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Abstract

Quantum entanglement facilitates nonlocal correlations that defy classical physics, forming
the basis for quantum technologies, including quantum computation and communication.
Nonlocal games exemplify this power, where entangled players achieve outcomes unattain-
able by classical means. This thesis focuses on optimizing the preparation of high-fidelity
logical Bell pairs in the context of the fault-tolerant magic square game, seeking to minimize
Bell pair(ebit) consumption while maintaining a low logical error rate.

In this thesis we introduce a novel approach leveraging an interface circuit and en-
tanglement purification protocol (EPP) to translate states between physical and logical
qubits and purify noisy logical ebits. This method significantly reduces the number of
initial ebits needed compared to conventional strategies. Our analytical and numerical
analyses, particularly for the [[7k, 1, 3k]] concatenated Steane code, demonstrate substan-
tial(actually, exponential) ebit savings and higher noise threshold. Analytical lower bounds
for local noise threshold of 4.70 × 10−4 and initial ebit infidelity threshold of 18.3% are
obtained. Additionally, we construct an analogous interface for the surface code through
lattice surgery, offering further improvements in fault tolerance and compatibility with
current quantum hardware.

Our framework is adaptable to various quantum error-correcting codes (QECCs) and
experimental platforms. We hope our protocol will not only enhance understanding of fault-
tolerant nonlocal games, but also spark further exploration of interfacing between different
QECCs, promoting the development of modular quantum architectures and advancing
quantum internet.
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Chapter 1

Introduction

1.1 Motivation

Quantum Entanglement, one of the most profound phenomena in quantum mechanics,
allows particles to exhibit correlations that cannot be explained by classical physics, even
when separated by large distances. This nonlocal behavior has significant implications for
various quantum technologies, such as quantum computation and communication. The
entangled particles act as a single system, showcasing nonlocal effects that challenge clas-
sical notions of locality and providing a foundational resource for tasks that are otherwise
impossible or inefficient with classical systems.

Nonlocal games are one of the scenarios where quantum entanglement demonstrates
its power. A nonlocal game involves interaction between a referee and spatially isolated
players, where the referee assigns questions to each player based on a publicly known
distribution. Players respond to their questions, aiming to satisfy specific criteria and win
the game. While players cannot communicate during the game, they can use quantum
entanglement prior to the game to increase their chances of winning, thus highlighting the
power of quantum resources in achieving correlations that surpass classical limits. Nonlocal
games not only offer insights into the fundamental nature of quantum mechanics but also
have practical applications in quantum cryptography and device-independent quantum key
distribution [19].

Experimental demonstrations of nonlocal games, such as loophole-free Bell tests, have
validated these theoretical predictions under various conditions [6, 35, 76, 42]. In recent
years, special types of nonlocal games like quantum pseudotelepathy [15] have been ex-
plored, where players can achieve success probability 1 with quantum strategies. They

1



have also been verified to show quantum advantage [94]. For the Magic Square Game,
in the presence of hardware errors, the average winning probability across all assignments
of indices is 93.8%, surpassing the classical value but still suboptimal. This prompts the
question: Can we achieve a winning probability of 1 when each gate in the circuit has
a constant error rate? Additionally, in both communication and nonlocality, what is the
minimal amount of resources necessary to achieve this? One key resource is quantum
entanglement, or more specifically EPR pairs(ebits), that enables quantum advantage in
nonlocal games. And this quantity will be a central focus of this work.

One promising solution to the first question is Fault-tolerant Quantum Computation
(FTQC), which permits arbitrarily low logical error rates in the presence of physical noise,
provided that the error rates of all operations remain below a threshold value [54, 2]. An es-
tablished method for error suppression is code concatenation [52, 73] and it was later proved
that by concatenating the [[7, 1, 3]] Steane code [1], FTQC is possible with a theoretically
proven lower bound on the threshold [3]. Recent advancements have revitalized interest
in this approach, showcasing the feasibility of time-efficient and constant-space-overhead
FTQC [96]. Although these code concatenation constructions work well under quantum
computation settings, complexities arise when we hope to apply them to quantum com-
munication or nonlocal game scenarios, which are underexplored areas. It was shown that
in the noisy setting, capacities of quantum channels can be asymptotically approached
with a fault-tolerant construction based on Steane code concatenation[26, 9]. However,
an exact threshold value is unknown and the question of resources is not addressed. An-
other popular family of codes for FTQC is topological codes, or more specifically, surface
codes. By encoding logical qubits in 2D arrays of physical qubits and using local mea-
surements, they effectively manage both bit-flip and phase-flip errors. This code is highly
favored due to its high error threshold and compatibility with existing quantum hardware
technologies [32, 57, 13, 81].

1.2 Main results and thesis outline

In this work, we restrict to the context of Fault-tolerant Magic Square Game and provide
a partial solution to the following question

Given some fixed noise strength in local devices, if Alice and Bob hope to play the magic
square game with a success probability arbitrarily close to 1, what is the minimal number
of ebits required?

One essential component to establish the results on fault-tolerant quantum communi-
cation is an interface circuit that translates between physical qubits and logical qubits.

2



A similar idea was experimentally tested with 9-qubit Shor’s code[64]. This concept can
potentially save ebits as it moves entangling operations from the logical space to the phys-
ical space. In the [[7k, 1, 3k]] case, it circumvents the need for transversal entangling gates.
However the interface itself is not fault-tolerant, so we invoke the idea of entanglement
purification [10] to filter out bad ebits. Combining these ideas, we use a modified interface
and propose an alternative scheme for preparing a logical ebit and subsequently playing
the magic square game.

Figure 1.1: The procedure of the Fault-tolerant Magic Square Game. For the Magic Square
Game, Alice and Bob are randomly assigned a row and a column index a, b ∈ {0, 1, 2}.
They then each reply with three answers [Aa

0, A
a
1, A

a
2] and [Bb

0, B
b
1, B

b
2] with Aa

i , B
b
j ∈ {±1}

∀i, j. The winning condition is that
∏2

i=0A
a
i = +1 and

∏2
i=0B

b
i = −1 and Aa

b = Bb
a. No

communication is allowed during the game. However, if Alice and Bob share two EPR
pairs prior to the game and perform corresponding measurements, they are able to win
the game with probability 1 (in the error-free scenario). In the FT case, Alice and Bob
are supplied with noisy physical ebits. In order to implement the same strategy, they use
these to create 2 logical ebits and then perform logical measurements.
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We’ve compared our scheme with Direct Encoding, that is, Alice and Bob prepare
|+⟩ and

∣∣0〉 respectively and they use transversal CNOT to create a logical ebit. We
used numerics-assisted methods for k ≥ 1 and performed exact Monte-Carlo simulation
for k = 1. Let ∆ denote the failure probability of the magic square game. Given that
0 < ∆ ≪ 1, physical error rate ϵ = 2.25 × 10−4 and initial infidelity of ebits being 10%,
our proposal shows substantial savings on the initial ebits consumed. A more explicit
comparison can be seen in Figure 1.2.

Figure 1.2: The number of raw ebits required to achieve magic square game failure prob-
ability ∆ versus ∆. Due to the complexity of simulation when the concatenation level is
high, analytical bounds are obtained instead. The green and blue bands above represent
regions bounded by the upper and lower bounds for the two methods respectively.

In fact, there is another advantage of our scheme, the above ϵ is actually a derived lower
bound on the threshold for Direct Encoding. Notably, Interface+EPP has the potential
to tolerate higher local noise levels. Our analysis establishes a lower bound 4.70 × 10−4.
Additionally, this method is capable of handling significantly noisier initial ebits, with a
lower bound on the infidelity threshold being 18.3%. In the later part of this thesis, we
also construct an interface for the surface code through lattice-surgery [44].

The rest of this thesis is organized as follows. In Chapter 2 we review the basics of
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quantum error correction, emphasizing the underlying intuition. We elaborate on a less
discussed yet important topic: the evolution of stabilizers. Additionally, we provide an
overview of the entanglement purification protocol (EPP) towards the end of this chapter.
In Chapter 3 we review important notions in FTQC that will be used throughout this
thesis. We further give a detailed comparison of different fault-tolerant error correction
gadgets, including their pseudo-thresholds and qubit overheads. The specific fault-tolerant
constructions in the Steane code and surface code are discussed at the end. The Magic
Square Game is introduced in Chapter 4.1. In Chapter 4 we elaborate and compare the
different methods of preparing a logical ebit for concatenated Steane code. We begin by
discussing the preparation of high-fidelity ebits from noisy ebits. In Section 4.3, we derive
a lower bound on the threshold. Using these results, Section 4.4 presents bounds on the
logical error rate of a logical ebit prepared via Direct Encoding. Section 4.5 provides an
overview of Interface+EPP methods, and describes our modified interface. We then obtain
bounds on the logical error rate of the Interface+EPP schemes in Section 4.5.4. In Section
4.6, we combine the results and obtain our main result as above. Finally, we present a full
numerical simulation comparing the methods for encoding level-1. Lastly, we summarize
our results and outline future directions in Sec.6.

5



Chapter 2

Quantum Error Correction

2.1 Notations

Throughout this thesis, we shall assume familiarity with some standard notions and
their notations in quantum information and computation. More detailed descriptions can
be found in [68]. The Hilbert space for a quantum system, a complete inner product space,
is denoted as H. We denote L(V,W ) as the set of linear operators with domain V and
range W and L(V ) if the domain and range are the same space. A density operator ρ
is a positive operator such that Trρ = 1. The set of density operators acting on H is
denoted D(H). For the coding theory part, we use single-bracket [n, k, d] to denote a
classical code and double-bracket [[n, k, d]] to denote a quantum code. [P,Q] = PQ−QP
is the commutator and {P,Q} = PQ + QP is the anticommutator. Other notations will
be clearly defined when they come into use. In the rest of this thesis, unless specified we
will assume the QECC in use has parameters [[n, k, d]] and t = ⌊d−1

2
⌋.

We will start by giving a very brief overview of Quantum Error Correction(QECC)
with a focus on intuition, neglecting proofs of results and topics irrelevant to this work,
ensuring this thesis is self-contained. Readers can refer to Gottesman’s PhD thesis [37] or
his textbook [36] for more details. Concepts and results covered in this section include the
quantum error correction criteria, and the stabilizer formalism, notably, we will elaborate
on the procedure of encoding a state in the logical space. Further, we discuss CSS codes
and their properties, and details of the two error-correcting codes considered in this thesis,
namely the Steane code and the surface code.

6



2.2 QECC Condition

Quantum errors can be generally modeled by quantum channels. Given a state ρ ∈
D(Hn), the Kraus representation of an error channel E : D(Hn) → D(Hm) can be written
as E(ρ) =

∑
sEsρE

†
s , where Es ∈ L(H) and

∑
sE

†
sEs = I. Some common error models

include depolarizing noise, amplitude damping noise, and erasure noise. Before stating
the criteria, I will formulate the error correction procedure more precisely. Part of the
following is referenced from [60]. A full cycle of QECC can be described as in Fig 2.1, where
U : Hk → Hn denotes the encoder, which is an isometry1 mapping the physical qubits into
the logical space. E ∈ E denotes the set of correctable errors. D : Hm → Hk denotes
the decoder that corrects the corrupted state, which includes syndrome measurement and
recovery operations. A valid QECC will output a state that is proportional to the original
state.

Figure 2.1: The full procedure for a QECC cycle

Hk is the logical space and Hn is the physical space. In this case, we say a QECC
encodes k logical qubits into n physical qubits. At this point, we can state the quantum
error correction condition [53]

Definition 2.2.1 (QECC criterion). Suppose we have the error channel E(·) =
∑

sEs(·)E†
s

and an isometry operator U . Let {|ψi⟩} be a basis of Im(U). Then (U, E) is a QECC iff
∀i, j, s, t

⟨ψi|E†
sEt|ψj⟩ = cs,tδij

In particular, cs,t are entries of a Hermitian matrix.

In the above, Im(U) is in fact what we call the codespace. Intuitively, a set of errors is
correctable by a QECC if the basis states, after the action of the error operators, remain

1Recall that an operator U is an isometry if the distance between two points in the domain is preserved
after the action of U . On a Hilbert space, this corresponds to a unitary operator.
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orthogonal and therefore are perfectly distinguishable. Otherwise, in the degenerate case,
different Ei’s maps have the same effect on the codeword, this is also reversible via the
same recovery operation. In this work, we focus on the depolarizing noise. It has the form
that

Ep(ρ) = (1 − p)ρ+
p

3
XρX† +

p

3
Y ρY † +

p

3
ZρZ† =

(
1 − 4p

3

)
ρ+

4p

3

I

2

We say an error E has weight-t if it affects t qubits, denoted wt(E). Given this we can
define another essential parameter of a QECC, distance.

Definition 2.2.2 (Distance). Let C ⊆ Hn be the codespace of some QECC. The distance
of the QECC is defined as

d = min{wt(E) : ⟨ψ|E|ϕ⟩ ≠ c⟨ψ|ϕ⟩, ∀|ψ⟩, |ϕ⟩ ∈ C}

We denote the QECC to have parameters [[n, k, d]] and the rate of the code is R = k
n
.

2.3 Stabilizer Formalism

While the QECC condition helps to verify, given error E , whether a code is a valid
QECC, it’s hard to derive explicit codes from it. Therefore we will now review a more
convenient framework of QECC, namely the stabilizer formalism, developed by Gottes-
man [37]. The group theory nature gives a natural decomposition of the Hilbert space,
which we elaborate on below. Before explaining the formulation, we will first introduce
the Pauli group.

Definition 2.3.1 (Pauli group). The Pauli group on n qubits consists of tensor product
of {I,X, Y, Z} with an overall phase of ±1,±i, where

X =

(
0 1
1 0

)
Y =

(
0 −i
i 0

)
Z =

(
1 0
0 −1

)
There are a couple of properties worth mentioning. (1)P 2 = ±I,∀P ∈ Pn. (2)∀P,Q ∈

Pn, either [P,Q] = 0 or {P,Q} = 0. Due to these properties of Pn, the stabilizer group
defined below divides the codespace.

Definition 2.3.2 (Stabilizer group). Given a QECC T ⊆ H2n , the stabilizer group S is
an abelian subgroup of Pn defined as

S(T ) = {Q ∈ Pn|Q|ψ⟩ = |ψ⟩ ∀|ψ⟩ ∈ T}
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From the definition we see that −I /∈ S(T ). Now we can define a stabilizer code,

Definition 2.3.3 (Stabilizer code). Given a stabilizer group S ⊂ Pn, a stabilizer code C
is the joint +1-eigenspace of S,

C(S) = {|ψ⟩ s.t. Q|ψ⟩ = |ψ⟩ ∀Q ∈ S}

If there are n physical qubits and the group S has r generators, then there are k = n−r
logical qubits. Moreover we define the normalizer of S.

Definition 2.3.4 (Normalizer). The normalizer of the stabilizer S is

N(S) = {N ∈ Pn|NQ = QN ∀Q ∈ S}

From the above definitions, we can infer a more concise expression for the distance of
a stabilizer code.

Definition 2.3.5 (Distance of a stabilizer code). For a stabilizer code S, N(S) \ S is the
set of undetectable errors and the distance d is

d = min{wtE|E ∈ N(S) \ S}

Elements in S have trivial actions on the code and elements N(S) \ S are actually
logical operators. We further note that the quotient group N(S)/S ∼= Pk. The disjoint
cosets of S in N(S) therefore represent distinct undetectable errors (logical operations)
up to stabilizer transformation. We now have the ingredients for constructing a stabilizer
code. Given blocklength n, we may first choose a stabilizer group S ∈ Pn with r generators
{Q1, . . . , Qr}. There are k = n− r logical qubits. Thus we find {X̄i, Z̄i}ki=1 such that each
logical operator commutes with all Qi as well as logical operators of the same type, i.e.
[X̄i, X̄j] = [Z̄i, Z̄j] = 0, ∀i, j ∈ [k]. Furthermore [X̄i, Z̄j] = 0 for i ̸= j and {X̄i, Z̄i} = 0.
Now given n physical qubits, how do we encode them in the logical space? Actually, we
only need to apply the following operator to project onto the codespace

PS =
1

2r

r∏
i=1

(I +Qi) =
1

2r

∑
Q∈S

Q

As discussed above, each stabilizer divides the codespace into two parts, with each half
corresponding to either the +1 or −1 eigenspace. The operator (I + Qi) ensures that we
always project onto the +1 eigenspace. Thus, the first equality is easily derived. The
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second equality follows from expanding the first expression. If we want to obtain |0̄⟩⊗k,
which is the +1 eigenstate of each Z̄i, we do similar as above and have

|0̄⟩⊗k ∝
k∏

i=1

(I + Z̄i)
r∏

i=1

(I +Qi)|00 . . . 0⟩

At the end, we want to discuss a subroutine in decoding a stabilizer code. In general,
efficient decoding is hard. For most families of codes, it is NP-hard. However, for stabilizer
codes we can perform syndrome measurements to obtain some information. We first need
to define the error syndrome.

Definition 2.3.6 (Error syndrome). Let S = ⟨Q1, . . . , Qn−k⟩, the syndrome q ∈ {0, 1}n−k

of a Pauli error E is defined as

qi =

{
0, if [Qi, E] = 0

1, if {Qi, E} = 0

for a state |ψ⟩ s.t. Q|ψ⟩ = q|ψ⟩ ∀Q ∈ S, the syndrome has the i-th bit being 0 if Qi|ψ⟩ = |ψ⟩
and 1 if Qi|ψ⟩ = −|ψ⟩.

We now show how to measure the parity of an operator (which combines to give the
error syndrome). If we have some 5-qubit code and we hope to measure the stabilizer
XZZXI we may perform the circuit

X

Z

Z

X

|+⟩
X

Figure 2.2: Non-fault-tolerant syndrome measurement circuit for the operator XZZXI

2.4 Quantum Codes from Classical Codes

Having introduced the stabilizer formalism, we take an interlude and discuss a specific
method for constructing a stabilizer code, the CSS construction [20, 1]. Classical coding
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theory is a well-established field [87], with numerous results that underpin much of our
modern computational and communication technologies. Thus people naturally wonder if
we can make use of these results in QECC. However, a significant challenge in quantum
computing is the need to correct for two types of errors, X and Z. Fortunately, the
formalism developed by Calderbank, Shor, and Steane allows us to construct quantum
codes by combining classical linear codes. We will start by discussing linear codes and
then the CSS construction.

Definition 2.4.1 (Linear code). A linear code C of dimension k and blocklength n over a
finite field F is a k-dim subspace of Fn.

In the 0/1 case, we have F = Z2. As we are not concerned with qudit error correction
in this thesis, we will keep this convention from now on. Due to the linear subspace
requirement, we have ∀x, y ∈ C ⇒ x + y ∈ C. This also allows us to use linear algebraic
tools. C can be represented by a generator matrix, defined as below:

Definition 2.4.2 (Generator matrix). Let C ⊆ Zn
2 be a linear code of dimension k. A

matrix G ∈ Zn×k
2 is a generator matrix for C if C = {G · x : x ∈ Zk

2}.

In fact, we often consider C from a ‘dual’ perspective, the dual code of C is defined as
C⊥ = {v ∈ Zn

2 : ⟨v, c⟩ = 0 ∀c ∈ C}. We say an [n, k] code C is weakly self-dual if C⊥ ⊆ C
and self-dual if C⊥ = C. We note that dim C + dim C⊥ = n. If we consider the generator
matrix of a dual code C⊥, denoted by H, this matrix possesses several notable properties.
These properties are significant enough to warrant a separate definition.

Definition 2.4.3 (Parity-check). Let C ⊆ Zn
2 be a linear code of dimension k. A matrix

H ∈ Z(n−k)×n
2 is a parity-check matrix if C = kerH = {x ∈ Zn

2 : H · x = 0}.

Since HT is the generator matrix of C⊥, we can infer that HG = 0. And now GT is
the parity-check of C⊥. The name ‘parity-check’ comes from the fact that, given x ∈ C a
codeword, if an error e ∈ Zn

2 occurs, we now have a string x+ e and

H(x+ e) = 0 +He = He

which is a bit string we call the ‘error syndrome’. Classically, the distance of C is the
minimum weight of any nonzero c ∈ C. It’s also the smallest number d such that H has d
linearly dependent columns. A linear code with distance d can correct up to ⌊d−1

2
⌋ errors

and detect up to d− 1 errors. This is best illustrated by Fig 2.3.
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Figure 2.3: Space packed by a code C with distance d. Each circle is a Hamming ball with
center being a codeword c ∈ C and radius ⌊d−1

2
⌋ to ensure circles are disjoint so different

codewords are distinguishable.

We will give an example of classical linear code, the binary [2r−1, 2r−r−1, 3] Hamming
code [41], commonly used in ECC RAM This is a class of codes with parity-check matrices
having as columns all r-bit strings. When r = 3, we have the [7, 4, 3] code with parity-check
matrix

H =

0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1


and generator matrix

G =



1 1 1 1
1 1 1 0
1 1 0 1
1 1 0 0
1 0 1 1
1 0 1 0
1 0 0 1


It’s easy to check that HG = 0 and the syndrome of error on the i-th bit is the i-th column
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of H. We will see later how we obtain the Steane code from this code. Now we define the
CSS code

Definition 2.4.4 (CSS code). Given a pair (CX , CZ) of binary linear codes satisfying
C⊥
Z ⊆ CX . The codes have parity-check matrices HX and HZ respectively. Let S be the

CSS code with stabilizer generators (
0 HZ

HX 0

)
then S is an [[n, k, d]] quantum code with k = dim(CX/C⊥

Z ) = dim(CZ/C⊥
X) = dim(CX) +

dim(CZ) − n and d = min{dX , dZ}.

We note that C⊥
Z ⊆ CX immediately implies HXH

T
Z = 0. This explicit equation also

inspires a later generalization for code construction by connecting to homology [33, 69].
Essentially, a CSS code can be seen as a chain complex of size three. If we call X0, X1, X2

the sets of rows of HX , columns of HX and rows of HZ and the boundary operators being
∂1 = HX and ∂2 = HT

Z , we then have

FX2
2

∂2−→ FX1
2

∂1−→ FX0
2

such that ∂1∂2 = 0. As a matter of fact, the CSS construction remains the base for some
of the latest QECCs, including several popular qLDPC codes2 [88, 61]. Since this is not
the focus of this thesis, we defer the details to interested readers. Finally, as an aside, we
introduce an important concept,

Definition 2.4.5 (Code concatenation). If we have two QECC C = [[n1, k1, d1]] and C ′ =
[[n2, k2, d2]], we may combine these two codes by first encodes in the inner code C and then
encodes each of the physical qubits of C in an outer code C ′. This yields a [[n1n2, k1, d ≥
d1d2]] concatenated quantum code.

We may extend this to higher levels. In Chapter 4 the concatenated Steane code
[[7k, 1, 3k]], where k is the level of concatenation, will be the premise of our analysis.

We will now present two examples of CSS code that are used in this thesis.

