
Qualitative Theory of Impulsive Delay Differential Equations 

by 

George Henri Ballinger 

A thesis 

presented to the University of Waterloo 

in fulfilment of the 

thesis requirement for the degree of 

Doctor of Philosophy 

in 

Applied Mathematics 

Waterloo, Ontario, Canada. 1999 

@George Henri Ballinger 1999 



l♦I National Library 
of Canada 

Bibliotheque nationale 
du Canada 

Acquisitions and 
Bibliographic Services 

Acquisitions et 
services bibliographiques 

395 Wellington Street 
Ottawa ON K1A ON4 
Canada 

395, rue Wellington 
Ottawa ON K 1 A ON4 
Canada 

The author has granted a non­
exclusive licence allowing the 
National Library of Canada to 
reproduce, loan, distribute or sell 
copies of this thesis in microfonn, 
paper or electronic fonnats. 

The author retains ownership of the 
copyright in this thesis. Neither the 
thesis nor substantial extracts from it 
may be printed or otherwise 
reproduced without the author's 
pemusston. 

Your ~le Vorr• reference 

Our loM Notre reterenc• 

L' auteur a accorde une licence non 
exclusive pennettant a la 
Bibliotheque nationale du Canada de 
reproduire, preter, distribuer ou 
vendre des copies de cette these sous 
la forme de microfiche/film, de 
reproduction sur papier ou sur format 
electronique. 

L' auteur conserve la propriete du 
droit d'auteur qui protege cette these. 
Ni la these ni des extraits substantiels 
de celle-ci ne doivent etre imprimes 
ou autrement reproduits sans son 
autorisation. 

0-612-51178-2 

Canadl 



The University of Waterloo requires the signatures of all persons using or photocopying this thesis. 

Please sign below, and give address and date. 

iii 



Abstract 

Sy11tems of impulsive delay differential equations are considered and the qualitative theory of these 

equations are developed. Delay differential equations (without impulses) and impulsive differential 

t!quations (without delays) are first discussed and these are then combined to yield impulsive delay 

differential equations. These more general system11 can :mitably model evolutionary proces11es that 

exhibit both delay and impulse characteristics. After formulating the initial value problem for these 

sy8tems and defining the notion of a 11olution. theorems establishing certain fundamental propcrtie8 

of 11olution11 are developed. Specifically, theorems on local and global existence, uniqueness. continu­

ability, and continuous dependence of 8olutions are presented. Sub11equently, a variety of stability 

and boundedne1111 result11 are obtained for the case when impulses occur at fixed times. Lyapunov 

functionals and functions are the main tools used to obtain stability and boundednes11 re11ults. Fi­

nally. a number of examples and applications are presented to help motivate the study of these 

equation!!. 
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Chapter 1 

Introduction 

The development and analysis of mathematical models of dynamic phy11ical processes have been 

of great importance in bettering our understanding of nature and the world around us. Since 

the invention of differential and integral calculu11 by Sir Isaac Newton (1642-1727) and Gottfried 

Wilhelm Leibnitz ( 1646-1716), differential equations have aided the investigation of a wide variety 

of problem!! in the phy11ical, biological and social sciences. Early mathematicians to have studied 

differential equations include brothers Jacob (1654-1705) and Johann (1667-1748) Bernoulli. who 

solved various problems in mechanics [Kli72]. Leonhard Euler (1707-1783), who was a student of 

Johann Bernoulli and one of the greatest of all mathematicians, contributed a great deal to the 

advancement of the study of differential equations [Sim91]. 

Ordinary differential equations involve unknown functions and their derivatives that depend 

on a single independent variable, often denoted by t and referred to as time. While an ordinary 

differential equation may not have a physical interpretation at all or it may model some physical 

system whose independent variable represents some quantity other than time, it is convenient when 

studying ordinary differential equations as a whole to maintain consistency of notation and label 

the independent variable by t and refer to it as time. While an ordinary differential equation may 

involve higher order derivatives of an unknown function, under the usual assumption that the highest 

derivative can be solved for, it is customary to convert such an equation to a system of first order 

ordinary differential equations. This leads us to the 11ystem of ordinary differential equations, 

r'(t) = f(t, x(t)), (1.0.1) 

where the independent variable t is real-valued, the dependent state variable :r is an n-dimensional 

real vector, / is some function of both t and x(t), and x'(t) denotes the derivative of x(t) with 

respect to t. Since one could think of (1.0.1) as a system of n individual, albeit coupled, scalar 

ordinary differential equations or as a single vector ordinary differential equation, then (1.0.1) may 

1 



CHAPTER 1. INTRODUCTION 2 

be referred to as either a system of ordinary differential equations (or simply a system or a system 

of equations) or as an ordinary differential equation (or simply an equation). 

Over the past 300 years a great deal of work has gone into the 11tudy of ordinary differential 

equations, justified by ~heir wide ranging applications. Because it is often not possible (or even 

desirable) to solve general equations such as (1.0.1), the analysi11 of the qualitative propertie11 of 

11olution11 of these equations has been of fundamental importance. Texts devoted to differential 

equations abound (see [Sim91] or [Hal80] for example). 

Ordinary differential equations are sometimes inadequate as model11 of certain physical proce11se11 

and therefore in such cases one or more generalization11 of (1.0.1) is necessary. Two properties 

inherent in system (1.0.1) are that it 11atisfies the principle of causality, meaning the future state of 

the system depends exclusively on the present state and not on past (or future) states, and that the 

evolution of the state i11 continuous. Here we use the term "'causality" in the sense described by Hale 

and Lunel [Hal93] in the introductory chapter of their monograph. The term is sometirne11 defined 

differently in the literature. In control theory, for instance, it is used interchangeably with the term 

"nonanticipatory." meaning that there can be dependence on both pre11ent and past states but not 

on future states. 

In many processes including physical, chemical, political. economic. biological and control sys­

tems, time delays are an important factor. The rate of change of the state, :z:'(t), may depend on 

historical values of the state at times t + s. where s :S 0, as well as prestnt state values. In other 

words, it may be unreasonable to assume that the causality principle applies to the system. In 

fact, strictly 11peaking, the causality principle does not apply to most real system11. Instead, it is 

an approximation to how the true system behaves. When time delays are negligible, then they can 

often be ignored in mathematical modds. leading us to simple equations like (1.0.1). When time 

delays are an important feature of a process, then one is led to consider delay differential equations. 

also known as retarded functional differential equations. 

Various evolutionary processc11 from fields as diverse as population dynamics, aeronautics. eco­

nomics and engineering are characterized by the fact that they undergo abrupt changes of state at 

certain moments of time between intervals of continuous evolution. Because the duration of these 

changes are often negligible compared to the total duration of the process, such changes can be 

reasonably well-approximated as being instantaneous changes of state, or impulses. These processes 

tend to be more suitably modeled by impulsive differential equations, which allow for di11continu­

itie11 in the evolution of the state. Impulsive differential equations are usually defined by a pair 

of equations, an ordinary differential equation (1.0.1) to be satisfied during the continuous por­

tion of evolution and a difference equation defining the discrete impulsive actions. The impulses 

occur when some spatio-temporal relation is satisfied. Impulsive differential equations and delay 

differential equations will be described more fully later. 

Both time delays and impulses are important features commonly encountered in many of the 
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same systems. If a system exhibits both of these properties, then we are led to con11ider impul11ive 

delay differential equations, which is the subject of this thesis. 

Delay differential equations were studied as far back as the eighteenth century by such well-known 

mathematicians as Euler, Joseph Louis Lagrange (1736-1813), Pierre Simon de Laplace (1749-1827) 

and others, mostly in relation to various geometrical problems (Ser77]. However, unlike ordinary dif­

ferential equations, there was comparatively little study of the qualitative theory of delay differential 

equations until the early twentieth century. Vito Volterra ( 1860-1940) was among the early math­

ematicians of this century to have formulated and analyzed delay differential equations, primarily 

with respect to problems in viscoelasticity (Vol09] and predator-prey models (Vol28, Vol31]. 

During the 1930's and 1940's a number of applied problems required a more careful examination 

of delay differential equations. For instance, Minorsky·s study of ship stabilization and automatic 

:iteering, wherein delay in the feedback mechanism was significant. led him to consider differen­

tial equation11 with delay (Min42]. Myshkis. who was the first to correctly formulate the initial 

value problem for delay differential equations, was also the first to publish a book (Mys51] devoted 

exclusively to the theory of delay differential equations. 

Within the past forty years or so the 11•.udy of delay differential equations has matured a great 

deal and yielded a number of monographs dedicated to the subject. These have included a book 011 

differential difference equations by Bellman and Cooke (Bel63] and later texts by Hale (Hal77] and 

Driver (Dri77] on more general delay differential equatious, the former being revised and updated 

by Hale and Lune! (Hal93] in 1993. Without being exhaustive, other texts devoted to the subject 

include those by Oguztoreli (Ogu66], Burton (Bur85], Kolmanovskii and Nosov (Kol86]. and Gorecki 

et al. (Gor89]. In most c&ies, delay differential equations have been studied on the spact: of contin­

uous functions with the evolution of the :itatc being absolutely continuous and u:mally continuously 

diff1::rentiable. 

Compared to delay diff1::rential equations, impulsive differential equations received scant atten­

tion until the 1960's and it wasn't until the 1980's that inter1::st iu them began to catch on among 

math1::maticians. Among the earliest articles on impulsive differential equations was the 11eminal 

paper by Milman and Myshkis [Mil60]. They considered differential equations with impulses oc­

curring when certain spatio-temporal relations are satisfied. By making use of classical results of 

ordinary differential equations, they obtained the first results on stability of solutions of impulsive 

differential equations. Based on this early work, later research into impulsive differential equa­

tions culminated in the publishing of several monographs by Samoilenko and Perestyuk [Sam87]. 

Lakshmikantham, Bainov and Simeonov (Lak89], Bainov and Covachev [Bai94a], and Bainov and 

Simeonov [Bai89, Bai93] along with more recent publications during the 1990's. 

The11e authors considered an impulsive differential equation to be an ordinary differential equation 

coupled with a difference equation to be satisfied at certain fixed or variable impulse times. The 

resulting solutions are thereby piecewise continuous with discontinuities occurring at these impulse 



CHAPTER 1. INTRODUCTION 4 

times. This approach enabled them to apply many well-established results for ordinary differential 

equations to these systems in order to develop the qualitative theory of the impulsive differential 

equations. The same approach has been taken in this document with respect to the study of impulsive 

delay differential equations. 

We remark that an alternative approach has been considered by Halanay and Wexler (Hal68] 

and Pandit and Dea (Pan82]. Their approach involves defining a measure differential equation 

(incorporating Dirac delta functions for example) where the derivative involved is a distributional 

derivative. The timP!! at which imp11IReM occur are fixed, generalized fnnctionM are coniiidercd and the 

resulting solutions are of bounded variation. Unfortunately, most classical theory cannot be applied 

to these types of systems, and perhaps as a result. few authors currently study this formulation of 

irupul11ive differential equations. 

Early work on concrete systems of impulsive differential equations include the investigation of 

the shock model of a clock mechanism by Bautiu (Bau63] and the iitudy of drug distribution in the 

human body by Kruger-Thiemer [Kru66]. 

Due to their increased generality, impulsive delay differential equation11 have the potential for 

applications to all iiorts of physical problems. For instance, in the study of population dynamics, 

delays in reproduction or in the interactions within or between species may require the adoption of a 

delay differential equation to best model the system (Gop92]. If one or more of the species regularly 

undergoeiJ periodic stocking or harvesting, for example. then this behaviour could be modelled using 

impulsive differential equations [Bal97c. Liu94]. Of course. if both of these characteristics are present 

in the system, then an impult1ive delay differential equation would make for a suitable model. 

Despite the apparent abundance of applications. the study of impulsive delay differential 

equations is in its relative infancy. The first article on the subject was published in 1986 by 

Anokhin [Ano86]. Recent study of impulsive delay differential equations has tended to focus on 

special classes of problems such as linear (and often scalar) impulsive delay differential equations 

(Ano95, Gop89, Zha96] or delay differential difference equations such as x'(t) = /(t. x(t), x(t -r)) to­

gdher with impulses [Bai96. Yu96]. Also, with the odd rare exception such as a paper by Bainov and 

Covachev (Bai94b], no delays have been assumed in the difference equation governing the impulsive 

action. 

Among the most fundamental of qualitative properties of impulsive delay differential equations 

are the existence (both local and global), uniqueness and continuability of solutions, the continuous 

dependence of solutions with respect to initial conditions, and stability and boundedness properties. 

For many of the special classes of problems that have recently been studied, properties of solu­

tions such as existence and uniqueness can be obtained directly from the system under fairly weak 

assumptions. As a result, little mention is ever made about these properties. One exception is 

a paper by Krishna and Anokhin [Kri94] who recently considered a special case involving a delay 

differential equation of the form z'(t) = f(t, x(t - h(t))) together with variable time impulses and 
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they established some interesting existence and uniqueness results. Global existence and uniqueness 

properties of the slightly more general equation :z:'(t) = f (t, :z:{t - h1 (t) ), ... , :z:(t - hm (t))) together 

with impulses occurring at fixed times were later obtained by Shen [She97]. The establishment of 

some existence and uniqueness results for more general impulsive delay differential equations has 

been done by Shen [She96], Weng and Yang [Wen98] and Ballinger and Liu [Bal99a. Bal99b], with 

the latter being developed here. 

While some stability results have been proven for special classes of impulsive delay differential 

equations [Ano95, Gop89, Zha96], very little research into stability has been undertaken for more 

general equations. The only apparent exception to this has been the very recent publication of 

articles by Weng and Yang [Wen98], Shen and Yan [She98], Luo and Shen [Luo99] and Shen [She99] 

in late 1998 and 1999. Through the use of Lyapunov functionals and/or Lyapunov functions together 

with certain Razumikhin techniques they obtained 11ome very interesting stability results. 

With the few noted exceptions, the study of general impulsive delay differential equations has 

been rather minimal to date. This thesis embodies original work into the development of the quali­

tative theory of impulsive delay differential equations. This of course is a nece11sary prerequi11ite to 

the use of these equations in modelling real physical proces11es. While some examples are provided 

to help further motivate the study of these equations. the development of the theory. and not the 

application to any specific problems, is the primary goal. 

We begin by discussing delay differential equation!! over the space of continuous functions. 

Throughout this document we restrict our attention to equations that have bounded delays. More­

over, our focm1 is on studying properties of solutions of the initial value problem associated with 

our equation. Since we are ultimately interested in incorporating impulses into these equations to 

yield impulsive delay differential equations. we then discuss delay differential equations over the 

spact! of piecewise continuous functions. Iu particular. the initial condition will involve a piecewise 

continuous initial function. This seemingly minor change introduces a great deal of complications 

into the study of these equations. 

Meanwhile, after a review of impulsive differential equations wherein we define what we mean by 

impulses, we introduce the notation for impulsive delay differential equations. We first consider both 

fixed time and variable time impulses and w~ develop theorems on existence, uniqueness, continuous 

dependence and continuability of solutions. In the case where impulses occur at variable times, we 

impose some additional conditions so as to guarantee that solutions exist locally and are sufficiently 

well-behaved so as not to exhibit the so-called beating phenomenon. 

Once these fundamental results have been established, the remainder of the thesis is devoted to 

the study and analysis of stability and boundedness of solutions. To simplify things we restrict our 

attention to impulsive delay differential equations which have impulses at fixed times. Two main 

approaches are used in the study of stability and boundedness. The first involves the use of Lyapunov 

functionals. The second involves the use of Lyapunov functions together with a Razumikhin-type 
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condition. 

In developing Lyapunov stability and boundedness theorems, we focus on two main approaches. 

We first consider a system which, in the absence of impulses, is already stable (or bounded). We 

then develop criteria on the impulses which will guarantee that stability is maintained. The second 

approach considers a system which, in the absence of impulses, may be highly un11table ( or un­

bounded). In this latter case the impulses are re11ponsible for stabilizing the sy11tem and conditions 

guaranteeing the stabilization of the system are established. 

After developing stability and boundedness for a general clas11 of nonlinear 11ystems. special cases 

of linear impulsive delay differential equations are then considered and the stability theorems of 

Chapters 4 and 5 are applied to these systems. 

Finally, two sources of applications of the stability and boundedness results are presented. The 

first application consider!! the problem of permanence of species in population growth models that 

involve both impulses and delays. The second is a look at the problem of practical i1tability of control 

systems that have delayt1 and uncertainties in the feedback mechanism and that experience impulses. 



Chapter 2 

Preliminaries 

In this and subsequent chapters we will titudy delay differential equations with bounded delays. More 

:1pecifically we will concern ourselves with the initial value problem whereby the state is initially 

:ipecified over some bounded interval of time. Our goal will then be to examine the qualitative 

properties of solutions of thetic systems. 

Delay differential equations are motit often :1tudied over the space of continuous functionti as 

opposed to the space of piecewise continuous functions or more general :;paces of functions [Hal93]. 

This makes it that much easier to establish qualitative theoretical results. 

In the first section we give an introduction to delay differential equations on the tipace of con­

tinuous functions. These we sometimes refer to as continuous delay differential equations. A more 

thorough discussion can be found in various texts on the subject (see [Hal93] or [Dri77] for instance). 

In the next section we briefly describe impulsive differential equations without delay. These are 

described in greater detail in [Lak89] and (Bai89]. 

Section 2.3 then goes on to deticribe delay differential equationti on the space of piecewitie con­

tinuous functions. Comparisons between them and delay differential equations over the space of 

continuous functions are made. 

In the final section of this chapter we introduce impulsive delay differential equations and define 

the notion of a solution of these equations. 

2.1 Delay Differential Equations on the Space of Continuous 

Functions 

Delay differential equations are generalizations of ordinary differential equations (1.0.1} in that the 

derivative of the state, z'(t}, is no longer merely a function t and x(t} but may also be a function of 

x(t + s} for values of.,$ 0. By restricting our attention to systems with bounded delays, this means 

7 
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that we assume there exists some r > 0, which we call the delay constant. whereby x'(t) depends on 

only thmie values of x(t + ll) for which s E (-r,0]. 

Ordinary differential equations can be thought of as delay differential equation11 with an arbitrar­

ily small delay constant r. In fact we could think of r as being zero in this case but for simplicity 

of notation we will always assume r is strictly positive. Note that a delay differential equation with 

a delay constant r > 0 can also be thought of as a delay differential equation having a larger delay 

constant r 2: r > 0 although the converse is not generally true. 

For simple delay differential equations, x'(t) might depend on x(t + s) for only a finite number 

of values s E (-r, 0] that do not depend on t. These types of delay differential equations are called 

delay differential difference equations and have the general form 

x'(t) = g(t, x(t), x(t - ti), x(t - t2), .... x(t - trn)), (2.1.1) 

where 0 < t1 < t2 < ... < tm, For this equation, the delay constant r = tm, Although any 

larger value for r will suffice, we usually choot1e the smallest. Equation (2.1.1) may be generalized 

by replacing the constants t1c by nonnegative bounded functions h1c(t). In this case r is chosen to 

11atisfy r 2: ht ( t) for all t and all 1 ~ k ~ m. Equations of tllt!se types arc sometimes referred to as 

having lumped delays, which are distinct from distributed delays. 

In some cases x'(t) may depend on x(t + s) over a whole continuum of points s E (-r. 0]. In such 

cases the system is said to have distributed delays. Intcgro-differential equations such as 

(2.1.2) 

are typical examples of these types of equations. 

In order to consider all types of delay differential equations ( with bounded delays) without having 

to specify it11 particular form (1mch as (2.1.1) or (2.1.2)). we need some standardized notation. 

Let R denote the set of real numbers. R+ the 11et of nonnegative real numbers and Rn the 

n-dimensioual Euclidean linear space equipped with the Euclidean norm II • 11- Occasionally we 

will use the symbol z+ to represent the set of positive integers. Let r > 0 be the delay constant 

for the system. For any continuous function x E C([to - r,x:),Rn), where t0 ER+, we define 

x, E C([-r, 0], R") by :i:1(a) = x(t + s) for s E (-r, 0]. In other words, :i:1 is the segment of the 

function :i:, from t - r up tot, that bas been shifted to the interval [-r, 0]. This notation then allows 

u11 to express a general delay differential equation as 

z'(t) = /(t.x1), (2.1.3) 

where / depends on both t and :i:1• Since z1 is an element of C([-r, OJ, Rn), then / is called a 

functional in11tead of simply a function. 
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Equation (2.1.1) can be written in the form (2.1.3) by letting 

/(t,tp) =g(t,1/,(0),1"(-ti),1"(-t2), ... ,1"(-t,,.)). (2.1.4) 

Likewise, equation (2.1.2) can be converted into the form (2.1.3) by defining 

/(t, it•) = g (t, tj,(0), /_~ G(t, t + s, t/>(s) )ds) . (2.1.5) 

In 11tudying delay differential equation11, and later impul11ive delay differential equation11, of par­

ticular intere11t will be the initial value problem. For ordinary differential equations ( 1.0.1) the initial 

value problem involves finding a 11olution (or analyzing the qualitative properties of such a 11olution) 

of equation (l.0.1), on 11ome interval, that 11ati11fies 

x(to) = xo, (2.1.6) 

where t0 ER+ is the initial time and x0 ER" is the initial state. For system (2.1.3) the initial state 

must be specified over the entire interval [to - r, to], not just at to. This leads to the initial condition 

(2.1.7) 

where to ER+ again represents the initial time but~ E C([-r. OJ, R") represents the initial function. 

Solutions of (2.1.3) are usually assumed to be continuously differentiable and satisfy the delay 

differential equation (2.1.3) at all points t > to (within their interval of exi11tence). At the initial 

time t0, (2.1.3) i11 assumed to be satisfied with x'(t) representing the right-hand derivative. Smooth­

nel!s assumptions are typically imposed on the functional / to guarantee properties of existence, 

uniqueness and so on of solutions. A weaker notion of a solution is sometimes considered whereby 

the 11olution is absolutely continuous and satisfies ( 2.1.3) except on a set of Lebesgue measure zero 

[Hal93, Ogu66]. This allows for weaker assumptions on / but tends to further complicate the study 

of equation (2.1.3). 

Unlike ordinary differential equations, it is generally not possible to extend solutions backwards 

in time except under very special and unusual circumstances [Dri77]. For this reason the study of 

delay differential equations usually considers only the forward evolution of the state in time. 

Delay differential equations are often difficult to solve explicitly, more so than ordinary differential 

equations. Our focus will be on the study of qualitative properties of solutions without necessarily 

having to solve for them. Nevertheless, we mention one frequently used technique for solving special 

classes of delay differential equations. This method is known as the method of steps or the method 

of sequential integration. It can be applied only to delay differential equations for which x'(t) 

depends on t, z(t) and x(t + s) for s E [-r, -f] where f > 0 is some arbitrarily small constant. 
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Equation (2.1.1) is an example. For values oft in the interval [to, t0 + t], knowledge of x(t + s) for 

s E [-r, -t] is given by the initial function ,J,. Therefore 011 this interval, z'(t) depends only on t. 

x{t) and specified initial data. In other words, the delay differential equation reduces to an ordinary 

differential equation from which the state x(t) can (hopefully) be solved using techniques of ordinary 

differential calculus. Once x(t) is known fort E [to - r, t0 + €] it can be solved by using this same 

technique on the interval [to+ f, to+ 2t]. By repeated stepping over intervals of length f, the entire 

solution curve can be solved. Note that this can be cumbersome if f is small. 

For delay differential equations to which the :itep method can be appli"d, th,.orPm~ on t>Xi~tt>nr.e. 

uniqueness and continuous dependence of solutions may be formulated under much weaker assump­

tions on the functional /. This is because at each step the delay differential equation is transformed 

into an ordinary differential equation without delay11 and so the well-known theorems on existence, 

uniqueness and continuous dependence for ordinary differential equations may be applied. 

More properties of system (2.1.3) will be described when we generalize the system in Section 2.3 

by considering them to be defined over the larger space of piecewise continuous fu11ction11. 

2.2 hnpulsive Differential Equations 

A:; noted in Chapter l, impulsive differential equations are usually defined as an ordinary differential 

equation coupled with a difference equation. although other formulations do exist. The difference 

equation is usually given by 

Ax(t) = /(t, x(t)), (2.2.1) 

where Ax(t) = x(t+) -x(t-). Here and elsewhere throughout this document we use the abbreviated 

notation x(t+) = Jim,-,+ x(s) and x(t-) = lim,_ 1- x(s) to refer to right-hand and left-hand limits. 

respectively. Equation (2.2.1) is to be satisfied when some spatio-temporal relation h(t, z{t)) = 0 is 

satisfied. In general then, we are led to an impulsive differential equation having the form 

x'(t) = f(t. x(t)). h(t, x(t)) # 0, 

Ax(t) = /(t, x(t)), h(t, x(t)) = 0. 

(2.2.2a) 

{2.2.2b) 

Thus for as long as we have h(t, x(t)) '# 0, then the evolution of the 11tate is governed by the 

ordinary differential equation (2.2.2a). At such time that h(t, z(t}) = 0, then the state undergoes an 

impulse and instantly changes by some amount l(t. x(t)) according to (2.2.2b). This causes a jump 

discontinuity in the 11olution. Following this impulsive action, and assuming h(t, x(t)) is nonzero for 

some time thereafter, then the solution will continue to evolve according to (2.2.2a) until it again 

undergoes an impulse. 

The arbitrary nature of the relation h(t, x(t)) = 0 makes the study of (2.2.2) extremely difficult. 
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It is therefore common to focus on a particular type ofrelation. The set of points ( t. x) E IR+ x JR n for 

which h(t, x) = 0 will be assumed to consist of a sequence of hypersurfaces of the form t = Ti. ( x) where 

T&: E C(R", ll+) fork= 0.1, 2, ... and O = To(:z:) < Ti(:z:) < T2(:z:) < ... and lim,. .... oo T1,(:z:) = x for 

each :z: E JR". The system is then written as 

x'(t) = /(t,:z:(t)), t # T&:(x(t)), 

6:z:(t) = /(t, x(t)), t = -r,.(x(t)). 

(2.2.3a) 

(2.2.3b) 

When the functions T1, depend on the state, then system (2.2.3) is said to have impulses at variable 

times. This is reflected in the fact that different solutions will tend to undergo impulses at different 

time11. If the functions -r,. are all constant, then ( 2.2.3) is said to be a system having impulses at 

fixed times. In this case all solutions undergo the impulsive action (2.2.3b) at the same times. 

The que11tion of existence of solutions of 11ystem (2.2.3) is a nontrivial one when impulses occur 

at variable times. Even the precise notion of what a solution is must be carefully stated. It is fairly 

clear that solutions should be piecewise continuous and in fact piecewise continuously differentiable 

(or piecewise absolutely continuous if considering generalized types of solutions). A 110lution will 

undergo simple jump discontinuities when it intersects impulse hypersurfaces t = TJ.(:z:(t)). 

It is common practice to assume solutions of (2.2.3) are left-continuous [Lak89]. This is also 

intuitively appealing since one can think of a solution as approaching and actually reaching a hyper­

surface before being mapped to some new point. When incorporating impulses into delay differential 

equations we will deviate from this convention for other reasons and instead assume that solutions 

are right-continuous. 

Under the assumption that solutions should be left-continuous. the initial condition fur sys­

tem (2.2.3) is typically given by 

x(tt) = :z:o, (2.2.4) 

which i11 a slight modification of (2.1.6). Both (2.1.6) and (2.2.4) are equivalent when t0 # T1,(x0 ) for 

all k. Condition (2.2.4) emphasizes the fact that we do not consider a solution to instantly undergo 

an impulse at the initial time to. 

If instead, one were to consider solutions to be right-continuous, then the corresponding initial 

condition would be simply {2.1.6) although again we would not expect an impulse to occur at t = to 

even ifto = 'T'A:{:z:o) for some k. Under the right-continuous assumption we would also have to modify 

equation (2.2.3) to read 

:z:'(t) = /(t. :z:(t)). t # '1'1,(:z:(t-)), 

6:z:(t) = /(t,:z:(C)), t = -r,.(x(t-)). 

(2.2.Sa) 

(2.2.Sb) 
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Even after focussing on a particular class of relations h(t, :z:(t)) = 0 given by these impulse hyper­

surfaces, impulsive differential equations still exhibit some unusual behaviour. Solutions, depending 

on how they are defined, could undergo an infinite number of impulses in a finite amount of time 

unless some additional restrictions on the functions Ti, are imposed. In addition, solutions may not 

exist after reaching one of the impulse hypersurfaces. They may al110 intercept the 11ame hypersur­

face t = T1,(:z:(t)) more than once or not at all or even intercept it after intercepting a 1mb11equent 

hypersurface t = Ti ( z ( t)) for 11ome i > k. The repeated intersection of the same hyper1mrface by a 

solution is commonly known as a pulse or beating phenomenon and conditions are often sought to 

guarantee that it does not happen. 

Another problem associated with system (2.2.3) is that the usual notion of continuous dependence 

and stability of solutions tends to break down since neighbouring solutions tend to undergo jump 

discontinuities at slightly different times. When impulses occur at fixed times, then much of the 

theory of ordinary differential equations can be directly carried over to the study of these impulsive 

differential equations. 

Before concluding this section we make one final comment about impulsive differential equations. 

Suppose for simplicity that the impulses in system (2.2.3) occur at fixed times. If the function / is 

defined so that :z: + /(Ti,, :z:) is not a one-to-one function in :z:, then it is possible that two different 

solutions could merge following the impulsive action at time t = Ti,. This merging, also known 

as confluence, of solutions cannot happen in ordinary differcmtial equation11 when / is sufficiently 

smooth. Note also that in this situation if one were to try to extend a 11olution of (2.2.3) backwards 

in time, then r10nunique solutions would result. In fact, if :z: + /(Ti,, :z:) were not also a surjective 

function, then backward continuation of 11olutions would be impo11sible. It is therefore more fruitful 

to consider only the forward continuation of solutions. 

More will be 11aid about impulsive differential equations when we later discuss their incorporation 

into delay differential equations. 

2.3 Delay Differential Equations on the Space of Piecewise 

Continuous Functions 

In de11cribing an impulsive delay differential equation we could either 11tart with an impulsive differ­

ential equation and describe bow one would incorporate delays into it or we could 11tart with a delay 

differential equation and then add impulses. We choose the latter approach. 

Adding impulses to system (2.1.3) will invariably lead us to the consideration of piecewise contin­

uou11 functions. Since solutions will be piecewise continuous, then the functional / must be defined 

on the larger class of piecewise continuous functions. Moreover, the initial condition must be gen­

eralized to piecewise continuous initial functions. At first glance one might think we could continue 

to consider only continuous initial functions. But later in our proofs we will need to make u11e of 
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the semi-group property of the dynamical system (i.e. x(t, to, ,t,) = :z:(t, t1, x, 1 (to, t/i)) for to S ti St) 

and this will require that we consider piecewi11e continuou11 initial functions all well. 

Before actually adding impulses to system (2.1.3), in this section we will simply examine sys­

tem (2.1.3) over the larger class of piecewise continuous function11 and elaborate on the complications 

that ensue. 
We start by introducing the following notation. For a, b ER with a< band for SC Rn define 

PCl[a. b]. S\ = { tb: [a. b]-+ S ! 1/J(t+ \ = tb/t\ r/t E [a. b\. tb(C \ exists in S r/t E (a. b] and 

tp(C) = 1{,(t) for all but at most a finite number of points t E (a, bJ}, 

PC([a,b),S) ={ 1{,: [a,b)-+ SI tp(t+) = lj,(t) r/t E [a.b), rj,(C) exists in S r/t E (a,b) and 

iJ,(t-) = iJ,(t) for all but at most a finite number of points t E (a, b) }• and 

PC([a,oc),S) ={ tp: [a, :x)-+ SI r/c > a, iJ!l(a.c] E PC([a,cJ,S) }· 

Thei.e function classes dei.cribe functioni. that are right-continuous on their domain and that are 

left-continuous except at simple jump discontinuities where they have a left-hand limit. This left­

hand limit. denoted by lj,(t- ). must be finite-valued and contained in the set S. Such functions may 

have only a finite number of jump discontinuities unless they are defined on a set of the form [a, :x: ). 

In thi11 case they may have 11imple jump discontinuities at a countably infinite number of points that 

form an increasing sequence tending to infinity. 

Given the delay constant r > 0 as in Section 2.2, we equip the linear space PC([-r, OJ, Rn) with 

the norm 11 • llr defined by llt/illr = sup_r~•~oll-iJi(s)II. If :z: E PC([to - r,oc),Rn) where to ER+, 

then again as in Section 2.2, for each t ~ tO we define ;i; 1 E PC([-r,OJ,Rn) by :z:1(11) = ;i;(t + s) for 

-r S s S 0. 

Let JC R+ be an interval of the form [a, b) where OS a< b S x and let DC Rn be an open 

i.et. Then we consider the t1ystem 

z'(t) = f(t,x,), (2.3.1) 

where/: J x PC([-r, OJ, D)-+ R". Moreover, we impose the initial condition 

(2.3.2) 

where to ER+ and¢ E PC([-r, OJ, D). 

Note that one advantage in assuming that solutions are right-continuous can be t1een immediately. 

That is that the entire initial data can be incorporated into the single function ¢ and we do not need 
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to 11eparately include an extra initial condition specifying the right-hand limit of the 11olution at the 

initial time. Also, it remain11 reasonable to expect that the solution will be right-differentiable and 

llati11fy (2.3.1) with its right derivative at t = to. 

Without impulses to cause future dii1continuities beyond tholle that may already be pre11ent in 

the initial condition, the solution mu11t evolve continuously for t ? to. At the very least it must be 

absolutely continuous after the initial time. At first glance, a reasonable expectation for 11olutions 

would be that they should satisfy (2.3.1) at all times t > t0 (and with their right derivative at 

t = t0 j. Then for well-behaved and 1mfficiently 11mooth fuuctioual11 /, we wuul<l get ,;ulutioni; that 

are continuou11ly differentiable for t 2: t0 . 

Unfortunately, restricting one'11 attention to llystems exhibiting this behaviour ends up excluding 

a whole class of common delay differential equations including delay differential difference equations. 

The initial di11continuities can cau11e "11olution11" of these 11ystems to fail to be differentiable at future 

time11. For example. consider the 11calar delay differential difference equation given by 

x'(t) = x(t - 1), (2.3.J) 

with r = 1, t0 = 0 and a pieo~wi11e continuous initial function if, having a dii1continuity at some point 

t• E (-1. OJ. This equation can be llolved lllling the method of 11teps. However, it is clear that any 

"solution" of (2.3.J) will not have a derivative at the point t• + 1 although it will be continuou11 and 

have one-sided derivatives there. 

In order to accommodate these important types of systems we must weaken our notion of a 

llolution llomewhat. We choolle to weaken it by permitting a 11olution to have a finite number of 

points on any finite interval of time where the llolution may not be differentiable. However, at 

the11e pointll we lltill expect the solution to be continuous and have a right-hand de!·ivative llatisfying 

(2.3.1). 

One could weaken the definition of a 11olution further, as is occasionally done with delay differ­

ential equations, by defining generalized solutions that are solutions of the integral equation corre­

sponding to (2.3.1) and (2.3.2). Such solutions would be absolutely continuous and satisfy (2.3.1) 

almost everywhere with re11pect to the Lebesgue meaiiure. Caratheodory-type conditions would have 

to be imposed on the functional / in order to guarantee existence and uniquenes11 of these types of 

solution11. 

Neverthele11s, we prefer to focus our attention on the more classical types of 11olutions. The 

advantages are that the development of the theory is 11impler, more closely re11embling the classical 

theory of ordinary differential equations, and that in practice the examples and applications one 

encounters tend more often than not to be of the form that we first described. Our definition of a 

solution is the following. 

Definition 2.3.1: A function :z: E PC([to - r, to+ a], D) where a > 0 and [to, t0 + a] C J is said 
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to be a aolution of {2.3.1) if 

(i) :z: is continuous at each t E (to, to + a]; 

(ii) the derivative of :z: exists and is continuou:1 at all but at most a finite number of points t in 

(to,to+a); and 

(iii) the right-hand derivative of :z: exi11ts and 11atisfies the delay differential equation (2.3.1) for all 

tE[to,to+a). 

If in addition :z: 11atisfies the initial condition (2.3.2), then it is said to be a aolution of (the initial 

value problem) {2.S.1} & {2.S.2} and we write :z: = :z:(t0 , 4>) to emphasize this. 

Definition 2.3.2: A function :z: E PC([to - r. t0 + /3). D) where O < /3 $ x and [to, to+ {3) C J is 

11aid to be a aolution of {2.S.1) (aolution of (2.S.1) & (2.3.2)) if for each O <a< /3 the restriction 

of x to (to - r, to+ a] is a solution of (2.3.1) (11olution of (2.3.1) & (2.3.2)) and if {3 < x, then the 

derivative of x exi11ts and is continuous at all but at mo11t a finite number of points t in (to, t0 + f:J). 

In order to obtain existence and uniqueness results we require that the functional f satisfy 

various continuity, boundedness and Lipschitz types of conditions. Before elaborating further on 

these properties we wish to point out some key differences between continuous delay differential 

equations and delay differential equations on the space of piecewise continuous functions. 

One fundamental difference between continuous and piecewi11e continuous functions with respect 

to delay differential equations is the following. If r. E C([to - r. to+ a], D) for some a > 0, then x, is 

a continuous function oft (with respect to 11 • llr) fort E [to, to+a], while ifx E PC([to-r, to+a], D). 

then :r., may be discontinuous at some or all t E [to, t0 + a]. This key difference causes a myriad of 

problems when analyzing delay differential equations over the space of piecewise continuous functions 

and we will make note of it time and again. The proof of the first part can be found in [Hal93] and 

we state it here. 

Lemma 2.3.1: Aaaume x E C([to - r. t0 + a], D). Then x, ia a continuou& function oft (with 

re&pect to 11 • llr) fort E [to, to+ o]. 
Proof: Since x is continuous on [to - r, t0 + o], then it is unifo.:mly continuous and thus for every 

t > 0, there exists a cf> 0 such that 11:z:(ti) - x(t2)II < t for all t1, t2 E [to -r, to +a] with it1 -t2j < &. 

Thus for t1, t2 E [to, to+ o], it1 - t2! < cf and s E [-r, OJ we get llx(t1 + s) - x(t2 + s)II < E, which 

implies 11:z:,, - x, 2 llr $ E, thus proving the lemma. ■ 

To show how a single discontinuity can destroy the conclusion of Lemma 2.3.1, consider the 

function 

:z:(t) = { 0, t E [-1. 0), 
1, t E [0. l], 

(2.3.4) 
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where t0 = 0. r = l and o = 1. Suppose t1, t:z E [O, l] and c5 > 0 with O < t1 - t:z < 6. Then for 

s = -ti E [-r, O], lx(t1 + s) - x(t2 + s)I = lx(O) - x(t:z - t1)I = 1, which implies llx, 1 - x, 2 llr = l. 
So clearly Xe is discontinuous at each t E (0, l]. 

While we can say little about the smoothness of :z:1 as a function of t for a piecewise continuous 

function x, we can show that llxcllr is a piecewise continuous real-valued function oft. We prove 

this in the following lemma which we will later use. 

Lemma 2.3.2: A,.mme x E PC([to - r, to+ a], D) and let g(t) = 11:rcllr fort E [to, to+ <Y]. ThPn 

g E PC([t0 , to+ a], R+) and the only poHible points of discontinuity of g are t• or t• + r, where t• 

denotes a point of discontinuity of x. 

Proof: We will first prove that g(tf) = g(ti) for all t1 E [to, to + a). Let t1 E [to, to+ o) and 

note that g(tt) = sup1e[ii-r,ri) llz(t)II. Let E > 0. Since x is assumed to be right-continuous at t1 

and t1 - r (and indeed at all points in [to - r, to+ a)), then there exists a O < c5 < to+ a - t1 
such that if t E [t1, t1 + 6], then llx(t) - :r(ti)II $ t/2 and 11:r(t - r) - x(t1 - r)II $ t/2. Lt!t 

t2 E (t1, t1 + c5]. If t E [t1, t2], then 11:i:(t )II :S llz(tdll + t/2 $ g(ti) + t/2. Thus 11:z:(t)II $ g(ti) + t/2 

for all t E [t1 - r, t:z]. Since [t:z - r, t2] C [t1 - r, t:z], then this in turn implies that g(t2) $ g(ti) + t/2. 

Similarly, if t E [t1 - r, t2 -r], then 11:z:(t)II = 11:z:(t) - x(t1 - r) + x(t1 - r) - :r(t2 - r) + x(t2 - r)II $ 

11:z:(t) - .x(t1 - r)II + llx(t1 - r) - x(t:z - r)II + llz(t:z - r)II $ t/2 + t/2 + g(t:z) = t + g(t:z) and 

so 11:z:(t)II $ g(t:z) + E for all t E [t1 - r, t2], Since [t1 - r, t1] C (t1 - r, t:z], then thi11 implie11 that 

g(ti) $ g(t2)+E. So combining our results gives us lg(ti)-g(t:z)I $ E, which proveii that g(tt} = g(ti). 

Note that to prove g(tt) = g(ti) we only required that x be right-continuous at t1 and at t1 - r. 

By a 11imilar argument we can prove that g(t1) = g(ti) for all t1 E [to, to+ a) providing x is left­

continuous at t1 and at t1 - r. Moreover, if t1 E (to,to + a] and either t1 or t 1 - r is a point of 

discontinuity of :r, then it i11 easy to verify that g(t1) exi11ts. 

Thus g is right-continuous on all of [to, to+a) and is left-continuous at each t1 E (to, t0 +o] unless 

t1 or t1 - r happen to be discontinuities of x, in which ca11e g(t1 ) exists (yet may still equal g(tt)). 

The only discontinuities of g may occur at times t• or t• + r where t• is a point of discontinuity of 

the function x. ■ 

Defining g(t) = ll:z:1llr for the function (2.3.4) gives us g(t) = 1 for all t E (0, l], which shows that 

g E PC([O, l], R+) (in fact g is continuous on (0, l]) as Lemma 2.3.2 predicts. 

When dealing with continuous delay differential equations it is common practice to assume that 

the solution trajectories are of the form (t, zc) and evolve in the function space R+ x C( (-r, OJ, Rn), 
or some open subset thereof, instead of the more usual integral curve (t, x(t)) in R+ x Rn. This 

is the approach taken by Hale and Lunel [Hal93] where they discuss some of the advantages and 

disadvantages of the two approaches. Because Xe is generally not even piecewise continuous as a 

function of t when x is a piecewise continuous function, this approach would not be appropriate 

for systems involving piecewise continuous functions. Unfortunately, this means that much of the 
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theory developed for continuous delay differential equations cannot be indiscriminately applied to 

delay differential equations over the space of piecewise continuous functions. 

For continuous delay differential equations, the functional / is typically assumed to be jointly 

continuous in its two variables. This condition is sufficient to guarantee the local existence of 

solutions of (2.1.3) & (2.1.7) [Hal93]. This turns out to be a poor choice of a condition for functionals 

defined on piecewise continuous functions. Many simple functionals that are continuous on R+ x 

C([-r, O], R") cannot be extended continuously to R+ x PC([-r, O], Rn) for the same reason that 

Xt is no longer continuous in t. An example of such a functional is 

(2.3.5) 

which corresponds to the equation 

(2.3.G) 

with r = 2. Together with a piecewise continuous initial function. this equation can be solved by 

the method of steps and can be shown to have a solution that is continuous and has a piecewise 

continuous derivative fort ~ t0 (see Corollary 3.1.1 in the next chapter). This is despite the fact 

that / is not continuous on R+ x PC([-2, OJ. R). While/ is continuous with respect to 1" for fixed 

valuell oft E R+, it is not continuous with respect tot for fixed values of t/J E PC([-2, O], R) that 

have discontinuities in the interval (-2, -1). While/ will be piecewise continuous with respect tot 

for each fixed tj,, the times where it experiences a jump discontinuity will clearly vary depending 011 

the choice of 'lj,. 

Instead of the usual continuity assumption on /. Driver [Dri77] assumes that the composite 

function /(t, x,) is continuous for every continuous function x when he considers continuous delay 

differential equatiom1. If/ were assumed to be continuous in its two variables, then it would satisfy 

this weaker hypothesis 11ince the composition of continuous function11 is continuous (and here Xt 

would be continuous since x is). We find that an adaptation of this sort of condition is best suited 

to our functional/. For the functional / given in (2.3.5), the composite function /(t, xt), where x 

is any piecewise continuous function, is itself piecewise continuous with respect to t. This property, 

which we define more formally later and refer to as / being "composite-PC," will be what we will 

use in our existence and uniqueness theorem11. 

When x is piecewise continuous, Zt may be highly discontinuous as a function oft. Therefore, 

even ifwe were to &1sume that/ was continuous on R+ x PC([-r,O],Rn), we could not, in general, 

conclude anything about the continuity of the composite function /(t, x,). However, we would 

need to do 110 in any proof of existence. This further explains the need to consider this alternative 

continuity assumption for/. 

A11 an illustration, let r = 1 and let { 9n} be some enumeration of the rational numbers in [-1, 0). 
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Next define the functional 

f(t, iJ,) = f tJ,~~n). 
n=l 

(2.3.7) 

Here / is actually independent oft. Since function11 tJ, in PC([-1, O], R) are bounded. the 11eries 

in (2.3.7) converges ab11olutely and 110 / is well-defined. Moreover, f i11 clearly continuous on all of 

Ill+ x PC([-1,0],R). Let us look at the compo11ite function /(t,xc) fort E (0, l] where xis given 

by the piecewi11e continuous function (2.3.4). Thim 

f(t,x,) = ~ x(t+qn) = ~ l 
~ 2n ~ 2n 
n=l {n: q,.~-t) 

(2.3.8) 

i11 di11continuou11 at each rational number t in (0.1]. The functional (2.3.7) is not composite-PC a.,; 

defined below. 

