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Abstract

We relate Connes’ embedding problem in operator algebras to the Brown algebra U,,.(n),
which is defined as the universal unital C*-algebra generated by the entries of an n x
n unitary matrix. In particular, we show that the embedding problem is equivalent to
determining whether or not the algebra U,.(n) has the weak expectation property for
any (equivalently, all) n > 2. From this perspective, we develop a theory of what we call
unitary correlation sets. These sets are analogous to the usual sets of bipartite probabilistic
correlations arising from the typical models in quantum information theory. We show that
the analogue of the weak Tsirelson problem for unitary correlation sets is again equivalent to
Connes’ embedding problem. Moreover, we show that as long as Alice and Bob’s unitaries
are of size at least 2, the set of spatial unitary correlations is never a closed set. This
result is analogous to a recent theorem of Slofstra, which states that the set of quantum
probabilistic correlations is not closed, so long as the input and output sets are large
enough.

We also discuss several applications of the theory of unitary correlation sets. First,
we show that the class of extended non-local games known as quantum XOR games is
a rich enough class to detect the validity of Connes’ embedding problem. That is, the
embedding problem has a positive answer if and only if the value of every quantum XOR
game in the commuting model agrees with the value of the game in the approximate finite-
dimensional model. Second, we use a C*-algebraic analogue of the quantum teleportation
and super-dense coding maps from quantum information theory to obtain separations
between the tensor product model (or “quantum spatial” model) and the approximate
finite-dimensional model (or “quantum approximate” model), for matrix-valued general-
izations of the usual Tsirelson corrleation sets. We use some of the intermediate results
to also obtain separations between the matrix versions of the finite-dimensional model (or
“quantum model”) and the tensor product model.
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Chapter 1

Introduction

The content of this thesis lies on the bridge between quantum information theory and the
theory of operator algebras. In particular, we consider some new avenues for two equivalent
open problems: Connes’ embedding problem (in operator algebras), and Tsirelson’s prob-
lem (in quantum information theory). Connes’ embedding problem is perhaps the most
important open problem in operator algebras. It asks whether every weakly separable,
finite von Neumann algebra can be approximately embedded into the unique hyperfinite
I, factor von Neumann algebra in a trace-preserving manner [13]. While this problem
appears, at first, to be a very technical question, it turns out to be equivalent to many
other significant open problems in operator algebras, and even some open problems in
entirely different areas of mathematics. For example, E. Kirchberg proved that Connes’
embedding problem has a positive answer if and only if the full group C*-algebra of the
free group on (countably) infinitely many generators has a unique C*-norm when tensored
with itself [41]. In the language of free entropy, D. Voiculescu proved that the embedding
problem is equivalent to the existence of microstates [66]. Connes’ embedding problem
is also equivalent to a non-commutative version of Hilbert’s 17th problem [55], and has
equivalent statements in terms of sums of squares problems (see, for example, [36, 43]),
which arise in non-commutative algebraic geometry.

One of the more recent restatements of Connes’ embedding problem is Tsirelson’s prob-
lem in quantum information theory [25, 34, 47]. This problem concerns bipartite separated
systems. If Alice and Bob have labs in a finite-input, finite-output separated system, then
the probability that Alice and Bob obtain certain outputs after measurements, given that
they started with certain inputs, can be modelled by quantum mechanics. Depending on
the model used, the set of possible probabilistic correlations changes. The most commonly
used correlation sets correspond to the finite-dimensional tensor product model, the ten-



sor product model, the approximate finite-dimensional model, and the commuting model,
respectively. For m inputs and k outputs, the probabilistic correlation sets in these models
are typically denoted by C,(m, k), Cys(m, k), Cya(m, k) and Cy.(m, k), respectively. It is
well-known (see, for example, [25, 34, 47]) that

Cy(m, k) C Cpe(m, k) C Cya(m, k) C Cye(m, k) C R™H,

and that C,,(m, k) is equal to the closure of Cy(m, k) and the closure of C,(m,k).
Tsirelson’s problem asks whether Cyq(m, k) = Cye(m, k) for all m,k > 2 [62]. In particu-
lar, the problem asks whether every probability distribution in this setting in a commuting
operator framework can be approximated arbitrarily well by probability distributions in
the finite-dimensional tensor product setting. The commuting operator framework comes
from the axioms of quantum field theory, whereas the finite-dimensional tensor product
comes from the natural assumptions of quantum mechanics. Hence, determining the solu-
tion to Connes’ embedding problem would be a significant advancement in several areas of
mathematics.

Related to Tsirelson’s problem is determining whether either of Cy(m, k) or Cys(m, k)
is a closed set for all m, k. This answer was only recently resolved in the negative by W.
Slofstra [60]. Before Slofstra’s work, it was shown by R. Cleve, L. Liu and V. Paulsen that
embezzling entanglement is a protocol that can be done perfectly in a commuting operator
framework (and even in an approximate finite-dimensional operator framework), but not
in a tensor product framework [11]. More specifically, they showed that, if Alice and Bob
have resource Hilbert spaces H 4 and H g respectively, so that H 4 ® Hp is initialized in the
state 1), and if each of Alice and Bob have a state space C2, then there do not exist local
unitaries U € B(C?® H,) and V € B(Hp @ C?) such that

U V)(eo®1 ®eo) = %(60®¢®60+@1®¢®61)-
This process, if it is possible, is referred to as embezzlement of entanglement. In
contrast, if one replaces their resource Hilbert space H 4 ® Hp with a infinite-dimensional
Hilbert space H and assumes that Alice and Bob are in a commuting operator framework
(rather than a tensor product framework), then embezzling entanglement is possible [11].
The fact that embezzlement of entanglement can always be approximately achieved in
(large enough) finite dimensions was shown by W. van Dam and P. Hayden [64].

This thesis concerns an operator algebraic approach to Connes’ embedding problem
where the correlation sets obtained can precisely describe embezzlement of entanglement.
The C*-algebra in the background of much of this work is the Brown algebra, which is the



universal C*-algebra U,.(n) generated by the n* entries of an n x n unitary matrix. This
C*-algebra was defined by L. Brown [7]. In Chapter 2, we obtain an equivalent statement
of Kirchberg’s conjecture (and hence Connes’ embedding problem) in terms of U,,.(n). We
also show that the Brown operator system V,, spanned by the generators of U,,.(n) arises
as an operator system quotient of the space M,, of 2n x 2n matrices. These facts lay the
groundwork for developing a theory of what we call unitary correlation sets in Chapter 3.
These correlations are similar to the probabilistic correlation sets in Tsirelson’s problem,
except that unitary correlations can be used to encode embezzlement of entanglement.
Similar to the probabilistic correlations above, we obtain unitary correlation sets B,(n, m),
Bys(n,m), By,(n,m), and B,.(n, m), where n and m now represent the matrix size of Alice
and Bob’s unitaries, respectively. Moreover, we formulate a problem regarding the unitary
correlation sets that is both analogous and equivalent to the original Tsirelson’s problem
(and hence equivalent to Connes’ embedding problem). That is to say, Connes’ embedding
problem is equivalent to determining whether By, (n,m) = Bg.(n,m) for all n,m > 2.
The closure question for unitary correlations has a negative answer: neither By(n, m) nor
Bys(n,m) is closed if n,m > 2. The proof of this fact is quite elementary and relies on
embezzlement of entanglement.

After developing the theory of unitary correlation sets, we discuss two main applications
of these sets. The first application is in Chapter 4, where we show that the unitary
correlation sets can be thought of as the sets of possible strategies for a class of two-
player, extended non-local games known as quantum XOR games, which were introduced
by O. Regev and T. Vidick [54]. Moreover, we prove that Connes’ embedding problem is
equivalent to determining whether, for every quantum XOR game, the optimal winning
probability in the commuting model is the same as the optimal winning probability in
the approximate finite-dimensional model. In other words, the class of quantum XOR
games is rich enough to detect whether or not Connes’ embedding problem has a positive
answer. Whether a class of two-player non-local games (with classical questions rather
than quantum questions) exists with this property is not yet known.

Our second application of unitary correlations is in Chapter 5. It comes from a C*-
algebraic analogue of two fundamental protocols in quantum information theory: quantum
teleportation and super-dense coding. These protocols have already been interpreted at
the level of operator spaces in [35], using the trace-class operators S¢ on d-dimensional
space and the d-dimensional sequence space (¢, respectively. We demonstrate that the
correct, C*-algebras to use for a C*-algebraic analogue are the universal C*-algebra U,.(d)
generated by the entries of a d X d unitary matrix (sometimes referred to as the Brown
algebra), and the full group C*-algebra C*(F,2) of the free group on d? generators. Using



certain group actions of Z4 on the algebras U,,.(d) and C*(F ) respectively, we prove that
Z/{nc(d) Aoy Zd X s Zd ~ Md<C*(Fd2)) and O*(]FdQ) X g, Zd X B, Zd ~ Md(L{nc(d))

These isomorphisms are explicit. Using the first isomorphism, we obtain separations of
the approximate finite-dimensional model from the tensor product model for a matrix-
valued generalization of the probabilistic correlation sets. In particular, if ¢ € {q, ¢s, qa, qc}
and C") (m, k) denotes the matrix-valued generalization of Cy(m, k) where the probability
density is replaced by an M,-valued probability density, then Cé?(:a, 2) # 0(52)(3, 2) and
015;3)(2,3) # C§§3)(2,3). Since the smallest known separation in the n = 1 case is that
Cys(5,2) # Cya(5,2) [20], we have separated the two models for the matrix-valued correla-
tions in situations where the analogous separation for probabilistic correlations is not yet
known. Finally, we use some of the techniques from Chapter 5 to obtain separations be-
tween the finite-dimensional and the tensor product models for matrix-valued correlations
in Chapter 6. In particular, we prove that C5”(3,2) # C\2(3,2) and C{V(2,3) £ C$9(2,3).
In comparison, the smallest known values of m and k for which C,(m, k) # Cys(m, k) are
m=>5and k=3 [12].

This thesis is roughly the compilation of the papers [31], [32], [29], [26], and [30], which
correspond to Chapters 2, 3, 4, 5 and 6, respectively. In the rest of Chapter 1, we introduce
the necessary background theory that we need. We cover operator systems, their duals, and
their quotients in Section 1.1. In Section 1.2, we will recall the basics of tensor products
of Banach spaces, Hilbert spaces, C*-algebras and operator systems. Section 1.3 covers
certain finite-dimensional approximation properties of C*-algebras and operator systems
that are relevant to Connes’ embedding problem. In Section 1.4, we will demonstrate
some group embeddings that factor into our separations of matrix-valued correlation sets
in Chapters 5 and 6. We recall the basic theory of crossed products in Section 1.5. Section
1.6 treats the definitions for the free product of unital C*-algebras amalgamated over the
identity, along with the reduced free product. Finally, we consider the Tsirelson problems
and their connection with Connes’ embedding problem in Sections 1.7-1.9.

Throughout the thesis, we will assume a general familiarity with functional analysis
and the theory of C*-algebras. We refer the reader to [14] for a thorough introduction to
functional analysis. For C*-algebras, we refer the reader to [8] and [15].

1.1 Operator systems

In this section, we will briefly give some background on operator systems that we will
use throughout the thesis. In particular, we will give the abstract definition of opera-
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tor systems, which will allow us to consider operator system duals and operator system
quotients.

1.1.1 Abstract characterization of operator systems

Here we define abstract operator systems. More information on abstract operator systems
can be found in [49, Chapter 13]. The abstract definition of operator systems has many
advantages. In particular, there is no need to specify the ambient Hilbert space on which
an operator system acts, and one can consider an operator system purely in terms of its
involution, positive cones, and order unit. This link is due to Theorem 1.1.1, which is a
celebrated theorem of Choi and Effros [10].

We begin with some definitions. A (complex) vector space S is called a *-vector space
if it is equipped with a mapping * : & — & such that, for all a,b € § and A\ € C,

o (\a+0b)* = \a* +b*; and

o (a")" =a.

The map * is often called an involution, and we typically refer to x* as the adjoint of x,
where x € §. An element = € § is self-adjoint (or hermitian) if z = z*. We set

Sp={reS z=2a"},

which is a real vector space. If S is a x-vector space, then the space M,,(S) of n xn matrices
with entries in S has a natural x-vector space structure given by (z;;)* = (r7,). A matrix
ordering on a *-vector space S is a collection of subsets (C},)°, where C,, C (M,(S))n,

n=1»
such that, for all n,m € N,

e C,+C,CC(C, and tC,, C C, for each t > 0;
L Cn N <_Cn) = {0}7 and
o AXA* € C,, whenever X € C,, and A € M,,,(C).

If S is a *-vector space with matrix ordering (C,,)5 ;, then we call (S, (C},)2 ;) a matrix-
ordered x-vector space. We often refer to C,, as the cone of positive elements of M, (S),
and write M,,(S); = C, and X > 0 if X € M,(S);. An order unit for S is an element

e € §p, such that, for any € Sy, there is r > 0 such that rx + e € (. We call e a matrix



order unit if, for each n € N| the n xn diagonal matrix [,, := . is an order unit

e
for M,,(S) with respect to C,,. An order unit e for S is called Archimedean if, whenever
xr € 8y, is such that © + re € Cp for all r > 0, then z € C;. If I, is an Archimedean
order unit for M, (S) with respect to C,, for each n € N, then e is called an Archimedean
matrix order unit. Lastly, if S is a matrix-ordered *-vector space with matrix ordering
(Cn), and Archimedean matrix order unit e, then we call the triple (S, (C},),€e) an
(abstract) operator system.

Let S and T be operator systems. For a linear map ¢ : S — T, we let ™ : M, (S) —
M,(T) be the linear map given by ¢™((x;;)) = (¢(z;;)). A linear map ¢ : & — T is
positive if p(S;) C T;. If n € N, then we say that ¢ is n-positive if ™ is positive. We
say that ¢ is completely positive if it is n-positive for all n € N. We will often write
the abbreviation “cp” for “completely positive”, and “ucp” for “unital and completely
positive”. Note that if the map ¢ is n-positive, then it is automatically k-positive for all
k < mn. We call the map ¢ an order isomorphism if it is positive, a bijection, and its
inverse ¢! : T — S is positive. We call ¢ a complete order isomorphism if ¢ and
@~ ! are completely positive. Finally, if ¢ : S — T is a linear map and R is the range of
v, we call ¢ a complete order embedding if ¢ is a complete order isomorphism onto
R, where R is equipped with the involution from 7 and positive cones D, = C,, "R for
all n € N.

Thanks to the following theorem, each operator system can be regarded as a self-adjoint,
unital subspaces of B(H) for some Hilbert space H.

Theorem 1.1.1. (Choi-Effros, [10]) Let (S, (C,),¢e) be an abstract operator system.
Then there is a Hilbert space H and a complete order embedding ¢ : S — B(H) with
p(e) = Iy. Conversely, if T is a self-adjoint subspace of B(H) containing Iz, then T is

an operator system with Archimedean matriz order unit I.

The operator system B(H) possesses two relevant properties. First, B(#) is a unital
C*-algebra, which implies that any operator system can be embedded into a unital C*-
algebra. Second, by Arveson’s extension theorem [2], B(H) is injective in the category of
operator systems (with morphisms given by ucp maps). That is to say, whenever S and
T are operator systems with S C T and ¢ : § — B(H) is a ucp map, then there is a ucp
map ¢ : T — B(H) such that s = ¢. In particular, an operator system S can always
be embedded into some injective C*-algebra. Hence, one may consider the smallest C*-
algebra generated by a (unital completely order isomorphic) copy of an operator system S.



Similarly, one may consider the smallest injective operator system that contains S. These
two objects are known as the C*-envelope and the injective envelope, respectively.

If S is an operator system, then a C*-envelope of S is a pair (C?(S), ), where C¥(S)
is a C*-algebra and ¢ : § — C(S§) is a unital complete order embedding such that C¥(S) =
C*(1(S)), with the following property:

o If Ais another C*-algebra and x : S — A is a unital complete order embedding with
C*(k(S)) = A, then there is a unique, surjective *-homomorphism 7, : A — C*(S)
such that 7. (k(s)) = ¢(s) for all s € S.

Evidently, the C*-envelope plays the role of the smallest possible C*-cover for the operator
system S. One can also define an injective envelope of S, as a pair (Z(S), k), where
k:S — Z(S) is a unital complete order embedding, Z(S) is an injective operator system,
and whenever 7 is an injective operator system with x(S) C T C Z(S), then T = Z(S)
(see, for example, [49, Chapter 15]). M. Hamana proved [27] that the C*-envelope and
the injective envelope of an operator system always exist, and that these two objects are
unique up to an isomorphism that fixes the copy of §. For this reason, we will often refer
to “the” C*-envelope of an operator system S and “the” injective envelope of S.

1.1.2 Operator system dual

In this subsection, we describe the positivity structure on dual spaces of operator systems.
In general, a dual space of an operator system need not be an operator system, since there
may be no order unit. However, in finite dimensions, an order unit will always exist, and
this fact will be helpful for our purposes.

While operator systems are often studied with respect to their positivity structure,
there is also an associated norm structure on an operator system S (see, for example, [49,
Chapter 13]). Indeed, if (S, (C,)2,¢e) is an abstract operator system and X € M,(S),
then the norm of X is given by

. I, X
Xl = int {0 (¢ T ) € unf

Consider an operator system S with Banach space dual S?. There is a natural way to give
8¢ the structure of a matrix-ordered x-vector space. Indeed, for a functional ¢ € 8%, we

define *(s) = ¢(s*). Similarly, given f = (fi;) € Mn(S?), we define f* = (f5,). We say
that an element f = (f;;) € M,(S?) is positive provided that the associated linear map
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F : 8 — M, given by F(s) = (fi;j(s)) is completely positive. With these definitions, S?
has the structure of a matrix-ordered x-vector space [10]. In general, S¢ may not have an
order unit. However, when § is finite-dimensional, then there exists a faithful state ¢ on
S; that is, there is a state ¢ such that ¢(s) > 0 for all s € S; \ {0}. Then any faithful
state on S will be an Archimedean matrix order unit for § [10]. In this way, S¢ becomes
an operator system when S is finite-dimensional. Moreover, in the finite-dimensional case,
the canonical bijective map ¢ : S — S% given by [1(s)](f) = f(s) is a unital complete order
isomorphism.

One of the most important examples of an operator system dual is M,,. Indeed, this
operator system is self-dual in the following sense:

Theorem 1.1.2. (Paulsen-Todorov-Tomforde, [52, Theorem 6.2]) Let {E;}7,_, be the
standard matriz units for M,, and let {J; ii=1 be the basis of dual functionals for M?
given by

1 i=kandj="

0 otherwise.

0ij(Exe) = {

Then the map d;; — E;; extends to a complete order isomorphism M¢ ~ M,. Moreover,
equipping M¢ with the order unit given by the unnormalized trace functional Tr= "1 4,
the map is a unital complete order isomorphism.

Theorem 1.1.2 shows the difference between the structure of the operator system dual
and the operator space dual. Indeed, with respect to the operator space dual structure of
M, the trace functional Tr has norm n, even though the trace functional is the order unit
in M? (and hence has norm 1 with respect to the operator system dual structure of M¢?).

1.1.3 Quotients

The theory of operator system quotients is still very new in the literature. In this subsection
we outline some of the theory of operator system quotients. More information can be found
in [39]. Given an operator system S and a self-adjoint subspace J C S with 15 &€ J, we
call J a kernel provided that there is an operator system 7 and a ucp map ¢ : S — T
such that ker(¢) = J. Given a kernel J of an operator system S, we may endow the
quotient vector space §/J with an operator system structure as follows. Let ¢ : S — S/J
be the canonical (vector space) quotient map. We define an involution on §/J by setting
(q(z))* = q(z*) for all z € S. For n € N, we define

Do(S,T) ={X € M,(S/T ) : X = ¢ (Y) for some Y € M,(S),}.

8



In general, these cones may not satisfy the Archimedean property with respect to the order
unit 1s,7 = q(1s) (see [39]). If we define

Co(S,T) = {X € My(S/T)n: X + eI, € Du(S, T) for all £ > 0},
Then (S/7,(Cn)2,, 1s/y) is an operator system [39)].

n=1»
We call a kernel J of an operator system & completely order proximinal if, for
each n € N, we have D, (S,J) = C,(S,J). In the finite-dimensional setting, there is a
very useful criterion for finding (completely order proximinal) kernels.

Proposition 1.1.3. (Kavruk, [37, Proposition 2.4]) Let S be a finite-dimensional operator
system. If J is a self-adjoint subspace of S with no positive or negative elements except 0,
then J is the kernel of a ucp map on S. Moreover, J is completely order proziminal.

In general, the first isomorphism theorem fails for surjective ucp maps between op-
erator systems. In other words, a surjective ucp map need not induce a complete order
isomorphism on the quotient operator system. Nevertheless, the following result allows us
to translate surjective ucp maps to ucp maps on the quotient system.

Proposition 1.1.4. (Kavruk-Paulsen-Todorov-Tomforde, [39, Proposition 3.6]) Let S and
T be operator systems, and let J be a kernel in S. If o : S — T is ucp and J C ker(yp),
then the map ¢ : S)/T — T given by p(z+ T) = ¢(x) is well-defined and ucp.

Given operator systems S and T and a surjective ucp map ¢ : S — T, we say that
¢ is a complete quotient map provided that the induced map ¢ : S/ker(p) — T
from Proposition 1.1.4 is a complete order isomorphism. In the finite-dimensional setting,
there is a direct relation between complete quotient maps and complete order embeddings.
Indeed, if ¢ : & — T is a ucp map, then the adjoint map ¢? : T¢ — S? is given by
[0%(¥)](s) = ¥(p(s)) for all p € T¢ and s € S. The following proposition links complete
quotient maps and complete order embeddings.

Proposition 1.1.5. (Farenick-Paulsen, [24, Proposition 1.8]) Let S and T be finite-
dimensional operator systems. Then a linear map ¢ : S — T 1is a complete quotient
map if and only if the adjoint map ¢ : T? — 8¢ given by [p?(\)](s) = ¥(p(s)) is a
complete order embedding.

1.2 Tensor Products

Throughout the thesis, we require different kinds of tensor products of spaces. In the
subsections that follow, we will outline the definitions and facts of interest to us regarding
tensor products of Banach spaces, Hilbert spaces, C*-algebras, and operator systems.
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1.2.1 Tensor products of Banach spaces

Let X and ) be Banach spaces. A reasonable cross-norm on the vector space X ® ) is
anorm « : X ® Y — C such that

e Forallz e XY and y € Y, a(x ®y) < ||z|x|ly|ly; and

e For all ¢ € X* and ¢ € Y*, the functional p ® ¥ : X ® Y — C is bounded with
respect to a, with norm at most ||| x«||1]]y+.

X*

There are many examples of reasonable cross-norms. There is a largest reasonable
cross-norm and a smallest reasonable cross-norm; these are called the projective (Banach
space) tensor norm and the injective (Banach space) tensor norm, respectively.

Definition 1.2.1. The projective (Banach space) tensor norm on X ® Y is defined

as
2]l = inf{z lzilllyill - 2 € X, i €Y, 2= w ®yz} .

i=1 i=1

The projective (Banach space) tensor product of X and Y, denoted by X®,Y, is
the completion of X ® Y with respect to || - ||=. (We often denote by X ®, Y the vector
space X ® Y equipped with the norm || - ||=.)

There are many equivalent descriptions of the projective Banach space tensor norm.
The following is a helpful description of the unit ball in the projective Banach space tensor
product:

Proposition 1.2.2. (See [56, Proposition 2.2]) Let X and Y be Banach spaces. Then the
unit ball of X®,) is given by the closed convex hull of the set of all elements of the form
r®y, where v € X with ||z]] <1 and y € Y with ||y|| < 1.

An application of Proposition 1.2.2 shows that an element u € X®,Y satisfies ||ul|, < 1
if and only if we can write
o0
U= Z Tn & Yn,
n=1

where z,, € X and vy, € ) satisfy

> lanlllyall < 1.
n=1
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It is also helpful to consider the projective Banach space tensor product from the
perspective of bounded bilinear mappings. Given two Banach spaces X and ), a bilinear
form B : X xY — C is said to be bounded if there is C' > 0 such that |B(z,y)| < C||z|||y||
for all x € X and y € ). For a bounded bilinear form B, we let

|B|| = inf{C > 0: |B(z,y)| < Clz||||y|| for all z € X and y € V}.

Then || - || defines a norm on the vector space B(X x )) of bounded bilinear forms on
X X Y; moreover, B(X x ) is complete with respect to this norm. The perspective of
bounded bilinear forms yields the following description of the projective norm:

Theorem 1.2.3. (See [56, p. 23]) If X and Y are Banach spaces and z € X ® Y, then

[2]lx = sup{|B(2)| : B € B(¥ x V), [|B|| <1}.

Let B € B(X x )Y) be a bounded bilinear form. Using Theorem 1.2.3, we see that
the linearization B of B extends to a continuous linear functional on X ®,Y; moreover,
|Bllxg.y = [|Bl|. Conversely, if u € (X®,))*, then there is an associated bounded bilinear
form B, € B(X x Y) such that B,(z,y) = u(x ® y) for all x € X and y € ); moreover,
| Bull = [[ull (xg,y)-- In particular, there is an isometric isomorphism (X®:Y)" ~ B(XxY).
Considering this identification and the dual of the projective tensor product naturally leads
to the following definition.

Definition 1.2.4. Let X and Y be Banach spaces. The injective (Banach space)
tensor norm on X ® Y s defined as

Iz]le = sup{l(¢ @ ¥)(2)[ : o € X", € V7, [loll < 1, [J0f] < 1}

The injective (Banach space) tensor product of X and ), denoted by XR®.Y, is the
completion of X ® Y with respect to the norm ||-||.. (We often denote by X ®.) the vector
space X ® Y equipped with || - ||c.)

Using the definition of the projective Banach space tensor product, it is not hard to
see that X*®.Y* is isometrically isomorphic to a subspace of (X @@ﬂy)*. We employ an
argument similar to [56, p. 46]. If u = > " | ¢; ® ¢; € X* ® V*, then there is a bilinear
form B, € B(X x ) given by

Bu(a.y) = Y ¢ila)i(y).
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By definition of the injective tensor norm, we see that
ull: = sup {la ® B(u)] : a € X, B Y™, [laf <L, [|8]] < 1}.

Using Goldstine’s theorem [14, Theorem V.4.1], we may replace X** by X and Y** by Y
in the supremum and obtain

[ulle = sup {

Z ei(x)vi(y)

xeX yel flzf <1, flyl < 1} = [1Bull-

Since ||B,| is equal to the norm of the linearization B, = u on X®,Y, it follows that
|ull. = ||U||(X®7Ty)* for all u € X ® Y. Extending to the closure, we see that X*®.)* is

isometric to a subspace of (X®,))*.

The following theorem characterizes all reasonable cross-norms on X ® ).

Theorem 1.2.5. (See [56, Proposition 6.1]) Let X and )Y be Banach spaces, and let o be
a norm on X ® Y. Then « is a reasonable cross-norm if and only if ||z]l: < a(z) < ||z~
forallze X ® Y.

If « is a reasonable cross-norm on X ® ), then we let X ®, ) denote the vector space
X ® Y equipped with the norm «, and we let X®,) denote the completion of X ®, Y
with respect to a.

Suppose that « is a reasonable cross-norm defined for all pairs of Banach spaces. We
say that « is functorial if, whenever X, X5, Vi, Y, are Banach spaces and S : X} — A)
and T : Y; — )s are bounded linear maps, then the tensor product map S®T : X1 ® ), —
Xy ® Y5 extends to a bounded linear map from Xi@,V; t0 Xo®,Ys with norm at most
ISIIT||- A helpful fact is the following.

Theorem 1.2.6. (See [56, p. 129]) The injective and projective Banach space tensor norms
are functorial.

We will also need some background on integral operators and nuclear operators. The
main result that we will need is that the integral norm and the nuclear norm coincide
in finite dimensions. We proceed as in [56]. The motivation for nuclear operators is the
following: if X and ) are Banach spaces, then one can associate to each element of X*®,)
a bounded linear operator from X to ). Indeed, if u = Zzozl Yn ® Y, is an element of
X *@,ry, then we may define a linear operator L, : X — ) such that

Lu(x) = Z () Yn-
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It is not hard to see that the map J : X*®,) — B(X,)) defined by J(u) = L, is linear
with ||J|| = 1. In general, J may not be surjective, but the operators in the range of J
are referred to as the nuclear operators. In other words, if T : X — ) is a bounded linear
operator, then we say that 7" is a nuclear operator if there is a sequence of functionals
(n)p>; C X* and a sequence of elements (y,,)22; C Y such that >~ [|@nll||yn]| < oo and
T(x) =" on(x)y, forall z € X. If T : X — Y is a bounded linear operator that is
nuclear, then the nuclear norm of 7' is given by

|| x = inf {Z ||<Pn!|||yn||} :
n=1

where the infimum is taken over all sequences ()22, C X* and (y,)22, C Y satisfying
Yo lenllllynll < 0o and T'(x) = 377, wnlx)y, for all z € X. We will let N(X,Y) be
the space of nuclear operators from X to ). It is evident that, if T is a nuclear operator,
then ||T|| < ||T|lx. If X and Y are finite-dimensional, then X*®,) = X* ®, ) is finite-
dimensional, so that every nuclear operator T' can be written in the form 7' = 3" | ¢, (2)yn
for functionals ¢,, € X'*, elements y,, € ), and a number n € N. It is not hard to see that,
in this case, ||T||y is the same as taking the infimum over all representations of 7" using
finite sums.

Related to the class of nuclear operators is the class of integral operators. Integral
operators relate to bounded linear functionals on the injective tensor product. To this end,
the following proposition is helpful for our purposes.

Proposition 1.2.7. (See [56, Proposition 3.14]) Let B be a bounded bilinear form on
X x Y, where X and ) are Banach spaces. Let bi(X*) and by(Y*) denote the closed unit

balls in X* and Y*, respectively. The linearization B of B belongs to (X®.Y)* if and only
if there is a reqular Borel measure p on by (X*) x by (Y*) such that, for allx € X andy € Y,

Ble,y) = / (@) (y) du((0,0)). (1.2.1)

bl(X*)Xbl(y*)

If this is the case, then the norm of B as a functional on X&.Y is given by || B| = inf ||,
where the infimum is taken over all reqular Borel measures p satisfying equation (1.2.1).

If the linearization of a bilinear form B € B(X x ) belongs to (X®.))*, then we
will call B an integral bilinear form, and its integral norm || B||; is the norm of the
linearization of B as a functional on the injective tensor product.

For each operator T : X — ), we may consider the bilinear form By : X x Y* — C
given by Br(z,¢) = ¢(Tz). We will say that T is an integral operator if Br is an
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integral bilinear form, and we will define the integral norm of 7" to be ||T'||; = ||Br||:-
We let Z(X,)) denote the space of integral operators from X to ).

If X and Y are finite-dimensional, then so is X*®, ). In particular, X*®, ) is reflexive.
Since X and ) are finite-dimensional, the vector space dual (X* ® ))* is canonically
isomorphic to X ® Y* as a vector space. Thus, (X¥* ®, V)* ~ X ®. V* isometrically. It
follows that the dual of X®,)* is isometrically isomorphic to X*®,). On the other hand,
in the finite-dimensional setting, N'(X,Y) = X*®,) isometrically [56, Corollary 4.8].
Combining these facts, we yield the desired result.

Theorem 1.2.8. (See [56, Corollary 4.17]) Let X and Y be finite-dimensional normed
spaces. Then B(X,Y) = N(X,Y) = Z(X,Y). Moreover, |T||y = ||T||; for all T €
B(X,)).

1.2.2 Tensor products of Hilbert spaces and the Schmidt decom-
position

When considering Banach space tensor products of Hilbert spaces, there is one reasonable
cross-norm that yields the structure of a Hilbert space. Indeed, if H and K are Hilbert
spaces, then the inner product on the algebraic tensor product H ® K is given on simple
tensors by

(h1 ® k1, ho ® ko) = (hq, ho){ky, ko).

The inner product extends to all of H ® KL by conjugate linearity. Then the completion
of H ® K with respect to the norm induced by the inner product is a Hilbert space. For
simplicity, we often let H ® K denote the Hilbert space tensor product of H and K. Given
the definition of the inner product, it is easy to see that the Hilbert space norm on H ® IC
is a cross-norm. Moreover, an application of the Riesz representation theorem for Hilbert
spaces shows that the norm on H ® K is a reasonable cross-norm. Thus, if || - || denotes the
Hilbert space tensor product norm on H ® I, then ||ull. < ||u|| < ||ul|, for allu € H ® K.

One tool that we will frequently use is the Schmidt decomposition in Hilbert space
tensor products.

Theorem 1.2.9. Let ‘H and K be Hilbert spaces, and let £ € H ® K be a unit vector.
Then there exist orthonormal sequences (u;)2, C H and (v;)52, C K along with a unique
non-increasing sequence of non-negative numbers ay > g > ... such that > i |oul* =

and -
§= Z ;U Q ;.
i=1
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(The sequence (a;)2, is sometimes referred to as the sequence of Schmidt coefficients
for¢.)

Moreover, if ( € H ® K is another unit vector whose sequence of Schmidt coefficients
is ()32, then there are unitaries U € U(H) and V € U(K) such that & = (U @ V)(.

In the case when ‘H and K are finite-dimensional, only finitely many of the «;’s are non-
zero. For £ € H ® K with Schmidt decomposition sequence («;)5°,, the Schmidt rank of
¢ is the number of elements of the Schmidt decomposition sequence that are non-zero.

Whenever £ € H® K and U € U(H) and V € U(K) are unitaries, then (U ® V)& must
have the same Schmidt coefficients as £&. In particular, in the finite-dimensional case, the
Schmidt rank of £ is the same as the Schmidt rank of (U ® V')¢. That is to say, Schmidt
coefficients and Schmidt rank are invariant under “local unitaries” (i.e., tensor products of
unitaries). We will use these facts freely in Chapters 3, 5 and 6.

1.2.3 Tensor products of ("*-algebras

One of the most important reformulations of Connes’ embedding problem is Kirchberg’s
conjecture (see Conjecture 1.8.4), which asks whether there is a unique C*-tensor product
norm on the tensor product of C*(F,) with itself, where C*(F,) is the universal C*-algebra
of the free group on a countably infinite set of generators. As with Banach space tensor
products, there is a largest C*-tensor norm and a smallest C*-tensor norm; we will only
need these two tensor norms for our purposes.

The largest C*-tensor norm is often referred to as the maximal tensor norm, which
we define below. The maximal tensor norm can be thought of as the universal C*-norm
with respect to representations that have commuting ranges. If X and ) are vector spaces
and ¢ : X — B(H) and ¢ : Y — B(H) are linear maps, then we say that ¢ and v have
commuting ranges if ¢(z)Y(y) = ¥(y)e(x) for all x € X and y € ). In this case, we
define the product map ¢ -1 : X ® Y — B(H) to be the linear map given on simple tensors

by (¢ -¥)(z @ y) = (@)Y (y).

Definition 1.2.10. For C*-algebras A and B, the maximal tensor product of A and
B, denoted A @pyax B, is the completion of A® B with respect to the norm given as follows:
forx € A® B, we set

][ max = sup{{l7 - p() |5}

where the supremum is taken over all x-homomorphisms m: A — B(H) and p : B — B(K)
with commuting ranges.
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It is well-known (see [8, Chapter 3|) that the max norm is the same as taking the
supremum over all non-degenerate representations with commuting ranges. On the other
hand, if A or B is unital, then one can arrange for the corresponding homomorphisms to
be unital in the supremum.

There are many ways to define the minimal tensor product of C*-algebras. For sim-
plicity, we use the following definition.

Definition 1.2.11. Let A C B(H) and B C B(K) be C*-algebras. The minimal tensor
product of A and B, denoted A Qi B, is the completion of the image of A ® B in
B(H®K).

The minimal tensor norm is also referred to as the spatial norm. It is well-known
(see [8, Chapter 3]) that the minimal tensor product does not depend on the choice of
Hilbert spaces H, K or the choice of embeddings of A and B. The minimal tensor product
is also injective; that is, if Ay, A, By, By are C*-algebras and A; C A, and B; C B,, then
A1 @min By 18 *-isomorphic to its inclusion in As ® i, Bo. In fact, the property of injectivity
also holds for the minimal operator space tensor product. Since we only use this tensor
product once in Chapter 5, we define it here. (For an excellent introduction to operator
space tensor products, the reader is encouraged to see [6].)

Let X and Y be operator spaces. If A = (a;;) € M, (X) and B = (bys) € M,,,(Y), then
by A ® B we mean the matrix (a;; ® bre)(j),ke) € Mpm(X ® Y). An operator space
structure on X ® Y is a sequence of matrix norms || - ||, on M, (X ® Y’) such that

e X ®Y with the matrix norms || - ||,, is a matricially normed space;

o |A® Bllnm < ||A|lnllBllm whenever A € M, (X) and B € M,,(X); and

e Whenever ¢ : X — M, and ¥ : Y — M, are completely bounded maps, then
pRY: XK®Y — M, is completely bounded with || @ V|| < ||2||etl|?]]co-

There is a largest operator space tensor product, called the projective operator space
tensor product (see [6]). The smallest operator space structure on X ® Y is called the
injective tensor product. The norm structure is defined as follows: if X C B(H) and
Y C B(K) are completely isometric representations of X and Y, then the injective tensor
product X®Y is the completion of X ® Y with respect to the norm structure inherited from
the inclusion X ® Y C B(H ® K). It follows by [6] that the injective operator space tensor
product does not depend on the choice of embeddings of X and Y. In particular, whenever
A and B are unital C*-algebras, we have ARB = A Qi B completely isometrically.
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The injective operator space tensor product is also injective, in the sense that, whenever
X; € X, and Y; C Y, are operator spaces, then X;®Y] is completely isometric to its
inclusion in Xo®Y5.

One fact that we will need in Chapter 5 relates the injective Banach space tensor product
and the injective operator space tensor product for subspaces of a unital, commutative C*-
algebra. We recall that a unital commutative C*-algebra A is isomorphic to C'(X), for some
compact Hausdorff space X. It is well-known that, for any Banach space Y, C(X)®.) is
isometric to the Banach space C'(X,)) of continuous Y-valued functions on X [56, p. 49].
On the other hand, if B is a C*-algebra, then C(X) ®mpin B is isomorphic to C(X, B) [49,
Proposition 12.5]. By injectivity of the tensor products in question, we obtain the following
theorem:

Theorem 1.2.12. Let A be a unital commutative C*-algebra, and let B be a C*-algebra.
Then AR.B = A®min B isometrically. Moreover, if E C A is an operator space and F C B
is an operator space, then

E®.F = EQF

1sometrically.

1.2.4 Tensor products of operator systems

In this section we define the various operator system tensor products that we shall use.
We follow the terminology of [38]. If S and T are operator systems, then the vector space
S ® T becomes a complex *-vector space with the involution * given on simple tensors by
(s®@t)* = s* ® t*. An operator system structure on the vector space tensor product
S ® T is a sequence of cones {C,,}22 ,, where C,, € (M,,(S ® T))s, such that

o (ST,{C,}>2,,1s® 17) is an operator system;

o IfnmeN, X eM/(S);andY € My,(T)4, then X @Y := (25 @ Yre)(i5),(k,0) 15 In
Crm, and

e lf o : S — M, is ucp and ¢ : T — M, is ucp, then the tensor product map
PRV (ST, {Ch}52,1s ® 1) = M, is ucp.

An operator system tensor product is a map 7 sending any pair of operator systems
(S,T) to an operator system structure 7(S,7) on S ® T, which we will denote by S ®, T.
Unlike tensor products of C*-algebras, we will generally deal with the operator system
structure on the vector space S ® T, rather than its completion.
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An operator system tensor product 7 is said to be symmetric if, for every pair of
operator systems (S,7), the flip map s ® t — ¢t ® s is a complete order isomorphism
between S ®, 7 and 7 ®, S. An operator system tensor product 7 is functorial if,
whenever Sy, Ss, T1, To are operator systems and 1 : S — T and @y : So — T5 are ucp,
then ¢ ® 9 : S1 ®, So — T1 ®, T is ucp.

An important fact about operator system tensor products is that they are a special
subclass of operator space tensor products.

Proposition 1.2.13. (Kavruk-Paulsen-Todorov-Tomforde, [38, Proposition 3.4]) Let 7 be
an operator system tensor product. Then T is an operator space tensor product. In other
words:

1. If S and T are operator systems and X € M,(S) andY € M,,(T), then
1X @ Ylr(so.m) < X a0 1Y | az(7)-

2. Ifo:8 — M, and ) : T — M, are completely bounded maps, then o1 : S®,T —
M, is completely bounded with ||[o @ V|| < [|@||eo P ||cb-

If o, B are two operator system tensor products, then we write o < 3 if, for every pair
of operator systems S and 7, the identity map id : S®z T — S ®, T is ucp. We write
a=fif a < and § < «a. For a pair of operator systems (S,7) and a pair of operator
system tensor products o and 3, we will write S ®, T = S ®5 T if the identity map is a
complete order isomorphism between S ®, T and S ®g 7. Given an operator system S
and operator system tensor products «, f with a < 3, we say that S is («, f)-nuclear if,
for every operator system 7, we have S®, 7T =S ®s T.

Below, we define the various operator system tensor products that we shall need. The
smallest operator system tensor product is called the minimal tensor product.

