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Abstract

We study contracts for combinatorial problems in multi-agent settings. In this problem,
a principal designs a contract with several agents, whose actions the principal is unable to
observe. The principal is able to see only the outcome of the agents’ collective actions. All
agents that decided to exert effort incur costs, and so naturally all agents expect a fraction
of the principal’s reward as a compensation. The principal needs to decide what fraction
of their reward to give to each agent so that the principal’s expected utility is maximized.
One of our focuses is on the case when the principal’s reward function is supermodular
and is based on some graph. Recently, [22] showed that for this problem it is impossible to
provide any finite multiplicative approximation or additive FPTAS unless P = NP . On a
positive note, [22] provided an additive PTAS for the case when all agents have the same
cost. [22] asked whether an additive PTAS can be obtained for the general case, i.e. for
the case when agents potentially have different costs. In this thesis, we answer this open
question in positive. Additionally, we provide multiplicative approximation algorithms for
functions that are based on hypergraphs and encode packing constraints. This family of
functions provides a generalization for XOS functions.
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Chapter 1

Introduction

In 2016, the Nobel Prize in economics was awarded to Oliver Hart and Bengt Holmström
for their work on contract theory [36, 42]. Indeed, today contracts play one of central
roles in economic theory and in our everyday life. “Modern economies are held together
by innumerable contracts”, The Royal Swedish Academy of Sciences. [48].

1.1 Contract Theory

The contract design problem is natural and well motivated. Contracts are ubiquitous
enough that the reader has certainly interacted with many contracts throughout their
life. The reader has likely been on both the giving and receiving end of several contracts!
Contracts are a naturally appearing object when one special agent (called the principal)
wishes to incentivize other agents (simply called the agents) to take some costly actions.
A distinguishing feature of the contract theory setting is that the principal observes the
outcome of the agents’ actions, but cannot observe the actions themselves.

Employer/employee relationships frequently feature carefully designed contracts. Deal-
ing with insurance and incentives is also a common setting for contracts. Indeed, an insur-
ance company must carefully construct their policies so that customers want to use their
services, while ensuring the company still makes a profit. Likewise, a city constructing a
public good must decide on how best to contract the work to be completed to maximize ex-
pected utility. Even from just these examples it should be clear that contracts are prolific,
and there are many different settings one may consider.
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In our setting each agent takes (or does not take) some costly action to maximize their
individual utility (i.e. to maximize their expected reward minus cost). This results in some
outcome which depends on the actions taken. The principal derives some reward based
on this outcome. As such, the principal wishes to incentivize the agents to take costly
actions. Note the agents bear the cost of the actions, but the principal derives reward
from the outcome of the actions. This so called moral hazard makes designing contracts
challenging. Nonetheless, the principal can incentivize the agents to take costly actions by
offering some contract. In a contract, the principal promises transfers of reward to each
agent based on the outcome the principal will observe. This can incentivize the agents
to take actions which result in high reward outcomes, even if the actions are costly for
the agents. Note the principal can promise to transfer reward to the agents, but cannot
request the agents to transfer reward back to the principal. So, these transfers must be
non-negative (this property is called limited liability in the literature).

A critical aspect of contract design is that the principal only observes the outcome, and
not the actions of the agents. This so called adverse selection makes designing contracts
challenging. As we will see, in many cases it also makes calculating or even approximating
the optimal contract NP-Hard when combined with the aforementioned moral hazard.

Let us consider a few toy examples before we formally introduce contracts and our
setting. The first example illustrates the key difference between observable actions and
outcomes, and the challenging nature of the problem.

Example 1. Consider a baker working to create and sell a perfect pastry. She receives
some reward if she manages to sell her pastry. The baker has discovered she receives more
reward from selling her pastry if it tastes exceptionally good. Moreover, certain special
ingredients make her pastries taste better compared to using the non-special equivalents.

She works with different suppliers for each of these special ingredients i ∈ {1, . . . , 6} =
[6]. Each supplier i also has non-special versions of the ingredient i, which have no addi-
tional cost to the supplier but add no value to the pastry. Each special ingredient i ∈ [6]
has some additional cost ci to the supplier i and adds value vi to the baker’s pastry. A set
of special ingredients S adds value

∑
i∈S vi to the pastry, and costs each supplier i ∈ S the

amount ci. For simplicity we will say the baker is very reliant on the special ingredients,
and her pastry has 0 value when it has no special ingredients. Suppose Table 1.1 gives the
values vi, ci for each special ingredient.

Observe that the baker would be happy to pay for all of the special ingredients herself,
if given the choice. This gives her pastry a value of 10, and she pays a cost of

∑
i∈[6] ci = 2.

This gives her utility 10 − 2 = 8. Note it is worth it to pay the cost and obtain added
value for each individual ingredient.
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special ingredient i 1 2 3 4 5 6
∑

added value, vi 1 1 1 2 2 3 10
cost to supplier i, ci 1/10 1/10 1/10 4/10 4/10 9/10 2

Table 1.1: Special ingredient values and costs for the baker and suppliers.

However, the suppliers have different motives from the baker. Since it is more expensive
for the suppliers to send the special version of an ingredient they may be motivated to send
the non-special version instead. Even worse, the baker only knows the value her pastry
has, and is unable to test if each supplier sent her the special or non-special version of
an ingredient. For example, this could be because it is unwise to eat raw eggs, and it is
unclear how the special ingredients differ from non-special ingredients outside of the final
pastry. (Alternatively, one could consider this reward as being the price she is able to sell
the pastry for.) We note that being able to only observe the total value prevents the baker
from simply promising to pay the additional costs for a supplier if that supplier sends the
special ingredient. This is because the final outcome is affected by all the suppliers, and the
baker has no way of verifying if any given supplier did in fact send their special ingredient.

Therefore, the baker should promise to send the suppliers a percentage of the value
added to the final product. This should align the motives of the suppliers to the motives
of the baker (i.e. everyone should want to increase the value of the pastry). But what
portion of the added value should be transferred from the baker to each supplier? If the
baker wishes to keep some of the added value then clearly she should not transfer all of
the added value to the suppliers. Moreover, the baker needs to ensure she promises a
high enough percentage to each supplier if she wants that supplier to send their special
ingredient. Clearly, some suppliers will be more critical than others. She will need to
decide on both which suppliers to incentivize and on how much to give them.

Say S is the the set of suppliers the baker wants to recieve special ingredients from. It
can be shown that if the baker promises a ci/vi portion of the total added value

∑
i∈S vi to

supplier i then supplier i will be motivated to send the special ingredient rather than the
non-special ingredient. This is because it benefits the supplier to send the special ingre-
dient, even if they pay the associated cost ci. However, observe that the baker promising
such a percentage is more expensive than simply paying the cost ci. Indeed, if the baker
decides to incentivize exactly the suppliers i ∈ S for some S ⊆ [6] with a ci/vi fraction of
the total added value then each supplier i ∈ S would receive

ci
vi
·

(∑
j∈S

vj

)
,

3



and the baker would receive(∑
i∈S

vi

)
−
∑
i∈S

(
ci
vi
·

(∑
j∈S

vj

))
=

(
1−

∑
i∈S

ci
vi

)(∑
i∈S

vi

)
.

This leads us to observe that the baker’s utility from motivating all suppliers is1−
∑
i∈[6]

ci
vi

∑
i∈[6]

vi

 = 0 · 10 = 0 ,

but the utility from motivating S := {5, 6} is(
1−

∑
i∈S

ci
vi

)(∑
i∈S

vi

)
=

(
1− 5

10

)
· 5 =

5

2
.

In fact, it can be shown that this is the optimal utility for the baker in this example. Here
we come across the fact that the baker’s utility in the contract setting can be much less
than in the setting where she could directly observe and pay costs. Indeed, the baker is now
receiving utility 5/2 instead of utility 8. The difference between only having observable
outcomes and having observable actions is a key feature and challenge of contract theory.

Remark 1.1.1. In fact, Example 1 also suggests the contract theory setting leads to more
formal hardness. This example can be extended to show the optimal contract is NP-Hard
on additive reward functions using a reduction from the PARTITION problem [26]. Given
a list of values, the PARTITION problem asks if there is a partition of the values into two
equal sums.

1

2 3

4 5

6

Figure 1.1: Reward function graph.

Example 2. Let us briefly consider a harder version of Example 1, using a different reward
function for the baker. We will use the same costs as from Example 1. However, we will
no longer consider special ingredients which add value in an independent (i.e. additive)
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fashion. Instead, we will consider if they add value in a complementary way. Consider the
graph G = (V = [6], E) in Figure 1.1. Some ingredients improve the final pastry more
when paired with other specific ingredients. As such, the value added by a subset S ⊆ [6]
is given by |E(S)|. For each i ∈ [6] we can observe the degree of vertex i in G is the
same as vi from Example 1. However, there is a much greater degree of complementarity
in this reward function. Indeed, any individual ingredient alone now gives no value to
the baker. It can be seen to incentivize exactly a set S of special ingredients, the baker
would now need to transfer a ci/ degS(i) fraction of the added value |E(S)| to each supplier
i ∈ S. Note degS(i) may be strictly smaller than vi = degV (i) for subsets S ⊊ V . Just as
we saw in Example 1, the baker is unable to incentivize S = [6]. However, the suppliers
can be even harder to incentivize in smaller subsets! If the baker attempts to incentivize
S = {5, 6} as she did in Example 1 then she would have utility(

1−
∑
i∈S

ci
degS(i)

)
· |E(S)| =

(
1− 13

10

)
· 1 < 0 .

The combined facts that incentivizing many suppliers is too expensive, and that incentiviz-
ing few suppliers costs more on average makes this problem challenging to work with. In
fact, when the reward function behaves in a complementary fashion, like in this example,
then the problem becomes more formally hard. Indeed, just as Example 1 was closely
related to the PARTITION problem, it can be shown that with appropriately defined
costs, this example is closely related to the k-CLIQUE problem [22]. Given a graph, the
k-CLIQUE problems asks if the graph contains a clique of size k. This connection rules
out not just exact algorithms for the contract problem, but also many approximations. In
particular, this rules out any multiplicative approximation to this problem [22].

1.2 The Model and Our Goal

We now formally introduce the model, before ultimately obtaining the function we will
attempt to approximately maximize.

We have a single principal who interacts with a set of n agents [n] = {1, . . . , n}. We
focus on the setting with binary actions where each agent either exerts an effort or not.
An agent i exerting an effort incurs a cost ci ∈ R≥0 for the agent, and otherwise they incur
no cost.

Let us define the function f : 2[n] → R≥0 representing the expected reward of the
principal when a group of agents decides to exert an effort. We assume the function
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f : 2[n] → R≥0 is monotone, i.e. f(S) ≤ f(T ) holds whenever S ⊆ T . We assume that f is
normalized so that f(∅) = 0. In Section 3 we additionally assume f([n]) ≤ 1. We define
the marginal value of agent i with respect to the set S as f(i | S) := f(S ∪ {i})− f(S).

A key challenge in contract theory is that the principal obtains an outcome and the
corresponding reward, but cannot observe the actions of the agents. Thus, the principal
has to provide incentives for agents to take costly actions, and these incentives have to be
based solely on the outcome. To achieve this, the principal has to come up with a linear
contract. A linear contract is defined by a single vector t = (t1, . . . , tn)

T and the agent i,
i ∈ [n] always receives a positive transfer r · ti whenever the principal obtains the reward
r.

Let us assume that the agents in S exert an effort while all agents not in S do not.
Then, for a linear contract t = (t1, . . . , tn)

T the expected utility of an agent i, i ∈ [n] equals
f(S) · ti − ci if i is in S; and equals f(S) · ti if i is not in S. Moreover, the principal’s
expected utility is

f(S) ·

1−
∑
i∈[n]

ti

 .

Observe that the actions of agents can affect the expected utility of other agents.

We assume that each agent attempts to maximize their expected utility. Following
existing contract theory literature [7, 26, 22], we see that the set S, S ⊆ [n] forms a pure
Nash equilibrium if and only if

f(S) · ti − ci ≥ f(S \ i) · ti for all i ∈ S

f(S) · ti ≥ f(S ∪ i) · ti − ci for all i /∈ S.

Then a linear contract t∗ = (t∗1, . . . , t
∗
n)

T that incentivizes exactly the agents in S to exert
an effort while maximizing the principal’s expected utility satisfies

t∗i = ci/f(i | S) for all i ∈ S

t∗i = 0 for all i /∈ S ,

where ci/f(i | S) is 0 if ci = 0, and otherwise is infinity if f(i | S) = 0. Using the contract
t∗ the principal’s expected utility is given by the function

g(S) :=

(
1−

∑
i∈S

ci
f(i | S)

)
f(S) . (1.1)

Hence, whenever the principal decides to incentivize the set of agents S, the maximum
principal’s expected utility equals g(S). Now, our goal is to determine S, S ⊆ [n] that
maximizes g(S).
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1.3 Our Results

In recent years, contract theory has garnered an increasing interest in the theoretical com-
puter science and optimization communities. One factor for this growing interest is the
clear connection between contracts and fundamental optimization problems. The arising
contract design problems turn out to be hard even in relatively structured settings, e.g.
it is NP-hard to find the optimal contract for additive reward functions in a multi-agent
setting [26]. Finding an optimal contract tends to be hard for many types of reward
functions, so it is natural to ask whether it is possible to efficiently find a contract that
achieves approximately optimal expected utility. By today, there are various results about
approximations in the contract design theory [54, 38, 39]. Also, several works show that
there are natural limitations for such approximations and these limitations are related to
both the computational hardness [28, 29, 15, 16] and to the communication and query
complexity [32, 30].

Recently, [22] studied multi-agent contract design when the reward function is super-
modular and is based on graphs with all agents having the same cost. They showed that
it is impossible to provide a finite multiplicative approximation or any additive FPTAS,
unless P = NP . Indeed, given a graph one can construct a contract instance where the
optimal contract has positive utility if and only if the graph contains a clique of a certain
size. On a positive note, they develop an additive PTAS. Their PTAS built on the tech-
niques developed in [6], establishing tight connections to the densest subgraph problems.
In [22], it was left as an open question whether it is possible to a provide PTAS not only in
the case when all agents have the same cost, but also for the general case. In this thesis, we
provide an additive PTAS for the graph based supermodular functions considered by [22]
for the case with general agent costs.

[26] provided multiplicative approximation for optimal contracts in the case of XOS
functions. To obtain these approximately optimal contracts, [26] gave a set of struc-
tural lemmas which established connections between the value of the optimal contract, the
marginals, and the costs of participating agents. [26] also established a novel property of
XOS functions that permits “scaling” the value of the function while preserving sufficiently
high marginal values. We adapt their techniques to provide multiplicative approximation
for optimal contracts for functions encoding packing constraints.

Thus, we have two positive results for different kinds of functions based on graphs. In
the case of supermodular functions based on graphs, adding an agent changes the function
value by the total weight of all edges between the added agent and all other agents in the
set. In the case of hyperedge packing functions, adding an agent changes the function value
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by at most the weight of one hyperedge between the added agent and other agents in the
set.

Our results on the supermodular functions also have close ties to approximations for
dense problems. [6] gave an additive PTAS for many instances of dense problems, which
uses exhaustive sampling to approximately solve a polynomial program. Similar sampling
techniques were used in [19, 11] to give an PTAS for finding small probability mixed Nash
Equilibrium. Our results on hyperedge packing functions follow the techniques outlined in
[26].

1.4 Previous Work

In the following sections we offer a brief survey of the existing combinatorial contract theory
literature. This chapter is intended for the curious reader, and as reference material.
The relevant material for other chapters will be summarized at the beginning of each
corresponding chapter. In these sections we will always make the following assumptions.

• The principal can observe the outcome but not the actions taken by the agent(s).

• A contract must have limited liability, i.e. non-negative transfers.

• In each setting the agent(s) will take some action(s) which maximize their personal
utility, and will tie break in favor of the principal. This tie-breaking can be enforced
with contracts by promising an ε greater portion of the reward.

