Lower Bounds on Average-Case and
Non-Local Quantum Computation

by

Vahid Reza Asadi

A thesis
presented to the University of Waterloo
in fulfillment of the
thesis requirement for the degree of
Doctor of Philosophy
in
Computer Science (Quantum Information)

Waterloo, Ontario, Canada, 2026

(© Vahid Reza Asadi 2026



Examining Committee Membership

The following served on the Examining Committee for this thesis. The decision of the
Examining Committee is by majority vote.

External Examiner: Henry Yuen
Associate Professor, Computer Science Department,
Columbia University

Supervisors: Richard Cleve
Professor, Cheriton School of Computer Science,
University of Waterloo

Mohammad Hajiabadi
Assistant Professor, Cheriton School of Computer Science,
University of Waterloo

Internal Members: Eric Blais
Associate Professor, Cheriton School of Computer Science,
University of Waterloo

Rafael Oliveira
Assistant Professor, Cheriton School of Computer Science,
University of Waterloo

Internal-External Member: Ashwin Nayak
Professor, Dept. of Combinatorics and Optimization,
University of Waterloo

11



Author’s Declaration

This thesis consists of material all of which I authored or co-authored: see Statement
of Contributions included in the thesis. This is a true copy of the thesis, including any
required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

111



Statement of Contributions

The results presented in this thesis have appeared in the following published works, which
I co-authored during my Ph.D. studies.

e Part I of the thesis is based on [AGGS22, AGG™T24]. In particular, Chapter 4 presents
results obtained in [AGGS22], and Chapter 5 presents results from [AGG™24].

e Part II is based on [ACM25, ACCM25]. Results from [ACM25] are presented in
Chapter 9, and results from [ACCM25] appear in Chapter 10.

v



Abstract

This thesis studies computational and information-theoretic limitations in both classical
and quantum models of computation. It is organized into two parts, each addressing a
different aspect of computational hardness. Despite their differences, both parts share a
common goal: understanding how structural and physical constraints shape what classical
and quantum algorithms can achieve.

In Part I, we present lower bounds on the average-case complexity of certain tasks in
classical and quantum settings. We develop a general framework for constructing efficient
worst-case to average-case reductions. Applying this framework, we obtain such reduc-
tions for fundamental problems in a variety of computational models; namely, algorithms
for matrix multiplication, streaming algorithms for the online matrix-vector multiplication
problem, and static data structures for all linear problems, as well as the multivariate poly-
nomial evaluation problem. We further extend this framework to the setting of quantum
algorithms, along the way obtaining a tight bound on the average-case quantum query
complexity of the matrix-vector multiplication problem. Our techniques rely crucially on
tools from additive combinatorics. In particular, we show local correction lemmas that rely
on new probabilistic and noise-robust versions of the quasi-polynomial Bogolyubov-Ruzsa
lemma.

In Part II, we give quantum gate and entanglement lower bounds on certain non-local
tasks. A non-local quantum computation (NLQC) replaces direct interaction between two
quantum systems with a single simultaneous round of communication and shared entan-
glement. We study two classes of NLQC, f-routing and f-BB84, which are of relevance to
classical information theoretic cryptography and quantum position-verification. We give
the first non-trivial lower bounds on entanglement in both settings, under the assumption
of perfect correctness. Within this setting, we give a lower bound on the Schmidt rank
of any entangled state that completes these tasks for a given function f(z,y) in terms of
the rank of a matrix G, whose entries are zero when f(z,y) = 0 and strictly positive
otherwise. This also leads to a lower bound in terms of the non-deterministic quantum
communication complexity of f. Due to a relationship between f-routing and the condi-
tional disclosure of secrets (CDS) primitive studied in information theoretic cryptography,
we obtain a new technique for lower bounding the randomness complexity of CDS. Fi-
nally, we show that the number of quantum gates plus single-qubit measurements required
to implement a function f is at least linear in the entanglement-assisted simultaneous-
message-passing communication complexity of f. As a consequence, we derive a linear
lower bound for the inner-product function.
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Part 1

Average-Case Lower Bounds for
Classical and Quantum Computation



Chapter 1

Introduction

Average-case algorithms are only required to succeed with high probability on a “typical”
input, as opposed to every input (cf. the standard textbooks [Gol08, AB09]). Worst-case
to average-case reductions (also known as random self-reductions) provide a method for
transforming such algorithms, that can only solve a problem for a fraction of the inputs,
into algorithms that can solve the problem for all inputs.

For instance, consider one of the most fundamental algorithmic problems: matrix multi-
plication. Suppose we have an average-case algorithm ALG that can correctly compute the
product A-B on an a-fraction of matrices A, B € F"*"; that is, Pr|[ALG(A, B) = A- B] > a.
Is it possible to use ALG to obtain an algorithm that computes A - B for all input matri-
ces? A worst-case to average-case reduction will give a positive answer to this question,
boosting the success rate o to 1, without incurring significant overhead. Of course, the
same question can be asked with respect to any other computational problem.

In this thesis, we study such reductions for average-case algorithms where the success
rate « could be very small, such as in the 1% regime and even when « slowly tends to
zero (i.e., for algorithms that are only correct on a vanishing fraction of their inputs)!, in
both classical and quantum models of computation. There are two natural perspectives
in which we can view such reductions. On the one hand, they can provide a proof that a
problem retains its hardness even in the average case. On the other hand, they provide
a paradigm for designing worst-case algorithms, by first constructing algorithms that are

'We stress that the 1% regime is far more challenging than, say, the 99% regime. Indeed, in the 99%
regime, the classical self-correction of Blum, Luby, and Rubinfeld [BLRI0] already provides fine-grained
worst-case to average-case reductions for a number of problems.



only required to succeed on a small fraction of their inputs, and then using the reduction
to obtain algorithms that are correct on all inputs.

Background and context. The study of the average-case complexity originates in the
work of Levin [Lev86], and followup works such as [BCGL92]. A long line of works estab-
lished various barriers to designing worst-case to average-case reductions for NP-complete
problems (see, e.g., [IL90, Imp11] and references therein). We refer the reader to the classi-
cal surveys by Impagliazzo [Imp95], Bogdanov and Trevisan [BT06], and Goldreich [Goll1]
on this topic.

On the positive side, Lipton [Lip91] proved that the matrix permanent problem admits
a polynomial-time worst-case to average-case reduction. Ajtai [Ajt96] designed worst-
case to average-case reductions for certain lattice problems, which led to constructions
of efficient cryptographic primitives from worst-case assumptions [AD97, Reg04]. Many
number-theoretic problems in cryptography have long been known to admit such reductions
(for fixed parameters) due to random self-reducibility: for example, the discrete logarithm
problem, the RSA problem, and the quadratic residuosity problem (see, e.g., [Sho09]). For
the matrix multiplication problem, there is a weak reduction that requires the average-
case algorithm to succeed with a very high probability, greater than 3/4 (see Section 2.2).
There are also known worst-case to average-case reductions for many problems that are
not thought to be in NP [FF93, BENW93, STVO01].

Efficient worst-case to average-case reductions for problems in P have also received
a lot of attention in recent years [BRSV17, GR18, DLV20, BABB21, HLS22, NRW22,
HS23, GSS24, HS25a, HS25b, SS25]. The study of the fine-grained complexity [Vasl1§]
of algorithmic problems sparked interest in designing efficient worst-case to average-case
reductions, i.e., reductions that do not suffer a polynomial overhead in the running time.
Such reductions are motivated by fine-grained cryptographic applications. A large body
of work is devoted to establishing fine-grained worst-case to average-case reductions for
orthogonal vectors, 3SUM, k-clique, and various algebraic problems, as well as building
certain cryptographic primitives from them [BRSV17, BRSV18, GR18, LLV19, BBB19,
DILV20]. Since there are no known constructions of one-way functions and public-key
cryptography from well-established fine-grained assumptions, the question of constructing
efficient worst-case to average-case reductions for other fine-grained problems still attracts
much attention.

Prior to our work, such reductions were only known for a small number of specific
problems or restricted computational models. It remained open whether it is possible to
construct efficient worst-case to average-case reductions, in a general model of computa-



tion, for expressive classes of functions such as the class of all linear problems. Hirahara
and Shimizu [HS23] recently provided a general paradigm that simplified, optimised, and
unified known worst-case to average-case reductions for key problems of interest, including
matrix multiplication. Unfortunately, their approach inherently cannot capture the class
of linear problems, as it does not admit the direct-product structure that is required for
their techniques to work. Given these barriers in previous approaches, it is unclear whether
such reductions exist at all.

In the quantum setting, worst-case to average case reductions were previously stud-
ied in the context of (non-fine-grained) cryptography. These reductions are for a handful
specific problems and in the 99% regime, as opposed to the harder 1% regime that is the
focus of our work. The celebrated work of Shor [Sho94] gave a polynomial time quan-
tum algorithm breaking number-theoretic cryptosystems and sparking interest in post-
quantum cryptography, i.e., cryptography secure even against (polynomial time) quan-
tum adversaries. A number of quantum and classical worst-case to average-case reduc-
tions [Ajt96, MR04, Reg09, LPR13, LS15, Gen10] allowed us to base the security of (post-
quantum) lattice-based cryptography on the worst-case quantum hardness assumptions for
certain computational problems. Another interesting example of a (quantum) worst-case
to average-case reduction was recently given in [LdW22] for problems related to phase
estimation.

Our contributions.  We design a framework for local correction based on the Bogolyubov-
Ruzsa lemma for showing explicit worst-case to average-case reductions, and we use it to
obtain reductions for fundamental problems in a variety of computational models. Infor-
mally, we show that if a problem has an algorithm that runs in time 7" and succeeds on
a-fraction of its inputs (even for sub-constant success rate «), then there exists a worst-case
algorithm for this problem, which runs in time O(T).

We describe each of our results in detail below.

1.1 Classical contributions

We first present our main contributions in the classical setting. We design worst-case to
average-case reductions for the matrix multiplication problem in the setting of algorithms,
for the online matrix-vector multiplication problem in the streaming setting, for all linear
problems in the setting of static data structures, and worst-case to weak-average-case



reductions for the problem of multivariate polynomial evaluation in the data structures
setting.

1.1.1 Algorithms for matrix multiplication

Recall that in the matrix multiplication problem, the goal is simply to compute the prod-
uct of two given matrices A, B € F"". A long line of research, culminating in the
work [ADV"25], led to matrix multiplication algorithms performing O(n*3™) operations.
We present a worst-case to average-case reduction for the matrix multiplication problem
over prime fields. Namely, we show that if there exists a (randomized) algorithm that,
given two matrices A, B € F"*", runs in time 7'(n) and correctly computes their product
for a small fraction of all possible inputs, then there exists a (randomized) algorithm that
runs in O(T'(n)) time and outputs the correct answer for all inputs. Formally, we have the
following theorem.

Theorem 1. Let F = F, be a prime field, n € N, and o == «a(n) € (0,1]. Suppose that
there exists an algorithm ALG that, on input two matrices A, B € F™*" runs in time T'(n)
and satisfies

Pr[ALG(A,B) = A - B| > «,

where the probability is taken over the random inputs A, B € F™™ and the randomness

of ALG.

o If |F| < 2/a, then there exists a randomized algorithm ALG' that for every input

ex O, 5 [0
A, B € F"*" and 6 > 0, runs in time M -T(n) and outputs AB with

probability at least 1 — 0.

o If |[F| > 2/a, then there exists a randomized algorithm ALG' that for every input
A,B € F™" and 6 > 0, runs in time O(5%; - T(n)) and outputs AB with probability
at least 1 — 4.

For example, if we have an algorithm that succeeds on « fraction of the inputs for

a > exp(— ¥ log(n)) in time 7'(n) = n¢ then we get an algorithm that works for all

c+o( 240(1

inputs and runs in time n°t°M_ In particular, if we have an n ) algorithm that succeeds

on o > exp(—?/ log(n)) fraction of the inputs, then there is a worst case algorithm with

running time n2+te).



1.1.2 Data structures for all linear problems

The class of linear problems plays a central role in computer science and mathematics,
yielding a myriad of applications both in theory and practice. Below we describe worst-
case to average-case reductions for static data structures for all linear problems. Recall
that a linear problem L, over a field F is defined by a matrix A € F™**.2 An input to
the problem is a vector v € F", which is preprocessed into s memory cells. Then, given a
query i € [m], the goal is to output (A;,v), where A; is the ith row of A, by probing at
most ¢ of the memory cells, where ¢ is called the query time.

Note that the trivial solutions for data structure problems are to either: (i) store only
s = n memory cells containing the input v, and for each query i € [m], read v entirely and
compute the answer in query time ¢t = n; or (ii) use s = m memory cells, where the ith cell
contains the answer to the query i € [m], thus allowing for query time ¢ = 1. In a typical
application, the number of queries m = poly(n) > n, and a data structure is efficient if
it uses space s = O(n) (or s < m) and has query time ¢ = poly(log(n)) (or ¢ = n¢ for a
small constant € > 0). Note that the two trivial solutions do not lead to such efficient data
structures for m > n.

We consider randomized data structures, where both the preprocessing stage and the
query stage use randomness, and are expected to output the correct answer with high
probability (over the randomness of both stages). In average-case randomized data struc-
tures, the success rate of the algorithm is taken over both the inner randomness and the
random input, whereas in worst-case randomized data structures, the success rate is taken
only over the inner randomness of the algorithm (i.e., the algorithm succeeds with high
probability on all inputs).

We present a worst-case to average-case reduction showing that if there exists a data
structure DS that uses s memory cells, has query time ¢, and success rate such that for a
small fraction of inputs the data structure answers all queries correctly, then there exists
another data structure DS’ that uses 4s memory cells, has query time 4¢, and success
rate such that for all inputs the data structure answers all queries correctly with high
probability.

Theorem 2. Let F = F, be a prime field, « = «a(n) € (0,1], n,m € N, and a matriz
A € F™™. Denote by La the linear problem of outputting (A;,x) on input x € F" and

2Formally, L, is defined by an infinite sequence of matrices (A, ),>1, where A4,, € F™*" for m = m(n).



query i € [m|. Suppose that

preprocessing time:  p
memory used: s
query time: i
success rate: P

L, e DS

rpepn [DS2 (1) = (A, x) Vi € Im]] > «

Then for every 6 > 0,

preprocessing time:  p + exp(log”(1/a)) - poly log(1/6) - poly(n)
memory used:  4s + O(log*(1/a) log(n))

query time: 4t 4+ O(log*(1/a) log(n))
success rate:  Vx € F* Pr[DS! (i) = (A, x)Vi € [m]] > 1 -6

L, e DS

We stress that in the average-case data structure we start with, the probability is taken
over a random input (as well as the inner randomness of the algorithm), whereas in the
worst-case data structure that we obtain, with high probably the algorithm is successful
on all inputs.

The reduction above shows that for any linear problem L 4, if a data structure succeeds
on an arbitrary small constant a > 0 fraction of the inputs, then we can obtain a data
structure that succeeds on all inputs with parameters that essentially differ only by a
constant multiplicative factor, and the query complexity ¢ translates into query complexity
4t + O(log(n)).

We note that the O(log*(1/a)log(n)) overhead in the space complexity of the con-
structed data structure is caused by storing O(log*(1/a)) numbers from [n]. In particular,
if the word size of the data structure is w > log(n), then the space complexity of the
resulting data structure is 4s + O(log*(1/«)). Similarly, in this case the query complexity
of the resulting data structure is 4¢ + O(log*(1/a)).

Note that for any non-trivial data structure problem, a data structure must use at least
Q(n) memory cells (only to store a representation of the input). Therefore, even for «
as small as o = 27" for a small constant n > 0, the overhead in the space complexity
is negligible. For typical query times of data structures, such as ¢ = poly(log(n)) and
t = n¢, the overhead in the query time is negligible even for o = 1/poly(n) and o = 27",
respectively.



1.1.3 Online matrix-vector multiplication

Next we turn to the core data structure problem in fine-grained complexity, the online
matrix-vector multiplication problem (OMYV). In the data structure variant of this stream-
ing problem, one needs to preprocess a matrix M € F"*" such that given a query vector
v € F", one can quickly compute Mwv. The study of OMV (over the Boolean semiring) and
its applications to fine-grained complexity originates from [HKNS15], and [LW17, CKL18§]
give surprising upper bounds for the problem. Over finite fields, [FHMO01, CGL15] give
lower bounds for OMV, and [CKLM18] proves lower bounds for a related vector-matrix-
vector multiplication problem. We prove an efficient worst-case to average-case reduction
for OMV over prime fields. A concurrent and independent work [HLS21] studies worst-case
to average-case reductions for OMV over the Boolean semiring and their applications.

Note that in OMYV, the average case condition only guarantees success with probability
taken over both the matrix M as well as the vector v. Nevertheless, we can exploit the
fact that each coordinate of the correct output is a linear function in the entries of M, and
extend our techniques to the more involved setting of OMV.

Theorem 3. Let F = F, be a prime field, n € N, and o = a(n) € (0,1]. Consider the
matriz-vector multiplication problem OMVe for dimension n, and suppose that for some
a > 0 it holds that

preprocessing time:  p

memory used: s

query time: t
success rate:  Prp;,[DSy(v) = Mv] > «

OMVF € DS

Then for every 6 > 0,

preprocessing time:  4p + exp(log*(1/a)) - poly log(1/d) - poly(n)
memory used:  4s + O(log*(1/a)n) + O(n?)
query time: (4t 4+ n) - poly(1/a) - poly log(1/9)
success rate: VM, v : Pr[DSy(v) = Mv] >1—-§

OMVe € DS

We stress that in the assumed data structure, the success rate asserts that for a random
input M and query v, the data structure produces the correct answer with (an arbitrary
small) probability o > 0, where the probability is over (i) the random input M (ii) random
query v (iii) and the randomness of the preprocessing and the query phases of the data
structure. On the other hand, the conclusion holds for worst case inputs and queries.
That is, for every input M and query v, the obtained data structure produces the correct



answer with high probability, where the probability is only over the randomness used in the
preprocessing stage and the query phase of the data structure (i.e., with high probability
we can compute all of the inputs).

To understand the parameters of the reduction, note that in the the OMV problem
with n x n matrices, the preprocessing must be at least n?, as this is the size of the input
matrix, and the query time must be at least n, as information-theoretically we need to
output n field elements. Our worst-case to average-case reduction is essentially optimal in
these parameters for a constant «, as a weak data structure that uses s memory cells and
query time t is translated into a data structure that works for all inputs and all queries
using space 4s + O(n?) and query time 4t + O(n) = O(t). In fact, even for o as small as
a = 1/n°M | the space complexity is increased by at most O(n?), and the query time is
multiplied by at most n°(.

1.1.4 Worst-case to weak-average-case reductions

In the following, we discuss how to obtain worst-case algorithms starting from a very weak,
but natural, notion of average-case reductions that we discuss next.

Recall that in the standard definition of average-case data structures, the algorithm
preprocesses its input and is then required to correctly answer all queries for an a-fraction
of all possible inputs. However, in many cases (such as in the online matrix-vector mul-
tiplication problem), we only have an average-case guarantee on both inputs and queries.
In this setting, we should first ask what is a natural notion of an average-case condition.

A strong requirement for an average-case algorithm in this case is to correctly answer
all queries for at least a-fraction of the inputs. However, it is possible to only require the
algorithm to correctly answer on an average input and query. That is, a weak average-case
data structure for computing a function f: F" x [m] — F with success rate a > 0 receives
an input € F", which is preprocessed into s memory cells. Then, given a query ¢ € [m],
the data structure DS, (i) outputs y € F" such that Proepn icpm [DS. (i) = f(z,i)] > a.

The challenge in this setting is that the errors may be distributed between both the
inputs and the queries. On one extreme, the error is concentrated on selected inputs, and
then the data structure computes all queries correctly for a-fraction of the inputs. On the
other extreme, the error is spread over all inputs, and then the data structure may only
answer a-fraction of the queries on any inputs. Of course, the error could be distributed
anywhere in between these extremes.

While we showed in Theorem 2 that every linear problem has an efficient worst-case to
average-case reduction in the data structures setting, in Section 4.3.3 we will show that not



all linear (and non-linear) problems admit a worst-case to weak-average-case reductions in
classical models of computation. Nevertheless, still within the classical setting, we are
able to overcome this limitation for certain problems of interest. Note that in the more
general model of quantum algorithms, as we shall see in Theorem 5, we are able to take
advantage of fast quantum algorithms for verifying matrix-vector products in combination
with our additive combinatorics framework to show worst-case to average-case reductions
for all linear problems.

One of the most-studied problems in static data structures is the polynomial evaluation
problem [KUO08, Lar12, DKKS21]. Here, one needs to preprocess a degree-d polynomial
q: F™ — F into s memory cells, and then for a query = € F™, quickly compute g(z). We
study the problem of evaluating a low degree polynomial in the regime where the average-
case data structure might only succeed on a small « fraction of the queries (outside of
the unique decoding regime, see discussion below). We show that we can use such an
average-case data structure to obtain a worst-case data structure that can compute g on
any x € F™.

Theorem 4. Let F = F, be a prime field, a = a(n) € (0,1], and let m,d € N be
parameters. Consider the problem RMg n, 4 of evaluating polynomials of the form q: F™ — F
of total degree d (i.e., the problem of evaluating the Reed-Muller encoding of block length
n= ("))

Suppose that

preprocessing time:  p

memory used: s

query time: t
success rate:  Pr,,[DS,(x)] > «

RMF,m,d € DS

Then
preprocessing time:  p + exp (log4(1 / a)) - poly(n)
memory used:  4s + O(log*(1/a) log(n))
RMema € DS query time:  O(|F|* - t + |F|log*(1/a) + |F|log(n))

success rate:  Vq,x : Pr[DS,(z) = ¢(x)] >1—- 0O (, /%)

Here, similarly to Theorem 3, the assumed data structure succeeds only for a small
fraction of inputs and queries, while in the conclusion the data structure succeeds with
high probability on every input and every query.
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As for the effect of the reduction on the parameters, we see that for any o > 1/poly(n)
the preprocessing time changes only by an additive poly(n), the space complexity changes
from s to 4s+poly(log(n)), and the query time changes from t to O(|F|*-t+|F|-poly log(n)).
In the data structure setting, the number of queries is usually polynomial in input length.
Thus, in a typical setting of parameters for RMg , 4, the field size is |F| = poly(logn), and,
therefore, the blow-up of |F|? is not critical.

A coding-theoretic perspective. For small values of average-case success rate o > 0,
the polynomial evaluation problem can be cast as list decoding with preprocessing, by
viewing the outputs of the query phase of the data structure as a function h: F™ — F that
agrees with the input polynomial ¢: F™ — F on some small fraction of the queries, and
the goal is to recover ¢ from h.

Indeed, note that for a small a > 0, if a function h: F™ — F agrees with some unknown
low-degree polynomial ¢ on « fraction of the inputs, then there are potentially O(1/«)
possible low-degree polynomials that are equally close to h. Hence, without preprocessing,
it is impossible to recover the original polynomial ¢. However, in the data structure setting,
we can use the preprocessing to obtain auxiliary structural information that later allows
us to transition from the list decoding regime to the unique decoding regime and, in turn,
compute the values of the correct polynomial ¢ with high probability (see more details in
Section 2.5).

1.2 Quantum contributions

We have so far seen worst-case to average-case reductions for the specific problem of matrix
vector multiplication, and for all linear problems when preprocessing into data structures
is allowed. Do linear problems admit efficient worst-case to average-case reductions in a
more general model of computation? Our last main contribution shows that, surprisingly,
in the model of quantum computation the answer to this question is positive. In fact, we
show that not only are such transformations possible, but that we can construct explicit
and efficient quantum worst-case to average-case reductions for all linear problems.

A linear problem is characterized by a family of matrices L4 := {A4,, € F"*"},.en, where
m = m(n) and on input v € F" the solution to the problem is the vector Av, omitting the
subscript in A,, for readability. Linear problems constitute one of the most fundamental
classes of problems, generalizing many important computational tasks such as polynomial
evaluation (captured by tensor products of Vandermonde matrices), computing discrete
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Fourier transformations (captured by the DFT matrix), homology (e.g. finding persistent
cycles using a signed incidence matrix), and various computational tasks for error correcting
codes (e.g. syndrome evaluation captured by the parity check matrix for linear codes).

In contrast to the setting of data structures (Section 1.1.2), in this section we work
with general quantum algorithms, wherein the algorithm knows the matrix A beforehand
but cannot perform any preprocessing. It receives v as input and must output the vector
Av.

As mentioned above, this stands in stark contrast to the case of classical algorithms,
where as we have seen in the preceding sections, such reductions are only known for a small
number of specific problems or restricted models.

Generalizing the definition of BQP algorithms to fine-grained search problems in the
standard way, we define an average-case quantum algorithm as a uniformly generated set
of quantum circuits {C), },,>1 which, upon measurement, output correctly with probability
a, where the probability is taken over both the random input and the measurements. (See
formal definitions in Section 5.2.)

Our main result in the quantum setting is a worst-case to average-case reduction which
shows that for all linear problems, an efficient quantum algorithm that is only successful
on a small fraction of its inputs can be explicitly transformed into a similarly efficient
quantum algorithm that is correct with high probability on all inputs. 11, below denotes
an orthogonal projection on the output register of ALG that represents measuring the
outcome z € F" in the standard basis.

Theorem 5 (Informally stated; see Theorem 5.2.2). Let F = F, be a prime field, Ly :=
{A,, € F"""},en be any linear problem, and ALG be an average-case quantum algorithm of
(gate) complexity T(n) for La satisfying

. . 2
JPr[ALG(r) = Av] = E [[TLuALG[0) |0) 7] > o

Then, for every constant § > 0, there exists a worst-case quantum algorithm ALG' of
(gate) complexity (n3/2+T(n))-poly(1/a) that succeeds over all inputs with high probability,
i.e.,

Vo €' Pr[ALG/(v) = Av] = [TLy,ALG [v) 0) 1?>1-46.
ALG’

Note that every linear problem can be trivially solved in time O(n?). Our result shows
that any non-trivial (subquadratic) average-case quantum algorithm can be transformed
into a non-trivial (sub-quadratic) quantum algorithm that works for all inputs. We also
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remark that constructing worst-case to average-case reductions for linear problems becomes
significantly harder as we consider smaller fields, as we discuss in the technical overview
(Section 2.6). We stress that our reductions also hold for small fields, including Fo.

Our proof of Theorem 5 is based on a machinery that we develop in the quantum query
model. This allows us to obtain the following worst-case to average-case reduction for the
fundamental and well-studied problem of Matrix-Vector Multiplication in the quantum
query model [Bv06, Kot14].

Theorem 6 (Informally stated; see Theorem 5.2.3). Let ALG be an average-case quantum
query algorithm with oracle access to the entries of a matriz A and a vector v over a finite
field F. Suppose that ALG makes q(n) queries and satisfies

Pr[ALG*™ = Av] = E |||TLu,ALG |0} [I°| > o .
A,’U, AEFan
ALG veR™

Then, for every constant § > 0, there exists a worst-case quantum query algorithm ALG'
with query complexity (n®? + q(n)) - poly(1/a) that succeeds on all inputs with high prob-
ability, i.e.,

VAEF™ v eF' Pr[(ALG)"" = Mu] = |y (ALG)""[0) I'>1-4.
ALG’

In the query model, it is known that the worst-case quantum query complexity of
Matrix-Vector Multiplication has a tight lower bound of ©(n?) (see, e.g., [Kot14]). Hence
as an immediate corollary of Theorem 6, we obtain a tight unconditional lower bound on
the average-case quantum query complexity of Matrix-Vector multiplication, showing that
the problem remains hard even if the quantum algorithm is only required to succeed on a
small fraction of the inputs.

Corollary 1.2.1. For every constant o > 0, every average-case quantum query algorithm
for Matriz-Vector Multiplication with success rate o must make 2(n?) queries.

Remark 1.2.2 (Multi-bit outputs). We stress that prior to this work, to the best of our
knowledge, no techniques were known for proving non-trivial average-case quantum query
lower bounds for functions with multi-bit outputs, such as Matriz-Vector Multiplication.
However there are average-case query lower bounds known for problems including detecting
collisions in random functions [Yuell, Zhal5], and polynomial interpolation (which follows
from a simple random self-reduction combined with [KK11, MP11]).
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Remark 1.2.3 (The class of all linear problems versus matrix-vector multiplication). Note
that in the setting of all linear problems (Theorem 5), the family of matrices is fized, and
only a vector is given as input. In this setting, many families of matrices (such as the
Fourier Transform, the Walsh—-Hadamard transform, and Polynomial evaluation) admit
sub-quadratic time algorithms.

In the Matriz-Vector Multiplication problem (the setting of Theorem 6 and Corol-
lary 1.2.1), both a matriz and a vector are given as input, and this problem is Q(n?)-
hard [Kot1}] in the worst case. QOur result for all linear problems (Theorem 5) pro-
vides an efficient worst-case algorithm for each family of matrices admitting an efficient
average-case algorithm. Qur result for the Matriz-Vector Multiplication problem (Theo-
rem 6 and Corollary 1.2.1) shows that this problem remains hard even in the average case.
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Chapter 2

Preliminaries

We now provide an overview of the main ideas and techniques that we use to obtain our
results. For concreteness, we illustrate our techniques by first focusing on the matrix
multiplication problem.

2.1 Classical reductions

We start in Section 2.2, where we explain the challenge and discuss why the naive approach
fails. In Section 2.3 we present the technical components that lie at the heart of this work:
local correction lemmas via additive combinatorics. Equipped with these technical tools,
in Section 2.4 we present the main ideas in our worst-case to average-case reduction for
matrix multiplication. Finally, in Section 2.5 we briefly discuss how to obtain the rest of
our main results.

2.2 The challenge: low-agreement regime

Recall that in the matrix multiplication problem we are given two matrices A, B € F",
and the goal is to compute their matrix product A - B. For simplifying the exposition,
unless specified otherwise, in this overview we restrict our attention to the field Fy, and to
constant values of the success rate parameter o > 0 of average-case algorithms.

We would like to show that if there is an average-case algorithm ALG that can compute
matrix multiplication for an a-fraction of all pairs of matrices A, B € F" in time T'(n), then
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there is a worst-case randomized algorithm ALG’ that runs in time O(T'(n)) and computes
A - B with high probability for every pair of matrices A and B.

We start with the elementary case where the average-case guarantee is in the high-
agreement regime, i.e., where the algorithm succeeds on, say, 99% of the inputs; that is,

Pr [ALG(A,B)=A-B]>a, (2.1)

A,BeFnxn

for a = 0.99. In this case, a folklore local correction procedure (see, e.g., [BLRI0]) will
yield a worst-case algorithm that succeeds with high probability on all inputs. We next
describe this procedure.

Given an average-case algorithm ALG satisfying Eq. (2.1) with a = 0.99, consider the
worst-case algorithm ALG’ that receives any two matrices A, B € F**" and first samples
uniformly at random two matrices R, S € F"*". Next, writing A = R+ (A — R) and
B =S+ (B —S), the algorithm ALG' computes

M = ALG(R,S) + ALG(A — R, S) + ALG(R, B — S) + ALG(A— R, B—S).  (2.2)

Denote by X the set of matrix pairs (A, B) for which ALG(A, B) = A - B, and recall
that by Eq. (2.1) the density of X is at least 0.99. Note that: (a) the matrices R, A — R,
S, and B — S are uniformly distributed, and (b) if the pairs (R, S), (A—R,S5), (R, B—S5),
and (A — R, B — S) are in the set X, then by Eq. (2.2) we have M = A - B, and the
algorithm ALG’ computes the multiplication correctly. Hence, by a union bound we have
Pr]M =AB] > 1 —-4-0.01 > 0.9 for all matrices A,B € F"". Of course, the error
probability can be further reduced by repeating the procedure and ruling by the majority.

Unfortunately, this argument breaks when the average-case guarantee is weaker; namely,
in the low-agreement regime, where the algorithm succeeds on, say, only 1% of the inputs.
Here, when trying to self-correct as above, the vast majority of random choices would lead
to a wrong output, and so at first glance, the self-correction approach may seem completely
hopeless.*

Nevertheless, using more involved tools from additive combinatorics such as a proba-
bilistic version of the quasi-polynomial Bogolyubov-Ruzsa lemma that we show, as well

Indeed, consider the counterexample where the average-case algorithm ALG(A, B) outputs A - B in
case the first element of A is 0 and returns the zero matrix in case the first element of A is 1. Note that
in this case Prg pepnxn[ALG(A, B) = A - B] > 1/2, yet no decomposition of A =3, A; and B= )", B;
as described above could self-correct matrix multiplication where the first element of A is 1. Indeed, any
such composition would have an A; with the first element 1, where ALG(A4;, B;) fails.
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as tools such as small-biased sample spaces and the Goldreich-Levin algorithm, we can
construct different local correction procedures that work in the low-agreement regime. We
proceed to describe our framework for local correction using the aforementioned tools.

2.3 Local correction via additive combinatorics

Additive combinatorics studies approximate notions of algebraic structures via the per-
spective of combinatorics, number theory, harmonic analysis and ergodic theory. Most
importantly for us, it provides tools for transitioning between algebraic and combinatorial
notions of approximate subgroups with only a small loss in the underlying parameters (see
surveys [Lov15, Lov17]).

The starting point of our approach for local correction is a fundamental result in additive
combinatorics, known as Bogolyubov’s lemma, which shows that the 4-ary sumset of any
dense set in F} contains a large linear subspace. More accurately, recall that the sumset of
aset X is defined as X+X = {x14+z2 : 21,29 € X}, and similarly 4X = {z1+xo+z3+24 :
x1,%9, 23,74 € X}. These quantities can be thought of as quantifying a combinatorial
analogue of an approximate subgroup. Bogolyubov’s lemma states that for any subset
X C F} of density |X|/2" > «a, there exists a subspace V' C 4X of dimension at least

n—a 2.

We will show that statements of the above form can be used towards obtaining a far
stronger local correction paradigm than the one outlined in Section 2.2. To see the initial
intuition, consider an average-case algorithm that is guaranteed to correctly compute a-
fraction of the inputs, and denote by X the set of these correctly computed inputs. Then
|X|/2™ > «a, and Bogolyubov’s lemma shows that there exists a large subspace V' such
that every v € V can be expressed as a sum of four elements in X, each of which can be
computed correctly by the average-case algorithm.

The approach above suggests a paradigm for local correction, however, there are several
non-trivial problems in implementing this idea. For starters, how could we handle inputs
that lay outside of the subspace V? To name a few others: how can we amplify the
success probability in the low-agreement regime? How do we algorithmically obtain the
decomposition? Can we handle finite fields beyond F;? How do we handle average-case
where the success rate « is sub-constant?

Indeed, for our worst-case to average-case reductions, we will need local correction
lemmas with stronger structural properties than those admitted by Bogolyubov’s lemma, as
well as new ideas for each one of the settings. In the following, we discuss the main hurdles
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for the foregoing approach and the tools that are needed to overcome them, leading to our
main technical tool, which is a probabilistic version of the quasi-polynomial Bogolyubov-
Ruzsa lemma that we obtain. Then, we present our framework for local correction using
these techniques. Finally, in Sections 2.4 and 2.5 we show the additional ideas that are
necessary for applying the local correction lemmas in the settings of matrix multiplication,
online matrix-vector multiplication, data structures, and quantum reductions for linear
problems.

A probabilistic Bogolyubov lemma. An immediate problem with the aforementioned
local correction scheme is that while Bogolyubov’s lemma asserts that there exists a de-
composition of each input into a sum of four elements in X, it does not tell us how to
obtain this decomposition.

Toward this end, we further show that each vector v € V has many “representations”
as a sum of four elements from X. This way, for any v € V we can efficiently sample a
representation v = x 4+ x2 + 3 + x4, where each x; € X. More accurately, let X C F} be
a set of density a, let R = {r € F"\ {0} : |Ix(r)| > o*?}, and let V = {v € F": (v,7) =
0 Vr € R} be a linear subspace defined by R. Then |R| < 1/a? and for all v € V it holds
that

Pr [oy,79,23,0 — 2] — 29 — 23 € X] > a° .
x1,22,T3

Sparse-shift subspace decomposition. The probabilistic Bogolyubov lemma allows
us to locally correct inputs inside the subspace V' C 4X. However, we need to be able to
handle any vector in the field. Towards that end, we show an algebraic lemma that allows
us to decompose each element of the field into a sum of an element v in the subspace V' and
a sparse shift-vector s. More accurately, let R C F*\ {0} and V = {v € F" : (v,r) =0 Vr €
R}. We show that there exists a collection of ¢ < |R| vectors B = {by,...,b}, b; € F"
and indices ki, ...,k € [n] such that span(B) = span(R) and every vector y € F" can be
written as y = v + s, where v € V and s = 23:1 cj - €, for ¢; = (y,b;) and €, is a unit
vector.