Definition 1.2.14. Let S and T be operator systems. The minimal tensor product of
S and T, denoted S @iy T, is defined by the positive cones {Cgﬁn(é’, T) o2, satisfying the

rule that X € M,(S ® T) belongs to C;*™(S,T) if and only if, whenever ¢ : S — M, and
YT — M, are ucp maps, then (p @ )P (X) € My(Myy,) -+

A useful fact about the minimal tensor product of operator systems is that it coincides
with the injective operator space tensor product. In other words, for any operator systems
S and T, the identity map is a complete isometry between S i, T and SQT [38, Corol-
lary 4.9]. In particular, because of this fact, it readily follows that the minimal operator
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system tensor product is injective. That is to say, whenever & C Sy and 77 C 75 are
operator systems, then &7 @i, 71 is completely order isomorphic to the operator system
obtained from the inclusion of &; ® 77 into Sy ®min T2. Moreover, if A and B are unital
C*-algebras, then the operator system tensor product A ®,;, B is completely order iso-
morphic to the image of A® B in A Q¢+ _min B [38, Corollary 4.10]. For this reason, we
will always use ®uy;, for the minimal tensor product of (unital) C*-algebras or the minimal
tensor product of operator systems.

The largest operator system tensor product is referred to as the maximal tensor product.

Definition 1.2.15. For operator system tensor products S and T, we define
DS, T) ={AX ®Y)A" : X € My(S)4, Y € My(S) v, A€ Mymn}-

The maximal tensor product of S and T, denoted S Quax T, is defined by the positive
cones
Co(S,T) ={X € M)(S®T)n: X +¢l, € DF™ for all e > 0}.

In finite dimensions, the minimal and maximal tensor products are dual to each other.
That is to say, if S and T are finite-dimensional operator systems, then (S @, T)¢ is
completely order isomorphic to S ®max 7%, and (S Pmax T)d is completely order isomorphic
to S¢ A min T [24]

Analogous to the maximal C*-tensor product, one can consider an operator system
tensor product that is universal with respect to commuting pairs of ucp maps.

Definition 1.2.16. For operator systems S and T, the commuting tensor product of
S and T, denoted S ®. T, is defined by the positive cones C;°™™(S,T), which satisfy the
rule that X € M,(S @ T )y, belongs to C;o™™(S,T) if and only if, whenever v : S — B(H)
and ¢ . T — B(H) are ucp maps with commuting ranges, then (¢-1) P (X) € M,(B(H)) .

Each of the minimal, maximal and commuting tensor products are symmetric, functo-
rial tensor products [38]. Similar to the case for the minimal tensor product, the commuting
tensor product of unital C*-algebras coincides with the maximal C*-tensor product. In fact,
the following is true.

Theorem 1.2.17. (Kavruk-Paulsen-Todorov-Tomforde, [38, Theorem 6.7]) Every unital
C*-algebra is (c, max)-nuclear.

The last two tensor products that we need are examples of asymmetric tensor products.
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Definition 1.2.18. Let S and T be operator systems. We define the essential left tensor
product, denoted S ¢, T, to be the operator system structure on S ® T when considered as
a subspace of T(S) @max T -

Definition 1.2.19. For operator systems S and T, the essential right tensor product
S Qe T is the operator system obtained from the inclusion S @ T C S Qumax Z(T).

It is not hard to see that the flip map s ® t — ¢t ® s extends to a complete order
isomorphism § Q¢ T >~ T Qe S; similarly, S Qo T =~ T ®a S.

We close this section by summarizing the known relations between each of the operator
system tensor products defined above. It was shown in [38] that the following chain of
inequalities holds:

min < el,er < ¢ < max.

1.3 Almost finite-dimensional properties of operator
systems and C*-algebras

Many of the different formulations of Connes’ embedding problem involve approximations
from a finite-dimensional setting. From the perspective of C*-algebras and operator sys-
tems, certain properties of this form arise. In this section, we will introduce the approxima-
tion properties of C*-algebras and operator systems that pertain to the emebdding problem.
In particular, we will consider the local lifting property, the weak expectation property,
and certain operator system variants of these properties. We will end this section by
summarizing the background results required on residually finite-dimensional C*-algebras
and quasidiagonal C*-algebras. For more information on the interaction between operator
systems and properties like the local lifting property or the weak expectation property,
see [37]. The reader is referred to [8, Chapter 7] for an introduction to quasidiagonal and
residually finite-dimensional C*-algebras.

Definition 1.3.1. An operator system S has the operator system local lifting prop-
erty (abbreviated OSLLP) if, whenever A is a unital C*-algebra, T is an ideal in A and
v: 8 = A/T is a ucp map, then for each finite-dimensional subsystem F C S, there is a
ucp map Yr : F — A such that qovr = |z, where g : A — AJT is the canonical quotient
map.
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If a unital C*-algebra C has the OSLLP, then we will simply write that C has the local
lifting property (abbreviated LLP).

Definition 1.3.2. An operator system S has the weak expectation property (abbrevi-
ated WEP) if there is a ucp map ¢ : Z(S) — S such that o(s) = 1(s) for all s € S,
where 1 : S — S s the canonical inclusion map.

A property related to the WEP (but weaker than the WEP) is the double commutant
expectation property.

Definition 1.3.3. An operator system S has the double commutant expectation
property (abbreviated DCEP) if, whenever ¢ : & — B(H) is a unital complete order
embedding, there is a ucp map ¢ : Z(S) — «(S)" extending t.

We can characterize these properties by certain forms of nuclearity.

Theorem 1.3.4. (Kavruk-Paulsen-Todorov-Tomforde, [39, Theorem 8.5]) Let S be an
operator system. The following statements are equivalent:

1. S has the OSLLP.
2. S is (min, er)-nuclear.

3. S Qumin B(H) =S Qumax B(H) for every Hilbert space H.

The WEP relates to (el, max)-nuclearity.

Theorem 1.3.5. Let S be an operator system. The following statements are equivalent:

1. S has the WEP.

2. S is (el, max)-nuclear.

The proof that (1) implies (2) is found in [39, Theorem 6.7], while the converse is shown
in [28].

For the DCEP, an alternative characterization is in terms of the full group C*-algebra
C*(Fuo)-

Theorem 1.3.6. (Kavruk-Paulsen-Todorov-Tomforde, [39, Theorem 7.6]) For an operator
system S, the following are equivalent:
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1. § has the DCEP.
2. S is (el, c)-nuclear.

3. S min C*(Fao) = S @umax C*(Fov).

If A is a unital C*-algebra, then by Theorem 1.2.17, A is (el, ¢) nuclear if and only if it is
(el, max) nuclear. Hence, the WEP and the DCEP are identical for unital C*-algebras. In
contrast, the WEP is in general a stronger property than the DCEP for operator systems.
Indeed, if n > 3 and 7, is the operator system of tridiagonal matrices in M, then 7, is
(min, ¢)-nuclear but 7, @min 7,% # Tn Omax 7,2 [38]. In particular, 7, is not (¢, max)-nuclear,
so that 7, is not (el, max)-nuclear. Hence, 7, does not have the WEP. However, since T,
is (min, ¢)-nuclear and min < el < ¢, it follows that 7, is (el, ¢)-nuclear. Hence, 7, has the

DCEP.

The relevance of these nuclearity-related properties for operator systems and unital
C*-algebras is that they provide very useful versions of Connes’ embedding problem.

Theorem 1.3.7. (Kavruk-Paulsen-Todorov-Tomforde, [39, Theorem 9.1]) The following
are equivalent.

1. C*(F) has the WEP.

2. Every (min, er)-nuclear operator system is (el, c)-nuclear.

3. Fvery (min, er)-nuclear operator system S satisfies S @min S = S ®. S.
4. BEvery operator system with the OSLLP has the DCEP.

There are several examples of operator systems that “detect” whether or not C*(F)
has the WEP, in terms of condition (3) of Theorem 1.3.7. A relevant example is the operator
system S,, generated by the n universal unitary generators of C*(F,). Indeed, it is known
that C*(F4) has the WEP if and only if S,, ®uin S = S, @S, for all (equivalently, some)
n > 2 [37, Theorem 5.10]. Another example is the non-commuting cube NC'(n), which is
the universal operator system generated by n self-adjoint contractions. Equivalently, it is
the operator system spanned by the generators of each copy of Zy in C*(x,Zs) (see [22]).

A natural question for these kinds of operator systems is whether or not min = max
for tensor products of the operator system with itself. If this were true for one of the
operator systems S,,, then C*(FF,) would have the WEP, which is equivalent to Kirchberg’s
conjecture that C*(Fy) ® C*(F) has a unique C*-norm [41]. However, all the examples
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of DCEP detecting operator systems S known satisfy S ®. S # S ®max S, implying that
S Rmin S # S @umax S- The example most pertinent to our work is the operator system S,
from C*(FF,,).

Theorem 1.3.8. (Farenick-Kavruk-Paulsen-Todorov, [22, Theorem 3.8]) For each n,m >
2, we have S, ®¢ Sy # Sn Pmax Sm.-

One feature of many C*-algebras that arise in statements of Kirchberg’s conjecture is
that they have certain finite-dimensional approximation properties. Two of these properties
are residual finite-dimensionality and quasidiagonality, which we will outline below.

Definition 1.3.9. A C*-algebra A is said to be restdually finite-dimensional (abbre-
viated RFD) if there is a collection {m;};cr of finite-dimensional representations m; : A —
M,y such that @, m; is faithful.

A well-known fact is that if A; and A, are RFD, then so is their minimal tensor product

Ay @min As (see [8]).

A weaker notion than residual finite-dimensionality is quasidiagonality.

Definition 1.3.10. A C*-algebra A is said to be quasidiagonal (abbreviated QD) if
there is a net (px)rea of ccp maps ©x : A — My such that, for all a,b € A,

o lim, [[pr(ab) — @a(a)px(b)]| =0, and
o lim, [[oa(a)ll = [lall

If A is a unital C*-algebra that is QD, then the net of ccp maps in Definition 1.3.10 can
be taken to be ucp maps [8, Lemma 7.1.4]. Many of the C*-algebras arising in statements
of Kirchberg’s conjecture turn out to be RFD. In particular, C*(FF,,) is RFD [9] for every
n > 2. We will see another example of such an algebra in Chapter 2.

There are many properties that relate to quasidiagonal algebras; see [8, Chapter 7]
for a thorough introduction to this topic. The only property that we will need is that
quasidiagonality is preserved by homotopy equivalence.

If A and B are C*-algebra and 7,p : A — B are x-homomorphisms, then 7 and p
are homotopic if there is a family (7;):cp,1] of *-homomorphisms 7, : A — B such that
7o = m, m = p, and for each a € A, the map t — m(a) is continuous. One useful relation
between homotopic *-homomorphisms and quasidiagonality is a theorem of D. Voiculescu,
which says that quasidiagonality is a homotopy invariant. For our purposes, we only need
the following weaker statement.
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Theorem 1.3.11. (Voiculescu, [67], see [8, Proposition 7.3.5]) Let A and B be C*-algebras,
and let mo, m : A — B be homotopic x-homomorphisms such that my is injective and 7 (A)
is a QD subalgebra of B. Then A is QD.

1.4 Group embeddings

One very useful tool in the study of (matrix-valued) quantum correlations is that of group
embeddings. In this section, we will exhibit some examples of how certain free product
groups embed into other free product groups. In Chapters 5 and 6, we will use these
embeddings to obtain separations in the different models for matrix-valued correlations.
The reason that these group embeddings are so useful is that the universal C*-algebra of a
subgroup H of a discrete group G is contained faithfully in the universal C*-algebra of G.

Proposition 1.4.1. (See [53, Proposition 8.8]) Let G be a discrete group and let H be a

subgroup of G. Then there is a *-homomorphism ® : C*(H) — C*(G) and a ucp map
U C*(G) = C*(H) such that ¥ o ® = idcs (.

To obtain our desired group embeddings, the main tool that we will use is often referred
to as the “Ping-Pong lemma”.

Lemma 1.4.2. (See [16, p. 25]) Let G be a group acting on a set X, and let G1,Gs be
subgroups of G. Let I' be the subgroup of G generated by G, and G5. Suppose that there
are non-empty subsets X, Xo C X such that X; N Xy =0 and

9(X2) € Xy, Vge G\ {1},
9(X1) € X5, Vge Gy \ {1}

Then T' is isomorphic to the free product group G * G,.

While all of the group embeddings that we will use are simple to demonstrate; we
include the proofs for convenience. The next two propositions give embeddings of the free
product group Zs * Zs * Z into the groups %479 and *3Zs, respectively.

Proposition 1.4.3. Let oy, ...,03 be generators of Zs and g be a generator of Z. Then
there is an injective group homomorphism v : Lo * Lo * 7 — *47%o such that 1(cg) = oy,
t(oy) = o1 and 1(g) = 0203.
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Proof. Since o5 and o3 have no relations between each other, o903 has infinite order. By
definition of %4Zs, there are no relations between oy and o,03. Similarly, there are no
relations between o and o903. It easily follows that the subgroup of %4Zy generated by
00,01 and 0903 is isomorphic to (og) * (o1) * (0203), which is isomorphic to Zy *x Zo % Z. [

The embedding of Zs *x Zs * Z. into *3Zs requires the generator of Z to be sent to a
longer word in the generators of *x3Zs.

Proposition 1.4.4. Let 0y, 01,09 be a universal set of generators of x3Zs, and let g be a
generator of Z. There is an injective group homomorphism v : Zg * Ly * 7. — %325 such
that L(O'Q) = 0y, L(O'1> = 01 and L(g) = 02000102.

Proof. Since o¢o; has infinite order in %37, and ¢(g) is the conjugation of g0y by the order
2 element oy, we see that g90¢0109 has infinite order. Now, we let

X7 = {w € %37y : w starts with o or o1}
Xy = {w € %37y : w starts with oo}.

Let G1 = (09,01) = Zg * Zs, and let Gy = (09000102). Then for g € G \ {1}, the last
letter in g must be either oy or o1, and the first letter must be either oy or ;. Hence,
9(Xs) € X, whenever g € G, \ {1}. Similarly, since there are no relations between oy
and (og,01), we see that gXs C X, whenever g € (02000109) \ {1}. By Lemma 1.4.2, the
subgroup of x3Zy generated by G7 and Gs is G *x G5. Since Gy = Zs * Zs and G4 ~ 7, the
map ¢ is indeed an injective group homomorphism from Zs * Zo * 7 t0 *37s. O

When the embeddings are into groups involving free products of Zs, the embeddings
become more complicated. First, we give an embedding of Zs x Z into Zs * Z3, which we
will use in Chapter 6.

Proposition 1.4.5. Let g be the generator of Zs; let h be a generator of Zs; and let u be
a generator of Z. Then there is an injective group homomorphism v : Zo x 7 — Lo * g
such that 1(g) = g and 1(u) = hgh.

Proof. Note that hgh has infinite order since h is order 3 and powers of hgh do not decrease
in word length. On the other hand, let

X, = {w € Zy % Zs3 : w starts with either h or h?}

and
Xy = {w € Zy x Z3 : w starts with g},
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where we consider words in reduced form. Clearly ¢X; C X5 and hXs C X;. Thus,
hghX, C hgX; C hXy; C X;. By Lemma 1.4.2, the map ¢ : Zo x Z — Zo x Z3 given by
t(g) = g and t(u) = hgh extends to an injective group homomorphism. O

The most complicated embedding that we shall need is the following embedding of F3
into Zs * Zs.

Proposition 1.4.6. Let go, g1, 92 be a set of universal generators of ¥5. Let a,b be gen-
erators of Zs. Then there is an injective group homomorphism v : 3 — Zs * Z3 given by
t(go) = aba, 1(g1) = bab and 1(gs) = ab*a®b.

Proof. Since a has order 3, it is not hard to see that ¢(gy) = aba must have infinite order,
since the word length does not decrease when taking powers of ¢(gg). Similarly, since b has
order 3, the order of +(¢g;) = bab must be infinite. Since the first letter of «(g2) = ab®a®b
is a and the last letter of ¢(g2) is b, it follows that ¢(g2) has infinite order as well. Let
G = (aba), Gy = (bab) and G3 = (ab*a®b). Now set

Xy =A{w € Z3 x Z3 : w starts with aba}
Xy = {w € Z3 x Z3 : w starts with bab}

Since there are no relations between a and b, it is evident that ¢X; C X, whenever
g € Gy \ {1}, while ¢X; C X; whenever g € G \ {1}. Since aba and bab have infinite
order, Lemma 1.4.2 forces Fo = Z % Z ~ (aba, bab). Next, we let

X3 = {w € Zs * Zs3 : w starts with ab?}.

Since Gy *Gy ~ (aba, bab) ~ Fy, whenever g € G1xG2\ {1}, we have that g(X3) C X;UXo,.
If g € Gs \ {1} = (ab*a®b) \ {1}, then since multiplying ab*a*b on the right by aba or bab
does not decrease word length, we have that g(X; U X5) € X5. Applying Lemma 1.4.2
again, it follows that the subgroup of Zj * Z3 generated by G, * Gy and (3 is isomorphic
to G1 * Gy x G3. Since G3 ~ Z, it follows that this subgroup is isomorphic to *3Z = Fs.
Hence, the map ¢ is an injective group homomorphism, as desired. O]

1.5 Crossed products of C*-algebras

In this section, we outline some of the concepts and results relating to crossed products
of C*-algebras arising from group actions. More information on crossed products can be

26



found in [8, Chapter 4]. We will consider this construction in Chapter 5 in the context of
certain universal C*-algebras.

For simplicity, we will consider the case where A is a unital C*-algebra and G is a
countable discrete group. A group action of G on A is a homomorphism « : G — Aut(A),
where Aut(.A) is the group of unital x-isomorphisms of A onto itself. For g € G, the element
a(g) € Aut(A) is often written as .

For a group action o : G — Aut(A), we define C.(G,.A) to be the space of all finitely
supported functions from G into A. If a € A and g € G, then we will denote by ag the

function
a h=gyg
ag(h) =
0 h#g.

In particular, C.(G,.A) = span {ag : a € A, g € G}. We equip C.(G,.A) with a product
as follows: if v =) a5 and y =), . bt are elements of C,(G,.A), then we set

Ty = Z asos(by)st.
s,teG

In other words, the product is defined such that, for a € A and s € G, we have

sas ' = a,(a).

The involution on C.(G, A) is defined by
rt = Z ag-1(at)s™!.
seG

This definition is easily seen to be the conjugate linear extension of the assignment

(ass)* = ag-1(ak)s™ .

With this product and involution, C.(G, A) is a *-algebra. Since A is unital and G is
discrete, C.(G, .A) has unit given by 1 4e, where e is the identity of G.

To consider the different C*-norms on C.(G,A), it is helpful to consider the valid
representations of C.(G, . A). A covariant representation of C.(G, A) is a triple (u, 7, H),
where H is a Hilbert space, u : G — B(H) is a unitary representation, and 7 : A — B(H)
is a *-homomorphism, such that for all s € G and a € A,

usm(a)u; = m(ag(a)).
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If (u,7,H) is a covariant representation of C.(G,.A), then we obtain a *-homomorphism
uxm:C.(G,A) — B(H), called its integrated form, which is given by

(u x ) (Z a55> = Zﬂ(as)us.

seG seG

Conversely, any non-degenerate x-homomorphism p : C.(G,A) — B(H) is of the form
p = u x 7 for some covariant representation (u, 7, H) [8, p. 117].

The largest C*-norm on C.(G,.A) that respects the group action is the full crossed
product.

Definition 1.5.1. If A is a unital C*-algebra and G is a countable discrete group with a
group action o : G — Aut(A), then the full crossed product of A by G (with respect to
the action «) is the completion of C.(G,.A) with respect to the norm

2]l = sup [[x ()],

where the supremum is taken over all Hilbert spaces H and all unital x-homomorphisms

m: C.(G, A) = B(H). We denote this C*-algebra by A x, G.

It is not hard to see that the supremum in Definition 1.5.1 is equal to the supremum
taken over all non-degenerate s-homomorphisms. It is well-known that the norm above is
faithful on C.(G, A); that is, if z € C.(G, .A) \ {0}, then ||z|| 4x.¢ # 0. By construction of
the full crossed product, the following universal property holds:

Proposition 1.5.2. (See [8, Proposition 4.1.3]) Let a : G — Aut(A) be a group action
of a countable discrete group G on a unital C*-algebra A. If (u,m,H) is a covariant
representation of C.(G,.A), then there is a x-homomorphism p : Ax, G — B(H) such that

p (Z ass> = m(as)u,.

seCG seG

There is also a reduced crossed product associated to the algebra C.(G, .A). To construct
the reduced crossed product, we start with a faithful representation ¢ : A — B(H). We
will construct what is called the regular covariant representation of ¢ as follows. We
let /(@) denote the Hilbert space of square-summable sequences indexed over elements of
G. For g € G, we let §, denote the function given by

dg(h) = {(1) Z;z
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We define a representation 7 : A — H ® (*(G) by setting
m(a)(v ®dy) = (L(ay-1(a)))(v) ®6,, forallveH and g e G.

If we were to identify the Hilbert space H ® (*(G) as @, H, then the representation 7

is like a direct sum:
(a) = P uey ' (a)).
geG
The motivation for defining 7 in this way comes from the left regular representation of the
group G. We recall that the left regular representation of G is the unitary representation

A : G — B(*(G)) given by
As(8g) = Osg-

A key calculation (see [8, p. 117]) is that for all s,g € G, a € Aand v € H,
(I @ Ag)m(a)(Iy @ A;) (v ® dg) = m(as(a))(v @ dy).

In other words, (I @ \s)m(a)(Iy @ Xs)* = w(as(a)), so that the triple (I @\, 7, HR(*(G))
is a covariant representation for C.(G, A).

Definition 1.5.3. Let A be a unital C*-algebra; let G be a countable discrete group; and
let a: G — Aut(A) be a group action. The reduced crossed product of A by G is the
completion of C.(G, . A) with respect to the norm given by

z]] = |((Ix ® A) X m)(2) || Brae@),

where (Iyy @ N\, m, H @ (*(G)) is the reqular covariant representation of a faithful represen-
tation v : A — B(H). We denote this C*-algebra by A X, G.

For simplicity, for an element x = )~ __. a.s of C.(G,.A), we will denote by > . asAs
its image in A X,, G. It is well-known that the definition of A %, G' does not depend on
the choice of faithful representation of A [8, Proposition 4.1.5]. It is easy to see that, for
any x € C.(G,A), we have

2] a0 < 2] axac

In particular, there is a canonical quotient map ¢ : A x, G — A X, G that extends the
identity map on C.(G, A).

One helpful property that the reduced crossed product possesses is a faithful conditional
expectation onto A. In other words, there is a ucp map € : A X, G — A with £ 4 = id4
and &(x) # 0 for all positive elements x € A x,, G.
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Proposition 1.5.4. (See [8, Proposition 4.1.9]) Let o : G — Aut(A) be a group action of
a countable discrete group G on a unital C*-algebra A. Then the map € : C.(G, A) — A

defined by
E (Z ass> = a,
seG

extends to a faithful, conditional expectation € : A x,, G — A.

A helpful observation is that, whenever z = Y __ . ass € C.(G, A), we have a;, = E(zA}).
Moreover, £ is G-equivariant in the sense that, for every s € G and v € A x,,, G,

E(Asaly) = as(E(x)).

For our purposes, the most important result regarding crossed products is the following
theorem.

Theorem 1.5.5. (See [8, Theorem 4.2.6]) Let G be a countable discrete group and let
a: G — Aut(A) be a group action of G on a unital C*-algebra A. If G is amenable, then
the canonical quotient map q : A xo G — A X, G is a x-isomorphism.

1.6 Free products

Many of the universal C*-algebras that are related to Connes’ embedding problem can be
obtained via free products of C*-algebras. In this section, we will introduce the main ideas
and facts about free products that will be useful for us. The interested reader can also
consult the work of D. Avitzour [3] and D. Voiculescu [65]. For simplicity, we will only
deal with free products of unital C*-algebras, where we identify the units of the different
algebras in the free product.

For notational ease, we will consider the free product of two unital C*-algebras; the case
of an arbitrary finite collection of unital C*-algebras follows easily. Let A;, A5 be unital
C*-algebras. One defines the free product algebra A; #c A4, (amalgamated over the
identity) to be the algebra generated by finite words in the elements of the algebras A;,
while identifying the units of each A; with each other. Multiplication on this algebra is
defined by concatenation. If adjacent letters in a word belong to the same algebra, then
concatenation is interpreted as taking the product of these elements in the algebra to which
they belong. For example, if a1, as; € A; and a; € A; for i # j, then (a1,;)*(a;) = a1,;*a;
is the concatenation of the words a;; and a;, while (a; * a1;) * (az;) = a; * (a1,a2,) is
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concatenation with the multiplication a; ;a2; being done in the algebra 4;. The adjoint on
A1 xc Ay is defined in a way that extends the adjoint maps on A; and A,, while remaining
an anti-x-homomorphism. For example, if a; € A; and as € As, then the adjoint of ay * as
is a3 * aj. With these definitions, A; *c A is a unital *-algebra.

The algebra A; xc As possesses the following universal property: if C is a unital C*-
algebra and m; : A; — C are unital *-homomorphisms for ¢ = 1,2, then there is a unique
unital x-homomorphism 7w = 7 *my : Ay *c Ay — C satisfying 7(a;) = m;(a;) for all a; € A;
and ¢ = 1,2. Moreover, every unital x-homomorphism of A; *¢ A, into a unital C*-algebra
C can be obtained in this manner.

To make the unital x-algebra A; x¢ A into a C*-algebra, we first equip it with a norm.
For z € A, xc Ay, we define

2]l = sup [|7(2)le,

where the supremum is taken over all unital C*-algebras C and unital *-homomorphisms
7 Ay xc Ay — C. Evidently this defines a C*-seminorm, but it is not immediate that this
is a norm. One may define

J ={z € Ay xc Ay : ||z| = 0},

which is a two-sided *-closed algebraic ideal in A; *¢ As. Then the seminorm on A; ¢ As
induces a norm on 242 Taking the completion of the latter space with respect to the
norm yields the free product C*-algebra of A; and A, amalgamated over the identity,
which we will denote by A; % Ajy. It is known that J = {0}, so that the seminorm initially
defined is actually a norm on A; *¢c Az [3].

Related to free products is the coproduct in the category of operator systems (see
[23] for more information on coproducts). If &) and S, are operator systems, then the
coproduct of §; and S, is an operator system &1 @1 S equipped with unital, complete
order embeddings k; : §; — 81 @1 Sa, satisfying the following universal property: whenever
T is an operator system and ¢; : §; — T are ucp maps for ¢ = 1,2, then there is a unique
ucp map ¢ : S @1 So — T such that p(ki(s;)) = @i(s;) for all s; € S; and @ = 1,2.
Alternatively, one can form the coproduct of & and Sy by considering the direct sum
operator system S; @ Ss, and letting J = span {(1s,, —1s,)}. Then &; @, S, is canonically

isomorphic to $12%2 [23].

While we will be mainly interested in free products of unital C*-algebras amalgamated
over the identity as defined above (sometimes referred to as full free products), we will also
use reduced free products amalgamated over the identity in Chapter 5. To define reduced
free products, we require a few facts from [3].
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Proposition 1.6.1. (Avitzour, [3, Propositions 1.1 and 1.4]) Let A;, Ay be unital C*-
algebras, and let v, € A} and oy € A} be functionals with p1(1a,) =1 = @o(1a,). Then
there is a unique unital linear functional ©1 % @9 : Ay %c Ay — C such that

o 1 xpa(ar) = ¢1(ay) for all a; € Ay,
o 1 % pa(as) = wa(as) for all ay € Ay, and

o 1 *xo(cy- ) = 0 whenever ¢y -+ - ¢y, 18 a reduced word such that each ¢; belongs
to either ker(p1) or ker(ps), and, for each i, we have ¢; € ker(y1) if and only if
Ciy1 € ker(ps).

Moreover, if 1 and o are tracial (i.e., p1(a1az) = @i(agay) for all ay,ay € A), then
V1 * (o 1S also tracial.

The key tool for reduced free products is the GNS representation the free product state
©1 * g, where 1 and ¢, are faithful states on A; and As, respectively. For this, we will
construct the GNS representation of p; * ¢y as in [3]. For simplicity of notation, we follow
the approach in [44]. We let (my,H1,(1) be the GNS triple associated with ¢;. That is,
m Ay — B(H,) is a unital x-homomorphism and ¢; € H; is a unit vector such that

(m1(a1)C1, C1) = pi1(ay) for all a; € A;.

Similarly, we let (2, Ha, (2) be the GNS triple associated with ¢,. We define H? = {{; }+
and HY = {(;}+. We define a new Hilbert space

H=CaP b #Hoe-H,

n>1 \ij#ij41 for all j

We will let ¢ be the unit vector in H with coordinate 1 in the direct summand of C, with
0’s in all other coordinates. We may identify H; with C¢ & H? in H. We will let H(i) be
the subspace spanned by direct summands whose first tensor factor are not H;; in other
words,

Hi)=CCa P b Hoe-n,

nZl Z]7£ZJ+1 for all ]
174
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With these subspaces in hand, for i = 1,2 we define unitaries V; : H; ® H(i) — H by

(Q@C) ¢
( ® ¢) = hY for all hY € H°
V;(Ci@( : hn):h ®h0
Vi(h?) ® (h? @ ®h°b>> = hy ®h° @R

We define p; : A; — B(H) by setting
i) = Vilmi(a) ® T V7', Va € Ai

Then the free product representation is given by m = py * ps.

If o1 and ¢, are states, then the GNS representation of p; * o is precisely the free
product representation m = p; * py above [3]. Therefore, the notation 7y, ., is often used
for this free product representation. If p; and gy are faithful, then the unit vector ¢ in H
is a separating vector for 7, ., (A1 *c A2), so that 7, ., is faithful on A ¢ Ay [3].

The fact that free products of faithful states remain faithful allow for a reduced free
product corresponding to certain states. If A; and A, are unital C*-algebras and ¢; is a
faithful state on A; for each i = 1,2, then the reduced free product relative to ¢; and
@9 of Ay and A, is given by the C*-algebra 7y, ., (A; * Az). When the states ¢, pq are
clear from context, we may write A; *,.q.As for the reduced free product relative to ¢, and

P2-

The main example of a reduced free product we will use is M, *,.q C(T), where the
reduced free product is taken with respect to the canonical trace tr : M,, — C given by

azg E Q5

and the integration map 7 : C(T) — C given by

IR
-0 /0 £y dt

We will use this construction when considering the so-called reduced Brown algebra in
Chapter 5.
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1.7 Probabilistic Correlation Sets

In this section, we define some of the probabilistic correlation sets. These sets arise from
probability densities corresponding to finite input, finite output systems with two parties
(Alice and Bob) in a separated system.

By a projection-valued measure with k& outputs, we mean a set of mutually
orthogonal projections { P;}*_, on a Hilbert space H such that Zle P,=1Iy. Letn,k € N
with n, k > 2. We define the set of quantum correlations to be

Cy(n, k) = {({(Bap ® Foy)t, ) )apay} R,

where H 4 and Hp are finite-dimensional Hilbert spaces; for each 1 < x < n, Alice has a
PVM {E,.}"_, with k outputs on H 4; for each 1 <y < n, Bob has a PVM {F,,}F_, with
k outputs on Hpg, and ¢ € Ha ® Hp is a unit vector.

We define Cys(n, k) in the same way, only dropping the requirement that H4 and Hpg
be finite-dimensional.

We define Cy.(n, k) in a similar manner. The key difference is that we no longer assume
a tensor product structure. Instead, we assume that each E,, and Fp, act on the same
Hilbert space H, and that ¢ is a unit vector in H. Moreover, we assume that £, , commutes
with F}, for each a,b, x,y.

For convenience, we define Cyq(n, k) to be the closure of C,(n, k) in R"**.

In Chapters 5 and 6, we will need the matrix-valued generalization of these sets. For
t € {q,qs,qc}, m,k € N with m,k > 2 and n € N, one can define the n x n matrix-valued
t-correlation set in m inputs and k outputs to be the same as Cy(m, k), except that, instead
of having one unit vector v, we have a collection {11, ...,%,} of n orthonormal vectors in
the Hilbert space, and the coordinates (E, . Fp,1,1) are replaced by n x n matrices of

the form ((Eq . Fby 15, ¥i)i =1 € Mu(C). We then define ciw (m, k) to be the closure of
Oy (m, k) in (M, (C))™*.

There is a connection between matrix-valued correlation sets and matrix-valued ucp
maps on tensor products of a certain operator system (see [34, 25, 47] for more information).
We let F,,1 = *,,0% , the free product of m copies of the commutative C*-algebra (% . In
the algebraic tensor product F,, ; ® F, k, we will let e, , be the projection onto the a-th
coordinate of the z-th copy of £ in the left side of the tensor product, for 1 < 2 < m and
1 < a < k. Similarly, we will let f;, be the projection onto the b-th coordinate of the y-th
copy of £% in the right side of the tensor product. We will set S, = span {e,, : 1 <z <
m, 1 <a <k} C F,, which is an operator system.
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Theorem 1.7.1. (Farenick-Kavruk-Paulsen-Todorov, [23]) S,k is completely order iso-
morphic to the coproduct @,{¢%,}™, of m copies of ¢¥..

Taking the adjoint of the complete order isomorphism in the previous theorem yields
the following corollary.

Corollary 1.7.2. (Farenick-Kavruk-Paulsen-Todorov, [23]) The dual of S,k is completely
order isomorphic to

m k k m
Tk = {(cl, e Gn) €D D GU) =D G VI <pg < m} cP
i=1 j=1 j=1 =1

We summarize the relations between matrix-valued correlations and states on tensor
products of F,, .

Theorem 1.7.3. Let m,k > 2, n € N, and (P(a,b|z,9))apey € (M,)™* . The following
are equivalent:

1. P belongs to Cé?) (m, k);

2. There s a ucp map ® : Fp i Omax Fmr — M, such that, for all 1 < z,y < m and
1<a,b<k,
q)(ea,x ® fb,y) = P(CL, b|$7 y)

3. There is a ucp map ® : Sy @c Smp — M, such that, for all 1 < z,y < m and
1<a,b<k,
q)(ea,x X fb,y) = P(CL7 b|$, y)

To obtain a similar characterization for ga-correlations in terms of minimal tensor
products, we require two key facts. The first fact is that commuting correlations that
can be realized on a finite-dimensional Hilbert space are actually finite-dimensional tensor
product correlations (Corollary 1.7.6). The second fact that we need is that, for a unital
REFD C*-algebra, the set of M,-valued ucp maps with a finite-dimensional Stinespring
representation are dense in the set of all M,-valued ucp maps, with respect to the point-
norm topology (Corollary 1.7.9). We will also use these facts when considering unitary
correlations in Chapters 2 and 3.

The fact that commuting correlations on finite-dimensional space decompose as tensor
product correlations relies on an observation of B. Tsirelson [63], which was generalized by
V. Scholz and R. Werner [57].
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Theorem 1.7.4. (Tsirelson, [63]) Let As and Ag be C*-subalgebras of B(H) containing
Iy, where H is finite-dimensional. Suppose that XY =Y X for all X € Ay and Y € Ap.
Then there are finite-dimensional Hilbert spaces H and Hg, an isometry V : H — Ha ®
Hp, and unital x-homomorphisms w4 : Ay — B(Ha) and mg : Ag — B(Hp) such that,
for every X € Ay and Y € Ap, we have

V*(ma(X) @ m(Y))V = XY.

The next corollary follows immediately from Theorem 1.7.4.

Corollary 1.7.5. Let Ay and Ap be C*-subalgebras of B(H) containing Iy, where H
is finite-dimensional. Let {Xo,}a € Aa and {Ys}s C Ap be finite generating subsets
of Ay and Apg, respectively. Let {n;}}_, be an orthonormal set of vectors in H. If
[Xo,Ys] = 0 for all o, B, then there are finite-dimensional Hilbert spaces Ha and Hp,
unital x-homomorphisms w4 : Aa — B(Ha) and mp : Ap — B(Hgp), and an isometry
V:H — Has® Hp such that, for every a, 8 and 1 < 1,5 < n, we have

(ma(Xo) @ mp(Y5))V i, Vig) = (XaYami, 1)
Applying the previous corollary to the context of commuting correlations, we obtain
the following corollary.
Corollary 1.7.6. Let P = (P(a,b|x,y)) € Cé?)(m,k), and suppose that there is a finite-
dimensional realization of P. Then P € C’én)(m, k).

Proof. By assumption, there are PVMs {e, . }¥_, for each 1 <z < m and PVMs {f,,}F_,
for each 1 <y < m on a finite-dimensional Hilbert space H satisfying [e, ., f5,] = 0 for all
a,b, z,y, along with orthonormal vectors {n;}?_; C #H such that

P(a,b|x,y) = (<€a,rfb,y77j7ni>)i,j'

Let Ay =C*{eap: 1 <z <m,1<a<k})and A =C*{fry, : 1 <y <m, 1 <b<Ek}).
By Corollary 1.7.5, we may find finite-dimensional Hilbert spaces H 4 and Hp along with
unital *-homomorphisms 74 : A4y — B(Ha) and 75 : Ap — B(Hp) and an isometry
V:H — His® Hp satistying

<(7TA(€a,IE) ® 7TB<fb,y))V77ia 77]') = <€a,mfb,y77i7 77j>

for all a,x,b,y,1,5. Set Eq, = ma(€ar), Fvy = m5(fo,) and §; = V. Since m4 and 7p are
unital *-homomorphisms, each collection {F, ,}*_, is a PVM. Similarly, each {F,}r_, is
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a PVM. Since V' is an isometry, (¢;, (;) = (Vn;, Vig;) = (V*Vmi,n;) = (mi,m;) = 045, so that
{¢;} is orthonormal. It readily follows that

P = (P(a,blz,y)) = (((Eap © Fyy), G)) € O (m, k).

m
Next, we need a description of unital RFD C*-algebras in terms of M,,-valued ucp maps
which have a finite-dimensional Stinespring representation. As in [21], we define Fin(A) to

be the set of all states on A whose GNS representations act on finite-dimensional Hilbert
spaces. We let S(A) be the set of all states on \A.

Theorem 1.7.7. (Exel-Loring [21]) A wunital C*-algebra A is REFD if and only if Fin(A)
is w*-dense in S(A).

For matrix-valued correlations, a generalization of the above theorem is needed. Since
we only will be dealing with unital C*-algebras, we only consider the unital case. Borrowing
the notation of [21], for a unital C*-algebra A, we set Fin(.A, M,,) to be the set of all ucp
maps ¢ : A — M, for which the minimal Stinespring representation of ¢ acts on a finite-
dimensional Hilbert space. We will denote by UCP(A, M,,) the set of all ucp maps from
A into M,,. For the M,-valued version of the theorem of Exel and Loring, we need the
following standard fact.

Proposition 1.7.8. (See [49, p. 73]) Let A be a unital C*-algebra, and let ® : A — M,
be a ucp map. Then the map

sol(ai)) = (@ ((ay))z, x),

where x = \/Lﬁ(el @ Dey), is a state on M, (A). Conversely, if s € S(M,(A)), then the
map ®s: A — M, given by

,(a) = (n- S(Eij & a))?,j:l

s completely positive. The two assignments ® — s¢ and s — P4 are mutual inverses.

We can now prove an M,,-valued version of Theorem 1.7.7.

Corollary 1.7.9. Let A be a unital C*-algebra. The following are equivalent:
1. Ais RFD.

37



2. The set Fin(A, M,) is point-norm dense in UCP(A, M,,) for all n € N.

3. The set Fin(A, M,) is point-norm dense in UCP(A, M,,) for some n € N.

Proof. Evidently (2) implies (3). If (3) holds and = € A, then a := z*x € A, so that
lall = sup{llp(a)]| - ¢ € UCP(A, M)}

For ¢ € UCP(A, M,), there is a net (p))x C Fin(A, M,,) such that ¢(a) = limy ¢, (a).
We write ¢x(-) = V*m\(-)V in its minimal Stinespring representation, which is finite-
dimensional. Then ||my\(a)|| > ||¢a(a)||. By the C*-identity, we have

|z|| = sup{||7(z)|| | 7 : A = My is a representation}.

This shows that A is RFD, so that (1) is true.

Lastly, we prove that (1) implies (2). Let n > 2, and assume that A is RFD. Let
®: A — M, be a ucp map. We use a technique similar to the proof of [15, Lemma I1.5.2].
We let x = \/iﬁ(el @ ---®e,). By Proposition 1.7.8, the associated map ¢ : M, (A) — C
given by

U((ai)iy) = (@ ((ay)i )z, x)

belongs to S(M,(A)). Since M,(A) is RFD, by Theorem 1.7.7 there is a net (¢), C
Fin(M,,(A)) such that limy ¢, = ® in the point-norm topology. For each A, we may write
Pa() = (ma(-)€n, €0), where H, is a finite-dimensional Hilbert space; my : M, (A) — B(H.,)
is a unital x-homomorphism; and £, € H, is a unit vector. Identifying M, (A) = M,, ® A,
we may apply Corollary 1.7.5 and assume without loss of generality that H) = I\ ® M,
and that my = py ® x, for representations py : M, — B(K,) and x) : A — B(M,).
Additionally, we may assume that &, is a unit vector in Ky ® M,.

