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Abstract 

Th.is thesis makes contributions to the Bayesian nonparametric approach for 

survival and bioassay problems. It contains creative work towards a simple awl 

practical Bayesian analysis for right-censored failure time data using a smoothe, l 

prior. and for binary and doubly-censored data using the Dirichlet process prior. 

One-sample survival analysis under a smoothed prior is fully studie<L The 

posterior computations are realized via the Gibbs sampler. and illustrate<l hy un­

merical examples. Bayesian inference under non-informative priors is a(hlresse(l 

and compared with existing results. A compromised version of Bayesian nonpara­

metric approach is proposed which retreats from the infinite-dimensional priors 

and corrniders a more practical treatment using data-dependent priors. Links t.u 

some well-known results such as Cox·s partial likelihood for proportional hazarcls 

regression and Hill's rule for prediction are established. Fiducial inference for fail­

ure time data is also discussed. which is numerically equivalent to the Bayesian 

approach nuder a non-informative and data-dependent prior. 

A new auxiliary variables technique is proposed which has substantially sim­

plified the Bayesian bioassay under a Dirichlet process prior. and application 1s 

illustrated in cancer risk assessment. The problem of combining many assays 1s 

cliscussed in the empirical Bayes framework. and more complicated types of (lata 

such as doubly-censored data are also considered. 
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CHAP·TER 1 

Introduction and Review 

1.1 Introduction 

Bayesian nonparametric statistics has enjoyed limited success since the fonclanwntal work 

of Ferguson ( 1973 ). The current status of this branch of Bayesian statistics is lwtttT ,lt•­

scribed as a researc:h topic rather than a well ,leveloped theory and application tool. Tlw 

nonparametric approach makes few model assumptions yet incorporates initial informatiuu. 

hut sophisticated posterior characterization and costly computation are often iw~vit.al,11·. 

Therefore. the basic issue is not philosophical but rather technical. 

Ferguson ( 1073) generalizecl the traditional Dirichlet clistrihution to the Diri,:hkt. pru1·1•ss. 

which stimulated a series of inw~stigations in this particular area. As is well kiwwu. tlw 

Diridi.let process prior fac:ilitates simple r.alcnlation and leads to many uatnral n·snlts. Ou 

the other hand. the Dirichlet process prior assigns full probability mass to the dass of I lisn, •t:1 • 

clistribntions and this has caused undesirable sampling properties. a lack of smootluwss iu 

results and inconvenience in applications. Despite some criticisms. Ferguson ·s pri1ff has 

receivell much attention for its computational r.onvenience. Many have followe(l his w1,rk 

aud attempted to repair its defects. For example. Susarla and Van Ryzin ( 1976) appli,~,l tlw 

Dirichlet process to survival analysis. and Lo ( 1984) discussed the smoothing problem l)f t.lw 

discrete estimate. 

Neutral to the right processes. another class of priors. were introduced by Doksmu ( 197-1). 

These place full probability mass on discrete life distributions and yield tractable pusttTiurs 

for right-censored data. Applications are mainly in survival analysis: for example. KalbfiPisdL 

1 



1.1 INTRODUCTION 

( 1978) analyzed the proportional hazards model using the Gamma proCF~ss. a sp1-!cial rwntral 

to the right proc:ess. 

How far can we go with the Bayesian nonparametric methods'! This is ,ietenu.iw~1l l,y 

the inherent structure of Bayesian inference. As is well-known. the Bayesian post~rior is 

essentially a product of the prior and the likelihood. Therefore. added complexity in tlt<· 

prior or the likelihood results in a more complex posterior. Although the Diriddd and 

neutral to the right process priors lead to tractable Bayesian analysis for complete awl right­

censored observations. difficulty may arise when more features are present either in tlu-~ priur 

or in the data. For example. if we add smoothness to the prior. or we have more complic:att>d 

data such as donbly-cemmred data. the posterior computation generally becomes ,iifffrult. 

There have been efforts to find suitable smoothed priors. For example. a prior was 

coustrnded by Dykstra and Laud ( 1981) on continuous survival functions with an increasing 

hazard function. For the purpose of density estimation. the so-called logistic-Ganssia.u pri, ,r 

was proposed hy Leonard (1978). and further studied by Lenk (1988. 1991). Unfortnua.tdy. 

all these suffered from the lack of a proper device for a foll posterior computation. 

In recent years. powerful numerical devices have been developed to deal with hi~h­

dimensioual posteriors. Resampling methods. especially the Gibbs sampler. havt-~ ma,k 

many difficult computations possible. A question arises as to whether the Gihhs sampl1•r 

can provide a way to solve the nonparametric problem using a smoothed prior. One mnst 

understand that. however. the so-called parameter in the nonparametric set-up is usually uf 

infinite dimension. a situation where Gibbs sampler cannot be applied directly. 

Some progress has been made using a kind of hierarchical model introduced hy Es,:obar 

( 1994) and Escobar and West ( 1995) that puts the Dirichlet process prior on the hypt~r­

parameter. This allows a finite-dimensional posterior analysis for the parameters siw:t-~ tlw 

truly nonparametric part is in the background. The drawback is that a Gibbs sampler ha.s 

to be run in its original form. which is highly iterati~e. and over n parameters if there arc 11 

observations. This is rather r:ostly unless the sample size is small. 
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Complexity in data also poses problems in posterior computation. Even the Diri,·hlt·r 

proress prior leads to analytically intractable results for binary ,la.ta. For example. a Bay,·sia1t 

bioassay under a mixture of Dirichlet process priors (Antoniak. 1974) is hard to impl,~uwnr: 

a more realistic treatment ( Gelfan,l and Kno. 1991) is provided by the Gibbs samplr-r. 

This thesis is airn12d at 12xtending the existing theory in both directions: ( 1) smollthw·ss 

iu the prior and ( 2) more colllplicated types of data. Specifically. it facilitates Bay1-!siau ;mal­

ysis for right-c:12nsored failure time data using smoothed priors. an<l for binary anrl ,lunl,ly­

ceusored data using Dirichlet process priors. 

1.2 The Dirichlet Process Prior 

The Dirichlet distribution is well known to statisticians. Its basic properties ,:au 111• f"nwl 

in textbooks sndt as Wilks (1962). A /.:-parameter Diric.hlet ,listribution D(n 1 . • • •. n1.:,l. wlu:r1· 

n; > 0. is a probability distribution confined to a ( k - l )-dimensional manifold with dt·Hsiry 

fnnctiou 

for ui > 0. and n1 + · · · + n1.:_ 1 < 1. otherwise it is zero. When s = 2. D( n 1 . o.:?) is jnst th,· 

Beta <listrilJ11tion. 

Let a = a 1 + · · · + ak and 1ri = er../ a. then the Dirichlet distribution cau be writtt,u a:,; 

D( n1r1. • • • . ct7rk). where a: > 0 is called the confidence parameter. and ( 1r1. • • • . 7rk). whii-h 

is also a probability distribution. is called the shape parameter. If the distribntiou "f a 

random vector (p1 . ···•Pk) is the Dirichlet D(a:1 . • • •. ak)- then the marginal distril111tiou 1Jf 

Pi is Beta(ai. a - o:i) and the joint distribution of Pi and Pi is D(ui. ai. n - ni - ni ). 

The Dirichlet distribution is a conjugate prior for m11ltinomial models. Suppose Wt! haw 

a prior guess at the unknown distribution. say ( 1r1. • • • . '7rk). Then. the prior distril mtiou 

D( (."71" 1 . • • •. C7rk) is recommended beca11se the prior mean of each Pi is 11'i whid1 coinciclt!s with 
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our guess. The parameter c is a measure of our confidence about the guess. when: a larµ;,-r 

value of c implies more concentration of the prior around (rr1 . • • •. rrk)-

As a natural generalization of the Dirichlet distribution. the Dirichlet process iutrncl111·t•d 

hy Fergnson ( 1973) is a random measure on an abstract space. It can be briefly I l1:scril we l 

as follows. Let o: be a firi..ite measure with positive total mass on measurable spacc: ( X. A I. 

Then a random measurP. P or. eqnivalently. :i random probability function F induet:<l by I' 

is said to be a Dirichlet process with parameter o: if. for any partition of the wholt: srJa<:c • 

A 1.···.Ak thejoint distribution of P(Ai).···.P(Ak) is D(o:(Ai).··•.o:(Ak)). In this c:a:w. 

F0 (A) = o:(A)/o:(X). A E A is the shape parameter representing the initial estimate uf a 

clistribution. and c = cr(X) is the confidence. 

For the Dirichlet process on the real line. the distribution of the q-th qnantilc: l,1 1s 

expressed as 

Pr ((q:::; t) = 1- B(qlo:(-oc.tj).n((t.oo))) 

where B(J;jn. /3) denote the c11rn1t..lative probability fnudion of the Beta <listrilmtil)ll with 

parameters n and /3. 

The main res1t..lt in Ferguson ( 1973) states that. if X 1 . • • •. Xn is a sample from P. then tlll' 

posterior <listribntion of P given X1. · • ·. Xn is also a Dirichlet process with paramdt:r n , 

I:i~l ,>ix,. where <lx denotes the measure giving mass one to x. Ferguson has considerccl mauy 

applications iududing the estimation of a distribution. a mean. a variance and qnautilc>s. 

Uu,ler quadratic loss. the Bayesian estimate of the cumulative distribution function is 

• C n 
F = --Fu + --Fn 

c+n c+n 

where F0 is the initial estimate of the unknown cumulative distribution and Fn is the em­

pirical distrib11tion function. This gives a clear picture of the role of the prior ancl thP tlata 

in Bayesian inference. 
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1.3 The Gamma Process Prior 

Gamma distributions have been widely nse<l in Bayesian analysis. Let G(a. h) d1!rtot1• th,· 

Gamma distribution with shape a and scale b and P( 0) the Poisson distrib11tion with mean 

fJ. We briefly review the Poisson-Gamma ruodel. Suppose the nuknowu para.rnd(~r H li, ·:-. 

m (0. oo) and we expect 0 to be near 80 with a certain clel-,rree of confidence. A cnnjngat,'. 

prior would be G( c80 . c) where 80 is our initial belief or guess and c is a meas11re of tJllr 

1:onfidence in t.hat g11css. For a fix<-:d experiment. when c is larger the prior wonlrl h1: m111.·, • 

mncentrated around 00 and contribute more to the posterior. On the other hand. wlw11 ,· 

is smaller the prior woul<l have less influence in the statistical conclusions. Extwmdy hig;h 

confidence happens when c ➔ cx::i which means the prior is degenerating anrl we arc n:rtaiu 

about onr guess. On the other hand. when c ➔ 0 the prior becomes almost uniform un lug H. 

The Gamma process is an independent increments process with Gamma ,listribntPd in­

crements. Its sample paths an'! non-decreasing pure jump functions. Physic.al applicatiu11s 

can be found iu Moran ( 1959) where the process of inputs to a dam over a time pt:riwl was 

mo<leled as a Gmuma process. For Bayesiaus. such a process can also serve as a s11lij1•ct.iv,· 

probability representing knowledge or uncertainty. Kalbfleisch (1978) r:reaterl tl1t'. so-n1llt-d 

Gamma process prior for a Bayesian analysis of proportional hazards regression. VVt • st arr. 

with a guess Au about the true cumulative hazard. an<l assume that the increrw~nt A( t) - .\I-~ I 

has a distribution G(c(A0 (t) - A0 (s)].c) where c > 0 is the degree of belief attacl1e<l to that 

guess. As in the Dirichlet process. Au and care identified as shape and confidence paramdns_ 

Suppose each subject with covariates = = ( z1 . - - - . Zk )' has hazard function 

,\(tlz) = exp(Ji'z)):(t). 

where#= (/31 . ···.fl,.,)' are the regressio11 parameters and .. X:(t) is the baseline hazar,l. L,:t: 

the observed failures be t 1 < · • · < tn and suppose censorings in [ti. ti+l) are aclj11stcd 

to ti. The interest in this case is the estimation of the regression parameter. Kalhfl1:isd1 
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( 1!)78) assumed that prior knowledge about the baseline hazard could he repre:wutP.rl l)y r.hc • 

Gamma process prior clescrihed above. Suppose the subject who failed at ti has rnva.riak .:; 

and let si(/3) = EiE'R(t;) e.~'=i where 'R(t.d is the risk set just before ti. Let Bi = - log[l -

exp(j:l'zi)/(c+.si(J:l))J. Then a Bayesian way of eliminating nuisance parameters is aclopk,l 

and a likelihood for /J 

n n 

£(/j) = en exp(- L cBiAo(ti)J IT [>.o(ti)Bi] 
i=l i=l 

is obtained by integrating ont the baseline hazard. This gives a spectrum of likelihulHls 

ranging from the truly nonparametric situation. where the baseline hazard is compl,~tdy 

unknown. to the parametric situation. where the baseline hazard is known. 

Giveu /-J. the posterior of the cumulative hazard function is again an independent iun·c ~­

men ts process. Between ti-t and ti the cumulative hazard function is a Gamma pron~ss with 

shape cA11 /(c + sd,8)) and confidence c + .,;i(Ji): at ti the increment has a density fnur'.tiuu 

proportional to 

1.4 The Gaussian Process Prior 

It seems that the Gaussian process is not suitable for the purpose of assigning a priur r.u 

distributions. This is mainly due to the constraints that have to be satisfied by a distrilmtiuu 

or density function. Leonard ( 1978) considered the logistic transform of a Gaussian pro,·t-~ss. 

Let x be a Gaussian process on a finite interval [ a. h]. Then. 

f 
exp[-x(t)] (t)= _b ___ _ 

J~ exp[-x( s )ds] 

is obviously a density function. Leonard argued that the mean and covariance of;: c:au liriug 

the prior information into f. Nevertheless. the prior features of/. such as prior mean awl 
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variance. are extremely hard to calculate. We might therefore ha.vP. diffi,:nlty in sp1'.1·ifyiug 

J: even if we have knowledge about f. The posterior distribution off given a. sampl1: fr,,111 

it is. according to Leonard. rather complicated and thus omitted in his paper. Lenk ( 1088. 

1991) studied the same model but was also unable to make any real progress iu pust1Tiur 

computation. 

Howevt~r. tll!~ Ga11ssian process ,loes offer. at least theoretically. the possibility of 111,·, • 

results incorporating initial information ahont. an arbitrary curve. A simple matlwmati,:,d 

treatment can be ,lescribed as follows. Let ns confine the curve :1:(t) to L2 [n. h]. the span: ,if 

:,;qnare integrable fnndions with a complete orthonorinal basis ft/in}- According to fmwtiuual 

analysis. ;r:(t) = I::~ 1 /111-if,,n(t). where /-Jn is then-th Fourier coefficient of x ancl tlw 1:qn.ility 

is in the sense of the £ 2 norm. Initial knowledge a.boat x can be incorporated by assiguiIL~ a 

joint (listribntion on {/:Jn}~1 . It is simple to assume that /Jn ~ N(/Ln.An) is an in,kpcuclcnr 

si:qnenc:c satisfying An 2: 0. I::~1 Jt;, < oo and I::~1 ,.\., < oo. By 1loing so. J:(t) bt'1'<Jillt•s a 

Gaussian process ou [a. h] with mean 

flu(t) = L /Ln,j.1n(t) 
r1=l 

awl covariance 

10(8. t) = L An4•n(.~)·1fn(t). 
ri=l 

Iu the Bayesiau framework. the prior rneau /lo( t) is our initial guess at the c:nrv1•. Tllt' 

rnva.riance 10( .s. t) represents the vagueness or uncertainty in our knowledge. 

Let y(t) = x(t) + n(t) where x(t) is a Gaussian process with rneau µ 0 (t) and covaria11c·1'. 

10 (s. t): n(t) is white noise with variance rT2 > 0 and independent of x(t). Assume that tlll' 

observations Yi are discretely sampled points from y(t) at ti. i = 1. • • •. N. The posterior nf 

x(t) given !Ii• i = l. • • •. N is again a Gaussian process (Kirneldorf and Wahba. 1970) with 

mean 
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and covariance 

"fN(s. t) = ,o(s. t) - a'(s )( rr2 I+ K)- 1a(t). 

where y = U11-···•YNJ'- µ = (Jlo(td.···.µo(tN))'. a(t) = bo(t.ti).···.-1u(i.tN))
1 awl 

K = ( 70 ( ti. ti)) is the Gram-Schmidt matrix. This is essentially a Gauss-Markov theorem iu 

the infinite-dimensional parameter situation. 

Spline regression also connects to Gaussian process priors. A spline is a piecewise puly­

nomial satisfying certain smooth condition. This concept arises from optimal approximation 

problems and its applications can be found in many branches of mathematics. statistics awl 

engineering. The Bayesian view of the spline method is made dear by Wahba ( l!J78 ). If th,· 

prior distribution of the regression function is equivalent to that of 

r-l ti fT 1t(t-ut-l L Bi~+ 11\r\ )' _dW(1t). ,\ > 0. 
i=o t. v N ,\ o ( r - 1 . 

where Wis a Wiener process and 0i "" N(O. c.) are ·i·id and independent of W. then tlw spliw· 

estimate of the regression curve with sllloothing parameter ,\ is the limit of tht~ Ba.y1'.siau 

estimate as c, tends to infi.ruty. Briefly. the spline regression is a Bayesian estimatt~ nw l, '.I." a 

diffuse or non-infonnative prior. 

1.5 The Gibbs Sampler 

A current trend in Bayesian computational research has drawn the attention to ware ls t lu • 

resampling approach. especially the so-<:alled MCMC (Markov Chain Monte Carlo) uwtlwcls. 

In fact. the MCMC approach is not new. but only in recent years has it become popular. 

The basic idea of the MCMC method is straight_forward. Suppose we want to gt!IWrat.c 

a sample from the posterior distribution 1r but cannot do so directly. We proceed hy nm­

structing a Markov chain with 7r as its equilibrium distribution. Then the ergodic.ity nf tht> 

Markov chain offers an approximation to the posterior distribution 1r. For a given rr tlwn· 
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may he many ways to construct such a lviarkov chain. and various types of lv1ClVIC mcr.lt"ds 

arise from different constructions of the Markov chain. The reader is referred to Smith awl 

Roberts ( 1993) for a comprehensive review. 

One of the MCMC methods which seems especially attractive to Bayesians is tlw Gil1l,s 

sampler. which was originally proposed by Geman and Geman ( 1984) and later iutro,lnn~,l t,i 

the statistical literat11re by Gelfand and Smith ( 1990). Suppose the joint posterior ,lcnsity f1 ,r 

0 = ( 81 . • • •. 0,.) is rr( 0) and the r.onditional density of 8i given 0[-i] = ( 01 . -· - . f)i-l · Hi_,. 1 . • • --H, I 

is 1r( 0il0(-i] ). The standard Gibbs sampler is an iterative updating scheme clescTilw,l as 

follows: Initially choose an arbitrary starting valne (}Ill) = ( 0~01 . -· - . ei01 ) and then updat1• 

IJWI into fJ( 11 by <reneratinrr 
0 b 

0(11 
1 ~ ( 0 10(01 . • . 010)) 

7r l '.! • • " • 

ll~ 11 ~ (0 10 (11 0(0l ... 010)) 
7r21-3• •.• • 

............ 

fjlll .. ~ I ( l) ( l J · rr(0 .• 01 . • ••. e_._i). 

Th.is completes one iteration and the pror:ess of updating can be c:ontirmed. Uwl1~r 1uil,l 

conditions (Tierney. 1994) the sequence (:ll 0 l. 0< 1). • -·. 9(nl. •·•forms a realization of a Marknv 

c:hain whose equilibrium distribution is 1r. 

To implement a Gibbs sampler. the conditional distrib11tion 1r( 0d6'[-i]) must. bti i'.asy t.,) 

sample. This is not always the case in practice. and discussions are available on facilitatiug; 

Gibbs sampling. For example. Besag and Green ( 1993) reviewed and discussed this isst11'. in 

cletail. A very effective way of implementing a Gibbs sampler is via auxiliary varial,b;. In 

some sit.nations. it is easier to work with the joint density 1r( 6'. T/) rather than the margiual 

,tensity rr( 8 ). Here 'I is merely au rmx-iliary variable introduced for convenience. According; 

to Besag and Green (1993). the auxiliary variables help to reduce interactiou awl thns 

accelerate the c:onvergence. In some cases. the auxiliary variables also simplify tht~ Gilihs 
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sampling. Suppose we want to sample 

where O'.i. J3 > 0. Obviously. the conditional distribution 1r( BilB[-il) is 1mfarniliar. awl thn:-; 

the original form of Gibbs sampling is not easily carried out. But if we consicler t.h,~ juiut. 

density 

with 1r( 8) as its marginal density. the implementation becomes much easier. The Gil,lis 

sampling between 8 and 17 is automatic and substantially simplified in that only Gamma 

distributions are involved and updating is between two components only. This frr.hniq111~ 

will be used constantly in this thesis to circumvent difficulties in Gibbs sampling. 

1.6 Mixture and Hierarchical Models 

The dass of mixtures of some standard distributions. say thP. normal or Beta. is vt~ry ric-h 

in the sense that. there is a member in the class arbitrarily close to any given <Ustribntiuu. 

For example. the well-known Bernstein theorem states that any c:ontinuous fnw:tiou f , iu 

the nnit interval (0.1] can be uniformly approximate~l hy a sequence of polynomials. uauwly. 

its Bernstein polynomials. 

n = 1. 2. • • •. 

From the statistical point of view. this can be interpreted as follows: Any probability , listri­

lmtion on the unit interval [O. 1] with continuous density can be unifonnly approximat.t-~,l liy 

a finite mixture of Beta distributions. 

Esc:obar ( 1994) proposed a hierarchical model 
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where Ei ,.._., N(O. o-2 ) and rr2 is known. Further. µi ,.._., F are independent. A Diridil«·t 

pro,:ess prior is assigned to F representing the initial information. Observations an~ thns 

from a mixed normal and prior knowledge is assumed on the mixing distrihntiou ratlwr thau 

directly on the data distribution. Inference on µi is of interest and implementerl hy th,, Gil,1,:-i 

sampler. In a more recent work. Escobar and \Vest ( 1995) extended this study tu nmsi, l1 ·r 

the nnknown varianc:e. and examined applications in density estimation. 

Mixtures on intervals other than ( -,x_ oo) are formed through Gamma or Bf~ta Distril,n­

tions. Distributions on ( 0. 1). or generally a finite interval. can be approximated by a mixtnr« • 

of Beta distributions. For instance. Beta(n:'I+ 1. n( 1-'I) + 1) with T/ being a ran<lom variahl«· 

on ( 0. 1) with density f is close to f when n is large enough. 

