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earlier work in [42]. Prior to [43], Helfrich [39] has also made some improvements
in the running time of some of the algorithms in [42]. In [43]. Kannan uses the
same reduced basis as used in this work®, and shows that for some particular i,
such that [|b; || = max ||bj||, 7 € {1,...,n}, there exists a subset of Z*~"+! of
cardinality at most (n + /2)™ %+ that contains the values (8;,,--.,B,) of the
nearest point. Now, if b’ solves the LDP for the vector x — 3 %_; G;b; and the
lattice L(by,...,b;~1), then b'+3°% . B;b; is a solution candidate of the problem
for x and L(b,,....by,). Therefore, the original problem can be reduced to at most
(n + /n)"-+1) subproblems, each of dimensionality z; — 1. In the following, we
present a geometrical interpretation for Kannan'’s algorithm which provides a better

understanding of some complexity issues discussed later.

Let indices g, ...,%t, where k < n is a constant integer, be successively defined
by “f),}“ = MaX)<m<i;_; -1 [Bomli, for1 < j <k, withn+1 =19 >4 >-=->4 = L.
Here ¢; is the same index as defined in the last paragraph. A careful inspection
of Kannan's algorithm [43] reveals that if :; < ¢ < ¢;-, — 1, then the algorithm
recursively searches for the candidates b such that the projection length of (b — x)
along the G-S vector b, is at most £; = \/72:.::1'1 |bml[2/2. Thus the algorithm
may be thought of as searching among lattice points in a rectangular parallelepiped

centered at x, with edges pointing parallel to the G-S vectors of the lattice. The
edge length of the parallelepiped along b, is 2¢;. (Note that £ > ... > &). For
simplicity, we think of such rectangular parallelepipeds as cubes, and we call the
algorithms of this type “recursive cube search” (RCS) algorithms. As we will see
later, our proposed algorithm also belongs to this category.

3The reduced basis used by Kannan has an extra condition on the value of G-S coefficients
Hijs Le, |pij| € 1/2 for 1 < j < i < n. This condition, however, does not affect the G-S

orthogonalization of the basis.
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The computational complexity of Kannan’s algorithm depends on the values
of 4;,...,%k—1. One can see that i; = 1 corresponds to the highest complexity.
In this case, the original problem is reduced to at most (n + y/n)" 0-dimensional
subproblems. Each subproblem is solved by just checking the distance between x
and a certain point of the lattice. It can be shown that the number of arithmetic
operations for Kannan's algorithm is bounded above by (2r)*+°() *. This bound is
obtained based on the amount of computation required for the worst case of z; = 1,
and the fact that the number of arithmetic operations needed to find a candidate

and check its distance to the given vector is polynomially bounded by 7.

We are also interested in obtaining lower bounds on the complexity of such
algorithms. To emphasize the importance of lower bounds, we pose the following
question: “Is there any sequence of lattices with possible application in commu-
nications (y > 1) such that Kannan's algorithm can decode them in polynomial
time for an arbitrary x?”. As we will see later, using the derived lower bound, the

answer to this question is negative even if one finds the best possible basis.

In the following, the number of lattice points Np(-) that should be checked is
defined as the measure of decoding complexity. This can be easily translated in
terms of the required number of arithmetic operations in O-notation. For both
Kannan's and our proposed algorithm, N,(-) depends not only on the selection of

basis, but also on vector x and the structure of the lattice itself. The notation

*Kannan’s result in [43] is, however, slightly different. It is claimed in Theorem 4.5 of [43]
that the number of arithmetic operations performed by the algorithm is O(n"). The author
believes that this is an under-estimation, since for the worst case of iy = 1, even the number of
candidates, i.e., (n + /n)", cannot be upper bounded by cn®, for any positive constant c¢. The
misleading component in the proof turns out to be the wrong assumption that the maximum of
{G-1)/(n+ vn)} -1 for 1 < i < n is attained at i = n. It is not difficult, however, to see that

the maximum is 1, and is obtained for i = 1.
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Ny(x,A, B} is therefore used for the number of candidates, where B is the basis
matrix of the lattice. For the sake of simplicity, we sometimes use the notation
N, instead of Np(x, A, B). We also sometimes use the logarithm of the number of
candidates (or more generally, the logarithm of the complexity measure) as an index
of complexity, referred to hereafter as the log-complezity (the base of the logarithm

can be selected arbisrarily).

Let S denote the region of the space that an RCS algorithm searches to solve
LDP. As a rough approximation for the complexity measure N,, one can consider its
average value N,(A, B), averaged over all vectors x which are uniformly distributed

in a fundamental region of A. It can be seen that this is equal to

(A, B) = vol(S)

= det(A)’ (3.6)

where vol(S) is the volume of S. (Note that det(A) is also the volume of a funda-
mental region of A).
Using N, as the measure of complexity, the complexity of Kannan'’s algorithm

for the decoding of a general n-D lattice, and for an arbitrary x is upper bounded

by (n + y/n)". This upper bound can be improved for ESM-lattices.

Theorem 3.2 For an n-D ESM-lattice A with coding gain v and K-Z reduced basis

B, and for any given vector x € R, the complezity of Kannan’s algorithm satisfies

Ny(x, A, B) < (v + 1)"y™2. (3.7)

Proof: Based on the notations already used in describing Kannan’s algorithm,
we have an upper bound of (2£;/[|b,||) + 1 on the number of possible values for
each integer 3,, where ¢; < g < ¢;-; — 1. For ESM-lattices, using Corollary 3.3, we
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have k = 1 (¢, = 1), and each integer §;,q = 1,...,n, takes at most (281/|[f)q||) +1
different values. This corresponds to the following upper bound on N,,.

m [/ s B2 n (\/ﬁllfnll ) 1By ]|
N, < = +1] < —+1 S(\/_‘i'l)n—'—;—-—-:—‘
? 411 ( bl ) H || b | " [15=1 IIbgli
(3.8)

For the last two steps, we have used the fact that HBmH < ||131|| for m=1,....n.

q=1

The proof then follows by applying (2.8), the fact that for a K-Z reduced basis
|Bs|| = A, and the definition of coding gain to (3.8). O

In fact, for ESM-lattices, the algorithm searches among the lattice points in the
cube centered at x, with its edges of length 2{; and along the G-S vectors.

In Subsection 3.3.1, we modify Kannan’s algorithm such that the length of each
edge of the search cube is reduced. This implies that all the lower bounds derived
on the complexity of the modified algorithm are also valid for Kannan’s algorithm.
The bounds, which are in terms of coding gain and dimension, result in the fact
that for any sequence of lattices with possible application in communications (y >
1), and any selected basis, the complexity of Kannan’s algorithm grows at least

exponentially with dimension and coding gain.

3.3.1 Modified Kannan’s algorithm

Consider the lattice decoding problem defined in (3.5). Based on the definition of
covering radius, the candidates for the nearest vector of A to a given vector x are
the lattice points inside the sphere of radius u(A), centered at x. There does not,
however, exist a good algorithm for finding the lattice points inside a sphere. The
proposed approach for solving the LDP is to consider the lattice points inside a

properly selected cube, centered at x. To search inside the cube, we devise the



CHAPTER 3. DECODING LATTICES USING THE K-Z REDUCED BASIS 40

following RCS algorithm.

Modified recursive cube search algorithm

Let b be a candidate for the nearest vector of A = L(by,...,b,) to a given vector
x=)_.,abi,s€Q, Vi andlet b=3" Bb;, B € Z, Vi. The candidates
can be checked by enumerating the coefficients §; from 3, to B, successively. This
can be performed efficiently by noticing the fact that we just need to search for b

among the lattice points such that
Ib —x|| < p(A) = [|(b = x)(n)|| = |Ba — anl [|ball < pu(4), (3.9)

where (b—x)(n) is the projection of b—x along the G-S vector b,. The last inequal-
ity in (3.9) enables us to enumerate 3, for the lattice points under consideration.
Now, if b’ solves the LDP for the vector x — 8,b,, and the lattice L(by,...,bn_1),
then b’ + B.by, is a solution candidate of the problem for x and L(b,,...,b,).
Therefore, the original problem can be reduced to several subproblems, each of

dimensionality n — 1.

Let y; g u(L(by,...,by)), for ¢ = 1,...,n, and let S(x) denote the region of
R™ that the algorithm searches to solve LDP for a given vector x. It is not difficult
to see that S(x) is a cube, centered at x with its edges of length 2u,,...,2u,, and

along the G-S vectors BI,...,bn, respectively. The volume of S(x) is therefore

equal to
vol(S) =2 [ w: (3.10)

=1
Note that, in general, the inequalities of the form u; < p, = u(A), fori =1,...,n,
do not hold. Therefore, to reduce the complexity, one can select the edge length of
the search cube in the direction of b; to be the minimum of 2; and 2u(A). All the

bounds derived later in Subsection 3.3.2 remain valid for this case.
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Using the modified RCS algorithm, it appears that we only need to enumerate
relatively few candidates from integer n-tuples (8i,...,8.). To derive a proper

upper bound on the number of candidates, we first prove the following proposition.

Proposition 3.2 Let by,...,b, be an ordered basis of a lattice A, with G-S or-

thogonalization f)l,...,ﬁn. Then, we have

p(A) <d 2 (3.11)

D) bt

where the inequality holds with equality if and only if there ezists an orthogonal
basts for A with the lengths of its vectors equal to |[B,[|,z =1,...,n.

Proof: To each lattice point b, we assign a cubic sub-optimum decision region
centered at b with its edges along the G-S co-ordinates by, ..., b,. The edge lengths
are selected as ||by|,. .., ||bnl|, respectively. It is not difficult to see that these cubic
regions partition the R" space (each of them is a fundamental region for the lattice).
Using the fact that the maximum distance between a lattice point and the points of
its decision region is d and the definition of covering radius, the inequality follows

immediately.

It is easy to see that if the basis is orthogonal, the inequality in (3.11) holds
with equality. In this case, the Voronoi cells for the lattice points coincide with the
aforementioned cubic decision regions. We sketch a proof to show that if u(A) = d,
then there exists a basis of A which is orthogonal. Suppose that such a basis does
not exist. Consider an arbitrary lattice point b, and call its corresponding cubic
decision region R(b). Except for the vertices of R(b), we have |b—v|| < d, for every
vector v € R(b). Let p be an arbitrary vertex of R(b). Since we are assuming that

A is not rectangular, and because of the congruence of the structure, there should
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exist a decision region R(b’) adjacent to R(b) which has p at its intersection with
R(b), but p is not a vertex of R(b'), and therefore ||b’ — p|| < d. It can be seen
that if such a region does not exist, in other words if all the adjacent cubic regions
have p as their vertex, then for the whole structure all the adjacent cubes coincide
in their vertices and consequently, the lattice is rectangular and there should exist
an orthogonal basis. This shows that there exists no vector v € R™ such that the
distance between v and the lattice is greater than or equal to d, which results in
p(A)<d O

It can be concluded from the proof of Proposition 3.2 that for any given x € R",
there exists a unique b € A suchthat x=b + ) ., 17: i *% < < % Vi, where

x is located inside the cubic decision region of point b.

In the following, we derive lower and upper bounds on N,(x, A, B) for the mod-
ified RCS algorithm.

Proposition 3.3 For any basis B of a lattice A, and any x € R™, the number of
candidate points Ny(x, A, B) of the modified RCS algorithm satisfies

f[(”%‘;‘-ﬁ-l) <N,,(x,A,B)~sﬁ("2"‘“ +1) . (3.12)

=2 =1

Proof: We enumerate g3;'s from f, to (i, successively. This means that for
each §;, ¢ =1,...,n, the values taken by Bi;1,...,8, have been already selected.
Starting from f§,, using (3.9) and the fact that 3, is an integer, we obtain the lower
bound of (24n/||bnl) — 1 and the upper bound of (2¢/||Bsl|) + 1 on the number
of possible values for 3,. Using a similar discussion for every i = 1,...,n, the
inequality follows. Note that for: = 1, g, = ({61“ /2, and the number of possible
values for B is at least 1. O
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Remark: Applying (2.8) and Proposition 3.2 to the upper bound of (3.12), we

obtain

I (y/ S 1B117 + 14l
det(A) ]

For a fixed lattice A, det(A) has a fixed value, and the bound in (3.13) is just

a function of the lengths of the G-S vectors. This justifies the selection of K-

Z reduced basis for the decoding algorithm. Note that although the ||6,-||’s are

minimized successively for a K-Z reduced basis, this selection does not necessarily

N,(x,A,B) < (3.13)

result in minimizing the upper bound of (3.13).

The following example shows the superiority of the proposed algorithm over

Kannan’s method.

Example 3.2 For Eg, using the K-Z reduced basis given in Ezample 3.1, we obtain
the following lengths for the corresponding G-S vectors: 2.000, 1.732, 1.633, 1.414.
1.414, 1.225, 1.155, 1.000. Since Es has ESM, Kannan’s algorithm searches in
a cube of edge length /35 _, Hbmﬂ2
This corresponds to enumerating at most 3,3,3,3,3,4,4, and 5 different values for

Bi-..,Ps, respectively. This results in N, < 19440. For the modified algorithm,

= 4.183, with edges along the G-S vectors.

even by searching in a cube of edge length 2u = 2v/2 with edges along the G-S
vectors, we enumerate at most 2,2,2,3,3,3,3, and 3 different values for 3,,.... s,
respectively. We thus have N, < 1944, which is ten times smaller than the bound

for Kannan’s algorithm.

In an efficient implementation of the algorithm, one can simply update the
distances from point to point, and only keep the nearest vector b* € A to x found
so far. Noting that the coefficient matrix in (2.7) is triangular, a more efficient

implementation is possible if one uses the G-S co-ordinates for representing the
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basis vectors. In this work, however, our main concern is the complexity bounds.
From this point of view, it is clear that the number of required arithmetic operations
for finding a candidate lattice point, and checking its distance to the given vector
is polynomially bounded by n. Having selected the values Bit1,...,0n, OD€ can
also use branch-and-bound, and prune any further search of vectors of the form
b=>b+>", Bb; with b’ € L(by,...,be), if ||(b - x)(k + 1)]| > [[b* — x]|.
where (b — x)(k + 1) is the orthogonal projection of b — x on span(b,,... b)*.
One can also stop enumerating 3; when ||b—x|| starts increasing. Moreover. there is
a quick certificate for the closest vector of a lattice A to a given vector x, i.e., if for a
candidate b, ||b—x|| < A(A)/2, then b is the closest vector of A to x. This condition
can be checked for each candidate, and if satisfied one can stop the algorithm?®. It is
conceivable that by embedding the above points in the algorithm, not every lattice
vector in the cubic region S(x) must be examined. This, in particular, can affect
the derived lower bounds on the complexity of RCS algorithms. However, this
effect is presumably small, especially for the asymptotics of the algorithm, and in

any case it caunot be mathematically analyzed in a reasonable way.

3.3.2 Complexity bounds for the modified RCS algorithm

Upper bounds on complexity

Using Proposition 3.2, it is clear that Kannan’s algorithm searches in a larger region
of the space as compared to the modified algorithm, and consequently has a larger

number of candidate points to check®. This implies that the upper bounds derived

This point was suggested by one of the reviewers of [9].
SNote that even if we use the upper bounds on u;'s given by (3.11) instead of the y;'s them-

selves, in general, the algorithm still searches in a smaller cube and therefore has a lower com-
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for Kannan'’s algorithm are also valid for the proposed algorithm. Tighter bounds.

however, can be found as follows.
Theorem 3.3 For an n-D lattice A with a K-Z reduced basis B, and for any x €

R",
N,(x,A, B) < [](Vi+ 12 (3.14)
=1

Proof: Combining (3.3) with (3.13) results in

s P2 : n
N, < e (/20521 A5(A) + Ai(A)) < » (Vi +1)N(A) ’
N det(A) det(A)

(3.15)
where for the last step, we have used (2.1). Inequality (3.15) together with (2.4)
completes the proof. O

As a corollary of Theorem 3.3, we obtain the following upper bound on the

complexity.

Corollary 3.4 For an n-D lattice A with a K-Z reduced basis B, and for any
x € R",
No(x,A, B) < (VR + )" (3-16)

For ESM-lattices, the bound in (3.14) can be improved as follows. The two

bounds coincide for the densest lattices.

plexity compared to Kannan’s method. In this case, the difference between complexities could be

especially large for the decoding of lattices with max;||b;[[ = [[b1]| (including ESM-lattices).
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Theorem 3.4 For an n-D ESM-lattice A with coding gain v and K-Z reduced basis
B, and for any x € R™,

=1

Proof: The result follows by applying A; = --- = A, to (3.15), and using (2.2).0

As a corollary of the above theorem, we obtain the same upper bound as given
in Theorem 3.2 on the complexity of the algorithm for ESM-lattices. Using v, < n,
inequality (3.16) corresponds to the bound (2r)"*°®) for the required number of
arithmetic operations, and to the log-complexity of n log n + O(n). Although this
bound cannot be improved for the densest lattices, for most ESM-lattices better

complexity bounds can be found based on (3.7).

Example 3.3 Consider Barnes-Wall lattices BW,(n = 2™, m > 2), with coding
gain v = \/1_1.7_2- Substituting this quantity in (3.7), we obtain N,(BW,) < (1 +
V)M (n/2)™4. It is not difficult to see that the corresponding log-complezity is
(3n log n)/4 + O(n).

Lower bounds on complexity

As we already know, solving LDP for a general lattice is NP-hard. Combining
this fact with the widely believed conjecture of NP#P implies that no proposed
algorithm can solve LDP for a general lattice in polynomial time. Now, one might
ask the following question: “Is it possible to solve LDP in polynomial time in
communication applications?”. When posing this problem, one might have the

idea of doing some pre-computations (e.g. finding an appropriate basis and/or
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computing the covering radii of the lattice and its sub-lattices). In the following,
we show that for lattices with sufficiently large coding gains (including all the
lattices used in communications, with 4 > 1), there does not exist any basis such
that using the proposed algorithm, and therefore Kannan'’s algorithm, one can solve
LDP in polynomial time. To show this, we first prove the following theorem.

Theorem 3.5 For an n-D lattice A with any basis B,

N,(A, B) > 0.866[1.333y(A)]™2 . (3.18)

Proof: For the modified RCS algorithm, using (3.6) and (3.10), we have

_ Al . fhs
N,(A,B) = —Eéf(-f)ﬁ' . (3.19)

A result, due to Ryskov [64], implies that for an n-D lattice, u/A > /n/(2n + 2).
Applying this inequality for dimensions ¢ = 1,...,n, to (3.19), and using the fact
that A(L(by,...,b;)) > A(A), for ¢ =1,...,n, we obtain

N,(A,B) > H — d*;(A) > (1.1547)™ iy (A)]™2. (3.20)

For the last step, we have used the definition of v(A), and the fact that 4/2:/(z + 1)
is a uniformly increasing function of ¢ with the value of 1.1547 at ¢ = 2. The proof
then immediately follows from (3.20). O

Note that for a K-Z reduced basis A(L(b,,...,b;)) = A(A), for i = 1,....n.
This, however, cannot improve the lower bound of (3.18). The following corollary

is a consequence of Theorem 3.5.



CHAPTER 3. DECODING LATTICES USING THE K-Z REDUCED BASIS 48

Corollary 3.5 For an n-D lattice A with any basis B, there ezists some x € R™

such that
N,(x, A, B) > 0.866[1.333v(A)]™/2 . (3.21)

Inequality (3.21) shows that for lattices with sufficiently large coding gains, and
for a general given vector x, the complexity of the modified RCS algorithm grows
at least exponentially with n and . (Note that n > ).

