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Abstract

This thesis examines the integration of shipment consolidation and inventory holding

decisions with the design of hub networks, where a heterogeneous fleet is used for inter-

hub transportation. These problems aim to determine the optimal locations of hubs,

allocate demand nodes to them, decide the quantity of inventory to be held at hubs, and

assign vehicles from the heterogeneous fleet to operate on hub arcs. This is done while

considering inventory storage space at hubs and vehicle capacities. These decisions are

made to fulfill a set of demands for flows between origin-destination pairs, distributed

across a multi-period planning horizon. Prospective applications of this work include air

cargo, less-than-truckload transportation, express shipments, and postal delivery systems.

The first problem studies shipment consolidation and inventory holding in a single

allocation hub location problem, which considers a promised delivery time for goods. The

goal is to jointly determine the optimal hub locations, allocation of demand nodes to

hubs, inventory levels to be held at hubs in each time period, and the type and number

of vehicles to be dispatched on inter-hub links in different periods. The objective is to

minimize the total cost of infrastructure, transportation, and inventory holding. This

problem is formulated as a mixed-integer programming model. To solve larger instances,

we propose a variable neighborhood search-based algorithm that incorporates a shipment

consolidation sub-problem. Computational experiments with varying parameter values,

conducted on a realistically created dataset, demonstrate the comparative effectiveness of

the networks generated by both the model and algorithm.

The second problem in this thesis explores the integration of operational decisions re-
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garding shipment consolidation and inventory holding within a hub arc location model for

a freight network. In contrast to the first problem, the focus is on locating hub arcs rather

than hub nodes. The allocation of demand nodes to multiple hub arcs is allowed in this

setting for greater flexibility in routing and consolidation, and the optimal frequency and

types of vehicles operating on those hub arcs are also to be determined. A mixed-integer

programming model is proposed to minimize the total cost of hub arcs, transportation,

and inventory. It determines the optimal location of hub arcs, allocation of demand nodes

to these arcs, inventory levels at the origin nodes of hub arcs in each time period, and the

type and frequency of vehicles from a heterogeneous fleet to operate on the hub arcs. To

solve the problem efficiently, a Benders decomposition-based methodology is developed and

further enhanced with Pareto-optimal cuts and two variable fixing techniques. Computa-

tional experiments compare the effectiveness of the proposed solution algorithm against a

commercial solver and provide insights into the factors influencing these decisions.

The third problem addresses demand uncertainty in the hub arc location problem,

integrated with decisions on shipment consolidation and inventory holding. The aim is to

minimize total expected costs of infrastructure, transportation, and inventory, modelling

the problem as a two-stage stochastic program. The first-stage decisions involve selecting

hub arcs and determining the types and frequencies of vehicles. In the second stage,

nodes are assigned to hub arcs, and decisions are made on inventory holding and the

optimal routing of flows. To solve this, a Sample Average Approximation methodology

is employed. Computational experiments assess the algorithm’s convergence, explore the

impact of varying costs and frequencies, and estimate the value of considering uncertainty

on the decision-making process.
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Chapter 1

Introduction

The hub location problem involves finding the best locations for hub facilities to serve a

set of origin-destination (O-D) pairs, between which some flow has to be shipped. In

many-to-many distribution networks, hubs serve as facilities, which do loading, unloading,

sorting, connecting, switching, consolidation and break-bulk. Demands between O-D pairs

in such networks are routed through hubs because direct shipments between origins and

destinations are often too high in resource consumption, and hence expensive. Compared

to a fully interconnected network, utilizing a subset of these nodes as hubs results in fewer

links in the network to serve O-D pairs. Hub networks enable carriers to exploit economies

of scale in transportation by consolidating flows through hubs, and thus reduce the costs of

establishing a network and its operations. “Economies of scale” in the operation of a hub

network means that when the operational activities expand, the cost may be decreased by

routing flow through hubs.

Hubs are central transshipment facilities to serve the flow of commodities, people, or

information between a large set of O’s and D’s. This is widely used in road, water and air
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transportation (Vidović et al., 2011), postal delivery services (Ernst and Krishnamoorthy,

1996), and logistics systems (Tan and Kara, 2007). Particular application areas include, but

are not limited to, air passenger transportation, freight transportation, express shipment,

rapid transit, truckload and less than truckload transportation. These deal with physical

facilities such as airports, depots, stations, warehouses, and physical carriers such as trucks,

buses, trains, and aircraft. Additionally, hubs are used in telecommunication networks

with particular applications in internet infrastructure, telephone networks, and distributed

computing. Here data and information are routed from one endpoint to the other via

switches and routers interconnected through cables, and microwave or fiber optic links.

Different application areas of hub location have been articulated in the literature by a

number of researchers (Campbell et al., 2002; Alumur and Kara, 2008; Alumur et al.,

2021; Contreras, 2021).

Hubs are essential to the functioning of a transportation common carrier, serving key

roles in both last-mile operations and inter-hub connectivity. In last-mile operations, hubs

facilitate the collection and delivery of shipments from origin points to their respective

demand destinations. The efficiency of hub operations in this phase is critical for ensuring

the timely fulfillment of customer orders, highlighting the central role hubs play in meeting

service level expectations. In inter-hub operations, common carriers employ feeder vehi-

cles—such as large tractor-trailers, ships, or aircraft—to transport freight between hubs.

In this context, hubs function as sorting and consolidation centers for partial loads. These

hubs store partial loads over one or more time periods, enabling the subsequent dispatch

of larger consolidated shipments on inter-hub links. This approach maximizes the uti-

lization of feeder vehicles by ensuring they operate at close to their capacity levels. The
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goods stored at hubs, representing “holdover volumes,” are referred to as “inventory” at

the consolidation point, in the terminology of this thesis.

Decreasing transportation costs improve profitability and give a competitive advantage

to any logistics company. Common carrier companies face the challenge of improving

holding cost and customer satisfaction on one hand, and improving transportation costs

on the other. A common carrier may dispatch vehicles soon after receiving an order.

This would lower holding costs and improve customer satisfaction. However, such a policy

would increase the number of vehicles necessary to operate between two nodes of a supply

chain, and the utilization of vehicles would be low. As opposed to this policy, the company

can consolidate shipment orders and thereby optimally fill a vehicle before dispatching

(Higginson and Bookbinder, 1994). Such consolidation may hurt customer satisfaction,

and increase holding cost. Because there is a fixed cost involved in each vehicle dispatch,

this will take advantage of economies of scale.

In a freight network, the shipper is connected to a sequence of hubs to route delivery to

the destination. Distance from an origin or destination to a hub is typically shorter than

the distance between two hubs. Vehicles with large capacities operate between hubs as

carriers of deliveries. Deliveries collected at a hub can be consolidated so that the vehicle

utilization of inter-hub carriers can be large, thus exploiting economies of scale. To do this,

it may be necessary to hold individual shipments at hubs to dispatch a consolidated load

at a later time. This stimulates the motivation of why the locations of hubs in a delivery

network should be decided in a way that delivery operations can be performed optimally.

In other words, consolidation decisions may have an effect on the locations of hubs, and

therefore introducing shipment consolidation decisions in the hub location problem can lead
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to a more efficient hub network for operations. Hub locations are chosen with a strategic

perspective, as their effects influence operations over an extended period. However, these

strategic location decisions enable operational-level advantages by facilitating the devel-

opment of an effective shipment consolidation policy. This alignment between long-term

planning and day-to-day operations enhances the overall efficiency and cost-effectiveness

of the transportation network.

This thesis makes an effort to bridge the gap between research on tactical issues in ship-

ment consolidation and the strategic considerations involved in hub location. It explores

the impact of integrating inventory management within hubs into the overall design of a

hub network, to understand the interplay between operational and strategic decisions in

logistics optimization. To give a big picture, transportation and logistics play a pivotal role

in overall economic activity. In 2023, the U.S. nominal Gross Domestic Product (GDP)

was $27.36 trillion, with business logistics costs—of which transportation accounts for ap-

proximately two-thirds—comprising 8.7% of that GDP (CSCMP, 2024). These aggregate

statistics underscore the substantial savings potential within the logistics networks of firms

of reasonable size. By optimizing the operation of a hub network, firms can achieve a more

efficient balance of key operational costs, leading to significant financial benefits.

Motivated by the above aspects, in this thesis we study how shipment consolidation

can improve hub location decisions. We define new problems aimed at developing mod-

els and algorithms that determine optimal network design, shipment consolidation and

dispatch decisions to improve market competitiveness and enhance customer satisfaction.

We contend that achieving optimal performance in freight delivery operations necessitates

integrating fleet composition and consolidation decisions when determining hub locations.
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This joint consideration ensures that both the selection of vehicle types and the consolida-

tion of shipments are aligned with the strategic placement of hubs, ultimately enhancing

operational efficiency and cost-effectiveness. We assume a scenario in which the freight

carrier operates multiple types of vehicles between hubs, each associated with a fixed dis-

patch cost and a variable cost of operation. Local operations, including pickup and delivery

to O-Ds, are outsourced to a third-party logistics provider (3PL). Under the terms of the

contract, the 3PL handles these services at a specified rate per unit weight per unit dis-

tance. In addition to network structure, we are also interested in determining a fleet of

heterogeneous vehicles on the hub links to satisfy customer demands.

“Time” is a very important aspect of the supply chain that affects service levels and

costs. Most hub location problems considered in the literature assume demand as a rate of

flow between each O-D pair that would reoccur in each time period. The demand data on

freight shipments, however, has a dynamic nature. Those changes with time suggest that

data in some hub location problems have time-dependent parameters. The multi-period

nature of those problems has been presented in the literature (Campbell, 1990; Melo et al.,

2006; Contreras et al., 2011b; Alumur et al., 2012b, 2016). These papers, amongst other

publications, indicate the importance of the time dimension for demand data. In the

present work, demands are distributed across multiple planning periods. We employ a

representative time horizon, which is divided into discrete time intervals.

In this thesis, we first develop a mixed-integer linear programming formulation for a hub

location problem that considers a promised delivery time and a single allocation strategy.

With a heterogeneous fleet of vehicles operating on hub links and for multi-period demands,

we also account for different cost components: those for establishing hubs, transportation,
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and for carrying inventory, to study the impact of inventory holding on network design.

We determine the optimal hub locations, network configuration, and extent of shipment

consolidation to minimize the total cost of establishment and operations. Additionally,

we propose a Variable Neighborhood Search-based solution methodology to solve larger

instances of the problem in shorter computational time. We evaluate the performance of

the model and algorithm by applying well-defined data from the literature under different

parameter settings.

We then adopt a novel modeling approach for a hub arc location problem, which de-

termines the set of hub links and assigns the frequency of vehicles from a heterogeneous

fleet to operate on them. The model considers a multiple allocation strategy, multi-period

demand, and inventory holding at the origin nodes of the hub links. To efficiently solve

the problem, we propose an exact algorithm based on Benders Decomposition. The perfor-

mance of the algorithm is further enhanced by integrating Pareto-optimal cuts and applying

variable fixing techniques. We assess the model and algorithm’s performance under various

parameter settings, including different frequency choices, hub arc establishment costs, and

inventory holding costs.

Finally, we address demand uncertainty by developing a two-stage stochastic model

for the hub arc location problem. We propose a mixed-integer programming formula-

tion to capture the problem’s complexities and utilize a Sample Average Approximation

(SAA) scheme to manage stochastic demand. Computational experiments are presented

to demonstrate the value of considering uncertainty and the effectiveness of the solution

methodology.
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The remainder of this thesis is organized as follows. Chapter 2 reviews the literature

relevant to this thesis. Chapter 3 presents the mathematical model and the proposed

algorithm for the shipment consolidation problem in hub location modeling with promised

delivery time. In Chapter 4, we introduce a model and propose a Benders Decomposition-

based methodology for determining hub arcs and the frequencies of different vehicle types

on these hub links, as well as the amounts of shipments to be held at the origin node

of the hub arcs. Chapter 5 addresses demand uncertainty by introducing and solving

a stochastic model for the hub arc location problem introduced in Chapter 4. Finally,

Chapter 6 summarizes the key points of each chapter, providing concluding remarks and

a brief discussion of future research directions.
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Chapter 2

Literature Review

In this chapter, we classify and review the literature on relevant hub location problems

(HLP). In our discussion of previous relevant publications, the division into the following

eight sections enables us to emphasize in turn the distinct sets of references that are strongly

related to the respective problem types and methodologies. In particular, Sections 2.1 and

2.2 give overviews on hub location and shipment consolidation problems respectively. In

Section 2.3 we present an overview of the hub location problems with multiple periods in

the time horizon. Section 2.4 focuses on models and methodologies that consider economies

of scale and vehicle utilization in hub location. In Section 2.5, we take particular interest

in literature that attempts to model shipment consolidation and inventory holding in hub

location problems. In Section 2.6, we consider a particular variant of HLPs – the hub arc

location problem. Finally, we indicate publications employing Benders decomposition and

Sample Average Approximation in Sections 2.7 and 2.8.
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2.1 Hub Location Problems

Hub location problems involve finding the sites of particular nodes, called hubs, which will

make it easier to route flows from origins to destinations. Hubs provide two major functions:

switching-sorting-connecting, and consolidation and breakbulk. A hub network consists of

O-D nodes, hub nodes, arcs between non-hub nodes and hubs, arcs between two hub nodes,

and sometimes direct arcs between two non-hub nodes. To the best of our knowledge,

O’Kelly (1986a,b) first introduced the hub location problem in the literature. These papers

were inspired by earlier research by Hakimi (1964), who addressed the location of a single

facility, the center of a weighted graph, which may be used as a switching center in a

communication network.

Hub location problems have several variants that come with a list of attributes. The

first is a demand that is associated with an O-D pair. There is a benefit (in transportation

cost or time) of routing flows through hubs. Thus the objective here depends on locations

of hubs and the routing of flows. Some hub location formulations allocate non-hub nodes

in the network to only one hub, known as the single allocation problem (O’Kelly, 1992).

Other models allocate non-hub nodes in the network to multiple hubs; this is known as

the multiple allocation problem. Campbell (1994a) defined the p-hub median problem

as deciding on precise locations for a given number of p hubs. Choices are made from

candidate sites while minimizing the total transportation cost, subject to a set of demands

for O-D pairs that must be served.

O’Kelly (1987) formulated the single allocation p-median problem as a quadratic integer

program and proposed two heuristic algorithms, both of which enumerated all possible
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choices of p hub locations. This paper introduced the CAB (Civil Aeronautics Board)

data set, which was based on airline passenger flows between 25 US cities. Ernst and

Krishnamoorthy (1996) countered with a data set known as Australia Post data, consisting

of 200 nodes representing the postal districts of Sydney. Surveys by Campbell (1994b),

O’Kelly and Miller (1994), Campbell et al. (2002) and Alumur and Kara (2008) defined

other variants of the hub location problem.

Alumur et al. (2012a) proposed a mixed-integer programming model for multimodal

hub location problems, where transportation costs and travel times have been jointly con-

sidered. Serper and Alumur (2016) considered a hub location problem with multiple trans-

portation modes, with an intent to decide the locations and capacities of hubs, allocation

of O-D nodes to hubs, and the number of vehicles to operate on hub links. The objective

was to minimize the total cost of opening and material handling at hubs, purchase and op-

erational costs of vehicles. The authors modeled a mixed-integer program to represent the

problem and developed a variable neighborhood search algorithm for obtaining a solution.

Çetiner et al. (2010) treated the combined hub location and routing problem in postal

delivery systems. Martins de Sá et al. (2015) studied a variant of the hub location problem

where located hubs must form a set of interconnecting lines. Subject to a constraint on

budget, while minimizing the travel time between O-D pairs, they developed a mathemat-

ical formulation, and proposed a Benders branch-and-cut algorithm and several heuristic

solution algorithms. Lopes et al. (2016) investigated a hub location-routing problem, where

a set of nodes must be partitioned into routes containing exactly one hub each, and then an

extra route be determined that interconnects all hubs. They proposed a variable neighbor-

hood descent procedure aided by a genetic algorithm that uses a multi-start local search
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technique. Lopes et al. (2016) also formulated an integer programming model and solved it

with a branch-and-cut algorithm. To minimize the total cost of transferring flow between

hubs and routing flows in the network for the single allocation p-hub median location and

routing problem with simultaneous pick-up and delivery, Kartal et al. (2017) suggested

mixed-integer programming formulations. They developed heuristic algorithms based on

multi-start simulated annealing and ant colony optimization.

de Camargo et al. (2017) studied incomplete hub location problems with and without

hop-constraints (i.e. constraints on numbers of legs in an O-D path), offered formula-

tions, and a Benders decomposition technique which can solve large scale test instances.

Hoff et al. (2017) considered a single allocation multimodal hub location problem while

satisfying constraints on the capacity of edges between hubs. Meier (2017) analyzed the

uncapacitated single allocation p-hub median problem with modular capacities, introduc-

ing a new mixed-integer program formulation of the problem that uses fewer variables but

more constraints. Mokhtar et al. (2018) considered a multiple allocation uncapacitated

p-hub median problem and applied a Benders decomposition method. Its performance

in generating cuts was enhanced by solving subproblems more efficiently, using minimum

cost network flow algorithms. Mokhtar et al. (2019) treated an intermodal hub location

problem with two types of hubs and three transfer modes. It was assumed that the un-

derlying network is not fully connected, and that access nodes are not directly connected,

in developing a mixed-integer linear program. Taherkhani and Alumur (2019) studied sin-

gle, multiple and r-allocation hub network design problems with the intent of maximizing

profits. The special case when the connection between two non-hub nodes is allowed was

also considered. The authors formulated mathematical models for the different variants,
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testing them with the CAB and AP data sets.

Besides the latter two and USAF (United States Air Flow) (Masaeli et al., 2018), there

are two other data sets, commonly known as the Turkish Network (Tan and Kara, 2007)

and Iranian Aviation Dataset (Karimi and Bashiri, 2011), that have been used in the

literature. However, these two data sets have been primarily utilized by the researchers of

the respective geographical domains.

In this section, we have reviewed variants of the capacitated and uncapacitated p-hub

median problems because of the strong relevance to our research. Much literature also exists

on the p-hub center problems and hub covering problems. Comprehensive reviews on these

problems have been presented in Campbell (1994b), Campbell et al. (2002), Alumur and

Kara (2008), Campbell and O’Kelly (2012) Farahani et al. (2013), Contreras and O’Kelly

(2019), Alumur et al. (2021), Contreras (2021) and Wandelt et al. (2022).

2.2 Shipment Consolidation

Shipment consolidation is a logistics process that, purposefully, combines two or more ship-

ments into a larger load, to be shipped together to a common market or region. It intends

to increase vehicle utilization and thereby optimize the total cost of transportation plus

inventory. The importance of this process derives from the significance of transportation

in the supply chain industry. Saving costs on transportation may bring competitive ad-

vantage, leading to profit and sustainability to third-party logistic providers and national

economies.
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Shipment consolidation may exploit the advantage of economies of scale by reducing

transportation costs per unit distance or per unit weight. The challenge here is to decide

when to dispatch a vehicle and how much freight to dispatch in the given load. One

extreme is to have no inventory cost and dispatch vehicles upon receipt of each order.

This would increase transportation costs but would enhance customer satisfaction. The

other way is to consolidate as many shipments as would fit in the truck. This would

increase vehicle utilization and take advantage of economies of scale on the fixed cost of

dispatching a vehicle. That approach, although minimizing the cost of transportation,

would greatly increase the inventory cost. An optimal decision here would minimize the

sum of transportation plus inventory costs. Research in shipment consolidation is focused

on determining optimal policies to make these dispatch decisions, while ensuring reasonable

service quality for the customers.

Classical shipment consolidation has three popular policies (Higginson and Bookbinder,

1994): (a) Time Policy - dispatching vehicles at predetermined intervals, (b) Quantity Pol-

icy - holding shipments to a particular destination until a minimum weight threshold is

reached, then dispatching the combined load, (c) Time and Quantity Policy - holding ship-

ments until a predetermined shipment time or the combined load reaching a minimum

threshold, whichever occurs first. Higginson and Bookbinder (1994) made a quantitative

study of these policies, using a simulation model to suggest consolidation policies for dif-

ferent parameter variations of order arrival-rates and maximum holding times.

Newbourne (1976) reviewed some fundamental industrial practices on shipment con-

solidation. Higginson and Bookbinder (1995) applied a discrete-time Markovian decision

process to decide the release time of shipments for both common carriage (a public for-
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hire trucking company) and private fleet (the shipper’s own vehicles). They considered

two objectives - minimizing cost per unit time, or minimizing cost per hundredweight per

unit time. Assuming random order size and arrival times, the authors proposed optimal

policies for both private and common carriage. Bookbinder and Higginson (2002) applied

probabilistic modeling to decide dispatch quantity and maximum holding time to obtain

rules for consolidation. Assuming order arrivals in discrete-time epochs and weight of an

order measured in discrete units, Bookbinder et al. (2011) considered the case of shipment

consolidation by private carrier, and modeled as a Markov chain to study the optimal

policies for dispatching the accumulated weight of orders.

Tyan et al. (2003) studied collaborative shipment consolidation between global third-

party logistics providers, and proposed a mathematical model to evaluate consolidation

policies. A review of the literature on shipment consolidation is presented in Çetinkaya

(2005), where the author also reviewed industry practices in the integration of inventory

and transportation decisions. Çetinkaya focused on shipment consolidation policies in

two scenarios, where inventory and transportation decisions are made separately and then

jointly. Nguyen et al. (2014) and Fan et al. (2019) applied shipment consolidation to the

dispatch of perishable product freight.

Investigation of variants of shipment consolidation problems with delivery time costs

or constraints has been conducted by several researchers. Ma et al. (2011) considered

cross-docking distribution networks for shipment consolidation by including an element of

time cost in their objective function. They developed an integer programming model and

heuristics to solve the problem. Wei et al. (2017) investigated the optimal consolidation

policy focusing on the trade-off between economies of scale and expedited shipping costs,
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and used dynamic programming to study the optimal policy and its structure. Hanbazazah

et al. (2019) treated a case of the multi-period horizon and two-echelon settings for third

party logistics, where each shipment has a preset pickup date at the source and a delivery

time window at the destination. The authors proposed a mixed integer programming

formulation for the problem, which is strengthened by container load relaxation, temporal

decomposition, and valid cut generation. Krishnan and Liu (2019) presented a mixed-

integer program, and used a branch-and-cut based solution strategy for cargo consolidation

in a multiple vehicle pickup and delivery problem with time windows for online market

places.

Li et al. (2012) analyzed the shipment planning problem in an airfreight forwarding

network. Mixed-integer programming formulations were proposed that use piecewise-

linear cargo rates, account for volume and weight constraints, and flight departure/arrival

times. The authors’ solution methodologies were based on Lagrangian relaxation and a

local branching heuristic. Bookbinder et al. (2015) formulated a mixed-integer program

and exact solution methodologies based on branch-and-price, a best-fit decreasing loading

heuristic, and local branching heuristics for the air-cargo consolidation problem under the

pivot− weight scheme. The mixed-integer model of Huang et al. (2020) used Lagrangian

Relaxation as a solution methodology for shipment consolidation in air-land inter-modal

operations.

Cortes and Suzuki (2020) observed that the Vehicle Routing Problem with split deliv-

eries in last-mile delivery has the limitation that it does not take advantage of shipment

consolidation. Their model also permits shipment transfers between different vehicles at

certain locations. Zhang et al. (2019) studied a similar problem in online retailing, where
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multiple trucks may visit the same customer at different times, and suggested a consolida-

tion approach, modeled as an integer program. Zhang et al. (2021) presented an approach

for consolidating packages between multiple warehouses, involving items from different or-

ders via inter-warehouse shipments. Their model located transshipment points and flows.

Johansson et al. (2020) proposed a time-based consolidation policy in the case of stochastic

customer demand, modeled as a Poisson process on a single warehouse and multiple retailer

inventory system, to determine shipment intervals and safety stock levels for retailers and

warehouse.

Lin and Wu (2001) and Lin and Lin (2007) have explored the practice of holding in-

ventories at hubs to optimize transportation costs. Lin and Wu (2001) focussed on the

impact of multiple-frequency-delivery operations on the feeder fleet size and the utilization

of hubs within a hub-and-spoke network. This research aimed to optimize the consolida-

tion of partial loads for time-definite freight delivery, using common carriers so as to reduce

transportation costs. The authors proposed an integer programming formulation and in-

troduced an implicit enumeration algorithm. In a subsequent work, Lin and Lin (2007)

assumed that demand followed a finite discrete distribution; the carriers consisted of a

fleet of identical trailers. Lin and Lin developed a heuristic approach that demonstrated

the potential for reducing operating costs through the implementation of proactive opera-

tional strategies. These strategies encompassed the determination of optimal freight paths,

management of trailer fleets, and planning of routes for time-definite common carriers.

Interested readers may refer to references Guastaroba et al. (2016) and Hanbazazah

et al. (2020) for further review of freight consolidation problems. Notably, these studies do

not address the determination of hub locations. In our research, however, we take a com-
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prehensive approach by integrating hub location decisions with transportation planning,

providing a more holistic perspective on the problem to optimize the cost of location and

transportation.

For a further review of the literature on shipment consolidation policies and models,

the reader may refer to Marasco (2008), Mutlu et al. (2010), Cai et al. (2014), Satır et al.

(2018), Kiani Mavi et al. (2020) and Martínez et al. (2020).

2.3 Multi-period Hub Location Problems

Demand need not be constant in real supply chain applications, hence the importance of

the time parameter. In most of the hub location literature, a common period is assumed

for demand between each O-D pair. These demands are assumed to repeat over different

time frames, i.e. days, weeks, months, or years. Thus, solutions to such problems are

assumed to be applicable to other time frames when demands repeat. However, in real-life,

the possibility of a static demand pattern is low. Little attention has been paid to hub

location problems with multi-period dynamic demand.

