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Abstract

We propose and analyze structure-preserving methods for first-order optimization of Lipschitz
smooth objectives by interpreting the dynamics as a dissipative Hamiltonian system, in which the
model parameters evolve jointly with an auxiliary momentum variable. This formulation induces
a natural energy dissipation mechanism that motivates the design of optimization algorithms that
inherit a discrete energy decay property. We develop discrete gradient (DG) methods that pre-
serve an exact discrete time energy decay property, ensuring monotone dissipation independent of
stepsize. Building on this framework, we introduce variants which empirically reduce oscillations,
improve runtime, and improve robustness to ill-conditioned problems.

To address the computational cost of the implicit DG methods, we propose semi-implicit
discrete gradient (SIDG) schemes obtained by linearizing the DG updates and incorporating
curvature through L-BFGS Hessian approximations, which are used to efficiently solve the result-
ing linear systems. These schemes retain key structure-preserving properties while significantly
reducing computational cost, yielding a practical balance between stability and efficiency. We es-
tablish monotone energy decay, boundedness of iterates, and sublinear convergence to first-order
stationary points.

Numerical experiments on ill-conditioned least-squares problems, regularized logistic regres-
sion, physics-informed neural networks, and CIFAR-10 image classification demonstrate good
performance despite ill-conditioning and competitive performance as compared to widely used
optimizers such as ADAM, Stochastic gradient descent, and L-BFGS.
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Chapter 1

Introduction

Training a machine learning model can be formulated as an optimization problem. Given a
dataset, the goal is to determine the model parameters 6 € R™ that yield the most accurate
predictions. We introduce a loss function £ : R® — R, that measures how well the model
performs for given parameters 6. The resulting optimization problem is

min L(6). (1.1)
Classic examples include least-squares loss in regression and cross-entropy loss in classification.
The specific form varies, but the problem is always the same: find parameters that drive the loss
down. However, L is rarely convex (see Definition E.3) or well-conditioned (see Definition 2.13).
Modern loss landscapes are high-dimensional and non-convex, with steep cliffs and flat plateaus
that make minimization difficult.

In practice, we rarely solve these problems exactly. Hence, rather than solving (1.1) directly,
one starts from an initial guess 6y and iteratively updates this guess. Each iteration is designed
to reduce the loss.

The central question is: in which direction should the parameters move, and by how much?
One of the ways through which this is answered is the gradient. It points in the direction of the
steepest increase, so moving in the negative gradient direction reduces the loss most rapidly at
the local level. This gives the classical gradient descent update

Or+1 = Op — hVoL(0}), (1.2)

where h > 0 is the step size which controls the magnitude of each update. Repeating this
update produces a sequence of iterates that drives the parameters toward a local minima. Many
successful methods build on these same principles. Some use information from previous steps to



accelerate convergence, others adapt their updates to the local geometry. A classic example is
the momentum-type update

Ok1 = Op — WV L(O) + B(Ok — O—1), (1.3)

where 5 € [0,1) controls how strongly previous motion influences the next step. Momentum
reduces oscillations in directions of high curvature while carrying information from previous up-
dates, which can accelerate convergence.

The loss function can be imagined as a landscape; high values form hills, low values form
valleys, and training corresponds to moving downhill. As the step size h is taken smaller and
smaller, the iterates begin to resemble a smooth trajectory. In the limit, one obtains a gradient
flow '

0(t) = —VoL(0(1)), (1.4)

which describes the motion of a ball rolling along the loss landscape. In this continuous-time
setting, the loss £(#) plays the role of an energy for the system. Differentiating (1.4) yields
d .

L) = (VoL(0(1),0()) = ~[VeLO®)]* <0, (1.5)
where (-, -) denotes the standard inner product and || - || the associated norm (see Appendix E.1-
E.2). Consequently, the energy decreases monotonically over time. This property is referred
to as energy dissipation: the system continuously loses energy as it evolves toward lower-energy
states.

Momentum methods admit a similar interpretation. They resemble the motion of a ball
moving across the loss landscape while carrying inertia. This naturally leads to second-order
dynamical systems, in which optimization is understood through the interplay of energy and
dissipation. In particular, classical momentum methods can be viewed as discretizations of the
damped second-order differential equation

O(t) +~0(t) + VoL (0(t)) =0, (1.6)

where v > 0 is a damping parameter that controls the rate of energy dissipation. A convenient
formulation of this system is obtained by introducing the velocity variable w := 9, leading to the
first-order system

0= w, w=—-VyL(f) — yw. (1.7)

In this setting, one defines the total energy

H(0,w) = £0) + 5l (18)



where £(0) represents potential energy and %|jw||? kinetic energy. A direct computation shows
that along trajectories of this system,

d
5 (), w(t)) = —w®]? <0, (1.9)
so the total energy decreases monotonically. This dissipation mechanism drives the system toward

equilibrium points corresponding to minimizers of the loss.

While continuous-time dynamics provide useful theoretical insight, optimization algorithms
are implemented in discrete time. This is achieved through discretizations, where we replace the
continuous trajectory 6(t) with a sequence of iterates {6}, where & € N denotes the iteration
index and h > 0 is a fixed step size that controls the magnitude of each update.

Standard explicit discretizations do not preserve the continuous dissipation law exactly (1.5).
When the gradient flow is discretized by explicit Euler, the descent estimate agrees with the
continuous energy decay only up to truncation error; for sufficiently nice objectives (smooth
landscapes, see Definition 2.5) we have

L(Br+1) = L(O) = —RlIVaL (O + O(h?).

The higher-order term is harmless for very small step sizes, but for larger steps it can cause the
system to gain energy instead of losing it. This may lead to oscillations or even blow-up of the
iterates. Consequently, stability is no longer guaranteed by the discretization itself, and must
instead be enforced through careful step-size tuning.

This is especially problematic in ill-conditioned or non-convex problems. The challenge is
therefore not only to move downhill quickly, but to do so in a way that preserves the underlying
dissipative structure of the continuous system.

This motivates a natural question: can we design optimizers that are stable by construction,
by preserving the underlying structure of the physical system? A class of methods that answer
this question is the Discrete Gradient (DG) methods. Rather than using the gradient directly,
they replace it with a discrete analog chosen so that the updates satisfy an exact discrete energy
decay law at every step, regardless of step size. In this way, the method mirrors the dissipation
property of the continuous system at the discrete level.

The price is that such methods are implicit. The next iterate is not given by an explicit
formula, but must be found by solving a nonlinear equation

Ok+1 = P(O41), (1.10)

at every iteration, where ® is a nonlinear function. This can be done via fixed-point iteration or
Newton’s method, but in large-scale machine learning problems, where the parameter dimension



is high, and many iterations are required, the cost of these nonlinear solves can be computationally
expensive.

To summarize the discussion so far: implicit structure-preserving methods are stable but
expensive; explicit methods are cheap but fragile. Now the question becomes: can we design
optimizers that are stable by construction, by preserving the underlying structure of the physical
system while being computationally efficient? This thesis is aimed at developing methods
that fit this middle ground.

Quasi-Newton methods, such as L-BFGS, are one natural candidate. Rather than forming the
true Hessian or its inverse, they build an approximation from the gradient information gathered
during previous iterations, capturing useful information without the full cost of a second-order
method. To be specific, one adds the curvature to the plain gradient step

Op+1 = 0k — hVoL(0y),

to obtain
Ok+1 = O — hHE Vo L(0y),

where Hy, ~ V3L(0;) ! is a cheap approximation to the inverse Hessian, built by storing only the
last m gradient difference vectors rather than forming and inverting an n x n matrix. The search
direction HiVyL(0y) therefore captures curvature information, providing an approximation to
Newton-type updates at substantially reduced computational cost.

The main idea developed in this thesis is to combine this approximation with the implicit
structure-preserving updates (DG methods). Rather than solving the full implicit problem ex-
actly, we approximate the expensive inner solve using an L-BFGS-type inverse Hessian informa-
tion. This produces the semi-implicit discrete gradient (SIDG) methods studied in this thesis that
are designed to preserve dissipative structure more faithfully than standard explicit schemes while
avoiding a full nonlinear solve at every iteration. The goal is stability by design and efficiency by
construction, i.e., the guarantees of structure-preserving integration without the computational
cost associated with it.

Contributions
The main contributions of this thesis are summarized as follows:

e Structure-preserving optimization methods. We use discrete gradient methods for
optimization problems. Although discrete-gradient methods have been explored in this
context, we formulate them within a dissipative Hamiltonian framework, ensuring that
the resulting algorithms inherit an exact discrete energy dissipation property for updating
model parameters.



¢ New damping variants for momentum methods. We introduce an additional damping
parameter ¢ within the dissipative Hamiltonian formulation, leading to the modified system

0=w—0VeL(H), w=—-VeL(h)—w.

Discretizations of this system yield new optimization algorithms, including a damped mo-
mentum gradient method (MGD-J) and a structure-preserving discrete gradient method
(DG-0), that improve robustness across a wide range of problems.

e New Semi-Implicit structure-preserving methods. We develop semi-implicit discrete-
gradient (SIDG) schemes based on linearization of the discrete gradient. These methods
retain key stability properties while significantly reducing computational cost and runtime.

e Convergence and stability analysis. Under standard smoothness assumptions, we es-
tablish convergence guarantees and analyze the stability properties of the newly proposed
methods, including results for non-convex objectives.

e Numerical experiments. We evaluate the proposed methods on several optimization
problems, including ill-conditioned least-squares problems, fo-regularized logistic regres-
sion, physics-informed neural networks (PINNs), and a classification task on the CIFAR-10
dataset. We compare against widely used optimizers such as Adam, stochastic gradient
descent, and L-BFGS.

Organization of the Thesis

The thesis is organized as follows.

Chapter 2 introduces background on machine learning, first-order optimization methods, and
the standard assumptions used in nonconvex analysis. Chapter 3 presents the dissipative Hamilto-
nian formulation of optimization and derives classical momentum methods from continuous-time
dynamics. We further develop structure-preserving optimization methods, including the DG and
DG-9 schemes, as well as the SIDG and SIDG-0 methods. This chapter also establishes their
well-posedness and provides theoretical analysis, including discrete energy identities, convergence
guarantees, and gradient convergence rates. Chapter 4 presents numerical experiments on a range
of optimization and machine learning problems like ill-conditioned least squares, regularized lo-
gistic regression, physics-informed neural networks, and image classification on CIFAR-10. The
proposed methods are compared against standard optimizers such as stochastic gradient descent,
Adam, and L-BFGS. The appendices provide additional theoretical background, detailed proofs,
and supplementary experimental results.

Overall, this thesis introduces structure-preserving optimization methods within a dissipative
Hamiltonian framework, along with a new semi-implicit scheme that improves practical perfor-
mance.



Chapter 2

Background

This chapter introduces the background needed for the development and analysis of the proposed
optimization methods. Since the applications considered in this thesis arise from supervised
machine learning, we begin by recalling how training can be formulated as the minimization of
an empirical loss function. We then review neural networks, introduce classical optimization
methods, and state the main assumptions used later in the convergence analysis. Finally, we
discuss smoothness properties of several common objective functions and recall basic notions
concerning stationary points in nonconvex optimization.

Many machine learning methods can be formulated as optimization problems involving the
minimization of a differentiable loss function (1.1). In supervised learning, one is given a dataset
of input-output pairs {(z;,y;)}}*;, where N denotes the number of data points, and aims to learn
a mapping from inputs to outputs. This setting constitutes the class of problems considered in
this thesis, where the objective function arises from empirical risk minimization and is given by

N
£0) = 5 YU (0, 0), (21)
i=1

where f(x;;0) denotes the prediction with parameters 6 and I(-,-) is a loss function measuring
the prediction error for a single data sample. Training a model, therefore, amounts to solving the
optimization problem

0" = arg mein L(6). (2.2)

The resulting optimization problem is typically non-convex over the parameter space. The losses
depend on the task involved and can be either the standard mean squared error (MSE) for
regression or the cross-entropy loss for classification LeCun et al. [12].



2.1 Neural Networks

Neural networks are a widely used approach for constructing machine learning models of the
form f(x;6), where 6 denotes the trainable parameters. They have been successfully applied to a
broad range of tasks, including regression and classification LeCun et al. [12]. A neural network
defines a mapping

f(z;0) : R" — R™,

where z € R™ denotes the input data and 6 represents the trainable parameters of the model.
Feedforward neural networks are typically constructed as compositions of layers,

f(x;0) = frofr—10---0 fi(z),

where each layer takes the form

fg(z) = U@(Wgz =+ bg).

Here, W, and by denote the weight matrix and bias vector, while oy is a nonlinear activation
function such as ReLU, sigmoid, or hyperbolic tangent. The parameters of the network are given
by

0 = {We,be}ies.

Training a neural network involves minimizing the empirical loss introduced earlier (2.1).

Neural network training is typically performed using gradient-based optimization methods.
In this setting, backpropagation is used to efficiently compute the gradient of the loss function
with respect to the model parameters via the chain rule. These gradients are then used within
an optimization algorithm, such as gradient descent or its variants, to iteratively update the
parameters. The learning process can be viewed as constituting two computational phases:

e Forward pass: compute predictions § = f(x;0).

e Backward pass: compute gradients of the loss Vy£(0) and updating the parameters using
an optimization algorithm.

Because neural networks involve compositions of nonlinear functions and often contain very high-
dimensional parameter spaces, the resulting optimization problems are typically nonconvex and
large-scale. Consequently, the development of efficient and stable optimization algorithms plays
a central role in modern machine learning. Training such models requires iterative optimization
algorithms, which motivates the review of classical first-order methods in the next section. The
notion of stability will be made precise later in Section 2.4.



2.2 Optimization Methods

The classical gradient descent (GD) method updates parameters according to
Or1 = O — hVoL(0r), (2.3)

where h > 0 denotes the step size, which in the machine learning community is referred to as the
learning rate.

The GD method can be traced back to the work of Cauchy et al. [2]. Its convergence properties
for smooth objectives are well understood Nesterov [16]. Stochastic variants Robbins and Monro
[22] further enable scalability to high-dimensional problems and large datasets and form the
foundation of modern machine learning optimization methods Bottou et al. [1].

In large-scale learning problems, computing gradients over the entire dataset may be compu-
tationally expensive. Stochastic gradient descent (SGD) addresses this issue by evaluating the
gradient using a randomly selected sample i, € {1,..., N},

Or+1 =0 — WVol(f(ziy; 0k), Uiy )- (2.4)

In practice, stochastic gradients are often computed using a subset (mini-batch) of the data
rather than a single sample. Let By, = {i1,...,9n} C {1,..., N} denote a mini-batch of m = | By|
randomly selected indices. The mini-batch stochastic gradient descent update is given by

Op+1 = Ok — |B | > Vol(f(wi; Ok), i) (2.5)
i€By,

By averaging over a small subset of the data, mini-batch methods yield more accurate gradient
estimates than those obtained from a single sample, while remaining far cheaper per iteration
than full-batch gradient descent Bottou et al. [1].

Momentum methods further accelerate gradient-based optimization by incorporating infor-
mation from previous iterates. A classic example is the heavy-ball method introduced by Polyak

[19],
0k+1 =0, — thﬁ(@k) + B(Gk - 9]@,1), (2.6)

where § € [0,1) is the momentum parameter. This update admits an interpretation from a
dynamical systems perspective. As previously discussed, it can be viewed as a time discretization
of the damped second-order differential equation

() +~0(t) + VoL (0(1)) = 0, (2.7)



where + is some function of 5. Heavy-ball methods can accelerate convergence for ill-conditioned
problems. For quadratic functions that are p-strongly convex (E.4) and its gradient is L—Lipchitz
(see Definition (E.5)), where u, L > 0, the optimal parameters are

= ()

where kK = L/u denotes the condition number Lessard et al. [11]. For quadratic problems, these
parameters yield the optimal worst-case convergence rate of the heavy-ball method.

While first-order optimization methods are widely adopted for their low computational over-
head, they often suffer from slow convergence in ill-conditioned settings because they do not
explicitly account for the curvature of the objective function. Accounting for curvature is im-
portant because it captures how the gradient changes across directions, allowing the method to
appropriately scale updates and avoid overly small steps in flat directions and overly large steps
in steep directions. Second-order methods address this limitation by incorporating Hessian infor-
mation. A classic example is Newton’s method, which scales the gradient by the inverse Hessian
to adapt the update direction to the local geometry and is given by

Op1 = O — V5L(0k) ™ Vo L(G)- (2.8)

By accounting for local curvature, Newton’s method enables rapid, often quadratic convergence
near a minimizer Nocedal and Wright [17]. However, the computational cost of computing and
inverting the Hessian matrix makes it impractical for high-dimensional problems.

To bridge the gap between first-order efficiency and second-order speed, quasi-Newton meth-
ods construct approximations of the inverse Hessian using only gradient information. In partic-
ular, the Limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) algorithm Nocedal and
Wright [17] maintains a sequence of matrices Hy ~ V2L ()~ and updates the parameters via:

Okt1 = Ok — hi HL Vo L(0), (2.9)

where hy is the step-size typically chosen via a line search. Rather than forming Hj explicitly,
L-BFGS builds this approximation using a limited history of past updates. Specifically, it stores
pairs

sk =01 — Ok, Yp = VoL(Okr1) — VoL(Or),

which capture curvature information along recent trajectories. These pairs are utilized in an
efficient recursive procedure to compute the product H;VyL(0)) without the need for large-scale
matrix storage. By approximating curvature in this way, quasi-Newton methods significantly
improve convergence on ill-conditioned problems while retaining a computational cost comparable
to first-order methods. This concept forms the foundation for the semi-implicit methods developed
in this work.



Building on the dynamical interpretation introduced above, optimization algorithms can be
viewed more generally as discretizations of continuous-time dynamical systems. This perspective
is particularly natural for momentum methods, which admit second-order differential equation
models involving gradient forces and damping, helping to explain phenomena such as acceleration,
oscillation, and the role of damping parameters.

A notable modern connection between optimization and dynamical systems is the work of Su
et al. [23], who derived a second-order ordinary differential equation as the small-step-size limit of
Nesterov’s accelerated gradient method, showing that this continuous-time perspective clarifies
both accelerated convergence and the oscillatory behavior often observed in practice.

A central analytical tool in this framework is the use of Lyapunov functions (see Appendix A),
namely energy-like quantities that decrease along trajectories of the dynamics. Such functions
provide a systematic way to establish boundedness, monotonicity, and convergence rates in both
continuous and discrete time. In the context of accelerated and momentum methods, Wilson et al.
[26] showed that Lyapunov functions provide a unifying interpretation of estimate sequences and
clarify the relationship between continuous-time models and discrete-time algorithms.

For optimization problems arising in machine learning, Hamiltonian and port-Hamiltonian
formulations provide an additional structure-preserving viewpoint with inherent energy dissipa-
tion. In particular, Massaroli et al. [15] proposed a port-Hamiltonian approach to neural network
training, showing how dissipation and energy-based modeling can be incorporated into optimiza-
tion dynamics. This perspective is relevant to the present thesis, in which the proposed methods
are derived from dissipative Hamiltonian systems and analyzed using discrete energy dissipation
laws.

2.3 Discretizations

We consider different discretizations of continuous-time dynamics, including explicit, implicit,
and semi-implicit methods. Consider the gradient flow

O(t) = —VoL(0(t)).

Definition 2.1 (Explicit methods). A method is called explicit if the next iterate is computed
solely using information from the current iterate. For example, the explicit Euler discretization
of the gradient flow is given by

Or+1 = 0 — hVL(0)),

which corresponds to the classical GD method.
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Definition 2.2 (Implicit methods). A method is called implicit if the next iterate is defined
through an equation involving the unknown future state. For example, the implicit Fuler dis-

cretization is given by
Ok+1 = Ok — hVL(Ok41),

which requires solving a nonlinear equation at each iteration.

Definition 2.3 (Semi-implicit methods). A method is called semi-implicit if it combines
explicit and implicit updates, treating some terms using current information and others using
future information.

Explicit methods are typically computationally inexpensive but may require restrictive step
sizes for stability. In contrast, implicit methods are often more stable (see Definition 2.9) and can
admit larger step sizes, but require solving nonlinear equations at each iteration. Semi-implicit
methods provide a middle ground, aiming to retain stability (see Definition 2.9) properties while
reducing computational cost.

2.4 Basic Assumptions

Throughout this thesis, we consider optimization problems satisfying several standard assump-
tions commonly used in nonconvex optimization. Unless otherwise stated, || - || denotes the
Euclidean norm on R".

Before defining global L-smoothness, we recall the notion of global Lipschitz continuity.