We stress that the sparsity of the decomposition is essential to our applications, as we
cannot locally correct the shift part of the decomposition, and instead we need to compute
it explicitly. We remark that for matrix multiplication we can obtain a stronger guarantee
by dealing with matrices outside of the subspace V' via a low-rank random matrix shifts
(see Section 2.4).
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Subspace computation via the Goldreich-Levin lemma. In order to perform local
correction using additive combinatorics machinery as above while maintaining computa-
tional efficiency, we need to be able to compute the aforementioned basis by,...,b; € F”
and indices k1, ..., k; € [n] efficiently. We note that, in essence, this problem reduces to
learning the heavy Fourier coefficients of the set X. Thus, using ideas from [BRTW14] and
an extension of the Goldreich-Levin algorithm to arbitrary finite fields, we can perform the
latter in a computationally efficient way:.

Probabilistic quasi-polynomial Bogolyubov-Ruzsa lemma. The main weakness of
Bogolyubov’s lemma is that the co-dimension of the subspace that it admits is polynomial
in 1/a, where « is the success rate of the average-case algorithm. While this dependency
on « allows us to locally correct in the 1% agreement regime, it becomes degenerate when
a tends to 0 rapidly.

A natural first step towards overcoming this barrier is to use a seminal result due to
Sanders [San12], known as the quasi-polynomial Bogolyubov-Ruzsa lemma, which shows the
existence of a subspace whose co-dimension’s dependency on 1/« is exponentially better.
That is, the lemma shows that for a set X C F} of size « - |Fs|", where a € (0, 1], there
exists a subspace V' C F} of dimension dim(V) > n — O(log*(1/a)) such that V C 4X.
However, as in the case of Bogolyubov’s lemma, we have the problem that the statement
is only existential.

We thus prove a probabilistic version of the quasi-polynomial Bogolyubov-Ruzsa lemma
(see Lemma 3.1.3) over any field F = F,, which asserts that for an a-dense set X C F",
there exists a subspace V' C F" of dimension dim(V) > n — O(log*(1/a)) such that for all
v € V it holds that

Pr  [a,20 € A 23,24 € —A] > Q(a°) ,
T1,r2,r3EFM
where 4 = v — ;1 — 9 — x3. Furthermore, by combining the techniques above, we
show that given a query access to the set X, there is an algorithm that runs in time
exp(log*(1/a)) - polylog(1/4) - poly(n) and with probability 1 — & computes a set of vectors
R C F"such that V. ={v e F": (v,r) =0Vr € R}.

We are grateful to Tom Sanders for providing us with the argument for proving this
lemma, and we provide the proof in Chapter 3.

Our classical local correction lemma. We are now ready to provide an informal
statement of our local correction lemma, which builds on the machinery above, and in
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particular, on the probabilistic quasi-polynomial Bogolyubov-Ruzsa lemma.

Loosely speaking, our local correction allows us to decompose any vector y € F" as a
linear combination of the form

y:$1+$2—(l’3+$4)+8,
where x1, x5, 23,24 € X and s € F" is a sparse vector.

Lemma 2.3.1 (informally stated, see Lemma 3.3.1). For a field F = F, and a-dense set
X CF", there exists t < 1/a? vectors by, ..., b € Fy and indices ki, ..., k; € [n] satisfying
the following. Given a vectory € Fj, let s = Zj.:l (y,bj) - €k, we have

Pr  [z1,20 € X, 23,24 € —X] > Q(c”) ,

r1,x9,x3€EF™

where x4y =y — S — 1 — Ty — 3.

Furthermore, given an oracle that computes 1x(x) with probability at least 2/3, there
ezists an algorithm that makes exp(log*(1/a)) - polylog(1/6) - poly(n) oracle calls and field
operations, and with probability at least 1 — § outputs by, ..., by and ky, ..., k.

Variants of this local correction lemmas lie at the heart of all our average-case to worst-
case reductions, which we discuss next.

2.4 Illustrating example: matrix multiplication

We present a high-level overview of our reductions for matrix multiplication, which illus-
trates the key ideas that go into the proof. Let ALG be an average-case algorithm that
can compute matrix multiplication for an a-fraction of all pairs of matrices A, B € F" in
time T'(n). We use the average-case algorithm ALG to construct a worst-case randomized
algorithm ALG’ that runs in time O(T'(n)) and computes A - B with high probability for
every pair of matrices A and B. For simplicity of the exposition, in this overview we make
the following assumptions: (1) the algorithm ALG is deterministic, (2) the input is a pair
(A, B) such that A is a matrix satisfying Prg/[ALG(A, B') = A - B'] > a, (3) the success
rate «v is a constant, and (4) the field F is Fs.

We start by noting two simple facts. First, given the algorithm’s (potentially wrong)
output ALG(A, B), we can efficiently check whether the computation is correct using
Freivalds’ algorithm (Lemma 4.1.1). Second, denoting by X = {B’ € Fy*" : ALG(A, B') =
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A- B’} the set of “good” matrices, we have that if B € X, then the average-case algorithm
correctly outputs ALG(A, B) = A - B. Hence, the main challenge is in dealing with the
case that B ¢ X, in which we need to locally correct the value of the multiplication.

Local correction via Bogolyubov’s lemma. The first idea is to reduce the problem to
the case where the set of good matrices contains a large subspace, and hence admits local
correction, as discussed in Section 2.3. Specifically, by the probabilistic Bogolyubov lemma,
given X we can choose a subspace V' C F5*" of matrices, where dim(V) > n? — 1/a?, such
that for any B’ € V, if we sample My, My, M3 uniformly at random, then

Pr[M;, My, M3, My € X] > o’ , where My = B' — M, — My — Ms .

Note that if the matrices My, My, M3, M, produced by our sampling are all in the set of good
matrices X, then we can self-correct the value of ALG(A, B’) by evaluating {ALG(A, M;) }icp
and computing the linear combination

4

iALG(A,Mi) —iA-Mi—A-(ZMi)—A-B’.

i=1 i=1

Note that this event is only guaranteed to occur with probability o, which is far smaller
than 1/2. Nevertheless, since we can verify the computation using Freivalds’ algorithm, we
can boost this probability to be arbitrarily close to 1 by repeating the random sampling
step O(1/a”) times, each time computing 37, ALG(A, M;) and verifying if the obtained
result is indeed correct using Freivalds’ algorithm. Therefore, if B belongs to the (unknown)
subspace V', then the algorithm described above indeed computes A-B with high probability
in time O(T(n)/poly(a)) = O(T'(n)).

However, the approach above does not work for matrices B that do not lie in the
subspace V described above. To deal with this case, our next goal is to “shift” the matrix
into the subspace V' using low-rank random shifts, which can then be computed efficiently
and used for local correction. We describe this procedure next.

Low-rank random matrix shifts. We start by making the following key observation:
if we have an arbitrary matrix A, and a matrix B € F"*" of rank k, then their product
AB can be computed in time O(kn?), given a rank-k decomposition of B. Details follow.

To see this, suppose that the first k columns of B denoted by (B;)¥_,, are linearly
independent, and for each of the remaining n — k columns (B;)}_; ., we know the linear
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combination B; = Zle d; j - B; for some coefficients d; ; € F. We can first multiply A by

each of the k linearly independent columns of B. Then, to compute the remaining columns,
foreachi=1,... k let C; = A- B; be the ith column of the matrix C' = AB, and observe
that if Bj = Zle d@th then Oj =A- Bj =A- (Zle dz,sz) = Zle di,j : CZ‘7 which can
be computed in O(kn) time for each j. Therefore the total running time of multiplying A
by B is O(kn?).

We are now ready to describe our method for shifting the matrices into the subspace V'
using low-rank matrices, capitalizing on the observation above. Given the matrix B (that
is, possibly, not in V), we sample a random matrix Rg € F"*" of rank 2k by randomly
choosing 2k columns and filling them with uniformly random field elements. Note that
with high probability these 2k columns are linearly independent. Then, we let the rest of
the columns be random linear combinations of the first 2k columns we chose. We observe
that if dim(V') = n — k, then

1
2/F|F

PI"[B-i-RB € V] >

If indeed B + Rp € V, then we can compute A - (B 4+ Rp) using the procedure discussed
above, by writing B + Rp as a sum of 4 random matrices B + Rg = My + My + M5+ My,
applying ALG(A, M;) for each i = 1...4, and using Freivalds’ algorithm to efficiently check
if the produced output is correct or not.

Note that since we have a lower bound on the probability that B + Rp belongs to the
desired subspace, we have an upper bound on the expected number of attempts required
until this event occurs. When we obtain such low-rank matrix shifts, which we verify using
Freivalds’ algorithm, we proceed by computing A - Rg. Since Rp is a matrix of rank at
most 2k, the total running time of this will be O(kn?). Finally, we return

ALG(A,B+ Rg) — A-Rp ,
which indeed produces the correct answer assuming that ALG(A, B + Rp) is correct.

Remark 2.4.1. The discussion above made the simplifying assumption that the inputs we
are getting are pairs (A, B) such that A is a matriz satisfying Prg.[ALG(A, B') = A-B'] > «.
The actual proof require also handling the inputs for which the matriz A does not satisfy
this requirement, which is done using similar ideas by applying the local correction procedure
first to A and then to B.
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2.5 Beyond matrix multiplication

We conclude the technical overview by briefly sketching some of the key ideas in the rest of
our worst-case to average-case reductions, building on the local correction lemmas outlined
in Section 2.3. Below we assume that all data structures are deterministic, but by standard
techniques this assumption is without loss of generality. We start with the simplest setting,
and then proceed to the more involved ones.

Worst-case to average-case reductions for all linear data structure problems.
The setting here is the closest to that of matrix multiplication. Let DS4 be an average-case
data structure for a linear problem defined by A, where we preprocess an input vector x
and the answer to query i is (A4;,z), and A; is the ith row of A.

Given a vector y € F", we use our local correction lemma to obtain a decomposition of
the form y = 214+ —(23+24)+v, where 21, 29, 23, 24 € X (i.e., on which DS, (i) = (A;, 1)
for all 7) and a sparse shift vector v = 22:1 (y,b;) - €;. We then preprocess each of the
z;’s by applying DS, to it, and we also compute (A;,v) efficiently by using its sparse
representation. The idea is that by the linearity of the problem, we can locally correct
according to Z?:l DS, (i) + (A, v).

It is important to note that, unlike in the setting of matrix multiplication, we cannot use
the random low-rank matrix shifts, nor Freivald’s algorithm for verification. However, this
is where we rely on the sparse subspace decomposition to shift the input into the subspace V'
implied by the quasi-polynomial Bogolyubov-Ruzsa lemma. In addition, instead of relying
on Freivalds’ algorithm for verification, here we use the guarantee about the correctness
of computation in the subspace V together with the sparsity of the shift vector, which
allows us to correct its corresponding contribution via explicit computation. See details in
Section 4.3.1.

Online matrix-vector multiplication (OMYV). The online setting of the OMV prob-
lem poses several additional challenges. Recall that in the average-case reductions above,
the input is a vector x € Fj, each query is a coordinate i € [n], and the matrix M € Fy*"
is a hard-coded parameter. In the OMV problem, the matrix M is the input, the vector x
is the query, and answer to a query is not a scalar but rather a vector. Hence we need to
use a two-step local correction where we first decompose the matrix and then decompose
the vector. Observe that we can use our additive combinatorics mechanism to preprocess
the matrix M and get a description of the subspace V that it asserts, as well as the formula
that is required to compute the shift vector s given x, but the problem is that here we
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cannot preprocess z, as it arrives online. Thus, in the query phase, when the algorithm
receives x, we want to find the decomposition x = x1 + x5 + 3+ x4 + s. We then compute
the shift vector s, and then sample x;’s whose sum is x — s. However this leaves us with
the task of checking that all of the x;’s are computed correctly. To this end, we rely on
a generalization of small-bias sample spaces to finite fields in order to obtain an efficient
verification procedure. See details in Section 4.2.

Weak-average-case reductions. As discussed in the introduction, in the setting of
weak-average-case we cannot expect a reduction for all linear problems. In turn, this
leads to substantially different techniques. We concentrate on the multivariate polynomial
evaluation problem. Here, we are given a polynomial p: F™ — F of degree d, where for
simplicity, in this overview we fix the parameters d = log(n), |F| = poly(log(n)), and
m = log(n)/loglog(n), so that we encode n field elements using a codeword of length
poly(n), and the distance is 1 — dm/|F| > 0.99. The polynomial is given as input by its
n = d™ coefficients, the queries are of the form = € F™, and the goal is to output p(x).
The key difficulty here, is that for small values of the average-case rate o > 0, we need to
be able to deal with the list decoding regime (see discussion in Section 1.1.4).

The first step is to rely on our additive combinatorics local correction tools similar
to the OMV reduction. Here the idea is to preprocess the polynomial p and obtain a
decomposition of the form p = p; + ps + p3 + ps + s, where again s is a sparse shift-vector.
We then construct a data structure for each p;. However, since we cannot process the
queries x € F™, we are left with the task of locally correcting the noisy polynomials {p;}.
If a polynomial p; is only slightly corrupted (i.e., within the unique decoding regime), we
can easily locally correct it without using any preprocessing. However, we also need to
deal with noisy polynomials p; in the list decoding regime in which only a-fraction of the
points are evaluated correctly, for an arbitrarily small «.

We overcome the difficulty above by capitalizing the preprocessing power of the data
structure. Namely, we will show how to boost the success probability from the list-decoding
regime to the unique-decoding regime, in which case we can perfectly correct the polynomial
via the local correction of the Reed-Muller code. The key idea is that by the generalized
Johnson bound, there is only a list of O(1) codewords that agree with the average-case
data structure on at least o/2-fraction of the points. We thus fix a reference point w € F™
and explicitly compute the correct value of p;(w). Next, we sample a random point r and
query the points of line ¢, ,, incident to r and the reference point w. Then, we consider
the list (of size O(1)) of all low-degree univariate polynomials that agree with the queried
points on £, ,,, and trim the list by removing each polynomial that does not agree on the
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reference point. Using the sampling properties of lines in multivariate polynomials, we can
show that answering accordingly to the remaining polynomials in the list would yield the
right value with high probability.

2.6 Quantum reductions

We now provide an overview of the techniques used in achieving our quantum reductions,
highlighting the main conceptual and technical ideas. To capture all linear problems in
the quantum setting presents non-trivial challenges that require new ideas on three fronts:
(1) additive combinatorics techniques, (2) new quantum algorithms, and (3) complexity
theoretic reduction techniques. We believe these techniques are of independent interest
and can be used in other settings.

In Section 2.7, we discuss our new quantum local correction lemma, which is based
on a robust, probabilistic version of Bogolyubov’s lemma. Our quantum local correction
lemma crucially relies on four quantum algorithms, which we outline in Section 2.8, that
allow us to efficiently flag correct solutions in superposition, construct noisy oracles for
approximate indicator functions, efficiently sample good inputs, and learn Bogolyubov
subspaces from noisy set-indicating quantum oracles. Finally, in Section 2.9, we discuss
how to apply the quantum local correction lemma to obtain the desired worst-case to
average-case reductions.

In this overview, for simplicity of exposition, we will focus on the proof of Theorem 6
in the quantum query model; we in fact optimise both the query and gate complexities,
so that we can then show how to extend the result to (uniform) quantum circuits for all
linear problems.

Recall that the Matrix-Vector Multiplication problem (MvM) is defined as follows. The
input to the problem is a vector v € F", and oracle access to a matrix M € F"*™ and the
goal is the output the matrix-vector product Mwv.

Let ALG be an average-case quantum algorithm with oracle access to M and v, defined
by
UM |j7k72>:’j7k72@Mjk> and Uv ’j,2>:|j,2@1}j>,

for all indices j, k € [n] and z € F. Suppose that using ¢ queries to M and v, the quantum
algorithm ALG satisfies

Pr[ALGM" = Mv] = E [[ILALGY [0) |*] > a,
M,v, MeEnxn
ALG e



where 11,;, is an orthogonal projection on the output register of ALG that indicates whether
the algorithm outputs the correct answer.

We would like to explicitly transform ALG into a worst-case quantum algorithm ALG’
that computes Mv with high probability for every matrix M and vector v € F"; that is,
show that for every constant & > 0, there exists a worst-case quantum algorithm ALG’
satisfying

VM € F™" y € ' Pr[(ALG)MY = Mu] = |Tam(ALG)™ [0} | > 1= 5 .

ALG’

To simplify the discussion, unless specified otherwise, in this overview we restrict our
attention to the field F = F5, and to arbitrarily small constant values of the success rate
parameter o > 0 of average-case algorithms (say a = 0.01). We also make the simplifying
assumption that the average-case algorithm ALG receives a “good” matrix M € F"*" for
which it is successful with probability «, taken over the measurement and the random
input vector v € F"; that is,

PHALGY" = Mo = E [IMTyALGY 10} ] = a.

E
veF™

Note that by an averaging argument, there exists a set of size («-2")/2 of input vectors
v € F" on which ALG correctly computes the output with probability at least «/2; denote
this set by X. Next, observe that Bogolyubov’s lemma shows that there exists a large
subspace V' such that every v € V can be decomposed as

V=1x1+ Ty + 23+ x4, fOr T, 20, 73,24 € X . (2.3)

Recall that for each z; € X, the answer Mx; can be computed correctly by the average-
case algorithm with probability at least /2. This suggests the natural approach of locally
correcting each v € V using four inputs upon which the average-case algorithm has a
non-negligible success probability.

Note that Bogolyubov’s lemma only guarantees the existence of a decomposition into
elements of X, whereas we need to explicitly obtain such a decomposition, as well as the
fact that the argument above only holds for correcting inputs that are inside the Bogolyubov
subspace V', whereas we need to locally correct all inputs.

Unfortunately, the classical framework that we develop (Section 2.3) fails to address
the aforementioned problems in the setting of general linear problems. Indeed, it is not
clear whether the ambitious task of constructing worst-case to average-case reductions for
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all linear problems is at all possible for classical algorithms.

2.7 Quantum local correction via a robust Bogolyubov
lemma

Our starting point for addressing the difficulties mendtioned before is a new robust and
probabilistic analogue of Bogolyubov’s lemma. These additional structural properties will
in turn enable us to deal with inputs outside of the Bogolyubov subspace and efficiently
obtain explicit decompositions of inputs inside the Bogolyubov subspace into inputs upon
which the average-case algorithm is correct.

Then, using the robust probabilistic Bogolyubov lemma, we will show a local correction
lemma for quantum algorithms for linear problems. Our quantum local correction lemma
will crucially make use of the robustness and probabilistic properties, as well as the four
quantum procedures that we present in Section 2.8.

A robust probabilistic Bogolyubov lemma. Recall that our high-level idea for locally
correcting faulty inputs in the subspace V' guaranteed by Bogolyubov’s lemma proceeds
by decomposing vectors v € V into a linear combination of good inputs from the set X.
However, to prove our quantum local correction lemma, we need to be able to: (1) deal
with vectors outside of the Bogolyubov subspace V', and (2) efficiently obtain an explicit
decomposition of vectors inside V' into good inputs in X. To this end, we shall first need
to strengthen Bogolyubov’s lemma to obtain the following structural properties.

e Robustness. Our local correction lemma relies on learning the heavy part of the
Fourier spectrum of a noisy representation of an approximate indicator of the set X
in superposition, using a quantum procedure that we discuss in Section 2.8. In this
setting, we can only learn the heavy Fourier coefficients of a function ¢ satisfying

VS Cn] |[1x(S)* = 19(S)P| <e,
for a sufficiently small . In fact, each Fourier coefficient we obtain may come from
a different function g. To deal with this problem, which is unique to the quantum

setting, we need a version of Bogolyubov’s lemma where the subspace is defined via a
robust set of linear constraints that can accommodate for the noisy Fourier spectrum.
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e Probabilistic decomposition. Bogolyubov’s lemma shows the ezistence of a large sub-
space V C 4X, admitting a linear decomposition of each v € V into four vectors from
the set of good inputs X upon which the average-case algorithm is correct. However,
we need to efficiently obtain an explicit decomposition v = z1 + x5 + x3 + x4, Where
each x; € X, for each vector v € V. Hence, we show that each vector admits suffi-
ciently many such decompositions such that one can be efficiently sampled using a
quantum sampling procedure that we show in Section 2.8.

We thus prove the following robust probabilistic Bogolyubov lemma, which will allow us
to deal with the challenges above. Given an unstructured set X C F", denote the heavy
part, exceeding a threshold v, of the Fourier spectrum of X by Specy(y) = {r € F*\ {0} :
‘ix(rﬂ > v}

Lemma 2.7.1 (Informally stated, see Lemma 3.4.1). For every X C F" of density at least
a, let R C F" be a set such that Specy(a®/?) € R C Specy(%2). Let V = {v € F" :

2
(v,r) =0Vr € R}. Then dim(V) > n — O(a™?), and for all v € V it holds that

Pr  [v—z —a—a23€ X]>a?.

T1,r2,r3€X

We stress that the probability in Lemma 2.7.1 is taken over x1, x5, x3 that are uniformly
sampled from X (rather than F"). To efficiently obtain such a decomposition, we can
sample x1, x9, r3 using the quantum sampling procedure shown in Section 2.8.

Locally correcting outside of the Bogolyubov subspace. While the robust proba-
bilistic Bogolyubov lemma allows us to locally correct inputs inside the subspace V' C 4.X,
our goal is to obtain a worst-case quantum algorithm, hence we need to be able to handle
any vector v € F", and not just those in V.

Towards this end, we would like to shift each vector v € F*\ V into the Bogolyubov
subspace. Using the robustness property of Lemma 2.7.1 and the quantum algorithm for
learning Bogolyubov subspaces from a noisy representation of indicator functions in super-
position (see Section 2.8), we further decompose each vector in F" into a sum of elements in
the subspace V' and a sparse shift-vector s, which can then be corrected for by computing
M s efficiently due to its sparsity, similar to the sparse-shift subspace decomposition used
in Section 2.3.

The quantum local correction lemma. Putting together all of the components above,
we can now state our quantum local correction lemma, which builds upon the robust
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probabilistic version of Bogolyubov’s lemma and the quantum procedures that we will
present in Section 2.8.

Loosely speaking, our local correction lemma allows us to efficiently obtain an explicit
decomposition of any vector v € F" into a linear combination of the form

U:$1+$2+$3+$4+S,

where x1, 29, 23,24 € X and s € F" is a sparse vector.

Specifically, in Section 2.8, we will construct a noisy quantum oracle for approximating
the indicator 1x(v), quantum algorithm for uniformly sampling from X, a quantum verifi-
cation procedure Oy that for each v € F" computes the indicator 1 x(v) correctly with high
probability, and a quantum algorithm that learns the Bogolyubov subspace from the noisy
oracle that approximates 1x. By combining these four ingredients we prove the following

result.

Lemma 2.7.2 (informally stated, see Lemma 3.5.1). For a field F = F, and a-dense set
X CF", there exists t < 4/a? vectors by, ..., b; € Fy and indices ki, ..., k; € [n] satisfying
the following. Given a vector y € F", define s = Z;Zl (y,bj) - €k,, where (€)iem is the
standard basis. Then,

Pr [z € X]|>a?

r1,r2,x3€X
where x4 s the vector such that y = s + x1 + x9 + T3 + 4.

Furthermore, there exists a quantum algorithm that calls the quantum verification pro-
cedure Ox for O(log(1/8)-(1/a”)) times, uses n-poly(1/a)-poly log |F| additional elemen-
tary gates, and with probability at least 1 — & returns the vectors by, ..., by € F" and indices

k’l,...,]{}tE [TL]

This quantum local correction lemma forms the cornerstone of our quantum average-
case to worst-case reductions, as we explain in Section 2.9. However, before we can turn to
the details of the reduction, we need to address three gaps that still remain: How can we
efficiently verify Matrix-Vector products, so that we can amplify the success probability of
quantum algorithms that are only correct with probability a (which could tend to zero)?
Can we efficiently sample from the set of good inputs X? How can we learn the Bogolyubov
subspace from a noisy quantum oracle that encodes an approximation of the indicator 17
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2.8 A toolkit of quantum algorithms for local correc-
tion

We address the foregoing questions by presenting the key quantum procedures that are
required for our quantum local correction lemma. We stress that these solutions employ
the power of quantum algorithms, and indeed, the lack of such procedures in the classical
setting is a bottleneck that blocks the path to general results such as Theorem 5 and
Theorem 6 for classical algorithms.

We achieve quantum speedups for the following four tasks, which are required for our
quantum local correction lemma:

—_

. Flagging correct matrix-vector products in superposition.

\)

. Constructing noisy quantum oracles approximating the indicator function 1x.

w

. Sampling of vectors from the set X of good vectors.

4. Learning Bogolyubov subspaces from noisy quantum oracles.

Note that it is essential to perform the above tasks in complexity o(n?), otherwise the entire
reduction will become trivial; indeed our quantum algorithms make at most O(n/?) queries
and use at most O(n*?) additional one-qubit and two-qubit gates. We now proceed to
briefly describe the above quantum procedures, and offer a quick glimpse at our techniques
for obtaining them. See Section 5.3 for details.

Flagging correct matrix-vector products in superposition. The first tool we shall
need is a quantum subroutine for verifying whether a vector b € F™* output by a quantum
algorithm ALG is in fact the correct matrix-vector product Mw, a task that classically
requires 2(n?) queries. This will play an important role in both amplifying the success
probability of our local correction lemma (see Section 2.7) and in the other quantum
algorithms in the toolkit we develop.

Since it is crucial for our reduction to use such a verification procedure as a unitary
subroutine in other quantum procedures, we unfortunately cannot apply existing verifica-
tion algorithms from the literature. Furthermore, since the algorithm ALG only succeeds
on average with low probability, different input vectors have significantly different success
probabilities. To address this, we give a procedure that flags all of the computational
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basis states in a superposition as either right or wrong in a way that respects the success
distribution of ALG, and then boost the amplitude of the solutions.

However, since the success probabilities of different inputs have high variance, choosing
a fixed number of iterations of amplitude amplification causes problems of over-shooting
and under-shooting. Instead, we apply a delicate argument involving fixed-point amplitude
amplification, which converges monotonically towards the flagged state. Towards this end,
we identify that the flagging operation above has the form of a block encoding.> Having such
an object enables us to use powerful techniques from the repertoire of quantum singular
value transformations.

Implementing the strategy above, we construct the following quantum procedure for
verifying matrix-vector products, which works in superposition and marks an ancillary
qubit attached to the output state of ALG whenever the state has non-zero overlap with
the correct matrix-vector product |Mv). See Section 5.3.1 for details. In the equations
below, |w(-)) denotes the additional work registers that the algorithms may use.

Lemma 2.8.1 (Informally stated; see Lemma 5.3.2). Given access to a unitary oracle for
a matrix M € F*" and a quantum algorithm ALG that takes as input a vector v € F"
and produces as output a state that consists of a superposition over vectors in F",

ALG[0,0) = > 42 |v) |2) [w(z,v))

zeFn

there is a quantum algorithm ALGyerified that annotates the output state of ALG with a flag
marking the vector Mv as correct, and marking all other vectors z # Mwv as incorrect with
high probability, i.e.

AI—Gvr:zriﬁed ‘U70> ~ ’Y* ‘ > |MU> ‘W(MV V ’1 ﬂag < Z 7z ’W Z V)>) |O>ﬂag :
z#Mwv
ALG,erified makes O(1) uses of ALG, O(n®?) queries to Uy and U]TW, 6(71) ancillary qubits,

and O(n3/?) additional one-qubit and two-qubit gates.

Noisy quantum oracles approximating the indicator function 1yx. A key ingre-
dient in our reductions is the indicator function or membership oracle 1y for the subset of

2A unitary U with the form <H >, which encodes another (subnormalised) matrix H in its upper
left block.
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good inputs exceeding probability threshold 7, given by
X:: ={veF": Pr[ALGM (v) = Mv] > 7} .

Here the notation ALGM emphasises the fact that ALG has query access to the matrix M. In
constructing this indicator function we are faced with yet another challenge: while fixed-
point amplitude amplification is able to boost the probability of outputting the correct
success/failure flag, it is insufficient to perform the type of thresholding operation that is
required to implement the indicator function. The key difficulty is the fact that we need
to simultaneously mark inputs inside set X, with the flag one, and those outside X, with
the flag zero (with high probability).

To overcome this issue, we note that ALGyerifiea 1S also a block encoding (of another ma-
trix), and by combining it with the heavier machinery of quantum singular value threshold
projection, we are able to obtain a noisy quantum oracle for a polynomial approximation
of the indicator function on the set X, of good inputs to ALG. In Section 5.3.2, we show
how the technique of quantum singular value transformations can be used to construct
a singular value threshold projection built on ALG,eified, Which acts as a noisy indicator
function on the set of inputs where ALG succeeds with high probability.

Sampling vectors from the set of good inputs. Using the ability to approximately
flag correct and incorrect answers in superposition, we can synthesize a uniform super-
position over the set X, that consists of all inputs on which the average-case algorithm
computes correctly with probability at least 7. Hence by preparing this state and measur-
ing it, we obtain the following quantum speedup for sampling from X.. This will allow us
to boost the performance of our quantum local correction lemma (see Section 2.7), that
needs to sample elements from X, for a value of 7 = ©(«) in order to correct vectors in
the Bogolyubov subspace.

Lemma 2.8.2 (Informally stated; see Section 5.3.3). Given an average-case quantum al-
gorithm ALG with success rate o, there is a procedure Qsamp which with high probability
produces a vector v on which ALG succeeds with probability at least a/2. Qgamp uses ALG

O(%) times, in addition to 5(n3/2) additional one-qubit and two-qubit gates.

Learning Bogolyubov subspaces from noisy quantum oracles. In order to locally
correct vectors that are outside of the Bogolyubov subspace V', we shall need to learn an

approximation of V| so that we can shift arbitrary vectors into V' via sparse vectors (see
Section 2.7).
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Standard quantum procedures for sampling characters according to the probabilities
defined by the Fourier spectrum of a function f use a unitary oracle for f in superposition,
and are built on the Bernstein-Vazirani algorithm. However, in our setting we need to
list-decode the heavy Fourier coefficients of a probabilistic implementation of an indicator
function that we obtain from the linear verification procedure in Lemma 2.8.1. Hence, we
face the challenge of learning the heavy Fourier characters from a noisy implementation of
the function. To this end, we generalise the techniques used to prove Adcock and Cleve’s
quantum Goldreich-Levin lemma [AC02], and obtain the following quantum procedure.

Lemma 2.8.3 (Informally stated; see Lemma 5.3.5). For a function f : F" — Fq, given
a noisy quantum oracle Uy acting on m qubits such that for every input x, measuring the
output qubit of Uy produces f(x) with probability at least 1 —e, there is a quantum procedure

Py = 1fW)P| < 4e. Ca
uses Uy and U} once, in addition to O(nlog|F|) additional one-qubit and two-qubit gates.

CoL which produces outputs y € F* with probability p, that satisfy

We stress that due to the noisy implementation, we do not obtain the heavy Fourier
characters of the actual indicator function of the set of good inputs X, but rather an
approximation of these Fourier coefficients. Fortunately, this guarantee suffices for the
noise-robust Bogolyubov lemma that we presented in Section 2.7.

In fact, Lemma 2.8.3 is not the last link in the chain: a further complication arises
from the fact that any approximation of the indicator function 1x can only work well in
a subset of X and a subset of its complement, necessarily oscillating in a “wasteland”

region corresponding to vectors on which the success probability of ALG lies in some range
(1 —46,7+90).

The polynomial approximation happens at the level of a real-valued function (the suc-
cess probability of ALG on input vectors) and the corresponding wasteland slice is appar-
ently small, namely, an interval of length 26. However this hides the fact that the actual
number of input vectors falling into this intermediate set can be alarmingly large, with

density as high as 11—;72'

We show that in spite of this difficulty, a combination of careful error analysis of our
quantum Bogolyubov subspace learning technique and, as we discuss in Section 2.9, a
carefully chosen random selection of the threshold 7, allows us to efficiently learn the
Bogolyubov subspace.
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2.9 Quantum worst-case to average-case reductions

We first present a high-level overview of our reduction for the Matrix-Vector Multiplication
problem in a simplified setting, then sketch how to extend the proof to obtain Theorem 5
and Theorem 6.

Recall that we start with an average-case quantum algorithm ALG that is correct with
probability a on a randomly chosen input, i.e.,

PriALGM? = Mv] = E |||y ALGM [0) 7] > o .
My MeEnxn
ALG vER™

Our goal is to boost the success rate of the algorithm such that we obtain a worst-case
quantum algorithm that succeeds with high probability on all inputs.

In order to describe the reduction the following notation will be convenient. For each
v € F" let p, = Praig[ALG(v) = Mwv] be the probability that ALG correctly computes the
output on input v, where the probability is only over the measurement of ALG.

First, we define threshold sets as follows.
X, ={veF' :p,>1}.

Since Pryegn[ALG(v) = Mwv] > «, it implies that E,cgn[p,] > «, and hence, by Markov’s

inequality, for 7 < a//2 it holds that ﬁfgl‘ > /2.

Ideally, we could construct the worst-case quantum algorithm ALG’ as follows. We first
learn all of the significant Fourier coefficients of X/, using the quantum learning procedure
in Lemma 2.8.3. Then, by the quantum local correction lemma (i.e., Lemma 2.7.2, which
in turn, relies on the robust Bogolyubov lemma), these Fourier coefficients can be used to
compute a decomposition of any input v € F" as

v =S84 x1+ 2o+ x3+ x4, Where x1,x9, 23,14 € Xa/g ,

and s € F" is a sparse vector that has only O(1)-non zero entries, which allows us to shift
arbitrary inputs into the Bogolyubov subspace.

More specifically, for each input v € F", we can use the Fourier coefficients of X/,
in order to compute the sparse vector s. Then, we sample x1, 3, x3 from X,/2, and set
Ty =V —x1 —Ty—x3— . By the quantum local correction lemma (Lemma 2.7.2) we have
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that Pr [x4 € Xa/2:| > poly(a), and hence set the algorithm ALG’ to compute
Ms + ALGM (1) + ALGM (15) + ALGM (23) + ALGM (z,) .

Note that computing Ms can be done in O(n) time, where O(-) hides the sparsity of s,
and Mwx; can be computed correctly using ALG for each i € {1,2,3,4} with probability
poly(«). In total, the above procedure outputs the correct answer with probability at least
poly(a). By repeating the procedure poly(1/a) times and verifying the result at each time,
we obtain a reduction that succeeds with high probability.

However, the actual reduction is more subtle. The main reason for this is that the
lemma we use to learn the Bogolyubov subspace (Lemma 2.8.3) cannot sample from the
Fourier spectrum of the set X, /o exactly, as computing p, exactly for a particular v requires
a large number of samples, and so, we cannot apply Lemma 2.7.2 directly on the set X, s.

Instead, we choose a parameter 7 € [a/4, a/2], and consider the sets X, and X/, where
7 =7 —0(a%?). See Corollary 5.4.4 for details on how the random threshold 7 is chosen.
Then, we apply Lemma 2.7.2 with respect to some set X* such that with high probability
X, C X* C X,.. Note that we do not have any structural guarantee about X* containing
a particular vector in X, \ X,.

We use Lemma 2.8.3 in order to obtain all significant Fourier coefficients of the indicator
function of X*, and we use them to approximate the Fourier coefficients of the indicator
function of X.

By the discussion above, we may assume that we know a good approximation of all
significant Fourier coefficients of X,. See Section 5.4.1 for more details on this. The rest
of the reduction follows the same plan as described above.