1. 7 Statement of the Problem and Outline 

It is the purpose of this thesis to develop Bayesian analysis for failure time , lata aur I 

bioassay data. Generally. the bioassay problem still falls in the framework of smvival analysis 

if we follow the concept of tolerance. The approach is basically non-parametric l>t'.1~anst • w, • 

do not c:oufine the life distribution or tolerance distribution to any specific parametric da:,;s: 

the advantage is apparent when field knowledge is not enough to determine the typt~ uf th«· 

life or tolerance distribution. As stated earlier. we would work towards a simple awl practical 

Bayesian analysis for right-censored failure time data using smoothed priors. and for binary 

and doubly-censored data using Dirichlet process priors. 

Due to the complexity of the smoothed prior. some preliminary work is ,lone iu Chapt.,•r 

2. A multivariate Gamma distribution is constructed to incorporate correlation. Tlu~ n~­

lated Bessel family which includes the Bessel distribution. squared Bessel process and briclgt· 

is introduced. Some numerical computation issues regarding the evaluation of the Bessd 

cp10tient and the simulation of Bessel variables are discussed in detail. 



1. 7 STATEMENT OF THE PROBLEM AND OUTLINE 

Chapter 3 is basically the problem of one-sample survival analysis nncler a smtHJtll!'d 

prior. Posterior computations for right-censored failure time data are efficiently hawlkil 

and illustrated by numerical examples. Bayesian inference under non-informative pnors 1s 

addressed and compared with existing results. 

Chapter 4 retreats from the infinite-dimensional pnors and considers a more prac:ti,~al 

approach using finite-dimensional priors. Links to some well-known results sur.h as th<~ partial 

likelihood for proportional hazards regression and the A( n) for prediction are establish,·• l. 

Fiducial inference for failure time data is also presented. This is numerically eqnivalt:ut to 

Bayesian analysis under a non-informative and data-dependent prior. 

Previous research on the application of the Dirichlet process prior m hioassay I lat a is 

not rnrupletely successful. at least in the implementation thereof. The topic: of Chaph'.r :j 

will be the Bayesian analysis of a single bioassay and the combining of many assays. 1lt>rt ~ 

,:umplicated ,lata types. such as doubly-r.ensored data. are also considered. 

The concluding c:hapter surnniarizes the findings in the effort to achieve 01u goal. Sum<· 

random thoughts and comments on the current study are presented informally awl fot1m • 

research topics are also discussed. 



CHAPTER 2 

The Bessel Family. and Gamma 

Distributions 

2.1 Introduction 

The concept of conjugate priors is central iu traditional Bayesian statistics. Iu uuupara­

met.ric survival analysis the form of the likelihood varies according to the way we parauu ~t, :riz, • 

the U1ode!. and the following parameterization suggests using the Gamrua ,listrihntiou as a 

prior. Suppose we observed failures at times t 1 < · • • < tn (t0 == 0) with di snl,j,~1'.ts fail1·1l 

at ti. and censorings in [ti. ti+i) are adjusted to t;. Let <l>i denote the iucreuwnt. of t.llt' 

,:nnutlative hazard over (ti-l• ti). 1 ::; i::; n. and le~ <Pi be the hazard at tim1! ti. Thc!U tlt•· 

likelihood for ( <f>. <I>) given the data can be expressed as 

where Si denotes the number of subjects at risk j11st before time ti. Approximately. <Pi 

if!i/(ti - ti-d and thus the likelihood for <I> turns out to be 

which indicates that an independent Gamma prior is conjugate in this situation. 

However. a multivariate Gamma distribution is needed if the relationships betwet-!IL pa­

rameters are taken into account. This is the motivation for constr11cting the expoueutially 

13 
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correlated Gamma distribution in section 2.3. The randomized Gamma distribntiuns ans,· 

when we study various conditional distributions. Furthermore. the mechanism l)f tlw ran­

domization involves the Bessel distribution. which is relatively unknown. anrl a gt~w-:ral I lis­

cussion is provided. 

The path integral is a device originally created for quantum physics. From the vit~W l)f 

probability. it is a conditional Laplace transform. The link between path integrals and sorw • 

differential eqnations was exhibited in the 194(f s. but the actnal evaluation of path iutq?;ral:­

is only pm;sible for some special cases. Section 2.5 will show some applications of this cl,~vin· 

in dealing with some complex distributions. 

The numerical evaluation of various Bessel functions has received widespread attt'.ntiuu 

and many articles have been published proposing possible solutions. But the inhP.n!nt st.rnc:­

ture of the Bessel functions is so complicated that none of the existing II1et.ho,ls is rt>ally 

efficient. It is fortunate that our computations only involve the ratio of two Bessel fnw:tious. 

whic:h is r.alled Bessel quotient. with complexity much less than that of the Bessd fnuc:ti1,u 

itself. The evaluation of the Bessel quotient is based on its continued fraction repn~st-~ntatiuu. 

a well-known result. In section 2.6 we provide some elementary analytic:al propertit>s (Jf tlw 

Bessel quotient. 

Finally. we propose a method for simulating Bessel distributions. The efficic!nc:y a.w l 

acr:nracy of this Bessel generator is vital in our subsequent posterior computations. 

2.2 The Bessel Distributions 

A random variable Y. taking values on the non-negative integers. is said to be a Besst•l 

randolll variable with parameters v > -1 and a > 0 if 

P (y l (-a )2n+v. r = n) = ---------
lv( n) n~ f( n + v + 1) 2 

n = 0.1. • • •. 
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where lv(i:) denotes the first type of (modified) Bessel function given hy 

For simplicity we use the notation Bes( v. rL) for the Bessel distribution with paramdt•rs ,, 

and n.. 

It is obvious that (2.1) gives a probability mass function. but unlike the binomial ur 

Poisson. which arises natnrally from some physical process. the definition of the Bcssd 

distribution may seem somewhat artificial. Thus. it is desirable to reveal its many fan!s awl 

link it to distributions that are familiar to most readers. 

(i} The Bes.-:;el d-istrib·ution as an ·inver.-;e probab·il-ity. Assigning a Gamma pnor to th1· 

mean of a Poisson distribution is standard in Bayesian statistics: in th.is exalllple. howt~V('r. 

we put a Poisson prior on a Gamma distribution. Suppose we want to draw au iufr~r«'U<'.t> 

about the number of customers visiting a laundromat based on the power cous1mq1tiuu. 

The observable total power consumption Y in a period T breaks up into two part~: tlw 

customer consumption Y1 and a base amount Y2 independent of Yi. Further. wt: ass111w • 

the power consumption of each customer is an exponential random variable with :-walt· ,i. 

and the distribution of ½ is G( v + 1. a) where v > -1. Let the number of nistomt'rs r· 

Le the parameter of interest. Then. the distribution of Y given r is G(1· + v + 1. 1L). If 

customer aITivals are described by a Poisson process with rate A. the prior <listribntiou for 

r should be P(>..T). Given an observation y. it follows that the posterior distrilmtiou of r is 

Bes(v. 2Ja>..Ty). 

(ii) The Be:;::;e[ d·istrib·ut·ion as a cond·it·ional Po·is.•wn d·istrib·ut·ion. When v is au intt\!.?;t-~r. 

the Bessel distribution Bes(v. a} is the conditional distribution of Y given X - Y == v. when· 

X ,..._, P(Ai} and Y,...., P()..2 ) are independent and A1A2 = a 2 /4. 

For the general case v ~ 0. X is generated from a randomized Poisson distribution. Ld 

X ,...., P( Ai - T/} with T/ ,...., G( v - [v]. 1) but right truncated at Ai. where [v] <lenotes tlw 

integer part of v. To include the integer case we adopt the convention that G(O. 1) dt~unh~s 
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the prohahility distribution conc:eutrate,l on zero. Now. the density of 'I is propurtioual t11 

,,v-[vj-l e- 11 /(0 < T/ < ).i). so that 

Pr(X = k) oc 

= 

oc r ( k + 1 + v - [v]). 

It is now clear that. for v 2'.: 0. the mnclitioual ,li:-;tribution of Y given X - Y = • 1/ 1s 

Be.-;(v. a). We now turn to build a kind of recurrence relation for Bessel distribution:,;. 

(iii) The Bessel d-i.-.trib·nt-ion a.-:; a ~mm of Bernoulli variable:,. It is well-known that t.llt' 

Bessel function satisfies the recurrence equation 

which implies a kind of relation between Bes(v. a). Be.,;(v+L a) and Bes(v+:.. a). In fa.ct. it 

is immecliately seen that the Bessel clistribution Bes(v. a) is a mixture of Be.,;(v+ 1. ,i) awl a 

right-shifted Be.o;(v+2. a) produced by moving the mass at k to k+l. The two Wt~iµ;hts fur this 

mixture are 2(v + I)Rv(a)/a and Rv(a.)Rv+da) respectively. where Rv(rt) = fv . ..i(<L),' I,,(,L) is 

called the Be:,;sel quotient. In the language of sampling. a random variable Y - fl,:.-;( u. ,t l 

can be generated by first generating a Bernoulli ran<lolll variable r with para.metPr Pr I,. = 

1) = Rv(a)Rv+i(a) followed by X ,.._,, Bes(v + r + La). and then Y = X + r. 

From this property. a Bessel random variable can be expressed as a sum of Bt ~ruonlli 

variables: First. a random variable Y ~ Bes(v. a) can be written as Y = r 1 + X 1 with r 1 a 

Bernoulli variable with parameter Rv(a)Rv+da) and X 1 ,.._,, Bes(v + r 1 + 1. a). Then. X 1 cau 

Le written as X 1 = r 2 + X 2 with r-2 a Bernoulli variable with parameter Rv+ri +1 (a) Rv+r 1 +:? ( ,L) 

and X 2 - Be.s(v + 1·1 + r 2 + 2. a). Since Bes(v + k. a) can be treated as a point mass ou Zt~ro 

for k large enough. we can express Y as an infinite sum of Bernoulli variables L~i ri. 

(iv) Rdatirmship to the von Mise:s dL-.trib·ution. The von Mises ,listrihntion. which was 

iutrodnced by vou Mises. is an analogue of the normal distribution in circular statistics. Its 
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,Ieusity function is 

1 
</>(B) = l ( ) exp(~ cos B). -rr :=:; 8 < rr. "'> 0. 

21r O ,._ 

where ft. is the concentration parameter. Detailed study and interesting applic·atiuus ,·au 

he found in Mantia ( 1972). It is not surprising that the Bessel distribution offers a simpl«· 

dia.rac:terization for tlw von Mises clistrihntion. If fJ is a van lvlises variable with 1'.nU1'.t'.1Ltrar.i, ,u 

parameter "'· then the distribution of cos2 B is a randomized Beta distribution Bdal r -

1/2. 1/2) where r......, Bes(O. 1t.). However. given cos2 B = y there are still four possihlc val111·s 

of Bin [-rr. rr). The uncertainty can be removed given the sign of cos fJ and the sign of H itsdf. 

To determine the sign of 8 we can simply flip a fair coin since the von lvlises distribntil)u 

is symmetric:. Bnt to determine the sign of cos fJ we need a bia!-ied coin with hea,l awl t:ail 

probabilities proportional to (e"v'Y. e-~h) which is based on the density of the vuu :\Iist•s 

distribution. Now. suppose Y ....... Beta.(-r+ 1/2. 1/2) where -r ....... Be.,;(O. ~). and given Y. h1 awl 

h2 are independent Bernoulli variables with parameters 1/2 and 1/( 1 + e- 2"✓Y) n-~spediVt'ly. 

Then. 

B = (2b1 - l)arccos[(2b2 - l)vY] 

is a von l\tlises variable with concentration parameter n.. 

( v) !vfoment.-:; flrnl mode. The moments of the Bessel distribution can ht-~ t~Xpres~wd lll 

terms of the Bessel quotient. For instance. if Y......, Bes(v. a). then 

1 
E Y = -aRv(a) 

2 

The factorial moments. 

and 

are easily obtained ancl from these we can calculate the moment of any order. 

(2.3 l 

Finally. the Bessel distribution has a unique mode. or two modes at consecutivP. integers. 

For convenienc:e we make the convention that the mode of a Bessel distribution always n·fors 
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to the larger one if there are two modes and. it t.heu follows that the mocle l)f B,· . ..;j u. ,LI 

is the integer part of m( v. a) = ( y 1a 2 + v 2 - v) /2. Th.is is nsefnl in :;irnnlatiuµ; tlu~~ B, ·ss, ·i 

distribution. 

2.3 Multivariate and Randomized Gamma Distributions 

We begin with a simple construction of a bivariate Gamma distribution. Consiclt~r tllt' 

joint Laplace transform of independent random variables Yi. ,..,_, G( a. At) and Y; "" G( n. A:? j. 

t2.--!) 

where [2 is a 2 x 2 i<lentity matrix. A ancl T are 2 x 2 diagonal matrixes with P-ntri1~s 1 ,\ 1 . 1 ,\:: 

awl t 1 . t 2 respectively. The simple form of the joint Laplace transfonu frJllows from tlw 

independence of Yi and Y2 . Our purpose is to construct a bivariate Gamma distrilmti1,u 

that ac:c:ornmodates fairly general dependence. and there arf! many ways to ac:complish this. 

One simple way. however. is to alter the matrix A to a positive symmetric: matrix. Tht~rt~fun·. 

a more general fonu of A can be obtained if we replace the two zeroes in A by /p/ At A'.? with 

0 S: p < 1. The co1Tesponding Laplace transform is 

12.S I 

We can find the inverse of (2.5) in two steps. First treat t2 as a constant ancl rn.knlatt• 

the inverse with respect to t 1 . and then invert the result with respect to t 2 . L~n~thy but 

straightforward calculation shows that the density function corresponding to tl1t~ Laplac·t· 

transform ( 2.5) is proportional to 

( . . )(u-ll/'.? ( A1!J1 + A2!/2) J. ( 
!It!/:? exp - 1 n-1 

-p 
4p>.t A2!J1!h.) _ 

1-p 
Yt• !12 > 0. 

The density (2.6) keeps the marginal distributions of Yi and Y; and. the only thiug tu 

be investigated is the dependence imposed by this kind of generalization. Sper.ifically. Wt• 
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are interested in the conditional distribution of Yi given Y;. or vice versa. Howt~V1T. t:lL1' 

seemingly complicated form of the conditional density could obscure a simple fact if w,· ,l() 

not go a step further. For this purpose. the notion of the randomized Gamma ,listrilmtiuu 

(Feller. 1966) turns out to be helpful. 

Suppose that Ylr ,..._, G(a + r . ..\) with <.t . .,\ > 0 and r ,..._, P(a/4..\) where a > 0. Tht'.ll th,· 

marginal distribution of Y is called a randomized Gamma d.istribution of the first typt'. On,· 

c:an easily Vf!rify that the ,lensity of the rawlomized Gamma distribution is proportional tu 

yfu-L)/ 2e->,.y l,r-d .jay). y > 0. a functional form we shall meet many times. 

It now becomes dear that the conditional distribution of Yi given Y2 = y2 is a ranrlomiz,~d 

Gamma distribution G(o:+r. Ai/(1-p)) with r-- P(p..\2y2 ). The constant p measnn~s th,· 

(legree of dependence between Yi and ½ and is thus called the dependence c:odfi<:it~nt. .-\. 

larger value of p indicates a stronger dependence and p = 0 corresponds to indepewlt~W~l'. 

Can we construct a m1iltivariate Gamma distribution in this way'! Conceptually. th,·n· is 

no ,lifficulty for the matrixes in (2.4) c:an be of any size. The problem is that a dost~d furm 

,leusity may not always be available. We restrict our attention to a special case. uamdy. tht' 

multivariate Gamma with Markov ,lependence when! a dosed form density d0t-~s 1!x.ist. 

A random vector ( Y1 . • • • . Yn) is said to be Markov if the conditional distrihntiou of 

Yi given Yi. · · · . l'i-i is the same as that of ½ given Yi-l · Let Pi denote the ,lepcwkun • 

coefficient between Yi-t and Yi. If we wish to ensure that each marginal ,listribntiou uf 

½ is G( a . .,\i). then under the the assumption of Markov dependence. the joint clensity nf 

(Yi. • • • . Yn) is proportional to 

n ( 1 ) .,\ n-1 
( ., ., )(cr-1)/2 e [-~ - PiPi+l i!/i l IT I ( 
.'/LYn Xp 6 (l _ ·)(l _ . )• n-1 

i=l P1 P1 +l i=l 

where Pl = Pn+l = 0. 

4pi+l.,\i..\i+UHYi+l ). 

1-pi+l 
!Ji > 0. (~.i) 

The randomized Gamma distribution of the second type is the mixture distribution G( n ~ 

Tt + 2r2 . .A). o: . .A > 0. where r 1 and r 2 are independent with Poisson and Bessel ,listrilmtiuus 
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respectively. This can be viewed as a generalization of the first type taking r 2 . iu a limiting 

case. as zero. For any positive numbers a.. b. ,,\ and a. the randomized Gamma. G( <l' ....;.... ,- 1 -

2r
2

.,,\) with r
1 

--v P((a+h)/(4.,\}) and r
2 

,.._ Bes(a:-L ✓<J;/(2,,\)) independent has a rlt~usit.y 

function proportional to e-:\y I,,_i( y1ay)l,,_i( ~)- y > 0. A proof of this will be pr,JVid,·cl 

later in section 2.4. 

A randomized Gannua distribution of the second type arises from ( 2. 7) wheu we «·lmsi, l1'.r 

the conclitional <listribntion of~ given °Y£_ 1 = !/i-l and Yi+i = !/i+L· The rnnclitional ,lt•usir:y 

is proportional to 

[ ( 1 - PiPi+l )Ai'!Ji ] I_ ( exp - <t-1 
( 1 - pi) ( 1 - Pi+ i) 

!Ji > II. 

exactly the form given above. 

2.4 The Squared Bessel Processes 

For any d > IJ. the d-dimensional sqna.r0.<l B0.ssel process ((t). t ~ I) is a time horu"~1•w•1111:­

Markov proc:ess with transition density 

1 'I ., J; +u Fu 
q( t. ;1;. !J) = -( :_ )"' 1- exp{ - --) Iv ( --) . t > 0. i;. !J 2: U. 

2t J; 2t t 

where v + l = d/2. From the last section. the conditional distribntion of<:( t) given ~( IJ) = 1· 

is a randomized Gamma clistribntion of the first type G(v + r + 1.1/2t) with r ,..,_, P(i: '.;fl. 

When rl is an integer and { ( 0) = 0. ~ ( t) can be expressed as 

~(t) = B;(t) + · · · + BJ(t}. t 2: 0. 

where (Bi(t). • • •. Bd(t)). t 2: 0 is a standard d-dirnensional Brownian motion. Tlw samplt· 

path of the squared Be.ssel process is continuous but nowhere differentiable. 
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t 

Fig. 2.1 A sample path of the squared Bessel process when d = 1. 

It is not trivial to verify that ( 2.8) is a transition density. Assuming it is. howt-~Vt!L w, • 

can derive the cleusity fnur:tiou for the randomized Gamma of the seconrl type. Applying 

the Chapman-Kolrnogorov equation to (2.8) we have 

j q(t.J!.!J)q(t.y.z)dy = q(2t.x.z). 

Letting a= x/t2
. b = z/t2 and ,,\ = 1/t. we see that 

is a probability density function. 

Using (2.9) again we can calculate the Laplace transform 
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This c:an he seen to be identical to the randomized Gamma G(a + r 1 _;_ 2r2 . ,\) with 

r 1 ~ P((a + h)/(4..\)) a.nd r 2 ~ Bts(a. - 1. ~/(2.-\)) independent. Thus !J is tl11~ ,l,:u:;ity .,f 

the randomized Gamma distribution <lesr.ribed above. 

When ((0) = 0 the marginal distribution of c(t) is G(d/2.1/(2t)} and. for-~< t tlwjuiar 

(listribution of {(s) and c(t) has a density with the same form as (2.6) with the pa.rarudt•rs 

given by n = d/2 . .,\1 = 1/(2.s). ,\2 = 1/(2t) and p = s/t. There is a r.orresponcl<~rwc hdw1•1•11 

a multivariate Gamma given by (2. 7) aud a re-scaled finite dimensional distribntiuu of a 

Bessel process. Specifically. if we sample c(t) at times ti = 1/(p1 • - • pi), i = 1. • ••. n. tlwn 

the joint distribution of <(td/(t1..\i). • . c(t .. )/(tT,An) is exactly the same as (2.7) provi1i1•d 

d = 2o: and ,\i > 0. 0 < Pi < 1. 

A standard squared Bessel bridge f,,11 _"' 1 (t) is a stochastic process on [0.1] g;c~nernt1:1l liy 

c(t) with c(O) and c(l) tied at Xu and J;1 respectively. The distribution of Cx,,,_,,,(t) is stncli1:d 

in rletail by Pitman and Yor ( 1982). Its transition distribution is a ra.ndomiZt't l Gamma 

, listribntion of the ser.oud type. Let U :S -~ < t :S L If we know that <x., _ _,, 1 ( -~) 

Y = ~"'" _ _,, 1 ( t) ,:an he obtained by generating indepen(lent random variables 

a1Hl then 

·r• ~ p 1 [ ( 1 - t) 'J. , ( t - s) J' ] v~ 
1 ( 2(l-s) (t-.s) .,(l-t)·1)_and r 2 ~Be.~(v. l-.~) 

1-s 
Y ~ G(v + r1 + 2r2 + 1. -----). 

2(t - s)(l - t) 

2.5 Path Integrals 

1:. dwu. 

The path intebrral or Feynman integral (Gel"fan<l and Yaglom. 1960) is a device nscd 

in (!Uantum physics for integration over a fonction space. The first result of path iutcµ;ral 

evaluation ( Cameron and Martin. 1944) is the so-called Cameron-Martin forrunla: 
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where B(t) is a standard Brownian motion and ,\ > 0. The path integrals for tlw B,~ssd 

process can be fo1111d in Pitman and Yor { 1982). Actually. for fixe<l initial stat1:~ tlu~ path 

integral has been considered in a more general setting. It has been shown ( Pitman awl Y1 •r. 

1982) that. for a Radon measure 11, with support in [O. rL]. the Schrodinger equation 

1 
(--Ll + µ)u = 0. 