Since p, is a unital representation of M, it is well-known that p, is unitarily equiva-
lent to a direct sum of identity representations of M, (see [15, Corollary III.1.2]). Since
dim(KCy) < oo, there is a number k()\) € N and a unitary Uy : Ky — C** @ C" such that
UapA(X)U5 = Iy @ X for every X € M,. We define (\ = (Ux ® I, )&, which is a unit
vector in CF® ® C™ @ M. Then for a € A, we have

(Uxpa(Eij)U3 @ xa(@))Cr, Cr)
((pa(Eij) @ xa(a))(Ux @ Laay )Cns (Ux @ Lagy )Cr)
= (mA(Eij ® a)éx, &)

((Inony ® Eiy @ xa(a))Crs Gr)
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Now, we set Cﬁ\ = ([k(,\) ® Ei @ Iy, )C. We may think of ¢, as the n-tuple ¢\, =
(¢}, ..., C}), where each (i € C*™ @ M,. We observe that

((Tnny ® Eij @ Ing, )0 G1) = (G, G,

so that o
0i; = nY(Ey) = 1i§ﬂn<(]k(>\) ® Eij @ Iam, )00, QO = hin n(C3, Cx)-

Thus, the set of vectors {,/n¢i}%, is almost orthonormal. Define Wy : C* — CFM @ C" ®
M by Wye; = ¢&. Then lim, [|[W*W —I| = 0, so eventually the polar decomposition of W
will be of the form W) = V,|W,|, where V) is an isometry. Moreover, lim, ||V\ — W, || = 0,
and

lim [((®(a) = WX(Lkpy @ In @ xa(a))Wi)e;, i)
= lim [n9) (B @ a) = n{(Txy ® In @ xa(@)) 3, Q)]
= 0.
Lastly, define a representation 7y : A — B(C*™ @ C" ® M,) by setting
(@) = Iy ® I, ® xa(a).
Since limy, |V, — W, || = 0, it follows that

lim [[®(a) = Vi (a)Vall =0,
so that ® is in the point-norm closure of Fin(.A, M,,), completing the proof. m

Now we can return to the characterization of ga-correlations in terms of states on the
minimal tensor product. To obtain this characterization, we note that it is well-known that
the C*-algebra F,, x is RFD. Indeed, it is a free product (amalgamated over the identity) of
a finite number of copies of a finite-dimensional algebra (see, for example, [21]). Moreover,
we have seen that minimal tensor products of RFD C*-algebras are also RFD. Applying
Corollary 1.7.9 to Fpk ®@min Fmk, it is not hard to obtain the following description of
qa-correlations.

Theorem 1.7.10. Let m,k > 2, n € N, and (P(a,b|z,y))apey € (My)™* . The following
are equivalent:

1. P belongs to CéZ) (m, k);
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2. There is a ucp map ® : Fp i Omin Fme — M, such that, for all 1 < z,y < m and
1<a,b<k,
q)(ea,x & fb,y) = P(CL7 b|$, y)

3. There s a ucp map P : Sp i Omin Smp — M, such that, for all 1 < z,y < m and
1<a,b<k,
q)<€a,x ® fb,y) = P(CL, b|$7 y)

One can also consider correlations arising from ucp maps on the maximal tensor product
of S, with itself; these correlations turn out to be the set of non-signalling box correla-
tions, as we will see below. We call an element (P(a,blz,y)) € (M,)™* an (M,-valued)
non-signalling box correlation if it satisfies

e P(a,blz,y) € M for all a,b,x,y;

o Zib:l P(a,blz,y) = I, for all z,y;

o 25:1 P(a,blz,y) = Z’;Zl P(a,blz’,y) for all b, x,2',y; and
o Zlgzl P(a,blz,y) = Elgzl P(a,blz,y’) for all a,z,y,y'.

The first condition is the generalization of requiring non-negative probabilities. The
second condition is the generalization of requiring that the probabilities for each output
pair corresponding to a fixed input pair must sum up to 1. The final two conditions are
referred to as “non-signalling conditions”. These conditions ensure that there are well-
defined marginal probability distributions given by

k
Pa(alz) = ZP a,blz,y),
b=1

and

Pg(bly) = ZP (a,blx,y).

These quantities represent the probability that Alice (respectively, Bob) outputs a (respec-
tively, b), given that the input x (respectively, y) was given.

We let C

nsb(m, k) be the set of M, -valued non-signalling box correlations. In the case
when n = 1, we simply write C,,5(m, k). We have the following description of non-signalling
correlations.

40



Theorem 1.7.11. Let P = (P(a,blz,y)) € (M,)™ . The following statements are equiv-
alent:

1. P belongs to Cflng(m,k)

S

2. There is a ucp map Y : Sy Omax Smp — M, such that (e, @ fo,y) = Pla,blz,y)
for all a,b,z,y.

Proof. We use an argument similar to the proof of [32, Theorem 2.4]. First, suppose
that ® : Sy Omax Smp — M, is ucp and satisfies P(a,b|z,y) = P(eq, ® fiy) for all
a,b,z,y. Since e, is positive in S, and f, is positive in Sy, i, €42 @ fi, is positive in
Sk Omax Smk- Therefore, P(a,blz,y) = ®(e,. @ fi,) belongs to M, so that the first

condition of '™

(M, k) holds. For the second condition, we note that

k k k
SUSEVIRY) S Y0 o1 8 EE R
b=1

a,b=1 a=1

Applying ® to both sides, it follows that Zib:l P(a,blz,y) = I,, yielding the second
condition. For the third condition, we observe that, in S, x, whenever 1 < z, 2’ < m, we

have
k k
g €a,x = 1= g €a,a’ -
a=1 a=1

Tensoring with f,, and applying ®, we obtain the third condition. Similarly, the fourth
condition for C")(m, k) holds, so that P € C\")(m, k).

nsb nsb
Conversely, suppose that P € C’T(an(m,k). We define ®(e,, ® fi,) = Pla,blz,y). By

S
the third and fourth conditions, ® extends to a linear functional on S, x ®max Sm. k. Since

k k
(I,) = (Z €az ® flw) =Y P(a,bz,y) =1,

a,b=1 a,b=1

it follows that ® is unital. For the last condition, we let ®;; : Sk Omax Smr — C be
given by ®;;(z) = ®(z);;, where ®(z);; is the (4, j)-entry of the matrix ®(x). Then @
is ucp if and only if F' = (®;)7,_; is positive in M, ((Simr @max Smi)?). We note that
M ((Smk @max Smp)?) > My(Toke @min Tre) S My (D72 €E,) Omin (D), ¢%,)). Since
the coordinates of F' in the latter operator system are all of the form P(a, b|x,y), and since
each of these quantities is positive in M,,, it follows that F' is positive. Hence, ® is ucp on
Sk @max Sk, as desired. O
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1.8 Connes’ Embedding problem and the Tsirelson
problems

In this section, we outline some of the properties of the probabilistic correlation sets and
open problems surrounding them.

We begin by examining some of the containments of the correlation sets. Since tensor

product representations are automatically representations of the minimal tensor Product,
it is easy to see that C\2(m, k) C C{(m, k). On the other hand, C{ (m, k) € Ci)(m, k)
and the former set is dense in the latter. Thus, we obtain:

Corollary 1.8.1. (See [34, 25, 47]) For each n,m,k, we have that

C(m, k) € CW(m, k) C C(m, k) C CP(m, k).

Moreover, C’ég)(m, k) = i (m,k) = C’é")(m, k).

These matrix-valued correlation sets are also convex [34, 25]. Since the matricial state
space UCP(A, M,) on a unital C*-algebra A is compact in the point-norm topology, it is
evident that Ci (m, k) and C\ (m, k) are closed sets.

In certain settings, it is easier to express matrix-valued correlations by using unitaries
of order k, rather than PVMs with k£ outcomes. To establish this relationship, we note a
well-known fact:

Proposition 1.8.2. Let k € N. Let u be a generator of Zy; let ey, ..., e be the canonical

basis of €%, and let w = exp (%) There are unital x-homomorphisms m : C*(Zy) — (7

[oop)

and p : 07 — C*(Zy,) defined on the generators by

k
m(u) = ijej
j=1
and
k
e = i
a=1

Moreover, © and p are inverses of each other, so that C*(Zy) ~ (*_.
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Proposition 1.8.2 shows how every PVM {E, . }*_, with k outputs on a Hilbert space
‘H can be identified with a unitary U on H of order k. Conversely, to each unitary of order
k, there is an associated PVM with k& outputs.

Using Proposition 1.8.2 and the universal property of unital free products, it is easy to
see that
C* (% Zy) =~ *nfﬁo,

for all n, k € N. Using this isomorphism allows one to freely pass between matrix-valued t-
correlations (involving PVMs with k outputs) and the corresponding correlations obtained
by replacing the PVMs with the associated unitaries of order k.

With these facts in hand, we return to the chain of inclusions from Corollary 1.8.1.
Determining whether any of these inclusions are strict for n = 1 led to several open
problems in quantum information theory:

o Is Cy(m, k) = Cys(m, k) for all m, k?

e (Closure problem) Is Cys(m, k) = Cyq(m, k) for all m, k? (Equivalently, is Cys(m, k)
closed?)

e (Weak Tsirelson problem) Is Cy,(m, k) = Cye(m, k) for all m, k?

e (Strong Tsirelson problem) Is Cys(m, k) = Cye(m, k) for all m, k7

The first problem concerns whether all tensor product correlations can be witnessed
on finite-dimensional space. The Closure problem concerns whether or not limits of tensor
product correlations remain tensor product correlations. The Weak Tsirelson problem
concerns whether correlations from a commuting model can be arbitrarily approximated
by finite-dimensional correlations. Finally, the Strong Tsirelson problem asks whether all
correlations from the commuting model can be realized in a tensor product framework.

Until the last few years, all of these problems remained open. Now, there are known
counterexamples to the first, second and fourth problems. The only remaining open prob-
lem is the Weak Tsirelson problem. The Strong Tsirelson problem was the first problem
to be resolved negatively. Indeed, in 2016, W. Slofstra found large values of m and k for
which Cys(m, k) # Cype(m, k) [59]. Less than a year later, Slofstra also found m and k
for which Cys(m, k) # Cua(m, k), resolving the closure problem [60]. Subsequent papers
[40, 20] simplified the approach to showing that Cys(m, k) # Cyo(m, k), while lowering the
values of m and k. Due to a recent paper of K. Dykema, V. Paulsen and J. Prakash, the
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lowest m and k known for which Cys(m, k) # Cyu(m, k) is (m, k) = (5,2) [20]. Determin-
ing whether C,(m, k) = Cys(m, k) remained an open problem until early 2018, when A.
Codalangelo and J. Stark proved that C,(5,3) # Cys(5,3) [12]. In comparison, the Weak
Tsirelson problem turns out to be equivalent to two long-standing open problems in the
theory of operator algebras: Connes’ embedding problem and Kirchberg’s conjecture.

To state Connes’ embedding problem, we require a bit of background on von Neumann
algebras. We recall a theorem of F.J. Murray and J. von Neumann [46], which states
that there is a unique (weakly separable) hyperfinite I7; factor von Neumann algebra, up
to isomorphism. We denote this factor by R. There are many ways to obtain R. For
example, let A = &), .y M2(C) be the tensor product of (countably) infinitely many copies
of M5(C). The C*-algebra A, sometimes referred to as the 2*°-UHF algebra (see, for
example, [15, 8]) has a unique tracial state 7. Then R ~ m,(.A)", where 7, : A — B(H,) is
the GNS representation of the trace (see [8, Theorem 11.5.4]). The von Neumann algebra
R is equipped with a faithful, normal tracial state trz. Since try is a faithful trace, setting
|||y = trg (z*x)2 for all z € R yields a norm, called the 2-norm of R with respect to trz.

Next, we construct the ultrapower of R. The ultrapower construction for finite von
Neumann algebras was originally done in [33, 45]. We fix a free ultrafilter &/ on N. We
consider the sequence space ¢ (R), the space of sequences with elements in R, equipped
with the supremum norm. We let

Ny ={(2,):2, € lo(R) : lim ||2,]|2 = 0}.
n—U
Then the (tracial) ultrapower of R (with respect to /) is defined by
RY = lo(R)/Nu.

It is known that RY is a von Neumann algebra, with faithful normal trace given by
treu((xn)n) = limy,_y trgr (x,).

With this terminology and background in hand, we can state Connes’ embedding prob-
lem.

Problem 1.8.3. (Connes’ embedding problem, [13]) Let M be any von Neumann algebra
with separable predual. Suppose that T is a faithful, normal tracial state on M. Is there an
injective, trace-preserving *-homomorphism m: M — RY?

A seemingly unrelated problem in tensor products of C*-algebras is the following con-
jecture of Kirchberg:
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Conjecture 1.8.4. (Kirchberg’s conjecture, [41])

C* (Foo) ®min C* (Foo) = C* (FOO) ®max C* (IFOO)

Using Theorem 1.3.6, we see that Kirchberg’s conjecture is equivalent to the assertion
that C*(F) has the WEP. Kirchberg’s conjecture is also equivalent to the analogous
conjecture obtained when replacing F., with IF,,, where n € {2, 3,...}. Surprisingly, Connes’
embedding problem and Kirchberg’s conjecture are equivalent [41]. Even more surprising
is the fact that both of these problems are equivalent to Tsirelson’s problem.

Theorem 1.8.5. The following statements are equivalent.

1. Connes’ embedding problem has a positive answer.

2. Kirchberg’s conjecture holds.
3. O (m, k) = Cé?)(m, k) for all m,k > 2 with (m,k) # (2,2) and n € N.
4. Cpa(m, k) = Cye(m, k) for all m, k > 2 with (m, k) # (2,2).

The equivalence of (1) and (2) was obtained by E. Kirchberg [41]. The equivalence of
(2) and (3) were obtained in [34] and [25]. Later, N. Ozawa showed that, in the implication
(3) = (1), it suffices to consider the case when n = 1, which established the equivalence
of (1) and (4) [47].

We close this section with an observation on separations of Ct(ln) (m, k) and Ct(: N(m, k).
One of the goals in finding separations between the various correlation sets is finding
minimal values of n, m and k for which a separation holds. The desire for minimality is
because of the following propositions.

Proposition 1.8.6. Let ng, mg, kg € N, and let n,m,k € N be such that n > ng, m > mg
and k > ko. If C520 (mo, ko) % C2 (mo, ko), then CS (m, k) # CW(m, k).

Proof. It C4 (mo, ko) # C4& (mo, ko), then there are PVMs {E,,}*, and {F,,}* on
H for 1 < a,b < myg, and an orthonormal set {91, ...,¢,,} € H such that [E, ., Fp,] =0
for all a,b, z,y and

(P(a,blz,y))asay = (({(BawFoyts, ¥i))i5—1)apaey € Coe® (mo, ko) \ Cia®” (mo, ko).
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Now we define PVMs {Ea@}’;:l for 1 < x < m as follows. If 1 <z < my, then set

ot Ea,z 1§a§k0
0 k0<a§k.

If myp < x < m, then we set

va’ax: [H a=1
’ 0 a#l.

We define F}, in a similar manner. Evidently we have dim(#) = oo; otherwise we would

have P(a,blz,y) € C’én())(mo, ko). Hence, we may extend {11, ..., 1y, } to an orthonormal

set {1, ...,¢¥n}. Then N o
P(a,blz,y) == (Ey o Fyyt;, ¢i>?,j:1

defines an element of Cé?)(m k). Moreover, P(a,b|z,y) = 0 whenever a > ko or b > k.

If we had P € ng) (m, k), then smce ciw (m, k) = ol (m k), there would be a sequence
of correlations (P(a, bz, y)) € ciw (m, k) such that

glim ﬁg(a, blx,y) = ﬁ(a, blx,y), Va,b, x,y.
—00

Then for each ¢ € N, there are Hilbert spaces H, and K,, projections Eg az O Hp and Fg by
on /C; respectively, and an orthonormal set {¢y1, ..., Yon} € HiRK, such that Z Eg az =
Iy, for all z, Zb 1 ngy = I, for all y, and

Pu(a,blz,y) = (Eraw ® Frpy e, i)t

Next, we define myg PVMs on H, with ky outputs by setting, for 1 < x < my,

Ef,a,;c 1§a§k0_]—
Erar = ko—1 .
IH(Z_Z Egpx a—l{io.

We define Fyp, on Kp for 1 < b < my and 1 <y < ky in a similar manner. Then the
element

(Pg(a, b’l‘, y))lﬁx,yémo - ((<(E€az & Ffby)¢fj7 ¢E z>)1] 1)1<x y<mg

1<a,b<kg 1<a,b<kg

belongs to C42® (my, ko) for all L. Evidently limy, Py(a,blz,y) = P(a,b|z,y) whenever
a,b < ko. Since Py(a,blx,y) = Pya,blx,y) whenever a < ko and b < kg, and since
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ﬁg(a,b|x,y) — 0if a > kg or b > ko, we have Z’Zf’bzl Py(a,blz,y) — I,. This forces

limy_,oo Po(a,blz,y) = 0 = P(a,blz,y) whenever a > ko or b > ky. In other words, P is
the pointwise limit of (7;)32,, so that P must be in CéZO)(mo, ko), which is a contradiction.
Hence, Cég)(m, k) % CW (m, k). O

A similar result holds for separations between the ¢s and ga models.

Proposition 1.8.7. Let n > ng, m > mg, and k > ko. If CSZO)(mO,kJO) + CSZO)(mO,k‘O),
then CSP (m, k) # C5 (m, k).

Proof. Choose (P(a,blz,y)) € CCSZO)(mO,kO). For each ¢ € N, we may choose Hilbert
spaces Hy, Ky, PVMs {Eg,a,x}]flo:l on H, and {ngb,y}lggl on K, for 1 < a,b < myg, and an
orthonormal set {tp1, ..., Yen, } € He @ Ky such that

P(a,blz,y) = lim P(a,blz,y),

where
Py(a, 0z, y) = (((Erae ® Frpy)the, ¥ei))io—;-
If 1 <z <myg, then set

. Eé,a;r 1§a§k0
EZaa:: ’
o 0 ko <a<k.

If mg < x < m, then we set

We define ﬁ&b,y in a similar manner. Then for each ¢ and z, {E&QJ}I;ZI is a PVM on H,.
Similarly, for each ¢ and v, {F/g,b,y}’y‘“zl is a PVM on K. If sup,cydim(#H,) = p < oo and
supgey dim(Ky) = ¢ < oo, then by passing to a subsequence if necessary, we could find
limits F,, = limy o Frqe and Fy,, = limy_,o Fyp,, along with limits v; = limy_,o ¥y;.
Then each {F, .} is a PVM on a Hilbert space H ~ CP, and each {F},,}t  is a PVM
on a Hilbert space K >~ C?, while P(a,b|z,y) = (((Eaz ® Fyy)s,¥i))7 =1, so that P €
Cé?O)(mo, ko), which is a contradiction. Hence, sup,cy dim(H, ® K;) = oo. In particular,
we may assume that ¢ is large enough so that n < dim(#H, ® K;). Then we extend
{01, .., Yuny } to an orthonormal set {91, ..., ¢, }. Then

Py(a,blz,y) = (<E€,a,xﬁ2,b,yw€,ja Vi) )i =1
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defines an element of C{¥(m, k) for each £. Since C\¥(m, k) is compact in (M,,)™*F,
by passing to a subsequence if necessary, we may assume that limy_, . Pg(a blx,y) =
P(a,b|z,y) for all a,b, z,y. Then P is an clement of ciw (m, k). Moreover, P(a,blz,y) =0
whenever a > ko or b > k.
If we had P € C'q(?) (m, k), then there would be Hilbert spaces H and K, along with
PVMs {E,,}*_, on H and PVMs {I?bﬁy}’;:l on K for 1 < a,b < m, along with an orthonor-
mal set {¢1,...,9,} € H ® K such that

P(a,blz,y) = ({(Eap ® Fyy )5, i)

Now we define mg PVMs on H with kg outputs by setting, for 1 < z < my,

Eas 1<a<ky —1
Eoo = ko—1 75 .
IH — szO Ep7$ a = k’o.

We define F;,, on K for 1 <b <my and 1 <y < kj in a similar manner. Then the element

(Q(a, bz, y)1<ey<mo = (((Bae @ Foy) s, ¥i))ij1)1<ey<mo

1<a,b<ko 1<a,b<ko
belongs to C’é?")(mo,ko). Evidently Q(a,blx,y) = P(a,b|x,y) whenever a,b < kq. Since
P(a,blz,y) = 0if a > ko or b > ko, it follows that P(a,b|z,y) = Q(a,b|z,y) when a = kq
or b = kg. In other words, P = ) € CéZO)(mo,ko), which is a contradiction. Thus,
Ci19 (o, ko) # C2 (ma, ko). 0

Similar to the above propositions is the case of t; = ¢ and t5 = ¢s. The proof is largely

the same as the previous proposition, and is omitted.

Proposition 1.8.8. Let n > ng, m > mgy and k > ko. If C’én‘))(mg,kg) £ CSZO)(mO,kO),
then Cé")(m, k) # ci (m, k).

1.9 Synchronous Correlations

In this section, we will outline the main characterizations of synchronous correlations in
each of the ¢, ¢s, ga and gc models. See [19, 40, 50, 51] for more information on synchronous
correlations. Our motivation for this outline is that it yields an alternative proof that
Connes’ embedding problem is equivalent to determining whether Cpo(m,2) = Cye(m, 2)
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for all m > 2. This equivalence is one of the assertions in Ozawa’s theorem [47, Theorem
36], but the proof given in [47] relies on facts about linear spans of projections in I1;-
factors. Alternatively, with the recent resolution of the description of the synchronous
qa correlations [40], one can give a direct proof that Cy, (n,k) = Cy.(n, k) if and only if
Ce.(nk,2) = C5.(nk,2) (see Lemma 1.9.4). Applying this fact yields Ozawa’s condition.

Definition 1.9.1. Let (p(a,blx,y)) € Chw(n, k). We say that p is synchronous if
p(a,blz, z) = 0 whenever a # b.

For each t € {q, gs, qa, qc,nsb}, we write C;(n, k) for the subset of Cy(n, k) consisting
of synchronous correlations. In [50], the following descriptions were given for Cy(n, k) and
Cs.(n, k).

ge\h

Theorem 1.9.2. (See [50, Corollary 5.6]) Let (p(a,blz,y)) € R"*. Then:
1. The correlation p belongs to C;.(n, k) if and only if there is a unital C*-algebra A

generated by projections {e,, : 1 <z <n,1 <a <k} such that 22:1 o =1 for
all ©, along with a tracial state 7 : A — C satisfying

p(a7 b‘fE, y) = T(ea,xeb,y)7 V(I, b> €,y.

2. The correlation p belongs to C3(n, k) if and only if there are projections E, . € My(C)
for some N € N satisfying 25:1 E, . = In for each x and

pla,blz,y) = tr(Eqy.Eyy), Ya,b, z,y.

The description of the synchronous ga correlations was left as an open problem. Related
to this problem was determining whether Cy,(n, k) is the closure of C;(n, k). The subtlety
lies in the fact that, if (p(a,blz,y)) € Cp,(n, k), then there are correlations (pe(a, b|z,y)) €
Cy(n, k) with limy o pe(a,blz,y) = p(a,blx,y) for each a,b,x,y, but we may not have
pe(a,blz,x) = 0 for a # b. These problems were resolved by S.-J. Kim, V. Paulsen and C.
Schafhauser.

Theorem 1.9.3. (Kim-Paulsen-Schafhauser, [40, Theorem 3.6]) Fiz a free ultrafilter U on
N, and let n,k > 2. Let (p(a,blz,y)) € R”* . The following are equivalent:

1. (p(a,ble,y)) € Cs,(n, k).
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2. There is a sequence ((pe(a,blr,y)))2, € Ci(n, k) such that

Jim pe(a, bl y) = pla,ble,y) for all a,b,z,y.
—00

3. There are projections e, , € RY such that 2221 ean =1 foralll <z <n and
tI'RL{ (6%165772/) = p(CL, b’l’, y)a VCL, ba z, Y,

where RY is the tracial ultrapower of the hyperfinite 11, factor R.
In particular, C;,(n, k) is the closure of C;(n, k).

Using the above description of C;a(n, k), we obtain the following lemma, which provides
a useful transformation between C}(n, k) and C§(nk,2). We thank Chris Schathauser for
suggesting this transformation.

Lemma 1.9.4. Suppose that p(a,blz,y) = 7(EaxEby) € Cg.(n, k), where T is a trace on a
unital C*-algebra A and each E, , is a projection in A satisfying Zszl E,. = 14 for all
1<x<n. Forit=0,1, define

- E i=1
Eifamy =4 ™" 1.9.1
(@) {I—EW i=0. (1:9:3)

Then p(i, j|(a, ), (b,y)) = T(E@(a’x)f?j’(b’y)) defines an element of CLe (nk,2). Moreover,
if p € Cg,(nk,2), then p € C5,(n, k).

Proof. The only part of the lemma that is not immediate is that p € C,(n, k) if p €
Ce.(nk,2). If we have p € C;,(nk,2), then by Theorem 1.9.3, there are projections e,, €
RY such that, for all a, b, z,y,

pla,blz,y) = p(1,1](a,z), (b, y)) = trru(eqz€by)- (1.9.2)

Since trpu is a trace, we also have trru(eq z€py) = trru(€py€az€hy). Since p is synchronous,
for each a # b, we have

trru(eppeazenz) = pla,blz, x) = 0. (1.9.3)
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Since trru is faithful and ey e, € = (€p2€as)*(€aness), We have e, e, = 0. Thus,
€qx L €epy for a # b, so that 2221 €q, 1S @ projection in RY. By definition of p, for each x,

k k k
Z trru(€p2€an€x) = ZtrRu(em) = Zp(a, alr,x) = 1. (1.9.4)
a,b=1 a=1 a=1

Therefore, trrpu (1 - Z’Z:l ea@) = 0. Since 1 — 22:1 €q. > 0, faithfulness of trzu forces

S ¥ €as = 1. In particular, for each 1 < < n, {eq.}"_, is a PVM with k outcomes.
Since p(a,blz,y) = trru(eqqepy) for all a,b,x,y, by Theorem 1.9.3 it follows that p €
Ce.(n, k). O

Using Lemma 1.9.4, we obtain:

Theorem 1.9.5. The following are equivalent.

1. Connes’ embedding problem has a positive answer.
C*(Foo) Qmin C*(Foo) =C* (]Foo) Rmax C*(Foo)
k) = Cy(n, k) for all n,k > 2.

,2) = Cye(m, 2) for allm > 2.

.039“*:\9@.‘\'5

Caa(n,
Cga(m

Cs,(n, k) = Cs.(n, k) for all n,k > 2.
Cs,(m,2) = C5.(m,2) for all m > 2.

Proof. The equivalence of (1), (2) and (3) is the content of Theorem 1.8.5. Clearly (3)
implies (4), which implies (6). The previous lemma shows that (5) and (6) are equivalent.
By a result of K. Dykema and V. Paulsen [19, Proposition 3.2}, having C$(n, k) = C;.(n, k)
for all n, k implies that Connes’ embedding problem has a positive answer. Combining this
implication with the fact that C;,(n, k) = Cs(n, k), we see that (5) implies (1). O
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Chapter 2

A non-commutative unitary analogue
of Kirchberg’s conjecture

In this chapter, we will consider the Brown algebra U,.(n) and the operator system V),
spanned by the generators of U,,.(n). In Section 2.1, we will show that V), is an operator
system quotient of My, and that V,, and U,.(n) have the local lifting property. In Section
2.2, we will use these facts to reformulate Connes’ embedding problem in terms of a version
of Kirchberg’s conjecture obtained when replacing C*(F.) with U,.(n). On the way, we
will obtain an alternate proof of Kirchberg’s theorem that C*(F,,) @umin B(H) = C*(F,,) @max
B(H). Finally, in Section 2.3 we will show that the embedding problem is equivalent to
having V,, ®min Vi, and V,, ®.V,, order isomorphic for each n > 2. The latter problem allows
us to consider problems involving U,,.(n) in terms of states on tensor products of V,,, which
we will use as a basis for studying unitary correlation sets in Chapter 3.

2.1 The Brown algebra U,.(n)

For any n € N, we denote by Un.(n) the universal C*-algebra on n® generators {u;};_,
with the restriction that the matrix U = (u;;) is unitary. This algebra is sometimes referred
to as the Brown algebra, and it was first defined by L. Brown in [7]. It has the universal
property that, whenever A is a unital C*-algebra and a;; € A are such that (a;;) is unitary
in M, (A), then there is a unital *-homomorphism 7 : Uy,.(n) — A such that w(u;;) = a;;
for all 1 <4, <mn. We may define the operator subsystem

Vi =span ({1} U {uy;}5- U{ug}-0)-
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We sometimes refer to V,, as the Brown operator system. This operator system possesses
an important universal property.

Proposition 2.1.1. Let T = (T;;) € M, (B ( )) be a contraction. Then there is a unique

ucp map ¢ 2 V,, = B(H) such that (w;;) = T;; for all1 <i,j <n. The ucp map ¢ dilates
to a unital x-homomorphism 7 : Un.(n) — Ms(B(H)) such that
st = (o, g
K (VI =T*T); =15

foralll <i,5 <n.

T VI-=TT*
Proof. Let T = (Tj;); then ||| < 1. The operator V = (\/W o
unitary in My (M, (B(#H))). Performing a canonical shuffle (see [49, p. 97]) yields a unitary
W = (W;;) € M,(My(B(H))) such that

Wij = ((\/I—T%)ij (T)U) |

By the universal property of U,.(n), there is a unital *-homomorphism 7 : Up.(n) —
My(B(H)) with 7(u;;) = W;; for all ¢,7. Compressing to the (1,1)-corner in My(B(H))
yields the ucp map v, as desired. O

We remark that V), is the image of a unital, completely positive map on M,,. Indeed,
define ¢ : My, — V,, by

1 . s .

5o Lifi=

1 . . .

5eUijnifi <nandj>n+1

A = T i and j <
2—””12 n+landaj)<n
0 otherwise.

1 1
Then the Choi matrix of ¢ is (p(E;;)) = (i”;* 2&?) Since U*U = I, (p(E;;)) is
2n 2n

positive in My(M,,(V,,))+, so that ¢ is unital and completely positive by a theorem of Choi
(see [49, Theorem 3.14]). We will denote by Ja, the kernel of ¢. Then

Ton = {(’3 g) € My(M,) : Tr(A® B) = o} _
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It is readily checked that 75, contains no positive or negative elements except 0. It follows
by Proposition 1.1.3 that 75, is completely order proximinal.

To simplify notation, we define for each n > 2 the index sets
AP ={(,5) €{1,...,2n}* i <n, j >n+1}

and
A, ={(,7)€{l,...,2n}*:i>n+1,j<n}

We define A,, = A U A, . Using the notation of [24], whenever 4, j € {1,...,2n} are such
that ¢(E;;) # 0, we define e;; = Ez‘j € My, /Jon. We let q : My, — My, /T2, be the
canonical quotient map. To show that V), is a complete quotient of Ms,, we need some
equivalent characterizations of positivity in the quotient operator system My, /J2,. This
result and its proof are analogous to [24, Proposition 2.3]. The key difference is the use of
the universal property of V, in the proof that (6) implies (5) below.

Lemma 2.1.2. Let Ay, A;j € M, for every (i,7) € A,,. The following are equivalent.

1. 1@ Ay + Z(m)eAn eij @ Aij is positive in (Mayp ) Jon) @ M,.

2.1® Ay + D i j)eAn Plei) @ Ajj is positive in M, @ M, whenever r € N and 1) :
Msy, | Jon, — M, is ucp.

8. 1® Ay + D jen, V(Eiy) ® Ay is positive in M, @ M, whenever r € N and v :
My, — M, is ucp with ¥(Jan) = {0}.

4. Whenever B;; € M, for (i,j) € A and the matriz B = (B j1,) € M,(M,) are such
that
%[T B
B %Ir

I, ® Ay + Z Bij ® Aij + Z Bj; © Ay; € (M, @ My)..

(4,5)ENT (i,j)€AR

is positive in My(M,(M,)), then

5. Whenever Cy; € M, for (i,7) € A} and the matriz C = (C; j1n) € M, (M,) is such

that
I, C
Cc* I,
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is positive in Mg(Mn(MT», then

I, @ Ay + Z C,J®AU+ Z C*@A € (M, ® M,),.
(3, ])EAJr (3,5)EAR

6. I, ® Ay + Z(z‘,j)e/\z %ui,j_n ® Aj; + Z(z‘,j)eA; ﬁujz_n ® A;j is positive in V, @ M,.

7. I, ® (2nAq) + Zzn Ey ® Bi+ 2 jyen, Bij @ Aij is positive in Ma, ® M, for some
matrices By, ..., Bay € M, such that 32", B; = (2n — 4n%) Ay

8. 21221 Ei; ® Ry + z(i,j)eAn E;j ® R;j is positive in My, ® M, for some matriz R =
(RZJ> € (MQn & Mp>+ such that Rij = Aij fOT' (Z,j) € An and 212:1 R“ = QTlAn.

Proof. Suppose that (1) holds. Since J5, is completely order proximinal, there exists a

matrix R = Y2"

A;j

23 ®R”LJ € (M2n®Mp)+ such that q®ldp(R) = i@AH +Z(i,j)€An eij®

7 1
. It follows tiﬂat

1®A11+ Z €ij®Aij:q®idp<ZEz]®Rz]>:Z 1en®Rn‘|‘ Z 613®Rz]

(i,)EAn i,j=1 i=1 (i,7)€An

Therefore, R;; = A;; whenever (4, j) € A,, and 2321 R;; = 2n Ay, which shows that (8) is
true.

Assume that (8) is true, and let R = (R;;) € (M, ® M,)+ be as given. Write R; =
2nAq + B; where B; = — Z#i R;;. Then

2n 2n
2TLA11 = Z R“ = 47121411 + Z Bl

i=1 i=1

Hence, 322", B; = (2n — 4n%) Ay, and (7) follows.
If (7) is true, then applying ¢ ® id, shows that

2n
1
X (2711411) + Z %1 ® Bz + Z Usj j—n ® Aij + Z u;,i—n ® Az‘j € (Vn ® Mp)+.
=1

(i,4)EAL (i,5)€AR

Using the fact that 2", +1®B=5+1® (Zzn B;) = (1—2n)1® Aj; shows that

L® A+ Z Uijon ® Aij + Z Wip @ Aij € (Vo @ M)
(i,4) €A (i,j)EA,
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Thus, (7) implies (6).

c* 1.
(My(M,(M,)))4, where C' = (Cjjin) € M,(M,). Then C is a contraction in M, (M,).
By Proposition 2.1.1, there is a ucp map ¢ : V,, — M, such that ¢(u;;) = C; 4, for all
1 <14,5 <n. Applying ¢ ® id, to the positive element in (6) shows that

Suppose that (6) is true, and let C;; € M, for (i,7) € A} be such that (I C) €

I, ® Ay + Z OU®AZJ+ > —(J*@A € (M, ® M,),.

(i, J)GA+ (i) €AR
Therefore, (5) is true.

Assume (5). Let B;; € M, for (i,5) € A} and B = (B;j4n) € M,(M,) be such
1

that (%{T QLBL«) is in (Ms(M,(M,)))+. Let Cy; = 2nByj, so that B = 5-C, where

C = (Cijtn)- Then (5) immediately implies (4).

Suppose that (4) holds, and let 1 : My, — M, be a ucp map such that ¢(Ja,) = {0}.
Since E;;— Ej; € Jop, for all i # j, we have ¢(E;;) = %[r forall 1 <i <2n. If B;; = ¢(E;)
for (i,7) € A}, then the Choi matrix of 1) is (%{T ;,T
Then (3) follows from (4).

If (3) is true and U Moy, | Jon, — M, is ucp, then ¢ = Yoq: My, — M, is ucp and
annihilates Jo,,. This shows that (2) holds.

Finally, suppose that (2) is true. Let h = 1 ® Ay + > (ij)eh, €5 @ Aij. Note that an
element x of (Ms,/ Jan) ® M, is positive if and only if Whenever r € Nand v : (Ms,/Jon) ®
M, — M, is ucp, then v(x) € (M,)4 (see [10]). Now, if v : (Ma,/Jon) ® M, — M, is
ucp, then we may find linear maps Vi, ..., V,, : C» — C" ® C? and ucp maps ¥, ..., ¥, :
My, ) Jon, — M, such that

), and hence must be positive.

Z (¥ ®idy(-) Vi

Applying (2), we see that y(h) € (M, ), for each ucp map v : (M, /Jon) @ M, — M, and
for each r € N. Thus, h is positive in (Ms,/Jon) ® M,. Therefore, (1) follows from (2), as
desired. ]

Theorem 2.1.3. For ¢ : My, — V,, and for Jo, as above, the following are true:

1. The map ¢ : May, — V), is a complete quotient map; i.e., Ma, / Jan is completely order
1somorphic to V,.
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2. The C*-envelope of V,, is Upne(n).

Proof. The proof is similar to the proof of [24, Theorem 2.4]. Since ¢ is a surjection, the
map ¢ : My, /Jon — V, given by ¢(2) = ¢(x) is ucp and a linear bijection. Using the fact
that statements (1) and (6) are equivalent in Lemma 2.1.2, we see that ¢ is a complete
order isomorphism, which proves the first statement.

For the second statement, we will show that U,,.(n) satisfies the universal property of
C*(V,). Let A be any unital C*-algebra equipped with a unital complete order embedding
t:V, — A such that C*(+(V,)) = A. We assume that U,.(n) is represented faithfully on
some Hilbert space H. The identity map id : V,, — V,, C U,.(n) can be written as id = koq,
where £ : 1(V,)) = V), is the ucp inverse of «. We extend x to a ucp map p: A — B(H) by
Arveson’s extension theorem [2]. Let p = V*m(-)V be a minimal Stinespring representation
of p on some Hilbert space H, = ran(V) @ ran(V)*. With respect to this decomposition,

for all 1 < 1,7 <n, we have
Ui X
) = (" 7).

Let U = (u;;). The matrix 7 o ((M(U) = (7o t(uij))f =1, after applying the canonical
shuffle, looks like
U x
()

Since U is unitary and 7 o ¢ is completely contractive, the (1,2) and (2,1) blocks must be
0. By applying the inverse shuffle, it follows that for all 7, j, we have

) = (5 0)

Thus, p is multiplicative on the generators {(u;) }1;—; of A, so that p is a -homomorphism
with p(¢(u;;)) = wy; for all ¢, j. This shows that p is surjective from A onto U,.(n). By the
universal property of C*-envelopes, we conclude that C*(V,) = U,.(n). O

Using the fact that Ms,/Jo, ~ V), allows for a description of the dual of V,,. For an
operator space X C B(H), we define the operator system

A x
0 H .
SX_{(y* )\IH>'/\EC’x’y€X}'

Corollary 2.1.4. The operator system dual V¢ of V, is completely order isomorphic to
S0,
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Proof. We use the same argument as in [24, Proposition 2.7]. Since ¢ : My, — V), is a
complete quotient map, ¢¢ : V¥ — M4 is a complete order embedding by Proposition
1.1.5. If {6;;}77_, is the dual basis for Mg, of the canonical basis {E;;}77_, for My, then
M, is completely order isomorphic to Mg, via the mapping F;; — d,; by Theorem 1.1.2. It
follows that the vector space dual of My, / Jo,, equipped with the operator system structure
inherited from M,,, is the operator system dual of V,,. It is not hard to see that the vector

space dual of My, /Ja, is the annihilator of Js, in Mgn. Therefore, Vnd ~ 81?471. O

We will now move towards an analogue of Kirchberg’s Theorem for U,.(n). Kirch-
berg’s famous result on the full group C*-algebra of the free group F,,, for n > 2, is that
C*(Fy) @min B(H) = C*(F,,) @max B(H) for every Hilbert space H. We will show that a
similar result is true when replacing C*(F,,) by U,..(n).

First, we adopt some terminology using Lemma 2.1.2. We say that an operator system
S has property U, if whenever p € N and Si1,.5;; € M,(S) for (4,j) € A, are such that

1 1,
1®Sn+ Y 5 Uijn @ Sij + > 5 Ui n ® Sij € Une(n) @umin My(9))+,
(i.§)EAT (i,j)EA;

then for each ¢ > 0 there exist Rj; € My,(S) for 1 <4, j < 2n such that

e The matrix R. = (R;;) is positive in My, (M,(S));
o Ri =5, forall (i,j) € Ay; and

i 22221 R = 2n(S11 + el s)).

Equivalently, S has property U, if and only if the above holds when replacing the above
positive element of Uy,.(n) @min M,(S) with

i & 811 + Z eij ® Sz] € (MQn/an ®min MP(S))+

(i7j)eA7L

We will say that S has property U if it has property U, for every n € N. These properties
were inspired by the similar notion of operator systems having property 20,,,1 with regards
to the operator system W, € C*(IF,,) given by W, 11 = span {wjw; : 1 <4,5 <n+1},
where wy, ..., w, 41 are the generators of F,, and wy = 1 (see [24]). Lemma 2.1.2 shows that
M, has property U for every p € N. The operator systems satisfying property U, are
characterized in the following proposition.
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Proposition 2.1.5. Let S be an operator system. Then S has property 8, if and only if
Vi Omin S = Vi Omax S. In particular, if S is (min, max)-nuclear, then S has property 5.

Proof. We proceed as in the proof of [24, Proposition 3.3]. Let X = (z4) € M, (V, ® S)
for r > 1; then

a:kg—1®sn + Z —u”n®s + Z ”n g@,

(1, J)EA+ (4,7)EAR

so if S11 = (s%*9) and Sij = (sg?g)), then we obtain

1 1,
X=1® 51+ Z o, Hij—n ® S + Z oy Yisi—n ® Sij,
(i) €A (id)€AR

where S11,S;; € M,. Now, S satisfies the definition of property 2J,, when p = r if and only if
M,.(S) satisfies property U,, when p = 1. Moreover, we have M, (V,@minS) = V5 @min M- (S)
and M, (Vy, @max S) = Vi @max M,-(S). By replacing S with M,.(S) if necessary, in order to
check that S has property U, it suffices to show that S satisfies the definition of property
0, when p = 1.

Suppose that V,, @umin S = V,, ®max S, and suppose that

z:=1®s11 + Z u” n®SU+ Z ]2 n®3ij6(unc(n)®min8)+'

(i,5)eAt (4,5)EAL

Then € (V,, ®max S)+. Hence, for every e > 0, x + (1 ® 15) € DY™(V,,,S). This means
that there is V € M,(V,)4, S € M,,(S); and a linear map A : C* ® C™ — C such that

r+e(l®ls)=AV®S)A".
Since ¢ : My, — V), is a complete quotient map, there is R € My(M,,) such that
r+e(1®1s)=A(p(R)®S)A™.
So, with R, = A(R® S)A* € Ms,(S)+, we have p ® ids(R.) = 2 + (1 ® 1s). That is to
say, for each € > 0, there is R. € M,,(S). such that
r4+e(1®1s) = Zl@R Z u”n@)R + ) —uﬂn®R§j.
(4,9) EA+ (4,7)EAL
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Comparing coefficients with the coefficients of r + (1 ® 1s) shows that Rj; = s;; for
(i,7) € A, and 5 " RS, = 511 + 1. This shows that S has property 0,,.

