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Abstract

Radiation therapy is a popular treatment modality for cancer which benefits from op-
timization. Mainstream approaches define a margin around the tumor called the planning
target volume (PTV) to account for changes in patient anatomy throughout the course
of treatment. However, the PTV concept does not adequately address uncertainty in the
position of the tumor or in the probability distribution of its shifts.

In this thesis, we develop a distributionally robust optimization framework for radiation
therapy treatment planning under inter-fraction geometric uncertainty of the clinical target
volume (CTV) where the underlying probability distribution of rigid shifts is not well
known. To achieve this, we begin with a deterministic model, then augment it using
chance-constrained optimization. Next, we consider an ambiguous chance constraint and
apply its robust reformulation to treatment planning models.

We first apply these three frameworks to a basic fluence map optimization model. Then,
we include machine deliverability constraints and formulate a direct aperture optimization
model. Due to the large-scale combinatorial structure, these models cannot be solved effi-
ciently at a clinical scale, making them unusable for modern treatment approaches such as
volumetric-modulated arc therapy. Therefore, we extend a sequential convex programming
algorithm to include robust and distributionally robust optimization.

Through experiments on two lung cancer patients, we show that the novel distribution-
ally robust treatment planning model can achieve better tumor coverage than the robust
model as well as better healthy tissue sparing than the standard PTV approach. We also
show that adding robust and distributionally robust optimization does not degrade the
quality of the convex approximation. We conclude with a discussion on limitations and
present ideas for future research projects.
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Chapter 1

Introduction

With approximately one-fifth of people developing cancer in their lifetime (World Health
Organization and International Agency for Research on Cancer, 2024), cancer is a leading
cause of mortality worldwide. The number of new diagnoses is predicted to increase by 77%
from 2022 to 2050, largely due to the growing and aging population as well as environmental
factors such as air pollution (World Health Organization and International Agency for
Research on Cancer, 2024).

Cancer is a pressing societal problem in Canada too, and an increase in treatment qual-
ity can have direct benefits to the Canadian economy. More than one third of Canadians
develop cancer in their lifetime (National Research Council Canada, 2023), and the number
of new diagnoses was nearly doubled between 2000 and 2024 (Brenner et al., 2024). Ac-
cording to the Canadian Cancer Society (2024), the projected total societal cost of cancer
in Canada is $37.7B. Approximately 80% of the societal cost is a direct cost to the Cana-
dian healthcare system, whereas the remaining 20% is a mixture of direct, indirect, and
time costs to people with cancer and their caregivers. This motivates the higher quality
treatments to improve efficiency.

Approximately half of all patients diagnosed with cancer undergo radiation therapy
(RT) treatment, either alone or in conjunction with other treatment methods such as
chemotherapy or hormone therapy (National Research Council Canada, 2023). In RT, a
beam of high-energy radiation is used to irradiate the cancerous cells to eliminate these
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cells and stop the spread of cancer, however, the radiation can also damage any healthy
cells on its path. The goal of RT is to deliver a sufficient radiation dose to one or multiple
tumors (cancerous targets) while sufficiently sparing the nearby organ at risks (OARs) from
excessive radiation. As such, optimizing RT treatment plans is important for achieving
personalized high-quality treatments.

A type of radiation therapy treatment modality known as intensity-modulated radiation
therapy (IMRT) uses a rotating gantry around the patient to deliver radiation through a
photon beam. The shape of each beam is tailored to the shape of the target as captured on a
computed tomography (CT) scan at that angle (Mayo Clinic, 2025). In IMRT planning, the
radiation beam is discretized into a two-dimensional grid of beamlets, where the intensity
of each beamlet can be controlled independently. The organs of interest are delineated on
the CT scan, and each organ is then discretized into three-dimensional cubes, called voxels.
Subsequently, a dose deposition matrix is calculated that details the amount of radiation
each beamlet delivers to each voxel at unit intensity. Then, an optimization model is solved
to prescribe the optimal intensities of each beamlet at each angle. Once a treatment plan
is designed, it is divided into fractions and delivered to the patient over multiple daily
consecutive treatment sessions that often span weeks (Bortfeld, 2006).

There are multiple variations of the IMRT approach, as outlined in Bortfeld (2006).
The most popular IMRT modality is the step-and-shoot IMRT, in which a set of beam
angles is chosen in advance, and the radiation is only delivered to the patient when the
beam is positioned at those angles. The beam is then turned off while it moves to the next
angle chosen in the treatment plan. The beamlet intensity is linked to a multileaf collimator
(MLC), which modulates individual leaves to define apertures that tailor the shape of the
radiation beam. In contrast, volumetric-modulate radiation therapy (VMAT) is a more
recent form of IMRT where the gantry continuously delivers radiation while traversing
an arc around the patient. This reduces treatment delivery times and improves OAR
sparing (Zhang et al., 2010). The continuous rotation is approximated by a discrete set
of equidistant angles called control points (CPs), each corresponding to a single aperture.
This adds a layer of complexity by posing a larger-scale optimization problem.

Ignoring changes in a patient’s anatomy throughout the course of a treatment may
result in delivering radiation that largely differs from the planned treatment. However,
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most of the literature focuses on deterministic models that do not generalize to clinical
settings with myriad uncertainties. For example, when the tumor is positioned in the
chest area, breathing motion can shift the position of the tumor while the treatment is
being delivered (called intra-fraction motion). Similarly, when the tumor is in the ab-
domen, the shape of the rectum, bladder, or stomach can deform and change between
treatments, causing the position of the tumor to differ from what was captured on the
initial CT scan (referred to as inter-fraction motion). To mitigate uncertainty, treatment
planners use margin-based approaches to target an area larger than the tumor. However,
the increased tumor control comes at the expense of excessive radiation to the surrounding
healthy tissue (Unkelbach et al., 2018). Consequently, stochastic programming (SP) and
robust optimization (RO) approaches have been developed to balance tradeoffs between
tumor coverage and OAR sparing. However, each approach heavily favored one of these
goals. Consequently, probabilistic approaches were developed to serve as a middle ground.
For example, chance-constrained programming (CCP) aims to give up a small amount of
robustness in favor of a larger amount of effectiveness. However, these approaches assume
that the underlying probability distribution of the movements is known, which is not re-
alistic. If these uncertainties are not considered, then the radiation delivered may not
sufficiently cover the tumor and may result in high levels of toxicity to the OARs. This
could lead to unsafe outcomes for the patient’s health in addition to wasted resources for
the country and other patients.

The purpose of this study is to address inter-fraction motion of the tumor’s posi-
tion throughout the course of a radiation therapy treatment when the probability of each
shift is not well known. To accomplish this, we integrate distributionally robust chance-
constrained programming with sequential convex programming.
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Chapter 2

Literature Review

In this section, we begin with a brief history of IMRT optimization (Section 2.1) followed
by a review of the literature on optimization approaches to VMAT treatment planning
(Section 2.2). Then, we discuss uncertainty mitigation in RT in Section 2.3. Last, in
Section 2.4, we emphasize the research gap, outline the novel contributions of this thesis,
and define its scope.

2.1 Optimization in Intensity-Modulated Radiation
Therapy

In IMRT delivery, a multi-leaf collimator (MLC) is used to modulate the shape of the
beam at each angle, in which a set of metal leaves cover parts of the beam to create
a custom-shaped aperture that the radiation passes through, while blocking the radiation
elsewhere. Therefore, in the treatment planning process, the collection of individual varying
beamlet intensities must be translated into a set of apertures with uniform intensities. As
outlined in Bortfeld (2006), there are two approaches to ensure IMRT treatment plans are
deliverable. The multi-step approach involves solving a fluence map optimization (FMO)
problem to obtain the required beamlet intensities at each angle, followed by solving a leaf
sequencing (LS) problem to convert the fluence map of each angle into a set of deliverable
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apertures (Romeijn et al., 2003; Kamath et al., 2003). Alternatively, the direct aperture
optimization (DAO) approach is used to combine the FMO and LS steps and directly
yield deliverable apertures (Shepard et al., 2002). Optimization models for DAO often
use binary variables to include or exclude specific beamlets in apertures, which results in
large-scale combinatorial optimization problems that are NP-hard (Baatar et al., 2005).

Clinical criteria can be considered in both FMO and DAO formulations. For example,
clinicians can specify dose-volume histogram (DVH) criteria such as “the dose to the 10%
least dosed voxels in the tumor should be at least 90% of the prescription”. Romeijn et al.
(2003) show that DVH criteria can be conservatively approximated by conditional value
at risk (CVaR), which is a risk measure that can control the average above or below a
specified percentile in a given distribution (Rockafellar and Uryasev, 2002; Uryasev and
Rockafellar, 2001).

2.2 Optimization in Volumetric-Modulated Arc
Therapy

Introduced by Yu (1995), VMAT has been gaining popularity due to its shorter delivery
time and improved OAR sparing. However, it is a much larger problem which results in op-
timization models that are more challenging to solve (Otto, 2008). Similarly to IMRT, the
two main categories for VMAT optimization models are multi-step and DAO (Unkelbach
et al., 2015).

Multi-step optimization approaches that involve optimizing for fluence maps and con-
verting them into MLC leaf segments are explored in Bzdusek et al. (2009), Cameron
(2005), and Wang et al. (2008). Moreover, Craft et al. (2014), Unkelbach et al. (2015),
Luan et al. (2008), and Cameron (2005) review sliding windows (SW) approaches for leaf
sequencing. Further formulations are explored by Sun et al. (2013), who propose a non-
linear model, and Craft et al. (2014), who propose a multi-criteria optimization model.
These approaches all introduce error when translating fluence maps from a control point
into a deliverable aperture shape. Since the VMAT treatment modality involves many con-
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trol points, this error is amplified and the effectiveness of the treatment, which is supposed
to be its main advantage, degrades (Wang et al., 2022).

Unkelbach et al. (2015) critique the above approaches and propose a DAO-based for-
mulation to be solved in one step. They argue that closely reproducing a large number of
fluence maps is challenging to do efficiently and within the clinically acceptable time frame.
In contrast, the DAO formulation reflects the exact DICOM specifications of a treatment
plan that is communicated to the machine. Akartunalı et al. (2015) propose a mixed-
integer programming (MIP) formulation of VMAT that simultaneously optimizes fluence
maps and aperture shapes for a given set of CPs. Dursun et al. (2019a) formulate a MIP
to minimize the total radiation dose and embed clinical requirements in the constraints.

The VMAT DAO formulations involve the use of one binary variable per beamlet, which
results in a large-scale NP-hard combinatorial optimization problem (Baatar et al., 2005).
As such, there is a body of research focused on developing more efficient solution schemes
to achieve better solutions quicker at a more realistic scale. There are four main strategies
to solve the DAO formulation: gradient-based with FMO-informed segment initializa-
tion, probabilistic search using heuristics, direct SW, and iterative aperture generation.
Gradient-based optimization strategies (Bzdusek et al., 2009; MacFarlane et al., 2020) can
only guarantee local optima; a near-(global)-optimal plan is not guaranteed. Alternatively,
heuristics such as simulated annealing (Otto, 2008) and tabu search (Ulrich et al., 2007)
can be used. However, due to the problem size, it is time consuming to fully explore the
feasible region and obtain high quality solutions. Approaches that use SW, such as Papp
and Unkelbach (2014), model continuous leaf trajectories and are hence more sensitive to
discretization in the dose-deposition matrix.

Iterative aperture generation gradually refines aperture shapes until a stopping criterion
is fulfilled. Peng et al. (2012), Dursun et al. (2019b), and Wang et al. (2022) develop column
generation algorithms while Sun et al. (2013) and Dursun et al. (2019a) use Bender’s
decomposition. Akartunalı et al. (2015) provide several heuristic methods and a meta-
heuristic approach. Moreover, they argue that, since treatment planning often happens
up to three weeks before the treatment is carried out, it is more valuable to search for
a solution that satisfies all requirements than to provide a quick solution that may not
comply. Dursun et al. (2021) develop a sequential convex programming (SCP) scheme
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which iteratively solves convex approximations of the original problem. Although this
approach does not have global guarantees, they show that the dose distributions are near-
optimal. To the best of our knowledge, this approach is the state of the art in terms
of modeling and solution schemes, trade-offs between accuracy and speed, and clinical
implementation.

2.3 Uncertainty Mitigation in Radiation Therapy

There are different sources of uncertainty in radiation therapy planning. For example,
uncertainty in the fluence realized by the machine is addressed in Bertsimas et al. (2010).
This formulation, however, shifts the question to whether the machine is able to accurately
execute the instructions given. In contrast, this thesis focuses on whether the specified plan
effectively treats the patient. The consensus in the literature is that mitigating uncertainty
through optimization can yield better target coverage and/or better OAR sparing when
compared to margin-based methods (Unkelbach et al., 2018).

To address potential uncertainties in practice, treatment planners often define several
target volumes that capture different extents of uncertainty. The gross target volume
(GTV) is the (deterministic) set of all cancerous voxels as identified on the CT scan. There
may, however, be microscopic evidences of disease around the GTV which a CT scan fails to
accurately capture. Clinicians consider this uncertainty by defining a larger area, denoted
as the clinical target volume (CTV), that encompasses the GTV (Yahalom et al., 2015).
Finally, to account for motion and setup uncertainties, a margin is placed around the CTV
to create the planning target volume (PTV). In clinics, the PTV is typically used as the
area to be irradiated in IMRT treatment planning.

Although the PTVs approach is often used to address uncertainties in clinical settings,
Unkelbach et al. (2018) outline the limitations of this approach in accurately capturing
uncertainties while avoiding over-conservatism. The PTV concept aims to deliver the pre-
scribed dose to all the possible regions where the tumor may be. This does not differentiate
between the regions where the tumor is less likely to be and other regions that the tumor
surely occupies, hence, taking a protective approach to tumor control at the expense of
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excessive radiation to the surrounding healthy tissue.

Although inter-fraction motion is complex to model, it can be approximated as a rigid
shift of the tumor with respect to the isocenter (Unkelbach et al., 2018). This is typically
interpreted as uncertainty in the dose-influence matrix and can be represented with a
finite set of scenarios. It can then be combined with optimization approaches that consider
uncertainty, such as SP and RO, as an alternative to the PTV concept for a better trade-off
between tumor coverage and OAR sparing.

Optimization problems involving uncertainty in the parameters may be solved using SP
(Dantzig, 1955). This involves defining a set of scenarios where each scenario either occurs
with a measured probability or receives a weight. Then, SP optimizes for the expected value
or weighted sum of a given function of the scenario set. This approach is effective because
each scenario is considered to the extent that it is important. However, this scenario is not
robust because less-likely scenarios are emphasised less; hence, should one occur, it is less
likely to be protected.

