MINIMAL INDUCED SUBGRAPHS OF THE CLASS OF
2-CONNECTED NON-HAMILTONIAN WHEEL-FREE GRAPHS
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ABSTRACT. Given a graph G and a graph property P we say that G is mini-
mal with respect to P if no proper induced subgraph of G has the property P.
An HC-obstruction is a minimal 2-connected non-Hamiltonian graph. Given
a graph H, a graph G is H-free if G has no induced subgraph isomorphic to
H. The main motivation for this paper originates from a theorem of Duffus,
Gould, and Jacobson (1981), which characterizes all the minimal connected
graphs with no Hamiltonian path. In 1998, Brousek characterized all the claw-
free HC-obstructions. On a similar note, Chiba and Furuya (2021), character-
ized all (not only the minimal) 2-connected non-Hamiltonian {K1 3, N3 1,1}-
free graphs. Recently, Cheriyan, Hajebi, and two of us (2022), characterized
all triangle-free HC-obstructions and all the HC-obstructions which are split
graphs. A wheel is a graph obtained from a cycle by adding a new vertex
with at least three neighbors in the cycle. In this paper we characterize all the
HC-obstructions which are wheel-free graphs.

1. INTRODUCTION

In this paper we consider finite undirected graphs without loops or multiple
edges.

Let G be a graph and let X C V(G). We denote by G[X] the induced subgraph
of G with vertex set X, and by G \ X the graph G[V(G) \ X]. Given two graphs
H and G, the graph G is H-free if it has no induced subgraph isomorphic to H.

Let X C V(G). The set X is a cutset if G \ X is not connected, and if X is a
cutset of cardinality k, then X is a k-cutset. The set X is a clique if it is a set of
pairwise adjacent vertices. If X is both a clique and a cutset, then X is a clique
cutset. Let F' C E(G). The set F' is an edge-cutset if the graph (V(G), E(G) \ F)
is not connected. An edge-cutset of cardinality k is a k-edge-cutset.

Let v € V(G) and let X C V(G). We denote by Nx (v) the set of neighbors of v
in X, by d(v) the degree of the vertex v in G, and by A(G) the maximum degree
of a vertex in G. Given two graphs G; and G2, we denote by G; U G5 the graph
(V(G1) UV (G2), E(G1) U E(G2)).
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A Hamiltonian path (resp. Hamiltonian cycle) in a graph G is a (not necessarily
induced) subgraph H of G which is a path (resp. cycle), and V(H) = V(G). A
graph is Hamiltonian if it has a Hamiltonian cycle and non-Hamiltonian otherwise.

Following the notation of [I], we say that a graph H is an HP-obstruction if H
is connected, has no Hamiltonian path, and every induced subgraph of H either
equals H, is not connected, or has a Hamiltonian path. Analogously, a graph H is
an HC-obstruction if H is 2-connected, has no Hamiltonian cycle, and every induced
subgraph of H either equals H, is not 2-connected, or is Hamiltonian.

Below we state some results which involve specific graphs not defined in the
present paper. Our first motivation for this paper originates from the following
result of Duffus, Gould, and Jacobson [2], which characterizes all the graphs which
are HP-obstructions.

Theorem A ([2], see also [3| Theorem 2.9]). There are exactly two HP-obstructions:
the claw and the net.

In 1998, Brousek [4] obtained a complete characterization of the claw-free HC-
obstructions. On a similar note, Chiba and Furuya [5], characterized all (not only
the minimal) 2-connected non-Hamiltonian {K7 3, N3 1 1}-free graphs. Cheriyan,
Hajebi, and two of us [I] characterized all HC-obstructions which are split graphs
and all HC-obstructions which are triangle-free graphs.

Theorem B ([I]). The snare and all n-novae for n > 2 are HC-obstructions.
Moreover, these are the only HC-obstructions which are split graphs.

Theorem C ([I]). All thetas, triangle-free closed thetas, and triangle-free wheels
are HC-obstructions, and they are the only HC-obstructions which are triangle-free.

