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Abstract

Magnetic levitation offers unique advantages for industrial automation—frictionless ac-
tuation, silent operation, and fully decoupled multi-degree-of-freedom (DOF) motion—but
these benefits are often offset by practical challenges in real-world deployment. In partic-
ular, sensitivity due to misalignment in mover and stator magnetic fields, manufacturing
tolerances, and external disturbances from variable payloads. These limitations make it
difficult to deploy levitation platforms in dynamic environments where the mass and loca-
tion of transported objects cannot be tightly controlled. Motivated by a growing demand
for intelligent transport systems in flexible manufacturing lines and collaborative robotic
workcells, this research presents the development of an adaptive control strategy for planar
magnetic levitation systems capable of estimating unknown payload mass and center-of-
mass location data in real time. Performance in the face of variable payloads maintains
stability and preserves control performance across a wide range of operating scenarios.

An adaptive linear quadratic regulator (ALQR) framework was implemented on two
planar Halbach-array-based mover units—one with a 6-pole configuration and another
with a 5-pole layout. The control architecture incorporates online parameter estimation
to recover payload characteristics from force and torque measurements without requiring
extensive prior calibration or external measurements of the load. This enables the system
to dynamically compensate for mass disturbances and maintain control accuracy across
varying operating conditions.

Experimental validation shows that the 5-pole array achieves an average payload mass
estimation error of less than 2% of the true value, with the payload’s center of mass localized
within ±1.9 cm. For the 6-pole mover array, the average mass estimation error is below 4%,
and the location estimation error is within ±0.5 cm. These results varied across multiple
stator locations and mover configurations. A series of experiments—including sequential
payload loading, off-center placement, and mid-trajectory dynamic loading—demonstrated
the estimator’s robustness and its resilience to transient noise and visual occlusion artifacts.
To support consistent estimator performance across the stator, a compensation method was
developed to account for geometric deviations in the stator. This included a payload mass
offset profile derived through iterative calibration, which enables accurate levitation and
estimation throughout the workspace without relying on predefined lookup tables. When
tracking motion trajectories, the adaptive controller and mass offset profile significantly
reduced steady-state error in the payload mass estimation following load application—
from 25% to below 3%—and improved vertical and yaw response times when compared to
a fixed-parameter LQR control scheme.
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Together, these contributions demonstrate a magnetic levitation platform suitable for
collaborative and flexible automation tasks. The system adapts to unknown payloads
in real time, estimates key inertial parameters during operation, and maintains perfor-
mance without requiring redesign or calibration for each payload. These capabilities form
a foundation for future research in multi-agent manipulation, intelligent load sharing, and
sensorless coordination in levitated transport systems.
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Chapter 1

Introduction

1.1 Introduction to Magnetic Levitation

From the hoverboards of Back to the Future to high-speed bullet trains, the idea of objects
floating freely above the ground has long captured the imagination. What once belonged to
science fiction is now a field of active engineering research: magnetic levitation. Since the
1970s, magnetic levitation—or simply Maglev—has been a focal point in efforts to reduce
the friction inherent in mechanical systems. Modern Maglev systems rely on various com-
binations of magnetic components—such as electromagnets and permanent magnets—and
materials like superconductors and non-ferromagnetic metals to generate the electromag-
netic forces needed to achieve stable, controllable levitation. This seamless control over
contactless motion now underpins a growing class of advanced mechanical systems, from
high-speed transit to next-generation motion platforms.

Magnetic levitation represents a groundbreaking technology due to its capability to fa-
cilitate friction-free movement. This technology eliminates contact forces between moving
surfaces, thereby minimizing or completely preventing wear and tear on mechanical com-
ponents. As a result, the durability of these components is significantly enhanced, leading
to reduced maintenance and repair costs over time. The friction-free environment created
by magnetic levitation also plays a crucial role in reducing the generation of particulate
matter caused by mechanical rubbing, making it particularly suitable for applications re-
quiring a clean room environment. The absence of friction enables higher speeds to be
achieved with lower energy consumption—as exemplified by magnetically levitated trains.
Additionally, the reduced wear on components contributes to increased safety and reliabil-
ity, as it minimizes the likelihood of mechanical failures. Compared to traditional systems,
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1.1. Introduction to Magnetic Levitation

magnetically levitated systems also exhibit lower noise levels, thereby positively impacting
the health and safety of individuals working in proximity to these systems.

This technology has demonstrated transformative impacts across a spectrum of appli-
cations, ranging from small-scale manufacturing, such as in the semiconductor industry,
to large-scale transportation systems like railways. In small-scale manufacturing, mag-
netic levitation has revolutionized photolithography in semiconductor manufacturing by
enabling precise handling and positioning of delicate materials, leading to advancements
in manufacturing efficiency, reliability, and product quality. On a larger scale, magnetic
levitation has significantly influenced transportation systems, particularly in the devel-
opment of high-speed Maglev trains. These trains utilize magnetic levitation to achieve
ultra-smooth and efficient movement without physical contact with rails, offering faster
travel speeds and reduced operational costs compared to conventional rail systems. The
adoption of magnetic levitation in both small and large-scale applications underscores its
versatility and transformative potential across various industries.

While magnetic levitation systems span a wide range of scales and applications, this
research targets an intermediate class: motion platforms that can transport objects pre-
cisely, repeatedly, and autonomously across a flat workspace, such as those found on fac-
tory floors. Specifically, this research focuses on macro-scale magnetically levitated planar
motors (MLPMs) employing repulsive-type electromagnetic levitation. This technology
involves a flat planar stator composed of square electromagnetic solenoids with rounded
corners, accompanied by movers embedded with an array of permanent magnets. The
movers are actuated by the stator coils and can achieve six degrees of freedom (DOF)
motion: translational motion described by (x, y, z) coordinates, and rotational motion
described by (α, β, γ) angles.

Within the Maglev Microrobotics Laboratory at the University of Waterloo, two MLPM
platforms are operational. The first—known as TestBench—is a 2′× 2′ rapid development
platform containing a stator module with 64 electromagnetic coils covered by an aluminum
sheet. Various movers can be positioned on this platform and sensing of the mover’s
position and orientation is facilitated by four infrared motion tracking cameras. The second
platform is a larger 6′ × 8′ system comprising eight stator modules that are similar to the
module in TestBench. This platform, named ”Maglev Floor”, or simply MagFloor, houses
nearly 800 electromagnets and can be lowered to floor level through the built-in hydraulic
lift. The larger footprint of MagFloor enables the execution of multi-mover trajectories
and collaborative robotics tasks. Both platforms use the same four-camera motion capture
tracking systems and reduce the temperature of the electromagnetic coils by passing air
across them. All electronics are housed in the base of the support structures to avoid
interference with the magnetic field generated by the coils, keeping the working area free

2



1.1. Introduction to Magnetic Levitation

of obstructions.

These platforms within the laboratory are instrumental in investigating and advancing
the capabilities of macro-scale magnetically levitated planar motors. These motors can
form the basis of larger manufacturing systems that require the precise manipulation of
large payloads, making them invaluable for improving the control, automation, and flex-
ibility of existing systems. MLPMs offer unique opportunities for research in optimizing
manufacturing techniques, expanding collaborative robotics tasks, and mitigating the im-
pact of friction in existing systems. By leveraging the wide range of configurations and
numerous capabilities of MLPMs, researchers can design, test, and deploy systems that
push the boundaries of current robotic technologies, such as autonomous assembly lines
and multi-robot cooperation in shared environments.

Figure 1.1: Existing magnetically levitated planar motor platforms at the University of
Waterloo. (Left) Small-scale planar motor platform, TestBench, containing 64 electromag-
netic coils with four motion capture cameras. (Right) Large-scale planar motor platform,
MagFloor, lifted to the highest position. The height of the MagFloor can be lowered to
match the level of the surrounding floor.

3



1.2. Industrial Applications

1.2 Industrial Applications

1.2.1 General Applications

Extending far beyond academic research, magnetic levitation has profoundly impacted
various industries ranging from aerospace to medicine. In aeronautical and aerospace ap-
plications, magnetically levitated bearings have replaced traditional bearings in turbines
and attitude control reaction wheels—such as those used in the first three SPOT satellites
in the mid-1980s and later in the ERS satellites in the early 1990s [1, 2]. When compared
to traditional rolling or sleeve bearings, these magnetically levitated systems eliminate the
need for lubrication, maintain functionality at extreme temperature conditions, and enable
active control of the bearing position [3]. Moreover, companies such as MagLev Aero have
proposed rotor systems that utilize magnetic suspension to improve energy delivery, in-
crease thrust efficiency, and reduce noise throughout the operation of rotary-wing aircrafts
[4]. In the medical field, magnetic levitation is advancing biomedical research by levitat-
ing cells to measure their density and establish unique levitation profiles for different cell
types [5, 6]. This technology holds great promise for advancing diagnostic capabilities,
potentially leading to the development of low-cost, rapid, and portable diagnostic tools [5].
Particularly in regions where traditional imaging methods are impractical or prohibitively
expensive, magnetic levitation can help improve healthcare accessibility and affordability.

In the category of long-range transportation, magnetic levitation technology has be-
come a key driver in the development of high-speed trains—colloquially known as Maglev
Trains. Over large distances, Maglev trains achieve frictionless movement at remarkable
speeds to produce efficient and environmentally friendly transportation solutions [7]. With
a maximum commercial speed of 460 km/h, Shanghai Maglev currently holds the speed
record among public transportation systems using such technology1 [8]. At a much smaller
scale, however, magnetic levitation also plays a critical role in advanced semiconductor
manufacturing processes. The precise positioning and control enabled by magnetic levita-
tion are essential for the rapid and accurate movements required in photolithography [9].
This facilitates the production of increasingly smaller-scale transistors required in modern-
day processors. While magnetic levitation has proven effective at both large and small
scales, current research increasingly focuses on its potential to enhance the flexibility and
expandability of intermediate-scale systems in broader manufacturing contexts.

1While there have been demonstrations and proposals for faster trains, China operates the most widely
used magnetically levitated train system. Covering a distance of 30 km, Shanghai Maglev shuttles passen-
gers from Shanghai Pudong International Airport directly to the city center (Longyang Road station) in
just about eight minutes!
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1.2.2 Application to Flexible Manufacturing

Historically, manufacturing layouts have been largely dominated by systems that are highly
specialized and rigid; such specialized workflows excel at producing a limited range of prod-
ucts in a single factory. Products typically move along conveyor belts to dedicated, spe-
cialized equipment in a largely linear sequence. Consequently, equipment failures, evolving
market demands, and changing business objectives make existing manufacturing set-ups
extremely difficult and time consuming to modify. Incorporating flexible manufacturing
principles early in the process design can be pivotal for companies to address these chal-
lenges in a timely and cost-effective manner. The concept of flexible manufacturing involves
creating systems that rapidly adjust to disruptions and shifting production requirements
to reduce factory downtime and increase product variety.

Traditional mechanical conveyor belt systems in modern-day manufacturing are plagued
by issues such as excessive vibrations, noise, high maintenance costs, and limited adjusta-
bility. In the era of flexible manufacturing, these shortcomings severely hinder the adapt-
ability of production systems to meet the diverse and complex needs of modern companies.
A crucial aspect of successful flexible manufacturing lies in routing flexibility, expansion
flexibility, and material handling flexibility [10]. Routing flexibility involves allowing prod-
ucts to take alternative routes in the manufacturing process without significantly affecting
performance outcomes [11]. Expansion flexibility refers to the ease of system expansion
in a modular manner [12]. Material handling flexibility pertains to efficiently positioning
and moving different process components within the manufacturing facility [13]. Convey-
ing systems that can incorporate these aspects into a manufacturing process would allow
companies to be more agile in meeting their objectives.

Current solutions aimed at achieving these flexibility aspects often utilize omnidirec-
tional conveying platforms, such as those shown in Figure 1.2. These platforms typi-
cally feature omnidirectional wheels—wheels capable of moving forward, backward, and
laterally—integrated into manufacturing tables. Each wheel contained in the table can be
independently powered, enabling translational and rotational positioning of objects within
the plane. This provides a straightforward solution that can be incorporated through-
out existing conveyor belt systems. Omnidirectional platforms are characterized by their
lightweight design, cost-effectiveness, and inherent modularity, making them superior al-
ternatives to traditional conveyor belt systems. If the objects to be moved are sensitive
to friction-induced wear or require cleanroom standards, contact-based solutions such as
omnidirectional tables, however, are wholly inadequate. Replacing these omnidirectional
conveyors with MLPMs, similar to those used in this research, combines the advantages of
omnidirectional platforms with the transformative benefits of Maglev technology.
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Figure 1.2: Omni-directional conveying solution produced by Omnia Wheel Ltd.. Image
from [14].

Industrial systems that incorporate Maglev planar motors would provide friction-free
motion throughout the conveying of objects, significantly reducing the wear and tear on
equipment. They would reduce the noise produced when compared to traditional conveyor
belts. As well, these platforms would offer full six DOF motion, allowing precise control
and manipulation of objects in all translational and rotational axes. This level of precision
control makes magnetically actuated platforms suitable for advanced machining opera-
tions, akin to photolithography, on a larger scale. Figure 1.3 highlights some magnetically
levitated planar motors currently produced throughout industry.

Magnetically levitated planar motors offer a compelling foundation for designing flexible
manufacturing systems that minimize production downtime, increase operational efficiency,
and deliver greater precision in handling materials for modern manufacturing. Building on
these capabilities, this thesis addresses key limitations in existing MLPMs through novel
design and control structures aimed at increasing the adaptability of systems utilizing these
motors, with the ultimate goal of establishing a framework for broader adoption of Maglev
technology in flexible manufacturing contexts.
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Figure 1.3: Examples of existing commercially available magnetically levitated planar mo-
tor systems developed for industrial applications. (Left) The XBot system from Planar
Motor Inc.. Image adapted from [15]; (Right) The XPlanar platform developed by Beck-
hoff Automation Ltd.. Image adapted from [16].

1.3 Objectives and Contributions

The research presented in this thesis focused on the development of an adaptive control
strategy for real-time payload estimation. The ALQR controller is aimed at enhancing sys-
tem performance when key payload parameters—specifically, mass and loading location—
are unknown. This strategy was implemented and evaluated using two planar magnetic
levitation mover units that are based on a 2D Halbach magnet array configuration: an ex-
isting 6-pole layout and a novel 5-pole layout. In the process of manufacturing the 5-pole
Halbach mover, strong internal magnetic forces introduced a curvature across the array
surface, necessitating the development of a compensation technique to correct for these
deviations in the magnetic field model.

The original design and real-time model of both 2D Halbach array movers were devel-
oped by Dr. Zhenchuan Xu. The assembly of the 6-pole mover was done by Dr. Zhenchuan
Xu and Curtis Stewart; the assembly of the 5-pole mover was carried out by Dr. Zhenchuan
Xu, Dr. Chanuphon Trakarnchaiyo, and myself. My contributions focused on completing
the construction of the mover, integrating the mover units into the levitation platform,
and designing the adaptive control strategies and payload estimation and compensation
techniques used throughout this work.
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1.3.1 Main Objectives

The main objectives of this research are as follows:

O1: Evaluate the performance of a planar magnetic levitation platform using a novel
5-pole 2D Halbach array mover.

(a) Construct and integrate the 5-pole Halbach mover into the existing planar stator
system.

(b) Compare its levitation and load-handling performance to the previously devel-
oped 6-pole Halbach configuration.

(c) Characterize its magnetic field distribution through both experimental measure-
ments and finite element simulations.

O2: Develop a real-time adaptive control framework capable of estimating unknown load
mass and location during levitation.

(a) Derive an estimator based on a simplified model that identifies changes in ver-
tical force and rotational torque during disturbances.

(b) Implement online identification to estimate mass, center-of-mass offset, and in-
ertial contributions from unknown payloads.

O3: Assess estimator accuracy and control performance across a variety of experiments
designed to test loading dynamics.

(a) Measure estimator robustness in single, sequential, and off-center loading sce-
narios.

(b) Analyze response time, absolute error, and minimum resolvable load across both
Halbach configurations.

(c) Evaluate the adaptive control scheme under dynamically loaded trajectory track-
ing.

O4: Lay the foundation for collaborative applications by enabling generalized load han-
dling across arbitrary stator positions.

(a) Enable on-the-fly calibration of force and torque offsets across the stator workspace.

(b) Demonstrate repeatable estimation without the need for predefined calibration
tables.
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1.3.2 Contributions

The major contributions of this thesis are as follows:

C1: Implemented and experimentally validated a real-time estimation scheme for un-
known payload and center-of-mass location on a planar Halbach-array-based mag-
netic levitation system.

An ALQR control framework was developed, incorporating online parameter esti-
mation to identify payload characteristics during levitation without requiring prior
calibration. The approach achieved accurate mass estimation within 2% error and
localized the center of mass within ±1.9 cm across various mover positions on the
stator.

C2: Developed a methodology for comparative evaluations between a previously devel-
oped 6-pole Halbach mover and a newly integrated 5-pole Halbach configuration.

By varying both the payload mass and loading location, this work quantified differ-
ences in estimator sensitivity, resolution, and control behaviour across magnetic field
distributions and stator locations, using mean absolute percentage error (MAPE),
mean arctangent absolute percentage error (MAAPE), and absolute difference met-
rics. The 5-pole mover exhibited superior payload mass estimation fidelity in most
loading regimes, while the 6-pole array demonstrated finer sensitivity in the payload
loading location.

C3: Developed a payload mass and torque offset compensation method to improve esti-
mation repeatability across the stator workspace.

Rather than relying on static lookup tables, the system uses local calibration and
iterative learning to build force and torque offset profiles. This method enables
consistent estimator performance even under mover and stator irregularities, such as
coil height variation and mover top plate curvature.
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1.4 Thesis Outline

The rest of this thesis is outlined as follows:

In Chapter 2, the existing literature on magnetically levitated motion platforms is re-
viewed. The chapter characterizes the various categories of levitation stages and outlines
the established methods for modeling the magnetic fields of constituent elements. It con-
cludes with a critical analysis of control strategies used in modern magnetic levitation
systems, identifying strengths, limitations, and potential opportunities for improvement.

Chapter 3 establishes the theoretical foundation for understanding the operating prin-
ciples of MLPMs. It begins with a general overview of key terminology related to magnetic
materials and common permanent magnet arrangements. The discussion then defines the
coordinate systems used to characterize the platform and examines the relevant electromag-
netic theory—including magnetic field modeling, principles of force and torque generation,
and a real-time model formulation suitable for control. The chapter concludes with a
detailed description of adaptive controller theory, laying the groundwork for subsequent
controller design.

Chapter 4 focuses on the design aspects of the electromagnetic hardware components
comprising the magnetic levitation system implemented in this research. It details the
design considerations and specifications for the stator, movers, and position feedback sens-
ing system. This chapter also presents an analysis of the maximum payload capacity of
the movers and concludes with a high-level overview of the hardware feedback cycle that
governs the operation.

Chapter 5 discusses the software design and implementation of controllers for the mag-
netic levitation system. It covers axis-specific parameter estimation techniques, the validity
of assumptions, and constraints associated with the controller design. It also presents a
current-force decoupling strategy used to simplify the control architecture. The chapter
concludes with a description of end-user upgrades aimed at improving system usability.

Chapter 6 presents the experimental findings from the implemented adaptive magnetic
levitation system. It describes the primary experimental setups investigated, analyzes and
interprets the accuracy of the payload estimation scheme, and discusses the performance
under various operating conditions. Finally, Chapter 7 summarizes the key findings and
contributions of the thesis. It also offers insights into potential directions for future re-
search.
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Chapter 2

Literature Review

Magnetic levitation systems are widely studied throughout academia and implemented
across a variety of scales, depending on their intended applications. While most systems
are categorized as either a repulsive levitation system or an attractive levitation system–
where repulsive is simply regarded as levitation and attractive as suspension–nine distinct
electromagnetic methods are commonly used to support, move, or rotate masses [17]. Some
of these include levitation from forces generated by the eddy current induced on a conduct-
ing body from varying magnetic fields [18]; levitation using superconducting materials and
permanent magnets [19, 20]; levitation between magnetic fields and diamagnetic materials
[21]; rotating bodies using forces acting on a current carrying linear conductor in a magnetic
field [22]; or even, suspension using a DC electromagnet and the attractive forces between
magnetized bodies [23]. While there are many mechanisms in which magnetic fields can be
leveraged for mechanical movement, recent advances in stator designs, control algorithms,
mover configurations, and modelling approaches have enabled more efficient, scalable, and
precise Maglev systems. This review will focus on the macro-scale applications of these
technologies, highlighting how specific design choices improve the system’s performance
and adaptability.

