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INTRODUCTION 

Graphs;. have noyv.Jiecome recognized models for a wide 

variety of' si tuti.t1ons • . Whenever ·we have .a::,collection of 

objects with a' binary relation. defined �:n:<them graphs serve 

•eas excellent t.ools to study the c�rilbinator;i.al properties·· ofe
... , 

the collectio:n:Jvti-th rl;lspect to the binary relation. D. Konige

was the ,first'person to recognize the usefµlness of graphe
1 

theoretic models• He oonceiv�d;of a. uni:t':Le� study ofegraphse

under an abstract set up. HiEi'book was a pioneering.worke

in this field.e

The graph theoretic problems Elmbodied in this thesis 

have been motivated by situations arising in corrnnunication 
. .  

networks, • In t13rms of graphs these proplems ask for the 

extremk!-1 structures with preasfligned diameters and their 

variations under suppression of Vertic\')se and edges. Thee, 

motiv&tion .:J:01; the problems fuia: their app�ications ise

deferrec] r to. the penul tilllate ./chapter. This has been found 
,. 

, _. 

reasonable, in any case not disorderly, as the appropriate 

combinatorial problems in teTl)ls 
, .  

,of·e graphs seem· to be of 

https://c�rilbinator;i.al
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great interest on their own, Perhaps we have the cue. l:iera 

to study the extrelll§J._ structures of graphs satisfying a 

given property and retaining the same property aftel'_ some 

portions of the graphs have heen suppressed, 

.All the graph theoretic problems considered here centre 

round the distance metric defined for graphs, .An attempt is 
' 

. . ,,.

made in the last.chapter,to<define a distance between any 

two columns of a (o, 1)-matrix, In light of this it seems 

to be possible to carry the m1ctlogy from graphs to matrices, 

The contributions. of this' thesis have· been divided 

into six chapters and an app'end.5.x, At the beginni�g.of 
. ' ,· 

. ,. 

each chapter a detailEJd summary of the results in tll.at 

chapter is provided, . Berge[ lJ has been followed. :t;hroughout 
•. . -· · . 

for·.notation and terminology� We give below a summary of 
• -• • ' C '• ." '. , ,  

the wox-k:done in variouschapters.cif the thesis,e

In chapter I t,he structures of the graphs with minimum 

possible number o:f edges with prescribed diametral variation 

under suppression of.vertices are studied. It has been 

Aysha Sajjad
Underline

https://beginni�g.of
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proved that if the number of vertices of graph is suffici­

ently large compared to the stipulated number of suppressible 

vertices and if the diameter should remain two throughout, 

then the extremal graph will be an appropriate complete 

bipartite graph. This is followed by the results concerning 

the extremal structures when the diameter is allowed to 

vary from 2 to I. ( l �. 3} under the suppression of a single 

vertex. Several upper bounds have'been given and some 

conjectures have been made about the extremal' numbers that 

have not been determined here. 

In chapter 2 problems similar to those in chapter l 

are consider·ed with regard to edge suppression. Here again 

the most general resu�t is when the diameter remains two 

throughout .. We prove.that.the extremal structures in this 

. . ' :- ;: ' case are obtained by completing on� of the sets of the 

extremal complete bipartite graph of chapter 1. As in 

chapter 1, structures :for other dic1Jiletral variations have 

also been studied and some conjectures presented. The dual 



I 

-,;'..f-

aspects of problems of chapter 1 and problems of chapter 2 

are discus.sed in the appendix. 

In chapter 3 structures of extremal graphs with propert 

considered in the earlie.r two. chapters are ritudied :with the 

additional· constraint of an upper bound on the degr'ees of 

vertices. Some impossible configurations of .number of verti 

.. l'lumber c:if suppressible vertices, mE!ximull). ctegree have beens
' 

. 

established and some extremal structm,:;!g{l •.;J;>ref)ented. 
'-

[' '  '• ,  · 

• •• In chapter 4 the problems are considered for directed' • 

grliphs 'of two kinds, the one in which a pair of vertices can 

be joined by two oppositely oriented arcs and the other in 

w4iqh at most ·'one arc is allowed betwee:n any pair .of vertioeo 

:Ii'r;n::, thi3c•strui'i'tur'e:s considered here, the extremal .directed 

gr,apl;ls of first kind are obtained by replac,iAg an edge bys

t:no oppositely oriented arcs in. the correspo;nding e:x;,tremal 

unoriented.,.graphs. 
,. , • 

Ii1 the case of directed graphs .,q-f 
', ', , • 

second 

lrind _somr. lovief'1boutids for number of edges in thll,extremal 

. . graphfl • have been 6otaii1ea. and some further _cliscurisiol, about 
! , ,,- (�I 
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impossible configure.tions has been presented. 

In chapter 5 the applications of .the results in the 

first four chapters to problems in,-communication networks 

are discussed. The 'g.iineral pr.obli,m f()r the weighted graphs 

has been m-entioned and has been formulated for a particular 

case as a Pseudo-Boolean Programming problem. Extremal 

problems with given 
:·, 

probabilities of breakdown have also 

been mentioned. 

In the last chapter a distance between any two columns 

of a (o, 1)-matrix has• been defined. This generalizes the 

distance metric from graphs to general (o, 1)-matrices. 

In the light of this distax10e, Qonnectedness, diameter and 

several other terms can be asflignedeappropriate meaning ine.e

terms of (o, l}-matrices. The necessary and sufficient 

condition for the exist:ence .of .. i:J. .. connected matrix in the 

class U(R, S) has been established. A condition for the 

diameter to be finitely bounded .forematrices in U (R, S). 

has also been derived. 