Several clinical studies have been conducted to compare the performance of SP-based
plans to the conventional PTV-based plans. Bohoslavsky et al. (2013) use a probabilis-
tic objective function to create dose distributions similar to or better than PTV-based
plans. They also argue that the value added from increasing planners’ flexibility exceeds
the additional computational burden. Witte et al. (2007) use SP-based plans to reduce
the expected occurrence of severe healthy organ toxicity by half without compromising
the expected tumor coverage. They also find that probabilistic treatment plans are ro-
bust against parameter variations but degrade rapidly when geometric uncertainties are
underestimated. This motivates the use of an approach that is more robust.

Similarly to SP, RO (Bertsimas et al., 2011) considers a scenario set. In contrast, RO
does not use probabilities or weights. Instead, RO optimizes for the worst-case scenario.
This involves the decision maker developing a solution which is feasible for any realization
in the uncertainty set and, hence, is both effective and robust. However, it may be overly
conservative. For example, a decision maker may be willing to risk an unlikely scenario
being realized in order to improve his objective function in more likely scenarios, which
RO does not address.
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Several clinical studies have been conducted to compare the performance of RO-based
plans to the conventional PTV-based plans. Fredriksson et al. (2011) and Liu et al. (2012a)
compare worst-case optimization with margin-based approaches using discrete scenario
sets. They both find that RO results in robust tumor coverage and better healthy tissue
sparing than margin-based approaches. Liu et al. (2012b) argue that all plans should be
robustly optimized. Wada et al. (2022) conduct a clinical study to compare the robust-
ness with setup error to the robustness of the conventional PTV-based plans in VMAT for
prostate cancer. They used Raystation to simulate setup errors within the PTV margin,
and found that the robust plan can reduce dose uncertainty due to setup errors. Fredriks-
son et al. (2015) let the size of the uncertainty set vary and optimize for the probability
of satisfying clinical goals in the presence of uncertainty. Through a proof-of-concept con-
sidering one-dimensional uncertainty, they show that plans with an uncertainty set that
is too large can decrease the plan quality; the best plans considered uncertainty without
turning overly robust. This motivates the use of an approach that is less robust than RO
but still effective.

In contrast to RO and SP, minimax stochastic programming (MSP) ranges between
optimization for the expected and the worst case scenario (Fredriksson, 2012). For example,
chance constraints (CCs) (Charnes and Cooper, 1959) represent the probabilistic inclusion
of a constraint in an optimization model; rather than enforcing that a constraint holds in
all scenarios, one can enforce that it holds with a high enough probability to be robust but
not overly conservative. Therefore, chance constraints can be used to ensure an adequately
high level of robustness without being overly conservative. An et al. (2017) impose CCs
on dose-volume criteria using CVaR with the CTV as the target. They assume the inter-
fraction motion can be modeled using a discrete scenario set. Then, they reformulate the
chance constraint as a MIP. Their results show that using chance constraints with the
CTV as the target can outperform PTV-based plans. To the best of our knowledge, using
chance constraints to hedge against inter-fraction motion has yet to be explored in VMAT
treatment planning.

A limitation of chance constraints is the need to estimate the probability of each sce-
nario occurring. These estimates may be erroneous, which motivates a second level of
robustness. Distributionally robust chance-constrained programs (DRCCPs) can hedge
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against uncertainty in the underlying probability distribution. Recent works (Xie, 2021;
Ho-Nguyen et al., 2023; Küçükyavuz and Jiang, 2022) assume the planner has a large
number of samples that can be used to estimate a distribution. In practice, this is seldom
possible. Yanıkoğlu (2019) considers a chance constrained program with a discrete scenario
set and an estimated but uncertain nominal probability distribution. They hedge against
uncertainty in the probability distribution by defining an ambiguity set centered around
the nominal distribution and derive a robust reformulation of the DRCCP. Then, they
apply the methods to a small-scale knapsack problem. To the best of our knowledge, no
work in radiation therapy has addressed uncertainty in the discrete distribution of a chance
constraint.

2.4 Gap, Contributions, and Scope

We emphasise the following gaps in the literature:

1. No research in VMAT has explored chance-constrained programming to model rigid
shifts of the CTV and compared its performance to PTV-based approachs.

2. No research in RT has considered uncertainty in the underlying probability distribu-
tion of a chance constraint when accounting for geometric uncertainty.

This thesis aims to fill these gaps with the following specific contributions:

1. We extend an existing chance-constrained framework to the case where the underlying
probability distribution of the rigid shifts is also uncertain by integrating the robust
reformulation of an ambiguous constraint in FMO and DAO formulations (Gap 2).

2. We modify a sequential convex programming algorithm to include robust and distri-
butionally robust optimization and show that the quality of the convex approximation
does not degrade with robustness (Gaps 1 and 2).
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3. As a proof-of-concept, we apply these models to open-sourced lung cancer datasets
with one-dimensional uncertainty in the position of the CTV and compare the per-
formance of nominal, robust, and distributionally robust models against PTV-based
plans (Gaps 1 and 2).

Figures 2.1 and 2.2 visualize the comparison between multi-step, direct, and VMAT op-
timization approaches. Figure 2.1 depicts the process for multi-step and direct approaches
when applied to standard IMRT and VMAT. It outlines our focus on the optimization steps.
For the scope of this thesis, we assume beam angle selection and leaf sequencing protocols
(where relevant) are given. Consequently, we focus on the optimization step related to
fluence. Note, however, that the FMO step in VMAT is out of scope. In Chapter 5, we
show that the flexibility of FMO in a small-scale IMRT case dampens the effects of RO and
distributionally robust optimization (DRO). As such, considering FMO in VMAT, which
includes many CPs and significantly increases flexibility, is not worth exploring at this
stage. Figure 2.2 depicts example outputs of each approach. Most notably, the multi-step
IMRT approach takes a selected set of beam angles, solves for the fluence of each beamlet
individually, then converts it to a deliverable aperture using LS. In contrast, the direct
IMRT pipeline obtains the apertures in one step. Finally, the direct VMAT pipeline uses
a discretized arc instead of a preselected set of CPs and solves for the apertures directly.
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Figure 2.1: The main approaches to IMRT planning with red indicating the scope of this
thesis.
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Figure 2.2: A visualization of the optimization outputs in each step of each approach.
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Chapter 3

Problem Formulation

This chapter begins by presenting a general deterministic constrained optimization model
and deriving the robust and distributionally robust counterparts in Section 3.1. Then,
in Section 3.2, we describe how they relate to radiation therapy. Next, we apply the
deterministic, robust, and distributionally robust models to FMO (Section 3.3), and DAO
(Section 3.4) for VMAT.

3.1 Deterministic, Robust, and Distributionally
Robust Chance Constraint Derivations

In this section, we begin by introducing a general deterministic constrained optimization
model in 3.1.1. Then, in 3.1.2, we present a chance-constrained setting and derive the
robust counterpart. Finally, we present a case with an ambiguous chance constraint and
derive the distributionally robust counterpart in 3.1.3.

3.1.1 Deterministic Model

Consider the general deterministic constrained optimization model in (3.1). Here, x ∈ Rn is
the decision variable and we want to minimize any function f : Rn → R. Constraint (3.1b)
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is a particular constraint of interest where g : Rn → R is a linear function in x. Set X
represents any additional feasible set that may be specified.

min f(x) (3.1a)

s.t. g(x) ≤ 0 (3.1b)

x ∈ X (3.1c)

This model enforces constraint (3.1b) to always be met and assumes its parameters are
always certain. Strict enforcement may not always be desirable, as there may be some
uncertainty in the parameters which could lead to leeway in violating the constraint in
some scenarios to improve the objective function. As such, in the following section, we
present a chance-constrained formulation and its robust counterpart.

3.1.2 Robust Chance-Constrained Model

Consider the general stochastic chance-constrained optimization model in (3.2).

min f(x) (3.2a)

s.t. P
(
g(x; ξ̃) ≤ 0

)
≥ 1− ϵ (3.2b)

x ∈ X (3.2c)

Here, we consider the case where constraint (3.1b) has uncertain parameters and the
planner can tolerate it being violated with probability ϵ. Suppose P is a known discrete
probability distribution and let S be a set of scenarios such that P(s : s ∈ S) = ps. Let ξ̃
be a random vector that influences the outcome of the uncertain parameters of g, where
ξ̃ ∈ {ξs}s∈S Since there are multiple scenarios, the value of g(x) may change. As such, we
define g(x; ξs) to be the value of g(x) given the random vector ξ̃ when scenario s ∈ S is
realized. Constraint (3.2b) is a chance constraint with known probability distribution P to
allow a specified tolerance of violations, ϵ.

15



Let z ∈ R|S| be a binary vector such that zs = 1 if scenario s ∈ S is protected by the
chance constraint, and 0 otherwise. Now, model (3.2) admits the big-M formulation in
(3.3).

min f(x) (3.3a)

s.t. g(x; ξs) ≤M(1− zs) ∀s ∈ S (3.3b)∑
s∈S

pszs ≥ 1− ϵ (3.3c)

x ∈ X , z ∈ {0, 1}|S| (3.3d)

This model enforces constraint (3.2b) to be met with a specified probability given a
known probability distribution and can be solved efficiently for reasonably sized uncertainty
sets (An et al., 2017). An accurate probability distribution may not always be obtainable,
as there may be some uncertainty in P. As such, in the following section, we present an
ambiguous chance-constrained formulation and its distributionally robust counterpart.

3.1.3 Distributionally Robust Chance-Constrained Model

In this section, we will consider uncertainty in the underlying probability distribution of
the chance constraint and derive a distributionally robust counterpart following Yanıkoğlu
(2019). In particular, we consider the case where a planner can tolerate constraint (3.1b)
being violated with probability ϵ but the underlying probability distribution is not fully
known. To model this, we assume that the nominal distribution, p, can be reasonably
estimated and define the following polyhedral ambiguity set:

P :=
{
p̃ = p+ p̂ : p ≤ p̂ ≤ p, e′p̂ = 0

}
.

Let Q be a probability measure induced by any probability distribution that p̃ lies
in the ambiguity set, P . P is the set of possible probability distributions that the chance
constraint may follow. The uncertain probability, p̃, is depicted by the nominal probability
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vector p plus some error term p̂. The error term may lie between lower and upper bounds
p and p, respectively. Regardless of the error term, p̃ must remain a valid probability
distribution. As such, the all atoms in the error term must sum to 0. With this definition,
we can now present the ambiguous chance-constrained program in (3.4).

min f(x) (3.4a)

s.t. min
Q∈P

Q
(
g(x; ξ̃) ≤ 0

)
≥ 1− ϵ (3.4b)

x ∈ X (3.4c)

The difference between models (3.2) and (3.4) is that (3.4) considers the worst case
probability distribution within the ambiguity set. This results in robustness to the dis-
tribution Q as well as the realizations of ξ̃. Through big-M notation, model (3.4) can be
reformulated as the bilevel program in (3.5).

min f(x) (3.5a)

s.t. g(x; ξs) ≤M(1− zs) ∀s ∈ S (3.5b)

min
p̃∈P

∑
s∈S

p̃szs ≥ 1− ϵ (3.5c)

x ∈ X (3.5d)

z ∈ {0, 1}|S| (3.5e)

Consider constraint (3.5c). This is an inner optimization problem which can be refor-
mulated using the definition from the ambiguity set:

min
p̂∈P

{∑
s∈S

(ps + p̂s)zs : p ≤ p̂ ≤ p, e′p = 0
}
≥ 1− ϵ.

Note that in this inner optimization problem, all atoms of z are constant, and so are the
atoms of p. As such, the above can be rearranged as follows:
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min
p̂∈P

{∑
s∈S

p̂szs : p ≤ p̂ ≤ p, e′p = 0
}
≥ 1− ϵ− z′p.

Focusing on the left-hand-side of the above expression, we obtain a linear programming
formulation of the inner problem in (3.6).

min
p̂

p̂′z (3.6a)

s.t. e′p̂ = 0 (3.6b)

p̂ ≤ p (3.6c)

p̂ ≥ p (3.6d)

Let λ ∈ R, θ ∈ R|S|
+ , and η ∈ R|S|

− be the dual variables associated with constraints
(3.6b), (3.6c), (3.6d), respectively. It follows that the dual of (3.6) is:

max
λ,η≤0,θ≥0

p′η + p′θ, (3.7a)

s.t. λ+ ηs + θs = zs, ∀s ∈ S. (3.7b)

Then, observe that by strong duality the following holds:

max
λ,η≤0,θ≥0

{
p′η+p′θ : λe+η+θ = z

}
= min

p̂∈P

{∑
s∈S

p̂szs : e′p̂ = 0,p ≤ p̂ ≤ p
}
≥ 1− ϵ−z′p.

Thus (3.5c) becomes:

z′p+ max
λ,η≤0,θ≥0

{
p′η + p′θ : λe+ η + θ = z

}
≥ 1− ϵ.

We can then remove the maximization term because any feasible solution to the maximiza-
tion problem will be a lower bound to the original minimization problem by weak duality.
It follows that model (3.5) admits the equivalent reformulation depicted in (3.8).
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min f(x) (3.8a)

s.t. g(x; ξs) ≤M(1− zs) ∀s ∈ S (3.8b)

z′p+ p′η + pθ ≥ 1− ϵ (3.8c)

λe+ η + θ = z (3.8d)

x ∈ X (3.8e)

z ∈ {0, 1}|S| (3.8f)

λ ∈ R (3.8g)

η ≤ 0, θ ≥ 0 (3.8h)

This model enforces constraint (3.4b) to be met with a specified probability if the worst-
case probability distribution within the ambiguity set is realized. This now accounts for
both uncertainty in g and uncertainty in the underlying distribution. Going forward, all
constraints that model robustness remain the same. To apply these models to the radiation
therapy setting, all that must be specified is f , g, and X .

3.2 Radiotherapy Problem Setting

The focus of this section is to relate the deterministic, robust, and distributionally robust
models to a radiation therapy setting and provide an intuitive primer before presenting the
mathematical formulations.

In our setting, the objective of a RT model is to deliver an appropriate dose of radiation
to the patient. To achieve this, we consider an objective function similar to An et al. (2017)
which penalizes the linear deviation from the tumor’s prescribed dose as well as the total
radiation delivered to the OARs to create conformal plans. Although the clinical literature
often uses quadratic penalties, we consider a linear one for computational tractability.
Nevertheless, switching to any other objective, such as a quadratic penalty, would not
affect the proposed methodology. Note that the objective function focuses on the nominal
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scenario, which is that the tumor is exactly where the images depict it to be. This is not
always the case, so we account for the other scenarios using constraints.