2.1 Repulsive Levitation Stages

Repulsive levitation stages benefit significantly from the integration of structural and elec-
trical components within a base layer, leaving the area above unobstructed. This open
design allows for additional manufacturing process components to be closely integrated
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2.1. Repulsive Levitation Stages

with the stage, or for the levitation system to be flexibly adapted across a range of in-
dustrial applications. This design is particularly advantageous in clean room applications,
as it enables the base to be fully isolated from the mover, which interacts with sensitive
materials, or fully enclosed to meet stringent sanitation requirements.

One of the earliest exhibits of repulsive magnetic levitation was at the Centennial
Exhibition of the Dominion of New Zealand in the 1940s [24]. This event showcased
an aluminum pan floating in the air with a strong alternating-current magnetic field—
cooking an egg in a pan with the excess heat generated from the eddy currents in the
aluminum. The table top concealed an iron core with windings that are powered with
alternating current, which produced the toroidal magnetic fields required to generate the
levitation force. However, because of the immense power required to maintain such fields,
this apparatus had only a publicity appeal. The world’s first Maglev stage that provided
high precision and the ability to be applied in industrial settings was introduced by Kim
et al. in 1998 [9]. The stage consisted of a mover unit made up of four 1D Halbach-
type magnet arrays glued to the bottom of a platen, which is able to achieve full 6-DOF
movements. The stator—which is fully isolated from below—contained four ironless core
square coils with a three-phase winding pattern [25]. This type of design was introduced to
improve precision movements in photolithography during the semiconductor manufacturing
process, achieving precision movements of up to 5 nm in the x and y axes, 10 nm in the z
axis, and 1-g acceleration. This was a significant improvement in the precision control of
levitated platforms without the same excessive power consumption previously required.

In the years that followed, a few other groups were able to recreate Maglev stages with
similar precision results. Jung et al. constructed a system with a working range of 32 mm
in the xy plane and 1.5 mm in the z-axis with a repeatability resolution of ∼ 0.5µm in
those same axes [26] while Verma et al. achieved a positional resolution of 5 nm in the
translation directions just a couple of years after [27]. Notably, Verma et al. were able
to achieve a threefold increase in maximum acceleration (3-g) in the horizontal directions
when compared to Kim et al. [9]. In 2007, Zhang et al. further improved the precision
capability while making the system significantly more compact [28]. The precision achieved
was 1.1 nm for x, 0.74 nm for y, and 4.4 nm for z. The range, however, of such a stage
is a 2 mm ×2 mm ×2 mm translational range and a 4° × 4° × 4° rotational range. Since
the modeling techniques employed by this system paired each coil to specific magnets, the
range of motion is severely limited. Magnets in the mover cannot move far away from
their paired coil, making long-stroke motions impossible or reliant on external robotics or
human interactions to compensate.

By considering a 2D Halbach pattern for the magnet array and using long rectangular
coils rotated at 45°, Compter was able to construct an Electro-Dynamic Planar Motor
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(EPM) that could achieve long stroke motions in the xy-plane in 2004 [29]. The main
benefits of their design were that the coil winding length could be infinitely extended to
meet the requirements of the intended application. They used non-overlapping coils to
enable ortho-cyclic winding, increasing the packing density of the coils and improving heat
transfer. The mover used a group of three rectangular coils parallel to each other with
a three-phase current to control the full 6-DOF. A disadvantage of their design, however,
comes from disturbances induced by the cabling that provides power and cooling to the
coils on the mover unit. Jansen et al. inverted the setup presented by Compter and
analyzed the performance of various coil geometries on the system performance [30]. The
mover unit used was constructed as a 2D Halbach magnet array. The stator coils were
split into four topologies: the first three topologies consisted of rectangular coils arranged
in a herringbone pattern while the fourth topology consisted of a grid of square coils. They
found that square coils provided the largest force ripple—caused by cyclical patterns in the
magnetic field of the Halbach array—and the herringbone pattern provided consistently
lower power dissipation throughout operation. Rectangular coils with a 1:3 width-to-length
ratio in their geometry produced a levitation stage with the lowest power dissipation while
minimizing the force and torque ripple. When levitating in one spot, the tracking error
was comparable to Kim et al. at 0.1µm and 1µrad in the translational and rotation axes,
respectively—with the added benefit of achieving long stroke motion Kim et al. weren’t
able to achieve [30, 9]. Rovers et al. conducted another in-depth multiphysics study of the
herringbone design in 2013, comparing it to the square coil layout from Jansen et al. and the
three-coil group layout from Compter [31]. The static, dynamic, and thermal simulations
confirmed the superiority of the herringbone coil pattern in terms of power dissipation and
force rippling; however, topologies involving herringbone patterned coils exhibit directional
inconsistencies in the levitation performance. In addition, the non-symmetrical nature of
the coil design is inherently disadvantageous when a modular conveying system is required
[31, 32].

Taking advantage of the simplicity of the square coil topology and inherent symmetry
in force and torque production, Trakarnchaiyo et al. presented a levitation stage with
rounded square coils [33]. Throughout their work, optimal coil dimensions are found by
Fabry factor optimization, and two different coil layouts are compared: a symmetric grid
layout and a zig-zag pattern. The zigzag array was found to provide a more uniform
magnetic flux density across the working array of the mover. However, noting that since
the design of the magnet mover is more significant in levitation efficiency, a straight grid
pattern may be preferred if one desires an extendable modular stator in all directions. The
optimal coil dimensions presented by Trakarnchaiyo et al. were used for the coils in the
stator of the MLPM used in the research presented in the following chapters.
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Figure 2.1: Examples of repulsive magnetic levitation stages from key studies: (a) a stage
developed for photolithography [9], (b) a triangular levitation stage [27], and (c) a DC
driven planar motor [26].

Figure 2.2: Long-stroke repulsive levitation stage utilizing a herringbone stator coil ar-
rangement and a 2D Halbach mover array, adapted from [30].
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2.2 Attractive/Rotary Levitation Stages

Applications where the geometry of repulsive-type levitation systems inhibits the intended
functionality may require a different class of levitation stage. In such cases, attractive
levitation stages—which suspend objects from above—can provide the desired friction-
free motion in specific operating conditions. Alternatively, some stages may employ a
combination of attractive and/or repulsive magnetic interactions to enable more complex
motions, such as rotation.

In 2015, Lu et al. proposed a magnetically levitated rotary table with a mover comprised
of ninety-four permanent magnets arranged in a circular Halbach pattern. The stator
consists of a printed circuit board (PCB) with embedded coils. The coils are separated
into four quadrants, where each quadrant can produce a force tangential to the circle of
the mover—providing the rotational motions—and a force parallel to the z direction—
providing the levitating effect [34]. The sensing equipment is embedded in the center of
the rotating assembly. The range of motion achieved by the assembly was ±200µm in the
x- and y- axes, ±150µm in the z-axis, ±0.54° in rotation about the x- and y- axes, and
unlimited yaw rotations. Xu et al. also built a similar rotary table in 2022 [35]. Their
stator consists of physical coil windings forming a toroidal configuration and a mover unit
with a curved 1D Halbach array. Xu et al. further implemented multiple control strategies
to compensate for external disturbances caused by variations in the external load, such as
random air drag considerations. This is important if such a rotary table is to be applied,
for example, to a mill machine.

In 2002, Khamesee et al. presented an attractive levitation stage to control a magnetic
microrobot with a microscale grip end effector [23]. The microrobot is actuated by a mag-
netic drive unit consisting of eight electromagnets (in four pairs), two permanent magnets,
a pole piece covering the electromagnets, and a return yoke made from soft magnetic iron.
The mover consists of a permanent magnet head, a body containing a PCB and batteries,
and fingers made from two thin ribbons of a copper alloy. Using this system, the mover can
levitate within a volume of 29mm3 × 29mm3 × 26mm3 and can move with a translational
precision of 0.05 mm. Since the mover is equipped with an end effector capable of grabbing
payloads, performance variations will be prevalent while operating with and without a load
mass. They addressed this by implementing a model-reference adaptive control scheme to
achieve precise positioning along the z-axis during pick-and-place operations. When com-
pared to standard PID control, the rise time was worse for the adaptive control scheme,
but overshoot was reduced to almost zero while RMS positional error was kept almost
constant throughout payload masses changed. Elbuken et al. also developed a similar
attractive levitation stage for micro-manipulation of a small-scale robot embedded with a
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permanent magnet [36]. The stator consists of seven electromagnets, a circular pole piece,
and a soft iron yoke; the mover is a fully passive structure with two permanent magnets
perpendicularly magnetized.

Figure 2.3: Examples of rotary levitation stages in literature: (a) a rotary levitation stage
designed by Xu et al. [35], and (b) A rotary levitation stage developed by Lu et al. [34].

Figure 2.4: Magnetic levitation stage from [36], utilizing attractive forces to achieve stable
suspension of a microrobot.
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2.3 Modeling Methods

To achieve precise control, at each sampling period of the control system, the forces and
torques to be applied to the mover must be accurately determined. Numerical algorithms
for integrating the three-dimensional forces and torques, as expressed in Equation 3.8, rely
on an accurate model of the magnetic field generated by the permanent magnets embedded
in the system. Several methods for calculating the magnetic field of permanent magnets
have been documented in the literature.

In 1984, Akoun et al. proposed an analytical solution to the ”magnetic flux problem”
by modeling a permanent magnet as having a magnetic surface charge from which the mag-
netic flux density emanates [37]. Analogous to the surface charge density in electrostatics,
this model asserts that there is a fictitious magnetic charge density on the surface of the
magnet in the direction of the magnetization. This approach provides relatively straight-
forward formulae and leverages an intuitive analogy to electrostatics—however, modeling
multiple magnets becomes computationally expensive and increasingly time-consuming
when incorporating materials with relative permeabilities that significantly deviate from
air [38]. To address these challenges, Bancel introduced the concept of ”magnetic nodes”
which represent each magnet as a collection of nodes located at its corners [39]. This
approach offers greater flexibility in the construction of complex magnet shapes and ar-
rays while maintaining manageable computational complexity [40]. For magnet arrays
with simple repeatable patterns, such as Halbach arrays, their magnetic fields can be ap-
proximated using harmonic functions [41, 42]. This enables real-time calculations, albeit
with limitations; these models assume infinite array length and neglect edge effects near
the boundaries [43]. Moreover, typical harmonic representations rely on Fourier analysis,
whose accuracy depends on the computational ability to account for an infinite series of
terms. Establishing a magnetic flux density model enables the computation of the forces
and torques resulting from the field’s influence.

Researchers from Eindhoven University highlight three primary analytical methods for
computing electromagnetic force: the virtual work method, the Maxwell stress method,
and the Lorentz force method [45]. The virtual work method finds its prominence in fluid
electromagnetic calculations [46, 47] and is commonly used in popular 3D electromechan-
ical simulation software such as ANSYS Maxwell [48, 49]. The Maxwell stress method is
typically employed when intricate combinations of magnetic source types are introduced—
such as those requiring the accommodation of ferromagnetic materials, like an iron core
[46, 50]. In contrast, the Lorentz force method, recognized for its simplicity of imple-
mentation, is particularly advantageous for systems involving current-carrying elements.
Depending on the composition of the electromagnetic system, each model can be properly

17



2.3. Modeling Methods

Figure 2.5: Magnetic field model diagrams: (a) illustrates magnetic nodes [44], (b) repre-
sents magnetic surface charge [38], and (c) depicts a periodic representation of the magnetic
field density of a 1D Halbach. An infinite Fourier series represents the magnetization of
the magnet array. The light grey blocks indicate the infinite extension of the 1D Halbach
required to define the Fourier function.

employed to ease the calculation complexity and reduce the computation time; however,
the fundamental physics that the models obey is the same.

The Lorentz force and subsequent torque can be numerically calculated using the mag-
netic field models represented in Figure 2.5—however, they are typically time-consuming
and require significant computation for real-time operations. A priori calculation of the
force and torque values at different locations and orientations of the magnet mover and
then storing them in a lookup table can be a viable solution if the necessary computational
power is available offline [33, 51, 52]. The advantages of lookup tables are that they can
provide extremely fast access times while utilizing more complex models to more accurately
calculate the force and torque integrals [53]. However, long-stroke motions, a large number
of activated coils, and large DOF requirements drastically increase the storage size of the
look-up table if the system’s symmetries are not utilized [54, 53]. Peng et al. developed a
real-time force and torque model for a 2D Halbach by using a composite numerical integral
rule and the Newton-Leibniz formula to complete the integration of the corner of the coils
[55]. However, such methods require the use of infinite-horizon harmonic models for the
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magnetic flux density, which, as previously mentioned, do not include the edge effect of
such arrays. In 2019, Yuan et al. were able to modify the periodicity of such harmonic
models to include the edge effect of 2D Halbach arrays [56]. Model improvements become
difficult, however, since only the first one or two harmonic components of the Fourier
expansion were implemented due to computational limitations. While methods exist to
estimate higher-order harmonics, these are typically used for rapid prototyping design con-
straints and not for real-time control deployment [57]. Xu et al. were able to compute the
wrench without requiring infinite terms by incorporating numeric data fitting to account
for the edge and corner effects of 2D Halbach arrays. This method improves the accuracy
of the modeled wrench when a low number of Fourier terms are used [58]. This model,
presented by Xu et al. is used throughout this research and is described in more detail in
Section 3.3.3.

2.4 Secondary Functions and Control Algorithms

While Maglev systems provide manufacturing processes with the benefits of friction-free
movement and up to 6-DOF actuation, some secondary functions can be implemented to
further benefit its applicators. In assembly processes, Maglev systems that implement au-
tomated weighing throughout their frictionless movement can provide seamless transitions
between conveying systems, machining processes, and assembly procedures. This would
reduce certain high-volume production times and ideally wouldn’t require any additional
sensors or devices. Currently, the only industrial Maglev planar motor with an integrated
weighing function is produced by Planar Motors Inc. [59]. Planar Motor Inc. claim a
precision of 0.1g with 0.2g repeatability for their XBot systems. Unfortunately, the pro-
prietary nature of these systems means the method of determination is not reported in the
literature.

In a comparable context, magnetic suspension balances (MSBs) have been developed
to perform weight measurements of objects when stationary. In 2017, Benck et al. pro-
posed a mass calibration system that compares the masses of objects in a vacuum with
those suspended in air, using a magnetically levitated weighing chamber [60]. A typical
MSB consists of a permanent magnet and an electromagnet placed on opposite sides of
a wall that separates the measurement area from the observation area. The permanent
magnet is attached to the object to be weighed, while the electromagnet’s current is ac-
tively adjusted to achieve stable suspension of the object–permanent magnet assembly.
The object’s weight is then inferred from the current required to maintain suspension [61].
This principle was first demonstrated in 1947 by Clark [62]. They achieved a measurement
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sensitivity of 50 milligrams per milliampere1. More recent improvements to precision in-
volve using the magnetic suspension solely for levitation, while a conventional analytical
balance, mechanically linked to the magnets, provides the weight measurements. In such
configurations, the accuracy of the mass reading is entirely determined by the precision of
the chosen analytical balance [61].

Figure 2.6: Magnetic suspension mass comparison device developed by [60].

Further progress to such secondary functions involves improvements in controller de-
signs. Hu et al. proposed a learning adaptive robust controller for a Maglev positioner
[63]. The adaptive robust control compensates for the parametric variation—such as mass
variations—while the iterative learning control (ILC) corrects the unknown disturbances.
The ILC control improved the performance on repeatable trajectories but has difficulty
generalizing to new paths, which is important for flexible manufacturing plants. Such in-
vestigations focus more on using parameter estimation and adaptive control to improve
control performance. There is no work directly related to reporting payload characteristics
in addition to guaranteeing the control performance in the literature.

Standard controllers for magnetically actuated and levitated systems typically include
Proportional–Integral–Derivative (PID) or lead-lag controllers. These controllers are im-
plemented because they are easy to use and intuitive to define. Trakarnchaiyo et al. used
five independent PID controllers to control the 5-DOF of their single disk mover, while
Xu et al. used six independent PID controllers to control the 6-DOF of their Halbach
magnet mover [54, 64]. While these controllers are easy to implement, low manufactur-
ing tolerances and system model errors increase the computation cost of some of the PID
terms. Sinha et al. developed a model-reference adaptive control with stable maximum

1Since the output was displayed on an ammeter, each milliampere change corresponded to a mass
change of 50 milligrams
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Figure 2.7: Examples of automatic weighing functions for industrial applications (by Planar
Motors Inc.): (a) demonstrates automated weighing for general conveying systems; while
(b) illustrates its use in hygienic, food-grade environments. Images from [59].

descent [65]. The error between the actual and reference model is reduced through con-
straints and adaptive proportional–integral–derivative parameters are derived. In 2020, an
observer-based adaptive controller was proposed on a 1D Maglev system [66]. A non-linear
observer was implemented to find the velocity. The system could run without information
about the system because the system could rapidly compute all the parametric variations.
Adaptive sliding mode controls are also investigated on Maglev planar motors and rotary
motors to compensate for the system nonlinearities [67, 68]. While, there exist previ-
ous works regarding implementing adaptive control over Maglev planar motors, additional
application-specific implementation is still required.

Additional secondary functions Maglev systems could implement include ’magnetic
locking’ of the movers on the stator by reversing coil currents. This can ensure the
non-slippage of platforms during assembly tasks [64]. They also allow quicker on and
off switching when compared to conventional mechanical locking platforms. However, re-
ports implementing this task have not been published in the literature or highlighted in
industry. Implementing these secondary functions into the control systems of Maglev plat-
forms would allow for the entire system to be easy to use, as the user would not have
to worry about the distribution of weights in the packages they place. As well, since the
implementation is strictly software (i.e., strictly within the control structures), no extra
hardware would be required to conduct such seamless operations. As a result, large-scale
planar Maglev conveying systems that implement automated weighing control and other
secondary functions are highly desired within the flexible manufacturing field, and such,
are implemented throughout this work.
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Chapter 3

Related Background Theory

This chapter establishes the theoretical framework necessary to understand magnetically
levitated stages and their operation. It begins by defining key terminology related to
magnetics, followed by an introduction to the essential parameters that characterize the
system. Subsequently, the chapter introduces the principles of magnetic field modeling and
formulates the electromagnetic forces involved. The discussion concludes with a detailed
presentation of the adaptive control framework utilized, and necessary stability arguments
are presented.

3.1 Magnet Properties and Halbach Arrays

Magnets are very useful in everyday life because of the action-at-a-distance1 properties
they exhibit. While there are a whole host of materials that can be constructed to create a
magnet-like structure, common minerals that are used to create magnets typically consist
of some alloy of neodymium, iron, and boron (Nd-Fe-B). These rare earth magnets pro-
duce significantly higher energy products (BH)max and can be used to provide extremely
strong forces [70]. They are typically categorized by grade, ranging from about N35 to
N52, where a higher number corresponds to a greater maximum energy product (BH)max.
In practical terms, higher-grade magnets produce stronger magnetic fields and exhibit a
greater maximum pulling force [71]. While not an exhaustive list, Table 3.1 defines some
of the common properties used to describe magnets and magnetic materials.

1The existence of physical media as a mechanism to transmit mechanical forces generated by magnetic
interactions has been debated in physics and philosophy since the early 18th century. Hesse provides a
narrative review of the action-at-a-distance discussions led by prominent physicists of the time [69].
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3.1. Magnet Properties and Halbach Arrays

Table 3.1: Common terminology related to magnetic materials.