In most practical cases, solutions of ( 2.3.1), where / is defined on the space of piecewb,e continuous 

functions R+ x PC([-r, O], Rn), will exhibit properties similar to solutions of the same equation but 

with the domain off restricted to continuous functions, i.e. Ill+ x C([-r, O]. IRn). In other word11, 

solutions corresponding to piecewise continuous initial functions ¢ will have similar characteristics 

to those with continuou11 initial function11. In particular. note that a 11olution x = x(to. ,J,) of (2.3.1) 

satisfying (2.3.2) with ,p E PC([-r. O], Rn) will sati11fy x, E C((-r, OJ. R") fort~ t0 + r. Of course 

if¢ is continuou11, then x, E C((-r, OJ, Rn) for all t ~ t0 . 

It i11 possible, however, for /(t, 1") to be defined in such a way that it depends on the jump 

di11continuities of 1/J, if applicable. Consider for example the functional/: IR+ x PC((-1. O], IR.)--+ JR 

defined by 

/(t, ,J,) = { 
0, if tJ, is continuous 011 (-1, OJ. 

( max {lt/J(s1r) - tj,(s; )I}) tJ,2(0), where -1 < s1 < sz < ... <sir< ... < Sm S 0 
1$1r$m 

denote the points of discontinuity of t/J. 
(2.3.9) 

This functional/ satisfies the conditions of Theorem 3.1.1 on the space IR+ x PC([-1, OJ, R). For 

continuous initial functions ,J,, the corresponding solutions are con11tant and given by x(t) = ¢(0) for 

t ~ to. In particular, these solutions exist globally and are uniformly bounded. Next consider the 

discontinuous initial function 

,J,(s) = { 0, s E (-1, 0), 
5, 11 = 0, 

(2.3.10) 
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where c5 > 0 is arbitrary. For c5 < 1 the resulting solution is given by 

{ 

1 _ 02 :t _to), t E [to, to+ 1), 
x(t) = 

c5 
1

_ 02 , tE[to+l.oc). 

Ou the other hand, if c5 ~ 1, then the solution is given by 

') c5 -[ l'!'') x l t = l r2 ( ) , t t: to, to + / a . 
- a t - to 

19 

(2.3.11) 

(2.3.12) 

111 particular, these solutions become unbounded as t ➔ to+ l/c52 and cannot be extended beyond 

thill maximal interval of existence. 

This example illustrates that by enlarging the domain of f to include piecewise continuous 

functions we may lose desirable propertiell such as global existence and boundedness of 110lutions, 

since the set of solutions is correspondingly larger. Of course, resultll that establish boundedness of 

solutions given piecewise continuous initial functions, for example, will also give us boundedness of 

solutions having continuous initial functions. The functional (2.3.9) is a rather artificial conlltruct 

and we will not be considering functionals like it in the remainder of this document. 

When introducing our existence and uniqueness theorems we will need to impolle certain condi­

tion!! on the functional f. We define the following properties which we will frequently refer to. 

Definition 2.3.3: A functional f: J x PC([-r, OJ, D) ➔ Rn ill said to be composite-PC if for each 

to E J and 0 < a$ x, where [to, to+ a) C J, if x E PC([to - r, t0 + a), D), then the composite 

function g defined by g(t) = f(t, xr) ill an element of the function class PC([t0 • t0 + a), IR.n). 

Definition 2.3.4: A functional f: J x PC([-r,0J, D) ➔ Rn ill said to be quasi-bounded if for each 

to E Janda > 0, where [to, t0 + a] C J, and for each compact set F C D. there existll some M > 0 

such that 11/(t, ¢)11 $ M for all (t, tj,) E [to, to+ aJ x PC([-r, OJ, F). 

Definition 2.3.5: A functional / : J x PC([-r, OJ, D) ➔ Rn is said to be continuous in tp if for 

each fixed t E J, f(t, 1/1) ill a continuous function of tJ, on PC([-r, OJ, D). 

Definition 2.3.8: A functional/: J x PC([-r, 0], D) ➔ Rn is said to be locally Lipschitz in tJ, if 

for each to E Janda> 0, where [to, to+al CJ, and for each compact set F C D, there exists some 

L > 0 such that 11/(t, 1/11)-/(t, tb2)II $ Lll,J,1 -1P2II, for all t E [to, to+a] and 1P1, tb2 E PC([-r, OJ, F). 

If/ is locally Lipschitz in tp, then clearly it is also continuous in tp. If in addition / is composite­

PC, then it is also quui-bounded, since 11/(t, 1P)II $ Lll1PII, + 11/(t, 0)11 for t E [to, to+ aJ where 

lltbll, $ sup{llzll I z E F} and where 11/(t, 0)11 is bounded above by 110me constant since /(t, 0) is a 

piecewise continuous (and hence bounded) function oft. Through slight abuse of notation we use the 
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symbol "0" to represent either a zero scalar, a zero vector or a zero function (or functional). In this 

ca.-ie it refers both to the zero element of PC([-r, OJ, D) and the zero element of PC([to-r, to+a], D) 

and in general it will be obvious what it represents from the context. In fact the same goes for the 

symbol '"r" which in some instances refers to a piecewise continuous function while in other instances 

it refers to a point in R". Note that while this argument assumes that D contains the origin, it can 

be easily modified to account for the case when O ~ D (zero here representing a point in R"). The 

Lipschitz condition will be discussed further in Cuapter 3 with respect to uniqueness of solutions as 

well all in Chapters 4 au<l 5 iu the cuutext of Lyapuuuv fu11ctiu11alt1 auJ functions. 

We conclude this section with a simple lemma that introduces an equivalent integral formulation 

of system (2.3.1) & (2.3.2). Its proof is straight-forward. 

Lemma 2.3.3: Suppo1e f i, compo,ite-PC. Then a function x E PC([to - r, to+ o], D), where 

o > 0 and [to, t0 + a] CJ, ia a 1olution of {2.3.1) & (2.3.2) if arid only if x sati1fie1 

{ 

¢(t - to), t E [to - r. to], 
:c(t): I 

4>(0) + /,
0 

f(s. x, )ds. t E (to, t0 + a], 
(2.3.13) 

fort E [to - r, to+ a]. 

Note that if :i: is defined on an interval of the form [to - r, to+ /3) for some O < {:J :S x where 

[to, t0 + /3) C J. then Lemma 2.3.3 will also give the equivalent integral formulation of a solution of 

(2.3.1) & (2.3.2). 

2.4 Impulsive Delay Differential Equations 

In Section 2.2 we described impulsive differential equations and in Section 2.1 we described delay 

differential equations that we then expanded upon in Section 2.3 by examining them on the space 

of piecewise continuous functions. In this section we combine these to give an impuh1ive delay 

differential equation. 

The impulsive delay differential equation that we will consider will essentially be system (2.2.5 ), 

since we are assuming right-continuous solutions, where the ordinary differential equation in (2.2.5a) 

is replaced by the delay differential equation (2.3.1). 

Before constructing an impulsive delay differential equation in this manner, we make one addi­

tional generalization. Instead of the impulse operator/ depending only on :z:(t-), which is essentially 

the current value of the state, we will allow it to also have delays so that it may depend on past 

values of the state. So in addition to depending on :z:(t-) whenever t = 1l (:r:(t-)), it may also 

depend on values of :r:(t + ,) for a E [-r, 0). This will make I a functional much like f. In most of 

our examples, however, we will choose I to depend only on :z:(t-) since this value usually plays a 
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dominant role. 

As we pointed out in Section 2.3, for piecewise continuous functions :z: E PC([to - r, oc ), Rn), 

the limit lim, ... ,- x, does not generally exist with respect to the norm II · llr• So we will define 

:z:,- E PC([-r,O],Rn) by :z:,-(11) = :z:(t + s) for -r $ s < 0 and x,-(s) = :z:(t-) for s = 0. Note that 

this does not mean x,- = lim, ... ,- x,. Using this notation for x,- we may express the dependency of 

I on :z:(t-) and past values of the state by l(t, x,- ). So just as we have/: J x PC([-r. O], D)-+ Rn, 

so too do we assume that I: J x PC([-r, O], D)-+ Rn. Later we will impose various conditions on 

the functionals / and I. 
We now present our impulsive delay differential equation in the following form 

x'(t) = f(t,x,), t # Tk(x(r)), 

~:z:(t) = l(t.x,-). t = Tk(:z:(C)). 

The initial condition for system (2.4.1) will simply be given by the usual 

(2.4.la) 

(2.4.lb) 

(2.4.2) 

where t0 E R+ and <I> E PC([-r, OJ, R'' ). As in Section 2.2, the functions T1r are assumed to satisfy 

0 = To(:z:) < Ti(x) < r2 (:z:) < ... and lim1r-oc Tk(:z:) = oc for each :z: E Rn. However, we only assume 

they are defined on the domain D; in other words 'Tk E C(D, R+) for each k. 

We next define a solution of (2.4.1). Note that we use the notation A\B to denote the difference 

of two sets A and B (i.e. A\B = {t It EA and t fl B}). 

Definition 2.4.1: A function :z: E PC([t0 - r, t0 + a], D) wluire a > 0 and [to, t0 + a] C J is said 

to be a solution of (2.,l.1} if 

(i) the set T = {t E (to, to + a] I t = r1r (x(t-)) for some k} of impulse times is finite (possibly 

empty); 

(ii) :z: is continuous at each t E (to, to+ a]\T; 

(iii) the derivative of :z: exists and is continuous at all but at most a finite number of points t in 

(to, to+ a); 

(iv) the right-hand derivative of :z: exists and satisfies the delay differential equation (2.4.la) for all 

t E [to, to+ a)\T: and 

(v) :z: satisfies the delay difference equation (2.4.lb) for all t ET. 

If in addition, x satisfies the initial condition (2.1.7), then it is said to be a solution of (the initial 

value problem) {2.,l.1} t'J (2.,1.2) and we write :z: = :z:(to, ¢). 
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Definition 2.4.2: A function :r E PC([to - r, to+ /3). D) where 0 < /3 ~ oc and [to, to+ /3) C J is 

said to be a 1olution of (2.,1.1} (1olution of (2.,1.1} & (2.4-2)) if for each O <a< /3 the restriction 

of :r to [to - r, t0 + a] is a solution of (2.4.1) (solution of (2.4.1) & (2.4.2)) and if /3 < x, then the 

derivative of :r exists and is continuous at all but at most a finite number of points t in (to, to+ /3) 

and the set T = {t E (to, to+ /3) It= r1, (x(t-)) for some k} is finite. 

Note that the points where a solution fails to have a continuous derivative will generally include 

but may not be limited to impulse times. We require that there be at most a finite number of 

such exceptional points on any finite interval of time. In our definition, we do not explicitly require 

that solutions have a right-hand derivative satisfying (2.4.la) at the impulse times in T although in 

practice they will. 
A solution :r = :r(t0 , ,Ji) of (2.4.1) & (2.4.2) existing on [to - r, t 0 + o] and experiencing impulses 

at the points T = { t,. };:'=1 where to < t1 < t2 < ... < tm ~ to+ a can be described by 

{ 

x(t,to,,J,), t E [t0 -r.ti), 

x(t,to,,J,) = x(t,t,.,x 1.), t E [t1,,t1.:+iJ, k = 1.2 ..... m-1, 

x(t. tm, x, ... ). t E [tm, to+ o], 

(2.4.3) 

where x(t1,) = x(t;) + [(t1,, x1- ). If the solution exi11ts on [to - r, oc ). then it may experience .. 
impulses at an infinite number of points T = {t1, }f=1 where to < t1 < t2 < ... < t,. < ... and 

lirn,,_oc: t,. = x:. Of course in this case we may expres11 the solution by 

( 
,.,) { x(t,to,,J,), tE[to-r,ti), 

X t, to, 'I' = 
x(t. t1,. x 1• ). t E [t1,, t1,+il• k = l. 2, .... 

(2.4.4) 

For each k, x(t.t1,,x,.) fort in the interval [t1,,t1,+il represents a solution of (2.3.l) with t1, 

denoting the initial time and x 1• repre11enting the initial function. Before developing existence and 

uniquene11s result11 for 11ystem (2.4.1) we will first develop them for (2.3.1) and then add additional 

conditions, as nece11sary, to establish those same properties for system (2.4. l). 

Just as Lemma 2.3.3 gives an alternate integral formulation for problem (2.3.1) & (2.3.2), 80 too 

can we do the same for system (2.4.1) & (2.4.2). We state this in the next lemma whose proof i8 

again straight-forward and hence omitted. 

Lemma 2,4,1: Suppoae f i, compoaite-PC. Then a function x E PC([to - r, to+ a], D), where 

o > 0 and [to,to + a] CJ, that ezperiencea the impulsive effect at the pointa T = {t1,};:'=1 where 
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to< t1 < t 2 < ... < tm ~to+ a is a solution of (2.4.l} f! (2.4.2) if and only if x satisfies 

,p(t - to), t E [to - r, to], 

,p(O) + (' f (s, x, )ds, t E (to, ti). 
},. 

x(t) = 
x(t;) + [(ti,, x1-) + {' f(s, x, )ds, t E [ti,, ti,+il• k = 1, 2, ... , m - 1, 

~ l,~ 
(2.4.5) 

x(t;;) + l(tm. x1;;.) + J' f(s. x, )ds. t E [tm. tn + a]. 
c.,. 

or equivalently, 

r(l) ; { 

¢,(t - to), t E [to - r, to], 

¢,(0) + J' f(s, x, )ds + L I(t1r, x,; ), t E (to, to+ a]. 
lo (Ir: l~E(lo,11} 

(2.4.6) 

If x is defined on an interval of the form [to - r, to+ {3) for some O < {3 ~ x where [to, to+ {3) C J. 

then Lemma 2.4.1 also gives us the equivalent integral formulation of a 11olution of (2.4.1) & (2.4.2). 

Occasionally in the study of impulsive differential equations without delay one considers other 

kinds of "solutions". These more bizarre ::iolutions are characterized by the fact that they undergo 

an infinite number of impulses in a finite amount of time, often cau11ed by rhythmical beating upon 

an impulse hypersurface. The simplest of these cases is where the impulse times form an increasing 

::iequence tending to some positive finite value. It is unclear how one could interpret a solution 

beyond this time, however. 

These unusual types of solutions tend to lack a good physical interpretation and little qualitatively 

or quantitatively can be said about them. The same holds true for impulsive delay differential 

equations. Krishna and Anokhin [Kri94] discuss the!!e !lo-called singular solutions in their study of 

impulsive delay differential equations and they mention the need to isolate circumstances where such 

:mlutions can exist or are guaranteed not to exist. 

We prefer to restrict our attention only to those solutions that undergo impulses a finite number 

of times over any finite interval, but that, if defined for all t ~ t 0 , may undergo impulses at a 

sequence of times tending to infinity. This preference is reflected in our notion of a solution given 

in Definitions 2.4.1 and 2.4.2. We will have to take this into account when obtaining conditions for 

the continuability of solutions of (2.4.1). 

A special case of system (2.4.1) that we will focus a great deal of our attention on in later chapters 
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is the system 

x'(t) = f(t, x,), t # Tk, 

Ax(t) = /(t,x,-), t = Tk, 

24 

(2.4. 7a) 

(2.4.7b) 

where the 7"k are constant and satisfy O = To < T1 < ... < 1"k < ... and lim1r ... ac Ttr = oc. This 

system lacks many of the undesirable complications that the more general system (2.4.1) has. 



Chapter 3 

Fundamental Properties 

In this chapter we will establish existence, uniqueness, continuability and continuous dependence con­

ditions for solutions of (2.3.l) and more generally for the impulsive delay differential equation (2.4.1). 

Special conditions will have to be imposed to guarantee local existence and continuation results for 

system (2.4.1) in the case where impulse times are variable. Continuou11 dependence results will only 

be developed for the impul11ive delay differential equation (2.4.7) having fixed impulse times since it 

is generally not feasible to expect continuous dependence for the arbitrary system (2.4.1). 

3 .1 Local Existence 

We start by considering the delay differential equation (2.3.1). which is defined on the space of 

piecewise continuous functions but which lacks impul11es. Our first theorem gives sufficient conditions 

for the exi11tence of a local iiolution of 11ystem (2.3.l ). The techniques used to prove this theorem are 

based on a similar existence proof developed for delay differential equations in (Ogu66]. 

Theorem 3.1.1: A.uume f ia compoaite-PC, quaai-bounded and continuous in t/J. Then for each 

(to, 4i) E J x PC([-r, OJ, D), there ezi.st.s a aolution :z: = :z:(to, ¢,) o/ {2.3. 1) & (2.3.2) on [to - r, t0 + jj] 
for 11ome /j > 0. 

Proof: Let (to,¢,) E J x PC([-r, OJ, D) and choose a > 0 so that [to, t0 +aJ C J. Since ¢(0) E D and 

Dis open choose,\> 0 such that F1 = {z E Rn I llz - lji(O)II $.,\}CD. Since¢ E PC([-r, OJ, D), 

then the closure of the range of iji, which we denote by F2, is a compact subset of D. So define 

F = Fi UF2, Then Fis a compact subset of D. Since/ is quasi-bounded, then there must exist some 

M > 0 so that 11/(t, 1")11 $ M for all (t, ,ti) E [to, to +aJ x PC([-r, OJ. F). Let /j = min{a, .-\/M} > 0. 

25 
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For O < f31 :$ {3 define 

R(to, 4,, )., f31) = { :z: E PC([to - r, to+ 131], D) I :z:,0 = 4,, x is continuous on 

(to, to+ f31] and 11:z:(t) - 4,(0)11 $ ). 'it E (to, to+ 131]} · 

26 

(3.1.1) 

If :z: E R(t0 , ¢, ).,{31), then :z:, E PC([-r, OJ, F) for all t E [to, to+ {3i] from the definition of F and 

so 11/(t, :z:, )II $ M for t E [to, to+ {31]. Moreover, if :z: E R(to, ¢, )., l3i), then the composite function 

f(t, x,) is in PC([to, t0 + {31], Rn) since / is composite-PC. Note that when restricted to the domain 

[to, t0 + {31], functions in R(to, ¢, )., {3i) are continuous since they are continuous on (to, to+ f31] and 

are right-continuous at to, 

For µ = 1, 2, 3, ... define 

t E [to - r, to], 

t E (to, to+ /3/ µ]. (3.1.2) 

t E (to +/3/µ,to +13]. 

We will first prove that each function xii' 1 i11 well-defined and is in R(t0 , ¢, )., /3). This is obviously 

true for :z:( 11. For any µ ~ 2 the first two expressions in (3.1.2) define :z:ll'I fort E [to - r, to+ {3/ µ] 

and, restricted to this interval, :z:(l'J E R(t0 • ¢, ).,13/ µ). Thus f(t, x!"1) is piecewise continuous and 

consequently integrable on [t0 ,t0 + {3/µ] and llf(t,:z:!" 1)11 $ M fort E [ta.to+ /3/µ]. Therefore 

the third expression in (3.1.2) defines :z:11'1 as a continuous function for t E (to + /3/ µ, to + 2{3/ µ]. 

Moreover, fort E (to+ {3/ µ, t0 + 2{3/ µ] we have 

(3.1.3) 

This shows that :z:(1'1 is well-defined on [to - r, to + 2{3/ µ] and, when restricted to this interval, is in 

R(to, ¢, )., 2{3/ µ). Now suppose that :z:II') is well-defined on [to - r, to+ k{3/ µ] for some 1 < k < µ 

an~, when restricted to this interval, is in R(to, ¢, )., k{3/µ). Then II/ (t, :z:!"1 )II $ M and / (t, z:!"1) is 

piecewise continuous for t E [to, t0 + k{3/ µJ. Thus (3.1.2) defines :z:(1') as a continuous function for 

t E (to+ k/3/ µ,to+ (k + 1)/3/ µ]. Also, inequality (3.1.3) holds fort in this interval, which shows that 

:z:II') restricted to this time interval is in R(t0 , ¢, )., (k + 1 ){3/ µ). So by induction, :z:(1'1 is a well-defined 

function in R(to, 4,, )., {3). 

For each µ let y(i,) denote the restriction of :z:<111 to [to, t0 + {3]. Then y<11 I is continuous on 

[to, to+ {3]. Moreover, fort E [to, to+ {3], IIY("l(t)II $ ). + 114'(0)11 and so the functions y(i,) are 
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uniformly bounded. In addition. for any t1, t2 E [to, t0 + J3] we have 

(3.1.4) 

for allµ, which implies that the functions yll'l are equicontinuous 011 the interval [to, to+ J3]. Hence, 

by Ascoli's Theorem, there exists a sub11equence {yll'•I} of the sequence of functions {yll'l} that 

conver~es uniformly to some continuous function y on [to, t0 + J3] as k ➔ x. 

Define 

x(t) = { t/,(t - to), t E [to - r, to], 
y(t), t E (to, to+ J3]. 

(3.1.5) 

For each fixed t E [to, to+ J3], 11:i:!"• 1 - x1II,. ➔ 0 as k ➔ x and since f(t. ¢) is assumed to be 

continuous in tJ, fort fixed, then lilllA: ... oc f(t, xj"• 1) = f(t, x,). Moreover, since x11'•l E R(to, rt,. >.,/3). 
then 11/(t. x!"• 1 )II S M fort E [to, to+ J3]. 

By Lebesgue's Dominated Convergence Theorem we obtain 

(3.1.6) 

for all t E [to, to+ /3]. From (3.1.2) we get 

x1"• 1 (t) = 4>(0) + 1' /(.1, x~"• l )ds - [
1 

f (s, x~"• 1 )ds. t E (to+ .Bl µk, to+ /3], 
lo 1-J/µ• 

(3.1.7) 

where the second integral tends to zero as k ➔ x. By taking the limit as k ➔ x in (3.1.7) and 

using (3.1.6) we find 

{ 

tp(t - to), 
x(t) = I 

t/i(O) + /,
0 

f(s, x, )ds, 

t E [to - r. to]. 

t E (to, to+ .B], 
(3.1.8) 

which in light of Lemma 2.3.3 proves the theorem. • 
The following examples provide a list of commonly encountered functionals defined on R+ x 

PC([-r, 0], Rn) that are all composite-PC, quasi-bounded and continuous in their 11econd variable 

and hence 11atisfy the conditions of Theorem 3.1.l: 

(Fl) /(t, :i:1) = g(t, :i:(t), x(t - ti), x(t - t2), ... , z(t - tm)), 

where g E C(R+ x Ru(m+l), Rn) and the constants tt satisfy O ::S tt ::Sr fork= 1, 2, .... m: 

(F2) /(t,z,) =g(t,:i:(t),:i:(t-h1(t)),x(t-h2(t)), ... ,x(t-hm(t))), 
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where g E C(R+ x Rnx(m+ll,R"), the functions h1, are continuous and satisfy OS h1,(t) Sr 

for t E R+ and the functions t - h1, ( t) are nondecreasing on IR+: 

(F3) f(t, Xe) = g (t, x(t), [~r G(t, s, x(s))ds), 

where g E C(R+ X R"x 2 , R") and GE C(R+ X (-r, oo) X R", R"); 

(F4) f(t, xe) = g (t, x(t), x(t - ti), x(t - t2), ... , x(t - tm), /,~r G(t, s, x(s))ds), 

where g E C(R.. x R" x(m+:?). R" ). G E C(R. x (-r. oo) x R", R") and the constants t1, 

satisfy O :5 t1: S r. 

We provide a proof that functionals of the form (F2) satisfy the conditions of Theorem 3.1.1 

from which we can conclude that local solutions of (2.3.1) & (2.3.2) exist. 

Corollary 3.1.1: If (2.S.1} is of the form 

x'(t) = g(t, x(t), :z:(t - h1(t)), :z:(t - h2(t)), .... x(t - hm(t))), (3.1.9) 

where g E C(R+ x Rnx(m+l), R"), the functions h1, are continuous and satisfy O < h1,(t) S r 

fort ER+ and the functions t - h1,(t) are nondecrea.sing on R+, then for each (to,¢,) ER+ x 

PC([-r. O], R"), there exiat.s a .solution :z: = :z:(t0 , ¢,) of (2.3.1) & (2.S.2) on [to - r. to+~] for .some 

t3 > 0. 
Proof: Here we have f(t, t/1) = g(t, tJ,(O), tj,(hi(t)), ... , tJ,(h,,.(t))). We need only show that / 

is qu&ii-bounded, composite-PC and continuous in 1/1 and then we can apply Theorem 3.1.1. If 

t0 E R+, a > 0 and F C R" is compact, then since g is continuous and [to, to+ a] x Fm+l is 

compact, there exists some M ~ 0 11uch that llg(t. Yo, Yl, ... , Ym )II S M for all t E [to, to+ o] and 

y1, E F. If 1/, E PC([-r. OJ, F), then 1/,(0) E F and 1/,(h1:(t)) E F for all k and so 11/(t.1/,)II = 

llg(t, 1/,(0), t/>(hi(t)), ... , 1/l(hm(t)))II s M. In other words, f is quasi-bounded. 

Suppose :z: E PC([to - r, t0 + a), R") for some O < a < oo. By our hypotheses, each of the 

functions t - h1:(t) are continuous and nondecreasing. Thus :z:(t - h1:(t)), which is a piecewise 

continuous function composed with a nondecreasing continuous function, must be an element of 

the function class PC([to, to+ a), R"). Note that the assumption that t - h1,(t) be nondecreasing 

ensures that x(t - h1r(t)) will be right-continuous everywhere and have only a finite number of jump 

discontinuities. This condition is not necessary when dealing with continuous delay differential 

equations. Since each function z(t - h1r(t)) is in PC([to, to+ a), R"), then similarly the composite 

function /(t, ze) = g(t, z(t), x(t - h1(t)), z(t - h2(t)), ... , x(t - hm(t))) is in PC([to, to+ a), R"). 

Since this is true for all O < a < oc, then it also holds true for the case a = oc. Hence / is 

composite-PC. 

Lett ER+ be fixed. Let t/1 E PC((-r, OJ, R") and choose any E > 0. Since g(t, Yo, Yi, ... , Ym) is 

continuous with respect to the variables Yo, Y1, ... , Ym, then there exists some c5 > 0 such that, given 
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z,., E IR.n fork = 0. 1 .... , m, llg(t. zo, z1, ... , Zm) - g(t. f/i(0), tj,(hi(t)), ... , tj,(hm(t)) )II < E providing 

llzo -t/1(0)11 < cf and l1z1: -w(h1:(t))II < cf for all k. If¢ E PC([-r,O],Rn) and 11,j;- wllr < cf, then 

11¢(0)-,t,(0)II < cf and J1,j;(h1:(t))-,t,(h1:(t))II < cf for all k. So letting zo = ,t;(0) and z1: = ,/J(h1:(t)) for 

k = 1, ... , m gives us Jlg(t, ,j;(O), ¢(hi(t)), ... , tb(hm(t))) - g(t, f/i(0), tj,(h1(t)), ... , 1/l(hm(t)))II < E. 

In other words, 11/(t, {,) - f(t, 1")11 < E. This proves / is continuous in fj,. Finally, by applying 

Theorem 3.1.1 we obtain our conclusion. ■ 

Note that functionals of the form (Fl) are special cases of tho11e given by (F2). Similarly, the 

functionals (F4) include those of (Fl) and (Fl) as special cases. Of course much more general 

functionals than those presented here are possible. 

If the functionals given by (F2) satisfy the additional condition that there exists 11ome E > 0 for 

which E $ h1:(t) $ r for all t ER+ and l $ k $ m, then system (2.3.l) & (2.3.2) could theoretically 

be solved by the method of steps and therefore existence of solutions could be proved directly from 

the assumptions on g and the functions h1:, rathel· than applying the more general Theorem 3.1.1. 

Now we wish to obtain a local existence result for the impulsive delay differential equation (2.4.1 ). 

The thing to note here is that a solution :z: = :z:(t0 • ¢) of (2.3.1) & (2.3.2) defined on [to - r, to+ /3] 
for some /3 > 0, whose existence is guaranteed by Theorem 3.1.l, will also be a solution of (2.4.l) 

& (2.4.2) providing :z:(t) # Tk(z(t-)) for all t E (to, t0 + /3] and all k. This is 11een in the expansion 

of a solution of (2.4.l) given by (2.4.3). If we are interested only in local existence, then all we 

need to do beyond assuming the conditions of Theorem 3.1.l is to enimre that /3 > 0 can be chosen 

sufficiently small 110 that the 11olution curve dot.'11 not intersect any impulse hypersurface at any time 

t E (to, to+ f3]. Our next theorem gives a result in thi11 direction and is based on some similar ideas 

developed by Lakshmikantham, Bainov and Simeonov [Lak89] for impul11ive differential equations 

without delays. 

Theorem 3.1.2: Auume f ilf compo11ite-PC. quasi-bounded and continuou11 in rJ, and that Tk E 

C 1(D,R+l fork= 1,2, .... Furthermore, auume that whenevert" = r1c(:z:") for lfome (t".:z:") E 

J x D and lfome k, then there exilft/J a c5 > 0. where [t•. t" + cf] C J. 11uch that 

(3.1.10) 

for all t E (t", t• + cf] and for all /unction• x E PC([t• - r, t• + c5], D) that are continuoua on 

(t",t" +c5] and aatiafy z(t•) = z" and 11:z:(,) - :z:•11 < cf for If E [t•,t• + cf]. Then for each (to,¢) E 

J x PC([-r,0],D), there eziata a aolution x = z(to,¢) of (2.4.J) fJ (2.4.2) on [to - r,to+/3] for 

aome f3 > 0. 

Proof: The assumptions on/ guarantee the local existence of a solution z = z(to, ¢) of (2.3.1) & 

(2.3.2) on some interval [to-r, to+/3] where /3 > 0. This will correspond to a local solution of (2.4.l) 

& (2.4.2) providing the solution does not intersect any impulse hypersurface in (to, to + ,B]. If t0 # 
r,(¢(0)) for any k, then the solution must initially lie strictly between some pair of hypersurfaces. 
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It is therefore obvious that it will evolve for a short amount of time before intersecting its first 

hypersurface. While this may require a reduction in the value of /3, the local existence of a 11olution 

of (2.4.l} & (2.4.2} follows rather trivially. 

The more interesting case is what happens when to= TA:(¢(0)) for 11ome k. The solution of (2.3.1) 

& (2.3.2) is guaranteed not to intersect any hypersurface t = r,(:z:(t)) for j # k for a 11ufficiently 

small amount of time beyond t0 • However, we must be certain that it cannot continue along the 

hypersurface t = r,.(x(t)) after initially beginning on it. Define 

y(t\ = t - ri,(x(t) ). 

for t E (ta, to+ ,B]. Then g(ta) = 0 and 

g'(t) = l - Vr1:(x(t)) • :r'(t) = 1 - VTA:(:z:(t)) • f(t, :r,). 

(3.1.11) 

(3.1.12) 

Since TA: is assumed to be continuou11ly differentiable and f is composite-PC, then the right-hand 

side of (3.1.12) is continuous at least in a sufficiently small neighbourhood of t0 . Letting t• = t0 

and :r" = 4>(0) and applying (3.1.10) tells us that g'(t) mu11t be either 11trictly positive or strictly 

negative on some interval (to, to+ cS) for a sufficiently small cS > 0. This of cour11e implies that g is 

either strictly increasing or strictly decreasing on (to, t0 + cS) and can therefore not equal zero on this 

interval. Hence the 11olution of (2.3.1) & (2.3.2) will be guaranteed not to intersect the hypersurface 

t = rk(:z:(t)) for some small amount of time beyond t0 , which allows us to conclude that it too i11 a 

local solution of (2.4.1) & (2.4.2). ■ 

While not a11 general as Theorem 3.1.2, the conditioni~ of the next corollary are easier to check. 

Corollary 3.1.2: Auume f i! compo!ite-PC, qua!i-bounded and continuou8 in t/_, and that r1: E 

C 1(D. R+) for k = 1, 2, .... Furthennore, auume that for each t" E J there exist! some cS > 0, 

where [t•, t• + 6] C J, mch that 

VrA:(tP(0)) • f(t, t/,) # 1. (3.1.13) 

for all (t, t/,) E (t", t• +cS] x PC([-r, O], D) and k = 1, 2, .... Then for eacl1 (to, 4>) E J x PC([-r, O], D), 

there eristi a iolution x = x(to, ¢) of (2.4.l} & (2.4.2) on [to - r, to+ .B] for some {3 > 0. 

Proof: Inequality (3.1.13) implies (3.1.10) and so Theorem 3.1.2 immediately gives us our conclusion 

that a local solution of (2.4.1) & (2.4.2) exists. ■ 

Note that geometrically condition (3.1.13) ensures that the tangent to the integral curve of the 

solution at (to, <P(O)} E J x D will not be orthogonal to the normal to the hypersurface t = r,.(:r) 
at (to, 4>(0}) (and hence it will not coincide with the tangent to the hypersurface t = Tt(:z:) at this 
point). 
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The next corollary tells us that under the 11ame hypotheses on f, 11olutions of the impulsive delay 

differential equation with fixed impulse time11 given by (2.4.7) & (2.4.2) exi11t locally. 

Corollary 3.1.3: A.uume f i, compo,ite-PC, qua,i-bounded and continuou, in 'lj,. Then for each 

(to,¢) E J x PC((-r,O],D), there exi,t, a ,olutionx = x(to,¢) of (2.4.7) & (2.4.2) on [to-r,to+.B] 

for ,ome ,B > 0. 

Proof: Since each Tr. is constant, 'v'Tt(.r) = 0 for all .r E D and 110 condition (3.1.13) holds trivially. 

So by Corollary 3.1.2 we obtain local existence. ■ 

In the case that the functions T1,(z) are not constant. then inequality (3.1.13) tells us that the 

point 1/,(0) must play a dominant role in the definition of the function /(t. iJ,). 

3.2 Continuation 

In this section we discuss the property of continuability of 11olution11 of (2.4.1). We first define what 

is meant by a continuation of a solution and then we establish some associated theorems. 

Definition 3.2.1: If x and y are solutions of (2.4.1) on the intervals J1 and J2, respectively, where 

J2 properly contains J 1 and both intervals have the same closed left endpoint, and if .r(t) = y(t) 

fort E J 1, then y is said to be a proper continuation of x to the right, or simply a continuation of 

x. A solution x of (2.4.1) defined on J 1 i11 said to be continuable if there exists some continuation 

y of x. Otherwise x is said to be noncontinuable and the interval J 1 is called a maximal interval of 

exi,tence of x. 

In Definition 3.2.1 if J1 is of the form [to - r, t0 + ,Bi), then the interval J2 which we describe may 

be either [to-r, to+.B2] for some ,62 2: ,61 or [to-r, to+.82) for some ,61 < .Bl $ ::io. Similarly, if J1 i11 

of the form [to - r, to+ .B1], then J2 may be either [to - r, to+ .B2] for some .B2 > .B1 or [to - r, to+ /3-i) 

for 11ome /31 < J32 $ 00. 

We concern ourselves only with the forward continuation of solutions (i.e. for increasing time) 

since this is most natural for real physical sy11tem11 and becam1e backward continuation of solutions 

for both delay differential equations and impulsive sy11tems is generally difficult if not impossible to 

achieve a11 discu11Sed in Chapter 2. 

If xis a continuable solution of (2.4.1) on some interval, can it always be continued to a maximal 

interval of existence? In other words, must there exist a continuation y of x that is noncontinuable? 

This depends on our definition of a solution of (2.4.1). With solutions of (2.4.1) defined as in 

Definitions 2.4.1 and 2.4.2 the answer is no, a solution of (2.4.1) cannot necessarily be continued to 

a maximal interval of exi11tence. The main reason for this is that we have excluded from our notion 

of a solution functions defined on finite intervals of the form [to - r, to + ,B) where O < ,B < oc that 

experience impulses at an infinite increa11ing sequence of times T = {tr. }~1 where lim.t ... 00 t,. = 
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t0 + f3 < oo. A similar problem crops up even in system (2.3.1) where there are no impulses. In this 

c&1e a.-1 well as in the more general case of system (2.4.1). as we continue a solution x to the right it 

might tend to some function defined on a finite interval [to - r, to+ /3) but whose derivative may fail 

to exist and be continuous at more than just a finite number of times in (to, to+ /3) as required by 

Definition 2.3.2 (or Definition 2.4.2). There could be an infinite sequence of times tending to to+ /3 
where the derivative fails to exist and be continuous and in this case we would not consider y to be 

a :mlution of (2.3.1) (or of (2.4.1)). 

Two questions that we would like to address are the following. Under what conditions can 

1mlution11 of (2.4.1) always be continued to a maximal interval of existence? Secondly, under what 

circumstances can a solution of (2.4.1) be noncontinuable and, more specifically, what happens to 

it at the right endpoint of its domain of definition? Our first theorem is concerned with the first of 

the11e questions. 

Note that in Section 3.1 when we established criteria for local existence of solutions of (2.4.1) 

we imposed a condition that would guarantee that solutions of (2.3.1) beginning on an impulse 

hypersurface would not evolve along it for some arbitrarily small amount of time. If this solution 

later does reach an impu:se hypersurface, then we know there must exist a first time t1 > to when 

this happens. Without a condition such as (3.1.10) of Theorem 3.1.2 there will not necessarily be a 

first time t1 > t0 for which a solution of (2.3.1) intersects an impuh1e hypersurface, since there may 

be times arbitrarily close to to at which the solution intersects the same hypersurface from which it 

evolves. In this case it is unclear how we could interpret a solution of (2.4.1) and so we would be 

inclined to say that it does not exist. 

Along similar lines, since we only want to consider solutions of (2.4.1) as defined in Defini­

tions 2.4.1 or 2.4.2, then we will need to establish conditions that will ensure that as a solution 

evolves and experiences impulses, the times at which the impulsive effect occurs do not tend to some 

finite limiting value. Of course even these· "solutions" can be of interest. but we prefer to ignore 

them for the most part since they cannot be continued beyond this limiting value. much less all 

the way to infinity, without one's having to completely redefine the notion of a solution to include 

functions whose points of discontinuity cannot be listed in the form of an increasing sequence. 

As a solution of (2.4.1) evolves it could intersect successive impulse bypersurfaces t = Tt(x), t = 
Tk+1 (x ), t = Tt+z(X ), ... (in the sense that t1 = Tt(x(t1 ) ), t2 = Tt+dx(t2 ) ), t3 = Tt+2(x(t3 ) ), ... ) 

and yet its impulse times t1 < t2 < t3 < ... may be bounded from above. To avoid this 11ituation we 

can 11imply require that limt➔oc 1\ (x) = 00 uniformly in x. Then on any finite interval of time, there 

would be only a finite number of impulse bypersurfaces that any such solution could intersect. The 

next problem is that we would want to establish conditions to avoid solutions exhibiting the pul11e 

phenomenon. In other words, we would like to ensure that a 110lution could only reach (in terms of 

its left-band limit) a given impulse bypersurface at most once in its evolution. If it intersected the 

same hypersurface multiple times, then it could potentially intersect it an infinite number of times 
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over a finite interval, which is something we would not want. In Theorem 3.2.1 we give conditions 

that will ensure that as a l!olution of (2.4.1) evolves it will intersect each impulse hypersurface at 

most once. 
Before introducing Theorem 3.2.1, we state Zorn '11 Lemma which we will need in the proof of the 

theorem. Zorn's Lemma is equivalent to the Axiom of Choice and a proof of this equivalency can 

be found in many analysis texts including (Lan83]. 

Lemma 3.2.1: (Zorn's Lemma) Let X be a partially ordered ,et with partial ordering ~- If 

every nonempty, totally ordered ,ubaet S of X ha, an upper bound in X (i.e. there i:t some z E X, 

depending on S, auch that y -< z for ally E S ), then X ha, a maximal element (i.e. there i, ,ome 

z E X auch that if y E X and x -< y then x = y). 

Theorem 3,2.1: Auume f i, compo,ite-PC, qua,i-bounded and continuou, in tJ, and that r1, E 

C1(D, ll+) fork= 1, 2, ... and the limit liffilc ➔ oc: r,.(z) = oc i, uniform in x. Furthermore, as,ume 

that 

(3.2.1) 

for all (t,tj,) E J x PC([-r,O],D) and k = 1,2, .... Anally, auume that it,(O) + /(r,.(ip(O)), r/J) ED 

and 

r1c(tJ,(O) + /(r1c(1/i(O)), it,))$ n.(1/i(O)), (3.2.2) 

for all 'f/, E PC((-r, O], D) for which 1/i(O-) = t/i(O) and for all k = 1, 2,.... Then for every 

continuable ,olution x of (2.,1.1), there exist, a continuation y of x that i, noncontinuable. Moreover, 

any solution x of (2.4.l} can inter,ect each impulse hypersurface (in the sen,e that t = r1c(x(t-))) 

at most once. 

Proof: Suppose x is some continuable solution of (2.4.1). Let (to - r, to+ th) or [to - r, to+ lh] 
where O < /31 < 00 be its domain of definition depending on whether it is defined at its rightmost 

endpoint or not. Let X be the set consisting of the solution z together with all continuations of x. 

For any pair of elements y, z E X let us define the partial ordering ~ by y ~ z if either z = y or z 

is a continuation of y. Then Zorn's Lemma tells us that X has a maximal element, (i.e. there is a 

solution of (2.4.1) that is both a continuation of z and is itself noncontinuable), if for each totally 

ordered subset S of X, there exists an element z EX such that y ~ z for ally ES. 

So suppose S is some totally ordered nonempty subset of X. We must show that S has an 

upper bound in X. Associated with each solution y E S, there exists a unique /3(y) satisfying 

/11 $ /3(y) $ oo where to + /3(y) represents the rightmost endpoint of the interval on which y is 

defined. In other words, y is defined on either [to - r, t0 + {3(y)) or on [to - r, to+ /3(y)] if {3(y) < 00. 
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If :i: E S, then of course /3(:i:) = /31. Now define 

f32 = sup{/3(y) I y ES}. (3.2.3) 

Then {31 $ f32 $ oo and the domain of every solution y E S is a subset of [to - r, to+ .82] if /32 < x 

or of [to - r, oo) if /32 = oo. If f:J2 < oo and there exists some y ES that is defined on [to - r, to+ .62], 

then this solution y is clearly an upper bound on S. So let us disregard that case. If we can show 

tile existence of a. solution = of (2.4. l) tha.t is defined on [to - r, to + /32) and for which y -: = for all 

y E S, then z will be an upper bound on Sand from Zorn'11 Lemma we will be able to conclude the 

existence of a maximal element of X. 

Fort E [to - r, to+ /32) define the function 

z(t) = y(t), where y is any ,iolution in S for which t <to+ /3(y). (3.2.4) 

From the definition of /32 it follows that whenever t E [to - r, t 0 + {:J2) there will always exist a 

:mlution y ES for which t0 +,B(y) > t and 11uch a 11olution y is therefore defined at t. Moreover, 11ince 

the 11et S is totally ordered, then all solutions y E S that are defined at t have the 11ame function 

value at t. In other words, the function z is well-defined. The challenge then is to show that z i11 

actually a 11olution of (2.4.1) according to Definition 2.4.2. If so, then z E X and it follows from the 

construction of z that y ~ z for ally E S. 

First note that since y(t) E D and y(t+) = y(t) for all y E S and for all t E [to - r, to+ ,B(y)) 

it follow11 immediately that z(t) E D and z(t+) = z(t) for all t E [to - r,to + f:J2). Thus z : 

[to - r, t0 + {32) -+ D and z is right-continuous everywhere. Also 11ince for each y E S. y(C) exists 

in D for all t E (to - r,to + ,B(y)), then z(t-) exists in D for all t E (to - r,t 0 + /32), Similarly 

z(t-) = z(t) for all but at most a finite number of points t E (to - r, t0 ]. We cannot yd claim that 

z E PC([t0 -r, to +.82), D), however, since if /32 < x. then the function z may experience an infinite 

number of jump discontinuities. 

Choose any O < a < f32. Then there exists some y E S for which /3(y) > a. The restriction 

of y to [to - r, t0 + a] is clearly a solution of (2.4.1) and is an element of PC([t0 - r. t0 + a], D), 

but it is also none other than the restriction of z to [to - r, to+ a]. Therefore if ,82 = :x:, then 

z E PC([to - r, oo), D) and by Definition 2.4.2 the function z is a solution of (2.4.1). 

On the other hand, if .82 < 00, then define T = {t E (to,to + .82) It= -rt(z(t-)) for 1mme k}. 

Then z(t-) = z(t) for all t E (to, to+ /1,)\T. If the set Tis finite, then z E PC([to - r. t0 + /1,), D). 

Since/ is composite-PC, then /(t, z,) can have only a finite number of discontinuities on (to, t0 +/32) 

and except at these points or at points in T the function z must have a continuous derivative. This 

is because if at some t E (to, to+ /1,)\T the composite function /(t, z,) were continuous, then the 

same would be true for /(t, y,) and any y E S for which to + {J(y) > t and from the integral form 

of the solution y given by (2.4.6) of Lemma 2.4.1 (where,= y,0) it is clear that the derivative of y 
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and hence that of z exists and is continuous at t. It therefore follows that z is a solution of (2.4.1) 

according to Definition 2.4.2. 

Since li111t ... oc rA:(w) = x uniformly in w. then there exists some positive integer N for which 

r1: ( w) ~ to + /3-z for all w E D and for all k ~ N. Note that we have replaced the :z: in the assumption 

of the theorem by w to avoid confusion with the :z: that we took to initially be a solution of (2.4.1). 

We are now left with the remaining case to consider, which is when /32 < oc and yet the set 

T is infinite. We will show that the conditions of our theorem will guarantee this cannot happen. 

In this situation T must consist of an increasing 11eque11ce of impulse times T = {t1: }k::1 where 

to < t1 < t2 < ... < t1r < ... <to+ /32 and lim,1: .... 00 t,1: =to+ /32- For each k = 1, 2, ... let i• denote 

the index of the unique hypersurface that z reaches at time t11. In other words. t1r = Tj,, (z(t;)) for 

k = 1, 2, .... Then j1,: < N for all k, which means that there are only a finite number of impulse 

hypersurfaces that z can intersect. Thus z must reach at least one hypersurface more than once. 

In other words, j1,: = i1t+m• and hence t11 = Tj,,(.:(t;)) and ti;+m = r,_(z(tk+ml), for some positive 

integers k and m. So let y E S be any solution where t0 + /3(y) > t1i+m. Then t1r = Tj,, (y( t;)) and 

t1:+m = Tj,, (y(t;+m) ). We will show, however, that it is in fact impossible for the solution y to reach 

the same impulse hypersurface two or more times. The same technique can then be used to prove 

that every solution of (2.4.1) can inter11ect a given impulse hypcrimrface at most once. 