2 
n(O) = 1. u'(a) = 0 

has unique solution u in the sense of distributions on the space c:(o. oo ). and 

(:2.ll I 

An immediate result is a generalization of the Cameron-Martin formula to the sqtrnn~,l BP.ssd 

process: 

when~ ,\. d > 0. We will see that including a weighting measureµ makes ( 2.12) more pnw,~rfol 

than the classical Cameron-Martin formula. For fixed initial and end states. Pitman awl 

Yor ( 1982) provided a very useful path integral of the squared Bessel process: 

where ,\ > 0 and 

The conditional distribution of f~ l( .s )ds given ~( 0) = :1; and l( t) = y is also availablt'. 

since the path integral is the corresponding Laplace transform. Using the infinite pru,ln,·t 

(Titchmarsh. 1939) formula 
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we see that '\/'2>..t/ sinh v'Tit. the first factor in (2.14). is the Laplace transform uf au intiuir,· 

c:onvolntion of G(l.k2 tr 2 /(2t)). k = 1.2.···. Next. using the following series ~xpausiuu 

(Titi:hmarsh. 1939) 

zcoth z = 1 + ~ 
L., z2 + f.:21r2 • 
k=l 

we can show that the exponential factor in (2.14) is the Laplace transform of au iufiuit,· 

<'.onvolution of randomized Gamma distributions G(r1.k- k2tr 2 / (2t) ). I.: = 1. 2. • • •. with ru.- '" 

P((;i;+y)/t). k 2 1 independent. Similarly. the remaining part in (2.14) is the Laplac'.1' trans­

form of the con volntion of the randomized Gamma distrihntions G( 1.1 + 2r2. 1.:2 rr 2 / ( 2t) I. I.: = 
1. 2. • ••. with r2 ~ Bes(v. Jxy/t). Therefore. a sample Y from the conditional ,iistrilmtiPu 

of .f.~ ~(.s)ds given £(0) = x and ((t) = y can be drawn by the following proceclnn:: 

(i) generate rm i·irl random ,:;eq·nena r1.k ~ P((:1; + y)/t). k 2: 1: 

(ii) gP.nerrifr rz rnrulmn ·11<1-ri<Lbfr r 2 ~ Br::;( v. vxfi/t) indepr:ndud of r 1.k. I.: > 1: 

(iii) genernte an imleperulent random .-;erpienr:e T/k ~ G ( rl.k + 2r2 + v + 1. rr 2 / { 2t2 ) I. I.: : 1: 

Another path integral 

11 l(t) 
U;..(x.y) = Ex (exp[-,\ u (t + p) 2 dt] I l(l) = y) 

is related to the posterior calculation in the next c:hapter. This can bf~ evaluatecl nsin~ ( :!. l~ I 

(see Appendix). yielding the result 

✓s>.. + 1 sinh, xe-, + 'ft:.--, 
. ✓ exp[ • sinh 1 ( coth, 

smh S>.. + 1, 2 

jxy(S,\ + 1) sinh 1 
✓s,\ + 1 coth v 8). + 1 , ) ] Iv( . ) I;:1( ...,fxy). 

smh y'S.,\ + 1 , 

where e3'"' = (p + 1)/p. 
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Similarly. we can describe the <:orresponcling conclitional distribution hy tht~ Lapla,·, • 

transform (2.17). infinite pro<lnct (2.lf;) and series (2.16). A sample Y from th<~ rnwlitioual 

,listribntion of .frJ1 ((t)(t + p)- 2dt (eh= (p+ 1)/p) given ((0) = :r. and l(l) = y 1:;m 11(~ clrawu 

hy generating 

rnenn 

(ii) r 2 "" Bes(v. y!XY) independent of ·r1.k• k 2: 1: 

(iii) an -independent random .,;eq·rtew:c 'lk ,.,_, G(r1.k + 2·r2 + v + 1.1/(81
2

) ). k 2 1: 

2.6 The Bessel Quotient 

Evaluation of the Bessel functions is avoided here. This is primarily <Lue to tiw i11t·fti-

1:iency of existing numerical methods. Evaluating a Bessel function once or twin~ c:osts V<'ry 

little using a computer and a mathematical package. But if a resampling scheuw rP<t1tir1•s 

evaluation of many Bessel functions at every iteration. it could be disastrous. Fortnuatdy. 

we only need a ratio of two Bessel functions. the Bessel quotient Ru( x) = fu+d ;i;) / lu( J'.). 

which is substantially easier to work with. 

We present some results that are neither trivial nor reacWy available in the literatnrt'. 

The properties stated here of the Bessel quotient are. however. entirely based on the t-~x.istiuµ; 

theory. 
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Fig. 2.2 The curves of the Bessel quotients for different v values. 

A recnrreun~ formula for Bessel cpwtients a.rises iuuuediatdy from ( 2 .2): 

Fnrther. the following relation for Bessel functions • 

leads to a differential equation 

, ., 2v + 1 
y = 1 - y- - ---y. 

;; 

y(O) = 0 

(2.191 

which has 11.nique solution Rv( :I!). These equations are generally important in stmlyiu~ t.ht: 

Bessel quotient. On the other hand. some special Bessel quotients <lo have dos<·•cl form 
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express10ns. For example. the integral representation of the Bessel fundiun ( Spain ,mcl 

Smith. 1970) states. for v > -½- that 

which gives 

ff h(x) = sinh x. 
:: 

and h ( x) = /2 ( x cash :r; - sinh x). 
:: v~ 

It follows that R½ ( :r;) = coth x - 1/ ;; awl. hy (2.18 ). R_ ½ ( :1;) = tanlu:. 

The asymptotic expansion ( Spain and Smith. 1970) of the Bessel function implit'.S that 

R,,(1;) ~ 1 as x-+ oo. and thus all curves of functions Rv(:r:). v > -1 start from ((I. 0) awl 

share the same asymptote !J = 1. Further. we have 

lirn :1;[l - Rv(x )] = 2v + 1 
J:-+'X 

1:2.:2111 

which means the curve of Rv( x) approaches the asymptote frorn above when -1 < I/ < - ¼ 

and from below when v > - ½. 

The monotonicity is also classified into two categories at:cording to whetlu="!r 11 is larµ;,-r 

than -½ or not. For v > -½- the function Rv(x) is increasing over the whole interval (0. x I: 

while for -1 < v < -½- the function Rv(x) is increasing first to reach a maximum awl tlwu 

,lecreasing. 

To verify this analytically we clifferentiate (2.19) to obtain 

,, 2v + 1 2v + 1 , 
y = ? y - ( 2y + . ) y . 

:1;- ;]; 

The sign of the second derivative at stationary points. where the first derivative vau.islws. is 

the same as that of 2v + 1 and. this gives rise to an essential difference between Rv( :,; ) wh<~IL 

v > -½ and v < -½- namely that the former can have local minima only while the lattt'r 

local maxima only. 
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From the differential equation (2.19). y' c:annot change sign when v > Oth, ·rwist •. 

there must be a stationary point x 0 which is. according to the discussion above. a lo•·al 

nu1umum where y' changes from negative to positive. Since y'(O) == l/(2v + 2) > ll. t.lwn· 

must be a local maximum between zero and i:0 which is impossible. 

When -1 < v < -½- (2.20) indicates that y must be larger than one when .r. is largt' 

enough and y( oo) = 1. Hence. there must be a point at which y' is negative. Siuc:t'. y'( ()) /. 11. 

there mnst be a stationary point x0 which is a local maxim mu. Furthermore. y( J:11) > 1 is 

guaranteed by (2.19). We can show that y' changes sign only ouce. otherwise we will hav" 

two local maxima between which there must be a local minimum. which is a coutracli,:tiou. 

Hence. y(x0 ) is also a global maxinmm. 

We are now ready to give some bonnd.s for the Bessel quotient. In fact. the variann· 11f 

the Bessel distribution calculated from (2.3) rrmst be non-negative and this implit-~s 

X R (:i;) < -
V - ? ? 

v'x- + v- + v 

On the other hancl. the differential e<prntion ( 2.19) suggests that R,,,( J:) :S R,, ( J:) if u · /l 

for these two functions have the same initial value but the former has a sruallt-~r cl,·rivativt·. 

Hence. R1.1+d:1:) ~ R,.,(x) and this. comhined with (2.18) and (2.21). leads to 

X X 
--;:::=====----- s; Rv( X) ~ --:====-- V > -1. 
✓ x 2 + ( V + 1 )2 + ( V + 1) ✓ x 2 + v'- + V. 

which gives upper and lower bounds. For v > -½ a slightly sharper upper bonwl ,:au l)t' 

derived from the fact R:( x) ~ 0. This kind of bounds was also derived hy Amos ( 197-1) for 

the case v 2:'. 0. 

From (2.18) we see that R,.,,(:1;) can be computed if we know the value of Rv+kf i:) t~,r 

some k. Actually. by repeating the rec1urence relation. Rv(x) can be written as a cnntinn,·,l 
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fraction 
1 

Rv ( X) = 2 ( V + 1) 1 
----+-----------

2(v+2) 1 
----+------

i= 2(v+3) 
----+··· 

or. iu a compact notation. 

1 
Rv(:r:} = ----

2(v + 1)/x+ 

1 1 

2(v + 2)/x+ 2(v + 3)/x + · · · • 

The upper bound in (2.22) implies that. for fixed x. Rv+dx) ➔ 0 as k ➔ oo an(l it. st~t:ms 

that R,.,(x) can be computed by iteration. 

The validity of (2.23 ). or in other words. the convergence of the c:ontiune<i frac:tiun is 

easily verified. Practically. however. (2.23) is not directly applicable for the ronrnl-off t-'.I.Tor 

by iteration could pose a problem. A coupled iteration (Amos. 1974} is more appropriak. 

The continued fraction is a powerful device for numerical computation. Elt~Iw~utary 

functions such as t:x and tau x arc actually evaluated based 011 their continued fnwtilJUS 

rather than Taylor series. We hope this short discussion has given a dear picture of tht· 

Bessel quotient. a function we will meet again. 

2.7 Simulating Bessel Distributions 

Simulating a Bessel Distribution is generally difficult due to its complexity and loose links 

with well-known distributions. Standard procedures such as the discrete inverse iutt-~).;ral 

transform. or rejection sampling can be used to generate Bessel random variables. But uuu1· 

0f these is easily implemented. The method proposed here for simulating Bessel Distrihntious 

is a compromise between efficiency and accuracy. 

It seems that a normal approximation is applicable to a fairly large class of BP.ssd ciis-
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tribntions. Specifically. we use the normal distribution left-truncated at zero with ,l1·usir:y 

I 
q,( ( X - fl•)/ fT) 

f(xjµ. rr 2 ) = rr[l - <P(-µ/rr)] 

0 x<O 

where <P and q, are the cunmlative distribution function and density fnnctiou of tht• st.au­

<larcl normal respedively. To avoid the trouble of solving some complicated e<p1atious. tlw 

parametersµ and rr2 are simply set to he the mean and variance of the Bessel givt-!U by ( 2.:J l. 

One must understand that this choice of parameters is not strictly optimal sine(~ /L awl rr'.!. 

are not the mean and variance of the trunc:ated normal. But in practic:e the inacnirar" 

approximation will not be used. The only loss is that a Bessel distribution which is ,kcm«~d 

to lack a good normal approximation might actually have one if the parameters wen~ chose ·u 

more carefully. 

An intuitive argument for using the normal approximation is available from st-!ctiou :2.:2. 

Note that. for integer-valued v the Bessel distribution Bes( l/. a) is the conditional 1listrib11tilJU 

of Y given X - Y = v. where X ,.._ P(a/2) and Y ,.._ P(a/2) are indepe11<leut ra.wlom 

variables. It is well-known that the Poisson distribution with large mean is similar t., 1 a 

normal distribution. Rene<~. the Bcs(v. a) should be similar to a normal c.listrihutiuu wht•U 

a is large. For example. Bes(O. 12) displayed in Figure 2.3 (I) is very dose to a uurmal 

distribution. But generally the normal approximation to a Poisson distribution is unly 

accurate in a region centered at its mean. and less accurate in the two tails. A larg<· valni • 

of a is not the sole condition for a satisfactory normal approxilllation. Intensive unmt~ri,·al 

experiments show that the normal approximation is accurate only when ,z is larg~ ancl l/ is 

relatively small. In the Bessel distribution Bes(v. a). increasing a without changing u will 

improve the normal approximation; on the other hand. increasing v for fixed a will , lecn~as<' 

its accuracy. 
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For example. as shown by Figure 2.3 (II) an<l (III). Bes(O. 20) is more similar t(J a uurmal 

than Be.s(0.12) and. Be . .,(10.20) is less similar to normal than Be.s(0.20). Ifwe iw:r1~as" th1• 

value of v to 40 we c:an see that the normal approximation in Figure 2.3 (IV) is oliviunsly 

not satisfactory. 

For any fixed v there is a threshold value a( v) such that the normal approximation is 

acceptable for all Bes( v. a). a 2: a( v). The Bessel distributions are thus divide,[ int() t.w, J 

gronp~. one that is dose to the approximating normal distribution and one that is uut. [f 

we can find a proper tlu-eshold n(v) we can then officially ,lefine tht-!se twu grunp:,;. 

Note that the mocle of Bes(v. a). or the quantity m(v. a). <:an be written a:,; 

<L a 
m(v.a) = - --::====---. 

2 ya2 + v 2 + V 

The first factor measures the magnitude of a and. the second factor. which is betwt!t'll 7.cr< 1 

and one. measures the relative magn.itudt=! of v to a. A Bessel clistrihution Be.,;( v. 'L) with a 

large mode has to meet both requirements: a large a and a relatively small v. H1~UC'.t'. tilt' 

mocle might set a threshold but how large it has to he remains a problem. Agaiu. Wt~ tiwi t.h, • 

answer from numerical experiment that the mode should he no less than 6 or. ecp1ivalt-11tly. 

rn(v. a) ~ 6. Hence. the threshold should be a(v) == /24(v + 6). 

When m(v. a) 2: 6. a sample Y"' Bes(v.a) is drawn by generating U ,.__ U(O. l) followe,l 

by 

X = µ + rr<I>- 1 [U + (1 - U)<I>(-µ/rr)] 

where /L = ½nRv( a) and a 2 = ¼a2 - Jt 2 - V/L: Y is then i,lentifierl as thP. drn;P.st inte!!;Pr tn X 

Th.is can be easily implemented since ~ and its inverse cp-l are available in major statisti,·al 

packages. 

When the mode is less than 6 the clistribution would have a very short right tail. Fi~1m~ 

2.4 displays the tail probability Pr (Y > 16) for Bes(v. r:z(v)) and shows that Pr (Y > lG) S 

2 x 10-4 for -1 < v < 1000. a range of v wide enough for onr intended use iu Bayt'sia11 

analysis. 
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Fig. 2.4 The tail probability Pr (Y > 16) for Bessel distribution Bes(v, a(v)). 
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We c:an easily argue that a Bessel distribution Be.i;(v. a) with a< a(v) has an t~vcu short."r 

right tail than that of Bes(v.a(v)). Suppose we have a sample Y,..... Be.c;(v.a(v)) ancl want. 

to nse this to generate a sample from Bes(v.a) with a< a(v). Applying vou Nt~mwmu·s 

rejection sampling theorem we see that Y will be accepted if it is smaller than some raurlum 

quantity. Therefore. Bes(v. a) has a shorter right tail and Pr(Y > 16) ~ 2 :< 10--1 is valicl fur 

all Bt:s(v.a) with a~ a(v). -1 < v ~ 1000. Consequently. table sampling is appropriatf~ for 

the case rn(v. a) < 6 which requires only a relative magnitude of the probability mass awl 

evaluation of the Bessel function is not necessary. For Bes(v. a). m(v. a) < 6. we set 

qu = 1 k = 1. • • • .16. 
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and theu .;;k = E7=o qi/ 'EJ~o qi. A sample Y ,...., Be.-;(v. a) can be drawn by gt~Ut~ratiug a 

uniform random variable ·q,....,, U(O. l) and letting Y Lk~u [(11 > sk}- Higher accnra.·y nrn 

he readted at the <:ost of sampling from a longer table. For t!Xamplt:. the tail 1,rt1La.l 1ilir y 

Pr(Y > 20) ::;; 2.02 x 10-0 is valid for all 8,:'.s(v.ri) with a::;; n(v). -1 < v :=; 1000. 



CHAPTER !J 

Survival Analysis with Many 

Parameters 

3.1 The Infinite-Dimensional Gamma Prior 

A prior distribution represents our knowledge abont the unknown paramettir bcfrm~ w1• 

look at the data. In the nonparametric survival problem. a natu.ral way to s111u.mariz1• this 

knowlerlge is in terms of a shape parameter A0 (t) > 0. which is 01rr guess at. tht~ hazarcl 

fouction. aud a confidence parameter c > 0 in the prior specification. The shape para1w·t,·r 

snnmiarizes our estimate of the unknown hazard function basecl on past expericu1·1•. Th,· 

confidence parameter specifies the degree of uncertainty we attribute to that estimat,!. 

Ferguso11 ( 1973) remarked that a clesirable prior for nonparametric problem should: 

(i) have a large support on the space of probability {listributions. 

(ii) lead to a tractable posterior given the observations. 

The Dirichlet process as a prior on the space of probability distributions meets t.hest~ t.w,, 

requirements. But it assigns full probability to the class of cliscrete distribntions. awl this 

has caused difficulty and inconvenience. Therefore. a thircl clesirable property might l1t! 

(iii) assign foll probability to contirmous distributions. 

We begin by introducing a model with many parameters. Suppose that therf! is a small 

time unit d > 0 such tlLat the class of hazard functions clefined by 

..\(tj0} = fh Au(t). t E (-i.i - d. ·i6]. i = 1. :'.?. • • •. (3.U 

35 
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is rid1 enough for onr pnrpose of describing tLe life distrib11tio11. Here. {fh}~1 is a sc-1p11•w·•· 

of positive parameters and Au ( t) is the initial estimate for the hazard four.tion. In a Bay,•siau 

framework we need to specify the joint probability distrib11tion of {0i}~1 in orclt'!r tu snm­

marize the nnc:ertainty in 011r knowledge aho11t the n~nowu hazard fimction. As Wt'. puiut, ·• l 

out in section 2.1. a Gamma prior is a natural choice in survival analysis. To makt! Ao( t I 

the prior mean. the marginal clistrihntion of (Ji is chosen to be G( c. c) where 1· > 0. B11t 

independence between the parameters would be unrealistic since J is usually small. awl tllt' 

knowledge represented by Bi-I ancl f:J; wo1tld often be strongly ,:orrelated. 

We ass11me that {0i}~1 c:oustiti1tes a Markov 1:hain. Under the 1:oustraiut set. l,y r.h,· 

marginal clistributious. we can generate such a Markov chain by discretely sampling a mm li­

fted scprnrecl Bessel process. Let {(t) he a 2c-dirnensional squared Bessel process with {(0) = II 

ancl let h Le a strictly increasing fuuction. We clefine the prior of ei. ·i = 1. 2. ··•.as tl11! ,listri­

bntiou of the Markov chain prodnced by sampling 6.(t) = {(h(t))/(2h(t)c) at i,L i = 1. ~- - • •. 

By rloiug so we have introduced an infi.uite-dimensional Gamma prior on hazarrl f1mdious. 

To specify such a prior we have used four items. The time nuit <L the shapP- parnmc•kr 

,\0 (t). the confi.1lence c and a function h calle,l the smoothing parameter. Each plays au 

iIUportant role in the prior. For simplicity we nse the notation JG(~- ..X0 (t). c. h(t)) to rcpn·s,·ur 

the prior constructed above. As stated before. J determines the ricl1I1ess of the snpport uf t.h,· 

prior aml its choice depends on the precision required in the data analysis. In prar.tin!. ,lata 

n111st be recorrled within some precision limit. say. a year. a month. a Jay or eVt!n a miunc,·. 

according to the nature of the investigation. This kincl of clata precision is ,ld1~ru1iw·,l 

at the experimental design stage: to avoid any loss of information. we can choost! ,)· Htl 

larger than the precision limit. Marginally. the distribution of the hazard fonr.tion ,\(till) 

1s G(c. cf );0 (t)). Our guess. );0 (t). is the mean and also the center of the distribution. aurl 

c. which determines the degree of concentration. is a measure of confidence. The larg<!l" ,·. 

the wore the prior is concentrated. The smoothing parameter h is designed to control the 

associations between fh. i = I. 2. • • •. For ·i < j. the depe111lence coefficient hetwei-~11 H; au, l 
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IJi as defined in section 2.3 is h(i6)/h(jd-) so that h determines the 1legree of assw·iatious 

between the Ii,. i = 1. 2. • • •. The choic:e of h could be very arbitrary. hut ,hw tu Slltw· 

technical ,liffic:nlty we only discuss two special cases: the stationary 1:ast! h( t) x ,.,,, au, I 

the shape-dependent case h(t) <X A~(t). where JI. > 0. In either case. note that. wht>u 

µ ➔ oo. the Markov chain {(h}~1 returns to an independent sequence. The smrn,thiu).!; 

parameter h(t) ex: e1~t providing a stationary rlependence structure on the sequenct! {fJ;}.~ 1 is 

the most uniform representation of the relationships between parameters. On the ot.h,:r haw I. 

the shape-dependent smoothing parameter h(t) oc A~(t). which measures tlu-! assrn'.iat.iuu:,; 

according to a kind of distance [Au( s )/ Ao( t)]''. s < ton the time. is also intuitively al'.!"1:ptal,l1·. 

More discussion of the smoothing parameter is provided in subsequent sectious. 

Two extreme cases in confidence should be cliscussed separately: c ➔ oo awl ,. 

0. Obviously. as c ➔ oo. IG(tf . ..\0 (t).c.h(t)) becomes r.oncentrated at its m,~au awl u11 

uncertainty exists in the prior knowledge. As c ➔ 0. the prior IG(tf . ..\0 (t). c. h(t)) appr<ia1·l11·s 

a non-inforruative prior under which the log Ii, are independent and uniformly <listribntt ·d 

over the real line. More ,liscussion of this is presented later in this d1apter. 

As an ideal situation we may consider the exact failure times where J -'- II. and thC' 

stod1astic process ..\0 (t){h(t) can be viewed as a kind of limit of the hazard function ,ldiUt·d 

above. The parameter in this case shonlcl be 0t = !,Jt). a continnons time process. Huwc•vt•r. 

mathematical analysis falls short in ,lealing with a general smoothing paramdt!r. As it 

turns out. we must confine our study to the shape-dependent smoothing paramdc:r. ..\.:,; 

an ilh1stration. we work with h( t) = j Ao( t) for the exact failure time data. The hazard 

function in th.is case can be represented as .,\(till)= {(-y(t)),'(t) where -y(t) = /A11 (tl.-1·. 

and the cumulative hazard is thus an integral transform of the squared Bessel process. Somt• 

moments of A(tl8) are available. For example. the prior mean and variance of the i:nmnlat.iv,· 

hazard can be obtained from the generalized Cameron-Martin formula (2.13): 

1 ., 
E A(tl8) = Ao(t) and var A(t18) = Ge Au(t). 
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From this we see that the shape and confidence control the features of the prior. 