Campbell (1990) studied an uncapacitated, multiple allocation, multi-period hub loca-

tion problem that assumed cost components for hubs, transportation and relocation. He

developed a continuous approximation model to locate hubs for a general freight carrier

serving a demand that is increasing (over time periods) between O-D pairs. The model

minimized an objective representing the present value of the sum of the costs of hubs,

terminals, and relocation. Campbell studied several myopic strategies that provided upper
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and lower bounds on the distribution cost. He concluded that the strategy with limited

relocation capability is near-optimal, given that relocation costs are small. This may be

viewed as the first work on the hub location problem with multi-period demand.

Gelareh (2008) considered a multi-period hub location problem, where the network

started with an initial set of hubs. Over the course of the planning horizon, the choice

of hubs, along with the network structure, evolved so as to minimize the total cost of

transportation, plus the cost of establishing and uninstalling hubs. Only small problem

instances could be solved optimally with that mixed-integer formulation. A local-search

based heuristic algorithm to obtain a feasible solution to larger instances was presented.

Gelareh et al. (2015) proposed a model for uncapacitated multi-period multiple allocation

hub location problems with budget constraints. Solution was based upon a metaheuristic

algorithm plus Benders decomposition.

Contreras et al. (2011b) also studied an uncapacitated multiple allocation multi-period

hub location problem. Their path-based formulation involved an objective composed of

cost components on hubs (opening, operation, closing), and transportation. The decisions

to be made were establishment, operation and closing of hubs over a finite time horizon.

The model allowed a node to be a hub in non-consecutive periods. The authors developed

a branch-and-bound algorithm that used Lagrangian relaxation to obtain lower and upper

bounds at the nodes of the tree. Instances with up to 100 nodes and 10 time periods could

be optimally solved via this algorithm.

Alumur et al. (2016) analyzed single and multiple allocation multi-period hub location

problems with modular hub capacities. Here the hub network can be dynamically built,
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and the capacities of hubs may be expanded over time. There is an assumed limit on

the total flow that goes through a hub, and the allocation between a non-hub and a hub

node can change from one period to another. Thus a new hub network is built from

scratch, progressively over time. The authors proposed mixed-integer linear programming

formulations for each case considered.

Correia et al. (2018) presented a modeling framework for multi-period stochastic capac-

itated multiple allocation hub location problems. In minimizing the total expected cost,

the model decides the capacities and locations of hubs, and the O-D pairs through which

transportation occurs. The two-stage stochastic programming model had the hub locations

over the planning horizon and their initially-installed capacities as the first stage decisions.

In the second stage, the formulation concerned the assignment of non-hubs to hubs, the

routing of flows, and the capacity expansion for existing hubs. The model was enhanced

by a set of valid inequalities and tested with the CAB data set.

Khaleghi and Eydi (2022a) conducted a systematic review of multi-period hub loca-

tion problems, identifying various studies that addressed demand distributed over multiple

periods within the time horizon. However, it was observed that most of these studies, in-

cluding but not limited to those by authors such as Taghipourian et al. (2012), Bashiri et al.

(2018), Fotuhi and Huynh (2018), Torkestani et al. (2018), Khaleghi and Eydi (2021), and

Neamatian Monemi et al. (2021) did not incorporate inventory holding at hubs to improve

shipment consolidation, in optimizing transportation costs while addressing hub location

problems.
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Pourghader Chobar et al. (2021) allowed changes in demand over time in a hub location

problem to procure essential commodities. Their mathematical model decides establish-

ment, renovation, or renting the distribution centers, while minimizing the routing cost

between production centers and retailers and the pollution from vehicles. Those authors

used two Pareto-based solution methodologies to solve the bi-objective problem.

Khaleghi and Eydi (2022b) considered a sustainable hub location problem with time-

dependent demand and formulated a multi-objective mixed-integer nonlinear programming

model. The change in demand here is a linear function of time, in which the coefficients are

fuzzy parameters. The model included hub capacities and modular capacity for the hub

links; the objectives involved minimizing costs and emissions, and maximizing job opportu-

nities. Khaleghi and Eydi (2024) treated a multi-period hub network in a continuous-time

planning horizon, considering linear time-dependent demand, and developed a non-linear

programming model with three objectives on economic, environmental and social aspects.

The authors linearized the model, used aggregation functions to make it a parametric

single-objective model, introduced valid inequalities, and proposed heuristic algorithms in-

corporating Benders decomposition in a rolling horizon. Both of these studies considered

multi-period demand, but did not model shipment consolidation by holding inventory at

hubs.
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2.4 Economies of Scale and Vehicle Utilization in Hub

Location Problems

Given the demands for flow between a set of O-D pairs, there are different possibilities to

minimize cost. If the flow is sent through hubs, in contrast to being sent directly between

O-D pairs, large carriers can be used to move consolidated flow between those hubs. That

is more cost-efficient than employing smaller carriers. This is due to the sharing of fixed

cost between different flow units, and the lower variable cost per unit of larger carriers.

Consider a bus or metro-rail network in a city. Big buses and large rail cars, filled with

people, running between metro stations, is much more efficient than using automobiles

for door-to-door commuting. This reduction in the consumption of fuel per individual

commuter exemplifies the economies of scale in the hub network.

Scale economies in designing that network can be achieved in several ways. The first,

as above, is to consolidate flows. A second could be the integration of new services to net-

work O-D pairs, in addition to preexisting services, thereby reducing the overall unit cost.

Another way is to maximize the network utilization, because an increase in traffic density

may lower the unit cost of service (Jara-Díaz et al., 2013). Hubs are often expensive to

establish; they make the routes indirect, so transshipment is thereby required. Neverthe-

less, hubs can reduce investment in infrastructure and operational cost by concentrating

resources at a few nodes to be used by many. Moreover, due to establishment of hubs, the

volume of traffic increases on links between hubs. As a result, the frequency of service may

increase on the inter-hub links.
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Assuming it will be cheaper to use smaller vehicles on allocation links, and larger

vehicles on the inter-hub links, classical hub location models (e.g. O’Kelly, 1987) employ

a discount factor α (0 ≤ α ≤ 1) on the inter-hub link traffic. Apart from the costs of

hub establishment, the models described in that paper assumed a unit cost only on the

route links. But due to the discount factor on inter-hub links, the flow was assumed to

concentrate on those links. Papers such as O’Kelly (1987) formed the basis for further

research in hub location. However, the discount used in those experiments is on arcs,

not on the concentration of flow, and hence does not provide economies of scale in cases

of dense flow on an the allocation arcs. On the other hand, the discount factor is still

applied on inter-hub links with low traffic. This phenomenon results in using multiple,

filled-to-capacity small vehicles on allocation links, instead of using a single large vehicle

to reduce cost. Additionally, even when there is lower traffic on inter-hub links, such models

would be using large vehicles that are partially filled. Small vehicles would have been more

appropriate in such a situation.

The experiments on classical models highlighted the importance of service frequency

and scheduling in hub location. To address these problems, researchers including Horner

and O’Kelly (2001) have used a non-linear cost function. Other researchers (e.g. O’Kelly

and Bryan, 1998) approximated the non-linearity by a step-wise linear function. The

different steps of the latter represent switching to a vehicle with different cost and capacity

when flow increases. Still other researchers, including Alumur et al. (2009) and de Sá

et al. (2013), employed an incomplete hub network; this tends to lessen the incidences of

low traffic on inter-hub links. Cunha and Silva (2007) proposed a step-wise cost function,

where the discount α would apply to any link exceeding a threshold, meaning any large or
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small vehicles could operate on both allocation and inter-hub links, depending on the traffic

volume. In the case when a third party common carrier (e.g. an LTL carrier) is providing

transportation and using that cost model, a shipper may over-declare his shipment quantity

to enjoy the all-unit discount available by using larger vehicles.

In real scenarios, there is a fixed cost involved in using a vehicle, independent of how

long the vehicle runs. That has to be paid every time, as soon as the vehicle is used.

Kimms (2006) modeled this fixed cost structure. A larger vehicle has a higher fixed cost

than a smaller vehicle. A larger vehicle has a lower variable cost per unit in comparison to

that of a smaller vehicle. Such a model results in a combination of large and small vehicles

on both the allocation and the inter-hub links.

Researchers including Yaman and Carello (2005) and Tanash et al. (2017) introduced

hub networks with modular arc capacities as a contrasting representation of this same

problem. Serper and Alumur (2016) applied this idea of fixed and variable costs for differ-

ent vehicles to choose a vehicle fleet for delivering a given set of O-D demands. Zhang et al.

(2017) developed two different mixed integer models for an integrated airplane assignment

and hub location problem for an air-cargo delivery service, and developed a two-stage

hybrid algorithm for large instances. Wu et al. (2023) studied a service network design

problem for an urban same-day delivery system, where the number of vehicles to simulta-

neously load or unload at a hub is limited, while assuming time constraints for deliveries

and capacity constraints on the hubs. The authors formulated an integer program and

proposed three heuristics to solve real-life instances. Those papers discussed in this para-

graph that incorporate distinct vehicle types, however, do not consider the time dimension

of decisions concerning inter-hub service frequency or service schedule.
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2.5 Shipment Consolidation and Inventory Holding in

Hub Location Problems

To the best of our knowledge, there are only a few instances of considering shipment consol-

idation decisions in hub location problems. Those publications aim to to determine the hub

locations, network structure, and the numbers of vehicles and period of dispatching from

a hub on an inter-hub link. Masaeli et al. (2018) thus incorporated shipment scheduling

decisions into hub location problems. The authors proposed three mixed-integer program-

ming models for different versions of this problem, based on holding costs and multiple

vehicle types. Considering the capacities of vehicles, the model also decides on the number

of dispatches on each inter-hub link during each time period. The authors used the USAF

data set to investigate the impacts of different holding costs and shipment scheduling deci-

sions on the design of a hub network and on routing decisions. This was the first attempt

to simultaneously model the decisions of hub location and shipment scheduling to achieve

economies of scale by consolidating freight at hubs, where loads might accumulate over one

or more periods, due to the scheduling of shipments.

Earlier, Yaman et al. (2012) studied release-time scheduling and hub location problems

for next-day delivery to improve service quality at minimum total routing cost. Assuming

a predetermined service level and a given closing time at all centers for receiving packages

from their customers, they investigated a single allocation p-hub median problem under

release-time decisions for trucks from each demand node. They also assumed all trucks

must leave a demand center at the same time. The paper presented integer programming

models to solve this problem in the special cases of uniform cargo arrival at each demand
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center, piece-wise linear arrival patterns, release-time-dependent cargo arrival patterns,

and multiple service levels. They proposed several classes of inequalities to strengthen

their formulations. The authors presented numerical results on their models using CPLEX

for the CAB and Turkish data sets.

Karimi and Setak (2018b) considered shipment scheduling in the incomplete hub location-

routing problem to locate hubs, allocate nodes to hubs, and schedule the departure times

from nodes. Allowing direct links between O-D nodes but no capacity limits on hubs, the

authors proposed an integer programming formulation which ensures that the predeter-

mined flow is delivered at the given service time. Computational results using CPLEX

on instances from the CAB, AP, and Iranian Roads Network data sets were presented to

prove the efficiency of the formulations. Karimi and Setak (2018a) extended that work in

deterministic and stochastic environments when flow arrivals follow a piecewise linear form.

They proposed an ϵ-constraint-based method and a normalized weighted sum method to

solve bi-objective problems.

Neither Yaman et al. (2012) nor Karimi and Setak (2018a,b) considered holding costs.

Masaeli et al. (2018), despite making shipment scheduling decisions, assumed that demands

between all O-D pairs are known in the first time period. That work also assumed that

those demands should reach the destinations at the end of the planning horizon. Previ-

ously, Miranda et al. (2009) modeled inventory holding decisions while addressing a logistic

network design problem, which encompassed fleet design and customer clustering decisions.

However, their approach did not consider demand between O-D pairs that is distributed

over different time periods. Marufuzzaman and Eksioglu (2014) modeled a dynamic, re-

liable intermodal hub and spoke network problem. Their formulation models inventory
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holding, but their demand is not specific to individual O-D pairs.

In a more recent work, Wu (2024) integrated classical multi-plant lot-sizing and hub

location problems to jointly decide the location of production facilities, lot-sizing, inven-

tory, hub location, and the distribution of multiple commodities from plants to customers,

thereby minimizing the total cost of setup, production, inventory, hubs, and transportation.

The author employed an exact solution methodology that integrates dynamic programming

and Benders decomposition, aided by multiple cuts in the same iteration, Pareto-optimal

cuts, a hub elimination and restoration procedure, and a heuristic. Despite that problem in-

volving multi-period demand, the demand is not between specific pairs of origin-destination

nodes, and the hub locations are assumed to hold no inventory.

2.6 Hub Arc Location Problems

Hub Arc Location Problems (HALPs), originally introduced by Campbell et al. (2005a,b),

have received little focus in the literature. While other hub location models focus on the

sites of hub nodes, these problems emphasize the establishment of hub arcs with discounted

costs. Those arcs induce a set of hubs and assign O-D nodes to the hub arcs. Hub arcs

thus connect two hubs that are assumed to carry consolidated shipments, and hence have

a discounted cost per unit flow to model economies of scale. As opposed to locating hubs

and allocating O-D nodes to the hubs, hub arc location models locate hub arcs with lower

per-unit transportation costs.

HALPs relax the assumption of general hub location problems that there is a full
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interconnection between hubs. HALPs come in both single and multiple allocation models.

In HALPs, hub arcs may (or may not) require a particular topological structure of their

induced network. Some of these problems assume that O-D paths contain at most one

hub arc, limiting O-D paths to have at most three arcs, where the first and last ones are

either access or bridge arcs, and the intermediate hub arc is optional. For example, in a

passenger transportation network, a passenger should not have to transfer more than twice

to get to a destination. Such a bound is common practice in air transportation. In the

case of ground transportation, constant limits on the number of arcs may also be applied

to restrict time spent in the handling of materials at hubs to enhance the quality of service.

Campbell et al. (2005a) proposed integer programming formulations and optimal so-

lution algorithms for four different types of HALPs. Earlier Campbell et al. (2003) im-

plemented a parallel enumeration-based algorithm to find the optimal solution for large

instances of hub arc location problems, and tested them on the AP and CAB data sets.

Sasaki et al. (2009) investigated the Stackelberg hub arc location problem and developed an

optimal solution methodology. Campbell (2009) studied time-definite motor carriers and

modeled as a hub arc location problem, where the author imposed service level constraints

by putting a limit to the distance between O-D pairs.

Contreras and Fernández (2014) showed that the minimization of a real-valued su-

permodular set function can be used to model a class of hub problems that generalize

well-known problems in hub network design - uncapacitated hub location, p-hub median,

and hub arc location. Here a general class of multiple allocation hub arc location prob-

lems containing setup costs and cardinality constraints on hub arcs was represented by

the minimization of a supermodular function. The authors presented two mathematical
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formulations and compared their performance in computational experiments.

Rothenbächer et al. (2016) focused on hub arc capacities while studying hub arc location

problems. Their exact branch-and-price-and-cut algorithm for a service network design

problem used a bounding procedure based on column generation to solve a path-based

formulation. This was aided by several valid inequalities. Their approach was utilized in

hub location planning, and designing the network service frequency in the application to

combined road–rail freight transport.

de Camargo et al. (2017) and Tanash et al. (2017) considered hub arc location in

the context of flow-dependent costs. de Camargo et al. (2017) treated incomplete hub

location problems with and without constraint on the number of legs in an O-D path,

proposed formulations, and a Benders decomposition technique that can solve large-scale

test instances. Tanash et al. (2017) analyzed a hub location problem that models the flow-

dependent transportation costs using modular arc costs. It relaxes the full interconnection

assumption between hub nodes and considers link activation decisions as part of the design.

The authors proposed a branch-and-bound algorithm based on Lagrangian relaxation to

solve the problem.

To address the service-vs.-cost challenges in designing a public transit network for

evenings and weekends (times with lower demands for commuting), Mahéo et al. (2019)

studied the design of a hub and shuttle model where hubs are connected by high-frequency

buses and shuttles connect people from their origin/destination to those hubs. The goal

was to optimally decide which hub-links to cover via bus routes. It was proposed that

a multi-modal hub network design problem be modeled as a special case of the hub arc
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location problem. The authors suggested preprocessing techniques, including trip filter-

ing and link filtering to simplify the problem. Subsequent analyses applied a Benders

decomposition technique that uses dedicated solution techniques for solving independent

sub-problems, Pareto-optimal cuts, cut bundling, and core point update. The proposed

model and algorithm were tested using real-life data from the public transit system of

Canberra, Australia.

Dalmeijer and Van Hentenryck (2020) extended the work of Mahéo et al. (2019) by

introducing frequencies of vehicles on each link, imposing constraints on the number of

transfers on an O-D path, and adding new modes of transport. This was implemented

using a special data structure called a “transfer-expanding graph,” so that non-convexity

is not introduced to the sub-problem. The authors presented a case study for the city of

Atlanta, GA to show the effectiveness of the model.

Recently Basciftci and Van Hentenryck (2023) generalized the work by Dalmeijer and

Van Hentenryck (2020) in a context of integrating passenger mode preferences and accom-

modating demand of new passengers who adapt to the public transit system. This paper

showed how to integrate rider mode preferences into the design of On-Demand Multimodal

Transit Systems (ODMTS). It is motivated by a common worry in transit agencies that

an ODMTS may be poorly designed if the demand of new riders adopting the system is

not captured. The authors proposed a bi-level optimization model and an exact solution

methodology that uses Benders cuts. The fundamental principles that underpin the emerg-

ing ODMTS can be attributed to the multi-modal hub location and hub network design

problems (Alumur et al., 2012a), which were expanded by Mahéo et al. (2019), Dalmeijer

and Van Hentenryck (2020), Auad-Perez and Van Hentenryck (2022) and Basciftci and
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Van Hentenryck (2023).

Another recent work by Auad-Perez and Van Hentenryck (2022) extended research

done by Mahéo et al. (2019). It considered consolidation in the shuttle legs joining O-D

nodes and hubs. The authors relaxed the assumption by Mahéo et al. (2019) that shuttles

are always available to serve the allocation links. The newer work proposed ride sharing

on legs between O-D nodes and hubs. The shuttle fleet aims to optimize performance

requirements, i.e. to minimize the required number of shuttles, important information for

the transit companies. The authors developed mixed-integer programming models and a

novel fleet sizing algorithm to solve the problem. Lu et al. (2024) studied the impact of

congestion and dedicated bus lanes on ODMTS.

2.7 Benders Decomposition in Hub Location

Jacques F. Benders developed the mathematical programming technique (Benders, 1962)

bearing his name. It helps to solve large-scale mixed integer linear programming problems

by decomposing the main problem into two smaller and easier-to-manage components: a

master problem that involves integer variables, and a subproblem. Thus, it can reduce so-

lution times for large-scale integer programming problems that have a particular relation

between the integer and non-integer variables, known as the ‘block structure’. The tech-

nique is gaining increasing popularity among hub-location researchers as an exact-solution

algorithm because most such problems are computationally hard. Particularly in real-life

situations, it is very challenging to find exact solutions in reasonable computational time.

Comprehensive reviews of the Benders decomposition algorithm and its applications are
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contained in Şen et al. (2016) and Rahmaniani et al. (2017).

Magnanti and Wong (1981) proposed a significant enhancement of Benders decompo-

sition by selectively choosing from the alternate optima of the Benders subproblem to

generate ‘strong’ or ‘Pareto-optimal’ cuts, thereby accelerating the convergence of the al-

gorithm.

de Camargo et al. (2008) are the pioneers among researchers who utilized Benders de-

composition in solving hub location problems. The authors implemented three variants

of Benders decomposition for the uncapacitated multiple allocation hub location prob-

lem. In the first, a single cut is generated in every iteration of the algorithm; the sec-

ond generates multiple cuts in each iteration; and the third terminates with an ϵ-optimal

solution obtained. In the same year, Rodríguez-Martín and Salazar-González (2008) de-

veloped a mixed integer programming formulation for an incomplete hub network with

capacities assumed on hubs and arcs. Those authors also developed two branch-and-cut

algorithms based on Benders decomposition techniques, where a two-level nested decom-

position scheme outperformed the standard Benders approach.

Contreras et al. (2011a) suggested a Benders decomposition algorithm to solve large-

scale instances of the multiple assignment uncapacitated hub location problem. This de-

composition, applied to a path-based formulation, was enhanced using multiple cuts per

iteration, strong optimality (Pareto-optimal) cuts, and integration of reduction tests plus

a heuristic procedure. Contreras et al. (2012) then extended their preceding work to the

capacitated case with decisions on hub capacities, utilizing a Benders decomposition algo-

rithm that applies Pareto-optimal cuts and reduction tests to boost speed of convergence.
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In addition to the contributions by Camargo, Contreras and their colleagues, we ex-

plored several other applications of the Benders decomposition algorithm in solving large

instances of various types of hub location problems. Some notable works, not limited to

that list, include the following: in flow dependent discounts for inter-hub link (de Ca-

margo et al., 2009), Benders decomposition’s applications by Gelareh and Nickel (2011) in

uncapacitated multiple allocation hub location problem for linear shipping networks, and

hub location-routing problems that allow routing decisions between non-hub nodes (de

Camargo and Miranda, 2012). We note also single allocation hub location with congestion

(de Camargo et al., 2013), by Gelareh et al. (2015) in uncapacitated multi-period multiple

allocation hub location problems with budget constraints, and incomplete hub networks in

de Camargo et al. (2017) and Martins de Sá et al. (2018). Single- and multiple-allocation

uncapacitated p-hub median problems have been studied by Mokhtar et al. (2018). Other

examples include the design of a hub and shuttle model while designing a public transit

network (Mahéo et al., 2019; Dalmeijer and Van Hentenryck, 2020) and humanitarian-aid

distribution across refugee camps in war-ridden areas (Neamatian Monemi et al., 2021).

Benders decomposition has been used to find solutions to numerous variants of the

hub location problem. For example, Taherkhani et al. (2020) employed the Benders de-

composition algorithm to solve the profit-maximizing capacitated hub location problem

with multiple demand classes. In their approach, that algorithm was enhanced with a

two-phase methodology to decompose the subproblem, separation routines to strengthen

optimality cuts, and variable fixing techniques to accelerate convergence of the algorithm.

In tackling a profit-maximizing, uncapacitated multiple allocation incomplete hub network

design problem that precludes direct connections between non-hub nodes, Oliveira et al.
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(2022) employed Benders decomposition integrated with Pareto-optimal cuts, multiple cut

strategies, and the Benders branch-and-cut scheme. In another application, Eydi et al.

(2022) studied a multiple-allocation hierarchical hub network design problem with a ring-

star-star structure, and proposed an accelerated Benders decomposition algorithm to solve

the problem.

Very recently, Wu (2024) integrated Benders decomposition with dynamic program-

ming to find an exact solution to the production hub location problem. This problem

involves determining the locations of production facilities and hubs, while also deciding

lot-sizing, inventory holding, and the distribution of multiple commodities from plants to

customers. The objective is to minimize the total costs of production, setup, inventory,

hub operation, and transportation. The author proposed enhancements to the Benders ap-

proach, including multicut reformulation, Pareto-optimal cuts, elimination and restoration

procedures for hubs, and some heuristics.

2.8 Sample Average Approximation in Hub Location

Problems

The main challenge in discrete stochastic programming lies in incorporation of the expected

value term within the model’s objective function. To tackle this, a set of scenarios is

generated and the average of the samples is employed to approximate the expected value

of random variables. In stochastic optimization problems, including, but not limited to

Hub Location Problems, the Sample Average Approximation (SAA) (Kim et al., 2015)
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method serves as a scenario generation-based sampling approach.

The SAA is a Monte Carlo simulation–based scheme that generates random samples

pertaining to random variables within a stochastic Mixed Integer Programming framework.

It employs the sample-average method to approximate the expected value of the random

variable. Subsequently, the associated deterministic optimization problem is solved to de-

rive a solution. This process is iterated to generate solutions across replicated samples.

Instances documented in the literature have demonstrated that this scheme yields high-

quality solutions and may additionally provide a statistical estimation of their optimality

gaps. The method was introduced to the literature in a seminal paper by Kleywegt et al.

(2002), and has since been widely adopted for addressing various discrete stochastic opti-

mization problems. We remark that Emelogu et al. (2016) proposed clustering techniques

to dynamically update the sample size to enhance performance of SAA.

Contreras et al. (2011c) developed a two-stage stochastic Hub Location Problem in-

corporating uncertainties in both demand and transportation costs. They utilized the

SAA method to ascertain the number of scenarios and subsequently employed the Benders

decomposition algorithm to solve the model within the framework of the SAA method.

Taherkhani et al. (2020) formulated a two-stage stochastic profit-maximizing Hub Loca-

tion Problem with constrained hub capacities. They employed both the SAA and Benders

decomposition to address and solve the proposed model effectively. In an extension of their

work, Taherkhani et al. (2021) incorporated revenue uncertainties into the problem that

already considered demand uncertainty. They delineated and formulated stochastic and

robust stochastic models based on revenue elastic and independent demand.
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Zhang et al. (2022) considered an incomplete multimodal multiple-allocation hub lo-

cation problem with stochastic demands and delivery-time restriction. They developed a

path-based formulation and used a two-stage stochastic programming methodology that

involved an SAA approach that incorporates Benders-decomposition-based algorithms and

a dualization strategy.

In tackling the profit-maximizing hub location problem while considering a cap on re-

gional carbon emissions dictated by population density, Rahmati et al. (2023) devised a

two-stage stochastic programming approach. This method accounts for demand uncer-

tainty and incorporates SAA, which operates alongside several variants of the Benders

decomposition algorithm. Rahmati et al. (2024) extended their previous work to encom-

pass regulations such as policies on carbon tax, carbon cap-and-trade, carbon cap, and

carbon offset policy. For a solution methodology, they used an SAA algorithm enhanced

with k-means for clustering and an L-shaped algorithm.

