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Abstract

Neural assemblies—transiently coordinated groups of neurons—are observed in the hip-
pocampus and are thought to underlie the encoding and consolidation of episodic mem-
ories. Acetylcholine (ACh), a key neuromodulator, plays a critical role in learning and
memory and has been implicated in neurodegenerative disorders involving hippocampal
dysfunction. A well-supported hypothesis suggests that high levels of ACh during active
exploration and rapid eye movement (REM) sleep promote memory encoding, while low
levels during quiet waking and slow-wave sleep (SWS) support memory consolidation.

In this study, we examine the bidirectional role of ACh in modulating neural assembly
formation through its effect on neural synchrony in the CA3 region of the hippocampus.
We construct a computational model of a network of excitatory pyramidal neurons, each
equipped with a slow, voltage-dependent, non-inactivating potassium current (M-current),
which is downregulated in the presence of ACh. Neural assemblies are modelled mathe-
matically as cluster solutions—special types of phase-locked states. Using a phase model
reduction of a pair of weakly coupled neurons, we analyze the existence and stability of
cluster solutions that may emerge in larger networks equipped with all-to-all globally ho-
mogeneous, symmetric distance-dependent and nearest-neighbours coupling architectures.

Our results suggest that ACh shapes assembly formation by modulating network dy-
namics in CA3. Under low ACh conditions, the network tends to fully synchronize, whereas
high ACh levels enable the emergence of multiple stable cluster states, allowing for dis-
tinct patterns of activity associated with memory encoding. These findings propose a
mechanism by which ACh regulates transitions in hippocampal network states, supporting
distinct stages of memory formation.
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{2,6,12} and {4,6,8} resp. (D) The network is initialized in a stable 6—cluster with a
firing order: Cy —Cy—C3—Cy—C5—Cg, where C; = {i,i46,...,N—6—i}. A transient

perturbation, in the form a current pulse, applied to different subset of the cells alters

the ﬁring order to (E) Cl 706704702705703 and (F) Cl 706702 704705*03 .
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for i = {1,2,3,4,5}. (B) A transient perturbation applied to a subset of the cells in
the network can alter the firing order of to Cy — Cy — C5 — C35 — Cy. (C) A transient
perturbation applied to a different subset of cells, can alter both the firing order from
(A) and the arrangement of the cells in each cluster. The new clusters are given by:
Cy = {1,9,11}, Cy = {2,7,15}, C3 = {3,5,10}, Cy = {4,12,14} and C5 = {6,8,13}.
The new firing order is given by: C; —Co —C5 —Cy —C3. . . . . . . . . . . . . ..

Multistability in a network of reduced Traub-Miles model neurons (RTM) equipped with
a monotonic globally heterogeneous coupling (p = 0.5, k = |N/2]), with gas set to 0.
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Voltage trace representations are presented for (A) anti phase, (B) 3—cluster and (C)
8—cluster solutions. (D) Anti-phase solution (1) = 7) obtained for a network of 8 cells
(G) Anti-phase solution for a network of 24 cells. (E) 3—cluster solution for a network
of 6 cells (= 2F). (H) 3—cluster solution for a network of 24 cells associated with

(v = Z). (F) 8—cluster solution obtained for a network of 8 cells (I) 8—cluster solution

(w = ?ﬂf) obtained for a network of 16 cells. The cluster firing order is discussed in the
main text. . . .. L L Lo o e e e e e e e e e e
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C.6

C.7

Multistability in a network of 12 RTM model neurons equipped with dis-
tance dependent coupling (p = 0.5,k = 6) with gy; set to 0. A transient
perturbation is applied to a subset of the cells for time ¢ € [8000, 8050]. (A)
The network is initialized in a stable 4—cluster solution corresponding to an
inter-cluster phase difference of ¢» = 7. (B) The perturbation reverses the
firing order of the solution from (A), switching the network to a different sta-
ble 4—cluster solution (w = 3%) (C) A transient perturbation applied to a
different subset of cells can switch the network in (A) to a stable 12—cluster
solution associated with a inter-cell phase difference of ¢ = 5%. (D) The
perturbation can also switch the network in (A) to a 12—cluster associated

WIth o = 75,

Demonstration of multistablity within a network of RTM model neurons, equipped with
nearest neighbour coupling and gs set to 0. (A)-(C) display the voltage traces for each
solution. The solutions are presented in two ways: Ring diagrams depicting the nearest
neighbour coupling and the cells belonging to the same cluster (identified by the same
colouring), and raster plots which display the firing order of the clusters. (D),(G) and
(J) illustrate the anti-phase solutions for a network of 4, 8 and 24 cells resp. (E),(H) and
(K) are the 3— cluster solutions for 6 (¢ = 2%),15(¢) = 4F) and 24 (¢ = 2F) cells resp.

(F),(I) and (L) are the 5— cluster solutions for a network of 5(¢ = 4&) ,10(¢) = %)

5
and 15(¢p = %’r) cells resp. The cluster ensembles and the order in which they fire are

discussed in the main text. . . . . . . . . . . . L L L e

Splay solutions are obtained for a network of RTM model neurons equipped
with nearest neighbour coupling and with gy, set to 0. The solutions are pre-
sented in three ways: Voltage traces, Ring diagrams depicting the coupling
architecture, and raster plots which tell us which cells fire when in a single
cycle. (A) A splay state obtained for a network of 4 cells, corresponding to
Y = 7. (B) A splay state obtained for a network of 7 cells, with ) = 87”.
(C) A splay state obtained for 9 cells with ¢ = %’r. The cluster ensembles
and the order in which they fire are discussed in the main text. . . . . ..
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C.8

C.9

Demonstration of the possible transitions of a network, equipped with nearest neighbour
coupling, initialized in a stable 3—cluster solution, when gy is set to 0. (A) A network of
12 neurons is initialized in a stable 3—cluster solution associated with ¢» = 2%. A transient
perturbation, in the form of a current pulse, applied to a subset of cells in the network,
can switch it to a (B) stable 3—cluster solution with the reverse firing order associated
with ¢ = 4%, or (C) a stable 12—cluster solution (splay) associated with ¢ = 5%, or (D)
an anti-phase solution (¢ = 7). (E) A network of 24 neurons is initialized in a stable
3—cluster solution associated with ¢ = %3. A transient perturbation, in the form of a
current pulse, applied to a subset of cells in the network, can switch it to a (F') stable
12—cluster solution associated with ¢ = 7%, or (G) a stable 12—cluster solution (splay)

associated with ¢ = 5%, or (H) an anti-phase solution (¢ = 7).

Demonstration of synchrony within a network of RTM model neurons equipped with
nearest neighbour coupling, when gps is set to 5, obtained through transient current
pulses applied to an initialized network, equipped with nearest neighbour coupling. (A)
A network of 8 cells, initialized in a splay state (1 = ) , can synchronize under the
transient perturbation applied to a subset of the cells in the network (labelled initial and
=

final respectively). A network of 12 cells is initialized in a (B) stable splay state () = §),

and a (C) stable 6— cluster solution (¢ = %) (D) A transient perturbation applied to a
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subset of the cells in the network, initialized in (C) and (D), can synchronize the network. 146
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Chapter 1

Introduction

The study of synchronization within neural networks is crucial for understanding how dif-
ferent regions of the brain communicate and coordinate on both local and global scales. In
particular, groups of neurons may transiently synchronize to form spatiotemporal patterns
of activity, which serve as a mechanism for encoding information. The hippocampus is a
critical structure in the brain responsible for the formation of episodic memories—memories
relating to the events from one’s personal life [11]. An example of an episodic memory,
could include remembering what you may have for breakfast yesterday, or where you were
on your birthday last year. These type of memories are believed to be encoded as distinct
patterns of neuronal activity and stored in the CA3 region of the hippocampus, where they
can later be retrieved in response to partial cues [18, 50].

A network of spiking neurons can organize into such distinct patterns by forming ‘neural
assemblies’—groups of neurons that transiently synchronize their activity. Through this
synchrony, they are often proposed as a mechanism underlying the generation of distinct
brain rhythms, which are commonly observed in electroencephalogram (EEG) recordings.
Neural assemblies observed in the hippocampus, are thought to facilitate spatial naviga-

tion tasks and, the encoding and storage of episodic memories [57, 27, , |. Tt is
also theorized that, in addition to external inputs, the intrinsic oscillatory dynamics of
the hippocampus can also play a role in the formation of neural assemblies [57, ] . An

important input that affects the hippocampal dynamics is acetylcholine—a neuromodu-
lator known for its vital role in cognitive functions, particularly those involving learning
and memory [01, 63, 62]. It is believed that different levels of ACh may be linked to dis-
tinct brain rhythms, belonging to a specific frequency band, which emerge during different
physiological states (wakefulness and sleep) [73]. A generally accepted consensus, is that
high levels of ACh during active exploration and rapid eye movement (REM) sleep, sup-



port the encoding of new stimuli, while low levels of ACh during quiet waking and slow
wave sleep (SWS), facilitate the consolidation of previously formed memories for future
recall [03, 64, 60, 58, 73, 43]. In the present thesis, we investigate this bidirectional role of
acetylcholine (ACh) in neural assembly formation, specifically studying the distinct neural
assemblies that may be supported by a network of pyramidal neurons in the CA3 region
of the hippocampus, under varying levels of ACh (high vs. low).

Mathematically, neural assemblies are reminiscent of cluster solutions for a given bio-
physical network of model neurons, which are often suggested as a mechanism for assembly
formation [16]. In particular, by imposing symmetries in the coupling architecture of the
network, we can study model-independent cluster solutions, where the inter-cluster phase
differences are identical. The resulting solutions are symmetric, in the sense that each
cluster harbours an identical number of neural oscillators. To study these types of so-
lutions, we derive a phase model approximation of the biophysical network—an approach
that has been used previously to investigate cluster solutions in networks of weakly coupled
oscillators [106, 33, 88, 87, 97, 15, , 98]. A phase model approximation can simplify
a high-dimensional biophysical neuron model to a simpler model while retaining essen-
tial dynamical features required to study neural synchrony [15]. In the present thesis,
we impose a circulant form of coupling, such that the corresponding biophysical network
satisfies periodic boundary conditions—effectively arranging the identical model neurons
along a one-dimensional ring. Phase model analysis has been used to derive the conditions
of existence and stability of symmetric cluster solutions for such networks under various
coupling architectures, including all-to-all coupling with a globally homogeneous [106, 15],
and symmetric heterogeneous distribution [15, 97, | of synaptic weights. We apply
these results to a homogeneous network of conductance based model pyramidal neurons
coupled via weak excitatory synapses, under varying levels of ACh, and consider three cou-
pling configurations: all-to-all globally homogeneous, symmetric distance-dependent and
nearest-neighbours coupling.

Acetylcholine acts as a neuromodulator by altering the neuronal behaviour at both the
cellular and network levels. In particular, at the cellular level, acetylcholine can suppress
[05] a slow, voltage-dependent, non-inactivating potassium current [36] found in hippocam-
pal cells [12] known as the muscarinic current (M-current). Based on the response to input
current, Hodgkin classified neurons into two types: Class I and Class IT [66]. The work in
this present thesis is primarily inspired by the results of a paper [1], where an M-current
induced bifurcation in a general biophysical neuron model (that incorporates an M-current)
is linked to a switch in the neuronal excitability from Class I to Class II dynamics. They
applied their results to various neuron models coupled with excitatory synapses and demon-
strated an M-current induced transition from anti-phase solutions (Class I excitability, no



M-current) to in-phase synchrony (Class II excitability, high M-current), through interme-
diary out-of-phase solutions (intermediate strengths of M-current). This result aligns with
prior studies of pairs of model neurons weakly coupled together with an excitatory synapse
and either Class I or Class II excitability [56, 29]. The effects of M-current on synchro-
nization, have been extensively studied, both experimentally and computationally. The
phase response curve (PRC), which is an experimentally obtainable measure, can be used
to characterize the synchronization properties of a neuron [136, 56]. Experimental studies
have demonstrated changes in the shape and type of the phase response curves (PRC) asso-
ciated with cortical pyramidal neurons, primarily driven by the M-current, which have then

been simulated for different neuron models [125, , ]. Computational papers have
also studied specific network level implications of the M-current induced switch in neuronal
dynamics [72, 39, 10, , 80, , , 89]. In particular, [39] analyzes the combined effect

of increased firing frequencies and the M-current on the ability of an excitatory pyramidal
network to synchronize. However, to our knowledge, these works do not systematically ex-
plore the manner in which the hippocampal network undergoes de-synchronization, when
the M-current is suppressed, as it would in the presence of acetylcholine. A network
consisting of spiking neurons may desynchronize, by organizing themselves into neural as-
semblies. In [31], they demonstrate a desynchronization of an all-to-all coupled 5— cell
network, into a splay state through the suppression of M-current. In [9, , 80, 117], the
desynchronization is studied as travelling wave solutions or considered to be generally asyn-
chronous states. Our work in this thesis, aims to further explore the de-synchronization
within the network, by studying the corresponding cluster solutions under different cou-
pling configurations, using a phase model approach. Additionally, we examine the possible
desynchronized states in each case in the presence of M-current, associated with low levels
of ACh, and compare them to those arising under high ACh conditions.

The layout of this thesis is as follows. In Chapter 2, we provide the necessary back-
ground in biology, reviewing the structure of the brain and the underlying components
responsible for its function. In particular, we introduce the hippocampus, which is the
structure of interest in our work. In Chapter 3, we review relevant mathematical concepts
in neuroscience; particularly, methods used to model the behaviour of neurons and synaptic
transmission in the hippocampus. We provide a description of the cellular properties by
which individual neurons generate electrical activity and how we can model the underlying
dynamics. We also describe how bifurcation theory is used to classify the excitability of a
neuron and the factors that can affect it. We conclude this chapter by reviewing models
on synaptic transmission in order to build networks of model neurons that are coupled to-
gether through a chemical synapse. In Chapter 4, we describe the phase model reduction of
a general high-dimensional conductance-based model neuron to a simpler one-dimensional



model which preserves the relevant dynamical features needed to study neural synchrony.
In Chapter 5, we describe how we can use this phase model reduction to study the cluster
solutions of a biophysical network of conductance-based model neurons equipped with a
circulant form of coupling architecture. In particular, we review the existence and stabil-
ity conditions for networks equipped with an all-to-all globally homogeneous, symmetric
distance-dependent and nearest-neighbours type of coupling. In Chapter 6, we describe
a single-compartment model of an excitatory hippocampal pyramidal neuron with an M-
current, which is a reduction due to [105] of a detailed model developed by Traub and Miles
[131]. We also perform a bifurcation analysis of this model to demonstrate the M-current
induced switch in neuronal excitability, and propose model parameters that are appropriate
for our study using the phase model reduction. In Chapter 7, we present our results. We
describe a phase model approximation of the RT'M model neuron using parameters deter-
mined in the previous chapter, along with the stability analysis of various cluster solutions,
under different strengths of the M-current, and the different coupling configurations of the
corresponding network. Finally in Chapter 8, we summarize our work and discuss how our
results may fit in the narrative of the cholinergic modulation of hippocampal dynamics.
We discuss the limitations of our work as well as future directions that could be taken
based on this work.



Chapter 2

Biological Background

The nervous system is a collection of cells responsible for coordinating activities that
enables an organism to interact with its environment. It is composed of two parts: the
central nervous system (CNS), consisting of the brain and spinal cord, and the peripheral
nervous system (PNS) [65, 20], comprising spinal and cranial nerves, that branch out
from the spinal cord and brain respectively. In vertebrates, the nervous system is highly
centralized—all higher neural functions originate in the brain [20].

2.1 Anatomy of the brain

The brain can be broadly divided into three main components: the cerebrum, cerebellum
and the brain stem. The outermost surface of the cerebrum and cerebellum is coated by a
layer of heavily wrinkled tissue known as the cortex [77]. In mammals, complex functions
like information processing are localized within the cerebral cortex. The cortex is dorsally
divided into two hemispheres—a left and a right hemisphere—each of which is further
divided into four anatomically distinct lobes: frontal, parietal, occipital and temporal lobes.
Each lobe can be associated with specific neural functions. For example, the frontal lobes
are primarily responsible for planning movement as well as critical thinking, while the
occipital lobes, located at the back of the brain, are responsible for the processing of
visual stimuli [77]. The temporal lobes, located by the ears, in front of the occipital
lobes and beneath the frontoparietal lobes, are largely concerned with the processing of
auditory stimuli [26]. They also consist of sub-cortical structures—hippocampus and the
amygdaloid—responsible for aspects of learning, memory, and emotion [77]. The location
of the hippocampus in the brain is illustrated in Figure 2.1.



Figure 2.1: A schematic of the hippocampus (highlighted in red) within the temporal lobe
of the brain (highlighted in yellow). Created in https://BioRender.com

The brain, like all organs of the body, is composed of discrete cellular elements. Two
main types of cells make up the brain: neurons and glia. Glial cells play a supportive role
by supplying energy and structural stability to brain tissue [65]. Glial cells are outside of
the scope of this thesis, we will focus only on neurons.

2.1.1 Neuron morphology and physiology

Neurons are the functional units of the brain, responsible for processing and transmitting
information. All neurons share the same basic architecture as illustrated in Figure 2.2,
consisting of a cell body or soma and two types of cytoplasmic extensions: a long and
unbranched azon, and a group of shorter, tree-like branched extensions called dendrites [77].
In general, the morphology and organization of these components can vary among neurons,
thereby characterizing different types of neurons. For example, pyramidal neurons—named
after their pyramid-shaped soma—have multiple dendrites that branch extensively from
both the base and apex of the soma [90], along with a long, thick axon that extends from
the soma.

The cellular composition of a neuron is, for the most part, no different than a standard
mammalian cell. Neurons have a cytoplasm that is bounded by a cell membrane that is
made up of a lipid bilayer. The cell membrane separates ions between the extracellular and
the intracellular fluids while allowing small and non-polar molecules, like oxygen, to pass
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Figure 2.2: Schematic illustrating the structure of a typical pyramidal neuron, consisting
of a soma, dendrites, and an axon. A chemical synapse between two neurons is also shown.
Created in https://BioRender.com

through [90]. The soma contains a nucleus and cellular organelles that facilitate protein
synthesis and other cellular functions [65]. Unlike most other mammalian cells, various
voltage-gated protein channels are embedded in the cell membrane of neurons. These
channels, also known as ion channels, regulate the flow of ions into and out of the neuron.

Action potential

Neurons carry and encode information by means of electrical signals called action potentials,
which are large, transient changes in the electrical potential across the cell membrane. This
will be explained in more detail in the next chapter. Action potentials are initiated at the
initial segment of the axon, known as the azxon hillock, and propagates all the along the
axon to its endpoints, the azon terminals [90]. At the terminals, action potentials can
trigger a series of complex biochemical events that facilitate the transmission of signals to
neighbouring neurons via their dendrites.

2.1.2 Synapse

The point at which two neurons communicate is known as a synapse [77]. Accordingly, the
neuron transmitting the signal is called the presynaptic neuron, while the receiving neuron



is called the postsynaptic neuron. On each cell, an average of hundreds or even thousands
of synapses are formed [20].

Signals can be transmitted through chemical synapses, mediated by the release of chem-
icals, or electrical synapses, mediated by gap junctions [90]. Most synaptic contacts in the
brain, including those we encounter in our work, are chemical [26]. At a chemical synapse,
the region separating the presynaptic cell and the postsynaptic cell is called the synaptic
cleft. A substance known as a neurotransmitter is released from the presynaptic terminals
and diffuses across the narrow cleft toward the postsynaptic cell. Neurotransmitters are
typically synthesized in the presynaptic neuron and stored in tiny spherical packets called
synaptic vesicles, located in the axon terminals [77]. When an action potential arrives at
the presynaptic terminal, it causes calcium to enter the terminal, which in turn causes
the vesicles to fuse with the cell membrane [36]. The ‘docked’ vesicles then release the
neurotransmitter molecules into the synaptic cleft, which diffuse across the cleft and bind
to specific receptor proteins on the postsynaptic membrane [20].

The interaction between a receptor and its corresponding neurotransmitter typically in-
creases (excites) or decreases (inhibits) the likelihood of the postsynaptic neuron generating
an action potential. This depends on the type of receptor found on the postsynaptic mem-
brane. The primary excitatory neurotransmitter in the brain is glutamate which stimulates
two receptors: 2-amino-3-hydroxy-5-methylisoxazol-4-propanoic acid (AMPA)/Kainate and
N-methyl-D-asparate (NMDA) [36]. On the contrary, v-Aminobutyric Acid (GABA) is an
inhibitory neurotransmitter found in most interneurons [90], which stimulates two recep-
tors: GABA, and GABAjg [30]. GABA, and AMPA receptors are ionotropic, meaning
neurotransmitter binding directly alters ion channels, leading to changes in membrane po-
tential. In contrast, GABApg receptors are metabotropic, with neurotransmitter binding
initiating secondary processes that eventually affect ion channel activity, and subsequently
neuronal excitability [77].

Another neurotransmitter of significance, is acetylcholine (ACh), which was first dis-
covered and chemically isolated from the vagus nerve of an isolated frog heart [90]. Acetyl-
choline plays different roles in different parts of the nervous system. In the brain, ACh
tends to act as a neuromodulator that can alter cellular properties of neurons, which in
turn affect affect network behaviour. It is found in areas such as the basal forebrain and
the medial septum [128]. ACh can stimulate ionotropic nicotinamide receptors (nAChR)
and metabotropic muscarinic receptors (mAChR), both of which increase the neuron ex-
citability [77]. In this thesis, we study the indirect effect of ACh, through its action on
muscarinic receptors found in hippocampal pyramidal neurons [16, 28].



2.2 Hippocampus

The hippocampus (HPC) is a subcortical structure located in the ventral part of the
medial temporal lobe of the brain. Its curved shape resembles that of a seahorse, which
is reflected in its name— “hippocampus”, derived from the Greek word for seahorse. The
hippocampus plays a critical role in spatial navigation (building a mental map of the
environment) and contextual learning [107, , , 18]. Tt is especially essential for
the formation, storage, and retrieval of episodic memories—also known as autobiographical
memories—which involve the conscious recollection of events from one’s past [124, , 14,

]. Tt should be noted that surrounding structures in the temporal, frontal and parietal
lobes have also been implicated in memory processes, but are outside the scope of our work

[99, 15].

2.2.1 Hippocampal structure

The hippocampus is primarily composed of an excitatory pyramidal cell layer, along with
inhibitory GABAergic interneurons and excitatory granule cells. Based on cell distribution
and function, the hippocampus can be broadly divided into two distinct regions: dentate
gyrus (DG) and the cornu ammonis regions (CA1, CA2 , CA3 and CA4)'. Together with
the entorhinal cortex, these regions form a relatively simple neural circuit, known as the
trisynaptic pathway, which is the main information-processing circuit in the hippocampus
[11]. A schematic of the pathway is illustrated in Figure 2.3, for reference.

The entorhinal cortex (EC) serves as the primary input into the hippocampus, receiving
information from multiple cortical and sub-cortical regions [132]. The pathway between
the EC and the hippocampus, known as the perforant path, contains axonal outputs from
the pyramidal and granule cells of the EC [101], which primarily synapse onto the dentate
gyrus granule cells. EC is involved in preprocessing and selectively filtering incoming
signals, before they are directed into the hippocampus [78]. The DG further processes the
incoming signals, before sending them to the CA3 region [18, 85, 19, 12], via the mossy
fiber (MF) pathway. This pathway contains the axonal output of the DG granule cell, and
their synaptic connections with the dendrites of CA3 pyramidal neurons.

The CA3 region is densely packed with pyramidal neurons that have many excitatory
synapses with each other, forming what is often referred to as an auto-associative network

!The CA2 and CA4 are relatively narrow regions sharing similar characteristics with the CA3 region.
It is sometimes included as a part of CA3. Details are not provided in this thesis, due to its irrelevance in
our work.



[45].

The branches of the axons that form connections within the CA3 region, are called
the recurrent collaterals [101]. The recurrent collaterals are activated via the perforant
pathway during a memory retrieval process known as pattern completion [119, , 86],
in which stored patterns of information are retrieved based on partial or incomplete in-
puts [I1]. A key anatomical feature of the CA3 network is its relatively homogeneous
appearance, with no prominent variation in neuronal shape or size [101]. This region has
also been linked to the efficient storage of memories, where a single CA3 pyramidal cell
can be involved in distinct representations of multiple memories [119]. The axons of CA3
pyramidal cells further branch out and project onto the dendrites of CA1 pyramidal cells.
These branches are referred to as Schaeffer collaterals [11]. Within this neural circuit,
GABAergic interneurons project to all the principal excitatory neurons (pyramidal and
granule cells) [11], providing inhibition to prevent runaway excitation. The primary out-
put of the hippocampus emerges from the CAl region via the EC, and projects back to
cortical regions of the brain. Projections also emerge from the CA3 region to sub-cortical
structures [132].

It is worthwhile to note that the trisynaptic pathway is a unidirectional circuit; that
is, the CA1 pyramidal cells do not project back into the CA3, nor do the CA3 project
into the DG granule cells [101]. In addition to the intrinsic synaptic pathways, modulatory
pathways from distal regions of the brain, directly project into the hippocampus, making
synaptic connections with the excitatory neurons [14]. The four main extrinsic modula-
tory inputs into the hippocampus are acetylcholine (ACh), norepinephrine, dopamine, and
serotonin [90].