• Each agent has some null action with 0 cost for the agent and 0 expected reward for
the principal. If the agent has actions [n] = {1, . . . , n} then the null action will be
labelled 1. This represents the agent “doing nothing”.

We begin by considering settings closely related to the ones considered in later chapters.
Afterwards, we consider other settings which are either less combinatorial in nature or are
concerned with different constraints.

We remark that it is common in the literature to restrict focus to a setting where there
are binary outcomes {0, 1}. This ensures linear contracts may be considered without loss
of generality. Without binary outcomes, it can be beneficial to consider general contracts
which promise arbitrary amounts depending on different outcomes. Such contracts can
have very complicated structure, and appear less in practical instances even if they may
give improved utility to the principal. Some works, e.g. [28, 13], consider this issue.

8



1.4.1 Single Agent, Multi-Action

The Setting

We now consider the setting from [25], where we have a single agent with n actions available
to them. Each action i ∈ [n] has a cost ci. The agent may take any subset of the actions
S ⊆ [n] and pay cost

∑
i∈S ci. There are binary outcomes {0, 1} representing failure and

success. The principal derives some non-negative reward r from success and 0 reward
from failure. Each strategy S ⊆ [n] of the agent has an associated success probability
f(S) ∈ [0, 1] which is assumed to have f(∅) = 0 and be monotonically non-decreasing (i.e.
if S ⊆ S ′ then f(S) ≤ f(S ′)). A contract consists of a single value α ∈ [0, 1], where the
principal promises α · r if the outcome is a success, and 0 otherwise.

Known Results

Many results in the contract theory literature depend on critical values (sometimes called
break points). Intuitively, critical values are values for the contract (given by α ∈ [0, 1] in
this setting) which could be the value for an optimal contract. Slightly more formally, they
represent points where the agent would start to take an action set which yields different
success probability. The optimal contract will be one of these critical values, since the
optimal contract will be the minimum cost way for the principal to ensure a desired success
probability. Thus, if the principal can enumerate over these critical values and calculate
their utility at each critical value then they can calculate an optimal contract.

[25] showed for gross substitutes success probability functions (which includes addi-
tive, unit demand, and matroid rank functions) one can compute an optimal contract by
enumerating over the critical values. To do this, they show for gross substitutes f there
are polynomially many critical values, and one can efficiently iterate them. However, the
authors also showed there are coverage functions which have exponentially many critical
values. Indeed, finding the optimal contract with a submodular (specifically budget ad-
ditive) success probability function is NP-Hard. [25] showed this via a reduction from
SUBSET-SUM. At the same time, they showed there is a (weakly) FPTAS for arbitrary
success probability functions and a weakly polynomial time algorithm for any instance
with a polynomially sized set of critical values. [22] gave an improved strongly polynomial
for any instance with a polynomially sized set of critical values by using a simple divide-
and-conquer algorithm. They also showed for a supermodular success function there are
polynomially many critical values. [27] gave an algorithm for any success probability func-
tion and cost which enumerates all critical values with polynomially many demand queries.
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This suggests if one can compute demand queries efficiently and there are only polynomi-
ally many critical values then one can compute the optimal contract efficiently. Indeed, the
algorithm [27] gives provides a way to compute the optimal contract for supermodular suc-
cess probabilities and submodular costs (rather than additive). They show a natural class
of matching based instances with XOS rewards which has an exponential number of criti-
cal values, but also yields an efficient demand oracle. Thus one cannot simply enumerate
over all critical values in this case (although some special cases have (pseudo-)polynomially
many critical values). [23] gave a FPTAS for the problem for general f , with value and
demand oracle access, improving upon the weakly FPTAS from [25].

Hardness results for this setting were improved in [32]. The authors showed that for
submodular f it is NP-Hard to approximate the optimal contract to within any constant
factor. This relies on the hardness of a promise problem of coverage functions. For XOS
f it is is NP-Hard to obtain a n−1/2+ε approximation ratio for any ε > 0. This relies
on the hardness of approximating the largest clique in a graph. Furthermore, [30] showed
that when f is submodular any algorithm that computes the optimal contract requires
exponentially many demand queries to f . This dissuades concerns that the hardness was
simply from the hardness of computing a demand query for f . They showed this by
constructing instances where value and demand oracles had effectively the same power.
However, this is not always the case. [30] showed that there are instances where the
optimal contract can be found with O(1) demand queries, but also requires exponentially
many value queries.

We summarize the results in Table 1.2 and Table 1.3.

Success probability function f Approximation
gross substitutes exact [25]
supermodular exact [22, 27]

polynomially many critical values exact with demand oracle [27]
submodular ≈ 1/1120 with demand oracle [23]
general FPTAS with demand oracle [23]

Table 1.2: Positive results for the single-agent multi-action setting.

Success probability function f NP-Hard within
submodular (coverage) any constant with value oracle [32]

XOS n−1/2+ε with value oracle [32]

Table 1.3: Hardness results for the single-agent multi-action setting.
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1.4.2 Multi-Agent, Single Actions

The Setting

We now consider the setting from [7]. In this setting we consider when a set of n agents
each has a binary action available to them. The agent i ∈ [n] taking the action incurs a cost
ci, and otherwise they incur no cost. Any subset S ⊆ [n] of the agents may take actions.
There are binary outcomes {0, 1} representing failure and success. The principal derives
some non-negative reward r from success and 0 reward from failure. Each set S ⊆ [n] of
agents exerting effort has an associated success probability f(S) ∈ [0, 1] which is assumed
to have f(∅) = 0 and be monotonically non-decreasing (i.e. if S ⊆ S ′ then f(S) ≤ f(S ′)).
A contract consists of vector t ∈ [0, 1]n, where the principal promises ti · r to agent i ∈ [n]
if the outcome is a success, and 0 otherwise.

See also [17] for a different multi-agent binary action setting.

Known Results

In 2006 (remarkably early!) [7] considered Boolean functions represented by read-once
networks. For AND networks the authors provide a polynomial time algorithm, and they
show the problem becomes #P-Hard for general networks via a reduction from network
reliability problems. [31] show that for OR networks (which is a special case of submod-
ular functions) the problem is NP-Hard via a reduction from EXACT 3SAT. They also
provide a FPTAS for OR networks. [26] considers submodular and XOS success proba-
bility functions. Using value and demand oracle queries they are able to obtain constant
approximations to the optimal contract. To accomplish this they use a novel scaling prop-
erty of XOS functions and their marginals. This allows them to make a demand query at
appropriately chosen prices, then scale back to a set with approximately optimal value for
the contract problem. For submodular functions f the authors show that a value oracle
is sufficient, since one can simulate an “approximate demand oracle” using algorithms for
constrained submodular maximization [52]. They complemented these results by showing
with high probability any algorithm that performs polynomially many value and demand
queries has approximation ratio ≥ 1.136 for XOS functions, and Ω(

√
n) for subadditive

functions. Both of these hardness results are from communication complexity. They show
an optimal contract should incentivize some special set S, |S| ≈ n/2 and also that finding
S with only polynomially many value and demand queries is unlikely. [26] also shows it
is NP-Hard to calculate the optimal contract for additive f via a reduction from PARTI-
TION. However, the problem admits a FPTAS in this case. Hardness results were improved
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by [32]. The authors showed it is NP-Hard to approximate the optimal contract within a
factor of 0.7 for submodular f . They showed this via a reduction from a promise coverage
function. In fact, this hardness result holds even for normalized unweighted coverage func-
tions f . Note that this rules out a PTAS for general submodular functions, even though one
exists for non-trivial special cases such as OR networks [31]. [23] further shows no PTAS
exists with submodular f and value and demand oracles. This is accomplished through a
more subtle communication complexity argument. [32] also showed for XOS functions any
algorithm that makes only polynomially many value oracle queries (and no demand oracle
queries) with high probability cannot approximate the optimal contract within a factor
greater than 4n−1/6. This hardness follows from a communication complexity argument
with a special set of size n1/3. [22] departed from functions which were complement-free be
considering supermodular functions. In particular, given a graph G = (V,E) they consider
a supermodular success probability function f(S) = |E(S)|/

(
n
2

)
. They show if the agent

costs are (k− 2)/(k− 1) · (1/
(
n
2

)
then the optimal contract has positive value if and only if

the graph G contains a k-clique. Thus, it is NP-Hard to obtain any finite multiplicative
approximation or FPTAS in this setting. However, they show that an additive PTAS is
possible when all agents have the same costs. Their techniques take inspiration from ad-
ditive PTASs for dense problems, such as [6, 19, 11]. Indeed, the authors show that an
approximately optimal contract exists incentivizes a set of with Θ(n) agents who all have
Θ(n) degree.

The work contained in this thesis extends some of these results. In the complement
free hierarchy [45] we consider MPH-k functions. General MPH-2 functions can already
capture the supermodular problem considered in [22], who showed the problem is hard to
approximate in general. However, the techniques from approximations for XOS in [26] can
be extended to MPH-k functions which satisfy some specific packing conditions. We also
show it is possible to attain an additive PTAS for the supermodular problem considered in
[22] when the agents have arbitrary cost. In this case in an approximately optimal contract
some “inexpensive” agents may have degree O(1), and even “expensive” agents may only
have degree o(n). Thus, a more technical argument is required to refine the requirements
of an approximately optimal contract and find the set S to be incentivized.

We summarize the results in Table 1.4 and Table 1.5.
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Success probability function f Approximation
AND networks exact [7]

OR networks (submodular) FPTAS [31]
submodular ≈ 1/256 with value oracle [26]

XOS ≈ 1/256 with demand oracle [26]
MPMH-k, MPMUH-k ≈ 1/256k4 with demand oracle [this work]

|E(S)|/
(
n
2

)
additive PTAS [22] and [this work]

Table 1.4: Positive results for the multi-agent single-action setting.

Success probability function f NP-Hard within
submodular (coverage) 0.7 with value oracle only [32]

submodular 0.98 with demand oracle [23]
supermodular (e.g. |E(S)|/

(
n
2

)
) any multiplicative factor, or additive FPTAS [22]

XOS 4n−1/6 with value oracle [32]
XOS 1/1.136 with demand oracle [26]

MPH-2 any multiplicative factor, or additive FPTAS [this work]

Table 1.5: Hardness results for the multi-agent single-action setting.

1.4.3 Multi-Agent, Multi-Action

Very recently, [23] considered a setting with multiple agents each with the ability to take
a subset of actions. This setting extends both of the previous settings.

See also [13] for a different multi-agent non binary-action setting.

The Setting

There are n agents. Each agent i ∈ [n] has an action set Ai, and may choose to take any
subset of actions Si ⊆ Ai. Let A =

⋃
i∈[n] Ai. Each action j ∈ A has a cost cj, and the

cost of any agent taking a subset of actions S ⊆ A is
∑

j∈S cj. There are binary outcomes
{0, 1} representing failure and success. The principal derives some non-negative reward r
from success and 0 reward from failure. Each set S ⊆ [n] of actions taken has an associated
success probability f(S) ∈ [0, 1] which is assumed to have f(∅) = 0 and be monotonically
non-decreasing (i.e. if S ⊆ S ′ then f(S) ≤ f(S ′)). A contract consists of vector t ∈ [0, 1]n,
where the principal promises ti · r to agent i ∈ [n] if the outcome is a success, and 0
otherwise.
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Known Results

This setting is much more general than the previous two, and in fact captures both of them.
A single agent can be obtained by setting n = 1, and binary actions can be obtained by
setting Ai = {0, i} for i ∈ [n] (where the action 0 represents doing nothing). Unfortunately,
we pay for this generality with complexity. This setting loses many of the features that
made previous settings more pleasant to work with. Indeed, even characterizing a Nash-
equilibrium is less trivial. Nonetheless, for submodular f [23] give a constant approximation
using value and demand oracles. In fact, their result is stronger: they compute a contract so
that any equilibrium of the this contract gives an approximation to the optimal principal’s
utility. Their basic idea is similar to the multi-agent case considered in [26] (where either
no agent is “large” or it suffices to incentivize a single agent) but it is far from trivial to see
that this approach would generalize beyond binary actions. [23] further shows no PTAS
exists with submodular f and value and demand oracles, even for binary actions. This is
accomplished through a subtle communication complexity argument.

1.4.4 Single Agent, Single-Action

This setting is less related to the problems we consider, since there is not much room to
consider combinatorial functions in this setting. Nonetheless, it is good to be aware of it.

The Setting

In this setting we consider when a single agent has n actions available to them. Each
action i ∈ [n] has a cost ci. The agent may choose to take any single action. We consider
when there is a general (not necessarily binary) outcome set Ω,Ω = [m]. Each outcome
j ∈ [m] is associated with a reward rj for the principal. Each action i ∈ [n] is associated
with a distribution Fi over the outcomes [m]. We denote the probability of action i, i ∈ [n]
resulting in outcome j, j ∈ [m] as Fi,j. A contract consists of a vector t = (t1, . . . , tm),
where the principal promises tj to the agent if it observes outcome j, j ∈ [m]. A linear
contract consists of a single value α, α ≥ 0, where the principal promises α ·rj if it observes
outcome j, j ∈ [m].
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Known Results

Consider a contract t, and suppose it was known the agent will take some action i, i ∈ [n].
Then in expectation the principal transfers the agent∑

j∈[m]

Fi,jtj ,

and the agent’s expected utility is given by∑
j∈[m]

Fi,jtj − ci .

We now observe that the optimal contract problem can be solved in the following standard
way, as in [28]. Consider if we wished to incentivize some action i, i ∈ [n]. We would like
to do this at minimum cost, while ensuring no other action has better utility for the agent.
This can be done with the following LP over variables tj, j ∈ [m].

min
∑
j∈[m]

Fi,jtj

subject to
∑
j∈[m]

Fi,jtj − ci ≥
∑
j∈[m]

Fi′,jtj − ci′ for all i′ ̸= i, i′ ∈ [n] (1.2)

t ≥ 0

By enumerating over all fixed actions i, i ∈ [n] the principal can find which action is best to
incentivize. However, one may notice the contracts output by this process may have hard to
understand structure. “Simple” contracts, such as linear contracts, are desirable for many
reasons. Indeed, linear contracts appear much more frequently in practice as opposed to
complicated general contracts. However, linear contracts may give worse utility for the
principal compared to general contracts. Thus, more focus is given to how well these
“simple” contracts can approximate the utility to the principal of general contracts. [28]
shows if there are N linearly implementable actions then the multiplicative loss in the
principal’s expected utility from using a linear contract rather than an arbitrary one is
at most N . There are in fact also instances where for ϵ > 0 the multiplicative loss is at
least n − ϵ, even when assuming desirable properties of the distributions F . The authors
also show that if all of the costs ci, i ∈ [n] are in the range [1, C) then the multiplicative
loss is at most O(logC). It is also possible to consider “simple” contracts as low degree
polynomials, rather than linear functions [28]. [29] considers a succinct representation of
the setting, where there are n actions and {0, 1}M outcomes, where M is given as input.
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Thus, the outcomes are subsets of [M ], and outcomes are realized according to a product
distribution. This makes the previously considered LP intractable. Indeed, [29] shows it
is NP-Hard to compute any constant approximation to the optimal contract. However,
if one relaxes the incentive compatibility constraints to δ incentive compatible constraints
(i.e. allowing the right hand side of constraint 1.2 to be violated additively by at most δ)
then one can compute the optimal contract in time polynomial in (m, 1/δ). [29] also shows
it is still NP-Hard to find a constant approximation even when the setting is relaxed to
considering these δ incentive compatible contracts.

1.4.5 Alternative Settings

There is an alternative multi-agent contract model, studied in [17]. In this model each
agent determines their own individual outcome, which removes externalities. With some
mild regularity conditions, they show the optimal contract in their setting for supermod-
ular functions can be computed in polynomial time, and for submodular functions can be
approximated within (1 − 1/e). In [13] the authors consider a multi-agent non-binary-
action setting which trivializes the computation of optimal contracts (since it is possible
to solve LP profiles similar to those in Section 1.4.4). Thus, the authors focus on consider-
ing different mechanisms than standard deterministic contracts, the guarantees of simple
contracts, and how externalities affect the principal’s utility.