We remark that the analogous problem with respect to the induced minor re-
lation has been fully resolved by Ding and Marshall [6], who obtained a complete
characterization of the minimal, with respect to the induced minor relation, 2-
connected non-Hamiltonian graphs.

A wheel is a graph obtained from a cycle C by adding a new vertex (not in V(C))
which has at least three neighbors in V(C). We remark that in several papers about
wheels (for example, in [7]), the cycle C is required to have at least four vertices
and thus the above definition is non-standard: for example, a four-vertex complete
graph is a wheel according to our definition.

FIGURE 1. An example of a wheel.

In this paper we give a complete characterization of the HC-obstructions which
are wheel-free graphs. Since, by Theorem [C] all triangle-free wheels are HC-
obstructions, this is equivalent to characterizing all HC-obstructions which do not
contain a wheel and contain a triangle.



We proceed with some definitions in order to state our main result. Given two
vertices, u and v, a (u,v)-path is a path which has the vertices u and v as its ends.
Given two sets of vertices, A and B, an (A, B)-path is a (u,v)-path, where u € A
and v € B.

Let G be a graph, let K be the complete graph on V(G), and let F be a subset
of E(K) such that FNE(G) = 0. We denote by G+ F the graph (V(G), E(G)UF).
Given a positive integer k, we denote by [k] the set of positive integers {1,...,k}.

Let K and L be two disjoint triangles on {ki, k2, k3} and {l1,l2,l3} respectively.
For each i € [3] let P; be a (k;,l;)-path, such that the paths Py, Py, P; are vertex-
disjoint. Let P := K U LU (U,¢3 Fi)- If for each i € [3] the path P; has length at
least two, then P is a prism, otherwise P is a short prism.

Let [ be a vertex, such that | ¢ V(K). For each i € [3] let P; be a (k;,[)-path
of length at least two, such that the paths Py, P, P53 are internally vertex-disjoint.
Then the graph K U (Uie[B] P;) is a pyramid.

Let a and b be two vertices. For each i € [3] let P; be an (a, b)-path of length at
least two, such that the paths Py, P>, P3 are internally vertex-disjoint. The graph
Uiepz P is a theta.

E

FIGURE 2. Top row from left to right: A prism, a theta and a

pyramid. Bottom row from left to right: A prism™, pyramid™,
theta®™. Squiggly edges represent paths of length at least two.

A prism™ /pyramid* /theta™ is a graph obtained from a prism/pyramid/theta by
selecting one or more of the three paths involved in the definition of the prism/pyramid/theta
and adding for each of the selected paths an edge which joins its ends. (In the case
of a theta™, we add at most one edge between a and b.)

A 3-path-configuration is a graph isomorphic to a prism, a pyramid, a theta, a
prism™, a pyramid™ or a theta™. We refer to 3-path-configuration as a $PC. Again,
we note that our definitions differ from standard literature (such as [7]): usually,
only prisms, pyramids, and thetas are referred to as 3PCs, and usually short prisms,
as well as pyramids with a path of length one, are included. Note that the latter
are wheels according to our definition.

In this paper we prove the following theorem:

Theorem 1. All 3PCs are HC-obstructions. Moreover, these are the only HC-
obstructions which are wheel-free graphs.
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2. WHEEL-FREE GRAPHS

In this section we prove In [I] it is proved that all thetas are
HC-obstructions, by the exact same argument it follows that all thetas™ are HC-

obstructions.
Lemma 1 ([1]). All thetas and thetas™ are HC-obstructions.
Lemma 2. All prisms, pyramids, prismst, pyramids™ are HC-obstructions.

Proof. The fact that none of these graphs has a cutvertex can be easily checked.
Also it can be easily checked that for each of these graphs, each of its proper induced
subgraphs is either not 2-connected or Hamiltonian. Let us prove that each of the
graphs in the statement of the lemma is non-Hamiltonian.