Conversely, suppose that & has property U, and let p € N; we must show that
C(Vn,S) C C*(V,, S). As before, by replacing S with M, (S) if necessary, we may
assume that p = 1. Let x € (V,, ®min S)+. Then there are sy1,s;; € S for (i,j) € A,, such
that ] ]

=1 S11 + Z %ui,jfn ® Sij + Z %u;,i—n &® Sij-
(i,4)EAT (i,j)EA;
Since S has property U, given € > 0, there are R; € S for 1 < 4,57 < 2n such that
R. = (R5;) € M (S)y, Rj; = sy for all (4,7) € A, and S22 R = 2n(siy +elg). If

© : My, — V, is the complete quotient map given as before, then the map ¢ ® ids :
Moy, @max S — Vi Qmax S 1s ucp, and

pRids(R:)=2+e(1®1s) € (V,, Omax S)+-

Thus, z + ¢(1 ® 1s) € DP*(V,,,S) for all € > 0. Therefore, x € (V, ®@max S)+, which
completes the proof. O

The next fact about tensor products of V), is very useful.

Proposition 2.1.6. Let S be any operator system. For all n > 2, the inclusion V,, ®.S C
Upe(N) @max S s a complete order embedding.

Proof. By Theorem 1.2.17, A ®. S = A ®uax S for every unital C*-algebra A. We must
show that C;o™(V,,, S) = C5o™ ™ (Une(n), S) N My(V, ® S) for each p € N. The inclusion
map Ly, : Vs, — Une(n) is ucp, so by functoriality of the commuting tensor product, ¢, ®ids :
Vi ®eS — Une(n) @max S is ucp. Therefore, Cr™(V,,, S) C G (Une(n), S)NM,(V,, ®S)
for each p.

Conversely, suppose that X € C5o™™(U,c(n),S) N My(V, ®S). Let ¢ : V,, — B(H) and
v : S — B(H) be ucp maps with commuting ranges. Let T' = (7;;) where T;; = ¢(u;;). By
Proposition 2.1.1, the map ¢ dilates to a unital *-homomorphism 7 : U,.(n) — My (B(H))
such that, for all 1 <i,5 <mn,

m(uj) = (( [—TZ%*T)ij (T)ij) :
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We extend v to a ucp map on all of U,.(n) by letting 1 (x) be given by the (1,1) corner of
7(x), for each = € U,.(n). Define 5 : S — My(B(H)) by setting

o ()0

7(s) = < 0 ’7(3)> .
Since (s) commutes with each Tj; and T}, we see that 7(s) @ I,, commutes with 7" and T*.
Hence, v(s) ® I,, commutes with C*(I3, T, T*), which contains /I — T*T and /I — TT*.
Thus, v(s) commutes with each block of m(u;;). It follows that the range of ¥ commutes
with each m(u;;). Since 7 is a *-homomorphism, the ucp maps 7 and ¥ must have com-
muting ranges. Therefore, the map 7 -7 : Upe(n) ®. S — My(B(H)) is ucp. Compressing
to the (1,1) corner in My(B(H)) yields the map 1) - . It follows that (1 - 7v)jy,as is ucp on
the inclusion of V,, ® S into U,.(n) ®.S. Hence, (¢ - 7)) (X) € M,(B(H)),. As ¢ and v
were arbitrary, we conclude that X € C£™™(V,,, S). O

Lemma 2.1.7. Let S be any operator system. Then V, Quin S = V,, ®. S if and only if
Upne(N) @min S = Upe(n) Qmax S. In particular, if S has property B, then Upe(n) Qumin S =
Unc(n) ®max S.

Proof. Suppose that Upe(n) @min S = Upe(n) @max S. Since the min tensor product is
injective, V,, ®min S is completely order isomorphic to the image of V, ® § in Uy,.(n) @min S.
By Proposition 2.1.6, V,, ®.S is completely order isomorphic to its image in Uy,.(1n) @max S-
It follows that V,, @umin S =V, ®. S.

Conversely, suppose that V,, ®pninS = V,®.S. We employ an argument analogous to the
proof of [24, Proposition 3.6]. Let X € M,(Unc(n) @minS)+, and let ¢ : Upne(n) — B(H) and
v : S — B(H) be ucp maps with commuting ranges. Let ¢y = V*7(-)V be a minimal Stine-
spring representation for ¢) on some Hilbert space H,. By Arveson’s commutant lifting the-
orem [2, Theorem 1.3.1], there is a unital x*-homomorphism p : (¢)(Up.(n))) — (7(Upe(n)))
such that p(T)V = VT for all T € (¢)(Une(n)))’. Since ¢ and v have commuting ranges,
we see that Yy = povy: S — (7(Une(n))) C B(K) is ucp and its range commutes with the
range of 7. Since V, @min S =V, @ S, the map (7 - 3) |y, @mnms 1S ucp.

Since the min tensor product is injective, V,, ®uin S is completely order isomorphic to
the image of V,, ® S in Upe(n) @min CH(S). Arveson’s extension theorem [2] guarantees
existence of a ucp extension 7 : Une(n) @min C5(S) = B(K) of (T 7)v,@mms- For any
1 <1,7 < n, we see that

N(uy; @ 1) =7 F(uy; @ 1) = m(ugy).
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Thus, {w;; : 1 < 4,5 < n} is in the multiplicative domain M, of n. It follows that
Upe(n) ® 1 C M,. Hence whenever a € Up.(n) and s € S, we obtain

na®s)=n(la®1)(1®s)) =nla®)n(l®s) = m(a)y(s).
M,

Now, the upper-left corner of 7(a)7(s) is

Vim(a)y(s)V = Vir(a)p(v(s))V = Vim(a)Vy(s) = d(a)y(s).

Using this fact, we have

b -(a®s) =Pla)y(s) = Vin(a)y(s)V = Vinla @ s)V.

So, for all z € Upe(n) @min S we have - y(2) = V*n(2)V, so that (¥ - 7)u.(n)@mns 1S UCD.
Therefore, (1 - 7)™ (X) € M,(M,,) so that Upe(n) @umin S = Une(n) @, S.
[

Lemma 2.1.8. If H is any Hilbert space, then B(H) has property 8. Equivalently, V,, has
the OSLLP for every n > 2.

Proof. The proof proceeds in a similar manner to the proof of [24, Proposition 3.5]. Let
n € N and let Sy1, S;; € B(H) for (i,7) € A,,. Suppose that

1 ® Sll + Z uzg n ® S’Lj + Z _u]z n ® SZJ € (uﬂc< ) ®min B<H))+
(1, J)€A+ (i,7)EAL

As in the proof of Proposition 2.1.5, we may assume that p = 1. The matrix 0 € M, is a
contraction, so by Proposition 2.1.1, the map « : V,, = C given by a(u;;) = 0and o(1) =1
extends to a ucp map on Upc(n). Hence, a ® idgy) is ucp on Upe(n) @min B(H), which
forces S1; > 0. Fix ¢ > 0. For any finite-dimensional subspace M of H, we know that
B(M) has property 0. Let Py denote the orthogonal projection onto M. Replacing Si;
with PprS11 Py and S;; with PaygS;j Pay, we may find ReM € B(M) such that

o Ry i= (REM) is in (Ms,(B(M)))4,
o R‘Z?M = PpmSij Py for (i, 5) € A, and
° Z2n REM = QH(PMSHPM —|—€[M) = 2n<PM511PM —|—€PM)
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Clearly 37", REM < 2n(Syy +ely), so since each R5™M is positive, the diagonal blocks
of R. ar are bounded. Since M is finite-dimensional and R. »¢ > 0, the norm of R. a is
given by the largest eigenvalue. Therefore, indexing finite-dimensional subspaces of H by
inclusion, the net (R. a) m<n, dim(M)<oo 18 uniformly bounded. Let R. be a w*-limit point
of the net (R r1)m. Then the corresponding subnet of (Pa)a converges strongly to Iy.
It follows that, writing R. = (R;;) € M, (B(H)), we have R. > 0, while R;; = S;; for all
(i,7) € A, and 32" R, = 2n(S1 + ely). Therefore, B(H) has property 9, for every
n € N. O]

Theorem 2.1.9. U,.(n) has the LLP; that is, Un.(n) @min B(H) = Upe(n) Qmax B(H).

Proof. By Lemma 2.1.8 and Proposition 2.1.5, V,, ®uin B(H) = Vy, @max B(H). Applying
Lemma 2.1.7 gives the desired result. O]

It should be noted that Kirchberg’s Theorem for C*(F,,) follows from Theorem 2.1.9.
To show this fact, we will need the notion of a retract for operator systems. We will say

that an operator system S is a retract of an operator system 7 if there are ucp maps
:S — T and x : T — S such that x o ¢ = ids.

Lemma 2.1.10. Let 81, Ss, Ti, T2 be operator systems, and let 71, 7o € {min, ¢, max}. For
i = 1,2, suppose that S; is a retract of T;. If 1 @+ T = T1 @, To completely order
isomorphically (respectively, order isomorphically), then &) ®;, So = &1 ®,, So completely
order isomorphically (respectively, order isomorphically).

Proof. Since min < ¢ < max as operator system tensor products, we may assume that
71 < 7. Since §; is a retract of T;, there are ucp maps ¢; : S; — 7; and v¢; : T, — S; such
that 1; 0 p; = ids,. For each j = 1,2, by functoriality of 7;, the maps ¢1 @ ¢ : §1 ®,; So —
Ti ®7 T2 and 1 @ ¢ : Tt @7, T2 — S1 ®;; Sy are ucp. Moreover, the following diagram
commutes:

id7-1 X id7—2

T @7, T2 T @7, T2
01 ® P2 ) @ o
ids, ® id
S @ S o o S1 @7, So
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By assumption, the map id : 71 ®,, T2 = T1 ®,, Tz is completely positive (respectively,
positive). Thus, id : §; ®,, S — 81 ®,, Sz is completely positive (respectively, positive).
The result follows. m

For the next lemma, we define the operator system S,, C C*(F,,) to be
S, = span {1, wy, ..., wy,, wy, ..., w; },
where wy, ..., w, are the generators of Fj,.

Lemma 2.1.11. Let n > 2.

1. C*(F,) is a retract of Une(n).

2. 8, is a retract of V,.

Proof. To prove (1), we note that the diagonal matrix

€ My (C*(Fy))

Wn,

is unitary. Hence, there is a unital *-homomorphism 7 : U,.(n) — C*(F,) such that
m(u;;) = 0 for i # j and m(uy;) = w;. Then 7 ®@ids : Upe(n) @max S — C*(F,) @max S s ucp,
while id : Upe(n) @min S — Une(n) @max S is ucp by Proposition 2.1.5 and Lemma 2.1.7.
We let Uy = U = (uj) € M,,(Upe(n)). For 2 < i < mn, let U; be the conjugation of U by
a permutation matrix such that the (1,1)-entry of U; is u;. Then each U; € M,,(Up.(n))
is unitary, so by the universal property for C*(F,), there is a unital *-homomorphism
p: C(F,) — M,(Un.(n)) such that p(w;) = U; for all 1 < i < n. Compressing to
the (1,1)-entry in M, (Upn.(n)) gives rise to a ucp map ¢ : C*(F,) — U,.(n) such that
Y(w;) = uy for all 1 < i < n. Since 7o 1 (w;) = w; and since w; is unitary, it follows that
w; lies in the multiplicative domain of 7 o ¢p. Since C*(F,,) is generated by {wy, ..., w, }, it
follows that 7 ot is multiplicative on C*(F,,). The fact that 7 o ¢(w;) = w; for all i forces
7 o1 =ide«(r,). Thus, (1) holds.

For (2), since ¥(w;) = uy € V, for all 1 < i < n, we have ¥(S,) C V,. Clearly
7(V,) = Sp. Since mo ¢ = ide=(w,), it follows that S, is a retract of V, via the maps
Yis, : Sn = Vpand mpy, 0V, — S, O
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Theorem 2.1.12. Let n > 2, and let S be an operator system with property BU,,. Then
C* (Fn) S min S=C" (Fn) O max S.

Proof. By Lemma 2.1.11, C*(F,,) is a retract of U,.(n). Applying Lemma 2.1.10, since
Une(n) Qmin S = Upe(N) @max S, it follows that C*(F,) Quin S = C*(F,,) @max S, which
completes the proof. O

Corollary 2.1.13. (Kirchberg’s Theorem, [42]) Let n > 2. Then C*(FF,,) has the LLP. In
other words, C*(F,,) ®min B(H) = C*(F,,) @max B(H).

Using Theorem 2.1.12, it is possible to characterize unital C*-algebras having the WEP
and operator systems having the DCEP in terms of tensor products with V5.

Theorem 2.1.14. Let A be a unital C*-algebra. The following are equivalent.

1. A has the WEP.

2. A has property 0.

3. A has property G, for some n > 2.
4. A @min Vi = A Quax Vi for alln > 2.

5. A Qumin Vi = A Quax Vi for some n > 2.

Proof. Clearly (2) implies (3) and (4) implies (5), while (2) implies (4) by Proposition
2.1.5. Similarly, (3) implies (5). Suppose that A has the WEP. By Theorem 1.3.5, A is
(el, max)-nuclear. By Theorem 1.3.4, each V,, having the OSLLP implies that each V), is
(min, er)-nuclear. Hence,

Vn &min A= Vn Rer A=A el Vn =A Qmax Vn - Vn Qmax A.

By Proposition 2.1.5 and the fact that n > 2 was arbitrary, we conclude that A has
property 0. This shows that (1) implies (2).

Finally, we prove that (5) implies (1). Suppose that A ®upin Vi = A @max Vn for some
n > 2. Then by Lemma 2.1.7, we have Up,.(n) @min A = Upne(n) @max A. Using Theorem
2.1.12, we have C*(F,)) Quin A = C*(F,) @max A. As Fo, embeds as a subgroup into
F,., by Proposition 1.4.1, it follows that there are ucp maps ¢ : C*(Fo) — C*(F,) and
U C*F,) —» C*(Fy) with ¥ o ® = id. By Lemma 2.1.10, we have C*(F,) ®muin A =
C*(Foo) ®max A. By Theorem 1.3.6, A has the WEP. O
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There is a similar characterization for operator systems with the DCEP.

Theorem 2.1.15. Let S be an operator system. The following are equivalent.

1. S has the DCEP.
2. S Qumin Vo =S ®.V,, for all n > 2.

3. S @min Vo =8 ®.V,, for some n > 2.

Proof. Assume that S has the DCEP. By Theorem 1.3.6, S is (el, ¢)-nuclear, while V), is
(min, er)-nuclear. It follows that S ®uin Vu = S ®. V,, for all n > 2. Hence, (1) implies
(2). Clearly (2) implies (3). If (3) is true, then by Lemma 2.1.7 and by Theorem 2.1.12,
we must have S @upin C*(F),) = S @max C*(F,). Since C*(Fo) is a retract of C*(F,,), using
Lemma 2.1.10 gives S ®umin C*(Fs) = S max C*(Fs ). Applying Theorem 1.3.6 shows that
S has the DCEP, so that (1) is true. O

2.2 Relating the Brown operator system ), to Kirch-
berg’s conjecture

The proof of Theorem 2.1.12 shows that C*(FF,,) is a retract of U,.(n) via ucp maps. Using
this fact allows for a connection between U,.(n) and Kirchberg’s conjecture.

Theorem 2.2.1. If Uy, (1) @min Une(n) = Une(n) @max Une(n) for some n > 2, then Kirch-
berg’s conjecture is valid.

Proof. 1t is well known that Kirchberg’s conjecture is true if and only if it holds for some
n € N with n > 2. Now, if Upe(n) Qmin Une(n) = Une(n) @max Une(n), then combining
Lemmas 2.1.10 and 2.1.11 yields the complete order isomorphism C*(F,,) @i C*(F,,) =
C*(Fp) @max C*(Fn). O

The link between Kirchberg’s conjecture and the WEP allows us to prove the converse of
Theorem 2.2.1. In other words, while the assumption that U,.(n) @minlhne (1) = Une(n) @max
Uy(n) for some n > 2 appears to be slightly stronger than Kirchberg’s conjecture, it is in
fact equivalent to Kirchberg’s conjecture.

Theorem 2.2.2. The following statements are equivalent.
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1. Vs @min Va = Vo @, V.
2. Une(2) @min Une(2) = Une(2) @max Unc(2).-

3. C*(Fy) @min C*(F2) = C*(F2) @max C*(Fy).

4. C*(Fog) @min C*(Fao) = C*(Fog) @max C*(Foo).

5. Connes’ embedding problem has a positive answer.

Proof. The equivalence of (4) and (5) is part of Theorem 1.8.5. Note that if (3) holds,
then since C*(F) is a retract of C*(Fy), (4) also holds by the same argument as in the
proof of Theorem 2.1.14. Clearly Fy embeds into F., so that, by Proposition 1.4.1, C*(IFs)
is a retract of C*(F,). Hence, (4) implies (3). Using Lemma 2.1.7 shows that (1) implies
(2), while Theorem 2.2.1 shows that (2) implies (3). Assuming (4) is true, it follows that
C*(F) has the WEP by Theorem 1.3.6. Then Theorem 1.3.7 shows that any operator
system S that is (min,er)-nuclear satisfies S ®upin S = S ®. S. By Lemma 2.1.8 and
Theorem 1.3.4, V, is (min, er)-nuclear. Therefore, Vo Q@uin Vo = Vo ®. Vs, as required. [

Because S, is a retract of V,,, we can prove the following.

Proposition 2.2.3. For alln,m > 2, V, ®; Vi # Vi Qmax Vin-

Proof. By Theorem 1.3.8, we have S, ®. S;, # S @max S for all n,m > 2. Hence, if
Vi ®c Vi = Vi @max Vim, then by Lemmas 2.1.10 and 2.1.11, we have S, .S, = Sy ®maxSm,
which is a contradiction. O

Corollary 2.2.4. For alln,m > 2, C*(V, ®max Vim) 7# CX (Vi) @max C(Vin).

Proof. Suppose that C¥(V,, ®max Vin) = C5(Vy) ®max C5(Vim). The latter C*-algebra is
Upe(n) @maxUne(m). Applying Proposition 2.1.6, V,,®.V,, is completely order isomorphic to
its inclusion in Upe(n) @maxUne(m). The operator system V,, @max Vi is evidently completely
order isomorphic to its inclusion in C*(V,, ®max Vim). Thus, V, & Vv = Vi, Qmax Vi,
contradicting Proposition 2.2.3. [

Corollary 2.2.5. Let n,m > 2. Let {u;;};_, be the set of generators of the copy of Vy
1 Vy, Qmax Vim, and let {ng}ng:l be the set of generators of the copy of V,, in V, @max Vin-
Define U,V € Mum(CF (Vi @max Vim)) by U = (uig)7 21 @ 1y and V =1, @ (ve) =y - Then
neither U nor V' are unitary.
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Proof. Suppose that one of U or V' is unitary. We will adapt the proof of [22, Lemma 2.4]
to show that U and V must commute. Let Uy = (u;;) € M,,(V,,) and Vo = (vike) € My, (V).
Since these matrices are contractions, we may define

1, Uy Uy
Ui 1, 1,

and

Q=|1n 1. Vo| € Ms(M,(Vp))s.

It follows that P ® Q € My(M,,(V,) ®max Mpm(Vim))s. Let A : C3 — C° be defined
by Ae; = fi, Aes = fy and Aes = fy, where {eq, ey, e3} is the standard orthonormal
basis for C* and {fi, ..., fo} is the standard orthonormal basis for C*. Then the matrix
W = A*(P ® Q)A belongs to M3(M,,(V,) @max Mm(Vm))+. Moreover, we have

oV 1,0V 1,91,

W:(1n®1m X)7

We may write
X* C

I, ®lL, 1,®V
LoV 1,01,

D Y
W:(Y* 1n®1m)’

where D = (U(’f 91, 1, 1m) and Y = (1n % Vi
C' — X*X and D — YY" must be positive in My(M,,(V,) @max Mm(Vim)). We can write

where X = (Uo R 1, Uy® VO) and C' = ( ) Similarly, we may write

). Since W is positive, the matrices

* *

and

D—YY*:(: Uo@lm—<Uo®%><1n®vo*>).

Ly ® L — (1, ® Vo) (1, @ V)
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So, if Uy ® 1,, is unitary in M,,,(C*(V, ®@max Vim)), then the (1,2) entry of C' — X*X
is 0. Multiplying this entry by Uy ® 1,, yields (Uy ® 1,,)(1, ® Vo) = Uy ® Vy, where
the product is being done in M,,,,(C*(V,, ®max Vin)). Similarly, if 1,, ® V4 is unitary in
M (C* (Vs @max Vi), then the (1,2) entry of D — Y'Y ™ is 0, and multiplying by 1,, ® V;
yields (Uy ® 1,,)(1,, @ V) = Uy @ V.

To show that (1, ® V)(Uy ® 1,,,) = Uy ® Vi, we replace the matrices P and @) with

R=11, 1, Uy| and S= |V, 1, 1, |, respectively. Then
Uy Ui 1, Voo L, 1,

Z=ARNA=|1,0V; 1,®L, Uy® L, | € My(M,(V,) @umax Min(Vin))+-
Ui @Vy Ui @1y 1,1,

A similar argument to the above shows that, if either of U or V' is unitary, then we must
have (1, ® Vp)(Up ® 1,,,) = Uy ® Viy. Hence, if either of U or V' are unitary, then U and V
must commute. But if U is unitary and UV = VU, then multiplying on both sides by U*
gives VU* = U*V, so that U and V' *-commute. Similarly, if V' is unitary, then U and V'
must *-commute.

We claim that, if one of U or V' is unitary, then the set {u;; @ 1y,, }7';—; will *-commute
with the set {1y, ® vre}il—; in CF (Vi ®max V). To show this, we adapt the proof of [11,
Proposition 3.1]. Assume that C*(V,, ®max Vim) is faithfully represented on a Hilbert space
H, and let u;; be the image of u;; ® 1y,, and vy be the image of 1y, ® vk under this
representation. We may identify the image 6; of Up as a unitary on C" @ H and the image
Vo Ofl/o as a unitary on H ® C™. Then the image of U is Uy ® I, and the image of V is
I, ® V. On a vector of the form e; ® h ® ey, one has

(U0 ® L)L @ Vo) (e, @ h@er) = D € @ Uyl @ e,
ikt
and o
(]n ® %)(UO ® Im)<6j ® h ® 64) = Z €; ® @gﬂzjek.
ijk,
Thus, we must have that . Uij commutes with 7, Upe, SO that u;; ® 1y, commutes with 1y, ® vy,

in C*(V, ®max Vim). Since UO ® I, and I, ® Vo also x-commute, a similar argument shows
that u;; ® 1y,, *-commutes with 1y, ® v,. Therefore, the identity maps id : V,, — V,, C
C¥(Vi @max Vi) and id : V,, =V, € CH(V,, @max Vin) are ucp maps with commuting
ranges. Thus, the identity map id : V,, ®. Vi, = Vi @max Vin € C5 (Vs @max Vim) 1S ucp,
contradicting Proposition 2.2.3. [
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2.3 Order isomorphisms of tensor products of V,

Using the probabilistic correlation sets as a guide, we will consider a new collection of
correlation sets that correspond to the Brown operator system V,,. In order to link these so-
called unitary correlations back to Connes’ embedding problem, we will relate the unitary
correlations to the probabilistic correlation sets Cy(n,2) for t € {q, ¢s, qa, qc}.

The special case of two outputs for probabilistic correlations involves the C*-algebra
C*(*,%Zs2). Following the notation in [22], we let h; be the generator of the i-th copy of Zs
inside of C*(%,Z2). Each h; is a self-adjoint unitary. We let NC(n) be the operator system
generated by {hy, ..., h,} inside of C*(%,Zs).

Proposition 2.3.1. (Farenick-Kavruk-Paulsen-Todorov, [22]) If Xi,...,X,, € B(H) are
hermitian contractions, then there is a unique ucp map v : NC(n) — B(H) given by
v(hi) = X; forall1 <i<n.

The isomorphism C*(%,Z3) >~ F,o := *,0% is implemented by the mapping
hi = pi — qi,

where p; is the element (1,0) in the i-th copy of £5°, and ¢; is the element (0, 1) in the i-th
copy of ¢5°. In this way, NC(n) is completely order isomorphic to the operator system S,, o
from Section 1.7. A few more facts about NC(n) are required for our purposes.

Proposition 2.3.2. (Farenick-Kavruk-Paulsen-Todorov, [22, Proposition 5.7]) NC(n) is
a retract of S, where S,, = span {1, wy, ..., wy,, wi, ..., ws} C C*(F,).

Using the complete order isomorphism between NC(n) and the operator system S, 2,
along with Theorems 1.7.3 and 1.7.10, we easily obtain the following.
Proposition 2.3.3. For n > 2, Cy(n,2) = Cu(n,2) if and only if the identity map
id: NC(n) @min NC(n) = NC(n) ®. NC(n) is an order isomorphism.

The first thing that relates V,, to NC(n) is the following property:
Proposition 2.3.4. For anyn > 2, NC(n) is a retract of V,.
Proof. By Proposition 2.3.2, there are ucp maps n : NC(n) — S, and 6 : S,, = NC(n)
such that # on = idyc(). By Lemma 2.1.11, there are ucp maps v : §, — V, and

7V, — S, with moy =1idg,. Then ¢pon: NC(n) — V, and for : V, — NC(n) are ucp
maps satisfying (§ o) o () on) = idycm). We conclude that NC(n) is a retract of V,. 0O
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We wish to define correlation matrices with respect to U,.(n) that are similar in nature
to Tsirelson’s correlation sets. A key component in linking the usual quantum correlation
matrices with Kirchberg’s conjecture is the fact that C*(F,,) is RFD for every n. Here, we
show that U,.(n) also enjoys this property.

Theorem 2.3.5. For any n > 2, U,.(n) is RFD.

Proof. The proof mimics the proof that C*(F,) is RFD (see [9, Theorem 7]). It is not
hard to see that U,,.(n) is a separable C*-algebra, so we may assume that U,.(n) C B(H)
is faithfully represented on a separable infinite-dimensional Hilbert space H. Hence, there
are operators U;; € B(H) for 1 <4, j < n such that U,.(n) ~ C*({U;;} ;) via the mapping
wij — Uij. Let (Py,)5_; be a sequence of increasing projections with rank(P,,) = m and
SOT-lim,_yoo Py, = I. Define V,,, ;; = P,,U;; Py, and let V,,, = (V,,,;;). Since rank(P,,) = m,
we may identify V,,;; € M, for each i, j and hence V,, € M, (M,,). Observe that

P, P,
P P

where U = (U;;). Therefore, each V,, is a contraction. By Proposition 2.1.1, there exist
unital *-homomorphisms 7, : Up.(n) — My(M,,) for each m € N such that

Kingij 1= T (ig) = ( Vmﬂ'i (m)m)
(m)u —me.
for all 4,j. Since Vi, = PuUf P, SOT-limy, o Vi = U and SOT-lim,, o, Vs = U*.
Hence, every entry of V,,, converges in SOT, so that

SOT-thﬁ::(Uf 0 >.

3o 0 U

Let F' be any finite linear combination of words in the generators of U,,.(n). We similarly
obtain

. F 0
sor- i w®)= (3 -1

where F'({—Uj;, —Uj;}) is the word obtained by replacing every occurrence of U;; with

—U};, and every occurrence of Uj; with —Uj;. Assume that F is norm 1. Then given € > 0,
there is mg € N such that for all m > mg, we have ||F({ Xy, X;, ;1| = 1 — . Hence,

7 = P,,en Tm is isometric on the dense subspace of linear combinations of words in the
generators of Uy,.(n). Since m must be continuous, 7 is isometric on U,.(n). This shows
that 7 is faithful and U,.(n) is RFD. O
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Remark 2.3.6. [t is not hard to see that whenever A and B are RFD C*-algebras, then
A Quin B is also RFD. Hence, Upe(n) Qmin Une(k) is RED for every n, k > 2.

As with C*(F,,), we can reformulate Kirchberg’s conjecture in terms of whether or not
Upe(n) @max Une(n) is RED. The proof is identical to the C*(F,,) case [8, Proposition 7.4.4],
and is omitted.

Theorem 2.3.7. The following statements are equivalent.

1. (Kirchberg’s Conjecture) C*(F,,) ®min C*(F,) = C*(F,,) @max C*(Fy) for all/some
n > 2.

2. Upe(n) @min Une(n) = Une(n) @max Une(n) for all/some n > 2.
3. Une(n) @max Une(n) is RFD for all/some n > 2.

We will show below that (3) holds if we weaken the assumption of residual finite-
dimensionality to being quasidiagonal. Recall that a unital C*-algebra A is quasidiagonal if
there is a net of ucp maps ¢y : A — My, such that limy ||px(a)|| = ||| and lim, |[¢x(ab) —
oa(a)ea(b)]| =0 for all a,b € A. It is easy to see that every RFD C*-algebra is QD.

Theorem 2.3.8. For every n > 2, Upe(n) @max Une(n) is QD.

Proof. The proof is similar to the proof for C*(F,,) ®max C*(IF,,) (see [8, Proposition 7.4.5]).
Let 7 : Upe(n) @max Une(n) — B(H) be a faithful representation on a Hilbert space H.
Let U = (U;j) be the matrix of generators of U,,.(n) ® 1, and let V' = (V;;) be the matrix
of generators of 1 ® U,,.(n), so that each U;;,V;; € B(H). The nature of the max tensor
product forces the U;;’s and Vj's to *-commute. The unitary group of B(H™) is path
connected by the Borel functional calculus. Hence, there are norm-continuous functions
u,v : [0,1] = B(H™) such that u(0) = Z,,m = v(0), u(1) = U and v(1) = V. Using the
Borel functional calculus, we can arrange to have u(t) € W*(U) and v(t) € W*(V) for all
t € [0,1]. The entries of U and V *-commute, so this must also hold for the entries of
p(U,U*) and ¢q(V, V*) for any #-polynomials p, q. Taking limits, one sees that the entries of
u(t) € B(H™) must *-commute with the entries of v(t) € B(H™) for all ¢t € [0, 1]. Since
u(t) and v(t) are unitary with s-commuting entries, there is a unique *-homomorphism
T+ Une(n) @max Une(n) = B(H) with m(u;; ® 1) = (u(t));; and m(1@wv;;) = (v(t));. As mo
is the trivial representation onto Cly; and m; = 7, we see that 7 is homotopic to the trivial
representation. Since 7 is injective and mo(Upe(n) @max Une(n)) = C is obviously QD, by
Theorem 1.3.11, Upe(n) @max Une(n) is QD. O
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We are now in a position to define our unitary correlation sets. As in the usual setting,
we will consider a tensor product model as well as a commuting model. For n > 2 and
a unitary U = (Uy;) € M,(B(H)) for some Hilbert space H, we let B, (U) = {Iy} U
{Uij, U} 1. We define UCq(ny,n2) to be the set of all (2n7 + 1)(2n3 + 1)-tuples of the
form

(X ®Y)E, ) xen,, ), yesn, (V)

where U € M, (B(H4)) and V € M,,,(B(Hg)), Ha and Hp are finite-dimensional Hilbert
spaces, and € H 4 ® Hp is a unit vector. We define the possibly larger set UCs(nq, na) to
be the set of all correlations of the same form as for UC,(n1, n2), except that we allow the
Hilbert spaces to be infinite-dimensional. For convenience, we will also define UC,(n1, n2)
to be the closure of UC,(ny,ns). For the commuting unitary correlation sets, we define
UC,e(n1,m2) to be the set of all (2n? + 1)(2n3 + 1)-tuples of the form

((XYE,6))xes,, (), ves., (V)

where U € M,,, (B(H)) and V' € M,,,(B(H)) are unitaries, # is a Hilbert space, { € H is a
unit vector, and XY =YX for all X € B,,(U) and Y € B,,(V). By definition of B, (U)
and B, (V), it follows that the U;;’s and Vj,'s *-commute. For convenience, we denote by

Gy my the set of generators of V,, ® Vp, of the form r ® y, where x € {1} U {uy, uj;}i'i—,

and y € {1} U {vke, vie}p5- - By the correspondence between GNS representations and
states,

UCye(ni,n2) = {(S(x))xegnl,n2 15 € S(Une(n1) Omax Une(na))}-

By Proposition 2.1.6, the inclusion V,,; ®. Vi, € Upe(n1) @max Une(ne) is a complete order
embedding. Therefore, we may also write

Uch(nl, ng) = {(S(x))ﬂcégnl,w 15 €S(Vn, ®cViy)}-

Similarly, we may define

UC ymin(n1,ng) = {(s(az:))gﬁegmm2 08 € SV, ®min Viy) }-

Applying Corollary 1.7.5 and injectivity of the minimal tensor product, it is not hard to
see that

UCy(n1,n2) = {(5(2))2e6p, ny : 5 € Fil(Une(n1) @min Une(n2))}-

These unitary correlation sets have similar properties to the quantum correlation sets.
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Proposition 2.3.9. For every ny,ny, > 2,
ch(n17n2) g chs(nlanZ) g Uan(”la”fQ) g chc(nl,ng),

and each of these sets is convex. Moreover, UCy.(n1,nz) is closed.

Proof. Since the state space of any operator system is convex, it is easy to see that each
set above is convex. Clearly UC,(n1,n2) C UCys(n1,n2). Every element of UC,4(nq,n2)
corresponds to a state on V,,; ®min Va,, which extends to a state on Uy,.(1n1) @min Une(no) by
the Hahn-Banach theorem. By Theorem 1.7.7, the set Fin(Uye(n1) @minlhne(n2)) is w*-dense
in S(Une(n1) @min Une(na)), so that each element of UC,s(n1,ng) is also in UCy4(ny, n2).
To show that UCyq(n1,n2) C UC,(n1,n2), it suffices to show that UCy.(n,ne) is closed.
To that end, let ((s,(7)zeg,, ., )pe1 De a sequence in UCy.(n1,n,) that converges, where
(8p)pe1 © S(Vny ®c Viy). The mapping s : Vy,, @ V,, — C given by s(z) = lim,, o 8,()
for all z € G,, », extends to a linear functional. It follows that s = w*-lim,_, s,. Since
the state space on an operator system is w*-closed, we see that s € S(V,,, ®. Vy,) so that
UCyc(n1,ny) is closed. O

Before we link these unitary correlation sets to Connes’ embedding problem, it will be
helpful to have a better description of UCy,(n1,ns).

Lemma 2.3.10. For each ny,ny > 2,

UCqa(n1,m2) = {(5(7))aegn, ny * 5 € SVny @min Vi) }-

In particular, UCyq(n1,ng) = UCymin(n1,n2).

Proof. Note that V,,; ®min Vn, is completely order isomorphic to its inclusion in Uy, (11) @min
Upe(nz). Since S(V,,, ®min Vn,) is w*-closed, the proof of Proposition 2.3.9 shows that

UCqa(n1,m2) € {(5(2))acgn, ny - 5 € S(Vny Omin Vay) }-

Conversely, let s € S(V,, ®min Vn,). By the Hahn-Banach theorem we may extend s to
a state on Une(n1) Qmin Une(nz). Since Upe(ny) Qmin Une(na) is RFD, by Theorem 1.7.7,
s can be approximated pointwise by elements of Fin(U,.(n1) @min Une(n2)). Restricting
to the set G,, », yields a net of states whose images on the set G,, ,, are elements of
UC,(n1,ny) by Corollary 1.7.5. Since this net of states converges pointwise to s, we see
that (5(2))zegn, n, € UCqa(n1,n2), as required. O
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Using Lemma 2.3.10 allows us to formulate the problem of deciding whether the sets
UCya(n1,n2) and UC,.(n1,ne) are equal in terms of V,,; ®@min Vn, and V,, @, Vy,.

Lemma 2.3.11. Let ny,ny > 2. Then UCyu(n1,n9) = UC(n1,n2) if and only if id :
Vi @min Vg = Vg Qc Vi, 18 an order isomorphism.

Proof. If UCy4(n1,n2) = UCy(n1,n2), then by linearity the states on V,,, ®min Vs, and
Vp, ®c Vp, are the same. An element in an operator system is positive if and only if its
image under each state is positive (see, for example, [49, Chapter 13]), so we conclude that
Crn (Vs Va,) = CO™(V,V,.). Therefore, V,, @min Vi, and V,, @, V,, must be order
isomorphic. Conversely, if id : V,,; ®min Vi, — Vi, @ Vi, is an order isomorphism, then the
positive elements are the same in the two operator systems, so the state spaces are identical.
Restricting to the set G, ,.,, we obtain the equality UCyq(n1,n2) = UCy(n1,n2). O

We are now ready for the main result of this section.

Theorem 2.3.12. The following are equivalent.

1. Connes’ embedding problem has a positive answer.
UCua(n1,n2) = UC(ny,n2) for all ny,ny > 2.
UCu(n,n) =UC(n,n) for alln > 2.

Cya(n,m) = Cye(n,m) for all n,m > 2.

Cvov o e

Cya(n,2) = Cye(n,2) for alln > 2.

Proof. Suppose (1) holds. By Theorem 1.3.7, Kirchberg’s conjecture is equivalent to every
(min, er)-nuclear operator system being (el, ¢)-nuclear. As each V), is (min, er)-nuclear, it
follows that V., @min Vi, = Vi, Qe Vi, for all ny, ny > 2. Hence, these operator systems are
order isomorphic, so that UCy,(n1,n2) = UCy(n1, n2) for all ny, ny > 2. Clearly (2) implies
(3) and (4) implies (5). The implication (5) = (1) holds by Theorem 1.9.5. Hence, we
need only show that (3) implies (5). By Lemma 2.3.11, condition (3) implies that V,, ®min V»
and V, ®. V), are order isomorphic. By Proposition 2.3.4, NC(n) is a retract of V,. Using
Lemma 2.1.10, the identity map id : NC'(n) @uin NC(n) — NC(n)®. NC(n) is 1-positive.
Since min < ¢, we see that NC(n) @i, NC(n) and NC(n) ®. NC(n) are order isomorphic
for all n > 2. Applying Proposition 2.3.3, we obtain the equality Cy.(n,2) = Cy(n,2), as
desired. O
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Some striking differences arise between the quantum correlation sets and the unitary
correlation sets. It is known that Cu.(2,2) = C,(2,2) (see, for example, [47]). The
question of whether Cy(n,m) = Cy(n,m) for all n,m > 2 was open until Slofstra [59]
recently proved that there are large n,m for which Cys(n,m) # Cy(n,m). Similarly, it
was unknown whether Cy4(n, m) is closed for all n,m > 2, until Slofstra recently provided a
counterexample [60] for large n, m. The counterexample with the smallest known input and
output sets is due to K. Dykema, V. Paulsen and J. Prakash, who proved that Cs(5,2) #
Cya(5,2) [20].

In contrast, we will see in Chapter 3 that UC(2,2) C UCy(2,2). Indeed, in [11] it
is shown that there is a state s : Upe(2) @min Une(2) — C that cannot arise from a finite-
dimensional representation of Uy,c(2) @minUnc(2). In fact, it is shown that this state cannot
arise from a spatial representation of U,.(2) ®@min Unc(2) on a tensor product of Hilbert
spaces, even if the Hilbert spaces are infinite-dimensional. Since CLo™™ (U,.(2), Une(2)) C
CM (U, (2),Une(2)), s is also a state on Upe(2) @max Une(2). Hence we obtain an element
of UCy(2,2) that cannot be in UCy(2,2). This will be used to show that UC\(2,2) C
UC\(2,2). Moreover, it is shown in [11] that s can be approximated in the w*-topology
by states on Up(2) @min Une(2) corresponding to elements of UC,(2,2). It will follow that
UC,(2,2) and UC(2,2) are not even closed. The methods in [11] will be adapted in a
natural way in Chapter 3 to show that UCys(ny,n2) C UC,.(n1,ny) for all n > 2, and that
UC,(n1,ng) and UCs(ny,ne) are not closed.
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Chapter 3

Unitary correlation sets

In this chapter, we will consider a smaller version of the unitary correlation sets from
Chapter 2. Our first main result is Theorem 3.2.7, which states that Connes’ embedding
problem is equivalent to deciding whether a certain compression By.(n,n) of UC.(n,n) is
equal to the closure of the analogous compression B,(n,n) of UC,(n,n). We show that
B,(n,n) and Bg(n,n) are the unit balls of certain cross norms on M, ® M, and that
the embedding problem is equivalent to determining whether or not these cross norms are
equal on M, ® M, for all n > 2. Drawing on the phenomenon of embezzling entanglement,
we will show that B,(n,m) # By.(n,m) for all n,m > 2 and that B,(n,m) is not closed.
This result is one way in which the unitary correlation sets differ greatly from the quantum
bipartite correlation sets.

Section 3.1 gives some properties of the smaller unitary correlation sets B,(n, m) and
Bc(n,m), along with other related unitary correlation sets. Moreover, the correspondence
between these correlation sets and cross norms on M, ® M, is given. We relate Connes’
embedding problem to determining whether or not B,(n,n) = By (n,n) in Section 3.2.
Finally, in Section 3.3, we use the theory of embezzling entanglement of states from [11]
and [64] to demonstrate several separations between the various unitary correlation sets.

3.1 Unitary correlation norms

In this section, we consider a smaller subset of the correlation sets UCy(ny,ny) from the
previous chapter, and show that they define certain cross-norms on M,, ® M,,. We recall
that, by Theorem 2.1.3, the map ¢, : My, — V), defined in the previous chapter is a
complete quotient map. As an immediate corollary, we obtain the following:
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Corollary 3.1.1. If n,m € N with n,m > 2, then ¢, ® @, : Moy @ Moy, — Vi Qmax Vin
1s a complete quotient map.