As a complement to Theorem 3.4, we derive the following lower bound on the

decoding complexity of ESM-lattices which is somehow stronger than Corollary 3.5.

Theorem 3.6 For an n-D ESM-lattice A with coding gain v and K-Z reduced basis
B, and for any x € R",

N,(x, A, B) > 6.464(0.023~)/2 . (3.22)

Proof: Starting from the lower bound of (3.12), we first multiply it by 2, /||by || =
1, then use (2.8), Corollary 3.3, Ryskov’s inequality for dimensions z = 1,...,n, and
finally the fact that for a K-Z reduced basis A(L(by,...,b;)) = A(A),fori = 1,...,n,

i 2% A™(A)
N,(x,A, B) > g(,/i+ -—1) P TINR (3.23)

Applying (2.2), and substituting < = 2 in all the terms in the above product com-
plete the proof. (Note that 4/2:/(z + 1) is a uniformly increasing function of ¢). O

to obtain

In the case of densest lattices and for large values of n, combining Theorem 3.6
with the lower bound of (2.3) results in the log-complexity of at least (n/2)log n +
O(n) for the decoding algorithm.
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3.4 Conclusion

Solving the lattice decoding problem (LDP) is the major obstacle associated with
using a lattice in communication applications. There exist very efficient algorithms
for solving LDP in the case of lattices with strong algebraic structures. This is not.
however, the case for a general lattice. In this work, we have obtained some results
regarding the complexity of solving LDP for a general lattice. These results relate
the decoding complexity to the coding gain - and the dimension = of the lattice,
and are obtained based on a decoding approach which is an improved version of
Kannan’s algorithm. The complexity results have been improved for the important

class of ESM-lattices.

It has been shown that Kannan'’s algorithm, which is currently the fastest known
algorithm for solving LDP for a general lattice, is actually a search method inside a
rectangular parallelepiped (cube) with edges along the Gram-Schmidt vectors of the
lattice. Explicit lower and upper bounds on the complexity of Kannan’s algorithm

have been derived.

The proposed algorithm solves the LDP recursively by reducing the dimension
of the problem by one in each step. It employs a Korkin-Zolotarev (K-Z) reduced
basis of the lattice, and to increase the efficiency for the decoding of lattices in
communications, it also uses the knowledge of the covering radii of the lattice and
its sub-lattices. It has been shown that the algorithm searches in a similar cube
as Kannan'’s algorithm does, except that the edges of the cube are smaller for the
proposed algorithm. Explicit lower and upper bounds in terms of v and n have

been derived on the complexity of the algorithm.

It was proved in [70] that the trellis decoding complexity of lattices grows expo-

nentially with coding gain. In this work, using the derived lower bounds, we have
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proved a parallel result for RCS algorithms, i.e., for any selected basis, the decoding
complexity of any sequence of lattices with possible application in communications
(v > 1) increases exponentially with dimension and coding gain. This suggests that
RCS algorithms are not going to be attractive for the decoding of demnse lattices
in high dimensions. The lower bound also indicates that our upper bound results

cannot be much improved.

Using the derived bounds, we have obtained nlog n+0O(n) and (n/2)log n+O(n)
as upper and lower bounds on the decoding log-complexity of the densest lattices,
respectively. It has also been shown that tighter upper bounds in terms of dimension

can be found for many interesting sequences of ESM-lattices.



Chapter 4

Trellis complexity of lattices

It is described how the problem of finding a proper trellis coordinate system is re-
duced to the problem of searching for a proper basis of the lattice. We also explain
the Hermite Normal Form (HNF) of a lattice and discuss in more detail the con-
struction and analysis of the trellis of a lattice, given its basis. In Section 4.2, some
results relating the trellis complexity of dual lattices are established. These results
are used later in Section 4.3 to develop upper bounds on the trellis complexity of
lattices. They are also employed in Chapter 5 for finding low-complexity trellis

diagrams. Moreover, we give lower bounds on the trellis complexity of lattices.

4.1 More on trellis construction

The following lemma, which is of key importance to the rest of this work, shows that
the problem of finding a proper orthogonal sublattice (or a proper trellis coordinate
system) for a lattice A € £ can be reduced to the problem of finding a proper basis
of A.

51
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Lemma 4.1 Let A € L, have a finite trellis defined by the sequence of vector
spaces {0} = Vo Cc VL C - C Vo, =R" andlet V=V, ;& W;, 1 <7 <n. Then
there exists a basis {by,<+-,b,} of A such that V; = span(b,,-++.b;), and W; =
span(l;,-), for1<i<m.

Proof: We first inductively find vectors by, +--, b,,, that satisfy the conditions

of the lemma, and then prove that they form a basis for A.

We begin by selecting b; as a shortest vector of the lattice A;. Now sup-
pose that vectors by,---,b; have been chosen (1 < ¢ < n —1). We then choose
b;+; to be a lattice vector in A;;; with a minimum positive distance to V;. Note
that since dim(A;) = ¢, 1 < ¢ < n, the above algorithm succeeds in every stage.
By the construction, the n obtained vectors are independent. Moreover, V; =
span(by,-+-,b;), and W; = span(b;), for 1 < i < n. Now let x be an arbi-
trary point of A. It can be written as x = z;b; + - -+ + z,b,, where z;’s are real
numbers. Let p; = z; — (z;], for + = 1,...,n, where || denotes the largest in-
teger < €. Clearly, 0 < p; < 1, Vi. Moreover, X’ = Y 7 |z:|b;, and therefore
x" = x—x' = Y., p:b: are points of A. Now by the choice of b,, p, = 0. By
the choice of b,,_;, this implies that p,_; = 0, etc.. Thus, the numbers z; are all

integers. This proves that the vectors b;, »»+, b,, form a basis for A. O

Lemma 4.1 also gives an algorithm for finding a basis which corresponds to a
given trellis coordinate system. Note that in general, the converse of Lemma 4.1
is not correct, i.e., there exist lattices A € £ with a basis matrix B such that the
construction of Lemima 4.1 (based on B) does not result in a finite trellis for A. For

an example, see Example 2.5.

However, for the important category of rational lattices, the following lemma

proves that the converse of Lemma 4.1 holds. Note that lattices with rational bases
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are special cases of rational lattices.

Lemma 4.2 Let A be an n-D rational lattice. Then based on the construction of
Lemma 4.1 for the trellis coordinate system, any basis {by, -+, bn} of A results in

a finite trellis for A.

Proof: Using (2.5) and (2.6), it can be seen that for any basis B = {by, <+, b,}
of a rational lattice A, the G-S coefficients y;; are rational for all values of ¢ and
j. This implies that the inverse G-S coefficient matrix [p; ;]! in B = [u;;] B is
rational too, which in turn means that for any G-S vector b;, there exists a rational
number a; such that a;b; € A (the smallest value for a; is given in Proposition 4.2).
Using this, we conclude that A has an n-D orthogonal sublattice with its basis along
the G-S vectors of B (dim(Aw,) = 1, Vz), which completes the proof. O

The combination of Lemmas 4.1 and 4.2 implies that for rational lattices the
problems of “finding a proper trellis coordinate system” and “finding a proper basis”
are equivalent. Note that this equivalence is not one-to-one, i.e., different bases can
result in the same coordinate system. Based on the above construction, it is also
clear that N(A) along with the other trellis complexity measures, like S(A), £(A),
and G(A), depend on the selected basis for A. Thus we sometimes use the notations

N(A,B), S(A, B), &(A, B), and G(A, B) to denote them.

In the following, starting from a basis B = {b;,...,b,} of a lattice A € L,
we explain in more detail the construction and analysis of the trellis diagram of A
in the trellis coordinate system {W;}~, = {.span(l:;,-)}?__:l. Specifically, we suggest
algorithms for finding state spaces, label groups, and the number of distinct paths
in the trellis. These algorithms can be easily implemented on a computer for the

case of lattices with rational bases. For a general real basis (non-rational), one can
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use an approximate rational basis. Note that this is what really happens when we
represent a non-rational number on a digital computer. Throughout our discussions.
we assume that the necessary and sufficient condition for A to have a finite trellis
constructed based on B is satisfied, that is, A has an n-D orthogonal sublattice A’
with its basis along the G-S vectors of B.

In [77], ar. algorithm for constructing the trellis diagrams of group codes over
finite Abelian groups is given. In the particular case of lattices, this algorithm starts
from a given basis matrix of a full-dimensional lattice A, and constructs the trellis
of A in a trellis coordinate system which is the same as the standard coordinate
system. This can be considered as a special case of the more general construction
presented here. Qur approach to the problem is also different from the approach
of [77].

As a tool in the rest of this thesis, the Hermite normal form (HNF) of a lattice

turns cut to be very useful.

Definition 4.1 We call an n x n rational matric H, a HNF of an n-D lattice A if

it is a basis matriz of A with the following properties':

i. H is lower triangular, i.e., hyj =0, fort <j—1, j=2,...,n,
. hi; >0, fori=1,...,n, and

oee

iii. h;; <0 and|hij| < hjj, fori >3, j=1,...,n—1

1This definition is slightly different from the standard definition given in textbooks like [62].
and {67]. In fact, we have reversed the order of basis vectors to have the G-S vectors along
the coordinate vectors. For the sake of simplicity, we have also reversed the order of coordinate
vectors. By this selection, the first G-S vector by is along the first coordinate vector u;, Bg is

along u,, and so on.
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From the above definition, it is easy to see that ||b;|| = ki, Vi, and thus

n

det(A) = [ s - (4.1)
i=1

It is known that the HNF of a lattice is unique [67]. However in general, different
versions of a lattice have different HNF’s, e.g., if H is the HNF of a lattice A then
cA(c > 0) has cH as its HNF. Starting from an arbitrary n x n rational basis of A,
or more generally, an m X n (m > n) rational matrix of full column rank with A
as the integer span of its rows, one can always derive H by a series of elementary
(unimodular) row operations in polynomial time [62], [67]. The importance of the
HNF of a lattice in this work is that its G-S vectors are in the same directions as
the coordinate vectors. This implies that, for our applications, the basis does not
need to have the condition iii. Removing this condition, however. rules out the

uniqueness of the HNF.

We also need the following fundamental result.

Lemma 4.3 For the rational numbers pi/q1,--.,pk/qk, Pi-% € Z,q; # 0,4, let
M = lem(q1,-..,q:). Then

_ M
ged(Mpy/qy, ..., Mpr/q)

is the smallest positive number such that (p;/q; € Z,Vi.

¢

Proof: Without loss of generality, we assume that p;,q; > 0, for all 7. Let
p be the smallest positive multiplier which results in a vector of integer products
m = (my,...,m;). Assume that p < (. Also let n = (n,,...,n;) denote the vector
of integers obtained by multiplying the rational numbers by (. Clearly, m; < n;, Vi,

and n;/m; = --+ = ng/my £ ¢. We now claim that ¢ € Z. Otherwise, consider the



CHAPTER 4. TRELLIS COMPLEXITY OF LATTICES 56

integer vector of the remainders r = (r,,...,7), which is in the same direction as

m and n, but has a shorter length. This contradicts the definition of p.

The integer ¢ > 1 is thus a common factor of ny, . .., n;, which is in contradiction

with the definition of n. Therefore, { = p,2. O

Corollary 4.1 For the rational numbers p\/qu, ..., pe/ %, Pi; @ € Z,V, let p; and
G be relatively prime for all i. Also let M = lem(qy,...,qk). Then

_ M
ng(p17 e ,Pk)

¢

is the smallest positive number such that (p;/q; € Z,V1.

Proof: The integer numbers M/q, ..., M/q., are relatively prime. It is also
easy to see that the numbers M/q;, and p;,j =1,...,k,7 # ¢, are relatively prime
for every zin {1,...,k}. We thus have ged(Mp,/qi, ..., Mpe/q:) = ged(p1, - - . . &)
This combined with Lemma 4.3 completes the proof. O

In the following, we first describe the lattices Aw,,A:, Pw,(A), and P;(A), as
defined in Section 2.2. Let a; be the smallest positive number such that a,-f),- €
A. Based on the construction given in Lemma 4.1, Aw, = o4||bil|Z, 1 < & <
n. It is also easy to see that Ag = {0}, and A; = L(by,---,b;), 1 < i < n.
Now let b = Bib, + = + B,b,, B; € Z, Vj, be an arbitrary point of A. Then
Py.(b) = (B: + Birrfhisri + =+ Bapns)bi, where p;; is the element in row i
and column j of the G-S coefficient matrix. Suppose that the minimum absolute

value of 3; + Bit1pti+ri + -+ + Bapin,i over all lattice vectors b is denoted by n;.

2We first proved the Lemma for the case where the numerator and denominator of each rational
number are relatively prime. We then conjectured that the same result is also valid in general,
where the numerators and denominators are not necessarily relatively prime. This proof is due to

A. Kotlov in response to our conjecture.
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It can then be easily seer that Pw,(A) = 1),-||B,-[|Z. We also note that from the
definition, P;(A) = L(by,...,b;, Pi(biy1),...,P:(b,)), where L(--+) denotes the
integer linear combinations of the vectors. For the computation of N(A, B), the

following proposition suggests an algorithm.

Proposition 4.1 Let A € L, have a trellis constructed based on the basis B =
{by,---,bn}. Let {by,---,b,} be the corresponding set of G-S vectors. Suppose
that a; is defined as above. Then N(A, B) =[], ai-

Proof: Following the previously used notations, we have Aw, = a;||bi||Z, 1 <
¢t < n. The corresponding orthogonal sublattice A’ is therefore in the form of
a|b||Z®---® @nl|bal|Z, and has a determinant equal to det(A’) = o o || bl
Now combining this with (2.8) and (2.12) completes the proof. O

To obtain the numbers a;, one can use the relation B = [u;;]~*B. The matrix
[:5]7! is a lower triangular matrix with the elements of the main diagonal equal to
one. For rational lattices, (u; ;]! is rational, and the following proposition follows

immediately from Lemma 4.3.

Proposition 4.2 For [u: ;]! rational, suppose that 6,,---,0;,1(j < i), denote its
nonzero elements in rowt. Let M be the lcm of the denominators of these elements.

Then
M

M= Jed(M6y, .-, M8;, M)

(4.2)

In the case of a rational G-S coefficient matrix [u;;], to determine the values of

n:;, 1 <% < m, in the description of Pw,(A), we first prove the following lemma.
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Lemma 4.4 Let f(X) = aiz1 + -+ + GnZn with a, x € Z" a # 0. Then the

minimum of | f(x)| over all nonzero x € Z™ is equal to gcd(ay,. .., an).

Proof: Using the integer version of Farkas’ lemma [62, p. 191], we can see that
there does not exist any integer solution x for the equation f(x) = *c, where c € Z,
and 0 < ¢ < ged(a,,- .-, a,). The same lemma also implies that there is a solution

x € Z" for the equation f(x) = gcd(ay,...,a,). O

Proposition 4.3 We have

ged(M, Mpiri,- .., Mpa;)
T’i = M ?

(4.3)

where M is either the lem of the denominators of nonzero elements among the
G-S coefficients pir1:,- .-, ins, if at least one of them is nonzero, or an arbitrary

positive integer, otherwise.

Proof: The proof follows from the definition of 7; and Lemma 4.4. O

Finally, to easily work with the lattice P;(A), we also need to find a basis for
this lattice. For [u; ;] rational, this can be conveniently done by finding the HNF
of P;(A) in the G-S coordinate system.

After finding cross section lattices Aw,, A;, and projection lattices Pw,(A), P:(A),
one can easily obtain the state spaces and the label groups for the trellis of A. To
construct the trellis, one also needs to find out about the connections between states
in successive levels of the trellis, and their labelings. This task can be performed
by checking some points of the lattice and tracking down their corresponding paths
through the trellis, until all the paths are covered. The following example explains
the construction of trellis diagrams of lattices, starting from their bases. It also

shows how selecting different bases for a lattice can affect the trellis complexity.
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Example 4.1 The following two basis matrices generate the checkerboard lattice

D4 J

B,

il
N =
O = O
o  and -t o
< ot o (]
e T )
[ fan} =t gl
O e~ O
OO e O

In this version, A = /2, and det(D) = 2. The corresponding G-S coefficient ma-

trices and their inverses are:

1 0 0 0 1 0 0 0
/2 1 0 0 1 1 0 0
[piih = v il =
1 2/3 1 0 1 0 1 0
1 2/3 -1/2 1 1/2 1/2 1/2 1
1 0 0 o0 1 0 0 0
) “1/2 1 0 0 _ 1 1 0 o
[#i.j]ll = s [I‘i.;ilz b=
—2/3 -2/3 1 0 -1 0 1 0
-1 -1 1/2 1 1/2 ~1/2 -1/2 1

Using Propositions 4.2 and 4.3, it is easy to see that oy = (1,2,3,2), o, =
(1/2,1/3,1/2,1), 2 = (1,1,1,2), and n, = (1/2,1/2,1/2,1). Proposition 4.1
then results in N(Dy, By) = 12, and N(Dy, B2) = 2. We therefore ezpect the trellis

constructed based on B, to be less complez than the one constructed based on B,.
Using quantities a,1,,0,and 1, in g = agf/n:, for 1 < @ < 4, we have

g = (2,6,6,2) and ga = (2.2,2,2). Also for the sizes of state spaces, using s; =

det(A;)/det( P(A)), 1 < 1 < 4, we obtain sy, = (1,2,3,2,1) and s; = (1,2,2,2.1).

The corresponding trellis diagrams of Dy are given in Figure 4.1. Below each trellis
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section, the corresponding label group is given. If the label group of the trellis section
i1 15 isomorphic to Z,,, then the edges of this section are correspondingly labeled
with the elements of Z,. It can be seen that in agreement with our preliminary
ezpectation based on the values of N(D4, B,) and N(Ds, Bs), the complezity of
trellis (a) constructed based on B, is much more than the complezity of trellis (b)

built based on By. Also note that By and B, differ only in the order of basis vectors.

(a) (b)

Figure 4.1: Two trellis diagrams of Dj,.

Remark: In [33], Forney has also given a trellis with two paths for the version
RDg of Dy. In Example 4.1, however, we have been able to find a two-path trellis
without any need for searching among the different versions of Ds. The following

lemma shows that this can be generalized.
Lemma 4.5 Trellis complezity is a geometrical invariant of a lattice.

Proof: Before giving a proof, and to resolve any ambiguity, we would like to

explain more about the lemma. It states that if we are able to find a trellis for
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a version of a lattice, we will also be able to construct the same trellis (up to

isomorphism) for any other version of the lattice.

Let A; € L have a trellis T} constructed based on a basis B;. Suppose that
A is a version of A;. It has therefore a form of A; = ¢A,0, where ¢ is a nonzero
real number, and O is an orthogonal matrix. It is easy to see that the trellis made

based on the basis By = ¢B10O for A is the same as T}. O

Remark: We believe that the fundamental result of Lemma 4.5 has been more or
less noticed by the researchers in the area. However, because of its importance, we

found it useful to state it explicitly.

Example 4.1 shows that the number of distinct paths in different trellis diagrams
of a lattice could be very different. In fact, the following simple example shows that
for a general basis B of a general lattice A, one cannot find a finite upper bound

on N(A, B) in terms of dimension and/or coding gain of the lattice,>.

Example 4.2 Consider the integer lattice Z2. It is easy to see that the following

1
B=|"? ,
10

where p € Z is arbitrary. Then Wy = span((p, 1)), W2 = span((1l, —p)), and the

matriz is a basis matriz for Z?2:

corresponding orthogonal sublattice A’ has a determinant of det(A') = p? + 1, which
results in N(Z% B) = p® + 1.