Property Symbol Description

Magnetization M The magnetization of a material is the magnetic dipole mo-
ment per unit volume within a material. This may be tem-
porary or permanently induced by external magnetic fields,
depending on the material properties. [Units: A/m]

Remanence Br A measure of the magnetization left behind in a ferromag-
netic material after removing an external magnetic field.
While it can be expressed as a vector, the magnitude of
the vector is typically stated by manufacturers for simple
comparisons. [Units: T]

Magnetic
Flux Density

B A magnetic field, or magnetic flux density, is a vector
field generated by electric currents and magnetic materi-
als, guiding the motion of charged particles and interacting
with other magnetic objects. [Units: T]

Magnetic
Permeability

µ Ameasure of the relative change in the magnetic field inside
a material in the presence of an external magnetizing field.
The relative permeability (µr) is the ratio of the magnetic
permeability of a material to the permeability of free space,
µ0. [Units: N/A

2]
Coercivity Hc A metric characterizing a ferromagnetic material’s ability

to retain its magnetization in the presence of an external
magnetic field. [Units: A/m]

Halbach arrays are collections of permanent magnets in which the magnetization of each
magnet follows a rotating pattern. They were independently developed by Klaus Halbach
[72] in the 1980s and John C. Mallinson [73] in the 1970s. These magnetic arrays are of
interest because they exhibit a sort of ”one-sided flux”. Denoted the ”strong side”, the flux
is concentrated on this one side while the resulting magnetic flux density on the opposing
side is fairly weak (denoted the ”weak side”). This is particularly useful in directing the
energy associated with the magnetic field and not losing flux to undesirable locations.
A traditional 1D Halbach array consists of adjacent magnets with magnetization vectors
rotated 90 degrees to each other, as shown in Figure 3.1—more acute angles can be chosen,
but more magnets are required to complete the magnetization pattern to achieve the desired
effect. Two-dimensional extensions of the linear Halbach array can be constructed to create
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3.1. Magnet Properties and Halbach Arrays

Figure 3.1: Flux lines and magnetization vectors in a 1D linear Halbach array. Areas of
denser flux lines correlate with increased B field strength.

a plane of magnetic flux with one side stronger than the other (shown in Figure 3.2). The
existing applications that employ Halbach magnet arrays range from refrigerator magnets
to the generation of synchrotron light in free electron lasers [74, 75]. The modeling of
magnetic fields and resultant forces produced by such magnet arrays is explored throughout
Section 3.3.

There are specific parameters associated with the construction of a Halbach permanent
magnet array. The pole pitch (τ) is the center-to-center distance between magnets whose
magnetization vector is oriented parallel (or anti-parallel) to the z-axis. If the z-aligned
magnets are square, then the z-magnet width (τm) and height of all the magnets (h) are
all that is needed to specify the dimensions of the entire array. The number of poles in a
Halbach array is the number of z-aligned permanent magnets. Another important param-
eter is the rotation angle, which describes the change in angle of the magnetization vector
between adjacent magnets. In the Halbach arrays used throughout this work, the rotation
angle is 90°. Figure 3.2 illustrates the arrangement and definitions of these parameters for
a 2D Halbach array.
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3.2. Coordinate Systems and Transformations

Figure 3.2: Magnetization vectors and relevant parameters depicted for a 2D planar Hal-
bach array. The configuration shown produces a weaker magnetic flux density in the region
above the array (positive z) and a stronger magnetic flux density in the region below (neg-
ative z).

3.2 Coordinate Systems and Transformations

Accurate computation of force and torque requires clearly defined coordinate systems to
describe the position and orientation of the magnetically levitated planar motor compo-
nents. Three distinct coordinate systems are established for this purpose: the coil-fixed
frame, the mover-fixed frame, and a global reference frame.

{g} Global coordinate system – The origin is defined at the center of the top surface
of the coil array. It should be noted that the protruding length of the bobbin each
coil is wound around protrudes by 1.5 mm above the coil’s top surface. The motion
capture measurement system is aligned with this global coordinate system, while all
other frames are defined relative to this fixed global coordinate frame.

{c} Coil coordinate system – Each electromagnetic coil has an associated coordinate
frame with an origin at the center of the coil’s top surface. The x and y axes are
parallel with the corresponding global coordinate frame axes. The position of the ith
coil center in global coordinates is denoted by gci =g [cx,i, cy,i, cz,i]

T .
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3.2. Coordinate Systems and Transformations

{m} Mover coordinate system – The origin is located at the bottom center of the mover’s
magnet array and parallel with its edges. This coordinate system, fixed to the mover,
moves and rotates with it. The mover’s center expressed in global coordinates is

gm =g [mx,my,mz]
T .

The mover’s orientation is expressed in terms of XYZ Euler angles relative to the global
frame: roll (rotation about Xg), pitch (rotation about Yg), and yaw (rotation about Zg)
angles are denoted as α, β, γ respectively. Using these, the orientation of the mover frame,
{m}, expressed in the global frame, {g}, can be determined using the following rotation
matrices

gRm = Rxyz = RxRyRz (3.1)

Rx =

1 0 0
0 cos(α) − sin(α)
0 sin(α) cos(α)

 , Ry =

 cos(β) 0 sin(β)
0 1 0

− sin(β) 0 cos(β)

 (3.2)

Rz =

cos(γ) − sin(γ) 0
sin(γ) cos(γ) 0

0 0 1


where the left subscript of Equation 3.1 denotes the previous frame and the right subscript
denotes the new frame. By combining the rotation matrices with the translational position
of the mover unit, any vector in the mover frame can be transformed into the global frame
using the homogeneous transformation matrix:

gTm =

[
gRm gm
0 I

]
(3.3)

where gm is the location of the mover center in global coordinates, as shown in Figures 3.3
and 3.4. The inverse of this transformation matrix allows for transforming vectors from
the global frame back to the mover frame:

mTg = (gTm)
−1 (3.4)

This formulation is computationally efficient and simplifies notation by canceling common
subscripts. For example, the position of a coil center transformed from the global frame
(gc) to the mover frame (mc) is given by:

mc = [mTg]gc = [mT�g
]
�g
c (3.5)
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3.2. Coordinate Systems and Transformations

Figure 3.3: Top-down view schematic illustrating the coordinate frames used in the Maglev
system. The green rectangular area represents the mover unit used in this research, with
its coordinate frame positioned at the bottom center. Positive rotations are defined as
counterclockwise when viewed from above.

Figure 3.4: Side view schematic illustrating the
coordinate frames used in the Maglev system.

Figure 3.5: Illustration of the coil
conductor model.
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3.3. Magnetic Modeling

3.3 Magnetic Modeling

3.3.1 Lorentz Force and Torque

Magnetic levitation systems involve the interaction between electromagnetic coils and per-
manent magnets—the current in the coils interacts with the magnetic field produced by
the permanent magnets of the mover. The forces that fundamentally describe interactions
between moving charges and magnetic fields can be described through the Lorentz Force
law. For a given point charge q, the Lorentz force experienced by that charge is given by

F = q(E+ v ×B) (3.6)

Assuming that an arbitrary charge distribution can be modeled as a collection of point
charges, the force dF on an infinitesimal part of the charge distribution dq is given by the
Lorentz Force law. Given that the charge density ρ = dq

dV
and that no electric fields are

present in the magnetic levitation system (on the scale that is non-negligible), the force
density f is

f =
dF

dV
=

dq

dV
(��E + v ×B) = ρv ×B (3.7)

Recognizing that ρv describes the current density J of an arbitrary ”moving” charge dis-
tribution, equation 3.7 can be integrated to determine the force imparted on any charge
distribution, namely a coil in the stator. This is the force imparted by the permanent
magnet (mediated through its magnetic field) to the coil; through Newton’s second law,
the force on the mover unit is equal and opposite to the force on the coil.

Fcoil =
∫
Vcoil

J ×B dVcoil Fmover = −Fcoil

The torque experienced on the mover is given by the cross-product of the force on the
mover and the torque arm, r. Therefore, the force and torque experienced by the mover
are

Fmover = −
∫
Vcoil

J×BdVcoil,

Tmover = −
∫
Vcoil

r × (J×B)dVcoil.

(3.8)

Since no additional constraints exist on the system, these forces can be applied to actuate
movers in free space. Two key elements are required to calculate these forces in practice.
First, an expression is needed for the charge density (J) in an infinitesimal segment of the
coil. Calculating the current density of a coil involves dividing the total current by the
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3.3. Magnetic Modeling

Figure 3.6: Magnetic node distributions. (a) Magnetic node representation of a single
permanent magnet with vertical magnetization M . (b) Multi-magnet node configuration
with alternating magnetization orientations. Here, Br denotes the remanent magnetization
strength of the permanent magnet and mP is the point of interest.

perpendicular cross-sectional area of the coil. Since the cross-sectional area remains con-
stant throughout the coil, the magnitude of the current density is uniform across all points
in the coil. This simplification, which converts the winding model to a solid conductor
model, is beneficial because it reduces the number of points required for numeric approxi-
mations of the magnetic field and forces. By treating the coil as a continuous conductor,
computational resources are conserved, allowing for more efficient and accurate magnetic
field interaction calculations. The coil conductor model is shown in Figure 3.5.

The second element required is a method to calculate the magnetic field (B) produced
by a complex permanent magnet array, taking into account any orientation and any point
in space. Many models were introduced in section 2.3, however, this research continues
with the Magnetic Nodes method.

3.3.2 Magnetic Nodes

The magnetic field external to an array of magnets can be determined using the magnetic
nodes method, introduced by F. Bancel in 1999 [39]. This method models the external
magnetic field of a permanent magnet as though it originates from the superposition of
”magnetic charges” located at the corners of the magnet2. For a cuboidal magnet, these

2It is important to note that this is strictly a mathematical equivalence since no physical magnetic
nodes have been shown to exist
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3.3. Magnetic Modeling

magnetic charges, or ”nodes,” are positioned at each of the eight corners of the cube, with
their signs assigned according to the conventions outlined by Bancel [39] and illustrated
in Figure 3.6. This model relies on the assumption that the magnets are ideal, with a
fixed and uniform magnetization, and that no nearby material influences or distorts the
magnetic field. Based on the node arrangement in Figure 3.6, the magnetic flux density
contribution from each node k at a point P (x, y, z) can be calculated by the following
equations:

Bxk(x, y, z) =
εk
4π

ln
(
−yr +

√
x2
r + y2r + z2r

)
Byk(x, y, z) =

εk
4π

ln
(
−xr +

√
x2
r + y2r + z2r

)
Bzk(x, y, z) =

εk
4π

arctan

(
xryr

zr
√

x2
r + y2r + z2r

) (3.9)

In this context, the parameters xr, yr, and zr represent the relative distances x−xk, y−yk,
and z − zk from the point of interest to each node, respectively. The charge εk at each
node assumes values of +Br or −Br, following the conventions illustrated in Figure 3.6. If
the magnetization is reversed, the signs of εk are also inverted accordingly.

To extend this model to configurations involving multiple magnets, the contributions of
εk from coincident nodes are superimposed. This summation comprehensively incorporates
all nodes present in the system. It is critical to use magnets whose strength is below the
coercivity threshold that would induce demagnetization between magnets to preserve the
validity of this model’s assumptions. It is important to note that the relative distances
defined in Equations 3.9 are defined in a coordinate system relative to the permanent
magnet array. In the Maglev system, this is the mover’s coordinate frame m. Since the
number of magnetic nodes in a system increases approximately linearly with the number
of magnets in the array3 the magnetic flux density at a point of interest P from the total
number of magnetic nodes N in the magnetic array, expressed in the mover frame, is

mB =
N∑
k=1

[
Bxk Byk Bzk

]T
(3.10)

For completeness, it should be noted that the magnetic node formulation presented
in [39] is strictly defined for permanent magnets with vertically oriented magnetization

3This is approximate because while every magnet added to the system does increase the number of
nodes by 8 (if cuboidal magnets are only involved) if any side of the magnet is coincident with each
other, the overlapping sides share 4 common nodes. Assuming that the thickness of each magnet is equal,
N = 8 · (# of permanent magnets)− 4 · (#of coincident sides).
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3.3. Magnetic Modeling

vectors. To extend this model to magnets with horizontally aligned magnetization vectors,
the position of interest, P , should be transformed from the mover frame to a temporary
frame in which the z-axis is either parallel or anti-parallel to the magnetization vector. In
this temporary frame, assign the magnetic node signs according to the conventions shown in
Figure 3.6. Using Equations 3.9, calculate the magnetic flux density in this rotated frame.
Finally, rotate the computed result back to the original mover frame before summing it
with the magnetic field contributions from other ”properly” aligned magnets. Figures 3.7
and 3.8 show the assigned magnetic node sign for a horizontally magnetized permanent
magnet.

Figure 3.7: Permanent magnet with a
horizontally aligned magnetization vec-
tor

Figure 3.8: Magnetic node represen-
tation of a permanent magnet with a
horizontally aligned magnetization vec-
tor with magnetic nodes assigned based
on alignment relative to the temporarily
transformed frame.

The force and torque exerted on the mover by each coil, as described in Equation 3.8,
can be calculated by applying the magnetic node method alongside numerical integration
techniques. While this approach can be used to generate a look-up table suitable for
control, it is too slow for the 1000 Hz real-time control requirements of the present system.
To address this constraint, Xu et al. developed a data-driven method capable of achieving
the necessary processing speed for real-time control [58].
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3.3.3 Real Time Method

A novel real-time method for calculating the 3D forces and torques on a 2D Halbach array
above a coil is presented by Xu et al. [58]. This data-driven model utilizes modified Fourier
series’ to represent the force and torque based on the position of the coil with respect to
specific zones under a 2D Halbach array. The area beneath the Halbach array is split
into central, edge, and corner regions. The central region is defined as the area where the
numerically calculated magnetic flux density closely aligns with the unmodified harmonic
expression of the magnetic flux density, while the edge and corner regions encompass the
areas where the magnetic flux density deviates significantly from this simplified represen-
tation. Further details on the modeling and specific dimensions of these zones are located
in section 4.2.1.

The forces and torques on the mover when a coil is fully within the central region
underneath a 2D Halbach can be modeled using a harmonic series [42]. Using a first-order
harmonic function, the force on the mover from a coil in the central region is

mFcenter (mcx,m cy,m cz) = I

 Kx cos (ηx) sin (ηy)
Ky sin (ηx) cos (ηy)
Kz sin (ηx) sin (ηy)

 (3.11)

where ηx = πmcx/τ and ηy = πmcy/τ. I is the current running through the coil. Kx, Ky,
and Kz are exponential decay functions related to the air gap between the mover and coil
with units of N/A. Equations for Kx, Ky, and Kz are given by

Kx = αxe
βk|mcz |

Ky = αye
βk|mcz |

Kz = αze
βk|mcz |

(3.12)

The constants αx, αy, αz, and βk found from data fitting with numeric solutions using
the magnetic node method and are dependent on the levitation height |mcz|. When a
coil enters the edge region, the force distribution along one direction follows the same
sinusoidal pattern as the central region, while the force distribution along the perpendicular
axis follows a non-linear wave pattern that depends on the mover’s height above the coil.
The axis in which the force distribution follows this pattern is different for each edge
region; however, due to the symmetry of the system, [58] found that only three non-linear
functions are needed. These functions, f1, f2, f3, are found by fitting a modified third-order
Fourier series with numeric solutions calculated using the magnetic node model. The force
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equations in the four edge regions can be calculated through

mFedge 1 ( cm ) = I

 Kx cos (ηx) f1
(

cm y, cm z

)
Ky sin (ηx) f2

(
cm y, cm z

)
Kz sin (ηx) f3

(
cm y, cm z

)
 (3.13a)

mFedge 2 ( cm ) = I

 Kxf2 (− cm x, cm z) sin (ηy)
−Kyf1 (− cm x, cm z) cos (ηy)
−Kzf3 (− cm x, cm z) sin (ηy)

 (3.13b)

mFedge 3 ( cm ) = I

 Kxf2 ( cm x, cm z) sin (ηy)
Kyf1 ( cm x, cm z) cos (ηy)
Kzf3 ( cm x, cm z) sin (ηy)

 (3.13c)

mFedge 4 ( cm ) = I

 −Kx cos (ηx) f1
(
− cm y, cm z

)
Ky sin (ηx) f2

(
− cm y, cm z

)
−Kz sin (ηx) f3

(
− cm y, cm z

)
 . (3.13d)

When a coil enters the corner regions, the force distribution in both the X and Y directions
follows the same nonlinear wave functions from the edge region. Therefore, to model all the
forces, only three nonlinear functions need to be determined from data fitting of numeric
solutions. The force equations under the corner regions are as follows.

mFcorner1 ( cm ) = I

 Kxf2 (− cm x, cm z) f1
(

cm y, cm z

)
−Kyf1 (− cm x, cm z) f2

(
cm y, cm z

)
−Kzf3 (− cm x, cm z) f3

(
cm y, cm z

)
 (3.14a)

mFcorner2 ( cm ) = I

 Kxf2 ( cm x, cm z) f1
(

cm y, cm z

)
Kyf1 ( cm x, cm z) f2

(
cm y, cm z

)
Kzf3 ( cm x, cm z) f3

(
cm y, cm z

)
 (3.14b)

mFcorner3 ( cm ) = I

 −Kxf2 (− cm x, cm z) f1
(
− cm y, cm z

)
−Kyf1 (− cm x, cm z) f2

(
− cm y, cm z

)
Kzf3 (− cm x, cm z) f3

(
− cm y, cm z

)
 (3.14c)

mFcorner4 ( cm ) = I

 −Kxf2 ( cm x, cm z) f1
(
− cm y, cm z

)
Kyf1 ( cm x, cm z) f2

(
− cm y, cm z

)
−Kzf3 ( cm x, cm z) f3

(
− cm y, cm z

)
 . (3.14d)

The torque equations are found through a cross-product with the force on the mover.
However, since there is no physical connection from the coil to the mover unit, Xu et al.
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introduce the effective torque arm on the mover as such

mTcenter =

 reffy1Fz − reffz1Fy

−reffx1 Fz + reffz2 Fx

reffx2Fy − reffy2Fx

 (3.15)

where reffx1 , r
eff
x2 , r

eff
y1 , r

eff
y2 , r

eff
z1 , and reffz2 are the effective torque arms. In the central region,

functions describing the effective torque arms are fit using either a linear function or inclined
tangent planes.

In the edge and corner regions, similar to before, third-order Fourier series’ are fitted
with numeric data solutions. Because of the symmetry of a Halbach array, only three
functions t1, t2, and t3 are needed to model all the torque components. The torque in the
edge regions is given by

mTedge 1 ( cm ) =

 I sin (ηx) t1
(

cm y, cm z

)
+ I sin (ηx) t2

(
cm y, cm z

)
−reffx1 Fz + I cos (ηx) t3

(
cm y, cm z

)
reffx2 Fy + I cos (ηx) t4

(
cm y, cm z

)


mTedge 2 ( cm ) =

 reffy1 Fz + It3 (− cm x, cm z) cos (ηy)
−It1 (− cm x, cm z) sin (ηy)− It2 (− cm x, cm z) sin (ηy)

−It4 (− cm x, cm z) cos (ηy)− reffy2 Fx


mTedge 3 ( cm ) =

 reffy1Fz − It3 ( cm x, cm z) cos (ηy)
−It1 ( cm x, cm z) sin (ηy)− It2 ( cm x, cm z) sin (ηy)

−It4 ( cm x, cm z) cos (ηy)− reffy2Fx


mTedge 4 ( cm ) =

 I sin (ηx) t1
(
− cm y, cm z

)
+ I sin (ηx) t2

(
− cm y, cm z

)
−reffx1 Fz − I cos (ηx) t3

(
− cm y, cm z

)
reffx2Fy + I cos (ηx) t4

(
− cm y, cm z

)
 .