In addition to its successful application in various fields of stochastic optimization, the

utilization of SAA by facility location researchers has highlighted its significant potential in

the domain of hub location. Several facility location problems, where large-scale instances

have been effectively addressed using SAA, include Romauch and Hartl (2005), Santoso

et al. (2005), Schütz et al. (2009) and Kiya and Davoudpour (2012). Interested readers

may refer to these references for further review of SAA applications.
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Chapter 3

Shipment Consolidation in Hub

Location with Multi-period Demand

Having reviewed the literature, the present chapter addresses the gap concerning the lack

of attention to the time dimension in the hub location literature, specifically the issue

of handling multi-period demand in hub locations with inventory holding. We assume a

scenario where the freight carrier has several types of vehicles to operate between hubs;

for each vehicle type, there is a fixed cost of dispatching and a variable cost of operation.

The local operations are outsourced to a third-party logistics provider (3PL) that, under

the contract, will do the pickup and delivery to O-Ds for a price per unit weight per unit

distance.

We determine how long shipments should be held at hubs, i.e., when to dispatch those

goods along with other loads from this hub, and the extent to which shipments should be
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consolidated before dispatch, while selecting the optimal locations of hubs and deciding

the number of vehicles to operate between those hubs. We develop a mixed-integer linear

programming model to formulate this problem, considering various cost components: cost

for establishing hubs, transportation costs, and inventory costs. We find the optimal hub

locations, network configurations, and degree of shipment consolidation, so that the total

cost of network establishment plus operation is kept at a minimum.

In developing a methodology to solve this challenging hub network design and shipment

consolidation problem, our solution algorithm decomposes the problem in two. In the

first part, we make the location and allocation decisions. These are used to calculate

the arrival times of demands to the hubs, and the inter-hub links through which these

demands should be routed. For the second part, another mathematical model, referred to

as the shipment consolidation subproblem, is developed and solved. There we determine

the optimal inventory decisions, in addition to the dispatch times, and the types and

numbers of vehicles required for transport between each pair of hubs. The hub locations

and demand-node allocations are improved using a Variable Neighborhood Search (VNS)

algorithm.

The remainder of this chapter is organized as follows: the next section presents a

detailed definition of our problem and a mathematical formulation. Section 3.2 presents

the shipment consolidation subproblem and describes the solution algorithm. Section 3.3

introduces the data set and presents the results of our proposed solution methodology, as

well as a comparison to computations with a commercial solver. Section 3.4 summarizes

the chapter.
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3.1 Mathematical Formulation

We intend to design a freight delivery network to serve given demands between various

O-D pairs. The node set N contains the origins and destinations of demand. The set H

denotes the candidate hub locations, which may contain nodes from the set N . We assume

all origin and destination nodes may send or receive flow through exactly one hub per

node, referred to as single allocation, and that the allocation connections are being served

by a contracted third-party logistics provider that is responsible for pickup and deliveries

to O-Ds.

Decisions have to be made on which locations will be used for establishing hubs and the

allocation of demand nodes to those hubs. The planning horizon T is finite and discretized

into time windows. Individual time windows are denoted by t = 1, 2, ...|T |, where the first

time window corresponds to interval [0, 1), the second and third windows [1, 2) and [2, 3),

and so on. For example, for a planning horizon of one week, each time window might

consist of 12 hours, resulting in a total of 14 time windows. All time-related measurements

(travel times, arrival times, dispatch times, and promised times for delivery) are discretized

and rounded up accordingly. All decisions are taken at the beginning of a time period.

Selecting hub locations is a strategic decision with long-term implications. Demand

fluctuations are of course expected over an extended planning horizon, but we assume

that the decision-maker specifies a base demand pattern that is both representative and

recurring. Throughout the time horizon, the preceding fluctuations will ebb and flow.

It is known that operational decisions play a crucial role in influencing the selection of

hub locations. For those planning purposes, the base demand pattern is taken to be
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representative of the requirements that the chosen hubs must satisfy.

Any demand node may send flow to any other node through the network. At time

period t0 ∈ T a quantity of freight wt0
ij is originated from node i ∈ N and destined to reach

node j ∈ N . Here, the parameter t0, representing the initiation time of demand, can refer

to any period within the planning horizon and is not limited to the first period. At the

start of period t0 ∈ T , this demand is shipped to the first hub node along the destination

path by the third-party provider. We assume that all demands are divisible for shipment

consolidation at first hub along the destination path, and have sufficient time windows

within the planning horizon, after their origination, to arrive at their destination nodes.

We also assume that the freight carrier employs its private fleet on the inter-hub network

and wants to determine the periods in which different vehicles are dispatched. There is a

given set of vehicles v ∈ V with capacities ϕv to operate on the inter-hub links. Vehicles,

in this research, may denote different modes of transportation that carry freight between

two hubs in the network. Each vehicle, on a link from hub k ∈ H to hub l ∈ H, has a

transit time of τkl. A flow that enters a (k, l) inter-hub link at time t ∈ T arrives at l on

time t + τkl. For any demand wt0
ij , there is a promised time for delivery πij. Accordingly,

all flows relating to this demand must reach destination node j within t0 + πij.

Freight, upon arrival at hubs, gets unloaded, sorted, and consolidated with other loads.

Shipments may be held at hubs for the convenience of consolidation with other freight,

given that the respective promised times of deliveries permit such hold-overs. Shipment

consolidation decisions, i.e. when and how long to hold inventory at a hub, and when to

dispatch a vehicle from a hub, are to be determined for the inter-hub network. In each
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period, the quantity of freight to be shipped, and the number of vehicles to be dispatched

on different inter-hub links, are to be decided. The inter-hub network may include vehicles

operating on all inter-hub links or only a subset of them. Consequently, our model decides

whether the designed network will be a complete hub network or an incomplete one.

The model minimizes the total cost of establishing hubs, holding inventory, and trans-

portation, by consolidating shipments at hubs and sending larger nearly-optimally filled ve-

hicles between hubs. We aim to investigate and analyze how changes in hub establishment

costs affect network structure and operational decisions such as inventory management and

vehicle dispatch. Each vehicle dispatch involves a fixed cost plus a variable transportation

cost estimated from the inter-hub distances. Flow on an allocation link, however, incurs a

cost proportional to that volume of flow, under the assumption that the 3PL charges a price

per unit weight per unit distance. That price encompasses factors such as amortization,

driver salaries, and other fleet operation-related costs.

Inventory carrying costs may be incurred if goods are held at a hub for one or more

periods. The percentage of inventory value on hand per unit of time may be used as

an estimate of the holding costs (Silver et al., 2017). Additional costs, involving further

processing of the freight held, if done at hubs, may also be embedded in carrying costs.

The sets and parameters required for the mathematical formulation are defined as

follows:

Sets:

N : Set of O-D nodes.

H: Set of candidate hub locations.
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T : Set of time periods.

V : Set of vehicle types.

Parameters:

wt0
ij : Flow originated at start of time t0 ∈ T from node i ∈ N destined to node j ∈ N .

Υk: The setup cost associated with establishing a hub at location k ∈ H.

ηk: Holding cost per unit of freight per unit time at hub k ∈ H.

θk: Inventory holding capacity of hub k ∈ H for each period.

κv: Fixed cost to dispatch a vehicle v ∈ V .

χklv: Variable transportation cost (including vehicle operational cost) from hub k ∈ H

to hub l ∈ H for using vehicle type v ∈ V .

cij: Cost of sending one unit of flow from node i ∈ N to hub j ∈ H on an allocation

connection.

ϕv: Capacity of vehicle v ∈ V .

πij: The promised time for delivery from node i ∈ N to node j ∈ N .

τkl: Transit time from node k ∈ H to node l ∈ H in an inter-hub link.

τ ′
ik: Transit time from node i ∈ N to node k ∈ H in an allocation connection.

Oi: The total flow originating at node i ∈ N , Oi = ∑
j∈N,t0∈T wt0

ij .

Di: The total flow destined to node i ∈ N , Di = ∑
j∈N,t0∈T wt0

ji .

Decision Variables:
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xt0 t
ijkl: Flow from node k to node l, starting at the beginning of time t with respect to

the demand originated at time t0, from node i destined to node j (i, j ∈ N , k, l ∈ N ∪H,

t0, t ∈ T ).

rt0 t
ijk : Amount of inventory held at hub k ∈ H at time t ∈ T , with respect to the demand

originated at time t0 from node i ∈ N , destined to node j ∈ N .

f t
klv: Number of vehicles of type v ∈ V dispatched from hub k to hub l (k, l ∈ H) at

time t ∈ T .

yk =


1, if a hub is established at location k ∈ H,

0, otherwise.

uik =


1, if node i ∈ N is allocated to hub k ∈ H,

0, otherwise.

The single allocation hub location and shipment consolidation model is formulated as

follows:

minimize
∑
k∈N

Υkyk +
∑

i,j∈N

∑
k∈H

∑
t0,t∈T

ηkrt0 t
ijk +

∑
k,l∈H

∑
t∈T

∑
v∈V

(κv + χklv)f t
klv

+
∑
i∈N

∑
k∈H

cikOiuik +
∑
j∈N

∑
k∈H

ckjDjujk (3.1)

subject to ∑
k∈H

xt0 t
ijik = wt0

ij i, j ∈ N ; t0, t ∈ T ; t0 = t (3.2)

rt0 t−1
ijk +

∑
l:t−τ ′

lk
∈T ;l∈N

x
t0 t−τ ′

lk
ijlk +

∑
l:t−τlk∈T ;l∈H

xt0 t−τlk
ijlk = rt0 t

ijk +
∑

l∈N∪H,l ̸=k

xt0 t
ijkl

i, j ∈ N ; t0, t ∈ T ; t0 ̸= t; k ∈ H; t = {t0 + 1, ..., t0 + πij} (3.3)∑
k∈H

∑
t∈T ′

xt0 t
ijkj = wt0

ij i, j ∈ N ; t0 ∈ T ; T ′ = {t0 + 1, ..., t0 + πij} (3.4)

42



xt0 t
ijkl + xt0 t

ijlk ≤Myk i, j ∈ N ; k, l ∈ H; t0, t ∈ T (3.5)∑
i,j∈N

∑
t0∈T

xt0 t
ijkl ≤

∑
v∈V

ϕvf t
klv k, l ∈ H; t ∈ T (3.6)

∑
i,j∈N

∑
t0∈T

rt0 t
ijk ≤ θkyk k ∈ H; t ∈ T (3.7)

xt0 t
ijik ≤ Oiuik i, j ∈ N ; k ∈ H; t0, t ∈ T (3.8)

xt0 t
ijlj ≤ Djujl i, j ∈ N ; l ∈ H; t0, t ∈ T (3.9)∑

k∈H

uik = 1 i ∈ N (3.10)

xt0 t
ijkl ≥ 0 ∀ i, j ∈ N, ∀ k, l ∈ H∀ t0, t ∈ T (3.11)

rt0 t
ijk ≥ 0 ∀ i, j ∈ N, ∀ k ∈ H,∀ t0, t ∈ T (3.12)

f t
klv ∈ Z+ ∀ k, l ∈ H,∀ v ∈ V,∀ t ∈ T (3.13)

yk ∈ {0, 1} ∀ k ∈ H (3.14)

uik ∈ {0, 1} ∀ i ∈ N, ∀ k ∈ H (3.15)

The objective function (3.1) minimizes the overall network cost consisting of estab-

lishment cost for locating hubs, total inventory cost, and the fixed and variable costs for

inter-hub transportation, as represented by the first three summation groups. The last

two such groups denote transportation costs on allocation connections. Constraint (3.2)

guarantees that the flow concerning a demand is dispatched to potential hub locations at

the time of arrival. Equality (3.3) ensures flow divergence, meaning the sum of inflow and

on-hand inventory is equal to the sum of outflow and remaining inventory. This is written

for every period except the first. Constraint (3.4) confirms that all flows corresponding

to a demand arrive at the destination node within the promised time. The relation (3.5)

enforces the establishment of hubs. Here, M is a sufficiently large number, we set it to
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the sum of all O-D demands in the network Constraint (3.6) calculates the total number

and types of vehicle dispatches required on each inter-hub link. Inequality (3.7) enforces

the hub capacities for holding inventory in a period. Constraints (3.8) and (3.9) ensure

that each node is allocated to a hub facility. Equality (3.10) guarantees single allocation.

Relations (3.11) - (3.15) represent non-negative real, binary, and integer variables.

Assuming |N | = |H| = n, |T | = t, and |V | = v, the number of binary variables required

for the model follows O(n2). The integer and continuous variables amount to O(n2tv)

and O(n4t2), respectively. There are O(n4t2) constraints. This large number of integer

variables and constraints might limit attaining optimality. Accordingly, the next section

presents a solution methodology for this problem.

3.2 Solution Methodology

Initial investigations of the proposed model (3.1)-(3.15) indeed showed that it may not

be possible to obtain optimal solutions in reasonable computational time using a stan-

dard commercial solver (CPLEX in our case). The development of a suitable solution

methodology was, therefore, necessary to solve realistically-sized instances.

Our solution method decomposes the problem into two parts. First, we decide on

the hub locations, allocate non-hub nodes to hubs, calculate the arrival times of demands

from origin nodes to hubs, and the inter-hub links through which those demands should

be routed. These initial decisions leave us with a shipment consolidation subproblem to

be solved for each inter-hub link in the second part. There we determine the types and
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numbers of vehicles to operate on each inter-hub link, in addition to deciding the inventory

to be held at the first hub along the link. We iterate through the two parts to improve the

quality of a solution.

We first construct an initial feasible solution to the problem. Next, the shipment con-

solidation subproblem is solved for each hub pair of these initial locations. For the improve-

ment phase, we implement a VNS algorithm. Specifically, we implement five neighborhood

structures to the preceding initial solution. These network structures - location and allo-

cations - are then evaluated, and the total cost of neighboring solutions is obtained, again

by solving the shipment consolidation subproblem for each hub pair. We then move to the

best neighboring solution. These steps are repeated until the stopping criteria are met.

Finally, we report the best solution of all these iterations as the solution obtained by the

algorithm.

VNS has been employed as a solution methodology in various contexts for hub location

problems, as demonstrated by several studies, such as Ilić et al. (2010); Lopes et al. (2016);

Serper and Alumur (2016); Mikić et al. (2019). In all these algorithms, the common

plan involves generating an initial solution using heuristics and subsequently applying

neighborhood search techniques to enhance it. Our approach capitalizes on the inherent

problem structure to define a neighboring solution, and then formulate a new sub-problem

for optimizing dispatch decisions on inter-hub links. As mentioned, the proposed VNS

employs five distinct neighborhood structures to facilitate robust exploration within the

solution space. This scheme, in conjunction with the optimal resolution of sub-problems,

is anticipated to yield high-quality solutions. Our solution methodology is detailed in

Algorithm 1. The following subsections describe each step of this algorithm in detail.
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Algorithm 1 Shipment Consolidation in Hub Location (SCHL) Algorithm
Input: All sets and parameters of model (3.1)-(3.15)
Output: SBest

1: Begin
2: Construct an initial solution, Sinit

3: Solve the Shipment Consolidation Subproblem for Sinit

4: Run VNS Algorithm on Sinit, until meeting stopping criteria, to obtain the best solution
SBest

5: return SBest

6: End

3.2.1 Initial Solution

The first step is to construct a greedy initial solution, to be referred to as Sinit. Although

some papers (e.g., Wandelt et al., 2022) utilize other hub location models to generate an

initial solution, such a plan can be time-consuming. Instead, we have chosen to adopt a

straightforward heuristic approach to quickly generate an initial solution and spend more

time in the improvement phase. In generating that initial solution, the values (Ok + Dk)

are calculated for each potential hub location k ∈ H, and sorted in descending order. The

first p% of locations on this descending list are selected as hubs. Next, for each remaining

potential hub location l ∈ H, we calculate the total distance from that potential hub node

to every other demand node in set N . We then sort those distance values for all potential

hubs in ascending order. We select the top q% of nodes from this ordered list as hubs, so

that the size of the initial set of hubs is (p + q)% of the total number of nodes. In this

initial solution, every O-D node is allocated to its nearest hub. To make sure the initial

solution Sinit is always feasible, we assign reasonably high values to parameters p and q

and iterate and increase these values, if necessary.
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3.2.2 Shipment Consolidation Subproblem

After obtaining the locations and allocations from the initial solution, the goods can di-

rectly be sent on to their respective hubs right after their arrival at the origin nodes. This

provides us with the arrival times and quantities of freight at different hubs. From that

information, we calculate the flow demand on each inter-hub link. The shipment consol-

idation subproblem decides on the inventory at each hub, and the number and types of

vehicles on each inter-hub link, as detailed below.

Let an origin o ∈ N be allocated to hub k ∈ H, and destination d ∈ N be allocated to

hub l ∈ H. In practice, it is commonly observed that the O-D paths typically involve one

or two hubs. This observation has been consistently confirmed through the execution of

our model across various data scenarios. Under the assumption of at most two hub stops,

let us say that the demand wt0
od flows through the inter-hub link (k, l). Assuming τ ′

ok, τkl,

and τ ′
ld as the transit times on links (o, k), (k, l), and (l, d), the flow arrives at hub k at

the beginning of period tk=t0 + τ ′
ok. With πod as the promised time for delivery from node

o ∈ N to node d ∈ N , this demand has a total time of [πod − (τ ′
ok + τ ′

ld)] periods for being

held at k plus being transported over inter-hub link (k, l). Hence, this flow may be kept

as inventory at hub k for at most [πod − (τ ′
ok + τ ′

ld)− τkl] periods, so that it may reach the

hub l (before or) at the beginning of time period tl=t0 + πod − τ ′
ok − τkl.

Let D̂(k,l) denote the set of all demands that need to be transported on hub-link (k, l).

Each d̂ ∈ D̂(k,l) has a total demand of wd̂, arrives at hub k at the beginning of time period

td̂k ∈ T , and must reach hub l at (or before) the beginning of time period td̂l ∈ T . So,

for each d̂ ∈ D̂(k,l), the feasible time window for dispatch is [td̂k, td̂l − τkl]. We intend to
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make decisions on when and how long to hold inventory at hub k, and when to dispatch a

vehicle, of which type v, from k to hub l. That will enable us to minimize the total cost

of inventory plus transportation, while ensuring all demands reach their destination nodes

within the promised time.

To model the shipment consolidation problem for each inter-hub link, we pre-compute

two parameters, based on td̂k and td̂l, for each demand d̂ ∈ D̂(k,l). The first parameter η′
d̂t

represents how many periods the flow d̂ is to be kept in inventory before dispatching, if it

is to be dispatched at the beginning of the time period t. For example, if a flow d̂ arrived

at hub k at the beginning of period 1, and is to be dispatched to l at the beginning of

period 3, in that case η′
d̂,2=1, η′

d̂,3=2 and η′
d̂,t

= 0 ∀t ∈ T \{2, 3}. The second parameter η′′
d̂t

represents whether flow d̂ was in inventory at period (t− 1) or not. The second parameter

follows the first, in that η′′
d̂t

= 1 if η′
d̂t
̸= 0, ∀t ∈ T . Those two additional parameters

required for the shipment consolidation formulation are described as follows.

η′
d̂t

=


t− td̂k, if t ≥ td̂k and t < td̂l − πkl, d̂ ∈ D̂(k,l),

0, otherwise.

η′′
d̂t

=


1, if t ≥ td̂k and t < td̂l − πkl, d̂ ∈ D̂(k,l),

0, otherwise.

We now further define two new decision variables:

zt
d̂
: Flow on inter-hub link (k, l), starting at the beginning of time t, with respect to

d̂ ∈ D̂(k,l).

gt
v: Number of dispatches of vehicle type v ∈ V , required on inter-hub link (k, l) at
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time t ∈ T .

The shipment consolidation subproblem for inter-hub link (k, l) is then formulated as fol-

lows:

minimize Ψ(k,l) =
∑

d̂∈D̂(k,l)

∑
t∈T

ηkη′
d̂t

zt
d̂

+
∑
t∈T

∑
v∈V

(κv + χklv)gt
v (3.16)

subject to ∑
t∈T ′

d̂

zt
d̂

= wd̂ T ′
d̂

= {td̂k, ..., td̂l − πkl}, d̂ ∈ D̂(k,l) (3.17)

∑
d̂∈D̂(k,l)

zt
d̂
≤

∑
v∈V

ϕvgt
v t ∈ T (3.18)

∑
d̂∈D̂(k,l)

η′′
id̂

zt
d̂
≤ θk t ∈ T (3.19)

zt
d̂
≥ 0 ∀ d̂ ∈ D̂(k,l), ∀ t ∈ T (3.20)

gt
v ∈ Z+ ∀ v ∈ V,∀ t ∈ T (3.21)

The objective function (3.16) represents the overall cost consisting of inventory cost plus

the fixed and variable costs for inter-hub transportation. The first summation group of the

objective denotes inventory cost, while the second indicates transportation cost. Constraint

(3.17) ensures the demanded flow is dispatched from hub k ∈ H to destination hub l ∈ H

within the feasible time period. Constraint (3.18) calculates the total number and types

of vehicle dispatches required in each time period. The relation (3.19) enforces the hub

capacity for holding inventory in each period. Constraints (3.20) and (3.21) represent

non-negative and integer variables respectively.

Once a set of hub locations and allocations of origin and destination nodes are deter-
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mined, the above subproblem may be solved on each inter-hub link to decide on the inven-

tory and vehicle usage. On the other hand, the total costs of that solution are obtained by

summing the subproblem objective values over all inter-hub links, plus the cost of estab-

lishing hubs and transportation on allocation links. In particular, we calculate the cost of a

solution S by f(S) = ∑
k∈H(S) Υk + ∑

i∈N, k∈H, (i,k)∈A(S) cikOi + ∑
j∈N, k∈H, (j,k)∈A(S) ckjDj +∑

k,l∈H(S) Ψkl, where the first term represents location cost, the second and third terms

give transportation cost on allocation links, while the last term includes inventory cost

plus transportation cost on inter-hub links. Here the sets H(S) and A(S) represent hubs

and allocations, respectively, in solution S.

We solve the subproblem model using CPLEX to determine the Ψkl values for each pair

of hubs when evaluating a solution. For each solution, we further check the feasibility with

respect to inventory holding capacity at each hub. Inventory holding decisions are obtained

by solving the subproblem model for every inter-hub link. The total freight quantities to be

held over at each hub are compared with the inventory capacity there, and any infeasible

solutions are discarded. The next section details how we search the solution space.

3.2.3 Variable Neighborhood Search (VNS) Algorithm

This section presents the VNS algorithm that we developed. Our algorithm iteratively

improves the initial solution by performing a sequence of small changes in the structure

of the solution to generate different neighbors, and eventually moving to a neighbor with

a better cost. We generate various neighborhoods, explore solutions within each of these

neighborhoods for potential improvements, and devise a mechanism to transition between
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solutions in different distant neighborhoods. This strategy aims to prevent the algorithm

from becoming trapped in a locally optimal solution. Interested readers may refer to

Hansen et al. (2010) and Brimberg et al. (2023) for extensive reviews of VNS algorithms

and applications.

In the sequel, we present the neighborhood structures that we search, the details on

implementation of the algorithm’s improvement phase, how we cache the solutions in a

tabu list, and the way we enhance the VNS algorithm run-time through memoization.

Neighborhood Structures

Five different neighborhood structures are generated in our algorithm, motivated by the

work of Serper and Alumur (2016). Our first way of generating a neighboring solution is

to allocate a non-hub node to a different hub. The second way is generated by exchanging

allocations of two non-hubs. To obtain the third neighborhood, we increase the number

of hubs by one. All non-hub nodes that are closest to this new hub are then allocated to

it. The fourth neighborhood is generated by decreasing the number of hubs by one. In

this case, all non-hub nodes that had been allocated to the closed hub are allocated to

their closest hub. The fifth neighboring solution is based upon exchanging a hub with a

non-hub. All non-hub nodes that were allocated to the closed hub are then allocated to

the new hub.

To generate random neighbors of a solution, hubs/non-hubs from each of the neighbor-

hoods are selected by using a discrete uniform distribution. All iterations of the algorithm

consider each neighborhood structure for improvement. We avoid repeatedly evaluating
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the same neighboring solution by the caching technique discussed later in this sub-section.

Improvement Phase

The pseudo-code of Algorithm 2 presents the VNS algorithm in a nutshell. The initial

solution Sinit, generated by greedy construction, is used as the current best solution SCB for

the first iteration, and is also assigned to the variable denoting the previous-best solution

SP B. Next, we apply the five neighborhood structures to the current best solution and

obtain the neighborhood set S.

The elements of the set S, derived from random modifications to the current best solu-

tion, may exhibit minimal or significant differences compared to the current best solution.

For instance, the neighbors S1 and S2 differ from SCB by one and two allocations, respec-

tively. The remaining three neighbors of solution SCB in S, constructed using subsequent

neighborhood structures, feature one or two hub differences and additional allocation vari-

ations compared to SCB. The selection of which node becomes a hub and which hub is

removed from the hub list in each neighbor is random. Therefore, the allocation pattern

of non-hubs to hubs may vary significantly among these neighbors. This would depend on

which hub is added or removed, and how the non-hubs are allocated to other hubs in the

current best solution.

This variability ensures that the VNS algorithm explores both near and distant regions

of the solution space in each iteration. The possibility of moving to a close neighbor consti-

tutes the improvement procedure as defined by Brimberg et al. (2023), and the possibility

that a move may also be made to a distant neighbor ensures the neighborhood change step.
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Therefore, the neighborhood structures outlined in Subsection 3.2.3 provide a systematic

approach to randomly transitioning between close and distant neighbors, constituting the

shaking procedure as defined in Brimberg et al. (2023). If the current best solution has

a higher cost than any of these neighboring solutions, we assign the neighboring solution

with minimum cost to SCB.