Note that in this example N can be easily upper bounded by a function of the

input size.

3A similar example has been also given in [71].



CHAPTER 4. TRELLIS COMPLEXITY OF LATTICES 62

In [71], it has been shown by some counter-examples that for a general rational
lattice, one cannot find any basis such that the complexity of the corresponding
trellis is upper bounded by just a function of dimension or coding gain. It is
important to note that all the results in [71] are obtained based on having the
input size tend to infinity. This fact motivates searching for upper bounds which
are directly a function of the input size. Among other things in Section 4.3, we
derive upper bounds on the trellis complexity of lattices with rational bases. All the
counter-examples of [71] are covered under this category of lattices. The bounds

depend on the input basis, the dimension, and the determinant of the lattice.

We continue in the following section by presenting some results on the relation

between the trellis complexity of dual lattices.

4.2 Duality results

The following fundamental fact follows from the results of [33]. A proof is also

given for the sake of completeness.

Lemma 4.6 Let A € L,,. Then in any trellis coordinate system that A has a finite
trellis, its dual A* has a finite trellis too.

Proof: Suppose that A has a finite trellis in the coordinate system {W;}r,.
Then Pw,(A), and therefore its dual in W;, Pw,(A)", are 1-D lattices for all values of
t. From the definition of dual lattices, the inner product of every point of Pw,(A)"
with every point of Pw,(A) is an integer. This implies that the inner product of
every point x of Py, (A)* with every point of A is also an integer, which concludes
that x € A", and thus Pw,(A)" C (A*)w,. This in turn results in the fact that
dim((A*)w;) = 1, Vi, which completes the proof. O
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In [33], Forney has proved that in any trellis coordinate system, the number of
states s; in any level ¢ € {0,...,n} of the trellises of dual lattices A and A~ are the
same. In the following, we prove a similar result for the sizes of the label groups.

Theorem 4.1 Let A € L,,. Then in any trellis coordinate system, the sizes of
the label groups of dual lattices A and A" are the same, i.e., gi(A) = gi(A™), for

1=1,...,n.

Proof: Let A and A" have finite trellises in the given trellis coordinate system.
Then for every ¢ € {1,...,n}, we have

det(Aw;) _ det((A%)w;)
det(Pw.(A)) ~ det(Pw.(A"))

gi(A) = |Pw,(A)/Aw;| = =gi(A7).

In the second last step, we have used the facts that in span(W;), (Aw;)” = Pw,(A™),
and (Pw,(A))” = (A™)w,, [33], and also (2.10). O

Despite the nice relations between the state complexity profiles (and label com-
plexity profiles) of dual lattices, it appears that there does not exist such a simple
relation either between the number of distinct paths or between the number of
edges in the trellises of dual lattices in the same coordinate system. However, we
are able to relate these parameters as follows. For N(A) and N(A~), we first prove

the following theorem.

Theorem 4.2 For A € L,, in any trellis coordinate system that A and A~ have

finite trellises, we have

NN =] &, (4.4)

=1

where g; is the size of the label group in trellis section i.
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Proof: Let A’ and A” denote the corresponding orthogonal sublattices of A
and A" in the given coordinate system, respectively. We then have det(A”) =
.y det((A")w;). Combining this with the facts that g; = det((A")w;)/det(Pw,(A")).
and (Aw;)" = Pw;(A"), we obtain det(A”) = []i_,(g:/det(Aw;)). This in turn re-
sults in det(A”) = ([]%, g:)/det(A’). We then have

d e d A ? g
wir) = i = sy = Weay

which completes the proof. O

The following corollary is an immediate consequence of Theorem 4.2.

Corollary 4.2 Let A be a self-dual lattice. Then in any coordinate system that A
has a finite trellis, we have N(A) = ([1r, g:)'/%.

Corollary 4.2 also implies that in any coordinate system that a self-dual lattice
has a finite trellis, the corresponding quantity [}, g: has to be a complete square.
For an example, see the trellis of Eg in Figure 5.1.

Putting the fact that for every i = 1,...,n, gi < N(A), together with Theo-
rem 4.2, we get the following corollary.

Corollary 4.3 For A € L, in any coordinate system that A and A~ have finite
trellises, we have N(A*) < N(A)*~L.

As we will see later in Proposition 4.4, in many cases the above bound can be

improved for integral lattices. We first prove the following lemma.

Lemma 4.7 Let A be an integral lattice in R™, and let V be an n-D subspace of
R™ such that the lattice Ay 2 ANV has dimension n. Then the projection lattice
Py(A) is a sublattice of the dual lattice (Ay)* in V.
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Proof: For an integral lattice A, we have A C A~, and therefore Py(A) C
Py(AT). Combining this with Py(A*) = (Av)*, [33], completes the proof. O

Corollary 4.4 Let A be a self-dual lattice in R™, and let V' be an n-D subspace of
R™ such that the lattice Ay has dimension n. Then Py(A) = (Av)".

Proposition 4.4 Let A € £ be an integral lattice. Then in any coordinate system

that A and A~ have finite trellises, we have N(A*) < N(A)det(A)>.

Proof: Using Lemma 4.7, we have det(Pw,(A)) > det((Aw;)*), forzi =1,....n.
Combining this with g; = det(Aw;)/det(Pw,(A)), ¢ = 1,...,n, we obtain g; <
det(Aw;)/det((Aw;)") = det(Aw;)*, ¢ = 1,...,n. Applying these inequalities to
the result of Theorem 4.2, and using the fact that []._, det(Aw;) is equal to
the determinant of the corresponding orthogonal sublattice A’ of A, lead us to
N(A)N(A") < det(A’):. The proof then follows by combining this inequality
with (2.12). O

Note that for a self-dual lattice, g; = det(Aw;)%, i = 1,...,n, and the inequality

of Proposition 4.4 is satisfied with equality.

In the following, we give an upper bound on N(A~) in terms of det(A), for A an

integer lattice.

Proposition 4.5 For A an integer lattice, we have N(A*, H) < det(A), where H
is the HNF of A~.

Proof: Since A is a sublattice of Z™, the inner product of any vector of A with
any vector of Z" is integer. This means that Z™ C A*. Now by selecting H as
the basis for A", the spans of G-S vectors ({W;}L,) will be along the vectors of



CHAPTER 4. TRELLIS COMPLEXITY OF LATTICES 66

the standard coordinate system ({u;}7 ). This implies that det(A’) < det(Z") =
1, where A’ is the corresponding orthogonal sublattice of A*. We therefore have
N(A*, H) = det(A’)/det(A") < 1/det(A") = det(A), and the proof is complete. O

Note that since N(A)} > 1, and for an integer lattice, det(A) > 1, the bound

in Proposition 4.5 is stronger than the one given in Proposition 4.4. In fact, as we

will see in Section 5.4, the bound of Proposition 4.5 is achieved for all D;, lattices.

We finish this section by deriving an inequality relating £(A) and £(A”) in the

same trellis coordinate system.

Theorem 4.3 For A € L,, in any coordinate system that A and A~ have finite
trellises, we have E(A™) < n€(A)?

Proof: Let for the lattice A, the trellis parameters s;,z = 0,...,n,andg!,r,7 =

1,...,n, be defined as in Section 2.4. Then by the definition of £, we have

n . !
S(A_') — i:lr:isi-l .<_. Zs.—l g: t»—l < z:.-l gx z—l St--l) — ng(A. )S(A.) ,

n n
where we have used 7} < gf, i = 1,...,n, for the second last inequality, and the
definition of G and S for the last step. It then follows from the identity of state
and label complexity profiles of A and A that £(A") < nG(A)S(A). Combining
this with the easily derived inequalities of § < £ and & < £ completes the proof.
O

4.3 Bounds on trellis complexity

In this section, we present lower and upper bounds on the trellis complexity of

lattices.
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4.3.1 Lower bounds on complexity

In the following, a lower bound on N(A, B) in terms of the coding gain and the
dimension of A is given. We show that the bound, which was derived in [69], is

quite tight, and is achieved by minimal trellises of many important lattices.

Theorem 4.4 Let a lattice A € L,, with coding gain v have a finite trellis con-
structed based on a basis B. Then the number of distinct paths in this trellis,
N(A, B), satisfies

N(A, B) >y, (4.5)

The inequality is satisfied with equality iff A has n mutually orthogonal vectors with
their length equal to A(A) and along the G-S vectors of B.

Proof: Suppose that A’ is the corresponding orthogonal sub-lattice of A. Also,
let {b},...,b.} be a basis of A’ with mutually orthogonal vectors. It is then easy

to see that

det(A’) = T Il (4.6)

i=1

Inequality (4.5) then follows by combining (4.6) with (2.12), and using the fact that
|Ibill > A(A), for ¢ =1,...,n, and finally applying (2.2). O

Example 4.1 (Cont.) It is easy to see that N(Dy, B,) satisfies the inequality (4.5)
with equality. Therefore By is the best basis for Dy in the sense that it minimizes

N(Dg, B), and the trellis of Figure 4.1(b} is a minimai trellis for Dy.

Example 4.3 Using Propositions 4.1 and 4.2, it can be seen that the *trellis-
oriented” basis matriz for the Leech lattice Aqy, given in [38], minimizes N(Aa4, B)

with 22* distinct paths in the trellis.



CHAPTER 4. TRELLIS COMPLEXITY OF LATTICES 68

The following corollary comes from the fact that N is integer.

Corollary 4.5 Let a lattice A € L, with coding gain v have a finite trellis con-

structed based on a basis B. Then
N(A,B) > [V, (4.7)

where [€] denotes the smallest integer > £.

As we will see later in Chapter 5, the fact that N is an integer number, or in other
words det(A) divides det(A’), can more effectively be used if it is combined with
the information regarding the structure of the lattice (the arrangement of lattice
points). Note that although the condition of vectors bi,...,b; being mutually
orthogonal is a stronger condition than det(A) dividing det(A’), in many situations

it suffices to just use the latter condition.

The following corollary shows that N(A, B) has at least an exponential growth
with v(A), no matter what the selected basis for A is.

Corollary 4.6 Let A € L,, have a coding gainy > 1, and a finite trellis constructed

based on a basis B. Then

N(A,B) 247, (4.8)

Proof: Applying the inequality n > v, > v to (4.5) proves the corollary. O

Combining Theorem 4.4 with the lower bound results of Lemmas 2.1 and 2.2,

we obtain the following corollary.
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Corollary 4.7 Let A € L, have a coding gain y. Then for any finite trellis of A.
the corresponding parameters S(A), E(A),G(A), and C satisfy

S(A) 2%, (4.9)
E(A) 27, (4.10)
G(A) =77, (4.11)

C>ny. (4.12)

Remark: Using the bounds given in (4.9)-(4.11), we can conclude that the trellis
complexity functions 71 (), 2(7), and 73(), as defined in [69], satisfy the inequal-
ities 71 () > 72, 72(v) > 7, and m3(y) > /2. This is the same result as given in
Theorem 3.4 of [69]. It has also been proved in [70] that for large values of v, 7
and T, grow at least exponentially.

Using more elaborate discussions, we are able to improve the lower bound results

of this section for some particular lattices. This will be illustrated in Chapter 5.

4.3.2 Upper bounds on complexity

As we already observed in Lemma 4.5, the trellis complexity is a geometrical invari-
ant of a lattice. It is therefore of interest to derive bounds on the trellis complexity
which are functions of some other geometrical invariants of the lattice like coding
gain. However, in the case of upper bounds and for a general lattice, we know
that it is not possible to derive bounds which are just a function of 4 or n. In the
following, however, we are able to derive a wide range of upper bounds on different

trellis complexity measures and for different categories of lattices. In particular,
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for integral lattices, the derived bounds which are in terms of n, and the successive
minima or the determinant of the lattice are much tighter than the similar bounds
of [71].

Since the successive minima (including the minimum distance) and the deter-
minant of a lattice change with scaling, it is reasonable to minimize them by proper
scaling while keeping the integral property of the lattice. Combining the fact that
a rational lattice always has an integral version with Lemma 4.5, one can extend
the application of these upper bound results to rational lattices. We show that the
trellis complexity of “any” rational lattice A constructed based on “any” basis of A
can be upper bounded by a function of n and det(A). We are also able to improve

the bounds for ESM-lattices.

Throughout this section, we give the corresponding bases for the derived upper
bounds. All the bounds are thus of a constructive nature. Note that the upper

bounds of [71] on the trellis complexity of integral lattices are just existence results.

We first start by the following proposition which can be conveniently used for
the derivation of an upper bound on the trellis complexity of an arbitrary lattice

given its basis matrix.

Proposition 4.6 Let a lattice A have an n x n basis matriz B. Suppose that B
can be converted to an integer matriz by multiplying column ¢ with the real number
z;,t=1,...,n. Then we have
n
(I ] z:)det(A)u; € A, (4.13)
)
where u; ts the j-th coordinate vector.

Proof: Let B’ denote the matrix obtained from B by the above procedure, and

let A and A’ denote the determinant of B and B’, respectively. Since B’ is integer,
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F2 A’(B’)~! is an integer matrix too. It then follows that the j-th row of F.
F; = A'u;(B’)~! is an integer vector. We therefore have F;B' = A’u; € L(B'). It
is easy to see that b = (b1,...,b,) € L(B’) iff (b1/z1,...,ba/2n) € A. We then
have (A’/z;)u; € A. This combined with the facts that A’ = z,---z,A, and
det(A) = |A|, completes the proof. O

Using Proposition 4.6, it is easy to see that selecting the trellis coordinate system
{W;}Z., to be the same as the standard coordinate system, determined by the unit
vectors {u;}%,, we have

n n
NA) < (J] [ =) det(a). (4.14)

=1 i=1
i#£j

The following proposition could be specifically useful for integer lattices.

Proposition 4.7 Let A be an n-D integer lattice, and let H be the HNF of A.

Then we have

n—1
N(A H) < J] 2 (4.15)
i=1

Proof: Let hy,...,h, denote the rows of H. Applying Proposition 4.6 to
lattices L(h,,...,h;), with z; = ..« = z; = 1, and for j = 1,...,n, results in
v; 4 ( f___l hi;)u; € L(h,,...,h;), and therefore v; € A, for j = 1,....n. Now
by choosing H as the basis matrix for A, the G-S vectors are along the coordinate
vectors {u;}7.,. This implies that for the corresponding orthogonal sublattice A’
we have det(A') < ||vy|---||vn]|- This combined with (2.12) and (4.1) completes

the proof. O

Using (4.1) combined with the fact that for an integer lattice h;; is a positive

integer for every value of 7, we notice that each of the quantities ||v;|[, 7 = 1.....n,
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in the above proof is upper bounded by det(A). Thus we obtain the following
simpler upper bound on the number of distinct paths in the trellis of an integer

lattice.

Theorem 4.5 For A an n-D integer lattice, we have
N(A,H) < det(A)* 7, (4.16)

where H 1is the HNF of A.

The result of Theorem 4.5 can also be obtained from (4.14), or by combining
Corollary 4.3 with Proposition 4.5.

Example 4.2 (Cont.) Using Theorem 4.5, we have N(Z2% H) < det(Z?), which
results in N(Z?, H) = 1, where H = I, is the HNF of Z*. We also note that based
on Theorem 4.5, N(Z", I,) = 1, Vn, which corresponds to the minimal trellis of Z™.

As we will see later in Section 5.3, the bound of (4.16) is also achieved for all
D, lattices.

As can be seen in the following theorem, for A an integer lattice, it is possible
to derive upper bounds on S(A), £(A), and G(A) which are (in many cases) tighter
than the ones obtained by combining (2.16)—(2.18) with (4.16). (Note that for an
integer lattice, det(A) > 1).

Theorem 4.6 For A an n-D integer lattice, we have

S(A, H) < det(A) (4.17)
E(A, H) < ndet(A)?, (4.18)
G(A, H) < det(A), (4.19)

where H is the HNF of A.
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Proof: Combining the upper bound of (2.16) with the result of Proposition 4.5,
we have S(A®, H') < det(A), where H' is the HNF of A*. Now if H is the HNF
of A, then H and H’ introduce the same trellis coordinate system, and therefore
according to the result of Forney in [33], we obtain S(A~, H') = S(A, H). This
completes the proof of inequality (4.17).

In a similar way, inequalities (4.18) and (4.19) follow by combining (2.17)
and (2.18) with Proposition 4.5 and applying Theorems 4.3 and 4.1, respectively.
a

The bounds of Theorem 4.6 are tight. In fact, inequalities (4.17) and (4.19) are
both satisfied with equality for Z™ and D,, lattices.

Remark: From the fact that max; s;(A, H) = max; s;(A*, H') < N(A*, H'), and
Proposition 4.5, we can also obtain max; s;(A, H) < det(A). Note that in [71], the
only bound derived on the trellis complexity of integer lattices is min(max; s;) <

det(A), where the minimum is taken over all the trellis diagrams of A.

In the following, using Theorems 4.5 and 4.6, we derive upper bounds on the

trellis complexity of a full-dimensional lattice with a rational basis.

Theorem 4.7 Let a lattice A have a rationaln xn basis matriz B. Let M be the lem
of the denominators of nonzero elements in B, and let ¢ = M/ged(Mb,,, ..., Mb,,).

Then we have
N(A, H) < & Udet(A)",

S(A, H) < £ det(A)
E(A, H) < né?det(A)?
G(A, H) < £Mdet(A)

where H is the HNF of A.
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Proof: Since the proofs are similar, we only prove the first inequality. It is easy
to see that £B € Z™ " (note that based on Lemma 4.3, € is the smallest such a
number), and therefore A is an integer lattice. It then follows from Theorem 4.5
that N(EA, H') < det(éA)* ! = £4nYdet(A)* ", where H' is the HNF of the
lattice £A. At the last step, we have used det({A) = £7det(A). The HNF of A, H.
is equal to H'/€. This combined with Lemma 4.5 results in N(A, H) = N(éA, H').
Putting this together with the above inequality completes the proof. O

In Theorem 4.7, £ depends directly on the elements of the basis matrix. Note
that using (4.14), one usually obtains a tighter upper bound on N than the one given

in Theorem 4.7. The following example illustrates an application of Theorem 4.7.

Example 4.4 In [71], as a counter-ezample for ezistence of proper upper bounds

on the trellis complezity of lattices, the authors consider a sequence of rational 2-D

1 0
B = .
(Pl/Pz P3/Pa )

where py,ps2,p3, and py are distinct primes. They then show that by letting both p,

lattices A generated by

and py grow, the number of distinct paths in a minimal trellis of A increases without

bound.

Now, applying Theorem 4.7 to this ezample, we have £ = p,ps, and consequently
N(A,H) < plpaps. A tighter upper bound of the form N(A, H) < pap; can also be
obtained using (4.14) with | = p;, and =5 = p4.