Extending the average-case over both matrices and vectors. So far, we obtained
a worst-case to average-case reduction where the average-case condition only refers to the
vectors in the Matrix-Vector Multiplication problem. To extend the average case to both
vectors and matrices, we need an additional layer of matrix local correction. To this
end, we use the technique of shifting the given matrix M by a random matrix R, which
with probability («) shifts the input to the set of good matrices, where matrix-vector
multiplications are computed correctly for an Q(«)-fraction of vectors. See Section 5.2.2
for details.

Quantum algorithms for linear problems. Throughout the argument that we out-
lined above, we employed a proof strategy that only invokes gate-efficient quantum algo-
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rithms (i.e., with gate complexities that are larger than the query complexity by at most
a polylog factor). We do this precisely due to our interest in uniform quantum algorithms
for linear problems: by a careful instantiation of families of quantum circuits as quantum
query algorithms that match the setting of Theorem 5.2.3, we obtain in Theorem 5.2.2
quantum worst-case to average-case reductions for all linear problems. See Section 5.2.1
for details.
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Chapter 3

Additive Combinatorics Toolbox

In this chapter, we provide a collection of tools for locally correcting vectors using tech-
niques from additive combinatorics. The toolbox will play a key technical role in all of our
worst-case to average-case reductions.

Throughout this chapter, we fix a finite field F. For simplicity, we set F = F, for a prime
number p. However, we remark that the following results hold for any finite field, with
only a negligible change in parameters (see discussions in relevant places below). Recall
that the sumset of a set X is defined as X + X = {1 + 22 : 21,29 € X}, and, similarly,
t-X={x1+...4+x : x1,...,27y € X} for an integer ¢t > 1.

Let X C F" be a subset of size | X| =« - |F|". As we outlined in Chapter 2, our goal is
to decompose any vector y € F" as a linear combination of the form

y:x1+x2—(a:3+x4)+s,

where x1, 29, 23,24 € X, and s € F" is a sparse vector.

Towards this end, we will need additive combinatorics lemmas that will allow us to find
a large subspace V' C 2X — 2X, so that any vector v € V' can be written as v = 21 + x5 —
(x3 4+ x4). Crucially, we will show that we can efficiently sample such a decomposition and
verify membership in the subspace V.
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3.1 Probabilistic and quasi-polynomial Bogolyubov-
Ruzsa lemmas

A natural starting point for obtaining a subspace as discussed above is via Bogolyubov’s
lemma, which states that for any subset X C FJ of density |X|/2" > a, there exists a
subspace V' C 4X of dimension at least n — a~2. However, in addition to minor issues
such as being restricted to the field Fy, there are some fundamental problems with using
Bogolyubov’s lemma for local correction. Most importantly for our application is that
while Bogolyubov’s lemma asserts that there exists a decomposition of each input into a

sum of four elements in X, it does not tell us how to obtain this decomposition.

Hence, we further show that each vector v € V has many “representations” of a sum
of 4 elements from X. This way, for any v € V' we can efficiently sample a representation
v = x1 + T2 + x3 + x4, where each z; € X. We refer to this statement as the probabilistic
Bogolyubov lemma. To make the following discussion precise, we shall need the following
notation.

Given a set X C F", we denote by 1x: F* — {0,1} the indicator function of the set X.
The convolution of two boolean functions f and g we denote by (fx*g)(z) = E,[f(y)g(x—y)].
The Fourier expansion of a function f: F* — C is given by f(z) = > cen f(r) - xr(T),
where the Fourier coefficients of f are defined as f(r) = (f,x,) = Eu[f(z) - x»(x)], with

xr(v) = W and w = e’r is the pth root of unity. In particular for convolution of two
functions we have (f * g)(z) = >, f(r)g(r)x.(x).

Lemma 3.1.1 (Probabilistic Bogolyubov lemma). Let F = F, be a prime field, and let
X C F" be a set of size |X| = a-|F|" for some a € (0,1]. Let R = {r € F"\ {0} : |1x(r)| >
a2}, and let V.= {v € F* : (v,r) = 0 ¥r € R} be a linear subspace defined by R. Then
|R| < 1/a?, and for allv € V it holds that

Pr [z1,29,23,0 — 21 — 29 — 23 € X| > a’ .
z1,22,23
Proof. Note first that by Parseval’s identity we have a = (1x, 1x) = H1XH3 =3 |1X(T)|2-

In particular, for R = {r € F"\ {0} : ‘1;((7")‘2 > o} we have |R| < % = 2. Furthermore,
we have

<a*. Z |1X(T)|2§oz3(oz—oz2)§oz4—a5 ,
refFm\(RU{0}) reFn\(RU{0})
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where the second inequality uses that ), |1X(T)|2 = a, and }iX(O)}Q = a?.

Noting that for every v € V we have x,(v) = w®" = w® = 1 for all r € R, it follows
that

Pr . [x1, 29, 23,0 — 21 —x9 —23 € X| = (Ix*1lx*1x*1x)(v)
z1,x2,23€F™
= > (1x()'x(v)
reFn
N 4 A 4
= [1x(0)] xo(v) + Y [1x(r)| xr(v)
reR

- 4

+ Y ix(O)] X ()
reFm\(RU{0})

a* +|R|-a® — (a* — a°)

o’

AVARLY,

as required. 0

In fact, the foregoing lemma suffices for our application for worst-case to average-case
reductions where the success rate « is a constant. However, to also allow for success
rates that tend to zero, we shall need a much stronger statement of the form of the quasi-
polynomial Bogolyubov-Ruzsa lemma, due to Sanders [San12] (see also [Lov15, BRTW14]),
which admits an exponentially better dependency on «, albeit without the efficient sam-

pling property.

Lemma 3.1.2 (Quasi-polynomial Bogolyubov-Ruzsa lemma [Sanl2]). Let F = F, be a
prime field, and let X C F" be a set of size o - |F|" for some a € (0,1]. There exists a
subspace V. C F" of dimension dim(V) > n — O(log*(1/a)) such that V C 2X —2X.

The caveat, however, is that while in Lemma 3.1.2 the codimension of V' is only
polylogarithmic in 1/a (as opposed to polynomial, as in the probabilistic Bogolyubov
lemma), it only guarantees that for each v € V there exist x1,xs, 23,24 € X such that
T1+To+2T3+ T4 =0.

Hence, we further show that each vector v € V' has many “representations” in 2X —2.X.
In particular, for any v € V we can efficiently sample a representation v = x; + x5 —
x3 — x4, where each z; € X. We are grateful to Tom Sanders for providing us with
a modification of his proof that admits a probabilistic version of the quasi-polynomial
Bogolyubov-Ruzsa lemma. Furthermore, we rely on the Goldreich-Levin algorithm and
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the techniques in [BRTW14] to obtain an efficient algorithm for verifying membership in
the implied subspace. This yields the main technical tool that underlies our local correction
paradigm.

Lemma 3.1.3 (Probabilistic quasi-polynomial Bogolyubov-Ruzsa lemma). Let F = F, be
a prime field, and let A C F" be a set of size |A| = a - [F|", for some a € (0,1]. Then,
there exists a subspace V. C F" of dimension dim(V') > n — O(log*(1/a)) such that for all
v €V 1t holds that

Pr  [a1,as € A a3,a4 € —A] > Q(a°) ,
ai,a2,a3€F™
where ay = v — ay — as — ag. Furthermore, given a query access to the set A, there is
an algorithm that runs in time exp (log4(1/oz)) -poly log(1/9) - poly(n) and with probability
1 — 0 computes a set of vectors R C F" such that V ={v € F": (v,r) = 0Vr € R}.

Before presenting the proof this lemma, let us establish some notation. For a set
A C F", we denote by 14: F* — {0, 1} the indicator function of A, where 14(z) = 1 if

z € A, and 14(x) = 0 otherwise. In particular E,cpn[14(2)] = %. We also let p4: F* — R
be the normalization of 14 defined as p4(x) = 14(x) - % so that E epn[pa(x)] = 1. When

the set A is a singleton A = {a}, we will write ¢, = p(q.

It is easy to verify that for a set A and a function f the convolution @4 * f is given by
wa* f(x) =Egeaf(z — a)]. In particular, for a € F" we have ¢, * f(z) = f(x — a).

As a starting point, we define the set D = {d € F" : 14 x 1_4(d) > 0} for a parameter
§ = a?/20. That is, D is the set of all popular differences of two elements of A. In other
words, D consists of all d € F" such that there are §|F|" pairs (a,a’) € A? satisfying
d=a—ad, ie., Procpng_g_ola € A’ € —A] > 0. Note first that
(La-aspaxpoa)= E [laa(z—ypa(@)p-al=y)l= E [laalz-y)=1

z,yceFn z,yE

Next, we observe that D approximates A — A, in the sense that (1p, 4% p_4) > 1— % =

40



0.95. Indeed, using the fact that D C A — A, we have

(Ip,paxo_a) = (La_a, oa*p_a) — (Lem\p, P4 * _a)
1
=1

T2 <1F"\D7 Ly * 1—A>
1
=1-5-,PrlacAd-ae-Ald¢ Dl Prid¢ D
5
>1- (3.1)

We remark that this is one of the main differences in our proof compared to the original
proof of Sanders, who only relied on the fact that (144,04 % p_4) = 1.

Our proof of Lemma 3.1.3 follows the approach of Sanders, with several modifications.
We follow the exposition of Lovett [Lov15]. The proof consists of the following two parts.

Lemma 3.1.4. Let A C F" be a set of size |A| = a|F|". Sett = O(log(1/«)). There exists
a set X CF" of size | X| > a0(1°g3(1/a))||:|" such that for all 1,2, ..., x; € X it holds that

t
Pr fay—ay—» ;€ D] >09 . (3.2)

ai,a2€A
=1

Given the set X from Lemma 3.1.4 we use a standard Fourier-analytic argument to
define a large subspace V' such that |[D N V’| > 0.8|V| where V' is some coset of V. In
fact, we show that there are many such cosets. Formally, we prove the following lemma.

Lemma 3.1.5. Let A C F" be a set of size |A| = «|F|", Then, there exists a subspace
V C F" of dimension dim(V) = n — O(log*(1/a)) and a vector b € F* such that if we
sample a uniformly random a € A and v € V' then

Pr [v+a+beD]>0.85. (3.3)

a€AWEV

Remark 3.1.6. Lemma 3.1.4 corresponds to Lemma 4.2 in [Lov15]. The only difference
is that we claim that the sum belongs to D with high probability, while in [Lov15] the sum
belongs to A— A. Note that the two statements are indeed close to each other by Eq. (3.1).

Lemma 3.1.5 roughly corresponds to the conclusion of the section “A Fourier-analytic
argument” in [Lovl)].

We show next how to conclude the proof of Lemma 3.1.3 from Lemma 3.1.5. Indeed, by
Eq. (3.3) it follows that E,ca[Pryev[v + a4+ b € D]] > 0.85, and hence for at least 0.05|A]
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many a € A it holds that Pr,ey[v +a + b € D] > 0.8. In particular, for C' = {c € F" :
IDN(V +¢)| > 0.8]V|} we have |C| > 0.05«|F|".

Claim 3.1.7. The set C C F" is symmetric. Namely, if ¢ € C, then —c € C.

Proof. Let ¢ € C and let V + ¢ be the corresponding coset of V. We claim that —c € C,
i.e., [{v €V : there are > §|F|" pairs (a;,as) € A% such that a; — ay = v — c}| > 0.8|V].

For ¢ € C' let P, be as follows.
P. = {v € V : there are > 6|F|" pairs (a;,ay) € A% such that a; —ay = —v + ¢} .

By definition of C, we have |P.| > 0.8|V].

To see that —c € C' take any v € Pg, and note that a; — as = —v + ¢ if and only if
as — a; = v — ¢. Therefore, for each v € P, there are > §|F|" pairs (a;,as) € A% such that
as —a; = v — ¢, and thus —c € C, as required. O

Let us choose a unique representative ¢* for each coset V + ¢ of V' such that
DN (V +c)| =08]V],

and let C* = {c* is the representative of V +c¢ : [DN(V +¢)| > 0.8|V|}. And further-
more, let us assume without loss of generality that C* is symmetric, i.e. ¢* € C* implies
that —c* € C*. Then, the union of all these coset covers is at least 0.05« fraction of F”,
ie.,

|Uerecs (V + )| > 0.05alF|" . (3.4)
We are now ready to show that

Pr [a1,as € A az,a4 € —A] > Q(a”) .
a1,a2,a3€F™
as=v—ai—az—as

Proof of Lemma 3.1.3. Fix v € V. Since |D N (V + ¢*)| > 0.8|V| for every coset V + ¢*
such that ¢* € C*, it follows by the symmetry of C* that for every ¢* € C* we have at least
0.1-|V] pairs (u + ¢*,v —u — ¢*) € D? such that u € V. Therefore, by Eq. (3.4) for every
v € V there are at least 0.1 x 0.05«/|F|" different pairs (u + ¢*,v — u — ¢*) such that both
utcreDN(V+c)andv—u—c € DNV —c*).

Letting d; = u+ ¢*, so far we got that for every v € V' we have Prg, cpr gy—p—q, [d1, d2 €
D] > Q(«).

42



Recall that by the definition of D, every d; € D is a popular difference of elements of
A, ie. Pr gern [ag € Ajaz € —A] > 0. Similarly, for dy € D we have Pr g,cen [as €

az=di—ay ag=dz—az

A,ay € —A] > 6. This implies that

Pr [a1,as € A, as,a4 € —A] > Q- 6%)
a1,a2,a3€F™
a4=v—a1—a2—as

as required. N

Finally, we turn to proving each of the two steps stated in Lemmas 3.1.4 and 3.1.5.

Proof of Lemma 3.1.4 The proof starts with the following lemma of Croot and Sisask
[CS10].

Lemma 3.1.8 (Croot-Sisask [CS10, Proposition 3.3]). Let A, B C F" be two sets, and

let e € (0,1) andp > 1. Let o = % € (0,1). Then, there exists a set X C F" of size

|X| > (a/2)°®/)|F[" such that for all x € X it holds that

[z * pa*1p —pax1pl, <e.

Let p = logy(1/a), t = O(log(1/a)), and € = (1/40t). By applying Lemma 3.1.8 we
obtain a set X C F" of size | X| > (a/2)0®/e*) > qOUog’1/a)|F|"  We show below that X
satisfies Eq. (3.2).

Fix z1,...,2; € X, and let s = S.i_ x;. Note first that by setting B = D in
Lemma 3.1.8 and combining it with triangle inequality we get that

||¢S*¢A*1D—¢A*1D||p§t-8§1/40 ,

where the last inequality is by the choice of e = 1/40t. Let ¢ = p/(p — 1), then by the
choice of p = log,(1/a) we have

1 1/q 1 1/p
= - — =1 - <2.
loal,= (2 %) = (3) <

Then, by applying Holder’s inequality with ¢ = p/(p — 1) we get

(s * pax1p —paxlp,oa)| < losxpaxlp —paxlp|,- [lall, <1/20 .
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By combining the above inequality with Eq. (3.1) we get

Pr [ag —as—se D] =

a1,a2€A

Os* pax1p,pa)

1p,0a*@_a) — (pa*x1p —ps*@a*1p, pa)

{
(pax1p,pa) = (Pax1lp —@s*xpax1p,pa)
{
(1—6/a)—1/20>0.9 ,

as required.

Proof of Lemma 3.1.5 The proof of this step is essentially Section 5 of [Lov15]. The
only (minor) difference is that we work over F, and not over Fs.

Given the set X C F" from Lemma 3.1.4 of size |X| > aCUe’M/)|F|" we define
Spec,(X) = {r € F" : |px(r)] > ~v}. Since > pn 1Px(r)|° = E.[px(2)?] = 1/a, it follows
that ‘SpecW(X )‘ < Q%Q Chang’s lemma provides a non-trivial bound on the dimension of
the subspace containing Spec, (X).

Lemma 3.1.9 (Chang [Cha02]). Let X C F" of size | X| = 8- |F|", and let v > 0. Then

dim(Spec, (X)) <O <loggﬂ)

Define the subspace V' = Spec, o(X)" = {v € F" : (v,7) = 0 Vr € Spec, ;»(X)}.
Lemma 3.1.9 implies that dim(V') > n — O(log*(|F|"/|X|)) > n — O(log*(1/a)).

We now show that V' indeed satisfies the guarantee of Lemma 3.1.5. For x1, 2o, ..., 2; €
X let s = 25:1 x; as in the previous lemma. By Lemma 3.1.4 for all x1,zs,...,2; € X we
have

Pr [y —as—s€ D] >09 .

a1,a2€A

Next, we are comparing this probability to the following.

P%"/ [v+a —ay—se D] . (3.5)
a11:§2614
We claim that if we sample v € V| ay,a2 € A, and zq,...,2; € X uniformly at random

(and let s = S_I_, ;), then the two quantities are close to each other. We prove this
by rewriting the two probabilities using the Fourier expansion. Note that the Fourier
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coefficients of ¢y are simple to describe since V' is a linear subspace, and they are equal to
ov(r) =1ifr € Vt and @y (r) = 0 otherwise. Therefore,

Pr [vta—a—-seD] = <80v*90A*80—A*90(_t)X>1D>

= > @) ) - @a(=r) - x'(=r) - Ip(r)

reFn
= > falr) —r) - gx'(=r) - 1p(r) .
revi
On the other hand
P —ay — —r)-1p )
P o —ense D= (paroar 1) = 30 E0) Ea-r) - B () Tl
a1,a2€A refFnr
This implies
Pr [v+a1—as—seD]— Pr Jag—ays—seD]
. U§21<X L1,y rr€X
}171.“(1’2%3 a1,a2€A
= D palr)-@a(=r)-¢x (r) - 1p(r)
rgvL
< 3 |Fa) - Fac-n) 2 Tol)
rgVv-+
<27 " |@a(r) - @al—r)|
reFn
(By Cauchy-Schwarz) < 27* Z }@2(7“)
refFn
ot 2
=27 E [4()
1
a2t
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where the last inequality holds due to the choice of t = O(log(1/«)). Therefore,

Pr [v+a—ay—seD]> Pr Jag—ay—seD]—0.05>0.85.

veV 1171,...,517156)(
T1yeTtEX a1,a2€A
a1,a2€A
Finally, we can fix as + s maximizing the probability, and let b = —ay — s to conclude the

proof of Lemma 3.1.5.

3.2 Algorithmic construction of the subspace V

Given a set A we can construct V using the algorithm described in [BRTW14]. Indeed,
the only ingredients we need for our construction are the set X from Lemma 3.1.4 and the
subspace V' guaranteed by Lemma 3.1.5.

A straightforward inspection of the algorithm described in [BRTW14] gives the desired
result. Informally, the algorithm works as follows: The set X is defined as the set of all
x € X such that

[z * pa*x1p —pax1pll, <e .

Note that given x € F" we can estimate the norm efficiently (up to a small error). This
gives us a membership oracle to the set X.

Given such a query oracle, we can use Goldreich-Levin algorithm over F to compute
R = Spec, j(X) [AkaO8], or more precisely its superset that is not too large, and using it
we define the subspace V = {v € F": (v,r) = 0Vr € R}.

3.3 Local correction lemma

Using the probabilistic quasi-polynomial Bogolyubov-Ruzsa lemma (i.e., Lemma 3.1.3), for
any vector v € V' we can efficiently sample x1, 9, 3, x4 € X such that we can write

V=21 4+ 29 — (T3 + 24) .

However, we need to be able to handle any vector y € F", and not just vectors in the
subspace V. Towards that end, we show that since the subspace implied by the proba-
bilistic quasi-polynomial Bogolyubov-Ruzsa lemma is of large dimension (i.e., of dimension
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dim(V) > n—O(log*(1/c))), we can decompose any vector € F" as a linear combination
of the form
y:$1+I2—($3+I4)+8,

where z1, x5, 23,24 € X and s € F" is a sparse vector. We stress that the sparsity of the
decomposition is essential to our applications, as we cannot locally correct the shift part
of the decomposition, and instead we need to compute it explicitly.

The above captures our local correction lemma which will be used throughout Part I
of this thesis.

Lemma 3.3.1 (Efficient local correction). Let F = F, be a prime field, and let X C F"
be a set of size | X| = a - |F|", for some a € (0,1]. Then, there exists a non-negative
integer t < O(log*(1/a)), a collection of t vectors B = {by,...,b, € F"}, and t indices
ki,..., Kk € [n] satisfying the following:

Gwen a vector y € F", define s = 22:1 (y,bj) - €, where (€;)icn) is the standard basis.
Then
Pr  [z1,20 € X, 23,24 € —X] > Q(a”) ,
x1,r2,23€F"

where Tty =1y — S — X1 — Ty — I3.

Furthermore, suppose we have a randomized membership oracle Ox that for every input
x € F", computes the indicator 1x(x) correctly with probability at least 2/3. Then, there
exists an algorithm that makes exp(log4(1/a)) - poly log(1/4) - poly(n) oracle calls to Ox,
performs exp(log*(1/a)) - poly log(1/8) - poly(n) field operations, and with probability at
least 1 — & returns vectors by, ..., by € F" and indices ki, ..., k; € [n] as described above.

Proof. Fix aset X C F" of size | X| = a-|F|" for some « € (0, 1]. By applying Lemma 3.1.3,
we obtain a subspace V' C F" of dimension dim(V) = n — ¢ for t = O(log*(1/a)). Let
R C F2\ {0} be a set of vectors in F” of size t such that V = {v € FZ : (v,r) = 0 Vr € R}.
Indeed, we can let R be a set of t linearly independent vectors in V.

By writing the vectors of R in a matrix and diagonalizing the matrix, we obtain: (1) a set
of vectors B = {by,...,b; € F}} such that span(B) = span(R), and (2) the corresponding
pivot indices ki, ..., k; € [n] such that b;[k;] = 1 and b;[k;] = 0 for all j # 5.

Given a vector y € F", define s = 22:1 (y,bj) - €k, where (€)ie[n is the standard basis,
and let v = y — s. It is straightforward to verify that v € V. Then for any j € [t] we have

t
o ) - **)
(0,b5) = (u,b5) = > ¢+ (Eyaby) = (Y, b)) — ¢+ (@ bj) = (y,b5) = (w,0;) = 0,
=1
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where (*) is because <€kj,,bj> = bj[iy] = 0 for j # j/, and (**) is because (&,,b;) =
bjlis] = 1.
Now, since v € V| by the guarantees of Lemma 3.1.3 it follows that

Pro meXmeX 236X, v—1—Ty—123€—X]>0Q>P) .

z1,22,23EF™

For the furthermore part, note that we can boost the success probability of the mem-
bership oracle Ox. That is, given a query x we can decide if z € X with confidence 1 — %
be repeatedly calling it O(log(¢)) times and taking the majority vote. In particular, for

t = exp(log*(1/a)) - poly log(1/8) - poly(n), by making O(polylog(1/a)+log(1/8) +log(n))
calls to Ox (z) for each element z € F" we need to query, we may assume that all queries
output whether z € X or not correctly.

The furthermore part of the lemma follows immediately from the computational guar-
antees of Lemma 3.1.3 together with the diagonalization procedure described above. [

3.4 Robust probabilistic Bogolyubov lemma

We now turn to proving our main technical tool for the quantum reduction: a robust
quantum local correction lemma for linear problems.

Recall that Bogolyubov’s lemma states that for any subset A C F3 of density |A|/2" >

v, there exists a subspace V' C 44 of dimension at least n — a2,

We would like to use Bogolyubov’s lemma to locally correcting faulty inputs by ex-
plicitly computing a decomposition into a linear combination of good inputs, shifted by a
sparse vector (see Section 2.7). Computing the sparse shift vector requires learning the
(significant) Fourier spectrum of the subspace implied by Bogolyubov’s lemma. The caveat
is that our quantum algorithm for learning the subspace encoded in a noisy quantum state
(see Section 5.3.4) can only obtain an approximation of the spectrum.

Hence, we need to strengthen Bogolyubov’s lemma to obtain the following structural
properties:

1. Robustness, in the sense that the linear constraints that define the Bogolyubov sub-
space can lie within a range of Fourier thresholds; and
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2. Density, in the sense that each element of the Bogolyubov subspace admits many
decompositions into valid inputs, and in turn can be sampled probabilistically using
our quantum sampling procedure (see Section 5.3.3).

Next, we prove a generalization of Bogolyubov’s lemma, which achieves the aforemen-
tioned structural properties. In the following, given a set X C F" define Specy(y) = {r €

F A\ {0} : [1x(r)| = 7}

Lemma 3.4.1 (Robust Bogolyubov lemma). Let F = F, be a finite field, and let X C F"
be a set of size |X| = a - |F|" for some a € (0,1]. Let R C F" be a set such that

Specy(a®?) C R C Specx(%m).

Let V.={veF":(v,r) =0Vr € R}. Then dim(V) > n —4/a?, and for allv €V it

holds that

Pr |21, 29,23,0 — 21 — 23 — 23 € X] > a°,
x1,x2,03EF"

or equivalently
Pr [v—ax—2y—123€ X|>a

r1,x2,£3€X

Proof. Note first that by Parseval’s identity we have
= (Ix,1x) = |1x]5 = Z |1x(r)

In particular,

TR <Y )] < Y [ )[ = as

reR
and hence |R| < Z5. In particular, dim(V) > n — |R| > n —4/a?

Furthermore, we have

reFnm\(RU{0}) reFm\(RU{0})

where the second inequality uses that ) !iX(r)|2 = «, and ‘iX(O)‘Q = o?. Noting that
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for every v € V we have x,(v) = w®" = w® =1 for all » € R, it follows that

Pr . [x1, X9, 23,0 — 21 —x9 —x3 € X| = (Ix*1lx*1x*1x)(v)
T1,r2,x3€F™
= > (Ix(M) ()
rekFn
. A 4
= [1x(0)| xo(v) + > [1x(r)]| X (v)
reR
A 4
+ Z 1X<T) Xr(v)
refFm\(RU{0})
> ot + (a?/2)* |R| - (a* — )
> o,
as required. N

3.5 Quantum local correction lemma

Equipped with the noise-robust Bogolyubov lemma, we can now employ the four quantum
procedures we showed in Section 5.3 and prove the following quantum local correction
lemma for linear problems, which lies at the heart of our worst-case to average-case reduc-
tions.

Lemma 3.5.1 (Quantum local correction). Let F = F, be a finite field, and let X C F" be
a set of size | X| = a - |F|", for some o € (0,1]. Then, there exists a non-negative integer
t < 4/a?, a collection of t vectors B = {by,...,by € F"}, and t indices ki, ..., k; € [n]
satisfying the following:

Given a vector y € F", define s = Z;Zl (y,bj) - €, where (€;)icn) is the standard basis.
Then

Pr [x17x27‘r37'r4 € X] Z Oé5 )

z1,22,23EF™

where Ty =y — x1 — xo — x3 — S. Equivalently, we have

Pr [rs€ X]>a?.

r1,r2,£3€X

Furthermore, suppose we have a quantum membership oracle 6X* (that we can query
in superposition) for a set X* satisfying the following conditions
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° ’ix*(T) — iX(r)‘ < %/2 for allr € F*;

o for every input x € F", 5)(* computes the indicator 1x«(x) correctly with probability
at least 1 — a/?/10.

Then, there exists a quantum algorithm that with probability at least 1 — § returns vectors
bi,...,by € F" and indices ky,..., ki € [n] as described above. This algorithm makes
O(a™ /%) blackbox queries to Ox-, uses an additional number

O (na_7/2 -logn - poly log |F|)
of one-qubit and two-qubit gates, and O(na~2log|F|) ancillary qubits.

Proof. Fixaset X C F" of size | X| = a-|F|" for some « € (0, 1]. By applying Lemma 3.4.1,
we obtain a subspace V' C F" of dimension dim(V) =n —t for t = 4/a% Let R C F*\ {0}
be a set of vectors in F" of size t such that V' = {v € F" : (v,r) = 0 Vr € R}. Indeed, we
can let R be a set of ¢ linearly independent vectors in V+.

By writing the vectors of R in a matrix and diagonalizing the matrix, we obtain: (1) a set
of vectors B = {by,...,b; € F"} such that span(B) = span(R), and (2) the corresponding
pivot indices ki, ..., k; € [n] such that b;[k;] =1 and b;[k;/] = 0 for all j # j'.

Given a vector y € F", define s = Z;Zl (y,bj) - €k;, where (€)ic[n is the standard basis,
and let v = y — s. It is straightforward to verify that v € V. Then for any j € [t] we have

t

<U b Z ek]7b> - yu Cj'<€kj7bj> (z) <y7bj>_<y7bj>zo )

where (*) is because <€kj,,bj> = b[iy] = 0 for j # j/, and (**) is because (&,,b;) =
bjlis] = 1.
Now, since v € V', by the guarantees of Lemma 3.4.1 it follows that

Pr meXmeXaseX,v—x —29—13€X]>0’,

z1,22,23EF™

which is equivalent to

Pr v—x1—2y—123€ X|>a

r1,r2,£3€X
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For the furthermore part, consider the oracle 5X(x) By the closeness between the
Fourier coefficients of 1y and 1x+«, we may apply Lemma 3.4.1. Indeed, letting

3
R = SpecX*(Za?’/Q) :

we have a set of Fourier coefficients satisfying the requirements of Lemma 3.4.1, namely
that Specy.(a®/?) C R C Specy.(a®?/2).

By definition, for every input x € F”, 6X*(.r) computes the indicator 1y-(z) correctly
with probability at least 1 — a*2/10. Now, we can apply Corollary 5.3.7 to find a y €
F" such that 1x.(y) > 3a*2/4 with O(a~3/2) blackbox queries to Ox-, and O(na=3/2 -
poly log |F|) additional one-qubit and two-qubit gates. By the closeness between the Fourier
coefficients of 1x and 1x-, these y’s also satisfy 1x(y) > a*?/2. Since there are at most
t < 4/a? such coefficients, to find all of them with probability 1 — ¢, we need to repeat the
sampling procedure above O(a~?) times. Hence, the total query complexity is O(a~"/?)
blackbox queries to 9] x+, the total number of additional gates is

O (nof”2 -logn - poly log |F|> ,

and the number of ancillary qubits is O(n - a=2log |F|). O
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Chapter 4

Classical Reductions

In this chapter, we formally state and prove the reductions in classical computational
models. We start by proving the reduction for matrix multiplication, and then move on to
prove the reduction for OMV and data structures.

4.1 Worst-case to average-case reductions for matrix
multiplication

We prove the worst-case to average-case reduction for matrix multiplication problem in
this section. Let’s restate Theorem 1 below.

Theorem 1. Let F = F, be a prime field, n € N, and o = «a(n) € (0,1]. Suppose that
there exists an algorithm ALG that, on input two matrices A, B € F**" runs in time T'(n)
and satisfies

Pr[ALG(A,B)=A-B| > «,

where the probability is taken over the random inputs A, B € F"™™ and the randomness

of ALG.

o If |[F| < 2/a, then there exists a randomized algorithm ALG' that for every input

ex O, 5 [0
A, B € F"*" and 6 > 0, runs in time M -T(n) and outputs AB with

probability at least 1 — 9.
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o If |[F| > 2/a, then there exists a randomized algorithm ALG' that for every input
A,B € F™" and 6 > 0, runs in time O(5% - T(n)) and outputs AB with probability
at least 1 — 9.

We divide the proof into two parts, namely for when |F| > «/2 and when |F| < «/2.
The proof for the former case is given in Section 4.1.2 and the proof of the latter is given
in Section 4.1.1.

We would like to point out that when the field size is large enough, we can use the stan-
dard interpolation techniques for low-degree polynomials to prove the reduction. However,
the problem becomes more challenging when the field size is small (say, F = F3), and
showing the reduction in this case requires novel ideas. We will discuss both cases in detail
in the following sections.

4.1.1 Reduction for matrices over small fields

In this section, we show a worst-case to average-case reduction for matrix multiplication
problem over small fields, namely, where |F| < 2/«a, where « is the success rate of the
average-case algorithm. Informally, we will show that if there exists an algorithm that is
able to compute the multiplication for a small percentage of matrices, then it is possible
to boost this algorithm such that it works for all matrices, without sacrificing the running
time too much. Before we proceed with the formal result, we need the following lemma
known as Freivalds’ algorithm.

Lemma 4.1.1 (Freivalds’ Algorithm [Fre77)). Given matrices A, B,C € F™*™ there exist
a probabilistic algorithm that verifies whether A - B = C with failure probability 2~% where
the algorithm runs in O(kn?).

Throughout the proof, we will use Freivalds’ algorithm to verify the result of matrix
multiplication instances,

In particular, it suffices to design an algorithm that given two matrices A, B outputs
their product with some non-negligible probability ¢ > 0. By repeating the algorithm
O(1/e) times, we can boost the probability of outputting the correct answer to a constant
arbitrarily close to 1. This is done by applying Freivalds’ algorithm on each of the outputs
of the algorithm, rejecting incorrect outputs with high probability, and accepting when the
correct answer is found.

We now demonstrate the main result of this section, which corresponds to the first case
in Theorem 1.
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Theorem 4.1.2. Let F =F, be a prime field, n € N, and o = a(n) € (0,1]. Suppose that
there exists an algorithm ALG that, on input two matrices A, B € F™*" runs in time T'(n)
and satisfies

Pr[ALG(A,B)=A-B| > «,

where the probability is taken over the random inputs A, B € F"™™ and the randomness
of ALG. If |[F| < 2/a, then there exists a randomized algorithm ALG' that for every input

ex O, 5 (03
A, B € F" and 6 > 0, runs in time O(M -T(n)) and outputs AB with
probability at least 1 — 6.

Below we will prove the theorem assuming the algorithm ALG is deterministic, but a
straightforward generalization of the proof works for randomized algorithms as well. To
proceed with the proof, we first need the following definitions.

Definition 4.1.3. Let X be the set of matrices A such that ALG computes their product
with matrices B with probability at least o/2. More formally

X ={A: l;r[ALG(A, B)=A-B]>a/2} .

Similarly, for each A € F™" we define Y4 to be the set of matrices B such that given A
and B, ALG correctly computes A - B. In other words

Ys={B:ALG(A,B)=A- B} .
Claim 4.1.4. X and Y4, where A € X, have density at least /2.

Proof. Let P4 be the random variable P4 := Prg[ALG(A, B) = A- B]. From the definition,
it is clear that E4[P4] > a. Now, by contradiction, if Pra[P4 > a/2] < a/2 then we have

E[P4] = EPY[ALG(A,B) = A- B < a/2-1+ (1 - a/2)-a/2 < a.

Hence, Pr[P4 > a/2] > «/2 and X has density greater than or equal to a/2. It follows
from the definitions of X and Y, that for all A € X, Y4 has density at least «/2. O

Next, we need the following definition.

Definition 4.1.5. For a matriv A € F*" and k € [n], let M5 = A+ L% where we define
the matriz L as follows.

1. First, choose a random subset S of size k from [n].
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2. For each i € S let the ith row of L% be uniformly random in F™.

3. For all j € [n]\ S, let the jth row of L% be a random linear combination of the rows
in S.

Remark 4.1.6. For matriz L¥ we have that rank(L%) < k, because every row indezed by
j € [n]\ S is alinear combination of the rows in S.

Remark 4.1.7. If the random rows in S are not linearly independent, we can throw them
away and repeat Step 2. It is not hard to see that this event happens only with constant
probability, and we can check this in O(nk?) time.

The following lemma shows that matrix M3* = A + (L%¥) belongs to any subspace of
matrices of constant co-dimension k with constant probability.

Lemma 4.1.8. Given a matrizc A € F"*" and k € [n], for any subspace V. C F"*" of
dim(V) > n? — k we have

Pr[M} eV] > JFF

Proof. Since V has co-dimension k, it can be defined by k linear constraints on the elements
of the matrix as follows.

M3 (o, jo) + M3 (in, 1) + oo + M3 (i, jr) =0,

where r € [1,n?] denotes the number of coordinates that this constraint depends on. By
re-writing M3F as a vector m € F”Q, we can construct the system of equations G-m = 0
for membership in V. Here, G denotes the matrix of size k x n?, where each row specifies
one single constraint of the aforementioned form. Now, if we diagonalize G using Gaussian
elimination, we can re-write the system of equations in the form G’ - m = 0 for a matrix
G', where for each row a in G’, there exists a column b, which has value 1 in this row and
0 in the other rows.