Let G be a prism/prism™ /pyramid/pyramid™ as in the definition in Section
Let suppose towards a contradiction that G has a Hamiltonian cycle C. Then since
for each ¢ € [3], the path P; has at least one internal vertex which has degree two in
G, the cycle C contains as subgraph the path P; and if G has an edge which joins
the ends of P;, then clearly C' does not contain this edge. Since C' is 2-regular, it
follows that it contains at most one of the edges of G[ky, k2, k3]. Now one of the
vertices ki, k2, k3 has degree one in C, which is a contradiction. (]

By [Lemma 1] and [Lemma 2| we get the following:

Corollary 1. All 3PCs are HC-obstructions.

In view of in order to prove it suffices to prove the
following:

Theorem 2. If G is a 2-connected, wheel-free graph which has no induced subgraph
isomorphic to a SPC, then G is Hamiltonian.

Below we state some notions and results that we need for the proof of

If H is a graph, then the line graph of H is the graph G whose vertices are
the edges of H and two vertices of G are adjacent if and only if the corresponding
edges of H share a vertex. Given a graph H we denote its line graph by L(H). The
following is well known:

Lemma 3. Let H be a graph and J be a subgraph of H. Then L(J) is an induced
subgraph of L(H).

Following the notation of [7], we say that a graph G is an only-prism graph if it is
(theta, wheel, pyramid)-free. A short pyramid is a graph as in the definition of the
pyramid in Section [1| with the difference that there exists exactly one i € [3] such
that P; has length one. We remark that our definitions of a wheel and a pyramid
are sligthly different from the corresponding definitions in [7]. In particular, in [7]
the complete graph on four vertices is not considered a wheel and a short pyramid
is considered as a pyramid, whereas we consider it to be a wheel. Overall, however,
only-prism graphs in our sense are also only-prism graphs as defined in [7].

Let G be a graph and C' be a cycle which is a subgraph of G. A chord of C' is
an edge e such that both the ends of e are vertices of C' and e ¢ E(C). A cycle
C is chordless if C has no chords and a graph G is chordless if every cycle of G is
chordless.



Theorem 3 ([7]). If G is an only-prism graph, then either G is the line graph of
a triangle-free chordless graph, or G admits a clique cutset.

We will use the following definitions from [8]. A graph G is 2-sparse if every
edge of GG is incident to at least one vertex of degree at most two. A proper 2-
cutset of a connected graph G is a pair of non-adjacent vertices u, v such that V(G)
can be partitioned into non-empty sets X,Y and {u,v} such that there is no edge
between X and Y, and with the property that each of the graphs G[X U{u,v}] and
G[Y U {u,v}| contains a (u,v)-path, and neither of the graphs G[X U {u,v}] and
GlY U {u,v}] is a path. We say that (X,Y,u,v) is a split of this proper 2-cutset.

Theorem 4 ([8,9]). If H is a 2-connected chordless graph, then either H is 2-
sparse or H admits a proper 2-cutset.

Given a graph H, a subdivision of H is a graph obtained from H by replacing
each edge uv of H by a (u,v)-path of length at least one in such a way that none of
the paths that we add has an internal vertex in V(H) or in one of the other paths
we add.

A model of a graph H in a graph G is a collection (Ap)xev (a) of disjoint subsets
of V(G) such that G[A}] is connected for all h € V(H), and for every edge e =
hh' € E(H), there is at least one edge between A, and Ap/ in G. We say that the
graph G contains H as a minor (or contains an H-minor) if G contains a model
of H. The following is well known (see, for example, [10], 1.7).

Lemma 4. Let G and H be graphs such that A(H) < 3 and G contains H as a
minor. Then G has a subdivision of H as a subgraph.

Lemma 5 ([I1]). Let G be a graph which does not contain a K4-minor. Then G
contains a vertex of degree at most two.

We are now ready to prove

Proof of [Theorem 2 Let us assume towards a contradiction that the theorem does
not hold. Let G be a minimal, with respect to the number of its vertices, coun-
terexample for the theorem.

Claim 1. Let {u,v} € E(G). Then d(u) > 3 or d(v) > 3.