2.2.2 Acetylcholine as a neuromodulator for the hippocampus.

The entire hippocampus is innervated by long cholinergic projection fibers ? emerging from
several regions of the basal forebrain [79, 91, 53] and the medial septal nucleus of the brain
stem [112], through which acetylcholine (ACh) is released. As discussed in Section 2.1.2,
ACh acts as a neuromodulator, altering both neuronal excitability and synaptic transmis-
sion [77], which can, in turn affect behaviour at the network level. ACh can stimulate both
ionotropic nicotinic (nAChR) and metabotropic muscarinic receptors (mAChR) [128]. In
the hippocampus, cholinergic receptors are predominantly muscarinic |

2Axon terminals that release Acetylcholine. Associated neurons that synthesize ACh are referred to as
cholinergic neurons.
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Figure 2.3: Schematic of the trisynaptic circuit in the hippocampus which is the main
information pathway. In the present thesis, we study the auto-associative network of the
CA3 region. Note: Inhibitory interneurons not shown. Created in https://BioRender.com

At the cellular level, ACh has been shown to indirectly increase the tendency of neurons
to fire repetitive action potentials [55, 93], through its action on the metabotropic mus-
carinic receptors [55, 12], expressed in hippocampal pyramidal cells [16, 28]. Cholinergic
excitation can also cause pyramidal neurons to be highly susceptible to incoming signals
[55, 62, 63]. A blockade of cholinergic receptors has been demonstrated to selectively im-
pair the encoding of new memories, but not the retrieval of previously formed memories
[47, , 96]. This suggests that the activation of cholinergic receptors, mediated by high
levels of ACh, could support the encoding of novel stimuli [63, (4], during which feedfor-
ward transmissions involving the EC-DG-CA3 pathway are enhanced [(1, 58]. Meanwhile,
low levels of ACh, causing little to no receptor activation, can facilitate the consolidation
of newly encoded memories [63, 59, , 43] .

At the network level, ACh has been linked to the induction of oscillations that share
common frequencies with the theta rhythm (4—12 Hz) [%, 135] and gamma rhythm (35—70
Hz) [11]; the latter is believed to originate in the CA3 region. In particular, depending
on the concentration of ACh, distinct rhythmic oscillations may emerge corresponding
to different frequency bands [38, 73]. These rhythms, or waves, have been identified and
correlated to different behavioural states. For example, theta oscillations recorded from the
hippocampus, have been observed during active exploration [133] and rapid-eye-movement
(REM) sleep [13, 10], while gamma rhythms are associated with alert behaviours and higher

11



cognition tasks [104, 19, 23]. Disruption of cholinergic modulation can impair cognitive
functions underlying the learning and memory processes [53]. This suggests a bidirectional
role for ACh in modulating hippocampal dynamics, where both high and low levels of ACh
are essential for different stages of memory formation [63, 58, 73, 114].
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Chapter 3

Mathematical Neuroscience
Background

3.1 Electrophysiology of neurons

As discussed in Section 2.1.1, the cell membrane of a neuron, like all other mammalian cells,
is made up of a bilayer that is impermeable to ions, and separates the intracellular fluid of
the cell’s interior from the surrounding extracellular fluid [26]. Due to this impermeability,
a potential difference exists between these two regions across the neuronal membrane,
known as the membrane potential, V' [36]. This is mathematically defined as

V= ‘/insz'de - V;mtsidea (31)

where V,sq4e is the intracellular potential and V4. is the potential of the extracellular
fluid. Both regions are populated by ionic species such as sodium (Na'), potassium (K ),
and chloride (C17) !. The distribution of these ions is not uniform: K ions have a higher
intracellular concentration whereas Nat & CI~ ions have higher extracellular concentration
[306]. These concentration differences are maintained through the active transport of ions
by specialized structures embedded within the membrane, known as ionic pumps.

A variety of ion-conducting channels, are embedded within the membrane, which reg-
ulate the movement of ions in and out of the cell, allowing the membrane to be selectively
permeable to some ionic species. Some ion channels open or close depending on the mem-
brane potential. These are known as voltage-gated channels. Non-gated channels on the
other hand, are always open [30].

IThere are other ionic species but these are the principle ions responsible for action potentials.
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The electrical activity of the neuron is primarily driven by the electrochemical forces
that emerge due to the differences in the relative ionic concentrations inside and outside
the cell. Differences in individual ionic concentration induce a chemical gradient, which
tends to drive ions to diffuse from a region of high concentration to low concentration [36].
The passive flow of ions, driven by the chemical gradient, causes a separation of charges
across the impermeable layer, and induces an electrical gradient across the membrane.
The membrane potential at which these two forces balance is defined as the corresponding
equiltbrium or Nernst potential for the ion. Similarly,this potential can be determined by

the following relation:
RT [outside]
Eop = o In (12222009 2
ion = F " < [inside] ) (3:2)

Eq. (3.2) is known as the Nernst equation. In Eq. (3.2), [outside] & [inside] refer to the ion
concentrations in the extracellular fluid and intracellular fluid respectively, z is the valence
number corresponding to the ion, R is the ideal gas constant, T is the absolute temperature
and F' is the Faraday’s constant. At rest, the neuron is permeable to K, Na™ and Cl~

which results in a resting potential somewhere between the equilibrium potentials of K,
Nat and Cl~.

The cell is said to be depolarized, when the membrane potential is greater than the
resting potential. The cell is hyperpolarized, when the membrane potential is less than
the resting potential. An action potential occurs when the membrane undergoes a rapid
depolarization to a positive value followed by repolarization to a negative value, resulting
in a “spike” in the membrane potential. In the following section, we introduce a model
that is capable of describing this dynamical behaviour of the neuronal membrane potential.

3.2 Hodgkin-Huxley model of the action potential

In 1952, Alan L. Hodgkin and Andrew F. Huxley presented a mathematical description for
the generation of an action potential in the giant axon of a squid [70]. This formulation
culminated in the very first biophysical representation of neuron behaviour, which we know
as the Hodgkin-Huxley model. This formalism serves as a foundation for many biophysical
neuron models that are used today.

In earlier experiments, Hodgkin and Cole attributed the significant rise in the membrane
potential during an action potential to changes in the membrane’s permeability to different
ions [17, 123]. This discovery was followed by a series of experiments conducted by Hodgkin
and Huxley [66, 69, 67, 68], through which they established a quantitative link between
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Figure 3.1: Schematic for the equivalent circuit model of the cell as proposed by Hodgkin
and Huxley. The sodium and potassium channels are modelled as variable resistor in series
with a battery. The ion channels are connected in parallel with one-another and with the
capacitor.

changes in membrane permeability to sodium and potassium, resulting in the generation
of the action potential.

3.2.1 Circuit model of the neuronal membrane

Based on their observations in [70], Hodgkin and Huxley suggested that the electrical
behaviour of the neuronal membrane could be modelled as an equivalent circuit composed of
batteries, resistors and capacitors as illustrated in Figure 3.1. In this representation, an ion
channel is modelled as a conductor in series with a battery, where the conductor represents
the membrane permeability to the ion and the battery models the ion’s concentration
gradient. The phospholipid bilayer contributes to the separation of charges across the cell
membrane, making it functionally comparable to a capacitor [30].

Note that this representation assumes that the potential is the same throughout the
cell. Hodgkin and Huxley achieved this in their experiments on the squid axon using a
space-clamping technique [36]. Thus, the total membrane current can be divided into a
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capacitive current and an ionic current:
Itotal = [cap + [ion (33)

The capacitive current comes from the fact that the membrane can store charge and release
it in the form of currents. As such, the relationship between the total charge stored by the
membrane, (), and the membrane potential, V', can be described by:

Q=CuV, (3.4)

where C), is the membrane capacitance. We can obtain /..y, by taking the time derivative
of Eq. (3.4), allowing us to rewrite Eq. (3.3) as the following:

dV
[total = CM_ + [ion (35)
dt
According to Kirchoff’s law, the net current, I;,4;, leaving this circuit is zero, and thus Eq.

(3.5) can be rewritten as the following:

av
Cy— = —Iion, 3.6
' (36)

where ionic current, I;,,, is written as the sum of the sodium, potassium and leak currents
[70], leading to the following equation:

av
Cy— = —Ino— Ix — 11, (3.7)
dt
Each current included in Eq.(3.7) is modelled as a product of the conductance for that

specific ion, g;n, and the potential difference across the ion channel

dV . . .
CM% = —gna(V = Va) = g (V = Vi) = gr.(V = V). (3.8)
The gion, is a measure of the membrane’s permeability to that ion. (V —V,,,) is the driving
force that causes the ionic flux, where V., is the Nernst potential. The leak current
models to the passive flow of ions through the non-gated channels, with relatively constant
conductances [36]. In the model, Cys, Vg, Vi, V1, and g;, are constant [70].

During an action potential, the membrane permeabilities gy, and gx not only change
with time but with the membrane potential [69, (68]. Consequently, these changes in the
conductances, represent the opening and closing of the corresponding ion channels.

16



3.2.2 Channel kinetics

As described in Section 3.1, ion channels maybe be regulated by voltage-dependent gates.
An ion channel is said to be open when all its gates are in the open state. The opening
and closing of a gate can be modelled as follows [30]:

ax (V)

C =0, (3.9)
Bx (V)

where ax (V) denotes the rate of transition from a closed (C') to an open (O) state, and
Bx (V) is the rate for the reverse transition. If X represents the fraction of open gates,
then according to the law of mass action, we can derive the following relation:

dX Xoo(v) - X

= )1 - ) = pe(ryx = X=X, (3.10)
where
. &X(V) - . 1
XeolV) = o0 4 B2 (V) V) = o T V) (3.11)

If the voltage is held constant (voltage-clamped?), equation (3.10) can be solved with
an initial condition X (0).

X(t) = Xoo(V) + (X(0) = Xoo (V) exp =7, (3.12)

where m(t) tends to its steady state value, m.,, at a rate that is determined by the time
constant, 7x (V). In the Hodgkin-Huxley model, the sodium and potassium channels are
modelled as follows [70]:

gNa = gNa * m3h (313)
gr = gk -, (3.14)

where gy, and gx represent the maximal conductances, m and h are the sodium activation
and inactivation gating variables, respectively, and n is the potassium activation variable.
Each gating variable X satisfies an equation in the form of Eq. 3.10, with rate func-
tions ax (V') and Sx (V') determined by fitting them to steady-state activation/inactivation
curves and time-constants obtained from voltage-clamp experiments.

2A voltage clamp experiment enables the experimenter to hold the membrane potential at a constant
level V. [30].
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Figure 3.2: Hodgkin Huxley functions. (A) The steady state functions, me(V), (V)
and he(V), are plotted. (B) The time constants, 7,,, 7, and 75, are plotted.

As illustrated in panel (A) of Figure 3.2, the steady state functions of the activation
variables, m.. (V') and ny(V), tend to 0 for hyperpolarizing currents and 1 for depolarizing
currents. This corresponds to the activation of their respective variables m and n, when the
membrane is depolarized during an action potential. On the other hand, the steady state
function of the inactivation variable, h. (V') is a decreasing function which approaches 1 for
hyperpolarizing currents and 0 for depolarizing currents [36]. We also note that the time
constants satisfy the following relationship: 7,,(V) << 7,(V) and 7,(V), as illustrated in
panel (B), Figure 3.2.

In the following section, we describe the relative timings of the ionic currents that
facilitate the generation of an action potential.

3.2.3 Hodgkin Huxley description of an action potential

An action potential is an electrical response observed in neurons, characterized by a sig-
nificant deviation in the membrane potential from rest. Action potentials usually occur
in three stages as illustrated in Figure 3.3. The first stage is depolarization during which
the membrane potential rises from resting to some peak value. This is followed by the
second stage, repolarization, in which the membrane potential decreases toward the resting
potential. Often, there can be an after-hyperpolarization, during which the membrane
potential decreases below the resting potential to a minimum value before returning back
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Figure 3.3: Ilustration of an action potential and the different phases characterized by
changes to the conductances.

to baseline. Using the Hodgkin-Huxley model, we describe the dynamical behaviour of the
sodium and potassium currents during the different stages of an action potential.

Consider a neuron where the membrane potential is initially at the resting potential. An
action potential will be initiated if an external current induces a sufficient depolarization of
the membrane. This increase in membrane potential raises the activation variables m and
n, while decreasing the inactivation variable h (provided in Egs. (3.13) and (3.14)). Since
Tm(V) << m,(V') and 7,(V') for all V', a relatively faster activation of gy, occurs. The fast
activation of gy, triggers an inward Na™ current (I,) , driving the membrane potential
(V) closer to the Nernst potential of sodium (Vi,) [74]. This, in turn, further increases
Jna, creating a positive feedback loop. This process marks the depolarization phase of
the action potential, characterized by an upstroke in V' as illustrated in the Figure 3.3.
Meanwhile, the K channels begin slowly activating in the background, as determined by
a delayed activation of n (since 7, < 7,). During this phase, Iy, dominates the total
current.

As the membrane potential gets closer to Viy,, the driving force of the sodium current
(V — Va) decreases and the sodium channel begins to inactivate. The inactivation gate
will close, since h decreases towards 0, effectively shutting down the Na™ current. At
the same time, n increases [30] thereby increasing the potassium driving force (V' — V).
This allows an outward potassium current to dominate, driving the membrane potential
towards the resting potential, marking the repolarization phase of the action potential,
corresponding to the downstroke in V' as shown in the Figure 3.3. Following repolarization,
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the membrane potential V, will often decrease below the resting potential due to the slow
activation of the potassium current. This period of extra hyperpolarization is known as the
after-hyperpolarization phase marked by the trough following the downstroke of the action
potential in Figure 3.3, after the membrane potential crosses the resting potential. It is
subsequently followed by a refractory period, during which K channels begin to deactivate
and the Nat channels deinactivate allowing for the membrane potential to slowly return
to the resting value.

Note that the membrane potential must exceed a certain threshold, for the neuron to
generate an action potential—a phenomenon known as the ‘all or none’ principle. In this
case, if the input is not sufficiently large, then no action potential occurs.

3.2.4 Generalization of the Hodgkin-Huxley model

The Hodgkin-Huxley model describes an action potential in a squid giant axon, that is
primarily driven by a fast (transient) sodium current and the delayed rectifier potassium
current. However, neurons in general can have many different ion channels in addition to
those describes in the Hodgkin-Huxley model. In our work, we are particularly interested
in a voltage-dependent potassium current known as the M-current. We review two relevant
properties of the Hodgkin-Huxley model as describes in Section 3.2, that can be utilized
to build a biophysical model of a neuron which incorporates the muscarinic current (M-
current).

Conductance-based modelling

Models that adapt the framework of Hodgkin and Huxley to describe the dynamics of
the membrane potential due to the presence of various ion channels are referred to as
conductance-based models [22]. In particular, these models use the formalism outlined in
Section 3.2.2 to describe the ion channels kinetics. In our work, we utilize a conductance-
based model to reproduce the firing properties of a neuron in the hippocampus under the
effect of M-current.

Single-compartment and multi-compartment models
The membrane potential in Eq. (3.8) is represented as a single variable and is spatially

independent. Physically, this corresponds to the representation of a neuron as a single,
isopotential, compartment. Alternatively, neuronal morphology may be incorporated into

20



the model by dividing the neuron into multiple compartments, each equipped with its own
membrane potential and a set of gating variables. Individual compartments are coupled
to neighbouring compartments via coupling currents, modelled using Ohm’s law. Details
regarding multi-compartmental modelling can be found in [30].

In our work, we consider single-compartment neuron models, where the voltage variable
represents the membrane potential ar a particular location of the neuron, typically the soma
[L1]. Single compartment models can be derived from detailed multi-compartment models
using a series of parameter adjustments as depicted in Figure 3.4. In Chapter 6, we consider
a pyramidal neuron that is modelled using a single-compartmental reduction of a highly
detailed 19-compartment model.

To summarize, the pyramidal neuron model is described by the following equation:
N
av R
Crrg = Lagp = ) Giion~ a8~ b+ (V = Vion) (3.15)
i=1

where /,;,, denotes the externally applied current, and the ionic currents are summed, with
each described by its maximal conductance g; jon, , the driving force (V' — Vj,,) and gating
variables a; and b;, as described in Section 3.2.2.

3.3 Excitability of a neuron

Towards the end of Section 3.2.3, we briefly discuss an ‘all or none’ principle in which the
membrane potential must be sufficiently depolarized, i.e. cross some minimum threshold,
in order to evoke an action potential. Typically, to evoke this transient response, the mem-
brane potential is depolarized by a brief pulse of current. In Eq. (3.15), this corresponds
to the external current, I,,,, modelled as a square pulse. The neuron may exhibit a graded
response to brief current pulses of different amplitudes that do not meet the threshold. In
this case, the membrane potential increases by a little each time before returning back to
rest. For a large enough amplitude, the neuron evokes an all-or-none action potential re-
sponse. Experimentally, it is quite difficult to pinpoint the exact threshold beyond which,
the neuron generates an action potential. Alternatively, the external current, /,,,, may be
applied for a long period of time. In this case, for a strong enough constant input, the
neuron may respond, by firing repetitive action potentials. The transition of the neuron
from its resting state to the repetitive spiking state, can be described by its excitability.
In [74], a neuron is said to be excitable, when it is near a bifurcation point.
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Figure 3.4: Depiction of a sequence of finite-compartmental representations of a pyramidal
neuron with the last stage representing the neuron as a single compartment. Created in
https://BioRender.com

From a geometric point of view, the neuron at resting potential, corresponds to a stable
equilibrium point in the phase portrait associated with the system. By applying a strong
enough constant current input, the corresponding system undergoes a bifurcation resulting
in the appearance of a stable limit cycle in the phase portrait. Bifurcation theory is used to
analyze how solutions change as parameters in a model are varied [129]. Using bifurcation
theory, we can classify how the behaviour of a neuron model changes as the externally
applied current (/,,,) is varied. This type of bifurcation is referred to as co-dimension 1,
since we only one parameter is varied to change the qualitative dynamics [129].

Prior to the introduction of bifurcation theory, Hodgkin classified the different be-
haviours of a neuron by stimulating the squid axon with input currents of various am-
plitudes [66]. Through this process, he identified three classes of responses by plotting
the frequency of the spiking vs the corresponding amplitude of the input current, oth-
erwise known as a frequency-current (F'/I) curve. It wasn’t until 1989, that Rinzel and
Ermentrout reproduced the same classification through the lens of dynamical systems the-
ory [115]. We briefly describe the first two classes which are relevant in this thesis, and
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their corresponding co-dimension 1 bifurcations with respect to the strength of the applied
current.

Class I response

According to Hodgkin, neurons, exhibiting class I responses, can generate action potentials
starting at arbitrarily low frequencies [74]. In their (F'/I) curve, we see that the neuron
can exhibit oscillations starting from zero to relatively high frequencies for larger strength
of the input current. Rinzel and Ermentrout showed that in conductance-based models
this type of transition corresponds to a saddle-node on an invariant circle bifurcation
(SNIC)[115, 36]. In this type of bifurcation, a stable node (neuron at resting potential)
will coalesce with a saddle point as the current input is increased, and like clasping the
ends of necklace, it forms a closed orbit. Increasing the current further, annihilates the
fixed point on the orbit and in its place is a stable limit cycle, which corresponds to
repetitive spiking. At the point of coalescence (bifurcation point), the closed orbit, also
known as an invariant circle, corresponds to a trajectory with infinite period. This can
be interpreted as an action potential that asymptotically approaches the resting potential
post-spike, without ever firing again. Neurons exhibiting class I responses are also known
as type I neurons.

The Hodgkin-Huxley model presented in Section 3.2 is a neuron with type I dynamics.

Class II response

For neurons exhibiting a class I response, the periodic spiking is initiated at some positive
minimum frequency, and they are relatively insusceptible to the strength of the applied
current. This is also evident in their (F/I) curve, where the transition from resting to
spiking is discontinuous and the range of frequencies is relatively narrow compared to type
[ neurons. In conductance-based models, this type of transition is usually characterized by
a sub-critical Andronov Hopf bifurcation, in which a stable fixed point loses its stability
via an unstable limit cycle. Typically this bifurcation occurs together with a saddle-node
of limit cycles, which gives rise to the stable limit cycle associated with periodic spiking.
This explains why the frequency does not approach zero as the applied current is near
the bifurcation point. Further, there exists a neighbourhood of the bifurcation point (non
empty set of current values), in which the limit cycle and the fixed point are both stable;
i.e., the system exhibits bistability. Neurons exhibiting a class II response, are also referred
to as type II neurons.
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From a dynamical systems perspective, a neuron at rest corresponds to a stable fixed
point and the question of whether the stability is lost or if the fixed point completely
vanishes through the bifurcation is what typically defines its excitability type. In the next
section we introduce a slow potassium current found abundantly in many hippocampal
neurons, whose presence can switch the behaviour from Class-II to Class-I dynamics.

3.3.1 Muscarinic current (M-current)

In addition to the delayed rectifier potassium channel, there are other voltage-gated potas-
sium channels, that affect the firing properties of a neuron. For example, the A-current is
a transient potassium current with similar dynamics as the transient sodium current, in
that they both contain activation and inactivation gates [30].

In the present thesis, we study a slow non-inactivating voltage-dependent potassium
current known as the muscarinic or M-current. The M-current is carried by the corre-
sponding voltage-gated M-type channels (for muscarine sensitive) that activate at low-
thresholds [77]. It is down-regulated in the presence of acetylcholine through the stim-
ulation of metabotropic muscarinic cholinergic receptors (mAChRs) associated with the
channel [77, 72]. These receptors initiate secondary signalling pathways that lead to the
closure of the corresponding M-channels [55, 12]. The M-current can affect the excitability
of a neuron and is responsible for a phenomenon known as spike frequency adaptation, in
which the firing rate of a neuron that has been sufficiently depolarized for repetitive spiking
is gradually decreased [36]. These currents are also found in excitatory pyramidal neurons
of the cortex and hippocampus and in inhibitory interneurons within the hippocampus.
We can model with M-current conductance with a formalism similar to that of the delayed
rectifier potassium current, but, with a slower activation variable, labelled w.

In [1], a general conductance based model for a neuron incorporated with an M-current
is given by:
av l
Cor'gy = L = 3 Gidon " U+ (V = Vi) + gurw(V = Vi), (3.10)
i=1

where g, is the maximal M-current conductance, w is the activation variable and Vi is
the corresponding Nernst potential for potassium. The remaining parameters are the same
as those described in Eq. 3.15.

Experimentally, acetylcholine has been demonstrated to suppress the voltage dependent
M-current [55], a calcium activated potassium current [93] and the leak current [126]. In
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our work, we focus on in its effect on the M-current. This is of particular interest to us,
since the cholinergic suppression of M-current has been shown to switch the excitability of
pyramidal neurons from type II to a type I dynamics [120, ]. Similarly, for a general
conductance-based model incorporated with an M-current, it has been shown that the
change in the neuronal excitability with respect to the M-current conductance corresponds
to an underlying co-dimension 2 Takens Bogdanov bifurcation in the {I,,,, g} parameter
space [1]. We replicate this result for a specific model of the pyramidal neuron in Chapter
6, using bifurcation analysis.

3.4 Modelling synaptic transmission

In order to study the network level behaviour of neurons, we need to model the synap-
tic transmission that can arise between two or more neurons with chemical synapses. In
Section 2.1.2, we described a series of biochemical events that lead to the release of a
neurotransmitter into the synaptic cleft to enable synaptic transmission via a chemical
synapse. Based on this, we review a model describing the presynaptic release of transmit-
ter molecules and its effect on the post synaptic conductance. The released transmitter
molecules bind to a closed receptor on the post synaptic neuron which can modify its mem-
brane potential [22]. We can introduce a synaptic current (I, ) in the principle membrane
potential equation of the post-synaptic neuron to model this effect:

av
CM% - [app - Iiom‘c - [syna (317)
where the I, synaptically couples the presynaptic and postsynaptic neuron. It is modelled
with the same formalism as an ionic current; as a product of conductance g, and a driving
force (V' — Viyn)[30]:
Isyn = gsyn(t) ) (V - Vsyn) (3'18)

Here, Vj,,, determines whether I, will tend to increase or decrease the membrane poten-
tial, V, of the post synaptic neuron. The value of Vj,, is determined by type(s) of ions
that pass through the channel in the post-synaptic membrane associated with a particular
neurotransmitter and receptor. Accordingly, the effect can classify the neurotransmitter as
excitatory (Vsy, ~ 0) or inhibitory (Vsyn, < Vjest). Unlike in the case of the ionic current,
gsyn depends on the membrane potential of the presynaptic neuron.
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3.4.1 Destexhe model

In our study we will use a synaptic model due to Destexhe and collaborators. In this
model, the synaptic conductance is given by

gsyn<t> = ?syn ’ S(t)v (319)

where g, is the maximal conductance value and s is a synaptic gating variable, represent-
ing the fraction of receptor channels on the postsynaptic neuron at time ¢, ready to bind
with the transmitter molecules. The interaction of transmitter molecules with the postsy-
naptic receptors can be modelled as a two-state kinetic scheme similar to the opening and
closing of voltage-gated ion-channels, except in this case, the channel kinetics depend on
the amount of neurotransmitter released:

C+T=0 (3.20)
B

In Eq. (3.20), C represents a closed receptor which binds with a transmitter molecule,
T, and changes to the open state, represented by O. « and [ are the corresponding for-
ward and backward rate constants describing the binding process. In the reverse reaction,
transmitter molecules unbind from the receptor and it closes.

Using mass-action kinetics similar to the Hodgkin-Huxley model presented in Section
3.2.2, s(t) satisfies:
ds
=
where « is the rate at which receptor channels are bound. g is the closing rate for the
channels.

a[T](1 —s) — Bs, (3.21)

In 1994, Destexhe modelled the relationship between transmitter concentration, [77,
and the presynaptic membrane potential V.. [24] as follows

Tma/x
1+ exp (—7(‘/”}?;%)) ;

[T (Vere) = (3.22)

where Vr is the voltage at which the function is half-activated, K, is the steepness of the
voltage dependence and T,,,,, is the maximal concentration of the neurotransmitter in the
synaptic cleft.

Based on fitting experimental data, Destexhe [24] proposed the following parameter
values Vp =2, K, =5 mV and T},,,, = 1 mM. We use this formalism to model an AMPA
synapse in Chapter 6.
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Chapter 4

Phase Model Reduction of
Conductance-based Models

As discussed in Section 3.3, neurons can display periodic firing [26, 77, 11] which can be
observed experimentally and modelled computationally using high dimensional, detailed
biophysical models. To investigate the associated neural synchrony, we can consider these
detailed biophysical models, though they may have the disadvantage of heavy computa-
tional demands and the inclusion of details irrelevant in the study of synchronization. In
this chapter, we introduce an approach that involves the reduction of a highly dimensional
biophysical model to a simpler model which preserves the relevant dynamical features
needed to study synchrony. The idea is to gain insight into the synchronization properties
of the neuron by analyzing the effect of perturbations to its phase. This can be done in two
ways: by determining a phase-response curve for a neuron or deriving a phase oscillator
approximation of the model.