Definition 2.4 (Global Lipschitz continuity). A function £ : R™ — R is called globally L-
Lipschitz continuous if there exists a constant L > 0 such that

1£6) — L@ < L9 — ]|, V6.6 € R™.

Assumption 2.5 (Global L-smoothness). A continuously differentiable function £ : R” — R is
said to be globally L-smooth, with L > 0, if

Vo L(0) — VoL()| < L6 -0, V6,0 € R™.

Equivalently, VL is globally Lipschitz continuous with constant L.

For twice continuously differentiable functions, a sufficient condition for global L-smoothness
is that
IVELO)| <L,  VOeR"

11



Assumption 2.6 (Compact sub-level sets). For every ¢ € R the sub-level set
{8 eR": L(0) < c}

is compact. A sufficient condition for this property is that L is coercive, that is,

Assumption 2.7 (Ezistence of stationary points). The set of critical points
{6 e R" : VyoL(0) =0}

is nonempty.

Under Assumptions 2.5-2.6, the function £ is bounded below. Indeed, since sub-level sets are
compact and nonempty, and £ is continuous, it attains its minimum on each sub-level set. In
particular, infy £(6) > —oo.

These assumptions are standard in the analysis of first-order optimization algorithms and
ensure that the optimization problem is well-posed. In particular, smoothness enables the use of
descent inequalities, while compact sub-level sets guarantee boundedness of the iterates generated
by gradient-based methods. Without such a structure, optimization problems may fail to admit
solutions. For example, the function f(z) = = has no minimum on R.

Lemma 2.8 (Descent lemma ). If L is L-smooth, then for all 0,0 ¢ R"

L)< LO)+VeL®) ' (0—-0)+ gné—eui (2.10)

The descent lemma Nesterov [10] is a standard consequence of L-smoothness. For complete-
ness, a proof is provided in Appendix E.3. This is a fundamental tool in the analysis of gradient-
based optimization methods. In particular, it enables the derivation of descent guarantees and
convergence rates under suitable step-sizes for the above first-order methods (2.3), (2.4), (2.5),
and (2.6).

Furthermore, we introduce several qualitative notions, namely, stability, robustness, overfit-
ting, condition number, and ill-conditioning which describe the practical behavior of optimization
methods. These notions are defined below in the context of this work.

Definition 2.9 (Stability). An optimization method is said to be stable if the sequence of
iterates {0 }ren remains bounded and does not exhibit divergent or highly oscillatory behavior
under appropriate step-size choices.
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Definition 2.10 (Robustness). An optimization method is said to be robust if its convergence
behavior is relatively insensitive to problem conditioning, noise, or slight variations in hyperpa-
rameters such as the step size.

Definition 2.11 (Overfitting). In supervised learning, overfitting refers to the phenomenon
where a model fits the training data well but performs poorly on unseen data.

Definition 2.12 (Condition number). Let £ be a function that is p-strongly convex and
L-smooth with p, L > 0. The condition number of £ is defined as

In the strongly convex quadratic case, where
L(O)=10TQ0+b"0 +c,
with @@ € R™"™ symmetric positive definite, this coincides with

_ AmaX(Q)
)\min(Q) ’

where L = Apax(Q) and g = Apin(Q) denote the largest and smallest eigenvalues of @, respec-
tively.

Definition 2.13 (Conditioning of an Optimization Problem). A well-conditioned optimization
problem is one whose condition number « is close to 1. In this case, small perturbations in the
input lead to small changes in the solution, reflecting similar curvature across directions.

An optimization problem is said to be ill-conditioned if its condition number x is large. In
such cases, the objective function exhibits significant variation in curvature across directions,
which leads to slow convergence of first-order methods and increased sensitivity to the step size
(see Remark 2.15). In particular, small perturbations in the input can result in large changes in
the solution.

2.5 Smoothness of common objective functions

To validate the theoretical results developed in this work, it is necessary to verify the smoothness
assumption for the objective functions encountered in practice. We therefore consider commonly
used loss functions in optimization and machine learning and explicitly characterize their smooth-
ness constants.
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2.5.1 Least squares

We begin with the least squares objective
1
L) := ﬁHAe—bH?, AeRVN - pe RV, (2.11)

This problem plays a fundamental role in optimization, providing a simple yet representative
setting in which the behavior of optimization methods can be precisely analyzed. It allows
explicit characterization of smoothness, conditioning, and step-size restrictions in terms of the
spectrum of the data matrix.

Expanding (2.11), the objective can be written in the quadratic form
L) = 1eTQe —c'o+ iubn? Q:= LATA, cm ATy
2 2N ’ " N ’ " N ’

Since @ is symmetric positive semidefinite, the geometry of the problem is governed by its spec-
trum. In particular, the largest eigenvalue of ) determines the smoothness of the objective, as
shown below.

Proposition 2.14. The function L in (2.11) is globally L-smooth with
_ L=
L= A = hmax(@)
Proof. A direct computation shows that
1
VoL(0) = NAT(AG —b).
Hence, for any 6, 6 € R™,
- 1 -
VoL(0) — VoL(0) = NATA(H —0).
Taking norms and using ||AT A|| = ||A||?, we obtain
- 1 .
IVoL£(6) = VoL(O)] < L [IAI*]16 — 0]l

Since Q = + AT A is symmetric positive semi-definite, its operator norm satisfies ||Q|| = Amax(Q),
yielding the result. O

Remark 2.15 (Condition number and step-size). This characterization highlights that the smooth-
ness constant is determined by the largest eigenvalue of ). Consequently, for explicit methods
applied to (2.11), stability imposes a step-size restriction of the form

1
hS —
~ Amax(Q)
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which becomes increasingly restrictive as the condition number grows. This dependence on the
spectrum of () is a key factor governing the behavior of optimization methods in ill-conditioned
settings.

2.5.2 Regularized Logistic Regression

We consider another fundamental problem in machine learning: logistic regression, which is widely
used for binary classification. Given data points a; € R™ with labels y; € {—1,1}, the goal is
to learn a parameter vector 6 such that the sign of al—-rﬁ predicts the label ;. The logistic loss
defined below penalizes misclassified points.

To improve stability and prevent overfitting, one often adds an ¢, regularization term LeCun
et al. [12], which penalizes large parameter values and promotes well-conditioned optimization
problems. The loss function is defined as

N
1 —uaT A
L£(0) := v § log(1 + e~vi% 9) + §II9H27 (2.12)
=1

where A > 0 is the regularization parameter. Let A € RVX" be the data matrix whose i-th row

T
ISCLi.

Proposition 2.16. £ in (2.12) is globally L-smooth with

LA
L=—F—+A\
AN *
Proof. Let ¢(t) = log(1 + e7%). Then ¢"(t) = ﬁ, which is maximised at ¢ = 0 with value

1/4, 50 0 < ¢"(t) < 1 for all t. Differentiating (2.12) twice yields,

N
1 1
ViL(0) = N > " (ia 0) aia] + AT < WATA + AL

i=1
Taking the norm and using ||AT A|| = ||A||? results in,
> 1A
LO)] < ——+A Ve
wicol <28 ve
which proves the claim. O
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2.5.3 Local smoothness of neural network objectives

We now consider objective functions arising in neural networks. In this setting, the empirical loss

1S

1 N

L(0) = N Z U(f(2i:0),95),

i=1
where f(x;6) is a neural network and (-, -) is a loss function.

In contrast to quadratic least squares and regularized logistic regression, such objectives are
generally not globally L-smooth over the entire parameter space. This is because the derivatives
of neural networks depend on the magnitude of the parameters and involve compositions across
layers, which can grow rapidly with depth and are not uniformly bounded. As a result, global
Lipschitz constants are typically not available Herrera et al. [9].

However, under mild regularity assumptions, one can establish local smoothness on bounded
regions of the parameter space, which is sufficient for the analysis of first-order methods.

Definition 2.17 (Local L-smoothness). A function £ : R” — R is said to be locally L-smooth
on a set K C R™ if there exists a constant Lx > 0 such that

IVoL(0) — VoL(0)|| < Lx|0—0||, V0,0 € K.
Proposition 2.18 (Local smoothness on compact sets). Let L € C*(R™), and let
Se:={0eR": L) <c}
be a compact sub-level set. Then there exists a constant L. > 0 such that
IV6L(©0) = VoLO)| < Le|0 0], V0.6 € 5.

That is, L is locally L-smooth on S..

Proof. Since £ € C*(R"), the Hessian V2L is continuous. As S, is compact, V4L is bounded on
Se, so there exists M > 0 such that

IV3LO) < M, VoE€S..
Applying the mean value theorem to VyL then gives
IVoL(0) — VoL ()| < M|6—8], ¥0,0¢€S..

Setting L. := M completes the proof. O
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We now show that neural network objectives satisfy the above conditions under mild assump-
tions. Since the dataset {mz}f\il is finite, the inputs are bounded, i.e., there exists a constant
¢ > 0 such that ||z;|| < ¢ for all i.

Proposition 2.19 (Local smoothness of neural network loss). Consider the empirical risk

1 N

£6) = DA (@), o),

i=1

where f(x;0) is a feedforward neural network. Assume that:

e cach activation function o, € C%(R),

e the loss function I(-,-) € C%(R).

Then £ € C*(R™). In particular, for every compact set K C R", there exists a constant Li > 0
such that 3 ) }
IVoL(0) — VoLl(0)| < Lx|0—0||, V0,0cK.

For a detailed derivation of these bounds and explicit constants for multi-layer feedforward
networks, see Herrera et al. [J].

Proof. Each layer of the network has the form
2z op(Wyz + by).

If o, € C?, then this map is C? with respect to its inputs and parameters. Since a finite
composition of C? maps is again C?, it follows that § — f(x;;0) is C? for each fixed input z;.
Now because [(-,-) is also C2, the mapping

0 — 1(f(xi;0), i)
is C2. Taking a finite sum over i shows that £ € C?(R").

The result then follows from Proposition 2.18. O

Typical examples of smooth activation functions include sigmoid, tanh, sinh, softplus, and
GELU. For such choices, the above assumptions are satisfied. Popular examples of non-smooth
activations are ReLU.
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2.6 Stationary Points

In nonconvex optimization, convergence guarantees for first-order methods are typically expressed
in terms of stationary points rather than global minimizers. We therefore introduce several
standard definitions used throughout the analysis of nonconvex optimization problems.

Definition 2.20 (Stationary point). Let f : R” — R be a differentiable function. A point
x* € R" is called a stationary point if

Vi(x*)=0.

Definition 2.21 (Local minimum). A point z* € R" is a local minimum of f if there exists
r > 0 such that
f(@®) < f(x), V€ B.(x¥),

where B, (x*) denotes the open ball of radius r centered at x*.

Definition 2.22 (Strict local minimum). A point z* € R” is called a strict local minimum if
there exists 7 > 0 such that

f@®) < f(x), Ve B (a")\ {27}

Definition 2.23 (Saddle point). Let f : R™ — R be a differentiable function. A point z* € R"
is called a saddle point if it is a stationary point,

but z* is neither a local minimum nor a local maximum.

Definition 2.24 (Strict saddle point). A stationary point x* of a twice differentiable function
f:R™ — R is called a strict saddle point if the Hessian matrix V2 f(2*) has at least one negative
eigenvalue, i.e.,

Amin(V2f (%)) < 0.

In nonconvex optimization landscapes, stationary points may correspond to local minima,
local maxima, or saddle points. Gradient-based methods may converge to saddle points rather
than minimizers. Nevertheless, recent theoretical results provide strong guarantees regarding the
typical behavior of gradient descent.

For smooth nonconvex objectives satisfying the strict saddle property, gradient descent with
random initialization almost surely avoids strict saddle points and converges to a local minimizer.
This result was established by Lee et al. [13] using tools from dynamical systems and stable
manifold theory.
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Although saddle points are unstable for gradient descent dynamics, escaping their neighbor-
hoods can still require significant time. In the worst case, gradient descent may require exponen-
tial time to escape certain saddle regions Du et al. [(]. Several mechanisms have been proposed
to accelerate escape from saddle points. For example, adding random perturbations leads to al-
gorithms such as perturbed gradient descent, which provably escapes saddle points in polynomial
time Jin et al. [10]. Stochastic gradient methods also introduce inherent noise that helps push
iterates along directions of negative curvature Daneshmand et al. [5]. Momentum-based gradient
methods introduce inertial dynamics that amplify directions of negative curvature, which can
facilitate escape from saddle points. For example, accelerated gradient methods have been shown
to escape saddle points faster than gradient descent in certain nonconvex settings Jin et al. [11].

Remark 2.25. While this thesis does not focus on the analysis of saddle point escape times,
the above results provide important context for the behavior of the optimization methods we
discussed. In particular, under suitable step-size conditions and the strict saddle property,
gradient-based algorithms converge almost surely to local minimizers. Moreover, variations such
as stochastic gradient descent and momentum methods can influence the efficiency with which
saddle regions are escaped, thereby affecting practical convergence behavior.
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Chapter 3

Dissipative Hamiltonian Systems

The goal of this chapter is to formalize the dissipative Hamiltonian formulation of optimization.
This framework provides for a principled way to model optimization dynamics as energy-based
systems with dissipation, and serves as the foundation for the approaches developed in subsequent
chapters. In classical mechanics, the state of a system is described by its position and momentum
variables, while the Hamiltonian is a scalar function representing the total energy of the system.

Let & € R™ denote the parameter vector and let w € R" denote an auxiliary momentum
variable. In simple mechanical systems, one often has w := 6. We define the Hamiltonian as

H(0,w) = £0) + 5 (3.1)

where £(6) represents the potential energy and ||w||? is the kinetic energy. The evolution of the
system is governed by Hamilton’s equations,
0 =V, H(0,w), (3.2)
w=—-VoH(O,w).

These dynamics conserve total energy. Indeed,
d .
H= VeH' 0+ Vo H 0 = VeH V,H — V,H Vet = 0. (3.4)

This conservation property is fundamental in classical mechanics, but it also makes pure Hamil-
tonian dynamics unsuitable for optimization as the total energy is conserved. To remedy this, we
introduce dissipation by adding a damping term to the momentum equation,

0=V, ,H(O,w), (3.5)
w=—=VoH(0,w) — YV, H(b,w), (3.6)
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which corresponds to a particle moving in the potential landscape £(6) subject to friction or
damping v > 0. The energy now satisfies

La(0(0),(1)) = ] <0, (3.7)

driving the system toward lower-energy states. In particular, suitable dissipation ensures that
the energy decreases monotonically along trajectories, and under standard assumptions (e.g.,
compact sub-level sets), the dynamics converge to equilibria corresponding to stationary points
of the loss function. This is the core mechanism behind momentum-based optimization methods
such as the heavy-ball method and Nesterov acceleration.

3.1 Dissipative Hamiltonian Formulation of Optimization

Following Massaroli et al. [15], we interpret the parameter dynamics of an optimization problem
as a dissipative Hamiltonian system. In this setting, we consider the Hamiltonian (3.1) which
corresponds to the total energy of the system. Let §# € R™ denote the model parameters, £(0)
the loss function, and w € R" an auxiliary momentum variable.

Define the state ¢ := (0, w) € R?". The dynamics are constructed from the skew-symmetric
interconnection matrix J and dissipation matrix R,

J:[?& 3J, .R:[gzéiy Roy = Rgy = 0, (3.8)
where Oy, I,, € R™™ are the zero and identity matrices, respectively. This yields the autonomous
dissipative Hamiltonian system '

E=(J—R)VH(E). (3.9)
The skew-symmetric matrix J encodes the conservative Hamiltonian structure, while R > 0
introduces dissipation. The dynamics are,

0=w, (3.10)
w= —Vgﬁ(g) — Rggw. (3.11)

More generally, the dissipation matrix in a dissipative Hamiltonian system may take the block

form
Ri1 Rio
R =
[Rm Roo

Different choices of these blocks correspond to different damping mechanisms in the dynamics.
In this work, we consider two particular structures. The first corresponds to the standard choice

O, O,
r= [On R22] ’

], R=R'" =0.
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which introduces dissipation only in the momentum equation. The second allows additional
damping in the parameter dynamics,

_ Rll On
R= [On 322] '

The effect of this additional dissipation term will be explored in later sections.

A positive definite function whose value is non-increasing along trajectories is commonly
referred to as a Lyapunov function in dynamical systems. For more background on Lyapunov
functions and stability, refer to A.

Proposition 3.1. The Hamiltonian H is non-increasing along trajectories of (3.9), and hence

serves as a Lyapunov function for the system.

Proof. Taking the derivative along trajectories gives

H=VeH 0+ V., H &
Substituting the system equations yields

H=VoH w+VH (~VoH — RV, H).

Since V,H = w, the first two terms cancel, giving

H = -V, H RnV.H.
Since Ros = 0, it follows that H <0. O
The identity

H(O,w) = =V, H(0,w) Rao V,H(B,w) <0 (3.12)

shows that the Hamiltonian satisfies a continuous-time dissipation law. In particular, the total
energy is non-increasing along trajectories.

The equilibria of the dissipative Hamiltonian system are of the form
(0%,0) with VgL(0%) =0.

Indeed, at equilibrium we must have § = 0 and & = 0. From 6 = w it follows that w = 0, and
substituting into (3.11) yields VyL(0) = 0.

Now, we recall that a function £(6) € C! is said to have compact sub-level sets if, for every ¢ € R,
the set
{0:£0) < e},

is compact.
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Theorem 3.2. Assume that L has compact sub-level sets and that Rag = 0. Then every trajectory
of the dissipative Hamiltonian system (3.9) converges to the set

E = {(6,0) : V,L(6%) = 0}.

Proof. Since H < 0, the Hamiltonian is non-increasing along trajectories. Hence every solution
remains in the sub-level set

{(0,w) e R" x R" : H(0,w) < H(6(0),w(0))}.
Let ¢ := H(0(0),w(0)). Since H(f,w) = L(0) + 3|w|?, any (0,w) satisfying H(f,w) < ¢ must
satisfy £(6) < ¢ and ||w|| < v/2c. Therefore, this sub-level set is contained in

{0 €R™: L(0) < ¢} x {weR”: | g\/%}.

The first set is compact by assumption, and the second is a closed and bounded subset of R”,
hence compact. It follows that the sub-level sets of H are compact, and thus trajectories are
bounded. Moreover,

7'.[ = —wTRQQ W,

and since Roo = 0, we have
0 «— w=0.

H =
The largest invariant subset of {(#,w) : H = 0} is therefore
E ={(0",0) : VoL(0") = 0},
since w = 0 and w = 0 imply VyL(0) = 0. The result then follows from LaSalle’s invariance

principle (see Theorem A). O

The above theorem shows that the continuous-time dissipative Hamiltonian dynamics con-
verge to the set of stationary points of the loss function. When the objective satisfies the strict
saddle property (see Definition 2.24), saddle points correspond to unstable equilibria. Conse-
quently, gradient-based dynamics initialized randomly almost surely converge to a local minimizer
rather than a saddle point Lee et al. [13].

3.1.1 Example
To illustrate the above framework, consider the setting of Massaroli et al. [15] for training neural

networks. We use the Hamiltonian defined in (3.1). For a supervised learning problem with data
pair (x,y), the loss function may be written as

£0) = Sy — £ 0 + 51017,
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where the second term corresponds to {9 regularization. The gradient of the Hamiltonian is,

VH(0,w) = <V9£(9)> 7

w

where

VOE(Q) =a <V9f($v 0)7 f(:E, 0) - y> + 50

and w = 0. The first term of the gradient is the data loss 2y — f(x,0)||* which is exactly
the backpropagated gradient of the network output with respect to the parameters, scaled by «a.
Setting the gradient to 0, we obtain

0 =0, Vof(z,0) (f(x,0%) —y)+ B =0, (3.13)

where 6* is a stationary point. Since the %HQHQ term is convex, minimization of 6 leads to 6* = 0.
The stationary points of the Hamiltonian satisfy

0" =0, VoL(0") = 0.
Thus, equilibria of the dissipative Hamiltonian system are of the form (6*,0), where 6* is a
stationary point of the loss function.

Note that in general a stationary point need not be a minimizer. However, every minimizer
0* of L corresponds to an equilibrium (6*,0) of the associated dissipative Hamiltonian dynamics.

3.2 Momentum Gradient Descent (MGD)

We now consider a simple time discretization of the continuous-time dissipative Hamiltonian
system

0=w, (3.14)
w=—-VeL(0) — Y, (3.15)
where v > 0 is a damping parameter. Let A > 0 denote the time step and define t;, = kh.

For @) = 0(t;) and wy, := w(ty), different time discretizations of (3.14)-(3.15) lead to different
momentum-type optimization algorithms.