Proof of [Claim 1, Let {u,v} € E(G). Since G is 2-connected it follows that d(u) >
2 and d(v) > 2. Let us suppose towards a contradiction that d(u) = d(v) = 2 and
let «’ be the unique vertex of the set Ng(u) \ {v} and let v’ be the unique vertex
of the set Ng(v) \ {u}.

Let G be the graph obtained from G by contracting the edge {u,v}, and let
Vs € V(G) be the vertex formed by the contraction.

We claim that G is 2-connected. Suppose not, and let w € V(é) be a cutvertex
of G. If w € V(G) \ {vus}, then w is a cutvertex of G, which is a contradiction.
Thus, w = vy, and hence both v and u, are cutvertices of G which is again a
contradiction.

We claim that G has no Hamiltonian cycle. Suppose not, and let C' be a Hamil-
tonian cycle in G. Let C' := C \ vy, and let C” = (V(C") U {u,v}, E(C") U
{{u, v}, {u,v},{v,v'}}). Then, C” is a Hamiltonian cycle in G, which is a contra-
diction. Thus G has no Hamiltonian cycle.
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We claim that G has no induced subgraph which is isomorphic to a 3PC. Suppose
not, and let H be such an induced subgraph of G. Since by our assumptions H is
not an induced subgraph of G, it follows that v,, € V(H). Since vy, has degree
two in G, and since H is 2-connected, we deduce that vy, has degree two in H.
Thus, v, is an internal vertex of a path of length at least two of H.

Let H' := H\vy, and let H"” := (V(H")U{u, v}, E(H" ) U{{u, v}, {u,v},{v,v'}}).
Then, H” is an induced subgraph of G which is isomorphic to a 3PC, which is a
contradiction. Hence G has no induced subgraph isomorphic to a 3PC.

By the above it follows that G is a counterexample for which is
a contradiction because |V(G)| = |[V(G)] — 1 < |V(G)|, and G is a minimum
counterexample. O

Claim 2. Let {u,v} be a 2-cutset of G. Then there exist induced subgraphs of
G, say G1,G2, such that |V (G1)|,|V(G2)| < |[V(G)|, V(G1) N V(G2) = {u,v},
V(G1) UV(Gs) = G, Gy is a (u,v)-path of length two or a triangle and Gy is
neither a path nor a cycle.

Proof of [Claim 3 We first prove that G \ {u,v} has exactly two connected con-
nected components. Suppose not, and let G1, G, and G5 be three connected com-
ponents of G \ {u,v}. Since G is 2-connected, neither of the vertices u,v is a
cutvertex, and thus for each i € [3], each of u,v has at least one neighbor in G;.
For each i € [3], let P; be a shortest (u,v)-path with all its internal vertices in G;
and such that P; does not use the edge {u,v} if it is present in G. P; has length at
least two, and G[V (P1) UV (P,) UV (Ps)] is either a thetat or a theta (depending
on whether {u,v} € E(G) or not), which is a contradiction. Thus G \ {u, v} has
exactly two connected components.

Let H;,Hs be the two connected components of G \ {u,v} and let H] :=
GV (Hy) U {u,v}] and Hj := G[V(Hz) U {u,v}].

We claim that there exists ¢ € [2], such that the graph H/ is neither a (u, v)-path,
nor a cycle. Suppose not, then either {u,v} ¢ E(G) and the graph G is a cycle,
and hence a Hamiltonian graph; or {u,v} € E(G), in which case the subgraph of
G which we obtain if we delete the edge {u,v} is a Hamiltonian cycle of G. Both
outcomes contradict the fact that G is a non-Hamiltonian graph.