The latter approach, which has been used to study synchronization properties of net-
works of weakly coupled oscillators [29, 35, 51, 84, 41]  is the method we adopt in this
thesis. The main focus of this chapter is to present the phase model approximation for a
biophysical neural network.

4.1 Theoretical background

A biophysical conductance-based model of a neuron, built using methods introduced in
the Chapter 3, can be represented as the following generic differential equation model of a
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single oscillator:
X(t)=F(X(t)) X e RM. (4.1)

For example for a model such as Eq. (3.16), we have X = [V, m, h,n, w}T and F'is a vector
function describing the rate of change for each variable. In Section 3.3, we described how
the transition of a neuron model from rest to repetitive firing can be analyzed from the
perspective of dynamical systems. Note that repetitive firing in the model corresponds
to an isolated, asymptotically stable periodic solution of the differential equation, i.e., a
stable limit cycle. In the generic model (4.1), a limit cycle is an isolated periodic solution,
X*(t), with an initial condition, X (0) = X, that can described by a closed trajectory,
[, in RM [71]. Recall that if the period of X*(¢) is T , then X*(t +T) = X*(t) for all
time ¢ > 0. In particular, this means for each y € I, there is a unique t € [0,7) such
that y = X*(¢). The limit cycle is called stable, if for all € > 0, there exists an open
neighbourhood V. of I such that for all z € VL, if X (¢) is a solution trajectory of Eq. (4.1)
with initial condition, X (0) = z, then d(X(¢),I') < e. The limit cycle is asymptotically
stable [111], if it is stable and, in addition, for all solution trajectories, X (t), initialized
within an open neighbourhood, V', of I', we have
tligd(X(t),F) =0

The limit cycle is said to be exponentially asymptotically stable, if the distance, d (X (¢),T"),
decays exponentially as t — oo.

A closed trajectory I' C RM is topologically equivalent to the unit circle S* [71, ],
meaning we can define a continuous mapping (h) that can deform the former into the
latter. Essentially, for each y € I', the mapping h assigns an angle 6 € [0, 27) such that

_27T

0=0=" 0 €S 4.2

T ? ( )

where T is the period of the limit cycle and €2 is the corresponding natural frequency.
Following Winfree [136], we can define a mapping h as follows.

h:T s [0,2n] (4.3)

s.t. 0(t) = h(X™(t)) is a solution to Eq. (4.2),

which allows us to locally represent the M —dimensional dynamics for a system (4.1) ,
exhibiting a stable limit cycle, by a single variable, the phase (6) which satisfies (4.2)
(Theorem 4.2 in [71]). Conventionally, § = 0 is assigned to the peak of I' with respect to
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some norm. For the neural model we consider, this corresponds to the time ¢, € [0,7),
when the neuron spikes (V' is maximum). Accordingly, the phase at time ¢ represents the
amount of time that has passed since the oscillator last spiked as a fraction of 27. This

can be defined as follows.
t — tspike) mod T

T
If we assume that ¢, is 0, then the phase satisfies #(0) = 0 and the mapping (4.4) defines
a natural phase for the limit cycle T'.

0(t) = 2 (4.4)

Now let us consider a network of N uncoupled oscillators such that for each i, the
corresponding oscillator X; has a stable limit cycle attractor I'; ¢ RM¥V |

Xi(t) = Fy(Xi(t)) X, eRM i={1,2,...,N} (4.5)

Each limit cycle I'; is independent and topologically equivalent to S'. As a result the
direct product of limit cycles (I' = I'y x I'y x - -+ X I'y) is homeomorphic to the n— Torus

(TV = S! x St x ...SY) [71]. If we assume that for all i € {1,..,N}, F; = F, then
[; =T Cc RM and Eq. (4.5) reduces to the following
X,(t) = F(Xi(t)) X, eRM i=1{1,2,...,N} (4.6)

As for the single oscillator, we can represent the M —dimensional dynamics for each oscil-
lator, i.e., each stable limit cycle solution X/ (¢), in (4.6) by a corresponding phase variable
;. This gives the following

0; = Q 0; €S i={1,2...,N} (4.7)

where = 2% and T is the period of the limit cycle I as illustrated in Figure 4.1. Eq. (4.7)
is the corresponding phase model for (4.6). Integrating (4.7) for each i, we get

0;(t) = Qt + o, 0 €St € [0,T;) (4.8)

In Eq (4.8), ¢; is also known as the phase deviation for 6; (corresponding to X;), which
describes the deviation of 6;(¢) from the natural phase [71]. For an uncoupled system such
as (4.6), the phase deviation is constant and is determined by the initial conditions.

4.2 Phase model for a weakly connected network

In the present thesis, we study a network of weakly coupled biophysical neural oscillators
represented as follows

X(t) = F(X;(t) + eGi(X1, X, ..., Xn, &) X, eRMie{1,.,N}, (4.9)
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Figure 4.1: Phase description for a limit cycle. Left Voltage trace showing the phase zero
as the peak of the potential. Right Limit cycle I' in the phase portrait with different points
(0 = 0,7/2) corresponding to the spike times and half period 7'/2 of the time trace.

where the strength of coupling, described by Gj, is determined by the parameter e'. Typ-
ically by weak we mean that ¢ << 1. We assume that each oscillator in (4.9) has an
asymptotically stable limit cycle attractor I' € R corresponding to a T' periodic solution
X} (t), when decoupled (¢ = 0). The goal is to now derive a corresponding phase model
for Eq. (4.9) in the limit of weak coupling ¢ << 1.

We know that the phase model in the uncoupled case (¢ = 0) is given by Eq. (4.7), which
represents the local M — dimensional dynamics corresponding to Eq. (4.6) restricted to the
invariant manifold M, described by the direct product of limit cycles I', Mp = I'xI'x- - -xT"
(Lemma 4.51in [71]) . For ¢ > 0 and sufficiently small, it can shown that the My is perturbed
to another invariant manifold, Mg, associated with Eq. (4.9) (Chapter 4 in [71]) and that
the corresponding phase model is given by:

where ¢; is known as the phase coupling function and explicitly depends on the phase
variables 6; (Chapter 9 in [71]). Essentially, we assume that the coupling introduced
between the oscillators in Eq. (4.9), is weak enough, such that it does not affect the
amplitude or shape of the limit cycles I', but only the relationship between the phase
variables, #;. As a result, we can expect the phase model to have the following form

0;(t) = Ot + ;(t) v €Shte0,7), (4.11)

!By convention, this is taken to be positive.
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where the phase deviation, ¢; in (4.7), will describe the deviations of the subsystem X,
from its natural phase due to influences from other oscillators. Comparing Eqgs. (4.10) and
(4.7), it becomes clear to us that the phase deviations, p;, must be slowly varying with
time, ¢.

Below we present a theorem, together with a sketch of its proof, that enables us to
approximate the phase coupling functions, g;, for a pair of weakly coupled oscillators. The
theorem is based on Malkins theorem [94, 95], with the proof strategy that closely follows
the approach from Theorem 9.2 in [71].

Theorem 4.2.1. Consider a pair of identical neurons that are coupled together through a
reciprocal synaptic connection (N = 2 and G;(X1, X2) = G(X;, Xit1 (mod 2)) in £q. (4.9))

2-
Xy = F(X1) +eG(X1, X»)
X2 = F(XQ) + €G(X2,X1), (412)

Suppose that in the corresponding decoupled system (¢ =0),
Xl — F(X1>
X, = F(X,) (4.13)
each oscillator exhibits an exponentially asymptotically stable T'—periodic solution associ-
ated with a limit cycle attractor I'. Let o; be the corresponding phase deviation of the it

oscillator as defined in (4.11), and s = Qt be a scaled parameter of time. Then ¢; satisfies
the following differential equation.

d
% =cH(py — 1) + O(%)
d
2 — eH(p1 — ) + O() (4.14)
where the function H, known as the interaction function, is defined in as follows:
1 2 .
o) =5 [ 20)- (60T + o)) ds (4.15)
0

In (4.15), 7 is the unique periodic solution to the linear system

- —é{DF(F(s))}TZ (4.16)

2We assume that there is no self coupling
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satisfying the normalization condition

Z(0)TF(T(0)) =1 (4.17)

Proof. First, we transform the system (4.12) to
QX,(s) = F(X;) +eGi(X;, X, €) i=1{1,2},j=(i+1) mod 2, (4.18)

through a change of variables s = 2t. Then the the limit cycle solution I' of the uncoupled
(e = 0) subsystem is 2r— periodic with respect to s. Let X/ (s) = I'(s + ¢;) for s € [0, 27]
be the corresponding periodic solution.

We consider a solution z;(s) to the subsystem X; in (4.18), defined on the e—perturbation
of the manifold My =T x ' ¢ R?M:
zi(s) =T(s+ pi(7)) + ePi(s + wi(T),€), (4.19)

where 7 = es. In (4.19), ¢(7) accounts for the deviations from the natural phase due to
the influence from the other oscillator. As outlined above, we expect that it will depend
on the slow variable 7, due to the fact that the coupling is on the order of €. The P; are
smooth functions that account for the e—perturbation of the manifold Mr.

We differentiate (4.19) with respect to s and expand in e:

iy = T(s + 0i(7) (1 + %%) L 2Py (s + i), €) (1 + 6%%)

— (s + pi(7)) (1 ¥ digo) L 2P, (s 4 (), 0) + O() (4.20)

Next we substitute (4.19) into (4.18)

i = %F(F(s 4 i(7)) +eP(s + @i(7), )

+ %G(F(S +¢i(1)) +ePis + i(7),2), T(s + ¢;(7)) + ePj(s + ¢;(7),€)) (4.21)

F, G and P; are smooth functions, so we can expand them as power series in ¢ to obtain

i = % (F(T(s + i) +eDE(U(s + @i(7))) Bi(s + 93, 0) + eG(L(s + ¢i(7)), T'(s + 9;(7)))
(4.22)
+0(g?)
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Now we equate the left hand side of (4.21) and (4.20). Since I' is a periodic solution of
the uncoupled system, we have

s+ ¢ir) = & F(Ds + (7)) (123

So the terms of order 1 with respect to € cancel out.

Using (4.23) in the rest of the equation gives:

GF(C(s + i) o+ Bils £ 60,0) =& (DF(Ds + (r)) Ps + 91,0)
+ & (G(T(s + 7)), (5 + ¢4(n) + O(e)
(4.24)

Since ¢ varies slowly with respect to s, it may be treated as a parameter. We can therefore,
perform the following change of variables: s + ¢; — s, under which (4.24) simplifies as
follows:

1 d

SF(D()) g+ Bi(5,0) = & (DF(Ty(s) (5, 0) + G(T(s), Ty(5 + 95(7) — (7)) + Oc)
(4.25)

We wish to study the solutions, P; of Eq. (4.25), with ¢ treated as a parameter since
it varies slowly with respect to s. To this end we define a linear operator £

LZ =7 —A(s)Z = by(s, @), (4.26)

where
As) = éDF(F(s)) (4.27)
b(5,) = S C(). (s +05(r) — o) — GFI(s) o+ O)  (429)

Note A(s) and b;(s, ¢) are 2m-periodic. Eq. (4.26) is an inhomogeneous linear system which
can be studied by considering the adjoint linear homogeneous system

d

T 2(s) = —A(s)" Z(s) (4.29)
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with a normalization condition, which we take in the form

1 2

Z(s)- F(I'(s))ds = 1. (4.30)

27 Jo

Due to the exponential asymptotic stability of limit cycle I', the original system (4.26)
and its adjoint (4.29) both have 1 as a simple Floquet multiplier (eigenvalue to the Poincare
Map) with all other multipliers not on the unit circle (outside for (4.29) and inside for
(4.26)). This means that there exists a unique nontrivial periodic solution Z(t) to (4.29),
subject to (4.30) and all other periodic solutions are scalar multiples of this solution.

Applying the Fredholm alternative (see (B.0.1)), there is a continuous 27w —periodic
solution to (4.26), and hence (4.25) if and only if the orthogonality condition

(Z,b) : /OQWZ(p)-bi(p,¢)dp:0 (4.31)

" or

holds. Applying this condition we find

1 2

5a ) 26 (G<r<s>, D(s + p;(7) — (7)) — F<r<s>>%%) ds+O(e) =0 (4.32)

where Z is a periodic solution to the adjoint problem (4.29) satisfying (4.30). Rearranging

(4.32) and using the assumption that Cil‘f is slowly varying with respect to s, we get

~

L7 209 (@) T (s 1 0y(r) — (1) + 0(0) = Lo, ( L[z F(P(s))ds)

2 J, dr o

The integral on the right hand side of (4.33) is a function of Z(t), and we apply the
normalization condition (4.30),

Tomg |26 (GEEIG+ )~ el ds+06) (43

T om
Recalling that 7 = es, we obtain the phase model for a pair of weakly coupled neurons

Goimea [ 2060 GO+ o)~ ) ds+ O (439
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We define a function H on [0, 27|

1

T on

H(Y) / " 2(s) - (G(T(s), T(s + 1)) ds

For the pair of weakly coupled neurons, we have the following system describing the evo-
lution of the phase deviations for the system (4.12)

d
% =cH(py — 1) + O(%)

d

22— cH(p1 — ¢2) + O (4.36)

Finally using that fact £F(T'(s)) is a solution to linear homogeneous system @ = A(s)-x(s),

we have that Z(s)"F(T'(s)) = const for any s € [0,2n]. Applying the normalization
condition, (4.30), we conclude that

Z(s)TF(I(s)) =1 for any s

resulting in (4.17), if we take s = 0. O

4.2.1 Physical interpretation of the interaction function.

Consider a neuron that is firing repetitive action potentials. Suppose we apply a pertur-
bation to this spiking neuron, in the form of a current pulse. Depending on the strength
and timing, this pulse may transiently impact the length of the inter-spike intervals—the
duration between two successive spikes. If the pulse is weak enough, the neuron will have
one different inter-spike interval and then continue to spike with same inter-spike interval
it had before the perturbation. In the language of phase variables and limit cycles, this
pulse may change the phase, 6; without changing the amplitude and shape of the limit
cycle, at the time it is applied. In an experimental setting, this effect can be quantita-
tively measured as a difference between the expected phase (0,4(t)) in the absence of the
perturbation and the perturbed phase (6,c,(t)) in its presence [15, 32]. Winfree referred
to the plot Opew — Ooia VS O as the phase response curve (PRC) [136]. Depending on the
perturbation strength and timing, we can either have a negative or positive response (or
difference), which can delay or advance the firing of the neuron respectively (bring it closer
to the spike time or go past it and be further from it). The PRC can be broadly categorized
into two types: Type I, where the responses are strictly positive, and Type II, where there
is a region of negative response as well. The PRC type of a neuron model can be closely
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related to its excitability class (see Section 3.3). Typically class I oscillators exhibit Type
I PRCs [56]. However, there is no strict correspondence between class II excitability and
Type II PRCs.

Now for a pair of weakly coupled neurons, this current perturbation is the synaptic
current. The coupling function G in the integral term in (4.35) is a measure of the stimulus
(synaptic current) applied to the limit cycle of the postsynaptic neuron at a phase s if the
presynaptic neuron is at phase s+1 . The function Z is a sensitivity function that measures
the impact of the perturbation due to G at a particular phase. Z can be thought as a
measure of the infinitesimal phase response curve (iPRC) (or phase-dependent sensitivity)
at the phase s [30, 45]. The product of the sensitivity function and the stimulus measure
is averaged over one cycle. The resulting integral determines the net effect on the phase

difference 1.

4.2.2 Phase model for a network of weakly coupled oscillators

We conclude this chapter by extending the phase model for a pair of weakly coupled
oscillators to the network level. In the network level extension for the corresponding
biophysical model, the coupling term in the equation for the membrane potential V; is in
the form Zjvzl GsynWijS;j (Vi — Viyn) which can be represented as the following family of
equations:

dX;
dt

= F(X) + e ) w;G(X;, X;) (4.37)

j=1

Note that in (4.37), X; = [Vi,mi, hi,ni,wi,si]T, as there is now an additional variable,
which is the synaptic gating variable s;. Accordingly, the vector function F' will also have
an additional dimension keeping track of the dynamics, s;. In the biophysical model, only
the first dimension of the vector function G is non-zero since the coupling explicitly affects
the membrane potential. {w;;} is the coupling matrix which describes the connectivity
structure within the network, that is, information about which oscillators are coupled
together.

Note that in (4.37), the coupling function G itself, is defined between any two neurons
and is independent of network architecture and size. As such, the corresponding interaction
function H can be defined for the phase deviation variables between any two neurons.
Thus, the corresponding phase model for (4.37) is constructed as follows with the network
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architecture and size kept unchanged.

dp;
7. =c Z wi; H(p; — i), (4.38)

where H is as defined in 4.2.1. Recalling the relationship between 6; and ¢; from Eq. (4.8),
we may rewrite (4.38) in terms of 6; as follows:

d& N-1

In general, it is impossible to analytically derive the interaction function. In the present
thesis, H is numerically derived for a pair of weakly coupled biophysical model neurons.

4.2.3 Phase-locking

Consider a solution to the phase model Eq. (4.38) with weak coupling represented as follows

where ¢; is the phase deviation determined by the interaction function H. We define a
particular class of solutions such that the difference between two oscillators 6;(t) — 0;(t),
or equivalently ¢; — ;, is constant at steady state. This corresponds to a phase-locked
state in the corresponding biophysical network, where adjacent neurons spike periodically
with a fixed phase difference. We say that the solution is in-phase, if this steady state
difference is 0 for all ¢ and j [129]. In the biophysical network, this corresponds to a fully
synchronized system, where all the neurons are spiking in unison [71]. In Chapter 5, we
look for a special type of phase-locked solution where the corresponding network will break
into subgroups of synchronized neural oscillators, a phenomenon known as clustering.
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Chapter 5

Analysis of Cluster Solutions using a
Phase-Model Approach

Our approach to studying the formation of neural assemblies within a network emphasizes
the individual contributions of participating neurons. Specifically, we focus on solutions
in networks of intrinsically oscillating neurons that phase-lock at steady state with fixed
phase differences. This idea, briefly introduced at the end of Chapter 4, connects with the
mathematical framework used to study the phase-locking behaviours in biophysical neu-
ron models—phase model reduction. A cluster solution is a special type of phase-locked
solution of the network, where neurons self-organize into synchronous clusters (i.e., with
a zero phase difference) that maintain fixed inter-cluster phase differences. Cluster solu-
tions have been extensively studied using phase models, particularly under the assumption
of weak coupling—one that is often reasonable for biological neural networks. The con-
ditions for the existence and stability of cluster solutions have been derived for various
coupling architectures, including all-to-all coupling with a globally homogeneous [106, 15],
and symmetric heterogeneous distribution [15, 97, 120] of synaptic weights.

In this chapter, we use the phase reduction of a system of weakly coupled oscillators,
arranged on a one-dimensional ring, to study cluster solutions. We review the conditions
of existence and stability described in [97, , 15] for these solutions under different
connectivity schemes.
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5.1 Phase model approach

Consider the phase model reduction that was derived for a weakly coupled system of the
form (4.37) at the end of Chapter 4,

db,; al

Recall that to arrive at Eq. (5.1), we assumed that, in the absence of coupling the corre-
sponding network, (4.37), exhibits stable, homogeneous limit cycle solutions. Phase-locked
solutions are periodic solutions of the network (4.37); these solutions can emerge in net-
works of neurons exhibiting limit cycle behaviour. To study these solutions, we assume
that the network satisfied periodic boundary conditions. This corresponds to the neurons
being arranged in a one dimensional ring, which imposes a symmetry on the network’s
coupling architecture. Specifically, the coupling matrix W, takes a circulant form:

W = circ ('LUO w; Wy ... wal) (52)
which can be written equivalently as
Wij = W(j—i)mod N (5-3)

In the corresponding biophysical neuron model, the synaptic coupling structure is identical
for each neuron, resulting in a rotational symmetry. Following [97], if each neuron is coupled
to r of its nearest neighbours on either side, we say the network has a connectivity radius
r, that is wy, wy_r > 0 for all & < r. Additionally, we assume that there is no self-coupling
(wo = 0)

We introduce a phase difference variable 1; defined as follows:
Vi =041 — 0, i (mod N) (5.4)

The phase difference, ¢);, describes the relative position of the oscillator 6;,; with respect
to ; within their respective cycles. If this difference is 0, then two oscillators are in-
phase, that is, their cycles synchronize. The phase differences, Eq. (5.4), must satisfy
the periodic boundary conditions for Eq. (5.1) since the model neurons are arranged in a
one-dimensional ring. This gives the constraint

N
> 4 =0 mod 27 (5.5)

i=1
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The period for each oscillator 6; is 27, and so Eq. (5.5) implies that the phase differences
are distributed in some way within the interval [0,2x]. The difference between any two
oscillators 6; and 6; on the ring can defined in terms of the individual phase variables ;.

(Jj—i—1
> i i<j
s=0
i—j—1
- Z Vi1-s J <t
\ s=0

where i and j are modulo N. In modular arithmetic form, Eq. (5.6) can be represented as
Z] i—1 (mod N) w
i+s (mod N)

We rewrite the model in Eq. (5.1), in terms of the phase difference variables (1;)
equipped with circulant coupling defined by (5.3) [15]:

dy;  dbiy db;

ds  ds ds

=€ (ng —i~1(mod N)H (0 — z+1> (ij i(mod N) H (0 _9)>>

N-1 k—1 -1
weH () ¥ssitt (mod N))) ( > wpH( Zwsﬂ mod N)))

k=1 s=0

N-1 k—1 k—1
=& Wk (H (Z 77Z)er'L'+1(mod N)) —H Z ¢S+i(mod N)> ) > (57)

k=1 s=0 S=

Note that the periodic boundary conditions defined in Eq. (5.5) reduce the dimensionality
of (5.7) to N —1 . However, to take advantage of the symmetry, we choose to work with
the redundant N—dimensional phase-difference model.

Equilibrium solutions of the phase difference model (5.7) correspond to steady states in
which the phase differences, 1;, remain constant. These solutions represent phase-locked
states of the full system in Eq. (4.37). We now review the existence and stability of cluster
solutions—phase-locked states in which oscillators within each subgroup are synchronized
(i.e., with phase differences, (5.6), equal to zero). This analysis will be used to make
predictions about what kind of cluster solutions can occur in the full model (4.37).
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5.1.1 Existence of cluster solutions

To broadly investigate clustering within neural networks, we can consider two types of
solutions: model-dependent and model-independent solutions [38]. Here, we prioritize
generality by focusing on model-independent solutions for (4.37).

Recall that an equilibrium solution, 1).,, for (5.7) is determined by solving ¥; = 0. For
these solutions to represent model-independent cluster solutions, they must be independent
of the interaction function H and the weights (w;) in (5.3). Consider a model-independent
solution given by

weq:[w VoL M; (5.8)

where the individual phase differences (1);) are identical. Clearly (5.8) is an equilibrium
solution for (5.7) which is independent of the interaction function, H and the coupling
matrix, W. Eq. (5.8) corresponds to a periodic solution in which adjacent neurons phase-
lock at the same phase i.e. ¥. Applying the constraint equation in (5.5) to (5.8), imposes
restrictions on choice of v that lead to cluster solutions. In particular, we have

al k

3 4 = Ny =0 (mod 27) = ¢=2§ ke{0,1,.,N—1} (5.9)
i=1

Based on (5.9), the phase difference equations (5.7) can admit N cluster solutions satisfying
Eq. (5.8). Depending on the values of k and N, each cluster solution falls into one of the
following three categories, as described in [97]:

1. Synchronized state or 1-cluster solution, depicted in Panel (A), Figure 5.1, for which
1 = 0. In the biophysical model, this corresponds to a periodic solution in which all
cells in the network spike together, thereby forming a single cluster of synchronized
oscillators.

2. Splay state or N-cluster solution, defined by ¢ = 2’%, where k and N are relatively
prime. From (5.8), we see that N¢ = 27k, which implies that the cells within the
network are uniformly distributed over k full periods, forming N distinct clusters as
illustrated in Panel (B), Figure 5.1. In this case, no two neurons will synchronize,
that is, each cluster will have only one neuron.

3. n-cluster solution, where n is a non-trivial factor of N. In particular, this solution
arises where there exists a common integer factor [ such that N =[-nand k=1-m ,
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where m and n are relatively prime. The phase difference between adjacent oscillators
is then given by:
mm
Y =2— ged(m,n) =1
n

Consider the phase difference between 6, and 6,,.4.

n+1
Opi1 — 01 = Zz/zi =ny =2mnr =0 (mod 27) (5.10)

i=1

Eq. 5.10 implies that the corresponding neurons X; and X, in the biophysical model
will synchronize. Similarly, neurons X, and X, (moa n) Will also synchronize for ¢ =
{1,2,..,N} . Applying this recursively, we find that neurons X1, Xy 41, ..., Xg—1)nt1
synchronize and form a cluster C;. Repeating this process for ¢ = {2,3,..,n}, yields
the remaining clusters (%, .., C,, thereby creating an ensemble of n clusters. Each
cluster contains exactly & (=[) cells, as illustrated in Panel (C), Figure 5.1. As an
example, if NV is even, then (5.7) will always admit a 2—cluster solution with ) = 7
, also known as the anti-phase state. In this case, the corresponding biophysical
network splits into two clusters, C; and C5, each containing exactly % oscillators,
that are given by:

C,=1{1,3,5,..,N — 1} Co = {2,4,6,..,N}

The numbers in the cluster refer to the cell indices of the corresponding cells in the
network.

Note that each of the solutions described above is characterized by clusters containing an

identical number of oscillators. This particular type of cluster solution is called a symmetric
cluster solution. In general, (5.7) will always admit the in-phase or synchronized solution. If
n divides N, then (5.4) admits an n—cluster solution in which the phase difference between
adjacent neurons is given by 1 = %Tm for m < n. In the present thesis, we consider the
stability analysis for cluster solutions belonging to any one of the three types described
above. Depending on the value of the phase difference v, we can determine the firing order
of clusters, which has been described in Appendix C.1.