. . ' ' 
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Chapter I 

ACCESSIBILITY AND ITS VERTEX ORDER 

Introduction and Surmljar.z 

We consider unoriented graphs without loops and multiple 

edges. Let G = (V, E) be such a graph. V denotes. the set
' • . ' . . 

of vertices and E denotes the set of edges. If x and y
; . ,. , - -· ·  ...

..

., 

be any two vertices belonging to v, then d(x, y), .call.eel the 

distance between x and y, is. the 
. 

length Qf the 
. 

shortest . 

chain between x and y in G. The diametsir of the graph.. 

denoted by d(G) is defined as 

d( G) � Ma:x; d (x, y) 
x,y s V 

If the graph is disconnected "!e. say that �he dia.1Iieter :i;s 

infinite. It is easy to observ:e that the dia.ineter of a 

subgraph need not be. equal to the qiameter of tl:).€3 original·e.e

graph• The extrema+ g;ra,phseconsidered in this. chap.tE!r havee. 

the property that all their. subgraphs with prea�s j,gned orders 

have t:heir diameter:3 rai;iging over prescr.ibed sets· of integers• 
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A graph is called k-accessible if the diameter of 
. --

, A k-accessible graph is said to be k to lambda

accessible ( lambdagreater than or equal tok) of vertex order s if all the sub­

graphs obtained by suppressing any s or less number of 

vertices are lambda- accessible. _ 

If n, k, lambdaand s be positive integers such that 

n > lambdagreater than or equal tok greater than or equal to :1 and n > s greater than or equal too, then G°n denotes a graph 
... ,. 

on n-vertices, Gv (n, k, lambda,s) denotes a k • to lambda

accessible graph of vertex order s on n-vertices.

It is the aim of th_is chapter to study the minimal 

graphs in the class Gv (n, k, lambda, s) in the sense of number 

of edges.

A graph with minimum possible number of edges within 

the class Gv (n, k, lambda,s) is derioted by Min Gv (n, k, lambda, __ s)

and the minimum possible number of edges is denoted by 
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0 

In the next section we shall make some preliminary 

observations and we shall prove the theorems concerning the 

extremal structures in s 3, Under theorem 1 in § 3 ... , ... ➔ 

p.rove that when n is suffi'ciently :J.a,rge compar.ed to s,e

then 

Mv (n, 2, 2, s) = (s+i) (n-s-1) 

and 'th� �1ih Gvt:ti, 2, 2,, s} are CPlllJ:?lete 1:Jiparti te graphse

with s+l veri;i9-es i.n one $Gt and n-s-1 vertices in the 

other set. Under theoTeQ 2 we p;rove that if n > 5e_e

(n,. 2, ,(, 1) = 2n - sMv 

for all I.. �e3• We also describe the extremal structures,.e \ 
We end up the chapter with a number of conjectures and 

remarks regarding the extremal cases that have not been 

established here, 

�- Some et_gliminar;,: Observations 

(1)e Mv (n, 1, t, s) "' n(n-1} and the only graph in the2 

class (n, 1, ,(, s) is the complete graph on n vertices,Gv 

https://compar.ed
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(2)- M (n, k, )., 0)-= n-1 and Min G-(n, k, ;(, 0) is somey y-

appropriate tree, for all kl 2. 

(3)- In a G-(n, k,. ;(, s) the degree of each vertex isy-

at least s+l. Further there are at least s+l disjoint-

chains of length at most ;(, out of which at. least one is 

of length � k, between any two distinct non�adjacent 

vertices. Note that we do not have any demand about the-_-

number of 'chains' betweeh adj l'lCent pair.'of vertices • 

. Before we statt;'I. and prove (the first theorem we shall-.-

describe a class of graphs which plays an import.ant role in 

theor\'lm. 1.. -\/s). (n ?., 2s+2) d.enotes th!;!. class of complete .-.-

bipartite graphs on n-vertices with s+l verticee in one 

set and n-s-1 vertices :l.n the other set. Figure l repre'"'.' 

sents a member of A9(2) 

3. The Main Theorems
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Any memb�r of the class A.ti (s) cont�i11s (s+l) (n-s-1) 
edges and the class A.ti(s) is contained within the class 

GvCn, 2, 2, s). Hence 

Mv(n, 2, 2, s) .$. (s+l) (n-s-1) when n � 2s+2. In+

fact for n ;:,,;:,, s, we shall prove under theorem 1 that 
\. ' . ·'. .-

� Cs) provide
. 

the structures for Hin Gv(n, 2, 2, s).+

We shall now prove .a lemma that 11e .shall. use for+.+

the proof of theorem 1. 

Lemma, 1 : If n:;, (2 + /2) s+2 then any Hin Gv(n,2,2,s) 

�
·

will contain at least one vertex x, such that I rX != s+l. 
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_£roof : Consider any Min Ge(n, 2, 2, s), If possibleve

let 

min = m ;:, s+l 
x e V 

where V is the set vertices of the graph. 