We claim that there exists ¢ € [2], such that the graph H] is either a (u,v)-path
or a cycle. Suppose not. For each i € [2] let P; be a shortest (u,v)-path in H
which does not use the edge {u,v} if it is present in G. Then |V (F;)| < |H]|. The
graphs H{ := G[V(H;) UV (P)] and HY := G[V(H}) U V(P,)] are 2-connected
induced subgraphs of G and |V(HY)| < |[V(G)| and |V(HY)| < |[V(G)|. Thus, by
the minimality of G as a counterexample, it follows that for each i € [2], the graph
H! has a Hamiltonian cycle C; since every vertex in V(Ps_;) \ {u, v} has degree 2
in H/, it follows that E(Ps_;) C E(C;) for i € {1,2}. Let C := (C1\ P2) U(Ca\ ).
Then C' is a Hamiltonian cycle of G, which is a contradiction.

Without loss of generality we may assume that Hj is either a (u,v)-path, or
a cycle and that H) is neither a path nor a cycle. Since {u,v} is a cutset, we
have that |V (Hj)| > 3. We claim that |V (H])| = 3. Suppose not. Then there exist
v1,v2 € V(Gy), such that {v1,v2} € E(G) and d(v1) = d(v2) = 2, which contradicts
The graphs G and G5 are induced subgraphs of G, which witness that
the claim holds. (]



Corollary 2. If {u,v} is a cliqgue cutset of size two of G, then there exist induced
subgraphs of G, say G1,Ga, such that |V (G1)|,|V(G2)| < |V(G)|, V(G1)NV(Gs) =
{u,v}, V(G1) UV(G2) = V(G), G is a triangle and Go is neither a path nor a
cycle. In this case we call the edge {u,v} a special edge of the graph G, and the
unique (u,v)-path of length two in G1 the corresponding path of this special edge.

Proof of [Corollary 3 Immediate by 0

Let G’ be the induced subgraph of G that we obtain if for each special edge of
G, we delete the unique internal vertex of its corresponding path. In claims 3] [4]
and @ we prove some properties of the graph G’.

Claim 3. Let X be a cutset in G'. Then X is a cutset in G.

Proof of[Claim 3. Let us suppose towards a contradiction that G\ X is connected.
Let G, G4 be two connected components of G'\ X. Let u € V(G}) and v € V(GY).
Let P be an induced (u,v)-path in G. Let x € V/(P)\ V(G’). Then Ny (g)(x) is a
clique, so [Ny (py(z)| < 1 as P is induced. But then z € {u, v}, a contradiction. [

Claim 4. The graph G’ does not admit a clique cutset.

Proof of[Claim . By [Claim 3| the definition of G’, and the fact that G is 2-
connected, we conclude that G’ has neither cutvertex, nor clique cutset of size
two. Also, since G’ is wheel-free, it follows that it does not contain an induced
subgraph isomorphic to the complete graph on 4 vertices and thus G’ has no clique
cutset of size four or more.

We claim that G’ has no clique cutset of size three. Suppose not and let {u, v, w}
be a clique cutset of G’. Let G}, G be two connected components of G’ \ {u, v, w}.
Since G’ has no clique cutset of size two, it follows that for each i € [2] each of
u,v and w, has at least one neighbor in G;. For each i € [2], let P; be a shortest
(u,v)-path which does not use the edge {u, v}, and with all its internal vertices in
G). Then G[V(PB;)] is a cycle and w ¢ V(F;).

We claim that for each ¢ € [2] no internal vertex of P; is adjacent with the vertex
w. Suppose not. Then G'[V(P;) U {u,v,w}] is a wheel, which is a contradiction.
It follows that G'[V (Py) UV (Pe) U{u,v, w}], is a theta™, which is a contradiction.
Thus, G’ has no clique cutset of size three, and hence G’ has no clique cutset. [

Claim 5. Let {u,v} be a 2-cutset of G'. Then G'\ {u,v} has exactly two connected
components, and one of these is a single vertez.

Proof of [Clazm 5, Immediate by [Claim 2] and [Claim 3} O

Claim 6. The graph G’ does not have a Hamiltonian cycle which contains all the
special edges of G.