There are different ways of extending the results of Theorem 4.7 to lattices with
rational bases which are not full-dimensional, or more generally to rational lattices.
One way is to find the smallest scaling factor which transforms the rational lattice

to an integral lattice (see Section 2.1), and then use the following upper bounds on
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the trellis complexity of integral lattices. Another way is to notice that in the G-S
coordinate system, multiplying column ¢ of the basis B of an n-D rational lattice
A by ||bs||, for i = 1,...,n, results in a rational n x n matrix. This comes from the
fact that for a rational lattice the G-S coefficient matrix and the square norm of
the G-S vectors are rational. Now for this matrix, defining £ in the same way as it

was defined in Theorem 4.7, and applying (4.14), we obtain
N(A, B) < €M det(A)2m1), (4.20)

It is known that for a general rational lattice, there does not exist any basis such
that the complexity of the corresponding trellis can be upper bounded by a function
of v or n. Interestingly, inequality (4.20) shows that for “any” rational lattice
A, the complexity of the trellis constructed based on “any” basis of A is upper
bounded by a function of n and det(A). In (4.20), however, £ depends directly on
the selected basis for the lattice. In the following, we derive upper bounds on the
trellis complexity of integral lattices which are just a function of n and the lattice

parameters (successive minima or determinant).

To derive upper bounds on the trellis complexity of integral lattices, we employ
a basis of the lattice which is reduced in the sense of Korkin and Zolotarev (K-Z
reduced basis). Based on Lemma 4.2, it is clear that the corresponding trellis is

finite. The following property of K-Z reduced bases has been proved in [49].

Lemma 4.8 Let {b,,...,b,} be a K-Z reduced basis of a lattice A, then

n n o 1/2
Hnbins(vzﬂ’f) det(4) (4:21)

i=1 i=1

Note that 47 [[5, (¢ + 3)/4 < n?*/(4we? + o(1))" for n — oo [49].

i=1
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Remark: All the bounds given in [71] have been obtained using the fact that any
n-D lattice A has a basis with [], [|bsf| < (2/v3)™™1/?det(A). Now for large
values of n, comparing the logarithms of the bounds on ([];_, lib:||)/det(A) in this
inequality and (4.21), we notice that the bound in (4.21) is O(nlogn) while the
bound used in (71] is O(n?). This means that for large values of n, all the bounds
of [71] can be improved just by making the assumption of using a K-Z reduced basis

for the lattice.

The following lemma is of great importance to its subsequent results.

Lemma 4.9 Let A be an n-D integral lattice with an arbitrary basis B = {b,,....b,}.
Then
s; < det(A;)®, fori=1,...,n, (4.22)

where s; 15 the number of states at level ¢ of the trellis of A constructed based on B.

Proof: By the definition, s; = |P;(A)/Ai| = det(A;)/det(P:(A)). Using Lemma
4.7, we obtain det(P;(A)) > det((A;)*). Combining these with (2.10) completes the
proof. O

Note that the bound of (4.22) is achieved for self-dual lattices.

Remark: In [71], to obtain an upper bound on s; for an integral lattice, the authors
derive and use an inequality of the form s; < det(A;)%. Substituting this inequality
with (4.22) can also improve their results substantially.

Proposition 4.8 Let A be an n-D integral lattice with a K-Z reduced basis B, and

let N,s;, e, and g; be the parameters of the trellis of A constructed based on B.
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Then
N < T2, (4.23)
j=1
s‘-SH/\ﬁ, forz=1,...,n~-1, (4.24)
j=1

-1 n-—1
g <e< (H/\‘})f\?,fori =2,...n—-1,g<e <A, g.<e < H)‘?-. (4.25)

i=1 i=1

where A; is the i-th successive minimum of A.

Proof: We first prove (4.24) by applying det(A;) = ||by]| = ||b:]|, and Proposi-
tion 3.1 to (4.22). Inequalities (4.23) and (4.25) then follow from (4.24), using the
facts that N < s; <<-s,_1, and g; < ¢ < si18,fore = 1,...,n, and s = s, = 1.

(]

Remark: In [71], the main ingredient in deriving an upper bound on the num-
ber of distinct paths in a trellis of an integral lattice A is a lemma which proves
that if A has a basis b,,..., by, then it also has an orthogonal sublattice A’ with
det(A’) < n!(||by]| - - #||ba||)?". Based on the above discussions, it is not difficult to
see that this inequality can be improved to det(A’) < (||by]| “=~|[ba|[)*. To prove
this, we use the inequality N(A, B) < [|by||?*=1||by||2"~2) «es||bn_y||?, which is
similar to (4.23) and is valid for any basis of A. Multiplying both sides of this
inequality with det(A) = ||by||- - ||bn|l, and using Ndet(A) = det(A’), we obtain
det(A") < [[By ]|t |[Byl|*n=2 ++-[Bll. Combining this with [[bs]] < [[bi]l, for i =
1,...,n, and using an assumption that the basis vectors are arranged in increasing
norm order complete the proof. Note that the same inequality can also be ob-
tained using an intermediate result of [71] itself. In Lemma 4 of [71], it has been
proved that the vectors x; = f)l and x; = det(Ag_l)zl;;, t=2,...,n, belong to A.
Now based on det(Ai—;) = ||by]|---[|Bi-1|, and “61“ < |Ibs|l, Vi, we have ||x:f| <
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[Ibe]|? - ||bi=1]|?||b:|]. This along with the fact that det(A’) < ||x1]---||xa]|. and
using an assumption that the basis vectors are arranged in increasing norm order

lead to the result.

Theorem 4.8 Let A be an n-D integral lattice with a K-Z reduced basis B, and let

si, &, and g; be the parameters of the trellis of A constructed based on B. Then
s; < det(A)E/"yE, for i=0,....n~1, (4.26)
g e < det(A)¥/"y% for i=2,...,n—1,

g < ¢ < det(A)* ™, , gn < en < det(A)2nV/myn-1

(A

(4.27)

Proof: Using (2.1), it is easy to obtain s; < (A;---Ap)¥/" fori=1,....n—1,
from (4.24). The result in (4.26) then follows by combining these inequalities with
(2.4). It is easy to see that (4.26) is also valid for ¢ = 0. To obtain the results
of (4.27), we apply the same procedure to (4.25). One more step is required, i.e.,
since for an integral lattice, \; > 1,7 =1,...,n, we have g; < ¢; < (A;--- A;)4, for

t=2,...,n—1. 0O

Theorem 4.9 Let A be an n-D integral lattice with ESM. Now if B is a K-Z reduced
basis of A and s;, e;, and g; are the parameters of the trellis of A constructed based
on B, then

i <A®, for i=0,...,n—1, (4.28)

gisel'S’\“_z’ fOT‘ izl"'vn-lv gnSenS/\z(n-”» (429)
where A\ is the minimum distance of A.
Proof: The results immediately follow by substituting A for all the successive

minima A;,..., A, in Proposition 4.8. Note that inequality (4.28) is trivially valid

for:=0. O
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Theorem 4.10 Let A be an n-D integral lattice with a K-Z reduced basis B. Then

N(A, B) < det(A)*yptn=12, (4.30)
S(A, B) < det(A)*(n-1/nyn1 (4.31)
G(A, B) < E(A, B) < det(A)Hn—1/nq2n-1) (4.32)

Proof: It is rot difficult to see that applying the inequalities of (2.1) to (4.23)
results in N(A, B) < (A;---A:)"" L. This combined with (2.4) completes the proof
of (4.30).

To derive the the bounds in (4.31) and (4.32), we use the results of Theorem 4.8
along with the facts that S < max;s;, and ¢ < £ < max; ¢;. Note that v, > 1, Vn.
and that for an integral lattice, det(A) > 1. O

For ESM-lattices, the bounds of Theorem 4.10 can be improved as follows.

Theorem 4.11 Let A be an n-D integral lattice with ESM. Then for B a K-Z

reduced basis of A, we have

N(A,B) < A==t (4.33)
PR |
L _ =
S(A,B) < A1) (4.34)
(/\21: _ 1)(A2(n—l) + ,\2)

G(A,B)< &(A,B) < (4.35)

n(M 1) ’

where A is the minimum distance of A.

Proof: Inequality (4.33) follows from substituting A for all the successive min-
ima in (4.23). Inequalities (4.34) and (4.35) are obtained by applying the results of
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Theorem 4.9 to the definitions of S and £, i.e.,§ = (). si—~1)/n,and € = (3 &)/n.
O

It can be seen that the bounds of Theorem 4.11 are tighter than the ones in
Theorem 4.10. For the densest lattices, the gaps between the bounds become
smaller. In particular, the two bounds given in (4.30) and (4.33) coincide for the
densest lattices. It should also be noted that in all the upper bounds, <, can be
replaced by a function of n using the inequalities v, < n, or 7, < 2n/3, for n > 2.

For large values of n, one can also use the upper bound of (2.3).

Finally, we notice that all the upper bounds of Theorems 4.9 and 4.11 are
achieved for lattices Z™ (for inequalities (4.34) and (4.35), one should find the limit
of the upper bounds as A — 1. This is equal to 1). In fact, Theorem 4.11 implies
that Z" is the only n-D integral lattice with ESM which has A = 1. Also for the
integral version of the hexagonal lattice A; with A(A4,) = V2, all the inequalities
in Theorems 4.9 and 4.11 are satisfied with equality. Note that the minimal trellis

of A, consists of two paths, and has two states at level one.

Discussion: To compare the derived upper bounds in this thesis with those ob-
tained in [71], we choose two inequalities (4.26) and (4.30), which have correspon-
dences in [71]. The corresponding result of [71] states that for every n-D integral

lattice A, there ezists a trellis such that
s < (2/V3)T " Ddet(A)/m
N < n! (2/V3)" " Ddet(A)*1

Based on the fact that for an integral lattice det{A) > 1, one can see the superiority
of our bounds over the above results, especially for large values of n. Note that we
are still able to improve the bounds of (4.26) and (4.30) for ESM-lattices, as can
be seen in (4.28), and (4.33).
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4.4 Conclusion

By deriving bounds, we have investigated the trellis complexity of lattices to some
extent. The discussions has been based on a universal approach to the construction
and analysis of the trellis diagrams of lattices using their bases. Some results
relating the trellis complexity of dual lattices have been established. These results
have been used in deriving upper bounds on the trellis complexity. The upper

bound results both improve and generalize the similar results of {71].



Chapter 5

Minimal trellis diagrams of

lattices

For clear reasons, finding low-complexity trellis diagrams for group codes is of
importance. There has been a great amount of research devoted to addressing
this problem for block codes, e.g., [60], [44], {45],[14],(32],[46],[15]. In most of these
works, the authors concentrate on state complexity, and find permutations of the
time axis which result in low-complexity trellises for some categories of codes. In
continuation to this extensive work on the subject, the general problem area is

predicted to remain wide open and active for future research [28].

Despite the situation for block codes, search for low-complexity trellis diagrams
of lattices (parallel to the permutation problem for block codes) has not received
much attention yet. In fact, the credit for taking the first and perhaps the only
step towards this subject goes to Forney for his work in [33]. Here, we continue this
mission to a certain extent by devising simple algorithms for finding lov-complexity

(in many cases, minimal) trellises for a wide range of lattices.

82



CHAPTER 5. MINIMAL TRELLIS DIAGRAMS OF LATTICES 83

In previous sections and by two examples we gave basis matrices for Dy and
the Leech lattice which result in minimal trellis diagrams for these lattices. In this
chapter, we continue by obtaining low-complexity trellis diagrams of some other
important lattices. In many cases, like Barnes-Wall lattices BW,,, root lattices and
their duals D,, D, E,., E;, and A,, A, n <9, we are also able to prove that the
obtained trellises are minimal. For proof, we either use (4.7), or derive tighter lower

bounds on complexity which are achieved by the obtained trellises.

To establish the new lower bounds, we use enumeration techniques which are
based on the distance distribution of the shells of lattice points with respect to the
origin, the arrangement of points on the first few shells of the lattice, and the fact
that the determinant of a lattice divides the determinant of any of its sublattices.
Although these techniques are applied to some particular lattices in this thesis, they
can also be applied to the other categories of lattices to either improve the lower

bound of [y*/?] on the trellis complexity, or search for minimal trellises.

5.1 Preliminaries

It appears that finding a minimal trellis of a general lattice A is a very hard problem.

To solve it, one can search for n mutually orthogonal vectors of A, by, ...,b!, which

n
=1

minimize [];., ||b{]l. This is actually the same as minimizing det(A’), where A’ is
an n-D orthogonal sublattice of A with basis vectors bi,...,b!,. Let A be an n-D
rational lattice with a given basis B. A trellis of A can be constructed based on
the basis B (see Section 4.1). Suppose that this trellis has a complexity Ny, and
let x = Y, asb;,a; € Z,Vi, be a candidate point of A for any of the vectors
bi,..., b}, in the above description. Knowing the value of A(A), to obtain a trellis

of A with complexity lower than Ny (or to show that there does not exist such a
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trellis), one only needs to search for x in the sphere centered at the origin with
the radius of R = Nydet(A)/(A(A)™"!). This however could be a difficult task
in general. One way of performing this task is to enumerate o;’s from a, to a;.
successively, and by a method similar to the one presented in Section 3.3. Knowing
more about the structure of A and the arrangement of its points can usually help
to reduce R in the above algorithm, and therefore to make the problem more
tractable. Such knowledge can also be employed to improve the bound of (4.7)
on trellis complexity. It can even, rather simply, result in finding minimal trellises
(without explicitly using the above algorithm), if it is properly combined with an
enumeration method which enumerates lattice points on the first few shells of the

lattice. These are illustrated in the following sections for some famous lattices.

On the other hand, as we explained in Section 4.1, for rational lattices finding a
proper trellis coordinate system, which results in a small value of N, is equivalent to
finding a proper basis for the lattice. Thus to obtain a minimal trellis of a lattice A.
one can search among all the possible bases for A. This is clearly a very hard task,
even in small dimensionalities. Note that different orderings of basis vectors result
in different coordinate systems, and even for only considering the different orderings
of a given basis for a lattice, the amount of computation explodes exponentially

with dimension.

Having an n xm basis B of a lattice A, any other basis B’ of A can be constructed
(in the same standard coordinate system) by using B’ = UB, where U is an n x n

unimodular matrix. To show the variety of unimodular operations, we list some of
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them below:

i. Interchanging two rows.
ii. Multiplying a row by —1.

ili. Adding an integer multiple of a row to another one.

The corresponding unimodular matrices can be easily constructed [62, p. 192].
Note that the combination of any two unimodular operations (corresponding to
the multiplication of the corresponding unimodular matrices) is also a unimodular
operation. Despite the intractability of the problem of finding a minimal trellis for
a lattice via searching among its bases, it appears that in many cases just starting
from a given basis matrix, and reordering the rows gives us good trellis diagrams
(sometimes minimal). (See, e.g., Example 4.1). In the following, when we search
for a low-complexity trellis of a lattice by working on a given basis, we just permute
the basis vectors. This is done as a complete search in small dimensionalities (up
to 8), and as a random search for n > 9. We also notice that minimizing N does
not necessarily result in minimizing the other complexity measures of the trellis.
In fact, it is not difficult to find examples where two minimal trellises of the same
lattice have different values of S,G, or £ (see, e.g., Example 5.6). Among the
minimal trellis diagrams of a lattice, one might be interested in selecting the one
which has a lower complexity with respect to another complexity measure, e.g., S.

However, no attempt has been made to consider this aspect of the problem here.

For the rest of this work, we need to define matrices R,, n = 2m, m > 1, by

the following recursion:

1 1
Ry = s BRn=Rn 2® Ry, n2>4,
1 -1

where @ denotes the direct sum operation, as defined in (2.11). Note that R, = RI.
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We also have R2 = 2I,, which means that R,/+/2 is an orthogonal matrix. Let A
be an n-D lattice (n = 2m) with a basis matrix B. We denote a version of A by

RA if it has a basis matrix equal to BR,,.

Given a trellis coordinate system S, = {W;}~,, and a basis B for a lattice A,
it frequently happens that we need to find another basis B’ for A such that the
two ordered systems S, = {span(b})}2, and S, are the same. Let U; denote the
matrix with its rows equal to the unit vectors of the coordinate system §;. We
first transform B to S; by computing B; = B(U,)T. Then by finding the HNF of
B, we obtain a basis H in §; with its G-S vectors along the coordinate system.
The basis B’ is equal to H transformed back to the original coordinate system, i.e.,
B' = HU;.

5.2 Barnes-Wall lattices

It can be seen that all the Barnes-Wall lattices BW,(n = 2™, m > 2) have n
mutually orthogonal vectors of length A, !. This in conjunction with Theorem 4.4
and Lemma 4.1 indicates that there exists a basis B for each Barnes-Wall lattice
BW, such that N(BW,, B) = 42 = (n/2)"/*. In the following, starting from a
given basis for a Barnes-Wall lattice A, we construct another basis which results in

a minimal trellis for A.

Let G be a matrix with (1,0) and (1,1) as its rows (the order of rows can be

selected arbitrarily). Let G®™ denote the m-fold Kronecker (tensor) product of G,

1Forney has also noticed that certain interesting lattices A, including the Barnes-Wall lattices,
have this property. Equivalently, ke has observed that these lattices have orthogonal sublattices
A’ such that |[A/A’| = v(A)™/2. This result for Barnes-Wall lattices can also be obtained from the

code formulas given in [31].
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where the Kronecker product C ® D of matrices C = (¢;5), 1 <1 <p.1 <7< ¢q.

and D is defined as
CnD ClzD b Cqu

D D --- cpD
A basis matrix for BW,, can be formed by selecting the rows of matrices G®™,
2G®™ ..., 2lm/21G®™ which have a square norm equal to 2™~! or 2™. In this ver-
sion, A(BW,.) = 1/n/2 and det(BW,) = (r/2)™*, which confirms that y(BW,) =
\/n/2. Starting from the above basis matrix of BW,, the following theorem gives
an algorithm for finding a basis which minimizes N(BW,, B).

Theorem 5.1 Let A denote the above version of Barnes-Wai iattice BW,(n =
2™, m > 2). For m odd, select matriz B to be the HNF of A, and for m even,
choose it as ; HR., where H is the HNF of RA. Then B minimizes N(A, B). i.e..
N(A, B) = (n/2)™4.

Proof: We prove the theorem by induction. For m = 2, the lattice BWj is
the same as D,;. As a basis matrix for this version of D4, we can use either the
algorithm stated before, or simply select either one of the matrices B; or B, given
in Example 4.1. Starting from one of these basis matrices as B, we first find the
HNF of BRs. Then by multiplying the result by ;R4 from the right, we obtain the

following basis matrix for Dj:

1 10 O

- 1 -1 0 0
B =

0 01 1

-1 00 -1

Using Propositions 4.1 and 4.2, it is easy to see that N(Dy, B) = 2.
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By Lemma 4.5, the above procedure for finding B implies that using the HNF
of RD, as the basis matrix minimizes N(RDy4, B). This in turn, by Theorem 4.4,
concludes that RD4 has four of its shortest vectors along the coordinate vectors.
Now for every m > 3, and odd, the induction assumption similarly implies that
RBW,m-1 has 2™ of its shortest vectors along the coordinate vectors. It is known
that BWam = |BWym-1/ RBWam-1|?, where |-/ - |* denotes the squaring construc-
tion [31]. From the squaring construction and the fact that RBWjm-1 has 2™~!
shortest vectors along the coordinate system, it follows that BW,m has 2™ of its
shortest vectors along the coordinate vectors. Thus the HNF of BW;m minimizes
N(BW;m, B).

For m > 4 and even, let the HNF of BW,m-1 give the minimum number of
distinct paths in the trellis of BWm-i. This implies that BW;m-1 has 2™~! short-
est vectors along the coordinate vectors. Since BWym = |BWym-1/ RBWym-1 |2, it
can then be concluded that RBW,m has 2™ of its shortest vectors along the coor-
dinate vectors. This implies that the HNF of RBW,m, denoted by H, minimizes
N(RBW;m, B), and therefore the matrix ;}HRgm minimizes N(BW,m,B). O

Example 5.1 The lattice BWjs ts the Gosset lattice Eg. The following basis matriz
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of Eg, which is actually its HNF, minimizes N(Eg, B), i.e., N(Eg, B) = 16.