3.2 The Posterior Under Censored Data 

We first solve the posterior problem for life table data. Let t,d. i = I.·••. n hP. the nhs.-rv1•1l 

failure tirues and ,4 he the tnunber of subjects failing at ti. Without loss of generality w,• 

ass11me that ti are all integer:,;. Lets; denote the number of subjects at risk just hefon! j,i awl 

N denote the largest index for which s N is non-zero. The prior density for fJ i. j = 1. • • • .. V. 

is proportional to 
N 

II q(h(jJ) - h(jJ - J). 2h(ja - d)cBj-1• 2h(jJ)c8;) 
i=l 

where q is defined in (2.8) with v = c - 1 and Bo = 0. The likelihoo,l for p,muudt!rs 

IJ;. j = 1. • • • . N is 
N 

0:.1 ••• et~ exp[- L s;{Jj(Au(jc5) -Au(jd - <>))] 
j=l 

and by Bayes theorem. the posterior density is proportional to 

N N ✓fJ· 1/J· 
(0 (J )(c-l)/::?9d1 tJdra ( ~ a ) II [ ( J- J) 

l N ti •• "lltn exp - ~ lljllj c-1 l 
i=l i=2 1i 

wlu-ire. for j =I.···. N - l. 

[ h(jd) h{jd) l [ . . . . . l 
''i = c h(jcS) - h(jcS - J) + h(jcS + 6) - h(jJ) + s; Au(J<>) - Au(p) - ,\) • 

aN = c[h(NJ) ~~ttd _ ,>)] + .sN(Au(NJ) - A0 (NJ - J)]. 

and h · = h(jJ) - h(jtS - J) j = 2 ..... N. 
' 2cJh(jJ - J)h(jJ) 

When h(t) oc e,.,t_ the expressions above can be simplified ·to 

a; = c coth 1' 0 + s;[A0 (jJ) - A0 (jd - J)]. j = l. • • •. N - 1. 
2 

aN = !c (1 + coth µo) + SN[Ao(NcS) -Ao(NJ - J)]. 
2 2 

1 µJ 
b; = - sinh j = 2. • • • . N. 

C 2 

(3.21 
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Gibbs sampling from (3.2) may not always be feasible for N r:oulcl be very lar~t!. Th,· 

high dimension of th.is- density fnnction may cause ·slow converge.nee of the Markov drni11 

generated by the Gibbs sampler. If this is the case. a possible approach is to hn~ak th1• 

parameter into two parts. (8 1.IJt,•· •• .IJt,..0N)- which will he sampled by the Gihhs sampli~r. 

and IJi. j E {k : 1 < k < N. k -;'- ti}. viewed as nuisance parameters at this stag1!. though 

they may be equally important in later Bayesian inference. Integrating out tlu~ U1t.isaun: 

parameters can be clone by using (2.9) repeatedly. To illustrate this we state a simplt: rt!snlt. 

for rzi. bi> 0. Then. L(x.y) ex: exp(l1x + l2!J)lv(v'xfl/l12) where the coefficient.-; l1. l2 r1wl Lt':! 

rlepcwl rm only rz = (,11.··•.rzn) and I,= (b1.···.bn+l)- Fttrtherrnorc. ifwc rlefinr: {.-li}i~t 

(},1td {Bi}i==l hy .A1 = rz1. B1 = b1 and 

thF.n 

The sequences {Ai}i==l and {Bi}i=l give a step-by-step prescription for the c:aknlatiou 1)f 

the rmtltiple integral using (2.9). After integrating 011t 01 . the roles of a2 and /,2 ~m-! rt!pla,:,~cl 

hy A2 and B2 respectively. Next. integrating out 82 we see that a 3 and b3 are replan!1l l,y 

.43 and B3 . This process continued establishes the lemma. 

Applying this lemma to the density (3.2). we can eliminate all the nuisance paran11,~tl'rs. 

ThP- marginal density of (0 1.0t,•···.8t,.•8N) can be expressed as 

. ((J (,) (J (J ) (fJ 1J )(c-l)/2(Jdt nd,. p l • t, • ' •• • t,. • N CX: 1 N t 1 ••• f1t,. 
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where the consta11ts {a;} ancl {hi} are easily calculated from {a;} and {b;} by fow:tiuus L1 . I: 

awl [12 defined in the lemma. For example. when 2 '.S i '.S n - 1. 

The Gibb:. sampler can now be applied to clensity (3.3) and the detailed samplinµ; sdwuw is 

given later in this section. 

Suppose now we have a large sample of (0t1 • • • • 0tn) at hand. How can we explon~ th,· 

posterior of the full parameter'! Specifically. given Bt,_1 ancl f:Jt,• (0t,. = 0) how can we w~1u~rnt1• 

a sample of (Bt,_1 +1-···.Bt,-i)'! One can easily see that this is equivalent to sampling from 

a density defined by the integrand in L(:1:. y). The marginal density of 8,. is proportional 

to exp(-AnBn)f,,_i(.JxB:/Bn)[,,_i(y'Bn!J/hn+d and thus it has arandomizecl Gamma of th1• 

second type. After obtaining a sample of fJn we consider the 1:onditional density of H,._ 1 ~iv1•11 

fJn which is proportional to exp( -.4n-t8n-l )J,,_i( v'xfJn-i/ Bn-1 )J,,_i( v'fin-illri/ 1,,. ). a~aiu a 

randomized Gamma distribution of the second type. Note that the characterization tJf the• 

randomized Gamma distribution of the second type in section 2.3 gives a sampling sd11~m1•. 

Therefore. we can generate (81 . • • •. 8n) as a chain from 0 .. to 81. 

As stated before. the prior IG(O. Au(t). c. JAo(t)) can be used to analyze the exact failnn· 

time data where a discrete time unit is not needed. Consider contiuuous lifetime <la.ta wlu:n· 

each observation is either a failure or a right-censored time. Suppose that tu = IJ aucl Wt' 

observed failures at time t 1 < • · • < tn and ,{ subjects failed at ti : censorings that un:nr iu 

[ti. ti+i) are adj11sted to ti- It is generally agreed that an estimate of the cumulative hazar,l 

ftmc.tion is more easily interpreted than an estimate of the hazard function itself. Lt!t ,r,i 

tlenote the increment of the cumulative hazard over (ti-l• ti). l :$ i '.Sn. In the nouparauwtri,· 

case. the parameters~= (~1 • • •. ~n) are often the quantities of primary interest. hut thes1· 

increments alone are not enough to describe the probabilistic mechanism from which th,· 

data were generated. We have to introduce another parameter ef> = ( ef> 1 . • • • ef>T.) whert! <P; is 
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the hazard at time ti divided by ,'(ti). Then the likelihood for(</>.~) given tht-) ,lata nm lw 

expressed as 

where .<;1 ,lenotes the nnruber of subjects at risk just before time ti. 

Under the prior IG(O . .A0 (t). c. JA0 (t)). the joint prior rlensity rr(</>. <l>) <~an lw writtt·a 

as the product of the density rr(</>) and the conditional density rr(<l>!<I>). Then. frum the• 

transition density of the squared Bessel pro<:ess. 

n 

rr(<t>) oc II q(,(td - ,(ti-d- <t>,-1- <t,i). 
i=l 

wht~re </;0 = 0 and again. by the Markov property. 

n 

rr ( <I> I <P) = IT rr ( <I? i I </>i-1 • </>d . 
i=l 

Hence. the posterior density p( <t,. <~) is proportional to 

n 

,pf'··· </>~0 rr(</>) IT exp(-si<I>drr(<I>i I <Pi-1- <Pd-
i=l 

and tht-! marginal ,lensity p(</>) can be obtained by integrating out <I>. Note that. 

From path integral theory we have 

where 4, is defined by ( 2.14). 

It follows that the posterior density function of <P is 

p( ,J,) ex: ( ,f,1 ,J,,.) (c- l I /l ,t,f 1 • .. ,J,~• exp( -a, ,P, · · · - an'Pn) g f c_ i( V ,J,;,~' ,P; ) . f 3 .-Ii 
t--
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where fL,. b, are given by: 

I?~- ~ 
V -·'• V --•~i+l 

rLi:::: --q + ---<.'.i+l· 
2 2 

and l,=l.···.TI. 

We can see that the posterior distribution of (pis also a randomized Gamma clistrihntiou. 

but the mechanism of this ran(lomization is very rnrnplex. Dired sampling from the pustt'ri(Jr 

clcusity snc:h as (3.3) or (3.4) seems qnite hanl. Fortunately. the Gihhs samplt:r ,·an ltdp iu 

this situation. Note that. the density ( 3.4) can be viewed as a marginal clensity of 

by integrating or suunning out the variables -r;. In this case there is an advantage in workiu).!; 

with the joint clensity of ,p and T"i with ·r, as auxiliary variables. Gibbs sampling lidw,:1:n 

<{> = (<P1-···.<Pn) an<l r = (r1.···.T"n+1l where r1 = 1"n.+1 = U can be easily rlow: as fulluws: 

Given r. we ~enerate independent variables <Pi~ G(c+d,+r,+ri+L· a,). Given rp. Wt'. ~1:m·rat,· 

independent va:riaLles r, ~ Bes ( c - 1. v• <Di- 1 r/>d bi). 2 :S: i :S: n. This is a very dficit'.llt way 

to sample the posterior with the form given by (3.4) and the convergence is rapicl. 

The conditional posterior of the hazard function given</, is desr.ribed by a Bes:,;d liricl).!;1'. 

We have found that the c:ouditional posterior distribution of >.(t16'). t,_ 1 :S: t S ti. (t11 = IJ) 

given <Pi-t and <Pi is the same as that of the re-scaled Bessel bridge (.,,,_ 1 _.,,;[h;(t)h' 2 (tJ,h'.(fl 

where J;i-1 == <Pi-1hHti_i)/,'(ti-d- J;i = <Pih~(ti)/,'(ti) aud 

' 
( ) exp(2~ 1 (t)) - exp(2J2s."-y(t,_i)) 

i • t - ----==--------,,,,=---
• - exp(2~ -y(t.)) - exp(2~ ,(ti_i)) 

i = 1. • • •. n. ( 3.;j) 

Fort ~ tr.- ,\(till) remains a 2c-dirnensional squared Bessel pr.ocess under time clrnngt! -y ancl 

scale change "f 1 with initial state given by the posterior of </>Tl. These n + 1 components art' 

conditionally independent given </>. 

The derivation of th.is resnlt is similar to the technique we just used. For ti-l = ll11 < 

u 1 < · · · < u1: < ti. we add some components to the parameter (</>.1). Let <Pi aucl <{}J I,,. 
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the hazarcl a.t rtj and the increment of the ctmntlative hazard over (·rtj-r- 'Lj)- Vsiug; tilt' 

same tei:huiqne. we can obtain the posterior <lensity· for ( </>1. • • • . <Pi- t - 1>~. • • • . <Pk. ,f>,. • • · . <t>,. ! 

from which the c.onditioual density of (1>~- ···.¢{)given <Pi-t and <P; is easily fouwL Finally. 

by straightforward algebra. we can compare this conditional clensity with that nf a sqnart·,l 

Bessel bridge. They have the same strur:ture except for the difference in scales for whic·h tlll' 

transform (3.5) is introduced. 

It is 1ui.fort11nate that the marginal den:;ity for cp is beyond mu- reach. Even tlw cone litiuual 

,tensity p( <P;j</>i-1-<Pd is generally too complicated to work with. Bnt the c01-rt:spuurli11g 

Laplace transform can be obtained throngh this conditional posterior ancl path iutq~rnl 

(2.19). 

For any .,\ > 0. 

where 
exp(2J2s,: 1 ( t,_i)) 

p = exp(2y'2.s; ,(t;)) - exp(2~ --t(t;_i)) • 

Let T; = ✓2.s;[-y(ti) - 1 (t,:_i)j. The above Laplace transform can now be expressecl as tll!' 

pro<lnct of 

(3.G f 

and 
J1 + >../s,: sinh T,: J2(.,\ + si)</>,:-1¢1 _1 ✓2s,:</>i-i<Pi . ✓ Ic-d . ✓ )l,,_1 ( . 1 ). 
smh 1 + >../s,: T; smh 1 + >../s; T; sm 1 T; 

( :3_ 7 I 

TlL11s. from section 2.4 we conclude that. given <Pi-t and ¢;. a sample of <It; rnn be ,lrawu as 

follows: 
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(i) gene.rate an independent random. :3cq·1Lence ru.,. k > 1. where ·ru, i.-; from a Pu, .. ..;.-.1111 

di:::trib"tdion with me.an 

(ii) generate a mndom uar-iable r 2 ~ Bf;,,;(c - 1. J</>i-t<f>i/hd indepr:.mlent of ru.,. !.: ::_ 1: 

(iii) gc.r,.r:.nde. rm inde.pnulr:.nt random se.qne.nce. T/k ~ G(c + ri.;., + 2·r2 . .sdr/). I.: 2 1: 

3.3 Bayesian Estimation 

If our interest is only Bayesian estimation. the computation co1tld be easier for only snrw· 

numerical features of the posterior. such as the mode or moment. are needed. 

As is well known. taking the posterior mode as a Bayesian estimate is numerically t~ctniv­

aleut to the penalizecl likelihood approach. To estimate the parameters Bi. j = 1. • • • .. V WP 

rnnsider the penalized likelihood ( 3.2) which can be viewed as a marginal likelilwo1 l from 

by integrating or summing out the variables ·ri. 2 :S j :S N. where rJi = ,4 if j1f is failnr1• 

time t; and zero otherwise. 

For c > 1. the mode can be computed by the EM algorithm. If ·r i. 2 :'.S j :S N an~ ku()Wll 

the maximum penalized likelihood estimate for 0i would have a closed form expression 

where 1·1 = rN+l = 0. On the other hand. given the current value of 0i. 1 < J < iV. 

ri· 2 :S j :SN are conditionally independent with 
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Thf!refore. the EM algorithm is appropriate for this situation which yields the folluwiu~ 

iterative procedure: if the current valm~ of f}i is ot1. the next value can be compnt~d as 

Jo(_k) ol_k) 
o(_k+11 = ( . + '·'- + 3-1 J R ( 

J C fJJ '>b- ~-1 
... J 

Tlw convergence of this algorithm is usually more rapid than that of a Gibbs samplt-:r. 

The role of the confidence and smoothing parameters can be further explainecl iu tht• 

light of penalized likelihood. Given ri. 2 :S j :S N. the logarithm of the penalized likdihu11,l 

( 3.2) can be expressed as 

N N [ h(jJ) 
log-likelihood + L ( c + r i + ri+i - 1) log 8 i - L c -------

i=l j=l h(jJ) - h(jJ - 6) 

h(1·,5) 
~ - ] 0 · 

I h(jJ + J) - h(jJ) J 

wht!re h(NcS + ,5) is taken as infinity. We seP. that c and h determine the way tu u111«lify 

the likelihood. The confidence c is a global feature which controls the overall amonut nf 

mortification: while h describes the details of the modification for each of the rnmp<nwurs 

fJ i · As a special r.ase. the smoothing parameter h( t) = e1't treats each component t~rprnlly. 

Next. we show how to estimate the hazard function with the posterior (3.--!) nwlt-r 

cprndratic loss. For ti-l s;: t :S ti. the posterior coll(litional expectation of >.( tj(:J) µ;iwn 

<Pi-l and <Pi can be calculated by the property of squared Bessel bridge given in st-~c:tiou :L3. 

Then the posterior mean of the hazard fnndion would be 

,'(t)Qi( _sinh A(--r(ti) - ,(t)) _ sinh Ab(t) - "f(ti_i)) 
smh A(1 (ti) - -y(ti-i)) sinh A(1 (ti) - -y(ti-1)) ). 

·i = 0. •·•.Tl. 

B, = b;c + E J c/>i-1 ,/,,Rc-1 ( ✓ cf,;,~Lcf>i}. 
1 

i = 1. • • •. n: 

(3.SI 

( 3 .!J l 
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while for ,,\(till). t > tn th<-! posterior mean is 

where the expectation is taken with respect to the posterior of¢. 

Therefore. estimating the whole curve of the hazard func:tion is equivalent to estimatiu).!; 

2n parameters or coefficients. If a sample of qJ from ( 3.4) is available. this can bf! easily c loILt·. 

Subsequently. the Bayesian estimate of <I> is obtained as well. 

3.4 Numerical Illustration 

We illustrate our method by analyzing the survival of lung cancer patients nsmg 1lata 

reported by Prentice ( 1974). The data. which consist of survival times in days. a.re givt~u iu 

Table 3.1. 

Table 3.1 

VETERAN·s ADMINISTRATION LUNG CANCER TRIAL DATA 

Group I 8. 10. 11. 25·. 42. 72. 82. 100-. 110. 118. 

126. 144. 228. 314. 411 

Group II 4 7 10 13 16 18 18 20 21 22 

27 30 31 51 52 54 54 56 59 63 
!)7· 117 122 123· 139 151 153 287 384 392 

Group III 3 8 12 35 92 95 117 132 162 
Group IV 12 100 103 105 143 156 162 177 1s2· 200 

216 250 260 278 553 
* Cen:mre<l 

First we use the Markov chain prior with time unit one day or c5 = 1. Suppose that bast~1l 

on experienc:e we have a shape specification A0 (t) = 0.012 t for the prior. We consider thn~t: 

levels of confidence (c = 0.5. 10. 50) and of smoothing parameter (hi(t) = ,:J A0 (t). h'!.(t) = 
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~. h3 (t) = Au(t)). For the moment. we use the smoothing parameter h 2 awl Wt~ ptTfunu 

Bayesian analyses at different levels of confidence. The Gibbs sampler is used to obtain a 

large sample from the posterior of Bt;. i = 1. - • •. n. 

Next. samples of (Bt,_ 1+1. •• •. 0t;-L ). i = 1. • ••. n are generated by the iterative pron:dnrt•s 

given in section 3.2 and. once this is avail.able. Bayesian inference can easily he ,low'.. f. ,r 

example. nuder qnaclratic loss we nse the posterior ·mean to estimate the hazard fo1wtiou. 

vVe can also transform the sample and colllpnte the posterior mean for the survival fo1wti1,u. 

The subseqnent discussion including all the figures in this section is regarding to tlu • 

one-sample analysis for the Group I in the lung cancer data. In Fignre 3.1 we cou1pan· 

the survival estimates for different values of confidence. It shows how the Bayesian an;Jysis 

ckpeuds on the confidence. When c is small. the estimate is dose to tht-~ Kaplan-Nfri,·r 

estimate. the empirical result. As c increases. the Bayesian estimate changes gnulnally fr(J111 

the empirical to the prior estimate exp( -0.012 t ). 
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c=SO 
C=10 
C=0.5 
Prior 
K•M 
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---~:---... --...... . 

100 200 300 400 500 

Fig. 3.1 Comparison of the Bayesian estimates under priors IG(l, Ao, c, h2 ), c = 0.5, 10. 50 

with the prior estimate and Kaplan-Meier estimate for the survival curve. 

The effect of the smoothing parameter can be examined by changing it from the vt•ry 
-- ,.---:-:-

smooth hi(t) = yf A0 (t) to the moderate smooth h2 (tl = yAu(t) and then to the least smooth 

h3(t) = Au(t) but keeping the confidence level c = 0.5. The estimated survival curves arc all 

dose to the Kaplan-Meier due to the low confidence. 



CX) 

c:i 

<O 
ci 

"' c:i 

C) 

c:i 

0 

3.4 NUMERICAL ILLUSTRATION 

100 200 300 400 500 

Fig. 3.2 Comparison of the Bayesian estimates of the survival function under 

priors IG( 1, Au, 0.5, hi), i = 1. 2, 3 with Kaplan-Meier estimate. 

From th.is point of view the smoothing parameter does not affect the result umd1 siun· tlw 

survival curve is quite stable when the smoothing parameter varies over a certain raugt~. vV,· 

also noticed that the curves c:orrespond.ing to h1 and h2 are smoother than that co1Tcs1Hmcliug 

to h3 . though the difference is not serious. 

Figure 3.3 gives another view of the smoothing parameter. -Since the conficlew:P. is low. t.lw 

Bayesian estimate of the hazard is sensitive to the data. Thu!-i. at a failure time the estirnatt· is 
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large aml yields a peak. with a valley between failures. Consequently. the Bayt-!sia.u 1'.stimat1•::-. 

are wave-like c:urves. But there is an obvious differenr.e in the an1plit11des of tht'.st• wavc•s. 

indicating that the degree of oscillation depends on the smoothing parameter in agTt't'.Ill«·nr. 

with intuition. The effect of the smoothing parameter on the r.unmlative hazarrl or survival 

function is less apparent because the integral transform itself .is a smoothing pnwt-!dnri~. Tht' 

<lifference in smoothness is then diminished. 

~ 
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I 
' l 
~ 
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11 
11 
11 
II 

~ 

0 

h1 
h2 
h3 

100 200 300 400 500 

Fig. 3.3 Comparison of the Bayesian estimates of the hazard function under 

priors IG(l, Ao, 0.5, hi), i = 1, 2, 3. 

The analysis of exact failure time ,lata nsmg the squared Bessel process pnor 1s alsu 
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illustrated here. We first obtain the posterior density for (p and then a largt-: samplt'. from it. 

Next. we compute the c.oeffi<:ients from (3.9) and (3.10) and then the wholt-~ hazard 1·11n·,·. 

Three hazard c:nrves are shown in Figure 3.4 corresponding to different confitl<-!nc<-~ l1•vds. 

These are smoothed piecewise since the means are calculated from different Bessd 1,ric li,.!;1 ·s 

over each interval between failures. Note that the prior mean is a horizontal li1w at tlw 

height 0.012. The effect of tlu-: c:onfideuc:e is to <lraw the r.urve towards that hori7,uutal liw • 

and reduce the oscillation caused by the ,lata. 

C) 
M 
C) 

ci 

,n 

C) 

ci 

C) 

ci 

0 100 200 300 400 

c=S0 
C=10 
c=0.5 

500 

Fig. 3.4 Comparison of the Bayesian estimates of the hazard function under 

priors IG(O, Au, c, h2), c = 0.5, 10, 50. 
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The integral transform of the hazard estimate wonld be the Bayesian P.stimatc fl>r t ht· 

ennmlative hazard. But inserting this Bayesian estimate of the <:nlllnlative ha7,ar1l iuttJ 

the exponential function. we can only obtain an ad hoc Bayesian estimate for tht~ snrvival 

fonction. Theoretically. we have to transform sample paths of the hazard into sampk path:-­

of the survival function and then to mrnpnte the mean. We have two d1oic:es here: cithtT takt· 

the approximate approach to save computation. or connect the Bessel bridges to gcut·ra.tt • 

sample paths for the survival function. We display the tJ.d hue result in Fignn~ 3.;j awl Hot,· 

tht~ similarity to the result reported in Figure 3.1 and <lisc:nssed previously. 
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Fig. 3.5 Comparison of the Bayesian estimates under priors IG(O, Ao, c, h2), c = 0.5. 10. 50 

with the prior estimate and Kaplan-Meier estimate for the survival function. 
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.J.) 

