionals that are defined on 

the class of the so-called test functions which are continuous and satisfy, at least 

for our purposes, very mild conditions. Under these conditions all the limits must 

be considered as the generalized limits. 

As will be presently shown, the term e±i(•±•').z: appears in the inner products 

of the form functions of the radiation modes. Considering the inner product as a 
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distribution, orthogonality of the form functions requires that 

lim eiC-±•'}z = 0 
z-±00 

where the limit must be considered as a generalized limit. In fact, this is the case 

as stated in the following theorem. 

THEOREM A.5 Let us consider e±iu as a distribution which is a process that 

acts on a test function ¢( s) with bounded derivative through the following integral 

(A.74) 

Then, for s -=p O and in a generalized sense, we have 

(A.75) 

that is, 

(A.76) 

The proof of the above theorem which is based on the Riemann-Lebesgue Lemma 

is given in [120]. Note that the distribution defined in (A.74) assigns to a test 

function ef,(s) its Fourier transform ef>±(z). One of the important implication of 

Theorem A.5 is that the Fourier transform of not necessarily square integrable 

functions approach zero for large values of the Fourier argument. Note that from 

the above theorem, for s # 0, we also have 

(A.77) 

One of the applications of Theorem A.5 is in the calculation of the distribution 

which is defined by the following integral 

(A.78) 
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Integrals of the above type are very useful for normalization of the radiation modes. 

In Appendix B.7, using the residue calculus, it is shown that 

s;ifO 

o- < s < o+ 
(A.79) 

where 8( •) is the Dirac delta function. 

Once we have established Theorem A.5, we may prove the orthogonality relation 

between the form functions of the radiation modes which is stated in the following 

theorems. 

THEO REM A.6 Consider a lossless MPS. Let Ft·"\ z; s1) and Ft·"> ( z; s2) be the 

form functions of the cover modes associated with two different radiation parameters 

s
1 

and s 2 , respectively. Then, in the distribution sense, we have 

(A.80) 

(A.81) 

where < •, · > and~ •, • ~ are defined in ( A.54) and ( A.55), respectively. 

THEOREM A.7 Consider a lossless MPS. Let Ft"\z;s1 ) and Ft'"1(z;s 2 ) be the 

form functions of the substrate modes associated with two different radiation pa­

rameters s 1 and s2 , respectively. Then, in the distribution sense, we have 

(A.82) 

(A.83) 

Note that according to the Theorem A. 7 substrate modes of the same or different 

types are orthogonal to each other. 
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THEOREM A.8 Let Ft"> ( z; s1) and Ft'"1 
( z; s3 ) be the form functions of the sub­

strate and cover modes of a lossless MPS, respectively. Moreover, assume that the 

two modes are nondegenerate, that is, each mode corresponds to different values of 

f3. This condition is equivalent to 

Then, in the distribution sense, we have 

(A.84) 

(A.85) 

(A.86) 

The above theorems are based on the nondegenerate mode assumption. Their 

proof are similar to each other. Therefore, only the proof of Theorem A.8 is given 

in Appendix B.8. 

A.8.2 Degenerate Radiation Modes 

By definition, two modes with the same value of f3 are called degenerate modes. 

Degeneracy for surface waves may happen only within a multiplicative constant. 

This property has been exploited in the proof of Theorem A.l. However, this is not 

the case for the radiation modes. For example, two plane waves travel in opposite 

directions with the same propagation constants are degenerate modes of free space 

whereas they are mathematically independent. In the case of a MPS, two cover 

and substrate modes with the following form functions are degenerate modes. 

F <~•"l( ) 
c z;s = 

z > dN 

~-1 < z < di 

z<O 
(A.87) 
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F(e,lo)( • ) _ 
• z, r. -

with 

199 

z > dN 

~-1 < z < di 

z<O 
(A.88) 

In the functional space of the form functions of either surface or radiating wave 

type, we have defined symmetric and Hermitian inner products as appeared in 

(A.54) and (A.55), respectively. In a real space there is no differences between 

these two types of inner products. As stated before, for a lossless MPS, it is always 

possible to construct a real-valued form function for surface waves. Therefore, there 

is no superiority between the inner products for the surface waves. However, this 

is not the case for the radiation modes. 

The cover and substrate modes defined according to our terminology are complex­

valued functions. Mathematically, it is more convenient to define Hermitian inner 

product (HIP) in a complex linear space. HIP brings the possibility to define norm 

of a complex vector. That is why linear spaces with HIP are called normed linear 

spaces. In an electromagnetic system the concept of norm can be related to the 

power which is the fundamental physical quantity. Furthermore, in comparison 

with the HIP, symmetric inner product (SIP) has two disadvantages. In some com­

plex linear spaces such that the SIP defined as a generalized function, a vector may 

happen to be orthogonal to itself! For example, consider a plane wave in free space 

with the form function 

F (e,lo)( ) -J·•z z;s = e 
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We now may write 

F ( .. ,,., ( ) p< .. ,,., ( ) < z; s , z; s > 

where we have used Theorem A.5. 

As will be explained later, for the purposes of normalization and continuous 

spectrum representation of radiation modes, it is desirable that the degenerate 

radiation modes defined in (A.87) and (A.88) be orthogonal. This property avoids 

the Gram-Schmidt process in constructing an orthogonal set which is not an easy 

task if the inner products are defined in a generalized sense. In the SIP sense, the 

form functions of two degenerate radiation modes are not orthogonal. This can be 

seen in the plane wave example stated above. In this case, the two plane waves 

with the form functions 

F (c,,.)( ) -J·•z 
• z;s = e 

and 

are degenerate modes. Whereas, 

( .. ,,., ( .. ,,., 2,r 
<F. (z;s),Fc (z;s)>= c< .. ,,.16(s)-:j:.0 

However, the HIP of the form functions of this two degenerate radiation modes is 

zero. Therefore, if we only consider the HIP, the non-degenerate condition in the 

Theorem A.8 can be relaxed and we have the following theorem. theorem is stated 

as 
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THEOREM A.9 Let Ft"> ( z; s1) and Ft"> ( z; s) be the form functions of the cover 

and substrate modes of a lossless MPS, respectively. Then, in the generalized sense, 

we have 

(A.89) 

The above theorem in the case of two degenerate modes is called Reciprocity The­

orem. The general method used in the proof of Theorem A.6-A.8 is not applicable 

for this theorem. To prove it, we need to calculate the HIP directly. The proof 

of the above theorem which in tum necessitates the use of the following lemma is 

given in Appendix B.10. 

LEMMA A.1 Let f(z) be a monotonic function of z. Then 

1 
6[f(z)- f(a)] = lf'(a)l6(z - a) 

We prove this lemma in Appendix B.9 

(A.90) 

An immediate consequence of the reciprocity theorem is the Brewster theorem 

which is stated as follows. 

THEOREM A.IO BREWSTER THEOREM. Let a MPS be transparent to a 

substrate mode, then it is also transparent to the corresponding degenerate cover 

mode and vice versa. 

The proof of this theorem which is based on the Theorem A.9 is given in Appendix 

B.11. 

Finally, as will be discussed in the next section, the HIP of the form function of 

radiation modes allows us to obtain simple analytical formulas for the normalization 

of the form functions. This is another advantage of HIP in comparison with SIP. 



APPENDIX A. MULTILAYER PLANAR STRUCTURES 202 

A.8.3 Normalization of the Radiation Modes 

So far, we have shown that the introduced set of radiation modes are orthogonal. 

An interesting problem is how to construct an orthonormal set of radiation modes. 

That is, how to normalize the radiation modes. This ta.sk looks a challenging issue 

in the literature for many reasons. The most important one is that the norm of 

the form function of a radiation mode is not finite. In fact, due to the oscillatory 

nature of the radiation field in the substrate or the cover region, a delta function 

appears in the norm of the form function. Therefore, the first important challenge 

in this issue is the recognition of the delta function. This is the main source of the 

difficulty in the process of the normalization of the radiation modes. Due to this 

reason, normalization of the radiation modes seems an overwhelming task in the 

literature. 

As we have mentioned before, the type of the radiation modes we have intro­

duced enjoy interesting properties. This makes their normalization problem much 

simpler than has been thought before. Moreover, as will be explained later, the 

type of radiation modes introduced in the literature are linear combination of these 

fundamental basis functions. According to the Theorem A.9, since there is no cross­

coupling between these modes, the principle of superposition of the square of the 

norms can be used in the normalization of those radiation modes in the literature. 

However, before that, in the following two theorems we investigate the interesting 

problem of the normalization of the cover and substrate modes. 

THEOREM A.11 Let F;-""1(z;s 1 ) and F;-""1(z;s) be the form functions of two 

cover modes with radiation parameters s1 and s, respectively. Then 

(A.91) 
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where be is the incident amplitude of each cover mode. 

THEOREM A.12 Let Ft,.> ( z; s
1

) and Ft·,.> ( z; s) be the form functions of two sub­

strate modes with radiation parameters s1 ands, respectively. Then 

(A.92) 

where a. is the incident amplitude of each substrate mode. 

According to the Theorems A.11 and A.12, we have 

F (.,,I&)( ) F(c,I&)( ) loo 1 lb 12 -j(• -s)zd 
~ c Zj Sl ' c Zj S ~= J - (c,I&) c e l z 

-oo cc 
(A.93) 

(A.94) F (.,,I&)( ) F(c,h)( ) loo 1 I 12 -j(• -s)zd 
~ • z; s 1 , • z; s ~= J _ c.,,,.1 a. e 1 z 

-oo c. 

Eq. (A.93) implies that the HIP of the form functions of the cover modes of a 

MPS is exactly the same as the HIP of the form functions of uniform plane waves 

propagate in a homogeneous medium with exactly the same properties as the cover 

region. Eq. (A.94) shows that the same argument may be applied for the substrate 

modes. 

With the necessary background we have provided in the preceding section, the 

proofs of the above theorems are very straightforward. In Appendix B.12, we prove 

Theorem A.12 which is more general than Theorem A.11. 

At this point the study of radiation modes is completed. Radiation modes 

have been systematically treated in our approach. For lossless MPSs, this study 

is completely general and no further development is required. In the rest of this 

appendix we will only discuss about some applications of our formulation for the 

radiation modes. 
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A.8.4 Form Functions of Radiation Modes as a Kernel of 

an Integral Transform 

The purpose of this section is to link the radiation modes with the idea of in­

tegral transform. More precisely, let us assume that the space of the functions 

We.,,,., ( u, v, z ), excluding bound functions in the z direction, satisfy the scalar Helmholtz 

equation in a MPS. Moreover, assume that all the functions in this space satisfy 

LSE or LSM type boundary conditions. That is, 

i = 0, 1, 2, ... N 

1 aw(c,lo) 1 aw(c,lo) 

(c,lo) Vt( a )lz=d:- = (c,lo) Vt( a )lz=ci:f" i = 0,1,2, ••• N 
Ci Z ' Ci+l Z ' 

We will show that in this functional space it is possible to define an integral trans-

form by the kernel which is the form functions of either substrate or cover modes. 

To illustrate the basic idea, we will first show that how the ordinary Fourier 

transform can be connected to the modal analysis in a homogeneous space. Let 

w< .,,,., ( u, v, z) be the Hertzian scalar potential functions in a homogeneous space. 

These functions can be related to their Fourier transforms as follows 

(c,lo) ( ) w u,v,z = 
/- ~.c .. ,,.,( ) -jazd j _ ~ u, V, ct e Q 

--

- f ~1
•·•

1
(u,v,a) ( Jc~:' .-ia•) da (A.95) 

where ce = e,. and ch = µ,. are introduced for the purpose of normalization as will 

be described shortly. If we define the HIP in the space of the kernel of the above 

transform, we have 

_ r- _1 ( ~e-jaz) ( ~e-jalz). dz 
j __ c(c,lo) V ~I v ~ 

- 5(a - a 1) (A.96) 
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r,;;:;;,-. 
Thus, taking the HIP of both sides of (A.95) with V ~e-'°'1 z leads to 

(A.97) 

Using (A.96) in (A.97), we obtain 

(A.98) 

The above relation is the inverse Fourier transform of (A.95). 

