Qualitative Theory of Impulsive Delay Differential Equations
by

George Henri Ballinger

A thesis
presented to the University of Waterloo
in fulfilment of the
thesis requirement for the degree of
Doctor of Philesophy
in

Applied Mathematics

Waterloo, Ontario, Canada, 1999

©George Henri Ballinger 1999



i+l

National Library
of Canada du Canada
Acquisitions and
Bibliographic Services
395 Waellington Street

Ottawa ON K1A ON4
Canada

Acquisitions et

Canada

The author has granted a non-
exclusive licence allowing the
National Library of Canada to
reproduce, loan, distribute or sell
copies of this thesis in microform,
paper or electronic formats.

The author retains ownership of the
copyright in this thesis. Neither the
thesis nor substantial extracts from it
may be printed or otherwise
reproduced without the author’s
permission.

Bibliothéque nationale

services bibliographiques

395, rue Weilington
Ottawa ON K1A ON4

Your hie Volre reference

Our ki@ Notre reference

L’auteur a accordé une licence non
exclusive permettant a la
Bibliotheéque nationale du Canada de
reproduire, préter, distribuer ou
vendre des copies de cette thése sous
la forme de microfiche/film, de
reproduction sur papier ou sur format
électronique.

L’ auteur conserve la propriété du
droit d’auteur qui protége cette these.
Ni la thése ni des extraits substantiels
de celle-ci ne doivent étre imprimés
ou autrement reproduits sans son
autorisation.

0-612-51178-2

Canadi



The University of Waterloo requires the signatures of all persons using or photocopying this thesis.
Please sign below, and give address and date.

iii



Abstract

Systemns of impulsive delay differential equations are considered and the qualitative theory of these
equations are developed. Delay differential equations {without impulses) and irnpulsive differential
equations (without delays) are first discussed and these are then combined to yield impulsive delay
differential equations. These more general systems can suitably model evolutionary processes that
exhibit both delay and impulse characteristics. After formulating the initial value problem for these
systems and defining the notion of a solution, theorems establishing certain fundamental properties
of solutions are developed. Specifically, theorems on local and global existence, uniqueness, continu-
ability, and continuous dependence of solutions are presented. Subsequently, a variety of stability
and boundedness results are obtained for the case when impulses occur at fixed times. Lyapunov
functionals and functions are the main tools used to obtain stability and boundedness results. Fi-
nally. a number of examples and applications are presented to help motivate the study of these

equations.
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Chapter 1

Introduction

The development and analysis of mathematical models of dynamic physical processes have been
of great importance in bettering our understanding of nature and the world around us. Since
the invention of differential and integral calculus by Sir Isaac Newton (1642-1727) and Gottfried
Wilhelm Leibnitz (1646-1716), differential equations have aided the investigation of a wide variety
of problems in the physical, biological and social sciences. Early mathematicians to have studied
differential equations include brothers Jacob (1654-1705) and Johann (1667-1748) Bernoulli, who
solved various problems in mechanics [Kli72]. Leonhard Euler (1707-1783), who was a student of
Johann Bernoulli and one of the greatest of all mathematicians, contributed a great deal to the
advancement of the study of differential equations [Sim91].

Ordinary differential equations involve unknown functions and their derivatives that depend
on a single independent variable, often denoted by t and referred to as time. While an ordinary
differential equation may not have a physical interpretation at all or it may model some physical
system whose independent variable represents some quantity other than time, it is convenient when
studying ordinary differential equations as a whole to maintain consistency of notation and label
the independent variable by t and refer to it as time. While an ordinary differential equation may
involve higher order derivatives of an unknown function, under the usual assumption that the highest
derivative can be solved for, it is customary to convert such an equation to a system of first order
ordinary differential equations. This leads us to the system of ordinary differential equations,

£'(t) = f(t, z(t)), (1.0.1)

where the independent variable ¢ is real-valued, the dependent state variable z is an n-dimensional
real vector, f is some function of both t and z(t), and z'(t) denotes the derivative of z(t) with
respect to t. Since one could think of (1.0.1) as a system of n individual, albeit coupled, scalar
ordinary differential equations or as a single vector ordinary differential equation, then (1.0.1) may
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be referred to as either a system of ordinary differential equations (or simply a system or a systemn
of equations) or as an ordinary differential equation (or simply an equation).

Over the past 300 years a great deal of work has gone into the study of ordinary differential
equations, justified by ‘heir wide ranging applications. Because it is often not possible (or even
desirable) to solve general equations such as (1.0.1), the analysis of the qualitative properties of
solutions of these equations has been of fundamental importance. Texts devoted to differential
equations abound (see [Sim91] or [Hal80] for example).

Ordinary differential equations are sometimes inadequate as models of certain physical processes
and therefore in such cases one or more generalizations of (1.0.1) is necessary. Two properties
inherent in system (1.0.1) are that it satisfies the principle of causality, meaning the future state of
the system depends exclusively on the present state and not on past (or future) states, and that the
evolution of the state is continuous. Here we use the term “causality” in the sense described by Hale
and Lunel [Hal93] in the introductory chapter of their monograph. The term is sometimes defined
differently in the literature. In control theory. for instance. it is used interchangeably with the term
“nonanticipatory.” meaning that there can be dependence on both present and past states but not
on future states.

In many processes including physical, chemical, political. economic, biological and control sys-
tems, time delays are an important factor. The rate of change of the state, £’(t), may depend on
historical values of the state at times t + s, where s < 0, as well as present state values. In other
words, it may be unreasonable to assume that the causality principle applies to the system. In
fact, strictly speaking, the causality principle does not apply to most real systems. Instead, it is
an approximation to how the true system behaves. When time delays are negligible, then they can
often be ignored in mathematical models. leading us to simple equations like (1.0.1). When time
delays are an important feature of a process, then one is led to consider delay differential equations,
also known as retarded functional differential equations.

Various evolutionary processes from fields as diverse as population dynamics, aeronautics, eco-
nomics and engineering are characterized by the fact that they undergo abrupt changes of state at
certain moments of time between intervals of continuous evolution. Because the duration of these
changes are often negligible compared to the total duration of the process, such changes can be
reasonably well-approximated as being instantaneous changes of state, or impulses. These processes
tend to be more suitably modeled by impulsive differential equations, which allow for discontinu-
ities in the evolution of the state. Impulsive differential equations are usually defined by a pair
of equations, an ordinary differential equation (1.0.1) to be satisfied during the continuous por-
tion of evolution and a difference equation defining the discrete impulsive actions. The impulses
occur when some spatio-temporal relation is satisfied. Impulsive differential equations and delay
differential equations will be described more fully later.

Both time delays and impulses are important features commonly encountered in many of the
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same systemns. If a systern exhibits both of these properties, then we are led to consider impulsive
delay differential equations, which is the subject of this thesis.

Delay differential equations were studied as far back as the eighteenth century by such well-known
mathematicians as Euler, Joseph Louis Lagrange (1736-1813), Pierre Simon de Laplace (1749-1827)
and others, mostly in relation to various geometrical problems [Ser77]. However, unlike ordinary dif-
ferential equations, there was comparatively little study of the qualitative theory of delay differential
equations until the early twentieth century. Vito Voiterra (1860-1940) was among the early math-
ematicians of this century to have formulated and analyzed delay differential equations, primarily
with respect to problems in viscoelasticity [Vol09] and predator-prey models [Vol28, Vol31].

During the 1930°s and 1940’s a number of applied problems required a more careful examination
of delay differential equations. For instance, Minorsky's study of ship stabilization and automatic
steering, wherein delay in the feedback mechanisin was significant. led him to cousider differen-
tial equations with delay [Min42]. Myshkis. who was the first to correctly formulate the initial
value problem for delay differential equations, was also the first to publish a book [Mys51] devoted
exclusively to the theory of delay differential equations.

Within the past forty years or so the study of delay differential equations has matured a great
deal and yielded a number of monographs dedicated to the subject. These have included a book on
differential difference equations by Bellman and Cooke [Bel63] and later texts by Hale [Hal77] and
Driver [Dri?77] on more general delay differential equations, the former being revised and updated
by Hale and Lunel [Hal93] in 1993. Without being exhaustive, other texts devoted to the subject
include those by Oguztéreli [Ogu66], Burton {Bur85], Kolmanovskii and Nosov [Kol86]. and Gérecki
et al. [Gor89]. In most cases, delay differential equations have been studied on the space of contin-
uous functions with the evolution of the state being absolutely continuous and usually continuously
differentiable.

Compared to delay differential equations, impulsive differential equations received scant atten-
tion until the 1960’s and it wasn’t until the 1980’s that interest in them began to catch on among
mathematicians. Among the earliest articles on impulsive differential equations was the seminal
paper by Milman and Myshkis [Mil60]. They considered differential equations with im:pulses oc-
curring when certain spatio-temporal relations are satisfied. By making use of classical results of
ordinary differential equations, they obtained the first results on stability of solutions of impulsive
differential equations. Based on this early work, later research into impulsive differential equa-
tions culminated in the publishing of several monographs by Samoilenko and Perestyuk [Sam87].
Lakshmikantham, Bainov and Simeonov [Lak89], Bainov and Covachev [Bai%4a), and Bainov and
Simeonov (Bai89, Bai93] along with more recent publications during the 1990's.

These authors considered an impulsive differential equation to be an ordinary differential equation
coupled with a difference cquation to be satisfied at certain fixed or variable impulse times. The

resulting solutions are thereby piecewise continuous with discontinuities occurring at these impulse
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timnes. This approach enabled them to apply many well-established results for ordinary differential
equations to these systems in order to develop the qualitative theory of the impulsive differential
equations. The same approach has been taken in this document with respect to the study of irnpulsive
delay differential equations.

We remark that an alternative approach has been considered by Halanay and Wexler [Hal68]
and Pandit and Deo [Pan82]. Their approach involves defining a measure differential equation
(incorporating Dirac delta functions for example) where the derivative involved is a distributional
derivative, The times at which impulses occur are fixed, generalized functions are considered and the
resulting solutions are of bounded variation. Unfortunately, most classical theory cannot be applied
to these types of systems, and perhaps as a result, few authors currently study this formulation of
impulsive differential equations.

Early work on concrete systems of impulsive differential equations include the investigation of
the shock model of a clock mechanism by Bautin (Bau63] and the study of drug distribution in the
human body by Kruger-Thiemer [Kru66).

Due to their increased generality, impulsive delay differential equations have the potential for
applications to all sorts of physical problems. For instance, in the study of population dynamics,
delays in reproduction or in the interactions within or between species may require the adoption of a
delay differential equation to best model the system [Gop92]. If one or more of the species regularly
undergoes periodic stocking or harvesting, for example, then this behaviour could be modelled using
impulsive differential equations [Bal97c, Liu94]. Of course, if both of these characteristics are present
in the system, then an impulsive delay differential equation would make for a suitable model.

Despite the apparent abundance of applications. the study of impulsive delay differential
equations is in its relative infancy. The first article on the subject was published in 1986 by
Anokhin [Ano86). Recent study of impulsive delay differential equations has tended to focus on
special classes of problems such as linear (and often scalar) impulsive delay differential equations
(Ano95, Gop89, Zhad6] or delay differential difference equations such as z’(¢) = f(t. z(t), z{t - r)) to-
gether with impulses [Bai96. Yu96). Also, with the odd rare exception such as a paper by Bainov and
Covachev [Bai94b), no delays have been assumed in the difference equation governing the impulsive
action.

Among the most fundamental of qualitative properties of impulsive delay differential equations
are the existence (both local and global), uniqueness and continuability of solutions, the continuous
dependence of solutions with respect to initial conditions, and stability and boundedness properties.

For many of the special classes of problems that have recently been studied. properties of solu-
tions such as existence and uniqueness can be obtained directly from the system under fairly weak
assumptions. As a result, little mention is ever made about these properties. One exception is
a paper by Krishna and Anokhin [Kri94] who recently considered a special case involving a delay
differential equation of the form z’(t) = f(¢, z(t — h(t})) together with variable time impulses and
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they established some interesting existence and uniqueness results, Global existence and uniqueness
properties of the slightly more general equation z'(t) = f(2, z(t — hy(t)),... ,Z(t — hy(t))) together
with impulses occurring at fixed times were later obtained by Shen [She97]. The establishment of
some existence and uniqueness results for more general impulsive delay diflerential equations has
been done by Shen [She96), Weng and Yang [Wen98] and Ballinger and Liu [Bal99a, Bal99b], with
the latter being developed here.

While some stability results have been proven for special classes of impulsive delay differential
equations [Ano95, Gop89, Zha96), very little research into stability has been undertaken for more
general equations. The only apparent exception to this has been the very recent publication of
articles by Weng and Yang [Wen98], Shen and Yan [She98], Luo and Shen {Luo99] and Shen [She99)
in late 1998 and 1999. Through the use of Lyapunov functionals and/or Lyapunov functions together
with certain Razumikhin techniques they obtained some very interesting stability results.

With the few noted exceptions, the study of general impulsive delay differential equations has
been rather minimal to date. This thesis embodies original work into the development of the quali-
tative theory of impulsive delay differential equations. This of course is a necessary prerequisite to
the use of these equations in modelling real physical processes. While some examples are provided
to help further motivate the study of these equations. the development of the theory. and not the
application to any specific problems, is the primary goal.

We begin by discussing delay differential equations over the space of continuous functions.
Throughout this document we restrict our attention to equations that have bounded delays. More-
over, our focus is on studying properties of solutions of the initial value problem associated with
our equation. Since we are ultimately interested in incorporating impulses into these equations to
yield impulsive delay differential equations. we then discuss delay differential equations over the
space of piecewise continuous functions. In particular, the initial condition will involve a piecewise
continuous initial function. This seemingly minor change introduces a great deal of complications
into the study of these equations.

Meanwhile, after a review of impulsive differential equations wherein we define what we mean by
impulses, we introduce the notation for impulsive delay differential equations. We first consider both
fixed time and variable time impulses and we develop theorems on existence, uniqueness, continuous
dependence and continuability of solutions. In the case where impulses occur at variable times, we
impose some additional conditions so as to guarantee that solutions exist locally and are sufficiently
well-behaved so as not to exhibit the so-called beating phenomenon.

Once these fundamental results have been established, the remainder of the thesis is devoted to
the study and analysis of stability and boundedness of solutions. To simplify things we restrict our
attention to impulsive delay differential equations which have impulses at fixed times. Two main
approaches are used in the study of stability and boundedness. The first involves the use of Lyapunov
functionals. The second involves the use of Lyapunov functions together with a Razumikhin-type
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condition.

In developing Lyapunov stability and boundedness theorems, we focus on two main approaches.
We first consider a system which, in the absence of impulses, is already stable (or bounded). We
then develop criteria on the impulses which will guarantee that stability is maintained. The second
approach considers a system which, in the absence of impulses, may be highly unstable (or un-
bounded). In this latter case the itnpulses are responsible for stabilizing the system and conditions
guaranteeing the stabilization of the systein are established.

After developing stability and boundedness for a general class of nonlinear systemns, special cases
of linear impulsive delay differential equations are then considered and the stability theorems of
Chapters 4 and 5 are applied to these systems.

Finally, two sources of applications of the stability and boundedness results are presented. The
first application considers the problem of permanence of species in population growth models that
involve both impulses and delays. The second is a look at the problem of practical stability of control

systeins that have delays and uncertainties in the feedback mechanism and that experience itnpulses.



Chapter 2

Preliminaries

In this and subsequent chapters we will study delay differential equations with bounded delays. More
specifically we will concern ourselves with the initial value problem whereby the state is initially
specified over some bounded interval of time. Qur goal will then be to examine the qualitative
properties of solutions of these systems.

Delay differential equations are most often studied over the space of continuous functions as
opposed to the space of piecewise continuous functions or more general spaces of functions {Hal93].
This makes it that much easier to establish qualitative theoretical results.

In the first section we give an introduction to delay differential equations on the space of con-
tinuous functions. These we sometimes refer to as continuous delay differential equations. A more
thorough discussion can be found in various texts on the subject (see (Hal93] or [Dri?7] for instance).

In the next section we briefly describe impulsive differential equations without delay. These are
described in greater detail in [Lak89] and [Bai89].

Section 2.3 then goes on to describe delay differential equations on the space of piecewise con-
tinuous functions. Comparisons between them and delay differential equations over the space of
continuous functions are made.

In the final section of this chapter we introduce impulsive delay differential equations and define
the notion of a solution of these equations.

2.1 Delay Differential Equations on the Space of Continuous
Functions

Delay differential equations are generalizations of ordinary differential equations (1.0.1) in that the
derivative of the state, z'(t), is no longer merely a function t and z(t) but may also be a function of
z(t + s) for values of s < 0. By restricting our attention to systems with bounded delays, this means
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that we assurne there exists some r > 0, which we call the delay constant. whereby z’(t) depends on
only those values of z(t + s) for which s € [-r,0].

Ordinary differential equations can be thought of as delay differential equations with an arbitrar-
ily small delay constant r. In fact we could think of r as being zero in this case but for simplicity
of notation we will always assume r is strictly positive. Note that a delay differential equation with
a delay constant r > 0 can also be thought of as a delay differential equation having a larger delay
constant ¥ > r > 0 although the converse is not generally true.

For simple delay differential equations, z'(t) might depend on z{t + s) for only a finite number
of values s € [—r, 0] that do not depend on t. These types of delay differential equations are called
delay differential difference equations and have the general form

' (t) = g{t. z(t), z(t ~ t1), z(t — t2),... . Z{t — tm)). (2.1.1)

where 0 < t; < t; < ... < t,. For this equation, the delay constant r = t,,. Although any
larger value for r will suffice, we usually choose the smallest. Equation (2.1.1) may be generalized
by replacing the constants t; by nonnegative bounded functions hi(t). In this case r is chosen to
satisfy 7 > he(t) for all t and all 1 < k < m. Equations of these types are sometimes referred to as
having lumped delays, which are distinct from distributed delays.

In some cases z'(t) may depend on z(t + s) over a whole continuum of points s € [—r. 0]. In such

cases the systemn is said to have distributed delays. Integro-differential equations such as

'(t)=g¢g (t.z(t)./ G(t.s.z(s))ds) \ (2.1.2)

are typical examples of these types of equations.

In order to consider all types of delay differential equations (with bounded delays) without having
to specify its particular form (such as {2.1.1) or {2.1.2)). we need sotne standardized notation.

Let R denote the set of real numbers, R, the set of nonnegative real numbers and R" the
n-dimensional Euclidean linear space equipped with the Euclidean norm || - ||. Occasionally we
will use the symbol Z* to represent the set of positive integers. Let r > 0 be the delay constant
for the system. For any continuous function z € C([to — r,c), R"), where tq € R, we define
7, € C([-r 0, R") by z¢(s) = z(t + s) for s € [-r.0]. In other words, z, is the segment of the
function z, from t — r up to t, that has been shifted to the interval [—r, 0]. This notation then allows
us to express a general delay differential equation as

z'(t) = f(t.z), (2.1.3)

where f depends on both t and z:. Since z, is an element of C([-r,0], R"), then f is called a
functional instead of simply a function.
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Equation (2.1.1) can be written in the form (2.1.3) by letting

f(tv ¢) = g(tv ¢(0)v 'l’(—tl)v 11’(-‘2)» e v'/’(‘tm))' (2‘14)

Likewise, equation (2.1.2) can be converted into the form (2.1.3) by defining

0

flt.¥) =g (t, ¥(0), Gt t + s,d)(s))ds) . (2.1.5)
-r

In studying delay differential equations, and later impulsive delay differential equations, of par-

ticular interest will be the initial value problem. For ordinary differential equations (1.0.1) the initial

value problem involves finding a solution (or analyzing the qualitative properties of such a solution)

of equation (1.0.1), on some interval, that satisfies
z(to) = zo. (2.1.6)

where to € R, is the initial time and zo € R" is the initial state. For system (2.1.3) the initial state
must be specified over the entire interval [tg — r, to]. not just at to. This leads to the initial condition

P (2.1.7)

o

where tg € R, again represents the initial time but ¢ € C([-r. 0], R") represents the initial function.

Solutions of (2.1.3) are usually assumed to be continuously differentiable and satisfy the delay
differential equation (2.1.3) at all points t > to (within their interval of existence). At the initial
time tg, (2.1.3) is assumed to be satisfied with z'(t) representing the right-hand derivative. Smooth-
ness assumptions are typically imposed on the functional f to guarantee properties of existence,
uniqueness and so on of solutions. A weaker notion of a solution is sometimes considered whereby
the solution is absolutely continuous and satisfies (2.1.3) except on a set of Lebesgue measure zero
(Hal93, Ogu66). This allows for weaker assumptions on f but tends to further complicate the study
of equation (2.1.3).

Unlike ordinary differential equations, it is generally not possible to extend solutions backwards
in time except under very special and unusual circumstances [Dri77]. For this reason the study of
delay differential equations usually considers only the forward evolution of the state in time.

Delay differential equations are often difficult to solve explicitly, more so than ordinary differential
equations. Our focus will be on the study of qualitative properties of solutions without necessarily
having to solve for them. Nevertheless, we mention one frequently used technique for solving special
classes of delay differential equations. This method is known as the method of steps or the method
of sequential integration. It can be applied only to delay differential equations for which z'(t)
depends on t, z(t) and z(t + s) for s € [—r, —¢] where ¢ > 0 is some arbitrarily small constant.
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Equation (2.1.1) is an example. For values of ¢ in the interval [to, to + €], knowledge of z(t + s) for
3 € [-r, —¢] is given by the initial function ¢. Therefore on this interval, z’(t) depends only on t.
z(t) and specified initial data. In other words, the delay differential equation reduces to an ordinary
differential equation from which the state z(t) can (hopefully) be solved using techniques of ordinary
differential calculus. Once z(t) is known for t € [to — r.to + €] it can be solved by using this same
technique on the interval (o + €, to + 2¢]. By repeated stepping over intervals of length ¢, the entire
solution curve can be solved. Note that this can be cumbersome if ¢ is small.

For delay differential equations to which the step method can be applied, theorems on existence.
uniqueness and continuous dependence of solutions may be formulated under much weaker assump-
tions on the functional f. This is because at each step the delay differential equation is transformed
into an ordinary differential equation without delays and so the well-known theorems on existence,
uniqueness and continuous dependence for ordinary differential equations may be applied.

More properties of system (2.1.3) will be described when we generalize the system in Section 2.3

by considering them to be defined over the larger space of piecewise continuous functions.

2.2 Impulsive Differential Equations

As noted in Chapter 1, impulsive differential equations are usually defined as an ordinary differential
equation coupled with a difference equation. although other formulations do exist. The difference

equation is usually given by
Az(t) = I(t. z(t)), (2.2.1)

where Az(t) = z(t*) — z(t~). Here and elsewhere throughout this document we use the abbreviated
notation z(t*) = lim,_+ z(s) and z(¢~) = lim, - z(s) to refer to right-hand and left-hand limits.
respectively. Equation (2.2.1} is to be satisfied when some spatio-temporal relation h(t.z(t)) = 0 is

satisfied. In general then, we are led to an impulsive differential equation having the form

'(t) = f(t.z(t)). h{t.z(t)) # 0. (2.2.2a)
Azx(t) = I(t, z(t)), h(t,z(t)) =0. (2.2.2b)

Thus for as long as we have h(t,z(t)) # 0, then the evolution of the state is governed by the
ordinary differential equation (2.2.2a). At such time that h(t, z(t}) = 0, then the state undergoes an
impulse and instantly changes by some amount I(t. z(t)) according to (2.2.2b). This causes a jump
discontinuity in the solution. Following this impulsive action, and assuming h(t, z(t)) is nonzero for
some time thereafter, then the solution will continue to evolve according to (2.2.2a) until it again
undergoes an impulse.

The arbitrary nature of the relation h(t, z(t)) = 0 makes the study of (2.2.2) extremely difficult.
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It is therefore common to focus on a particular type of relation. The set of points (t.z) € Ry xR" for
which A(t, £) = 0 will be assumed to consist of a sequence of hypersurfaces of the form t = n.(z) where
n € CIR"Ry)fork=0.1,2,... and 0 = 79(z) < 11(z) < m2(z) < ... and limy oo Tk (z) = ¢ for
each £ € R". The system is then written as

'(t) = f(t.z(t), t # n(z(t)), (2.2.3a)
Az(t) = I(t,z(t)), t = me(z(t)). (2.2.3b)

When the functions 7, depend on the state, then system (2.2.3) is said to have impulses at variable
times. This is reflected in the fact that different solutions will tend to undergo impulses at different
timnes. If the functions 7 are all constant, then (2.2.3) is said to be a system having impulses at
fixed times. In this case all solutions undergo the impulsive action (2.2.3b) at the same times.

The question of existence of solutions of system (2.2.3) is a nontrivial one when impulses occur
at variable times. Even the precise notion of what a solution is must be carefully stated. It is fairly
clear that solutions should be piecewise continuous and in fact piecewise continuously differentiable
(or piecewise absolutely continuous if considering generalized types of solutions). A solution will
undergo simple jump discontinuities when it intersects impulse hypersurfaces t = . (z(t)}.

It is common practice to assume solutions of (2.2.3) are left-continuous [Lak89]. This is also
intuitively appealing since one can think of a solution as approaching and actually reaching a hyper-
surface before being mapped to some new point. When incorporating impulses into delay differential
equations we will deviate from this convention for other reasons and instead assume that solutions
are right-continuous.

Under the assumption that solutions should be left-continuous, the initial condition for sys-
tem (2.2.3) is typically given by

z(ty) = zo, (2.2.4)

which is a slight modification of (2.1.6). Both (2.1.6) and (2.2.4) are equivalent when tg # 7 (zq) for
all k. Condition (2.2.4) emphasizes the fact that we do not consider a solution to instantly undergo
an impulse at the initial time to.

If instead, one were to consider solutions to be right-continuous, then the corresponding initial
condition would be simply (2.1.6) although again we would not expect an impulse to occur at t = tg
even if to = 7x(zo) for some k. Under the right-continuous assumption we would also have to modify
equation (2.2.3) to read

z'(t) = f(t, z(t)). t # n(z(t7)), (2.2.5a)
Az(t) = It, z(t™)), t = me(z(t™)). (2.2.5b)
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Even after focussing on a particular class of relations h(t, z(t)) = 0 given by these impulse hyper-
surfaces, impulsive differential equations still exhibit some unusual behaviour. Solutions, depending
on how they are defined, could undergo an infinite number of impulses in a finite amount of time
unless some additional restrictions on the functions 7, are imposed. In addition, solutions may not
exist after reaching one of the impulse hypersurfaces. They may also intercept the same hypersur-
face t = 7y (z(t)) more than once or not at all or even intercept it after intercepting a subsequent
hypersurface t = 7;(z(t)) for some i > k. The repeated intersection of the same hypersurface by a
solution is commonly known as a pulse or beating phenomenon and conditions are often sought to
guarantee that it does not happen.

Another problem associated with system (2.2.3) is that the usual notion of continuous dependence
and stability of solutions tends to break down since neighbouring solutions tend to undergo jump
discontinuities at slightly different times. When impulses occur at fixed times, then much of the
theory of ordinary differential equations can be directly carried over to the study of these impulsive
differential equations.

Before concluding this section we make one final comment about impulsive differential equations.
Suppose for simplicity that the impulses in system (2.2.3) occur at fixed times. If the function [ is
defined so that z + I(7i, z) is not a one-to-one function in z, then it is possible that two different
solutions could merge following the impulsive action at time t = 7. This merging, also known
as confluence, of solutions cannot happen in ordinary differential equations when f is sufficiently
smooth. Note also that in this situation if one were to try to extend a solution of (2.2.3) backwards
in time, then nonunique solutions would result. In fact, if z + I{r,z) were not also a surjective
function. then backward continuation of solutions would be impossible. It is therefore more fruitful
to consider only the forward continuation of solutions.

More will be said about impulsive differential equations when we later discuss their incorporation
into delay differential equations.

2.3 Delay Differential Equations on the Space of Piecewise

Continuous Functions

In describing an impulsive delay differential equation we could either start with an impulsive differ-
ential equation and describe how one would incorporate delays into it or we could start with a delay
differential equation and then add impulses. We choose the latter approach.

Adding impulses to system (2.1.3) will invariably lead us to the consideration of piecewise contin-
uous functions. Since solutions will be piecewise continuous, then the functional f must be defined
on the larger class of piecewise continuous functions. Moreover, the initial condition must be gen-
eralized to piecewise continuous initial functions. At first glance one might think we could continue
to consider only continuous initial functions. But later in our proofs we will need to make use of
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the semi-group property of the dynamical system (i.e. z(t,to, ¢) = z(t. 2. Z¢,(t0, ¢)) for to < t; < t)
and this will require that we consider piecewise continuous initial functions as well.

Before actually adding impulses to system (2.1.3), in this section we will simply examine sys-
tem (2.1.3) over the larger class of piecewise continuous functions and elaborate on the complications
that ensue,

We start by introducing the following notation. For a,b € R with a < b and for S C R" define

PC([a.b].S) ={11J :{a.b] > S ! (t*) = ¥(t) Vt € [a.b). ¥(t™) exists in S Vt € (a.b] and
P(t™) = ¥(t) for all but at most a finite number of points t € (a, b]}.

PC([a.b),S) ={1/) :{a.d) = S| ¢(t*) = ¥(t) Vt € [a.b), Y(t~) exists in S ¥t € (a,b) and

¥(t™) = ¢(t) for all but at most a finite number of points t € (a, b)}, and
PC(fa, x), S) ={1{J ifa, )= S ‘ Ve > a, Yla. € PC{[a. c],S)}.

These function classes describe functions that are right-continuous on their domain and that are
left-continuous except at simple jump discontinuities where they have a left-hand limit. This left-
hand limit. denoted by (¢~ ). must be finite-valued and contained in the set S. Such functions may
have only a finite number of jumnp discontinuities unless they are defined on a set of the form [a. oc).
In this case they may have simple jump discontinuities at a countably infinite number of points that
form an increasing sequence tending to infinity.

Given the delay constant r > 0 as in Section 2.2, we equip the linear space PC([—r,0]. R") with
the norm || - ||, defined by ||¢|l, = sup_,<,<oll¥(s)l]. If z € PC([to — r.>x).R") where t; € Ry,
then again as in Section 2.2, for each ¢ Z-to-we define z, € PC([-r,0],R") by z¢(s) = z(t + s) for
-r<s<0.

Let J C R4 be an interval of the form [a, b) where 0 < a < b < x and let D C R" be an open
set. Then we consider the system

z'(t) = f(t.z¢), (2.3.1)
where f: J x PC([-r,0], D) = R". Moreover, we impose the initial condition
ze, = &, (2.3.2)

where to € R, and ¢ € PC([-r,0], D).
Note that one advantage in assuming that solutions are right-continuous can be seen immediately.
That is that the entire initial data can be incorporated into the single function ¢ and we do not need
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to separately include an extra initial condition specifying the right-hand limit of the solution at the
initial time. Also, it remainas reasonable to expect that the solution will be right-differentiable and
satisfy (2.3.1) with its right derivative at t = to.

Without impulses to cause future discontinuities beyond those that may already be present in
the initial condition, the solution must evolve continuocusly for ¢ > to. At the very least it must be
absolutely continuous after the initial time. At first glance, a reasonable expectation for solutions
would be that they should satisfy (2.3.1) at all times t > tg (and with their right derivative at
t = to). Then for well-behaved and sufficiently smooth functionals f, we would get solutions that
are continuously differentiable for t > tq.

Unfortunately, restricting one’s attention to systems exhibiting this behaviour ends up excluding
a whole class of common delay differential equations including delay differential difference equations.
The initial discontinuities can cause “solutions” of these systems to fail to be differentiable at future

times. For example. consider the scalar delay differential difference equation given by
'(t) = z(t = 1), (2.3.3)

with r = 1, tg = 0 and a piecewise continuous initial function ¢ having a discontinuity at some point
t* € (~1,0]. This equation can be solved using the method of steps. However, it is clear that any
“solution” of (2.3.3) will not have a derivative at the point t* + 1 although it will be continuous and
have one-sided derivatives there.

In order to accommodate these important types of systems we must weaken our notion of a
solution somewhat. We choose to weaken it by permitting a solution to have a finite number of
points on any finite interval of time where the solution may not be differentiable. However, at
these points we still expect the solution to be continuous and have a right-hand derivative satisfying
(2.3.1).

One could weaken the definition of a salution further, as is occasionally done with delay differ-
ential equations, by defining generalized solutions that are solutions of the integral equation corre-
sponding to (2.3.1) and (2.3.2). Such solutions would be absolutely continuous and satisfy (2.3.1)
almost everywhere with respect to the Lebesgue measure. Carathéodory-type conditions would have
to be imposed on the functional f in order to guarantee existence and uniqueness of these types of
solutions.

Nevertheless, we prefer to focus our attention on the more classical types of solutions. The
advantages are that the development of the theory is simpler, more closely resembling the classical
theory of ordinary differential equations, and that in practice the examples and applications one
encounters tend more often than not to be of the form that we first described. Qur definition of a
solution is the following.

Definition 2.3.1: A function z € PC([to — r,to + a], D) where a > 0 and [to,to + a] C J is said



CHAPTER 2. PRELIMINARIES 15

to be a solution of (2.3.1) if

(i} z is continuous at each t € {tg, to + a;

(ii) the derivative of = exists and is continuous at all but at most a finite number of points t in

(to,to + a); and

(iii} the right-hand derivative of  exists and satisfies the delay differential equation (2.3.1) for all
t € [to,to + a).

If in addition z satisfies the initial condition (2.3.2), then it is said to be a solution of (the initial

value problem) (2.5.1) & (2.5.2) and we write z = z(to. ¢) to emphasize this.

Definition 2.3.2: A function z € PC([to — r.to + 03). D) where 0 < 8 < oc and [to.to + ) C J is
said to be a solution of (2.3.1)} (solution of (2.8.1) € (2.3.2)) if for each 0 < a < B the restriction
of £ to {ty — r.to + a) is a solution of (2.3.1) (solution of (2.3.1) & (2.3.2)) and if B < =, then the
derivative of z exists and is continuous at all but at most a finite number of points t in (o, 2o + 38).

In order to obtain existence and uniqueness results we require that the functional f satisfy
various continuity, boundedness and Lipschitz types of conditions. Before elaborating further on
these properties we wish to point out some key differences between continuous delay differential
equations and delay differential equations on the space of piccewise continuous functions.

One fundamental difference between continuous and piecewise continuous functions with respect
to delay differential equations is the following. If z € C([to — . to + a), D) for some a > 0. then zq is
a continuous function of t (with respect to ||-||,) for t € [to. to+a], while if z € PC([to—r. to+al. D).
then z, may be discontinuous at some or all t € [to.to + a]. This key difference causes a myriad of
problems when analyzing delay differential equations over the space of piecewise continuous functions
and we will make note of it time and again. The proof of the first part can be found in [Hal93] and

we state it here.

Lemma 2.3.1: Assume z € C([to — r.to + a|, D). Then z¢ is a continuous function of t (with
respect to || - ||, ) for t € [to.to + a].

Proof: Since z is continuous on [tg — r,to + aj, then it is uniformly continuous and thus for every
€ > 0, there exists a d > 0 such that ||z(ty) —z(t2)|| < e for all t;, ¢t € [to—r. to+a] with jt, ;| < 4.
Thus for t;,t; € [to,to + a], |t} —tz| < § and s € [-r,0] we get ||z(t; + $) — z(tz + 3)|| < €, which
implies ||z¢, — Z¢,||r < €, thus proving the lemma. s

To show how a single discontinuity can destroy the conclusion of Lemma 2.3.1, consider the
function

_) 0te[-1.0),
z(t) _{ Lee, (2.3.4)
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where to = 0. r = 1 and a = 1. Suppose t;,t2 € [0,1] and § > 0 with 0 < t; —t; < 4. Then for
s = —ty € [-r,0], |z(t1 + 3) = z(t2 + )| = |z(0) — z(t; — t;)| = 1, which implies ||[z¢, — z¢,||r = 1.
So clearly r, is discontinuous at each t € [0, 1].

While we can say little about the smoothness of z, as a function of t for a piecewise continuous
function z, we can show that ||z¢|l, is a piecewise continuous real-valued function of t. We prove
this in the following lemma which we will later use.

Lemma 2.3.2: Assume r € PC({to — r.to + ], D) and let g(t) = ||z}l fort € [to,to + ). Then
g € PC([to, 2o + a],Ry) and the only possible points of discontinuity of g are t* or t* +r, where t*
denotes a point of discontinuity of z.
Proof: We will first prove that g(ti") = g(t,) for all t; € [to.to + a). Let t; € [to.to + a) and
note that g(t1) = supeyy,_,,1llz(2)]|. Let € > 0. Since z is assumed to be right-continuous at t;
and t; — r (and indeed at all points in {to — 7,20 + a)), then there exists a 0 < § < tg+a —t;
such that if ¢t € [t1,¢ + d], then ||z(t) — z(t1)l] < €¢/2 and |jz(t — r) — z(t; — 7)|| < €/2. Let
ta € (21,8 + 8] If t € [ty, 23], then |[z(2)]] < Jlz(t2)]l + ¢/2 < g(t1) + €/2. Thus ||z(t)]| < g(t)) + €/2
for all t € [ty — 7. ta]. Since [t3 ~r,t2] C [t1 — 7, 2], then this in turn implies that g(t2) < g(t1) +€/2.
Similarly, if t € [ty — r.ta —r], then |[z(t)|| = ||z(t) —z(ti-r)+ z(ty —r) —z(tz = r) + z(t2 = T)|| <
llz(t) = z(ts = )|l + llz(ts = 7) = z(t2 = )| +{lz(t2 = r)I| < €/2 + €/2 + g(t2) = € + g(t2) and
so [[z(t))] € g(ta) +eforallt € [ty — 7. t2]. Since [ty - r.ty] C [t; — r.t2), then this implies that
9(t1) < g(t2)+€. So combining our results gives us |g(t;)—g(t2)| < €, which proves that g(t7) = g(t1).

Note that to prove g(t]) = g(t;) we only required that z be right-continuous at ¢, and at t; —r.
By a similar argument we can prove that g(t7) = g(t,) for all t; € [to.to + a) providing z is left-
continuous at t; and at t; — r. Moreover, if t; € (to,to + a] and either t; or t; — r is a point of
discontinuity of z, then it is easy to verify that g(t7) exists.

Thus g is right-continuous on all of [tg, to+a) and is left-continuous at each t; € (2o, to+a] unless
ty or t; — r happen to be discontinuities of z, in which case g(t] ) exists (yet may still equal g(t;)).
The only discontinuities of g may occur at times t* or t* + r where t* is a point of discontinuity of
the function z. [ ]

Defining g(t) = ||Z¢||, for the function (2.3.4) gives us g(t) = 1 for all t € [0, 1], which shows that
g € PC([0,1), Ry) (in fact g is continuous on [0, 1]) as Lemma 2.3.2 predicts.

When dealing with continuous delay differential equations it is common practice to assumne that
the solution trajectories are of the form (¢, z¢) and evolve in the function space Ry x C([-r,0], R"),
or some open subset thereof, instead of the more usual integral curve (t,z(t)) in Ry x R®. This
is the approach taken by Hale and Lunel [Hal93] where they discuss some of the advantages and
disadvantages of the two approaches. Because z, is generally not even piecewise continuous as a
function of ¢t when z is a piecewise continuous function, this approach would not be appropriate
for systems involving piecewise continuous functions. Unfortunately, this means that much of the
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theory developed for continuous delay differential equations cannot be indiscriminately applied to
delay differential equations over the space of piecewise continuous functions.

For continuous delay differential equations, the functional f is typically assumed to be jointly
continuous in its two variables. This condition is sufficient to guarantee the local existence of
solutions of (2.1.3) & (2.1.7) [Hal93]. This turns out to be a poor choice of a condition for functionals
defined on piecewise continuous functions. Many simple functionals that are continuous on R, x
C([-r,0}, R") cannot be extended continuously to Ry x PC([—r 0}, R") for the same reason that
z¢ is no longer continuous in t. An example of such a functional is

fit,9) = (-1 ~-e7"), (2.3.5)
which corresponds to the equation
W)=zt -1-e7"Y), (2.3.0)

with r = 2. Together with a piecewise continuous initial function. this equation can be solved by
the method of steps and can be shown to have a solution that is continuous and has a piecewise
continuous derivative for t > tg (see Corollary 3.1.1 in the next chapter). This is despite the fact
that f is not continuous on R, x PC([-2,0].R). While f is continuous with respect to ¢ for fixed
values of t € Ry, it is not continuous with respect to ¢ for fixed values of ¢ € PC{[-2,0], R) that
have discontinuities in the interval (=2, —1). While f will be piecewise continuous with respect to ¢
for each fixed ¢, the times where it experiences a jump discontinuity will clearly vary depending on
the choice of ¥.

Instead of the usual continuity assumption on f. Driver [Dri77) assumes that the composite
function f(t,z,) is continuous for every continuous function z when he considers continuous delay
differential equations. If f were assumed to be continuous in its two variables, then it would satisfy
this weaker hypothesis since the composition of continuous functions is continuous (and here z,
would be continuous since z is). We find that an adaptation of this sort of condition is best suited
to our functional f. For the functional f given in (2.3.5), the compaosite function f(t.z), where z
is any piecewise continuous function, is itself piecewise continuous with respect to t. This property,
which we define more formally later and refer to as f being “composite-PC,” will be what we will
use in our existence and uniqueness theorems.

When z is piecewise continuous, z, may be highly discontinuous as a function of ¢t. Therefore,
even if we were to assume that f was continuous on Ry x PC([-r,0], R"), we could not, in general,
conclude anything about the continuity of the composite function f(t,z¢). However, we would
need to do so in any proof of existence. This further explains the need to consider this alternative
continuity assumption for f.

As an illustration, let r = 1 and let {g,} be some enumeration of the rational numbers in [-1, 0).
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Next define the functional

— ¥(gn
HIXIEDY (2?, ), (2.3.7)
n=1
Here f is actually independent of t. Since functions ¢ in PC([-1,0}, R) are bounded. the series
in (2.3.7) converges absolutely and so f is well-defined. Moreover, f is clearly continuous on all of
R, x PC([-1,0],R). Let us look at the composite function f(t,z,) for t € [0, 1] where z is given

by the piecewise continuous function (2.3.4). Then

f(t. z2) =i (t+an) ) 2in (2.3.8)

{n: qa2-t}

is discontinuous at each rational number ¢t in (0.1]. The functional (2.3.7) is not composite-PC as
defined below.