With the sample from the posterior we can certainly <lo more than <-~stimatiuu. 

example. under the prior IG( l. A0 . 10. h:d we have 411 parameters ancl finally the pustt-riur 

is nnrnerically represented by a matrix of size 1000 rows and 411 columns in which t~a.-11 

row is a sample of the parameters. It takes considerabfo computer memory storiu~ snd1 a 

posterior matrix. To visualize the posterior distribution. this matrix can he repn~scutt••l as 

sample paths of the survival function an,l be simultaneously plotted on a compntt-~r s<Tt'l'IL 

For illustration. Fignre 3.6 displays only a plot of 20 sample paths. 

<XI 
0 

q-

ci 

0 
C) 

0 100 200 300 400 500 

Fig. 3.6 Plot of twenty sample paths from the posterior of the survival 

function under the prior IG{l, Au, 10·, h2). 
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Our impression on the posterior of the survival func:tion is graclnally accnmnlat.t•d dnriug 

the process of plotting. This might be the unique way to visually explore a posfrriur ,lis­

tribution with such a huge dimension. Unfortunately. one can only obtain an impn~ssiuu uf 

the marginal ,listribntion by looking at the final plot since it is impossible to ,listingnish ow· 

path from another. 

tO 
ci 

0 
ci 

0 

1\ 
I\ 
I \ 
I • .. _ 
\ .... 
I -.._ 

\ ....... 

\ 
I 
I 
I 
I 
\ 
\ 
\ 
\ 
\ 
\ 

\ 
\ 
\ 

\ 
\ 

\ 
\ 

' ' ' ' ' ' ' 

100 

' ' .... 
............... ,_ 

200 

--

95% quantile curve 
Median curve 
5% quantile curve 

300 400 500 

Fig. 3.7 Three quantile curves of the survival function under the prior JG(l, Au, 10. h2 ). 

One way to s11Illmar1ze the marginal clistributiou is to use each column of the matrix 

to obtain sample quantiles for the survival function at each grid point. Tlu-ee <piantilc• 
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c:nrves an'! shown in Figure 3.7. where the median serves as the Bayesian estimatt~. awl t.lw 

other two form a 90% posterior probability interval for the survival function at a fi.-ct-:rl time. 

Siumltaneous coverage probability could also be determined numerically for the~w prol ,abilit.y 

bands. 

3.5 The Non-informative Prior 

In a Bayesian analysis we always assume a prior distribution describing onr initial kuO\vl­

edge about the parameter and then. use both the prior an,l data to derive the posterior. T1J 

some statisticians. the dependence of the results on the prior is completely 1ma.r.n~ptal,lt-. 

Particularly in scientific investigations. it is hard to deny the need for standard post,:riurs 

which ,lo not incorporate personal opinions. Suggestions have been made to solw~ this pruli­

lcm. and one possible technique is the so-called non-informative or referenr.e prior which a, le ls 

Vt~ry little infl.llt-!ILCe to the posterior. In other words. we would like to removt~ tllt' snlij1•1·t. 

information as much as possible but rP.tain the Bayesian fl.avonr in the inference. 

There is no standard definition nor standard construction for a non-informative• pn11r. 

Typical approa.dtes are based on invariance (.Jeffreys. 1967) or the limiting form of a 1'.1JHj11-

gate prior (Novick. 1969). or the information-theoretic rnethocl of Lindley (1961} l)r .Jayut·s 

( 1!)68). In many situations. the non-informative prior leads to a Bayesian analysis whid1 

a6rrees numerically with the classical results. 

In terms of a non-informative prior for the model ( 3.1) we consider the limit in~ cas, • 

where the confidence is extremely weak. The improper prior IG(J . ..\0 (t).O.h(t)) nm Ill' 

thought of as a limiting form of IG(cf . ..\0 (t).c.h(t)) as c ➔ 0. Recall from section 3.1. 

under IG(J . ..\0 (t). 0. h(t)) the parameter sequence is mutually independent ancl each Hj has 

a density proportional to dfJi/fJi· The posterior is immediately obtained that tht-~ paramdt•r 

seqnenc:e is still independent and 

l 3. lll I 
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Henc:e. the hazard function is zero everywhere except in those intervals (tk,) - i5. tk,i]. I, 

1. • • •. n. Based on this posterior. a Bayesian estimate of the cumulative hazarcl is 

where 
Au(t) - Au(tkif - J) 

Tk( t) = A .) A ( • .) • u(tk,~ - o tkJ - ~ 

fi)r I.:= 1. • •·. n. The estimate is c:oustaut on each interval [tk_ 1S. tkcS - ,>"}. 

Similarly. a Bayesian estimate for t.he survival function is 

(3.11) 

an<l constant hetweeu tk_ 1d and tkiS - tf. where an empty product is one. Nntc that th,· 

resnlt still depends slightly on our initial knowledge. The data plays a main role in that tlw 

estimate at points iJ are independent of the prior: the shape paramett·!r only provid1is a kiwi 

of interpolation. 

Now. if we consider another limiting proo:ss m the posterior (3.11) by let.tin;.;- ,i ~ 11. 

the hazard function bec:ornes a linear combination of Dirric functions. The posterior of tlw 

f'.1m11ilative hazard can be represented by 

(3.1~) 

where ci ~ G(di.1) are independent variables. The Bayesian estimate for the hazard base,l lJll 

(3.12) coincides exactly with the Nelson estimate (Nelson. 1972). Furthermore. the estimatti,l 

survival curve would be 

S(t)=Il(l- l )d'. (3.13) 
t·<t St; + 1 ·-

which is very sirnilar but not identical to the Kaplan-Meier estimate. From (3.12) wt~ nm 

also develop a Bayesian interval for the survival curve by simulation. Applying this tl) tlu: 

hmg cancer clata ( Group I) we have the results displayed in Figure 3.8. 
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Fig. 3.8 The Bayesian point estimate compared with the 90% pointwise posterior probability 

intervals for the survival function for the lung cancer data ( Group I) 

under a non-informative prior. 

-Jj 

In fact. the estimate given by (3.13) has some advantage over the Kaplan-Meier. althongh 

they are equivalent asymptotically. The derivation of the Greenwood variance formula is not 

valid for small samples and the confidence interval is based on a normal approximation whid1 

may not be accurate. Actually. in some cases. the Greenwood lower bound curve conlcl cross 

the zero line. On the other hand. the posterior (3.12) automatically provides the mean. tlw 

variance and the quantiles for each margin of the survival function. 
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We may also be interesterl in the non-informative c:ase of the squared Bessd pnw1•ss 

prior. Let us first analyze the limiting behaviour of the Gibbs sampler for ,p. Wlwn r - ll. 

the limiting distribution of </>i will be independent. In fact. the Gibbs sampling sdtt!IW' iu 

section 3.3 has told the whole story. For convenience we follow the notations nse<l tht-!rt!. As 

c ➔ 0 we have 11.i ➔ (A+ y 12si+l )/2 and hi ➔ oo with an exponential rate. It is qnit,· 

obvious that r can be treated as zero and. under the limiting posterior. <Pi- i = 1. • • •. 11 a.r,· 

independent and 

V
,')., . .J.. ~ 
-''"l I V ~-,i+l ) . 

<Pi "' G( di.. 
2 

( 3.1--l l 

where Sn+l = 0. 

Next. we calculate the limiting conditional distribution of <Pi given <Pi-l and <Pi as <'. -

0. According to section 3.2 the Laplace transform of this conditional distribution can 111• 

expressed as a product of two factors. It is easy to see that the first factor in tltt-~ Laplan· 

transform given by ( 3.6) tends to 

But the limit of the second factor ( 3.7) cannot be directly evaluated since the arg11111<!uts iu 

the Bessel function also depend on c. and Li(·) is not well-defined hy the power seri<~s ~iwu 

hefore. Let 

x= 
J2,Pi-l ,Pi( 1 + J...j.,;i) 

sinh Ji + A/.o;i "Yi 

and !J = 
l?.s-,1.. ,i.._ \I ..,. 1 ~t-1 'Pt 

sinh "Yi 

Then. by (2.2) the second factor can be written as 

1;fc-1(x) 

ylc-1(y) 

clc(x) + xlc+i(x) 
=--------

clc(Y) + yl~+i (y) 

It is now obvious that the limit is one by eliminating the higher order infinitesimal tc~rms. 

Therefore. we have 

(3.lG) 
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This posterior is in fact very informative that Bayesian estimates hase,l on l 3.1-l l awl 

( 3.15) are essentially different from conventional empirical results. For examplt-~. tlw 1'.1111111-

lative hazard estimate 

is almost half of the Nelson estimate. 

Mathematically. this is not s1rrprising. There are two limit operations: tlH! cuuficlc111·1 • 

c ➔ 0 and the time unit J ➔ 0. whose order cannot be exchanged. It seems that taking 

the limit c --+ 0 first and then ,) --+ 0 leads to a result which agrees essentially with dassirnl 

approaches. But. changing the order of these two limits might be dangerous. 

From a Bayesian point of view. many problems arise in modeling ignoranr.P.. Ev1:-~u iu t.lw 

tra,litional parametric case. peculiar marginal behavi01rr of the posterior could rn:cur ( Dawid. 

Stone ancl Zidek. 1973) with an improper prior. It is also well known that a prior repn~st~utiuµ; 

lar.k of knowledge ahout a parameter might. at the same time. incorporate strong kuowblµ;t· 

a1Jont a transform of that parameter. Given a fixed time nu.it J > 0. both the hazard awl 

cunmlative hazard are reasonably represented by the prior. \iVhen our knowledge a.bunt. th<· 

hazard is extremely vague. so is the knowledge about the cumulative hazarcl. HoWt'.Vt'.L as 

c ➔ 0. the Bessel proc:ess prior IG(O. A0 . c. yAu) is non-informative about tht~ hazar,l 1,nr: 

very informative about the cumulative hazard. Consequently. when c is extremely small. tlw 

posterior has been drawn in an unwanted <liredion. 

The prior IG(O.A0 .c. yAu) is viewed as a limiting case of IG(c>.A0 .c. y'A0 ) whcu ,} - II. 

The munerical result shows this is true. at least for a confidence not too small. But when,. is 

extremely small. it is hard to tell whether the corresponding Bayesian analysis approximat,~s 

that under JG( J. A0 . c. yAu) with very small J. or approximates the poor result wt~ just 

obtained. Therefore. the prior IG(O. A0 . c. yAu) with extremely small c should bf! avni,lt~d. 
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3.6 Choosing A Prior 

To pure Bayesians the pnor specification is virtually a subjective watter. Bnt from 

the perspective of increasing data efficiency. information contained in relatecl or hist, >ri,·al 

datasets can sometime be incorporated into current analysis in the form of a prior ,listrilm­

tion. For example. marketing and financ:ial analysts use historical data to generat, ~ priors. 

In survival analysis. however. historic.al <lat.a may not always be available. In this s1•1·ti1JIL. 

we illustrate a way of choosing a prior from relate<l datasets. 

We choose the lung c:ancer data as an example. If we believe that similarity in survival 

exists within each treatment group. we may assume that the priors for the f01u subhrrnnps iu 

the standard treatment are independent and identically distributed and thus have i:omuHm 

shape and confidence parameters. This is a typical empirical Bayes set-np. 

To avoid heavy duty computation. we use some ad hue rather than conventional ,·sti­

matiou proced1ues. Intuitively. the Nelson estimate of the cunmlative hazarcl fnul'.tion Ly 

pooling the data together is a good summary of the comlllon aspects of survival in th,· fimr 

snbgronps. The shape parameter can simply be taken as a smoothed function that fits tllt' 

Nelson estimate well and has a positive first derivative. 

In this particular example it is well approximated by a straight line Au( t) = 0.008 t whid1 

can be taken as the shape parameter. The confidence should reflect the variation iu t lit· 

hazard plots an<l put most probability mass around the region formed by those cnrw~s. Iu 

practice several levels of confidence should be chosen and a sensitivity analysis is n~cum­

meuded. 

There is also au ad hue metho<l of determining the confidence frorn the data. Snppo:-;t• 

J is the time unit for the whole dataset and the shape parameter Au is known. To asst•ss 

the variation in the hazard plots we treat the hazard curves as realizations of tlw rawlom 

process Ei Bi[Au(jJ)-Au{jJ -J)]. However. a difficulty arises that the random process must 

have a positive increment over a time interval (jd. - J. jJ) but the plotted hazanl nu-v,~s an· 
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pnre jnmp functions. To pror.eed we have to spread the increments in tlw plott,~,l hazard 

curves to smaller time intervals. For example. the increment of hazar,l over ( ti-t ,i. t ;•I l ,·,m 

be c1p1ally divided into increments over time intervals (jJ - ,L j,i). j = ti-l + l. • • •. t,. whi.-11 

is basically a smoothing procedure . 

.,., 

0 

0 100 200 300 400 500 600 

Fig. 3.9 Smoothed cumulative hazard plots of the four subgroups receiving standard treatment 

compared with the shape parameter Au(i) = 0.008 t. 

If we think that the four increments over a given interval (jli - J. jJ) in tlw four haz,ml 

curves arc in<lepeudent realizations of 8i[A0 (j,f) - A0 (jJ - J)]. then the estimatP. Hi fur &j is 
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easily ohtaine<l as an average. Next. sinr.e {0j}t1 is assumed to be a 1.\'Iarkov chain. nwkr 

mild r:on<lition on the smoothing para.meter h. the law of large numbers that 

lf 
rn i=l 

n2_ I 1 
17 ➔ + -J 

C 
m, ➔ oo. 

offers an estimate for the confidence. In the lung cancer data example this ruetlwcl µ;1v1:s 

c:::: 0.9. 

As we pointed out in section 3.3. the effect of s~oothing parameter is secowlary tn the· 

r.hoice of confidence. The stationary smoothing parameter is. in a certain sense. tlu-~ most 

unbiased choice. But the nse of the shape-dependent smoothing parameter is also iutnitivdy 

acceptable. It is unfortunate that a finite dataset cannot provide the desired informatinu 

on the Sllloothness of the hazard function. On the other hand. smoothness is nee,lt~d for a 

reasonable incorporation of initial knowledge and a c:ontinnous modeling of the survival. 



CHAPTER 4 

Data-Dependent Prior and Fiducial 

Inference 

4.1 General Remarks 

A rigorous Bayesian framework reqmres a fully specified pnor distribution lwfo1v th,· 

data bec:orne available. But. in some <:ases. the Illodel is actually built after examiuiug; t.lll' 

rlata. For example. the Kaplan-Meier estimate is shown be to a maximum likelihoo,l t~stimat1• 

where the parameters are set up with reference to the failure times. So. in th.is situation. huw 

i:cm we assign a prior ,listriLution to the model parameters without even having a uw« id':' [f 

we have examined the data. then how c:an we obtain a legitimate prior in the logical i:untcut.. 

It is also a fact that the operationally convenient prior may differ acr.orclin~ to tlw pa­

ra.meter of interest. In survival analysis. the parameters of interest as given in sc-!diun :J.:; 

can be determined only after the failure times have been ohserved. We have strnggk,l tu 

avoid this kin<l of problem by setting parameters almost everywhere because we 1lo nut kw,w 

where the faihrres will be. Then we tried to work out the posterior for a spt~cial margin 

hy integrating many ··nuisance parallleters··. but we still need the ··nuisance para111t·tt~rs .. 

to complete the posterior computation and Bayesian inference. The practical merit nf this 

approach is questionable given the cost clue to the intensive computations. It set~ms that w«· 

have to choose between two evils. the computational burden if we specify the prior before tlw 

data as we have done in the last chapter: or the logical contracliction if we specify thf~ prior 

after the data. The theme of this chapter is sirnplifi.cation and we take the latter a.ppruach. 

G3 
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In fact. any theory has to be serionsly comprornisecl in practice. Wf: might hav1~ a 1wrf1·1·t 

representation of our initial knowledge. But if it is not operationally convenient. we pruliaJ.ly 

need to seek an alternative which approximates the original representation fairly wdl awl 

also leads to simpler computations. Note that a random process can be approximate,[ liy 

a high-clilllensional probability distribution. The (lifference between a random pro1:t~ss awl 

a high-dimensional probability is that. the former is a well-organized class of ,listrilintiuus 

satisfying Kohnogorov·s consistency. a feature that may be completely irrelevant in tt'.m1s ,1f 

incorporating information. 

We illustrate this hy considering the simple situation that t 1 < • • • < tn is au or1krc1l 

sample of size n from an unknown distribution F. upon which inference will lw 1lrawn. 

According to Fergnson ( 1!}73). a Dirichlet process F ( t) would be wnstructed expressing [ ,11r 

initial knowledge about the data distribution. On the other hand. a compromised approadt 

might assnrue that F is constant between observations and .has jump of size 8, at t;_. Tlw 

parameter space is now shrunk to ( n - I )-dimensional space. namely that fJ = ( 01 . - • • . H") 

satisfying 01 +···+en = L 0;_ > 0 are taken as parameters and F(t10) = I:;:,, 1 liJ(t :::_ f;). 

This kincl of parameterization is data-dependent for the location of the jumps is spei:ifi1i,l l,y 

the clata. A Bayesian framework is now built by assigning a convenient prior to Ii. pussil ,ly 

a Dirichlet clistrihution which approximates the Dirichlet process prior in some seusi!. This 

is concept1rnlly more straightforward than the Dirichlet process prior and lea,ls t.o similar 

results. 

A topic related to this is Fisher ·s fiducial approach. Fiducial inference is a kind of piv­

otal inference that leads to a probability description of uncertainty about the parnmdt!l'. 

A pivotal is a function of the data and the parameter whose distribution is completdy 

known. The fiducial argument transforms the probability statement about the pivotal qnau­

tity into probability statement about the parameter _after the sample is drawn. Let ns recall 

Fisher's original example on the sample variance of a normal distribution. If a sampk uf 

n observations J: 1 . • • • .. J:n has been drawn from a normal population with variau<:1! rr'!. awl 
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-~ 2 = I:f::::: 1 (xi - if /(n - 1). then. it is well known that the tpiautity -'> 2 /rr2 has a t 2 ,lisrri­

lmtion with n - 1 ,lebrree of freedom. For any c:onstants a. l, ( h > n. > 0). wt: r:an always fiur\ 

the probability ., 
s-

Pr ( a < - < h ) = p 
rr2 

from the x2 table hut this probability statement is based on the so-callerl sampling ,List.ril111-

tion where ,;2 is fixed and s 2 is random. However. once the sample is available _.;2 IH•c·cJiw•:; 

fixed and the interpretation for the probability has to be changed. One may ar)..!;1w thar 

tltis probability st.aterueut is only valid before t.he sampling and should be <liscanbl after. 

Imagine that we are tossing a coin. We can make a probability statement abont the 011tnm11· 

only before a tossing. 

Fisher ( 1935) argued that the probability statement above induces a 1listrilmtio11 uu 

the parameter ,;2 given s 2 aucl thns the probability becomes a description of panLmcv·r 

m1certaiuty. Although this approach has been criticized since its introduction. it uffrrs. ar 

least iu some cases. very reasonable results. Ac:r:onling to Fisher ( 1935 ). fiducial prol,aliility 

differs from Bayesian inverse probability in logical content. But. numerically. tlw fi,ln,·ial 

inference c:oincides with Bayesian nnder a certain kiuc_l of non-informative prior. For c•xampl,·. 

Pitman·s estimate for location parameter can be derive from both the fiducial and Ba_yt•siau 

approaches. 

We shall clisc11ss the fiducial approach in a nonparametric setting where the parauwtt~r 

rs the unknown distribution itself. 

4.2 A Data-Dependent Prior and Its Posterior 

We now introduce a data-dependent prior on the hazard function. We start with a ~111:ss 

Au(t) at the cumulative hazard. or equivalently ..\0 (t) > 0 at the hazard function with a 

certain rlegree of conficleuce. S11ppose that failures occur at times t 1 < • · · < tn aucl d, 

snhjeds fail at t;: censormgs that occur in [t;. ti+l ). i = 0. · • •. n are adjuste,l tn t, wht:r,· 
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t 0 = U and t,.+1 = oo. We assume that uncertainty exists 011.ly in a fiuite-,limensioual margiH 

of the hazard fonction at ti. i = 1. •· •. n. and. once this margin is given. the wholt~ haz;u·,[ 

fnnction c:an be obtainecl by a kind of interpolation. In practice. we s11ppose that the hazard 

function over each interval (ti-l• t,] can he parameterized as 

(-L 1 I 

where 0 = ( 01 . • • •. 0n). The hazard function defined by ( 4.1) has fixed jumps at t;. ,: = 
1. .•.. 1/.. 

Given the data described above. the likelihood function for fJ is proportional to 

n 

et•··· 0~" exp[- L sl~i(Ao(td - Ao(ti-d)] 
i=l 

where -"i is the number of individuals at risk just before time ti. According to th.is likd.ilu>11d. 

the most practical pr:or for fJ woulcl be the conjugate prior with (}i ~ G( c. c) bein~ iwlt!IJ1!1L­

cle11t. This co11jngate prior allows us to perform easy Bayesia11 analysis and t.o cleriv,~ sPusil,lt• 

Bayesian and non-Bayesian results such as the A(n.). the Nelson hazard estimate awl ,~Vt'.U 

Cox·s partial likelihood. We have many reasons to use th.is prior if a Bayesian analysis is 

neecle,l. 

It is also possible to use a non-conjugate prior such as the multivariate Gamma. Ld 

c( t) be a 2c-dimensional squared Bessel process with {( 0) = 0 and let h be an iw:rcasiuµ; 

function. If we assume that the components of the parameter (} are generated hy sampliu~ 

a random process Ch(t) = c(h(t))/(2/t(t)c) at times ti. then the posterior density of rJ is 

p(0) CX (81fJn)(c-ll/2fJt1 • • -fJ~n exp(-a181 • • • - an0n) IT lc-1' ~) (-1.~I 
i=2 1 

where the constants {a..}f=i· {bi}i~2 . which carry information from the data as well as tlw 

prior. are given by: 

11. . __ c[ h(ti) h(ti) ] "·[" t· _ :\ (t· )] • 
1 h(ti) - h(ti-d + h(ti+d - h(td + -~, no( ,) • U •-l • /, = 1. •••• ti - 1. 
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For this density. the Gibbs sampling schemes proposed in section 3.2 can bf-: appli1:rl witlu,nr 

rlifficulty. 