For i = 0, 1, 2, ... , m define 

(3.2.5) 

for t E (to - r. t1r+m]- Then these functions are all continuous on [t1:, t1c+ml except po11sibly at the 

impul:1e time11 where they are right-continuous and have a left-hand limit. Note that h1,+; (t;+,) = 0 

for all i. 

Suppose that for some O ~ i ~ m - 1 we have i1c+, ? ik+•+l• Then r1,,., (w) ? r1,,+,+i (w) for all 
w E D and so therefore we find that 

h1:+1+1 (tt+;) = t1r+; - Tf•+i+I (y(tk+i)) ? t1:+1 - Tf1t+i (y(tt+•)) 

=t1r+;-Tj,,.,(y(t;+;l+I(t1;+,,Y,- )) 
•+• 

= t1r+, - TJ,,+, (y(t;+;l + l(r;,,.,(y(t;+,ll, Y,;.)l 
? t1r+1 - Tj,,., (y(t;+;)) = ht+;(t;+;l = 0, 

where we used (3.2.2) to get the final inequality. 

(3.2.6) 

On the other hand if we differentiate ht+i+1(t) with respect tot over the interval (t1r+i• t1r+;+1) 

we get 

(3.2.7) 

for all t E (t1r+;, t1r+;+1l, which is valid at least in terms of a right-hand derivative (and in terms 
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of it11 ordinary derivative at all but a finite number of points). From inequality (3.2.1) we conclude 

that ht+i+l(t) > 0 and therefore that ht+i+1(t) is strictly increa11ing on this interval. So in par­

ticular ht+i+1(t1c+d < h1c+i+1(t;+i+1l• However, h1c+i+1(t;+i+l) = 0 and as we showed in (3.2.6) 

hHi+1(tt+i) ~ 0. This gives a contradiction. Thus it must be true that it+i < it+i+l for all i. 
In other words, i1c < it+i < it+i < ... < it+m• But finally this contradicts the a11sumption that 

i1c = i1c+m• Therefore y and consequently z could not have intersected the 11ame impulse hypcrsurface 

twice. This concludes the final case and proves the theorem. ■ 

l11 Theorem 3.2.1 we assumed that ,J,(O) + /(-rir(,J,(O)), ,J,) E D for all k and for all ,J, E 

PC([-r, OJ, D) for which ,J,(O-) = ,J,(O). This will of course be necessary if we want 11olutions to be 

defined and continuable beyond impulse times. It ensures that solutions remain in the domain of 

the functional f following the impulsive action. In most applications D = Rn and so this condition 

i11 trivially satisfied. 

The next corollary of Theorem 3.2.l iuvolves a 11trengthening of inequality (3.2.2), which occa­

sionally may be easier to check. 

Corollary 3.2.1: Auume f iiJ compolfite-PC. quasi-bounded and continuou/J in ,J, and that T'/r E 

C 1(D, R+) fork= l, 2, ... and the limit limi.-oc T1c(z) =xis uniform in x. Furthermore, auume 

that 

v'TA:(v,(0)) • f(t, ,J,) < 1. (3.2.8) 

forall(t,iJ,) E J x PC((-r,O],D) and k = 1.2, .... Finally, a/Jsume that t/1(0)+s/(Ta,(1/1(0)),t/l) ED 

and 

v'Ta,(,J,(0) + s/(TA:(1{1(0)), tJ,)) • /(T1c(t/l(O)), it,)$ 0 (3.2.9) 

for all it, E PC([-r, O], D) for which ,t,(o-) = ¢(0), for all O $ s :S 1 and for all k = 1. 2 ..... Then 

for every continuable ,olution :i: of (2.4.l), there ez:isb a continuation y of :i: that is noncontinuable. 

Moreover, any ,olution :z: of (2.4.l) can inter,ect each impulse hyper,urface (in the lfenlfe that t = 
T&:(:i:(t-))J at moat once. 

Proof: For fixed ,t, E PC((-r, OJ. D) for which ,t,(O-) = w(O) and for any fixed positive integer k, 

define 

g(lf) = TA:(,t,(O) + sl(TA:(¢(0)),,J,)), (3.2.10) 

for s E (0, 1]. Differentiating g with respect to s gives 

g'(a) = v'TA:(t/1(0) + s/('T'/r(t/1(0)), ,t,)) • l(TA:(t/1(0)), ¢). (3.2.11) 
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Thus g'(s) S O for O S s S 1 according to (3.2.9). Therefore g is nonincreasing on [O. 1] and in 

particular g(l) S g(O). In other words. inequality (3.2.2) is satisfied. So by Theorem 3.2.1 the 

conclusion of the corollary follows. ■ 

Note that if the set D is convex. then when checking the requirement in Corollary 3.2.1 that 

t/1(0) + s/(-rt(,t,(O)),,t,) be contained in D for OS s S 1, one need only check the special case when 

s = 1 (i.e. that t/1(0) + /(Tt(,t,(O)), v,) ED). 

The next corollary tells us that solutions of system (2.4.7) where impulses occur at fixed times 

can always be continued to a maximal interval of existence. The fact that 1mlutions of system (2.4. 7) 

can intersect impulse hyperplanes t = Tt at most once (in fact exactly once for each Tt > to in the 

domain of the solution) is also obvious. 

Corollary 3.2.2: As.mme f is compoaite-PC, quasi-bounded and continuous in v,. Also assume that 

t/l(O)+l(Tt,,t,) ED for all,t, E PC([-r.O], D) for which v,(0-) = t/1(0) and/or all k = 1. 2, .... Then 

for every continuable solution x of (2. 4. 7), there exists a continuation y o/x that ia noncontinuable. 

Proof: Since each Tt is constant, inequality (3.2.2) holds trivially. Moreover, V-rt(:z:) = 0 for all 

x ED ar.d !lo inequality (3.2.1) also holds. So by Theorem 3.2.1 continuable iJolutions of (2.4.7) can 

be continued to a maximal interval of existence. ■ 

Now that we have established conditions that guarantee that solutions of (2.4.1) can be contiuucd 

to a maximal interval of existence and at the same time avoid beating upon an impulse hypersurfact:. 

let us turn our attention to what happens to noncontinuable solutions. 

Theorem 3.2.2: Assume that all of the conditions of Theorem 3.2.1 are satisfied and let x be any 

solution of (2.,4.1). If x is defined on a closed intenial of the form [to - r, to+ o], where a > 0 and 

[tu, to + o] C J, then x is continuable. If x is defined on an interval of the form [to - r, to + /3), 

where O < f3 < x and [to, to + /3] C J, and if x is noncontinuable, then for every compact set 

F C D. there exists a sequence of numbers {st} f:1 with to < s1 < s2 < ... < st < ... < to+ f3 and 

limt .... oc St =to+ {3 such that x(s1c) fl. F. 

Proof: Suppose :z: is a solution of (2.4.1) defined on [to-r, to+a] for some o > 0 where (to, to+o] CJ. 

Define to = to+a and J = Zta+a• By Corollary 3.1.2 we know there exists a local solution y = y(t0 , J) 

of (2.4.1) &: (2.4.2) on (to - r, to + ,8] for some {3 > 0 where to E J denotes the new initial time and 

J E PC([-r, OJ, D) denotes the new initial function. By extending the domain of definition of the 

function :i: so that :i:(t) = y(t) for t E (to, to+ /3] it is clear that this new function is also a solution 

of (2.4.1) &: (2.4.2) and is a continuation of the original solution :i:. 

Next assume z is a noncontinuable solution of (2.3.1) that i11 defined on [to - r, to+ /3) for some 

0 < /3 < oc where (to, to+/3] CJ. Suppose, for the sake of contradiction. that there exists a compact 

11et Fi CD and a constant O < /31 < /3 such that z(t) E F1 for all t E [to+/31 , to+/3). Without lo11s of 

generality we may assume that /31 is sufficiently small so that the solution z does not experience any 
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impulses on the interval [to+ ,81 , t0 + .B). Define F2 to be the closure of the range of :r when restricted 

to [to - r, to+ .81]. Then F2 is a compact set properly contained in D. The set F = Fi U F2 C Dis 

clearly compact and :r:(t) E F for all t E [to - r, to+ {3). 

Since/ is quasi-bounded, there exists some M > 0 such that 11/(t, 1/1)11 ~ M for all (t, 1/1) E [to, to+ 

{3] x PC([-r, O], F). So in particular 11/(t, :r:1)11 ~ M fort E [to, to+ ,8). Given t, i E [to+ .81, to+ .B) 
we have by (2.4.6) of Lemma 2.4.1 (where ct,= :r1~), 

11:r(t) - :r(t)!I = Iii' /(s, x, )dsll $11' !lf(s, r, )II dsl $ Mlt - fl. (3.2.12) 

Then (3.2.12) implies that limi ... (to+.1)- x(t) exists by the Cauchy criterion and this limit point, 

call it w, is in F. Thus :r: may be continued as a 11olution of (2.4.1) & (2.4.2) to to+ .B (as well 

as beyond as proven earlier) by defining :r(to + ,8) = w. This contradicts the assumption that x is 

noncontinuable. Thus, for every compact set F E D, there is a strictly increasing 11equence of times 

{s1c }.0=1 in (to, to+ .B) that converges to t0 + .B and for which :r:(s1c) 't F. ■ 

For completene.,s we state the following corollary to Theorem 3.2.2. which applies to system (2.4.7) 

which has impulses occurring at fixed times. 

Corollary 3.2.3: Auume / i.s compo.site-PC, qua.si-bounded and continuou.s in ,t,. Al.so auume that 

ip(O)+l(Tk, 1/1) ED for all,t, E PC([-r,O], D) for which,t,(0-) = 1/1(0) and/or all k = 1, 2, .... Let x 

be any .solution of (2.4. 7). If x i.s defined on a clo.sed interval of the form [to - r, to+ a], where a > 0 

and [to, t0 + a] CJ, then :r: i.s continuable. If x i.s defined on an interval of the form [to - r, to+ {3), 

where O < /3 < oc and [to, to + .B] C J, and if x is noncontinuable, then for every compact .set 

F CD, there exi.st.s a .sequence ofnumber.s {111c}k=1 with to< 111 < s2 < ... <-"le< ... < to+f3 and 

lim1c ... oc 114: =to+ .B such that x(s1c) i F. 

Proof: The conditions of Corollary 3.2.2 and hence those of Theorem 3.2.1 are z1atisfied. Thus by 

Theorem 3.2.2 the conclusion of the corollary follows. ■ 

The first part of Theorem 3.2.2 states that a maximal interval of existence of a solution of (2.4.1) 

is open on the right. The second part says that a noncontinuable solution x is either defined for all 

t E J or it is defined on a bounded proper sub-interval of J and in this latter case the solution either 

becomes unbounded as t-+ to+ .B (i.e. limsup1 ... 1o+i' 11:z:(t)II = oo) or it takes on values arbitrarily 

close to the boundary of D as t -+ t0 + {3. In the special case where J = R+ and D = R", 
Theorem 3.2.2 essentially says that bounded solutions are continuable to t = 00. 

3.3 Global Existence 

In this section we impose further conditions on the functional / to establish global existence re­

sults for solutions of system (2.4.1). Before stating our main theorem we need a generalization of 
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Gronwall's Inequality. 

While Gronwall's Inequality applies to continuous functions, generalizations of the lemma to 

piecewise continuous functions and even Lebesgue integrable functions are available (see [Sam77] 

and [Hal80], respectively). We state the lemma as it applies to piecewise continuous functions and 

include a proof. 

Lemma 3.3.1: (Gronwall's Inequality)// g, h E PC([a, b]. fl+.), c ER+, and 

g(t) $ c + 1t g(s)h(s)ds, (3.3.1) 

for all t E [a, b], then 

g(t) S cexp (1' h(s)ds) , (3.3.2) 

for all t E [a, b]. 

Proof: Let s0 = a, let s; denote the ith point in (a. b) at which either function g or h has a simple 

jump di11continuity. and let Sn = b, where n - 1 i11 the number of 11uch di11continuou11 point11. Then 

on each interval [-'i-1, si], for i = l, 2, .... n. the functions g and h are continuous except perhaps 

at s; where they have a left-hand limit. 

Fort E [a, b] define 

u(t) = c + 1' g(s)h(s)ds. (3.3.3) 

Then u i11 continuous on [a, b] and is continuously differentiable on each interval (s;_ 1, Si). Moreover, 

fort E (s;-1, si), u'(t) = g(t)h(t), and :1ince g(t) S u(t) on [a, b] by (3.3.1), then u'(t) S h(t)u(t) 

and hence u'(t) - h(t)u(t) SO fort E (s;-1, s;). Multiplying both sides of thi:1 inequality by the 

integrating factor exp(- J; h(s)ds), which is also differentiable at each t E (si-l, s;), and applying 

the product rule identity gives us 

(3.3.4) 

for all t E (-'i-1, -'i). Thus the function 

p(t) = exp (-1' h(s)ds) u(t), (3.3.5) 

is nonincreasing on (si-1, Si). Since p(t) is continuous on [a, b] then it is nonincreasing on each 

closed interval [si-1, si] and hence on all of [a, b]. So in particular. for any t E [a, b] we have 
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p(t) $ p(a) = u(a) = c which gives us 

g(t) $ u(t) $ cexp (1' h(s)ds). (3.3.6) 

• 
Theorem 3.3.1: Asaume J = R+, D = R", and the conditions of Theorem 3.2.1 are satisfied. 

Suppose that there exist functions h1, h2 E PC(R+, R+) such that 11/(t, it,)11 $ hi(t) + h2(t)ll1PII,. for 

all (t, it,) E R+ x PC([-r, O], R"). Then for each (to, ,p) E R+ x PC([-r, O], R" ), there exists a (local) 

:wlution x = x(t0 , ,p) of (2.fl} fJ (2.,1.2) and any such aolution can be continued to [to - r, oo). 

Proof: Let (to, ,p) E R+ x PC([-r, O], R") and let z = x(to, ,p) be a local 11olution of (2.4.1) & 

(2.4.2) (whose existence is guaranteed by Corollary 3.1.2). If z is continuable, then we know it 

can be extended to a maximal interval of existence of the form [to - r, to+ {3) for some O < {3 $ x 

according to Theorems 3.2.1 and 3.2.2. The question then is whether or not z can be noncontinuable 

on [to - r, t0 + {3) for a finite value of /3. So let us suppose for the sake of contradiction that {3 < x 

and x is noncontinuable on [to - r, t0 + /3). 

Let {tt}k=l denote the impulse times corresponding to the 11olution z. By Theorem 3.2.2. the 

solution becomes unbounded as t --t t0 + {3. We will obtain a contradiction by showing that z is 

bounded on [to - r, to+ {3). 

Let Mi = 11up{hi(t) I t E [to, t0 + ,6]} for i = 1. 2 and note that both M1 and M2 are finite 

numbers. Let B1 = {3M1, B2 = /3M2, B3 = 11,J,llr and B,. = 11,p(O)II + E;':1 11/(tt, zt; )II (or simply 

B,. = 11,p(O)II if z experiences no impulses). 

Now from (2.4.6) of Lemma 2.4.1 we obtain, fort E [to, to+ f3), 

llz(t)II $ 11,J,(O)II + L /(tt, zt;) + lllt /(s, x, )dsll 
{k: 1.,E(t0 ,I)} to 

:S 114'{0)11+ L 11/(tt,Zt;lll+ 11
11/(s,z,)ilda 

{k: t.,E(to,t)} to 

(3.3.7) 

$ B,. + 1' (h1(-') + h2(s)llx,ll,.)ds $ B,. + B1 + lt h2{.s)llz,ll,.d-', 
to to 

which implies that 

llztll,- $ B,. + B1 + B3 + 1' h2(.s)ll:z:,ll,.d.s, 
to 

(3.3.8) 

for all t E [to, to+ /3). Define g(t) == llztll,- for t E [to, to+ /3). Let O < f31 < {3. Then restricted to 

[to, to+ /31] we know g E PC((to, to+ /31], R+) by Lemma 2.3.2. Thus by Gronwall's Inequality we 
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get 

(3.3.9) 

If we let B = (B4 + B1 + B3) exp(B2), then g(t) $ B for all t E [to, to+ .B1J, which in turn 

implies 11:z:(t)II $ B for all t E [to - r, to+ ,81]. Since this holds for all .81 arbitrarily close to .B, then 

this implies that 11:z:(t)II $ B for all [to - r, t0 + /3). Thus we get a contradiction which proves the 

theorem. ■ 

Our final corollary of this section essentially restates Theorem 3.3.1 insofar as it applies to 

system (2.4.7). 

Corollary 3.3.1: Auume J = R+, D = Rn, and that f is composite-PC and continuous in v,. 
Suppose that there exist functions h1, h2 E PC(R+, R+) such that 11/(t, i/J)II $ hi(t) + h2(t)lli/Jllr for 

all (t, ,J,) ER+ x PC([-r, OJ, Rn). Then for each (to, ,f,) ER+ x PC([-r. OJ, Rn), there exist! a {local) 

solution :z: = :z:(t0 , ,f,) of (2.,1.7) & (2.,1.2) and any such solution can be continued to [to - r, oc). 

Proof: The conditions of Corollary 3.2.2, which are as1mmed, imply those of Theorem 3.2.1 and so 

Theorem 3.3.1 yields the conclusion. 

Note, however, that we have dropped the explicit reference to the quasi-boundedness assumption 

on fas a condition of our corollary. This is becau11e it follows from the assumption that 11/(t, i/J)II $ 

hi(t) + h2(t)i11Pllr• Suppose F C Rn is compact and [to, to+ aJ C R+ for some to ER+ and o > 0. 

Let Mi = sup{~(t) It E [to, to+ al} for i = 1. 2 and let M3 = sup{llzll I z E F}. Clearly Af1, M2 

and M3 are all finite. If we define M = Mi+ M2M3, then for (t, v,) E [to, to+ a] x PC([-r. 0], F). 

11/(t, ,t,)11 $ h1(t) + h2(t)llwllr $ M1 + M 2 M3 = M, and hence/ is quasi-bounded. ■ 

3.4 Uniqueness 

This 11ection looks at the uniqueness properties of solutions of (2.4.1) & (2.4.2). Rather than first 

prove uniqueness for system (2.3.1) &; (2.3.2) and then apply the11e results to obtain uniqueness for 

11ystem (2.4.1) &; (2.4.2), we will prove uniqueness for 11ystern (2.4.1) & (2.4.2) directly. 

Definition 3.4.1: A solution :z: = :z:(to, ,J,) of (2.4.1) & (2.4.2) is said to be unique if given any 

other 11olution y = y(to, ,J,) of (2.4.1) & (2.4.2), :z:(t) = y(t) on their common interval of existence. 

Note that two distinct solutions z = z(to, ,f,) and y = y(to, ~) of (2.4.1) & (2.4.2) having different 

initial functions ,f, and ~. respectively, for which q,(0) # ~(O), may intersect or even merge at some 

time t > to. This could be a result of the delay differential equation (2.4.la) even with a sufficiently 

smooth functional /. Winston and Yorke [Win69] give a rather interesting example illustrating 

this behaviour. This is one feature that distinguishes delay differential equations from ordinary 
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differential equations. On the other hand, merging of solutions can be caused by the impulses as 

discussed in Section 2.2. 

As with ordinary differential equations, additional smoothness assumptions on f are required if 

we want to expect uniqueness of solutions. In Theorem 3.4.1 we show that the addition of a local 

Lipschitz condition 011 f is sufficient to guarantee uniqueness of solutions of (2.4.1) & (2.4.2). This 

theorem is modified from a similar uniqueness theorem in [Hal93] for delay differential equations, 

except that we account for the discontinuities caused by impulses. 

Theorem 3.4.1: Auume f is composite-PC and locally Lipschitz in w. Then there erists at mo11t 

one solution of (2.,1. I) & (2 . .,1.2) on [to - r, to + /3) where O < /3 $ x and [to, to+ /3) C J. 

Proof: Assume x = x(to, iJ,) and y = y(to, iJ,) are two solutions of (2.4.1) & (2.4.2) on [ta - r, ta+ /j) 

where O < /3 $ oc and [to, ta+ /3) C J and assume x ~ y. Since x(t) = y(t) = ,J,(t - ta) for 

t E [to - r, ta], then there exists some t E (to, ta+ /3) for which x(t) -:/= y(t). Define ti = inf{t E 

(to, ta+ /1) I x(t) i= y(t)}. Then t1 E [to, ta+ /3) and x(t) = y(t) fort E [to - r, ti). In particular 

x(t1 ) = y(t1 ). If t1 > to and t1 '# T't(x(ti")) (equivalently, t1 '# 'Tt(y(t1 ))) for all k, then x(ti) = 
x(t1 ) = y(t 1 ) = y(ti), while if ti > to and ti = T't(x(t1 )) (equivalently, ti = T't(y(t1 ))) for some 

k, then x(ti) = x(t1) + [(ti, x1-) = y(t1) + !(ti, y1-) = y(ti). Thus x(t) = y(t) fort E [ta - r, t1]. 
I I 

Lett> 0 be sufficiently small so that t1 + t <to+ /3 and both t '# T'!,(x(t)) and t # T't(y(t)) for all 

t E (ti, ti+ t] and for all k. Using the integral form of the system of equations given by (2.4.6) in 

Lemma 2.4.1 we get 

x(t)-y(t) = 1' (f(s,x,) -f(s,y,))ds, 
I I 

(3.4.1) 

for t E [ti, t1 + t]. Let S = {x(t) I t E [to - r, t1 + t]} U {y(t) I t E [to - r, t1 + t]} and F = S 
(i.e. the closure of S). Clearly F is a compact sub111!t of D. Since f i11 locally Lip11chitz in v,, there 

exists a constant L > 0 11uch that llf(t, ¢i) - f(t. ~1:dll $ Llltli1 - w2llr for all t E [ta, ti + t] and 

r/J1, f/J2 E PC([-r, OJ, F). Let '5 > 0 be sufficiently small so that cS < t and U $ 1/2. Then for all 

t E [ti, ti + cS], we have x1 , Yt E PC( [-r. O], F) and from ( 3.4.1) we obtain 

llx(t) - y(t)II $1
1 

11/(-', x,) - f (11, y, )lids $1
1 

Lllx, - y, llrds 

'1•' 
11 

1t1+6 $ L sup llx(u) - y(u)l!ds $ L sup l!x(u) - y(u)llds 
'• •Elt1,•I ft ue[t1,l1+I) 

1 = U sup l!x(u) - y(u)II $ 2 sup llx(u) - y(u)II, 
uE(t1,f1+I) uE[l1,l1+I) 

(3.4.2) 

Since inequality (3.4.2) is satisfied for all t E [ti, t1 + cf], then this means we must have x(t) = y(t) 

fort E [t1, t1 + cf], which contradicts the definition of t1 and proves the theorem. ■ 

When considering the continuous system (2.1.3) without impulses and where / is defined on 
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J xC([-r, OJ, D), then uniqueness of solutions may be proven by assuming a seemingly weaker form of 

Lipschitz condition. Laksbmikantbam [Lak64] bas shown, in a somewhat more general setting, that / 

does not have to satisfy the Lipschitz inequality for every pair offunctions 'Pl, v,2 E C([-r, 0], F) but 

only for those pairs of functions that satisfy ll1P1 -1P2llr = ll1P1(0) - tp2 (0)11- We could similarly prove 

uniqueness under this alternative assumption. The technique is a little more complicated since it 

requires Razumikbin-type arguments similar to those we use in the study of stability in Chapter 5. 

However, we refrain from presenting a theorem based on this assumption since it does not seem 

to generalize the theorem significantly. Functionals that satisfy this alternate Lipschitz condition 

invariably end up also satisfying the standard Lipschitz condition defined in Definition 2.3.6. It is 

unknown whether a functional exists that satisfies this alternate Lipschitz condition, but that fails 

to satisfy Definition 2.3.6. 

3.5 Continuous Dependence 

We now wish to examine the property of continuous dependence of solutions with respect to initial 

conditions. When impulses occur at variable times in system (2.4.1), then different solutions will 

generally experience the impulsive effect at different times. This means that one cannot ordinarily 

expect solutions to depend continuously on initial data. For this reason we restrict our attention to 

impulsive delay differential equations where impulses occur at fixed tim1..-s (2.4.7). We note, however, 

that although continuous dependence in the classical iiense will not normally exist for the variable 

impulse system (2.4.1), one could sufficiently redefine and weaken the concept to a point where one 

might t!Xpect system (2.4.1) to satisfy it. Rei,mlts along this line for impulsive systems without delay 

can be found in [Lak89], although here we will only consider a predominantly classical notion of 

continuous dependence and hence focus on system (2.4.7). 

Roughly speaking, by continuous dependence we mean that solutions starting sufficiently close to 

one another in terms of their initial conditions will remain close together on finite intervals of time. 

Thus small perturbations of the initial time t0 or the initial function tp of a solution x = x(to, tp} of 

(2.4.7) & (2.4.2) will not cause a large change to the corresponding solution on any finite interval of 

time. One could talk about continuous dependence just with respect to the initial function, just with 

respect to the initial time, or jointly with respect to both the initial function and initial time. In the 

former case, continuous dependence with respect to the initial function is similar to the concept of 

stability, which we introduce in Chapter 4. The main difference is that stability applies to infinite 

intervals of time and is therefore a stronger property. 

In this section we develop a theorem which establishes continuous dependence of solutions of 

(2.4.7) with respect to initial functions. We also show that because of the discontinuities caused by 

the impulses and because of the delays in system (2.4. 7), continuous dependence with respect to the 

initial time, or more generally with respect to the entire initial data, is unfortunately, and perhaps 
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surprisingly, not generally satisfied even under otherwise strong assumptions 011 the functionals f 

and/. 

Let (to, ip) E J x PC([-r, O], D) and suppose x = x(t0 , tp) is a solution of (2.4.7) & (2.4.2) on 

[to - r, t0 + 13] for some /3 > 0 for which [to, t0 + /3] C J. One way to precisely define the notion 

of continuous dependence is as follows. For every f > 0, there exists some c5 > 0 such that if 

(ta,<P") E J X PC([-r,O],D) where Ito - tal s c5 and ll<P - ¢"llr s c5, then if y = y(to,¢") is a 

llolution of (2.4.7) & (2.4.2), then y exists on (or can be continued to) the interval [t0-r, to+/3] and 

Hx(t) - y(t)II $ f for all t E [i - r, to+ .B] where i = ma.i:{to, t0}. This is essentially tht> definition 

given by Hale and Lune! [Hal93] in their study of continuom1 delay differential equations. Note that 

.S generally depends on f as well as the particular solution x (which in turn specifies to, tp and /3). 

A weaker notion of continuous dependence is sometimes considered where c5 also depends on the 

particular value oft in the interval [t - r, t0 + /3]. In other words, any solution y = y(t0, it,•) of (2.4. 7) 

& (2.4.2) satisfying Ito - t01 $ c5 and ll<P - ip" llr S c5 is continuable at least up to time t and at that 

particular time (although not necessarily at other times) we have llx(t) - y(t)II S ,:. 

The first thing to notice about the original definition is that if t0 -:/= t0 , then it i11 generally 

1111reasonable to expect that 11:i:(t) - y(t)II S f for t E [i - r, ~ {i.e. 11:i:; - Yfllr S ,:) although for 

t E [t, to+ /3] one might expect the inequality to hold. This has to do with the piecewise continuous 

space upon which system (2.4.7) is defined. Indeed, if¢ has one or more discontinuities {say at the 

points -r < 111 < 112 < ... < -"m S 0) and we were to choose tp" = q, so that our main focus is on 

continuous dependence with respect to t0 • then as t0 -+ to, 11:i:; - Yfllr will not tend to zero. Instead 

it will approach max1!:l!:m{llip(s&:) - ef,(11; )II}, which would be some positive number. 

Of course we do not have this problem if t0 = to and we are considering only continuoui1 depen­

dence with respect to the initial function ¢. Before further discussing continuous dependence with 

respect to t0 or the more general continuous dependence with re11pect to both (to,¢), let us introduce 

a. theorem establishing continuous dependence with respect to the initial function only. For delay 

differential equations this is often the only type of continuous dependence that is considered in the 

literature. We will assume that the functional f satisfies a local Lipschitz condition in t/1 just as we 

did for our proof of uniquenl!llll in Theorem 3.4.1. 

We first formally state the definition of continuous dependence of solutions of (2.4. 7) & (2.4.2) 

with respect to initial conditions. Then we prove a theorem for system (2.3.1) & (2.3.2) and finally 

apply those results to give us a corresponding theorem for system (2.4.7) & (2.4.2). 

Definition 3.5.1: Solutions of (2.4.7) & (2.4.2) are said to depend continuously on initial functions 

if given any solution :,; = x(to, 4>) of (2.4. 7) & (2.4.2) defined on some interval [to - r, t0 + /3], where 

(to,¢) E J x PC([-r, O], D), /3 > 0 and [to, to+ /3] CJ, then for every f > 0, there exists some c5 > 0 

such that if 4>" E PC([-r, O], D) and ll'P - i;• llr $ o, then if y = y(to, 4>") is any solution of (2.4. 7) 

& (2.4.2), then it exists on (or can be continued to) [to - r, to+ /3) and will satisfy 11:i:(t) - y(t)II $,: 

for all t E [to - r, to+ tJ]. 
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The above definition applies to solutions z = :i:(t0 , 4>) of (2.4.7) defined on closed intervals of 

the form [to - r, to + /3J. For solutions defined instead on finite half-open intervals of the form 

[to - r, t0 + /3), we can simply modify the definition to require that continuous dependence, as given 

by Definition 3.5.1, holds for :i: restricted to [to - r, t0 + {31J for each O < {31 < {3. 

We remark that if Definition 3.5.1 is satisfied, then 11olutio1111 of (2.4. 7) & (2.4.2) are unique. 

Theorem 3.5.1: A.,.,ume f i., compo.,ite-PC and locally Lip.,chitz. in 1/J. Then .,olution., of (2.3.1) 

& (2.3.2) depend continuou.,ly on initial function,. 

Proof: Let (to, 4>) E J x PC([-r, OJ, D) and suppose :i: = :i:(t0 , 4>) is a solution of (2.3.1) & (2.3.2) 

defined on 11ome interval [to - r, to+ .BJ where /3 > 0 and [to, t0 + {3J C J. 

Let t > 0 and assume. without loss of generality. that t is chosen sufficiently small so that the 

set S = {z. E Rn 111:i:(t) - z.11 $ t for some t E [to - r, t0 + /3]} is contained in some compact 1mbset 

F of D. Next let L > 0 be the Lipschitz constant for/ associated with the time interval [to, to+ /3] 

and the compact 11et F CD. Define cf= e-Lili/({3L + 1) and note that O < d < t. 
Now let 4>• E PC([-r, OJ, D) satisfy 11</l - ip•llr $ c5 and 11uppo11e y = y(to, ip•) is 11ome solution of 

(2.3.1) & (2.3.2) defined on [to - r, to+ a] for some a> 0 for which [to, t0 + a] CJ. According to 

Corollaries 3.2.2 and 3.2.3 (with the functional/ being identically zero so that system (2.4.7) reduces 

to system (2.3.1)) this solution can be extended to a maximal interval of existence [to - r, to+ .Bi) for 

some a < /31 $ oo. We must show that /31 > /3 so that y can be continued to at least [to - r. t0 + t9] 
and we must also show that llz(t) - y(t)II $ t for all t E [to - r, to+ .BJ. 

If /31 $ /3, then by Corollary 3.2.3 we know that there must exist some point t E [to - r. t0 + /31) 

for which y(t) ~ F and in particular llz(t) - y(t)II > t. We will show that 11:i:(t) - y(t)II $ i for all 

t E [to - r, to+ /31) n [to - r, to+ /3], which will in turn imply that y(t) E F for all such t and thus 

guarantee that /31 > {3. 

Suppose for the sake of contradiction that llz(t) - y(t)II > t for llome t E [to - r, t0 + .Bi) n [to -

r. to+ /3J. Define t• = inf{t E [to - r, to+ {3i) n [to - r, t0 + {3J 111:i:(t) - y(t)II > t }. Fort E [to - r, to] 

we have llz(t) - y(t)II = 114>(t - to) - ip•(t - to)II $cf< t. Since both solutions are continuous when 

restricted to the interval [to, to +/3i) n [to, to+ /3], then clearly we have t0 < t• < min{to +/3. to +.Bi}, 

llzW) - YW )II = t and 11:i:(t) - y(t)II $ t fort E [to - r, t•J. Thus zc, Ye E PC([-r, OJ, F) for all 

t E [to, t•]. 

From (2.3.13) of Lemma 2.3.3, fort E [to, t•J we get 

llz(t) - y(t)II $ 114>(0) - ip·(o)ll + {' Ill(-', z,) - /(-', y,)lld., l,o 
$ 11,p(O) - ,p•(o)II + {' Lll:i:, - Y,llrd-' l,o 

$ ll<P(O) - ip•(O)II + L {' (llt/l- ip•llr + sup llz(u) - y(u)II) d.,. J,o uE[lo,,) 

(3.5.1) 
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Let g(t0) = 114'(0) - ¢,"(0)11 and g(t) = supuE(to,t) 11:z:(u) - y(u)II for t E (to, t•]. Then clearly 

g E C([t0 , t•], R+l and from (3.5.1). noting that the right-hand side of (3.5.1) is nondecreasing 

int, we get 

g(t) :S 114'(0) - 4>"(0)11 + Lit (llqi - 4>"llr + sup llx(u) - y(u)II) ds 
lo uE(to,•J 

:S 114'(0) - ,f (Olli+ /3Lllqi - qi"llr + L {' g(s)ds :S (f3L + l)c5 + L /,
1 

g(s)ds, 
}lo lo 

(3.5.2) 

for t E [to, t•]. Therefore by Gronwall's Inequality we find that 

(3.5.3) 

fort E [t0 ,t"]. Since t• <to+ f3, then in particular g(t•·1 < f. [n other words. SUPue[io,i•) 11:z:(u) -

y(u)II < f. But this contradicts the fact that llx(t") - y(t")II = f. This contradiction therefore 

completes the proof. • 
Theorem 3.5.2: Auume f is composite-PC and locally Lipschitz in VJ and that I is continuous 

in 1/J. Also assume that 1/J(O) + [(TA:, 1/J) ED for all VJ E PC([-r, OJ, D) for which rJ,(0-) = VJ(O) and 

for all k = l. 2, .... Then solutions of (2.,1. 7) & (2.,1.2} depend continuously on initial functions. 

Proof: Let (to,¢,) E J x PC([-r, O]. D) and suppose :z: = x(to, qi) is a solution of (2.4.7) & (2.4.2) 

defined on some interval [to - r, t0 + /3] where /3 > 0 and [to, to+ /:1] C J. Then to E [T/-1, T/) for some 

positive integer l. If to +/3 < Tl, then xis simply a solution of (2.3.1) & (2.3.2) and so Theorem 3.5.1 

gives us continuous dependence with respect to ¢,. 

Next suppose t0 + B = Tl• Let f > 0. Since I is continuous with respect to VJ, then there exists 

some O < J :S t/2 such that lll(n, xr,-l - l(n, VJ)II :S t/2 if v, E PC([-r. 0), D) and llxr,- - wllr :SJ. 

[f we were to redefine, for the moment. the value of the solution x at T/ to be x(T1-), and thereby 

make x continuous on [to, -r,], then we could apply Theorem 3.5.1 to this function, where we let c5 > 0 

be given as in Definition 3.5.1 and where the f in the definition is replaced by J. 
Now suppose qi• E PC([-r, O], D) satisfies llqi - qi"llr :S cf. Then any solution y = y(to, qi") of 

(2.4.7) & (2.4.2) exists on or can be extended (as a solution of (2.3.1) & (2.3.2)) to (to - r. Tt], 

and on the interval [to - r. -r,), will satisfy llx(t) - y(t)II :S J. Redefining the value of y at T/ to 

be y( T1-) + /( T/, Yr·) will then make it a solution ( which is unique according to Theorem 3.4.1) of 
I 

(2.4.7) & (2.4.2). 

Since for t E [to - r, Tr) we have llx(t) - y(t)II $ J $ f, then in particular it follows that 

llxr- - Yr· llr < J. Finally, at t = T/ we have 
I I -

llx(n) - Y(T/ )II = 11:z:(T,-) + I(n, Xr- l - y(T,-J - I(n, Yr· )II 
I I 

$ llx(T,-) -y(T,-)11 + lll(T'l,Xr;l-l(Tl,Yr,-lll :SJ +t/2 :Sf, 
(3.5.4) 
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Therefore for all t E [to - r, Tl], it followl! that llx(t) - y(t)II ,:SE and so this concludes the case when 

to+ /3 = Tl• 
For the final case suppose Tl+m-1 < t0 + /3 :,:S T'l+m for some poi1itive integer m and let f > 0. 

For the solution x restricted to [Tl+m-l - r. to+ ,B] and with TJ+m-1 and x,., • .,._, bdng thought of 

as the initial time and initial function. respectively, let «51 > 0 be defined so that given any ¢• E 

PC([-r, OJ, D) with llxr,+ ... -i - ¢• llr :'.S cf1, then any solution y = y( T'l+m-1, 4>") of {2.4. 7) & {2.4.2) 

either already exists on or can be continued to [TJ+m-1 - r, to+ /3] and will satisfy llx(t) - y(t)II '.Sf 
for all t E [Tl+m-1 - r, to+ tJ]. The existence of such a cii > U follows from what we showed earlier 

in this proof. 

Similarly, if m ? 2, then for i = l. 2, ... , m - 1, consider x restricted to [Tl+m-i-1 - r, Tl+m-,] 

where T'l+m-i- l and x,., • .,._,_ 1 are considered the new initial time and function. Then let cfi+l > 0 be 

defined inductively so that cfi+l < cfi and if</," E PC([-r. OJ, D) and llxr,+m-,-i - <l>"llr :'.S cfi+l• then 

any solution y = y(T'l+m-,-l, ¢ 0
) of (2.4.7) & (2.4.2) either already exists on or can be continued to 

[Tl+m-i-1 - r, T/+m-i] and will satisfy llx(t) - y(t)II :'.S 6; for all t E [TJ+m-,-1 - r, Tl+m-d· 

Finally let cf > 0 be chosen so that given any ¢ 0 E PC([-r. 0], D) satisfying 11¢ - ¢"llr ,:S 6 and 

given any solution y = y(t0 , ¢ 0
) of (2.4.7) & (2.4.2). then y exist!! on or can be continued to [to-r, -r,] 

aucl llx(t) - y(t)II :'.S dm for all t in this interval. 

With thi11 choice of cf we can show that any solution y = y(t0 , ¢•) of (2.4. 7) & (2.4.2) for which 

.j," E PC([-r, OJ, D) and 11¢ - <l>"llr :,:S cf can be continued all the way to [to - r. t0 + /3] and will 

sati11fy llx(t) - y(t)II :'.Sf for all t E [to - r. t0 + p]. This is because initially we know that y can be 

continued to [to - r,TJ] and on this interval llx(t) - y(t)il ,:S dm. In particular IJx,., - Yr,llr :'.S cfm. 

Thui1 y can be continued further to all of [to - r. ri+d and where 11:i:(t) - y(t)ll '.S 6m-1 on thi11 

interval (or if m = 1 and to+ /3 :,:S Tl+t, then y can be continued to [to - r. to+ .B] and on this interval 

llx(t)-y(t)II St). By repeating this i1arne argument m-1 more times we find that y can be continued 

to the impulse times Tl+:z, TJ+J• .... TJ+m-l and then to to+ {:J. On each interval [to - r, ri+d we 

find that llx(t) - y(t)II :'.S dm-, and then finally on [to - r, to+ !1] we get llx(t) - y(t)II :'.S E. which 

completes the proof. ■ 

Let us now return to the discussion of continuous dependence of solutions of (2.4.7) & (2.4.2) 

with respect to the initial time. For the time being we are treating the initial function a.-. being 

fixed but allowing for small perturbations of the initial time. We have already mentioned that a 

solution y = y(to,4>) cannot be expected to be clo11e to a given solution X = :z:(to,4>) on the interval 

[t - r, i], where i = max{t0 , t0}, regardless of how close t0 is to t0 . Another important observation 

to make is that one cannot expect solutions of (2.4.7) & (2.4.2) to depend continuously on to if to 

happens to be an impulse time. If to= Tl for some k, then by our definition of a solution of (2.4.7) 

& (2.4.2) we do not consider a solution x = x(t0 , 4,) to experience an impul11e instantly at its initial 

time t0 • However, if t0 were chosen so that 0 < to - t0 :,:S cf for an arbitrarily small c5 > 0, then the 

corresponding solution y = y(t0. ¢) would experience the impulsive effect at time t = t0 and this 
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would likely cause the 11olution y to deviate a great deal from x at times t ~ to. 

As it turns out, even if we were to modify the definition of continuous dependence of 11olutions 

of (2.4.7) & (2.4.2) to account for this problem (by excluding impulse times from the set of initial 

times), we still cannot generally expect to get continuou11 dependence with respect to to as we will 

demonstrate by way of example11. 

One problem with e11tablishing continuous dependence with respect to to stems from the impulse 

functional /. In general one can only expect solutions of (2.4. 7) & (2.4.2) to depend continuously 

on t 0 if J does not involve delay11. To illustrate the problem that delays in J can cause, consider the 

simple 11calar equation 

x'(t) = O. t ¢: k. 

6x(t) = x(t - 1). t = k. 

(3.5.5a) 

(3.5.5b) 

where k = 1, 2 .... and where delays are present only in the impulse equation. Let the initial function 

,p be defined by ~(s) = 0 for s E [-1,0) and ct,(O) = 1. Letting t 0 = 0 and solving for the solution 

x = x(to, ct,) of (3.5.5) we find that x(t) = 1 fort E (0, 1) aud x(t) = 2 fort E (1, 2). On the other 

hand for arbitrarily small 6 > 0 if t0 = & and y = y(t0, </) ), then we find that y(t) = 1 for all t E [&, 2). 

So clearly in this case these solutions are not close to each other. This problem can be avoided if we 

only consider initial times t 0 that are not contained in any set of the form (Tt - r, Tt], Of course this 

becomes very restrictive if r is large especially relative to the time differences between successive 

impulse times. 

Solutions of the continuous system (2.1.3) & (2.1.7) can be shown to depend continuously on ini­

tial times (in fact they depend continuously on the initial data (to, i,6)) if/ is a continuous functional 

and if/ satisfies a local Lipschitz condition in t/i (Ogu66]. More g1merally. continuous dependence 

can be proven under the assumption that / is continuous and that solutions of (2.1.3) & (2.1.7) 

are unique (Hal93]. Unfortunately, these proofs fall apart when one tries to enlarge the space from 

the set of continuous functions to the set of piecewise continuous functions. In fact it no longer 

remains true that such conditions will guarantee continuous dependence with respect to t 0 . We 

will illustrate this with an example of a functional / that is composite-PC and locally Lipschitz in 

rt,. It will therefore satisfy the conditions of Theorem 3.4.1, which ensures uniqueness of solutions. 

Solutions of the corresponding system (2.3.1) & (2.3.2) having no impuli1es will depend continuously 

on initial functions according to Theorem 3.5.l. Despite all of this, however, the solutions (having 

piecewise continuous initial functions) fail to depend continuously on initial times. 

Define the functional/: R+ x PC((-1.0],R) ➔ Ras follows, 

/(t, 1/,) = { 1/,(-t), 
1J,(-l), 

t E [0, l], 

t E (1, ~). 
(3.5.6) 
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This corresponds to the equation 

x'(t) = { x(O), t E (0, l], 
x(t-1). tE(l,x:). 

This equation can also be written in the form 

where 

x'(t) = x(t - h(t)), 

{ 
t, t E (0. l], 

h(t) = 
1, t E (1. x:). 
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(3.5.7) 

(3.5.8) 

(3.5.9) 

Clearly h is continuous. 0 :S h(t) :S 1 for all t E IR+ and t - h(t) is nondecreasing on JR+. The 

functional / is therefore of the type (F2) defined in Section 2.3. Therefore by Corollary 3.1.1. / 

ii< composite-PC. quasi-bounded and continuous i11 ,p. It is not hard to :;ee that / is also locally 

Lipschitz in v,. 
Now let the initial function be defined to be 4'(11) = 1 for II E [-1. -p) and 4'(11) = 0 for 

,, E [-p, O] where O :S p < 1 is some constant. Let us start by considering the initial time to = p. 

Solving x = x(t0 , 4>) of equation (3.5.7) gives us x(t) = 0 for all t? 0 and so in particular x(l) = 0. 

Now let O < c5 < 1 - p and consider t0 = p + J. If we solve for y = y(t0, q,). then we find that on 

the interval (p + c5, l], y(t) = t - (p + cS) and iio in particular at t = 1 we get y(l) = 1 - (p + cS). As 

c5 -. o+ this value approaches 1 - p, which does not equal z( 1) = 0. Hence, solutions of (3.5. 7) do 

not depend continuously on t0 . 

Another thing to note about equation (3.5.7) is that it is a typical example of an equation to 

which the step method could be applied (on any interval (p. x) where p > 0). So here is an example 

where the theory of continuous dependence of :;olutions of ordinary differential equations cannot 

directly be carried over to an impul:;ive delay differential equation despite the ability to reduce the 

equation to one of an ordinary differential equation. 

The rather simple equation (3.5.7) illustrates that continuous dependence of solutions with re­

:ipect to initial times (or more generally with respect to initial data) is unfortunately not a property 

that one can ordinarily expect from the more general equation (2.4.7) & (2.4.2) even under strong 

:;moothness al!Sumptions on/. 

Some positive results establishing continuous dependence of solutions with respect to initial times 

could be established for very restrictive clas11es of functionals. Obviously smooth functionals that 

don't involve time delays would have this property. Moreover. if one were to restrict the class of 

initial functions to only continuous functions as well as re11trict the set of initial times to non-impulse 

times and assume / had no delays, then one could fairly easily show that under the same conditions 
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ai; Theorem 3.5.2, this weaker form of continuous dependence would follow. However, as a general 

rule. continuous dependence of solutions of (2.4.7) & (2.4.2) with respect to initial times does not 

hold, although continuous dependence with respect to initial functions holds under fairly standard 

smoothness assumptions on /and/. 