To obtain momentum gradient descent, we use a semi-implicit scheme by treating the momen-
tum equation explicitly while updating the parameter variable using the new momentum value.
This gives the semi-implicit scheme

W41 = Wk — thE(@k) - h’ywk, (316)
6k+1 = ek + hWk+1. (317)
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Equivalently,

wi+1 = (1 — hy)wr, — hVeL(0). (3.18)
As before, we eliminate wy. From (3.17) at step £ — 1 we have
O — Ok—
wi = % (3.19)

Substituting (3.18) into (3.17) gives
Or+1 = 0k + h((1 — hy)wg, — hVL(0k)).
Using (3.19), we obtain
Opi1 = O + (1 — hy) (0 — Or—1) — K2V L(6;). (3.20)
Equation (3.20) can be rewritten in the classical form
Or41 =0k + B0k — Or—1) — aVoL(6), (3.21)

by setting
B =1-—hy, o = h% (3.22)
From the condition 0 < hy < 1, it follows that
0<p <. (3.23)

Equation (3.21) coincides with the classical momentum gradient descent method Ochs et al. [15].
Thus, the heavy-ball iteration arises naturally as a semi-implicit discretization of the dissipa-
tive Hamiltonian dynamics (3.14)-(3.15). For further discussion on the role of the momentum
parameter, see Qian [20]. The resulting scheme is summarized in Algorithm 1.

Algorithm 1 Momentum Gradient Descent (MGD) when R = diag(Oy,,v1,)

Require: Loss £: R" — R, damping v > 0, step size h > 0
Require: Iterations K
Require: Initial state (6p,wp) € R™ x R™ (often wg = 0)

1: for k=0,1,..., K —1do

2:  Velocity update:

wit1 < (L —vh)wp — h Vo L(0)

3:  Position update:
Or1 < O + hwiyr

4: end for
5: return Ox
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As shown below, like other explicit first-order methods, such schemes generally guarantee
a decrease of the objective only under suitable step-size restrictions that depend on the loss
function.

We now summarize the convergence behavior of MGD under the standard assumptions intro-
duced in Section 2.4.

Theorem 3.3 (Convergence of MGD, Ochs et al. [18]). Suppose that £ : R™ — R is continu-
ously differentiable with an L-Lipschitz continuous gradient (2.5), and that its sub-level sets are
compact (2.6). Let 0 < 8 <1 and o > 0 satisfy

2(1- )

a < 17

Then the iterates {0y} x>0 generated by (3.21) satisfy

1
. 2 _

This result shows that MGD achieves a sublinear O(1/K) best-iterate convergence rate in terms
of the gradient norm.

Remark 3.4. With a = h? and 8 =1 — hvy as in (3.22), the condition

2(1-5)

a < 7

is equivalent to

2y
h< 2l
<

Theorem 3.3 implies that, for any tolerance € > 0, there exists an index 0 < k < K such that
VoL (0k)|| < e,

whenever

K =0(?).

Thus, MGD requires at most O(e72) iterations to compute an e-stationary point, which is the
standard nonconvex best-iterate complexity bound.
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3.3 Momentum Gradient Descent with § (MGD-¢)

In the previous section, we showed that momentum gradient descent arises from a semi-implicit
discretization of the dissipative (3.9) Hamiltonian system

0= w, w=—-VpL(f) — yw.
We now consider a different dissipative Hamiltonian system that introduces additional damp-

ing in the parameter dynamics. A nonzero block Rq; is added to the dissipation matrix. In
particular, for Ry; = 61, where § > 0 is an additional damping parameter, we obtain

0 =w—6VyL(h), (3.24)
w=—-VyL(0) — yw. (3.25)

Using the same semi-implicit discretization as in Section 3.2, we get the updates:

w1 = (1 — hy)wi — AV L(0k), (3.26)
Orr1 =0 + hwi1 — h(SV@E(@k) (327)

The resulting scheme is summarized in Algorithm 2 below.

Algorithm 2 Momentum Gradient Descent with §-damping (MGD-¢) when R = diag(d1,,v1,)

Require: Loss £ : R™ — R, parameters § > 0, v > 0, step size h > 0
Require: Iterations K
Require: Initial state (6p,wp) € R™ x R™ (often wy = 0)

1: for k=0,1,..., K —1do

2:  Velocity update:

wi1 ¢ (1= vh)wp — h VoL (0)

3:  Position update :
Ort1 < Op + h(wp1 — 0 VoL(6r))

4: end for
5: return Oy

Convergence analysis for the MGD-§ scheme is not provided in this work. In Chapter 4, we
present numerical experiments demonstrating that MGD-¢ often exhibits faster convergence and
improved stability compared to standard MGD across a range of optimization tasks.
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3.4 Discrete Gradient methods

Implicit discretizations, such as implicit gradient descent or proximal point methods, are known
to be unconditionally stable with respect to the step size. However, they do not, in general,
preserve the dissipative structure (3.12) of the underlying Hamiltonian system Grimm et al. [3].
As shown in the previous section, standard discretizations of dissipative Hamiltonian dynamics
may fail to retain the monotonic energy decay observed in continuous time, unless restrictive
step-size conditions are imposed. This limitation motivates the use of structure-preserving dis-
cretizations, developed in geometric numerical integration, which are designed to preserve key
qualitative properties of the continuous system. In particular, discrete gradient methods enforce a
discrete energy dissipation law by construction, ensuring monotonic energy decay at the discrete
level Celledoni and Hgiseth [3], Ehrhardt et al. [7].

The main idea is to replace the usual gradient VH by a two-point quantity that depends on
both the current state and the next state. This quantity is designed so that the change in energy
between two consecutive iterates is represented exactly by an inner product, thereby giving a
discrete analogue of the chain rule. Because it plays the role of the gradient at the discrete level,
it is called a discrete gradient. This construction leads to numerical schemes that inherit an exact
discrete-time dissipation law, that mirrors the continuous-time energy decay for any step size.

Recent work has established well-posedness and convergence guarantees for discrete gradient
methods in optimization. For smooth objectives, discrete-gradient methods admit well-posed
implicit updates and enjoy convergence guarantees, including sublinear O(1/K) rates in the
convex setting and linear convergence under the Polyak—t.ojasiewicz condition Ehrhardt et al.
[7]. In this section, we apply this framework to the dissipative Hamiltonian system (3.9), which
yields a well-posed optimization scheme with convergence guarantees for L-smooth, possibly non-
convex objectives.

We begin with the formal definition.

Definition 3.5 (Discrete Gradient). A function
VH :R" x R" = R",
is called a discrete gradient of a differentiable function H : R™ — R if, for all £ ,é € R™, it satisfies

H(E) —H(E) = VH(ET(E-9), (3.28)
VH(E€) = VH(E). (3.29)

The first property is a discrete chain rule, while the second ensures consistency with the
analytic gradient.
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Let h > 0 denote the time step and define t;, = kh. For &, := £(tx), the discrete-gradient
discretization of the dissipative Hamiltonian system (3.9) is given by

— &k =
S ()~ B TH (1), (3.30)

The importance of this construction is that, due to (3.28), the scheme preserves the dissipation
structure exactly at the discrete level. In particular, the numerical method satisfies a discrete
energy law that directly mirrors the continuous dissipation law (3.12).

Proposition 3.6 (Discrete energy dissipation). Let {41 be defined by (3.30). Then

H(&hs1) — H(&) = —h VH (o Er1) T R(Ek, Eer) VH(Epy Ei1) < 0. (3.31)

In particular, for every h > 0,

H(Ek+1) — H(Ek)
h

<0. (3.32)

Proof. Using the discrete chain rule (3.28),

H(Eks1) — H(&) = VH(Er Crr1) | (Erpr — &)

Substituting (3.30) gives
H(Eri1) = H(Er) = h VH(Er, Eer1) (T (Ery Ehrr) = R(Er Eri1)) VH(ER Eri)-
Since J is skew-symmetric, VH (&, Exr1) | T (Exs Exr1) VH(E, Exs1) = 0 and we obtain
H(Err1) = H(E) = —h VH(Ers Ekr1) T R(ER Er1) VH(ER, Erp1) <0,

as R is positive semidefinite. O

An important example of a discrete gradient is the averaged vector field (AVF) discrete gra-
dient Ehrhardt et al. [7], defined by

1
TH(E Eun) = /0 VH((1 — $)6, + sEs1) ds. (3.33)

We now verify that this indeed defines a discrete gradient.

Proposition 3.7. The AVF discrete gradient (3.33) satisfies the two properties (3.28)-(3.29).
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Proof. Let
p(s) = (1= 8)&k + s&kr1,  P'(8) = 1 — &k
By the fundamental theorem of calculus,
1

M)~ M) = | %H(p(s)) ds

1
- /O VH(p(s)) () ds
1
—( / VH(p(s)) ds) T (Exs1 — ).
0

This proves (3.28). For (3.29), if {g41 = & = &, then

B 1
VH(EE) = /O VH(E) ds = VH(©).
]

Now that we have introduced discrete gradients, we return to our underlying optimization
problem. Recall that, for & = (§,w) € R?", we consider the Hamiltonian (3.1). We now apply
the discrete-gradient framework to this Hamiltonian to derive structure-preserving optimization
updates. Recall that the dissipative Hamiltonian structure is defined by the matrices

On ln 1311 1312
J——|: In On:|7 R_|:R21 R22:|’ R=R'" =0.

3.4.1 Discrete gradient updates (DG)

We first consider the standard dissipation structure in which damping acts only in the momentum
dynamics, corresponding to

- 0, > 0.
O, 'yln] v

The discrete gradient discretization of the dissipative Hamiltonian system is obtained via (3.30).
Let & := (0, wy) and Egyq := (Ok+1,wi+1). The scheme then takes the form

Ok+1 = O + h Vo H(Ek, Etr), (3.34)
wi1 = wi — b (VoH (& Eov1) + 7 VoM (&, Ekr)) - (3.35)

30



Because the Hamiltonian is separable in # and w, the two discrete-gradient components are
1
VoH (ks Sk+1) = VoL (O, Ok 1) = / VoL (O + s(Ok+1 — Ok)) ds, (3.36)
0

VoH (&, k1) = %(Wk + Wrt1)- (3.37)

Indeed, for the w term, i.e., Vo, H (&, Epg1), we have

1
VoH(wk, wkt1) = / (Wi + s(Wpy1 —wi)) ds
0

1
1
=wy + (/ sds)(Wp1 — wi) = 5(% + Wit1)-
0

Substituting (3.36)-(3.37) into (3.34)-(3.35) yields the DG updates

h
Ort1 = O + 5(% + Wet1), (3.38)
_ 1
Wrt1 = Wk — M(VoL(Ok, Opy1) + 75(0% + Wrt1))- (3.39)

This scheme is implicit (see Definition 2.3), since the discrete gradient depends on the unknown
iterate Oy 1.

In practice, it is convenient to rewrite this system as a fixed-point equation in the variable
Ok11. Starting from the DG updates

h
9k+1 =0+ 5(@% + wk+1), (3.40)
wi1 = wi — M(VoL(Ok, Opy1) + %(Wk + Wit1)), (3.41)

we first solve (3.41) for wy,1. Rearranging terms gives
h h _
(1+ %)Wk-i-l =(1- %)Wk — hVoL(Ok, O11).
Substituting this relation into (3.40) yields

wi — h VL0, Opt1)

2
0 =0,+h
k+1 Kk + 2+ hy

Since the discrete gradient depends on 641, this defines a nonlinear fixed-point (see Defini-
tion E.11) problem. Define the discrete gradient

1
Vo L0k, 0) = / VoL 0k + 5(0 — 0,))ds,
0
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and introduce _
2w — hV oL (0, 0)

24+ hy
Then the DG step can be written as the fixed-point equation

m(0) :

Ok11 = @k(9k+1), <I>k(0) =0, + hm(@) (3.42)

The following lemma 3.8 establishes that the fixed-point problem (3.42) is well posed (see Def-
inition E.10). In the lemma, the index k denotes the outer DG iteration. Since the DG step is
implicit, the update 0,1 is computed via an inner fixed-point iteration, which we index by j.
The iterates 1) therefore approximate the fixed point Opt1-

To establish well-posedness, we first require the following Lipschitz estimates for the discrete
gradient.

Lemma 3.8 (Ehrhardt et al. [7]). If £ is L-smooth, then for all 6,0 € R,
_ _ L -
IVoL(0,0) — Vo L(0)] < 5”0 -0 (3.43)
Moreover, the following holds
= n = / L - /
IVoL(0,0) — VoL(6,0)| < §||9 — 6. (3.44)
Proof. Using the definition of the AVF discrete gradient and the L-smoothness of H,

1
IVoL(0,0) —VoL(0)| = H/O (VoL(0+ s(0 — 0)) — VgL(0)) ds

1 ~
< / |VoL(6+ s(0—0)) —VoLl(0)] ds
0
1 B L -
< / Ls|d— 0]l ds = 213 — o).
0 2
This proves (3.43). The proof of (3.44) is analogous:

1
IS0 L(6,8) — VoL(0,68)| = /0 (VoL(0+ 5(6— 0)) — VoL(0 + 5(6' — 0))) ds

! 0 / L - /
< [ Ls|0—¢|ds==]6—0].
0 2
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Lemma 3.9 (Well-posedness of DG updates (one step)). Assume that VgL is L-Lipschitz (L-
smooth). Fixz~v >0, h >0, and suppose (O, wy) € R™ x R™ is given. Define

2w, — hVeL(0y,0)
N 24 hy

)

1
VoL (0, 6) ::/0 VoL(On+ (0 — 6x))ds,  m(6) -

and the fixed-point map
Dk (0) := 0 + hm(0).
Let
Lh?
2(2+4 hy)
If A < 1, then @y is a contraction on R™ and therefore admits a unique fized point 011 € R™
satisfying

A=

Ok+1 = Pr(Ot1).
Set my := m(0k11) and define wiy1 := 2my — wg. Then (Oxi1,wrr1) satisfies the DG updates
(3.38)(3.39). Moreover, the fized-point iterations U+ = &) converge linearly to Oy

169 = ]l < A0 — B

Proof. By (3.44),
[9o(0.0) ~ VoL(00,0)|| < Z10 .
Hence,
2
2+ hy

If A < 1, &y is a contraction on (R™, ||-||). By the Banach fixed-point theorem (see Theorem E.13),
it admits a unique fixed point 41. Set my := m(fx41). Then

|95,(0) — ®4(0)]| = |V0£(61.0) ~ Vor01.0)| < Allo ]l

Ory1 — O = hmy,.
From the definition of my, we obtain
wit1 — wi = —h(VeLr +vmy),

with my = 4 (wk + wyt1). Hence, (Og4+1,wp11) satisfies the DG updates (3.38)-(3.39). Finally,
using the contraction property and @ (1) = k1,

1695 — ]l = (| @4(0Y)) — D1 (Brs)l < AT — 1.

Iterating yields [|[00) — 1| < A7)0 — 6 41]|. O
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The fixed-point representation above leads to the implementation shown in Algorithm 3.

Lemma 3.9 provides a sufficient stepsize condition 0 < h < hpax ensuring that the DG step
exists uniquely for every iteration k = 0,1,..., K. The method may still perform well for larger
values of h, but formal guarantees are no longer ensured.

The contraction condition A < 1 yields
Lh? —2vh —4 < 0.

Define p(h) := Lh?—2yh—4. Since p(0) = —4 < 0, the inequality p(h) < 0 holds for 0 < h < hApax,
where hpyax is the positive root of p(h) = 0. This gives us

2y + /42 +16L  y++/7?+4L
— 57 —

L

hmax

For comparison, the maximum stepsize ensuring stability of classical momentum gradient
descent is typically of order v/L (Remark B.5), so the DG method admits a substantially larger
guaranteed stepsize.
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Algorithm 3 Discrete-Gradient updates (R = diag(Oy, v1y))

Require: Loss £ : R" — R, damping v > 0, step size h > 0
Require: Outer iterations K, inner iterations .J, inner tolerance e
Require: Initial state (6p,wp) € R™ x R™ (often wg = 0)

1: for k=0,1,..., K —1do

2:  Define the discrete gradient (AVF):

1
VoL (0r, 0) ::/ VoL 0k + 5(0 — 04)) ds
0

3:  Define the map m(f) and fixed-point operator ®y:

2w — hvgﬁ(ek, 0)

m(6) : 2+ hy

, O(0) := 0 + hm(0)

{1f z(é:Thfw) < 1, then @ is a contraction (lemma 3.9).}

Then 6.1 solves the fixed-point equation 011 = P (Ox11)-
5. Inner fixed point iteration :

6: 9(0) — Qk +

9« 00
for j=0,1,...,J-1do
0« &, (01))

wy {initial guess}

2+ hy

10: if |6 — 6Y)|| < & then
11: break

12: end if

13: oUtD g

14: end for R
15: _/}ccept: ?kﬂ «— 0
16: VoLl V@ﬁ(@]j, 0k+1)

2w — h Vel
2+ hy
18: Wet1 < 2mp — wy
19: end for

20: return Oy
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3.4.2 Convergence analysis of the DG method

In this section, we analyze the convergence properties of the DG updates (3.38)-(3.39). Through-
out, we assume that the implicit DG step is solved exactly, so that the update relations hold. By
Lemma 3.9, this is guaranteed whenever

Lh?

— < 1.
2(2+ hy)

For convenience, define

1 - — Wi +w
Hy := H(Ok, wr) = L(Ok) + §Hwk”27 VoLy = VoL(Ok, Okt1),  my = %
For the DG method with
R= O On =0 >0
| On AL ’ i '
Proposition 3.6 gives the discrete energy law
_ hy 2 _ 2
Hir1 — Hi = —ZHwarl + wg||* = —hy||mg|* < 0. (3.45)

Hence the sequence {H} }1>0 is nonincreasing.

Recall, since our function £ is L-smooth (2.5) and has compact sub-level sets (2.6), the
function £ is bounded below. Indeed, since sub-level sets are compact and nonempty, and £ is
continuous, it attains its minimum on each sub-level set. In particular, infg £(0) = L > —o0.
Now we have some preliminary estimates.

Lemma 3.10. For every K > 0,

K
1 2 Ho — Lint
_— < = 4
K+1kZOHm’“H = (K 1) (3.46)
Consequently,
(o)
D mil? <o, mp—0,
k=0
and Y1
. 2 < 0 — ~inf ] 4
oS mill™ < BT (3.47)
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Proof. Summing (3.45) from k& = 0 to K gives

K
]WZ [mgl|* = Ho — Hi11.
k=0

Since
1 2
M1 = L(Ox41) + §HWK+1|| > Lint,
we obtain
K
}WZ [mgl|* < Ho — Lins.
k=0

Dividing by hy(K + 1) yields (3.46). The summability and convergence mj — 0 follow immedi-

ately. The bound (3.47) follows from

K

1
: 2 2
m < .
o fmill < 2 1k§_0HmkH

Corollary 3.11. For every K > 0,

K

]. hH _ﬁin
S 60 — 04 < MFHo = Lont)
k=0

K+1 Y(K +1)
Consequently,
(o]
D ki1 =6kl <00, Orr— Ok =0,
k=0
and

. h(7l0 ‘Cinf)
2
0<k1<K H ! kH fy(K + 1)

Proof. From (3.38),
Ory1 — Op = hmy,.

Hence
10511 — Okl1* = B2|| ).

The result follows directly from Lemma 3.10.
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Lemma 3.12. Under the assumption that the sub-level sets of L are compact, the sequences
{0k }>0 and {witr>0 generated by the DG method are bounded. Consequently, the sequence
{0k, wi) } k>0 admits convergent subsequences. Moreover, there exists a constant G < oo such
that

IVeLy| < G, Yk > 0.

Proof. Since Hj < Hy for all k, we have
L(0r) < Hi < Ho.
Thus, {0k }r>0 lies in the sub-level set
{6 e R": L(0) < Hop},

which is compact our assumption. In particular, {0 }r>¢ is bounded. Moreover,
1 2
g lwll” = Hi = L(0k) < Ho — Lint,

so the sequence {wy}r>0 is bounded as well. The existence of convergent subsequences follows
from the Bolzano-Weierstrass theorem.