2Roughly speaking, a code is LDPC if its parity-check matrix is sparse.
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2.4.1 Steane Code

The Steane code is the smallest qubit CSS code capable of correcting a single-qubit
Pauli error [1]. In recent years, due to its simplicity and effectiveness, as well as its nice
fault-tolerance properties, there has been an increasing amount of experimental success in
demonstrating the Steane code in trapped-ion [78, 79, 71, 28] and neutral-atom systems [13,
12]. The Steane code is constructed by setting HX = HZ = parity-check of the [7,4,3]-
Hamming code. From Definition 2.4.4 we see that the code parameters are [[7, 1, 3]] and
the stabilizers and logical operators are

S1 = I I I X X X X
S2 = I X X I I X X
S3 = X I X I X I X
S4 = I I I Z Z Z Z
S5 = I Z Z I I Z Z
S6 = Z I Z I Z I Z
X = X X X X X X X
Z = Z Z Z Z Z Z Z

Table 2.1: Stabilizer generators and logical operators of the Steane code

The decoding of the Steane code is particularly simple. Each error syndrome corre-
sponds to a unique X/Z error. Thus a Look-Up-Table is sufficient for decoding.

2.4.2 Surface Code

In some experimental platforms such as superconducting qubits, it is desirable to have a
planar code with nearest-neighbour interactions. This makes the planar surface code, which
is the 2D version of the Kitaev toric code [48], a strong candidate for such systems [32,
57, 13]. Besides, the surface code saturates the BPT bound [17]. This means under some
locality constraints, it is optimal among all 2D codes. The surface code is defined on a
L× (L− 1)-square lattice. An example of the surface code is shown in Figure 2.5. There
are two types of stabilizers - the plaquette operators Zp and the star operators Xv defined
as

Xv =
∏
l∈star

Xl, Zp =
∏

l∈∂(p)

Zl
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where ‘star’ is associated with a vertex v, it is the collection of qubits on edges incident to
v; and ‘∂(p)’ denotes the qubits on the boundary of the plaquette p. The error syndrome
for each stabilizer can be measured by coupling the corresponding 4 qubits to an ancilla
qubit and use circuit 2.2. It is evident that the stabilizers commute because Xv and Zp

overlap on at most two qubits. Exemplar stabilizers are shown in Figure 2.4.

Figure 2.4: An example of a surface code and its stabilizers. This surface code patch
consists of 61 qubits, represented by blue dots in the figure. The intersections of black
lines are ‘vertices’ and a ‘plaquette’ is either a square face in the middle or the region
bounded by 3 qubits on two sides. The green operator crossing a vertex is the star operator
Xv and the orange operator bounding a plaquette is the plaquette operator Zp. The top
and bottom boundaries are called ”smooth” while the left and right boundaries are called
”rough boundaries”.

Next we discuss the possible operators that might act on a surface code. We may
broadly split into three categories:

1. When the edge qubits of the operator form loops contractible to a torus, also known
as homologically trivial cycles. Such a cycle on the square lattice can be tiled by
plaquettes, and thus it is a product of Zp-operators in the stabilizer group. Similarly,
a product of Xv acting on edges of a homologically trivial cycle on the dual lattice is
also in the stabilizer and, thus does not cause an error. An example can be found in
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Figure 2.5a, where a Zp-type cycle (in orange) and a Xv-type cycle (in green), and
their respective tiling by Zp and Xv are shown. It’s worth noting that the Xv-type
cycle is drawn on the dual lattice (in light blue) and it contains a hole.

2. Another possible operator is walks with distinct ends, or open paths in graph-
theoretic terms. In this case, they are detectable errors, to be corrected by later
decoding. An example of Z-error is shown in Figure 2.5b. We can see that the path
AB anticommutes with XA and XB.

3. Finally we have the case that the operator forms loops that are not contractible,
or homologically non-trivial cycle. In this case, the operator is in fact a logical
operator. As demonstrated in Figure 2.5c, the purple path is a Z-operator and the
operator in red is a X-operator. Any excursion into the code patch is equivalent up
to applications of stabilizers. In other words, Z(X)-operators are paths that connect
rough(smooth) boundaries. It is then obvious that any logical operator must have
weight at least L.

From the above constructions, we can infer that the surface code has parameters [[L2 +
(L− 1)2, 1, L]].

(a) Contractable loops (b) Detectable errors (c) Logical operators

Figure 2.5: Possible types of operators on a surface code. (a) Homologically trivial cycles,
i.e. boundary of plaquettes in the original and dual lattices. The dual lattice is coloured
light blue. The orange closed path is an example of Z-type cycle and can be tiled by
Zp-stabilizers. The green closed path is an example of X-type cycle and can be tiled by
Xv-stabilizers. (b) Open path. These are detectable errors. The green path is an example
of Z-type errors. (c) Homologically non-trivial cycles. The purple path represents an
example of Z and the red represents an example of X.
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Now we discuss the decoding problem. From a condensed matter perspective of the
surface code, excitations come in pairs and thus path endpoints come in pairs. Therefore,
having detected a number of erroneous qubits on the code patch, the recovery proce-
dure consists of pairing up these qubits using the least amount of resources. By forming
the syndrome graph and assigning weight to each edge (typically in surface code sce-
nario we set wt(e) = log 1−p

p
where p is the physical error rate), we can see the problem

as a Minimum-Weight-Perfect-Matching(MWPM) problem in graph theory 3. Given the
weighted syndrome graph being G = (V,E), this is formulated as the following integer
programming

min
∑
e∈E

wt(e)xe

s.t.
∑

e∈S(v)

xe = 1 ∀v ∈ V

xe ∈ {0, 1} ∀e ∈ E

where S(v) = {e : ∃u ∈ V s.t. e = (u, v) ∈ E} is the set of edges incident to vertex v. This
problem can be solved efficiently in polynomial time using the Blossom algorithm [31].
Figure 2.5b shows an example. A,B,C,D are the excitations and the green lines are
matching after performing MWPM .

2.5 Evolution of Stabilizers

In this section, we discuss a less often mentioned yet very important topic: the evolution
of stabilizers under Clifford unitaries and Pauli measurement. We will first define the
Clifford group.

Definition 2.5.1 (Clifford group). The Clifford group Cn on n qubits is

Cn = {U ∈ U(2n) : UPU † ∈ Pn ∀P ∈ Pn}

Put simply, the Clifford group is the set of operators that map Paulis to Paulis under
conjugation. One set of generators of the Clifford group Cn is {eiθI,Hi, Ri,π/4,CNOTij}
for i, j ∈ [n] and θ ∈ [0, 2π). The Clifford group seems to have desirable properties. The

3Given a graph G = (V,E), a perfect matching in G is a set of edges M ⊆ E such that every vertex in
V is adjacent to exactly one edge in M .
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transformation of single- and two- qubit Paulis under these generators are

HXH = Z, HY H = −Y, HZH = X

Rπ/4XR
†
π/4 = Y, Rπ/4Y R

†
π/4 = −X, Rπ/4ZR

†
π/4 = Z

CNOT(X ⊗ I)CNOT† = X ⊗X, CNOT(I ⊗X)CNOT† = I ⊗X

CNOT(Z ⊗ I)CNOT† = Z ⊗ I, CNOT(I ⊗ Z)CNOT† = Z ⊗ Z.

As conjugation is a group homomorphism, i.e. U(P1P2)U
† = UP1U

†UP2U
†, compositions

of operators can be obtained. However, the Gottesman-Knill theorem states that stabilizer
circuits, which consist of Clifford gates, can be simulated on a probabilistic classical com-
puter in polynomial time. Therefore to harness the power of quantum computation, we
would need a gate outside of the Clifford group to complete a universal gate set. Usually,
this gate is taken to be the CCZ-gate or T -gate. It is implemented in the circuit via ‘magic
state injection’, essentially gate-teleportation [97].

We will give an example of how these transformations can be applied in practice. At
the end of Section 2.3 we reviewed theoretically the process of encoding n physical qubits
in the state |0⟩⊗n into the logical space, though an explicit circuit is not easily deduced. In
this example, we derive an encoding circuit for |0⟩ of the Steane code by reverse-engineering
the evolution of stabilizers under Clifford gates. Since we hope to obtain |0⟩, we have the
stabilizers {S1, . . . , S6, Z} from Table 2.1. The idea is to find Clifford gates to simplify
them to

X I . . . . . . . . . I
I X I . . . . . . . . .

. . . . . . . . .
. . . I X I . . . . . .
. . . . . . I Z I . . .

. . . . . . . . .
. . . . . . . . . I Z I
I . . . . . . . . . I Z.

In other words, reduce to a form where each row and column has weight 1, and run
backward from a tensor product of |0⟩’s and |+⟩’s (as X|+⟩ = |+⟩ and Z|0⟩ = |0⟩). We
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now show the procedure:

IIIXXXX

IXXIIXX

XIXIXIX

IIIZZZZ

IZZIIZZ

ZIZIZIZ

ZZZIIII

CNOT37−−−−−→

IIIXXXX

IXXIIXI

XIXIXII

IIZZZZZ

IZIIIZZ

ZIIIZIZ

ZZIZZZZ

CNOT45−−−−−→

IIIXIXX

IXXIIXI

XIXIXII

IIZIZZZ

IZIIIZZ

ZIIZZIZ

ZZIIZZZ

CNOT13−−−−−→

IIIXIXX

IXXIIXI

XIIIXII

ZIZIZZZ

IZIIIZZ

ZIIZZIZ

ZZIIZZZ

CNOT47−−−−−→

IIIXIXI

IXXIIXI

XIIIXII

ZIZZZZZ

IZIZIZZ

ZIIIZIZ

ZZIZZZZ

CNOT26−−−−−→

IIIXIXI

IXXIIII

XIIIXII

ZZZZZZZ

IIIZIZZ

ZIIIZIZ

ZIIZZZZ

CNOT15−−−−−→

IIIXIXI

IXXIIII

XIIIIII

IZZZZZZ

IIIZIZZ

IIIIZIZ

IIIZZZZ

CNOT23−−−−−→

IIIXIXI

IXIIIII

XIIIIII

IIZZZZZ

IIIZIZZ

IIIIZIZ

IIIZZZZ

CNOT46−−−−−→

IIIXIII

IXIIIII

XIIIIII

IIZIZZZ

IIIIIZZ

IIIIZIZ

IIIIZZZ

−→

XIIIIII

IXIIIII

IIZIIII

IIIXIII

IIIIZII

IIIIIZI

IIIIIIZ

where the last step is obtained by multiplying stabilizers in the previous step and rear-
ranging them. Therefore we derive a non-fault-tolerant4 encoding circuit by taking these
gates in reverse order as in the figure below.

4We will explain what this means in a later section.
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|+⟩
|+⟩

|0⟩

|+⟩

|0⟩

|0⟩

|0⟩

Figure 2.6: |0̄⟩ encoding circuit for the Steane code.

The encoding circuit is not unique. The one we present here uses relatively fewer
CNOTs, thus limiting the occurrence of faults. We observe that any CSS state can be
prepared using only |+⟩, |0⟩, and CNOT. More generally we have the following result

Theorem 2.5.2. Any n-qubit stabilizer state can be prepared from |0⟩⊗n using O(n2) one-
and two-qubit Clifford gates.

An example of the encoding of a non-CSS code can be found in [36]. In fact, the
stabilizer formalism is useful beyond QECC. We can use it to infer the quantum state after
a quantum circuit. Before illustrating this with an example, we will explore another critical
element of a quantum circuit: measurement. Specifically, we aim to understand how the
stabilizers are affected by measuring various operators P ∈ Pn. Assuming the stabilizer
group in the context is S = ⟨Q1, . . . , Qn−k⟩, we divide P ∈ Pn into three cases.

1. ±P ∈ S. The state is unchanged since it is an eigenstate of P . Measurement outcome
is +1 if P ∈ S and -1 if −P ∈ S.

2. P ∈ N(S) \ S. If the original encoded state is |ψ⟩, then the post-measurement
state is 1√

2
(I + bP )|ψ⟩ where b = ±1. Thus this state is a +1 eigenstate of bP ,

which indicates that bP is now also a stabilizer. Now we consider how the generators
of N(S)/S = ⟨X1, . . . , Xk, Z1, . . . , Zk⟩ change. Since P ∈ N(S) \ S, by definition
of X i, Zj, at least one of these generators anticommutes with P . Without loss of
generality we assume {X1, P} = 0. For other logical operators, if any of them
anticommutes with P , we multiply X1 to it. Through this procedure we obtain
X

′
2, . . . , X

′
k, Z

′
2, . . . , Z

′
k that commute with all the new stabilizers. In summary, we

have the following
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Stabilizers before Stabilizers after

Q1 Q1

. . . . . .

Qn−k Qn−k

bP

Logical operators before Logical operators after

X1, Z1 X
′
2, Z

′
2

. . . . . .

Xk, Zk X
′
k, Z

′
k

3. P /∈ N(S). Because of this, ∃Qi ∈ S s.t. {Qi, P} = 0. ∀|ψ⟩ ∈ T (S), the probability
of obtaining parity +1 is

P(parity + 1) = Tr

(
1

2
(I + P )|ψ⟩⟨ψ|

)
=

1

2
+

1

2
⟨ψ|P |ψ⟩

=
1

2
= P(parity − 1)

The third equality holds because ⟨ψ|P |ψ⟩ = ⟨ψ|PQi|ψ⟩ = −⟨ψ|QiP |ψ⟩ = −⟨ψ|P |ψ⟩.
Similarly for b = ±1, the measurement outcome, bP is now promoted to the stabilizer.
Other stabilizer generators and logical operators transform as

• ∀j ̸= i, if [Qj, P ] = 0, then Q′
j = Qj; if {Qj, P} = 0, then Q′

j = QjQi

• ∀j = 1, . . . , k, if [Xj, P ] = 0, then X
′
j = Xj; if {Xj, P} = 0, then X

′
j = XjQi.

In summary, we first find Qi that anticommutes with P and for any Qj or Xj, Zj

that anticommutes with P , we multiply Qi to it, otherwise they remain unchanged.
Finally, we replace Qi by bP .

We now use the stabilizer formalism to verify quantum teleportation.
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|ψ⟩ H

Z

|+⟩
Z

∣∣0〉 X Z

We see how the operators change

S :IXX

IZZ

N(S)/S :XII

ZII

CNOT12−−−−−→

IXX

ZZZ

XXI

ZII

H1−→

IXX

XZZ

ZXI

XII

measure ZII
Qi=XZZ−−−−−−−→

IXX

b1ZII

ZXI

IZZ

measure ZII
Qi=IXX−−−−−−−→

b2IZI

b1ZII

ZIX

IZZ

We then multiply the logical operators by the stabilizers above, obtaining b1IIX and
b2IIZ. Therefore by applying operator Zb1Xb2 we recover the state on the third qubit,
verifying teleportation as desired.

To summarize, in this section, we discussed in detail how stabilizers transform under
Clifford gates and measurements of operators. The principles developed in this section will
be used to justify some of the procedures used in this thesis.

2.6 Entanglement Purification Protocol

Entanglement purification protocol (EPP) aims at generating high-fidelity entangled
quantum states from a larger set of low-fidelity ones, through local operations and classical
communication (LOCC)5. This process is essential for practical applications in quantum
communication and quantum computing, particularly quantum repeaters [30, 7]. EPP can
be broadly classified into one-way and two-way communication protocols. One-way pro-
tocols, where classical communication is unidirectional (e.g. only Alice sends information
to Bob), are equivalent to quantum error correcting codes. Two-way protocols involve
bidirectional communication and iterative processes to enhance the entanglement of the
pairs progressively. The two-way EPP also has a connection to error-detecting code. Due
to its strong relation with QECC, we include EPP in this section. However, as we do not
use one-way protocols in this thesis we will omit the discussion. More details can be found

5We assume classical communication is free and with no error.
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in the seminal papers by Bennett et al [11]. In the following, we will introduce the very
basic two-way EPP to illustrate the idea.

Two-way Protocols

The first EPP was proposed in 1995 [10]. It starts with Alice and Bob sharing imperfect
ebits (an ebit is an EPR pair |Φ+⟩ = 1√

2
(|00⟩ + |11⟩)). Throughout this thesis, we shall

assume the initial noisy EPR pairs are in the Werner state form, so in the Bell basis they
can be written as,

ρ = F |Φ+⟩⟨Φ+| +

(
1 − F

3

)(
|Ψ+⟩⟨Ψ+| + |Ψ−⟩⟨Ψ−| + |Φ−⟩⟨Φ−|

)
It was shown in [10, 11] that any two-qubit state can be converted into this form via the
appropriate ‘twirl’ operation. Due to the fact (U ⊗ I)|Φ⟩ = (I ⊗ UT )|Φ⟩, an error on the
ebit is one of XI, Y I, ZI. The simplest example of EPP is shown in Figure 2.7,

Figure 2.7: A simple EPP. The upper half and lower half are owned by Alice and Bob
respectively. Upon measuring the second qubit in the Z-basis, if the outcomes agree it
marks a purification.

It can be alternatively thought of as an error-detecting circuit. Assuming we start
with two perfect ebits, an XI error occurs in the first ebit, then on Alice’s side, it will
be propagated by the CNOT to the second pair by results in Section 2.5 and the Z-basis
measurement, the second ebit will now be in the state |Ψ+⟩. Thus if both parties measure
in the Z-basis, the outcomes will disagree, leading to rejection. Following the paradigm,
alternative EPP schemes are explored, a more detailed discussion can be found in [55]. In
the presence of circuit-level noise, the results ebits will contain errors after EPP. For the
specific EPP circuits we use in this work, we will provide detailed descriptions in subsequent
sections as they become pertinent to our analysis.
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Chapter 3

Fault-tolerance(FT)

In Chapter 2.1 we introduced how to protect qubits from errors using QECC. However,
achieving reliable quantum computation requires further considerations. Firstly, in real
devices, errors can occur on every gate, not just the data qubits. For example, if we measure
the parity of stabilizer IIIXXXX for the Steane code using the method in Figure 2.2 and
a IX-error after the first CNOT occurs(so an X-error on the ancilla qubit), this will result
in a weight-3-error. This exceeds the Steane code’s correction capacity, compromising
subsequent computations. Hence, the error correction process must not introduce more
errors than it can handle. In fact, the central theme of fault-tolerance is to control the
amount of errors propagating in the circuit. Secondly, performing quantum operations on
the logical qubits in a fault-tolerant manner is essential. This includes executing logical
gates, measurements, and state preparations reliably. After these, one naturally wonders,
is reliable computation guaranteed if we put the components together?

In this chapter, we provide an overview of previous results that attempt to address
some of these questions. We begin by introducing noise models in context, followed by an
explanation of what it means to be fault-tolerant (FT) and a discussion of FT gadgets.
These concepts combine to form the threshold theorem. Towards the end of the chapter,
we explore further aspects of FT in the context of the Steane code and the surface code.
More specifically, we compare different fault-tolerant error correction gadgets for the Steane
code in terms of pseudo-thresholds and qubit overheads. This will thus justify our choice
of Steane EC for later context.

Although the concept of a threshold was first proposed by D. Aharonov and M. Ben-
Or [2], a more explicit and easily implementable protocol was not introduced until 2005 [3,
4]. In the subsequent chapters, where we implement the FT protocol, we will primar-
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ily follow the later literature, making suitable adjustments to accommodate our specific
context.

3.1 Error Model

The exact fault-tolerance criteria will depend on the error model of the simulation
circuit. Note that for a quantum circuit, if we represent physical qubits with n-qubit
encoded in a [[n, k, d]] QECC and each operation with its corresponding logical operation.
The new circuit is called the simulation circuit. Before introducing the error model, we
first need to define the notion of a location.

A location is an indivisible component in a circuit that takes 1-timestep. Broadly
speaking, locations can be categorized into the following types: preparation location, gate
location, wait location, and measurement location. As assumed before, classical computa-
tion is assumed to be error-free. However, to derive our main results, it suffices to list the
following locations:

1. preparation of |0⟩

2. preparation of |+⟩

3. measurement of X

4. measurement of Z

5. (local) CNOT gate

6. non-local resource

7. identity gate

The location of type i is denoted Loci. Note that in Loc5 and Loc6 we have the notion of
‘local’. I will explain what I mean here. Let us recall EPP in Section 2.6, the initial ebits
shared between Alice and Bob are considered ‘non-local’ while any operation Alice(Bob)
does on her(his) side is ‘local’. Thus Loc6 can be a nonlocal CNOT (CNOT across Alice and
Bob) or an ebit, which will be specified depending on the context. It’s worth distinguishing
error from fault. An error occurs when one physical qubit is corrupted while a fault occurs
when a location goes bad. For example, in the case of Pauli noise, when a CNOT gate is
faulty, and XX follows the perfect CNOT. In this case, we say 2 errors occur but there is
only one fault. Now we can define the error model.
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Definition 3.1.1 (Independent Pauli Noise). In an independent Pauli noise model, each
location in the circuit is assumed to fail independently. A faulty location Loci can be seen
as a perfect Loci followed by Pauli noise with strength ϵi, except the case of measurement,
where is seen as an error followed by perfect measurement.

There are other more realistic error models such as coherent noise, which is characterized
by unitaries; qubit leakage, and loss. However, due to the convenience of the stabilizer
formalism, independent Pauli noise is tractable with simulation and thus is widely used
for analysis of fault-tolerance. Moreover, using randomized compiling techniques, we are
able to convert other types of noise into independent Pauli noise [90, 92], validating the
experimental relevance of analysis under this model. In our later analysis, we will treat
Loc5 error rate ϵ as the baseline and all others locations being proportional to ϵ with
ϵi = σiϵ,∀i ∈ {1, 2, 3, 4, 6, 7}. By default, in this thesis we follow conventions in [51] and
have σi = 4

15
for i ∈ {1, 2, 3, 4} and σ7 = 4

5
. ϵ6 is the error rate of the nonlocal resource, in

the case of an ebit, it is the infidelity. The analytical and numerical methods in this thesis
will be applicable to alternative configurations of σi’s, accommodating implementation
across various platforms and devices.

The independent Pauli noise falls in the broad category of circuit-level noise. When
dealing with surface code or qLDPC codes, people sometimes use simplifying noise models
to ease numerical and analytical analysis. We list them here for later reference.

• Code-capacity noise. Errors only occur on physical qubits of the code and measure-
ments are assumed to be perfect.

• Phenomenological noise. On top of code-capacity noise, each syndrome measurement
fails with a certain probability. However, error propagation between data qubits and
ancilla qubits is neglected.

Results obtained from different noise models should not be compared directly.

3.2 Fault-tolerant Gadgets

Now we set to perform a simulation for the quantum circuit. We first define what we
mean by a gadget.

Definition 3.2.1 (Gadget). A gadget for a quantum operation is a circuit that executes
the corresponding operation on the logical state when no fault occurs. An error-correction
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(EC) gadget functions by measuring the stabilizer generators to extract the syndrome and
subsequently applying Pauli corrections. When operating without faults, it can correct up
to t = ⌊d−1

2
⌋ errors for a distance d QECC.

3.2.1 FT Criteria

Given different types of locations and their corresponding gadgets in the logical space,
we may define what we mean by fault-tolerance.