Let us look at (A.95) from another point of view. By a simple change of variable, 

( A.95) can be rewritten as 

,T,( c,,.) ( ) 
~ u,v, z - f ~<•·'

1
(u,v, -s) ( Jc;;1 

.,;••) ds 

+ f ~<•·'1(u,v,s) ( Jc;;1 

e-; .. ) ds (A.99) 

Now in this homogeneous space, we define the cover modes with the normalized 

form functions as 

(A.100) 

By a cover mode, we mean a plane wave incident from z = oo. We note that since 

the medium is homogeneous there is no reflected wave in the cover mode. Similarly, 

it is possible to define the substrate modes with the normalized form functions as 

(A.101) 

By a substrate mode, we mean a plane wave incident from z = -oo. Eq. (A.99) 

can be interpreted as expressing 'Pc «,,.l ( u, v, z) in terms of a continuous spectrum of 
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the cover and substrate modes. Therefore, 

(c,h) /"° (c,h)( •(c,h)( ) /
00 

(c,h)( ) ·(c,h)( ) V (u,v,z) = lo Ac u,v,s)Fc z;s ds + lo A. u,v,s F. z;s ds 

where 
(c,h) -(c,h)( 

Ac (u,v,s) = W u,v,-s) 

( c,h) - ( c,h) 
A. (u,v,s) = '1i (u,v,s) 

(s > 0) 

(s > 0) 

(A.102) 

(A.103) 

(A.104) 

According to our theory, substrate and cover modes are orthogonal. That is, 

- 0 

Moreover, we have 

Therefore, using (A.105) and (A.106), from (A.102), one may obtain 

(A.105) 

(A.106) 

(A.107) 

(A.108) 

Now let us consider a MPS. An arbitrary scalar Hertzian potential in this struc­

ture can be represented by a continuous spectrum of the cover and substrate modes 

as in (A.102). In this case Pt·"1(z;s) and Pt"1(z;s) must be interpreted as the 

form functions of the cover and substrate modes, respectively. Eq. (A.102) can be 

rewritten as 

(c,h)( ) JO A(c,h)( ) ·(c,h)( ) L"° (c,h)( •(c,h)( ) -.P u,v,z = c u,v,-a Fe z;-a da+ A. u,v,a)F. z;a da 
-oo 0 

(A.109) 
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Let us define an integral transform. defined by the equation 

IT,(c,,.) ( ) - /_oo ;;,(c,,.) ( )IO(c,,.) ( • )d 
Y u, v, z - -r u, v, a :n. z, a a 

-oo 

where 
a> 0 

a< 0 

With the above choice of the kernel, the inverse transform. is 

It is also possible to choose the kernel as 

F•(c,,.)(. ) 
c z,a 

F• (c,,.)( • - ) • z, a 

For this choice, we have 

A(c,")( ) 
c u,v,a1 

In either case, the inverse transform is 

a>O 

a< 0 
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(A.110) 

(A.111) 

(A.112) 

(A.113) 

(A.114) 

(A.115) 

A.8.5 Radiation Modes With Real-Valued Form Functions 

The form functions of the radiation modes defined in the preceding sections are the 

simplest and the most appropriate basis functions that span the z-dependent part 

of the radiation field. As illustrated before, these basis functions are orthogonal 

and enjoy interesting properties which make their normalization a trivial matter. 
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Therefore, constructing an orthonormal set of basis functions for a typical lossless 

MPS is not a big deal. In the preceding section, we have shown that how to 

construct more general solutions from these building blocks. 

We have introduced these basis functions from the complex-valued solutions 

of the differential equation in (A.28). It is also possible to start from the real­

valued solutions. This approach is used in the literature. If we consider it as the 

starting point, we encounter some difficulty in constructing orthonormal complete 

basis functions. This makes their study a challenging issue. However, an attempt to 

construct these real-valued solutions by superposing the complex-valued degenerate 

solutions leads to very interesting results and more insight in their development. 

For substrate modes of type I, degeneracy happens only within a multiplicative 

constant. On the other hand, there must be real-valued solutions for this type 

of modes. Therefore, one might expect the possibility of obtaining real-valued 

solutions from complex exponential solutions. In fact, this is the case. To show 

this matter, let us consider a substrate mode of type I with the form function of 

unit incident amplitude as follows 

F-(,r.h)( ) z·s = •r , 

T.r(st·"1(s) e-"'fc(z-dN) z > dN 

A~"',.1(s) chbi(z - '4_i)] + Bt°"1(s) shbi(z - '4-i)] '4-1 < z < di 

z<O 
(A.116) 

where R~:·,.> ( s) and T.r( sf·,.\ s) are called the re:Bection and transmission functions 

of the substrate mode of type I. R~;"\s) can be obtained from (B.47) in Appendix 

B.5. It can be seen that for the substrate mode of type I, we have 

(A.117) 
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Let 

(A.118) 

H one chooses 

- D'"·"> ( ) a. - s (A.119) 

one obtains 

b'"·"1c ) = R'"·"1c ) = - • • s •r s a. a. (A.120) 

where b~"•"> ( s) is the coefficient of &az in the substrate. With this choice, it can be 

easily seen that 

- j2Im{a.}cos(sz) - j2Re{a.}sin(sz) (A.121) 

where Re{•} and Im { •} stand for the real and imaginary parts of a complex number, 

respectively. Therefore, according to (A.118) the form function in the substrate is 

real. Since this is the case, by using the transfer matrix method it can he shown 

that the form function in the cover and in the other layers is also real. Now if one 

starts from the real solution, one obtains 

,...(c,1') ( ) .r • z; s = 
z<O 

(A.122) 

In the literature, radiation modes with the form functions in (A.122) are called 

substrate radiation modes. The reason for this terminology is the oscillatory be­

havior of the electromagnetic fields in the substrate as illustrated in Fig. A.6. 

Comparing (A.122) with (A.121) leads to 

A~"•"> = a. [ I + R~"·"1 ( s)] 

B~"•"1(s) = ja. [-I+ R~"-"1(s)] 

(A.123a) 

(A.123h) 
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Figure A.6: Radiation modes: (a) Substrate modes. (b) Substrate-cover modes. 

Therefore, substrate modes correspond to the substrate modes of the first type 

according to (A.123). In substrate modes of the first type there is only one degree 

of freedom, that is, a. can be chosen arbitrarily. Thus, for substrate modes there 

is also one degree of freedom. 

If we choose A~e,hJ arbitrarily, B~e,hJ ( s) can be obtained from A~e,hJ via the fol­

lowing relation 

(A.124) 

Note also that B~e,AJ ( s) can be obtained from A~~,,.> by using the following matrix 
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equation 

(A.125) 

Since the coefficient matrix in (A.125) is real B~c,,.l(s) should be real if A~c,,.l is 

chosen real. This consideration leads to the fact that the coefficient of A~c,,.l in 

(A.124) must be real for substrate modes of the first type. From (A.123), substrate 

modes in the literature are substrate modes of the first type, according to our 

terminology, with 
A(c,h) .B(c,h)( ) 

• +] • s 
2 

(A.126) 

Therefore, these modes are orthogonal. 

Orthogonality of the substrate modes can be proved directly, if one uses ( A. 77). 

Since substrate modes are real-valued function, we have 

,...(c,h)( ) ,...(c,h)( ) = ,...(c,h)( ) ,...(c,h)( ) < .r. s ,.r. s > ~ .r. s ,.r. s ~ (A.127) 

Moreover, 

~ .1t,.1(s),F.c,h)(s) ~ - )c:) la.1 2c5(s - s) 

i (IA~c,h) (sl 2 + IB~c,h) (sl 2) c5(s - s) (A.128) 

Note that (A.128) can be obtained from the integral formulas given in Appendix 

B.15. 

It is also possible to combine two degenerate cover and substrate modes such 

that the form function of the resulting mode he real. This leads to the concept of 

conjugate modes which is defined as follows. 

DEFINITION A.2 Two degenerate cover and substrate modes are called conjugate 

modes, if the form function of their superposition is real. 
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As we have seen before, in a symmetric MPS the cover and substrate modes 

that have been introduced according to our terminology are not symmetric. This 

is due to the fact that the degeneracy of the radiation modes does not happen 

within a multiplicative factor. However, by proper linear combinations of the cover 

and substrate modes, it is possible to make symmetric or asymmetric modes in a 

symmetric MPS. Now let us see how to construct conjugate modes. To this end, 

consider two degenerate cover and substrate modes with the form functions of unit 

incident amplitudes as follows 

F-(c,h)( ) 
c ZjS = 

z<O 
(A.129) 

F-(c,h)( • ) _ • z, s2 -

z<O 
(A.130) 

R~•·"' ( s) and R~•·"' ( s2) are called the re.iection functions of the cover and substrate 

modes, respectively. Tt"' ( s) and Tt"> ( s2) are called the transmission functions of 

the cover and substrate modes, respectively. Let P.~;> ( z; s) be the form function a 

linear combination of these two modes. That is, 

,...(c,h)( ) F-(c,")( ) b F-(c,")( ) 
J-•-c Zj s = a. • z; s2 + c c z; s (A.131) 

Therefore, 

A~•·"1(s)cos [s(z - dN)J + B~•·"1(s) sin [s(z - dN)J z > dN 
,...(c,,.) ( ) 
.,. __ c z; s = ut-"1 

( S) ch["'t'i( Z - '4-d] + t1··"1 
( S) sh["'t'i( Z - '4-d] '4-1 < Z < '4 

A(c,")( ) ( ) B(c,h)( ) • ( ) • s cos s2 z + • s sin s2 z z<O 
(A.132) 
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where 

Moreover, 

A~c,ta) ( S) = T!'"•"> ( S
2 
)a. + [ 1 + R~c,ta) ( S)] be 

B~'"·">(s) = -jT:'"·">(s:,)a. + j [1 - R~'"·">(s)] be 

A~'"·">(s) = [R.(e,h)(s
2

) + 1] a.+ Tt">(s)be 

B~'"·">(s) = j [R.<e,h)(s2) - 1] a.+ jTt">(s)be 

U
(e,la)( ) _ A(c,la)( ) b A(c,la)( ) 
i s - a. i s2 + e i s 
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(A.133a) 

(A.133b) 

(A.133c) 

(A.133d) 

(A.134a) 

(A.134b) 

Note thats and s2 are not independent. They are related to each other through 

(A.135) 

Radiation modes with the form functions as expressed in ( A.132) are called 

substrate-cover modes. As shown in Fig. A.6(b ), the oscillatory nature of the field 

in the substrate and the cover calls for this terminology which is adopted in the 

literature. The fields both in the substrate and in the cover are of the standing 

wave type. Note that we consider s, the corresponding radiation parameter of the 

cover mode, as the radiation parameter of substrate-cove mode. In constructing 

of substrate-cover modes there are two degrees of freedom, that is, a. and be can 

be chosen arbitrarily. Each pair of a. and be uniquely determines a substrate-cover 

mode. Therefore, in order to catch this pair, one might expect that in constructing 

these modes by using (A.132), any two coefficient can be chosen arbitrarily. In 

fact, this is the case as can be seen from (A.133). a. and b. are uniquely defined in 

terms of any pairs of coefficients on the left hand sides of (A.133). It is also possible 

to choose any pair of coefficients defined in (A.134) as an independent variables. 

However, it is useful to choose a pair of coefficients in (A.133) arbitrarily. 
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Let A~",,.1 and B~",,.1 be chosen arbitrarily. Thus from (A.133c) and (A.133d), 

we have 

(A.136a) 

using the following matrix equation 

[ : ] A'.'•''(s) + [: ] s;'>'(s) = T··''(s) ( [: ] A~•A• + [ :, ] s:··••) (A.138) 

If real values are chosen for A~"•,.> and B~",,.1, A~",,.1 ( s) and Bt,., ( s) should be real. 

This is due to the fact that the coefficient matrices in (A.138) are real-valued 

matrices. Therefore, the coefficient of A~",,.1 and B~"•,.> in (A.137a) and (A.137b) 

must be real. 

For conjugate modes the amplitudes on the left hand sides of equations in 

(A.133) are real. This means that the amplitudes of the total response in cover 

or substrate region are complex conjugates of the amplitudes of excitation in the 
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respective regions. That is why we use the conjugate mode terminology. For ex­

ample, from (A.133a) and (A.133b) one may argue that Tt"1(s2 )a. + R~"-"1(s)bc is 

the complex conjugate of be. 

Orthogonality of substrate-cover modes can be proved directly by using (A.77). 

This result can also be obtained from the fact that they are superposition of 

two degenerate cover and substrate modes. Moreover, since the form functions 

of substrate-cover modes are real-valued functions, we have 

Let 

then, we have 

,...(«,h) ( ) _.(c,,l>J ( ) 
~ .l"(•-c)l Zj S '.l"(•-c)2 Zj Sa ~ -

where we have used Lemma A.1. From (A.133a) and (A.133b), we obtain 

Therefore, using (A.136a) and (A.142) in (A.141), we have 

_.(«,h) ( ) ....(«,I>) ( ) p(«,h) ( ) 
~ J-(•-c)l Zj S , .t"(•-c)2 z; Sa >>= 12 8 S - Sa 

(A.139) 

(A.140a) 

(A.140b) 

(A.142) 

(A.143) 
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where 

(A.144) 

Note that since the LHS of (A.143) is real, the coefficient of the delta function in 

(A.143) must also be real. Therefore, when this coefficient is expressed in terms of 

A's and B's the imaginary parts must vanish. It should be emphasized that {A.143) 

and (A.144) can also be derived from the integral formulas in Appendix B.15. 