Consider any vertex X for which ,l rX I :::: m 

and let x1, be the vertices adjacent tox.z, . •., ·:isn 

xo Each of the remaining vertices would' be joined to 

at least s+l of the vertices from among x1t �' • • • ,. Xiii•-

( as there must be s+l disjoint chains· from each 

of the remaining n-m--1 vertices to x, eac_h of thes.e should 

be joined. to at least s+l vertices of r x )
1
thus accounting 

for a total of _(n-m-1) (s+l) edges. • •Also, since the degree 

of each vertex is at J.east,m, there must at least be 

m-s-1 more edges incident with each o·f these n-m..;l vertices 

and clearly the number of edges requir.e\l, fo:r .. this 
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would .be at ;Least (n�m-1 )2{m=�-l ). •. Hence a Min·Gi
f

(h,2,2,s)2

must contain at least 

m + (n-m-1) (s+l) + (n-m-i \(m-s-l l edges2

i.e. m + (n-m-1) (s+l) + (n-m-1 ) (m-s-1 )2
2 

< MV (n, 2, 2, s)2

< (s+l) (n-s-1). 

i.e. (ri-m-1 ) (m ... s.:i") 
2 -< s (m-s-1) 

Since m > s + 1, we haye 

n-m-1 i 2s2

or m > 
' .  -

n-2s-l2. ' 
(L}2

Again; as -i;-.ch of the Yertices has a degree m21 the 

Minq_fn,·2, 2, s) must have at least 'edges and hence 

� <
;::::. -

(s+l) (n-s-1)

or m� 2 (s+l) (n-s-1)2 (2)2



From (1) an (2r ) 

d we getr

þÿ"d-þÿ"d
2 

2 
I 

Cs+l) 
+ 1 ) }

1 . _ s . (n , n-2s (n-s-1r-s-1. )
- m 

n

or n
., n

2 or 2 n 
- - n(4s+3).+ (4 s • 3 \ + 2 2(s+lr_\ ' 1 ) +i. 0 Or (3

)r

FrFrom thirs quadratirati

c inequaJ.itry irt follows that 

r n þÿ"d< ( (2 + +) /1J
) 

s 2 

This C conontradictiont . prorves th e le.mma. 

Theorem 
1
l• 

: : .. If If· 
; 

n >.. > 
:

r ... : 
> 1 ( (2 >+ ) /1J) s+2s+2 thenthen an

. .. 
My

" '· . '· 
Mv-

-

( (nn,, 
- 2

2
2

' ~ , ' 22I s)' s = � ( s
, 

= (s+l +1 � ) ( (n) 
) n-s-1- s - 1 ' ; )r

anand d i the the class Min GvGv (n(nr :2, 2r sr) coinc:tdes with ther

cl
class - s .i Jr ( 

'n
(s).),

I ,
 

Proof. of the theorem 1 From lemma 1 .r >1 t follor ws that under 

the conditiow, stated in the theorem the;i;,.e 

-
exists a verjer

x 

n Min Gvr (n, 2, 2, s) such such ththat h at
I l r.xx J = = s+1s+lr Lr. e t• 

:xi, x2, ••• xs+l 
-

b be e thethe vertivertices ces inin -Ix. From the obser­

ns made - earlier - ari ier aJ.l the remaining vertices are joined 

to each of The gr aph does not nere d any 

-13-

https://inequaJ.it
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further edges to become a Gh (n, 2, 2, s) and all these 
v 

edges are essential. Hence the theorem. 

We will now take up the' discussion about the. e:,::tremal 
.... J. · 

structures Min Gh (n, 2, /., 1) for / ,c. 3,. y/e shall firstv 

observe by actual construction t.hat Mh(n, 2, /, 1) ,5_ 2n .. 5hvh

for n 2. 5 and/ l 3. 

B (l) denotes the class of graphs on n verticesn 

nh2. 5 which are obtained in the follOwi:n.g way •. We starth

with a cycle (Xj_, x , ¾; x4 , x I X:t_) of length five.h
2 5h

Some of the other (p�ssibly .noi-1e) h .. 5 vertices are'' '. 

simultaneously joined to both xh a:tid xh;· and all othersh
2 5h

(possibly none) remaining are joined to both Xi and,, �4 

or both and X50 Figures 2 and· 3 represent twox3 

, t,mfcal m=ber� of•· B (l) 
'l 

• 



Figure 2 . FigUr& 3 
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It . . · ) 
y iI s ea p ( 1i e says t ob l observserve ththaat t a a membermem b e of t o  (e  of containst

Bn ) o  i 

a n a ns 

Z 55 
edde e

I s 1) 
he (1

2n- edges andand thet e clclasass  
2 r ( is contaicontainn ed d hi) w thi n

B i e w:i it
n 
 theth 

l .·,. ,
C class Gv (n 2 t

:

1
for all 

,  l 'l.  
3

 
 
. 

H ne c 

n > 
-

5 

We will in a
ffact ct proveprove undeunder -,,'1'" ththeorem eorem 22 thatthat 

for all n > 5 
, 

l)but Bi  not be the e . Vd.11 uniuniquque  extremal str uctures 
. 

We may also not e that if u and v · are t rtiw e  c.e 

. , . 3of degree 2 in a GvvGv t(n, n. 22, 3, • 1 ), connec  d t p d both and e o an 
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generate,s
q, then X1- v /· : a GV \n-1 L 2, 3, l) j and conversely, 

' if u is of degree 2 with == '.;p, j_n a Gv (n, 2, 3, 1), ru Cl_)C 

then by adding a new vertex z with r z = �P, q_c
'· , 

we 
l. 

obtain a Ge (n+l, 2, 3, 1).e Therefore we can restrictye

our structural study to graph:, which do not have configura• 

tions like r u = r v =� P, q� , for.ii that case we can 
L � 

omit a vertex like v and if we have a basic solution, 

we can add new vertices like z. During the proof of 

!he theorem 2 concerning the minimal structures in 

Ge (n, 2, 3, l) we i;;hall• assume that thf minimal graphsy 
., 

are free from configurations of the above type. We shall 

call this the • assumption regarding the a,bs_ence of rect-

angles. 