Let Υ be the set of OARs. For each OAR υ ∈ Υ, let Hυ be the set of voxels it contains.
Then, let T be the set of voxels in the target. Let d′

i be a row in the dose deposition
matrix associated with voxel i ∈ T ∪ {Hυ}υ∈Υ and let d̄ be the prescribed dose to the
tumor. Finally, our decision variable is the intensity of each beamlet, which we denote in
vector x. In the RT problem setting, the objective function follows equation (3.9a).

f(x) =
1

|T |
∑
i∈T

|d′
ix− d̄|+

∑
υ∈Υ

1

|Hυ|
∑
i∈Hυ

d′
ix (3.9a)

The first term in the function f(x) is the linear deviation between the dose delivered to
the tumor and the dose prescribed. We penalize both over- and underdoses to achieve
conformal plans. The second term represents the linear deviation between the healthy
tissue’s dose received and prescribed. This term is equivalent to minimizing the mean dose
to OARs because the prescription is 0 Gy.

Given that the objective function has absolute values, it is non-linear but can easily be
linearized. Let ψover

i be an auxiliary variable for the overdose on voxel i ∈ T and let ψunder
i

be an auxiliary variable for the underdose on voxel i ∈ T . The objective function can be
linearized as follows:

Min
1

|T |
∑
i∈T

ψover
i +

1

|T |
∑
i∈T

ψunder
i +

∑
υ∈Υ

1

|Hυ|
∑
i∈Hυ

d′
ix (3.10a)

s.t.
∑
i∈T

d′
ix ≥ d̄− ψunder

i ∀i ∈ T (3.10b)∑
i∈T

d′
ix ≤ d̄+ ψover

i ∀i ∈ T (3.10c)

ψover
i ≥ 0, ψunder

i ≥ 0 ∀i ∈ T (3.10d)

We use this linearization in our implementations. However, to preserve readability and
intuition, we continue our formulations with the original compact formulation in (3.9a).
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As our focus is on robust tumor coverage, the main constraint of the RT models in this
problem setting will relate to tumor coverage. Specifically, we use a CVaR-based coverage
constraint to approximate DVH criteria, similarly to Romeijn et al. (2003) and An et al.
(2017). This enforces that the mean dose to the lower tail of the target’s dose distribution
be above a specified threshold. For demonstration purposes, we consider the case where
there is only one target; however, DVH criteria on multiple targets can easily be integrated
in the models.

Let ρ be an auxiliary variable used in the CVaR formulation. Further, let β be a
specified percentile and let d be a lower bound for the dose. Finally, let (·)+ = max{0, ·}.
It follows that we can replace g(x) ≤ 0 with the following constraint.

ρ− 1

(1− β)|T |
∑
i∈T

(ρ− d′
ix)

+ ≥ d (3.11a)

This constraint specifies that the mean dose to the 100 ∗ (1− β)% least-dose voxels of the
CTV must be at least d. It is non-linear but can easily be linearized. Let ωi be an auxiliary
variable to represent the underdose to voxel i of the tumor relative to the value at risk.
Then, the CVaR constraint can be replaced with (3.12a)-(3.12c). The same changes can
be made in the robust and distributionally robust models. As such, to preserve readability
and intuition, we will continue discussion with constraint (3.11a).

ρ− 1

(1− β)|T |
∑
i∈T

ωi ≥ d (3.12a)

ωi ≥ ρ− d′
ix ∀i ∈ T (3.12b)

ωi ≥ 0 ∀i ∈ T (3.12c)

In a clinical setting, the objective functions and constraints are more complex. For
example, constraints on the mean and maximum dose can be enforced on multiple OARs.
Further, in the case where constraints clash and lead to infeasibilities, multi-criteria opti-
mization can be used to incorporate soft constraints. Multi-criteria optimization can also
be used to incentivise “nicer” aperture shapes that are easier for the machine to deliver.
The scope of this thesis is to extend RT planning methods by incorporating geometric and
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distributional uncertainty. As such, we focus on the basic setting with a simple objective
function and single constraint on target coverage. Planners with a specific definition of
plan quality who wish to build custom models can then incorporate all levels of uncertainty
using the approaches depicted in this thesis. As such, for now we may take X to be the
empty set.

In the following sections, we will consider the following levels of uncertainty. First, we
consider the nominal setting where the position of the tumor is exactly where the initial CT
image depicts it. Then, we consider the case where the position of the tumor is uncertain
but can be found in one of finitely-many scenarios, each with an estimated probability. The
difference between the deterministic model targeting the CTV, the deterministic model
targeting the PTV, and the robust model with geometric uncertainty is illustrated in
Figure 3.1. Second, we consider the case where the estimated probability distribution is
inaccurate, but the true probability lies within a specified margin of error. This type of
uncertainty is illustrated in Figure 3.2.

Figure 3.1: A comparison of the clinical setting and various treatment planning approaches.

We will also consider three levels of RT models. First, we define the base FMO model
and apply each level of uncertainty to it. Second, we extend the FMO model to create
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Figure 3.2: An example of the DRO set-up with five possible realizations in the CTV
position.

deliverable apertures in a DAO setting. Third, we present the SCP algorithm which enables
the solution of the DAO model in large-scale settings and is used for VMAT planning.

Notations will be defined in-line where relevant. Tables detailing all sets, parameters,
and variables are provided in Appendix A. In general, we use capital calligraphic letters to
denote sets, capital bold letters to denote matrices, lower-case bold letters to denote vectors,
where all vectors are column vectors, and lower-case letters to denote one-dimensional
variables or parameters, unless otherwise specified.
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3.3 Fluence Map optimization (FMO) Models

The FMO model is the simplest RT planning model that takes a predetermined set of beams
and individually solves for each beamlet’s intensity. The output is a fluence map which
can be passed to down-stream LS algorithms to create deliverable apertures. This section
first presents the deterministic FMO model in Section 3.3.1. Then, we incorporate the
robust (Section 3.3.2) and distributionally robust optimization (Section 3.3.3) approaches
discussed above.

3.3.1 Deterministic FMO Model

Assembling our discussion from Section 3.2, model (3.13) depicts the deterministic FMO
model.

min
1

|T |
∑
i∈T

|d′
ix− d̄|+

∑
υ∈Υ

1

|Hυ|
∑
i∈Hυ

d′
ix (3.13a)

s.t. ρ− 1

(1− β)|T |
∑
i∈T

(ρ− d′
ix)

+ ≥ d (3.13b)

x ≥ 0 (3.13c)

ρ ∈ R (3.13d)

The objective function (3.13a) minimizes the deviation between the dose received and
the dose prescribed. The deviations of each structure are then averaged so that larger struc-
tures do not receive a greater emphasis. Constraint (3.13b) is the CVaR-based coverage
constraint in the nominal setting. Finally, constraint (3.13d) provides domain constraints.
Recall, however, that this model assumes the CTV is located where the imaging indicates
its position. In practice, this may not hold during the duration of the treatment plan. If
the tumor shifts without an appropriate adjustment by the planner, the treatment quality
may degrade. As such, the following subsection handles this using robust optimization.

24



3.3.2 Robust Chance-Constrained FMO Model

As a less conservative alternative to the PTV approach, we consider the chance-constrained
methodology of An et al. (2017) to enforce the CVaR constraint (3.13b) to be met with
100 ∗ (1− ϵ)% probability, instead of a single deterministic case. Note that improving plan
robustness will inevitably sacrifice plan quality in the nominal scenario (An et al., 2017).
As such, we also optimize for the quality in the nominal scenario through the objective
function. Let d̃′

i be a random vector that represents an uncertain row in the dose-deposition
matrix, and let d′

i denote its value under no shift. The chance-constrained model is shown
in formulation (3.14).

min
1

|T |
∑
i∈T

|d′
ix− d̄|+

∑
υ∈Υ

1

|Hυ|
∑
i∈Hυ

d′
ix (3.14a)

s.t. P

(
ρ− 1

(1− β)|T |
∑
i∈T

(
ρ− d̃′

ix
)+
≥ d

)
≥ 1− ϵ (3.14b)

x ≥ 0 (3.14c)

ρ ∈ R (3.14d)

Constraint (3.14b) can be tractably reformulated using the structure of the considered
uncertainty set. Let S represent the uncertainty set consisting of possible scenarios of the
geometric position of the CTV, which includes the nominal scenario. Let d̃i ∈ {ds

i}s∈S ,
where ds

i is the ith row of the dose deposition matrix associated with scenario s ∈ S. Let p
represent a known nominal probability distribution, where ps is the probability of scenario
s ∈ S being realized. Finally, let z be a binary vector such that zs = 1 if scenario s ∈ S
is protected by the chance constraint and zs = 0 otherwise. The tractable reformulation is
shown in model (3.15).
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min
1

|T |
∑
i∈T

|d′
ix− d̄|+

∑
υ∈Υ

1

|Hυ|
∑
i∈Hυ

d′
ix (3.15a)

s.t. ρ− 1

(1− β)|T |
∑
i∈T

(ρ− (ds
i )

′x)
+ ≥ d−M(1− zs) ∀s ∈ S (3.15b)

p′z ≥ 1− ϵ (3.15c)

x ≥ 0 (3.15d)

ρ ∈ R (3.15e)

z ∈ {0, 1}|S| (3.15f)

Constraint (3.15b) ensures that, for each scenario s ∈ S, a CVaR surrogate constraint
is satisfied if zs = 1 and ignored otherwise. Constraint (3.15c) ensures that the decision
variable x satisfies the CVaR surrogate constraint in a set of scenarios whose total nominal
probability under p is at least 1 − ϵ. Together, these constraints form a scenario-based
representation of the original chance constraint in (3.14b). However, this approach as-
sumes a known probability distribution which is often not available in practice. For any
new patient, although the probability of a shift may be estimated, the estimate may be
erroneous. As such, we define the distributionally robust model below.

3.3.3 Distributionally Robust Chance-Constrained FMO Model

Model (3.16) depicts the distributionally robust FMO model with an ambiguous chance
constraint. In this setting, we continue to assume the position of the tumor is in one
of finitely many scenarios. Each scenario has an associated dose-deposition matrix and
nominal probability of occurrence. However, this nominal probability may be erroneous.
As such, we model for the worst-case distribution.
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min
1

|T |
∑
i∈T

|d′
ix− d̄|+

∑
υ∈Υ

1

|Hυ|
∑
i∈Hυ

d′
ix (3.16a)

s.t. min
Q∈P

Q

(
ρ− 1

(1− β)|T |
∑
i∈T

(ρ− d̃′
ix)

+ ≥ d

)
≥ 1− ϵ (3.16b)

x ≥ 0 (3.16c)

ρ ∈ R (3.16d)

The difference between models (3.14) and (3.16) is constraint (3.16b), which considers
the worst case probability distribution in addition to multiple realizations of the target
position. A tractable reformulation of this model is shown below.

min
1

|T |
∑
i∈T

|d′
ix− d̄|+

∑
υ∈Υ

1

|Hυ|
∑
i∈Hυ

d′
ix (3.17a)

s.t. ρ− 1

(1− β)|T |
∑
i∈T

(ρ− (ds
i )

′x)
+ ≥ d−M(1− zs) ∀s ∈ S (3.17b)

z′p+ p′η + p′θ ≥ 1− ϵ (3.17c)

λe+ η + θ = z (3.17d)

x ≥ 0 (3.17e)

ρ ∈ R (3.17f)

z ∈ {0, 1}|S| (3.17g)

λ ∈ R (3.17h)

η ≤ 0, θ ≥ 0 (3.17i)

Model (3.13) can be solved efficiently using commercial solvers and, for reasonably-sized
uncertainty sets, so can models (3.15) and (3.17). Recall, however, that FMOs do not yield
deliverable apertures. Their outputs must be passed to a subsequent LS algorithm to obtain
deliverable machine instructions, which is out of the scope of this thesis. However, this
process can be combined using the DAO approach, which is outlined in the next section.
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3.4 Direct Aperture optimization (DAO) Models

We use DAO to combine the FMO and LS steps and directly output deliverable apertures.
First, we briefly discuss an amendment to FMO models that leads to a DAO formulation
in 3.4.1. Then, in 3.4.2, we present the deterministic mixed-integer formulation that can
output globally optimal solutions. After, we augment this model with the robust (3.4.3)
and distributionally robust counterparts (3.4.4).

3.4.1 Model Preliminaries

Before we formulate the VMAT models, we need to establish the relationship between
beamlet intensities and the positions of the MLC leaves. To do so, we employ the mapping
function of Dursun et al. (2021) that relates the positions of the left and right MLC leaves
with the intensity of each beamlet in their row. Using the variable vectors l and r to denote
left and right MLC leaf positions, we can calculate the intensity vector of the beamlets
x, using the mapping function Φ as a function of the left and right leaf positions and the
aperture intensity. Explicitly, for beamlet j ∈ J belonging to control point b ∈ B, located
in row t and column cj, the mapping is:

xj = Φ(ab, lbt, rbt) = ab ×min
{
(min

{
cj − lbt, 1

}
)+, (min

{
rbt + 1− cj, 1

}
)+, rbt − lbt

}
.

Figure 3.3 provides a visual illustration of this mapping, in which the left half denotes
a sample row of a small aperture where the MLC leaves are in green and the squares
represent the beamlets. The aperture intensity is at 10 MU, and the left and right leaves
are at positions 1.25 and 3, respectively. The right half of Figure 3.3 shows the associated
beamlet intensity after the mapping, in which an intensity of 0, 7.5, and 10 indicates that
a beamlet is not covered, partially covered, and fully covered by an MLC leaf, respectively.

This mapping can be incorporated in an optimization model to output deliverable
apertures, shown in model (3.18). The objective function and constraint (3.18b) are the
same as in the FMO models. Then, constraint (3.18c) relates the beamlet intensities to
leaf positions. Constraint (3.18d) specifies that the left leaf cannot clash with the right
leaf. Finally, constraint (3.18e) bounds the aperture intensity for each beam.
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Figure 3.3: Visual schematic of mapping aperture intensity and leaf positions to beamlet
intensities.

min
1

|T |
∑
i∈T

|d′
ix− d̄|+

∑
υ∈Υ

1

|Hυ|
∑
i∈Hυ

d′
ix (3.18a)

s.t. ρ− 1

(1− β)|T |
∑
i∈T

(d′
ix− ρ)+ ≥ d (3.18b)

x = Φ(a, l, r) (3.18c)

0 ≤ l ≤ r ≤ N (3.18d)

0 ≤ a ≤ U (3.18e)

ρ ∈ R (3.18f)

Constraint (3.18c) is non-convex and requires nuanced treatment; Dursun et al. (2021)
provide a mixed-integer non-linear programming (MILP) formulation which obtains glob-
ally optimal solutions when each beamlet can either be fully open or fully closed. This
approach has not been previously integrated with robust optimization to consider geometric
or distributional uncertainty in the position of the target. In the subsequent subsections,
we will demonstrate this integration.
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3.4.2 Deterministic DAO Model

An example of deliverable aperture is shown in figure 3.4. Here, the grey rectangles repre-
sent the MLC leaves. Beamlets that are covered by the leaves are off, and are depicted in
blue. Beamlets that are not covered by the leaves are on, and are depicted in orange.