Let us see how to construct an arbitrary Hertzian scalar potential function of 

the radiation field in terms of the substrate and substrate-cover modes. To this 

end, (A.102) can be rewritten as 

(«,,.) roo («,,.) - («,,.) roo («,,.) - («,,.) 
q, (u,v,z) = lo Ac (u,v,s)Fc (z;s)ds + lo A. (u,v,s2 )F. (z;s2 )ds2 

(A.145) 

where Pt"1 ( z; s) and Pt"1 { z; s2) are the normalized form functions of the cover 

and substrate modes, respectively. Let 

(A.146) 

where 

Using {A.146) in (A.145), we obtain 

IT,(«,,.)( ) 
'r u,v,z roo[ («.,.,( )-(«.,.,( ) s («.,.) -(«.,.) I - lo Ac u,v,s Fe z;s + 

82 
A. (u,v,s 2 )F. (z;s2 ) ds 

La («,,.){ -(«,")( + A. u,v,s)F. z;s2 )ds2 (A.147) 
0 1 

Now 

(A.148) 
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Thus, P!;-"1 ( z; s2) can be expressed in terms of the substrate modes. 

F, ch val f • • als "bl F-(c,")( ) d p•(c,")( ) or ea ue o s, 1t 1s o poss1 e to express c: z; s an • z; s2 

in terms of the substrate-cover modes. More precisely, it is possible to extra.ct 

Pt"> ( z; s) and .Pt·"1 ( z; s2) from two independent substrate-cover modes. By inde­

pendent, we mean that two modes do not differ within a. multiplicative constant. 

Let 

(A.149) 

I d b • F-(c,")( ) d F-(c,")( ) • f ,,..(c,") ( ) d ,,..(c,,.) ( ) nor er too tam c: z; s an • z; s2 m terms o .r(•-c:)l z; s an .r(•-c:)2 z; s 

the determinant of the coefficient matrix in (A.149) must be nonzero. This in turn 

means that 

Eq. (A.150) implies that 

Therefore, if (A.151) holds, from (A.149), we have 

where 

(i = 1,2) 

(i = 1,2) 

(A.150) 

(A.151) 

(A.152) 

(A.153a) 

(A.153b) 

Thus, for ea.ch value of s, we may obtain P!"'-"1 ( z; s2) and Pt"> ( z; s) from two 

independent substrate-cover modes through (A.152) and (A.153). 

In constructing substrate-cover modes there a.re two degrees of freedom, e.g., 

A~"'•"> and B~"'•"1
. If condition (A.151) holds, the two substrate-cover modes a.re 
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independent. However, we can put additional constraint on A. 's and B. 's. These 

constraints are just only a matter of convenience. It is highly desirable that the two 

substrate-cover modes be orthogonal. To this end, referring to (A.141) or (A.143) 

and (A.144), the condition for orthogonality is 

(A.154) 

or equivalently, 

(A.155) 

Consequently, orthogonal substrate-cover modes can be constructed by imposing 

(A.155). 

Af h . A(r,1') B(c,1') A(c,1') B(r,1') h d b ali d ter c oosmg •
1 

, •
1 

, •z , ans •
2 

t ese mo es can e norm ze 

according to (A.143) and (A.144). Assume that .i=t;~!)i (z; s) and pt;~!)2(z; s) be 

two normalized orthogonal substrate-cover modes. Substituting back into (A.152), 

let 

[ 

F-(c,1')( • ) l [ K(c,1')( ) K(r,1')( ) l [ ,r(c,1') ( • ) l • z, S2 _ d S • 2 S .J-(•-c)l z, S 

F
-(c,1')( . ) - K(c,1')( ) K(r,1')( ) ,r(c,1') ( . ) 

C z, s cl s c:2 s .rc•-c)2 z, s 
(A.156) 

Now if we use 

(A.157a) 

(A.157b) 

then substituting (A.148) into (A.147) leads to the construction of an arbitrary 

Hertzian scalar potential function of the radiation field with substrate and substrate­

cover modes. Note how this idea is closely related to the Fourier transform of sine 

and cosine type. 
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In a symmetric MPS, as one might expect that there is no substrate mode. 

However, we may think of the possibility of symmetric and asymmetric substrate­

cover modes as two orthogonal modes. As we will show shortly, there is such a 

possibility. However, before that we define a class of MPSs more general than 

symmetric ones, the so-called quasi-symmetric MPSs. 

DEFINITION A.3 A MPS is called quasi-symmetric if the cover and substrate 

are identical. That is, 

THEOREM A.13 In a lossless quasi-symmetric MPS we have 

T;"°"1(s) = Tt"1(s) 

IR~"•"1(s)I = IR~"·"'(s)I 

(A.158) 

(A.159a) 

(A.159b) 

(A.159c) 

Note that the above theorem does not require the layers in the stack be symmetric. 

The details of the proof are given in Appendix B.13. 

THEOREM A.14 Let the T<"·"1 ( s) be the transfer matrix of a lossless symmetric 

MPS such that 

(A.160) 

Then we have 

l"•"1 (s) = l"·"1 ( ) 11 Z2 s (A.161) 

To prove the above theorem, we take advantage of an interesting property of sym­

metric MPSs. For complete proof of this theorem see Appendix B.14. 
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After stating the above theorems we explain how to construct symmetric and 

asymmetric substrate-cover modes in a symmetric MPS. First, we note that for a 

symmetric MPS, we have 

T:"·"1(s) = Tt"1(s) = t<","1(s) 

R~c,ll) ( S) = R~c,ll) ( S) = R.(c,ll) ( S) 

(A.162a) 

(A.162b) 

Now a symmetric form function results if the MPS is excited symmetrically, that 

is, if 

Now under symmetric excitation, the equations (A.133) reduce to 

A~"•"1(s) = [1 + t<"·"1(s) + fl.C","
1(s)] a. 

Bt"1(s) = j [1 - t<"·"1(s) - R.<"·"1(s)] a. 

A~"'"1(s) = [1 + t<"·"1(s) + k'"'"1(s)] a. 

B~"'"1(s) = -j [1 - t<"·"1(s) - RC","1(s)] a. 

(A.163) 

(A.164a) 

(A.164b) 

(A.164c) 

(A.164d) 

As can be seen from the above set of equations in constructing of symmetric 

modes there is only one degree of freedom, that is, the choice of a.. Equivalently, 

A~"-"1(s) can be chosen arbitrarily. Moreover, for a symmetric mode we have 

A~"•"> ( s) = A~"·"> ( s) 

B~"·"1(s) = -B~"'"1(s) 

(A.165a) 

(A.165b) 

In order to obtain all other amplitudes it is also necessary to obtain B~"•"1 
( s ). How­

ever, in this case B~"·"1(s) linearly depends on A~"-"1(s). To obtain the constant of 

proportionality, we use (A.165) in the matrix equation given by (A.138). Therefore, 

after rearrangement, for a symmetric mode, we have 

[ 
1 - t~:·"1 

( s) st~:·"> ( s) l [ A~"·"> ( s) l 
-t~:·"1(s) s [1 + t~:·"1(s)] B~"•"1(s) = O 

(A.166) 
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Since the above matrix equation has a non-trivial solution, the determinants of 

the coefficient matrix must be zero. In fact, this is the case. If one expands the 

determinant of the coefficient matrix in (A.166), uses Theorem A.14 and the fact 
(e,h) 

th t (e,h) (e,.\) d f(e,h)( )t(e,h)( ) f(e,h)( )t(e,h)( ) c l il a cc = c. an s 
22 

s - s s = ~ = , one can eas y 
11 12 21 c, • 

show that the determinant of the coefficient matrix in (A.166) is zero. Therefore, 

B(e,h)( ) t'"' ... 1( ) - 1 t'"· ... 1(s) • s 11 s t21 

A~"•,.1(s) = st~t1(s) = -s-[1-+-=-t-~:·-,.1-(s_)_] 

Note also that from (A.164c) and (A.164d), one may write 

B~", ... 1(s) .1- t<e,h)(s) - fl(e,h)(s) 

A~"• ... 1(s) = -J 1 + tce,h)(s) + fl<e,h)(s) 

Therefore, in a symmetric MPS the RHS of (A.168) must be real. 

To construct an asymmetric mode, we need 

In this case, from (A.133), we have 

Consequently, 

A~", ... 1(s) = - [1 + R.{e,,\)(s) - t<e,h)(s)] a. 

B~", ... 1(s) = -j [1 - R.(e,h)(s) + t<e,,\)(s)] a. 

A~"',.1(s) = [1 + R.(e,hJ(s) - T(e,h)(s)] a. 

B~"',.1(s) = -j [1 - flC",,.\s) + T(e,h)(s)] a. 

A~e,hJ(s) = -A~e,h)(s) 

Bt,.1(s) = B~"',.1(s) 

(A.167) 

(A.168) 

(A.169) 

(A.170a) 

(A.170b) 

(A.170c) 

(A.170d) 

(A.171a) 

(A.171b) 

For an asymmetric mode, A~",,.1 
( s) and B~.,,,., ( s) satisfy the following matrix equa­

tion 

(A.172) 
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Thus 
B~e,,.> ( s) _ 1 + t~:·"1 

( s) _ t~:·"> ( s) 

A~e·"1(s) - st~:,">(s) - s [t~:,"1(s) - 1] 
Note also that from (A.164c) and (A.164d), one may write 

B~e·"1(s) .1- .R<c,">(s) + t<c,"1(s) 
A~c·"1(s) = -J 1 + .R(c,,.)(s) - i'<c,,.)(s) 
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(A.173) 

(A.174) 

Therefore, in a symmetric MPS the RHS of (A.174) must be real. It should be 

noted that the symmetric and asymmetric radiation modes in a symmetric MPS 

are orthogonal. In fact, (A.155) is valid, if (A.165) and (A.171) hold. 

A.9 General Hertzian Potential Functions and Vec­

tor Fields 

So far, we have entirely focused on the form functions. We have obtained inter­

esting properties of these functions as a part of the potential functions in a MPS. 

The modal electromagnetic fields and the potential functions themselves satisfy 

some useful orthogonality properties, the so-called modal orthogonality. We have 

used the form function orthogonality and the modal orthogonality interchangeably. 

Although in many cases the modal orthogonality can be obtained from the orthog­

onality of the form functions. However, the concept of modal orthogonality is more 

general than the orthogonality of the form functions. 

As a matter of fact, in constructing the potential functions, m addition to 

the form functions, we have one more choice. That is, the amplitude functions. 

Amplitude functions are not unique to the form functions. Many different amplitude 

functions can be associated with a fixed form function such that the resulting 
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potential function is still a valid one. In the rectangular coordinate system any 

double-exponent function 

(A.175) 

such that k! + k! = {32 can be considered as an amplitude function associated with 

the form function with eigenvalue {3. Moreover, on a line y = y
1 

in the x-y plane, 

we have 

(A.176) 

In the cylindrical coordinate system any function of the form 

"n,J, A(p, </>) = e? Bn(f3p) ( n = ... , -1, 0, 1, ... ) (A.177) 

where Bn(f3p) is an arbitrary Bessel function and is a valid amplitude function for 

a form function with eigenvalue {3. Furthermore, on a circle of radius p1 centered 

at the origin in the z-y plane, we have 

(A.178) 

where 6mn is the Kronecker delta symbol, which is nonzero only if m = n. The 

orthogonality relations of the form functions in the z direction and the amplitude 

functions on a line parallel to, say, the y-axis or on a circle in the x-y plane suggest to 

define some general inner products. These general inner products are defined in the 

literature, e.g, [121],[19]. We review some of them and show that how they can be 

easily derived from the formulation developed without resorting to any complicated 

mathematical procedure. 

Consider a lossless MPS and let S be the z-z plane in the rectangular coordinate 

system or a cylindrical surface of a fixed but arbitrary radius p1 extending from 

z = -oo to z = oo. Of course, the axis of this cylindrical surface coincides with the 
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z axis. Moreover, assume that q,~«,,.l and q,~c,,.l be different Hertzian scalar potential 

functions in this structure. By different, we mean that the potential functions differ 

at least by the form functions or the amplitude functions. It is also possible the 

potential functions differ by both the form functions and the amplitude functions. 