Algorithm 2 VNS Algorithm
Input: Sinit

Output: SBest

1: Begin
2: SCB ← Sinit

3: SP B ← Sinit

4: iterCount = 0
5: repeat
6: for i = 1..5 do
7: Construct neighboring solution Si

8: Solve the shipment consolidation subproblem for Si

9: Check feasibility of Si

10: end for
11: S∗ ← arg minf(Si) Si

12: if f(SCB) ≥ f(S∗) then
13: SCB ← S∗, count1 = 0
14: else
15: count1 + +
16: end if
17: if count1 = limit1 then
18: if f(SP B) > f(SCB) then
19: SP B ← SCB

20: end if
21: SCB ← Sinit, count2 + +, count1 = 0
22: end if
23: iterCount + +
24: until count2 = limit2 or iterCount = maxIteration or runtume ≥ allowedT ime
25: SBest ← min(SCB, SP B)
26: return SBest

27: End
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We do two things to avoid getting trapped in a local minimum. First, we allow a move

to a neighboring solution whose cost equals that of the current best solution. Second, we

use a variable count1 that is increased in every iteration when a move to a neighboring

solution is not possible, and is set to 0 in the iteration with a possible move. When this

variable count1 reaches a threshold limit1, i.e. the current best solution could not be

improved for that number of consecutive iterations, SCB is re-initiated to Sinit. Moreover,

SCB is assigned to SP B if the cost of the current best solution is lower than that of the

previous best. We employ another variable, count2, to track how many times SCB was

re-initiated to the initial solution. This is used as a stopping criterion.

The algorithm ends, based on a set of parameters: a cap on the number of iterations,

a cap on the running time, or a cap on the number of times the current best solution was

re-initiated to the initial solution. As soon as either of them reaches preset limits, the

iterations stop. We report the lower cost, one of SCB and SP B, as the best solution SBest

obtained after the iterations.

To ensure the feasibility of solutions to the given problem at all stages of the VNS

algorithm, we start with a feasible solution Sinit, and we never assign an infeasible solution

to SCB. This is done in lines 8-9 of the Algorithm 2 pseudo-code, where we solve the

shipment consolidation subproblem for all neighboring solutions. Given the location and

allocation decisions, for each inter-hub link, the total cost function calculates the quantity

of flow demanded, the arrival time of that demand at the first hub, and the travel time

allowed on each inter-hub link. The formulation (3.16)-(3.21) introduced in Section 3.2.2

is used to decide inventory and numbers and types of vehicles required. If, under the given

location and allocation decisions, any demand cannot be routed to its destination within
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the time promised, that is pointed out in this phase. Those are the cases of infeasibility

identified. Any neighboring solution that is also infeasible is not considered in subsequent

steps of the algorithm. Thus, the feasibility of the best solution is maintained throughout

every iteration.

It should be noted that we additionally tested our algorithm by randomly generating

initial solutions and varying them in each iteration to preserve solution diversity, rather

than only employing the greedy approach outlined in Section 3.2.1. We observed that the

use of randomly generated initial solutions, both before and during iterations, led to an

increase in computational time without a corresponding improvement in solution quality.

The VNS algorithm described above could have been designed to execute the explo-

ration of closer neighboring solutions before transitioning to more distant neighbors, as

done in a Variable Neighborhood Descent algorithm. Alternatively, another variant of the

basic VNS scheme could have been utilized. Such approaches would involve a more exhaus-

tive search of the solution space; hence, the tradeoff between the potential for obtaining

improved solutions and increased runtime should be considered.

Caching in a Tabu Solution List

This search algorithm is made efficient by caching solutions in a tabu list. After randomly

generating neighboring solutions, the tabu list is consulted to see whether the new solution

was previously encountered. This facilitates avoidance of cycling. If an already-generated

neighbor is found, a different neighbor is searched using the same structure, until a given

maximum number of iterations is reached. If a new neighbor cannot be found within this
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limit, then that particular neighborhood structure is not evaluated for the given solution.

This avoids repeated evaluation of solutions, and hence, improves the run-time performance

of the VNS algorithm.

Memoization

To enhance the run-time of the VNS algorithm, we employed a technique called memo-

ization. This helped to prevent solving the shipment consolidation subproblem for any

inter-hub link and respective allocations that were previously evaluated. To do that, we

created a database containing entries on each inter-hub link, allocations of non-hub nodes

to the hubs of that link, and total cost of inventory plus transportation for that inter-hub

link. Every time the shipment consolidation subproblem needs to be solved for a pair of

hubs and the corresponding allocations, first, a lookup is made to this database for mem-

oized results. If no such entry is found, the subproblem is solved and an entry is made to

the database. Otherwise, if one already exists, i.e., the same inputs to the shipment consol-

idation subproblem occur again, the cost cached at the database is utilized, thus avoiding

the call to the subproblem solver. Initially, for a data instance, this database is empty.

However, it gets gradually populated as the VNS algorithm explores neighborhoods, and

later iterations thus run faster than earlier iterations.
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3.3 Computational Analysis

In this section, we furnish some numerical results using the model and algorithm presented

in Sections 3.1 and 3.2. For running the computational tests, an IBM laptop PC with

an Intel Core-i7 processor and 16 GB RAM was used. The formulation and algorithm

presented have been implemented in CPLEX 12.9 and Java (IntelliJ IDEA 21.2.1 using

JDK 15.0.2). We first discuss the process of generating data and parameters in Section

3.3.1, followed by assessments of our algorithm’s performance in Section 3.3.2 and some

insights from our results in Section 3.3.3.

3.3.1 Data and Parameters

To test our model and algorithm, we generated instances with up to 65 demand nodes,

corresponding to the cities of the Civil Aeronautics Board (CAB) data set introduced by

O’Kelly (2014). All origin and destination nodes were taken as candidate hub locations.

A list of cities is given in Appendix A.

The Freight Analysis Framework (FAF), developed by the Center for Transportation

Analysis (CFTA, 2023), provides O-D flow data for 43 commodities and 8 transportation

modes. We considered both domestic and international air shipments in this dataset. For

each pair from the 65 cities, our data set summed the weights of 43 commodities for the

two shipment modes we utilized, in calculating the total demand for each O-D pair. We

used the demand quantities for the years 2019, 2020, and 2022 (data for 2021 was not

available due to the COVID’19 pandemic). We then randomly distributed those demands
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over the different time periods of our planning horizon, using a uniform distribution.

Transportation costs on allocation links have been determined based on average oper-

ational costs of trucking per mile, as reported by the American Transportation Research

Institute (Leslie and Murray, 2022). The driving distances between cities were computed

using the default settings of Google Maps. Operational costs of trucking are estimated at

$1.70, $1.65, and $2.20 per ton per mile for the years 2019, 2020, and 2022, respectively.

We considered two types of cargo planes, B-747-F and B-747-100, for transportation

on the inter-hub links, as employed by Masaeli et al. (2018). To estimate the fixed cost

per dispatch on those links, the purchasing/leasing costs of aircraft were estimated, and

a lifespan of 20 years with four legs of travel per day was assumed (Masaeli et al., 2018).

Respective fixed costs per flight are estimated at $9247 and $8082 for B-747-F and B-747-

100; the capacities of the two aircraft are 72.58 and 46.38 tons. We assume uniform density

for the items carried, thus volume is equivalent to weight.

Variable transportation costs for airplanes on the inter-hub links considered costs such

as fuel, maintenance, and flying operations. For approximation purposes, we used the

annual average air freight rates published in the 33rd Annual State of Logistics Report

by the Council of Supply Chain Management Professionals (CSCMP, 2024) for realistic

costs of B-747-F and B-747-100. With those CSCMP rates and the FAF info, variable

costs of $3.75, $6.30, and $6.60 per kg per mile were obtained for B-747-100 for years 2019,

2020, and 2022, respectively. We used the same process followed by Masaeli et al. (2018) to

estimate the variable cost for B-747-F from the above information. The air travel distances

were calculated using Haversine distances between cities (Rouberol, 2022).

58



The Freight Analysis Framework provides different values for 43 item types. Our data

set picked four product categories (pharmaceutical, electronics, plastics or rubber, and fur-

niture) covering a wide range of values (from among types provided by the Freight Analysis

Framework) for testing different holding cost figures. As in Silver et al. (2017), holding

cost is expressed as a percent of the value of the inventory item, where 365 days per year

and 25% of the item’s dollar value per year are assumed for calculating holding costs. The

resulting costs for pharmaceuticals, electronics, plastics or rubber, and furniture are $286,

$124, $19, and $9 per ton per day, respectively. We categorize these products’ inventory

holding costs as high, medium-high, medium-low, and low, respectively. We assume a hub

capacity of 500 tons per hub for inventory hold-over; the hub establishment cost was varied

in {$5,000, $10,000, $25,000} for all hubs. This cost for location is annualized, considering

that a hub is in use for a period of 25 years following its establishment. All the parameters

are adjusted to a per-unit-of-time scale for the duration of the planning horizon.

We consider a planning horizon of one week with 14 periods, each corresponding to 12

hours, i.e. half a day; a promised time of 2 days (4 periods) is required for all deliveries.

Travel times between hub pairs were calculated considering the distances and airplane

cruising speeds. We add a total of 5.5 hours to the cruising time to account for loading

and unloading operations, sorting, and other hidden times. Travel times on the allocation

links were estimated by assuming an average of 55 miles per hour cruising speed for trucks,

and that the trucks will be operated by two drivers exchanging hands every 6 hours for

an optimal travel time. Two hours have been added to this time for loading, unloading at

both ends, and sorting at the hub. The calculated travel times, using this method, were

rounded up to the nearest integers, representing the number of time periods required for
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the journey.

3.3.2 Algorithmic Performance

Table 3.1 presents results for the model and our SCHL-algorithm based on the 2019 data

sets with 10-, 15- and 20-cities. The first column indicates the setup cost for a hub node. For

each setup cost, different holding costs ranging from low to high were tested to investigate

the impact of these values on location, inventory, and routing decisions. For each instance,

the total costs (in $1000s) from the model’s objective value, as well as the cost from the

SCHL-algorithm, are reported. The CPU times (in seconds) and optimality gaps are also

indicated for runs in CPLEX. For the SCHL-algorithm, we indicate CPU times and the

number of iterations taken. We report the median of 10 independent VNS runs for each

instance. The table’s final column shows the improvement of the SCHL-algorithm relative

to the run on CPLEX for each instance. This percent improvement was calculated by

(CPLEX Cost − SCHL Cost)/ CPLEX Cost. For every instance in Table 3.1, CPLEX had

a 2-hour run-time limit.

For the 10-city problems, we see that both SCHL and CPLEX reached solutions with

equal costs. CPLEX, in this case, obtained solutions with gaps ranging from 4.9% to 14.8%

in 2 hours of run time. The SCHL-algorithm, on the other hand, more quickly obtained

the same solutions. The longest run time was 31.4 seconds, and the shortest was 9.9

seconds. The algorithm required between 142 to 194 iterations before stopping, while 5000

total iterations were allowed. Next, we also let CPLEX run until optimality for 10-city

instances and noticed that all the solutions reported in Table 3.1 under CPLEX columns
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Table 3.1: Comparison of the SCHL-algorithm with CPLEX on 10-, 15- and 20-city in-
stances.

Estab. Holding CPLEX Results SCHL-algorithm
Cost Cost

Cost Time Gap Cost Time Iter. Impr.
(1000$) (sec.) (%) (1000$) (sec.) (%)

10-city
instances

$5,000

low 152 7202 7.1 152 14.2 194 0
med-low 153 7206 13.0 153 10.7 158 0
med-high 161 7202 11.3 161 10.8 157 0
high 161 7202 14.8 161 9.9 152 0

$10,000

low 162 7202 6.7 162 28.8 181 0
med-low 163 7208 6.8 163 31.4 156 0
med-high 171 7218 12.2 171 12.1 169 0
high 171 7204 12.6 171 11.8 175 0

$25,000

low 192 7203 4.9 192 14.5 147 0
med-low 193 7214 6.0 193 14.8 163 0
med-high 201 7206 5.1 201 11.8 142 0
high 201 7202 7.3 201 11.9 173 0

15-city
instances

$5,000

low 350 7202 40.4 334 33.8 322 4.5
med-low 353 7203 42.2 336 29.0 299 4.8
med-high 382 7210 41.2 352 31.2 337 8.0
high 412 7204 43.6 365 33.4 362 11.5

$10,000

low 370 7204 36.7 349 37.2 301 5.0
med-low 373 7208 37.4 351 31.8 249 5.9
med-high 402 7206 37.5 373 33.0 347 7.4
high 432 7204 37.8 380 39.1 345 12.1

$25,000

low 430 7204 35.4 394 38.5 338 8.3
med-low 433 7204 28.2 396 41.9 310 8.5
med-high 462 7203 32.3 418 40.0 297 9.7
high 492 7204 38.2 425 33.3 326 13.7

20-city
instances

$5,000

low 836 7210 66.9 617 122.9 337 26.2
med-low 970 7222 70.9 621 116.7 319 35.8
med-high 1503 7218 79.7 653 117.9 309 55.8
high 1503 7218 78.8 699 134.4 369 53.5

$10,000

low 781 7211 58.7 637 89.3 267 18.5
med-low 1508 7210 80.2 641 116.2 292 57.4
med-high 1508 7218 79.4 683 95.4 362 54.4
high 1508 7215 78.6 719 128.7 375 52.2

$25,000

low 787 7208 47.7 697 116.4 297 11.5
med-low 1064 7208 60.6 701 101.1 298 34.0
med-high 1523 7218 73.9 743 115.2 315 50.8
high 1523 7215 100 779 126.6 322 48.8
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are actually optimal. Our algorithm are able to obtain the optimal solutions in a shorter

amount of time.

For the 15-city problems, the SCHL-algorithm obtained better solutions than that of

CPLEX, with a lower run-time in all respective cases. CPLEX reported solutions with

optimality gaps ranging from 28.1% to 43.6%. The SCHL-algorithm took between 29.0 to

41.9 seconds and 297-362 iterations. An average 8.3% improvement on CPLEX results was

obtained by the SCHL-algorithm in terms of solution cost, in the case of 15-city instances.

For the 20-city instances, the improvement made by the SCHL-algorithm was even better.

Solution costs resulting from the algorithm were on average 41.6% lower than those of

CPLEX. CPLEX yielded gaps ranging between 47.7% and 100% in these instances. The

SCHL-algorithm took between about 89 and 134 seconds and 267-375 iterations.

We observe that the mean optimality gap grows with the size of the instances, where

the average CPLEX gaps are 9%, 37.6%, and 72.9% for 10-, 15-, and 20-city instances,

respectively. For 20-city instances, the lowest optimality gap of CPLEX was 47.7% in a

2-hour run time. In 10-city instances, the SCHL algorithm yielded identical solutions to

those produced by CPLEX. However, for 15-city and 20-city instances, the SCHL solu-

tions demonstrated an average cost enhancement of 8.3% and 41.6%, respectively, when

compared with the CPLEX solutions.

Table 3.2 presents results obtained by the SCHL-algorithm for 30-, 45- and 65-city

instances. Successive columns present the total cost of a solution (in $1000s), CPU-time

(in seconds), and the number of iterations required, along with the number of hubs opened

and the number of flights for the aircraft B-747-F and B-747-100. CPLEX could not run
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the model for instances of 30 or more cities, due to memory.

Table 3.2: Results with the SCHL-algorithm for 30-, 45- and 65-city instances.

Estab. Holding SCHL-algorithm
Cost Cost

Cost Time Iter. Hubs B-747-F B-747-100
(1000$) (sec.)

30-city
instances

$5,000

low 1828 289.0 380 8 14 97
med-low 1840 249.8 309 8 14 97
med-high 1936 293.4 296 8 15 94
high 2038 241.6 350 7 16 85

$10,000

low 1868 236.7 322 8 14 97
med-low 1873 106.8 357 8 13 94
med-high 1976 107.4 398 8 15 94
high 2073 101.4 391 7 16 85

$25,000

low 1988 143.6 342 8 14 97
med-low 2000 166.3 346 7 15 82
med-high 2083 143.1 286 7 16 83
high 2178 102.6 392 7 16 85

45-city
instances

$5,000

low 3268 297.2 471 8 24 91
med-low 3297 342.7 466 8 24 92
med-high 3467 299.3 412 8 23 96
high 3642 268.7 481 8 18 107

$10,000

low 3308 465.5 462 8 24 92
med-low 3337 490.9 426 8 24 92
med-high 3507 484.1 440 8 23 96
high 3682 491.7 496 8 18 107

$25,000

low 3428 537.2 494 8 24 92
med-low 3446 331.1 506 8 24 92
med-high 3627 226.2 431 8 23 96
high 3814 214.3 426 8 18 107

65-city
instances

$5,000

low 4814 854.9 568 9 38 116
med-low 4830 900.0 536 9 37 118
med-high 5046 900.0 512 9 33 124
high 5270 854.9 600 9 22 146

$10,000

low 4850 900.0 546 9 37 118
med-low 4875 900.0 527 9 37 118
med-high 5091 900.0 573 9 33 124
high 5315 889.9 605 9 22 146

$25,000

low 4994 900.0 516 9 38 116
med-low 5015 900.0 537 9 38 116
med-high 5226 845.0 540 9 33 124
high 5450 610.5 567 9 22 146
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For 30-city instances, the run-time and the number of iterations required for the SCHL-

algorithm were between 101–293 seconds and 309–392 iterations. This was a 58% increase

in terms of average run-time over that of 20-city instances, while an average of 8% increase

in terms of the number of iterations. The growth in run time exceeds that of the number

of iterations because, in each iteration, more time is necessary for the SCHL-algorithm to

evaluate larger-sized neighborhoods. Note that the growth in run-time from the 15-city to

20-city instances was 227%, although the number of iterations only increased by less than

1%. We see a similar phenomenon in cases of even larger instances.

For 45-city instances, the run-time and the number of iterations required for the SCHL-

algorithm were between 214–537 seconds and 412–506 iterations. For a typical case, this

was a 104% increase in the average run-time over that of 30-city instances, while a mean

increase of 32% in terms of the number of iterations. The growth in run-time is again

higher as compared to that of the number of iterations. For 65-city instances, the SCHL-

algorithm required between 845–900 seconds of runtime and 512–605 iterations. This was

a 58% increase in average run-time over the 45-city instances, while a mean 17% increase

in the number of iterations.

As shown in Table 3.2, larger networks utilize more hubs and aircraft. In 30-city

scenarios, 7-8 hubs were established, whereas for 45- and 65-city instances, this number

increased to 8 and 9, respectively. In comparison to the average number of aircraft used in

30-city scenarios, there was a 12.5% upsurge in the case of 45-city scenarios. However, for

the 65-city cases, a more significant increase of 33.3% was observed in the total number

of aircraft compared to the 45-city instances. When transitioning from 30-city to 45-city

scenarios, the average utilization of B-747-F aircraft increased by 50%, while the usage
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of B-747-100 aircraft showed a modest 6.4% increment. However, when comparing these

numbers for the 65-city scenarios to those of 45-city instances, there was a 46% rise in the

use of B-747-F aircraft, and the utilization of B-747-100 aircraft saw a substantial 33.4%

increase. More detailed insights on aircraft usage will be provided in Section 3.3.3.

We observed a decreasing trend in the relative growth of average run times as the

instance size increased. This trend is attributed to the implementation of memoization,

discussed in detail in Section 3.2.3. As the instance size grows, neighboring solutions result

in less significant changes to the location and allocation decisions compared to smaller

instances. Consequently, neighboring solutions exhibit substantial overlaps in location-

allocation decisions. Since the cost of this overlapping part is retrieved from the memo

database, there is no need for redundant computation. This advantage in terms of time-

saving is more pronounced in larger instances, as smaller instances have fewer overlaps

among neighbors, making the time-saving effect less evident in their case.

3.3.3 Insights from the Results

Let us now comment on the resulting hub networks and the numbers of each aircraft

type employed. Table 3.3 presents those findings obtained by CPLEX and the SCHL-

algorithm, corresponding to the results reported in Table 3.1. For 10-city instances, we

observe that decisions on hub locations are not affected by variations in the establishment

or holding costs. In all cases, hubs are established in Atlanta and Chicago. However, the

transportation mode decisions are affected by the value of holding costs. We see that when

the holding cost increases from low to medium, four B-747-F and three B-747-100 aircraft
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are used. But when the holding cost becomes medium-high, one less B-747-F and one more

B-747-100 aircraft are employed. In case of high holding cost, four of each aircraft type are

used. The B-747-F has a larger capacity and lower per-ton fixed cost than that of the B-

747-100. When the holding cost goes from low and medium-low to medium-high and high,

less freight is held over, to compensate for the fixed cost of transportation. The demand

data are not symmetric. Therefore, opposite directions may require different numbers of

flights between pairs of hubs.

For the 15-city instances, four and three hubs were established by CPLEX and the

SCHL-algorithm respectively. Hubs were opened in Atlanta, Chicago, New York, and

Austin by CPLEX, while the SCHL algorithm opened hubs only in Atlanta, Chicago, and

New York. Those three sites, where hubs were opened in both cases, were the top locations

in terms of demand volumes originating from and destined to.

It may not be meaningful to comment on the number and types of aircraft in the

solutions obtained by CPLEX, due to high optimality gaps in the results. But in general,

the number of aircraft increased as the holding cost grew from low and medium-low to

medium-high and high. The aircraft B-747-100 was more frequently used than B-747-F

in all instances, for CPLEX results and for those obtained by the SCHL-algorithm. For

low and medium-low holding costs, the SCHL solution utilized 3 B-747-F aircraft plus 17

B-747-100 aircraft. On the other hand, for medium-high and high holding costs, the SCHL-

algorithm employed 4 B-747-F aircraft plus 16 B-747-100 aircraft. Utilization of one more

B-747-F aircraft, in replacement of one B-747-100, indicates the benefit of larger capacity

aircraft with greater fixed costs in avoidance of inventory holdover when the holding cost

increases.

66



Table 3.3: Numbers of hubs and flights of B-747-F and B-747-100, obtained with CPLEX
and SCHL-algorithm on 10-, 15- and 20-city instances.

Estab. Holding CPLEX Results SCHL-algorithm
Cost Cost

Hubs B-747-F B-747-100 Hubs B-747-F B-747-100

10-city
instances

$5,000

low 2 4 3 2 4 3
med-low 2 4 3 2 4 3
med-high 2 3 5 2 3 5
high 2 4 4 2 4 4

$10,000

low 2 4 3 2 4 3
med-low 2 4 3 2 4 3
med-high 2 3 5 2 3 5
high 2 4 4 2 4 4

$25,000

low 2 4 3 2 4 3
med-low 2 4 3 2 4 3
med-high 2 3 5 2 3 5
high 2 4 4 2 4 4

15-city
instances

$5,000

low 4 5 16 3 3 17
med-low 4 4 18 3 3 17
med-high 4 4 19 3 4 16
high 4 5 20 3 4 16

$10,000

low 4 4 18 3 3 17
med-low 4 3 19 3 3 17
med-high 4 4 20 3 4 16
high 4 5 19 3 4 16

$25,000

low 4 5 19 3 3 17
med-low 4 3 18 3 3 17
med-high 4 4 19 3 4 16
high 4 4 23 3 4 16

20-city
instances

$5,000

low 10 13 52 4 3 27
med-low 11 10 67 4 5 23
med-high 1 0 0 4 6 22
high 1 0 0 4 5 28

$10,000

low 7 12 44 4 3 27
med-low 1 0 0 4 5 23
med-high 1 0 0 4 5 25
high 1 0 0 4 5 28

$25,000

low 6 14 32 4 3 27
med-low 8 11 59 4 5 23
med-high 1 0 0 4 5 25
high 1 0 0 4 5 28
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Because the CPLEX solutions had a gap of at least 47%, it is not easy to find a pattern

for 20-city runs. For some instances, CPLEX opened only a single hub; for others, it

opened 11 hubs. The number of aircraft employed ranges from as low as zero to as high

as 77. However, in those cases too, hubs were opened at locations that were almost always

in the top 50% of cities in terms of demand. The SCHL-algorithm opened hubs in 4

locations for 20-city instances – Miami, Atlanta, Chicago, and New York. We also observe

more use of B-747-100 aircraft than B-747-F in the SCHL solutions. When the holding

cost increased from low to medium-low and medium-high, more B-747-F were employed in

place of B-747-100; since the former has a larger capacity, it allowed greater shipments of

freight. When the holding cost increased to high, more B-747-100 were utilized to avoid

holding inventory in this case too.

We observe a similar phenomenon in the last three columns of Table 3.2 that corre-

spond to larger-sized instances. For 30-city instances, 7 or 8 hubs were established by the

SCHL-algorithm. We note that fewer hubs resulted when there were increases in either

the establishment costs or holding costs. B-747-100 was used most of the time for low to

medium-high holding costs. For high inventory costs, we see fewer of those aircraft and

more B-747-F. The sites chosen as hubs were among the highest-demand-generating cities.

For the 45- and 65-city instances, 8 and 9 nodes were chosen as hubs respectively. The

number of hubs, in those cases, was unchanged with variations in the cost of hub establish-

ment or holding cost. The use of B-747-F decreased as the holding cost increased, while

additional B-747-100 were employed. It is noteworthy to point out that, with its fixed

cost per flight and variable costs, the B747-F is about twice as expensive to operate as

the B747-100, although its capacity is less than double that of the B747-100. With lower
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capacity, the latter’s cheaper per-trip cost led to its operation on more flights.