In most practical cases, solutions of (2.3.1), where f is defined on the space of piecewise continuous
functions Ry x PC([-r,0], R"), will exhibit properties similar to solutions of the same equation but
with the domain of f restricted to continuous functions, i.e. Ry x C([-r,0].R"). In other words,
solutions corresponding to piecewise continuous initial functions ¢ will have similar characteristics
to those with continuous initial functions. In particular, note that a solution z = z(to. ¢) of (2.3.1)
satisfying (2.3.2) with ¢ € PC([-r.0], R") will satisfy z, € C([-r,0].R") for t > to + r. Of course
if ¢ is continuous, then z, € C([-r. 0], R") for all t > ¢to.

It is possible, however, for f(t.¥) to be defined in such a way that it depends on the jump
discontinuities of . if applicable. Consider for example the functional f : Ry x PC([-1.0],R) 5 R
defined by

0, if ¥ is continuous on [-1, 0],

fit.¥) = ( max {|¥(sk) — (s,:)l})v,bz(O), where =1 < 83 <383 < ... <% <...< 3, <0

1<k<m
denote the points of discontinuity of ¢.

(2.3.9)

This functional f satisfies the conditions of Theorem 3.1.1 on the space Ry x PC([-1,0],R). For
continuous initial functions ¢, the corresponding solutions are constant and given by z(t) = ¢(0) for
t > to. In particular, these solutions exist globally and are uniformly bounded. Next consider the
discontinuous initial function

$(s) = { g z i[o"l‘o)‘ (2.3.10)
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where § > 0 is arbitrary. For § < 1 the resulting solution is given by

4
_ I—_JW' t € to, to + 1),
z(t) = ) (2.3.11)
=5 t€to+ 1.2c).

On the other hand, if § > 1, then the solution is given by

z(t) = , t € [to, to + 1/8°%). (2.3.12)

1= 8(t—to)
In particular, these solutions become unbounded as t — ¢t + 1/62 and cannot be extended beyond
this maximal interval of existence.

This example illustrates that by enlarging the domain of f to include piecewise continuous
functions we may lose desirable properties such as global existence and boundedness of solutions,
since the set of solutions is correspondingly larger. Of course, results that establish boundedness of
solutions given piecewise continuous initial functions, for example, will also give us boundedness of
solutions having continuous initial functions. The functional (2.3.9) is a rather artificial construct
and we will not be considering functionals like it in the remainder of this document.

When introducing our existence and uniqueness theorems we will need to impose certain condi-
tions on the functional f. We define the following properties which we will frequently refer to.

Definition 2.3.3: A functional f : J x PC([-r,0], D) = R" is said to be composite-PC if for each
to € J and 0 < a < oc, where [to,to + a) C J, if £ € PC([to — r.to + a), D), then the composite
function g defined by g(t) = f(t.z,) is an element of the function class PC([to.to + a), R").

Definition 2.3.4: A functional f : J x PC([-r.0], D) — R" is said to be quasi-bounded if for cach
to € J and a > 0, where [to,to + a] C J, and for each compact set F C D, there exists some M > 0
such that || f(t, ¥)|| < M for all (¢, ¥) € [to,to + a] x PC([-r.0], F).

Definition 2.3.5: A functional f : J x PC([-r.0], D) = R" is said to be continuous in ¢ if for
each fixed t € J, f(t,4) is a continuous function of ¥ on PC([-r,0], D).

Definition 2.3.68: A functional f: J x PC([-r,0], D) = R" is said to be locally Lipschitz in ¢ if
for each tg € J and a > 0, where [to,to+a] C J. and for each compact set F C D, there exists some
L > Osuch that “f(t! 'I’l)_f(tl 11’2)“ S L”"’l"’l’?”' forall ¢ € [tO! t0+a] and 1/’1, ¢2 € PC([-rv 0]1 F)'

If f is locally Lipschitz in ¢, then clearly it is also continuous in 4. If in addition f is composite-
PC, then it is also quasi-bounded, since [|f(t,¥)|| < L|[¥||s + ||f(¢,0)| for t € [to,to + a] where
I1¥lls < sup{||z|l | z € F} and where ||f(t,0)]| is bounded above by some constant since f(t,0) is a
piecewise continuous (and hence bounded) function of t. Through slight abuse of notation we use the
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symbol “0” to represent either a zero scalar, a zero vector or a zero function (or functional). In this
case it refers both to the zero element of PC([—r, 0], D) and the zero element of PC([to—r, to+a], D)
and in general it will be obvious what it represents from the context. In fact the same goes for the
symbol “z" which in some instances refers to a piecewise continuous function while in other instances
it refers to a point in R". Note that while this argument assumes that D contains the origin, it can
be easily modified to account for the case when 0 ¢ D (zero here representing a point in R"). The
Lipschitz condition will be discussed further in Cuapter 3 with respect to uniqueness of solutions as
well as in Chapters 4 and 5 i the context of Lyapunov functionals aud functions.

We conclude this section with a simple lemma that introduces an equivalent integral formulation
of system (2.3.1) & (2.3.2). Its proof is straight-forward.

Lemma 2.3.3: Suppose f is composite-PC. Then a function ¢ € PC([tg — r.to + a], D), where
a > 0 and [to.to + a] C J, is a solution of (2.3.1) € (2.3.2) if and only if T satisfies

é(t — to), t € [to — r.to),

= t 2.3.
=N 40)+ [ s za)ds. t € (torto + al. (2.3.13)

to
fort € [tg — r,to + a.

Note that if z is defined on an interval of the form {to — r.to + ) for some 0 < # < x where
(to.to + B) C J. then Lemma 2.3.3 will also give the equivalent integral formulation of a solution of
(2.3.1) & (2.3.2).

2.4 Impulsive Delay Differential Equations

In Section 2.2 we described impulsive differential equations and in Section 2.1 we described delay
differential equations that we then expanded upon in Section 2.3 by examining them on the space
of piecewise continuous functions. In this section we combine these to give an impulsive delay
differential equation.

The impulsive delay differential equation that we will consider will essentially be systemn (2.2.5),
since we are assurmning right-continuous solutions, where the ordinary differential equation in (2.2.5a)
is replaced by the delay differential equation (2.3.1).

Before constructing an impulsive delay differential equation in this manner, we make one addi-
tional generalization. Instead of the impulse operator I depending only on z(¢t~ ), which is essentially
the current value of the state, we will allow it to also have delays so that it may depend on past
values of the state. So in addition to depending on z(¢t~) whenever t = 7 (z(t™)), it may also
depend on values of z(t + s) for s € [~r,0). This will make I a functional much like f. In most of
our examples, however, we will choose I to depend only on z(t~) since this value usually plays a



CHAPTER 2. PRELIMINARIES 21

dominant role.

As we pointed out in Section 2.3, for piecewise continuous functions £ € PC([to — r.oc), R"),
the limit lim,_,,- z, does not generally exist with respect to the norm || - ||r. So we will define
z,- € PC([-r,0],R"*) by z,-(s) = z(t + s) for —r < s < 0 and z,-(s) = z(¢t~) for s = 0. Note that
this does not mean z,- = lim,_,,- z,. Using this notation for z,- we may express the dependency of
I on z(t~) and past values of the state by I(t, z,-). So just as we have f : J x PC([-r.0], D) - R",
so too do we assume that I : J x PC([-r,0], D) & R". Later we will impose various conditions on
the functionals f and I.

We now present our impulsive delay differential equation in the following form

2'(t) = f(t.ze), t# m(z(tT)), (2.4.1a)
Az(t) = I(t, z,-). t = m(z(t™)). (2.4.1b)

The initial condition for system (2.4.1) will simply be given by the usual
Te, = @, (2.4.2)

where to € Ry and ¢ € PC([-r,0], R"). As in Section 2.2, the functions 7 are assumed to satisfy
0= 719(z) < n(z) < T2(z) < ... and limkw o Tk (z) = oc for each z € R". However, we only assume
they are defined on the domain D; in other words n, € C(D, R ) for each k.

We next define a solution of (2.4.1). Note that we use the notation A\B to denote the difference
of two sets A and B (i.e. A\B={t|t€ A and t ¢ B}).

Definition 2.4.1: A function z € PC([tg — r.to + a]. D) where a > 0 and [to, to + a} C J is said
to be a solution of (2.4.1) if
(i) the set T = {t € (to,to +a} |t = m(z(t™)) for some k} of impulse times is finite (possibly
empty);

(ii) z is continuous at each t € (to,to + a]\T:

(iii) the derivative of z exists and is continuous at all but at most a finite number of points ¢ in
(to,to + a);

(iv) the right-hand derivative of z exists and satisfies the delay differential equation (2.4.1a) for all
t € [to,to + a)\T: and

(v) = satisfies the delay difference equation (2.4.1b) forallt € T.

If in addition, z satisfies the initial condition (2.1.7), then it is said to be a solution of (the initial
value problem) (2.4.1) & (2.4.2) and we write z = z(to, ¢).
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Definition 2.4.2: A function z € PC([to — r.to + 3). D) where 0 < 8 < oc and [to.2o +8) C J is
said to be a solution of (2.4.1) (solution of (2.4.1) & (2.4.2)) if for each 0 < a < B3 the restriction
of z to [to — 1 to + ] is a solution of (2.4.1) (solution of (2.4.1) & (2.4.2)) and if 8 < oc, then the
derivative of z exists and is continuous at all but at most a finite number of points t in (to, o + 5)
and the set T = {t € (to,to+B) |t = n(z(t™)) for some k} is finite.

Note that the points where a solution fails to have a continuous derivative will generally include
but may not be limited to impulse times. We require that there be at most a finite number of
such exceptional points on any finite interval of time. In our definition, we do not explicitly require
that solutions have a right-hand derivative satisfying (2.4.1a) at the impulse times in T although in
practice they will.

A solution z = z(2o, ¢) of (2.4.1) & (2.4.2) existing on [to — r.to + a] and experiencing impulses
at the points T = {ti}J, where tg < t; < t3 < ... <ty < to+ a can be described by

Z(t,to, ¢)v t € [to—r.tl),
z(t,to, @) = z(t.te.ze,), tE [tk tksr). k=1.2,....m—1, (2.4.3)
z(t-tm-rtm)- te [tm.lo -+ a],

where z(ty) = z(t7) + I(tg,z,;). If the solution exists on [to — r ). then it may experience
impulses at an infinite number of points T = {te}}S, where to < t) < t2 < ... <t < ... and
limg o tk = 5. Of course in this case we may express the solution by

z(t,tg. 4). tE€[to—r.ty),

(2.4.4)
T(t.te. Te, ) t € [Litisr) K =1,2,....

I(tvt0~¢) = {

For each k, z(t.tk,z,) for t in the interval [te.tc41) represents a solution of (2.3.1) with ¢
denoting the initial time and z,, representing the initial function. Before developing existence and
uniqueness results for system (2.4.1) we will first develop them for (2.3.1) and then add additional
conditions, as necessary, to establish those samne properties for system (2.4.1).

Just as Lemma 2.3.3 gives an alternate integral formulation for problem (2.3.1) & (2.3.2), so too
can we do the same for system (2.4.1) & (2.4.2). We state this in the next lemma whose proof is
again straight-forward and hence omitted.

Lemma 2.4.1: Suppose f is composite-PC. Then a function £ € PC([to — r.to + a], D), where
a > 0 and [to,to + a] C J, that ezperiences the impulsive effect at the points T = {tx}]., where
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tg <ty <ty <...<tm <to+aisa solution of (2.4.1) & (2.4.2) if and only if T satisfies

( é(t - to), t € [to — r.to),
¢
6(0) + [ f(s.z,)ds, t € (to,t1).
to
= ‘ 2.4.5
z(t) = z(t;)+1(tk.z,:)+ f(s.z,)ds, t€ [teteqyr) k=1,2,...,m—1, ( )
ta
t
z(tn) + Ity .z,-) +/ f(s.z)ds. t € [tm.ta + al.
\ " tm
or equivalently,
¢(t—t0)! te [tO_r' tO]v
(2.4.6)

t
() =9 40)+ | fle.z.)ds + Z I(te,z,-), t € (ta,to + al.
ta {k: tu€(ta.t]}

If z is defined on an interval of the form [to— 1.ty + ) for some 0 < 3 < > where [to.to+8) C J.
then Lemma 2.4.1 also gives us the equivalent integral formulation of a solution of (2.4.1) & (2.4.2).

Occasionally in the study of impulsive differential equations without delay one considers other
kinds of “solutions”. These more bizarre solutions are characterized by the fact that they undergo
an infinite number of impulses in a finite amount of time, often caused by rhythmical beating upon
an impulse hypersurface. The simplest of these cases is where the impulse times form an increasing
sequence tending to some positive finite value. It is unclear how one could interpret a solution
beyond this time, however.

These unusual types of solutions tend to lack a goad physical interpretation and little qualitatively
or quantitatively can be said about them. The same holds true for impulsive delay differential
equations. Krishna and Anockhin [Kri94] discuss these so-called singular solutions in their study of
impulsive delay differential equations and they mention the need to isolate circumstances where such
solutions can exist or are guaranteed not to exist.

We prefer to restrict our attention only to those solutions that undergo impulses a finite number
of times over any finite interval, but that, if defined for all t > t;, may undergo impulses at a
sequence of times tending to infinity. This preference is reflected in our notion of a solution given
in Definitions 2.4.1 and 2.4.2. We will have to take this into account when obtaining conditions for
the continuability of solutions of (2.4.1).

A special case of system (2.4.1) that we will focus a great deal of our attention on in later chapters
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is the system

2'(t) = f(t.ze), t £ 1, (2.4.7a)
Az(t) = I(t,z,-), t = 7, (2.4.7b)
where the n are constant and satisfy 0 = 70 < 7 < ... < 7 < ... and limy oo 7« = oc. This

system lacks many of the undesirable complications that the more general system (2.4.1) has.



Chapter 3

Fundamental Properties

In this chapter we will establish existence. uniqueness, continuability and continuous dependence con-
ditions for solutions of (2.3.1) and more generally for the impulsive delay differential equation (2.4.1).
Special conditions will have to be imposed to guarantee local existence and continuation results for
system (2.4.1) in the case where impulse tiines are variable. Continuous dependence results will only
be developed for the impulsive delay differential equation (2.4.7) having fixed impulse times since it
is generally not feasible to expect continuous dependence for the arbitrary system (2.4.1).

3.1 Local Existence

We start by considering the delay differential equation (2.3.1), which is defined on the space of
piecewise continuous functions but which lacks impulses. Our first theorem gives sufficient conditions
for the existence of a local solution of system (2.3.1). The techniques used to prove this theorem are
based on a similar existence proof developed for delay differential equations in [Ogu66).

Theorem 3.1.1: Assume f is composite-PC, quasi-bounded and continuous in . Then for each
(to.¢) € J x PC([-r,0], D), there ezists a solution z = z(tg, $) of (2.3.1) & (2.3.2) on [to—r, to+ 0]
for some 3 > 0.

Proof: Let (to,¢) € J x PC([—r, 0}, D) and choose a > 0 so that [t,to+a] C J. Since ¢(0) € D and
D is open choose A > 0 such that F} = {z € R" | ||z — ¢(0)|] < A} C D. Since ¢ € PC([-r,0], D).
then the closure of the range of ¢, which we denote by F;, is a compact subset of D. So define
F = F1UF;. Then F is a compact subset of D. Since f is quasi-bounded, then there must exist some
M > 0 so that ||f(t, ¥)|| < M for all (t,¥) € [to,to +a] x PC([~r.0]. F). Let 8 = min{a, A\/M} > 0.
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For 0 < A4 < 3 define

R(to, ¢, ), 6) = {z € PC([to — r,to + B}, D) | ¢, = ¢, z is continuous on
(3.1.1)

(forto + ) and (8~ #(O)| < A Ve € (tuto+ A}

If z € R(to, ¢, M\ Br), then z¢ € PC([—-r, 0], F) for all ¢t € [tg, to + P1] from the definition of F and
0 ||f(t.z¢)]| < M for t € [to,to + (). Moreover, if z € R(to, ¢, A, £1). then the composite function
f(t,z¢) is in PC([to.to + B1], R") since f is composite-PC. Note that when restricted to the domain
[to, ta + 1], functions in R(to, ¢, A, By) are continuous since they are continuous on (tg, 2o + 5] and
are right-continuous at to.

For u=1,2,3,... define

¢(t - to), t e [to -r, to],
Z‘(”)(t) = ¢(0), t € (to,to + B/, (3.1.2)

t-3/p
ﬂm+/ Flo W )ds. ¢ € (to +B/mto +B].
to

We will first prove that each function z{#! is well-defined and is in R(tq, ¢, A, 8). This is obviously
true for z(}). For any u > 2 the first two expressions in (3.1.2) define z\#) for t € [to — r.to + B/ u)
and, restricted to this interval, z(#! € R(to. ¢, A, 8/u). Thus f(t,z!*)) is piecewise continuous and
consequently integrable on [to, to + B8/u] and ||f(t.z{*))|| < M for t € [to.to + 3/u]. Therefore
the third expression in (3.1.2) defines z(#) as a continuous function for t € (tg + B/u.to + 26/u).
Moreover, for t € (to + 3/ u, to + 26/ u] we have

t-3/p
s/ 1£(s, 2#))](ds
to (3.1.3)

to+8/u
S/ Mds=MB/p < A

to

t—3/p
llz#)(t) - ¢(0)|| = ”/ fls.z{#))ds

This shows that z'#) is well-defined on [to — . to + 20/ 4] and, when restricted to this interval, is in
R(to, ¢, A,28/u). Now suppose that z(#) is well-defined on [t — r,to + k(3/u] for some 1 < k < p
and, when restricted to this interval, is in R(to, ¢, A, k8/p). Then ||f(t,z{*)|| < M and f(t,z{*') is
piecewise continuous for t € [to, %o + kG/u]. Thus (3.1.2) defines z{#) as a continuous function for
t € (to+kB/u,to+ (k+1)B/u). Also, inequality (3.1.3) holds for ¢t in this interval, which shows that
z(#) restricted to this time interval is in R(to, 9, A, (k+1)3/u). So by induction, z#) is a well-defined
function in R(tq, ¢, A, 8).

For each y let y(#) denote the restriction of z{#) to [to,to + 8]. Then y'#) is continuous on
{to,to + B]. Moreover, for t € [to,to + ], |ly'# (t)|]| < A + ||¢(0)|| and so the functions y!#) are
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uniformly bounded. In addition. for any t;.t2 € [to.to + (8] we have

ty—-d/p
[ £(s.2))ds
[§

3=3/p

Iy (1) — y#) (L)1} < < Mty - ta, (3.1.4)

for all y, which implies that the functions y!#) are equicontinuous on the interval [to, to + 3]. Hence,
by Ascoli's Theorem, there exists a subsequence {y{#*)} of the sequence of functions {y!#} that
converges uniformly to some continuous function y on [tg, 20 + A] as k = .

Define

o) =4 Ot ta) tE[to—rtdl (3.1.5)
y(t), t € (to,to + 4]

For each fixed t € {to,to + 0], ||z£‘“) —z¢|lr = 0 as k — oc and since f(t.y) is assumed to be
continuous in ¥ for ¢ fixed, then limg Lo f(t, zg“')) = f(t,z¢). Moreover, since z(#*) € R(tq, ¢. ). ).
then || f(t. z{#*))|| < M for ¢ € [to.to + B].

By Lebesgue’s Dominated Convergence Theorem we obtain

¢ t
lim/ f(s.z:‘,“")ds:/ f(s.z,)ds, (3.1.6)
t to

k=—soc
0

for all t € [to,to + 8. From (3.1.2) we get

¢
z#e)(t) = $(0) +/ f(s.zﬁ‘“")ds - / f(s.zi“'))ds. t € (to+ B/uk.to + I, (3.1.7)
ta t

-J/pun

where the second integral tends to zero as k = >c. By taking the limit as & = x in (3.1.7) and
using (3.1.6) we find

¢(t - to), t € [to — r.to].
z(t) = ‘ (3.1.8)
¢(0) + f(s' Z, )d3~ t E (t(h tO + ﬂ]y
to
which in light of Lemma 2.3.3 proves the theorem. .

The following examples provide a list of commonly encountered functionals defined on Ry x
PC([-r,0],R") that are all composite-PC, quasi-bounded and continuous in their second variable
and hence satisfy the conditions of Theorem 3.1.1:

(Fl) f(tv zt) = g(tv z(t)v :(t - tl)a :L'(t - t!)v ey E(t - tm))v
where g € C(Ry x R"*(™*+!) R") and the constants ¢, satisfy 0 < tx < rfor k=1,2,....m:

(F2) f(t,z¢) = g(t, z(t), z(t — hy(t)), z(t = ha(2)), ..., z(t = hm(t))),
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where g € C(Ry x R**(™+}) R"), the functions hi are continuous and satisfy 0 < hg(t) <r
for t € R, and the functions ¢t — hg(t) are nondecreasing on R..:

t
(F3) f(tv z!) =9 (t,z(t), G(t! svz(s))ds)v
t—-r
where g € C(Ry x R"*%,R") and G € C(R4 x [-r, ) x R",R");
¢
(F4) flt,ze) =g (t,z(t),z(t-—tl),::(t—tz),... L zZ(t = tm), G(t,s,z(s))ds),
t-r
where g € C(R. x R"*(™*2 R") G € C(R, x [-r.o0) x R",R") and the constants t;
satisfy 0 < tx <.

We provide a proof that functionals of the form (F2) satisfy the conditions of Theorem J.1.1
from which we can conclude that local solutions of (2.3.1) & (2.3.2) exist.

Corollary 3.1.1: If (2.8.1) is of the form
z'(t) = g(t, z(t), z(t — hy(£)), z(t — ha(t))y ... .z(t = hm(t))), {3.1.9)

where g € C(Ry x R"(™*1) R™) the functions h; are continuous and satisfy 0 < he(t) < r
for t € R, and the functions t — hi(t) are nondecreasing on Ry, then for each (to,¢) € Ry x
PC([-r.0],R"), there ezists a solution z = z(to, ) of (2.3.1) € (2.3.2) on (to — r.to + B] for some
8 >0.

Proof: Here we have f(t,¢) = g(t, %(0), ¥(h1(t)),... . ¥(Am(t)})). We need only show that f
is quasi-bounded, composite-PC and continuous in ¢ and then we can apply Theorem 3.1.1. If
to € Ry, @ > 0 and F C R" is compact, then since g is continuous and [to,to + a] x F™*! is
compact, there exists some M > 0 such that ||g(t. yo,y1,.-- ,ym)ll < M for all t € [to, 2o + a] and
v« € F. If ¥ € PC([-r.0], F), then (0) € F and ¢(hi(t)) € F for all k and so ||f(t.¥)|| =
llg(t, ¥(0), ¥(hi(t)), ..., ¥(hm(t)))|| < M. In other words, f is quasi-bounded.

Suppose z € PC([tg — r,to + a), R") for some 0 < a < 2o. By our hypotheses, each of the
functions t — hi(t) are continuous and nondecreasing. Thus z(t — hi(t)), which is a piecewise
continuous function composed with a nondecreasing continuous function, must be an element of
the function class PC([to,to + a), R"). Note that the assumption that t — hi(t) be nondecreasing
ensures that z(t — hy(t)) will be right-continuous everywhere and have only a finite number of jump
discontinuities. This condition is not necessary when dealing with continuous delay differential
equations. Since each function z(t — h(t)) is in PC([to, o + a), R"), then similarly the composite
function f(t,z¢) = g(t,z(t), z(t — hy(t)), z(t — ha(t)),... ,z(t = hm(t))) is in PC([to,to + a), R").
Since this is true for all 0 < a < oc, then it also holds true for the case a = oc. Hence f is
composite-PC.

Let t € R, be fixed. Let ¥ € PC([-r,0], R") and choose any € > 0. Since g(t,yo, 1, ... ,Ym) i8
continuous with respect to the variables yo, 1, ..., ym, then there exists some d > 0 such that, given
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€Rfork=0.1....,m, ||g(t. 20,21, ... . Zm) — g(t. ¥ (0}, ¥(h1 ()}, ... . ¥(hm(2)))]| < € providing
llzo — $(0)|| < & and ||z — ¥(he(t))|| < 6 for all k. If ¥ € PC([-r,0],R") and || — ¥||» < 4. then
19(0) = $(0)|| < & and ||¢ (e (t)) — ¥ (hi(t))]| < 4 for all k. So letting zo = ¥(0) and zx = ¥(hk(t)) for
k= 1,...,m gives us [lg(2, $(0), ¥(hr(t)), ... , ¥(hm(2))) = g(t, ¥(0), ¥(hs(2)),- .. . ¥(hm (W) < €.
In other words, |[f(t,¥) — f(t,¥)|| < e. This proves f is continuous in ¥. Finally, by applying
Theorem 3.1.1 we obtain our conclusion. .

Note that functionals of the form (F1) are special cases of those given by (F2). Similarly, the
functionals (F4) include those of (F1) and (F3) as special cases. Of course much more general
functionals than those presented here are possible.

If the functionals given by (F2) satisfy the additional condition that there exists some € > 0 for
which € < h(t) < rfor all t € R, and 1 < k < m, then system (2.3.1) & (2.3.2) could theoretically
be solved by the method of steps and therefore existence of solutions could be proved directly from
the assumptions on g and the functions h;, rathes than applying the more general Theorem 3.1.1.

Now we wish to obtain a local existence result for the impulsive delay differential equatioa (2.4.1).
The thing to note here is that a solution z = z(tg. ¢) of (2.3.1) & (2.3.2) defined on [ty — r.to + 3]
for some 8 > 0, whose existence is guaranteed by Theorem 3.1.1, will also be a solution of (2.4.1)
& (2.4.2) providing z(t} # 7(z(t7)) for all t € (2o, to + B] and all k. This is seen in the expansion
of a solution of (2.4.1) given by (2.4.3). If we are interested only in local existence, then all we
need to do beyond assurning the conditions of Theorem 3.1.1 is to ensure that 3 > 0 can be chosen
sufficiently small so that the solution curve does not intersect any impulse hypersurface at any time
t € (to.to + O]. Our next theoremn gives a result in this direction and is based on some similar ideas
developed by Lakshmikantham, Bainov and Simeonov [Lak89] for impulsive differential equations
without delays.

Theorem 3.1.2: Assume f is composite-PC. quasi-bounded and continuous in ¢ and that 7, €
CYD,Ry) for k = 1,2,.... Furthermore, assume that whenever t* = 7,(z*) for some (t*.z°) €
J x D and some k, then there exists a § > 0, where (t°,t* + 8] C J, such that

VUn(z(t)) - flt.ze) # 1. (3.1.10)

for all t € (t°,t° + 8] and for all functions £ € PC([t* — r.t* + ¢], D) that are continuous on
(t°.t" + 6] and satisfy z(t*) = z° and ||z(s) — z°|| < & for s € [t°,t* + d]. Then for each (to,$) €
J x PC([-r,0], D), there ezxists a solution z = z(to, ¢) of (2.4.1) & (2.4.2) on [to — r,to + G] for
some (3> 0.

Proof: The assumptions on f guarantee the local existence of a solution z = z(to, ¢) of (2.3.1) &
(2.3.2) on some interval [to—r, to+ 3] where 8 > 0. This will correspond to a local solution of (2.4.1)
& (2.4.2) providing the solution does not intersect any impulse hypersurface in (2o,%0 + 8). If to #
7 (¢(0)) for any k, then the solution must initially lie strictly between some pair of hypersurfaces.
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It is therefore obvious that it will evolve for a short amount of time before intersecting its first
hypersurface. While this may require a reduction in the value of 3, the local existence of a solution
of (2.4.1) & (2.4.2) follows rather trivially.

The more interesting case is what happens when tg = 74 (¢(0)) for some k. The solution of (2.3.1)
& (2.3.2) is guaranteed not to intersect any hypersurface t = 7j(z(t)) for j # k for a sufficiently
small amount of time beyond tg. However, we must be certain that it cannot continue along the

hypersurface t = n.(z(t)) after initially beginning on it. Define
g(t) =t — n(z(t)). (3.1.11)
for t € [to to + ). Thcg g({to) =0 and
9'(t) =1-9Vn(z(t)-2'(t) = 1 - Vrne(z(t)) - f(t. z¢). (3.1.12)

Since 7 is assumed to be continuously differentiable and f is composite-PC, then the right-hand
side of (3.1.12) is continuous at least in a sufficiently small neighbourhood of tg. Letting t* =t
and z* = ¢(0) and applying (3.1.10) tells us that ¢'(2) must be either strictly positive or strictly
negative on some interval (o, to + ) for a sufficiently small > 0. This of course implies that g is
either strictly increasing or strictly decreasing on (tq,to + ) and can therefore not equal zero on this
interval. Hence the solution of (2.3.1) & (2.3.2) will be guaranteed not to intersect the hypersurface

= 7 (z(t)) for some small amount of time beyond tq, which allows us to conclude that it too is a
local solution of (2.4.1) & (2.4.2). a

While not as general as Theorem 3.1.2, the conditions of the next corollary are easier to check.

Corollary 3.1.2: Assume f is composite-PC, quasi-bounded and continuous in ¥ and that n, €
CYD.R,) for k = 1,2,.... Furthermore, assume that for each t* € J there erists some § > 0,
where [t*,t* + 8] C J, such that

Ve (¥(0)) - f(t, ¥) # 1, (3.1.13)

forall(t, ) € (t*,t"+68]x PC([-r,0), D) and k = 1,2,.... Then for each (to, $) € Jx PC([-r,0], D),
there ezists a solution z = z(to, $) of (2.4.1) & (2.4.2) on [to — r, tg + 5] for some B > 0.

Proof: Inequality (3.1.13) implies (3.1.10) and so Theorem 3.1.2 immediately gives us our conclusion
that a local solution of (2.4.1) & (2.4.2) exists. a

Note that geometrically condition (3.1.13) ensures that the tangent to the integral curve of the
solution at (9, $(0)) € J x D will not be orthogonal to the normal to the hypersurface t = 7 (z)
at (to, ¢(0)) (and hence it will not coincide with the tangent to the hypersurface t = ny(z) at this
point).
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The next corollary tells us that under the same hypotheses on f, solutions of the impulsive delay
differential equation with fixed impulse times given by (2.4.7) & (2.4.2) exist locally.

Corollary 3.1.3: Assume f is composite-PC, quasi-bounded and continuous in . Then for each
(to. ¢) € J x PC([—r.0], D), there erists a solution = = z(to, ¢) of (2.4.7) & (2.4.2) on [to—r.to+ )
for some 3 > 0.

Proof: Since each 7 is constant, Vi (z) = 0 for all z € D and so condition (3.1.13) holds trivially.
So by Corollary 3.1.2 we obtain local existence. |

In the case that the functions 7 (z) are not constant. then inequality (3.1.13) tells us that the
point #(0) must play a dominant role in the definition of the function f(t. ¥).

3.2 Continuation

In this section we discuss the property of continuability of solutions of (2.4.1). We first define what

is meant by a continuation of a solution and then we establish sorne associated theorems.

Definition 3.2.1: If z and y are solutions of (2.4.1) on the intervals Jy and Ja, respectively, where
J2 properly contains Jy and both intervals have the same closed left endpoint, and if z(t) = y(t)
for t € J,, then y is said to be a proper continuation of = to the right, or simply a continuation of
z. A solution z of (2.4.1) defined on J, is said to be continuable if there exists some continuation
y of z. Otherwise z is said to be noncontinuable and the interval J; is called a marimal interval of

eristence of z.

In Definition 3.2.1if J is of the form (to —r,to+ B1), then the interval J, which we describe may
be either [to —r, to + ;] for some B2 > Sy or [to—r,29+(2) for some By < B2 < . Similarly, if J; is
of the form (tg — . to + B1], then J2 may be either [to — r.to + B2] for some §; > By or [to — 1, to + 32)
for some §) < B2 < oo.

We concern ourselves only with the forward continuation of sclutions (i.e. for increasing time)
since this is most natural for real physical systems and because backward continuation of solutions
for both delay differential equations and impulsive systems is generally difficult if not impossible to
achieve as discussed in Chapter 2.

If z is a continuable solution of (2.4.1) on some interval, can it always be continued to a maximal
interval of existence? In other words, must there exist a continuation y of z that is noncontinuable?
This depends on our definition of a solution of (2.4.1). With solutions of (2.4.1) defined as in
Definitions 2.4.1 and 2.4.2 the answer is no, a solution of (2.4.1) cannot necessarily be continued to
a maximal interval of existence. The main reason for this is that we have excluded from our notion
of a solution functions defined on finite intervals of the form [to — r, 2o + 8) where 0 < 8 < oc that
experience impulses at an infinite increasing sequence of times T = {t;}{>, where limy o ti =
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to + B < oc. A similar problem crops up even in system (2.3.1) where there are no impulses. In this
case as well as in the more general case of system (2.4.1). as we continue a solution z to the right it
might tend to some function defined on a finite interval [t — r, 2o + §) but whose derivative may fail
to exist and be continuous at more than just a finite number of times in (to,t0 + 8) as required by
Definition 2.3.2 (or Definition 2.4.2). There could be an infinite sequence of times tending to o + 3
where the derivative fails to exist and be continuous and in this case we would not consider y to be
a solution of (2.3.1) (or of (2.4.1)).

Two questions that we would like to address are the following. Under what conditions can
solutions of (2.4.1) always be continued to a maximal interval of existence? Secondly, under what
circumstances can a solution of (2.4.1) be noncontinuable and, more specifically, what happens to
it at the right endpoint of its domain of definition? Qur first theorem is concerned with the first of
these questions.

Note that in Section 3.1 when we established criteria for local existence of solutions of (2.4.1)
we imposed a condition that would guarantee that solutions of (2.3.1) beginning on an impulse
hypersurface would not evolve along it for some arbitrarily small amount of time. If this solution
later does reach an impuise hypersurface, then we know there must exist a first time ¢t; > to when
this happens. Without a condition such as (3.1.10) of Theorem 3.1.2 there will not necessarily be a
first time t; > to for which a solution of (2.3.1) intersects an impulse hypersurface, since there may
be times arbitrarily close to to at which the solution intersects the same hypersurface from which it
evolves. In this case it is unclear how we could interpret a solution of (2.4.1) and so we would be
inclined to say that it does not exist.

Along similar lines, since we only want to consider solutions of (2.4.1) as defined in Defini-
tions 2.4.1 or 2.4.2, then we will need to establish conditions that will ensure that as a solution
evolves and experiences impulses, the times at which the impulsive effect occurs do not tend to some
finite limiting value. Of course even these “solutions™ can be of interest, but we prefer to ignore
them for the most part since they cannot be continued beyond this limiting value, much less all
the way to infinity, without one's having to completely redefine the notion of a solution to include
functions whose points of discontinuity cannot be listed in the form of an increasing sequence.

As a solution of (2.4.1) evolves it could intersect successive impulse hypersurfaces t = i (z), t =
Tk+1(T), t = Tk42(2), ... (in the sense that t; = n(z(t7)), t2 = n41(z(87))s ta = Tep2(z(t3)),...)
and yet its impulse times ¢; < t2 < t3 < ... may be bounded from above. To avoid this situation we
can simply require that limg o 7 (2} = o uniformly in z. Then on any finite interval of time, there
would be only a finite number of impulse hypersurfaces that any such solution could intersect. The
next problem is that we would want to establish conditions to avoid solutions exhibiting the pulse
phenomenon. In other words, we would like to ensure that a solution could only reach (in terms of
its left-hand limit) a given impulse hypersurface at most once in its evolution. If it intersected the
same hypersurface multiple times, then it could potentially intersect it an infinite number of times
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over a finite interval, which is something we would not want. In Theorem 3.2.1 we give conditions
that will ensure that as a solution of (2.4.1) evolves it will intersect each impulse hypersurface at
most once,

Before introducing Theorem 3.2.1, we state Zorn's Lemma which we will need in the proof of the
theorem. Zorn’s Lemma is equivalent to the Axiom of Choice and a proof of this equivalency can
be found in many analysis texts including [Lan83].

Lemma 3.2.1: (Zorn’s Lemma) Let X be a partially ordered set with partial ordering <. If
every nonempty, totally ordered subset S of X has an upper bound in X (i.c. there is some z € X,
depending on S, such that y < z for all y € S), then X has a mazimal element (i.e. there is some
z€ X suchthatify€ X andz <y thenz = y).

Theorem 3.2.1: Assume f is composite-PC, quasi-bounded and continuous in ¢ and that 7, €
CYD,R,) for k = 1,2,... and the limit limg o T&(z) = oc is uniform in z. Furthermore, assume
that

Ve (¥(0)) - f(t.¥) < 1, (3.2.1)

for all (t,9) € J x PC([~r,0],D) and k = 1,2,.... Finally, assume that $(0) + I(n (¥(0})),¥) € D
and

T (¥(0) + I(me ($(0)), %)) < m(¥(0)), (3.2.2)

for all Yy € PC([~r,0},D) for which ¥(0~) = ¢(0) and for all k = 1,2,.... Then for every
continuable solution = of (2.4.1), there exists a continuation y of = that is noncontinuable. Moreover,
any solution z of (2.4.1) can intersect each impulse hypersurface (in the sense that t = 1 (z(t™)))
at most once.

Proof: Suppose z is some continuable solution of (2.4.1). Let [to — r.tg + B1) or [to — 7, t0 + (]
where 0 < ) < oo be its domain of definition depending on whether it is defined at its rightmost
endpoint or not. Let X be the set consisting of the solution z together with all continuations of z.
For any pair of elements y,z € X let us define the partial ordering < by y < z ifeither z =y or z
is a continuation of y. Then Zorn's Lemma tells us that X has a maximal element. (i.e. there is a
solution of (2.4.1) that is both a continuation of z and is itself noncontinuable), if for each totally
ordered subset S of X, there exists an element z € X such that y < z forally € S.

So suppose S is some totally ordered nonempty subset of X. We must show that S has an
upper bound in X. Associated with each solution y € S, there exists a unique G(y) satisfying
B < B(y) < oc where to + O(y) represents the rightmost endpoint of the interval on which y is
defined. In other words, y is defined on either [to — r,2o + 8(y)) or on [to - r,t0 + B(y)] if B(y) < oc.
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If z € S. then of course 3(z) = ;. Now define

B2 =sup{B(y) |y € S}. (3.2.3)

Then 8 < B2 < oc and the domain of every solution y € S is a subset of [to — r,to + B2] if f2 <
or of {tg — r, 00) if B2 = co. If B < oc and there exists some y € S that is defined on [t — r. to + S32].
then this solution y is clearly an upper bound on §. So let us disregard that case. If we can show
tlie existence of a solution = of (2.4.1) that is defined on [to — r,tg + 52) and for which y < = for all
y € S, then z will be an upper bound on S and from Zorn's Lemma we will be able to conclude the
existence of a maximal element of X.

For t € [to — r,to + (2) define the function

z(t) = y(t), where y is any solution in § for which t < to + B(y). (3.2.4)

From the definition of 8, it follows that whenever t € {to — 7,25 + (;) there will always exist a
solution y € S for which 5 +3(y) > t and such a solution y is therefore defined at t. Moreover, since
the set S is totally ordered, then all solutions y € § that are defined at t have the same function
value at t. In other words, the function z is well-defined. The challenge then is to show that z is
actually a solution of (2.4.1) according to Definition 2.4.2. If so, then z € X and it follows from the
construction of z that y < z for ally € S.

First note that since y(t) € D and y(t*) = y(t) for all y € S and for all t € [to — r.to + B(y))
it follows immediately that z(t) € D and z(t*) = z(t) for all t € [to — 7,0 + §2). Thus z :
[to — r,to + B2) — D and =z is right-continuous everywhere. Also since for each y € S, y(t7) exists
in D for all t € (tg — r,to + B(y)), then z(t™) exists in D for all t € (to — r.to + F2). Similatly
z(t™) = z(t) for all but at most a finite number of points ¢ € (to — r,tg]. We cannot yet claim that
z € PC([to—T,to+B2). D), however, since if B3 < oc, then the function z may experience an infinite
number of jump discontinuities.

Choose any 0 < a < ;. Then there exists some y € S for which 8(y) > a. The restriction
of y to [to — r.to + a] is clearly a solution of (2.4.1) and is an element of PC([to — r.to + a}, D).
but it is also none other than the restriction of z to [to — 7,20 + a]. Therefore if 8, = oc, then
z € PC([to — 7, o0), D) and by Definition 2.4.2 the function z is a solution of (2.4.1).

On the other hand, if B2 < oo, then define T = {t € (to,to + B2) | t = x(z(t™)) for some k}.
Then z(t™) = z(t) for all t € (to,to + B2)\T. If the set T is finite, then z € PC([to - r.to + (2), D).
Since f is composite-PC, then f(t, z;) can have only a finite number of discontinuities on (to,to + 52)
and except at these points or at points in T the function z must have a continuous derivative. This
is because if at some t € (1,20 + 2)\T the composite function f(t,z,) were continuous, then the
same would be true for f(¢,%) and any y € S for which ¢ + B(y) > t and from the integral form
of the solution y given by (2.4.6) of Lemma 2.4.1 (where ¢ = y,) it is clear that the derivative of y
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and hence that of z exists and is continuous at t. It therefore follows that z is a solution of (2.4.1)
according to Definition 2.4.2.

Since limg o 7e(w) = > uniformly in w. then there exists some positive integer N for which
Te(w) > to+ O, for all w € D and for all k > N. Note that we have replaced the z in the assumption
of the theorem by w to avoid confusion with the z that we took to initially be a solution of (2.4.1).

We are now left with the remaining case to consider, which is when 8; < oc and yet the set
T is infinite. We will show that the conditions of our theorem will guarantee this cannot happen.
In this situation T must consist of an increasing sequence of impulse times T = {ti};%, where
to<ti <ty < ... <th <...<to+F7 and limg_,oo te =to+ ;. Foreach k =1,2,... let ji denote
the index of the unique hypersurface that z reaches at time ¢;. In other words, ty = 7;, (2(¢;)) for
k=1,2,.... Then ji < N for all k, which means that there are only a finite nuruber of impulse
hypersurfaces that z can intersect. Thus z must reach at least one hypersurface more than once.
In other words, ji = jk+m, and hence tx = 7, (2(t;)) and tyym = 7,,(2(t5,,,)). for some positive
integers k and m. So let y € S be any solution where g + 5(y) > tiym. Then te = 7, (y{t;)) and
teem = Tj, (Y(tesm)). We will show, however, that it is in fact impossible for the solution y to reach
the same impulse hypersurface two or more times. The same technique can then be used to prove
that every solution of (2.4.1) can intersect a given impulse hypersurface at most once.