(3.16)
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The torque on the mover when a coil enters the corner regions is similarly given by

mTcorner 1 ( cm ) = I

 −f3 (− cm x, cm z) t1
(

cm y, cm z

)
+ n ( cm z) t3 (− cm x, cm z) t2

(
cm y, cm z

)
−t1 (− cm x, cm z) f3

(
cm y, cm z

)
+ n ( cm z) t2 (− cm x, cm z) t3

(
cm y, cm z

)
−t4 (− cm x, cm z) f2

(
cm y, cm z

)
+ f2 (− cm x, cm z) t4

(
cm y, cm z

)


mTcorner 2 ( cm ) = I

 f3 ( cm x, cm z) t1
(

cm y, cm z

)
− n ( cm z) t3 ( cm x, cm z) t2

(
cm y, cm z

)
−t1 ( cm x, cm z) f3

(
cm y, cm z

)
+ n ( cm z) t2 ( cm x, cm z) t3

(
cm y, cm z

)
−t4 ( cm x, cm z) f2

(
cm y, cm z

)
+ f2 ( cm x, cm z) t4

(
cm y, cm z

)


mTcorner 3 ( cm ) = I

 −f3 (− cm x, cm z) t1
(
− cm y, cm z

)
+ n ( cm z) t3 (− cm x, cm z) t2

(
− cm y, cm z

)
t1 (− cm x, cm z) f3

(
− cm y, cm z

)
− n ( cm z) t2 (− cm x, cm z) t3

(
− cm y, cm z

)
−t4 (− cm x, cm z) f2

(
− cm y, cm z

)
+ f2 (− cm x, cm z) t4

(
− cm y, cm z

)


mTcorner 4 ( cm ) = I

 f3 ( cm x, cm z) t1
(
− cm y, cm z

)
− n ( cm z) t3 ( cm x, cm z) t2

(
− cm y, cm z

)
t1 ( cm x, cm z) f3

(
− cm y, cm z

)
− n ( cm z) t2 ( cm x, cm z) t3

(
− cm y, cm z

)
−t4 ( cm x, cm z) f2

(
− cm y, cm z

)
+ f2 ( cm x, cm z) t4

(
− cm y, cm z

)
 .

(3.17)
where n(mcz) = αn · |mcz|+βn is another function whose constants, αn and βn, are fit with
numeric data used for normalization. The computational speeds of calculating the forces
and torques on the mover from a single coil compared to traditional numeric integration
techniques are shown in Table 3.2.

Table 3.2: Computation times (in seconds) for calculating the forces and torques on two
mover units using different methods. Time values are averaged over 50 different mover
pose orientations. Numerical integration utilizes the midpoint method for the Force/Torque
calculation and the magnetic node method for magnetic flux density calculation with 69120
voxel units. The number of magnetic nodes for the 6 Pole and 5 Pole Halbach Movers is
960 and 680, respectively.

Mover Unit Type
Numerical Integration Data Driven

Mean Standard Deviation Mean Standard Deviation

6 Pole 6.9 0.13 2.9×10−3 1.4×10−3

5 Pole 3.8 0.29 3.0×10−3 1.4×10−3
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3.4 Adaptive Control & Linear Quadratic Controllers

Adaptive control refers to a class of control techniques that enable a system to drive its state
toward a desired trajectory or setpoint, even in the presence of unknown or uncertain model
parameters. When system dynamics are inaccurately modeled or subject to unmodeled
variations, traditional linear controllers may become unstable or fail to perform adequately
under non-optimal conditions. Originally motivated by the need for robust automation in
early aircraft systems [76], adaptive control has since evolved into a powerful framework for
enhancing the flexibility and robustness of modern control systems. It allows for real-time
compensation of parametric uncertainty and, as demonstrated in this research, can also
be leveraged to extract useful information for the end user. A typical adaptive control
architecture consists of three main components: (1) system and parameter identification,
(2) parameter identification algorithms and modifications, and (3) control laws that govern
system behaviour based on the updated parameters.

3.4.1 System and Parameter Identification (PI)

All static and dynamic systems are governed by a set of equations that encapsulate the
physical laws of their behaviour. If all the parameters in these models were known with
perfect accuracy at all times, the system’s future evolution could be predicted precisely.
However, when these parameters are unknown or modeled inaccurately, control designs
based on them can lead to unstable or unreliable behaviour.

A common approach to handling such uncertainties is to reformulate the governing
equations in a way that isolates the unknown parameters from the known, measurable,
and controllable quantities. This reformulation is known as a parametric model, and it
serves as the foundation for many adaptive control strategies. While various types of
parametric models exist (see [77] for alternatives), this work adopts the static parametric
model (SPM).

Given a system’s governing equation, the SPM is a reformulation that expresses the
measurable output z ∈ R as the product of known signal terms ϕ ∈ Rn and an unknown
parameter vector θ∗ ∈ Rn, as follows:

z = θ∗Tϕ. (3.18)

The signals z(t) and ϕ(t) are formed from a linear combination of quantities that are
controllable or available for measurement. The true value of the unknown parameter is
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denoted as θ∗ where an estimate is denoted as θ̂(t). This formulation is linear in the
parameters and provides a foundation for parameter estimation.

The parameter identification (PI) problem can now be stated as follows: Given known
signals z(t) and ϕ(t), can an online recursive PI algorithm be constructed so that it ensures
the estimated parameter vector θ̂(t) converges to the true parameter vector θ∗.

3.4.2 Parameter Identification Algorithms and Modifications

An estimation model ẑ (given by Equation 3.19) is chosen to mirror the SPM described
earlier with the unknown parameter vector θ∗ replaced by its time-varying estimate θ̂(t).
The signal ẑ represents an estimate of the measured quantity z, computed using θ̂(t). Any
discrepancy between ẑ and z arises from the difference between the estimated and true
parameters. To account for scale and ensure numerical stability, a normalized estimation
error is defined in Equation (3.20), using the normalization factor m2

s = ζ+ ηϕTϕ for some
constants ζ, η > 0.

ẑ = θ̂(t)Tϕ (3.19)

ϵ =
z − ẑ

m2
s

(3.20)

This formulation provides a way to characterize parameter estimation error using only
signals available for measurement. A gradient-based algorithm is adopted to minimize the
instantaneous cost function:

J(θ) =
1

2
ϵ2m2

s (3.21)

By updating the parameters in the direction of the negative gradient of this cost function,
i.e., θ̇ = −Γ∇J , the resulting update law becomes:

θ̇ = Γϵϕ (3.22)

In this application, the parameters to be estimated correspond to the payload mass and
its location on the mover. Prior information is available for both: the payload mass is
bounded between zero and a known upper limit based on the stator’s current capacity, and
the location is constrained to a finite region on the mover platform. These constraints can
be expressed as θmin ≤ θ(t) ≤ θmax. To incorporate these bounds, a projection operator is
used to modify the update law, leading to the following constrained adaptation rule:
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θ̇ = Pr(−Γ∇J) =


Γϵϕ, if θmin < θ̂ < θmax

or (θ̂ = θmin and Γϵϕ ≥ 0)

or (θ̂ = θmax and Γϵϕ ≤ 0)

0, otherwise

(3.23)

where Γ > 0 is a positive definite adaptation gain. This projection ensures the parameter
estimates remain within their feasible bounds and can accelerate convergence. Taken to-
gether, the estimation model (3.19), the normalized error (3.20), and the modified update
law (3.23) form the core of the parameter identification algorithm. Theorem 3.1 defines
necessary conditions on the input signals and summarizes the convergence properties of
such algorithms4.

Theorem 3.1 (Parameter Identification Properties) The gradient algorithm that is
described by Equation 3.23 guarantees the following properties:

1. The variables ε, εms, and θ̇ belong to L2 ∩ L∞ and θ ∈ L∞.

2. If ϕ
ms

is persistently excited, that is,∫ t+T0

t

ϕ(τ)ϕT (τ)

m2
s(τ)

dτ > α0T0I ∀t ≥ 0 (3.24)

for some constants T0 > 0, α0 > 0, then θ(t)→ θ∗ exponentially fast. Furthermore,

(θ(t)− θ∗)T Γ−1 (θ(t)− θ∗) ≤ (1− γ1)
n (θ(0)− θ∗)T Γ−1 (θ(0)− θ∗) , (3.25)

where 0 ≤ t ≤ nT0, n = 0, 1, 2, . . ., and

γ1 =
2α0T0λmin(Γ)

2 + β4λ2
max(Γ)T

2
0

, β = sup
t

∥∥∥∥ ϕ(t)

ms(t)

∥∥∥∥ . (3.26)

3. If the plant model has stable poles and no zero-pole cancellations, and if the input u
is sufficiently rich of order n + m + 1—that is, it contains at least n+m+1

2
distinct

frequencies—then both ϕ and ϕ
ms

are persistently excited. In this case, the following

quantities converge to zero exponentially fast: |θ(t)− θ∗| , ε, εms, θ̇.

4The proof is shown in [77] and the reader is encouraged to go there for further details regarding
adaptive control.
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3.4.3 Adaptive LQR Control and Error Tracking Formulation

Building upon the parameter identification framework discussed previously, this section
presents how the estimated parameters can be used to generate control inputs in an adap-
tive feedback loop. Adaptive control, by nature, is a model-based strategy in which the
real-time parameter estimates are used to continuously update the system model that
governs the control law. As such, a suitable control law must be chosen.

Among the various model-based control schemes available, this work adopts the linear
quadratic regulator (LQR) due to its simplicity, tractable mathematical structure, and
widespread use in industrial control applications [78]. The standard practice involves first
expressing the system dynamics in a linear time-invariant state-space form:

ẋ = A(θ)x+B(θ)u, (3.27)

where x ∈ Rn is the state vector, u ∈ Rm is the control input, and the system matrices
A(θ), B(θ) are functions of the unknown parameter vector θ.

The control objective is to regulate the state x(t) to the origin by minimizing the
following infinite-horizon quadratic cost function:

J =

∫ ∞

0

(
xTQx+ uTRu

)
dt, (3.28)

where Q = QT ⪰ 0 penalizes the state and R = RT ≻ 0 penalizes the control input. The
optimal control input that minimizes (3.28) subject to (3.27) is given by:

u = −R−1BTSx, (3.29)

where S ∈ Rn×n is the positive semi-definite solution to the Algebraic Riccati Equation
(ARE):

0 = SA+ATS− SBR−1BTS+Q. (3.30)

Existing literature may further denote the kalman gain as K = R−1BTS which simplifies
the control input (Equation 3.29) notation as u = −Kx.

Since the system matrices depend on the unknown parameters θ, the adaptive control
law is implemented by updating the system matrix estimates Â(θ̂(t)) and B̂(θ̂(t)) at each
time step using the latest parameter estimates. The control sequence is then executed as
follows:

Control Sequence→

{
Step 1: S solves 0 = SÂ+ ÂTS− SB̂R−1B̂TS+Q,

Step 2: u = −Kx where K = R−1B̂TS.
(3.31)
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While the above method regulates the system to the origin, in many applications, the
goal is to track a desired trajectory. This can be accomplished by reformulating the control
objective in terms of a tracking error [78]. Consider a nth-order linear ordinary differential
equation with a single input u and some arbitrary state x:

dnx

dtn
+ an−1

dn−1x

dtn−1
+ · · ·+ a1

dx

dt
+ a0x = u (3.32)

for some constants an−1, ..., a1, a0. Define the differential operator

D{·} = dn

dtn
+ an−1

dn−1

dtn−1
+ · · ·+ a1

d

dt
+ a0

so that D{x} = u. Then define the tracking error as

e = xd − x, (3.33)

where xd(t) is the desired reference trajectory. Applying the operator D{·} yields:

D{e} = D{xd − x} = D{xd} −D{x}. (3.34)

If the reference signal is chosen such that D{xd} = 0, the error dynamics reduce to

D{e} = −D{x} = −u, ∀t. (3.35)

In this case, the error system has the same structure as the original system, up to a negative
sign. Since negation does not affect controllability or observability, the same LQR design
can be applied directly to the error dynamics by replacing x→ e. This enables trajectory
tracking for any reference xd(t) satisfying D{xd} = 0. The corresponding error tracking
control sequence becomes:

Error Tracking Control Sequence→

{
Step 1: 0 = SÂ+ ÂTS− SB̂R−1B̂TS+Q,

Step 2: u = −Ke where K = R−1B̂TS.

(3.36)

Aside: Given that the system in question follows Newton’s Second Law—as for-
mulated in Section 5.2.2—it is useful to determine which trajectories satisfy the
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condition D{xd} = 0. Since the system is second order, we define the operator as:

D{·} = d2

dt2
+ a1

d

dt
+ a0, (3.37)

D{xd} =
d2xd

dt2
+ a1

dxd

dt
+ a0xd = 0. (3.38)

This is a homogeneous linear second-order differential equation. The general solution
to this equation defines the class of reference trajectories xd(t) that the system can
track using the error-state formulation discussed earlier. Solving this equation yields:

xd(t) = c1e
λ1t + c2e

λ2t, (3.39)

where λ1 and λ2 are the roots of the characteristic equation:

λ2 + a1λ+ a0 = 0, (3.40)

and c1, c2 ∈ R are arbitrary constants determined by initial conditions. If the charac-
teristic equation has real and distinct roots, the solution will be a linear combination
of exponential functions. If the roots are complex, xd(t) will be an exponentially
damped (or increasing) sinusoid, and if there is a repeated real root, the solution
takes the form:

xd(t) = (c1 + c2t)e
−a1

2
t. (3.41)

The set of trackable trajectories under these formulations includes any signals that
lie in the nullspace of the differential operator D{·}. These reference trajectories
represent the system’s natural response and are exactly those that can be tracked
asymptotically to zero by applying the control law derived in Equation (3.36).

Theorem 3.2 summarizes the conditions under which a linear time-invariant system
ensures asymptotic stability. Since the system matrices of the system are of the form

A =

0 1 0
0 0 0
1 0 0

 , B =

0b
0

 (3.42)

for some parameter b depending on the axis (details in Section 5.2.2), the penalty matrices
Q and R are chosen as a diagonal matrix with strictly positive values to ensure positive
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definiteness and observability with the system matrices. Since the matrix pair (A,B) of the
error system is controllable—and therefore stabilizable—the closed-loop system is guaran-
teed to be asymptotically stable. A proof for this theorem is presented in [78]. The overall
adaptive control framework, including parameter estimation and feedback generation, is
illustrated in the block diagram shown in Figure 3.9.

Theorem 3.2 Let C be any matrix such that the penalty matrix Q = CTC. Suppose the
pair (A,C) is observable. Then, the pair of system matrices (A,B) is stabilizable if and
only if the following conditions are satisfied:

1. There exists a unique positive definite limiting solution S(∞) to the Riccati equa-
tion. Moreover, S(∞) is the unique positive definite solution to the Algebraic Riccati
Equation:

0 = SA+ATS− SBR−1BTS+Q. (3.43)

where Q = CTC and R = RT ≻ 0 are the state and control penalty matrices,
respectively.

2. The closed-loop system
ė = (A−BK)e (3.44)

is asymptotically stable, where the optimal state feedback gain K is given by

K = R−1BTS. (3.45)

3.4.4 Discrete Derivative and Integration

The adaptive linear quadratic regulator (ALQR) control scheme derived above assumes
that the full state vector is available for feedback. However, in the present system, only
position measurements are directly accessible through the motion capture setup (see Sec-
tion 4.3). To approximate the full state, discrete-time differentiation and integration tech-
niques are employed. Let f(t) represent a time-varying scalar signal sampled at a uniform
interval ∆t. At discrete time index n, with tn = n∆t, the first-order backward difference
approximation is used to estimate the time derivative:

df(tn)

dt
≈ f(tn)− f(tn−1)

∆t
. (3.46)
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Conversely, when estimating the integral of a signal f(t), the backward Euler method is
applied. Let Fn denote the discrete-time estimate of the integral up to time tn, then:

Fn = Fn−1 +∆t · f(tn), (3.47)

where F0 is initialized to zero or some known value. These approximations enable real-
time estimation of the full state vector from position data alone. To mitigate the effects of
high-frequency measurement noise inherent in discrete differentiation, a low-pass filter is
applied to the derivative estimate. This is given by the following equation, in the z-domain,
as

G(z) =
T
Tc
z

z +
(

T
Tc
− 1
) (3.48)

where T is the sample time of 1 ms and Tc is the time constant for the filter. This time
constant was chosen to be 2 ms for the 64-coil TestBench, as reported when it was first
constructed by [79].

Figure 3.9: Block diagram representation of the Maglev system. The input to the plant
is the desired net forces and torques on the system (which is converted to coil currents in
the ”current decoupling” block). The output is the mover position and orientation in the
global reference frame.
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Table 3.3: Relevant equations to the control blocks present in the overall control block
diagram (given in Figure 3.9).

Block Associated Equations
Relevant
Sections

ALQR
u = −Ke where K = R−1B̂TS and S satisfies

3.4.3
0 = SÂ+ ÂTS− SB̂R−1B̂TS+Q

Online Parameter
Estimator

∫
θ̇dt where θ̇ = Pr(−Γ∇J) 3.4.1

ẑ = θ̂(t)Tϕ , ϵ = z−ẑ
m2

s
3.4.2

State/Acceleration
Estimator

The discrete integration and derivative
3.4.4of the necessary state f using

df(tn)
dt
≈ f(tn)−f(tn−1)

∆t
, Fn = Fn−1 +∆t · f(tn)

Parameter Decoupling m̂load = θ̂z , x̂load = − θ̂β

θ̂z+ϵ
, ŷload =

θ̂α
θ̂z+ϵ

5.2.2

Current Decoupling I = ΓT (ΓΓT )−1W total 5.1.2
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Chapter 4

Electromagnetic Hardware Design

This section provides a comprehensive overview of the hardware components integral to
the magnetic levitation system utilized in this research. The system comprises three pri-
mary subsystems: Stator Assembly – This includes the electromagnetic coils responsible
for generating the actuation magnetic field, along with the necessary amplifiers and control
electronics that regulate coil operation. Mover Unit – A fully isolated component featur-
ing permanent magnets. The mover is designed to interact with the stator’s magnetic
field without any direct power connection. Measurement and Control System – This en-
compasses the sensors, data acquisition hardware, and control computer that monitor and
manage the system’s performance. Throughout the following sections, each component is
detailed with respect to its design specifications, material selections, and functional roles
within the overall system.

4.1 Stator Assembly

The primary testing system utilized in this thesis is the Magnetic Levitation Testing Bench,
referred to as the TestBench. This system was designed, fabricated, and assembled by the
MagLev Microrobotics Laboratory team. It functions as the stator for the magnetic movers
and consists of sixty-four rounded square coils, arranged in an 8 × 8 grid. The coils are
spaced in three-inch intervals in both the x and y directions, with all coils aligned at the
same height along the z-axis. Each row of coils is mounted on an aluminum frame and
reinforced by a steel structure to provide overall structural stability. The aluminum frame
also plays a key role in minimizing magnetic hysteresis effects between the coils and the
steel structure.
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Figure 4.1: Multiple perspectives of TestBench, the rapid testing planar magnetic levitation
platform located in the Maglev Microrobotics Laboratory. The xy-plane corresponds to
the top level of the coils, with a total levitation area of 610 mm × 610 mm (24′′ × 24′′).

The current amplifiers, housed within the steel structure, are capable of supplying up
to 80 VDC (Volts Direct Current) and 10 A to each coil. However, to prevent overheating
and excessive current flow, the maximum current supplied to each coil is limited to 9 A
through the control interface. Although the system includes thermocouples for monitoring
the temperature of coil pairs, they were not actively used in this research. Heat dissipation
from both the coils and the electronics is managed through a built-in cooling system, which
uses fans to continuously direct cooler air across the coils, preventing thermal buildup. The
dimensions and characteristics of the coils are detailed in Table 4.1. The total levitation
area of the TestBench measures 610 mm × 610 mm (24” × 24”).

4.1.1 Electromagnetic Coil Design

The coils used in this apparatus are designed as squared solenoids with rounded corners—
a schematic is shown in Figure 4.2. This design was chosen based on previous studies
comparing it to cylindrical coils, which found that rounded square coils produce a higher
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average magnetic field strength across the surface [52]. The specific dimensions of the
coil are provided in Table 4.1, with the inner and outer coil widths determined from
commercially available aluminum square tubing and the thickness of the copper wire used
in the windings. Trakarnchaiyo et al. optimized the coil’s height using the Fabry factor, a
dimensionless measure that helps achieve near-optimal magnetic flux density [33].

Structurally, each coil features a hollow aluminum frame—known as a bobbin—filled
with air. This aluminum structure not only provides mechanical stability and prevents
deformation of the windings under repeated loading but also functions as a heat sink, dis-
sipating excess heat generated during extended operation. Regardless of the aluminum
bobbin, the modeling of these coils assumes a perfect air coil, an approach taken to elim-
inate complexities associated with magnetic hysteresis effects. This is assumed since alu-
minum is paramagnetic and, as such, demonstrates very little magnetic hysteresis. As
well, the small thickness of the aluminum minimizes the impact of induced eddy currents
on the magnetic field. To further enhance the durability and integrity of the coils, they are
wrapped in fibreglass cloth tape, and the top surface is coated with epoxy to prevent the
unwinding of the copper wire. These protective measures ensure the long-term stability of
the coils during operation while maintaining consistent performance characteristics.