Figure 3.1 shows two network configurations: Figure 3.1(a) for the 15-city instance with

high holding costs, and Figure 3.1(b) for the 20-city instance with low holding costs, both

having a hub setup cost of $5,000. In these figures, black circles represent origin-destination

(O-D) nodes, which were also considered as potential hub locations. Blue rectangles denote

the chosen hub locations. Black arcs represent allocation links connecting O-D nodes to

hubs, while blue arcs represent inter-hub links. The types of airplanes used on inter-hub

routes are indicated by numbers, with B-747-100 listed first, followed by B-747-F. The

arrows on the arcs indicate flight directions. Hubs with inventory holding are marked with

a special symbol next to them.

In Figure 3.1(a), three hubs were established in Atlanta, Chicago, and New York.

The B747-100 aircraft were predominantly used for inter-hub links, with 4 B747-F and

16 B747-100 airplanes in operation. Despite their proximity to Chicago, the cities of

Milwaukee, Grand Rapids, and Fort Wayne, surprisingly, were allocated to Atlanta. That

made Chicago solely responsible for its own flows. B-747-100 planes were used on all inter-

hub links, with two B-747-F aircraft operating between Atlanta and Chicago. No hubs held

inventory, due to high holding costs. For instance, shipments from Chicago to Dallas at

the start of [1,2) were consolidated with other flows in Chicago and dispatched to Atlanta

on a B-747-100. The consolidated load then moved from Atlanta to Dallas at the start of

[2,3).

In Figure 3.1(b), hubs were established in Atlanta, Chicago, New York, and Miami for

the 20-city instance with low holding costs and a $5,000 setup cost. This instance included
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(a) 15-city instance with hub setup cost of $5,000 and high holding cost.

(b) 20-city instance with hub setup cost $5,000 and low holding cost.

Figure 3.1: Examples of resulting hub networks.
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all cities from the 15-city instance in Figure 3.1(a) plus five additional cities. Miami was

selected as a hub, while the additional cities were assigned to their nearest hubs. Atlanta

served eight cities, Chicago and New York each handled three neighboring cities, and Miami

acted as the hub for Tampa and Orlando. All hubs held inventory, with Atlanta holding

the most.

In this scenario, 30 flights operated, with 27 using B747-100 aircraft and only 3 using

B747-F, on the inter-hub links of Figure 3.1(b). The low holding cost led to freight being

held. For instance, consider three sets of flows originating in the first period: Austin to

Tampa, Dallas to Orlando, and Greenville to Orlando. These loads were held in Atlanta

during [2,3), consolidated with other arriving flows by [3,4), and all were dispatched to

Miami on a B-747-100 during [3,4). Each load was then sent to its respective destination

at the start of the next period.

Table 3.4 reports results of 65-city instances, with demands of three separate years

– 2019, 2020, and 2022. We give the comparative cost of network establishment and

operations, the number of hubs established, and the total number of flights required. Recall

that 2020 was the first year of the COVID’19 pandemic; 2019 can be considered as a time

of “usual” supply chain operations. 2022 observed global inflation caused by the economic

after-effects of the pandemic. Table 3.4 thus shows how these changes may have affected

supply chain decisions on location and transportation.

Demands in 2020 and 2022 were respectively 8% lower and 5% higher than in 2019.

Trucking cost dropped 3% in 2020 but increased by 29% in 2022, relative to that in 2019.

The fixed cost of air cargo dispatch, estimated by assuming an aircraft’s lifespan of 20
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Table 3.4: Results of SCHL-algorithm on 65-city instances with the demands of 2019, 2020,
and 2022.

Estab. Holding
Cost Cost Cost (in 1000$) Hubs Flights

2019 2020 2022 2019 2020 2022 2019 2020 2022

$5,000

low 4814 4992 6121 9 9 10 154 147 183
med-low 4830 5014 6146 9 9 10 155 148 183
med-high 5046 5206 6411 9 8 10 157 123 184
high 5270 5413 6750 9 8 10 168 131 195

$10,000

low 4850 5037 6171 9 9 10 155 147 183
med-low 4875 5059 6196 9 9 10 155 148 183
med-high 5091 5246 6461 9 8 10 157 123 184
high 5315 5453 6800 9 8 10 168 131 195

$25,000

low 4994 5167 6321 9 8 10 154 118 183
med-low 5015 5187 6346 9 8 10 154 119 183
med-high 5226 5366 6611 9 8 10 157 123 184
high 5450 5573 6950 9 8 10 168 131 195

years, was taken as unchanged for the three years. However, the variable transportation

cost for airplanes increased significantly, by almost 73% in 2020 and 81% in 2022 compared

to the 2019 average per-mile cost. No other cost changes were considered.

Against the variations in demand and variable costs of aircraft and trucking, 2020 saw

a 3% increase in overall cost; the corresponding increase above 2019 was 27% in 2022. The

latter’s large rate was due to increases in all three data parameters above. To cater to the

variation in demand, on average 9 hubs were established in 2019, versus around 8 in 2020

and 10 in 2022. This change is consistent with the increase/decrease in demand over the

three years. On average, about 159, 132, and 186 flights were used to satisfy demands in

the respective three years. The chosen hub locations remained fairly consistent over that

time interval, despite notable fluctuations in demand and costs. On the other hand, the

number of flights operated exhibited variability during the three years. This observation
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underscores that hub location is a strategic decision and is resilient to annual changes,

whereas freight dispatch, being a tactical decision, demonstrates considerable flexibility by

adapting to changes in demand volume and cost structures.

3.3.4 Value of Holding Inventory

In this section, we aim to highlight the benefits of integrating strategic hub location deci-

sions with tactical decisions concerning shipment consolidation and inventory management.

To achieve this goal, we perform a comparative analysis between the networks produced

by our model and a scenario where no freight is held over at hub nodes. This compara-

tive analysis provides valuable insights into how the resulting networks differ, in terms of

both cost and design, when inventory holding decisions are incorporated. In essence, we

seek to evaluate the advantages of our integrated approach by examining how it affects

not only the total cost, but also the transportation and inventory management decisions.

This analysis will help us better understand the impact of our holistic strategy and guide

decision-making in optimizing both the inventory and transportation processes.

Table 3.5 compares scenarios with and without inventory holding. The columns detail

cost components, the number of established hubs, vehicle utilization on inter-hub links,

and the percentage of improvement in considering our holistic approach. This analysis

covers 10- and 15-city instances under different parameter variations. For example, in

the 15-city instance with $5,000 fixed cost and no inventory, five hubs were established in

Austin, Atlanta, Chicago, Dallas, and New York. In contrast, when inventory was held at

a low cost, no hub was opened in Austin. Without inventory, the total hub establishment

73



Table 3.5: Comparison of the savings against inventory on 10- and 15-city instances.

Estab. Holding Cost (1000$) No. of No. of Impr.
Cost Cost Hub Transp. Inv. Total Hubs Vehicles (%)

10-city
instances

$5,000

none 10 171 0 181 2 10 -
low 10 141 1 152 2 7 16
med-low 10 141 2 153 2 7 15.5
med-high 10 148 3 161 2 8 11
high 10 151 0.1 161 2 8 11

$10,000

none 20 171 0 191 2 10 -
low 20 141 1 162 2 7 15.2
med-low 20 141 2 163 2 7 14.7
med-high 20 148 3 171 2 8 10.5
high 20 151 0.1 171 2 8 10.5

$25,000

none 50 171 0 221 2 10 -
low 50 141 1 192 2 7 13.1
med-low 50 141 2 193 2 7 12.7
med-high 50 148 3 201 2 8 9
high 50 151 0.1 201 2 8 9

15-city
instances

$5,000

none 25 440 0 465 5 36 -
low 20 326 4 350 4 21 24.7
med-low 20 327 6 353 4 22 24.1
med-high 20 342 20 382 4 23 17.8
high 20 358 34 412 4 25 11.4

$10,000

none 50 489 0 539 5 39 -
low 40 327 3 370 4 22 31.4
med-low 40 325 8 373 4 22 30.8
med-high 40 346 16 402 4 24 25.4
high 40 372 20 432 4 24 19.9

$25,000

none 100 428 0 528 4 33 -
low 100 329 1 430 4 24 18.6
med-low 100 326 7 433 4 21 18
med-high 100 345 17 462 4 23 12.5
high 100 376 16 492 4 27 6.8

cost was $25,000, transportation cost was $439,727, and holding cost was zero. Opting

for freight holdover at a low cost added $4,074 for inventory, but hub establishment and

transportation costs reduced to $20,000 and $325,926, respectively, resulting in total cost

savings of 24.7%.
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Moreover, the number of aircraft employed decreased from 36 to 21 when inventory

was held at a low cost. It is expected that transportation expenses incurred without

inventory storage surpass those with inventory on hand. This difference can be attributed

to the impact of shipment consolidation. When inventory is held, fewer vehicles are needed

for transportation, resulting in the avoidance of significant fixed costs associated with

dispatching each vehicle. Although this may entail bearing a minimal holding cost, it pales

in comparison to the considerable savings achieved through utilization of fewer vehicles

and enhanced shipment consolidation.

On average, under different parameter configurations, we achieved 12.3% and 20.1%

savings for 10- and 15-city instances, respectively, by allowing inventory holding and op-

timizing those decisions. The result was an overall mean savings of 16.2%. For 10-city

instances, two hubs were consistently opened in all cases, while for 15-city instances, four

or five hubs were established with no inventory, compared to four hubs with inventory

holding. Without inventory, hubs were in Atlanta, Chicago, New York, Dallas, and some-

times Austin or Beaumont. With inventory holding, hubs were in Atlanta, Chicago, New

York, and Beaumont. On average, 33% fewer aircraft were needed with inventory holding,

especially for B-747-100 aircraft compared to B-747-F.

The results of this analysis underscore the significance of simultaneously optimizing

hub location and shipment consolidation decisions. Such an approach not only leads to

substantial cost savings, but also demonstrates that the integration of inventory holding

decisions can influence strategic network design choices.
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3.4 Summary

In this chapter, we address the integration of shipment consolidation decisions within a

hub location model, and explore the role of inventory holding in optimizing hub networks,

particularly when O-D demand is spread over multiple periods, and each demand has a

promised delivery time. The hub network is designed to enhance operational efficiency

by consolidating shipments across different periods and origins, leveraging economies of

scale. The problem is formulated as a mixed-integer optimization model, minimizing total

costs related to hub establishment, inventory holding, inter-hub transportation, and allo-

cation link transportation. The model accounts for a heterogeneous fleet of vehicles and

determines hub locations, node allocations, inventory holding decisions, and vehicle dis-

patches, ensuring timely delivery and capacity constraints. Numerical experiments showed

the model is computationally intensive for large instances. To address this, we developed

the SCHL-algorithm, which decomposes the problem into two stages: in the first, the al-

gorithm determines hub locations and allocations, while in the second stage, it addresses

shipment consolidation for each pair of hubs. The initial stage’s hub locations and alloca-

tions are further refined through neighbor generation and a Variable Neighborhood Search

(VNS) algorithm, enhancing overall computational efficiency.

We extended a dataset from the literature by enhancing the list of locations and up-

dating the origin-destination (O-D) demands with real data from 2019, 2020, and 2022

to analyze the resulting hub networks and the performance of the proposed mathematical

model and algorithm. We employed various parameter settings, including changes to the

establishment cost of hubs and inventory holding costs, and analyzed the optimal hub lo-
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cations, the structure of the hub network, and the number and types of vehicles used in

the solutions. Results provide managerial insights into how the structure of network, and

the number and types of vehicles used between hubs, is sensitive to the costs.

Next, in Chapter 4, we study integration of shipment consolidation decisions in hub arc

location models with multi-period demand and a heterogeneous fleet of vehicles operating

with different frequencies on hub arcs.
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Chapter 4

Shipment Consolidation in

the Hub Arc Location Problem

Section 2.6 described how the design of transportation networks has been done in the

literature by locating hub arcs. This idea has not been utilized to help network design for

freight transportation. In this chapter, we integrate the operational decisions of shipment

consolidation and inventory holding in hub arc location models. We assume a scenario

where the freight carrier has a fleet composed of different types of vehicles; it may operate

them on the hub arcs with distinct frequencies. Similar to what was assumed in Chapter

3, the local operations here are handled by a 3PL who will do pickup and delivery to O-D

nodes, charging a price per unit weight per unit distance.

Vehicles of different costs and capacities may be employed on hub arcs. If these vehicles

can be loaded to their ideal capacity, transportation costs may be saved by exploiting
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economies of scale. Optimal design of such networks may contribute to this cost reduction

by scheduling vehicles between hubs in such a way that shipments are consolidated, and

large vehicles are used to carry them between inter-hub links.

A major concern for carriers or 3PL firms is that they need to know how many vehicles

of which type they should keep in their fleets. This helps their decisions involving vehicle

procurement and maintenance planning. In addition, these companies need to know when

a vehicle should be dispatched between two nodes. If a ‘frequency’ for each type of vehicle

on each link can be decided, keeping in view the cost minimization and service performance,

it will help answer the two questions above. In this research, we study the impact of such

transportation frequencies under multiple allocation, where demand nodes can be allocated

to more than one hub arc. Since hub arcs are located, rather than hub nodes within this

framework, the multiple allocation strategy makes more sense because it allows for greater

flexibility in routing and consolidation, enabling better distribution of loads across the

network and a more balanced use of available vehicles.

The problems discussed in this chapter, as in the previous chapter, consider demands

spread over a multi-period planning horizon. This is done with the realization that hub

network design is a strategic decision whose impact is felt over a long time interval. We

intend to design a hub network, deciding the network structure, type, and frequency of

vehicles to operate between nodes.

We propose a mixed-integer programming model to represent the problem. We will

determine the types and frequencies of vehicles between different nodes in the hub network,

and where and when to hold inventory. This will be done while considering the cost of
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establishing hub arcs, so that the total costs of network establishment plus operation in the

network are minimized. To solve larger instances of the problem, we develop a Benders-

decomposition-based exact algorithm. To enhance convergence, we incorporate Pareto-

optimal cuts and two variable-fixing techniques. We also perform extensive computational

experiments to evaluate the proposed algorithms and solve large-scale instances.

The remainder of this chapter is organized as follows: Section 4.1 presents a mathemat-

ical formulation of the problem, Section 4.2 describes the proposed methodology, Section

4.3 presents computational results using the proposed model and methodology. Finally,

Section 4.4 summarizes the chapter.

4.1 Mathematical Formulation

Let the node set N contain the origins and destinations of demands of the freight delivery

network we intend to design. Some nodes will serve as transshipment facilities for freight

to be moved between origins and destinations. All origin and destination nodes may send

or receive flow through more than one location per node; this assumption is referred to as

multiple allocation. Let G = (N, A) be a complete directed graph, where A is the set of

arcs. The elements of set A represent links between nodes in the transshipment network.

For each directed arc a ∈ A, o(a) and d(a) represent the first and second nodes on the arc,

i.e. o(a), d(a) ∈ N .

Decisions have to be made on which locations to be used for holding inventory, and

how many of which vehicle types to be dispatched between these locations. The planning
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horizon T is finite and spread into discrete time windows. A time window is denoted by

t = 1, 2, ...|T |; the intervals [0, 1), [1, 2), and [i − 1, i) represent the first, second, and ith

time window. All decisions are made at the beginning of a time period. We assume that

the above decisions, on inventory and transport type plus frequency, will not change over

time, since the planning horizon considered here is relatively short, e.g., a week.

Any demand node may send commodities to any other node through the network. In

this study, we assume a demand that repeats over the planning horizon, for example, weekly

demand, monthly demand, etc. Such demand is distributed over different periods during

that horizon. Let K be the set of demands. For each k ∈ K, the origin and destination

nodes o(k), d(k) ∈ N . For each demand k ∈ K, a quantity of freight wk is originated at

time t0(k) ∈ T from node o(k) ∈ N , and destined to be routed to node d(k) ∈ N . At the

start of period t0(k), this load wk may be shipped to the first node along the destination

path. Otherwise, that load may be held in inventory at o(k), to be shipped later, if o(k)

is the first endpoint of a hub arc. We assume that all demands are divisible for shipment

consolidation at the first hub along the destination path, and have sufficient time windows

within the planning horizon, after their origination, to arrive at their destination nodes.

Using the notation of Contreras et al. (2012), a hub arc a ∈ A is defined as an ordered

set {o(a), d(a)} if |a| = 2; it is a hub-loop if o(a) = d(a), i.e. |a| = 1. We assume no direct

shipments are allowed between O-D pairs unless they are connected by a hub arc. Exactly

one hub arc must be present on a route.

In this research, different modes of transportation are represented by a given set of

vehicles v ∈ V with capacities ϕv to carry freight on a subset of arcs joining nodes of the
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network. Assume F̂ to be the set of frequencies. “Frequency” is measured in the number

of vehicles per time period. A vehicle v ∈ V operates on a link with frequency f ′ ∈ F̂ . For

example, three large trucks per day may operate on a link. Let the set F be composed

of “vehicle frequencies”. Let δt
f be a binary parameter that associates each f ∈ F with a

set of periods t ∈ T . It is 1 if “vehicle frequency” f is operated on an arc during period

t ∈ T , and 0 otherwise. Each element f ∈ F represents a vehicle v ∈ V operating on a hub

arc with frequency f ′ ∈ F̂ in period t ∈ T . Those elements provide a total transportation

capacity Γf = δt
fϕvf ′ on the arc for each of the periods t ∈ T . For example, a member of

the set F can be dispatching 5 small trucks per day on a link on Monday, Wednesday and

Friday; or dispatching 2 large trucks on a link every Tuesday and Thursday, etc.

Upon arrival at a node, freight gets unloaded, sorted, and consolidated with other loads.

Shipments may be held at nodes for the convenience of consolidation with other freight.

Shipment consolidation decisions, i.e. when and how long to hold inventory at a node, and

when to dispatch a vehicle from that node, are to be determined for the intended network.

The quantity of freight to be held at any node in each period, and the type plus frequency

of vehicles to be dispatched on different hub arcs, are to be decided.

The model aims to minimize the total cost of transportation plus inventory, by optimally

deciding vehicle types and their frequencies on different arcs, exploiting economies of scale

by sending large and optimally-filled vehicles on the hub arcs that will carry consolidated

flow from multiple origins along the path to the respective destinations. Inventory will be

held at nodes, if necessary, incurring the inventory carrying costs when those goods are held

at a node for one or more periods. The percentage of inventory value on hand per unit of

time may be used as an estimate of the holding costs (Silver et al., 2017). Additional costs,
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involving further processing of the freight held, if done at nodes, may also be embedded in

carrying costs. We assume that all nodes have sufficient storage capacity to hold inventory.

We will decide the optimal frequencies of vehicles dispatched between any pair of nodes.

We assume that the company employs its private fleet to serve the hub arcs.

For each available arc in the network, we decide whether it will be used for transporta-

tion. If it is to be used, we decide if it will be a hub arc or an allocation arc. The latter is

a link that joins a demand node (origin/destination) with the hub arcs. We also determine

the vehicle types that carry freight and their frequencies on hub arcs. For activating each

of these vehicle frequencies, there is a cost involved, which contributes to the total cost of

establishment and transportation in the network. The cost for a vehicle frequency on a

hub arc involves both fixed and variable components. The fixed cost portion accounts for

some of the price of the vehicle, labor, and at both ends of the link necessary infrastruc-

ture and handling costs. The variable cost (consisting of maintenance and fuel, and other

operational costs) may be estimated from the inter-node distances.

Denote by κv the fixed cost to dispatch a vehicle v ∈ V (including a portion of the

price of the vehicle, related labor and material handling at both ends of the trip). Let χva

be the variable transportation cost (including vehicle operational cost) on hub arc a ∈ A,

and let ζf (f ∈ F ) be the cost of infrastructure necessary to be built for f ′ ∈ F̂ times

loading/unloading per period on each end of a link operating vehicle v ∈ V . The cost Caf

of enabling and operating arc a with vehicle frequency f ∈ F is defined by Caf = (κv +

χva) f ′ ∑
t∈T

δt
f + 2 ζf . Flow on an allocation arc incurs a cost proportional to the volume

of flow on that link. Let cak = co(k)o(a) + cd(a)d(k) be this cost for demand k ∈ K for hub

arc a ∈ A. Here, co(k)o(a) is the per unit cost incurred by sending flow from o(k) to o(a);
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cd(a)d(k) is due to sending per unit flow from d(a) to d(k).

The sets and parameters required for the mathematical formulation are defined as fol-

lows:

Sets:

N : Set of O-D nodes.

A: Set of arcs between demand nodes.

T : Set of time periods.

K: Set of demands.

F : Set of vehicle frequencies.

Parameters:

wk: Flow originated at start of time t0(k) ∈ T from node o(k) ∈ N destined to node

d(k) ∈ N .

cak: Cost of sending one unit of flow from node o(k) to node d(k) on an allocation

connection, while using hub arc a ∈ A.

τak: Transit time from node o(k) ∈ N to origin of hub arc a ∈ A.

η: Holding cost per unit of freight per unit time.

Γf : Capacity obtained by operating vehicle frequency f ∈ F .
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δt
f =


1 , if vehicle frequency f ∈ F operates at time t ∈ T

0 , otherwise

Cfa: Cost of enabling and operating arc a ∈ A with vehicle frequency f ∈ F .

Variables:

xt
ak: Fraction of flow on arc a ∈ A, starting at the beginning of time t ∈ T with respect

to the demand k ∈ K.

zaf =


1 , if arc a is enabled with vehicle frequency f ∈ F

0 , otherwise

The multiple allocation multi-modal hub network design model for demands over a time

horizon is formulated as follows:

minimize
∑
a∈A

∑
f∈F

Cafzaf +
∑
k∈K

∑
a∈A

∑
t∈T

cakwkxt
ak

+
∑
k∈K

∑
a∈A

∑
t∈T

η(t− t0(k)− τak)wkxt
ak (4.1)

subject to ∑
a∈A

∑
t∈T :t≥t0(k)

xt
ak = 1 ∀ k ∈ K (4.2)

∑
k∈K:t0(k)≥t−τak

wkxt
ak ≤

∑
f∈F

δt
fΓfzaf

∀ a ∈ A, o(a) ̸= d(a),∀ t ∈ T (4.3)

xt
ak ≥ 0 ∀ k ∈ K, ∀ a ∈ A∀ t ∈ T (4.4)

zaf ∈ {0, 1} f ∈ F, a ∈ A (4.5)

85



The objective function (4.1) represents the total cost, which is calculated by adding

the cost of operating on hub arcs, costs on allocation arcs, and inventory cost - the three

respective summation groups of the objective function. Each demand can be partially

satisfied through different hub arcs. However, when satisfied, its flow must be routed

via a hub arc by constraint (4.2). Multiple vehicle frequency may be activated on an arc.

Constraint (4.3) ensures that flow on an arc in each period is bounded by the total capacity

of vehicles operating on that arc. Finally, the domains of the decision variables are defined

by constraints (4.4)-(4.5).

The above formulation does not model transit time. The variable xt
ak is defined for all

periods t ≥ t0(k) in the time-horizon. There may be data scenarios where the locations

are distributed over an expansive geographic area. Assume the case when the transit time

from o(k) to o(a) is very large. Suppose that transit time (between o(k) and o(a)) plus the

time necessary for loading and unloading at o(a), is close to tT periods. Then xt
ak should

be set to 0 for t = {t0(k)...t0(k) + tT − 1}, and the vehicles on hub arc a can carry this

demand starting from t = t0(k) + tT . Such a situation may be handled by pre-computing

transit times between all node pairs and fixing the appropriate xt
ak variables to 0, thus

strengthening the model.

Assuming |N | = n, |V | = v, and |F | = f, the number of binary and continuous variables

required for the model follows O(n2vf) and O(n4t2), respectively. There are O(n2t2)

constraints. This large number of binary variables and constraints might limit attaining

optimality in case of large instances of the problem. Nevertheless, we develop an exact

solution algorithm in the following section.
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4.2 Solution Methodology

We propose a Benders-decomposition-based exact solution algorithm for addressing our

model. Benders decomposition, as discussed in Section 2.7, is particularly suitable for hub

and hub arc location problems, especially those with multiple allocation structures. That

is because this methodology facilitates the decomposition of the problem into linear sub-

problems by fixing the integer variables governing locations. The following section begins

by introducing the Benders reformulation of the model and the Benders decomposition

algorithm, followed by some strategies we adapted to make the algorithm converge faster.

4.2.1 Benders Reformulation and Algorithm

For our mixed integer model described in formulation (4.1)-(4.5), we manage the hub arc

location decisions in the master problem, while the remaining aspects are delegated to

the subproblem. We fix the values of binary variables zaf to z̄af in Eqs. (4.1)-(4.5), and

thereby obtain the following linear primal sub-problem (PS):

(PS) minimize
∑
k∈K

∑
a∈A

∑
t∈T

cakwkxt
ak +

∑
k∈K

∑
a∈A

∑
t∈T

η(t− t0(k)− τak)wkxt
ak (4.6)

subject to ∑
a∈A

∑
t∈T :t≥t0(k)

xt
ak = 1 ∀ k ∈ K (4.7)

∑
k∈K:t0(k)≥t−τak

wkxt
ak ≤

∑
f∈F

δt
fΓf z̄af

∀ a ∈ A, o(a) ̸= d(a),∀ t ∈ T (4.8)
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xt
ak ≥ 0 ∀ k ∈ K, ∀ a ∈ A∀ t ∈ T (4.9)

We associate dual variables αk and ut
a respectively to constraints (4.7) and (4.8). This

leads to DS, the dual subproblem of PS:

(DS) maximize
∑
k∈K

αk +
∑
a∈A

∑
t∈T

∑
f∈F

δt
fΓf z̄afut

a (4.10)

subject to

αk + wkut
a ≤ wk(cak + η(t− t0(k)− τak))

∀ a ∈ A, k ∈ K, t ∈ T, t0(k) ≥ t− τak (4.11)

αk urs ∀ k ∈ K (4.12)

ut
a ≤ 0 ∀ a ∈ A, t ∈ T (4.13)

Assume P denote the polyhedron defined by the formulation (4.10)-(4.13). Let P̄

represent the set of extreme points of P . P is always feasible and bounded. The feasible

region of DS does not depend on z. Hence, either PS and DS are both feasible, or PS

is infeasible and DS is unbounded. Consequently, the optimal solutions are among the

extreme points of P and extreme rays of R. We note that P̄ does not depend on z̄af .