[ 2 0 00 000 0)
0 2 00 0000
0 0 20 0000
s_| -1t -11 0000
0 0 00 2000
1 -1 00 1100
1 0 -10 1010

\ 0 -1 -1 0 -1001)

The corresponding trellis of Eg is given tn Figure 5.1. This trellis corresponds to the
“minimal code formula” of Eg = 2Z%+(8,4,4) for Eg, where the linear code (8,4.4)
is the first order binary Reed-Muller code [59,p. 373]. A trellis of Eg isomorphic to
the trellis of Figure 5.1, and constructed based on the same code formula has been

also given in [33]. Note that for another trellis of Eg given in [38] which minimizes

—e —e 0
0 1 1 1
1 1 1 1]
0 0 0 0
o . ) ————— il
1
1 0 1 1 0
——
1 1 0 ¢ 1
0
0 0 1
L ) 1 0 9
[

Z/2Z Z[2Z 73z Z/2Z Z/2Z Z[2Z Z[2Z Z/2L
Figure 5.1: A minimal trellis diagram of Fjs.

the number of states, we have N(Eg, B) = 576, which is much larger than 16. Thus
we ezpect the trellis of Figure 5.1 to decode Eg more efficiently. This is indeed the
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case. The trellis of [89] (with minimum number of states) has € = 7 and G = 6.
compared to € = 5.5 and G = 2 for the above trellis. It also requires 33 two-way
comparisons for the VA, while this number for the trellis of Figure 5.1 s only 11.

It can be seen that for BW,, n > 8, starting from the minimal trellis of Dy, the
trellis iteratively constructed based on the two-section trellis of squaring construc-
tion [31] is also minimal. To see this, we notice that based on the construction of the
two-section trellis, N(BW,) = |BW,;2/ RBWy/2|N(BW,/2)?, where we have used
the fact that the minimal trellises for BW,,/, and RBW,,;, have the same number of
distinct paths. This combined with |BW,;»,/RBW,,/,| = 27/ [31], and the initial
condition of N{D4) = 2 results in N(BW,) = (n/2)"*/%. The two minimal trellises
are however different, and the trellis constructed based on Theorem 5.1 has a lower

Viterbi decoding complexity.

5.3 Lattices D,

For n > 3, D, can be represented by the following basis matrix [25, p. 117]:

(-1 -1 0 -0 0 )
1 -1 0 -0 0
B=| 0 1 -1 -0 0 |- (5.1)
\ 0 0 0 .1 -1 )

For this version of D,, we have det(D,) = 2, and A(D,) = v/2, which result in
4(Dyn) = 2(*~3/"_ Since D, is an integer lattice, Theorem 4.5 predicts that using
the HNF of D, as the basis matrix, we obtain N(D,, H) < 2" !. In fact, it
appears that N(D,, H) = 2"~1. We also note that the construction of D, based on
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the (n.n — 1,2) linear code consisting of all codewords of even weight, and using
construction A [25, p. 138], expresses D, as the union of 2"~! cosets of 2Z™. The
conventional trellis of D,, based on this construction is given in Figure 5.2. There
is however, some gap between this result and the lower bound of y*/? = 2(r=2)/2
given in Theorem 4.4. We already observed in Example 4.1 that the minimal trellis
of D4 achieves the lower bound. The code formula of lattices RD,, n = 2™, given
in [31], which expresses RD,, as the union of 2("~2)/2 cosets of 2Z", also predicts

that the above result can be improved (at least for D,, n = 2™).

0 0
ZJ2Z Z[2Z ZJ2Z ZJ2Z Z[2Z ZJ2Z Z[2Z Z/[2Z

Figure 5.2: Conventional trellis of D, ccrresponding to D, = 2Z" + (n,n — 1, 2).

5.3.1 n even

Using the basis matrix of (5.1), it can be seen that for n even, the » mutually
orthogonal vectors u; + uz,u; — Uy, U3 + Uy, U3 — Ug, ..., Up_y + Uy, and U,y — U,
belong to the lattice D,, where u; is the i-th coordinate vector. Noticing the
fact that all these vectors are shortest vectors of D,, and using Theorem 4.4 and
Lemma 4.1, we conclude that there exists a basis for D,, n even, that achieves the

lower bound of Theorem 4.4. The following theorem gives such a basis.
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Theorem 5.2 For D,, n even, let H denote the HNF of the lattice RD,. Then
N(D,.,HR,/2) = 2=2/2 e the trellis constructed for D, based on the basis

matriz HR,, /2 is a minimal trellis.

Proof: Using the basis matrix B of (5.1), we can see that for n even, the lattice
RD,, with basis matrix B R,, has n vectors of length A(RD,,) = 2 along the standard
coordinate system. This together with the fact that for a HNF as a basis, the G-
S vectors are along the standard coordinate system, and Theorem 4.4 results in
N(RD,,H) = v(RD,)*? = 4(D,)*?. Combining this with Lemma 4.5 completes

the proof. O

Example 5.2 Using the basis matriz of Theorem 5.2, we obtain the trellis of Fig-
ure 5.3 for Dg. This trellis corresponds tc the minimal code formula RDg = 27Z° +

Figure 5.3: A minimal trellis diagram of Dg.

(6,2,4), where the linear code (6,2,4) consists of codewords (000000), (110011),
(111100), and (001111).

It can be seen that in general, the minimal trellis diagram of D,, n even, con-
structed based on the basis introduced in Theorem 5.2, has a form of Figure 5.4(a).

An intermediate trellis section for this trellis diagram is given in Figure 5.4(b).
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Adding this trellis section to the middle part of the trellis diagram of D, results in

the trellis diagram of D,,. It is easy to see that in the trellis of Figure 5.4(a). we
have G(D,) = 2,5(D,) = (3» — 5)/n, and &(D,) = 4(n — 2)/n.
0 0

0 0 0
— 7——-.-‘ o—9
1 0
1/: : 1;

z/22 z/22 Z/2Z Z/2Z Z/22  Z/2Z Z/22 Z/2Z
¥ 0 FE W r A s
(a) (b)

Figure 5.4: (a) A minimal trellis diagram of D,, n even. (b) A trellis section.

Finally, we notice that the trellis of Figure 5.4(a) corresponds to the minimal
code formula of RD, = 2Z" + (n, "~—2’—2,4) for RD,,, n even.

5.3.2 n odd

For D,,n odd, by permuting the basis vectors of (5.1), we are able to obtain trellises

with N = 4/2y™2. This is illustrated in the following theorem.

Theorem 5.3 For D,, n odd, reordering the basis vectors of B (given in (5.1)),
let B = (bl’ b2a b33 b51 b41 b7, bﬁa MR bn-y bn—l)- Then N(-Dn-y B) = 2(n—1)/2.

Proof: We prove the theorem by induction. It is easy to see that for Dj, the
basis Bs = (by, bz, bs) results in N(Dj, B;,) = 2. Now assume that for n; > 3, and
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odd, the basis matrix B 2 B,, = (by, by, by, bs, b, bz, bg, ..., b, by, 1) results
in N(D,,,B) = 2(m-1/2_ It can be seen that the lattice D,, ;s has the following

basis matrix:

Q
13
1
o
o

Bﬂ1+2=
00 --- 00 1 =1
\ 00 -.-01 -1 0 /

Therefore, we have B: = B,-, for ¢ =1,...,n;, and consequently, a} = a;, for i =

1,...,n;, where «} and o; are defined in Section 4.1, and are the corresponding
parameters of lattices D,, and Dy, ;,, respectively. Using Proposition 4.1, we then
have N(Dn, 42, B’) = a, 0, ,3N(Dq,, B). Based on the above definition of B’,
it is easy to see that b, ,, = bf, ,, and b, , = (0,...,0,~1/2,~1/2). This
combined with the definition of o} results in o;, ,, = 1, and a ,, = 2. Note
that both vectors b} ., and 213;l +2 are shortest vectors of Dy, 1;. Thus we have
N(Dn, +2,B') = 2N(D,,, B) = 2("+1/2 which completes the proof. O

Note that based on (4.7), we have N(Dj3, B) > 2, which means that the basis
B of the above theorem results in a minimal trellis for D;. The minimal trellis of
Dj has two states in levels one and two. For the other values of n, the lower bound

of (4.7) is improved in the following theorem.

Theorem 5.4 For any trellis diagram of lattices D, n odd, we have N > +/2v(D,)™2.

Proof: It is easy to see that for the version of D, considered here, the lengths

of the nonzero vectors in increasing order are [25, p. 118]:

v2,2,V6,v8, V10, ... .
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It can also be seen that it is not possible to find an orthogonal sublattice A’ of
D,,n odd, such that the lengths of its mutually orthogonal basis vectors b{,.... b},
are all equal to A(D,) = v/2. The reason is that this along with (4.6) results in
det(A’) = 2*/2, which is not divisible by det(D,) = 2, for n odd. Putting this case
aside, the next best case for det{A’) to be minimized is when just one of the vectors
b/, ..., b/, has a length of 2, while the others have still a length of +/2. This results
in det(A’) > 2»+1/2 and thus N > 20*-1/2 = /2~4(D,)"/?, which completes the

proof. O

Corollary 5.1 For lattices D,,,n odd, the trellis diagrams with N = 2*~V/2 con-

structed based on the basis B given in Theorem 5.3, are minimal.

Example 5.3 Using the basis introduced in Theorem 5.3, we obtain the minimal

trellis diagram of Figure 5.5 for Ds. It can be seen that the label code is the linear

90

v oum Y %

Figure 5.5: A minimal trellis diagram of Ds.

code (5,2,3) consisting of codewords (00000), (00111}, (11100), and (11011).

In general, the minimal trellis diagram of D,,, » odd, has the form of Figure 5.6.

An intermediate trellis section for this trellis diagram is the same as the one for
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The extra trellis section w.r.t. Dn_1 The intermediate trellis section

7“‘\

0
1
Nt
G B oam B Y 2 %

Figure 5.6: A minimal trellis diagram of D,, n odd.

the trellis of D,, n even, and is given in Figure 5.4(b). Adding this trellis section
to the middle part of the trellis diagram of D,,n > 5, results in the trellis diagram
of Dpys. Comparing Figures 5.4(a) and 5.6, one realizes that the only difference
between trellises is that the trellis of D,, n odd, has an extra section (as its third
section) with respect to the trellis of D,,_;. It is also easy to see that in the minimal
trellis of Figure 5.6, and for = > 5, we have G(D,) = 2,5(D,) = 3(n — 2)/n, and
E(D,) = 4(n — 2)/n. For n = 3, we have G(D3) = 2,5(D3) = 5/3, and &(D3) = 2.

Note that although the conventional trellis of D,, given in Figure 5.2, minimizes
the number of states, it has a higher Viterbi decoding complexity compared to
the minimal trellises of D, obtained here. In specific, the number of two-way
comparisons required for the VA to decode the trellis of Figure 5.2 is more than

twice what is needed for the decoding of our minimal trellises.
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5.4 Lattices D}

The following matrix is a basis for D, n > 3, [25, p. 120}:

(1 0 -~ 0 0 )
0 1 .- 0 0

0 0 -~ 1 0
\ 1/2 1/2 .- 1/2 1/2 )

For this version of D7, we have det(Dz) = 1/2, and A = v3/2, n = 3, or A =
1, n > 4. It can be seen that y(D3) = 1.191, and v(D;) = 2*/*, n > 4. Using
Proposition 4.5, we obtain N(D;, H) < det(D,) = 2, where H is the HNF of
D;,. On the other hand, based on (4.7), for any basis B’ of D}, N(D;,B’') > 2.
Combining these results indicates that the trellis constructed based on the HNF of
Dy, is a minimal trellis with two distinct paths. Note that this is in agreement with
the fact that Z™ is a sublattice of D}, with index two. In fact, D}, = Z"+1/2(n, 1,n),
where (%, 1,n) is the binary repetition code. It can be seen that the basis of (5.2) has
also its G-S vectors along the coordinate system, we therefore have N(D;, B) = 2.

The corresponding trellis of D}, is given in Figure 5.7.

0 o0 _.g0
0/
1 1 !
———— ) - i el
Z2/2Z Z/2Z Z/22 2/2Z
2 2 2 2

Figure 5.7: A minimal trellis diagram of Dj.
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The decoding of D}, based on the trellis of Figure 5.7 is equivalent to the decod-
ing of the union of two cosets of Z™ in D}, [22]. The latter is known as the fastest

method for the decoding of D,

5.5 Lattices £, , B

In Section 5.2, a minimal trellis and the corresponding basis for Eg(= Ej) were
given. In the following, we find minimal trellises for lattices Es, E5, E7, and E7.
5.5.1 Lattices Es and Ej

The following basis matrices generate Eg and Ej [25, pp. 126,127]:
-1 1 0 0 0 0 0)

[ o
0 0 -1 1 0 0 0 0
0 0 0 -1 1 0 0 0
B= , (5.3)
0 0 0 0 ~L 1 0 0
0O 0 0 0 0 -1 1 0
N Y.
(0 1 1 0 0 0 0 0)
0O 0 -1 1 0 0 0 0
0O 0 0 -1 1 0 0 0
B = (5.4)
0O 0 0 0 -1 1 0 0
0 2 3 -3 -i-3-1 0
1 1 1 1 1 1 1 1
\: } 3 i -3 -1 -1 -3

It is known that A3 is a sublattice of E¢ with index 3 [25, p. 447]. This combined
with the fact that the minimal trellis of A; has two paths indicates that there exists
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a trellis diagram for Eg¢ with N < 24. Using a permuted version of (5.3) with the
order of basis vectors as (1, 3,2,5,4,6), we obtain N(Eg) = 16. The corresponding
trellis is given in Figure 5.8(a). Using this result along with the fact that Fg, as an
integral lattice, is a sublattice of E; with index 3, we conclude that there exists a
trellis of Eg with N < 48. In fact, Theorem 4.2 along with the result of Figure 5.8(a)
for the sizes of the label groups, i.e., g = (2,2,4,2,4,2), shows that such a trellis
has N = 16. We are also able to obtain a trellis of Eg with N = 16 by employing
a permuted version of (5.4) with the order of basis vectors as (1,3,2,5,4,6). The

corresponding trellis of Eg is shown in Figure 5.8(b).

Note that by applying v(Ee¢) = 1.665 and v(Eg) = 1.601 to (4.7), we obtain
N(Ee,B) > 5 and N(E;, B’) > 5, for any bases B and B’ of Eg and Ej, respectively.
These lower bounds along with the lengths of nonzero vectors, and the determinants
of Eg and E; are given in Table 5.1. In this table, we also have the new improved
lower bound of 16 on the trellis complexity of these lattices. This bound is derived
in the following theorem.

0 0 0

0
.
i
z Z/4Z Z/22 Z/2Z ZJ2Z Z/4Z Z/4Z 3/22 I/2%
.. 2/ 2 (] 2 3 2J/3 2 3

(a) (b)

Figure 5.8: (a) A minimal trellis diagram of Eg. (b) A minimal trellis diagram of Ej.

Theorem 5.5 For any trellis diagram of lattices Eg, and E;, we have N > 16.
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A Lengths of nonzero vectors det(A) | [y*/?] | New L. B.
Es | v2,2,v6,v8,V10,V12,V14,... v3 | 5 16

E; | 2/V3,v2,1/10/3,2,4/v/3,v/6,/22/3,... | 1/V/3 | 5 16

Table 5.1: Parameters of lattices Fg, and Ej, along with the old and new lower bounds

on N.

Proof: For any orthogonal sublattice A’ of Eg, let {b},...,bs} denote the set
of mutually orthogonal basis vectors of A’. By enumerating the number of basis
vectors of length A(Es) = v/2, we exhaust all the possibilities for the lengths of
these vectors. Examination of the minimal vectors of Eg, given in [25, p. 126].
shows that there exist at most four of them which are mutually orthogonal. We
therefore start by the cases where four of the basis vectors have length /2. By
examining the lengths of the vectors of Eg given in Table 5.1, and using (4.6), we
then conclude that for det(A’) to be the smallest integer multiple of det(Es) = /3,
the best choice for the lengths of the other two vectors is either v/6 and v/8, or 2
and /12. This results in det(A’) > (v/2)*(4v/3), which together with (2.12) gives
N > 186.

It is not difficult to see that for det(Eg) = V3 to divide det(A’), there must be at
least one basis vector b} of A’ such that ||b}|| > v/6. For the cases where fewer than
four of the basis vectors have length /2, this results in det(A’) > (v/2)3(22)v/6, and
thus N > 16. This completes the proof of N(Eg) > 16.

For Eg, the result can be proved by just examining the lengths of the vectors
of Eg, given in Table 5.1. It can be seen that for any orthogonal sublattice A’ of
Eg, there must be at least one of its mutually orthogonal basis vectors b with

[Ibi]l > 2. The reason is that it is not possible to select six numbers from the set
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of numbers {2/v/3, /2, /10/3} such that their product forms an integer multiple
of det(E3) = 1/+/3. Moreover, for Ej, there is no orthogonal pair of the vectors of
length 2/+/3. If there were, there would be at least one vector of length 2v/2//3
in E:. Based on these, we then conclude that det(A’) > (2/v/3)(2)(V2)* = 16/V/3,
which results in N(Eg) > 16. O

Corollary 5.2 The trellises of Eg, and Eg with N = 16, given in Figures 5.8(a)

and (b), are minimal.

5.5.2 Lattices E; and FE3

It is known that E,; may be obtained by applying construction A {25, p. 137] to
the little Hamming code (7,3,4). This corresponds to the code formula E; =
2Z7 + (7,3,4) and the following basis for E-.

(2000000)

0200000

0020000
B=10002000|. (5-3)

1110100

0111010

\0 011101

It is then clear that 2Z7 is a sublattice of E with index 8, and therefore N(E7, H) <
8, where H is the HNF of E;. In fact since the G-S vectors of B are also along the
coordinate system, we have N(E7, B) < 8. On the other hand, applying v(E;) =
28/7 to Theorem 4.4 results in N(E;) > 8, which means that the trellis of E
constructed based on (5.5) is a minimal trellis. This trellis is shown in Figure 5.9(a).
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Z/2Z Z/2Z ZJ2Z Z/2T Z/2Z Z[2Z Z/2Z Z/2ZZ)2Z Z.[27 Z/2Z Z]2T Z[2ZZ[2Z

(a) (b)
Figure 5.9: (a) A minimal trellis of E;. (b) A minimal trellis of E3.

Since an integral version of E; is a sublattice of E; with index 2 [25, p. 125].
the above result for E7 indicates the existence of a trellis for E; with at most 16
distinct paths. In fact, applying the result of Figure 5.9(a) to Theorem 4.2 implies
that constructing a trellis of E7 based on its HNF results in N = 16. The HNF
of E7 (as the dual of a version of E; with the basis B/2, where B is the matrix

in (5.5)) is given below:

[ 2 0 00000)
0 2 00000
0 0 20000

H=| -1 0 -11000 |- (5.6)
-1 -1 -1 0100
-1 -1 00010
\0~1—10001)

The corresponding trellis is shown in Figure 5.9(b). This trellis demonstrates the
code formula E; = 2Z7 + (7,4, 3), where (7,4,3) is the Hamming code. Note that
for E7, applying v = 1.656 to (4.7) gives the lower bound of N(E7) > 6. In the
following, we tighten this lower bound, and prove that the obtained trellis for E;
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is in fact minimal.
Theorem 5.6 For eny trellis diagram of E7, we have N > 16.