Definition 3.2.2 (Fault-tolerance criteria [3]). Suppose we encode qubits in a QECC with
distance d. Let r denote the number of input errors into a gadget, s denote the number
of faults in the gadget (r = 0 for preparation gadget), and t = ⌊d−1

2
⌋. Then a gadget is

fault-tolerant if

1. Preparation gadget
When s ≤ t, a preparation gadget with s faults produces a logical state with at most
t errors.

2. Measurement gadget
When r+s ≤ t, the outcome of a measurement gadget agrees with an ideal measure-
ment. In particular, for a non-destructive measurement, we also need the number of
errors on the output data block to be at most t.

3. Gate gadget
When r + s ≤ t, an output state from a gate gadget has at most t errors in each
output block.

4. Error-correction(EC) gadget When r + s ≤ t, the output state deviates from the
codespace by at most t errors. In particular, if s = 0, EC gadget takes any input in
the codespace with r ≤ t to an output with no errors.

Now we can define a fault-tolerant scheme.

Definition 3.2.3 (Fault-tolerant scheme). A fault-tolerant scheme consists of a QECC
and simulation gadgets satisfying the above definitions. For the gate gadget, we need FT
gadgets for a universal set of gates.

In the following sections, we elaborate on how to obtain the actual gadgets.
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3.2.2 FT Logical Gates

Transversal Gates

One of the earlier fault-tolerant logical gate constructions is the idea of transversal gates.
This is saying, given a QECC, if we hope to simulate gate G on the logical level, we perform
GL =

⊗n
i=1Gi, where Gi is a single-qubit physical gate acting on the i-th physical qubit.

For a two-qubit gate, we have two data blocks of n-qubits each and a transversal gate
applies two-qubit gates from the i-th qubit in the first block to the i-th qubit in the second
∀i ∈ [n]. Intuitively, damage caused by one fault in a transversal gate is limited. It will
incur at most one error on each data block and won’t propagate errors within the same
block. A more rigorous argument can justify that it satisfies Criteria 3 in Def 3.2.2. This
idea looks simple, however, we still need to check it does what we want on the logical level.
In fact, we (unfortunately) have the no-go Eastin-Knill theorem

Theorem 3.2.4 (Eastin-Knill). No quantum error correcting code can have a continuous
symmetry that acts transversely on physical qubits.

In other words, no universal gate set can be implemented transversely. But in some
cases, we do have more convenient gates

Theorem 3.2.5 (Transversal CNOT for CSS Code). For any CSS code transversal CNOT
is the logical CNOT.

Proof. The two copies of physical qubits are denoted A and B respectively. We denote the

X-type and Z-type stabilizers by SX and SZ respectively. For [[n, k, d]] code, CNOT
⊗k

=
CNOT⊗n. There are two steps we need to verify it is the logical CNOT.

• The operator preserves the stabilizer group.
From results in Section 2.5, we have SA

X ⊗ IB → SA
X ⊗ SB

X , IA ⊗ SB
X → IA ⊗ SB

X ,
SA
Z ⊗ IB → SA

Z ⊗ IB and IA ⊗ SB
Z → SA

Z ⊗ SB
Z . Since each block is encoded in the

[[n, k, d]] code, the operators after transformation stabilize the states.

• The operator acts as CNOT
⊗k

.

Let Xj and Zj be the j-th logical operators. We have X
A

j ⊗ IB → X
A

j ⊗ X
B

j ,

IA ⊗X
B

j → IA ⊗X
B

j , Z
A

j ⊗ IB → Z
A

j ⊗ IB and IA ⊗ Z
B

j → Z
A

j ⊗ Z
B

j . Therefore it
performs what we hope for a logical CNOT.
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Although the above proof is very straightforward, it gives a general recipe for verifying
an operator is the correct logical operator. We note that the Steane code admits transversal
implementation for {H,Rπ/4,CNOT}, the Clifford group. This is also another reason
why in platforms with all-to-all connectivity the Steane code is preferable. To achieve FT
universal gate set, usually, FT gate-teleportation or magic state distillation is applied [49].
As we do not use this procedure in the later work, we will omit the discussion. People also
came up with the code-switching idea. Basically, since the Steane code has a transversal
Clifford group and the 15-qubit quantum Reed-Muller code admits transversal T -gate, we
hope to use them together: so we use the Steane code to implement Clifford gates and
switch to Reed-Muller code when we want to implement T [43, 5].

3.2.3 FT Measurement and Preparation

In this subsection, we will first discuss how to measure the parity of operators fault-
tolerantly. Recall in Figure 2.2 we presented a measurement circuit. To see this is non-
fault-tolerant, imagine for t ≥ 1 we have a IX-error after the first CNOT and r = 0,
although this satisfies r + s ≤ t, it incurs a IZZXI-error (so 3 errors) in the data block
after error propagation. This fails the second criterion. To tackle this, we try to use
the nice properties of transversal gates. A solution for FT measurement is to prepare an
ancillary ”cat state” 1√

2
(|0⟩⊗m + |1⟩⊗m), m is the weight of the operator being measured.

A fault-tolerant version of XZZXI-stabilizer measurement of the [[5, 1, 3]] code is shown
in Figure 3.1.

|0⟩
X

|+⟩
X

|0⟩
X

|0⟩
X

|0⟩
Z

Figure 3.1: Single cat-state measurement of XZZXI for [[5, 1, 3]] code
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Since XZZXI has weight-4, we use a 4-qubit cat state. To make the preparation of cat
state fault-tolerant, we have a verifying qubit. We postselect and proceed with the cat state
only if the ancilla measurement returns 0. From the transversal X-measurement result, we
can infer the parity. So when the outcome x has even weight, we say the eigenvalue is +1,
otherwise it’s −1. This is valid by noting the fact that

H⊗n(|0⟩⊗n + |1⟩⊗n) ∝
∑

wt(x)=even

|x⟩

H⊗n(|0⟩⊗n − |1⟩⊗n) ∝
∑

wt(x)=odd

|x⟩

However, we observe that a weight-1 Z-error from the cat state can still cause parity
change. So to ensure fault-tolerance we need to repeat syndrome measurement. As a rule
of thumb, we repeat 2t + 1 times and take the majority as the result (with EC gadget on
the data block before and after each measurement, we will explain constructions for the
EC gadget later). In the case of [[5, 1, 3]] code, it suffices to repeat measurements at most
3 times. If the same parity is measured twice consecutively, then we accept the parity and
there is no need to perform the third round.

This FT measurement also gives a way to do FT preparation. Say we hope to prepare∣∣0〉⊗k
, the recipe is as follows,

• Initiate the qubits in |0⟩⊗n state.

• Measure the stabilizers fault-tolerantly to project the state into stabilizer eigenspace.

• Depending on the code, project onto the +1 eigenspace of Zj ∀j ∈ [k].

In fact, FT state preparation for some codes such as qLDPC is still an underexplored area
of research, not to mention efficient preparation. However, in some special cases, we have
more efficient encoding. For example, recall that we provided an encoding circuit for the
Steane code in Figure 2.6. Adding one ancilla qubit suffices to make it fault-tolerant.
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|+⟩
|+⟩

|0⟩

|+⟩

|0⟩

|0⟩

|0⟩

|0⟩
X

Figure 3.2: Fault-tolerant |0̄⟩ encoding circuit for the [[7,1,3]] code.

Figure 3.2 presents the circuit for FT preparation of |0̄⟩ for the Steane code. Note
that the ancilla qubit is used for catching bit-flip errors. Z error verification is not needed
because all Z errors can be reduced to weight 0 or 1, thus obeying the FT criteria. |+⟩ can
be analogously prepared, by reversing the CNOT gates and interchanging |0⟩ and |+⟩.

We note that it is impossible to encode an arbitrary state fault-tolerantly as there is
no way to detect error on the initial state if it is unknown. This paves the way for the
introduction of the ‘Interface’.
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3.2.4 FT EC

U V

|+⟩
Z ∣∣0〉 X

(a)

X

|+⟩
Z

∣∣0〉 Q

(b)

. . .

. . .

S1 Sn−k

cat

X

cat

X

(c)

|0⟩
Z

|+⟩
X

(d)

Figure 3.3: (a) Steane EC. U and V are corrections corresponding to measured syndromes.
(b) Knill EC using logical teleportation. The applied gateQ depends again on the syndrome
measurements. (c) Shor EC, S1, . . . , Sn−k denote the stabilizers, and ‘cat’ is the cat state.
The whole set of measurements is to be repeated many times until we get t + 1 the same
syndrome measurements. Note that in (a)(b)(c) wires with a bar denote blocks of qubits,
X,Z-measurements, and CNOT are all transversal (d) An example of Flag EC. This is
to measure the syndrome of XZZXI for the [[5, 1, 3]] code. A flag qubit is introduced to
detect errors of higher weight caused by the 2nd/3rd/4th gate.

Here we list 4 types of FTEC gadgets.

1. Steane EC [1]. It is applicable only for CSS codes. As in Figure 3.3a, the two
ancilla blocks are used to detect X- and Z-errors respectively. The outcomes of the
transversal measurements then go through classical post-processing (using the parity-
check matrix HX , HZ) to deduce the syndrome. From this, we infer the recovery
operation U, V .

2. Knill EC [50]. In Figure 3.3b, we use logical qubits here and transversal X,Z-
measurements. The operator Q is used to complete logical teleportation as well as
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error-correction on the first data block. To see why this construction is valid, consider
a Pauli operator P acting on the data block and the same Pauli acting on the first
ancilla block of the logical Bell pair. We focus on P ∈ N(S) here. We may write

(−1)biP = ic(PX ,PZ)(−1)b1PXPZ

c(PX , PZ) = 0 when [PX , PZ ] = 0 and 1 otherwise. After the second transversal
CNOT, we would have the following transformations

(−1)b0P ⊗ I → ic(PX ,PZ)(−1)b0PXPZ ⊗ PX

(−1)b1I ⊗ P → ic(PX ,PZ)(−1)b1PZ ⊗ PXPZ

and thus multiply together we obtain

(−1)b0+b1P ⊗ P → (−1)b0+b1+c(PX ,PZ)PX ⊗ PZ

Therefore if there is any error on the data block, through the logical Bell-state mea-
surement we can detect it and make corrections after teleportation.

3. Shor EC [82]. This is shown in Figure 3.3c and it is analogous to Shor’s measurement,
also using FT cat states. However, there are some subtle differences. In Shor EC,
all stabilizer generators are measured sequentially without repetition to obtain the
syndrome. This whole set of measurements is then repeated multiple times. Unlike
Shor’s measurement, there is no predetermined number of repetitions. Instead, the
measurements are repeated until t + 1 consecutive syndrome measurements yield
identical results.

4. Flag EC [22, 23]. An example of measuring the parity of XZZXI for the [[5, 1, 3]]
code is shown in Figure 3.3d. The idea is to avoid faults that cause high-weight/correlated
errors. We now describe the procedure for a distance-3 stabilizer code S = ⟨Q1, . . . , Qr⟩
using 1 flag qubit and the corresponding flagged circuit for measuring Qi is denoted
C(Qi). The following steps are performed

• We perform the full set of flagged syndrome measurements and record the syn-
drome s at each round.

• If the same syndrome occurs twice consecutively and the flags all give +1 results,
we apply the standard syndrome decoding.

• If in two consecutive rounds the syndromes differ, but the circuit does not flag.
We then repeat the syndrome measurement using a set of non-flagged circuits
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to obtain the syndrome and apply error correction.

• If during the flagged measurements, a circuit C(Qi) flags, we repeat the syn-
drome measurement using non-flagged circuits to obtain syndrome. In this case,
the conventional decoding rule does not work. We have to choose the most likely
error according to the flag qubits and syndrome(usually for a code we can form
distinguishable sets consisting of the faults and their corresponding combina-
tions of syndrome and flag [85]).

When analyzing for fault-tolerance, for distance-3 codes, we only need to check if one
fault occurs in the whole EC procedure, the output state has no more than 1 error.
Hence if one fault is present in the flagged circuit, the later unflagged circuit will be
free of faults. In fact the flag paradigm has been extended to any stabilizer code [24].

As a brief comparison, Shor error correction (EC) seems less feasible due to the potentially
large number of measurement repetitions required for larger distance codes. Steane EC is
limited to CSS codes. Although Knill EC has a shallower circuit than Shor EC, it requires
twice the number of ancilla qubits to perform logical teleportation. Flag EC, on the other
hand, significantly conserves ancilla qubits, but its circuit depth may be greater than that
of Steane EC. At the end of this chapter, after introducing ‘exRec’, we will provide a
numerical comparison of the pseudo-thresholds (we will explain what this is) of these EC
methods for the Steane code.

3.3 Threshold Theorem

3.3.1 ExRec Construction

Suppose we have gadgets that individually meet the specified criteria and we aim to
use them to simulate an ideal circuit. We observe that unless the physical error rates are
arbitrarily small, the errors will accumulate when the gadgets are combined as the ideal
circuit gets larger, thereby violating the criteria. Hence to ensure fault-tolerance even when
gadgets are put together, one solution is to perform error-correction following every logical
operation. This leads to the following definition.

Definition 3.3.1 (Rec and exRec). An extended rectangle(exRec) of a FT simulation cir-
cuit is defined as

1. Preparation-exRec
A preparation-exRec consists of a preparation gadget and the EC gadget after it.
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2. Measurement-exRec
A measurement-exRec consists of a measurement gadget and the preceding EC gad-
get.

3. Gate-exRec
A gate-exRec consists of a gate gadget and the EC gadgets immediately before and
after it. If omitting the preceding EC, we call it a gate-rectangle(Rec).

In Figure 3.4 we show the exRecs for various locations. |+⟩-exRec and Z-mmt-exRecs
will be identical to their counterparts in the figure except for changing |0⟩ to |+⟩ and X
to Z. For the CNOT-exRec we illustrate the difference between Rec and exRec, the part
within the dashed line is a Rec.

∣∣0〉 EC EC

X

EC H EC
Rec

EC

CNOT

EC

EC EC

Figure 3.4: Examples of different exRec. Upper-left is the
∣∣0〉-exRec. Upper-right is the

X-measurement-exRec. Lower-left is a H-exRec. Other one-qubit gates are constructed
analogously. Lower-right is an example of a two-qubit exRec, the CNOT-exRec. The part
in the dashline, without the preceding ECs, is a Rec.

To fault-tolerantly simulate a large quantum circuit, it is essential to suppress the error
rate of each component. This ensures that, despite the increasing size of the quantum
circuit and the presence of noise affecting each component, correct simulation can still be
achieved. One way to achieve this is through code concatenation, as in Definition 2.4.5.
Based on the exRec construction before, we can concatenate codes and have the following
definitions. In this work, we will denote the level of concatenation by k.

Definition 3.3.2 (Recursive simulation). Let C0 be the ideal circuit and let Cl be the
level-l fault-tolerant simulation of C0. Cl is constructed in the following recursive way:
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At level-1, each location is simulated by its corresponding Rec. At level-k, k ≥ 2, each
location is replaced by the (k − 1)-Rec.

Now we still need to justify the above exRec construction combined with recursive
simulation works and this will lead to the threshold theorem. To achieve this, we first
discuss when an exRec is considered ‘good’. For individual exRec, in [3], the authors had
a preliminary definition of ‘goodness/badness’ by counting all combinations of (t + 1)-
locations. However, in practice, not all combinations of locations within an exRec result
in a logical error at the output. Therefore, we use a modified definition, as presented in
the latter half of the same paper.

Definition 3.3.3 (Malignant set). A set of locations in an exRec is benign if the Rec
contained in the exRec has no logical error at the output when any choice of errors occur
in these locations. If the set of locations is not benign, they form a malignant set.

The reason why we address the correctness of the Rec will be evident in the following
definition.

Definition 3.3.4 (Badness of exRecs). For k = 1 an exRec is bad if it contains it contains
faults that form a malignant set; if it is not bad it is good. For k > 1, a k-exRec is bad if it
contains independent (k − 1)-exRecs at a malignant set of locations. Two bad exRecs are
independent if they are non-overlapping or if they overlap and the earlier k-exRec is still
bad when the shared k-EC is removed. If it is not bad it is good. For a simulation circuit
consisting of exRecs, we call the whole circuit bad if the output contains a logical error.

The idea in this ‘independence’ definition is that if there are in total 3 faults in two
consecutive 1-exRecs in which one fault is in the overlapping EC, then the overlapping pair
of bad 1-exRec is really no worse than a single bad 1-exRec. In [3], it was shown that if
all exRecs in the fault-tolerant circuit are good, then this would give a correct simulation
of the ideal circuit, i.e. the probability distribution of the final measurement outcomes are
the same, thereby validating the fault-tolerance. Based on these definitions we have the
following nice result.

Theorem 3.3.5. Let C be a circuit that begins with state preparation and ends with mea-
surement. Let C̃ be the fault-tolerant simulation of C under independent Pauli noise.
Suppose that for a particular fault path γ, the exRecs in γ form a benign set. Then, the
output distribution of C̃, is identical to the output distribution of C with ideal gates.
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3.3.2 The Theorem

Before stating the theorem, it is necessary to define precisely what we mean by ‘thresh-
old’. The following definition is adopted from [84].

Definition 3.3.6 (FT threshold). Consider any ideal quantum circuit C. For a series of
FT schemes consisting of a family of QECC [[n(L), k(L), d(L)]] parametrized by L and
their corresponding FT gadget sets, let CL denote the Lth simulation circuit. For a noise
model N of strength ϵ, the L-th simulation circuit with noise is denoted CL,N . The failure
probability pL of CL,N is defined as

pL = sup
ρ
T (C(ρ), CL,N (ρ))

where T (ρ, σ) = 1
2
Tr|ρ − σ| is the trace distance. The fault-tolerance threshold is defined

as ϵth(C) such that when ϵ < ϵth(C),

lim
L→∞

pL = 0

Based on the above definitions, we now state the theorem formally for independent
Pauli noise as it is the main noise considered in this thesis

Theorem 3.3.7 (Threshold theorem for independent Pauli noise). For any ideal quantum
circuit C subject to independent Pauli noise (P) of strength ϵ = max{ϵi}i, ϵi is the error
rate for Loci, then there exists a family of FT schemes parametrized by L and a FT threshold
ϵth such that when ϵ < ϵth, ∀p > 0, ∃L such that pL < p. In particular, if C has K locations,
then the L-th simulation circuit has O(Kpolylog(K/p)) locations.

The proof of the theorem is constructive based on recursive simulation of the [[7, 1, 3]]-
Steane code and exRecs1. To obtain a FT threshold, due to Theorem 3.3.5, it suffices
to ensure that the largest exRec is good, which is typically the CNOT-exRec. Since the
[[7, 1, 3]] code can correct one error, an exRec requires at least two faults to be bad. A loose
upper bound on the probability P(CNOT-exRec bad) can be estimated by counting the
total number of pairs of locations. Through calculation, we can observe that when ϵ < ϵth,
this probability is suppressed double-exponentially. An explicit and improved threshold
computation is detailed in Chapter 4. With the logical error rate for each exRec known,
we analyze the entire circuit, using pL < p to determine the required L and thus the total
number of locations.

1Thus in this case the family of QECC used is [[7L, 1, 3L]] concatenated Steane code. In the case of
surface code, we have [[L2 + (L− 1)2, 1, L]]
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3.3.3 FT for Steane Code

All aspects of fault-tolerant implementation for the Steane code have been discussed
above. Here we use the above constructions to compare the different EC gadgets. We will
first state the definition of pseudo-threshold used in this thesis, adapted from [84].

Definition 3.3.8 (Pseudo-threshold). Suppose we have a fault-tolerant simulation circuit
subject to independent Pauli noise of strength {ϵi}i, where ϵi is the physical error rate of
Loci. Let ϵG denote the output logical error rate, which is a function of {ϵi}i. Then

• Let G be an exRec (not measurement or EC). The pseudo-threshold of G is

ϵ̂i = sup{ϵG|ϵG < ϵG}

• If G is a measurement-exRec, let ϵG be the probability the outcome distribution of
G differs from the ideal measurement distribution, ϵ∗G is again the point below which
ϵG < ϵG.

• If G is an EC gadget, ϵ∗G is defined as the point below which ϵG < maxi ϵi.

Now we compare the pseudo-thresholds for 4 different EC gadgets, as in Figure 3.3, for
the Steane code. The numerical simulation in Table 3.1 is based on the noise model as
described in Section 3.1.

Steane EC Knill EC Shor EC Flag EC

1.7 × 10−3 6.3 × 10−3 1.5 × 10−3 1.9 × 10−2

Table 3.1: Pseudo-thresholds for 4 EC gadgets

Note that the pseudo-thresholds obtained here slightly differ from those reported in
previous literature due to different state preparation procedures. We observe that Flag EC
has a slightly better pseudo-threshold compared to Steane EC and Shor EC. As expected,
Knill EC has a much higher pseudo-threshold value but requires significantly more ancilla
qubits. Given these observations, we will use the Steane EC for the error correction gad-
get in Chapter 4 due to its reasonable pseudo-threshold and ease of analytical threshold
analysis. In contrast, Flag EC requires multiple rounds of measurements based on flag
values, making it difficult to count the number of malignant pairs. However, it is fair to
conjecture that similar conclusions in later chapters would hold if we used Flag EC instead.
This facilitates experimental realization in case of limited space overhead.
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3.3.4 FT for Surface Code

For the surface code, fault-tolerant preparation and syndrome measurements can be
carried out as previously described. Although single-shot logical state preparation with
shallow circuits has been explored [16], we will not discuss it in detail here. For the logical
gate, the surface code, being a CSS code, allows for the transverse implementation of a
logical CNOT. However, performing a transversal CNOT on two code patches in the same
plane undermines the surface code’s advantage of using nearest-neighbor interactions for
all checks. This motivates alternative schemes for performing logical operations. In this
discussion, we focus on one promising scheme, lattice surgery [44, 63]. In particular, we
will elaborate on how to perform CNOT with lattice surgery.

Essentially lattice surgery is a measurement-based scheme. There are in general two
subroutines, lattice-merging and lattice-splitting. We will introduce these first.

Lattice-merging

Figure 3.5: Example for rough lattice merging. The pink qubits are initialized in |0⟩.

In Figure 3.5 we show the setup for a lattice merging on rough edges 2. Initially, two logical
surface code patches, each of distance L, are present. An intermediate column of qubits is
initialized in the state |0⟩. Let us denote the X-operators of the two initial code patches by

X
(1)

andX
(2)

respectively. TheX of the combined patch is denotedX
(3)

. Next, we measure
the Xv operators across the join, where the product of the outcomes corresponds to the

measurement outcome of X
(1)⊗X(2)

. This process effectively implements a measurement of

X
(1)⊗X

(2)
. The procedure can be justified by performing stabilizer evolution as discussed

2Note that here the type of edges needs to align.
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in Chapter 2. A minimal example can be found in Appendix A in [44]. Subsequently, the
entire system is treated as a single patch, and L rounds of error correction are performed
as outlined in Chapter 2 to ensure fault-tolerance (analogous to Gate-EC as in the exRec).
By symmetry, we can prepare the intermediate qubits in |+⟩ and merge the smooth edges

to obtain measurement of Z
(1) ⊗ Z

(2)
.