Thus, for any zaf , the dual subproblem may be defined as:

maximize(α,u)∈P̄

∑
k∈K

αk +
∑
a∈A

∑
t∈T

∑
f∈F

δt
fΓfzafut

a
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subject to ∑
k∈K

αk +
∑
a∈A

∑
t∈T

∑
f∈F

δt
fΓfzafut

a ≤ 0, α, u ∈ R

Let θ be the cost obtained by satisfying the demands. The Benders master problem

BMP is thus formulated as:

(BMP ) minimize θ +
∑
a∈A

∑
f∈F

Cafzaf (4.14)

subject to

θ ≥
∑
k∈K

ᾱk +
∑
a∈A

∑
t∈T

∑
f∈F

δt
fΓfzaf ūt

a α, u ∈ P̄ (4.15)
∑
k∈K

αk +
∑
a∈A

∑
t∈T

∑
f∈F

δt
fΓfzafut

a ≤ 0, α, u ∈ R (4.16)

zaf ∈ {0, 1} f ∈ F, a ∈ A (4.17)

The aforementioned BMP consists of |P̄ |+|R| constraints, corresponding to the number

of extreme points and number of extreme rays in the DS. To manage this, we utilize a

cutting-plane method. Beginning with an empty set P̄ and empty set R, we iteratively solve

the BMP by incorporating new extreme points and extreme rays obtained from solving the

subproblems, until achieving an optimal solution to the BMP .

The Benders decomposition framework is delineated in Algorithm 3. Here, LB and

UB denote the current lower and upper bounds at each iteration, respectively. In each

iteration, we initially solve the BMP to acquire z̄ and the corresponding objective value,

thereby updating the lower bound. Subsequently, utilizing the obtained z̄, we solve the DS
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to obtain ᾱ, ū, and the DS-objective value. We then generate a new extreme point (ᾱ, ū)

and append it to P̄ . Next, we update the upper bound using the current DS-objective

value, as outlined in the algorithm. The iterations terminate when the difference between

LB and UB is sufficiently small.

Algorithm 3 Benders Decomposition Algorithm
1: Begin
2: LB ← −∞
3: UB ← +∞
4: P̄ ← ϕ
5: repeat
6: SOLVE MP to obtain z̄
7: Calculate LB ← BMP-objective (4.14)
8: SOLVE DS to obtain x̄, ᾱ, ū
9: Calculate UB ← min(UB,

∑
a∈A

∑
f∈F
Caf z̄af+ value of (4.10))

10: Add (ᾱ, ū) to P̄
11: until UB − LB < ϵ
12: End

The computational efficiency of the Benders decomposition algorithm is typically as-

sessed based on the convergence rate of LB and UB, i.e. the number of iterations needed

for convergence. To enhance efficiency, we have integrated the addition of stronger non-

dominated cuts to the BMP, and implemented two variable fixing techniques to reduce the

size of the problem. These approaches are detailed in the following subsections.

4.2.2 Improvement Strategies

Here we delineate two strategies aimed at enhancing the computational efficiency of the

Benders decomposition algorithm. The first involves incorporating Pareto-optimal cuts,
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while the second strategy entails variable fixing techniques. These approaches are elabo-

rated in the next subsections.

Pareto Optimal Cuts

As outlined in Section 2.7, Magnanti and Wong (1981) introduced the concept of con-

structing stronger, non-dominated cuts, referred to as Pareto-optimal cuts, to enhance the

convergence of the Benders decomposition algorithm. This technique has been widely em-

ployed in the literature to generate strong optimality cuts. Let (ᾱ1, ū1) and (ᾱ2, ū2) denote

two solutions of the DS. The cut derived from the former dominates the cut derived from

the latter when the following relation holds for all values of z, with strict inequality for at

least one point:

∑
k∈K

ᾱ1
k +

∑
a∈A

∑
t∈T

∑
f∈F

δt
fΓfzaf ū1t

a ≥
∑
k∈K

ᾱ2
k +

∑
a∈A

∑
t∈T

∑
f∈F

δt
fΓfzaf ū2t

a

To identify a cut that is not dominated by any other cuts, we define a polyhedron (Ω)

represented by 0 ≤ zaf ≤ 1 for all f ∈ F and a ∈ A, with ri(Ω) denoting the relative

interior of Ω. At each iteration of the algorithm, we solve the following Pareto-optimal

subproblem (DSP O) to generate a Pareto-optimal cut and incorporate it into the BMP .

(DSP O) maximize
∑
k∈K

αk +
∑
a∈A

∑
t∈T

∑
f∈F

δt
fΓf ẑafut

a (4.18)
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subject to

(4.11)− (4.13)∑
k∈K

αk +
∑
a∈A

∑
t∈T

∑
f∈F

δt
fΓf z̄afut

a = D̄S (4.19)

Here, ẑ ∈ ri(Ω) and D̄S represents the optimal solution value of subproblem DS at

that iteration. Constraint (4.19) ensures that the optimal solution of DSP O is chosen from

the solutions of DS at that iteration. The inclusion of Pareto-optimal cuts in the BMP

at each iteration decreases the number of iterations needed to converge. However, this

improvement comes with the cost of executing the aforementioned linear program at each

iteration, as demonstrated by our computational experiments.

Variable Fixing

This section outlines two methods aimed at enhancing the convergence of the Benders

decomposition algorithm. We illustrate techniques for reducing the dimension of the master

problem through variable fixing methods. These techniques contribute to reducing the

total computational time of solving the master problem, in our case through solution space

reduction, by eliminating variables that are known not to appear in an optimal solution.

These were first employed by Contreras et al. (2011a), later used by many others including

Taherkhani et al. (2020), where hubs were eliminated by using information obtained during

iterations of the Benders decomposition algorithm. In our case, we utilize these tests to

eliminate hub arcs from the model.

Our first improvement strategy involves the linear programming relaxation of the Ben-
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ders master problem (BMP). Let ẑLR be the value of the linear relaxation of the BMP at

a given iteration of the Benders decomposition algorithm, and rcaf represent the reduced

cost corresponding to the variable zaf . Let UB denote the currently known, best upper

bound of the optimal value of the BMP. The expression ẑLR+rcaf provides an upper bound

on the BMP solution. We can eliminate hub arcs a ∈ A (and their associated variables)

for which ẑLR + rcaf > UB, as those arcs cannot be part of an optimal solution. By fixing

the z-variables in this manner, we effectively reduce the solution space of the problem.

The second strategy to fix variables involves reduction to the BMP by a subset A′ ⊂ A

of hub arcs which are closed in the optimal solution. This is tested by modifying the

master problem by adding a constraint and checking the obtained solution against the

known upper bound. Let BMP (A′) be the model at an iteration obtained by adding

constraint ∑
a∈A′f∈F zaf ≥ 1. The solution to this model, ẑBMP (A′), gives an upper bound

on BMP (A′). If ẑBMP (A′) > UB, that constraint is violated by the preceding solution.

Hence none of the hub arcs in A′ can be in the optimal solution. We fix variables zaf to 0,

for a ∈ A′ and f ∈ F .

The effectiveness of the second variable-fixing technique is significantly influenced by

the choice of the subset A′ ⊂ A. The hub arcs in A′ should have the least likelihood of

being included in the optimal solution. If such arcs can be identified in the early iterations

of the Benders decomposition algorithm, that algorithm is more likely to converge faster.

We adopt the following policy for the construction, updating, and re-initiation of the set

A′, inspired by the works of Contreras et al. (2011a) and Taherkhani et al. (2020).

To construct A′, we initially assume another set A′′ = A. This set is modified based
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on information obtained from each iteration, and then used to construct A′. At every

iteration, we eliminate from A′′ the hub arcs that are open in the optimal solution (as of

that iteration), and those eliminated by the first variable fixing approach. We then sort

the hub arcs in A′′ in descending order of the total flow originating at the first node of each

hub arc. We set A′ to a certain random proportion pA′ of A′′. The quantity pA′ is set to at

most 75%, so that at least 2 (or more) hub arcs are in A′ in each iteration. With this pA′ ,

we compute ẑBMP (A′), check if ẑBMP (A′) > UB, and fix variables in the BMP accordingly.

If A′ becomes empty in any iteration, we reset A′′ = A for the subsequent iterations.

The z variables correspond to each potential hub arc and each frequency that may be

operated on those arcs. The variable fixing technique described in the previous paragraph

eliminates all variables vaf if an arc a ∈ A′ is identified for elimination in a particular

iteration. This approach does not consider that a variable on an arc for a specific frequency

may be part of the optimal solution, while other variables on the same arc (for other

frequencies) may be eliminated. Based on this observation, we enhance the elimination

test, as follows.

Initially, we construct another set A′′
1 containing tuples (a, f), ∀a ∈ A, f ∈ F . At each

iteration, we eliminate from this set the tuples corresponding to variables zaf that are open

in the optimal solution, as well as those eliminated by the first variable-fixing approach.

We then sort the hub arcs in A′′
1 in non-descending order of the total flow originating at the

first node of each hub arc. Subsequently, we construct A′
1 ⊂ A′′

1 in a similar manner to the

construction of A′ ⊂ A′′. We randomly select an f ∈ F to perform the second elimination

test by adding to BMP (A′
1) the constraint ∑

a∈A′
1
zaf ≥ 1 for that f . Based on this test,

we fix variables in the BMP for specific arcs and frequencies. If A′
1 becomes empty, it is
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reset using the same policy applied in the case of A′.

In summary, to enhance the computational performance of the Benders decomposition

algorithm, we propose the utilization of elimination tests to fix decision variables on can-

didate hub arcs, and the implementation of Pareto-optimal cuts during the subproblem

solutions at each iteration. Subsequently, we evaluate the performance and effectiveness of

these proposed methodologies.

4.3 Computational Analysis

We present some numerical results in this section, using the model and algorithm presented

in Sections 4.1 and 4.2. We employed an IBM computer with Intel Core-i7 processor and 32

GB RAM for running the experiments. The formulation and algorithm presented have been

implemented in CPLEX 12.9 and Java (IntelliJ IDEA 21.2.1 using JDK 15.0.2). Section

4.3.1 exhibits the data and parameters used for the experiments, Section 4.3.2 highlights

some optimal results and insight into the results. Section 4.3.3 presents the computational

efficiency of the proposed model and algorithms.

4.3.1 Data and Parameters

To test our model and methodology, 10 and 15-city instances, with cities corresponding

to those of the Civil Aeronautics Board (CAB) data set (O’Kelly, 2014) were used. All

pairs of arcs between these cities were considered as hub arcs. The demand quantities

between pairs of cities were generated from 2022 data of The Freight Analysis Framework
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(FAF) (CFTA, 2023) in a similar way to that of the previous chapter. These demands were

randomly distributed over the different time periods of our planning horizon, utilizing a

uniform distribution.

As in Chapter 3, we used the same transportation cost on allocation links for the year

2022 (Leslie and Murray, 2022). We also considered cargo planes B-747-F and B-747-100

for transportation on the hub arcs, as employed by Masaeli et al. (2018). For fixed and

variable costs and capacities of these two aircraft, the same figures as reported in the

previous chapter were applied.

To test our model and algorithm against ranges of data parameters, we have varied

the holding costs and hub arc costs. Our holding cost categories of high, medium-high,

medium-low, and low, respectively correspond to $286, $124, $19, and $9 per ton per day,

as in Chapter 3. Hub arc establishment costs were varied in three categories - low, medium

and high, corresponding to $200, $400, $1,000. These costs were considered on the basis

of the annualized cost of a hub (again as reported in the previous chapter), and assuming

that a hub may be shared by multiple hub arcs. We consider a planning horizon of one

week, with each period corresponding to one day.

We have utilized 2, 3, and 5 frequency options for operating hub arcs.

• 2-Frequency Option: This includes either operating two B-757-F flight on Mon-

days, one on Wednesday and Friday, or alternatively two B-757-100 flights on each

of Tuesday and Thursday.

• 3-Frequency Option: This involves choosing between operating one B-757-F flight
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on Monday, Wednesday, and Saturday; one B-757-100 flight on Thursday and Satur-

day; or one B-757-100 flight on Monday and Friday.

• 5-Frequency Option: This includes the following choices:

– one B-757-F flight on Monday and Thursday

– one B-757-100 flight on Tuesday and Friday

– one B-757-100 flight on Wednesday and Saturday

– one B-757-F flight on Monday, Wednesday, and Friday

– one B-757-100 flight on Tuesday, Thursday, and Saturday

4.3.2 Impact of Frequency Selection on Solutions

In this section, we study the impact of using different choices of frequencies in the optimal

design of hub arc networks. We have used 2, 3 and 5-frequency choices (as mentioned

above) to generate optimal networks for 10 and 15-city instances. We allowed a run time

of 4 and 8 hours (for 10 and 15-city instances, respectively) per instance to get optimal

results for all cases reported. We report those results in Tables 4.1 and 4.2. Each row in

these two tables reports costs of transportation on allocation links and hub arcs, and total

inventory cost of a solution, with number of hub arcs established and numbers of the two

types of aircraft used in a solution. This is done for each choice of frequency (F ), hub arc

establishment cost (ζ) and unit holding cost (η). Here in this section we only look into

the impact of frequency on the optimal results. A comparative study of computational
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performance between running the proposed model in CPLEX and our proposed Benders

algorithm is given in next section.

Table 4.1: Optimal results for 10-city instances using 2, 3 and 5 frequencies

Cost (1000$) No. of No. of No. of
|F | ζ η Alloc. Transp. Inv. Total Hub Arcs B-747-F B-747-100

2

Low

low 139 123 2 263 2 8 -
med-low 139 123 4 265 2 8 -
med-high 139 123 24 285 2 8 -
high 139 123 55 317 2 8 -

Med

low 139 123 2 263 2 8 -
med-low 139 123 4 265 2 8 -
med-high 139 123 24 286 2 8 -
high 139 123 55 317 2 8 -

High

low 139 124 2 265 2 8 -
med-low 139 124 4 267 2 8 -
med-high 139 124 24 287 2 8 -
high 139 124 55 318 2 8 -

3

Low

low 71 102 3 176 4 - 8
med-low 71 102 6 179 4 - 8
med-high 56 124 17 197 5 - 10
high 56 124 38 219 5 - 10

Med

low 71 103 3 177 4 - 8
med-low 71 103 6 180 4 - 8
med-high 56 125 17 198 5 - 10
high 56 125 38 220 5 - 10

High

low 71 105 3 179 4 - 8
med-low 71 105 6 182 4 - 8
med-high 56 128 17 201 5 - 10
high 56 128 38 223 5 - 10

5

Low

low 55 131 2 188 5 2 8
med-low 55 131 4 191 5 2 8
med-high 61 133 17 211 5 2 8
high 55 146 29 230 6 2 10

Med

low 55 132 2 189 5 2 8
med-low 55 132 4 192 5 2 8
med-high 61 134 17 212 5 2 8
high 55 147 29 231 6 2 10

High

low 55 135 2 192 5 2 8
med-low 55 135 4 195 5 2 8
med-high 61 137 17 215 5 2 8
high 55 151 29 235 6 2 10
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As we see in Table 4.1, the network structure does not vary while using |F | = 2.

Two hub arcs (from Chicago to Atlanta, and Atlanta to Chicago) were selected in all

solutions, whatever the variation of unit holding cost and hub arc costs. In total, eight

B-747-F aircraft were employed to carry goods on the hub arcs; no B-747-100 aircraft were

utilized in these solutions. Transportation cost on allocation links remained the same for

all parameter variations, while the transportation cost on hub arcs increased just a little

as the hub arc cost increased from low to high. The total inventory costs were increasing

with η, for each of the three cases of hub arc costs. This was the major contributor to

the difference in total costs obtained. Across variation of the mentioned parameters, the

two-frequency choice resulted in the highest average total cost for network establishment

and operations for the 10-city instances. Understandably, with a limited number of choices

for frequencies, the cost is higher.

Employing |F | = 3 for 10-city instances resulted in networks that have 4 to 5 hub arcs,

where 8 or 10 B-747-100 aircraft were utilized. No B-747-F aircraft were flown in those

networks. The costs of transportation on allocation links and on hub arcs were strictly

increasing in the unit holding cost, for all four values of the latter parameter; this happened

for all cases of hub arc costs. Total inventory costs in the networks also grew significantly

with an increase in that unit holding cost. However, variations in hub arc establishment

cost did not impact the network design in this case. For low and med-low unit holding

costs, four hub arcs were selected, while for med-high and high unit holding costs, five hub

arcs were selected. In the former case, hub arcs were between Atlanta to Chicago, Chicago

to Atlanta, Chicago to Dallas, and Dallas to Chicago. The latter case had the same, plus

one more hub arc from Chicago to Knoxville. We also observe that additional flights were
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required when the unit holding cost was med-high or high.

The case of |F | = 5, as reported at the bottom of Table 4.1, shows that networks

were established with 5 to 6 hub arcs, operating two B-747-F and eight or ten B-747-100.

These networks also demonstrated that variations in hub arc establishment cost did not

significantly affect design of the network. Rather, the network structure was impacted

by variations in unit holding cost. All components of the costs increased as the unit

holding cost grew from low, med-low, med-high to high. The only exception is that the

transportation cost on allocation links decreased as the unit holding cost increased from

med-high to high. Six hub arcs were used in the cases of high unit holding cost; these cases

utilized 2 additional B-747-100 aircraft in the fleet. All networks here had hub arcs between

Atlanta and Chicago, Chicago and Dallas, and Chicago to Knoxville. The networks with

high unit holding cost had an additional hub arc from Atlanta to Birmingham.

|F | = 3 provided us with the lowest mean-cost networks amongst the three frequency

setups we used for 10-city networks. On average, the resultant networks with |F | = 3 ob-

served respective improvements of 46% and 6% in total cost over networks with |F | = 2 and

5. Compared to |F | = 2, the lowest total cost networks obtained had a 119% improvement

in transportation cost on allocation links, 7% improvement in the cost of transportation on

hub arcs, and a 33% total-inventory-cost improvement in the average case, resulting in an

overall 46% saving. The improvement is not as great if we compare the lowest total-cost

networks with networks for |F | = 5. In this case, a 20% savings in transportation cost on

hub arcs was obtained with 11% and 19% extra cost of transportation on allocation links

and inventory handling – thus resulting an overall improvement of 6%. The networks with

|F | = 3 employed only B-747-100 aircraft.
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Table 4.2: Optimal results for 15-city instances using 2, 3 and 5 frequencies

Cost (1000$) No. of No. of No. of
|F | ζ η Alloc. Transp. Inv. Total Hub Arcs B-747-F B-747-100

2

Low

low 338 256 2 596 4 16 -
med-low 338 256 4 598 4 16 -
med-high 338 256 27 620 4 16 -
high 340 256 59 654 4 16 -

Med

low 338 257 2 596 4 16 -
med-low 338 257 4 599 4 16 -
med-high 338 257 27 621 4 16 -
high 340 257 59 655 4 16 -

High

low 338 259 2 599 4 16 -
med-low 338 259 4 601 4 16 -
med-high 338 259 27 624 4 16 -
high 340 259 59 658 4 16 -

3

Low

low 148 233 9 390 9 - 18
med-low 148 233 18 399 9 - 18
med-high 158 253 64 475 9 3 16
high 180 254 111 545 9 3 16

Med

low 148 235 9 391 9 - 18
med-low 148 235 18 401 9 - 18
med-high 158 255 64 477 9 3 16
high 180 255 111 546 9 3 16

High

low 148 240 9 397 9 - 18
med-low 148 240 18 406 9 - 18
med-high 158 261 64 482 9 3 16
high 180 261 111 552 9 3 16

5

Low

low 167 214 6 388 8 2 14
med-low 167 214 13 395 8 2 14
med-high 172 230 55 458 8 3 14
high 185 265 57 507 9 3 17

Med

low 167 216 6 390 8 2 14
med-low 167 216 13 397 8 2 14
med-high 172 232 55 459 8 3 14
high 185 266 57 509 9 3 17

High

low 167 221 6 394 8 2 14
med-low 167 221 13 401 8 2 14
med-high 172 237 55 464 8 3 14
high 185 272 57 514 9 3 17
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The 15-city instances naturally had more nodes and demand quantities than the 10-

city instances. Consequently, the resultant networks on these larger instances were more

interesting. Table 4.2 shows that the network structure for 15-city instances does not

vary much against variations in parameter settings in case of |F | = 2. The solutions here

always had four hub arcs operating 16 B-747-F aircraft. (The arcs used in these networks is

discussed in Figure 4.2 later in this section.) The transportation cost on hub arcs increased

just a little as the hub arc cost increased from low to high. This cost was not affected by

variations in unit holding cost. However, transportation cost on allocation links remained

unchanged as unit holding cost increased from low to med-high, but increased a little bit

for high. As in the 10-city networks with |F | = 2, the major contributor to differences in

overall total costs was the total inventory cost in a solution. This cost naturally increased

in the unit holding cost parameter. Similar to the 10-city networks, employing |F | = 2 in

15-city instances yielded the highest total-average-cost networks.

The case |F | = 3 in 15-city instances resulted in networks that utilize nine hub arcs

and 18 or 19 aircraft. With low and med-low unit holding cost, 18 B-747-100 aircraft were

used. When that parameter increased to med-high and high, a fleet of three B-747-F and

16 B-747-100 aircraft was employed in the optimal solutions. The same happened for all

variations in hub arc establishment cost. Transportation cost on allocation links and total

inventory cost of these networks were not influenced by changes in ζ. However, the cost of

transportation on allocation links grew as η increased from med-high to high. The total

inventory cost of course increased in η.

The case |F | = 5, for 15-city instances, provided us with the average-lowest-cost net-

works amongst the three frequency setups tested. Against variation of parameters, eight
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or nine hub arcs were established and 16-20 aircraft flown. Transportation cost on allo-

cation links and total inventory cost were unaffected by variations in hub establishment

cost. However, transportation cost on allocation links was generally increasing in the unit

holding cost η. Similarly, total inventory cost increased with η for all variations in hub

arc establishment cost. Transportation costs on hub arcs were affected by changes in both

parameters ζ and η. With low and med-low unit holding cost, a fleet composed of two

B-747-F and 14 B-747-100 was used. One B-747-F was added as unit holding cost grew to

med-high, and 3 additional B-747-100 were added to the fleet as that parameter increased

further to high. This was done to avoid holding inventory when unit holding cost was med-

high and high, by accepting an increase in transportation cost on hub arcs. We present

instances of these networks in Figures 4.1 and 4.2 below.

|F | = 5 provided us with the lowest-mean-cost networks amongst the three frequency

setups tested for 15-city networks. On average, the resultant networks with |F | = 5

observed respectively 41% and 4% improvement in total cost over networks with |F | = 2

and |F | = 3. Compared to |F | = 2, the lowest-total-cost networks obtained had a 96%

improvement in the cost of transportation on allocation links, and 10% improvement in that

cost on hub arcs in the average case. The mean total inventory cost here was 31% above

that of |F | = 2. Thus, by holding more inventory, transportation cost savings was possible

in the case of |F | = 5, resulting in an overall 41% cost improvement relative to |F | = 2.

Compared to the average case of networks with |F | = 3, the total cost improvement is

only 4%. In this case, an 8% increase in transportation cost on allocation links allowed

respectively 5% and 52% savings in the cost of transportation on hub arcs and inventory

handling – thus resulting in an overall improvement of 4%.
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(a) 15-city instance with low arc cost of and low holding cost.

(b) 15-city instance with low arc cost of and high holding cost.

Figure 4.1: Resulting hub networks for low vs high holding cost using 5-frequencies (colors
are explained in the text)
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Two resultant optimal networks with |F | = 5 and 15-city instances are compared in

Figure 4.1. Figure 4.1a represents the network obtained for low hub arc establishment

cost and low unit holding cost. In total, eight hub arcs were established in this case: six

between Chicago, New York and Atlanta, and additional two from Chicago to Dallas, and

Dallas to Fort Wayne. Except for the arcs between Chicago to New York and Atlanta, all

other hub arcs in this figure are marked in light blue. Those represent B-747-100 aircraft

operating on these arcs – one on Wednesday, the other on Saturday. The hub arc from

Chicago to New York, marked in red, operates one B-747-F flight on each Monday and

Thursday. The hub arc from Chicago to Atlanta, marked in green, operates B-747-100

flights: one on Tuesday, the other on Friday.

Considering the origin node of a hub arc to which demand is allocated, Chicago played

the most central role, followed by Atlanta and New York. The same cities hold the majority

of inventory. Demands from Chicago, Fort Wayne and Milwaukee were routed through hub

arcs originating in Chicago. Cities such as Birmingham, Atlanta, Greenville, Knoxville,

Beaumont were allocated to hub arcs originating in Atlanta and Chicago. Some of Beau-

mont’s demands were allocated to hub arcs originating in Dallas. All demands from Dallas

and Austin were routed along the same hub arc. Demands from New York were allocated

to hub arcs originating in New York. Demands from Albany, Hartford, Grand Rapids and

Philadelphia were also routed through hub arcs originating in New York and Chicago.

In Figure 4.1b, the hub arc establishment cost remained low, while the unit holding

cost was high. In total, nine hub arcs were selected in this solution: two between Chicago

and New York, two between Chicago and Dallas, and one each from Chicago to Knoxville,

Atlanta to New York and Chicago, Philadelphia to Atlanta, and Milwaukee to Atlanta.