With the above assumptions, we have 

ff _l_q,<«,,.> [w<«,1oi]• dS = 0 (A.179) 1 ls c(c,lo) (I b 

The above orthogonality relation is proved in [122] by using the coupled-power 

theorem. The relation in (A.179) can be easily verified, if we substitute for the 

potential functions in terms of the form functions and the amplitude functions. In 

fact, 

ff (;,., q,~c,lo) [llt~c,lo)]• dS = ('° F!c,lo) [Ft°"1]·dz /2-r A~c,lo) [At"1]· P1d<f> 
11s c l_°" lo 

(A.180) 

For two different modes, at least one of the integrals on the RHS of (A.180) vanishes. 

Therefore, ( A .179) is valid. Note also that by using the normalization relations for 

the form functions and the amplitude functions, the integrals on the LHS of (A.180) 

can be easily evaluated. 

We can also derive some useful orthogonality relations between the vector fields. 

Let us consider the vector space of paired 3-D complex vectors (A, B) in the rectan­

gular coordinate system. In this space, we may define two different inner products 

as follows 

Inner product of the first type 

(A1, Bi)A(A2, B2) = Jfs [A1 x a;+ A; x B1]. yds 

Inner product of the second type 

(A.181) 

(A.182) 
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Let (Ea, Ha) and (E&, H&) be two independent modal solutions of Maxwell's equa­

tion in a lossless MPS. Then, from Maxwell's equations, it can be shown that [121] 

(A.183) 

Therefore, 

J ls Ea X Hb • ydS = 0 (A.184) 

Now consider the vector space of paired 3-D complex vectors ( A, B) in the 

cylindrical coordinate system. Let us define an inner product in this linear space 

as follows 

(A1, Bi) 0 (A2, B2) = Ifs [A1 X B; + A; X B1] • pdS 

In this case, it can be argued that [122], [19) 

(A.185) 

(A.186) 

where C is a constant number independent of the radius of the cylindrical surface. 

The relation in (A.186) is called the coupled- power theorem. Using the fact that 

C is constant, it can be shown that 

J ls Ea X Hb • pdS = 0 (A.187) 

We may combine the orthogonality relations in (A.184) and (A.187) together and 

write 

(A.188) 

Note that the only requirement for satisfaction of (A.188) is that the corre­

sponding fields be the modal solutions of MPS. Therefore, as one might expect, 
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there is no restriction on the type of the fields. More precisely, we have the follow­

ing orthogonality relations 

Ifs E! x [Ht]·· IidS = 0 
Ifs E! x [H&r. nds = o 

Ifs E: x [Htr. lids= o 

Ifs E: x [H&r. lids= o 

(A.189a) 

(A.189b) 

(A.189c) 

(A.189d) 

To show (A.189a), according to (A.19) and (A.20), we substitute for E! and Ht 

in terms of the w! and '¥~, respectively. Therefore, 

lfsE! X [Htr-ndS = Ifs [iwµoz X Vtw!] X µ,.~z) [vt(a!:)+,Blwtzr •ndS 

(A.190) 

where the subscript t means transverse to the z axis. Moreover, we have used 

(A.191) 

Using the vector identity 

A x (B x C) =(A• C)B - (A· B)C (A.192) 

it can be easily seen that 

(A.193) 

For two different modes at least one of the integrals on the RHS of (A.193) vanishes. 

This shows the validity of (A.189a). Note how the integral in (A.189a) can be 



APPENDIX A. MULTILAYER PLANAR STRUCTURES 227 

evaluated with the formulas developed so fa.r. The same argument ca.n be used for 

the proof of (A.189d). To prove (A.189b ), we write 

Ifs E! X [Hbr. ndS = Ifs [iwµoz X Vew:] X jwfoZ X Ve [,i;tr ndS (A.194) 

successive application of (A.192) and noting that z • n = 0 leads to the conclusion 

that (A.189b) is identically zero. The proof of (A.189c) using the potential approach 

is not straightforward. 

A.10 Summary 

Throughout this appendix, the theory of surface waves and radiation modes of a 

lossless MPS has been treated rigorously. For the first time, the radiation modes 

have been investigated in a complete and sell-contained rigorous fashion. Many 

interesting properties of the radiation modes have been stated in terms of theorems. 

The transfer matrix method is fundamental in the proof of a.11 these theorems. 

Without using this techniques it is almost impossible to show the validity of the 

theorems. This fa.ct shows the beauty and importance of this method. 

As we have seen before, the complete set of solutions for the physical field 

consists of one or more surface waves and a continuous spectrum of the radia­

tion fields. The surface waves correspond to max(Jµ,.ce,.c k0 , Jµ,..e,.. ko) < /3 < 

max(Jµ,.ie"i k0 ) a.nd the spectrum of the radiation fields is divided into two parts. 

The spectrum of visible or propagating radiation field is in the range of O < 

/3 < ma.x:(Jµ,.cfrc ko, Jµ,..fr, ko)- The invisible or evanescent radiation fields with 

/3 = j a and O < a < oo is the second pa.rt of the radiation spectrum. In genera.I, 

the field radiated by a.n arbitrary source can be expressed in terms of the above 

types of fields. 
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The characteristic equations of MPS in (A.44) leading to the eigenvalues of 

the surface waves have an infinite number of solutions with complex roots. One 

may also correspond modes to these complex roots. However, these modes do not 

satisfy the radiation conditions at infinity and have a growing character deep into 

the substrate or the cover. Since these types of solutions correspond to the power 

leakage from the MPS surface, they are referred as leaky modes. Due to the non 

physical character of these types of the solutions, they do not belong to the proper 

eigenvalue spectrum. Despite this fact, in many cases it is possible to deform 

the contour integral representing the radiation field of a source into the steepest 

descent path such that some of these non physical poles be captured. Therefore, 

it is possible to utilize these modes to partially represent the radiated fields. As 

one might expect, the leaky modes like surface waves contribute to the near field 

pattern. They are not significant in the far-zone field. The mathematical theory of 

MPS will be complete if one adds the concept of leaky modes. However, since these 

modes are only a mathematical tool, the meaningful discussion of them is difficult 

without considering the excitation of MPS. Therefore, we do not follow this concept 

here. 



Appendix B 

B.1 Transfer Matrix Method 

In this appendix, a systematic method for replacing (A.28) and the correspond­

ing boundary conditions in (A.29)-(A.32) with suitable matrix equations will be 

discussed. In each layer one may write 

where Ut°''\ z) and ~<«,,.> ( z) are any two independent solutions of 

d2 F~«,,.> 
l (c,,.) F(c,,.) - Q 

dz2 - 'Yi i -

(B.1) 

(B.2) 

with ,t'"1 = [,B(e,h )]2-t,.;µ,.;k!. Now applying the boundary conditions in (A.29)-(A.32) 

leads to 

where 

(B.4) 

229 
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and 

From (B.3), one may write 

where 

Q(e,1') -

i+l,i -

230 

h _ [ 1 Q ] c. -
' 1 0 -,.,,.,., 

(B.5) 

(B.6) 

(B.7) 

The matrix equation in (B.6) shows that the amplitudes in each layer can be ex­

pressed in terms of the amplitudes of the layer immediately above or below it. 

Eq. (B.2) is the simplest form of the Sturm-Liouville equation of the form 

with 

p({) = o-({) = 1 

q({) = 0 

\ - [ (e,1')]2 
A - - "'fi 

(B.8) 

A useful property of the Sturm-Liouville equation is that the product of p({) and 

the Wronskian determinant W(€) is constant. Using this property, let us assume 

that 
dv;(e,1') ( ) dr,.(e,1') ( ) 

U(e,1')( ) i Z .,r(c,1')( ) Ui Z _ (e,1') 
i z dz - vi z dz - T/i (B.9) 

Moreover, let 

(B.10) 
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S~e,,.) ( ) = _l_l(;(e,6.) ( ) 
l Z (e,,.) l Z 

T/i 
(B.11) 

Substituting (B.10) and (B.11) into (B.1) and following the same procedure, one 

may write 

(B.12) 

where 

(B.13) 

From the above considerations it can be easily seen that 

(B.14) 

where c; = µ.,.; and c; = ~;- This means that det (T~~~~i) is independent of the 

Wronskian determinant. This fact greatly simplifies transfer matrix technique. Let 

U<"'•">( ) - h[ c«,,.>( ,I_ )] 
i z - C Ii z - Ui-1 

With the above choice of the solutions, we have 

( e,6.) ( .,,,.) 

T/i = "Yi 

Therefore, (B.12) reduces to 

[ 

c ... ,., l - TC_,,,., Ai 
- i+l,i (o,,6.) (e,6.) 

-v. B-,, l 

where from (B.15), we have 

(B.15) 

(B.16) 

(B.17) 

(B.18) 
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For a lossless MPS, the elements of the above transfer matrices are real and 

are insensitive to the sign of -yt°"1
. Moreover, these elements are well-behaved as 

-yt'"1 
-t 0. These important properties are very useful in the numerical calculations 

and are the direct consequences of introducing the transfer matrices as defined in 

(B.12). 

B.2 Proof of Theorem A.I 

To prove Theorem A.1, we follow the same approach that is used in the proof of 

the orthogonality of the Sturm-Liou ville eigenfunctions. It is known that Ft"> ( z) 

and Ft°"1(z) in the region <4_1 < z < <4 are the solutions of (A.28) which can be 

rewritten as 

(B.19) 

-12 z:,(c,1') 

a- .rbi k2 F.C~-") = [,B(c,1')12 F.C~·"> 
dz2 + f,,.iµ,,.i o bi b bi (B.20) 

L d ,._ Mult· 1 • h • £ Fee,,.> et cf = f,.i an C:{ = µ,,.i. 1p ymg t e equation or ai 

(B.20) by c!-.,.1 F~;-"1
, subtracting gives 

Ci 

b 1 F.cc,,.> and Y (c,h) bi 
C-

1 

Integrating (B.21) from z = <4_1 to z = <4 gives 

where 
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Let 

(B.23) 

where 

I 
- JO _l_p(c,1&)( )F,(c,h)( )d 

-00 - (c,.i.) 4 Z & Z Z 
-00 c. 

N 1d; 1 
I 

- ~ -F(c,1&)( )F,(c,1&)( )d 
N - ~ (c,1&) a z & z z 

i=O d;-1 Ci 

~ .. ,,., 

Using (B.22) and the fact that p<•,.i.J and <•~") ~•> are continuous at z = ~-l and 
(&,!,) Ci 

~' i = 0, 1, ... N, from (B.23), we get 

_1_ [F,c ... .i.1 dFt"
1 

c~•·"1 & dz 

_1_ [F,(c,h) dFth) 
c~•·"1 & dz 

- 0 

The above result is due to the fact that form functions and their derivative expo-

·a11 d • h b d h • If F(c,h) d F,(e,h) d nenti y ecay m t e su strate an t e cover regions. a an & correspon 

to different eigenvalues, [,8~;;'] 2 i= 0. Therefore, (A.56) follows from (B.24). 

To prove (A.57), we only need to multiply (B.19) by <•~,.1 [F~'",,.1
]• and the com-

ci 

plex conjugate of (B.20) by c .. ~,.1 F~ .. ,,.,. The remaining steps are the same. More-
ci 

over, we use the fact that c~• • .i.J are real which means that [Ft°"']• in addition to 
1 ci[f'!'°•,.11· 

,7'";:',..a.....,_..___,_ are continuous at z = "·-1 and z = "·. □ Je,1&1 dz "'i "'i 
Ci 
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B.3 Proof of Theorem. A.2 

To prove Theorem A.2, all we need is to show that 

(B.25) 

where z 0 is an arbitrary number. To this end, we know that p<c,A.J(z) is the solution 

of 
r.!p(c,A.) 
a- ( ) { )k2 F(c,A.) = [,B(c,A.)]2 F(c,A.) 

dz2 + f,. z µ.. z o (B.26) 

The above differential equation is valid for each value of z. Especially if we apply 

(B.26) at z = dN - z 0 , we have 

-12 (c,A.) 

a- F I (d ) (d )k2 F(c,A.)(d ) [,B(c,A.)12 F(c,A.)(d ) 
dz2 z=dN-z:o + fr N - Zo µr N - Zo o N - Zo = N - Zo 

(B.27) 

Let us define a new variable u such that 

(B.28) 

Then, we have 

(B.29) 

Using (B.29) in (B.27) leads to 

-12 (c,A.) 

a- F I ( ) ( )k2 F(c,A.)( ) - [tlc,A.)]2F(c,A.)( ) 
du2 u=u0 + fr Uo µr Uo O Uo - /J U 0 (B.30) 

where Uo = dN - z0 • The above differential equation is valid for an arbitrary value 

of u 0 • Therefore, p<c,A.I as a function of u satisfies the following differential equation 

-12p(c,A.) 

a-du2 + er( u )µr( u )k! p<c,1a.1 = [,Bcc,1a.1]2 p<c,1a.1 (B.31) 

Since the MPS is symmetric, we have 

fr(z =a)= er(u = a) 



APPENDIXB. 235 

Thus, (B.26) and (B.31) are identical differential equations. Moreover, the 

boundary conditions are the same. Therefore, (B.26) and (B.31) are identical 

eigenvalue problems. That is, p<"·'"\z) and p<"·'"1(u) are two eigenfunctions cor­

responding to the same eigenvalues 13<"·'"1. However, for surface waves, since the 

form functions in the substrate and cover regions are described by one amplitude, 

the eigenfunction degeneracy happens within a multiplicative constant. This is so 

because we have only one degree of freedom. This is not necessarily the case for 

the radiation modes. Therefore, 

p<"•'"' ( z) - K p<"·'"' ( u) 

- KF<"•'"1(dN-z) (B.32) 

The above equation is valid for each z. At z = z0 , we have 

(B.33) 

If we use (B.32) at z = dN - z0 , we get 

(B.34) 

Using (B.34) in (B.33), we get 

which requires that 

K 2 = 1 

or 

K=±l 

Substituting the value of K into (B.32) leads to (B.25) which in tum completes the 

proof. D 
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B.4 Proof of Theorem A.3 

To prove this theorem, we need to find the relationship between be, ac and b •. 