Now, since both 6 and 0511 belong to the compact sub-level set, the entire line segment
Hk + 8(9k+1 - 0]6)7 s € [07 1]7

is contained in a compact subset. Hence, there is a R > 0 with ||6x|| < R for all k. Since {0 }r>0
is contained in a compact subset of R” and VgL is continuous, it follows that VoL is bounded
on this set. Hence, there exists a constant G < oo such that

Vol(0)| < G := max ||[VoL(0
IVoL®)l < G = ma [Vol(®)]

for all # on these segments. Using the definition of the AVF discrete gradient,

1
VoLy = / VoL (O + 5(0rs1 — 1)) ds,
0

we obtain

1 1
V0] g/ ||V9£(9k+s(9k+1—9k))||dsg/ Gds = G.
0 0

We now use the preceding lemmas to derive convergence rates for the DG method.
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Theorem 3.13 (Best-iterate rate for the discrete gradient). Suppose that L : R™ — R is contin-
uously differentiable with an L-Lipschitz continuous gradient (2.5), and that its sub-level sets are
compact (2.6). Let {(0,wy)}r>0 be generated by the DG method with h > 0 and v > 0. Then
there exists a constant C < oo such that for every K > 0,

C(h,L,~)

e (3.50)

. — 2 <
o in, IVoL(Ok, Or11)[|” <

where

(Ho £) +’Y(7‘l0 £) N

h L — Lin h 2 L2h2 — Liy
C = || VEL(Ho = L) | WG SLPWA(Ho — Lins)
h h 2 h~y 2h 4h~y
(3.51)
In particular,
. = 2
Jmin [ VoL(0h. 0us0)|2 = O(L/E).
Proof. We proceed in several steps.
Step 1: Basic identities. Recall that the DG updates can be written as
9k+1 — Qk = hmk, Wg4+1 — Wk = —h(%ﬁk + 'ymk). (3.52)
By the discrete chain rule,
L(Ops1) — L(Ok) = VoLi (Bps1 — 0r) = h VoL my. (3.53)
Moreover, by Lemma 3.10,
. Ho — Lint
o — T :

Step 2: Summation identity for the discrete gradient. Taking the inner product of
the second relation in (3.52) with VoL gives

VoLy (wii1 — wi) = —h|| VoLl — hy VoL my,.
Using (3.53) to eliminate VoL, my, we obtain
WIVoLi|* = =VoL] (w1 — wi) = V(L(Oks1) — L(Ok))-
Summing from k£ = 0 to K yields
K K
RY IVoLr? = =) VoL (w1 — wi) = ¥(L£(Bx41) — L(60)). (3.55)
k=0 k=0
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Since L(0x+1) > Ling, it follows that

—v(L(Ox 1) — L(00)) <~v(L(00) — Ling) < v(Ho — Ling)- (3.56)
Hence,
K K
WY IVeLkl* < =Y VoL (wper — wi) +7(Ho — Ling)- (3.57)
k=0 k=0

We want a bound on the left side of the above equation. Now consider the first term on the
right-hand side.

Step 3: Using Summation by parts.

K K-1
> VoLl (wir1 — wi) = VoL iwri1 — VoLgwo — > (VoLrsr — Volr)  wipr. (3.58)
k=0 k=0

Substituting (3.58) into (3.57) and using the triangle inequality gives

K
WY IVoLel® < [VoLgwri| + VoL wol

k=0

K-1 )
+ Z (V@ﬁk_H - V@Ek)ka_H + ’Y(H() — Einf). (3.59)
k=0
By Lemma 3.12, we have
[VoLi| <G, lwrll < v/2(Ho — Lint),

for all k, so the first two terms on the right-hand side of (3.59) satisfy

|?9£}wK+1| + ‘veﬁgwo‘ < 2G\/2(Ho — Ling)- (3.60)
We are left with finding a bound for the third term in (3.59).
Step 4: Estimate of the term. By Lemma 3.8,

_ L Lh
[VoLy — VoL (k)| < §||9k+1 — Okl = 7||mk||'

Therefore,

IVoLis1 — VoLlil < VoLitr — VoL(Orr1)|| + VoL (Or1) — VoL (O)| + (VoL (O) — VoLy||

Lh Lh
7||mk+1|| + Lh|myg|| + 7”77%”

Lh 3Lh
= 7||mk+1|| + THmkH- (3.61)

IN
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Squaring, summing, and using (a + b)? < 2a? + 2b? gives

K-1 X
Y y 5L%h(Ho — Lin
S IVoLiir — VoLyl? < 5202 [lmy])? < (Ho f)’
h=0 k=0 Y
where the last step follows from Lemma 3.10. Now use the identity
h h -
e (1 - 72> Mk — 5 Volk, (3.62)

which follows directly from the DG updates. Then

K-1 )
> (VoL — Vole) ' wip
k=0
K- K- ) )
‘1 - Z VoLiyr1 — Voly) my Z VoLys1 — VoLly) Vol . (3.63)
k=0 k=
For the first sum, Cauchy-Schwarz and (3.62) imply
K- K-1 12 /gy 1/2
> (VoL — VoLr) my, <Z IVoLri1 — V@£k|l2> (Z |mkH2>
k=0 k=0 k=0
L — ~in
< V5 (%3 Lint) (3.64)

For the second sum, use the identity
1
(a=b)"b= §(||a|!2 —[IBl* — fla = 0]1%),

with @ = VyLj1 and b = VyLy, to obtain

=

-1

K-1
h _ _ _ h, = _ h _ _
o O~k+1 — VO~k O~k| >~ 0~K 0~0 - 0~k+1 — VO~Ek
5 (VoL VoLly) VoLl <4(|yvc 12+ [ VoLol?) +4 VoL VoL
k=0 k=0
hG?  5L*h*(Ho — Lin
<+ (43 0 (3.65)
Combining (3.63), (3.64), and (3.65), results in
K-1
- - h| V5 L(Ho — Ling)  hG%  5L2h%(Ho — Lin
Z(V9£k+1 —VoLy) Wit ‘1 - ’ 0 + (4,(; f)- (3.66)
k=0
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Step 5: Conclusion. Substituting (3.60) and (3.66) into (3.59) yields

K
hz ||?9,C1€||2 <C,
k=0

where

h| V5 L(Ho — Lin hG?  5L2h*(Ho — Lin
C :=2G\/2(Ho — Lint) + vy(Ho — Ling) + ’1 _2h| V5L 0 + + (o f).

2 ol 2

Dividing by h(K + 1) and using
T
. = 2 < v 2
o in, IVoLell” < e go VoL

we conclude that

) C/h
i 2 T
Og}clgnKHVeﬁkH S kil

Renaming C'/h as C proves (3.50).

dry

O]

Corollary 3.14 (Best-iterate rate for the true gradient). Under the assumptions of Theorem 3.13,

there exists a constant C' < oo such that the true gradient satisfies

. C(v,L,h)
9 2< bl )
OQQKHWE( K7 < Ril

where 2y r
= L — k~in
C(y,L,h) :=2C + (Hgv 0

In particular,

. 2
min_[Va£(6,)|* = O(1/K)

Proof. By Lemma 3.8, we have, for every k,

_ _ _ Lh
IV6LOW = VoLl + VoL = VoL (Ol < VoLull + =l

Using (a + b)? < 2a? + 2b%, we obtain

_ L%h?
IVoL(6k)]1* < 2| VoLl + THmkHQ-
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Summing (3.70) from k = 0 to K gives

K K I2h2 K

2 = 2 2
D IVeLO)I> < 2> IVaLlel® + 5 > [l
k=0 k=0 k=0

Using the estimates from Theorem 3.13,

(3.71)

(3.72)

5L2h%(Ho — Ling)

K -
D IIVeLel? < C,
k=0
where
_ GVB8(Ho — Linf) n Y(Ho — Lin) I L V5 L(Ho — Lint) N hG® N
h h 2 hy 2h
and p
Z g < M,
k=0 vh
we obtain .
L2 2 — kin
S IVoL(0))| < 20 4 L H0 = Lint
— 2 vh

Finally, since

K
1
. v 2 - E : v 2
Bz, VoL < K+1k70” oL B

0

we conclude that

1
OgﬁglKHVeﬁ(Hk)H S

Thus (3.67) holds with

(20 + 2

~ L2 — L
C(v, L h) =20+ h(Hgv Liat)

3.4.3 Discrete gradient updates with ¢ (DG-¢)

L2h(Ho — Einf)>

4h~y ’

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

We now consider the modified dissipative Hamiltonian system introduced in Chapter 3, where
additional damping is present in the parameter dynamics. This corresponds to the dissipation

matrix

R [Mn Oy,

= 0, 6>0, v>0.
On, 'yIn] v
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Applying the discrete gradient discretization (3.30) to (3.9), and proceeding as in the DG
case, we obtain the DG-0 updates

h _

Or+1 = O + §(Wk + wiy1) — hO VoL (O, Op11), (3.78)
_ 1

W1 = wg — (Ve/l(% Op1) + §(wk + wk+1)) : (3.79)

As in the DG scheme, the method is implicit since the discrete gradient depends on 6.
The additional § term introduces extra damping in the parameter dynamics, analogous to the
MGD-6 method derived in section 3.4.3. As will be shown in Chapter 4, this may lead to better
convergence in terms of time to reach tolerance and runtime.

The DG-§ updates (3.78)-(3.79) also define an implicit nonlinear system. As in the DG case, it
is useful to rewrite this system as a fixed-point equation in the variable 0. Rearranging (3.79)
gives

h h =
(1 Fheterr = (1= ok = hVoL(Oh bhra).
Hence, _
2 — hy)wp — 2h VoL (0r, 0
s = ( v )W VoL(by, k+1). (3.80)

2+ hy
Substituting (3.80) into (3.78) yields

ka —h ng‘(gk, 9k+1)
2+ hy

Ok+1 = O + h( — 6 VoL(Ok, Or11))-

Since the discrete gradient depends on .1, this again defines a nonlinear fixed-point problem.
The following lemma gives a sufficient condition for this fixed-point problem to be well posed.

Lemma 3.15 (Well-posedness of DG-§ updates (one step)). Assume that VoL is L-Lipschitz.
Fiz~v >0, >0, h >0, and suppose (O, wi) € R™ x R™ is given. Define

2w — hvgﬁ(ek, 0)

1
VoL(Oy,0) = /0 VoL (0 + s(0 — 0y))ds, m(0) :

2+ hy ’
and
Dy, 5(0) :== 0 + h(m(0) — ¢ VoL(0k,0)).
Let
Ap e Lh? N Lhé
2(2+ hy) 2

If As < 1, then ®y 5 is a contraction on R™ and therefore admits a unique fized point Oy € R"
satisfying
Orr1 = Pr5(Org1).
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Then (Ok11,wk+1) satisfies the DG-§ update relations (3.78)-(3.79).
iterations 0U 1) = @y 5(01)) converge linearly to Oy :

169 — 6111 [| < AZ[16 — By |-
Proof. The proof is similar to the proof of Lemma 3.9.

The contraction condition As < 1 is equivalent to

Lh? N Lhé -1
2(2 + h) 2 '

Rearranging gives

L(1 4 6v)h? 4+ 2(Ls — v)h — 4 < 0.

Hence, the sufficient stepsize bound is

vy — L5+ /(LS —7)% + 4L(1 + &v)

hmax =
L(1 4 07)

Moreover, the fixed-point

Again, the fixed-point representation defines the implementation shown in Algorithm 4.
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Algorithm 4 Discrete-Gradient-§ updates (R = diag(61,, V1))
Require: Loss £: R" — R, damping v > 0,6 > 0, step size h > 0
Require: Outer iterations K, inner iterations .J, inner tolerance e
Require: Initial state (6p,wp) € R™ x R™ (often wg = 0)

1: for k=0,1,..., K —1do

2:  Define the discrete gradient:

1
VoL (0, 0) ::/ VoL (0 + 5(0 — 64)) ds
0

2w — h vgﬁ(ek, 0)
2+ hy -
4:  Define the DG-6 fixed-point operator @, 5(6) := 0 + h(m(8) — 6 VoL(0,0))

{If 2(2LThZ7) + LTM < 1, then @, is a contraction (lemma 3.15)}

5. Then 641 solves the fixed-point equation 041 = @i 5(Okg1)-
Inner fixed point iteration:

3:  Define the map m(6) :

h
7. 00 — g, + R wy, {initial guess}
g« 0O

: for j=0,1,...,J—-1do
10: 0« @ 5(61))
11: if |6 — 6Y)|| < e then
12: break
13: end if
14: oU+D g

15:  end for N
16:  Accept: Opy1 < 0
17: VoL Vgﬁ(@]j, 9k+1)

2wy, — h VoLl
18: my <— —wk VO k
24+ hy
19: W41  2mg — wg
20: end for

21: return Og

3.4.4 Convergence analysis of the DG-) method

In this section, we state the convergence guarantees for the DG-J method. Since the proofs are
simple modifications of those for the DG method, the proofs are deferred to Appendix C. Again,
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since our function £ is L-smooth (2.5) and has compact sub-level sets (2.6), the function £ is
bounded below and we have infy £(0) = Lins > —00.

Theorem 3.16 (Best-iterate rate for DG-6). Under the assumption that L is L-smooth and has
compact sublevel sets, let {(0k,wk) k>0 be generated by the DG-0 method with parameters 6 > 0,
v >0, and h > 0. Then, for every K > 0,

) _ H _ﬁin
min_[|VoL (0, Op11)||* < : :

0<k<K Sh(K +1)° (3.81)

In particular,
in ||VeLl(0,0 2= 0(1/K).
Og}clélKHVé)ﬁ( K Ok1)[|” = O(1/K)
Corollary 3.17 (Best-iterate rate for the true gradient for DG-6). Under the assumptions of
Theorem 3.16, for every K > 0, the true gradient satisfies

_ C(v,6, L, h
min [|[VeL(05)|? < €6, L, 1)

3.82
0<k<K K+1 7’ ( )

where )
2 (1 4 Lok L2h
C(v,0,L,h) ::( ( M?) + >

) (Ho — Linf)- (3.83)

In particular,

. 2
min_[Va£(6,)|* = O(1/K)

3.4.5 Limit points of the DG schemes

We now discuss the convergence of the parameter sequence itself. The previous results show that
both the discrete gradients VoL(0, 054 1) and the true gradients VoL(6) converge to zero, and
that consecutive parameter updates become small. Since the sequence {f}r>0 is bounded, it
admits convergent subsequences. We show that every accumulation point of these iterates is a
stationary point of the objective.

Corollary 3.18 (Subsequence convergence of the parameters). Assume that the hypotheses of
Lemma 3.12 and Corollary 3.11 hold. Then there exists a subsequence {ij}jzo and a point
0 € R™ such that

ij — é

Moreover,
ek.+1 — é
J
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Proof. By Lemma 3.12, the sequence {0 }x>0 is bounded. Hence, by the Bolzano—Weierstrass
theorem, it admits a convergent subsequence {ij }izo0 with

ij — 9_
From Corollary 3.11,
10k+1 — Oxll — 0.

Therefore, B B
10041 = B < 00,1 — O, || + 162, — ]| = 0.

and we get Og; 11 — 0. O

Theorem 3.19 (Stationarity of limit points). Let {0i}r>0 be generated by the DG or DG-6
method. From Corollary 3.14 and 3.17 we have,

VoL ()| — 0.

Then every limit point 0 of {0k }r>0 is a stationary point of L, i.e.,

VoL(0) = 0.

Proof. Let 6 be any limit point of {0 }x>0. Then there exists a subsequence {0y, };j>0 such that
ij — 0.
Since
Ve L(Ok)|| — O,

we also have

VoL (6y,) — 0.

By continuity of VgL, B
V@E(@kj) — V@L(Q).

Hence,

VoL (0) = 0.

Thus, every limit point is stationary. ]
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3.5 Semi-Implicit Discrete Gradient Method

Although the discrete gradient (DG) scheme preserves the dissipation structure exactly, each
iteration requires solving a nonlinear fixed-point problem (3.42), which can be computationally
expensive. To reduce this cost, we introduce a semi-implicit approximation obtained by linearizing
the gradient inside the discrete gradient.

Recall that the DG updates (3.38)-(3.39) can be written as

2 — hy 2h =
= — 0,0 .84
Wk = o Wk o VoL (Ok, Ot1), (3.84)
h
Ops1 = O + 5 (Wi + wiet1). (3.85)

To avoid solving the nonlinear discrete-gradient equation, we approximate the gradient along
the segment between 6y and 6;1. Using a first-order Taylor approximation around 6, we write

Vgﬁ(@k + 8(9k+1 — Qk)) ~ V@ﬁ(ak) + s Vg£(0k>(0k+1 — Qk) (3.86)

Integrating with respect to s € [0, 1] gives

_ 1
VoL (O, 0ps1) ~ VoL(6)) + §V§L(0k)(0k+1 —0y). (3.87)
Using
h
Op+1 — O = §(wk + Wk+1), (3.88)

and substituting (3.87) and (3.88) into (3.84), we obtain
hy h?_, hy h?_,

The system (3.89) is linear, but it still requires the Hessian VZL£(6y), which is expensive to
compute in large-scale problems. To avoid forming the Hessian explicitly, we replace it by a
quasi-Newton approximation By. In particular, L-BFGS constructs By from recent iterate and
gradient differences, called curvature pairs,

sk = Opr1 — Ok, Yr = VoL(Ok+1) — VoL(0y),

and applies a limited-memory BFGS update using only the most recent pairs; see Nocedal and
Wright [17]. Thus, we use
By, = V3L (01),
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rather than forming the exact Hessian.

Replacing V2L (6x) by By in (3.89) gives

2 2
((1 i ";) I+ Zm) Wit = ((1 - h;) . Zm) wk — hVoL(0). (3.90)

The parameter update is then

h
Orr1 = O + 5(6% + Wkt1)- (3.91)

Equations (3.90)—(3.91) define the semi-implicit discrete-gradient method.

It is well known that BFGS-type updates preserve symmetry and positive definiteness provided
the curvature condition s;—yk > 0 is enforced; see Nocedal and Wright [17]. However, this property
alone does not guarantee uniform spectral bounds on Bj. To ensure the well-posedness of the
SIDG iteration and derive the convergence analysis, we impose the following assumption.

Assumption 3.20. For each k > 0, the matrix By € R™*" is symmetric positive definite and
satisfies
mpl, X By X Mgl

for some constants 0 < mp < Mp < oo independent of k.
This assumption ensures that the curvature model used in the semi-implicit update remains
uniformly positive definite along the iterates.
Lemma 3.21 (Well-posedness of the SIDG updates). Suppose Assumption 3.20 holds and define
h h2
A = (1 + ;) I, + ZBk

Then Ay is symmetric positive definite for every k > 0. Consequently, the linear system (3.90)
admits a unique solution w1, and the update (3.91) uniquely defines Oy1.

Proof. Since By is symmetric, Ay is symmetric. For any v # 0,

h h?
v Ao = (1 + ;) |v||* + Z’UTB]C’U.

Using Assumption 3.20, we have
v Byv > mplv|/%.

Therefore,
h h?
v Ao > [(1 + ;) + 4m13} |v]|? > 0.
Thus, Ay is symmetric positive definite and invertible. Hence the linear system (3.90) admits a
unique solution wyy1. The update (3.91) then uniquely defines 0 1. ]
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In the DG method, the implicit update is defined by a nonlinear fixed-point equation, which is
typically solved using fixed-point iteration. In contrast, the SIDG method replaces this nonlinear
problem with a linear system obtained via a linearization of the discrete gradient. This linear
system is then solved efficiently using iterative solvers such as conjugate gradient. This signifi-

cantly reduces the computational cost (see Chapter 4) while retaining key stability properties of
the original method.

The resulting scheme is given in Algorithm 5.
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Algorithm 5 Semi-Implicit Discrete-Gradient updates (R = diag(Oy,vIy))

Require: Loss £ : R" — R, damping v > 0, step size h > 0
Require: Outer iterations K, CG iterations J, CG tolerance eg
Require: Initial state (6p,wp) € R™ x R™ (often wg = 0)
Require: Initial Hessian approximation By > 0

1: for k=0,1,...,K —1do

2:  Compute the gradient: g < VoL(0).

3:  Define the linear operator Aj and right-hand side by:

2
Ak = <1 + M) I, + thk

2 4
h h?
bk = |:<1 — ;) In — 4Bk:| WE — hgk.
4:  Solve the linear system Ajwy.1 = by using conjugate gradient.
5. w(® ¢« wy {initial guess}
6: forj=0,1,...,J—1do
7 Perform conjugate gradient for Apw = by, starting from w®)
8: if || AgwUtD —by|| < ecq then
9: break
10: end if

11:  end for
12:  Accept: wy — wlth),
13:  Update the parameters:

h
Opsr = O+ 5 (Wk + wht)-

14:  Compute the new gradient:
Gr+1 < VoL (Ok11).

15:  Form the curvature pair: sg < 0x11 — 0, Yk < Gkt1 — Jk-

16: if s;‘gyk > (0 then

17: Store the curvature pair (sg, yx) in the L-BFGS memory.

18: Update the Hessian approximation By using the stored curvature pairs.
19: else

20: Skip the curvature update and set By = By.