One could also consider a setting where the agent is able to take actions sequentially,
after observing the outcomes of previous actions [33, 41]. In this setting there is a natural
connection to Pandora’s box problems [53]. Finally, one can also consider settings with
multiple principals [4].

An expansive number of different settings for contract theory have been explored in
recent years, as the setting has recently caught the eye of many researchers in the theoretical
computer science community. As a small list, other recent models have included contracts
with inspections [34], ambiguous contracts [24], agents choosing from menus of contracts
[39, 12, 16], contracts with a learning agent [37], contracts for delegating machine learning
tasks [50, 5] or selling data to a machine learner [18], hidden but signaled outcomes [8],
and Bayesian settings [3, 2, 54, 38, 39, 16, 14].

1.4.6 Max Constraint Satisfaction Problems

Our work in Chapter 3 is related to approximations for max dense constraint satisfaction
problems (Max-CSPs), in particular [6]. Our additive PTAS in Chapter 3 runs in time
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O(npoly(1/ε)) due to similar sampling requirements to the PTAS of [6] for densest k sub-
graph which also runs in time O(npoly(1/ε)). [6] started a line of work achieving PTASs for
dense instances of Max-CSPs. These are accomplished through various means, including
sampling/subsampling [6, 1, 20, 9, 55, 46], regularity lemmas [35], and convex hierarchies
[21, 10, 40, 56]. Some of these approaches accomplish their approximations more quickly.
The fastest known time for a PTAS for dense Max-CSPs is O(n/ε2)+2O(1/ε2) in [55]. How-
ever, note that these problems are only concerned with maximizing the number of satisfied
constraints in a CSP. In our problem we are also concerned with ensuring the number of
satisfied constraints containing any non-zero variable is high. Thus we have some global
constraints we must deal with also, and not all of the approaches for Max-CSPs directly
translate to our problem. [49] considers approximating Max-CSPs with a global cardinal-
ity constraint, and is thus relevant. Furthermore, we use the samples for degrees of “high
degree” agents to linearize the terms 1/ deg(v) in L(·) (see Section 3.3). Therefore the
sampling approaches for Max-CSPs are most relevant to us.

1.5 Organization

In Chapter 2 we briefly go over some preliminary definitions and statements which are
assumed to be known in the later chapters. This includes classes of functions we’ll be
working with, and well known techniques and inequalities such as randomized rounding
and Chernoff Bounds.

In Chapter 3 we go over our additive approximation for graph based supermodular
functions. Using properties of supermodularity we find the existence of an appropriately
structured approximately optimal set. We will not be able to actually find this set. How-
ever, we are able to find useful information about this set using sampling or exhaustive
enumeration. This allows us to linearize the contract problem and consider a relaxed LP.
We then show how to greedily alter a solution to this LP to get an approximately feasi-
ble solution to the LP which will satisfy concentration requirements. This allows us to
randomly round the approximately feasible solution to the linear program and obtain an
approximately optimal solution to the contract problem.

In Chapter 4 we go over our multiplicative approximation for hypergraph packing func-
tions. We show we can obtain approximations for MPH-k functions with certain packing
properties. This generalizing known approximation results for XOS = MPH-1 functions.
The techniques used here follow the same outline as those for XOS functions. We provide
structural lemmas for MPH-k functions similar to those that exist for XOS functions, with
a predictable dependence on k. Then the result of a demand queried can be “scaled down”
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to give an approximately optimal set. The packing properties of the functions we consider
are critical to be able to “scale down” a set in this way. Indeed, we observe that if we
place no such properties on our MPH-k functions then there can be no finite multiplicative
approximation. This hardness result holds even for MPH-2 functions.

In Chapter 5 we make some remarks about future work.
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Chapter 2

Preliminaries

2.1 Approximation Algorithms

We first consider what it means to have an efficient approximation algorithm. In this work
we concern ourselves with NP-Hard problems. Under the standard assumption P ̸= NP ,
it is impossible to compute an optimal solution to such a problem in polynomial time.
Thus, we instead look to have algorithms that compute approximately optimal solutions,
rather than optimal solutions. Say ALG is the value of the output of the algorithm, and
OPT is the value of the optimal solution. An α-approximation algorithm guarantees

α ·OPT ≤ ALG ≤ OPT if α ≤ 1 ,

OPT ≤ ALG ≤ α ·OPT if α > 1 .

In some situations we instead guarantee that the output is only off by an additive term of
α. In this case we refer to our approximation algorithm as an additive α-approximation
algorithm.

Sometimes we may also parameterize the run-time of our algorithm by our error term.
For a maximization problem, a polynomial time approximation scheme (PTAS) is a (1−ε)-
approximation algorithm which runs in time polynomial in the size of the input for any
fixed ε > 0. Similarly, a fully polynomial time approximation scheme (FPTAS) is a (1−ε)-
approximation algorithm which runs in time polynomial in the size of the input and in
(1/ε) for any fixed ε > 0. Observe that a PTAS runs efficiently in terms of the input, but
may be very inefficient in terms of the error term ε. We analogously define an additive
PTAS and additive FPTAS by allowing ε additive error, rather than (1− ε) multiplicative
error.
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2.2 Probability

We use the following standard inequalities.

Markov’s Inequality

Let X be a nonnegative random variable, and a > 0. Then

Pr [X ≥ a] ≤ E[X]

a
.

Chernoff Bound

Let X1, . . . , Xn be independent random variables taking values in {0, 1}, µ = E
[∑

i∈[n] Xi

]
,

and 0 < δ < 1. Then

Pr

∑
i∈[n]

Xi ≤ (1− δ)µ

 ≤ exp

(
−δ2µ
2

)
.

Hoeffding Bound

Let X1, . . . , Xn be independent random variables taking values in [a, b], µ = E
[∑

i∈[n] Xi

]
,

and t > 0. Then

Pr

∑
i∈[n]

Xi ≤ µ− t

 ≤ exp

(
2t2

n(b− a)2

)
.

2.3 Linear Relaxations and Rounding

In Chapter 3 we would ultimately like to solve an integer program. Our problem is essen-
tially of the following form

min cTx

subject to Ax ≤ b

x ∈ {0, 1}n
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where A, b, c are appropriately sized. Unfortunately, this problem is in general intractable.
Thankfully, it is known how to solve linear programs efficiently e.g. with the ellipsoid
method [44] or interior point methods [43]. This means we may solve the following linear
program efficiently.

min cTx

subject to Ax ≤ b

x ∈ [0, 1]n

However, our original problem remains. Given an optimal x∗ ∈ [0, 1]n for this linear relax-
ation how can we obtain an (approximately) optimal x̄ ∈ {0, 1}n? This is a tricky problem
in general. We will make use of a common technique known as randomized rounding. For
i, i ∈ [n] consider setting x̄i to 1 with probability x∗

i and to 0 with probability 1−x∗
i . If our

linear programming relaxation involves sufficiently “large” bounds, then we may hope that
this rounding is an effective strategy. Indeed, in this case one can make use of the inequal-
ities in Section 2.2 to show that this “brute force” rounding is sufficiently effective. We
will observe in Chapter 3 that our problem is too delicate to naively apply this approach.
Nonetheless, the heart of our rounding algorithm is still randomized rounding.

2.4 Some Relevant Classes of Functions

Classes of reward function f

Throughout this thesis we consider the following standard classes of functions

• An additive function f satisfies f(S) =
∑

i∈S vi for every S ⊆ [n], where vi for i ∈ [n]
are some fixed values.

• An rank k Positive-Hypergraph (PH-k) function f satisfies f(S) =
∑

e∈E,e⊆S we for
every S ⊆ [n], where we ≥ for e ∈ E are weights on edges of a rank k hypergraph
G = (V,E).

• A submodular function f satisfies f(i | S) ≥ f(i | S ′) for every S, S ′ ⊆ [n], S ⊆ S ′, i ∈
[n]. A supermodular function f instead satisfies f(i | S) ≤ f(i | S ′).

• A XOS function f satisfies f(S) = maxi∈[k] ai(S) for every S ⊆ [n] where each ai is
an additive function, and [k] is some index set.
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• A rank k Maximum over Positive Hypergraphs (MPH-k) function f satisfies f(S) =
maxi∈[k] wi(S) for every S ⊆ [n] where each wi is a PH-k function, and [k] is some
index set.

• A subadditive function f satisfies f(i | S) ≤ f(i | S ′) for every S, S ′ ⊆ [n], S ⊆ S ′, i ∈
[n].

• A monotone function f satisfies f(S) ≤ f(S ′) for every S, S ′ ⊆ [n], S ⊆ S ′.

It is known that submodular ⊊ XOS = MPH-1 ⊊ subadditive and that MPH-1 ⊊
MPH-2 ⊊ · · · ⊊ MPH-n = monotone.

In Chapter 4 we introduce a few new classes of functions which generalize XOS functions
in a more constrained way than MPH-k functions. They maintain the useful property that
every vertex gets value from a single edge in a XOS = MPH-1 function.

• A rank k Positive Matching Hypergraph (PMH-k) function f is a PH-k function
where the underlying hypergaph is a matching. That is, every vertex is incident to
at most one hyperedge.

• A rank k Maximum over Positive Matching Hypergraph (MPMH-k) function satisfies
f(S) = maxi∈[k] wi(S) for every S ⊆ [n] where each wi is a PMH-k function on the
same underlying hypergraph, and [k] is some index set.

• A rank k Positive Matching Hypergraph (PMUH-k) function f is a PH-k function
where the underlying hypergaph is uniform and a matching. That is, every edge has
rank k and every vertex is incident to at most one hyperedge.

• A rank k Maximum over Positive Matching Uniform Hypergraph (MPMUH-k) func-
tion satisfies f(S) = maxi∈[k] wi(S) for every S ⊆ [n] where each wi is a PMUH-k
function, and [k] is some index set.

Oracle Access to a function f

In Chapter 4 we consider set functions for the reward function f . We use the following
standard oracles.

• A value oracle for f returns f(S) when queried with S.
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• A demand oracle for f returns S ∈ argmaxS⊆[n] f(S)−
∑

i∈S pi when queried with a

vector of prices p = (p1, . . . , pn)
T ∈ Rn

≥0.

We also use the following oracle for MPMH-k and MPMUH-k functions, defined in an
analogous way to the more standard XOS oracle.

• A XOS oracle for f returns a supporting function a such that a(S) = f(S) when
queried with S.

• A MPMH-k oracle for f returns a supporting function w such that w(S) = f(S)
when queried with S.

• A MPMUH-k oracle for f returns a supporting function w such that w(S) = f(S)
when queried with S.
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Chapter 3

Supermodular Graph Functions

3.1 Definitions

Given a graph G = (V,E) with |V | = n we let f(S) = |E(S)|/
(
n
2

)
. Our goal is to find a set

S ⊆ V that maximizes the following function, which corresponds to the function in (1.1)(
1−

∑
i∈S

ci ·
(
n
2

)
degS(i)

)
|E(S)|(

n
2

) ,

where E(S) := {uv ∈ E : u ∈ S, v ∈ S} and degS(i) := |N(i) ∩ S|. For the sake of
exposition, we modify the costs ci, i ∈ V as follows ci ← ci ·

(
n
2

)
. Thus, we are maximizing

the function

g(S) :=

(
1−

∑
i∈S

ci
degS(i)

)
|E(S)|(

n
2

) .

Let us denote by OPT the maximum value of g(S) over S, S ⊆ V , and let S∗ be the
corresponding optimal set of agents. Before we proceed, let us define C as the set of
“cheap” vertices, or more formally C := {i ∈ V : ci ≤ ε/(2n)}. We assume that OPT is
at least ε, since otherwise the task of additive approximation (up to ε) is trivial.

We further define functions for the left and right factors of g(S), i.e.

L(S) := 1−
∑
i∈S

ci
degS(i)

and R(S) :=
|E(S)|(

n
2

) .
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Now we define parameters κ, σ, δ, δε, γ, γ
′ that do not depend on n. For getting a first

impression about our approach, it suffices to ignore their formal definitions and return to
them only for verifying technical details and proofs. We define a value that is needed for
concentration inequalities κ and a value used for sampling bounds σ. The δ parameters are
used for degree estimates and the γ parameters are used for working with “pseudo-cores”.
We define these parameters as

κ :=
2

ε2
, σ := ε6, δ :=

36e

(1− ε)2 · ε5 · ln(2)
, δε :=

δ

ε
, γ :=

ε4

36
, γ′ :=

ε

6
.

3.2 Techniques and Comparison to Previous Work

The problem of optimal linear contracts for supermodular functions based on graphs, see
Section 3.1, was introduced and studied in [22]. It is impossible to get any multiplicative
approximation or additive FPTAS unless P = NP , since one can construct an instance
where the optimal contract has positive value if and only if the graph has a clique of certain
size [22]. One of the main results in [22] is an additive PTAS when all the agents have the
same cost. In the same cost case, the PTAS in [22] follows the plan below.

Step 1. Show that there exists a near optimal set S ′ such that degS′(i) is Ω(n) for
all i ∈ S ′. Approach. This step is accomplished by proving that a core of an optimal
solution can be selected as S ′. A core of a graph is an inclusion-wise maximal subgraph
such that all vertices in the subgraph have degree larger than some specified threshold, i.e.
degS′(i) ≥ σn for all i ∈ S ′.

Step 2. Using the existing techniques for densest subgraphs, as in [6, 19], obtain
sufficiently accurate estimates for degS′(i), i ∈ V . Approach. These estimates are
obtained by sampling a set of size Θ(lnn) uniformly from V , then finding the number of
sampled neighbours for each i ∈ V . One can then scale the number of sampled neighbours
for i, i ∈ V , to obtain an estimate for degS′(i). If one repeats this process npoly(1/ε)

times then with high probability one of the sampled sets will provide accurate estimates
for degS′(i), for i ∈ V with degS′(i) ≥ σn = Ω(n). Furthermore, every i ∈ V with
degS′(i) < σn will have low estimated degree.

Step 3. Using the estimates for degS′(i), i ∈ V set up an LP with a “small” number
of constraints. Then solve the LP and randomly round the solution. Approach. The
estimates allow us to linearize the terms in the function L(·). Then solve the constructed
LP and round each entry in the found optimal solution independently. Because degS′(i) =
Ω(n), for i ∈ S ′, the LP involves relatively “large bounds”. Hence, one can show good

25



concentration for each constraint in the LP after randomized rounding. Since the LP has
a relatively “small” number of constraints, one can thus demonstrate that the rounded
solution is likely to be feasible for the LP.

All of the known techniques start to fall apart in the case of different costs! Here is a
list of the main challenges for the general costs case, and the techniques that we develop.

Challenge 1. It is unclear whether there is a near optimal set S ′ such that degS′(i)
is Ω(n) for all i ∈ S ′. Generally speaking, one can ignore every “cheap” agent i ∈ S ′

because their contribution to L(·) is negligible regardless of degS′(i). What about “ex-
pensive” agents? Some straightforward modifications of techniques in [22] show that each
“expensive” agent i ∈ S ′ has to satisfy degS′(i) = Ω(

√
n), but that bound is too weak

for later steps to work. Our approach. We introduce a concept of pseudo-core, see Sec-
tion 3.4.2. We then develop a procedure, called iterative pseudo-coring, that iteratively
increases costs for “expensive” agents and removes agents that are not a part of the de-
sired pseudo-core, see Algorithm 3. The iterative nature of the procedure allows us to
control changes in functions that we use to approximate L(·). The total cost increase for
“expensive” agents guarantees that remaining “expensive” agents have sufficiently high
degree degS′(·). In particular, we show that each “expensive” agent i ∈ S ′ has to satisfy
degS′(i) = Ω(n/ ln lnn).

Challenge 2. Sufficiently accurate estimates for degS′(i), i ∈ V can be efficiently
obtained only for i with degS′(i) = Ω(n). Our approach. We still use the accurate
estimate for each agent i with degS′(i) = Ω(n), that can be obtained through sampling.
For all “expensive” agents in S ′ without accurate estimates for degS′(i), our iterative
pseudo-coring guarantees a sufficiently high lower bound on degS′(·) and we use this lower
bound instead.