Figure 4.2: Design of a single electromag-
netic coil. Detailed dimensions are provided
in Table 4.1.

Table 4.1: Dimensions of the rounded square
coils used in the TestBench for generating
the levitation field.

Parameter Values

Outer width (lc) 75 mm
Inner width (sc) 32 mm

Height (hc) 86.5 mm
Bundle width (wc) 21.5 mm

Bobbin Protrusion (bc) 1 mm
Wire Gauge 16 AWG

Number of turns 975 ±5
Resistance 2.6 Ω
Inductance 17 mH
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Figure 4.3: Actual coil located within stator.

4.2 Mover Units

Two distinct magnetic movers were evaluated in this thesis, both based on variations of the
2D Halbach array configuration mentioned in Chapter 3. The first mover incorporates a
6-pole Halbach array, which utilizes 1′′×1′′×0.25′′ X, Y, and Z magnets, with a pole pitch
of 2′′. These magnets are composed of Neodymium-Iron-Boron (NdFeB) material with
a grade of N42, offering a high magnetic field strength and good thermal stability. The
magnets are completely housed in an aluminum frame and held in place with epoxy. The
Maglev Microrobotics Laboratory team previously constructed this configuration [80]. The
selection of this design was driven by the goal of optimizing horizontal acceleration while
minimizing power consumption. This optimization was achieved by selecting commercially
available magnets with either 1′′ or 1.5′′ square dimensions, which provided a balance
between magnetic field strength and system efficiency. The magnets are enclosed within an
aluminum housing, and aluminum crossbars are included to reinforce structural integrity.
Additionally, reflective markers were affixed to the mover to enable precise tracking within
an infrared (IR) motion capture system. Figure 4.4 showcases the final mover assembly
and schematic of the magnet’s magnetization orientation.

The second mover features a 5-pole Halbach array, composed of 2′′×2′′×0.5′′ Z magnets
and 1′′× 0.5′′× 0.5′′ X and Y magnets. These magnets are also made of Neodymium-Iron-
Boron (NdFeB) but have a higher grade of N52, providing even greater magnetic field
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Figure 4.4: 6-pole 2D Halbach magnetic mover unit. Left: Perspective view of the assem-
bled mover unit. Right: Schematic showing the magnetization vectors of each permanent
magnet, viewed from the bottom (i.e., bottom of the mover facing the observer).

strength to enhance the payload-carrying capacity of the levitation system. The magnets
are housed in an aluminum case that includes a 0.25′′ top plate. Unlike the first mover, the
bottom of this mover’s case is coated with a layer of clear epoxy, which serves to reduce the
magnetic damping effect caused by the stator coils. Additionally, the epoxy was leveled
using a CNC machine to compensate for the curvature induced by the internal magnetic
forces and achieve a flat, even bottom surface. To prevent unwanted light interference
during motion tracking, the mover was painted black, and reflective markers were applied
for use with the IR motion capture system. Figure 4.5 showcases the final mover assembly
and schematic of the magnet’s magnetization orientation. The center view showcases the
epoxy bottom layer where the physical magnets are visible.

Table 4.2: Mover unit properties

Mover Unit Type 6 Pole Mover 5 Pole Mover

Magnet Grade N42 N52
Br 1.32T 1.48T

Pole Pitch (τ) 50.8mm 63.5mm
Magnet Height 6.35mm 12.7mm

Z Magnet Width (τm) 25.4mm 50.8mm
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Figure 4.5: 5-pole 2D Halbach magnetic mover unit. Left: Perspective view of the assem-
bled mover unit. Middle: Bottom view of the assembled mover unit. The bottom is covered
in a clear epoxy. Right: Schematic showing the magnetization vectors of each permanent
magnet, viewed from the bottom (i.e., bottom of the mover facing the observer).

4.2.1 Force and Torque Zones

To determine the zones in which to calculate the edge effect of the Halbach, the magnetic
flux density along the Xm and Ym axes under the Halbach array is compared using two
methods: the magnetic node model and the harmonic model. Regions under the array
which closely align with a simple harmonic function define the central area; regions that
significantly deviate construct the edge and corner regions. This method was first presented
by Xu et al., and results for the 6-pole mover have already been reported [58]. For the
6-pole mover, since the width of the z magnets (τm) is on the same scale as the width
of the x and y magnets, a first-order harmonic series is used. The values are reported in
[58] and have been independently verified here within—Figure 4.7 displays the results from
this analysis. For the 5-pole mover, since the z magnets are much larger than the x and y
magnets, a third-order harmonic series is chosen. Figure 4.6 compares the magnetic flux
density under the 5-pole mover along the Xm and Ym axes for an airgap of 1.25′′. When
the position along the axis is within 2τ of the center, the peak-to-peak error of the x and y
components of the magnetic flux density is under 3%. However, within 1.8τ of the center,
the Bz deviation is under 2% in both the Xm and Ym directions. Thus, a box within ±1.8τ
in the Xm and Ym directions defines the central zone. Similarly, beyond 3.6τ from the
center, all the magnetic flux density components are within 0.1% of 0. Therefore, ±1.8τ
to ±3.6τ defines the boundary where the edge effect of the Halbach is significant. The
intersections of these regions in the Xm and Ym directions define the corner regions with
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the difference defining the edge regions. Figure 4.8 shows these regions for both the 5-pole
and 6-pole movers.

Figure 4.6: Magnetic flux density comparison between the magnetic node and harmonic
models for the 5-pole mover.

Figure 4.7: Magnetic flux density comparison between the magnetic node and harmonic
models for the 6-pole mover. Results are verified using data from [58].

51



4.2. Mover Units

Figure 4.8: Bottom view of the designated regions for computing force and torque distribu-
tions under a 2D Halbach array. (a) corresponds to the 6-pole mover, while (b) corresponds
to 5-pole mover. The division for the 6-pole mover was first done by [58] and verified for
this work. The same method was applied to the 5-pole mover. Regions are to scale.

4.2.2 Maximum Weight of Payload

Levitation occurs only when the stator generates sufficient electromagnetic force to coun-
teract the gravitational force acting on the mover. This force must first support the mover’s
own mass, and any remaining capacity can be used to lift additional load or produce hori-
zontal acceleration. The overall levitation performance is therefore governed by a tradeoff
between two competing factors: the strength of the embedded magnets and the total mass
of the mover. While stronger magnets reduce the required stator effort, a heavier mover
demands more from the coils. In the case of the 5-pole Halbach mover, although higher-
grade magnets are used compared to the 6-pole mover, its total mass is nearly twice as
large. As a result, a more detailed analysis is needed to quantify the additional payload
mass each mover can carry across the stator workspace without violating system limits.

To evaluate the maximum allowable payload mass, simulations were performed over a
grid of (x, y) positions within the green-shaded region shown in Figure 4.9. The horizontal
symmetry of the stator allows the results in this region to be applied throughout the entire
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Figure 4.9: Top-down schematic of the stator assembly. The shaded green area denotes the
evaluation region. Due to the symmetry of the stator layout in the x-y plane, performance
metrics computed within this region are representative of the entire working area.

working area. At each position, the required current in every coil to levitate the mover
when its center is at this location was computed using the data-driven modeling approach
described in Section 3.3.3. The number of coils activated is based on the positioning of
the mover and is outlined in Section 5.1.1; if a current limit is reached for a particular
coil, a recalibration strategy is invoked as outlined in Section 5.1.3. A strict threshold
of eight simultaneously saturated coils was chosen to determine the maximum allowable
payload mass—any location where this threshold is exceeded renders that loading weight
as non-viable for levitation. The nominal levitation height used for this analysis is 8mm,
which corresponds to a roughly 3mm air gap when accounting for the thicknesses of the
mover’s bottom plate, coil bobbin protrusion, and stator top sheet. This height represents
a conservative operating point for both movers. At this air gap, the relationship between
payload mass and coil saturation is shown in Figure 4.10. The plot shows the number
of saturated coils as a function of payload mass; the maximum load is determined as the
largest payload mass for which the coil current in all stator positions remains below or
equal to the saturation limit. For an 8 mm mover z-height, the 5-pole mover can support
up to 3.12 kg, and the 6-pole mover can support up to 1.54 kg.
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Figure 4.10: Number of saturated coils as a function of payload mass for each mover. The
maximum supported payload is indicated by an ‘o’ marker for each respective mover. The
red line denotes the maximum allowable number of saturated coils for the present stator
assembly.

To further explore how the levitation height affects maximum payload capacity, sim-
ulations were carried out across a range of z-heights. Since the magnetic model used in
this work is data-driven, its validity is restricted to the range of z-heights for which sim-
ulation data was fitted. For the 6-pole Halbach mover, the model was fitted using data
spanning from 0mm to 8mm, while for the 5-pole Halbach mover, the fitting range ex-
tended from 0mm to 15.5mm. The simulation results, shown in Figure 4.11, illustrate
the trend in maximum allowable payload mass as a function of levitation height within
these ranges. Due to mechanical constraints, including the coil bobbin height, the stator
top sheet thickness, and the bottom plate of the mover unit, levitation at heights below
5mm is physically infeasible. Therefore, only values above 5mm are shown in the plot. As
expected, the maximum liftable mass increases as the air gap decreases, provided that the
model remains valid within the fitted z-range.

Although using the eight-saturated-coil threshold across all stator positions provides a
general bound on operating conditions, this constraint can be relaxed if the trajectory is
restricted to favourable regions of the stator. As the magnetic field underneath the mover
is not uniform, specific alignments between the mover magnets and underlying coils can
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sustain heavier loads while still keeping the number of saturated coils below the limit.
These viable regions are indicated by darker blue areas in the second row of Figures 4.12a
and 4.12b. The extent of these regions decreases as the load mass increases, which implies
that transporting heavier payloads is only feasible along carefully planned paths. Any
stator location that requires more than eight saturated coils is shown using a common
color. The top row of the same figures shows the maximum current demanded by any
single coil at each stator location, for selected payload masses. These plots provide insight
into how current draw and saturation are distributed spatially across the stator. Additional
plots over finer grids and other loading conditions are provided in Appendix A.

Figure 4.11: Maximum supported payload as a function of the mover’s levitation height.
Due to the data-driven nature of the force and torque model, the 6-pole mover is fit using
data collected from 0mm to 8mm, while the 5-pole mover uses data spanning a range of
0mm to 15.5mm. Only values above 5mm are shown, as levitation below this height is
not feasible.
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(a) Mover unit #2: 5-Pole Array

(b) Mover unit #1: 6-Pole Array

Figure 4.12: Maximum coil current and corresponding number of saturated coils across
various stator locations for each mover configuration. Regions where levitation cannot
occur due to coil saturation are highlighted in bright yellow in the saturation plots. The
center column of plots corresponds to the maximum payload weight as shown in Figure 4.10.
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4.3 Measurement and Control System

To track the mover unit’s position in 3D space, a motion capture system utilizing Vicon
Motion Systems’ Vantage V5 active infrared cameras is implemented. The marker configu-
ration establishes the mover unit as an object within the Vicon Tracker software, allowing
it to be assigned a specific frame of reference. This frame of reference is set to the bottom
center of the magnets in the mover unit (see Figure 4.13 for details). The Vicon system
then outputs the translational (x, y, z) positions and rotational (α, β, γ) angles relative to
the defined object frame, which are used by the controller.

Reflective markers are placed on each mover unit to define its object frame. These
markers are arranged according to the following criteria: each mover unit’s marker config-
uration is distinct to differentiate it from others within the camera’s field of view; at least
three markers form two perpendicular lines to define an xy-plane; and sufficient markers
are used so that even if some become occluded during rotation, at least three others remain
visible. These criteria ensure accurate tracking of multiple movers simultaneously while
minimizing positional errors.

For the 5-pole mover, an additional step is necessary. The stronger magnets in this unit
generate large internal magnetic forces that cause the mover case to deform from a flat
slab—resulting in a convex shape with the center as the lowest point of the top surface.
To accurately position the object frame at the bottom center of the mover unit, an extra
marker is placed at this center point. The origin is then manually shifted downwards
to align with the bottom center of the magnet array. After this adjustment, the center
marker is removed from the software configuration while retaining the established origin.
This method ensures the coordinate system is accurately set, minimizing potential errors
if other markers were used instead.

The hardware integration setup is summarized in Figure 4.14. The position data from
all four cameras is collated through a power over Ethernet (PoE) switch and then trans-
mitted to a PC over Ethernet. Also known as the Vicon Computer, this PC is where the
Vicon Tracker 3.9 software is used to calculate object positions and orientations. This
data is then sent to a Beckhoff C6670-0010 industrial server, which functions as the sys-
tem’s programmable logic controller (PLC). A separate PC is used as the engineering
workstation for developing control code. The control code is written in two stages: first
in MATLAB/Simulink and then in TwinCAT structured text. Any code involving elec-
tromagnetic theory is written in MATLAB/Simulink for readability and ease of matrix
operations. A few examples of possible calculations include determining the controller
outputs, calculating wrench matrices, or performing coil current recalculations. This code
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Figure 4.13: Profile view of the 5-pole mover, showing the z-direction offset distance
(doffset) from the center marker to the desired object reference frame. Note: this drawing
is not to scale.

Figure 4.14: Hardware configuration of the TestBench Maglev system.

is then uploaded as a TcCOM object into the TwinCAT environment, where additional
structured text programs are written to enhance real-time operation. The TwinCAT pro-
gram manages the sending and receiving of control signals to enable/disable the current
amplifiers and set control targets. It also handles path planning and the loading of any
pre-downloaded lookup tables. The current amplifiers control the physical electromagnetic
coils that influence the coil array and mover unit system, which is then read by the motion
capture system, thereby completing the physical control-plant loop.
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Chapter 5

Software Design

This section will cover the main software implementations required to conduct the oper-
ation of the Maglev platform. Two main programming interfaces exist when designing
software for the implementation of the hardware. The magnetic field modeling, conversion
to coil currents, and control strategy calculations take place in a MATLAB/Simulink block
diagram environment. This is converted into a C++ TwinCAT compiled object and then
ported into a structured text industrial PLC programming environment on the runtime
PC. Any code related to path planning and management, safety precautions, and operator
interfacing is conducted in this framework using TwinCAT 3.1 and Visual Studio 2019.
Section 5.1 overviews algorithms related to magnetic field modeling and coil management;
Section 5.2 constructs the control strategies implemented; while Section 5.3 highlights other
software features to ensure safety and user operability.

5.1 Coil and Current Management

5.1.1 Active Coil Selection

As the mover unit moves across the stator, the coils that have the most effect are close to
the mover unit itself. For simplicity, a coil is considered active if it is within a 18′′ × 18′′

square of the mover center. This activation square is aligned with the mover’s (x,y) position
and yaw orientation. If the coil’s center is located within this square, the coil is considered
active, as can be seen in Figure 5.1. The current of the coils outside of this region is set to
zero, while the current in the coils within this region will be calculated through the Direct
Wrench method described below.
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Figure 5.1: Coil activation for various positions and yaw orientations of the mover unit.

5.1.2 Direct Wrench Decoupling

The current flowing through the stator electromagnets directly impacts the position and
orientation of the mover unit. As such, each DOF of the mover is considered an out-
put of the system, while the current in each coil serves as an input. Because individual
coils can independently affect all DOFs of the mover, the system’s multiple inputs can
simultaneously influence multiple outputs, leading to a cross-coupling effect. Controlling
multi-input-multi-output (MIMO) systems like this one is challenging due to the complex
interactions between the coils and the forces and torques acting on the mover. To address
this challenge, it is essential to decouple the coil inputs from the mover’s pose, a method
referred to in this research as the direct wrench method.

Consider the forces and torque on the mover, from Equation 3.8. In general, the forces
and torques are functions of 3 main variables: the geometric properties of the coil and
mover, the relative position between the mover and the coil, and the current running
through the coil. For any discrete time step of operation (i.e., every cycle of the control
system), the geometric properties of the coil and mover as well as the relative position
between them are fixed—it is only the current that is time agnostic and, as well will see,
for each fixed position, the force and torque are linear functions with respect to the current.
With this in mind, the forces and torques on the mover from one coil can be separated as
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Ĵ ×B dV

= −ni

A

∫
Vcoil
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]
×B) dV

= −∥J∥
∫
Vcoil
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where the magnitude of the current density J is dependent on the number of turns n, indi-
vidual coil current i, and the cross-sectional area A. Separating terms based on geometric
properties and terms based on electrical power produces

F =

(
−n

A

∫
Vcoil

Ĵ ×B dV

)
i T =

(
−n

A

∫
Vcoil

r × (Ĵ ×B) dV

)
i (5.2)

F (r, i) = f(r) · i T (r, i) = t(r) · i (5.3)

where r is the mover’s position. As seen from Equation 5.3, the force and torque on the
mover unit from one coil are linear in coil current. The f(r) and t(r) terms are functions
only concerning the physical geometric properties of the system and are, for every snapshot
in time, constant. Using this linear relation, the superposition of forces and torques from
all the coils can be recast into matrix form. Given a specific coil m, the wrench on the
mover is defined as the column vector of forces and torques acting on it. Thus,

wm(rm, im) =

[
F (rm, im)
T (rm, im)

]
=

[
f(rm) · im
t(rm) · im

]
=

[
f(rm)
t(rm)

]
im = γ(rm)im (5.4)

where γ(rm) is the wrench per unit current. The total wrench acting on the mover unit is
then the sum of these individual wrenches,

W total(r1, . . . , rm, i1, . . . , im) =
m∑
k=1

wk(rk, ik) (5.5)
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=
m∑
k=1

γ(rk) ik

=

[
f(r1)
t(r1)

]
i1 + · · ·+

[
f(rm)
t(rm)

]
im

=

[
f(r1) f(r2) · · · f(rm)
t(r1) t(r2) · · · t(rm)

]
i1
i2
...
im


W total(r1, . . . , rm, I) = Γ(r1, . . . , rm) · I (5.6)

For a given position of the mover unit, the relationship between the total wrench exerted
on the mover and the currents flowing through all coils remains linear. The wrench trans-
formation matrix, denoted as γ, characterizes the contribution of each coil to the wrench
and is constant for a specific pose of the mover. With the mover’s location known, the con-
troller can determine the components of γ by applying a unitary current to the real-time
force and torque method described in Section 3.3.3. Once the desired wrench is speci-
fied, the current distribution is obtained by inverting the wrench transformation matrix
γ. Given that the number of active coils exceeds the mover’s degrees of freedom during
levitation, the system is over-actuated, making γ a non-square matrix and generally not
invertible. To resolve this, the right Moore–Penrose inverse is employed to solve for the
current distribution I, where this pseudo-inverse is given by

Γ+ = ΓT (ΓΓT )−1. (5.7)

The Moore–Penrose inverse, or simply pseudoinverse, is a solution that minimizes the
energy consumption. Thus, a minimum energy solution for the current distribution—which
is known as the coil map—can be calculated by

I = Γ+W total = ΓT (ΓΓT )−1W total (5.8)

5.1.3 Current Recalculation

Coils positioned closer to the antinodes of the magnetic field generated by the mover unit
exert a greater influence. As a result, less current is required to produce a substantial
force on the mover in these regions. An energy-minimizing method, such as the Moore-
Penrose inverse, is used to calculate the wrench on the mover and will naturally focus the
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current distribution in these areas. However, that desired current may exceed the capacity
of the power supply, which is rated to provide a maximum of 9 A per coil for up to 8 coils
simultaneously, with an additional 1 A buffer for uncertainties. To address this limitation,
the current distribution obtained from the pseudoinverse must be adjusted. This involves
redistributing the current among non-saturated coils to compensate for those that have
reached their maximum capacity. Although this approach no longer minimizes energy
usage, it ensures that the desired wrench is achieved.