Proof of[Claim 6. Let us assume towards a contradiction that G’ has a Hamiltonian
cycle, say C’, which contains all the special edges of G. For every special edge {z,y}
of G, let us denote by P, its corresponding path. Let C' be the subgraph of G
obtained from C’ as follows: For every special edge {x,y} of G, we delete from C’
the edge {z,y} and we add the path P,,. Then, C is a Hamiltonian cycle of G,
which contradicts the fact that G is a non-Hamiltonian graph. (]

Claim 7. There exists a triangle-free chordless graph H, with A(H) < 3, such that
G' =L(H).
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Proof of[Claim 7 By our assumptions for G, and the definition of G/, the graph G’

is an only-prism graph. By |Claim 4] G’ has no clique cutset. Thus, by [Theorem 3|
there exists a triangle-free chordless graph H, such that G’ = L(H). Since G’ is

Ky-free, it follows that A(H) < 3. O

In Claims 8-12, we prove some properties of the graph H.
Claim 8. H is 2-connected.

Proof of[Claim 8 Since G’ is connected and G’ = L(H), it follows that H is con-
nected. Let us assume towards a contradiction that H is not 2-connected. Let
v € V(H) be a cutvertex of H. If every edge of H is incident with v, then G’ is a
complete graph. Since G’ is 2-connected and Ky-free, it follows that G’ is isomor-
phic to K3, contrary to[Claim 6] Now let X be a component of H \ {v} containing
an edge e not incident with v. Let K be the set of vertices in G’ that correspond
to edges of H of the form {u,v} where u € X. Then K is a clique cutset in G’,

contrary to O
Claim 9. If F is a 2-edge-cutset in H, then the graph H \ F has exactly two
connected components, one of which is either a single vertex or a single edge.

Proof of [Claim_g Follows immediately by and by the fact that G’ = L(H).
]

Claim 10. The graph H does not admit a proper 2-cutset, and H is 2-sparse.

Proof of|Clatm 10} By [Theorem 4] it suffices to prove that H does not admit a
proper 2-cutset. Suppose for a contradiction that H admits a proper 2-cutset, and
let (X, Y, u,v) be a split of this proper 2-cutset. Since u and v each have degree at
most three in H by it follows that there is a vertex v’ € V(H) such that
either N(u)NX = {v'} or N(u)NY = {u'}. Likewise, there is a vertex v’ € V(H)
such that either N(v) N X = {v'} or N(v) NY = {v'}. It follows that {uu',vv'} is
a two-edge cutset in H. By it follows that H \ {uu',vv'} has exactly two
connected components, say X’ and Y’, and that X’ is a clique and |X’| < 2. Since
X,Y # 0 and H \ {uv/,vv'} contains no (X, Y)-path, we may assume that X C X’
and Y C Y. Tt follows that | X| < 2. If u has two neighbors in X, then v’ € Y and
hence X’ contains u and its two neighbors, contrary to the fact that |X’| < 2; and
likewise for v. It follows that u,v both have exactly one neighbor in X. If v and v
have a common neighbor z in X, then either |X| =1 and H[X U {u,v}] is a path,
contrary to fact that {u,v} is a proper 2-cutset; or z is a cutvertex of H, contrary
to [Claim 8 It follows that |X| = 2, and so X = X’ and «/,v’ € X. But now
H[X U{u,v}] is a four-vertex path with vertices u,u’,v’, v in this order, contrary
to the fact that {u,v} is a proper 2-cutset. |

Claim 11. The graph H has no K4-minor.

Proof of [Claim 11 Let us assume towards a contradiction that H has a K4-minor.
Then, by it follows that H has a subgraph K which is a subdivision
of K4. Thus, there exist four vertices of K, say {v,vs,vs,v4}, and a set of six
internally vertex-disjoint paths

P:={P,;:i,j€[4 andi < jand P, is a (v;,v;j)-path in K},
such that K = |JP.



Since H is 2-sparse, it follows that each path in P has length at least two. We
claim that each path in P has length exactly two. Suppose not. Without loss
of generality, we may assume that P; o has length at least three. Let J be the
subgraph of K (and thus of H) obtained by deleting from K the internal vertices of
the path P 4. Then, the graph L(J) is a prism. By since J is a subgraph
of H the graph L(J) is an induced subgraph of G’ and thus G’ has a prism as an
induced subgraph, a contradiction. Thus, each path in P has length exactly two.