Proof: Consider a version of E; where the lengths of nonzero vectors in in-

creasing order are equal to (25, p. 125]:

V3/2,V2,1/7/2,2,/11/2,V6,/15/2, ... .

This version has a determinant of det(E;) = 1//2. Also let A’ be an orthogonal
sublattice of E;. We first notice that there are not any two of the 56 minimal vectors
of E;, given in (25, p. 125], which are orthogonal. Thus we just need to discuss two
cases where either only one of the basis vectors of A’ has a length of A(E7) = 1/3/2.
or none of the basis vectors has a length of \/g/_i . For the former case, examining
the lengths of the vectors of E7, and using the fact that det(A’) must be an integer
multiple of det(E;) = 1/v/2, we conclude that there is at least one basis vector b}
of A’ with ||b}|| > +/6. This results in det(A’) > (\/3_/_2_)(\/6)(\/5)5, and therefore
N > 24. For the latter case, it is easy to see that det(A’) > (v/2)7, and thus
N>16. 0O

Corollary 5.3 The trellis of E with N = 16, shown in Figure 5.9(d), is minimal.

5.6 Lattices A,

The lattice A,, n > 1, is defined as an integral lattice by the following set of points:

An = {(z0,T1,...,20) € Z™ i 2o+ -+ + 2, = 0}. (5.7)
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The following basis matrix corresponds to the above definition (25, p. 109]:

(-1 1 0 0 - 0 0)
0 -1 1 0 --- 0 O

B={ 0 0 -11-.-- 0 0]- (5.8)
\ 0 0 0 0 .- -1 1)

For this version of A,, we have A = /2, and det(A,) = v/n + 1. Based on The-
orem 4.11, constructing a trellis diagram of A, using a K-Z reduced basis results
in N < 2*~1)/2_ There is however a big gap between this upper bound and the
lower bound of Theorem 4.4, which is N > 2*?(n + 1)~'/2. Using the basis B
given in (5.8), we obtain a trellis with complexity N(A,,B) = n! . In the follow-
ing, we improve this result by permuting the basis vectors of matrix B, and obtain
trellis diagrams with relatively small values of N. Table 5.2 contains the results
for A,, n € 16. The order of basis vectors is given in the second column. The
information of the last column will be used in Section 5.7. From Table 5.2, it is

clear that the obtained trellises for lattices A; = Z, A;, and A3z = D3 are minimal.

Example 5.4 The trellis diagrams of Ay and As constructed based on the bases
gwen in Table 5.2 are shown in Figure 5.10. Later in this section, we will prove

that both of these trellises are minimal.

It can be seen that for the above version of lattices A,, n > 3, the lengths of

nonzero vectors in increasing order are:
v2,2,v/6,v8,v/10,V12, ... .

The minimal vectors are all permutations of (1, —1,0,...,0), and the vectors with

length 2 are all permutations of (1,1,—1,-1,0,...,0). It is easy to see that for
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A Basis (B) N(A,B) | [ fe1 &

A | (1) 1 1 1
A | (1,2) 2 2 4
As | (1,3,2) 2 2 8
Aq | (1,3,2,4) 8 2 64
As | (1,3,2,5,4) 8 3 128
As | (1,3,2,5,4,6) 48 3 2,304
Az |(1,3,2,7,5,6,4) 16 4 1,024
As | (1,2,4,6,5.8,7,3) 96 6 27,648
As |(1,3,2,5,7,6,4,9.8) 128 8 32,768
A | (1,2,4,6,5,8,10,9,7,3) 768 10 589,824
An | (1,3,2,7,9,5,4,11,10,8,6) 384 14 884,736
A | (1,3,5,2,7,6,11,9,8,12,10,4) 6912 18 47,775,744
Az | (1,7,11,9,8,3,5,4,13,12,10,2,6) 3072 25 18,874,368
Ay | (1,2,5,9,13,4,3,14,7,8,11,10,6,12) 13824 33 573,308,928
Ars | (1,2,3,9,13,11,10,5,7,6,15,14,12.4,8) 6144 46 301,989,888
A | (1,2,6,4,16,10,12,8,5,14,9,13,7,11,3,15) | 184320 63 | 33,973,862,400

Table 5.2: Basis matrices B, the number of distinct paths in the corresponding trellis
N(A, B), the lower bound [y"/2] on N, and the product of the sizes of the label groups
for A, lattices (n < 16).
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Figure 5.10: (a) A minimal trellis of A;. (b) A minimal trellis of 4.

two minimal vectors to be orthogonal, they cannot have any nonzero element in the
same coordinate. Thus one can find at most [n/2] mutually orthogonal minimal
vectors of A4,. The following theorem is an immediate result of this, and the fact

that the next shortest vector of A, has a length of at least 2.

Theorem 5.7 The complezity N of any trellis diagram of lattices A, satisfies
2(311-—-1)/4

V2 e

(5.9)

Proof: Based on the above discussions, for any orthogonal sublattice A’ of
An(n > 3), we have det(A’) > 224, for n even, and det(A’) > 2@"~V/4 for n odd.
The proof then follows from this combined with (2.12), and the fact that the lower
bound on det(A’) for n odd is smaller than the one for n even. The lower bound of

(5.9) is also achieved for minimal trellises of A,,n < 3. 0O

Comparing the fraction in the lower bound of Theorem 5.7 with y*/2 = 2*/2 /(n+
1)/ in (4.7) shows the improvement of the bound given in (5.9) over the one

in (4.7).
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For any specific value of n > 3, the lower bound of Theorem 5.7 can be improved
using more elaborate discussions involving the arrangement of points of A,. In the

following theorem using enumeration methods, we perform this task for 4 <n < 9.

Theorem 5.8 Any trellis diagram of lattices A,, 4 <n <9, satisfies N(A,) > L,

where L 1is given in Table 5.3.

Proof: The proofs for Ay, As, and A7 are simple and similar, while it is more
complicated to prove the result for Ag, Ag, and Ay. For the sake of brevity, here
we just give the proofs for A4 and As.

For A4, since there are at most 2 minimal vectors which are mutually orthogonal.
we start the enumeration by considering the cases where two of the four mutually
orthogonal basis vectors of an orthogonal sublattice A’ have length /2. In these
cases, for det(A’) to be an integer multiple of det(A4,) = /5, we need two more
vectors of As with the product of their lengths equal to an integer multiple of /5.
The best choice for the lengths which minimizes det(A’) is either +/8 and /10, or
2 and /20, both resulting in N > 8. Clearly, for det(A4) = V/5 to divide det(A’),
A’ must have a basis vector of length at least +/10. For the cases where fewer than
two of the basis vectors have length /2, this results in det(A’) > (v/2)(2%)(V10),
and thus N > 8.

For Ag, to apply the enumeration method, we need the arrangement of vectors
on the first few shells of the lattice. It can be seen that the vectors of Ag with norm

V6 are all permutations of
+(2,-1,-1,0,0,0,0), and (1,1,1,-1,-1,-1,0),
the vectors with norm /8 are all permutations of

(21 —21 030’05 070)3 and :i: (27 17_11_13_1’070)1
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Lattice (A) || A1 | A2 Az Aq As Ag Az As Ao

[y(A)™2] || 1 2 2 2 3 4 4 6 8

L 8 8 48 16 96 128

{m, &} {1,0} | {1,1} { {3,0} | {3,1} | {5,0} | {3,3} | {5.2} | {7, 1}
{3,2}

Table 5.3: New (L) and old ([7(A)™/?]) lower bounds on N(4,), n < 9, along with the

parameters m and k of the proposed algorithm for minimal trellises of A,.

the vectors with norm /10 are all permutations of
(2,1,-2,-1,0,0,0), and +(2,1,1,-1,—1, -1, —1),
and finally the vectors with norm /14 are all permutations of
+(3,-2,-1,0,0,0,0), £(2,2,~2,~1,-1,0,0), and =+ (3,1, ~1.—1,—1,—1,0).

We first enumerate all the possibilities based on the number of mutually orthogonal
basis vectors of A’ with length equal to A(4s) = v/2.

a) 3 of the 6 vectors, say b}, b}, and b}, have length +/2: We continue by enumer-
ating the possibilities for the number of 3 remaining orthogonal basis vectors with
length 2. Examining the vectors of Ag with lengths v/2 and 2, it is not difficult to
see that one cannot find two orthogonal vectors of length 2 which are orthogonal
to 3 mutually orthogonal vectors of length v/2. We thus need to only consider 2
cases. 1) 1 vector, say by, has length 2: In this case, for det(A’) to be an integer
multiple of /7, we need two more vectors b and b} of Ag such that ||b|| > /6.
4]l > V6, and ||bil{[|bs|| is an integer multiple of v/14. Examining the vectors
of Ag with lengths V8, one realizes that none of them is orthogonal to 3 mutu-
ally orthogonal vectors of length +/2. Also, it is not possible to find any vector
of Ag with length /14 which is orthogonal to 4 mutually orthogonal vectors with
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lengths v/2,v2,v/2, and 2. Therefore the best choice for ||bj|| and ||by|| which
minimizes det(A’) is either v/18 and v/28, or V12 and v42, or v/6 and v84. All
choices result in N > 48. ii) no vector has length 2: For these cases, we have
bl > VB, [b4]l > VB, bsll > VB, and [[b]|[[b}l[[b}]| must be an integer multi-
ple of V14. Examining the vectors of Ag with length V6 reveals that one cannot
find two of them which are orthogonal to each other and also to bi,bj, and bj.
For the cases with just one vector, say bj, with length /6, the best choice for ||bj||
and ||bs]| to minimize det(A’), as an integer multiple of /7, is either v/14 and v/24,
or V12 and v/28, or V8 and V42 (we already saw that this last case is impossible
due to orthogonality conditions). All choices result in N > 48. For the cases with
no vector of length v/6, we need to consider vectors by, b}, and b} of Ag such that
Ib4ll = VB, b5l 2 VB, 1Byl > V&, and [[b][bs[|lby]l s an integer multiple of
v14. Based on the orthogonality conditions, none of the lengths |[b4]|, ||bs||, or
|b4|| can be equal to /8. It is not also possible to have two orthogonal vectors of
length /10 which are orthogonal to b/, b}, and b}. The best choice is therefore to
have |[b4]| = [|b}|| = V12, and ||bg|| = v/14. This results in N > 48.

b) 2 of the vectors have length +/2: For /7 to divide det(A’), we need 4 more
vectors with the product of their lengths equal to an integer multiple of v/7. We
enumerate on the number of vectors with length 2. One cannot find 2 orthogonal
vectors of As with length 2 which are also orthogonal to 2 vectors of length +/2.
We thus need to consider two cases. 1) one vector has length 2: In this case, it
can be seen that the best situation for minimizing det(A’), as an integer multiple
of V7, happens if the 3 remaining vectors have either lengths v/6, v/6, and /28, or
lengths v/6, v/12, and v/14. Both cases result in N > 48. ii) none of the vectors
has length 2: The best selection for the lengths of the 4 remaining vectors is /6,
V6, V8, and /14, which results in N > 48.
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¢) Only one vector has length v/2: We need 5 more mutually orthogonal vectors
with the product of their lengths equal to an integer multiple of /14, and also
orthogonal to the first vector. We enumerate on the number of vectors of length 2.
It can be seen that there exist at most 3 mutually orthogonal vectors of length 2
in Ag. We therefore consider the following cases. 1) 3 vectors have length 2: The
best choice for the lengths of the remaining 2 vectors is either 4 and V14, or V8
and v/28. Both result in N > 64. ii) 2 vectors or fewer have length 2: For /7 to
divide det(A’), there must be at least one basis vector of length at least /14. We
thus have det(A’) > v/2(22)(v/6)?V/14, and therefore N > 48.

d) None of the vectors has length V2: Noticing the fact that there exist at most
3 mutually orthogonal vectors of length 2 in Ag, we have det(A’) > (2%)(v/6)?*V14,
and thus N >68. O

The same methods can also be applied to the other A, lattices to improve
the lower bound of (5.9). However, by increasing the dimension, the number of
enumeration steps required for having a tight lower bound is usually increased as

well. This results in complex and lengthy discussions which are difficult to handle.

Corollary 5.4 The trellis diagrams constructed based on the bases given in Ta-
ble 5.2 for A,, 4 < n < 9, with N = 8,8,48,16,96, and 128, respectively, are

minimal.

QOur results on the minimal trellises of A,,n < 9, surprisingly suggest that,
unlike lattices BW,,, D,, and D}, it is not likely to find a general structure for the
minimal trellis diagrams of all A, lattices. However, in the following, we propose
au efficient systematic algorithm for finding low-complexity trellises for A, lattices
(arbitrary n). The algorithm results in minimal trellises for n < 9.
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The algorithm for trellis construction

Let n — 1 =m+ k&, for n > 2, where m and k are non-negative integer numbers.
Suppose that lattices A,, and A, m,k # 0, have orthogonal sublattices A;, and

+ with basis vectors vy,...,vn,, and wy,..., wy, respectively, where the vectors
in each set are mutually orthogonal. Also, for the sake of simple representation, let
Ao = { } be an imaginary lattice with no basis vector. Using the definition (5.7),

one can see that the following » mutually orthogonal vectors belong to A,:

Y. :( V1,1, cer 5 Urm4l 1 0» . ¥ 0 )
ym :’( YUm,1 » y Umm+1l 07 30 )
Youtr = ( 0 ) e ’ 0 vy Wiy ey Wyky ) (510)
Yn-1 = ( 0 b .o . 0 v Weyy .-y Wikt )
¥n =( &, ... B ;—=8, ... L,=8 ),

where ¢t = (k+1)/g, s = (m +1)/g, and g is the greatest common divisor of m + 1
and k+ 1. Now, let N,, and N; be the complexity of trellises constructed based on
the quotient groups A,./A,, and Ar/Aj, respectively (Ny 2 1). We therefore have
Ny = det(Ay)/vm+1 = ([IZ, Ivi))/v/m+T1, and Ny = ([T%, lIw:ll)/vE+ L.
Considering the orthogonal sublattice Al of A, with the vectors in (5.10) as its
basis vectors, we obtain det(A;) = ([T, llvi]I)( H:;, llw:lf)llyn]l. Constructing a
trellis of A,,n = m + k + 1, based on A,/A,, we thus see that if A,, and A have
trellises with complexity N, and N, respectively, then it is always possible to have
a trellis of A, with the following complexity

_ det(A])
T vn+1

(mk + n){(k + 1)s? + (m + 1)¢e2}]*/* mk +n
n+1 = Now N

= Nme [
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Lattice (A) | Aw | Aun | Aw | A | A | Ais | As
Nin Table 5.2 | 768 | 384 | 6912 3072 | 13324 | 6144 | 184320

New N 768 | 256 | 3072 | 3072 | 6144 | 2048 | 32768
{m,k} {7,2} | {7,3} | {110} | {11,1} | {11,2} | {7, 7} | {15.0}
{7,5}

Table 5.4: Old and new values of N(A,), 10 < n < 16, along with the corresponding

parameters m, k, in the proposed algorithm.

Now, starting from n = 2, and using the facts that A; has a minimal trellis with
N; = 1 and that the corresponding sublattice A} has a basis vector (1,—1), the
algorithm finds a trellis of A, with complexity N, = 2, based on the only possi-
bility {m,k} = {1,0} which satisfies m + k = 1 in the above construction. The
corresponding orthogonal sublattice A’ has the mutually orthogonal basis vectors
y1 = (1,-1,0), and y; = (1,1, ~2). Similarly, by increasing n by one in each step,
the algorithm continues to find a trellis for each A,, = > 2, by enumerating all the
|(n + 1)/2] possible combinations for m and k in m + k = n — 1, and selecting
the smallest N, in (5.11). The corresponding mutually orthogonal basis vectors of
A!, are obtained easily based on (5.10), and using the (previously found) results for

smaller values of n.

It can be seen that the above algorithm results in the minimal trellises for n < 9.
The corresponding parameters m and k are given in Table 5.3. For 10 < n < 16.
the results of the algorithm along with the results obtained in Table 5.2 are listed
in Table 5.4. One can see the improvement of the former over the latter for values
of n = 11,12,14,15, and 16. As for the other values of n, it can be proved that the
log-complexity (log, N) of the trellises obtained by the algorithm is upper bounded
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by (rnlog, n)/2 + O(n). The proof is similar, but more tedious than the proof given
below for Theorem 5.9. Note that based on (5.9), the log-complexity of any trellis
diagram of A, is lower bounded by 3n/4+0O(log n). The upper bound on complexity
can be improved for the special case of n = 2P — 1, where p is a positive integer, or

more generally for n = 2P 4 272 — 1, where p;,p, are non-negative integers.

Theorem 5.9 The complezity N, of the trellis of A,,n = 2P —1, p € Z*, obtained
by the proposed algorithm, satisfies

2n

N, < .
—n+1

(5.12)

Proof: Choosing m = k = (n — 1)/2 in the algorithm, and using (5.11), we
have N, < N(zn_l)/z(n +1)/2. Now since (n — 1)/2 = 2P~! — 1, N(;_1)/2 can also be
upper bounded in a similar way. Applying the same procedure p — 1 times (p > 2)

iteratively, we obtain

- +1 n+1 2 n+1 =2 2"
< N¥™ r — 92P—p-1 _ .
e (00) (0F) - (5) ==

where at the second last step, we have used N; =1, n+1 = 2P, and the arithmetic-

geometric series expression for the exponent of 2. It is also easy to see that (5.12)

is satisfied forn =p=1. O

The upper bound of (5.12) is quite tight. It is achieved for all the values of n
in the form of 2P — 1, given in Tables 5.3 and 5.4, i.e., » = 1,3,7,15. In fact, using
similar methods as those employed in Theorem 5.8, we have been able to prove that
the corresponding trellis of A5 with N = 2048 is minimal (we already saw that the
obtained trellises for A;, A3, and A7 are also minimal). This along with the small
gap between the upper bound of (5.12) and the lower bound of (5.9) has led us to
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conjecture that the algorithm results in minimal trellises for A,, n = 2P — 1, with
complexity N, = 2*/(n + 1).
As a corollary of Theorem 5.9, we obtain a tight upper bound on the trellis

complexity of a more general category of A, lattices.

Corollary 5.5 The complezity N, of the trellis of An, n =27 + 272 — 1 py.p; €
Z* U {0}, and p1 < p,, obtained by the proposed algorithm, satisfies

N, < 2n Pt (5.13)

Proof: The result is proved by choosing m = 27 — 1, and k = 2 — 1, in the
algorithm, and applying the result of Theorem 5.9 to (5.11) either for both N, and
Ny, when py,pa > 1; or for just N, when p; = 0,p2 > 1. Inequality (5.13) also
holds for n =1 (py =p2=0). O

Note that (5.13) reduces to (5.12) for n = 27 — 1,p € Z*. The bound of

Corollary 5.5 is achieved forn =1,2,3,4,5,7,9,11,15, and 16, as can be checked
using Tables 5.3, and 5.4. Since p; > 0, it also results in N, < 271

5.7 Lattices A

The lattice A;, n > 1. is defined as

n
A, ={x=(20,...,2a) 1 )_zi =0; XV EZL,VVE A}, (5.14)

=0
where A, has the definition of (5.7). The corresponding basis matrix has been given
in (3.1). For this version of 4}, we have A = y/n/(n + 1), and det(A;) = 1/v/n + 1.
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By constructing a trellis of A} based on (3.1), we obtain N(A},, B) = n!. However.
by permuting the basis vectors, one can get a better result as explained in the

following theorem.