To this end, by applying the boundary condition on Ft"> ( z) at each interface 

and successive elimination of the coefficients, we end up with the following matrix 

equation 

(B.35) 

where 
0 

T(e,I&) ( ) - II T(e,I&) ( ) 
S - i+l,i S ' 

i=N 

Note that 
(e,h) 

d t [T1
e'"

1( )] - L e S - (e,h) 
c. 

(B.36) 

where ce = €,. and ch = µ,,. . 
(c,•) (c,•) (c,•) (c,•) 

Eq. (B.35) can be rewritten as 

(B.37) 

Solving for b~e,1&) ( s) and a~e,h) ( s) in terms of the incident amplitude be, leads to 

(B.38) 

(B.39) 

where 

(B.40) 
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(B.41a) 

(B.41b) 

We also have 

(B.42) 

Using (B.41a) and (B.42) in (B.39), we have 

(B.43) 

Let 

(B.44) 

Now, the rest of the steps is just a trivial matter. We need only to expand the 

numerators and denominators in (B.38) and (B.43). To simplify the resulting ex­

pression, it should be noted that for a lossless MPS the transfer matrix elements 

are real valued, therefore, all parameters in (B.44) are real. Moreover, we have 

(B.45a) 

(B.45b) 

Following the above considerations leads to ( A. 71). This completes the proof of 

Theorem A.3. D 
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B.5 Proof of Theorem A.4 

To prove this theorem, we follow the same line as we have used in the proof of 

Theorem A.3. In this case, the scattered amplitudes in the cover and the substrate 

are related to the incident amplitude through the following matrix equation 

(B.46) 

Solving the above equation for b~e,1&.J(s) and a~e,"l(s), leads to 

- [ "'fc 1 ] T(e,l&.>c S) [ ~ . S l 
b~e,1&.)(s) = J 

[ 'r< l ] T1
•-'

1(s) [ ;. ] 

(B.47) 

-~ [ -is l ] [ ~js ] 

[ 'r< l l T 1•-'1(s) [ ;. l •• 
(B.48) 

where we have used 

For substrate mode of type I, 'Ye is a real number. Thus, as can be seen from 

(B.47), since all other parameters are real, the numerator is the negative of the 

complex conjugate of the denominator. This means that 

which proves the first part of Theorem A.4. 
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The second part of the theorem can be proved by noting that , c is a purely 

imaginary number, that is, 

"Ye= )Tc· 

Next, we need to follow the same reasoning to as we have used in Theorem A.3 

which is not repeated here. □ 

B.6 Physical Interpretation of Theorems A.3 and 

A.4 

In this appendix we use the plane wave concepts to prove Theorems 2.3 and 2.4. To 

this end, suppose that we have a substrate radiation mode of LSE type. As men­

tioned earlier, it is always possible to rotate the z-y axis such that the dependence 

of the fields on T/ in ( T/, !) coordinates system vanishes. Note that this coordinate 

transformation does not affect the form function. Thus, let the Hertzian scalar 

potential function of magnetic type in ( T/, e, z) coordinate system be 

where we have assumed that the amplitude function is 

In the substrate region, we have 

This potential function can be considered as a superposition of 

'liZa(T/, e, z) = a.e-j(/3e+u) 

(B.49) 

(B.50) 

(B.51) 
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which generates an incident plane wave with perpendicular polarization, and 

(B.52) 

the potential function due to the reflected plane wave as shown in Fig. A.5. The 

incident plane wave propagates in the direction Vi which is specified by the unit 

vector 

(B.53) 

The propagation direction of the reflected wave is Vr which is specified by the unit 

vector v"" such that 

(B.54) 

For substrate mode of type II, there is a transmitted plane wave in the cover 

region with the potential function 

(B.55) 

The transmitted plane wave propagates in the direction Vt with the unit vector 

Vt= /3 e + Tc z 
✓µf"c~c ko ✓µ.,.c~c ko 

(B.56) 

From (A.19), the incident electric field in the substrate is 

(B.57) 

Thus 

(B.58) 
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Using the plane wave concepts, the Poynting vector of the incident wave is 

(B.59) 

where we have used (B.53). Furthermore, 710 = fii is the free space wave impedance. V €0 

Let P~ and P~ be the Poynting vectors of the reflected wave in the substrate and 

transmitted wave in the cover, respectively. In a similar fashion, one may argue 

that 

p~ = (wµo.B)
2
lbZ(s)l

2 
(.Be - sz) 

T/oP.Y.. ko 
(B.60) 

p~ = (wµo,8)21a~(s )12 (,Be+ Tcz) 
T/oµ .. cko 

(B.61) 

It can be easily shown that the total power carried in the z direction is the 

sum of the powers carried by the incident and reflected waves in that direction. 

Note that this statement is not true for the power carried in the ! direction. In 

view of lossless character of the MPS is, this means that transferred power in the 

z direction must be equal to the differences of the incident and reflected powers in 

that direction. Therefore, in terms of the Poynting vectors in (B.59), (B.60), and 

(B.61), we have 

from which one may obtain 

Consequently, 
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For substrate mode of type I, since there is no power transfer in the z direction 

the incident and reflected power in that direction must be equal. That is, 

In the case of LSM mode, we may follow the same reasoning in a dual manner. 

In this case, from (A.20), the incident magnetic field in the substrate is 

(B.62) 

Thus 

(B.63) 

The Poynting vector of the incident wave is 

(B.64) 

Similarly, P~ and P~ can be obtained from the following relations 

Using the conservation of power in the z direction, we have 

The same argument can be used for the cover modes. 
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B.7 Derivation of Equation (A.79) 

Fors =fi 0, we have 

lo~ efudz 

[~:z] .z:=00 

J z=O 
] 

s 
s =fi 0 (B.65) 

where we have used (A.75). The integral in (A.78) can be considered as the Fourier 

transform of the unit step function. Therefore, using the inverse Fourier transform, 

we have 

Eq. (B.66) can be rewritten as 

1 z > 0 

l 
2 z=O 

0 z < 0 

On the other hand, using the residue theory, it can be shown that 

More precisely, let us calculate the contour integral 

1 / j -,·•zd - -e s 
21r c S 

l 
2 

0 

z>O 

z=O 

-½ z < 0 

(B.66) 

1 z > 0 

l 
2 z=O 

0 z < 0 
(B.67) 

(B.68) 

(B.69) 
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lms 

Res 

Figure B.1: Contour for the complex integral in (A.55) 

on the contour C in the s plane as illustrated in Fig B.1. If z > O, we may close the 

contour by a semicircle of large ( eventually infinite) radius in the lower half plane. 

Since in the lower half plane Im s < 0, the contribution along the large semicircle 

vanishes. Therefore, according to the theory of Cauchy integral, we have 

(B.70) 

The minus sign in front of Res(.) accounts for the clockwise direction of the contour. 

Again, using the residue theory, the contribution of the semicircle c6 of infinitesimal 

radius to the contour integral is 

1 ! i -;ud - -e s 
21r c S 

I 

- 2~ [-½Res(je:;az )] 

1 
2 

Using (B.70) and (B.71), leads to (B.68) for z > O. 

(B.71) 

For z < O, we may close the contour by a semicircle oflarge (eventually infinite) 

radius in the upper half plane. In the upper half plane Im s > O, therefore, the 
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contribution along the large semicircle vanishes. However, in this case the contour 

does not capture any poles. This means that for z < O, we have 

1 / j -iud - -e s 
21r c S 

_!__ ( fo- te-iuds + 1 te-iuds + loo te-iuds) 
2,r 1-oo s c, s lo+ s 

0 (B.72) 

Thus, (B.68) can be derived for z < 0, if one uses (B.71) and (B.72). 

For z = 0, the contour can be closed by a semicircle of large radius either in the 

upper or lower half plane. Suppose that we close the contour by a semicircle CR 

in the upper half plane. Let us assume that the radius of the large semicircle be R 

and that of C6 be 5. If we substitute 

on C6 and 

on CR, it can be easily seen that their contributions to the contour integral cancel 

each other. Therefore, since no pole is captured, we obtain (B.68) for z = 0. 

Having established (B.68), one may derive 

1 o+ - 1 
- f U(s)ds = -
21r lo- 2 

if one uses (B.68) in (B.67). From (B.73), we obtain 

U+(s) = 1r5(s) o- < s < o+ 

This final result proves that 

! s ;f 0 

1r5(s) o- < s < o+ 

(B.73) 

(B.74) 

(B.75) 
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We follow the same reasoning to prove ( A. 79) with minus sign in front of j. In 

this case we need to show that 

1 
2 

0 

z>0 

z<0 

This can be done by calculating the contour integral 

_!_J -j eJuds 
2,r c S 

z=0 (B.76) 

(B.77) 

on the contour C shown in Fig. B.1. In this case, for z > 0, we may close the 

contour by a semicircle of large ( eventually infinite) radius in the upper half plane 

and vice versa for z < 0. 

B.8 Proof of Theorem A.8 

To prove this theorem we follow the same line in the proof of Theorem A.1. All 

steps in the proof of Theorem A.1 up to (B.24) can be used in the process of proving 

Theorem A.8. Therefore, we may write 

where 

(B.79) 
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However, 

[ 

dF
(c,1') p(c,1') l 

F(c,1') • - F(c,1') _c_ 

c dz • dz 
.z:=oo 

(B.80) 

where 

For substrate modes of type I, "Ye is real. Therefore, the above expression is 

zero in the ordinary sense. Substrate radiation modes of type II result in imaginary 

values for ic• Since it has been assumed that the two modes are not degenerate, 

according to the Theorem A.5, (B.80) is zero as a generalized limit. The same 

argument can be used to show that 

[ 
d ( c,1') p( c,1') l 

F(c,1') F. - F(c,1')_c_ = 0 

c dz • dz 
z=-00 

(B.81) 

if we consider the limit as a generalized limit. Using (B.80) and (B.81) in (B.78), 

in the distribution sense, we have 

2 (c,1')( ) F(c,1')( ) 
f3dif < F. z; s 1 , c z; s2 >= 0 (B.82) 

Since {3jif # 0, (A.85) can be derived from (B.82). 

We may use the same argument to prove (A.86). D 
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B.9 Proof of Lemma A.1 

To prove this lemma, we need to show that for each test function t/J( z ), we have 

To this end, let 

- 1 J__ 6[f(z)- f(a)]t/J(z)dz = lf'(a)l-rp(a). 

y - f(z) 

Yo - f(a) 

:,; - /-1 (y) 

(B.83) 

(B.84a) 

(B.84b) 

(B.84c) 

Note that since it has been assumed that f (:,;) is monotonic, it is possible to define 

its inverse function. Furthermore, /' (:,;) =I= 0. We now consider two cases separately. 