5.1.2 Stability of the cluster solutions

To investigate the stability of the symmetric cluster solutions described in the previous
section, we linearize the system (5.7) about the equilibrium solution (5.8). Rewriting (5.7)
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(A) (B)

Figure 5.1: Three categories of symmetric cluster solutions that can arise for a periodic
solution corresponding to identical phase differences between adjacent neurons. The nodes
in each diagram represent a spiking neuron and how they are arranged in phase space from
0 to 2m (A) In-phase or the 1—cluster solution in which all the neurons spike in unison
with a 0 phase difference. (B) Splay-state or N—cluster solution, where each neuron
forms its own cluster and no two neurons synchronize. 1 = 2’“7“, with ged(k,N) = 1
(C) n—cluster solution, win which the neurons selectively synchronize and organize into
clusters C;, defined by {i,i+mn,...,N —n+i} for i = {1,2,...,n}. Neurons within each

cluster C; are synchronized with one another. In this case, ¥ = Q’TTm as described in the
main text.
as a0
dt = fi(wbw% s 7¢N)7
the linearization can be written as
V' = J(¢)U (5.11)
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where U = (11,19,...,9n)T and J is the jacobian of the right-hand side of the system
(5.7). Recall that the entries of J are computed as follows

N-—1 k—1
—5Zwk-H’<Z¢s) i=j
k=1 s=0

(

N-1 k-1
i = Oy, fi = € Z wy, - H' <Z Y(s+i+1)mod N> (5.12)

k=(j—i)mod N s=0
N-1 k—1
- Z wy, - H' <Z w(s—i-i)mod N) i £
\ k=(j—i+1)mod N s=0

Evaluating (5.12) at the equilibrium (5.8), we obtain the following jacobian entries:
N-1
—5ZwS-H’(s¢) i=7
Ji = s=1 (5.13)
& (W(—imoa N - H' ((j — i)mod N ) i # j

Eq. (5.13) shows that the jacobian matrix J is a circulant matrix. In particular, J has the
following circulant form:

J=ccirc (co c1 Cy... CN,l) (5.14)

where ¢ = SN Pw, - H'(s) and ¢ = wy, - H' (k) k=1,...,N — 1

In [52], the eigenvalues of a general circulant matrix are derived. Using this result, the
eigenvalues of (5.14) are given by

27kj

A = —ezlwk - H' (k) (1 _(*w )) je{0,1,.,N}, (5.15)

where 7 = 0 corresponds to a zero eigenvalue, which will always exist. This degeneracy
arises as a consequence of the sum constraint described in Eq. (5.5). Essentially, the
existence of the zero is due to the redundancy in the extra dimension represented in the
model, so we may ignore this eigenvalue in the stability analysis of the cluster solution. We
now state the necessary condition for a symmetric cluster solution ¥ to be asymptotically
stable, as presented in the theorem from [15].
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Theorem 5.1.1. The equilibrium point 1 = % k€ {0,1,...,N — 1} , and the corre-
sponding cluster solution for the phase difference model (5.7) is asymptotically stable if the
p; defined below is positive for all 1 < j < | 5]

= S waae)(1-on (229) 610

and s unstable if at least one of the p; is negative.

Proof. A symmetric cluster solution of (5.7) with a phase-difference v, is asymptotically
stable if the real part of all the eigenvalues computed in (5.15) corresponding to j > 1 is
strictly negative.

N-1

Re())) :—S;wk Re (H’(kw (1—e )
— e (mme (1 )
=S (ke (1 n (25)) o1

We define a variable ,uj as follows

Zwk <H’ k) ( s(%))) je{l,.,N}

Substituting p; in (5.17), the symmetric cluster associated with v is stable if
)\j:_gluj<0 VJG{l,Q,,N}

27rk]

) de{lL.N

;>0 Vi e{l,2,.,N} (5.18)
Using the fact that the cosine function is even and 27 periodic, the following is true
2rkj\ 2wkj\ 21k(N — j)
cos (T) = cos (27rk: — T) = cos <T (5.19)

which implies that p; = pun—;, allowing us to reduce the number of eigenvalues to compute
in (5.18) to verify the stability.

>0  Vje {1,2,.., gJ} (5.20)

]
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Below, we state a few of the implications of Theorem 5.1.1, which have been proven in

[15]

1. The synchronized state (Y =0) will always exist for any network configuration, re-
gardless of how the coupling is set-up and is stable if and only if H'(0) > 0. The
stability of the in-phase solution is, therefore independent of the size of the network,
N, and the coupling weights, w;. This makes the analysis of full synchrony particu-
larly powerful, as the stability can be determined by verifying a single condition.

2. The 2-cluster or the anti-phase solution (Y = ) will always exist for a network of size
N that 1s even. It is a periodic solution in which every adjacent neuron is out-of-phase
with one another by exactly half a period. For N = 2, the anti-phase state is stable
if H'(r) > 0. For N > 2, the stability is independent of the coupling configuration
and is stable if both H'(0) and H'(w) are strictly positive. It becomes unstable if
H'(m) < 0. However, this is not a strict condition— the anti-phase state can still be
stable even if either H'(0) or H'(m) is non-positive. We see this in Chapter 7 where
the anti-phase state is stable even though the in-phase state is unstable for a specific
set of parameters.

5.2 Stability analysis for symmetric bi-directional cou-
pling

We now assume that the coupling strengths in Eq. (5.3) are symmetric, meaning that
wp = wy_g for k = {1,2,..., N — 1}. Under this assumption, the coupling weight from
each cell to its k" neighbour on either side is equal. As a result, the corresponding coupling
matrix, W, satisfies

circe <0 w; Wy ... WN—1 WN=1 ... Wa w1> For N odd

W = (5.21)
cire (O Wi Wy ... WN_ WN WN .. W wl) For N even

In this configuration, the strength of the synaptic influence of neuron i on neuron j, is

equivalent to that of neuron j on 7. Applying Theorem 5.1.1, to the phase difference
model (5.7), equipped with a coupling architecture defined by (5.21), we get the following
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expressions for ji;

!

N

: 2rkyj

> wi(H' (k) + H'(—k1))) (1 — cos (T)) : N is odd
py =

w1 ) (1~ (1)) + 3 () + /() (1-cos (%))

k=1

N = 2m is even
(5.22)

\

Theorem 5.2.1. The equilibrium point 1 = %,p € {1,2,...,N}, and the associated
cluster solution for the phase difference model (5.7), equipped with a bidirectional symmetric
coupling described by (5.21), is asymptotically stable if p; defined in Eq. (5.22) is strictly
positive for all j € {1,2,...,| 5]} and unstable if at least one p; < 0.

As a consequence of Theorem 5.2.1, we have that the symmetric clusters associated
with 1 and (2m — ) are strongly related. In particular, they share the same stability
owing to the 27 periodicity of the interaction function H. In Eq. (5.22), we observe that
the derivative of the odd part of the interaction function appears, namely:

Hl () = (1 (H(p) - H<—w>>) _ L)+ w0

2 2
It follows that H! (27 — k¢) = H.,,(kv). Thus, the symmetric clusters associated with
1 and 2w — 1 share the same stability.

Below we examine two special cases of bi-directional symmetric coupling and review
the associated stability results for each one as described in [97, 15].

5.2.1 Nearest neighbours

We focus on the configuration of the network (5.7), where each neuron is connected only
to its nearest neighbours, i.e., the coupling radius r is 1. In particular, the coupling
matrix for this network is given by (5.21), with w; # 0 and w; = 0,5 = 2,...N. We
review the stability result discussed in [97] by applying Theorem 5.2.1 to this network. For
je{1,2,...,[ %]}, py in (5.21) reduces to the following

47



= (#'0) 4 10 (1 cos (FF) ) =2ttt (1o (52)) 529

In (5.23), wy and (1 — Cos (2%)) are nonnegative. In order to guarantee stability, we only
need to consider the expression H'(v)) + H'(—1%) which is independent of j, yielding the

following result.

Corollary 5.2.1.1. A symmetric cluster solution associated with the equilibrium point
for a network equipped with nearest neighbour coupling is asymptotically stable if and only

if Hygg(¥) >0

Corollary 5.2.1.1 has significant implications. Notable, it shows that the stability of a
symmetric cluster solution associated with a phase difference v is independent of the size
of the network N, when the network has symmetric nearest neighbour coupling. This is
a powerful result, especially considering the fact that the number of possible n—cluster
solutions for a phase difference 1, increases with IV, yet they will share the same stability
regardless of network size.

This connectivity scheme can be used to represent networks with relatively sparse
connections, such as those found within the CA1 sub-hippocampal region. To study the
recurrent connections within the CA3-sub hippocampal network, we extend the coupling
radius in (5.21), to » = |Z] so that each neuron connects to all other neurons in the

2
network.

5.2.2 All-to-all coupling

The CA3 sub-hippocampal region is densely populated with excitatory pyramidal neurons
and, importantly, it is a recurrently connected region as described in Section 2. To study
an excitatory homogeneous CA3 recurrent network of pyramidal neurons, we can extend
the coupling radius r to |5 ]. In this case, w; # 0, for all j € {1,2... 5]} in Eq. (5.3).
For arbitrary values of w;, the stability analysis follows from Theorem 5.2.1. Below, we
consider two different configurations of (5.3) for all-to-all coupling, and their corresponding
stability analyses as described in [15, 100].

Distance dependent (global heterogeneous coupling)

In real neural networks, the coupling strengths are likely to be heterogeneous. Thus, it
is worthwhile to study configurations in which all the weights w; in (5.21) are different,

48



e

2
i

Nearest Neighbours All-to-All Coupling Global Homoegeneous

Figure 5.2: Three types of coupling considered in our analysis. FEach node in the ring
diagram represents a neuron. These diagrams convey information about which neurons
are coupled together via reciprocal synapses, indicated by the lines joining two nodes. For
the nearest neighbours, each neuron i is coupled to its neighbours i + 1 (mod N) and
i — 1 (mod N). In the other two cases each neuron is synaptically coupled to all of its
neighbours. The black lines for the global homogeneous case represent identical synaptic
weights.
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but not random. This way, we introduce a selective heterogeneity in the synaptic weights.
In particular, we consider a network where the relative coupling strengths for a neuron
decrease with distance from the neuron. This does not necessarily reflect a physical distance
in the corresponding network, but rather a hierarchy in the strengths of the coupling to all
other neurons in the network. We call this type of coupling distance-dependent [15]. The
corresponding coupling matrix W will satisfy (5.21) with w; = w; - p'~! for some non zero
p <l
W=w-circ(0 1 p p* -+ p* p 1)

Applying Theorem (5.2.1) to this system, (5.22) reduces to the following [17] :

N-1

2k N
[ = w - Zpk—l( ! a(k) + H (—ka)) (1 — cos 7]TVJ) >0 vie{l,., [EJ}’

k=1

(5.24)
for N odd and

k=1

vie (L5,

for N = 2m, even.

Unlike the nearest-neighbours case, the stability of an equilibrium point v associated
with a cluster solution for the phase difference model (5.7), equipped with this type of
coupling, will depend on the size of the network.

As we can see, for arbitrary values of w;, we cannot derive a minimal stability condition
like in the case of nearest neighbours. Thus, to determine stability we will be required to
compute the values of all the u; in Eq. (5.22), associated with a cluster solution. This leads
us to consider a special case of all-all coupling where minimal stability conditions can be
computed.

Global homogeneous coupling

This is a special case for a network with all-all coupling, in which all the weights w; in
Eq. (5.21) are set to 1, i.e., the coupling matrix is W = circ (O 11 -1 1). Applying
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Theorem 5.1.1 shows that a symmetric cluster solution associated with the equilibrium
point ¢ is asymptotically stable if and only if

py = 2 H' (k) (1 — cos 27;\];‘7) >0 vy edl,., ng} (5.26)

k=1

This set of inequalities can be modified such that the conditions outlined in (5.26) is
independent of the size of the network N and the equilibrium point 1. Essentially, we can
redefine yi; in (5.26) to generalize the stability analysis of a symmetric n—cluster solution

where n < N.
n—1 .
2k 21k n
;= H | — 1-— 1<5< =
/1/3 k=1 ( ( n )) ( o n ) N ] B L2J

(5.27)

Eq. (5.27) recovers the results from [106]. Since all the coupling weights are identi-
cal, networks with global homogeneous coupling are unaffected by any rearrangement of
indices [0, |. In this case, the stability of a symmetric cluster solution where the ad-
jacent phase differences are not necessarily equal can also be determined by meeting the
condition outline in Eq. (5.27). Thus, Eq. (5.27) determines the stability for any symmet-
ric n—cluster solution in a network equipped with a globally homogeneous distribution of
synaptic weights.
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Chapter 6

Reduced Traub Miles’ Model of a
Pyramidal Neuron

In 1982, Traub and Miles developed a biologically plausible model of a CA3 pyramidal
neuron that successfully replicated distinct firing patterns observed in both in vivo and
in vitro experiments [131]. This model consisted of 19-compartments containing up to
four active currents with kinetics inferred from various sources of voltage-clamp experi-
ments performed on guinea pig and invertebrate hippocampal slices [130, 5, 75, 76]. The
resulting model was useful for studying the population behaviours of pyramidal neurons
in the hippocampus and was capable of exhibiting realistic bursting patterns. In partic-
ular, this model could demonstrate the appropriate increase in firing frequency with the
depolarization.

A single compartmental reduction of a biophysical model is faster to simulate while re-
taining relevant features enabling us to build networks that can replicate selective biological
behaviours. In 1998, Ermentrout and Kopell [31] constructed a model of the hippocampus
circuit composed of pyramidal neurons and interneurons to study the effect of synaptic
coupling and conduction delays on neural synchrony. The pyramidal neuron model was
derived by reducing the Traub—Miles model to a single compartment. In this reduced
model, both calcium currents and calcium-activated potassium currents were omitted.

However, neither model accounts for the muscarinic K current (M-Current) which
has been implicated in hippocampal dynamics through cholinergic neuromodulation [55,
, , 7, 41]. In [20], Emrentrout and Crook constructed a 2-compartmental reduction of
the Traub-Miles model as an extension of previous work, [113, 21] to study the effect of spike
frequency adaptation (SFA) on neural synchrony within cortical networks. To incorporate
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spike frequency adaptation into their model, they added two different currents, one of
which was the M-current.

In 2000, Ermentrout and Kopell examined the distinct synchronization properties of
gamma and beta rhythms observed in cortical networks [31]. One of the key features
contributing to these rhythms was the involvement of an M-current, which had been absent
in their initial model [31]. The dynamics for the M-current were modelled using kinetics
described in [21, 20]. The reduced model was later utilized and validated by Olfusen and
Kopel [108], to study the mechanisms underlying the transition between gamma and beta
rhythms, specifically those induced by the cholinergic modulation of M-current.

This is the model we use to conduct our investigation into the effect of the acetyl-
choline sensitive M-current on the neural synchrony in a network of hippocampal CA3
pyramidal neurons. This model has been successful in replicating behaviours supported by
experimental evidence, in particular, the M-current induced beta rhythms [1, ].

6.1 Model description

The final model is a single-compartmental representation of a pyramidal neuron in the rat
hippocampus as illustrated in Figure 6.1. It is a conductance based model with parameters
taken from [34, 81, 21, ]. The model includes a fast sodium current (Iy,), a delayed
rectifier potassium current (I ), a slow voltage dependent non-inactivating potassium cur-
rent (1), a leak current (/1) and an applied current (I,,,). This leads to the following
model for the membrane potential:
av

CE:Iapp—IL—IK—INa—I—IM+[syn, (6.1)
where each current was modelled using a Hodgkin-Huxley formalism described in section
3.2.2. The description for each current is summarized below.

Transient Na™ current (Iy,)

This current is given by the following equation
Ing :gNa'm3'h' (V_VN(Z> (62)

In the original Traub-Miles model, steady-state values m., and h. and time constants
T, and 73, were based on a model for spinal interneurons [130]. The rate functions for
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Figure 6.1: Reduced Traub-Miles with M-current

the activation variable m and the inactivation variable h were modified for the single
compartment model by Ermentrout and Kopell [31, 81] to obtain:

0 0.32(54+ V) ~0.28(V +27)

(V) = 1— exp (_54IV) B (V) = exp (V—',5-27) 1 (63)
B —(V +50) B 4

ap(V) = 0.128 exp <T) Br(V) = 1 + exp (_VJg27) (6.4)

The reversal potential Vi, is set at +50mV . The maximal conductance gy, is chosen to
be 100 mS/cm”.

Delayed rectifier K current (I)

This current is given by the following equation

Ix =gr-n*-(V—Vg). (6.5)
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The steady state activation variable n., and time constant 7,, are also taken from a previous

interneuron model [130]. In [34], the kinetics for the rate functions were modified as follows:
0.032(V 4 52) —~(57+ V)
1 — exp (V+52) b P ( 40 (6.6)

The reversal potential Vi is maintained at -100 mV and the maximal conductance param-
eter gi is chosen to be 80mS/cm2 .

Muscarinic K+ current (I,,)

This current takes the following form:

The kinetic model for the activation variable, w, was taken from [21, 20] and adjusted by
Ermentrout and Kopell [31] as follows:
1
Weo (V) = (6.8)

1 +exp< (v+35)>

400
3.3 exp (V+35) +exp( 35)

(V) =

dw  Wweo(V) —w

iy (6.10)

The maximal conductance parameter g, is typically set around 1mS/ cm?, however this is
one of the parameters that is varied during our analysis.

Leakage current (/)

This current is modelled as follows:
[L:gL‘ (V—VL) (611)

where g7, is 0.1 mS/ cm® . The reversal potential V7, is set at —67 mV.
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Total synaptic current (/ynaptic)

The synaptic current is composed of the excitatory and inhibitory synaptic inputs that
are received by the neuron. For a pyramidal neuron, if it receives input from another
pyramidal neuron, the nature of the synapse is excitatory (ggg), and inhibitory (g;g) if
it receives input from an inhibitory neuron like an inter-neuron. Regardless, each type of
synaptic current has the following form.

Isyn,i = Gsyn,i ° (V - ‘/syn,i) (612)
Isyn = Z Isyn,i (613)
where gy ; is either ggpg or g;p. In [81] and [108], the excitatory synapses were modelled

as AMPA-mediated (V,, = 0) and the inhibitory synapses were GABA g-mediated (V;y,, =
—80).

6.1.1 Network level extension

In the present thesis, we investigate the M-current-induced synchrony in a network of
identical neurons that are synaptically coupled. We consider only one type of hippocampal
neuron; the CA3 pyramidal neuron. Thus all the synapses in the network will be excitatory.
As described in [31, 108], we will assume these are AMPA-mediated. The synaptic current
is thus modelled as:

Lsyn = Gsyn(t) - (V' = Viyn) (6.14)

For an AMPA-mediated synapse, Vi, is set to 0 mV [30] in Eq. (6.14) with the conductance
Gsyn(t) modelled as follows

gsyTL(t) = Gsyn ° S<t)7 (615>

where g,y is maximal synaptic conductance and s is the synaptic variable denoting the
fraction of open channels. s is modelled with Destexhe kinetics as described in section 3.4

ds

dt
where the V. refers to the voltage of the pre-synaptic neuron. The corresponding rate
functions are taken from [31], giving us:

ds . ‘/pre S

- as(‘/pre) . (1 - S) + 68(‘/;77"6) S, (616)
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Figure 6.2: Synaptically coupled RT'M model neurons

For a network of N neurons, we define a coupling matrix W describing the connectivity
architecture within the network (which neurons are connected) and the relative strengths
of the coupling. Each entry W;; is a value between 0 and 1, with 0 indicating that neuron
7 and j are not connected and 1 indicating they are connected at the maximum strength
as illustrated in Figure 6.2. The corresponding model for a network of N RTM model
neurons that are coupled with an excitatory synapse is described by:

dV;
o Lpp — 9.(Vi = V1) — gnrwi (Vi — Vi) — gnamihi(Vi — Viva)
— grnt(V; — Vi) — Lo ZWUSJ (Vi = Vign)
7j=1
dX;
d

Sz V; S .
= 5(1+tanh(z))(1—sz)—§ i={1,2,..,N}

In Eq. (6.18), gsyn is normalized by N to reflect the individual contributions from the other
cells.

57



6.2 Effect of M-current on the steady-state behaviour
(bifurcation analysis)

In Section 3.3, we discussed how a neuron may transition from rest to a state of repetitive
firing by applying a sufficiently strong constant external current. This transition typically
occurs through a bifurcation—either through a saddle node on an invariant circle (SNIC)
or a subcritical Hopf bifurcation (H.B). Based on the manner of transition to periodic
firing, the excitability of a neuron can be classified as either type I, associated with a SNIC
bifurcation, or type II, associated with a Hopf bifurcation. Cholinergic suppression of the
M-current has been shown to switch pyramidal neurons from exhibiting type II to type I

excitability. [39, |. In particular, an M-current induced Bogdanov Takens bifurcation
underlies this switch in neuronal excitability [36], which was studied for a general conduc-
tance based model in [1]. The Bogdanov Takens is a co-dimension 2 bifurcation, that arises

through the variation of the I,,, and gy;. We reproduce this result for the RTM model
presented in [1] by plotting two sets of bifurcation curves in the (1, gar) and (Lo, V)
parameter space respectively.

In Figure 6.3, we plot the two-parameter bifurcation curves where the applied current
(I4pp) and gps are varied. The transition from type I to type II occurs around the Bogdanov
Takens point (labelled B.T) at gy ~ 0.03. As gy, increases, the two fold points merge at
a cusp point (labelled C.P). Additionally, we see a curve of Hopf points emerging from the
B.T point. These curves additionally provide insight into suitable values of the externally
applied current ([,,,) that allow the RTM model neuron to exhibit stable limit cycle
oscillations for a given maximum value of gp;. We use this in Section 6.3 to identify
appropriate parameters for deriving a phase model approximation of the RTM model.

In Figure 6.4 we plot the steady states as the M-current conductance (gy;) increased,
demonstrating a change in the qualitative dynamics as the M-current is increased. In par-
ticular, we can see that at gy, = 0, when there is no M-current, the stable oscillations
emerge as the stable equilibrium is destroyed in a saddle-node bifurcation. This corre-
sponds to a SNIC bifurcation indicating Class I excitability. This switches to Class II
excitability when g); is increased to 5. In this case, we see oscillations emerge through a
Hopf Bifurcation as a stable equilibrium becomes unstable.

We further demonstrate this switch in the dynamics by plotting the spiking frequencies
for various amplitudes of the constant current, also known as the the frequency-current
(F/I) curves, at the two different values of gy, illustrated in Figure 6.5. In the absence
of an M-current, the model neuron transitions readily from rest to spiking, beginning at
arbitrarily low frequencies in response to small currents, characteristic of a type I neuron.
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Figure 6.3: Bifurcation curves in (I, ) parameter space. Left. Full two-parameter
bifurcation diagram Right. Zoomed-in view near the red curves, highlighting the region
relevant to our analysis.

The firing frequencies are also highly sensitive to the applied current, with the neuron
exhibiting a broad frequency range as the current increases. In contrast, when the M-
current conductance is sufficiently large (gas = 5), the neuron begins firing at a minimum
positive frequency and exhibits a relatively narrow frequency band over the same range of
applied currents.

6.3 Parameter choice for phase model approximation

To derive a phase model approximation of the RTM model, we require each neuron in
Eq. (6.18) to be an oscillator in the absence of coupling (gsy, = 0), i.e., they must exhibit
stable periodic oscillations in isolation (see Chapter 4).

This means the neuron must receive a large enough input (/,,,) that can set it into a
state of repetitive firing. Based on our bifurcation study in the previous section, we identify
two values of gj; for which the intrinsic properties of the neuron change significantly;
gv = 0 and 5. We also consider two additional points between g;; = 0 and 5 and beyond
gy = 5 in our bifurcation study, gy = 2 and 10 respectively.

The bifurcation analysis in Figure. 6.4, suggests that an external current, I,,,, of 60
1A is sufficient to initiate stable limit cycles in an RTM model neuron with M-current
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Figure 6.4: Steady states as a function of current (I,,) for the RTM model at two values of gy, before
and after the Bogdanov Takens point (B.T). The red curves indicate stable points and the black curves
indicate unstable points. The green curves above and below the fixed-point curve (in black) correspond to
the maximum and minimum voltages along the periodic orbits. (A) One parameter bifurcation curve for
gnr before the BT point (gps = 0) when the neuron is exhibiting type I dynamics or class I excitability.
The oscillations are born via a saddle-node on an invariant circle. (B) The bifurcation curve for gas after
the B.T point, when the neuron is type II (or class IT), oscillations are born via a Hopf bifurcation (labelled
H.B). Although the limit points still exist, the branch of periodic solutions are emerging from the Hopf
point rather than the limit point. Numerical limitations prevented us from demonstrating the connection
between the blue lines.
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Figure 6.5: Frequency-Current curves for the RTM model neuron at different values of g,,.
(A) F/I curve at gy = 0. The firing frequency can start at arbitrarily low values for I,
near 0 pA . This is a neuron with type I excitability. (B) F/I curve at gy = 5. The firing
frequency starts a finite value and has a relatively narrow range of values for the same
range of applied currents. This is a neuron with type II excitability.

conductances gj; ranging from 0 to 15 mS/cm?. We verify this in Figure 6.6, which shows
simulations of the RTM model with different M-current conductances (gp,) and external
current inputs (/,,,) ranging between 1 and 60 pA. In panel (D), when the M-current
conductance is increased to 10 mS/cm?, applying an external current of 30 pA can no
longer trigger the onset of limit cycle oscillations. This is in agreement with our bifurcation
analysis. Increasing the input current to 60 pA, the neuron exhibits a stable limit cycle.
An external current of 60 pA also gives rise to stable limit cycles for values of the M-current
conductance below 10 mS/cm?.

In order to derive a phase model reduction, the coupling should be sufficiently weak.
The coupling strength € is corresponds to gy, in our model. As seen in Chapters 4 and 5,
Theorem 4.2.1 requires that g, be sufficiently weak, but does not explicitly quantify how
small it should be. In [1], this value is chosen to be 0.3. In our work, this is chosen to be
0.2.