Lattice-splitting

Figure 3.6: Example of lattice-splitting

In Figure 3.6 we illustrate an example of lattice-splitting for rough edges. In this case, we
perform Z measurements on the intermediate column of qubits, followed by L rounds of
error correction.

We now determine its action on the state. To keep consistency, we denote the X,Z

logical operator of the original large patch by X
(3)
, Z

(3)
and of the two separate patches

by X
(1)
, Z

(1)
and X

(2)
, Z

(2)
respectively. After measurements, if all outcomes are +1, no

corrections are needed. If any is −1, matching pairs of Z-plaquette stabilizers in the −1
eigenstate appear on the boundaries. We apply a chain of physical X operations to the

lower boundary. Using the top boundary would differ by a local X
(i)

. As long as the
same boundary is chosen for both, the correction strategies, differing only by the stabilizer

operation X
(1) ⊗ X

(2)
, are equivalent. Essentially, a rough split preserves the logical X

operator but splits the logical Z, causing the effect

a |+⟩(3) + b |−⟩(3) → a |+⟩(1) |+⟩(2) + b |−⟩(1) |−⟩(2)

For a smooth split, we exchange X and Z and arrive at the opposite effect.

CNOT
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Now we can implement CNOT with a ‘measurement-only’ circuit as in Figure 3.7.

C

MZZ

Z
b

|+⟩
MXX

MZ c

T X
a+c

Figure 3.7: Measurement-based CNOT. a and b are the measurement outcome of MZZ and
MXX respectively.

To perform a CNOT operation between two code patches, each encodes a logical state,
we follow the steps outlined in the circuit above:

1. Initiate an ancillary code patch in |+⟩. Let us denote this patch by P

2. Smooth-merge surfaces C and P . This performs MZZ measurement with outcome a.

3. Smooth-split the merged surface.

4. Rough-merge surfaces P and T . This performs MXX measurement with outcome b.

5. Logical MZ measurement on P , giving outcome c.

6. Perform corrections according to a, b, c.

We note after each operation, L rounds of error correction are performed to ensure FT,
in the spirit of the EC-Gate-EC in previous sections. With lattice surgery, it is viable to
implement a logical universal gate set. The T gate can be realized via measurement-based
gate-teleportation [39]. In fact, if we alternatively treat the Steane code as color code,
lattice surgery can also be used to perform logical gates [58]. However, experimentally this
is shown to have worse fidelity than transversal implementation [81]. Therefore for the
Steane code, we will stick to transversal gates. For the surface code, we use lattice surgery.
The advantage will be evident when we discuss the interface for surface code in Chaper 5.
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Chapter 4

FT Magic Square Game with
Concatenated Steane Code

In this chapter, we tackle the problem of Fault-tolerant Magic Square Game. We will
start by introducing the Magic Square Game and the quantum strategy that guarantees
success given no errors in the circuit. We will then discuss and compare two main methods

for preparing ebit
(k)

assuming that the two parties are provided with noisy ebits as their
initial resources1. The FT magic square game serves as an application resulting from these
preparations. The first approach, termed Direct Encoding, involves simulating ideal gates
through the exRec construction, following procedures outlined in [3]. Next, we introduce
a scheme named Interface+EPP. This method commences with Alice and Bob sharing
ebits, encoding into the logical space via an ‘interface’ followed by EPP, which necessitates

classical communication to attain ebit
(k)

. We should note that the different strategies are

only applied to prepare ebit
(k)

, before the actual game, thus there is no violation of the
game setting. Moreover, we conduct an in-depth analysis and comparison of the logical
error rates resulting from the application of these two methods. One key consideration is
determining the expected number of noisy ebits needed to achieve a certain success rate
when playing FT magic square game, which we will analyze at the end of this chapter. To
facilitate navigation through this extensive chapter, we provide the following flowchart.

1From now on, we denote a logical ebit by ebit. An ebit encoded in [[7k, 1, 3k]] concatenated Steane

code is denoted ebit
(k)
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Magic Square Game 4.1

Prepare ebit

Very noisy ebits

Higher fidelity ebits 4.2

ExRec and threshold with our gadgets 4.3

Direct Encoding 4.4 Interface + EPP 4.5

Scheme A 4.4.1 Scheme B

Interface 4.5.1

Scheme A 4.5.2 Scheme B

FT Magic Square Game 4.6
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4.1 Magic Square Game

The Mermin-Peres Magic Square game is one of the simplest non-local games in which a
referee randomly assigns a row and a column index a, b ∈ {0, 1, 2} to two parties Alice and
Bob. They then each replied with three answers [Aa

0, A
a
1, A

a
2] and [Bb

0, B
b
1, B

b
2]. The winning

condition is Π2
i=0A

a
i = +1 for all a and Π2

i=0B
b
i = −1 for all b and most importantly we

require Aa
b = Bb

a, i.e. the overlapping element of their answers must be the same. The best
classical strategy succeeds with probability 8/9, but there is a perfect quantum strategy,
assuming all operations are faultless. The strategy is as follows: A and B share the state
1
2
(|00⟩ + |11⟩)A1B1(|00⟩ + |11⟩)A2B2 before the game starts. They then measure in the set

of basis given in Table 4.1 corresponding to the indices they are assigned. For instance, if
the referee assigns Alice 1 and Bob 2, when the game starts Alice will measure her qubits
in ZI, IX,ZX-basis sequentially and Bob will measure in XZ,ZX, Y Y -basis. Following
this procedure, their measurement outcomes will satisfy the criteria.

0 1 2

0 I ⊗ Z Z ⊗ I Z ⊗ Z

1 X ⊗ I I ⊗X X ⊗X

2 X ⊗ Z Z ⊗X Y ⊗ Y

Table 4.1: Measurement basis for Alice and Bob when they are assigned different indices.
Alice holds the row index while Bob holds the column index.

4.2 Preparation of High-fidelity Physical EPRs

In practice, an ebit shared between two distant parties will have significantly higher
infidelity compared to the local physical error rates, e.g. ebits generated with photons,
and the attenuation will worsen in proportion to distance. In this thesis, for convenience,
we will assume the infidelity of the initial EPR pair to be 3q ≈ 10% [46], where q is the
probability of one of the other Bell states2. For higher initial infidelity we can perform

24 maximally entangled two-qubit Bell states are: |Φ+⟩ = 1√
2
(|00⟩ + |11⟩), |Φ−⟩ = 1√

2
(|00⟩ − |11⟩),

|Ψ+⟩ = 1√
2
(|01⟩+ |10⟩), |Ψ−⟩ = 1√

2
(|01⟩ − |10⟩).
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some rounds of EPP to reduce to the desired error rate. The physical error rate of local
operations is assumed to be below the FT threshold3 (which is usually much lower than
the initial infidelity) to ensure fault-tolerance. Due to this large discrepancy and by the
threshold theorem in Chapter 3, it’s necessary to first bring down the infidelity to a level

comparable to local error rates before we prepare ebit
(k)

so that we can treat them as ‘the
same type of error’. To accomplish this, we will perform physical EPPs at the start. We
refer to schemes explored by Krastanov et al [55]. For our purpose, as we hope to minimize
non-local resources, we choose ‘EXPEDIENT’ that purifies 1 ebit from 5, as shown below
(on one side)

X X

X X

Figure 4.1: EXPEDIENT purification circuit (one side). Alice and Bob share 5 ebits
initially. They then locally perform the circuit and measurements above. Upon comparing
the 4 measurement results, if all of them agree, they keep the first ebit; otherwise discard.

Given the local physical error rate ϵ, we have that the infidelity after one round of
purification being

I(q, ϵ) =
1

2
ϵ+

63

16
ϵ2 +

49

4
qϵ+ 6q2

+
879

64
ϵ3 +

107

2
qϵ2 +

345

4
q2ϵ+ 48q3

obtained from the software. If we perform another round of EPP, the infidelity will be
I(I(q, ϵ)/3, ϵ) etc. In the next section, we will compute a theoretical threshold value.
With this information, we can determine the necessary number of rounds and the success
probability of EPP, facilitating subsequent resource comparisons.

3For our specific case we will calculate the threshold later
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4.3 ExRec and Threshold

In this chapter, we consider the concatenated [7k, 1, 3k] Steane code. The exRec con-
structions introduced in Chapter 3 will be used. Throughout this chapter, the EC used
will be the Steane EC. The FT preparation of

∣∣0〉 is as in Figure 3.2. At k = 1, since [7,1,3]

is a CSS code, transversal CNOT is CNOT. Besides, since the Steane code is of distance
3, it’s capable of correcting one error. So at least two faults are needed to cause a logical
error. We will thus confine Definition 3.3.3 to malignant pairs of locations. The error
model used is detailed in Section 3.1 Chapter 3. In our simulations, a pair of locations in
an exRec is identified as malignant when noise is introduced into these specific locations,
while others remain fault-free, and this leads to a logical error for the Rec. The procedure
of counting needs more prudent treatment, as detailed in [3]. The Steane code has the
nice property that a faultless EC will take any input to the codespace and an EC with
one fault will take any input to a state that deviates at most weight-one error from the
codespace. So essentially we are testing the correctness of the Rec given the input to the
Rec is an operator Ei of weight at most 1. This is sufficient for fault-tolerance since the
whole circuit can be seen as a string of Recs followed by one another except the preparation
exRec, which was justified to be fault-tolerant. Given previous definitions of malignant set
and badness, we can treat the exRecs as independent when generalizing to a higher level
of concatenation.

We shall proceed by analyzing the bounds for the logical error rate of the CNOT-exRec
and other exRecs at k = 1 and then generalize to higher-level encoding according to their
interdependence. It will be clear later why this is necessary instead of generalizing each
exRec independently. For the CNOT-exRec, there are γ5 = 279 locations. For the upper
bound, if we start with second-order terms, we may enumerate the number of malignant
pairs α. For a tighter upper bound and also a rigorous lower bound, not only must we
consider the probability of malignant pairs, but we also need to take into account the
type of faults(X/Z) causing the logical error. For example, if a Loc1 and a Loc5 form a
malignant pair, then IZ/ZI/ZZ error following Loc5 will not cause a logical error. For
the lower bound, we observe that if two locations of a malignant pair are faulty and every
other location is fault-free, then this must result in a logical error.

The joint probability ε
(k)
5.joint of failure for the CNOT k-exRec given acceptance of all

ancillas (from the circuit in Appendix 2.1, every |0⟩ or |+⟩ state we use in EC gadget has
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a verifying ancilla to ensure fault-tolerance) can be generally expressed as

5∑
j≤i=1

α5(i, j)ϵ
(k−1)
i ϵ

(k−1)
j (1 − max{ϵ(k−1)

i , ϵ
(k−1)
j })γ5−2

≤ ε
(k)
5,joint ≤

5∑
j≤i=1

α5(i, j)ϵ
(k−1)
i ϵ

(k−1)
j + β(ϵ(k−1)

max )3

where α5 is the malignant pair matrix(MPM) with α5(i, j) denote the number of pairs of
locations of type i and j where faults can cause logical errors, given that all ancillas in the
exRec are accepted. ϵ6, the error rate of CNOT gates across two data blocks is addressed
separately. The rationale for this approach will become evident in the subsequent section.
Note that each pair of locations is run 103 number of times and the average is taken.

α5 =



43
0 43
0. 176.0 168.0

176.0 0 0 168.0
299.2 298.7 570.0 572.8 793.4
49.2 50.0 100.0 100.5 251.0 12.8

0 0 0 0 0 0 0


There are some details worth commenting,

1. Notice that in α5, α5(1, 1) = α5(2, 2) and α5(3, 3) = α5(4, 4). This is no coincidence.
These two pairs of locations in this exRec are in some sense ”symmetrical” to each
other.

2. We observe that α5(2, 1) = 0, this is because if the pair consists of a Loc1 and a
Loc2. Loc1 can only induce X-error and Loc2 can only induce Z-error. The EC we
use is capable of correcting one X and one Z error. Therefore they won’t add up to
a logical error. The same applies to other 0 entries.

3. For the CNOT-exRec we treat Loc5 and Loc6 separately. If later we use CNOT-
exRecs in recursive simulation or local operations, we can simply set ϵ = ϵ6.

If we further consider O(ϵ3) terms, if there are three faults in the circuit, this could poten-
tially result in a logical error. To obtain a tighter upper bound, we break down the various
types of locations. There are n5 = [32, 32, 32, 32, 144, 7, 0] locations of each type and we
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hope to exclude the cases where a malignant pair is among the three locations since they
are accounted for in the prior term. We have the following Lemma for an upper bound on
the constant of O(ϵ3),

Lemma 4.3.1. Given malignant pair matrix α ∈ Rn×n, O(ϵ3) that potentially causes a
logical error can be upper bounded by Fϵ3 where

F = F (n, σ, α) =
n∑

s=1

fss +
∑

{s,t}∈(n
2)

fst

for fss =
(
ns

3

)
σ3
s − 1

3
(ns−2)σsαss and fst =

(
ns

2

)
·nt ·σ2

sσt +
(
nt

2

)
·ns ·σsσ2

t − 1
3
(ns−1)σsαst−

1
3
(nt − 1)σtαst.

The proof of the lemma is left in Appendix A.1. This result will be used throughout
the paper where similar scenarios occur. We will further mention the specification of one
component, the EC gadget. For the EC gadget, for k = 1, there are 186.4 malignant pairs
and for third-order terms, applying the theorem gives an upper bound of F = 8847.5.

Now by Bayes’ rule, ε
(k)
5 =

ε
(k)
5,joint

P(ancillas accepted)
. Since we have 8 ancilla qubits, if we let P(k)

|0⟩,accept
denote the probability of a level-k |0⟩ or |+⟩ being accepted, we have

ε
(k)
5 =

(
P(k)

|0⟩,accept

)−8

ε
(k)
5,joint

To establish an upper bound on ε
(k)
5 , we need a lower bound on P(k)

|0⟩,accept. Through simu-

lation, we enumerate on average 10.8 fault locations that will cause rejection of the data
block. So

1 − Cε
(k−1)
5 ≤ P(k)

|0⟩,accept ≤ 1
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where C = 10.8. Putting all the above together, at k = 1, we will have the bounds for ε
(1)
5 ,

1312.6ϵ2(1 − ϵ)γ5−9(1 − ϵ6)
7

+ 330.9σ6ϵ
2(1 − ϵ)γ5−8(1 − ϵ6)

6 + 12.8σ2
6ϵ

2(1 − ϵ)γ5−7(1 − ϵ6)
5

≤ε(1)5

≤(1 − 10.8ϵ)−8 · . . .

. . .

(
1312.6ϵ2 + (12.8σ6 + 330.9)σ6ϵ

2 + 734691.4ϵ3

+ (57999.0σ6 + 3079.0σ2
6 + 13.6σ3

6)ϵ3
)

Invoking Prop A.2.0.1 we will obtain A
(1)
5 and B

(1)
5 such that

A
(1)
5 ϵ2 ≤ ε

(1)
5 ≤ (1 − Cϵ)−8B

(1)
5 ϵ2

which holds for ϵ ≤ 1/B
(1)
5 . In particular, for σ6 = 1, e.g. in local CNOT-exRec, we

have A
(1)
5 = 1431.4, B

(1)
5 = 2038.9. In this case, we can further simplify the upper bound

since ε
(1)
5 ≤ (1 − C/B

(1)
5 )−8B

(1)
5 ϵ2 ≤ D

(1)
5 ϵ2 where D

(1)
5 = 2127.4. We denote the lower and

upper bounds by µ
(1)
5 and ν

(1)
5 respectively. In Appendix A.4, we compare the above level-1

bounds with the actual logical error rates obtained from simulation and the bound acquired
through the procedure in [3]. Note that when computing the numerics above, we take into
account the factors σi as introduced in Chapter 3 Section 3.1 except for σ6 which we keep
as a variable. We will obtain level-1 bounds for other exRecs and the corresponding MPM
will be left in Appendix D. Thus for ε

(1)
1,joint we have,

255.3ϵ2(1 − ϵ)γ1−2 ≤ ε
(1)
1,joint ≤ 255.3ϵ2 + 21381.0ϵ3

244.6ϵ2 ≤ ε
(1)
1,joint ≤ 321.8ϵ2

The bounds are obtained by applying Prop A.2.0.1. However, for the lower bound, since the
CNOT-exRec is the largest exRec in the simulating circuit, ϵ ≤ 1/D

(1)
5 , so the coefficient

is obtained by A−B/D
(1)
5 instead. Since there are 3 ancilla verifications here, we obtain,

244.6ϵ2 ≤ ε
(1)
1 ≤ (1 − Cϵ)−3 · 321.8ϵ2

A
(1)
1 ϵ2 ≤ ε

(1)
1 ≤ D

(1)
1 ϵ2
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where A
(1)
1 = 244.6, D

(1)
1 = 327.0. Again we denote the lower and upper bounds by µ

(1)
1

and ν
(1)
1 . For ε

(1)
2 , note that |+⟩-prep-exRec can be simply obtained from |0⟩-prep-exRec

by swapping |+⟩ and |0⟩, meas-X and meas-Z, therefore it will have the same logical error
rate, except the distribution of X- and Z- logical error rates are now swapped. Similarly
for the destructive measurements Loc4 and Loc5, we have

16.6ϵ2 ≤ ε
(1)
4 ≤ (1 − Cϵ)−2 · 78.8ϵ2

16.6ϵ2 ≤ ε
(1)
4 ≤ 79.6ϵ2

where the lower and upper bounds are denoted by µ
(1)
4 and ν

(1)
4 respectively.

Now we hope to generalize to higher level ks. Since we pursue tight upper and lower
bounds here, we incorporate the error probabilities of different exRecs in the computation.
This also adds extra complexity when k > 1 because, at a higher level, there is no guarantee
that ε

(k)
i = σiε

(k)
5 still holds. We provide a workaround for this issue. Let A

(k)
t and D

(k)
t

denote the lower and upper bounds of second-order(in ε
(k)
5 ) coefficients for Loct on kth-level

encoding, σ
(k)
L,t and σ

(k)
U,t denote the lower and upper bound for σ

(k)
i where ε

(k)
i = σ

(k)
i ε

(k)
5 .

From the bounds and expressions above, we can generalize to the following system of
equations.

B
(k+1)
t =G2

( ∑
1≤i,j≤5

αt(i, j)σ
(k)
U,iσ

(k)
U,j, F (nt, σ

(k)
L , σ

(k)
U , αt)

)

D
(k+1)
t =B

(k+1)
t

(
1 − Cϵ

(k)
0

)−s

ϵ
(k+1)
0 = min

i≤(k+1)
1/D

(i)
5

A
(k+1)
t =

( ∑
1≤i,j≤5

αt(i, j)σ
(k)
L,iσ

(k)
L,j

)(
1 − nte

(k)
0

)
σ
(k+1)
L,t =

D
(k)
t

A
(k)
5

σ
(k+1)
U,t =

A
(k)
t

D
(k)
5
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1 ≤ t ≤ 7, t ̸= 6 represents the fault location index, t ̸= 6 since we hope to find the local
threshold here; F is almost identical to F except that in the sum, every positive term is
replaced by σ

(k)
U,t and negative term is replaced by σ

(k)
L,t to ensure D

(k+1)
t is indeed an upper

bound. G2 is the upper bound function in Prop A.2.0.1; s = 3 when t = 1, 2, s = 2 when
t = 3, 4, s = 8 when t = 5 and s = 4 when t = 7; αt is the malignant pair matrix for
Loct; ϵ

(k)
0 represents the threshold value and is a non-increasing function. The equation

is established by observing that the Loc5-exRec is the largest exRecs in the simulation
circuit. nt is the number of (k − 1)-gadgets in a k-t-exRec.

The above set of equations effectively forms a discrete-variable dynamical system and
fortunately, we have a good initial point σ

(0)
U,t = σ

(0)
L,t = 4/15,∀1 ≤ i ≤ 4, σ

(0)
U,5 = σ

(0)
L,5 =

1, ϵ
(0)
0 = 1/D

(1)
5 and σ

(0)
U,7 = σ

(0)
L,7 = 4/5. We then apply the fixed-point iteration method to

find the non-trivial fixed-point (σ5 = 1 will not change through iteration).

σ∗
U,1 = σ∗

U,2 = 0.302,

σ∗
U,3 = σ∗

U,4 = 0.0643,

σ∗
U,7 = 0.540,

σ∗
L,1 = σ∗

L,2 = 9.77 × 10−2,

σ∗
L,3 = σ∗

L,4 = 0,

σ∗
L,7 = 0.166.

And the corresponding coefficients are

A∗
1 = 178.6, A∗

4 = 0, A∗
5 = 979.7, A∗

7 = 302.8,

D∗
1 = 295.8, D∗

4 = 63.0, D∗
5 = 1827.1, D∗

7 = 529.4,

ϵ∗0 = 1/2129.4.

Thus ϵ0 = 1/2129.4 ≈ 4.70 × 10−4 will be taken as the threshold value. The fixed point
can be checked by plugging into the original equations. Through analyzing the Jacobian
at the initial point, we found that the largest eigenvalue is less than 1, which indicates this
is a stable fixed point. The numerical simulation of the behaviour of convergence is left in
Appendix A.3. Having obtained D

(k)
t ’s, we can establish the following recursive relation

for ε
(k)
5

A
(k)
5

(
ε
(k−1)
5

)2
≤ ε

(k)
5 ≤ D

(k)
5

(
ε
(k−1)
5

)2
.

And thus we have the following theorem,
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Theorem 4.3.2. Suppose that independent stochastic noise occurs with probability ϵ at
each location in a noisy quantum circuit. Then the probability ε(k) of the largest k-exRec
being bad satisfies the following bounds

1

A
(k)
5

(
A

(k)
5

k−1∏
i=1

(
A

(i)
5

)2k−1−i

ϵ2
k−1

)2

≤ε(k)5 ≤ 1

D
(k)
5

(
D

(k)
5

k−1∏
i=1

(
D

(i)
5

)2k−1−i

ϵ2
k−1

)2

for ϵ ≤ ϵ0 ≈ 4.70 × 10−4. limk→∞A
(k)
5 = A∗

5 = 979.7 and limk→∞D
(k)
5 = D∗

5 = 1827.1.
Both bounds approach 0 as k → ∞.

For each k, we denote the lower and upper bound by µ
(k)
5 and ν

(k)
5 respectively. Similarly

we can obtain µ
(k)
i and ν

(k)
i for other locations given the corresponding A

(k)
i and D

(k)
i . Up

to now, we have obtained bounds on the logical error rates of the exRecs and a threshold
on fault-tolerant computation locally.