Proof. Tt is straightforward to check that if J5, is the kernel of ¢,,, then

ker(@n 0% Som) - j2n & M2m + M2n ® j2m‘

Now, let X € M,(V,, ®max Vi) be strictly positive; that is, assume that X > ¢1 for some
e > 0. Then there are S € M;(V,)+, T' € M,(V;)+, and a rectangular matrix A € M, x,
such that
X =A(S®T)A".

Since ¢, and ¢, are complete quotient maps and J,, and J5,, are completely order
proximinal, we may find matrices P, () with entries in My, and Mos,,, respectively, with
quotient images equal to S and T respectively. Then X is the image of a positive element
in Ms, ® M,,,, and we are done. O]

We will explore properties of the unitary correlation sets defined in Chapter 2, while
adding two models: the local model and the maximal model. Recall that, whenever H is
a Hilbert space and U = (U;;) € M, (B(H)) is unitary, we have defined the set %B,,(U) =

{Iy} U{Ui;, U537 =1 For local correlations, we let UC)o.(n, m) be the set of correlations

in UCy.(n,m) of the form

{({(XY ¥, ) xema), vesn() }
where C*(%5,,(U) UB,,(V)) is a commutative C*-algebra.

For each of the correlation sets UC;(n,m) with t € {loc, q, qs, qa, qc}, we will consider
the smaller set B;(n,m) obtained by only considering X € {U;; : 1 < i,j < n} and
Ye{Vi:1<kt<m}

To define quantum maximal unitary correlation sets, we will require a slightly different
approach. We let

Gom ={z @y 2 € {1} U{uy,uj}i o1, y € {1} U {owe, v ilemr }
We let UC0.(n, m) be the set of all coordinates of the form

(S(x))megn,m ;

where s is a state on V,, ®max Vin. We let
quaz(”a m) = {(3(uij & ka))(i,j),(k,é) JERS S(Vn O max Vm)}
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Similarly, we define

Bymin(n,m) = {(s(ui; @ vie)) (i), k0) 5 € S(Vi @min Vim) }-

Some of the known properties of these sets are summarized in the following theorem. Aside
from the presence of UCy,q.(n, m), this is the same as Theorem 2.3.9.

Theorem 3.1.2. Let n,m > 2. Then

UC,(n,m) CUC(n,m) C UCymin(n,m) C UCy(n,m) C UCymaz(n, m),

and each of these sets is convex. Moreover, UC,(n,m) = UCys(n,m) = UCpnin(n, m) and
UCy(n,m) are closed.

Proof. The containment UCy.(n,m) C UCypnas(n, m) is the only result not shown in Theo-
rem 2.3.9. To show this containment, we use the fact that UC,.(n, m) corresponds to states
on V, ®. Vi, while UCyq:(n, m) corresponds to states on V, @max V. As every state on
Vy ®c Vi is a state on V,, ®max Vim, We obtain the desired inclusion. Since UCmqz(n, m)
corresponds to a state space, it is clearly convex, as required. O

A simple but crucial observation is that for ¢,,ts € {loc, qa, gc, gmazx}, if UCy, (n,m) =
UCy,(n,m), then By (n,m) = By, (n,m). Hence, one way to separate UCy, (n,m) and
UC4,(n,m) is by separating the sets By, (n, m) and By, (n,m). We will see that, for Connes’
embedding problem, it suffices to consider the sets B;y(n, m). Moreover, the sets B;(n,m)
for t € {loc, qa, qc, gmax} have a very special structure, as seen below.

Theorem 3.1.3. Fort € {loc, qa, qc, qmazx}, the set By(n,m) is the unit ball of a norm
|- 1| on M, @ M,,. Moreover, || - |1 is the norm arising from the projective Banach space
tensor product M, &, M,,.

Proof. As each set By(n, m) corresponds to images of states, it is easy to see that B;(n, m)
is convex. Since 0 is a contraction in M, there is a state 1, : V, — C with 7(u;;) = 0 for
all 7, 7. By functoriality of the min tensor product, 1, ® 9, : V, Qmin Vi > CRC =Cis a
state, which corresponds to the matrix 0 € M,,,. Each entry of a matrix in B;(n, m) must
have modulus at most 1, so the set By(n, m) is clearly compact in M,,,. It remains to show
that 0 is an interior point in By(n,m). Since Bj,.(n,m) is the smallest of the correlation
sets, it suffices to prove that 0 is an interior point for Bj,.(n,m). Since C is a commutative
C*-algebra, any pair of unitary matrices X € M, and Y € M,, satisfies X QY € Bj,e(n, m).
Using the fact that the convex hull of the unitaries in M, is the unit ball of the operator
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norm in M,,, we see that {X®Y € M, @M,, : | X[, [|Y] < 1} C Bjy(n,m). By Proposition
1.2.2, the closed convex hull of the former set is the unit ball of the projective Banach space
tensor product norm; hence, it follows that 0 is an interior point for Bj,.(n,m). Therefore,
each By(n,m) is the unit ball of a norm || - ||; on M,,,.

It remains to show that || - ||;oc = || - ||x- To this end, let A be a unital, commutative
C*-algebra, and let U € M,(A) and V € M,,(A) be unitary. Note that A ~ C(X)
for some compact Hausdorff space X, so that the extreme points of S(A) are just the
evalation functionals {0, : € X}. The matrix in Bj,.(n,m) arising from one of these
states corresponding to U and V' is (0 (u;jvke)) = (05 (wij)0z(vke)). Note that (9,(u;;)) and
(0,(vge)) are contractions in M, and M,, respectively, so that (0, (u;;)0,(vke)) is of the form
A® B where A € M,, and B € M,, are contractions. Taking the closed convex hull of the
pure states on C'(X), we see that every element of Bj,.(n,m) is in the closed convex hull of
{A® B: Ae M,, Be My, ||[A|| <1,|B| <1}. This shows that || - ||;oc is the projective
Banach space tensor norm on M, ® M,,, as desired. O

We will see later that if t # gmax, then || - ||; cannot be unitarily invariant. However,
all of these norms satisfy a weaker condition.

Proposition 3.1.4. Fort € {loc, qa,qc}, the norm || - ||; is locally unitarily invariant on
M, ® M,,; i.e., for any unitaries Uy, Uy € M,,, unitaries V1,Vo € M, and X € M, ® M,,,
we have

(U1 @ Vi) X (Us @ Va)|le = [| X |]e-

Proof. First, let s be a state on V,, ®. V,,. Then there is a Hilbert space H, unitaries
U= (U;) € BC"®H) and V = (Vi) € B(H ® C™), and a unit vector ¢ € H such that
s(uij @ vge) = (Uyi Vi), ). Let X = (s(ui; @ Vke)) (ij), k) € Mn @ My,. We will show that
X[(wj) @ I] € UC’qc(n m) whenever (q;) is a v unitary matrix in My; the rest of the cases
will follow. Define Ul] = Zp 1 Uipayyj. Then (U ;) = U(w;) is unitary, and UUVM VMU”
It follows that

X((aij) @ I) = ((Usj Vi, ) ) (g @ I) = (<[7¢ij@¢,¢>) € UCy(n,m).

If the entries of U and V' generate a commutative C*-algebra, then the same is true for
the entries of U = (UZ]) and V', so that Bj,.(n,m) is locally unitarily invariant. If we
assume that X € Bgs(n,m), then s(u;; ® vge) can be written as ((Ui; ® Vi), ¢), where
U= (Uj) € M,(B(Ha)) and V = (Vi) € M,,(B(Hp)) are unitary, H 4 and Hp are Hilbert
spaces, and ¢ € HA®H g is a unit vector. Applying the same approach as above, the matrix
X((cvij) ® I) arises from a state induced by a tensor product of representations, so that
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X ((auj) @ I) € Bys(n,m). Therefore, the set Bys(n,m) is also locally unitarily invariant.
The fact that B, (n,m) is locally unitarily invariant follows by taking limits and using the

fact that matrix multiplication is continuous in the norm topology on M,,,. O]

Like the norm || - ||;oc, each of the norms || - ||; must be a reasonable cross-norm.
Theorem 3.1.5. Fort € {loc, qa, gc,qmaz}, ||| is a reasonable cross-norm on M, & M,,.
Moreover, if || - || denotes the operator norm on M, then ||| < |||+

Proof. Since Bjoe(n,m) C Bi(n,m) for t € {qa,qc,qmax}, we know that | X @ V| <1

whenever X € M, and Y € M, satisfy || X|| < 1 and ||Y] < 1. Hence, || - ||; is a cross-
norm. Once we show that || - || < || - ||;, we will have || - ||l < |||l < || - ||, where || - |-
is the injective Banach space tensor norm, which shows that || - ||; is a reasonable cross-
norm. To see that || - || > || - ||, we need only show that || - || < | - [|gmaz, since || - ||gmaz

defines the smallest || - ||;. Let X € Bynas(n, m); then there is a state s € S(V,, @max Vin)
with X = (s(uij ® Vke)) @i j),k,e)- Any operator system tensor product is an operator space

tensor product by Proposition 1.2.13. Since ||(u;;)|| = 1 and |[(vk)|| = 1, we must have
|(ui; @ vpe)|| = 1 in My (Vi @max Vi) Since s is completely contractive, we see that
| X|| <1in M,,,, and the result follows. O

The lower bound in Theorem 3.1.5 is attained by the norm arising from By,q.(n, m).

Theorem 3.1.6. For n,m > 2, the norm || - ||gmaz with unit ball equal to Bynas(n, m) is
the operator norm on M,,,. In other words,

Bymaz(n,m) ={X € My, : || X]|| <1}

Proof. Theorem 3.1.5 shows that Bge.(n,m) C {X € M,,, : || X]| < 1}. For the reverse
inclusion, let X € M, ® M, with operator norm at most 1. We may write

X = E Tijrellij @ By
1<i,j<n
1<k.0<m

Define the element

X = Z Tijke @ Bio @ Eij @ B @ By € My @ M, ® My ® M,
oy

and let
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Since ||x|| < 1 in My, ® My, P is positive in My, ® Ms,,. Therefore, the corresponding
map vp : My ® M, ® My ® M,, — C with Choi matrix equal to P is a positive linear
functional; moreover, vp(lo ® I,, ® I, ® I,,,) = 4mn.

Let J>, = kery,, where ¢, : My, — V), is the complete quotient map in Theorem
2.1.3. We claim that vp(J2, @ May, + M, @ Jom) = 0, so that vp induces a positive linear
functional vp on V,, ®uax Vi To show this, we will show that vp annihilates Jo, ® Ma,,;
the other part is similar. We may write J5, ® M, as the set of all elements of the form

CZ: (E11®A+E22®B)®W,

where A, B € M,,, W € Ms,, and Tr(A) + Tr(B) = 0. Applying vp to the element C, we
obtain

vp(C) = Tr(A) Te(W) + Te(B) Tr(W) = (Tr(A) + Tr(B)) Tr(W) = 0.

It follows that vp(ker(¢,®@¢n)) = 0. By Proposition 1.1.4 and Corollary 3.1.1, the induced
functional 7p : V, ®@max Vi — C is positive with p(1) = vp(le ® I, ® I, ® I,,) = 4mn.
Let s = ——7p, which is a state on V, ®max Vin. We observe that

4mn

1 _ " 1 1
S(uij & ’Uk@) = M’}/P(ui]’ ® Uké) =P %Uij X %ng .

Recall that the quotient image of Fi» ® E;; € My ® M, under the map ¢, is %uzj, and

similarly, the quotient image of F1o® Eyy € Mo® M, under the map ¢,, is ﬁvu. Therefore,
s(uij ® ) = Yp(E12 ® Eij @ E1a ® Ej) = Tijke,

so that (s(u;; ® vir)) = X. We conclude that X € Bypa.(n,m), as desired. O

A careful examination of Theorem 2.1.3 and the proof of Theorem 3.1.6 shows that for
X € Bgmaz(n, m), there is a state on V,, ®max Vi such that (s(ui; ® vre)) i),k = X and
s(x) =0 for every x € G, \ {wi; ® vge}ijke. The following proposition shows that such a
state can always be found for elements of B;(n,m), where t € {loc, qa, qc}.

Proposition 3.1.7. Let t € {loc,qa,qc} and X € By(n,m). Then there is a state s on
Vi ®c Vi such that s(u;; @ 1) = 0 = s(1 ® vge) and s(w;; @ vi,) = 0 for all i,j,k, ¢, and
(s(uij @ vpe)) = X. If X € Bya(n,m), then s can be taken to be a state on V,, Qmin Vin-

82



Proof. Using the containments Bj,.(n,m) C By.(n,m) and By, (n,m) C By(n,m), there
is a state w on V, ®. V,,, with (w(u;; ® vke)) = X. Let U;; and Vj, be operators on a Hilbert
space H and let ¢ € H be a unit vector such that U = (U;;) and V' = (V},) are unitaries in
M, (B(H)) and M,,(B(H)) respectively; U;;Vie = VioUsj for all 4, 5, k, £; and w(u;j; @ vge) =
(Uij Ve, ). For 6 € [0,2n], define wp to be the state on V,, ®. V,, corresponding to the
unitaries Uy = ("U;;) and Vy = (e V},) and unit vector 1. Then the entries of Uy and
Vi still *-commute, and ((Ug)i; (Vo) reth, ¥) = X(ijy,ke) for all i, j, k, £. It is immediate that
wo(u;; ®1) = ¢ w(uw ®1), we(1R@vge) = e (1®ng) and wg(u;; ®ka) = 0w (u;; @v},).
Define s : V,, ® V,,, — C by

s =5 [ " o) do

which defines a state on V,, ®.V,,, satisfying s(1®wvy) = 0 = s(u;; ® 1) and s(u;; @vy,) = 0.
If X € By,(n,m), then the state s can be taken to be be a limit of states on V,, @min Vin,
so that s is a state on V,, ®min Vin- O

3.2 Unitary correlation norms and Connes’ embed-
ding problem

We now move towards another equivalent statement of Connes’ embedding problem. We
will show that the equality of the ga and gc norms on M, ® M, is equivalent to a positive
answer to the embedding problem. First, we adopt some notation. Let (w;):2,; be a set of
universal generators for F,,. We define the following operator systems:

n ®min C* (Fn)7

X, = span F,)
n) O max C” (Fn)7

{1} UA{w; ® wy, wi @ wj i)
{1}U{wl®wj7w ®w}2j 1)
{1} UA{w; ® wy, wi @ wj}i5-,)

)

{I}U{wl®wj7w ®U} }z] 1

Y, = span
X, = span

IONIANIANIA
Q Q Q Q

Vs = Span

Proposition 3.2.1. Let n > 2. If By, (n,n) = By(n,n), then the identity map id : X,, —
Y, is an order isomorphism.

Proof. Since By, (n,n) = By(n,n), the identity map

id : Span ({1} U {ui]’ X Vi, u:j & U;:»g}i,j,k,é) — Unc(n) ®max unc(”)
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from Upe(n) @min Une(n) is an order isomorphism onto its range. By the proof of Lemma
2.1.11, there are ucp maps v, : C*(F,) — U,.(n) and 7, : Up.(n) — C*(F,) such that
idc«r,) = T © ¥, Moreover, ¢y, (w;) = u;; and 7, (u;j) = dj;w;. By functoriality of the
min and max tensor products, 1, ® ¥, : C*(F,,)) @umin C*(Fp) — Une(n) Qmin Une(n) and
U @ Uy 0 C*(F,) Qmax CF(Fr) — Une(n) @max Une(n) are complete order embeddings.
Therefore, &, is completely order isomorphic to span ({1} U{u;; ®vjj, uj; ®v3, ;) inside
of Upe(n) @min Une(n); the analogous result holds for Y, inside of Upe(n) Qmax Une(n). Tt
follows that id : X,, — ), is an order isomorphism. O

Next, we need a few facts about the opposite algebra of a C*-algebra. Given a C*-
algebra A, the opposite algebra of A, denoted by A%, is a C*-algebra with the same
norm and *-vector space structure as A, but with multiplication given by (a?0°?) = (ba)°P.
In particular, whenever 7 : A — B is a x-homomorphism between C*-algebras, there is an
associated *-homomorphism 7% : A% — B given by 7% (a?) = (m(a))?. A helpful fact
is that, for a,b € A, we have ||ba|| = ||(ba)??|] = ||a®b?||. A special case of the opposite
algebra is for C*(F,). In this case, the opposite algebra C*(F,,)° has the universal
property that, whenever U; € B(H) are unitary for i € N, there is a unital *-homomorphism
7 . C*(Fy)? — B(H) such that

i1 7
The following fact is well-known; we include the proof for convenience.

Proposition 3.2.2. The mapping w; — (w})°? extends to a unital x-isomorphism from
C*(Foo) onto C*(Fy,)°P.

Proof. Let (w;)2, be a set of universal generators for C*(F.,). Let H be a Hilbert space
with fixed orthonormal basis {eq}aca. For any T € B(H), we define T € B(H) by
(Tey,e5) = (Tey,eg) for all a, 8 € A. Then T € B(H) and |T|| = ||T||. If U; is uni-
tary in B(H) for each i € N, then it is straightforward to check that U, is unitary and
Ui, - Uy, = U, U, for all iy,i5. To ease notation, if w, = w;, ---w;, is a reduced word

in Fo, then we set U, = U;, ---U;,. Let w,,,...,w,, be reduced words in F, and let
Ayiy -y Ay, € C. By the universal property of C*(Fy), it follows that

n n
§ : Av, Wey, E : AUy,
j=1 Jj=1

Y1 o

>

We observe that

D NT, =D N, Uy,
j=1 j=1
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so that

n

Z )\’Yj U’Yj

j=1

RE|
j=1

Taking the supremum over all representations of C*(F.), it follows that

n n
§ :)‘www E :)‘www :
j=1 j=1

A symmetric argument yields the reverse inequality, so that

n n
E :)"ijw § :)‘vjww
j=1 j=1

Since ((wj, - -~ w;,)")? = (w; ---w;)? = (w;)®---(w; )?, the mapping ® : w; —

(wf)° extends to a unital x-homomorphism from the *-algebra generated by (w;)$2; into

C*(Foo )P

Using the norm and multiplication structure of the opposite algebra, we obtain

>

n

j=1

=1

n op
_ *
-} (3m)
=1
n
_ *
= E:/\%‘ww
j=1

Taking the adjoint of the last expression gives

P (Z A%'w%') H = ZX%‘U)W Z Ay, Wy
=1 j=1 j=1

Hence, ® is an isometry on a dense subset of C*(F..). It follows that ® extends to an
isometric unital *-homomorphism from C*(Fy,) to C*(F)%. Clearly it is surjective since

((w})°P)22, generates C*(F )%, so we obtain the desired isomorphism. O

We require a few results from [47] to relate Connes’ embedding problem to states on
X and V.
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Theorem 3.2.3. (Ozawa, [47]) Let A be a unital C*-algebra, and let T be a tracial state
on A. Then the map s; : A @uax A? — C given by s;(a ® b°P) = 7(ab) extends to a state
on A ®max Aop’

We obtain the following description of traces in terms of certain states on V...

Theorem 3.2.4. (Ozawa, [47]) Let A be a separable C*-algebra, and let (u;)2, be a gen-
erating sequence of unitaries in the unitary group of A. Suppose that T is a tracial state

on A. Then the mapping w; ® w; — T(uu}) extends to a state on Vuo.

Proof. Welet 0 : C*(F) — A be the surjective unital x-homomorphism given by o(w;) =
u;. By Theorem 3.2.3, 7 induces a state s; on A®yax A% given by a®b” — 1(ab). Let o :
(C*(Fy))? — AP denote the opposite representation of o, given by o (w;”) = u;”. Then
0®0%: C*"(Fx) @max C*(Foo) = A Qpax AP is a *-homomorphism. Using the fact that
C*(Foo)? == C*(F ), we see that the mapping w; @w; — 7(uju}) = s,0(c@0?)(w;®(w})”)
extends to a state on V.. ]

The key result that links X, to Connes’ embedding problem is the following.

Theorem 3.2.5. (Ozawa, [47]) Let A be a separable C*-algebra with a countable dense
sequence (u;)2, of unitaries and a tracial state 7. Then (m.(A)",T) satisfies Connes’
embedding problem if and only if the mapping w; @ w; — 7(u;u}) extends to a state on X.

In order to use Theorem 3.2.5, we must ensure that each X,, and )),, can be considered
inside of the respective tensor product of C*(F,).

Lemma 3.2.6. For each n > 2, the identity maps id : X,, — X and id : Y, — YV are
complete order embeddings.

Proof. Since the minimal operator system tensor product is injective and X, C C*(F,,) ®min
C*(F,) C C*(Fx) ®min C*(Fx ), the result immediately follows for X,,. Now, the canonical
embedding F,, — F., and canonical quotient map F,, — [F,, give rise to x-homomorphisms
7, : C*(F,) = C*(F) and 0, : C*(Fs) = C*(IF,,) with 0,07, = idc«(r,). By functoriality
of the maximal tensor product, 7, ® 7, and 0, ® 0, are ucp with respect to the maximal
tensor product. Therefore, the following diagram commutes:

C*(Foo) ®@max C*(Foo)

W W

C*(Fp) @max C*(F,,) d y C*(Fp,) @max C*(F,)
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Hence, C*(F,,) ®max C*(F,) is completely order isomorphic to the image of C*(F,) ®
C*(F,) in C*(F) ®max C*(Fo). Restricting to ), shows that the identity map id : V), —
Y is a complete order isomorphism onto its range. O

We are now ready for the main result of this section.

Theorem 3.2.7. The following are equivalent.

1. Connes’ embedding problem has a positive answer.
UCu(n,m) =UCy(n,m) for all n,m > 2.
Bya(n,m) = By(n,m) for all n,m > 2.

Buo(n,n) = By(n,n) for alln > 2.

M, ®qo My, = M,, @qc M,, tsometrically for all n > 2.

Proof. The equivalence of (1) and (2) is by Theorem 2.3.12. Clearly (2) implies (3) and (3)
implies (4). Two norms on the same space are equal if and only if their closed unit balls
are identical, so (4) is equivalent to (5). Hence, it remains to show that (4) implies (1).

Suppose that By, (n,n) = By (n,n) for all n > 2. By Proposition 3.2.1, the identity
map id : X,, — ), is an order isomorphism for all n > 2. Let A be a separable C*-algebra
with a countable dense sequence (u;)2; of unitaries, and let 7 be a tracial state on A. By
Theorem 3.2.4, the mapping w; ® w; = 7(u;u}) extends to a state on V.

Consider the C*-algebra A,, = C*(uy, ..., u,), which has a generating sequence of uni-
taries given by (v;)%,, where v; = u; for i < mn and v; = 1 for ¢ > n. Define s,, : Yoo — C
to be the unital, self-adjoint mapping given by w; ® w; +— 7(v;vj). Then s, is a state by
Theorem 3.2.4. Restricting to Y, (sn)|y, must be a state on &,. By the Hahn-Banach
theorem, we may extend (s,))y, to a state on X, which we will denote by w,,. If v € X,
then = A1 + Y20 (\jwi ® w; + pijw; @ w}) for some n, so that » € A,. It fol-
lows that lim,, e wm(z) = wp(x). Hence, (w,,)3_, converges pointwise to the linear map
w: X — Cgiven by w(1) = 1, w(w; ®w;) = 7(w;u}) and w(w; @ w;) = 7(uzu}). Since the
state space of X, is w*-closed, w is a state. Therefore, the mapping w; ® w; — 7(u;uj}) ex-
tends to a state on X, so that (7, (A)", 7) satisfies Connes’ embedding problem. Since A
was an arbitrary C*-algebra with separable unitary group, we see that Connes’ embedding
problem must have a positive answer. Hence, (4) implies (1). O
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3.3 Separating the unitary correlation sets

In this section, we will use results from [11] to show that By (n,m) # By.(n,m) for all
n,m > 2; moreover, we will show that By (n,m) is not closed. Attempts to obtain com-
parable results for the probabilistic quantum correlation sets given in Tsirelson’s problem
have a long history and are less definitive. It was only recently shown by W. Slofstra [59]
that there are n,m € N such that Cy(n, m) # Cye(n,m), but for which pairs these sets are
not equal is unknown. Slofstra also showed that there exist ny,nq, k1, ko for which the set
Cys(n1,ng, k1, ko) is not closed, where n; is the number of inputs for Alice, ny is the number
of inputs for Bob, k; is the number of outputs for Alice, and ks is the number of outputs
for Bob [60]. (Slofstra’s counterexample has ny = 184, ny = 235, k; = 8 and ky = 2.) The
smallest ny, ng, k1, k2 known for which Cy5 # Cy, are ny = ng = 5 and k; = ko = 2. This
choice of ny,n9, k1, ko is also the smallest known for which Cys # Cye. In contrast, the two
analogous problems for unitary correlation sets have a negative answer for every n,m > 2,
as we will see below.

Before we establish separations between some of the various unitary correlation sets,
we require some terminology involving state embezzlement, as described in [11]. We give
a somewhat simplified embezzlement framework here. Suppose that Alice and Bob each
have access to a finite-dimensional Hilbert space; we will always assume that Alice’s space
is C" and Bob’s space is C™ for some n,m > 2. Suppose that Alice and Bob have access
to a resource Hilbert space R, and are able to act on the system C" ® R ® C™ locally. We
consider whether there is a unit vector ¢ € R such that Alice and Bob’s operations can
send e; ® 1 ® e to E” a;je; ® 1 ® e;, where Z” |aij|* = 1. We will say that there is a
perfect embezzlement protocol in a finite-dimensional tensor product model for
> ijei ® e if there is a resource Hilbert space R = R ® Rp, operators U; € B(Ra)
and Vi, € B(Rp) for 1 <i,j <nand 1 <k,¢ <m such that U = (U;;) and V = (Vi) are
unitary on C" ® R4 and R ® C™ respectively, with

(U® V)(el YR 61) = Zaijei RY ® €;.
2%
We will say that there is a perfect embezzlement protocol in a tensor product
model for ZZ jQije; Qe if the same conditions are met as above, except that we drop the
requirement that dim(R,),dim(Rp) < co. A perfect embezzlement protocol in the
commuting model for ZZ ; aije; @ ej will have the same properties as above, except that

we drop the assumption that R decomposes as a tensor product, and instead assume that
Uij, Vie € B(R) for all i, j, k, ¢, and that

URI1,)[,oV)= (1, V)(U® I,).
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The next two results relate perfect embezzlement and states on tensor products of V,.

Proposition 3.3.1. (Cleve-Liu-Paulsen, [11]) Let U;;, Vie € B(R) for 1 < i,j < n and
1 <k, 0 <m be such that U = (U;;) and V = (Vi) are unitary. Then (U ® I,)([, ® V) =
(I, @ V)(U @ L,) if and only if U;;Vie = ViU and UiiVie = ViU for all i, j, k, L.

The following is a slight extension of a result from [11].

Proposition 3.3.2. (Cleve-Liu-Paulsen, [11]) A perfect embezzlement protocol in the com-
muting model exists for le aie; ® e; if and only if there is a state s € S(Upe(n) Dmax
Une(m)) such that s(u; @ vj1) = ayj.

Proof. Suppose that U;;, Vie € B(R) are such that U = (U;;) and V = (Vj) are unitary
and ¥ € R is a unit vector such that (U ® I,)([, ® V) = (I, ® V)(U ® I,,) and (U ®
L)L, @ V)(e1 @y ®er) =37, ajje; @ ®e;. Then there is a unital x-homomorphism
T 0 Une(n) @max Une(m) — B(R) such that 7(u;; ® vge) = U;jVie. Define the state s :
Upe(n) @maxUnc(m) — C such that w;; @y — (Ui Vieh, ¥). By Proposition 2.1.6, V,, ®. Vy,
is completely order isomorphic to its inclusion in U,.(1) @max Unc(m). Hence, we obtain a
state s : V, ®. V,, — C such that

s(uin ® vj1) = (Un Vi, ¥) = ;.

Conversely, suppose that such a state s exists. Then (s(u;; ® vg)) € Bge(n,m), so there
are unitaries U = (U;;) and V' = (Vi) with U;;, Vie € B(R) and U;jVie = VieUsj, and a
unit vector ¢ € R such that, for each i, j, k, ¢, we have s(u;; ® vge) = (U;jVietp, ). Now,

1= Z ;|2 = Z (Ua Vi, )2
,J 4,J
<Y MUVl = (U L) (Lo V) ||| =1,
i,j 0
using the fact that (U ® I,,,)(I, ® V') is unitary. Therefore, |(UnVj19,¢)| = ||Un V||

for all ¢,j. Since (UjVj19,v) = «i;, by the Cauchy-Schwarz inequality, we must have
UiiVijY = ;9. Therefore, we observe that

U@ L)L@V)(eodoe)=) ae@de,
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so a perfect embezzlement protocol exists in the commuting model for the unit vector
Ei,j Q56 ®€j. ]

We now give a proof that in the commuting model, any norm one vector in C* @ C™
can be perfectly embezzled. In particular, we give an alternate proof that any norm one
vector in C" ® C™ can be approximately embezzled; i.e., one can use unitaries (U;;) and
(Vke) to obtain the mapping e; ® ¥ ® €1 Z L€ ® ws ® ej, where [(¢,1.)| > 1 —¢ for
a small € > 0. This fact was first proved in [64] and was reproved in [11] for the vector
Ln >, € ®e;. Our method of proof here draws on a simplification due to Richard Cleve;
we kindly thank him for sharing this simplification.

Theorem 3.3.3. Letn,m > 2 and let ), Z;n:l a;e;®e; € C*"@C™ have norm 1. There
is a state s € S(Vy, @min Vi) such that s(uy @ vj1) = oy for 1 <i<nand1l <j<m. In
fact, this state can be taken such that s(u;; ® vge) = 0 whenever j #1 or £ # 1.

Proof. We may reduce to the case when «ay; > 0. Indeed, we may choose z € T such that
zaqp > 0. Then we can first find s € S(V,, @min Vi) such that §'(u;; ® vj1) = zay; for
1 <i<nandl <j<m. Asthe matrix (Zu;;) is also unitary, the map s : V,, @in Vi = C
given by s(u;; ® vge) = ' (Zuij @ vike) = Z8' (ui; @ vgy) also extends to a state on V,, @min Vin;
moreover, s(u;; ® vj1) = a;; and s(u;; ® vge) = 0 whenever j # 1 or £ # 1. Hence, we may
assume without loss of generality that aq; > 0.

Let » € N. Define hg = ¢; ® e; and h, = Z” a;ie; ® ej. Since (hg, h,) = a3 > 0,
it follows that Rhy + RA, is a two-dimensional real Hilbert space, so there is a unitary
R : Rhy + Rh, — R? such that R(ho) = e;. Since ||hg|| = ||h.|| = 1, there is an orthogonal
matrix W € My such that We; = Rh,. It is clear that W must be a rotation of the form

W= (Z?sg _02181190) for some 6 € [0,27). For 1 < j <r —1, let h; = R~'"Wje;, where

)-
W; refers to the rotation < , g )) _C(S)ls (S_j7))) Then W,W, = W44 and W[ = W_, for

o

all p,q € Z, so that, for 1 < j <r
0
(hj, hj—1> = <R_1Wj€1, R_le—1€1> = (Wie1,e1) = cos (;) )

Let ) = h1 ® - ® h, € (C" ® C™)®". Define U € B((C")®+V) by cyclically shifting the
tensors to the right by one position; i.e., for 7o ® - - ® 2, € (C")®U+D | we let

U(x0®"'®xr>:$r®x0®x1®“‘®$r71.
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Then U is unitary and can be identified as a unitary in M, (B((C")®")). We define V' in
the same way on (C™)®0 1), Then U ® V is the unitary on (C"* ® C™)®+1 that permutes
the copies of C" ® C™ by the cyclic right shift. In particular, we have

U V)((er®e1) @) = hy @y,
where ¢, = hg® - -+ ® h,_1. In general,
UaV)((e®e)@Y)=h®(e;®¢€) ®h1 & -+ & hy_y.
There is a *-homomorphism 7 : Upe (1) @min Une(m) — B((C" @ C™)20+D) such that
(7 (wij @ Vre)) (i), (k) = U @ V.
Define a state s, : V,, @umin Vi — C by
sp(x) = (m(x), ), Yo € V,, Qmin Vin-

Then s,(uj; ® vj1) = (Y, ) for 1 <i<nand 1< j <m. We will show that [(¢),),)]
tends to 1 as r becomes large.

It is readily checked that

r

(0, ) = (b1, ho)(ha, ha) - - (o, hp—1) = cos (Q)T

In particular, |(¢,1,)| tends to 1 as r becomes large. By dropping to a subsequence if
necessary, we may assume that (s,)%; is a sequence of states converging pointwise. Then
S Vi Qmin Vi — C given by s(z) = lim,_, s.(z) is a state on V,, @uin Vi such that
s(uip ®@vjy) =agjfor 1 <i<mnand1l<j<m.

It remains to show that s(u;; ® vi) = 0 whenever j # 1 or £ # 1. Consider the state
s, above, corresponding to the unitaries U € B((C")®"*+1D) and V € B((C™)®+1)) above.
Then
UeV)((ej@e)@Y)=h ®(e; ®er) Qhy @ -+ @ hyp_y.

Note that s, (u;; ® vge) corresponds to the quantity
(U V)((ej ®@er) @), (6 @ ex) @ Y).

Therefore,
Sp(wij ® vke) = auir(ej @ eg, ha)(ha, ha) -+ (hoet, ho).
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Since |(hy, ha) -+ (hy_1,h)| < 1, we have
[sp- (i ® vre)| < o] [{e; ® ee, ha)| < [(e; @ eq, ha).

The angle between h; and e; ® e; is g, so it follows that ||h; — e; ® e1]] — 0. Thus,
|{(e; ® eg, hy)| — 0if j # 1 or £ # 1. This shows that s,(u;; ® vge) — 01if j # 1 or £ # 1.
Hence, s(u;; ® vgy) = 0 when j # 1 or £ # 1, which completes the proof. O]

Using the embezzlement framework, we can distinguish the unitary correlation sets for
qs and qc for all n,m > 2 and show that the unitary ¢s sets are not closed. The proof uses
techniques found in [11, Theorem 2.1].

Corollary 3.3.4. For everyn,m > 2, Bys(n,m) # By.(n,m). In particular, UC(n, m) #
UC(n,m), and neither UCys(n, m) nor Bys(n,m) are closed.

Proof. Without loss of generality, we may assume that n < m. Let x = \/iﬁ Yore®e €
C"®C™. By Theorem 3.3.3, there is X € Byq(n, m) with X 1y,i,1) = \/iﬁ and X(; 1),1) =0
for i # j. If X € Bys(n,m), then there is a perfect embezzlement protocol in the tensor
product model for \/iﬁ Z?:l e; ® e;. Let Uij, Vi and ¢ be as in the perfect embezzlement
framework. Then

(U@ L)L, @ V)(e1® ¢ @ er) = J_Zezw@e,

Let aq, g, ... be the Schmidt coefficients of e; ® ¢ ® e; with respect to the decomposition
(C"®@R4) ® (Rp®C™), so that

e1RYRe; = Zajxj ® Yj,
where {z;} CC"® R4 and {y;} € Rp ® C™ are orthonormal sets. Since
1 n
%Zei QUYRe=URI,)I,oV)(e1Q019Qe)= Za] Uz;) @ (Vy;),
i=1

the Schmidt coefficients of e; ® ¥ ® e; must be the same as the Schmidt coefficients of
% Yor e @Y ®e;. Butif ag > 0 is the largest Schmidt coefficient of e; ® ¢ @ ey, then the

largest Schmidt coefficient of —= ZZ 16, QY ®e; is at most fozo, which is a contradiction.
Hence, Bys(n,m) # By.(n, m)

Finally, since any vector can be approximately embezzled, X must be a limit of elements
in By(n,m), so that Bys(n,m) is not closed. It follows immediately that UCys(n,m) #
UCy(n,m) and that UC,s(n, m) is not closed. O
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Suppose that n < m and that di, ...,d, > 0 are such that >  d? = 1. Consider any
state s : V, @min Vin — C such that s(uﬂ ® v;1) = d; and s(u;; ® vkl) = 0 for i # k.
Such a state arises from a perfect embezzlement protocol in the commuting model for the
vector Z?:l die; ® e;. A surprising fact about the state s is that its action on the elements
{u;j ® vie}ijk e is necessarily unique.

Proposition 3.3.5. Let n < m and let dy,...,d, > 0 be such that Y . d? = 1. Suppose
that s : V, &V — C is a state such that s(u; ®/U11) =d,; for1 <i <n and s(uj;@ug) =0
for j # k. Then

di i=k<n,j=(=1

0 otherwise.

s(uj; @ vge) = {

Proof. Let s be a state satisfying the equations given. In the embezzlement setting, s
corresponds to the following: unitary operators U :C"®@R - C"®@R and V : R C™ —
R @ C™ such that (U ® I,,,) ([, ®V) = (I, ® V)(U ® I,,,), along with a unit vector ¢ € R
such that s(u;; ® vige) = (Uij Ve, ) for all i, j, k, . We may write the product of U ® I,
and [, ® V in block form as

U@L, @V)=(u;V)iim = (Ln@V)(U®IL) = (U)o
With this identification in hand, one can check that
(UiiVie, ) = (U @ I ) (L, @ V) (e @1 ® €p), €, @1 @ ey).
By Proposition 3.3.1, we must have
UnVa = dipp, V1 <@ < n,

and similarly
UnVia =0, Vi # k.

We aim to show that (U;; Vi), ) = 0 whenever (4, j, k, () # (i,1,4,1). We observe that

ZZdeZ Y)@e; = (U"®1,) (Zdi6¢®¢®€i>
j=1 =1 =1

= (LeV)(aedoe)=) o (Vap)@e.

=1
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Comparing entries, we must have Uty = 0 for all j # 1. Similarly, if we instead apply
(I, ® V*), we obtain the following:

Z deey ® (V;ﬂ/)) X e = (In (24 V*) (Z deeg @Y ® 6@)
K f=1 =1

=U@L)(e1®@y®e) = 261 ® Up1¢ @ ey.

k=1

Comparing entries shows that V1 = 0 if £ # 1. At this point, it follows that if (i, j, k, ()
is not equal to (i, 1,4, 1), then (Uj; Vi, ) = 0, since Uy Viy = VieUs; and one of Ujsp = 0
or V¢ = 0. This completes the proof. O]

This phenomenon applies to any maximally entangled unit vector in C" @ C™. Recall
that any simple tensor z ® y € C" ® C™ has an associated map 7, : C™ — C" given by
T,,(2) = (z,y)x. Extending by bilinearity, for any a € C* ® C™, there is an associated
linear map T, : C"™ — C"; moreover, this is a 1-1 correspondence. We will say that a unit
vector o € C" @ C™ has full Schmidt rank if rank(7},) = min{n, m}. Recall that any
x € C" ® C™ has a Schmidt decomposition x = Zle dyu; @ vy, where {uq,...,ur} C C"
is orthonormal and {vq,...,v} € C™ is orthonormal, and d; > 0 are in decreasing order;
moreover, the d; are unique. Then a unit vector has full Schmidt rank if and only if
k = min{n, m}.

Corollary 3.3.6. Let a € C" @ C™, and let X € By.(n,m) be any matriz obtained by a
perfect embezzlement protocol for a in the commuting model. Then X is unique if and only

if a has full Schmidt rank in C* @ C™.

Proof. First, suppose that o has full Schmidt rank. Using the Schmidt decomposition,
we write a = Z?:ll(”’m) d;u; ® v;, where d; > 0 for all i. The proof of Proposition 3.3.5
shows that the embezzlement correlation is unique when w; = ¢; and v; = e;. Thus, if
X € By(n,m) is a correlation matrix corresponding to a perfect embezzlement protocol
for a, then we can apply a unitary of the form A® B € M, ® M,, that sends u; ®v; to e; e,
and we obtain a correlation matrix corresponding to a perfect embezzlement protocol for
> die;®e;. This correlation matrix is necessarily unique, so applying A* ® B*, the same
result holds for a. Therefore, the matrix X is unique.

Conversely, suppose that rank(7,) = p < min{n,m}. We may write the Schmidt
decomposition o = Y P | dju; ® v;. Let Y € By(p,p) be any matrix corresponding to a
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perfect embezzlement protocol for § := Y7  die; ® ¢;, and let U = (Uy;) and V = (V)
be unitaries in M, (B(H)) and M,,(B(H)) respectively such that U;; Vi, = Vi U;; for all
i,j,k,0. Now, the matrix R = (U;;) ® I,—, is unitary in M, (B(#)). Similarly, S =
(Vi) @ ILn—p is unitary in M,,(B(#H)), and the entries of R commute with the entries of
S. Therefore, there is a state s : Upe(n) @max Unc(m) — C whose image in B,.(n, m) has
top-left corner equal to Y and bottom-right entry equal to 1, and this will give rise to a
perfect embezzlement protocol for f. Let Y € B,.(n, m) be the correlation corresponding
to the state s. Now, let A € M,, and B € M,, be unitary matrices such that Ae; = u; and
Be; = v; for 1 <i < p. Using Proposition 3.1.4, || - ||, is locally unitarily invariant. Thus,
X:=(A®B)Y € Byc(n,m), and this corresponds to a perfect embezzlement protocol for
a in the commuting model. If Z is the matrix obtained in Theorem 3.3.3 corresponding
to 3, then (A ® B)Z is the matrix obtained in Theorem 3.3.3 corresponding to «. Since
Z only has one non-zero column, we have Z # Y. Since A and B are unitary, it follows
that (A® B)Y # (A® B)Z. Hence, there are two distinct correlations that give rise to
perfect embezzlement protocols for a. It follows that the correlation matrix for « is not
unique. ]

Corollary 3.3.7. Let a = Y a;1e; Q e, € C* @ C™ be a state with full Schmidt rank, and
let X = (x(i,j),(k,l)) e M, ® M,, with

@ik, whenj=1=1
( 7])7(k1l) O7 when ] # ]_ or l # ]_

Then X is an extreme point of By.(n,m) and of By(n,m).