For all b, with a € [k], we consider the coordinate my,,. The set of these k coordinates
{m,,, my,, ..., my,} corresponds to k pairs of coordinates {(cy, ¢}), (¢c2, ), ..., (ck, ¢},) } in the
original matrix. Note that these k coordinates belong to at most k rows in M3*, and we
want to lower bound the probability that these rows in L% are linear independent. Let Z
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be the event that these k rows are linearly independent in L%. Then

- (-2) (- 2) (- 2) - (-32)

Now, we observe that if Z happens, it means that for all k£ constraints, there exist
a coordinate which we denote by (c;,c;) in M3* such that none of the other constraints
depend on the value of M3¥(c;, c}), and the value of M3*(c;,c}) is chosen uniformly at
random. Hence, this random value is equal to the unique solution which satisfies ith con-
straint (assuming values of all other coordinates involved in this constraint are determined
beforehand) with probability 1/|F|. Therefore, the probability that M32* € V is bounded

by
Pr[M3* € V] = Pr[All k constraints are satisfied]
>Pr|Z| - —
A
1

_ . 0
2|F|*

Proof of Theorem 4.1.2. To prove this theorem, we design the following algorithm and
prove that this algorithm outputs the correct answer for the matrix multiplication problem
with high probability.
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Algorithm 1 : Matrix multiplication reduction over small fields

Input: ALG, A, B € F"*"
Output: A-B
1. Set k to be O(log*(1/a)).

2. For matrices A and B, construct the matrices M%* and M2~

3. Sample 3 random matrices Ry, Ry, R3 € F"*™ and set Ry = Ry + Ry — R3 —
A — M?% so that A+ M3 = Ry + Ry — R3 — Ry.

4. Sample 12 random matrices Sgt), Sét), S?Et) € F™" and set Sit) = Sft) + Sét) —
S — B — MZ for t € {1,2,3,4}, so that B + MZ% = 8 4 50 _ 50 _ 50,

5. Compute O, = S S signt,SALG(Rt,Ss(t)), where sign, , = —1 if {t,5} N
{1,2} =1, and sign, , = 1 otherwise.

6. Compute O =0 — A- L% — L% .B— L% . R%.
7. If O = A- B (check using Lemma 4.1.1), then return O.

Correctness: Let’s consider X as it is defined in Definition 4.1.3. By applying Lemma 3.1.3
on X, we can conclude that there exists subspace Vx with co-dimension at most O(log*(1/a))
and the guaranteed properties. On the other hand, by Lemma 4.1.8 we have that

1
2k
Pr[M7y* € Vx] > QPO

Assuming M3* € Vx, by Lemma 3.1.3, we have that

Pr [Rl, Ry, —Rs3,—R, € X] > Q(OP) .
Ri1,R2,R3
Now, for each R, with ¢t € {1,2,3,4}, we can consider Yg, using Definition 4.1.3. Similarly,
since each Yg, has density at least «/2, we can apply Lemma 3.1.3 on Yg, to define the
corresponding subspaces Vy,, . Having these four subspaces, we define Vy = Vy,, Ny, N
7 g () 7 Ay It is not hard to see that since each of the four subspaces has co-dimension
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O(log*(1/a)), the co-dimension of V4 is at most 4 - O(log*(1/c)). Thus, by Lemma 4.1.8

1
2k
Pr[M e V] > —2|F|O(log4(1/a)) :

Given M¥ € Vi, for each t € {1,2,3,4} by Lemma 3.1.3

Pr [S1 80 50 5" e vyl > 0@ .
51 g gt
1 ~2 3

It is important to note that since L% and L% have rank less than or equal to 2k, and all
linear combinations of their rows are known previously, we can compute the multiplications
in Step 6 in time O(n? - log*(1/a)).

Since all the events defined above are independent, we conclude that the algorithm
succeeds with the following probability

Q(Oé25) - Q(Oé25)
O([F|00e"(1/e))y = O(10)0og" (1/e0)

a

Pr[Algorithm 1 succeeds] > > exp(—log’(1/a)) .

ex O, 5 (63
Therefore, by repeating the algorithm exp(log’(1/a) times, and using Freivalds’ algo-

rithm for verification, we obtain an algorithm that solves the matrix multiplication on all
instances with probability at least 1 — 4.

Running time: Th running time of the procedure described above is essentially domi-

exp(log5 (1/a))

nated by calls to the weak average case algorithm, and hence the total running

. . exp(log®(1 . . .
time is M -T(n). In particular, even if the algorithm succeeds on a sub-constant

fraction of inputs o = exp (logo'lgg(n)), the reduction turns it into an algorithm that works
for worst case instances in time 7'(n) - n°0), O

4.1.2 Reduction for matrices over large fields

We now prove case 2 of Theorem 1 in this section. For concreteness, we restate this result.

Theorem 4.1.9. Let F = F, be a prime field, n € N, and o = a(n) € (0,1]. Suppose that
there exists an algorithm ALG that, on input two matrices A, B € F™*" runs in time T'(n)
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and satisfies
Pr[ALG(A,B) =A-B] > a,

where the probability is taken over the random inputs A, B € F™™ and the randomness
of ALG. If |[F| > 2/, then there exists a randomized algorithm ALG' that for every input
A,B € F" and 6 > 0, runs in time O(551 - T(n)) and outputs AB with probability at
least 1 — 0.

Proof. To prove Theorem 4.1.9, we use the following algorithm and we prove that this
algorithm outputs the correct answer for the matrix multiplication problem with high
probability.

Algorithm 2 : Matrix multiplication reduction over large fields

Input: ALG, A, B € F"*"
Output: A-B
1. Let X and Y be matrices chosen uniformly at random from F"*", and let 7, j,
and k be chosen uniformly at random from F.

2. Compute ALG(A+iX, B+1Y), ALG(A+jX, B+jY), and ALG(A+kX, B+kY).

3. If the computations are correct (check using Lemma 4.1.1), then compute A- B
by interpolating (A +iX,B+1iY),(A+jX,B+jY), and (A+ kX, B+ kY.

Correctness: Again, we prove the result assuming the algorithm ALG is deterministic,
but a straightforward generalization of the proof works for randomized algorithms as well.
We define the set of good pairs of matrices for ALG as follows.

Definition 4.1.10. Let S C (F™*" x F"*™) be the set of pairs of matrices such that for all
(M,N) € S we have ALG(M,N) = M - N. More formally
S = {(M,N): ALG(M,N) = M - N, M € F""" N e F™*"}

Note that by definition, S has density at least c.

Claim 4.1.11. Let (xy = {(A+iX, B+iY) : i € F} be the line that passes through (A, B)
and is defined by matrices X and Y. Then, with probability /2, at least «/2 fraction of
pairs of matrices on this line belong to S.
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Proof. Let Pixy) be the random variable P x yy = Pr;[ALG(A+iX, B+iY) = (A+iX)-(B+
iY')]. From the definition, E[Px y)] > a. Now, by contradiction, if Pr [P(X’y) > a/Z] < /2
then we have

E[Pixy)) = E Pr{ALG(A +iX, B +iY) = (A +iX) - (B +iY)]
<af2-1+(1—-a/2)-a/2<a .

Hence, Pr[Pxy) > o/2] > a/2. O

Having Definition 4.1.10, we can make the following claim.

Claim 4.1.12. The three pairs of matrices defined in Step 2 of Algorithm 2 belong to S
with probability at least a’/16.

Proof. Note that in Step 1 of Algorithm 2, we are sampling a line ¢x y, which by Claim 4.1.11
has density «/2 of good pair of matrices with probability /2. Also, in Step 2, we are sam-
pling three uniformly random pairs on this line. Assuming ¢y y is a line with density a/2
of good pairs of matrices, with probability at least (a/2)* these three pairs belong to S.
Hence, total probability that we sample three pairs such that they all belong to S is at
least (a/2)* = a/16. O

Since matrix multiplication is a polynomial of degree 2 in the entries of the matrices,
having 3 pairs where ALG outputs correct answers enables us to interpolate the value of
A - B. Thus, the algorithm succeeds with probability O(a?). By repeating the algorithm
and verifying the answer using Freivalds’ algorithm, one can amplify the success probability
to any arbitrary constant.

]

4.2 Worst-case to average-case reductions for online
matrix-vector multiplication

In this section we prove Theorem 3, which we restate below.

Theorem 3. Let F = F, be a prime field, n € N, and o = a(n) € (0,1]. Consider the
matriz-vector multiplication problem OMVg for dimension n, and suppose that for some
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a > 0 it holds that

preprocessing time:  p

memory used: s

query time: i
success rate:  Prp,[DSy(v) = Mv] > «

OMVe € DS

Then for every 6 > 0,

preprocessing time:  4p + exp(log*(1/a)) - polylog(1/8) - poly(n)
memory used:  4s + O(log*(1/a)n) + O(n?)
query time: (4t 4+ n) - poly(1/a) - poly log(1/4)
success rate: VM, v : Pr[DSy(v) = Mv] > 19§

OMVe € DS

Remark 4.2.1 (Large fields). We would like to point out that this problem is more inter-
esting when the field F is small. Indeed, if the size of F is relatively large (say, |F| > 2/a),
then we can think of the matriz-vector multiplication as a polynomial of degree at most one
in the elements of the vector. Therefore, we can use the standard self-correction techniques
for evaluating low-degree polynomials to solve this problem. In particular, given a query
v € F" we can sample a line { € F"* that passes through v, and query two random vectors
that belong to £, and compute Mv by interpolating the two queried points.

Before proceeding with the formal proof of Theorem 3, we informally outline the argu-
ment.

Proof sketch: The proof of Theorem 3 relies on Lemma 3.3.1, which shows that any vec-
tor in F" can be self-corrected via a linear constraint involving four vectors x1, xo, x3, 14 € X
and a shift by sparse vector u. This result will be used several times in the proof of Theo-
rem 3, which we explain below.

e First, note that if Pry;,[DSy(v) = Mv] > a, then there is a collection Z C F*™*™ of

size |Z| > a/2 - |F|n2 of good matrices, i.e., those matrices M on which DS succeeds
to compute Mwv on some non-negligible fraction of vectors v. More formally, Z =
{M € F*" : Pr,[DSp(v) = Mv] > «/2}.

e First time we apply Lemma 3.3.1 on the set Z C F"*". (That is, we identify n x n
matrices with vectors of length N = n?.) Roughly speaking, given an arbitrary matrix
M we will apply the lemma so that we can write M = M+ My — M3 — M4+ U, where
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My, My, M3, My € Z and U is a sparse matrix. By the assumption in Theorem 3 each
M; succeeds on a non-negligible fraction of vectors v.

e Second time Lemma 3.3.1 will be used with the set X = X}, of vectors v € F" on
which DS outputs M;v correctly, where M; is each of the matrices above. Using the
lemma we will be able to represent every vector v € F" as v = x1 + 9 — x3 — x4 + u,
where the z;’s belong to Xy, i.e., the data structure outputs M;z; correctly for all
j=1,2,3,4, and u € F" is a sparse vector.

e In particular, for each of the matrices M; the data structure computes correctly M;z;
for all j = 1,2,3,4, and M,;u can be computed in the query phase by reading only
O(1) columns of M;, as u is a sparse vector.

Before proceeding with the formal proof of Theorem 3, we need the following definition
of small-bias sample spaces, and the theorem regarding their existence.

Definition 4.2.2 (Small-bias sample spaces). A sample space S over F" is called e-biased
if for every r € F* \ {0} and every b € F it holds that

1

In other words, a sample space is e-biased if it e-fools every nontrivial linear test, i.e.,
for any r € F™\ {0} the distribution of (s, r) with s sampled from S is close in distribution
to (s,r) for a uniformly random s € F". When the exact value of ¢ is not important, e.g.,
by setting ¢ = 0.1, we usually call such sample spaces small-bias sets. These objects have
been introduced in the work of Naor and Naor [NN93], followed by a long line of work
culminating in the recent almost optimal construction of Ta-Shma [TS17], who showed an
efficient construction of such sets of size O(n/e**°(")) over F,. For our purposes, even a
randomized construction will be sufficient (see, e.g., Corollary 3.3 in [AMNOSg]).

Theorem 4.2.3. For every finite field F, constant ¢ € [0,1] and n € N, a random set
S CF" of size O(nlog|F|) is an e-biased with high probability. For the field F = Fq, there
exists an explicit construction of size |S| = O(n).

For concreteness, we will take € = 0.1, which suffices for our application.

We are now ready to prove Theorem 3.
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Proof of Theorem 3. For each matrix M € F"*" let DS,; be the weak average-case data
structure implied by the hypothesis of the theorem, and denote by

Xy ={x € F":DSpy(x) = Mz}

the set of vectors on which the data structure outputs the correct answer. Let Z C F"*"

be the set of matrices on which the data structure outputs the correct answer on at least

S-fraction of the inputs; that is, Z = {M € F**™: | X)y| > $|F|"}. By Markov’s inequality,
(0%

we have [Z] > § - |F|"2. Observe that given access to DSy, we can easily construct a

probabilistic oracle for approximate membership in Z.

Claim 4.2.4. There exists a probabilistic membership oracle Oy that for any query M &
F*™ makes t = O(1/a) calls to DSy (x) for uniformly random x € F*, compares the result
to Mz, and accepts if and only if at least «/3 fraction of the calls to DSy (x) output the
correct answer. The oracle has the following guarantees.

o If M € Z, then Pr[Oz(M) = ACCEPT] > 2/3.
o If |Xy| < 2|F|" then Pr[04(M) = REJECT) > 2/3.

Using the weak average-case data structure DSy, we construct a worst-case data struc-
ture DS’ as follows. First, we describe the preprocessing stage of the data structure DSM.
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Preprocessing:

Input: A matrix M € F»*?
1. Self-correcting M: Using Lemma 3.3.1 with probability 1 — § we represent the
matrix M as M = My + My — M3 — My + U, where each M; has a large Xy,
and U is a t-sparse matrix for ¢ = O(log*(1/a)). The running time of this step

is exp(log*(1/a)) - polylog(1/d) - poly(n)

2. Self-correcting x: Then, for each M;, we apply Lemma 3.3.1 on X, = {z €
F": DSy, () = Mz}, and compute a collection of + < O(log*(1/a)) vectors
By ={, ... b € F"} and ¢ indices k%i), cee k:}(f) € [n] that allow us to repre-
sent each vector & = @1 + 1y — o3 — 24 + u;, where u; has at most O(log*(1/a))
non-zero elements, and z; € Xy, for all ¢ = 1,2, 3, 4.

3. Let S C F” be a small-biased set obtained by taking O(n) uniformly random
vertices in F”. Note that for F = Fy we can take the explicit set S from
Theorem 4.2.3 with € = 0.1.

4. For each e € S compute the multiplication from the left eM; of e with each of
the M;, and store the pairs (e, eM;) in the data structure.

Overall, the data structure stores the following information in the preprocessing step:

e The sparse matrix U € F™" with at most O(log*(1/a)) non-zero entries, obtained
in Step 1;

e For each M;, the weak average-case data structure DS,, for M;, which outputs
DSy, () = M; - x correctly on at least «/4 fraction of x’s.

e For each M;, the corresponding ¢ = O(log*(1/)) vectors B; = {b\, ... b{") € F"},
and t indices £\, ... k! € [n], obtained in Step 2;

e The pairs (e,eM;) for every vector e in the small-biased set S C F" and for every
M;, obtained in Step 3.

Preprocessing time: The preprocessing time is determined by the time needed to find
matrices M;, and the preprocessing time of the weak-average-case data structures. It is
easy to verify that the preprocessing time is bounded by 4p+exp (10g4(1 /a))-poly log(1/6)-
poly(n), where p is the preprocessing time of the weak-average-case data structure.
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Memory used: In the preprocessing step, we store (1) 4 weak-average-case data struc-
tures of size s for each of the matrices M;, (2) for each matrix M; we store the col-
lection of t = O(log*(1/a)) vectors B; and t indices, (3) a representation of the sparse
matrix U using O(log*(1/a)log(n)) field elements. (4) The pairs (e,eM;) for every vec-
tor e in the small-biased set S, which is of size O(n). Hence, the total space used is

4s 4 O(log*(1/a)n) + O(n?).

Next we describe the query phase of the worst-case data structure. Recall, for each
matrix M; where ¢ = 1,2, 3,4, we store the vectors B; = {b&”, e b,(f) € F"} and indices
ky), . k:}(f) € [n] in out data structure, to compute u; every vector in F" can be written
as a linear combination of four vectors in Xj;,. The query phase works as follows.
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Query phase:

Input: A query z € F” - A
1. For i € {1,2,3,4}, sample random xgz),xg),x:(;) € F"* and let xff) be such that

T = u; + xgi) ol xg) = x:(,f) - a:fli).

2. For each matrix M; and for j € {1,2,3,4}, apply DS ) to x()

3. Verify that DS (:1:51)) = Mlxgl) using the small biased set S. Specifically,
sample O(log(1/6)) vectors e € S, and check that

<e, DSMi(:cgi))> = <6Mi,$§-i)> :

If the answer of DSy, (z; )) outputs the correct answer, then the inner products

will all be equal. If DSM (x) # Mx , then a random e € S will catch an
inequality with probability at least 0. 4

4. By repeating the sampling above for O(log(1/§) - 1/a’) times, for each i €
{1,2,3,4} we will find such 2\”, 25, 2$? 2 on which DS,y (x ()) outputs the
correct answer with high probability.

5. Compute M;u; directly. Since u; has at most O(log*(1/a)) non-zero coordi-
nates, it follows that M;u; can be computed in time O(log*(1/a)n).

6. For i € {1,2,3,4} compute M;y by taking MZL‘(Z) + Mz(’) Mia:éi) — Mi:cff) +
Mu;.

7. Compute Uy directly. Since U has at most O(log*(1/a)) non-zero elements,
this can be done in time O(log*(1/a) - log(n)).

8. Return My = Myy + Moy — Msy — Myy + Uy.

Correctness: To prove the correctness, we bound the failure probability of the algo-
rithm. Note that the failure of the algorithm only depends on the verification procedure
in Step 3. In other words, if DS};(z) # Mz, then at least for one pair of (i,7) we have

that DSy, a( ) #+ M; x( , and none of the sampled vectors e has caught this inequality.

On the other hand, this event happens with probability at most 0.6°1°8(1/9) bounding the
failure probability to be at most 9.
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Query time: The query time consist of the time required to compute Mixy), the time
required to compute M;u;, and the time needed to compute Uy where i,5 € {1,2,3,4}.
The sampling in Step 1 will be done O(log(1/8)-1/a®) times, and for each sampled vectors,
DSy, is applied 4 times. Also, the verification in Step 3 consists of computing the inner
product for O(log(1/4)) many vectors. Thus, the total query time is equal to

O(log(1/8) - 1/a”) -4 - (t + O(log(1/8)n) 4+ O(nlog*(1/a)))
= (4t 4+ n) - poly(1/a) - poly log(1/9) .

This completes the proof of Theorem 3. m

4.3 Worst-case to average-case reductions for data struc-
tures

In this section, we show worst-case to average-case reductions in the setting of static data
structures. We start by showing a reduction for all linear data structure problems in
Section 4.3.1.

Then, we consider a more powerful type of reductions, which can be used to derive
worst-case algorithms from data structures that only satisfy a weak average case condition
over both inputs and queries (similarly to the setting of online matrix-vector multiplica-
tion). On the negative side, we give a counterexample, showing that general weak-average-
case reductions cannot hold for all linear problems. On the positive side, we show that
the problem of evaluating a multivariate polynomial admits such a weak-average-case re-
duction. We stress that as opposed to the online matrix-vector multiplication problem
discussed above, the problem of multivariate polynomial evaluation is an example of a
non-linear problem admitting such a reduction.

4.3.1 Average-case reductions for all linear problems

Recall that in the setting of data structures, a linear problem over a field F is defined by a
matrix A € F™*". The input to the data structure is a vector x € F", which is preprocessed
into s memory cells. Then, given queries of the form ¢ € [m], the goal of the data structure
is to output (A;, z), where A; is the ith row of A. We show a worst-case to average-case
reduction for data structures for all linear problems.
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Remark 4.3.1. We note that the presented reduction results in uniform data structures.
That is, we give an efficient and simple procedure that, given an average-case data structure,
creates a worst-case data structure in a black-box way that works for all values of n.

There is a trivial folklore argument that transforms an average-case data structure into
a non-uniform worst-case data structure as follows. Let X C F" of size |X| > «af|F|" be
the set where for a given n, the average-case data computes all queries correctly. By the
probabilistic method, there exists (n/a)log|F| shifts of X that cover all of F*. For every n,
a non-uniform data structure will remember all of those shifts, and for each shift s € F",
it will also remember the product As. Now, given an input vector x, in the preprocessing
stage, the data structure just stores the index of a shift s such that x + s € X, and in the
query phase it reads the index of the shift and, thus, learns As. Now, since v+ s € X,
we can use the average-case data structure to compute A(x + s), and, finally, compute
Ax = A(x + s) — As.  This results in a non-uniform worst-case data structure whose
space complexity and query time differ from those of the average-case data structure by an
additive term of log((n/a)log|F|).

Theorem 2. Let F = F, be a prime field, o = a(n) € (0,1], n,m € N, and a matric
A € F™™. Denote by La the linear problem of outputting (A;,x) on input v € F" and
query i € [m|. Suppose that

preprocessing time:  p
memory used: s
query time: i
success rate: P

L, e DS
rpepn [DS2 (1) = (A, x) Vi € Im]] > «

Then for every 6 > 0,

preprocessing time:  p + exp(log*(1/a)) - polylog(1/8) - poly(n)
memory used:  4s + O(log*(1/a) log(n))
query time: 4t 4+ O(log*(1/a)log(n))
success rate:  Vx € F* Pr[DS! (i) = (A, x)Vi € [m]] > 1 -6

L, e DS

Proof. Consider the data structure DS for the matrix A, implied by the assumption of the
theorem. There exists a subset X C F" of size | X| > a|F|" such that for every input x € X
the data structure answers correctly all queries to the data structure, i.e., DS, (i) = (A;, x)
for all i € [m] and = € X.

We design a data structure DS’ that outputs correct answers in worst case as follows.
Let « € F* be the input to DS’. We start by describing preprocessing and query phases of
the data structure.
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Worst-case data structure for L4

Preprocessing: Given x € F" we apply the Lemma 3.3.1 on x with the set X,
and obtain a non-negative integer t < O(log*(1/a)), a vector v € F" with at most ¢
non-zero entries, and x1, zs, x3, x4 € X such that

T =X +To— T3 — T4+ 0.

Furthermore, by Lemma 3.3.1 such decomposition can be found using
exp(log*(1/a)) - poly log(1/6) - poly(n) field operations with probability at least 1 —4.
Then, we use the preprocessing algorithm of the average-case data structure on each
one of the z;’s to obtain the algorithms DS, (-), DSz, (+), DSz, (+), DSz, (+). Finally,
we store the sparse shift vector v by storing the t coordinates, and their values.
Therefore, the amount of memory used is 4s + O(log*(1/a) log(n)).

Query phase: Given a query ¢ € [m|, we invoke our four instantiations of

the average-case data structure stored in the preprocessing stage and compute
DS, (¢), DS, (i), DS,, (i), DS,, (). We then compute (A;,v) and return

DS,,, (i) + DSy, (i) — DSy, (i) — DSy, () + (As,v) .

Complexity: The time and amount of memory used follow immediately from the de-
scription. Namely, note that applying the local correction lemma, which dominates the
time complexity, is done in time exp(log*(1/)) - polylog(1/§) - poly(n). Hence the total
preprocessing time is 4p + exp(log*(1/a)) - poly(n).

In terms of memory, we store 4 instances of the average-case data structure DS, where
each instance requires s memory cells. In addition we store the sparse vector v, by storing
its t non-zero indices and their values. Hence the total memory required is 45-+O0(log*(1/a/)-
log(n).

Finally, the bound on the query time consists of 4 queries to the the average case
data structure DS, as well as the computation of (A;,v). The latter can be done by
reading the description of the t-sparse vector v, and computing their inner product with the
corresponding ¢ entries in the ith row of A. Hence the total query time is 4t +O(log*(1/a) -

log(n)).
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Correctness: By Lemma 3.3.1 we have
r=mx+x— (x3+x4) + v,

where x1,z9, 23,24 € X. By the definition of X, this implies that the average-case data
structure DS computes these points correctly, hence

DS,, (1) + DS, (i) — DS, (i) — DS., (i) = (A, 21) + (Aj, xe) — (A, x3) — (Aj, x4)

Furthermore, we directly compute (A;, v), and hence, by the linearly of the inner product
operation, it follows that

4
(A, ) = Z (Aj, ;) + (A v)

Jj=1

This concludes the proof of Theorem 2. n

4.3.2 Weak-average-case data structures

In Section 4.3.1, we showed a worst-case to average-case reduction for all linear problems
in the setting of data structures. In the following, we show how to obtain worst-case
algorithms starting from a very weak, but natural, notion of average-case reductions that
we discuss next.

Recall that in the standard definition of average-case data structures, the algorithm
preprocesses its input and is then required to correctly answer all queries for an a-fraction
of all possible inputs. However, in many cases (such as in the online matrix-vector mul-
tiplication problem), we only have an average-case guarantee on both inputs and queries.
In this setting, we should first ask what is a natural notion of an average-case condition.

A strong requirement for an average-case algorithm in this case is to correctly answer
all queries for at least a-fraction of the inputs. However, a more desirable condition is to
require the algorithm to correctly answer on an average input and query. This is captured
by the following definition.

Definition 4.3.2. A weak average-case data structure for computing a function f: F" x
Q — F* with success rate o > 0 receives an input x € F", which is preprocessed into s
memory cells. Then, given a query q € Q, the data structure DS,(q) outputs y € F* such
that

Pr [DS.(q) = f(v,9)] > @

zeF" qeQ
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The challenge in this setting is that the errors may be distributed between both the
inputs and the queries. On one extreme, the error could be concentrated on selected inputs,
and then the data structure computes all queries correctly for a-fraction of the inputs. On
the other extreme, the error could be spread over all inputs, and then the data structure
may only answer a-fraction of the queries on any inputs. Of course, the error could be
distributed anywhere in between these two extremes.

Weak-average-case reductions for matrix-vector multiplication. As a first exam-
ple of the weak-average-case paradigm, we note that our reduction for the online matrix-
vector multiplication problem in Section 4.2 can be cast as a worst-case to weak-average-
case reduction. Namely, we start with a data structure that receives a matrix M € F**"
as an input, preprocesses it into s memory cells. Then, on query v € F" the data structure
algorithm DS, satisfies

Pr [DSy(v) = Mv] > .

MeFnxn pefn

Hence we immediately obtain the following statement.

Theorem 3. Let F = F, be a prime field, n € N, and a = a(n) € (0,1]. Consider the
matriz-vector multiplication problem OMVe for dimension n, and suppose that for some
a > 0 it holds that

preprocessing time:  p

memory used: s

query time: t
success rate:  Prp,[DSy(v) = Mv] > «

OMVg € DS

Then for every 6 > 0,

preprocessing time:  4p + exp(log*(1/a)) - poly log(1/6) - poly(n)
memory used:  4s + O(log*(1/a)n) + O(n?)
query time: (4t +n) - poly(1/«) - poly log(1/0)
success rate:  YM,v : Pr[DSy(v) = Mv] >1—46

OMVe € DS

An immediate question is whether it is possible to obtain worst-case to weak-average-
case reductions not only for the matrix-vector multiplication problem, but rather for all
linear problems, as we have in the setting of (standard) average-case data structure. Alas,
as we show next, such a general result is impossible.
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4.3.3 Impossibility of weak-average-case reductions for all linear
problems

We observe that for weak-average-case data structures, there is a simple counterexample
which shows that it is impossible to obtain worst-case to weak-average-case reductions
for all linear problems. Nevertheless, we later show that it is possible to obtain such
reductions for specific natural problems beyond matrix-vector multiplication, namely for
the (non-linear) problem of multivariate polynomial evaluation.

To see the counterexample, first note that a weak-average-case data structure can be
equivalently thought of as a data structure where the answer to each input is a vector,
rather than a scalar, and the requirement is that the algorithms on average outputs a
partially correct vector. That is, a weak-average-case data structure computes a function
f: F" — F™ with success rate a > 0 if after the preprocessing, on query x € F" it satisfies
that Procen jeim)[DS(2); = f(2)i] > a.

Weak-average-case circuits. For simplicity, we start with a counterexample for weak-
average-case circuits, then extend it to the setting of data structures. Note that the number
of linear functions f: Fy — FJ' is 2", The total number of (not necessarily linear) circuits
with g gates is 20(91°809)) (see, e.g., Lemma 1.12 in [Juk12]). Therefore, by a simple counting

mn

argument, a random linear function requires a circuit with g > Q ( =2~
) log(mn)

gates.

mn

log(—mn))’ and an arbitrarily small

Now fix a linear function f of complexity at least (2 (

constant € > 0. Let us consider the function h : F} — F;n/ ° that embeds f as follows: the
first m outputs of h(z) compute f(x) € F™, and the remaining m /e —m outputs are always

zeros. Note that h is also a linear function that requires a circuit with at least 2 <logTan)>

gates.

On the other hand, note that the trivial circuit outputting m/e zeros well-approximates
the function h, i.e., it satisfies the weak-average-case with success rate o = (1 — ). Thus,
any worst-case to average-case reduction for all functions in this setting would have to blow

og(mn)

up the size of the trivial circuit computing 0 to the size of at least (2 (1&), which is

almost the biggest circuit with this given number of inputs and outputs. Therefore, such
a reduction would be degenerate.

Weak-average-case data structures. Moving on to the setting of data structures, here
there is an issue with such an argument. To see that, recall that we want start by picking a
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linear function that is hard even against non-linear data structures. While the number of
linear functions is still 2", a data structure can compute s arbitrary (i.e., not necessarily
linear) functions in the preprocessing stage. The problem is that even one such function
gives a data structure 22" possibilities which is already larger than the number of linear
functions, and so the counting argument here doesn’t work.

Nevertheless, we can still get essentially the same result for data structures by the
following argument. Let C'(n,m) be the complexity of the hardest data structure for a
linear problem. Then, again, we take the hardest linear function from n bits to m bits,
and extend it to a function with m/e output bits (where m/e — m outputs are constant
zeros). The worst-case complexity of this function is at least C'(n,m), while the average-
case complexity is 0. Hence, every worst-case to average-case reduction will blow up the
size from 0 to C'(n,m). Since every linear function can be computed by a data structure
of size C'(n, m/e) without any reduction, such a reduction is also degenerate.

4.3.4 Weak-average-case reductions for multivariate polynomial
evaluation

Our main result in the weak-average-case setting is a worst-case to weak-average-case re-
duction for data structures computing the (non-linear) problem of multivariate polynomial
evaluation. In this problem, the input is a polynomial ¢q: F™ — F of total degree at most
d, given as its coefficients. That is, the length of the input is n = (m;d). Given the input
polynomial, it is preprocessed, and then in the query phase the goal is to respond to each

query x € F™ with the value ¢(x). We restate and prove Theorem 4 below.

Theorem 4. Let F = F, be a prime field, a = a(n) € (0,1], and let m,d € N be
parameters. Consider the problem RMg 4 of evaluating polynomials of the form q: F™ — F
of total degree d (i.e., the problem of evaluating the Reed-Muller encoding of block length
n= ("))

Suppose that

preprocessing time:  p

memory used: s

query time: i
success rate:  Pr,,[DS,(x)] > «

RMF,m,d e DS
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Then

preprocessing time:  p + exp (10g4(1 / a)) - poly(n)
memory used:  4s + O(log (1/a) log( )
RMema € DS query time:  O(|F|* - t + |F|log* (1/a) + |F|log(n))
success rate: Vg, : Pr[DS,(z) = q(z)] > 1 — ( %')

Theorem 4 follows from the following two lemmas.

Lemma 4.3.3. Let F be a prime field, and d < |F|/10. Suppose that for a > 2 % we
have
preprocessing time:  p
memory used: s
RMe.ma € DS query time: t
success rate:  Pr,,[DS,(z) = q(x)] > «
Then
RMF,m,d €

preprocessing time:  4p + exp(log*(1/a)) - poly log(1/8) - poly(n)
memory used:  4s + O(log*(1/a))
query time:  4|F| -t 4+ O(log*(1/a))) + O(log(n)

success rate:  Vq with deg(q) < d: Pr,[DS,(z) = ¢(z)] >1 -0 ( ﬁ)

DS

Lemma 4.3.4. Let F be a prime field, and d < |F|/10. Suppose that for v < 0.1 we have

RMEmd €

preprocessing time:  p

memory used: s

query time: t
success rate:  Vq with deg(q) < d: Pr,[DS,(z) = q(z)] > 1—1~

DS
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Then

RMEma €

preprocessing time:  p
memory used: s
query time:  |F| -t
success rate:  Vq with deg(q) < d,Vx € F*: Pr[DS,(z) = q(z)] > 1 — 4y

DS

Before proceeding with the proofs of the lemmas above, we will need the following
proposition.
Proposition 4.3.5. Let F be a prime field, d < |F|/10, and let o > 2, /‘%'. Letn = (d;m)
be the input length—the number of coefficients in a polynomial q: F™ — F of total degree
at most d,

Let DS be a data structure for RMg nq with preprocessing time p, that stores s field
elements, and has query time t. Then there exists another data structure DS’ for RMEg m
with preprocessing time p+n, that stores s+m+1 field elements, has query time |F|t, and
satisfies the following gquarantee for all input polynomials q of degree at most d.

If licr[DSq(x) =q(z)] > a, then Pg’cr[DS;(x) =q(z)] > 1—4] - d|F| .

We emphasize that in the claim above the data structures do not depend on the poly-
nomial g. The proposition says that if ¢ is an input such that DS outputs the correct
evaluation ¢(z) for at least « fraction of the queries z, then DS’ (which also does not

depend on any particular ¢) succeeds on 1 — %F‘ fraction of the same input ¢.

Proof of Proposition 4.3.5. Denote by DS the data structure for RMg , 4 that outputs the

correct answer for at least « fraction of inputs to ¢q. Below we describe the data structure
DS’
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Data Structure DS’

Preprocessing: Given the polynomial ¢ of degree at most d
1. Run the preprocessing procedure for DS on the input q.

2. Choose a random reference point W € F™ and compute ¢(0).

3. Store w and ¢(w) in the memory.

Query: Given a query ¥ € F™
1. Consider the line lz 5 = {Z + r(& — ¥) : r € F} going through & and .
2. Use the query algorithm of DS to compute (DS,(z) : z € lz.4).

3. Let @ = {q1,¢2,...,qx} be all the univariate polynomials of degree at most d
that agree with (DS,(2) : z € £z5) on at least /2 fraction of points in £z z.
(It is possible that Q = ().)

4. Use the value ¢(w) from the preprocessing phase, and let Q' = {¢ € @ :
¢ (@) = q(w)}. (It is possible that Q' = 0.)

—

5. Choose ¢ € Q' arbitrarily and output ¢'(Z)

Next, we claim that if a > 2, /‘%', then for at least 1—O (, /ﬁ) fraction of the queries

Z the query phase correctly outputs ¢(%).

It will be convenient to consider a function A: F™ — F defined as A(z) = DS,(z) for
all z € F". Note that A agrees with ¢ on at least a-fraction of points. Furthermore, note
that for simplicity we may assume that ¢ is the all zeros polynomial. Indeed, we can define
A'(z) := A(x) — q(x), and consider the case where the input is the all zeros polynomial,
and the query algorithm is A’. Therefore, (1) we have Pr,cgm[A(z) = 0] > «, and (2) in
the preprocessing phase we know that ¢(w) = 0 for a random point @, though it is not
necessarily true that A(w) = 0.

The following three claims complete the proof of Proposition 4.3.5.