The circuit of length five is the first basic graph 

that will prove useful in the discussion of extremal 

structures Min Gv(n, 2e
1 

3, 1). ,The other basic graph is 

the one described below 

1 X is the set of vertices, ,of :the oi:iginal Gv(n,2,3,1) •e
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Figure 4• 

This graph on 7 verticesehas 9 edges and Ge (n l 7). n 

obtained bj- sequentially adding n-7 new vertices and 

joining the new vertex at every i,tage to two of t4ff old 
',1. 

vertices that happen to be the vertices adjacent to a 

vertex of degree two, we obtain the class·. Bt
2).elearlye

B (2) are also de '(n, 2, 3, 1 ). We shall in fact proven -y 

under theorem 2 that B (1
) 

and B (2) provide the extremalen n 

structures Min Gv(n, 2, 3, 1 ). 

We have a le=a before we proceed to the thear em, 

�mrna ,;;_ : If n > 5 then any Min Gy (n, ?, ,3, 1). Will 

contain a vertex of degree 2. 
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Proof: From the observation made earlier it is clear that 

Ivl (n, 2, 3ey 1 1) ,:;, 2n - 5. Now if there is no vertex ofe

degree 2 in a lV[in G (n, 2, 3, 1 ), then letey

min I r x I = m > 2 
x 8 X 

where • X is the set of vertices .d\f the Min G (n, 2, 3, 1 ).ev 

s'i:rice the degree of each vertlit is at least m, ·wee
• i[ 

have 

!llli 2u-5 or 2 < m i. 4:n-10 (if - n 

As n 
-

> 15 • (A) implies that m <
-

3 oo if m > 2, m::'3,· 

If n < 10, then 

3n 
> 2n - 52 

and hence lV[in G (n, 2, 3, 1) qannot but contain a vertexev

of degree two for n < 10, If n l 10e
1 

then let x be any 

vertex of degree 8, (x, f x) accounts for 3 edges. Each 

vertex belonging to X - X - r X should be joined to some 



Proof I By· the lemma just proved, there is a 1fertex 'of,

degree 2·-in a Min G, (n, 2, 3, 1), whenever, ri � 5. Le'i,y,

x be any vertex of degree 2. Let a and b be the,

.. 'vertices in \x. Let Y denote ' ' , 

enot the,, set.· x--x, a b . - -  , Let
_ 

Y Y • and y· - . a be the disJ"oinsj - t subsets bf, y. · that are 
a' b C ab _,

joined to a to b to - ot
, both a and b, resp y.,, 

h

, 
r espectectivvelel y. • 
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vertex t i in T f x. These s account r x. Th e a c c ount n-, 4 ededgeges.
v for ' :f r 4 s •. FurthFurtheer r,

,,

. ch
0 f E xxx.  x.degreeee o, each vethe r vertex .

rt i in XX, -- xx -- [x·rx, bbeing i n g atat lleast,e ast

333, th-the, gragraph ap h wouwould atat ] least : a s t .K have t to ha,v nn-4 moremo,re h e 4 edges,ges·. .
, 

a ve ve  ed

. .... 

niBut V with this babare minimum wewe hhave ve aa cyB th mi c,cycle l e inin y X x r x 
, , , 

-- • x -- r x

a yewe ddo nnot t t h a G G, (aand w y
yet have a v( n, 2

22, 3 .. 
3 3; J 1),) a 1 th ough h wea althoug' we 

y,

al a y rced
l have a already d 1 been fforced 

d

toto useuse 2n-52n•5 ededges,ges And mm ' 
and

•,should u., f
ttherefore re 1 b8 equae q_ual l to -' 

t'o 22 j in n tthe ·- e • extremal ca
e
extremal ' . ' case,' 

s e.

)(l

----
Theorem l 

-
.,re and and 

·� ,
:, B n 

ru u ctt 3
provide tthe extremal ststructures minMin n

G (n,, 2, • 3, ,
) l) when,

V , 
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First let us ·examine the possibility IYol == 0, Inoao

•othis case each ve;tex Yb 8 Yb would have to be joined too

some vertex belonging to and in this case we hav,e toyab 

have at least 2n-4 edges and hence would riot lead us to 

the best. Similarly w?, o.annot have Jyb I = 0� 

Hence vre may suppose that JYol f- O and jYb I /: 0,ao

In this case Yo 8 Yo shoUld be joined to some y 8 Y - Y •oa a ao

There should be a chain of length two between ' fa · and any 

yb·e and these edges should be in Y, This means thatYb 
a

there must be connected 
 

component of Y, containing·o/

But if Yo (_) 
. ,__ 

Y is a connected comJ;)onentya (_) Yb• ao b 

then we have already accounted for ' at least 2n .. 5 edges and , 

ar1y further edge will take us. away from the best. Hence 

a aild b can..'lot be joined and Yo (_) 1:t must be by itselfoa 

a connected component and .in fact .a tree in Ya (_) YQ,.o

Now because of t�e assumption regarding the absence. of 

rectangles in the minimal structure we willhave jYabl=:O, 

The tree in 
. 

Y ( 
-a

) Y cannot have a vertex d Q;onncctedob 
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is same as the graph in figure 4. 

Now from these· two basic graphs we develop the minimal•· 

2structures. ·rhis completes the proof that • B (l) and • B ( )n . n 

provide the e;x:tremal structures Min Gv :n, 2, 3, 1) fore(

n l 5.e

Remark : . Even when we consider Min G,Jn; 2, /, 1) /.. > 3, 

we would have. 
, , to have a connected component in·· Y·t contain-

. ,. ! 

ing Ye
,

a C .. ) Yb. . Therefore

, ,

Mev (n, 2; ,(,1) = 2n • .5 for all l 2. 3 a11,d n L 5

_____ This means thJi hat . .t a biconnecteda _b_iconneote_d, _ fil:§Il.h of diameter two would 

have to have at least 2n-5 edges when n � 5. 