Figure 3.4: An example of a feasible aperture. Orange beamlets are on, blue beamlets are
off, and the grey rectangles represent the MLC leaves. Note: rows 7 and 8 present an effect
called interdigitation. If interdigitation occurs excessively, it may damage the MLC leaves.
This effect can be discouraged through feasibility constraints.

In this section, we employ the approach of Dursun et al. (2021) to provide a MILP
reformulation of the original non-convex beamlet intensity calculation. In particular, be-
cause the binary relaxation is convex, these problems can be solved to global optimality for
small-scale settings. Let binary variable wj = 1 if beamlet j ∈ J is on, and 0 if it is off. We
introduce the set Kb, which represents all rows in the aperture associated with control point
b ∈ B. Following this, we can replace the beamlet intensity mapping constraint (3.18c)
with constraints (3.19a)-(3.19g).

30



rbk − cjwj ≥ 0 ∀b ∈ B, k ∈ Kb, j ∈ J (3.19a)

(N + 1− cj)wj + lbk ≤ N ∀b ∈ B, k ∈ Kb, j ∈ J (3.19b)∑
j∈J

wj = rbk − lbk ∀b ∈ B, k ∈ Kb (3.19c)

0 ≤ xj ≤ Uwj ∀j ∈ J (3.19d)

ab − U(1− wj) ≤ xj ≤ ab ∀b ∈ B, j ∈ J (3.19e)

w ∈ {0, 1}|J | (3.19f)

lbk, rbk ∈ Z ∀b ∈ B, k ∈ Kb, j ∈ J (3.19g)

Constraints (3.19a)-(3.19c) link the position of the MLC leaves with whether the beam-
lets are on or off. Specifically, constraint (3.19a) enforces beamlet wi to be 0 if it is covered
by the left leaf. Similarly, constraint (3.19b) enforces beamlet wi to be 0 if it is covered by
the right leaf. Then, constraint (3.19c) enforces beamlet wi to be 1 if it is not covered by
either the left or right leaf while also ensuring that the left and right leaves do not overlap.
Next, constraints (3.19d) and (3.19e) relate the on/off beamlets to the radiation delivered.
Specifically, they ensure that the dose emitted by a covered beamlet is 0, whereas the dose
emitted by an uncovered beamlet is equal to the aperture intensity respectively. This series
of links enables us to integrate the CVaR-based tumor coverage constraint as presented
in the previous section. Since these additional constraints are linear and our objective
function can be linearized using auxiliary variables, our previous VMAT models can all be
reformulated as MILP, and the detailed reformulations are provided in the appendix. It
follows that model (3.20) presents the full deterministic DAO model.
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min
1

|T |
∑
i∈T

|d′
ix− d̄|+

∑
υ∈Υ

1

|Hυ|
∑
i∈Hυ

d′
ix (3.20a)

s.t. ρ− 1

(1− β)|T |
∑
i∈T

(ρ− d′
ix)

+ ≥ d (3.20b)

(3.19a)− (3.19g) (3.20c)

0 ≤ l ≤ r ≤ N (3.20d)

0 ≤ a ≤ U (3.20e)

x ≥ 0 (3.20f)

ρ ∈ R (3.20g)

Contrary to FMO, this model can produce deliverable apertures. However, this model
only considers the case where the tumor is exactly where expected, which may not hold in
practice. The following subsection addresses by combining robust optimization with the
aperture deliverability constraints.

3.4.3 Robust Chance-Constrained DAO Model

Although model (3.20) creates deliverable apertures, it does not account for rigid shifts of
the target. Model (3.21) addresses this by adding a chance-constraint to the DAO model.
The settings and interpretation mimic the FMO model; the only difference is the inclusion
of the deliverability constraints which results in feasible apertures.
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min
1

|T |
∑
i∈T

|d′
ix− d̄|+

∑
υ∈Υ

1

|Hυ|
∑
i∈Hυ

d′
ix (3.21a)

s.t. P

(
ρ− 1

(1− β)|T |
∑
i∈T

(
ρ− d̃′

ix
)+
≥ d

)
≥ 1− ϵ (3.21b)

(3.19a)− (3.19e) (3.21c)

0 ≤ l ≤ r ≤ N (3.21d)

0 ≤ a ≤ U (3.21e)

x ≥ 0 (3.21f)

ρ ∈ R (3.21g)

w ∈ {0, 1}|J | (3.21h)

lbk, rbk ∈ Z ∀b ∈ B, k ∈ Kb (3.21i)

The tractable reformulation of this model is shown in (3.22).

min
1

|T |
∑
i∈T

|d′
ix− d̄|+

∑
υ∈Υ

1

|Hυ|
∑
i∈Hυ

d′
ix (3.22a)

s.t. ρ− 1

(1− β)|T |
∑
i∈T

(ρ− (ds
i )

′x)
+ ≥ d−M(1− zs) ∀s ∈ S (3.22b)

p′z ≥ 1− ϵ (3.22c)

(3.19a)− (3.19e) (3.22d)

0 ≤ l ≤ r ≤ N (3.22e)

0 ≤ a ≤ U (3.22f)

x ≥ 0 (3.22g)

ρ ∈ R (3.22h)

w ∈ {0, 1}|J | (3.22i)

lbk, rbk ∈ Z ∀b ∈ B, k ∈ Kb (3.22j)

z ∈ {0, 1}|S| (3.22k)
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Once again, recall that CCP assumes that the probability distribution of shifts is known.
This is not realistic – for any new patient, the probability of a shift can be estimated, but
the estimate may be erroneous. As such, we define the distributionally robust model below.

3.4.4 Distributionally Robust Chance-Constrained DAO Model

To ensure robustness to the estimated probability distribution while producing deliver-
able apertures, model (3.23) uses the ambiguous chance constraint following the previous
derivations.

min
1

|T |
∑
i∈T

|d′
ix− d̄|+

∑
υ∈Υ

1

|Hυ|
∑
i∈Hυ

d′
ix (3.23a)

s.t. min
Q∈P

Q

(
ρ− 1

(1− β)|T |
∑
i∈T

(ρ− d̃′
ix)

+ ≥ d

)
≥ 1− ϵ (3.23b)

(3.19a)− (3.19e) (3.23c)

0 ≤ l ≤ r ≤ N (3.23d)

0 ≤ a ≤ U (3.23e)

x ≥ 0 (3.23f)

ρ ∈ R (3.23g)

w ∈ {0, 1}|J | (3.23h)

lbk, rbk ∈ Z ∀b ∈ B, k ∈ Kb, j ∈ J (3.23i)

The inner minimization problem yields a tractable reformulation presented in model
(3.24).
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min
1

|T |
∑
i∈T

|d′
ix− d̄|+

∑
υ∈Υ

1

|Hυ|
∑
i∈Hυ

d′
ix (3.24a)

s.t. ρ− 1

(1− β)|T |
∑
i∈T

(ρ− (ds
i )

′x)
+ ≥ d−M(1− zs) ∀s ∈ S (3.24b)

z′p+ p′η + p′θ ≥ 1− ϵ (3.24c)

λe+ η + θ = z (3.24d)

(3.19a)− (3.19e) (3.24e)

0 ≤ l ≤ r ≤ N (3.24f)

0 ≤ a ≤ U (3.24g)

x ≥ 0 (3.24h)

ρ ∈ R (3.24i)

w ∈ {0, 1}|J | (3.24j)

lbk, rbk ∈ Z ∀b ∈ B, k ∈ Kb, j ∈ J (3.24k)

z ∈ {0, 1}|S| (3.24l)

λ ∈ R, η ≤ 0, θ ≥ 0 (3.24m)

3.4.5 Model Size

Let the reformulated nominal, robust, and distributional robust MILP models be denoted
as N-MILP, R-MILP, and DR-MILP, respectively. Table 3.1 notes the size of these problems
in terms of the number of continuous, binary, and integer variables. The large size and
combinatorial structure of the problem is mostly from the number of beamlets and the
number of rows per aperture, which motivates the use of an efficient solution methodology.
In what follows, we adapt and extend the approximation algorithm of Dursun et al. (2021)
to solve our nominal, robust and distributionally robust VMAT models.
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Variables

Continuous Binary Integer Constraints

N-MILP |J |+ 3|T |+ 1 |J |
∑
b∈B
|Kb| 1 + 3|T |+

∑
b∈B
|Kb|(2|J |+ 3) + 2|J |+ |B|(2|J |+ 1)

R-MILP |J |+ 2|T |+ |T ||S|+ 1 |J |+ |S|
∑
b∈B
|Kb| 2 + 2|T |+ |T ||S|+

∑
b∈B
|Kb|(2|J |+ 3) + 2|J |+ |B|(2|J |+ 1)

DR-MILP |J |+ 2|T |+ |T ||S|+ 2|S|+ 1 |J |+ |S|
∑
b∈B
|Kb| 2 + 2|T |+ |T ||S|+ |S|+

∑
b∈B
|Kb|(2|J |+ 3) + 2|J |+ 2|B|(|J |+ 1)

Table 3.1: Problem size of each MILP instance denoting the number of individual contin-
uous, binary, and integer variables as well as the number of individual constraints.
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Chapter 4

Solution Methodology

Recall that the global mixed-integer linear program (MILP) can only be solved in a rea-
sonable amount of time for small-scale cases. As such, Dursun et al. (2021) develop a
sequential convex programming (SCP) algorithm to obtain high quality solutions fast at a
clinical scale. This section is dedicated to extending the SCP algorithm by incorporating
robust and distributionally robust optimization. In Section 4.1, we begin by presenting
their SCP algorithm adapted to our problem setting. Then, in Section 4.2, we will adapt
the optimization problems within the algorithm to consider geometric and distributional
uncertainty. After, we adapt the feasibility check step to consider geometric and dis-
tributional uncertainty in Section 4.3. We conclude in Section 4.4 with a summarized
implementation of the robust SCP algorithms.

4.1 Deterministic Sequential Convex Programming
Algorithm

The speed improvements of the SCP algorithm is due to the convex approximation. Instead
of defining a binary variable for each beamlet, it splits an initialized aperture into three
categories: a large interior beamlet which remains on between iterations, a large exterior
beamlet which remains off between iterations, and a trust region (denoted as the left/right
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boundary beamlets) which limits how far the leaves can move between iterations. Then,
at each iteration, the trust region is refined until a solution close to the global optimum
is obtained. This combination of beamlets discards the need for one binary variable per
beamlet, which speeds up performance and enables more granular apertures.

Let D̂ represent the adjusted dose-deposition matrix, which accounts for the interior,
exterior, and boundary beamlets at unit intensity, and where d̂′

i is its ith row. Also, let
x̂ be a vector of beamlet intensities, where x̂int

b is the intensity of the interior beamlet of
control point b ∈ B and x̂bku is the intensity of the boundary beamlet of control point b ∈ B
at row k ∈ Kb on the left side (u = 1) or right side (u = 2). Model (4.1) depicts the convex
approximation problem used in Dursun et al. (2021) and Dursun et al. (2023) adapted to
our problem setting. A visual representation of this formulation is shown in Figure 4.1.

min
1

|T |
∑
i∈T

|d̂′
ix̂− d̄|+

∑
υ∈Υ

1

|Hυ|
∑
i∈Hυ

d̂′
ix̂ (4.1a)

s.t. ρ− 1

(1− β)|T |
∑
i∈T

(ρ− d̂ix̂)
+ ≥ d (4.1b)

x̂int
b = ab ∀b ∈ B (4.1c)

0 ≤ x̂bku ≤ ab ∀b ∈ B, k ∈ Kb, u = 1, 2 (4.1d)

0 ≤ a ≤ U (4.1e)

ρ ∈ R (4.1f)

Note that one of the differences between the convex approximation and the global MILP
model is the use of D̂ and x̂ instead of D and x. This represents an adjustment to account
for the exterior, boundary, and interior beamlets. As before, we use a linear penalty on
the dose deviation as our objective and use constraint (4.1b) to enforce tumor coverage in
the nominal setting. Constraint (4.1c) enforces the interior beamlet intensity be equal to
the intensity of the aperture. Constraint (4.1d) ensures that the intensity of the boundary
beamlet is between 0 and that of the interior beamlet. This intensity is later used to
approximate the position of the leaves. Finally, constraint (4.1e) presents lower and upper
limits on the intensity of each aperture.
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Figure 4.1: An example aperture using the convex approximation formulation. Here, or-
ange beamlets are combined to represents the interior beamlet, which remains on through-
out subsequent iterations. Navy beamlets can be combined to represent the exterior beam-
let, which remains off throughout subsequent iterations. Green beamlets can be combined
to represent the boundary beamlets.
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The algorithm for the iterative refinement of the boundary beamlet (referred to as step-
size) is described in Algorithm (1). We will refer to this entire algorithm as N-SCP. Line
2 solves the intermediate convex approximation problem to determine the fluence of the
boundary beamlets. This optimization problem will need to be changed when considering
robustness. Then, line 3 converts the boundary beamlets to machine parameters according
to Dursun et al. (2023). For example, for the left leaf of the first row in CP b, the optimal
leaf position can be calculated using:

lb1 = 2

(
1− xb11

ab

)
.

This step is deterministic and does not require adjustment for RO or DRO.

Given that the intermediate problem is an approximation, the (actual) machine param-
eters may violate some of its (approximately satisfied) constraints. Thus, line 4 checks the
feasibility of the constraints under these machine parameters by calculating the value of the
constraints under the reconstructed solution. If the feasibility check is left deterministic,
other realizations in the position of the target will be ignored. Further, if the feasibility
check is made robust, uncertainty in the probability distribution will be ignored. As such,
this step will require modification.