A description of all the currents, parameters and their kinetics for the RTM model is
summarized in Tables 6.1, 6.4 & 6.3 respectively. The synaptic parameters, gy, and 7,

the range of gas values we consider for our analysis and the appropriate I,,, are summarized
in Table 6.5.
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Figure 6.6: Simulations for a single reduced Traub Miles neuron evaluated at different values of the
M-current conductance. Each panel displays three time series corresponding to a fixed gp; under the effect
of different values of the applied current (I,,, = 1,30,60 uA). (A)When gy is set to 0 mS/cm?, a periodic
solution can be obtained by applying 1,30,60 uA (B) When g, is set to 2 mS/cm?, a periodic solution
can be obtained by applying 30,60 uA (C) When gy, is set to 5 mS/cm?, a periodic solution can be
obtained by applying 30,60 uA (D) When gy is set to 10 mS/cm?, a periodic solution can be obtained
by applying 60 pA .
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Current Current Description Kinetics
Ing Transient Na™ current INamPh(V — Vig)
Iy Delayed Rectifier KT current grn*(V — Vi)
Iy Muscarinic Kt current guw(V — Vi)
Tsynaptic Synaptic current GsynS(V — Viyn)
I Leakage Current gL (V —=Vp)

Table 6.1: Description of the ionic currents in Eq. (6.1)

Gating variable X ax Bx
- 0.32(541V) 0.28(V+27)
l—exp(—LLIV) exp(v'gw)—l
0.032(V +52) —(57+V)
n 71_6)(1)( Vi) 0.5exp ( 10 >
—(V
h 0.128exp (U)o =y
5
s 5(1 +tanh(%)) %

Table 6.2: Kinetics for the rate functions.

Gating variable X Woo Too

w 1 400
trexp (F0530) 33 exp (552 +exp (- 1557)

Table 6.3: Kinetics for the M-current.

Conductivity (mS/cm?) Value | Reversal Potential (mV) Value

9L 0.1 Vi —67

JdNa 100 VNQ 50

JgK 80 VK —100
‘/syn 0

Table 6.4: Parameters for Eq. (6.18)

Parameter Value

Lopp 60 puA
am {0,2,5} mS/cm?

Ts 2 ms!

Visyn 0 mV

Table 6.5: Parameter values for phase model analysis
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Chapter 7

Results

In Chapter 5, we determined conditions that can guarantee the asymptotic stability of a
symmetric cluster associated with a phase difference . In this chapter we will numerically
derive the interaction function for the RTM neuron model described in Chapter 6. We
then use this to present stability predictions of admissible symmetric clusters for different
network sizes equipped with a nearest neighbour and all-to-all type of coupling. Finally,
we verify these predictions by performing numerical simulations of the full RT'M model.

7.1 Methods

7.1.1 Numerical simulations

All model simulations were carried out using a 2nd-order Runge Kutta algorithm (ODE23)
in MATLAB using default numerical parameters [2]. The model parameter values are as
described in Chapter 6. The number of time steps for all simulations was set to 1.5 x 10%,
with two exceptions. First, in the case of a pair of weakly coupled RTM model neurons,
the time steps were increased to 3 x 10%. Second, when simulating a network of 300 model
neurons, the number of time steps was reduced to 8000 due to computational limitations.

We present our simulation results in three ways. For smaller networks, the voltage
traces of all the neurons in the network are plotted versus time. For larger networks
(N > 4), the results are also presented as raster plots, which provide information about
spike times of the neuron—the times at which a neuron fires an action potential. These
are generated by finding the times corresponding to the peak voltages for each neuron
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throughout the simulation. We do this on MATLAB using the findpeaks function [!]
and defining a minimum threshold so that we avoid picking the times when the voltage
trace reaches a local minimum. This threshold was defined to be at —10 mV during
our simulations. For larger networks, raster plots are useful for identifying neurons that
synchronize their spiking, as indicated by nearly identical spike times.

Additionally, we present a visual representation of the clustering that arises in the
network. These visualizations consist of a collection of nodes, each representing a model
neuron, with lines connecting nodes that are involved in symmetric, reciprocal synaptic
coupling. Each node is assigned a specific colour, and nodes sharing the same colour
correspond to model neurons that belong to the same cluster in the periodic solution.

Modelling the effect of acetylcholine (ACh)

In our analysis, we assume that the ACh only affects the M-current. The effect of ACh is
thus simulated by changing the membrane conductance of the M-current, in particular the
maximal conductance value, gy;. As discussed in Chapter 2 and Section 3.3, the M-current
is down-regulated in the presence of ACh. In Chapter 6, we identified two values of gy,
at which the corresponding RTM model neuron exhibited qualitatively different dynamics.
Specifically, at gy; = 0, the RTM model neuron showed Class I dynamics, while at g, = 5,
it exhibited Class II dynamics. Accordingly, we set the parameter g;; to 0 to simulate a
neuron under the effect of a "high’ concentration of ACh. A neuron under the effect of a
'low’ concentration of ACh is simulated by increasing the parameter gy, to 5.

Choice of initial conditions

In order to more easily verify if a particular n—cluster solution occurs in the network
simulation, especially in the case of multi-stability, we choose initial conditions that are
close to that solution. The initial condition for each neuron is chosen as follows:

X’i - (%7hi7mi7wiani78i) - (%7070707070)’ (71)

where V; is chosen from an interval (I) centered around the resting potential —70mV in
this case we consider I = [-80mV, —60mV’| . Since we are seeking an n—cluster, we divide
I uniformly into n sub-intervals.

I=U = Ul [-80 —a- (j — 1),-80 —a- (j)). (7.2)
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where ¢ = =820 Each neuron belonging to the same cluster is given an initial voltage

n
chosen from one of the intervals in I. To ensure we are not picking each neuron in the
cluster to start exactly with the same voltage but with small enough differences, we make
use of the rand function in MATLAB.

Measuring phase difference

In order to more easily verify whether the simulations match the predictions of the phase
model analysis, we define a measure of the phase difference between neurons. This is defined
using the spike times corresponding to each neuron, recorded during the simulation. We
store these times in order to make raster plots, but we can use them to find the phase
difference. We measure the phase ¢;(t) of a neuron X; at a timestep ¢ is as follows

¢Z<t) - M Y (73)

2fi,nap - ti,lap

In (7.3), tijap and t;,q, refer to the last and next action potential respectively which we
take from the spike times [25]. The phase difference 1;(t) is defined as

Pi(t) = dia(t) — ¢i(t) i mod N (7.4)

In our simulations, 1;(tfina—1) is recorded as the steady state phase difference for the
corresponding cluster solution.

Equivalently, we may infer the phase differences from the firing order of the clusters
displayed on the raster plots. This relationship is described in Appendix C.1. For larger
networks, we opted for the latter method to verify the phase differences.

7.1.2 Phase model calculation

In Chapter 6, we proposed a value for the externally applied current such that the corre-
sponding RTM neuron model ( 6.5) exhibits stable limit cycles. For a high dimensional
conductance-based model like the RTM model, it is impossible to analytically derive an
interaction function H (see (4.36)). As a result, we resort to a numerical derivation of the
function. Using XPPAUT [30], we can numerically solve for the adjoint system, (4.29), of
a neuron exhibiting limit cycles and consequently their interaction function, (4.15). The
interaction function H can then be approximated by a truncated Fourier series that is
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readily available to us from XPPAUT:

N
H(¢) =~ a+ aycos ¢ + by sin ¢ + ag cos 2¢ + by sin 2¢) + Z(an cosng + b, sinng)  (7.5)
i=3

The interaction function H was calculated in this manner for four distinct values of the
maximal M-current conductance, g,s, each corresponding to a different strength of the

M-current:
g =10,2,3.13,5} (7.6)

The values in (7.6) were chosen based on the results for the RTM model obtained in [1]
and in Chapter 6, where we identified gy, = 0 and gp; = 5 as two different strength of the
M-current, at which the the corresponding neuron model exhibited qualitatively different
dynamics. In particular, [1] showed that the in-phase and anti-phase solutions were stable
for a pair of RTM model neurons at gp; = 5 and 0 respectively, but were both unstable for
the intermediate values of gj; near 2. During our analysis, we identified two intermediate
values, gy = 2 and g); = 3.13, as potential points near which the anti-phase and in-phase
solutions respectively switch in their stability.

The numerical approximation of the interaction function corresponding to the four
different values of gjs in (7.6), is summarized in Appendix C.2, where a 30-term approxi-
mation was chosen to minimize the computational burden while maintaining accuracy in
the evaluation of the function, H.

Using the numerical approximation of the interaction function, H,,,, corresponding to
a fixed level of the M-current strength (determined by gys), we compute the appropriate

i, (5.22), to perform the stability analysis as described in Chapter 5.
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7.2 A pair of reduced Traub-Miles model neurons

In this section, we review the phase model analysis for our model of a pair of synaptically
coupled pyramidal neurons located within the CA3 sub-hippocampal region. In Chapter
6, we presented the Reduced Traub-Miles model (RTM) of an excitatory pyramidal neuron
with an additional potassium current known as the M-Current (/j;). For a pair of RTM
model neurons coupled with an excitatory synapse, the corresponding model is given by
setting N = 2 in Eq. (6.18):

dVi

E = Iapp - gL(‘/l - VL) - gM(‘/l - VK) - gNamgh(‘/l - VNa)
- gKn4<‘/1 - VK) - gsynSQ(‘/l - ‘/:eyn)

dV;

= Ly = 91.(Va = Vi) = gar(Va = Vie) = gvam®h(Va = Viva)~

gKn4(‘/2 - VK) — GsynS1 (‘/2 - ‘/syn) (77)

dSi Lz Si .
5 (1+tanh (=) ) (1—s) == =1,2
dt 5( tan <4>)( ) Ts ! ’

7.2.1 Phase difference model

We study the system (7.7) in detail by considering the corresponding phase-difference
model (See Chapter 4):

@ _

L = —e(H () — H(~v)) = ~2=(Houa(v)) (7.8)

where the interaction function H has been calculated as described in Section 7.1.2. If we
directly substitute the truncated Fourier series approximation of H in Eq. (7.8), all of the
cosine terms cancel out leaving only the sine terms. In Eq. (7.8), ¢ is the phase difference
between the two model neurons defined as #5 — #; where 6; describes the phase of the
model neuron (See definition in Chapter 4). Since Eq. (7.8) is one dimensional system, it
can be analyzed graphically as we show below. H,4; is 2mr—periodic, so we only consider

v € 0,2m).
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Figure 7.1: Ho4q, in Eq. (7.8), is plotted for (A) gy = 5 and (B) gy = 0. In both
cases, ¥ = 0 and ¢ = 7 are the only fixed points for a pair of weakly coupled RTM model
neurons. The stability analysis is discussed in the main text

Existence of equilibrium solutions

An equilibrium solution for Eq. (7.8) corresponds to ¢* such that t|y—y- = 0. For the
equivalent neuron model, this describes a periodic solution where the two neurons will
repetitively spike with a fixed phase difference of ¢)*. Through the phase model analysis
at different values of g,s, we identified g); = 3.13 as a possible transition point where the
sign of the interaction function, H, evaluated at 0 changes. H,qq is plotted separately
for gpr = {2,3.13} in Figure 7.2, and for gy, = {0,5} in Figure 7.1, to determine the
equilibrium solutions of Eq.(7.8), or equivalently, the zeros of Hyyq.

When g is set 0 or 5, ¥ = 0 and ¢ = 7 are the only fixed points, as illustrated
respectively in panels (B) and (A) in Figure 7.1. For the values gpy = 2 and g3y = 3.13, in
addition to the fixed points at 0 and 7, we observe fixed points within the interval (0, )
and, by symmetry, within (7, 27) as well. These points are labelled ‘a’, ‘b’, ‘¢’ and ‘d’, ‘e’,
‘f7) respectively, in panel (A) of Figure 7.2. Note that the pair of points (a,f), (b,e) and
(c,d), all share the following relationship due to the anti-symmetry and periodicity of Hgq:

y =21 — x, (7.9)
where (IE, y) = {(avf)7 (b>e)7 (C7d)}‘

Analyzing the subplots in panels (B) and (C), the fixed point, ‘a’, lies within an inter-

val (75, %5). Similarly points ‘¢’ and ‘b’ lie within intervals (43%,1075) and (1337, 9%)
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Figure 7.2: (A) Hogq, in Eq. (7.8), is plotted for g, = 2 and 3.13. The subplots show
behaviour near 0 and 7. In both cases, 0 and 7 are fixed points to the system. (B) When
g s set to 3.13, the system also exhibits additional fixed points labelled ‘a’ (and ‘f”) and
‘b’ (and ‘e’) near 0 ( near 2m) and 7 (near 37) respectively. (C) When gy is set to 2, the
system also exhibits additional fixed points labelled ‘¢’ and ‘d’ near 7.

70



respectively. The intervals associated with the points ‘d’, ‘€’ and ‘f’ can be determined
using the relation in Eq.(7.9).

Recall when two neurons oscillate with a phase difference ¢ = 0, they are defined as an
in-phase or a fully synchronized state, as illustrated in Figure 7.3a. They spike in unison.
When two neurons oscillate with a phase difference ¥ = ¢* = , their spikes are out of
phase by half a period as illustrated in Figure 7.3b, where we see neuron X, spikes at
t = 0 and neuron X, spikes at t = % In both cases, the timings between the spikes are
symmetric, i.e., the duration of time starting from the spike time of X; to the that of X,
is the same as the time duration from when neuron X5 spikes to when neuron X; spikes.

In the phase difference model, if v is the phase difference from neuron X, to neuron
Xy, then 27 — 9 is the phase difference from neuron X; to neuron X5, denoted by 1y
and 1y respectively. Symmetry in the spike timing is equivalent to having identical phase
differences 1); for i = {1,2}. We can see how for a pair of model neurons there is symmetry
for ¢* = m, but for ¢* # {0, 7}, the symmetry is broken. For ¢* associated with the points
labelled ‘a’;'b” and ‘c’ in Figure 7.2, the timing between the spikes are non-symmetric, since
* £ 21 — p* thus implying that ¢, # 15. These solutions are more generally referred to
as ‘out-of-phase’ solutions.

X1 xl

Time Time

X2 Xz

(a) Voltage traces for neurons in-phase, ¥* = 0. (b) Voltage traces for neurons in anti-phase, ¢* = 7.
Both X; and X5 spike at the same times (t = %) X, spikes at t = 0, whereas X spikes at t = %

Figure 7.3: Schematic of voltage traces corresponding to an in-phase and anti-phase solu-
tion for a pair neurons
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Stability Analysis of equilibrium solutions

To determine the stability of an equilibrium solution ¥*, we determine whether the deriva-
tive of the function H,gqy is positive or negative at ¢*. Due to the negative sign in Eq. (7.8),
the equilibrium solution 1* is locally asymptotically stable, if H,,(¢*) is positive and un-
stable if it is negative.

7.2.2 Phase model predictions

In Figure 7.1, we see a dramatic switch in the behaviour near 0 and 7™ as we move from
g = 0 to gy = 5 as illustrated in panels (B) and (A) respectively. Particularly, the
stabilities of the in-phase and anti-phase solutions switch with the in-phase being stable
for gpy = 5 and the anti-phase state being stable for g); = 0. In Figure 7.2, we see that the
in-phase solution remains unstable until gy; = 3.13, whereas the stability of the anti-phase
state loses stability near gy = 2 as illustrated in panels (B) and (C) respectively. The
case of g)y = 2 is interesting since both the in-phase and anti-phase states are unstable
and the additional fixed points, ‘¢’ and ‘d’, identified in Figure 7.2, panel (C), are stable.
The stability analysis for the in-phase and anti-phase states corresponding to the system
in Eq. (7.7) is summarized in Table 7.1.

Value of g); Phase Difference ¢» Stability Analysis

0 0 Unstable
T Stable
9 0 Unstable
s Unstable
0 Stable
3.13 s Unstable
5 0 Stable
s Unstable

Table 7.1: Phase model predictions for a pair of RT'M model neurons at different values of
9Mm (: {07 2, 5})

We also note that for g, = 3.13, the basin of attraction corresponding to the in-phase
solution is relatively small. Instead, the stable fixed point (‘b’) identified in Figure 7.2,
panel (B), has a larger basin of attraction, and may dominate during the simulations.
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7.2.3 Numerical studies

We now verify the phase model predictions from Table 7.1 by carrying out numerical
simulations for the pair of RTM neurons with the coupling strength gs,,(= €) set to 0.2

mS/cm?. The voltage traces for the coupled model neurons at the different levels of M-
current are presented in Figure 7.4.
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(C) gm=3.13 (D) gm=35

Figure 7.4: Numerical simulations for a pair of RT'M neurons at different strengths of the
M-Current, with gy, set to 0.2. (A) The cells oscillate in anti-phase when g); set to 0.
(B) g is set to 2 and the cells oscillate in an out-of-phase solution,associated with a phase
difference that is close to the equilibrium point ‘c’, identified in panel (C) of Figure 7.2.
(C) g is set to 3.13 and the cells oscillate in an out-of-phase solution, associated with a

phase difference close to the equilibrium solution ‘b’, identified in panel (B) of Figure 7.2.
(D) The cells synchronize when g, is set to 5.

For gy = 5, illustrated in panel (D), as predicted the neurons synchronize indicating
the stability of the in-phase solution. When g,; is set 0 or 2, we see that the neurons
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desynchronize. In particular, in the absence of M-current (g = 0), the neurons tend to
oscillate in anti-phase as illustrated in panel (A). When M-current is provided at a ’low’
level by increasing gy; to 2, the neurons exhibit a different phase-locked state, illustrated in
panel (B), which was associated with a phase difference (calculated using Eq. (7.3)) closer
in value to the additional stable equilibrium solution,‘c’, identified in (%, 7) in Figure 7.2,

bR
panel (C).

At gy = 3.13, we were unable to obtain the expected in-phase solutions. Although,
other phase-locked solutions are observed which was associated with a phase difference (cal-
culated using Eq. (7.3)) closer in value to the additional stable equilibrium, ‘b’, identified
in Figure 7.2, panel (B).

The simulations agreed with the phase model predictions for a pair of weakly coupled
RTM model neurons, with g, set to 0.2, and supplied with an M-current at strengths
corresponding to gy; = 0,2 and 5. When the M-current strength is set at the specific
strength corresponding to g,; = 3.13, the predictions did not seem to agree, in particular
regarding the stability of the in-phase solution. This point (gy; = 3.13) was identified as
the point where the sign of the derivative H' evaluated at 0, becomes positive thereby
indicating the stability of the in-phase solution. However our simulations did not verify
the in-phase stability pointing to a possible discrepancy in the approximation of H for this
specific value. It may be possible that more terms may be required in the approximation
of the interaction function corresponding to values of g,; that are very close to a critical
point. Additionally, it may be that gy, = 3.13 is extremely close to a bifurcation (where
the stability of the in-phase changes), and as such the phase model may be an unreliable
tool in determining existence and stability of solutions for a system corresponding to a set
of parameters chosen within a small neighbourhood of a transition point. Alternatively, it
could also be that for this strength of the M-current, a coupling strength of 0.2 might be
too strong. Without further investigation, we do not to consider gy; = 3.13, in our analysis
moving forward and focus on the predictions and corresponding results for the values of
am = {0, 2, 5}

Based on the results for a pair of weakly coupled RTM model neurons, we propose
three qualitative levels of ACh, whose descriptions are summarized in Table 7.2. In Table
7.2, gy is the point associated with a Bogdanov Takens bifurcation, beyond which the
neuronal dynamics switches to Class II and the anti-phase solution loses stability. g/
is the point where the neurons begin to synchronize. Our phase model approximation
predicts this point to occur at gy, = 3.13, which disagreed with numerical simulations.
However, in general, we expect the framework outlined in Table 7.2 to remain consistent
across different neuron models incorporated with an M-current. In the context of our
model and for our analysis, gy = 0,2 and 5 are identified with low, intermediate and high
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Level of ACh M-current Description
conductivity
High gnm > Gy The anti-phase solution is stable and neuron has
Class I dynamics
Intermediate | g3, > gm > gum Both in-phase and antiphase solutions are
unstable. Neuron has Class II dynamics
Low Igv < gm The in-phase solution is stable and the neuron
has Class II dynamics.

Table 7.2: Neuronal behaviour at different Levels of ACh

levels of ACh respectively. These observations and results are consistent with numerical
findings demonstrated for the same model in [1].
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7.3 A network of arbitrary size with all-to-all global
homogeneous coupling

We now consider a network of reduced Traub Miles (RTM) model neurons equipped with
weak all-to-all coupling, such that each cell receives a synaptic input from every other cell
within the population at the same intensity.

v,
dt

dSi V; S; -
E—E)(l—i-tanh(z))(l—si)—g i={1,2,..,N}

N
Gsyn
- ]app - Iionic<v) - < Z Sj(‘/; - ‘/syn) (710)

The coupling strength ¢ associated with Eq. (7.10), is defined by the maximal synaptic
conductance, gy, normalized by N to reflect the individual contributions from the other
cells. The condition guaranteeing the stability for a symmetric cluster solution for a net-
work of this form is reviewed in Chapter 5 (see Section 5.2.2). A significant implication
of this condition is that the stability for a symmetric n—cluster solution, where the phase
differences are equal (¢; = 1), is independent of size of the network N and is implicitly
dependent on ¢ (See Egs. (5.26) and (5.27)). Essentially for a network with global homo-
geneous coupling, any symmetric division of the network into n clusters is an admissible
n—cluster solution with stability described by Eq. (5.27). As a result, the phase model
predictions are also applicable for symmetric n—cluster solutions, where the adjacent phase
differences ¢ are not necessarily equal. An all-to-all coupling architecture is adopted as
a way to study the high connectivity within the CA3 recurrent network under different
strengths of the M —currents.

7.3.1 Phase model predictions

We use the phase model approximation of Eq. (7.10) to predict the stability of symmetric
n—cluster solutions for the network. Table 7.3 summarizes which symmetric n— clusters
are stable for a network given by Eq. (7.10).

If N is divisible by n, then a corresponding network of size N, admits a symmetric n—
cluster solution. The columns 2 — 4 in Table 7.3 correspond to the network at a particular
strength of the M-current (indicated by gs) and each row summarizes the stability trend
for a specific n— cluster. For a given value of n, we compute Eq.(5.27) for each gps, and if
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Table 7.3: Phase model predictions for n— clusters (n = {1, ..,15}) across different values
of gy in a network with global homogeneous coupling. The solutions that were verified
numerically are marked with a *.

Cluster Size Value of gy,

n 0 2 5

15 Unstable Unstable Unstable
14 Unstable Unstable Unstable
13 Unstable Unstable Unstable
12 Unstable Unstable Unstable
11 Unstable  Unstable  Unstable
10 Unstable Unstable Unstable
9 Unstable Unstable Unstable

Unstable Unstable Unstable
Stable* Stable* Unstable
Stable* Stable* Unstable
Stable* Stable* Unstable
Stable* Stable* Unstable

Unstable Unstable Unstable

Unstable Unstable* Unstable*

Unstable* Unstable* Stable*

N W s GOy .

it is positive, we mark the corresponding n—cluster as a predicted stable solution for some
appropriate network at particular strength of the M-current.

The phase model predicts that the in-phase solution (n = 1,1 = 0) follows the same
stability trend as a pair of weakly coupled RTM model neurons, which is in line with the fact
that the stability condition for the in-phase solution only depends on the sign of H'(0). We
expect this stability trend to be consistent across all networks and coupling architectures
satisfying periodic boundary conditions. The in-phase solution is also the only symmetric
solution predicted to be stable when the M-current conductance is increased to g, = 5.
When g, is set to 0 or 2, the phase model predicts that there are multiple stable n—cluster
solutions ranging from 4 to 7 clusters.
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7.3.2 Numerical studies

We studied networks for N = 4 — 15 and 24 , equipped with an all-to-all coupling such
that each weight w; in Eq. 5.21 is set to 1. In Table 7.3, a stable n—cluster solution is
marked by *, if we observed a symmetric n—cluster for at least one N and corresponding
1 through our simulations.

When g, is set to 0 or 2, we found multiple n—cluster solutions that were predicted
to be stable for each network size. The 4—,5— and 6—clusters were obtained for networks
of 10,12,15 and 24 RTM model neurons, with g;; set to 0 and are presented in Figure
7.5. In Figure 7.5, panels (A)-(C) display the voltage traces corresponding to 4—,6—
and 5— cluster solutions respectively. The remaining panels, (D)-(I), below each voltage
trace illustrate how a network organizes itself into the n clusters. As an example, consider
the panel (D), which shows a network of 24 RTM model neurons equipped with all-to-
all connections exhibiting a stable 4—cluster solution. Each node in the ring schematic
corresponds to a neuron'. Nodes with the same colour represent neurons that belong to
the same cluster at the steady state. Each colour also corresponds to one of the traces
in the voltage trace plot (panel (A)) identified through the same colour. The raster plots
also portray the same information, but with a time component. We can determine the
sequence in which each of the 4 clusters spike in one cycle. In this case, the 4 clusters for
a network of 24 neurons are given by:

¢, ={1,5,9,..,21}
Cy = {2,6,10,..,22}
Cs = {3,7,11,..,23}
Cy = {4,8,12,..,24}

In panel (D), the raster plot indicates that the firing order is ) —Cy — C3 —Cy with ¢ = 7.

The same solution (¢ = %) is also observed in panel (G), for a network of size N = 12. For

Y= 37”, the firing order would be reversed Cy — C5 — Cy — C. Now consider the 6—cluster

'IMPORTANT: The figure does not represent a physical network. The illustration simply shows what
neurons are connected and that it has periodic boundary conditions.
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solutions obtained for N = 24 illustrated in panel (E). The clusters are given by:

Cy={1,7,13,..,19}

Cy = {2,8,14, .., 20}

C3 =1{3,9,15,..,21}

Cy = {4,10, 16, .., 22}

Cs = {5,11,17,..,23}

Cs = {6,12,18, .., 24}
with an ordering of C} — Cy — C3 — Cy — C5 — Cg corresponding to 1 = %. The same solution
(¢ = Z) is also observed for a 12 neuron network illustrated in panel (H). We were unable

3
to find the other 4— and 6— cluster solutions numerically.