First we assume that /(:,;) is monotically increasing. Then, substituting (B.84) 

into (B.83), we obtain 

1_: 6[/(z) - /(a)]v,(:z:)dz 

(B.85) 

On the other hand, 

[d~-
1 l 

y IFJ/o 

(B.86) 

Therefore, 
- 1 J__ 6[/(z)- f(a)]t/J(z)dz = lf'(a)lt/J(a) (B.87) 

where we have used the fact that /'(a) = lf'(a)I. This proves the lemma for 

monotically increasing function. 
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For monotically decreasing function, we have 

[= 6[f(z) - f(a)]t/J(z)dz 

(B.88) 

In this case, we have 

l(a) = -ll(a)I (B.89) 

Using (B.89) in (B.88) completes the proof of the lemma for monotically decreasing 

function. □ 

B.10 Proof of Theorem A.9 

Let us consider the form function of a cover mode with a fixed radiation parameter 

F e~.,.,( . ) -
C z, Sl -

z<O 
(B.90) 

where 

(B.91) 

The scattered amplitudes in the cover and substrate are related to the incident 

amplitude via the following matrix equation 

(B.92) 

where 
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Moreover, consider the substrate modes with variable radiation parameters and 

the form functions as 

F(c,1&)( ) 
• z;s = 

z<O 
(B.93) 

where 

(B.94) 

Note that the coefficients in the cover and substrate modes are distinguished by 

their arguments. For the substrate modes the scattered amplitudes in the cover 

and substrate regions are related to the incident amplitude via 

Now, let 

Thus, 

According to Theorem A.8, we have 

(B.95) 

(B.96a) 

(B.96b) 

(B.96c) 

(B.96d) 

(B.97) 

(B.98) 
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(B.99) 

where we have used (A.79) and 

In a similar fashion, we have 

I (s s) = r"° - 1- [a(e,A)(s = s )] • [b tJC•1 +•~ )(z-d.N) + a(e,A)(s )e-iC•1 -•~ )(z-d.N)] d-. 
oo 1' jd.d, (e,A) C 2 C C 1 ._ 

N Cc 

Note that 

s' = s 1 1 (s = sJ 

Therefore, using (A.79), we obtain 

Let 

where /( s) defined by (B.94). Then, 

According to Lemma A.1, we may write 

1 
- f'(s2) 5(s - s2) 

- :
1 5( S - S 2 ) 

2 

(B.100) 

(B.101) 

(s; < s < s;-) 

(B.102) 

(B.103) 

(B.104) 

(B.105) 
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Eq. (B.105) can be easily memorized if we write it in a more convenient form as 

follows 

(B.106) 

From (B.97)-(B.99), (B.102), and (B.105), we may write 

s; < s < s; 
(B.107) 

where 

c«.t•>( ) ( 1 c«,">( ) [be«,">( )] • 1 s1 c«,,.1 ) [ c«,">( )] •) A s1 ! s2 = 7r c(c,1&) b. s1 • S = s2 + c(c,I&) ;-ac ( s1 ac S = s2 

• C 2 

(B.108) 

K
(c,I&)( ) -j b(c,I&)( ) • I ( ) j b [ (c,I&)( )]. (B ) 

S 1 7 S 2 = (c,h) • S 1 a.+ N S 1 ! S 2 + (c,h) c ac S = S 2 .109 
2s2 c. 2s1 c. 

Since the inner products of the radiation modes must be considered as generalized 

functions, they are meaningful only if they appear under an integral sign with 

respect to the radiation parameter. Therefore, as far as the orthogonality of the 

radiation modes are concerned, the finite value Kc«,,.> is not important. Only the 

coefficient of delta function in (B.107) matters. However, as will be presently shown 

{B.110) 

To prove (B.110), we invoke the matrix equations in (B.92) and (B.95). According 

to the reasoning we have used in the proof of Theorems A.3 and A.4, the solutions 

of (B.92) are 

(B.111) 
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[ ] [ (c ,.,1-1 [ 1 l -js2 1 T • (s1) . 

a~c,,.) ( S1 ) = ----------=-[-
1
-

8

-
1

-::-- be 

;(:~: [ js, 1 ] T'•·•• ( s,) ;,, l 
(B.112) 

The complex conjugate of (B.95) at s = s2 can be written as 

where we have used the fact that the transfer matrices of a lossless MPS are real­

valued. It should also be emphasized that since two degenerate modes correspond 

to the same value of /3, we have 

T
(c,,.) ( _ ) _ T(c,,.)( ) 

S - S 2 - S 1 (B.114) 

(B.115) 

(B.116) 

where we have used 

. (c,,.) -1 C• . 

[ 

1 l 
(e,,.) 

- [ 1s, 1 ] [T (s,J] js, = c'.•,.1 [ -J•, 
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Substituting (B.111), (B.112), (B.115), and (B.116) into (B.108), leads to 

A1
•·•

1 (s,, s,) = d.,., ( [ -js, 1 ] T1
•·•

1 (s,) [ ;,, ] 

+ :~:::: [ -js, 1 ] [T'•·''(•,lr' [ ;,, ]) 

where 

and 

However, 

Using (B.119) in (B.118 leads to (B.110). This completes the proof. D 

AN ALTERNATIVE APPROACH 

Multiplying (B.92) by the row matrix [ -js
1 

1 ] leads to 

In a similar fashion, from (B.113), one may get 

(B.118) 

(B.120) 

(B.121) 
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Multiplying both sides of (B.120) a.nd (B.121), noting that (B.114) holds a.nd 

we obtain 
(c,i.) 

b(c,i.)( } [b(c,h)( }]* = _:!_:2_ (c,h)( } [ (c,h)( }]* 
a Sl a S2 (c,i.) ac Sl ac S2 

cc s2 
(B.123) 

Comparing (B.123) with (B.108) leads to (B.110). D 

B.11 Proof of the Brewster Theorem 

As stated before, this theorem is a.n immediate consequence of the reciprocity the­

orem. To prove the theorem, let the MPS he transparent to a substrate mode for 

val f (c,h) Thi h some ue o s
2 

• s mea.ns t at 

(B.124) 

Since the corresponding degenerate cover mode is orthogonal to the substrate mode, 

we have 

(B.125) 

where ACc,,.l(s
17 

s
2

) is defined in (B.108). On substitution of (B.124) into (B.125) 

and noting that according to (B.116) 

we end up with the following result 

(B.126) 

Eq. (B.126) mea.ns that the reflected wave in the cover mode is zero. 
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It can also be seen that the numerators in (B.112) and (B.115) are proportional. 

Therefore, vanishing of b~e,1t.) ( s2) results in the vanishing of a~e,1t.) ( s1) and vice versa. 

This fact can also be seen from another view. If b~e,1t.)(s2 ) = 0, then the numerator 

in (B.121) must be zero. According to (B.122), the denominator of (B.120) must 

also be zero. This is only possible if a~e,,.l { s1) = 0. Thus, the first part of the 

proof has been completed. Similar reasoning can be used to prove b~e,,.) ( s2) = 0, if 

(e,1t.)( ) - 0 D ac Sl - • 

B.12 Proof of Theorem A.12 

Let us consider the form function of the substrate mode with the radiation param­

eter s as follows 

F(e,h)( ) 
s z; s = 

-ju + b(e,'")( ) ju a.e • s e 

where 

Following the proof of Theorem A.9, let 

z<O 
(B.127) 

(B.128) 

(B.129a) 

(B.129b) 

(B.129c) 

(B.129d) 
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Therefore, 

(B.130) 

According to Theorem A. 7, we have 

H.Js) = 0 (B.131) 

Moreover, 

(s; < s < s;) (B.132) 

where we have used (A.79) and 

To calculate I 
00 

( s17 s), we consider substrate modes of type I and II separately. 

More precisely, let us assume that 

where 

if Ft,.> ( si) is of type I 

if F;-'',.1 
( s1 ) is of type II 

(s; < s < s;) 

'Yc1 = J(µ,..~. - µ,.c~Jk! - s~ 

Tc= Js2 
- (µ,..~. - µ,.c~Jk! 

(B.133) 

(B.134) 

(B.135) 
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Note that for substrate mode of type I, we have 

(s; < s < s;) 

On the other hand, 

(B.136) 

where we have used Lemma A.1 and (B.135). Using (B.129)-(B.134), and (B.136), 

we may write 

H.1 (s) = { 0 
A(c,h)( )c( - S ) + K(c,h)(s ) 

I.II S1 CJ S l 1,11 1 

(B.137) 

where 

(B.138) 

(B.140) 

K(c,h)( ) = J ( [b(c,h)( )]* _ b(c,I&)( ) •) 
11 81 (c,h) a. • 81 • S1 a. 

2s1 c. 
(B.141) 

However, according to Theorem A.4, if one uses (A.72) and (A.73) in (B.138) and 

(B.140), one obtains 

(B.142) 

On substitution of (B.142) into (B.137), we may write 

s =/= s2 
(B.143) 
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As emphasized before, the inner product of the radiation modes are meaningful 

only if they appear under the integral sign. Therefore, (B.143) is equivalent to 

(B.144) 

which is the statement of Theorem A.12. □ 

B.13 Proof of Theorem A.13 

For substrate modes we have 

(B.145) 

Therefore, 

j2s 

j2s 

[ js l ] T•·"'(s) [ ;. ] 

(B.146) 

where we have used 

For cover modes we have 

(B.147) 
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Consequently, 

(B.148) 

Comparing (B.146) with (B.148), we have 

To prove (A.159), first from (B.145), we get 

- [ js 1 ] Tc"',"1(s) [ 
1 

. ] 
b("',"1 ( ) -JS 

Rc.«,"l(s) def • a. s = _______ _.,;;;; __ ~ 
D<"'•"l ( S) (B.149) 

where n<"',"1(s) is the denominator in (B.146). 

In a similar fashion, if we use (B.147), we obtain 

[ -js 1 ] [T'•·•
1(•Jf1 

[ ;. ] 

- [ -js 1 ] [T<"'•"1(s)r
1 

[ l . ] 
-JS 

- [ -js 1 ] T'•·•1(s) [ ;. ] 

D<"'•"l ( s) (B.150) 

Comparing (B.149) with (B.150), we see that the denominators are the same. How-

ever, the numerators are complex conjugates of each other. Consequently, 

Therefore, the proof of the theorem is completed. D 
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B.14 Proof of Theorem A.14 

To establish the proof of Theorem A.14, we take advantage of an interesting prop­

erty of a symmetric MPS. Based on the physical considerations or by changing the 

variable z to dN - T/, it can be argued that 

(B.151) 

Now comparing (B.149) with (B.150), we have 

(B.152) 

Since the LHS of (B.152) is the complex conjugate of its RHS, the imaginary part 

of each side must vanish. Using this condition and after matrix multiplication in 

(B.152), we obtain (A.161). D 

B.15 Some Useful Integral Formulas 

The following useful integral formulas can be easily obtained by substituting trigono­

metric functions with their complex exponential representations and using (A.79). 

r= 1/- ~ Jo cos(sz) cos(s1 z) dz= -
2 

cos(sz) cos(s1 z) dz= -5(s - s1) 
0 -- 2 

½ [.:.l + •-\] 
_1 

(B.153) 

(B.154) 

(B.155) 

(B.156) 
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l[_l __ 1] 
2 •+•1 •-•1 
__L 

(B.157) 

00 { _l lo sin( s - s 1 )z dz = ~-•1 (B.158) 

Of course, as it may be expected, since the integrands in (B.156)- (B.158) are odd 

functions of z, all the integrals in (B.156)- (B.158) vanish if the lower limit of the 

integrals change to -oo. 

If one directly calculates the integral (B.155), one obtains 

fo00 

cos( s - s 1 )z dz = [
sin( s - s 1 )zl z=oc 

S - Sl .z:=O 

lim sin( s - s1 )z 
z--00 s - s1 

(B.159) 

Comparing (B.159) with (B.155) leads to the following familiar formula 

Ii sin( s - s1 )z c( ) m ___ _.;;__=o s-s 
z--00 1r( s - s1) 1 

(B.160) 

The above formula is usually used for the normalization of the radiation modes in 

the literature. 



Appendix C 

C.1 Derivation of w(e,k)(k:c, ky, z) for Zo > dN 

Let 

(C.1) 

In this case i~ c,i.J { kz, ky, z) can be writ ten as 

where 

a~c,l&){kz, ky)e-'Yc(z-dN) Z > Z
0 

A~c,1&)(kz,ky)ch[,c(z - dN)] + B~c,l&)(kz,ky)sh[-yc(z - dN)] 

dN < Z < Z0 

At,.1(kz, ky)ch[,i(z - '4-d] + Bt°,.1(kz, ky)sh[-yi(Z - ([._i)] 

"Ye = Jk; + k~ - µ,.cf,.c k~ = ✓ 132 
- µ,.cf,.c k~ 

"Yi = Jk~ + k~ - µ,.cµ,..f.,.. k~ = ✓ 132 
- µ,.ce,.c k! 

-y. = Jk; + k~ -µ,..€,.. k! = J132 
- µ,..e,.. k! 