If the parameters are infeasible, then a correction problem is solved in line 6. The
correction problem fixes the positions of the left and right leaves, then solves for each
aperture’s intensity. Therefore, the correction problem will not change the shape of the
aperture; it only changes the intensity of the radiation beam. The actual correction problem
is similar to the intermediate convex approximation problem. The only change necessary is
to replace D̂x̂ with the interior dose-deposition and matrix and interior beamlet intensity
only. The calculation and modifications of the dose-deposition matrices is handled using
built-in functions in PortPy, as such we take these parameters as given. This problem
would, however, require modifications to encompass RO and DRO.

Once a feasible solution is obtained, it is compared to the solution obtained from the
previous iteration. If the new solution is better, then the trust region is enlarged. This
happens so that the algorithm avoids converging to a local optimum which is not global.
Intuitively, enlarging the trust region means expanding the number of green beamlets from
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Figure 4.1. This allows the leaf of a row in an aperture to travel further between iterations.
If the resulting solution is not better than the previous solution, then the trust region is
shrunken. This step aims to improve the accuracy and deliver higher quality solutions. We
use the same step-size schedule as Dursun et al. (2021) for all cases.

Algorithm 1 Pseudocode for the Nominal SCP Algorithm (N-SCP)
1: while improvement > ε do
2: find the auxiliary solution by optimizing the deterministic intermediate convex ap-

proximation problem
3: reconstruct the actual solution (a, l, r)

4: check whether (a, l, r) is feasible to the deterministic intermediate convex approxi-
mation problem

5: if (a, l, r) is infeasible then
6: fix (l, r) and re-optimize a in the deterministic actual correction problem to

generate a feasible solution

7: if (a, l, r) is better than (an, ln, rn) then
8: update the solution (an+1, ln+1, rn+1) = (a, l, r)

9: enlarge the trust-region (step-size = step-size + 1)
10: else
11: shrink the trust-region (step-size = round(step-size / 2))

12: n← n+ 1

In summary, lines 2, 4, and 6 of N-SCP (Algorithm (1)) do not extend to RO and DRO,
which has yet to be addressed in the literature. Steps 2 and 6 are optimization problems.
If the intermediate problem remains deterministic, then any geometric and distributional
uncertainty is ignored. If the intermediate problem is robust but the correction problem
is deterministic, then adequate convergence will not be achieved. Finally, if the feasibility
check is left deterministic, then the algorithm will once again ignore uncertainty. In what
follows, we extend N-SCP to RO and DRO.
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4.2 Incorporating Robustness in the Intermediate and
Correction Problems

The intermediate convex approximation problem and the actual correction problem used
in Algorithm 1 do not account for rigid shifts in the tumor. Let d̂s

i be the ith row of the
adjusted dose deposition matrix associated with scenario s ∈ S. To incorporate geometric
uncertainty, we update the deterministic intermediate convex approximation problem in
model (4.1) by replacing constraint (4.1b) with constraints (4.2a)-(4.2d) shown below.
The same changes can be made to the actual correction problem, but, as before, one must
replace D̂x̂ with the interior dose-deposition and matrix and interior beamlet intensity
only. This gives rise to the robust intermediate convex approximation and robust actual
correct problems.

ρ− 1

(1− β)|T |
∑
i∈T

(ρ− (d̂s
i )

′x̂)+ ≥ d−M(1− zs) ∀s ∈ S (4.2a)

p′z ≥ 1− ϵ (4.2b)

ρ ∈ R (4.2c)

z ∈ {0, 1}|S| (4.2d)

These robust problems assume an estimated known probability distribution. As be-
fore, we can protect against estimation errors using distributionally robust optimization.
To incorporate distributional uncertainty, we update the deterministic intermediate con-
vex approximation problem in model (4.1) by replacing constraint (4.1b) with constraints
(4.3a)-(4.3g) shown below. The same changes can be made to the actual correction prob-
lem, but, as before, one must replace D̂x̂ with the interior dose-deposition and matrix and
interior beamlet intensity only. This gives rise to the distributionally robust intermediate
convex approximation and distributionally robust actual correction problems.
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ρ− 1

(1− β)|T |
∑
i∈T

(
ρ− (d̂s

i )
′x̂
)+
≥ d−M(1− zs) ∀s ∈ S (4.3a)

z′p+ p′η + p′θ ≥ 1− ϵ (4.3b)

λe+ η + θ = z (4.3c)

ρ ∈ R (4.3d)

z ∈ {0, 1}|S| (4.3e)

λ ∈ R (4.3f)

η ≤ 0, θ ≥ 0 (4.3g)

4.3 Incorporating Robustness in the Feasibility Check

Consider steps 2 to 4 of Algorithm 1. For demonstration, suppose we solve the robust
intermediate convex approximation problem in step 2 instead of its deterministic analogue.
Then, in step 4, we would need to change the feasibility check to account for the chance
constraint. If we do not, the deterministic feasibility check will only ensure that the no-shift
scenario receives adequate target coverage. This may result in the chance constraint not
meeting the specified tolerance. As such, we propose a modified robust feasibility check in
Algorithm 2.

Algorithm 2 Pseudocode for Robust Feasibility Check
1: calculate the specified lower-tail CVaR received by the target in all scenarios s ∈ S
2: define binary vector y such that ys = 1 if the nominal CVaR constraint is satisfied in

scenario s ∈ S, and 0 if it is violated
3: calculate ∆ = p′y

4: if ∆ ≥ 1− ϵ then
5: the solution is feasible
6: else
7: the solution is infeasible
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Once again, consider steps 2 to 4 of Algorithm 1. Suppose, for demonstration, that
we solve the distributionally robust intermediate convex approximation problem instead of
its deterministic analogue. Then, as before, we would need to modify the feasibility check
in step 4 to account for the ambiguous chance constraint. If we keep the feasibility check
deterministic, then we encounter the same problem where too few rigid shift scenarios
may be protected against. However, switching to the robust feasibility check is also not
enough; it is possible that a solution which is chance-constraint feasible in the nominal
probability distribution is infeasible in the worst-case probability distribution. Note that
in the robust setting, the realized probability distribution is given as an input. However,
in the distributionally robust setting, the realized probability distribution is taken as the
worst-case, which is implicitly solved for in the intermediate problem. As such, we also
propose a modified distributionally robust feasibility check in Algorithm 3.

Algorithm 3 Pseudocode for Distributionally Robust Feasibility Check
1: calculate the specified lower-tail CVaR received by the tumor in all s ∈ S
2: define binary vector y such that ys = 1 if the nominal CVaR constraint is satisfied in

scenario s ∈ S, and 0 if it is violated
3: calculate pWC : the worst-case probability distribution, by solving the inner optimiza-

tion problem from model (3.6) given z from the intermediate problem
4: calculate ∆ = (pWC)′y

5: if ∆ ≥ 1− ϵ then
6: the solution is feasible
7: else
8: the solution is infeasible

4.4 Implementation of the Robust Sequential Convex
Programming Algorithm

Upon modifying the optimization problems and feasibility checks in N-SCP, we may define
the robust and distributionally robust sequential convex programming algorithms, denoted
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R-SCP and DR-SCP, respectively in algorithm (4). The use of SCP enables solutions that
result in feasible apertures and appropriate doses at a realistic clinical scale. The use of
R-SCP accounts for geometric uncertainty in the position of the target. To the best of
our knowledge, this thesis is the first to apply a DRCCP formulation to VMAT treatment
planning. The DR-SCP models account for distributional uncertainty in the probabilities of
the shifts, in addition to geometric uncertainty in the position of the target. To the best of
our knowledge, this thesis is the first to apply DRO with discrete probability distributions
to model inter-fraction motion in radiation therapy treatment planning.

Algorithm 4 Pseudocode for R-SCP (or DR-SCP)
1: while improvement > ε do
2: find the auxiliary solution by optimizing the robust/distributionally robust inter-

mediate convex approximation in model (4.2) (or (4.3))
3: reconstruct the actual solution (a, l, r)

4: check whether (a, l, r) is feasible to the robust (or distributionally robust) interme-
diate convex approximation using Algorithm (2) (or (3))

5: if (a, l, r) is infeasible then
6: fix (l, r) and re-optimize a in the robust/distributionally actual correction prob-

lem to generate a feasible solution

7: if (a, l, r) is better than (an, ln, rn) then
8: update the solution (an+1, ln+1, rn+1) = (a, l, r)

9: enlarge the trust-region (step-size = step-size + 1)
10: else
11: shrink the trust-region (step-size = round(step-size / 2))

12: n← n+ 1
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Chapter 5

Results

In this chapter, we present the impact of addressing geometric uncertainty as well as
geometric and distributional uncertainty. Section 5.1 inspects the impact on FMO models.
We note that FMO is not independently used in practice as such the results are not expected
to represent a realistic clinical setting. Section 5.2 inspects the impact on DAO models.
Although DAO is used in practice, it is computationally expensive. As such, we focus
on a small-scale experiment; these results also do not represent a realistic clinical setting.
Finally, Section 5.3 inspects the impact on SCP models. This is solved at a realistic scale
and the results can be interpreted clinically. However, we only propose these methods
to be used by clinicians as a warm start; each patient is unique and would benefit from
professional expertise in the treatment planning process.

5.1 Fluence Map Optimization

This section will investigate the impacts of robustness when paired with the FMO model.
First, we define our experimental setup in Section 5.1.1. Then, we compare the effects
of different levels of robustness using the FMO models. We do this by comparing DVH
plots in Section 5.1.2 and through a sensitivity analysis on the size of the ambiguity set in
Section 5.1.3.
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We remind the reader that FMO models control for the intensity of each beamlet
independently, which makes plans seem very conformal. This means that FMO solutions
must be paired with a downstream LS algorithm to yield a deliverable plan. Given that LS
is out of scope, we present the dose distributions obtained by the FMO for completeness.

5.1.1 Experimental Design

To compare the impacts of robustness, we compare each model in Table 5.1 on a lung
patient that was treated using step-and-shoot IMRT from the dataset made available by
Memorial Sloan Kettering Cancer Center. We take the six expert-chosen beam angles as
control points, use the most granular beamlet size of 2.5 mm by 2.5 mm, and use every voxel
available. We define the CTV by placing a 5 mm margin around the GTV to account for
cancerous cells that could not be detected by the scan. We develop our models in Python
using the PortPy package (Jhanwar et al., 2023) and solve them locally using Gurobi 11.0.1
on a computer with an Intel i5-2320 CPU and 16 GB of RAM.

Model Description

N-FMO Nominal FMO model with the CTV as the target
R-FMO Robust FMO model with a chance constraint accounting for rigid

shifts of the CTV in the nominal probability distribution
DR-FMO (5%) Distributionally robust FMO model with an ambiguous chance con-

straint accounting for rigid shifts of the CTV in the worst-case prob-
ability distribution, where the ambiguity set allows for a 5% margin
of error around each atom

PTV-Benchmark Nominal FMO model with the PTV as the target

Table 5.1: FMO models tested in clinical-scale experiment.

In all models, the prescribed target dose is 60 Gy and we enforce the CVaR constraint
to deliver an average of at least 59.4 Gy to the 5% least-dosed voxels. Due to pre-calculated
dose-deposition matrices in the open-sourced PortPy data, we are only able to accurately
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Figure 5.1: A visual depiction of each model.

simulate one-dimensional shifts near the nominal scenario. As such, similarly to Fredriksson
et al. (2015), we proceed with this one-dimensional uncertainty set as a proof of concept.
In the robust and distributionally robust models, our uncertainty set includes the nominal
scenario and simulated shifts to the left and right by 3 mm and 6 mm. We also use out-
of-sample simulated left and right shifts by 9 mm to test robustness on unseen cases. For
simplicity, we adopt the approach in An et al. (2017) where the nominal scenario occurs
with 60% probability and the remaining probability is distributed uniformly across the
remainder of the uncertainty set. For the ambiguity set in the distributionally robust
model, we define a margin of ±5% on the probability estimates and later run sensitivity
with margins of±2% and±8%. A visualization of the different models’ behavior is depicted
in 5.1.

5.1.2 Dose-Volume Histograms

In this section, we examine the DVH plots which detail the full dose distribution to each
structure. We begin by inspecting the setting in which the nominal position of the tumor
is realized. Then, we inspect the effects of rigid shifts and discuss the extent to which RO
and DRO protect against uncertainty.

48



Figure 5.2: Depiction of the dose distribution received by the CTV and all OARs if the
nominal position of the ctv is realized.

Nominal Setting

To begin, we inspect the dose-volume histogram realized in the nominal setting, shown in
Figure 5.2. This describes the dose distribution received by the CTV and all OARs if the
nominal position of the CTV is realized. Recall that the PTV defines a margin around
the CTV to account for geometric uncertainty, but this margin contains non-cancerous
tissue. As such, we are most interested in how well the PTV-benchmark covers the CTV.
Note that the star denotes the DVH criterion, which CVaR approximates. In actuality,
we require the mean of the tail above the vertical position of the star to be less than the
horizontal position of the star. The dashed curve is the nominal FMO model when the
target is the CTV. The dotted curve is the robust FMO model, which accounts for rigid
shifts of the CTV. The dash-dot curve is the distributionally robust FMO model, which
accounts for rigid shifts of the CTV as well as the worst-case probability distribution.

In all models, the dose distributions appear nearly identical. This is due to the granu-
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larity of FMO models; each beamlet can be controlled individually to deliver the desired
fluence. As such, it is easier to achieve an exceptional dose distribution in the nominal
setting, which diminishes the perceived value of robustness.

Rigid Shifts

Figure 5.3 examines the dose distribution to the CTV under different realizations of the
CTV’s position: nominal, in-sample, and out-of-sample, if treated by each of N-FMO,
R-FMO, DR-FMO, and PTV-Benchmark. The blue curves each represent the dose distri-
bution to the CTV if an in-sample scenario is realized. The purple curves each represent
the dose distribution to the CTV if an out-of-sample scenario is realized. Finally, the star
represents the DVH criterion which is approximated by CVaR. Generally, a model with
more robust tumor coverage requires that more curves be above and to the right of the
star.

Similarly to the nominal case, the distributions obtained to the rigid shifts appear nearly
identical. This corroborates the previous discussion: due to the flexibility of controlling
individual beamlets, an excellent dose is obtained in the nominal setting which is also
robust. Note that N-FMO and PTV-Benchmark look identical as well. Naturally, this
does not mimic what really happens in practice.

5.1.3 Sensitivity Analysis and Out-of-sample Performance

In addition to considering the entire dose distribution of the CTV, we summarize the
impact of robustness in Figure 5.4 by examining two particular points on the distribution:
the mean dose and the bottom 5%-CVaR generated by each model under each of the rigid
shifts. Blue represents the nominal model, green considers geometric uncertainty, different
shades of purple consider geometric and distributional uncertainty with varying sizes of the
ambiguity set, and red is the nominal model that targets the PTV. Each dot represents
one of the shifts. Dots with a border are in-sample, whereas dots without borders are out-
of-sample. Finally, the dotted line represents the dose we enforce in the chance constraint.
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(a) CTV dose distribution under all scenarios
for N-SCP.