4 Remarks a.nd__C_onj_eotures 

In theorem 1 we nroved 
.I,; ,. 

that A ( :s) provide then 

extremal sturctures when n > (2+ / 2� s + 2. It appears 

true that A (s) provide the extremal structures as longn 

as n .'- 2s+2. This difference may be dua to the method 

we adopted. 



•m Figure 7.m

(The I I vertices from which.the wh c e dotot ted edd
I lines l ines emergemerge e arc are )'"' nm.. - 8in 
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in number). The r· . graph graph in • figgure
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' 7 has as 2n2n-6 - 6 edgme dges ,

es . This Thi s

proves that 

•· 
I can in·faet prove that if the minimum degree in n a a

.
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y ] e i r mmati

!
n is I kn wn r ega ar rd din

. 
Ver little inform ;ltion is known reg ngg otheother r 

f i t

C configurations C of n,,n, nk, .. .· lambda/. andand s.s. r·It - hohoweveweve r r appearappear.... 
s

s s 
:.·.• 

reasonable as 7 bb l to mamake ththe following 
l

1 t l . . 
_ .. gfo cconjecturesctureon j e s

. •m

( 3( 1)  Mv n 3 3 1 == 2n - 6 ,  , , when asn 88
) 

( 3 ) - 6 þÿ"e22 

T
ThThe following figure represents a gr aph belonging 

to the class 
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Min Gv(n, 3, 3, l) is eq_ual to 2 then Mv(n, 3, 3, 1) == 2nn

But if the minimum degree happens
• 

possibito be 3 (the other 
.' 

' 

lity) I lmow nothing .. This means that we can show that 

2
3n 

i Mv (n, 3, 3, 1).i 2n-6 

In general it can be seen by actual construction that 

(2) Mv(n, 3n1 3n1 s) i (s+l) (n - 2s -1) 

Perhaps the eq_uali ty holds in (2) if n >> s. 

Two more candidates with regard to three accessible 

graphs are the following 

(3)n Mv(n,3n + f ;:4j, n > 7
1 4n1 1)n= 

n + 1 
. 2 J -

(4)n Mn(n,3n1 /,1) == n - 1 + [�i4J 
vn

for all / > 5, n l 7 

In each c�se I can prove by actual construction 

that the left hand side is ·iess than or equ.al to the 

right hand side expression.n
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. Q:J,apter II 

ACCESSIBILITY .!lliD ITS EDGE ORDER 

Inti'6duction and SUJlWlar;y , In the last chapter we considered 

the variations of the diarneter over certain subgraphs of a 

given graph, In this chapter partial graphs play the role 

played by subgraphs in the previ?us chapter, A k-accessib?Le 
-'-· 

graph is said t'o be k to l accessible ( l � k) of edge 

order1 s if all the partial graphs ol:Jtained by suppressing 

any' s • or;le�s. number of edges. are. ,A -ac/.eessible. • rf 

s be positive 'integers suc11 .that n > J, .� k 

411d .,n > s, theri (n, k, /, s) denotes a k to ,(sGE 

accessible graph o·f edge order s on n verti.ces.• · .It. is 

the aim of this chapter to study the minimal graphs in the 

class GE (n, k, ;{, s) • A gr1>ph with m'irii1hurii possible numbers

of edges within the class (n, k, ;(, s) is denoted byGE 

Min GE(n, k, ;(, s) and the m.in�mum possible number ofs

edges is denoted by ME(n, k, /, s). Theorem 1 states thats

1 At the o;tset edge order of accessibility and vertex orders
of accessibility are dual concepts,. In Appendix 1 we shall 
exam:tne the relation between the edge order accessibility of 
a graph and the vertex order accessibility of dual or 
adjoint graph• 

its 

n, ,.k, lambdaand 
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if n > CJ + /5) Cw+l) then 
2 

ME (n, 2, 2, s) "" {Sfl) (n.,.s-1) + s(�+l) 

and. describes the 1.U1ique extremal structure •. , Under theorem 
',. (. 

.2 we proi;'e that i;f . n > 8e

M (n, 2�' ,(, 1)e =: n - 1 + [�] for all ;( l 3.E 

In fact, we shall pr9ve ,mder t;heorem 3 that ME(n, 3,' 3, 1) 

is also equal to ·n ;,. 1 + f �J when n is suff�cicntly. 

large. In the next section we make soµie preliminary observa-. 

tions and i.'1 § 3 prove the theorems•. We end up the chapter 

with ·sone remarks and conjectures•. . •. 

1 Some P;r:el_j,:;ii.:i.ary Observatiqua.e

(1)e In a G (n, •ek; /, s) the degree of each vertexeE . 

is a:t least s+l. Further, the chair1s between any two 

dist.inct vertices have the property that at least one of 

them is of length � k and either there are· s+l edge 



disjoint chains of length i ,< or the suppression of any 

t( ts_ s) common edges leaves at least s+l-t chains of 

J.ength i/4 • 

Now we shall define two· • classes of graphs which 

would play important roles in the next section of this 

chapter.. Fe (s) (n -"' 2s + 2) denotes the class of all graphsn 

obtained from '\i (s) by completing the set of s+l vertices•. 