An example of an n—cluster with different ordering is illustrated in panels (F) and (I)
for a network of 15 and 10 RTM model neurons respectively. Following the same scheme
as before, the clusters are given by: C; = {i,i +5,..,.N —n — i} for i = {1,2,3,4,5}.
In panel (F), the clusters fire in the order of C5 — Cy — C3 — Cy — Cy corresponding
to a phase difference of 1 = %’r The ordering is reversed in the case in (I), with an
ordering of C} — Cy — C3 — Cy — C5 corresponding to ¢ = %”. The colours are assigned
in order to match the order of the voltage traces presented in panel (C). Note that the
5—cluster solution can also take on other orderings as well, such as those associated with
Y =22(C,—Cy—Cy—Cy — C3) and ¢ = %”(C’l — C3 — C5 — Cy — C4) which we did not

5
find numerically.

Increasing the gj; to 5, the system strongly tends to a synchronized solution, with all?
other states verified to be unstable (by initializing the system close to the cluster solution
as discussed in Section 7.1). The synchronization of the network is demonstrated in Figure
7.6.

Next, we considered a network with no M-current (ga; = 0), initialized in a stable cluster
solution, and introduced transient perturbations during the time interval [8000, 8050]. The
transient perturbations were in the form of an increased external current pulse applied
to a subset of the cells. The perturbations could switch the network between different
realizations of the same n—clusters. This could either be a change to the firing order, or a
change in the cells that belong to the initial clusters. We present a few of these transitions
that were observed for the networks N = 12,15 and 24.

2In this case we confirmed that an n—cluster corresponding to one 1 is unstable, we did not check it
for all values of 1

79



15 - - ] - ——— -

24 * * * * 24 * * * *
» . . . . 2ol . . . , . B . . .
. * N * N * N * * N * M * N * N 10 * - * *
g . . s . . . . . . . .
8 . . . . 3 . . . . 3 . . . . .
3
10 * * 10 * * * * © * * * *
. . . . . . . . . s . . . B
st 4 ” " . B 1 s s . s s ' .
. . . . " . . : - . . . .
o 5 . .
Pise assr tassa Tams Taved 145 ramws 1acer 1aom 1ase 15 Pion vaser tawa A 1aosi s rAws 147 14w 145 15 Pion e Tamz A Taow e Tawe Taewr 1awwe 1awe 15
e meso <0t Time mseo Lot

Time msac <10

D E F

12 10
2 x * . .
. « « . o B « B .
10 . - . «
10 B . . .
s . . . x
. . N . . ;
s B . . . « . . ; ; . J 7 “ “ “
5 B “ . - e . . - B
- - - - £ . “ “ B B =
. . - » & . . 8 s 4
4 * * * * 4 “ . ,‘ 4 B “ " *
* N = = 3 . - « “
2 . * . - 2| . . . “ “
2 B . B B
o . . . . . o . . . . . . | ' . . T . - |
1499 14991 14992 14980 14994 14995 14996 14997 14998 14999 15 1499 14991 14902 14993 14994 14995 14996 14997 14998 14999 15 1439 14991 14992 14993 14904 14995 14996 14997 14998 14309 15
Time msec. w0t Time msec: 10 Time msec: 10t

G H 1

Figure 7.5: Multiple stable cluster solutions obtained for a network of reduced Traub-Miles model
neurons of sizes N = 10,12,15 and 24. In the network, cells are coupled to every other cell with equal
synaptic weights (k = L%Jap = 1). In each illustration, nodes sharing the same colour represent neurons
belonging to the same cluster. The voltage traces are presented for a (A) 4—cluster, (B) 6—cluster and
(C) 5—cluster solutions. A stable 4—cluster solution is illustrated for a network of (D) 24 cells and (G)
12 cells, both associated with ¢» = 7. A stable 6— cluster is illustrated in a network of (E) 24 cells and
(H) 12 cells, both associated with 1 = %. (F) A stable 5—cluster solution is illustrated for a network of
15 cells associated with ¢ = %’T (T)A different stable 5—cluster is illustrated for a network of 10 cells with

P = %’T. The order of cluster firing is discussed in the main text.
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Figure 7.6: Synchronization of a network of RTM model neurons, when g, is set to 5. (A)
The voltage trace associated with an in-phase solution. The in-phase solution is illustrated

for a network of (B) 24 cells, (C) 15 cells, (D) 12 cells and (E) 10 cells through raster
plots and node diagrams.

In Figure 7.7, panel (A) shows a network of 24 RTM model neurons, initialized in a
stable 4—cluster associated with ¢ = 7 and a firing order given by C) — Cy — C3 — Cj.
Applying a transient pulse to a subset of the cells can switch the network to a new stable
4—cluster solution, either with a different ordering given by: C; — Cy — C5 — Cf, as shown
in panel (B), or a different arrangement of cluster cells as shown in panel (C). In panel
(A), the solution is initialized with clusters, Cy and Cy, given by: {2,6,10, 14, 18,22} and
{4,8,12,16, 20, 24} respectively. In panel (C), clusters Cy and Cj recruit different cells in
the new stable solution given by: {2,10,12,14,22 24} and {4, 6,8, 16, 18,20} respectively.

Now consider a network initialized in a stable 6—cluster solution with firing order given
by: Cy — Cy — C3 — Cy — C5 — Cg which is displayed in panel (D) of Figure 7.7. A transient
perturbation, applied to a subset of the cells, can switch the initial state to a new stable
cluster solution in three ways as demonstrated through panels (E)-(G). Panel (E) is a stable
6—cluster solution with a different firing order given by: C; —Cy—Cs—C35—Cy—C5. Panel
(F) shows a stable 6—cluster solution where the clusters formed in the initial state (panel
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(D)) change. In panel (F), the cluster Cs changes from {6, 12, 18,24} to {6,12,16, 17}, the
cluster Cy changes from {2,8,14,20} to {2,14,19,24}, and the cluster C, changes from
{4,10,16, 22} to {4,8,10,22}. Panel (G) shows a stable 6—cluster solution where there is
a change to both the firing order and the arrangement of cells in the clusters. In panel
(G), the clusters Cy, Cy and Cy change to {4,6,16,18}, {2,12,14,24} and {8, 10, 20, 22}
respectively. The firing order is given by: C; — Cy — U5 — Cg — C5 — C4. A description of
the results associated with N = 12 and 15 are discussed in Appendix C.3.

The simulations were repeated with gy set to 5, where we observed that the synchro-
nized solution persisted under the same transient current pulses used in the g); = 0 case.

7.3.3 Prediction failure in the anti-phase and 3— cluster solutions

During our simulations, we observed that the 2—cluster () = 7) and 3—cluster solutions
were actually stable when g, is set to 0, contradicting the predictions of the phase model
(See Table 7.3). In particular, we observed the 2—clusters () = 7) consistently for a
network of 4 neurons (See Figure 7.8) and 3—clusters for a network of 6,12,15 and 24
neurons as well (See Figure 7.9).

Further investigation revealed that using a minimum of a 100 Fourier terms in the
approximation of the interaction function, H, could numerically classify the anti-phase
solution as a stable solution for g); = 0. For the 3—cluster solution, using a minimum of
105 terms, classifies it as a stable solution. This suggested that in the higher connectivity
schemes, where more connections are involved, the higher order terms in our approxi-
mations are significant. We compared the eigenvalues for the anti-phase and 3—cluster
solutions computed for a different approximations of H in Tables 7.4 and 7.5 respectively.
We see that 17 in both cases remained consistent across the different approximations. How-

Number of terms Number of terms
1 30 100 L 30 100 105
o | —0.0093 0.0013 o | —0.0111  —0.0006 0.0001
wy | 0.0392  0.0392 wy | 0.0267 0.0265 0.0267
Table 7.4: p; for n =2 Table 7.5: p; for n =3

ever, fo changes dramatically across the different approximations of H. The parameter py
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Figure 7.7: Multistability when gy, is set to 0, in a network of 24 RTM model neurons with globally
homogeneous coupling. (A) The network is initialized in a stable 4—cluster with a firing order: C; — Cy —
C3 — Cyq, where C; = {i,i+4,...,19+i}. (B) A transient perturbation, in the form a current pulse,
applied to a subset of the cells alters the firing order to C; — Cy — Cy — C3. (C) Applying the pulse to
a different subset of cell, can switch the network to a stable 4—cluster solution where the cells belonging
to Coy and C4 change to {2,10,12,14,22 24} and {4, 6,8, 16,18,20} resp. (D) The network is initialized
in a stable 6—cluster with a firing order: C; — Cy — C3 — Cy — C5 — Cg, where C; = {i,i +6,...,17 +i}.
(E) A transient perturbation, in the form a current pulse, applied to subset of the cells alters the firing
order to C; — Cy — Cg — C3 — Cy — C5. (F) Applying a perturbation to a different subset of cells can
also switch the network to a stable 6—cluster solution where the cells belonging to cluster Cg, C and
C4 change to {6,11,16,18},{2,13,20,24} and {4,8,10,22}. (G) The perturbation can also switch the
network to a stable 6—cluster solution where the cells belonging to cluster Cg, Co and Cy change to
{8,10,20,22},{2,12,14, 24} and {4, 6,16, 18} and the firing order changes to Cy —Cy —C3 — Cs — C5 — Cy.
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Figure 7.9: A 3—cluster obtained for a network of 6,12, 15 and 24 neurons equipped with
all-all homogeneous coupling at gy, = 0. The voltage trace for the solution is presented in
(A). A 3—cluster solutions are illustrated in a network of (A) 3 cells, (B)12 cells and (E)
24 cells, all associated with 1 = 2%. (D) A 3—cluster solution obtained for a network of
15 cells associated with ¢ = 4%.
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comes from the following sum, described in Eq. 5.27.

n—1
27
= H | k— 7.11
oS (1) o
Breaking this down further, we evaluate this sum for a 2—cluster and 3—cluster solution.

2 cluster : H'(0) + H'(r) (7.12)

3 cluster : H'(0) + H' (2%) H (4%) (7.13)

Both H'(w) and H'(3) are positive, whereas H'(0) and H'(4%) are negative. These indi-
vidual values are displayed in Table 7.6, for different approximations of H. We see that
the approximation greatly varies as we jump from 30 to 100 and so on, in the evaluation
of H' especially at 0. The failure in our predictions for these solutions, using a 30 term
approximation, is thus attributed to the significance in the magnitude of H’(0) in relation

to H'(m), H'(3) and H'(4F).

Number of terms
30 100 105 200

H'(0) | —0.0289 —0.0183 —0.0176 —0.0104
H'(m) | 0.0196 0.0196 0.0195 0.0195
H'(2%) | 0.0723 0.0722 0.0722 0.0722
H'(4%) | —0.0545 —0.0545 —0.0546 —0.0547

Table 7.6: Evaluation of the derivative of the interaction function, H at 0,7,2% and 4%
under increasing number of Fourier terms used in the approximation.

When we compared the remaining predictions for n—clusters, where n > 3 and the
interaction function, H, was approximated by 200 terms (this is the maximum number
of terms available to us from XPPAUT), the stabilities were consistent with the 30 term
approximation. As the size of the cluster, n, increases, the corresponding p; and pg are
composed of an increasing amount of terms, that keep track of the phase differences for a
single cell to all of its neighbours. As an example, for n = 8, the sum in Eq. (7.11) consists
of terms that play a role in the stability of 2— and 4— cluster solutions. Additionally, the
extra terms also classify the stability of different 8— cluster solutions that are considered in
a nearest neighbours coupling. As we will see that not all 8—cluster solutions in the nearest
neighbours case are stable for gy = 0 (determined by the negative value of H!,,(¢)), which
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contributes to the instability of any 8—cluster solution in the globally homogeneous case.
As such, for the larger n—cluster solutions, the burden of destabilizing the solution is
shared among other terms, in addition to H’(0), and so is more forgiving of the error in
its approximation.

Based on this, we revise our prediction step in the next section, where we consider a
special case of the all-to-all coupling with distance dependent synaptic weights, and use a
100—term approximation of the interaction function, H.
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7.4 A network of arbitrary size with all-to-all globally
heterogeneous coupling

In this section we consider a network of reduced Traub-Miles (RTM) model neurons
equipped with weak all-to-all distance dependent coupling. A description for this cou-
pling is given in Section 5.2.2.

N
dV; Gsyn Yo
g = Lo — Lionic(V) — Ty Y~ plimImetN g (Vi = Vign) (7.14)
i

ds; Vi Si .
E—5(1—I—tanh(z)>(l—sz)—§ Z—{l,Q,..,N}

If p is set to 1, then Eq. (7.14) reduces to Eq. (7.10). In contrast to the nearest neighbours
and all-to-all global homogeneous coupling, the heterogeneity in the coupling (p # 1) makes
it difficult to derive some minimal condition that is independent of the size of the network
(N) or cluster (n) to guarantee asymptotic stability. Instead we need to compute all the
eigenvalues, p; given by Eq. (5.16). We consider this type of coupling, as way to study the
recurrent connections within CA3, with a globally heterogeneous distribution of synaptic
weights. We call this distance-dependent since the weight of the coupling, w;, from each
cell decreases monotonically with ¢. The stability analysis is summarized in Tables 7.7 and

7.8.

7.4.1 Phase model predictions

We use the phase model approximation of Eq. (7.14)? to predict the stability of symmetric
n—cluster solutions, where the phase differences between adjacent cells are equal (¢; = ),
for a network of size N. Setting p = 0.5, the stability predictions for the symmetric
clusters are summarized in Tables 7.7 and 7.8 for networks N = 4, 5,6, 8,10, 12,20 and 24.
A periodic solution where adjacent cells are spiking with a phase difference () in the form
of 2 for some k € {1,2,.., N} is admissible for a network of size N. In Tables 7.7 and 7.8,
for a given value of the M-current conductance (g,s), the stability trend is summarized in
each row corresponding to a (IV, 1) pair by computing Eq. (5.16).

As expected, the stability trend for the in-phase is identical to that of a pair of weakly
coupled neurons, due to the fact that the stability criteria for the in-phase (n = 1,1 = 0)

3Based on our observations in the previous section, we use a 100— term approximation of the H function
to determine the stability predictions.
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is independent of the size of the network N and the coupling architecture. When ¢,; is set
to 5, up until N = 10, the phase model predictions are identical to the case of the global
homogeneous coupling with the in-phase state being the only stable solution. Beyond
N = 10, the phase model predicts that at least one splay solution is stable in addition to
the synchronized state.

When g, is set to 0 or 2, the phase model predicts that there are multiple stable
n—cluster solutions. As observed in the previous section, the phase model predicted that
n—clusters ranging from n = 2 to n = 7 were stable for a globally homogeneous coupled
network (p = 1). In this case, the phase model predicts there are also stable n—cluster
solutions for n > 7, corresponding to some ), for appropriate networks (N > 7).

As opposed to the global homogeneous case, for a given gj;, a particular n—cluster
solution can differ in stability for the same network (N) but with different values of 1. For
example, consider N = 8, when there is no M-current (gy; = 0), the phase model predicts
that an 8—cluster solution (splay state) with 1) = 7 is unstable but stable if ¢» = 37. An
n—cluster solution associated with the same 1 can also differ in stability across networks
with different sizes, N. As an example, consider N = 12 in Table 7.7, when g); = 5,

the phase model predicts that a 12—cluster with ¢ = % is stable. The same solution is

predicted to be unstable for N = 24 in Table 7.8, at gy = 5.

7.4.2 Numerical studies

We studied networks N = 4 — 16 and 24 equipped with distance dependent coupling where
pin Eq. (7.14), is set to 0.5. In Table 7.7, an n—cluster associated with a specific network
size, N, and phase difference, v, is marked by * for a specific value of gy, if we observed
it during our simulations.

When g, is set to 0, we obtained multiple n—cluster solutions that were predicted to be
stable for each N. In particular, we obtained the anti-phase (n = 2, ) = 7) and 3—cluster
solutions for N = 6, 8,16 and 24. The phase model also predicts that an 8—cluster solution
corresponding to ¢ = 3% (or 57) is stable when gy is set to 0 for N = 8 and 16. We
obtained these solutions for both networks. The anti-phase (n = 2, ¥ = 7), 3—cluster
and 8—cluster solutions that were obtained for g,; = 0 , are presented and discussed in
Appendix C.4 as well.

When gy, is increased to 5, just as we had for a network with globally homogeneous
synaptic weights, networks fully synchronize () = 0) with globally heterogeneous weights.
For N > 8, the phase model also predicts an additional splay solution for the network. In
particular, it predicts a splay state in which adjacent cells spike with a phase difference
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Table 7.7: Phase model predictions across different values of gy, = {0,2,5} in RTM net-
works equipped with distance-dependent coupling with p = 0.5.

Network Size Phase Difference Value of gys Cluster Size
N W 0 2 5 n
0 Unstable* Unstable*  Stable* 1
4 5,35 Stable* Stable*  Unstable 4
s Stable* Unstable Unstable 2
0 Unstable* Unstable*  Stable* 1
5 2%,8% Stable Stable*  Unstable 5
4%,6% Stable* Stable  Unstable 5
0 Unstable* Unstable*  Stable* 1
2:0% Stable Stable Unstable 6
6 2%,4% Stable* Stable*  Unstable 3
T Stable Unstable Unstable 2
0 Unstable* Unstable*  Stable* 1
e Unstable  Unstable Unstable 8
3 5,35 Stable* Stable*  Unstable 4
3%,5% Stable* Stable Unstable 8
s Stable* Unstable Unstable 2
0 Unstable* Unstable*  Stable* 1
5 11% Unstable  Unstable  Stable* 12
2:0% Stable Stable Unstable 6
12 5,35 Stable* Stable*  Unstable 4
55, 7% Stable Stable Unstable 12
2%,4% Stable* Stable*  Unstable 3
s Stable* Unstable Unstable 2
0 Unstable* Unstable*  Stable* 1
2, 15% Unstable  Unstable  Stable* 16
16 e Unstable  Unstable Unstable 8
3%, 13% Stable Stable Unstable 16
5,35 Stable* Stable*  Unstable 4
5%, 115 Unstable Unstable Unstable 16
35,57 Stable* Stable Unstable 8
7%,9% Stable Unstable Unstable 16
T Stable* Unstable Unstable 2
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Table 7.8: Phase model predictions across different values of gy, = {0,2,5} in RTM net-
works equipped with distance-dependent coupling with p = 0.5.. Continuation from Table
7.7

Network Size Phase Difference gum Cluster Size
N (0 gy =0 gu=2 gu=>5 n
0 Unstable* Unstable*  Stable* 1
15,2375 Unstable  Unstable  Stable* 24
5 115 Unstable  Unstable Unstable 12
e Unstable  Unstable Unstable 8
2,0% Stable Stable*  Unstable 6
94 55,1975 Stable Stable Unstable 24
2335 Stable* Stable*  Unstable 4
T35, 1155 Stable Stable Unstable 24
55, 7% Stable Stable Unstable 12
2%,4% Stable* Stable*  Unstable 3
37,55 Stable Stable Unstable 8
s Stable* Unstable Unstable 2

of ¢ = 2% or (2N — 2)%. These type of solutions were obtained for N = 12,16 and 24
and presented in Figure 7.10. In each case illustrated in panels (A)-(C), cells within the
network, spike in the order of ) —Cy—---—Cy_; —Cy corresponding to 2% for N = 12,16
and 24 respectively.

Next, we initialized a network with no M —current (g, = 0) in one of the predicted
stable n—cluster solutions and applied transient perturbations in the form of an increased
external current pulse, to a subset of the cells during the time interval [8000, 8050]. The
perturbations can switch the network into a different stable n—cluster or a different re-
alization of the initial one. In Figure 7.11, panels (A) and (C) show the raster plot for
a network of 8 and 16 cells respectively, each initialized in a stable 4— cluster solution
corresponding to ¢y = 7 ( with a firing order : C} — Cy — C5 — Cy). Panels (B) and (D)
show one case, in which the both networks switch from the initial 4—cluster solution to
a different realization corresponding to an inter-cluster phase difference of ¢» = 37. The
final solution is predicted to be a stable solution in Table 7.7, and reverses the firing order
(Cy —Cy—C53—Cy). Panels (C) and (D) show a second possibility, in which by perturbing
a different subset of cells, the network switches to an 8—cluster solution corresponding to
a phase difference ¢ = 7% (with a firing order : C} — Cs — C3 — Cs — C5 — Cy — C7 — Cy),
which is a reverse of the solution associated with ¢ = 37.
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Similarly, for a network of 12 RTM model neurons with no M-current (g, = 0) ,
initialized in a stable 4—cluster solution with an inter-cluster phase difference of ¢ = 7,
a transient perturbation can reverse the firing order of the initial state and switch the
network to a different stable 4—cluster solution associated with ¢» = 37. The network can
also switch into different stable 12—cluster solutions by applying the perturbation to a
different subset of cells, associated with a 1 that is either 5For 7%. The solutions for this
network is further discussed in Appendix C.4.

When g, is increased to 5, networks initialized in the synchronized state persist under
the transient perturbations. However, for a network of size N > 8 (from Table 7.7),
initialized in a splay solution, applying a perturbation to at least half the cells could
synchronize the network. This is illustrated in panels (A)-(C) in Figure 7.12 respectively,
for a network of 12 16 and 24 cells , initialized in a splay solution, synchronize after a
perturbation is applied to half of the cells.

In our simulations for gy, = 0, we also observed solutions where the network switched
into a symmetric n—cluster with heterogeneous adjacent phase differences (¢;). Although,
our predictions in Table 7.7 do not apply, the phase model, in general under periodic
boundary conditions, may still admit these solutions, however more work needs to be done
to verify these solutions. In Figure 7.13, panel (A) shows the transition of a network of 8
cells initialized in an anti-phase solution to a 4—cluster solution with clusters, as per usual,
given by C; = {i,i + 4} for i = {1,2,3,4}. The order in which the clusters fire, however,
is different and given by: C} — Cy — C3 — (3, which is not a predicted solution since this
implies unequal phase differences.

Recall that 1; is the phase difference between cell i + 1 (mod N) and cell i, (¢; =
0;11 — 0;). Then the 4—cluster solution obtained in the final state could correspond to a
solution with the following phase difference distributions.

) = [32,

Note that (7.15) still satisfies periodic boundary conditions and also corresponds to the
firing order observed. The same transition is also observed for networks of 16 and 24 cells
initialized in a predicted stable 4—cluster solution (w = E), illustrated in panels (C) and

2
(D) respectively in Figure 7.13.
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In panel (B), a network of 12 cells, initialized in an anti-phase solution, switches to
a 4—cluster solution with a firing order given by: C} — C3 — Cy — C;. We propose the
following phase difference distribution between each cell:

) = [3%,
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The verification of whether the solutions described by (7.15) and (7.16), are indeed phase
model predicted stable solutions, is left for future work.
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Figure 7.10: Demonstration of splay state solutions for RTM networks equipped with distance-dependent
with gps set to 5. (A) A splay solution for a network of 12 cells, spiking
(B) A splay solution for 16 cells with a phase difference ¢ = . (C) A
splay solution obtained for a network of 24 neurons with 1) = {5. In each case, the cells fire in the order
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Figure 7.11: Multistability in a network of RTM model neurons, equipped with global distance dependent
coupling (p = 0.5), when gy is set to 0. In each case, the network is initialized in a stable cluster solution
and a transient perturbation is applied to a subset of the cells during time ¢ € [8000,8050]. (A) Network
of 8 cells is initialized in a stable 4—cluster solution (1/) = g) (B) The perturbation reverses the ﬁring
order of the spiking cells from (A), switching the network to a different stable 4—cluster solution ( )

(C) A perturbation applied to a different subset of cells, can switch the initial state in (A) to a stable
8—cluster (¢ =7%). (D) Network of 24 cells is initialized in a stable 4—cluster solution ( =7). (E)
The perturbation switches the network in (D) to a different stable 4—cluster solution (¢ (F) The
network in (D) can also switch to a stable 8—cluster (¢ = 7%).
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Figure 7.12: Multistability in a network of RTM model neurons with gy, set to 5, and
with globally heterogeneous synaptic weights. A transient perturbation is applied during
time ¢ € [8000,8050] to a network initialized in a stable splay solution. (A) Network of
12 cells, initialized in a stable splay solution (w = %), synchronizes when 6 of the cells
are perturbed transiently. (B) Network of 16 cells, initialized in a stable splay solution
(@Z) = %), synchronizes when 8 of the cells are perturbed transiently. (C) Network of 24
cells, initialized in a stable splay solution (@Z) = %), synchronizes when 12 of the cells are

perturbed transiently.
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Figure 7.13: Demonstration of transitions between cluster solutions for a network of RTM model neurons,
equipped with nearest neighbours coupling, with g; set to 0. In this case, the network is initialized in a
stable cluster solution as predicted by the phase model, and under the transient current pulse, it will switch
to a symmetric cluster solution where the phase differences between adjacent cells are heterogeneous. (A)
A network of 12 cells is initialized in an anti-phase solution with each cluster C; defined by {i,i+2,..., N—
2+ i} for i = {1,2}. Applying a transient pulse can switch it to a 4—cluster solution with clusters C;
defined by {i,7+ 4} for i = {1,2, 3,4} and a firing order: C; — Cy — Cy — C5.(B) A network of 24 cells is
initialized in an anti-phase solution with each cluster C; defined by {4, 4+ 2,..., N — 2+ i} for i = {1,2}.
Applying a transient pulse can switch it to a 4—cluster solution with clusters C; defined by {i,7 + 4} for
i ={1,2,3,4} and a firing order: C; — C5 — Cy — Cy. (C) A network of 12 cells is initialized in a stable
4—cluster associated with 1) = 5. The transient pulse changes the firing order from C; — Cy — C3 — Cj to
Cy — Cy — Cy — C3. (D) A network of 12 cells is initialized in a stable 4—cluster associated with ¢ = 5
The transient pulse changes the firing order from C; — Cy — C3 — C4 to C7; — Cy — Cy — Cs.
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7.5 A network of arbitrary size with nearest neigh-
bour coupling

We now consider a network of reduced Traub Miles (RTM) model neurons equipped with
weak nearest neighbours coupling, such that each neuron X; will synaptically excite its
adjacent neighbours X;_; and X, ; with ¢ (mod N).

dVv; sy

dt - ]app - Iionic(v) - g2y : (S(ifl) mod N(V; - V;yn) + S(i+1) mod N(V; - ‘/syn)) (717)
ds; Vi S;

(1 h(=))(1 —s) — =  =41,2.... N

B s ()1 s) -2 = 12,N)

In this case, the coupling strength ¢ associated with Eq. (7.17), is defined by the maxi-
mal synaptic conductance, gs,,/2, since each neuron will receive contributions from two
neighbours. The conditions guaranteeing the stability of a phase-locked solution for this
network of this form is reviewed in Chapter 5. In particular, we learned that the stability
of a symmetric n— cluster solution for a network, where the adjacent phase differences are
equal (¢; = 1), is independent of the size of the network, N. In fact, the stability condi-
tion is identical to the case of pair of weakly coupled neurons. This type of coupling does
not reflect the standard highly recurrent connections of the CA3 excitatory sub-network,
but can provide insight on the implications of acetylcholine on a network with reduced
connectivity.