21:  end if

22: end for

23: return Og
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3.5.1 Convergence analysis of the SIDG method

In this section, we analyze the convergence properties of the semi-implicit discrete gradient (SIDG)
method (3.90)-(3.91) where the linear system is solved ezactly at each iteration. In practice, we
compute w1 approximately using the conjugate gradient method. Extending the analysis to
this inexact setting would require controlling the residual errors, which we do not pursue here.

As in the DG analysis, we work under the standard assumptions (2.5)-(2.6). In addition, we
assume uniform spectral bounds on the Hessian approximation By, as stated in Assumption 3.20.

The SIDG iteration (3.90) can be written equivalently as
(In + BBr)wir = (adn — BBr)wi — nVoL(6k),

where

2 — hy 5 h? 2h
o= , =—— =

2+ hy 2(2+ hv) a
The parameter update is

h
Ok+1 =0k + 5(0% + Wkt1)-
For convenience, define
My = Wk + Wi41-

Then (3.94) becomes

Ory1 — Ok = 5 M-

2+ hy

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

We first note that Lemmas 3.22-3.29 develop the intermediate results needed to establish

Theorem 3.30. We begin with a convenient reformulation of the SIDG update.

Lemma 3.22 (Equivalent form of the velocity update). Let {(0,wi)} k>0 be generated by (3.92)-

(3.94). Then, for every k >0,

Wr1 — awg + BBymy, + uVoL(6y) = 0.
FEquivalently,

uNVoLl(0r) = (1 + a)wg — (I, + BBy)my.
Proof. Follows from rearranging (3.92) and using my = wg + wg41-
Lemma 3.23 (Useful identity for the gradient). For every k > 0,

1l -«
2

1+«

1N L(0y) Ty = — 5

(lorsnl? = Nlwrll?) —
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lmg||® — Bmy Bymu.

(3.97)

(3.98)

O

(3.99)



Proof. Take the inner product of (3.97) with my:

(Wrs1 — awg) 'my + Bmf Bpmy, + 1 VoL (0x) " my = 0. (3.100)

Now
(Wrt1 — awg) Tmy = (wWir1 — owp) T (Wk + Wkp1),
SO
(w1 — awr) T (Wk + wit1) = wipwr + llwp [ — allwrl® - awf wi
= Jlwrr1]1? = allwkl® + (1 — a)wy wrir.

Also,

Il = llwk + wrgr | = ol + lwrsll? + 2wy wrr1,
hence,

1
wfwirr = 5 (el = well? = e ]2)-

Substituting gives

14+« 11—«
(W1 — awy) Tmy, = 5 (ks ll” = llwell®) + 5 [l |
Plugging this into (3.100) and rearranging yields (3.99). O

We next derive the discrete energy law.

Lemma 3.24 (One-step descent inequality). Suppose L is L-smooth (2.5) and assumption 3.20
holds. Then, for every k > 0,

2

1 h h? Lh
(s 12 = ) = =il = ol By + = g2 (3.101)

L(Oky1) < L(Ok) — B 3

Proof. Since L is L-smooth, the descent lemma 2.8 gives

L
L(Ok11) < LO) + VoL(Ok) T (11 — 0r) + S 10k41 = Ok|”. (3.102)
Using (3.96),
Ok+1 — Ok = 5 Mk
SO
h R 7 =
L(Or+1) < LO) + 5 VLK) + =[] (3.103)
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Now Lemma 3.23 yields
14+«

HVoL(Ok) mi = ——— (lwnsa|* = lwrll) — —; — Bmy By
Dividing by u, multiplying by h/2, and simplifying the coefficients
h(l4+a) 1 Ml—a) hy h3
2(2u) 2’ 2(2u) 47 2u 8’
we obtain
h 1 h h?
5 VL) i = =3 (Iwral? = lwnl?) = =L lmil* = Z-mf B
Substituting into (3.103) gives (3.101). O

Theorem 3.25 (Energy decay for SIDG). Suppose the iterates are generated by the exact SIDG

updates (3.92)-(3.94). Suppose L is L-smooth and has compact sublevel sets, and Assumption 3.20
holds. Define

h h?
C(y,L,mp, h) = % - (L—mp). (3.104)
If C(~,Lymp,h) > 0, then for every k > 0,
Hisr < Hi — C(v, Lymp, h) |my|. (3.105)

Consequently, the sequence {Hy}r>0 is nonincreasing. Moreover, for every K >0,

Ho [’mf
. .106
K+1Z” C(v,L,mp, h)(K + 1) (3.106)
and therefore
Z [m||* < oo, my — 0.
In addition,
Ho — L;
2 ~ 0 inf
: 1
0£1<11K|| my|” < C(v, L,mp, h)(K + 1) (3.107)
Finally,
3 h2(Ho — Ling)
0 inf
K+1 1
1 §0||9k+1 Okl < 4C (v, L,mp,h)(K +1)’ (3.108)
and ; .
min |61 — 64 < (Ho — Lint) 5100)

0<k< = 4C(y,L,mp,h) (K +1)
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Proof. By Assumption 3.20,
m,l—Bkmk > mB||mk||2

Applying this to Lemma 3.24, we obtain
1
2
By the definition of C(v, L, mp, h),

hy  h?
(lwrsr ] = llwrl?) = | = — = (L — mp) | [lm]*.

L(Or+1) < L(Ok) 1 3

1

L(Ok+1) < L) = 5

(lwrsll® = lwl®) = C(y, L, map, h)llmy*.
Adding 3 ||wg+1]|? to both sides gives
7'[kJrl S Hk - C(fY’L7mBu h)Hmk”27

which proves (3.105). Now, summing from k£ = 0 to K yields

K
. Lomp,h) S lmll® < Ho — Hic.
k=0
Since )
Hir1 = L(Ok11) + §HWK+1H2 > Lint,
we obtain

K
C(’Y’ L, mp, h) Z ||7nk:||2 <Ho— Einfa
k=0
which implies (3.106). This shows that > p ||mg||? < oo, hence, my — 0. The best-iterate
bound (3.107) follows from

K
1
. 2 o 2
i el < g 3
Finally, by (3.96),
h2
16k 41 = 011 = - llmall?,
so (3.108) and (3.109) follow immediately from (3.106) and (3.107). O

Corollary 3.26 (Explicit step-size condition). The condition C(y,L,mp,h) > 0 is equivalent to

hy  h?
Y S YL~ mp).
1 > S ( mp)

Therefore:
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1. if L > mp, then it is sufficient to choose

O0<h<

)

L—mB
2. if L < mgpg, then C(v,L,mpg,h) >0 for every h > 0.

We now derive several bounds that will be used in the gradient-rate theorem.

Lemma 3.27 (Gradient bound in terms of wi and my). For every k > 0,

2 2+ h’y hMp
19000 < Jhonl + (230 + 252 ) (3.110)

Proof. Follow from taking norm on both sides of (3.98) and using By < MpI, and (3.93). O]

Lemma 3.28. For every k > 0,

2+ hy Lh®> Mpgh? 2+ hy Mph?
([ +

—will < . .
l|wrt1 wk\_< T Tt s T T3 >||mk+1\| (3.111)

Proof. Write (3.98) at indices k and k + 1:
Vo L(0r) = (1 + a)wy — (In + BBr)my,

uVoL(Opr1) = (14 a)wip1 — (In + BBrg1)Mipg1-
Subtracting gives
(14 @) (wrs1 = wk) = (VoL (Ory1) — VoL(0r)) + (In + BBry1)mpy1 — (In + SBy)my..

Hence,

(1 + a)lwrrr = will < plIVoL(Ok+1) = VoL(OK) + [ In + BBrsrl lmprall + [ + BBl [ml]-
(3.112)

Since L is L-smooth,

Lh
IVoL(Or11) — VoL (k)| < L||Okr1 — Okl = 7||mk||,

where we used (3.96). Also,
[T + BBl < 1+ BMp.
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Substituting into (3.112),

Lh
(U o)l =l < (“57 + 1+ B0 ) il + 1+ M) sl
Therefore,
w1 — wrll < A(R)[[ma|l + B(h)|lmpal],

where h

| M 1 M

Ah) e 2 TIEPME gy 14 8ME
1+« 1+
Simplifying constants using (3.93), we obtain
94 hy Lh® Mgh? 24 hy  Mph?
A(h) = B(h) =

which proves (3.111). O

Corollary 3.29 (Bound on the velocity). For every k >0,

1 [(2+hy Lh2 Mph?\? 2+ hy  Mpgh?\?
|Wk||2§<+< Ty B ) ||mk||2+< Ty 25 >Hmk+1|]2. (3.113)

2 4 4 8 4 8

Proof. Directly follows my = wy + wi11 which gives us wy = %(mk — (wgt1 — wk)), taking norm
on both sides and using Lemma 3.28 . O

We can now prove the main nonconvex gradient-rate estimate.

Theorem 3.30 (Best-iterate rate for the gradient). Suppose the assumptions of Theorem 3.25
hold, and assume C (v, L,mp,h) > 0. Then for every K > 1,

C(ha’% La mp, MB)
K+1

. 2< — [. .
i [[VoL(k)|* < (Ho — Ling), (3.114)

where

1 8 (1 [2+hy Lh> Mgh?\®
C(h,v,Lymp, Mp) = ————— | — | = 3.115
(h,y,L,mp, Mp) COLomp ) [h2<2+< Tt (3.115)

() e () |
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Proof. We prove the theorem in two steps.
Step 1: Square sum of {wy};>0. Summing the estimate of Lemma 3.29 over k& > 0, and using

[ee} o0
S llmegal® < Ilmall?,
k=0 k=0

we obtain
> 1 /24+hy Lh® Mgh?\® 2+hy MBh
ZIIWHZSL+< T Tt Sl ZHmkHZ
k=0

By Theorem 3.25,

- L;
Z 2 < o=t
(’7, L yMB, h)
hence,
(0.)
> wkll? < oo.
k=0
In particular, wi — 0.

Step 2: Square sum of {VyL(0;)}. By Lemma 3.27,

2 2+h hM
9ol < 3l + (252 + 252

I N
Squaring and using (a + b)? < 2a? + 22,
8 2+hy hMp
0.2 < = 2 2
VoI < plonl +2 (257 + 252 ) )

Summing over k > 0,

8 e 2—{—h7 hMp
Zuvec 0|1 < QankH%z( 7 )ZHmkH?
k=0

Substituting the Step 1 bound and the estimate from Theorem 3.25, we obtain

D VoL @)I* < C(h,, Lmp, Mp)(Ho — Ling),
k=0
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where C'(h,v, L,mp, Mp) is given by (3.115). In particular,
D IVeL@)|? < oo,
k=0

and therefore VoL (6) — 0.

Step 3: Best-iterate O(1/K) bound. For every K > 1,

K
Omln Vo L(0k)|* <

k:

Using the previous estimate,

K 00
D IVeL@)* < D IVeL(Bk)II* < C(h, 7, Lmp, Mp)(Ho — Lins),
k=0 k=0

and hence,

_ C(h,v,L,mp, Mp)
9 2< y I 9 b
o in, IVaL(0k)|I” < K4l

This proves (3.114). O

(Ho — Ling)-

Remark 3.31 (Step-size restriction comparison to MGD). From Remark B.5, the step-size restric-
tion for MGD is 9
Y
0<h<—.
<n< 7

By Corollary 3.26, the SIDG method requires

2y

h
0< <L—mB

, When L > mp,

while if L < mp, there is no step-size restriction and the energy decay condition holds for every
h > 0. Hence, whenever L > mp, the SIDG admissible step size is less restrictive than that of
MGD, since

2 2

]

L—m B L
Thus, SIDG allows a larger range of stable step sizes than MGD under the same smoothness
and damping parameters. In the regime L < mp, SIDG is even more robust, as the dissipation
estimate holds for arbitrary step size.

L—-mp<lL —
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Under the compact sub-level set assumption (2.6), and since {Hy} is non increasing (Theo-
rem 3.25), the sequence {6 }r>0 remains in a compact sub-level set and is therefore bounded.

Moreover, by Theorem 3.25, we have mj — 0, and hence from (3.96),
H9k+1 — GkH — 0.

Consequently, {6x}r>0 admits accumulation points. Furthermore, by Theorem 3.30, we have
IVoL(0x)|| — 0, and therefore every such limit point is a stationary point of L.

3.5.2 Semi-Implicit Discrete-Gradient-) updates
We now consider the case
R = diag(6I,,vI,) = 0, 6>0, v>0.

As in the SIDG construction, we replace the discrete gradient by the linearized approximation

_ 1

VoL (O, 0pi1) = VoL (0y) + 5vgﬁ(ek)(ek+1 — 0. (3.116)
For the DG-6§ scheme, the parameter update is

h _
Okr1 — 0 = §(wk + wk+1) - h(SV@E(@k, 0k+1)- (3.117)

Substituting (3.117) into (3.116) gives

_ 1 h _
ToL (B b1i1) % oLl60) + 5300 (5 + i) ~ HToLlOLbu11)).

Therefore,

ho ) L
<In + 2V§E(9k)) VoL(Ok, Opr1) = VoL(br) + ngﬁ(%)(wk + wrt1)- (3.118)

Substituting the same linearized approximation into the DG- momentum update yields

<<1+";> (@ﬂ;) fpfj)vgﬁ(ek))% _ (@_h;) n
- ((1 — h;) %5 — h:) vgﬁ(ek)> W,

— hVeL(0y). 110
3.119
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As before, computing the exact Hessian is expensive in large-scale problems. We therefore
replace Vgﬁ(@k) by the quasi-Newton Hessian approximation Bj. This gives the practical SIDG-§
momentum system

() () ¥ o )= (05

Similarly, the corresponding approximation of (3.118) is
hé _ h
I, + ?Bk V(;L‘(Qk, 9k+1) = Vgﬁ(@k) + ZBk(wk + wk+1). (3.121)
Finally, the parameter update is
h _
Op+1 = 0k + E(wk + wi+1) — hOVoL(Ok, Ory1). (3.122)

Equations (3.120)—(3.122) define the semi-implicit discrete-gradient-6 method.

Lemma 3.32 (Well-posedness of the SIDG-6 updates). Suppose Assumption 3.20 holds and
define
hry hy\ hé  h?
A= 1+ 1, 14+ 2) 2 %) By,
v (1) s (14 ) B4 ) B

hd
Cy:=1,+ 7Bk

and

Then Ay and Cy are symmetric positive definite for every k > 0. Consequently, the linear
systems (3.120) and (3.121) admit unique solutions wii1 and VgL(0,0k+1), respectively. Hence,
the update (3.122) uniquely defines O 1.

Proof. Since By is symmetric by Assumption 3.20, both Ag and Cj are symmetric. Let v € R”

with v # 0. Then
h hy\ hé  h?
T A — vy 2 mrynro LT
v Akv—<1+ 2>||v] +<<1+ 2> 5 + 4)11 Bywv.

Using Assumption 3.20,
v Byv > mplv|/%.
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Hence,
hy hy\ hé  h?
T 2
Ao > |1+ — 1 )
v kv_[( + 2>+<< + 2) 5 T ) melllvl®>0
Therefore Ay is symmetric positive definite.

Similarly,

hé ho
v Cro = |Jv]|? + ?vTBkv > (1 + 2mB) [v]? > 0.

Thus CY is also symmetric positive definite. Hence both linear systems (3.120) and (3.121) admit
unique solutions. The update (3.122) then uniquely defines 6y 1. ]

A rigorous convergence analysis for the SIDG-J scheme is not provided in this work. In

Chapter 4, we present numerical experiments that use SIDG-0. Again, the resulting scheme is
given in Algorithm 6.
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Algorithm 6 Semi-Implicit Discrete-Gradient-0 updates (R = diag(dI,,vI))

Require: Loss £ : R" — R, damping + > 0, additional damping § > 0, step size h > 0
Require: Outer iterations K, CG iterations J, CG tolerance eg
Require: Initial state (6p,wp) € R™ x R™ and Hessian approximation By > 0

1: for k=0,1,..., K —1do

2:  Compute the gradient: gy < VoL (0k).

3:  Define the linear operator Ay and right-hand side by:

o hy hy\ hé  h?
A = <1—|—2>In+ <<1+2> 74‘[ By,

o hry hy\ hé  h?
bk—|:<1—2>fn—|—<<1—2>2—4 By | wr — hgg.

Solve the linear system Ajwpi1 = by using conjugate gradient.
w0 « wy, {initial guess}
for j=0,1,...,J—1do

Perform conjugate gradient for Azw = by, starting from w()

if || AgwUtD — by|| < ecq then

break

10: end if
11:  end for
12:  Accept: wyyq « wlth,
13: Define Cy, := I, + %5316, Tk ‘= Gk + %Bk(wk + wk+1).
14:  Solve the linear system Cj VyL(0,0r11) = r;, using conjugate gradient.
15: véo) < gr {initial guess}
16:  Perform conjugate gradient for CpVy = 1y,
17 Accept: VoL (0, 0111) < ?((,JH).
18:  Update the parameters: 01 < 0 + %(wk + Wet1) — hd Vo L(Og, Opy1)-
19:  Compute the new gradient: g1 + VoL(Ok11).

20:  Form the curvature pair: sy < 01 — O, Yk < Gkt1 — Jk-

21: if sgyk > (0 then

22: Store the curvature pair (sg, yx) in the L-BFGS memory.

23: Update the Hessian approximation By using the curvature pairs.
24: else

25: Skip the curvature update and set By = By.

26:  end if

27: end for

28: return Og
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Chapter 4

Results

In this chapter, we evaluate the proposed structure-preserving optimization methods across four
experiments. Our goal is to assess how these methods compare to established baselines, including
SGD, Adam, and L-BFGS, in terms of convergence speed, generalization, and robustness to
ill-conditioning.

We consider four experiments. First, we study the synthetic least squares problem, where the
condition number can be controlled explicitly. This allows us to isolate the effect of ill-conditioning
and examine how step-size restrictions and convergence rates scale across methods.

Second, we consider fo-regularized logistic regression, which provides a simple yet informative
setting in which both the conditioning of the feature matrix and the separability of the class
labels can be controlled explicitly.

Third, we evaluate the methods on a physics-informed neural network (PINN) for solving a
linear advection equation, a nonconvex setting where the optimization landscape is shaped by
both the network architecture and the underlying partial differential equation (PDE) structure.

Finally, we consider a large-scale deep learning task on the CIFAR-10 dataset using a ResNet
architecture. This experiment evaluates the practical performance of the methods in modern
training settings, and we include both optimization and generalization metrics.

Across these experiments, the proposed structure-preserving methods, particularly the semi-
implicit schemes (SIDG), emerge as the most consistent method offering strong robustness to
ill-conditioning, significantly fewer iterations than explicit methods, and a favorable balance be-
tween computational cost and solution quality. The addition of the d-term improves stability and
convergence in many cases, especially for explicit and fully implicit methods. Moreover, the pro-
posed methods achieve competitive or superior performance compared to widely used optimizers
such as Adam and L-BFGS.

The remainder of this chapter presents these experiments in detail.
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4.1 Least Squares

In this section, we study the behavior of the proposed optimization methods on synthetic least
squares problems, where the conditioning of the objective can be controlled explicitly. This
allows us to isolate the effect of ill-conditioning on optimization performance. We compare explicit
methods (MGD and MGD-§) with the proposed structure-preserving methods (DG, DG-4, SIDG,
and SIDG-9). Our goal is to understand how step-size restrictions, iteration complexity, and
runtime scale with the condition number of the problem.

4.1.1 Experimental Setup

We study the least squares problem Ehrhardt et al. [7]
£(0) = 51140~ b]?
2n ’

which is convex and L-smooth. Defining

Q= lATA, = lATb,
n n

we can write this in a quadratic form as follows:
L0) = 207Q0 - cT0+ +—— b2
2 2N '

The conditioning of the quadratic is governed by the eigenvalues of ). If ) is positive definite,
we define the condition number as
Amax(Q)

)\min(Q) ’

measures how unevenly curved the objective is across different directions. When x(Q) ~ 1, the
curvature is roughly the same in every direction and the problem is easy to optimize. As k(Q)
grows, some directions become much steeper or change more sharply than others, leading to
the gradient changing rapidly (stiff directions). As mentioned before, explicit schemes can be
highly sensitive to parameter selection. For these schemes, the stability 2.9 region shrinks as x(Q)
increases (2.15), forcing the use of smaller step sizes, which leads to slower convergence. Hence,
our goal is to understand how this maximum stable step size shrinks as x(Q) increases for all of
our proposed schemes.

Q) =

To study this, we generate synthetic least squares problems with condition numbers

r € {1,102 10, 10°},
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and compare MGD, MGD-é, DG, DG-4, SIDG, and SIDG-§. We construct A using the singular
value decomposition
A=UxV",

where U and V are random orthonormal matrices and the singular values of 3 are chosen so that
cond(A) = k. All results are averaged over 5 independent runs with different random seeds. We
report the mean and standard deviation of the iteration counts and runtime across these runs.