We claim that H = K. Suppose not. Then, since H is connected, there exists
an edge in E(H) \ E(K) which is incident to a vertex v € V(K). Since A(H) < 3,
we have that v ¢ {v1,v2,v3,v4}. Thus there exists a path P € P such that v is
the unique internal vertex of P. Then, dy(v) = 3, and thus both the two edges of
P which are incident with the vertex v are not incident with a vertex of degree at
most two, which contradicts that, by the graph H is 2-sparse. Hence,
H = K and thus G’ = L(K).

k1 ko

N

A

l3 ns

UP)

FIGURE 3. Proof of [Claim 11} The Hamiltonian graph L(K).

Let {kq, ko, k3}, {l1,12,13}, {m1, ma, m3z} and {ny,na, n3}, be the four cliques of
size three of the graph G’. Without loss of generality we may assume that:

{{kBa m2}’ {mlv 12}7 {TTL3, nl}a {kl’ll}v {l3vn3}v {nQ» kQ}} c E(G/)

We claim that G has no special edges. Suppose not. Let e be a special edge of
G and let P, be the corresponding path of the special edge e. Either both the
endpoints of e lie in one of the four triangles of G’ or the endpoints of e lie in two
different triangles of G'.

Suppose that the former case holds. Without loss of generality we may assume
that e = {k1,k2}. Then G[V(P.) U {ks,l1,l3,n3,n2}] is a theta®, which is a con-
tradiction. Hence, there exist two triangles of G’ such that special edge e joins
these two triangles. Without loss of generality we may assume that e = {kq,l;}.
Then G[V (P.) U {ki, k2, ks} U{l1,l2,l3} U{my, ma,n3,n2}] is a prism™, which is a
contradiction.

Thus G has no special edges and hence G = G’ = L(K). Let C := l1lsngninskakiksmaomamqlaly
(see. Then C'is a Hamiltonian cycle in G, which is a contradiction. Hence,
H has no K -minor. O
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Since H is 2-connected, G’ = L(H), and G’ has no Hamiltonian cycle which uses
all of its edges, it follows that H has at least four vertices and H contains a vertex
of degree at least three. Thus, since by H has no K -minor, it follows
from that H has at least one vertex of degree two. Let ¢ be such a vertex
and let e and e§ be the two edges of H which are incident to c. For each i € [2]
let P; be a minimum-length path which has as one end the vertex ¢, contains the
edge €ef, and the other end of P; is a vertex of degree three. The paths P;, P> exist,
because H is 2-connected and not a cycle. Let a,b be the degree-three ends of P;
and Ps respectively.

We claim that a # b. Suppose not. Then, since P; U P, is a cycle, and H is not
a cycle, the vertex a = b is a cutvertex of H, contradicting Thus, a # b.

We claim that the sum of the lengths of P, and P, is at most three. Suppose
not, and let e, and e, be the edges of P, and P, which are incident to a and b,
respectively. Then {e,, e} is a 2-edge-cutset of H and the graph H \ {e,, e} has
at least two components, each of which contains at least two edges, contradicting
This proves our claim.

Let C be the set of the connected components of H \ {a,b}. Since A(H) < 3 and
H is 2-connected, it follows that either |C| = 2 or |C| = 3.

Claim 12. [C| = 3.

Proof of [Claim 17 Let us suppose towards a contradiction that |C| = 2. Let Hy, Ho
be the two connected components of H \ {a, b}, where ¢ € V(H).

Since H is 2-sparse and the vertices a,b have degree three in H, it follows that
{a,b} ¢ E(H). Since d(a) = d(b) = 3 and {a,b} ¢ E(H), it follows that each
of a,b has two neighbors in Hy. Let a1,as and by,bs be the neighbors of a and
b respectively in Hy. Let A := {a1,a2} and B := {b1,b2}. By Menger’s theorem
(see, for example [12]), applied in the component Hs, either there exist two vertex-
disjoint (A, B)-paths in Hs or there exists a vertex separating A from B in Ho.