Chapter 4 

Stability and Boundedness Using 

Lyapunov Functionals 

In this chaptt:r and tht: nt:xt, we obtain stability and boundt:dness conditions for :1ystem (2.4. 7). 

In this chapter wt: make use of Lyapunov functional:! in our proofs of stability and boundt:dness. 

Their use rcpre:;ents a natural generalization of the direct method (or :1econd method) of Lyapunov 

for ordinary differential equations. In Chapter 5 we utilize Lyapunov functions, which tend to be 

simpler to work with but which require the u:1e of Razumikhin-type techniques in order to make the 

most of the:;e functions. 

Lyapunov functions (and functionals) arc often found in an ad hoc fa:1hion and suitable functions 

can sometimes be difficult to obtain. Nevertheless. for some simple t:quations one can create an 

appropriate Lyapunov function relatively ea:1ily. Other times the physics of the problem might 

suggest that one con:1ider a particular form of Lyapunov function (such as an energy function). 

Alexander Lyapunov (1857-1918) pioneered the use offunctions which carry his name. The idea is to 

use an auxiliary function that satisfies any of various conditions (such as, for example, being 11calar. 

nonnegative-valued, positive definite, decrescent, radially unbounded, having a negative definite 

derivative with respect to the system of equations, etc.). By looking at how such an auxiliary 

function, or Lyapunov function, evolves along solutions of an ordinary differential equation (or 

in our case, an impulsive delay differential equation), information about stability or boundedness 

properties of the system may be obtained. 

4.1 Properties of Lyapunov Functionals 

In order to make use of Lyapunov functional11 in our theorems we must first define certain properties 

that we shall later refer to. 

51 
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Definition 4.1.1: A functional V: J x PC([-r, OJ, D)-+ R+ is said to be con1Ji1Jtently compo1Jite­

PC if for each to E J and a > 0, where [to, to+ aJ C J, if x E PC([to - r, to+ a], D) and x is 

continuous at each t '# T1, in (to, t0 + aJ, then the composite function g defined by g(t) = V(t, Xt) is 

continuous at each t '# Ti in {to, to+ aJ and g E PC([to, to+ aJ, R+). 

Note that this definition is similar to the one given for composite-PC functionals/ in Section 2.3. 

One minor difference is that here the functional V maps into R+ instead of Rn. The main distin­

guishing feature, however, is that the composite function V(t, x,) may not have jump discontinuities 

at non-impulse times. Most useful Lyapunov functionals are of this form and so this does not im­

pose a significant constraint. When looking at how a Lyapunov functional evolves along solutions 

of (2.4. 7) it will be important to know that discontinuities can only occur at the impulse times. For 

this reason we will normally assume that the Lyapunov functionals are consistently composite-PC 

instead of just composite-PC. 

Recall that in Chapter 2 we defined what it meant for a functional to be locally Lipschitz in ,/J. 

We restate the definition here, for convenience, insofar as it applies to a Lyapunov functional V. 

Definition 4.1.2: A functional V: J x PC([-r, OJ, D)-+ R+ is said to be locally Lipilchitz in ,p if 

for each t0 E Janda > 0, where [to, t0 +a] CJ, and for each compact set F C D, there exists some 

L > 0 such that IV(t, ,/Ji)-V(t, 1/J2) I ::: LIil/ii -1/J2llr for all t E [to, to+aJ and 1P1, 1"2 E PC([-r, OJ, F). 

Next we define the derivative of Lyapunov functionals with respect to system (2.4.7). 

Definition 4. 1.3: Given a functional V : J x PC([-r, OJ, D) -+ R+. the upper right-hand derivative 

of V with respect to system (2.4.7) is defined by 

D-t-Viu.11(t, t/•) = lim sup x[V(t + h. t/l[h]) - V(t, ¢)], 
h-o.., 

for (t. tf,) E J x PC([-r, OJ, D), where 

{ 
1/J(h+iJ), 

V'(h](S) = ,t,(O) + (h + iJ)f(t, 1/i). 

for 0 < h::: r. 

s E [-r, -hJ, 

s E (-h, O], 

( 4.1.1) 

(4.1.2) 

Note that D+\'(u.11(t, 1/i) given by (4:1.1) is well-defined (as an extended real number) and 

can be computed directly from / without advanced knowledge of the solutions of system (2.4.7). 

Occasionally, explicit reference to system (2.4.7) in (4.1.1) may be omitted for brevity, whereupon we 

simply write D+V(t, v,). If Vis locally Lipschitz in ,t,, then this is equivalent to the time derivative 

of V along 11olutions of (2.4. 7). This is the subject of our next theorem. 

Theorem 4.1.1: As.sume / aatiafies the condition, of Corollary 3.1.3. Let V: JxPC([-r,0], D)-+ 
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R+ and a.uume V is locally Lipschitz in t/,. If (t, t/J) E J x PC([-r, OJ, D) and x = x(t. ,t,) is any 

solution of (2.4. 7) satisfying the initial condition x, = t/1, then 

D+Vju.11(t, 1/J) = limsup -h
1 

[V(t + h, Xc+h(t. t/1)) - V(t, ,J,)J. 
h-+O+ 

(4.1.3) 

Proof: Assume x is defined on [t - r, t + J3] for :mme J3 > 0 where [t, t + J3J C J. Let h1 > 0 be 

sufficiently small so that h 1 :Sr, h1 ~ J3, t/,(0) + sf(t, t/,) ED for s E [O, h1], Ti. '1. (t, t + hi] for all k 
and f(s, x,) is a continuous function of s for s E [t, t + h 1]. This final constraint imposed on h1 is 

justified by the composite-PC assumption on /. 

Let F C D be a compact set containing x(s) for s E [t-r, t+ h1] and t/1(0) + sf(t, 1/J) for s E [O, h1J, 

Then 1P[11J, Xt+h E PC([-r, OJ, F) for O < h $ h1 and x, = 1/> E PC([-r, OJ, F). Let L > 0 be the 

Lipschitz constant for V associated with the sets [t, t + h1J C J and F C D. 

Since f(s. x,) is continuous on [t, t + hi] and T1, <t, (t. t + h1] for all k, then the solution x 

is continuous on [t. t + h1] and differentiable on (t. t + hi) with derivative (not just right-hand 

derivative) equalling f(s, x,) at each s E (t. t + hi). Let O < h < h1. Then for each O < s S h. there 

exists some i(s) E (t, t + s) such that x(t + s) - x(t) = sf(i(s). Xf(,)) by the Mean Value Theorem. 

In other words. x(t + s,t,1/1)-1"(0) = sf(t(s),x,1, 1). Thus we obtain the following inequality 

1 L 
hjV(t + h. Xt+h(t. ,J,)) - V(t + h, ,P[hJ)I :S hllxr+h(t. ~•) - V'[hJllr 

L 
= h sup llx1+11(s. t. 1/>) - V'[h](s)II 

•E[-r,O) 
L 

= h :mp 11:z:(t + h + s, t.1/1) - (t/1(0) + (h + s)f(t, t/1))11 
•E(-h,O) 

L 
= T sup 11:z:(t + s,t, ,J,) - (ip(O) + sf(t. ,J,))11 

1 •ElO,h) 
L -= h sup sllf(t(s), x11 ,,J - f(t, ~,)II 

•EIO,h) 

:S L sup 11/(t(s), x;1, 1) - f(t, ,J,)II 
•E(0,11) 

:SL :mp 11/(t+s.xr+,)-f(t,x,)ll­
•E(O,h) 

As h --+ o+ this term clearly tends to O since / ( s, x,) is right-continuous at t. 

(4.1.4) 
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Thus we get the following equality, which completes the proof. 

D+ \.'t:i.u,(t, t/1) = limsup _hl [V(t + h, 1P1111) - V(t, ¢)] 
11 .... 0+ 

= lim sup _hl [V(t + h, tJ,1111) - V(t, t/1 )] + lim _hl [V(t + h, x,+11(t, tJ,)) - V(t + h. ¢1111)] 
11-+0+ 11-oO+ 

= lim sup {-
1
1 

[V(t + h. t/11111) - V(t, t/1)] + _hl [V{t + h, xc+11(t, ,t,)) - V(t + h, 1P1111)]} 
11-+0+ I 

= limsup h![V(t + h,x,Ti.(t. ~·)) - \l'(t. rt')]. 
11 .... 0+ 

(4.1.5) 

• 
Corollary 4.1.1: Assume f and V are given as in Theorem 4.l.l. Suppose x = x(to, <b) is a 

solution of (2.4. 7) fJ (2.,1.2} defined on [to - r. to+ /3] for some /3 > 0 where [to, to+ /3] C J. Then 

D+Viu.11(t. x,) = lirnsup-h
1 

[V(t + h. x,+1i(to, ,Ji)) - V(t. xt(to, ¢))], 
11 .... 0+ 

(4.1.6) 

fort E [ta, to+ ,8). 

Pruof: Fix t E [to, t0 +J3). Then restricted tu [t. t 0 +fl]. xis a solution of (2.4.7) satisfying the initial 

condition x, = t/• where 1/.• = xt(t0 ,tf,). For h > 0 satisfying t + h < t0 +{3. x 1+1i(to,t/l) = Xt+11(t, t/1). 

So replacing tJ, by x,(t0 , ¢) and x1+11(t, rt,) by Xt+11(to, ¢) in (4.1.3) gives us (4.1.6). ■ 

Corollary 4.1.1 says that under suitable assumptions on f and V. if one were to construct the 

composite function m(t) = V(t. x,) fort E [t0 • t0 + /3] where x = x(t0 , ip) is a solution of (2.4.7) &. 

(2.4.2), then the upper right-hand derivative (a generalized Dini derivative) of m(t) defined by 

D+m(t) = limsup -h
1 

[m(t + h) - m(t)], 
11-0• 

(4.1.7) 

is equal, at each t E [ta, t0 +J3), to the upper right-hand derivative of V with reiipect to syiitem (2.4.7) 

as defined by (4.1.1) evaluated at (t, tJ,) = (t. x,). 

When analyzing stability properties of sy11tem {2.4.7), the derivative of a Lyapunov functional 

(or function) along solutions as given by (4.1.7) will play an integral role. In particular, D+m(t) will 

be required to be bounded above at all non-impulse times by some (usually nonpositive) function. 

This will enable us to obtain an upper bound on the growth rate of m(t). It is customary to 

consider generalized Dini derivatives since thiii allows one to apply iitability theorems to a wider 

class of problems. The other three Dini derivatives (lower right, lower left and upper left) would be 

less suitable in the study of impulsive delay differential equations since solutions are assumed to be 

right-continuous, their evolution is considered only to the right, and because we are only interested 

in imposing upper bounds on the derivative of m(t). 
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In (4.1.l) we have defined an upper right-hand derivative of V with respect to system (2.4.7), 

which can be evaluated at any (t, tp) E J x PC ([-r, O], D) without advanced knowledge of solutions. 

In practice one can often form the composite function V(t. xe) where x is some as yet unknown 

solution. Then calculating the time derivative of V(t, Xe) becomes a simpler task. 

The next few examples demonstrate the calculation of the derivative of a Lyapunov functional 

along solutions of a delay differential equation by using Definition 4.1.3. These we compare to 

what one would get by differentiating V(t, xe) directly with respect to t. For simplicity we refer to 

equation (2.3.3) in each case. 

Suppose we consider the functional 

which is clearly locally Lipschitz in~•. From (4.1.1) we find that 

D+Viu.31 (t, tJ,) = limsup-hl (V(t + h, 1P[hJ) - V(t, it,)] 
h-+O+ 

= limsup} [/
0 

l1P(h)(s)lds -/
0 

l-iJ,(s)lds] 
h-+0+ L -1 -1 

(4.1.8) 

= limsup} [!-h 11/i(h + .i)lds + 1° 11/1(0) + (h + s)f(t, tb)lds -1° ltb(s)lds] 
h-+O+ L -1 -h -1 

l [/0 jh-1 l =limsuph lt/l(O)+(h+s)/(t,tJ,)lds- l-iJ,(s)lds 
h-+0+ -h -1 

= lvi(O)I - ltb(-lll, 

(4.1.9) 

for (t. 1") E IR+ x PC([-1. O], IR). According to Corollary 4.1.1 the derivative of V along solutions 

of (2.3.3) should be 

v+\'{:z.J.J)(t.x,l = lx(t)I- lx(t -111. 

This can be verified more directly by looking at the composite function 

from which ( 4.1.10) easily follows. 

V(t, :z:,) = le l:z:(s)lds, 
t-1 

Next, suppose we consider the Lyapunov functional 

V(t, tj,) = f!(O). 

(4.1.10) 

(4.1.11) 

(4.1.12) 
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This is in fact an example of a Lyapunov function. which we will look at in more detail in the next 

chapter. From ( 4.1.1) we calculate 

v+ \'( 2.3.3 i(t. t/1) = lim sup -
1
1 

[V(t + h, lP[IIJ) - V(t, t/1 )] = lim sup¼ [ t/•[111 (0) - t/1
2 
(0)] 

11➔0+ i 11-,0+ 

= limsup-hl [(t/1(0) + hf(t, t/1)) 2 - t/, 2 (0)] 
ll ➔O+ (4.1.13) 

= lim11up-hl [2ht/,(O)/(t,"1) + (h/(t,t/,)) 2] 
11-,0+ 

= 2t/,(O)/(t, t/1) = 2·"1(0)1/•(-l). 

So along solutiom1 of (2.3.3). 

(4.1.14) 

which may be verified by differentiating 

(4.1.15) 

with respect to t. 

As a final example let 

V(t. rt,)= lv'1(-l)I, (4.1.16) 

from which we get 

D•\'(u.J1(t. "1) = limsup ¼[V(t + h, 'P[II]) - V(t, t/1)] = limsup ¼ [l1P[11J(-l)l - l¢(-l)I] 
11 .... 0+ 11 .... 0+ 

= limsup X [lt/,(h - l)l - lt/1(-lll]. 
11 ..... 0+ 

(4.1.17) 

lu particular, if t/1( -1) if; O. then 

(4.1.18) 

where 11g11(z) = 1 for z > 0 and sgn(z) = -1 for z < 0. An important thing to note is that the 

derivative of V depends only on VJ and not on the functional /(t,t/1) = t/1(-1) for system (2.3.3). 

This is true in general for any system if V(t, VJ) is independent of the values VJ(.s) for s E [-E, O] 

and any E > 0 arbitrarily small. Note that while the derivative of the Lyapunov functional (4.1.8) 

with respect to equation (2.3.3) seemed initially to depend on/, when taking the limit in (4.1.9) we 

found that the value of /(t, VJ) was actually immaterial. 
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If from (4.1.16) one forms the composite function 

V(t, xei = lx(t - 1)1, (4.1.19) 

then by Corollary 4. 1. 1, 

( 4.1.20) 

for x(t - l) =/! 0. We might be tempted to simplify (4.1.20) even further by claiming 

D+\t'i2.3.JJ(t. xe) = 11gn(x(t - 1))/(t - 1. x 1_i) = 11gn(x(t - l))x(t - 2), (4.1.21) 

where we are making u11e of the relation (2.3.3) with t replaced by t - 1. There are 11everal problem11 

with this. The first is that while D+ x(t - 1) i11 well-defined. the ordinary derivative or even right­

hand derivative of x at t - 1 may not exist. Even if it doe11 exi11t there is no guarantee that at this 

earlier time the solution must satisfy the delay differential equation (2.3.3). This i11 particularly true 

if t E [to, t0 + 1) where x(t - 1) is then defined in terms of the initial function 4,. which need not 

be right-differentiable anywhere. only piecewise continuous. and which may have no relation to the 

derivative of x. 

Nevertheles11, in some instances we can use this technique for simplifying the expres11ion for D+ V 

for the general system (2.4.7). However, we can only do thi11 if we know that the solution on the 

interval [t - r, t] also 11atisfie11 (2.4.7). In other word11, the technique is only useful when considering 

value11 oft ~ t0 + r where to i11 the initial time. One final comment about the functional V given 

by (4.1.16) i11 that it is not co1111i11tently composite-PC. Our theorems in the next sections will 

a:111ume, for 11implicity. that the Lyapunov functional under com1ideration be consistently composite­

PC. Therefore functionals such as (4.1.16) will not be considered. 

We would now like to further discu11s why we cho11c to assume that 11olutions of our various 

11ystems are right-continuou11 instead of left-continuou11. We have already made mention of a few 

of the advantages and disadvantagt.'l! of the two alternatives. which we will 11ummarize. The as-

11umption of left-continuity is consistent with current practice in the 11tudy of impulsive differential 

equations without delay. Left-continuity ah10 11eems more natural (to this author) when thinking of 

the evolution of a state in the direction of increasing time and having it actually reach an impulse 

hypersurface (not merely approach it) before experiencing the impulsive effect. A third advantage 

to the left-continuity assumption is that it would be simpler to express the delay difference equation 

as 11imply ~x(t) = I(t, x,) when t is an impulse time instead of having to define the notation x,­

and then consider /(t, x,- ). 

One advantage of assuming right-continuity, which has already been mentioned, is that the initial 

condition need only be represented by a 11ingle function~ and not also by a point in Rn representing 
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the value of x(tt ). In the study of delay differential equations, right-hand derivatives if not actual 

ordinary derivatives are usually considered. So assuming right-continuity of 11olutions is consi11tent 

with the notion of right-differentiability. 

Before pointing out the final key advantage to the right-continuous assumption, let u11 mention 

why it i11 even important to require that 11olutions always satisfy a one-sided continuity assumption. 

Of cour11e from a modelling point of view it should make little difference whether or not solution:! 

are left- or right-continuou11 (or neither) at impulse times unless the system being modelled is highly 

sensitive to this 11ort of thing. However, in the theoretical analysi11 of the equations it helps to 

make some underlying simplifying assumptions. Suppose we were to simply insist that solution11 be 

piecewise continuous with simple jump discontinuities but not require that the value of the solution 

at the discontinuities bear any resemblance to the left- or right-band limiting values. This would 

not make much difference for impulsive differt!ntial t!quations without delay but when there is delay 

this could cause two notablt! problems. 

Suppose an initial function ,p E PC((-1, 0j, IR) were chosen for equation (2.3.3) that had simple 

jump di11continuities at two points t 1. t 2 E (-1, 0). Suppost! ¢ were right-continuous at t1 and left­

continuous at t2. The resulting "solution" x = x(O, ,p) would l!atisfy (2.3.3) at t1 + 1 uuly in term:! 

of it11 right-hand derivative. Likewi11e at t2 + 1 it would 11atisfy (2.3.3) only in terms of its left-hand 

derivative. Therefore we would not be able to claim that equation (2.3.3) is 11ati11fied in terms of 

at least a one-sided derivative (either left or right) at all times t > t0 (excluding impulse time11). 

Similarly if we considered a Lyapunov function 11uch as (4.1.12) and looked at the composite function 

m(t) = V(t. x,). then the upper right-hand derivative of m(t) as defined by (4.1.7) would 11atisfy 

D+rn(t) = 2x(t)x{t - 1). (4.1.22) 

at time t1 + 1 but not at time t2 + 1. If instead of tht! upper right dt!rivative we were to consider the 

lower left-hand derivative, which is occasionally done in the study of ordinary differential equations. 

then it would satisfy 

D_m(t) = liminf-h
1 

[m(t) - rn(t - h)] = 2x(t)x(t - 1) 
h-+O+ 

(4.1.23) 

at time t2 + 1 but not at t1 + 1. It will prove useful to know in our theorems and examples that at 

least one of these Dini derivatives of m(t) exists and satisfies an equation such as (4.1.22) at every 

non-impulse time t > to. 

The second problem 11tems from the question of what to do when a solution reaches an impulse 

time Tk (or when it simply has a discontinuity in its initial function). Should we consider it to take 

on the value x(-r;), x(rt) or maybe something in between, like the average of these two values, 

at the impulse time t = ~- The value of :z:(~) could be rather arbitrarily assigned if it weren't 

for the fact that there are delays. Unfortunately the value of :z:(~) could play a crucial role in the 
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evolution of the solution at future times. For instance in equation (2.3.3), the choice of what to 

ddine x(Tt) will determine what happens at time -rt+ 1 and whether or not equation (2.3.3) will be 

satisfied at time -rt+ 1 with its left-hand derivative, right-hand derivative or neither. A more dra.'itic 

illustration comes from looking at equation (3.5.7). The value of :z:(O) determines how the solution 

will evolve over the time interval (0, l]. Depending on whether x(O) were taken to be :z:(0-) or :z:(o+) 

or something else entirely, the resulting solution could vary a great deal. In the effort to maintain 

some form of consistency it is therefore important that we impose a condition on our solutions (and 

the initial functionll) that they always be left-continuous or that they always be ri~ht-continuous. 

If i1olutions were thought of as being left-continuous and if the i1pacc PC([-r, O], D) were corre­

spondingly redefined to include only left-continuous functions, then as a i1olution of (2.4. 7) evolves 

it would tend to satisfy (2.4.7a) only in terms of its left-hand derivative at all t > to excluding 

impulse times. This would lead u11 to have to con11ider only left-hand (or lower left-hand or upper 

left-hand) derivatives of Lyapunov functional11. The problem here, however. is that we cannot define 

the lower (or upper) left-hand derivative of V with re11pect to system (2.4.7) in a i1imilar fa11hion 

to Definition 4.1.3 and expect it to equal D_m(t) where m(t) = V(t, x1) and x is any solution of 

(2.4.7). In other words, one cannot generally calculate a left-hand derivative of V with rci1pect to 

sy8tcm (2.4. 7) without knowing the solutions of (2.4. 7) in advance. 

Any definition of D_ V(t. 1/J) 8hould sati11fy 

D_ V(t. x 1 ) = lim inf -h
1 

[V(t. ~•) - V(t - h, x,-h(t, t/1))]. 
h-o+ 

(4.l.24) 

for any solution x of (2.4.7) much like the equality given by (4.1.3) in Theorem 4.1.1. In (4.1.3) 

the term x1+h is approximated by using /. For s E (-r, -h] the value of Xr+h(s) i11 known and 

through the forward continuation of solutions we approximate x(t + h + s) = Xt+h (s) for s E (-h. O] 

by x(t + h + s) ::::: x(t) + (h + .1)/(t, ip). However, in (4.1.24) the value of x,_,.(s) ii1 known for 

11 E [-r + h, O]. We cannot t!Xpect to use f to approximate x,_,.(s) for s E [-r, -r + h]. Indeed. the 

value of /(t, v,) will have little bearing on the11e values. In fact these values of Xt-h (s) may be part 

of i1ome initial function and not be related to the delay differential equation (2.4. 7a) at all. 

To illustrate this let us have another look at the Lyapunov functional given by (4.1.16). We 

8howed that if t/J(-1) # 0, then 

(4.1.25) 

By analogy, if we could somehow define D_ Vi2.3.31 (t, v,) without explicit reference to 11olutions of 

(2.3.3), then it should be 

(4.1.26) 
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for 1/1(-1) # 0. However, D_tj,(-1) is not defined since 1/1(.!) is defined only for s E [-1,0] and not 

at values s < -1. We could only calculate D_ Vi:z.J.J)(t, :re) for some 11olution :r of (2.3.3) if we knew 

what values :,; assumed in 11ome arbitrarily small neighbourhood to the left of time t - 1. 

We will find it convenient to refer to the following function classes in later sections. Therefore 

we end this section with the following definition11. 

Ki= {9 E C(R+,R+) I 9(0) = 0 and 9(11) > 0 for 11 > 0}, 

K2 = {g E C(R+, R+) I g(O) = 0, g(s) > 0 for s > 0 and lim inf, .... x 9(.~) > 0}. 

KJ = {g E C(R+,R+) I g(O) = 0, g(s) > 0 for s > 0 and 9 is nondecreasing in 11}, and 

K,. = {g E C(R+,R+) I g(0) = 0, g(s) > 0 for s > 0 and lim, .... oc 9(11) = oo}. 

4.2 Stability 

For our 11tability analy11is we assume that OED, J = IR.+, f(t, 0) = 0 for all t E R+ and /(T1:, 0) = U 

for all T1: ER+- Sy11tem (2.4.7) therefore pos11esses a trivial solution :r(t) = 0. Through the use of 

Lyapunov functionals we will obtain conditions under which it satisfies various stability properties. 

Our study of stability will focus on this solution. 

While in general, :r(t) = 0 need not be a solution of (2.4.7) and as well the stability of the trivial 

solution generally does not imply stability of other nonzero solutions if system (2.4. 7) is nonlinear, 

we can of counie examine separately the stability of an arbitrary solution z(t). By a change of 

variables y(t) = :z:(t) - z(t) we can transform llystem (2.4.7) to 

y' (t) = f(t. Ye + ze) - f(t, ze) = i(t, ye), t-:/; T1,, 

~y(t) = I(t, Ye-+ ze-) - l(t, :,- ) = f(t, ye), t = Tt, 

(4.2.la) 

(4.2.lb) 

where i(t, 0) = f(t, 0) = 0, from which we can study the stability of the trivial solution y(t) = 0 of 

this system. Occasionally we may talk simply about the stability of system (2.4. 7j. But by this we 

really mean the stability of just the trivial solution of (2.4. 7). 

For our stability analysis we assume that O E D, J = R+, /(t,0) = 0 for all t E R+ and 

I(,-,., 0) = 0 for all T/r ER+· System (2.4.7) therefore possesses a trivial solution :r(t) = 0. Through 

the use of Lyapunov functionals we will obtain conditions under which it satisfies various stability 

properties. 

Because of the local nature of our stability analysis we need not assume that the Lyapunov 

functional is defined on the whole space R+ x PC([-r, 0], D). Instead we will assume V is defined 

on the smaller set R+ x PC([-r, O], S(p)) where S(p) = {z ER" I llzll $ p} and p > 0 is sufficiently 

small to ensure that S(p) C D. In Definitions 4.1.1, 4.1.2, etc. we therefore substitute this smaller 
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domain for V. Moreover, Theorem 4.1.1 and Corollary 4.1.1 are valid providing llx(t)II :Sp for all t. 
In order to consider this smaller domain for V we will make the following additional assumption on 

the functional J beyond that which is stated in Corollary 3.2.3: 

(Hl) there exists some 0 < Pl :Sp such that if ('Tk, 1/,) ER+ x PC([-r, 0], S(p1)) and v,(o-) = t/1(0), 

then t/,(0) + 1(1"k, tJ,) E S(p). 

We begin by defining some standard 11tability concepts. 

Definition 4.2.1: The 11olution x(t) = 0 of sy11tem (2.4.7) is said to be 

/S1) lltable if for every E > 0 and to E JR.. there exi11ts 11ome c5 = &(to, E) > 0 11uch that if¢ E 

PC([-r. 0]. D) with ll<l>llr :S & and x = x(to, </>) is any 11olution of (2.4.7) & (2.4.2). then 

:z:(t,t0 ,</>) is defined and llx(t,to,4>)11 :5 E for all t 2: to; 

(S2) uni/onnly atable if c5 in (Sl) is independent of t0 ; 

(S3) asymptotically atable if (Sl) holds and for every to E IR+, there exist11 some T/ = 11(to) > 0 such 

that if <I> E PC((-r, 0], D) with 11</>llr :5 T/, then lirn,_ 00 x(t, to,</>)= 0; 

(S4) uni/onnly aaymptotically atable if (S2) hold11 and there exist11 11ome T/ > 0 :mch that for every 

-y > 0, there exists some T = T(T/, -y) > 0 such that if</> E PC([-r. 0], D) with ll4>llr :S T/· tht:n 

llx(t.to, <l>lll :S -r fort 2: to+ T; 

(S5) unlltable if (Sl) fail11 to hold. 

The concept of stability 11tated in (S1) is usually defined with the two inequalities ll<l>llr :S ci 

and 11:c(t, to, 4>)11 :5 E being replaced by the :1trict inequalities ll<l>llr < c5 and 11:c(t, to, 4>)11 < E, re­

spt:ctively. Of course the11e two way:1 of defining :1tability are equivalent. One advantage in using 

uon-11trict int!qualities when dealing with piecewise continuous functions is the ob:1ervations that if 

¢ E PC((-r, 0], D) and 11</>(s)II < c5 for alls E [-r. 0], then although ll<Pllr :S c5, we cannot conclude 

that 11</>llr < c5. However, if¢, were continuou11, then we could claim 11</>llr < c5. For this same reason 

we choose to define S(p) to be the clo:!cd ball of radius p about the origin in Rn instead of the open 

ball. 

Occasionally one may consider a weaker notion of :!tability than (Sl), namely stability at :mme 

fixed to ER+· The trivial :!olution of (2.4.7) is :!aid to be :!table at to if for each E > 0, there exi:!ts 

some c5 = J(to,E) > 0 :!Uch that if <PE PC([-r,0],D) with 11</>llr :S c5, then 11:c(t,to,<P)II :SE for all 

t 2: to, Of course if the trivial solution is stable at each t0 E R+, then it ill :!table as defined by 

(Sl). For ordinary differential equations, stability at a point implies :!tability. However, for delay 

differential equations the trivial solution can be stable at t0 but unstable at :!ome t 1 > t0 • This effect 

results from the fact that solutions of delay differential equations are generally not continuable to 

the left. For an example illustrating this behaviour see [Zve59]. 
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In order to prove asymptotic stability using a traditional approach with Lyapunov functionals, 

we will need to strengthen our quasi-boundedness assumption on f. The need for this assumption 

is discussed in [Hal93] with regard to continuous delay differential equations. In light of this we 

introduce the following definition. 

Definition 4.2,2: A functional f : R+ x PC([-r, O], D) ➔ Rn is said to be strongly quasi­

bounded if for each compact set F C D, there e;cists some M > 0 such that llf(t, 1")11 $ M for all 

(t, 1/,) ER+ x PC([-r, OJ, F). 

A strongly quasi-bounded functional is obviously quasi-bounded which we defined in Section 2.3. 

The main distinction is that the upper bound M for the functional f must be valid for every time 

interval. If f is independent oft, then the two notions are identical. 

In the following theorems we will generally be assuming that system (2.4.7) without impulses 

(i.e. system (2.3.1)) has a stable trivial solution. The impulses will tend to be thought of as small 

perturbations and we will be interested in determining how much the impulses can disturb the 

l!Yl!tem and yet 11till preserve the 11tability propertiel!. We will assume the existence of a Lyapunov 

functional whose growth along solutions between impulse11 i11 nonpositive although at the impulse 

times it may experience jump increases. The idea will be to ensure that the overall net effect of the 

impulses is small. 

Theorem 4,2,1: A.uume the condition, of Corollary 3.2.3 and hypothesis (HI} are satisfied. 

Suppose there exist function, a, b E K 1 and c E C(R+, R+) and there exist constants d" 2: 0 with 

d = Er:1 d11 < OCl • Suppose V: IR+ X PC([-r, OJ, S(p)) ➔ R+ is con,i,tently composite-PC, locally 

Lipschitz in ,J, and satisfies the following conditions: 

(i) b(llt/1(0)11) $ V(t, ,j,) $ a(ll1"llr) for all t ER+ and VJ E PC([-r,OJ,S(p)); 

(ii) D~_,._ 71 V(t,,J,) $ -c(ll1"(0)11) for all t -:f.: T/r in R+ and VJ E PC([-r,OJ,S(p)); and 

(iii} for all to ER+ and x E PC([to - r, x), S(p)) where x is continuous at each ti, r11 in (t0 , x), 

V(r11,Xr~) $ (1 +d11)li"¾-r; V(t,x,) whenever (r1:,xr;l E (to,:x:) x PC([-r,OJ,S(pi)) and 

x(rk) = x(r;) + /(T/r, xr-l• • 
Then the solution :z:(t) = 0 of (2.4. 7) is uniformly ,table. 

Proof: Condition (i) implies b(-') $ a(-') for all II E (0, p]. So let a and b be continuous, strictly 

increasing functions satisfying b(s) $ b(-') $ a(s) $ a(s) for all s E [O, p]. Then 

b(ll1"(0)11) $ V(t, t/1) $ a(ll1"llr ), (4.2.2) 

for all t ER+ and 1" E PC([-r, OJ, S(p)). 

Let E > 0 and assume without loss of generality that E $ Pl· Define J = n~=l(l + d11). Then 

l $ J < oo since d < oo. Choose o = o(i) > 0 110 that 6 < a- 1(b(i)/d) and note that O < d. < E. 

Let (to,~) ER+ x PC([-r, OJ, D) where ll~llr $ 6 and to E [-rt-1, '7'1) for some positive integer l. 
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Suppose x = x(t0 , 4') is a solution of (2.4.7) & (2.4.2) and let [to - r, to+ /3) be its maximal interval 

of existence. From Corollary 3.2.3 we know that if /3 < x, then there exists some t E (to, to+ /3) for 

which llx(t)II > t. We will prove that 11:r(t)II $ f for t E [to, to+ /3), which in turn will imply that 

{j = oc and that the trivial solution of (2.4. 7) is thereby uniformly stable. 

Suppose for the sake of contradiction that llx(t)II > f for some t E [to, to + /3). Then let i = 
inf{t E [to,to+/3) I llx(t)II > t}. Note that llx(t)II $ ll<Jillr S tS < l fort E [to-r,to] and in particular 

llx(to)II < t. 
By the definition of i we see that £ E (to, t0 + {:J), llx(t)II S l S Pl for t E (to - r, t) and either 

llx(i)II = l or llx(t}II > f and i = TA: for some k. In the latter case !lx(t)II $ p by hypothesis (Hl) 

si11ce llx;-llr '.5 f $ Pl• Thus in either case V(t,x,l is defined fort E [to,n. 

For t E [to, n define 

m(t) = V(t. Xt), (4.2.3) 

and 11ote that m(to) = V(t0 , ¢). Since V is consistently composite-PC we know that m E 

PC([to, ~.IR+) and m(t) is continuous at each t # T1, in (to, ij. By (4.2.2) we have 

(4.2.4) 

fort E [to,~- Thus m(to) $ ci(ll¢illr) $ ci(&). By condition (ii) and from Corollary 4.1.1. si11ce Vis 

locally Lipschitz in ¢, we have 

o+m(t) = limsup -h
1 

[m(t + Ii) - m(t)] $ -c(llx(t)II), 
h ... O♦ 

(4.2.5) 

for all t #, T1, in (to, n. Also by condition (iii) we have 

(4.2.6) 

for all Tl, E (to, n. 

From (4.2.5) it is clear that m(t) is nonincreasing on [to, ij between impulses. If t E (to, T!), then 

m(i) $ m(to) $ a(tS). Otherwise i E [rt, T'lr+il for some k ~ l. In this case we have m(i) $ m(TA: ), 

m(r,-) $ m(to) $ a(tS), m(ri-) $ m(ri-l) for i = l + l.l + 2 .... , k and m(ri) $ (1 + di)m(ri-) 

for i = l, l + 1, ... , k. Combining all of these inllqualities gives us m(i) $ da(J). So in either case 

m(i) $ cia(tS) < b(t) and so by (4.2.4) we have llx(t)II < f. But this contradicts the fact that 

llx(t)II ~ f and therefore the proof is complete. ■ 

Theorem 4.2.2: Suppoae that in addition to the conditiona of Theonm 4 .2.1, c E K 2 , T = 
inftez-+-{TA: - TA:-d > 0 and f ia atrongly quaai-bounded. Then the solution x(t) = 0 o/ (2.,1.7) ia 

uniformly aaymptotically atable. 
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Proof: Let c be a continuous, strictly increasing function satisfying c(s) ~ c(s) for alls ER+. 

Theorem 4.2.1 establishes uniform stability and more specifically it tells us that there exists some 

1/ > 0 such that if ll4>llr ~ 1/, then llx(t, t0 , </l)II ~ Pl for all t ? to - r where x = x(to, 4>) is any 

solution of (2.4. 7) & (2.4.2). 

Since f is strongly quasi-bounded, there exists some M > 0 such that 11/(t, ,J,)11 ~ M for all 

(t, ,J,) E R+ x PC([-r. OJ. Rn) with ll,J,llr ~ p1 . Without loss of generality we may assume M > 
max{l/r, 1/r}. 

Let -y > U. For f = -y let d = d{-y) > U satisfy d < c1- 1 lbltJ/d) as in Theorem 4.2.l and moreover 

a.-;sume tS < 1. Let N = N(-y) be 11ome positive integer satisfying N > 2Mda(pi)/[Jc(J/2)] and define 

T = T(71. -y) = (2N + 1/2)r. Let x = x(to, ,t,) be a solution of (2.4.7) & (2.4.2) with 114>llr ~ T/ and 

to E [Tl-1, r,) for some positive integer l. Also let m(t) be defined as in (4.2.3). Then llx(t)II $ Pl 

fort 2: t0 - rand we will show that llx(t)II S "Y fort~ to+ T. 
We consider two cases. Either llxc• llr S tS for some t• E [to, to + T] or llx,llr > tS for all 

t E [to, t0 + T]. In the first case the restriction of x to [t• - r, oc) is again a solution of (2.4.7) but 

with the initial time t• and initial function :z:1 •. Since llxc• llr S cf. then by Theorem 4.2.1 we know 

llx(t)II $ -y fort~ t• - rand in particular fort 2: t0 + T as desired. 

Ou the other hand suppose 11:z:,llr > cf for every t E [to, to + T]. The remainder of this proof 

will show by way of contradiction that this case cannot happen. This implies that on every interval 

[t. t + r] C [to, to + T], there t:Xists some f E [t, t + r] such that 11:z:(i)II > cf and moreover we may 

assume, without losll of generality, that i ¢ r1c for any k. 

Thus for j = 1, 2, .... N, there eJcillts some t1 E (to+ (2j - l)r, t0 + 2jr] with t1 # r1c for any k 

and llx(t,)11 > J. Note that t,+1-t, 2: r for allj. For each j consider the interval [t, -cf/(2M),t1 + 

cf /(2M)]. Since M > 1/r and tS < 1, tht:n these intervals art: nonoverlapping and each is contained in 

[to, to+ T]. Each interval has length tS/M < 1/M <rand so can contain at most one impulse time 

r1c. Suppose that there are no impulse times in [t1 , t1 +cf/(2M)]. Since llx(t)II S Pl for all t 2: t 0 -r. 

then 11:z:cllr S Pl fort E [t,, t, + cf/(2M)]. which implies 11:z:'(t)II = 11/(t, xc)II $ M at all point11 in 

this interval. Thus llx(t)II > cf/2 on this interval. This in turn implies D+m(t) ~ -c(cf/2) on this 

interval by (4.2.5) and so m(t) decreases by at leaiit Jc(J/2)/(2M). A similar argument shows that 

m(t) decreases by at least Jc(c5/2)/{2M) on [t, - c5/(2M}, t,] if this interval is free from impulses. 

For t ~ to define 

i = l, l + l. l + 2, .... 
(4.2.7) 

Inequalities (4.2.5) and (4.2.6) imply that this new function m(t) is nonincreasing fort ~ t0 • Also 

since m(t) ~ cl- 1m(t) for all t ? t0 , then m(t) must decrease by at least cl- 1Jc(c5/2)/(2M) on 

either [t,, t1 + cf /(2M)] or (t, - c5/(2M), t;]. So in particular it must be true that m(to + T) $ 
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rh(t0 ) - NJ- 16c(6/2)/(2M) = m(t0 ) - NJ- 16c(6/2)/(2M). 

Using (4.2.4) together with our definition for N gives us m(to+T} S ii(pi)-N J- 1Jc(6 /2)/(2M) < 
0. which is a contradiction, leading us to conclude that this second case is impossible. ■ 

We remark that if condition (ii) in the previous theorem were replaced by the stronger condition 

(ii•) D~_,1.11V(t,,t,) $ -c(V(t,1/1)) for all t :/; 1\ in R+ and 1/1 E PC([-r,O],S(p)), 

then the strongly quasi-boundedness assumption on / could be dropped. Moreover, condition (iii) 

could be weakened further (eliminating the requirement that d = L~=l dt < oo for example}. 

However, relating the derivative of the functional V to the Lyapunov functional itself via (ii") is 

generally difficult to do in practice. This is where Lyapunov functions have the advantage. 

In the absence of impulses, and so when dt = 0 for all k, the proofs of Theorems 4.2.1 and 4.2.2 

reduce to proofs given by Hale and Lune! in [Hal93]. 

We end this section with the following example. 

Example 4.2.1: Consider the impulsive delay differential equation 

x'(t) = -p(t)x(t) + /,~, g(x(s))ds, ti:, k, (4.2.Sa) 

~x(t) = ( l )2 exp (- (' lx(s)lds) x(C), t = k, 
t + 1 },_, 

(4.2.Sb) 

where k = 0, 1. 2. 3 .... are the impulse times and r > 0 is ,mmc delay constant. Suppose p E 

PC(1R+. Rl that satisfies M1 S p(t) S M2 for all t E R+ for constants M1 > 0 and M2 > 0. 

Suppose g E C(R. JR) and there exists some M3 > 0 such that jg(x)I S M3lxl for all x E JR. 
Furthermore. assume that M1 and M3 are related by the following inequality 

(4.2.9) 

Then we claim that the trivial solution of equation ( 4.2.8) is uniformly asymptotically stable. 

Here the functionals / and / are defined by 

/(t, f/,} = -p(t},/,(0} + 1_: g(,t,(s))ds, 

and 

l(t, 1/1) = (t: l) 2 exp (- 1_: 11/l(s}lds) f/,(0}, 

for all (t,fj,) ER+ x PC((-r,O],R). 

(4.2.10) 

(4.2.11) 

The functional / is clearly composite-PC. strongly quasi-bounded (since p is assumed to be 
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bounded) and continuous in tj,. Given any p > 0 let p1 = p/2. If (k, ,t,) E R+ x PC([-r. O], R), 

~,(o- l = tJ,(O) and 11,J,llr ~ Pl, then 

lt/1(0) + l(k, t/1)1 ~ l,J,(O)I + (k: l) 2 exp (- 1_: lt/l(s)lds) l,J,(O)I ~ 21,t,(O)I ~ 2p1 = p. (4.2.12) 

In other words, hypothesis (Hl) is satisfied. 

Let d1c = 1/(k + 1) 2 fork= l, 2, .... Then d = '.L:':i d1c < x. 

Next, for (t, t/1) E JR+ x PC([-r, OJ, R) define the following Lyapunov functional 

(4.2.13) 

Inequality (4.2.9) implies 

(4.2.14) 

and so 

(4.2.15) 

for alls E [-r, OJ. Hence V(t. ij,) is always nonnegative. Moreover, Vis also consistently composite­

PC and locally Lipschitz in 1/J. 
Condition (i) of Theorem 4.2.1 is satisfied by letting b(s) = s and a(s) = (l + r(Mi/2 -

4M3/M1))11. 

As for condition (iii) suppose we let x E PC([to - r, x:), IR) be some function that is continuou11 

at each t '#kin (to,x). If :c(k) = x(k-)+l(k.x1c-) (i.e. the function x satisfies the delay difference 

equation (4.2.Sb) at t = k), then we get 

(4.2.16) 

Finally. we must check condition (ii). Calculating the derivative of V with respect to sys-
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tem (4.2.8) gives us 

(4.2.17) 

The final inequality follows from (4.2.14) and (4.2.15). 

By letting c(s) = (M1/2 + 4M3 /Mi)s, then c E K 2 and condition (ii) i11 satisfied. Therefore by 

Theorem 4.2.2 we have proven that the trivial solution of ( 4.2.8) is uniformly asymptotically stable. 

D 

4.3 Boundedness 

Now we introduce some theorems that establii1h boundedness of 11olution11 of 11ystem (2.4.7). A11 in 

the previous section we make use of Lyapunov functional!!. In fact the theorem!! presented here arc 

very 11imilar to those given for stability. For simplicity we assume that D = Rn and J = R+. 

Definition 4.3.1: Solutions of (2.4.7) are said to be 

(Bl) bounded if for every B1 > 0 and t0 ER+. there exists some B2 = B2(t0 , Bi) > 0 such that if 

¢, E PC([-r,O],Rn) with llefJllr $ B1 and :z: = :z:(to,,/J) i11 any solution of (2.4.7) &: (2.4.2), then 

:z:(t, to,¢,) is defined and 11:z:(t, to, ¢,)II $ B2 for all t ? to; 

(B2) uniformly bounded if (Bl) holds with B2 independent of to: 

(BJ) ultimately bounded with bound B if (Bl) hold11 and for every B3 > 0 and t0 E R+, there 

exists some T = T(to,B3) > 0 such that if¢, E PC([-r.O].Rn) with 11</lllr '.S B3. then 

11:z:(t, to, .P)II $ B fort? to+ T; 
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(B4) uniformly ultimately bounded with bound B if (B2) hold:1 and (B3) holds with T independent 

of to, 

In the definition of boundednel!s, global existence of solutions is implicitly al!sumed. The bound­

edness theorems of this section will establish global existence of solutions as well as boundedness 

without assuming, a priori, that solutions can necessarily be continued to infinity. 

When discussing the property of (uniform) ultimate boundedness of solution!! of (2.4.7), we 

will often omit the phrase "'with bound B". In these cases the existence of such a hound will be 

under11tood. We are less interested in establishing a value for B than in proving the existence of 

such a bound. This is in keeping with our study of stability where, for example, we care mainly 

that there exists a c5 > 0 (no matter how small it may be) corresponding to each E > 0. Only in 

Chapter 8 where we examine the concept of practical stability as applied to system (2.4.7) will we 

make some effort in assigning values to the various quantities. 

Theorem 4,3,1: Assume J = R+, D = Rn and the conditions of Corollary 3.2.3 are imtisfied. 