Under the c:onjngate prior. we have 

Iii = oo i = 2. • • • . n. 

and thns f}. ~ G{ c + di. fLi) are independent. 

The limit of the proper prior as c -+ 0 gives the non-informative prior having thi: f~inu 

rr( 01 . • • •. f:Jn) <X d0 1 • • • df:Jn/ 01 • • • 0n. Th.is coincides with the .Jefferys· reference prior iu r.his 

case. The corresponding posterior rlistrilmtion is given by: 

independently. The increment of the cnmn.lative hazard over ( ti- 1 . ti) is thns a Gamma 

variable from G(di. si) which is the sallle as the posterior (3.12). Bnt au essential ,lifft•n·1w,· 

exists: accorcliug to the model (4.1). the increment is continuously r.listribnted over tlw whult· 

interval ( ti-l • t;): while the posterior ( 3 .12) rlescrihes the increment a:; an imp11ls1• at tiru, • 

4.3 Proportional Hazards Regression 

In practice. it is important to incorporate some covariates in our survival modd h1'.1'.a11s1 • 

the population under investigation can rarely be treated as homogeneous. It is also a basi,· 

goal of survival analysis to study the dependence of life time on explanatory variahks. Iu 
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this section we extend the survival model ( 4.1) to the·regression case. Snppose that a snlijcd 

with r:ovariates z = ( z1 . • • • . Zk )' has hazard function 

,\(tjz) = exp(/:l'z).,\"(t). 

where tJ = (/-31 . • • • ./h )' are the regression parameters and .,\: ( t) is the baseline hazard. 

As before. let the observe<l failures he t 1 < • · • < tn and suppose that censoriugs m 

[t;. t,+i) are all adjusted to t,. Our primary concern in this case is the estimation uf tllt' 

regression parameter. If A·(t) is observable at the data points ti the likelihood for ;1 wonlcl 

he 
n 

L(/-3) = IT ,/3'=; exp[-si(/')(A.(ti) - A·(ti-1 ))]. (-L-! f 

where s,(/1) = LjE'R.(t;I exp(/:l'zj) and R(ti) is the risk set just before time ti. Tlw point 

estimation problem corresponds to ruaximizing a parametric likelihood. 

Cox ( 1972. 1975) proposed an approac.h which gives a kind of likelihoo<l for rJ in tlw 

absence of any knowledge about the baseline hazard. A later work of Kalbfl.eisd1 ( 107S I 

assumed a vag11e knowledge concerning the baseline hazard. which is represented by a Gamma 

process prior. Then a Bayesian way of eliminating nuisance parameters is aclopted awl a 

likelihood for /3 is obtained by integrating out the baseline hazard. 

If the conjugate data-dependent prior specified in the last section 1s assigne,l tu tlt1• 

baseline hazard choosing Au and c as the shape au<l confidence parameters. then the marginal 

likelihood would be 

Two extreme cases are of interest: the parametric likelihood when c -t oo and Cox·s partial 

likelihood when c -t 0. Thus the integrated likelihood gives all the intermediate aualys1•s 

when c goes from zero to infinity. 

The pnre Bayesian approach would also put a pnor on the regression parameters. For 

example. one may assume a uniform prior for fJ independent of the prior for the liasdirw 
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hazard. Generally. the posterior of rJ is hanl to sample and only when the cuvanat1•s ar,· 

properly c:oded is the Gibbs sampler applicable. For simplicity we only consi1ler a Bay1•siau 

many-sample problem. Suppose the hazard functions of these samples an! t->Xpr,·ss1'.1l as 

'fkA • ( t). k = 1. • - • . m with >.. • ( t) being a baseline hazard. Let Sik be the number uf s11hj1•1·ts 

at risk in the k-th sample just before time t, and '4k be the unmber of 1leaths at f; iu rlLt' ~--th 

sample. Under the prior. the regression parameters TJ = ( T/t- • - - . 'Im)' are indepew lr•ut of tlw 

baseline hazanl. We assign a data-dependent prior to the baseline hazard as ,lescrihcd iu th,· 

la.st section. and assume T/1.:. k = 1. - • •. m are independent with log T/k uniformly ,listrilintt-d 

over the real line. The likelihood for (rJ. 8) is 

where rl;. = :SZ~1 d,k denotes the total failures at time ti. and d.1.: = E:~ 1 d.;1.: the total failnr1•s 

iu the l;-th salllple. 

A Gibbs s;impling from the posterior of (11. 0) can bt~ ~asily carrierl out wh1:n thi• 111,u­

iufrirmative prior for fJ is 11se1l. Given ,,. we draw iU<lepewlent variables 

m 

fii ~ G( di•• L •~ikrJk[Au( ti) - Au(ti-d]). 1. = 1. • • •. n. 
k=l 

and given 0. we draw independent variables 

n 

T/k ~ G(d.k. L Sik0;[Au(td - Au(ti_i)]). k = 1. • • •. m .. 
i=l 

We illustrate this nsmg the lung canct-~r tlata presented in section 3.4 comparmg tl11• f(11tr 

snbgronps receiving standard treatment. We can arbitrarily choose a shape paramd1:r. say 

Ao(t) = O.UOSt. which has actually 110 influence on the compariso11. 
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Fig. 4.1 Histograms oflogTJk, 1::; k ~ 4 and their normal approximations. 
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The posteriors of log T/i are graphically displayed in Figure 4.1 and shown to la! dus,· t." 

normal distributions. A brief slllllruary of the posterior features is given in Table -l. l. 

Table 4.1 

SUMMARY OF THE BAYESIAN MANY-SAMPLE COMPARISON 

USING NON-INFORMATIVE PRIOR 

E log T/i E ( log T/i / T/1) se(log T/i) se( log T/i / TJ1) 

1 -0.169 11.313 

2 0.275 0.444 0.231 0.337 

3 0.493 0.662 0.367 0.454 

4 -11.544 -0.375 0.323 0.395 

Meanwhile. we use Cox"s proportional hazards regrt'!ssion to compare these snb~ronps. 

vVe set the covariate z = (z1.z2 .z3 )' and define z = (0.0.0)'. (1.0.0)'. (0.1.0)'. (!LO. l)' fl)r 

subgroups I-IV respectively. The results are summarized in Table 4.2. 

Table 4.2 

SUMMARY OF THE MANY-SAMPLE COMPARISON USING 

cox·s PROPORTIONAL HAZARDS REGRESSION 

/J exp({3) se(/1) 

=1 0.425 1.530 0.341 

z2 0.724 2.063 0.445 

Z.3 -0.448 0.639 0.396 

There is only a mmor difference between the Bayesian analysis and the proportiuual 

hazards regression based on Cox· s partial likelihood. However. the Bayesian analysis is uwn • 

flexible in terms of probability evaluation. For example. if the relative risk differenn! of~(}'\ 

is considered significant. we may want to know the posterior probabilities Pr( 0.8 :S 'lki' T/i S 

1.2). i # k. which can he easily obtain from the sampled posterior. 
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4.4 Bayesian Prediction 

Statistical prediction makes some statement about the outcome of a future expt~riuwur 

E I based on previous data from an informative experiment Ei. This kind of i1t.fereuc:t~ has 

been widely applied in clinical trials and medical survival analysis. 

A Bayesian would formulate the prediction in the following way. Suppose that Ei awl 

E1 are rlescrihed by the same probability distribution from the class {F(xlB). fJ E 8}. wht:rc 

8 is the parameter space. an<l Ei and EI are independent given fl. Suppose. hefon~ tltt· 

experiment Ei. a prior 7r is available for 0 representing our initial knowledge abunt the· 

parameter. After the experiment Ei. the data ;i: is used to obtain the posterior rr( IJ!J:). whid1 

npdates our knowledge about B. The predictive distribution for the outcome Y of a fnturt • 

experiment EI is then defined by 

Pr (YE Bl;,:) = / F( BIB)1r(dBlx). 

where Bis a region in the sample space and Pr(Y E Blx) is the probability for the pn:rlir~tinu 

that a future observation Y will fall in B based on the data ;i;. 

In most of the literature. 0 is of finite dimension as arises m a traditional pararw~tw· 

sd-up. In the nonparametric case. however. 8 is infinite-dimensional. Both the prior aud 

the posterior are stochastic processes. and characterizing their distributions is g;ew:rally 

difficult. Ferguson ( 1973) introduced the well-known Dirichlet process prior which. in somt'. 

cases. yields natural results. However. a major drawback of this prior is that it. as:,;igus 

full probability mass to the class of discrete distributions and this has posed a prol,lt-~m 

in applications. We can see this through the way that a single observation diaugc unr 

prediction. Suppose we have an observation x and a neighbourhood B of ;1;_ Let Pr ( B) awl 

Pr ( Bl;i:) denote the predictive probabilities based on the prior and the posterior. The local 

sensitivity sen{B) is defined as the ratio of Pr (Blx) - Pr (B) to Pr (B) which measures tht• 

relative d1ange of the probability statement. We now calculate the local sensitivity for a 
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Dirich.let proc:ess prior with continuous intensity o: ( Ferguson. 1973) such that n( R 1 ) ;;• II. Ir 

is easy to verify that 
n(R1) - a(B) 

sen(B) = a(B)[a(R.l) + 1]" 

and sen(B) -+ oo as B shrinks to x. Therefore. the contribution of the observation has lw,·u 

exaggerated by the Dirichlet process prior dne to its discrete nature. 

When c -+ 0. the prior introduced iu section 3.1 also leads to predictive probability with 

zero mass allocated to intervals where no failures were observed. The clata-depenrknt priur. 

however. does not have this kind of undesirable feature. Generally. the predictive prohability 

r'.an be expresser! as 

k 

Pr (T > t1.:ldat<z) = E exp[- L 0i(Ao(ti) - Au(ti-d)]. 
i==l 

where the expec:tatiou is takeu with respect to the posterior. When the couj11gatt: prior in 

sedion 4.2 is nsed. we have a dosed form expression 

k = 1. - - .. n. 

We would like to point out a link between this data-dependent prior and tlu: A(u) rnk. 

which was proposed by Hill ( 1968) and later generalized to c:eusored data by Berliiwr ,m, l Hill 

( 1988). The A( n) rule directly specifies the predictive probabilities after the observations 

become available. For the uncensored data t 1 < • •· < tn. the A(n) rule a:-;signs ,·1i11al 

probabilities 1/(n + 1) to each of the n + 1 open intervals Ii = (ti. ti+i ). £ = U. · • •. n with 

t11 = 0 and tn+l = oo. This prediction can he thought of a:; representing a robust Bayt•s 

proc:erlure when the prior knowledge abont the true distribution is extremely vague. It. has 

been shown ( Hill. 1968) that the A( n) rule is an approximation to exact Bayesian pruct>rl nres. 

though it cannot hold exac:tly for a continuous population. 

Berliner and Hill (1988) generalized the A(n) rnle to censored data. Snppose that fo.ilnr<·s 

tWntr at times t 1 < ··- < tn aud there are uo ties: ceusormgs m [k ti+l) are adjnsteci tu f;. 
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Then the generalized A( n) rule assigns to Ii the predictive probability Pi given by 

1 1 
Pk= --- IT (1- --). k =0.···.n 

,<;k+l + 1 i<k s, + 1 

where "i 1s the number of subjects at risk just hefon: t;. ,. 

empty product is taken as one. 

When c ~ 0 the predictive probability ( 4.G) reduces to 

1. • • • · T/. ( ·'n-,-1 

k 1 
Pr (T > tkldata) = IT (1 - --)J; k = 1. • • •. n. 

i=l Si+ I 

0 f awl au 

which provides prediction for data with tied failures. If d.;, = I this predictive prolial,ility 

coincides with A(n). but Berliner aud Hill (1988) suggested breaking ties arbitrarily without 

giving a prediction for data with tied failures. 

The proportional hazards model can easily be incorporated into this prediction which 

yields a further generalization of A(n). provided that there are no ties in the failnn~s. Snppus,: 

the subject with covariate Zj has hazard el'l'.:, ,\(tl0) and -5i(/1) = LjE~lt;) r/3'=1 wl1ert' 'R(ti) is 

the risk set j11st before ti. If tJ is known. by assigning a non-informative prior on tlw hasdiw· 

hazard. the A(n) can be generalized to predict the lifetime of a future subject with n,variat,· 

:; . and the corrcspoudiug predictive pro hability can be expressed in the same way as in ( L':i) 

except that si sho11ld Le replaced by .-;i(/1) e-/3'=. However. rJ must be estirnatt)cl frow th,· 

data by maximizing Cox·s partial likelihood. 

A pure Bayesian approach would pnt a prior 1r( d{J) on /3 as well. For simplicity we ass111w • 

;-J is independent of f:J. Then the joint posterior woulcl be proportional to 

n 

e.B'(::.,+--+z,.J exp[- L si(/J)Bi(Ao(ti) - Ao(ti-d )jd81 · · · dfJn1r( d/"J) 
i=l 

and the marginal posterior of/~ is proportional to 
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The predictio11 for a future subject with covariate z is 

i = 1. •••. II. 

where the expectatiou is with respect to the posterior of /1. 

Finally. we discuss the poi;itive correlation issue in prediction. Suppose we see a pati,•ur. 

who survives longer than t 1 : what w01tlcl be the effect on the predictive probahility that 

next patient will survive lo11ger that t2? If t 1 = t 2 = t. a Bayesian would be 1110rt! 1:unfiilt:ur. 

to predict that the next patient will survive longer than t. This is the nature •>f Bayt!siau 

statistics and it can be shown as follows. Let the life times of these two patients ht) T1 au,l 

T2 . ancl suppose that for a given parameter fJ they are independent. Note that if t 1 = t1 = t. 

P (,.,.. IT t) = Pr (T1 > t. T2 > t) _ 
r .L 2 > t 1 > Pr ( T1 > t) 

and therefore 

E.r [ F8 ( t )]2 
E.r F9(t) 

wht!re 1r is the prior and F1, is the conditional survival function given fJ. But if t 1 :;:: f"J.. a 

further assumption is needed to assure the validity of ( 4.6). If ( 4.6) is valid fi.)r any t 1 au,l 

t2• we say that T1 and T2 are positive dependent. In the general t:ase. random varialili·s 

T1 . • • • . T,. are said to be poi;itive dependent if 

{-1.i) 

for any t1. • • •. tn. 

In Bayesian statistics observations are exchangeable but not necessarily positive ,lqu:11-

dent. A simple example will ill11strate th.is. Suppose T1. T2 are conditionally i11<le11twl1-!11t 

with survival function P,..(t) = exp(-t") where A has a uniform prior distribution U(l.2). If 

t 1 < 1 < t2 then (4.6) does not hold. Th.is can be verified by the fact that 
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provided 011e fo11ction i:s i11creasing and the other decreasing over the interval. Iu tht-'. nun para­

metric approach. however. this kind of negative correlation does 11ot exist nnder a Diridild 

process or Gamma process prior. or even the squared Bessel process prior. The ohsP-rvatious 

are always positively dependent. and this will he shown in the following for the Diri1:hl1•t 

process prior. 

Suppose F(t) is a Dirichlet process with intensity a(t). and T1 . • • •. Tn are iid for a given 

sample path of the Dirichlet process. We use mathematical induction to prove tht! pusitiv1• 

dependence. Siuce the case n = 1 is trivial. we assume that ( 4. 7) is valid for 11. = k awl 

proceed to show it is also correct for n = k + l. Note that 

Pr (Ti > ti.···. Tk > tk. Tk+l > tk+d 

- J Pr (T1 > t1 • • • •• Tk > tk. Tk+l > tk+ilTk+l = y)dFTi.+i (y) 

- ft:+ 1 Pr (Ti >ti.···. Tk > tklTk+l _= y)dFT1<+i (y). 

where FT,,+i denotes the niarginal distribution of Tk+i- According to Ferguson ( l!Ji3) th1• 

posterior of F ( t) given Tk+l = y is again a Dirichlet process with i11teusity n( t) + ,) (t - !I ) 

aud. it then follows from the induction assumption that 

Without loss of generality we can a8snrne that tk+i 2: max:19sk ti and verify that 

and therefore the positive dependence follows. 

4.5 Fiducial Approach 

Certain restrictions apply to the fiducial inference. Let Q(0. T) be a pivotal where Ii is tltt· 

parameter and Tis a statistic. To qualify for fiducial inference. T m11st be a s11ffici1:ut statisti1· 
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for IJ. Next. to guarantee the probability transform the following one-to-ow: 1:orn:sl'()IL<lt>rw,· 

mnst be satisfied: 

(a) given Q and T there is a nnique solution of fJ: 

(b) given Q awl 0 th1~re is a 1uuq11e solution of T. 

Conditions (a) and (b) may be too restrictive in some situations. For example. (a) may l11• 

violated if for some given Q = q and T = t there are Illany values of f) satisfying Q ( 0. t) = '/ · 

If this is the case. all melllbers in the set {8 I Q(B. t) = q} will be treated as identi,:al lwrnn:w 

we cannot distinguish one from the other hasecl on the information provided hy Q. Thn:-;. 

a fiducial distribution is induced on a smaller parameter space generated by gronpiug tlll' 

··i1leutical .. paranieter valnes as one value. 

Iu survival analysis. there are pivotal quantities and fiducial argument can IH: appli,•,[. 

In fact. Nelson ·s hazanl estimate is the Illean of fiducial probability thongh he do,·s uut 

obtain it in that way. For simplicity we ,lo not consider censoring at this time. Supp,1:-;c t.lw 

cnmnlative hazard function of a population is A. and T1 < • • • < Tn are ordered failnr1· tiuws. 

It is well known that (n - i + l)[A(Td - A(Ti_i)]. i = 1. • • •. n are iid standar1l 1:xpow:atial 

variables. Iu other worrls. Q(A. T) is a pivotal quantity with A as the paramet1~r. Ow·" 

the <lat a t are available. we could use the fidncial step to argue that the distrilintion , ,f 

Q(A. t) is unchanged. But the parameter here is of infinite dimension and couclitiou (a) is 

obviously violated. Therefore. a fiducial distribution is induced only to a projeckcl span· 

of Clllll1Uative hazard functions where two members A1 an<l A2 are consiclerc~<l the sarn1• if 

A1(t;) = A2(ti). -i = l.·· ·.n. 

With this we would have a foute-dimensional distribution of A( t) at times t 1 < • • . < t"" 

This information is partial or incomplete since fiducial statelllents for other margins an· 

nussmg. But one should not be blamed for only being able to draw infercne<:s ou s11d1 

a margm with sample (ti,···. tn) at hand. The limitation is not due to the proccclnr1: ,>f 

infereuc:e Lnt to the data available. We used to add au assumption on the cumulafr,1t~ haz;ml. 
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such as a step fonction assumption. But this cannot be cleriverl from the fiducial probahilir.y 

ancl is of course additional to the information furnished by the data. 

Now. the mean of the fiducial probability for A(ti) is easily cakulated as 

I.: 

E A(t1.:) = L 
i=l n - i + 1 

1 

and so is the variance 
/.: 1 

var A( t,.,) = tr ( n - i + 1 )2 • 

Thus. like the Bayesian predictive (listribution. a fi.d11cial predictive probability can also 1)1' 

obtainecl. Let t0 = 0 and tn+l = oo and denote an empty product hy one. For a fot11r1• 

observation T. the predictive fiducial probability would be 

E [exp(-A(t1.,_i))-exp(-A(t1.:))] 

1.:- l n - i + 1 I.: n - i + l 

- g n-i+2 -g n-i+2 

1 
= n+l 

k=l.···.n+l. 

wluch is exactly the value specified hy the A(n). 

Fisher had tried t.o develop a r:oherent theory of pivotal inference but failecl. Iu prndi1·t • 

it is not always the case that a pivotal quautity can be fmmd. For example. when ri1,?;hr. 

r:P.nsoring is present. Q is 110 longer a pivotal and the fiducial argument must he morlifh•ci. 

Suppose that failures were observed at times t 1 < •· - < tn and. censorings that oc:cm·ecl iu 

[ti. ti+d are adjusted to ti. Let Si denote the number of subjects at risk just before timt! f;. 

VVe show that Q is in some sense a pivotal quantity. Let us study the survival experit-~W'.1' 

sequentially. From time ti-t to ti which is called the i-th period. a total of Si 1mbjt!ds Wl~r.­

umler observation. Let T1 . •· •. T,.; be the life times of these .-;i subjects. At the heginuinµ; uf 

the i-th period we had the information that ruin(T1 . • •·. T.,,) >ti-land what we oLserwcl at 

the end of tl1e period is ruin(T1. • • - . T,., ). It is straightforward to show that. con<litiouiug uu 

the history before ti-l. spec:ifi.cally . .Si and t,_ 1. tl1e cumulative hazard for win( T1. • • • . T~, ) 
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is si[A(t) - A(ti-d] aud thns the sawpliug distributiou for -si(A(ti) - A(ti-d] is st.awlar,l 

exponential. If the f>.Xperiment can be viewed as a sequence of independent expt!ritw-!nt.s. th,· 

joint distribution of i1i(A(ti) - A(ti-d]. i = 1. • • •. r,. is independent standard expntlt!utial. 

This argument is not mathematically rigorous. but the sequential view of au exp~ri1111•ut 

is helpful in dealing with survival problems. For example. Cox's partial likelihood is l,nilt 

by secp1entially identifying the subject who fails first in each risk group. The many-sampli· 

comparison (Kalbfleisch an<l Prentice. 1980) is carried 011t hy analyzing a seqne111'.<! of •·ou­

tiugeucy tablt!S. This approach can sometime simplify the situation aud approximatt! r.11,· 

exact result. 

With the fiducial probability on si[A(ti) - A(ti_i)]. t = 1. • • •. n we can clraw inft•nw·t• 

on the life distribution or future observation. It can be seen that the fid11cial pn!rlic-tivt! 

prohahility is exactly tl1e A( n) prediction. Survival cnrve estimation is possible if Wt! dumsc a 

kincl of interpolation to compensate for the missing information within interval ( ti- 1 . t;l. Fur 

<-!Xample. right c:ontinnous step function interpolation is ,:ommonly used. Tht! step fo111·tiuu 

type of estimate is obtained by taking the mean of the fiducial probability 

1 
E exp(-A(t)] = II (1 - --). 

t, 9 Si+ 1 

which is only sliglttly different from the Kaplan-Meier estimate. Fiducial probability int1!rvab 

can he obtained by easy simulations or even by closed-form formulae. As an cxampl,~. w,· 

show how to evaluate the fiducial probability Pr(a < A(tk) < b) where O < n. < 1,. Not,! that.. 

if 1-'1. · · · . Y,, are iudependent standard exponential variables. then the linear coruhinat.iou 

µ1 Yi + · · · + /Ln Yn has a density function 

where µ. > 0 are distinct numbers. From ( 4.8) we have 

k 

Pr (a< A(tk) < 1,) = L 
i=l 

which is easy to compute. 

y > 0. (-LS) 

k = l.··•.n. 