Challenge 3. The absence of accurate estimates for some “expensive” agents in S ′

prevents us from linearizing the terms for those agents in the function L(·). Moreover,
since there are no accurate estimates for degS′(i) for many agents i ∈ V , we need to
design a new LP. This new LP makes any naive rounding approach infeasible due to
concentration requirements. Our approach. With concerns about linearizing L(·) in
mind, we demonstrate that we can ignore the terms in L(·) that correspond to agents
without accurate estimates of their degrees. To circumvent the concentration issues, we
design a preprocessing procedure for an optimal LP solution. Our preprocessing procedure
guarantees that “expensive” agents have their variable set to zero or have their variable
set to a sufficiently large value. The LP solution achieved by the preprocessing allows us
to obtain necessary concentration results.

We believe that our approaches for tackling the first and last challenges can be of
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independent interest in contract theory and in a broader range of areas.

3.3 Proof Overview and Intuition

We would like to emphasize that the exposition in this section is done with a lot of omissions
and without taking care of some technical details. The sole purpose of this section is to
provide intuition for the objects and procedures introduced in later sections. No part of
this section should be understood as a formal definition of any object.

Let S∗ be an optimal set, i.e. the set S∗, S∗ ⊆ V that achieves maxS⊆V g(S). Roughly
speaking, our approach attempts to obtain enough of information about S∗ so that we can
set up an appropriate linear program and afterwards round its optimal solution.

As a first step we generalize the approach from [22] built on cores. We change it to
pseudo-core and show that there exists a set S ′, S ′ ⊆ S∗ such that:

(i) the value g(S ′) of S ′ is not far from the optimal value g(S∗) = OPT , in particular
g(S ′) ≥ g(S∗)− ε;

(ii) the degree degS′(v) of each vertex v in S ′ is sufficiently high in comparison to its cost
cv, in particular for each vertex v ∈ S ′ we have

cv
degS′(v)(degS′(v) + 1)

≤ 1

γ (n2 + (6/ε)n)
. (3.1)

Then following the idea from [22], we assume that we know the vertices in V with
sufficiently high number of neighbours in S ′, in particular we know the set

H := {v ∈ V : degS′(v) ≥ σn}

and for each v ∈ H we know degS′(v). We can assume that we know the set H and
the degrees degS′(v), v ∈ H, because through sampling [22, 19] we can obtain accurate
estimates for degS′(v), v ∈ V whenever degS′(v) is sufficiently high. Analogously to [22]
we make an observation that the following inequality holds

R(S∗) ≥ R(S ′ ∩H) ≥ R(S∗)− 2ε/3 .

From now on, due to a possibility of an exhaustive inspection we assume that we know
also R(S ′ ∩H).
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First Linear Program. At this point, one can try to set up a linear program similar
to the one in [22]. Here is a rough idea of how such a linear program could look.

min
{xv}v∈V

∑
v∈H

cv
degS′(v)

· xv (3.2)

subject to
∑
v∈H

degS′(v) · xv ≥ 2 ·R(S ′ ∩H) (3.3)∑
u∈N(v)

xu ≥ degS′(v) for all v ∈ H (3.4)

0 ≤ xv ≤ 1 for all v ∈ V . (3.5)

The objective function (3.2) attempts to minimize the negative effect of agents in H on the
function L(·), while the constraint (3.3) attempts to guarantee a sufficiently high value of
R(·). The constraint in (3.4) guarantees that the degrees are behaving properly for agents
in H.

In the case when all costs are equal, one can also add the constraints xv = 0 for all
v ∈ V \H, see [22]. In the general case, we need to be more careful with agents in V \H,
because it is not clear how to handle the agents in V \ H. Indeed, the constraint (3.4)
potentially relies on the neighbours in V \H, while the objective function (3.2) does not
account for the agents in V \H. This becomes an issue, since in general it is not feasible
to efficiently obtain accurate estimates for degS′(v), v ∈ V \H. So, we cannot simply add
constraints analogous to the constraint (3.4) for v ∈ V \H.

Final Linear Program. Now, we need to take a closer look at the agents in V \ H
and H. We split all agents into four different groups A, B, C and D depending on their
cost and on their presence in H. Intuitively, we have the following situation:

• for agents in A and in B, we are not sure whether we should include them or not;

• for agents in C, we are sure that we include them whenever possible, because they
have relatively low costs;

• for agents in D, we are sure that we never include them; because they have relatively
high costs.

An agent v ∈ H lies in A if the agent satisfies the inequality (3.1). Otherwise an agent
v ∈ H lies in D. Recall, that we assume that for each agent v ∈ H we know degS′(v).
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An agent v ∈ V \ H lies in B, C, D, respectively, if cv ∈
(
ε/(2n), σn(σn+1)

γ(n2+(6/ε)n)

]
, cv ∈[

0, ε
2n

]
, cv ∈

(
σn(σn+1)

γ(n2+(6/ε)n)
, +∞

)
, respectively. Note, that the costs of agents in D \H are

so high, that they cannot satisfy the inequality (3.1) due to the definition of the set H.

Note that by definition, we know the sets A, B, C and D. Now, we can obtain a lower
bound dv on degS′(v) for all v ∈ B ∩ S ′ using the inequality (3.1). So, we can set a final
linear program.

min
{xv}v∈V

∑
v∈A

cv
degS′(v)

· xv (3.6)

subject to
∑
v∈H

degS′(v) · xv ≥ 2 ·R(S ′ ∩H) (3.7)∑
u∈N(v)

xu ≥ degS′(v) for all v ∈ A (3.8)

∑
u∈N(v)

xu ≥ dv · xv for all v ∈ B (3.9)

xv = 1 for all v ∈ C (3.10)

xv = 0 for all v ∈ D (3.11)

0 ≤ xv ≤ 1 for all v ∈ V . (3.12)

Randomized Rounding. We can now solve the final linear program and obtain an
optimal solution. Then we can try to apply randomized rounding to the found optimal
solution. This strategy does not immediately work though. To make it work, we need to
strengthen the constraint (3.9) in the final linear program, and before randomized rounding
we need to preprocess the optimal solution for the final linear program.

Further note that the objective function (3.6) of the final linear program still does not
account for all agents, but only for the agents in A. However, we can show that if the
randomized rounding has sufficient concentration with respect to the constraint (3.9) then
the costs of all agents outside of A can be ignored.

It is challenging to achieve the sufficient concentration with respect to constraint (3.9).
For this, we need to strengthen the previously obtained bounds dv, v ∈ B. We prove that
dv, v ∈ B can be set to the maximum between Ω(n/ ln ln(n)) and the previous bound
obtained only from (3.1).
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After that, to achieve the concentration, we show how to obtain a near optimal (and also
“near feasible”) solution x∗ to the final linear program, where each non-zero x∗

v, v ∈ A∪B
is sufficiently large, i.e. non-zero variables x∗

v, v ∈ A ∪ B are not too close to 0. All these
properties allow us to prove the desired concentration results and so successfully round the
solution x∗.

3.4 Formal Statements

Our algorithm heavily relies on the existence of a well-structured near optimal solution
S ′. We neither know the set S ′ nor intend to find it. However, its existence allows us to
set up an LP that is up to some extent a relaxation of our problem. Indeed, the LP
ignores the cost of some agents, and forces some agents to have their variable set to 0 or 1
when not all near optimal solutions may require doing so. Nonetheless, the LP will capture
well-structured near optimal solutions, such as S ′.

The next lemma captures the desired properties of a near optimal solution S ′. In all
remaining, parts of the paper S ′ refers to a set satisfying the properties in Lemma 3.4.1.

Lemma 3.4.1. There is a set S ′ ⊆ V which has the following properties

(i) g(S ′) ≥ OPT − ε,

(ii)
∣∣{v ∈ S ′ | degS′(v) ≥ ε

6
n}
∣∣ ≥ ε

6
n = γ′n,

(iii) for all v ∈ S ′ either

(a) degS′(v) ≥ (1−ε)2·ε5 ln(2)
36e

· n
ln ln(n)

= δ−1 · n
ln ln(n)

, and

degS′(v)(degS′(v) + 1)/cv ≥ γ (n2 + (6/ε)n), or

(b) cv ≤ ε/(2n) .

At first glance, the next theorems might appear mysterious. Indeed, we start with a
near optimal S ′ and set up an LP based on S ′. Then we solve the LP and round its optimal
solution to another near optimal set. Actually, as we will see later, the information used in
the LP about the near optimal set S ′ can be efficiently obtained without knowing S ′. This
can be done through sampling or exhaustive inspection due to the properties guaranteed
by Lemma 3.4.1.

Note that in the next definition the agents are partitioned into four parts A, B, C andD.
As defined before, C are the “cheap” agents, i.e. the agents satisfying (iiib) in Lemma 3.4.1.
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The agents in A are the agents that could potentially lie in the set mentioned in (ii) and
at the same time could satisfy (iiia) in Lemma 3.4.1. The agents in B are the agents that
cannot lie in the set mentioned in (ii) but could satisfy (iiia) in Lemma 3.4.1. The agents
in D can satisfy neither (iiia) nor (iiib) in Lemma 3.4.1. We note that the second bound
of (iiia) in Lemma 3.4.1 is equivalent to degS′(v) ≥

√
ci · γ (n2 + (6/ε)n) + (1/4)− (1/2).

Here, the parameters d̂i, i ∈ H represent estimates of degrees degS′(i).

Definition 1. Let S ′ ⊆ V be a set as in Lemma 3.4.1. Recall C = {i ∈ V : ci ≤ ε/(2n)}.
Let us consider H such that {i ∈ S ′ \C : degS′(i) ≥ σ ·n} ⊆ H ⊆ {i ∈ V \C : degS′(i) ≥
(1−ε)σ·n/(1+ε)}. Let d̂i, i ∈ H be such that we have (1−ε) degS′(i) ≤ d̂i ≤ (1+ε) degS′(i).
Let di, i ∈ V \ C be defined as

di := max

(
(1− ε)2 · ε5 ln(2)

36e
· n

ln ln(n)
,

√
ci · γ

(
n2 +

6

ε
n

)
+

1

4
− 1

2

)
.

Now define A := {i ∈ H : d̂i/(1− ϵ) ≥ di}, D := (H \ A) ∪ {i ∈ V \ (H ∪ C) : di ≥ σn},
and B := V \ (A ∪ C ∪D).

Now we establish that the objective function in our LP reflects the value of L(·). Note
that in the objective function we consider only agents in A, and we ignore those in B and
C. We will later show the agents in B and C do not contribute much to L(·).

Lemma 3.4.2. Consider the following LP and let OPTLP be its optimal value.

min
{xv}v∈V

∑
v∈A

cv

d̂v
· xv (3.13)

subject to
∑
v∈A

d̂vxv ≥ 2(1− ε) · |E(S ′)| (3.14)

∑
u∈N(v)

xu ≥
(

1

1 + ε

)
· d̂v for all v ∈ A (3.15)

∑
u∈N(v)

xu ≥
(

1

1 + ε

)
· dv · xv for all v ∈ B (3.16)

xv = 1 for all v ∈ C (3.17)

xv = 0 for all v ∈ D (3.18)

0 ≤ xv ≤ 1 for all v ∈ V . (3.19)
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Then OPTLP is less than or equal to 1
1−ε

(1− L(S ′)), i.e. less than or equal to

1

1− ε

(∑
v∈S′

cv
degS′(v)

)
.

Next we establish that there is a desirable near-feasible solution x∗ which we can com-
pute efficiently. This x∗ satisfies necessary properties for concentration in randomized
rounding, is optimal, and is near feasible.

Theorem 3.4.3. Let OPTLP be the optimal value of the LP (3.13)-(3.19). Then there
exists x∗ satisfying

x∗
v > 0 =⇒ x∗

v ≥ 1/n1/2 for all v ∈ A (3.20)

x∗
v > 0 =⇒

∑
u∈N(v)

x∗
u ≥ κ · n1/2 · ln

(
2n2
)

for all v ∈ B , (3.21)

and also ∑
v∈A

cv

d̂v
· x∗

v ≤ OPTLP (3.22)∑
v∈A

d̂vx
∗
v ≥ 2(1− ε)2 · |E(S ′)| (3.23)

∑
u∈N(v)

x∗
u ≥

(
(1− ε)2

1 + ε

)
· d̂v for all v ∈ A (3.24)

∑
u∈N(v)

x∗
u ≥

(
1− 2ε(1 + ε)

1 + ε

)
· dv · x∗

v for all v ∈ B (3.25)

x∗
v = 1 for all v ∈ C (3.26)

x∗
v = 0 for all v ∈ D (3.27)

0 ≤ x∗
v ≤ 1 for all v ∈ V . (3.28)

Moreover, such an x∗ can be efficiently computed.

Finally, we establish that we can indeed round the solution x∗ to a near optimal solution.

Theorem 3.4.4. Let us be given a vector x∗ as in Theorem 3.4.3, i.e. a vector x∗ satis-
fying (3.20)-(3.28). Let us construct a set S ′′ by independently including each v ∈ A ∪ B
into the set S ′′ with probability x∗

v; and afterwards including each v ∈ C into the set S ′′ if
N(v)∩S ′′ ̸= ∅. Then with probability at least 1−

√
ε−1/n we obtain g(S ′′) ≥ g(S ′)−4

√
ϵ ≥

OPT − 5
√
ϵ.
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We observe that Theorem 3.4.4 allows us to independently repeat the rounding in The-
orem 3.4.4 to achieve a good approximation with high probability. In particular, if we
independently run our algorithm ln(1/n)/ ln(

√
ε+1/n) times then we obtain a set S ′′ with

g(S ′′) ≥ OPT − 5
√
ϵ with probability at least 1− 1/n.

Before we move ahead let us explain the intuition behind the constraints in LP (3.13)-
(3.19) from Lemma 3.4.2. Let us assume that we are dealing with an integral solution
x̄ and the corresponding set S̄, S̄ ⊆ V . The objective function (3.13) is estimating the
portion of the principal’s reward transferred to the agents in A. Transfers done to all other
agents are not taken into account by the LP. Later, we see that with such an objective
function OPTLP is sufficiently close to 1−L(S̄). The constraint (3.14) guarantees that the
value R(S̄ ∩A) is at least (1− ε) ·R(S ′). The constraints (3.15) and (3.16) guarantee that
for every v ∈ A and v ∈ S̄ ∩ B the value degS̄(v) has a lower bound similar to the one in
Lemma 3.4.1. The constraint (3.17) guarantees that all agents in V with sufficiently small
costs are included in S̄. The constraint (3.18) guarantees that we do not include agents
that do not have a lower bound on degS̄(v) similar to the one in Lemma 3.4.1.

Let us explain the way we set up the LP (3.13)-(3.19). One of the parameters present in
the LP is |E(S ′)|. Note, that |E(S ′)| can take only integral values between 0 and n(n−1)/2
and hence permits us to do exhaustive search. It remains to verify that the set H and the
values d̂v also can be found. For this, we use the oblivious samplers of [22, 19].