Suppolle there exillt functions a, c E C(R+, R+) and b E K 4 and there exist constants d1,:, µ1, 2: 0 with 

d = E:=l d,. < x andµ= E:=l µ,. < x. Suppose V: R+ x PC([-r. O], Rn)-+ R+ is conllistently 

compollite-PC, locally Lipschitz in 1/J and satisfies the following condition,: 

(i) b(llv,(0)11) $ V(t, rp) $ a(ll1/illr) for all t E IR+ and 1/1 E PC([-r,0],Rn); 

(ii) D~.i.T)V(t, i/,) $ -c(lltJ,(0)11) for all t :/= r1, in R+ and 1/1 E PC([-r,0],Rn); and 

(iii) for all t0 ER+ and x E PC([to - r, x), Rn) where xis continuous at each t ':/= r,. in (to, x), 

V(r1c,:z:r~) :S (l+d1c)lim,_r; V(t,xt)+1,1c forallr,. > to wl,eneverx(ni) = x(r,.-)+I(r1,.x,.;)­

Then solutions of {2.~. 7) are uniformly bounded. 

Proof: Let b be a continuous. strictly increasing function satisfying lim, .... oi;: b(s) = ·x and b(s) $ b(s) 

for alls ER+. Condition (i) implies b(s) $ a(s) for alls, which in tum implie:1 lim ..... ec a(s) = x. 

So let a be a continuous. strictly increasing function satii1fying a(s) 2: a(s) for all s E IR+. Note 

that b has an inverse defined on R+ while ii has an inveri1e defined on [a(0), x). Condition (i) then 

implies that 

b(ll1/i(O)II) $ V(t.v,) $ a(llwllr), (4.3.1) 

for all t ER+ and vi E PC([-r,0],Rn). 

We will prove uniform boundedness of solutions. Defined= n:=l (1 + d,.) and note that J < x 
11ince d < oc. Let B1 > 0 and define B 2 = B2(Bi) = b- 1(d(ci(Bi) + µ)). Note that B2 ~ B 1. 

Let (to,tp) ER+ x PC([-r,O],Rn) where ll¢llr $ B1 and to E [Tl-i,11) for some positive integer l. 

Let i: = x(to, cp) be a solution of (2.4.7) & (2.4.2) and let [to - r, t0 + P) be its maximal interval of 

existence. Recall from Corollary 3.2.3 that if P < oc, then 11:r(t)II > B2 for some t E (to, to +P). We 

will prove that lli:(t)II $ B2 for all t E [to, to+ P), which will in turn imply that P = oc and that 
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:mlutions of (2.4.7) arc thereby uniformly bounded. 

For t E [to, t0 + /3) define 

m(t) = V(t,x,), (4.3.2) 

and note that m(t0) = V (t0 , ¢). Since V is consistently composite-PC, then we know m E 

PC([to, t0 + /3), R+l and m(t) is continuous at each t # T1c in (to, to+ /3). By (4.3.1) we have 

b(llx(t)II) :S m(t) :s ii(llx,llr), (4.3.3) 

fort E [to, t0 + /3). By condition (ii) and from Corollary 4.1.1. since Vis locally Lipschitz in 1/i. we 

have 

n+m(t) = limsup ¼ [m(t + h) - m(t)] :S -c(llx(t)II), 
11 .... 0+ 

(4.3.4) 

for all t # T1, in (to, t 0 + /3). Also by condition (iii) we have 

{4.3.5) 

for all Tk E {to, to + /3). 

From (4.3.4) it is clear that m(t) is nonincreasing on {to, t0 + {:J) between impulses. Suppose 

t E (to, to+ /3). If t E {to, TJ), then m{t) :S m(to) :S ii{llx, 0 llr) = ii(ll¢llr) :S 11(Bi). Otherwise 

t E [T1c,T1c+il for some k ~ l. In this case we have m(t) :S m(f'k), m(r,-) ~ m(to) :S ii(Bi), 

m(Ti-) :S m{T;_i) for i = l + l.l + 2 .... . k and m(Ti) :S {l + di)m{r;-) +µ,for i = l.l + 1, ... ,k. 

Combining all of these inequalities gives us m(t) :S d{ii(Bi) + µ). So by (4.3.3) we have llx(t)II :S 
b- 1(d(ii(Bi) + µ)) = B2 fort E (to, t0 + /3) and indeed for all t E [to - r, t0 + fi). Thus solutions of 

(2.4.7) are uniformly bounded. ■ 

Theorem 4,3,2: Suppolfe that in addition to tlie conditions of Tlieorem 4.3.1, c E K2, T = 
inf1ce:z+{-r,: - T'k-d > 0 and f ilf lftrongly qualfi-bounded. Then lfolutionlf of (1.,4.7) are uniformly 

ultimately bounded. 

Proof: Let c be a continuous, strictly increasing function satisfying c(s) $ c(lf) for alls ER+· Let 

B1 = 1 and B = Bi(B1 ) where Bi is defined as in Theorem 4.3.1 by Bi(Bi) = t- 1(d(ii(B1 ) + µ)). 

Note that B ~ 1. 

Let B3 > 0. By our assumption on f. there exists a constant M = M(B3) > 0 such that 

llf(t, 1/i)II :SM for all (t, t/1) ER+ x PC([-r, OJ, R") with llt/lllr :S B2(B3). Without loss of generality 

let us assume that M > max{l/r, 1/-r}. Let N = N(B3) be some positive integer satisfying N > 
2M[2<i(B3) + dd(ii(B3) + µ) + µ]/c(l/2) and define T = T(B3) = 2(N + l)r. Let x = x(t0 , ¢) be a 

solution of (2.4.l) with ll<Jillr :S B3. We know llx(t)II :S B2(83) fort E [to - r, oc) by Theorem 4.3.1. 
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We will show that 11:z:(t}II $ B fort 2: to+ T. We consider two cases. 

In the first case suppose 11:z:,• llr $ 1 for some t• E [to, to+ T]. The restriction of :z: to [t•, oc) is a 

:mlution of (2.4. 7) with initial time t• and initial function :z:, •. Therefore by the uniform boundedness 

results of Theorem 4.3.1 we know that 11:z:(t)II $ B = B2(l) for t 2: t• - r and in particular for 

t 2: to+ T. 

For the second case imppose llx,llr > 1 for all t E [to, t0 + T]. We will show this to be impossible. 

On every interval [t, t + r] C [to, to+ T], there exists some i E [t, t + r] such that 11:z:(i)II > 1. and 

moreover we may a.-i:mme, without losll uf geuerality, that i :j:. r1c fur auy k. 
Thus for j = 1, 2, ... , N, there exists some t; E [to+ (2j - l)r, to+ 2jr] with t1 # r1c for any k 

and 11:z:(t;}II > 1. Note that t;+i -t; 2: r for all j. For each j consider the interval [t, - l/(2M), t; + 

l/(2M}]. Since M > 1/r, then these intervalii are nonoverlapping and each is contained in [to, to+T]. 

Each interval has length 1 / M < r and so can contain at most one impulse time r1c. Suppose that 

there arc no impulse times in [t;, t, + l/(2M)]. Since 11:z:(t)II $ B2(B3} for all t 2: to - r, then 

11:z:,llr $ B2(B3} fort E [t;, t1 + l/(2M)], which implies 11:z:'(t}II = 11/(t, x,)11 $Mat all points in this 

interval. Thus 11:z:(t)II > 1/2 on this interval. This in tum implies D+m(t) $ -c(l/2) on this interval 

and llO m(t) decreases by at least c{l/2)/(2M). A similar argument shows that m(t) decreases by 

at least c(l/2)/(2M) on [t, - l/(2M), t,] if this interval is free from impulses. 

On [to, to+ T], m(t) is of bounded variation since it is nonincreasing except possibly at the 

discrete impulse times r,. where it may undergo a jump discontinuity. Since m(t) decreases by at 

least c(l/2}/(2M) on either [t;, t1+1/(2M)] or [t;-l/(2M}, t,] for each j, then the negative variation 

ofm(t) on [to,to+T] must be no less than Nc(l/2)/(2M). Since m(t) $ d(<i(B3)+µ) on [to,to+T] 

as shown in the proof of Theorem 4.3.1, then the positive variation of m{t) on [to, t0 + T] is bounded 

above by m(to}+ L&:: r~E(to,to+T)(d1cm(r,.-}+µ1c) $ <i(B3)+ L&:: .-~e(to,tu+T){d1,{d(<i(B3) +µ))+µ1,) $ 
ii(B3) + dd(<i(BJ) + µ) + µ. Since the difference between the positive and negative variations is 

m(to + T) - m(to), then rn(to + T) $ m(to) + ci(B3) + dd{ci(BJ) + µ) + µ - Nc(l/2)/(2M} $ 

2<i(B3) + dcl(<i(B3} + µ) + µ - Nc(l/2)/(2M} < 0 by our choice of N. which is impossible. This 

contradiction completes the proof of uniform ultimate boundedness. ■ 

To illustrate the application of the preceding theorems we conclude by providing the following 

example. 

Example 4.3.1: Consider the scalar impulsive delay differential equation 

:z:'(t) = -p(t):z:(t) + q(t)x(t - r} + w(t), t -:j; k, 

~:z:(t) = h1,x(C }, t = k. 

(4.3.Ga} 

(4.3.6b} 

where r > 0, p, q, w E PC(R+, R), w is bounded and square integrable on R+ (for example w could 

be defined to be w(t) = e-'), and h,. > 0 fork = 0, 1, 2, ... and E:=l h,. < oo. Assume that for 

some M2 2: M1 > 1/2 and O < MJ < Mi - 1/2, M1 $ p(t) $ M2 and lq(t}I $ M3 for all t e R+. 
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We will show that the conditions of Theorem 4.3.2 are satisfied and thereby conclude that solutions 

of this impulsive delay differential equation are uniformly ultimately bounded. 

The functionals / and I are defined by 

f(t, ,J,) = -p(t)1J,(O) + q(t)v,(-r) + w(t), (4.3.7) 

and 

I(t, 1/J) = hcw(O). (4.3.8) 

The functional / is clearly composite-PC, strongly qua8i-bounded (since p, q and w are bounded) 

and continuous in v,. 

Define the Lyapunov functional V by 

(4.3.9) 

Clearly V satisfies condition (i) ofTheorem 4.3.1 with b(s) = s2 and a(s) = {l+M3r)s2 + fa"° w 2(t)dt. 

Moreover, V is locally Lipschitz in v, and consistently composite-PC. Calculating the upper right­

hand derivative of V with respect to equation (4.3.6) gives us 

D~_3_6) V(t. v,) = 2v,(O)(-p(t)v,(0) + q(t)1J,(-r) + w(t)) + M3(v, 2 (0) - ,J, 2 (-r)) - w2(t) 

$ (-2M1 + M3)v, 2(0) + 2M3jv,(O)-,J,(-r)I + 2t/l(O)w(t) - M3-,J, 2(-r) - w2(t) 

= (-2M1 + M3 + l)t/12 (0) + 2M3j1{1(0)v,(-r)I - M3i/, 2(-r) - (v,(O) - w(t)) 2 

$ (-2M1 + M3 + 1)~12 (0) + 2M3j,J,(O)t/l(-r)I - M3i/, 2 (-r) 

= (-2M1 + 2M3 + l),J,2 (0) - M3(jtj,(O)l - ll/1(-r)l) 2 

$ -Ktt,2 (0), 

(4.3.10) 

where K = 2(M1 - M3) -1 > 0. Thus condition (ii) of Theorem 4.3.1 is satisfied with c(s) = Ks2. 

Finally, let us check condition (iii). If t0 E R+ and x E PC((t0 - r, xi), R) with discontinuities 

occurring only at impulse times in (to, x) and if x(k) = x(k-) + /(k, Xe-) = ( 1 + he )x(k-) for some 

k, then 

V(k,x1r) = (l+h1r) 2x2(k-) +M3 {' x2(s)ds+ fog w2(s)ds 
1,-r J, (4.3.11) 

$ (1 + h1.)2 lim, .... 1:- V(t, x,) = (1 + d1r) lim, .... ,- V(t, x,), 

where d1r = 2h1r + hf > 0 (and 1-'lr = 0). Since E:=l h1r < oc, then E:=l d1r < x also. 
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We can therefore conclude in light of Theorem 4.3.2 that solutions of system (4.3.6) are uniformly 

ultimately bounded. D 

Note that in this example, the boundedness conclusion is independent of the delay term r. Also. 

what is intere11ting is that solutions are uniformly ultimately bounded despite the fact that the :1tate 

:r: increases in magnitude at each impulse time. 



Chapter 5 

Stability and Boundedness Using 

Lyapunov Functions 

In this chapter we continue to examine the stability and boundedness properties of system (2.4. 7). 

only this time our main tool in developing these results is through the use of Lyapunov functions. 

Lyapunov functions V(t, x) can be thought of as special types of Lyapuuov functionals V(t.1/1) 

that depend only on t and x = t/i(O). Lyapunov functions are often simpler to work with. The 

theorems of the previous chapter can all be applied to Lyapunov functions. Unlike the case of 

ordinary differential equations, however, the derivative of Lyapunov functions along solutions of 

delay differential equations are functionals in that they depend on past values of the state as well 

as the current values. In applying the theorems of the previous chapter it is therefore usually 

too much to expect that its derivative will be nonpositive along solutions all of the time. Only 

if/ were severely restricted to the point where the dependence of f(t, t/i) on the values t/i(s) for 

-r :$ s < 0 was relatively insignificant, so that the delay differential equation closely resembled 

an ordinary differential equation, could we expect this. When considering Lyapunov functions and 

delay differential equations it is standard practice to employ Razumikhin-type arguments, developed 

by Razumikhin [Raz56], whereby the derivative of the Lyapunov function is no longer assumed to 

be nonpositive all of the time but only when V(t,x(t)) is sufficiently large relative to V(s,x(s)) for 

t - r < s < t. 
The proofs developed in this chapter are based, in part, on earlier work by Ballinger and Liu on 

impulsive differential equations without delays [Bal97a. Bal97b, Bal98]. 

5.1 Properties of Lyapunov Functions 

We define the derivative of a Lyapunov function with respect to system (2.4.7) as follows. 

73 



CHAPTER 5. STABILITY AND BOUNDEDNESS USING LYAPUNOV FUNCTIONS 74 

Definition 5.1.1: Given a function V: J x D-+ R+. the upper right-hand derivative of V with 

respect to system (2.4.7) is defined by 

v+ Vi2.4. 11(t, t/,(0)) = lim sup _hl (V(t + h. 1/,(0) + hf (t.1/,)) - V(t, tJ,(0) )J, 
11-0+ 

(5.1.1) 

for (t, tp) E J x PC([-r. OJ, D). 

As before we may drop the subscript and simply write v+ V (t, ip(O)) where it is understood which 

system the derivative of Vis with respect to. Note that D+V(t. r/!(O)) is a functional whereas Vis 

a function. Moreover, this definition is consistent with our earlier definition of the derivative of a 

Lyapunov functional. 

We remark that if V(t, x) has continuous partial derivatives with respect t and x, then (5.1.1) 

reduces to 

+ oV(t. 1/,(0)) 
D Vi:u,1(t. 1/,(0)) = at + v' z V(t. 1/,(0)) • /(t. 1/,). (5.1.2) 

Next we state for thoroughness what we mean for the function V to be locally Lipschitz in x. 

Definition 5.1.2: A function V : J x D -+ IR+ is said to be locally Lip11chitz in x if for each to E J 

and o > 0. where [to, t0 + aJ C J. and for each compact set F C D, there exists some L > 0 such 

that IV(t,xi) - V(t,x2)I $ Lllx1 - x2II for all t E [to,to + aJ and z1,z2 E F. 

This definition is again consistent with our notion of a local Lipschitz condition for Lyapunov 

functionals. Occasionally a seemingly weaker form of local Lipschitz condition is defined by some 

authors which says that for each (t,x) E J x D. there exists a neighbourhood U of (t,x) and a 

constant L > 0 such that IV(t1, .ri) - V(t1. x2) I ~ Lllx1 - x2II for all (t1, xi), (t1, x2) E U. Because 

of the compactness of the set [to, t0 + oJ x F in Definition 5.1.2 it can be :,ihown that the:,ie two 

definitions are in fact equivalent. 

One might ask whether one could similarly define a local Lipschitz condition for Lyapunov 

functional:,i by requiring that for each (t, 1/,) E J x PC([-r, OJ, D), there existl! a neighbourhood U of 

(t, if,) and a constant L > 0 such that IV(t1, tJ,i) - V(t1, r/!:z) ~ Lll1/11 - tJ,:zllr for all (t1, t/,i), (t1, ,J,2) E 

U. Unfortunately, such a definition has two significant shortcomings, which make it substantially 

different from Definition 4.1.2 and hence not very practical or useful. The first problem is that the set 

[to, to+ aJ x PC([-r, O], F) in Definition 4.1.2 is not compact. In fact even [to, to+ a] x C([-r, OJ, F) 
is not compact. The second problem stems from the fact that if t/, = x, and U is a neighbourhood of 

(t, x,), then the point (t + t, Xe+,) will not generally be in Uno matter how small e- is chosen to be, 

since the function x, may not be continuous in t. The Lipschitz constant L, which works for {t, x,), 

may not work for (t + t, Xe+,). This latter problem occurs because of the piecewise continuous space 

upon which V is defined. 
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Here too if the Lyapunov function V is locally Lipschitz in x, then (5.1.1) is equivalent to the 

time derivative of V along solutions of (2.4.7). We state the following theorem and corollary, which 

follow directly from Theorem 4. l. 1 and Corollary 4.1.1, re11pectively. 

Theorem 5.1.1: Auume f sati1fie1 the condition, of Corollary 9.1.S. Let V: J x D-+ R+ and 

assume V is locally Lipschitz in x. If (t, ,t,) E J x PC([-r, OJ, D) and x = x(t, 1/i) is any solution of 

(2.4. 7) satisfying the initial condition x, = it,, then 

v+v; 2_,. 1 i(t. tb(O)) = lim11up-
1

1 
(V(t + h. x(t + h, t. tb)) - V(t, 1/,(0))]. 

h-.O+ l 
(5.1.3) 

Corollary 5.1.1: Assume f and V are given a, in Theorem 5.1.1. Suppo,e x = x(to, i/,) is a 

solution of (2.4. 7) fJ (2.,t.2) defined on [to - r, to+ t,J for some /3 > 0 where [to, to+ /3J C J. Then 

v+ \.'( 2.4.11 (t, x(t)) = limsup _hl [V(t + h. x(t + h. t0 , ¢)) - V(t. x(t, to, tj,) )J, 
h-+O+ 

(5.1.4) 

fort E [to, to+ /3). 

5.2 Stability 

Our ucxt two theorems establish conditions for uniform a11ymptotic stability of the zero solution of 

system (2.4.7). As in the previou11 chapter we a11sume OED, J = R+, f(t,0) = 0 for all t ER+ 

and /(ri., 0) = 0 for all r,. E IR+· We also restrict the domain of our Lyapunov function to the set 

IR+ x S(p) ( or rather [-r, x) x S(p)) much like we did for Lyapunov functionals in Section 4. 2. We 

will need to a11sume, a8 before. that hypothe11is (Hl) i11 satisfied. 

Theorem 5.2.1: Assume the conditiona of Corollary 3.2.S and hypothesi, (Hl) are sati,fied. 

Suppose there exist functions a,b,c E K 1 , p E PC(R+,R+) and g E K3 . Suppo1e V: [-r,oc) x 

S(p) -+ R+ i, continuou, on [-r, ro) x S(p) and on [-rt-i, -rt) x S(p) fork= 1, 2, ... and that for 

each x E S(p) and k = 0, 1,2, ... , lim(c,,J-.(r;,zl V(t,y) = V(r,.-,.:c) exi1t1. Moreover auume that 

V. re1Jtricted to R+ x S(p), i, locally Lip,chitz in x and that the following condition, are .•ati,fied: 

(i) b(ll.:cll) $ V(t, x) $ a(ll.:cll) for all (t, .:c) E [-r, x) x S(p); 

(ii) D~.4.11 V(t, 1/1(0)) $ p(t)c(V(t, 1/1(0))) for all t if: -rt in IR+ and 1/J E PC([-r, OJ, S(p)) whenever 

V(t, 1/1(0)) ~ g(V(t + ,, 1/i(s))) for /J E [-r, OJ; 

(iii) V(-rt,1/1(0) + 1(-rt,1/i)) $ g(V(r,.-.1/i(0))) for all (r1r,1/J) ER+ x PC([-r,0],S(p1)) for which 

,t,(o-) = ,t,(0); and 

(iv) r = sup {-rt - r,._i) < 00, 
keZ+ 
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i
l+r 

Mi = sup p(s)ds < x:, and 
c>o c -1., ds 

Mi= inf -() > M1. 
9>0 g('I) C S 

Then the solution z(t) = 0 of (2.f 7) is uniformly asymptotically stable. 

Proof: Condition (i) implies b(s) S a(s) for all s E [O, p]. So let ii and b be continuous, strictly 

iucreasing functions ,iatisfying b(s) S b(s) S a(s) S ii(s) for alls E [O, p]. Then 

btil:i:11) '.S V(t, x) ~ utilxiil, (~.2.1) 

for all (t, x) E [-r, oo) x S(p). 

From the definition of M2 we see that O < g(q) < q for all q > 0. 

We first show uniform stability. Let ,; > 0 and assumti without loss of g1merality that f. S p1 . 

Choose 5 = 5(t) > 0 so that 5 < ii- 1(g(b(t))) and note that O < 5 < t. 
Let (to,¢) ER+ x PC([-r, O], D) where 114'llr S 5 and to E [1'1-l, Tl) for some positive integer l. 

Suppose x = x(to, ¢) is a solution of (2.4.7) & (2.4.:?) and let [to - r, t0 + /3) be its maximal interval 

of existtmce. From Corollary 3.2.3 we know that if {3 < x. then therti exists somti t E (to, to+ {3) for 

which 11:i:(t)II > ,;. We will prove that 11:i:(t)II Sf. fort E [to, to+ {3), which in turn will imply that 

/3 = x: and that the trivial solution of (2.4.7) is thereby uniformly 11table. 

Suppose for the sake of contradiction that llx(t)II > t for some t E [to, to+ /3). Then let i = 
iuf{t E [to,to+/3) 111:i:(t)II > t}. Note that 11:i:(t)II :S 114illr S cS < t fort E [to-r,to] and in particular 

llx(to)II < t. 
By the definition of i we see that i E (to, to+ {3), llx(t)II S t S Pl for t E [to - r, t) and either 

llx(t)II = f. or 11:i:(i)II > f. and i = Tt for some k. In the latter case llx(i)II Sp since llx;-llr :Sf. S Pi 

and by our assumption on the functional/. Thus in cithtir case V(t. x(t)) i11 defined fort E [t0 -r, ~­

For t E [to - r. ~ define 

m(t) = V(t,z(t)). (5.2.21 

By the piecewise continuity assumption on V it follows that m E PC([to - r, ~. R+) and m(t) is 

continuous at each t "# Tfr in (to,~- By (5.2.1) we have 

b(llx(t)II) s m(t) s ii(llz(t)II), (5.2.3) 

fort E [to - r, ~- Thus m(t) $ o(llt/>llr) $ ·a(cS) < g(b(t)) fort E [to - r, to]. By condition (ii) and 

from Corollary 5.1.1, since V is locally Lipschitz in x, we have 

v+m(t) = limsup-hl [m(t + h) - m(t)] S p(t)c(m(t)), 
ll➔O+ 

(5.2.4) 
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for all t '# Tt in (to, i] whenever m(t) ~ g(llmrllr), Also by condition (iii) we have 

(5.2.5) 

for all Tt E (to,~-
Let t• = inf {t E [to, i] I m(t) ~ b(t)}. Since m(t0 ) < g(b(t)) < b(t) and m(i) 2:: b(t), then 

t• E (to,~- Moreover, m(t) < b(t) fort E [to - r, t•). We claim that mW) = b(E) and that t• '# Tt 

for any k. Clearly we must have m(t") ~ b(t\ > 0. If t• = n. for some I.:, then O < b(E) $ mW) S 

g(m(t"-)) < m(t•-) $ b(E) by (5.2.5), which is impossible. Thus t• # Tt for any I.: and that in turn 

implies that mW)= b(E) since m(t) is continuous at t•. 

Now let us fin1t consider the case where 1'1-l $ t0 < t• < Tl, Let i = sup{t E [to, t•] I m(t) S 
g(b(t))}. Since m(to) < g(b(E)), m(t") = b(t) > g(b(t)) and m(t) is continuous on [to,t"], then 

f E (to,t•), m(i) = g(b(E)) and m(t) ~ g(b(t)) fort E [i,t•]. 

Hence fort E [t, t•] and s E [-r,0], we have g(m(t + s)) $ g(b(t)) $ m(t) or in other words 

m(t) ~ g(llm,llr), Thus inequality (5.2.4) holds for all t E (f, t•]. Integrating this differential 

inequality gives us 

1m(I°) ds 1'' lf+r 
-) $ p(s)ds $ p(s)ds S M1. 

m(tl c(s f f 
(5.2.6) 

However, we also have 

1m1t') ds lb(,) ds 
-= ->M ... 

m(l1 c(11) g(b(,J) c(s) - • 
(5.2.7) 

Since we have assumed that M2 > M1, tl1t!ll we arrive at our desired contradiction. 

Alternatively, suppose that Tt < t• < rk+ 1 for some k 2:: l. Then m{'rt) $ g(m(Tt-ll S g(b(t)) 

by (5.2.5). Similar to before define f = sup{t E [Ti,. t•] I m(t) $ g(b(t)) }. Then i E [Tt, t•), 

m(t) = g(b(E)) and m(t) 2:: g(b(E)) fort E [i, t•]. Applying exactly the same argument as before 

yields a contradiction. 

So in either case we obtain a contradiction, which proves that the zero solution of (2.4. 7) is 

uniformly stable. Now we show that it is uniformly asymptotically stable. 

Since the zero solution of (2.4.7) is uniformly stable, then there exists 11ome 11 > 0 such that if 

114>llr $ 11, then 11:z:(t, to, 4>)11 $ Pl for all t 2:: to - r where :r: = :z:(to, ,/>) is any solution of (2.4.7) & 

(2.4.2). Moreover, V{t,:r:{t)) $ a{ll:r:(t)II) $ o(p1 ) fort 2:: to - r. 

Now let -y > 0 and as11ume without loss of generality that -y < p1. Define 

M = M(-y) = sup { cts) I g(b(-y)) $ 11 $ o(pi)}, (5.2.8) 
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and note that O < M < oo. 

For b('y) $ q::; ci(pi) we have g(b(-y)) $ g(q) < q $ a(pi) and so 

1
9 ds 

M2 $ -() $ M[q - g(q)], 
g(q) C S 

(5.2.9) 

from which we obtain g(q) $ q - M2 /M < q - d where d = d('y) > 0 is chosen so that d < 
(M2 - Mi)/M. 

LPt N = N(-y) hP t.he smallest positiVP intf!gf'r for whir.h ,i(pi) ~ b(-y) + Ntl and define T = 
T(-y) = r + (r + r)(N - 1). Given a solution x = x(to, 4,) of (2.4.7) & (2.4.2) where 114'llr $ T/ and 

t0 E [r,_1, r,) for 11ome positive integer l, we will show that llx(t)II $ -y fort 2: to+ T. Let 

m(t) = V(t, x(t)), (5.2.10) 

fort 2: to - r. Then m(t) $ ci(pi) fort 2: t0 - r. 

Given O < A $ ci(pi) and j 2: l we will show that if m(t) $ A fort E [r1 - r, Tj ), then m(t) $ A 

fort::= r, and if in addition A? b(-y), then m(t) $ A - d fort::= r,. 

To prove the first part, suppose for the sake of contradiction that there exists some t ? r1 for 

which m(t) > A. Then let t• = inf {t ? r1 I m(t) > A}. Thus t• E [r1,, T1,+1) for some k ::= j. 

Since m(r1,) $ g(m(r,,- )) $ g(A) < A, then t• E (TA:, TA:+il• Moreover, m(t") = A and m(t) $ A for 

t E [r1 - r, t"]. 
Let i = sup{t E [r1,,t"] I m(t) $ g(A)}. Since m(t") =A> g(A) 2: m(r1,), then i E [r1,.t"), 

m(i) = g(A) and m(t) ? g(A) fort E [i, t"]. 

Thu11 fort E [i, t•] ands E [-r, O], we have g(m(t + s)) $ g(A} $ m(t) implying that inequality 

(5.2.4) holds for all t E (i, t"] and thus (5.2.6) holds tru~. However, since 

im(I" I ds 1" ds 
-= - >M2, 

m(f) c(s) g(A) c(s) -
(5.2.11) 

and M2 > M1, then we get a contradiction proving the first part. 

The proof of the second part is similar. Assume for the sake of contradiction that there exists 

some t ? r1 for which m(t) > A - d. Then define t• = inf{t ? r, I m(t) > A - d} and let 

k ? j be chosen so that t• E [Tl, Tl+1). Since b(-y) $ A $ a(pi), then g(A) < A - d and so 

m(Tl) $ g(m(r11-)) S g(A) < A-d. Thus t• E (T/r, T/r+1), Moreover, m(t") = A-d and m(t) $ A-d 

fort E [T/r, t"]. 

Define i as before. Since m(t") = A - d > g(A) ? m(T/r ), then i E [T/r, t• ), m(t") = g(A) and 
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m(t) 2: g(A) fort E [i, t•]. Thus we obtain inequality (5.2.6) as before. However, 

lm(r") ds rl-d ds r· ds r ds 

m(f) c(s) = Jg(A) c(s) = Jg(A) c(s) - }A-d c(s) • 
(5.2.12) 

Since b(-y) < A S ci(pi), then g(b(-y)) < g(A) < A - d < A < ci(p1) and so 1/c(s) < M for 

A - d < s < A. Thus from (5.2.12) we get 

(5.2.13) 

which contradict11 (5.2.6), establishing the second part. 

We define the indices kli) for i = 1, 2, ... , N as follow11. Let kill= land for i = 2 .... , N let kli) 

be chosen so that TA,1i>-t < TA:(i-1) + r :S TA:!•1· 

Then T"o1 = T) :S t0 + T and for i = 2, ... ,N we have T" 1,i :S T"1,,_ 1 + T :S TA:1,-11 + r + T. 

Combining these inequalities gives us TA,1N1 :S to+ T + (r + r)(N - 1) =to+ T. 

We claim that for each i = 1, 2, ... , N. rn(t) :S il(pi) - id fort ? Tk!•I• Siuce m(t) :S ci(pi) for 

t E [to - r, T"o,), then by setting A = ci(pi) in our earlier argument we get m(t) :S ci(pi) - d for 

t ? TA: 1, 1, which establishes the base case. We now proceed by induction and assume m(t) S a(p1 )-jd 

fort ? T"ui for some 1 S j S N - 1. Let A= a(pi) - jd. Since T"u' S TA,u+11 - r. then m(t) S A 

fort E (rA:1i+11 - r, rw+1,) and 110 m(t) S A - d = a(pi) - (j + l)d fort ? T1:u+11, Thus we have 

proveu our claim by inductiou. 

In particular we have m(t) S a(pi) - Nd S b(-y) fort ? to+ T 2: T"1iv>, Finally, by (5.2.3) we 

get that 11:z:(t)II S "'f fort 2: to+ T, which completes the proof of this theorem. ■ 

In Theorem 5.2.1, condition (iii) ensures that along solutious of (2.4.7) the Lyapunov function 

must decrea.~e at each impulse time. Condition (ii) effectively imposes a bound on the growth rate 

of V alo11g solutio11s through a Razumikhin-type of argument. The definitions of M1 and M2 in (iv) 

and the requirement that M2 be 11trictly greater than M1 emmres that any possible growth iu V 

between impul11es is more than offset by a reduction in V at impulses. Stability results along this 

line for impulsive differe11tial equations without delay can be found in [Liu94]. 

The importance of Theorem 5.2.1 is in its applicability to delay differential equations that are 

uot already 11table but that can be stabilized through the incorporation of impulses. Note that 

Theorem 5.2.1 does not directly impose any bounds on the delay constant r. Thus the stability 

results are delay independent. 

Example 5.2.1: Consider the nonlinear delay differential equation 

z'(t) = -a:z:(t - l )[l + z(t)], (5.2.14) 
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where a > 0 is constant. This equation has been used in the study of population dynamics and was 

considered by Wright [Wri55] in 1955. He proved that for a > 1r/2, there exists some E > 0 such 

that lim:mp1..,. 00 lx(t, to, i,)I ~ E for all ip E C([-1. O], It) for which i,(11) # 0 for s E (-1, 0). In other 

words, the zero equilibrium solution is unstable. 

Suppose we define the Lyapunov function 

V(x) = jxj. 

If ,j, t::: PC{[-1,0],lR), Llu:u we have, µ1·uviJiu1,1 t/1(0) # 0, 

D~.l.1'1) V(t, 1/,(0)) = sgn(t/,(O))[-atj,(-1)[1 + 1/,(0)]] $ aj,t,(-1)I(1 + I1/J(O)I) 

= aV(v,(-1))(1 + V(t/,(0))). 

If if,(O) = 0, then D~.l.1-ll V(t, 1'1(0)) al110 11atisfie11 the inequality derived in (5.2.16). 

(5.2.15) 

(5.2.16) 

Suppose O < ,\ < 1 for some constant ,\ and let g( 11) = ,\s for II E R+. Then whenever 

V(1/,(0)) ~ g(V(v,(11))) for II E [-1.0], we have in particular V(rf,(-1)) ~ (1/,.\)V(tJ,(0)), and so 

(5.2.17) 

Now let p > 0 be arbitrarily small and define Pl = p. Larger values of p (and correspondingly 

Pl) will be associated with larger domains of attraction of the zero equilibrium solution. Then for 

llr/1II, ~ p, we have V(v,(O)) = lt/!(O)I ~ p, and so 

(5.2.18) 

where p(t) = a(l + p)/,\ fort ER+ and c(s) = 11 for II E 14. 
We are interested in asymptotically stabilizing (5.2.14) through the use of impulses according to 

Theorem 5.2.1. For simplicity let us assume that the impulse times are equally spaced. In other 

words, Tk - Tic-1 = T > 0 for all k. Calculating M1 and M 2 as defined in Theorem 5.2.1, we get 

M1 = ar(l + p)/ .X and M2 = - In(,\). In order to satisfy M2 > M1, T must be chosen :mfficiently 

small so that 

1 
T < a(l + p)[-.\ln(,\)]. (5.2.19) 

This illustrates that, at least insofar as Theorem 5.2.1 is concerned, impulses must occur frequently 

enough in order to stabilize the system. 

In the case of impulsive differential equations the impulses can be widely spaced apart (i.e. r 

can be arbitrarily large) and yet the system can still be impulsively stabilized. This is providing of 

course that when each impulse does occur, the impulse operator / maps the solutions sufficiently 



CHAPTER 5. STABILITY AND BOUNDEDNESS USING LYAPUNOV FUNCTIONS 81 

close to zero. The 11ame cannot normally be said for impulsive delay differential equations and this 

is why Theorem 5.2.1 indirectly imposes a constraint on the parameter T (although note that T does 

not depend on the delay constant r = 1). To illustrate this latter point one need only look at the 

del,•.y differential equation 

z'(t) = -z (t - i). (5.2.20) 

If t 0 = 0 ancl tf,( .~) = a i.in( .~) for .1 E [-ff' /2. OJ where a > 0 is some constant. then the unique solution 

of (5.2.20) is given by x(t) = asin(t) for all t 2'.'. -ff'/2. This shows that the trivial 1mlution of (5.2.20) 

is not asymptotically stable. Suppose we were to apply impulses to equation (5.2.20) at the times 

T1; = ktr. Then these particular solutions are already zero at these times and so using impulses to 

map the 11olutions all the way to zero would have no effect and could therefore not asymptotically 

stabilize equation (5.2.20). If T were 11ufficiently small, however, we could impulsively 11tabilize 

equation (5.2.20) by way of Theorem 5.2.1. 

Returning to equation (5.2.14) again, 11uppo11c we wish to stabilize the system but with as large 

a value of T as possible. Looking at inequality (5.2.19) we see that a is fixed for our sy11tem, p > 0 

may be made arbitrarily small and ..\ can be chosen strictly between O and 1. The optimum choice 

of..\ that give11 the greatest upper bound i11 ..\ = 1/e. With this choice of..\, then T would have to 

sati11fy r < 1/[ae(l + p)] or more simply r < 1/(ae) if p were sufficiently small depending on T. 

In any case, in order to satisfy the conditions of Theorem 5.2.1 we must define the functional I 

so that it satisfies 

(5.2.21) 

for all (T1;, 'f/1) ER+ x PC([-1. O], S(pt)) for which tt,(0-) = t/1(0). The simplest choice of I that will 

work i11 /(t, t/1) = (..\ - 1),t,(O). D 

Theorem 5.2.2: A.uume f satiafieiJ the conditiona of Corollary 3.2.3 and there exiat functions 

a, b,c E K1, p E PC(R+,R+l and g,g E K3 where a $ g(s) < g(s) for s > 0. Suppose V : 

[-r, oc) x S(p) ➔ R+ ia continuoua on [-r, To) x S(p) and on [Tk-l, Tt) x S(p) fork = 1, 2, ... 

and that for each x E S(p) and k = 0, 1, 2, ... , lim11 _
1
,, ... 1r; ,.r) V(t, y) = V(rk-, x) exiata. Moreover 

a.uume that V, re,tricted to R+ x S(p), ia locally Lip,chitz in z and that the following conditiona 

are ,ati,fied: 

(i) b(ll:z:11) $ V(t, :i:) $ a(ll:i:11) for all (t, :z:) E [-r, :xi) x S(p): 

(ii) D~.u1V(t,1j,(O)) $ -p(t)c(V(t,,t,(O))) for allt-:;: 1l: in R+ and ,ti E PC([-r,O],S(p)) when­

everg(V(t,tj,(O))) 2'.: V(t+-',1"(s)) far., E [-r,O]; 

(iii} V(Tk, ,t,(O) + /("flr, 1")) $ g(V(Tk-, 1/1(0))) for all (T&:, 1") E R+ x PC([-r, O], S(pi)) for which 

v,(O-) = ,t,(O); and 
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(iv) µ = inf {Tk - Tk-d > 0, 
1:ez+ 

1gl 9l ds 
M2 = sup -() , and 

9>0 'I CS 

l
e+µ 

M1 = inf p(s)ds > M2. 
c~o , 

Then the solution x(t) = 0 of {2.,4. 7) is uniformly asymptotically stable. 

Proof: As in Theorem 5.2. l let ci and b be continuous, strictly increasing functio1111 satisfying 

b(s) :5 b(s) :5 a(s) :5 ci(s) for alls E [O, p]. Then 

b(ll:z:11) :5 V(t, x) :5 o(llxll), (5.2.22) 

for all (t, x) E [-r, x) x S(p). 

Note that given how M1 and M2 are defined and related we know that O < M2 < M1 < x:. 

We first show uniform stability. Let t > 0 and assume without loss of generality that t :5 Pl· 

Choose d = d(t) > 0 so that g(o(d)) < b(t) and note that O < c5 < t. 
Let (to,¢) ER+ x PC([-r, O], D) where ll4>llr :5 d and t0 E h-1, Tl) for some positive integer l. 

Suppose x = x(to, ¢,) is a solution of (2.4.7) & (2.4.2) and let [to - r, t0 + (:J) be its maximal interval 

of existence. From Corollary 3.2.3 we know that if {J < x, then there exists some t E (to, t0 + {J) for 

which 11:z:(t)II > t. We will prove that 11:z:(t)II :5 t fort E [to, to+ {J). which in turn will imply that 

{J = x and that the trivial solution of (2.4.7) is thereby uniformly stable. 

Suppose for the sake of contradiction that llx(t)II > t for some t E [to, to + /3). Then let i = 
inf { t E [to, to+ /J) I llx(t )II > t}. Note that llx(t )II :5 llr/illr :5 c5 < t fort E [to - r. to] and in particular 

llx(to)II < t. 
By ~he definition of i we sec that t E (to, t0 + p). llx(t)II :5 t :5 Pl for t E [to - r. t) and either 

llx(i)II =tor 11:z:(i)II > t and i = T1, for some k. 111 the latter case llx(i)II :5 p since 11:z:;-llr :5 t :5 P1 

and by our assumption on the functional/. Thus in either case V(t. x(t)) is defined fort E [to - r, ~­

For t E [to - r, ~ define 

m(t) = V(t, x(t)). (5.2.23) 

By the piecewise continuity assumption on V it follows that m E PC([t0 - r. ~. ft.+) and m(t) is 

continuous at each t -:p Tk in (to,~- By (5.2.22) we have 

b(ll:z:(tllll :5 m(tl :5 ci(ll:z:(tllll, (5.2.24) 

for t E [to - r, ~- Thus m(t) :5 o(ll¢llr) ~ ci(c5) implying g(m(t)) :5 g(ci(c5)) < b{t) fort E [to - r, t0 ]. 
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By condition (ii) and from Corollary 5.1.1, since Vis locally Lipschitz in x, we have 

D+m(t) = limsup-hl [m(t + h) - m(t)] $ -p(t)c(m(t)), 
11 ..... 0+ 

(5.2.25) 

for all t # T1, in (to,~ whenever g(m(t))? llmcllr• Also by condition (iii) we have 

m(T1:) $ g(m(T,.-)), (5.2.2G) 

for all TJ: E (to,~-

Ld t" = inf{t E [to,~ I m(t) ? b(t) }. Since rn(t0) < b(t) and m(i) ? b(t), then t• E (to,~­

Moreover, m(t) < b(t) fort E [to - r, t" ), m(t•-) $ b(t) and m(t") ? b(t). 

First let us consider the case where 1'1-l $ t0 < t• < 1'). Then m(t") = b(t) and g(m(t")) = 
g(b(t)) > b(i). Recall that g(m(t0)) < b(t). So define i = sup{t E [to, t"] I g(m(t)) $ b(t)} and note 

that i E (to, t"), g(m(i)) = b(t) and g(m(t)) ~ b(t) fort E [i, t"]. Thus fort E [i, t"] ands E [-r, OJ. 

we have m(t + s) $ b(t) $ g(m(t)) implying llmcll.- $ g(m(t)). Thu:1 inequality (5.2.25) holds for 

t E [i. t"], which in turn mean:1 that m(t) is nonincrea11ing on tbis interval. Thus m(ti ~ m(t") and 

so g(m(i))? g(m(t")). But this contradict:1 the fact that g(m(t")) > b(t) = g(m(f)). 

Alternatively imppo8e T1,: $ t• < T1:+1 for some I,; ? l. We will eventually get a contradiction for 

this Calle all well. First we claim that g(m(T,;- )) $ b(t). To prove thi:1 we consider the case11 k = l 
and k > l 8eparately. 

Suppo8e k = l. To prove g(m(T,- )) $ b(i) we suppo8e. for the sake of contradiction, that 

g(m(T1-)) > b(t). Recall that g(m(t0)) < b(t) and so define i = sup{t E [to,1'1) I g(m(t)) $ b(t)}. 

Then f E (to, T/), g(m(i)) = b(i) and g(m(t)) ? b(t) ? m(t + s) for t E [i. 1'1) and s E [-r, O]. 

Thus from inequality (5.2.25) we conclude m(f) ~ m(T,-) from which we get the contradiction 

b(t) = g(m(f)) ~ g(m(T1-)) > b(i), proving thi8 ca11e. 

Now consider the ca11e k > l and suppo8e for the sake of contradiction that g(m(r,.-)) > b(t). 

Either g(m(t)) > b(t) for all t E [r,._ 1, r1,) or there exists some t E [ri.- 1, r1,:) for which g(m(t)) $ b(t). 

In the former case g( m( t)) > b( f) ~ m( t + s) for all t E [r,. _ 1, r1,) and s E [-r, O]. Therefore we may 

integrate the differential inequality (5.2.25) over the interval (r,._ 1, r1,) to give U8 

(5.2.27) 

However, 

l

m<"•-il ds lbltl ds lg(m(,.; )J ds 
-< -< -<~<~ 

m(,.;) c(s)- m(,.;lc(s)- m(r;I c(s)- ' 
(5.2.28) 

giving us our contradiction. 
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In the latter case let i = sup{t E [ri.-1, n.) I g(m(t)) S b(t)}. Then i E [Ti.-1, ri.), g(m(t)) = b(t) 

and g(m(t)) ? b(t)? m(t + s) for all t E [f, n.) ands E [-r, 0]. From (5.2.25) we get m(i) ? m(r,.-) 

implying b(t) = g(m(i)) ~ g(rn(r,.-)) > b(t) giving us our contradiction. Thus the case k > l is 

proven. 

We have proven that g(m(r;-)) S b(t) wheu r1, St• < r1:+ 1 and k? l. Thus m(r,.) 5 g(m(r,.-)) < 
b(E) by (5.2.26) and since g(s) < g(s) for s > 0. Since m(t") ? b(E), then we cannot have t• = r1,. 

Thus t• E (r,.,r,. ... 1) and m(t") = b(t). Ifg(m(t)) > b(E) fort E [r,.,t•], then let i = r,. and note that 

m(t) < b(1). Otherwise let f = 1mp{t E [r1r, t•] I g(m(tl) $ b(E)} and note that m(i) < g(m(i)) = b(t). 

Since m(t") = b(E), then f E [r,., t•). Moreover, g(m(t)) ~ b(E) ? m(t+s) fort E [i, t•] ands E [-r, OJ. 

Thus from (5.2.25) we know m(i) ? rn(t") but this contradicts the fact that m(i) < b(E) = rn(t" ). 

This final contradiction completes the proof of uniform stability. 

Since the trivial solution of (2.4.7) is uniformly stable, then there exists some '7 > 0 satisfying 

g(ii(r1)) < b(pi) such that if ll'Pllr S '1, then 11:i:(t, to, ip)II S Pl for all t? to - r where :i: = :i:(to, </l) is 

any solution of (2.4.7) & (2.4.2). Moreover, V(t, :i:(t)) S a(ll:i:(t)II) 5 a(pi) fort? to - r. 

Now let 'Y > 0 and assume without loss of generality that 'Y < p1 . Let cl= d("f) = inf {g( s) - g( s) I 

g(s) ? b("y)/2 and s S ii(pi) }. Note that d is well-defined and positive since the set of points s 

for which g(s) ? b("f)/2 and s S a(pi) is a closed (nonempty) interval excluding zero. Choose 

d = d("f) > 0 such that d < min{ii(pi) - b("f), cl. b('Y)/2}. 