Claim 4.3.6. In the preprocessing phase, for a random choice of the reference point W
with high probability over I it holds that 0 € Q, and hence in QQ'. More formally, we have

E [Prlleq]]>1- i

TeFm x IFla
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In particular, by Markov’s inequality, for at least 1 — | /ﬁ of W’s it holds that

1?[66@]21—,/‘% . (4.1)

Proof. 1t is a standard fact in the literature on derandomization (see, e.g., [MR06, Corol-
lary 1.2]) that for any set O C F" of size |O| = «|F|", and a random line {z 5 = {Z+t(0—7) :
t € F} that passes through uniformly random Z, @ € F™ it holds that

Uz 1
Pr Hﬂ—a‘ >51 <-4

Mfﬂg B ﬁ? '
The conclusion of the claim follows by letting O = {x € F" : A(z) =0}, and ¢ = /2. [

Claim 4.3.7 ([MRO06, Proposition 3.5]). Choose w and & uniformly at random and consider
the line (z 5. Let Q = {q1,q2, ..., qr} be all the univariate polynomials of degree at most d

that agree with A on at least a/2 fraction of points in €z 5. If @ > 2, /%, then k < 2/a.

Claim 4.3.8. Choose W and & uniformly at random and consider the line {z ;. Let Q) =
{q1,q2, .., qr} be all the univariate polynomials of degree at most d that agree with A on
at least a/2 fraction of points in lzz. Then, for all ¢; € Q that are not identically zero it

holds that Pr[q;(w) = 0] < %.

In particular, if a > 2 \%I then

%r [P;r[tiEQ\{ﬁ}:qi(ﬁ)#O]21—“%] 21—“% :

Proof. For any choice of ¥ if  is chosen uniformly at random, and each univariate poly-
nomial ¢; is of degree d, the by Schwarz-Zippel lemma

Prlg: () = 0] < % .

Also, by Claim 4.3.7, we know that |Q| = k < 2/a, and hence, by union bound

0 - kd 2d
;g[HQiEQ\{O}:qi(w)zo SHSW .
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This implies

kd 2d

5[f;r[vqiecg\{6};qi(w)¢0]] 2l-m 2l

The claim follows by Markov’s inequality. O]
We now return to the proof of Proposition 4.3.5. By the claims above, for most w’s

it holds that if we choose w as a reference point, then for most #’s, we have 0e @, and
there is no other univariate polynomial ¢; in @ such that ¢;(«w/) = 0. More precisely, by

combining Claim 4.3.6 with Claim 4.3.8 for at least 1 — O (, /ﬁ) fraction of w’s it holds
that

P;r[(jEQ/\quQ:q%O,q(zD’)%O]21—0( %) , (4.2)

as required. n
Now we proceed with proving Lemma 4.3.3.

Proof of Lemma 4.5.53. Suppose there is a data structure DS as in the assumption of

Lemma 4.3.3, with success probability Pr,,[DS,(z) = ¢(z)] > a. We show below how

to construct a data structure DS’ that will work for all input polynomial ¢ and for most
queries x.
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Preprocessing:

Input: An input polynomial ¢ of degree at most d

1. Identify ¢ with a vector g € F" of its coeflicients for n = (m+d).

d
2. Let Z={qeF":|X,| > 5 |F|"}.

o

FI™
the fraction of points on which DS, outputs ¢'(x) correctly, within an additive
error of a/10, and returns ACCEPT if and only if the estimated fraction is

more than «/3.%

3. Let Oz be a membership oracle for Z that given a polynomial ¢’ estimates

4. By applying Lemma 3.3.1, with probability 1 —  we obtain a vector u with at
most O(log*(1/a)) non-zero elements such that

Pr  [q1,q2, —qs, —qs € Z] > Q(a®) ,

q1,92,93€F™
where g4 € F" is such that ¢ —u=q¢1 + ¢ — 3 — qa4.

5. Therefore, given ¢ and s we can sample O(log(1/6)-log*(1/a)) triplets of vectors
until we find a triplet (q1,¢2,q3) and let ¢4 = ¢1 + ¢2 — g3 — ¢ — u satisfying
q1,92 € Z,—q3,—qs € Z. Note that we can use the membership oracle Oy to
check that the vectors belong to Z.

6. Note that since each v; belongs to Z, we have that DS outputs p;(x) correctly
on at least /4 fraction of inputs. Thus, we can apply Proposition 4.3.5 on
DS and obtain the data structure DS such that Prep[DS, (z) = gi(z)] >

1-0 (, /ﬁ) for all i = 1,2, and Pr,ee[DS', (2) = —¢;(2)] = 1-0 ( ﬁ)
for j = 3, 4.

7. We store all the memory obtained by preprocessing the polynomials q1, g2, q3, g4
with DS. We also store the sparse vector s by storing the O(log*(1/a)) non-zero
coordinates, and their values.

“This is done by sampling O(1/a?) uniformly random z’s in F", computing DS, (z) and ¢'(z),

and comparing the two results. In particular, if |Xq/| > & - |F|", then Oz(¢') = ACCEPT with

probability 1 — ¢, and if [ X,| < & - [F[", then Oz(¢') = REJECT with probability 1 —e.

For every polynomial ¢ of degree at most d, let X, = {x € F™ : DS (z) = q(x)}.
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By averaging, there is a set Z of degree d polynomials such that |Z] > «/2 - |F|", and
| X,| > a/2-|F|™ for every q € Z. Furthermore, note that it is straightforward to construct
a membership oracle Oy for Z, that given a polynomial ¢ and access to DS, estimates the
fraction of queries = on which DS,(z) = ¢(x).

Below we describe the preprocessing phase and the query phase of DS'.

The preprocessing on an input ¢ works as follows. By identifying ¢ with the vector
of its coefficients in F" with n = (m;;d), we use Lemma 3.3.1 to represent the vector ¢ as
q=q+ g2 — q3 — qs + u, where each ¢; € Z and u is a sparse vector. Then, for each ¢; we
the reduction from Proposition 4.3.5 to obtain a data structure that works for each of the

q; for almost all queries x.

In the query phase, we use the data structures for each ¢; to compute ¢;(x), and for
the sparse polynomial s, we simply compute u(x) using brute force. Finally, we return

01(x) + ga() = gs(2) — qa(@) + u(z).

Preprocessing time and space: In the preprocessing step, we store the memory of the
preprocessing for each of ¢; and in addition the sparse vector u. Hence, the total space
used is 454 log*(1/a) field elements + additional log*(1/a) coordinates of the input. Also,
the running time is determined by number of samples needed to construct the oracle in
Step 1 using Lemma 3.3.1. Both these steps take at most O(log*(1/a) - log(1/4)) samples,
bounding the running time of the preprocessing step.

Next we describe the query phase of our data structure.

Query phase:

Input: A query ¥ € F™.
Recall that for the polynomial ¢, we have stored high-agreement data structures for
evaluating ¢, g2, q3, q3, together with a polynomial which is represented by a sparse
vector of coefficient u.

1. For each polynomial g; let y; = DS, (Z).

2. Compute u(x). Since u has at most O(log*(1/a)) non-zero coordinates, it
follows that u(z) can be computed in query time O(log*(1/a)log(n)).

3. Return y; + yo — y3 — ya + u(z).
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Query time: The query time consists of querying the data structure 4 times, and eval-
uating u(x). Note that the high-agreement data structure makes |F| queries to the weak-
average-case data structure, and each query takes time ¢t. Thus, the total query time is
4|F| - t + O(log*(1/a) log(n))).

Correctness: To prove the correctness, we bound the failure probability of the algorithm.
Note that the algorithm returns the correct answer, unless for one of the polynomials g;

it holds that, DS, (7) # ¢;(Z). This event happens with probability at most O(, /ﬁ).

Hence, by applying union bound we can bound the failure probability to O( ﬁ) [

Finally, we prove Lemma 4.3.4.

Proof of Lemma 4.5.4. The proof of this lemma basically relies on the local decoding al-
gorithm for Reed-Muller codes. Given a point 7, the query algorithm samples a random
line ¢,, = {¥+ r(y — ) : r € F} passing through #, and queries the data structure for
all the points on this line. Given these values, the algorithm finds the closest univariate
polynomial of degree at most d, call it h, and outputs h(Z). It is not hard to see that the
algorithm succeeds with probability at least 1 — 4+.

For correctness since DS, agrees with ¢ on 1 —+ fraction of the points z € F", it follows
that for a random line ¢ through = the data structure DS satisfies Prjagr > 3/4] > 1 — 47,
where agr denotes the fraction of points z € ¢ with DS, (2) = ¢;(z). For each such line
¢ the only polynomial that agrees with DS on /¢ is ¢;, and hence with probability at least
1 — 4~ the data structure outputs ¢;(x), as required. ]

Putting it all together: Below we summarize the reductions above, and describe the
full reduction that given a weak-average-case data structure DS that computes the cor-
rect answer for only a fraction of (¢, x), gives us a data structure that works with high
probability for all inputs ¢ and all queries z.

We first use Lemma 4.3.4, reducing the problem to evaluating p on a random line /¢
passing through #. Then, we apply Lemma 4.3.3, to write p as sum of 5 polynomials, for
which we know one of them is sparse and can be computed efficiently, and the other four
belong to the set of good polynomials, i.e., those polynomials for which the data structure
succeeds in evaluating them on all but a small fraction of inputs. Finally, for each of these
polynomials we apply the reduction in Proposition 4.3.5. This last step corresponds to
choosing a random reference point w € F", and passing lines between every 2z € ¢ and ,
and evaluating each of the ¢; on each of the F lines.
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Chapter 5

Quantum Reductions

In this chapter, we formally state and prove our quantum worst-case to average-case reduc-
tion for linear problems. We will start the chapter by providing the necessary background
on quantum computation and algorithms.

5.1 Basics of quantum computation

We refer the reader to standard textbooks such as [NC10] for preliminaries and notation
regarding quantum algorithms.

5.1.1 Quantum unitary oracles and Fourier transforms

We start by providing basic notation and definitions regarding discrete and quantum
Fourier transforms, as well as quantum oracles.

Discrete and quantum Fourier transforms. Let F =F, be the prime field of size p.

~

For a function f : F* — R, the Fourier coefficient f(y) for y € F" representing characters
Xy is given by

Fly) = pi S W) | (5.1)

reFn
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where w = €2™/? is a primitive p'* root of unity.
Denote the quantum Fourier transform over F by QFT,,, having the action

QFT, Jx) = % S W ly)

yEeFp

Quantum unitary oracles. We let quantum algorithms access a matrix M € F**" via
a unitary oracle Uy, that performs the map

UM ’j?ka Z> = ‘jakaz ) M]k> ) (52)

for all indices j,k € [n] and z € F, where @ denotes addition over F. For vectors v € F",
oracle access means a unitary U, that returns components of the vector when queried with
an index, analogously to Eq. (5.2), i.e.,

Uljs2) =i, 2@ v;) (5:3)

for all j € [n] and z € F. Unless otherwise stated, whenever we assume access to a unitary
U as an oracle we also assume access to U'.

The Matrix-Vector Multiplication problem. In this setting we consider algorithms
that have access to a matrix M, and are given a vector v as input.

MATRIX-VECTOR MULTIPLICATION (MvM)
Input: Oracle access to a matrix M € F"*" and a vector v € F".
Output: The matrix-vector product Mw.

Linear Problems. A linear problem is characterized by a family of matrices M :=
{M, € F"*"}, N, where on input v € F" the solution to the problem is the vector Mu,
omitting the subscript on M for readability.

LINEAR PROBLEM M
Input: A vector v € F".
Output: The matrix-vector product Mwv.
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This notion captures a wide variety of problems, including such fundamental ones as
computing Discrete Fourier transforms, and polynomial evaluation (Vandermonde matri-
ces). As discussed in the introduction, in this work, we show that for every linear problem
M there exists an efficient quantum worst-case to average-case reduction, a result for which
no analogue is known in the case of uniform classical algorithms.

Next, we define the central notion that we study in this and the following sections,
namely the average-case behaviour of quantum algorithms.

5.1.2 Average-case quantum algorithms

An average-case quantum algorithm ALG is one that succeeds with probability at least « in
expectation over (uniformly) random inputs. That is, if ALG is to compute some function
f mapping some known measurable domain V' to some co-domain W, then

RLALG) = f0) = £,

[[TL4()ALG(0)*] > . (5.4)

Here Praig denotes the probability over the internal (quantum) randomness of the algo-
rithm arising from its unitary nature and final measurements. Note that the probability
above is taken over the inputs as well as the internal quantum randomness of the algorithm.
This is highlighted by the notation we use, which we elaborate more on below.

This notion of average-case quantum algorithms immediately suggests considering the
following natural modification of quantum oracles.

Noisy quantum oracles. For a function f : F* — F™, we can consider a unitary oracle
U; which on input x € F", 2z € F™ performs the map

Urlz) [2) = Boee [2) |2+ f(2)) + Bt [2) [0(2)) (5.5)

where %, 8%, € C such that |57, ..|> + |8£4|°=1, the normalized state |1(z)) could be an
arbitrary superposition over |z + v) for vectors v € F™\ { f(x)}, and + denotes component-
wise addition for vectors over F. We can interpret Uy as a quantum analogue of a classical
probabilistic algorithm for computing f — for an input = € F", it outputs the correct
value of f(z) € F™ with probability |52 |2 when the second register is measured in the

succ
computational basis.
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More generally, we consider oracles that may entangle a workspace register with the
output

Upla) [w) [2) = Biwee [2) |2 + f(2)) [w(z, 2, f(2))) + B |2) [¥(2)) (5.6)

where |¥(z)) is now a normalized state of the form

(W(2) = > A+ o) |wlz,z,0)) .
veF™
v#f(x)

Quantum algorithms for linear problems. A quantum algorithm for a linear problem
M outputs the correct answer with some probability arising from measurement. Such an
algorithm is represented by a unitary ALG which on an input vector v € F" has the action

ALG [0} [0) = Blucc [0) [M) [wo(v)) + B [0) [¥(0)) (5.7)
where Y., Aty € C are complex amplitudes such that |Sec|? + |B5yl* = 1, [wo(v)) is an
arbitrary normalized state of a workspace register, and

fucel” = 11 ® T, ALG [0) [0) ||*

is the success probability of the algorithm, where I, := |Mv)(Muv| is an orthogonal
projection on to the correct answer subspace of the output register. |¥(v)) is a normalized

state that is orthogonal to the state |Mv) that encodes the correct matrix vector product,
ie. Vo e F*", (Mv|¥(v)) =0. In general, it takes the form

() = Y ) [w(v, 2))

5.1.3 Quantum singular value transformation techniques

In this section, we provide self-contained statements of the quantum singular value trans-
formations (QSVT) based techniques that we make use of.

Fixed-point amplitude amplification An issue that we frequently face while using
standard amplitude amplification is the inability to a priori estimate the number of it-
erations to perform without overshooting the target state. When the goal is to output
a classical solution to a search problem, one can sidestep this issue by iterating over the
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number of rounds of amplification with a multiplicative step size (often called exponen-
tial search). But if the goal of amplification is to obtain a unitary subroutine that can
later be composed with another unitary, this problem can be addressed by the technique
of fixed-point amplitude amplification, which generalizes the notion of fixed-point search
[Gro05] and converges monotonically towards the marked state as the number of iterations
is increased. We use this machinery primarily in the proof of Lemma 5.3.1.

The precise version of fixed-point amplitude amplification that we employ is expressed
in the framework of quantum singular value transformations [GSLW19, Theorem 27, arXiv
version], as follows.

Theorem 5.1.1 (Fixed-point amplitude amplification). Let U be a unitary acting on k+1
qubits and 11 an orthogonal projector. If for an input state |¢y) and p > § > 0 we have
U |pin) = p|btar), then for every e > 0 there is a unitary U, such that || |prar) — Uy |Pin) || <
€. This U, requires q = O(%log%) uses of U and U, one ancillary qubit, and O(q)
additional one and two-qubit gates.

Singular value threshold projections To obtain our unitary implementation of the
(noisy) indicator function in Section 5.3.2, we need two conditions to be simultaneously
satisfied: (1) the singular values that are larger than a threshold ¢ are boosted close to unity,
and (2) the singular values that are below the threshold are suppressed close to zero. In
particular, fixed-point amplitude amplification only guarantees the former condition and is
not the right tool for the task. We hence invoke a more sophisticated tool, namely, quantum
singular value threshold projection. We quote the following result that we use [GSLW19,
Theorem 31, arXiv version].

Theorem 5.1.2 (Singular value threshold projections). Let U be a unitary acting on k+1
qubits and 11,11 be orthogonal projectors. Suppose

U = ¢ w; Xvj]
j=1

for ¢; € (0,1) and {w;}7L, and {v;}}L, two sets of orthonormal vectors. Then for any
threshold t € (0,1) and €,§ > 0, there exists a unitary U, that makes ¢ = O (%log %)
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queries to U and UT, and uses O(q) additional one- and two-qubit gates, such that

m G>1—c¢ G Et+6/2,1]
MU =" ¢ lw)vs|, st Vie[m], <|¢I<1 if Get—26/2,t40/2)
I=t (G <e G €0,t—-4/2]

Computing the circuits for U,. The two theorems stated above are in fact constructive
and provide explicit circuits for the unitaries U;. In the interest of space, we simply note
here that there is a classical runtime overhead of O(g*poly log(q/¢€)), and refer the interested
reader to [GSLW19, Haal9] for details. For our applications, this overhead is of order

O(n3/2).

5.2 Quantum worst-case to average-case reductions

In this section, we provide our quantum worst-case to average-case reductions. To obtain
our results in a modular way, we start by stating a general technical lemma from which we
can easily derive both Theorem 5.2.2 and Theorem 5.2.3.

Lemma 5.2.1. Let F = F, be a prime field, n € N, and a := a(n) € (0,1]. Let ALG be
a quantum query algorithm that has oracle access to a matrix M € F" ", gets as input a
vector v € F", makes Q(n) queries, and attempts to compute Mv. Then, for every constant
§ > 0, there exists a quantum algorithm (ALG)M that makes O(a~"/?) uses of ALGM,
O ((Q(n) + n?) - a="/?) queries to Uy and Ul,, uses O(n32a~"/2 - logn - poly(log |F|))
additional one-qubit and two-qubit gates, and O(a~2-nlogn) ancillary qubits such that the
following holds.

For every matriz M € F™" such that ALGM computes Muv correctly with probability o:

M M 2
_ — >
v,l/:\)EG[ALG (v) = Mv] = UEEF” | TTa ALG™ [0) |0) ||| > o,

the algorithm (ALG )M computes Mv correctly for every v € F™ with probability 1 — §:

Vo e P Pr[(ALG)Y(v) = Mu] = [ (ALG)Y o) [0) | > 1=

Here and in the following, when we say that ALG' makes k calls to ALG, we mean that
ALG' on inputs of length n makes k calls to ALG on inputs of length n.
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We prove Lemma 5.2.1 in Section 5.4, after we develop a toolkit of quantum algorithms
in Section 5.3 and a quantum local correction lemma in Section 3.4, which will be necessary
for our proof.

Equipped with the technical lemma above, in Section 5.2.1 we formally restate The-
orem H and show how it follows from Lemma 5.2.1. Then, in Section 5.2.2, we formally
restate Theorem 6 and show how to prove it using Lemma 5.2.1.

5.2.1 Quantum algorithms for all linear problems

In this section we deal with uniform quantum algorithms; that is, uniformly generated
families of quantum circuits {C), },en for each input length n € N. Following the literature
on quantum algorithms for matrix problems we allow C), to use a unitary gate U,; that
computes matrix entries of M as defined in Eq. (5.2). We obtain the following quantum
worst-case to average-case reduction for linear problems.

Theorem 5.2.2. Let F = F, be a prime field, n € N, and o = a(n) € (0,1]. Let
M = {M, € F""},en be any linear problem, and ALG be an average-case quantum
algorithm for M that takes as input a vector v € F"* and satisfies

2
A = = >«
UEEG[ LG(v) = M| veFTm [HIIMUALG [v) 0) || } .

Then, for every constant & > 0, there exists a worst-case quantum algorithm ALG'
satisfying

Yo €F" PrlALG/(v) = Mu] = [Ty,ALG [v) [0) I’>1-94.

ALG' makes O(a~™?) uses of ALG, O(n*2a~"/2) uses of Uy and U},, O(n*?a~"?logn -
poly(log |F|)) additional one-qubit and two-qubit gates, and O(a~2-nlogn) ancillary qubits.

This result follows immediately from Lemma 5.2.1. Observe that Theorem 5.2.2 in-
stantiates a quantum query algorithm ALG as a family {C), },en of quantum circuits, and
considers them as having access to explicit circuits implementing U,;. Thus in particular,
the guarantees of Lemma 5.2.1 about the number of queries to U, and the number of
additional gates used by ALG' hold. There are no additional overheads in circuit size from
implementing access to sampled vectors, which only cost O(n) gates.

In general, an algorithm that solves a linear problem may exploit the special structure of
M, or in the circuit model the matrix entries may be hard-coded. However, note that there

89



is always a trivial circuit of size O(n?) that solves a linear problem, both in the classical
and quantum settings. Our focus in this work is on fine-grained complexity, and our results
hold for the stronger case of non-trivial quantum circuits {C), }en of sub-quadratic size.

5.2.2 Matrix-vector multiplication in the query model

Next, we provide a quantum worst-case to average-case reduction for the Matrix-Vector
Multiplication problem in the quantum query model.

Theorem 5.2.3 (Query complexity of Matrix-Vector Multiplication). Let F = F, be a
prime field, n € N, and a = a(n) € (0,1]. Suppose that there exists a quantum query
algorithm ALG that has oracle access to a matriz M € F™" and a vector v, makes Q(n)
queries, and satisfies

Pr[ALGMY = Mv] = E [, ALGY [0) *] > o
M,’U7 ManXn
ALG veF™

Then, for every constant & > 0, there erists a worst-case quantum algorithm ALG' that
makes O(a/?) uses of ALG, makes O ((Q(n) +n®?) - a=%?) queries to Uy and Ul,, and
succeeds on all inputs with high probability:

VM € F™" v e F' Pr [(ALG)™* = Mu] = [T, (ALG) " [0} | > 1 -4 .
ALG’

We will prove this worst-case to average-case reduction for the Matrix-Vector Multipli-
cation problem in the quantum query model using Lemma 5.2.1 and an efficient quantum
verification algorithm for matrix-vector products (see Lemma 2.8.1 from Section 2.8, or
Lemma 5.3.1 for a formal statement).

Proof of Theorem 5.2.5. The algorithm (ALG')™ repeats the following procedure O(1/a)
times. Sample a uniformly random matrix R € F"*" define M' = M — R, and generate
unitary oracle Upp for M'. Each query to Uy; costs only one query to Ujp;. Now use
Lemma 5.2.1 with Uy to try to compute b’ = M’ -v . Finally, compute bgp = R - v directly
without any queries to M, and set b = ' 4+ bg. Verify whether b = Mv using Lemma 5.3.1
with ¢ = §/2, and output b if the verification test passed.

The complexity of the algorithm is determined by O(1/«) applications of Lemma 5.2.1
and verifications from Lemma 5.3.1, and O(n) queries to read the coordinates of v. In
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particular, the described algorithm (ALG')M:* performs O(a~%?) calls of ALGM", and
O ((Q(n) +n*?) - a~7/2) queries to Uy and U},.

In order to analyze the correctness of the algorithm (ALG )M we introduce the fol-
lowing notation. For a fixed matrix M € F"*" let py; = Pr,alc [ALGM’” = Mwv] denote
the probability of computing ALGM* = Muv correctly for the fixed value of M and a uni-
formly random vector v € F". Let us define the set X C F"*™ of good matrices where the
average-case algorithm ALG succeeds with probability at least a/2:

X: :{MGF”X”:pMZ%}.

First we observe that |X| > a|F|"’ /2. Indeed, by the assumption of the theorem we
have that Ej;cpnxn[pa] > «. Then,

a < Elpu] < 1-Prlpy > a/2] + /2 Pripy < /2] < Pripy > /2] + (a/2) - 1.

Thus, |X| = |F|”2 -Pralpy > /2] > 04|F|n2/2'

Since in every iteration of the algorithm, the matrix M’ = M — R is a uniformly random
matrix, we have that Pr[M’' € X] > a/2. In the case when M’ € X, Lemma 5.2.1 can
correctly compute ' = M'v with probability 2/3. Thus, in every iteration, the described
procedure computes b = Mv with probability («). By repeating this procedure O(1/«)
times (each time verifying whether b = Mwv using Lemma 5.3.1 with ¢ = §/2), we have
that for every matrix M and every vector v, we compute the product Mv correctly with
probability 1 — 6. ]

5.3 Quantum toolkit for local correction

In this section, we provide a toolkit of quantum algorithms that will allow us to later ob-
tain a quantum local correction lemma (in Section 3.4), which will underlie our quantum
worst-case to average-case reductions. Specifically, in Section 5.3.1, we construct a quan-
tum procedure for flagging correct matrix-vector products in superposition; we use this
in Section 5.3.2 to obtain a unitary implementation of an approximation to the indicator
function on the set X of good vectors, and in Section 5.3.3 to provide a quantum procedure
for efficiently sampling from X; finally, in Section 5.3.4, we construct a quantum procedure
for learning Bogolyubov subspaces from noisy quantum oracles.
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5.3.1 Flagging correct matrix-vector products in superposition

As discussed in the technical overview in Section 2.6, a key bottleneck in the classical
setting is the efficient verification of computing a matrix-vector product. In the setting of
quantum query complexity, this is the following problem:

MATRIX-VECTOR PRODUCT VERIFICATION (MvPV)
Input: Quantum oracles Uy, U,, and U, for a matrix M € F"*" and vectors v,b € F".
Output: 1 if Mv = b and 0 otherwise.

Classical query algorithms would analogously have access to an oracle that returns
matrix (vector) entries when queried with a row and column index pair.

The quantum query complexity of MvPV has been studied in detail, starting with
the work of [Bv06] who showed that matrix-matrix products can be verified with O(n®/®)
quantum queries, a bound that is sublinear in the size of the input (which is n?). [MNRS07]
later showed that the classical techniques of Freivalds can be adapted to the quantum
setting to make this algorithm time-efficient. The special case of matrix multiplication
over the Boolean semiring has close relations to path and triangle finding in graphs, and
its quantum query complexity has also been studied in great depth [MSS07, VW10, Le 12,
CKKI12, JKM13]. [Kotl4], gives a detailed review of the complexities and relationships
between different variants of the matrix multiplication and MvPV problems over arbitrary
semirings.

Problem Inputs/Output Quantum query
complexity
. e In: M e F"" v e F? 9
Matrix-vector Multiplication (MvM) Out: Mo O(n?)
In:
Matrix-vector Product Verification (MvPV) | M € F*™*" v,b € F" 0(n®?)
Out: Mv =107

Table 5.1: Worst-case quantum query complexity of MvM and MvPV [Kot14].
This extensive literature focuses on the more general problem of matrix-matrix mul-

tiplication and product verification over semirings, especially the Boolean case; on the
other hand, our interest here lies in the special case of matrix-vector products over finite
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fields F,. In particular, all the results about matrix-vector product verification that we
have come across in past work deal exclusively with the query complexity, leaving the
algorithm achieving the upper bound, and its computational or gate complexity, implicit.
Furthermore, techniques such as those used in [Bv06] do not extend well to our setting
— (1) because they use the computation of a logical AND via Grover search, they do not
directly lead to a unitary algorithm that can be queried in superposition, due to the tradi-
tional problems of overshooting associated with vanilla quantum search; and (2) because
they are phrased in the usual manner of performing amplitude amplification followed by
measurements to extract the output with constant success probability.

In this section, we construct an efficient quantum algorithm for addressing MvPV, with
query and gate complexities bounded by the optimal O(n?/?), which will be conducive to
querying in superposition and consequently to composition with our subsequent subroutine
for learning Bogolyubov subspaces. As discussed in Section 2.8, we the main technical
ingredients we use are fixed-point amplitude amplification and quantum singular value
threshold projection.

A simple case of MvPV

We first consider the standard setting where the input vectors v and b are both given by
the usual exact quantum query oracles. We later use this simple variant to argue about
the case where we only have a noisy version of b, accessed via a noisy quantum oracle.

Lemma 5.3.1 (Quantum MvPV). Suppose we are given a quantum oracle Uy for a matrix
M e Fvn
UM ‘.77 k? Z> = ‘.77 k> z &P M]k)

for all indices j, k € [n| and z € F, and quantum oracles U, U, for input vectors v,b € F
UU ‘.]7 Z> = |.j72 D Uj)
Uy lj, z) = 13,2 ® b))

for all j € [n] and z € F. Then there is a gate-efficient quantum algorithm Quenfy, that
accepts with certainty if Mv = b, and rejects with probability 1 —e if Mv # b. Furthermore,
Querify uses ¢ = O (n3/2 - log %) queries to Uy and UZL, O(n) queries to U,, U, and their
Hermitian conjugates, O (qlogn - poly log |F|) additional one-qubit and two-qubit gates, and
O(nlog |F|) ancillary qubits.

Proof. We denote multiplication and controlled addition over a finite field by a CCX gate
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defined by
CCX|s1) [s2) |2) = |s1) |s2) |z + s1 - s9) ,

where s1, s, 2 € F and + and - are addition and multiplication in F. Implementing such an
operation requires only O(poly log |F|) elementary two-qubit gates [BBF03]. Throughout
this chapter we assume that all algorithms use quantum registers of dimension p = |F| and
perform arithmetic over F, since such arithmetic can be simulated using O(log |F|) qubits
with O(poly log |F|) overhead in gate complexity.

Circuit Uy, Quantum circuit for entrywise Matrix-vector product

|7) Unrp —  Quantum circuit that uses n
|M;1) oracle calls each to Uy, Uy, UL, UJ, and
n - O(poly log |F|) elementary gates, to
implement oracle access to the entries of
the Matrix-vector product Mv. The index 4
is given in an additional register, using
| Min) which the matrix entries M;; and vector
entries V; are loaded by oracle calls to Uy,
and U, (suppressed here for readability);
[v2) accounting for all ancillary registers, the
width of the circuit is O(nlog |F|) qubits,
and its depth is O(n poly log |F|).

V1)

|Un>

0) {xHE] X |[(r0)s = Ty Misey)

The unitaries Uy, U, and their Hermitian conjugates can be used once each, along
with quantum arithmetic operations over F using circuits of size O(poly log |F|), to obtain
a similar oracle Uy, for the vector Mv — b. The registers used for computing (Mw); and
b; can both be perfectly uncomputed and returned to their initial value in this case. Using
quantum adder circuits [Gid18] it is possible to construct a comparator circuit with O(1)
ancillas and O(log|F|) gates that checks whether an entry (Mwv — b); is zero, and sets a
flag qubit to 1 if not. This becomes an oracle to the component-wise indicator function
Lavo—p) = [n] x F = {0,1} mapping an index i € [n] to 0 if (Mv); = b;, and 1 otherwise.
Denote this oracle by UMv;b.
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Circuit Upsp—p: Quantum circuit for Mv — b

cr s |i>idx — — - | |Z->idx
Uno| |1, U | | (D),
CP > ’0>MV ] | ‘O>MV
cr s |0>b || arithmetic | |O>b
cr s joyMvP |(Mv — b))
Uprv—p — Quantum circuit to implement oracle access to the entries of Mv — b (where
we suppress the workspace registers required by Uy, etc.). The width of the circuit is
O(nlog|F|) qubits, and the arithmetics step can be implemented with circuits of size
O(poly log [F|).

We can then perform a quantum search for nonzero entries in Mv — b using U olp We
V=
start by preparing the uniform superposition over indices, query U 2y and treat nonzero
entries as marked.

Define the states [1g), |¢1(v,b)), and |¢g(v,b)) as the uniform superposition over all
indices, and uniform superpositions over indices at which Mwv — b has nonzero and zero
entries respectively

|1bo) = \/—Z|

ze[n]
11 (v, b))
vV Mwb zez[n]
<Mv> £
Wo(v, b , 5.8
|tho(v, b)) = \/7 ;ﬂ} (5.8)
(Mv);=b;

and my, = [{i € [n] : (Mv); # bi}|. Let k := [logn]. Without loss of generality we
can assume n is a power of two since we can pad vectors with zeros if not, while at most
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doubling the complexity. Consider the operator that creates the uniform superposition

- . ? .
over indices and queries Mv = b, i.e.

U= (H**®1)U

? .
Muv=b

We omit the workspace registers used by U o2 because in this case the workspace can be
uncomputed and returned to the initial all-zeros state.

The action of U on the |0k+1> state is

|10) |0) Muv=b
o) = (5.9)
Ve [0, 0)) [0) + /T [y (0,0)) 1) Mo # b,

Since we do not know m,,;, beforehand, and since we will need a unitary subroutine
that is run over a superposition of input vectors in F" later on, we use fixed point am-
plitude amplification [Gro05, YLC14, Guel9, GSLW19]. This allows the number of itera-
tions of amplitude amplification to be chosen uniformly for all vectors v without worrying
about the problem of under- or over-shooting faced in vanilla amplitude amplification. For
completeness, we give a brief overview and technical statement of fixed-point amplitude
amplification in Section 5.1.3.

The unitary U of Eq. (5.9) satisfies the conditions required by Theorem 5.1.1 with
IT = 1, ® [1)(1], preparing a state that has a component flagged with |1) when Mv # b. In
the worst case for Mv # b, there exists exactly one coordinate ¢ € [n] at which (Mv); # b;,
so that m,, = 1. We hence use fixed point amplification with the worst-case lower bound

of p > 2\1/5 to obtain a unitary U’ with the action

[40) 10) Muv =b
U/ |0k+1> —
Ve [0 (v, 0)) [0) + Y&iee [1(v,0)) [1) - Mo #b,

where }ﬁubcc‘z > 1 — €. This unitary U’ makes ¢ = O (\/ﬁ-log %) queries to U and UT,
uses O(qlogn) additional elementary gates, and a single ancilla. The only queries in U
are those made by UMU;b to Uy, U,, Uy and their conjugates; since UMU; , uses n queries

to each of these oracles, the net query complexity of U’ is ¢’ = O(nq) = O(n*?). Finally
since M is of size n? and ¢’ = O(n*?) we can always first query v and b into an ancillary
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register, since both are vectors of length n.

Effectively, for any desired success probability € € (0, 1) we are able to obtain a unitary
Querify := U’ that computes 1,,—, with one-sided bounded error, measuring the output
register of which yields the claimed guarantees. O

Flagging the correct matrix-vector product in superposition

In order to establish our reduction, we need to go beyond verifying whether a certain vector,
obtained by running ALG on an input v € F* and measuring its output register, is correct.
In particular, we would like to compute the indicator function 1y which marks the vectors
on which ALG succeeds with high probability in superposition over all v € F", in order to
learn its Fourier characters of high weight. This is complicated twofold — by the noise or
part of the state associated with failure in the output of ALG, and the entanglement with
workspace registers. Nevertheless, we can compute an approximate, noisy version of the
indicator function on good input vectors. As a first step, we construct an algorithm using
ideas from Lemma 5.3.1 to ensure that whenever ALG outputs the correct answer, it also
outputs a flag indicating success.

Lemma 5.3.2 (Noisy quantum MvPV). Suppose we are given a quantum oracle Uy for a
matrix M € F>"
UM ‘]7 ka Z> = |j7 ka z2® M]k>

for all indices j,k € [n] and z € F, and a noisy quantum algorithm ALG as described in
Eq. (5.7), i.e.
ALG [v) |0) = Bluee [v) [Mv) [wo(v)) + B [0) [¥(v)) .

Then there exists a gate-efficient quantum algorithm ALGyenfied that succeeds and outputs
Mv with probability |5§ucc|2 along with a flag indicating success, and similarly outputs
a flag indicating failure whenever it outputs a vector z # Muv, with probability at least
(1 —€)|BLyl>. Furthermore, ALGyerfied uses ¢ = O (n*?-log 1) queries to Uy and UJL,
O(1) queries to ALG, O (qlogn - poly log |F|) additional one-qubit and two-qubit gates, and
O(nlog |F|) ancillary qubits.

Remark 5.3.3. The input vectors v and b are taken to be given as states |v) and the right
hand side of Eq. (5.7)—created using a single query to ALG— respectively. Using a hard-
coded circuit of size O(nlogn) we can implement entrywise oracles U, and U, that copy
out the i entries of these vectors into a target register controlled on an index register.