105



As noted previously, light blue arcs in this network represent B-747-100 flights – one on

Wednesday, the other on Saturday; green arcs denote B-747-100 flights - one on Tuesday,

the other on Friday. The arc from Chicago to New York, marked in Yellow, represents

one B-737-F flight operating on each Monday, Wednesday and Friday. The grey arc, from

Atlanta to Chicago, indicates single B-747-F flights operating each Tuesday, Thursday and

Saturday. Since the unit holding cost is higher in this scenario, this network operates

one additional B-747-F and three additional B-747-100 flights to avoid holding inventory.

Total cost is thereby reduced, by increasing transportation cost on hub arcs to lower the

inventory cost.

In this network, too, Chicago played the most central part, as the origin of a hub

arc being responsible for the greatest inventory holding. New York and Atlanta followed

Chicago in the same function in Figure 4.1a, but in Figure 4.1b, that role is distributed to

Philadelphia and Milwaukee. Dallas was again an important hub arc origin in the west,

as in the previous case. For the majority of freight, Atlanta, Birmingham, Greenville, and

Knoxville were allocated to hub arcs originating in Chicago and Atlanta. Grand Rapids,

Fort Wayne and Chicago were allocated to Chicago, while Albany, Hartford, Philadel-

phia were allocated to New York, Philadelphia and Chicago. New York was allocated

to itself and Philadelphia. The hub arcs originating in Milwaukee got freight allocations

from itself, Chicago, Birmingham and Fort Wayne. Beaumont and Austin were allocated

to Atlanta, Chicago and Dallas, while some flow from Dallas and Milwaukee got routed

through Chicago, in addition to being routed through themselves. In comparison to the

low-holding-cost scenario described above, this network with the above allocations to the

nine hub arcs, where four additional flights operated, could reduce the inventory quantities
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by 67%.

Figure 4.2 depicts contrast between |F | = 2 and 5, under low and high unit holding

cost. Figures 4.2a and 4.2c present optimal networks for |F | = 2, with the former depicting

the network for low unit holding cost η and the latter the case of high η. We observe that

a total of four hub-ars were selected in both networks between Chicago and Atlanta, and

New York and Chicago. Each network employs the same set of allocation arcs, with only

one exception: the allocation arc between New York and Atlanta in Figure 4.2c. All these

hub arcs, marked in purple, represent four flights of B-747-F operating on an arc: two

on Monday, one on Wednesday and one on Friday. Thus, in total, 16 flights operated on

the network in both cases. Since each network uses a very similar allocation pattern, the

difference between the total cost of transportation on allocation and hub arcs is negligible.

The total cost of establishment and operation does differ, mainly due to the impact of total

inventory cost. However, in terms of the inventory quantity held, the network in Figure

4.2c only saved 7% compared to that of Figure 4.2a.

The contrast between the networks in Figure 4.2a and 4.2b is more evident. The former

has four hub arcs, while the latter has eight. Both networks use 16 aircraft on hub arcs.

However, in the first one, all aircraft are B-747-F, while in the latter, only two are B-747-F,

and the remaining 14 are B-747-100. Out of two frequency choices, the earlier network used

only one; while the second employed three of its five frequency choices. Thus, by flying

a heterogeneous fleet of aircraft and distributing flights over a wider spectrum, utilizing

|F | = 5 made a 35% savings on total cost, in spending about three times on inventory, but

saving 51% and 16% on the costs of transportation on allocation and hub arcs, respectively.
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(a) Low holding cost with 2 frequencies (b) Low holding cost with 5 frequencies

(c) High holding cost with 2 frequencies (d) High holding cost with 5 frequencies

Figure 4.2: Impact of using different frequencies (colors are explained in the text)
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A similar observation can be made of the contrast between the networks in Figures

4.2c and 4.2d. Both networks assume high holding cost. The former one used four hub

arcs, while the latter used nine. The former network employed 16 B-747-F, while the

latter had three B-747-F and 17 B=747-100. The former network utilized just a single

frequency choice, while the second employed four different frequencies on its arcs. The

network obtained with |F | = 5 yielded 22% savings on total cost of network establishment

and operation over the one with |F | = 2. This was made possible by respectively saving

46% and 3% in transportation cost on allocation links and on inventory cost. There was

also a compromise of spending 4% extra on transportation cost on hub arcs.

4.3.3 Algorithmic Performance

In this section, we evaluate the run time and computational performance of the proposed

model and algorithm. The model was run in CPLEX under the default settings. The

tables in this section thus report performance of the models under the respective heading

“CPLEX” and the performance of our proposed Benders algorithm under column head,

“Proposed Methodology”. We report run times and optimality gaps for CPLEX and for

the proposed methodology. We also report numbers of iterations, and numbers of different

types of cuts added.

Table 4.3 presents detailed comparison between the model’s performance in CPLEX

against the performance of the proposed Benders methodology, for 10-city instances. The

first three columns describe parameter settings, i.e. number of frequencies to choose from,

hub arc establishment cost, and unit holding cost. The next two columns describe the
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run time (in seconds) and optimality gap of the solution using CPLEX. The solutions

reported for this table were generated using a 1-hour run-time limit given to all models

and algorithms. The optimality gaps were computed using the results of Table 4.1. The

next columns indicate number of iterations (#Iter), number of Benders and Pareto Optimal

cuts added (#BD-C and #PO-C, respectively), and numbers of the two types of variable

fixing cuts (#VF-1 and # VF-1, respectively) added.

For 10-city instances, all models and algorithms could reach optimal solutions within

the given time limit, with the exception of a few instances. With |F | = 5, optimal results

were not obtained for seven instances while running the model in CPLEX. The optimality

gap in these cases ranged between 0.4% to 4.5%. All instances reached optimal results

while running the model with our proposed Benders methodology. Our proposed Benders

methodology had higher run times than CPLEX for all instances with |F | = 2, but lower

run times than that of CPLEX for all instances with |F | = 5. For |F | = 3 cases, the

proposed Benders algorithm outperformed CPLEX’s run time in 33% of the instances. On

average, the |F | = 2 cases had highest number of iterations, and |F | = 3 had the lowest.

The fact that the |F | = 3 cases had the lowest number of iterations is consistent, in that

these cases needed on average to add the smallest total number of cuts, and required

the lowest average run time, as compared to results obtained using other values for |F |.

Similarly, the |F | = 2 cases had a greater number of iterations, and consistently also

required adding the largest total number of cuts. Amongst the types of cuts, Pareto

Optimal cuts were added fewer times than other cuts; the number of cuts added ranged

from 0 to 4. On average, the largest number of Benders cuts were added in cases of |F | = 2,

and the smallest for |F | = 3. More VF-1 cuts were added, as compared to the number of
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VF-2 cuts.

Table 4.4 presents information analogous to that in the table for the 15-city instances.

Solutions shown in this table were generated using a 1-hour runtime limit, given to all

models and algorithms, and optimality gaps were calculated using results of Table 4.1. For

these instances, CPLEX could not reach optimality within the given 1-hour run time. The

lowest optimality gap reported here is 12.3%, while the highest is 52.5%. For |F | = 2, the

optimal solutions were found by the proposed Benders algorithm. For others, i.e. |F | = 3

and 5, the smallest and largest optimality gaps reported respectively are 0.1% and 8.7%.

This algorithm, within a 1-hour runtime, outperformed the solutions obtained by CPLEX

in all cases.

Instances for |F | = 2 had the greatest number of iterations, and the largest number

of total cuts added, in the average case. However, since for |F | = 3 and 5, no optimal

results could be obtained, the number of iterations and cuts are not comparable with those

of |F | = 2. Similar to the case of the 10-city instances, out of the total number of cuts

added the majority were Benders cuts; only a few Pareto Optimality cuts were added. The

number of VF-1 cuts was significantly larger than the number of VF-2 cuts added in all

cases.

4.4 Summary

In this chapter, we introduced a hub arc location problem that integrates the ideas of

shipment consolidation and inventory holding. This is in a setup where the freight carrier
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decides the frequencies of vehicles (from its heterogeneous fleet) to be operated on a set

of hub arcs. We presented a mixed integer formulation that models the problem. We also

proposed a Benders decomposition algorithm to solve larger instances. This algorithm’s

performance was enhanced by incorporating Pareto Optimal cuts, and by two variable-

fixing techniques.

We performed an extensive computational study of the proposed model and algorithm

by using a dataset generated from CAB and FAF, described in previous sections, and as

employed in the last chapter. In view of our computational results, the proposed Benders

Decomposition algorithm seemed to outperform the model run in CPLEX. Additionally,

we observed that consideration of further frequency choices lead to a network with lower

total cost of establishment plus operation.
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Chapter 5

Shipment Consolidation in Hub Arc

Location Problems under

Uncertainty

Shipment consolidation in hub arc location involves network design problems that require

strategic decisions to be maintained over a significant time frame. During this period,

various unpredictable factors, such as fluctuations in demand, may influence operational

decisions. Consequently, deterministic models may fail to yield optimized decisions un-

der such conditions. That highlights the necessity of incorporating uncertainty into the

decision-making process. In this chapter, we assume random demand, and seek to deter-

mine optimal decisions under the anticipated uncertainty.

We thus develop a model that considers stochastic demand. This is a two stage model
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of the decision-making process, and considers when information is revealed. In the first

stage of this model, we determine the location of arcs, as well as the types and frequencies

of vehicles that will operate on them. Subsequently, we allocate demands to the arcs,

perform optimal routing, and make decisions regarding inventory holding. Thus, the first-

stage decisions are long-term strategic in nature. The second-stage decisions are operational

ones that vary according to the particular realization of the uncertain demand.

To solve the stochastic model, we propose an algorithm based on the Sample Average

Approximation. We assess the algorithm’s performance through extensive computational

experiments under various parameter settings. The outline of this chapter is as follows:

Section 5.1 presents the problem and its mathematical formulation. Sections 5.2 and

5.3 propose an SAA algorithm and present computational analysis using that algorithm.

Section 5.4 provides concluding remarks.

5.1 Mathematical Formulation

We adopt the same notations for graph, sets of nodes and arcs, endpoints of an arc,

planning horizon and its intervals, vehicles, their fixed and variable costs, frequencies,

capacities, and inventory cost as used in Section 4.1. In this chapter, we explore a scenario

where demand is unpredictable, but follows a known probability distribution. Introducing

stochastic demand into our model, we define additional notation wk(ξ) are random variables

representing the anticipated flow starting from time t0(k) ∈ T at the origin node o(k) ∈ N

and ending at the destination node d(k) ∈ N . It is assumed that each wk(ξ) adheres to the

same, known probability distribution, i.e. these demands are independent of each other
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and identically distributed. We assume these demands are divisible at the first hub along

the destination path. We use Eξ to symbolize the expected value in relation to ξ ∈ Ξ, with

Ξ denoting the support for ξ.

To introduce the stochastic program, we use the same zaf variable as defined in Section

4.1 as a first-stage variable here. We also define xt
ak(ξ) as the second-stage decision variable

to represent the fraction of flow on arc a ∈ A, starting at the beginning of time t ∈ T with

respect to the demand k ∈ K and for realization ξ ∈ Ξ. Assuming stochastic demand,

shipment consolidation in the hub arc location problem can be modeled by extending

formulation 4.1 - 4.5 as the following two-stage program:

min
z∈℧

Eξ[φ(z, ξ)] +
∑
a∈A

∑
f∈F

Cafzaf (5.1)

where Eξ is the expectation w.r.t. ξ and the domain of variable z is defined as ℧ = {z :

zaf ∈ {0, 1} ∀f ∈ F ∀a ∈ A}. The function φ(z, ξ) represents the costs on allocation arcs

plus inventory cost, for a particular realization of ξ ∈ Ξ and a given z. Computation of the

cost φ(z, ξ) requires solving the second stage of the stochastic problem with probabilistic

demand, as follows:

φ(z, ξ) = min
∑
k∈K

∑
a∈A

∑
t∈T

cakwk(ξ)xt
ak(ξ)

+
∑
k∈K

∑
a∈A

∑
t∈T

η(t− t0(k)− τak)wk(ξ)xt
ak(ξ) (5.2)
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subject to ∑
a∈A

∑
t∈T : t≥t0(k)

xt
ak(ξ) = 1 ∀ k ∈ K, ξ ∈ Ξ (5.3)

∑
k∈K:t0(k)≥t−τak

wk(ξ)xt
ak(ξ) ≤

∑
f∈F

δt
fΓfzaf

∀ a ∈ A, o(a) ̸= d(a),∀ t ∈ T, ξ ∈ Ξ, (5.4)

xt
ak(ξ) ≥ 0 ∀ k ∈ K, ∀ a ∈ A∀ t ∈ T, ξ ∈ Ξ, (5.5)

The objective function (5.1) represents the total cost, which is calculated by adding two

components - the deterministic cost of operating on hub arcs, and the expectation of costs

on allocation arcs plus inventory cost. The second component is detailed in equation (5.2).

Constraints (5.3) ensure that each demand can be partially satisfied through different hub

arcs, but its flow must be routed via hub arcs. Constraint (5.4) ensures that flow on an arc

in each period is bounded by the total capacity of vehicles operating on that arc. We note

that multiple vehicle frequencies may be activated on any arc. The constraints (5.2) - (5.4)

incorporate realizations ξ of uncertain scenerios. The domains of the decision variables are

defined by constraints (5.5).

The described model outlines a two-stage stochastic programming approach. The ob-

jective function of the model (5.2) features a deterministic component, accounting for the

cost associated with hub arcs, alongside the expected value of the second stage objective.

This second component incorporates the expected value of cost related to allocation arcs

and inventory holding.

The initial stage tackles a long-term strategic problem, focusing on selecting hub arcs,

along with the corresponding vehicles and their frequencies. These decisions remain stable
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and unaffected by fluctuations in demand. Consequently, the variables zaf are determined

during the first phase. However, the allocation of flows to arcs and routing decisions are

subject to change, based on demand fluctuations. These tactical choices are made in the

second stage, tailored to specific instances of the vector ξ within its defined space Ξ. As

such, the variables xt
ak are established during this latter stage.

5.2 Solution Methodology for Stochastic Model

According to Kleywegt et al. (2002), the primary difficulty in addressing the stochastic

model (5.2)–(5.5) lies in calculating the expectation of the objective function. The Sample

Average Approximation technique tackles this by producing n ∈ N random samples of the

demand-vector, thereby estimating the second-stage expectation of the objective (5.2):

Eξ[ ∑
k∈K

∑
a∈A

∑
t∈T

cakwk(ξ)xt
ak(ξ) + ∑

k∈K

∑
a∈A

∑
t∈T

η(t− t0(k)− τak)wk(ξ)xt
ak(ξ)]

through the sample average function in the following manner:

1
|N | [

∑
n∈N

∑
k∈K

∑
a∈A

∑
t∈T

cakwn
k xtn

ak + ∑
n∈N

∑
k∈K

∑
a∈A

∑
t∈T

η(t− t0(k)− τak)wn
k xtn

ak]

In this context, wn
k is the flow initiated at the at start of time t0(k) ∈ T from node

o(k) ∈ N , heading towards node d(k) ∈ N under sample n ∈ N , while the variable xtn
ak

denotes the fraction of flow on arc a ∈ A commencing at the start of time t ∈ T , relevant

to demand k ∈ K within the same scenario. The SAA method approximates the stochastic

problem (5.2)–(5.5) as follows:
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minimize
∑
a∈A

∑
f∈F

Cafzaf

+ 1
|N |

[
∑

n∈N

∑
k∈K

∑
a∈A

∑
t∈T

cakwn
k xtn

ak

+
∑

n∈N

∑
k∈K

∑
a∈A

∑
t∈T

η(t− t0(k)− τak)wn
k xtn

ak] (5.6)

subject to ∑
a∈A

∑
t∈T :t≥t0(k)

xtn
ak = 1 ∀ k ∈ K, n ∈ N (5.7)

∑
k∈K:t0(k)≥t−τak

wn
k xtn

ak ≤
∑
f∈F

δt
fΓfzaf

∀ a ∈ A, o(a) ̸= d(a),∀ t ∈ T, n ∈ N , (5.8)

xtn
ak ≥ 0 ∀ k ∈ K, ∀ a ∈ A∀ t ∈ T, n ∈ N , (5.9)

zaf ∈ {0, 1} f ∈ F, a ∈ A (5.10)

The SAA formulation (5.6) - (5.10) will be utilized as the mathematical model for our

stochastic problem henceforth. We repeat the process of randomly generating N samples

and solving the formulation in (5.6) - (5.10) M times, taking the average of the objective

function values of the solutions generated in these M replications. Thus, SAA estimates

the optimal value of the stochastic program (5.2) - (5.5).

Given values for the first-stage decision variables zaf , SAA generates a larger set of

samples N ′, for the second-stage problem to be solved. We then take the average of the

objective function values of the second-stage problem, providing an estimation of the upper

bound for our problem. Algorithm 4 details the procedure of the SAA algorithm for the

120



stochastic problem presented above.

Algorithm 4 SAA Algorithm
1: for j ∈M do
2: Generate sample of size |N |
3: Solve formulation (5.6) - (5.10) for each sample Nj to optimality
4: Store the objective value of this solution in VNj

5: end for
6: Calculate V̄N

M ← 1
|M|

∑
j VNj

7: UB ← V̄N
M

8: Choose a feasible solution ẑaf to formulation (5.2) - (5.5)
9: Generate a sample of size N ′, such that |N ′| >> |N |

10: Solve formulation (5.6) - (5.10) for ẑaf and sample N ′

11: Store the objective value of this solution to V̄N ′(ẑaf )
12: LB ← V̄N ′(ẑaf )
13: Calculate SAAGap(N ,M, mathcalN ′, ẑaf )← |V̄N

M−V̄N ′ (ẑaf )|
V̄N ′ (ẑaf )

Algorithm 4 initially generatesM independent samples, each of size |N |. It then solves

the SAA formulation (5.6) - (5.10) for each sample. VNj
represent the objective values.

This is done in steps 1-5 of the algorithm. Next, in steps 6-7, we calculate the average of

all optimal objective values in values from previous step.

In steps 8-12, we select a feasible solution formulation (5.2) - (5.5) and solve (5.6) -

(5.10) to estimate the objective function value V̄N ′(ẑaf ) using this solution. Finally, the

SAA gap is computed in step 13.

The Sample Average Approximation provides a mechanism for computing statistical

estimators of both upper and lower bounds on the optimal value of our stochastic prob-

lem. In this algorithm, VNj
represents the optimal solution derived from solving the SAA

problem defined by Equations (5.6) - (5.10) for each sample Nj. The symbol V̄N
M denotes

the average of all these optimal solutions obtained from the SAA problems. V̄N
M serves as
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a statistical upper bound for the optimal value of the original problem.

Given values for the first-stage decision variables, SAA generates a much larger set of

samplesN ′, for which the second-stage problem will be solved. The average of the objective

function values of the second-stage problem, taken over this larger set of scenarios, is then

used as an estimator of a lower bound. The term V̄N ′(ẑaf ) denotes the objective function

value of the original stochastic problem when employing the solution ẑaf and a sample size

of N ′. Considering that the first-stage variables are fixed, the number of scenarios N ′ that

one can generate is significantly larger than the sample size N employed in solving the

SAA problems. The estimator V̄N ′(ẑaf ) acts as a statistical lower bound for the optimal

objective function value. With these two bounds, the SAA gap, SAAGap(N ,M,N ′, ẑaf ),

can be computed.

In stochastic programming, complete recourse ensures that for any first-stage decision

and realization of uncertainty, there exists a feasible solution in the second stage, thus

avoiding infeasibility altogether. In contrast, relative recourse occurs when second-stage

feasibility or performance depends heavily on the chosen first-stage decisions and the un-

certain parameters, which may lead to infeasibility or suboptimal outcomes in certain

scenarios. Crainic et al. (2016) employed Benders decomposition combined with SAA for

a large-scale problem where uncertainty significantly impacts the recourse structure to

effectively handle relative recourse. This approach was implemented to address relative

recourse challenges by iteratively refining first-stage decisions using the Benders feasibil-

ity and optimality cuts derived from second-stage evaluations. Similarly, in this research,

we employ a Benders decomposition implementation in CPLEX, which refines first-stage

decisions and ensures feasibility in the second stage.
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Beyond the use of Benders decomposition, the literature has explored various strategies

for handling relative recourse. Kleywegt et al. (2002) utilized adaptive sampling that fo-

cuses on identifying critical scenarios dynamically during the optimization process, thereby

refining the approximation of the stochastic problem. Chen and Fukushima (2005) utilized

modeling techniques that introduce a penalty term in the objective function for infeasi-

ble second-stage scenarios, and thereby incentivizes first-stage decisions that minimize the

impact of infeasibility. Pagnoncelli et al. (2009) managed relative recourse by ensuring

second-stage feasibility under a high-probability constraint, which balances solution qual-

ity and robustness. Alnaggar et al. (2020) utilized a set of additional variables (in their

problem using a “spot market carrier” if demand exceeds capacity) to ensure that the prob-

lem is feasible regardless of the realization of demand, thereby handling relative recourse.

Ahmed and Shapiro (2002) applied a hybrid strategy for more comprehensive handling of

relative recourse.

5.3 Computational Analysis

In this section, we analyze the impact of demand uncertainty on the solutions. To conduct

the computational experiments, we employ the same parameter settings as outlined in

Section 4.3.1. The experiments are performed on 10-city instances. Initially, we focus on

assessing the practical convergence of the SAA scheme in the context of the stochastic

model. This is followed by an estimation of the value of employing stochastic solutions.

The SAA algorithm was implemented in Java (IntelliJ IDEA 21.2.1 using JDK 15.0.2)

and integrated with CPLEX 12.9. The CPLEX solver was utilized with its built-in Benders
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decomposition implementation. All instances were executed on an IBM machine equipped

with an Intel Core i7 processor and 64 GB of RAM. The SAA gap was evaluated using a

sample size of |N ′| = 500.

5.3.1 Sample Generation

We generate independent samples for O-D demands using a normal distribution. The re-

spective mean values (µ) of this distribution are estimated from the deterministic O-D

demands outlined in Section 4.3.1. Using the same notation from that section, wk repre-

sents the flow originating at the start of time t0(k) ∈ T from node o(k) ∈ N , destined for

node d(k) ∈ N . We compute the total demand between o(k) and d(k) as w̄ = ∑
t0(k)∈T wk,

and this value is used as the mean demand, i.e., µ = w̄ for o(k) and d(k). The standard de-

viation, σ, is a percentage of the mean value and is set as σ = νw̄, where ν is the coefficient

of variation. We use ν = {0.2, 0.5.0.7, 1.0} to randomly generate demand samples in our

experiments. Using this distribution, N (w̄, νw̄), we generate demands for flows between

o(k) and d(k) across different time periods.

5.3.2 Convergence of SAA-results

This section aims to evaluate the practical convergence of the SAA scheme to determine

the appropriate sample size, |N |, and number of replications, |M|, that provide an opti-

mal balance between solution quality and computational time. We conducted numerical

experiments with sample sizes |N | = 10, 15, 20 and replication counts |M| = 10, 20, 30, 40.

A 10-city instance was used, with low hub arc establishment cost and low unit holding
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(a) Optimality Gap

(b) CPU Time

Figure 5.1: Optimality gap and Total CPU Time for the SAA algorithm, across varying
sample sizes and number of replications
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cost, and the five-frequency option |F | = 5 was tested. The SAA gap was assessed using a

sample size of |N ′| = 500.

Figure 5.1 illustrates the optimality gap and total computational time required for the

SAA algorithm across various sample sizes |N | and replications |M|. As shown in Figure

5.1a, increasing the sample size generally leads to a reduced optimality gap. However, as the

parameters |N | and |M| increase, the corresponding computation time rises significantly,

as illustrated in Figure 5.1b. In general, as the |M| grows, the best average SAA gaps are

obtained for sample sizes |N | =20 and 30. However, those differ in computational time.

Overall, the computational time for |N | =30 is considerably greater than that of |N | =20.

Based on these observations, we selected a configuration of fifteen scenarios (|N | = 15)

and thirty replications (|M| = 30) for the subsequent numerical analysis, aiming to strike

a balance between computational efficiency and solution quality.

5.3.3 Quality of Solutions

In this section, we evaluate the computational performance of the proposed SAA algorithm

using 10-city instances. We focus on assessing how variations in parameters — such as the

number of frequency options available, hub arc establishment costs, and unit holding costs

— affect the solution. Specifically, we analyze the stochastic solution costs (calculated

across fifteen samples and thirty replications), the number of hub arcs selected, the numbers

employed of each aircraft type (B-747-F and B-747-100) in the optimal scenario, the SAA

gap, and the computational time required.

Table 5.1 presents the results. The first three columns detail the number of frequency
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options (|F |) and the specific parameter variations, while the fourth column reports the

optimal stochastic solution cost (V̄N
M). The subsequent three columns list the number

of hub arcs, and the numbers of B-747-F and B-747-100 aircraft used in the lowest-cost

scenario. The eighth column provides the SAA gap; the final column reports the total

computational time in hours.

Despite some variations in hub arcs and in the frequencies assigned to hub arcs for indi-

vidual replications, the results are generally consistent across different parameter settings.

Notably, changes in parameters, such as hub arc establishment costs and unit holding

costs, do not significantly impact the number of hub arcs selected or the types of aircraft

used. The one exception is the case |F | = 5. In this instance, when the unit holding cost

increased from med-high to high, the model opted for two additional B-747-100 aircraft

and two fewer B-747-F aircraft in the best-case scenario. This consistency across results

is largely attributable to the inclusion of multiple scenarios, which allows the model to

adapt the hub arcs and frequency choices to accommodate demand fluctuations effectively.

Additionally, we observe that the optimal cost tends to decrease as the number of available

frequency choices increases. This suggests that frequency choices have a more pronounced

effect on total cost than variations in other parameters (such as hub arc establishment or

holding costs).