Let N = N("y) be the smallest p011itive integer for which ii(pi) S b("f )+Nd. Let r = SUPtez+ { r,. -

TA:-d• We can assume without losi1 of generality that r < oc. This ill because if r were infinite. 

then we could artificially add additional impulse timei1 to i1yi1tem (2.4.7). In particular if consecutive 

impulse times n,_ 1 and r,. satisfy jµ S r,. - r,._ 1 < (j + 1)1, for some integer j ? 2. then we 

may declare the times Ti.-l + r. r,._ 1 + 21,, .... r1: _ 1 + (j - l )1, as new impul:,;e times. For this 

modified system r S 2µ. At these new impulse times we simply define the functional / to be 

identically zero so that there is no effect on the solutions. Condition (iii) will continue to be 

satisfied. Stability of this system will then imply i1tability of the original system. In light of this 

define T(11, "f) = 2r + (r + 3r)(N - l). 

Let :i: = :i:(to,4>) be a solution of (2.4.7) & (2.4.2) where 114>llr 5 Tl and to E [T/-1, r,) for some 

positive integer l. We will show that 11:i:(t)II 5 "( for t ~ to+ T. Oefiuc m(t) for t ? to - r as in 

(5.2.23). Then m(t) $ a(pi) fort ~ t0 - r. 

We first claim that g(m(r,-)) S a(pi). Since 11:i:(to)II S ll4>llr S Tl, then m(to) 5 ii(11) and so 

g(m(to)) 5 g(a(r,)) < b(pi). We prove that g(m(r,-)) S b(pi) in the same way we proved earlier in 

the case of uniform stability that g(m(-r;-)) $ b(E) when k = l only this time E is replaced by p1. 

Thus we get g(m(-r,-)) S b(p1) S a(pi). 

Let O < A S a(p1) and j ~ l. If m(t) 5 A fort E [r; - r, r;) and g(m(r;-)) S A, then we claim 

that m(t) $ A fort E [r;, r;+il and g(m(r;-+1)) 5 A. 

To show m(t) S A for t E (r;, T;+1) 11uppose for the sake of contradiction that there exists 
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some t E [T;, r;+1) for which m(t) > A. Let t• = inf{t E [T;, T;+1) I m(t) ? A}. Since m(T;) $ 
g(m(T;-)} < A, then t• E (T;, T;+d, m(t") = A and m(t) $ A fort E [T; - r, t"]. If g(m(t)) > A for 

t E [T1 , t"], then let i = r; and note that m(t) < A. Otherwise let i = sup{t E [Tj, t"] I g(m(t)) $ A} 

and note that m(i) < g(m(t)) = A. Since g(m(t" )) = g(A) > A, then t E [r;, t• ). Fort E [i. t"] and 

s E [-r, O] we have g(m(t))? A 2'. m(t + s). Thus from (5.2.25) we know that m(i) 2'. m(t"), which 

contradicts the fact that m(t"} =A> m(i). 

Now that we have proven m(t) $ A fort E [Tj, Tj+i), we must show that g(m(T;-+1)) $ A. The 

proof of thii1 follows in an identical fashion to the arl!uments used earlier in the proof of uniform 

stability where we showed that g(m(Tn) $ b(t) for the case k > l, if we replace k by j + 1 and b(t) 

by A. 

Having proven our claim we may repeatedly apply it to successive intervals of the form [Ttc, Ttc+il 

for k 2'. j to conclude that in fact m(t) $ A for all t 2'. T; and that g(m(T,-)) $ A for all k 2'. j + 1. 

Next we claim that if, in addition, A 2'. b('y), then m(t) $ A - d fort E [T;+1, r,+2 ). To show this 

we must first show m(T;+d < A-d and to do this we look at two cases. In the first case we suppose 

0 $ g(m(T1+dl $ b(-y)/2. Then m(T1+il $ g(m(T;-+ill $ g(m(T,-+ill $ b("Y)/2 $ A - b("Y)/2 < 
A - d. For the second case we suppose b(-y)/2 < g(m(T

1
-+ 1l) $ A. Since g(m(T1+ill ? b("Y)/2 and 

m(T1-+d $ g(m(T;-+d) $ A $ <i(pi), then g(m(T,-+1)) $ g(m(T1-+ill - cl< g(m(T1-+iJl - d $ A - d 

from the definition of cl and so m( T; + i) $ g ( m( T,-+ i)) < A - d. So in either case we have shown 

m(T;+il < A - d. 

To prove m(t) $ A - d for all t E [T;+i, Tj+:zl we assume for the sake of contradiction that 

mtt) > A - d for some t E [T;+1, Tj+:z). Let t• = inf {t E [r;+l• r1+2l I m(t) 2'. A - d}. Then 

t" E (Tj+l• T1+2l, since m(r1 +1) < A - d. Moreover. m(t") = A - d and m(t) $ A - d for t E 

[r1 +1• t•]. One thing to note is that since g(A - d) 2'. A - d ? b("Y)/2 and A - d $ A $ a(pi). 

then g(A - d} ? g(A - d) + cl > A - d + d = A. Therefore g(m(t" )) = g(A - d) > A. If 

g(m(t)) > A for all t E [Tj+l• t"]. then let f = T1+1 and note that m(i) < A - d. Otherwise let 

i = sup{t E [T,+1,t"] I g(m(t)) $ A} and note that m(t) $ g(m(t)) $ g(m(t)) -cl= A-cl< A - d 
since g(m(t)} =A? b("'f)/2 and m(f) ;5 A ;S a(pi). Clearly i E [r;+1, t") since g(m(t" )) > A. Thus 

for t E [f, t•] and s E [-r, O], g(m(t)) ? A 2'. m(t + s), which implies by (5.2.25) that m(i) ? m(t° ). 

This, however, contradicts the fact that m( t•) = A - d > m( t). 

We have therefore proven our additional claim in the case where A ? b("Y). Again by applying 

this result to successive intervals [1'/c, Tt+1) for k 2'. j + 1 we can argue that m(t) $ A - d for all 

t 2'. T;+l• 

To summarize then, we have shown that if O < A $ a(pi) and j ? l and if m(t) $ A for 

t E [r; - r. r;) and g(m(r;-)) $ A, then m(t) $ A for t ? T1 and if. in addition, A ? b(-y). then 

m(t) $ A - d fort? Tj+l• 

We define the indices k(•l for i = 1. 2 •... , N recursively as follows. Let k(1l = l + 1 and for 

i = 2, ••. , N let k(•l satisfy Tt<i>-3 < Tt<i-ll + r $ Tt<i>-:z· Note that T1c<•-•> < Tt<•-•• + r $ Tt(il-:z 
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and 110 kli-l) < k(i) - 2 implying k(il 2: 3 + kl•-ll_ Therefore Ttt11 = Tl+i :5 2r + Tl-1 :5 2r + to 

and for i = 1. 2, ... , N, Ttl•I :5 3T + T1,(,1_ 3 :5 3r + r + T1,1,-1 1• Combining the11e inequalities give11 

Tt(N, :5 2T + (2r + r)(N - 1) +to= to+ T. 

We claim that for each i = 1, 2, ... , N, m(t) :5 ii(pi) - id fort 2: T1,<•l• Since m(t) :5 ii(pi) for 

t E [to - r,Tt) and g(m(r,-)) ::5 ii(p1), then by setting A= ii(pi) in our earlier argument we get 

m(t) :5 ii(pi) - d fort 2'. Tl+l = Tt 111, which establishes the base case. We now proceed by induction 

and assume m(t) :5 ii(pi) - jd fort~ T,.,;, for some 1 :5 j :5 N - 1. 

Let A = ii(pi) - jd and note that A 2'. b(-y). Since Ttu+ll_:z 2: T1,ui + r, then m(t) :5 A 

for t 2: T1,<H•l-l - r. Next we must show that g(m(T,.~Hii_1)) ::5 A. This is proven the 11ame 

way we proved g(m(r,.-)) :5 b(t) for the case k > l iu the proof of uniform stability only this 

time k and b(t) are replaced by k(i+l) - 1 and A, respectively. We may therefore conclude that 

m(t) :5 A - d = ii(pi) - (j + l)d fort 2: Tt<HI), thus completing the induction step. 

So in particular we have m(t) :5 a(pi) - Nd ::5 b(-y) fort~ to+ T ~ r,.,N 1, Finally. by (5.2.24) 

we get that 11:z:(t)il ::5 -y fort 2: to+ T, which complete11 the proof of thi11 theorem. ■ 

Theorem 5.2.2 is in 11ome ways the opposite of Theorem 5.2.1. Here the derivative of Vis always 

nonpositive, implying that V is nonincreasing along solutions between impulse11. In the absence of 

impulse-i the trivial 11ol11tion of system (2.4.7) i11 uniformly asymptotically stable. Theorem 5.2.2 

allows for significant increase11 in V, and corre11po11dingly the :mlutions themselve11, at impulse time11 

but only as long as these are balanced iiufficiently by the decrease of V between impulse11. The11e 

techniques are based in part on earlier work in the study of boundednes11 propertie11 of solution11 of 

impulsive differential equation11 without delay (see [Bal97a. Bal97b, Bal98]). 

Shen and Yan [She98] obtained a 11tability result similar to Theorem 5.2.2. which was recently 

improved upon by Shen and Luo [She99]. However. Theorem 5.2.2 repre11ent11 a significant improve­

ment over both of the11e re11ults. One advantage of Theorem 5.2.2 i11 that we do not as11ume a priori 

that solutions of (2.4.7) exist for all t. Second, as pointed out in the proof of Theorem 5.2.2. it 

is not necessary to a11sume that the duration between con11ecutive impul11e time11 i11 bouuded above. 

The main advantage, however, is that there is no re11triction on the delay con11tant r in terms of 

its relation to µ. In [She98] it is assumed that µ > 3r (using our notation) while in [She99] this 

condition was weakened toµ~ r. In Theorem 5.2.2 the delay constant r can be l!ignificantly larger 

thanµ. 

We remark that Theorem 5.2.1 could be weakened !!lightly by redefining M1 to be 

(5.2.29) 

Moreover, with this new definition of M1, the requirement that T < oo may be dropped if all we 

are interested in is uniform stability. As we see from the proof of Theorem 5.2.1, it was only when 

proving uniform asymptotic stability that we made use of this condition. 
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If in Theorem 5.2.2 we were to redefine M1 to be 

(5.2.30) 

then the condition µ > 0 could likewise be dropped if we only want uniform stability. Moreover, the 

proof of uniform asymptotic stability in Theorem 5.2.2 carries through with this new definition of 

M1 providing we assume that T < oc. If T = oo, then the addition of new artificial impulse times 

into the system as de:icribed in the theorem would cause a reduction in this value of M1, perhaps 

to the point where it is no longer strictly greater than M2, 

Example 5.2.2: Consider the two dimensional impulsive delay differential equation 

where k = 0, 1, 2, .... 

.z:'(t) = -y3(t)llin(x(t - 1)) - 6:z:(t) + y2(t - 1), t :f. 3k, 

y'(t) = x(t) sin(x(t - 1)) - 3y(t) + y(t - 1), t :f. 3k, 

6:z:(t) = !x(i- ), t = 3k. 
2 
1 -6y(t) = ;;Y(t ), t = 3k, ... 

(5.2.Jla) 

(5.2.Jlb) 

The conditions of Corollary 3.2.3 are clearly satisfied. Moreover, given any p > 0 we may define 

Pl = 2p/3 so that hypothesis (Hl) is satisfied. We claim that the trivial solution of equation (5.2.31) 

is uniformly asymptotically stable. 

For (x. y) E IR.2 define the following Lyapunov function 

(5.2.32) 

Then condition (i) of Theorem 5.2.2 is satisfied. So let us calculate the upper right-hand derivative 

of V with re11pect to sy11tem (5.2.31). We get for (t, t/J) ER+ x PC([-r, OJ, R 2), where VJ= (t/11, t/12). 

D~.2.311 V(t, t/11 (0), ¢2(0)) = t/Ji(O)(-t/J~(O) sin( 1P1 (-1)) - 61/li(O) + V'i (-1)) 

+1"~(0)( ,t,i(O) sin( 1"1 (-1)) - 31"2 (0) + 1"2(-l )), 

= -61"HO) - 31"1(0) + t/11(0),t,i(-l) + t/J~(O),t,2(-1) 

~ -12V(tj,i(O),t/l2(0)) + l1P1(0)ll1P2(-l)l2 + l1P2(0)l3 lt/,2(-l)I 

~ -12V(1"1(0), t/,:,(0)) + (2V(t/,1(0), t/12(0))) 112(4V(,t,i(-l), t/,2(-1))) 112 

+(4V(1/11(0), t/,2(0)) )314 ( 4V( t/11 (-1), t/,2 (-1)) )114 . 

(5.2.33) 

If we define g(s) = 4s for all ., E R+, then whenever g(V(,t,1(0), 1"2(0))) > V(tj,1(s), t/12(11)) for 
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s E [-1.0]. we get 

D~.2.311 V(t. t/ii(O), ¢2(0)) $ -12V( 1P1(0). t/i2(U)) + (2V( tj,i(O), rJ!l(O))) 112 (16V( tj,1 (0), tj,2(0))) 112 

+(4V(,J,1(0), 1P2(0)))314 (16V(,t,i(O), t/i2(0)))114 
') 

= (-12 + 4V2 + 4v2)V(t/i1(0), t/i2(0)) ~ -i V(1/J1(0), 1/12(0)). 

(5.2.34) 

So in Theorem 5.2.2 let c(s) = s for alls ER+ and let p(t) = 2/3 for all t E R+. Then condition (ii) 

i11 11atisfied. 

Calculating M 1 and M2 in Theorem 5.2.2 give11 us M2 = ln(4) and, sinceµ= 3. M1 = 2 > M:z. 

This verifies condition (iv). 

Finally, to check condition (iii) we note that 

( 1 1 ) 1 (3 ) 
2 

l (3 ) " 9 V tj,i(O) + 2v,i(O), ¢2(0) + 2¢2(0) = 2 2¢1(0) + 4 2rJi2(0) $ 4V(v,i(U), 1/12(0)). 

(5.2.35) 

and hence condition (iii) i11 satisfied with ,ii(s) = 9s/4. D 

5.3 Boundedness 

In this 11ection we develop some uniform ultimate boundedne11s re11ults using the techniques of the 

previou11 11ection. We will be a11suming J = R+ and D = Rn for simplicity. 

Theorem 5.3.1: Auume J = R+, D = Rn and the conditions of Corollary 3.2.3 are 11atisfied. 

Suppose there ei:ists a constant p > 0 and functions a E C!IR+,R+l, b E K4 , c E K 1 , p E 

PC(R+, R+) and g E K3 with g(s) < s for all s > 0 and lim,_ 00 g(s) = x. Suppose V : 

[-r, x) x Rn ➔ R+ is continuous on [-r, ro) x Rn and on [Tk-1, Tk) x Rn fork= 1, 2 .... and that 

for each x E Rn and k = 0.1, 2, ... , lim1,,111
_ 1r; ,.rl V(t, y) = V(r;. x) ei:ists. Moreover assume that 

V, restricted to R+ x Rn, is locally Lipschitz in x and that the following conditions are 11atisfied: 

(i) b(llxll) $ V (t, x) $ a(ll:r:11) for all (t, x) E [-r, ::,c) x Rn; 

(ii) D~.u1V(t,,t,{O)) $ p(t)c(V(t,,t,(O))) for all ti= Tk in R+ and 1{, E PC([-r,O].Rn) whenever 

111/J(O)II ~ p and V(t, 1/,{0)) ~ g(V(t + s, 1/l{s))) for s E [-r, OJ; 

(iii) V(T'k,1/1(0) + 1(1lr,1P)) $ g(V(r.-,,t,(O))) for all (1lr,1P) ER+ x PC([-r,O],Rn) for which 

,t,(o-) = 1/1{0) and 111/1(0)11 ~ p; 

(iv) there uists aome Pl ~ p such that if (Tlr, ,t,) E R+ x PC([-r, OJ, Rn), ,t,(o-) = ,t,(O) and 

111/1(0)11 $ p, then 111/1(0) +l(Tk,W)II $ p1; and 
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(v) r = sup {Tt - Tt-d < x, 
tez+ 

i
c+r 

M1 = sup p(s)ds < x, and 
C>O C -1, ds 

M2 = inf -() > M1. 
9>0 g(q) C S 

Tlien solutions of (2.,1. 7) are uniformly ultimately bounded. 

Proof: Let b be a continuous, strictly increasing function satisfying lim, ... ,x: b(s) = x: and b(.~) $ b(s) 

for all.~ I: R+. Condition (i) implif'iah(.•) ~ n(.~) for all.•, whirh in tnrn impliPia lim, ... x 11(.") = -x:. So 

let a be a continuous, strictly increasing function satisfying a(s) ? a(s) for alls ER+. Condition (i) 

then implies 

b(ll:rll) $ V(t, :rl $ a(ll:rll), (5.3.1) 

for all (t,:r) E [-r.x:) x Rn. 

We first show uniform boundedness. Let B 1 > 0 and assume, without loss of generality, that 

B1 2: P1 ? p > 0. Choose B2 = B2(Bi} so that a(Bi) < g(b(B2)) and note that B2 > B1. Here 

we are making use of the assumptions on band g that lim,-.oi; b(s) = lim, ... -x 9(11) = x. Otherwise 

there may not exist such a B2. 

Let (to, rp) E R+ x PC([-r. U]. Rn) wlu!re ll4>llr $ B1 and to E [n-1. n) for some positive integer 

l. Suppose x = x(to, rp) is asolution of (2.4. 7) & (2.4.2) and let [to - r, t0 + /3) be its maximal interval 

of existence. From Corollary 3.2.3 we know that if {3 < x, then there exists some t E (to, t0 + /3) 

for which 11:z:(t)II > B2. We will prove that 11:r(t)II $ B2 fort E [to, to+ /3). which in tum will imply 

that {3 = x and that solutions of (2.4.7) are hence uniformly bounded. 

Suppose for the sake of contradiction that 11:r(t)II > B2 for !!ome t E [to, t0 + /3). Then let 

t = inf{t E [to,to +/3) 111:r(t)II > 82}. Note that 11:r(t)II $ llt/>llr $ B1 < B2 fort E [to - r,to] 

au<l in particular 11:r(to)II < B2, By the definition oft we !lee that t E (to, to+ {3), llx(t)II $ B2 for 

t E [to - r, t) and llx(i)II? B2, 

For t E [to - r, ~ define 

m(t) = V(t. x(t)). (5.3.2) 

By the piecewise continuity assumption on V it follows that m E PC([to - r. ~. R+) and m(t) is 

continuous at each t # rt in (to,~- By (5.3.1) we have 

b(l!x(t)II) $ m(t) $ a(llx(t)!I), (5.3.3) 

fort E [to - r, ~- By condition (ii) and from Corollary 5.1.1. since V is locally Lipschitz in :r. we 
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have 

v+m(t) = limsup -h
1 

(m(t + h) - m(t)] :S p(t)c(m(t)), 
1a-o+ 

(5.3.4) 

for all t -:f. Tt in (to,~ whenever 11:z:(t)II? p and m(t)? g(llm,llr)- Also by condition (iii) we have 

for each Tlr E (to,~. 

(5.3.5) 

if 11:z:(r;)II? P· 

Fort E (t0 -r,t0] we have m(t) $ ii(ll:z:(t)II) $ a(llt/>11,) :S <i(Bi) < g(b(B:i)) < b(B:i). In particular 

m(to) < b(B2). Moreover, m(i)? b(ll:z:(f)II)? b(B2). So define t• = inf{t E [to,~ I m(t)? b(B:i)}. 

Then t• E (to,~ and m(t) < b(B2) fort E [to - r, t"). 

We claim that m(t") = b(B2) and that t• -:f. Tt for any k. Clearly we must have m(t") 2 b(B:i). 

Suppose t• = Tk for some k. Ifllx(t"-)11? p, then b(B2) $ m(t"} $ g(m(t"-)) < m(t•-) :S b(B2) 

by (5.3.5} which is impossible. On the other hand if llx(t"-)11 < p, then llx(t"}II = 11:z:(t•-) + 
/(t". x,.-)11 :S Pl :S B 1 by condition (iv} and :10 b(B2} $ m(t") $ a(Bi) < g(b(Bi)) < b(B2), which 

is again a contradiction. Therefore we may conclude that t• # Tt for all k, which in turn implies 

that m(t") = b(B2 ) since m(t) is continuous at t•. 

Now let us first consider the case where Tl-l :S to < t• < r,. Let i = sup{t E [to, t•] I m(t) :S 
g(b(B:?))}. Since m(to) < g(b(B2)), m(t") = b(B2) > g(b(B2)) and m(t) is continuou:1 on [to, t•], 

then i E (to, t• ), m(i) = g(b(B2 )) and m(t) 2 g(b(B2)) fort E [i, t•]. 
Hence for t E (f, t•] and s E [-r, 0], we have g(m(t + s)} :S g(b(B2)) :S m(t) or in other 

words m(t) ? g(llm,llr)- Also since a(Bi) < g(b(B2)) :S m(t) :S il(llx(t)II) fort E [i,t•], then 

11:z:(t)II ? B1 ? p for t E [i, t•]. Thus inequality (5.3.4) holds for all t E (i, t•]. Integrating this 

differential inequality gives us 

1m(t•) ds it• if+r 
- :S p(s)ds $ p(s)ds :S M1, 

m(t1 c(s) i i 
(5.3.6) 

However, we also have 

(5.3.7) 

Since we have assumed that M2 > M1, then we arrive at our desired contradiction. 

Alternatively, suppose that Tt < t• < Tt+i for some k ? l. If 11:z:(r;)II ? p, then m(r,.) $ 

g(m(Tt-)) $ g(b(B2)) by (5.3.5). Otherwise if ll:z:(r1c-)II < p, then 11:z:(Tt)II = 11:z:(rt-l + /(rt, x,.; )11 $ 

Pl$ B1 by condition (iv) and so m(rt) $ ii(Bi) < g(b(B:z)). Thus m(Tt) $ g(b(B:z)) in either case. 
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Similar to before define i = sup{t E [1'1r,t•] I m(t) $ g(b(B2))}. Then i E [Tk,t•), m(t) = 
g(b(B2)) and m(t)? g(b(B2)) fort E [f,t•]. Applying exactly the same argument as before yields a 

contradiction. 

So in either case we obtain a contradiction, which proves that solutions of (2.4.7) are uniformly 

bounded. Now we show that they are uniformly ultimately bounded. 

Since solutions of (2.4.7) are uniformly bounded, then there exists some B > Pl satisfying 

ii(pi) < g(b(B)) such that if llt/illr $ Pl, then llx(t, to, 4> )II $ B for all t ? to - r where x = x(to, 4>) 
is any solution of (2.4.7) & (2.4.2). 

Nuw ld B3 > 0 au<l a..sume without lolll:i of generality that B3 > D. Then from the proof 

of uniform boundedness, there exists some B2 = B2 (BJ) > BJ for which if 114>ll r $ BJ, then 

llx(t. to, 4>)11 $ B2 for all t ? to - r where x = x(to, ,p) is any solution of (2.4.7) & (2.4.2). 

Define 

(5.3.8) 

aud note that O < M < x. 

For b(B) $ q $ ii(B2) we have g(b(B)) $ g(q) < q $ ii(B2) and so 

1" d~ 
M2 $ -(·) $ M[q - g(q)], 

g{qJ CS 
(5.3.9) 

from which we obtain g(q) $ q - M2/M < q - d whert! d = d(BJ) > 0 is chost!Il so that d < 
(M2 - Mi)/M. 

Let N = N(B3 ) be the smallest positive integer for which ii(B2 ) $ b(B) + Nd and define 

T = T(B3) = T+(r+T)(N-1). Given a solution x = x(to,4>) of (2.4.7) & (2.4.2) where 114>llr $ 83 

and to E [1'1-l, Tl) for some positive integer l, we will show that llx(t)II $ B fort ? t 0 + T. Let 

m(t) = V(t, x(t)), (5.3.10) 

fort? to - r. Then m(t) $ ii(B2) fort? to - r. 

Given b(B) $ A $ ci(B2) and j ?:: l we will show that if m(t) $ A for t E [T; - r, T;), then 

m(t) $ A - d fort? T,. 

Suppose for the sake of contradiction that there exists some t ? T; for which m(t) > A - d 

and define t• = inf {t ?:: T; I m(t) > A - d}. Then t• E ['Tlr, 'Tlr+1l for some k ? j, m(t) $ A for 

t e [T; - r, t·) and m{t■) ~ A - d. If 11:z:(Ti")II ?:: p. then m('Tlr l $ g(m(Tn) $ g(A). However, 

if llx(T;)II < p, then 11:z:('Tlr)II $ Pl and 110 m(1'1r) $ ii(pi) < g(b(B)) $ g(A). Thu11 in either case 

m('Tlr) $g(A). 

Now since b(B) $ A$ a(B2 ), then g(A) < A-d and so m('Tlr) < A- d. This mean11 that t• '# 1'lr 

since m(t■ )? A-d. Thus t• E ('Tlr,'Tlr+il and mW)= A- d since m(t) is continuous at t•. Also 
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fort E [Tk, t•] we have m(t) '.S A - d. 

Define { = sup{t E [r,., t•] I m(t) '.S g(A) }. Since mW) = A-d > g(A) ? m(Tk ), then { E [r,., t•). 

m({) = g(A) and m(t)? g(A) fort E [i, t•]. Therefore ift E [{, t•] ands E [-r, OJ, then g(m(t+s)) '.S 
g(A) '.S m(t). Also since for all such t we have ii(llz(t)II) ? m(t) ? g(A) ? g(b(B)) > ii(pi), then 

llx(t)II ? p1 ? p fort E [{, t•]. Thus inequality (5.3.4) holds for all t E (t, t•], which in turn means 

that inequality (5.3.6) is satisfied. 

However, 

rm(I") ds 1A-d ds 1A ds {A ds 

Jm(f) c(s) = g(A) c(s) = r.,(A) c(s) - J A-d c(s) • 
(5.3.11) 

Since b(B) '.S A $ ii(B2), then g(b(B)) $ g(A) < A - d < A '.S ii(B2) and so 1/c(s) < M for 

A - d < s < A. Thus from (5.3.11) we get 

(5.3.12) 

which contradicts (5.3.6) and proves that rn(t) $ A - d for all t ? r,. 

A-:i in the proof of Theorem 5.2.l we define the indices klil for i = 1. 2 ..... N by letting k111 = l 
and, for i = 2, ... , N. we lt!t k1' 1 be choseu so that r,.,,, _ 1 < r,.,,_., + r $ r,.,,i. 

Then r,.,., = Tl '.S to+ rand for i = 2, ... , N we have r,.,,i '.S T1;c;i_ 1 + T '.S T1cc;-11 + r + r. 

Combining the1,1e inequalities gives us rw,1 $ t0 + T + (r + r)(N - 1) = t0 + T. 

We claim that for each i = 1, 2, ... , N, m(t) $ ii(B2) - id for t ? r,.,;i. Since rn(t) $ ii( B2) for 

t E [to - r, r,. 111 ), then by setting A= ii(B2) in our earlier argument we get m(t) $ ii(B2) -d fort? 

r,.,.,. which establishes the base case. We now proceed by induction and assume m(t) $ <i(B2) - jd 

fort? r,. 111 for some 1 $ j $ N - l. Let A= a(B2) - jd. Since r,.u, '.S r,.u+•> - r, then m(t) $ A 

fort E [r,.u+n - r. r,.u.,,) and so m(t) $ A - d = a(B2) - (j + l)d fort ? T1;1,+•1• Thus we have 

proven our claim by induction. 

In particular we have m(t) $ il(B2) - Nd$ b(B) fort? to+ T? r,.uv,. Finally, by (5.3.3) we 

get that 11:i:(t)II $ B for t ? to+ T, which completes the proof of this theorem. ■ 

In Chapter 8 we will show how Theorem 5.3.1 can be used to prove boundedness and persistence 

of certain population growth models that involve delays and impulses. Meanwhile, we introduce our 

second boundedness theorem of this section, which is modelled after the stability Theorem 5.2.2 of 

the previous section. 

Theorem 5.3.2: Aasume J = R+, D = R" and the conditions of Corollary 3.2.3 are satisfied. 

Suppose there exuts a conatant p > 0 and functions a E C (R+, R+), b E K4 , c E K 1, p E 

PC(R+, R+) and g, g E K3 withs$ g(s) < g(s) for alls > 0. Suppose V: [-r, oc) x R" -+ R+ 
ia continuous on [-r, To) x R" and on [r,._ 1, T1c) x R" fork = 1, 2, ... and that for each x ER" 
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and k = 0, 1, 2, ... , lim1, l ( - l V(t, y) = V(r,.-, x) exist&. Moreover assume that V, restricted to ,r ➔ r• ,s 

IR+ x !Rn, is locally Lipschitz in x and that the following conditions are :fatiiified: 

(i) b(ll:z:11) $ V(t, :z:) $ a(ll:z:11) for all (t, :z:) E [-r, xi) x R"; 

(ii) D~_,._11 V(t, ¢(0)) $ -p(t)c(V(t, 1/,(0))) for all t ¥- Tr. in R+ and¢ E PC([-r, OJ, IR") whenever 

111/1(0)11? p and g(V(t, ¢(0)))? V(t + s, 1/,(s)) for s E [-r, OJ; 
(iii) V(r,.,tf,(O) + /(r,.,¢)) $ g(V(r,.-,v,(O))) for all (r,.,tj,) E IR+ x PC([-r,O],IR") for which 

t/,(0-) = tb(U) and 111/1(0)11 ? p: 

(iu) there exist& some p1 ? p such that if (r,.,1/,) ER+ x PC((-r,OJ,R"), t/,(0-) = 1/1(0) and 

111/1(0)11 $ p, then 111/1(0) + l(n., ¢)11 $ pi; and 

( u) µ = inf { Tr. - r,. _ d > 0, 
1<ez+ 

1
g(ql ds 

M2 = sup -, and 
po 9 c(s) 

M1 = inf {'+" p(s)ds > M2, 
,~o}, 

Then :folution:f of (2.,4. 7) are uniformly ultimately bounded. 

Proof: As in the proof of Theorem 5.3.1, let band ii be continuous. strictly increasing functions sat­

isfying lim,_oc; b(s) = lim,_oc ci(s) = x and b(s) S b(s) $ a(s) S a(s) for alls E IR+- Condition (i) 

then implies 

b(llxll) S V(t. xl S a(ll:z:11), (5.3.13) 

for all (t. x) E [-r, xi) x R". 
We first show uniform boundedness. Let B1 > U and assume. without loss of generality. that 

B1 2: P1 2: p > 0. Choose B2 = B2(Bi) so that g(ci(B1)) < b(B2). Then B2 > B1. 

Let (to,4') ER+ x PC([-r,OJ,R") where 114'llr $ B1 and t0 E [1'1-1,Tl) for some positive 

integer l. Suppose :z: = :z:(to, ,f,) is a solution of (2.4.7) & (2.4.2) having a maximal interval of 

existence [to - r, to+ 13). If /3 < :x;, then from Corollary 3.2.3 it follows that llx(t)II > B2 for some 

t E (to, to+ /3). We will prove that 11:z:(t)ll $ B2 fort E [to, to+ /3). This will show that /3 = x and 

that solutions of (2.4.7) are uniformly bounded. 

Suppose for the sake of contradiction that 11:z:(t)II > B2 for some t E [to, to + {3). Then let 

i = inf {t E [to, to+ /3) I llx{t)II > B2}. Note that 11:z:(t)II $ ll¢llr S B1 < B2 fort E [to - r, to] and in 

particular 11:z:(to)II < Bz. Clearly i E (to, to+ /3), 11:z:(t)II $ 82 fort E [to - r, i) and 11:z:(i)II ? B2, 

Fort E [to - r, ~ define 

m(t) = V(t,:z:(t)). ( 5.3.14) 

Since Vis assumed to be piecewise continuous, then m E PC([t0 - r, ~. R+) and m(t) is continuous 
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at each t-:/:- T&: in (to,~- By (5.3.13) we have 

b(llx(t)II) :s m(t) :s li(llx(t)II), (5.3.15) 

for t E (to - r, ~- By condition (ii) and from Corollary 5.1.1, since V is locally Lipschitz in x, we 

have 

D+m(t) = limsup-hl (m(t + h) - m(t)] $ -p(t)c(m(t)), 
h-+O+ 

(5.3.16) 

for all t I- TA, in (to,~ whenever llx(t)II ~ p and m(t) ~ g(llm,11, ). Also by condition (iii) we have 

for each r1: E (to,~. 

(5.3.17) 

if llx(r1:-lll ~ p. Finally, if r1: E (to,~ and llx(r1:-lll :S p, then from condition (iv) we get 1lx(r1: )II = 
llx(r1,-) + /(TA,. x,.- )11 :S Pl• which implies. by (5.3.15). that 

(5.3.18) 

Fort E [to -r, to] we have m(t) :S li(llx(t)II) :S ii(l14ill,) :S ci(Bi). which implies m(t) :S g(m(t)) :S 
g(ii(Di)) < b(B-z). In particular m(to) :S g(m(to)) < b(B2), Also m(t) ~ b(llx(t)II) ~ b(B2), So 

define t• = inf{t E [to,~ I m(t) ? b(B2)}. Then t• E (to,~. m(t") ? b(B2) and m(t) < b(B2) for 

t E [to - r, t• ). 

Consider first the case when ri-1 :S t0 < t• < r,. Then m(t") = b(B2 ) and g(m(t" )) = g(b(B2)) > 
b(B2), So define f = sup{t E [to, t•] I g(m(t)) :S b(B2) }. noting that f E (to, t• ), g(m(t)) = b(B2) 

aud g(m(t)) ? b(B2) fort E [i, t•]. Therefore for any t E [i. t•] ands E (-r, O] we have m(t + s) :S 
b(B2) :S g(m(t)), implying llm,11, :S g(m(t)) and g(ii(Bi)) < b(B2) $ g(m(t)). This final inequality 

implies m(t) ? li(Bi), which in light of (5.3.15), implies llx(t)II ~ B1 ~ p. Therefore the differential 

inequality (5.3.16) holds for all t E [i, t•]. But this means that m(t) is nonincreasing on this interval. 

Thus m(t") :S m(i) and so g(b(B2)) = g(m(t")) :S g(m(i)) = b(B2) < g(b(B2)) giving us our desired 

contradiction, which proves this case. 

Alternatively suppose TA: :S t• < TA:+1 for some k ? l. In order to get a contradiction for this 

case as well we must first show that g(m(T1,-)) :S b(B2) and to do this we look at the cases k =land 

k > l separately. 

First suppose k = l. To prove g(m(T1-)) :S b(B2) we assume, for the sake of contradiction, that 

g(m(r,-)) > b(B2), Define i = sup{t E [to, r,) I g(m(t)) $ b(B2)}, Then i E (to, Tl), g(m(tl) = 

b(B2) and g(m(t))? b(B2)? m(t +s) fort E [i,n) and II E [-r,O]. As before this ah10 implies 

11:r:(t)II ? B1 ? p fort E [i, r, ). Since (5.3.16) holds for all t E (£, Tl), then m{T1-) $ m(i), which 
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implies b(B2) < g(m(-r,-)) $ g(m(t)) = b(B2) giving us our contradiction. This proves then that 

g(m(-r,-)) $ b(B2), 

Now consider the case k > l and suppose g(m(T1:-)) > b(B2), Either g(m(t)) > b(B2) for all 

t E [rt-l, Tt) or there exists some t E [Tt-l, Tt) for which g(m(t)) $ b(B2), In the first case g(m(t)) > 
b(B2) 2: m(t + s) and 11:z:(t)II 2: p for all t E [rt-l, Tt) ands E [-r, 0]. Since inequality (5.3.16) is 

satisfied for all t E (r1:-i, r1:) we may integrate it to give us 

(5.3.19) 

However, 

(5.3.20) 

giving us our contradiction. 

In the 11econd case let i = 11up{t E [r1:-i, r1,) I g(m(t)) $ b(82)}. Then i E (r1:-1, r1:), g(m(i)) = 
b(82) and fort E [i, r1:) and s E (-r, O], g(m(t)) 2: b(B2) 2: m(t + s) and 11:z:(t)II 2: p. Therefore 

from (5.3.16) we get m(i) 2: m(r1,-) implying b(82) < g(m(T1,-)) $ g(m(t)) = b(82) giving u11 our 

contradiction, which verifies the 11econd case. Thi11 in turn completc11 the proof of the ca."le k > l. 
We have proven that g(m(rn) $ b(82) when TA, $ t· < Tt+l and k 2:: l. If llz(T1:-lll ~ p. 

then rn(Tt) $ g(m(T1,-)) < b(82) by (5.3.17) 11incc g(s) < g(s) for s > 0. On the other hand, if 

11:z:(r;)II < p, then m(Tt) $ <i(pi) $ a(8i) < g(<i(8i)) < b(82) by (5.3.18). So in dther case 

m( r1:) < b(B2 ). Since m(t") ? b(82 ), then t• E ( Tt, Tt+il and mW) = b(B2 ). If g(m(t)) > b(82) for 

t E [TA:,t•], then let i = Tt and note that m(i) < b(B2). Othcrwi11e let i = 11up{t E [r1:,t"] I g(m(t)) $ 
b(82)} and note that m(i) < g(m(t)) = b(B2). Since m(t") = b(82), then i E [rt, t"). Moreover, 

g(m(t)) 2: b(82) 2:: m(t + s) and 11:z:(t)II 2: p fort E [i. t•] and 11 E [-r, Oj. Thus by (5.3.16) we know 

m(tl 2: m(t" ), but thi11 contradicts the fact that m(tl < b(82) = m(t" ). Thi11 final contradiction 

completes the proof of uniform boundedne11s. 

Since solutions of (2.4.7) are uniformly bounded, then there exists 11ome 8 > Pl 11atisfying 

g(a(pi)) < b(8) such that if 11¢llr $ P1, then 11:z:(t, to, ¢)11 $ 8 for all t ? to - r where z = x(to, ¢) 

is any solution of (2.4.7) & (2.4.2). 

Now let 83 > 0 and assume without loss of generality that 83 > B. Then from the proof of 

uniform boundedness, there exists some 8 2 = B2(B3) > 8 3 11atisfying g(a(B3)) < b(B2) for which 

if 11¢llr $ 83, then llz(t,to,¢)11 $ B2 for all t? to - r where z = x(to,t/l) is any solution of (2.4.7) 

& (2.4.2). 

Let J = d(83) = inf{g(s) - g(s) I g(s) 2:: b(8)/2 ands$ a(82)} and choose d = d(B3) > 0 such 

that d < min{a(B2) - b(8), J, b(B)/2, b(8) - a(p1) }. 

Let N = N(83) be the smallest positive integer for which <i(B2) $ b(B) + Nd. As in the proof 
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of Theorem 5.2.2 we may assume, without lo:is of generality, that T = SUP1:ez+{r1: - r1:-d < oc. 

Define T(B3) = 2T + (r + 3T)(N - 1). 

Let x = x(to, ti>) be a solution of (2.4.7) & (2.4.2) where llt/>llr S B3 and to E [Tl-1, 1'1) for 

some positive integer l. We will show that llx(t)II $ B fort ? t0 + T using essentially the same 

arguments as was used in the proof of Theorem 5.2.2. Define m(t) fort ? to - r as in (5.3.14). Then 

m(t) $ ci(B2) fort? t0 - r. In fact m(t) S b(B2) fort? t0 - r, le:it we get a contradiction as we 

did in the proof of uniform boundedne11s. 

We prove that g(m(T1-)) S b(B2) in the same way we proved it earlier in the case of uniform 

boundedness, only this time B1 is replaced by B3. From this we get g(m(r,-)) $ ci(B-z). 

Given b(B) S A $ ci(B2) and j ? l we will show that if m(t) S A for t E [TJ - r, TJ) and 

g(m(r,-)) $ A, then m(t) $ A fort E [TJ, Tj+i) and g(m(TT+ 1 l) SA. 

Suppose for the sake of contradiction that there exists some t E [r,, TJ+d for which m(t) > A. 

Lett• = inf{t E [Tj, Tj+1) I m(t) ? A}. If llx(T;-)11 ? p, then m(Tj) S g(m(T,-)) < A by (5.3.17), 

while if llx(T1-)II < p, then m(TJ) S ci(pi) < g(ci(pi)) < b(B) S A by (5.3.18). So in either ca11e 

rn(r;) < A. Thus t• E (T;,T;+il, m(t") = A and m(t) SA fort E [T; - r,t•]. If g(m(t)) > A for 

t E [Ti, t•], then let i = r,- and note that m(f) < A. Otherwise let i = sup{t E [T,-, t•] I g(m(t)) SA} 

and note that m(i) < g(m(tJ) = A. Since g(m(t")) = g(A) > .4, then i E [T,,t"). Fort E [i,t"] 
and s E [-r, O] we have g(m(t)) ? A ? m(t + 11). Moreover fort E [i, t"] we have g(ci(llx(t)II)) ? 
g(m(t)) ? A ? b(B) > g(ci(pi)) implying llx(t)II ? Pl ? p. Thu11 from (5.3.16) we know that 

m(tJ ? mW), which contradicts the fact that mW) = A > m(i). 

Now that we have proven m(t) SA fort E [T;,T1+il we must show that g(m(Tj+ 1l) SA. The 

proof of this follows in an identical fa.1hion to the arguments u11ed earlier in the proof of uniform 

boundedness where we showed that g(m(r;-)l $ b(B2) for the case k > l, if we replace k by j + 1 

and b(B2) by A. 

Having proven our claim we may argue by induction that in fact m(t) S A for all t ? r; and 

that g(m(r; )) S A for all k? j + 1. Next we claim that m(t) $ A - d fort E [rj+l• Tj+2l but to 

show this we must first show m(Tj+i} < A - d. 

If llx(T,-+1)11 $ p, then m(Tj+i) $ a(p1) < b(B)-d $ A-d. On the other hand, ifllx(T;-+illl > p, 

then we look at two cases. If O $ g(m(T,-+l)) $ b(B)/2, then m(Tj+i} S g(m(Ti+ill $ g(m(r,+ill $ 
b(B)/2 $ A-b(B)/2 < A-d since A? b(B) and d < b(B)/2. Alternatively, suppose g(m(T;-+1)) > 
b(B)/2. Recall that g(m(T,'+i)) $ A. Since g(m(T,+1)) ~ b(B)/2 and m(T,-+1) $ g(m(T,-+1)) $A$ 

<i(B2), then g(m(T;-+1)) $ g(m(T;+il) -d < g(m(r,-+1)) -d SA- d from the definition of d and so 

m(Tj+1) $ g(m(T;+ill < A - d. Therefore in all cases we have shown m(r;+i) < A - d. 

In order to prove m(t) $ A - d for all t E [T,+1, T;+2) we assume for the sake of contradiction 

that m(t) > A - d for some t E [T,+1, Tj+2). Lett• = inf{t E [Tj+1, T;+2) I m(t) ? A - d}. Then 

t• E (r;+1, T,+2), since m(r;+1) < A-d. Moreover, m(t•) = A-d and m(t) $ A-d fort E [T;+1, t•]. 

Note that since g(A-d) ? A-d? b(B)/2 and A- d $ A $ ci(B2), then g(A - d) ? g(A- d) + d > 
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A - d + d = A. Therefore g(mW}} = g(A - d} > A. If g(m(t}} > A for all t E [T',+ 1, t•], then 

let f = r;+l and note that m(i) < A - d. Otherwise let f = sup{t E [r;+1, t•] I g(m(t)) S A} 

and note that m(i) S g(m(i)} S g(m(f)} - J = A - J < A - d since g(m(f}) = A ? b(B)/2 aud 

m(i) SAS ii(B2), Clearly i E [T'j+1,t•) since g(mW)) > A. Thus fort E [i,t•] ands E [-r,0], 

g(m(t)} ? A?: m(t + s), and consequently llz(t)II?: p, which implies by (5.3.16) that m(i) ? mW}. 

This, however, contradicts the fact that mW}= A - d > m(i). 

Having proven that m( t) S A - d for t E [ r; +l, T'j +2) we can then claim that in fact m( t} S A - d 

for all t ? Tj+l by applying our results to successive intervals of the form [rA:, T1c+1) fur k ? j + 1. 

As in Theorem 5.2.2 we define the indices k1' 1 for i = 1, 2 .... , N recursively as follows. Let 

k 11 i = l + 1 and for i = 2, ... , N let k(i) satisfy rA:l•I-J < TA:1•-ll + r S T1,(;1_ 2. Note that T'A:<;-1 1 < 
r1,,,-11 + r S r1,1n_ 2 and so k(i-l) < klil - 2 implying k(i) ?: 3 + k(i-ll. Thus T'1,11> = Tl+1 S 

2T' + Tl-1 S 2r + to and for i = 1, 2, ... , N, T1,u> S 3T' + TA:(;i_ 3 S 3T' + r + rA:1,-1,. Combining these 

inequalities gives T'1,(N1 S 2r + (3T' + r)(N - 1) +to= to+ T. 

We claim that for each i = 1, 2, ... , N, m(t) S a(B2 ) - id fort ? T1;1,1, Since m(t) S a(B2 ) for 

t E [to - r,n) and g(m(r,-)) S a(B2), then by 11etting A= a(B2) in our earlier argument we get 

m(t} S a(B2) - d fort ? Tl+i = r1,111, which establishes the base case. We now proceed by induction 

and assume m(t) S a(B2) - jd fort ? T1,l.i) for some J S j S N - 1. 

Let A = a(B2} - jd and note that A ?: b(B). Since r1:u+11-:i ? T1,U1 + r, then m(t) S A for 

t ? T1,(J•+11_ 2 - r. Next we must show that g(m(T'A:~J+ii _ 1)) S A. This is proven the same way 

we proved g(m(T'; )) S b(B2) for the case k > l in the proof of uniform boundedness only this 

time k and b(B2 ) are replaced by k(i+ll - 1 and A, respectively. We may therefore conclude that 

m(t) SA - d = ii(B2) - (j + l)d fort?: TA,u+11, thus completing the induction step. 