CHAPTER 5 

Analysis of Binary Data 

5.1 Introduction 

Binary data anse from experiments m which observations can 1,e classifie,l iutt, tw" 

categories. For instance. in a social survey. the attitude of a subject towards a proposal rua.y 

be positive or negative: in a rneclical experiment. a test animal may die or snrvivr! from a 

given flose of a poisonous drug. Statistical theory conr.erning binary data is extt~usiVt! au, l 

involves many applications. Our primary interest here is the analysis of binary rlata from 

mellic:al or biological experiments. 

Bioassay is au experimental pror.edure for evaluating the biological potency of a mat, -rial 

snch as a therapeutic: drug or carcinogenic: substance. It has been used for many yt!ars f, ,r 

a wide range of purposes. and the analysis of bioassay experiments is an important pan 

of statistics. In a typical bioassay. a dose denoted by t is administered to f~ad1 snl,j,·,·t 

who either does or does not respond. For example. in a carcinogenicity experiuwut. au 

animal may or may not develop a tumour after a period of being regularly fed a carciuu~t~ui,· 

d1em.ical. and we say it responded if a tumour is detected. Suppose that. at a fix,~:,l clus,· f. 

a subject would respond with probability P( t ). a quantity of primary interest. We «:all I'{ f I 

the response probability at <l.ose t: or the dose-response relation. or the potency c:nrve wht•n 

it is viewed as a function oft. 

Quantitative cancer risk assessment has been an important application of moclP.ru bi()as­

say. Many of the standard methods of cancer risk assessment are based on binary ,lata. Fur 

example. see Mantel and Bryan (1961). In this kind of approach. similar animals an~ ,·xposc•«l 

Sll 
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to c:arcmogens at several different dose levels. After a fixed period. all animals an· a.11t1,p­

sied and the presence or absence of tumors in the target organ of each animal is ubs(-rv, ·, l. 

With the assumption of the functional form of the dose-response c.1rrve. the paramdt-~rs ,·a11 

be estimate,! by likelihood methods. We can then estimate the VSD (virt11ally saf,-, rlosr• ). 

a very small Jose at which the risk of cancer will be less than a given probability. This 

often involves estimation outside the range of observations and hence is tenue,l low-, lw,t• 

extrapolation. 

The statistical analysis of bioassay is essentially the same as non-linear regressiuu. vV1t h 

a link function F. which is usually a cumulative probability distribution fnndion. tlw ,lrnit'­

response curve is expressed as P(t) = F(n + plogt). JJ > 0. For example. in lug;isti•· 

regression F( t) = et/ ( 1 + ,/). an<l in pro bit regression F is the cunntlativP. probability 

clistribution fondion of the standard normal distribution. The maximum likelihoorl IW'.thwl 

can be applied under a constraint /3 > 0. The disadvantage is mainly the strong; mudd 

assumption on the dose-response relation. which may be inadequate in a r.ertaiu ran~<' • ,f 

rlose levels yet fit the data quite well. For example. Van Ryzin ( 1980) showed that luw­

rlose extrapolation is very sensitive to the model assuillptions. that is. different diuin~s uf F 

prodm:e very ,li.fferent results. 

The nonparametric. view of a bioassay is that of binomial inference under or,lt-~r r,~stri,·­

tions. This. and more general problems such as isotonic: regression. are extensively stn,lit~d 

by Barlow et al (1972). An efficient algorithm for estimation is available but 1:onv1~ni1•ut 

access to confidence limits is missing. Another obvious drawback is that the obserw~,l ,lata 

are only available at the experimental levels and very little inference can be drawn abont 

a dose other thau the experimental values. Perhaps a kind of extrapolation is n~e1bl tu 

complete the analysis. 

Ramsey ( 1972) was one of the early works using the Bayesian method to analyze bioassay 

data. Antoniak ( 1974) also studied the same problem by introducing a mixture of Dirichlet 

process priors. but the implementation is difficult. A more recent work of Gelfancl awl Kno 
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( 1991) proposed a resampling approadt tu the Bayesian bioassay. 

This chapter investigates the posterior computation problem for bioassay c[ata 11smg 

Dirichlet process priors. A nonparametric method for combining many assays is also prup1>s1~, l 

and illustrated. Finally. a possible extension to the analysis of clonbly-censorer[ rlata is 

<liscussed. 

5.2 Binomial Inference Under Order Restrictions 

Bioassay can be viewed as an order-restricted binomial problem. Snppose a hioassay is 

performe<l at dose levels t 1 < • • • < t ... and the <lose-response c11rve P(t} is an increasing 

fo11<:tion. There are two ways to summarize our initial knowledge. The first way is ,lin:,'.t 

parameterization hy setting P(ti) = fJ,. If no initial knowledge is available one might 11st-! the• 

maximum entropy prior for 8 = ((Ji. • • •. & .• ) which is uniform on the simplex O < f}i < • • • ....:: 

IJ,. < 1. Suppose the experimental result shows ·r, out of 11.i subjects respowlecl at close l,~vd 

t,. The posterior density of 8 is then proportional to 

where I is the indicator fonction. 

The ruorle of (5.1). was obtained by Ayer d al (1955) ma nearly dosecl form ,~xpn?s­

sion. The Gibbs sampling approach was first studied by Gelfand and Kuo ( 1!)91). Tlw 

sampling scheme is quite obvious since the conditional distribution of e, given e[-i] = 

(fJ1 .••·.f:h_1 . fJi+i•···.9,.) is Beta(r1 + 1. 14. -1·1 + 1) doubly truncated at 8i-l awl lh,- 1 . 

with 80 = 0 and 8,.H = 1. More generally. we may use the ordered product Beta prior with 

<lensity proportional to 
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which leads to a tractable posterior. A.yer·s algorithm and the Gibbs sampler as well nm 111· 

applied to the posterior using (5.2) as a prior. This is numerically equivalent to uw,lifyiug 

the observations as ri + r~ out of ni +11,i responclecl instead of the original experimental r1!s11lt. 

The second prior for 8 c:an be construdecl by s11mmarizing the initial knowlt!1li.?;1• 111L 

the ,lifferences f)i - f:Ji-l • ·i = 1. • • •. s + 1 11sing a Dirichlet distribution. If tht! prior fi1r 

Hi - (Ji-I• i = 1. •· •. s + 1 is D(/,1 . •··. l,s+I ). then the joint distribution of fJ is tlw so-1'.;Jl,.,l 

ordered Dirichlet with density 

_..+l 
rr(8) °' II (Oi - fh_i)b,-l l(O < 61 < ... < e .. < 1). 

i=l 

Uwler the bioassay data given above the posterior density is proportional to 

s $+1 II 0?(1 - 0i)n;-r, II (Bi - lh-1 )b;-l l(O < 81 < ... < e .. < 1). 

At first glance. one way easily give up this approach because the sampling sd1euw is nut. 

obvious. In fact. the conditional rlistribution of f)i given 8[-il has a density proportional tu 

l)r,(1- ll,)n;-r-;(IJ· _ f). )l,;-l(a, - IJ·)b;+1-l[((}• I).<(}- ) i Ut l t-l 17t+l l •-1 < I •+l • 

which seems unfamiliar. However. a different approach gives a quite cliffereut pt-!rsp1)1'.tiv1•. 

Note that 

and thus (5.3) is a marginal density arising from the joint density proportional to 

" $+1 

II (J,.'(1 a )n;-r; IT c-2 b;-1[( < ll (J c) i - Ui 1.,i '/i 1/i Ui - i-1 < l.,i 
i=l i=l 

and obtained by integrating out ( = ((i ....... _ (.+d and T/ = (111 . ----.11,.+d- Effir:ieut Gilih~ 

sampling for ((. ,,. IJ) is available. Thus. insteacl of sampling the posterior of(} clirt)dly. 

we consider the joint density of (l. TJ. 8) with ( and T/ serving as a1uciliary variahles. Ld 

tl1e current value of these parameters he (B(kl_ (!kl_ 'l(kl). The updating of 8 must lit! 1lo11t• 
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sequentially to retain the order. Suppose we have updated the value of fJi· J < 1. - 1. T11 

update Bi we generate 

subject to left and right trnncation at 

(k+l) (k) (kJ (k)) l . n(k) (k) B(k+l) (kl 
max( Bi-l + 'Ii . 0i+i - C.i anc rrun( ui+l - T/i+i. i-l + C.i ) 

where 00 = 0 and fi"+l = 1 are fixed. Given B. the auxiliary variables are r.onclitioually 

independent and thus can be simultaneously updated by generating i·id variables Ui. Vi --. 

U(O. 1). 1 ~ i ::; .c; + 1 and letting 

\k+l) = (B~k+11 _ n~k+11) v11h, 
'11 t 17 t-1 t • 

It is obvious that the auxiliary variables have simplified the sampling scheme awl 11pclati11~ 

these auxiliary variables costs very little c:ompared to the upclating of the original {Hu·amt't«Ts. 

Inference on a particular dose level. not necessarily an experimental level. is uf pradical 

importance. For example. in canr.er risk assessment. interest centers on very low <los,·s. Tlw 

or<lcred binomial model. however. leaves this extrapolation problem unacldresst-:,l fin- tlw 

,lose is not explicitly incln,led in the model. The order restrictions only incorporatt~ rlusc• 

information in a very weak manner. To r.arry out an extrapolation. additional assnmptiu11s 

concerning the ,Lose-response relationship are required. 

5.3 Tolerance Distribution Approach 

The tolerance of a subject is a threshold value T such that when the stimulus l~X<"t~t•rls 

T the subject will fail and otherwise it will survive. Let us assume that the tolerance T is 

a random variable across the population. The tolerance distribution fonction P( t) is thns 

the potency curve on which our initial knowledge might be summarized using a Diridtld 

pror.ess. If an initial estimate P0 (t) for the tolerance distribution P(t) is available with a 
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1'.crtain clegree of coufi<lcnc:e. then a Dirichlet process with shape paramd~!r I',i( t l aucl ;t 

properly d10sen coufi<lenee c can be used to summarize this knowledge. Let t 1 < · · · <. t. ,,.. 

the experimental dose levels and 0i = P(ti). i = 1. • • ·. -'L Under the Dirichlet pru1Tss pri(Jr. 

the joint distrilllltion of ( fi 1 . • • • . fi .• ) is tilt! so-called ordered Dirichlet with density 

-•+1 

rr( 0) ex: II ( ei - 0i_i)1'•- 1 1(0 < 01 < ... < &_, < 1) 
i=l 

same as that rlescribed in the last section. then the posterior density for fJ is 

$ $+1 

p(f)) CX II fJ?(l - Hi)n,-r, II (I), - /-),_i)b;-l [(O < 01 < ·· · < 0_, < 1). 

awl the auxiliary variables technique disc:11::;sed in section 5.2 applies for Gihbs sauqiliug. 

Gdfand anrl Kno ( 1991) also proposed a Gibbs sampling scheme for th.is posterior lint tlwir 

method is less efficient. 

Prerliction and estimation for the response probability at au arbitrary ,lose lt'.Vd is alsu 

possible. Suppose t,_ 1 < t < ti: then. nuder the posterior. the conditional rlistril111ti,m .,f 

P(t) given P(ti-il and P(ti) is easily characterized. In fact. 

i = I.···.:; + 1. 

are :; + 1 conditionally independent Dirichlet processes with shape 

Pu(t) - Po(ti-d 
Pu(t,) - Po(t,_i) 

and confidence c[P0 (ti) - P0 (ti_i)]. which is the same as that under the prior. Tl1<!rd~1r1~. 

data information enters P(t) only through 0i-L = P(ti-d and 0, = P(ti). Once a samplt• of 

fJ is available. inference on the whole dose-response curve or tolerance distribution becom1•:,; 

foasible. For example. the posterior for any quantile of the tolerance distribution is ohtai1wcl 

as follows. Suppose the q-th quantile of P(t) is (q: then. for t,_ 1 < t < k 

. Pr((,, :::; t) = Pr (P(t) > q) 
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wlwre "Vi is the Dirichlet process rlefine<l above and the expectation is taken with rt~spt ·ct tu 

the posterior of 0. From section 1.2 we have 

wlu-!re B( ;r, In. J-J) denotes the cumulative probability function of the Beta ,listrilmtiou with 

parameters n: and J3. Therefore. the posterior distribution of any quantile c:an be compntt•rl 

numerically if a sample of B is available. 

As an application. we r:onsi<ler the low-Jose extrapolation based on the ,lat a from Mautt ·i 

awl Bryan (19Gl). reproduc:e,l in Table 5.1. After a single injection of methykholanthiw· 

into mice at clifferent tlose levels shown below. the number of mice that <levelopt~cl tmwJUrs 

after a fixed period was recorded. 

Table 5.1 

NUMBERS OF MICE DEVELOPED TUMOURS AT DIFFERENT DOSES 

Dose 

2.44 X 10-4 

!J.75 X 10-4 

1.95 X 10-J 

3.!) X 10-.J 

7.8 X 10-.J 

1.56 X 10-:? 

3.12 X 1()-:? 

6.25 X rn-:? 

1.25 X llJ-l 

N11mber of tumour/ Number of mice 

0/158 
0/79 
0/38 
0/19 
3/17 
G/18 
13/20 
17/21 
21/21 

The r.onventional method for analyzing this kind of data is based on logistic or proliit 

regress10n. The logistic and probit are special cases of a more general approach c'.allt•d 
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generalized prohit regress10n which allows the nsc of an arbitrary proLahility ,listrili11ti1111 

fnnction F as the link function. Unfortunately. our interest in this problem lies in r:lw td·r. 

end of the (lose-response curve. which is very sensitive to the choice of tlu=~ link fnw'.til,IL. 
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Fig. 5.1 Comparison of the estimated dose-response relations in the range 

of experimental dose levels. 

We compare the estimated dose-response curves from logistic regression. probit regn~s­

sion and EPA (Environmental Protection Agency) method which assumes au exponential 

tolerance distribution. Figure 5.1 shows that all the models fit the data very well. Hc,wevt•r. 
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in cancer risk assessment. our primary concern is often focused on the VSD ( Virtually Saf, • 

Dose). which is defined as the close corresponding to a chance of one in a million of ,levdupiuµ; 

tumour. Figure 5.2 shows that. when tis extremely small the tail behaviour of F ,lumiuat.,·s 

the magnitude of VSD. and the effect of the parameters cannot <:ompensate for tlu· hn)..!;1 • 

rlifferenee. 
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Fig. 5.2 Comparison of the estimated dose-response relations in the range 

of low dose levels. 

On the other hand. the data may support many different models with very diff~n!nt tail 

behavionr. Thus. there is no way to choose a better model based on goodness-of-fit or auy 
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other statistical rule. A more fundameutal theory or i11sight into tumour formation is Ut'.t~•lt·cl 

to give a scientifically plausible model. 

Oue possible solution is to seek a functional form of the dose-response relation lmst~cl 11u 

the med1a1Lism of cell progression. The one-hit model (Holland and Sielken. l!J!J3). whid1 

is derived from the assumption that caucer originates from a single cell which pro~nissc is 

through several irreversible changes. implies a dose-response relation 

k 

P(t) = 1 - exp(- L qli) 
i=O 

where 'Li ~ 0. 

Tlte EPA method c:hooses a linearized version of (5.4) for simplicity. and fits t.h1! mo,lc•l 

nnder the constraints qi ~ 0. -i = 0.1 11sing maximum likelihood. Suppose the estimatt!s ar<' 

( rfu. qi). Then the VSD can be estimate([ by 

For the rlata in Table 5.1. the EPA method gives rj0 = 0. q1 = 25.3 and VSD = 3.% • 10-s: 

the fitted dose-response curve is displayed i11 Figure 5.1. Exact confidence limits for tlw VSD 

can he ohtai11ecl by using the non-parametric Bootstrap described i11 Hollan,l aurl Sidk1•11 

( 1993). 

A Bayesian approach is proposed here that accommodates model uncertai11ty and at.ta,:h1is 

weights to all possible models by using a Dirichlet process prior. Suppose we have a favunr<!<l 

ruoclel. for example. the model used by EPA. \Ve would assign a Dirichlet process prior for 

P(t). the tolerance distribution. The shape parameter is chosen as P0(t) = 1 - exp(-(,/11 ..!.. 

q1 t)j with q0 and q1 unspecified. and the confidence c now becomes a measure of mo,ld 

uncertainty. This can be viewed as a relaxed version ·of EPA method because we put w1!ight.s 

on a continuous spectrum of possible models though the EPA model is at the centf~r. Iu 

practice. several confidence levels can be chosen to see the sensitivity of the VSD on morld 

11ncertai11ty. 
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An important issue is the estimation of q0 and q1 . for the prior depencls on tlwsc• nukw ,wu 

quantities. Once this is solved. the posterior of the tolerance distribution can be obtaiw ~• l Ly 

the approach we just presented. Bayesian inference on VSD is thus available sinn~ tlw VS D 

is a particular quantile of the tolerance distribution. Following the r.onveutional t•mpiri,·al 

Bayes approach. we choose (q0 . qi) such that the average likelihood f L(B)1r(d8lq0 . 'iI) wad1t•s 

its maximum. However. computing this average likelihood to generate a surface wnl,l Ill' 

difficult. The amount of computation is substantially red11ced if one of the paramdt~rs ,·au 

he P.stimated from other sources. Note that if <lata are available from a r.ontrol grnnp. '/11 is 

easily estimated since 1 - exp( -q0 ) is the response probability for a subject in tlu~ nmtwl 

group. This is possible even when the c:nrrent experiment does not have a control ~runp. 

Detailed discussions are available in Grice and Ciminera ( 1988) on utilizing historical •~outrul 

,lat a. 

Our task now is only that of estimating q1 . We compute the average likelihoo,l for a st:ri,·s 

of values of q1 to generate a curve. For this. we first generate a large sample fiU•=I _ i: = 1. • • •. _V 

from the density proportional to 

either by rejection sampling or Gibbs sampling. depending on the rejection ratP.. Th1~u. fc ,r 

a fixed q1. 

where l,i = cexp(-q0 )[exp(-q1ti-d - exp(-q1ti)]. The EPA model can be fit using stawlar,l 

"oftware for generalized linear models. This offers an initial range for q1 . with.in wh.idt tht• 

average likelihood will be computed and the maximum identified. 

For the data in Table 5.1. we assume that the tolerance distribution is a Dirichlet prrn:css 

with shape P0(t) = 1 - exp[-(q0 + q1t)]. Strong evidence in the current data indicat~s that 

'Jo = 0 though historical control data are not available here.· We thus assume Pf) ( t) = 1 -
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exp( -q1t) and the estimated 'll is listed in Table 5.2: the likelihood fnnctions an-! ,lepid,~,l i11 

Figure 5.3. The estimated value of q1 is quite stable with the increasing of mocld nun!rtaiuty. 

bnt the ac:c:m·acy of the estimate diminishes significantly. This can be seen from Fignn • 

5.3. The c:umnlative posterior probability functions of the VSD are displayecl in Fi~nr,· ;j.-1 

con·espornliug to (lifferent degrees of model uncertainty. The posterior probability iutt~rvals 

for the VSD tabulated in Table 5.2 are different in that. with increasing moclel 1mcertaiuty. 

the prohahility has shifted to the right and become more spread out. 

Table 5.2 

BAYESIAN INFERENCE Oi'~ THE MODEL PARAMETER AND VSD 

Confidence ,ji Posterior median Symmetric 90% probability 

of VSD interval of VSD 

20 28.4 1.1!} X 10-4 2.1{) X 10-5 ~ 4.!J() X 10-4 

50 27.G 6.21 X 10- 5 4.65 X 10-G ~ 2.38 X 10-4 

100 27.2 3.42 X 111- 5 2.55 X 10-6 ~ 1.43 X 10--l 

200 25.8 1.8(j X 10-::i 1.3!) X 10-6 ~ 7.85 X 10-5 

500 25.8 8.()1 X 10-6 5.9!) X 10-; ~ 3.36 :< 10-::i 

1000 25.8 4.38 X 10- 6 3.28 X 10- 7 -... 1.83 :< 10-::i 

X 25.3 3.91 X 10-S 3.20 X 10-S ~ 4. 78 X 10-S ., 

* Note: the bottom row is the result from EPA analysis and the probability 

:-;ta.tcment is ba:sed on a nonparametric Bootstrap. 

Th.is example shows that the inference on low dose response is not only sensitiw! to th(~ 

model selection such as the logistic. probit or EPA. but also to the model nnc:ertainty. Tlw 

EPA conservative estimate of the VSD is 3.20 x 10-s which is obtained by taking tlw luw(·r 

bound from the 90% probability interval based on the one-hit model. However. if we arc 

not completely certain about the model. say c = 1000. a conservative estimate of the VSD 

would be 3.28 x 10-i. which is substantially larger than the EPA assessment. 
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Fig. 5.3 Comparison of the re-scaled marginal likelihood functions for q1 

at different confidence levels. 
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Fig. 5.4 Comparison of the cumulative posterior probability functions for the VSD 

at different confidence levels. 

5.4 Many-Sample Problem 

It is often necessary to combine many bioassay experiments since the physical limitation 

may prevent a laboratory from executing the single large assay needed to achieve the recptirt~•l 

precision. In such ~ases. the experiment may be repeated over time. or a co-operative st1Hly 

may involve several groups of investigators. 
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Using the Beta distribution to describe the variation between binomial popnlatiuus is a 

traditional approach. In animal toxicological experiments. variation in the n~sponst: frum 

snbjects is to bt~ expected between treatments as well as between litters. It is often tlw ,·as,· 

that. when litter effect is ignored. the true standard errors of estimated treatment 1lifftTcw·,·s 

will be substantially under-estimated. A two-way analysis of varia.m:e for binary ,lata is 

needed when both treatment and litter effects are considered. Williams ( 1975) propust•, l a 

method nsing a Beta-binomial model to ,lescribe the extra variation between littt-:rs. R.dat1•d 

rliscnssions cau he fonud in Crowder ( Hl78). Williams ( 1982) aIHl Conaway ( l!JQ()). Bnt tlw:w 

stn,lies clo not cover the bioassays if no specific rlose-response <:nrve is assnme<L. 

In the Bayesian framework. hierarchical modeling is appropriate for th.is kind of problt'.ut. 