Lemma 3.4.5. [22, 19] Let K ⊆ V be any subset of nodes with |K| ≥ ε
6
· n. There is

an O
(
npoly( 1

ε)
)
-time algorithm unaware of the nodes K that computes t = O

(
npoly( 1

ε)
)

different marginal value estimates d̃v
1
, . . . , d̃v

t
of degK(v) for each node v ∈ V such that

with probability at least 1− 1
poly(n)

there exists an j ∈ [t] whose estimates satisfy,

(i) Pr
[
d̃v

j
< (1 + ε)σ · n

]
≥ 1− 1

2n3 , ∀v ∈ V with degK(v) <
ε(1+ε)σ

9
n

(ii) Pr
[
(1− ε) · degK(v) ≤ d̃v

j
≤ (1 + ε) · degK(v)

]
≥ 1− 1

2n3 , ∀v ∈ V with degK(v) ≥
ε(1+ε)σ

9
n

We remark that Lemma 3.4.5 allows us to set the LP (3.13)-(3.19) even without knowing
the set S ′. Note that by Lemma 3.4.1 (ii) we have |S ′| ≥ εn/6, and so we can apply
Lemma 3.4.5 for K equal to S ′. Then we run the algorithm outlined in Theorem 3.4.3 and

Theorem 3.4.4 independently for every j ∈ [t] by setting d̂v := d̃v
j
and then selecting

H := {i ∈ V \ C : d̂i ≥ σn(1− ε)} .
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Let us argue that with high probability at least for one j ∈ [t] the selected above d̂i, i ∈ H
and the set H are correct. Lemma 3.4.5 guarantees that with probability 1 − 1/poly(n)
there exists j ∈ [t] such that both (i) and (ii) are satisfied. Conditioned on this, by (i)
and (ii) with probability at least 1− 1/(2n2) we have

{i ∈ S ′ \ C : degS′(i) ≥ σ · n} ⊆ H ⊆ {i ∈ V \ C : degS′(i) ≥ (1− ε)σ · n/(1 + ε)} ,

and for all i ∈ H we have

(1− ε) degS′(i) ≤ d̂i ≤ (1 + ε) degS′(i) .

3.4.1 Linear Relaxation and Rounding

In this section, we assume that we have the information about S ′ that is required to set up
the LP (3.13)-(3.19). With this assumption, we show how to find a near optimal solution.
To do this we prove Lemma 3.4.2, Theorem 3.4.3 and Theorem 3.4.4.

Proof of Lemma 3.4.2

Let S ′ be a set of agents satisfying Lemma 3.4.1. Clearly, the characteristic vector x′ of the
set S ′∪C is a feasible solution for the LP (3.13)-(3.19). For comparison’s sake, we note that

the bound of degS′(v)(degS′(v)+1) ≥ γ (n2 + (6/ε)n) ·cv implies degS′(v)2/cv ≥ (1−ε)ε4

36
·n2.

Moreover, the value of x′ equals∑
v∈A

cv

d̂v
· x′

v ≤
∑
v∈A

cv
(1− ε) degS′(v)

≤
∑
v∈S′

cv
(1− ε) degS′(v)

=
1

1− ε
(1− L(S ′)) , (3.29)

showing the desired statement.

Proof of Theorem 3.4.3

In this section, we design an efficient preprocessing procedure, i.e. Algorithm 1, for feasible
solutions of the LP (3.13)-(3.19). We apply this procedure to an optimal solution of the
LP (3.13)-(3.19). The following lemma directly implies Theorem 3.4.3.

Given a vector x, Algorithm 1 iteratively sets to zero entries xv which correspond to the
inequalities in the LP (3.13)-(3.19) without sufficient concentration guarantee. Intuitively,
in the proof of Lemma 3.4.6 we show that Algorithm 1 does not set too many coordinates
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to zero. In particular, Algorithm 1 consists of two loops. The first loops “zeroes out” in x
coordinates that sum up to at most n1/2. Later, we show that n1/2 (κ · ln (2n2) + 1) ln(n)
is a rough upper bound on the sum of coordinates “zeroed” in the second loop. These two
upper bounds allow us to obtained the desired statement.

Algorithm 1: Fractional Coring

Input: Feasible solution x to LP (3.13)-(3.19)
1 x∗ ← x, j ← 1
2 for v ∈ A do
3 if x∗

v ≤ 1/n1/2 then
4 x∗

v ← 0

5 while true do

6 v ← argmin
v∈B
x∗
v>0

 ∑
u∈N(v)

x∗
u


7 w ← argmin

w∈B
x∗
w>0

(
εdwx

∗
w −

j−1∑
i=1

xvi

)

8 if

 ∑
u∈N(v)

x∗
u

 < κ · n1/2 · ln
(
2n2
)
then

9 x∗
v ← 0, vj ← v, j ← j + 1

10 else if

(
εdwx

∗
w −

j−1∑
i=1

xvi − n1/2

)
< 0 then

11 x∗
w ← 0, vj ← w, j ← j + 1

12 else
13 Exit loop

Output: x∗

Lemma 3.4.6. Given an optimal solution x for the LP (3.13)-(3.19), Algorithm 1 outputs
a vector x∗ such that (3.20)-(3.28) hold.

Proof. We first consider the changes caused by the loop on line 2. Let X be the set of v
such that x∗

v was set to 0 in this loop. Observe that we have
∑

v∈X xv ≤ n1/2. This implies∑
u∈N(v)

xu ≤
∑

u∈N(v)

x∗
u + n1/2 for all v ∈ A ∪B
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at the time point when the algorithm moves to line 5. Thus, we obtain∑
u∈N(v)

x∗
u ≥

(
1− ε

1 + ε

)
· d̂v for all v ∈ A

at this point of the algorithm. Similarly, notice that at this point we have∑
v∈A

d̂vxv −
∑
v∈A

d̂vx
∗
v ≤ n3/2 ,

which implies that (3.23) is true at this point. Now we consider how the rest of the
algorithm changes x∗ from this point onwards, i.e. from the moment when the algorithm
moves to line 5 for the first time.

Let J be the value of j immediately before Algorithm 1 terminated. Observe that at
the end of the algorithm we have

∑
u∈N(v) x

∗
u ≥ κ · n1/2 · ln (2n2) for all v ∈ B, x∗

v > 0,

implying that (3.21) holds for x∗. Note, the entries of x∗ indexed by v ∈ A ∪ C did not
change after the first loop of the algorithm, implying that (3.20), (3.22), (3.23) and (3.26)
hold for x∗, and we have x∗

v ≥ 1/n1/2 or x∗
v = 0 for all v ∈ A. By line 10 in Algorithm 1,

for all v ∈ B with x∗
v > 0 we have

ε · dv · x∗
v >

J∑
i=1

xvi + n1/2 .

So x∗ satisfies also (3.25). Clearly, the output x∗ satisfies (3.27) and (3.28). In the remain-
ing part of the proof we show that x∗ satisfies also (3.24).

Consider the jth iteration, i.e. the iteration right before x∗
vj

gets set to 0. For com-
pactness in this proof, we introduce the following notation

κ̄ := κ · n1/2 · ln
(
2n2
)
, δ̄ := δ · ln ln(n)

n
, δ̄ε :=

δ̄

ε
.

We have the following facts:

(i)
∑

u∈N(vj)

x∗
u < κ̄, or x∗

vj
/δ̄ε ≤ εdvjx

∗
vj
≤

j−1∑
i=1

xvi + n1/2,

(ii)
∑

u∈N(vj)

xu ≤
∑

u∈N(vj)

x∗
u +

j−1∑
i=1

xvi + n1/2, and
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(iii) xvj/δ̄ ≤
∑

u∈N(vj)

xu .

Here, (i) follows from the fact that x∗
vj

is set to 0 in the current iteration. Due to the

definition of v1, . . . , vj−1 we have that
∑

u∈V xu −
∑

u∈V x∗
u is at most

∑j−1
i=1 xvi + n1/2,

resulting in (ii). The inequality (iii) holds since x∗ after the loop on line 2 is feasible for
the LP (3.22)-(3.28).

We combine (i), (ii) and (iii) to obtain that one of the following inequalities holds

x∗
vj
≤ δ̄ ·

(
κ̄+ n1/2 +

j−1∑
i=1

xvi

)
or x∗

vj
≤ δ̄ε ·

(
j−1∑
i=1

xvi + n1/2

)
,

depending on the outcome in (i).

Let us prove that

xvj ≤
(
κ̄+ n1/2

)
δ̄ε
(
δ̄ε + 1

)j−1
(3.30)

holds for every j = 1, . . . , J − 1. We prove the inequality (3.30) by induction. It is
straightforward to notice that xv1 ≤ δ̄ε · (κ̄ + n1/2). Let us assume that for all 1 ≤ i ≤ j
the inequality (3.30) holds.

Case
∑

u∈N(vj+1)
x∗
u < κ̄. In this case, we have

x∗
vj+1

/δ̄ ≤
(
κ̄+ n1/2

)
+

j∑
i=1

xvi

≤
(
κ̄+ n1/2

)
+

j∑
i=1

(
κ̄+ n1/2

)
δ̄ε
(
δ̄ε + 1

)i−1

=
(
κ̄+ n1/2

)
+
(
κ̄+ n1/2

)
· δ̄ε ·

j∑
i=1

(
δ̄ε + 1

)i−1

=
(
κ̄+ n1/2

)(
1 + δ̄ε ·

(δ̄ε + 1)j − 1

δ̄ε

)
=
(
κ̄+ n1/2

)
·
(
δ̄ε + 1

)j
,

leading us to the inequality (3.30) by rearranging for x∗
vj+1

.
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Case x∗
vj+1

/δ̄ε ≤
∑j

i=1 xvi + n1/2. In this case, we have

x∗
vj+1
≤ δ̄ε ·

(
j∑

i=1

xvi + n1/2

)

≤ δ̄ε ·

(
j∑

i=1

(
κ̄+ n1/2

)
δ̄ε
(
δ̄ε + 1

)i−1
+ n1/2

)
= δ̄ε ·

((
κ̄+ n1/2

) ((
δ̄ε + 1

)j − 1
)
+ n1/2

)
≤
(
κ̄+ n1/2

)
δ̄ε
(
δ̄ε + 1

)j
,

leading us again to the inequality (3.30). Thus, the inequality (3.30) always holds.

By (3.30), we have

J∑
j=1

xvj ≤
J∑

j=1

(
κ̄+ n1/2

)
δ̄ε
(
δ̄ε + 1

)j−1

=
(
κ̄+ n1/2

) ((
δ̄ε + 1

)J − 1
)
≤
(
κ̄+ n1/2

) (
δ̄ε + 1

)J
=
(
κ̄+ n1/2

)( 36e

(1− ε)2 · ε6 ln(2)
· ln ln(n)

n
+ 1

)J

≤
(
κ̄+ n1/2

)
· exp

(
36e

(1− ε)2 · ε6 ln(2)
· ln ln (n)

)
=
(
κ̄+ n1/2

)
· ln(n)α ,

where α := (36e) / ((1− ε)2 · ε6 ln(2)) and so α is an expression depending only on ε.
Here, the first inequality is due to (3.30). The third inequality is due to the definition
of e. Thus, we have that for the output x∗ the value

∑
u∈V xu −

∑
u∈V x∗

u is at most(
κ̄+ n1/2

)
· ln(n)α. Note that by definition for all i ∈ A we have d̂i ≥ (1− ε)σ · n. Hence,∑

u∈V xu −
∑

u∈V x∗
u ≤

(
κ̄+ n1/2

)
· ln(n)α imply that x∗ satisfies also (3.24).

Proof of Theorem 3.4.4

Let us assume that vector x∗ satisfies (3.20)-(3.28). Let us construct a set S ′′ by inde-
pendently including each v ∈ A ∪ B into the set S ′′ with probability x∗

v. Afterwards, we
include each v ∈ C into the set S ′′ if N(v) ∩ S ′′ ̸= ∅. This is precisely the randomized
construction of S ′′ described in Theorem 3.4.4.
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Lemma 3.4.7. Let S ′′ be constructed as in Theorem 3.4.4. Then we have

Pr

[ ∑
v∈A∩S′′

d̂v ≥ (1− ε)
∑
v∈A

d̂vx
∗
v

]
≥ 1− 1

n2
, (3.31)

Pr

[ ∑
v∈S′′∩A

cv

d̂v
≤
∑
v∈A

cv

d̂v
x∗
v + ε

]
≥ 1− 1

n2
, (3.32)

and for all v ∈ A ∪B we have

Pr

degS′′(v) ≥ (1− ε)
∑

u∈N(v)

x∗
u | v ∈ S ′′

 ≥ 1− 1

n2
. (3.33)

Proof. Let us use Chernoff’s inequality to bound the probability that the event in (3.31)
does not occur, and obtain

Pr

[ ∑
v∈A∩S′′

d̂v > (1− ε)
∑
v∈A

d̂vx
∗
v

]
= Pr

[ ∑
v∈A∩S′′

d̂v ≤ (1− ε)E

[ ∑
v∈A∩S′′

d̂v

]]

≤ exp

−2ε2E
[∑

v∈A∩S′′ d̂v

]2
n
(
maxv∈A d̂v

)2


≤⋆ exp

(
−2ε2(1− ε)4 (ε/6 · n)4

n3

)
≤ 1

n2
.

Here the inequality ⋆ follows from d̂v ≤ n for all v ∈ A; and from the definition of d̂v in
Definition 1 and the fact that the set S ′ satisfies (ii) in Lemma 3.4.1.

Now we use Hoeffding’s inequality to bound the probability the event in (3.32) does not
occur. To use this inequality we first obtain some preliminary bounds. Recall by definition
for all v ∈ A we have (d̂v/(1 − ε)) ≥ dv. Then if cv ≥ n1/4, we can expand and rearrange
the definition of dv to obtain

(d̂v)
2

cv
≥ (1− ε)2 ·

(
γ

(
n2 +

6

ε
n

)
− d̂v

(cv(1− ε))

)
≥ (1− ε)3γ

(
n2 +

6

ε
n

)
,
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and otherwise d̂v/cv ≥ (1 − ε)σn3/4. Finally we recall x∗
v ≥ 1/n1/2 for v ∈ A, x∗

v > 0, and
observe ∑

v∈A

cv
n3/2

≤
∑
v∈A

cv

d̂v
· x∗

v ≤⋆

∑
v∈V

cv

d̂v
x′ < 1 ,

where x′ corresponds to the set of agents satisfying Lemma 3.4.1, and inequality ⋆ follows
from the feasibility of the desired set, equation (3.29). With this, we obtain

Pr

[ ∑
v∈S′′∩A

cv

d̂v
>
∑
v∈A

cv

d̂v
x∗
v + ε

]
= Pr

[ ∑
v∈S′′∩A

cv

d̂v
> E

[ ∑
v∈S′′∩A

cv

d̂v

]
+ ε

]

≤ exp

− 2ε2∑
v∈S′′∩A

(
cv
d̂v

)2


≤⋆ exp

− 2ε2∑
v∈S′′∩A
cv≤n1/4

(
1

(1−ε)σn3/4

)2
+
∑

v∈S′′∩A
cv>n1/4

(
cv

(1−ε)3γ(n2+(6/ε)n)

)


≤⋆⋆ exp

(
− 2ε2

1
(1−ε)2σ2n1/2 +

n3/2

(1−ε)3γ(n2+(6/ε)n)

)

≤ 1

n2
.

Here the inequality ⋆ follows from the above discussion bounding costs, and the inequal-
ity ⋆⋆ follows from noting |A| ≤ n and the fact that

∑
v∈S′′∩A cv < n3/2. Also note

γ (n2 + (6/ε)n) is at least ε7n2.

Now we will again use Chernoff bounds for our final concentration result. This time we
bound the probability that event (3.33) does not occur, and obtain

Pr

degS′′(v) < (1− ε)
∑

u∈N(v)

x∗
u | v ∈ S ′′

 ≤ exp

(
−ε2E [degS′′(v) | v ∈ S ′′]

2

)

≤⋆ exp

(
−ε2κ · n1/2 · ln (2n2)

2

)
≤ 1

n2
,

where inequality ⋆ is from our guaranteed bound E [degS′′(v) | v ∈ S ′′] ≥ κ · n1/2 · ln (2n2)
for any v with xv > 0.
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Bound on R(S ′′).

Let us use Lemma 3.4.7 to prove Theorem 3.4.4. First let us estimate R(S ′′). Let us
consider the case when all events described in (3.31) and (3.33) happen. Thus, with
probability at least 1− 2/n, we have

R(S ′′) ·
(
n

2

)
= |E(S ′′)| ≥ 1

2

∑
v∈S′′∩A

degS′′(v)

≥⋆
1

2
· (1− ε)2

1 + ε

∑
v∈S′′∩A

d̂v

≥⋆⋆
1

2
· (1− ε)3

1 + ε

∑
v∈A

d̂vx
∗
v

≥ (1− ε)5

(1 + ε)
|E(S ′)|

=
(1− ε)5

(1 + ε)
·R(S ′) ·

(
n

2

)
,

where the inequality ⋆ is due to the events in (3.33) and since x∗ satisfies (3.24), the inequal-
ity ⋆⋆ holds due to the event in (3.31). The last inequality holds since x∗ satisfies (3.23).