4.4 Direct Encoding

In this section, we introduce two alternative (commonly conceived) ways of preparing

ebit
(k)

. We will outline the implementations of each method and subsequently provide an

analysis of the logical error rate for ebit
(k)

prepared using the first method.
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4.4.1 Schemes

(a) (b)

Figure 4.2: (a) Direct Encoding Scheme A. |+⟩ and
∣∣0〉 are prepared by Alice and Bob

respectively. Transversal CNOTs are then applied to create ebit. (b) Direct Encoding
Scheme B. Alice and Bob start with high-fidelity ebits, Alice measures the X-type sta-
bilizers and Bob measures the Z-type stabilizers. The measurements are repeated for FT
and the outcomes are used for correction to ensure the resultant joint logical state is ebit.

Scheme A

In Scheme A, Alice locally prepares a |+⟩ and Bob prepares |0⟩. They then jointly perform
a logical-CNOT, giving ebit. The procedure is illustrated in Figure 4.2a. However, there
is an extra layer of complication here. Based on our assumption that the only entangling
resources shared by two parties are noisy ebits, i.e. Alice and Bob cannot directly apply
CNOT between their qubits. To tackle this issue, we observe that by utilizing a single ebit
and gate teleportation, we can implement a CNOT gate between two independent qubits.
Such an efficient circuit is shown in Figure 4.3(also experimentally demonstrated in [25])
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Z
Z

X

X

Figure 4.3: The circuit for performing a CNOT with one ebit and local operations[97].
The first and last qubits are the independent qubits we hope to perform CNOT on with
the first being control and the last being target. In the middle two sides share an ebit.

Scheme B

The procedure for Scheme B is illustrated in Figure 4.2b. At k = 1, Alice and Bob ini-
tially share 7 high-fidelity physical ebits. Alice then measures the X-type stabilizers of
the Steane code S1, S2, S3 respectively. For fault tolerance, each measurement needs to be
repeated three times (or twice if the first two consecutive measurements agree). Simulta-
neously, Bob measures the Z-type stabilizers S4, S5, and S6. The reason why Scheme B

produces ebit
(1)

is not immediately apparent. However, using the techniques introduced in
Chapter 2, Section 2.5, specifically the evolution of stabilizers, a simple justification can be
obtained. This explanation is provided in Appendix B.1. For higher level concatenations,
Alice and Bob will be sharing 7k physical ebits. The following measurements are the same,
except the gates are replaced with exRecs with recursive simulation.

Scheme B has a significantly more complex circuit compared to Scheme A, so we will
focus our analysis solely on Scheme A and omit further consideration of Scheme B.

4.4.2 Logical error rate of Scheme A

The error rate of the nonlocal CNOT circuit in Figure 4.3 will be ϵ6, which depends
on q, the infidelity of ebit and ϵ. To guarantee that the above construction works, we
require ϵ6 ≤ ϵ0. Concerning the fidelity of the EPR pair, if we start with an initial value of
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3q = 10%, we observe I(q, 0) = 8.44 × 10−3 and I(I(q, 0)/3, 0) = 4.86 × 10−5 ≤ ϵ0. Since
I(q, ϵ) > I(q, 0) ≥ ϵ0, at least two iterations of initial EPP are required to sufficiently
reduce the infidelity to a level comparable to the threshold. Subsequent iterations of EPP
are not expected to significantly decrease the infidelity as it’s lower bounded by I(0, ϵ). As
we need ϵ6(I(I(q, ϵ)/3, ϵ), ϵ) ≤ ϵ0, from simulation we obtain an upper bound on ϵ being
ϵ ≤ ϵ′0 = 2.25 × 10−4. Hence, to ensure the efficacy of Direct Encoding, it is imperative to
reduce the threshold, and thus the physical error rate. For higher-level simulation, when
ϵ = ϵ′0, ϵ6 = ϵ0, we will run the system of equations with ϵ6 included, such that σ6 = 2.09

and ϵ
(0)
0 = ϵ′0. The threshold equation is modified as ϵ

(k+1)
0 = mini≤(k+1)

{
1/D

(i)
5 , 1/D

(i)
6

}
.

Now, to analyze the bounds for P(ebit
(k)

bad), we will employ the bounds on exRecs

outlined in the preceding section. Instead of directly utilizing the bounds on ε
(k)
1 , ε

(k)
2 , and

ε
(k)
5 , we choose to analyze with level-(k − 1) gadgets as a detour. As we will see later,

this is necessary to make a fair comparison with the Interface+EPP methods and also to
obtain tighter bounds. The total number of locations in the circuit is γEPR = 319. It is
noteworthy that, in addition to the standard stabilizers of the Steane code, the encoded

EPRs are stabilized by {XX,ZZ}. For this reason we will obtain the MPM for ebit
(k)

and bound the logical error rate with level-(k− 1) simulation. Definition 3.3.4 justifies the
feasibility of the following calculations. In summary, we have, for level-k encoding,

6∑
j≤i=1

αEPR(i, j)µ
(k−1)
i µ

(k−1)
j

(
1 − ν

(k−1)
5

)γEPR−9

. . .

. . .
(

1 − ν
(k−1)
6

)7
≤ P(ebit

(k)
bad)

≤
6∑

j≤i=1

αEPR(i, j)ν
(k−1)
i ν

(k−1)
j + . . .

. . . F (nEPR, σ
(k)
L , σ

(k)
U , αEPR)

(
ν
(k−1)
5

)3
where αEPR is as in Appendix D.3. For k = 1, if ϵ, ϵ6 are as above, then

2197.6ϵ2(1 − ϵ)310(1 − ϵ6)
7 ≤ P(ebit

(1)
bad)

≤2197.6ϵ2 + 1.355 × 106ϵ3

For k ≥ 2, To put the bounds in a simpler form, we note that {σ(k)
L }, {σ(k)

U } are bounded
sequences, so for the lower and upper bounds we may take the infimum and supremum
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respectively. The detailed data is left in Appendix A.3. For the upper bound, if we denote
σsup
U,i = supk σ

(k)
U,i and σinf

L,i = infk σ
(k)
L,i ,

P(ebit
(k)

bad)

≤
∑
i,j

αEPR(i, j)σsup
U,i σ

sup
U,j

(
ν
(k−1)
5

)2
+ F (nEPR, σ

inf
L , σsup

U , αEPR)
(
ν
(k−1)
5

)3
≤1757.3

(
ν
(k−1)
5

)2
+ 1.143 × 106

(
ν
(k−1)
5

)3
≤1880.5

(
ν
(k−1)
5

)2
≤0.883ϵ0

(
ϵ

ϵ0

)2k

where the last two inequalities follow from the fact that ϵ ≤ ϵ′0 < ϵ0/2 and given this, when

k ≥ 2, ν
(k)
5 ≤ ϵ0(ϵ/ϵ0)

2k is a good upper bound. Similarly for the lower bound,

P(ebit
(k)

bad)

≥
∑
i,j

αEPR(i, j)σinf
L,iσ

inf
L,j

(
µ
(k−1)
5

)2
− 317ν

(k−1)
5 − 7ν

(k−1)
6 )

≥1087.2
(
µ
(k−1)
5

)2
≥1.02µ0

(
ϵ

µ0

)2k

where µ0 = 1/1061.0 ≈ 9.43 × 10−4.

4.5 Interface + EPP

4.5.1 Interface

To start off this section, we formally introduce the Interface. To motivate the con-
struction, we recall that in Chapter 3 Section 3.2.3 we discussed FT encoding of a known
state, in that case, |0⟩. Here as we hope to minimize the number of initial ebits, it would
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be feasible for Alice and Bob to share a single ebit and locally encode their qubit into the
logical space. In this case, locally they are encoding an unknown state and the encoding
gadget is called an interface. Below, we present a construction, which is a modified circuit
based on the work of Matthias and Müller-Hermes [26].

|ψ⟩

|0⟩
Z

|+⟩

∣∣0〉 P EC

Figure 4.4: Interface Enc0→1

The circuit is essentially teleportation of a physical state into the logical space. We
denote the interface from level-0 to level-1 (1 qubit → 7 qubits in [7, 1, 3]) by Enc0→1.
If we hope to encode the state in 1 qubit into [7k, 1, 3k], we use the interface Enck =
Enc(k−1)→k ◦ · · · ◦ Enc1→2 ◦ Enc0→1 where each Enc(i−1)→i has exactly the same structure
as Enc0→1 but with each location replaced with the corresponding exRec. Note that we
modify the original circuit by using a flag-like ancillary qubit to verify the validity of
the prepared |Ω⟩ = 1√

2
(|0⟩ ⊗ |0̄⟩ + |1⟩ ⊗ |1̄⟩). Through recursive simulation, we denote

|Ω⟩(k) = 1√
2
(|0(k−1)⟩ ⊗ |0(k)⟩+ |1(k−1)⟩ ⊗ |1(k)⟩). As argued before, since we are encoding an

unknown state here, it can never be made fault-tolerant.

4.5.2 Schemes

Having introduced the crucial component in our construction, we now give an overview
of Interface+EPP method. We start with Alice and Bob sharing several noisy ebits. They
then use an interface to encode the information in their physical qubits to the logical level.
However, any such interface cannot be made fault-tolerant since they are encoding (locally)
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unknown states. Therefore they perform EPP procedures to filter out the ’bad’ pairs. The
scheme used in our work is shown below.

Figure 4.5: A broad overview of the Interface+EPP method. On the left-hand side, the
curved lines represent ebits. The triangles are the interfaces. This is followed by EPP and
classical communication.

Alice and Bob commence with 4 ebits, which they employ via an interface to encode
them into logical qubits. Subsequently, they individually perform logical CNOT operations
on the four logical qubits they possess. Finally, they conduct destructive measurements on
the last three logical qubits, applying measurements in the Z, X, and Z bases, respectively.
Upon obtaining classical outputs, they post-process (decode) the results and compare them
through error-free classical communication.

In the remainder of the section, we establish that the failure probability of the EPP
using the interface remains bounded, independent of the parameter k. Following this, we

analyze the logical error rate of the ebit
(k)

given acceptance of EPP. Regarding the physical
error rate, the local threshold value solely depends on the local CNOT-exRec, which follows
the previously described construction, with the same threshold ϵ0 applicable. We note that
the nonlocal resources, in this case, are bare ebits(potentially after initial rounds of EPP),
thus ϵ6 = 3q, the infidelity of the initial ebits. Unlike in Direct Encoding, there’s no need
to convert them to CNOT gates here. Besides, from the circuit construction, it’s evident
that ϵ6 doesn’t affect the local threshold.
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However, as demonstrated later, the final logical error rate will have dependence on q,
thus we will also establish a lower bound on the threshold value for q. The number of initial
EPP as in Figure 4.1 needed will also depend on this threshold. To achieve exponential
suppression, we explore two schemes and provide a detailed comparison in subsequent
sections.

(a)

(b)

Figure 4.6: (a) Scheme A. Encoding is done sequentially, level by level, each followed by
a logical EPP with 3 other similarly prepared ebit. (b) Scheme B. State is encoded to

the k-th level in a single interface, followed by rounds of EPP
(k)

to reduce the logical error
rate.

In Scheme B, Alice and Bob share 4 physical EPR pairs, encode to k = 1, and perform

EPP
(1)

as above. They then encode to k = 2 and do EPP again with other 3 similarly

prepared ebit
(2)

etc. In Scheme A, for the ebits Alice and Bob share, they encode locally

to level-k through the interface first. They then conduct EPP
(k)

repeatedly with similarly

prepared ebit
(k)

. Through these two procedures, the logical error rate will decrease as
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O
(

(ϵ6)
2l
)

where l is the number of EPPs performed.

4.5.3 Logical error rate of Interface

In the noisy circuit scenario, the recovery operation P is followed by an identity gate
on each qubit as the noise. We will investigate some properties of this interface. We will
show a result similar to Lemma III.6 in [26] but with a tighter upper bound.

Lemma 4.5.1 (Error probability of Encl).

P(Encl bad)

≤ exp (β0 · C1 (ϵ+ ρ1(ϵ)))
(
β1ϵ+ β2ϵ

2 + β3ρ1(ϵ) + β4ρ1(ϵ)
2
)

where C1 = 18.1, β =
(
1.0043 2.8 628.5 2.43 521.3

)
and ρ1(ϵ) =

∑∞
k=1 ν

(k)
5 .

Proof. To compute P(Encl bad), we note that in the interface there are also ancilla state
verifications, let H denote the instances that |Ω⟩(k) accepted ∀k ≤ l − 1 given that |0⟩(k)’s
are accepted, what we really want is actually P(Encl bad|H). To compute this conditional
probability we will compute P(Encl bad ∧H) first.
An interface consists of the teleportation(43 locations) and the EC gadget(68 locations).
We shall proceed with Enc0→1 first. By simulation, the teleportation circuit has on average
[0, 1, 1, 1, 2, 0, 0] locations(e.g. the second entry means 1 Loc2-fault location) that will
cause Enc0→1 to have a bad encoded state. If we encode to level-k, since we have Enck =
Enc(k−1)→k ◦ · · · ◦ Enc1→2 ◦ Enc0→1 and by applying the union bound, the sum of the

first-order(in ε
(k)
5 ) terms will be upper bounded by

≤
l−1∑
k=0

(
ε
(k)
2 + ε

(k)
3 + ε

(k)
4 + 2ε

(k)
5

)
=

l−1∑
k=0

(
σ
(k)
2 + 2σ

(k)
3 + 2

)
ε
(k)
5

From Appendix A.3 we know that σ
(k)
i is bounded above and we numerically obtain the
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values. Therefore we arrive at the upper bound,

2.8ϵ+ 2.43
∞∑
k=1

ν
(k)
5

where we replaced the finite sum with an infinite sum to encompass all k ∈ N. The con-

vergence can be seen by noticing that ν
(k)
5 ≤ ϵ0 (ϵ/ϵ0)

2k , ∀k ≥ 2, the infinite sum is upper
bounded by a convergent geometric series and thus it’s also convergent when ϵ < ϵ0

4. For
the sake of simplicity and to obtain a tight bound while maintaining the current threshold
value, we resort to numerics. Let us denote this converging limit as ρ1(ϵ), For example, if
ϵ = ϵ0, ρ1(ϵ) ≈ 1.27 × 10−3. In summary, for first-order terms, we have the upper bound
2.8ϵ+ 2.43ρ1(ϵ).

If two locations have faults, we again have the MPM αin as in Appendix D. Similar to
before, we have the following upper bound

l−1∑
k=0

∑
i,j

αin(i, j)ν
(k)
i ν

(k)
j + F (nin, σ

(k)
L , σ

(k)
U , αin)

(
ν
(k)
5

)3
where nin = [14, 12, 9, 11, 58, 0, 7]. In F we may replace σ

(k)
L and σ

(k)
U by σsup

U and σinf
L . In

this case, F evaluates to a constant 36372.3 ∀k ≥ 1 and 44437.8 when k = 0. For the first
term, we can also simplify,

l−1∑
k=0

∑
i,j

αin(i, j)ν
(k)
i ν

(k)
j

≤557.8ϵ2 +
∑
i,j

αin(i, j)σmax
U,i σ

max
U,j

∞∑
k=1

(
ν
(k)
5

)2
=557.8ϵ2 + 451.6

∞∑
k=1

(
ν
(k)
5

)2
Thus by summing up the results above and applying Prop A.2.0.1 we obtain an upper

4This infinite series is also known as lacunary series, which has no simply closed-form expression, an
expression derived from Fourier transform can be found [45].

61



bound for the second-order terms

≤ 628.5ϵ2 + 451.6
∞∑
k=1

(
ν
(k)
5

)2
+ 36372.3

∞∑
k=1

(
ν
(k)
5

)3
By the simple observation that

∑∞
k=1 a

k
i ≤ (

∑∞
k=1 ai)

k
for ai ≥ 0 ∀i, we obtain,

P(Encl bad ∧H)

≤2.8ϵ+ 2.43ρ1(ϵ) + 628.5ϵ2 + 521.3ρ1(ϵ)
2

Now we compute a lower bound on P(H), as the ancillary states |Ω⟩(k) are independent.

P(H) =
l−1∑
k=0

P
(
|Ω(k)⟩ accepted||0(k)⟩ accepted

)

=
l−1∏
k=0

P
(
|Ω(k)⟩ accepted ∧ |0(k)⟩ accepted

)
P
(
|0(k)⟩ accepted

)
≥

l−1∏
k=0

P
(
|Ω(k)⟩ accepted ∧ |0(k)⟩ accepted

)
≥

l−1∏
k=0

(
1 − C1ν

(k)
5

)
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where C1 = 18.1. We will now need to upper bound P(H)−1,

l−1∏
k=0

(
1 − C1ν

(k)
5

)−1

≤
∞∏
k=0

(
1 − C1ν

(k)
5

)−1

= exp

(
−

∞∑
k=0

log
(

1 − C1ν
(k)
5

))

≤ exp

 ∞∑
k=0

C1ν
(k)
5√

1 − C1ν
(k)
5


≤ exp

(
∞∑
k=0

1.0043 · C1ν
(k)
5

)
= exp (1.0043 · C1 (ϵ+ ρ1(ϵ)))

where the second inequality follows from the fact that ∀x ∈ (0, 1), log(1 − x) ≥ −x√
1−x

and

the third follows from that ν
(k)
5 ≤ ϵ0 ∀k ≥ 1. Combining the above results gives us the

Lemma.

We will use fin(ϵ) to denote this upper bound in later context. From the bound, we
observe that it’s independent of k. In particular, when ϵ = ϵ0, P(Encl bad) ≈ 4.40 × 10−3,
the detailed behaviour will be illustrated in Appendix C.1. We note that, for ϵ ≤ ϵ0,
we can actually upper bound ρ1(ϵ) with a geometric series, which evaluates to a constant
independent of ϵ, which in turn gives a linear upper bound. However, in the pursuit of tight
bounds, we will refrain from further elaboration here. Additionally, it’s worth noting that
based on the aforementioned proof, the upper limit of the failure probability for Encl→(l+1)

is bounded by f
(l+1)
in (ϵ) = 521.4ν

(l)
5 (1 − Cν

(l)
5 ), which will prove to be useful in subsequent

derivations.

For later analysis, the interface needs to be examined more closely, in particular, we will
investigate the number of single-fault locations and malignant pairs that cause different
logical errors. We will leave this more detailed analysis in Appendix C.1.
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EPP rejection probability

We will first give bounds on the failure probability of EPP, part of the results in the
proofs are helpful for later derivation. We will state the upper and lower bounds for the
above building block below and the proofs will be left in Appendix C.2. Thus we have the
following

Theorem 4.5.2 (Upper bound for P(EPR rejected)). Let Enck be the k-th level interface
circuit from Figure 4.4, then ∀k ≥ 1,

P(ebit
(k)

rejected) ≤ 4ϵ6 + 12ϵ+ 8fin(ϵ) (4.1)

and the lower bound,

Corollary 4.5.2.1 (Lower bound for P(EPR rejected)). Let Enck be the k-th level interface
circuit from Figure 4.4, then for k ≥ 2,

P(ebit
(k)

rejected) ≥ 22.4ϵ+ 4ϵ6 −
2∑

i=0

uiϵ
iϵ2−i

6

where u =
(
16 4404 6067

)
up to O(ϵ3).

We will denote the lower and upper bound by f1(ϵ, σ6) and f2(ϵ, σ6) respectively for
convenience.

4.5.4 Logical error rate of Interface+EPP

Having obtained bounds for the failure probability of encoded EPP, we analyze the
logical error rate given that the EPR pair is accepted via EPP. The error probability can
be analyzed similarly as in the previous section, except now the individual components of
the circuit are not all fault-tolerant, and the interface preparation will cause problems. In
addition, the fact that EPP rejects some EPR pairs makes the analysis more complex. In
particular, we can no longer upper bound O(ϵ3) by simply calculating all combinations,
which will result in significant overcounting. Thus, for a more systematic analysis, we
will convert the circuit into a network flow problem, which will be discussed in detail
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for two schemes below. Note that we will obtain P(EPR bad ∧ EPR accepted) first and
P(EPR bad ∧ EPR accepted) will follows by

P(EPR bad ∧ EPP accepted)

=
P(EPR bad ∧ EPR accepted)

1 − P(EPR rejected)

Before we delve into the analysis, we will first translate the circuit into a network flow graph
to help us compute P(EPR bad ∧ EPR accepted). The flow represents the propagation of
errors. For convenience, we will analyze the X and Z errors separately. The graphs
will help us decide the combinations of failures of exRecs/interfaces that would lead to
logical X-error despite passing the EPP test. The graph can be set up as follows: Let
NA,X = (V,E) be the network above with S, T ∈ V being the source and sink of NA,X

respectively and f is a function on the edges of NA,X , its value on (x, y) ∈ E is denoted
by f(x, y). c(x, y) denotes the capacity of the edge. The propagation of X-errors is then
shown by the directed-graph

Figure 4.7: Network for X-error. The source S and sink T are introduced for completeness.
The numbers above the edges indicate the capacities. The pink edges all have capacity 1.
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There are a couple of details worth clarifying

• The central block is the standard Interface+EPP scheme. The third logical EPR
pair has no directly-connected {Di} vertex because in the scheme we perform X
measurement here and X-error will not cause an issue.

• The parity of flow in the circuit indicates the presence of X-error. If the flow is even,
then the combined X-errors cancel out, equivalent to no error; otherwise there is
X-error.

• Some edges with capacity 1 in the middle of the graph are directly connected with
the source e.g. A2 as the CNOT-exRec in the circuit will potentially introduce X-
error. For instance, if f(S,A2) = 1 and f((S,A6)) = 0, this indicates the first
CNOT-exRec introduces XI-error. Besides, SA7, SA12, SB7, SB12 are introduced to
indicate potential errors on mmt-exRecs.

Then the combinations of failures that contribute to P(ebit bad|EPP accepts) can be de-
termined via the following feasibility problem

min 0

s.t. f(x, y) ≤ c(x, y) ∀(x, y) ∈ E∑
x:(x,y)∈E,f(x,y)>0

f(x, y) =
∑

x:(y,x)∈E,f(y,x)>0

f(y, x)

∀y ∈ V \ {S, T}
f(x, y) · (f(x, y) − c(x, y)) = 0

∀(S, y) ∈ E

f(D1, T ) = 2y1 + 1

f(D2, T ) = 2y2

f(D3, T ) = 2y3

y1, y2, y3 ∈ N
f(x, y) ∈ N ∀(x, y) ∈ E

The first two are standard flow constraints. The third one makes sure either the initial edge
has X-error or error-free. f(D2, T ) and f(D3, T ) need to be even as for acceptance, the
measurement results of two parties need to agree. f(D1, T ) odd as for the desired scenario,
we need the first ebit to have error. If f(D1, T ) is even, this means the first logical EPR
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pair either has no error, or has XX-error. However it is stabilized by XX, this will not
cause any problem. We give one example of the solution in Figure 4.8.

Figure 4.8: An example solution of the feasibility problem. This indicates an X-error on
the first ebit given EPP accepts.

This shows that on Alice’ side, her logical qubits of the first two EPR pairs both contain
X-errors and they end up canceling out on the second data block, thus leading to accep-
tance while having errors on the first data block. Due to the third constraint, it would be
easier to search for solutions exhaustively.