We claim that there exist no two vertex-disjoint (A, B)-paths in Hs. Suppose not,
and let @1, Q2 be such paths. Since Hj is connected, there exists a (V(Q1), V(Q2))-
path. Let @3 be a minimum length (V(Q1), V(Q2))-path in H. Then no internal
vertex of Qg lies in V(Q1) UV (Q2). Let

K:=H UQi1UQUQ3+ {{a,al}, {a,ag}, {b, bl}, {b, bg}}
Then K is a subdivision of K4, and thus H has a Ky-minor, which contradicts
Hence, there exists d € V(Ha), such that d separates A from B in Hs. Let
H3' and H¥ be a partition of Hy \ {d}, where A\ {d} C V(H3') and B\ {d} C
V(HP). Since A(H) < 3, without loss of generality, we may assume that d has
exactly one neighbor in Hj'. Let ds be the neighbor of d in Hs'. Let F :=
{{d,da}, {b,b'}}, where b’ is the neighbor of b in P,. Then H \ F has two connected

components, say Fy, F5, where F) contains a and its neighbors, except possibly d,
and {{b,b1},{b,b2}} C E(F3), which contradicts [Claim 9| Thus |C| = 3. O

Claim 13. G’ is a short prism.

Proof of [Claim 15 By [Claim 12| we have that the graph H \ {a, b} has three con-

nected components. Let Cy, Cy and C5 be the three components of H \ {a,b} where

c € V(Cy). For each i € [3], let ¢ and e? be the edge of H which has as one end

the vertex a or b, respectively, and its other end lies in C;. Since, by for
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each i € [3] there exists at least one component of H \ {e¢,e?} which is either a
single vertex or a single edge, it follows that each of the components Cy and Cj,
is either a single vertex or a single edge. Recall that C; is a path by construction,

shown to have length at most 1.
a a a a
b b b b
FIGURE 4. Proof of [Claim 13} The graph H is one of the graphs
illustrated above.

Since H has no cutvertex, it follows that there are only four possibilities for the
graph H, depending on how many of the components C7,Csy, C3 consist of a single
vertex (see [Figure 4.

If each of C1,Cs, C3 contains two vertices, then G’ is a prism, a contradiction.
So at least one of the components C7, Co, C3 contains only one vertex, and G’ is a
short prism. [

Since G’ is a short prism, let {k1, ko, k3}, {l1,12,15}, P1, P2, P5 as in the definition
of the short prism in Section [T}

ko @ONNNANNNNNS [
k3 I3

[ ]
ko NANNANANANNNCe [

FIGURE 5. A theta™ in G in case one of the triangles of G’ contains
a special edge.

We claim that no edge of a triangle of G’ is a special edge of G. Suppose not.
Without loss of generality we may assume that {k1,ke} € E(G’) is a special edge
of G. Let Py,1, be the corresponding path of the edge {k1, k2}. Then G[V (Pyyk,)U
V(P1) UV(P,) U {ks}] is a thetat (see [Figure 5), which contradicts the fact that
G is (theta™)-free.

We claim that there exists at least one path in the set { Py, Py, Ps} of length one
such that the unique edge of this path is not a special edge of G. Suppose not, let
Q C V(G) be the set of the internal vertices of the corresponding paths of all P;
where P; is length one. Then, G[Q U {k‘l, ko, kg} U {ll,lg, l3} UPrUPU Pg] is a
prism™, which contradicts the fact that G is (prism™)-free. Hence, without loss of
generality we may assume that P; has length one and the unique edge of P; is not
a special edge.

It follows that every special edge of G’ is contained in F(P:) U E(Ps). Let
= (P2 U P3 U ({k1, ll},@)) + {{k1, kg}, {kl, ]4}3}, {ll, lg}, {ll, l3}} Then, C'is a
Hamiltonian cycle of G’ which contains all the special edges of G, contradicting
This concludes the proof. [l
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