Initially, the current distribution among the active coils is calculated using Equation
5.8. Let this be the first iteration, and define subsequent iterations by an index k. Now
define two sets to separate coils that are within the current limit (N) and coils that exceed
it (S) as

S = {s|s ∈ Z, 1 ≤ s ≤ 64, ∥is∥ ≥ 9}} (5.9)

N = {n|n ∈ Z, 1 ≤ n ≤ 64, ∥in∥ < 9} (5.10)

These two sets are mutually exclusive and exhaustive; their union makes up the entire
active coil index space. The individual coil contributions in the total wrench on the mover,
from Equation 5.5, can then be separated as

W =

[
fn1

tn1

]
in1,k + · · ·+

[
fn1

tn1

]
in|N|,k +

[
f s1

ts1

]
is1,k + · · ·+

[
f s1

ts1

]
is|S|,k (5.11)

=

[
fn1

· · · fn|N|

tn1 · · · tn|N|

] in1

...
in|N|


k

+

[
f s1 · · · f s|S|

ts1 · · · ts|S|

] is1
...

is|S|


k

W = ΓN · [IN ]k + ΓS · [IS]k (5.12)

where [IN ]k and [IS]k are the coil contributions from coils that are below and above the
coil limit, respectively, at the kth current recalculation iteration. This equation can be
rearranged to find the current distribution among the non-saturated coils.

[IN ]k = Γ+
N (W− ΓS · [IS]k) (5.13)

where Γ+
N is the pseudoinverse discussed in the previous section. Now to begin the second

iteration, set the absolute value of the saturated coils to 9A while keeping their respective
sign (i.e., if the second coil is saturated, i2,k=1 = −10A, then the corresponding current at
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the next iteration will be i2,k=2 = −9A). This can be achieved by applying the piecewise
function

c(x) =


−9 x < −9
x −9 ≤ x ≤ 9

9 9 < x

(5.14)

to each element of the current distribution that is saturated. Next, subtract this contribu-
tion from the desired wrench according to Equation 5.13. Thus,

[IN ]k+1 = Γ+
N (W− ΓS · c ([IS]k)) (5.15)

will produce the new current distribution among the non-saturated coils that would com-
pensate for the magnetic field from the saturated coil. Combining this new distribution
with the saturated current distributions forms the new coil map. However, new coils in
this current distribution may now be saturated. As such, this recalculation procedure is
repeated until the current distribution is no longer saturated or a maximum of 8 coils are
saturated, since this is the limit of the power supply. This process is further solidified in
Algorithm 1.

Algorithm 1 Coil current recalculation procedure

Require: r⃗, W
k ← 1
Ik ← Γ+W(r)
S = |Ik| ≥ 9
while sum(S) ≤ 8 or k = 10 do

k = k + 1
IS = c(Ik(S))
WS = Γ(:, S) · IS ▷ saturated coil wrench contribution
WN = W−WS

IN = Γ+(:, S) ·WN ▷ redistributed coil current among non saturated coils
Ik+1 = [IN ; IS] ▷ combine non-saturated and saturated coil maps
S = |Ik+1| ≥ 9
Ik ← Ik+1

end while
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5.1.4 Coil Measurement Adjustment

As introduced previously, the large internal magnetic forces exerted by the magnets in
the 5-pole mover caused a concave deformation in the aluminum casing. Consequently,
when positioned on the stator’s flat surface, the corners of the mover are elevated by up to
approximately 3 mm above the coils beneath it. This elevation can lead to inaccuracies in
the relative placement of the coils when calculating the contribution of each coil. To address
this issue, the surface profile of the mover is determined using linearly interpolated points
between measured locations obtained from the motion capture system. The coil height is
then adjusted between 0 and 3 mm based on the xy coordinates of the coil center. An ideal
visualization of the increased height between the mover and coil due to this curvature is
shown below in Figure 5.2.

Figure 5.2: Idealized coil height adjustment from a curved mover. Coils of interest are
green. Red dotted lines show the difference in z height from the mover and the coil surface.
In this illustration, the air gap (i.e., the distance between the center lowest point and the
coil surface, is 0.5 mm).

Reflective motion capture markers were placed on the top surface of the mover in an
approximately 1′′ × 1′′ grid, with all measurements recorded in the mover’s local coordi-
nate frame. These measurements capture the relative vertical displacement, zoffset(x, y),
between each point on the surface and the geometric center. The resulting surface profile,
shown in Figure 5.3, reflects deviations caused by curvature or assembly imperfections. A
linear interpolation scheme—described below—is applied to estimate the z-offset between
measured points, yielding a continuous height map used in the field compensation model.

65



5.1. Coil and Current Management

Figure 5.3: Measured curvature profile of the 5-pole Halbach array obtained through ex-
perimental mapping. A projection of a flat magnet array is shown below.

Consider a function that approximates this surface function as zoffset(x, y) whose do-
main aligns with the mover. Then, given three distinct points on the surface function,
zoffset(x, y) can take the form of a plane that is fitted to these three points. As the three
points become closer together, the bilinear function zoffset(x, y) gives a better approxima-
tion to the true surface curvature of the mover. Given the general plane equation

zoffset(x, y) = Ax+By + C (5.16)

and three points (xi, yi, zoffset,i) on the true surface, the unknown coefficients of the plane
can be determined through matrix manipulation asAB

C

 =

x1 y1 1
x2 y2 1
x2 y2 1

−1 zoffset,1zoffset,2
zoffset,3

 (5.17)

Since a minimum of three points is required to fully describe the plane approximation, how
the points are grouped is crucial in accurately modeling the surface. To group the points
into distinct sets of three, a Delaunay triangulation scheme is used. Delaunay triangulation
organizes points in a plane such that the circumcircles of the triangles formed do not contain
any points. This helps to maximize the smallest angle of the triangles formed and avoid
triangles that have very small acute angles, which often lead to numerical errors in the
interpolation scheme. Using this criterion, the points from the given data are shown in
Figure 5.4. Using these points, the bi-linearly interpolated surface function is shown in
Figure 5.3. The maximum offset a coil can have is 3mm.
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Figure 5.4: Delaunay triangulation of measured surface points for interpolating vertical
z-offsets resulting from the 5-pole Halbach array’s top-plate curvature.

Figure 5.5: Exaggerated side view of the 5-pole Halbach array, illustrating its surface
curvature and annotated with relevant geometric quantities.

67



5.2. Control Strategies

5.2 Control Strategies

5.2.1 Derivative Adjustment

Typically, the derivative term adjusts the rate at which the system reaches the desired
setpoint, which is crucial for achieving repeatable and precise performance. A common
issue arises when the reference variable experiences a sudden change in its setpoint. For
example, if the reference signal (in the x direction) jumps from 0 to 10 mm within one
frame, the resulting derivative in that frame would be 10−0

0.001
= 10, 000 mm/s. Although this

command only lasts for one frame, it can saturate the controller output, causing errors
in control effort, leading to unnecessary compensation, excessive stress on the system, or
even triggering a power supply shutdown.

One common approach to address this is to ignore the change in the reference signal
entirely. However, to achieve smooth, long-range motions, the system must be capable of
handling ramp or gradually changing reference commands. When the entire change in the
reference signal is ignored, the derivative term constantly counters the rest of the controller
command, thereby requiring a larger integral term to compensate and potentially intro-
ducing unnecessary oscillations. As such, the change in reference is set to zero whenever a
step change is detected. A threshold is defined, and the derivative of the reference signal
is compared to the derivative of the measured signal and the threshold. If the change
in reference exceeds both the threshold and the change in measurement, a step change is
detected, and the change in the reference is ignored. The threshold is chosen to prevent
coil saturation.

5.2.2 Adaptive Control Parameterization

The decoupling between the individual coil currents on the stator and the net forces applied
on the mover greatly improves the flexibility in choosing control algorithms for the system.
Each axis of motion can be treated as a single-input single-output (SISO) system and can
be designed independently of other degrees of freedom. However, in flexible manufacturing
applications, being able to load various types of objects without strict prior knowledge can
lead to inaccurate system modeling when using conventional model-based control systems,
such as a linear quadratic regulator or model predictive controller. This motivates the use
of adaptive control strategies, as described in Section 3.4. An ALQR control scheme is used
for this research and since each DOF is independent, the following will describe the model
identification, parameter identification, and parameter convergence, when applicable, in
each direction.

68



5.2. Control Strategies

z-Direction

System Identification. The governing equations for the system in the z-direction are
given by Newton’s second law. Because of the lack of friction present and negligible eddy
current damping from the aluminum frame of the stator, the only forces that affect the
mover in the z-direction are the applied force from the coil, the force of gravity on the
mover, and the force of gravity on the load. The figure below shows the free body diagram
describing the situation and the relevant forces acting on the mover and load. Applying
Newton’s second law to the system, the governing equations become

∑
Fz = mt

d2z

dt2
(5.18)

Fapp,z − Fg,mover − Fg,load = mt
d2z

dt2
(5.19)

d2z

dt2
=

1

mt

[Fapp,z −mtg] (5.20)

Figure 5.6: Free body diagram of
payload center loading. Forces in
the z-direction are only shown.

where mt = mmover + mload and Fapp,z is the force applied from the coil to the mover as
calculated in Section 3.3.3. Defining the modified control input as ū = Fapp,z −mtg and
the error of the position is e = zd − z, where zd is the desired trajectory of the z-position,
then the augmented state-space realization of the error system is

d

dt

 e
ė∫
edt

 =

0 1 0
0 0 0
1 0 0

 e
ė∫
edt

+

 0
− 1

mt

0

 ū. (5.21)

with system matrices

A =

0 1 0
0 0 0
1 0 0

 , B =

 0
− 1

mt

0

 . (5.22)

69



5.2. Control Strategies

Parameter Identification and Convergence. The linear SPM of Equation 5.18, using the
nomenclature present in Section 3.4, can then be expressed in the following form,

Fapp,z −mmover

[
g +

d2z

dt2

]
z

= mload

θ∗z

[
g +

d2z

dt2

]
ϕ

(5.23)

where z, ϕ ∈ ℜ consists of the I/O measurements of the system (i.e., Fapp,z and
d2z

dt2
) and

θ∗z ∈ ℜ is the parameter that is to be estimated. Based on Theorem 3.1, the parameter
error will go to zero if the signal ϕ is persistently excited. As a reminder, given a certain
regressor signal ϕ, then for a given T, α0 > 0, the signal ϕ will be persistently excited if it
can satisfy the condition ∫ t+T

t

ϕ(τ)ϕT (τ)

m2
s

dτ ≥ α0TI (5.24)

for some α0, T > 0 and ∀t ≥ 0. Because an integral of this form is difficult to solve for an
arbitrary acceleration, the following discussion will study common cases that are applicable
to normal operation.

Case 1: Stationary Levitation/Constant Velocity

[
d2z

dt2
= 0

]
. Given that the

normalizing signal is chosen as m2
s = ζ + ηϕTϕ for some constants ζ, η > 0, the

integral on the left hand side becomes∫ t+T

t

[0 + g]2

ζ + η [0 + g]2
dτ =

g2

ζ + ηg2

∫ t+T

t

dτ =
g2

ζ + ηg2
T

∴
g2

ζ + ηg2
T ≥ α0T −→

[
g2

ζ + ηg2
− α0

]
T ≥ 0

but since T > 0 by definition, for this to be true for all time t

g2

ζ + ηg2
− α0 ≥ 0

∴ 0 < α0 ≤
g2

ζ + ηg2
, ∀t > 0. (5.25)

As such, the integral in Equation 5.24 is guaranteed to be bounded from below given
that the bounding condition α0 is chosen to satisfy Equation 5.25.
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Case 2: Constant Acceleration

[
d2z

dt2
= az

]
. Similar to case one, because there is

no time dependence on the integrand of Equation 5.24, the persistence of excitement
condition becomes and leads to

(az + g)2

ζ + η (az + g)2
T ≥ α0T −→ 0 < α0 ≤

(az + g)2

ζ + η (az + g)2
, ∀t > 0. (5.26)

The only time this condition is not satisfied is if the acceleration in the z-direction is
exactly negative of the acceleration due to gravity (i.e., az = −g), which is only the
case when no force is applied from the coils to the mover. This only occurs when
the Maglev system is switched off. Therefore, during nominal operation, the case of
constant acceleration is guaranteed to be persistently excited.

Rx/Ry - Direction

System Identification. Similarly to before, given the Euler angles α and β, for rotations
around Xg and Yg respectively, Newton’s second law for rotations can be applied to the
system to calculate the net torques (

∑
Ti) about some i’th direction. A key difference

from the z-direction, however, is the source of the force that interacts with the mover. In
the z-axis, the payload mass was treated as internal to the mover unit, so the total mass
is the Halbach array mass plus the payload mass, and an external force of gravity applies
to both. This guaranteed that the constructed signals would be persistently excited and
parameter estimation could be achieved. However, for the torque, the force of gravity does
not impart a torque on the Halbach array and payload mass. In order to achieve persistence
of excitement of the parameter signals, the force imparted on the Halbach array from the
payload mass is treated as external to the mover unit. As we will see, this will lead to
the persistence of the excitement condition required for adaptive control. Because of the
symmetry of the mover, the details for Tx and Ty are equivalent; thus, only the details for
torques about the x-axis, Tx, will be shown.

∑
Tz = Imover

d2α

dt2
(5.27)

Tapp,x − Tload = Imover
d2α

dt2
(5.28)
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Figure 5.7: Free body diagram of payload offset loading.

Tapp,x − rxFg⊥,load = Imover
d2α

dt2
(5.29)

Tapp,x − rxFg,load cosα = Imover
d2α

dt2
(5.30)

where rx is the perpendicular distance from the center of mass of the payload and the mover
frame, as shown in Figure 5.7. Given a small angle approximation, α < 10° → cosα ≈ 1,
the nonlinear system equation can be reduced to a linear one as

Tapp,x − rxmloadg = Imover
d2α

dt2
(5.31)

d2α

dt2
=

1

Imover

[Tapp,x − rxmloadg] (5.32)

Defining the modified control input as ū = Tapp,x−rxmloadg and the error of the orientation
as e = αd − α, where αd is the desired trajectory of α, then the augmented state-space
realization of the error system is

d

dt

 e
ė∫
edt

 =

0 1 0
0 0 0
1 0 0

 e
ė∫
edt

+

 0
− 1

Imover

0

 ū. (5.33)

with system matrices

A =

0 1 0
0 0 0
1 0 0

 , B =

 0
− 1

Imover

0

 (5.34)
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Parameter Identification and Convergence. The linear SPM of Equation 5.31, using the
nomenclature present in Section 3.4, can then be expressed in the following form,

Tapp,x − Imover

[
d2α

dt2

]
z

= rxmload

θ∗α

· g
ϕ

(5.35)

where θ, ϕ ∈ ℜ consists of the I/O measurements of the system (i.e., Tapp,x and
d2α

dt2
) and

θ∗α ∈ ℜ is the parameter that is to be estimated. Based on Theorem 3.1, the parameter error
will go to zero if the signal ϕ is persistently excited. The left-hand side of the persistently
excited definition (Equation 5.24) becomes,

LHS =

∫ t+T

t

ϕ(τ)ϕT (τ)

m2
s

dτ (5.36)

=

∫ t+T

t

g2

ζ + ηg2
dτ (5.37)

=
g2

ζ + ηg2

∫ t+T

t

dτ (5.38)

=
g2

ζ + ηg2
T (5.39)

Just like in the z-direction case, if α0 is chosen to be less than g2

ζ+ηg2
, then∫ t+T

t

ϕ(τ)ϕT (τ)

m2
s

dτ ≥ α0T (5.40)

and the persistence of excitement condition is satisfied.

Load Location Decoupling. To make the parameter estimate meaningful and actionable
for the end user, it is necessary to decouple it from the mass of the applied payload.
Specifically, the estimated parameter θα depends linearly on the applied payload mass.
Therefore, to recover an estimate of the payload’s spatial offset that is independent of its
magnitude of the payload’s mass, we normalize θα by the estimated payload mass obtained
from the z-axis force estimation algorithm.

ŷload =
θα

m̂load + ε
(5.41)
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Here, ŷload is the estimated y-location of the payload in the mover’s frame of reference,
m̂load is the estimated payload mass from the z-direction, and ε is a small positive constant
added to the denominator to prevent division by zero and mitigate spikes caused by small-
magnitude mass estimates. An analogous approach is used for estimating the x-location
of the payload in the mover’s frame of reference (i.e., x̂load) using θβ; however, due to the
right-handed nature of the mover’s reference frame, a negative constant is required

x̂load = −
θβ

m̂load + ε
. (5.42)

Because the force due to gravity on the payload is perpendicular to the x- and y-axes,
the payload mass does not contribute to the net forces in the x and y directions and does not
impart a torque about the z-axis. The persistence of the excitement condition cannot be
guaranteed for such ϕ signals. As a result, no parameter estimation is considered for these
axes—however, the estimated parameters from the previous axes can be utilized to update
the mass parameters in the governing equations of the remaining axes. A smoothing factor
is also defined to average the parameter estimates over a set number of control frames.
Tables 5.1 and 5.2 summarize the LQR tuning parameters used in each axis. The other
values of the state penalty matrix Q are zero to preserve the positive definiteness required
for control stability (see Theorem 3.2).

Table 5.1: 6-Pole Halbach ALQR control parameters for each motion axis.

Axis Q1,1 Q2,2 Q3,3 R Γ α Smoothing Factor

x 9800 0.5 2300 0.0001 - - -
y 9800 0.5 2300 0.0001 - - -

z 11700 0.5 2300 0.0001 750 150 5
α 2.8 0.001 16 0.0001 750 150 5
β 2.8 0.001 16 0.0001 750 150 5

γ 3.8 0.002 3.25 0.0001 - - -
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Table 5.2: 5-Pole Halbach ALQR control parameters for each motion axis.

Axis Q1,1 Q2,2 Q3,3 R Γ α Smoothing Factor

x 51150 50 40000 0.0001 - - -
y 51150 50 40000 0.0001 - - -

z 110000 1 563000 0.0001 550 175 5
α 9 0.01 56 0.0001 550 175 5
β 9 0.01 56 0.0001 550 175 5

γ 11.5 0.01 6.3 0.0001 - - -

5.3 Other Software Features

5.3.1 Calibration and Mass Compensation

The adaptive control scheme developed throughout this work is based on estimating an
unknown parameter related to an external payload. For accurate tracking, it is assumed
that errors in the construction of the stator, mover, and measurement systems are negli-
gible relative to the uncertainty in the estimated parameter. However, several practical
issues challenge this assumption, including camera drift over time, vertical misalignment
in the coil stator assembly, and curvature in the top plate of the 5-pole Halbach array, as
previously noted. Even during stationary levitation without any applied load, these im-
perfections can cause the net force and torque imparted by the stator to differ significantly
from the true gravitational force acting on the mover. Representative examples of these
deviations are summarized in Table 5.3. Such errors can be further amplified when the
integral state contributes significantly to the overall control signal.

To mitigate these effects, a built-in calibration routine is employed when no external
payload is present. For mass estimation, once the calibration is triggered, 3 s of Fz data
is collected during stationary levitation and averaged. Dividing this average force by
the gravitational constant yields the practical or ”effective” mass of the mover at that
location. This calibrated value is then used as the known mover mass, mmover, in the
parameter identification scheme (see Equation 5.23). A similar correction is applied for
torque estimation. In ideal conditions, the applied torques about the x and y axes should
be zero when the mover is stationary and unloaded. In practice, however, misalignments
and mechanical imperfections result in nonzero Tx and Ty. During calibration, the average
values of Tx and Ty over a 3 s window are recorded and subsequently subtracted to the
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real-time torque values prior to constructing the SPM. This effectively cancels out static
offset contributions introduced by construction or integration uncertainties, and can be
applied in real-time at any stator location for accurate parameter estimation.

The key advantage of this approach, compared to building a static offset compensation
table offline, is that it generalizes to any arbitrary location within the stator’s workspace.
The calibration procedure can be executed in situ, ensuring more accurate mass and torque
estimation even as the system drifts due to temperature changes or long-term sensor drift.
This flexibility also enables multiple workstations to operate across different stator regions
with consistent estimation accuracy.

Table 5.3: Deviation between calibrated mover mass and torque offset from their true
values at representative stator locations.