Analogously based on the propagation rule of Z-error, we can generate a network graph
for the propagation of Z-error, the central block on Alice’ side is shown in Figure 4.9. The
capacities can be chosen suitably. The details will not be repeated.

Figure 4.9
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Any solution that is common to both types of errors indicates a potential Y -error. Now
we have a way to identify cases that lead to failure, we will match them with error terms
of different orders. In the following we will denote the 4 ebits part as P1 and the EPP part
as P2. Again we will obtain bounds for k = 1 and then generalize to higher-level encoding.
When there is one fault in the circuit, it will not cause a logical error in the EPP circuit
according to fault-tolerance conditions. It can only cause logical error when it’s present
in the EPR preparation, thus one of SC1, SC2, SC3, SC4 is saturated while all other edges
from the source are empty. There is no solution in both X and Z problems. Hence there are
no first-order terms (which in turn also verifies our claim that the scheme is fault-tolerant).

For second-order terms, we will consider the distribution of the faults. For convenience

of discussion, we will first label the ebit
(k)

’s and exRecs as follows,

Figure 4.10: An Interface+EPP procedure broken down into its individual components.
The orange parts denote ebits prepared via physical ebits and interfaces. Other parts
correspond to exRecs within EPP. For example, A denotes the first CNOT-exRec on
Alice’s side.

From the different cases and the fact that 2 faults can cause at most 2 logical errors,
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we can post-process the feasible solutions and we’ll present them in a more readable form
in terms of the components that are bad. By combining cases that will result in both X
and Z errors, we obtain the following cases

• (2I) If they are both in P2, then they would contribute to the joint probability only
when they are in the same exRec and form a malignant pair. From the filtered
feasible solutions, we have the cases,

– XI,XZ on A/B/G/H

– IX, IZ, IY ,XY ,XZ,XX on C/I

The errors on the second one are reversed because the CNOT-exRec in the circuit is
reversed.

• (2II) If they are both in P1, they must each be in one ebit and cause canceling errors.
They must both have the same error type (meaning both are X,Y or Z). Therefore,

– Both X: N1O1, N1O2, O1N2, P1Q1, P1Q2, P1Q1, N2Q2, P2Q2

– Both Z: N1P1, N1Q1, N1P2, N1Q2, O1P1, O1Q1, O1P2, O1Q2

• (2III)If one is in P1 and one in P2, this is equivalent to the order-one case because
according to fault-tolerance properties, the fault in P2 will result in correct simulation.

Identifying cases that include errors in P1 is crucial. The reason will be made clear when
we generalize to level-k. So for k = 1 we have

• (2I) To enumerate the number of such cases, we recall that the number of malignant
pairs in a CNOT-exRec is 1656.3 and we then use the probability distribution of
errors from Appendix D.1 and we count, in total 2587.3 malignant pairs.

• (2II) Since both errors are in P1, we refer to Table C.1 and count 29.1 pairs that do
not contain Loc6, 11.6 pairs that contain one Loc6 and 1.32 pairs that are both Loc6’s.
This differentiation is essential, which we will see when we generalize to level-k.

Now we consider third-order terms. There are again a number of cases and from combining
feasible solutions and suitable upper bounds, we summarize the following cases:

• (3I) When the three faults are all in P2, this will only contribute to the desired
probability if, they are all in C/I; they are in two consecutive exRecs and there is
one error in the overlapping EC. So we upper bound the combinations and count
589499.6 such cases for k = 1.
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• (3II) One fault in P1 and two faults in P2 forming a malignant pair. We count an
upper bound of 281160.3 cases not containing ϵ6 and 40165.8 containing ϵ6.

• (3III) The faults are in P1, two faults in one ebit and one in another. We count
8591.3 triples excluding ϵ6, 2645.4 triples including one ϵ6.

• (3IV) The faults are all in P1, with each in one ’bad’ interface respectively. From
the feasible solutions, we see there are no combinations that are of the same error
type, so cases resulting in X and Z errors with one overlapping part. This case will
be included in the second-order terms.

Having analyzed the different cases, we can obtain the following approximate bounds for

P(ebit
(1)

bad),

(2587.3ϵ2(1 − ϵ)γ1−2(1 − ϵ6)
4 + 11.6ϵ6ϵ(1 − ϵ)γ1−1 . . .

. . . (1 − ϵ6)
3 + 1.32ϵ26(1 − ϵ)γ1(1 − ϵ6)

2) (1 − f1(ϵ))
−1

≤P(ebit
(1)

bad)

≤(1.32ϵ26 + 11.6ϵϵ6 + 2587.9ϵ2 + 879251.2ϵ3

+ 42811.2ϵ6ϵ
2)(1 − f2(ϵ))

−1,

where γ1 = 1788 is the total number of locations excluding Loc6 at k = 1. To ensure a fair
comparison with Direct Encoding later, we will confine ϵ ≤ ϵ′0 and consequently employ
statistics of σ’s based on this constraint. We will denote the upper bound by κ2(1, σ6)ϵ

2,
where κ2(1, ϵ6) is obtained from the fact that ϵ ≤ ϵ′0 here. For the lower bound we will
denote as

∑2
i=0 κ1,i(1, σ6)ϵ

2 where each term is the coefficient for (σ6)
iϵ2, the reason for

this special treatment will be clear when we generalize to level-k. Theorem 4.5.2(by taking
ϵ = ϵ′0 we have a supremum for f2). We will then generalize this to level-k. In fact,
Interface+EPP is guaranteed to function effectively as long as ϵ ≤ ϵ0, demonstrating one
main advantage of this scheme.

4.5.5 Scheme A

For scheme A, we encode physical qubits to level-k and then perform EPP repeatedly.

So we would like to compute the logical error rate of ebit
(k)

first. We will again consider
errors of different order. For the second-order terms, the contribution from (2I) terms are

upper bounded by
∑

i,j α(i, j)σsup
U,i σ

sup
U,j

(
ν
(k−1)
5

)2
≤ 2084.2

(
ν
(k−1)
5

)2
≤ 2084.2/2.12k−2ϵ2.
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Thus we see that the contribution from P2 diminishes exponentially as k increases. In fact,
when k ≥ 5, this term is negligible. Next, (2II) terms persist. For third-order terms, again
(3I) and (3II) are negligible as they give O(ϵ5) contribution; (3III) terms remain. When
k ≥ 2, there is an additional case, that is, when there are two faults in one Enc1→2 and
one fault in some other interface that combine and have a canceling effect. From the proof
of Lemma 4.5.1, we can upper bound such cases by 1

2
(σ

(1)
2 + 2σ

(1)
3 + 2)ε

(1)
5 · (2.8 ·64ϵ+ 34ϵ6),

from the simulated values of σ
(1)
i we have 445775.5ϵ3 + 84577.9ϵ2ϵ6. If we denote the k-th

level encoded ebit after l rounds of EPP by ebit
(k)

l , therefore we would have the upper
bound ∀k ≥ 2

P(ebit
(k)

1 bad) ≤ (2084.2/2.12k−2ϵ2 + 29.1ϵ2 + 11.6ϵϵ6 . . .

· · · + 1.32ϵ26 + 454366.8ϵ3 + 87223.3ϵ2ϵ6)(1 − f2(ϵ))
−1

≤ κA2 (k, σ6)ϵ
2.

where κA2 (k, σ6) is obtained through the same method as above. An example value is
κA2 (2, 1) = 644.1. For the lower bound, we will obtain an approximation. From steps in
the analysis of Cor. 4.5.2.1 we obtain, ∀k ≥ 2,

P(ebit
(k)

1 bad)

≥29.1ϵ2(1 − ϵ6)
4(1 − ϵ)−2 + 11.6ϵϵ6(1 − ϵ6)

3(1 − ϵ)−1+

1.32ϵ26(1 − ϵ6)
2)

(
1 − 8

7∑
t=1

niϵi

)
(1 − f1(ϵ))

−1

≥
2∑

i=0

κA1,i(k, σ6)ϵ
2.

Thus we have
2∑

i=0

κA1,i(k, σ6)ϵ
2 ≤ P(ebit

(k)

1 bad) ≤ κA2 (k, σ6)ϵ
2.

Now to achieve the same exponential suppression of logical error rate, we would need to
perform further rounds of EPP. We may denote the upper bound of the logical error rate
after the l-th EPP as g

(l)
A (k, σ6), where g

(1)
A (k, σ6) = κA2 (k, σ6)ϵ

2. We may first obtain an
upper bound on EPP rejection probability. Following a similar argument as in 4.5.2,

P(ebit
(k)

l rejected) ≤ 4g
(l−1)
A (k, σ6) + 12ν

(k)
5 .
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Thus for the upper bound, we establish the following recursive relationship for 2 ≤ l ≤ k,

g
(l)
A (k, σ6) =

(
6
(
g
(l−1)
A (k, σ6)

)2
. . .

· · ·+2084.2
(
ν
(k−1)
5

)2
+ 24g

(l−1)
A (k, σ6)ν

(k−1)
5

)
. . .

. . .
(

1 − 4g
(l−1)
A (k, σ6) − 12ν

(k)
5

)−1

, (†)

which follows from the union bound and the constants are obtained by counting the feasible
solutions. In this case, some feasible solutions are combined. For example, both errors into
0 and 13 in Figure 4.7 are included by g

(l)
A . When k ≥ 2, the contribution from the rejection

probability term is negligible. If we examine the magnitude of the above terms more closely
and denote the second term by b, we can establish the following simple lemma,

Lemma 4.5.3. ∀k ≥ 2, k ∈ N,∀ϵ > 0 and ∀δ > 24b2,∃l′ ∈ N s.t. when g
(1)
A ≤ 1−

√
b

6
,

∀l ≥ l′, |g(l)A − b| < δ.

Proof. The above recursive relation can be written as g
(l)
A = 6

(
g
(l−1)
A

)2
+ 0.53

√
bg

(l−1)
A + b.

By solving g
(l)
A < g

(l−1)
A and suitably lower-bounding the larger solution we obtain the

upper bound on g
(1)
A . This implies that under this condition the series is decreasing, it’s

also bounded below by b, thus it converges. Since our recursion function is continuous, by
Banach fixed-point theorem the fixed point is the converging limit. Hence, by solving the
quadratic equation and upper-bounding the solution we obtain a bound on allowed δ. l′ is
chosen to be the minimal that satisfies the conditions.

In the following context, we shall use l′ to denote the constant that satisfies Lemma 4.5.3.
This Lemma indicates that when we perform sufficiently many EPP, g

(l)
A will be dominated

by the
(
ν
(k−1)
5

)2
term and no further rounds of EPP will noticeably reduce the logical

error rate. This aligns with the observation in the non-encoded case, that the effectiveness
of EPP is limited by the error rate of local operations. In the later section, l′A will be
determined numerically given k, ϵ and σ6. This lemma greatly simplifies the upper bound
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as some terms dominate others. So we have

g
(l)
A (k, σ6) =


1
6

(√
6κA2 ϵ

)2l
, 2 ≤ l < l′A

2084.2
(
ν
(k−1)
5

)2
, l > l′A

.

Given the same threshold value ϵ′0, solving
√

6κA2 = 1/ϵ′0 numerically would give a sufficient
bound for ϵ6(That is, when σ6 is below this bound, the logical error rate converges as k
increases). For k ≥ 3, σ6 ≤ 813, so ϵ6 ≤ 0.183. And this surely satisfies the bound in
the lemma. Thus theoretically if we start with noisy EPR pairs with infidelity of less than
18.3% this protocol will work well. But in practice, if we hope to minimize the use of non-
local resources, it might be better off to do some initial purifications. This consideration
will be accounted for in more detail in the later section where we analyze resources.

Now for the lower bound, we will first consider the derivation of a lower bound for the
combined circuit when we have two sequential block components under our construction,
with known bounds of the logical error rate of each component. An illustration is shown
in Figure 4.11

Figure 4.11: Two components A and B with an overlapping set of ECs

According to the definition of badness, components A and B can be treated as inde-
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pendent and thus

P(C bad) ≥ 1 − (1 − P(A bad))(1 − P(B bad))

= P(A bad) + P(B bad)) − P(A bad) · P(B bad).

Note that as we encode to higher levels the logical error rate is rather small, so the last term
is negligible. Since we can compute lower bounds for P(A bad) and P(B bad), the lower
bound for P(C bad) can be established. Further rounds of EPP follow the same rationale.
Let us denote the probability of terms of order (σ6)

i of κA1 (k, σ6) being Z-logical error by

p
(k)
Z,i(σ6), which is determined when we considered Z feasible solutions. It’s necessary to

separate out Z-error from X/Y -error. As previously indicated, 6 cases of logical errors
arise from the failures of two ebit pairs, in which 4 are Z-error and 2 are X/Y -error.
We will denote the lower bound on Z-error rate and X/Y -error rate after the l-th EPP as

h
(l)
A,Z(k, σ6) and h

(l)
A,X/Y (k, σ6) respectively, thus we arrive at the following recursive relations

h
(l)
A,Z(k, σ6) =4

(
h
(l−1)
A,Z

)2
+ 517.4

(
µ
(k−1)
5

)2
h
(l)
A,X/Y (k, σ6) =2

(
h
(l−1)
A,X/Y

)2
+ 1252.4

(
µ
(k−1)
5

)2
, (‡)

where h
(1)
A,Z = 4

∑
p
(2)
Z,iκ

A
1,i(2, σ6)ϵ

2 and h
(1)
A,X/Y = 2

(
κA1 ϵ

2 − h
(1)
A,Z/4

)
. Again in this case we

will have similar lemma, thus ∃l′′A s.t.

h
(l)
A (k, σ6) =


1
4

(√
h
(1)
A,Z

)2l

+ 1
2

(√
h
(1)
A,X/Y

)2l

, if l < l′′A

1770
(
µ
(k−1)
5

)2
, if l ≥ l′′A

4.5.6 Scheme B

For scheme B, we perform interface encoding and EPP iteratively, i.e. encode to k = 1

with Enc0→1 followed by EPP
(1)

and then encode with Enc1→2 followed by EPP
(2)

etc.
For the logical error rate in this scheme, we follow the same methodology as above. The
only difference here is that in every round of EPP, contributions from P2 have the same
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magnitude and thus need to be included. Hence for k ≥ 2 and 2 ≤ l ≤ k we have

g
(l)
B (k, σ6) =

(
6
(
g
(l−1)
B

)2
+ 24g

(l−1)
B ν

(l−1)
5 + 2084.2

(
ν
(l−1)
5

)2)
. . .

. . .
(

1 − 4g
(l−1)
B (k, σ6) − 12ν

(l)
5

)−1

h
(l)
B,Z(k, σ6) = 4

(
h
(l−1)
B,Z

)2
+ 517.4

(
µ
(l−1)
5

)2
h
(l)
B,X/Y (k, σ6) = 2

(
h
(l−1)
B,X/Y

)2
+ 1252.4

(
µ
(l−1)
5

)2
where g

(1)
B = κ2(1, σ6)ϵ

2, h
(1)
A,Z = 4

∑
p
(1)
Z,iκ1,i(1, σ6)ϵ

2 and h
(1)
A,X/Y = 2

(
κ1(1, σ6)ϵ

2 − h
(1)
A,Z/4

)
.

In this case, the lemma no longer works because for each level l ≤ k, the magnitudes of each
term are comparable, and since κ2(1, σ6) ≥ 2815.6 > 1/ϵ0. To simplify the upper bound,

we may convert them to C(l)
(
ν
(l−1)
5

)2
at each level, where C(l) satisfies the difference

equation

C(l+1) =

(
6
(
C(l)

)2
+

24

ϵ0
C(l)

)
(ϵ0)

2 + 2084.2

and C(1) = κ2(1, σ6). It’s easy to check that 2114.0 is a stable equilibrium and as long
as σ6 ≤ 528, the sequence will converge to this fixed point. This puts a sufficient bound
of 11.9% on ϵ6. When l > k, we are back to equation (†), except in this case, we start

with an initial point of C(k)
(
ν
(k−1)
5

)2
and previous results hold. Depending on the initial

value, if C(k−1) is already δ-close to 2114.0 for small δ, then one additional round of EPP

will diminish the logical error rate to 2084.2
(
ν
(k−1)
5

)2
, but further EPP iterations will not

enhance the outcome. We will denote the minimal number of EPP for this to occur by
l′B. Similarly, for the lower bound we can establish the difference equations and the lower

bound for the logical error rate converges to 1774
(
µ
(l−1)
5

)2
provided the converges occurs

for l ≤ k; otherwise after l = k, the suppression of logical error rate follows equation (‡).
Similarly, we denote this boundary l by l′′B. Hitherto we have completed analysis for these
two schemes.
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4.6 Fault-tolerant Magic Square Game

Having prepared the logical EPR pairs fault-tolerantly, we are now ready to play the
magic square game. In this section, we will perform an analogous analysis of the failure
probability of the magic square game for all three approaches considered in this paper. In
addition, we address the main concern on the number of nonlocal and local resources used.
We will first state the main result formally. More explicit numerical comparisons based on
these bounds will be presented at the end of this section.

Theorem 4.6.1. Given physical error rate ϵ ≤ ϵ′0 ≈ 2.25 × 10−4, if we hope to play the
Magic Square Game with success probability 1 − ∆, 0 < ∆ ≪ 1. Assuming the physical
EPR pairs have infidelity 0.1, let χ denote the number of EPR pairs used to achieve this.
Then there exists a method that uses an average

χ ≤ 2

⌈(
log(∆/9.64c)

log ϵ/c

)2

/0.54

⌉

number of EPR pairs where c = 1/2129.4. In particular, when ϵ = ϵ′0, we further have a
lower bound on χ for this method

χ ≥ 2

⌊(
log(∆/23.0µ0)

log ϵ/µ0

)2

/0.85

⌋
,

where µ0 = 1/1061.0.

Next we establish essential elements for the proof of the theorem.

4.6.1 Failure probability

Here we will derive bounds on the failure probability of the magic square game when
the encoded EPR pairs are prepared using Direct Encoding Scheme A, Interface+EPP
Scheme A and B discussed previously. There is another component in the circuit, that is,
the measurement of the corresponding operators which depends on the row/column the
party is given. We want to carry out this non-destructive measurement fault-tolerantly.
To achieve this, we will adopt Shor’s approach of non-destructive measurement, utilizing
fault-tolerantly prepared cat-states, as discussed in Chapter 3 Section 3.2.3. However, as
they will measure operators such as X ⊗Z, to allow subsequent measurements, a ‘big’ cat
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state, consisting of 14 qubits(when k = 1) is needed (Of course, other methods of Shor
measurement that save ancillary qubits or use fewer rounds of syndrome measurements can
be applied. Since this measurement procedure is the same for all three methods discussed,
we will choose the original method and it will serve our purpose). Note that we want Alice
and Bob to win the game with probability ∆. We just need to ensure that the row/column
assignments5 that potentially induce the greatest failure probability is less than ∆, that is
when they are both assigned indices 2. A circuit for the FT magic square game is shown
below,

Figure 4.12: Circuit for FT magic square game

In Appendix D.2 we compute bounds on one full round of Shor’s measurement. Thus
the upper bound for the failure probability of the magic square game follows from the
union bound

P(Magic square game fails) ≤ 2 · P(ebit
(k)

bad) + 6ν
(k)
Shor.

5Recall Table 4.1
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Similarly, an approximate lower bound can be obtained, with negligible higher-order terms

P(Magic square game fails) ≥ 2 · P(ebit
(k)

bad) + 6µ
(k)
Shor.

Thus for the three methods, after simplification, we have the bounds for k ≥ 2 and ϵ ≤ ϵ′0.

Upper bound Lower bound

Direct Encoding 9.42ϵ0 (ϵ/ϵ0)
2k 21.6µ0 (ϵ/µ0)

2k

Interface+EPP-A 9.61ϵ0 (ϵ/ϵ0)
2k 23.0µ0 (ϵ/µ0)

2k

Interface+EPP-B 9.64ϵ0 (ϵ/ϵ0)
2k 23.0µ0 (ϵ/µ0)

2k

Table 4.2: Bounds for the failure probability of the magic square game under different ebit
preparation methods at concatenation level k.

Note that in the last two cases, we also have another parameter l, the number of logical
EPP performed. Thus the above represents the lowest upper bounds and highest lower
bounds achievable with k-th level encoding with our analytical methods. Therefore if we
hope to play the magic square game with a success probability of at least 1 − ∆, let us
denote k0 to be the minimal number of concatenation levels that could achieve this, we
can bound k0 by ⌊

log2

(
log ∆/ciµ0

log ϵ/µ0

)⌋
≤ k0 ≤

⌈
log2

(
log ∆/diϵ0

log ϵ/ϵ0

)⌉
,

where ci and di correspond to the leading constants of the lower and upper bounds for each
method.

4.6.2 Nonlocal resources

Here we first compare the non-local resources(noisy ebits) required to prepare one ebit
(k)

for each method. Since the magic square game requires Alice and Bob to share 2 ebits, we
would multiply by 2. Note that before encoding to logical qubits, we would first perform
rounds of physical EPP as in Section 4.2. As argued earlier, for Direct Encoding we would
need to perform at least two rounds to ensure that the initial error is suppressed enough.
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Let m denote the number of rounds of initial EPPs. Thus for Direct Encoding, m ≥ 2.
Given the local gates also have an error rate ϵ ≤ ϵ′0, it’s rather hard to work with an
analytical form, thus we may resort to numerical tools and set the local physical error rate
to be ϵ′0 = 2.25 × 10−4 in our subsequent analysis. Assuming the infidelity of the initial
EPR pair is 10%, the success probability of the first round of EPP is 59.6% and the second

is 95.6%. If we denote the number of EPR pairs required to prepare a ebit
(k)

by χ(k), for
Direct Encoding we have ∀k ≥ 2,

χ
(k)
1 =

5

0.596
· 5

0.956
· 7k ≈ 43.9 · 7k.

This is actually the exact number of noisy ebits we need in this case since transversal
CNOT in the Steane code is the logical CNOT. For the Interface+EPP methods, a more
meticulous treatment is needed due to the extra parameter l′, l′′ which are determined by
both ϵ and the initial infidelity. We will first obtain lower bounds on the total acceptance
probability for the Interface+EPP methods. For Scheme A, we have the lower bound,

P(All EPP accepted)

≥ (1 − f2(ϵ, σ6))
l′∏

l=2

(
1 − 4g

(l−1)
A (k, σ6) − 12ν

(k)
5

)
≥ (1 − f2(ϵ, σ6))

(
1 − 2

3

1

1/(6κ2(2, σ6)ϵ2) − 1
− 12l′ν

(k)
5

)
.

For Scheme B it’s similar, except when l ≤ k we may replace the last term above by ν
(l)
5 .

For the upper bound we will use 1− f1(ϵ, σ6) in both cases. According to analysis in 4.5.4,
we obtain the following upper and lower bounds on χ.