So in particular we have m(t) S ii(B2) - Nd S b(B) fort? to+ T? T1,1-">· Finally, by (5.3.15) 

we get that 11.:i::(t)II SB fort? to+ T. which completes the proof of this theorem. ■ 

The comment11 following Theoremt1 5.2.1 and 5.2.2 about how M1 may be similarly redefined 

hold for Theorems 5.3.1 and 5.3.2. 

We conclude this section with an example 11howing an application of Theorem 5.3.2. 

Example 5.3.1: Contiider the following impulsive delay differential equation 

z'(t) = -4z3 (t} + e-1.:i::(t - 1) + x1l3 (t - 2) + coti(t), t # Tic, 

1 
~z(t) = 

10
, t = T'A:, 

where Tic = k2 for k = 0, 1, 2 ..... The conditions of Corollary 3.2.3 are obviou11ly tiatisfied. 

Define 

(5.3.2la) 

(5.3.2lb) 

(5.3.22) 
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for x E R. This Lyapunov function clearly satisfies the smoothness as:mmptions of Theorem 5.3.2 

as well as condition (i). For (t, v,) E R+ x PC((-2, OJ, R) we have 

D~.J.ll) V(t, t/J) = 4v,3 (0) (-4v,3 (0) + e-1v,( -1) + v,1
1

3(-2) + cos(t)) 

~ -16lv,(O)l6 + 4l,J,(O)l3 lt/J(-l)I + 4l,J,(O)l3 lt/J(-2)1 113 + 41,t,(0)13
• 

(5.3.23) 

Now let p = 1 and g(11) = 3s. Then whenever l,t,(O)I? p and V(t/1(11)) ~ g(V(1/,(0))) for s E (-2, OJ. 

we have 11/1(0)1 ~ 1 and 11/l(s)I $ 311•11/l(O)I for s E [-2, OJ. and so from (5.3.23) we get 

v+ V(t, t/i(Oll < -16lt/l(OJI• + 4 • 311•1,t,(0)1• + 4 • 31112 11/l(O)l3 11/l(O)l 113 + 411/l(Oll" 
(5.3.21) - (5.3.24) 

~ -(16 - 4. 31/ 4 - 4. 31112 - 4)lt/J(O)I" $ -2V(1/,(0)). 

So let p(t) = 2 for all t ER+ and c(s) = 11 for alls ER+. Then condition (ii) of Theorem 5.3.2 is 

verified. 

To check condition (iv) we calculateµ= 1. M2 = ln(3) and M1 = 2 from which we verify that 

M1 > M2. 
Next let 9(11) = 2s. Whenever 11/i(O)I ~ 1 we have ltJ,(O) + I(r1c, tJ,)I ~ ltJ,(O)I + l/(r1c, t/1)1 = 

11'•(0)1 + 1/10 $ (11/lO)lv,(O)I from which we obtain 

V(tj,(0) + /(r1c, tj,)) $ G~) 4 

V(tJ,(O)) $ 2V(v'•(O)) = fi(V(1/,(0))), (5.3.25) 

which verifies condition (iii). Finally, condition (iv) is satisfied with p1 = 11/10. 

Therefore, according to Theorem 5.3.2. solutions of equation (5.3.21) are uniformly ultimately 

bounded. D 



Chapter 6 

Linear Systems 

Linear systems are important because they tend to be simpler to stud:,• and analyze both qualitatively 

and quantitatively than more complicated nonlinear systems and also because they often make good 

approximations to nonlinear :iystems. 

In this chapter we take a brief look at linear systems of impulsive delay differential equation:1. 

We first describe linear systems. Then we obtain some stability results for a special class of linear 

system11 by making use of the Lyapunov function theory of the previous chapter11. 

6 .1 Description of Linear Systems 

In this section we describe linear impulsive delay differential equations. We begin by stating the 

usual definition of what it means for a functional to be linear. Then we define what it means for 

sy:item (2.4.7) to be linear. 

Definition 6.1.1: A functional L : IR+ x PC([-r, O], Rn) -+ Rn is :iaid to be linear (in 1'•) if for 

any con:itants c1,c2 E JR and functions t/J1, 1P2 E PC([-r, O]. IR.n), L(t,c1-r/J1 + c2i/J2) = c1L(t, •"1) + 
czL(t, t/J2) for all t E IR+. 

Definition 6.1.2: System (2.4. 7) is said to be linear if /(t. 1") = L 1(t, 1'•) + h1(t) and /(t, -rj,) = 
Li(t. -rj,) + h2(t) 1 for some linear functionals L1 and L2 and for some functions h1, h2 : R+ -+Rn. If 

both h1 and h2 are identically zero, then system (2.4. 7) is said to be homogeneoua; otherwise it is 

11aid to be nonhomogeneoua. 

The most common type of linear functionals known to be useful in applications involving delay 

99 
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with a finite delay constant r, are of the form (Hal93] 

(6.1.1) 

where O :'.S t1: :'.Sr, the matrices A1: E nnxn are constant (alternatively, they could be functions of 

t), h: R+ ➔ R", and A: R+ x [-r,0] ➔ Rnx". 
Homogtmem111 linear 11ystems have the solution x(t) = 0 and the 11tability propertiell ofthi11 trivial 

solution will be of interest. In the next section we will develop stability results for a 11pccial class 

of linear impulsive delay differential equation where the functional / is a special case of the more 

general linear functional ( 6.1.1). 

6.2 Stability of Linear Systems 

In this section we consider a simple n-dimcnsional. linear. impulsive delay differential difference 

equation of the form 

x'(t) = Ax(t) + Bx(t - r), t # i-1:, 

~x(t) = C1:x(C ), t = TA:, 

(6.2.la) 

(6.2.lb) 

where A, B and C1:, for k = 1, 2, ... , arc constant matrices in R" xn. As usual r > 0 repre11ents the 

delay constant and the impulsive times i-1: are assumed to be fixed. 

Global existence and uniqueness of solutions of (6.2.1) follow from Corollary 3.3.1 and Theo­

rem 3.4.1, respectively. 

By making use of the stability theorctns of Chapters 4 and 5, we obtain conditions 011 the 

parameters of system (6.2.1) that will ensure uniform asymptotic stability of the trivial solution. 

Let us fir11t introduce 11ome matrix notation. For any matrix A E nmxn. IIAII denotes the matrix 

norm of A induced by the Euclidean vector norms. II• II, on Rm and R". In this section all of our 

matrices will be assumed to be square. However, in Chapter 8 we will also consider nor.-11quare 

matrices and yet still be interested in the norm of such matrices. For a square, 11yrnrnetric, real 

matrix A, ..\maJt(A) denotes the largest eigenvalue of A and similarly ..\min(A) denotes the smallest 

eigenvalue of A. For a positive definite (symmetric) matrix A E nnxn, A112 denotes the square 

root of A, which is defined to be the unique positive definite matrix satisfying A112 • A112 = A (see 

[Hor85]). 

Recall that if the eigenvalues of a matrix A ER" xn all have negative real parts, then the matrix 

i11 stable (or Hurwitz) and there is a unique po11itive definite matrix P E nnxn that solves the 



CHAPTER 6. LINEAR SYSTEMS 101 

Lyapunov equation [Hal80] 

ATP+ PA= -1, (6.2.2) 

where, in this section, we use I to denote the n x n identity matrix. Similarly, if the eigenvalues of 

A all have positive real parts, then there is a unique positive definite matrix P for which 

ATP+ PA= I. (6.2.3) 

Our first theorem makes use of Theorem 4.2.2 and is proven by way of a Lyapuuov functional. 

Theorem 8,2,1: A.uume that the eigenvalues of A have negative real parts and let P be the solution 

of (6.2.2). Suppose that IIPBII < 1/2, E::i llC1,II < x:, and r = inf1:ez+{r1, - r,._i} > 0. Then the 

solution :z:(t) = 0 of (6.2.1) is uniformly asymptotically stable. 

Prc,of: We first note that the conditions of Corollary 3.2.3 arc satisfied and that the functional 

f(t, t/J) = AtJ,(0) + BtJ,(-r) is also strongly quasi-bounded. 

Let p > 0 be arbitrarily chosen. Since E::i llC1,II < oc, then let M = SUP1:ez+{IIC1:II} < oc and 

define .01 = p/(1 + M). Then 0 < Pl $ p, and if 11:z:II $ P1, then 11:c + Cii:cll $ 11:z:II + IICiill • 11:cll $ 
(1 + M)p1 = p, which verifies that hypothesis (Hl) of Chapter 4 is satisfied. 

Define the Lyapunov functional 

11° V(t, t/1) = tJ,(O)T PtJ,(0) + 2 -r it,(s)T t/J(s)ds. (6.2.4) 

Clearly V satisfies the srnoothnes11 a:isumptions of Theorem 4.2.1. 

Since, for all (t, 1'>) ER+ x PC([-r,0].R") . 

., ., 1 ., 
Amin(P)lltb(0)U- $ V(t, ,Ji) $ Amax(P)llw(0)U- + 2rll1/III;, (6.2.5) 

then condition (i) of Theorem 4.2.1 is satisfied with b(s) = Amin(P)s2 and a(s) = (Amu(P) +r/2)s2. 

As for condition (iii), suppose we let :z: E PC([to - r, oo), R") be some function that is continuous 

at each t '# r,. in (to, 00). Ih(rid = :z:(r,.-)+C1,:c(r,.-) (i.e. the function :z: satisfies the delay difference 

equation (6.2.lb) at t = r,. ), then we get 

:z:(r,.JT Px(r,.) = [(I+ C1,):z:(r,.-)f P [(I+ C1r):z:(r,.-)] 

= x(r1r-f P:z:(r,.-) + x(r1r-)TC'f PC1,x(r,.-) + 2:z:(r;-)T PC1,x(r,.-) 

$ x(r;)T P:z:(r;) + 11c,.112 IIPll • llx(r1r-)ll2 + 211c,.11 • IIPll • 11:c(r;)ll2 

1 
$ x(r1r-f P:z:(r,.-) + Amia(P) IIPll(IICtll 2 + 2IIC1rll):z:(r,.-)T P:c(r,.-) 

= ( 1 + 1::t:J (IIC1:ll
2 + 2IICtll}) x(r;)T Px(r;). 

(6.2.6) 
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Therefore, if we let d,. = (Amax(P)/ Amin(P) )(IIC1cll2 + 211Ci.ll) ~ 0, then 

V(r1c, :Z:r.) = :i:(r1c f P:z:(r1c) + i 1_: x(r1c + s)T :z:(r1c + s)ds 

~ (1 + d1c):z:(r,.-)T P:z:(r,.-) + i /_0

r :z:(r1c + s)T :z:(Tk + s)ds 

~ (l+d1c) (x(r,.-f P:z:(r,;-)+ if_: x(ri. +s)Tx(r,. +s)ds) 

= (1 + di.) lim,-r; V(t, xt). 

Moreover, since E:°:1 IICtll < x then clearly d = Er=l d,. < oo. 
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(6.2.7) 

Finally. we mu11t check condition (ii). Calculating the derivative of V with respect to sys­

tem (6.2.1} gives u11 

D+Vi6.2.1)(t,t/l) = t/1(0)1 P(At/1(0) + B-,J,(-r)) + (At/i(O) + Bvi(-r)f Pt/1(0) 
1 T 1 T + -1/',(0) t/1(0) - -vi(-r) vi(-r) 
2 2 l 1 

= vi(Of (ATP+ PA)lj,(O) + 2,t,(O)T PBt/1(-r) + 2tt,(O)T v,(O) - 2,t,(-r)T tj,(-r) 
1 1 = --v,(Of t/1(0) + 2,t,(O)T PBtJ,(-r) - -tJ,(-r)T t/1(-r) 
2 2 
1 2 1 ~ 

$ -2II1/'l(O)II + 2IIP BIi • II1/J(O)II • ll1'1(-r)II - 2lltJ,(-r)ll9 

$ -illt/'1(0)112 + IIPBll • llt/1(0)II 2 + IIPBll • ll1'1(-rlll2 
- illvi(-rlll

2 

= - (~- IIPBII) (II1/J(O)ll 2 + llvi(-r)ll 2 l 

$ -(~- IIPBII) llw(O)ll
2

, 

(6.2.8) 

where the final inequality follow11 11ince IIP BIi < 1/2. Thu11 condition (ii) is sati11ficd with c E K2 

defined by c(s) = (l/2- IIPBll)s2 . 

Therefore the condition11 of Theorem 4.2.2 are 11atisfied in addition to the conditions of Theo­

rem 4.2.1. So by Theorem 4.2.2 we conclude that the trivial 1:1olution of (6.2.1) is uniformly a1:1ymp­

totically stable. ■ 

Example 6.2.1: Consider system (6.2.1) with 

-1 l [ 3 1 4 l 3 , and C,. = 2-• 1 3 -1 . 

0 4 -1 3 

(6.2.9) 

The matrix A i11 stable since its eigenvalues are -2. -7 and -8. Solving for P in the Lyapunov 
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equation (6.2.2) gives us 

[ 

0.0939 0.0336 0.0902 l 
P = 0.0336 0.1161 0.0807 . 

0.0902 0.0807 0.2566 
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(6.2.10) 

Calculating the norm of PB gives us IIPBII = 0.4807 < 1/2. Meanwhile the norm of C" is IICkll = 
7 • 2-" and so I:;'=1 IICtll = 7 < oo. 

Thus if the time between consecutive impulses is bounded below by some positive quantity T, 

then Theorem 6.2.1 tells us that the trivial solution of !!ystem (6.2.1) will be uniformly asymptotically 

stable. D 

In Theorem 6.2.1, the condition E~1 IICtll < x implies that the cumulative effect of all of the 

impul!!e!! is finite and that as time evolves the effect of later impulses becomes increasingly negligible 

since limt-+oo IIC"II = 0. Since the system without impulses is already stable then the diminishing 

effect of impulses is not enough to destabilize the 11y11tem. In 11ome situations the impul11es could even 

accelerate the convergence of solutions to the origin. This could happen if. instead. the magnitude 

of II/+ Cell became increasingly 11maller as k tended to infinity. A simple modification of the proof 

of Theorem 6.2.1 gives us this alternative result. 

If we replace the condition E~1 IIC1,II < x by the condition 

~ { Amu(P) 2 } L- ma.~ o. ,\ . (Pl II/+ C1;JI - 1 < x. 
k:1 mm 

(6.2.11) 

then the conclusion of Theorem 6.2.1 still holds. The proof of Theorem 6.2.1 remains largely the 

same t!Xcept that inequality (6.2.6) now becomes 

(6.2.12) 

where dt = max{0, (Amaa(P)/Amin(P))II/ + C,11 2 - l}. Thus (6.2.11) is the same as requiring 

i:r=ld,, < 00• 

Note that (6.2.11) is implied by the following simpler condition 

limsuplll + c,11 < 
lt ... oc 

Amin(P) 
,\mu(P) • 

(6.2.13) 

Our next two theorems obtain a different set of conditions under which the trivial solution 



CHAPTER 6. LINEAR SYSTEMS 104 

of (6.2.1) is uniformly asymptotically stable. They make mm of Lyapunov functions and apply 

Theorems 5.2.l and 5.2.2, respectively. 

Theorem 8.2.2: A.!.mme tliat tlie eigenvalues of A !&ave po:.itive real part! and let P be tlie !olution 

of (6.2.3). Suppoae tliat r = IIUPtez+{ 1"k -rt-d < x. If there exiat, 5ome O <a< 1 wliicli sati.,fies 

the following inequalitiu 

Amu:(P) l 
a ~ \ ,\ . (P) III+ Ctll, for al k, 

min , 

(6.2.14) 

and 

2,\min(P)aln(a) + r(a + 2IIPBII) < 0, (6.2.15) 

then tlie solution x(t) = 0 of (6.2.1) is unifonnly asymptotically stable. 

Proof: As in Theorem 6.2.1, the conditions of Corollary 3.2.3 and hypothesi:J (Hl) are satisfied. 

Define the Lyapunov function 

(6.2.16) 

Then V satisfie:J the smoothness Msumptions of Theorem 5.2.1. Since 

(6.2.17) 

for all z E R", then condition (i) of Theorem 5.2.l is satisfied with b(11) = ,\nain(P)s2 and a(11) = 
,\nu,x(P)s2• 

Define g(s) = a 2s. Then 

V(t/,(0) + Ctt/1(0)) =[(I+ Ct)tJi(O)f P [(I+ Ct)t/1(0)] 

'.:: ,\mu(P) Ill+ Ctll2t/l(O)T P,t,(O) 
,\min(P) 

'.:: a 2V(t/,(O)) = g(V(t/,(0))). 

This verifies condition (iii) of Theorem 5.2.l. 

(6.2.18) 
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Calculating the derivative of V along solutions of (6.2.1) gives us 

D+Vi6.:i.1i(t, rp) = v,(O)T P(At/1(0) + B1/•(-r)) + (Art,(O) + Brt,(-r))T Pv,(O) 

= v,(Of (ATP+ PA)tJ,(O) + 2,t,(Of PBrJ,(-r) 

$ llt/1(0)II2 + 2IIPBll • llt/l(O)ll • II1"(-rlll 
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$ Ami~(P) 1/l(O)T P1/•(0) + Ami~(P) IIPBIIJtb(O)T Pv,(O) • 1/1(-r)T Pv,(-r) 

$ Ami~(P) (v(,t,(O)) +2IIPBIIJV(v,(O))V(v,(-r))). 

(G.2.19) 

Thus when V(v,(O)) 2: g(V(v,(s))) for s E (-r,O], we have in particular V(v,(O)) 2: o:?V(tJ,(-r)) aod 

so V(t/,(-r)) $ (l/a2)V(t/,(O)). Substituting this into (6.2.19) gives us 

D+Vi6.2.1i(t, tJ,) $ Ami:(P) ( V(1/,(0)) + 2IIPBll¼V(rt,(O))) 

= Ami:(P) ( l + 2IIPBl1~) V(1/l(O)). 

(6.2.20) 

Therefore. condition (ii) of Theorem 5.2.l is tiatisficd if we let p(t) = (l + 2IIP BIi/a)/ Amin(P) and 

c(s) = s. 

Calculating M1 and M2 in condition (iv) of the theorem gives us 

r ( 2 ) Mi= Amin(P) l + ~IIPBII , (6.2.21) 

and 

M2 = -2 ln(o). (G.2.22) 

Finally, we have M2 > M1, ati required by Theorem 5.2.l, by assumption (6.2.15) on a. Thus by 

Theorem 5.2.l it followti that the tiolution :i:(t) = 0 of (6.2.1) is uniformly atiymptotically stable. ■ 

Example 6.2.2: Consider system (6.2.1) with 

[ 

3 o 1 l [ 1 -2. 2 l [-1.1 
A= 2 3 -1 , B = -2 -1 -1 , and Cir= 0 

2 0 4 5 -1 1 0.2 

0.1 

-1.1 o.~ l 
0 -1.2 

Suppose in addition that the impulse times occur with a frequency of at least -r = 0.03. 

. (6.2.23) 

Checking the eigenvalues of A, we find that they are 2, 3 and 5. Solving for P in the Lyapunov 
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t!quation (6.2.3) gives us 

[ 

0.1929 -0.0893 -0.0786 l 
P = -0.0893 0.2500 0.0714 . 

-0.0786 0.0714 0.1643 

(6.2.24) 

Next we evaluate III +Ckll = 0.3 for all k, .Amin(P) = 0.0986, .Amu(P) = 0.3686, and IIP BIi = 0.6517. 

Condition (6.2.14) then reduces to 

0.5800 ~ a < 1. (6.2.25) 

For a to satisfy (6.2.15) we must have 

0.1973oln(a) + 0.03a + 0.0391 < 0. (6.2.26) 

A simple check shows that both of these conditions are satisfied by choosing a = 0.6. Therefore. 

uniform asymptotic stability of the trivial solution of (6.2.1) follows by Theorem 6.2.2. D 

Our final theorem makt.-s use of Theorem 5.2.2 to esta,>lish conditions for uniform asymptotic 

stability of the trivial solution of (6.2.1). 

Theorem 6.2.3: Auume that the eigenvalue:J of A have negative real part:J and let P be the :Jolution 

of (6.2.2). Suppose that r = infke:i:+{rk - rk-d > 0. If there exi:Jt:J :rome a? 1 ruhich s<iti:Jfies the 

following inequalitie:J 

and 

a> .Amu(P) 
.Amin(P) II/+ Ctll, for all k. 

2IIPBllo < ,\min(P)' 
-\mu(P) 

r 2ra 
2ln(a) - .Amu(P) + .Amia(P)IIPBII < 0, 

then the aolution z(t) = 0 of (6.2.1) i.s uniformly aaymptotically stable. 

(6.2.27) 

(6.2.28) 

(6.2.29) 

Proof: As in the previous two theorems, the conditions of Corollary 3.2.3 and hypothesis (Hl) are 

satisfied. 
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Define the Lyapunov function 

(6.2.30) 

Then V satiidies the smoothness assumptions of Theorem 5.2.2 as well as condition (i) of Theo­

rem 5.2.2 with b(s) = Amin(P)s2 and a(.!)= Am,u(P)s2 . 

Define g(-Y) = a 2 s. Then 

V( 1/1(0) + Ci:1/1(0)) = [(/ + C" )v,(O)f P [(I+ C" )1/1(0)] 

< Amax(P) Ill+ C1;ll 2w(O)r Pl/l(O) 
- Amin(P) 
S a: 2 V(v,(O)) = §(V(v,(O))). 

This verifies condition (iii) of Theorem 5.2.2. 

Calculating the derivative of V along solutions of (6.2.1) gives us 

D+\'(o.2.11(t, 1/1) = v,(O)T P(A1/•(0) + B,t,(-r)) + (Al/1(0) + B,t,(-r))T P,t,(O) 

= 1/,(0)T (ATP+ PA),t,(0) + 21/,(0f PBl/1(-r) 

~ -111/1(0)11 2 + 211P BIi • lll/l(O)ll • lll/1(-r)II 

(6.2.31) 

S - .\m~(P) l/l(O)r P,t,(O) + Ami:(P) IIPBll/1/l(O)T Pl/1(0) • tt,(-r)T Pl/1(-r) 

l 2 s - Amax(P) V(tj,(O)) + Amin(P) IIPBll ✓V(tµ(O))V(tj,(-r)). 
(6.2.32) 

Since a: satisfies the strict inequalities (6.2.28) and (6.2.29). then both inequalities are satisfied 

by any {3 chosen sufficiently close to a. So let {3 > a: satisfy 

211P Dll/3 < Amin(P). 
AmllX(P) 

(6.2.33) 

and 

r 2r{3 
2 ln({3) - Amaa(P) + .\min(P) IIPBII < o. (6.2.34) 

and define 9(5) = /325. Then when g(V(,t,(O))) ~ V(1/,(.,)) for s E [-r,O], we have in particular 

,B2V(t{,(O)) ~ V(,t,(-r)). Substituting this into (6.2.32) gives us 

(6.2.35) 
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Therefore, condition (ii) of Theorem 5.2.2 is satisfied if we let p(t) = 1/ Amax(P) - 2J3IIP BII/-Xmin(P) 

and c(s) = s. Note that inequality (6.2.34) implies p(t) > 0. 

Next, if we calculate M1 and M2 in condition (iv) of the theorem, where what we called µ in 

that theorem we now call r, we get 

2r/3 
Amin(P) IIPBII, (6.2.36) 

and 

M2 = 2ln(/3). (6.2.37) 

Finally, we have M1 > M2, as required by Theorem 5.2.2 by inequality (6.2.34). Thus by Theo­

rem 5.2.2 it follows that the i1olution x(t) = 0 of (6.2.1) is uniformly asymptotically stable. ■ 

Example 6.2.3: Consider system (6.2.1) with 

-0.04 l [ -0.9 
-0.07 . and Ct = 0 

0.03 -0.1 

0.9 
0.2 l 

-1.3 0.3 . 

0.5 -1.7 

(6.2.38) 

Suppose in addition that the impulse times occur with a frequency of no more than r = 1. 

The eigenvalues of A are -3, -4 and -7. indicating that A is a stable matrix. Solving for Pin the 

Lyapunov equation (6.2.2) gives us 

[ 

0.1095 0.0216 0.0524 l 
P = 0.0216 0.1436 0.0372 . 

0.0524 0.0372 0.1381 

(6.2.39) 

The largest and smallest eigenvalues of Pare Amin(P) = 0.0690 and Amax(P) = 0.2070, respectively. 

Since III+ C1cll = 1.1208 for all k, then condition (6.2.27) reduces to 

a 2'. 1.9412. (6.2.40) 

Meanwhile, condition (6.2.28) becomes 

a< 12.8544. (6.2.41) 
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With T = 1 then condition (6.2.29) becomes 

2111(0) - 4.8309 + 0.37580 < 0. (6.2.42) 

Choosing o = 3, for example. will satisfy all three of these conditions and therefore imply that the 

trivial solution of (6.2.1) is uniformly asymptotically stable. D 

Note that Theorems 6.2.1 and 6.2.3 impose similar conditions on system (6.2.1). Both require 

that the matrix A have eigenvalues with negative real parts and the matrix P described iu each 

theorem is the same. Also, both theorems require that there be a positive lower bound, T, on the 

time between consecutive impulses. This latter condition ensures that the impulses, which might 

otherwise destabilize the system, do not occur too frequently. In both theorems the conclusion is the 

same. namely that the trivial solution of (6.2.1) is uniformly asymptotically stable. Theorem 6.2.1 i11 

proven by way of a Lyapunov functional while Theorem 6.2.2 is proven using a Lyapunov function. 

The conditions on the matrices B, Ct and on the parameter T differ between the two theorems and 

this is what distinguishes one from the other. 

Theorem 6.2.1 imposes a condition on the magnitude of the norm of the product of the matrices 

P and B. namely that IIPBII < 1/2. Theorem 6.2.2 requires an even tighter bound 011 IIPBII, namely 

that 

IIPBII < 
Amin(P) Amin(P) 1 

\ (P) ~ 2..\m•w(P} < 2-. 20Aml\X _ 
(6.2.43) 

Note that for the matrices A and B defined as in Example 6.2.1. this inequality is not satisfied for 

any o ~ 1 since IIPBII = 0.4807 while Amin(P)/(2..\,mu(P)) = 0.0808. 

Theorem 6.2.1 imp0t1es no condition on r other than to assume that it is positive. Meanwhile. 

Theorem 6.2.3 requires, in addition, that r be sufficiently small in relation to other parameters of 

the system, that it satisfy the inequality (6.2.29). 

While up to this point we have mentioned those assumptions of Theorem 6.2.1 that are the same 

as or that are weaker than those of Theorem 6.2.3, the one place where Theorem 6.2.3 imposes a 

generally weaker condition is on the matrices C1,:. Theorem 6.2.1 requires that E~ 1 IIC1i:II < x. 

which in turn requires that 1irlll,:..,.00 IIC1i:II = 0. Alternatively. this condition on the matrices c,. could 

be replaced by (6.2.11 ). Theorem 6.2.3 does not impose such a stringent condition on the matrices 

C1,:. In Example 6.2.3 the matrices C11 are all identical and II/ +C11II = 1.1208 > 1. So clearly neither 

of the two alternative conditions on the matrices C11 given in Theorem 6.2.1 could be applied in this 

case. 

Theorem 6.2.3 allows for impulses to occur without requiring that they diminish in magnitude 

as time evolves. This makes the theorem more useful and powerful. 



Chapter 7 

Applications to Population Growth 

Models 

Ordinary differential equation11 are frequently used to model population dynamics. The Lotka­

Volterra equation for predator-prey problems or that of competing 11pecies is often considered. The 

simple logistic growth equation is another classic example. In some instances delays in one or more 

component!! of the reaction require the adoption of a delay differential equation to more 11uitably 

model a particular system of interacting 11pecie11. For instance the presence of and the population 

density level of one 11pecies may inhibit or enhance the growth of another but there may be some 

delay before this effect is felt by the 11econd 11pecies. For a thorough discussion of delay differential 

equations as they apply to the study of population dynamics see Gopalsamy's monograph [Gop92] 

and the references cited therein. 

When population levels repeatedly undergo changes of relatively short duration (due. for in­

stance, to stocking or harvesting of species), then these events may be more suitably modelled by 

an impulsive differential equation [Bal97c. Liu94, Ang94]. 
In this chapter we look at some population growth models which consist of an impulsive delay 

differential equation. In the first 11ection of this chapter we discuS!I the concept of permanence of 

populations. By permanence we roughly mean boundedness and persistence ( or non-extinction) of 

all species. 

In the second section we look at two examples of population growth models. In the first example 

we consider a Lotka-Volterra type of equation involving two competing species where there is a fixed, 

11ingle delay in the intra-specific and inter-specific negative feedbacks. The second example considers 

one of many possible models for the growth of a single species. Conditions on the impulses as well 

as the governing delay differential equation will be imposed in order to establish the property of 

permanence of populations. In order to prove permanence of populations modelled by a system of 

110 
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equation11, we perform a change of variables on our system and then apply one of the boundedness 

theorems of Chapter 5 to this transformed 11ystem. 

7 .1 Permanence 

We begin by assuming we haven species, where N; (t) > 0 represents the population density {i.e. the 

number of individuals per unit area) at time t for the it " 11pecie11. Let N = (N1, N2, ... , Nn) ER". 

We w11t1i<ler the following impulsive dela.y differential equation 

N'(t) = g(t, N,), t * Ttr, 

AN(t) = J(t. N(C )), t = Ttr, 

(7.1.la) 

(7.1.lb) 

where k = 0, 1, 2,.... For simplicity we have assumed that there are no ddays in the difference 

equation (7.1.lb). 

Note that one important property of system (7.1.1) from a modelling point of view is that the 

interior of the positive cone in R" given by S = {N E R" IN; > 0 for i = 1, 2, ... , n} 11hould be 

positively invariant in the sense that given any initial condition specifying N;(t) > 0 fort E [to-r, to] 

and i = 1, 2 .... , n, we should get that N; (t) > 0 for all t ~ to and i = 1, 2, ... , n. One immediate 

re:1triction on the vector function J is that we require N; +J; ( Ttr, N) > 0 for all N; > 0, k = 0, 1. 2, .... 

and for i = 1, 2, ... , n. 

As usual we let ¢, = (¢, 1 , r/J2, ...• r/>n) E PC([-r, O], S) denote the initial function and we let t0 

denote the initial time. 

The notion of permanence of solutions of a system of equations which models population dynamics 

has been considered a great deal in the literature. particularly for models consisting of ordinary 

differential equations. The extension of the concept of permanence to impulsive delay differential 

equations is simple and straightforward. 

There are numerous mathematical concepts and terminology associated with the ideas of popu­

lations avoiding extinction and growing in a bounded fashion. These include: periiistence. uniform 

persistence, weak persistence, strong persistence, dissipativity. uniform boundedness, asymptotic 

uniform boundedness, permanence, permanent coexistence, cooperativeness, and ecological stabil­

ity, to name a few. 

Hotbauer and Sigmund [Hof88] define permanence for an autonomous ordinary differential equa­

tion to mean that there exists some compact subset F of S such that the orbit of every solution 

11tarting in S will eventually end up in F. Applying this idea to system (7.1.1) would mean that 

there exist some constants B3 > 0 and B,. > 0 such that if (to,¢,) E R+ x PC([-r, OJ, S), then 

B3 $ liminf, .... 00 N;(t, to,¢,)$ limsup, .... 00 N;(t, to,¢,)$ B,. for i = 1, 2, ... , n. 

We choose to strengthen the notion of permanence by defining it as follows. 



CHAPTER 7. APPLICATIONS TO POPULATION GROWTH MODELS 112 

Definition 7.1.1: Solutions of system (7.1.1) are said to be 

(Pl) qua.!i-pernianent if for each (to, 4i) E R+ x PC([-r, OJ, S), there exist constants B1 = Bi(to, ,Ji) > 
0 and B2 = B2(t0 , q,) > 0 such that if N = N(t0 , q,) is any solution of (7.1.1), then N(t, to, ef,) 

is defined for all t ~ to and B1 S N;(t. to, q,) S B2 for i = 1. 2, ... , n and for t ~ to; 

(P2) unifornily qua.,i-pernianent if (Pl) holds with B1 and B2 independent of to; 

(P3) pennanent if (Pl) holds and if there exist constants B3 > 0 and B4 > 0 such that for each 

(t0 ,tji) E R+ x PC([-r,O],S), there exists a constant T = T(to,4i) > 0 such that 83 < 
N;(t, to, t/i) ~ B4 for i = 1. 2, ... , n and fort~ to+ T; 

(P4) uniformly pernianent if (P2) holds and (P3) holds with T independent of to. 

Note that permanence includes the concepts of boundedness and persistence. Boundedness here 

is a little different than that which was defined in Definition 4.3.1 in that the bound B2 need not be 

common to a whole set of functions q, but could differ depending on which initial function is chosen. 

The same is true of T in the definition of permanence. Note that B4 is similar to what we called B 

in the definition of uniform ultimate boundedness. The notion of persistence given in the definition 

of quasi-permanence is that each individual solution remains bounded away from zero, while in the 

case of permanence it also means that there is a common lower bound above which 11olutions will 

eventually or ultimately remain. 

Permanence is often a de11irable property to have in models describing population dynamics. It 

cn11ures that no single species will either tend to extinction or grow without bound. 

7 .2 Population Growth Models 

For our first example. we begin by assuming we have two competing specie11 N1 and N 2. We assume 

that their evolutionary behaviour is governed b.r the following impulsive delay differential equation 

N~(t) = Ni(t) [r1 - auNi(t - r) - a12N2(t - r)], t-:/= Tt, 

N~(t) = N2(t) [r2 - a21N1(t - r) - a22N2(t - r)], t-:/= Tt, 

ANi(t) = Ji(t,N1(C).N2(t-)). t = .,.., 
AN2(t) = J2(t, N1(C), N2(C)). t = 11c, 

(7.2.la) 

(7.2.lb) 

where k = 0, 1, 2, .... The constants r; for i = 1, 2 are assumed to be positive and r; represents 

the natural intrinsic growth rate of the i'11 species if resources were unlimited and inter-species and 

intra-species effects were neglected. The constants a.; for i = 1, 2 and j = 1, 2 are assumed to be 

nonnegative and a.; represents the growth inhibiting effect that species ; has on species i, after some 

fixed time delay r > 0, a.s a result of the competition for resources. Conditions on the impulse times 

.,.. as well as the functions J1, J2: R+ x R 2 ➔ R will be imposed in order to guarantee permanence 
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of 11olutions of (7.2.1). Equation (7.2.1) without impulses (i.e. J1 = J2 = 0) bas been considered iu 

(Gop92] while equation (7.2.1) without delays (i.e. r = 0) bas been considered in (Bal97c]. 

Equation (7.2.1) is a reasonable candidate for a model of a pair of competing species in which 

there is dday in the effects of species interaction and in which there are impulses causing periodic 

abrupt changes to the population density levels. We refrain from delving into a deep investigation 

into just bow suitable such a model might be for a particular real-life 11ituation. Instead we prefer to 

examine equation (7.2.1) from an analytical point of view while keeping in mind the interpretation 

of the variables as species population densities. 

Let 

A = [ ::: ::: ] and (7.2.2) 

and let us assume that A is a nonsingular matrix. Let N• = (Ni, N2 )7 = A - 1 R so that r1 = 
a11Ni + auN2 and r2 = a21Ni + a22N2 and assume further that N;° > 0 for i = 1. 2. Then in the 

ab11ence of impul11es, N• is the unique po11itive equilibrium point of cquation (7.2.1 ). 

In the absence of both delays and impulses, this Lotka-Volterra model for two competing 11pecies 

has been well-studied. Phase portraits can be easily plotted and it can be determined (see (Hof88]) 

that the equilibrium point N• is an unstable 11addle point of the nonlinear system if the sy11tem 

parameters happen to satisfy 

(7.2.3) 

Regardles11 of thc initial condition, both population11 remain bounded for all time. However, if (7.2.3) 

is satisfied then unless the initial population densities (11pecified only at time t0 when there is no 

delay) happen to lie on the curve forming the stable manifold of N". then both populations cannot 

per11i11t 11imultaneously. One 11pecies will invariably tend to extinction while the other will tend to 

some positive limiting value. If delays are present then numerical 11imulations suggest a 11imilar 

behaviour with one 11pecies dying out and the other tending to either a positive equilibrium or, for 

Jorge values of the delay constant, to a periodic steady state. It has been shown (in the absence 

of delays) that impulses can be used to ensure the permanence of both 11pecies for system (7 .2.1) 

[Bal97c]. We will use similar techniques to develop some permanence results for the impulsive 

system (7.2.1) when there is delay. The re11ult will be independent of the value of the delay constant 

r. 

Rather than study equation (7.2.1) directly we perform a change of variables and then examine 

the new resulting system. In particular, for i = 1, 2 let 

x· = In (N;) 
' N'.' ' 

' 
(7.2.4) 
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and let x = (xi, x2). Note that this transformation is well-defined since we are restricting the domain 

of N = (Ni, N2) to Sand we have assumed that N;" > 0 for i = 1. 2. Under this transformation the 

set S gets mapped to all of R2 and the point N" gets mapped to the origin. 

Under the transformation (7.2.4), system (7.2.1) becomes 

x~(t) = auNi(l - ezdt-r)) + a12N2(1- e.r 2 (t-rl), t I- r,, 

x;(t) = a21Ni(l - e.rdt-r)) + a22N2(1- ez2 (t-rl), t I- Ti., 

6x 1(t) = /i(t, xi(C ), x2(C )), t = r,,, 

6x2(t) = /2(t,xi(r).x2(C)). t = Ti., 

where l;(t,x1,x2) = ln(l + J;(t,Niez 1 .N2e.r2 )/(N;"e.r;)) for i = 1,2. 

(7.2.5a) 

(7.2.5b) 

The key observation that we make is that if solutions of system (7.2.5) are uniformly ultimately 

bounded. then solutions of system (7.2.l) arc uniformly permanent. Indeed, suppose (to, tJ,) E 

IR+ x PC([-r. OJ, S) and let¢ E PC([-r. OJ, R2 ) be defined according to the transformation (7.2.4) 

by ¢ds) = ln(t/,;{s)/N;") for s E [-r, OJ and i = 1, 2. If solutions of (7.2.5) are uniformly ultimately 

bounded, then there exist Bi > 0 and T > 0, which are generally dependent on ¢, and a bound 

B > 0 independent of¢ for which llx(t)II ~ Bi for t ? to and llx(t)II ~ B for t ~ to+ T. Since 

Ix;! -+ x if either N; -+ o+ or N; -+ oc. then the fact that llx(t)II is bounded implies that there 

must exist B1. B2, BJ, B-t > 0 for which B1 ~ N;(t) ~ B2 fort ? to and B3 ~ N;(t) ~ B-t for 

t ~to+ T and i = 1, 2. Both B1 and B 2 can be derived from Bi and hence will depend only on¢. 

which is in turn defined by tj,, while B3 and B-t can be determined from B, which depends only on 

the system (7.2.5) and not on the initial conditions. 

We will define a Lyapunov function for system (7.2.5) and using Theorem 5.3.1 we will obtain 

conditions under which system (7.2.5) is uniformly ultimately bounded. Specifically we will obtain 

conditions on the impulse times r,, as well as conditions on / 1 and /2 that will guarantee uniform 

ultimate boundedness. Through the relation of/; to J; this will therefore indirectly impose conditions 

on the original impulse functions J1 and J2 of system (7.2.1). Note that to use Theorem 5.3.1 we 

will require the Lyapunov function to decrease at irnpul11e times for all state values outside of some 

neighbourhood of the origin. In terms of the original system (7.2.1), one can interpret this as 

requiring that the solutions, or population density levels, be adjusted at each impulse time so that 

they become closer to the equilibrium point- N" at each impulse time unless they are already in some 

predefined fixed compact subset of S containing N". 

Define 

W(s) = e' - l - s, (7 .2.6) 

for s ER+. Note that W(0) = 0, W(s) > 0 for s / 0, W'(s) = e' -1, W(s) is strictly increasing for 

s > 0 and strictly decreasing for s < 0 and W(s) -+ oc ass-+ ±oo. Another interesting property of 
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the function W is that given any a E [O, l] we have W(as) $ aW(s) for all s ER. We will find the 

following inequality to be quite useful 

for all s1, s2 E R. This is easily proven by noting that 

(e'• - l)(e' 2 - 1) + (e' 1 - 1 - si) + (e' 2 - 1- s2) 

= e• 1 +• 2 - e' 1 - e' 2 + 1 + e' 1 - 1- s1 + e' 2 - 1 - s2 

= e• 1 +• 2 - 1 - s1 - s2 = W(s1 + s2)? 0. 

We now define the following Lyapunov function 

(7.2.7) 

(7.2.8) 

(7.2.9) 

for all :r E R 2 where d1 > 0 and d2 > 0 are constant. From the properties of the function W we 

may conclude that V satisfies the smoothness assumptions as well as condition (i) of Theorem 5.3.1. 

Define 

(7.2.10) 

and let O < ,\ < 1 be some constant. Let g(s) = ,\s and c(s) = s for s E R+ and let p(t) = p = 
max{r1,r2} + <7/>. for all t ER+· We will show that condition (ii) of Theorem 5.3.1 is satisfied 

where p > 0 is any constant. 

For any tp E PC([-r, O], R 2
) we have by using inequality (7.2.7) 

Dt.:u) V(t. v,) = di(ec;,i(O) - 1) [auNi(l - ec;,i(-rl) + a12N2(1 - elj,' 2 (-r))] 

+ d2(elj,' 2101 - 1) [a:uNi(l - e!j,•i(-rl) + a22N2(1- ec;, 2 (-r))] 

$ d1a11Ni(W(v,i(O)) + W(t/,i(-r))) +d1a12N2(W(-t/,i(O)) + W(l/•2(-r))) 

+ d2a21Ni (W(w:z(O))+ W(v,i(-r))) + d2a22N2(W(-tJ,:z(O)) + W(v,2(-r))) 

= d1r1 W(,t,1(0)) + d2r2 W(v,2(0)) + d1Ni (au+ !: a:n) W('l/li(-r)) 

+ d2Ni (~:au+ a2:z) W(t/1:z(-r)) 

$ max{r1, r2}V{tj,(O)) + <7V(tJ,(-r)). 

(7.2.11) 

Therefore if V(tj,(O)) ? g(V(·,p(s))) for s E [-r,O], then in particular V(tj,(-r)) $ (1/>.)V(v,(O)) 
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from which we get by (7 .2.11) that 

(7.2.12) 

which verifies condition (ii). 

Condition (v) imposes a constraint on T. Not only must it be finite-valued, but since M1 = pr, 

M2 = -ln(,\) and we require M2 > M1 , then T must be sufficiently small so as to satisfy T < 
-111(,\)/p. Since p depends on ,\, then this actually imposes an absolute upper bound on T for the 

sy11tem (7.2.5) and hence system (7.2.1). The upper bound - ln(,\)/p is maximized over all O < ,\ < 1 

by the unique solution ,\ • of 

(7.2.13) 

Having chosen a suitable ,\ and defined ~. p. T and so on accordingly, all that we mu11t then 

establish is that conditions (iii) and (iv) of Theorem 5.3.1 are satisfied for some p1 2: p > 0. These 

two conditions put restrictions on the functions Ii and /2, which in turn impose conditions on the 

original functions J1 and J2 . In the most extreme case. and to show that the set of such functions 

J, for which the corresponding functions /; do i,1atisfy these two conditions is not vacuous, we see 

that the particular choice of J;(t.N1, N2) = -N; + N,• yields /;(t.x 1,x2) = -x;, which does verify 

both conditions for every p1 2: p ? 0. In this :!pedal case the impulses caul!e the population density 

levels to get mapped to the equilibrium point N" at each impulse time. In terms of system (7.2.5) 

this means that the state x gets mapped to the origin at impulses. 

Note that in our analysis the value of the delay constant r was irrelevant in terms of establishing 

permanence of the two specie:!. In fact we could have derived a similar result even had the four 

occurrences of r in the original equation ( 7 .2.1) been different from one another. In the special 

case when r = 0 and there is no delay, then one can obtain even better results that impose fewer 

constraints on the impulse times and the functions J1 and J2 [Bal97c]. 

We also mention that the previous analysis can be generalized to a similar impulsive delay 

differential equation involving three or more l!pecies without too much difficulty although calculating 

the analogues of the parameters such as ~. p, etc. becomes a little more unwieldy. 

We next look at an actual numerical example that makes use of the previous analysis. 
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Example 7.2.1: We will show that solutions of the following system are uniformly permanent. 

N~(t) = N1(t) [1 - ~N1(t - r) - ~N2(t - r)], t # Tt, 

N~(t) = N2(t) U- ~N1(t - r) - ~N2(t - r)], t # Tk, 

6N1(t) = -Ni(t-) + JN1(t-), t = Tt, 

6N2(t) = -N2(C) + JN2(t-), t = 1"k, 

where r > 0 can be any delay constant and Tt = k/4 fork= 0, 1, 2, .... 

(7.2.14a) 

(7.2.14b) 

Clearly T = 1/4. Solving for N• gives us N• = (1, 1). Let d1 = d2 = 1 and ..\ = 1/2. Then 

calculating rr from (7.2.10) gives us rr = 1 /8 and sop= 11/4. Since M1 = p-r = 11/16 = 0.6875 and 

M2 = - ln(l/2) = 0.6931, then M2 > M1 as required. 

Since Ji(t,N1,N2) =-Ni+ ,/lii; for i = 1,2, then /i(t,x1,x2) = -x;/2. Therefore W(xi + 
l;('T/i:, x1, x2)) = W(x./2) S W(xi)/2. which implies 

V(x1 + /i(Tt, X1, x2), x2 + I2(Tk, X1, x2)) S ~W(xi) + ~W(x2) = ~V(x1, x2) = g(V(x1, x2)). 

(7.2.15) 

In other words, condition (iii) of Theorem 5.3.1 is satisfied for any choice of p > 0. Moreover, 

condition (iv) is satisfied if we simply let Pl = p. 