(b) CTV dose distribution under all scenarios
for R-SCP.

(c) CTV dose distribution under all scenarios
for DR-SCP (5%).

(d) CTV dose distribution under all scenarios
for PTV-Benchmark.

Figure 5.3: Full dose distribution resulting from FMO models in the nominal setting, in-
sample shifts, and out-of-sample shifts.

First, we note that adding geometric or distributional robustness does not change the
mean dose under different realizations of the uncertainty set. However, the PTV-based
model enjoys a tighter mean dose. Second, we note that visualizing the CVaR provides
a more meaningful comparison between the models. The differences are slight, but it is
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Figure 5.4: A summary of the mean dose and bottom CVaR of the CTV under each model.

52



clear that N-FMO’s lower mean tail begins to slip as the CTV shifts. R-FMO controls
this slightly better. DR-FMO shows further improvements for both in-sample and out-
of-sample realizations, but the size of the ambiguity set makes no difference. Finally, the
PTV-Benchmark achieves the most robust tumor coverage.

Table 5.2 illustrates the numerical CVaR values obtained by each model. As expected,
the metrics are similar across models and their differences are not meaningful in practice.
To illustrate the behavior of the chance constraints, we use two decimals to illustrate
which scenarios are protected. The nominal model meets the CVaR requirement in the
nominal case, but falls short on in-sample and out-of-sample rigid shifts. The robust model
also meets the nominal CVaR requirement and protects against two of the in-sample rigid
shifts. Given the worst case distribution, the distributionally robust model protects against
three of the in-sample rigid shifts. This has auxiliary benefits, namely, a higher nominal
CVaR, a higher unprotected in-sample CVaR, and higher out-of-sample CVaR. This implies
that there is a dependence between rigid shifts: delivering a higher dose to one scenario
implicitly satisfies nearby positions, which implies that protected against a small number of
rigid shifts is a reasonable proxy to considering every possible movement. DR models with
varying ambiguity set sizes achieve identical CVaR metrics. Finally, in terms of satisfying
CVaR in many scenarios, the PTV benchmark achieves the most robust performance.

Scenario N-FMO R-FMO DR-FMO (2%) DR-FMO (5%) DR-FMO (8%) PTV-Benchmark

Nominal 99.00 99.00 99.00 99.00 99.00 99.02

3 mm left 98.93 99.00 99.01 99.01 99.01 99.02
3 mm right 98.98 99.00 99.00 99.00 99.00 99.03
6 mm left 98.88 98.95 99.00 99.00 99.00 99.02
6 mm right 98.87 98.88 98.89 98.89 98.89 99.03

9 mm left 96.58 96.69 96.77 96.77 96.77 96.79
9 mm right 94.42 94.38 94.48 94.48 94.48 95.56

Table 5.2: The mean dose received by the 5% least-dosed voxels in the CTV under each
shift when treated by each model. Results are separated by nominal, in-sample, and out-of-
sample realizations. Bold indicates that the CVaR requirement is satisfied in that scenario.
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Next, we examine the dose distribution to the organs at risk. Recall that each model’s
objective function minimizes the absolute deviation between the dose delivered and the
dose prescribed. Since each OAR is prescribed a dose of 0, this term is equivalent to
minimizing the average dose each OAR receives. Although more dose requirements can
be specified as constraints, we omit them as they clash with the target CVaR constraint,
often leading to infeasibility. Dose requirements can also be specified as part of a multi-
objective model; the focus of this study is to test the impacts of robustness, so we focus
on a simple linear deviation from the prescription similar to the literature. Figure 5.5
shows a box-plot of the dose distribution to each OAR, including the mean and the upper
quantiles. Blue depicts the nominal model, green depicts the robust model for geometric
uncertainty, shades of purple represent the distributionally robust model for geometric and
distributional uncertainty under varying sizes of the ambiguity set, and red represents the
PTV-Benchmark model. As such, the nominal positions of the OARs are always realized.
As shown in Figure 5.5, the OAR dose distributions are nearly identical due to the flexibility
of FMO.

5.2 Direct Aperture optimization

5.2.1 Experimental Design

We take the same experimental design as in 5.1.1 with the following changes. First, instead
of FMO models, we compare their DAO counterparts described in Table 5.3. Second, these
DAO models cannot be solved at a clinical scale. As such, to reduce the number of integer
and binary variables, we increase the beamlet size to 12.5 mm by 12.5 mm. We also double
the voxel resolution in the right-left and anterior-posterior directions. This update slightly
changes our uncertainty set: we consider in-sample shifts of approximately ±6 mm and
±12 mm as well as out-of-sample shifts of approximately ±18 mm. Third, due to the
decrease in granularity from down-scaling and requiring deliverable apertures, we slightly
relax the CVaR constraint and require an average of at least 57 Gy to the 10% least-dosed
voxels. Table 5.4 compares the number of variables and constraints at each scale. Even
at this smaller scale, the models could not be solved locally. As such, we run them on
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Figure 5.5: Box-plots representing the dose distribution to each OAR when treated by each
model.

the Compute Canada Cluster, which uses an AMD EPYC 7532 processor and 512 GB of
RAM, and solve them using Gurobi version 12.0.0.

5.2.2 Dose-Volume Histograms

In this section, we examine the DVH plots which detail the full dose distribution to each
structure. We begin by inspecting the setting where the nominal position of the tumor
is realized in 5.2.2. Then, we inspect the effects of rigid shifts and discuss the extent to
which RO and DRO protect against uncertainty in 5.2.2.
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Model Description

N-DAO Nominal DAO model with the CTV as the target
R-DAO Robust DAO model with a chance constraint accounting for rigid

shifts of the CTV in the nominal probability distribution
DR-DAO (5%) Distributionally robust DAO model with an ambiguous chance con-

straint accounting for rigid shifts of the CTV in the worst-case prob-
ability distribution, where the ambiguity set allows for a 5% margin
of error around each atom

PTV-Benchmark Nominal DAO model with the PTV as the target

Table 5.3: DAO models tested in clinical-scale experiment.

Variables Constraints

Continuous Binary Integer

Full Small Full Small Full Small Full Small

N-DAO 40,627 2,581 26,802 192 2,160 72 7,638 264
R-DAO 58,963 5,757 26,807 197 2,160 72 7,647 273
DR-DAO 58,974 5,768 26,807 197 2,160 72 7,650 276

Table 5.4: Problem size of each MILP instance, split into full and small scales for contin-
uous, binary, and integer variables, as well as constraints, after compilation in CVXPy.
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Figure 5.6: Depiction of the dose distribution received by the CTV and all OARs if the
nominal position of the CTV is realized.

Nominal Setting

To begin, we inspect the dose-volume histogram realized in the nominal setting, shown in
Figure 5.6. The dashed curve is the nominal DAO model when the target is the CTV. The
dotted curve is the robust DAO model, which accounts for rigid shifts of the CTV. The
dash-dot curve is the distributionally robust DAO model, which accounts for rigid shifts
of the CTV as well as the worst-case probability distribution. Finally, the star denotes the
DVH criterion, which CVaR approximates.

In both CTV coverage and OAR sparing, we see the general pattern: N-DAO delivers
the lowest dose, followed by R-DAO, then DR-DAO, and finally PTV-Benchmark delivers
the highest dose. This occurs even though our uncertainty set uses larger shifts, which are
not contained within the PTV region. As such, N-DAO, which does not consider any rigid
shifts at all, is able to better spare the nearby healthy tissues and result in lower (but still
adequate) CTV coverage. PTV-Benchmark is radiating the entire area around the CTV,
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so it achieves the highest CTV coverage and worst OAR sparing. R-DAO and DR-DAO
result are strategically radiating several locations, some of which are outside of the PTV
region. As such, they are able to better spare the OARs while adequately covering the
CTV.

Rigid Shifts

Figure 5.7 examines the dose distribution to the CTV under different realizations of the
CTV’s position: nominal, in-sample, and out-of-sample, if treated by each of N-SCP, R-
SCP, DR-SCP, and PTV-Benchmark. In each graph, the red curve is the dose distribution
to the CTV if the nominal scenario is realized. The blue curves each represent the dose
distribution to the CTV if an in-sample scenario is realized. The purple curves each
represent the dose distribution to the CTV if an out-of-sample scenario is realized. Finally,
the star represents the DVH criterion which is approximated by CVaR. Generally, a model
with more robust tumor coverage requires that more curves be above and to the right of
the star.

Figure 5.7a depicts N-DAO. As the CTV shifts, the lower tail of its dose distribution
is decreased. This is congruent with the treatment approach, because N-DAO does not
consider any uncertainty. However, under small in-sample shifts, the CVaR requirement is
still approximately satisfied. Figure 5.7b depicts R-DAO. Most notably, distributions are
closer to the prescription compared to the nominal treatment plan. Figure 5.7c depicts
DR-DAO. We observe a similar trend, where the dose distribution becomes tighter and
out-of-sample performance is improved. This shows the value of distributional robustness
to protect against uncertainty in the underlying probability distribution in addition the
geometric realization. Figure 5.7d depicts PTV-Benchmark. Recall that this examines the
dose distribution to the CTV under different shifts if treated by the nominal model with
PTV as its target (PTV-Benchmark). This results in the tightest distribution because all
in-sample rigid shifts are contained within the PTV margin; however, it also delivers a
much higher upper-tail dose, which may be harmful. Note that although the in-sample
rigid shifts receive a higher dose in PTV-Benchmark compared to DR-DAO (5%), the
distributionally robust model still meets the constraint and has the additional benefit of
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(a) CTV dose distribution under all scenarios
for N-DAO.

(b) CTV dose distribution under all scenarios
for R-DAO.

(c) CTV dose distribution under all scenarios
for DR-DAO (5%).

(d) CTV dose distribution under all scenarios
for PTV-Benchmark.

Figure 5.7: Full dose distribution resulting from FMO models in the nominal setting, in-
sample shifts, and out-of-sample shifts.
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better out-of-sample performance.

5.2.3 Sensitivity Analysis and Out-of-sample Performance

In addition to considering the entire dose distribution of the CTV, we summarize the
impact of robustness in Figure 5.8 by examining two particular points on the distribution:
the mean dose and the bottom 10%-CVaR generated by each model under each of the
rigid shifts. First, we note that adding geometric robustness results in a higher mean dose
relative to the nominal model. While this may seem positive at first glance, recall that our
objective function minimizes the deviation between the dose received and prescribed. As
such, the nominal model enjoys a better mean dose. However, the PTV-based models has
the highest mean dose. As such, although R-DAO and DR-DAO have higher mean doses
than the nominal model, they perform better than what is used in clinical practice. Second,
we note that enforcing the worst-case probability chance constraint results in improvements
to the tightness of the bottom 10% CVaR. “Tighter”, in this setting, means that a more
similar dose is received in more scenarios. The CVaR is tightest in the PTV benchmark
plan because of spillover from the higher mean dose. However, the PTV approach neglects
two in-sample scenarios, unlike the distributionally robust approach which neglects only
one. Further, the DR-DAO models outperform N-DAO and R-DAO in terms of robustness.
Finally, we note that varying the radius of the ambiguity set does not result in meaningful
changes to these metrics, which is what the models explicitly control for.

Table 5.5 illustrates the numerical CVaR values obtained by each model. As expected,
the nominal model meets the CVaR requirement in the nominal case, but falls short on
in-sample and out-of-sample rigid shifts. The robust model also meets the nominal CVaR
requirement and protects against two of the in-sample rigid shifts. Given the worst case
distribution, the distributionally robust model protects against three of the in-sample rigid
shifts. This has auxiliary benefits, namely, a higher nominal CVaR, a higher unprotected
in-sample CVaR, and higher out-of-sample CVaR. Once again, this implies that there
is a dependence between rigid shifts: delivering a higher dose to one scenario implicitly
satisfies nearby positions, which implies that protected against a small number of rigid
shifts is a reasonable proxy to considering every possible movement. DR models with
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Figure 5.8: A summary of the mean dose and bottom CVaR of the CTV under each model.
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Scenario N-DAO R-DAO DR-DAO (2%) DR-DAO (5%) DR-DAO (8%) PTV-Benchmark

Nominal 95.0 97.0 97.7 97.7 97.7 98.8

6 mm left 83.6 95.0 98.1 98.1 98.1 98.5
6 mm right 83.4 95.0 95.1 95.1 95.1 98.3
12 mm left 51.1 74.5 95.0 95.0 95.0 85.6
12 mm right 49.9 72.6 73.2 73.2 73.2 77.3

18 mm left 24.5 38.0 65.2 65.2 65.2 50.5
18 mm right 16.7 30.7 36.0 36.0 36.0 35.3

Table 5.5: The mean dose received by the 10% least-dosed voxels in the CTV under each
shift when treated by each model. Results are separated by nominal, in-sample, and out-
of-sample realizations.

varying ambiguity set sizes achieve identical CVaR metrics. Finally, in terms of satisfying
CVaR in many scenarios, the PTV benchmark achieves similar performance to R-DAO but
fails to adequately radiate shifts outside of its margin. Hence, it is outperformed by the
distributionally robust models.

Next, we examine the dose distribution to the organs at risk. As before, recall that
each model’s objective function minimizes the average dose each OAR receives and that
our problem setting assumes no movement in the OARs. Figure 5.9 shows a box-plot of the
dose distribution to each OAR, including the mean and the upper quantiles. For the right
lung, which contains the tumor, we make the following observations. First, incorporating
geometric uncertainty does not result in material changes to the mean dose. Second,
incorporating distributional uncertainty results in an increase. However, the variance of the
dose between R-DAO and the DR-DAO models is similar. Third, DR-DAO still maintains
a tighter range and lower mean than the PTV-Benchmark. This implies that, despite
having a slightly looser CTV distribution, it is able to better spare the nearby OARs. For
OARs further from the tumor (namely the esophagus, right lung, and spinal cord), we note
that all models generally result in similar distributions. The robust and distributionally
robust models provided dose distributions with higher variation, typically followed by the
PTV-Benchmark. However, given the magnitude of these changes, we claim that adding
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Figure 5.9: Box-plots representing the dose distribution to each OAR when treated by each
model.

geometric or distributional robustness does not meaningfully change the dose distribution
to OARs far from the tumor. Finally, varying the size of the ambiguity set has little effect
on the OAR dose distribution.