S11ppose that. for testing the biological potency of a drug. m hioassay experiments haw· l11•,·IL 

iudepcwlently carried out and have produced the following results: 

Tmt/11-ml rm2/nm2 Trn.• /n,n.• 

with each row being the ontpnt of a bioassay. Due to experiment-to-experiment variatiou. 

the response probability at a fixed dose can vary across different assays. If we l,di1'.Vt'. th1· 

experiment-to-experiment variation is entirely random. a plausible mocleling is to assmw· 

that the response probabilities at a fi..xed dose in different assays are independently g1'.uerat1•1l 

from the same population. 

Let 'lrij be the response probability in the i-th assay and j-th dose level. We post11lat1· 

an adclitive random effect model 

·t = 1. • • •. rn. j = 1. • • •. s. ( 5.5) 

where fl = ( µ 1 . • • • . µ,.) is the dose effect and f/ = ( T/ 1 . • • • . I/rn) is a random effect repn~st~nting 

variation hetweeu experiments. We still use the non-parametric approach that JU> sp1~1'.ific-



5.4 MANY-SAMPLE PROBLEM '.):j 

<lose-response relation is assumed except a natural r.onstraint that /Li < · · · < /L,. H, ,w1·v, ·r. 

even for a simple model like (5.5). an exact analysis could be technically very compli•·at,·,l. 

When the batch sizes ni; are not very sruall. the empirical logistic transform ( Cox. 1~7111 

works cpute well. This method ntilizes the approximation 

r·· + ! 7r .. 
!Iii = log( '3 2 1 ) ~ N(log 13 • Vij ). 

ni; - ri; + 2 1 - 1rij 

where the term ½ is nserl to guard against extreme observations. and 

( 'TLij + 1 )( Ttij + 2 ) 

is the asymptotic variance. We can thu::; build a generalized linear model with normal t!rror 

as 

where T/i ~ N(O. 11';,) and f.ij ~ N(O. 1Jij) are all independent random variables. If IT;, is known. 

the ruoclel can be reduced to 

where ii ~ N(U. fT;,/m). Bayesian analysis can be simply done using a uon-iuformativ,· prwr 

for 11.. Suppose we know very little ahout these parameters. A diffuse prior for /L w1111ld 

be the 111uform distribution on the simplex -oo < /1.l < • · • < /L,. < 00. Tlus prior nut lw 

thought of as the distribution of order statistics from a normal distribution with extn~mdy 

large variance. The r.onclitional posterior ofµ given fi ~ N(O. r.r;,/m) is expressed as 

subject to the order i::onstraint /LI < • · • < µs. We can sample the posterior by g<~llt:r,LtiILg 

(j ~ N(!J.j, v.)m) and then te:;t whetlwr (j is m;cending in j. If this is true we gt~rwrnt,· 

ij ~ N ( 0. fl;,/m.) and set Jlj = ij + ~i: otherwise we return to the first step. 

However. in some cases. rejection sampling could he costly. An alternative Gibbs sam­

pling scheme is q1ute simple. If the current valne is (p.(kl. ,7(kJ ). we update the pararudt:rs 
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hy first generating 

aud then 

1 f l . h l ( k+ l ) l ( k) e t anc ng t trnncatec at µi-l anc /Lj+I · 

We now discuss the issne of estimating tT~. the magnitude of the random effect. A Vt'.ra~iuµ; 

( 5.5) over the second index we have 

where the variance of Ei. is known to be ·vi_/.•;. There is an unbiased estimate for tT 2 !!ivcn liv 
' r1 • ' ~ 

1 m · 1 1 
rr~ = -- L Wi- - f/ .. )2 - . (1 - ~)·ii ... 

T1l - 1 i=l m. - 1 s 

wh.id1 is corruuonly used in the traditional analysis of variances with random dft~d:,;. Th,· 

main drawbacks are that it is not folly efficient and could be negative. 

Another estimate can be derived using a likelihood approach. Note that the fnll likdihuucl 

of ( µ. IT~) is reaclily available if T]i + Ei. is taken as the error term. Tlwn. a marginal lik, ·li­

hoccl for £( tT~) is obtained by integrating out the nuisance parameter p,. which is 1111ifonuly 

<listributed over the whole real space. This gives 
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Table 5.3 

NUMBERS OF MICE SURVIVING CHALLENGE WITH BORDETELLA PERTUSSIS 

AFTER INOCULATION WITH STANDARD VACCINE 

As:,;ay No. 1 Day /Mth. Dose of vaccine 
in 1970 0.2 1.0 5.0 

1 5/1 8 16 19 
2 5/1 6 13 27 
3 15/1 9 17 27 
-! 22/1 10 14 29 
5 29/1 4 11 25 

6 5/2 13 24 32 
7 12/2 10 16 31 
8 19/2 7 15 29 
9 26/2 5 13 23 
10 25/3 3 14 24 

11 2/4 3 18 22 
12 16/4 2 17 23 
13 23/4 4 15 28 
14 20/5 5 12 .,-_, 
15 4/6 6 12 25 

I 

16 11/G 9 25 32 
17 18/6 10 19 29 
18 25/G 6 20 27 
19 23/7 2 8 26 
20 6/8 11 18 ') ... _, 

I 
21 27/8 4 13 19 I 
22 3/9 -! 12 20 
23 10/9 5 16 24 
24 17/9 4 17 31 
25 24/9 11 24 31 

26 30/9 10 19 28 
27 8/10 9 15 26 
28 5/11 6 20 32 
29 26/11 5 18 23 
30 9/12 8 23 29 

31 17/12 9 23 27 
32 31/12 7 14 28 

1)­
., I 
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Fig. 5.5 (a) Log-likelihood of the variance of the random effect (b)-(d) Comparison of the two 

Bayesian analyses by pooled data and by a random effect model. 
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Wt~ illustrate our method using a <lataset from Finney d al (1075). Table 5.3 shows r.lw 

result of a series of hioassays conducted in 1970 by British National Institnte for Biolugi,·al 

Standards aml Control. Iu each assay. the sarne 3 doses of standard vaccine were nsccl with 

32 mice per dose. The numbers of mice that survived the challenge with bonletdla 1wrtnssis 

were notecl. 

For this particular dataset. the estimate IT~ = 0.24 based on the log-likelihoo<l lug l( rr~) 

is plotted iu Fignre 5.5(a). The posterior density of 0i = exp(JL;)/(1 + exp(/.Lj)) is dq,i,·k,l 

in Figure 5.5(b)-(cl) by impulse type plots. Another Bayesian analysis can be perform~·d 

hy pooling the data and using the non-informative prior proposed in section 5.2: the cor­

responding posterior <lensities are represented by solid lines in Figure 5.5( b )-( <l). It ,:an l)t' 

seen that the posteriors for 0i based on the pooled data and on the random effect mndd 

an~ cpute different in that the random eff't-~d model gives larger posterior variaw:cs tu tlw 

parameters. Wn are thus less confident about any conclusion drawn from this posterior r.han 

that 1lerivecl from a sin~le large assay. For example. the random effect model givt:s post1Ti11r 

prohability Pr ( 1(;12 - E 02 1 ::S 0.02) = 0.536: while the corresponcling probability sho11ld },., 

(). 706 if the (lata were from a single assay. Therefore. the information availahlt~ is kss than 

wonl<l he the <:ase if all assays were homogeneons and r:onld be combined. 

It is also noted that the posterior means of 0i from these two analyses <lo not a~r~:1•. Thi· 

ranJom effect model gives a larger posterior mean at high dose and a smaller posterior uwau 

at low ,lose than that of the pooled data aua.lysis. This is mainly caused hy tht• lu~isti1· 

transform. which is concave over (0. ½) and convex over ( ½-1). At the high ,lost-!. wh1'.1"<' 

.,. ;3 / ni3 , i = 1. • • • . m all exceed ½- by .J enseu • s inequality we have 

for all nii are the same. For the random effect model. we have E µ 3 2: jj. 3 <l11e tu ld"t 

truncation. Next. since the posterior of µ 3 is mostly concentrated in (0. oo ). applying .Tt!USt~IL ·s 
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inequality to both the logistic transform and its inverse yields 

exp(J].J) 
>-----

1 + exp(17-J) 

where the expec:tation is with respect to the posterior froIU the random effect mo,ld. Curn­

hining (5.6) an,l (5.7) we have 
-r.3 

E 03 2: -. 
'Tl.3 

Strictly. r.3 /n.3 is less than the posterior mean of 83 from the pooled data analysis. Bnt , ln, • 

to the pooling of the data. the order-restricted Beta distribution becomes close to the B«~r.a. 

distribution. Thus. r.3/n.3 is close to the posterior mean of 03 from the pooled clata analysis. 

This explains the disagreement in posterior mean at the highest dose from the two Bayt~siau 

analyses. The lowest dose case can he explained in a similar way. 

5.5 Further Topics 

Doubly-ceusored failure time data can be regarded as a mix of survival awl 1,iuary ,lata. 

Suppose that exact failure times are observed at t 1 < · · · < t11 with d.;. deaths at tiuw ti awl 

li and ri left- and right-c:ensored observations respectively: exactly .o;i :mbjeds ar«· at risk 

just before time ti. Suppose the survival function is horizontal between failure ti1w~s au,l 

f)i = S(ti). i = 1. • • •. n. Then a likelihood for B = ( 81 . ···.fin) is given by 

n 

L(0) = II (Bi-1 - Bi)d·B?(l - Hd·. 
i=l 

from which the maximum likelihood estimate can be derived and viewed as a gew!raliz('d 

Kaplan-Meier estimate. 

A nonparametric estimate for the survival function under doubly-censorerl ,lata was dt~­

rived by Turnbull ( 197 4). The estimate is obtained by an iterative procedure. First. au 

initial estimate of the s1u:vival function S'{ t) is easily obtained as the Kaplan-Meier cstiruatt• 

by ignoring all the left-censored observations. We use this initial estimate to mo<lify t.h1'. 



5.5 FURTHER TOPICS llll 

,lata so that the left-censored observations are incorporated into the nnmbt'~rs of ,l,·at.hs au,l 

thus the Kaplan-Meier estimate can he applied. Let 

1-S(t;} 

The number of deaths and the number of subjects at risk are now modified as 

and 

d~ = d;. + L Wi;l; 
j~i 

-< = Si + :E d';. 
j~i 

A new Kaplan-Meier estimate can be obtained and thus one iteration is completerl. T11rnl111ll 

( 1974) also showed that this procedure converges to the maximum likelihood estimate 1h-~riv1:1l 

from (5.8). However. a convenient wetho,l for calculating the confidence limits is missiuµ;. 

A Bayesian approach to this problem can be carried out under the same parameterization. 

In the following we only work with the posterior under non-informative priors. yid,liuµ; n·snlt.s 

comparable to Turnbulrs estimate. Note that the parameters 0i are automatically or1l1•rt~•l 

and a non-informative prior would be the uniform distribution 011 the simplex fJ. 1 ?.:. H1 ·_. 

• • • > 0n 2 0. The posterior density is found to be proportional to the pro1h1d nf tlw 

likelihood (5.8) and the indicator of the simplex. However. direct Gibbs sampling from this 

posterior is cliffi.cult. 

A possible solution involves introducing auxiliary variables. For conveuieuce wr. ass111111· 

0u = 1 and 0,.+1 = 0. It is easily verified that the posterior density for 0 cau be exprt-!sst~rl as 

n 

p(8) ex II (Bi-1 - fh)d;B? (1 - ei)'i I(l 2 fit > ... > Bn 2 0) 
i=l 

which is a marginal density of 

TL 

p(B. 11) (XII ,,t;-l l(TJi < ei-1 - Bi)B?(I - Bdi [(I 2 01 > ... > (Jn 2 0) 
i=l 



5.5 FURTHER TOPICS 

hy integrating ont the auxiliary variable 'I· As we previously clemoustratecl in S<'<"tlllll ;>.:::!. 

Gibbs sampling for (rJ. 0) can be easily carried out. Let (0(k). ,,lk)) denote the cnrn!ut. valn,· 

of the parameters. Suppose we have npdated the value of /Ji· j :::; ,: - l. To npdat<' Hi. w,· 

generate 

(k+l) , 
ll; ~ Bdn.(r; + 1. l; -r 1) 

l lf l l . n(k) (k) 1nlk+ll (kl - l c· sn )jer.t to et aI1< rig 1t tr1111cat10n at u;+i + 'li+i anr u;_ 1 • - 'I; respt-\C'.t!Vt~ y. 1v,,11 H_ 

T/;. i. = l. · · ·. n + 1 are conditionally independent and thus can be updated by gt-:ucrating ii,l 

variables U; ~ U( 0. 1 ). i = 1. • • •. n + 1 atHl letting 

(k+i) _ (B'k+11 0(k+i) )U1/d, 
'I; - i-1 - i i • i=l.···.n+l. 

This is even simpler than the sampling scheme proposed in section 5.2 for hioassay ,lat.a. 

A foll Bayt:sian analysis for donhly-censored data nsing Ferguson ·s Di.richlct prnct'ss pri, ,r 

is also very easy. Note that the Dirichlet process prior is conjugate when all the obs1:rvati1111s 

an! complete. Snppose the prior is a Dirichlet process with shape F0 and r.onfi.dew•p ,·: aft,-r 

incorporating th<~ complete observations tl1at rl; subjects failed at t;. the posterior is ag;aiu a 

Diridilet process with shape 

and confideuce c' = c + I:;=1 ,4. This posterior is used as a pnor now to fnrtlwr 1)Xtra.-r: 

the inforrnatiou in the left- and right-censored observations. We would not rept!at th1'. stury 

told in section 5.3 where a Dirichlet process prior is used to bioassay data. Tlw pur1'. ld"r­

and right-censored data can Le viewed as the result of an assay conducterl at close! lcvds 

t 1 < • · • < tn with tolerance distribution F(t). The final posterior can be obtainerl t:xactly 

in the way as we previou!ily outlined in section 5.3. 



CHAPTER 6 

Discussion and Summary 

6.1 Discussion 

Constructing the smoothed prior is motivated by some criticisms of the Dirichlet prnn·ss 

for its (liscrete smnple paths. After this long journey struggling with r.ompntation. howt'.Vt•r. 

we nee1l a serious re-thinking of the role of smoothing. hoth pro an<l COIL. Gnicrally. srwiuth­

iug is uot central in applications yet it remains an active researr.h topic in matlwmati.-al 

statistics. Smoothing techniques are occasionally nscfn..l in :;ignal or image proi:1'.ssiug. Gnt 

iriferenn: is another story. In most situations. statistical analysis for one-samplt! problems is 

clesc:riptive in natn.re. Therefore. a rough image such as Kaplan-rvleier estimate will du t lw 

job and smoothing seems superfluous. 

Then what happens if we completely ignore the smoothness or parameter corrdatiun ·:• :--ro 

obvious problem if we think the rlata is disc:rete. which is natural from a practical vi,~wpuint:. 

However. wodeling continuous failure time data without considering any ,lepeu<lt!IU'.t! in tlw 

parameters ( Camfield and Detre. 1977) is inappropriate: a correct treatment of tlw poiutwis,· 

independent hazard function (Kalhfl.eisd1 and MacKay. 1978) should be a Gamma pnH·1·ss 

approach to discrete data. 

The effect of smoothing in Bayesian analysis can be explained in the light of informatiuu. 

S11ppose that there are two priors 1r1 and ;r2 . available for the parameter H = ( 61 . • • •. H,.) 

that. nncler both priors each 01 has the same marginal distribution. ThereforP.. marginally. 

the same amo1111t of uncertainty is assumed in each parameter. B11t the total uncertainty in 

fi. probably measured by entropy. depends on the joint distribution. S11ppose furtlwr that. rr 1 
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specifies independence between <:omponents of 8 while 1r2 incorporates a kiwl of 1lqwu,l(•1L1·1·. 

Then it can he argued or even mathematically proved that 1r2 is more infonuativt• awl 

c:ontaius less uncertainty. or in other words. rr1 is more unbiased and less iuformatiVt'.: f~ ,r 

a given sample. rr2 leads to a narrower posterior interval for each 0i than rr 1 . Thus. th,· 

degree of smoothness or dependence. which is purely a subjective assumption in most c'.as,·s. 

actually eliminates some uncertainty in the prior. and failing to consider this may t!Xagw'.rat1 • 

the total uncertainty in parameters. 

The implementation of a Bayesian analysis under the smoothed pnor 1s more dfi,·it:ut. 

than it appears. But further improvement c:an be made provided a more efficient gt~twrator 

of Bessel random numbers is available. In addition to the aspect of posterior compntatiuu. 

some intrinsic disadvantages of the nonparametric approach should also he nott-~cl. Visnal 

exploration of the posterior is not very straightforwanl clue to the high climeusiou of tlw 

parameter. ancl the cost of storing the posterior may not be ,lesirablc. 

Analysis of various types of data is another aspec;t in Bayesian nonparametric statisti,·s. 

This direction of research could be more application-oriented because it consi,lt~rs m111·t• 

ff!abrres in the data or the experiment rather than in the prior. 

6.2 Topics for Future Study 

(i) General .·mwoth·ing ::,trndnrt:: 

For simplicity we have assumed a Markov structure on the parameters. A more g<-!Ut•ral 

c:onsideration would relax this condition and turn to create more symmetric relations. 

(ii) Gamrna proce:58 prior for b·ioa~-;8ay 

The Gamma process prior. or generally. the neutral to the right process prior can also l 1t, 

assigned to the tolerance distribution for bioassay problems. For convenience. we still nsc 

the terminology of survival analysis. Suppose we have initial information on the <:nmnlativ, • 
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hazard. Then. a Gamma process pnor can be assigned to the tolerance clistrilmtiun as w1 • 

first described in section 1.3. 

We suppose - log( 1 - P( t)) is a gamma process with shape Au and confidenr.P. c. when· 

P(t) is the dose-response relation. Let P(td = 1 - exp[-(Bi +···+Bi)] with t 1 < • · • -~ t .. 

heing experimental levds. 

If the experimental result shows r 1 out of n1 subjects responded at dose levd ti. tht'.ll t.lw 

posterior density of 0 = (Bi.··· . 0_.,) is proportional to 

_., 

II er;-l exp(-hi8d{l - exp(-(81 + ... + Bd]Yi. 
i=l 

where <Z1 = c[Au(ti) - Ao(ti_i)] and bi= c + E}=1 (nj - ri)- Again. we c:au iutrodnn· su1w· 

auxiliary variables to give a simple Gibbs sampler. 

(iii) DmLhly-cen:::ored data. 

To coutirme the discussion broached in section 5.5. some applications awl numcri,·al 

t~xamples will be c:onsidered. Theoretical issues will also be investigated. for t~xampk. tlw 

application of neutral to the right process prior to the analysis of doubly-censored ,lata. Tlw 

feasibility of this approach is already seen frolll our previous discussion. 

(iv) Drmhly-trnncated data. 

Kalbfleisch and Lawless ( 1992) discussed the arising of truncated data from fielcl rdial,ility 

stn,lies and presented some statistical methods for nonparametric estimation. Howt-~Vt~r. a 

full statistical analysis for doubly-truncated data is still a problem. We would propost~ a 

Bayesian nonparametric approach to double-truncated data using non-informative priors. 

Regression and comparison between samples are practically more illlportant. ancl will l1t' 

stn<lied in the futme. 



APPENDIX 

I. An inverse Laplace transform 

LEMMA The inverse Laplace transform of the function 

1 As+ B 
F(s) = (Cs+ D)v+l exp(- Cs+ D} 

is 

where v > -1, A, 1 B, , C and D are positive constants, and ~ AD - BC > 0. 

[I. Proof for (2.17) 

We now consider the evaluation of 

11 c;{t) 
U).(X, y) = Ex (exp[-.,\ ( )" dtJ I i;(l) = y). 

u t + p -

First, we calculate Ex exp[-J~1 c;(t)dµ(t)] with dµ = [s<51 +.X(t+p)-2]dt wheres> 0 and J 1 ts 

the Dirac function. [t is straightforward to verify that equations (2.10) and (2.11} in this case are 

equivalent to the boundary problem 

II 2.,\ 
Y - ---y-0 

(t+p)2 - ' 

y(O) = 1, y'(l) + 2sy(l) = 0. 

The two independent solutions of this are (t+p)(l±v'S.X+l)/2, thus 

where c1 and c2 are determined by the boundary conditions. After some algebra., we find that 

y(l) = JSA+l✓p; 1 Cs~ D 

and 
:. , (O) = _ As + B 
2y Cs+D' 
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where 

4. = x(p + 1) [Jg.,\+ 1 - 1 (p + 1 ) ✓s>-.+1/:? JS...\+ 1 + 1 (-P-)..,;8 .x+i/ 21 
• ') + ? I 1 •' p - p - p-r-

B = x...\[(p + 1 ) ✓s.x+i/2 _ (-P-) ✓s.X+i/2], 
p p p+l 

C = 2(p + l)[(p + 1 ) ✓s.x+1/2 _ (-P-)✓s.H1/2], 
p p+l 

,---

D = ✓8...\ + 1 + 1 (P + l ) ✓s.x+1/:! + v'S...\ + 1 - 1 (P + l ) ✓s>-.+1/:! _ 

2 p 2 p 

Let eP = h/8...\+ 1 + 1)/v'BX and e:?-, = (p+ 1)/p. We can verify that 

and 

A = 2xv'2...\eh cosh(/3 - JS.,\+ 1 -y), 
2x.,\ 

B = -sinhv'8.-\+ 1 1 , 
p 

C = 4(p + 1) sinh JS.,\ + 1 -y, 

D = 2V~cosh(,B +Jg.,\+ 1,), 

il = AD - BC= Sx.-\e 2
-, cosh2 /3. 

Therefore, 

11 c;(t) . 
Ex exp[-.X ( f dt - s{(l)j 

u t + p -

and this is equivalent to 

1x ,-••u,(o:, y)q(l, z, y)dy = (8,,\ + 1)<v+11/2e~<v+11 (Cs+ lDjV+l exp(-~::~). 

Taking the inverse Laplace transform with respect to s we obtain 

U,(z, y) = 2(8,,\ + l)(v+l)/2,~(v+L) ~e-(A+Dy)/C+(x+y)/2( ~ iv12 Iv( 2v~ )I;'(v'zy). 

and it then follows that, 

) 
JS.,\+ 1 sinh -y [ xe-Y + ye~-, . h (· h 

U >-. ( x, y = -:-:---;:::::;:==- exp ---- sm -y cot -y 
sinh JS.,\ + 1 -y 2 

where e2-, = (p + 1)/p. 

- JS.,\+ 1 coth -JS.,\+ 1-y )]Iv( Jx_y(S.X + 1) sinh-y )/,:-1 ( y'iy), 
smh y'S,\ + 1 , 
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