263 

<4-1 < z < <4 
z<O 

(C.2) 

(C.3a) 

(C.3b) 

(C.3c) 
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As will be shown later, the spectral approach requires that each coefficient be a 

function of (kz, ky) which is reflected in (C.2). 

LSM excitation 

The boundary conditions (2.26) at z = z0 result in 

[ 
1 l a:(kz,ky)e--YcT" - DC,e;r) [ A::kz,ky) l = Ae(kz,ky) [ l_zCkz,ky,zo) l 

-,e ICBe(kz, ky) Jy(kz, ky, Zo) 
(C.4) 

where 

[ 

ch(,eT) •hhcT") l 
D(1c;r) = -Ye 

-Ye sh( -Ye T) ch( 1 e T) 
(C.5) 

A•(k,,,k,,) = [ -•(~+~) w-.(~+~) l (C.6) 

It can be easily seen that (C.4) can be rewritten as 

DC,e;T) ([ 1 l a:(kz,ky)- [ A~:kz,ky) ]) = Ae(kz,ky) [ ~(k:,ky,zo) l 
--ye fCBe(k:, ky) Jy{k:, ky, Zo) 

(C.7) 

where we have used 

Dh,;T) [ -~.] = [ -~. ] •~•• 

Now, since there is no current source at z = d;, (i = O, 1, ... N), the boundary 

conditions in (2.26) lead to 

[ 
Ai+1Ckz, ky) l = TC: 1 -(/3) [ AtA)(kz, ky) l (C.8) 

~c,A)B~c,A)(k Z.) 1+ ,, ~c,A)B~c,A)(k Z.) 
'Y,+1 i+l z, "11 "Y, 1 z, "11 

where Ti+ii/3), ( i -:/ 0) have exactly the same mathematical form as Ti+l,i in 

(B.18). Moreover, 

T~ o(/3) = [ 1 0 l 
' 0 ~ 

~ ... 
(C.9) 
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By successive application of the boundary conditions at z = ~ (i = 0, 1, ... N), 

(C.7) can be rewritten as 

where 
0 

Te(,B) = II T~+l,i(,B) (C.11) 
i=N 

Moreover, the dependence of a~ and b! on ( k:i:, ky) is tacitly assumed to make the 

expression in (C.10) simple. Eq. (C.10) can be solved for a~ and b!. Following the 

same procedures as in Appendix B we have 

(C.12) 

(C.13) 

where 

(C.14) 

Once a~(k:i:, ky) and b!(k:i:, ky) have been determined all other coefficients in (C.2) 

can be obtained by successive application of the transfer matrix method. It should 

be emphasized the above expressions for a~ and b! are still valid if T = 0, that is, 

z0 = dN. It is also interesting to note that the denominators in (C.12) and (C.13) 

have the same mathematical form as the characteristic equation of a MPS for a 

LSM mode has. That is why the poles of the Green's functions are referred to as 

surface wave poles. This is the natural consequence of using the spectral domain 
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approach which is closely linked to the method of the separation of variables. The 

fact that the poles of the spectral Green's functions of a MPS are the surface waves 

propagating in the corresponding MPS can only be shown explicitly by using the 

transfer matrix method. This is another reason for the power and beauty of this 

method in comparison with other ones. 

LSE excitation 

In this case, starting with the boundary conditions in (2.27) and following the same 

line as before, one may obtain 

where 

(C.16) 

0 

Th(,B) = II T?+l,i(,B) (C.17) 
i=N 

The mathematical representation of Tf+ii.B), (i =J 0) is given in (B.18). For i = 0, 

we have 

(C.18) 

a~(k:i:,ky) and bZ(k:i:,kv) can be obtained by similar expressions for a~(k:i:,ky) and 

b!(k:i:, Icy) in (C.12) and (C.13), respectively. That is, 

(C.19) 
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(C.20) 

where 

Dh(/3) = [ -Ye 1 ] Th(/3) [ :, ] (C.21) 

The same comments for LSM excitation can be applied for this case. Especially, 

the above expressions for a!(k::, ky) and bZ(kz, ky) are valid for T = 0, that is, when 

C.2 Derivation of 'V(e,h\kz, ky, z) for dk-1 < Zo < dk 

Assume that 

Z 0 - d1c-1 = T, 0 < T < t1c (C.22) 

For this case, one may write the following expressions for ic~.'"1(kz,ky,z) 

a~~-'"1 ( k::, ky )e--rc(.z:-dN > z > 0 

At'"1(k::, ky)ch[-yi(z - '4-d] + Bt'"1(kz, ky)sh[-yi(z - '4-d] 

'4-1 < z < c4, i -::/= k 

ut'"1 (kz, ky)ch[-y1c(z - d1c-d] + vt·'"1(kz, ky)sh[,1c(z - d1c-d] 

Z0 < Z < d1c 

A~~-'"1(k::, ky)ch[-y1c(z - d1c_i)] + Bt'"1(kz, ky)sh[;1c(z - d1c-d] 

z<O 
(C.23) 

where "Ye, "Yi, and "Y• are given in (C.3). 
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LSM excitation 

Applying the boundary conditions reflected in (2.26), we have 

D( )([ UZ(k:,ky) ]-[ At(kz,ky) ])-Ae(k ky)[Jz(kz,ky,zo)l 
-Y1c,T -y1cVl(kz,ky) -y1cBk(kz,ky) - z, Jy(kz,ky,zo) 

(C.24) 

where D(-y1c, r) is given in (C.5) with-ye substituted by -Ylc• Ae(kz, ky) is expressed by 

(C.6). By successive application of the boundary conditions at z = d1c, d1c+1 , ••• , dN, 

UZ ( k:, ky) and -Ylc v,: ( kz, ky) can be evaluated in terms of a~ ( kz, ky) as follows 

(C.25) 

Similarly, successive application of the boundary conditions at z = d1c-i, ... , do(= 

0) yields 

[ 
At( kz, ky) l = II T~+l,j(,B) [ 1 l b:( kz, ky) 

-y1cB:(kz, ky) i=lc-1 -y. 
(C.26) 

Substitution of (C.25) and (C.26) into (C.24) leads to the following system of in-

homogeneous linear equations in a~(k:, ky) and b:(kz, ky) 

where Te(,B) is given by (C.11). Solving (C.27) for a~(kz, ky) and b:(kz, ky), we get 

(C.28) 



APPENDIX C. 269 

where De(/3) is given by (C.14) and 

k-1 

Mk-1(/3) = II [Ti+i,i/3)]-l (C.29) 
i=O 

(C.30) 

where 
k 

NH/3) = II Ti+l,i(/3) (C.31) 
i=N 

Once a~(kz, ky) and b!(kz, ky) have been determined, all other coefficients can 

be obtained by using the transfer matrix method. Therefore, according to (C.22), 

ie(kz,ky,z) can be obtained. Note that the above derivation of ie{kz,ky,z) is 

based on the assumption that O < T < tk. It can be shown that the above results 

are still valid for r = 0. That is, z0 = dk-l (k = 1, ... , N). 

LSE excitation 

Following the same reasoning for LSE excitation, the boundary conditions in (2.27) 

require that 

[ft T:-._,,,(/3)] 0-1(7.,r)µ,,b/ A'(k.,k,,) x 

[ 
~(kz,ky,zo)] 

Jy(k:, ky, Zo) 

(C.32) 

where A "(kz, ky) is given in {C.16). The above system of equations can be easily 

solved for a~(kz,ky) and bZ(kz,ky) as before. That is, by changing the superscript 

e to h and €,. toµ,., the expressions in (C.28) and (C.30) multiplied byµ,.. can be 
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used to obtain the solutions for for a~(k:z:, ks,) and bZ(k:z:, ks,). Hence 

(C.33) 

where Dh.(/3) is defined by (C.21). The expression for ML1(,B) can be obtained 

from (C.29) by changing the superscript e to h. 

Nt(/3) can also be obtained from (C.31) by changing the superscript e to h. It is 

also possible to apply the above results when T = 0. That is, the expressions for 

the solutions are valid when z0 = d1c-i (k = 1, ... , N). 

C.3 Derivation of w(e,h)(k:z:,ky,z) for Zo < 0 

As can be seen, the present case is very similar to the case when z0 ~ dN. In this 

case, we start from the expression for j<c,i.) ( kz, ks,, z ). Due to the present of the 

source at z = z0 , one might expect that 

a~c,i.)(k:z:, ky)e-"Yc(:-dN) z > dN 

At,.1(k:z:,ky)ch[-yi(z - '4-i)] + Bt,.>(kz,ks,)sh[-yi(z - '4_i)] 

'4-1 < Z < c4 

Z < Z0 

(C.35) 
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where -Ye, 'Yi, and -y. are defined in Appendix C.1 via (C.3). As before, we consider 

the LSM and LSE excitations separately. 

LSM excitation 

Application of the boundary conditions (2.26) at z = z0 requires that 

where 

D(~;~)= ~ 
[ 

ch(-r.zo) •h('Y.zo) ] 

-y.sh(-y.z0) ch(-y.z0) 
(C.37) 

Application of the boundary conditions at z = 0 leads to 

(C.38) 

with 

T~ 0(/3) = [ 
1 

O ] (C.39) 
• 0 ~ 

~ ... 

Therefore, successive application of the boundary conditions at z - ~ ( i = 
1, ... , N) leads to the following matrix equation 

Solutions for a~(kz, ky) and b!(kz, ky) are 
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- [ 'Ye 1 ] Te(,B)D-1{1·.; z
0
)Ae(k:i:, ky) [ ~(k:i:, ky, Zo) ] 

Jy(k:i:, ky, z0 ) 

b:(k:i:, ky) = ne(,B) (C.42) 

where ne(/3) is given by (C.14). 

LSE excitation 

Following the same argument, we have 

[ 
1 l a!-Te(,8) [ 1 lb!= Th(,B)D-1(-y.,zo)µ .. ,Ah.(k:i:,ky) [ ~:i:(k:i:,ky,zo) l 

-'Ye f• Jy{k:i:, ky, z0) 
(C.43) 

The above system of linear equations can be solved for a!(k:i:, ky) and bZ(k:i:, ky) as 

follows 

C.4 Proof of Equation {2.39) 

In this appendix, we show that i~,h)( a, z) satisfies the second-order homogeneous 

differential equation (2.39). To this end, substitution of (2.32) into (2.31), leads to 

the homogeneous differential equation 

(C.46) 
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where Bn is the Bessel differential operator 

(C.47) 

It is shown that [53] 

(C.48) 

If we apply the Hankel transform on both sides of the differential equation ( C .46) 

and use (C.48), we end up with (2.39). 

C.5 Connection Between the Two-Dimensional 

Fourier Transform and the Hankel Transform 

To establish the relationship between the Hankel transform and the two-dimensional 

Fourier transform, consider the double Fourier transform of the function /(z, y) as 

follows 

1( k:, ky) = /
00 

/
00 

/ ( z, y )ei(k,.z+kyy) dzdy 
-oo -oo 

According to the inversion theorem, we have 

Let us introduce two pairs of variables (p, <f,) and ( a, v) such that 

{ 
z = pcos<f, 

y = psin<f, { 
kz = acosv 

ky = asinv 

Note that ( a:, v) is the dual pair of (p, <f,) in the spectral domain. Moreover, 

k2 + k2 = a2 
z 11 

(C.49) 

(C.50) 

(C.51) 
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With such variable transformation, one may write 

00 

f( z, Y) = L f n(P )dnq> 
n=-00 

00 

f(k:z:,ky) = L fn(a)dnv 
n=-00 
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(C.52a) 

(C.52b) 

Substituting (C.52a) into (C.49), changing the order of summation and inte­

gration, and using the coordinate transformation in (C.51), we get 

(C.53) 

The above expression can be rewritten as 

(C.54) 

Let us consider the generating-function relation for Bessel functions (56] 

00 

e½-z(t-t-1) = L t"Jn(z) (C.55) 
n=-00 

Writing t = ei8 on both sides of (C.55), we obtain 

00 

dzain8 = L dm8 Jm(z) (C.56) 
m=-00 

If we change the variable 6 to i + 6 in the above identity, we get 

00 

eizco•8 = L jmdm8 Jm(z) (C.57) 
m=-00 

Using the above identity in (C.54) leads to the following result 

where we have used 
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Consequently, 
00 

f(kz,ky) = L 21rj"fn(a)dnv (C.58) 
n=-00 

where fn(a) denotes the Hankel transform of fn(p). Comparing (C.58) with (C.52b) 

yields 

(C.59) 

Note that one may start with substituting (C.52b) into (C.50). Then, using the 

identity 
00 

e-jzco•6 = L (-j)ffleiffl6 Jm(z) 
ffl=-00 

and comparing the final result with (C.52a) leads to 

1 00 

fn(a) = -
2

. f fn(a)Jn(a:p)ada 
1r1" lo 

(C.60) 

The above relation states that fn(a) is the Hankel transform of 21rj"fn(p). In 

other words, applying the Hankel transform on both sides of (C.60), we end up 

with (C.59). 