Figure 8 represents a ll)_EJmber of � (2) • 

, Figure 8._ 

MY member of Fe (s) contains (s+l) (n-s-1) + s(�+l) edges
11 

and the class Fe (s) is contained within the class GE(n,2,2,s),
11 
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Hence 

(2)e HE(n, 2, 2, s) $._ \.s+l) (n-s-1) + 8(�+l)e

In fact for n :>> s, \;,e shall prov.e U...'1der thepr;am 1 tl'.\at : 

l<'u (s) prdvide "the extrema.1':structu:res Min GE(1:,f 2, �, s), ... •. 

1\i (n > 6) is the c,jl:,ass of graphs on n vertices 

defined in the following manner. We arbitrarily divide 

the set of vertices into two sets, one set.containing a 

single vertex and the other set containing the remaining 

n-1 vertices. The single vertex is joined to each vertexe

of the other set.. Further the vertices of the larger sete

are joined within themselves by a set of [�=/ edges•e

Fieure 9 represents member of � • and E:e •8 
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Figure 9.n

·- ·r 

·--.._, !·�n

A member of 
.1 

1\i contains n - 1 + [ ft] edees and the cl.assn

11n is contained. 
. ,

within the cl'assn 1),
, , for all

, i 

J.n� 3. Under theorem .2 we shall prove th2.t 1\i in factn

coincides with Hin 
·.:· 

G (n, 2, • /.., 1) for ') � 3 and n suffi-
.. E

cicntly large. It can also be observed that Bu is containedn

within the cl,?.ss G (n, E ::i, 3, .1) and as it happens, �nn

provide the extremal structures Mln GE (n, 3, 3, 1) too,n

We start this section with a len:mm which is crucialn

for the proof of theoren 1.n

,. .. 
/|

I 

. H
H 8 
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would hr:Ve to be at leass t s+l edgs -di sjoinst ins os
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: (3 + (s+1)
Le

1 5) (s
J..2Jmll 

ma a

a l If n n > f ( s )ss ) 

: > 
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2 fs C (3 
:::s 2 

IS) -(s+l 
I f  
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-

t

2 
hon any ans

r -c1n 
C

GE(xis
I 

n:
. 

ys

Mi l E J s) 7 
2 

2, 2,2, ss ) wiwils1 l havehave at as t leastle one
2 ' a s st ons vertex v

e ers e x
x, 

such tha |t [xr X l -,; s+l. 

PI'.Q.P J: Consider a Min Gs E (n , 2, 2, 
2,2, 

s).
ss

) . denote 
L et 

V 
V deno tes

ththe set of its vertices .  If poss sible le t  

min j T x j "' m > s+l 

X E V 

Coponsn sideri<l.er 
anany y vertexVse rtex 

x .. for whichX . •. fso 

. ' r. Which I-j x r X | = m, and 
::: 

j 
m ,  ands

1 let t · xx1s, x,-�,,:•••->�: b!3 tile vertic es as dj a ce nt to 
X•s Bs

the observa tions !'la.de in_s § 
2 therse wous ld bse at l a

es ts

s+l distinct ·chain::; 'osf leng th tw ot bes tw ee n  . X
an d  ., he 

n-m-1 vertices not .ads ja cent 

t
ts X Tho • e r ses fo rse e-ach o f s

these n-m-1 vertice·s would be js o ins d to at ls
es e as st s+

of the v:.0Tticess, f rom ,  "".J.. x2:irz ... , x4:n.• ThisThis would wo u l d account ' • • •  accounts

for (s+l) (n-m-1) edges,.s

Again, froll x to es ach of_ X:!.
' 
 :irz • • •  4:n' there 

. •.14. uld ed ge-d i sjoint • chains of 



length less than or eq,u_al to twg, out of wh:Lch one would 

be the link already existing. Other chains would be of 

length two rn1d are at least s iri nunber. Therefore each 

of the vertices of the set r x would pe joil'.led to at least 

s other vortices of the sa'Je set, This accounts for at 

least another r;i s � edees,e_e

Since the degree of each vertex of t::,e set ·• 

V - X - rx of n - r:i - 1 vertices-;rrus.:t at: jl.east bee.. ·, ·.. m,

there would at least be m - s - 1 more edges incident 

with each of these vertices and clearly this would require 

�n-:-m-at loast another 1) • Cm-s-JJ. Qdges•· Horioe ae
2 

Min G (n, 2, 2, s) must contain at least ..eE

m + (n-m-1) (s+1) + n •s + .0:i·:m-1) Cq-s2 --- ---1)
2 

edees, We therefore have 
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,,� + (n-m-1 )  ) (s+l, + :'.k• s + .lli..�'ll-1) {m- 41 -l,
J

þÿ"d Mi, M,
.$_ 

E(n(.• n, 2,2, 2 2,, 
s) s,

),

-< .s, 
s(ssI (�+;J.,) 

+1)
I I +• (s+ (s+l+1 ) (n, -1,) 

(r -s-1)-s, ),
(1) (2 1

) 

(This follow,s a,g ain from the observation, m,
s a d e in

•2) 

Simplifying(l),we have,

��� ���)< 
) 

s ���
- )

(2,. ),

Sinc, e m > s + 1,, we have

n-m-1 s .$. 

or m > n-s -1 

(3)' 

Again as each of the vertices has a deg, r e m, th,e , e• 
. 

· MMin • n GG. ( 
(

n,
n, 2,E,

22,,  . ss) !hu�t h'ave atat/least, east ,. n.m/2Il�m • edg
edges es and 

an, d 
E

hence 

n,m s Cs+JJ..  < + (s,+l ) 2 - 2 (n-s- 1) 

or m <
-

(,s+l} (2n-s -2) 
n (4)

r- , ) mus t have l
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From 3 and 4 we have 

Cs+l) (2n-s-2); 
n 

or n2  - n(3s+3) + s2 
+ 3s + 2 � 0 (5) 

From 5 it follows that 

(3 + /5) (s+l) 
n < 2 

This �ontradiction 
,_ 

p�,oves 
,\ 

the lemna. 