Fori=0,1,2,...,m define

heeft) =t — Tjho.'(y(t))v (3.2.5)

for t € [to — r.ti4m]. Then these functions are all continuous on [ti,tk4+m) except possibly at the
impulse times where they are right-continuous and have a left-hand limit. Note that hyyi(t;,,) =0
for all 1.

Suppose that for some 0 < i <m -1 we have jiy, > jisigr. Then 7, (W) > 7., (@) for all
w € D and so therefore we find that

higosr (tegs) = tagi — Tinsisr (¥(t4s)) > tigi — Tingi (Y(tk4i))
= tk+|' - Tj..... (y(tk—-f-l) + I(tk+" y'h-+|))
= ki = Thug, (y(t;+i) + I(Tj'*‘(y(t;*"))' y"-’*"'))

2tk — Tjuy, (y(tk-+i)) = hHi(t;-n) =0,

(3.2.6)

where we used (3.2.2) to get the final inequality.
On the other hand if we differentiate Ap441(t) with respect to t over the interval (tx 4. tiqis1)
we get

'k+i+l(t) =1- Vrjh+i+x (y(t)) - flt, Ye), (3.2.7)

for all t € (ta4i)ta+i+1), which is valid at least in terms of a right-hand derivative (and in terms
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of its ordinary derivative at all but a finite number of points). From inequality (3.2.1) we conclude
that hi ;. ,(t) > 0 and therefore that hx4i41(t) is strictly increasing on this interval. So in par-
ticular g giv1(thees) < Rrgivi(tpyiyy). However, heyivi(tp,,,,) = 0 and as we showed in (3.2.6)
hisis1(tesi) > 0. This gives a contradiction. Thus it must be true that ji4i < jr4i41 for all 4.
In other words, jx < ji41 < Jis+2 < ... < jk+m. But finally this contradicts the assumption that
J& = Ji+m. Therefore y and consequently z could not have intersected the same impulse hypersurface
twice. This concludes the final case and proves the theorem. a

In Theorem 3.2.1 we assumed that ¥(0) + I(n(¥(0))},¢¥) € D for all k and for all ¥ €
PC([-r.0], D) for which %(0~) = ¥(0). This will of course be necessary if we want solutions to be
defined and continuable beyond impulse times. It ensures that solutions remain in the domain of
the functional f following the impulsive action. In most applications D = R" and so this condition
is trivially satisfied.

The next corollary of Theoremn 3.2.1 involves a strengthening of inequality (3.2.2), which occa-
sionally may be easier to check.

Corollary 3.2.1: Assume [ is composite-PC, quasi-bounded and continuous in ¢ and that r, €
CYD.R,) fork = 1,2,... and the limit limy o Tk (Z) = i3 uniform in z. Furthermore, assume
that

Vn(9(0) - f(t,9) < L, (3.2.8)

forall(t,¢) € J x PC([—-r.0],D)and k =1.2,.... Finally, assume that y(0) + sI(r(¥(0)),¥) € D
and

Vr(9(0) + sl (e (¥(0)). ¥)) - I{ne(¥(0)). ) <0 (3.2.9)

for all y € PC([~r,0], D) for which $(0~) = ¢(0), for all0 < s <1 and forall k =1.2..... Then
for every continuable solution z of (2.4.1), there ezists a continuation y of z that is noncontinuable.
Moreover, any solution z of (2.4.1) can intersect each impulse hypersurface (in the sense that t =
Ti(z(t™))) at most once.

Proof: For fixed ¢ € PC([-r,0]. D) for which ¥(0~) = %(0) and for any fixed positive integer k,
define

9(s) = n(¥(0) + sI(m (¥(0)), 9)), (3.2.10)

for s € [0, 1]. Differentiating g with respect to s gives

g'(s) = Vn(¥(0) + sI(n(¥(0)), ¥)) - I(ne(¥(0)), ¥). (3.2.11)
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Thus g'(s) < 0 for 0 < s < 1 according to (3.2.9). Therefore g is nonincreasing on (0.1] and in
particular g(1) < g(0). In other words, inequality (3.2.2) is satisfied. So by Theorem 3.2.1 the

conclusion of the corollary follows. 8

Note that if the set D is convex. then when checking the requirement in Corollary 3.2.1 that
¥(0) + sl (1 (¥(0)), ¥) be contained in D for 0 < s < 1, one need only check the special case when
s = 1 (i.e. that ¥(0) + I(me(¥(0)), ¥) € D).

The next corollary tells us that solutions of system (2.4.7) where impulses occur at fixed times
can always be continued to a maximal interval of existence. The fact that solutions of system (2.4.7)
can intersect impulse hyperplanes t = 7, at most once (in fact exactly once for each 7 > to in the

domain of the solution) is also obvious.

Corollary 3.2.2: Assume f is composite- PC, quasi-bounded and continuous in . Also assume that
¥(0)+I(ne,¥) € D for allyp € PC([—r.0), D) for which (0~ ) = (0) and for allk = 1.2..... Then
for every continuable solution = of (2..7), there exists a continuation y of z that is noncontinuable.

Proof: Since each 7 is constant, inequality (3.2.2) holds trivially. Moreover, Vi (z) = 0 for all
z € D and so inequality (3.2.1) also holds. So by Theorem 3.2.1 continuable solutions of (2.4.7) can
be continued to a maximal interval of existence. a

Now that we have established conditions that guarantee that solutions of (2.4.1) can be continued
to a maximal interval of existence and at the same time avoid beating upon an impulse hypersurface.
let us turn our attention to what happens to noncontinuable solutions.

Theorem 3.2.2: Assume that all of the conditions of Theorem §.2.1 are satisfied and let z be any
solution of (2.4.1). If z is defined on a closed interval of the form [to — r,to + a], where a > 0 and
[to.to + a] C J, then z is continuable. If z is defined on an interval of the form [tg — r, 2o + ),
where 0 < B8 < oc and [to,to + O] C J. and if z is noncontinuable, then for every compact set
F C D. there ezists a sequence of numbers {s;}7%, withto < $; < 92<...< % <...<to+pf and
limk oo Sk =to + O such that z(si) € F.
Proof: Suppose z is a solution of (2.4.1) defined on [to—r, to+a] for some a > 0 where [to, to+a] C J.
Define tg = tg+a and ¢ = 2,,4+4. By Corollary 3.1.2 we know there exists a local solution y = y(fo, )
of (2.4.1) & (2.4.2) on [to — 1,20 + B)] for some 8 > 0 where g € J denotes the new initial time and
¢ € PC([-r,0], D) denotes the new initial function. By extending the domain of definition of the
function z so that z(t) = y(t) for t € (fo, %o + B] it is clear that this new function is also a solution
of (2.4.1) & (2.4.2) and is a continuation of the original solution z.

Next assume z is a noncontinuable solution of (2.3.1) that is defined on [to — r, to + 3) for some
0 < 8 < oc where [to,to+] C J. Suppose, for the sake of contradiction, that there exists a compact
set F1 C D and a constant 0 < ; < G such that z(t) € F, for allt € {to+5),to+5). Without loss of
generality we may assume that 3, is sufficiently small so that the solution z does not experience any
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impulses on the interval to+ 5,20+ 3). Define F; to be the closure of the range of £ when restricted
to [to — r,to + B1]. Then F3 is a compact set properly contained in D. Theset F= FUF; C D is
clearly compact and z(t) € F for all t € [tg — r.to + B).
Since f is quasi-bounded, there exists some M > 0 such that || f(¢, ¥)|| < M for all (¢, ¢) € [to, to+
B] x PC([~r,0), F). So in particular ||f(t,z)|| < M for t € [to,to + ). Given t,t € [to + B1,to + B)
we have by (2.4.6) of Lemma 2.4.1 (where ¢ = =z, ),
t
fete) = =0 = | [ .20

< | f WGs.zds] < M-l (3.2.12)
t

Then (3.2.12) implies that limy_,(¢,+3)- z(t) exists by the Cauchy criterion and this limit point,
call it w, is in F. Thus z may be continued as a solution of (2.4.1) & (2.4.2) to tg + 8 (as well
as beyond as proven earlier) by defining z(¢o + 8) = w. This contradicts the assumption that z is
noncontinuable. Thus, for every compact set F € D, there is a strictly increasing sequence of times
{3k }2%, in (to,to + B) that converges to to + B and for which z(sx) g F. a

For completeness we state the following corollary to Theorem 3.2.2, which applies to system (2.4.7)
which has impulses occurring at fixed times.

Corollary 3.2.3: Assume f is composite- PC, quasi-bounded and continuous in . Also assume that
Y(0)+I(me,¥) € D for allyp € PC([—7,0], D) for which4(0~) = ¢(0) and forallk =1,2,.... Letz
be any solution of (2.4.7). If z is defined on a closed interval of the form [to—r,to+a), wherea > 0
and [to.to + a] C J, then z is continuable. If ¢ 1s defined on an interval of the form [to — r,t0 + ),
where 0 < 8 < oc and [to,to + f] C J. and if = is noncontinuable, then for every compact set
F C D, there ezists a sequence of numbers {s;}72, withto < $;) <32 < ... < % <...<to+p and
limig —eoc 3k = to + O such that z(si) € F.

Proof: The conditions of Corollary 3.2.2 and hence those of Theorem 3.2.1 are satisfied. Thus by
Theorem 3.2.2 the conclusion of the corollary follows. a

The first part of Theorem 3.2.2 states that a maximal interval of existence of a solution of (2.4.1)
is open on the right. The second part says that a noncontinuable solution z is either defined for all
t € J or it is defined on a bounded proper sub-interval of J and in this latter case the solution either
becomes unbounded as t — to + 8 (i.e. limsup,_,, .4 ||2(t)]| = 20} or it takes on values arbitrarily
close to the boundary of D as t — ty + 8. In the special case where J = R, and D = R",
Theorem 3.2.2 essentially says that bounded solutions are continuable to ¢ = co.

3.3 Global Existence

In this section we impose further conditions on the functional f to establish global existence re-
sults for solutions of system (2.4.1). Before stating our main theorem we need a generalization of
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Gronwall's Inequality.

While Gronwall’s Inequality applies to continuous functions, generalizations of the lemma to
piecewise continuous functions and even Lebesgue integrable functions are available (see [Sam77]
and [Hal80], respectively). We state the lernma as it applies to piecewise continuous functions and

include a proof.

Lemma 3.3.1: (Gronwall’s Inequality) If g,h € PC([a,b]. R}), c € Ry, and

t

g(t) < c+/ g(s)h(s)ds, (3.3.1)

for all t € [a.b], then

t
g(t) < cexp (/ h(s)ds) , (3.3.2)

for all t € (a,b].
Proof: Let 8o = a, let s; denote the i** point in (a.b) at which either function ¢ or h has a simple
jump discontinuity, and let s, = b, where n — 1 is the number of such discontinuous points. Then
on each interval [si_y, 8], for i = 1,2,..., n. the functions g and h are continuous except perhaps
at s; where they have a left-hand limit.

For t € [a, b] define

t
u(t) =c +/ g(s)h(s)ds. (3.3.3)

Then u is continuous on [a. b] and is continuously differentiable on each interval (s;_,,s;). Moreover,
for t € (si_y, 8i), u'(¢) = g(t)A(t). and since g(t) < u(t) on [a.b] by (3.3.1), then u'(t) < h(t)u(t)
and hence u'(t) — h(t)u(t) < 0 for t € (s,-1,3;). Multiplying both sides of this inequality by the
integrating factor exp(— f; h(s)ds), which is also differentiable at each t € (-1, 3;), and applying
the product rule identity gives us

% [exp (- /.. ‘ h(a)da) u(t)] <o, (3.3.4)

for all t € (3,1, s;). Thus the function

¢
p(t) = exp (-/ h(a)ds) u(t). (3.3.5)

is nonincreasing on (s_1, ;). Since p(t) is continuous on [a, b] then it is nonincreasing on each
closed interval [s;_;, s;] and hence on all of [a,}]. So in particular, for any t € [a,b] we have
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p(t) < p(a) = u(a) = c which gives us

g(t) < u(t) <cexp (./: h(s)ds) . (3.3.6)
a

Theorem 3.3.1: Assume J = R, D = R", and the conditions of Theorem §.2.1 are satisfied.
Suppose that there ezist functions hy, hy € PC(R.,Ry) such that ||f(t, ¥)|| < hi(t) + h2(t)||¥]], for
all (t,¥) € Ry x PC([—r, 0], R"). Then for each (to, ¢$) € Ry x PC([-r,0], R"), there ezxists a (local)
solution z = z(to, ¢) of (2.4.1) & (2.4.2) and any such solution can be continued to [tg — r, oc).
Proof: Let (to,¢) € Ry x PC([~r,0], R") and let z = z(to, §) be a local solution of (2.4.1) &
(2.4.2) (whose existence is guaranteed by Corollary 3.1.2). If z is continuable, then we know it
can be extended to a maximal interval of existence of the form {to — r, 2o + §) for some 0 < § < x
according to Theorems 3.2.1 and 3.2.2. The question then is whether or not z can be noncontinuable
on [ty — r,tg + B) for a finite value of 8. So let us suppose for the sake of contradiction that 8 < <
and z is noncontinuable on [t — r, to + 3).

Let {t;}7., denote the impulse times corresponding to the solution z. By Theorem 3.2.2, the
solution becomes unbounded as t — ty + 5. We will obtain a contradiction by showing that z is
bounded on [to — 7,20 + 8).

Let M, = sup{hi(t) | t € [to.to + B)} for ¢ = 1,2 and note that both M; and M, are finite
numbers. Let By = M, By = fMy, By = ||4ll- and By = [[(0)]| + e, [11{tk. 2,2 Il (or simply
By = ||¢(0)|| if z experiences no impulses).

Now from (2.4.6) of Lemma 2.4.1 we obtain, for t € [tg, to + 5},

el < le@l+| 5 Fz )| +| [ fozids
{k: ta€(to.t]} :0
<le@il+ Y |rtzg)] + [ I1£(s. 20|l ds (33.7)

. (k: I.E((n.']) .
< B+ / (ha(s) + ha(s)||z.llr)ds < By + By + / ha(s)|lz,||-ds,
'o to

which implies that
¢
zelle < By + By + By+ | ha(s)||z.]|rds, (3.3.8)
to

for all t € [to, to + B). Define g(t) = ||z¢||, for t € [to, 0 + B). Let 0 < B; < B. Then restricted to
[to.to + By) we know g € PC([to,to + $1}, Ry) by Lemma 2.3.2. Thus by Gronwall’s Inequality we
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get

¢t

g(t) < (By + By + Bs)exp ( hz(-‘!)da) . (3.3.9)

to

If we let B = (B4 + By + B;) exp(B;), then g(t) < B for all t € [to, 2o + £], which in turn
implies ||z(t)]| < B for all t € [to — r,to + £1). Since this holds for all 5, arbitrarily close to G, then
this implies that ||z(t)]| < B for all [to — r,to + §). Thus we get a contradiction which proves the
theorem. a

Our final corollary of this section essentially restates Theorem 3.3.1 insofar as it applies to
system (2.4.7).

Corollary 3.3.1: Assume J = R, D = R", and that f is composite-PC and continuous in ¢.
Suppose that there ezist functions hy, hy € PC(Ry, Ry ) such that || f(¢, ¥)|| < hy(t) + h2(t)]|¥l|s for
all(t,¢) € Ry x PC([~r,0], R*). Then for each (to,$) € Ry x PC([-r.0], R"), there ecists a (local)
solution z = z(to, $) of (2.4.7) & (2.4.2) and any such solution can be continued to [to — r. oc).
Praof: The conditions of Corollary 3.2.2, which are assumned, imply those of Theorem 3.2.1 and so
Theorem 3.3.1 yields the conclusion.

Note, however, that we have dropped the explicit reference to the quasi-boundedness assumption
on f as a condition of our corollary. This is because it follows from the assumption that || f(t, ¢)|| <
hy(t) + ha(t)||¥)lr. Suppose F C R" is compact and [to.to + a] C Ry for some to € Ry and a > 0.
Let M; = sup{hi(t) |t € [to,to + a]} for i = 1,2 and let M3 = sup{||z|| | z € F}. Clearly M, M,
and M; are all finite. If we define M = M, + M2 M3, then for (t,¥) € [to,to + a] x PC([-r.0]. F),
LF(t )l < ha(t) + ha(t)]|¥llr < My + M2M3 = M, and hence f is quasi-bounded. a

3.4 Uniqueness

This section looks at the uniqueness properties of solutions of (2.4.1) & (2.4.2). Rather than first
prove uniqueness for system (2.3.1) & (2.3.2) and then apply these results to obtain uniqueness for
system (2.4.1) & (2.4.2), we will prove uniqueness for systern (2.4.1) & (2.4.2) directly.

Definition 3.4.1: A solution z = z(tg, ¢) of (2.4.1) & (2.4.2) is said to be unique if given any
other solution y = y(to, ¢) of (2.4.1) & (2.4.2), z(t) = y(t) on their common interval of existence.

Note that two distinct solutions z = z (2o, ¢) and y = y(to, ¢) of (2.4.1) & (2.4.2) having different
initial functions ¢ and §, respectively, for which ¢(0) # $(0), may intersect or even merge at some
time t > to. This could be a result of the delay differential equation (2.4.1a) even with a sufficiently
smooth functional f. Winston and Yorke (Win69] give a rather interesting example illustrating
this behaviour. This is one feature that distinguishes delay differential equations from ordinary
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differential equations. On the other hand, merging of solutions can be caused by the impulses as
discussed in Section 2.2.

As with ordinary differential equations, additional smoothness assumptions on f are required if
we want to expect uniqueness of solutions. In Theorem 3.4.1 we show that the addition of a local
Lipschitz condition on f is sufficient to guarantee uniqueness of solutions of (2.4.1) & (2.4.2). This
theorem is modified from a similar uniqueness theorem in {Hal93] for delay differential equations,

except that we account for the discontinuities caused by impulses.

Theorem 3.4.1: Assume f is composite-PC and locally Lipschitz in . Then there exists at most
one solution of (2.4.1) & (2.4.2) on [to — r.tq + B) where 0 < 8 < xc and [to,to+B) C J.

Proof: Assume z = z(to, ¢) and y = y(to, ¢) are two solutions of (2.4.1) & (2.4.2) on [to — r. to + 3)
where 0 < 8 < oc and [to,t0 + f) C J and assume £ Z y. Since z(t) = y(t) = @(t — to) for
t € [to — r,to}, then there exists some t € (to,to + B) for which z(t) # y(t). Define t; = inf{t €
(to.to + B) | z(t) # y(t)}. Then t; € [to,to + B) and z(t) = y(t) for t € [to — r.t;1). In particular
z(ty) = y(t7). Ity > to and ¢y # 7 (z(t7)) (equivalently, t; # n(y(¢y))) for all k, then z(t;) =
z(ty) = y(t7) = y(ta), while if t; > to and ¢ty = 7(z(t])) (equivalently, t; = u(y(ty))) for some
k, then z(ty) = z(t7) + I(t1. 1:,'.) = y(t7) + I(tl,y,‘-) = y(t1). Thus z(t) = y(t) for t € [to — r. t,].
Let € > 0 be sufficiently small so that t; + € < tog + 8 and both t # n.(z(t)) and t # 1 (y(t)) for all
t € (t1,t; + €] and for all k. Using the integral form of the system of equations given by (2.4.6) in
Lemma 2.4.1 we get

t
)= 9(t) = [ (o) = flaw))ds, (3.4.1)
fort € ty,ty+¢. Let S={z(t) |t €fto-rti+e]}U{yt) |t eto—rti+e}and F=F
(i.e. the closure of S). Clearly F is a compact subset of D. Since f is locally Lipschitz in ¢, there
exists a constant L > 0 such that ||f(t. 1) = f(t.¥2)l| < Lll¢1 — ¥2|ls for all t € [to.t; + €] and
¥1.¥2 € PC([~r,0], F). Let é > 0 be sufficiently small so that é < e and Lé < 1/2. Then for all
t € 1.ty + 6], we have z(,y € PC([-r.0], F) and from (3.4.1) we obtain

t

t ¢
l2(t) - y(e)ll < [ 1f(e 2a) = £s.30)llds < / Liiz, - yallvds
't

¢ +4
<L sup |lz(u) — y(u)|lds < L sup  ||lz(u) — y(u)|lds (3.4.2)
t) veEfty,s] 1 t €ty b, +4)
=Lé sup lz(u)-y(ulll <5 sup  [l2(u) - y(u)ll.
u€lt) ¢, +4} u€fer.t1+4)

Since inequality (3.4.2) is satisfied for all ¢ € {t,¢; + 6], then this means we must have z(t) = y(t)
for t € [t), ¢, + d], which contradicts the definition of ¢, and proves the theorem. a

When considering the continuous system (2.1.3) without impulses and where f is defined on
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J xC([-r,0], D), then uniqueness of solutions may be proven by assuming a seemingly weaker form of
Lipschitz condition. Lakshmikantham [Lak64] has shown, in a somewhat more general setting, that f
does not have to satisfy the Lipschitz inequality for every pair of functions v,, ¥; € C([-r,0], F) but
only for those pairs of functions that satisfy ||¢1 — ¥2lls = [[¢¥1(0) — ¥2(0)||. We could similarly prove
uniqueness under this alternative assumption. The technique is a little more complicated since it
requires Razumikhin-type arguments similar to those we use in the study of stability in Chapter 5.
However, we refrain from presenting a theorem based on this assumption since it does not seem
to generalize the theorem significantly. Functionals that satisfy this alternate Lipschitz condition
invariably end up also satisfying the standard Lipschitz condition defined in Definition 2.3.6. It is
unknown whether a functional exists that satisfies this alternate Lipschitz condition, but that fails
to satisfy Definition 2.3.6.

3.5 Continuous Dependence

We now wish to examine the property of continuous dependence of solutions with respect to initial
conditions. When impulses occur at variable times in system (2.4.1), then different solutions will
generally experience the impulsive effect at different times. This means that one cannot ordinarily
expect solutions to depend continuously on initial data. For this reason we restrict our attention to
impulsive delay differential equations where impulses occur at fixed times (2.4.7). We note, however,
that although continuous dependence in the classical sense will not normally exist for the variable
impulse systemn (2.4.1), one could sufficiently redefine and weaken the concept to a point where one
might expect system (2.4.1) to satisfy it. Results along this line for impulsive systems without delay
can be found in [Lak89], although here we will only consider a predominantly classical notion of
continuous dependence and hence focus on system (2.4.7).

Roughly speaking, by continuous dependence we mean that solutions starting sufficiently close to
one another in terms of their initial conditions will remain close together on finite intervals of time.
Thus small perturbations of the initial time to or the initial function ¢ of a solution z = z(tq, ¢} of
(2.4.7) & (2.4.2) will not cause a large change to the corresponding solution on any finite interval of
time. One could talk about continuous dependence just with respect to the initial function, just with
respect to the initial time, or jointly with respect to both the initial function and initial time. In the
former case, continuous dependence with respect to the initial function is similar to the concept of
stability, which we introduce in Chapter 4. The main difference is that stability applies to infinite
intervals of time and is therefore a stronger property.

In this section we develop a theorem which establishes continuous dependence of solutions of
{2.4.7) with respect to initial functions. We also show that because of the discontinuities caused by
the impulses and because of the delays in system (2.4.7), continuous dependence with respect to the
initial time, or more generally with respect to the entire initial data, is unfortunately, and perhaps
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surprisingly, not generally satisfied even under otherwise strong assumptions on the functionals f
and [.

Let (to.¢) € J x PC([-r,0], D) and suppose z = z(to, ) is a solution of (2.4.7) & (2.4.2) on
(to = r to + B] for some B > 0 for which [to,to + 8] C J. One way to precisely define the notion
of continuous dependence is as follows. For every ¢ > 0, there exists some § > 0 such that if
(t. ¢°) € J x PC([—r,0], D) where |tq — t3| < § and |[¢ — ¢*]|, < §, then if y = y(t5,¢") is a
solution of (2.4.7) & (2.4.2), then y exists on (or can be continued to) the interval [ty —r, to + 5] and
Nz(t) — y(t)}l < eforallt €t —r tg+ 8] where t = max{to,t3}. This is essentially the definition
given by Hale and Lunel [Hal93] in their study of continuous delay differential equations. Note that
d generally depends on € as well as the particular solution z (which in turn specifies g, ¢ and g).

A weaker notion of continuous dependence is sometimes considered where § also depends on the
particular value of ¢ in the interval [{ —r, 2q +5). In other words, any solution y = y(t§, ¢°) of (2.4.7)
& (2.4.2) satisfying |to — t3] < 6 and ||¢ — ¢°||, < § is continuable at least up to time t and at that
particular time (although not necessarily at other times) we have ||z(t) — y(t)|| < e.

The first thing to notice about the original definition is that if t§ # to, then it is generally
unreasonable to expect that ||z(t) — y(¢t)}} < e for t € [t — r, 2] (i.e. ||z - willr < €) although for
t € [t.to + 5] one might expect the inequality to hold. This has to do with the piecewise continuous
space upon which systemn (2.4.7) is defined. Indeed, if ¢ has one or more discontinuities (say at the
points —r < ) < 32 < ... < 3 < 0) and we were to choose ¢* = ¢ so that our main focus is on
continuous dependence with respect to to, then as tg = to, ||z¢ — yi|l, will not tend to zero. Instead
it will approach max;<ik<m{||[¢(sx) ~ ¢(s; )|/}, which would be some positive number.

Of course we do not have this problem if t = to and we are considering only continuous depen-
dence with respect to the initial function ¢. Before further discussing continuous dependence with
respect to to or the more general continuous dependence with respect to both (to, ¢), let us introduce
a theorem establishing continuous dependence with respect to the initial function only. For delay
differential equations this is often the only type of continuous dependence that is considered in the
literature. We will assume that the functional f satisfies a local Lipschitz condition in ¥ just as we
did for our proof of uniqueness in Theoremn 3.4.1.

We first formally state the definition of continuous dependence of solutions of (2.4.7) & (2.4.2)
with respect to initial conditions. Then we prove a theorem for system (2.3.1) & (2.3.2) and finally
apply those results to give us a corresponding theorem for system (2.4.7) & (2.4.2).

Definition 3.5.1: Solutions of (2.4.7) & (2.4.2) are said to depend continuously on initial functions
if given any solution z = z(to, ¢) of (2.4.7) & (2.4.2) defined on some interval [to — r, to + 3], where
(to. ¢) € J x PC([-r,0], D), 8 > 0 and [to, 2o + 8] C J, then for every € > 0, there exists some § > 0
such that if ¢* € PC([-r,0],D) and ||¢ — ¢°||r < 4, then if y = y(to, $*) is any solution of (2.4.7)
& (2.4.2), then it exists on (or can be continued to) [to — 7,20 + 5] and will satisfy ||z(t) — y(t)]| < €
for all t € [tg — r to + B)-
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The above definition applies to solutions z = z(to, ¢) of (2.4.7) defined on closed intervals of
the form [to — r,20 + §]. For solutions defined instead on finite half-open intervals of the form
[to — 1, to + B), we can simply modify the definition to require that continuous dependence, as given
by Definition 3.5.1, holds for z restricted to [tg — r,tg + By] for each 0 < ) < B.

We remark that if Definition 3.5.1 is satisfied, then solutions of (2.4.7) & (2.4.2) are unique.

Theorem 3.5.1: Assume f is composite-PC and locally Lipschitz in . Then solutions of (2.3.1)
& (2.9.2) depend continuously on initial functions.

Proof: Let (to,¢) € J x PC([-r.0]. D) and suppose r = z(to, ¢) is a solution of (2.3.1) & (2.3.2)
defined on some interval (tg — r,to + 8] where § > 0 and [to, to + 8] C J.

Let € > 0 and assume, without loss of generality. that ¢ is chosen sufficiently small so that the
set S = {z€ R"|||z(t) - z|| < e for some t € [tog — 7.ty + O]} is contained in some compact subset
F of D. Next let L > 0 be the Lipsachitz constant for f associated with the time interval [to, ¢ + S]
and the compact set F C D. Define § = e"L%¢/(BL + 1) and note that 0 < § < e.

Now let ¢* € PC([-r,0], D) satisfy ||¢ — ¢°||» < § and suppose y = y(to, $°) is some solution of
(2.3.1) & (2.3.2) defined on [to — r, to + a] for some a > 0 for which [to, to + a] C J. According to
Corollaries 3.2.2 and 3.2.3 (with the functional I being identically zero so that system (2.4.7) reduces
to system (2.3.1)) this solution can be extended to a maximal interval of existence [to —r.to+3y) for
some a < By < oo. We must show that 81 > § so that y can be continued to at least [to — . tg + 0]
and we must also show that ||z(t) — y(t)|| < € for all t € [to — r 2o + ).

If 51 < B, then by Corollary 3.2.3 we know that there must exist some point t € {to — r.to + 1)
for which y(t) € F and in particular ||z(t) — y(¢)]| > . We will show that ||z(t) — y(t)|| < € for all
t € [to—r.to+ 1) Nto ~ r to + B], which will in turn imply that y(t) € F for all such ¢t and thus
guarantee that g, > g.

Suppose for the sake of contradiction that ||z(t) — y(t)|| > € for some t € {to — r.to+ f1) N to —
r.to+ f). Define t* = inf{t € [to — r.to + 1) N[to — r.to + O] | ||z(t) — y(t)|| > €}. For t € [to — r, ta)
we have ||z(t) — y(t)|| = [|¢(t — to) — ¢°(t — to)|| < 4 < €. Since both solutions are continuous when
restricted to the interval o, ¢o+ 81) N(to, to + 8], then clearly we have to < t* < min{to+8.to+51 },
llz(t*) ~ y(t* )| = € and [|z(t) —~ y(¢t)]| < e fort € [tog — r.t*]. Thus z,,y € PC([-r,0], F) for all
t € [to, "]

From (2.3.13) of Lemma 2.3.3, for t € [to,2°] we get

¢
llz(t) - (2}l < 114(0) - " )1l + / 1£(3,24) = £(2vs)lds
4
<160) - 4O+ [ Lllzs ~ wllds (3.5.1)

¢
< lig(0) - ¢7(0)1 + L./' (IM =¢"ll-+ sup ]Hr(U) - y(u)ll) ds.

llE ‘o.l
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Let g(to) = ||$(0) — ¢"(0)l| and g(t) = sup,e(e,qllz(u) = y(u)l| for t € (to,t”). Then clearly
g € C([to.t"]),Ry) and from (3.5.1), noting that the right-hand side of (3.5.1) is nondecreasing

in t, we get

¢t
g(t) < ||4(0) — ¢"(0)]| + L/: (II¢ = ¢%lle + sup |lz(u) - y(u)ll) ds

ueltos] ‘ (3.5.2)
< 16(0) = (O + BEI6 = #° + L [ g(s)ds < (BL+1)5 +L [ glslds,
tg to
for t € [to.t*]. Therefore by Gronwall’s Inequality we find that
g(t) < (BL + 1)dektt-to) = ghlt-d-ta)g (3.5.3)

for t € [to.t"]. Since t* < to + 3, then in particular g(t*) < e. In other words. sup,¢g(,.e«) [|2(1%) =
y(u)|l < e. But this contradicts the fact that ||z(t*) — y(t*)|| = €. This contradiction therefore
completes the proof. a

Theorem 3.5.2: Assume f is composite-PC and locally Lipschitz in 1 and that [ is continuous
in . Also assume that ¥(0) + I(rc.¢) € D for all y € PC([~r.0], D) for which y(0~) = #(0) and
forall k= 1,2,.... Then solutions of (2.4.7) & (2.4.2) depend continuously on initial functions.
Proof: Let (to,¢) € J x PC([-r,0]. D) and suppose z = z(to, ¢) is a solution of (2.4.7) & (2.4.2)
defined on some interval [to—r.to + 3] where 8 > 0 and [to, 2o +8) C J. Then tg € [n_;. n) for some
positive integer I. If to+0 < 7, then z is simply a solution of (2.3.1) & (2.3.2) and so Theorem 3.5.1
gives us continuous dependence with respect to ¢.

Next suppose to + 3 = n. Let ¢ > 0. Since [ is continuous with respect to ¥, then there exists
some 0 < & < €/2 such that ||[(n,z,-) = I(n.¥)l| < ¢/2if ¢ € PC([-r.0], D) and ||z,- - ¥|l- < J.
If we were to redefine, for the moment, the value of the solution z at n to be z(7"), and thereby
make z continuous on [tg, n], then we could apply Theorem 3.5.1 to this function, where we let 6 > 0
be given as in Definition 3.5.1 and where the € in the definition is replaced by 4.

Now suppose ¢* € PC([-r, 0], D) satisfies ||¢ — ¢°||r < §. Then any solution y = y(to, ¢*) of
(2.4.7) & (2.4.2) exists on or can be extended (as a solution of (2.3.1) & (2.3.2)) to [to — r. 7],
and on the interval [to — r.n), will satisfy ||z(t) — y(t)|| < d. Redefining the value of y at 7 to
be y(r7) + 1 (n,y,,-) will then make it a solution (which is unique according to Theorem 3.4.1) of
(2.4.7) & (2.4.2).

Since for t € [to — r,n) we have ||z(t) — y(t)|| < § < ¢ then in particular it follows that
lz - = y-llr < 4. Finally, at t = n we have

llz(n) = y(n)ll = ll=(r7) + I(n,z,-) = y(r7) = I(n, 9, )

i 3.5.4
Sletn) = (Ol + (v 2,-) = I(ny, - )l S 6+ €/2< e 324



CHAPTER 3. FUNDAMENTAL PROPERTIES 47

Therefore for all t € [to — r, ], it follows that ||z(¢) — y(t)|| < € and so this concludes the case when
to+8=mn.

For the final case suppose Nym-1 < to + 8 < 7i4m for some positive integer m and let € > 0.
For the solution z restricted to [n4m-1 — r.to + O] and with n4m- and z,,,,_, being thought of
as the initial time and initial function. respectively, let §; > 0 be defined so that given any ¢° €
PC([-r,0}, D) with ||zr,,._, — ¢°|lr < 41, then any solution y = y(N4m-1,¢") of (2.4.7) & (24.2)
either already exists on or can be continued to [M4m-1 — 7. to + O] and will satisfy ||z(2) - y(2)|| < €
for all t € [N4m-1 — 7 to + f]. The existence of such a d; > U follows from what we showed earlier
in this proof.

Similarly, if m > 2, then for i = 1,2,...,m — 1, consider z restricted to [n4ym-i-1 = T, Tl4m=1)
where nym—i-1 and z,,, _,_, are considered the new initial time and function. Then let 4,41 > 0 be
defined inductively so that &;4; < §; and if ¢* € PC([-r.0], D) and ||z, ,._._, — ¢"llr < dis1. then
any solution y = y(M4em-i-1,9°) of (2.4.7) & (2.4.2) either already exists on or can be continued to
[M4m-i=1 = T N4m—,] and will satisfy ([z(t) — y(t)|| < & for allt € (N4m—s—1 — T Nem=-i)-

Finally let § > 0 be chosen so that given any ¢° € PC([~-r.0], D) satisfying ||¢ — ¢°|[, < ¢ and
given any solution y = y(to, ¢°) of (2.4.7) & (2.4.2), then y exists on or can be continued to [to -, 7]
and ||z(¢) — y(t)]] < ém for all t in this interval.

With this choice of § we can show that any solution y = y(te,¢") of (2.4.7) & (2.4.2) for which
¢° € PC([~r,0], D) and ||¢ - ¢°}|, < é can be continued all the way to [to — r.to + (] and will
satisfy ||z(t) — y(t)|| < € for all t € [to — r.to + B]. This is because initially we know that y can be
continued to [to — r,n] and on this interval ||z(t) ~ y(t)|| < dm. In particular ||z, — yr |l < dm.
Thus y can be continued further to all of [to — r.m41] and where |jz(t) — y(t)]| < dm-1 on this
interval (or if m = 1 and to + 8 < m41, then y can be continued to [tg — r.to + 8] and on this interval

l|z(t)~y(t)]| < €). By repeating this same argument rn—1 more times we find that y can be continued

to the impulse times N4z, N43.... . Nym-1 and then to to + B. On each interval [to — r. N4, we
find that ||z(t) — y(t)|| < dm- and then finally on [to — r. to + 8] we get ||z(t) — y(t)|| < e. which
completes the proof. ]

Let us now return to the discussion of continuous dependence of solutions of (2.4.7) & (2.4.2)
with respect to the initial time. For the time being we are treating the initial function as being
fixed but allowing for small perturbations of the initial time. We have already mentioned that a
solution y = y(tg,$) cannot be expected to be close to a given solution z = z(to, ¢) on the interval
[t = r.t], where ¢ = max{to,t3}, regardless of how close tg is to to. Another important observation
to make is that one cannot expect solutions of (2.4.7) & (2.4.2) to depend continuously on ¢q if to
happens to be an impulse time. If tqg = 7 for some k, then by our definition of a solution of (2.4.7)
& (2.4.2) we do not consider a solution £ = z(to, ¢) to experience an impulse instantly at its initial
time to. However, if t§ were chosen so that 0 < tg — t§ < 4 for an arbitrarily small § > 0, then the
corresponding solution y = y(tg. ¢) would experience the impulsive effect at time t = tg and this
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would likely cause the solution y to deviate a great deal from z at times t > to.

As it turns out, even if we were to modify the definition of continuous dependence of solutions
of (2.4.7) & (2.4.2) to account for this problem (by excluding impulse times from the set of initial
times), we still cannot generally expect to get continuous dependence with respect to to as we will
demonstrate by way of examples.

One problem with establishing continuous dependence with respect to g stems from the impulse
functional I. In general one can ounly expect solutions of (2.4.7) & (2.4.2) to depend continuously
on tg if I does not involve delays. To illustrate the problem that delays in I can cause, consider the

simple scalar equation

() = 0. t £k, (3.5.5a)
Az(t) = z(t - 1). t =k, (3.5.5b)
where k = 1,2,... and where delays are present only in the impulse equation. Let the initial function

$ be defined by ¢(s) = 0 for s € [~1,0) and ¢(0) = 1. Letting to = 0 and solving for the solution
£ = z(to, ) of (3.5.5) we find that z(t) = 1 for t € [0, 1) and z(¢t) = 2 for t € {1,2). On the other
hand for arbitrarily small § > 0if t5 = § and y = y(tg, ¢), then we find that y(t) = 1 for all ¢ € {4, 2).
So clearly in this case these solutions are not close to each other. This problem can be avoided if we
only consider initial times ¢o that are not contained in any set of the form [n —r, ri]. Of course this
becomes very restrictive if r is large especially relative to the time differences between successive
impulse times.

Solutions of the continuous system (2.1.3) & (2.1.7) can be shown to depend continuously on ini-
tial tirnes (in fact they depend continuously on the initial data (to, ¢)) if f is a continuous functional
and if f satisfies a local Lipschitz condition in ¢ [Ogu66]. More generally, continuous dependence
can be proven under the assumption that f is continuous and that solutions of (2.1.3) & (2.1.7)
are unique [Hal93]. Unfortunately, these proofs fall apart when one tries to enlarge the space from
the set of continuous functions to the set of piecewise continuous functions. In fact it no longer
remains true that such conditions will guarantee continuous dependence with respect to tg. We
will illustrate this with an example of a functional f that is composite-PC and locally Lipschitz in
¢. It will therefore satisfy the conditions of Theorem 3.4.1, which ensures uniqueness of solutions.
Solutions of the corresponding system (2.3.1) & (2.3.2) having no impulses will depend continuously
on initial functions according to Theorem 3.5.1. Despite all of this, however, the solutions (having
piecewise continuous initial functions) fail to depend continuously on initial times.

Define the functional f : Ry x PC([-1.0].R) = R as follows,

Y(-t), te[o,1],

¥(-1), te(l,x). (3.5.6)

ft, ) ={
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This corresponds to the equation

2y =4 2O telb] (3.5.7)
zt—1), te(l, x)

This equation can also be written in the form

z'(t) = z(t — h{t)), (3.5.8)

where
_ )t telo], 9
hit) = { I te (L) (3.5.9)

Clearly h is continuous, 0 < h(t) < 1 for all t € R4 and t — A(t) is nondecreasing on Ry. The
functional f is therefore of the type (F2) defined in Section 2.3. Therefore by Corollary 3.1.1, f
is composite-PC, quasi-bounded and continuous in . It is not hard to see that f is also locally
Lipschitz in ¢.

Now let the initial function be defined to be ¢(s) = 1 for s € [—~1.—-p) and ¢(s) = 0 for
3 € [~p.0] where 0 < p < 1 is some constant. Let us start by considering the initial time tq = p.
Solving z = z(to. ¢) of equation (3.5.7) gives us z(t) = 0 for all ¢ > 0 and so in particular z(1) = 0.
Now let 0 < 6 < | — p and consider t§ = p + 4. If we solve for y = y(t3, ¢). then we find that on
the interval [p + 4. 1], y(t) =t — (p + §) and so in particular at t = 1 we get y(1) =1 — (p+4). As
d — 0% this value approaches 1 — p. which does not equal z(1) = 0. Hence, solutions of (3.5.7) do
not depend continuously on tg.

Another thing to note about equation (3.5.7) is that it is a typical example of an equation to
which the step method could be applied (on any interval [p. oc) where p > 0). So here is an example
where the theory of continuous dependence of solutions of ordinary differential equations cannot
directly be carried over to an impulsive delay differential equation despite the ability to reduce the
equation to one of an ordinary differential equation.

The rather simple equation (3.5.7) illustrates that continuous dependence of solutions with re-
spect to initial times (or niore generally with respect to initial data) is unfortunately not a property
that one can ordinarily expect from the more general equation (2.4.7) & (2.4.2) even under strong
smoothness assumptions on f.

Some positive results establishing continuous dependence of solutions with respect to initial times
could be established for very restrictive classes of functionals. Qbviously smooth functionals that
don’t involve time delays would have this property. Moreover, if one were to restrict the class of
initial functions to only continuous functions as well as restrict the set of initial times to non-impulse
times and assume I had no delays, then one could fairly easily show that under the same conditions
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as Theorem 3.5.2, this weaker form of continucus dependence would follow. However, as a general
rule, continuous dependence of solutions of (2.4.7) & (2.4.2) with respect to initial timnes does not
hold, although continuous dependence with respect to initial functions holds under fairly standard

smoothness assumptions on f and [.