6-Pole

Mover Location
(x, y) mm

Estimated
Mass (kg)

True
Mass (kg)

Estimated
Torque (Nm)

Ideal
Torque (Nm)

(0, 0) 7.0277 6.800 -0.0119 0
(0, -38) 7.1082 6.800 0.0976 0
(-38, -38) 7.0837 6.800 0.1025 0

5-Pole

Mover Location
(x, y) mm

Estimated
Mass (kg)

True
Mass (kg)

Estimated
Torque (Nm)

Ideal
Torque (Nm)

(0, 0) 12.0515 11.800 -0.1860 0
(0, -38) 12.0915 11.800 -0.0735 0
(-38, -38) 12.0396 11.800 0.0609 0

To extend this compensation approach to dynamic trajectories, the desired path is first
executed without any payload applied. During this run, Fz, Tx, and Ty are recorded and,
in the case of Fz, normalized by gravitational acceleration. A moving average filter with a
0.1 s window is applied to smooth out measurement noise. This resulting mass and torque
offset profile is stored and reused during actual trajectory execution to pre-compensate
the SPM input signals. This dynamic calibration ensures consistent parameter estimation
accuracy throughout trajectory operation, even in the presence of system imperfections
and sensor drift.
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5.3.2 End User Upgrades

The user control interface is shown in Figures 5.8-5.9, with several features highlighted to
improve the end-user experience:

1. Live Coil Tracking Map. This component visualizes which coils are currently
active and indicates saturation by changing the coil color to red when excessive
current is requested. It also helps users identify mover positions that distribute
power more evenly across the stator.

2. Real-Time Payload Mass and Location Estimation Display. These values
are smoothed for display purposes to provide a stable visual readout. The raw,
unsmoothed values are retained in the backend and used by the adaptive control
algorithm for accurate parameter updates.

3. Adaptive Control Toggle and Calibration Button. A toggle switch allows
users to conveniently enable or disable the adaptive control scheme. The calibration
button enables accurate force and torque offset estimation at any location on the
stator, ensuring consistent parameter identification.

Figure 5.8: Complete user interface for monitoring and controlling the magnetic levitation
system.
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Figure 5.9: Zoomed in view of the user interface illustrating elements that enhance usability
and operator interaction.
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Chapter 6

Results and Discussion

This chapter presents the experimental validation of the adaptive payload estimation and
control framework developed throughout this work. The objective of these experiments is to
evaluate the performance, robustness, and practical applicability of the proposed parameter
estimation scheme under various loading conditions and mover configurations. A series of
four experiments were conducted using two magnetically levitated planar movers—one
based on a 6-pole Halbach array and the other on a 5-pole design. Each experiment
targets a specific operational challenge: Experiment 1 evaluates single mass estimation
during stationary levitation; Experiment 2 investigates mass estimation accuracy during
sequential mass loading; Experiment 3 focuses on the localization of applied loads across the
surface of the mover; and Experiment 4 examines the behavior of the estimator and control
signals during dynamic trajectory tracking with mid-path loading and unloading. Together,
these experiments demonstrate the feasibility and limitations of real-time payload mass and
location estimation in a magnetically levitated environment. Table 6.1 provides a high-level
overview of the system’s performance, summarizing the average values, absolute errors, and
percentage differences across the first three experiments.

6.1 Experiment 1: Single Mass Loading

This experiment evaluates the accuracy with which each mover can estimate the mass of a
single load applied during stationary levitation. For each mover type, three distinct load
masses were selected within the range of achievable stator current. The 6-pole Halbach
mover was tested with 0.250 kg, 0.500 kg, and 1.000 kg loads, while the 5-pole Halbach
mover was tested with 1.000 kg, 2.013 kg, and 2.264 kg. Experiments were conducted at
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6.1. Experiment 1: Single Mass Loading

Figure 6.1: Payloads used throughout experiments. They are composed of aluminum.
Paint, tape, and paper are used to cover reflective surfaces so as not to interfere with the
motion caption system. Masses are constructed and weighed using a 1g precision scale.

three distinct levitation positions: (1) with the mover centered above a single coil, (2)
centered between two adjacent coils, and (3) centered between four adjacent coils.

The loading procedure for each trial was as follows: the mover was first levitated at
the desired location and held stationary during a 3 s calibration period. It was then kept
hovering for at least 3 s before a load was gently placed at the center of the mover. After
allowing the system to stabilize for a minimum of 5 s, the load was removed, followed by a
final stabilization period of at least 3 s. This procedure was repeated at least three times
per levitation location. The best trial from each location is summarized in Figure 6.3 for
the 6-pole mover and Figure 6.4 for the 5-pole mover.

For the 6-pole Halbach configuration, the lowest MAPE occurred when the mover was
centered above four coils, yielding a MAPE of 3.2% and an absolute error of 16 g. The four-
sigma standard deviation across trials was approximately 10 g. The average convergence
rate was 1.75 kg s−1, with the system reaching steady state in approximately 1 s.

In contrast, the best performance for the 5-pole Halbach configuration was observed
when the mover was centered above a single coil, achieving a MAPE of 0.6% and an
absolute error of 11 g. The four-sigma standard deviation was approximately 13 g, and the
average convergence rate was 5.0 kg s−1, with a settling time of approximately 1.5 s.

When averaged across all loading masses and locations, the 5-pole Halbach achieved a
reduction of approximately 2.75% in estimation error compared to the 6-pole Halbach. The
average absolute error for the 6-pole mover was 20.7 g, whereas the 5-pole mover reduced
this to 12.6 g. The average 1σ standard deviation for the 6-pole mover was 2.3 g, while the 5-
pole mover exhibited a slightly higher value of 3.4 g. Considering a 4σ confidence interval,
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Figure 6.2: Example of center loading on the 6-pole Halbach mover, levitated at a height
of 6mm.

the 5-pole array can resolve a minimum change in payload mass of approximately 15 g,
compared to 10 g for the 6-pole array. This increased sensitivity of the 6-pole configuration
is expected, as its lower load capacity amplifies the relative impact of small changes in
vertical force.

Interestingly, the 6-pole mover performed best when centered above four coils, while
the 5-pole mover yielded the most accurate results when centered above a single coil. This
difference is likely due to the magnetic geometry of each array. In the 5-pole mover, the
central magnet is aligned directly above a coil, allowing the resulting force to act in the
strongest region of the magnetic field. In the 6-pole mover, the central region of the array
contains no magnet; however, when centered above four coils, the surrounding magnets are
better aligned with the underlying stator coils. This improves symmetry and concentrates
force generation in the stronger magnetic zones. Conversely, when the mover is positioned
above weaker regions of the array, force generation is distributed over a larger area and
becomes more susceptible to magnetic modeling errors.

Notably, during the loading and unloading phases, the 5-pole mover exhibited significant
overshoot in the estimated payload mass. This was largely attributed to the manual loading
procedure: introducing a hand into the Vicon tracking scene interferes with the marker
visibility. Since the 6-pole mover uses more tracking markers, it is less sensitive to partial
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Figure 6.3: Summary of mass loading performance at three stator locations for the 6-pole
Halbach mover. The zoomed-in region highlights the response within the boxed area. Note
that the initial and final loading times were not held constant between trials.

occlusion, though this comes at the cost of reduced available space for placing the payload.
Despite these disturbances, the adaptive estimator rapidly recovers after the occlusion is
removed. From the onset of camera interference to within 5% of the steady state response,
the average settling time was approximately 2.5 s for the 5-pole array and 1.75 s for the
6-pole array.
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Figure 6.4: Summary of mass loading performance at three stator locations for the 5-pole
Halbach mover. The zoomed-in region highlights the response within the boxed area. Note
that the initial and final loading times were not held constant between trials.

83



6.2. Experiment 2: Sequential Mass Loading

6.2 Experiment 2: Sequential Mass Loading

This experiment aims to assess the accuracy with which each mover can estimate the total
loading mass applied when multiple payloads are applied successively. For each mover
unit, at least two distinct payload masses were selected where the total is within the
range of achievable stator current. The 6-pole Halbach mover was loaded with masses
of 0.250 kg, 0.500 kg, and 0.250 kg, in that order respectively; the 5-pole Halbach mover
was successively loaded with 1.010 kg, 1.000 kg, 0.250 kg, and 0.250 kg. Experiments were
conducted at three distinct mover positions: (1) with the mover centered above a single
coil, (2) centered between two adjacent coils, and (3) centered above four adjacent coils.

The loading procedure for each trial was as follows: the mover was first levitated at
the desired location and held stationary while undergoing a 3 s calibration period. It was
then kept hovering for a minimum of 3 s before a load was gently placed at the center of
the mover. After allowing the system to stabilize for at least 2 s, the next load is applied
as close to the center as possible, this is repeated until all the loads are used and then
followed by a final stabilization period of at least 3 s. This procedure was repeated a
minimum of three times for each levitation location. The best result from each location is
summarized in Figure 6.5 for the 6-pole mover and Figure 6.6 for the 5-pole mover. The
plots corresponding to the other mover locations are located in Appendix A.2.

Similar to the previous experiment, the lowest MAPE for the 6-Pole Halbach occurred
when the mover was centered above four coils, yielding an average MAPE of 1.9% and an
absolute error of 12 g. The four-sigma standard deviation across trials was approximately
9 g. The average convergence rate was 0.9 kg s−1, with the system reaching steady state in
approximately 1.3 s.

In contrast, the best performance for the 5-pole Halbach configuration was observed
when the mover was centered above a single coil, achieving a MAPE of 1.1% and an
absolute error of 22 g. The four-sigma standard deviation was approximately 12 g, and the
average convergence rate was 2.3 kg s−1, with a settling time of approximately 2.1 s.

The results demonstrate that both mover configurations are capable of accurately track-
ing incremental changes in load mass, even when applied in rapid succession. In general,
the estimated mass trajectories closely follow the expected staircase profile corresponding
to each added load. After each loading event, the system exhibits a clear transient period,
but returns to steady-state estimates within approximately 2 s in most cases. However,
the 6-pole Halbach mover showed a tendency to slightly overestimate intermediate mass
values, particularly during the second and third loading steps. This behaviour is likely due
to its lower load-carrying limit, which makes it more sensitive to transient disturbances
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and estimation noise, especially when operating near its maximum supported mass.

Across all mover positions and steps, the mean absolute percentage error and absolute
error were approximately 2.5% and 15 g for the 6-pole array, and 1.5% and 30 g for the
5-pole array. This suggests that while the 6-pole configuration is more accurate in absolute
terms for lighter loads, the 5-pole configuration offers better relative consistency across a
broader loading range.

A significant challenge in this experiment emerges when the load mass has a large
physical footprint, as this increases the likelihood of occluding the tracking markers and
introduces greater sensitivity to placement errors. In other words, stacking multiple weights
reduces the visibility of Vicon markers on the mover. As in Experiment 1, each time a
load is added, the operator’s hand or the payload itself may occlude markers, introducing
transient disturbances in the tracking data. These artifacts are particularly disruptive in
configurations with fewer markers, as observed in some 5-pole trials. Nevertheless, the
adaptive estimator proved robust, typically recovering within 1.5 to 2.5 s, depending on the
mover’s position and payload size.

Importantly, the cumulative error over subsequent payload additions remained approx-
imately linear, as indicated by Table 6.1. This suggests that the adaptive estimation does
not drift over the loading progression. When averaged over all evaluated stator locations,
the absolute difference between the ideal and observed total payload mass positioned on
the 5-pole array increased by approximately 1.5 g to 2 g per 100 g of applied mass. The
MAPE remained steady at around 1.5% throughout the entire loading procedure. Look-
ing at the 6-pole mover array, the scaling of the absolute difference increased slightly at
approximately 2 g to 3 g per 100 g, with an overall MAPE of roughly 2.5%. However, the
MAPE remained steady throughout the loading procedure, only varying by less than half
a percent in no consistent direction. For both movers, the absolute error compounded
throughout the progression of the loading, but consistently fluctuated within a narrow
range of 0.5 percentage points. While this performance exceeds that of some previous
magnetic suspension balances (see Section 2.4 for a discussion on MSBs), the distinction
between how the absolute error and percent error scale may be important depending on
the fidelity required in the machining or conveying applications.

The successful sequential loading capabilities of this system are a critical feature for
real-world applications. Tools, parts, or other components may be added or removed
during operation, so the ability to account for these variations enhances overall system
performance. Future improvements could include the display of real-time confidence inter-
vals or stepwise MAPE calculations to give operators immediate feedback on estimation
reliability. In addition, implementing a “staged loading mode” with user-guided timing
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or visual prompts could reduce user-induced variability and improve the repeatability of
results across various stator locations.

Figure 6.5: Summary of successive mass loading performance when the 6-Pole Halbach is
between 4 coils. The zoomed-in region highlights the response within the boxed area. Note
that the exact loading times between trials were not held constant.
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Figure 6.6: Summary of successive mass loading performance when the 5-Pole Halbach is
above a single coil. The zoomed-in region highlights the response within the boxed area.
Note that the exact loading times between trials were not held constant.
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6.3 Experiment 3: Offset Mass Loading

This experiment aims to assess the accuracy with which each mover can estimate the
location of an applied payload placed on top of the mover. For each mover unit, at least
seven distinct loading positions were identified and marked. At each location, a plastic
square spacer with a side length of approximately 3.6 cm (3 cm for the 6-pole mover) was
affixed at the center to help constrain the center of mass of the applied payload within a
well-defined region. During each trial, the payload was carefully placed onto the square to
concentrate the loading effect within the spacer’s boundary. The mass of the payload used
during the 6-Pole array experiment was 0.25kg and 1kg for the 5-Pole experiments.

The loading procedure was as follows: the mover was first levitated at the desired
location and held stationary during a 3 s calibration period. It was then kept hovering for
a minimum of 3 s before the load was gently placed on the square spacer. After allowing the
system to stabilize for at least 5 s, the load was removed, followed by a final stabilization
period of at least 3 s. This procedure was repeated a minimum of three times for each
levitation location before moving the spacer to a new location.

Figure 6.7: Example of side loading on the 5-pole Halbach mover, levitated at a height
of 7mm. A plastic spacer is used to constrain the load’s center of mass within a smaller,
well-defined area.
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A summary of the various payload loading positions tested for the 6-pole Halbach
array, and the corresponding estimates from the algorithm, is shown in Figure 6.8; detailed
parameter estimates for a selected loading location are shown in Figure 6.9. Figures 6.10
and 6.11 present the corresponding results for the 5-pole Halbach array.

For the 5-pole Halbach array, the average absolute error in the estimated x-location
of the applied load is 1.2 cm, with a standard deviation of 1.0 cm. In the y-direction,
the average absolute error increases to 2.1 cm, with a larger standard deviation of 2.3 cm.
The average absolute error in the estimated load mass is approximately 36 g. This is
slightly higher than the payload mass estimate from the single-mass loading experiments.
In contrast, the 6-pole Halbach array shows significantly improved performance: the aver-
age absolute error in the x-location is only 0.50 cm with a standard deviation of 0.25 cm,
while the average absolute error in the y-location is 0.41 cm with a standard deviation
of 0.15 cm. The corresponding average absolute error in mass estimation is 11 g with a
standard deviation of 1.5 g, which is consistent with the single-mass loading experiments.

A key factor contributing to the discrepancy between the two systems is likely the
curvature of the top plate on the 5-pole mover. As illustrated in Figure 6.10, estimation
accuracy degrades significantly as the payload position moves toward the outer edges of
the mover. The standard deviation in these peripheral locations increases substantially,
indicating less reliable parameter estimation. Conversely, when the load is placed closer to
the center of the mover, the confidence intervals are smaller, suggesting more stable and
accurate results. On the other hand, this effect is not observable with the loading results
from the 6-pole mover. The standard deviations across the payload’s various loading
locations remain fairly constant.

The error in location estimation is further influenced by the mover’s position relative to
the underlying coils. When the 5-pole mover is centered above four coils, the average posi-
tion error is less than 1 cm. However, when it is centered above a single coil, the absolute
position error can exceed 3 cm. A possible explanation is that, when the mover is centered
between four coils, the edges of the Halbach array are directly above coil centers. Since
torque generation is most effective in these regions, payload applications near the mover’s
edge are better supported by the actuator field, resulting in more accurate parameter es-
timation. In contrast, when the mover is centered above a single coil, the payload-induced
torques must be balanced by coils farther from the payload’s position, amplifying the im-
pact of modeling inaccuracies, especially in a system with structural curvature like the
5-pole array. This effect is noticeable, but slightly more muted for the 6-pole array—the
average absolute error in payload location when the mover is above one coil is 0.45 cm
while the error is 0.5 cm when above four coils.
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Figure 6.8: Summary of loading location estimates for the 6-pole Halbach mover. The
green boundary represents the acceptable error region around the true loading location,
while red error bars indicate the 3σ standard deviation of the estimated positions. Results
are averaged over each mover location. Black circles represent the Vicon marker and the
shaded gray region denotes the boundary of the mover.

Figure 6.9: Direct parameter estimate curves at loading location (11 cm, 10.5 cm) for the
6-pole Halbach array. The green boundary shows the error interval for the true loading
location, while the red box denotes the steady state region.
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Figure 6.10: Summary of loading location estimates for the 5-pole Halbach mover. The
green boundary represents the acceptable error region around the true loading location,
while red error bars indicate the 1σ standard deviation of the estimated positions. Results
are averaged over each mover location. Black circles represent the Vicon markers and the
shaded gray region denotes the boundary of the mover.

Figure 6.11: Direct parameter estimate curves at loading location (5.0 cm, 8.0 cm) for the
5-pole Halbach array. The green boundary shows the error interval for the true loading
location, while the red box denotes the steady state region.
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6.4 Experiment 4: Mass Loading During Trajectory

Tracking

This experiment evaluates how the system responds to load mass changes during dynamic
motion. Specifically, it investigates the performance of the mass estimation algorithm and
its influence on the control signals when a load is introduced and removed mid-trajectory.

In this test, the mover follows a square trajectory around the stator starting with no
external payload. Partway through the trajectory, a known load mass is gently placed on
the mover. Before the trajectory is completed, the payload is removed. This sequence
allows assessment of how quickly and accurately the estimator responds to sudden changes
in payload under dynamic conditions. The following figures illustrate the trajectory track-
ing response, the real-time mass estimate, and the corresponding behaviour of the control
signals throughout the loading and unloading events.

Referring to Figure 6.14, prior to applying any mass compensation, the error in the esti-
mated payload mass can reach as high as 25%. After incorporating the mass compensation
profile shown in Figure 6.12, the maximum steady-state error is reduced by approximately
a factor of 9, to around 3% (Figure 6.14). Upon application of the load, the parameter
estimate converges in approximately 1.4 s, with a maximum convergence rate of 2.6 kg s−1.
When the load is removed, a similar convergence rate of 2.8 kg s−1 is observed.

Examining the dynamic response curves in Figure 6.13, the most pronounced difference
is seen in the vertical (z) direction following load application. The non-adaptive LQR
controller takes nearly 5 s to recover and track the reference trajectory, whereas the ALQR
maintains comparable performance to its nominal case with no load present. A similar
trend is observed in the yaw response: the standard LQR controller exhibits increased
oscillation amplitude, while the ALQR effectively suppresses oscillations and maintains
trajectory tracking performance despite the external disturbance.

Figure 6.12: Mass offsetting profile for a rectangle trajectory
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Figure 6.13: Control signals for the 6-Pole Halbach mover during the rectangle trajectory
tracking.

Figure 6.14: Mass loading curve while the mover is tracking a rectangle trajectory for the
6-Pole Halbach mover
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Table 6.1: Summary of real-time estimation results for payload mass and center-of-mass location during levitation
experiments.