7.5.1 Phase model predictions

Using the phase model approximation of Eq. (7.17) 4, we predict the stability of symmet-
ric n— cluster solutions for an arbitrary network, where the adjacent cells repetitively
spike with a phase difference of 1. The predictions are summarized in Table 7.9 for
n = 1,2,..,10,12,15. If N is divisible by n, then a corresponding network of size N
can admit an n—cluster solution with ¢ = 2%“ for some £ < N . For a given strength of
the M-current (determined by g,s), the stability trend of an n— cluster is summarized in
each row corresponding to a specific 1 by checking if the condition in Corollary 5.2.1.1 is
satisfied.

4The stability criteria only depends on the sign of H',, evaluated at the identical phase difference (1)
as established in Corollary 5.2.1.1. So the phase model approximation in this section uses the same number
of terms as the case of a pair of weakly coupled neurons. (30 terms)
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The in-phase solution, as expected, follows the same stability trend as the prior cases,
with the whole network synchronizing as the M-current in the system increases. Unlike the
previous cases, when g, is set to 5, the phase model predicts that there are multiple stable
n—cluster solutions beyond the splay state and the synchronized state. When g), is set to
0 or 2, the phase model predictions are similar to the previous cases, with multiple stable
n— cluster solutions. Similar to the distance dependent case, for a given g,;, a particular
n—cluster solution can differ in stability for differing values in ¢. For example, consider
n > 4 and n # 6, for which there is at least one ¢ corresponding to unstable, and one that
is stable for each g;;. Unlike the distance dependent coupling case, an n—cluster solution
associated with the same 1) is stable for all applicable networks (n|N).

Recall that the predictions made in Table 7.9 are independent of N. If we consider
a larger network of 24 (or 300 neurons), then based on the phase model analysis of net-
works of sizes 3 through 15, we can predict the stability of the 1—cluster, 2—clusters,
3—clusters,4—clusters, 6—clusters, 8—clusters and 12—clusters (along with 5 and 10 for
N = 300) at different values of gy.

7.5.2 Numerical studies

We verify the predictions from Table 7.9, by running simulations in MATLAB. We studied
networks with N = 5,6,...,15 with g, set to 0.2. In general, the symmetric cluster
solutions that emerged in the simulations agreed with the phase model predictions. As a
brief summary of the correspondence between our phase model predictions and numerical
simulations, in Table 7.9, we marked the solutions that were verified through numerical
simulations by an *.

When g;; was set to 0, we found multiple n—cluster solutions that were predicted to be
stable. In particular, we obtained the anti-phase (n = 2,¢ = ), 3—cluster and 5—cluster
solutions found for networks of arbitrary sizes. Although the phase model predicts stable
4—cluster,6—cluster and 8—cluster solutions, we were unable to obtain these solutions for
an even network. We did, however, obtain the 4—cluster for a network of 4 cells. In
addition to this, we obtained splay states for N = 7 and 9. These solutions are presented
and discussed in Appendix C.5.

When g¢); was increased to 5, in addition to the fully synchronized solution (¢» = 0,
not illustrated), we also found several non-trivial n—cluster solutions. Unlike the distance
dependent case, we could find splay states for networks smaller than 10. As an example,
consider Figure 7.14, where panels (A) and (B) show the splay states that were obtained
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Phase Difference Value of gy Cluster Size
P 0 2 5 n
0 Unstable* Unstable*  Stable* 1
275,284 Unstable  Unstable  Stable* 15
5 115 Unstable  Unstable Stable* 12
£, 9% Unstable  Unstable Stable* 10
25,165 Unstable  Unstable Stable 9
b Unstable  Unstable Stable* 8
27,127 Unstable  Unstable  Stable* 7
475, 267¢ Unstable  Unstable  Stable* 15
2,0% Unstable Stable Stable* 6
2%,8% Stable* Stable* Stable* 5)
45,145 Stable Stable Stable 9
5,35 Stable* Stable* Stable 4
47,10% Stable Stable Unstable 7
81, 22% Stable Stable Unstable 15
3%, 7% Stable Stable Unstable 10
4%,6% Stable* Stable Unstable 5
67,87 Stable* Stable Unstable 7
5%, 7% Stable Stable Unstable 12
37,57 Stable Stable* Unstable 8
23,43 Stable* Stable* Unstable 3
85,105 Stable* Unstable  Unstable 9
147,165 Stable* Unstable  Unstable 15
s Stable*  Unstable* Unstable* 2

Table 7.9: Phase model predictions for selected 1 across different values of gy (= {0,2,5})
in a network with nearest neighbour coupling.

for a network of 5 and 7 cells, associated with ¢ = %”(Cl —Cy — C3 — Cy — C5) and
P = 127”(01 — C7 — Cg — C5 — Cy — C3 — Cy) respectively.

We also obtained splay solutions for a network of 8 and 12 cells which are shown in
Figure 7.15 corresponding to ¢ = QN” where firing order of cells is Cy — Cy — - -+ — Cy. We
also found non-trivial cluster solutions that were not splay states. Consider Figure 7.15,
where panels (G),(H) and (I) show 6—clusters, 8—clusters and 12—clusters in a network
of 24 cells. Panel (D) shows a 6—cluster in a network of 12 cells. In all cases, the cells

fire in the same order, i.e., {C; — Cy — ... Cy} corresponding to ¢ = %’r (N=12o0r 24
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Figure 7.14: Splay states are obtained for a network of RTM model neurons, equipped
with nearest neighbour coupling, with g,; set to 5. The solutions are presented in a similar
format as Figure C.7. (A) A network of 5 cells spike individually corresponding to a
5—cluster solution with ¢ = 2*. (B) A network of 7 cells exhibiting a 7—cluster solution
with ¢ = 127”
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accordingly).

A larger network of 300 RTM model neurons equipped with nearest neighbour coupling
was considered next. This was done to demonstrate the independence of the predictions
for a network equipped with nearest neighbour coupling, on its size, N. Accordingly,
phase model predicts that the anti-phase, and the n— cluster solutions for n = 3, 5, 6, 8
(@b = %’r), 9 (w = %,%’T) , 10 (@D = ?1’—’6), 12 (@D = %’T) and 15 (1/1 = %, 114—5”) are stable when
there is no M-current in the system, i.e., g,y = 0. We obtained an anti-phase (w = g),
3—cluster (%”), 5—cluster (1/1 = %’T) and a 15—cluster (1/1 = 114—5“) solution as illustrated in
panels (A),(B),(C) and (D) respectively in Figure 7.16. For each figure, we present a sub
figure of a raster plot displaying the first n cells corresponding to each n—cluster solution,

to verify the firing order.

When g, is increased to 5, the phase model predicts that the in-phase (¢» = 0), 5-
clusters, 6—cluster, 8—clusters (w = %), 9—clusters, 10—clusters, 12—clusters (1/J = %) and

the 15— clusters (w = %, %) are stable. Through our simulations, we obtained a 5—cluster

(w = 2{), 6—cluster (zb = %), 12—cluster (w = %) and a 15—cluster (w = %) solution,
which are illustrated in panels (A),(B),(C) and (D) respectively in Figure 7.17. For each
figure, we present a sub figure of a zoomed display of the first n cells corresponding to
each n—cluster solution, verifying the firing order and as a result the associated phase

difference, 1.

Finally, we tested the multistablity of the cluster solutions by applying a transient
perturbation, in the form of a current pulse, to a subset of the cells in the network,
initialized in one stable cluster solution, during the time interval [8000,8050]. When g,
is set to 0, the anti-phase would remain persistent to these current pulses. Transitions
induced by the transient current pulses, were observed for networks initialized in a stable
3— cluster solution. A transient current pulse applied to a subset of the cells could reverse
the firing order of the cells forming a stable 3—cluster solution associated with a different
phase difference. Applying the perturbation to a different subset of cells can also switch
networks to a stable 12—cluster solution (if admissible). A third possibility could arise in
which a perturbation to a subset of the cells could also switch the network to the anti-phase
solution. These transitions were observed for a network of 12 and 24 RTM model neurons,
which are presented and discussed in Appendix C.5.

When gy, is set to 5, networks initialized in the synchronized state persist under the
transient perturbations. For networks initialized in a splay state, applying a perturbation
to a subset of the cells, could synchronize the solution. This was observed for a network
of 8 and 12 cells. This pulse-induced synchrony was also observed for a network of 12 cells

us

that was initialized in a stable 6—cluster state, associated with either ¢ = & or ¢ = Z.
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Figure 7.15: Multiple stable n—clusters are obtained for a network RTM model neurons,
coupled in a nearest neighbour fashion, with g5, set to 5. The solutions for n = 6,8 and
12 are presented in a similar format as Figure C.6. (A)-(C) display the representative
voltage traces for each n—cluster. Panels (D) and (G) illustrate the 6—cluster solution
in a network of 12 and 24 cells resp, with ) = Z. Panels (E) and (H) demonstrate the
8—cluster solution in a network of 8 and 24 cells resp with 1 = 7. Panels (F) and (I)
illustrate the 12—cluster in a network of 12 and 24 cells resp, with ¢ = &
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5—cluster solution is obtained with i = %’T. (D) A 15—cluster solution obtained with 1 = 14~
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These results are presented and further discussed in Appendix C.5.

The more interesting cases are the possible transitions obtained in a network of 24 cells,
when g, is set to 5, illustrated in Figure 7.18. Panel (A) depicts the network initialized
in a stable 6—cluster solution associated with ¢ = 2. Applying a transient perturbation
to a subset of the cells, can switch the network to a stable 12—cluster (¢ = %) or a stable
24—cluster solution (i) = %), depicted in panels (B) and (E) respectively. Similarly, panels
(C) and (D) show the network, initialized in a stable 8—cluster solution, associated with
Y = 7, and a stable 12— cluster solution, associated with 1) = % respectively. Similar
to the 6—cluster solution, both initialized networks could separately switch to the stable
24—cluster solution associated with ¢ = 75, as illustrated in panel (E). For all three initial
states displayed in panels (A),(C) and (D), the network can synchronize when a transient

perturbation is applied to a different subset of cells as depicted in panel (F).

We now present an alternative to the stability analysis presented in Table 7.9. Based
on our observations in Section 7.2, it is evident that within the domain (0, ), the odd
part of the interaction function, H,4, exhibits a single extrema (maxima or minima) for
both gy = 0 and 5. For gj; = 2, however two extrema occur within this interval. We
approximate the locations of these extrema and summarize the resulting stability behaviour
in Figure 7.19. Panels (A)-(C), show the stability analysis for gy = 0,2 and 5 respectively.
In each panel,a one-dimensional phase line is shown for ¢ in (0, 7), with unstable regions
highlighted in red and the stable regions highlighted in green. Essentially, this gives us a
way to quickly check if a solution is stable, by calculating ¢ and checking whether or not
it belongs within the stable region. However, the main limitation of this approach is that
for values of ¢ near the extrema, a more careful analysis is required, as it can be difficult
to determine the exact point at which the corresponding odd derivative vanishes. We can
also see how for some n, we can find k such that ged(n, k) = 1, ¢ = 225 and H],,(¢) lies
within the positive intervals (marked by green) for gy = 0 and gy, = 5, explaining the
multistability seen for g, = 5.
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Figure 7.18: Demonstration of possible transitions between stable cluster solutions when
gy is set to 5, for a network of 24 RTM model neurons, equipped with nearest neighbour
coupling. (A) The network is initialized in a stable 6— cluster solution (¢ = %) (B) A
transient perturbation applied to a subset of cells in the network, can switch it to a stable
12—cluster solution associated with ) = & (C) The network is initialized in a stable 8—
cluster solution associated with ¢ = 7. (D) The network is initialized in a stable 12—
cluster solution associated with ¢ = &. (E) A transient perturbation applied to subset of
the cells in the network initialized in (A), (C) or (D), can switch them individually into a
stable 24— cluster solution. (F) A transient perturbation applied to a different subset of
the cells in the network initialized in (A), (C) or (D), can synchronize them.
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Figure 7.19: Stability analysis for nearest neighbours determined by the sign of H},, on
[0, 7] for different values of gp;. In each panel, unstable regions are highlighted in red,
while stable regions are shown in green. (A) When gy, is set to 0, around ¢ = 1.046, H. ,,
changes its sign from negative to positive, and the corresponding solution becomes stable.
(B) When g, is set to 2, the corresponding H! ,, changes sign twice, around ¢ = 0.9131
and 2.8321. (C) At gy = b, it is essentially a reverse picture of gy, = 0, and H],,
becomes negative around ¢ = 1.6506, beyond which the corresponding cluster solutions
are unstable.
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Chapter 8

Discussion

In this study, we studied the effect of acetylcholine (ACh) on the synchrony of an ex-
citatory hippocampal network with periodic boundary conditions, corresponding to a 1-
dimensional ring. We examined special types of phase-locked solutions, known as cluster
solutions, where individual cells fire repetitively, and form subgroups of neurons that fire
synchronously.

Acetylcholine is an important neuromodulator that is essential for the learning and
memory formation that occurs in the hippocampus. To study its effect, we introduced a
biophysical, conductance-based model of a hippocampal pyramidal neuron in Chapter 6,
the reduced Traub-Miles (RTM) model. The RTM neuron model was supplemented with
a voltage dependent non-inactivating slow potassium current [30] called the muscarinic
current (M-current), which is known to downregulate in the presence of ACh [54, 55, 120].
Using ideas introduced in Chapter 4 and 5, we derived a phase model approximation for
the corresponding network of weakly coupled RTM model neurons (with the M-current)
at a specific strength of the M-current conductance, to study the cluster solutions. We
specifically focused on symmetric cluster solutions, in which the neurons organize them-
selves (temporally) into synchronous clusters, each spiking with fixed inter-cluster phase
differences with one another. In this type of solution, the phase difference between adjacent
neurons are equal and neurons belonging to the same cluster have a phase difference of zero.
Each cluster also harbours an identical number of synchronized neurons '. We first applied
this approach to a pair of synaptically coupled RT'M model neurons and then extended the
analysis to networks of weakly coupled identical neurons under different configurations of

'With the exception of all-to-all globally homogeneous coupling, where the adjacent phase differences
were not necessarily identical.

108



coupling architecture.

In our work, cluster solutions in biophysical models of neuronal networks are linked to
neural assemblies—groups of transiently synchronized neurons—which have been observed
in the hippocampus and implicated in tasks involving spatial navigation as well as the en-
coding and storage of episodic memories [57, 27, , |. Using a phase model approach,
we investigated the bidirectional role of acetylcholine (ACh) in neural assembly formation,
focusing on the distinct assemblies supported by a network of pyramidal neurons in the
CAS3 region of the hippocampus under varying ACh levels (high vs. low).

The phase model analysis was first applied to a pair of RT'M model neurons in Section
7.2, and the results are summarized as follows. When a pair of RT'M model neurons are cou-
pled with a weak excitatory synapse (gsyn = 0.2 < 1,V4y, = 0), the phase model predicts
that they synchronize with stronger M-currents (gy; = 5), when the level of acetylcholine
is ‘low enough’. The neurons desynchronize, at ‘higher levels’ of acetylcholine (gj; < 5),
into anti-phase (gp = 0) and out-of-phase solutions (gy = 2). These predictions agreed
with our numerical simulations, and were consistent with the numerical results obtained
for the same model in [1]. From a dynamical systems point of view, according to [1, 30], an
excitatory neuron switches from Class II to Class I dynamics past the Bogdanov Takens
(BT) point, brought about by a change in g,,;. This result was also reproduced by plotting
the bifurcation and frequency-current (F/I) curves in Chapter 6, demonstrating the Class
I and Class II dynamics of the RTM model neuron at g); = 0 and gy, = 5, respectively.
The expected network level behaviour associated with the switch to Class II dynamics,
is that neurons coupled together, with fast enough excitatory synaptic interactions, can
synchronize [56] , which is observed in our results. We also find that the synchronized
solution tends to occur for a value of g, greater than the BT point, consistent with the
findings in [1].

We then applied the phase model analysis to symmetric cluster solutions for a network of
arbitrary size N, equipped with nearest-neighbour (£ = 1) and all-to-all coupling (k = L%J,
p = 1,0.5), done in Sections 7.3-7.5. We focused on cluster solutions where the phase
differences between adjacent spiking neurons were identical, v; = 1. In the network
extension, we assumed that the system satisfied periodic boundary conditions, obtained
through a symmetric and circulant form of coupling (see Eq. 5.3). In general, the stability
trend for the in-phase solutions (full synchrony, ¢ = 0) was independent of the size of
the network, N, and coupling architecture,I¥, and thus, identical to the two neuron case.
For non-trivial solutions (¢ # 0), the conditions of stability for an n—cluster solution,
in a network with nearest neighbours or globally homogeneous coupling, depend only on
the phase difference (1) or the number of clusters (n) respectively. When we introduce a
globally monotonic heterogeneity in the synaptic weights, the conditions guaranteeing the
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stability of a symmetric cluster solution, depend on both ¢ and N.

For low levels of acetylcholine (g = 5), our results showed a significant difference in
the number of stable cluster solutions with the type of coupling (different k& and p) that
was adopted by the network. When acetylcholine is ‘low’ (gy; = 5), networks, equipped
with arbitrary circulant coupling architectures, could synchronize. As the number of ex-
citatory connections decrease (k: |5 ] — 1), the network exhibits multistablity, marked
by an increase in the number of stable symmetric cluster solutions, while still having the
ability to synchronize. A similar trend is seen, in which the same number of excitatory
connections are maintained (k: = L%j), but the coupling is changed from a globally ho-
mogeneous (p = 1) to a distance-dependent type (p = 0.5). Essentially, this means that
for a given set of initial membrane voltages, depending on the coupling architecture, the
network can either approach a non-trivial cluster solution (k= 1ork = [ ] and p = 0.5)
or it will fully synchronize (k= |5],p=1). This presents the network with a mecha-
nism to switch between neural assemblies, brought about by changes to the number and/or
strength of excitatory synaptic connections under low levels of ACh. For example, consider
a network, under low levels of ACh, equipped with a nearest neighbours or distance de-
pendent coupling, initialized at a non-trivial cluster solution (¢» # 0). For the same set of
initial conditions, the corresponding network will synchronize with all-to-all homogeneous
excitatory coupling. According to [58, 61, 73, , 13], low levels of ACh during quiet wak-
ing (which follows active waking) and slow wave sleep, may facilitate the consolidation of
previously encoded memories, in the CA3 network. In the context of our results, the initial
set of membrane voltages could represent a specific stimulus associated with a memory,
that is has been encoded into the CA3 network. The network may by default, start out
with identical synaptic weights (globally homogeneous coupling), in which every neuron
participates in the representation (synchronized network). By modifying the strengths of
the synaptic connections in the network (changes to k and p), the same stimulus may be
stored efficiently in the form of a unique neural assembly. This presents the network with
pathways through which learning can be achieved by changing the the synaptic weights. In
the context of slow wave sleep, the idea of the network approaching a default state identified
by identical synaptic weights, prior to learning could also be linked to a renormalization
hypothesis which is discussed in [10].

The multistability observed (and numerically verified) under low levels of ACh, in a
network with nearest neighbour or distance-dependent coupling can be attributed to the
heterogeneity in the synaptic weights—an idea that has been discussed in [$7, 88, 9]. For
each coupling configuration considered, a network initialized in the synchronized (i) = 0)
state, can persist under transient perturbations, applied as current pulses, to a subset of
the cells. However, networks equipped with heterogeneous coupling (nearest neighbours
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or distance-dependent), initially set in a stable non-trivial ? solution were observed to
synchronize in response to these same transient current pulses, applied to a specific number
of cells. Additionally, networks with nearest neighbours coupling, initialized in a splay-
state solution (n = N), could also switch to a different stable n— cluster solution, if a
different subset of cells received the current pulses. These results indicate that under
low levels of ACh, the network is largely persistent in response to transient changes in
the stimuli—consistent with Class II dynamics [74]—although this susceptibility can be
modulated by the changes in the coupling, and consistent with the hypothesis outlined in
[58, 61]. According to [63, 83, |, the CA3 network can support the recall of previously
learned patterns under low levels of ACh. In particular, CA3 can support a specific type
of memory recall, known as pattern completion [11]. This has more to do with the fact
that the suppression of ACh does not impair memory recall [0, 83]. Incorporating this
view into our results may help explain the selective susceptibility observed in networks
with heterogeneous connection weights. Suppose the CA3 network is initialized in some
non trivial cluster solution, accomplished via heterogeneous connection weights. The set
of incoming transient current pulses, simultaneously applied to a subset of the cells in
this network, can be interpreted as the transient presentation of partial cue that may
trigger the retrieval of the complete memory. As observed in our results, depending on
the number of cells stimulated by this pulse, the initialized network may synchronize or
switch to a different stable solution. The pulse-induced synchrony can be interpreted as the
complete retrieval of the memory. If instead, the network switches to a different stable non-
trivial cluster solution, this can be interpreted as an incomplete recovery of the memory.
This interpretation also suggests a possible threshold in the number of cells that must be
stimulated in the network, in order to retrieve the complete memory, which is a potential
feature associated with pattern completion [14]. The stable cluster solution associated with
the initialized network, could also represent an efficient neural assembly that was formed
during consolidation.

As we increase the level of ACh in the network (g @ 5 — 0), the stability trends
become a little complicated. Across all the coupling architectures considered, the network
can de-synchronize into multiple stable n—cluster solutions. It is generally difficult to find
a consistent metric to compare the total number of distinct stable solutions among the
three cases. However, we can say for certain that when heterogeneity is introduced into
the coupling architecture (k = 1 or k = 1,p = 0.5), a given network can admit a larger
number of clusters (n). Although a network with globally homogeneous coupling supports
fewer distinct values of n for which the corresponding n—cluster solutions are stable, it

2In this context, non-trivial solutions are referred to the n—cluster solutions outside of the in-phase
solutions
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may still exhibit a larger number of multiple realizations of the same n—cluster. This is
due to the lack of constraints on the firing order of the clusters and the flexibility in which
cells are recruited into each cluster, which is absent in the case of heterogeneous coupling.

Under high levels of ACh, the CA3 network can exhibit multistablity with the same
synaptic weights. This presents the network with a mechanism to respond to different
inputs, which may alter the average network frequency. Traditionally, high levels of ACh
observed during active waking or REM sleep, have been linked to the encoding of new
memories [61, 63, 60, 64]. In the context of our observations, the multistablity supported
by high ACh (gp; = 0) may present the CA3 network with a predefined set of distinct
patterns (cluster solutions) to choose from, in order to encode different memories. Addi-
tionally, the multistablity with the same synaptic weights can also present a mechanism
for the network to transition between different cluster states. This was observed in our
results, through the application of transient current pulses to a subset of the cells in the
network, initialized at a stable cluster solution. In the simulations, the transient current
pulse could switch the network to alternate stable cluster solutions. This observation was
consistent across all simulations, regardless of network sizes, IV, and coupling configuration,
W. These results indicate that under high levels of ACh, the network is largely susceptible
to transient changes in stimuli—consistent with Class I dynamics [741, 61, |—in contrast
to the low ACh case. When the M-current is suppressed in the presence of acetylcholine,
the behaviour of the CA3 network is primarily driven by recurrent excitation and external
current inputs, in the absence of inhibition. This shift in dynamics may enhance the net-
work’s responsiveness to incoming signals, allowing it to flexibly encode new information.
In particular, this observation may suggest a possible mechanism for pattern separation—
encoding process primarily involving the dentate gyrus and the CA3, in which pairs of
incoming stimuli with subtle differences, are encoded as two distinct representations with
a low degree of similarity [92, 37]. In the context of our observations, the initial stable
cluster solution may correspond to an activity pattern associated with a stimulus, ‘A’.
Suppose ‘B’ is a separate stimulus sharing subtle differences with ‘A’ . The differences may
be conveyed through transient current pulses and subsequently encoded into a distinct n—
cluster solution following the perturbation. In this interpretation, however, we assume that
the stimuli are presented sequentially— A’ is encoded first, followed by ‘B’.

As previously mentioned, the multistability can facilitate responses to different inputs,
potentially altering the average network frequency. Such input-dependent differences in
average frequency were clearly observed in a network of 300 neurons coupled via nearest
neighbours, under both low and high levels of ACh. At first glance, the raster plots
seemed to suggest a global synchronization among neurons. However, a closer inspection
reveals that the network actually breaks up into distinct clusters. More broadly, the
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results highlight a contrast in the average network frequency associated with each cluster
solution, despite individual neurons maintaining the same spiking frequency under fixed
levels of ACh. This provides insight into how individual spiking neurons contribute to
the population rhythm through the formation of distinct clusters. In particular, large
n—cluster solutions may give rise to population rhythms with smaller amplitudes, V,,,4./n,
and higher frequencies, nf, where V,,,, and f are the amplitude and frequency associated
with trace of the individual neuron.

As we know, different concentrations of ACh, have been associated with different fre-
quency brain rhythms (theta, gamma, delta) emerging during specific physiological states
[73, 38, 58]. In the context of our observations, a possible mechanism underlying the emer-
gence of these distinct rhythms may be attributed to cholinergic modulation of the spiking
frequency of individual neurons. The multistability observed under high levels of ACh
may also make the network more susceptible to entrainment by external input rhythms,
in contrast to the reduced susceptibility observed at low ACh levels. This key result is
consistent with the hypothesis and computational findings of [117].