Chapter 4

Stability and Boundedness Using

Lyapunov Functionals

In this chapter and the next, we obtain stability and boundedness conditions for system (2.4.7).
In this chapter we make use of Lyapunov functionals in our proofs of stability and boundedness.
Their use represents a natural generalization of the direct method (or second method) of Lyapunov
for ordinary differential equations. In Chapter 5§ we utilize Lyapunov functions, which tend to be
sitnpler to work with but which require the use of Razuinikhin-type techniques in order to make the
most of these functions.

Lyapunov functions (and functionals) are often found in an ad hoc fashion and suitable functions
can sometimes be difficult to obtain. Nevertheless, for some simple equations one can create an
appropriate Lyapunov function relatively easily. Other times the physics of the problem might
suggest that one consider a particular form of Lyapunov function (such as an energy function).
Alexander Lyapunov (1857-1918) pioneered the use of functions which carry his name. The idea is to
use an auxiliary function that satisfies any of various conditions (such as, for example, being scalar,
nonnegative-valued, positive definite, decrescent, radially unbounded, having a negative definite
derivative with respect to the system of equations, etc.). By looking at how such an auxiliary
function, or Lyapunov function, evolves along solutions of an ordinary differential equation (or
in our case, an impulsive delay differential equation), information about stability or boundedness
properties of the system may be obtained.

4.1 Properties of Lyapunov Functionals

In order to make use of Lyapunov functionals in our theorems we must first define certain properties
that we shall later refer to.

51
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Definition 4.1.1: A functional V : J x PC({-r,0], D) =& R, is said to be consistently composite-
PC if for each tg € J and a > 0, where {to,to + a) C J, if £ € PC([to ~ r,to + a}, D) and z is
continuous at each t # 7 in (2o, Lo + a, then the composite function g defined by g(t) = V(t, £} is
continuous at each t # 7 in (to,to + a] and g € PC([to, to + a], Ry).

Note that this definition is similar to the one given for composite-PC functionals f in Section 2.3.
One minor difference is that here the functional V maps into R, instead of R". The main distin-
guishing feature, however, is that the composite function V (t, z;) may not have jump discontinuities
at non-impulse times. Most useful Lyapunov functionals are of this formn and so this does not im-
pose a significant constraint. When looking at how a Lyapunov functional evolves along solutions
of (2.4.7) it will be important to know that discontinuities can only occur at the impulse times. For
this reason we will normally assume that the Lyapunov functionals are consistently composite-PC
instead of just composite-PC.

Recall that in Chapter 2 we defined what it meant for a functional to be locally Lipschitz in ¥.

We restate the definition here, for convenience, insofar as it applies to a Lyapunov functional V.

Definition 4.1.2: A functional V : J x PC{([-r,0}, D} — Ry is said to be locally Lipschitz in ¢ if
for each tg € J and a > 0, where {to,tg+a] C J, and for each compact set F C D, there exists some
L > 0such that |V(¢,41) =V (t, ¥2)| < L||¥1 — 2|, forall t € [to,to+a) and ¢y. ¥2 € PC([-r.0], F).

Next we define the derivative of Lyapunov functionals with respect to system (2.4.7).

Definition 4.1.3: Given a functional V' : J x PC([-r.0], D} — R,. the upper right-hand derivative
of V with respect to systemn (2.4.7) is defined by

. 1
D*Via.4.7(t. %) = limsup Z[V(t + hoymy) = Vit )], (4.1.1)

h—0O*

for (t.y) € J x PC([-r.0]. D), where

Y(h +3), 3 € [-r, —h],

4.1.2
$(0)+(h + )f(t9), =€ (~h.0], (*.1.2)

Yap(s) = {

for0<h<r.

Note that D*V3.4.7)(t.¥) given by (4:1.1) is well-defined (as an extended real number) and
can be computed directly from f without advanced knowledge of the solutions of system (2.4.7).
Occasionally, explicit reference to system (2.4.7) in (4.1.1) may be omitted for brevity, whereupon we
simply write D* V' (¢, ¢). If V is locally Lipschitz in ¢, then this is equivalent to the time derivative
of V along solutions of (2.4.7). This is the subject of our next theorem.

Theorem 4.1.1: Assume f satisfies the conditions of Corollary 3.1.5. LetV : Jx PC([-r,0], D) =
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R, and assume V is locally Lipschitz in ¢. If (t,¢) € J x PC([-r,0], D) and = = z(t. ) is any
solution of (2.4.7) satisfying the initial condition z, = ¢, then

D*Vigan(t.¥) = li’:nz\ip-’l; V(t+ h, zenlt 9) - V(L ¥)]. (4.1.3)

Proof: Assume z is defined on [t — r,t + () for some 8 > 0 where {t,t + 8] C J. Let hy > 0 be
sufficiently small so that hy < r, hy < B, ¢(0) + sf(t,¥) € Dfors € [0, hy], 7 & (¢, t + hy] for all k
and f(s,z,) is a continuous function of s for s € [t.t + h;]. This final constraint imposed on h, is
justified by the composite-PC assumption on f.

Let F C D be a compact set containing z(s) for s € [t—r,t+hy) and $(0)+sf(t, ¥) for s € [0, hy].
Then Ypu), Zean € PC([-r, 0], F) for 0 < h < h; and z; = ¥ € PC([-r,0], F). Let L > 0 be the
Lipschitz constant for V associated with the sets [t,t + hy] C J and F C D.

Since f(s.z,) is continuous on [t,t + hy] and 7 € (t.t + hy] for all k, then the solution z
is continuous on [t.t + h;] and differentiable on (t.t + hy) with derivative (not just right-hand
derivative) equalling f(s,z,) at each s € (t.t + hy). Let 0 < h < hy. Then for each 0 < s < h, there
exists some £(s) € (.t + s) such that z(t + s) — z(t) = sf(t(s). z4,)) by the Mean Value Theorem.
In other words, z(t + s.t.9) — ¥(0) = sf(£(s). zi,)). Thus we obtain the following inequality

1 L
FIV(E+ B zen(t 8) = V(E+hobm)] € Fllzenn(t ¥) = dinil

L
= 3 sup lzesnls.t.¥) = ¥ (s)ll

1€[~r.0]
L
=5 sup lz(t+h+st9) = ($(0) + (b + ) f(t. )|
L 2€(—h.0)
= — sup llz(t + s.t. ¢) = ($(0) + sf(t. ¥))|
E $€(0,h]
= & sup S|F(E(s) zeny) = FLE D)
1€(0,A)
< L sup [If(E(s). ziwy) - fit. 9
1€(0.A)
< L sup |[f(t + 8.Teqs) = (L ze}|]-
1€(0,A)

(4.1.4)

As h — 0% this term clearly tends to 0 since f(s,z,) is right-continuous at ¢.
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Thus we get the following equality, which completes the proof.

1
D* V247t ¥) = limsup =[V(t + h.¥pw)) — V (2, ¥)]
h—0+ h

= lim sup%[V(t + h,¥pw) - V(L ¥)] + hl_ior(r)l_' %[V(t + hyzepn(t ¥)) = V(E+ hoypay)]

A=0+
= lim sup { %[V(t +hod) - VIt ¥)] + %[V(t +h zeen(t, ¥)) = V(t+ b, 'l’m)l}
h—0
= limsup l[‘.’(t +hozeen(to ) - V(L))
h— 0+ h
(4.1.9)
a

Corollary 4.1.1: Assume f and V are given as in Theorem {.1.1. Suppose z = r(to.¢) is a
solution of (2.4.7) & (2.4.2) defined on [to — r.to + O] for some 8 > 0 where [to, to + 8] C J. Then

] 1

D*Via.4.7)(t. z¢) = limsup Z[V(t + h.zeenlto. d)) — V(L ze(ta. 8))], (4.1.6)
h=O+

fort € [to.to + f).

Proof: Fixt € [to.to+0). Then restricted to [t. to+ 8], £ is a solution of (2.4.7) satisfying the initial

condition £, = ¢ where ¥ = z¢(to.¢). For h > 0 satisfying t + b < tg + 8. Teenlto. d) = Tesa (L. ¥).

So replacing ¢ by z¢(to, ¢) and ze4a(t. ¥) by zesn(to. @) in (4.1.3) gives us (4.1.6). a

Corollary 4.1.1 says that under suitable assumptions on f and V. if one were to construct the
composite function m(t) = V(t.z,) for t € [to.to + O] where z = z(to. ¢) is a solution of (2.4.7) &
(2.4.2), then the upper right-hand derivative (a generalized Dini derivative) of m(t) defined by

D*m(t) = limsup l[m(t + h) - m(t)], (4.1.7)
Ao+ R
is equal, at each t € [to.to+ ), to the upper right-hand derivative of V with respect to system (2.4.7)
as defined by (4.1.1) evaluated at (¢, ¥) = (¢, z).

When analyzing stability properties of system (2.4.7), the derivative of a Lyapunov functional
(or function) along solutions as given by (4.1.7) will play an integral role. In particular, D¥m(t) will
be required to be bounded above at all non-impulse times by some (usually nonpositive) function.
This will enable us to obtain an upper bound on the growth rate of m(t). It is customary to
consider generalized Dini derivatives since this allows one to apply stability theorems to a wider
class of problems. The other three Dini derivatives (lower right, lower left and upper left) would be
less suitable in the study of impulsive delay differential equations since solutions are assumed to be
right-continuous, their evolution is considered only to the right, and because we are only interested
in imposing upper bounds on the derivative of m(t).
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In (4.1.1) we have defined an upper right-hand derivative of V with respect to system (2.4.7).
which can be evaluated at any (t,¥) € J x PC([—r. 0], D) without advanced knowledge of solutions.
In practice one can often form the composite function V(t.z,) where r is some as yet unknown
solution. Then calculating the time derivative of V (¢, z;) becomes a simpler task.

The next few examples demonstrate the calculation of the derivative of a Lyapunov functional
along solutions of a delay differential equation by using Definition 4.1.3. These we compare to
what one would get by differentiating V (¢, z,) directly with respect to t. For simplicity we refer to
equation (2.3.3) in each case.

Suppose we consider the functional

(¢}

v = [ wlds, (4.0.8)
-1
which is clearly locally Lipschitz in 4. From (4.1.1) we find that
) 1
D*Viaaai(t,¥) = limsup =[V(¢ + b, ypn) = V£, )]
h=— 0+

. 1 r 0 o
= timawp | [ wotsitas - | otsnia]
1

h= 0+ - -
-h 0 0
= limsupy | / it s)ids + / (0) + (4 )10, lds - / 1 |¢(snds]
1 [ 0 h-1
= timaupz | [ 190+ (h+ ) f(e,piids - | |¢<a)|ds]
h—=0+ -h -1

= [$(0)] = [$(=1)I,
(4.1.9)

for (t.9) € Ry x PC([—1.0], R). According to Corollary 4.1.1 the derivative of V along solutions
of (2.3.3) should be

D*Viga)(t. ze) = [z(t)] - |z(t = 1)]. (4.1.10)
This can be verified more directly by looking at the composite function
¢
V(t,z) = / |z(s)|ds, (4.1.11)
-1

from which (4.1.10) easily follows.
Next, suppose we consider the Lyapunov functional

V(t, ) = ¥*(0). (4.1.12)
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This is in fact an example of a Lyapunov function, which we will look at in more detail in the next
chapter. From (4.1.1) we calculate

1 ”
D*Vi23.3)(t.¥) = lim Supl[V(t + h,yp)) - V(t, ¢)] = limsup - [11'[2;.](0) - ¥*(0)
h—o+ B h—o+ N

= limsup 2 [(9(0) + A (t,9))* - ?(0)]

A0+ \ (4.1.13)
= lim sup 7 [2h9(0)f(t, ) + (hf (2, ¥))?]
= 29(0)f(t, %) = 2¢(0)¥(-1).
So along solutions of (2.3.3),
D*Viaa3(t.z) = 2z(t)z(t - 1). (4.1.14)
which may be verified by differentiating
V(t.z,) = z%(t). (4.1.15)
with respect to t.
As a final example let
Vit $) = [(-1)}. (4.1.16)
from which we get
. . 1 . 1
D*Viz3.3)(t. ) = limsup =[V(t + h, yn)) = V(t, ¥)] = limsup = [[gpay(=1)| = [¢(=1)]
Ao+ h Ao+ h (4.1.17)
= limsup  (|[¥(h - 1)| = 19(-1)]].
h—0+ h
In particular, if $¥(—1) # 0, then
D*Viz.3.3)(t, ¥) = sgu($(—1)) D* ¥(-1), (4.1.18)

where sgn(z) = 1 for > 0 and sgn(z) = -1 for £ < 0. An important thing to note is that the
derivative of V depends only on ¥ and not on the functional f(t,¢) = ¥(—1) for system (2.3.3).
This is true in general for any system if V(t,¥) is independent of the values ¥(s) for s € [—¢,0]
and any € > 0 arbitrarily small. Note that while the derivative of the Lyapunov functional (4.1.8)
with respect to equation (2.3.3) seemed initially to depend on f, when taking the limit in (4.1.9) we
found that the value of f(2,4) was actually immaterial.
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If from (4.1.16) one forms the composite function
Vit ze) = |z(t — 1), (4.1.19)
then by Corollary 4.1.1,
D*Viz33)(t.z1) = sgn(z(t — 1))D*z(t - 1), (4.1.20)
for z{t — 1) # 0. We might be tempted to simplify (4.1.20) even further by claiming
D*Via3.3)(t.z¢) = sgn(z(t = 1)) f(t — 1.ze-y) = sgn(z(t - 1))z(t - 2), (4.1.21)

where we are making use of the relation (2.3.3) with ¢ replaced by ¢ — 1. There are several problems
with this. The first is that while Dt z(t — 1) is well-defined, the ordinary derivative or even right-
hand derivative of z at t — 1 may not exist. Even if it does exist there is no guarantee that at this
carlier time the solution must satisfy the delay differential equation (2.3.3). This is particularly true
if t € [to.tg + 1) where z(t — 1) is then defined in terms of the initial function ¢. which need not
be right-differentiable anywhere. only piecewise continuous. and which may have no relation to the
derivative of z.

Nevertheless, in some instances we can use this technique for simplifying the expression for D*V
for the general system (2.4.7). However, we can only do this if we know that the solution on the
interval [t — r,t] also satisfies (2.4.7). In other words, the technique is only useful when considering
values of t > tg + r where ¢ is the initial time. One final comment about the functional V' given
by (4.1.16) is that it is not consistently composite-PC. Our theorems in the next sections will
assume, for simplicity, that the Lyapunov functional under consideration be consistently composite-
PC. Therefore functionals such as (4.1.16) will not be considered.

We would now like to further discuss why we chose to assume that solutions of our various
systems are right-continuous instead of left-continuous. We have already made mention of a few
of the advantages and disadvantages of the two alternatives, which we will summarize. The as-
sumption of left-continuity is consistent with current practice in the study of impulsive differential
equations without delay. Left-continuity also seems more natural (to this author) when thinking of
the evolution of a state in the direction of increasing time and having it actually reach an impulse
hypersurface (not nierely approach it) before experiencing the impulsive effect. A third advantage
to the left-continuity assumption is that it would be simpler to express the delay difference equation
as simply Az(t) = I(t,z;) when t is an impulse time instead of having to define the notation z,-
and then consider I(t, z,-).

One advantage of assuming right-continuity, which has already been mentioned, is that the initial
condition need only be represented by a single function ¢ and not also by a point in R" representing
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the value of z(t). In the study of delay differential equations, right-hand derivatives if not actual
ordinary derivatives are usually considered. So assuming right-continuity of solutions is consistent
with the notion of right-differentiability.

Before pointing out the final key advantage to the right-continuous assumption, let us mention
why it is even important to require that solutions always satisfy a one-sided continuity assumption.
Of course from a modelling point of view it should make little difference whether or not solutions
are left- or right-continuous (or neither) at impulse times unless the system being modelled is highly
sensitive to this sort of thing. However, in the theoretical analysis of the equations it helps to
make some underlying simplifying assumptions. Suppose we were to simply insist that solutions be
piecewise continuous with simple jump discontinuities but not require that the value of the solution
at the discontinuities bear any resemblance to the left- or right-hand limiting values. This would
not make much difference for impulsive differential equations without delay but when there is delay
this could cause two notable problems.

Suppose an initial function ¢ € PC([—1.0]. R) were chosen for equation (2.3.3) that had simple
jump discontinuities at two points ty.t2 € (—1,0). Suppose ¢ were right-continuous at ¢, and left-
continuous at t;. The resulting “solution™ z = z(0.¢) would satisfy (2.3.3) at ¢t; + 1 only in terms
of its right-hand derivative. Likewise at ¢ + 1 it would satisfy (2.3.3) only in terms of its left-hand
derivative. Therefore we would not be able to claim that equation (2.3.3) is satisfied in terms of
at least a one-sided derivative (either left or right) at all times t > tg (excluding impulse times).
Similarly if we considered a Lyapunov function such as (4.1.12) and looked at the composite function
m(t) = V(t. z,). then the upper right-hand derivative of rn(t) as defined by (4.1.7) would satisfy

D*m(t) = 2z(t)z(t = 1). (4.1.22)

at time ty + 1 but not at time t2 + 1. If instead of the upper right derivative we were to consider the
lower left-hand derivative, which is occasionally done in the study of ordinary differential equations,
then it would satisfy

D_m(t) = l}.mgxzf-’l:[m(t) —m(t - h)] = 2z(t)z(t - 1) {4.1.23)

at time ¢, + 1 but not at t; + 1. It will prove useful to know in our theorems and examples that at
least one of these Dini derivatives of m(t) exists and satisfies an equation such as (4.1.22) at every
non-impulse time ¢t > tq.

The second problem stems from the question of what to do when a solution reaches an impulse
time 7, (or when it simply has a discontinuity in its initial function). Should we consider it to take
on the value z(7; ), z(r) or maybe something in between, like the average of these two values,
at the impulse time t = 7. The value of z(7) could be rather arbitrarily assigned if it weren't
for the fact that there are delays. Unfortunately the value of z(7;) could play a crucial role in the
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evolution of the solution at future times. For instance in equation (2.3.3), the choice of what to
define z(7:) will determine what happens at time 7 + 1 and whether or not equation (2.3.3) will be
satisfied at time 1. + 1 with its left-hand derivative, right-hand derivative or neither. A more drastic
illustration comes from looking at equation (3.5.7). The value of z(0} determines how the solution
will evolve over the time interval (0, 1]. Depending on whether z(0) were taken to be z(0~) or z(0%)
or sommething else entirely, the resulting solution could vary a great deal. In the effort to maintain
somne form of consistency it is therefore important that we impose a condition on our solutions (and
the initial functions) that they always be left-continuous or that they always be right-continuous.

If solutions were thought of as being left-continuous and if the space PC([—r,0], D) were corre-
spondingly redefined to include only left-continuous functions, then as a solution of (2.4.7) evolves
it would tend to satisfy (2.4.7a) only in terms of its left-hand derivative at all t > ¢y excluding
impulse times. This would lead us to have to consider only left-hand (or lower left-hand or upper
left-hand) derivatives of Lyapunov functionals. The problem here, however, is that we cannot define
the lower (or upper) left-hand derivative of V with respect to system (2.4.7) in a similar fashion
to Definition 4.1.3 and expect it to equal D.m(t) where m(t) = V(t.z;) and z is any solution of
(2.4.7). In other words, one cannot generally calculate a left-hand derivative of V' with respect to
system (2.4.7) without knowing the solutions of (2.4.7) in advance.

Any definition of D_V(t. ) should satisfy

D_V(t.z,) = 1&;.3{%[&/(& ) = V(t = h.ze-n(t, ¥))]. (4.1.24)

for any solution z of (2.4.7) much like the equality given by (4.1.3) in Theorem 4.1.1. In (4.1.3)
the term ze4n is approximated by using f. For s € [—r, —h] the value of z,4a(s) is known and
through the forward continuation of solutions we approximate z(t + h + 3) = z444(s) for s € [-h, 0]
by z(t + h + 3) = z(t) + (h + 3)f(¢t, ¥). However, in (4.1.24) the value of z,_a(s) is known for
3 € [-r + h,0]. We cannot expect to use f to approximate z¢_s(s) for s € (-7, —r + h)]. Indeed. the
value of f(t, ) will have little bearing on these values. In fact these values of z,.,(s) may be part
of some initial function and not be related to the delay differential equation (2.4.7a) at all.

To illustrate this let us have another look at the Lyapunov functional given by (4.1.16). We
showed that if ¥(—1) # 0, then

D*Vi2.3.3)(t, %) = sgn(¥(~ 1)) D y(-1). (4.1.25)

By analogy, if we could somehow define D_V{23.3)(t.¥) without explicit reference to solutions of
(2.3.3), then it should be

D_Viz2.3.3)(t, ¥) = sgn(¥(=1)) D- ¢(-1), (4.1.26)
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for $(—1) # 0. However, D_+(—1) is not defined since ¥(s) is defined only for s € (~1,0] and not
at values s < —1. We could only calculate D_V{33.3)(t, z¢) for some solution z of (2.3.3) if we knew
what values z assumed in some arbitrarily small neighbourhood to the left of time t — 1.

We will find it convenient to refer to the following function classes in later sections. Therefore

we end this section with the following definitions.

K, = {g e C(Ry,Ry) | g(0) = 0 and g(s) > 0 for s > 0},
K:={gcC®;. R;) | 9(0) =0, g(s) >0 for ¢ >0 and liminf,, x g(s) > 0}.
Ky = {g € C(Ry,Ry) | g(0) =0, g(s) > 0 for s > 0 and g is nondecreasing in s}, and

Ki={g€C(Rs,Ry)|g(0) =0, g(s) >0 for s >0 and lim, g{s) = 00}.

4.2 Stability

For our stability analysis we assumne that 0€ D, J = R, f(t,0) =0 forallt € Ry and I(7r,0) =0
for all 7 € R... System (2.4.7) therefore possesses a trivial solution z(t) = 0. Through the use of
Lyapunov functionals we will obtain conditions under which it satisfies various stability properties.
Our study of stability will focus on this solution.

While in general, z(t) = 0 need not be a solution of (2.4.7) and as well the stability of the trivial
solution generally does not imply stability of other nonzero solutions if system (2.4.7) is nonlinear,
we can of course examine separately the stability of an arbitrary solution z(t). By a change of

variables y(t) = z(t) - z(t) we can transform system (2.4.7) to

V(t) = fltoye +20) = f(t.z) = fltowe). t # 7, (4.2.1a)
Ay(t) = I(toye- + 20-) = It 2-) = T(t.ye), t = 7, (4.2.1b)

where f(t, 0) = i(t,0) = 0, from which we can study the stability of the trivial solution y(t) = 0 of
this system. Occasionally we may talk simply about the stability of system (2.4.7). But by this we
really mean the stability of just the trivial solution of (2.4.7}.

For our stability analysis we assume that 0 € D, J = Ry, f(t,0) = 0 for all ¢t € R, and
I(m%,0) = 0 for all n, € R,. System (2.4.7) therefore possesses a trivial solution z(t) = 0. Through
the use of Lyapunov functionals we will obtain conditions under which it satisfies various stability
properties.

Because of the local nature of our stability analysis we need not assume that the Lyapunov
functional is defined on the whole space R, x PC([-r, 0], D). Instead we will assume V is defined
on the smaller set Ry x PC([—r, 0], S(p)) where S(p) = {z € R" | ||z|| < p} and p > 0 is sufficiently
small to ensure that S(p) C D. In Definitions 4.1.1, 4.1.2, etc. we therefore substitute this smaller
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domain for V. Moreover, Theorem 4.1.1 and Corollary 4.1.1 are valid providing ||z(t)|| < p for all ¢.
In order to consider this smaller domain for V we will make the following additional assumption on
the functional I beyond that which is stated in Corollary 3.2.3:

(H1) there exists some 0 < p < p such that if (re, ¥) € Ry x PC([-r.,0], S(p1)) and 9(0~) = ¥(0),

then $(0) + I(m, ¥) € S(p).
We begin by defining some standard stability concepts.

Definition 4.2.1: The solution z(t) = 0 of system (2.4.7) is said to be

{S1) stable if for every € > 0 and to € R.. there exists some § = d(to,€) > 0 such that if ¢ €
PC([-r.0], D) with ||¢|l, < d and z = z(to,¢) is any solution of (2.4.7) & (2.4.2). then

z(t, to, ¢} is defined and ||z(¢, o, ¢)|] < € for all t > tg;
(S2) uniformly stable if § in (S1) is independent of to;

(S3) asymptotically stable if (S1) holds and for every ¢g € Ry, there exists some 7 = n(to) > 0 such
that if ¢ € PC([~r,0], D) with [|4ll: < n. then lime—oq z(t.ta, ¢) = 0;

(S4) uniformly asymptatically stable if (S2) holds and there exists some n > 0 such that for every
v > 0, there exists some T = T(n,v) > 0 such that if § € PC([—r.0], D) with ||¢]|, < 7. then
lo(t.to. )| < 7 for t > to + T

(S5) unstable if (S1) fails to hold.

The concept of stability stated in (S1) is usually defined with the two inequalities ||¢]l, < ¢
and ||z(t, to, ¢)|| < € being replaced by the strict inequalities ||$|l, < & and |jz(t, to, §)I| < €, re-
spectively. Of course these two ways of defining stability are equivalent. One advantage in using
non-strict inequalities when dealing with piecewise continuous functions is the observations that if
¢ € PC([-r.0], D) aud ||¢(s)]| < & for all s € [—r.0], then although ||$}l, < d, we cannot conclude
that ||¢|l, < d. However, if ¢ were continuous, then we could claim ||¢||, < 4. For this same reason
we choose to define S(p) to be the closed ball of radius p about the origin in R" instead of the open
ball.

Occasionally one may consider a weaker notion of stability than (S1), namely stability at some
fixed to € R,. The trivial solution of (2.4.7) is said to be stable at to if for each € > 0, there exists
some & = §(to,€) > 0 such that if ¢ € PC([-r,0], D) with ||¢||, < J, then ||z(t.to.9)|| < € for all
t > tg. Of course if the trivial solution is stable at each tq € Ry, then it is stable as defined by
(S1). For ordinary differential equations, stability at a point implies stability. However, for delay
differential equations the trivial solution can be stable at ¢; but unstable at some ¢; > tg. This effect
results from the fact that solutions of delay differential equations are generally not continuable to
the left. For an example illustrating this behaviour see (Zve59].



CHAPTER 4. STABILITY AND BOUNDEDNESS USING LYAPUNOV FUNCTIONALS 62

In order to prove asymptotic stability using a traditional approach with Lyapunov functionals,
we will need to strengthen our quasi-boundedness assumption on f. The need for this assumption
is discussed in [Hal93] with regard to continuous delay differential equations. In light of this we
introduce the following definition.

Definition 4.2.2: A functional f : Ry x PC([-r,0], D) = R" is said to be strongly quasi-
bounded if for each compact set F C D, there exists some M > 0 such that ||f(¢, ¥)|| < M for all
(t.¥) € Ry x PC([-r,0}, F).

A strongly quasi-bounded functional is obviously quasi-bounded which we defined in Section 2.3.
The main distinction is that the upper bound M for the functional f must be valid for every time
interval. If f is independent of t, then the two notions are identical.

In the following theorems we will generally be assuming that system (2.4.7) without impulses
(i.e. system (2.3.1)) has a stable trivial solution. The impulses will tend to be thought of as small
perturbations and we will be interested in determining how much the impulses can disturb the
systemn and yet still preserve the stability properties, We will assume the existence of a Lyapunov
functional whose growth along solutions between impulses is nonpositive although at the impulse
times it may experience jump increases. The idea will be to ensure that the overall net effect of the

impulses is small.

Theorem 4.2.1: Assume the conditions of Corollary 3.2.3 and hypothesis (H1) are satisfied.
Suppose there ezist functions a,b € Ky and c € C(Ry, Ry ) and there ecist constants dy > 0 with
d=Y sz, ds < 2. Suppose V : Ry x PC([-7,0],5(p)) = Ry is consistently composite-PC, locally
Lipschitz in ¢ and satisfies the following conditions:
(i) BUIW(ONI) < V(t. $) < a(ll¥ll,) for all t € Ry and $ € PC([~r,0}. S{p));
(i6) Dl V(%) < —c(I$(O)[)) for all t # 7 in Ry and € PC([~r.0], S(p)); and
(iii) for alltq € Ry and £ € PC([to — r.>c). S(p)) where z is continuous at each t # 7 in (to, o),
Vit zr,) < (1 +d,,)lim,_,,.- V{t,z:) whenever (n,zr:) € (to.x) x PC([-r.0],S(p1)) and
(me) = z(m; ) +I(n,,zr:).
Then the solution z(t) = 0 of (2.4.7) is uniformly stable.
Proof: Condition (i) implies b(s) < a(s) for all s € [0,p]. So let & and b be continuous, strictly
increasing functions satisfying b(s) < b(s) < a(s) < @(s) for all s € [0, p]. Then

b(llw (o)) < V(t,¥) < a@(lills), (4.2.2)

for all t € Ry and ¥ € PC([-r, 0], S(p)).

Let € > 0 and assume without loss of generality that € < py. Define d = [Ti=,(1 + di). Then
1 < d < o since d < c0. Choose § = d(€) > 0 so that § < &“(5(6)/J) and note that 0 < d <ee,

Let (2o, ¢) € Ry x PC([—r, 0], D) where ||¢||, < § and to € [n_1,n) for some positive integer I.



CHAPTER 4. STABILITY AND BOUNDEDNESS USING LYAPUNOV FUNCTIONALS 63

Suppose z = z(tq, ¢) is a solution of (2.4.7) & (2.4.2) and let [tg — r,to + §) be its maximal interval
of existence. From Corollary 3.2.3 we know that if 8 < oc, then there exists some t € (tg, to + 3) for
which ||z(t)|| > e. We will prove that |[z(t)|| < e for t € [to,to + S), which in turn will imply that
3 = oc and that the trivial solution of (2.4.7) is thereby uniformly stable.

Suppose for the sake of contradiction that ||z(t)|| > € for some t € [to,to + 8). Then let £ =
inf{t € [to.to+B) | lIz(t)l| > €}. Note that ||z(t)|| < ||¢llr < < € fort € [to—T,to] and in particular
llz(to)ll < e. ) ) .

By the definition of t we see that t € (to,to + 8), ||z(t)]] < € < py for t € [to — r.t) and either
llz(D)]| = € or ||z(£)}] > € and t = 7 for some k. In the latter case ||z(f)|| < p by hypothesis (H1)
since ||z;-|l» < € < p1. Thus in either case V(t,z,) is defined for t € [to, ).

Fort € [to.i] define

m(t) = V(t. z), {4.2.3)

and note that m(tg) = V(tg.¢). Since V is consistently composite-PC we know that m €
PC([to,t], Ry) and m(t) is continuous at each t # 7 in (to.f]. By (4.2.2) we have

b(llz(t)l) < m(t) < a(||zells). (4.2.4)

fort € [to,ﬂ. Thus m(te) < d(}|¢llr) < d(d). By condition (ii) and from Corollary 4.1.1. since V is
locally Lipschitz in ¢, we have

D*m(t) = limsup % [m(t + h) = m(t)] < —c(llz()]), (4.2.5)

A—0+

forallt # 7 in (to,f]. Also by condition (iii) we have
m(re) < (1 + di)m(r7 ), (4.2.6)

for all 7 € (to.f).

From (4.2.5) it is clear that m(t) is nonincreasing on [to, f] between impulses. If £ € (o, n), then
m(t) < m(to) < @(d). Otherwise ¢ € [7i, T 4y) for some k > L. In this case we have m(f) < m(m),
m(1") < m(to) < @(d), m(r7) < m(n-y) fori =1+ 1.1+2....,k and m(r;) < (1 + &;}m(77)
for i = l,l+1,... k. Combining all of these inequalities gives us m(f) < da(d). So in either case
m(f) < da(d) < b(e) and so by (4.2.4) we have [lz(f)|]| < e. But this contradicts the fact that
|lz(£)]] > € and therefore the proof is complete. a

Theorem 4.2.2: Suppose that in addition to the conditions of Theorem {.2.1, c € K,, T =
infeez+{m — m-1} > 0 and f is strongly quasi-bounded. Then the solution z(t) = 0 of (2.4.7) is
uniformly asymptotically stable.
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Proof: Let ¢ be a continuous, strictly increasing function satisfying é(s) < ¢(s) for all s € R,.

Theorem 4.2.1 establishes uniform stability and more specifically it tells us that there exists some
7 > 0 such that if |[¢]l, < 7, then |[z(t.to.4)|| < py for all t > tq — 7 where z = z(to, ¢) is any
solution of (2.4.7) & (2.4.2).

Since f is strongly quasi-bounded, there exists somme M > 0 such that |[f(¢,¥)]| < M for all
(t.¥) € Ry x PC([—r 0].R") with |||, < p1. Without loss of generality we may assume M >
max{l/r,1/7}.

Let v > 0. For e = v let 6 = d(7) > U satisy 6 < a~*(b(¢)/d) as in Theorem 4.2.1 and moreover
assume § < 1. Let N = N(y) be some positive integer satisfying N > 2Mda(p,)/[6¢(5/2)] and define
T =T(n.v) = (2N + 1/2)r. Let z = z(to, ¢) be a solution of (2.4.7) & (2.4.2) with [|¢||, < n and
to € [n-1,n) for some positive integer [. Also let m(t) be defined as in (4.2.3). Then ||z(t)]| < ps
for t > tg — r and we will show that ||z(t)|| < yfort > to + T.

We consider two cases. Either |[z,¢|], < § for some t* € [to,to + T} or ||z¢lly > ¢ for all
t € [to.to + T). In the first case the restriction of z to [t* — r, oc) is again a solution of (2.4.7) but
with the initial time t* and initial function z.. Since ||z¢-||, < 4, then by Theorem 4.2.1 we know
[lz(t)l| <+ for t > t* —r and in particular for t > to + T as desired.

Ou the other hand suppose |[z¢]|, > & for every t € [to,to + T]. The remainder of this proof
will show by way of contradiction that this case cannot happen. This implies that on every interval
[t.t +r] C [to.to + T}, there exists some £ € [t, ¢t + r] such that ||z(?)|| > § and moreover we may
assume, without loss of generality, that ¢ # i for any k.

Thus for j = 1,2,.... N, there exists some t; € [to + (25 — 1)r.to + 2jr] with t; # 7 for any &
and ||z(¢;)|| > 4. Note that ;.1 —t; > r for all j. For each j consider the interval [t, —d/(2M), ¢, +
4/(2M)). Since M > 1/rand é < 1, then these intervals are nonoverlapping and each is contained in
{to.to + T]. Each interval has length §/M < 1/M < r and so can contain at most one impulse time
Ti. Suppose that there are no impulse times in {t,,t; +d/(2M)]. Since ||z(t)]| < py for all t > tg —r,
then [lzill, < py for t € [tj,4; +6/(2M)]. which implies ||='(8)]| = |If(t.z)l| < M at all points in
this interval. Thus ||z(t}|| > /2 on this interval. This in turn implies D*m(t) < —¢(4/2) on this
interval by (4.2.5) and so m(t) decreases by at least §é(6/2)/(2M). A similar argument shows that
m(t) decreases by at least 6¢(8/2)/(2M) on [t; — 6/(2M), t,] if this interval is free from impulses.

For t > to define

m(t)' 1 t E [to,ﬂ),

(t) = :
mt)t€[n.risr), i=LI+1142,....

LII(I + di)
{

(4.2.7)

Inequalities (4.2.5) and (4.2.6) imply that this new function ri(t) is nonincreasing for t > to. Also
since m(t) > d~'m(t) for all t > g, then ri(t) must decrease by at least d~16&(6/2)/(2M) on
cither [tj,¢; + 6/(2M))] or [t; — §/(2M),t;]. So in particular it must be true that m(to + T) <
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Ti(te) — Nd=166(6/2)/(2M) = m(to) — Nd=16&(5/2)/ (2M).
Using (4.2.4) together with our definition for N gives us i (to+T) < a(py)—-Nd~186(d/2)/(2M) <
0. which is a contradiction, leading us to conclude that this second case is impossible. a

We remark that if condition (ii) in the previous theoremn were replaced by the stronger condition
(ii*) D&"..,,V(t.v[:) < —¢(V(t,¥)) forall t # . in Ry and ¥ € PC([-r,0], S(p)),
then the strongly quasi-boundedness assumption on f could be dropped. Moreover, condition (iii)
could be weakened further (eliminating the requirement that d = Y;7,di < oc for example).
However, relating the derivative of the functional V to the Lyapunov functional itself via (ii®) is
generally difficult to do in practice. This is where Lyapunov functions have the advantage.

In the absence of impulses, and so when di = 0 for all k, the proofs of Theorems 4.2.1 and 4.2.2
reduce to proofs given by Hale and Lunel in [Hal93].

We end this section with the following example.

Example 4.2.1: Consider the impulsive delay differential equation

t
z'(t) = —-p(t)z(t) +/ glz(s))ds, t #k, (4.2.8a)
t—r
1 ¢
Az(t) = TFE exp (— /t_' lz:(s)lds) z(t™), t =k, (4.2.8b)
where k = 0,1,2,3.... are the impulse times and r > 0 is some delay constant. Suppose p €

PC(R..R) that satisfies M, < p(t) < M; for all t € R, for constants My > 0 and M2 > 0.
Suppose g € C(R.R) and there exists some M3 > 0 such that [g(z)| < Ma|z| for all z € R.
Furthermore, assume that M, and My are related by the following inequality

M

K ———,
M3 = 4(1 +c.$llr/2)

(4.2.9)

Then we claim that the trivial solution of equation (4.2.8) is uniformly asymptotically stable.

Here the functionals f and I are defined by
0
6.9) = =00 + [ g(wis)as, (4.2.10)

-t

and

I(t,y) = exp (- /_0' |¢(8)|48) ¥(0), (4.2.11)

1
(t+1)?

for all (t.y) € Ry x PC([~r,0], R).
The functional f is clearly composite-PC. strongly quasi-bounded (since p is assumed to be
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bounded) and continuous in ¥. Given any p > 0 let py = p/2. If (k,¢) € Ry x PC({-r. 0], R),
¥(07) = ¥(0) and |[¥]lr < o1, then

0

HO)+ 189 < B+ gz e (- [ 906l ) WO < 200 < 200 = 5. (2.2

In other words, hypothesis (H1) is satisfied.
Let dy = 1/(k+1)2fork =1,2,.... Thend = 3,2, ds < x.
Next, for (¢, ) € Ry x PC([—r, 0], R) define the following Lyapunov functional

0
Ve, ¥) = [¢(0)] +/ [e“l'“ (% - %’13) - ZM"‘] () |ds. (4.2.13)

Inequality (4.2.9) implies

My g e (%l B 213!,3) ' (4.2.14)
and so
2M; ~Mr/2 (A{l OMJ Mia/2 (M; 2M3> o
M, <e A <e 3 ) (4.2.13)

for all s € [~r,0]. Hence V(1. ¢) is always nonnegative. Moreover, V is also consistently composite-
PC and locally Lipschitz in .

Condition (i) of Theorem 4.2.1 is satisfied by letting b(s) = s and a(s) = (1 + r(M,/2 -
4M3/My))s.

As for condition (iii) suppose we let z € PC({to — r. <), R} be some function that is continuous
at each t # kin (to,oc). If z(k) = (k™) + I (k. zk-) (i.e. the function z satisfies the delay difference
equation (4.2.8b) at t = k), then we get

Q
Vik zi) = |::(k)|+/ [e‘"“/z (ﬂ - %) - ~M3] 2k (s)|ds

2 M, M
k
- - My 2M, 2M,
= |z (k™) + I(k, z4- +/ [M.u n/z(______)___] 4
< (1+di)jz(k™)] +/ [e.\h(u-k)/2 (%{ - i{ﬂ) - _21?_3] |z(s)|ds (4.2.16)
k-r 1 1

E r
< (1+dy) (|=(k')| o[ e (B -50) - 5 (snd,)

= (1 +di) limex- V(t, o).

Finally. we must check condition (ii). Calculating the derivative of V with respect to sys-
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tem (4.2.8) gives us

My 2M;

0 e
D*Viuag)(t:¥) < -p(t)l¥(0)| + / lg(w(s))lds — == (T - E) / e 2y s)lds

(M 205\ 20 s (M T2 o
+_( d Ml) ]w(on [ - (=)l

< —My$(0)] + My / [9(s)ds — (% - %‘) e M/ /_ Ibtellds
(- - 2;;’:‘] o) - [tz (2 - ) - “M°] (=)
= - (B2 ) ooy - [emere (- 2 - 2] -
- [Breaners (22 20 ) [ ts)lds
< - (B +32) o

(4.2.17)

The final inequality follows from (4.2.14) and (4.2.15).
By letting c(s) = (M1/2 + 4M3/M,)s, then ¢ € K, and condition (ii) is satisfied. Therefore by
Theorem 4.2.2 we have proven that the trivial solution of (4.2.8) is uniformly asymptotically stable.
O

4.3 Boundedness

Now we introduce some theorems that establish boundedness of solutions of system (2.4.7). As in
the previous section we make use of Lyapunov functionals. In fact the theorems presented here are
very similar to those given for stability. For simplicity we assume that D = R" and J = R,.

Definition 4.3.1: Solutions of (2.4.7) are said to be

(Bl) bounded if for every By > 0 and to € R,. there exists some B; = Bj(tg, By) > 0 such that if
¢ € PC([-r, 0], R") with |[¢]l, < By and z = z(to, ¢) is any solution of (2.4.7) & (2.4.2), then
z(t, to, ¢) is defined and |[z(t, to, ¢)|| < B; for all t > to;

(B2) uniformly bounded if (B1) holds with B, independent of tqg:

(B3) ultimately bounded with bound B if (Bl) holds and for every By > 0 and ty € R, there
exists some T = T(to,B3) > 0 such that if ¢ € PC([-r.0],R") with ||¢||, < Bj. then
llz(t,to, $)|| < B for t > to + T;
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(B4) wuniformly ultimately bounded with bound B if (B2) holds and (B3) holds with T independent
of to.

In the definition of boundedness, global existence of solutions is implicitly assumed. The bound-
edness theorems of this section will establish global existence of solutions as well as boundedness
without assuming, a priori, that solutions can necessarily be continued to infinity.