Proof. If ALG had the property that either 3¢, = 0 or 5%, = 0 always, then we could

succ

have proceeded as in Lemma 5.3.1. Nevertheless, if we first prepare the state ALG |v) |0),
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prepare a superposition over indices i € [n] in an ancillary register, and compute the
indicator function 1(y,—p) using fixed circuits of size O(nlogn) gates to copy (controlled
on an index register) the i entry from the output registers of ALG, we now have a unitary
U that prepares the state

U(m@ ) fwo(0) 4 8t [ 37 22 1) (o, ) ®\o’f“>>

z€F™
z#Mwv

= |U> & suce |MU> |W0( )> |¢0> |0> +

m’UZ

s | S 2 |wvz>>[ P M ) 10) +

z€F™
z#Mv

2 i p ) | |

(5.10)

where the states [1o) , [to(v, 2)) , |11 (v, z)) are defined analogously to Eq. (5.8), m,, is the
number of indices at which a vector z disagrees with the correct answer Mwv, and to avoid
clutter we have not explicitly written the registers used for querying the entries M,;, since
they can be uncomputed as before.

As in Lemma 5.3.1, we can apply fixed-point amplitude amplification to the unitary
U, with the goal of amplifying the part of the superposition flagged by 1 in the last qubit.
Incorrect answers z # Mwv may in general be wrong only at a single co-ordinate, so that
in the worst case there may be a single v = 1 with the corresponding m,,, = 1. Thus
we can use the worst-case lower bound of \/Lﬁ on the amplitude of the target state flagged
by 1. Since U does not affect the state of the input, output, or workspace registers of
ALG, the amplified operator ALGyerified := U’ will also preserve the same superposition that
is produced by ALG, with the component of the state flagged by 1 in the final register
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amplified:

ALGuwitea(10) | B 0) a0+ s | 3 2212 o2 | | o 0#))

z€F™
z#Mv

= [0) @ | Bluce [Mv) [Wo(v)) [0) [0) +

B | D 1) [w(v, 2) [”Y%ZHWO(U;Z» 10) + Yeuee [¥1(v, 2)) !U] :

z€F™
z#Mv

(5.11)
where |72 |° > 1 — ¢, and ALGyerfieq uses ¢ = O (n*?-log1) queries to Uy and Ul
O(1) queries to ALG, and O(qlogn - poly log |F|) additional elementary gates, and a single
ancillary qubit.

Measuring the register Containing the output of ALG, we see that ALGyeifieq OUtputs
Mwv with probability at least | ﬁsucc\ just as ALG does, but now the last register contains
a flag qubit set to zero to indicate success. When ALG,eifieq OUtputs an incorrect vector
= # Mu, with probability at least (1—¢)|8%,..|* the flag qubit is set to 1 to indicate failure,
giving the guarantees claimed in the lemma. O

5.3.2 Noisy quantum oracles approximating the indicator func-
tion 1y

To obtain our next two quantum procedures: an efficient sampler for the set X of good
inputs to ALG and a learner for the Bogolyubov subspace, we first need to obtain a unitary
implementation of an approximate version of the indicator 1x, which is a Boolean valued
function defined on F". We start by observing that the subroutine ALGeifieq that we con-
structed in the previous section almost has the basic property that a unitary implementing
1x should have: it attaches flags zero and one to vectors in X and its complement respec-
tively. However, it is noisy in two ways: it errs with high probability on vectors outside
X, and only succeeds with low probability on vectors in X. What we would like is (a noisy
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version of) the oracle
Ux [v)[0) = [v) [1x (v)) -

To obtain such a unitary, we use the machinery of quantum singular value threshold pro-
jection on top of ALGyerifieq- We now go into the details of our construction below, and give
a brief technical statement of the quantum singular value threshold projection technique
in Section 5.1.3.

For an average-case algorithm ALG with average success probability a as defined in

Eq. (5.4), recall that we are interested in the associated set of “good” input vectors defined
by

> 2y

-2

which we know has density at least /2 in F", by the averaging argument in Claim 5.4.2.
The indicator function of this set takes the value 1x(v) = 1 when v € X and 1x(v) =0
otherwise. Denote by U the algorithm ALG,eifieqg constructed in Lemma 5.3.2. Bundling
all the workspace registers together for brevity, we note that it has the following property:
defining the projectors IT = 1Y ® [0)0[**™%& and II = 1 ® |0)0|™, where the identity
term acts on all registers except the flag qubit, we have that

X ={veF": |fucl’

ﬁUH Z |ﬁsucc| |wv v, O 0|

veFn

We interpret the right hand side above as the singular value decomposition of a matrix
with right singular vectors |v,0,0), and left singular vectors |w,) given by

1 a
) = —,( e [0, Mo, wo(v), v0) + By v:v;;z|v,z,w<v,z>,wo<v,z>>) ® |0y

| suce 2€En
z#Mv

The singular values | .| are defined by the relation

succ

lﬁsucc|2 |Bsucc‘2+ |Bfa11|2 Z h/z| h/fall

z€F™
z#Mv

Fixing a threshold parameter t € (0,1), consider the partition of F" into the following
three sets:

1. a good set X! = {veF" : 2 >t + ¢}

’ succ

2. an intermediate set W, = {v € F" : |8%.|% € (t — 2¢*,t + t*)}
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3. abad set XP ={veF : |BY..]2 <t— 2t}
Choosing € = t? in Lemma 5.3.2 we have that when v € X7, |8 |*> > t + t?, and when
ve X |Bl)P <t — 12

We see that U = ALG,eriieq hence satisfies the conditions required in Theorem 5.1.2, so
that we can use it to select the vectors in X7 with high probability using the technique of
singular value threshold projection. Since v/t + 2 > v/t (1 + %t — %tQ), we can choose the
thresholds in Theorem 5.1.2 to be ¢ as above, and § = 1¢%2 — 15/2 and obtain a unitary
U, with the action

Uqg[0,0,0) = Blyce [w) [0)™ + By [0,) 1),

succ

where the amplitudes satisfy the following guarantees (Pr(flag = 0) 1= |32,..|? etc):

1. for inputs v € X7, Pr(flag = 0) > 1 — 2¢;

2. for inputs v € X7, Pr(flag=1) > 1 — 2e.

Importantly, we note that for inputs v € W,, we get no useful guarantee other than
the consistency condition Pr(flag=0) < 1. The unitary U, can be implemented using
q= O(%log%) = O(ﬁ%log%) queries to U, i.e. to ALGyerifiea, and O(q) additional one-
qubit and two-qubit gates.

U, represents a noisy version of the indicator function on X7 — applying a Pauli-X
gate to flip the flag qubit, U, is a noisy quantum oracle for 1x as defined in Eq. (5.6), with
one additional complication: there is a “wasteland” slice W C F" on which U, gives no
guarantee as to the value of 1x. Note that this can in principle be a very large set — by
inspecting the averaging argument in Claim 5.4.2 we see that it is possible to construct
adversarial examples of ALG for which W can have density as large as 11_;?2 for t = «/2.
Nevertheless, we will show how to overcome this difficulty in Section 5.4.1.

5.3.3 Quantum sampling from the set of good inputs

Using the subroutine ALGeifieq, it is also possible to sample from the set of vectors on
which ALG succeeds with at least a desired probability. Suppose we are interested in
the set X, = {v € F" : |3Y..]> > 7} for some 7 € (0,1). We use the same ideas that
we presented in the previous section — using singular value threshold projection from

Theorem 5.1.2 with the choice of threshold ¢ = /7 and § = nt for some 7 > 0 and so

101



q=0(=2=logt ) we get a unitary U, that implements a noisy version of an approximation
T q e

to 1x. It is sufﬁ(nent to choose constant 7, e.g. n = 0.01, because unlike in the case of the

indicator function in the previous section, we do not require high precision with respect to

the wasteland slice W;: instead of sampling from X, we can easily work with X, C X,

for 7 = (1 + n)7 without any difficulties.

Suppose we prepare the uniform superposition over all v € F" and run U,. If the density
of X, is u(X,), we see that with the projector IT = 1 ® |0)(0|™* we have

~ 2
| (3, 0P TTU,0) || = (1 = u(X.)

where

X,) =
| X7) #\X UEZX!

is the uniform superposition over vectors in X,. In particular, we can apply fixed-point
amplitude amplification by Theorem 5.1.1 to U,, to obtain a boosted unitary U, with

/I O 1
1 (\/u(xa

this procedure gives us a way to sample approximately from the uniform distribution on
X, that is quadratically faster than a classical algorithm that draws random samples and
verifies whether the ALG computes correctly on the drawn sample. Applying this argument
to the case where 7 = /2, we have the following corollary.

log %) uses of U, and UJ, such that ||ﬁU; |0) — ‘XT, 0%} || < §. Note that

Corollary 5.3.4. Given an average-case quantum algorithm ALG with oracle access to the

matriz M € F**" via Uy, there is a quantum algorithm Qsamp that uses ALG O —1(X ))
T(Xr

times and with high probability outputs a vector v € X, on which ALG succeeds with
probability at least 7. Qeamp makes q¢ = O(nS/2 : 1 ) queries to Uy and U,

T(X7)
O (q log n-poly log |F|> additional one-qubit and two-qubit gates, and O(nlog |F|) ancillary
qubits.

5.3.4 Learning Bogolyubov subspaces from noisy quantum ora-
cles

We would next like to design a quantum procedure for efficiently learning the Bogolyubov
subspace from the noisy quantum oracle we constructed above in Section 5.3.2. Since the
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Bogolyubov subspace is characterised by the Fourier coefficients of the indicator 1x, our
problem reduces to learning the Fourier spectrum of functions that are encoded in noisy
quantum oracles of the aforementioned form.

[AC02] studied the problem of using noisy evaluations of a linear Boolean function
f(x) = a -z to determine the underlying string a € F}, given a guarantee that the evalu-
ations have an average probability of at least % + € of being correct over random x € FJ.
Here we show that the circuit that they consider can be used more generally to sample
characters from the Fourier spectrum of a function f : F* — F5 that is accessed via a noisy
quantum oracle of the type defined in Eq. (5.6). In particular, we have the following result.

Lemma 5.3.5. Suppose we are given as input a noisy quantum oracle Uy to f : F" — Fy,
such that

U1 0 = o) (B ) ) + B o) 7T ).

succ
|wo(x)) and |wi(x)) are arbitrary m-qubit states of the workspace register. Then measuring

the top three registers of the following circuit Cg produces output y € F", 0™ with
probability p, such that Vy € F"*,

where Vo € F", B2, |+ 650" = 1 and |B5,..[* > 1—¢, f(z) = f(x)@1 is NOT(f(x)), and

< 4e,

1FW)F - p,

where f(y) are the Fourier coefficients of f, i.e. f(z) = > yekn FW)x,(x) with x,(z) =

w Y,
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Circuit CgL: Quantum Goldreich-Levin algorithm for Fourier sampling

(CP)®" 3 |0y — QFTE™ | (QFTH)®" y € F"

Cm 5 |O>anC Wi Uf UT

[~
0)f [~

10)

A\
|
~

[]

e

Note that the number m of ancillary qubits in the workspace register need not have
any relation to n.

Remark 5.3.6. In our application, we actually have a weaker assumption on the input
Uy, which in fact is the indicator function of Section 5.5.2. The guarantee we obtain on
the Fourier sampler is then

1) = py| < e+ ow,

where py = |W|/|F|™ is the density of the intermediate set W .

Proof. The input state undergoes the following transformations through the circuit Cg :

0)10)10)j0) S 223 1) 10) 10) 1) 5,12
U 2 3 fa) (B ) ) + B s} [ ) ) 1
AT, Y ) ((—1>f<x> e I50(2) £ () + (=178 |wi () \m>) =)

— o SV ) (B ) 00} = B b [FTT) ) ).
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where N = p". In order to establish that the output is y € F" with probability p, such
that |p, — f(y)?| < 4€ on measuring the first register after executing the entire circuit, we
will compute the inner product

B, = <y,0,0, —‘C'o,o,o,o>, (5.13)
since p, = |3,|°. Notice that we also have
Kn
0.0, S o 3w, 0.0,) (5.14)
vGF"
Us®1 v v TP
2%y 3 b (B o0 00} + B b0 [7T) ) 1),
veFn

and we can compute the amplitude 3, in Eq. (5.13) by taking the inner product between
the states on the last lines of Eqs. (5.12) and (5.14). Since f(z) € Fy we have that

< f@)|f (x)> = 0. Similarly, (v|z) = d,., and while the states of the workspace register

may not be orthogonal, they are normalized. Hence we have

Z wy” (|/Bsucc| - |/8f1;11|2>'

UGF"

velf > 1 —eand B’ + |8%]? = 1, it always holds that
182 cel” = 18%e|” > 1 = 2¢. Unlike the Boolean case (i.e. F = Fy), the Fourier coefficients of
f are no longer real numbers, and so need some additional care. Nevertheless, using their
definition from Eq. (5.1), and the Cauchy-Schwarz inequality, we have

Since for every v e F" |

R 1 U v
)= 3] = | 2 -0 (1 (10 - |ﬁfaﬂ|2))|
vEF™
. 1/2 51/2
< LS w0 |5 (1= (1h - )
veEF™ veEF™
1
f; jv '\/ji' 26\/ﬁv
< 2e. (5.15)
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As |f()], 18y < 1, and since [[f* — [y[*] < o* + ||z — y| < 2|z — y| when 0 < ||, |y| <
1 and z* denotes complex conjugation, we finally have that

< 4e,

1FW)F - p,

showing that the circuit Cg_ can sample approximately from the Fourier spectrum of f. [

The quantum Fourier transform QFT),, over finite fields F, can be implemented efficiently
with O(log? |F|) elementary gates and in depth O(log |F|) [Bea97, Hoy97, MRROG).

Learning subspace coefficients of 1x: Our interest is in the indicator function 1x :
F* — {0,1}, which takes value 1 on the set of vectors on which ALG succeeds with ap-
preciable probability |%,..]* > «. Using the unitary U, of Section 5.3.2 almost satisfies
the condition required for Lemma 5.3.5: | BSUCCIQ >1—¢€and | ﬁfaﬂ|2 < ¢, where € can be
chosen to be o(1). To see the bound noted in Remark 5.3.6, suppose the densities of the

2
sets X7, X} and W, are p,, p, and py respectively and let 7, := ( (| JC ﬁf’aﬂf)) :
Then in Eq. (5.15) we have

1/2 9[1/2
’f( 6@/ < = Z WQyU ) Z ( (| succ| - |B£Uail|2>>
uan veFn
1/2
g%-\/ﬁ- dom+ Y mt Y m,

vexy vEXY veEWY

1
< — - [2epyN + 2¢p, N + 2,0WN]1/2

VN

< 2e + 2pw,

where on the third line we used the definition of U, to see that the quantity m, < 2¢ on
both X/ and X?, while we only have the guarantee that m, < 2 on the set W, and that
Pg + p» + pw = 1. Hence we have the following corollary.

Corollary 5.3.7. Given an average-case quantum algorithm ALGM as described in Eq. (5.7)
and the oracle Uy for a matrix M € F**", we can learn heavy Fourier characters X,
with f(y) > ¢ of the indicator function on the set X of inputs on which ALG succeeds
with high probability, using ALG O(1/c) times, ¢ = O (l . n3/2) queries to Uy and U]L,

Cc
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O(q-logn-polylog |F|) additional one-qubit and two-qubit gates, and O(nlog|F|) ancillary
qubits.

The procedure is to simply measure the state output by Cg. to obtain a character
y € F", and then run standard quantum amplitude estimation to estimate the value of the
corresponding Fourier coefficient to additive precision ¢/100, which will use Cg_ a total of
O(1/c) times.

5.4 Reductions for linear problems

In this section, we prove Lemma 5.2.1. Namely, we will present an algorithm ALG’ whose
complexity is as required by the lemma statement. In order to prove the correctness of the
algorithm, we will consider M € F™*™ such that Pr, aLc [ALGM(U) = Mv] > a, and we will

prove for this M and every vector v € F", that Pra ¢ [(ALG )M (v) = Mv] > 1 —§. To this
end we fix a matrix M satisfying the premise:

M _
’UEEG[ALG (v) =Mv] > a. (5.16)

Before describing the proof of Lemma 5.2.1 we introduce the following notation. For
each v € F" let p, = Praig|ALG(v) = Mv] be the probability that ALG computes correctly
the output on input v, where the probability is taken only over the quantum randomness
of ALG.

Before proceeding with the proof, we need the following definition of threshold sets.

Definition 5.4.1. For an algorithm ALGM and a matriz M satisfying Eq. (5.16), we
define the set of its good inputs, i.e., the inputs v € F"* such that ALGM (v) = M -v with a
non-negligible probability as follows.

X.: ={veF':p,>k};.

5.4.1 Properties of threshold sets

Below we prove several claims regarding the threshold sets X,.

Claim 5.4.2. For k < a/2, the density of X,. is at least /2, i.e., | X,| > §|F|".
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Proof. By the assumption of the lemma we have E,cgn[p,] > «, and hence

a <E[p,) <1-Prlp, > /2] +a/2-Prlp, < a/2] < Prlp, > k| + /2.
Therefore, for all kK < «/2, we have that Pr,[p, > k] > «/2, as required. ]

Next, we prove that if we choose a random 7 € [a/4,a/2] and 7" = 7 — 1/K for a
sufficiently large K, then, with high probability over the random choices of 7 the sets X
and X, will have almost the same density.

Claim 5.4.3. For a parameter K let r € {1,..., K} be chosen uniformly at random. Let

o« @ X/ X-
T=0+r/K)§e€[§+ % 5], and T =7 — 5. Then, Pr[ll,:n” |||:n|| < %] > 1/2.

Proof. Note that the interval [1, 7] is sampled by dividing [«/4, a/2] into K intervals, and

taking one of them uniformly at random, it follows that E ['ﬁi;’” — 'f;; ” < 1/K. The claim

follows by Markov’s inequality. O

In particular Claim 5.4.3 implies the following corollary.

Corollary 5.4.4. For a parameter K let r € {1,..., K} be chosen uniformly at random.

Let 7= (1+7r/K)F €[§+ 1% 5], andr—r—m

Suppose that X* C F" is an arbitrary set such that X, C X* C X,.. Then with
probability at least 1/2 (over the choice of T) it holds that

~

Ix«(r) — iXT(T)| <

2
K

for all r € F™.

Proof. By Claim 5.4.3 we have Pr[lXT" — B < 2} > 1/2. Suppose this event happens

Fl P = K
and ‘I)E”IH ‘|ff;|‘ < % Since X, C X* C X, it follows that |‘)F(:|‘ — ||)F(;‘| < % We observe
that .
() = 1, ()] < [~ W] < 2
F Pl K
which finishes the proof of the corollary. O
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5.4.2 Proof of Lemma 5.2.1

In this section, we prove Lemma 5.2.1, which we restate below for convenience.

Lemma 5.2.1. Let F = F, be a prime field, n € N, and o := a(n) € (0,1]. Let ALG be
a quantum query algorithm that has oracle access to a matrix M € F" ", gets as input a
vector v € F", makes Q(n) queries, and attempts to compute Mv. Then, for every constant
§ > 0, there exists a quantum algorithm (ALG)M that makes O(a~"/?) uses of ALG,
O ((Q(n) + n*?) - a"/?) queries to Uy and Ul,, uses O(n32a~"/2 - logn - poly(log |F|))
additional one-qubit and two-qubit gates, and O(a~2-nlogn) ancillary qubits such that the
following holds.

For every matriz M € F*™™ such that ALGM computes Muv correctly with probability o:

M GM 2 o
A [15,A >
UEEG[ LG™ (v) = Mv| UEEFn [Iar ALG™ [0} |0) || )

the algorithm (ALG )™ computes Muv correctly for every v € F™ with probability 1 — 6:

Vo e F" Pr(ALG)Y (v) = Mo = Ty, (ALG)Y Jo) [0) I°>1-56.
ALG’

Let ALGY be the average-case quantum algorithm from the lemma statement that has
query access to the matrix M. Note that given the algorithm ALGY we can define an
algorithm ALG,. . that given an input v makes O(1/a) calls to ALG (v) independently,
and each time verifies the result using Lemma 5.3.2. Therefore, for every constant d, we
may assume that there is at least an /2 fraction of inputs on which ALG,Y, , outputs the
correct answer with probability at least 1 — §/8.

We define (ALG")M as follows.
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Algorithm 1: Reduction for linear problems

2.

3.

Input: ALGY, v € F*, a € (0,1)
Output: M -v
1.

Let K = ﬁ, and let r € {1,..., K} be chosen uniformly at random.

Setting a random threshold: Let 7= (1+r/K)% € [$, ¢ — %], and 7/ =7 — .

Membership Oracle for X*: Construct a quantum noisy membership oracle 9] X+
using Section 5.3.2 such that with high probability X, C X* C X_..

Learning X,: Having 5)(* defined above, apply the quantum local correction
lemma (Lemma 3.5.1) with error parameter 6 = 1/6 to compute a collection
of t = O(1/a?) vectors B = {by,...,b; € F"} and indices ki, ks, ..., k;. Indeed,
by Corollary 5.4.4, we may apply Lemma 3.5.1.

Efficient sampling from X,: Sample xq,z9, 23 from X, using Corollary 5.3.4
with Kk = 7.

. Self-correcting v: Using the set B and indices k; computed in Step 3, let s be

the t-sparse vector defined as in Lemma 3.5.1:

S—va - €, , and

Ty =0V —T1 — X2 — T3 —S.

Computing M v Let b = ALGY .(z1) + ALGM . (z5) + ALGY . (zs) +
ALGM (x4) + M - s, where M - s is computed by multiplying M by all ¢
non-zero entries of s.

Verification: Using Lemma 5.3.1 with e = O(a?) verify whether b = M - v. If
the verification accepts, return b.

Probability amplification: Repeat the steps 5-8 O(1/a?) times.

Correctness:
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By our choice of the parameters and the justifications in the algorithm,
we see that with constant probability we sunultaneously have that (i) the quantum oracle
Ox-~ from Lemma 5.3.2 for every z € F*, outputs Ox- () = 1x«(z) in Step 3; (i) The set



B and indices k; are computed correctly by Lemma 3.5.1 in Step 4; (iii) Step 5 produces
uniformly random samples z1, x9, 3 € X,

Assuming successful executions of the previous steps, by Lemma 3.5.1 for x4 computed
in Step 6 we have that

Pr [z,€ X,]>a”.

z1,22,23€ X+

Observing that for 1, 9, x3, 24 € X™ it holds that Pr [ALG%DSt(xi) =Mzx;Vi=1,23, 4] >

1 — §/2. Therefore, with probability Q(a?), the result computed in Step 7 is the correct
output b = M - v.

Given the representation of X, from Step 4 we repeat steps 58 O(1/a?) times to
amplify the probability of success to 2/3 for every input vector v.

Query complexity: First, we bound the number of queries made by our algorithm in
each iteration (Steps 3-8). This amounts to bounding the number of queries required to
learn the heavy Fourier coefficients of 1x+ in Step 4 (using the oracle from Step 3), queries
in Step 5 to sample from X, queries in the four executions of ALGL. . in Step 7 (each

corresponding to O(1/a) calls to ALGM and O(1/a) times verifying the computation),
queries required to compute M - s in Step 7, and queries required for verification in Step 8.

By Lemma 3.5.1, in Step 4 we need at most O(a~"/?) queries to ALG, and O(n?/? .
a~7/2) queries to Uy, and U]TV[ to find the set B and indices ki, ks, ..., k;. Note that the
algorithm does not repeat Step 4 O(a™?) times.

In step 5, by Corollary 5.3.4, we make O(1) uses of the noisy unitary implementation
of the approximate indicator function in Section 5.3.2, which translates to O(n3/? - a=%/2)
queries to Uy, and U]L and O(a~%/?) queries to ALGM. In Step 7, each application of
ALGY. , uses O(1/a) calls to ALGM and O(1/a) verification steps. In addition s is t-sparse
for t = 4/a%, we compute M - s by making at most O(n/a?) queries. Step 8 makes O(n?/?)
queries to Uy, and Uj,. Repeating steps 58 for O(1/a?) times leads to the bound of

O(n®? - a~7/?) on the query complexity of the constructed algorithm.

Efficiency: Now we count the additional gates used by our algorithm. The membership
oracle from Lemma 5.3.2 in Step 3, Fourier sampling circuit from Lemma 3.5.1 in Step 4,
and efficient sampling circuit from Corollary 5.3.4 in Step 5 all use O(n?logn - a=3/% .
poly(log |F|)) additional gates. Additionally, we need O(n) gates to represent vectors s and
v; for i € {1,2,3,4}. Thus, in total our algorithm uses O(n*?logn - =72 - poly(log |F|))
additional one-qubit and two-qubit gates, and use O(a~2 - nlogn) ancillary qubits.
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Large fields: For the case where the field size is large (say, |F| > 10/a), there is a
simpler worst case to average case reduction. Note that since we can efficiently verify a
candidate solution using Lemma 5.3.1, we can sample a line ¢ passing through the input
vector v and a uniformly random point x € F". It is easy to show that with probability
at least Q(«), at least an (a)-fraction of the points on ¢ are in the good set X, i.e., the
set of points on which ALGM outputs the correct answer with probability at least Q(a).
Thus, with probability 2(a?), we sample two random points a, b on ¢ that both belong to
X, and then we can interpolate the value of M - v from ALGY (a) and ALG (b). We note
that this interpolation technique inherently requires large fields, while the proof presented
above works over all finite fields.

Making ALG' a unitary: Finally, we note that it is straightforward to turn the algorithm
ALG’, which is produced by our reduction, into a unitary quantum algorithm. Yet, it is
important to do this carefully so as to keep the overheads in gate complexity of the resulting
unitary within the desired bound of O(n?®?). We sketch how to do this below.

Suppose we have performed Step 4 and obtained a classical description of the set of
vectors B and the corresponding indices k1, ..., k;. We now need to perform Steps 5-9 in
a unitary manner. In lieu of Step 5, we maintain three copies of the output state of the
unitary Qsamp of Corollary 5.3.4 in three quantum registers, one each for the vectors zy, xo
and x3. Step 6 only involves arithmetic operations over F, and we perform the required
computation by a unitary circuit that computes the sparse shift vector in the form of a
state |s), using B and ky, ..., k;. In an ancillary register, we then compute a superposition
of vectors corresponding to v — x; — 92 — x3 — s, using the states representing the uniform
samples x1, x5 and x3.

By using amplitude amplification, we can construct a unitary implementation corre-
sponding to ALGé\gost with O(\/ialog %) uses of ALGyaifiea- Next, we apply this unitary
to each of the four registers corresponding to xy,..., x4, and also compute M - s using
the circuit described in Section 5.3.1. Finally, we perform more arithmetic to compute
a state corresponding to the vector b of Step 7 in an ancillary register. Applying Querify
from Lemma 5.3.1 to the registers containing v and b, we obtain a version of ALG" which
attaches a flag indicating success to its output register. This can then be boosted us-
ing O(1/a)) rounds of fixed-point amplitude amplification to obtain the desired unitary

quantum algorithm.
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Chapter 6

Conclusion

We conclude the first part of this thesis by discussing some of the subsequent works that
have followed up on these results since the preliminary versions of these works were pub-
lished. In the end, we mention some of the interesting problems that are still open, and
discuss some of the challenges and barriers in solving them.

6.1 Subsequent work

Following the publication of the preliminary version of this work, several subsequent results
have extended and strengthened its results. We report on some of them below.

The main drawback of Theorem 1, which presents worst-case to average-case reductions
for the matrix multiplication problem, is that the running time of the worst-case algorithm
has quasi-polynomial dependence on 1/a. To address this, Hirahara and Shimizu [HS23]
employed direct product theorems to achieve a nearly-linear dependence on 1/« for both
the matrix multiplication and online matrix-vector multiplication problems.

The work of [GSS24] initiated the study of worst-case to weak-average-case reductions
for matrix multiplication. It used the self-correction technique of [BLRI0] to resolve the
problem in the low-error regime, and applied the additive combinatorics framework devel-
oped in this work to address the high-error regime (over Fy) for one-sided weak-average-case
algorithms.

Subsequently, [HS25a] introduced a multi-output version of Yao’s XOR lemma and used
it to construct non-uniform worst-case to weak-average-case reductions for matrix multi-
plication even in the high-error regime. In addition, they used coding-theoretic techniques
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to develop new uniform reductions for matrix multiplication and optimal reductions for
online matrix-vector multiplication.

In [HS25b], Hirahara and Shimizu combined the techniques from this work, [GSS24],
and most notably [HS25a], with an improved coding scheme. This led to efficient and
uniform worst-case reductions for matrix multiplication across all error regimes and over
all prime fields.

Most recently, the authors of [SS25] simplified the proof of [HS25b] and improved the
running time of the resulting worst-case algorithm for matrix multiplication as a function
of a.

Another recent work [VZ25] studies a classical worst-case to average-case reduction for
matrix multiplication in the presence of computational assumptions. In particular, assum-
ing hardness of the learning parity with noise (LPN), they construct a distribution over a
family of trapdoor matrices that are indistinguishable from random matrices. Having this,
they were able to show a uniform worst-case to weak-average-case reduction with optimal
parameters, albeit with a computational assumption, improving over [HS25a] where they
showed a non-uniform reduction.

On the quantum side, very recently [AK25] extended the ideas of [HS23] to the quantum
setting, and showed a new quantum worst-case to average-case reduction for the matrix
vector multiplication problem. Their reduction avoids using the machinery of additive
combinatorics, and shows that an equivalent of the hardness self-amplification technique
shown in [HS23] exists in the quantum setting as well.

6.2 Open problems

Our work leaves many natural open problems, and raises several new directions of in-
vestigation. One example is obtaining reductions for various natural problems in other
computational models (e.g., communication complexity, property testing, PAC learning,
and beyond). However, for brevity, we would like to focus on and highlight three directions
that we find particularly promising.

In Theorem 5, we have shown fine-grained quantum worst-case to average-case reduc-
tions, where the success rate is arbitrarily small, for all linear problems. These reductions
make crucial use of quantum procedures that speed up classical computational tasks such
as linear verification and learning of Bogolyubov subspaces from approximate indicators
encoded in noisy quantum oracles.
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In contrast to our general result for quantum algorithms, these computational tasks
constitute a complexity bottleneck in the classical setting, and in turn such worst-case
to average-case reductions are only known for a small number of specific problems or re-
stricted computational models, e.g., linear problems in the setting of static data structures
(Theorem 2). It remains open whether such general results for all linear problem can also
be obtained in the classical setting.

Thus an immediate and alluring question is whether our local correction via additive
combinatorics framework can also be used to show worst-case to average-case reductions
for all linear problems for classical (uniform) algorithms. We observe that using similar
techniques as in Theorem 2, our framework can be used to show that given an efficient
average-case algorithm and an efficient verifier for the problem, one can indeed design an
explicit efficient worst-case circuit or uniform algorithm. A natural open problem here is
to eliminate the assumption about the verifier and answer the aforementioned question in
the affirmative.

Open Problem 1. Are there efficient transformations of classical algorithms for general
linear problems, which are only correct on 1% of their inputs, into similarly efficient worst-
case classical algorithms?

Another fascinating open problem is to improve the running time (as a function of o =
1/2+¢) of the worst-case algorithms in the line of work on worst-case to weak-average-case
reductions for matrix multiplication [GSS24, HS25a, HS25b, SS25].

Open Problem 2. Assume there is an algorithm that runs in time T, and on average com-
putes a 1/2 + ¢ fraction of entries of matriz multiplication over Fy. Can it be transformed
into a worst-case algorithm running in time O(T /€).

Returning to the quantum setting, it is natural to ask whether the framework we
constructed can be extended beyond the class of linear problems, to tasks such as matrix
multiplication.

Open Problem 3. Can efficient average-case quantum algorithms with success rate 1%
for large classes of non-linear problems be transformed into efficient worst-case quantum
algorithms?

The last open problem we would like to raise refers to quantum algorithms that act on
data of exponential size, encoded in the amplitudes of a quantum state, as in the celebrated
HHL algorithm [HHL09]. It would be highly appealing to extend the framework presented
in this work to this setting, where quantum algorithms are extremely powerful.
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Open Problem 4. Can we obtain fine-grained worst-case to average-case reductions for
quantum algorithms such as the HHL algorithm, in which the data (and the output) are
encoded in the amplitudes of a quantum state?
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Part 11

Lower Bounds on Non-Local
Quantum Computation
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Chapter 7

Introduction

A non-local quantum computation (NLQC) replaces a local interaction with entanglement
and a single simultaneous round of communication. See Fig. 7.1 for an illustration. In this
figure, Part (a) shows a channel Typ_,4p that is implemented by directly interacting the
input systems and Part (b) shows a non-local quantum computation, where the goal is for
the action of this circuit on the AB systems to approximate the channel Tag_,a5. NLQC
has applications in a number of areas, including quantum position-verification [KMSBOG,
KMS11, Mall6], Hamiltonian simulation [ACH"24], the AdS/CFT correspondence [May19,
MPS20, May21, May22], and information theoretic cryptography [ABM*23]. In all of
these settings, we are interested in understanding the resources necessary to implement a
given computation in the non-local form. Lower bounds on the entanglement necessary to
complete a non-local computation are so far poorly understood but are central to these
applications.

Two important classes of non-local computations are f-routing and f-BB84, both ini-
tially studied in the context of quantum position-verification [KMS11, BCS22]. These
computations involve classical inputs of size n and O(1) size quantum inputs. The local
implementation of these computations involves computing a classical function f from the
classical inputs, then doing O(1) quantum operations conditioned on the outcome. A long-
standing goal has been to prove that the non-local implementation of the same computation
requires growing quantum resources, and in particular growing entanglement. Recently,
a bound on the quantum system size was proven in [BCS22], but this assumes a purified
view that absorbs classical processing into the quantum part of the computation.

Here in this thesis, we achieve the following two goals. First, we will prove a lower
bound for entanglement, at least as quantified by the Schmidt rank of the shared system,
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Figure 7.1: Local and non-local computations.

but at the cost of only considering protocols that complete f-routing or f-BB84 with
only one-sided error. Second, we show a lower bound on the number of gates required to
implement the non-local computation.

It is a striking feature of non-local quantum computation that these mostly classical
local computations require large quantum entanglement to implement non-locally. Be-
yond this, establishing this quantum-classical separation is relevant for quantum position-
verification (QPV) and for information theoretic cryptography. In a QPV scheme, we want
to find operations that are as easy as possible for the honest player (who acts locally) to
implement, but as hard as possible for a party of dishonest players, who implement an
NLQC. We will discuss QVP in more detail shortly. Proving entanglement lower bounds
for f-routing or f-BB84 gives a verification scheme where the honest player implements
a nearly classical computation, while the dishonest player needs large quantum resources.
This establishes the security of such QPV schemes under a bounded entanglement as-
sumption. Our bound for entanglement only holds in the setting of one-sided error and
hence not immediately relevant to practical schemes, but represents a step towards proving
entanglement lower bounds in the robust setting.!

Also relevant to our work is the connection between NLQC and information theo-
retic cryptography. In information theoretic cryptography, we wish to understand the

'Many entanglement lower bounds apply in the robust setting, see e.g. [TFKW13, EFPS24, May22,
BK11], but none grow with the classical input size. We achieve growth with classical input size at the
expense of robustness.
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communication and randomness cost to establish information theoretic privacy in vari-
ous cryptographic settings. A primitive known as conditional disclosure of secrets (CDS)
has been identified as one of the simplest settings where one can hope to understand the
cost of privacy. CDS was initially studied in the context of private information retrieval
[GIKMO0], has applications in secret sharing [AA20], and shares a number of connections
to communication complexity and interactive proofs [AV21]. In [ABM™23], f-routing was
shown to be closely related to CDS: lower bounds on entanglement cost in f-routing give
lower bounds on randomness in CDS. This opens a new avenue for quantum information
techniques to make contributions to classical information theoretic cryptography.

A closely related topic to NLQC is position-verification. The subject of position-
verification considers how to establish the spatial location of a party or object, by inter-
acting with them remotely. Verifying position may be a cryptographic goal in itself, or a
building block used for other cryptographic constructions. As well, position-verification has
recently been understood to be closely connected with other primitives in information theo-
retic cryptography [ABM™23], topics in quantum gravity [May19, MPS20, May21, May22],
to Hamiltonian simulation [ACH"24], and to uncloneable secret sharing [AGLL25].