Bound on L(S ′′).

Let us now estimate L(S ′′). Recall that we have

L(S ′′) = 1−
∑

v∈S′′∩A

cv
degS′′(v)

−
∑

v∈S′′∩B

cv
degS′′(v)

−
∑

v∈S′′∩C

cv
degS′′(v)

. (3.34)

By the definition of C and by the construction of S ′′, we have that degS′′(v) ≥ 1 and
cv ≤ ε/(2n) for every v ∈ S ′′ ∩ C. Thus, the last term in (3.34) is always at most ε/2, i.e.∑

v∈S′′∩C

cv
degS′′(v)

≤ ε/2 .

Let us consider the case when all events described in (3.31), (3.32) and (3.33) hap-
pen. With probability at least 1− 2/n we have that the second term in (3.34) is at most
(OPTLP + ε)(1 + ε)/(1− ε)3, i.e.∑

v∈S′′∩A

cv
degS′′(v)

≤ (OPTLP + ε)(1 + ε)

(1− ε)3
.
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Indeed, ∑
v∈S′′∩A

cv
degS′′(v)

≤⋆

∑
v∈S′′∩A

cv
(1− ε)

∑
u∈N(v) x

∗
u

≤⋆⋆ (1 + ε)
∑

v∈S′′∩A

cv

(1− ε)3d̂v

≤⋆⋆⋆
1 + ε

(1− ε)3

(∑
v∈A

cv

d̂v
x∗
v + ε

)

≤ 1 + ε

(1− ε)3
(OPTLP + ε) ,

where the inequality ⋆ is due to the events in (3.33), the inequality ⋆⋆ is due to (3.24) for
x∗, the inequality ⋆ ⋆ ⋆ is due to the event in (3.32).

Now it remains to estimate the third term in (3.34), i.e. the term corresponding to
the set B. As in the previous case, we assume that all events in (3.31), (3.32) and (3.33)
happen. Let us start with an estimate for the expected value of the term corresponding to
the set B.

E

[ ∑
v∈S′′∩B

cv
degS′′(v)

]
=
∑
v∈B

E

[
cv

degS′′(v)
| v ∈ S ′′

]
· Pr[v ∈ S ′′]

≤⋆

∑
v∈B

(
(1 + ε)

(1− 2ε(1 + ε))

cv
dv · x∗

v

)
· x∗

v

=
(1 + ε)

(1− 2ε(1 + ε))

∑
v∈B

cv
dv

≤ (1 + ε)

(1− 2ε(1 + ε))

∑
v∈B

dv + 1

γ (n2 + (6/ε)n)

≤ (1 + ε)2

(1− 2ε(1 + ε))

∑
v∈B

σn

γ (n2 + (6/ε)n)

≤ ε ,

where the inequality ⋆ is due to (3.25) for x∗ and due to the event in (3.33). The last
two inequalities are due to cv ≤ dv(dv + 1)/(γ (n2 + (6/ε)n)) for all v ∈ B and due to the
definition of σ, γ.
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Using Markov’s inequality, we get

Pr

[ ∑
v∈S′′∩B

cv
degS′′(v)

≥
√
ε

]
≤
√
ε .

Hence, with probability at least 1−
√
ε− 1/n we have for sufficiently small ε

L(S ′′) ≥ 1− 1 + ε

(1− ε)3
(OPTLP + ε)−

√
ε− ε/2

= 1− 1 + ε

(1− ε)3

(
1

1− ε
(1− L(S ′)) + ε

)
− 2
√
ε

≥ L(S ′)− 3
√
ε .

Bound on g(S ′′).

Thus, with probability at least 1−
√
ε− 1/n we have

g(S ′′) = L(S ′′) ·R(S ′′)

≥
(
L(S ′)− 3

√
ε
)
· (1− ε)5

1 + ε
R(S ′)

≥ L(S ′)R(S ′)− 4
√
ε

= g(S ′)− 4
√
ε,

using that L(S ′) and R(S ′) are at most 1. Thus we obtain the desired statement of
Theorem 3.4.4.

3.4.2 Structured Near Optimal Solutions

In this section we prove Lemma 3.4.1. The desired set S ′ is the output of Algorithm 3 with
input given by the optimal set S∗ and the original costs ci, i ∈ V .

Before we proceed, let us make some observations about the structure of an optimal set
S∗. The next lemma can be shown by starting with the set S∗ and iteratively removing all
agents with at most εn/3 adjacent agents in the set.

Lemma 3.4.8. [22] If a set S satisfies R(S) ≥ ε, then there exists S̃, S̃ ⊆ S such that

R(S̃) ≥ R(S∗)− 2ε/3, |S̃| ≥ ε
3
n and degS̃(i) ≥

ε
3
n for all i ∈ S̃.
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At several places, we need to bound the total cost of agents in the optimal set S∗ or its
subsets. For this, we use the following observation.

Observation 3.4.9. If a set S∗ satisfies g(S∗) ≥ ε, or L(S∗) > 0, then for every S ⊆ S∗ we
have

∑
i∈S ci ≤ n.

Proof. By g(S∗) ≥ ε and R(S∗) > 0, we have L(S∗) > 0. In its turn rearranging L(S∗) > 0
gives us

1 >
∑
i∈S∗

ci
degS∗(i)

≥
∑
i∈S

ci
n
.

Let us consider a set S ⊆ V and introduce its pseudo-core. Note, that the definition
of the pseudo-core does not impose any conditions on the vertices in S ∩ C, i.e. it does
not impose any conditions on the vertices with sufficiently small costs. Let us define the
β-pseudo-core of S with respect to the costs c′i, i ∈ S as an inclusion-wise maximal subset
S̄ of S such that

degS̄(i) · (degS̄(i) + 1)

c′i
≥ β for all i ∈ S̄ \ C ,

alternatively one can reformulate the above condition as

degS̄(i) ≥
√

c′i · β +
1

4
− 1

2
for all i ∈ S̄ \ C .

It is straightforward to check the following observation, it is fully analogous to the
similar results on core.

Observation 3.4.10. The β-pseudo-core with costs {c′i}i∈S of a set S is in fact unique, and
it can be found with the greedy Algorithm 2.

Let us now explain how to construct the desired set S ′ from an optimal set S∗.

First note in Algorithm 3 we will be taking β-pseudo-cores with β = γ (n2 + (6/ε)n).
Let us define M := log2 ln(γ(n+ 6/ε)) and for each k, 1 ≤ k ≤M let us define

∆k :=
ε(2−

1

2k
) · (γ (n2 + (6/ε)n))(

1− 1

2k
)

M(2− 1

2k−1 ) · n(2−
1

2k
)

.
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Algorithm 2: PseudoCore

Input: Initial set S, costs c′i for i ∈ S, pseudo-core threshold value β
1 S̄ ← S
2 while S̄ \ C ̸= ∅ do

3 i← argmin
v∈S̄\C

degS̄(i) · (degS̄(i) + 1)

c′i

4 if
degS′(i) · (degS′(i) + 1)

c′i
< β then

5 S̄ ← S̄ \ {v}
6 else
7 Break

Output: S̄

Algorithm 3: Iterated PseudoCoring

Input: Initial set S∗, costs ci for i ∈ S∗

1 For every i ∈ S∗, ci,1 ← ci
2 S1 ← PseudoCore(S∗, {ci,1}i∈S∗ , γ (n2 + (6/ε)n))
3 for k = 2, . . .M do
4 for i ∈ Sk−1 do
5 if i ̸∈ C then
6 ci,k ← ci,k−1 +∆k−1

7 Sk ← PseudoCore(Sk−1, {ci,k}i∈Sk−1
, γ (n2 + (6/ε)n))

8 Let S ′ be SM after removing all agents i, i ∈ SM ∩ C with degSM
(i) = 0

Output: S ′

Algorithm 3 iteratively increases costs and applies PseudoCore. In this manner, this
process iteratively removes agents that have large cost and small degree. The iterative
nature of Algorithm 3 allows to do an analysis of the properties of the resulting set S ′.

For k, 1 ≤ k ≤M let us define

Lk(S) := 1−
∑
i∈S\C

ci,k
degS(i) + 1

.

The next lemma captures two facts. The first fact is that L1(·) is the same as L(·) up to
ignoring the cost terms of agents in C. The second fact is that each application (moreover,
each iteration) of Algorithm 2 within Algorithm 3 improves the value of Lk(·).

45



Lemma 3.4.11. We have L(S∗) ≤ L1(S
∗) ≤ L1(S1); and for all k, 1 ≤ k ≤ M − 1 we

have Lk+1(Sk) ≤ Lk+1(Sk+1).

Proof. Indeed, we have

L(S∗) = 1−
∑
i∈S∗

ci
degS(i)

= 1−
∑

i∈S∗\C

ci
degS∗(i)

−
∑

i∈S∩C

ci
degS∗(i)

≤ 1−
∑

i∈S∗\C

ci
degS∗(i)

= L0(S
∗) ,

Consider k, 1 ≤ k ≤ M . Consider Algorithm 2, i.e. PseudoCore applied to a set S.
Let v ∈ argmini∈S{degS(i)(degS(i) + 1)/ci,k} be about to be removed from S during the
current iteration of Algorithm 2. Let us show that Lk(S \ {v}) ≥ Lk(S).

Lk(S \ {v})− Lk(S) =
cv,k

degS(v) + 1
−

∑
i∈S∩N(v)\C

ci,k
degS(i) · (degS(i) + 1)

≥ cv,k
degS(v) + 1

−
∑

i∈S∩N(v)\C

cv,k
degS(v) · (degS(v) + 1)

=
cv,k

degS(v) + 1

1−
∑

i∈S∩N(v)\C

1

degS(v)


≥ 0 ,

where the first inequality is due to the “greedy” choice of v in Algorithm 2, the second
inequality is from the definition of N(v) and degS(v). This concludes the proof, since the
value Lk(·) is improved with each iteration when Algorithm 2 is applied within Algorithm 3.

Lemma 3.4.12. For all k, 1 ≤ k ≤M we have Lk(Sk) ≤ Lk+1(Sk) + 2ε/M .

Proof. We want to show Lk(Sk) − Lk+1(Sk) ≤ 2ε/M . First of all notice, that Sk is the
output of Algorithm 2 applied on Sk−1 (in case of k = 1, applied on S∗) and costs ci,k,
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i ∈ Sk−1. Recall we set ci,k+1 := ci,k + ∆k for all i ∈ Sk \ C and so we have ci,k+1 ≥ ∆k.
So, by Algorithm 2, we have

degSk+1
(i)2 + degSk+1

(i) ≥ γ

(
n2 +

6

ε
n

)
· ci,k+1 ,

and

degSk+1
(i) ≥

(
γ

(
n2 +

6

ε
n

)
· ci,k+1

)1/2

− 1 ≥
(
γ

(
n2 +

6

ε
n

)
·∆k

)1/2

− 1 .

Thus, we have

Lk+1(Sk+1)− Lk+2(Sk+1) =

1−
∑

i∈Sk+1\C

ci,k+1

degSk+1
(i) + 1


−

1−
∑

i∈Sk+1\C

ci,k+2

degSk+1
(i) + 1


=

∑
i∈Sk+1\C

ci,k+2 − ci,k+1

degSk+1
(i) + 1

≤
∑

i∈Sk+1\C

∆k+1

degSk+1
(i) + 1

≤
∑

i∈Sk+1\C

∆k+1

(γ (n2 + (6/ε)n) ·∆k)
1/2

≤ n ·∆k+1

(γ (n2 + (6/ε)n) ·∆k)
1/2

.

Notice that by the definition of ∆k we have

∆k+1

∆
1/2
k

=
ε · γ (n2 + (6/ε)n)

1/2

M · n
,

leading us to the desired inequality for k ≥ 2.

For k = 1, the inequality can be checked in the same manner. In the case k = 1, we
use that for all i ∈ S1 \ C we have ci ≥ ε/(2n) and so

degS1
(i) ≥

(
γ

(
n2 +

6

ε
n

)
· ε

2n

)1/2

− 1 .
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This gives us an estimate as follows

L1(S1)− L2(S1) =

1−
∑

i∈S1\C

ci,1
degS1

(i) + 1

−
1−

∑
i∈S1\C

ci,2
degS1

(i) + 1


=
∑

i∈S1\C

ci,2 − ci,1
degS1

(i) + 1

≤
∑

i∈S1\C

∆1

degS1
(i) + 1

≤
∑

i∈S1\C

∆1(
γ (n2 + (6/ε)n) · ε

2n

)1/2
≤ 2

n3/2

(γ (n2 + (6/ε)n) · ε)1/2
·∆1

= 2
n3/2

(γ (n2 + (6/ε)n) · ε)1/2
· ε

M
· (γ (n

2 + (6/ε)n) · ε)1/2

n3/2

≤ 2
ε

M
.

Finally we show that our actual L(·) value is not too far off from our relaxed value at
the end of this process.

Lemma 3.4.13. We have LM(SM) ≤ L(S∗) + 2ε.

Proof. Note that Algorithm 3 does not decrease the costs of agents, so ci,M ≥ ci for each
i ∈ SM . Note also that S ′ is obtained from SM by excluding all agents i ∈ SM ∩ C such
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that degSM
(i) = 0. So we have

LM(SM)− L(S ′) =

1−
∑

i∈SM\C

ci,M
degSM

(i) + 1


−

1−
∑

i∈SM\C

ci
degSM

(i)
−
∑

i∈S′∩C

ci
degSM

(i)


≤

∑
i∈SM\C

ci
degSM

(i)
−

∑
i∈SM\C

ci
degSM

(i) + 1
+ |S ∩ C| ε

2n

≤
∑

i∈SM\C

ci + degSM
(i) · (ci − ci,M)

degSM
(i) · (degSM

(i) + 1)
+

ε

2

≤⋆

∑
i∈SM\C

ci
degSM

(i) · (degSM
(i) + 1)

+
ε

2

≤⋆⋆ n ·
(

36e

ε5 · (1− ε)2
· log2 ln(n)

n

)2

+
ε

2

≤ 2ε ,

where the inequality ⋆ follows from ci ≤ ci,M for all i ∈ SM \ C, and the inequality ⋆⋆
follows from Lemma 3.4.15 and Observation 3.4.9, and the final inequality is true for large
enough n.

Let us first state the corollary of Lemma 3.4.11, Lemma 3.4.12 and Lemma 3.4.13.

Corollary 3.4.14. We have L(S∗) ≤ L(S ′) + 4ε.

Proof. This follows directly from the inequalities in Lemma 3.4.11, Lemma 3.4.12, and
Lemma 3.4.13.

L(S∗) ≤ L1(S
∗) ≤ L1(S1) ≤ L2(S1) + 2ε/M

≤ L2(S2) ≤ L3(S2) + 4ε/M

≤ . . .

≤ LM(SM) + 2ε

≤ L(S ′) + 4ε .
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Lemma 3.4.15. For all i ∈ S ′ \ C, we have

degS′(i) ≥
ε5 · (1− ε)2

36e
· n

log2 ln(n)
, and

degS′(i)(degS′(i) + 1)

ci
≥ γ

(
n2 +

6

ε
n

)
.

Proof. The second property is immediate from the application of Algorithm 2 in Algo-
rithm 3. Consider the first property. We can apply our degree bound and our bound on
∆M−1 to SM to get

degSM
(i) ≥

(
γ

(
n2 +

6

ε
n

)
· ci,M−1

)1/2

− 1

≥ ε(1−
1

2M
) · (γ (n2 + (6/ε)n))(

1− 1

2M
)

M(1− 1

2M−1 ) · n(1−
1

2M
)

− 1

≥ ε · γ (n
2 + (6/ε)n)

n
· 1

M

(
γ (n2 + (6/ε)n)

n

)− 1

2M

− 1 .