When discussing the property of (uniform) ultimate boundedness of solutions of (2.4.7), we
will often omit the phrase “with bound B”. In these cases the existence of such a bound will be
understood. We are less interested in establishing a value for B than in proving the existence of
such a bound. This is in keeping with our study of stability where, for example, we care mainly
that there exists a § > 0 (no matter how small it may be) corresponding to each ¢ > 0. Ouly in
Chapter 8 where we examine the concept of practical stability as applied to system (2.4.7) will we

make some effort in assigning values to the various quantities.

Theorem 4.3.1: Assume J = Ry, D = R" and the conditions of Corollary 3.2.3 are satisfied.
Suppose there exist functions a,c € C(R,,R,) and b € K4 and there erist constants dy, pi > 0 with
d=3Y o di<xandp=Y 72, s <. Suppose V : Ry x PC([-r.0], R") = R, is consistently
composite-PC, locally Lipschitz in ¢ and satisfies the following conditions:

(i) b(ll0)l) < V(t.¢) < a(|l¥llr) for allt € Ry and ¢ € PC([-r.0},R");

(ii) D("’“J)V(t, ¥) < =c(|[w(0)]]) for allt # 7 in Ry and ¢ € PC([-r. 0], R"); and
(iii) for allty € Ry and z € PC([to — r, <), R") where = is continuous at each t # 7 in (to. ),

Vire,z,,) < (1+dk)lim,_".- V(t. z¢) + px for all 7 > tg wheneverz(n) = z(rk")+1(fk.z,:).

Then solutions of (2.4.7) are uniformly bounded.

Proof: Let b be a continuous. strictly increasing function satisfying lim, _ 5(3) =  and B(s) < b(s)
for all s € R,. Condition (i) implies b(s) < a(s) for all s, which in turn implies lim,_, < a(s) = x.
So let @ be a continuous, strictly increasing function satisfying d(s) > a(s) for all s € Ry. Note
that b has an inverse defined on R, while a@ has an inverse defined on [a(0), o). Condition (i) then
implies that

Bl (O)]1) < V(t.¥) <a(llvlle), (4.3.1)

for allt € Ry and y € PC([-r, 0], R").

We will prove uniform boundedness of solutions. Define d = [J;=,(1 + di) and note that d < x
since d < oc. Let By > 0 and define B; = By(B,) = b-1(d(a(B,) + p)). Note that B; > B;.
Let (to,¢) € Ry x PC([~r,0], R") where ||¢|lr < By and to € [n_,,n) for some positive integer [.
Let = z(to, ¢) be a solution of (2.4.7) & (2.4.2) and let [to — r.to + B) be its maximal interval of
existence. Recall from Corollary 3.2.3 that if 3 < oc, then ||z(t})|| > B, for some t € (tg,tc + 5). We
will prove that ||z(t)|| < Bz for all t € [to, to + (), which will in turn imply that § = oc and that
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solutions of (2.4.7) are thereby uniformly bounded.
For t € [tg, to + B) define

m(t) = V{t.zi), (4.3.2)

and note that m(t) = V(to.¢). Since V is consistently composite-PC, then we know m €
PC([to,to + 8), R4 ) and m(t) is continuous at each t # 7 in (to,to + B). By (4.3.1) we have

b(liz(®)I) < m(t) < allizells), (4.3.3)

for t € [to, to + B8). By condition (ii) and from Corollary 4.1.1. since V is locally Lipschitz in 4. we

have

D*m(t) = limsup% [m(t + k) = m(t)} < =c(llz()]]). (4.3.4)
h—0+

for all t # 7¢ in (fo.to + B). Also by condition (iii) we have
m(re) < (1 +di)m{r]) + p. (4.3.5)

for all i € (to.to + 0).

From (4.3.4) it is clear that m(t) is nonincreasing on (tg.to + ) between impulses. Suppose
L€ (toto +B). It € (to,n), then m(t) < mito) < alllze,lly) = @(llglle) < (By). Otherwise
t € [Tk Tk41) for some k > [. In this case we have m(t) < m(n), m(r”) < m(ty) < a(B,),
m(r”) <m(rioy) fori=1+11+2,.... kand m(r)) < A+ di)ym(r7 )+ fori=L1+1,... k.
Combining all of these inequalities gives us m(t) < d(@(B;) + p). So by (4.3.3) we have ||z(t)|| <
b=1(d(4(By) + u)) = B, for t € (to,to + B) and indeed for all t € [to — r.to + 3). Thus solutions of
(2.4.7) are uniformly bounded. ]

Theorem 4.3.2: Suppose that in addition to the conditions of Theorem {.3.1, ¢ € K,, 7 =
infrez+{Tk — T—1} > 0 and f is strongly quasi-bounded. Then solutions of (2.4.7) are uniformly
ultimately bounded.

Proof: Let ¢ be a continuous, strictly increasing function satisfying ¢(s) < c(s) for all s € R4. Let
B; = 1 and B = B;(B,;) where B; is defined as in Theorem 4.3.1 by B;(By) = 5'1(d_(&(B;) + p)).
Note that B > 1.

Let B3 > 0. By our assumption on f. there exists a constant M = M(B3) > 0 such that
[1£(t. ¥)]| < M for all (¢, ¥) € Ry x PC([—r, 0}, R") with ||[¥|l, < B2(B3). Without loss of generality
let us assume that M > max{1/r,1/r}. Let N = N(B3) be some positive integer satisfying N >
2M(23(B3) + dd(G(Bs3) + p) + p)/é(1/2) and define T = T(B;) = 2(N + 1)r. Let £ = z(to, ¢) be a
solution of (2.4.1) with ||¢||, < B3. We know ||z(t)|| < B2(B;) for t € [to — r, oc) by Theorem 4.3.1.
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We will show that ||z(t)]| < B for t > to + T. We consider two cases.

In the first case suppose ||z¢+||, < 1 for some t* € [to, to + T)]. The restriction of z to [t*,oc) is a
solution of (2.4.7) with initial time t* and initial function z¢.. Therefore by the uniform boundedness
results of Theorem 4.3.1 we know that ||z(t)]| < B = B»(1) for t > t* — r and in particular for
t>to+T.

For the second case suppose |[z¢]|, > 1 for all t € [tg, 2o + T]. We will show this to be impossible.
On every interval [t,t + r] C [to,to + T, there exists some t € [t.t + r] such that ||z(t)|| > 1. and
moreover we may assuine, without loss of generality, that £ # 7 fur auy 4.

Thus for j = 1,2,..., N, there exists some t; € [to + (25 — 1)r, to + 2jr] with t; # 7 for any k
and |[z(t;)]| > 1. Note that tj+1 —t; > r for all j. For each j consider the interval [t; - 1/(2M),¢; +
1/(2M)). Since M > 1/r, then these intervals are nonoverlapping and each is contained in [to, to+T].
Each interval has length 1/M < 7 and so can contain at most one impulse time 7. Suppose that
there are no impulse times in [t,,¢, + 1/(2M)]. Since ||z(t)[| < B2(Bs) for all t > to — r, then
flzelle < Ba(Ba) fort € [t;.t; +1/(2M)), which implies |[z'(¢)]} = || f(t. z¢)|]| < M at all points in this
interval. Thus ||z(t)|| > 1/2 on this interval. This in turn implies D*¥m(t) < —é(1/2) on this interval
and so m(t) decreases by at least &(1/2)/(2M). A similar argument shows that m(t) decreases by
at least €(1/2)/(2M) on [t; — 1/(2M ). t;] if this interval is free from impulses.

On {tg.to + T], m(t) is of bounded variation siuce it is nonincreasing except possibly at the
discrete impulse times 7, where it may undergo a jump discontinuity. Since m(t) decreases by at
least ¢(1/2)/(2M) on either [t;, t;+1/(2M)] or [t;—1/(2M), t;] for each j, then the negative variation
of m(t) on {to, to + T) must be no less than N&(1/2)/(2M). Since m(t) < d(a(B3) + ) on [to, to + T}
as shown in the proof of Theorem 4.3.1, then the positive variation of m(t) on [to, to + T is bounded
above by m(to) + L. ry ety to+7)(BM(TE )+ k) S G(B3)+ L: ryetonen 1) (e(d(@(Ba) +8)) +pax ) <
G(B3) + dd(a(B3) + 4} + u. Since the difference between the positive and negative variations is
m(to + T) — m(to), then m(to + T) < m(to) + a(B3) + dd(a(B3) + p) + u — N&(1/2)/(2M) <
28(Bs) + dd(a(Bs) + p) + p — N&(1/2)/(2M) < 0 by our choice of N. which is impossible. This
contradiction completes the proof of uniform ultimate boundedness. e

To illustrate the application of the preceding theorems we conclude by providing the following
example,

Example 4.3.1: Consider the scalar impulsive delay differential equation

z'(t) = —p(t)z(t) + q(t)z(t — r) + w(t), t £k, (4.3.6a)
Az(t) = hez(t™), t =k, (4.3.6b)
where r > 0, p,q, w € PC(R4,R), w is bounded and square integrable on R (for example w could

be defined to be w(t) = e~*), and hxy > 0 for k = 0,1,2,... and ZT:: hx < oc. Assume that for
some M2 > My > 1/2and 0 < M3 < My - 1/2, M, < p(t) < M; and [g(t)| < My forallt € R,.
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We will show that the conditions of Theorem 4.3.2 are satisfied and thereby conclude that solutions
of this impulsive delay differential equation are uniformly ultimately bounded.
The functionals f and I are defined by

f(t.¥) = —p(t)¥(0) + ¢(t)¥(-r) + w(t), (4.3.7)

and
I(t,¥) = hey(0). (4.3.8)

The functional f is clearly compuosite-PC, strongly quasi-bounded (since p,q and w are bounded)
and continuous in ¥.
Define the Lyapunov functional V by

0

Vit,¥) =9*(0) + M3 | ¢*(s)ds +/ w?(s)ds. (4.3.9)
- t

Clearly V satisfies condition (i) of Theorem 4.3.1 with b(s) = s? and a(s) = (14 Mar)s?+ [J° w?(t)dt.
Moreover, V is locally Lipschitz in ¥ and consistently composite-PC. Calculating the upper right-
hand derivative of V' with respect to equation (4.3.6) gives us

D;:_J.G,V(t- ¥) = 29(0)(—p(t)¥(0) + q(t)¥(—r) + w(t)) + Ma(¥?(0) — ¥2(-r)) — w?(2t)
< (=2My + Ma)9(0) + 2M3[9(0)h(—r)| + 29(0)w(t) — May?(—r) — w(t)
= (=2M) + My + 1)$2(0) + 2M;[9(0)h(-7)| - Map?(—r) - (¥(0) ~ w(t))?
< (=2My + My + 1)$2(0) + 2M5[p(0)9(-7)| — May?(—r)
= (=2My + 2M5 + 1)§*(0) = M3(|9(0)] = [¢(-r)|)?
< —-Kv*(0),
(4.3.10)

where K = 2(M; — M3) — 1 > 0. Thus condition (ii) of Theorem 4.3.1 is satisfied with c(s) = Ks?.

Finally, let us check condition (iii). If to € Ry and z € PC([to — r, o0), R) with discontinuities
occurring only at impulse times in (tg, oc) and if z(k) = (k™) +T(k, z¢-) = (1 + he)z (k™) for some
k, then

k

Vik,zx) = (14 he)?23(k™) + MJ/ ¥ (s)ds + /w w?(s)ds
k—-r k

< (14 he) limei- V(t ze) = (1 + di) lime - V(8 24),

(4.3.11)

where di = 2hs + A7 > 0 (and px = 0). Since Y ,—, he < oo, then ¥ ;o dx < = also.
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We can therefore conclude in light of Theorem 4.3.2 that solutions of system (4.3.6) are uniformly

ultirnately bounded. a

Note that in this example, the boundedness conclusion is independent of the delay term r. Also,
what is interesting is that solutions are uniformly ultimately bounded despite the fact that the state

T increases in magnitude at each impulse time.



Chapter 5

Stability and Boundedness Using

Lyapunov Functions

In this chapter we continue to examine the stability and boundedness properties of system (2.4.7),
only this time our main tool in developing these results is through the use of Lyapunov functions.

Lyapunov functions V (¢, z) can be thought of as special types of Lyapunov functionals V (¢, ¢)
that depend only on t and z = ¥(0). Lyapunov functions are often simpler to work with. The
theorems of the previous chapter can all be applied to Lyapunov functions. Unlike the case of
ordinary differential equations, however, the derivative of Lyapunov functions along solutions of
delay differential equations are functionals in that they depend on past values of the state as well
as the current values. In applying the theorems of the previous chapter it is therefore usually
too much to expect that its derivative will be nonpositive along solutions all of the time. Only
if f were severely restricted to the point where the dependence of f(¢,¢) on the values y(s) for
—r < 3 < 0 was relatively insignificant, so that the delay differential equation closely resembled
an ordinary differential equation, could we expect this. When considering Lyapunov functions and
delay differential equations it is standard practice to employ Razumikhin-type arguments, developed
by Razumikhin [Raz56), whereby the derivative of the Lyapunov function is no longer assumed to
be nonpositive all of the time but only when V(t. z(t)) is sufficiently large relative to V (s, z(s)) for
t—r<s<it.

The proofs developed in this chapter are based, in part, on earlier work by Ballinger and Liu on
impulsive differential equations without delays [Bal97a, Bal97b, Bal98].

5.1 Properties of Lyapunov Functions

We define the derivative of a Lyapunov function with respect to system (2.4.7) as follows.

73
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Definition 5.1.1: Given a function V : J x D = R,,. the upper right-hand derivative of V with
respect to system (2.4.7) is defined by

D*Via.an(t,$(0)) = limsup %[V(t +hp(0) + h(t. ) = Vit $(0))], (5.1.1)

for (t.¥) € J x PC([-r.0], D).

As before we may drop the subscript and simply write D* V (¢, 4(0)) where it is understood which
system the derivative of V is with respect to. Note that D*V(t, ¥(0)) is a functional whereas V is
a function. Moreover, this definition is consistent with our earlier definition of the derivative of a
Lyapunov functional.

We remark that if V/(¢, z) has continuous partial derivatives with respect t and z, then (5.1.1)

reduces to

av(t.4(0))

D*Viaun)(t. ¥(0)) = En

+ V. V(. 9(0)) - f(t.¥). (8.1.2)

Next we state for thoroughness what we mean for the function V to be locally Lipschitz in z.

Definition 5.1.2: A function V : J x D = R, is said to be locally Lipschitz in z if for each to € J
and a > 0. where [to,to + a] C J. and for each compact set F C D, there exists some L > 0 such
that |V(t.z,) — V(t, z2)| < Ll|zy — z2|| for all t € [to, o + a] and z;,z; € F.

This definition is again consistent with our notion of a local Lipschitz condition for Lyapunov
functionals. Qccasionally a seemingly weaker form of local Lipschitz condition is defined by some
authors which says that for each (t,z) € J x D, there exists a neighbourhood U of (¢, z) and a
constant L > 0 such that |V (¢, 1) — V(t;1.z2)| < Lllzy — 2| for all (¢1,2,),(t1,22) € U. Because
of the compactness of the set [tg.to + a] x F in Definition 5.1.2 it can be shown that these two
definitions are in fact equivalent.

One might ask whether one could similarly define a local Lipschitz condition for Lyapunov
functionals by requiring that for each (¢,¥) € J x PC([~r, 0], D), there exists a neighbourhood U of
(t, ) and a constant L > 0 such that |V (t1,¥y) — V(t1, ¥2) < Lj|$1 — ¢2llr for all (23,9}, (t1,¥2) €
U. Unfortunately, such a definition has two significant shortcomings, which make it substantially
different from Definition 4.1.2 and heunce not very practical or useful. The first problern is that the set
[to,to+a] x PC([—r, 0}, F) in Definition 4.1.2 is not compact. In fact even [to,tq+a] x C([-r.0], F)
is not compact. The second problem stems from the fact that if ¥ = z, and U is a neighbourhood of
(¢, z¢), then the point (¢t + €, z,4,) will not generally be in U no matter how small € is chosen to be,
since the function z¢; may not be continuous in t. The Lipschitz constant L, which works for (t, z,),
may not work for (t +¢€, z¢4¢). This latter problem occurs because of the piecewise continuous space
upon which V is defined.
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Here too if the Lyapunov function V is locally Lipschitz in z, then (5.1.1) is equivalent to the
time derivative of V along solutions of (2.4.7). We state the following theorem and corollary, which

follow directly from Theorem 4.1.1 and Corollary 4.1.1, respectively.

Theorem 5.1.1: Assume f satisfies the conditions of Corollary §.1.3. LetV : J x D = Ry and
assume V is locally Lipschitz in z. If (t,¢) € J x PC([—r,0], D) and z = z(t, ) is any solution of
(2.4.7) satisfying the initial condition z, = ), then

D* Vi3 4 7y(t. %(0)) = lim sup 1 Vit + h.z(t + k.t o)) = V(E.¥(0))]. (5.1.3)

ho+ h

Corollary 5.1.1: Assume f and V are given as in Theorem 5.1.1. Suppose ¢ = z(tg,¢) 1s a
solution of (2.4.7) € (2.4.2) defined on [to — r.to + B] for some B > 0 where [to,to + 8] C J. Then

D+V(2_.|,7)(f., z(t)) = limsup %[V(t + h.z(t+ h.to. ¢)) - V{t. z(t, tq, (ﬁ))], (5.1.4)
h—0+

fort € [to.to + B).

5.2 Stability

Our next two theorems establish conditions for uniform asymptotic stability of the zero solution of
system (2.4.7). As in the previous chapter we assume 0 € D, J = Ry, f(t,0) = 0 forallt € R,
and I(7x,0) = 0 for all 7, € Ry. We also restrict the domain of our Lyapunov function to the set
R, x S(p) (or rather [-r, oc) x S(p)) much like we did for Lyapunov functionals in Section 4.2. We

will need to assume, as before, that hypothesis (H1) is satisfied.

Theorem 5.2.1: Assume the conditions of Corollary 3.2.3 and hypothesis (Hl) are satisfied.
Suppose there erist functions a,b.c € K;, p € PC(R+.R,) and g € K3. Suppose V : [~r, o) x
S(p) = Ry is continuous on [—r, 1) x S(p) and on [rx_y, ) x S(p) for k=1,2,... and that for
eachz € S(p) and £ =0,1,2,..., lim(.'y)_,(,.-’,) V(t,y) = V(rs,z) ezists. Moreover assume that
V. restricted to Ry x S(p), is locally Lipschitz in r and that the following conditions are satisfied:
(i) blllzll) < Vit,2) < a(llzl) for all (t.z) € [-r, ) x S(p);
(ii) D(*;.‘_.,)V(t,lﬁ(O)) < p(t)e(V(t,¥(0))) for allt # n in Ry and ¢ € PC([-r,0].S(p)) whenever
V£, 9(0)) 2 9(V(t + 5, 9(s))) for s € [~r,0);
(i53) V(n, ¥(0) + I(ne,¥)) < 9(V(r7.¥(0))) for all (1. %) € Ry x PC([~1.0],5(p1)) for which
¥(07) = ¥(0); and

(iv) 7= sup {m — 1} < o,
keZ+
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t+r
M, = sup/ p(s)ds < o, and
t20J¢

T 4
M, = inf / =S M.
950 Jo(q) c(s)

Then the solution z(t) = 0 of (2.4.7) is uniformly asymptotically stable.
Proof: Condition (i) implies b(s) < a(s) for all s € [0, p]. So let & and b be continuous, strictly
increasing functions satisfying b(s) < b(s) < a(s) < a(s) for all s € [0, p|. Then

bilzil) < Vit.z) < ail=ii), (5.2.1)

for all (t.z) € [-r, ) x S(p).

From the definition of M; we see that 0 < g(g) < q for all ¢ > 0.

We first show uniform stability. Let € > 0 and assuine without loss of generality that € < p;.
Choose § = §(¢) > 0 so that 6 < a=!(g(b(¢))) and note that 0 < § < e.

Let (to,¢) € Ry x PC([~r.0], D) where ||¢|l, < ¢ and to € [n-,,n) for some positive integer I.
Suppose z = z(to, ¢) is a solution of (2.4.7) & (2.4.2) and let [to — r.to + 8) be its maximal interval
of existence. From Corollary 3.2.3 we know that if § < . then there exists some t € (20. to + 3) for
which ||z(t)|| > e. We will prove that ||[z(t)|| < € for t € [to,to + 3). which in turn will imply that
B = xc and that the trivial solution of (2.4.7) is thereby uniformnly stable.

Suppose for the sake of contradiction that ||z(t)|| > € for some t € [to,to + B). Then let { =
inf{t € [to,to+0) | |lz(t)]| > €}. Note that ||z(t)|| < |I$llr < 6 < € fort € [to — 7. to) and in particular
liz(to)ll <e.

By the definition of £ we see that £ € (to, 2o + B), |lz(2)]| < € < py for t € [to — r.f) and either
llz(E)]| = € or ||z(f)]| > € and { = 7 for some k. In the latter case |[z(f)]] < p since ||z¢- |l < € < py
and by our assumption on the functional /. Thus in either case V(¢.z(t)) is defined for t € [to —r. ).

For t € [to — r.f] define

m(t) = V(t, z(t)). {6.2.2)

By the piecewise continuity assumption on V it follows that m € PC([to — r.{], R) and m(t) is
continuous at each t # 7 in (o, i] By (5.2.1) we have

b(llz(e)Il) < m(t) < a(llz()|]), (5.2.3)

for t € [to — r,t]. Thus m(t) < &(|$ll,) < a(é) < g(l;(e)) for t € [to — r,tg]. By condition (ii) and
from Corollary 5.1.1, since V is locally Lipschitz in z, we have

D*m(t) = li:n sup ;‘- [m(t + h) — m(t)] < p(t)c(m(t)), (5.2.4)
-0+
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for allt # 7 in (to,] whenever m(t) > g(){m|l,). Also by condition (iii) we have
m(m) < g(m(r)), (5.2.5)

for all i € (2o, t).

Let t* = inf{t € [to,f] | m(t) > b(e)}. Since m(to) < g(ble)) < b(e) and m(f) > b(e), then
t* € (to, ). Moreover, m(t) < b(e) for t € [to — r.t*). We claim that m(t*) = b(e) and that t* #
for any k. Clearly we must have m(t*) > ble) > 0. If t* = 7 for some k, then 0 < b(e) <m(t*) <
gim(t*")) <m(t"") < l;(c) by (5.2.5), which is impossible. Thus t* # 7, for any k and that in turn
implies that m(t") = b(¢) since m(t) is continuous at t*.

Now let us first consider the case where n_; < to < t* < 7. Let ¢t = sup{t € [to,t"] | m(t) <
g(b(¢))}. Since m(to) < g(b(e)), m(t*) = b(e) > g(b(e)) and m(t) is continuous on [to,t*], then
£ € (to.t”), m(f) = g(b(e)) and m(t) > g(b(e)) for t € [{,t°).

Hence for t € [¢,t°] and s € [-r,0], we have g(m(t + 3)) < g(b(e)) < m(t) or in other words
m(t) > g(llmellr). Thus inequality (5.2.4) holds for all t € (f,¢*]. Integrating this differential
inequality gives us

m(t*) ds e t+r
/ —< / p(s)ds < / p(s)ds < M. (5.2.6)
m(f) C(S) 3 f
However, we also have
m(t®) 5(()
/ ds / 2 5, (5.2.7)
m(f) c(s) g(ble)) c(s)

Since we have assumed that M; > M), then we arrive at our desired contradiction.

Alternatively, suppose that 7, < t* < 7y for some k > [. Then m(n) < g(m(r7)) < g(f:(c))
by (5.2.5). Similar to before define t = sup{t € [r.t*] | m(t) < g(b(€))}. Then i € [r.t*),
m(t) = g(b(e)) and m(t) > g(b(e)) for t € [t,t°]. Applying exactly the same argument as before
yields a contradiction.

So in either case we obtain a contradiction, which proves that the zero solution of (2.4.7) is
uniformly stable. Now we show that it is uniformly asymptotically stable.

Since the zero solution of (2.4.7) is uniformly stable, then there exists some n > 0 such that if
[1¢lle < 1, then ||z(t,t0, #)l| < g1 for all t > tg — r where £ = z(to, 4) is any solution of (2.4.7) &
(2.4.2). Moreover, V(t, z(t)) < a(]lz(t)l|) < d(p1) fort > to —r.

Now let 4 > 0 and assume without loss of generality that ¥ < p;. Define

M = M(y) = sup {;(—‘;) | glbin) < s < a(m)} , (5.28)
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and note that 0 < M < oc.
For b(y) < g < d(p1) we have g(b(v)) < 9(g) < g < a(p1) and w0

q
< [ < M-t (5.29)
from which we obtain g(g) < ¢ — M3/M < g — d where d = d(y) > 0 is chosen so that d <
(M: — My)/M. )

Let N = N(v) be the smallest positive integer for which a(p,) < b(y) + Nd and define T =
T(v) = 7+ (r+ 7)(N = 1). Given a solution z = z(to. ¢) of (2.4.7) & (2.4.2) where ||¢||, < n and
to € [n-1,n) for some positive integer |, we will show that ||z(¢)}| < yfort > to+ T. Let

m(t) = V(t, z(t)), (5.2.10)

for t > tg — r. Then m(t) < @(py) fort > to —r.

Given 0 < A < d(p1) and j > | we will show that if m(t) < Afort € (r; —r.7;), then m(t) < A
for t > 7, and if in addition 4 > b(v), then m(t) <A-dfort>r.

To prove the first part, suppose for the sake of contradiction that there exists some t > 7; for
which m(t) > A. Then let t* = inf{t > r; | m(t) > A}. Thus t* € [, 7a41) for some k > j.
Since m(n) < g(m(r; ) < g(A) < A, then t* € (7, Tiy1). Moreover, m(t°) = A and m(t) < A for
tefr—rt.

Let £ = sup{t € [r,t*] | m(t) < g(A4)}. Since m(t*) = A > g(A) > m(r), then ¢ € [r.t*),
m(t) = g(A) and m(t) > g(A) for t € [t,t°].

Thus for t € [t,t*] and s € [—r. 0], we have g(m(t + 3)) < g(A) < m(t) implying that inequality
(5.2.4) holds for all t € (£,¢*] and thus (5.2.6) holds true. However, since

m(e®) d A d
/ ds _/ 45 5 M, (5.2.11)
9

m(@) €(8) a Ay c(s) =

and M; > M, then we get a contradiction proving the first part.

The proof of the second part is similar. Assutne for the sake of contradiction that there exists
some t > 7; for which m(t) > A — d. Then define t* = inf{t > 7, | m(t) > A — d} and let
k > j be chosen so that t* € [r,m41). Since b(v) < A < d(p1), then g(A) < A — d and so
m(7x) < g(m(r;)) < 9(A) < A-d. Thus t* € (m, Tk 4+1). Moreover, m(t*) = A~d and m(t) < A-d
for t € [m,t*].

Define t as before. Since m(t*) = A —d > g(A) > m(n), then ¢ € [n,t"), m(f) = g(A) and
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m(t) > g(A) for t € [t,t*]. Thus we obtain inequality (5.2.6) as before. However,

™) ds A-d ds 4 ds (A ds
as _ 3 _ £ —_ 5.2.12
-/:n(c‘) c(s) /g(A) c(s) /;(A) c(s) -/:‘—d c(s) ( )

Since b(y) < A < @(py), then g(b(v)) < 9(4) < A-d < A < a(p) and so l/c(s) < M for
A —d < s < A Thus from (5.2.12) we get

m(t) gy A
/ >M; - Mds = My —dM > My + (My - M) = My, (5.2.13)
m(f) e(s) A-d

which contradicts (5.2.6), establishing the second part.

We define the indices k") for i = 1,2,..., N as follows. Let k) =l andfori = 2.... N let k')
be chosen so that 7y < Tpii-n + 7 < T

Then 1oy =n <tg+7andfori=2,... N wehave ;i) < feu_) +7 < -y + 7 + T
Combining these inequalities gives us ipm <tg+ 7+ (r+7)(N-1)=te+T.

We claim that for each ¢+ = 1,2,..., N, m(t) < a(p1} — id for t > 7. Since m(t) < a(p,) for
t € [to — r, ), then by setting A = a(py1) in our earlier argument we get m(t) < @(p) — d for
t > Tpa), which establishes the base case. We now proceed by induction and assurme m(t) < @(p,)—jd
fort > r ;) forsome 1 < j < N —1. Let A=d(py) — jd. Since 1y < T+ — 7. then m(t) < A
for t € [Ty+n — " Teuen) and so m(t) < A—d =d(py) - (7 + 1)d for t > 7,4 Thus we have
proven our claim by induction.

In particular we have m(t) < @(py) - Nd < b(v) for t >to+ T > 1y~ . Finally, by (5.2.3) we
get that ||z(t)]| < v for t > to + T, which completes the proof of this theorem. a

In Theorem 5.2.1, condition (iii) ensures that along solutions of {2.4.7) the Lyapunov function
must decrease at each impulse time. Condition (ii) effectively imposes a bound on the growth rate
of V along solutions through a Razumikhin-type of argument. The definitions of M; and M3 in (iv)
and the requirement that M, be strictly greater than M), ensures that any possible growth in V
between impulses is more than offset by a reduction in V at impulses. Stability results along this
line for impulsive differential equations without delay can be found in [Liu94}.

The importance of Theorem 5.2.1 is in its applicability to delay differential equations that are
not already stable but that can be stabilized through the incorporation of impulses. Note that
Theorem 5.2.1 does not directly impose any bounds on the delay constant r. Thus the stability
results are delay independent.

Example 5.2.1: Consider the nonlinear delay differential equation

'(t) = —az(t — 1)[1 + z(t)], (5.2.14)



CHAPTER 5. STABILITY AND BOUNDEDNESS USING LYAPUNOV FUNCTIONS 80

where a > 0 is constant. This equation has been used in the study of population dynamics and was
considered by Wright (Wri55] in 1955. He proved that for @ > 7/2, there exists some € > 0 such
that limsup,_, o |Z(t, to, )| > € for all ¢ € C([-1.0], R) for which ¢(s) # 0 for s € (=1,0). In other
words, the zero equilibrium solution is unstable.

Suppose we define the Lyapunov function

Viz) = |z|. (5.2.15)
If ¥ € PC{[~1,0}, R), then we have, providing ¢(0) # 0,

D{; 2.4V (t,9(0)) = sgn(#(0))(=a¥(-1){1 + $(0)] < alp(-1)I( + [$(0)[)

(5.2.16)
= aV($(-1))(1 + V(¥(0))).

If ¥(0) = 0. then D:;'Z.H'V(t, #(0)) also satisfies the inequality derived in (5.2.16).
Suppose 0 < A < 1 for some constant A and let g(s) = As for s € Ry. Then whenever
V(#(0)) > g(V(¥(s))) for s € [-1,0], we have in particular V(¢ (—1)) < (1/A)V(¥(0)), and so

Dy 2.0V (£ 9(0) < TV (R(0)(1 + V($(0))). (5.2.17)

Now let p > 0 be arbitrarily small and define p, = p. Larger values of p (and correspondingly
p1) will be associated with larger dormains of attraction of the zero equilibrium solution. Then for
I¥llr < p, we have V(¢(0)) = [$(0)| < p, and s0

1
D, 5,4Vt 9(0)) < alltpl :p)V(wm)) = p(t)e(V (¥(0))). (5.2.18)

where p(t) = a(l +p)/A for t € Ry and ¢(s) = s for s € R,.

We are interested in asymptotically stabilizing (5.2.14) through the use of impulses according to
Theorem 5.2.1. For simplicity let us assurne that the impulse times are equally spaced. In other
words, 7y — mx—y = 7 > 0 for all k. Calculating M, and M; as defined in Theorem 5.2.1, we get
M; = ar(l + p}/A and M2 = —In(A). In order to satisfy M2 > M), 7 must be chosen sufficiently
small so that

r< m[—llnu)]. (5.2.19)

This illustrates that, at least insofar as Theorem 5.2.1 is concerned, impulses must occur frequently
enough in order to stabilize the system.

In the case of impulsive differential equations the impulses can be widely spaced apart (i.e. T

can be arbitrarily large) and yet the system can still be impulsively stabilized. This is providing of

course that when each impulse does occur, the impulse operator I maps the solutions sufficiently
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close to zero. The same cannot normally be said for impulsive delay differential equations and this
is why Theorem 5.2.1 indirectly imposes a constraint on the parameter r (although note that = does
not depend on the delay constant r = 1). To illustrate this latter point one need only lock at the
deley differential equation

L4

2'(t) = -z (t - 5) . (5.2.20)

If to = 0 and ¢(s) = asin(s) for s € [-7/2.0] where a > 0 is some constant. then the unique solution
of (5.2.20) is given by z(t) = aesin(t) for all t > —m/2. This shows that the trivial solution of (5.2.20)
is not asymptotically stable. Suppose we were to apply impulses to equation (5.2.20) at the times
1 = km. Then these particular solutions are already zero at these times and so using impulses to
map the solutions all the way to zero would have no effect and could therefore not asymptotically
stabilize equation (5.2.20). If r were sufficiently small, however, we could impulsively stabilize
equation (5.2.20) by way of Theorem 5.2.1.

Returning to equation (5.2.14) again, suppose we wish to stabilize the system but with as large
a value of 7 as possible. Looking at inequality (5.2.19) we see that a is fixed for our system, p > 0
may be made arbitrarily small and A can be chosen strictly between 0 and 1. The optimnum choice
of A that gives the greatest upper bound is A = 1/e. With this choice of A, then 7 would have to
satisfy 7 < 1/[ae(l + p)] or more simply r < 1/(ae) if p were sufficiently small depending on 7.

In any case, in order to satisfy the conditions of Theorem 5.2.1 we must define the functional /
so that it satisfies

[0(0) + I(7e. ¥)| < Alp(0)] (5.2.21)

for all (1, ¥) € Ry x PC([-1.0], S(p1)) for which ¢(0~) = ¥(0). The simplest choice of I that will
work is I{t, ¢} = (A = 1)¥(0). o

Theorem 5.2.2: Assume f satisfies the conditions of Corollary 3.2.3 and there exist functions
a,byc € Ky, p € PC(R4,Ry) and g,§ € K3 where s < §(s) < g(s) for s > 0. Suppose V :
[-r.oc) x S(p) = Ry is continuous on [—r, ) x S(p) and on [rx_1, 1) x S(p) for k = 1,2,...
and that for each z € S(p) and k =0,1,2,..., lim(w)_,(,:_,, V(t,y) = Vir, ,z) exists. Moreover
assume that V, restricted to Ry x S(p), is locally Lipschitz in z and that the following conditions
are satisfied:
(i) b(lzll) < V(t,z) < a(llzll) for all (t,2) € [=r, ) x S(p);
(i) D(*;_‘..,)V(t,d»(O)) < —-p(t)e(V(t,¥(0))) for allt # n in Ry and ¢ € PC([-r,0}, S(p)) when-
ever g(V (£, $(0))) > V(¢ + 5, %(s)) for s € [, 0];
(i) V(n,¥(0) + I(n, ¥)) < §(V(77,9(0)) for all (re,¥) € Ry x PC([-1.0].5(p1)) for which
¥(07) = ¥(0); and
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. I o 0,
(iv) u kle"zf+{"‘ o1} >

9(4)
M, = sup/ ﬁ, and
q>0 q c(")

t4u
M, = :g%/l p(s)ds > M,.

Then the solution z(t) = 0 of (2.4.7) is uniformly asymptotically stable.
Proof:  As in Theorem 5.2.1 let & and b be continuous, strictly increasing functions satisfying
b(s) < b(s) < a(s) < a(s) for all s € [0, p]. Then

b(ll=ll) < Vit z) < a(lzll), (5.2.22)

for all (t,z) € [-r, x) x S(p).

Note that given how M, and M, are defined and related we know that 0 < M; < M} < x.

We first show uniform stability. Let ¢ > 0 and assume without loss of generality that ¢ < p;.
Choose & = d(€) > 0 so that g(@(8)) < b(e) and note that 0 < § < e.

Let (to.¢) € Ry x PC([-r,0], D) where ||4|l, < & and to € [n-1, n) for some positive integer [.
Suppouse £ = z(tg, ¢) is a solution of (2.4.7) & (2.4.2) and let [tg — r,to + () be its maximal interval
of existence. From Corollary 3.2.3 we know that if 8 < o, then there exists some t € (to,t0 + B) for
which |[z(2)]| > e. We will prove that ||z(t})|| < € for t € [to, 2o + ). which in turn will imply that
3 = x and that the trivial solution of (2.4.7) is thereby uniformly stable.

Suppose for the sake of contradiction that ||z(¢)]| > € for some t € [to.to + 8). Then let { =
inf{t € [to,to+B) | ||z(t)]| > €}. Note that ||z(t)|| < ||¢|lr < § < € fort € {tog —r.?g] and in particular
liz(to)ll <e.

By ‘he definition of { we see that £ € (to, to + 8). ||z(t)|| < € < py for t € [to — 7.f) and either
llz(2)|| = € or ||z(£)|| > € and £ = 7, for some k. In the latter case ||z(f)]| < psince ||zi-|], <€ < py
and by our assumption on the functional I. Thus in either case V(. z(t)) is defined for ¢ € [to —r. ).

For t € [to — r,f] define

m(t) = V(t, z()). {5.2.23)

By the piecewise continuity assumption on V it follows that m € PC([to — r.f), Ry) and m(t) is
continuous at each t # 7, in (to,£). By (5.2.22) we have

b(llz(e)l) < m(t) < a(ll=(L)), (5.2.24)

for t € [to — r,£]. Thus m(t) < a(|¢l|,) < @(8) implying g(m(t)) < g(a(d)) < b(e) for t € [to = 7, ta).
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By condition (ii) and from Corollary 5.1.1, since V is locally Lipschitz in £, we have

D¥m(t) = lim sup%[m(t + h) = m(t)] < —p(t)c(m(t)), (5.2.25)

h=0+

for all t # 7k in (to, f] whenever g(m(t)) > |lm||,. Also by condition (iii) we have
m(re) < glmiry ). (5.2.20)

for all 7 € (to, ).

Let t* = inf{t € [to, 2] | m(2) > b(e)}. Since m(tg) < b(e) and m(f) > b(e), then t* € (to.1).
Moreover, m(t) < b(e) for t € to—r.t*), m(t"") < b(e) and m(t*) > b(e).

First let us consider the case where n_; < to < t* < . Then m(t*) = b(e) and g(m(t*)) =
g(b(e)) > b(e). Recall that g(m(to)) < b(e). So define £ = sup{t € [to,t°] | g(mi(t)) < b(e)} and note
that £ € (to,t*), g(m(f)) = b(e) and g(m(t)) > b(e) for t € [£,2*]. Thus for t € [f.t*] and s € [-r.0),
we have m(t + 3) < b(e) < g(m(t)) implying |[m¢||, < g{m(t)). Thus inequality (5.2.25) holds for
t € [t.t*], which in turn means that m(t) is nonincreasing on this interval. Thus m(f) > m(¢*) and
so g(rn(f)) > g(m(t")). But this contradicts the fact that g(m(t")) > b(e) = g(m(f)).

Alternatively suppose 7, < t* < 74 for some k > I, We will eventually get a contradiction for
this case as well. First we claim that g(m(r)) < b(e). To prove this we consider the cases k = !
and k > [ separately.

Suppose k = I. To prove g(m(r")) < be) we suppose. for the sake of contradiction, that
glm(r")) > b(e). Recall that g(m(to)) < ble) and so define £ = sup{t € [to.m) | g(m(t)) < ble)}.
Then £ € (to,n). g(m(f)) = b(e) and g(m(t)) > ble) > m(t + s) for t € [t.n) and s € [-r.0).
Thus from inequality (5.2.25) we conclude m(t) > m(r") from which we get the contradiction
bie) = g(m({)) >g9(m(r)) > b(e), proving this case.

Now consider the case & > [ and suppose for the sake of contradiction that g(m(r,)) > be).
Either g(m(t)) > 5(5) for allt € [Tk—1, Tk) or there exists somet € (11, 7i) for which g(m(t)) < Z)(f).
In the former case g(m(t)) > b(e) > m(t+3) for all ¢t € [re_1,7%) and s € {-r.0]. Therefore we may
integrate the differential inequality (5.2.25) over the interval [r,_, 7x) to give us

m(ry_y) ds e a1ty
/ —_—> / p(s)ds > / p(s)ds > M. (5.2.27)
m(ry) c(s) Taoy Thoi
However,
mira-1) g ble) gim(ry))
/ 2 < / s 5/ T My <, (5.2.28)
m(r.) c(’) m(r, ) c(s) m(r.”) c(s)

giving us our contradiction.
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In the latter case let £ = sup{t € [ri_1, ) | g(m(t)) < b(e)}. Then { € [y, ™), g(m(?)) = be)
and g(m(t)) > b(e) > m(t +s) for all t € [f,n) and s € [—r,0]. From (5.2.25) we get m(£) > m(r])
imnplying b(e) = g(m(f)) > g(m(r7)) > ble) giving us our contradiction. Thus the case k > I is
proven.

We have proven that g(m(7,”)) < b(e) when 7, <t* < 7prand k> L Thusm(n) < G(m(ro)) <
b(e) by (5.2.26) and since §(s) < g(s) for s > 0. Since m(t*) > b(e), then we cannot have t* = 7.
Thus t* € (T, Tisy) and m(t*) = b(e). If g(m(2)) > b(e) for t € [n,t*), then let £ = 7, and note that
m(f) < b(e). Otherwise let £ = sup{t € [re.t*] ) g(m(t)) < b(e)} and note that m(2) < g(m(f)) = b(e).
Since m(t*) = b(e), then £ € [r,t*). Moreover, g(m(t)) > b(e) > m(t+s) fort € [£,t"] and s € [-r,0)].
Thus from (5.2.25) we know m(f) > m(t*) but this contradicts the fact that m(f) < b(e) = m(t).
This final contradiction completes the proof of uniform stability.

Since the trivial solution of (2.4.7) is uniformly stable, then there exists some n > 0 satisfying
9(@(n)) < b(p1) such that if li4tlr < m, then |z(t, to, #)|| < py for all t > to — r where z = z(to, ¢) is
any solution of (2.4.7) & (2.4.2). Moreover, V(t, z(t)) < d(jlz(t)]]) < d(pm) fort > tg —r.

Now let ¥ > 0 and assume without loss of generality that ¥ < p;. Let d= J('y) = inf{g(s)—g(s) |
g(s) > 5(7)/2 and s < @(p;)}. Note that d is well-defined and positive since the set of points s
for which g(s) > b(v)/2 and s < @(py1) is a closed {nonempty) interval excluding zero. Choose
d = d(v) > 0 such that d < min{é(p1) - b(v).d. b(v)/2}.