Therefore according to Theorem 5.3.1, solutions of the transformed system (i.e. in terms of :c1 
and x2) are uniformly ultimately bounded, which in turn implies that solutions of system (7.2.14) 

are uniformly permanent. D 

Having shown that impulses can ensure permanence of populations in the previous model of 

two competing species, we now turn our attention to a different equation involving just a single 

species N. The following is a delay differential equation suggested by Gopalsamy in [Gop92] as one 

possibility for a model of the growth of a single species. The equation is of the form 

N'(t) = N(t) [a - bln(N(t)) - cln(N(t - r))], (7.2.16) 

where a, b and c are positive constants. This equation has a unique positive equilibrium point 

N• = e11 /(ll+c). We will therefore supplement this equation with impulses, giving us 

where k = 0.1, 2 .... 

N'(t) = N(t) [a - bln(N(t)) - cln(N(t - r))], t # 1"k, 

6N(t) = J(t,N(t-)), t = Tk, 

(7.2.l 7a) 

(7.2.l 7b) 
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In order to study the permanence of this system we perform a change of variables just as we did 

in the Lotka-Volterra model. Letting 

x = ln (!!_) = ln(N) - _a_ 
N• b+c' 

and transforming equation (7.2.17) gives us 

x'(t) = -bx(t) - cx(t - r), t-;; Tt, 

6x(t) = l(t, N(C )), t = Tt, 

where l(t,x) = ln(l + J(t,N•ez)/(N"ez)). 

(7.2.18) 

(7.2.19a) 

(7.2.19b) 

As before, showing uniform ultimate boundedness of (7.2.19) will in turn prove uniform perma­

nence of (7.2.17). 

This time we use a different Lyapuuov function and we apply Theorem 5.3.2. We define 

(7.2.20) 

for x E JR.. Clearly V satisfies the smootlmcss condition!! as well as condition (i) of Theorem 5.3.2. 

Let ,\ > 1 be some con11tant and suppose b > c,\. Let g( s) = ,\ 2 s and c( s) = s for s E Ill+ and 

let p(t) = p = 2(b - c,\) for all t E Ill+- Then for tf, E PC([-r. O]. R) and g(V(v,(O))) 2: V(tf,(s)) for 

s E (-r,O], we have in particular V(tf,(-r)) $ ,\2V(tf,(O)) and 110 

D;';,. 2_
191 

V(t, tf,) = 21/1(0)(-btf,(0) - c,t,(-r)] 
------

$ -2bV(1J,(O)) + 2cyV(tf,(O))V(tf,{-r)) 
(7.2.21) 

$ -2bV(tf,(O)) + 2c,\V(tf,(0)) 

= -2(b - c,\)V(i/1(0)) = -p(t)c(V(,t,(0))). 

Thus condition (ii) of Theorem 5.3.2 is 11atisfied for any p > 0. Interestingly, this 11hows that in 

the ab11ence of impulses, solutions of (7.2.19) arc already uniformly ultimately bounded and hence 

solutions of (7.2.17) are uniformly permanent. Note that this result is independent of the value of 

a. 

Solving for M1 and M2 in condition (v) gives us M2 = 2 ln(,\) and M1 = 2µ(b - c,\) where 

µ = inftez+{ TA: - 'Tlr-d > 0. Therefore µ must be sufficiently large to ensure that M1 > M2. 

If we let 1 $A<,\ and define g(s) = A2s, then s $ g(s) $ g(s) for alls> 0. Finally, we need 

only check that the function / (which depends on J) is defined so that conditions (iii) and (iv) of 

Theorem 5.3.2 are satisfied. If so then Theorem 5.3.2 tells us that solutionb of system (7.2.19) are 

uniformly ultimately bounded and hence solutions of (7.2.17) are uniformly permanent. 

Let us conclude by examining a numerical example. 
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Example 7 .2.2: Consider the impulsive delay differential equation 

N'(t) = N(t)[2 - 4ln(N(t)) - ln(N(t - r))], t-=,; T1;, 

AN(t) = -N(t) + e- 215 N 2 (t), t = Tk, 

where r > 0 is arbitrary and r1; = 2k for k = 0. 1. 2, .... 
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(7.2.22a) 

(7.2.22b) 

In this example a = 2, b = 4 and c = 1. Let A = 3 and ~ = 2. Then g(s) = 9s, g(s) = 4s 

aud p = 2. Calculating µ, M1 and M2 for this equation gives us µ = 2, A/2 = 2 ln(3) = 2.1972 

anrl M1 = 4. Therefore the inequality A/1 > A/2 is established. The positive equilibrium point of 

(7.2.22) is N• = e2/ 5 = 1.4918. 

Since J(t, N) = -N + e- 2/ 5 N 2 then /(t, z) = x. Therefore 

V(x + l(T1;, z)) = V(2z) = 4z2 = g(V(z)). (7.2.23) 

In other words, condition (iii) of Theorem 5.3.2 is satisfied for any choice of p > 0. Moreover. 

condition (iv) is satisfied if we simply let p1 = 2p. 
Therefore according to Theorem 5.3.2. solutions of the transformed system are uniformly ulti-

mately bounded, implying that solutions of system (7.2.22) arc uniformly permanent. 0 



Chapter 8 

Applications to Control Systems 

From a practical point of view, a physical system is considered to be stable if its state remains within 

certain bounds of the equilibrium position for all time. Such bounds will depend on the particular 

physical system and will generally depend on the constraints imposed on the initial values and the 

:iystem disturbances. The state of a system may be mathematically unstable and yet the system 

may oscillate sufficiently near an equilibrium that its performance is considered to be acceptable. 

Many problems fall into this category including the travel of a space vehicle between two points 

and the problem, in a chemical process. of keeping the temperature within certain bounds. To 

deal with such situations. the notion of practical stability is very useful (Lak93, Liu92]. Recently. 

some practical l!tability results were obtained for linear-quadratic (LQ) regulatorl! with delayed and 

bounded disturbances in (Hou98]. 

We shall investigate practical stability properties of impulsive delay difforential equation:.- of the 

form (2.4. 7). Sufficient conditions for strong practical stability are obtained by using the method 

of Lyapunov functions and Razumikhin-type techniques similar to those introduced in Chapters 4 

and 5 where we established boundedness and stability conditions for system (2.4.7). Then as an 

application we shall examine the practical stability properties of the LQ regulator problem considered 

in [Hou97, Hou98] with a delayed and disturbed control signal but also with impulsive perturbations 

of the state. 

8.1 Practical Stability 

In this section we will concern ourselves with the general system (2.4. 7) while in the next section we 

will focus on an even more 11pecific type of equation. For 11implicity we will assume throughout this 

chapter that solutions of system (2.4.7) exist globally. Of cour11e this will be true if the conditions 

of Corollary 3.3.1 are 11atisfied, which indeed they will be for system (8.2.8) of Section 8.2. In fact 

120 



CHAPTER 8. APPLICATIONS TO CONTROL SYSTEMS 121 

we could deduce global existence from Theorem 8.1.1 if we were to modify its proof. However. we 

choose to keep the proof relatively simple and so we therefore assume global existence. Let us first 

introduce the concepts of practical stability and strong practical stability. 

Definition 8.1.1: System (2.4.7) is said to be 

(PSl) practically stable with respect to (,\,a) at t0 , where 0 <,\$a and to ER+, if whenever 

,J, E PC([-r, O], Rn) with 114'llr $ ,\ and x = x(t0 , 4') is any solution of (2.4.7) & (2.4.2), then 

jjx(t,to,4>)11:::; a for all t 2:: to; 

(PS2) strongly practically stable with respect to (,\, a, {3. T) at t0 . where 0 < /3 < ,\$a, T > 0 and 

to E R+, if whenever </, E PC([-r, 0], R") with 11¢llr ,s; ,\, then 11:z:(t, to, ,,o)II ,s; o for all t? to 

and jj:z:(t, to, 4')11 $ /3 for all t? to+ T; 

As with 11tability and boundedne11s one could also define practical stability concept11 that are 

uniform in ta. Specifically, if 11ystem (2.4.7) is practically stable with rc11pect to (,\,a) (strongly 

practically stable with respect to ( ,\, a, {3, T)) at every t0 E IR+, then we may refer to it as being 

uniformly practically 11table (uniformly strongly practically stable). However, in this chapter we will 

just focu11 on the problem of strong practical stability as defined by (PS2). 

Our definition of practical stability is taken from [Lak!l3], although suitably modified for impul11es 

and delay11, and is defined fairly con11istently throughout the literature. Occasionally. the term 

~contractively practically stable" is u11ed in place of ~strongly practically 11table" [Hou!JS]. 

While sharing 11ome 11imilarities to the concepts of stability and boundedness, the notion of prac­

tical stability i11 nevertheles11 distinct from both concepts. Next we introduce our main theorem 

on practical stability for solutions of 11ystem (2.4.7). Thi11 theorem is based on work by Hou and 

Qian [Hou!JS] who proved a similar theorem for delay differential equation!! having bounded di11tur­

bance11 but no impulse11. Our theorem incorporates impulses and simplifies Hou and Qian 's theorem 

con11iderably by eliminating some superfluous condition11. 

Theorem 8.1.1: Auume J = [to, :x:), for some t0 E R+, and D = Rn and a1111ume that the 

conclition1J of Corollary 3.2.3 are 1Jatisfied and that solutiomi of (2.4. 7) exist globally. Suppose there 

exist strictly increasing function/J vi, v2 E K,. and a po11itive function p E PC([to -r, x), (0, x)) that 

i1J continuou/J at each t # Tk in [to -r, :x:) and 1Jati1J/ie1J J,; p( s )d1J = :x:. Suppose also that there exists 

a constant Uo? 0 and con1Jtant1J d1r ? 0 witl, i:r=l d1r < oc and let L = n{lr: r~>lo) (1 + d1r) < oc. 

Suppose VE C([to - r,oo) x Rn,R+) and when re11tricted to [t0 ,:xi) x It" a111Jume Vis locally 

Lipschitz in :z:. Assume that the following conditiona are 11atisfied: 

{i) v1(llzll) $ V(t, z) $ V:z(ll:i:11) for all (t, z) E [to - r, 00) x Rn; 

(ii} D~.4.7) V(t, 1/i(0)) $ -p(t)(V(t, 1/1(0)) - uo) for all t # Tic in (to, oo) and 1/J E PC([-r, OJ, Rn) 

whenever V(t,1/i(0)) > uo and V(t,v,(0))? V(t +s,,f,(.!))exp (-f,'-rp(r)dr) for s E [-r,0]; 

and 
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(iii) V(T1:,t/i(O) + /(Tt,t/i)) ~ (1 + d1:)V(T1:,t/i(O)) for all (-r.,,tJ,) E (to,oc) x PC([-r,O],IR") for 

which tJ,(o-) = rt,(O). 

Then for every(..\, a,,8) 1Jatiafying 

(8.1.1) 

there exiat1J a T > 0 such that 1Jy1Jtem (2 .•. 7) i1J atrongly practically 1Jtable witli respect to (,\, a, .8, T) 

at to, More specifically, 

(8.1.2) 

fort E [to - r, oc). 

Proof: Suppose x = x(t0 , ,Ji) is a solution of (2.4.7) & (2.4.2) for some ,t, E PC([-r, O], Rn) satisfying 

114>11, $ ..\. By assumption, x(t) exists for t E [to - r, x) and so define 

m(t) = V(t, x(t)), (8.1.3) 

fur t E [to - r, oc). Since Vis assumed to be continuous, then m E PC([to - r, oc), 114) and m(t) is 

continuous at each t "# Tt in ( t0 • oc). From condition ( i) we get 

(8.1.4) 

fort E [to - r, oc). 

From condition (ii) and from Corollary 5.1.1, since V is locally Lipschitz in x. we get 

o+m(t) = lim sup-h
1 

[m(t + h) - m(t)] ~ -p(t)(m(t) - u0 ), 
h-.O+ 

(8.1.5) 

for all t # Tl, in (to,oc) whenever m(t) > u0 and m(t) ~ llm,11,exp(-J,'_,pla)da). Also from 

condition (iii) we have 

(8.1.6) 

for all Tt E (to, oo ). 

Define 

w(t) = { 
1, t E [to - r, to], 

II (1 + d1:), t E (to, oo), 
{l:: r~E(Co,11} 

(8.1.7) 
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where the product is understood to be l if the set { k : 1"k E (to, t]} is empty. 

Next let u = max{uo, llmc 0 llr }. Fort E [to - r, to] we have m(t) ::S v2(ll:i:(t)i1) = v2(li¢(t - to)II) ::S 
v2(1l¢llr) ::S v2(..\). Also since v11(Luo) < v11(L1.12(..\)) by (8.1.1), then uo < v2(..\). Therefore 

u S v2(..\). 

Define l(t) = m(t) - w(t) (uo + (u - u0) exp (- J,'
0 
p(s)ds)]. We will show that l(t) S O for 

t E [to - r, oc). Fort E [to - r, to], l(t) == m(t) - [ uo + (t1 - uo) exp (- J,'
0 

p(s)ds)] ::S llm, 0 Jlr - uo -

(i1-u0 )::SO. 

Assume r;_ 1 ::S to < r; for some i. We first show l(t) S O for t E (to, ri). In order to do this we 

let J > 0 be arbitrary and show that l(t) ::SJ fort E (to, r;). Suppose for the sake of contradiction 

that l(t) > J for some t E (t0 , r;). Then let t• = inf{t E (to, r;) : l(t) > J}. Then t• > to 11ince 

l(t0 ) ::SO< J and t• < r;. Note that l(t) is continuous on [t0 ,r;). Fort E [to,t"], l(t) SJ and 

l(t") = J. 

Now m(t") = l(t") + [uo + (u - u0 ) exp (- J/: p(s)ds)] ~ J + uo > u0 • Fors E [-r, O], 

(8.l.8J 

which implies llm,• llr ::S mW) exp (J,1
:_r p(s)ds). So by (8.1.5) we have D+m(t") ::S -p(t") ( m(t") -

rto). Using this inequality, we find that 

D+l(t") = D+m(t") + (u - u0 ) exp (-1:• p(s)ds) p(t") 

::S -p(t") [m(t") - u0 - (u - u0 ) exp (- 1,~• p(s)ds)] 

= -pW)l(t") = -p(t")J < o. 

(8.1.9) 

This contradicts the definition oft•. Thus it must be true that l(t) SJ for all t E (t0 ,r;). Letting 

J-+ o+ gives us l(t) SO fort E (to, ri). Consequently l(r;-) S 0. 

So far we have proven that l(t) S O fort E [to - r, r;). To prove l(t) ::S O for all t E [to - r, oc) 

we use an induction argument. As our induction hypothesis, suppose l(t) S O fort E (to - r, r1) for 

some j ~ i and let us prove that l(t) SO fort E [to - r, r1+il• 
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To begin with 

l(Tj) = m(r,) - w(Tj) [uo + (u- uo)exp (-1,:; p(s)ds)] 

,:S (l+d1)m(r,-)-(l+d1)w(T1-) [uo+(u-uo)exp(-l:' p(s)ds)] 

= (1 +d;)l(T,-) '.S 0. 
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(8.1.10) 

by (8.1.G). Let d > 0. We want to show l(t) $ tS fort E (Tj, Tj+1), Suppose otherwise and define 

t" = inf {t E (r,, r;+il : l(t) > 6}. Then T; < t" < Tj+l, l(t") = tS and l(t) '.S tS fort E [r;, t"]. 

Now m(t") = tS + w(t") [uo + (u - u0 ) exp (- J,',: p(s)ds)] ~ tS + uo > uo. Fors E [-r, O], 

(8.1.11) 

Thus Jlm,•llr ,:S m(t")exp (1,':_,p(s)ds) and hence by (8.1.5) we have D+m(t") '.S -p(t")(m(t") -

!Lo). 

As before we use this inequality to show D+ l( t•) < 0 as follows. 

D+l(t") = v+m(t") + w(t")(u - u0 ) exp (-1:· p(s)ds) p(t") 

::; -p(t") [ m(t") - u0 - w(t" )(11 - uo) exp (- 1,:• p(s)ds)] 

,:s -p(t") [ m(t") - w(t" )u0 - w(t" )(u - uo) exp (- 1,~• p(s)ds)] 

= -p(t")l(t") = -p(t")tS < 0. 

(8.1.12) 

Again this contradicts the definition of t•, which leads us to conclude that l(t) '.S d for all t E 

( T;, r,+1). Letting 6 -+ o+ gives us l(t) $ 0 for t E ( Tj, T;+1). Thus l(t) ::; 0 for all t E [to - r, Tj+1), 

which proves the induction step. 
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The above induction argument proves that l(t) $ 0 for all t E [to - r, oc). Since w(t) $ L < oc 

for all imch t, th1m this implies 

m(t) $ L [uo + (u - uo) exp (-1: p(s)ds)] , 

fort E [to - r, oc). In light of (8.1.4) and since u $ 112(A) this gives us 

fort E [to - r, '..Xl). 

(8.1.13) 

(8.1.14) 

From (8.1.14) we get that 11:i:(t)II $ 1111(L112(A)) $ o fort E [to, x). Thus 11:i:(t)II $ o for all 

t E [to - r, oc). Since {3 > 1111(Lu0) and J,"; p(s)d.~ = oc, then (8.1.14) implies the existence of a 

T > 0 such that llx(t)II $ {3 for all t ? to+ T. This completes the proof. ■ 

We remark that if u0 = 0 in Theorem 8.1.1, then system (2.4.7) will be asymptotically :,itable. 

Moreover, weaker assumptions on the constants d1, may be imposed that would not require that 

~;==l d1, be finite. Disturbances in the system are what typically cause uo to become po:,iitive, 

which in turn increases the practical stability parameter [:J. 

8.2 Control Systems 

In this section we will apply the theorem on practical stability proved in Section 8.1 to a control 

problem. We use similar matrix notation that was used in Chapter 6. 

To demonstrate the application of the theorem pre11entt:d in the previous :,iection we examine the 

LQ regulator problem with a delayed and disturbed control 11ignal and with impulsive perturbations 

of the 11tate. As in the previous section, our results in this section are based on the results by 

Hou and Qian (Hou98) except that our 11ystems all!o involve impulses and we have corrected l!ome 

significant flaws in the proof given by Hou and Qian. 

First consider the linear system 

x'(t) = Ax(t) + Bu(t), x(to) = :i:o, (8.2.1) 

where x E R" denotes the state of the system, u E Rm denotes the control signal and :i:0 E R" is 

the state at the initial time to E ft+. The matrices A E Rnx" and B E R"xm are assumed to be 

constant with B '# 0 and the pair (A, B) is assumed to be stabilizable (i.e. there exists a matrix 

KE Rmxn such that A- BK is Hurwitz). 

Under these assumptions, system (8.2.1) can be stabilized by finding an appropriate matrix K 
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and then using a linear state feedback controller of the form 

u(t) = -Kx(t). (8.2.2) 

The gain matrix K for which this feedback control will stabiHze system (8.2.1) is not unique. How­

ever, a systematic way of finding a unique K is by minimizing the quadratic cost functional defined 

by 

u(xo) = /,:x: (x(t)T Qx(t) + u(t)T Ru(t)) dt. 
to 

(8.2.3) 

where Q E Rnxn and RE IR.mxm are constant positive definite matrices. It can be tihown (see 

(Ath66]) that the input u(t) that minimizes 11(:z:o) is given by (8.2.2) where 

(8.2.4) 

and P is the unique (constant) pm;itive definite matrix solution of the nonlinear algebraic Riccati 

equation 

(8.2.5) 

In practice, closed loop systems may experience uncertain delayed perturbations. uncertain 

bounded disturbances and impulsive perturbation11. To take these into account we com;ider the 

following modified model 

x'(t) = Ax(t) + B(u(t - h(t)) + 17(t)). t # Tk, 

Ax(t) = C,.:z:(C ), t = Tk, 

(8.2.Ga) 

(8.2.Gb) 

This is a :1pecial case of system (2.4.7). The function 11(t) repre:1ents an uncertain, bounded dis­

turbance. We assume ll11(t)II $ f for all t 2;: to where f > 0 is constant. We assume there exist:1 a 

constant h > 0 such that the delay perturbation function h(t) is bounded by O ~ h(t) $ h fort 2;: t0. 

The functional defined in the delay differential equation (8.2.6a) is of the form (F2) of Section 3.1 

if we further assume that 1/ E C(R+, Rm), h E C(R+, R+), t - h(t) is nondecreasing int and the 

input u is sufficiently smooth. In fact system (8.2.6) then satisfies the conditions of Corollaries 3.1.1 

and 3.3.1 (if the input u depends linearly on the state), ensuring global existence of solutions. 

The stability properties of linear time invariant control systems 11uch as (8.2.6) without distur­

bances or impulses (i.e. h(t) = constant, 17(t) = 0 and C1c = 0) have been studied using a variety of 

techniques. These include the use of Lyapunov functions, whicl1 we u:1e here, as well as such other 

techniques as the application of Nyquist :1tability theorems which can be applied equally well to 
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both delay systems and non-delay systems (Shi92]. 

As usual the impulse times are assumed to satisfy O = To < T1 < T2 < ... < TA: < . . . and 

lim, ... o:: TA: = oc and we assume the matrices C1e E Rnxn are constant for k = 1. 2, .... The initial 

condition for system (8.2.6) will of course be given by 

(8.2.7) 

wlu:re ef, E PC((-1~,o],lR"). 
We wish to investigate the practical stability of the closed loop system (8.2.6) when subject to 

the control strategy (8.2.2)-(8.2.5). In other words, we consider the system 

:z:'(t) = A:z:(t) - BK:z:(t - h(t)) + B71(t), t # Tl,, 

6:z:(t) = C1e:z:(C ), t = TA:, 

where K is defined in (8.2.4). 

We define the following parameters for future use. Let 

a= -\mi11 (p-l/:? (Q + KT RK} p- 112). 

d = -\max (P- 1I2(AT P + PA)p-l/l) , 

c1 = £ llp112 nll, 

C2 = llp-1/2 KT RK p-1/211, 

c3 = max{O, d + ci} + 2c2, 

b = 2h (llp-lllKT RKAP- 1I2 11 + ci). 
q = 2£ (llpl/2B11 + h 11p-l/2KT RKBII). 

d,, = max{ 0,-\max (p-l/l (Cl PC,.+ PC"+ c[ P) p- 112)}' k = 1. 2 ..... 

L = 11 (1 +d1:), 
{le: "•>••l 

L = 11 ( 1 + d,,), 
{k: "•>•o+li) 

<r = sup - E 11p-1l2KT RKC1ep-11211, 
t>to+1' {le: "•Elt-li,tl) 

and, if <r < oo, we let 

b = b + 2<r, 

(8.2.8a} 

(8.2.8b) 

(8.2.9) 

(8.2.10) 

(8.2.11) 

(8.2.12) 

(8.2.13) 

(8.2.14) 

(8.2.15) 

(8.2.16) 

(8.2.17) 

(8.2.18) 

(8.2.19) 

(8.2.20) 
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and we define the function 

g(8) = 8(a - beli8 - 8), (8.2.21) 

for 9 E R. Furthermore, if a > b > 0, then we define 80 to be the unique solution of the equation 

91 (80) = a - b(l + h.8o)i 110 
- 280 = 0, (8.2.22) 

and we let 

q2 

uo = 4g(8o) • 
(8.2.23) 

The critical point 80 of g(8) is where g(8) attains an absolute maximum. Note that a, c1, c2, c3, b 

and q are all positive constants. 

Theorem 8.2.1: Suppose that 

(i) E:":i d1c < x: (hence L. L < x); 

(ii) <r < x; 

(iii) a > '6 > o: 
(iv) ( ,\, a, .B) satisfy 

0< 

where 

(8.2.24) 

(8.2.25) 

Then there ezisb a T > 0 such that system (8.2.8) is strongly practically stable with respect to 

(>-..a.{:J, T) at t0 • More specifically, 

{ 
1 }1/2 

llz(t)II :5 Amin(P) [Luo+ L(Amax(P)A2 - uo)e-(l-to-li)l1o] ' (8.2.26) 

fort E [to-h,x). 

Proof: Define V(z) = zT Pz for z ER". Then 

(8.2.27) 
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for x E JR". Let x = x(to, cp) be any solution of (8.2.8) & (8.2.7) with ll'Pllii $ ,\. 

If Tt > t0 and 1/1 E PC([-h, O], Rn) with ,J,(O) = v,(O-). then we have 

V(t/,(0) + /{n., 1/1)) = V(t/,(0) + c,.tt,(0)) = (1/)(0) + C,.1/)(0))T P(w(0) + C,.1/)(0)) 

= 1/J(0jT P1/l(0) + rf,(0f (Cf PC,.+ PC,.+ C'[ P)t/,(0) 
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= V( 1/J(0) l + (p112w(0l) T p- 1 12 

( c'[ PC,. + PC,. + c'[ P) p- 1 12 

( p 1121/J(0)) 

$ V(1/J(0)) + Amu (p- 1I'- (C'{ PC,.+ PC,.+ Cf P) p- 112 ) 1/J(0f P1/l(O) 

$ (1 + d,. )V(t/,(0)). 

(8.2.28) 

For t ? to - r define 

m(t) = V(t. x(t)) = x(t)T Px(t), (8.2.29) 

to be the Lyapunov function evaluated aloug the particular solution. Then, in particular, we have 

for each Tt > to. 

Also fort# Tt in (to, x) we have 

D+m(t) = 2x(t)T Px'(t) = 2x(t)T P (Ax(t) - BKx(t - h(t)) + B11(t)) 

= 2x(t)TPAx(t)-2x(t)TPBKx(t- h(t)) +2x(t)TPB11(t) 

= x(t)T(AT P + PA)x(t) - 2x(t)T KT RKx(t - h(t)) + 2:z:(tf PB11(t). 

(8.2.30) 

(8.2.31) 

We will first show that 11:z:(t)II ;5 ~fort E [to - h. t0 + ft]. To do this, we define WE PC([t0 -

h. to + h], 1R+) by 

W(t) = sup m(s), 
•E(to-ii,t) 

(8.2.32) 

for t E [to - h. t0 + h]. Note that W is piecewise continuous, with discontinuities occurring only at 

discontinuous points of x(t), and Wis nondecreasing. Therefore D+W(t) ? 0 fort E (to, to+ h.). 

If D+W(t) > 0 for some t E (to,to + h)· with t #= 1"1r, then we claim D+W(t) = D+m(t). To see 

this first consider that if m(t) < W(t), then by continuity, m(s) < W(t) for alls E [t. t + &] where 

c5 > 0 is sufficiently small. This would imply W(s) = W(t) for s E [t, t + &], which would in turn 

imply D+W(t) = 0. But since we are assuming that D+W(t) > 0, we must have m(t) = W(t). 
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Now, 

D+W(t) = limsup ![W(t + p) - W(t)] = inf sup ! [ sup m(s) - m(t)] 
p-+O+ p 6>0o<p<I p •E[to-/i,t+p) 

= inf sup ! [ sup rn(s) - m(t)] . 
6>0o<p<6 p ,e[r,r+p) 

(8.2.33) 

Let J > 0 be sufficiently small so that the interval [t, t + J] is free of impulses and let O < p < J. 

Let Pl E [O,p] satisfy m(t +pi)= sup,e[r.r+p)rn(s). Since D+W(t) > 0, then O < Pl Sp and so 

1/ Pl 2: 1/ p, which implies 

! [ sup m(s) - m(t)] 
p •E[t,l+p) 

1 
< -[m(t + pi) - m(t)] 
- Pl 

1 
:S sup -[m(t + p:?) - m(t)]. 

O<p2<d P2 

Since thit1 is true for all O < p < J, taking the ,mpremum over all such p gives 

sup ! [ sup m(s) - m(t)l $ sup .2._(m(t + pz) - m(t)] 
O<p<d P •E[l,t+p) O<n<6 P2 

$ sup ..!.. [ sup m(s) - m(t)] . 
o<n<6 P2 ,e(1,1+p2) 

and taking the infimum over J > 0 reduces these inequalities to 

from which we conclude D+W(t) = D+m(t). 

(8.2.34) 

(8.2.35) 

l 8.2.3G) 
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Therefore if D+W(t) > 0 for some t E (to, to+ h.) with ti= T1c, then by (8.2.31) 

Thus 

D+W(t) = D+m(t) 

= :z:(tf (ATP+ PA):z:(t) - 2:z:(t)T KT RK:z:(t - h(t)) + 2:z:(tf P B11(t) 

= (pl/2:z:(t)}T (p-1/2 (AT p + PA) p-1/2) (pl/2:z:(t)} 

- 2 (pl/2:z:(t)} T (p-lf2KT RK p-1/2) (plf2x(t - h(t))} 

+ 2 (pl/2:z:(t)}T plf2B11(t) 

:5 ,\max (p-t/ 7 (ATP+ PA) p- 112 ) .i:(tt P.i:(t) 

+ 211p-lf2KT RKp-l/211 · 11Pll2:z:(t)ll • IIP1/2:z:(t - h(t))II 

+ 2t IIP112Bll • IIP112:z:(t)II 

= dm(t) + 2c2~Jm(t - h(t)) + 2c1y'm{t) 

~ (d + ci)m(t) + 2c2y'm(t}Jm(t - h(t)) + c1 

~ max{O,d + ci}W(t) + 2c2JWwJWw + c1 = c3W(t) + c1. 
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(8.'.?.37) 

(8.2.38) 

for all t E (to, to+ h.) with t # r,.. Given any t1, t2 E [to, to+ h.) with T1c ~ t1 < t2 < Tt+1 for some 

k. we can solve this differential inequality to get 

By (8.2.30) we have 

W(r1c) = max{ su~ rn(s),m(r1c)} = max{W(r"-).m(r1c)} 
,e[ro-h,r• J 

~ max{W(r; ), (1 + d1c)m(r,.-)} ~ max{W(r,.-). (1 + <l1c)W(r,.-)} 

= (1 +d1c)W(r,.-), 

for all 1"lc E (to, to+ h]. Also from (8.2.27) we have, fort E [to - h, to], 

and so we get 

by the definition of W. 

(8.2.39) 

(8.2.40) 

(8.2.41) 

(8.2.42) 

By combining inequalities (8.2.39), (8.2.40) and (8.2.42), we obtain the following upper bound 
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for W(to + ii) 

(8.2.43) 

Since 

( 
l ) 1/2 ( 1 ) 1/2 

11:z:(t)II ~ ,\min(P) m(t) ~ .\min(P) W(to + ii) , (8.2.44) 

fort E [to - ii, t0 + ii] by (8.2.27), we get 

11:z:(t)II::; X, (8.2.45) 

for t E [to - ii, t0 + ii] where X is defined by (8.2.25). 

Next we show that the conditions of Theorem 8.1.1 arc satisfied where the initial time is now taken 

to be to+ ii and the delay constant r is given by r = 2h. Conditions (i) and (iii) of Theorem 8.1.l 

are clearly satisfied by (8.2.27) and (8.2.28), respectively. We define 

p(t) = 80, (8.2.46) 

for all t E [to - h., :,,c) where 80 > 0 is defined to be the unique solution of (8.2.22). Thus p satisfies 

the properties given in Theorem 8.1.1. 

As for checking condition (ii) we deviate slightly in terms of what we shall show. From the proof 

of Theorem 8.1.1 we see that it suffices to show only that 

D+m(t} ~ -p(t}(m(t) - u0 ). (8.2.47) 

for all t-# r,. in (to+ ii, x:) (where m(t) is defined by (8.2.29)) whenever m(t) > uo and m(t) 2:: 
llmcll,. exp (- J,'_,. p(s)ds). In showing (8.2.47) we will make use of ideas similar to those described 

in Section 4.1 following equation ( 4. 1.21). We will start with equation ( 8.2.31) and perform 11ome 

simplifying inequalities. Then we will express the term :z:(t) - :z:(t - h(t)) as the integral of the 

derivative of the state from t-h(t) tot plus the sum of all impulse jumps according to Lemma 2.4.1. 

We can then replace the derivative of the state inside the integral by equation (8.2.8a), since we 

know the equation must be satisfied for all such t. 
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Note that exp (- J,'_r p(s)ds) = e-lhllo. Fort-:/; 1\ in (to+ h, oo), we have 

D+m(t) = x(t)T(AT P + PA)x(t) - 2x(tf KT RKx(t - h(t)) + 2x(t)T PBTJ(t) 

= x(t)T(KT RK - Q)x(t) - 2x(t)T KT RKx(t - h(t)) + 2x(t)T PBTJ(t) 

= -x(tf (KT RK + Q)x(t) + 2x(tf KT RK(x(t) - x(t - h(t))) 

+ 2x(tf PBTJ(t) 

= _ (p1/2x{t))T (p-112 (KT RK + Q) p-1/2) (p1/2x{t)} 

+ 2x{tf KT RK(x(t) - :z:(t - h(t))) + 2 (P1i 2x(t)) T p 112BTJ(t) 

:$ -Amin (p-1/2 (KT RK + Q) p-1/2) x(t)T Px(t) 

+ 2x(t)T KT RK(x(t) - x(t - h(t))) + 2£ IIP112BII · IIP112:z:(t)jj 

= -am(t) + 2x(t)T KT RK(x(t) - x(t - h(t))) + 2c1 ~-

Moreover, if t E (to+ h, x), t :/; T1c and m(t) 2: e- 2li 110 m(s) for alls E [t - 2/l, t], then 

x(t)T KT RK(x(t) - x(t - h(t))) 

= x(t)T KT RK (1' x'(s)ds + L Ax(T1c)) 
l-/a(I) {k: r•E(l-/a(l),11} 
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(8.2.48) 

= (P1l 2:z:(t)f (!' p-l/'lKT RKx'(s)ds + L p- 112KT RKC1cx(r,;)) 
C-/a(I) (k: r•E(C-/a(l),I)} 

+ L IJp-1/'.?KT RKC1cp-112p112x(r1c-lJI) 
{k: r1tE(l-/a(C),c)} 

~ [[P'''*l[[ ( {, [[r'1'K' RK{A•{•l - BK,1, - h{,ll + B"l•ll[[ d, 

+ L - IJp-1/2 KT RKC1cp-112Jl • llpt/:Zx(T1r-)JI) 
{le: r.,e(c-/a,c)} 
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'.5 IIP1I'•!•lll · ( L ( llr1
"K'RKAP-

11'll · IIP1''•!•lll 
+ 11p-1/2KT RKBKp-1/211 • llpl/2:i:(s - h(s))II + 11p-ll2KT RKBll • ll11(s)ll)ds 

+ L - 11p-112KT RKCi.p-112ll • llp1/2:i:(r;)II) 
{k: r.e(r-h,tl} 

'.5 vmfii ( L ( llr 11• K' RK AP- 112 II ,;;;;r;T 

+ 11p-1/2 KT RK p-112112 Jm(s - h(s)) + E 11p-1/2KT RKBII) ds 

+ L - llp-1/2 KT RKCi.p-11211 Jm(Ti,-)) 
{k: r.E(t-h,tl} 

'.5 vmfii ( L ( •''· II p- 1/2 K' RK AP- l/2 II vmfii 

+eli8a 11p-l/2KTRKp-l/2!!2 ~ +ellp-lf:?KTRKBII )ds 

+eii8a L 11p-ll2KT RKCi.p-1/211 ~) 
{k: r.E(t-li,1)} 

= helisa 11p-112KT RKAp-11211 m(t) + h.elisa 11p-1/2Kr RKp-112112 m(t) 

+ehllp-l/2KTRKBll vmftT +eiilo L 11p-lf2KTRKckp-1/2llm(t) 
{k: r1rE(l-ii,1l} 

$ ;eii80 m(t) + th 11p-ll:ZKT RKBII \/m(t) + a-eii80 m(t). 

By combining this inequality with (8.2.48) we get 

D+m(t) $ - ( a - eli80 (b + 2£T)) m(t) + q~ 

= - ( a - kiilo) m(t) + q✓r;iw, 

whenever t E (to+ h, oo), t #= rt and m(t) 2: e- 2ii•0 m(s) for alls E [t - 2h, t]. 
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( 8 .2.49) 

(8.2.50) 

Next we would like to get an inequality for D+m(:z:(t)) in the form (8.2.47) where. ideally, the 
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term u0 is as small as pos11ible. We ruade the simplifying assumption that p(t) be constant. As we 

will see, 80 and Uo defined by (8.2.22) and (8.2.23) will allow us to derive the inequality 

from (8.2.50) with u0 minimized. 

If we let z = Jmw, then (8.2.50) will imply (8.2.51) if 

- ( a - be;.80
) z2 + qz ,:S -8o(z2 

- uo), 

or equivalently, 

- ( a - be;. 11
" - 80 ) z2 + qz - 8ouo ,:S ll, 

for all z 2'. 0 where 80 > U and uo 2'. 0. For this to be true we need 

Uo > ( ) • - 480 a - beliBa - 80 

(8.2.51) 

(8.2.52) 

(8.2.53) 

(8.2.54) 

(8.2.55) 

Now. condition (iii) en11ures that (8.2.54) is satisfied providing 80 > 0 is sufficiently small. By 

defining g(8) as we did in (8.2.21) we can find the point that maximizes it. This point is 80, which 

is the solution of g'(8) = 0. The 11mallest u0 can be and yet still satisfy (8.2.54) and (8.2.55) is to 

equal the right hand :1ide of inequality {8.2.55) with the denominator of that fraction maximized by 

80. 

To verify that (8.2.50) does indeed imply (8.2.51) one can start with the fact that 

(8.2.56) 

Expanding and dividing through by 4809(60 ) gives 

g(8o) ~ 8oq2 

Tm(t) - qy m(t) + 4g(Bo) ~ 0, (8.2.57) 

which implies 

(8.2.58) 



CHAPTER 8. APPLICATIONS TO CONTROL SYSTEMS 136 

which in turn reduces to 

- ( a - belillo) m(t) + q~ ~ -8o(m(t) - uo), (8.2.59) 

We have thus verified that condition (ii) of Theorem 8.1.1 (or a sufficiently similar variation of 

it) is satisfied. Inequality (8.2.24) gives us 

(8.2.60) 

where 111(s) = -'minlP)s2 and 11::ils) = ,\nuulPJs1 . Since jjx(t)ij ~ X fur t E [to - ii, to+ h], Theo­

rem 3. 1. 1 tells us that 

(8.2.61) 

fort E [to - i,. x ). Moreover, ::1ystem (8.2.8) is ::1trongly practically ::1table with respect to (,\, o, /3. T) 

at to for 11ome T > 0. The proof is therefore complete. ■ 

In the previous theorem conditions for practical stability were obtained that were dependent on 

the delay constant h. as well as the bound e on the disturbance function and the magnitudes of the 

impuh1e operators C1,:. In general ash, e and the matrices C1.: tend to zero, then conditions (i), (ii) and 

(iii) of Theorem 8.2.1 become satisfied and so the system becomes strongly practically ::1table with 

rei1pect to suitable parameters. Theorem 8.2.1 gives robui1tnc::111 bounds for the feedback controller 

given in (8.2.2)-(8.2.5). 

We conclude by examining a particular numerical example. 

Example 8.2.1: Coni1ider the control system 

x'(t) = Ax(t) + Bu(t), (8.2.62) 

where 

A = I =~ -! ~ -: I and 
-2 2 5 3 

1 1 -2 -7 

(8.2.63) 

System (8.2.62) with zero input (i.e. u(t) = 0) is not stable since the matrix A has a positive 
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real eigenvalue of 2.9680. Nevertheless, system (8.2.62) is stabilizablc. If we let 

(8.2.64) 

and then solve for P in the Riccati equation (8.2.5) and calculate K using the formula (8.2.4), we 

get 

I 
0.2217 -0.0954 -0.4402 -0.25561 

p = -0.0954 0.2702 0.3824 0.2673 

-0.4402 0.3824 2.0941 0.6978 

-0.2556 0.2673 0.6978 0.6151 

and (8.2.65) 

_ [ -0.4423 0.2547 1.2849 0.5734 l K- . 
-0.2831 0.8223 3.3830 1.3480 

(8.2.66) 

Thus using the feedback u(t) = -Kx(t) with this particular choice of K will stabilize system (8.2.62) 

and minimize the quadratic performance index (8.2.3). The eigenvalue!! of the matrix A - BK are 

-3.1167, -9.3516 and -3.8160 ± 2.673li, all of which have negative real parts implying A - BK is 

Hurwitz. 

Suppose that in applying the control law u(t) = -Kx(t) we find that the input signal u(t) is 

delayed by an amount h(t) ? 0 that can never exceed l!ome small fixed amount i, > 0 and l!Uppmie 

the feedback is disturbed by an amount 11(t) that is bounded by f = 0.01. Finally, suppose the state 

x(t) is subjected to small and dimini!!hing impulsive perturbations of the form 

at integer times t = k for k = 1, 2, .... Then we consider the modified system 

x'(t) = Ax(t) - BKx(t - h(t)) + B11(t), t t k, 

~x(t) = Ctx(C ), t = k, 

where 0 :S h(t) :S h and ll11(t)II :S 0.01 for all t ? t0 = 0 and Ct = 10-t / for k = 1, 2, .... 

(8.2.67) 

(8.2.68a) 

(8.2.68b) 

Calculating the parameters for our system in order to check the conditions of Theorem 8.2.1, 

we get a= 4.0707, d = 7.5233, c1 = 0.0363, c2 = 9.1595, c3 = 25.8786 and b = 244.2764h. For 
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k = l. 2, ... we have 

(8.2.69) 

whose sum Er=l d1c = 0.2323 is finite. Assuming h < l we have L = L = 1.2371 and u = 0.9160 

all of which are finite. In order to satisfy condition (iii) of Theorem 8.2.l we need a > b + 2u or 

11 < (4.0707 - 2 x 0.9160)/244.2764 = u.0092. In other words, Theorem 8.2.l gives ut1 strongly 

practical stability results in this example if the delay in feedback never exceedt1 0.0092. Let us 

suppose that h. = 0.005. Then b = 1.2214, b = 3.0533 and q = 0.0757. 

The maximum of g(8) occurs at 8 = 0.5011 where g' (8) = 0. Thus 80 = 0.5011 and at this point 

g(8o) = 0.2549 from which we obtain u0 = 0.0056. Since /1 = 0.005 is small, the graph of g(8) iii 

approximately given by the equation of the parabola y = f:l(a - b - 8) as long as 181 is not too large. 

We therefore need 0.3103 < {3 ~ ,\ ~ 24.7231(2.9334..\2 + 0.0001936) 112 ~ o in order for condi­

tion (iv) of Theorem 8.2.l to be satisfied. If these parameters (..\, o, /3) arc so cho:ien. then according 

to Theorem 8.2.1, system (8.2.62) will be strongly practically stable with respect to (,\, u,/3. T) at 

to = 0 for some T > 0. D 



Chapter 9 

Conclusions and Future Research 

Impulsive delay differential equations are useful in modelling physical processes that experience both 

time delays in their evolutionary behaviour as well as impulsive jump discontinuities. As shown 

in the early chapters of this thesi11, these equations share many similaritie11, but al:10 a number 

of important differences, with delay differential equations (without impul11es) and with impulsive 

differential equation!! (without delay11). 

In Chapter 2 we carefully defined an impulsive delay differential equation as well as what we 

considered to be a reasonable definition for a 11olution of such an equation. Chapter 3 was dedicated to 

establishing some fundamental theory of these equations. In many case11 the theorems on existence. 

uniqueness, etc. were developed along the line11 of 11imilar theorems for non-impulsive sy11tem11 or 

non-delay systems. 

Chapters 4 and 5 established some new and important stability and boundedness results for 

impulsive delay differential equations by making use of the theory of Lyapunov functions and func­

tionals. Impulses either maintained the stability (or boundedness) propertie11 of an otherwise stable 

non-impulsive delay system or else they were used to stabilize the sy11tem in the event that it, was 

not already stable. 

We applied the results and techniques developed in Chapters 4 and 5 to some linear systems in 

Chapter 6 as well as to some problems in population dynamics in Chapter 7 and control systems in 

Chapter 8. 

The development of basic definitions and fundamental theorems of impulsive delay differential 

equations, as given in Chapters 2 and 3, is a necessary part of any thorough study of such equations. 

While the Lyapunov stability theorems of later chapters and the applications of these theorems 

represent a significant contribution to the theory of these equation!!, there are nevertheless many 

interesting possibilities for future research. 

The analysis of impulsive delay differential equations from a more quantitative point of view. 

139 
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by way of simulations, could be very beneficial. Solving imch equations numerically could lead to 

a better understanding of the behaviour of solutions. If through numerical simulations one were 

to discover, for instance, that certain solutions blew up, then it would be pointless to try to 11how 

stability or boundedness by searching for a suitable Lyapunov function or by some other means. 

The use of numerical techniques could also give some indication as to the rate of convergence of 

solutions to a steady state or equilibrium. 

Whit~ 11tability is usually a desirable property of systems. many systems are umitable, and so 

having theorems that would analytically verify the instability of such systems would prove useful. 

Such Lyapunov instability theorems could be developed along lines similar to those used in this 

thesis and those developed for ordinary differential equations. 

With the exception of some of the fundamental theory developed in Chapter 3, most of the results 

were proven for impul:iive delay differential equation:1 where irupul:1e:1 occurred at fixed times. One 

could c:itablish 11tability and boundedness results for different types of impulsive delay :1ystcm:1. 

This may require some form of modification to the classical concepts of stability and boundedne:111. 

Not all systems behave in :iuch a way that impulses always occur at the same times. Impulses 

may occur at variable times as described in Chapters 2 and 3. Alternatively, one could consider 

an autunomou:1 system where impulses occur when the state reaches some boundary :iet of prc­

ddined values, irre:ipective of the time. For simplicity we have assumed that impul:ie times form 

an increasing sequence tending to infinity. Thi11 di11allows any clustering of impulse times. Further 

research into what may happen if this as:iumption were dropped could be interesting. Thi:1 may 

require redefining what is meant by a 11olution of an impulsive delay differential equation. 

Mo:it of the examples and theorem11 applied to 11ystems having little or no delay in the difference 

equation defining the impulsive action. It would be intere:iting to consider how solutions might 

evolve if delay in the difference equation were more significant. 

Other areas of future re11earch could include a more in-depth look at linear systems as well 

as linearization techniques, the study of periodic 11olutions and their orbit:1, and an exploration of 

other applications beyond those cited here. An analysis of neutral or advanced type equations with 

impulses, in addition to retarded equation11, might also be worthy of consideration. Finally, stability 

analysis of impulsive delay differential equations using techniques other than Lyapunov functions or 

functionals would be particularly useful. 
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