On average, across different parameter and frequency settings, the instances demon-

strated an estimated optimality gap of 3%, with a minimum gap of 1.9% and a maximum

of 3.8%. The lowest average gap of 2.6% occurred when |F | = 2, followed by 2.9% for

|F | = 3, and 3.6% for |F | = 5. In terms of computational time, the cases with |F | = 2

reported the shortest runtime, while runtimes increased significantly for the other two-
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Table 5.1: Computational results of the stochastic model for 10-node instances

Cost No. of No. of No. of SAA Gap Time
|F | ζ η (1000$) Hub Arcs B-747-F B-747-100 (%) (hrs)

2

Low

low 1054 5 20 0 2.53 2.5
med-low 1056 5 20 0 2.3 3.1
med-high 1072 5 20 0 3.01 1.8
high 1095 5 20 0 3.66 4.6

Med

low 1057 5 20 0 2.46 1.9
med-low 1059 5 20 0 2.42 1.8
med-high 1075 5 20 0 2.94 3.6
high 1098 5 20 0 3.7 2.4

High

low 1068 5 20 0 2.61 1.8
med-low 1069 5 20 0 2.6 2.2
med-high 1085 5 20 0 3.13 3.9
high 1108 5 20 0 3.71 4.6

3

Low

low 842 8 0 18 2.1 18.6
med-low 843 8 0 18 1.91 20.1
med-high 858 8 0 18 2.63 18.1
high 883 8 0 18 3.34 45

Med

low 847 8 0 18 1.99 16.8
med-low 849 8 0 18 2.14 19.5
med-high 864 8 0 18 2.73 18.3
high 888 8 0 18 3.35 47.7

High

low 866 8 0 18 2.25 15.3
med-low 867 8 0 18 2.2 17.2
med-high 883 8 0 18 3.01 23
high 906 8 0 18 3.32 47

5

Low

low 799 6 13 2 3.55 31.4
med-low 801 6 13 2 3.44 33.8
med-high 821 6 13 2 3.73 35
high 848 6 11 4 3.8 77.1

Med

low 803 6 13 2 3.45 28.3
med-low 805 6 13 2 3.53 29
med-high 825 6 13 2 3.68 34.7
high 854 6 11 4 3.74 81.9

High

low 816 6 13 2 3.51 79.2
med-low 817 6 13 2 3.58 63.4
med-high 837 6 13 2 3.72 87.5
high 863 6 11 4 3.79 86.3
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frequency settings. The |F | = 3 instances required a moderate amount of time, with the

|F | = 5 cases taking the longest to solve.

These findings confirm the efficiency of the traditional SAA algorithm. The results

emphasize the algorithm’s practical applicability in real-world settings, since computation

times remain within acceptable limits.

5.3.4 Value of Stochastic Solution

Birge (1982) introduced a statistical measure known as the Value of the Stochastic So-

lution (VSS), which provides bounds on the benefit gained from employing a stochastic,

rather than a deterministic, solution. VSS is particularly useful in assessing the advan-

tage of solving a stochastic program compared to solving its deterministic optimization

counterpart, where expected values are substituted for random variables. The VSS met-

ric allows us to quantify the potential improvement that arises from explicitly modeling

uncertainty in the system. In this section, we apply the VSS to evaluate the effectiveness

of incorporating stochastic elements into the two-stage model proposed in Equations (5.1)

through (5.5). By doing so, we aim to determine whether addressing uncertainty within

the model offers substantial benefits in terms of solution quality and cost-effectiveness,

compared to relying on a deterministic approach that neglects the inherent randomness

of demand data. This analysis helps justify the additional computational effort required

for stochastic programming, and highlights the added value derived from accounting for

variability.

We now outline the procedure for calculating the VSS for the model described in equa-
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tions (5.1) through (5.5). We utilize |N | = 15 samples derived from a single replication

of the dataset. This allows us to assess the potential improvement gained by solving the

stochastic model in comparison to a deterministic approach.

Using these samples, the process unfolds in two key steps. In the first step, we solve

the SAA formulation presented in Equations (5.6) through (5.10), yielding the objective

function value VN , which represents the expected costs incurred by solving the stochastic

program. In the second step, we focus on demands of the samples in N and calculate

a single aggregated demand sample w̄k. This is done by averaging the demands across

all samples n ∈ N , i.e., w̄k = 1
|N |

∑
n∈N wn

k . Using this average demand sample, we then

solve the deterministic model as defined in Equations (4.1) through (4.5), obtaining the

first-stage decision variables z. With those z values now fixed, we proceed to solve the

second-stage subproblem for each of the n ∈ N samples to compute φ(z, ξ).

Given the selected values of z, if all the samples in N are feasible, we compute the

deterministic value VDet using the formula:

VDet = ∑
n∈N

1
|N |φ(z, ξ) + ∑

a∈A

∑
f∈F
Cafzaf .

Conversely, if some samples are found to be infeasible for the chosen first-stage variables,

we revise the set N in the second step by removing those infeasible samples identified. We

then iterate through the first and second steps until we arrive at a subset N for which we

have successfully computed VN in the first step, and all remaining samples are feasible in

the second step. At this point, we can compute the corresponding VDet.

When all samples utilized in the first step are found to be feasible in the second step,
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we compute the VSS using the following formula, and express this gap as a percentage, as

presented in the last column of Table 5.2:

VSS = (VDet − VN )/VDet.

That table presents the VSS across various parameter configurations. The first three

columns specify the number of frequency options (|F |), along with the hub arc establish-

ment cost and unit holding cost. Columns four through seven detail the total cost, the

number of hub arcs, and the numbers of B-747-F and B-747-100 aircraft in the stochastic

solution. Similarly, columns eight through eleven provide the corresponding information

for the deterministic (i.e., expected value) solution. Column twelve reports the percentage

gap between the costs of the stochastic and deterministic solutions, representing the VSS

for each parameter configuration. For this table, calculations were based on the respective

worst-case scenarios across the three frequency configurations. The initial set consisted

of 15 samples, but after two iterations, six scenarios were excluded, resulting in the final

computational results being based on nine samples.

For the three frequency choices, respectively |F | = 2, 3, 5, the reported VSS were 6.75%,

10.3%, and 14.7%. These values reflect the average gains of the two-stage stochastic

model (Equations (5.6) through (5.10)) compared to the deterministic model (Equations

(4.1) through (4.5)). In the case of |F | = 2, the deterministic solution required two

additional hub arcs and eight more B-747-100 aircraft, although neither the stochastic nor

deterministic solutions utilized any B-747-F aircraft. For |F | = 3, the stochastic solution

employed 16 to 19 hub arcs, with six B-747-F and 40 B-747-100 aircraft in operation. In

contrast, the deterministic solution utilized 18 or 19 hub arcs and required six additional
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B-747-100 aircraft. For |F | = 5, the stochastic solutions established 13 or 14 hub arcs,

while the deterministic solutions required 16 to 18 hub arcs. Regarding aircraft usage, the

deterministic solution showed an average 16% increase in B-747-F aircraft compared to the

stochastic case. No B-747-100 were used in these cases.

To facilitate a comparison between the deterministic and stochastic solutions, selected

resultant networks are illustrated in Figure 5.2. From the outcomes presented in Table 5.2,

we highlight the stochastic and deterministic solution pairs for instances with medium hub

arc costs and high holding costs across different values of |F |. In all diagrams, directed

arrows indicate the hub arcs, with the arrow’s direction corresponding to that of flow. The

frequency of vehicles on each hub arc is represented by different colors. For cases where |F |

= 2 and 5, solid lines denote the hub arcs, while for |F | = 3, dashed lines are used. The

color codes for the frequencies will be detailed in the subsequent paragraphs that describe

each pair of solutions for different values of |F |.

Figures 5.2a and 5.2b depict the network configurations for the stochastic and deter-

ministic solutions, respectively, for |F | = 2. In both figures, the hub arcs are represented

in purple, indicating the deployment of B-747-F aircraft on these routes: two on Monday,

one on Wednesday, and one on Friday. The alternative frequency option, which involved

the use of B-747-100 aircraft, was not employed in either solution. Of the hub arcs utilized,

11 were consistent between both configurations. However, the stochastic solution included

two additional hub arcs: from Austin to Dallas and from Atlanta to Chicago, which were

absent in the deterministic configuration (Figure 5.2b). Conversely, the deterministic so-

lution featured four extra hub arcs connecting Austin to Beaumont, Beaumont to Austin,

Atlanta to Chicago and Greenville to Atlanta.
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(a) Stochastic with two
frequencies, Cost=$870K

(b) Deterministic
with two frequencies,
Cost=$930K

(c) Stochastic with three
frequencies, Cost=$720K

(d) Deterministic
with three frequen-
cies, Cost=$804K

(e) Stochastic with five
frequencies, Cost=$690K

(f) Deterministic with five
frequencies, Cost=$808K

Figure 5.2: Resultant networks for med hub arc cost and high holding cost (colors are
explained in the text)
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Figures 5.2c and 5.2d illustrate the network configurations for the stochastic and de-

terministic solutions for |F | = 3. In both figures, hub arcs are depicted using dashed lines,

with different colors representing distinct frequencies: red indicates one B-757-100 flight

on Monday and Friday; green denotes one B-757-F flight on Monday, Wednesday, and

Saturday; and blue corresponds to one B-757-100 flight on Thursday and Saturday. Some

arcs in these figures have several directional arrows, indicating that they accommodate

multiple frequencies or, in some cases, different aircraft types on the same arc.

The stochastic solution operated 22 frequencies across 17 distinct hub arcs, while the

deterministic solution involved 24 frequencies across 19 distinct hub arcs. Of these, 18

hub arcs and their corresponding frequencies were identical in both configurations. The

stochastic solution, however, featured additional blue and green hub arcs from Chicago

to Grand Rapids, and two red hub arcs (from Chicago to Dallas and Dallas to Chicago),

which were absent in the deterministic configuration. Conversely, the deterministic solution

included six additional hub arcs: three red arcs from Chicago to Birmingham, Greenville,

and Knoxville; two blue arcs, from Grand Rapids to Chicago and Austin to Dallas; and one

green arc from Knoxville to Chicago. Notably, both solutions employed an equal number

of green arcs, though the deterministic solution used one extra blue and red hub arc each.

The cases with |F | = 5 are depicted in Figures 5.2e and 5.2f. There red, green, blue,

yellow, and gray solid lines were used to represent hub arcs, each corresponding to different

operating frequencies. Interestingly, in both the stochastic and deterministic solutions for

that scenario, only two frequencies were utilized. The red arcs denote one B-757-F flight

on Monday and Thursday, while the yellow arcs indicate one B-757-F flight on Monday,

Wednesday, and Friday. The stochastic solution employed 13 distinct hub arcs, while the
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deterministic solution used 16. In the stochastic configuration, yellow arcs accounted for

69% of the total hub arcs, whereas in the deterministic case, yellow arcs comprised 50% of

the total. Six hub arcs and their associated frequencies were identical in both solutions.

However, the stochastic solution included seven additional arc-frequency pairs not present

in the deterministic configuration, while the deterministic solution featured ten such pairs

not found in the stochastic one.

Overall, Chicago and Atlanta consistently served as major end-nodes for hub arcs across

all solutions. These two nodes were followed by Knoxville, which played a similar role in

the cases where |F | = 2 and |F | = 5. However, for |F | = 3, Greenville took on a more

prominent role as an end-node of a hub arc, surpassing Knoxville in this capacity.

5.4 Summary

The hub arc location problem integrates shipment consolidation and inventory manage-

ment, in a setting where a freight carrier determines the vehicle frequencies for a hetero-

geneous fleet operating on a designated set of hub arcs. In this chapter, we introduced

demand uncertainty. We formulated the resulting problem using a two-stage stochastic

mixed-integer programming model. The first stage of the model focuses on strategic de-

cisions, such as hub arc locations and the corresponding frequencies and types of vehicles

assigned to each arc. The second stage addresses operational decisions, including origin-

destination flows, inventory holding, and shipment consolidation, based on the realized

demands. To solve this complex stochastic formulation, we developed an SAA algorithm.
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We conducted an extensive computational study by generating independent random

samples, assuming normally distributed demands. For sample sizes of N = 15 and 30

replications (M = 30), our results demonstrated that the proposed SAA algorithm con-

verged. Performance was evaluated using metrics such as the SAA gap and the Value

of the Stochastic Solution, both of which underscored the effectiveness of the approach.

Additionally, we analyzed specific problem instances to derive managerial insights regard-

ing the impact of uncertainty on decision-making. For instance, we found that the two-

stage stochastic model provides measurable benefits over its deterministic (expected value)

counterpart. Overall, our study not only highlights the performance of the proposed SAA

algorithm, but also offers practical guidance for freight carriers in managing complex,

uncertainty-driven logistics problems.
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Chapter 6

Conclusion

This chapter summarizes the key findings of the thesis, highlights its contributions, and

outlines potential future research directions. In this work, we investigated the integration

of shipment consolidation and inventory management within hub location problems using

various modeling approaches. Our focus was on designing hub networks that enhance

operational efficiency by holding freight inventory at hubs when advantageous, so as to

dispatch several smaller shipments together as a combined load. By pooling shipments

from different periods and distinct origins, the models leveraged economies of scale. The

research addressed both strategic and tactical challenges, particularly examining the role

of inventory holding in the design of optimal hub networks. The thesis’ main contributions

are organized into three core areas, which correspond to Chapters 3, 4, and 5.

Chapter 3 introduced a mixed-integer linear programming formulation aimed at mini-

mizing the total costs associated with hub establishment, inventory holding at hubs, inter-
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hub transportation, and transportation costs on allocation links. This hub location model

addressed multi-period demand, ensuring that each demand met a promised delivery time

at the destination node, while demand nodes were assigned to hubs using a single alloca-

tion strategy. The model determined optimal hub locations, allocations of non-hub nodes

to hubs, the timing and locations for inventory holding, and the number and types of ve-

hicle dispatches on inter-hub links for each period. To incorporate shipment consolidation

into the network design, we considered a heterogeneous fleet for inter-hub transportation.

However, numerical experiments showed that the model was computationally intensive.

To address this, a VNS (Variable Neighborhood Search)-based solution methodology was

proposed to efficiently solve larger instances. The algorithm decomposed the problem into

two stages: first, determining hub locations and allocations, followed by solving a ship-

ment consolidation subproblem for each hub pair. The first-stage solutions were iteratively

improved by generating neighbors and conducting a search through the VNS algorithm.

The computational experiments revealed important cost savings when shipment con-

solidation and inventory management were optimized simultaneously. Notably, the results

showed a considerable reduction in the number of vehicles required, and by optimizing in-

ventory decisions, the transportation cost structure of the network improved significantly.

Additionally, the experiments provided valuable managerial insights, highlighting the sen-

sitivity of cost structures, network configurations, and vehicle utilization to changes in

key parameters, such as hub establishment and inventory holding costs. These findings

underscore the importance of considering both shipment consolidation and inventory man-

agement in the design of efficient hub networks.

To the best of our knowledge, this is the first attempt to study the integration of
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shipment consolidation decisions in hub location problems that account for multi-period

demand, multi-modal transportation, and a promised time for delivery. The contributions

of this chapter include (i) formulation of a hub location and shipment consolidation problem

that considers the dynamic nature of demands and a heterogeneous fleet for inter-hub

transportation, (ii) formulation of a mixed-integer optimization model for this problem,

(iii) development of a solution methodology that incorporates modeling of a new shipment

consolidation subproblem, (iv) design of a VNS algorithm that obtains better solutions

than a commercial solver, spending only a fraction of the computational time, and (v)

furnishing managerial insights via the preparation of a new data set that reflects real-life

situations.

Chapter 4 introduced another novel modeling approach called hub arc location, where

hub links, rather than hub nodes, are strategically placed. We extended this concept to a

hub arc location problem that incorporated multi-period demand, multiple allocations of

demand nodes to hubs, and inventory holding at the origin node of hub arcs. A mixed-

integer programming model was developed to optimize the placement of hub arcs and

determine the frequency of vehicles from a heterogeneous fleet, operating on those arcs.

The objective was to minimize the total costs associated with hub arc establishment, the

respective vehicle frequencies, inventory holding at origin nodes, and transportation on

allocation links. Various frequency choices were introduced to study their effect on network

design. To solve larger instances efficiently, we proposed an exact solution method based on

Benders Decomposition, which was further enhanced through the incorporation of Pareto-

optimal cuts and two variable-fixing techniques to reduce computational time.

The computational analysis validated the effectiveness of the proposed approach, demon-
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strating that, in many cases, the Benders decomposition-based method outperformed a

commercial solver such as CPLEX. Results offered valuable insights into optimal hub arc

locations, network design, preferred vehicle frequencies, inventory holding strategies, and

flow routing decisions. Furthermore, the analysis revealed that increasing the number of

frequency options led to improved shipment consolidation, which in turn reduced the total

costs associated with both network establishment and operational efficiency. These find-

ings underscore the significance of integrating frequency and inventory decisions to achieve

cost-effective logistics solutions.

The contributions of Chapter 4 are as follows: (i) formulation of a multiple-allocation

hub arc location and shipment consolidation problem that accounts for demand distributed

over multiple periods within the time horizon, utilizing a heterogeneous fleet for inter-hub

transportation; (ii) the development of an MILP model to address this problem; (iii) de-

sign of an exact solution methodology, based on the Benders decomposition algorithm;

and (iv) enhancement of this algorithm through incorporation of Pareto-optimal cuts and

two variable-fixing techniques. To the best of our knowledge, this is the first study to

integrate shipment consolidation decisions into hub arc location problems, while simulta-

neously considering multi-period demand, multiple allocations of end nodes to hub arcs,

and multi-modal transportation options in freight transportation.

Chapter 5 built upon the work presented in Chapter 4 by introducing demand random-

ness to the problem of shipment consolidation for multiple allocation hub arc location. To

address this uncertainty, we adopted a two-stage stochastic programming framework. In

this approach, the first stage involved decisions regarding hub arc locations and vehicle

frequencies, while the second stage handled operational decisions such as inventory hold-
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ing and flow routing. To efficiently solve this problem, we employed the Sample Average

Approximation method.

Computational results demonstrated that the stochastic model offered significant ad-

vantages over its deterministic counterpart, particularly in enhancing cost efficiency under

conditions of uncertainty. The SAA algorithm showed effective convergence with am-

ple sizes of 15 and 30 replications. Furthermore, the Value of the Stochastic Solution

highlighted the critical role of incorporating demand uncertainty into decision-making pro-

cesses. The findings underscore the importance of integrating uncertainty into long-term

strategic planning, particularly when managing fluctuating demand across multiple peri-

ods.

The contributions of Chapter 5 are threefold: (i) formulation of a hub arc location

and shipment consolidation problem that incorporates multiple allocations, accounts for

stochastic demand distributed over multiple time periods, and considers the use of a diverse

fleet for inter-hub transportation, (ii) development of a two-stage stochastic programming

model to address this problem, and (iii) the application of an SAA algorithm to solve the

model, providing valuable insights through analysis of practical convergence, SAA gaps,

and the value of the stochastic solution.

Overall, our investigation into the benefits of freight inventory holdover revealed a

significant reduction in total costs. In particular, scenarios where hubs held inventory

resulted in substantial savings in transportation expenses. Additionally, in some instances,

the inclusion of inventory holding reduced the number of hubs or hub arcs required in the

network. Holding freight inventory also decreased the number of flights necessary to meet

142



customer satisfaction levels. These findings underscore the importance of simultaneously

optimizing shipment consolidation and hub location decisions.

While this thesis primarily focused on Less-than-Truckload freight transportation, the

models and methodologies developed here are equally applicable to other areas, such as

small parcel and postal delivery. We demonstrated that the simultaneous consideration

of shipment consolidation and inventory holding in hub location problems can lead to

significant operational cost savings for a transportation common carrier. Furthermore,

by reducing the total number of vehicles in operation, these approaches contribute to

environmentally sustainable logistics practices. Any common carrier can benefit from our

work when designing their logistics networks. For cases with low demand variability, the

models and methodologies discussed in Chapters 3 and 4 are particularly suitable. For

newer or smaller firms, the hub location model and VNS algorithm presented in Chapter

3 are more appropriate. In contrast, larger companies handling high volumes of demand

will find the hub arc location model and the Benders decomposition-based methodology

from Chapter 4 more relevant, particularly for networks where frequent vehicle operations

between hubs are necessary. The stochastic model is most applicable in situations where

there is high variability in demand.

There are several potential extensions and promising future research directions in the

broader area of shipment consolidation within hub location problems. In this thesis, we

have followed the classical assumption that there are no direct shipments between demand

nodes, and all demand must be served when determining optimal hub locations. As a

result, the dispatch of large vehicles between hubs has been influenced by small origin-

destination demands. However, excluding a subset of these small demands from inter-hub
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transportation could potentially further optimize the total cost of hub establishment and

operations. Two key research directions emerge here. First, we could relax the assumption

of no direct shipments between demand nodes, and explore the possibility of outsourcing

such direct shipments to a third-party logistics provider at a cost per unit weight per

unit distance. Second, we could shift from a cost-minimization to a profit-maximization

perspective by relaxing the assumption that all demand must be served. The first approach

would necessitate modifications to the existing models, while the second would require

entirely new modeling frameworks. Both approaches would require development of novel

solution methods.

In Chapter 3, we employed a deterministic demand pattern distributed across half-day

periods over a seven-day planning horizon, with the assumption that these demands, on

average, would recur and represent future horizons. However, real-world demand vari-

ability can significantly influence decisions related to inventory, transportation, and most

importantly, the strategy of hub location choices. As a direction for future research, the

analysis can be enhanced to incorporate demands spread over a lengthened time scale,

utilizing a rolling horizon approach to evaluate the implications of our model for strategic

decision-making in the long run.

Another promising avenue for future research in shipment consolidation is the integra-

tion of volume discounts in transportation on allocation links. When pickups, deliveries,

and last-mile movements are handled by an LTL common carrier, transportation costs

could be further reduced by invoking a “bumping clause”. This will depend on the timing

and/or frequency of pickups and drop-offs, and involves the possibility of over-deceleration

of the shipment weights, to obtain a favorable all-unit quantity discount.
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Additionally, the multi-period O-D demand considered in our models is based on data

from the Freight Analysis Framework, with the assumption that freight is available at

the supply point at the start of the planning horizon. This assumption conflates two

factors—demand quantity and its arrival time. In contrast, existing shipment consolidation

models often treat these as separate variables, using distinct distributions for ‘orders per

day’ and ‘weight per order.’ Adopting similar assumptions in our models would present a

challenging and intriguing avenue for future research.

From a hub-location perspective, the model presented in Chapter 5 could be extended

by incorporating more advanced uncertainty modeling techniques, such as robust optimiza-

tion. This approach would enable the exploration of more conservative solutions, offering

deeper insights into managing unpredictability in freight logistics. Such an extension could

enhance the model’s ability to account for uncertainty and improve decision-making under

variable conditions.

Expanding the model to account for environmental considerations, such as carbon emis-

sions, would make valuable contributions to the field of sustainable logistics. In this case,

the objective would still be total cost minimization, where the cost of emissions is now

included. We may, however, incorporate cost as a constraint in the model by imposing a

predetermined budget cap. Finally, all the results generated by our models and algorithms

could serve as valuable inputs for addressing other operational challenges, such as aircraft

rebalancing, flight scheduling, and determining optimal flight timings.
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Table A.1: Cities in different instances

Instance
Size Cities
10 Birmingham, Atlanta, Chicago, Grand Rapids, Greenville, Knoxville, Austin, Beaumont,

Dallas, Milwaukee
15 Birmingham, Hartford, Atlanta, Chicago, Fort Wayne, Grand Rapids, Albany, New York,

Philadelphia, Greenville, Knoxville, Austin, Beaumont, Dallas, Milwaukee
20 Birmingham, Hartford, Jacksonville, Miami, Orlando, Tampa, Atlanta, Chicago, Fort Wayne,

Grand Rapids, Albany, New York, Charlotte, Philadelphia, Greenville, Knoxville, Austin,
Beaumont, Dallas, Milwaukee

30 Birmingham, Los Angeles, Sacramento, San Diego, San Francisco, Fresno, Hartford,
Jacksonville, Miami, Orlando, Tampa, Atlanta, Chicago, Fort Wayne, Grand Rapids, Albany,
New York, Charlotte, Portland, Philadelphia, Greenville, Knoxville, Austin, Beaumont,
Corpus Christi, Dallas, Houston, San Antonio, Seattle, Milwaukee

45 Birmingham, Los Angeles, Sacramento, San Diego, San Francisco, Fresno, Hartford,
Washington, Jacksonville, Miami, Orlando, Tampa, Atlanta, Chicago, Indianapolis,
Fort Wayne, Louisville, Baltimore, Detroit, Grand Rapids, St. Louis, Albany, Buffalo,
New York, Rochester, Charlotte, Greensboro, Raleigh, Cincinnati, Cleveland, Portland,
Philadelphia, Pittsburgh, Greenville, Memphis, Knoxville, Austin, Beaumont, Corpus Christi,
Dallas, Houston, San Antonio, Richmond, Seattle, Milwaukee

65 Birmingham, Mobile, Phoenix, Tucson, Los Angeles, Sacramento, San Diego, San Francisco,
Fresno, Denver, Hartford, Washington, Jacksonville, Miami, Orlando, Tampa, Atlanta, Chicago,
Indianapolis, Fort Wayne, Wichita, Louisville, Baton Rouge, New Orleans, Baltimore, Boston,
Detroit, Grand Rapids, Minneapolis, Kansas City, St. Louis, Omaha, Las Vegas, Albany, Buffalo,
New York, Rochester, Charlotte, Greensboro, Raleigh, Cincinnati, Cleveland, Columbus, Dayton,
Oklahoma City, Tulsa, Portland, Philadelphia, Pittsburgh, Charleston, Greenville, Memphis,
Nashville, Knoxville, Austin, Beaumont, Corpus Christi, Dallas, El Paso, Houston, San Antonio,
Salt Lake City, Richmond, Seattle, Milwaukee
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