Proof. Since X € By,(n,m) C By.(n,m), we need only show that X is an extreme point of
Bye(n,m). Suppose that X = %(Y—i—Z) where Y, Z € By(n,m). Let =3 Y1), 1€ ®ey
and v = > Zi1), k1€ @ ex. Then B and «y are vectors in C* @ C™ with norm at most 1.
Moreover, o = %(B + ). This forces f = v = . In particular, Y and Z correspond to
a perfect embezzlement protocol in the commuting model for . Since a has full Schmidt
rank, Corollary 3.3.6 shows that Y = 7 = X. m

We now give a characterization for elements of Bj,.(n,m) corresponding to perfect
embezzlement protocols in the commuting model.

Theorem 3.3.8. Let a = Z” a;je;®e; € C"@C™ be a unit vector, where n,m > 2. The
following are equivalent.
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1. There is a state s € S(Vy ®min Vin) such that s(uy @ vj1) = oy for all i,j and
X = (s(uij X Uu)) S Bloc(nam)'

2. There exist unit ty,...,ts > 0 such that Zi:l t, = 1, and unit vectors vy, ...,ys € C"
and z1, ...,z € C™ such that
o= Z Ly @ 2.
r=1

3. ||l cm = 1.

Proof. Since « is norm 1 in the Hilbert space tensor product C" ® C™, we must have
||| > 1. Clearly by definition of the projective tensor product, (2) implies (3). Suppose
that (3) is true. By Proposition 1.2.2, the open ball of radius R > 0 about 0 in C" ®, C™
is the convex hull of the set {xr ® y € C" @ C™ : ||z||||y|]| < R}. For each R > 1, we may
write « = Y °_, £,y ® z, for some t1,...,t, > 0 with >~°_, ¢, = 1 and vectors yy, ..., ys € C"
and zi, ..., zs € C™ such that ||ly.||||z-]] < R for all r. By a theorem of Caratheodory, we
may always assume that s < 2dim(C" ® C™) +1 = 2nm + 1. Since each ¢, < 1 and
lly-ll, [|2-]] < R, by compactness and letting R — 1, we may write

s
o = Z brYr @ 2,
r=1

where tq,...,t; > 0 with >>°_ ¢, = 1 and ||y, || = ||2-]| = 1. Therefore, |||/, < 1, so that
||| = 1. Tt follows that (2) and (3) are equivalent.

Suppose that (1) holds, and let X € Bj,c(n, m) be such that X 1y 1) = ay; for 1 <4 <
nand 1 < j < m. We assume without loss of generality that n < m. Since the first column
of X is of norm 1, we have || X|| > 1; in particular, || X|| > 1. Therefore, || X ||, = 1. Let
P,: M, — C"and P,, : M,, — C™ be the linear maps defined by sending a matrix to its
first column. Then P, and P,, are contractive. Since the projective Banach space tensor
norm is functorial, P, ® P, : M, ®, M,, — C" ®, C™ is contractive. We observe that
(P, ® Pn)(X) = «, so that ||a|chg,cm < 1. The reverse inequality is immediate since
||a||cnm = 1, which shows that (1) implies (3).

Suppose that (3) is true. Let X € By, (n,m) be the matrix obtained in Theorem 3.3.3
corresponding to a perfect embezzlement protocol in the commuting model for a. Then
X is a matrix with 0’s in every column except that the first column has the entries of a.
The inclusion maps ¢, : C* — M,, and ¢,, : C™ — M, obtained by sending a vector x to
the matrix of 0’s with first column x are contractive, so ¢, ® ¢, : C" ®, C™ — M,, ®, M,,
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is contractive. Moreover, (i, ® t,,)(a) = X, which forces X € Bj,.(n, m). This shows that
(3) implies (1). O

Since the state corresponding to perfect embezzlement in the commuting model for
\/Lﬁ Y or e ® e is unique and takes the form given in Theorem 3.3.3, we can separate
Bioe(n,m) and By(n, m); moreover, we can also separate By.(n,m) and Bynpa(n, m).

Corollary 3.3.9. For all n,m > 2, we have UCj,c(n,m) C UCy(n,m).

Proof. As usual, we may assume that n < m. Let X be the matrix obtained from the state

s € S(V;, ®min Vim) in Proposition 3.3.5. By Theorem 3.3.8, X € Bj,.(n,m) if and only if

H\/Lﬁ Z?:l e; X e; ‘C I 1. To see that this is not the case, Let B : C" x C™ — C be
n®ﬂ_ m

the bilinear form given by

B(v,w) = kawk.
k=1

By Holder’s inequality, || B|| < 1 when regarded as a bilinear form from C" x C™ into C. It
follows by Theorem 1.2.3 that || X||, > ‘Z?:l \%B(ei,ei) = y/n. Hence, X & Bjy.(n,m),
which shows that UC,.(n,m) # UC,.(n, m). Since X can be approximated by elements in
B,(n,m) and Bj,.(n,m) is closed, we see that Bj,.(n,m) # B,(n,m), so that UC),.(n, m) #
UCy(n,m).

Finally, we will show that UCj,.(n,m) C UC,(n,m). We first note that UC),.(n, m) C
C@*+1)@m*+1) i the closed convex hull of states arising from evaluation functionals on

commutative C*-algebras. As in the proof of Theorem 3.1.3, the resulting correlation in
UC)oe(n, m) will be of the form

(5z (X)éz (Y»XG%H(U), YeBn (V)

where U € M, (B(H)) and V € M,,(B(#)) are unitary and K is a compact Hausdorff
space such that z € K and C*(8,(U)UB,,(V)) ~ C(K). We saw in the proof of Theorem
3.1.3 that (0,(X)0.(Y))xy € UC,(n,m). By a theorem of Caratheodory, every element
of UC,e(n,m) can be written as a finite convex combination of at most 2(2n? + 1)(2m? +
1) + 1 states of the form (9,(X)d,(Y))x,y. Since UC,(n,m) is convex, it follows that
UCoc(n,m) C UC,(n,m), which completes the proof. ]

Corollary 3.3.10. For alln,m > 2, By.(n,m) # Bymaz(n,m). In particular, V, @V, #
Vi Qmax Vm- In fact, the identity map id : V,, @c Vin = Vi, Qmax Vi fails to be 1-positive.
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Proof. The extreme points of Byna:(n,m) are the extreme points of the unit ball of
M, ® M,, in the operator norm, which is just the set of unitaries in M,,,. By Corollary
3.3.7, there are proper contractions in B,.(n,m) that are extreme in By.(n,m). There-
fore, By.(n,m) # Bymaz(n, m). This shows that id : V, ®. Vi, = Vi, @max Vi fails to be
1-positive. O

Corollary 3.3.11. None of the norms || - [lioc, || - lga 07 || - ||lge are unitarily invariant.

Proof. There is a unitary W € M,, ® M,, with W & B,.(n, m); otherwise, we would have
Bymaz(n,m) C By(n,m), since Bypna.(n, m) is the closed convex hull of the unitaries in
M, ® M,,. Note that I, = I,, ® I, € Bjo.(n,m) by Theorem 3.1.5. However, I, W =
W & By.(n,m), so that || I, W||; > 1 for t € {loc, qa, qc}. Hence, || - ||ioc; || - llqa and || - [/ge
are not unitarily invariant. O
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Chapter 4

Connes’ embedding problem and
winning strategies for quantum XOR
games

In this chapter, we show that the class of quantum XOR games (defined in [54]) is rich
enough to detect the solution to Connes’ embedding problem. In particular, determining
whether every quantum XOR game has the same optimal winning probability in the com-
mmuting model as in the approximate finite-dimensional model is equivalent to Connes’
embedding problem. In fact, the unitary correlation sets defined in Chapter 3 encode the
possible strategies for quantum XOR games. One way to deduce that Bgs(n,m) is not
closed for all n,m > 2 is by using the coherent embezzlement game from [54]. In light of
these facts, it is plausible that studying quantum XOR games may be a reasonable plan
of attack for solving the embedding problem.

First, we will give a brief overview of quantum XOR games from [54] and the notion of
bias for these games. We also show the correspondence between bias and linear functionals
on M, ®M,, that are contractive with respect to the unitary correlation norms from Chapter
3. We will then use Lemma 4.2.1 to reduce the Tsirelson problem for unitary correlations to
self-adjoint unitary correlations. This allows us to prove Corollary 4.2.3, which states the
equivalence of the embedding problem to the problem of optimal strategies for quantum
XOR games in the commuting and approximate finite-dimensional models.
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4.1 Introduction to quantum XOR games

We will briefly introduce the definition of a quantum XOR game with two parties, Alice
and Bob. More information on this class of extended non-local games can be found in [54].
Loosely speaking, a quantum XOR game is a generalization of a classical XOR game. In
the classical case, the referee has a list of n possible questions {1,...,n}, and the set of
possible answers for Alice and Bob is {0,1}. For each pair s,t € {1,...,n}, there is some
associated number R, € [—1,1] (known to Alice and Bob) satisfying >, [Rs;| = 1. The
referee gives question s to Alice and question ¢ to Bob with probability |Rs,|. If Rs; > 0,
then Alice and Bob must respond with the same bit; if Ry, < 0, then they must respond
with different bits.

In a quantum XOR game, the questions are now given as states (i.e., unit vectors) on
a certain Hilbert space. In particular, the referee sends some state on C" @ C" to Alice
and Bob, where Alice has access to the left copy of C™ and Bob has access to the right
copy of C". Every quantum XOR game of size n is associated with a self-adjoint matrix
M € M, ® M, with |[M|; <1, where || - ||; denotes the trace norm. Conversely, every
self-adjoint matrix M € M, ® M,, with ||M||; < 1 is associated to a quantum XOR game G
of size n [54]. For the sake of simplicity, we will always consider the case where ||M||; = 1.

For our purposes, a quantum XOR game G of size n can be described as follows (see
[54] for a more general definition): let {@;}?, € C* ® C" be an orthonormal basis. Let
D1, P2z € [0,1] be such that Zilpi =1, and let ¢; € {0,1} for each 1 < ¢ < n?
With probability p;, the referee prepares the state p; € C* @ C". Alice and Bob may use
their own Hilbert space H and observables U € B(C" @ H) and V € B(H @ C") (i.e.,
self-adjoint unitaries) such that U ® [,, and I,, ® V commute in B(C" ® H ® C"). They
may also prepare their space in the state v € H. Based on the application of U and V
to the state 1, Alice and Bob return outcomes a € {0,1} and b € {0, 1} respectively. If
¢; = 0, then Alice and Bob’s output bits must be equal; if ¢; = 1, their output bits must be
distinct. (If Alice and Bob are working in the tensor product model, then there must be a
decomposition H = Ha ® Hp where U € B(C" @ H,4) and V € B(Hp ® C"), and where
Y € Ha® Hp is a state. Moreover, the operator (U ® I,,)(I,, ® V') is replaced with U ® V.)

For a quantum XOR game G as above, the matrix associated with G is given by
M = Zﬁl(—l)qpigpigpj, where ;7 denotes the rank one orthogonal projection of C*®@C"
onto span {p;}. The following result allows us to translate between quantum XOR games
and certain self-adjoint matrices.

Proposition 4.1.1. (Regev-Vidick, [54]) Let G be a quantum XOR game of size n. Then
the matrix M € M, ® M, associated with G is self-adjoint and ||M||; = 1. Conversely, if
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M € M, ® M, is self-adjoint with ||M||; = 1, then there is a quantum XOR game G with
assoctated matrix M.

We recall that, by Theorem 3.1.5, for t € {qa, qc}, the set By(n,n) is the unit ball of a
reasonable cross-norm on M,, ® M,,. We will denote this norm by || - ||;, and we will denote
the Banach space (M, @ M,, || - ||¢) by M,, ®; M,. Finally, we will let || - ||; denote the dual
norm of || - [|; on (M,, ® M,)*.

For a quantum XOR game G and t € {q, qa, qc}, we define a t-strategy for Alice and
Bob to be a correlation X € By(n,n).

Instead of working with maximum success probabilities in different models, it is con-
venient to work with a related quantity, known as the bias. To ease notation, whenever H
and K are Hilbert spaces and H is finite-dimensional, we will denote by Try the operator
Tr ® idg acting on B(H ® K), where Tr denotes the unnormalized trace on B(#H). With
this in hand, the entanglement bias (or the quantum bias) of a quantum XOR game
G with associated matrix M is defined by

we (G) = sup{(Trengen [(U @ V(M © Ly yens ), 9) 1

where the supremum is taken over all finite-dimensional Hilbert spaces H 4 and Hp, unit
vectors ¢ € Ha ® Hp, and observables U € B(C" ® Ha) and V € B(Hp @ C") (that is,
self-adjoint unitaries). In the supremum above, we are identifying M ® Iy ,on, with the
matrix M’ € Mn2 (B(HA & HB)> given by M = (M(i,j),(k,é)]HA®HB)(z‘,j),(k,é)-

Similarly, we may define the commuting bias of a quantum XOR game G with asso-
ciated matrix M to be

wWee(G) = sup{(Trengen [(U @ Icn)(Ior @ V)(M @ I, ¥),

where the supremum is taken over all Hilbert spaces H, unit vectors ¢ € H, and self-adjoint
unitaries U = (U;;) € B(C"@H) and V = (Vi) € B(H®C") such that (U® L,)([,®V) =
(I, @ V)(U ® I,) as operators on C" @ H ® C™. Here, we are identifying M ® I with the
operator M’ € M,2(B(H)) given by M' = (M j),x,0)I3). Adapting the proof of Proposition
3.3.1, since the matrix (U ® I,,)(1, ® V') is given by (Ui;Vie)(i,j), k0, it follows that U & I,,
commutes with I, ® V' if and only if U;;Vi, = Vi,eU;; for all ¢, 7, k, €. In particular, since
U=U"and V = V", we have U;; = Uji and Vi = V. Thus, the self-adjoint unitaries U
and V satisty (U ® L,)(I, ® V) = (I, ® V)(U ® I,,) if and only if the set {1} U {Uj;}7';
x-commutes with the set {1} U {Vie}7 ;.

One may view both of these notions of bias as twice the difference between the maximum
success probability in the corresponding model and the success probability from the random
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strategy (i.e. Alice and Bob respond randomly, regardless of the input). Although the
argument appears in [54], we reproduce it here for convenience. Suppose that Alice and Bob
use the ge-strategy (U, V, ), where U € B(C" ® H) and V' € B(H ® C") are observables,
and ¥ € H is a unit vector. For simplicity, we first consider the case when the referee
prepares the state ¢ € C" ® C", with associated number ¢ € {0,1}. We write U = Py — P,
and V = Qo — @1, where Py, P, € B(C" @ H) and @y, Q1 € B(H ® C") are orthogonal
projections with Py+ P, = Icngy and Qo+ Q1 = Iygcn. The projections Py, (g correspond
to the output 0 for Alice and Bob, respectively; while the projections P;, ()1 correspond
to the output 1 for Alice and Bob, respectively. Alice and Bob’s observables are applied
to the state ¥ ® ¢. If ¢ = 0, then Alice and Bob’s outputs must be equal. Hence, the
probability of Alice and Bob winning the game is

pla =ble) = p(0,0[¢) + p(1, 1]¢)
= (P @ 1n)(In ® Qo)(¥ © ¢), ¥ ® ) + (P ® 1) (In ® Q1) (¢ © ¢), ¥ @ )

= L O B L) ® ). ¢ © @)+ (U L)L & V) ®¢),v )
= S0+ (Trcneenl(U © 1)1, V(99" ® L)y, )

Similarly, if ¢ = 1, then Alice and Bob must respond with distinct bits. In this case, the
probability of Alice and Bob winning the game is

p(a # blp) = p(0,1|¢) + p(1,0]p)
(Po® L)1, @ Q1) (Y @ ¢), v @ @) + (P ® L) (I ® Qo) (¥ ® 9), 1 ® )

= %(<(In DI @ L)Y ®¢) Y @¢) — (U L) 1. @V)(® ) ¥ @)

_ %(1 + (Trenee (U L) (I ® V) (—og* @ L), 1))

Therefore, the probability of winning the game, given that ¢ was the input state, is

S (Tronaen (U © 1)1 © V)(—1)6" @ )9, 0).

In the general setup of a quantum XOR game, the referee has an orthonormal basis {%}?:21
for C* @ C™ with associated probability density (p;)?°, and numbers {¢;}?", with each
¢; € {0,1}. Tt is not hard, then, to see that the probability of winning with the strategy

(U, V,9) is .
51+ (Trengen (U @ L) (L @ V(M @ L)}y, ),
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where M = Z?:Ql(—l)cipigoigof. Since the random strategy has success probability , it is
easy to see that, if p is the probability that Alice and Bob win with the strategy (U, V, ),
then the bias for this strategy is 2p — 1. Thus, if p is the maximum success probability of
winning a quantum XOR game G using t-strategies (for ¢ € {q, gc}), then w;(G) = 2p — 1.

We will also consider the above definitions of bias that arise from omitting the as-
sumption that U and V are self-adjoint, while keeping the other assumptions intact. In
particular, we may consider the notions of bias given with respect to the unitary correlation
sets defined above. In this context, we also consider the bias of a particular strategy, which
has the same definition but is denoted by w;(G,U,V,1) for a specific strategy (U, V1))
whose correlation matrix X is in By(n,n). If X is the correlation associated with (U, V, 1),
then we also let w; (G, X) = w/(G,U,V,v). We note that w;(G,U,V,v) is C-valued. A
perfect t-strategy is a t-strategy X for which w; (G, X) = 1. It will follow from Theorem
4.1.5 that there is a perfect t-strategy for the quantum XOR game G if and only if there
is a t-strategy arising from observables for which the probability that Alice and Bob win
is 1.

We remark that there is a natural correspondence between bias for quantum XOR
games and self-adjoint linear functionals on M,, ® M,,. The easiest way to see this is using
unitary correlation sets. Indeed, suppose that X = ((U;;Viut, V)i ) ee) € Bge(n, n).
Then since M is self-adjoint,

wee(G, X) = (Trengen (Ui Vie) ), 06,0 (M gy, (k0 Irt) .5, 00 )80, )

= <TT<C"®<C" (Z UikaqM(p,j%(q,f)) ¢>¢>

p,q=1

- Z <UiijqM(p,i)7(q,j)¢a V)
4,J,P:q

=Y My (i) UspVigth, ¥)
4,J,P:q

= Mg er X0
i,5,k,¢

= Tr(MX).

Thus, the quantum XOR game G defines the linear functional Tr(M-) : M, @ M, — C
which gives w;.(G, X) for each X € By.(n,n). An analogous argument holds for w; (G, X)
whenever the corresponding correlation matrix X lies in B,(n,n).

A helpful fact is that for t € {q,¢s, qa, qc}, the self-adjoint t-correlations arise from
t-strategies involving observables.
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Proposition 4.1.2. Let t € {q,qs,qa,qc} and X = X* € Bi(n,n). Ift = qc, then there
is a Hilbert space H, self-adjoint unitaries U € B(C" @ H) and V € B(H® C") and a unit
vector ¢ € H such that (U ® 1,)(I, @ V) = (I, ® V)(U ® I,) and X ;) k,0) = (Ui Ve, )
for all i,5,k, 0. Ift = qs, then we may take H = Ha ® Hp and self-adjoint unitaries
UeBC"®Ha) and V € B(Hp ® C") such that X ;) ke = (Uij @ Vie)h, ) for all
1,7, k, 0. Moreover, if t = q, then we may take Ha and Hp to be finite-dimensional.
Finally, if t = qa, then X = limy,_yeo Y™, where Y™ € B,(n,n) is a q-strategy involving
observables.

Proof. We first let t = ¢, so that X = (((Ri; ® Ske)¥, %)) (i,j),(k,e) for unitaries R = (R;;) €
B(C"®@Ha), S = (Sk) € B(Hp®C"), finite-dimensional Hilbert spaces H 4 and Hp, and a
unit vector ¢ € Ha®@Hp. Let U;; = 0* I and Vi, = O* Skt . Performing a canon-

ical shuffle on the unitaries Lg* ?] € My(M,(B(H4))) and Lg* g} € My(M,(B(Hpg))),

we see that U = (Uy;) and V = (Vi) are self-adjoint unitaries in M, (B(Ha © Ha))
and M, (B(Hg @ Hg)), respectively. Hence, we obtain a g-strategy (U, V, 1), where ¢ =
\/LE [@Z) 0 0 @/J]t. Using the fact that Uj; = Uj; and V), = Vi,

(Ui; @ Vie)h, 1) = %((sz ® Ske)¥, ¥) + §<(R;i ® S )Y, ¥) = Xij). (ko)

The proof for ¢t = ¢s is similar. For ¢t = gc, we assume that R € B(C"®H) and S € B(H®
C™) are unitaries and ¢ € H is a unit vector such that (R® [,)(I, ® S) = (I, ® S)(R® I,,)
and X j),(k,0) = (RijSketp, 1) for all 4, 5, k, €. We let

0 Ry O 0 0O 0 S O
R 0 0 0 0 0 Su
o | —
Us=19" 0 o my| ™=l o 0o o
0 0 R; O 0 S; 0 0
A calculation shows that
0 0 0 R;jSke
0 0 R*.Swe 0
V., — ji — y
U’L] Vké 0 Rz] S;k 0 0 ‘/ké U’L] )
R2.S 0 0 0

so that U = (U;) € B(C"®@H) and V = (Vi) € B('H ® C") are self—adjomt unitaries with
U@L, oV)=(L,@V)U®I,). Letting ¢ = \[ [v 0 0 w} it readily follows that

(Vi 1) = 5{RisSucth ) + 3 (R3St ) = Xy
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Thus, the proposition holds for t = gc. The last statement about ga correlations immedi-
ately follows from the t = ¢ case. O

The next proposition, combined with convexity of each B;(n,n), guarantees that the
real part of X is in By(n,n) whenever X € By(n,n).

Proposition 4.1.3. Let n > 2 and t € {q,qs,qa,qc}. If X = (X4 ) me) belongs to
Bi(n,n), then X* € By(n,n).

Proof. Suppose that U = (U;;) € M,,(B(H)) and V = (Vi) € M, (B(#H)) are unitary and
Y € H is a unit vector such that U;;Vi, = Vi, U;; for all 4, j, k, ¢ and

(UiiVieh, ) = X(i gy, (,0)-

Then o

X" = (Xgayer) = UiV, ¥) = (0, Ui Vah)) = (U5 Vi, 1)),

using the fact that U V), = VU for all 4, j, k, £. It follows that

X = (((U)i; (V) eeth; ) (1,5, (ke) € Bae(n, n).

A similar argument gives the desired result when ¢t € {q,¢s}. The same result follows for
t = qa by using the density of B,(n,n) in By (n,n). ]

Corollary 4.1.4. Forn > 2 and t € {loc,q,qs,qa,qc}, let || - ||; denote the dual norm
on M, & M, with respect to the normed space M, @; M,. Then || -||¢ is a x-norm; i.e., if
[M||; <1, then ||M*|} < 1.

Proof. Let M € M, ® M, be such that || M||} < 1. The linear functional on M, ® M,, with
respect to M is given by

(X)) = Tr(XM).
If ¢ is the linear functional on M,, ® M, with respect to M*, then

9(Xg) o)) = Tr(XM7) = Tr(MX*) = Tr(X*M) = f(X*).
Since || - ||+ is a *-norm, it follows that ||[M*||; < 1, as required. O

Using Propositions 4.1.2 and 4.1.3, we obtain an equivalent description of bias, which
allows us to use the theory of unitary correlations.
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Theorem 4.1.5. Let G be a quantum XOR game of size n with associated matriz M &€
M, ® M,. Then
wr(G) = sup{|Tr(MX)| : X € By(n,n)}.

qc

Stmilarly, we have

w;(G) = sup{| Tr(M X)| : X € By(n,n)}.

Proof. Since every observable is a self-adjoint unitary, it is clear that w; (G) is at most
the quantity given in the theorem statement; thus, we need only establish the reverse
inequality. Using the fact that By.(n,n) is compact, we may choose X € By.(n,n) such
that

sup{|Tr(M Z)| : Z € By(n,n)} = |Tr(MX)|.

Suppose that X = (U;;Viep,¥) where U = (Uy;) € B(C"@H) and V = (Vi) € B(H®C")
are unitaries, ¢ € H is a unit vector and (U ® I,,)(I[, ® V) = ([, ® V)(U ® I,,). By
multiplying the unitary U by some A € T if necessary, we may assume that

Tr(MX) = w, (G, X) =sup{|Te(M Z)| : Z € Bye(n,n)}.

Since Bye(n,n) is convex, it follows that Y := (X + X*) € By(n,n). By Proposition
4.1.2, Y is represented by self-adjoint observables. Finally, we see that

1
W (G,Y) =Tr (§(X + X*)M)
1
= §(Tr(XM) + Tr(X*M))
1 -

= §(Tr(XM) + Tr(XM))

= W (G),
using the fact that M is self-adjoint. This establishes the reverse inequality for the com-
muting case. For the entanglement bias, the same argument shows that if X € B,(n,n)
with we(G, X) = o € [0,1], then Y := (X 4+ X*) € By(n, n) satisfies w,(G,Y) = ov. Using

Proposition 4.1.2 and taking the supremum over all such strategies, the result holds for
the entanglement bias. O]
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4.2 Relating quantum XOR games to Connes’ embed-
ding problem

In this section, we connect the embedding problem with commuting and entanglement bias
for quantum XOR games. The first step is showing that, when considering Connes’ embed-
ding problem, it is enough to consider self-adjoint elements of By.(m, m) and Bg,(m,m)
for all m > 2. Lemma 4.2.1 allows for this reduction.

Lemma 4.2.1. Let X € M,, ® M,, and t € {qa, qc}. Then X € By(n,n) if and only if

X
€ Bi(2n,2n).

o O OO
o O OO

0
0
0

Proof. Suppose that t = gc and X € B,.(n,n). Then there are unitaries U = (U;;), V =
(Vke) € M,(B(H)) and a vector ¢ € H of norm 1 such that, for all 4,5, k, ¢, we have
UijVM = VMU,‘]‘ and

X ety = (Ui Vi, ¥).

0 (Vi)
Vi) 0

0 (Uy) _
z) 0 ) € Man (B20) and ¥ =

unitary. The entries of U commute with the entries of V', so with U , V and 1, we obtain
W' € B,.(2n,2n), where

Let U = ( ) € M, (B(#H)), which are

0 0 0 X
0 (U;:Vie, ) 0 0
X* 0 0 0

With Z = ((U;; Vi), ¥)) € Bye(n,n), we see by Proposition 4.1.3 that

0 0 0 X

o o o0 z o
Wy =W = 0 7 0 0 € By.(2n,2n).

X0 0 0

A similar argument using the unitaries i(U;;) and —i(Vj,) shows that W_5 € B.(2n,2n).
By convexity, we obtain W = (W +W_3) € By.(2n,2n). If t = ga and € > 0, then there
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is Y € By(n,n) such that | X ke — Y, me| < € for all 4,7, k,¢. The above argument
shows that

0 0 0Y
0 00 O

R = 0 00 0 € B,(2n,2n),
Y0 0 0

and |Rap),(cd) — Wiap) ()| < € forall 1 <a,b,c,d < 2n. Since Byo(2n,2n) = By(2n, 2n),
we see that W € By,(2n, 2n).

Conversely, suppose that

0 00 X
0 00 0
W=10 00 o
X* 00 0

is in Bye(2n,2n). Let € > 0; let H4 and Hp be finite-dimensional Hilbert spaces, U €
Ms,(B(H4)) and V' € My, (B(Hp)) be unitaries, and ¥ € H4 ® Hp be a unit vector such
that for all 1 < a,b,c,d < 2n, we have |Wiap), (c.a) — (Uab @ Vea®), ¥)| < €. Let

S = (Ui gm)ij=1 € Ma(B(Ha)) and T'= (Vinpe)i imr € Mn(B(Hp)).

Then S and T" are contractions. Applying the Halmos dilation and performing a canonical
shuffle, we obtain unitaries U € Mn(B(H(j))) and V € Mn(B(Hg))), where

and similarly : )
~ The VvI-=T*T kg:|
Vie = .
. [(V I =TT —Tp

Taking ) = [v 0 0 O}t € ”Hf) ® ’Hg) gives

Y = (((Sy ® Tue) b, ) ijruey = (Uig @ Vie) 0, 0)) sy € Byl m).

Moreover, since X is the top right corner block of W, we have |Y{; ) k.00 — X(ij).k0)| < €
for all ¢,j,k,¢. Since ¢ > 0 was arbitrary, we conclude that X € By (n,n). Thus, the
converse follows for ¢t = qa.

Finally, assume that W € B,.(2n,2n), and let U,V € M,,(B(#)) be unitaries and
Y € H be a unit vector such that Wi .y = (UapVeath, ¥) for all 1 < a,b,c,d < 2n. As
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before, let S = (Ui (j1n))ij=1 and T = (Vinye)i—;- We use an argument similar to the
proof of Proposition 2.1.6. First, we let

|55 0 @) _ The (VI —=T*T ) )
Czj [ 0 SZJ € B(H ) and Dy, = (\/W)kﬁ _Tg*k S B(H )

Since the set {S;;, SZ*] ij=1 commutes with the set {TZ], T} 41 =1, it follows that, by exam-

ining polynomials in 7" and T, the set {5y, S;;};';—; commutes with each entry of Dy,
and Dj,. Therefore, the set {C’,J],C';k ric1 commutes with the set {Dre, Dfy}3 4=, while
C = (Cjj) is a contraction and D = (Dy) is a unitary. Performing a similar dilation

on C and replacing Dy, with [DOM DO }, we obtain unitaries A = (A;;) and B = (By)
ke

in M, (B(H®)) such that the (1,1)-block of A;; is S;; and the (1,1)-block of By is The
Letting ¢ = W 0 0 O}t € HY, we see that
((AzJBk€¢ 7vZ)>) (i.9),(k,0) € ch(n n)

which completes the proof. n

The following theorem shows that it is enough to consider self-adjoint elements of
M, ® M, for the embedding problem.

Theorem 4.2.2. The following are equivalent.

1. Connes’ Embedding Problem has a positive answer.
2. Bya(n,n) = By(n,n) for alln > 2.
3. My, ®qa My, = M,, @qe M, 1sometrically for all n > 2.

4. For everyn > 2 and X = X* € M, ® M, with | X||sc = [| XM, om0, = 1, we have
[ X1lga = 1.

5. For everyn > 2 and M = M* € M, ® M, with |M|3; ¢ ., = 1, we have
M50 = [1M][5,

Proof. The equivalence of (1), (2) and (3) is by Theorem 3.2.7. Clearly (3) implies (4)
and (5). We will show that (5) implies (2); the proof that (4) implies (2) is similar. Let
A € M, ® M,. By the proof of Theorem 3.2.7, it suffices to know that the following
holds for all n > 2: whenever Y € By (n,n) is diagonal with diagonal entries 7(uu}) for
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some unitaries uq, ..., u, in a unital C*-algebra A and a tracial state 7 on A, we have that
Y € By(n,n). In particular, there are entries in such Y equal to 1. Therefore, if || - ||
denotes the operator norm on M, ® M, then

LY <Y flge = 1.

Now, assume that (2) fails. Then there is Y € B.(n,n) with operator norm 1 such that
Y & Byo(n,n). By Lemma 4.2.1, there is n > 2 and some X = X* € My, ® My, such that
| X |lqe = [| X =1 but || X4 > 1. By the Hahn-Banach Theorem, we have

1= sup{|g(X)| : g € (Man ® Moy)", 9]l3s, 00001, = 1}
<sup{|g(X)| : g € (Mo, ® Ms,)", [gll7, = 1}.

Therefore, there is g € (M, ® My,)* such that ||g[[7, = 1 but [g(X)| = a > 1. By
multiplying g by some z € T if necessary, we may assume that g(X) = a. Let M €
My, ® My, be the matrix such that ¢g(Y) = Tr(YM) for all Y € M, ® M,,. Since
X = X", we see that

g (X) = Te(XM*) = Te(MX) = Te(XM) = g(X) = a.

is a *-norm, we obtain ||g*||7, = 1. Thus, f = Re(g) = 99" §s a functional

Since || - 5

with

[y

1fllge <1< f(X) = o < (| F @t

Dividing by || f[[3s,®,... a1, if necessary, we may assume that || |3, o, = 1, while || f]|7, <

1 — ¢ for some £ > 0 and f(X) > 1 —e. The associated matrix to f is 2£X° which is

self-adjoint. By the contrapositive, (5) implies (2). O

As a corollary, we can describe the embedding problem in terms of optimal strategies
for quantum XOR games.

Corollary 4.2.3. Connes’ embedding problem has a positive answer if and only if, for every
n > 2 and for every quantum XOR game G of size n with associated matrix M € M, & M,,
we have w;,(G) = w;.(G).

Proof. For t € {qa, qc}, the quantity w; (G) is the norm of a self-adjoint linear functional on
M, ®;M,,. In particular, if Connes’ embedding problem holds, then M,,®,,M,, = M, ®4.M,
isometrically for all n, so that w?,(G) = w;.(G) for all quantum XOR games G. Conversely,
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if Connes’ embedding problem has a negative answer, then by Theorem 4.2.2; there is some
n>2 M=M"¢ecM,®M,, and 0 < e < 1 such that

1—e=|[Mllg < 1Mllge < IM[3s, 0000, = 1

This implies that [[M]|; = 1. Then by Proposition 4.1.1, there is a quantum XOR
game GG with associated matrix M. By the choice of M, for every correlation X =
(X(i,j),(k,é))(z‘,j),(k:,() S Bqa(n, n), we have

wya(G; X) < 1—c¢,

which implies that w;,(G) <
1 —¢, so that w; (G) w

1 — . Meanwhile, there is Y € By.(n,n) with w;.(G;Y) >
(G). This completes the proof. O

*
qa

Initially, we thought that it sufficed in Corollary 4.2.3 to consider the case when

*

w;.(G) = 1. If this were the case, then one would only need to consider quantum XOR

games for which there was a perfect commuting strategy. Nevertheless, we are unsure if

this holds.

Problem 4.2.4. Is Connes’ embedding problem equivalent to the assertion that every quan-
tum XOR game G with winning commuting strateqy has a winning approximate finite-
dimensional strateqy?
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Chapter 5

Quantum teleportation and
super-dense coding in operator
algebras

Matrix-valued correlations can be thought of as the outcomes of partial measurements, and
from the C*-algebraic perspective, Cé?)(rm k) is the natural generalization of Cys(m, k)
obtained by replacing states by M,-valued ucp maps. The study of the sets of matrix-
valued quantum correlations led to the equivalence of Connes’ embedding problem and a
matrix-valued version of Tsirelson’s problem (see [34, 25]). Later, Ozawa [47] proved that
the scalar version of the Tsirelson problem is equivalent to Connes’ embedding problem. In
this chapter, we exhibit non-spatial matrix-valued correlations for the smallest non-trivial
input and output sets. In particular, we show the following:

Theorem 5.0.5. There exists an n < 13 such that, whenever m,k € N are such that
m,k > 2 and (m, k) # (2,2), then C\2(m, k) # C2(m, k). In particular, C\2)(m, k) is
not closed.

We will obtain Theorem 5.0.5 by showing that C’ég)(?), 2), C’q(:;’)(ll, 2) and Céig)(Q, 3) are
not closed. Theorem 5.0.5 follows easily from the non-closure of C(gi)(S, 2) and C’é;g)(l 3)
with an application of Proposition 1.8.7.

Our methods draw on two interesting connections between quantum information theory
and operator algebras. The first one is a reformulation of super-dense coding [5] and
teleportation [4] in terms of isomorphisms of certain C*-algebras. Super-dense coding and
teleportation are two fundamental protocols discovered by Bennett and his coauthors in the
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early age of modern quantum information theory. These two protocols together describe
the fact that, with the assistance of quantum entanglement, quantum communication and
classical communication are mutually convertible resources [1, 17], in the sense that the
one can be reduced to the other (and vice versa). Indeed, suppose that Alice and Bob
share a maximally entangled state ¢ on their resource space H4 ® Hp. Then quantum
teleportation allows Alice to effectively send a quantum state to Bob by only sending a
finite amount of classical information, in the presence of the state . If Alice wants to send
her state p from her state space to Bob’s state space, she can perform a measurement on
her state space and her part of the resource space with respect to a certain basis, and send
the (classical) outcome to Bob. Bob can then decode this outcome by applying a unitary
transformation on his part of the resource space and his state space to receive Alice’s state
on his state space. For super-dense coding, the presence of ¢ allows Alice to send two bits
to Bob at once, by sending her part of a modified maximally entangled state to Bob using
a (noiseless) quantum channel. This modified maximally entangled state is obtained by a
unitary operation on Alice’s state space and her part of the resource space. Bob can then
obtain Alice’s classical information by a measurement on his part of the resource space
and his state space with respect to a certain basis. The protocols of quantum teleportation
and super-dense coding are examples of the extraordinary power of entanglement, and
they demonstrate the fundamental role of non-local correlations in quantum information
science.

We will show that the protocol maps of super-dense coding and teleportation translate
into the following C*-algebra isomorphisms:

Theorem 5.0.6. With certain actions of Zg4, we have
Md(o*(ﬂ?(p)) = L{nc(d) X Zd X Zd s and Md<unc(d)) = C*(Fd2) X Zd X Zd.

As a consequence, Un.(d) (respectively, C*(Fz2)) is a C*-subalgebra of Mq(C*(Fg)) (re-
spectively, My(Un.(d))) with a faithful conditional expectation onto it.

The operator space perspective of super-dense coding and teleportation has been studied
in [35]. In particular, by [35, Corollary 1.2 & Theorem 1.3], the trace class S¢ and ¢;-
sequence space E‘f, equipped with their natural operator space structures S¢ = (My)* and
(¢ = (4£)*, embed into certain matrix levels of each other via complete isometries; i.e.,

ST My(tF) | and (< My(S%) . (5.0.1)

We will see that C*(Fz) (respectively, U.(d)) is the C*-envelope of ¢4° (respectively, S9)
using suitable unitizations. Theorem 5.0.6 can be viewed as liftings of the embeddings

113



from (5.0.1) to the level of C*-algebras. It provides explicit connections between the two
universal C*-algebras and relates to the unitary correlation sets from Chapter 3.

The second ingredient in our argument towards Theorem 5.0.5 is embezzlement of
entanglement. This phenomenon was used in Chapter 3 to separate the unitary correlation
sets in the ¢gs and ga models. This separation corresponds to a state on the minimal tensor
product Upe(2) @pminUn(2) that cannot be implemented as a vector state via tensor product
representations. Our idea is to apply the x-isomorphisms in Theorem 5.0.6 to translate
the non-spatial correlation from Uy,.(2) ®@min Une(2) to Mo(C*(Fy)) @pmin Mao(C*(Fy)), and
then use group embeddings of free groups into free products of cyclic groups to obtain non-
spatial matrix-valued correlations. Our method is the first attempt to use embezzlement
to prove a statement within the range of Tsirelson’s problem.

This chapter is organized as follows. In Section 5.1, we review the basics of the protocols

of super-dense coding and teleportation, and give the proof of Theorem 5. O 6 Based on that

section, we show the non-closure of the matrix-valued correlation sets (3,2), i (4,2)

and Cq;?’ (2,3) in Section 5.2.

5.1 Teleportation and super-dense coding

We briefly review the basic protocols of teleportation and super-dense coding and refer
to [68] for their information-theoretic meaning. Let M, be the space of d x d complex
matrices, and let £4 be the d-dimensional complex Hilbert space. We let {e; };l;(l) be the
standard basis of ¢4 and denote by {Ejk}o<jk<a—1 the standard matrix units of M, given
by Ej, = ejej. The maximally entangled state on 5‘21 & Eg is

=
=—=) &%¢,
Vi =
and its corresponding density matrix is the rank-one projection
1 4=
=4 Z it & E
k:

The generalized Pauli matrices are given by

27ij

Xej=ede, Zej=¢€j11,v0<j<d—-1
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In the definition of Z and in the remainder of the chapter, the addition of indices will be

considered modulo d. It is helpful to note that XZ =e"¢ ZX.
For each 0 < j, k < d — 1, we introduce the operator T}, := X7Z" and the vector

d—
27rij(£+k)

1
o = (T k®1)¢=— d Cpye D ey,
J J» \/—_0 +

The density matrix associated with ¢, is the rank-one projection

d—1
. 1 2mi(—n)j
PikPir = > e T Epithin® B
£,n=0

We observe that the set {T;; : 0 < j,k < d — 1} forms an orthonormal basis for M, with
respect to the Hilbert-Schmidt norm. Indeed, we first observe that

. —ky yrja—j 2mi(Ja — J1
j1,k1Tj27k2 =Z lem lek2 = EXp (¥ Tj2—j1,k2—k1'

d

Evidently, we have tr(7} ;) = 0 whenever (j, k) # (0,0), where tr is the normalized trace on
M,. Therefore, tr(TJ1 k1 Ljks) = 041 Oy ko> yielding the desired claim. Similarly, we note
that {¢;x fo<jr<d—1 1S a set of maximally entangled vectors, and they form an orthonormal

basis for /4 @ (4.