So by running Algorithm 3 for M = log2 ln(γ(n + 6/ε)) iterations, for all i ∈ SM \ C we
get

degS′(i) ≥
ε

e
· γ(n+ 6/ε)

log2 ln(γ(n+ 6/ε))
− 1 ≥ ε5 · (1− ε)2 ln(2)

36e
· n

ln ln(n)
,

which gives the desired bound by substituting and simplifying.

Now let us finally observe that our set SM retains approximately optimal R(·) value.
We observe that if the pseudo-coring Algorithm 2 only removes elements i ∈ S with
degS(i) < γ′n then in the course of our iterated coring Algorithm 3 we remove at most
γ′n · n = ε

6
· n2 value from f(S∗), which reduces R(·) by less than ε. However, the pseudo-

coring algorithm may remove elements of degree up to n, if the costs of those elements are
high enough. We bound the number of such elements the algorithm may remove.

Lemma 3.4.16. We have R(S∗) ≤ R(S ′) + ε, R(S ′) ≥ ε
3
and

|{i ∈ S ′ | degS′(i) ≥
ε

6
· n}| ≥ ε

6
n .

Proof. Let us consider S̃ as in Lemma 3.4.8 and let us show that |S̃ \SM | ≤ εn/6, implying

|S̃ \ S ′| ≤ εn/6. This would finish the proof, since |S̃| ≥ εn/3 and for all i ∈ S̃ we have

degS̃(i) ≥ εn/3. Thus, we need to show that at most εn/6 agents from S̃ are removed
during Algorithm 3.
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Let us consider an iteration of Algorithm 3 at the moment when the total number of
removed agents in S̃ is at most εn/6. Consider iteration k, 1 ≤ k ≤ M of Algorithm 3,
i.e. the iteration when Algorithm 2 is called with costs ci,k. Let us assume that during the

call to Algorithm 2 a vertex v ∈ S̃ is removed from S̄ in Algorithm 2. Thus, we have

degS̄(v) · (degS̄(v) + 1)

cv,k
< γ

(
n2 +

6

ε
n

)
,

but also degS̄(v) ≥ γ′n = εn/6, where S̄ is the set in our algorithm at time of removal. We
have

cv,k = cv +
k∑

j=1

∆j

≤ cv +
ε · γ (n2 + (6/ε)n)

n2
·
(
γ (n2 + (6/ε)n)

n

)− 1

2k

≤ cv +
ε · γ (n2 + (6/ε)n)

e · n2
,

where the first inequality is due to the definition of ∆k, and the second is from the fact
that k ≤M = log2 ln(γ(n+ 6/ε)). Now we also have

γ

(
n2 +

6

ε
n

)
>

degS̄(v) · (degS̄(v) + 1)

cv,k
≥ γ′n · (γ′n+ 1)

ci,k
,

since v is removed in Algorithm 2 and at the moment of removal degS̄(v) ≥ γ′n. Rear-
ranging and putting this together yields

cv ≥
γ′n · (γ′n+ 1)

γ (n2 + (6/ε)n)
− ε · γ (n2 + (6/ε)n)

e · n2

=
n

ε2 · n
− ε2

6en

(ε
3
n− 1

)
≥ (1− ε)

ε2
.

Hence, for every agent v ∈ S̃ that was removed in Algorithm 2 before in total more
than εn/6 agents were removed, we have

cv ≥ (1− ε)/(ε2) .
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By Observation 3.4.9, we have
∑

i∈S̃ ci < n. This shows that Algorithm 2 removes at most

ε2 · n/(1− ε) vertices from S̃. Thus, as desired |S̃ \ SM | ≤ n/(1− ε) ≤ εn/6.

To finish the proof notice that

R(S∗)− ε/3 ≤ R(S ′) ≤ R(S ′) +
εn

6
· n · 1(

n
2

) = R(S ′) + ε/3 .
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Chapter 4

Packing Hypergraph Functions

4.1 Techniques and Comparison to Previous Work

Our results on hyperedge packing functions follow and adapt the techniques from [26] for
XOS functions. [26] developed a series of crucial structural results about contracts for XOS
functions relating values, marginals, and costs for optimal contracts. One of the crucial
results in [26] is the “scaling” for XOS functions that allows to select an agents subset
while getting the value of the subset within a fixed range and keeping the marginals for
the subset sufficiently high. We show how to adapt the techniques outlined for hyperedge
packing functions.

Let us consider a scenario where “active” agents are expected to break into groups.
Let us assume that we have a limit on the size of such groups, so no group can have too
many agents. If an agents’ group is formed then it generates some expected reward for
the principal. After that, the reward of the principal equals to the sum of the rewards
generated by all groups. For example, the principal is responsible for hiring agents to form
teams for some project. Additionally, there might be policies enforcing certain constraints
on the teams that can be formed, for example the restrictions can be due to competences,
diversity, geographical proximity, etc. To model such setting we introduce the class of
functions MPMH-k for natural numbers k. The functions MPMUH-k correspond to the
case when all teams need to have exactly k agents, and all “active” agents do not need to
work on a specific project but jointly select a most profitable available project.

Let us now consider a generalization of the functions studied in Section 3. Say we
are given a rank k hypergraph G = (V,E) with non-negative weights on its edges w(e),
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e ∈ E. For S ⊆ V let us define w(S) as
∑

e⊆S w(e). We call such w : 2V → R+ a rank
k Positive-Hypergraph (PH-k) function. Note that the functions in Section 3 are PH-2
functions where w(e) = 1/

(
n
2

)
for all e ∈ E. Thus the results from [22] lead us to the

following observation.

Observation 4.1.1. There is no finite multiplicative approximation or additive FPTAS for
the optimal contract problem on general PH-2 functions unless P = NP , even with value
and demand oracles.

Proof. Consider the graph supermodular function considered in Section 3. Recall that
finding any finite multiplicative approximation or additive FPTAS to the optimal contract
problem for this function is impossible unless P = NP . We also observe that value and
demand oracle queries can be computed efficiently. It is clear that value oracle queries are
easy to compute in polynomial time. Solving demand queries for this function is a special
case of submodular minimization, which may be done in polynomial time, [51]. This is
because the function |E(S)| is supermodular, and demand prices are modular.

In the light of the above observation, to provide multiplicative approximation for PH-k
functions we need to impose further constraints on PH-k functions. We call a PH-k func-
tion rank k Positive-Matching-Hypergraph (PMH-k) if the underlying hypergraph G is a
hypermatching, i.e. each vertex is contained in at most one hyperedge.

Following the known generalization of PH-k functions to so called MPH-k functions,
we define rank k Maximum-over-Positive-Matching-Hypergraphs MPMH-k functions equal
to maximum of all PMH-k functions corresponding to some hypergraph with weights for
its hyperedges. Given a hypergraph G = (V,E) with non-negative weights w(e), e ∈ E the
corresponding MPMH-k function f : 2V → R+ is defined as

f(S) := max{w(M) : M hypermatching in G[S]} ,

where G[S] is a sub-hypergraph of G induced by vertices S. It is straightforward to notice
that such a function f is not XOS. Consider the graph G = ({u, v}, {uv}) and the edge
weight w(uv) = 1. Then f({u}) + f({v}) = 0 while f({u, v}) = 1, violating the inequality
f({u}) + f({v}) ≥ f({u, v}) that needs to hold for XOS functions.

Working with an MPMH-k function f : 2V → R+ we require access to a so called
MPMH-k oracle: given a set T the oracle returns the value f(T ) and a hypermatching in
the hypergraph G = (V,E) such that w(M) = f(T ).

Theorem 4.1.2. Let us be given a fixed number k and a fixed parameter ξ > 1. For each
MPMH-k function f : 2V → R+ we can compute a 1/(256k4ξ + 2) approximation to the
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optimal contract with respect to f in polynomial time and using a polynomial number of
calls for MPMH-k oracle, value oracle and demand oracle.

Analogous results can be obtained when the underlying hypergraphs are uniform.
We call a PMH-k function rank k Positive-Matching-Uniform-Hypergraph (PMUH-k) if
the underlying hypergraph G is a k-uniform hypermatching. A rank k Maximum-over-
Positive-Matching-Uniform-Hypergraphs MPMUH-k function equals to maximum of sev-
eral PMUH-k functions, i.e. maximum of supporting PMUH-k functions. Note, that the
PMUH-k functions used in the above definition do not need to correspond to the same
hypergraph. The proof of the below theorem is identical to the proof of Theorem 4.1.2,
and we omit it for the sake of space.

Theorem 4.1.3. Let us be given a fixed number k and a fixed parameter ξ > 1. For each
MPMUH-k function f : 2V → R+ we can compute a 1/(256k4ξ + 2) approximation to the
optimal contract with respect to f in polynomial time and using a polynomial number of
calls for MPMUH-k oracle, value oracle and demand oracle.

Here, MPMUH-k oracle called for a MPMUH-k function f and a set S returns a sup-
porting PMUH-k function ω such that ω(S) = f(S).

4.2 Scaling Properties of MPMH-k Functions

Lemma 4.2.1. Let f : 2[n] → R≥0 be an MPMH-k function and let sets T and S satisfy
S ⊆ T ⊆ [n]. Let M be the hypermatching in G such that w(M) = f(T ) and M matches
only vertices in T . Let us assume that for every hyperedge e ∈ M we have e ⊆ S or
e ∩ S = ∅. Then we have ∑

i∈S

f(i | T \ {i}) ≤ k · f(S).

Proof. By the definition of the functions f and w, for every i ∈ S we have

f(i | T \ {i}) ≤
∑

e∈M : e⊆T, i∈e

w(e) =
∑

e∈M : e⊆S, i∈e

w(e) ,

where the equality follows from the fact that for every hyperedge e ∈M we have e ⊆ S or
e ∩ S = ∅. Then we have∑

i∈S

f(i | T \ {i}) ≤
∑
i∈S

∑
e∈M : e⊆S, i∈e

w(e) ≤
∑

e∈M : e⊆S

|e| · w(e) ≤ k · w(S) ≤ k · f(S) .
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Let us now show how we can “scale” MPMH-k functions while preserving sufficiently
high marginals. Given a set T ⊆ [n] and an MPMH-k function f : 2[n] → R, let us show
how to obtain another set U , U ⊆ T such that f(U) is within a certain range while the
marginals of f with respect to U are comparable with the marginals with respect to T .
For this we start with a certain hypergraph G = (V,E) and iteratively remove subsets of
agents from T , where in each step the removed subset of agents forms a hyperedge in G.

Algorithm 4: Scaling for MPMH-k Functions

Input: An MPMH-k function f : 2[n] → R≥ 0, a set T , parameters 0 ≤ Ψ < f(T )
and δ ∈ (0, 1]

1 t← 1
2 while Tt ̸= ∅ do

3 j ← argmini∈Tt−1

f(i|Tt−1\{i})
f(i|T0\{i}) , s← t

4 Let e ∈M be the unique hyperedge containing the agent j.
5 forall i ∈ e, starting with i = j do

6 it ← i, st ← s, Tt ← Tt−1 \ {it}, δt ← f(it|Tt)
f(it|T0\{it}) , t← t+ 1

7 j∗ ← min{j | f(Tj) ≤ Ψ}
8 s′ ← sj∗ − 1
9 k∗ ← max{j∗, min{k | f(Tk) ≤ (1− δ)f(Ts′)}}

10 t∗ ← argmaxt∈{j∗,...,k∗} δt
Output: U = Tt∗−1

Lemma 4.2.2. Let f be a MPMH-k function. Let us be given a set T ⊆ [n] and parameters
δ ∈ (0, 1] and 0 ≤ Ψ < f(T ). Let T0 be an inclusion-wise minimal subset of T with
f(T0) = f(T ). Let M be the hypermatching in G such that f(T0) = w(M) and M matches
only vertices in T0.

Then Algorithm 4 finds a set U ⊆ T such that

(1− δ)Ψ ≤ f(U) ≤ Ψ+max
e∈M

w(e), and f(i | U \ {i}) ≥ δ

k
· f(i | T \ {i}) ∀i ∈ U .

Moreover, Algorithm 4 runs in polynomial time and does one call to an MPMH-k oracle.

Proof. Since T0 is an inclusion-wise minimal set satisfying f(T0) = f(T ), we have f(i |
T0 \ {i}) > 0 for all i ∈ T0. Also every agent i in T0 is contained in a unique hyperedge
e ∈ E. Due to the iterative removal of agents, we have T0 ⊇ T1 ⊇ · · · ⊇ T|T0| = ∅, and
so by monotonicity we have f(T0) ≥ f(T1) ≥ · · · ≥ f(T|T0|) = 0. Thus j∗ is well defined.
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We also have sj∗ ≥ 1 due to Ψ < f(T ) = f(T0). Thus k
∗ is also well defined. We observe

that j∗ ≤ k∗, which ensures that t∗ is well defined. Note also that we have t∗ ≥ j∗ ≥ 1; so
U := Tt∗−1 is well defined.

We now consider why the returned set U satisfies the properties stated in the lemma.
Consider the first inequality in the lemma. By the monotonicity of f and by the definition
of t∗, k∗, j∗ we have

f(Tt∗−1) ≥ f(Tk∗−1) ≥ (1− δ)f(T ′
s) ≥ (1− δ)Ψ ,

which leads to the first inequality in the lemma. By the definition of j∗ we have f(Tj∗) ≤ Ψ.
Then by definition of s′ we have f(Ts′) ≤ Ψ + w(e∗), where e∗ is the unique hyperedge in
M such that j∗ is in e∗. The second inequality in the lemma follows from monotonicity.

Consider an agent i ∈ U . By definition f(Ts′) = f(Tk∗) +
∑

t∈{s′+1,...,k∗} f(it | Tt). Now

by using the definition of δt, t = 1, . . . , |T0| we obtain

f(Ts′)− f(Tk∗) =
∑

t∈{s′+1,...,k∗}

δt · f(it | T0 \ {it})

≤⋆

∑
t∈{s′+1,...,k∗}

δt∗ · f(it | T0 \ {it})

≤⋆⋆

∑
t∈{s′+1,...,|T0|}

δt∗ · f(it | T0 \ {it})

≤⋆⋆⋆ δt∗ · k · f(Ts′) .

The inequality ⋆ follows from the definition of δ∗, and the inequality ⋆⋆ from the fact f
is monotonically increasing. Now consider the inequality ⋆ ⋆ ⋆. Note for every hyperedge
e ∈M , we have e ⊆ Ts′ or e∩ Ts′ = ∅. This is because of the definition of s′, and the loop
on line 5 of Algorithm 4. Thus the inequality ⋆ ⋆ ⋆ follows from Lemma 4.2.1.
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With this inequality in hand, we observe for all i ∈ U = Tt∗−1

f(i | Tt∗−1 \ {i})
f(i | T0 \ {i})

≥ δt∗

≥ 1

k
· f(Ts′)− f(Tk∗)

f(Ts′)

=
1

k

(
1− f(Tk∗)

f(Ts′)

)
≥ 1

k

(
1− (1− δ)f(Ts′)

f(Ts′)

)
=

δ

k
.

Finally observe that f(i | T0 \ {i}) ≥ f(i | T \ {i}) follows from f(T0) = f(T ) and the fact
that f is monotonically increasing. Combining these inequalities yields the last inequality
in the statement of the lemma.

It is straightforward to see Algorithm 4 runs in polynomial time with MPMH-k oracle
access to the function f . Also note that T0 can be obtained by iteratively removing agents
from T whose removal does not decrease the function value.

4.3 Structural Lemmas

Let us define sets of agents that could form hyperedges in these hypergraphs, while the
formed hyperedges have acceptable marginal values in terms of the function g (or more
specifically in terms of the function L, see Section 3).

A :=

{
e ∈ E :

∑
i∈e

(
ci

f(i | e \ {i})

)
≤ 1

2

}
.

Next, the following structural lemmas help us to design and analyze the function g, or
more specifically the functions L and R, see Section 3. We defer their proofs to the later
parts of the section.