Theorem, 1. S 

··and the>Qlass Min.:GE (n, 2, _2, $) coincides with the 

class , F .Fn

Proof : Fron lemma 1 it follows that if · n ) r2 (s) 

there exists 
·1 , .. ,. 

a vertex x of degree··· s+l · in every 
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Suppose Xj_, Zz, ! ! •, xe l be the vertices in r X•e
s+ 

By the observatiou.. 1 of /l 2, it follows .that all the 
' ;, ... ,:;;�... , . :. ···: .. . ,.' 

remaining vertices, namely v-x-r X are joined to each of 

the vertices iri r�. Also, all the vertices of rxe

would be joined to each other. ll+e: graph· does. not need 

any further edges to become a GE(n, 2, 2, s) and no edgee

can be deleted. 

c�J anaTheorem 2: ME(n, .2 , ,,{, 1) "' n•l+ Min GE (n, 2, /, 1)e

coincide with He' for all l ;:_ 3 and • n )'. s •. , ne

proQf First we obse;ry.e, t;hat there is a vertex of degree 

two in a Min GE(n, 2, ;{, 1), for all;{� 3, for, if thise

is not the case· there would have to. be at least ¥{+ edgese

contradicting the observation that ME Cn, 2 ,;(,1) $; n-1� [ ITJ •e

Cons.ioer a. Hin .. GE Cn, :::; , ;(, 1) for some ;{ 
-
) 3 arid h. > 8. 

Let V denot.e the set of .its vertices. Let •.Jt :be a ve.rtex 

,with degree 2 and let a and b be the. ,two,, ve:rti¢es in 

Let Y denote the set V-x-a-b. Letr X• Ya, Yb and Yabe
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be the subsets of Y that are joined to a, to b, to both 

a' and b, fespectively; We shall write 

without loss of generality we can assume that k � n��::? • 

. ,, T,he proof of theorem .2 will :i:ik 'ctivid�d into ti.to parts•e

In 
.
the first part·we shall Suppose''tha.t . aal ariif Ci i:f are riot 
.: :.,• 

joined and in ,the , , , . second part the assump'tioh will b{ that 

a and b are joined. 

;part ±: Here a and b are not joined. In this case it 

is not possible to have j Yab l = o. For if. !:lab! = o,
' 

Y • would have to be connected in the subgraph spanned 

by its elf and this requires ! Y I - 1 = n - 4 edges, ande

in all we require at leas;·-�n-5 edges• ut 2n-5 > n-�t �]e

> when n 8. Again, ! Ye and l Ybe,! ?aru:iot be simultan-ae ,e

eously zero, for, when 

of edges is at least 2n-4 and 2n - 4 > n - 1 + [�j whene
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when n >whe n 8.> 8 Now Now let les| • · Yn . I Ys l == t o
( , 

l Ys l -I 
, o j 

Eac shoulshoul ed
hs

d d be jobe joinesin tod to some e ' . ssom
b 

 Y

' y an d  this· "' w oY ss uls d 

-a .
b 

mean that the grap h would resquirs at least 

(n (n+r-• r ) 1 + (n+ (n-r-3s ) 1 ) = 2n-4 edges, ws hics h doe s  nos t lead us 

t to Byt,bes he sst whens n > 8 •. By symmetrysyms m te r  we w can c rule out the -
y e an r.usle ous t ts h es

possibilits I 
I Y I þÿ"`� O,o

, 
I Yj Ys ans Yabs � 

'Finalls
I , . · 

.-

-
y sup -: p os, e that 

. \ :
! none os Y ya |, I I y_Yb - and l I y_b ys

is zeros Heres asgai eacs bs joined ts eYs ho l 

V vertex r t i in Y w and eachs �b ssh uld be jYa o osine d  

vertex in Y - �• Using th ,, 

e edsg es i s ws thin  Y w e  sho ulsd

be able to traces; chains osf length two bse tw e e n s ans Ys•.
y as an s

anyany ·, Y Yb• . . . This
. . b This 1 w would o , ld _, meanmean thatthat thethe edgesedgss e it within Y would

; ws hin  y,. wou1 d s

at least be n-r-4 in nu'llber and thse resfo re•sthe  gsraps
h Would ats

least have to have (n+r- 1) + (sn -rs-4) := 2n-5 esdg e s, and i t s

cannot be the best for . n .> 8 •. He nc e  we c san  concs lu thsd e

in a Min GEs(n c /, 1 ), 2, o. /., I 1) thethe descendentsdess  f a vertex 
.

ofends
e 
nts of a vs e x  f 

deg- egreere<;J ·tw' wo o aarere e joined joinedtoto each otheroths .s.
.... ' .. . .. -

 



Part TI :: Here we, -examine the situation where a and b

ar'e joined.,·· From t.he 0011cluicJio
., • •' 

n 
l 

of the 
• ;  

previous part of the 

prodf We know that in a M.in GE(n, 2, /.,-,-1) a and b are 

joined� If ME(n, 2, l, 1) � n - 1 + r��l, then the edges 

in the subgraph spanned by Y together 
,,'', 

with the edges in 

(Y, ta, � • ) should not j)e more than n - 3 + n 2 [ 2
nJ i

number. And it. ceJ1 � : . be seen. that at least 1,hese many edges

are always necessary and exactly these many lead to a 

Y,_, I 
a. 

= O, I Yab I = 0 and 

or !Yb! = O, IYabl = 0 and !Ye
a. 