4.1.2 Results

The least squares experiments show the following. As the condition number increases, the explicit
method MGD becomes increasingly limited by step-size restrictions, leading to a sharp growth in
iteration counts and eventual failure at x = 10%. The implicit methods DG and SIDG are much
more robust to ill-conditioning, requiring far fewer iterations than MGD in the ill-conditioned
regimes. Lastly, adding the d-term improves all method families, with DG-6 and SIDG-J giving
the strongest overall performance in both iterations and wall-clock time. Table 4.1 summarises
these trends.

Table 4.1: Iterations and time (seconds) required to reach the target tolerance for least squares
problems of increasing condition number. As the problem becomes more ill-conditioned, MGD
slows dramatically and fails at x = 105, whereas the implicit methods remain robust. The -
variants, especially DG-6 and SIDG-§, achieve the lowest iteration counts and fastest times in
the hardest regimes.

Method k=1 Kk =102 Kk =10% k=108
MGD 10 / 0.0033 778 / 0.1302 4049 / 0.4789 -
MGD-§ 10 / 0.0017 684 / 0.1015 1855 / 0.2447 4129 / 0.8910
DG 15/ 0.0034 243 / 0.0505 1008 / 0.2440 1113 / 0.4160
DG-6 10 / 0.0019 78 / 0.0178 163 / 0.0503 113 / 0.0377
SIDG 15/ 0.0042 243 / 0.0527 1008 / 0.2085 1113 / 0.3423
SIDG-6 10 / 0.0034 78 / 0.0204 163 / 0.0399 113 / 0.0494

4.1.3 Discussion

In the well-conditioned case x = 1, all methods converge rapidly and achieve identical performance
(see Table 4.1). All methods reach the target tolerance within 10-15 iterations. In this regime, the
optimization problem is not stiff, and step-size restrictions are mild. As a result, the advantages
of implicit methods are not pronounced, and all methods exhibit similar convergence behavior.
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The effect of ill-conditioning becomes clear as k increases. For explicit methods, stability is
tied to the largest eigenvalue of the quadratic. In particular, we have
h S./ ;7
)\max(Q)
which follows directly from proposition 2.14 and Theorem B.4. This means that we have to take

a step size that satisfies this inequality, which means that the step size is far too small to make
significant updates. This is exactly what causes slow convergence in ill-conditioned quadratics.

This is clearly visible in the experiments. For MGD, the best stable step size decreases from
h=1atk=1toh=0.3at k=102 and x = 10%, and the iteration count grows sharply, from 10
to 778 to 4049. At x = 105, MGD does not reach the target tolerance within the given number of
max iterations. Thus, even though MGD is effective in the well-conditioned case, its performance
degrades rapidly as the problem becomes more ill-conditioned.

Loss vs iterations | cond = 102 Loss vs iterations | cond = 10*

0 200 400 600 800 1000 0 1000 2000 3000 4000
Iterations Iterations

(a) k =102 (b) k = 10*

Figure 4.1: Loss versus iterations for increasing condition numbers. As x increases, explicit
methods slow down significantly, while implicit methods remain more robust to ill-conditioning.

At k = 10?2, MGD requires 778.00 & 160.55 iterations to reach the tolerance, while DG and
SIDG require only 243.00 4 26.94 iterations. At x = 10%, this gap widens further: MGD requires
4049.00 4+ 124.47 iterations, whereas DG and SIDG require 1008.00+112.68. This is a substantial
improvement already, even before adding the J-term.

Effect of the /-parameter: fewer iterations and less oscillation

Across all families of methods, adding ¢ improves the convergence behavior, and this is evident
from the plots. The d-variants reduce the number of iterations required to reach the tolerance,
as summarised in Table 4.1.
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At k = 10°, MGD fails to reach tolerance entirely, while MGD-6 still converges in 4129
iterations. Thus, the d-term not only accelerates convergence but can restore robustness in
regimes where the baseline method breaks down.

Second, the §-variants often produce smoother loss curves. In the ill-conditioned cases, the
non-d methods exhibit visible oscillatory behavior (see Figure 4.1). However, the §-variants often
show a clearer and nearly linear decay on the plots. This is visible for DG-6 and SIDG-§ (gray and
pink curves), whose trajectories frequently appear as almost straight descending lines compares
to the DG and SIDG curves (blue and and yellow curves). Hence, the d-term not only reduces the
iteration count but it also suppresses oscillations and produces a cleaner, more strongly damped
descent.

This behavior is also visible for MGD-¢ (purple curve). Compared with MGD (red curve),
the MGD-0 curves tend to oscillate less and descend more steadily, which is consistent with the
interpretation of § as adding extra damping to the dynamics.

Step-size restrictions and robustness to ill-conditioning

A key observation from the step-size sweeps is that DG, DG-9, SIDG, and SIDG-§ remain stable
for much larger values of h than the explicit methods (see Figure 4.2). In the reported experiments,
the implicit methods are stable even at large step sizes (h = 10000), while the explicit methods
become unstable much earlier.

This larger stability region is one of the main advantages of the implicit structure-preserving
schemes. Since they are not forced to resolve the stiffest direction with a very small explicit step,
they can take much larger effective steps and therefore remain efficient even when the condition
number is large. This is visible at x = 10% (see Table 4.1). MGD does not converge to the target
tolerance within the maximum number of iterations, while DG and SIDG still do so in about
1113 iterations, and DG-d and SIDG-§ need only 113 iterations.

Remark 4.1 (Why DG and SIDG have the same metrics in this experiment). An important
observation in the tables is that DG and SIDG have essentially identical iteration counts, final
losses, and times-to-tolerance in the least squares experiments, and the same is true for DG-9
and SIDG-4. This is not accidental. In the quadratic setting, the gradient is affine,

VoL(0) = QO — c,

so the discrete gradient and the semi-implicit linearization reduce to the same underlying linear
relation. As a result, DG and SIDG generate the same metrics for this problem up to negligible
numerical differences.
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Final loss vs step size | cond = 10°

1035 -

1029 4

1023 4

1017 4

Final loss

1011 4

10° A

10—1 -

1072 1071 100 10t 102 103 10*
Step size h

Figure 4.2: Final loss versus step size for & = 10%. The explicit methods become unstable as h
increases, while the implicit methods remain stable over a much larger range of step sizes.

Runtime and time-to-tolerance

Although the implicit methods involve more work per iteration, their reduced iteration counts
often translate into competitive or even better wall-clock performance.

For example, at k = 10* (see Figure 4.3b), MGD requires 0.7342 £ 0.0974 seconds to reach the
tolerance, whereas DG-9 requires only 0.0595 4 0.0147 seconds and SIDG-§ only 0.0653 + 0.0041
seconds. Hence, the improved iteration complexity is strong enough to outweigh the additional
cost per step. At x = 105, the same pattern remains: MGD-6 reaches tolerance in 0.3478 4-0.0487
seconds, while DG-§ and SIDG-6 do so in only 0.0595 + 0.0147 and 0.0653 4+ 0.0041 seconds
respectively. So in the most ill-conditioned regime, the implicit J-methods are not only more
stable and more iteration-efficient, but also substantially faster in wall-clock time.
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Time to tolerance vs iterations | cond = 102 Time to tolerance vs iterations | cond = 10*
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Figure 4.3: Time to tolerance versus iterations for increasing condition numbers. The §-implicit
variants achieve a significantly better tradeoff between iteration count and runtime, with the
advantage becoming more pronounced as the condition number increases.

4.2 Regularized Logistic Regression

We consider {s-regularized binary logistic regression as a benchmark to compare the proposed
structure-preserving methods with classical optimization algorithms. This problem provides a
simple yet informative setting in which both the conditioning of the feature matrix and the
separability of the class labels can be controlled explicitly.

4.2.1 Experimental Setup

Let A € R"™ 4 denote the feature matrix with rows a;, and let labels y; € {—1,+1} for i =

1,...,n. The goal is to learn parameters § € R” that predict labels via g; = sign(a;rﬁ). We
minimize the regularized logistic loss

1« A
L(0) := - leog(l + exp(—y; a;rH)) + §||9||2, (4.1)
1=
where A > 0 is the fs-regularization parameter LeCun et al. [12]. The gradient is given by
VoL(0) = ! zn:y-w o(—yi aTG) + N0, o(t) = ! (4.2)
n Z:1 (A (A 1 Y bl . 1 +€7t' .
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The dataset is generated synthetically to allow independent control of conditioning and classifi-
cation difficulty. We construct A using the singular value decomposition

A=UxV",

where U and V are random orthonormal matrices and the singular values of X are chosen so that
cond(A) = k. We consider both well-conditioned (x ~ 1) and ill-conditioned (x = 1000) regimes.
After construction, features are standardized to have a zero mean and unit variance.

To generate the labels, we first sample a ground-truth parameter vector
0, ~ N(0,1),
where N (0, I) is the standard normal and scale it by a margin parameter m > 0:
0, <~ mo,. (4.3)

For each sample, we compute logits
l:=a; 0
1 ai *

and generate labels according to a probabilistic logistic model:

+1, with probability p;,

i (4.4)

pi = o(4;), Y = {

, with probability 1 — p;.

The margin parameter m controls the difficulty of the classification problem:

e Small m: logits are close to zero, producing noisier labels.

e Large m: logits have larger magnitude, leading to more separable data.

To better illustrate this refer to plot (see Figure 4.4).
We study performance across a 2 x 2 grid of problem settings defined by:

e Condition number: x € {Ksmal = 1, Klarge = 1000},

e Margin: m € {Mmgman = 1, Miarge = 4}.
This yields four regimes:

1. Mgmall, Ksman (n0isy, well-conditioned),

2. Mgmall, Flarge (nOisy, ill-conditioned),
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3. Miarge, Ksmall (separable, well-conditioned),

4. Miarge, Klarge (separable, ill-conditioned).

Lastly, we report the training [|[VoL(0)|| and test loss as well as test accuracy. Training is termi-
nated when
IVeL(9)] < 1077,

Low-margin setting (m =1) High-margin setting (m = 4)

34 * y=+1 . 34 ¢ y=+1
s y=-1 e y=-1
.
—— boundary:a'6.=0 o —— boundary: a78. =0

feature 2
feature 2

=21 =21

feature 1 feature 1

Figure 4.4: Illustration of the effect of the margin parameter on label separability for a 2-D
example. For m = 1, the labels are less separable and lie closer to the decision boundary. For
m = 4, the labels become more separable. The line a6, = 0 denotes the decision boundary of
the classifier.
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4.2.2 Results

We focus on the ill-conditioned regime i.e, K = 1000. The corresponding well-conditioned results
when k = 1 are reported in Appendix D.1.1. In that setting, all methods reach the stopping
criterion with nearly identical losses and accuracies, and thus, the comparison is less informative.
The ill-conditioned case provides a more meaningful test of optimization behavior.

The results reveal three main trends. First, all methods achieve similar final losses and
accuracies across both margin regimes, indicating that they converge to comparable solutions.
Second, the primary difference lies in optimization efficiency. Among the structure-preserving
methods, SIDG consistently requires the fewest iterations and outperforms DG in both iteration
count and runtime. Third, while the §-modification improves explicit methods slightly, it provides
little benefit for SIDG and increases computational cost. Overall, SIDG achieves the best balance
between iteration efficiency, runtime, and solution quality, and performs competitively with L-
BFGS without requiring line searches.

Table 4.2: Regularized logistic regression results for the ill-conditioned, high-margin regime
(m = 4,k = 1000). All methods achieve similar final losses and accuracies. However, among
the structure preserving methods SIDG and SIDG-4 require far fewer iterations than first-order
methods and are competitive with L-BFGS, while DG incurs higher runtime due to inner itera-
tions. Furthermore, the SIDG methods achieve strong generalization performance, with test loss
and accuracy comparable to Adam. Results are reported as mean + standard deviation across
random seeds.

Method Train Loss Test Loss Test Acc Iter Time (s)

Adam 5.175e-02 + 1.979e-02 6.184e-02 £ 1.789%-02  0.979 £ 0.010 215 + 14 0.120 £ 0.011
GD 5.298e-02 £ 1.582e-02 7.553e-02 £ 1.891e-02 0.977 £0.012 825 £ 98 0.437 &+ 0.065
MGD 5.296e-02 + 2.003e-02 6.180e-02 + 1.960e-02 0.975 £ 0.011 185 £22 0.087 £ 0.012
MGD-é 5.276e-02 £ 2.005e-02 6.253e-02 £ 1.994e-02 0.975 £ 0.011 175 £ 18 0.091 £+ 0.019
DG 5.379e-02 £ 1.982e-02 6.144e-02 £ 1.930e-02 0.974 £ 0.013 210 £45 0.291 £+ 0.053
DG-6 5.319e-02 £ 2.000e-02 6.183e-02 £ 1.941e-02 0.975 £0.011 210 £29 0.291 £ 0.034
SIDG 5.155e-02 £ 1.932e-02  6.050e-02 + 1.745e-02 0.979 + 0.010 65+ 14  0.276 £ 0.062
SIDG-§ 5.155e-02 £ 1.932e-02  6.049e-02 + 1.743e-02 0.979 + 0.010 65+ 14  0.480 £ 0.115
LBFGS  4.891e-02 + 1.967e-02  6.435e-02 + 1.561e-02 0.977 £0.011 35 + 14 0.086 + 0.033

4.2.3 Discussion

Table 4.2: Separable, ill-conditioned regime (m = 4, x = 1000).

We begin with the large-

margin setting, where the data is nearly separable and the optimization problem is dominated
by ill-conditioning rather than label noise. In this regime, all methods achieve very similar final
losses and test accuracies, indicating convergence to essentially the same solution.
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Table 4.3: Regularized logistic regression results for the ill-conditioned, low-margin regime (m =
1,5 = 1000), where label noise increases problem difficulty. All methods again reach similar
solutions, but SIDG maintains the lowest iteration counts among structure-preserving methods
and remains competitive with L-BFGS. Dashes indicate failure to converge. Results are reported

as mean =+ standard deviation across random seeds.

Method Train Loss Test Loss Test Acc Iter Time (s)
Adam 2.021e-01 % 3.604e-02 2.228e-01 £ 2.846e-02 0.904 £ 0.028 250 £ 18 0.140 £ 0.012
GD - - - - -

MGD 2.040e-01 +£ 3.610e-02 2.205e-01 £ 2.830e-02 0.904 £ 0.027 165 + 34 0.084 &+ 0.018
MGD-é 2.040e-01 +£ 3.606e-02 2.205e-01 +£ 2.838e-02 0.904 £+ 0.025 145 +£41 0.075 + 0.034
DG 2.040e-01 £ 3.610e-02  2.204e-01 + 2.827e-02 0.905 £+ 0.025 165 £ 34 0.391 £ 0.058
DG-§ 2.040e-01 £ 3.606e-02 2.205e-01 £ 2.838e-02 0.904 £ 0.025 145 £41 0.328 £+ 0.065
SIDG 2.035e-01 £ 3.587e-02 2.211e-01 £ 2.858e-02 0.904 £0.024 70+ 11  0.250 = 0.045
SIDG-§ 2.035e-01 £ 3.589e-02 2.211e-01 £ 2.859e-02 0.904 £0.024 70+ 11 0.471 £ 0.078
LBFGS  2.010e-01 + 3.623e-02  2.262e-01 + 2.852¢-02 0.902 £ 0.029 65 + 14 0.165 + 0.032

The primary distinction between methods lies in optimization efficiency. Adam requires 215+
14 iterations to reach the tolerance, while the momentum methods (MGD and MGD-6) reduce
this to approximately 175-185 iterations and achieve the fastest wall-clock times due to their
inexpensive updates.

The DG methods require over 200 iterations and incur significantly higher runtime, reflecting
the cost of the inner fixed-point iterations. In contrast, SIDG and SIDG-§ converge in only
65 £ 14 iterations, substantially fewer than all first-order methods and comparable to L-BFGS,
which requires 35 £ 14 iterations. However, L-BFGS has higher test loss and marginally lower
test accuracy compared to the other methods.

SIDG also improves over DG in both iteration count and runtime. Despite both methods
being implicit, the semi-implicit formulation of SIDG avoids costly inner iterations, resulting in
more efficient updates. However, SIDG-§ has higher runtime than all methods due to its two
inner conjugate gradient solves (Algorithm ?7).

Table 4.3: Noisy, ill-conditioned regime (m = 1,x = 1000). We now consider the more
challenging setting which is the low-margin setting, where label noise is present in addition to
ill-conditioning.

Adam, MGD, and MGD-9 follow the same qualitative behavior as in the separable case, but
require more iterations to reach the tolerance. The DG methods again exhibit similar iteration
counts to MGD and MGD-4, but incur substantially higher runtime due to the cost of the fixed-
point iterations. In contrast, SIDG and SIDG-4 converge in only 70 4 11 iterations, comparable
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to L-BFGS (65 £ 14), while maintaining a structured geometric update without requiring line
searches. Despite its faster convergence, L-BFGS attains a higher test loss and slightly lower test
accuracy than SIDG.

As in the separable case, SIDG outperforms DG in both iteration count and runtime, demon-
strating that the semi-implicit formulation provides a more efficient mechanism for incorporating
information about the hessian (curvature) than the fixed-point updates used in DG. The J-variant
again does not improve convergence for SIDG and increases runtime, making standard SIDG the
preferable choice.
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4.3 PINN Experiment

In this experiment, we evaluate the performance of the proposed optimization methods on a
physics-informed neural network (PINN) Raissi et al. [21] applied to a simple linear advection
equation.

4.3.1 Experimental setup

We consider the linear advection equation on the space-time domain (¢, z) € [0, 1] x [—1, 1],

U + Uy = 0, (4.5)
with the periodic boundary conditions
u(t,—1) = u(t, 1), (4.6)
and the initial condition
u(0,z) = g(z), (4.7)

where
g(z) :=sin(rzx) + 0.3 cos(27x) — 0.2sin(37z).

We consider noisy observations of the initial condition given by

gnoisy(x) = g(x) + 5(%), g~ N(O,OOlQ)

We approximate the solution using a neural network uy (¢, x) with parameters 6. The network is
trained by minimizing the physics-informed loss

E(Q) := LppE + ABcLBc + AicLic. (4.8)

The PDE residual loss is defined as
N

1
LppEg = N- Z |Opug(ti, i) + Opug(ti, )|, (4.9)
i1

where (¢;,x;) are collocation points sampled uniformly from the domain. The periodic boundary
condition loss is given by

Np
1
Lpc = N5 > Jua(ti, 1) — ug(ti, 1) (4.10)
i=1
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The initial condition loss is defined using noisy observations:
1 Nic
Lic = 5 — z; ug(0,27) — Gnoisy ()] - (4.11)

The derivatives Jyug and OJ,ug are computed using automatic differentiation. Furthermore, Np
denotes the number of space-time volume points, Np denotes the number of boundary points,
and Njc denotes the number of initial space-time volume points. In our experiments, we use
Np =256, Ng = 64, and Njc = 256. Lastly, the collocation points (t;, x;) are sampled uniformly
from the space-time domain:

ti~U(0,1]), @ ~U([-1,1]).
Boundary points are sampled as
ti ~U([0,1]), x e {-1,1},
and initial condition points are sampled as
x; ~U([-1,1]), t=0.
We evaluate performance using the relative L? error

ug —UuU
‘Crel — H 0 HL2
[l 2

computed using adaptive Gauss—Legendre quadrature over the space-time domain. Training is
terminated early when

(4.12)

L <1071

We use a fully connected feedforward neural network to approximate the solution wg(t, z).
The network takes (t,2) € R? as input and outputs a scalar prediction ug(t, ) € R. It consists of
4 hidden layers of width 64, with tanh activation functions applied after each hidden layer. The
use of tanh activations is standard in PINN architectures, as they provide smooth approximations
and enable stable computation of derivatives via automatic differentiation.

4.3.2 Results

The PINN experiments show that L-BFGS achieves the best overall performance, attaining the
lowest L, error, lowest loss, and fastest convergence in both iterations and runtime, though
with higher variability across runs. Among the structure-preserving methods, SIDG provides
the best overall balance between accuracy, iteration efficiency, and runtime. SIDG and SIDG-§
significantly reduce iteration counts compared to explicit methods while maintaining competitive
accuracy. Lastly, while the d-modification improves MGD and DG by adding damping, it pro-
vides limited benefit for SIDG and increases computational cost due to additional linear solves.
Table 4.4 summarizes these results.
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Table 4.4: PINN performance across seeds (mean + standard deviation). L-BFGS achieves
the best overall performance in terms of accuracy and convergence speed, though with higher
variability. Among the structure-preserving methods, SIDG and SIDG-4 provide the best balance
between accuracy and efficiency, requiring significantly fewer iterations than explicit methods
while maintaining competitive runtime. DG methods are substantially slower due to expensive

implicit updates.