In a position-verification scheme, the verifier sends the prover quantum and classical
systems and asks for a reply at a set of designated spacetime locations. See Fig. 7.2 for a
standard setup in a spacetime with one spatial dimension. In this figure, inputs are given
at locations ¢y, co. The prover should apply a designated quantum operation to these
inputs, then return the outputs to points r1, r5. In Part (a), An honest prover enters the
designated spacetime region (grey) to apply the needed quantum operation, and in Part
(b), a dishonest prover attempts to reproduce the same operation while acting outside the
spacetime region. This leads to the definition of a non-local quantum computation. The
figure is reproduced from [May19].

It has been known that when the inputs and outputs are all classical, there is no uncon-
ditionally secure verification scheme [CGMOO09]. This is because the prover can intercept
the input signals, copy and forward them, and compute the expected replies without ever
entering the designated spacetime region. Since the no-cloning theorem precludes this copy
and forward attack with quantum information, using quantum inputs was suggested as a
potential route to secure position-verification [KMSB06, KMS11, Mall6].

Even with quantum inputs, position-verification was proven insecure in the uncondi-
tional setting [BCF*14, BK11]. The attacks use entanglement distributed across a space-
time region to simulate operations that might otherwise need to be implemented inside
of the region. Following this no-go result, focus has shifted to proving security under
the assumption of bounded entanglement or communication, with a number of works
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Figure 7.2: A position-verification scheme in 1 4+ 1 dimensions.

establishing lower bounds [BK11, TFKW13, BCS22, May22, GC19] and upper bounds
[BK11, BFSS13, CM22, GC19, Spel6, CL15] on entanglement requirements. Note that
some of the existing lower bounds only bound the size of the resource system, rather than
any measure of entanglement, or only apply in the setting where the communication must

be classical. Another approach is to assume physical integrity of a device, which could
contain a secret key [KMS11, CKPG23].

In the bounded entanglement setting, particular attention has been paid to classes of
protocols where most of the input is classical, with just O(1) quantum bits involved, and
in particular to schemes where an honest prover need only compute a classical function
and do O(1) quantum operations. In this context, it has been hoped that the quantum
resource requirements would grow with the classical input size, so that a dishonest prover
would need large quantum resources. Security of these schemes would then be based on
the assumption that quantum resources are more difficult to prepare and implement than
classical ones.

In a recent work, this hope was partly realized [BCS22]. The authors study two schemes
referred to as f-routing and f-BB84. In these schemes, an honest prover needs to compute
a Boolean function f, then perform O(1) quantum operations conditional on the value of f.
For these tasks [BCS22] considers protocols that act unitarily on a shared resource system
plus the inputs in the first round. In this setting, they prove that, with high probability
over random choices of f, a dishonest prover needs to use a resource system composed of
q qubits with ¢ bounded below linearly in the number of classical input bits. Of the two
variants for which this bound is proven, f-BB84 has the additional property that it can
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be made fully loss tolerant [ABB*23]. This means that in experimental implementations,
where most photons sent over long distances are lost, the f-BB84 protocol maintains a
linear lower bound.

While attractive, two important caveats remain in the practicality of these verification
schemes and the applicability of this proof. First, as we discuss in more detail later on,
the unitary view of [BCS22] means some resources that in a physical implementation can
be classical are included in the system size they lower bound. Ideally, one would bound
the quantum resources in the physical protocol, not the quantum resources in a purified
(unitary) view of the protocol.

As well, the perspective of [BCS22| focuses on the distributed resources of the honest
and dishonest provers but ignores the local computational resources. Considering this, we
note that a random function, with overwhelming probability, is of exponential complexity.
Thus in both f-routing and f-BB84 with random f, the honest prover needs exponential
classical resources and O(1) quantum resources, while the dishonest prover needs at least
linear quantum resources and (at minimum) exponential classical resources, since they
also need to compute f. From this perspective, the honest prover’s actions are not much
easier than the dishonest one, and in any case, a protocol requiring the computation of an
exponential complexity function is not practical?.

An interesting alternative given in [BCS22] is to use a low complexity function with a
large communication complexity. For the inner product function, the authors prove a lower
bound of ¢ = Q(logn) with n the classical input size. While the computation complexity
of the honest prover is now linear, in the input size, it still requires exponential complexity
in the size of the quantum resource manipulated by the dishonest prover.

7.1 Contributions

7.1.1 Entanglement lower bounds

An f-routing task is defined by choosing a Boolean function f : {0,1}" x {0,1}" — {0,1}.
In this task, Alice, on the left, receives a quantum system ) of O(1) size and a classical
string = € {0, 1}". Bob, on the right, receives y € {0,1}". Their goal is to bring @) to Alice

2We can also compare this to [LLQ21], which requires the honest prover have a polynomial time
quantum computer and allows the use of only classical communication. From a computational perspective
this is more feasible than f-BB84 or f-routing scheme with a random choice of function, since BQP is
weaker than EXP.
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if f(z,y) =0, and to Bob if f(z,y) = 1. In the setting of non-local computation, Alice and
Bob may only use shared entanglement and a single simultaneous round of communication
to accomplish this. A difficulty in accomplishing this task arises since quantum mechanics
prevents the system in register ) from being copied, and hence apparently Alice is forced
to decide alone whether to keep or send (). Furthermore, she doesn’t know where () is
needed until learning y, at which point the single round of communication has already
passed.

Despite the difficulty, the f-routing task can be completed for arbitrary functions f,
with the most efficient known protocols using 2°(V*1°¢7) entanglement and communication
for arbitrary functions [ABM™23], and efficient protocols known for some low complexity
classes of functions [CM23, BFSS13]. So far, only an Q(1) lower bound is known on
entanglement in f-routing. Here, we prove a new lower bound on f-routing with one-sided
perfection.

We define a (e, 1)-correct f-routing scheme as one which brings @) to the left with
fidelity at least 1 — &g when (z,y) € f71(0), and brings @ to the right with fidelity at least
1 — &, when (z,y) € f~1(1).

Theorem 7.1.1 (Informally stated; see Theorem 9.1.5). Define FRo(f) as the log of the
minimal Schmidt rank of any entangled state that suffices to complete f-routing with ey = 0,
g1 > 0 for the function f, and FRi(f) as the analogous quantity with g > 0,61 = 0. We
have the following lower bounds.

FRo(f) > ~logrank(gly) ,

— s =

FRi(f) > 1 log rank(g|-f) ,

where g|s is a real-valued function that satisfies f(x,y) = 0 if and only if g(x,y) =0, and
f(z,y) =1 if and only if g(z,y) > 0.

For some natural functions, this provides explicit strong lower bounds. For instance,
taking f to be the equality function E'Q), we are assured ¢(z,y) is diagonal with non-zero
entries on the diagonal and hence is of full rank, therefore FRo(EQ) > n/4. Similarly, we
obtain linear lower bounds on FR;(NEQ) where NEQ is the non-equality function.

As mentioned before, f-routing is related closely to the conditional disclosure of secrets
(CDS) primitive. A CDS instance is defined by a choice of Boolean function f : {0, 1}" x
{0,1}" — {0,1}. In CDS, Alice and Bob receive inputs x € {0,1}" and y € {0,1}"
respectively, while Alice additionally holds a secret string s € {0, 1}*. Alice and Bob share

123



randomness, and send messages to a referee. Their goal is for the referee to be able to
determine s if and only if f(z,y) = 1.

In [ABM™"23], it was shown that the randomness cost of CDS for a function f upper
bounds the entanglement cost of an f-routing scheme for the same function. Because
of this, our lower bounds on entanglement in f-routing imply the same lower bounds on
randomness in CDS. Since we only need one sided perfection for our bounds to apply, it is
possible to bound CDS with imperfect correctness and perfect privacy (ppCDS), or perfect
correctness but imperfect privacy (pcCDS). We obtain the following.

ppCDS(f)
pcCDS(f)

(log rank(gly))

>0
> Q(log rank(g|-)) -

The expressions on the left hand side denote randomness costs in the perfectly private
and perfectly correct scenarios, respectively. This provides a new technique for bounding
randomness in CDS, which is proven using the quantum information perspective, but can
be phrased purely in terms of classical quantities.

We also prove lower bounds against the f-BB84 class of non-local quantum computa-
tions. An f-BB84 task is defined by a choosing a Boolean function f(x,y) with z € {0,1}"
given to Alice and y € {0,1}" given to Bob. The system @ is in one of the BB84 states
{H@) b)), with b € {0,1} and f(z,y) € {0,1}. Alice and Bob should both output b.

The f-BB84 task can be completed for arbitrary functions f, with the most effi-
cient known protocols using 29 entanglement and communication for arbitrary functions
[BFSS13].* Again, we consider separate error rates in 0 and 1 instances; a (g9, £1)-correct
f-BB84 protocol produces b on both sides with probability 1 — g when f(z,y) = 0, and
produces b on both sides with probability 1 —e; when f(z,y) = 1. We prove the following
lower bounds on the log of the Schmidt rank of any resource state that suffices to complete
f-BB84 with one-sided error, so that one of ¢ or ¢, is zero.

Theorem 7.1.2 (Informally stated; see Theorem 9.2.6). Define FBB84,(f) as the log
of the minimal Schmidt rank of any entangled state that suffices to complete f-routing
with eg = 0, e > 0 for the function f, and FBB84,(f) as the analogous quantity with

3Note that [BFSS13] deals with the f-routing task, but their protocol is easily adapted to f-BB84.
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go > 0,61 = 0. We have the following lower bounds.

FBB84y(f) >

1
FBBS4(f) >

(logrank(g[s) — 1) ,

—~ =~ =

log rank(g|-s) — 1) ,
where again g|r is a function with zeros exactly at the zeros of f and is positive otherwise.

In a practical setting, f-BB84 is of particular interest because it can be made loss-
tolerant [ABB*23], and doesn’t require quantum communication from the honest prover
to the verifier. Unfortunately, our bound does not carry over to the noisy setting, so is not
of immediate practical value. Nonetheless, our bound is the first non-trivial entanglement
bound on f-BB84. Similar to the case for f-routing, for f-BB84 the bound above leads
to linear lower bounds for the equality, non-equality, set-disjointness, and greater-than
functions.

We can better understand our lower bounds by relating them to communication com-
plexity. In a quantum communication complexity protocol, Alice holds = € {0,1}", Bob
holds y € {0,1}", and Alice and Bob communicate qubits to determine f(x,y). The
number of qubits of communication needed for Alice and Bob to output 1 with non-zero
probability when f(x,y) = 1, and never output 1 when f(x,y) = 0 is known as the quan-
tum non-deterministic communication complexity, QNP“(f). Using the characterization
of QNP in terms of the non-deterministic rank [dW00, dW03], we obtain

logrank g > (QNP*“(f) — 1) ,
logrank g|-f > (coQNP(f) — 1) .

This relates our lower bounds on CDS, f-routing, and f-BB84 to quantum communication
complexity.

7.1.2 Gate lower bounds

In Chapter 10, we focus on the computational requirements of the honest and dishonest
players and give a new bound against f-routing and f-BB84. Our bound follows from
an extension of a lower bound strategy used in [BCS22]. We show that given a function
f, a successful attack on f-BB84 or f-routing requires a dishonest player to implement a
number of quantum gates linear in the simultaneous message passing (SM P) cost of f,
where we allow shared entanglement in the SM P scenario. As a concrete example, this
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places a linear lower bound in the input size against the number of quantum gates needed
by a dishonest player to implement the inner product function. Meanwhile, the honest
player can implement O(1) quantum gates and only a linear number of classical gates.
Our bound is also robust, applying whenever the honest player succeeds with fidelity at
least 0.89 for f-BB84 or at least 0.90 for f-routing on a constant fraction of the inputs.
Furthermore, our bound applies to the loss tolerant variant of f-BB84 studied in [ABB*23].
This allows us to combine the advantages of our scheme with full loss tolerance.

Our lower bound technique builds on a reduction from f-routing and f-BB84 to simul-
taneous message passing (SM P) introduced in [BCS22]. In simultaneous message passing,
two players receive inputs x and y and send messages to a referee that should determine
f(z,y). In f-routing (and similarly f-BB84), a quantum system () is brought left or right
based on the value of f(x,y). In relating these two settings, recall that a dishonest prover
in f-routing has two agents, who intercept the input signals. These become the two players
in the SM P scenario. The key idea to reduce f-routing to SM P is to show that any suc-
cessful attack on f-routing has a state after the first round of operations that determines
whether the input @) is brought left or brought right. This means that this state determines
the value of f(x,y). The reduction works by having the players communicate data in an
SM P protocol that is sufficient to reproduce this state to a referee. The referee can then
determine if this is a state with @) on the left or () on the right, and hence determine

f(x,y).

Our main technical contribution is to adapt this reduction to lower bound the number
of quantum gates and measurements applied by a dishonest prover, rather than to bound
the dimensionality of their resource system as was done already in [BCS22]. Heuristically,
a simple f-routing protocol would lead to a simple description of how to prepare this state,
and hence to a good SM P, so lower bounds on SM P lead to lower bounds on the com-
plexity of the f-routing protocol. Importantly, we are interested in bounding the number
of quantum operations performed by the prover, while allowing free classical processing.
Direct use of the reduction from [BCS22] would instead bound the total number of classi-
cal and quantum operations. To obtain a bound on quantum operations alone requires we
modify the reduction to SM P, and in particular reduce to simultaneous message passing
with shared entanglement allowed between the players.

The general form of the bound we obtain is stated below.

Theorem 7.1.3 (Informally stated; see Theorem 10.3.5). In a non-local f-routing or f-
BB84 protocol for a function f : {0,1}*® — {0,1}, let q be the number of qubits held by
each player, Cy(f) be the number of measurements they jointly make, and Cq(f) is the
number of gates they jointly apply. Denote by SMP(*E,@(f) the communication cost in the
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simultaneous message passing model with shared entanglement allowed, where we require
1 — ¢’ correctness on a (1 — d)-fraction of the inputs. We then have

(log(q) + 1)(2Ca(f) + Cu(f)) = SMPL 5(f) -

This is stated assuming the gate set is Clifford + T, but is easy to adapt to any gate set.

In our bound, Importantly, the bound holds even when allowing free classical processing,
including the use of mid-circuit measurements and classical computations that make use
of those mid-cicuit measurement outcomes.

We then exploit linear lower bounds on SM P* for the inner product function I P given
in [CVDNTO98] to prove an explicit lower bound,

(logq +1)(2Cc(IP) + Cu(1P)) = Q(n) .

Here, n is the number of input bits to the inner product function. This bound on quantum
gates and measurements holds when requiring the protocol succeed on only a fraction
1/2 + e(n) of the inputs, with €(n) going to zero slower than 27/4,
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Chapter 8

Preliminaries

In this chapter, we give the definitions and notations that we will use in the rest of the thesis.
In particular, we need definitions from quantum information, communication complexity,
and non-local quantum computation which we will present in the following sections.

8.1 Notation and definitions

We assume basic familiarity with quantum computation and information, and refer the
interested reader to standard textbooks such as [NC10].

We let U}, denote the maximally entangled state on AB, so that

1 &
‘W+>A32ﬁ;|Z>A|Z>B ;

and U, = [WHNTH] 5.
Given two density matrices p, o, we define the fidelity by

Fip.o) =1 (yVanva) |

so that for pure states, with a slight abuse of notation, we get F(|¢), @) = | (¥]®) |.
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Define the purified distance as

P(p,J): Vl—(F(p,U))2 :

Note that this is a distance and satisfies the triangle inequality. We also use the trace
norm,

lp—olli =tr\/(p—0)l(p—0) .

We will make use of the complementary information trade-off (CIT) inequality [RB09],
which we state below.

Theorem 8.1.1 ([RB09]). Let |¢) ppp be an arbitrary tripartite state, with R a single
qubit. We consider measurements on the R system that produce a measurement result we
store in a register Z. We consider measurements in both the computational and Hadamard
basis, and denote the post-measurement state when measuring in the computational basis
by pzer, and when measuring in the Hadamard basis by ozpp. Then,

H(Z|E),+ H(Z|F), > 1 .
The fidelity is related to the one-norm distance by the Fuchs—van de Graaf inequalities,
1
1=F(p,0) < 5llp =0l = v1-(F(p,0))* .

The von Neumann entropy is defined by

S(A) = —tr(plogp) ,
and the quantum mutual information is defined by
I(A: B), = 5(A), + 5(B), — 5(AB), ,
and the conditional entropy is defined by

S(A|B), = S5(AB), — 5(B), .

We will also make use of the following statement of continuity of the conditional entropy
[Winl6],
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Theorem 8.1.2 ([Winl6]). Suppose that

§HPAB —oaplh <€,

and let h(z) = —xlogx — (1 — x)log(1l — x) be the binary entropy function. Then

|S(A|B), — S(A|B)s| <2clogda+ (1+¢)h (1 i 5)

We will also make use of the following observation.

Observation 8.1.3. Let pap be a density matriz on the AB system, d be the dimension
of subsystem A, and pg be the marginal of pap on the subsystem B. Then we have

T 2 T T
tr (pAB - pB) = tr (pAB + @0~ 20a8( ® p3>)

1 2
B) + —tr (Za) tr(ph) — p trp(ph)

tr(p
r(pp) — —tr(pB)
tr(p%p) —tr@2 ®pB) :

8.2 Communication complexity

I
-+

Again, we assume the reader is familiar with the basics of communications complexity, and
refer to the standard textbooks such as [KN96, RY20] for more background.

In the later chapters, we will make use of a reduction from f-routing and f-BB84 to
communication complexity scenarios. Specifically, we will be interested in the simultaneous
message passing (SM P ) and one-way communication scenarios.

A simultaneous message passing scenario is defined by a choice of function f : {0,1}" x
{0,1}"™ — {0,1}. The scenario involves three parties, Alice, Bob, and the referee. Alice
receives © € {0,1}" and Bob receives y € {0,1}". Alice and Bob compute messages
ma, mp from their local resources, including shared randomness, and the inputs they
receive, and send their messages to the referee. Alice and Bob succeed if the referee can
compute f(z,y) from their messages. We define the SM P cost of f, denoted SM P(f) to
be minp max{|ma|, |mg|} where the minimization is over choices of protocols.
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There are several variations of the basic SM P scenario. For example, we can allow
the referee to only succeed with some probability taken over the shared randomness and
selection of inputs. We will always assume the input distribution is uniform in this thesis.
We denote the SM P cost in the case where they succeed with probability 1 — ¢ on at
least (1 — d)-fraction of inputs by SM P s5)(f). We can also allow Alice and Bob to share
entanglement as opposed to just classical randomness, and/or to send quantum messages.
Our focus in this work is on the case where the messages are classical but they share
entanglement. In this case, we denote the SM P cost by SMP(*;Vd)(f).

A formal definition follows.
Definition 8.2.1 ((g,6)-SM P complexity). Let f : {0,1}"x{0,1}" — {0, 1} be a function,
and €,9 € [0,1] be parameters. An SMP protocol P for f consists of three algorithms
Alice, Bob, and a referee. Alice receives x € {0,1}" as input and outputs my € {0,1}*, Bob
receives y € {0,1}" as input and outputs mp € {0,1}*, and the referee receives ma, mp and
outputs a bit ¢ = P(x,y). A protocol P is (e, 0)-correct if there exists S C {0,1}" x {0,1}"
such that |S| > (1 —6) - 2?", and

V(z,y) € S: Pr[P(z,y) = f(z,y)] > 1—¢€ .

The (,0)-SMP complexity of f is defined as follows

SMP(W;)(f) = min max{|mal,|mg|} .

P:P is (g,0)-correct

Similarly, we can define SMP(*E#;)(f) for the case where Alice and Bob share entanglement.

A second basic scenario is the one-way communication scenario. Here, there is no
referee and Alice directly sends her message to Bob, who should succeed in computing
f(x,y) with probability at least 1 — ¢, on at least (1 — §)-fraction of possible inputs.
Definition 8.2.2 ((e, §)-One-way communication complexity). Let f : {0,1}" x {0,1}" —
{0,1} be a function, and ,6 € [0,1] be parameters. A one-way communication protocol P
for f consists of two algorithms Alice and Bob, where Alice receives x € {0,1}" as input
and outputs my € {0,1}*, and Bob receives y € {0, 1}" and ma as input and outputs a bit
¢ = P(z,y). As previously, the protocol is (g, 6)-correct if there exists S C {0,1}" x {0, 1}"
with |S| > (1 —48) - 22" such that Pr[P(z,y) = f(z,y)] > 1 —¢ for all (x,y) € S. We focus
on the case where Alice’s message is classical but she shares entanglement with Bob.

The (g,0)-one-way communication complexity of f is defined as follows

C_N(E’(S) (f> - P:P is {Islig)l-correct |mA| ’
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Stmilarly, we can define 017(875)(f) for the case where Alice and Bob share entanglement.

The two-way communication complexity allows back and forth messages between Alice
and Bob. We can denote the minimal message size (we use the total number of bits sent by
Alice and Bob) by C¥(f) when the success probability of protocol is at least 1 — ¢ (taken
over the choice of inputs and internal randomness of the protocol).

An easy observation is that

SMP s (f) > CZ o 5)(f) = CL(f) - (8.1)

The first inequality follows because any SM P* protocol can be turned into a one-way
communication complexity scenario by having Alice send her message to Bob instead of
the referee, and Bob to run the same computation as the referee would in the SM P*.
The second inequality follows because a one-way communication complexity protocol is
immediately a two-way communication complexity protocol for the same function.

Remark 8.2.3. Note that in the definition of C%(f) we are assuming average-case cor-
rectness, while our definitions of SM P and one-way complexity are more restricted. Nev-
ertheless, one can set €' = 6+ (1 —0) - to make sure the restricted case is as successful as
the average-case scenario.

A standard function studied in communication complexity is the mod 2 inner product
function defined as

IP(z,y) = inyi mod 2 .

Intuitively, this is a difficult function to compute in communication complexity scenarios
because the output depends sensitively on every bit of the input. More concretely, will
make use of the following lower bound, proven in [CVDNTO8].

CH(IP) > max{%(l —2e)%,(1—2e)*In—1/2 .

We briefly comment on the proof of this theorem given in [CVDNT98]. While not explicitly
stated there, an inspection of their proof reveals their lower bound applies in the average-
case setting. In fact, it is only necessary for the protocol to work with probability 1 — ¢
over a uniform choice of input x for at least one fixed choice of input y, or over a uniform
choice of input y at any fixed choice of x.
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This lower bound is also improved in Corollary 4.3 of [NS02], showing that
1
C*(IP) > max{ﬁn +2log(1 — 2¢), (1 — 2e)*n — 1/2} .

This has an important consequence in that even with ¢ — 1/2 as n — oo, we obtain a
Q(n) lower bound, so long as € goes to 1/2 more slowly than 27"/4,

Another measure of communication complexity which will be discussed later in this
thesis and will be used to quantify out entanglement lower bounds is non-deterministic
quantum communication, which is defined below.

Definition 8.2.4 (Non-deterministic quantum communication complexity). Let f : {0,1}" x
{0,1}™ — {0,1} be a function, and consider two algorithms, Alice and Bob, with Alice
given input € {0, 1} and Bob given input y € {0,1}". Alice and Bob exchange messages
and Alice outputs a bit z. The non-deterministic quantum communication complexity
QNP(f), introduced in [dW00], is the minimum number of qubits Alice and Bob need to
exchange to both output 1 with probability strictly larger than zero when f(x,y) = 1, and
both output O with probability 1 when f(z,y) = 0.

A matrix M is called a non-deterministic communication complexity matrix for f ex-
actly when M (z,y) # 0 when f(x,y) = 1. The non-zero entries are allowed to be any
complex numbers. The minimal rank of any non-deterministic communication complexity
matrix for f is denoted by nrank(f) and called the non-deterministic rank. We have the
following result from [dW03].

Theorem 8.2.5 ([dW03]). The non-deterministic rank and the non-deterministic quantum
communication complexity are related by

QNP(f) = [log(nrank(f))] +1 .

8.3 f-BB84 and f-routing

We now move on to defninig the two non-local quantum procedures that we study in this
work, namely, f-BB84 and f-routing. The definitions of these tasks follows in the rest of
this chapter.
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8.3.1 f-BB84 definition and the strategy model

We give the following definition of a qubit f-BB84 task. In this definition and the rest of
the text, we refer to the two agents of the prover (who sit on the left and right of the grey
region in Fig. 7.2b) as Alice and Bob. Because we are viewing cheating in the position-
verification scenario as a form of a quantum game, which can be considered separately
aside from the connection to position-verification, we also rename the role of the verifier
as the referee.

Definition 8.3.1 (f-BB84). A qubit f-BB8/ task is defined by a choice of Boolean function
f:{0,1}*" — {0,1}, and a 2 dimensional Hilbert space Hg. Inputs z € {0,1}" and
system @ are given to Alice, and input y € {0,1}" is given to Bob. The system @ is in the
mazimally entangled state with a reference system R.' Alice and Bob exchange one round
of communication, with the combined systems received or kept by Alice labelled M and the
systems received or kept by Bob labelled M'. Define projectors

1% = H|b)(b| H? .

The referee will measure {I1/@00 TIF@W1Y on the R system and find measurement out-
come b € {0,1}. The qubit f-BB84 task is completed e-correctly on input (x,y) if Alice
and Bob both output b. More formally, Alice and Bob succeed if there exist POVM’s
{ATPO NPy (NS0 ATY Y such that,

tr(né(%y)b ® Aﬂyb ® Ax’y/7prMM/> Z 1 — & .

Next, we give a fully general model capturing strategies that complete the f-BB84 task
in the form of a non-local quantum computation.

1. Alice and Bob share a resource system [¢) , 5.
2. The referee prepares \IJEQ and hands @ to Alice, preparing a joint state [)) RQAB-

3. At the same time as above, Alice receives x € {0,1}" and Bob receives y € {0,1}".

!Notice that compared to the description of f-BB84 given in the introduction, we now have the referee
give Alice and Bob one end of a maximally entangled state and then later measure the reference system.
The referee’s measurement is chosen such that the post-measurement state is one of the BB84 states,
coinciding with the description in the introduction. The two formulations are equivalent.
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Figure 8.1: General NLQC strategy for f-BB&84.

4. Alice applies NgAaMOM(’y Bob applies M%HMlM{. Label M = MyM,;, M' = M\ M;
so that their joint state after the first round is

5. My and M are sent to Alice, so that she holds M. At the same time, M| and M|
are sent to Bob so that he holds M’. The (classical) inputs x and y are copied and
sent to both parties.

6. Alice, Bob and the referee all compute f(x,y). The referee measures R in the f(z,y)
basis, obtaining measurement outcome b. Alice and Bob apply POVMs {Af\f’o, Agjf’l}
and {ATY% A%%1Y then both output their measurement outcomes.

Recall that Alice and Bob succeed when they both obtain outcome b. See Fig. 8.1 for an
illustration of a general protocol for f-BB84. In this figure, Alice applies N® in the first
round, Bob applies MY. They communicate in one simultaneous exchange, and then apply
measurements to their local systems. They succeed if b = b’ = b”, with b determined by
measuring a reference R maximally entangled with Q.

135



8.3.2 f-routing definition and the strategy model

We start by giving the following definition of a qubit f-routing task.

Definition 8.3.2 (f-routing). A qubit f-routing task is defined by a choice of Boolean
function f :{0,1}*" — {0,1}, and a 2 dimensional Hilbert space Hq. Inputs x € {0,1}"
and system Q are given to Alice, and input y € {0,1}" is given to Bob. Alice and Bob
exchange one round of communication, with the combined systems received or kept by Alice
labelled M and the systems received or kept by Bob labelled M'. Label the combined actions
of Alice and Bob in the first round as /\féﬂMM,. The qubit f-routing task is completed e-
correctly on an input (z,y) if Alice can recover @ when f(z,y) = 0 and Bob can recover Q
when f(x,y) = 1. More formally, the protocol is e-correct if there exists a channel ijgQ
such that

when f(z,y) =0, P(Dy,q 0 trar oNG vy (Who), Yro) < €
and there exists a channel Dﬁf%Q such that

when f(z,y) =1, P(Dy_ o0 trar ONGE v (Wro), Vi) <€

Next, we give a fully general model capturing strategies that complete the f-routing
task in the form of a non-local quantum computation.

1. Alice and Bob share a resource system |1)) ;5 with A held by Alice and B held by
Bob.

2. The referee prepares \I/EQ and hands @ to Alice.
3. At the same time as above, Alice receives x € {0,1}" and Bob receives y € {0,1}".

4. Alice applies NéAHMOM(’y Bob applies M%HMlM{. Label M = MMy, M' = MM
so that their joint state after the first round is

PRMM' = NéA‘)MOM(I) ® M%_,MIM{(WXWAB) :
5. My and M are sent to Alice, so that she holds M. At the same time, M{ and M|

are sent to Bob so that he holds M’. The inputs x and y are copied and sent to both
parties.
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Figure 8.2: General NLQC strategy for f-routing.

6. Alice and Bob both compute f(x,y). If f(x, ) = 0, Alice applies a channel Dy}’

and returns @ to the referee. If f(z,y) = 1, Bob applies a channel D} Lo and
returns () to the referee.

Fig. 8.2 shows an illustration of this general strategy. The first round operations are the
same as f-BB84. In the second round, Alice and Bob apply channels mapping to qubit
systems @', Q". If f(x,y) =0 @’ should be maximally entangled with the reference R. If
f(z,y) = 1 then Q" should be maximally entangled with R.
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Chapter 9

Entanglement Lower Bounds

In this chapter, we give the proofs for our lower bounds on entanglement for f-BB84
and f-routing, where f is an arbitrary function. Our lower bounds are stated in terms
of the function rank, and we also show connections to non-deterministic communication
complexity of f. We close this chapter by showing how these techniques yield lower bounds
for conditional disclosure of secrets, and we also apply our lower bounds to some explicit
function to obtain quantitative bounds.

9.1 Lower bounds for f-routing

Let f : {0,1}*" — {0,1} be an arbitrary Boolean function, and recall the definition of
f-routing from Definition 8.3.2. We will focus on f-routing with ¢y = 0, ;1 > 0 so that
the protocol is perfectly correct on zero instances of f(z,y), or with g9 > 0 and £, = 0 so
that the protocol is perfectly correct on 1 instances. We define the entanglement cost of
an f-routing protocol to be the log of the minimal Schmidt rank of any resource system
that can be used to perform the f-routing task. In notation, we define FRy(f) to be
entanglement cost for f-routing with ¢9 = 0, &7 = 0.05, FRy(f) to be the entanglement
cost when g5 = 0.05, ¢; = 0.

Towards a lower bound in this setting, we first observe that pryy = pr ® pyr iff
f(x,y) = 0. We show this in the following lemma.

Lemma 9.1.1. Suppose an f-routing protocol is perfectly correct on zero instances, and
g1 < €] correct on 1 instances, where €] depends on dg but is lower bounded by a constant.
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Then the mid-protocol state it produces, pryr, satisfies prayr = pr @ par if and only if

fz,y) =0.
Proof. By correctness on 0 instances, we have that
when f(z,y) =0, F(Dﬂy_@ o try O/\/gﬁMM,(\I/EQ), \IJEQ) =1,

hence f(x,y) = 0 implies Alice can produce a Bell state |U) ro- By the data processing
inequality, we have

2 = I(R: Qyz, <I(R: M)y,
but we also have the inequality
I(R:M),+I(R: M), <25(R) ,
so that I(R : M') = 0, which implies
PRM’ = PR D PM’

as needed. Conversely, if f(z,y) = 1 we cannot have pgyr = pr @ pyr. To see why, first
recall that f-routing which is e;-correct on 1 instances has that there exists a family of
channels { Dy}, }a,y such that

when f(z,y) =1, F(Dyf_ootrar oNGZ yne(Who) Vio) > 1 -1
Define
orq = Dif_o(prar)
and use that by data processing inequality we have,
I(R:M"),.,, > I(R:Q)

PRM ORQ

But then by the Fuchs-van de Graaf inequalities oprq is close in trace distance to \I/EQ,

1
§H‘I'J1§Q —orglli <261 —ef=p
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and by continuity of the conditional entropy,
I(R: Qg+ — (R Q)ony = S(RIQ)u+ — S(RIQ)s
1

< 2ulogd 1 h(——) .
< 2ulogdr + (1 + p) (1+u>

so that
QIOng — QMIOng + (1 +[L)h, (ﬁ) S I(R . Q)U .

We have that o is not a tensor product whenever the left hand side of the equation above
is strictly positive. For dg = 2, this occurs for €; > €} ~ 0.08, and €] approaches 1 as
dQ — OQ. ]

Next, we define what we call a structure function for a protocol. The structure function
is computed from the mid-protocol density matrix pryrarr, and as we will see, captures the
zeros in f(x,y).

Definition 9.1.2. Given an f-routing protocol with mid-protocol density matrix prya,
define the structure function g(z,y) according to

I 2
g(w,y) = tr <pRM’ - ® pM’) :
R

We claim that g(z,y) captures some aspect of the structure in the function f which
must be present in a correct f-routing protocol. More concretely we have the following.

Lemma 9.1.3. In a perfectly correct f-routing protocol, the structure function g(x,y) is
zero if and only if f(z,y) = 0.

Proof. This follows because g(z,y) = 0 is zero if and only if pryr = % ® par, and
Lemma 9.1.1 shows we have this tensor product form if and only if f(x,y) = 0. n

Our next job is to relate the function g(x,y) to the entanglement available to Alice and
Bob. We prove the following lemma.
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Lemma 9.1.4. An f-routing protocol that uses a resource system with Schmidt rank dg
has a structure function of the form

g(z.y) =>_ fi(2)fiy) -

Proof. From the general form of a non-local quantum computation protocol, the density
matrix prag g (,y) can be expressed as

PRM M = N&HM{) ® M%aM{(\I}EQ ® [N ap) -

We will write [¢) ,5 in the Schmidt basis,

di
W) ap = D i) ali)s
=1

with un-normalized vectors i) , , i) 5. Then we get

dg
Pty = D Ngaon (Vo @ 1i)i1a) ® My (165 5)

=1
di
_ T,1,] Yyi,J
= § :ARM(’)®BM{ :
4,7=1

We can also compute the trace over R where we define A and B in the second line of the
previous equation and get

dg
x7i7' 7i7'
PMmyMi = § :AM’] ® By
0 1
ij=1

Next, we compute g(x,y). It is convenient to make use of Observation 8.1.3 to write

7
g(z,y) = tr <p%M/ - ® pﬁm) :
R
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Inserting the forms of pry and pjps into this, we obtain

di
T L, o,
JE— x727] x!’L 7] x71’7] I77’ 7] y?lh? y?l 7]

4,5, ,5'=1
d;
=1

as needed. O

We can view g(z,y) as a matrix, and f;(x), f7(y) as vectors so that the minimal number
of terms appearing in this sum is the rank of the matrix g(z,y). Thus, we obtain the main
results of this section, stated as the following theorem.

Theorem 9.1.5. For any f-routing protocol, where f : {0,1}** — {0, 1}, that is (g9,€1) =
(0,1/20)-correct, we have

1
FRo(f) > Z—llogrankg]f )

where g is zero and non-zero for the same inputs as f, which is denoted by g|y.

Furthermore, reversing the role of M and M', and assuming (g9,€1) = (1/20,0)-
correctness, we can obtain

1
FRi(f) > Zlogrankg|ﬁf ,
where = f is the negation of f.

We can also rephrase the above bounds in terms of the non-deterministic quantum
communication complexity. Observe that

rank g|; > nrank(f) . (9.1)

Because the non-deterministic rank considers matrices with arbitrary complex values where
f(z,y) = 1, while g|; has the additional constraint that it has positive real values when
f(z,y) =1, it is possible that there are functions for which rank g|; > nrank(f). We have
not looked for such examples.

Using Theorem 9.1.5, Eq. (9.1) and Theorem 8.2.5, we obtain the following corollary.
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Corollary 9.1.6. For any f-routing protocol, where f : {0,1}?" — {0, 1}, that is (g, 1) =
(0,1/20)-correct, we have

FRo(f) = Z(QNP*(f) = 1) ,

1 =

and, for any such protocol that is (€o,e1) = (1/20,0)-correct, we have

FR1(f) 2 7(coQNP“(f) = 1) .

1
4
Furthermore, for f-routing which has two sided perfection, we have

PFR(f) > 7 max{QNP(f), coQNP*()} ~ 1

Where pFR(f) is the log of Schmidt rank of minimal resource state that allows us to
complete the f-routing task with perfect completeness.