Let N = N(v) be the smallest positive integer for which é(p;) < b(y)+Nd. Let r = SUPgez+{Tk—
Te—1}. We can assume without loss of generality that r < oc. This is because if T were infinite.
then we could artificially add additional impulse times to systemn (2.4.7). In particular if consecutive
impulse times n._, and 7 satisfy ju < f — 7y < (J + 1} for some integer 7 > 2, then we
may declare the times Ty + 7.7y + 2p.... . Tk—1 + (Jj — 1)z as new impulse ties. For this
modified system 7 < 2u. At these new impulse times we simply define the functional I' to be
identically zero so that there is no effect on the solutions. Condition (iii) will continue to be
satisfied. Stability of this system will then imply stability of the original system. In light of this
define T{n,9) = 2r + (r + I7)}(N - 1).

Let z = z(to, ¢) be a solution of (2.4.7) & (2.4.2) where ||¢|l, < 1 and to € [n_;.n) for some
positive integer . We will show that ||z(t)|]| < 4 for t > to + T. Define m(t) fort > tg —r as in
(5.2.23). Then m(t) < a(py) fort > tg —r.

We first claim that g(m(7;")) < @(p1). Since [|z(to)|| < l|¢llr < n, then m(to) < d(n) and so
g(m(to)) < gld(n)) < b(p;). We prove that gm(r")) < S(pl) in the same way we proved earlier in
the case of uniform stability that g(m(r”)) < b(e) when k = [ only this time ¢ is replaced by p;.
Thus we get g(m(r”)) < b(p1) < a(pu).

Let 0 < A<d(p)and j > 1 I m(t) < Afort € [r; —r,7;) and g(m(7])) < A, then we claim
that m(t) < A for t € [r;, 741) and g(m(7,)) < A.

To show m(t) < A for t € [rj,7j41) suppose for the sake of contradiction that there exists



CHAPTER 5. STABILITY AND BOUNDEDNESS USING LYAPUNOV FUNCTIONS 85

some t € [rj,7;41) for which m(t) > A. Let t* = inf{t € [rj.7;41) | m(t) > A}. Since m(r;) <
g(m(r)) < A, then t* € (7j,7j41), m(t") = A and m(t) < A for t € [7; - r,t*]. If g(m(t)) > A for
t € [r,,t*], then let £ = 7; and note that m(f) < A. Otherwise let £ = sup{t € [r;,t"] | g(m(t)) < A}
and note that m(f) < g(m(f)) = A. Since g(m(t*)) = g(A) > A, then t € [rj,t*). For t € [{.t*] and
s € [~r,0] we have g(m(t)) > A > m(t + s). Thus from (5.2.25) we know that m() > m(t*), which
contradicts the fact that m(t°) = A > m(t).

Now that we have proven m(t) < A for t € [r}. 7j41), we must show that g(m(t3,)) < A The
proof of this follows in an identical fashion to the arguments used earlier in the proof of uniform
stability where we showed that g(m(r")) < b(e) for the case k > L, if we replace k by j + 1 and b(e)
by A.

Having proven our claim we may repeatedly apply it to successive intervals of the form [Ty, Ti41)
for k > j to conclude that in fact m(t) < A for all ¢t > 7; and that g(m(77)) < Aforallk >j+ 1.

Next we claim that if, in addition, A > 5(-7), then m(t) < A—dfort € (741, Tj4+2). To show this
we must first show m(‘r,...;) < A—d and to do this we look at two cases. In the first case we suppose
0 < glm(r3y) < Ba)/2 Then m(rjs) € §0m(rj3)) < glm(r3y) < B)/2 < A= b()/2 <
A —d. For the second case we suppose b(y)/2 < g( (m(r3,)) < A. Since g(m(17,)) 2 b(v)/2 and
m{r7) < 9(m(r5,)) < A < @(pr), then §m(r7,)) < g(mlryyy)) = d < g(mir;3,)) —d < A~d
from the deﬁmtxon of d and so m(7j+1) < §(m(r,,)) < A —d. So in either case we have shown
m(ri41) < A—d.

To prove m(t) < A —d for all t € [1j41,7j4+2) we assume for the sake of contradiction that
m(t) > A ~d for some t € [7j41,7j42). Let t° = inf{t € [r41,7j42) | m(t) > A —d}. Then
t* € (Tj4+1.Tj42), since m(7j4y) < A —d. Moreover, m(t*) = A-—dand m(t) < A-dfort €
[f;+1.2°]. One thing to note is that since g(A —d) > A—d > b(y)/2 and A —d < A < d(p).
then g(A —d) > j(A-d)+d > A—d+d = A Therefore g(m(t")) = g(A —d) > A. If
glm(t)) > Afor all t € [rj4,.t"], then let £ = 7,4, and note that m(f) < A — d. Otherwise let
t = sup{t € [r;41,t*] | g(m(t)) < A} and note that m(t) < §(m(t)) < g(m(f)) -d=A-d<A-d
since g(m(f)) = A > b(y)/2 and m(f) < A < d(p;). Clearly & € [r;41,¢°) since g(m(t")) > A. Thus
for t € [t,t°] and s € [-r,0], g(m(t)) > A > m(t + s), which implies by (5.2.25) that m(f) > m(t*).
This, however, contradicts the fact that m(t*) = 4 — d > m({).

We have therefore proven our additional claim in the case where A > b(y). Again by applying
this result to successive intervals [nx,7i41) for £ > j + 1 we can argue that m(t) < A —d for all
t> Ti4r.

To summarize then, we have shown that if 0 < A < a(p;) and 7 > | and if m(t) < A for
t € [rj — r.7;) and g(m(r]7)) < A, then m(t) < A for t > 7; and if. in addition, A > b(+). then
m(t) < A—-dfort> 754

We define the indices k!*) for i = 1.2,..., N recursively as follows. Let k*) = [ + 1 and for
i=2,...,N let k) satisfy rp()_3 < Tg-1 + 7 < Tpi_p. Note that Tpen) < Too-n + 7 < Tring
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and so k=1 < k) — 2 implying k) > 3 4 kU=, Therefore 1) = N4y < 2r+7n-y <21+t
and for 1 = 1.2,... N, 1y €37+ 103 <37+ r+ 7oy, Combining these inequalities gives
1w <2r+2r+r)(N-1)+to=t;+ T.

We claim that for each i = 1,2,...,N, m(t) < a(p,) — id for t > 7). Since m(t) < a(p,) for
t € [to — r,n) and g(m(7")) < @(p1), then by setting A = a(py) in our earlier argument we get
m(t) < d(py) —dfor t > m4y = 1), which establishes the base case. We now proceed by induction
and assume m(t) < @(p)) —jd fort > r;) for some 1 < j< N -1,

Let A = a(p) — jd and note that A > b(v). Since Tei+t_g 2 Ty + 1, then m(t) < A
for t > Tuysn_z — 7. Next we must show that g(m(r7;,,,_,)) < A. This is proven the same
way we proved g(m(r;)) < b(e) for the case k > [ in the proof of uniform stability only this
time k and b(e) are replaced by kU+!) — 1 and A, respectively. We may therefore conclude that
m(t) < A-d=a(py) — (j + 1)d for t > 7, j+n), thus completing the induction step.

So in particular we have m(t) < d(p;) — Nd < 5(1) fort > to + T > 1~ Finally, by (5.2.24)
we get that ||z(t)|| < v fort > to + T, which completes the proof of this theorem. s

Theorem 5.2.2 is in some ways the opposite of Theorem 5.2.1. Here the derivative of V is always
nonpositive, implying that V is nonincreasing along solutions between impulses. In the absence of
impulses the trivial solution of systemn (2.4.7) is uniformly asymptotically stable. Theorem 5.2.2
allows for significant increases in V', and correspondingly the solutions themselves, at impulse times
but only as long as these are balanced sufficiently by the decrease of V between impulses. These
techniques are based in part on earlier work in the study of boundedness properties of solutions of
irnpulsive differential equations without delay (see [Bal97a. Bal97b, Bal98)).

Shen and Yan [She98] obtained a stability result similar to Theorem 5.2.2, which was recently
improved upon by Shen and Luo [She99]. However, Theorem 5.2.2 represents a significant improve-
ment over both of these results. One advantage of Theorem 5.2.2 is that we do not assume g prior:
that solutions of (2.4.7) exist for all t. Second, as pointed out in the proof of Theorem 5.2.2. it
is not necessary to assume that the duration between consecutive impulse times is bounded above.
The main advantage, however, is that there is no restriction on the delay constant r in terms of
its relation to p. In [She98] it is assumed. that g > 3r (using our notation) while in {She99] this
condition was weakened to x4 > r. In Theorem 5.2.2 the delay constant r can be significantly larger
than u.

We remark that Theorem 5.2.1 could be weakened slightly by redefining M, to be

™

M; = sup / p(s)ds. (5.2.29)
keZ+ Th-i

Moreover, with this new definition of M), the requirement that r < oc may be dropped if all we

are interested in is uniform stability. As we see from the proof of Theorem 5.2.1, it was only when

proving uniform asymptotic stability that we made use of this condition.
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If in Theorem 5.2.2 we were to redefine M, to be

Ty

M = kienzf* - pl(s)ds, (5.2.30)
then the condition g > 0 could likewise be dropped if we only want uniform stability. Moreover, the
proof of uniform asymptotic stability in Theorem 5.2.2 carries through with this new definition of
M, providing we assume that T < oc. If T = oc, then the addition of new artificial impulse times
into the system as described in the theorem would cause a reduction in this value of My, perhaps
to the point where it is no longer strictly greater than M,.

Example 5.2.2: Consider the two dimnensional impulsive delay differential equation

£'(t) = —=y* () sin(z(t — 1)) = 6z(t) + y*(t - 1), t # 3k,

(5.2.31a)
y'(t) = z(t) sin(z(t - 1)) — y(t) + y(t — 1), ¢t # 3k.

Az(t) = %z(t'), t = 3k,
1 (5.2.31b)
Ay(t) = sy(t™), t = 3k,

where £k =0,1,2,....

The conditions of Corollary 3.2.3 are clearly satisfied. Moreover, given any p > 0 we may define
P21 = 2p/3 so that hypothesis (H1) is satisfied. We claim that the trivial solution of equation (5.2.31)
is uniformly asymptotically stable.

For (z.y) € R? define the following Lyapunov function

V(iz.y) = %1:2 + %y‘. (5.2.32)

Then condition (i} of Theorem 5.2.2 is satisfied. So let us calculate the upper right-hand derivative
of V with respect to system (5.2.31). We get for (t,¥) € Ry x PC([-r, 0], Rz), where ¢ = (¥y, ¥2).

DY, 5 31V (£.$1(0), $2(0)) = ¥1(0)(~¥3(0) sin(¥1(~1)) = 61(0) + 93(~1))

+93(0)(¥1(0) sin(¥1(—1)) = 392(0) + ¥2(-1)),

—691(0) — 393(0) + ¥1(0)¥3(~1) + ¥3(0)¥2(-1)

=12V (91(0), ¥2(0)) + [#1(0)||92(=1)[? + [$2(0)]Pl2(~1)]|
—12V(41(0), ¥2(0)) + (2V(¥1(0), ¥2(0))) /3 (4V (¥1(=1), ¥2(=1)))*/?
+(4V ($1(0), ¥2(0)))*/4(4V ($1(-1), $2(—-1))}}/4.

INIA I

(5.2.33)

If we define g(s) = 4s for all s € Ry, then whenever g(V(¥1(0), ¥2(0})) > V(¥1(s),¥2(s)) for
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3 € [~1,0], we get
DY, , 31,V (8. 91(0),¥2(0)) < —12V($1(0). ¥2(0)) + (2V (¥1(0), ¥2(0))) /3 (16V ($1(0), $2(0))) /2
+(4vw1(o>.wzw)))’“usvmw),wzw)o))‘“
= (=124 4V2 + 4V2)V (1,(0), ¥2(0)) < =3V (41(0). %2(0)).

(5.2.34)

So in Theorem 5.2.2 let ¢(s) = s forall s € Ry and let p(t) = 2/3for allt € R;. Then condition (ii)
is satisfied.

Calculating M; and M, in Theorem 5.2.2 gives us M» = In(4) and, since p = 3. M, =2 > M.
This verifies condition (iv).

Finally, to check condition (iii) we note that

2 4
V (410 + 391001 va000+ 39:00)) = 3 (3000)) + 3 (F00)) < Fven)waton,
(5.2.35)

and hence condition (iii) is satisfied with §(s) = 9s/4. a

5.3 Boundedness

In this section we develop some uniform ultimate boundedness results using the techniques of the
previous section. We will be assuming J = R, and D = R" for simplicity.

Theorem 5.3.1: Assume J = R,, D = R" and the conditions of Corollary 3.2.3 are satisfied.
Suppose there exists a constant p > 0 and functions ¢« € C(Ry,Ry), b € Ky, c € Ky, p €
PC(R,,R.) and g € Ky with g(s) < s for all s > 0 and lim, 9(8) = . Suppose V :
[-r.oc) x R* = Ry is continuous on [-r,75) x R" and on [re_y, 7)) x R" fork = 1,2.... and that
foreachz e R" and k=0,1,2,..., lim“'w_‘(r: 5 V(t,y) = V(r7 . z) exists. Moreover assume that
V, restricted to Ry x R", is locally Lipschitz in z and that the following conditions are satisfied:
(i) b(lzll) < V(t,z) < a(l|z]]) for all (t,z) € [~r.oc) x R;
(ii) D&.‘.T)V(t,dJ(O)) < p(t)e(V (¢, ¥(0))) forallt # o in R, and ¢y € PC([-r.0].R") whenever
19(0)1 > p and V(t, $(0)) > g(V(t + 5, ¥(s))) for s € [-r,0];
(i) V(n,¥(0) + I(n,¥)) < g(V(ry.9(0))) for all (n,9) € Ry x PC([-r,0],R*) for which
$(07) = $(0) and [H(0)][ > p;
(iv) there erists some py > p such that if (n,¥) € Ry x PC([-r, 0], R"), %(0~) = ¥(0) and
(0l < p, then |[¥(0) + I(n. $)|| < p1; and
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(v) = sup {n — 1} < o,
kezZ+

t+r
M= sup/ p(s)ds < x, and
>0 J4

Mg:inf/q —d:->M1-

50 Jyig <05)

Then solutions of (2.4.7) are uniformly ultimately bounded.

Proof: Let bbe a continuous, strictly increasing function satisfying litn, L o 5(3) = oc and b(s) < b(s)
for all + € R;. Condition (i) implies b{s) < a(«) for all ¢, which in turn implies lim, ., » 2(2) = . So
let @ be a continuous, strictly increasing function satisfying a(s) > a(s) for all s € R,.. Condition (i)

then implies
b(llzll) < V(t.z) < a(ll=ll), (6.3.1)

for all (¢, z) € [-r.oc} x R".

We first show uniform boundedness. Let By > 0 and assume, without loss of generality, that
By > p1 > p > 0. Choose B; = By(B)) so that a(B;) < g(b(B2)) and note that B, > B;. Here
we are making use of the assumptions on b and g that liny, - x b(s) = lim, _» 9(3) = . Otherwise
there may not exist such a B,.

Let (to. ¢) € Ry x PC([-r.0]. R") where ||¢]|, < By and tgq € [n-1.7n) for some positive integer
l. Suppose z = z(to, 4) is a solution of (2.4.7) & (2.4.2) and let [to —r.to+3) be its maximal interval
of existence. From Corollary 3.2.3 we know that if 8 < =, then there exists some t € (tg,t9 + 3)
for which ||z(t)|| > B2. We will prove that ||z(t)|| < B; for t € {to,to + B). which in turn will imply
that § = o and that solutions of (2.4.7) are hence uniforinly bounded.

Suppose for the sake of contradiction that [|z(t)|| > B for some t € [to.to + 4). Then let
t = inf{t € [to.to + B) | l|lz(t)|| > B2}. Note that ||z(t)}| < ||¢llr < By < B; for t € [tg - r,tq)
and in particular ||z(to)|| < Bs. By the definition of { we see that £ € (to,to + B), ||z(t)]| < B for
t € [to - r.t) and ||z ()}l > B,.

For t € [tg — . ?] define

m(t) = V(t. z(t)). (5.3.2)

By the piecewise continuity assumption on V it follows that m € PC([to — r.%], Ry) and m(t) is
continuous at each t # 7 in (to,?). By (5.3.1) we have

b(liz(e)]) < m(t) < a(lz(@)]l). (5.3.3)

for t € [to — r.t]. By condition (ii) and from Corollary 5.1.1. since V is locally Lipschitz in z. we
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have

D*m(t) =limsup 71; [m(t + k) = m(t)] < p(t)c(m(t)), {5.3.4)
A— 0+
for all t # 7 in (to,£] whenever ||z(t)|| > p and m(t) > g(jlmells). Also by condition (iii) we have
for each n, € (to.ﬂ,

m(7ne) < g(m(7)). (5.3.5)

if lz(ry )l > . ) .

For t € [to—r, tg) we have m(t) < a(||z(t)]]) < é(||4llr) < é(By) < g(b(B2)) < b(B2). In particular
m(ts) < b(B;). Moreover, m(f) > b(l|z(D)]|) > b(B:). So define t* = inf{t € [to.] | m(t) > b(Bz)}.
Then t* € (to,f) and m(t) < b(B;) for t € [to — r.t°).

We claim that m(¢t*) = b(B;) and that t* # 7, for any k. Clearly we must have m(t*) > b(Ba).
Suppose t* = 7 for some k. If ||z(t*~)|| > p, then b(B,) <m(t*) < g(m(t*”)) <m(t*") < b(Ba)
by (5.3.5) which is impossible. On the other hand if ||z(t*~)|] < p, then ||z(t°)]| = |[=(t*~) +
I{t* . 2= )]l < p1 < By by condition (iv) and so 5(B;) < m(t*) < &(B;) < g(b(B2)) < b(Bz), which
is again a contradiction. Therefore we may conclude that t* # 7 for all &k, which in turn implies
that m(t*) = b(B,) since m(t) is continuous at t*.

Now let us first consider the case where -y < to < t° < 7. Let £ = sup{t € [to.t*] | m(t) <
g(b(B2))}. Since m(to) < g(b(B3)), m(t") = b(Ba) > g(b(B;)) and m(t) is continuous on [to.t*).
then £ € (to,t*), m(f) = g(b(B2)) and m(t) > g(b(B,)) for t € [{,2°).

Hence for t € [[,t°] and s € [-r,0], we have g(m(t + 3)) < g(b(Bz2)) < m(t) or in other
words m(t) > g(||mellr). Also since a(B;) < g(b(By)) < m(t) < a(||lz(t))]) for t € [t,2°], then
llz(t)ll > By > p for t € [t,t*]. Thus inequality (5.3.4) holds for all ¢t € (¢.t°]. Integrating this
differential inequality gives us

me') gy ¢ i+r
/ — S/ p(s)ds S/ p(s)ds < M. (5.3.6)
m@) <(8) i i
However, we also have
m(t*) 8(B;)
[ e e, s
m@®)  €(s)  Jgbma) ()

Since we have assumed that M>; > M,;, then we arrive at our desired contradiction.

Alternatively, suppose that 7, < t* < myy for some k > L If |lz(77 )| > p, then m(n) <
g(m(r{")) < 9(B(B2)) by (5.3.5). Otherwise if [lz(ry ) < p. then [lz(m)l| = ll=(ry’) + I(me, 2,2 Il <
/M < By by condition (iv) and so m(7) < @(By) < 9(b(B2)). Thus m(r) < 9(b(B3)) in either case.



CHAPTER 5. STABILITY AND BOUNDEDNESS USING LYAPUNOV FUNCTIONS 91

Similar to before define { = sup{t € [r,t*] | m(t) < g(b(B:2))}. Then ¢ € [n.t*), m(f) =
g(b(B2)) and m(t) > g(b(B;)) for t € [, t°]. Applying exactly the same argument as before yields a
contradiction.

So in either case we obtain a contradiction, which proves that solutions of (2.4.7) are uniformly
bounded. Now we show that they are uniformly ultimately bounded.

Since solutions of (2.4.7) are uniformly bounded, then there exists some B > p; satisfying
a(p1) < g(b(B)) such that if ||¢lls < p1, then ||z(t.to, $)|| < B for all t > to — r where z = z(to, 4)
is any solution of (2.4.7) & (2.4.2).

Now let By > 0 and assume without loss of generality that By > B. Then from the proof
of uniform boundedness, there exists some B; = B;(B3) > Bs for which if ||¢|| < Bj, then
[lz(t. to, ¢)|| < By for all t > tg — r where = = z(to, $) is any solution of (2.4.7) & (2.4.2).

Define

M=M(B;3) = sup{ g(b(B)) < s < a(Bz)} , (5.3.8)

L
c(s)
and note that 0 < M < oc.

For b(B) < ¢ < d(B;) we have g(b(B)) < gig) < ¢ < a(B2) and so

1 dg
M, < — < Mg - . 5.3.9
2 < /gm o S lg - 9(q)] ( )

from which we obtain g(g) < ¢ — M2/M < g — d where d = d(B3) > 0 is chosen so that d <
(M2 -~ M)/M.

Let N = N(Bj3) be the smallest positive integer for which a(B;) < I;(B) + Nd and define
T =T(B3) =7+ (r+7)(IN —1}). Given a solution z = z(to, ¢) of (2.4.7) & (2.4.2) where ||¢]|; < B3
and to € [n-,,n) for some positive integer I, we will show that |[z(t)]| < B for t > tg + T. Let

m(t) = V(t.z(t)). (5.3.10)

fort > tg — r. Then m(t) < &(B;) fort > tg—r.

Given 5(B) < A < @(B,) and j > | we will show that if m(t) < A for t € [rj — r.7j), then
m(t) < A-dfort> 1.

Suppose for the sake of contradiction that there exists some t > ; for which m(t) > A ~d
and define t* = inf{t > r; | m(t) > A —d}. Then t* € [, Ta41) for some k > j, m(t) < A for
t € [rj —rt") and m(t*) > A —d. If ||z(r;)|| > p. then m(n) < g(m(r;)) < g(A). However,
if lz(7 )]l < p, then [lz(n)]| < o1 and s0 m(n) < @(p) < 9(b(B)) < g(A). Thus in either case
m(n) < g(A).

Now since b(B) < A < 4(B2), then g(A) < A—d and s0o m(m) < A—d. This means that t* # n;
since m(t*) > A —d. Thus t* € (n, Tk4+1) and m(t*) = A — d since m(t) is continuous at t*. Also
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for t € [, t"]) we have m(t) < A —d.

Define = sup{t € [ri.t"] | m(t) < g(A))}. Since m(t*) = A—d > g(A) > m(n), then t € [, t*).
m(t) = g(A) and m(t) > g(A) for t € [t.t°]. Therefore ift € [£,t"] and s € [—r, 0], then g(m(t+3)) <
g(A) < m(t). Also since for all such ¢t we have a(||z(t)|[) > m(t) > g(4) > g(b(B)) > d(p1). then
llz(t)]| > oy > p for t € [E,t°]. Thus inequality (5.3.4) holds for all ¢t € (£,¢°], which in turn means
that inequality (5.3.6) is satisfied.

However,
m(t®) A-d A A
/ i’_=/ “_’=/ d_’_/ ds (5.3.11)
m(f) C(S) glA) c(’) g(A) C(S) A-d c(s)

Since b(B) < A < d(By), then g(E(B)) < ¢g(A) < A-d < A < a(B;) and s0 1/c(s) £ M for
A —d <3< A. Thus from (5.3.11) we get

m(e®) ds A
/ — > M- Mds = M2 - dM > M, + (M, — M,) = M,, (5.3.12)
mi)  <(s) A-d

which contradicts (5.3.6) and proves that m(t) < A-dforallt > ;.

As in the proof of Theorem 5.2.1 we define the indices k") for i = 1,2.... . N by letting k'}) ={
and, for i = 2,..., N, we let k") be chosen so that 1w _; < Tpomn +7 < T

Then 1) = n <tg+7andfori=2,... N webhave oy < ey +7 < - +r+ 10
Combining these inequalities gives us o) <to+ 7+ (r+ 7N -1) =t +T.

We claim that for each i =1,2,... N, m(t) < 4(B;) — id for t > 7.»). Since m(t) < @(B;) for
t € [to — r, 7,1, then by setting A = @(B;) in our earlier argument we get m(t) < a(Bz) —d fort >
7). Which establishes the base case. We now proceed by induction and assurne m(t) < a(B2) — jd
fort > 7.\, for some 1 < j < N — 1. Let A = a(Ba) - jd. Since 7,5y < T+ — 1, then m(t) < A
for t € [rey+n — r.Tien) and so m(t) < A —d = @(B,) — (7 + 1)d for t > 7;41). Thus we have
proven our claim by induction.

In particular we have m(t) < @(B;) — Nd < b(B) for t >to+ T > 1. Finally, by (5.3.3) we
get that ||z(t)|| < B for t > tg + T, which completes the proof of this theorem. a

In Chapter 8 we will show how Theorern 5.3.1 can be used to prove boundedness and persistence
of certain population growth models that involve delays and impulses. Meanwhile, we introduce our
second boundedness theorem of this section, which is modelled after the stability Theorem 5.2.2 of
the previous section.

Theorem 5.3.2: Assume J = R,, D = R" and the conditions of Corollary 3.2.3 are satisfied.
Suppose there erists a constant p > 0 and functions a € C(R+,R,), b € Ky, c € K,, p €
PC(R{,R,) and ¢, € K3 with s < §(s) < g(s) for all s > 0. Suppose V : [-r,oc) x R" = R,
is continuous on [—-r, 7o) x R" and on [ri_y, ) x R™ for k = 1,2,... and that for each z € R®
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and k =0,1,2,..., lim(,'y,_,(,:':) V(t,y) = V(1 .z) exists. Moreover assume that V, restricted to
R, x R", is locally Lipschitz in z and that the following conditions are satisfied:
() blllzl) < V(£ 2) < a(llzll) for all (t,2) € [-r, ) x R™;
(it) D&_‘J)V(t,t/)(O)) < —p(t)e(V(t,¥(0))) for allt # 7 in Ry and ¢ € PC([-r, 0], R") whenever
19(0)]| > p and g(V (£, $(0))) > V(t + 5, 9(s)) for s € [-r,0];
(it1) V(me, ¥(0) + I(t, ¥)) < §(V(r,,¥(0))) for all (m,¢¥) € Ry x PC([~r,0], R") for which
V(07) = ¥(0) and Il (0} > p;
(iv) there erists some py > p such that if (1. ¢¥) € Ry x PC([-r. 0], R"), ¢(0~) = %(0) and
I9(0)]{ < p. then [[$(0) + I(mi, ¥)I| < pr; and
(v) u= klenzf*{rk ~-n-1} >0,
9(9)
M, = sup/ —éf—, and
q

4>0
thp

M, = :r)xic;/ p(s)ds > M,.
20/,
Then solutions of (2.4.7) are uniformly ultimately bounded.
Proof: As in the proof of Theorem 5.3.1, let b and @ be continuous, strictly increasing functions sat-
isfying lim, o b(8) = lim, o @(s) = > and b(s) < b(s) < a(s) < a(s) for all s € Ry. Condition (i)

then implies
blizll) < V(t.z) < @iz, (5.3.13)

for all (t.z) € [-r. ) x R™.

We first show uniforin boundedness. Let By > 0 and assume, without loss of generality, that
By > py > p > 0. Choose Bz = By(B,) so that g(a(By)) < b(Bz). Then B; > B;.

Let (to,¢) € Ry x PC([-r, 0}, R") where [|¢], < By and ty € [n_;,n) for some positive
integer {. Suppose z = z(to,$) is a solution of (2.4.7) & (2.4.2) having a maximal interval of
existence [tg — v, 8o + 8). If B < oc, then from Corollary 3.2.3 it follows that |jz(t)|| > B2 for some
t € (to,to + B). We will prove that ||z(t)|| < B, for t € [to,to + ). This will show that 8 = o« and
that solutions of (2.4.7) are uniformly bounded.

Suppose for the sake of contradiction that ||z(t)|| > B; for some t € [to,to + ). Then let
t = inf(t € [to,to + B) | |[z(t)|| > B2}. Note that ||z(t)|| < ||¢|lr < By < B; for t € [to — 7, t0] and in
particular ||z(to)|| < B;. Cleatly £ € (to,to + B), ||z(t)}| < By for t € [to — r, ) and ||z(£)|| > B,.

For t € [to — r, ] define

m(t) = V(t,z(t)). (5.3.14)

Since V is assumed to be piecewise continuous, then m € PC([to - r, %], Ry) and m(t) is continuous
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at each t # 7 in (to,?]. By (5.3.13) we have
b(llz(e))l) < m(t) < a(ljz(e)ll), (5.3.15)

for t € [to — r, ). By condition (ii) and from Corollary 5.1.1, since V is locally Lipschitz in z, we

have

D¥m(t) = llm sup [m t + h) — m(t)] < —p(t)e(m(t)), {5.3.16)

for all t # 7 in (to,f] whenever ||z(t)]| > p and m(t) > g(|lm|l,). Also by condition (iii} we have
for each 7 € (tg, 1),

m(re) < g(m(rg ) (5.3.17)

if {|z(r77)]| > p. Finally, if 7 € (o, {] and |[z(rg }II < p, then from condition (iv) we get ||z(7)|| =
He(re ) + I(m. z,- )| € p1. which implies, by (5.3.15), that

m(n) < d(pr). (9.3.18)

For t € {to — r, to] we have m(t) < a(||z(t))}) < @(||¢lls) < @(By). which implies m(t) < g(m(t)) <

a(By)) < b(B2). In particular m(tg) < g(m(te)) < b(B2). Also m(f) > b(||z(d)||) > b(B2). So
dcﬁne t* = inf{t € [to,f] | m(t) > b(B3)}. Then t* € (o, ), m(t*) > b(B2) and m(t) < b(B;) for
t €to—rt°).

Consider first the case when n_; <tg < t* < n. Then m(t*) = b(B,) and g(m(t")) = g(b(B2)) >
b(B2). So define { = sup{t € [to.t"] | gimm(t)) < b(B2)}. noting that f € (to.t%), g(m(f)) = b(B,)
aud g(mn(t)) > b(Ba) for t € [£,t°]. Therefore for any t € [f.t"] and s € [-r,0] we have m(t + 3) <
b(B3) < g(m(t)), implying ||mell» < g(m(t)) and g(&(B;)) < b(Ba) < g(rn(t)). This final inequality
implies m(t) > a(By), which in light of (6.3.15), implies ||z(t)|| > By > p. Therefore the differential
inequality (5.3.16) holds for all ¢t € [¢,t*]. But this means that m(t) is nonincreasing on this interval.
Thus m(t*) < m(f) and so g(b(Bz)) = g(m(t*)) < g(m(f)) = b(Ba) < g(b(B2)) giving us our desired
contradiction, which proves this case.

Alternatively suppose n. < t* < myy for some k > l. In order to get a contradiction for this
case as well we must first show that g(m(r)) < 5(82) and to do this we look at the cases k = { and
k > [ separately.

First suppose k = I. To prove g(m(1")) < E(Bg) we assume, for the sake of contradiction, that
g(m(r7)) > b(Bz). Define £ = sup{t € [to.n) | g(m(t)) < §(Bz)}. Then i € (to,n), g(m({f)) =
b(B,) and g(m(t)) > b(B;) > m(t + s) for t € [f,n) and s € [-r,0]. As before this also implies
llz(t)ll > By > pfort € [{,n). Since (5.3.16) holds for all t € [f,n), then m(r;") < m(f), which



CHAPTER 5. STABILITY AND BOUNDEDNESS USING LYAPUNOV FUNCTIONS 95

implies b(B;) < g(m(n7)) < g(m(?)) = b(B;) giving us our contradiction. This proves then that
g(m(r;7)) < b(Bs). ) )

Now consider the case k > ! and suppose g(m(r,)) > b(B:). Either g(m(t)) > b(B:) for all
t € [rk—1, ™) or there exists some t € [rx_y, 1) for which g(m(t)) < b(B;). In the first case g(m(t)) >
b(B,) > m(t + s) and ||z(t)]| > p for all t € [rx_y, 7} and s € [-r,0]. Since inequality (5.3.16) is
satisfied for all ¢t € (17—, 7) we may integrate it to give us

mi{re1) gg T Taci+h
/ —_— > / pls)ds > / p(s)ds > M. (5.3.19)
m(r, ) C(") Tam Th-1
However,
m(re-1) b(B,) g(m(r]))
/ s 5/ L / 42 My < M, (5.3.20)
m(r,) c(s) m(r.) C(S) mir.) C(S)

giving us our contradiction.

In the second case let £ = sup{t € [re_y,7) | g(m(t)) < b(Bz)}. Then t € [re_1, 7). g(m(f)) =
b(B;) and for t € [f,7) and s € [—-r,0]. g(m(t)) > b(B2) > m(t +s) and ||z(t)|| > p. Therefore
from (5.3.16) we get m(f) > m(ry) implying b(Bz) < g(m(ry)) < g(m(f)) = b(B;) giving us our
contradiction, which verifies the second case. This in turn completes the proof of the case k > {.

We have proven that g(m(r; ")) < b(B;) when . < t* < miyy and k > L OIf [|z(r0)] > p
then m(n) < g(m(r,)) < E(Bz) by (5.3.17) since §(s) < g(s) for s > 0. On the other hand, if
flz(r: )il < p. then m(n) < a(p) < @(By) < g(a(By)) < b(B3) by (5.3.18). So in either case
m(r) < b(B,). Since m(t*) > b(B3), then t* € (i, T4+1) and m(t*) = b(By). If g(m(t)) > b(By) for
t € [k, "), then let = 7 and note that m(f) < b(B;). Otherwise let { = sup{t € [r.t"] | g(mi(t)) <
b(B;)} and note that m(f) < g(m(f)) = b(By). Since m(t*) = b(B;), then { € [r;.t*). Moreover,
g(m(t)) > b(Bz) > m(t + s) and ||z(t)|| > p for t € [{.t*] and s € [-r,0]. Thus by (5.3.16) we know
m(t) > m(t*), but this contradicts the fact that m(f) < b(B2) = m(t*). This final contradiction
completes the proof of uniform boundedness.

Since solutions of (2.4.7) are uniformly bounded, then there exists some B > p; satisfying
9(@(p1)) < b(B) such that if ||$|l, < p1, then ||z(t, to, $)|| < B for all t > tg — r where z = z(to, ¢)
is any solution of (2.4.7) & (2.4.2).

Now let By > 0 and assume without loss of generality that By > B. Then from the proof of
uniform boundedness, there exists some B; = By(B3) > Bs satisfying g(a(Bi)) < b(B3) for which
if ||¢]ls < B3, then ||z(¢t, to, ¢)|| < B; for all t > tg — r where z = z(to, ¢) is any solution of (2.4.7)
& (2.4.2).

Let d = d(Bs) = inf{g(s) — §(s) | g(s) > b(B)/2 and s < &(B2)} and choose d = d(B3) > 0 such
that d < min{a(B;) - b(B),d, b(B)/2,5(B) - a(pm)).

Let N = N(B3) be the smallest positive integer for which a(B;) < b(B) + Nd. As in the proof
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of Theorem 5.2.2 we may assume, without loss of generality, that T = supyeg+{n — 1} < oc.
Define T(B3) =27+ (r +37)(N - 1).

Let z = z(to,¢) be a solution of (2.4.7) & (2.4.2) where ||¢|l, < B3 and to € [n-1,n) for
some positive integer {. We will show that ||z(t)|]| < B for t > tg + T using essentially the same
arguments as was used in the proof of Theorem 5.2.2. Define m(t) for ¢t > to —r as in (5.3.14). Then
m(t) < @(Bz) for t > to — r. In fact m(t) < b(B;) for t > to — r, lest we get a contradiction as we
did in the proof of uniform boundedness.

We prove that g(m(r7)) < b(B;) in the same way we proved it earlier in the case of uniform
boundedness, only this time B is replaced by B3. From this we get g(m(7,”)) < a(B,).

Given b(B) < A < d(B;2) and j > | we will show that if m(t) < A for t € [r; — r, 1) and
g(m(7;")) < A, then m(t) < Afor t € [7},7;41) and g(m(r7,)) < A.

Suppose for the sake of contradiction that there exists some t € {1}, 7;41) for which m(t) > A.
Let t* = inf{t € [r;, 7j41) | m(t) > A}. If|lz(7)]| > p. then m(7;) < g(m(r])) < A by (5.3.17),
while if ||lz(r7)|| < p. then m(1;) < d(p1) < g(@(p)) < b(B) < A by (5.3.18). So in either case
m(1;) < A. Thus t* € (1j,7j41), m(t*) = A and m(t) < A fort € [rj — r,t°]. If g(m(t)) > A for
t € [r;,t°], then let ¢ = 7; and note that m(f) < A. Otherwise let { = sup{t € {r;,t*] | g(rn(t)) < A}
and note that m(t) < g(m(f)) = A. Since g(m(t*)) = g(A) > A, then f € [r;,t*). For t € [{.t°]
and s € [-r, 0] we have g(m(t)) > A > m(t + s). Moreover for t € [t.t*] we have g(a(||z(t)]])) >
g(m(t)) > A > b(B) > g(d(p)) implying |iz(t)]| > m > p. Thus from (5.3.16) we know that
m(t) > m(t"), which contradicts the fact that m(t*) = A4 > m(¢).

Now that we have proven m(t) < A for t € 1, 7;41) we must show that g(m(7,)) < A. The
proof of this follows in an identical fashion to the arguments used eatlier in the proof of uniform
boundedness where we showed that g(m(r;)) < b(B;) for the case k > I, if we replace k by 7 +1
and b(B;) by A.

Having proven our claim we may argue by induction that in fact m(t) < A for all t > 7; and
that g(m(r,)) < Aforall k > j + 1. Next we claim that m(t) < A - dfort € [1j41.7j42) but to
show this we must first show m(7j4,) < A-d.

Ifflz(r730)If £ oy then m(1j41) < a(p1) < b(B)—d < A—d. On the other hand, if llz(r70)0 > .
then we look at two cases. If 0 < g(m(73,)) < b(B)/2, then m(1j4,) < §(m(77,,)) < g(m(r,)) <
l:(B)/2 < A-b(B)/2 < A-dsince A > b(B) and d < b(B)/2. Alternatively, suppose g(m(r,,)) >
b(B)/2. Recall that g(m(r7,,)) < 4. Sinfe 9(m(77,)) > b(B)/2 and m(r[,) < g(m(rj'*,l))‘ <A<
a(By), then §(m(r7,)) < g(m(r73,)) —d < g(m(r;},)) —d < A—d from the definition of d and s0
m(7j41) < §(m(r3,1)) < A —d. Therefore in all cases we have shown m(rj41) < A-d.

In order to prove m(t) < A —d for all t € [7j41, Tj+2) we assume for the sake of contradiction
that m(t) > A — d for some t € [1j41,7j4+2). Let ¢ = inf{t € [rj41,742) | m(t) > A —d}). Then
t* € (Tj41,Tj+2), since m(7j4,) < A—d. Moreover, m(t*) = A-dand m(t) < A—dfort € [1j41,t"].
Note that since g(A—d) > A—d > b(B)/2 and A—d < A < a(B,), then g(A — d) >§(A-d)+d>
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A -d+d = A. Therefore g(m(t*)) = g(A —d) > A. If g(m(t)) > Afor all t € [r;41.t"], then
let £ = 74, and note that m(f) < A — d. Otherwise let t = sup{t € [rj41.t") | g(m(t)) < A}
and note that m(f) < §(m(f)) < g(m(f)) ~d = A —d < A —d since g(m(f)) = A > b(B)/2 and
m(t) < A < 4(B;). Clearly { € [rj41,t") since g(m(t*)) > A. Thus for t € [t,¢*] and s € [-r,0],
g(m(t)) > A > m(t + s), and consequently ||z(t)|| > p, which implies by (5.3.16) that m(t) > rn(t*).
This, however, contradicts the fact that m(t*) = A —d > m(¢).

Having proven that m(t) < A—d for t € [1j41, Tj4+2) we can then claim that in fact m(t) < A-d
for all t > 7,4, by applying our results to successive intervals of the form [ry, i 4y) for k> 5 + 1.

As in Theorem 5.2.2 we define the indices &'*) for i = 1,2...., N recursively as follows. Let
kY =1+ 1and fori=2,...,N let k") satisfy mo1_3 < Teo-1) + 7 < T _3- Note that mi-y <
Teo-n + 7 < Tewog and so k¥-Y < k) — 2 implying k) > 3 4+ k0-Y. Thus ney = nyy <
2r+n1 <2r+toandfori=1.2,... N, p» <31+ 76i_3 <37+ r 41—y, Combining these
inequalities gives 7. vy <27+ 37+ r)(N - 1) +to =t + T.

We claim that for each ¢ = 1,2,..., N, m(t) < @(B2) — id for t > 7). Since m(t) < @(B,) for
t € [to — r.n) and g(m(7")) < @(Baz), then by setting A = a(B;) in our earlier argument we get
m(t) < @(B;)—d fort > nyy = 7, which establishes the base case. We now proceed by induction
and assume m(t) < a(B3) — jdfort > 1) forsome ) < j< N - 1.

Let A = &(B;) — jd and note that A > b(B). Since Teu+n o2 2 T + 7, then m(t) < A for
t > Teusn_p — . Next we must show that g(m(r,,,,_,)) < A. This is proven the same way
we proved g(m(7,)) < b(Bz) for the case & > [ in the proof of uniforin boundedness only this
time k and b(B;) are replaced by kU+1) — 1 and A, respectively. We may therefore conclude that
m{t) < A —d=a(B;) - (j + 1)d for t > T(i+1), thus completing the induction step.

So in particular we have m(t) < @(B;) - Nd < b(B)fort >t +T > 7. Finally, by (5.3.15)
we get that ||z(t)|| < B for t > to + T. which completes the proof of this theorem. a

The comments following Theorems 5.2.1 and 5.2.2 about how M, may be similarly redefined
hold for Theorems 5.3.1 and 5.3.2.

We conclude this section with an example showing an application of Theorem 5.3.2.