Method Final rel Lo Final Loss Iter to Tol Time (s)
LBFGS 7.208 x1072+2.186 x1072 2.707 x1073+1.172x 1072 1200+44.7 35+1.3
SIDG-§  9.353x 1072+4.984 x 1072  3.815x 1073 +£5.457 x 10~*  560.0+151.7 9.3+2.3
MGD-6  9.510 x 1072 +£3.363 x 1073 4.189 x 1073 +£4.157 x 10~*  1240.0 £230.2 4.54+0.8
SIDG 0.643 x 1072 +2.888 x 10™%  4.018 x 1072 £4.896 x 10~*  500.0+£122.5 6.2+1.5
Adam 9.706 x 1072 £1.579 x 10~3 3.960 x 1073 £2.924 x 10~*  1020.0 £ 216.8 4.0+0.5
DG-6 0.856 x 1072 +£8.492 x 10™*  4.563 x 10723 £5.975 x 10~*  2280.0 £ 887.1 18.9+7.6
DG 9.925 x 1072+ 7.109 x 10~*  4.292 x 1073 £2.431 x 10~* 2720.0 +1096.4 22.3+ 9.0
MGD 9.940 x 1072 +£5.273 x 107*  4.361 x 1072 £3.734 x 10~*  3180.0+£828.9 11.6+2.7
GD 0.922 x 1071 £ 6.509 x 102 5.149 x 10~! £+ 6.493 x 10~2 - -

4.3.3 Discussion

Table 4.4 shows that L-BFGS achieves the strongest overall performance, attaining the lowest
final L, error, the lowest loss, and the fastest convergence in both iterations and wall-clock time.
However, its larger standard deviation indicates greater variability across runs.

Among the structure-preserving methods, SIDG and SIDG-4 perform best overall. In partic-
ular, SIDG-¢ attains the lowest L, error among non-L-BFGS methods, while SIDG reaches the
target tolerance in fewer iterations. Both variants significantly outperform Adam, MGD, DG,
and their §-variants in iteration efficiency while maintaining competitive runtime.

Adam remains a strong baseline with good runtime performance, but requires more iterations
to reach the same tolerance. The momentum-based methods MGD and MGD-4 also converge
reliably, but require substantially more iterations, reflecting slower convergence of explicit mo-
mentum dynamics.

The DG and DG-0 methods exhibit highly consistent performance across runs, as indicated
by their small standard deviations. However, they are considerably slower in both iterations
and wall-clock time. As shown in Figure 4.5, their trajectories (green and orange curves) dis-
play visible spikes and plateaus due to the implicit updates and variability in the inner solves.
While these oscillations are regular when viewed across iterations, they appear irregular in time
because the computational cost per iteration is non-uniform. Each update requires multiple gra-
dient evaluations and fixed-point solves, leading to occasional expensive steps and slower overall
convergence.
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The é-modification improves performance for MGD and DG by introducing additional damp-
ing, reducing error and iteration count. However, this benefit does not extend to SIDG. In the
SIDG setting, the d-variant requires solving an additional linear system via conjugate gradients
(Algorithm ?7), compared to a single solve in the standard formulation (Algorithm 5), increasing
computational cost without clear gains in accuracy.

Finally, GD fails to reach the desired tolerance in any run, with £, error remaining close to
1, confirming its inadequacy for this problem.

Training Loss vs iterations Training Loss vs time

= Adam = DG = Adam = DG

10° —— L-BFGS —— DG-6 —— L-BFGS —— DG-6
MGD SIDG MGD SIDG

—— MGD-6 —— SIDG-6 —— MGD-6 —— SIDG-6

Training Loss
Training Loss

0 1000 2000 3000 4000 0 2 4 6 8 10 12 14

Iterations Time (seconds)
Relative L2 error vs iterations Relative L2 error vs time
10° — Adam  —— DG-6 100 — Adam  —— DG6
— LBFGS SIDG — LBFGS SIDG
- MGD — SIDG-6 MGD — SIDG-6
e MGD-6 ---- Target e MGD-6 ---- Target

- DG - DG

Relative L2 solution error
Relative L2 solution error

4 1000 2000 3000 4000 0 2 4 6 8 10 12 14
Iterations Time (s)

Figure 4.5: Comparison of all methods on the PINN inverse problem. Top row: training metrics.

Bottom row: L, metrics. The dashed line indicates the target tolerance relL, < 107! We
removed GD from the plots for clarity.

Figure 4.5 further illustrates these behaviors. L-BFGS decreases the loss extremely rapidly
and achieves the lowest values in the shortest time. SIDG and SIDG-¢§ exhibit smooth and stable
decay, while momentum methods show more oscillatory behavior. DG methods converge reliably
but are significantly slower due to their expensive updates.

In terms of L, error, L-BFGS again performs best, reaching and surpassing the target toler-
ance quickly. Among structure-preserving methods, SIDG variants achieve the fastest convergence
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in iterations with stable behavior. Adam converges reliably but more slowly, while MGD and DG
methods require substantially more iterations or time.
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4.4 CIFAR-10 Experiments

Our last experiment involves a classification task on the CIFAR-10 dataset. The dataset consists
of 60,000 color images of size 32 x 32 across 10 classes, with 50,000 training samples and 10,000
test samples.

4.4.1 Experimental Setup

We train a residual neural network (ResNet) that takes an input image x € R32%32%3 and outputs
class probabilities over 10 classes. Let y € {1,...,10} denote the ground-truth class label.
The network produces logits f(x) € R!?, which are converted into probabilities via the softmax
function:
= —— =1,...,10.
)= S rw
The cross-entropy loss for a single example is defined as
(z,y) := —logpy(x).

Substituting the softmax expression, this becomes

10
Ux,y) = —fyl(x) +log Y els@),
j=1

15
1=

Given a mini-batch B = {(z;,y;)},_; of size |B| = 256, the empirical loss is

|B] |B|

10

1 1 .

L(0) = 18] > Ui, yi) = 18 > | fui(@i) —log Y el
=1 =1 7=1

Training is performed using mini-batches of size 256 for 20 epochs. The data is then augmented
and normalized. Hyperparameters, including the step size, damping parameters, and memory size
for quasi-Newton updates, are tuned manually for each optimization method. All reported results
correspond to the best-performing hyperparameter configurations identified during tuning.

4.4.2 Results

The CIFAR-10 experiments reveal that DG-0 achieves the strongest generalization performance,
attaining the highest test accuracy and lowest validation loss. Adam remains a strong baseline
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with competitive generalization and faster runtime. And the SIDG methods achieve very low
training loss and competitive validation performance, providing a favorable trade-off between
optimization quality and runtime. Tables 4.5-4.6 summarize these results.

For each run, the model selected for reporting is the one achieving the best validation accuracy
during training, and the corresponding test metrics are evaluated using that saved model.

Table 4.5: CIFAR-10 generalization performance at the best validation epoch (mean + standard
deviation across seeds, sorted by test accuracy). DG-6 achieves the strongest overall generalization
performance, attaining the highest test accuracy and lowest validation loss. Adam also performs
strongly with competitive accuracy and lower runtime, while SIDG methods achieve comparable
performance with slightly lower accuracy but better training optimization.

Optimizer Best Epoch Test Acc Test Loss Val Acc Val Loss

DG-§ 198 £04 0.8342 + 0.0064 0.4988 £+ 0.0264 0.8345 + 0.0061 0.4816 + 0.0264
Adam 194+ 0.9 0.8295 £ 0.0110  0.5125 £ 0.0200  0.8322 £+ 0.0069  0.4909 £ 0.0200
SIDG 188 £ 1.1 0.8201 £ 0.0138  0.5471 £ 0.0320  0.8229 4+ 0.0099  0.5176 £ 0.0320
SIDG-6 18.8 £ 1.1 0.8201 4+ 0.0032  0.5444 £ 0.0174  0.8230 + 0.0028  0.5193 £ 0.0174
DG 198 £ 04 0.8193 £ 0.0041  0.5327 £ 0.0111  0.8156 + 0.0048  0.5280 £ 0.0111
MGD-¢ 188 £1.3 0.8184 £ 0.0075  0.5511 £ 0.0144  0.8208 £ 0.0043  0.5241 £ 0.0144
MGD 194 £ 0.5 0.8132 £ 0.0095  0.5597 £ 0.0117  0.8188 £ 0.0057  0.5433 £ 0.0117
SGD 19.0 £ 0.7 0.8103 = 0.0094  0.5715 £ 0.0361  0.8104 £ 0.0103  0.5544 £ 0.0361
L-BFGS 122 £ 5.6 0.4711 &£ 0.0070  2.1619 £ 0.7586  0.4575 4+ 0.0068  2.1551 £ 0.7586

Tables 4.5-4.6 show that DG-d achieves the strongest overall generalization performance in this
experiment, attaining the highest test accuracy, lowest mean loss, the highest validation accuracy,
and the lowest validation loss. Adam does comparatively well and has a better runtime. The
SIDG-based methods also perform strongly on validation and test metrics, while having better
run time than the DG methods.

4.4.3 Discussion

To better understand the training dynamics, Figure 4.6 compares all methods in terms of both
training and validation performance over wall-clock time.

The bottom-right figure shows the validation accuracy. Adam (blue curve) and DG-§ (green
curve) provide the strongest overall performance, combining rapid initial improvement with the
highest final validation accuracy. The SIDG-based methods improve more gradually, but still
reach competitive validation accuracy by the end of training.

The top-left figure shows the training loss and highlights a different aspect of the optimization
behavior. In particular, the SIDG methods (yellow and grey curves) attain the lowest training
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Table 4.6: CIFAR-10 training and runtime performance (mean =+ standard deviation across seeds).
SIDG methods achieve the lowest training loss, while DG methods incur higher runtime due to
more expensive updates. SGD attains the highest training accuracy, but doens’t have competitive

generalization metrics.

Optimizer Train Acc Train Loss Time (s)

DG-6 0.85824 + 0.00473 0.40833 + 0.01245 386.93 £ 1.74
Adam 0.88640 + 0.00177 0.39600 + 0.00319 322.86 £ 1.50
SIDG 0.95461 + 0.00253 0.18395 £+ 0.00907 349.41 £ 0.84
SIDG-6 0.95331 £+ 0.00215 0.18616 £ 0.00672 365.23 £ 0.58
DG 0.84494 + 0.00138 0.44635 + 0.00356 381.45 £ 1.36
MGD-§ 0.84388 + 0.00134 0.44747 + 0.00522 32240 £ 1.12
MGD 0.88474 + 0.00223 0.43318 + 0.00530 318.71 £ 7.09
SGD 0.96396 + 0.00175 0.41526 + 0.00578 325.84 £ 11.85
L-BFGS 1.00000 £ 0.00000 0.00221 £+ 0.00158 389.46 £ 4.05

losses among all practical methods, indicating that they are highly effective at minimizing the
training objective.

For L-BFGS (red curve) while its training loss decreases extremely rapidly (top-left), its
validation accuracy remains substantially worse than that of the other methods (bottom-right),
and its validation loss increases over time (bottom-left). This behavior suggests severe overfitting.
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Training Loss vs Time Training Accuracy vs Time
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Figure 4.6: Comparison of all methods on CIFAR-10. Top row: training metrics. Bottom row:
validation metrics
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Chapter 5

Conclusion

5.1 Conclusion

This thesis developed and studied structure-preserving optimization methods by viewing first-
order optimization through the framework of dissipative Hamiltonian systems. The starting
point was the continuous-time formulation in Section 3, where the Hamiltonian (3.1) combines the
objective value and kinetic energy, and the resulting dynamics satisfy the dissipation law (3.12).
This perspective motivates optimization methods that do not merely descend the objective, but
are designed to inherit the underlying energy-dissipative structure of the continuous system.

From this viewpoint, the classical momentum gradient descent method was derived as a semi-
implicit discretization of the dissipative Hamiltonian dynamics (see (3.20), (3.21), and (3.22)).
Under the standard assumptions of L-smoothness and compact sub-level sets stated in Section 2.4,
Theorem 3.3 gives the nonconvex best-iterate bound

1
. 2
oin [IVeL @Il = O() )

with the associated step-size restriction h < 27y/L.

The main theoretical development of the thesis was the derivation and analysis of discrete-
gradient methods for dissipative Hamiltonian optimization. In Section 3.4, the discrete gradient
construction was introduced through the defining properties (3.28)-(3.29), and the resulting DG
updates were derived in (3.38)-(3.39). These updates preserve a discrete analog of the continuous
dissipation mechanism by construction. The well-posedness analysis showed that the implicit step
can be reformulated as a fixed-point problem, and under the contraction condition of Lemma, 3.9,
the DG update is uniquely defined and the inner fixed-point iteration converges linearly to the
solution. This provides a mathematically well-founded, implicit, structure-preserving optimizer.
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The convergence analysis of DG established that the method achieves nonconvex rates com-
parable to those of MGD. In particular, Theorem 3.13 and Corollary 3.14 show that both the
discrete gradient and the true gradient residuals satisfy best-iterate O(1/K) bounds. Moreover,
Corollary 3.18 and Theorem 3.19 show that bounded DG iterates admit convergent subsequences
and that every limit point is a stationary point of L.

A second contribution of the thesis was the introduction of additional damping in the pa-
rameter dynamics. This led to the MGD-§ method in Section 3.3 and the DG-§ method in
Section 3.4.3. We prove explicit nonconvex best-iterate bounds for DG-4J, see Theorem 3.16 and
Corollary 3.17. However, rigorous convergence rates for MGD-¢ are left for future work.

The third major contribution was the development of the semi-implicit discrete-gradient
method (SIDG), designed to reduce DG’s computational cost while retaining its key dissipa-
tive features. Section 3.5 derived SIDG by linearizing the discrete gradient and replacing the
exact Hessian with a sequence of symmetric positive definite matrix approximations leading to
the updates (3.90)-(3.91) and, in the analysis, the equivalent form (3.92)-(3.96). Under the spec-
tral bounds on the Hessian approximations, Theorem 3.25 proved the discrete energy estimate
(3.105), showing that the energy is non-increasing whenever the step-size condition is satisfied.
Corollary 3.26 then provided the explicit admissible range

2y

O0<h
< <L—mB

when L > mp, and no restriction when L < mp. This is less restrictive than the MGD condition
in Remark B.5, highlighting an important theoretical advantage of SIDG. Beyond energy decay,
the thesis established a nonconvex gradient-rate result for SIDG. Theorem 3.30 gives the best-
iterate estimate (3.114), showing that SIDG also attains an O(1/K) stationarity guarantee under
the assumptions of Theorem 3.25. Moreover, SIDG is substantially cheaper per iteration than
the fully implicit DG method, as demonstrated in the numerical results (see Chapter 4).

The numerical experiments in Chapter 4 demonstrate that these theoretical features trans-
late into useful practical behavior. In the least-squares experiment of Section 4.1, where condi-
tioning could be controlled explicitly, the implicit structure-preserving methods were markedly
more robust to ill-conditioning than MGD, and the d-variants required fewer iterations to reach
the prescribed tolerance (see Table 4.1). In the ill-conditioned logistic-regression experiments
of Section 4.2, SIDG achieved the best balance between iteration count, runtime, and solution
quality among the structure-preserving methods, while remaining competitive with L-BFGS. In
the PINN experiment of Section 4.3, SIDG and SIDG-§ were the strongest structure-preserving
methods, achieving substantially better iteration efficiency than MGD and DG. However, for this
experiment, L-BFGS remained the best-performing method overall. Finally, in the CIFAR-10
experiment of Section 4.4, DG-6 achieved the strongest generalization performance, while SIDG
methods attained the lowest training losses and a favorable runtime-performance trade-off. Taken
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together, these experiments show that the structure-preserving methods achieve competitive per-
formance on modern machine learning problems.

5.2 Future Work

Several natural directions follow from the present work.

First, a rigorous convergence analysis of MGD-§ remains open. In Section 3.3, the method
is introduced through a modified dissipative Hamiltonian system with discrete updates (3.26)-
(3.27), but no convergence theorem analogous to Theorem 3.3 is established. Since the numerical
results in Section 4.1 show that MGD-§ can substantially outperform MGD in ill-conditioned
regimes, particularly when MGD fails to reach the target tolerance, it would be valuable to
establish rigorous stationarity guarantees.

A similar analysis is also required for SIDG-4. In Section 3.5.2, the semi-implicit J-scheme is
derived via (3.120)-(3.122), and Lemma 3.32 establishes well-posedness of the updates. However,
no analogue of Theorem 3.25 or Theorem 3.30 is currently available.

Second, all theoretical results in this thesis are deterministic. In practice, however, modern
machine learning relies on stochastic gradients computed from mini-batches, as in SGD and
Adam, rather than full gradients. A natural direction for future work is to extend the analysis to
such stochastic settings by replacing VyL(0;) with a stochastic gradient g satisfying conditions
such as

Elgr | 0k = VoL(Or),  Ellgr — VoL(0k)|* < 0?,

meaning that the stochastic gradient is an unbiased estimator of the true gradient and has
bounded variance. Within this setting, it would be important to determine whether the dis-
sipative Hamiltonian framework, the DG method, and the SIDG method admit expected-energy
dissipation inequalities of a suitable form, whether one can establish convergence rates in expecta-
tion for ming<p<x E||VgL(0))||?, and how gradient noise interacts with the damping parameters
~v and §. Since the CIFAR-10 experiment in Section 4.4 already employs mini-batch gradients
in practice, developing a stochastic theory would bridge the gap between the analysis and the
implementation.

Third, the effect of the parameter § requires more theoretical analysis. In the present work, §
appears through a nonzero Rj; block in the dissipation matrix, modifying the parameter dynamics
directly (see Sections 3.3, 3.4.3 and 3.5.2). Empirically, § often reduces oscillations and improves
robustness in ill-conditioned regimes, especially in least squares. A more complete theory should
quantify how ¢ alters damping, spectral behavior, discrete energy decay, and stability regions,
especially on quadratics where more precise derivations may be possible.
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Fourth, it would be interesting to study more general dissipation structures with nonzero
off-diagonal blocks Ri2 and Rgi. In Section 3.1, the general symmetric block form

[Rn Ria
Ro1 Rao

], R=R'" >0

is noted, but the thesis only develops in detail the cases corresponding to momentum damping
alone and additional damping in the parameter dynamics. Allowing Ri2 and Rs; to be nonzero
could produce new couplings between parameter and momentum dissipation, potentially leading
to richer classes of optimizers.

Fifth, stronger rates under additional assumptions should be developed for all of the proposed
methods. The current analysis establishes nonconvex best-iterate O(1/K) stationarity guaran-
tees for MGD, DG, DG-§, and SIDG as seen in Theorem 3.3, Theorem 3.13, Corollary 3.14,
Theorem 3.16, Corollary 3.17, and Theorem 3.30. A natural next step is to study convex (see
Definition E.3) and p-strongly convex (see Defintion E.4) L-smooth objectives. In these settings,
one may expect improved convergence rates, such as linear convergence of iterates or energies in
the strongly convex case.

Sixth, there are many choices of inner solves for the DG methods. In the current imple-
mentation, the DG and DG-§ updates are computed through fixed-point iterations justified by
the contraction arguments in Lemma 3.9 and Lemma 3.15. Although this is mathematically
convenient, the experiments show that the cost of these inner solves is the main computational
bottleneck for DG. Future work should therefore examine alternative solvers such as relaxed
fixed-point schemes Ehrhardt et al. [7]. A key question is whether one can preserve the discrete
energy structure while reducing the number of inner iterations and runtime substantially.

Seventh, the SIDG implementation could be improved beyond the current conjugate-gradient-
based approach. The present analysis in Section 3.5 assumes that the SIDG linear system is
solved exactly, together with L-BFGS based curvature approximations. This raises several open
computational questions, including when to update curvature pairs, how to better safeguard
the Hessian approximations, and whether alternative approximate solvers can further reduce
runtime. Since SIDG already appears to provide the best practical balance between robustness
and efficiency across several experiments, improving it could make the method substantially more
competitive on larger-scale problems.

Lastly, the current theoretical results assume that the DG fixed-point problem and the SIDG
linear system are solved exactly at each outer iteration. In practice, however, both are solved
approximately. Extending the analysis to include residual errors from fixed-point iterations or
conjugate-gradient iterations would make the theory more faithful to the algorithms actually
implemented.
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Appendix A

Background on Lyapunov stability

This section recalls standard results from Lyapunov theory and dynamical systems. See Teschl
[24] for more details.