Using a phase model approximation, we demonstrated differences in the neural assem-
blies supported by a network of CA3 pyramidal neurons coupled via weak excitatory AMPA
synapses, under varying levels of acetylcholine (ACh) and across three different coupling
architectures. Overall, our results indicate that ACh likely plays a role in guiding neural as-
sembly formation within the CA3 network—potentially linking specific assembly patterns
to distinct behavioural states, particularly those related to the encoding, consolidation and
retrieval of memories, which are hypothesized to occur at different levels of ACh. The stark
contrast in the extent of multistability exhibited by the network at high versus low levels
of ACh qualitatively supports the findings of [117], which identified two distinct frequency-
dependent coding schemes for information processing corresponding to these ACh levels.
However, our analysis—primarily exploratory in nature—was restricted to a specific class of
solutions in which phase differences between neural oscillators were assumed to be uniform.
Consequently, each cluster contained an identical number of neurons, spatially dispersed
throughout the network. More complex cluster states may arise outside this assumption,
and exploring them could offer a fuller picture of the role of ACh in shaping hippocampal
network dynamics. For example, in [87], the authors studied model independent cluster
solutions for a ring network equipped with asymmetrical coupling strengths which added
more heterogeneity in the network structure, providing a more realistic view on the as-
sembly formation. In [120], the focus was on spatially compact assemblies, where the cells
belonging to the same cluster were also located near one another one on the 1—dimensional
ring. However this was suggested as a mechanism appropriate for a network of inhibitory
neurons as opposed to one which is excitatory. In this context, it would be worthwhile to
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explore such solutions for a network of GABAergic interneurons located within the CA3
region, which also contain an M-current. Additionally, our analysis also assumes specific
periodic conditions which restrict the model neurons to the 1—dimensional ring. Another
possible next step could involve extending our analysis to 2—dimensional networks, similar
to the approach taken in [98], but in an acetylcholine-specific context.

One of the limitations in our neuron model, is the assumption that the only effect
of acetylcholine at the cellular level is to down regulate the M-current. Acetylcholine also
suppresses a calcium activated potassium current, Iazp * [93] and the leak current, Iy, [120].
Since neither current contribute to the switch in the neural class excitability, they were
not considered in our analysis. In [4], it is shown that the simultaneous down-regulation
of the leak and M-current would increase the value of g5, at which the excitability switch
will occur. In our analysis, this may change g); (See Table 7.2) to be larger than 0.03
(See Figure 6.3). This in turn, potentially creates a broader range of gy, for which the
corresponding network can exhibit multistability and an increased sensitivity to external
inputs. We leave this exploration along with the effect of I4gp current for future work.

Our analysis did not address the biophysical implications of intermediate ACh levels
(9p = 2). Previous studies [116], suggest that at these intermediate levels, the CA3 net-
work exhibits travelling wave dynamics sensitive to input heterogeneities and may integrate
both new and existing activity patterns. Exploring this intermediate acetylcholine regime
is also left for future work.

One caveat of a phase model approximation is that it requires that the neurons are
intrinsically oscillating and coupled via sufficiently weak synapses. To satisfy this condition,
we incorporated a constant external current, I,,,, into the model neuron, that was large
enough to ensure intrinsic oscillations for all values of g5, between 0 and 5. However,
this approach resulted in neurons firing at high frequencies—exceeding 500 Hz when g,
was set to O—which is beyond the typical biophysical range associated with observed
brain rhythms. To model more realistic firing rates, one possible approach would be to
restrict the range of gy and choose a smaller applied current. Alternatively, the applied
current could be adjusted depending on the gy, value to maintain a fixed firing frequency
or include inhibitory neurons in the network. The latter approach has been considered in
[117], with a computational model. Another limitation of the phase model analysis is the
reduced accuracy near possible critical transition points. In particular, the phase model
predicted the synchrony of the pyramidal neurons would begin exactly around gy, = 3.13,
a result that was not verified in our simulations. As argued in [106], a more detailed
Fourier representation may be necessary for accurately analyzing networks with all-to-

3AHP here stands for afterhyperpolarization.
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all coupling—an issue also observed in our results for the globally homogeneous case.
While the assumption of weak coupling is not entirely biophysically unrealistic, a valuable
direction could be to examine the persistence of these model predictions under stronger
coupling conditions, particularly comparing behaviours under low versus high ACh levels.
Finally, applying a phase model analysis to inhibitory interneuron networks incorporating
the M-current could reveal whether their synchrony dynamics align with the numerical
findings observed in pairs of inhibitory neurons, as reported in [!]. A further extension
could then involve deriving a phase model for a mixed excitatory-inhibitory network and

analyzing the corresponding cluster solutions [30], providing a more biophysically realistic
model of the CA3 network.

In spite of its limitations, the phase model approach remains a powerful and insightful
tool for analyzing synchrony in neuronal networks. It enables the reduction of high di-
mensional biophysical systems to simpler mathematical models, facilitating a systematic
approach to the investigation of neural synchrony, under varying physiological conditions,
such as different levels of acetylcholine.
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Appendix A

Appendix for Chapter 3

Faraday’s Constant (F) : 9.648 x 10* C.mol™!
Ideal Gas Constant (R) : 8.3145 J mol™t K~*

Bogdanov Takens Bifurcation

It is a co-dimension two bifurcation, associated with an equilibrium point that has a zero
eigenvalue with algebriac multiplicity two and geometric multiplicity one.

Cusp Bifurcation

When three stable equilibirum points coalesce into one.
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Appendix B

Appendix for Chapter 4

Theorem B.0.1. Fredholm Alternative[S”]. Suppose that

dx

LI:%

+ Atz = f(t) :x € RY (B.1)

where the matriz A(t) and the vector function f(t) are continuous and T-periodic. Then
there is a continuous T-periodic solution z(t) to (B.1) if an only if

1 (T
—/ Z(t)- f(t)dt =0 (B.2)
T Jo
for each T-periodic solution Z(t) to the adjoint problem to (B.1)
dz
Lo = -t {AB)}Y'Z =0 (B.3)

where {A(t)T} is the transpose of the matriz A(t).

131



Appendix C

Appendix for Chapter 7

C.1 How to determine the firing order of cluster so-
lutions

Consider a symmetric n—cluster solution corresponding to a network of N model neurons
as described in Chapter 5. Recall that the cells in the network are arranged along a
one-dimensional ring satisfying periodic boundary conditions (5.5). In the phase model
reduction, each cell,z, maybe described by its phase #;. Assume that phase differences
between adjacent cells, v;, are all identical, 1.

The idea is to create a mapping from 6; to [0, 27) at fixed time ¢, once the network has
settled into its n—cluster solution. By default we assign 6; to 0, and then depending on
and N, the remaining oscillators,;, will be assigned the following values.

0;=(—1)-v- (mod 2m) (C.1)

Applying Eq. C.1 to the network exhibiting a symmetric cluster solution, we see that if 6;
and ¢; map to the same phase, then they will belong to the same cluster, that is, their phase
difference, ; — 6;, is 0. The firing order can be determined by arranging the oscillators in
increasing order of their corresponding mappings in Eq. C.1.

As an example, consider the splay solution for network of 4 cells. For a symmetric
cluster, there are two possible equilibrium points, 1, associated with this solution, ¢ = 7
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and ¢ = 37%. Applying the algorithm in (C.1) for each one, we find:

Forwzg: (C.2)
0120
s
b=
93—7’(’
0, = 3=
For¢:3g: (C.3)
91:0
m
92:35
93:7'('
s
94—5

Arranging the oscillators, 6;, in an increasing order of the reassigned values in (C.2) and
(C.3), we conclude that the firing order corresponding to ¢ = 7 is 1 —2 — 3 — 4 and for
Y =3%,is 1 —4—3—2. This is also true for any 4—cluster solution obtained for a network

N =4k

C.2 Numerical computation of interaction function

When we derive the interaction function numerically from XPPAUT, there is no explicit
dependence on the M-current conductance parameter g,;. This would mean that we need
to manually change this parameter each time we want to compute an interaction function
for the neuron under a specific level of influence under the M-current. As a result, we
consider a discrete set of gy, values and compute the interaction function for each one as
described in Section 7.1.

In the absence of coupling, for a given value of gys, each neuron in (6.18) has a unique
stable limit cycle. The period of the limit cycle for an RTM model neuron at different
values of g, is summarized in C.1.

1

lupto a scalar multiple
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M-Current : gp; | Period of oscillations: T
0 2.025
2 3.14
3.13 5.87
) 14.55

Table C.1: Period of the limit cycles exhibited by the RTM model neuron corresponding
to different values of gy,

C.2.1 Fourier approximation of interaction function

With the period T" measured for each limit cycle solution corresponding to a given value of
gn, we may now derive the interaction function, H. The steps taken to numerically solve
the linear adjoint system and consequently derive the corresponding interaction function
using XPPAUT are outlined in [3]. On XPPAUT, once we have the interaction function,
we can obtain a finite fourier approximation of H. In order to use the function for stability
analysis, we utilize a minimum number of terms that best accurately captures the behaviour
of the H function. In Figure C.1, we present the Fourier approximations for four different
interaction functions associated with gy, = 0,2,3.13 and 5 respectively.

In order to preserve accuracy and minimize computational difficulty in the approxima-
tion of H, we choose a 30-term approximation.

C.3 Appendix for Section 7.3

In Figure C.2 | panel (A) shows a network of 12 neurons, initialized in a stable 4 cluster
solution associated with 1) = 7 and a firing order of C; —Cy —C3—Cy . Applying a transient
pulse to a subset of the cells can switch the network to a different 4 cluster solution in two
ways: ) where the firing order switches from C} — Cy — C3 — Cy to C; — Cy — Cy — C}3 as
illustrated in panel (B) and IT) where the cells for cluster Cy and Cy change. In particular Cy
changes from {2, 6, 10} to {2, 10, 12} and C} changes from {4, 8, 12} to {4, 6, 8} as illustrated
in panel (C). Similarly, consider a network initialized in a stable 6—cluster solution with a
firing order: Cy —Cy — C5— Cy — C5 — Cg as shown in panel (D). A transient pulse can alter
the firing order of the solution into two arrangements: I) C; — Cg — Cy — Cy — C5 — Cs, as
shown in panel (E) and II) C; — Cg — Cy — Cy — C5 — (3, as shown in panel (F).
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Fourier Approximation of Interaction function for g, = 0

Actual
=== 2 term
--v-- 10 terms
--+-- 30 terms

0.8

0.75

0.7

Fourier Approximation of Interaction function for 9y = 2
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=2 term
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--+--30terms
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Figure C.1: Interaction function for the reduced Traub-Miles model (7.7) evaluated at
four distinct values of the M-current maximal conductance, gy;. We compare the different
approximations in each case using 2, 10 and 30 terms. (A) gy is set to 0 (B) gy is set to
2 (C) g is set to 3.13 (D) gas is set to 5
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Figure C.2: Multistability when gy is set to 0, in a network of 12 RTM model neurons with globally
homogeneous coupling. (A) The network is initialized in a stable 4—cluster with a firing order: Cy —
Cy — C3 — C4, where C; = {i,i+4,...,7+i}. (B) A transient perturbation, in the form a current pulse,
applied to a subset of the cells alters the firing order to C; — Cy — Cy — C5. (C) Applying the pulse to
a different subset of cell, can switch the network to a stable 4—cluster solution where the cells belonging
to Cy and Cy change to {2,6,12} and {4, 6,8} resp. (D) The network is initialized in a stable 6—cluster
with a firing order: Cy — Cy — C5 — Cy — C5 — Cg, where C; = {4,i +6,...,N — 6 —i}. A transient
perturbation, in the form a current pulse, applied to different subset of the cells alters the firing order to
(E) 01—06—04—02—05—03 and (F) 01—06—02—04—05—03.

136



10 * * * * 10+ 3 * * * * 10 * * * *

Cell Index

*

*

*

*
Cell Index

*

*

*

*
Cell Index

*

*

*

*

@
*
+
*
*
*
*
o
*
*
*
*

0 0 0
7990 7992 7994 7996 7998 8000 1,599 15992 15994 1.5996 15998 16 1,599 15992 1.5994 15996 15998 16
Time msec Time msec x10% Time msec x10%

Initial Final | Final Il

Figure C.3: Multistability when gy is set to 0, in a network of 15 RTM model neurons with a globally
homogeneous coupling. (A) The network is initialized in a stable 5— cluster solutions with a firing
order C4 — Cy — C3 — Cy — C5, where C; = {i,i+5,i+5-2,...,10 + i}, for i = {1,2,3,4,5}. (B)
A transient perturbation applied to a subset of the cells in the network can alter the firing order of to
Cy —Cy—C5—C3—Cy4. (C) A transient perturbation applied to a different subset of cells, can alter both
the firing order from (A) and the arrangement of the cells in each cluster. The new clusters are given by:
Cy ={1,9,11}, Cy = {2,7,15}, C3 = {3,5,10}, Cy = {4,12,14} and C5 = {6,8,13}. The new firing order
is given by: C7 — Cy — C5 — Cy — Cs.

In Figure C.3, panel (A) depicts a network of 15 RTM model neurons, initialized in a
stable b—cluster solution associated with a firing order: C; — Cy — C5 — Cy — (5, where
C; ={i,i+5,i+5-2,...,10+i}, fori = {1,2,3,4,5}. A transient current pulse applied to a
subset of the cells in the network, can change the firing order to C; — Cy —C5—C5—Cy, with
no change to the cells occupying each cluster as illustrated in panel (B). A perturbation
applied to a different subset of cells in the network, can switch the initial state from (A) to
stable 5—cluster solution with a difference in both the firing order and in the arrangement
of cells belonging to each cluster, as illustrated in panel (C). The new clusters are given
by: C1 = {1,9,11}, Cy = {2,7,15}, C3 = {3,5,10}, Cy = {4,12,14} and C; = {6, 8, 13}.
The new firing order is given by: €7 — Cy — C5 — Cy — Cj.

C.4 Appendix for Section 7.4

We present the anti-phase (n = 2, ¢» = 7), 3—cluster and 8—cluster solutions that were
found for N = 6,8,16 and 24 in Figure C.4. In C.4, panels (A)-(C) display a voltage trace
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representation for the anti-phase, 3 and 8 cluster solutions respectively. The remaining
panels, (D)-(I), below each voltage trace, the organization of the networks into n clusters
are illustrated through raster plots and ring schematic. The ring diagrams are composed
of N nodes, each representing a cell in the network, with lines between nodes indicating
the bidirectional coupling architecture adopted by the system. Nodes sharing the same
colour, represent cells belonging to the same cluster at the steady state. Each node also
corresponds to one of the traces in the voltage trace plots (Panels (A)-(C)), identified by the
same colour. Panels (D) and (I) both show raster plots for a network of 8 and 24 neurons
that are in an anti-phase solution respectively. In each case, the network desynchronizes
into two clusters: C; = {1,3,5,...,2-N—1} and Cy = {2,4,6,...,2- N} (with N = §8,24),
phase locking with phase difference ¢ = 7. Panels (B) and (I) show the 3—cluster solutions
obtained for a network of 6 and 24 neurons respectively. The clusters for this solution are
given by: C; = {i,i+3,..,N —3 —i} for i = {1,2,3} and N = 6,24. In both solutions,
the clusters will fire in the order of ¢ — Cy — C3 corresponding to ¢ = 23,

The phase model also predicts that an 8—cluster solution corresponding to ¢ = 3% (or
57) is stable when gy is set to 0 for N = 8 and 16. This solution is presented for both
networks in Figure C.4 through panels (C),(F) & (I). Panel (C) shows the voltage trace for
the solution, while panels (F) and (I) illustrate through a raster plot and a ring diagram,
how a network of 8 and 16 neurons organize themselves into 8 clusters. In both cases, the
arrangement and firing order is similar. For N = 8, the network exhibits a splay solution,
where each cell forms its own cluster, and no two cells synchronize. For N = 16, the network
desynchronizes into 8 clusters, each containing two cells. The clusters are given by C; =
{i,i+8} fori = {1,2,3,4,5,6,7,8} .The firing order is C} —Cy—C7 —Cy— C5 — Cs — C3—C§
corresponds to an inter-cluster (or cell for NV = 8) phase difference of ¥ = 37.

In Figure C.5, panel (A) shows a network of 12 RTM model neurons with no M-
current (gy = 0), initialized in a stable 4—cluster solution with an inter-cluster phase
difference of ¢ = 7. Panel (B) shows that a transient perturbation, applied to a subset
of the cells, can reverse the firing order of the initial state and switch the network to
a different stable 4—cluster solution associated with ¢ = 37. Panels (C) & (D) show
that the network can also switch into different stable 12—cluster solutions by applying
the perturbation to a different subset of cells. In this case, the network can switch into a
12—cluster solution where 1) is either 5% (associated with a firing order: C; — Cs — Cy1 —
Cy—Cy—Cy— C7 — Crp — C5 — Cyp — C3 — Cg) or 7% ( associated with a firing order:
C1—Cg—C3—C1g—C5 = Crp — Cr = Cy — Cy — Cy — C1y — C)
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C.5 Appendix for Section 7.5

We present the anti-phase (n = 2,¢ = 7), 3—cluster and 5—cluster solutions found for
arbitrary networks in Figure C.6. Just like in the previous sections, panels (A)-(C) dis-
play the voltage traces corresponding to each n—cluster solution. And the panels (D)-(I)
illustrate how the network will form the clusters corresponding to the voltage traces in
the above panels. The ring figures show the coupling architecture of the network, with
each node representing an RTM model neuron. The colour is an identifier to the clus-
ter it belongs to as indicated in the raster plots and voltage trace. In Figure C.6, panel
(A) shows a representation of the voltage trace corresponding to network of 4 (D),6 (G)
and 24(I) cells respectively, in a steady anti-phase solution. The two clusters are given
by ¢y = {1,3,5,.., N — 1} and Cy = {2,4,6,.., N}. Panels (E),(H) and (K) show the
3—cluster solutions obtained for a network of N neurons with clusters given by to ¢ = %’T
with a firing order of C; — Cy — C5, whereas (H) corresponds to 1) = 4?” with reverse firing
order, C3 — Cy — (.

Panels (F),(I) and (L) show the 5—cluster solutions in a network of 5,10 and 15 cells
respectively. For each size N, the clusters are given by C; = {i,i +5,..., N —5 — i} for
i ={1,2,3,4,5}. In panel (F), the order in which the clusters fire is C; — Cy — Cy —
Cs — (5 — C which corresponds to a phase difference of ¢ = ‘%r. The reverse firing order
(Cy — C3 — C5 — Cy — Cy) is observed in panel (L) corresponding to a phase difference,
W = 2w — 4?” = %”. In panel (I), the firing order is given by C} — Cy — C3 — Cy — C5, which

corresponds to a phase difference ¢ = %’r The remaining 5—cluster solution corresponding

to 1 = 8?” (reverse firing order of ¢ = %”) was not obtained during simulations.

We obtained the 4—cluster for a network of 4 cells as shown in panel (A) of Figure C.7.
In this case, the solution corresponds to splay state for N = 4, in which cells fire in order
of {1,2,3,4} associated with a phase difference ¢ of 7. In addition to this, we obtained
splay states for V =7 and 9, illustrated in panels (B) and (C) respectively, in Figure C.7.
In panel (B), the cells fire in the order of {1,3,5,7,2,4,6} corresponding to ¢ = 87”, and
in panel (C), the cells fire in the order {1,8,6,4,2,9,7,5,3} corresponding to 1) = %’T.

Consider Figure C.8, where a network of 12 RTM model neurons are initialized in a
stable 3—cluster solution associated with ¢ = 2%, shown in panel (A). A transient current
pulse applied to a subset of the cells can switch the network can reverse the firing order
of the cells forming a stable 3—cluster solution associated with a different phase difference
given by, ¢ = 4?”, depicted in panel (B). Applying the perturbation to a different subset
of cells can also switch the network to a stable 12—cluster solution or equivalently, a splay
state, with a firing order: {1,8,3,10,5,12,7,2,9,4,11,6} associated with ¢» = 5%, depicted
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in panel (C). A third possibility could arise in which a perturbation to a subset of the cells
could also switch the network to the anti-phase solution.

Similar transitions were observed in a network of 24 cells, initialized in a 3—cluster
solution associated with ¢ = 2%, as illustrated in panel (E). A current pulse applied to
a subset of the cells, can switch the network to a stable 12—cluster solution where the
clusters are defined as C; = {i,i+ 12} for i = {1,2,3,4,5,6,...,12}. In particular, stimu-
lating different cells could give rise two different realizations of the same stable 12—cluster
solutions as depicted in panels (F) and (G). The firing order in panel (F) is given by:
{Cl - Cﬁ - CH - C4 - Cg — CQ — 07 — 012 — 05 — ClO — Cg — Cg}, which is associated with
the equilibrium ¢ = 7%. The reverse firing order is obtained in panel (G), associated with
Y = 7%. The network can also switch to the anti-phase solution as depicted in panel (H).

Panel (A) in Figure C.9, depicts a network of 8 cells, initialized in a stable splay state
associated with ¢» = 7. Applying a perturbation to a subset of the cells, could synchronize
the solution. Similarly panels (B) and (C) depict a network of 12 cells, initialized in a
stable splay and stable 6— cluster solutions associated with ¢ = £ and 1) = % respectively.
Both solutions could transition to a fully synchronized state as illustrated in panel (D)
through transient perturbations applied to a subset of the cells in the network halfway

through the simulation.
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Figure C.4: Multistability in a network of reduced Traub-Miles model neurons (RTM) equipped with
a monotonic globally heterogeneous coupling (p = 0.5, k = [N/2]), with gas set to 0. The solutions are
presented through voltage traces, raster plots and ring diagrams to illustrate the spike timing and coupling
architecture, respectively. Each node in the ring represents a spiking cell. Nodes sharing the same colour
belong to the same cluster. Voltage trace representations are presented for (A) anti phase, (B) 3—cluster
and (C) 8—cluster solutions. (D) Anti-phase solution (¢ = 7) obtained for a network of 8 cells (G)
Anti-phase solution for a network of 24 cells. (E) 3—cluster solution for a network of 6 cells (¢ = 2F).
(H) 3—cluster solution for a network of 24 cells associated with (1) = 2F). (F) 8—cluster solution obtained

for a network of 8 cells (I) 8—cluster solution (¢ = 2%) obtained for a network of 16 cells. The cluster
firing order is discussed in the main text. 141
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Figure C.5: Multistability in a network of 12 RTM model neurons equipped with distance
dependent coupling (p = 0.5,k = 6) with gy set to 0. A transient perturbation is applied
to a subset of the cells for time ¢ € [8000, 8050]. (A) The network is initialized in a stable
4—cluster solution corresponding to an inter-cluster phase difference of ¢ = 7. (B) The
perturbation reverses the firing order of the solution from (A), switching the network to
a different stable 4—cluster solution (1/} = 37—2r) (C) A transient perturbation applied to
a different subset of cells can switch the network in (A) to a stable 12—cluster solution
associated with a inter-cell phase difference of 1) = 5%. (D) The perturbation can also
switch the network in (A) to a 12—cluster associated with ¢ = 7%.
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Figure C.6: Demonstration of multistablity within a network of RTM model neurons, equipped with
nearest neighbour coupling and gjs set to 0. (A)-(C) display the voltage traces for each solution. The
solutions are presented in two ways: Ring diagrams depicting the nearest neighbour coupling and the cells
belonging to the same cluster (identified by the same colouring), and raster plots which display the firing
order of the clusters. (D),(G) and (J) illustrate the anti-phase solutions for a network of 4, 8 and 24 cells
resp. (E),(H) and (K) are the 3— cluster solutions for 6 (1) = 2F),15(1) = 4%) and 24 (¢ = ZF) cells resp.
(F),(I) and (L) are the 5— cluster solutions for a network of 5(¢) = 4) ,10(¢) = 2F) and 15(¢) = F) cells

resp. The cluster ensembles and the order in which they fire are discussed in the main text.
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Figure C.7: Splay solutions are obtained for a network of RTM model neurons equipped
with nearest neighbour coupling and with ¢j; set to 0. The solutions are presented in
three ways: Voltage traces, Ring diagrams depicting the coupling architecture, and raster
plots which tell us which cells fire when in a single cycle. (A) A splay state obtained for
a network of 4 cells, corresponding to ¢ = 7. (B) A splay state obtained for a network
of 7 cells, with ¢ = 8. (C) A splay state obtained for 9 cells with ¢ = 8. The cluster
ensembles and the order in which they fire are discussed in the main text.
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Figure C.8: Demonstration of the possible transitions of a network, equipped with nearest neighbour
coupling, initialized in a stable 3—cluster solution, when gps is set to 0. (A) A network of 12 neurons is
initialized in a stable 3—cluster solution associated with ¢ = 2%. A transient perturbation, in the form of
a current pulse, applied to a subset of cells in the network, can switch it to a (B) stable 3—cluster solution
with the reverse firing order associated with ¢ = 4%, or (C) a stable 12—cluster solution (splay) associated
with ¢ = 5%, or (D) an anti-phase solution (1) = m). (E) A network of 24 neurons is initialized in a
stable 3—cluster solution associated with ¢ = %3 A transient perturbation, in the form of a current pulse,
applied to a subset of cells in the network, can switch it to a (F) stable 12—cluster solution associated
with ¢ = 7%, or (G) a stable 12—cluster solution (splay) associated with ¢ = 5%, or (H) an anti-phase
solution (¢ = ).
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Figure C.9: Demonstration of synchrony within a network of RTM model neurons equipped with nearest
neighbour coupling, when gy is set to 5, obtained through transient current pulses applied to an initialized
network, equipped with nearest neighbour coupling. (A) A network of 8 cells, initialized in a splay state
(¢ = %) , can synchronize under the transient perturbation applied to a subset of the cells in the network
(labelled initial and final respectively). A network of 12 cells is initialized in a (B) stable splay state
(¢ = §), and a (C) stable 6— cluster solution (¢» = %) (D) A transient perturbation applied to a subset
of the cells in the network, initialized in (C) and (D), can synchronize the network.
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