Lemma 4.3.1. Let f be an MPMH-k function and let g(S∗) be positive. Let M be the
hypermatching such that w(M) = f(S∗) and M matches only vertices in S∗. We have
|M \ A| ≤ 1; and if there exists a hyperedge e′ in M \ A then we also have

g(S∗) ≤ f(S∗ \ e′) + max {0, g(e′)} .
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Lemma 4.3.2. Let f be an MPMH-k function, and S be a set such that S ⊆ S∗. Let M
be a hypermatching such that w(M) = f(S∗) and M matches only vertices in S∗. Let us
assume that for every hyperedge e ∈M we have e ⊆ S or e ∩ S = ∅. Then we have∑

i∈S

√
ci ≤

√
k · f(S) .

Lemma 4.3.3. Let f be an MPMH-k function, and α be a fixed positive value. Let S be
a set such that f(S) > 0 and f(i | S \ {i}) ≥

√
α · ci · f(S) for every i ∈ S. Then we have

g(S) ≥
(
1− k

α

)
f(S) .

4.4 Obtaining a Good Set

With the structural lemmas in hand, we consider how to obtain an approximately optimal
contract. Note that through exhaustive search we can assume that e′ from Lemma 4.3.1 is
known to us. We fix such a hyperedge e′ throughout the rest of our proofs.

The next lemma assumes that apart from e′ we are also given an estimate for the
value f(S∗ \ e′). Using the estimate for the value f(S∗ \ e′) we show how to obtain an
approximately optimal contract by using an MPMH-k oracle, demand oracle, value oracle
and Algorithm 4. Afterwards, we will be left only with describing how to obtain an estimate
for the value f(S∗ \ e′).

Algorithm 5: Approximately optimal contract given an estimate of f(S∗ \ e′)
Input: A MPMH-k function f : 2[n] → R≥ 0, an estimate ỹ ≥ f(S∗ \ e′), costs ci

for i ∈ [n]
1 U ← ∅
2 Let Ψ = ỹ

32k4
−maxe∈A\{e′}w(e).

3 For every i in V \ e′, pi ← 1
2
√
k
·
√
ci · ỹ.

4 Let T be a demand set with prices pi over the set V \ e′.
5 if 0 < Ψ < f(T ) then
6 U ′ ← the output of Algorithm 4 on input (f, T,Ψ, δ = 1

2
)

7 U ← argmaxU ′′∈{U,U ′} g(U
′′)

Output: U

59



Lemma 4.4.1. Algorithm 5 runs in polynomial time with access to an MPMH-k oracle,
demand and value oracle. If ỹ ≤ f(S∗ \ e′) then the returned set U satisfies

g(U) ≥ max

{
1

4
·
(

1

32k4
ỹ − max

e∈A\{e′}
w(e)

)
, 0

}
.

Proof. It is clear the algorithm runs in polynomial time with access to an MPMH-k oracle,
demand and value oracle, since k is constant and Algorithm 4 runs in polynomial time
with access to an MPMH-k oracle, demand and value oracle.

Let M be the hypermatching such that w(M) = f(S∗) and M matches only vertices in
S∗.

Recall we assume that ỹ ≤ f(S∗ \ e′). If Ψ ≤ 0 then the algorithm returns the empty
set, and the statement of the lemma is satisfied. Otherwise Ψ > 0 and we have

f(T ) ≥⋆ f(T )−
∑
i∈T

pi

≥⋆⋆ f(S
∗ \ e′)−

∑
i∈(S∗\e′)

pi

= f(S∗ \ e′)−
√
ỹ

2
√
k

∑
i∈S∗\e′

√
ci

≥⋆⋆⋆ f(S
∗ \ e′)− 1

2
√
k

√
k · f(S∗ \ e′) · ỹ

≥⋆⋆⋆⋆
1

2
f(S∗ \ e′)

> Ψ .

The inequality ⋆ holds since the prices are non-negative, and the inequality ⋆⋆ uses that
T is a demand set over V \ e′. The inequality ⋆ ⋆ ⋆ is due to Lemma 4.3.2. The inequality
⋆ ⋆ ⋆⋆ holds because of the assumption ỹ ≤ f(S∗ \ e′). Finally, the last inequality holds by
definition of Ψ.

Furthermore, Lemma 4.2.2 ensures that the output U ′ of Algorithm 4 in this iteration,
satisfies

f(U ′) ≥ (1− δ)Ψ =
1

2
·
(

1

32k4
ỹ − max

e∈A\{e′}
w(e)

)
, (4.1)

f(U ′) ≤ Ψ+ max
e∈A\{e′}

w(e) =
ỹ

32k4
, (4.2)

60



and also

f(i | U ′ \ {i}) ≥ δ

k
· f(i | T \ {i}) ≥ δ

k
· pi =

δ

2k3/2
·
√

ci · ỹ ≥
√
2k · ci · f(U ′) .

The second inequality is from f(i | T \{i}) ≥ pi for all i ∈ T , since T is a demand set. The
final inequality follows from (4.1). Then by Lemma 4.3.3 we have g(U) ≥ (1− 1/2) f(U ′),
which gives us

g(U) ≥
(
1− 1

2

)
f(U) ≥ 1

4
·
(

1

32k4
ỹ − max

e∈A\{e′}
w(e)

)
,

where the last inequality is due to (4.2).

With Algorithm 5 and Lemma 4.4.1 in hand, all that remains is to show that we can
obtain such an estimate ỹ. We do this now, and complete the proof of Theorem 4.1.2.

Algorithm 6: Approximately optimal contract

Input: A MPMH-k function f : 2[n] → R≥ 0, costs ci for i ∈ [n], parameter ξ > 1
1 Let C = A
2 if A ̸= ∅ and maxe∈Aw(e) > 0 then
3 Let x = maxe∈A f(e)/2
4 for j = 0, . . . , ⌈logξ 2n⌉ do
5 Let xj = x · ξj
6 Uj ← the output of Algorithm 5 on (f, {ci}i∈A, ỹ = xj)
7 C ← C ∪ {Uj}
Output: argmaxS∈C g(S)

Proof of Theorem 4.1.2. We first note that Algorithm 6 runs in polynomial time for any
ξ > 1 and constant k with access to a MPMH-k and demand oracle, since Algorithm 5
does. Now we show that Algorithm 6 gives the desired approximation. First suppose
f(S∗ \ e′) ≤ 128k4ξ ·maxe∈A g(e). Then we see that by choosing one of our initial sets of
agents in C we obtain the desired approximation ratio. Indeed, by Lemma 4.3.1 we have

g(S∗) ≤ f(S∗ \ e′) + max {0, g(e′)} ≤ (128k4ξ + 1) ·max
e∈A

g(e) .

Now suppose otherwise, so f(S∗ \ e′) > 128k4ξ ·maxe∈A g(e). We have maxe∈A g(e) ≥ x
since g(e) ≥ (1/2)f(e) for e ∈ A. This also implies that we have f(S∗ \e′) ≥ x in this case.

61



On the other hand, we have f(S∗ \ e′) ≤ 2n · x by the definition of x. This is because we
can have at most n edges each with at most value 2x in any hypermatching M such that
w(M) = f(S∗ \ e′). This implies that there is a unique j∗ ∈ {0, 1, . . . , ⌈logξ 2n⌉} for which
xj ≤ f(S∗ \ e′) < ξxj holds. Note this also means (1/ξ)f(S∗ \ e′) ≤ xj∗ ≤ f(S∗ \ e′). Now
we have

g(Uj∗) ≥
1

4
·
(

ỹ

32k4
−max

e∈A
w(e)

)
≥
(
f(S∗ \ e′)
128k4ξ

− maxe∈A g(e)

2

)
≥ f(S∗ \ e′) ·

(
1

256k4ξ

)
≥ g(S∗) ·

(
128k4

128k4 + 1

)
·
(

1

256k4ξ

)
=

g(S∗)

256k4ξ + 2
.

The first inequality is due to Lemma 4.4.1, the second inequality uses the definition of A,
and the third and fourth inequalities both are due to f(S∗ \ e′) > 128k4ξ · maxe∈A g(e).
The fourth inequality also uses Lemma 4.3.1.

4.5 Proof of Structural Lemmas

Proof of Lemma 4.3.1. Let us first show |M \ A| ≤ 1.

0 < g(S∗)

= f(S∗)

(
1−

∑
i∈S∗

ci
f(i | S∗ \ {i})

)

= f(S∗)

(
1−

∑
e∈M

∑
i∈e

ci
f(i | S∗ \ {i})

)

≤ f(S∗)

1−
∑

e∈M\A

∑
i∈e

ci
f(i | S∗ \ {i})


≤⋆ f(S

∗)

(
1− |M \ A|

2

)
.
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The inequality ⋆ is due to the definition of A and due to f(i | S∗ \ {i}) ≤ f(i | e \ {i})
for every e ∈ M and i ∈ e. If |S∗ \ A| = 0 then we have the statement of the lemma. So
suppose otherwise, and let e′ be the unique edge in M \ A. Now we obtain

g(S∗) ≤⋆ f(S
∗ \ e′) + f(e′)

(
1−

∑
i∈e′

ci
f(i | S∗ \ {i})

)
≤⋆⋆ f(S

∗ \ e′) + g(e′) .

The inequality ⋆ is due to the definition of the the function g and since f(S∗) = f(S∗\e′)+
f(e′) by the choice of the hypermatching M . The inequality ⋆⋆ is due to f(i | S∗ \ {i}) ≤
f(i | e′ \ {i}).

Proof of Lemma 4.3.2. First note f(i | S∗ \ {i}) > 0 for all i ∈ S∗ with ci > 0, since
otherwise g(S∗) = −∞. Since g(∅) = 0, the above is a contradiction on the optimality
of the set S∗. Also note that if f(S∗) = 0 then the claim is trivially satisfied. So suppose
f(S∗) > 0. Then we observe that

g(S∗) = f(S∗)

(
1−

∑
i∈S∗

ci
f(i | S∗ \ i)

)
≥ 0 ⇒

∑
i∈S∗

ci
f(i | S∗ \ i)

≤ 1 .

Combined with Cauchy-Schwarz and Lemma 4.2.1 this gives us(∑
i∈S

c
1/2
i

)2

≤

(∑
i∈S

ci
f(i | S∗ \ i)

)(∑
i∈S

f(i | S∗ \ i)

)
≤ k · f(S) .

Taking square roots completes the proof.

Proof of Lemma 4.3.3. Consider an agent i ∈ S. If ci > 0 then we have f(i | S \ {i}) > 0;
and so the condition f(i | S \ {i}) ≥

√
α · ci · f(S) is equivalent to

ci
f(i | S \ {i})

≤ 1

α

f(i | S \ {i})
f(S)

.

For every i ∈ S with ci = 0, we have ci
f(i|S\{i}) = 0. Thus if ci = 0 then the inequality above

holds in that case too. Summing over i ∈ S gives us∑
i∈S

ci
f(i | S \ {i})

≤ 1

α

∑
i∈S f(i | S \ {i})

f(S)
≤ k

α
,
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where the last inequality is due to Lemma 4.2.1. This gives us the desired inequality

g(S) =

(
1−

∑
i∈S

ci
f(i | S \ {i})

)
f(S) ≥

(
1− k

α

)
f(S) .
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Chapter 5

Conclusion

We have seen in Chapter 3 and in Chapter 4 that the types of approximation one is able
to attain for optimal linear contracts can be quite different depending on the properties
of the reward function. Indeed, in Chapter 4 we attain constant factor multiplicative
approximations. However, in Chapter 3 no multiplicative approximation is possible and so
we focus on achieving additive approximations.

5.1 Questions Regarding Chapter 3

In Chapter 3 our work was related to a classic PTAS for the densest k-subgraph problem,
as found in [6]. [6] considers a wide variety of dense instances of smooth polynomial
programming problems, and gives PTASs for them.

It is worth considering if we can achieve our additive approximations in less time.
Our additive PTAS in Chapter 3 runs in time O(npoly(1/ε)). Recall this is similar to the
PTAS of [6] for densest k subgraph which runs in time O(npoly(1/ε)). Some of the other
PTASs for dense instances of Max-CSPs could thus be helpful for improving the run-
time of our algorithm. Recall these are accomplished through various means, including
sampling/subsampling [6, 1, 20, 9, 55, 46], regularity lemmas [35], and convex hierarchies
[21, 10, 40, 56]. The fastest known time for a PTAS is O(n/ε2) + 2O(1/ε2) in [55]. Also re-
call we use the sampled degrees to linearize our objective function, and thus we need some
amount of sampling for our approach. Nonetheless, some other approaches to approximat-
ing Max-CSPs could yield other apporaches for approximating the contract problem in
Chapter 3. [22] wondered if one can use regularity to obtain an additive PTAS for the case
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of general costs. It would be interesting to see if this is possible, and if this approach would
give a simplified additive PTAS. Additionally, determining exactly how quickly a PTAS
can run while achieving a given approximation could be an interesting question. [47] gives
such a characteration for the run-time of approximations for Max-CSPs.

It is natural to ask whether our techniques in Chapter 3 extend to other functions
considered by [6]. Indeed, it seems likely that our approach could be directly applied to
supermodular smooth polynomial programming problems of degree 2. However, we run
into a hurdle when considering problems only modelled by polynomials of degree ≥ 3.

For example, consider finding an approximately optimal linear contract for the function
f(S) = |E(S)|/

(
n
3

)
in a rank 3 hypergraph (V,E) (as opposed to finding an approximately

optimal linear contract for the function f(S) = |E(S)|/
(
n
2

)
in a graph (V,E) as in Chap-

ter 3). We can again apply our pseudo-coring process (see Section 3.4.2). This yields a
near optimal solution where every agent has degree Ω(n2/ ln lnn). Then “high degree”
agents (similar to those in A, see Section 3.3) will have degree Ω(n2), and “low degree”
agents (similar to those in B, see Section 3.3) will have degree Ω(n2/ ln lnn). We can
again sample for the degrees of “high degree” agents, and obtain accurate estimates of
their degrees. Next we naively need constraints of the form∑

uvw∈E

xuxv ≥ Ω(n2) for all w ∈ A (5.1)∑
uvw∈E

xuxv ≥ xw · Ω(n2/ ln lnn) for all w ∈ B (5.2)

to mimic the constraints (3.8) and (3.9) in Section 3.3. However, we note that these are no
longer linear constrains. The natural linearization, as in [6], introduces additive error εn2

to these constraints. This does not introduce problems for constraints (5.1), but renders
constraints (5.2) useless.

Thus if we want our approach to tackle more general functions, such as f(S) =
|E(S)|/

(
n
3

)
in a rank 3 hypergraph then we must give an alternative linearization of these

constraints which adds less error to these constraints. However, this may not be neces-
sary to solve the problem if we use a modified approach. We may consider modifying our
approach to solve a NLP using only the “high degree” constraints (e.g. (5.1)) and then
preprocess and round the resulting solution more carefully. Indeed, if it can be shown
that one can ignore the cost of agents with “low degree” then the actual degrees of the
“low degree” agents are irrelevant for an additive approximation. Of course, showing that
such agents have sufficient degree is critical to showing their costs can be ignored, and so
more careful rounding is necessary if one plans to not place sufficient degree constraints on
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these agents in the NLP itself. It might be possible to get around this issue by using one
of the other approaches for obtaining a PTAS for dense Max-CSPs. In particular, using
regularity lemmas could be useful for avoiding these issues.

5.2 Questions Regarding Chapter 4

Our results in Chapter 4 naturally extend previous results on XOS functions to more general
classes of functions. These classes are subsets of MPH-k. We also observed general MPH-2
functions are much harder to approximate, as they yield no multiplicative approximation.
Our approximations come from the observation that we can still “scale” the functions
we consider, in a similar way to the “scaling” for XOS functions in [26]. It would be
interesting to see if these “scaling” properties are in some way necessary to achieve good
approximations. It is also worth considering if one can achieve better approximations, both
for the functions considered in Chapter 4 and even for XOS functions. The current gap
between approximations and hardness of approximation could be improved.
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