Example 5.3.1: Consider the following impulsive delay differential equation

z'(t) = ~4z3(t) + e *z(t — 1) + z/3(t = 2) + cos(t), t # 7, (5.3.21a)

1
Az(t) = 0’ t=n, (5.3.21b)

where 7, = k% for k = 0,1,2,.... The conditions of Corollary 3.2.3 are obviously satisfied.
Define

V(z) = z4, (5.3.22)
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for z € R. This Lyapunov function clearly satisfies the smoothness assumptions of Theorem 5.3.2
as well as condition (i). For (¢, ) € Ry x PC([-2.0], R) we have

DY, 5 ) V(L ¥) = 493(0) (—49°(0) + e~*9(=1) + ¥/3(=2) + cos(t))

5.3.23
< —16[$(0)f +AOPIB(=1)] + 4O P2 + . O

Now let p = 1 and g(s) = 3s. Then whenever |¢(0)] > p and V(¥(s)) < g(V(¥(0))) for s € [-2,0),
we have [$(0)| > 1 and |¢(s)| < 3}/*¢(0)| for s € [~2,0]. and so from (5.3.23) we get

D 5 31)V(£,4(0) < =16[%(0)[* + 4 -39 (0)[* + 4 32 [y(0) P (0)]*/° + 4l (0)|*

(5.3.24
< —(16 - 4-3% — 4.3  4)[p(0)]* < ~2V((0). (6-3:24)

So let p(t) =2 for all t € Ry and c(s) = s for all s € Ry. Then condition (ii) of Theorem 5.3.2 is
verified.

To check condition (iv) we calculate g = 1. M2 = In(3) and M; = 2 from which we verify that
M, > M,.

Next let §(s) = 2s. Whenever [(0)] > 1 we have [(0) + (. ¥)] < [9(0)| + (7, ¥)| =
{$(0}] + 1/10 < (11/10)[%(0)| from which we obtain

1\* .
V($(0) + I(m, ¥)) < (ﬁ) V($(0)) <2V(¥(0)) = §(V(¥(0))), (5.3.25)
which verifies condition (iii). Finally, condition (iv) is satisfied with p; = 11/10.
Therefore, according to Theorem 5.3.2, solutions of equation (5.3.21) are uniformly ultimately
bounded. Q



Chapter 6

Linear Systems

Linear systemns are important because they tend to be simpler to study and analyze both qualitatively
and quantitatively than more complicated nonlinear systems and also because they often make good
approximations to nonlinear systems.

In this chapter we take a brief look at linear systems of impulsive delay differential equations.
We first describe linear systems. Then we obtain some stability results for a special class of linear

systemns by making use of the Lyapunov function theory of the previous chapters.

6.1 Description of Linear Systems

In this section we describe linear impulsive delay differential equations. We begin by stating the
usual definition of what it means for a functional to be linear. Then we define what it means for

systemn (2.4.7) to be linear.

Definition 6.1.1: A functional L : Ry x PC([-r.0], R") = R" is said to be linear (in v) if for
any constants cy,c2 € R and functions ¥1.¢¥2 € PC([-r,0]. R"), L(t.c1¥1 + c292) = ey L(t. Y1) +
CgL(t. wg) for all ¢ € R+.

Definition 6.1.2: System (2.4.7) is said to be linear if f(t.¥) = Li(t,¥) + hi(t) and I(t, ) =
L2(t. ¥) + ha(t), for some linear functionals Ly and L, and for some functions hy,hy : Ry — R". If
both hy and ha are identically zero, then system (2.4.7) is said to be homogeneous; otherwise it is

said to be nonhomogeneous.

The most common type of linear functionals known to be useful in applications involving delay

99
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with a finite delay constant r, are of the form [Hal93]

m 0
Lit,¥) =) Avd(-te) + | At s)b(s)ds + h(t), (6.1.1)

k=1

where 0 < t; < r, the matrices Ax € R"*" are constant (alternatively, they could be functions of
t),) h:Ry - R" and A: Ry x [-7,0] = R"*".

Homogeneous linear systems have the solution z(t) = 0 and the stability properties of this trivial
solution will be of interest. In the next section we will develop stability results for a special class
of linear impulsive delay differential equation where the functional f is a special case of the more

general linear functional (6.1.1).

6.2 Stability of Linear Systems

In this section we consider a simple n-dimnensional, linear, impulsive delay differential difference

equation of the form

z'(t) = Az(t) + Bz(t — r), t # 7, (6.2.1a)
Az(t) = Crz(t™), t = 7, (6.2.1b)

where A, B and Cy, for k = 1,2,..., are constant matrices in R®*". As usual r > 0 represents the
delay constant and the impulsive times 7, are assumned to be fixed.

Global existence and uniqueness of solutions of (6.2.1) follow from Corollary 3.3.1 and Theo-
rem 3.4.1, respectively.

By making use of the stability theoretns of Chapters 4 and 5, we obtain conditions on the
parameters of system (6.2.1) that will ensure uniform asymptotic stability of the trivial solution.

Let us first introduce some matrix notation. For any matrix A € R™*", || A|| denotes the matrix
norm of A induced by the Euclidean vector norms. || - ||, on R™ and R". In this section all of our
matrices will be assumed to be square. However, in Chapter 8 we will also consider non-square
matrices and yet still be interested in the norm of such matrices. For a square, symmetric, real
matrix A, Apax(A) denotes the largest eigenvalue of A and similarly Apin(A) denotes the smallest
eigenvalue of A. For a positive definite (symmetric) matrix A € R"*", A'/? denotes the square
root of A, which is defined to be the unique positive definite matrix satisfying A}/2- 4)/2 = 4 (see
[Hor85)).

Recall that if the eigenvalues of a matrix A € R"*" all have negative real parts, then the matrix
is stable (or Hurwitz) and there is a unique positive definite matrix P € R"*™ that solves the
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Lyapunov equation [Hal80]
ATP4+ PA=-1, (6.2.2)

where, in this section, we use I to denote the n x n identity matrix. Similarly, if the eigenvalues of

A all have positive real parts, then there is a unique positive definite matrix P for which
ATP+PA=1I. (6.2.3)

Our first theoremn makes use of Theoremn 4.2.2 and is proven by way of a Lyapunov functional.

Theorem 6.2.1: Assume that the eigenvalues of A have negative real parts and let P be the solution
of (6.2.2). Suppose that ||PB|| < 1/2, Yp2, ICk|l < o, and 7 = infyez+{mx — Tk-1} > 0. Then the
solution z(t) = 0 of (6.2.1) is uniformly asymptotically stable.

Proof: We first note that the conditions of Corollary 3.2.3 are satisfied and that the functional
f(t,¥) = AY(0) + By(—r) is also strongly quasi-bounded.

Let p > 0 be arbitrarily chosen. Since Y37, [ICil| < oc, then let M = sup,ez+{||Ck||} < oc and
define 0y = p/(1 + M). Then 0 < py < p, and if ||z]} < py, then ||z + Ciz|| < ||zl| + |[Ckll - llz]| <
(1 + M)p, = p, which verifies that hypothesis (H1) of Chapter 4 is satisfied.

Define the Lyapunov functional

0
Vit ¥) = $(0)T Py(0) + %/ ¥(s)T ¥(s)ds. (6.2.4)

Clearly V satisfies the smoothuess assumptions of Theoretn 4.2.1.
Since, for all (t, ¥) € Ry x PC([-r.0].R").

Amin( PO < V(£ 6) < Amas( PYBO)IE + 5701, (6:2)

then condition (i) of Theorem 4.2.1 is satisfied with b(s) = Ayia(P)s® and a(s) = (Amax(P) +1/2)s%.

As for condition (iii), suppose we let £ € PC([to - r, o¢), R") be some function that is continuous
at each t # 7 in (to, o0). If z(n) = (7, )+ Ciz(7, ) (i.c. the function z satisfies the delay difference
equation (6.2.1b) at t = n), then we get

(T + C)z(r0)]T P U+ Co)z(r)]
z(r7 )T Pz(r]) + 2(r7 ) TCT PCrz(7]) + 22(77 )T PCz (7))
z(r )T Pz(r7) + |ICe| PP - Nz (0 P + 2ICkl] - P - Nz (g )If

o(r7)TPE(r) + xﬁuf’n(uan’ + 20Cell)z(r0)T P2(7)
Amax(P)

- (1 + 22l + 2nc.u)) z(ry ) Pa(r).

z(n)T Pz(n)

(6.2.6)

IA N
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Therefore, if we let di = (Amax(P)/Amin(P))([|Ckl®> + 2||Ck]|) > 0. then

0
V(rk,zs,) = z:(rk)TPz(‘rk) + -21-/ (1 + 3)71:(7,‘ + 8)ds

-r
Q

<+ dela(ry TP + 5 [ (o + o)zl + o) (6.2.7)

0
< (14 di) (z(r;)sz(r;) + %/

-

(e + )T z(ne + s)ds)
= (1 4+ dy)lim,_ - V(t,7,)
Moreover, since Y ;> | [ICk|| < ¢ then clearly d = 37, di < 0.

Finally, we must check condition (ii). Calculating the derivative of V with respect to sys-
tem (6.2.1) gives us

D*Vieay(t:¥) = $(O)T PUAH(O) + BU(=r) +(44(0) + BY(=r))T PY(0)
+ 39T (0) = S¥(=r)T¥(=r)
= GO (4T P + PAY(0) + 29(0)7 PBY(=r) + 59(0)7$(0) = 5#(=r)T (=)
~ 3907 $(0) + 26(0)7 PBY(=r) = 29(~r)T ¥(=7)

< ~ WO + 20PBI- IO 4=l = SI(=r)IF

< _%w(mn’ +|[PBI - [ + IPBI| - [b(=r)II* - %Ilw(—r)ll2
--(3- ||PB||) (IO + [9(=r)IF)

<

1
- (3 - 1PE1) 1w
(6.2.8)
where the final inequality follows since ||PB|| < 1/2. Thus condition (ii) is satisfied with ¢ € K>
defined by c(s) = (1/2 - ||PBj])s®.
Therefore the conditions of Theorem 4.2.2 are satisfied in addition to the conditions of Theo-

rem 4.2.1. So by Theorem 4.2.2 we conclude that the trivial solution of (6.2.1) is uniformly asymp-
totically stable. a

Example 6.2.1: Consider system (6.2.1) with

-7 2 1 1 -3 -1 3 1 4
A= 0 -5 1|, B=| -2 -4 3|,andCi=2"%|1 3 -1|. (6.2.9)
6 3 -5 1 3 o 4 -1 3

The matrix A is stable since its eigenvalues are -2, -7 and -8. Solving for P in the Lyapunov
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equation (6.2.2) gives us

0.0939 0.0336 0.0902
P=1 0.0336 0.1161 0.0807 {. (6.2.10)
0.0902 0.0807 0.2566

Calculating the norm of PB gives us ||PB|| = 0.4807 < 1/2. Meanwhile the norm of Cy is ||Cy|| =
7-27% and so Yop, ICkll = 7 < 0.

Thus if the timne between consecutive impulses is bounded below by some positive quantity r,
then Theorem 6.2.1 tells us that the trivial solution of system {6.2.1) will be uniformly asymptotically
stable. Q

In Theorem 6.2.1, the condition 3~;7, ||Ci]l < > implies that the cumulative effect of all of the
impulses is finite and that as time evolves the effect of later impulses becomes increasingly negligible
since limg o ||Ckl| = 0. Since the systemn without impulses is already stable then the diminishing
effect of impulses is not enough to destabilize the system. In some situations the impulses could even
accelerate the convergence of solutions to the origin. This could happen if. instead, the magnitude
of ||I + Ci|| became increasingly smaller as k tended to infinity. A simple modification of the proof
of Theorem 6.2.1 gives us this alternative result.

If we replace the condition 3,7, ||Cx|} < x by the condition

Zmax{ “"“‘((1’:))||1+c‘.||2 - 1} < x. (6.2.11)

then the conclusion of Theorem 6.2.1 still holds. The proof of Theorem 6.2.1 remains largely the
samme except that inequality (6.2.6) now becomes

z(n)T Pz(n) = [( +Ck):t(r,,‘)]T P((I + C)z(7)]
Allll‘
SN (P) (P)||I+Ck||z (77 )T Px(r) (6.2.12)

<1 +dk)z(1',") Pz(r,),

where di = max{0, (Amax(P)/Amin(P))III + Ck||> = 1}. Thus (6.2.11) is the same as requiring

ZT:I d* < 0.
Note that (6.2.11) is implied by the following simpler condition

'\min(P)

li:n sup||f + Cill <

Qur next two theorems obtain a different set of conditions under which the trivial solution
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of (6.2.1) is uniformly asymptotically stable. They make use of Lyapunov functions and apply
Theorems 5.2.1 and 5.2.2, respectively.

Theorem 6.2.2: Assume that the eigenvalues of A have positive real parts and let P be the solution
of (6.2.3). Suppose that T = supyez+{T —Tk_1} < oc. If there erists some 0 < a < 1 which satisfies

the following inequalities

Amax(P) , R
a2\ I + Cil|, for all k, (6.2.14)
and
2Amin(P)aln(a) + r(a + 2||PBJ|) < 0, (6.2.15)

then the solution z(t) =0 of (6.2.1) is uniformly asymptotically stable.
Proof: As in Theorem 6.2.1, the conditions of Corollary 3.2.3 and hypothesis (H1) are satisfied.
Define the Lyapunov function

Viz) = 7 Pz. (6.2.16)
Then V satisfies the smoothness assumptions of Theorem 5.2.1. Since
Amin(P)l? < V(2) € Amax(P)I=]I%, (6.2.17)

for all £ € R". then condition (i) of Theorem 5.2.1 is satisfied with b(s) = Auin(P)s? and a(s) =
'\umx(P)sz'
Define g(s) = a®s. Then

V(#$(0) + Cx9(0)) = (T + C)$(0)]7 P{(I + Ci)¥(0)]

Amax(P) 2, T
< o (P) Il + Cill*$(0)" P4(0) (6.2.18)

< a*V($(0)) = g(V((0))).

This verifies condition (iii) of Theorem 5.2.1.
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Calculating the derivative of V along solutions of (6.2.1) gives us

D*Vig.2.1)(t. ¥) = ¥(0)T P(AY(0) + By(—r)) + (AY(0) + By(-r))T Py(0)
= (0)T(AT P + PA)¥(0) + 2¢(0)T PBY(-r)

< [[(O)1? + 2|PBIL- [ (O)] - [[$(=r)ll

1 Tp. 2 bl —r

SO PUO) + == IPBINW(OT PY(0) - 9(=r)T Py(~r)

1 \
oy (V) + 2P Bl VONVE")) -

IN

IN

{6.2.19)

Thus when V(¥(0)) > g(V((s))) for s € [—r, 0], we have in particular V(¥(0)) > a*V(¢(-r)) and
so V(¥(~-r)) < (1/a?)V(%(0)). Substituting this into (6.2.19) gives us

1l
Amin(P)
_ 1
- '\min(P)

D*Vis.2.1)(t. ¥)

IA

(v +apiLvison)
. (6.2.20)
(1+20P812) vison.

Therefore, condition (ii) of Theorem 5.2.1 is satisfied if we let p(t) = (1 + 2||PB||/a)/Mmin(P) and

c(s) = s.

Calculating M, and M, in condition (iv) of the theorem gives us

T 2
M, = m (1 + a—”PB”) y {6.2.21)
and
M; = —21n(a). (6.2.22)

Finally, we have M2 > M), as required by Theorem 5.2.1, by assumption (6.2.15) on a. Thus by
Theorem 5.2.1 it follows that the solution z(t) = 0 of (6.2.1) is uniformly asymptotically stable. B

Example 6.2.2: Consider system (6.2.1) with

30 1 1 -2 2 -1 0.1 0
A=|2 3 -1|, B=| -2 -1 -1 |,andC= 0 -1.1 0.1 . (6.2.23)
2 0 4 5 -1 1 0.2 0 -1.2

Suppose in addition that the impulse times occur with a frequency of at least = 0.03.
Checking the eigenvalues of A, we find that they are 2, 3 and 5. Solving for P in the Lyapunov
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equation (6.2.3) gives us

0.1929 -0.0893 -0.0786
P=| -0.0893 0.2500 0.0714 |. (6.2.24)
-0.0786  0.0714  0.1643

Next we evaluate ||/ +Ci|| = 0.3 for all k, Ayin(P) = 0.0986, Apax(P) = 0.3686, and ||PB|| = 0.6517.
Condition (6.2.14) then reduces to

0.5800< a < 1. (6.2.25)
For a to satisfy (6.2.15) we must have
0.1973aln(a) + 0.03a + 0.0391 < 0. (6.2.26)

A simple check shows that both of these conditions are satisfied by choosing a = 0.6. Therefore,
uniform asymptotic stability of the trivial solution of (6.2.1) follows by Theorem 6.2.2. c

Our final theorem makes use of Theorem 5.2.2 to estaolish conditions for uniform asymptotic
stability of the trivial solution of (6.2.1).

Theorem 6.2.3: Assume that the eigenvalues of A have negative real parts and let P be the solution
of (6.2.2). Suppose that v = inficz+{Te — Tc_1} > 0. If there erists some a > 1 which satisfies the

following tnequalities

Zmaxll ] . 9
a> o (P) | + Ckll, for all k. (6.2.27)
'\min(P)
2||PBjla < , 6.2.28
PBIR < 5 anelP) (6:2.28)

and

2ra

.
2hn(a) = S—F7 * S (P)

IlPB|| < 0, (6.2.29)

then the solution z(t) = 0 of (6.2.1) is uniformly asymptotically stable.
Proof: As in the previous two theorems, the conditions of Corollary 3.2.3 and hypothesis (H1) are
satisfied.
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Define the Lyapunov function
V(z) = zT Pz. (6.2.30)

Then V satisfies the smoothness assumptions of Theorem 5.2.2 as well as condition (i) of Theo-
rem 5.2.2 with b(s) = Anin(P)s® and a(s) = Amax(P)s3.
Define §(s) = a®s. Then

V{$(0) + Ce$(0)) = [(1 + Co)¥(0)]7 P + Ci)w(0))

/\max(P) 2 Tp
S Yol P) Il + Ci|I*%(0)" Py(0) (6.2.31)

< a*V($(0)) = §(V(¥(0))).

This verifies condition (iii) of Theorem 5.2.2.
Calculating the derivative of V along solutions of (6.2.1) gives us

D*Vig.2.1)(t, %) = $(0)T P(AY(0) + By(—r)) + (A$(0) + By(—r))T Py(0)
$(0)T(ATP + PA)Y(0) + 2¢(0)T PBy(—r)

Al

IO + 2] (0111
< -5 ) P¢<0)+2mm“,) I1PBIly/$(0)T P4(0) - $(—~r)T Pu(~r)
<- V() + 5—55 IPBIVV ($(0)V (¥(-r)-

Amax(P)
(6.2.32)

Since a satisfies the strict inequalities (6.2.28) and (6.2.29). then both inequalities are satisfied
by any 8 chosen sufficiently close to a. So let 8 > a satisfy

’\min P
21PBI < 3 ‘( P)). (6.2.33)
and
n(f) - —— + —2_pB| <0, (6.2.34)

Amnx(P) Amin(P)

and define g(s) = B?s. Then when g(V(¥(0))) > V(¥(s)) for s € [-r,0], we have in particular
B2V ($(0)) > V((—r)). Substituting this into (6.2.32) gives us

D*Visa.(t.¥) € =557V (H(0) + 555 1P BISVI¥(O)

— 1 _ 26
T (’\mu(P) on P)IIPBH) V(%(0).

(6.2.35)
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Therefore, condition (ii) of Theorem 5.2.2 is satisfied if we let p(t) = 1/Anax(P) — 26||PB||/ Mnin( P)
and c(s) = 3. Note that inequality (6.2.34) implies p(t) > 0.
Next, if we calculate M; and M; in condition (iv) of the theorem, where what we called y in

that theorern we now call r, we get

T 2r

M = -
! Amu(P) '\min(P

S1PBI (6.2.36)

and
M, = 2In(8). (6.2.37)

Finally, we have M; > M,, as required by Theorem 5.2.2 by inequality (6.2.34). Thus by Theo-
rem 5.2.2 it follows that the solution z(t) = 0 of (6.2.1) is uniformly asymptotically stable. e

Example 6.2.3: Counsider system (6.2.1) with

-6 0 3 0.11 0 -0.04 0.9 09 0.2
A=| 0 -4 2|, B=| -005 003 -007 |.andCi= 0 -13 03
1 0 -4 0 —0.03 0.03 -0.1 05 -17
(6.2.38)

Suppose in addition that the impulse times occur with a frequency of no more than r = 1.
The eigenvalues of A are -3, -4 and -7. indicating that A is a stable matrix. Solving for P in the
Lyapunov equation (6.2.2) gives us

0.1095 0.0216 0.0524
P =1 0.0216 0.1436 0.0372 |. (6.2.39)
0.0524 0.0372 0.1381

The largest and smallest eigenvalues of P are Ayin(P) = 0.0690 and Agax(P) = 0.2070, respectively.
Since ||I + Ci|| = 1.1208 for all k, then condition (6.2.27) reduces to

a > 1.9412. (6.2.40)
Meanwhile, condition (6.2.28) becomes

a < 12.8544. (6.2.41)
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With 7 = 1 then condition (6.2.29) becomes
2In(a) — 4.8309 + 0.3758a < 0. (6.2.42)

Choosing a = 3, for example, will satisfy all three of these conditions and therefore imply that the
trivial solution of (6.2.1) is uniformly asymptotically stable. ]

Note that Theorems 6.2.1 and 6.2.3 impose similar conditions on system (6.2.1). Both require
that the matrix A have eigenvalues with negative real parts and the matrix P described in each
theorem is the same. Also, both theorems require that there be a positive lower bound, 7, on the
titne between consecutive impulses. This latter condition ensures that the impulses, which might
otherwise destabilize the system, do not occur too frequently. In both theorems the conclusion is the
same, namely that the trivial solution of (6.2.1) is uniformly asymptotically stable. Theorem 6.2.1 is
proven by way of a Lyapunov functional while Theorem 6.2.2 is proven using a Lyapunov function.
The conditions on the matrices B, C; and on the parameter r differ between the two theorems and
this is what distinguishes one from the other.

Theorem 6.2.1 imposes a condition on the magnitude of the norm of the product of the matrices
P and B, namely that ||PB|| < 1/2. Theorem 6.2.2 requires an even tighter bound on || PB||, natnely
that

'\min(P) '\min(P)

1
PB|| < < <.
IPBIl 20 qmax(P) ~ 2Apax(P) 2

(6.2.43)

Note that for the matrices 4 and B defined as in Example 6.2.1, this inequality is not satisfied for
any a > 1 since |[[PB|| = 0.4807 while Apin(P)/(2Amax(P)) = 0.0808.

Theorern 6.2.1 imposes no condition on 7 other than to assume that it is positive. Meanwhile,
Theorem 6.2.3 requires, in addition, that r be sufficiently small in relation to other parameters of
the system, that it satisfy the inequality (6.2.29).

While up to this point we have mentioned those assumnptions of Theorem 6.2.1 that are the same
as or that are weaker than those of Theoremn 6.2.3, the one place where Theorem 6.2.3 imposes a
generally weaker condition is on the matrices Cy. Theorem 6.2.1 requires that 3 77, |ICi|| < x.
which in turn requires that limg o {|{Ci|| = 0. Alternatively, this condition on the matrices Cy could
be replaced by (6.2.11). Theorem 6.2.3 does not impose such a stringent condition on the matrices
Ci. In Example 6.2.3 the matrices C; are all identical and ||/ + Ci|| = 1.1208 > 1. So clearly neither
of the two alternative conditions on the matrices C given in Theorem 6.2.1 could be applied in this
case,

Theorem 6.2.3 allows for impulses to occur without requiring that they diminish in magnitude
as time evolves. This makes the theorem more useful and powerful.



Chapter 7

Applications to Population Growth
Models

Ordinary differential equations are frequently used to model population dynamics. The Lotka-
Volterra equation for predator-prey probleins or that of competing species is often considered. The
simple logistic growth equation is another classic example. In some instances delays in one or more
components of the reaction require the adoption of a delay differential equation to more suitably
model a particular system of interacting species. For instance the presence of and the population
density level of one species may inhibit or enhance the growth of another but there may be some
delay before this effect is felt by the second species. For a thorough discussion of delay differential
equations as they apply to the study of population dynamics see Gopalsamy's monograph {Gop92]
and the references cited therein.

When population levels repeatedly undergo changes of relatively short duration (due, for in-
stance, to stocking or harvesting of species), then these events may be more suitably modelled by
an impulsive differential equation [Bal97c, Liu94, Ang94].

In this chapter we look at some population growth models which consist of an imnpulsive delay
differential equation. In the first section of this chapter we discuss the concept of permanence of
populations. By permanence we roughly mean boundedness and persistence (or non-extinction) of
all species.

In the second section we look at two examples of population growth models. In the first example
we consider a Lotka-Volterra type of equation involving two competing species where there is a fixed,
single delay in the intra-specific and inter-specific negative feedbacks. The second example considers
one of many possible models for the growth of a single species. Conditions on the impulses as well
as the governing delay differential equation will be imposed in order to establish the property of
permanence of populations. In order to prove permanence of populations modelled by a system of

110
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equations, we perform a change of variables on our system and then apply one of the boundedness
theorems of Chapter 5§ to this transformed system.

7.1 Permanence

We begin by assuming we have n species, where N;(t) > 0 represents the population density (i.e. the
nunber of individuals per unit area) at time t for the i** species. Let N = (Ny, N2,...,N,) € R".
We consider the following impulsive delay differential cquation

N’(t) =g(t'N!)v t# T, (71'13)
AN(t)=J{EN(E™)), t =T, (7.1.1b)
where £ = 0,1,2,.... For simplicity we have assumed that there are no delays in the difference

equation (7.1.1b).

Note that one important property of system (7.1.1) from a modelling point of view is that the
interior of the positive cone in R" given by § = {N € R” | N; > 0fori = 1,2,...,n} should be
positively invariant in the sense that given any initial condition specifying Ni(t) > 0 for t € [to—r, to]
and i = 1,2,....n, we should get that N;(t) > 0forallt > tg and i = 1,2,...,n. One immediate
restriction on the vector function J is that we require Ni+J;(n, N) > 0forall N; >0,k =0,1.2,....
and fori=1,2,...,n.

As usual we let ¢ = (¢1,62,....6,) € PC([-r.0)],S) denote the initial function and we let tq
denote the initial time.

The notion of permanence of solutions of a system of equations which nodels population dynamics
has been considered a great deal in the literature, particularly for models consisting of ordinary
differential equations. The extension of the concept of permanence to impulsive delay differential
equations is simple and straightforward.

There are numerous mathematical concepts and terminology associated with the ideas of popu-
lations avoiding extinction and growing in a bounded fashion. These include: persistence, uniform
persistence, weak persistence, strong persistence, dissipativity. uniform boundedness, asymptotic
uniform boundedness, permanence, permanent coexistence, cooperativeness, and ecological stabil-
ity, to name a few.

Hofbauer and Sigmund [Hof88] define permanence for an autonomous ordinary differential equa-
tion to mean that there exists some compact subset F of S such that the orbit of every solution
starting in S will eventually end up in F. Applying this idea to system (7.1.1) would mean that
there exist some constants B3 > 0 and By > 0 such that if (tg, ¢) € Ry x PC([-r,0], S), then
B3 < liminfy_, o Ni(t,tq, ¢) < limsup,_, o Ni(t,to.¢) < By fori=1,2,...,n.

We choose to strengthen the notion of permanence by defining it as follows.
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Definition 7.1.1: Solutions of systemn (7.1.1) are said to be

(P1) quasi-permanent if for each (1, ¢) € Ry x PC({-r. 0], ), there exist constants By = By(to, ¢) >
0 and By = B3 (to, ) > 0 such that if N = N (2o, 4) is any solution of (7.1.1), then N(t.to, ¢)
is defined for all t > ¢t and By < Ni(t.t0,¢) < Ba fori=1.2,...,n and for t > to;

{P2) uniformly quasi-permanent if (P1) holds with B, and B; independent of to;

(P3) permanent if (P1) holds and if there exist constants B; > 0 and By > 0 such that for each
(to,¢) € Ry x PC([-7,0],S), there exists a constant T = T(to,¢) > 0 such that By <
Ni(t.to,¢) < Byfori=1,2,...,nand fort > to + T}

(P4) uniformly permanent if (P2) holds and (P3) holds with T independent of to.

Note that permanence includes the concepts of boundedness and persistence. Boundedness here
is a little different than that which was defined in Definition 4.3.1 in that the bound B; need not be
common to a whole set of functions ¢ but could differ depending on which initial function is chosen.
The same is true of T in the definition of permanence. Note that By is similar to what we called B
in the definition of uniforimn ultimate boundedness. The notion of persistence given in the definition
of quasi-permanence is that each individual solution remains bounded away from zero, while in the
case of permanence it also means that there is a common lower bound above which solutions will
eventually or ultimately remain.

Permanence is often a desirable property to have in models describing population dynamics. It
ensures that no single species will either tend to extinction or grow without bound.

7.2 Population Growth Models

For our first example, we begin by assuming we have two competing species Ny and N;. We assume

that their evolutionary behaviour is governed b the following impulsive delay differential equation

Ni(t) = Ni(t) [ry —auNi(t = r) —aizN2(t — 1)), t £ 7,
Niy(t) = Na(t) [r2 —anNy(t = r) — a2 N2(t = 1)], t # 7,
AN(t) = Li(t, N1(t7). No(t7)). t =,
ANy (t) = L(t, Mi(t7), N2(t7)) t=m,

(7.2.1a)

(7.2.1b)

where k = 0,1,2,.... The constants r; for i = 1,2 are assumed to be positive and r; represents
the natural intrinsic growth rate of the i** species if resources were unlimited and inter-species and
intra-species effects were neglected. The constants a;; for i = 1,2 and j = 1,2 are assumed to be
nonnegative and a,; represents the growth inhibiting effect that species j has on species 1, after some
fixed time delay r > 0, as a result of the competition for resources. Conditions on the impulse times
7k as well as the functions J;,J3 : Ry x R? = R will be imposed in order to guarantee permanence
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of solutions of (7.2.1). Equation (7.2.1) without impulses (i.e. J; = J» = 0) has been considered in
[Gop92] while equation (7.2.1) without delays (i.e. » = 0) has been considered in [Bal97¢].

Equation (7.2.1) is a reasonable candidate for a model of a pair of competing species in which
there is delay in the effects of species interaction and in which there are impulses causing periodic
abrupt changes to the population density levels. We refrain from delving into a deep investigation
into just how suitable such a model might be for a particular real-life situation. Instead we prefer to
examine equation (7.2.1) from an analytical point of view while keeping in mind the interpretation
of the variables as species population densities.

Let

a2y 422 T2

A= [ o due ] and R= [ n ] (7.2.2)

and let us assume that A is a nonsingular matrix. Let N* = (N;,N;)T = A-'R so that r; =
ay Ny + a2 N3 and r3 = a21 N7 + @22N7 and assume further that N > 0 for i = 1. 2. Then in the
absence of impulses. N* is the unique positive equilibrium point of equation (7.2.1).

In the absence of both delays and impulses, this Lotka-Volterra model for two competing species
has been well-studied. Phase portraits can be easily plotted and it can be determined (see [Hof88])
that the equilibriumn point N* is an unstable saddle point of the nonlinear system if the system
parameters happen to satisfy

Z: :—: < Z“ (7.2.3)
Regardless of the initial condition, both populations remain bounded for all time. However, if (7.2.3)
is satisfied then unless the initial population densities (specified only at time ¢o when there is no
delay) happen to lie on the curve forming the stable manifold of N°*, then both populations cannot
persist simultaneously. One species will invariably tend to extinction while the other will tend to
some positive limiting value. If delays are present then numerical sitnulations suggest a similar
behaviour with one species dying out and the other tending to either a positive equilibrium or, for
large values of the delay constant, to a periodic steady state. It has been shown (in the absence
of delays) that impulses can be used to ensure the permanence of both species for system (7.2.1)
[Bal97c]. We will use similar techniques to develop some permanence results for the impulsive
system (7.2.1) when there is delay. The result will be independent of the value of the delay constant
T.

Rather than study equation (7.2.1) directly we perform a change of variables and then examine
the new resulting system. In particular, for i = 1,2 let

zi=In (11:;‘..) , (7.2.4)
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and let £ = (z,,z;). Note that this transformation is well-defined since we are restricting the domain
of N = (N, N2) to S and we have assumed that N7 > 0 for ¢ = 1.2. Under this transformation the
set S gets mapped to all of R? and the point N* gets mapped to the origin.

Under the transformation (7.2.4), system (7.2.1) becomes

) (t) = anuNy (1 — e =) 4 a )Ny (1 - e¥27)) t £ 7
zh(t) = ag Ny (1 — "7 4 aya N3 (1 — e5307)), t # 7,
Az (t) = L(t,z2(t7), 22(t7)), t= T,
Aza(t) = I2(t, 21 (7). z2(t7)). t = Ty

(7.2.5a)
(7.2.5b)

where Ii(t, £1,22) = In(1 + Ji(t, Nye** N3et?)/(N7e ) for i = 1,2.

The key observation that we make is that if solutions of system (7.2.5) are uniformly ultimately
bounded, then solutions of system (7.2.1) are uniformly permanent. Indeed, suppose (to,4) €
R, x PC([-r.0}],S) and let b€ PC([-r.0],R?) be defined according to the transformation (7.2.4)
by éi(s) = In($i(s)/N7) for s € [-r,0] and i = 1, 2. If solutions of (7.2.5) are uniformly uitimately
bounded, then there exist B3 > 0 and T > 0, which are generally dependent on é. and a bound
B > 0 independent of ¢ for which ||z(t)|| < Bj for t > tg and ||z(t)|| < B for t > to + T. Since
|z;| = = if either N; = 0% or N; — oc, then the fact that ||z(t)|| is bounded implies that there
must exist By. B, By, By > 0 for which B, < N;(t) < B for t > tg and By < Ni(t) < By for
t > to+T and i = 1,2. Both By and B; can be derived from B; and hence will depend only on é.
which is in turn defined by ¢, while By and B4 can be determined from B, which depends only on
the system (7.2.5) and not on the initial conditions.

We will define a Lyapunov function for system (7.2.5) and using Theorem 5.3.1 we will obtain
conditions under which system (7.2.5) is uniformly ultimately bounded. Specifically we will obtain
conditions on the impulse times n. as well as conditions on I} and I; that will guarantee uniform
ultimate boundedness. Through the relation of I; to J; this will therefore indirectly impose conditions
on the original impulse functions Jy and J; of system (7.2.1). Note that to use Theorem 5.3.1 we
will require the Lyapunov function to decrease at impulse times for all state values outside of some
neighbourhood of the origin. In terms of the original system (7.2.1), one can interpret this as
requiring that the solutions, or population density levels, be adjusted at each impulse time so that
they become closer to the equilibrium point N*® at each imnpulse time unless they are already in some
predefined fixed compact subset of S containing N°.

Define

W(s) =e' =-1-3, (7.2.6)

for s € R,. Note that W(0) =0, W(s) > 0 for s # 0, W'(s) = e’ — 1, W(s) is strictly increasing for
s > 0 and strictly decreasing for s < 0 and W(s) — oc as s = toc. Another interesting property of
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the function W is that given any a € [0, 1] we have W (as) < aW(s) for all s € R. We will find the
following inequality to be quite useful

—(e" = 1)(e = 1) < (e = 1= 51) + (¢ — 1 = 5) = W(s1) + W(s2), (7.2.7)
for all sy, s; € R. This is easily proven by noting that

(e = 1)(e™ = 1) + (e = 1= 5y) + (e = 1 = s3)
zettr et mefr pltet—1—g+eT—1—9 (7.2.8)
=eh1t ] -9 -8 = W(31 +32) 2 0.

We now define the following Lyapunov function
Viz) = iW(zy) + d2W(z2). (7.2.9)

for all z € R? where d; > 0 and d; > 0 are constant. From the properties of the function W we
may conclude that V satisfies the simoothness assumptions as well as condition (i) of Theorem 5.3.1.
Define

d d
o= max{Nl' (au + d—2a21> N:: (d—l'au +agg) } ' (7210)
1 2

and let 0 < A < 1 be some constant. Let g(s) = As and c(s) = s for s € R, and let p(t) = p =
max{ry,r2} + ¢/X for all t € R,. We will show that condition (ii) of Theoremn 5.3.1 is satisfied
where p > 0 is any constant.

For any ¢ € PC([-r, 0], R?) we have by using inequality (7.2.7)

DY, 2 g VIt 9) = dy(e® @ = 1) [auN] (1 = 1 =7)) 4 gz (1 - e¥2=7))|
+ dz(ew’(o) -1) [anN;(l - ew‘(-") -+ aggN;(l - e‘"’("')}
< dyay Ny (W (%1(0)) + W(i(—r))) + diara Ny (W (¥1(0)) + W(y2(-r)))
+ d2a21 Ny (W(92(0)) + W (¥1(—r))) + d2a2a N3 (W (¥2(0)) + W(¥2(-r)))

= dyr W1 (0)) + dara W (92(0)) + di N (ﬂu + j—j—an) W (1(~r))

+ da Ny (g—:au + Gzz) W (y2(~r))

< max{ry, r2}V(¥(0)) + oV {(¥(-r)).
(7.2.11)

Therefore if V($(0)) > g(V(#(s))) for s € [~r,0], then in particular V($(~r)) < (1/A)V(%(0))
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from which we get by (7.2.11) that

-4

+
b A

bas V(6 9) < (max{ry,ra} + ) V(¥(0) = p)e(V($(0)), (7.2.12)

which verifies condition (ii).

Condition (v) imposes a constraint on 7. Not only must it be finite-valued, but since M, = pr,
M, = —In()\) and we require M, > M;, then 7 must be sufficiently small so as to satisfy r <
—~In(A}/p. Since p depends on A, then this actually imposes an absolute upper bound on r for the
systemn (7.2.5) and hence system (7.2.1). The upper bound — In(A)/p is maximized over all 0 < A < 1
by the unique solution A* of

(%’—}) A+1+In(A) =0. (7.2.13)

Having chosen a suitable A and defined o, p.  and so on accordingly, all that we must then
establish is that conditions (iii) and (iv) of Theorem 5.3.1 are satisfied for some p; > p > 0. These
two conditions put restrictions on the functions Iy and J2, which in turn impose conditions on the
original functions J; and J;. In the most extreme case, and to show that the set of such functions
J; for which the corresponding functions I; do satisfy these two conditions is not vacuous, we see
that the particular choice of J;(t. Ny, Na) = —N; + N yields I;i(t. £y, T2) = —z;. which does verify
both conditions for every p; > p > 0. In this special case the impulses cause the population density
levels to get mapped to the equilibrium point N* at each impulse time. In terms of system (7.2.5)
this means that the state z gets mapped to the origin at impulses.

Note that in our analysis the value of the delay constant r was irrelevant in terms of establishing
permanence of the two species. In fact we could have derived a similar result even had the four
accurrences of r in the original equation (7.2.1) been different from one another. In the special
case when r = 0 and there is no delay, then one can obtain even better results that inpose fewer
constraints on the impulse times and the functions J; and J; [Bal97c].

We also mention that the previous analysis can be generalized to a similar impulsive delay
differential equation involving three or more species without too much difficulty although calculating
the analogues of the parameters such as o, p, etc. becomes a little more unwieldy.

We next look at an actual numerical example that makes use of the previous analysis.
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Example 7.2.1: We will show that solutions of the following system are uniformly permanent.

N{(t) = Ni() [1 - %Nl(t -r)- %Nz(t - r)] , LE T,

L3 ; (7.2.14a)
N3(t) = Na(t) ['2' - gNl(t -r) - gNz(t - ")] y t# Tk,
ANy(t) = =Ni(t7) + VNI(t™), t =7, (7.2.14b)
AN (t) = =N2(t7) + VN2 (t7). t =7,

where r > 0 can be any delay constant and 7y, = k/4 for k =0,1,2,....

Clearly T = 1/4. Solving for N* gives us N* = (1,1). Let dy =d; = 1 and A = 1/2. Then
calculating ¢ from (7.2.10) gives us ¢ = 7/8 and so p = 11/4. Since M, = pr = 11/16 = 0.6875 and
M; = ~In(1/2) = 0.6931, then M; > M, as required.

Since Ji(t, Ny.N2) = =N; + /N; for i = 1,2, then [(t,z1,z2) = —zi/2. Therefore W(z; +
Li(re. 2y, 22)) = W(zi/2) < W(zi)/2. which implies

1 1 1 )
V(zy + L, 2y, 22) T2 + T2(T, 21, 22)) < EW(Il) + §W(1‘z) = EV(IhIz) = g(V(z1, z2)).
(7.2.15)

In other words, condition (iii) of Theorem 5.3.1 is satisfied for any choice of p > 0. Moreover,
condition (iv) is satisfied if we simply let py = p.

Therefore according to Theorem 5.3.1, solutions of the transformed system (i.e. in terms of =,
and zj) are uniformly ultimately bounded, which in turn implies that solutions of system (7.2.14)

are uniformly permanent. a

Having shown that impulses can ensure permanence of populations in the previous rnodel of
two competing species, we now turn our attention to a different equation invelving just a single
species N. The following is a delay differential equation suggested by Gopalsamy in {Gop92] as one
possibility for a model of the growth of a single species. The equation is of the form

N'(t) = N(t) [a - bIn(N () — cln(N(t - r))], (7.2.16)

where a,b and ¢ are positive constants. This equation has a unique positive equilibrium point
N*® = ¢8/8+c) We will therefore supplement this equation with impulses, giving us

N'(t) = N(¢)[a - bIn(N(2)) — cln(N(t — r))]. t # ., (7.2.17a)
AN(t) = J(t, N(t™)), t = 7, (7.2.17b)

where £k =0,1,2....
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In order to study the permanence of this system we perform a change of variables just as we did
in the Lotka-Volterra model. Letting

N a
z=In (_AF) = In(N) - br e (7.2.18)
and transforming equation (7.2.17) gives us
z'(t) = —bz(t) —cz(t - r), t # 7, (7.2.19a)
Az(t) = T(t.N(t7)), t =1, (7.2.19b)

where I(t,z) = In(l + J(t, N°e)/ (N e®)}.

As before, showing uniform ultimate boundedness of (7.2.19) will in turn prove uniform perma-
nence of (7.2.17).

This time we use a different Lyapunov function and we apply Theorem 5.3.2. We define

V(z) = %, (7.2.20)

for z € R. Clearly V satisfies the smoothness conditions as well as condition (i) of Theorem 5.3.2.