5 Pole

Average Above 1 Coil Above 2 Coil Above 4 Coil

Experiment
Type

Target Payload
Mass (kg)

µ (kg) σ (g) MAPE (%) |∆| (g) µ (kg) σ (g) MAPE (%) |∆| (g) µ (kg) σ (g) MAPE (%) |∆| (g) µ (kg) σ (g) MAPE (%) |∆| (g)

Single
Loading

1 1.0115 3.1 0.8 8.2 1.0015 3.5 0.16 1.6 1.0115 3.2 1.2 11.5 1.0114 3.1 1.1 11.4

2.013 2.0429 3.5 1.3 25.4 2.0294 3.2 0.8 16.4 2.0428 3.4 1.5 29.8 2.0429 3.5 1.5 29.9

2.264 2.2787 3.6 0.7 15.3 2.2804 3.6 0.7 16.4 2.2855 3.7 0.9 21.5 2.2719 3.5 0.3 7.9

Sequential
Loading

1.01 → 1.0217 2.8 1.4 14 1.014 3.0 1.1 11 1.0238 3.0 1.4 14 1.0274 2.8 1.7 17

2.01 → 2.0363 2.8 1.5 31 2.0214 2.8 1.2 25 2.0386 2.9 1.4 29 2.0489 2.9 1.9 39

2.26 → 2.289 2.8 1.5 34 2.2678 2.8 1.0 23 2.2824 2.8 1.4 32 2.3067 2.7 2.1 47

2.51 2.546 3.0 1.6 41 2.5245 3.0 1.2 30 2.5483 2.9 1.5 38 2.5653 3.0 2.2 55

Target Payload
Location [(x,y) cm]

µ (cm) σ(cm) MAAPE (%) |∆| (cm) µ (cm) σ (cm) MAAPE (%) |∆| (cm) µ (cm) σ (cm) MAAPE (%) |∆| (cm) µ(cm) σ (cm) MAAPE (%) |∆| (cm)

Side
Loading

(0, 9) (-0.6, 11.0) (0.4, 1.9) (157, 24) (0.6, 2.3) (-0.6, 12) (0.4, 0.3) (157, 34) (0.6, 3.2) (-0.8, 12.2) (0.4, 0.1) (157, 34) (0.8, 3.2) (-0.4, 8.4) (0.4, 0.4) (157, 5.6) (0.4, 0.5)

(4.5, 0) (5.7, -0.1) (0.7, 0.5) (24, 157) (1.2, 0.4) (6.6, 0.2) (0.3, 0.5) (42, 157) (2.1, 0.4) (5.3, -0.5) (0.1, 0.4) (19, 157) (0.8, 0.5) (5.1,-0.04) (0.2,0.4) (13,157) (0.6,0.3)

(4.5, -4.5) (5.0,-6.1) (0.8,1.0) (17,32) (0.8,1.6) (5.8, -6.8) (0.03, 0.3) (29, 47) (1.3, 2.3) (5.1,-6.7) (0.5,0.1) (14,46) (0.6,2.2) (4.1,-4.7) (0.1,0.1) (9.0,5.3) (0.4,0.2)

(4.5, -10) (6.4, -13.6) (1.0, 2.3) (39, 33) (1.9, 3.6) (7.5, -15.7) (0.2, 0.7) (58, 52) (3.0, 5.7) (6.7, -15.2) (0.5, 0.3) (46, 48) (2.2, 5.2) (5.3, -11) (0.3, 0.3) (17, 10) (0.8, 1)

(4.5, -14) (6.7, -20) (1.2, 3.5) (43, 37) (2.1, 5.6) (6.9, -21.6) (0.3, 0.7) (49, 50) (2.4, 7.6) (8.0, -22,2) (0.3, 1.3) (65, 53) (3.5, 8.2) (5.2, -15.1) (0.2, 0.4) (14.4, 7.9) (0.7, 1.1)

(5, 8) (5.8, 9.5) (0.7, 1.3) (16, 20) (0.8, 1.7) (6.5, 10.3) (0.6, 0.6) (29, 29) (1.5, 2.4) (5.2, 10.4) (0.2, 0.3) (3.6, 29) (0.2, 2.4) (5.8, 7.8) (0.1, 0.2) (15, 2.1) (0.7, 0.2)

(9, 0) (9.9, 0.2) (1.6, 0.2) (13, 157) (1.2, 0.2) (9.1, 0.2) (0.2, 0.2) (2, 157) (0.2, 0.2) (12, 0.3) (0.4, 0.1) (32, 157) (3.0, 0.3) (8.7, 0.02) (0.2, 0.1) (3.9, 157) (0.3, 0.08)

(9, 5) (9.6, 6.3) (1.4, 0.9) (11, 24) (1.0, 1.3) (11.3, 7.0) (0.7, 0.6) (25, 37) (2.3, 2.0) (8.4, 6.7) (0.3, 0.2) (6.6, 33) (0.6, 1.7) (8.9, 5.2) (0.2, 0.02) (1.5, 3.3) (0.1, 0.2)

6 Pole

Average Above 1 Coil Above 2 Coil Above 4 Coil

Experiment
Type

Target Payload
Mass (kg)

µ (kg) σ (g) MAPE (%) |∆| (g) µ (kg) σ (g) MAPE (%) |∆| (g) µ (kg) σ (g) MAPE (%) |∆| (g) µ (kg) σ (g) MAPE (%) |∆| (g)

Single
Loading

0.250 0.2588 2.0 3.9 9.9 0.2618 2.0 4.7 11.8 0.2597 2.3 3.9 9.7 0.2579 2.4 3.1 7.9

0.5 0.5182 2.5 3.9 19.7 0.5226 2.1 4.5 23 0.5190 2.6 3.8 19 0.5174 2.5 3.5 17

1.0 1.0253 2.4 3.1 31 1.0436 2.2 4.4 44 1.0294 2.4 2.9 29 1.0223 2.4 2.2 22

Sequential
Loading

0.250 → 0.2430 2.2 2.8 7 0.2432 2.2 2.7 7 0.2410 2.3 3.6 9 0.2447 2.1 2.1 5

0.750 → 0.7668 2.2 2.2 17 0.7743 2.0 3.2 24 0.7614 2.3 1.5 11 0.7646 2.4 1.9 15

1.0 1.0246 2.2 2.5 25 1.0369 2.1 3.7 37 1.0203 2.2 2 20 1.0166 2.2 1.7 17

Target Payload
Location [(x,y) cm]

µ (cm) σ(cm) MAAPE (%) |∆| (cm) µ (cm) σ (cm) MAAPE (%) |∆| (cm) µ (cm) σ (cm) MAAPE (%) |∆| (cm) µ(cm) σ (cm) MAAPE (%) |∆| (cm)

Side
Loading

(0, 7) (0.8, 7.5) (0.6, 0.4) (157, 7.1) (1.0, 0.5) (0.4, 7.7) (0.9, 0.3) (157, 9.6) (0.7, 0.7) (1.1, 7.7) (0.3, 0.2) (157, 9.8) (1.1, 0.7) (1.0, 7.1) (0.4, 0.2) (157, 1.7) (1.0, 0.1)

(0, -7) (0.2, -7.0) (0.2, 0.5) (157, 6.0) (0.2, 0.4) (0.1, -6.7) (0.1, 0.3) (157, 4.3) (0.1, 0.3) (0.4, -6.5) (0.1, 0.1) (157, 6.9) (0.4, 0.5) (0.2, -7.5) (0.1, 0.3) (157, 6.6) (0.2, 0.5)

(0, 14) (0.1, 14.5) (0.4, 0.4) (157, 4.0) (0.4, 0.6) (-0.2, 14.7) (0.3, 0.5) (157, 5.2) (0.3, 0.7) (0.1, 14.7) (0.5, 0.2) (157, 5.0) (0.4, 0.7) (0.4, 14.1) (0.4, 0.2) (157, 1.3) (0.4, 0.2)

(0, -14) (0.4, -14.0) (0.3, 0.7) (157, 4.1) (0.4, 0.6) (0.1, -13.6) (0.3, 0.1) (157, 3.0) (0.2, 0.4) (0.6, -13.5) (0.1, 0.3) (157, 3.7) (0.6, 0.5) (0.5, -14.8) (0.2, 0.2) (157, 5.6) (0.5, 0.8)

(3.5, 3.5) (4.1, 3.8) (0.3, 0.2) (17.8, 8.0) (0.6, 0.3) (4.0, 4.0) (0.4, 0.3) (13.1, 13.1) (0.5, 0.5) (4.3, 3.8) (0.1, 0.1) (22.7, 8.4) (0.8, 0.3) (4.1, 3.6) (0.03, 0.1) (17.5, 2.5) (0.6, 0.1)

(7, 7) (7.5, 7.1) (0.3, 0.2) (7.8, 2.5) (0.5, 0.2) (7.7, 7.2) (0.3, 0.1) (10.4, 3.3) (0.7, 0.2) (7.6, 7.1) (0.04, 0.1) (9.0, 1.5) (0.6, 0.1) (7.3, 7.0) (0.3, 0.2) (4.3, 2.4) (0.3, 0.2)

(11, 10.5) (11.4, 10.5) (0.2, 0.4) (4.0, 2.7) (0.4, 0.3) (11.3, 10.8) (0.3, 0.1) (2.4, 2.6) (0.3, 0.3) (11.6, 10.3) (0.03, 0.5) (5.2, 3.8) (0.6, 0.4) (11.4, 10.5) (0.3, 0.2) (4.0, 1.3) (0.4, 0.1)
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

This thesis presented the development of a magnetically levitated planar motion platform
equipped with real-time payload mass and location estimation capabilities. A novel 5-pole
Halbach array mover was constructed to enhance force density across the stator’s working
region, increasing payload capacity by approximately 2 times that of an existing 6-pole de-
sign. A current-wrench decoupling algorithm and data-driven force modeling method were
employed to enable real-time control and precision movement of the mover. Additionally,
calibration procedures were devised to compensate for construction irregularities in the
stator and mover as well as modeling inaccuracies. Following this, a comprehensive adap-
tive control architecture was implemented, allowing the system to maintain stability and
accurately estimate the external loading parameters of a payload during both stationary
levitation and dynamic motion.

Throughout a series of levitation experiments, the magnetically levitated planar motor
demonstrated robust performance across a variety of testing conditions. In the single-mass
loading experiments, the system was able to estimate the mass of unknown payloads with
high accuracy, achieving mean absolute percentage errors (MAPEs) as low as 0.6% on the
5-pole array. The lowest MAPE was achieved when the center of the 5-pole mover was
directly above a single coil in the stator. The 6-pole mover—used here as a comparative
benchmark—achieved a lowest MAPE of 2.2% when the mover’s center was in between four
adjacent coils. Payload mass convergence was generally achieved within approximately
three seconds for both mover designs, even under conditions involving occlusions in the
motion sensing system. The minimum resolvable mass difference, based on a 4σ confidence
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7.1. Conclusion

interval, was as low as 10 g in some configurations. When multiple payloads were added
in sequence, the system maintained stable estimation without significant drift. As well,
MAPE error was shown to remain consistent throughout the successive loading, regardless
of the order in which the weights were applied. These experiments confirm the robustness
of the parameter identification strategy across time and successive disturbances.

The platform was also able to infer the spatial location of payloads on the mover
during operation. Results showed that estimation accuracy was sensitive to both mover
design and payload position. The 6-pole Halbach array exhibited payload location absolute
errors below 1 cm in both axes, while the 5-pole array produced approximately double the
deviations. Additionally, the absolute error increased when payloads were placed near the
edge of the mover of the 5-pole mover—this was not as clearly observable for the 6-pole
mover array. This discrepancy was primarily attributed to the physical curvature of the
mover frame induced by the internal magnetic forces. The estimation error also varied
between stator locations. This was attributed to the spatial arrangement of permanent
magnets and coils, which influenced the spatial coupling between torque generation and
estimation. For the most accurate estimation, when the 5-pole mover was centered over
four coils, an improved localization accuracy was achieved due to more favourable coil-to-
magnet alignment. This phenomenon had a more pronounced impact on the 5-pole array
compared to the 6-pole array.

In the final experiment, the system was tested while tracking a trajectory and dynami-
cally loading a payload. Without any compensation, the estimated payload mass deviated
by up to 25%, leading to degraded tracking and delayed convergence in the estimation
results. By applying a precomputed spatial mass compensation profile, steady-state er-
rors in the payload mass estimates were reduced to 3% throughout the entire trajectory
of the mover. As well, the adaptive controller was able to converge the mover’s position
to the desired track within 1.4 seconds when a payload was applied and subsequently
removed—matching the performance of the unloaded case and outperforming the non-
adaptive baseline. This demonstrated the system’s robustness in preserving stability and
estimation accuracy under dynamic loading conditions.

Taken together, these results demonstrate that the developed magnetically levitated
planar motor can operate reliably under the adaptive and dynamic conditions demanded
by flexible manufacturing environments. The integration of high-precision planar motion,
real-time payload estimation, and adaptive compensation positions this system for seamless
incorporation with external manipulators, intelligent workstations, and shared autonomy
frameworks. As constructed, this platform is not merely a prototype but a fully deployable
solution for intelligent and flexible magnetic levitation.
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7.2. Future Work

7.2 Future Work

The development of this levitation platform builds upon the innovative contributions of
many researchers and is expected to continue evolving in versatility and capability for
future work. While there are numerous directions for improvement, several key areas for
future development are outlined below:

• One natural extension of this work is the integration of the existing platform with
external robotic systems—such as external robotic arms, wheeled robots, unmanned
aerial vehicles, or other magnetically levitated movers. Research into such multi-
robot interactions could advance object handling, optimize path planning for multiple
robotic systems, and enable novel manufacturing processes. The ability to estimate
both mass and location of payloads in real-time could also facilitate intelligent hand-
offs between workstations, improve alignment during exchange, or enhance safety
during shared manipulation tasks.

• Improving the sensing infrastructure is another critical avenue for potential research.
While infrared motion capture systems offer precise tracking, they remain a signifi-
cant source of error due to the occlusions of the reflective markers, inconsistent drift
in measurement values, and workspace constraints imposed by the cameras’ location
and field of view. Exploring alternative sensing options such as onboard inertial
measurement units, computer vision systems, or embedded magnetic field sensors
could reduce reliance on external infrastructure and make the system more robust in
practical settings.

• Exploring alternative control paradigms may yield additional gains in adaptability
and performance. While the ALQR controller used in this work proved effective,
neural network-based controllers or reinforcement learning approaches may enable
better generalization across unmodeled disturbances, actuator nonlinearities, or more
complex payload geometries.

• While this work adopts certain assumptions to linearize the governing equations,
future efforts could focus on developing a more comprehensive treatment of the
system’s nonlinear dynamics. Such an approach would eliminate the need for the
small-angle approximation and enable more accurate modeling of external factors,
including magnetic damping from sheets on the stator surface or mutual magnetic
interference between multiple mover units. As well, this work relies on the assump-
tion that the payload behaves as a rigid body. Shifting the focus toward non-rigid and
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7.2. Future Work

non-uniform loads would significantly improve the flexibility of magnetic levitation
systems in handling more complex and realistic manipulation tasks.

• While the system has demonstrated accuracy in estimating payload parameters within
the designed operating range, future research could investigate methods to extend
the payload capacity of existing movers. One approach is to increase the system’s
available power by enhancing the power supply. This increase in power could, in
turn, be used to support heavier payloads or provide larger horizontal accelerations.
Additionally, research could explore incorporating supplementary magnetic materials
within the stator to augment the magnetic field generated by the coils, potentially
improving lifting capacity without solely relying on increased electrical input.
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Appendix A

Supplementary Figures and
Extended Plots

This appendix contains additional plots and figures that provide detailed insights into the
mover’s performance at specific stator locations. These visualizations are included here
either because they are too extensive for the main text or because they offer supplementary
information that supports the analysis presented in the primary chapters.

A.1 Maximum Payload Mass Analysis - Supplemen-

tary Plots

Section 4.2.2 presents the analysis conducted to determine the maximum load each mover
can support across the entire working area without exceeding the allowable number of
saturated coils. The plots provided in Figures A.1 and A.2 are extensions of Figure 4.12
by sampling a finer grid of weights slightly above and below the estimated maximum.
Although it is physically possible to levitate loads exceeding the identified maximum, such
operation is constrained to specific stator regions where the number of saturated coils
remains below eight. This constraint must be considered in trajectory planning to ensure
feasible actuation. In the saturated coil plots, regions shaded in blue correspond to lower
power demands for vertical levitation, indicating greater available control authority for
motion in the horizontal plane.
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A.1. Maximum Payload Mass Analysis - Supplementary Plots

Figure A.1: Extended plots for the 5-pole mover showing the maximum coil current,
# of saturated coils, and power consumption when levitating a load mass at various
stator locations. The point (Xg, Yg) = (0, 0) corresponds to the center between four
coils, (Xg, Yg) = (0, 38) and (38, 0) represent positions between two adjacent coils, and
(Xg, Yg) = (38, 38) denotes the center of a single coil.
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A.1. Maximum Payload Mass Analysis - Supplementary Plots

Figure A.2: Extended plots for the 6-pole mover showing the maximum coil current,
# of saturated coils, and power consumption when levitating a load mass at various
stator locations. The point (Xg, Yg) = (0, 0) corresponds to the center between four
coils, (Xg, Yg) = (0, 38) and (38, 0) represent positions between two adjacent coils, and
(Xg, Yg) = (38, 38) denotes the center of a single coil.
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A.2. Experiment 2 - Alternative Stator Locations

A.2 Experiment 2 - Alternative Stator Locations

The following plots refer to the sequential loading experiments for both the 6-pole and
5-pole Halbach arrays. The plots shown are for mover locations that performed slightly
worse than the plots shown in Section 6.2. The results from the plots are also summarized
in Table 6.1.

Figure A.3: Summary of successive mass loading performance when the 5-Pole Halbach
is between 2 coils. The zoomed-in region highlights the response within the boxed area.
Note that the exact loading times between trials were not held constant.
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A.2. Experiment 2 - Alternative Stator Locations

Figure A.4: Summary of successive mass loading performance when the 5-Pole Halbach
is between 4 coils. The zoomed-in region highlights the response within the boxed area.
Note that the exact loading times between trials were not held constant.
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A.2. Experiment 2 - Alternative Stator Locations

Figure A.5: Summary of successive mass loading performance when the 6-Pole Halbach
is between 2 coils. The zoomed-in region highlights the response within the boxed area.
Note that the exact loading times between trials were not held constant.
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A.2. Experiment 2 - Alternative Stator Locations

Figure A.6: Summary of successive mass loading performance when the 6-Pole Halbach is
above a single coil. The zoomed-in region highlights the response within the boxed area.
Note that the exact loading times between trials were not held constant.
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Appendix B

Extended Description of
Mathematical Concepts

B.1 Statistical Measures

Many statistical measures exist to quantify the discrepancy between measured outputs and
a reference ground truth. These metrics differ in their sensitivity to outliers, assumptions
about data distribution, and interpretability on the end user. Selecting an appropriate
error metric is essential, not only for objective comparison but also for fostering reader
intuition when interpreting results. Among the most interpretable metrics for assessing
accuracy are those expressed in percentage terms, which provide a direct sense of absolute
error magnitude.

One widely used metric in this category is the mean absolute percentage error (MAPE),
which captures the average absolute deviation of predicted values from actual values as a
percentage of the actual values [81]. Given a set of n scalar predictions F = {F1, F2, ..., Fn}
and corresponding actual values A = {A1, A2, ..., An}, MAPE is defined as:

MAPE =
1

n

n∑
i=1

∣∣∣∣Ai − Fi

Ai

∣∣∣∣× 100. (B.1)

MAPE has become a staple for its simplicity, ease of computation, and intuitive
percentage-based interpretation. Moreover, it is scale-independent, allowing it to be ap-
plied across datasets with varying units. However, MAPE exhibits a significant drawback:
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B.1. Statistical Measures

as any Ai approaches zero, the corresponding term in the summation diverges, poten-
tially rendering the overall metric unbounded. This can severely distort the evaluation,
particularly in datasets containing small or zero-valued ground truths.

To mitigate this issue, Kim et al. proposed the mean arctangent absolute percentage
error (MAAPE) [82], a bounded alternative that maintains the benefits of MAPE while
enhancing robustness near zero-valued targets. For the same prediction and ground truth
sets previously stated, MAAPE is defined as:

MAAPE =
1

n

n∑
i=1

tan−1

(∣∣∣∣Ai − Fi

Ai

∣∣∣∣)× 100. (B.2)

This formulation interprets the normalized error as an angular deviation, effectively bound-
ing each term within a finite range due to the asymptotic nature of the arctangent function.
As a result, the metric remains bounded across the entire domain even in the presence of ex-
treme errors or near-zero actual values. Like MAPE, MAAPE is absolute, scale-invariant,
and computationally efficient, while offering improved resilience to outliers. As shown in
Figure B.1, MAAPE offers a slightly more balanced penalty between positive and negative
errors than MAPE—the penalty function of MAAPE, like MAPE, is still asymmetric.

Figure B.1: Behavior of the MAPE and MAAPE statistical measures as the true value
approaches zero. A constant predicted value F = 1 is used in all calculations. A linear
reference line is included to highlight the increasing asymmetry of both error functions
near zero true values.
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B.1. Statistical Measures

In the context of the magnetic levitation system analyzed in this work, MAAPE is
employed to evaluate errors in the estimated loading location of the levitated payload,
where true values of zero may occur. Conversely, MAPE is used to assess the accuracy of
the estimation in the payload mass itself, as the true values in that case are consistently
bounded away from zero—as well, MAPE is more commonly understood by non-technical
audiences [83].
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