5.3 Sequential Convex Programming

This section will investigate the impacts of robustness and the quality of the convex ap-
proximation. First, we define our experimental setup in 5.3.1. Then, we compare the
effects of different levels of robustness using the SCP models at a clinical scale. We do
this by comparing DVH plots in 5.3.2 and through a sensitivity analysis on the size of the
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ambiguity set in 5.3.3. In 5.3.4, we examine the quality of the convex approximation by
comparing the MILP and SCP models in a small-scale case for which the MILP can be
solved to optimality. Finally, we compare the computational burden of each model in 5.3.5.

5.3.1 Experimental Design

To compare the impacts of robustness, we compare each model in Table 5.6 at a clinical
scale on a lung patient treated with VMAT from the dataset made available by Memorial
Sloan Kettering Cancer Center. To achieve a clinical scale, we discretize the arc into 72
equidistant control points and use the finest beamlet resolution of 2.5 mm by 2.5 mm. As
before, we develop our models in Python using the PortPy package (Jhanwar et al., 2023)
and solve them using Gurobi version 12.0.0 on the Compute Canada Cluster, which uses
an AMD EPYC 7532 processor and 512 GB of RAM. For each patient, we define the CTV
by placing a 5 mm margin around the GTV to account for cancerous cells that could not
be detected by the scan.

Model Description

N-SCP Nominal SCP algorithm with the CTV as the target
R-SCP Robust SCP algorithm with a chance constraint accounting for rigid

shifts of the CTV in the nominal probability distribution
DR-SCP (5%) Distributionally robust SCP algorithm with an ambiguous chance

constraint accounting for rigid shifts of the CTV in the worst-case
probability distribution, where the ambiguity set allows for a 5%
margin of error around each atom

PTV-Benchmark Nominal SCP algorithm with the PTV as the target

Table 5.6: Models tested in clinical-scale experiment.

In all models, the prescribed target dose is 60 Gy and we enforce the CVaR constraint
to deliver an average of at least 57 Gy to the 10% least-dosed voxels. In the robust
and distributionally robust models, our uncertainty set includes the nominal scenario and
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simulated shifts to the left and right by 3 mm and 6 mm, which is the finest scale available
for this patient’s voxels. We also use out-of-sample simulated left and right shifts by 9 mm
of test robustness on unseen cases. As before, we adopt the approach in An et al. (2017)
where the nominal scenario occurs with 60% probability and the remaining probability is
distributed uniformly across the remainder of the uncertainty set. For the ambiguity set in
the distributionally robust model, we define a margin of ±5% on the probability estimates
and later run sensitivity with margins of ±2% and ±8%.

5.3.2 Dose-Volume Histograms

In this section, we examine the DVH plots which detail the full dose distribution to each
structure. We begin by inspecting the setting where the nominal position of the tumor
is realized in 5.3.2. Then, we inspect the effects of rigid shifts and discuss the extent to
which RO and DRO protect against uncertainty in 5.3.2.

Nominal Setting

To begin, we inspect the dose-volume histogram realized in the nominal setting, shown in
Figure 5.10. Regarding CTV coverage, all models result in a similar CTV dose distribution.
N-SCP and R-SCP have slightly lower tails, but still fulfill the CVaR constraint in the
nominal setting. Regarding OAR sparing, we see the hierarchy that the nominal model
is better than the robust model, which is better than the distributionally robust model,
which is better than the PTV benchmark. This occurs because the uncertainty set we use
considers rather small shifts, which are likely contained within the PTV region. As such,
N-SCP, which does not consider any rigid shifts at all, is able to better spare the nearby
healthy tissues (most notably, the left lung, in which the tumor is situated). R-SCP results
in similar sparing of the left lung but higher doses to the other OARs. DR-SCP delivers a
higher dose to the OARs due to the increased requirement on robustness to protect against
the worst-case probability distribution. Finally, the PTV-Benchmark results in the worst
OAR sparing for nearby OARs such as the left lung, because it assumes an entire area
around the CTV is cancerous.
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Figure 5.10: Depiction of the dose distribution received by the CTV and all OARs if the
nominal position of the CTV is realized.
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Rigid Shifts

Figure 5.11 examines the dose distribution to the CTV under different realizations of the
CTV’s position: nominal, in-sample, and out-of-sample, if treated by each of N-SCP, R-
SCP, DR-SCP, and PTV-Benchmark. In each graph, the red curve is the dose distribution
to the CTV if the nominal scenario is realized. The blue curves each represent the dose
distribution to the CTV if an in-sample scenario is realized. The purple curves each
represent the dose distribution to the CTV if an out-of-sample scenario is realized. Finally,
the star represents the DVH criterion which is approximated by CVaR. Generally, a model
with more robust tumor coverage requires that more curves be above and to the right of
the star.

Figure 5.11a depicts N-SCP. As the CTV shifts, the lower tail of its dose distribution
is decreased. This is congruent with the treatment approach, because N-SCP does not
consider any uncertainty. However, under small in-sample shifts, the CVaR requirement is
still approximately satisfied. Figure 5.11b depicts R-SCP. Most notably, distributions are
closer to the prescription compared to the nominal treatment plan. This result confirms
that the results from the literature hold in VMAT with SCP – incorporating geometric
uncertainty as a chance-constraint leads to increased robustness. Figure 5.11c depicts
DR-SCP. We observe a similar trend, where the dose distribution becomes tighter and
out-of-sample performance is improved. This observation shows the value of distributional
robustness to protect against uncertainty in the underlying probability distribution in
addition the geometric realization. Figure 5.11d depicts PTV-Benchmark, which delivers
the tightest distribution because all rigid shifts are contained within the PTV margin.

5.3.3 Sensitivity Analysis and Out-of-sample Performance

In addition to considering the entire dose distribution of the CTV, we summarize the
impact of robustness in Figure 5.12 by examining two particular points on the distribution:
the mean dose and the bottom 10%-CVaR generated by each model under each of the
rigid shifts. First, we note that adding geometric robustness results in a slightly tighter
mean dose relative to the nominal model. Second, we note that enforcing the worst-case

67



(a) CTV dose distribution under all scenarios
for N-SCP.

(b) CTV dose distribution under all scenarios
for R-SCP.

(c) CTV dose distribution under all scenarios
for DR-SCP (5%).

(d) CTV dose distribution under all scenarios
for PTV-Benchmark.

Figure 5.11: Full dose distribution resulting from SCP models in the nominal setting, in-
sample shifts, and out-of-sample shifts.
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Figure 5.12: A summary of the mean dose and bottom CVaR of the CTV under each
model.

probability chance constraint results in even larger improvements to the tightness of the
mean dose. Although increasing the radius of the ambiguity set slightly increases tumor
coverage, the changes in dose are not meaningful. As before, the mean dose is tightest in
the PTV benchmark plan because the margin incorporates the potential shifts.

The bottom CVaR results in more meaningful improvements. In the nominal CTV
plan, the average of the 10% least-dosed voxels in the tumor receive as low as 66% of the
prescription if in-sample shifts are realized. Coverage drops to lower than 50% if out-of-
sample shifts are realized. Incorporating geometric uncertainty improves this for protected
scenarios at the slight expense of unprotected scenarios. Incorporating distributional ro-
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bustness results in a tighter CVaR because, under the worst case probability distribution,
more scenarios must be protected in order to satisfy the chance constraint. This also re-
sults in tighter out-of-sample performance. Changing the size of the ambiguity set does not
result in meaningful changes to the dose distribution. As with the mean dose, the PTV-
benchmark results in the tightest CVaR because its margin is wide enough to consider
these scenarios. Recall, however, that the PTV margin includes healthy tissues. Although
both the robust CC and distributionally robust CC are set to the same tolerance, the
distributionally robust CC protects one extra in-sample scenario. This is because in the
worst-case probability distribution, additional protection is needed to satisfy the tolerance.

Scenario N-SCP R-SCP DR-SCP (2%) DR-SCP (5%) DR-SCP (8%) PTV-Benchmark

Nominal 95.0 95.0 98.0 98.3 98.4 98.0

3 mm left 89.2 98.2 98.1 98.5 98.5 97.8
3 mm right 84.6 81.4 95.0 95.0 95.0 97.9
6 mm left 70.0 95.0 95.0 95.0 95.0 95.4
6 mm right 66.1 62.2 82.4 81.0 81.1 95.2

9 mm left 44.5 80.8 81.2 81.0 80.4 84.2
9 mm right 48.2 45.1 63.5 60.9 61.3 82.5

Table 5.7: The mean dose received by the 10% least-dosed voxels in the CTV under each
shift when treated by each model. Results are separated by nominal, in-sample, and out-
of-sample realizations. Bold indicates that the CVaR requirement is satisfied.

Table 5.7 illustrates the numerical CVaR values obtained by each model. As expected,
the nominal model meets the CVaR requirement in the nominal case, but falls short on
in-sample and out-of-sample rigid shifts. The robust model also meets the nominal CVaR
requirement and protects against two of the in-sample rigid shifts. Given the worst case
distribution, the distributionally robust model protects against three of the in-sample rigid
shifts. This protection has auxiliary benefits, namely, a higher nominal CVaR, a higher
unprotected in-sample CVaR, and higher out-of-sample CVaR. This implies that there is a
dependence between rigid shifts: delivering a higher dose to one scenario implicitly satisfies
nearby positions, which implies that protected against a small number of rigid shifts is a
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reasonable proxy to considering every possible movement. Again, there are few differences
between DR models with varying ambiguity set sizes. Finally, the PTV benchmark meets
the dose requirement for all shifts as they are contained within the PTV region but fails
in out-of-sample shifts.

Next, we examine the dose distribution to the organs at risk in Figure 5.13. For the left
lung, which contains the tumor, we make the following observations. First, incorporating
more robustness typically results slight increases to the mean dose. Second, incorporating
geometric robustness leads to lower quantiles in the dose distribution and the opposite
holds for distributional robustness. However, DR-SCP still maintains a tighter range and
lower mean than the PTV-Benchmark. This implies that, despite having a slightly looser
CTV distribution, it is able to better spare the nearby OARs. Finally, varying the size of
the ambiguity set has little effect on the OAR dose distribution. For OARs further from
the tumor (namely the esophagus, right lung, and spinal cord), we note that all models
result in similar distributions. The robust and distributionally robust models provided dose
distributions with higher mean and variation, followed by the PTV-Benchmark. However,
given the magnitude of these changes, we claim that adding geometric or distributional
robustness does not meaningfully change the dose distribution to OARs far from the tumor.

5.3.4 Quality of Convex Approximation

Recall that the SCP models approximate the respective MILP models, and that the MILP
models can only be solved at smaller scales. In this subsection, we empirically test the
validity of the convex approximation by comparing the dose distributions under different
levels of uncertainty. To reduce the scale while maintaining clinical relevance, we run
the SCP models using the experimental design in 5.2.1 and compare them to the DAO
counterparts. At this new scale, we define N-SCP, R-SCP, and DR-SCP as well as N-
DAO, R-DAO, and DR-DAO as before.

Figure 5.14 shows the dose distributions for each level of robustness and compares
the global optimal solution to the one obtained from the convex approximation. The
dashed curves are the resulting distributions from the SCP models. For high quality
approximations, we hope to see them near the solid curves, which are the ground-truth from
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Figure 5.13: Box-plots representing the dose distribution to each OAR when treated by
each model.
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the DAO variants. In all cases, we note that the the distributions are similar. This implies
that the sequential convex programming algorithm remains an accurate approximation in
the robust and distributionally robust settings. Note that reducing the problem scale to
this extent significantly degrades treatment quality. We remind the reader that the purpose
of this section is not to deliver a high quality treatment but to inspect the quality of the
convex approximation. Table 5.8 inspects the absolute and relative optimality gaps from
each model under each level of uncertainty and notes that integrating RO and DRO with
SCP does not degrade the approximation quality.

Objective Values Optimality Gaps

MIP SCP Absolute Relative (%)

Nominal 1.27 1.38 0.11 8.34
Robust 1.41 1.49 0.08 5.62
Distributionally Robust 1.58 1.60 0.02 1.23

Table 5.8: Comparison of optimality gaps between MILP and SCP approaches.

5.3.5 Computational Times

Finally, we illustrate the difference in computational burden between the exact and ap-
proximate models in Table 5.9. In the small-scale experiment, the SCP models result in
a 99% reduction in solution time. At a clinical scale, the N-MILP problems resulted in
an out-of-memory error when run on a computer cluster with 512 GB of RAM. N-SCP,
however, was solved in approximately 12 minutes. Incorporating robustness led to an in-
crease in solution time; R-SCP took roughly 8 hours DR-SCP took roughly 15. Despite
the increase of compute time, these are still within a clinically acceptable time frame.

Figure 5.15 demonstrates the convergence behavior of each algorithm. In general, the
SCP algorithm terminates when the step size has been 1 for two consecutive iterations and
when the objective values of the intermediate problem converges to the actual objective
value once the convex approximation is taken into account. The behavior of each variant
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(a) Nominal ground-truth and approximation.

(b) RO ground-truth and approximation. (c) DRO ground-truth and approximation.

Figure 5.14: Comparison of the dose distributions resulting from the ground-truth and the
convex approximation models at each level of uncertainty.

is interesting. The robust models converge in less iterations than the deterministic model.
However, in the earlier stages, the deterministic model gets the functions much closer; the
increased iterations near the end are to get within the tolerated gap. In contrast, at the
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Deterministic Robust Distributionally Robust

N-SCP N-DAO R-SCP R-DAO DR-SCP DR-DAO

Small Scale 1 399 33 1,808 43 26,497

Clinical Scale 753 x 28,977 x 54,132 OOM

Table 5.9: Solution times in seconds for each model at both scales explored. Entries marked
with OOM indicate an out-of-memory error when attempting to solve the model with 512
GB of RAM.

(a) N-SCP (b) R-SCP

(c) DR-SCP (2%) (d) DR-SCP (5%) (e) DR-SCP (8%)

Figure 5.15: Convergence behavior for N-SCP, R-SCP, and DR-SCP variants.
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earlier iterations, the robust and distributionally robust models struggle. However, once
they improve, converging is “easier”. That said, the time spent in each iteration is longer
with the robust models.

We demonstrated empirically that the accuracy of the convex approximation extends
to robust and distributionally robust variants. Finally, we showed the decrease in runtime
caused by the convex approximation and observed its potential for clinical use in robust
and distributionally robust settings. Note that solving the VMAT problem exactly at a
clinical scale remains an open problem.
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Chapter 6

Extensions

This thesis is subject to the following limitations. First, we only consider the FMO model
individually, without consideration for the rest of the pipeline. This method is unrealistic
in settings that rely on FMO to create RT treatment plans. Second, we do not enforce
similarity between neighboring apertures. This approach is not realistic with respect to
delivering a VMAT plan in practice. Third, simplify the scenario simulation and objective
function due to technological constraints, which limits our relation to how treatment is
derived in practice.