Appendix D 

D.1 Green's Function of Multilayer Planar Struc­

tures 

In this appendix, we obtain the exact Green's function satisfying (3.21) by using 

the transfer matrix method. We use two seemingly different approaches. However, 

it can be shown that these two approaches are the same. Let the grating section 

extend from z = d,._1 to z = d,. as shown in Fig. 3.4. Therefore, z' may be anywhere 

between d,._
1 

and d,. in the unperturbed waveguide, that is, d,._
1 

$ z' $ d,.. In 

both approaches, we take advantage of the fact that G( z; z') is the solution of the 

following differential equation 

d2G(z· z') { 0 
dz2' + e,.(z)k! G(z; z') = 

0 

z > z' 

z < z' 
(D.1) 

subject to the continuity of G(z; z') and dG~.z') for all values of z except z =I- z'. At 

z = z', G( z; z') is continuous. However, dG~.z') is discontinuous such that 

dG( z; z') dG( z; z') 
dz l.z=.z•+ - dz l.z=.z•- = 1 (D.2) 
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First approach 

Since G(z; z') satisfies (D.1), one may write 

Z
1 < Z < Zic 

A1c(z')cosT1c(z - d1c_i) + B1csinT1c(z - d1c-d z1c-1 < z < z' 

b.(z')ei-r.z z < 0 

where 
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(D.3) 

(D.4a) 

(D.4b) 

Continuity of G( z; z') and its first derivative at all interfaces Zi ~ z1c leads to 

(D.5) 

where 

(D.6) 

and ti is the thickness of the ith layer. In a similar fashion, continuity of G(z; z') 

and its first derivative at all interface zi < z1c-i yields 

i<k-1 (D.7) 

Applying the boundary conditions at z = z', we get 
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where 

(D.9) 

Using (D.5) and (D. 7) in (D.9), we have 

Now it an easy task to obtain ac{z') and b.(z') from the a.hove equation. The 

procedure is very similar to that one given in Appendix C.2. After obtaining ac(z') 

and b.( z') a.11 other coefficients can be obtained by using the transfer matrices. 

Second approach 

In this approach, we st a.rt from a general formula for the Green's function of the 

second-order differential equation. According to the theory of second-order differ­

ential equations (64), the Green's function satisfying (3.21) ca.n be obtained as 

G( . ') = Z1(z')Z.(z)U(z - z') + Z.(z')Z,(z)U(z' - z) 
z, z Z:(z')Z,(z') - Z.(z')Z;(z') 

(D.11) 

where U(·) is the unit step function. Z,.(z) is any solution of the homogeneous 

equation in (D.1) for z > z' subject to the continuity of Z.(z) a.nd its normal 

derivatives at each interface di > z'. The same is true for Z, ( z) with respect to the 

corresponding continuity conditions at the interfaces d. < z'. It should be noted 

tha.t derivation of (D.11) is based on (D.2). The above considerations a.llows us to 

explicitly write z. ( z) a.nd Z, ( z) as 

Z,.(z) = Af cos Ti(z - di-i) + Bf sinTi(z - di-i) 

At cos T1e( z - d,._1) + Bi: sin Tie( z - d,._1) 

z ~ dN 

di-i ~ z ~ dn i > k 

z' < z < d,. 
(D.12) 
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Ai cos Tk( z - d,._1) + Bi sin Tk( z - d,._1) 

Zi(z) = Ai cos Ti(z - di-i) + Bf sinTi(z - di-i) 
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d;_1 $ z < di , i < k 

z$0 
(D.13) 

where Tc:,• = ~ k0 and Ti = ~ ko. Since Z.,(z) and Zi(z) are the solutions 

of the homogeneous differential equation, ac: and b. can be considered as arbitrary 

numbers. However, (Af, Bf) and (Ai, B!) are uniquely determined in terms of 

ac: and be:, respectively. More precisely, successive application of the boundary 

conditions at di > z', requires that 

(D.14) 

where Ti is given by (3.6). Similarly, we have 

(D.15) 

If one calculates the denominator of the Green's function in (D.11), one can easily 

prove that 

a def 

(D.16) 

Therefore, (D.11)-(D.16) provide us the closed form solution of the Green's func­

tion satisfying (3.21). It can be easily seen that the product of the two arbitrary 
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constants is common in the numerator and denominator of (D.11) as might be 

expected. Consequently, one may set them equal to 1. 



Appendix E 

E.1 Fundamental Governing Equation of Slowly­

Varying Optical Fields 

In this appendix we derive the governing equation of slowly-varying optical fields 

from Maxwell's equations in the time domain. These equations are the starting 

point for both traveling wave and standing wave approaches. The distinctive feature 

of this derivation is the inclusion of the spontaneous emission noise at the very 

beginning. This is different from the conventional heuristic approach of considering 

the spontaneous emission at the very end of the formulation of the rate equations. 

We start from Maxwell's equations 

where 

81-£ 
V xE=-µ, -0 8t 

81) 
Vx1-£=-

8t 

281 

(E.1) 

(E.2) 

(E.3) 
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'DO is related to £ by 

1'o(r, t) = la°" fo Er (r, t') E(r, t - t') dt' (E.4) 

with 

Xc(r, t) is the susceptibility of the unpumped lasing medium. pl and p• are the 

polarization associated with the lasing medium and spontaneous emission source, 

respectively. p• acts as a random source of the optical field in the laser structure. 

In the presence of this random source the laser field must be considered as a random 

field. Note that we have assumed linear polarization model with memory for the 

cold cavity, i.e., the laser cavity in the absence of the injection. On substitution of 

(E.3) into (E.1) and (E.2), we obtain 

Let 

a21> 0 a2pl a2p• 
V X V X £ + µo 8t2 = -µo 8t2 - µo ~ 

E ( r, t) = Re { E( r, t) eiw?t} 

1'o(r, t) = Re { Do(r, t) eiw?t} 

pl ( r, t) = Re { pl ( r, t) eiw?t} 

p• ( r, t) = Re { p• ( r, t) eiw?t} 

(E.5) 

(E.6a) 

(E.6b) 

(E.6c) 

(E.6d) 

where w,. is a reference frequency. E(r, t), Do(r, t), pl(r, t), and P•(r, t) are slowly 

varying amplitudes with respect to time. On substitution of (E.6) into (E.5), we 

get 

where 
,.,. a . 
J. = 8t + JW,. 
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By neglecting terms that are of second-order derivatives of D0( r, t) and of first-order 

or higher for P' and p•, one derives 

(E.7) 

Let us define the Fourier transform by the kernel e-i(t. That is, 

With the above definition, if one applies the Fourier transform to both sides of 

(E. 7), one obtains 

On the other hand, using (E.6) in (E.4), one may obtain the relationship between 

the Fourier transform of D 0 (r, t) and E(r, t). More precisely, we have 

(E.9) 

Applying the Fourier transform on (E.9), we obtain 

(E.10) 

By changing the variable, one may obtain the following relation from (E.10) 

(E.11) 

Since D 0 (r, () and E(r, () are narrowband functions, they vanish for sufficiently 

small values of(. In this range of small values of(, ~(r,w,. + () can be expressed 

in terms of a Taylor series expansion 

(E.12) 
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Substituting (E.12) into (E.11), the nonzero values of D 0 (r, () and E(r, () satisfy 

the following relation 

(E.13) 

where €r,.(r) = e,.(r,w,.). Substituting (E.13) into (E.8) and utilizing the constitutive 

relation 

P1(r, t) = c0 x(r, t) E(r, t) (E.14) 

where x(r,t) is the carrier-dependent susceptibility of the lasing medium, one ob­

tains 

where 
2 

k2 = wr 
o v2 

0 

1 
v2= -­o 

µoEo 

and * means convolution in the Fourier spectral domain. 

Applying the inverse Fourier transform on both sides of (E.15) and noting that 

we obtain 

(E.16) 

where c9 is the effective group dielectric constant and is given by 
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Based on the slowly-varying amplitude assumption, we neglect second-order deriva­

tive with respect to time. Therefore, from (E.16), one may derive 

(E.17) 

Eq. (E.17) is the fundamental governing equation for the envelope of the laser field 

in its most general form. 



Appendix F 

F.1 Green's Function Satisfying (5.26) 

In this appendix we attempt to find the Green's function satisfying (5.26). Basically, 

it is possible to find the Green's function by two different approaches. In the first 

approach, we write the Green's function as a linear combination of the solutions of 

the homogeneous equation. The unknown coefficients can be obtained by applying 

the continuity condition on the Green's function and the discontinuity condition 011 

its first derivative. 

The second approach is based on the integral transform technique. The kernel of 

the integral transform satisfies the homogeneous differential equation. The Green's 

function can be obtained from the inverse transform by using contour integration 

and the residue theory. In fact, the second approach is based on the eigenfunction 

expansion of the Green's function. Although the second approach is more elegant 

than the first one, it is not as simple as the former. Therefore, we focus only on 

the first approach. 

In the first approach, as mentioned above, it is necessary to obtain the suitable 

condition on the derivative of the Green's function at the source location. To this 
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end, it is more convenient to write the differential operator acting on G(p, p'; a:) as 

!.
8
8 

(Paa )G(p,p';a) + [,82(a:) - n:] G(p,p';a) = !_6(p- p') (F.1) 
p p p p p 

If one multiplies the above equation by p and integrate the resulting equation from 

p = p'- to p = p'+, continuity of G(p, p'; a) at p = p' results in 

1 

p 
(F.2) 

Eq. (F .2) along with the continuity of G(p, p'; a) at p = p' are the fundamentals in 

deriving the Green's function. We consider four cases separately. 

(1) n = 0 and ,B(o:) = 0 

In this case, the two independent solutions of the homogeneous equation in (F.1) 

are constant function and ln(p ), respectively. Thus, 

, { A G(p,p ;a)= 
B ln(p) 

p < p' 

p > p' 

Continuity of G(p, p'; a:) at p = p' and (F.2) leads to (5.27a). 

(2) n =I= 0 and ,B(a:) = 0 

(F.3) 

In this case, the two independent solutions of the homogeneous equation in (F.1) 

are p" and p-n, respectively. Consequently, 

p < p' 

p > p' 

Following the same procedure as before, one ends up with (5.27b ). 

In this case, one may write 

G( ,. )-{ AJn[,B(a)p] 
P,P 'a - PTf2) 

B .Un [,8( a )p] 

p < p' 

p > p' 

(F.4) 

(F.5) 
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where 

Following the same line as before, i.e, using the continuity of G(p, p'; a) at p = p' 

and (F.2), one needs the Wronskian of the Bessel's functions [108] (p. 463) 

J. (/3 ) dNn(f3p) - N. (/3 ) dJn(f3p) = ~ 
n p d({3p) n p d({3p) 1rp 

Using (F .6), we have 

Therefore, after some algebraic manipulations, we obtain (5.27c). 

Let us assume that (32 = -u2
, u 2 > 0. In this casP., one may write 

G( ,. ) _ { Aln(up) 
P,P ,a -

B Kn(up) 

p < p' 

p > p' 

(F.6) 

(F.7) 

(F.8) 

where In(•) and Kn(•) are the modified Bessel functions of the first and the second 

kind, respectively. These functions are defined as [108] (p. 463) 

ln(up) = jn Jn(-jup) 

Kn(up) = i-(-j)"+lH~
21

(-jup) 

The Wronskian of the modified Bessel functions is 

l ( )dKn(up) _ K ( )dln(up) __ !_ 
n up d(up) n up d(up) - P 

From (F.10) and the procedure described earlier, we have 

p < p' 

p > p' 

(F.9a) 

(F.9b) 

(F.10) 

(F.11) 
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Using (F.9), (F.11), and u = J-f32(a), one may write 

, { if-H~2

>[-jJ-/32(a)p']Jn[-jJ-/32(a)p] 
G(p, p ; a) = . ,--- <

2
> ,--­

lf Jn[-i J-/32( a)p']Hn [-jJ-/32(a)p] 

p < p' 

p > p' 
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(F.12) 

A careful look at (F.12) reveals that the Green's function G(p,p';a) for /32(0:) < 0 

can be obtained from those expressions valid for {32(a) > 0 simply by substituting 

-iJ-f32(a) for {3(a). 
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