Mathematically, the protocol of quantum teleportation for a d-dimensional system can
be expressed as follows:

My— > My@My@My ——— s L @ My ———— M,

(5.1.1)

pr———""pR PP ———— a2 ng 0€]k®Tkajk'—>pa

where {ejk};{;io denotes the standard orthonormal basis for Egj. Here, the matrix p
can be thought of as the quantum state that the sender Alice sends to the receiver Bob.
In the protocol, Alice first performs a measurement according to the basis {gbjk r—0 O1
the coupled system of the input p and her part of the maximally entangled state gb She
sends the outcome of her measurement, a classical signal of cardinality d?, to Bob via some
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classical channel. Then Bob reproduces the state p by doing a unitary operation on his
part according to the information received from Alice. Here a key calculation (see [35,
Lemma 2.1]) is that

d—1
* 1 * *
p &GP = 22 Z GjkPyn @ TippTyin -

Jk.g' k=0

The second map of (5.1.1), which corresponds to the measurement performed by Alice, is
the conditional expectation from M, ® My onto the commutative subalgebra spanned by
{quk(ﬁ;fk} j k- Since this subalgebra is commutative and d?-dimensional, it may be identified

with EZZ, as it is in the second map of (5.1.1). Bob’s action is the third map, which is of
the form

d-1

Z Pikejk @ Pjk Z Pik LT

J:k=0 0<j,k<d—1

where each p;, € M. Using the same notation, super-dense coding can be expressed as
follows:

e P MO My —— My ® My ——— (&

(5.1.2)

(pje) —— (X ilo pikein) ® 60" —— 3 4 pirdixdl —— (Pjn).

This time Alice wants to transmit a classical signal (p;), which is a probability distribution.
She first applies the unitary T}, on her part of the maximally entangled state ¢ according
to the signal (pji), and then sends her part of ¢ to Bob via some quantum channel. Now
Bob has both parts of the (modified) entangled state, and can perfectly decode the classical
signal (p;i) via a measurement according to the basis {¢;y };{;LO.

With respect to certain operator space structures, the completely bounded norms of the
above maps were calculated in [35]. Recall that the natural operator space structures of
S¢ and (¢ are given by the operator space duality S¢ = (My)* and ¢ = (¢4 )*, with matrix

norms given as follows: for n € N and Z;.l;é A; @ e; € M,(¢4) and Zﬁio Ay @ Ej, €
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M, (S{), we have

d—1 d—1
ZAj@)ej :sup{ ZAj@Bj
§=0 =0

d—1 d—1
ZAjk®Ejk :sup{ ZAjk(X)B

J,k=0 J,k=0

. B, € BH), | B, < 1 } 7

. Bjk; € B(H)a ||<B]k>||Md(8('H)) S 1 } )

Regarding the protocols of teleportation and super-dense coding, we have the following
theorem:

Theorem 5.1.1. (Junge-Palazuelos, [35, Section 2|) The following maps are completely
contractive:

d—1
1
Lo: S = Maltl), La(p) = 5 > TipTn ® e
7,k=0
2 1
N Mg(6]) = ST, Nip @ e) = C—lTjkPTfk,
Lo 0 — My(SY) (Z %k%k) =d Zp]k¢]d kD) -
J;k=0 j,k=0

d—
1
Ny = My(SY) — fii , Na(p) = 7 Z r(pdja- k9] k)€ -
7,k=0

Moreover, Ny o L, = z'dsf and Ny o Ly = id,2. In particular, L1 and Lo are complete
1

1sometries.

Remark 5.1.2. The above complete contractions differ from the trace preserving maps
in (5.1.1) and (5.1.2) by a scaling constant d. This difference is because, for each of the
maximally entangled vectors ¢, the corresponding density matrix satisfies

* * 1
| 8505k lls2= 1 10385 Nasuispy= -

Indeed, the first norm is the trace norm of ¢;.¢7;, which is 1 since ¢;x¢7%; is positive with
trace 1. For the second norm, we observe that

G = (Tjn @ 1a)pd™ (T, @ 14).
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It is not hard to see that [¢;x¢7llar,(se) = [0 [|ary(sa)- The linear map from My to My

that is associated with ¢¢* is éidM _. Considering the operator space structure of My(S%),
we obtain [|¢¢*||y,sa) = 1, yielding the second norm.

In addition to the scaling constant d, we also have flipped the indices (j, k) — (j,d— k)
in £, and N5; however, it is clear that our protocol is equivalent to the original protocol.

Our candidates for a C*-algebraic analogue of teleportation and super-dense coding
are the “smallest” C*-algebras containing S¢ and E(f respectively. The correct notion of
smallness is the C*-envelope. We recall that a (concrete) unital operator space F is a
closed subspace of a C*-algebra containing the identity. The C*-envelope C7  (E) of a
unital operator space F is the unique C*-algebra C*  (E) equipped with a unital complete
isometry ¢ : E — C¥ (F) satisfying the following property: for any unital complete
isometry j : £ — B(H), there exists a unique surjective *-homomorphism 7 : C*(j(E)) —
C# ,(E) such that m o j = ¢, where C*(j(F)) is the C*-subalgebra of B(H) generated by
the image j(FE).

The following proposition gives the C*-algebras needed for a C*-algebraic analogue of
the protocols of quantum teleportation and super-dense coding.

Proposition 5.1.3. Let {gj}?;é be the generators of C*(Fy), and let {ujk}?’;io be the
generators of U,.(d). Define the operator spaces and unitizations

Fa = span ({g; ;l;é) C C*(Fy), Fy = span (1UFy) CC*(Fy) ;

Gq := span ({ujlc ?,;io) C Une(d) , Ga = span (1UGa) € Upe(d) .

Then:

i) Faq =04 completely isometrically and C7, (Fy) = C*(Fy).

ENV

i) Gy = S completely isometrically and C*, (Gq) = Uno(d).

Proof. The complete isometry in i) is from [70]; we include the proof for completeness. Let
H be an infinite dimensional Hilbert space and A;, A, be matrices in M, for 0 < j,k <
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d — 1. For an element Z?;é Aj ®e; € M, (1), we have

d—1 d—1
ZA]-@)ej :sup{ ZAj@)Bj : B; € B(H), ||BjH§1}
j=0 J=0

d—1
> sup { Z A; ® Cj|| : C; unitary in B(H)}
=0

d—1
Z A; ®g;
j=0

M (C*(Fa))

To show the reverse inequality, we let By, ..., B4—1 € B(H) be contractions. Then

C; = < 5 VI_BJ'B;) € My(B(H))

JI-BB, -B

is unitary for each j. Applying a compression to the (1,1) corner shows that

d—1 d—1
> A ®B; SHIEIe
=0 =0

M, (B(H)) Mn(M2(B(H)))

Since By, ..., B4_1 are contractions and C1, ..., Cy_; are unitaries, it follows that

d—1 d—1
ZAj®ej Ssup{ ZAj®C’j
3=0 M, () =0

d—1
Z Aj®y;
§=0

: C unitary in B(H)}

Mn(C*(Fa))

119



Similarly, if Z;l,;io Ajr, ® Eji, is an element of M, (S{), then

d—1
Z Aji @ By,

j7k:0

d—1
= SUP{ Z Ajk &® Bjk : Bjk c B(H), ||(Bjk)HMd(B(H)) < 1}

4,k=0

d—1
> sup { Z Aj @ Clgl| - (Cjk)%io unitary in Md(B(’H))}

J,k=0

d—1
Z Aji @ wp,

J,k=0

M Une(d))

For the reverse inequality, let (Bjx) € My(B(#)) be a contraction. By Proposition 2.1.1,
there is a matrix (Cjx) € My(M2(B(H))) that is unitary, such that the (1, 1) corner of each
Cji is Bji. It follows that

d—1 d—1
Z Aji ® Bji|| < Z Ajr @ Cii|] -
J,k=0 J,k=0

Taking the respective suprema, we obtain

d—1 d—1
Soaven)  <[Saen]

establishing the reverse inequality.

Thus, the maps

Jr:bl) — Fa C C*(Fa), jilej) = g5,
Jo i SF = Ga CUne(d) , ja(Eji) = wjp

are complete isometries.

EeENv
ric inclusion F; C C*(Fy), by definition of the C*-envelope, there is a surjective *-

homomorphism v : C*(Fy) — CI, (Fq) such that v(g;) = e; for all 0 < j < d — 1.

env
Since each g; is unitary in C*(F,), each e; is unitary in C, (F;). Now, we may assume

We now show that C*  (F;) = C* (Fy;). Since there is a unital completely isomet-
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assume that C*(IFy) C B(H) is faithfully represented on some Hilbert space H. By Witt-
stock’s extension theorem [69], the unital complete isometry n : Fy — C*(Fy) C B(H)
given by n(e;) = - g; extends to a unital completely contractive (hence completely positive)
map from C* (F,) to B(H), which we will also denote by 7. Choose a minimal Stinespring

representation n(-) = V*r(-)V for n on some Hilbert space H,. Since 7 is unital, V' is an
isometry. We may write H, = ran(V) @ ran(V)*. With respect to this decomposition,

w-[:)-[22]

Since e; is unitary in C’;‘m(fd), 7(e;) must be unitary in B(H,). But the (1,1) entry of
7(e;) is unitary as well, so the (1,2) and (2, 1) entries must be 0. Therefore,

w-[52]-[% )

Thus, 7 is multiplicative on the generating set {ej}d 5 for C’:Tw(}"d), so n must be a
s-homomorphism. Moreover, 7 is surjective onto C’*(Fd) because the set {g;}o<j<d—1
generates C*(Fq). Since 1o v(g;) = g; and v o n(ej) = ¢, for all j, it follows that

no~y =ider, and yon =idg,. (7, Hence, C (F,) is isomorphic to C*(F,). The

env

proof that C*. (Gq) = Up.(d) is identical to part (2) of Theorem 2.1.3. O

The next lemma shows that the embeddings from Theorem 5.1.1 can be extended to
x-homomorphisms on the respective C*-envelopes. We will denote these x-homomorphisms
by £y and L, respectively.

Lemma 5.1.4. Let {gom to<tm<a—1 be a set of universal generators for C*(Fys2), and let
{ujkto<jr<i—1 be the generators of Un.(d). Define Ly : Upe(d) — My(C*(Fyg2)) and Ly :
C*(Fpe) = My(Une(d)) by

d—1
27rz(3 k)[
u]k_d E e Ei mp—m ® Gom
£,m=0
d—1 y
27mi(j—
£2(g€m) = e d Ej—m,k—m X Ujk; -
J,k=0

Then both L1 and Ly extend to x-homomorphisms.
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d—1
Proof. Let U = Z Ejr ® uji, € My(Unc(d)) be the fundamental unitary of U,.(d). Note

J,k=0
that
1 _omi(j—k)e .
Z Ejk & Ll(ujk) = 8 Z Ejk ®e d Ejfm,k:fm ® Gem = Z (,bff,m(bfé,m & 9em
gk J,kl,m Lm

is a unitary in My ® My(C*(Fg)). By the universal property of U,.(d), £, is a unital
x-homomorphism. For the second map Ls, we observe that

2mi(j—k)e «
ﬁ?(gém) = Z € Jd Ej—m,k:—m 02y Ujr = (TE,—m ® 1)U(T£,—m ® 1)
7.k

is a unitary in My(Un.(d)) for each 0 < ¢,m < d—1, since T} _,, is unitary. By the universal
property of C*(Fy2), Lo is a unital x-homomorphism, as desired. O]

Moving towards a proof of Theorem 5.0.6, we will consider two automorphisms ay, as
of Uy.(d) given as follows:

2mi(j—k) .
ar(un) =€ T uj, aguge) = Ujprpr, VO < j bk <d—1,

where, in the definition of a», the addition of indices is done modulo d. It is not hard to
check that (a;(u;x)) and (a2(uji)) are unitary in My(Unc(d)), so that each o, : Un.(d) —
Unc(d) is a unital -homomorphism. Both a; and as have order d; that is, af = of = idy,.(a)
and of # idy,. ) for all 1 < k < d—1 and i = 1,2. Therefore, oy, as € Aut(Upn.(d)).
The automorphisms «; and s give two actions of the cyclic group Zg on U,.(d). We may
extend the definition of as to an automomorphism of U,,.(d) X, Zg, as follows: if v is the
generator of Zg in Uy,.(d) Xo, Zqg, then we set az(v) = e~*iv. Tt is not hard to check that
ay extends to an automorphism of U, (d) X4, Z4 of degree d. In this way, we can define
the iterated crossed product Uy,.(d) Xy, Zq Xa, Zq as the universal C*-algebra generated

by all sums of the form
d—1
F = Z Ap'w™ |, Ay € Upe(d),
£,m=0
where the product and adjoint are extended from U,,.(d) to satisfy, for each A € U,,.(d),

27

vAv~l = 041(14) , vt = v =t , VW =e¢e d wu,
wAw ™ = ay(A), wr=w Tt =wt. (5.1.3)
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For the corresponding reduced crossed product, we recall that the generalized Pauli ma-
trices X and Z in M, are given by

27ij

Xej:e 4 ej, Zej:ej+1, VOS]Sd_l

Identifying ¢%(Z4) ~ C? as Hilbert spaces, the left regular representation \ : Zg — My is
given by A(v) = Z, where v is a generator of Z,4. If we let p : Up(d) — My @ Uy,.(d) be
defined by

ZEmm®a1 )7

then by Definition 1.5.3, the reduced crossed product Up.(d) Xq, » Zq is isomorphic to the
C*-subalgebra of My ® U,,.(d) generated by the range of p and the unitary Z ® 1, via the
flip map My ® Upe(d) — Upe(d) @ My. We will denote this isomorphism by +.

For the action oy, we define 7 : Upo(d) Xy r Zag — Mg @ Mg @ Uy (d) by

d—1

= Eu®~(ay"(B)), VB € Up(d) Xay s Za.
=0

Then for A € U,.(d), we have

Z EM X Emm ® a;m 7£(A)7

£,m=0
while, if v is the generator of Zg in Uy.(d) X, Za,

d—1

v) = Z Ey @ y(a3"(v))

£=0

d—1
2mil
= E Ep®e 4 ~(v)
=0

=X®Z®I.

Using the left regular representation of Zg, we see that U, (d) X o, » Zg X oy r Zq is isomorphic
to the subalgebra of My ® My ® U,.(d) generated by the range of = and the unitary
Z ®1® 1. For convenience, we will flip the two tensor factors of M. In this way, the
iterated reduced crossed product Up,.(d) X o, » Za X ayr Zq is isomorphic to the C*-subalgebra
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of My ® My ® Up.(d) generated by the range of the map 7 : Upe(d) — My @ My @ Uy,.(d)

given by
d—1

m(A) = Y Eu® Epm @ o'y ™(A)
£,m=0
and by the unitariesv =7® X ® 1 and w = 1® Z ® 1. Since Z, is amenable, Theorem
1.5.5 shows that the full crossed product U,.(d) X o, Zg Xa, Zgq isomorphic to the reduced
crossed product Up,.(d) X, » Zg Xayr Za via the canonical quotient map.

We also define two automorphisms (1, B2 on C*(Fg42) by

B1(9ik) = gj+1,k6 > B2(gik) = Gjk—1, 0< 5,k <d—1.

The iterated crossed product C*(Fz2) X, Zg X 3, Zg is defined in a similar manner to (5.1.3).
We are now in a position to prove Theorem 5.0.6.

Theorem 5.1.5. Let aq, as, B1, B2 be the automorphisms given above. Then
Unc(d) Ny Zd Xy Zd = Md(C*(]Fd2)) and C*(]Fd2) N, Zd X g, Zd = Md(unc(d)) .

Proof. Let Ly : Upe(d) — My(C*(Fg2)) and Ly : C*(Fg2) — My(Un(d)) be the unital
x-homomorphisms from Lemma 5.1.4. Then (£;,X ® 1) is a covariant representation of
the C*-dynamical system (Up,.(d),a1,Zg). By the universal property of Up.(d) Xa, Za,
this covariant representation induces a canonical *-homomorphism £} : Uy.(d) Xo, Zg —
My(C*(Fg2)) such that, for A € U,.(d) and the generator v of Zg,

LL(A) = Li(A), L) =X @1,

Moreover, (£1,Z ® 1) is a covariant representation of (Une(d) X, Zq, a2, Zq), s0 it induces
a canonical x-homomorphism Ly : Une(d) X, Zg Xay Zg — Ma(C*(Fg2)) such that, for
A € U,.(d) and the generators v, w of the two copies of Zg,

Li(A)=Ly(A), L) =X®1, Liw)=Zx1.

Considering the form of L(uj;) for each j, k, one can see that L, is surjective. Indeed,
this follows since My = span {T;; : 0 < j,k < d — 1}, so that any element of the form
Ejr ® gum lies in the algebra generated by Ly (Us,.(d)) U (Mg ® C1). Now, consider the

s-homomorphism idy;, ® Lo : My(C*(Fa2)) = My ® My @ Upe(d). The range of idy, @ Ly
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is generated by (ida, ® L2) 0 L1(Une(d)) and M, @ C1l® C1. Note that for 0 < j,k < d—1,

27'rz(y k)¢
(Zde & £2> o ﬁl(ujk d Z e E] m,k—m ® £2(g€m)

271'1(3 k)l 2mwi(a—b){
= 75 E ] —m,k— m & € d Ea—m,b—m®uab

Emab

1 2mi((a=b)=(j=k))¢
= E E Ejfm,kfm ®e d Eafm,bfm & Ugp-

£,m,a,b

Fixing a, b, m, the sum over ¢ of the above expression will be non-zero if and only if the
exponent is 0. The exponent is 0 when a —b = j — k. Thus, the sum does not change when
we replace the index (a,b) with (j +n, k + n), where n varies over {0, ...,d — 1}. Then we
may write

<1de ®£2> OEI ujk ZE] m,k— m®E+n m,k+n— m®uj+nk+n

m,n

By a similar argument, the latter quantity is also equal to

1 2mi((j—k) = (x—y))¢
d Z Ernyn®FEyy Qe ¢ U, k4n-

L,y

Therefore,

. _ 2mi(z—y)L n
(lde X £2> o) £1 (U]k) = Z e d : Eac—n,y—n (029 Eac,y X afon (ujk)

£7n7x7y

= Z ¢—£,—n¢*_e,—n ® aﬁa’%(u]‘k) .
4n

2mijk

Let V € M;® M, be the unitary given by V(e; ®e) =e™"d ¢y, foreach 0 < j,k < d—1.
Then for all A € U,.(d),
(V* @ 1) (idag, @ L3) 0 L1(A)(V @ 1) Z i ® Ee @ a’ag(A), (5.1.4)

7,k=0
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while, for each 0 < 5.k < d —1,
% . _ 2mijk %
V(X ®@idpy,)V(ej@ep) =e @ V(X ®@1)pj
2mijk
= eV Gy

2mik
=€ 7 (€41 ® €x)

= Ze; ® Xey. (5.1.5)

Moreover,
V(Z ® 1de)V(ej Rep)=e 4 V(Z® 1de)¢jk
— TV (ZXIZF ®ida,) (e ® er)

_2mij(k+1)

=e @ VYXIZF'®idy,)(e; @ er)

_ 2mij(k+1)

=e 7 Vijpn
=¢; ®epp1 = (ida, ® Z2)(e; @ ey). (5.1.6)

Combining equations (5.1.5) and (5.1.6), we obtain
VI Xe)WV=2X,V(Ze)V =11 Z. (5.1.7)

In particular, (V*®1)(My® Lo(C*(Fg2)))(V & 1) = Upe(d) Xy r Zag Ny Zq- 1t follows that
the map (V* ® 1)[(ida, @ L2) o L1(-)](V ® 1) is the canonical quotient map from the full
crossed product to the reduced crossed product, and must be a *-isomorphism. Therefore,

L1 is injective, so that £, is also a x-isomorphism.

The argument for the second isomorphism is similar. Since Lo(gem) = (Ty—m ®
DU (Ty—pm @ 1)* for all ¢,m, using covariant representations, we obtain the surjective *-
homomorphism

Ly: C*(Fap) X, Lg X g, Lg — My(Uy,e(d))
Lo(B) = Ls(B), Lo(w)=X®1, Lo(w)=Z @1 .
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Note that for each 0 < ¢,m < d —1,

) 1 2mi(i—k)e
(idyr, ® £1) © Lagom) = 5D € T By @ Li(u6)
7,k

1 2mi(5—k)e _ 2mi(j—k)a
=7 E e & Eignrm®e T Ei p kb @ Gab
J.k,a,b

1 2mi(j—k)(£—a)
2mij—k)(l=a) —0 pm—b
=7 E e d Eimk—m @ Ej b @ B By (gem)
Jik,a.b

= bt a i Dia—mrs © BB (Gem) -
a,b

=D b0y ® By B3 (gem) - (5.1.8)
a,b

Conjugating by the same unitary V' ®1 as in (5.2.13), we obtain the canonical quotient map
from the full crossed product to the reduced crossed product, which is a *-isomorphism.
Hence, L5 is a x-isomorphism. m

Corollary 5.1.6. There exist unital completely positive maps Ny : My(C*(Fg2)) — Upe(d)
and Ny : Mq(Ue(d)) — C*(Fg2) such that Ny o L1 = idy,.ay and Ny o Ly = idcwr ). As

a consequence, L1 and Lo are injective *-homomorphisms.

Proof. By Proposition 1.5.4, there are natural conditional expectations & : Up.(d) X,
Ly N g Ly — Unc(d) and 52 : C*(Fdz) X g, Ly X B, Lg — C*(F(p) given by

d—1 d—1
51 (Z Agm’UeU)m) = AOO and 52 (Z Bgmvéwm> = BOO .

£,m=0 £,m=0

Define B B
N =& oLt and Ny =& oLy,

where £, and L, are the isomorphisms from Theorem 5.1.5. It readily follows that NjoL; =
idunc(d) and NQ o ﬁg = idC*(]ng)- ]

[somorphisms analogous to those in Theorem 5.1.5 can be obtained for the reduced
C*-algebras associated to C*(Fg2) and U,.(d). Let C(T) be the C*-algebra of continuous
functions on the unit circle. K. McClanahan related U,.(d) to C(T) by using the free
product of My and C(T), amalgamated over the identity.
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Proposition 5.1.7. (McClanahan, [44, Proposition 2.2]) For d > 2, My(Up.(d)) is iso-
morphic to My C(T) via the map

d—1
Ujk —> E EgjuEkg, Ejk — Ejk;
=0

where u is the unitary u(z) = z for all z € T. Moreover, the image of Upn.(d) = 14 Q@ Up.(d)
under this map is the relative commutant M§ in My * C(T).

Motivated by Proposition 5.1.7, McClanahan defined the reduced Brown algebra, de-
noted U %(d), as the relative commutant M$ in the reduced free product My ,.q C(T),
where the reduced free product is taken with respect to the unique (normalized) trace tr
on My and the canonical trace 7 on C(T) given by

1 27 )
Zaﬁ wd () =5 [ fetyar

We recall that the reduced group C*-algebra of C

* 4(Fq) is the C*-algebra generated by
the range of the left-regular representation

A Fy— B(ég(Fd)) , where )\(g)éh = 6gh , Vg, h € Fy.

The analogue of Theorem 5.1.5 for the reduced case relies on the following lemma.

Lemma 5.1.8. Let (A, ¢) and (C,v) be two unital C*-algebras equipped with states ¢ and
Y, respectively. Denote by m, (respectively my) the GNS-representation of ¢ (respectively
W), Suppose that o : A — C is a *-isomorphism satisfying ¢ = 1 o a. Then there exists a
x-isomorphism o : ms(A) = my(C) such that ar o Ty = Ty 0 Q.

Proof. Let Ly(A, ¢), Lo(C, 1) be the Hilbert spaces of the GNS construction for ¢ and 1,
respectively. For any a;,as € A, we have

Pla(ar) afaz)) = (a(ajaz)) = dajas) .

Thus, « induces a unitary operator V,, : Lao(A, ¢) — Lo(C, 1)) such that V,(a) = a(a) for
each a € A, where @ is the image of a in L*(A, ¢) and oz/(;) is the image of a(a) in L*(C, ).
Consider

ar() = Va()Vy

[0}
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as a *-isomorphism from B(Ls(A, ¢)) onto B(Ly(C,v)). Note that for every a,b € A, we
have

ar(my(a))o(b) = Vamg(a)Vyia(b) = Vamg(a)b = Vo (ab) = a(a)a(b) = my(a(a))a(b) .
Since a : A — C is a *-isomorphism, o, : m4(A) — m,(C) must be a *-isomorphism
satistying a; o my = my 0 o, completing the proof. n

Note that the reduced free product My #,.q C(T) is isomorphic to the range of the GNS
representation of the full free product M, x C(T) with respect to free product trace tr * 7.
Similarly, the reduced group C*-algebra C?,,(F,2) is isomorphic to the range of the GNS
representation of C*(Fz2) with respect to the canonical trace w : C*(Fgp) — C given on

finite sums by

w Z ayy | = ai.

YEF ;2

A calculation shows that, under the isomorphism of Proposition 5.1.7, the fundamental
unitary U = Z;{;LO Ejr ® ujp in Mg(Uy,(d)) is sent to uw in C(T). We recall that the set
{T;r:0<j,k <d—1}is an orthonormal basis for M, with respect to the Hilbert-Schmidt
norm, where T}, = X?Z* and X, Z are the generalized Pauli matrices in M. Since

ker(tr) = span {7}, :0 <4,k <d—1, (5, k) # (0,0)}

and

ker(7) = span{u" : n € Z\ {O}}“'”,
applying Proposition 1.6.1, the free product trace tr 7 is the unique state on My(U,.(d))
satisfying

o (trx7)(Tjr ® 1y, (a)) = tr(Tjp) forall 0 < j, kb < d —1,

(
o (trx7)(U™)=7(u™) for all m € Z, and
(tr*7)(C') = 0 whenever C' is a word with alternating letters from {7} : (j, k) #
(0,0)} and {U™ :n € Z\ {0}}.

The isomorphism id; ® ay fixes the copy of My in My(U,.(d)), and sends the fundamental
unitary U to XUX™ =T oUTY,. It is not hard to see, then, that idy®a; preserves the free
product trace tr*7. Similarly, idg ® ap(U) = ZU Z* = Ty, U5, so that idg @ oy preserves
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the trace. By Lemma 5.1.8, the actions aj,as on U,.(d) induce reduced versions of the
actions. Similarly, the actions £y, 82 on C*(Fz2) induce reduced versions of the actions
because they preserve the trace w. For simplicity, the reduced versions of the actions on
Upne(d) and C*(Fg2) will also be denoted by aq, as, 51 and fs.

Corollary 5.1.9. Let a; and ay the the actions on U (d) induced by the actions on
Une(d), and let By, B be the actions on CF,,(Fyg2) induced by the actions on C*(Fg). Then
UHd) oy Lg Ny Za = My(Coy(Fi)) and C},

g rea(Faz) g, Za X, Za = My(Une(d)) -

Proof. We begin by proving the second isomorphism. Because (3; and (35 preserve the trace
w, the (reduced) crossed product C) ,(Fp) Xa, Zg X4, Zq is the GNS representation of
C*(Fa2) Xay Za Moy Zg with respect to the natural extension of w to C*(Fy2) X g, Zg X g, Zqg

given by
d—1
w (Z Almvlwm> = w(Ap) -

1,m=0

Thus, it is sufficient to show that the isomorphism ENQ from Theorem 5.1.5 is trace-
preserving. That is to say, it is sufficient to show that (¢tr % 7) o L5 = ©. Consider a reduced

word g = g5 1, 95 ky " G5k, 0 Fa2, where (jo, ko) # (Jat1, ko) for 1 <a <n—1, and
€1, €, € Z\ {0}. Recall that T}y = X7Z*. Let U = Z Ej, ® uji be the fundamental
.k

unitary of My(Un.(d)), and let
Ui = (T @ DU(Tj— @ 1) = La(gj) -
We observe that for 0 < aq,as,b1,b < d — 1, we have

27Tibl (CLQ — al)

T* Ta2,b2 — Z*leGQ*al Zb2 = exp ( pi ) Ta2,a17b2,bl.

a1,b1

Then for 0 < ju41, kni1 < d,

r Jn+1,, knt1) — JT€1
Lo(guntiw™+1) = Ujljk1

Ue LUen (7’},n+hkn-H ® 1)

J2,k2 ) Jnskn

Using the fact that U, = (T}, -, ® 1)U*(T}, , ® 1)*, we find that

EQ(gvjn+lwkn+1) =\ (7—’]'1:*]61 ® 1)U61 (TJ'Q*jhklsz ® 1) U (Tjn+1*jn,kn+kn+1 ® 1) >
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for some constant A € C. If j,11 — j # 0 or kypy1 + K, # 0 modulo d, then by definition
of the free product trace tr * 7, the element Lo(gvin+tiw»+1) has trace zero. If j, 11 — jn =
0 = kpy1 + k, modulo d, then L£y(gv/n+1wk»+1) is an alternating product of elements from

ker(tr) and ker(7), so that tr*7(Ly(gvirttw*+1)) = 0. When g = 1,
Lo(vuh) = T, ®1,

and this element has trace 1 if (7,k) = (0,0) and trace 0 otherwise. It follows that
(tr x 7) o L9 = w, so that the second isomorphism follows from Lemma 5.1.8. For the first
isomorphism, we start with a matrix version of the full algebras:

Md X Md(C*(Fdz)) & Md<unc<d)) chl Zd Nag Zd = Md *C C(T) Nal Zd ><1(l2 Zd ,

where the actions aq, ay are extended to My(U,.(d)) by fixing the copy of My. We want to
show that the extension of free product trace fr* 7 on My % C(T) %o, Zg Xay Zg coincides
with the product trace tr @ tr @ w on My ® My(C*(Fg2)). Now, My(Une(d)) Xay Za Xay L
is spanned by elements of the form

US U - U (X ZRes @ 1)olnehne | (5.1.9)

Jik1 ™~ g2ke

for (ji,k1) # (j2,k2) # -+ # (jn, kn) and nonzero €,--- €, € Z. As before, the trace
fr* 1 of (5.1.9) is 1 if the word equals the identity (which happens when n = j, 11 = Jpi2 =
knv1 = knyo = 0), and 0 otherwise. If 0 < j, k < d — 1, then we can apply equation (5.1.8)
to find that

(idar, ® L£1)(Usn) = (idag, ® L1)(L2(g;0))
=" Gt ® BBy ™ (910)
4m

= Z PemPom © Gi—tm+k-
lm

Thus, the isomorphism idy;, ® £ sends an element of the form in (5.1.9) to

§ 278 41 (knt1—kn+2) * ) ) €1 .. A€n
€ ¢€7m¢€,m<7}n+lvkn+l ® 7—‘]n+27kn+2) ® gj1 —Lm+kq gjnff,m+kn‘

lm

An element of this form is sent to 0 by tr ® tr ® w, because the word
9t tmaks " 95 —tmk, 15 reduced and non-trivial. When n = 0,
Zde ® El((Tijl ® 1>Uj2wk2> = Tjhkl ® sz,kz ®1,
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and this element is sent by tr® tr ®w to 1 if (ji1, k1) = (j2, k2) = (0,0) and 0 otherwise.
Hence, the trace is preserved. By Lemma 5.1.8, we have that

My ® My(C

red

(Fa2)) = Ma(UeH(d)) Xy Zig Xy Za -

Note that this isomorphism maps M;RC1RC1 to MyRC1. Therefore, the first isomorphism
in the theorem statement follows from taking the relative commutant. m

For the corresponding von Neumann algebras associated with the reduced algebras, we
have the following remark.

Remark 5.1.10. Let L(IF42) be the free group factor corresopnding to Fp. That is, L(Fg2)
is the weak*-closure of C’ ,(Fzz2). K. Dykema [18, Theorem 3.4] proved the following
formula:

Md*redL(]Fk) = L(Fdzk) ®Md, V1 < k < OO,dZ 2.
When k = 1, My(Ured(d) ) >~ My #peq L(Z) =2 My(L(Fgz2)), which implies that the von
Neumann algebra Ur¢4(d) is isomorphic to L(IF4). Note that the actions ay, ag, f1, fBo
are all trace preserving. Then the two isomorphisms of Corollary 5.1.9 merge when taking

weak*-closure. That is to say, we have the isomorphisms

Md(L(IFdQ)) = L(FdQ) Xay Zd X oo Zd = L(]FdQ) N p, Zd X g, Zd .

5.2 Matrix-valued quantum correlation sets

In this section, we will use the embezzlement state on Up,.(2) @min Unc(2) from Chapter 3
to separate matrix versions of Cys and Cy,. Along the way, we will also exhibit separations
in the matrix-valued versions of what are referred to as the free correlation sets. The
free correlation sets are an analogue of quantum correlations for C*(F,;). Motivated by the

hierarchy of quantum correlation sets, we define Fq(")(d) to be the set of all correlations in
(M,)® of the form
noyd-1
((((uj ® Uk)nlﬁ T]P>)p,q:1)j7k:0 ’
where H, and Hp are finite-dimensional Hilbert spaces, {uj}?;é are unitaries on H4,

{vp}9—} are unitaries on Hp, and {n,...,n.} is a collection of orthonormal vectors in
Ha® Hp.
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We define Fq(;l )(d) in the same manner, dropping the requirement that H 4 and Hp be
finite-dimensional. We define Fyy' )(d) as the set of all correlations of the form

n d-1
((<’U,j'0k77q) 77P> >p7q:1)j7k?:0 ’

where H is a Hilbert space, wo, ..., u4—1, Vo, ..., U4—1 are unitaries on ‘H with [u;, v;] = 0 for

all j,k, and {n1,...,n.} is an orthonormal set in 7. We will set F.o)(d) = F.(d). The
arguments in Section 1.7 translate to the free correlation sets, since the C*-algebra C*(F,)
is RFD [9]. In particular, it is not hard to see that

Ey(d) = {(¥(g; ® g))jslo + ¥ € UCP(C*(Fa) @uin C*(Fa), M)}

and

Fi2(d) = {(¥(g; ® gr))55t0 + ¥ € UCP(C™(Fa) @rmax C* (Fa), My}
One can also show that F.a’ (d) is the closure of Fq(;l)(d).

Tsirelson’s problem has an equivalent version in terms of the free correlation sets;
namely, it is equivalent to determining whether F,(d) = F.(d) for every d > 2 (see [47,
Theorem 29]). These sets are closely related to the unitary correlation sets from Chapter
3.

We will briefly explain the motivation for the proof of Theorem 5.0.5. Using Theorem
3.3.3, there exists a state 1 on Upe(2) @pin Une(2) such that

(ujo ® ugy) = % ik, 0<7,k<d—-1, (5.2.1)
and any state satisfying (5.2.1) is not spatial. This state corresponds to the embezzlement
of entanglement introduced by van Dam and Hayden [64]. We translate this non-spatial
correlation from Uy,.(2) @pmin Une(2) to a non-spatial My-valued UCP map on C*(Fy) ®pin
C*(F4) by the isomorphisms obtained in Theorem 5.1.5. This non-spatial Ms-valued map
on C*(Fy) ®pmin C*(Fy) leads to a matrix-valued free correlation that is in Fq(g) (4) but not in
the dense subset Fq(f) (4). We then further translate the non-spatial correlation in Fq(g) (4)

to C’ég)(d, m), using the fact that the free groups can be embedded as subgroups into free
products of cyclic groups *,,Z, for any d,m > 2 with (d, m) # (2, 2).

Let L1 : Upne(2) — My(C*(Fy)) and Lo : C*(Fy) — My(Uy,(2)) be the embeddings given
in Lemma 5.1.4. For notational convenience, we will let £§2) =idp, ® Lo : My(C*(Fy)) —
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My (Uy(2)). Using the form of (idy, ® £5) o £1 on the generators of U,.(2), we obtain

ugp 0 0 0

(ldM2 & £2) % £1(u00) = 0 81 uy; 0
0 Uoo

0 U1o

. 0 0 wu 0
(idar, ® L) 0 L1(u10) = 0 g 81 0
U0 0

0 Up1

(idps, @ Lg) 0 L1 (ugpr) = 0 wup 50 0
Uo1 0

U1 0

' 0 wu 0 0
(idar, ® L£2) 0 L1(u11) = 0 80 ugp 0
0 0 0 wup

Consider the density matrix in My ® M, given by

1
p= §(E00 ® Eoo + E30 + E30 + Eos ® Eoz + E33 @ Esg),

Then we can factor the embezzlement state ¥ on U,e(2) @min Une(2) as

Y=(p@p)o (LY @ LY) o (Li®L).

Here the choice of p is not_unique; we have simply chosen one of minimal rank. This
factorization yields a state ¥ on My(C*(Fy)) ®pmin Ma(C*(Fy)) given by

b=(p@v)o (L5 @ L) .

In other words, the following diagram commutes:
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Une(2) rain Une(2) 22555 M (C*(Fy)) @i Ma(C* (Fy))

P ord
b ¢ M4(Z/{nc(2)) min M4(unc<2))
(C < M4 X M4 ® (unc<2) ®min unc(z))

pRY

Since ¢ = QZO (L1 ® Ly), the state zz is not spatial, otherwise v would be spatial. The
state QZ can be transformed into a ucp map ¥ : C*(Fy) ®pin C*(Fy) — My by Proposition
1.7.8. On the generators, the only non-zero entries are the (0,0), (0,3), (3,0) and (3,3)
entries. Hence, applying a compression, we may assume that ¥ has range in M;. On the
generators, ¥ is given as follows:

1 o] S o]
W (goo ® goo) = ¥(g10 ® gro) = ‘f 0 , U(g10 ® goo) = ¥(goo ® g10) = _‘/i RE
L V2 ] L v2 T
o0 L] 0 L]
V(901 ® go1) = ¥(g11 ® g11) = 0 f , U(go1 ® g11) = ¥(g11 ® go1) = 0 f ;
L~ V2 ] L V2o
0 01].
U(gik ® Gim) = 00 itk #m. (5.2.2)

Note that W cannot be spatial, otherwise the state TZ would be spatial. While this fact is
implied by Theorem 5.2.1, a careful examination of the Schmidt decompositions involved
with the map ¥ will allow us to make simplifications to the map ¥. First, we prove the
following.

Theorem 5.2.1. Let goo, g10, Jo1, 911 be the generators of C*(Fy). There do not exist *-
homomorphisms m,me : C*(Fy) — B(H) and orthonormal vectors hg, hy € H ® H satisfy-
ing, for 0 < 5,k <1,

_1\i—k
((ma(91) ® malara)hosho) = 75+ {(malg) © Talgno) s ) = ( 35 . (523)
((m1(gj1) ® ma(gr1))h1, h1) = € ) ((m1(gj1) ® ma(gr1)) 1, ho) = (=1 . (5.2.4)

>
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Proof. Suppose we have a setting described by (5.2.3) and (5.2.4). By summing up the
corresponding equations in (5.2.3) and (5.2.4), we have

((1(g00) @ ma(go0))hos ho + h1) = ((m1(g10) ® T2(g10)) o, ho + hi) = V2, (5.2.5)
((m1(g10) ® ™2(g00))ho, ho — ha) = {(1(goo) ® 72(g10))ho, ho — ha) = V2 | (5.2.6)

Set ng = \%(ho + hy) and npy = \/Li(hg — hy). Then ny and 7, are orthonormal because hg
and h; are orthonormal. Equations (5.2.5) and (5.2.6) imply that

(71 (g00) @ m2(goo))ho = (m1(g10) @ T2(g10)) R0 = M0 ,
(m1(g10) ® T2(g00) ) ho = (m1(go0) ® T2(g10))ho = 11 -

Similarly, by (5.2.4), we obtain

(m1(g01) ® m2(go1))h1 = (m1(g11) ® m2(g11)) 1 = 1o,
(m1(go1) ® m2(g11)) 1 = (m1(g01) ® m2(g11))h1 = M1 -

Thus, the vectors hg, hi,m9 and 7; can be converted to each other by local operations
(i.e., tensor products of unitaries), which implies that hg, h; and 79 have the same Schmidt
coefficients. On the other hand, consider the unitaries X; = m1(g10950) and Xo = ma(g10950)-
Note that hy = %(770 +m) and hy = 2=(no —m). Equations (5.2.7) and (5.2.8) show that

NG}
(X1 ® 1)no = (m1(910900) @ ™2(g00900)) M0 = (m1(g10) @ T2(goo)) ho = m (5.2.9)
(X1 ® )m = (m1(g10900) @ T2(g10910))m1 = (71(g10) @ T2(g10)) 0 = Mo (5.2.10)

Similarly, (1® X3)no = m and (1® X3)m = 1. Combining linearity with equations (5.2.9)
and (5.2.10), we obtain

(Xl X 1)h0 = (1 X Xg)h[) = ho and (Xl X 1)h1 = (1 X Xg)hl = —hl .
Then
ho € PPH @ PyM  hy € (PH)* @ (M)

where P (resp. P,) is the spectral projection of X; (resp. Xj) corresponding to the
eigenvalue 1. In this situation, if the largest Schmidt coefficient of hg and hy is Ay > 0,
then the largest Schmidt coefficient of 7, is at most \%)\0, which leads to a contradiction
since this coefficient must be Aq. O
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Remark 5.2.2. It is clear from (5.2.2) that the relations (5.2.3)—(5.2.4) described in The-
orem 5.2.1 can be represented by a non-spatial ucp map Q : C*(Fy) @uin C*(F4) — M.
This fact can also be observed directly by using approximate embezzlement of entangled
states from Theorem 3.3.3. Indeed, Theorem 3.3.3 shows that, for each n > 1, there exists
a finite dimensional Hilbert space H,,, a unit vector &, € H,, ® H,,, and unitary operators
Un = (ufy)j ko o0 €3 @ H,, and V,, = (v}y)] 4—o on H, @ L5 such that

<=. (5.2.11)

SRS

‘(Un@vn)(60®£n®€0) - %(60®§n®60+61 ®£n®el)

By the universal property of C*(F,), we may choose a sequence of unital x-homomorphisms
7 C*(Fy) — My (B(H,,)) such that

" Ugy Uy
71 (go0) = Un = ( o 21> ;

Uy Upy

(1) = (X @ 1)U —(_“0% “)

Uyg —Upy

LM QHa®L3

1 (gn) = (X @)U, (Z®1) = ( UO}L _UO% ) 7

m(gn) =U(Z2®1) = (“21 u%{)) 7

Uy Upp

where X and Z are the Pauli matrices in Ms. Similarly, there is a sequence of unital
s-homomorphisms 7§ : C*(Fy) — Mg(B(Hn)) such that

5 (goo) =

73 (g10) = ( ® DVa,

Ty (go1) = (X @ NV,(Z @ 1),
T3 (g11) = Va(Z @ 1).