Upper bound on χ for Interface+EPP

To compute the best bounds on the resource overheads, we need to first determine the
relationships between the parameters k,m and l′, l′′. Note that as we have m = 2 for
Direct Encoding, in the following we will discuss results for m ≤ 2. In the following table,
we show the values of l′ for Interface+EPP scheme A and B as in Lemma 4.5.3 for given
k and m.
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k = 2

A B

m = 0 l′A = 4 l′B = 4

1 2 3

2 2 2

k = 3

A B

m = 0 l′A = 5 l′B = 4

1 3 3

2 2 3

k = 4, 5

A B

m = 0 l′A = k + 1 l′B = k + 1

1 k − 1 k

2 k − 1 k

k ≥ 6

A B

m = 0 l′A = k + 1 l′B = k

1 k − 1 k

2 k − 2 k

Table 4.3: Results for l′A, l
′
B as in Lemma 4.5.3 for given k and m

Combining the above results we can see that when k = 2, the minimal upper bound on
χ
(2)
2 can be achieved with Scheme A and m = 0. Using this, an upper bound on χ is 484.2,

representing over 77% improvement over Direct Encoding. For k ≥ 6, the optimal scheme
would be Scheme B with m = 0 and the corresponding upper bound on χ is

χ ≤ ⌈4k/0.54⌉

Lower bound on χ for Interface+EPP

For the lower bound on χ we can obtain a similar table when ϵ = ϵ′0
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k = 2

A B

m = 0 l′′A = 3 l′′B = 3

1 2 2

2 1 2

k = 3

A B

m = 0 l′′A = 3 l′′B = 4

1 2 3

2 2 3

k ≥ 4

A B

m = 0 l′′A = k l′′B = k

1 k − 1 k

2 k − 2 k

Table 4.4: Results for l′′A, l
′′
B as in Lemma 4.5.3 for given k and m

For the lower bounds corresponding to methods discussed in Upper bounds, when k =
2,m = 0 with Scheme A, on average a lower bound on χ

(2)
2 is 74.9. For k ≥ 6 (actually

works for k ≥ 4), m = 0 and Scheme B gives

χ
(k)
2 ≥ ⌊4k/0.85⌋

These bounds are sufficient to establish our theorem. By contrast, if we hope to win the
magic square game with probability 1−∆ with Direct Encoding, we would have the bounds

87.7 · 7k1 ≤ χ ≤ 87.7 · 7k2

where k1 =
⌈
log2

(
log∆/diϵ0
log ϵ/ϵ0

)⌉
and k2 =

⌊
log2

(
log∆/ciµ0

log ϵ/µ0

)⌋
. A more explicit numerical

comparison will be described in detail later.
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4.6.3 Space-time overheads

One potential drawback of Interface+EPP seems to be the use of more local resources.
However, we claim that while our method achieves exponential savings on nonlocal re-
sources, the space-time overhead grows only linearly in k. Below we will provide estimates
and compare the total overhead used by the two parties. Here we first state the assump-
tions:

1. Qubits can be recycled and reset relatively easily and quickly.

2. Qubits can undergo parallel operations, with each qubit engaged in a single operation
simultaneously.

3. Qubits have coherence time long enough to allow consecutive EPPs.

For Direct Encoding, to prepare one logical EPR pair, we have 2 code blocks and an ad-
ditional 2 for error correction. Observing the structure for Interface+EPP, the largest
overhead comes from the logical EPP part, which consists of 8 data blocks and 8 ECs.
Accounting for the overall EPP acceptance probability, Interface+EPP uses at most 7.5
times more qubits for all k.

Now we estimate the time overhead for both methods. Let N denote the time-overhead,
we will first consider N for preparing |0⟩(k). Since transversal gates can be implemented

in parallel and accounting for ancilla rejection probability, we have N
(k)
0 = ak−1 + 7 · ak−1

a−1

where a = 1.0024. For k ≤ 50, N
(k)
0 ≈ 7k + 1. By examining the Steane EC, we have

N
(k)
EC = 2N

(k)
0 + 4. Thus for Direct Encoding, N

(k)
DE = 2N

(k)
EC + N

(k)
0 + 1 ≈ 35k + 14.

For Interface+EPP-A, note that preparation of |Ω⟩(k) can be done in parallel. Thus the

interface uses approximately
(
N

(k)
0 + 11

)
+
∑k

l=1N
(l)
EC +2k timesteps. The EPP procedure

(regardless of rejection) uses 3N
(k)
EC + 2 timesteps. Therefore given m = 0 and k ≤ 50

accounting for rejection, the average time overhead after l′ rounds of EPP is 1.89l′A(7k2 +
50k + 26) = 1.93(k + 1)(7k2 + 50k + 26). For Scheme B, since we have interface-EPP

alternately to encode to level-k, the time overhead is 1.89
∑k

l=1(N
(l)
0 + 13 + 3N

(l)
EC + 2) =

0.945(49k2 + 115k). Thus Scheme B outperforms Scheme A in terms of time-overhead and
it is only a linear increase in k compared to Direct Encoding. Together with the analysis
on space-overhead, our claim is confirmed.
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4.6.4 Numerical results

Firstly, we will provide a full stabilizer circuit Monte Carlo simulation comparing the
two methods for k = 1. Numerically we determined the pseudo-threshold for CNOT-exRec,
the largest gadget in the circuit, to be 4.90 × 10−4. As argued before, to guarantee fault-
tolerance, we would need the gate-teleported CNOT to have an error rate below this value.
Therefore for a fair comparison, we restrict to ϵ ≤ 2.42 × 10−4 (although Interface+EPP
tolerates higher error rates). Since the final basis measurements in FT magic square game
are the same regardless of ebit preparation, we will only present the logical error rate

against ϵ for preparing ebit
(1)

. We describe the two specific methods we are comparing

1. For Direct Encoding, we perform two rounds of 5-to-1 physical EPP followed by the
gate-teleported encoding.

2. For Interface+EPP, at k = 1, the two schemes are the same. For this method, while
it can operate with m = 0 or m = 1 and save more initial ebits, we will present an
optimal method 6, that is, performing two rounds of 4-to-1 EPP 7 followed by one

round of Interface+EPP
(1)

.

We note that in Direct Encoding we use the 5-to-1 EPP instead of 4-to-1 because 5-to-1
is more powerful and can reduce the infidelity to below the threshold value in 2 rounds
of initial EPP, whereas the 4-to-1 EPP takes 3 rounds. Thus using 5-to-1 EPP will save
ebits.

In Figure 5.1, we show the results. Figure 4.13a shows the logical error rates of ebit
(1)

resulting from the two preparation methods. Figure 4.13b demonstrates the overall success
probability for Interface+EPP. We run 106 rounds for each value of ϵ and 5 iterations.
Multiprocessing was used to maximize performance. The mean and standard deviation are
also exhibited by the error bars.

6Optimal in the sense that, the logical error rate of the resulting ebit
(1)

is comparable to Direct Encoding
while the ebit overhead and local space-time overhead are suitably minimized.

7This 4-to-1 EPP is the same as in Figure 4.5 at the physical level.
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(a)

(b)

Figure 4.13: (a) Logical error rates of ebit
(1)

prepared with Direct Encoding and Inter-
face+EPP against physical error rate p. Both methods yield similar logical error rates,
thereby justifying a subsequent comparison of resource overheads. (b) Overall success
probability against ϵ for Interface+EPP.
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From the first figure, we observe that both methods exhibit similar effectiveness in
reducing the logical error rate. As shown in Figure 4.13a, even accounting for statistical
error, Direct Encoding performs only slightly better than Interface+EPP. Since the logical
error rates are comparable, it is meaningful to compare the ebit overheads. In Figure 4.13b,
we show the overall success probability of the Interface+EPP method against ϵ. Now we
consider the average number of ebits needed at ϵ = 2.42 × 10−4. For Direct Encoding, we
use 52×7

0.57
≈ 301.7 ebits. For Interface+EPP, we use 43

0.63
≈ 101.6 ebits, representing a 66.3%

saving relative to Direct Encoding. This provides numerical evidence for our claims and
demonstrates the advantage of our schemes even for near-term implementation.

Finally, we present results for the Magic Square Game. In Figure 4.14, by using the
bounds obtained previously, we compare the two methods in terms of the average number
of raw ebits required if we hope to win the magic square game with probability 1 − ∆. In
the following, for Interface+EPP, we plot for Scheme B, which we proved to have better
performance.

Figure 4.14: The number of raw ebits required against failure probability of the magic
square game ∆. Log-scale is used for both axes.
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From the above figure, we can conclude that Interface+EPP-B is ‘definitely’ more
superior than Direct Encoding for ∆ ≤ 10−3. As log-scale is used, the advantage of
Interface+EPP-B increases significantly as ∆ decreases further. Moreover, by comparing
the lower bound of Direct-Encoding and the upper bound of Interface+EPP-B, we can see
that for 10−33 ≤ ∆ ≤ 10−3, the least improvement is at least 61.4%. As ∆ decreases, the
improvement reaches at least 95.9% for ∆ ≤ 10−23. The disparity potentially becomes
even more evident as ∆ decreases further.
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Chapter 5

Extension to the Surface Code

In this chapter, we extend the methodologies in Chapter 4 to the surface code. We
will first review the current methods of preparing ebit. Next, we describe a potentially
feasible method for extending the Interface+EPP method to the surface code, specifically
creating ebits by encoding qubits into surface code of length L. To do so, we first review
a corresponding interface introduced by Mazurek et al. [66] combined with lattice-surgery.
Then as an easier step, we discuss how to perform EPP efficiently with these logical qubits.
Note that no theoretical analysis of logical error rate has been done due to the hardness
of lattice-surgery when it comes to analytics. However, numerical simulation (in progress)
under phenomenological noise has shown promising results.

5.1 Direct Encoding

Now we introduce the current conceived ways of preparing ebit with surface code. The
most naive approach is through transversal CNOT as the surface code is a CSS code. The
CNOT, again, comes from gate-teleportation from an ebit as in Figure 4.3. An alternative
way is through lattice surgery, as described by Leone et al. [59]. Lattice surgery was
described in Chapter 3 Section 3.3.4. It consists of merging and splitting, where rough
merging followed by splitting is equivalent to performing a MXX-measurement. In order to
prepare ebit, we note that when two surfaces are initialized in

∣∣0〉 and a MXX-measurement

is performed, this produces an ebit. To perform lattice surgery, measurements of stabilizers
are needed and a column of ancilla qubits is needed. Alice has her code patch and her part of
measurement ancillas along with merging ancillas. Bob connects his measurement ancillas
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to Alice’s merging ancillas using CNOT gates to perform the stabilizer measurements
required for the lattice surgery. The connecting CNOTs are implemented again via gate
teleportation with good ebits. Here initial rounds of EPP are also needed to bring the
infidelity of ebits down to some threshold value. Surprisingly, the threshold for the infidelity
of ebits is fairly high for this lattice surgery procedure. The gate-teleported CNOT can
have a threshold up to 8.54% as shown by Ramette et al. [74]. This procedure is shown in
Figure 5.1b.

(a) (b)

Figure 5.1: (a) Example of a transversal implementation of an ebit. (b) Example of a
distant surface code ebit with lattice surgery. Alice and Bob (at a distance) each prepare∣∣0〉. Alice holds her code patch and all ancilla qubits for lattice surgery and stabilizer
measurements. The pink dots are the ancilla qubits for lattice surgery and the purple
dots are ancilla qubits for measurements. To perform the Xv measurements, Bob will
need to connect to pink qubits via long-distance CNOTs, which are implemented via gate
teleportation with a high-fidelity ebit.

For the ebit overhead, it suffices to estimate the number of non-local CNOTs required
because in both schemes ebits are consumed to implement these CNOTs. Given the surface
code’s robustness with a high FT threshold of up to 1% as shown by Wang et al. [91], fewer
rounds of initial physical EPP would be needed. For the first scheme, L2 non-local CNOTs
will be necessary. For the second, there are L − 1 distant CNOTs. However, we note
that to ensure FT, we need to perform at most L-rounds of measurements. Thus in the
worst case, this method uses L(L − 1) CNOTs. In practice, which of these two methods
is preferable depends on a number of factors. The most evident difference between is
probably the number of local qubits the distant CNOTs interact with. The distant links
are most likely in photons while local qubits can be in various platforms. Therefore the
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performance will highly depend upon the efficiency of the interface between photons and
matters, e.g. trapped-ions [67] and atom arrays [62].

5.2 Interface

We now present the Interface+EPP method within the context of the surface code. To
begin with, we construct a valid interface that encodes an unknown quantum state into
a surface code with a code distance L. This procedure can be divided into two distinct
parts. The first part involves creating an interface that maps a single qubit to a surface
code patch with a distance L′, L′ ≤ L. The second part is an interface that transfers a
logical state from |ψ⟩L′ to |ψ⟩L1.

5.2.1 Part 1: |ψ⟩ → |ψ⟩L′

The following idea is presented in the work by Mazurek et al. [66]. We will review it here
and draw a connection with the interface used for the Steane code. Recall that in Chapter 4
Figure 4.4 we have an interface circuit for the Steane code, using teleportation. Here we
use a similar idea. We note that teleportation can be performed using measurements only.
Assume Alice possesses qubit 1, which contains the state to be teleported, and qubit 2,
which is one part of an ebit. Bob holds the other part of the ebit, qubit 3. The procedure
begins by measuring X1X2. If the measurement result is -1, the operation Z2Z3 is applied.
Subsequently, Z1Z2 is measured, and if the outcome is -1, the operation X2X3 is executed.
This sequence of measurements and conditional operations completes the teleportation
process. On the surface code, we also need to identify ’qubits’ 1, 2 and 3. The choices
are shown in Figure 5.2, with the corresponding X,Z-operators acting on them, where the
qubit 1 to be teleported is on the left-bottom corner.

1In the following we denote |ψ⟩L instead as a logical state encoded in a surface code of distance L.
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Figure 5.2

Surely, to start doing any computation with the surface code, we need to initialize it
by measuring all stabilizers (in this case, everyone not touching qubit 1) and correcting
errors. We can see that, after this, the code patch (excluding qubit 1) is in the common
eigenspace of X2X3 and Z2Z3, thus in some sense, ’maximally entangled’. We then measure
stabilizers that include qubit 1, X1X2 and Z1Z2. If the measurement outcome of X1X2 is
-1, we apply Z2Z3, which is the left-most vertical excluding qubit 1; if the measurement
outcome of Z1Z2 is -1 we apply X2X3, which is the lowest XL excluding qubit 1. Due to the
correspondence to teleportation and the fact that X1X2 and Z1Z2 are exactly stabilizers
of the surface code, we see that this procedure indeed teleports the state in qubit 1 to the
whole code patch.

5.2.2 Part 2 |ψ⟩L′ → |ψ⟩L

Technically we can use the same procedure for code patches of arbitrarily large dis-
tances, however, an error on qubit 1 will translate to a logical error on the code patch,
as in the Steane code case. Therefore, to achieve fault-tolerance, either we perform initial
EPP to reduce the infidelity below the threshold and then perform the above encoding, or
we can encode while purifying. To do so, we would need a way of transferring logical states
between code patches of different sizes. This can be done via lattice surgery. To do so, we
will first present the above measurement-based teleportation more explicitly, including the
generation of the ebit, as in Figure 5.3.
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|ψ⟩
MZZ

X

|0⟩

MXX

X

|0⟩ Z X Z Z |ψ⟩

Figure 5.3: Measurement-based teleportation

Now we can use this circuit to achieve teleportation between two surface codes with
different distances L′, L. For the purposes of this discussion, we assume L′ ≤ L. Initially,
we have a code patch with a distance L′ in state |ψ⟩L′ , and another code patch with distance
L in state |0⟩, which is the target logical qubit for the teleportation process. Now we still
need a logical ancilla qubit 2. We will prepare it in logical-|0⟩ state with a code patch of
dimension L′ × L2. In this way, we can perform all the above operations.

Figure 5.4: Lattice-surgery based teleportation

2The rectangular surface code initialization will be the same as the square case.
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As shown in Figure 5.4, we first use rough merging on logical qubits (2) and (3) to mea-
sure X2X3 followed by error correction (and possibly postselection if we want to prepare a
good ebit as in Figure 4.3). Then Z1Z2 is measured via a smooth merging between logical
qubits (1) and (2). At the end, we measure X1 and X2 respectively to infer the correction
on logical qubit 3, completing the teleportation.

In the above, we discuss a way of interfacing one qubit with a surface code of distance
L. Assuming that Alice and Bob have collectively prepared several ebits utilizing this
interface, they can subsequently execute EPP by locally performing CNOT operations,
Hadamard gates, and measurements. These operations can be carried out either using
transversal gates or through lattice-surgery.

5.3 Discussion

Analytical results are challenging to derive in this context, especially when aiming to
achieve more affirmative comparisons that require tighter bounds. However, with numerical
simulations, we have obtained evidence that with an optimized choice of L′ and L in
Interface+EPP, fewer ebits are needed to achieve a similar logical error rate compared to
the second Direct Encoding scheme (Definitive conclusions need further validation, which
is pending).

In fact, the method in the second part (and more generally lattice-surgery) of the
interface has more versatile uses. With some modifications, it can be made as the interface
between different families of code. It was shown by Nautrup et al. [72, 83] that a logical state
can be teleported from a color code to a surface code of the same edge length. Building upon
this, and integrating with prior discussions, it is possible to achieve teleportation between
color codes and surface codes of different edge lengths. This consideration is potentially
important in scenarios where quantum repeaters, which transmit information over long
distances [77, 93], use one type of QECC, while the end stations (quantum computers) are
employed using a different QECC.
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Chapter 6

Conclusion

In this thesis, we investigate the preparation of long-range ebit in the context of Magic
Square Game. Specifically, we aim to minimize the number of ebits consumed while en-
suring that the failure probability does not exceed ∆.

To this end, we constructed a novel way by leveraging an ‘interface’, which translates
an unknown state to the logical space, and the purifying power of EPP. For the [[7k, 1, 3k]]
concatenated Steane code, our analytical bounds indicate that Interface+EPP scheme
exhibits remarkable advantage over the conventional method (encoding qubits on both
sides and performing transversal gates), in terms of the number of initial ebits, with this
discrepancy becoming more significant as ∆ decreases. Moreover, when k = 1, we did a
full-circuit simulation to support our claims. We also attempted to extend this interface
to the surface code. Lattice-surgery is particularly useful in this context. However, a
more comprehensive comparison of Direct Encoding and Interface+EPP is still part of my
ongoing work. On the non-local game side, our analysis provides an upper bound on the
number of ebits needed to play the magic square game fault-tolerantly with the Steane
code. Tighter upper bounds and a lower bound could be future research directions. It is
not clear yet how a lower bound could be obtained.

Broadly speaking, our proposal presents a flexible and comprehensive framework for
similar tasks. Many aspects of our construction can be adapted to suit different needs.
For example, in Figure 4.5, instead of destructive measurements for EPP, Alice and Bob
can further save local qubits as well as initial ebits by performing non-destructive X/Z
measurements. The last three ebits can then be used for subsequent EPP. However, the
actual implementation of this will be limited by qubit decoherence time T1/T2, thus some
platforms are preferable to others [65]. In addition, the EPP used can also be altered. In
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this thesis, we mainly used the 4-to-1 for EPP that is capable of correcting both X- and
Z-errors. In fact, not only can we use more powerful EPP by using more ebits, but in
some special cases, we can actually reduce the ebits needed. For example, in systems with
biased noise [89, 95], it might suffice to use two ebit to purify X− or Z−noise.

Certainly, this framework can be generalized to other QECCs as long as a valid interface
is constructed. In terms of local overhead saving, one can employ concatenation of quantum
Hamming codes and develop a suitable interface [96]. However, one difficulty remains for
this method is that when applying transversal CNOT locally, it’s impossible to act on
individual logical qubits, instead, the transversal CNOT needs to act on blocks of logical
qubits simultaneously. It’s also possible to extend to qLDPC codes. Since lattice-surgery
has been adapted to qLDPC code to implement fault-tolerant gate set [27], an analogous
interface could be developed for certain qLDPC codes. If we can adapt to other QECCs,
various techniques developed for those codes can be used. For example, single-shot error
correction can be used to avoid the need for repeated measurements [14, 40]. If a higher-
distance code is used, it’s also possible to use adaptive syndrome measurement to reduce
the number of rounds of measurements[86][29].

Practically, our protocol for the Steane code requires all-to-all connectivity, thus exper-
imental verification is feasible for certain platforms such as neutral atoms [12] and trapped-
ions [78]. On the other hand, in superconducting, where neighest-neighbour interactions
are preferable, our proposal for the surface code is readily implementable. Moreover, as
mentioned in Chapter 5 it is possible to interface color code and surface code of different
sizes. Our framework also allows interfacing between different codes without significantly
compromising the logical error rate. We hope our discussion will inspire further research
in this area, which is crucial not only for FT nonlocal games but also for the development
of modular quantum architecture and the quantum internet.
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Appendix A

Bounds on P(exRec is bad)

A.1 Bound on third-order terms

In this section, we provide proof for Lemma 4.3.1. We would convert this to a graph
theory problem. To prove the theorem, we will first consider the case where there are two
types of locations and then generalize to n locations. Let G = (V,E) denote a graph,
Gs = (Vs, Es) and Gt = (Vt, Et) denote two random subgraphs of G for two types of
locations Locs and Loct respectively, where Vs, Vt are the locations and we have V =
Vs ∪ Vt. Let ns = |V (Gs)| and nt = |V (Gt)|, Es, Et are determined by adjacency matrices
A ∈ {0, 1}ns×ns and B ∈ {0, 1}nt×nt . We further define an induced subgraph with adjacency
matrix C where vertices of this subgraph are Vs ∪ Vt and the edges are E \ (Es ∪Et). Now
each entry in A,B,C is a Bernoulli variable such that

Aij =


0, with probability aij if the i-th and j-th

Locs form a malignant pair

1, otherwise

similar for B and C with probability matrices b and c except for C we have Cij = 0 when
the i-th Locs and the j-th Loct form a malignant pair. Now we wish to obtain the number
of K3(triangle) in G. This is equivalent to the number we hope to obtain because if G
is a complete graph, then the number of K3 is

(
ns+nt

3

)
, all possible combinations. Now if

{vi, vj} is a malignant pair and we exclude all triples containing {vi, vj}, this is identical
to finding number of triangles in G′ = (V,E \ {vi, vj}). And from the definition of α
we also have αss =

∑
ij∈(Vs

2 ) aij, αtt =
∑

ij∈(Vt
2 ) bij and αst =

∑
i∈Vs,j∈Vt

cij. Since G is
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a random graph, we compute the expectation to obtain a fair estimate. To this end, we
recall Hölder’s inequality for expectations, for non-negative random variables X, Y , for p
and q satisfying 1

p
+ 1

q
= 1,

E(XY ) ≤ (E(Xp))
1
p (E(Y q))

1
q (A.1)

Based on this we can immediately generalize to the following proposition,

Proposition A.1.0.1. Suppose X, Y, Z are three nonnegative random variables, then

E(XY Z) ≤ 3
√

E(X3)E(Y 3)E(Z3) (A.2)

Proof. We first treat S = XY and invoke A.1 for p = 3
2

and q = 3 to obtain E(XY Z) ≤
(E(XY )3/2)2/3E(Z3)

1
3 = (E(X3/2Y 3/2))2/3E(Z3)

1
3 . Now we apply A.1 again on the first

term on RHS with p = q = 2 to show the result.