Some of these limitations can be easily addressed conceptually, but require more com-
pute resources to implement in practice. Other limitations require nuanced treatment.
This chapter will discuss future research ideas to extend this work. Section 6.1 introduces
a multi-objective model which results in smoother fluence maps. Smoothness is intended
to preserve accuracy and robustness in downstream LS algorithms. Section 6.2 discusses
approaches to consider neighboring aperture similarity within the MIP and SCP frame-
works. Finally, Section 6.3 discusses several finer details to incorporate more realism in
RT optimization models.
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6.1 Smooth Fluence Map Optimization

Recall that FMO controls for each beamlet independently and that our results indicate little
to no difference in the resulting fluence maps, which were already highly conformal, when
robustness was added. However, recall that the quality of the fluence map degrades once
it is converted to a deliverable aperture through LS algorithms. One way to mitigate this
while retaining the FMO methodology is by incorporating a penalty term on the difference
between neighboring beamlets in the objective function (Spirou et al., 2001; Matuszak
et al., 2007; Niyas et al., 2016). This is referred to as “smoothness” and is visualized in
Figure 6.1.

(a) Example FMO without smoothness consid-
erations

(b) Example FMO with smoothness considera-
tions

Figure 6.1: Side-by-side comparison of an example fluence map resulting from FMO models
that do (left) and do not (right) consider smoothness.

Let f(x) be an arbitrary penalty function of beamlet intensities. Let xRj and xLj rep-
resent the intensity of the right and lower neighbors of beamlet j, respectively, each with
associated importance weights wR and wL. Also, let wsm be the weight associate with
smoothness and wf be the weight associated with the dose penalty function. Finally, let
σ(x) be a smoothing function which we can formally define as:
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σ(x) = wR

∑
b∈B

∑
j∈Jb

(xj − xRj )2 + wL

∑
b∈B

∑
j∈Jb

(xj − xLj )2.

Here, the first term penalizes the squared difference in intensity between a beamlet and
its right neighbor, whereas the second term modifies the squared difference between a
beamlet and its lower neighbor. Smoothness can then be incorporated into FMO through
multiobjective optimization as shown in (6.1).

min wff(x) + wsmσ(x) (6.1a)

s.t. x ∈ X (6.1b)

In (6.1), the planner is free to specify any objective function of the dose distribution,
such as minimizing the quadratic deviation from the prescription. Further, the planner
can specify any required constraints. The only change is the addition of the smoothness
function to the objective and using weights to balance the two objectives.

Future work can explore the effects of robust and distributionally robust optimization
on fluence maps with smoothness. The addition of smoothness results in less tailored
maps, which implies that the value of robustness may be more visible in the FMO setting.
Further, since LS algorithms degrade the FMO quality, they may also decrease the visible
difference that robustness makes. Therefore, it may also be worthwhile to explore how LS
algorithms can be modified to be more sensitive to changes in robustness. Given the large
number of weights associated with this multiobjective problem, exploration of the Pareto
front may reveal interesting insights.

6.2 Neighboring Aperture Similarity

Recall that VMAT is delivered in a continuous arc and that MLC leaves govern the shape
of each aperture. Since the arc is discretized, it is importance that neighboring apertures
be similar. Otherwise, it is possible that the machine is instructed to deliver an impossible
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plan. If that occurs, the gantry will stall and treatment quality will degrade. As such, it
is important to consider similar neighboring apertures in the optimization process.

Dursun et al. (2019a) enforce similar neighboring apertures using constraints. Let δ be
the number of beamlets a leaf may travel between neighboring control points. Then, the
following constraints can be added to a MIP formulation:

lkb − lk(b+1) ≤ δ ∀k ∈ Kb, b ∈ {1, ..., |B| − 1}, (6.2a)

lk(b+1) − lkb ≤ δ ∀k ∈ Kb, b ∈ {1, ..., |B| − 1}, (6.2b)

rkb − rk(b+1) ≤ δ ∀k ∈ Kb, b ∈ {1, ..., |B| − 1}, (6.2c)

rk(b+1) − rkb ≤ δ ∀k ∈ Kb, b ∈ {1, ..., |B| − 1}. (6.2d)

Here, constraint (6.2a) specifies that for the left leaf in row k, the difference in its position
at CP b and CP b + 1 must be no more than δ. Constraint (6.2b) does the same but for
CPs b and b− 1. Then, constraints (6.2c) and (6.2d) achieve the same for the right leaves.

Aperture similarity constraints limit the feasible region. As such, it would be interesting
to see their impact when geometric and distributional uncertainty are considered. In this
thesis, we were only able to solve a small-scale example of the full MILP. At this scale,
the beamlets were so large that any attempt to limit their motion was redundant. Future
work can explore the use of decomposition algorithms to incorporate robustness into the
global MIP formulation at a larger scale.

Aperture similarity could also be incorporated within an SCP framework, however the
implementation is more nuanced. Recall the convex approximation formulation from (4.1).
Note that it does not explicitly control for any leaf positions; the only decision variables
are the interior/exterior/boundary beamlet intensities as well as the aperture intensity.
One may attempt to bound the boundary intensity between neighboring apertures, but
this does not guarantee that the shape will remain similar over subsequent iterations of
the algorithm. To encourage similar apertures, Dursun et al. (2023) use multiobjective
optimization using the following relationships.

First, recall the relationship between MLC leaf positions and boundary beamlet inten-
sity depicted in Φ. For the left leaf of the first row in CP b, the optimal leaf position can
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be found using:

lb1 = 2

(
1− xb11

ab

)
.

This can be rearranged as:
lb1 × ab = 2(ab − xb11).

Extending this to all rows and also right leaves yields the general relationship:

lbt × ab = (min
j∈Jbt

{cj} − 1)× ab + |Jbt| × (ab − xbt1)

and

rbt × ab = (min
j∈Jbt

{cj} − 1)× ab + |Jbt| × xbt2.

Note that the right hand side of each of these is convex. As such, we can define “lbt×ab”
as a single variable, and similarly with “rbt × ab”. These can now be incorporated into a
penalty function FAS as follows:

FAS =

|B|−1∑
b=1

|Tb|∑
k=1

((
(l(b+1)k × ab+1)

2 − (lbk × ab)2
)
+
(
(r(b+1)k × ab+1)

2 − (rbk × rb)2
))
.

Note that, since these are all defined as single variables, this formulation is convex. The
left term minimizes the difference between the left leaf position weighted by the intensity
of CP b+ 1 and the left leaf position weighted by the intensity of CP b. The second term
does the same for the right leaves. FAS encourages both similar leaf positions as well as
similar aperture intensities. However, it is not perfect. For example, one control point
could have a small leaf position with a high intensity while the neighboring CP could have
a large leaf position with a low intensity, resulting in differing apertures. Nevertheless, this
is used to treat patients with VMAT in Memorial Sloan Kettering Cancer Center.

Future research can integrate FAS in the objective function of the SCP optimization
problems to investigate the impact of aperture similarity on robustness. Further research
should also investigate opportunities to explicitly consider aperture similarity constraints
in the model. Note that the relationship between leaf positions and beamlet intensities, Φ,
is non-convex. As such, an interesting mathematical problem would be to include it using
some iterative scheme or to define convex bounds and assess the performance.
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6.3 Towards Clinical Realism

Currently, we simulate inter-fraction motion of the CTV by rigidly shifting the dose-
deposition matrix. While this is useful as an approximation, it does not capture the
underlying physics of a body’s deformable motion and how that affects the radiation it
receives. We integrated a PortPy API with an existing RT planning software to generate
the rigid shifts and turn them into a compatible format with our optimization models.
However, the software was not able to successfully export data even in the smallest cases
attempted. Given that the main advantage of SCP is the ability to optimize for clini-
cal scale settings, we pivoted away from this direction. Future research should consider
improvements to the speed of the API and the efficiency of the RT planning software. Al-
though seemingly menial, these improvements would unlock many doors to future research
projects. For instance, one could take data from any partner cancer clinic, accurately sim-
ulate a large number of scenarios, and export it to a compatible format. This would enable
a large-scale clinical study on many different sites. It would be very useful to examine how
our algorithms affect treatment quality in cases such as prostate cancer, which are prone
to geometric uncertainty. It would also be interesting to compare this to more nuanced
scenarios such as brain cancer, where a slight overdose could change a patient’s life, or
even in veterinary care with animals significantly smaller than humans.

Another step towards realism would involve using a quadratic objective on the penalty
between the dose prescribed and the dose delivered. We experimented with using a
quadratic objective on the SCP model and found, although the problem can be solved
hypothetically, it took over a day to complete three iterations. Given that some variants
exceed 50 iterations, it is not yet practical to incorporate non-linear objectives. This limits
clinical applicability. As such, future research could explore efficient solution schemes for
the intermediate problems with robustness, which in this case would admit a large-scale
mixed-integer quadratic program (MIQP) formulation.

Due to the rounded ends of the MLC leaves, it is possible for radiation to leak through
even when the aperture is closed. This effect is called “leakage” or “tongue and groove”, and
it implies that, although the planned aperture and delivered aperture may be identical,
the resulting dose may still be inaccurate. Salari et al. (2011) assume that leakage is
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uncertain and develop a robust optimization approach around it. Steciw (2023) develop an
accurate way to measure leakage using clinical treatment planning systems. It would be
worthwhile to extend both of these works. For example, by combining robustness to leakage
with robustness to the CTV’s position and its probability distribution. Alternatively, by
incorporating a leakage metric into an objective function. Interestingly, there is some
debate between clinicians regarding leakage; some believe it is important while others
believe its effect is negligible. This highlights an exciting gap and, as the clinical software
improves, it would be interesting to see it become widely integrated within optimization
and to have its impact examined.

83



Chapter 7

Conclusion

In this thesis, we considered the use of mathematical programming to create effective
radiation therapy treatment plans robust to uncertainty in the position of the tumor and
the underlying probability distribution of its shifts.

Our (useful) novel contributions to this body of knowledge included modeling and algo-
rithmic developments. First, we introduced the robust chance-constrained model presented
in An et al. (2017) to VMAT. Second, we applied the distributionally robust CCP deriva-
tion from Yanıkoğlu (2019) to radiation therapy in order to account for uncertainty in the
distribution of the chance constraint. Finally, we extended the sequential convex program-
ming scheme developed in Dursun et al. (2021) to create treatment plans at a clinical scale
which are close to the global optimum. This involved updating the convex approximation
problems as well as the feasibility checks to consider robust and distributionally robust
optimization.

Overall, we examined three levels of uncertainty: nominal, robust, and distributionally
robust, on three treatment modalities: FMO, DAO, and VMAT. When possible, we tested
each model on a clinical-size lung patient with simulated one-dimensional rigid shifts and
a probability distribution similar to the literature. For the global MIP formulation, only
a small scale example could be solved to optimality. Aside from FMO, which was not
impacted by robustness, our experiments verified that incorporating geometric robustness
can improve target coverage in the case of rigid shifts at a slight expense to the OARs.
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Next, we showed that incorporating distributional robustness can further improve target
coverage in the case of rigid shifts, resulting in better coverage to out-of-sample shifts. This
is important because it showed that even slight errors in estimating the nominal probability
distribution necessitate additional robustness. Then, we benchmarked the robust plans
against the nominal PTV-based plan which is widely used in practice. This experiment
demonstrated that knowledge of the potential shifts of a target can be leveraged to achieve
similar target coverage with improved OAR sparing. Finally, we compared the robust SCP
models to the robust ground-truth models in a small-scale setting and showed that the
convex approximation quality does not degrade.

We also outlined several ideas we began exploring as potential avenues to future re-
search. For example, ways to consider aperture similarity and ways to simulate more
realistic motion. These future projects have potential to address the limitations of this
study and enable the scaling of our models to more realistic settings.
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Appendix A

Notations

A.1 Sets

Set Definition

Υ Set of OARs
Hυ Set of voxels in OAR υ ∈ Υ

T Set of tumor voxels
B Set of control points (also referred to as “beams”)
J Set of beamlets, where Jbk represents the beamlets in row k of control point b
Kb Set of row indices for control point b ∈ B
S Set of scenarios for positions of the target
P Ambiguity set containing probability distributions, where Q ∈ P defines possible proba-

bilities for each s ∈ S being realized

Table A.1: Notations used for sets.
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A.2 Parameters

Parameter Definition

kj Row index of beamlet j ∈ J
cj Column index of beamlet j ∈ J
D Dose-deposition matrix, where d′

i is its ith row, and dij is the dose from beamlet
j ∈ J to voxel i ∈ V at unit intensity

D̂ Adjusted dose-deposition matrix for interior, exterior, and boundary beamlets,
where ′

i is its ith row, and d̂ij is the dose from beamlet j ∈ J to voxel i ∈ V at
unit intensity

d̄ Prescribed dose to the target
d Desired lower bound for mean tail of target dose distribution
β Risk tolerance for conditional value at risk
γ Targeted fraction of the prescribed dose
U Upper bound intensity of each aperture
N Width of aperture rows
p Nominal probability distribution p = (ps)s∈S , where ps represents the probability

of scenario s ∈ S being realized
M An arbitrarily large constant
ϵ Violation tolerance for the chance constraint
e Vector of all ones
p Vector of lower bounds for the error on the estimate of the nominal probability

distribution
p Vector of upper bounds for the error on the estimate of the nominal probability

distribution

Table A.2: Notations used for parameters.
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A.3 Variables

Variable Definition

x Vector of beamlet intensities
ρ Auxiliary variable for CVaR approximation
a Vector of aperture intensities
l Vector of positions for left MLC leaves, where lbk represents the position of the left

leaf in row k of control point b corresponding to beamlet j ∈ J
r Vector of positions for right MLC leaves, where rbk represents the position of the

right leaf in row k of control point b corresponding to beamlet j ∈ J
z Binary vector where zs = 1 if scenario s ∈ S is protected, and 0 otherwise
p̂ Vector of errors for the nominal probability distribution
λ Dual variable for the valid probability distribution sum constraint
η Dual variable for the upper bound constraint on p̂

θ Dual variable for the lower bound constraint on p̂

ψover
i Auxiliary variable for the overdose on voxel i ∈ T

ψunder
i Auxiliary variable for the underdose on voxel i ∈ T

ωi Auxiliary variable to linearize CVaR constraint for the underdose to voxel i ∈ T

Table A.3: Notations used for decision variables.
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