Set hi = €9 @ &, ® eg and h} = €1 @ Eueq. Define W, : 3 — (2 @ H,, @ H,, ® (3 to be the
isometry given by Wye; = h} for j = 0,1. By (5.2.11), we can choose Q as a weak*-limit
point of the ucp maps

() = Wo(m' @ mg) ()W, .
Then it is readily checked that 2 satisfies the constraints of equation (5.2.2).

A modification of Theorem 5.2.1 allows us to find a spatial Ms-valued ucp map on
C*(F3) ®min C*(F3) that cannot be witnessed on a tensor product of finite-dimensional
spaces.
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Lemma 5.2.3. Let H be a finite-dimensional Hilbert space. Then there do not exist uni-
taries ug, uy, Vg, v1 on H and orthonormal vectors hg, hy € H @ H satisfying

((uj @ vg)ho, ho) = % , ((u; @ vp)ho, hy) = (_%_k L 0<jk<1. (5.2.12)

Proof. Suppose that H is a finite-dimensional Hilbert space; ug, u1, vg, v1 are unitaries in
H; and hg, hy € H are unit vectors satisfying equation (5.2.12). As in the proof of Theorem
5.2.1, equation (5.2.12) implies that

1

(U() X Uo)ho = (u1 X Ul)ho = (ho + hl) s (5213)

(uo @ v1)ho = (U1 @ vo)ho = (ho — h1),

Sl =S

2

and
ho € PH® PyH by € (PH)" @ (PH)*". (5.2.14)

where P; (respectively, P;) is the projection of H onto the eigenspace of ujuf (respectively,
v1vg) corresponding to the eigenvalue 1. Since H is finite dimensional, the Schmidt ranks
of hg, hy, and \%(ho + hy) are all finite and nonzero. Equation (5.2.14) implies that the
Schmidt rank of \/Lﬁ(ho + hy) is sum of the Schmidt ranks of hy and h;. On the other hand,

it follows from (5.2.13) that hg and \%(ho + hy) have the same Schmidt rank, which is a
contradiction. ]

It is not hard to see that Lemma 5.2.3 still holds when we replace H®H with H4 Q@ H g,
where H 4 and Hp are finite-dimensional. Indeed, if dim(H4) > dim(H ), then we enlarge
Hp to have the same dimension as H,, and we extend the unitaries to H3 by defining
them to be the identity on H5. Then the claim of Lemma 5.2.3 still holds.

Conversely, if H is infinite-dimensional, then there always exist unitaries and unit
vectors satisfying equation (5.2.12). For our purposes, we only need the following explicit
example.

Lemma 5.2.4. Let H = (*(Z), and let T, U be unitaries on H given by

; 1 <0
Te; = K j and Ue; = e€ji1. (5.2.15)
¢ j=20
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Define unit vectors (1,(s in H Q@ H wvia

G = Z(\/ﬁ)jej ®e; and (3 =ey® ep. (5.2.16)
<0

Then setting ug = vo = U and uy = vy = TU yields equation (5.2.12).

Proof. 1t is not hard to see that
1

(UeU)a = \/§(C1 + C2),
while
Tel)a=018T)a =G
and
Teole=01aT)G=—C.
Then setting ug = vg = U and uy; = v; = TU, we obtain the desired result. O

Lemma 5.2.5. Let H be a Hilbert space.

(1) There are no unitaries wug, ui, ug, Vo, v1,v2 € B(H) along with orthonormal vectors
ho, h1 € H @ H satisfying equation (5.2.12) and the additional condition that

(UQ &® ’Ug)h() = hl . (5217)

(i) There exists a ucp map V : C*(F3) @pin C*(F3) — My such that

*

*

1

* % V2
U(go ® go) = { 1 *] , U(g5 @ gr) = [ (—1{?"“
V2

] 1< k<2. (5.2.18)

Moreover, any ucp map that satisfies (5.2.18) is not spatial.

Proof. To see that (i) holds, we observe that conditions (5.2.12) and (5.2.17) imply that
ho, hi; and \%(ho + hy) have the same Schmidt coefficients. Combined with (5.2.13) and

(5.2.14), this leads to the same contradiction as in Theorem 5.2.1.

To show that (ii) is true, we use approximate embezzlement. With the same notation
as in Remark 5.2.2; we define 77, 75 : C*(F3) — Ma(B(H,)) by

77?(90) =Z®1 ) ﬂ-?(gl) =U, ) 7'('?(92) = (X ® 1>Un )
T3 (90) = Z @1, m5(g1) = Vo, m3(g2) = (X @ )V, . (5.2.19)
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Define h{f = ey ® &, ® ¢y and h} = e; ® £, ® e;. Note that (77 (go) ® 75 (g0))h§ = h} for
all n. We let W,, be the isometry from Remark 5.2.2. Then let ¥ be a point-norm cluster
point of the sequence of ucp maps ¥,,(-) = Wi (7} @ 75 (-))W,,. Then ¥ is ucp and satisfies
the constraints of equation 5.2.18. Moreover, any such ¥ is not spatial, otherwise the map
in (i) would be spatial. This completes the proof. O

Remark 5.2.6. In Lemma 5.2.5(ii), the non-spatial ucp map ¥ : C*(F3) ®,,in C* (Fs) — Mo
induces a non-spatial ucp map U - C*(Zg x Ly % L) @uin C*(Zg * Ly x ) — M,. This is
because, in the approximation in equation (5.2.19), the operators 7 (go), 75 (o), 77 (9195 )
and 75 (g1g; ') are self-adjoint unitaries for every n. Then the representation 7, = 77 @ 7%
can also be defined on C*(Zg * Zg * ) Quin C*(Zag * Zg x Z), since C*(Zgy * Zy x Z) is the
universal C*-algebra generated by two self-adjoint unitaries oy, 01 and one free unitary g.
In this case, the corresponding representations pf, p4 : C*(Zg % Zg * Z) — Ma(B(H,,)) are
given by
pi(o0) = 7' (90), P} (1) = 7 (9195 "), P (9) = 7' (92)-

In the limit as n — oo, the relations in (5.2.18) translate to

N _ - Loy
\II(O-O®O-0):|:1 O:|7\11(9(89):\I[(O-lg(g)o-lg):[\/Li *] )
V2
N - FE
V(gog) = Y(goog)=| YT _ (5.2.20)
V2

This ucp map leads to the following theorem, from which Theorem 5.0.5 follows. Using
our methods, the smallest matrix size n for which we obtain a separation C(Sg) (m, k) #

cim (m, k) for some m, k is n = 3 (see part (iii) of the following theorem).

Theorem 5.2.7. We have the following separations.

(i) Fi?(2) # Fi(2);

(i) Fi(3) # Fia(3);
(iii) C\2(4,2) # CP(4,2);
(iv) CS(3,2) £ C$)(3,2);

(v) CV(2,3) # CY(2,3).
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Proof. Let g1, g2 be a set of universal generators of C*(Fs) and let go, g1, 92 be a set of
universal generators of C*(F3). It is a direct consequence of Lemmas 5.2.3 and 5.2.4 that
the assignment

L %
‘I’<gj®9k):[(i/)?k ] , 1<,k <2
\/i k

represents a spatial M,-valued correlation in Fq(f)(Q) which does not belong to Fq@)(Z).
Similarly, the separation Fq(f )(3) # F,§§)(3) follows from Lemma 5.2.5 (ii).

To show that C.2) (4,2) # s (4,2), we consider the embedding of Zs * Zg % Z into %47
from Proposition 1.4.3. This embedding is given by

Og+— 0g, 01+ 01, §g+— 0203,

where oy, ..., 03 are generators of Zy and ¢ is the generator of Z. By Proposition 1.4.1,
this embedding induces a C*-algebraic embedding C*(Zg * Zy % Z) — C*(%4Z2), and the
non-spatial correlation in Remark 5.2.6 extends to an Ms-valued ucp map on C*(%4Z5) @min
C*(*4Z2). This ucp map satisfies the following:

1

~ ~ —= Xk

\11(0'20'3 & 0'20'3) = \11(0'10'20'3 & 0'10'20'3) = f « s (5221)
L V2 ]

~ ~ [ L ]

‘1/(010'203 (%9 0’20‘3) = \I/(O'QU;), & 0'10'20'3) = \_/_? « s (5.2.22)
L V2 ]

= 0 1

Let P = span {1} U {0;}?_,; we want to obtain a matrix-valued non-spatial correlation
defined only on the operator system P ® P in C* (x4Z5) @uin C* (*4Z2), and not on products
of elements of P @ P. To accomplish this, we add extra dimensions to the output space.
Let ®(-) = V*r(-)V be a Stinespring dilation of ®, where 7 is a unital representation of
C*(%4Z3) @umin C*(x4Z5) on some Hilbert space H and V : 3 — H is an isometry. Define
unit vectors

ho = V@O y hl = V@l, hg = 7T(0'3 (%9 0'3)h0,

and the operator
W€§—>H,W€J:h3,0§j§2
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Then U(-) = W*n(-)W gives an Mjs-valued, possibly non-unital completely positive map.

Let no = %(ho + hy) and nm; = \%(ho — hy). We note that

(0203 ® 0903)hg = T(010203 @ 010203)hg = 19,

S

while

(o1 ® 1)no = (1 @ a1)no = m1 and 7(oy @ a1)ne = No- (5.2.24)
Similarly, since m(0; ® 1), 7(1 ® 0) and 7(0; ® 07) are all self-adjoint, we have

(o1 @ 1)m =7(1®@a1)m = no and (o @ o1)m = 1. (5.2.25)

Since hy = %@(770 +m) and hy = \%(770 — 1), by linearity we obtain m(o; ® 1)hy =
(1 ® o1)ho = hy. Thus, 7w(0; ® 01)h; = h; for j = 0,1. Since (hg, hy) = 0, the upper-left
2 x 2 block of ¥ on each generator must be a contraction. Using the fact that ¥(o; ® o),
V(1 ®o0;) and ¥(o; ® 1) are self-adjoint for all 0 < ¢ < 3, equations (5.2.21)—(5.2.25) show
that

01 1 |FF 1 S|
U(og®@00)= |1 0 x|, VU(02®09)=— |[*x * 1|, ¥U(o3®o03) = |* x =
ERE \/5 1 1 % 1 * *
(5.2.26)
[1 0 ] 1 0 = 1 0 =
U(iog®o)=(0 1 x|, V(og®1)=[0 -1 x|, ¥(1l®o)= |0 —1 x|,
EEEEd X % % * ok

(5.2.27)

Then any cp map O : C*(%4Z2) @min C*(%4Z2) — M3 that coincides with ¥ on P ®@ P
will satisfy equations (5.2.26) and (5.2.27), and hence cannot be spatial. Thus, we have
shown that ¥|pgp is a non-spatial correlation in the non-unital context. To obtain a non-
spatial ucp map, we let ¥’ be a point-norm cluster point of the net of ucp maps given by
() = (U(1) +el3)"2W(-)(VU(1) +el3)~= for e > 0. Then the restriction ¥ |pgp gives an
M3-valued ucp map which is not spatial. This is because if © is a spatial ucp map and
O |pep = V' |pgp, then the map O(-) = ¥(1)/20/(-)¥(1)"/? will be a spatial cp map that
agrees with ¥ on P ® P, which leads to a contradiction. Hence, we obtain a correlation in
C$¥(4,2) which is not in CL2)(4,2).

For (iv), we consider the following group embedding of Zs x Zy % Z into %3Z, from
Proposition 1.4.4:

09— 0g, 01 > 01, § > 02000107 .
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Let w = 090¢00102. Then the non-spatial correlation in Remark 5.2.6 extends to a ucp map
on C*(%3Z2) Qmin C*(*3Z5) as follows:

- - [ L]

d(wRw) = (01w ® oyw) = ﬁ .| (5.2.28)
2

- - [ L]

(0w Qw) = Plw® oyw) = ; e (5.2.29)
2

E\IS(O'() ®O‘0) = |: j[ : :| s (5230)

Let ®(-) = Vymo(-)Vy be a Stinespring dilation of ®, and let kj = Vpej for 0 < j < 1.
In order to express the above non-spatial correlation on the generators, we define three
intermediate vectors

k2 = ’/To(O'Q & 02)k07 k3 = 7T0(0'1 ® Ul)kQ ’
ky = mo(00 @ 00)ks .

Then note that my(02 ® 09)ky = To(w @ w)ke = \%(ko + k1). Thus, to describe ® in terms
of a matrix-valued correlation defined only on the generators, it suffices to use the vectors
{k;}j_o- In a similar manner to the argument for (iii), we obtain an Mj;-valued non-spatial

correlation in C\2 (3,2).
The same argument leads to a matrix-valued non-spatial correlation for Zs*Zs. Indeed,
let a, b be the generators of the two copies of Zs. We use the embedding F3 — Zs3 * Z3 from

Proposition 1.4.6:
o9 — aba, o1 — bab, g — ab’a’b .

Then the non-spatial correlation from Remark 5.2.6 extends to a ucp map I' on C*(Z3 *
Zg) ®min C*<Zg X Zg) via

[ 1

D(ab?a2b @ aba?h) = T(bab - ab®a®h @ bab - ab?ab) = | 2 :] , (5.2.31)
V3
[ 1

L(bab - ab*a®b @ ab*a®b) = I'(ab’a®b @ bab - ab*a®b) = | V2 *] ’ (5.2.32)
v T

T'(aba @ aba) = E j (5.2.33)
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We want a matrix-valued, non-spatial ucp map specified on R ® R, where
R =span {1,a,b,a*,b*} = span {1,a,b,a® b’} C C*(Zs * Zs3).

Let I'(-) = Vi*m Vi be a Stinespring dilation for I' and (; = Vie; for j = 0,1. We define
eleven intermediate vectors as follows:

CQ = 7T1(CL X G)C(), Cg = 7T1(b ® b)C27 (5234)
C4 = 7T1(b (029 b)C{), C5 = m(a2 X CL2)<4, Cﬁ = 7T1(b2 & b2)<5. (5235)
Setting 0y = \%(Co + (1) and 0; = \%(Co — (7). It follows that
m1(a ® a)(s = 7 (ab*a’b @ ab*ab)(y = by (5.2.36)
Define
G =m(1®b)by, (s =m(l®a)lr, (5.2.37)
Co = m(b® 1)y, Co = mi(a ® 1), (5.2.38)
Cll = Wl(b (%9 b)eo, C12 = 7T1(CL X CZ)CH. (5239)
The definition of I' can be summarized in terms of the vectors via
7T1((I®CL)<6 = 7'('1(b®b)€12 = 90, (5240)
Tl(b X 1)90 = 7T1(1 X b)eo = 91, (5241)
m(a®a)s = G- (5.2.42)
By the same argument as for (iii) and (iv), equations (5.2.34) through (5.2.42) show that
C’é;g)(l 3) is not closed, which completes the proof. H

Note that for (d,m) = (2, 2), Zy*Zs is an amenable group isomorphic to the semi-direct
product Z x Zs, and its irreducible representations are at most 2-dimensional. Thus, our
result is optimal in the sense that for (d,m) = (2,2), C\"(2,2) = C\%(2,2) = CW(2,2) =
Cé?)(Q, 2) for all n. We have shown that for all non-trivial sizes (d,m) # (2, 2), the spatial
quantum correlation set in d inputs and m outputs is not closed at some matrix level.
The question of whether scalar-valued spatial quantum correlation sets are closed for sizes
smaller than (5,2) remains open.

For the separation between C, and C,s, Coladangelo and Stark recently proved in [12]
that Cy(5,3) # Cys(5,3), which separates the set of scalar-valued correlations on finite
dimensional Hilbert spaces and the set of scalar-valued correlations on tensor products of
(possibly infinite dimensional) Hilbert spaces. In Chapter 6, we will apply Lemma 5.2.4 to

obtain the separations 054)(2, 3) # C,g;l)(Q, 3) and Cég)(i’), 2) # C’,g?)(?;, 2).
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Remark 5.2.8. Let G; and GG, be two finite groups. It is known that the product G * G
contains a copy of Fy if and only if |G1| + |G2| > 5 and |G4|,|Ga| > 1 (see, for example,
[58, p. 8]). Using this kind of group embedding, we know that there exists an n such that
the M,-valued spatial correlation set for C*(Zy x Z3) is not closed (or for any C*(G1*Gy)).

The main idea we used in the proof of Theorem 5.2.7 is to reduce the length of the
words in the definition of the ucp map by adding intermediate vectors. Conversely, we can
reduce the matrix size for the ucp map by allowing correlations that use words with length
greater than 1. Such quantum correlations on words are called spatiotemporal correlations
in [25]. In the context of spatiotemporal correlations, we have the following observation.

Corollary 5.2.9. Let go, g1, 92 be a set of universal generators of C*(Fs). There exists a
state ¥ on C*(F3) Qumin C*(F3) satisfying

)ik
Y(go ® go) =0, YV(g; @ gr) = —= , ¥V(909; ® Gogk) = ( \1/)5 , 1<, k<2, (5.243)

S

Moreover, any state satisfying (5.2.43) is not spatial.

Proof. Let ¥ : C*(F3) @pin C*(F3) — M; be the UCP map from Lemma (5.2.5) satisfying

Uigp®go) =1 | Yy®g) =+ |, 1sjk=<2. (5.2.44)
V2

0 =
10
it is easy to see that v is given by the first diagonal entry of W. Conversely, suppose such
a state 1 is spatially implemented by

Y(+) = (((m @ m2)(+))ho, ho) -

Let hy := (m1(g0) ® m2(g0))ho. Then hy is orthogonal to hy because

(h1, ho) = ((m1(90) ® T2(90))ho, ho) = (g0 ® go) = 0.

Because V¥ is ucp and gy ® go is a contraction, we know that U(gy ® go) = { } . Then

Then the vectors hy and hy, together with the unitaries m(g;), m2(g;),0 < j < 2 give
exactly the scenario as in Lemma 5.2.5 (i), which is a contradiction. [

145



The point of the above corollary is that the non-spatial nature of the ucp map can
be witnessed on words with length at most 2, which span a finite dimensional subspace.
Although the set of spatial states always forms a weak*-dense subset of the state space
of the minimal tensor product of two C*-algebras, in general there are a plethora of non-
spatial states for the minimal tensor product. For example, let C[0, 1] be the C*-algebra of
continuous functions on the unit interval. Then the minimal tensor C|0, 1] ®y:, C[0, 1] =
C([0,1]%) is the C*-algebra of continuous functions on the unit square. A spatial state
corresponds to a probability measure on [0, 1]* that can be written as a (possibly infinite)
convex combination of product probability measures. This is obviously not the case for
the bilinear form

(f,9) — mﬂﬂ@g@M%
where dx is the Lebesgue measure. In general, spatial states on A ®,;, B correspond to
nuclear operators from A to B*. From the above example, non-spatial states exist for
A ®pin B whenever both A and B contain operators with continuous spectra, because non-
spatial states are extendable to larger algebras. Nevertheless, non-spatial states witnessed
on finite dimensional subsystems can only exist when A and B are non-commutative.

Proposition 5.2.10. Let A be a unital, commutative C*-algebra, and let B be a unital
C*-algebra. Let E C A and F C B be finite dimensional operator systems. If ¢ is a state
on A Quin B, then there exists a spatial state 1p on A Qmin B such that p|pgr = V| pgr-

Proof. The restriction ¢|ggr corresponds to a linear map T : E — F™* given by
T(z)(y) =p(z@y) Ve EyeF.

Since ¢ is a state, it is clear that [|T'(z)(y)|| < ||z|||ly||, so that ||T'(z)|| < ||=||. Hence,
|T|| = 1. Because A is commutative, F ®, F' is isometric to the Banach space injective
tensor product E®.F by Theorem 1.2.12. Thus, ¢ has norm 1 when considered as a
functional on E®.F. This fact implies that the integral norm of T is 1. Moreover, by
Theorem 1.2.8, the nuclear norm of 7' is also 1, since E and F' are finite-dimensional. By
definition of the nuclear norm, there exist functionals o; € £*, 8; € F'* and scalars A; > 0
for 1 < j <n with Z?Zl A; = 1 such that

Plper =Y Aja; @5
j=1

and || o | == 1 for all j. Since 14 ® 1z € £ ® F, we see that

=5

D Na(1a)Bi(1s) = p(la® 15) = 1.

j=1
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Since 1 is an extreme point in the closed unit disk in C, each «; and ; must be unital. In

particular, each «; is a state on E, and each §; is a state on F. Let a; (respectively, Ej)
be a state on A (respectively, B) that extends «; (respectively, 3;). Thus we have that

Y= Na; @B

is a spatial state on A ®;,, B satisfying ¥\per = @|pgr- O
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Chapter 6

Bipartite matrix-valued tensor
product correlations that are not
finitely representable

In Chapter 5, it was shown that C(gf:))(i%, 2) # 052)(3, 2) and ci¥ (e, 3) # Cé}f’)@, 3). In this
chapter, we prove analogous separations between the ¢ and ¢s models.

Theorem 6.0.11. For any m,k € N with m,k > 2, (m,k) # (2,2), there is n < 4 such
that C\™ (m, k) # CS2 (m, k).

In particular, in Theorem 6.1.1 we prove that C’ég)(?), 2) # ng;”) (3,2), and in Theorem
6.2.2 we prove that C\”(2,3) # C{¥(2,3). Our methods draw on using an explicit tensor
product of unitary representations of the group Zs * Z and associated behaviour that
cannot be witnessed on finite-dimensional Hilbert spaces. We use certain facts about
group embeddings regarding free groups to translate these representations into the context
of matrix-valued correlations. The interested reader can see [16] for more information on
these group embeddings.

In the case when n = 1, the only known separation of C,(m,k) from Cy(m, k) is
the recent result of A. Codalangelo and J. Stark, which says that Cy(5,3) # Cy(5,3)
[12]. On the other hand, for smaller input and output sets, it is not known whether
Cy(m, k) = Cys(m, k). It is widely thought that C,(3,2) # Cy(3,2); indeed, it was con-
jectured by K.F. Pal and T. Vértesi [48] that the famous I3300 inequality should have a
maximal violation in Cys(3,2) with no such violation in C,(3,2). If this conjecture were
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true, then it would imply that C,(3,2) # Cy(3,2). Nonetheless, determining whether
Cy(m, k) # Cys(m, k) for input and output sets smaller than the example of [12] remains
open. However, if we allow for matrix-valued correlations, then by Theorem 6.0.11, an ana-
logue of the separation Cy(m, k) # Cys(m, k) will hold for any pair (m, k) with m,k > 2
and (m, k) # (2,2).

Recall that any matrix-valued tensor product correlation (P(a,b|x,y)) is of the form

P(a7 b|l‘, y) = (((an’v ® Fb,y)njv 77@'))2]':17

where {E, . }¥_, are PVMs on a Hilbert space Ha, {F},,}¥_, are PVMs on a Hilbert space
Hg, and 71, ...,n, is a collection of orthonormal vectors in H4 ® Hp. Alternatively, we
may associate to the vectors 7, ..., n, the isometry W : C" — H 4 ® Hp given by We; = n;
for all 7. Then

P(av b|[)§, y) = W*(Ea,z & Fb,y)W

Since Zl;:l F,, = Iy, for each 1 <y < m, the matrix-valued marginal distribution for
Alice is given by

Palalz) =) P(a,blz,y) = W*(Eep @ W, (6.0.1)

b=1

which is independent of y. Similarly, since 22:1 E,, = Iy, forall 1 < 2 < m, the
matrix-valued marginal distribution for Bob is given by

k
Ps(bly) =Y P(a,bla,y) = W*(I @ Fy, )W, (6.0.2)
a=1

which is independent of x. We will use these facts frequently in this chapter.

To work towards proving Theorems 6.1.1 and 6.2.2, we recall a result from Chapter
5. Let H = ¢*(Z) with canonical orthonormal basis {e;};ez, and let T, U be the unitaries
given by

—e: 7>0
Te, = { G =" and Uej=ej. (6.0.3)
€; g < 0
Then the unit vectors
Cl = Z(\/ﬁ)jej X €j and Cg = €p & €0 (604)
§<0

149



in H ® H, together with T} =T, =T and U; = Uy = U, yield the equations

(U1 ®@ Uz)C1, G) = (U1 @ Uz) (1, G1) =

<(T1 & I)C17(1> <<] ® T2>(17C1> =1
(T @ 1)C2,C2) = (I @ Ta)Ca, G2) = —1.

I
Sl

Moreover, by Lemma 5.2.3, equations (6.0.5) — (6.0.7) cannot be witnessed on a tensor
product of finite-dimensional spaces. This example will be the basis for our spatial corre-
lations that cannot be witnessed on finite-dimensional space.

Notice that, in the above example, T is a self-adjoint unitary, so that 72 = I. Thus, the
unitaries in equation (6.0.3) arise from a unital *-homomorphism 7 : C*(Zy*Z) — B((*(Z))
given by m(0) = T and w(g) = U, where Zy * Z is the free product of the two-element
group Zso and the group of integers; o is the generator of the copy of Zs in Zs % Z, and g
is a generator of Z in Zy x Z.. Using group embeddings of Zs * Z into *3Zo and Zs * Z3 will
allow us to translate Lemma 5.2.3 to separations of the form C{™ (m, k) # C52 (m, k).

6.1 Three inputs and two outputs

In this section, we will exhibit a correlation in Cég’)(?), 2) that is not in C’ég)(i’), 2).

Theorem 6.1.1. There exists an element P = (P(a,b|z,y))apsy in Céif’)(?,, 2) such that

0 0 V%

P(2,2]2,2) — P(1,2]2,2) — P(2,112,2) + P(1,1]2,2) = | 0 0 (6.1.1)
1 1
v
00 1

P(2,2)3,3) — P(1,2]3,3) — P(2,13,3) + P(1,1|3,3)= [0 1 0 (6.1.2)
100
1 0 0

Pa(21) = Pa(1]1) = Pg(2|]1) — Ps(1]1) = [0 -1 0 (6.1.3)

0 0 -1

Moreover, there is no element in 053)(3, 2) satisfying equations (6.1.1)-(6.1.3).
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Proof. Let H = (*(Z), and define unit vectors in H ® H by

G = Z(\@)jej ®ej, G=e®ey, (= Z(\/ﬁ)_jej R e;. (6.1.4)

§<0 §>0

Let {f1, f2, f3} denote the canonical orthonormal basis for C3. Tt is easy to see that
{¢1,¢,¢3} is an orthonormal set, so that the map W : C3 — H @ H given by W f; = ¢
for i = 1,2, 3 is an isometry. We define self-adjoint unitaries on the canonical basis vectors

{e;}jez of (*(Z) by

—e; 7>0

Sie; = { G J= (6.1.5)
e, J<0

5263]' =€_j+1

Sg@j =€_j

It is straightforward to check that each S; is unitary and that S? = I, so that each S; is a
self-adjoint unitary. Thus, for each z = 1,2, 3, there are PVM’s {E} , F5 . } on ‘H such that
Sy = Eyy—FEy,. Welet Fy,,, = Ep, for all b, y, and we define P = (W*(Eq @ Fy ) )W) abzy,
which is an element of C’éz’)(?), 2). We note that for each z = 1,2, 3,

P(2,2|z,z) — P(2,1]z,z) — P(1,2|x,x) + P(1, 1|z, 2) = W*(S, ® S,)W. (6.1.8)

On the other hand,
Py(2]1) — P4(1]1) = W* (S, @ )W and Pgp(2|1) — Pp(1|1) = W*(I ® S;)W.  (6.1.9)
Using the unitaries defined above, it is routine to check that equations (6.1.1)—(6.1.3) are

satisfied.

Now, suppose that P € 0653)(3,2) satisfies equations (6.1.1)—(6.1.3). Then there are
finite-dimensional Hilbert spaces K4 and g, PVM’s {El,x, Egz} on K4 foreach z =1, 2, 3,
PVM’s {ﬁl’y, ﬁzy} on Kp for each y = 1,2, 3, and an isometry V : C3 — K4 ® Kp such
that B _ B

P=V"Ew:®@Foy)V)apawy-

Since EQ@—ELI is unitary, there is a unital *-homomorphism 74 : C*(*3Z2) — B(K 4) such
that m4(g.) = Ea.— E\ », where g, is the generator of the z-th copy of Zs in *3Z,. Similarly,
there is a unital *-homomorphism 75 : C*(%3Z2) — B(Kp) such that 75(g,) = Fo, — F1 4.
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Set n; =V f; for i = 1,2, 3, so that {n;,n2,n3} is orthonormal. Considering the (3, 1)-entry
of equation (6.1.2), we have

((ra(gs) ® m5(g3))m. ms) = 1. (6.1.10)

Using the Cauchy-Schwarz inequality on equation (6.1.10), we have

ma(gs) ® mp(gs)m = ns. (6.1.11)
Considering the (1,3) and (2, 3) entries of equation (6.1.1), we see that
1

(ma(g2) @ mB(g2)n3, M) = (TA(92) ® TB(g2)N3, M2) = E (6.1.12)

Now, let T} = ma(g1) ® I and To = I ® mp(g1), and set Uy = ma(g2)ma(g3) = ma(g293) and
Uy = m5(g2)7B(93) = m(g293). Combining equations (6.1.11) and (6.1.12), it follows that

<(U1 ® U2)7717772> = ((U1 ® U2)7]1,771> = %

Considering the (1,1) and (2,2) entries of equation (6.1.3), we also have

(Ty @ Dmym) = (L@ T2)m,m) =1

and
(Th @ D, m2) = (I @ Ta)nz,m2) = —1.

Therefore, the unitaries 71, Ty, Uy, Us and the unit vectors 1y, 1o satisfy equations (6.0.5)—
(6.0.7), contradicting Lemma 5.2.3. O

6.2 Two inputs and three outputs

In this section, we will show that C’é”)(2,3) # Cé?)(2,3) for some n € {2,3,4}. Since
elements of C’é?)(2, 3) arise from tensor products of representations of C*(Zsz * Z3), we aim
to transform the representation of C*(Zs x Z) into some representation of C*(Zg x Z3).
However, we obtain a simpler group embedding (and hence a smaller number of required
unit vectors) by first considering the embedding of Zs * Z into Zs * Z3 from Proposition
1.4.5. If g is the generator of Zs, h is a generator of Z3 and u is a generator of Z, then we
will use the embedding of Zs x Z into Zs x Z3 given by

g+~ g, u— hgh.
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Using this embedding, we can translate the unitaries 7' and U from equation (6.0.3) and
the unit vectors (; and (, from equation (6.0.4) to tensor product representations of C*(Zyx*
Z3) @min C*(Zy % Z3) that cannot be witnessed by tensor products of finite-dimensional
representations. In this case, we only need to specify certain equations governing the
representations and the unit vectors using words of length at most three.

Lemma 6.2.1. There is an infinite-dimensional Hilbert space H, a unital x-homomorphism
0 :C*(Zyx7Z3) — B(H), and unit vectors (1, € H @ H such that

((o(hgh) @ o(hgh))G1,C1) = {(o(hgh) @ o(hgh))G1, C2) = % (6.2.1)
((o(g) @ )G, G) = (I ®0(9))Gr, Gr) = 1, (6.2.2)
((0(9) ® 1)C2, G2) = (I ® 0(g))C2; G2) = —1. (6.2.3)

Moreover, these equations cannot be witnessed by a tensor product of finite-dimensional
representations of C*(Zg % Zs).

Proof. Let 8 = span {1, g, hgh, h?gh*} C C*(Zy % Z3). Since g* = g and (hgh)* = h*gh* =
h?gh?, S is an operator system. Applying Proposition 1.4.1, we see that the group em-
bedding Zg x Z — 7o * Z3 from Proposition 1.4.5 induces an injective *-homomorphism
C*(Zy % Z) — C*(Zy * Z3), with a completely positive expectation onto the range. Re-
stricting to §, we obtain a complete order isomorphism of the operator system P =
span {1, g,u,u*} C C*(Zy x Z) onto S via g — ¢ and u +— hgh. Let m : C*(Zy x Z) —
B((*(Z)) be the unital *-homomorphism given by m(g) = T and 7(u) = U, where T, U
are the operators in equation (6.0.3). Since S ~ P, the restriction of 7 to S gives a uni-
tal completely positive map ¢ : & — B((*(Z)). By Arveson’s extension theorem [2], we
may extend 1 to a unital completely positive map ¢ : C*(Zy x Z3) — B((*(Z)). Using
Stinespring’s dilation theorem [61], there is a Hilbert space H, a unital *-homomorphism
o : C*(Zy x Z3) — B(H) and an isometry V : (*(Z) — H such that ¢(-) = V*o(-)V. Since
V is an isometry, we identify ¢*(Z) with V/(?(Z) and write H = (*(Z) & (*(Z)*.

Since (3(Z) ® (*(Z) € H®H, we may identify ¢; =" _((vV2)e; ®e; and ¢ = g ®@ e €

(*(Z)®(*(Z) as unit vectors in H®H. It is not hard to check that equations (6.2.1)-(6.2.3)
are satisfied.

Suppose that there are unital *-homomorphisms 74 : C*(Zy * Z3) — B(H4) and 7p :
C*(Zo*Zs3) — B(Hp), along with unit vectors (1, (o € Ha®H p satisfying equations (6.2.1)—
(6.2.3), where H4 and Hp are finite-dimensional. Then setting 71 = 7a(g), To = 75(9),
Uy = ma(hgh) and Uy = mg(hgh), we would yield equations (6.0.5)—(6.0.7) on a tensor
product of finite-dimensional Hilbert spaces, contradicting Lemma 5.2.3. O
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We are now in a position to show that C’q(4)(2, 3) # C3(2,3). For convenience, for
n > 2, we will let @, : C*> — C" be the isometry sending C? to the first two coordinates of
C". We also let w = exp (%)

Theorem 6.2.2. There exist n € {2,3,4}, contractions A and B in M, and an element
P = P(a,blz,y) € C\P(2,3) such that

P(2,21,1) — P(1,2]2,2) — P(2,1]2,2) + P(1,1/2,2) = A, 2.
P(3,b|1,y) = P(a,3|x,1) = 0,Ya,b,z,y (6.2.5)

23: w*™P(a,b|2,2) = B, (6.2.6)
abm1
QLPAID) - PAIDIQ = QP - PaliQa = (o 0). (620
zn: |Bi1|? = 1, (6.2.8)
Zn; (AB)a]* =1, (6.2.9)
(BAB)MZ_: (BAB)y1 = % (6.2.10)

Moreover, for these contractions A and B, if P e Cé?)(2,3) satisfies equations (6.2.4)-
(6.2.10), then P & C{”(2,3).

Proof. Let o : C*(Zy *Z3) — B(H) and (1, (s € H ® H be as in Lemma 6.2.1. Then oy, 09
and (1, (2 satisfy equations (6.2.1)—(6.2.3). We define intermediate unit vectors

&3 = (o(h) @ a(h))G, (6.2.11)
&= (0(9) ®0(9))&s = (a(gh) @ a(gh))¢:. (6.2.12)

Although {1, (>} is orthonormal, the set {(;, (2, &3, &4} may not be orthonormal. Applying
the Gram-Schmidt orthonormalization process, we obtain an orthonormal basis (i, ..., (,
for the subspace M = span {(1, (2, &3, &4} of HR®H, where n = dim(M) € {2,3,4}. Define
W:C"— H®H by We; =(; for 1 <i < n;then W is an isometry. Since o(g) is a self-
adjoint unitary, we may write o(g) = Es1 — Ey 1 for a PVM {E} 1, E51} on H. We extend
this PVM to have three outputs by setting E5; = 0. Since o(h) is an order three unitary,

154



there is a PVM {E, 9, E5, E32} on H such that o(h) = 2221 w’Eyo. Define F,, = Ey,
forall y =1,2 and b = 1,2, 3, and set

P(a,blz,y) = W (E,, ® Fp, )W. (6.2.13)

Then P = (P(a,b|x,y))apwy defines an element of 052)(2, 3). Putting together equations
(6.2.11) and (6.2.12), we recover the equation

(o(h) © o ())& = (o(hgh) © a(hgh)) = (6 + o). (6:2.11)

Define elements A, B, C, D of M,, by

A=W*(01(9) ® 02(9))W, B=W(o1(h)®cs(h))W (6.2.15)
C=Wo(g) @ DW, D =W asg))W. (6.2.16)

Then A, B,C and D are contractions. Moreover, since
0(g)®0(9) =Ea1 @Fo1 —E11 @ Foy —Ey1 @ Fi1+ B @ Fig,

the correlation P satisfies equation (6.2.4). Similarly, considering o(h) ® o(h), P must
satisfy equation (6.2.6). Equation (6.2.5) follows since E3; = F3; = 0. By the choice of
the unitary o(g) and the unit vectors (; and (s, equations (6.2.2) and (6.2.3) show that

Q,C0Q, = Q,DQ, = <é _01) . (6.2.17)

Since C' = P4(2|1) — Pa(1|1) and D = Pp(2|1) — Pg(1]1), we obtain equation (6.2.7).
Combining equations (6.2.11), (6.2.15), for each 1 <i <4,

(&3, G) = ((o(h) ® 0 (h))C1, Gi) = Bar. (6.2.18)

Since & € M = span {(1, ..., (, }, it follows that
&= B (6.2.19)
j=1
Moreover, since {(1, ..., (, } is an orthonormal basis for M and 3 is a unit vector, we have
L=[l&]* =D [Bal* (6.2.20)
j=1
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Thus, B satisfies equation (6.2.8). Using equation (6.2.12) and applying o(g) ® o(g) to
equation (6.2.19), we obtain

(€4,G) = <(0(9) ®0o(g)) (Z le) Cja€i> (6.2.21)

= Z Bjr{(o(g) ® 0(9))¢, Gi) (6.2.22)
= Zn:AijBﬂ = (AB)u, (6.2.23)

where (AB);; denotes the (i, 1)-entry of AB. Using the fact that {, € M, we obtain

n

&= (AB)ug;. (6.2.24)

=1

Since &4 is a unit vector, the first column of AB has norm 1, which yields equation (6.2.9).
An analogous argument with equation (6.2.14) demonstrates that

n

1
Fate= Z;(BABM, (6.2.25)

which forces equation (6.2.10) to be satisfied. We conclude that P, A and B satisfy all of
equations (6.2.4)—(6.2.10).

Now, suppose for a contradiction that there is P in Cé")(2,3) satisfying equations
(6.2.4)—(6.2.10). Then there are finite-dimensional Hilbert spaces K4 and Kp, PVMs
{Ea2}3_, on Ky for # = 1,2, and PVMs {ﬁb,y}zﬂ on Kp for y = 1,2, along with an
isometry V : C" — K4 ® Kp such that

P = (V(Euy ® Fyy)V)apey € CM(2,3).

By equation (6.2.5), P P(3,b]1,y) = P(a,3]z,1) = 0 for all a,b,z,y. By replacing E’g 1 with
EZ 1+ E3 1 if necessary, we may assume without loss of generahty that E3 1 = 0, and that
{E1 1, E, 1} is a PVM. Similarly, we may assume that F31 = 0, and that {F1 1, F, 1y isa
PVM. Since Eg 1— E1 1 is a self-adjoint unitary and Z W Ea o 1s an order three umtary,
the map vy : C*(ZyxZ3) — B(K4) given by v4(g) = E271 — El,l and y4(h) = Zi:l Wy 9
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extends to a unital *-homomorphism. Similarly, there is a unital *- homomorphlsm VB :
C*(Zy x Z3) — B(Kp) such that v5(g) = Fo1 — Fl,l and yg(h) = Zb L w’Fyo. Since P
satisfies equations (6.2.4), (6.2.6) and (6.2.7), it follows that

V*(valg) @ v8(9))V = A, V*(ya(h) @ v5(h))V = B, and (6.2.26)

V7 (Ik, ®v8(9)VQn = ((1) _01) = Q. V" (7a(9) ® Ix)V Qn. (6.2.27)

For 1 <i <mn, define n; = Ve;. Then {m,...,n,} is an orthonormal set. We define vectors

Xs =Y _ Ban;, and (6.2.28)

n

X4 = Z(AB)MW (6.2.29)

=1

These are unit vectors by equations (6.2.8) and (6.2.9). Applying the Cauchy-Schwarz
inequality and noting that B;; = ((va(h) @ v5(h))n1, n:), it readily follows that

(va(h) @ vB(h))m = xs, and (6.2.30)
(74(9) ® v4(9))x3 = Xa- (6.2.31)

Using equation (6.2.10) and applying Cauchy-Schwarz again, it follows that

(a(hgh) ® 7o (hgh))m = (1a(k) 75 (h))xa = %m ). (6.2.32)

A similar argument using equation (6.2.27) demonstrates that

(valg) @ Dm = (I @ vB(9))m = m, (6.2.33)
(valg) @ Dz = (I ® v8(9))1n2 = —np. (6.2.34)

Thus, combining equations (6.2.32)-(6.2.34), we can realize equations (6.2.1)—(6.2.3) in a
finite-dimensional tensor %oroduct settmg, which contradicts Lemma 6.2.1. Therefore, we
obtain the separation C." (2,3) # clw (2,3), as desired. O

Combining Theorems 6.1.1 and 6.2.2 and applying Proposition 1.8.8 shows that, for
any (m, k) with m,k > 2 and (m, k) # (2,2), we have C\"” (m, k) # C{”(m, k) for some
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matrix level n, with n < 4. This result is optimal with respect to the input and output
sets. Indeed, if m = k = 2, then we have

CyM(2,2) = C(2,2) = O (2,2),

since the underlying group, Zs*Z,, is amenable and has the property that every irreducible
representation is at most 2-dimensional. On the other hand, while it is still unknown
whether Cy(3,2) # Cys(3,2) or Cy(2,3) # Cys(2,3), Theorem 6.0.11 provides some partial
evidence that these separations may possibly hold.
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