Let A > 1 be some constant and suppose b > cA. Let g(s) = A®s and c(s) = s for s € R, and
let p(t) = p=2(b—cA) for all t € Ry. Then for ¢ € PC([~r.0}, R) and g(V(¥(0})) > V(¥(s)) for
s € [~r,0], we have in particular V(y(—r)) < A2V ((0)) and so

D(,_Q.mV(t. ¥) = 2¢(0)[=b¥(0) — cpp(—r)]
< =26V (9(0)) + 2/ V(%(0))V(¢(-r))
< =26V (¥(0)) + 2cAV(9(0))

= =2(b - cA)V($(0) = —p(t)e(V(%(0))).

A

(7.2.21)

Thus condition (ii) of Theorem 5.3.2 is satisfied for any p > 0. Interestingly, this shows that in
the absence of impulses, solutions of (7.2.19) are already uniformly ultimately bounded and hence
solutions of (7.2.17) are uniformly permanent. Note that this result is independent of the value of
a.

Solving for M; and M; in condition (v) gives us M; = 2In(\) and My = 2u(b — c)A) where
p = infgez+{re — -1} > 0. Therefore 1 must be sufficiently large to ensure that M; > M.

If welet 1< X < A and define §(s) = A%s, then s < §(s) < g(s) for all s > 0. Finally, we need
only check that the function I (which depends on J) is defined so that conditions (iii) and (iv) of
Theorem 5.3.2 are satisfied. If so then Theorem 5.3.2 tells us that solutions of system (7.2.19) are
uniformly ultimately bounded and hence solutions of (7.2.17) are uniformly permanent.

Let us conclude by examining a numerical example.
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Example 7.2.2: Consider the impulsive delay differential equation

N'(t) = N(t)[2 - 4In(N(t)) = In(N(t = r))], t # 7, (7.2.22a)
AN(t) = =N(t) + e ¥/5N2(t), t = m, (7.2.22b)

where r > 0 is arbitrary and r, = 2k for £ = 0.1.2,....

In this example a = 2, b=4andc = 1. Let A = 3 and A = 2. Then g(s) = 9s. §(s) = 4s
and p = 2. Calculating u, M; and M, for this equation gives us g = 2, M, = 2In(3) = 2.1972
and My = 4. Therefore the inequality My > M, is established. The positive equilibriumn point of
(7.2.22) is N* = /5 = 1.4918.

Since J(t,N) = —N + e~¥/5N? then I(t,z) = z. Therefore

V(z + I(m,z)) = V(2z) = 4z% = §(V(z)). (7.2.23)

In other words, condition (iii) of Theoremn 5.3.2 is satisfied for any choice of p > 0. Moreover,
condition (iv) is satisfied if we simply let p; = 2p.

Therefore according to Theorem 5.3.2, solutions of the transformed system are uniformly ulti-
mately bounded, implying that solutions of systemn (7.2.22) are uniformly permanent. a



Chapter 8

Applications to Control Systems

From a practical point of view, a physical systemn is considered to be stable if its state remains within
certain bounds of the equilibrium position for all time. Such bounds will depend on the particular
physical system and will generally depend on the constraints imposed on the initial values and the
system disturbances. The state of a system may be mathematically unstable and yet the system
may oscillate sufficiently near an equilibrium that its performance is considered to be acceptable.
Many problems fall into this category including the travel of a space vehicle between two points
and the problem, in a chemical process. of keeping the temperature within certain bounds. To
deal with such situations, the notion of practical stability is very useful [Lak93, Liu92]. Recently.
some practical stability results were obtained for linear-quadratic (LQ) regulators with delayed and
bounded disturbances in [Hou98].

We shall investigate practical stability properties of impulsive delay differential equations of the
form (2.4.7). Sufficient conditions for strong practical stability are obtained by using the method
of Lyapunov functions and Razumikhin-type techniques similar to those introduced in Chapters 4
and 5 where we established boundedness and stability conditions for system (2.4.7). Then as an
application we shall examine the practical stability properties of the LQ regulator problem considered
in [Hou97, Hou98| with a delayed and disturbed control signal but also with impulsive perturbations
of the state.

8.1 Practical Stability

In this section we will concern ourselves with the general system (2.4.7) while in the next section we
will focus on an even more specific type of equation. For simplicity we will assume throughout this
chapter that solutions of system (2.4.7) exist globally. Of course this will be true if the conditions
of Corollary 3.3.1 are satisfied, which indeed they will be for system (8.2.8) of Section 8.2. In fact

120
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we could deduce global existence from Theorem 8.1.1 if we were to modify its proof. However, we
choose to keep the proof relatively simple and so we therefore assume global existence. Let us first

introduce the concepts of practical stability and strong practical stability.

Definition 8.1.1: System (2.4.7) is said to be

(PS1) practically stable with respect to (A, a) at tg, where 0 < A < a and ¢t € R, if whenever
¢ € PC([-r.0), R") with ||¢|lr < A and z = z(to, 4) is any solution of (2.4.7) & (2.4.2), then
Hz(t, to, #)|| < a for all ¢t > tg;

(PS2) strongly practically stable with respect to (A, a.8,T) at tg. where 0 < <A< a, T > 0and
to € Ry, if whenever ¢ € PC([—r,0], R") with ||¢||, < A, then [|z(t,to, ¢)]| < aforallt > ¢t
and ||z(t, to, ¢} < B forallt > e+ T,

As with stability and boundedness one could also define practical stability concepts that are
uniform in tq. Specifically, if system (2.4.7) is practically stable with respect to (A a) (strongly
practically stable with respect to (A, a, 8, T)) at every to € R, then we may refer to it as being
uniformly practically stable (uniformly strongly practically stable). However, in this chapter we will
just focus on the problem of strong practical stability as defined by (PS2).

Our definition of practical stability is taken from [Lak93], although suitably modified for impulses
and delays, and is defined fairly consistently throughout the literature. Occasionally. the term
“contractively practically stable” is used in place of “strongly practically stable” [Hou98].

While sharing some similarities to the concepts of stability and boundedness, the notion of prac-
tical stability is nevertheless distinct from both concepts. Next we introduce our main theorem
on practical stability for solutions of system (2.4.7). This theorem is based on work by Hou and
Qian [Hou98] who proved a similar theorem for delay differential equations having bounded distur-
bances but no impulses. Our theorem incorporates impulses and simplifies Hou and Qian's theorem
considerably by eliminating some superflucus conditions.

Theorem 8.1.1: Assume J = [tg,oc), for some to € Ry, and D = R" and assume that the
conditions of Corollary 3.2.3 are satisfied and that solutions of (2.4.7) exist globally. Suppose there
ezist strictly increasing functions vy, v2 € Ky and a positive function p € PC([to—r. x). (0, <)) that
is continuous at each t # 7 in Lo —r, 20) and satisfies f: p(3)ds = oc. Suppose also that there ezists
a constant ug > 0 and constants dx > 0 with 307, d < o< and let L = [[ (4. 1500y (1 + k) < <.
Suppose V € C([to — r,0) x R",Ry) and when restricted to [tg,o0) x R" assume V is locally
Lipschitz in z. Assume that the following conditions are satisfied:
G) vi(ll=ll) £ V(t,z) < va(l|2ll) for all (¢, z) € [to — r,00) x R";
(§) Dy oV (£, 9(0)) < —p(&)(V(t, $(0) — uo) for all t £y in (to, o) and ¥ € PC([-r, 0], R")
whenever V(t,4(0)) > uo and V(t,%(0)) > V(t + s,9¥(s)) exp (— f:_rp(r)df) Jor s € [-r,0);
and
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(1) V(re, ¥(0) + I(m,¥)) < (1 + de)V (7, %(0)) for all (m,¥) € (to,0) x PC([-r.0},R") for
which ¥(0~) = ¢(0).
Then for every (A, a,B) satisfying

0 <viMLug) <B <A< vy (Lra(N) <a, (8.1.1)

there exists a T > 0 such that system (2.4.7) is strongly practically stable with respect to (A a,8,T)
at tg. More specifically,

¢
izl < vt (Luo + L(v2()) — uo)exp (—/ P(-')d-')) ) (8.1.2)
to
fort € [tg — 7, oc).
Proof: Suppose z = z(tg, ¢) is a solution of (2.4.7) & (2.4.2) for some ¢ € PC([—r. 0], R") satisfying
l[#lle < A. By assumption, z(t) exists for t € [tg — r, oc) and so define

m(t) = V(t, z(t)), (8.1.3)

for t € [to — r, 20). Since V is assumed to be continuous, then m € PC([to — r, oc), Ry.) and m(t) is
continuous at each t # 7 in (Lo, >c). From condition (i) we get

vi(llz(@)l) < mi(t) < vallz (e, (8.1.4)

for t € [to — r, oc).

From condition (ii) and from Corollary 5.1.1, since V is locally Lipschitz in z. we get

D*m(t) = lim sup;ll-[m(t + h) = m(t)] < —p(t)(m(t) — uo). (8.1.5)
h—s0+

for all t # 7 in (o, <) whenever m(t) > uo and m(t) > ||my||, exp (_ f"_r p(s)ds). Also from
condition (iii) we have

m(n) < (1 +de)m(r]), (8.1.6)
for all rx € (29, 00).
Define
1, t € [to - rtg),
w(t) = [I (+d) te(to, o), (8.1.7)

(k: f.E((o'f”
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where the product is understood to be 1 if the set {k: 7 € (to,t]} is empty.

Next let & = max{ug, ||[me,||-}. Fort € [to — r. to] we have m(t) < va(]|z(t)]l) = v2{lld(t = to)l]) <
va(|l¢lle) < va(A). Also since v '(Lug) < v{'(Lva(A)) by (8.1.1), then ug < vz(A). Therefore
i< va(A).

Define {(t) = m(t) — w(t) [uo + (& — ug) exp (— f:o p(s)da)]. We will show that {(¢) < 0 for
t € [to—r.oc). For t € [to — . to), I(t) = m(t) - [uo + (3~ o) exp (- [}, p(s)ds)] < limells — uo —
(&t — ug) <0.

Assume 1,_; < to < 7; for some i. We first show [(t) < 0 for ¢t € (to, ;). In order to do this we
let § > 0 be arbitrary and show that {(t) < 4 for ¢ € (to. 7). Suppose for the sake of contradiction
that l(¢) > 4 for some t € (2o, ;). Then let t° = inf{t € (to.7) : [(t) > J}. Then t* > tg since
{(to) < 0 < § and t* < 7;. Note that [(t) is continuous on [to, ). For t € [to,t°], I(t) < ¢ and
I{t*) = 4.

Now m(t*) = I(t*) + [uo + (il — ug) exp (— f:ﬂ. p(s)du)} > 8 + uo > ug. For s € [-r.0],

(S Y]
mit* +3) <8+ l:uo + (% — ug) exp (—/ p(-r)dr)]
ta
te—r
d+ l:uo + (i — ug) exp (—/ p(r)d'r)]
ty
t* t*
[6 + ug + (G — ug) exp (—/ p(r)dr)} exp (/ p(r)dr)
to t~r
¢
= m(t°)exp (/ p(r)dr) .
te—~-r

which implies ||my. ||, < m(t*) exp (f::_' p(s)d.v). So by (8.1.5) we have D¥m(t*) < —p(t*)(m(t") -
ug). Using this inequality, we find that

IA

(8.1.8)

IN

D*I(t*) = D*m(t") + (& ~ uo) exp (-/ p(s)ds | p(t*)

'.
-p(t%) [m(t') — ug - (& — ug) exp (—/ p(s)ds)} (8.1.9)
to

—-p(t*)(t*) = —p(t*)d < 0.

IN

This contradicts the definition of ¢*. Thus it must be true that /(t) < § for all t € (to, 7). Letting
d = 0% gives us {(t) < 0 for t € (2o, 7i). Consequently {(1,”) < 0.

So far we have proven that I(t) < 0 fort € [to — r, 7). To prove I(t) < 0 for all t € [to — 1, oc)
we use an induction argument. As our induction hypothesis, suppose I(t) < O for t € [to — r. 7;) for
some j > i and let us prove that [(t) < 0for t € {to — r, 7j41).
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To begin with

l(r;) = m(7;) = w(7y) [uo + (i — ug) exp (—[ ’ p(s)ds)]

< (1 +dj)m(r;7) = (1 +dj)w(r;”) juo + (& — uo) exp (—/Jp(s)ds)]

to

(8.1.10)
= (L+djl(r]) < 0.

by (8.1.6). Let § > 0. We want to show {(t) < & for t € (7j,7j4+1). Suppose otherwise and define
t" =inf{t € (15, 7j41) : I(t) > d}. Then 7; <t° < 741, l(t") =d and {(t) < d for t € [r;,¢°).
Now m(t*) = & + w(t*) [uo + (& — ug) exp (— f:u p(s)ds)] > & + ug > ug. For s € [-r.0],

'+
m(t® +3) < §+w(t® + 3) [uo + (@& — ug) exp (—/ p(r)dr)]
ty

< ¢+ w(t?) [ug + (4 — ug) exp (—/ - p(r)dr)]
to

t* e’

< [J + w(t*) (uo + (1 — ug) exp (—/ p(r)dr) )} exp (/ p(r)d'r)
to t*—r

o
= m(t* (T)dT } .
m(t*) exp (/'." plT) 1')

Thus ||rne. ||, < mn(t")exp (f::_rp(s)ds) and hence by (8.1.5) we have D¥rm(t") < —p(t")(m(t") —

o).
As before we use this inequality to show D*{(¢*) < 0 as follows.

(8.1.11)

¢
D*i(t*) = DY m(t®) + w(t* ) {4 — ug) exp (-/ p(s)ds) p(t*)

< —p(t*) [m(t') — ug — w(t®)(i — ug)exp ("‘/ p(s)d.‘l)] (8.1.12)
t L

"

< -p(t") [m(t') — w(t* o — w(t*) (& = uo) exp (— / p(s)ds)]
to

= —p(t*)l(t") = —p(t)6 < 0.

Again this contradicts the definition of ¢*, which leads us to conclude that [(t}) < § for all t €
(7j, Tj41). Letting & — 0% gives us [(t) < 0 for t € (15, 7j41). Thus {(t) <0 for all t € [to — r, Tj41),
which proves the induction step.
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The above induction argument proves that (t) < 0 for all t € {to — r, oc). Since w(t) < L < o
for all such ¢, then this implies

m(t) < L [uo + (@& — ug) exp (—/ p(s)ds)] , (8.1.13)
to

for t € [ty — r,oc). In light of (8.1.4) and since & < v2(A) this gives us

ne(thl < uf‘ (Luu + L{va(\) - uy) exp (— /' p(s)ds)) . (8.1.14)

for t € [tg — 7, 20).

From (8.1.14) we get that ||z(t)]| < v;'(Lva(A)) < a for t € [to.oc). Thus |lz(t)}| < a for all
t € [to— r,oc). Since 8 > v '(Lug) and f: p(s)ds = >, then (8.1.14) implies the existence of a
T > 0 such that ||z(t)|]| < B for all t > tg + T. This completes the proof. [ ]

We remark that if ug = 0 in Theorem 8.1.1, then system (2.4.7) will be asymptotically stable.
Moreover, weaker assumptions on the constants di may be imposed that would not require that
Z?:xdk be finite. Disturbances in the system are what typically cause ug to become positive,
which in turn increases the practical stability parameter 8.

8.2 Control Systems

In this section we will apply the theorem on practical stability proved in Section 8.1 to a control
problem. We use similar matrix notation that was used in Chapter 6.

To demonstrate the application of the theorem presented in the previous section we examine the
LQ regulator problem with a delayed and disturbed control signal and with impulsive perturbations
of the state. As in the previous section. our results in this section are based on the results by
Hou and Qian [Hou98] except that our systems also involve impulses and we have corrected some
significant flaws in the proof given by Hou and Qian.

First consider the linear systemn
z'(t) = Az(t) + Bu(t), z(to) = zo, {8.2.1)

where z € R" denotes the state of the system, u € R™ denotes the control signal and zo € R" is
the state at the initial time to € Ry. The matrices A € R"*" and B € R"*™ are assumed to be
constant with B # 0 and the pair (A4, B) is assumed to be stabilizable (i.e. there exists a matrix
K € R™*" such that A — BK is Hurwitz).

Under these assumptions, system (8.2.1) can be stabilized by finding an appropriate matrix K
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and then using a linear state feedback controller of the form
u(t) = —Kz(t). (8.2.2)

The gain matrix K for which this feedback control will stabilize system (8.2.1) is not unique. How-
ever, a systematic way of finding a unique K is by minimizing the quadratic cost functional defined
by

v(:z:o)=/ (z()T Qz(t) + u(t)T Ru(2)) dt. (8.2.3)
to

where Q € R"*" and R € R™*™ are constant positive definite matrices. It can be shown (see
[AthG6]) that the input u(t) that minimizes v(zo) is given by (8.2.2) where

K =R'BTP (8.2.4)

and P is the unique (constant) positive definite matrix solution of the nonlinear algebraic Riccati

equation
ATP+ PA-PBR'BTP+Q=0. (8.2.5)

In practice, closed loop systems may experience uncertain delayed perturbations, uncertain
bounded disturbances and impulsive perturbations. To take these into account we cousider the

following modified model

'(t) = Az(t) + B(u(t = h(t)} + n(t)). t # . (8.2.6a)
Az(t) = Crz(t™), t = 7. (8.2.6b)

This is a special case of system (2.4.7). The function n(t) represents an uncertain, bounded dis-
turbance. We assume ||n(t}|| < € for all t > to where € > 0 is constant. We assume there exists a
constant h > 0 such that the delay perturbation function A(t) is bounded by 0 < h(t) < hfort > to.
The functional defined in the delay differential equation (8.2.6a) is of the form (F2) of Section 3.1
if we further assume that 1 € C(R4+,R™), h € C(Ry, Ry ), t — A(t) is nondecreasing in t and the
input u is sufficiently smooth. In fact system (8.2.6) then satisfies the conditions of Corollaries 3.1.1
and 3.3.1 (if the input u depends linearly on the state), ensuring global existence of solutions.

The stability properties of linear time invariant control systems such as (8.2.6) without distur-
bances or impulses (i.e. h(t) = constant, f(t) = 0 and Ci = 0) have been studied using a variety of
techniques. These include the use of Lyapunov functions, which we use here, as well as such other
techniques as the application of Nyquist stability theorems which can be applied equally well to
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both delay systems and non-delay systems [Shi92).

As usual the impulse times are assumed to satisfy 0 = nn < n < m < ...<n < ... and
limg o Tk = o and we assume the matrices Cx € R"*" are constant for k = 1,2,.... The initial
condition for system (8.2.6) will of course be given by

z!o = ¢‘ (8-2-7)

where ¢ € PC([-—}-C. 0], R").
We wish to investigate the practical stability of the closed loop system (8.2.6) when subject to
the control strategy (8.2.2)-(8.2.5). In other words, we consider the system

z'(t) = Az(t) - BKz(t — h(t)) + Bn(t), t # 7, (8.2.8a)
Az(t) = Cez(t™), t = 7, (8.2.8b)

where K is defined in (8.2.4).
We define the following parameters for future use. Let

4= Amin (P-‘“ (Q + KT RK) P“/z) : (8.2.9)
d = Amax (P"“(ATP + PA)P'”’) , (8.2.10)
o= e”P‘“B“, (8.2.11)
c2 = ||P-”=KTRKP-”=|| . (8.2.12)
c3 = max{0,d + ¢1} + 2¢2, (8.2.13)
b=2h ("P"”KTRKAP‘”’" + c) . (8.2.14)
=2 (”P‘“B” +h ||P-‘/=KTRKB||) : (8.2.15)
dy = max {o, Amas (P““ (CZPC.+ PC + CLP) P~11?) } k=1.2.... (8.2.16)
L= J] (+d), (8.2.17)
{k: ra>to}
L= JI a+a), (8.2.18)
(k: ra>to+h)
o= sup ) “P“‘/’KTRKC.,P"/’”, (8.2.19)

>toth (4 E(t-hot))

and, if ¢ < ¢, we let

b=b+2g, (8.2.20)



CHAPTER 8. APPLICATIONS TO CONTROL SYSTEMS 128

and we define the function
9(8) = 6(a — beh® - @), (8.2.21)

for 8 € R. Furthermore, if a > b > 0, then we define 6y to be the unique solution of the equation

9'(80) = a — b(1 + hég)e™® — 265 = 0, (8.2.22)
and we let
qZ
=3 8.2.23
0= 19(60) (8.2.23)

The critical point 8y of g(8) is where g(8) attains an absolute maximum. Note that a,cy,c2,¢3,b

and g are all positive constants.

Theorem 8.2.1: Suppose that
(1) Yizyde < > (hence L.L<x)
(i1) 0 < x;

(iii) a > b > 0;

(iv} (A, a,f) satisfy

iuo 3 z/\muz(P) 99
0< Yein(P) <B<AL A\/ m < a. (8.2.24)

where

23
-

1/
A= {'\mi:(P) [I o+ (e“f‘&m(l’)A2 + z—‘ Gl 1)) } . (8.2.25)

. 3
{k: ra€(toto+h]}

Then there exists a T > 0 such that system (8.2.8) is strongly practically stable with respect to
(Aa.B,T) at tg. More specifically,

1 . . . 1/2
llz(e)| < {mp—) [LUO + L(/\m“x(P)/\z - UQ)C-“-"’-MOO]} R (8.2.26)
fort € [to — il,oc).
Proof: Define V(z) = z7 Pz for z € R". Then

Amin(P)z? < V(z) < Auuax(P)||zI1, (8.2.27)
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for £ € R". Let z = z(to, ¢) be any solution of (8.2.8) & (8.2.7) with |||z < A
If 7 > to and ¥ € PC([—h, 0], R") with ¥(0) = y(0~). then we have

V($(0) + I(mi, %)) = V($(0) + Ceh(0)) = (¥(0) + Cit(0))T P((0) + Cip(0))
= Y(0)T Py(0) + $(0)7(C] PCi + PCi + CT P)%(0)
= V($(0)) + (P¥2(0))T P=3/2 (CTPCy + PCy + CT P) P~1/2 (P}2y(0))
< V($(0)) + dnax (P~Y2 (CT PCi + PCi + CT P) P~1/2) 4(0)7 Py(0)
< (1 +di)V(9(0)).
(8.2.28)

For t > tg — r define
m(t) = V(t.z(t)) = z(t)T Pz(t). (8.2.29)
to be the Lyapunov function evaluated along the particular solution. Then, in particular, we have
m(re) < (1 + di)m(r ). (8.2.30)

for each ¢ > tg.
Also for t # 7 in (to, ) we have

Dtm(t) = 2z(t)T Pz'(t) = 2z(t)T P (Az(t) — BKz(t — h(t)) + Bn(t))
= 2z(t)T PAz(t) - 2z(t)T PBK z(t — h(t)) + 2z(t)T PBn(t) (8.2.31)
=z(t)T(ATP + PA)z(t) - 2z(t)T KT RK z(t — h(t)) + 2z(¢)T PBy(t).

We will first show that ||z(t)|| < A for t € [to — h.tg + h]. To do this, we define W € PC([to -
h.to + h),R) by

Wi(t)= sup m(s), (8.2.32)
s€{to~Ah.t]

for t € [to — h.to + h]. Note that W is piecewise continuous, with discontinuities occurring only at
discontinuous points of z(t), and W is nondecreasing. Therefore Dt W (t) > 0 for t € (o, to + h).
If D*W(t) > 0 for some t € (to,2 + h) with ¢t # i, then we claim D*W(t) = D*m(t). To see
this first consider that if m(t) < W(t), then by continuity, m(s) < W(t) for all s € [t.t + &] where
§ > 0 is sufficiently small. This would imply W(s) = W(t) for s € [t,t + 4], which would in turn
imply D*W(t) = 0. But since we are assuming that D*W(t) > 0, we must have m(t) = W(t).
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D*W(t) = limsup l[W(t + p) — W(t)] = inf sup L sup  m(s) —m(t)
p—0+ P §>00<p<d P | sefto-h t+p) (8.2.33)

. 1
= inf sup - | sup m(s)—m(t)]|.
§>00¢p<d P |selt,t+p)

Let § > 0 be sufficiently small so that the interval [t.t + 4] is free of impulses and let 0 < p < 4.
Let py € (0, p] satisfy m(t + py) = SUP, ¢(t.¢ 4} m(s). Since D¥W(t) > 0, then 0 < p; < p and so
1/p1 > 1/p, which implies

1[ sup m(s)—m(t)] < ;f—[m(wm)—m(t)]
1

P lae(t.t+p] ! (8.2.34)
< sup —[m(t + p2) — m(t)]
0<pa<d P2
Since this is true for all 0 < p < 4, taking the supremum over all such p gives
1 1
sup = | sup m(s) —m(t)| < sup —[m(t+ p2) — m(t)]
0<p<8 P [selt.t+p] 0<pa<d Plz (8.2.35)
< sup — sup  m(s) - m(t)|.
0<pa<d P2 [se[tit4p3)
and taking the infimum over § > 0 reduces these inequalities to
D*W(t) < D*m(t) < D*W (1), (8.2.36)

from which we conclude DYW(t) = D*m(t).
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Therefore if DY W (t) > 0 for some t € (0. t0 + k) with t # 7, then by (8.2.31)

D*W(t) = Dtm(t)

= z(t)T(ATP + PA)z(t) - 2z(t)TKT RKz(t — h(t)) + 2z(t)T PBn|t)

= (PY2z(t))" (P2 (AT P + PA) P~Y/2) (P!/2())
— 2(P22(t))T (P~Y/*KT RK P-1/?) (PY/2z(t - h(t)))
+2(PY22(t))T PY2B(t)

< Amax (P~Y2(ATP 4+ PA) P'?) o ()T P(t) (8.2.37)
+2||P~Y2KTRK P2 - || PY2z(t)|| - || P} 3= (t - hiz))|]
+2||PY2B - | P22t

= dm(t) + 2c2/m(t) /m(t = h(t)) + 2¢14/m(t)

< (d + e1)m(t) + 2c2/m(t)y/m(t — h(t)) + 1

< max{0.d + ¢, }W(t) + 22 /W (t) VW (t) + c, = aW(t) +c1.

Thus
0 < DTW(t) < caW(t) + ey, (8.2.38)

for all t € (to,to + h) with t # 7. Given any ty.t2 € [to,to + h] with 7 < t; < t2 < 74y for some

k. we can solve this differential inequality to get
W(ta) < et (e,) + 2L (e"“’""’ - 1) . (8.2.39)
hS &

By (8.2.30) we have

Wi(r) = max{ sup m(sj,m(rk)} = max{W (7, ). m(m)}

1€[to-A.7s)

< max{W(r7), (1 +de)m(r])} < max{W(r7). (1 +de)W(r])} (8:2:40)
= (1 +de)W(r]),
for all 7 € (to,to + h]. Also from (8.2.27) we have, for t € [tg — h.tq],
m(t) = V(z(t) < dmax(PIZ@? = Amax(PII6(t = to)l|* < Amax(P)A%, (8.2.41)
and so we get
W(ta) < Amax(P)A%, (8.2.42)

by the definition of W.
By combining inequalities (8.2.39), (8.2.40) and (8.2.42), we obtain the following upper bound
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for W(to + h)

W(to + k) < [ a+d (e""'x,,.,,(P)A’ + 32 (ef-"' - 1)) . (8.2.43)
{k: re€{to,to+h]} €
Since
1 1/2 1 N1/
el < () < (Wit h) (8.2.44)

for t € [to — h,to + h] by (8.2.27), we get
izl < A (8.2.45)

for t € [to — h,to + k] where X is defined by (8.2.25).

Next we show that the conditions of Theorem 8.1.1 are satisfied where the initial time is now taken
to be to + h and the delay constant r is given by r = 2h. Conditions (i) and (iii) of Theorem 8.1.1
are clearly satisfied by (8.2.27) and (8.2.28), respectively. We define

p(t) = 6o, (8.2.46)

for all t € [tg — h,>) where 8p > 0 is defined to be the unique solution of (8.2.22). Thus p satisfies
the properties given in Theorem 8.1.1.
As for checking condition (ii) we deviate slightly in terms of what we shall show. From the proof

of Theorem 8.1.1 we see that it suffices to show only that
D*m(t) < —p(t)(m(t) = ug). (8.2.47)

for all t # 7 in (to + h,oc) (where m(t) is defined by (8.2.29)) whenever m(t) > ug and m(t) >
Jlme||r exp (— f:_' p(s)ds). In showing (8.2.47) we will make use of ideas similar to those described
in Section 4.1 following equation (4.1.21). We will start with equation (8.2.31) and perform some
simplifying inequalities. Then we will express the term z(¢) — z(t — h(t)) as the integral of the
derivative of the state from t — h(t) to t plus the sum of all impulse jumps according to Lemma 2.4.1.
We can then replace the derivative of the state inside the integral by equation (8.2.8a), since we
know the equation must be satisfied for all such t.
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Note that exp (— f:_' p(s)ds) = e~0_ For¢ # 7 in (Lo + il, oc), we have

D*m(t) = z(t)T(ATP + PA)z(t) - 2z(t)T KT RK z(t — h(t)) + 2z(t)T PB1(t)
z(t)T(KTRK - Q)=z(t) - 2z(t)TKTRKz(t - h(t)) + 2z(t)T PBn(t)
-z(t)T(KTRK + Q)z(t) + 2z(t)T KT RK (z(t) — z(t — h(t)))
+2z(t)T PB(t)
~ (P¥32(t))" (P~1/2 (KT RK + Q) P=1/7) (PM?z(1)) (8.2.48)
+22(t)TKT RK (2(t) - z(t - h(1))) + 2 (P?z(1))” P12By1)
—Amin (P72 (KTRK + Q) P~%) ()7 Pz(t)
+2z(t)TKTRK (z(t) — (t — h(t))) + 2¢ || PY/2B|| - | P}/ 2z(2)|
—am(t) + 2z(t)T KT RK (z(t) - z(t = h(t))) + 2c1/m(t).

IA

Moreover, if t € (to + h, ), t # 7 and m(t) > e~Hfom(s) for all s € [t — 2h.t], then

t(t)TKTRK (z(t) - z(t — h(t)))

¢t
=z(t)TKTRK (/ z'(s)ds + Z Ax(rk))
t

-h(t) {k: ru€(t=h(tht))

T t
= (P70 / P-'PKTRK:(s)ds+ ) PTYPKTRKCiz(r))
t—h(t) {k: ru€(t=h(t),0)}

ol ([ e

R
{k: ry€(t—h(t}).t)}

< ”P”zx(t)“ (/ ”P"”’KTRK(Az(s) - BKz(s — h(s)) + Bn(s))\ ds
¢

¢
-h

LS [PRTRKCR . ",,m,,(,;,")
{k: ra€(e—h.t)}
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<ol [/, (I meare]- ol
+ ||P-‘“KTRKBKP-1/2|| : ||P‘/2z(s - h(s))“ + HP-‘“KTRKB" : ||1)(s)||) ds

I e R )
{k: rue(t~A.2)}

< V/m(t) (/'5 (HP-‘“KTRKAP-”’“ vm(s)
-
+ [|P-1/21{T1uf<1=-‘““2 Vms — h(s)) + ¢ “P"“KTRKB" )ds

+ ¥ "p-WKTRKc,‘P-‘/?H \/m(‘rk')) (8.2.49)

{k: re€(t~h,t))

< Jm(t) (/‘ _ (e"’o "P"‘“KTRKAP‘”’” Vm)
t—-h

4+ ehbo "P-‘“KTRKP‘”’”z m + € ”P-x/szRKB” )ds

L ”P-‘“KTRKC,,P-W||\/nT(T))

{k: re€(t=h,0)}
= hehoo "P"‘/"’KTRKAP““" m(t) + heh® ”P"‘“KTRKP"”’"z m(t)
+eh “P"”KTRKB" Vm@) +e% S ”P““KTRKC,‘P‘”’” m(t)
{k: ra€(t—h.t)}

< ge“°m(t) +¢€h ”P"“KTRKB” m(t) + ae'-“"’m(t).

By combining this inequality with (8.2.48) we get

Dtmit) < — (a— e (b + 2a)) m(t) + g\/m(?)

=—=|{a- l;eﬁﬂo) m(t) +Q\/th), (8.2.50)

whenever t € (2o + h, oc), t # 7 and m(t) > e~om(s) forall s € [t — 2h,t].
Next we would like to get an inequality for D*m(z(t)) in the form (8.2.47) where. ideally, the
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term ug is as small as possible. We made the simplifying assumption that p(t) be constant. As we
will see, 8 and ug defined by (8.2.22) and (8.2.23) will allow us to derive the inequality

D*m(t) < —6g(m(t) — uo), (8.2.51)

from (8.2.50) with uo minimized.
If we let z = /m(t), then (8.2.50) will imply (8.2.51) if

- (a - ix:""o) 22 + 9z < ~o(2? — o), (8.2.52)
or equivalently,
- (a = beh% —8) 22 + ¢z — fouo < 0. (8.2.53)
for all z > 0 where §g > 0 and up > 0. For this to be true we need
a - bt — 8y > 0. (8.2.54)
and
2

q
o > g . (8.2.55)
400 (a - bc""" - 00)

Now. condition (iii) ensures that (8.2.54) is satisfied providing 8, > 0 is sufficiently small. By
defining g(#) as we did in (8.2.21) we can find the point that maximizes it. This point is 8. which
is the solution of g’(6) = 0. The smallest ug can be and yet still satisfy (8.2.54) and (8.2.55) is to
equal the right hand side of inequality (8.2.55) with the denominator of that fraction maximized by
8.

To verify that (8.2.50) does indeed imply (8.2.51) one can start with the fact that

2
(20(60) v/(2) ~ b0g) " > 0. (8.2.56)
Expanding and dividing through by 4699(6o) gives
g(8o) 6oq’
_ - —_—D 2.
5 m(t) qv/m(t) + 1060 2" (8.2.57)

which implies

(a — beh®o _ oo) m(t) + Bouo > gy/m(t). (8.2.58)
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which in turn reduces to
- (a - Ee“o) m(t) + gv/m(t) < ~8o(m(t) — uo). (8.2.59)

We have thus verified that condition (ii) of Theorem 8.1.1 (or a sufficiently similar variation of
it) is satisfied. Inequality (8.2.24) gives us

0< vy Lug) < B <A< <o (La(A) < a, (8.2.60)

where v1(8) = Apmin(P)s® and va(3) = Amax(P)s°. Since jjz(t)l| < A for t € [to — A, to + ], Theo-
rem J.1.1 tells us that

t
llz(e)ll < vt (iuo + L(va(3) = uo) exp (— / y Ms))
“ (8.2.61)

1 L L A —\f= u-'_l -]
{m(—P—) [L“O + L(Amax(P)A? — ug)e={t=to=h) ]}

fort € [to— h. xc). Moreover, system (8.2.8) is strongly practically stable with respect to (A, a.3.T)
at tg for some T > 0. The proof is therefore complete. .

In the previous theorem conditions for practical stability were obtained that were dependent on
the delay constant h as well as the bound € on the disturbance function and the magnitudes of the
impulse operators Cy. In general as h, € and the matrices Cy tend to zero, then conditions (i), (i) and
(iii) of Theorem 8.2.1 become satisfied and so the system becomnes strongly practically stable with
respect to suitable parameters. Theorem 8.2.1 gives robustness bounds for the feedback controller
given in (8.2.2)-(8.2.5).

We conclude by examining a particular numerical example.

Example 8.2.1: Consider the control system

z'(t) = Az(t) + Bu(t}, (8.2.62)
where
-4 3 6 -5 -4 5
-1 -3 2 5 00
A= 2 2 5 3 and B= 1 2 (8.2.63)
1 1 -2 -7 0 2

Systern (8.2.62) with zero input (i.e. u(t) = 0) is not stable since the matrix A has a positive
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real eigenvalue of 2.9680. Nevertheless, system (8.2.62) is stabilizable. If we let

and R= 30 \ (8.2.64)
0 1

[T =
(=T — T —
(=T & R <)
N O o C

and then solve for P in the Riccati equation (8.2.5) and calculate K using the formula (8.2.4), we
ret

0.2217 -0.0954 -0.4402 -0.2556
-0. .2702 3824 0.2673
p= 0.0954  0.270 0.382 26 and (8.2.65)
-0.4402 0.3824 2.0941  0.6978

-0.2556  0.2673  0.6978  0.6151

—0.4423 0.2547 1.2849 0.5734

K= .
| -0.2831 0.8223 3.3830 1.3480

(8.2.66)

Thus using the feedback u(t) = —Kz(¢) with this particular choice of K will stabilize system (8.2.62)
and minimize the quadratic performance index (8.2.3). The eigenvalues of the matrix A — BK are
-3.1167, —9.3516 and —3.8160 + 2.6731¢, all of which have negative real parts implying A — BK is
Hurwitz.

Suppose that in applying the control law u(t) = —Kz(t) we find that the input signal u(t) is
delayed by an amount h(t) > 0 that can never exceed some small fixed amount & > 0 and suppose
the feedback is disturbed by an amount n(t) that is bounded by € = 0.01. Finally, suppose the state
z(t}) is subjected to small and diminishing impulsive perturbations of the form

Az(t) = 1075 z(t"). (8.2.67)

at integer times t = k for k = 1,2,.... Then we consider the modified system
z'(t) = Az(t) — BKz(t - h(t)) + Bn(t), t # k, (8.2.68a)
Az(t) = Cez(t™), t =k, (8.2.68b)

where 0 < h(t) < h and |[n(t)]| < 0.01 forallt >tg=0and C, = 10~*I for k =1,2,....
Calculating the parameters for our system in order to check the conditions of Theorem 8.2.1,
we get a = 4.0707, d = 7.5233, c; = 0.0363, c; = 9.1595, c3 = 25.8786 and b = 244.2764h. For
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k=1,2,... we have
1
dy = — + —. (8.2.69)

whose sum 325>, di = 0.2323 is finite. Assuming h < 1 we have L = L = 1.2371 and o = 0.9160
all of which are finite. In order to satisfy condition (iii) of Theorem 8.2.1 we need a > b + 20 or
h < (4.0707 = 2 x 0.9160)/244.2764 = 0.0092. In other words, Theorem 8.2.1 gives us strongly
practical stability results in this example if the delay in feedback never exceeds 0.0092. Let us
suppose that A = 0.005. Then b = 1.2214, b = 3.0533 and ¢ = 0.0757.

The maximum of g(8) occurs at § = 0.5011 where ¢’(#) = 0. Thus 6y = 0.5011 and at this point
9(6o) = 0.2549 from which we obtain ug = 0.0056. Since A = 0.005 is small, the graph of g(6) is
approxirnately given by the equation of the parabola y = 6(a - b— 8) as lony as 6] is not too large.

We therefore need 0.3103 < 8 < A < 24.7231(2.9334A% + 0.0001936)*/2 < a in order for condi-
tion (iv) of Theorem 8.2.1 to be satisfied. If these parameters (A, a, 8) are so chosen, then according
to Theorem 8.2.1, system (8.2.62) will be strongly practically stable with respect to (A a,3,T) at
to = 0 for some T > 0. a



Chapter 9
Conclusions and Future Research

Impulsive delay differential equations are useful in modelling physical processes that experience both
time delays in their evolutionary behaviour as well as impulsive jump discontinuities. As shown
in the early chapters of this thesis, these equations share many similarities, but also a number
of important differences, with delay differential equations (without impulses) and with impulsive
differential equations (without delays).

In Chapter 2 we carefully defined an impulsive delay differential equation as well as what we
considered to be a reasonable definition for a solution of such an equation. Chapter 3 was dedicated to
establishing some fundamental theory of these equations. In many cases the theorems on existence,
uniqueness, etc. were developed along the lines of similar theorems for non-impulsive systems or
non-delay systems.

Chapters 4 and 5 established some new and important stability and boundedness results for
impulsive delay differential equations by making use of the theory of Lyapunov functions and func-
tionals. Impulses either maintained the stability (or boundedness) properties of an otherwise stable
non-impulsive delay system or else they were used to stabilize the system in the event that it was
not already stable.

We applied the results and techniques developed in Chapters 4 and 5 to some linear systems in
Chapter 6 as well as to some problems in population dynamics in Chapter 7 and control systems in
Chapter 8.

The development of basic definitions and fundamental theorems of impulsive delay differential
equations, as given in Chapters 2 and 3, is a necessary part of any thorough study of such equations.
While the Lyapunov stability theorems of later chapters and the applications of these theorems
represent a significant contribution to the theory of these equations, there are nevertheless many
interesting possibilities for future research.

The analysis of impulsive delay differential equations from a more quantitative point of view,
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by way of simulations, could be very beneficial. Solving such equations numerically could lead to
a better understanding of the behaviour of solutions. If through numerical simulations one were
to discover, for instance, that certain solutions blew up, then it would be pointless to try to show
stability or boundedness by searching for a suitable Lyapunov function or by some other means.
The use of numerical techniques could also give some indication as to the rate of convergence of
solutions to a steady state or equilibrium.

While stability is usually a desirable property of systems. many systems are unstable, and so
having theorems that would analytically verify the instability of such systems would prove useful.
Such Lyapunov instability theorems could be developed along lines similar to those used in this
thesis and those developed for ordinary differential equations.

With the exception of some of the fundamental theory developed in Chapter 3, most of the results
were proven for impulsive delay differential equations where itupulses occurred at fixed times. Oue
could establish stability and boundedness results for different types of impulsive delay systetns.
This may require some form of modification to the classical concepts of stability and boundedness.
Not all systems behave in such a way that impulses always occur at the same times. Impulses
may occur at variable timnes as described in Chapters 2 and 3. Alternatively, one could consider
an autonomous system where impulses occur when the state reaches some boundary set of pre-
defined values, irrespective of the time. For simplicity we have assumed that impulse times form
an increasing sequence tending to infinity. This disallows any clustering of impulse times. Further
research into what may Lappen if this assumption were dropped could be interesting. This may
require redefining what is meant by a solution of an impulsive delay differential equation.

Most of the examples and theorems applied to systems having little or no delay in the difference
equation defining the impulsive action. It would be interesting to consider how solutions might
evolve if delay in the difference equation were more significant.

Other areas of future research could include a more in-depth look at linear systems as well
as linearization techniques, the study of periodic solutions and their orbits, and an exploration of
other applications beyond those cited here. An analysis of neutral or advanced type equations with
irupulses, in addition to retarded equations, might also be worthy of consideration. Finally, stability
analysis of impulsive delay differential equations using techniques other than Lyapunov functions or
functionals would be particularly useful.
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