Abusing the notation, by labelling the set of function families which can be f-routed
with polylogarithmic entanglement by pFR, we have

pFR C QNP N coQNP* |

In the classical setting, NP“NcoNP* = P [BFS86], but to our knowledge, it is not known
if the quantum analogue holds.

9.2 Lower bounds for f-BB84

Similarly to before, let f : {0,1}*" — {0,1} be an arbitrary Boolean function, and recall
the definition of f-BB84 from Definition 8.3.1. Again, we will focus on f-BB84 with
g0 = 0, €1 > 0 so that the protocol is perfectly correct on zero instances of f(x,y), or with
go > 0 and £; = 0 so that the protocol is perfectly correct on 1 instances. We define the
entanglement cost of an f-BB84 protocol to be the log of the minimal Schmidt rank of
any resource system that can be used to perform the f-BB84 task. In notation, we define
FBB84y(f) to be entanglement cost for f-routing with g = 0, £; = 0.05, FBB84,(f) to be
the entanglement cost when g5 = 0.05, £; = 0.
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As in the analysis of f-routing, we look for a function of the density matrix prepared
by the protocol which captures the structure of the function f(x,y). We define this next.

Definition 9.2.1. Given a f-BB84 protocol with mid-protocol density matrix prarasr, define
the structure function by first defining the density matrices

Py = 0|z pra 0) 5
pr = (Ugprm|l)p -

These are the post measurement states on M when the referee measures R in the com-
putational basis, and finds outcome b € {0,1}. We similarly define p%;, and p},. Then
define

g(z,y) = tr(phiphe) + tr(Phepie) -

Our goal is to show that g(x,y) and f(z,y) are zero on exactly the same inputs. To
do this, we need some results from earlier analysis of f-BB84. In particular, we recall the
following definition from [BCS22|, albeit with a slightly different notation.

Definition 9.2.2. For ¢ € [0,1], let S§ be the set of states prym such that there exists
a measurement on subsystem M and a measurement on subsystem M’ that each allow us
to guess the outcome of a measurement in the computational basis on R with probability at
least 1 —e. Similarly, let ST be the set of states prarar such that there exists a measurement
on subsystem M and a measurement on subsystem M’ that allows us to guess the outcome
of a measurement in the Hadamard basis on R with probability at least 1 — e.

With this definition we can state the following result from [BCS22, ACCM25].
Lemma 9.2.3 (Informal, see Lemma 10.1.3). Suppose that ¢ < 0.11. Then S§N S5 = 0.

We will skip the proof of this lemma for now, and give a proof later in Chapter 10.
Informally, this result states that a state that works well in 1 instances cannot also be a

state that works well in 0 instances, and vise versa. We use this idea to prove the next
lemma.

Lemma 9.2.4. In a f-BBS8/ protocol with eg = 0 and 0 < g1 < 0.11, the structure function
g(x,y) is zero if and only if f(z,y) is zero.

Proof. We first establish the following fact: g(x,y) = 0 if and only if both the following are
true: pY, and p},; have non-overlapping support, and p9%, and p}, have non-overlapping
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support. To see this, first assume g(z,y) = 0. Then diagonalize p}, and p}, so that
P = Z Ai [i)i]
phr = > 1y ldXesl
J
A = DX WKV
P = D15 43X
J

with Aj, 15, A, p; > 0. Then 0 = g(x,y) gives that

0 = tr(phrone) + tr(Phepae) Z)\zﬂg (d5]w3) P + Z)\Zﬂj o i) |2

But this occurs if and only if

Vi, j, (¢jlvi) =0
and

Vi,g, (¢5lei) =0,

so that p%, and pl, have non-overlapping support, and p}, and p}, do, as needed. For the
converse, a direct calculation shows both tr(p%,p},) and tr(p%, pl, ) are 0.

Now, suppose that f(z,y) = 0. By assumption the protocol has g = 0. Considering
Alice, this gives that Alice can obtain b from system M with probability 1. But this says
that p%, and p},; must have orthogonal support. Considering Bob, perfect correctness also
gives that Bob can determine b from M’ with probability 1, so that p%,, and p}, have
orthogonal support. Then, from the comment above, we have that g(z,y) = 0.

Next suppose that f(x,y) = 1. By assumption, this gives that pgyar € S5, so by
Lemma 10.1.3 that pgaar ¢ S5. This means that either pf, and p}, have overlapping
support, p%, and pl,, have overlapping support, or they both do. This is because otherwise
if they both have non-overlapping support there would be a measurement to perfectly
determine b from both M and M’, and the state would be in S§. But then by our initial
comment that g(z,y) = 0 if and only if these density matrices have orthogonal support,
we must have g(x,y) > 0. O
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Lemma 9.2.5. An f-BB8&8/ protocol that uses a resource system with Schmidt rank dg has
a structure function of the form

4
2d4,

g(z.y) =>_ fi(2)fiy) -

Proof. From the general form of a non-local quantum computation protocol, the density
matrix prag g (,y) can be expressed as

prasgnt; = NGany © My (Vro @ [N 4p) -

We will write [¢) ,5 in the Schmidt basis,

dg
W) ap = D i) ali)s
=1

with un-normalized vectors |i) , , i) 5. Then we get

dg
Pty = D Ngaon (Vho @ 1i)i14) ® My (1))

=1
di
_ T,1,] Yyi,J
= § :ARM(’)®BM{ :
4,7=1

We can also project R into |b)p, b € {0,1} to get pf,

dp
b . Abzx’ivj ® By’ivj
Py = M My
ij=1

A similar calculation gives p4,. Inserting these expressions into g(x,%y), we obtain an
expression of the form

2d%,

g(z.y) =Y f1(@)fi(y) -

where the d}, appears because each of the two trace terms in g(z,y) comes with a product

146



of two density matrices, each of which involves two sums running from 1 to dg. We collect
all of these sums into the index i appearing here, which now runs 1 to 2d3,. O

Similarly to the case of f-routing, we can conclude our main lower bound from the
above lemma.

Theorem 9.2.6. For any f-routing protocol, where f : {0,1}*® — {0, 1}, that is (gg,€1) =
(0,1/20)-correct, we have
1
FBBSA(f) > (ogrankgl, ~ 1)

where the notation g|; indicates as before that g is zero and non-zero on the same inputs
as f(x,y). We can also obtain a lower bound on FBB84,(f) by considering the negated
function,

FBB84,(f) > —(logrank g|.y — 1) .

|

Also, similarly to the case of f-routing, we can use the previous theorem, Eq. (9.1) and
Theorem 8.2.5 to obtain the following corollary.

Corollary 9.2.7. For any f-BB8/ protocol, where f : {0,1}*" — {0,1}, that is (g9,€1) =
(0,1/20)-correct, we have

FBB84y(f) > T(QNP*(f) - 2) ,

1 =

and, for any such protocol that is (g9,€1) = (1/20,0)-correct, we have

FBBS4;(f) > ;(coQNP*(f) —2) .

1 =

9.3 A new lower bound technique for CDS

It was recently understood [ABM™23] that f-routing is closely related to a classical in-
formation theoretic primitive known as conditional disclosure of secrets (CDS). As a con-
sequence, our new lower bounds on f-routing imply lower bounds on CDS. In this work,
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we will informally describe these lower bounds, but see [AKL"24] for a more complete
treatment.

The conditional disclosure of secrets primitive involves three parties, Alice, Bob, and the
referee. Alice receives input = € {0,1}", and Bob receives y € {0,1}". Alice additionally
holds a secret string s, and Alice and Bob share a random string r. Alice and Bob do not
communicate, but each sends a message to the referee. The goal is for the referee to be
able to learn s if and only if a function f(x,y) = 1, where the choice of the function f is
known to all parties, and the referee knows both inputs x and y.

The quantum generalization of CDS, conditional disclosure of quantum secrets or CDQS,
was recently defined [ABM™23]. In the quantum setting, Alice and Bob share a quantum
state (rather than a random string) and can send quantum messages to the referee. The
secret can now also be taken to be a quantum system () rather than a classical string.
The security and privacy conditions are similar to the classical case: correctness means
that the referee can invert the map on @) applied by Alice and Bob when f(x,y) =1, and
security means the map applied by Alice and Bob is close to completely depolarizing when
f(z,y) = 0. In general, we allow small correctness and privacy errors. See [ABM 23] for
a formal definition.

We define the minimal number of qubits in Alice and Bob’s shared resource system in
a CDQS scheme for function f by CDQS(f). If we require the protocol to be perfectly
correct, we write pcCDQS(f), and when perfectly private, we write ppCDQS(f). Similarly,
for classical CDS, we use CDS(f) to denote the randomness cost of classical CDS. Again
we modify this to pcCDS(f), ppCDS(f) for perfectly correct and perfectly private CDS
randomness cost.!

In [ABM 23], it was shown that a good classical CDS protocol for a function f implies
a good quantum CDS protocol for the same function. This leads to?

CDS(f) = QCDQS(f)) ,

and the same relationships hold for the perfectly correct and perfectly private variants.
Also in [ABM™23], it was shown that a good CDQS leads to a good f-routing protocol,
and vice versa. This leads to

CDQS(f) = ©(FR())

!The reader should be warned that the same notation is used to denote the communication cost in
other papers on CDS.

2In fact, to obtain this we also need an amplification result which appears in [AKL"24]. These bounds
are proved formally there.
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Also, perfectly private and perfectly correct variants are related to f-routing with one-sided
erTors,

ppCDQS(f) = O(FRo(f)) ,
pcCDQS(f) = O(FR.(f)) -

This implies that our lower bounds from Theorem 9.1.5 apply to CDS. We have the fol-
lowing corollary.

Corollary 9.3.1. Let f : {0,1}*" — {0,1} and g be as in Theorem 9.2.6. Then for
perfectly private CDQS and perfectly correct CDQS we have

ppCDQS(f) = Q(logrankyly) ,
pcCDQS(f) = Q(logrank g|-f) .

This also gives lower bounds in terms of QNP*(f) and coQNP(f), and the upper
bound can be written in terms of classical CDS. This way, we can obtain the lower bound

pcCDS(f) > Q(coQNP*(f)) .

This is similar and comparable to the following lower bound obtained in [AV21],

pcCDS(f) > %CONPCC(]C) :

The lower bound on perfectly private CDS randomness cost seems to be new,

ppCDS(f) > QQNP*(f)) .

For perfect CDS, we can bound the randomness cost by the maximum of the QNP and
coNP cost. If by abusing notation, we let pCDS denote the set of families of functions
for which CDS can be implemented with perfect correctness and perfect privacy using
polylogarithmic randomness, we obtain

pCDS C QNP N coNP .
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9.4 Application to concrete functions

We detail lower bounds for equality, non-equality, greater than and less than, set-disjointness,
and set-intersection below. Our results are summarized succinctly in Table 9.1.

’ Function pFR FR, FRy FR ‘
Equality O(n) O(1) ©(n) O(1)
Non-Equality O(n) O(n) O(1) O(1)
Inner-Product  O(n), (1) O(n), Q1) O(n), (1) O(n), Q1)
Greater-Than O(n) ©(n) ©(n) O(n), (1)
Set-Intersection O(n) O(n) O(n),Q2(1) O(n), (1)
Set-Disjointness O(n) O(n),2(1) ©(n) O(n), (1)

Table 9.1: Known upper and lower bounds on entanglement cost (quantified by the log of
Schmidt rank) in f-routing for natural functions.

Equality and non-equality
Choose f(z,y) to be the equality function,

0, z#y
1, x:y'

EQ(z,y) = {

Then g(z,y) is zero except on the diagonal, forcing it to have full rank. Therefore, from
Theorems 9.1.5 and 9.2.6 we have

1
FRo(EQ) > %, PFBBS4(EQ) > {(n—1) .
For the not-equals function, we can use the bound from Theorem 9.1.5 to obtain

FR,(NEQ) >

=13
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Greater and less than
Similarly, the ‘greater than’ function,

0, z<y

GT(xa y) = {

L, x>y

is upper triangular with non-zero elements on the diagonal, so it also has full rank, and we
obtain a linear lower bound.

1
FRo(GT) > %, PFBBBA(GT) > (n— 1) .
Further, because the negation of Greater-Than is also full rank, we can also bound f Ry,

FR,(GT) >

13

The same bounds hold for the ‘less than’ function.

Set-Intersection and set-disjointness

Set disjointness is upper left triangular.® This implies it is full rank, therefore

1
FRo(DISJ) > %, PFBBB4(DISJ) > -(n — 1) .

Since the negation of set intersection is set disjointness and hence of full rank, we also
obtain

FRy(INT) >

~3

3To see why, consider that on the diagonal of the truth table running top right to bottom left, we have
that z + y = 11...11, the all 1’s string. This means x and y must have non-zero values in non-overlapping
locations, e.g. for two bits this diagonal consists of (x = 00,y = 11), (z = 01,y = 10), (z = 10,y = 01)
and (z = 11,y = 00). Moving downward from any entry on that diagonal y becomes larger, so must now
have an overlapping entry with the x string.
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Chapter 10

Gate Lower Bounds

In this chapter, we lower bound the number of gates and single qubit measurement that
parties need to apply to successfully implement f-routing or f-BB84 for and arbitrary
Boolean function f. Our lower bounds are stated in terms of a measure of the commu-
nication complexity of f, namely that of the simultaneous message passing with shared
entanglement. Using this, we obtain explicit lower bounds for inner product and disjoint-
ness functions.

10.1 Analysis of f-BB84

We show that for a very general class of f-BB84 protocols, the state after the first round of
operations can only successfully complete the task for either f(z,y) =0 or f(z,y) = 1, but
not both. Thus, the state after the first round determines the basis of the measurement b
performed by Alice and Bob.

We begin by defining the sets of states for which the protocol can succeed in 0 instances
and a second set of states for which it can succeed in 1 instances. A similar definition was
given in the previous chapter. Here, we give a more formal one.

Definition 10.1.1. For e € [0, 1], let S§ be the set of states |@) pysay Such that there exist
a measurement on subsystem M and a measurement on subsystem M’ that each allow us
to guess the outcome of a measurement in the computational basis on R with probability at
least 1—¢. Similarly, let S5 be the set of states |@) pysay Such that there exist a measurement
on subsystem M and a measurement on subsystem M’ that allows us to guess the outcome
of a measurement in the Hadamard basis on R with probability at least 1 — €.
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Next, we work towards proving that for small enough ¢, the sets S§ and S} are disjoint.
We begin with the following lemma.

Lemma 10.1.2. Let h(z) = —zlogz — (1 — x)log(1 — x) be the binary entropy function.
Suppose [Y°) g € S5, and p a0 s obtained by measuring R in the computational basis.

Then
H<Z|M)9%MM'
H(ZIM) < h(e) .

1M

< h(e) ,

Further, suppose [') pysap € S5, and oy s obtained by measuring R in the Hadamard
basis. Then
H(Z|M) < h(e) ,

Ozmm! —
H(ZIM),,, <o) -

0.1
ZMM
Proof. We will prove that

H(Z|M) < h(e) .

0
Pzym’

The remaining statements are similar. Because [¢)) 5,/ € S5, there exists a measurement
on M that determines the measurement outcome from measuring R with probability 1 —e¢.
Let W denote this measurement outcome from measuring M. Then, Fano’s inequality
gives that

Pr(Z #W) <e — H(Z|W),n0 < h(e) .
By data processing inequality, we further obtain that
H(Z|M) < H(Z|W),0 < he) .
as needed. O

Finally, we prove that the sets S5 and S§ are disjoint, as needed.!

Lemma 10.1.3. Suppose that [{°) pyap € S5, and |1 prap € S5 with e < 0.11. Then
we have S§ NS5 = 0.

'Note that this lemma and Lemma 10.2.3 are similar to the lemmas appearing in [BCS22], which in
turn are similar to the statements in [BFSS13].
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Proof. Because [¢°) py0p € S5, we get from Lemma 10.1.2 that
H(Z|M)p < hie)

where p%,,,, 1s obtained from [¢)%) 5,1, by measuring R in the computational basis. By
CIT, this means

H(Z|M)yo > 1 — h(e) .

where 0%,,,, is obtained by measuring [¢)°) 5,5, in the Hadamard basis. Now consider
Uhyar € S5. By Lemma 10.1.2 this has

H(ZIM"),:  <he) ,

Ozmm! —

with o' obtained from ¢}, by measuring R in the Hadamard basis. But then
H(Z|\M")yo — H(Z|M")j1 > 1 —2h(e) .

Now we apply the continuity of the conditional relative entropy (Theorem 8.1.2) to upper

bound this entropy difference in terms of the trace distance between the states 0%,
1

ozl

1 — 2h(e) < H(Z|M")yo — H(Z|M)y1 < 2A + (1 + A)h <1+LA)

When € < 0.11, 1 — 2h(e) > 0 and this places a non-trivial lower bound on A. But then
2A = |logame — ozanel i < W karae — Yranar b

by monotonicity of the trace distance, so that states in S5 and S} are separated by a
non-zero distance, which proves the lemma. O

The fact that S§ NS5 = 0 will be used in our reduction from f-BB84 to SMP*. We

give that reduction in Section 10.3. Next, we prove a similar set separation for f-routing.
This will allow us to use the same reduction for f-routing as well.
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10.2 Analysis of f-routing

In this section, we review and generalize the results from [BFSS13, BCS22]| showing that in
an f-routing protocol, the side on which a qubit maximally entangled with the reference can
be returned to the referee is already determined after Alice and Bob apply their operations
NZ MY. In other words, the state prysar determines where the qubit will be routed. The
analysis will be fairly similar to what we did in the previous section, but here we need to
adopt the details to f-routing.

To see this, we begin by defining sets of states for which the qubit can be produced on
the left or right, respectively.

Definition 10.2.1. We define the 0-set S; and 1-set S5 as

58 — {pRMM/ . 3NM—)Q S.t. P(NM_>Q OtrM’(pRMM’)J\I]EQ> S 6} Y
S’f — {pRMM’ : E]NM’—>Q StP(NM/aQ OtrM(pRMM’>7\Ij]—EQ) S 6} :

We would like to show that the sets S5 and S do not overlap when ¢ is sufficiently
small. Intuitively, the non-overlap of these sets indicates that the entanglement with R
has been brought to either Alice or Bob after the first round of operations — if there is a
way to recover the entanglement on the left, then there is not one on the right, and vice
versa. We first record the following lemma.

Lemma 10.2.2. Let p%yup € S50, phasar € Si=°. Then

V3
-

P(p,p') >

Proof. Consider purifications of p% p'. We call these states [¢°) prrarx and |91 pararx-
By purifying the channels appearing in the definitions of these sets, we have that there
exist isometries Viy_,or and Wiy _,qp such that

trvEx <VM%QE |¢O><¢O‘RMM/X V]\Z%QE) = \IIEQ ,

I px (WM’*QE |w1><¢1|RMM’X W]}LW%QE) = Vhg -
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¢’ ¢’

w E M X E M X
Vioqe WJ]\L/[—>QE
3 X Q
WJJ{/[HQE Viqe
RM E M X E M X
¢! ¢!

(a) (b)
Figure 10.1: The inner product of ¢° and 1.

This implies the existence of pure states |¢°),, zy, |¢') 15y such that

WJO>RMM’X - VJ\TJ—>QE |qj+>RQ ® |¢O>M/EX ’
‘w1>RMM’X = WJJ{/[’—>QE ‘\I]+>RQ ® }¢1>MEX

All other purifications must be related by isometries 7% . v/, T% /. In Fig. 10.1, we give a
simple tensor calculation showing that the inner product of all such purifications is always
smaller than 1/2. In this figure, the curved lines are maximally entangled qubit pairs.
See, e.g. [Mel23] for more details on this tensor notation. A rearrangement of the same
inner product is given in Part (b) of the same figure. The maximally entangled pairs have
been straightened to a wire, and the normalization of 1/2 appears as an overall factor.
The remaining object is again an inner product of two normalized states, now in a smaller
Hilbert space, and is upper bounded by 1. Given this, we have

F(5) = max |(@°1)] <1/2 .
[90): )

This implies P(3°,p') > v/3/2 as needed. O

We can now prove the following.
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Lemma 10.2.3. If ¢ < ¥3 ~ 0.43, then S5 N S; = 0.

Proof. 1If |4;) is in S it must be ¢ close in purified distance to a state in Se=0. Using this
and Lemma 10.2.2 we find that if 1)) € S§ and |¢;) € S§, then

V3

P([o), [¥n)) 2 = = 2¢ .
Assuming € < \/Tg we find that the purified distance is strictly positive and therefore the
sets do not overlap. O

10.3 Reduction to SM P* and lower bounds

10.3.1 Reduction to SM P*

In this section, we consider lower bounds on the number of quantum gates Alice and Bob
need to apply in order to successfully complete a f-BB84 or f-routing task. We show that
for certain functions, such as the inner product function, this is linear in the number of
classical input bits n.

In more detail, we consider decomposing Alice and Bob’s operations N'* and MY into
two qubit gates drawn from {7, X, Z, CNOT'} and single qubit measurements in the com-
putational basis. Since we want to bound Alice and Bob’s quantum operations, we will
allow them free classical processing. This classical processing could take as inputs z, y and
the outcomes of any mid-circuit measurements performed by Alice and Bob. In particu-
lar, the choice of gates later in the circuit can be conditioned on the outputs of classical
processing involving earlier measurement outcomes. Notice that if we naively purify such
a protocol, the classical processing that takes mid-circuit measurement outcomes as inputs
will become a quantum operation. Thus ,bounding quantum operations in the purified view
does not suffice to bound the quantum operations in the un-purified view, and hence does
not bound the operations Alice and Bob are required to implement physically. Instead, we
must directly bound the quantum operations in the un-purified view.

To do this, we first prove a reduction from f-BB84 or f-routing to SM P*.

Theorem 10.3.1. Suppose P is an f-BB8/ protocol that is ¢ < g9 = 0.11 correct, or an
f-routing protocol that is € < &y = \/3/4 correct, on a (1 — §)-fraction of the inputs, uses
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Ca(f) gates drawn from a gate set of size 4 and also uses Cp(f) single qubit measurements
in the computational basis. Then,

(log(q) + 1)(2Ca(f) + Cu(f)) = SMF5(f) (10.1)

where q is the number of qubits held by Alice and Bob, and SM Py _,(f) denotes the minimal
message size needed to compute f(x,y) in the SM P* model with correctness e = e/eq for
f-BB84 and &' = ¢/&y for f-routing on at least 1 — § fraction of possible inputs.

Proof. We consider an f-routing protocol and show that it defines an SM P* protocol. The
referee holds a classical description of the initial resource state. Alice and Bob share the
resource system. Alice and Bob’s strategy will be to send the referee a description of their
local operations. We consider a decomposition of Alice and Bob’s operations into gates and
measurements. Alice and Bob apply their operations to their shared resource state and
the input system. As they do so, they keep a record of the gates they apply (which may be
computed using mid-circuit measurement outcomes) and their measurement outcomes m,
then send this to the referee. The referee will then compute a classical description of the
state praa (m) and determine if it is inside of S5 or S¢. We show in the following that, as
a consequence of the correctness of the f-routing protocol, with high probability prasar(m)
is inside the set S f(y)- For each gate, they specify the gate choice, requiring 2 bits, and
the location of the gate, which requires 2 log ¢ bits for a contribution of (2logq + 2)Cq(f)
bits. Furthermore, specifying each measurement requires logq bits to show where the
measurement occurs plus 1 bit to specify the measurement outcome, for a contribution of
(log g+ 1)Cr(f). The total message size sent by Alice and Bob then is the left hand side
of Eq. (10.1).

It remains to show that pgarar(m) is inside of S f(zy) With high probability over the
measurement outcomes m. We first establish this for a pair of inputs (z,y) € f~!(0) which
is e-correct, and a (x,y) € f~1(1) is similar. By correctness of the f-routing protocol, we
have that there exists a decoder Djfy . such that

P (Di/’[yXMaQ(mepRM(m) ® |m>(m|XM),\IIEQ> <e,
so that the decoders D}(}ffé() = Durxyoo(-m ® |m><m|XM) have

mep(piff)(MﬁQ(pRM(m))? \IJEQ) e
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Define the random variable P, = P(Djyfx, _o(pru(m)), ¥h,), so that the above reads
(P,) <e. Solong as P,, <&y we will have that pgraar(m) € ~g°, so the referee fails only
when P,, > 5. By Markov’s inequality, this occurs with probability

Pr[P,, > &) <

SR

Thus, the referee succeeds with probability p > 1—¢/£&g, so the SM P* protocol is e’ = €/&,
correct, as needed. A similar argument establishes ’-correctness of the SM P* protocol on
inputs (z,y) € f~1(1) that are e-correct in the f-routing protocol. Because this argument
shows f-routing correctness on a given input implies SM P* correctness on the same input,
if the f-routing is e-correct on a fraction 1 — § of inputs the SM P* protocol &’ correct on
that fraction of inputs as well.

The proof for f-BB84 is the same as the above, but now we replace Lemma 10.2.3 with
Lemma 10.1.3. In this setting, the referee now looks at the state pgaspr and determines if
this is in S;° or S7°. Otherwise, the proof is the same. O

It is worth commenting on why the reduction from f-routing is to SM P* rather than
just SMP. To understand this, notice that Alice and Bob cannot necessarily compute
their gate choices directly from their inputs x and y. Instead, they may use the outcomes
of mid-circuit measurements to choose gates. To determine these measurement outcomes,
Alice and Bob need to share the same entangled state in their SM P protocol as is held in
the f-routing protocol. A natural thought to avoid this is to have Alice and Bob purify
their protocols, and apply only unitaries. In this case, however, classical processing used
in the original protocol leads to additional quantum gates in the purified protocol. Thus,
this would lower bound not the quantum gate complexity, but instead the total complexity
including any classical part, and hence give a weaker bound.

10.3.2 Explicit lower bounds for f-BB84 and f-routing

In this section, we recall explicit lower bounds on SM P* complexity of certain functions
such as inner product (I P) and disjointness (DISJ) functions.

We first start by recalling the following result from [CVDNT98] on C¥ complexity of
IP.

Lemma 10.3.2 ([CVDNT98]). Let IP : {0,1}" x {0,1}* — {0,1} be the mod 2 inner
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product function, and let C*(1P) be the two-way communication complezity. Then,
1
C*(IP) > max{§(1 —2e)%, (1 —2e)*In—1/2 .

This result is later improved in [NS02], which we state below.

Lemma 10.3.3 ([NS02]). Let [P : {0,1}" x {0,1}" — {0,1} be the mod 2 inner product
function, and let CX(IP) be the two-way communication complexity. Then,

1
C*(IP) > max{§n + 2log(1 — 2¢), (1 — 2¢)*n — 1/2} .

As a consequence of Eq. (8.1), we have the following corollary.

Corollary 10.3.4. For I[P, we have that

SMP;(IP) > max{%n + 21og(1 — 26), (1 — 28)*n — 1/2} .

As a direct consequence of Theorem 10.3.1 and Corollary 10.3.4, we can state the

following linear lower bound on the number of gates required to perform f-routing and
f-BB84 tasks for IP.

Theorem 10.3.5. Suppose IP : {0,1}" x {0,1}" — {0,1} be the mod 2 inner product
function, and P s an f-BB8/j protocol for IP that is ¢ < 0.11 correct, or an f-routing
protocol for IP that is € < \/3/4 correct, on a 1 —§ fraction of the inputs, uses Ce(IP)
gates drawn from a gate set of size 4 and also uses Cy(IP) single qubit measurements in
the computational basis. Then,

(log(q) + 1)(2Ca(IP) + Car(IP)) > %n 4 2log(1 — 2¢') = On) |

where q is the number of qubits held by Alice and Bob, and &' =6+ (1 —0) - €.

The reduction in Theorem 10.3.1 can easily be applied to other known SM P* lower
bounds for explicit functions. As an another example, it is shown in [Raz03] that letting
DISJ:{0,1}" x{0,1}" — {0,1} be the disjointness function, then we have C*(DISJ) >
Q(y/n). Having this and Theorem 10.3.1, we can conclude the following corollary.

Corollary 10.3.6. Suppose DIS.J :{0,1}" x{0,1}" — {0, 1} be the disjointness function,
and P is an f-BB84 protocol for DISJ that is € < 0.11 correct, or an f-routing protocol
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for IP that is € < \/3/4 correct, on a 1 —§ fraction of the inputs, uses Cq(DISJ) gates
drawn from a gate set of size 4 and also uses Cy(DI1SJ) single qubit measurements in the
computational basis. Then,

(log(q) + 1)(2Cc(DISJ) + Cy(DIST)) > Q(Vn) |

where q is the number of qubits held by Alice and Bob, and e’ = 4§+ (1 —9) - €.

10.3.3 Nearly matching upper bound for inner product

For the inner product function, our lower bound on quantum operations is tight up to
logarithmic factors. To see this, we use the garden-hose strategy [BFSS13] to give an
upper bound. This strategy uses only Bell basis measurements and classical processing to
attack any f-routing scheme. Adapted to the garden-hose setting, where we only have a
single element in our gate set (the two qubit Bell basis measurement), our bound becomes

2logqChy > n .

We construct a scheme using ¢ = 12n EPR pairs and 24n measurements in the garden-hose
model. This scheme then saturates the above bound up to logarithmic factors.?

To construct the protocol, recall that in the garden-hose attack Alice and Bob share N
EPR pairs, and make Bell basis measurements connecting either the input system @) to an
EPR pair, or connecting two EPR pairs. A useful analogy is to a set of N pipes, the ends
of which can be connected together in pairs by hoses, or connected to the tap, which plays
the role of the input system. The water flowing through the pipes tracks where the system
@ ends up. A garden-hose attack for the inner product is as follows. Consider splitting
N into sets of 6 pipes. Alice will make measurements connecting her first set of 6 to her
second set of 6. By wiring her connections appropriately, she can apply any permutation
to the pipes. Define the permutations,

A= (13)(24) |
B = (35)(46) ,
F = (56)

2Note that we have not tried to optimize the constants appearing in our construction, which likely can
be improved.
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We then have Alice and Bob implement the permutations
S; = A"BYFBYi A" .

Furthermore, Alice connects the tap to the 1st hose from her first set and sends the 2nd
hose from her final set to Bob. Notice that .S; swaps the water from the first to the second
hose iff x;5; = 1, so that the water ends up on the first hose (and so the state ends up
with Alice) if ). x;y; = 0 mod 2, and with Bob otherwise, as needed. Because Alice and
Bob each do two sets of 6 measurements for each value of 7, this uses 24n measurements.
In addition, they used 2 sets of hoses connecting for each ¢ so 12n hoses, completing the
upper bound.
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Chapter 11

Conclusion

We conclude the second part of this thesis by summarizing our results, and naming a few
interesting problems that our work leaves open.

11.1 Summary of results

In this work, we have given the first non-trivial lower bounds on entanglement in the f-
routing and f-BB84 tasks. For some natural functions, including equality, greater than,
and set-disjointness, our lower bounds are linear in the classical input size. This realizes
a long standing aspiration for f-routing and f-BB84 based position-verification schemes:
that an honest party can compute a simple, classical function and perform O(1) quantum
operations, while a dishonest party must use entanglement that grows with the size of the
classical input strings. However, this result comes at the unfortunate cost of requiring
(one-sided) perfect correctness for the lower bounds to apply. Nonetheless, even proving
bounds in this perfect case has so far been elusive, and we hope that our progress may
open future avenues toward robust linear lower bounds.

An interesting observation is that our bounds lead to relations among operational quan-
tities, e.g.

FRo(f) = QNP“(f)

but are derived by separately relating FRg and QNP to the non-deterministic rank.
Given this result, it would be natural to expect a reduction at an operational level from

163



f-routing to quantum non-deterministic communication complexity, but we know of no
such reduction. Another comment related to the non-deterministic rank is that our lower
bounds are in terms of the rank of matrices with positive entries wherever f(z,y) = 1, and
0 entires otherwise. Minimizing over all such matrices produces a number lower bounded
by the non-deterministic rank (which allows arbitrary complex non-zero entries). It would
be interesting to understand if the minimization over positive entries is ever larger than
over complex entries.

As a consequence of our lower bounds, we also obtain a new lower bound technique

for randomness complexity in CDS with either perfect privacy or perfect correctness. We
highlight the bound

ppCDS(f) > QQNP*(f)) .

which appears to be new and incomparable to earlier bounds on ppCDS. It would be
interesting to construct explicit functions for which this lower bound is tighter than earlier
ones, for instance, bounds from the PP cost of f [AA20].

We have also given a new linear lower bound on the gate complexity of performing
f-routing and f-BB84 against the inner product function. Our bound differs from earlier
work in that it applies to a natural, low complexity function (inner product) and bounds
the number of quantum operations necessary for an attack rather than the amount of
shared entanglement. Assuming quantum gates are more difficult to implement than the
same number of classical gates, our bound provides a separation in difficulty between an
honest and dishonest player. Furthermore, it does so for a scheme that is computationally
feasible for an honest prover, and which is loss tolerant.

A key strategy in this work compared to earlier ones has been to focus on the com-
putational resources of the dishonest player. We can compare our bounds on quantum
operations with bounds on system size, which are more common in the literature. To do
so, consider restricting the dishonest player to circuits of depth d. Then, their maximum
number of gates is C' ~ dg for ¢ the number of qubits they control. From our bound we
obtain the following.

aul3

qz

A natural restriction on the depth of the dishonest player’s circuit is to take d = O(log(n)),
the same as (for the inner product function) the classical circuit depth of the honest player.!

'If the dishonest player has agents sitting at constant positions this is enforced by relativity.
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With this restriction, we obtain an almost linear lower bound on ¢, ¢ > n/log(n). This
compares favorably to the ¢ 2 log(n) lower bound obtained by [BCS22], and furthermore
avoids the issue of the purified view of [BCS22] counting what can in practice be classical
systems towards the quantum system size. Thus, our bound, plus the assumption that
the attacker’s circuit depth should be similar to the honest players, gives a stronger bound
on quantum resource system size than has been proven previously. We can also note that
applying deeper circuits to small systems is plausibly harder than shallow circuits on larger
systems, so even relaxing this assumption and relying only on the gate lower bound seems
a stronger bound than a linear bound on system size.

A note on a subsequent work: Recently, an equivalence between f-routing and f-
BB84 was shown in [BHM'25]. In this work, the authors study reductions among f-
routing, f-BB84, CDQS, and other problems in non-local quantum computations, and in
particular, they show that f-BB84 and f-routing are both reducible to each other with
small overhead. In terms of connections to our results, this allows our rank lower bounds
on f-BB84 to be derived from the rank lower bounds on f-routing.

11.2 Open problems

Our work leaves many natural open problems and raises several new directions of investi-
gation. However, for brevity, we would like to focus on and highlight three directions that
we find particularly promising.

The first and most immediate open problem that comes to mind is about extending the
entanglement lower bounds to the non-perfect protocols. It seems like doing this might
require completely new ideas, as it is not clear whether we can say much about the rank
of a matrix that is non-zero when f(x,y) = 1, but is close to zero when f(z,y) = 0.
Therefore, it might be the case that this approach fails completely when one tries to make
it robust against noise.

Open Problem 5. Is it possible to obtain comparable entanglement lower bounds that are
robust against noise, and hold true even when the protocols do not have one-sided perfect
correctness?

Another intriguing open problem is to understand the connection between entanglement

lower bounds and non-deterministic communication complexity more carefully. It seems
that although we do not show a direct reduction from one to another, the techniques of
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showing lower bounds on both are quite similar. Therefore, it seems very plausible that
such a reduction does in fact exist and might simplify the lower bounds techniques.

Open Problem 6. Is it possible to obtain entanglement lower bounds by reducing it directly
to non-deterministic quantum communication complexity (or another similar measure) to
simplify the proof techniques of this work?

The last open problem we would like to raise is about the connection to the randomness
complexity of conditional disclosure of secrets. It would be quite interesting to see if one
can obtain explicit lower bounds that are comparable to the ones known previously, by
using lower bounds on f-routing and f-BB84.

Open Problem 7. Is it possible to improve known lower bounds on CDS (and its variants)
which is a classical notion, using ideas from quantum information and in particular through
reductions from f-routing and f-BB84?
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