Theorem 5.10 Let B = (bly-'-van/zjybﬂsb[n/2j+17bln/21+2v"-»bn—l) be ¢ ba-
sis of A; obtained from (3.1) by permuting its basis vectors. Then N (Az,B) =
(L= DU=EDE

Proof: Using a method similar to the proof of Theorem 5.3, it can be proved
that for the trellis constructed based on B, we have N(A;) = N(A;_;)[2E].
Combining this with the initial condition of N(A]) = 1 completes the proof. O

Note that for » < 8, Theorem 5.10 gives the best result achievable by permuting
the basis vectors of (3.1) (all the permutations are tested). For A} = Z and A; = A,,
the basis of Theorem 5.10 results in a minimal trellis. For A}, the result of this
Theorem, which is N(Aj3, B) = 4, can be improved by noticing that A3 = D3, and
that the minimal trellis of Dj has two distinct paths.

For larger values of n, the result of Theorem 5.10 can be improved by applying
the results of Table 5.2 or those of Tables 5.3 and 5.4 (corresponding to the trellis
coordinate system of (5.10)) to Theorem 4.2. If A, has a trellis with N(A,) distinct
paths and label groups with sizes g;,z = 1,...,n, then A}, will have a trellis with
(ITw, &)/N(An) distinct paths (in the same trellis coordinate system). It appears
that although for 4 < n» < 10 and n = 13, the coordinates of Table 5.2 and those
of Tables 5.3 and 5.4 result in the same N(A}), for the other values of =, the latter
results in a smaller N(A}). The best obtained results based on this method are
listed in Table 5.5 for 4 < n < 16.

It has been tested that the results of Table 5.5 are the best for n < 7, in the sense

that they are the minimum values of ([]\, g:)/N(An) over all the permutations of
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n | N(47) | [
4 8| 2
5 16| 2
6 48| 2
7 64| 2
8| 288| 2
9| 256| 2
10 768| 3
11| 1024 | 3
12| 3072| 3
13| 6144 | 3
14 | 18432 | 3
15| 16384 | 3
16 | 32768 | 3

Table 5.5: Number of distinct paths in the trellis of A7, 4 < n < 16, in the same (trellis)

coordinate system as the one given in Tables 5.3 and 5.4 for the corresponding A,..
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basis vectors in (5.8). However, for n = 8, we are able to find a trellis for A;
with N = 128. To see this, we notice that a permuted version of (5.8), that is
(by, bs, bz, by, bz, be, by, bg), results in a trellis with N = 128 and [[;_, g = 128?
for Ag. Combining this with Theorem 4.2 shows that A; has a trellis with N =128
in the same trellis coordinate system. For the other values of 9 < n < 16, we have
not been able to improve the results of Table 5.5 by this method.

Note that there is also a big gap between the obtained results and the lower
bounds of Corollary 4.5, listed in Table 5.5 as well. Later on, in Theorem 5.11,
we prove that the obtained trellises for A}, A3, A;, and A3, are minimal. Also for
Aj and Aj, improving the results of Table 5.5, we find (trellis) coordinate systems

which result in minimal trellises.

Example 5.5 Minimal trellises for Ay and A; are shown in Figures 5.11(a) and
(b), respectively. The trellises are obtained in the same coordinate systems as the
ones given in Table 5.2 for minimal trellises of A4 and As. The corresponding basis

matrices are:

(11 0 0 o0 0)
-1 1 0 0 0
0o 0 -1 1 0 o0
0 0 -1 1 0
By: = , Baz=| 0 -1 1 0 0 0
0 -1 1 00 3 =1 =1 o=l =1L
T 1 1 -4 1 2 2 2z 2 2 2
5 5 5 5 5 _
\§ ¥ T F &)

Note that, as ezpected, the trellises of Figure 5.11 have the same state and label
complezity profiles as those of Figure 5.10.

Theorem 5.11 Minimal trellis diagrams of lattices A}, 4 < n <9, have complez-

ities N = 8,16,48, 32,48, and 256, respectively.
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z/22 2/2Z Z/4Z Z /4% Z/2Z Z/2Z Z/42 Z/22 Z/42
2 V2 2 Vs 2 2 2 2 23

(a) (b)
Figure 5.11: (a) A minimal trellis of A;. (b} A minimal trellis of A;.

Proof: The proof is based on direct enumeration of lattice points on the first few
shells of A7 lattices. On these shells, we search for a set of n mutually orthogonal
vectors by,..., b}, which minimizes det(A’) = [];_, ||b}||. To proceed, we need the
general forms of the vectors on the shells. Let x € A}. It can be seen, based
on the definition (5.14), that if at least one of the coordinates of x is zero, then
all the coordinates must be integer, and therefore x € A,. Knowing the forms
of the vectors of A,, we then continue by listing the vectors of A} in the form of
x = z/(n+ 1), and with ||x|| < M, where z € Z™*! has no zero coordinates, and M
is the distance from the origin of the furthest shell which we are interested in. This
“listing process” is performed based on the definition (5.14), and by sequentially
checking the cases where n +1,n,n—1,...,1, and 0 of the coordinates of z are +1,
and selecting those which result in ||x|| < M. Then for the cases where none of the
coordinates is +1, we continue by checking the instances with n+ 1,2, —1,...,1,

and 0 of the coordinates of z equal to 2, and so on. The process is stopped for
+p, where p is the smallest integer which satisfies p > M/v/n + 1.
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Using the general forms of the vectors, we are then able to study their orthogo-
nality. The resulting knowledge along with the fact that det(A’) must be an integer
multiple of 1/4/n + 1, enables us to both obtain orthogonal sublattices A’ with
minimum determinant, and prove their minimality. In the following, we only prove

the result for A;. The other proofs are similar, but more tedious.

The lengths of nonzero vectors of Aj in increasing order are:

2/v5,/6/5,V2,/14/5,4/v5,2,/24/5,. .. .
22 23)

The vectors on the first three shells are all permutations of i(-—%, g), (-5 3%
and (1,—1,0%), respectively. It can be seen that no pair of vectors from the first
two shells are orthogonal. Starting by enumerating the number of vectors of length
2/v/5, we therefore need to consider two cases: a) Only one of the 4 mutually
orthogonal vectors has length 2/1/5: We need 3 more vectors which are longer than
\/—6%, with the product of their lengths equal to an integer. All three vectors thus
cannot have a length of V2. It is possible to have 2 vectors of length v/2 which
are orthogonal to the first vector. In this case, the next smallest integer length is
2, and one can easily find a vector of length 2 which is orthogonal to all the three
previously selected vectors (see Table 5.6). This results in N = 8. For the cases
with fewer than 2 vectors of length /2, we have det(A’) > (2/v/5)v/2(1/14/5)3, and
therefore N > 8. b) None of the vectors has length 2//5: If one vector has length
1/6/5, since the product of the lengths must be an integer multiple of 1/4/5, the
other three cannot all have a length of v/2. Thus det(A’) > (\/6/—5)(\/5)2(\/1_4/_5),
and N > 9. If none of the vectors has length \/6/_5, then clearly det(A’) > (v/2)4,
and therefore N > 9. O

The results of Theorem 5.11 along with the corresponding coordinate systems

are given in Table 5.6.
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LA,‘. Nmin n mutually orthogonal vectors which result in a minimal trellis
" 8 ( -—-4/5. 1/5, 1/5, 1/5, 1/5 ). ( 0, -1, 1, 0, 0 )
( 0, 0, 0, -1, 1 ){ 0 -1, -1, 1, 1 )
( -—~4/6, -4/8, 2/6, 2/6, 2/6, 2/6 },( -1, 1, O, 0, 0 )
AS 18 ( o, 0, -1, i, o 0 )}{( 0 0 9 0 -1, 1 )
( o, 0, -1, -I, 1, 1)
( -e/7. 1/7, /7, /7, y/7, yr, 7 ), ( 0. -1, 1, Q, g. 0 )
Ag 48 ( o, o, 0, -1, 1, 0, o J,( 0o o o, -1, 1}
( o, 0, 0, -1, =1, 1, 1 )3( 0 -2, -2 1, 1, 1, 1 }
( ~1, 1, o, o, 0. o, o0, 0 )
( 0, 0, -1, 1, 0, O, 0, 0 )
( 0, 0, 0, 0, -1, 1, 0, 0 )
A7 32 ( o, o, o, 0, o, 0, -1, 1)
( -1/2, =~-i/2, -—-1/2, -1/2, /2, 1/2, 1/f2, 1/2 )
( -1i/2, -1/2, 1/2, 1/2, 1/2, 1/2, -1/2, ~1j/2 )
{ 1/2,  1/2, -—-1/2, ~1/2, 1/2, 1/2, -1/2, -1/2 )
{ -1, 1, 0, a, 0, o, o, a, 0 )
( 0, 0. -1, 1, 0, 0, o, 0, o )
( o, o, 0. o, -1, 1, o, o, 0 )
4 a8 { 0, 0, o, o, o0, 0, -1, 1 0 )
{ 3/9, 3/9, 3/9, 3/9, af9, 3/9, -6/9, -6/9, -6/9 )
( 3/9,  3/s, 3/9, 3/9, -6/9, -6/9, 3/9, 3/9. -6/9 )
( 3/9, 38f9, -6/9, ~6/9, 3f9, 3/9, 3/9, 3/9, -6/9 )
( -6/9, -6/9, 3/9, 8/9, 3f9, 3/9, 3/9, 39, -6/9 )
{( -8/t0, -8/10, 2/10, 2/10, 2/10, 2/10, 2/10, 2/10, 2/10, 2/10 )
( -1, 1, 0, 0, 0, 0, o, 0, 0, 0 )
( o, 0. -1, 1, 0, o, o, o, 0, o )
( 0, 0, 0. 0, -1, 1, o, 0, 0, o )
AS 256 ( 0, 0, o, o, 0, -1, 1. o, 0 )
( 0, o, 0. o, \ 0, 0, . =1 1)
( o, , =1, -1, 1, 1, o, , 0, o)
( o, . 0, a, 0, 0, -1, -1, 1, 1)
( o, 0, -1, -1, -1, -1, 1, 1, 1, 1)

Table 5.6: The complexity Npm;n of minimal trellises for A}, 4 < n < 9, and the corre-

sponding trellis coordinate systems.
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Example 5.6 Let v, = (0,0,0,-1,1), v» =(0,-1,1,0,0), v3 = (0,-1,-1.1.1).
and v4 = (—4/5,1/5,1/5,1/5,1/5). For A}, based on Table 5.6, the trellis coordi-
nate system {Wi}L, = {vi, v2, v3, v4} results in @ minimal trellis. It can be seen
that this trellis is isomorphic to the trellis of Figure 5.11(a), and thus has the same
state, edge, and label group complexzities. However by permuting the coordinates to
{W: e, = {v4, V2, V1, Va}, we find another minimal trellis for A with the following
parameters: s = (1,4,8,4,1), e = (4,8,8,4), and g = (4,2,2,4). Comparing these
parameters with those of Figure 5.11(a) shows that this second trellis has higher

state and edge complezities.

Note that the results of Theorem 5.11 have a significant improvement over the
lower bounds of (4.7). These results also suggest that it is unlikely to find a general
structure for minimal trellis diagrams of A, lattices. For larger values of n (n > 9),
obtaining a minimal trellis by enumeration could be very difficult. One might
prefer a simpler approach which results in a low-complexity trellis (without any
guarantee for being minimal). As we observed before, one method is to use the
same trellis coordinate system which results in a low-complexity trellis for A,,. In
this case, using the fact that A, is a sublattice of A7 with index n + 1, we have

N(A) <(n+1)N(A,). In fact, in the coordinate system (5.10),
N(A7) = gN(A,), (5.15)

and the bound can be improved to N(A}) < (n + 1)N(A,)/2. The reason is that
for A;, the shortest vector in the direction of y, in (5.10) is gy,/(n + 1), which has
a length of at most ||ya|/2.

Applying (5.11) to (5.15), we obtain

N(AZ) = (m + 1)(k + 1)N(An) N(Asx) . (5.16)
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This suggests minimizing N(AZ) in the coordinate systems of the form (5.10) by
checking different values of m and k which satisfy m + £ = n — 1. We however.
notice that this search does not improve the results of Table 5.5, except for Aj,
where choosing {m, k} = {0, 7} results in N(A3) = 128.

Finally, for n = 2P—1, p > 2, the results of the above algorithm can be improved
by selecting a trellis coordinate system consisting of the ¢ = (n + 1)/2 vectors (if

@ > 4)
( 11 —13 0’ 01 07 1 01 Ov 0 )?
( 01 07 17 —lﬂ 07 ’ 01 Oﬁ 0 )1
( 01 0= 07 01 0, ey 07 17 ~1 )7

the g2 = (n + 1)/4 vectors

( 12, —12, 0%, 0%, 0%, ..., 0%, 0*, 0% ).
( 02, 02’ 12’ __12’ 027 e, 02’ 02~ 02 )’

( 0%, 0%, 0*, 0%, 0%, ..., 0%, 12, —1%? ),
the g3 = (n + 1)/8 vectors ..., the g,_, = 4 vectors

n41

(1%, -1, 0%, o, 0%, o, 0%, 0% ),
(0%, 0%, 1%, —1%F, 0%, 0%, o, 0% ),
( O%L\ Oggi: 0‘"—#1 ngg-l-a lggis —1?_‘*—1.3 Ol'—gl, 01}1‘ )v
(0%, 0%, 0%, 0%, 0%, 0%, 1%, 1% ),
and the g, = 3 vectors
1(n+1)/4 1(n+1)/4a j(n+1)/4 1(n+1)/4
( 2 ’ 2 ) 2 sy T3 )1
1(n+1)/4 1{n+1)/4 1(n+1)/4 1(n+1)/4
( 2 ? 2 ) 2 T T g )w
( l("+”/4 _l(n+1)/4 _l(n+1)/4 £(n+1)/4 )
2 : 2 ’ 2 k 2 .
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It is easy to see that all the above vectors belong to A}, and are mutually orthogonal.
It can be also seen that the complexity of the corresponding trellis is equal to

N(Ay) =272, (5.17)

For n = 15, this coordinate system results in N = 8192, which improves over
N = 16384, obtained in the best coordinate system of the form (5.10). This method

also results in minimal trellises for A3 and A3.

It can be seen that the log-complexity of trellises obtained based on the above
methods is upper bounded by (nlog,n)/2 + O(n). Similar to the situation for A,
lattices, this bound can be improved for some specific values of n. This is illustrated

in the following theorem.

Theorem 5.12 Choosing the trellis with the lowest complezity among the trellises

obtained by the above methods, the trellis complezity of A}, lattices satisfies

N(An) €272 for n=2°P -1,
N(Ay) <271 for n=2Pr 4 2P2 — 1
N(A;) < n2nP-2 for n = 2P 4 272

) <
N(AZ) < (n—1)2"P =2 for n=27 427 41,
N(A:) €3(n—2)207n~3  for n =27 4 2P2 . 2,

where p, p1,p2 are non-negative integers, with p > 2, and p; < pa.

Proof: The first inequality is a consequence of (5.17). The second inequality
is obtained by choosing {m,k} = {27 — 1,27 — 1}, and applying Theorem 5.9
to (5.16). The other inequalities are derived by choosing {m,k} = {0,n — 1},
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{m.k} = {1,n — 2}, {m,k} = {2,n — 3}, ... in (5.16), respectively, and applying
Corollary 5.5. O

Note that although n = 2P — 1 is a special case of n = 2Pt 4+ 272 — 1, the first
inequality is stronger than the second inequality.

The bounds of Theorem 5.12 are tight. In fact, based on the obtained results, it
can be seen that the bounds are attained for n = 3,7,15,» = 1,2,4,5,8,9,11, 16,
n=24,6812,16,n = 5,9,13, and » = 6, 10, 14, respectively. In the following, we
also derive a tight lower bound on the trellis complexity of A’ lattices for a general
value of n. The relatively small gap between the lower bound and the above upper
bounds shows the satisfactory performance of the proposed algorithms in finding

low-complexity trellises for A;.

Theorem 5.13 The complezity N of any trellis diagram of A}, lattices (n > 4)

satisfies

N > [vn2r-8i2] (5.18)

Proof: Since the complexity of minimal trellises for lattices A, 4 < n < 9,
satisfies the inequality, the result is proved for n < 9. It can be seen that for

A, n > 8, the lengths of nonzero vectors in increasing order are:

[ 2(n-1)
n+1’ n+1 V2.

The vectors on the first two shells are all permutations of +(Z%, -1;"), and
n+1
:t(—:{-—;—:—z, %ﬂ—l), respectively. It is not difficult to see that no pair of these

vectors are orthogonal. We therefore have N > 4/n/(n + 1)(v/2)*!/det(AZ) =
/12172 and the proof is complete. O
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Comparing the lower bound of (5.18) with v*/2 = v/n + 1(n/(n + 1))*/? shows
the considerable improvement of the result given in Theorem 5.13 over the lower
bound of (4.7). Also note that the result of Theorem 5.13 corresponds to a lower
bound of n/2 4+ O(log n) on the log-complexity of any trellis of A’.

5.8 Lattice K,

The following matrix generates the Coxeter-Todd lattice K;, [25, p. 128]:

[ 2 0 0000 o0 0 0 0 0 0)
0 2 0000 0 0 0 0 0 0
0 0 2000 0 0 0 0 0 0
1 -1 -l100 0 £ £ 9 0 o0
-1 1 -fo10 ¥ 0o £ 9090 0 0
g | -t -3 ro001 L S5 9 0 0 0
1 0 0000 —/3 0 0 o 0 0
0 1 0000 0 —V3 0 0 0 0
0 0 1000 0 0 —V3 0 0 0
P b obio0 8 8 88 0 o
b b b030 £ 4 0 F
L33 d00 F £ F 0 0 -f)

(5.19)

For this version, we have A = 2, and det(K72) = 27, which results in v = 4/+/3.
In [33], Forney has considered some trellis constructions of K, as a complex E-
lattice. To modify these trellises such that they represent K, as a real lattice, each
edge can be replaced by a properly labeled minimal trellis of A;. The reason is
that the set of Eisenstein integers E is the complex analog of the real hexagonal
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lattice A,. It is known that K2 contains A$ as a sublattice of index 64 [24]. (This
corresponds to the complex code formula of K;; = 2E® + (6, 3,4) given in [33]).
This fact has been used to devise a decoding algorithm for K, in [24]. It also shows
that there exists a trellis of K;, with N < 64 x 2 = 4096.

By permuting the rows of (5.19), we obtain a basis for K}, with the order of its
vectors as (1,2,3,9,7,5,8,6,12,11,10,4) which results in a trellis with N = 4096.
The sizes of the label groups in all trellis sections are 4, and the number of states
in different levels of the trellis are s = (1, 4, 16, 64, 64, 64, 64,64, 64,16,4,4,1). Note
that for K;,, inequality (4.7) results in the lower bound of N > 152. This lower

bound is improved in the following theorem.
Theorem 5.14 For any trellis diagram of K,,, we have N > 512.

Proof: Let A’ be a 12-D orthogonal sublattice of K;,. We then proceed by
enumerating the number of (mutually orthogonal) basis vectors of A’ with their
length equal to A(Ki2) = 2. For the above version of K),, it can be seen that the

lengths of nonzero vectors are [25, p. 129]:

2.v6,v8,v10,v12,V14,... .