Having this we can show the lemma below,

Lemma A.1.1. Let G = (V,E) be constructed from G1 and G2 as described above, let T
be the random variable of the number of triangles in G and α be the malignant pair matrix,
then

E(T ) ≤ fss + ftt + fst (A.3)

where fss =
(
ns

3

)
σ3
s − 1

3
(ns−2)σsαss, ftt =

(
nt

3

)
σ3
t − 1

3
(nt−2)σtαtt and fst =

(
ns

2

)
·nt ·σ2

sσt +(
nt

2

)
· n1 · σsσ2

t − 1
3
(ns − 1)σtαst − 1

3
(nt − 1)σsαst

Proof. Let’s denote the three vertices of the triangle by vi, vj and vk. We consider different
cases according to where the vertices lie in:

1. We first consider the case where they are all in Gs, so they form a triangle if and
only if AijAjkAki = 1. We shall also take into account the various error rates ϵi.
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Therefore to compute the expectation,

E(TGs) = σ3
sE

 ∑
{i,j,k}∈(Vs

3 )

AijAjkAki


= σ3

s

∑
{i,j,k}∈(Vs

3 )

E[AijAjkAki]

≤ σ3
s

∑
{i,j,k}∈(Vs

3 )

3

√
E(A3

ij)E(A3
jk)E(A3

ki)

where the inequality follows from A.2. Since Aij’s are Bernoulli random variables,
E(Am

ij ) = E(Aij) ∀m ∈ N, thus

E(TGs) ≤ σ3
s

∑
{i,j,k}∈(Vs

3 )

3

√
E(Aij)E(Ajk)E(Aki)

= σ3
s

∑
{i,j,k}∈(Vs

3 )

3

√
(1 − aij)(1 − ajk)(1 − aki)

≤ σ3
s

∑
{i,j,k}∈(Vs

3 )

3 − aij − ajk − aki
3

=

(
ns

3

)
σ3
s −

(ns − 2)σ3
s

3

∑
ij∈(Vs

2 )

aij

=

(
ns

3

)
σ3
s −

1

3
(ns − 2)σsαss

where the second inequality follows by AM-GM inequality on each term and we only
have σs of order 1 in the final term because in the simulation of αss we would have
already included σ2

s .

2. The same procedure holds when vi, vj, vk ∈ Vt and we have

E(TGt) =

(
nt

3

)
σ3
t −

1

3
(nt − 2)σtαtt
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3. Now we consider the case where two vertices of the triangle are in one part while
the third one is in the other. We discuss two separate cases. The first one is when
vi, vk ∈ V1 and vj ∈ V2, so following a similar procedure, the expected number of
triangles will be upper bounded by

σ2
sσt

∑
{i,k}∈Vs,j∈Vt

3

√
E(Cij)E(Cjk)E(Aik)

=σ2
sσt

∑
{i,k}∈Vs,j∈Vt

3

√
(1 − cij)(1 − cjk)(1 − aik)

≤
(
ns

2

)
· nt · σ2

sσt − σ2
sσt

∑
{i,k}∈Vs,j∈Vt

cij + cjk + aik
3

Similarly if vi ∈ Vs and vj, vk ∈ Vt we have an upper bound
(
nt

2

)
· ns · σsσ2

t −
σsσ

2
t

∑
i∈Vs,{j,k}∈Vt

cij+cik+bjk
3

. Now let T ′ denote the random variable of the num-
ber of triangles across Gs and Gt, we can add up these two upper bounds to obtain

E(T ′) ≤
(
ns

2

)
· nt · σ2

sσt − σ2
sσt

∑
{i,k}∈Vs,j∈Vt

cij + cjk + aik
3

+

(
nt

2

)
· ns · σsσ2

t − σsσ
2
t

∑
i∈Vs,{j,k}∈Vt

cij + cik + bjk
3

≤
(
ns

2

)
· nt · σ2

sσt +

(
nt

2

)
· ns · σsσ2

t

− σ2
sσt

∑
{i,k}∈Vs,j∈Vt

cij + cjk
3

− σsσ
2
t

∑
i∈Vs,{j,k}∈Vt

cij + cik
3

=

(
ns

2

)
· nt · σ2

sσt +

(
nt

2

)
· ns · σsσ2

t

− 1

3
(ns − 1)σsαst −

1

3
(nt − 1)σtαst

Having analyzed the different cases, the desired bound is obtained by adding them together.

Applying the lemma inductively would give the desired result.
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A.2 Conversion to second-order bounds

The following proposition is a modification of a derivation in [3].

Proposition A.2.0.1. Let ϵ(k) = P(k-exRec not well-behaved), if

A1(ϵ
(k−1))2 −B1(ϵ

(k−1))3 ≤ ϵ(k) ≤ A2(ϵ
(k−1))2 +B2(ϵ

(k−1))3

then we can bound ϵ(k) with terms second order in ϵ(k−1)

A′
1(ϵ

(k−1))2 ≤ ϵ(k) ≤ A′
2(ϵ

(k−1))2

with A′
2 = 1

2
A2(1 +

√
1 + 4B2/A2

2) and A′
1 = A1 −B1/A

′
2, which holds for ϵ(k−1) ≤ 1/A′

2.

A.3 System of equations for the error bounds

We will plot the convergence behaviour of A
(k)
5 and D

(k)
5 over 10 iterations

We can see that the sequences converge just after 5 iterations. Also we plot the be-
haviour of σ

(k)
U,1 and σ

(k)
U,3
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∀k ≥ 1,

• When ϵ
(k+1)
0 = mini≤(k+1)

{
1/D

(i)
5

}
, which is used when only local exRecs are in-

volved. σmax
U,1 = σmax

U,2 = 0.302, σmax
U,3 = σmax

U,4 = 0.0643, σmax
U,7 = 0.540 and σmin

L,1 = σmin
L,2 =

9.77 × 10−2, σmax
U,3 = σmax

L,4 = 0, σmin
L,7 = 0.166.

• When ϵ
(k+1)
0 = mini≤(k+1)

{
1/D

(i)
5 , 1/D

(i)
6

}
, that is in Direct Encoding, when ϵ6 is

involved. The initial point of σ6 = 2.09 and ϵ ≤ ϵ′0 = 2.25 × 10−4. Then σmax
U,1 =

σmax
U,2 = 0.269, σmax

U,3 = σmax
U,4 = 0.0587, σU,6 = 1.92, σmax

U,7 = 0.469 and σmin
L,1 = σmin

L,2 =
0.105, σmax

U,3 = σmax
L,4 = 0, σmin

L,6 = 0.538, σmin
L,7 = 0.182.

A.4 Tightness of bounds

In this section, we compare the theoretical bounds for the CNOT-exRec derived in the
main text to the error rates obtained through numerical simulations for the case of k = 1.
Additionally, we plot the upper bound calculated using the procedure outlined in [3], but
applied to our error correction gadget. For the simulation the results are obtained for 107

runs, with ϵ ≤ ϵ0.
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Figure A.1: Comparison of bounds on logical error rate of CNOT-exRec

By plotting the curves we are able to examine the tightness of bounds. We observe
that our bounds at k = 1 are decent estimates of the true value. Notably, at ϵ = ϵ0,
the upper bound shows a 54% improvement over the original bound, thereby affirming
the credibility of our bounds even as we extend the generalization to higher concatenation
levels. This substantiates the significance of our subsequent comparison of the bounds of
the two methods.
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Appendix B

Direct Encoding Scheme B

B.1 Validity of Scheme B

Here, we justify that the process illustrated in Figure 4.2b indeed prepares an ebit
encoded in the Steane code. We will focus on the case of k = 1 and use the evolution of
stabilizers as discussed in Chapter 2, Section 2.5.

Initially, each ebit has stabilizers {XX,ZZ}. By labeling the qubits from 1 to 14 with
1-7 being qubits on Alice’s side and 8-14 being qubits on Bob’s side, e.g. the two qubits of
the first ebit are labeled 1 and 8, we establish a starting point for the stabilizers. We first
consider measurements performed by Alice, the X-type stabilizers S1, S2, S3 in Table 2.1.
Since they always commute with combinations of XX, we consider their effect on ZZ
stabilizers. Note we don’t have logical operators in this case.

Z1Z8

Z2Z9

. . .

Z7Z14

measure
X4X5X6X7−−−−−−→

Z1Z8

Z2Z9

Z3Z10

b1X4X5X6X7

Z4Z5Z11Z12

Z4Z6Z11Z13

Z4Z7Z11Z14

measure
X2X3X6X7−−−−−−→

Z1Z8

b2X2X3X6X7

Z2Z3Z9Z10

b1X4X5X6X7

Z4Z5Z11Z12

Z2Z4Z6Z9Z11Z13

Z2Z4Z7Z9Z11Z14

measure
X1X3X5X7−−−−−−→

b3X1X3X5X7

b2X2X3X6X7

Z1Z2Z3Z8Z9Z10

b1X4X5X6X7

Z1Z4Z5Z8Z11Z12

Z2Z4Z6Z9Z11Z13

Z1Z2Z4Z7Z8Z9Z11Z14

Based on the measurement outcomes b1, b2, b3, Alice can make corresponding corrections
to ensure the current state is in +1 eigenspace of the stabilizers. Next, Bob measures
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the Z-type stabilizers and the XX stabilizers will have a similar transformation as above,
resulting in 7 stabilizers which are obtained by exchanging X and Z in the final stabilizers
above. Again Bob will make his corrections based on measurement outcomes. Now the 14
stabilizers are again split into 7 X-type and 7 Z-type. We list the X-type stabilizers below

X1X3X5X7

X2X3X6X7

X1X2X3X8X9X10

X4X5X6X7

X1X4X5X8X11X12

X2X4X6X9X11X13

X1X2X4X7X8X9X11X14

The group generated by these stabilizers is actually equivalent to the one generated by the
following set

X1X3X5X7

X8X10X12X14

X2X3X6X7

X9X10X13X14

X4X5X6X7

X11X12X13X14

X1X2 . . . X14

To see the equivalence, we note a fact: If we have two generator sets {P1, . . . , Pn} and
{Q1, . . . , Qn} and a well-defined binary operation. If some combinations of P1, . . . , Pn

under the binary operation result in Q1, . . . , Qn and vice versa, the two sets generate the
same group. Based on this, we can verify that the given stabilizer sets indeed generate
the same group. The same applies to Z-type operators. We further observe that these
stabilizers are exactly the stabilizers for ebit, thus justifying our claim. In fact, for any
CSS codes, measuring the stabilizers will give an ebit1.

1Upon completing this thesis, I found proof of the analogous result for all CSS codes in Appendix B in
the work by Rengaswamy [75]. Interested readers can refer to this more general proof.
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Appendix C

Interface+EPP error analysis

C.1 Interface error analysis

We will first plot the upper bound of P(Encl bad) with respect to ϵ below

Next, we will analyze the faults and resultant logical errors of the interface in more
detail. In particular, we will include errors in the incoming state |ϕ⟩. We will need to take
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into account the distinct ϵ6 error and also the different logical error types. By observing
the circuit of the interface, we infer that if there is an incoming X error, this results in a
Z error; Y −→ Y and Z −→ X. Moreover, we take into account the fact that an encoded
EPR pair is stabilized by {XX,ZZ}. We arrive at the following enumeration:

• Single fault location
Excluding Loc6:

X [0,1,1,0,0.684,0,0]

Y [0,0,0,0,0.674,0,0]

Z [0,0,0,1,0.656,0,0]

To include the initial EPR pair, for the upper interface we have an extra X-error
from Loc2 and for the lower interface we have an extra Z-error from the Loc1. For
Loc6, as explained before, for an EPR pair the possible errors are XI/Y I/ZI, with
XI occurring with probability IX(q, ϵ0) and similarly for Y I/ZI.

• Malignant pairs
For the malignant pairs, we will only enumerate for k = 1 and thus we include the
respective σi. Excluding Loc6:

X Y Z

262.8 67.7 227.3

Malignant pairs involving Loc6 that induce logical error on EPR1

Y Y XX ZZ XI IX

0 0 0 31.0 0.21

ZI IZ Y I XZ ZX

31.4 0.242 31.2 0.321 0.394

IY Y X XY ZY Y Z

0 0 0 0 0
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C.2 Proofs for bounds on EPP failure probabilities

Proof of 4.5.2. We can view the Interface+EPP-A circuit as consisting of two major com-
ponents, one is the interface preparation of logical EPR pairs and the other is the EPP
procedure. Below we use G1 to denote the instance that the preparation of 4 logical EPR
pairs is bad and G2 to denote the cases where the EPP is bad. Thus we have

P(EPR rejected) ≤ P(G2) + P(G1)

We would first compute the upper bound on P(G2). For the upper bound, since we have 6
CNOT-exRecs and 6 mmt-exRecs,

P(G2) ≤
∑
i

|Loci|ε(k)i ≤ 2 · 6 ·
(
ν
(k)
5 + ν

(k)
4

)
which follows from the union bound and the factor 2 follows from P.13 of [3], resulting in
a noisy simulation of the whole quantum circuit.

Now we will compute an upper bound on P(G1), to do so, observe that the preparation
part consists of 4 EPR pairs, and on each side the qubits are expanded via the interface,
so 8 interfaces in total. We may now invoke Lemma 4.5.1 and obtain the following

P(G1) ≤ 4ϵ6 + 8fin(ϵ)

we observe that P(G2) ≤ 12ϵ ∀k, adding up two terms gives the desired upper bound.

Observe that this analysis is applicable not only to concatenated Steane code, any
proposal of code concatenation that has the corresponding interface with a logical error rate
upper bound independent of k will have EPP failure probability that is also independent
of k (given the EPP part can be performed fault-tolerantly in the logical space).

Proof of Corollary. 4.5.2.1 We would now derive a crude lower bound on P(EPR rejected)
and we would consider terms up to O(ε3), so this bound will hold well for ϵ < ϵ0 considered
in this work. We may again use the Bonferroni inequality (or inclusion-exclusion principle)
and thus,

P(EPR rejected) ≥ P(G1) + P(G1) − P(G1 ∧ G2)

For the first term above, based on the observation that if certain locations are faulty then
they will surely cause a logical error, for O(ϵ) terms, this will cause a logical error if it
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is in the initial |Φ⟩ or Enc0→1 while other locations are error-free. Note that the error

probability for exRecs in Encl→l+1 is ε
(l)
i , so for O(ϵ) terms we have the lower bound (in

the following γ7 = 111 being the number of locations in Enc0→1,)

8 · 2.8 · ϵ(1 − ϵ)−1(1 − ϵ6)
4

k−1∏
i=0

7∏
t=1

(
1 − ν

(i)
t

)8nin,t

+ 4 · ϵ6(1 − ϵ6)
3

k−1∏
i=0

7∏
t=1

(
1 − ν

(i)
t

)8nin,t

(†)

For the product term, we use the Weierstrass product inequality and obtain

k−1∏
i=0

7∏
t=1

(1 − ν
(i)
t )8nin,t ≥

(
1 − 8

1∑
i=0

7∑
t=1

nin,tν
(i)
t

)

for the early terms, we apply (1 + x)r ≥ 1 + rx. Combining these with the specific values

of ν
(i)
t , we can simplify Eqn(†) as, to O(ϵ3),

22.4ϵ(1 − 605.9ϵ− 4ϵ6 + 2423.6ϵϵ6 − 1.10 × 106ϵ2)

+4ϵ6(1 − 3ϵ6 − 606.9ϵ− 1.10 × 106ϵ2 + 1820.7ϵϵ6)

Similarly, for two-fault terms, there are a number of cases to be considered,

1. Logical errors resulting from malignant pairs in Enc0→1, we have the lower bound,

8
∑
ij

αin(i, j)
k−1∑
s=0

µ
(s)
i µ

(s)
j (1 − ν

(s)
5 )−2 . . .

. . .
k−1∏
i=0

7∏
t=1

(1 − ν
(i)
t )8nin,t(1 − ϵ6)

4

2. For k ≥ 2, logical errors resulting from one faulty-exRec in Enc1→2. Note that for
exRecs in Encl→(l+1) l ≥ 3 to be faulty, O(ϵ4) would be needed, so are not considered
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here. Hence for this case, we have the lower bound

8 · 2.8 · µ(1)
5 (1 − ν

(1)
5 )−1 . . .

. . .

k−1∏
i=0

7∏
t=1

(1 − ν
(i)
t )8nin,t(1 − ϵ6)

4

3. If we have one fault in the initial EPR and one in one of the Enc0→1. From Table ??
we have

4 · 94.7 · ϵ6ϵ(1 − ϵ)−1(1 − ϵ6)
3

k−1∏
i=0

7∏
t=1

(1 − ν
(i)
t )8nin,t

4. We further have cases where there are two faults in two interfaces respectively. Apart
from naively computing all combinations, there is a subtlety here, being that if two
logical EPR pairs induce the same type of logical error, after EPP they end up
canceling each other, for example, if on Alice’s side, the first and second logical
EPRs have X-error, the first logical EPR will still be accepted, so we should not
include such cases. To this end, we will refer to Table ?? and enumerate a lower
bound of 192.8 such cases. So such cases occur with a probability

192.8 · ϵ2(1 − ϵ)−2(1 − ϵ6)
4

k−1∏
i=0

7∏
t=1

(1 − ν
(i)
t )8nin,t

Summing up the above second-order cases and lower bound all the (1 − x)r’s, we have, to
O(ϵ3)

26768.7ϵ2 + 378.8ϵϵ6 − 1.62 × 107ϵ3 − 3.37 × 105ϵ2ϵ6 − 1136.4ϵϵ26

for k ≥ 2. For the next term, we note that when k ≥ 2, for P(G2)) to cause a logical error
we need at least O(ϵ4). Now for the last term, we note that for both components to have
logical errors, we need at least O(ϵ5) in the circuit for k ≥ 2 because for G2 to occur we
need O(ϵ4) and one fault in the EPR preparation. Combining all the terms above and the
fact that ϵ ≤ ϵ0 we obtain the desired result.
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Appendix D

Miscellaneous

D.1 Distribution of logical error after CNOT-exRec

The probability distribution of malignant pairs that cause different types of logical
errors for a CNOT-1 exRec (when ϵ5 = ϵ6).

Y Y XX ZZ XI IX

7.21 × 10−5 9.01 × 10−3 1.53 × 10−2 0.161 0.298

ZI IZ Y I XZ ZX

0.302 0.160 2.03 × 10−2 5.65 × 10−4 8.52 × 10−3

IY Y X XY ZY l Y Z

1.97 × 10−2 1.83 × 10−3 1.20 × 10−4 1.65 × 10−3 1.44 × 10−4

D.2 Bounds for Shor’s parity measurement

Here we investigate the Shor parity measurement. We will exemplify this by examining
the case where Alice performs a XX measurement on her side. Firstly we will obtain an
upper bound on the rejection probability of the 14-qubit ancilla cat state. The number of
single fault locations that will lead to rejection is [14, 0,0,1,8,0,0]. There are 38 locations
in total with a breakdown of nShor = [14, 1, 7, 1, 15, 0, 0]. Thus when we encode to level-k,
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we simply arrive at the upper bound

P(Cat state rejected) ≤
(
14σmax

U,1 + σmax
U,3 + 8

)
ν
(k−1)
5

+
∑

{i,j}∈(nShor
2 )

σmax
U,i σ

max
U,j

(
ν
(k−1)
5

)2
=11.8ν

(k−1)
5 + 196.3

(
ν
(k−1)
5

)2
≤11.9ν

(k−1)
5

In general, two scenarios of the parity measurement would lead to the failure of the magic
square game. First, if output logical errors occur during the initial two parity measurements
on the data block, subsequent measurements are adversely affected. Second, faults within
the measurement process itself can induce a ’parity-change’, contributing to the failure.
We say the Shor’s measurement is bad if either of these happens. Having this observation,
we compute the bounds. As this procedure was justified to be fault-tolerant, we again start
by enumerating the malignant pairs. The MPM is listed in Appendix D.3. So for level-k
concatenation, if we denote ε

(k)
Shor,joint to be the case when all cat state ancillas are accepted

but Shor’s measurement is bad, following the same procedure as in 4.4, we arrive at the
following bounds

3.27µ0

(
ϵ

µ0

)2k

≤ ε
(k)
Shor,joint ≤ 1.27ϵ0

(
ϵ

ϵ0

)2k

Hence for the conditional probability ε
(k)
Shor

3.27µ0

(
ϵ

µ0

)2k

≤ ε
(k)
Shor ≤ 1.27ϵ0

(
ϵ

ϵ0

)2k (
1 − 11.9ν

(k−1)
5

)−3

We shall denote the lower and upper bounds by µ
(k)
Shor and ν

(k)
Shor respectively.
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D.3 Malignant pair matrix(MPM)

1. |0⟩ / |+⟩-exRec
n1 = [11, 13, 9, 8, 47, 0, 0]

α1 =



10.0
0 11.0
0 25.0 0

14.0 0 0 0
70.0 69.9 81.2 74.4 172.2

0 0 0 0 0 0
0 0 0 0 0 0 0


2. Z-mmt-exRec

n3 = [8, 8, 8, 15, 36, 0, 0] 

0
0 0
0 0 0

18.0 0 0 63.0
0 0 0 42.8 0
0 0 0 0 0 0
0 0 0 0 0 0 0


3. EC-gadget

n3 = [8, 8, 8, 8, 36, 0, 0]

5.0
0 5.0
0 7.0 0
7 0 0 0

44.0 42.0 59.5 59.0 130.2
0 0 0 0 0 0
0 0 0 0 0 0 0


4. Identity gate
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nin = [16, 16, 16, 16, 72, 0, 7]

14.0
0 14.0
0 49.0 42.0

49.0 0 0 42.0
100.7 100.7 181.4 181.4 278.6

0 0 0 0 0 0
28.0 28.0 56.0 56.0 148.8 0 16.4

0 0 0 0 0 0 0


5. ebit

(k)
from Direct Encoding

αEPR =



53
0 53
0 189.96 167.95

189.95 0 0 167.94
360.36 359.9 640.91 646.04 916.07
43.73 44.93 89.56 90.08 231.49 12.7

0 0 0 0 0 0 0


6. Interface, Enc0→1 ◦ EC

nin = [14, 12, 9, 11, 58, 0, 7]

αin =



10.0
5.0 18.0
5.0 39.0 7.0
20.0 15.0 15.0 7.0
92.6 127.0 140.3 137.9 281.5

0 0 0 0 0 0
19.8 30.9 35.0 35.1 121.6 0 16.4


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7. Logical EPP

αEPP =



102
0 34.0
0 110 84.0

426 0 0 420
832 303 500 1626 1634
0 0 0 0 0 0
0 0 0 0 0 0 0


8. Shor-X-mmt (full)

nS3 = [106, 67, 85, 67, 375, 0, 0]

αShor =



249
0 114
0 546 756

315 0 0 252
992 1094 2720 1492 3532
0 0 0 0 0 0
0 0 0 0 0 0 0


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