Consider the continuous dynamical system

= f(x), x €D CR", (A1)

where f € C(D,R"). For each initial condition xy € D we denote by x(t) the solution satisfying
x(0) = xo.
Definition A.1 (Invariant set). A set S C D is called invariant if

x0€S = x(t)e S VieR

It is called positively invariant if zp € S = z(t) € S, Vt>0.

Definition A.2 (Stable equilibrium). Let 2* be an equilibrium of the system & = f(z). The
equilibrium z* is called stable in the sense of Lyapunov if, for every € > 0 there exists § > 0
such that

|l(0) —2*|| < d = |z(t) —z"|| <e Vt>0.

Definition A.3 (Asymptotically stable equilibrium). An equilibrium z* is called locally asymp-
totically stable if it is Lyapunov stable and there exists dy > 0 such that

*

|lx(0) —z*|| < dy = z(t) > 2" ast— oo.

Definition A.4 (Lyapunov function). Let x* be an equilibrium of & = f(x). A continuously
differentiable function V : D — R is called a Lyapunov function if
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1. V(z*) =0 and V(x) > 0 for all x # z*,
2. V(z) =VV(2)"f(z) <0forall z € D.

Theorem A..5 (Lyapunov stability theorem). Let V' be a Lyapunov function for the system
&= f(z). If V(z) <0 for all x € D, then the equilibrium x* is stable. If in addition V() < 0
for all x # x*, then x* is locally asymptotically stable.

In many nonlinear systems the derivative V is only negative semidefinite. In such cases
convergence can still be established using LaSalle’s invariance principle.

Theorem A.6 (LaSalle invariance principle). Consider & = f(z) on a domain D C R™ and let
Q C D be a compact positively invariant set. Suppose V : D — R is a C' function satisfying

V(z)=VV(z) f(x) <0, Vo € Q.

Define
E={zecQ:V(z)=0},

and let M be the largest invariant subset of E. Then every solution with initial condition in §2
satisfies
dist(x(t), M) — 0, as t — 0o.
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Appendix B

Convergence analysis of Momentum

Gradient Descent

In this section we analyze the convergence of the Momentum Gradient Descent (MGD) iteration
introduced in Chapter 3. The following proofs in the MGD method are adapted from Ochs et al.
[18], but we present them here in a simplified form that is consistent with the notation and

assumptions used throughout this thesis.

Recall that MGD is given by
Ok+1 = Ok + B(O — Ok—1) — aVL(O)),
where o = h? > 0 and 0 < 3 < 1 where 3 = 1 — hy. For convenience, define
d := 0 — 0_1, k> 0.

Then (B.1) can be written as
di+1 = Pdi, — aVL(Oy).

Lemma B.1. Under Assumption 2.5, the iterates generated by (B.1) satisfy

1 L

£0k) < £00) + Ldisdin) = (5 = 5 ) I P

o
Proof. Since L is L-smooth, by the descent lemma 2.8,

L
L(Oky1) < L(Ok) + (VL(O), Ok r1 — O) + 5\\9k+1 — Ok)*.
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Since 01 — 0 = di41, this becomes

L
L(Ors1) < L(Ok) +(VL(OR), dpy1) + §Hdk+1”2-

From (B.2),
aVL(O) = Bdy — dy1.

Taking the inner product with dp,; gives

1
(VELOR), i) = 2 (s i) — il
Substituting this into the smoothness inequality yields (B.3).

We now define a Lyapunov function and show monotone decay.

Lemma B.2. Assume that 0 < 8 <1 and

21— 5)

a < i3

Define

1 /1 L

Hy = L0 + ol e (a - 2) |

Then ¢ > 0, and
Evr1 < Hio — p(Idis1 I” + l1del?),
where
3 1

L
s —7:71— —_ — .
p=c= 5, =gt =B -7 >0

Hence, {Hy}ip>0 is nonincreasing.

Proof. By (B.3),

Exe1 — Hi = L(On41) — L(0%) + c(lldisal* — [ldk]|*)

1 L
s - < 2 c) gt ]|* + §<dkadk+l> — cfldi]*.

By the definition of c,

Therefore,

Exer — Hic < —e(ldialP + 1el) + 2 di )
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Using the inequality
2(a,b) < [lal* + [[o]%,

we obtain 3
Epp1 — Hp < — <C - 2a> gz |I* + l1del|?).-

This proves (B.6). Finally,

B 1(1 L\ B 1. . L
m=2(a3) smmmloA Tt

which is positive exactly when (B.4) holds. O

Corollary B.3. Under the assumption that L is L-smooth and has compact sub-level sets, and
assuming (B.4), we have

D lldil® <00, dp—0.

Moreover, for every K >0,

2 - mf
B.
KH}:H P < o, (B.5)
and P
0 — ~inf
) B.
Ogllcl<nKH fll” < ~ p(K+1) (B-9)

In particular,
1 _ 2 =
oin, 10 = O[] = O(1/K).

Proof. Summing (B.6) from k& =0 to K gives

K
Ext1—E < —p Y (Idksal* + Ide]l?).
k=0

Since
Ext1 = L(Ok+1) + clldrs1]* > Lint,

we obtain

K
PZ (ldsall® + ld]l*) < Eo = Lins-
k=0
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Dropping one of the two nonnegative sums yields

K
PZ Idill* < & — Lint-
k=0

Dividing by K + 1 gives (B.8). Since the series is summable, di — 0. Finally,

2 2
0§}€1<HK|| di||” < K+1Z||dkH

which proves (B.9). O

Theorem B.4. Suppose that 0 < 8 <1 and

a<2(1L_/B).
Let ) I
p::%(l—ﬁ)—z>0.

Then the iterates {(6k,wr) } k>0 generated by MGD satisfy

2 H
ZHVE 0)? < 5 —— L, (B.10)
and therefore
2 Hy—L 1
2 L — _
min VL@ < 205~ 0 (1)), (B.11)

Proof. From the MGD update,

dry1 = —aVL(0) + Bdy,

SO
aVE(Qk) = 5dk — dk+l-
Hence,
2
2_|By _ L
9201 = |2~ L

Using [la — b||? < 2||a||* + 2]|b||?, we obtain
2 2
IVLOI < =5 (B l1dell® + lldsa]*) < —5 (Il + desall?)
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since 0 < 8 < 1. Summing from k& = 0 to K gives

2 - 2 o 2 2
Z VLG < 07 (e lI* + lldr+117) -
=0
From the previous Lyapunov estimate,
K
p > (Idill” + lldis1|?) < Ho - £,
k=0
hence,
2 Hy— L
Z IVLEOIP < 5=
Finally,
K
LO)]? <
Jmin [ VL6 <

which yields the result.
Remark B.5. With h > 0, a = h? and 8 = 1 — hy the step size restriction is

2(1 = B) 2y
—_— h < —.
a < 7 - < 7
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Appendix C

Convergence analysis of DG-)

In this section, we provide the proofs of the convergence rates of the DG-§ scheme in Chapter 3.

Theorem C.1 (Best-iterate rate for DG-0). Underthe assumption that L is L-smooth and has
compact sub-level sets, let {(0k,wr)} k>0 be generated by the DG-6 method with parameters 6 > 0,
v >0, and h > 0. Then, for every K > 0,

i [9oL0, )| < ot (1)
In particular,
o in IVoL(Ok, Ori1)|> = O(1/K).
Proof. For the DG-0 method, the dissipation matrix is
R = diag(6 1, vI,), 0>0,v>0.
Hence, by Proposition 3.6,
Hir1 — Hi = —AVH(Er Gepr) T RVH(Ek, Gegr)-
Since -
VH (s Ert1) = [v:ik ;o my = %, (C.2)
it follows that
Hivr = Hie = —ho|[VoLyl* — hyllma|® < 0. (C3)
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Summing (C.3) from k =0 to K yields

K K
51 S IVLl2 + 90 S llmill? = Ho — Hicr.
k=0 k=0

By lower boundedness we have,

1
Hi1 = L(Ok41) + §HWK+1||2 > Ling.

Therefore,
K
Sh Y " IVeLyl® < Ho — Ling.
k=0
Also,
TS
. = 2 - = 2
Jmin (VoL < Kﬂkzouveckr ,
and so Yo
. — 2 < 0 — ~inf )
omin, [[VeLe|” < Sh(K +1)
This proves the result. O

Corollary C.2 (Best-iterate rate for the true gradient for DG-6). Under the assumptions of
Theorem 3.16, for every K >0,

. C(v,6,L,h)
2< » Yy bl )
OgcglKvac(ek)u S =1 (C.4)
where )
2(1+ L) 12n
0(77 67L7h’) = < ( Sh : ) 2,)/ > (HO - ﬁinf)‘ (05)

In particular,
. 2
min VoL (0| = O(/K).

Proof. By Lemma 3.8,
_ L
IVo Ly = VoL ()|l < 5 [16k+1 — Okl

From the DG-§ update, recall (C.2)

Or1 — Op = h(my — 3 VyLy),
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we obtain

10k+1 — Okll < hllmgll + 0h|[ VoL

Hence,
IVoL(Ok)|| < IVoLrll + IVoLr, — VoL (61|
_ L
< VoLl + *H9k+1 — 0|l
Léh
< (1+ ) 9o el + 2 .

Using (a + b)? < 2a? 4 2b%, we obtain

wocol <2 (1+ 20 ot + 0
Using
1 K
Jmin, [IVoL(0)]* < HkZO IVoL(6i)II%,
we obtain :

2 (14 L88)* & 1212

. 2 - 2 2
OQ?KHV%(HI@)H K+1 ZHveﬁkH KT Z”mk” -

From (C.3), summing from k& = 0 to K gives

K K
0h Y L IVoLel® + vk Y lImull* < Ho — Linr.
k=0 k=0

Therefore,
K

— %0 - Einf 1nf
D IVoLk|® < —5n Z lmi]* < :
k=0

Substituting these bounds into the previous estimate ylelds

2 (1+ LY 121\ %, — Ly
min_[|VeL(8;)|? < <( ) 5 ~nl,

0<k<K oh 2 K+1
This proves (C.4) with C(v,4d, L, h) given by (C.5).

O]

The arguments used in the analysis of the DG method extend directly to the DG-§ scheme. In
particular, under Assumptions (2.5)-(2.6), one can establish analogous estimates and bounds 3.10-
3.12 for the sequences {0 }r>0 and {w }x>0, The proofs follow similarly from the DG proofs and

are omitted.
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Appendix D

Experiments

The plots in these sections are omitted from the main text to avoid visual clutter and to emphasize
the key performance comparisons summarized in the respective sections in Chapter 4

D.1 Regularized Logistic Regression additional plots

D.1.1 Tables for well-conditioned case

We additionally report results for the well-conditioned regime (x = 1). In contrast to the ill-
conditioned setting discussed in the main text, this regime is numerically stable and does not
strongly differentiate between optimization methods.

Table D.1: Regularized logistic regression results for the well-conditioned high-margin case (m =
4,k = 1). Results are reported as mean + standard deviation across random seeds.

Method Train Loss Test Loss Test Acc Iter Time (s)

Adam 5.159e-02 £ 4.919¢-03 1.382e-01 £ 7.444e-02 0.969 £ 0.021 225 £ 0 0.130 £ 0.004
LBFGS  3.792e-02 £ 8.131e-03 7.515e-02 & 3.993e-02 0.970 £ 0.019 25+ 0 0.024 £+ 0.002
MGD 4.100e-02 £ 7.055e-03 6.733e-02 £ 2.984e-02 0.968 £ 0.017 25+ 0 0.012 £+ 0.001
MGD-6  3.988e-02 £ 7.240e-03 6.834e-02 £ 3.238¢-02 0.968 £ 0.017 25 £ 0 0.013 £ 0.001
DG 3.920e-02 £ 8.911e-03  8.954e-02 + 5.700e-02 0.969 + 0.021 25 £ 0 0.064 £ 0.003
DG-d 4.146e-02 £ 9.692e-03 1.024e-01 £ 6.770e-02 0.968 £ 0.023 25+ 0 0.062 £ 0.003
SIDG 3.994e-02 £ 7.435e-03 6.771e-02 £ 3.108e-02 0.968 £ 0.017 250 0.066 = 0.001
SIDG-6  3.994e-02 £ 7.435e-03 6.771e-02 + 3.108e-02 0.968 £ 0.017 25+ 0 0.112 + 0.002
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Table D.2: Regularized logistic regression results for the well-conditioned low-margin case (m =
1,5 =1). Results are reported as mean + standard deviation across random seeds.

Method Train Loss Test Loss Test Acc Iter Time (s)

Adam 1.668e-01 £ 3.021e-02 1.980e-01 £ 6.251e-02 0.920 £ 0.027 220 £ 11 0.118 £ 0.010
LBFGS  1.667e-01 £ 3.021e-02 1.980e-01 + 6.180e-02 0.919 £ 0.027 25+ 0  0.018 &£ 0.002
MGD 1.669e-01 & 3.009e-02  1.998e-01 £ 6.335e-02 0.919 £+ 0.027 115 £ 14 0.059 £ 0.008
MGD-§  1.669e-01 £ 3.005e-02 1.990e-01 & 6.195e-02 0.920 £ 0.027 95 + 11  0.045 £ 0.007
DG 1.668e-01 £ 3.018e-02 1.983e-01 £ 6.184e-02 0.920 £ 0.027 60 + 14 0.085 £ 0.015
DG-¢ 1.668e-01 £ 3.015e-02 1.985e-01 £ 6.149e-02 0.920 £ 0.027 50 £0  0.077 £ 0.005
SIDG 1.668e-01 £ 3.012e-02 1.975e-01 £ 6.186e-02 0.920 £ 0.027 25 £ 0 0.061 £ 0.002
SIDG-6  1.668e-01 £ 3.012e-02 1.975e-01 £ 6.186e-02 0.920 £+ 0.027 25+ 0  0.096 £ 0.003

In both well-conditioned settings, all methods converge to nearly identical solutions in terms
of loss and accuracy, and most methods reach the stopping criterion in a similar number of
iterations.
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D.2 CIFAR-10 additional plots

For main results, refer to Tables 4.5, 4.6 and Figure 4.6.

Train Loss vs Time Train Accuracy vs Time
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wn 1]
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Figure D.1: Comparison of the best methods on CIFAR-10. Top row: training metrics. Bottom
row: validation metrics

Overall, these detailed trajectories provide additional evidence supporting the conclusions
drawn in Section 4.4.
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Appendix E

Additional Material

E.1 Inner Products and Norms
Definition E.1 (Inner Product). An inner product on a vector space R™ is a mapping (-,-) :
R™ x R™ — R such that for all z,y,z € R” and a € R:
1. Linearity: (az +y, z) = alz, 2z) + (y, 2),
2. Symmetry: (z,y) = (y, ),
3. Positive definiteness: (z,x) > 0, with equality if and only if x = 0.
In R™, the standard inner product is given by
n
<$’ y> = xTy = Zl‘zyz
i=1
Definition E.2 (Norm). A norm on R" is a function || - || : R — R such that for all z,y € R"
and a € R:
1. Non-negativity: |z|| > 0, with equality if and only if x = 0,
2. Absolute scalability: ||az| = |af||z],
3. Triangle inequality: ||z + y|| < ||z| + ||y
The norm induced by an inner product is given by
=] = v/ (z, z).

In particular, the Euclidean norm is

|zl = VaTz.

107



E.2 Convexity and Smoothness Definitions

Definition E.3 (Convexity). A function f: R"™ — R is convex if

fy) > f@) +Vf@) (y—z), VYr,yeR™

Definition E.4 (Strong convexity). A function f: R™ — R is p-strongly convex if

) 2 @)+ Vi@ (o) + Gy -2, Vey R

Definition E.5 (Global Lipschitz continuity). A function f : R® — R is called globally L-
Lipschitz continuous if there exists a constant L > 0 such that

() = FWIl < Lllz —yll, Va,y e R™

Definition E.6 (Local Lipschitz continuity on a set). A function f : R™ — R is called locally
Lipschitz continuous on a set K C R" if there exists a constant Lx > 0 such that

1f(@) = fWI < Ll —yll, Vo,ye K.

Definition E.7 (Global L-smoothness). Let f : R" — R be differentiable. We say that f is
globally L-smooth if its gradient is globally Lipschitz continuous, that is, there exists a constant
L > 0 such that

IVf(x) =ViWll < Lz —yl, Va,yeR"

Definition E.8 (Local L-smoothness on a set). Let f : R™ — R be differentiable. We say that
f is locally L-smooth on a set K C R" if there exists a constant Lx > 0 such that

IVf(x) = Vil < Lklz—yl, Ve,yelkK.
E.3 Proof of the Descent Lemma

This proof is taken from Nesterov [16].

Lemma E.9. If £ is L-smooth, then for all 0,0 € R™
7] Ti4 Lz 2
L(O) < LO)+VLO) (0—-0)+ 5\\9 — 0. (E.1)
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Proof. Let 9,0 € R"™ and define
o(t) == L(O+10—0)), telo1].

By the chain rule,
¢'(t) = VoL(0+t(6—6)) (§—9).

Using the Fundamental Theorem of Calculus,

L(0) — L) = /01 VoL(0+t(6—6)) (6 —6)dt.

Adding and subtracting V£(0)" (6 — 0) on the right-hand side of the above equation, we obtain

L(0) — L(0) = VL) (0 —0) + /1 (vac(e +t(0—0)) — wz(e))T(é —0) dt.

By Cauchy-Schwarz and L-smoothness,

L(0) — L(0) < VeL(0)T(6—0)+ /1 Lt)|0 — 0||>dt = VoL(0)T (6 — 0) + gné — 0|12
0

which proves the claim. O

E.4 Well-posedness and Fixed-Point Theory

Definition E.10 (Well-posedness). In this thesis, a one-step implicit update is said to be well-
posed if, for each current iterate, the next iterate exists uniquely.

Definition E.11 (Fixed point). Let X be a set and let ® : X — X be a mapping. A point
x* € X is called a fized point of ® if
O(z*) =x*.

Definition E.12 (Contraction mapping). Let (X, || - ||) be a normed vector space. A mapping
®: X — X is called a contraction if there exists a constant 0 < A < 1 such that

[@(x) = ()| < Al =yl Va,y € X.

Theorem E.13 (Banach Fixed-Point Theorem). Let (X,| - ||), be a complete normed vector
space, and let ® : X — X be a contraction mapping. Then:

1. There exists a unique fized point x* € X such that

B(a*) = 2™,



2. For any initial point (0 € X, the iterates defined by
) = o (1),
converge to x*.
3. The convergence is linear, with
l2®) —a*|| < N2 — 2.

Remark E.14. The Banach fixed-point theorem provides a standard tool for establishing well-
posedness of implicit numerical schemes. In particular, if an update can be written as a fixed-point
equation

z = ®(x),

and ® is a contraction, then the next iterate exists, is unique, and can be computed via fixed-point
iteration. This is precisely the argument used to establish the well-posedness of the discrete-
gradient updates in Chapter 3.

110



	Author's Declaration
	Abstract
	Acknowledgements
	List of Figures
	List of Tables
	Introduction
	Background
	Neural Networks
	Optimization Methods
	Discretizations
	Basic Assumptions
	Smoothness of common objective functions
	Least squares
	Regularized Logistic Regression
	Local smoothness of neural network objectives

	Stationary Points

	Dissipative Hamiltonian Systems
	Dissipative Hamiltonian Formulation of Optimization
	Example

	Momentum Gradient Descent (MGD)
	Momentum Gradient Descent with  (MGD-)
	Discrete Gradient methods
	Discrete gradient updates (DG)
	Convergence analysis of the DG method
	Discrete gradient updates with  (DG-)
	Convergence analysis of the DG- method
	Limit points of the DG schemes

	Semi-Implicit Discrete Gradient Method
	Convergence analysis of the SIDG method
	Semi-Implicit Discrete-Gradient- updates


	Results
	Least Squares
	Experimental Setup
	Results
	Discussion

	Regularized Logistic Regression
	Experimental Setup
	Results
	Discussion

	PINN Experiment
	Experimental setup
	Results
	Discussion

	CIFAR-10 Experiments
	Experimental Setup
	Results
	Discussion


	Conclusion
	Conclusion
	Future Work

	References
	Appendices
	Background on Lyapunov stability
	Convergence analysis of Momentum Gradient Descent
	Convergence analysis of DG-
	Experiments
	Regularized Logistic Regression additional plots
	Tables for well-conditioned case

	CIFAR-10 additional plots

	Additional Material
	Inner Products and Norms
	Convexity and Smoothness Definitions
	Proof of the Descent Lemma
	Well-posedness and Fixed-Point Theory