Combining this with the fact that det(A’) must be an integer multiple of 27, we
conclude that for all the cases where the number of basis vectors of length 2 is greater
than 6, det(A’) > (27)(1024), and therefore N > 1024. For the cases where exactly
6 or fewer than 6 of the basis vectors have length 2, we have det(A’) > (2)6(v/6)%,
and thus N > 512.

Note that in the above proof, we have only used the information regarding the
lengths of the vectors of K;,. More elaborate arguments involving the arrangement
of lattice vectors, and their orthogonality conditions can probably result in a tighter

lower bound.
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5.9 Conclusion

Low-complexity (in many cases minimal) trellis diagrams for some important lat-
tices have been found. For BW,, D,, D, E,, E;, (An, AL, n < 9), and Ay, we
have obtained basis matrices which result in minimal trellises. The number of dis-
tinct paths in some of these minimal trellises is much larger than [y*/2]. We have
also concluded that, despite the case for BW,, D, and D}, it is not likely to find
a general structure for the minimal trellises of A, and A lattices. We however,
propose simple algorithms for finding low-complexity trellis diagrams of A, and
Az in any given dimension n. Except for Aj, these algorithms result in minimal
trellis diagrams for every other n < 9. Finally, based on the small gap between the
derived upper and lower bounds on the complexity of the trellises obtained by the
algorithms, and also the fact that many of these trellises are minimal for n < 9, we

conjecture that many of them are also minimal for n > 9 (especially those for A,).



Chapter 6

Some results on lattice theory

Covering radius, successive minima, and coding gain are important structural pa-
rameters of a lattice. In the following two sections, we derive inequalities which
relate the covering radius of a lattice to its successive minima, and the coding gains

of densest lattices in two successive dimensions together.

6.1 An upper bound on covering radius

The inhomogeneous minimum and successive minima of a convex body with respect
to a lattice [37, pp. 123,124] play essential roles in the geometry of numbers. A well-
known inequality connecting these parameters, for a bounded o-symmetric convex

body K with respect to a lattice A in R™, is the following [41]:

k(K. A)

Miw

5’3 M(K,A), (6.1)

where p( K, A) and A;(K, A) are the inhomogeneous minimum and the -th succes-

sive minimum of the body K with respect to the lattice A, respectively. Inequality

128
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(6.1) has been used by other researchers to derive upper bounds on p(K,A) in
terms of A\;(K,A) and the volume of the body K, [20], [65], [68]. Further classical
results of this type are due to Mahler, Hlawka, Kneser, Birch and others, see [37.
pp- 98-107].

In this work, we give an analogue of (6.1) for the case that K is the n-D unit
sphere S, centered at the origin. In this case, u(Sn,A) and A:(Sa,A) are the so-
called covering radius and the i-th successive minimum of the lattice A, abbreviated
by #(A) and A;(A), respectively. The derived bound which is tighter than (6.1) is
given in the following Theorem. It is achieved only in the case of orthogonal lattices.

Two alternate proofs, which are basically geometrical, are given.

Theorem 6.1 The covering radius u(A) of an n-D lattice A satisfies

where A;(A)} is the i-th successive minimum of A. The inequality holds with equality

iff there ezists an orthogonal basis for A.

Proof: As the first proof, we use Propositions 3.1 and 3.2 together with the

fact that every lattice has a K-Z reduced basis. O

We also present an alternative proof for Theorem 6.1 which does not depend
on the concept of basis reduction. To do so, we need the following fact from basic

geometry of numbers (37, p. 19].

Proposition 6.1 Let y1,...,y, be n independent points of a given n-D lattice A.
Then there ezxists a basis by,...,b, of A, such that

¥i € L(by,...,b;) for i=1,...,n.
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Alternative proof: Define a sequence of lattices A, i = 1,...,n, such that
AM) = A, and A®*Y, i = 1,...,n — 1, is the orthogonal projection of A¢! to
span(v;)*t, where v; € A satisfies ||v;|| = A(A)). We first prove that

“(A(i))2 < %,\(A(i))z + p,(A‘“‘”)z fori=1,...,n-1. (6.3)

For any w € span(A¥), let w = w'+w"”, where w' € span(v;) and w” € span(v;)*.
Let x € span(A®). By the definition of u(A%+!)), there exists b € A®) such that
ll(x=b)"|| < u(At+Y). There also exists an integer k such that ||(x — b)’ — kv;|| <
A(A®))/2. Therefore u £ b + kv; is a point of the lattice A®) satisfying

Ilx—ul? = [ec—u)|*+ e =w)"* = [I(x b)Y —kvil|? + [|(x - b)"||"
< AAD)? 4 (A2,

which proves (6.3).

Starting from ¢ = 1, by combining the inequalities in (6.3) successively, and

using the fact that p(A™) = 2A(A™) for the 1-D lattice A™), we obtain

BA) < 3, | 3 MA@y, (6.4)

By the same discussion as given in the proof of Proposition 3.1, we also have

A(A®) < X\(A). This combined with (6.4) proves (6.2).

Suppose that A has an orthogonal basis b;,...,b,. It is not difficult to see
that arranging the basis vectors in order of increasing length, we obtain ||b;| =

IIbi]] = Ai(A) for i =1,...,n. Combining this fact with Proposition 3.2, we have

p(A) = 1/24/3 5, M)
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To prove the “only if” part, we note that if (6.2) holds with equality. then
AMA®) = X(A), for all i, and for any set of vectors {v; : v; € AW ||vy| =
AMA®) ;i =1,...,n—1}. This results in the fact that there exist mutually orthog-
onal vectors y,,...,¥n € A such that ||y;|| = X:(A),Vi. Applying Proposition 6.1
for successive values of ¢, starting from ¢ = 1, and using the definition of successive
minima along with the fact that y; L y;, for # j, we conclude that there exists a

basis by,...,b, for A such that b; = +y;,Vi. O

For ESM-lattices, inequality (6.2) reduces to
w(h) < Y2AA) (6.5)

Inequality (6.5) is satisfied with equality only for the cubic lattices which are equiv-
alent to the lattice Z™. This results in a characterization of the Z" lattice, i.e.. Z™
is the only »n-D ESM-lattice (up to equivalence) which satisfies (6.5) with equality.
or equivalently, Z™ has the largest covering radius in the set of n-D ESM-lattices.

For an n-D ESM-lattice A, there is a well-known conjecture in the geometry of

numbers which asserts that the covering radius p(A) satisfies
W) < Y2 det(A)". (6.6)

This conjecture has only been proved for dimensions n < 6 (see [37, p. 617]).
Selecting a K-Z reduced basis by,...,b, for an n-D ESM-lattice A, and using
Proposition 3.1, we have det(A) = [, ||l§.” < A(A)™. This indicates that the

bound in (6.6) is tighter than the one in (6.5). The two bounds coincide for cubic

lattices.



CHAPTER 6. SOME RESULTS ON LATTICE THEORY 132

6.2 An inequality on Hermite’s constants in suc-

cessive dimensions

The problem of finding dense lattice packings (large 7) is of great importance in both
mathematics and communications [37, pp. 385-411], [25, pp. 66-74]. The maximum
value of 4 in a given dimension n is denoted as ,, and is called Hermite’s constant.
The value of 7, is known only for the dimensions n < 8 [37, p. 410]. It has never
been proved that 7, is an increasing function of n, although this is very likely to
be true. In this work, we establish a lower bound on 7, in terms of v,.; and n.
The bound is derived using a densely constructed n-D lattice which is composed
of parallel layers. Each layer is a translated version of a densest (n — 1)-D lattice.
The layers are placed such that the lattice points in one layer are orthogonally
projected to the deep holes of the two adjacent layers. This, along with the proper

adjustment of the spacing between the layers, helps to increase the coding gain.

In deriving the bound on 9,, we make use of a lower bound on the covering
radius of a lattice (¢) in terms of its minimum distance (A) and dimension (n)
which is due to Ryskov [64]. For large values of n, the derived bound omn 7, is
improved through establishing a lower bound on g in terms of A and n which is

tighter than Ryskov’s bound (for n > 42).

It should also be noted that Mordell and Oppenheim, independent of each other,
have obtained an upper bound of the form (y,-;)"~1/("~2) on 4. see [37, p. 376].
This, in conjunction with the lower bound presented here, provides a tight range

for v, in terms of y,—1.

It is known how to build up a packing in R™ from a given lattice packing
(corresponding to a lattice A) in R™"! by extending the latter to a layer of spheres
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in R™ (with centers at the points of A), and stacking congruent layers as densely
as possible [50]-[53], [23]. In fact, it appears that the densest lattices in dimensions
n < 8 have a layer structure, see e.g., {25, p. 164]. In the above construction, we
call the lattice A the base for the resulting packing. As explained before, we select
the base to be a densest (r — 1)-D lattice. To preserve the lattice property, we
form the successive layers by translating the base with a fixed n-D vector, called
the generator vector, successively. The generator vector is selected such that the

density (coding gain) of the resulting lattice is as large as possible.

6.2.1 Preliminaries

In the following, we give a simple proof for a lower bound on covering radius z in
terms of minimum distance A which is helpful in following the rest of this work.
The original proof, due to Ryskov [64], is more complicated and applies to a general
uniform system of points. We need the following lemma from [64]:

Lemma 6.1 The length of the smallest edge of an arbitrary n-D simplez located
inside an n-D sphere of radius v is upper bounded by [2(n + 1)/n]'/?>r. This bound

s achieved only for a regular simplez inscribed in the sphere.

Theorem 6.2 For an n-D lattice A, we have

n

p(A) 2 A +1)

A(A) . (6.7)

Proof: Consider a sphere S(v) of radius (A) centered at an arbitrary deep hole

v of the lattice A. Since v is the common vertex of some adjacent n-D polytopes
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(Voronoi cells of A), it is located at the intersection of at least n hyper-planes
(which are the facets of the corresponding Voronoi cells). It is not then difficult to
see that v is the deep hole corresponding to at least n + 1 adjacent Voronoi cells.
This means that there exist at least n + 1 lattice points on the surface of S(v). Let
the minimum distance between these points be denoted by d. We have A(A) < d.
Considering the aforementioned n+1 lattice points as the vertices of a simplex, and
using Lemma 6.1, we obtain d < [2(n + 1)/n]/2u(A). Combining these inequalities

proves the theorem. O

It is interesting to note that (6.7) is satisfied with equality for the densest one-

and two-dimensional lattices, i.e., the integer lattice Z and the hexagonal lattice.

Inequality (6.7) could be also obtained by combining the upper bound on the
density of packings given by Rogers (see [25, p. 19]), with the lower bound on the
thickness of coverings due to Coxeter, Few and Rogers (C-F-R) (see [25, p. 40]).
It is clear from the above observation that by tightening either bound, one can
improve the inequality given in (6.7). Rogers’ bound is the best known bound
for n < 42, [25, p. 20]. For n > 42, the Kabatiansky-Levenshtein (K-L) bound
(see [25, pp. 264-265]) takes over [25, p. 20]. There does not, however, exist a
simple expression for the K-L bound except for large values of n. Combining K-L
and C-F-R bounds for large values of n, as given in [25, p. 19] and {25, p. 40],
respectively, we obtain

n \ "
#(A) > 0.7573 (ﬁ) A(A), (6.8)
which is tighter than (6.7).

!Note that both of these results had been available quite a while before the publication of
Ryskov’s bound in [64].
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6.2.2 Main result

Let A be an (r — 1)-D lattice with basis by,...,b,_;, where b; = (b;1, ..., bin-1),
and let v = (v1,...,vs-1) be a deep hole of A,. We construct an n-D lattice A

using the following generator matrix

[ by bz o b 0
b2,1 b2,2 e bZ.n—l 0
B = i .. i .
bn-l,l bn-l.z e bn-l,n-l 0

\ v Vg e Upy h /

where h is a properly selected positive number. It is easy to see that the lattice
A has a layer structure with the base lattice A, and the generator vector b =
(viy...,Vn-1,k). As we will see later, the selection of v as a deep hole helps to

increase the coding gain (density) of A. It is easy to show that
det(A)=h det(As) . (6.9)

To maximize the coding gain of A, we would like to select h as the smallest number
such that A £ A(A) = A(Ap) 2 Choosing a proper value for h requires checking
the distance between lattice points in different layers. The value of & also depends
on the values of y 2 #(Ay) and A\, We select A, to be a densest (n — 1)-D lattice.
denoted by L,-;. Since we do not know much about the structure of L,_;, for a

general value of n, we choose
A
2. (6.10)

This selection guarantees that, except for the lattice points in two adjacent layers,
the distance between the other lattice points is at least A. It is easy to see that

the minimum distance between lattice points in two adjacent layers is /u? + A2.
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Therefore, to keep A’ equal to A, we also need

h2> A2 - pu?. (6.11)

The value of % is selected as the smallest number satisfying both (6.10) and
(6.11). The corresponding value is denoted by ho. We have

VAN~ @ i p< LBy,
ho={ AR RS (6.12)

Af2 otherwise .

According to (6.12), the value of hq depends on the range of p (as determined by
A). However, later in Proposition 6.3, we will present an upper bound on hy which
depends only on A and n. This upper bound will be used in conjunction with the

following proposition to derive our main result.

Proposition 6.2 We have

7(A) = (hi) A

Proof: The proof follows using the definition (2.2), and the facts that ' = A
and (6.9). O

Proposition 6.3 We have
n+1
2n

g
IA

A. (6.13)

Proof: We consider the following two cases:

i) p < \/5/\/2. In this case, the result follows by applying inequality (6.7) to the
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first expression of (6.12).
ii) 4 > v/3A/2. In this case, using (6.12), we obtain hg = A/2 which also satisfies
(6.13). O

Theorem 6.3 (main result) We have

Mm \7 =t
> | — " . .14
’Yn = (n + 1) 7“—1 (6 )

Proof: Using Proposition 6.2, and the facts that Ay = L., and v, > y(A).
we obtain 2
Tn 2 (hio) " 7:_5f . (6.15)
The proof then follows by applying (6.13) to (6.15). O

Note that inequality (6.14) is satisfied with equality for n = 2.

For large values of n, applying (6.8), and using the same arguments as in the
proofs of Proposition 6.3 and Theorem 6.3, we can find a tighter bound than (6.14)

as

n~—1 L n

I\t | " amt -
Y > [1—(0.7573)2 (’:3 ‘/El) ] YR > (2.345) 507, . (6.16)

It can be seen that the expression 2n/(n 4 1) in (6.14) is always less than 2.

This, unfortunately, implies that the inequality (6.14) cannot result in the proof
of Yn > “Yn-1 for any interesting values of n, i.e., n > 10. The reason is that to
conclude such a result from (6.14), we need to have y,_; < 2n/(n+1) < 2. However.
referring to Tables 1.2 and 1.3 of [25], we observe that there already exist lattices
in dimensions n > 9 which have coding gains larger than 2. It is not difficult to see
that combining K-L and C-F-R bounds for » > 42 cannot help either.
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It seems, however, natural that one tries to prove 7, > “n-1 for certain values of
n > 10 by the proper improvement of inequality (6.7) for the corresponding densest
lattices. For the densest lattices in dimensions n > 9, we expect the number of
lattice points on the surface of S(v), as defined in Theorem 6.2, to be larger than
n + 1. To make inequality (6.7) tighter for these lattices, one might be able to use
a well-quantified version of this argument to improve the bound given in Lemma

6.1.



Chapter 7

Concluding remarks

This thesis has made contributions to solving the lattice decoding problem and
investigating its complexity. It has also contributed to the exploration of the trellis
structure and the trellis complexity of lattices. Some results on lattice theory with

possible coding applications have also been developed.

The upper bounds derived in this thesis on the complexity of RCS algorithms,
which are in terms of the dimension n and the coding gain 7 of the lattice, are
so far the best known bounds on the decoding complexity of a general lattice. As
for the trellis method, however, there does not exist an upper bound on the trellis
complexity of lattices which is just a function of n or . There are also some lattices
which do not have a finite trellis, and therefore cannot be decoded by the trellis
method. Despite these facts, based on the results developed in this thesis, we are
able to compare the RCS and trellis methods for each specific lattice with a finite
trellis diagram.

As an example, using RCS algorithms, the decoding log-complexity of D,, lat-
tices is bounded above and below by nlogn/2 + O(n) and O(n), respectively. Ap-
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plying the Viterbi algorithm to the minimal trellis of D,, it can be seen, based on
the first upper bound of (2.19), that the decoding log-complexity of D, is upper
bounded by 2log n+0(1). Comparison of the bounds shows that the trellis method
is more efficient than RCS methods for the decoding of D,, especially for large val-
ues of n. A similar result also holds for D,. As another example, we consider the
sequence of Barnes-Wall lattices BW,,. When decoded by RCS algorithms, BW,
has a decoding log-complexity which is upper bounded by (3nlogn)/4 + O(n). By
applying the trellis method to a minimal trellis of BW,,, even by using the second
upper bound of (2.19), the bound on log-complexity is reduced to (nlog n)/4+O(n).
Note that for RCS methods, this is a lower bound on the decoding log-complexity
of BW,,.

The above examples provide evidence that the Viterbi algorithm, when applied
to a minimal trellis of a lattice with strong algebraic structure, can outperform the
RCS methods. This is mainly due to the fact that RCS algorithms are not able to
employ such a structure to reduce the complexity. They however remain the fastest

algorithms for the decoding of a general lattice.

There are a few directions in which the contributions of this work can be ex-
tended. Improving the bounds on the complexity of RCS algorithms is of definite
interest, although our results imply that this is not very likely.

Developing efficient algorithms to find minimal trellis diagrams of lattices is an
important and challenging problem. In particular, a continuation of this work could
be to find minimal trellises for K;;, and the other A, and A} lattices. Forney has
also suggested the extension of our arguments to complex lattices. In particular,
he has posed some problems on the investigation of minimal trellis diagrams for

complex lattices.
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It has been proved in [40] that the problem of finding a coordinate permutation
that minimizes the number of states at a given level in the trellis of a binary linear
block code is NP-hard. We conjecture that the problem of finding a minimal trellis
of a lattice, given its basis, is also NP-hard.

Another problem would be to find a trellis among the minimal trellises of a
lattice which minimizes another complexity measure (in addition to the number
of distinct paths N). One can also study the problem of minimizing the other
trellis complexity measures like the number of edges, instead of minimizing N.
Improvements over the bounds on the trellis complexity of lattices is also of great

interest.

It has been shown in [71] that the trellis complexity of rational lattices cannot
be upper bounded by either a function of n or a function of 4y. A more natural and
challenging problem is to answer the following question: “Is it possible to upper
bound the trellis complexity of rational lattices by a function of » (and/or ), and

the size of the basis?”.

Investigating the interplay between the performance and the decoding complex-
ity of lattice codes is an important fundamental problem. With this regard, devising
approximate decoding algorithms which are practically simple is an interesting re-
search area. One might also want to look into the problem of constructing lattices

with simple trellis structures.

A very interesting and extremely difficult problem is, of course, to prove or

disprove that -, is an increasing function of n.



Appendix A

An independent proof for
Corollary 3.1

Corollary 3.1 The densest lattices have ESM.

Proof: Suppose A to be an arbitrary n-D lattice with successive minima
Al,...;An. Combining (2.4) with the fact that \; < A for 1 <2 < n—1. re-
sults in AT™'A, < det(A)'y,':/ ?. Dividing both sides of the last inequality by A7 and
using (2.2), we obtain A./A; < {1a/7(A)}*2. For the densest lattice(s), we have
¥(A) = 7n, and the inequality results in A, < A;. Comparing this with (2.1) proves

the corollary. O
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