I = n-3 or when n is even 

IYeael = n-4, IYabl = 1 and [Ybl == 0 or IY�l = n-4, IYabl=l

and. jYeae\ :::. o. These are no other graphs �han' i;he mefu.ber; of'e

Hn, This completes the proof that Min GE(�, '2, f., 1) ;, I\.i_ 

for all /. > 3 when n > 8. 

Theorem 3 : 

and 

Min GE(n, 3, 3, 1) coincide with I\i_, for all sufficiently 

large n. 

37 
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Prqoef Fir we : s t .obsee:n e  the ther dve ae t e is a ver te o f' egree x 

twtwo in in a a MinMin G 'n (e n 3., , 1) .
E : 3, 3, 3e, 1). ConsiderCo id a Min G GE , n s (n, 3, 3, l) .e rae in 

.. .. E Me ne
, •

GE(
3,- 3 ,  1

LeLete V note

V de denotetheth e setsE?et ofoe its. f it · vertices.s ve tic LetL a .e · re e s xet xe be be vertex veae ter xe

wiwith th li degreegree 2 . 2 2 andan d letlet a andand b be b thetae h twot vertices eee in · b e wo verte i c se in

[ Li Y,. Yte 2 de
r Le denotenote theth sete see [2xr - - x . 

2
2e - r and let Y . ' xe e. t xe

r x -
X - X . ane d yl t 2

.. e
3 

de odenoten • 
th·th-

-

e setsee 3x 3 x. • Y2, Yb, and te r x - Y2 - Let
� - r-·- - ' 

- [xx - X• L et be b Yab
Ya, Yb .. . . . Y and . a •

e 
b 

be b tl the subsubsei;i;; •• e ts ofofe Y ·• Y that• that area joinedre J in tod e t a, to b, to both e • oe ee oe o be ta toe, be he, oe
a ande b, resa pectivelye d Ye Ye and y_ are disjoint · Y ) ee dese

sets, 

Here aegain we shalle divid th te te e pr oofe f he heoe r emeoe

into. two :par ts • Ih the firse paret we sehal l s o aeupp s ethte t 
a and b ar not joinede anee d i th a assr > then e s e co n ed ume -p

tion will .be ,that a and b jeare o ie d .ee ne

r Part art II In this case if jY be o /Ye oa /Y i s  ere a r b z rol ! / 
then the graph will requir  e aet lee sa t 2n-5 ee dg e s.e T ere foreeh

let !Yaej � o, !Ybf yl o, •jy bl '/' o AtAt thisthi stageta g we . s se w shall he e s allea

consider. two cases. 

t

https://denote.th
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Case 1: !Y3 ! =: O. In this case each y E Yea should bee

jo:j.ned to some.·· If is not joined to 

SO!l!(:l ,verte:x: in Yabe' then y is either joined to a vertex 

in:: Yea in addition to being joined to some vertex in Yb

or y is. joined· to a vertex in Y b • from which another

edge come.s into y,. a This is to fulfil the requirement

of a second chain of length i 3 between y and si,. 

But if this were to be satisfied and if n ;is sufficiently 

large, then clearly .the requirement on the number of edges 

is greater than n - 1 + [�]. 

and the edges from Ye
ab 

and Y3, account for at least

n+t-1 edges. If this case should lead to the extremal
- more 

case then we can have at most I � J •. -t;edges• But whene.

n is large it would not be possible to have a:, 

Gev(n, 3, 3, 1) with just these many additional edges. 

Hence we conclude that a and b are joined to 

each other. 
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Part II Here we examine the situation where a and b 

are joined. From Part I'we know that in a Min GE(n,3,3,1). .e

a and b are joined. Now by the same type of arguments 

used for the proof of Part II of theorem 2, we can see 

that I\i provides the extremal structures M�nE(n,3,3,1), .e

Although we allowed for a diameter 3, we find JY3ej=O, 

If jY3 [ ;,! O then for every vertex in we· should haveY3 

two additional edges, where�=as if jY3 j = o, for every 

two vertices in � we need have· just three additional 

edges, This explains the result, 

4, R�marks and conjecture�-

Under theorem .1 we proved that Fn(s) provide the 

extremal structures Min G
t:; 

(n, 2, 2, when·· 

2e Fne

the extremal structures as long as n ,;a 2s + 2.· 

(3 + (s+l)/5)
n)e -,. • It appears true that (s) providee

'rt is interesting to note that 

ME(n, 2, 2, 1) - ME(n, 2, 3, 1) "' n� (n taken to bee

even) whereas 
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?his curious revelation is perhaps due to the fact 

that we do not demand in the case of edge order accessibility 

that the relevant s+l • chains between a pair of vertices be 

disjoint. We just demand that they should be edge disjoint. 

In the c�se of chains of length two edge disjointness is 

equivalent to disjointness, and there is no saving in the 

case of 2 to 2 accessibility. In fact in this case 

edge order accessibility demands more, for there is a 

requirement on the number of, chains. between an adjacent 

pair of virtices, which is not required in the case of 

vertex order accessibility. 

It is perhaps true that 

ME ( n, , , s = •• n - s + 1 2 3 ) s (( n-s ) -+ ] for n >>s 2 

It can be proved by actual construction that the left 

hnnd side is less than.or equal te the right hand side 

when n >> s. The following figure 10 represents a 
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lWe shall l observe. late that the above figr ure proyid es 

e xt em-a .., an extremal structure when we. hav e bounds on deg: rees W. e 

move over to the next cl:;ta:pter wondering how. uncanny can be 

rthe 1 properties e t i oof f tthese h mere po ints and lines.• 
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Chapter 3 

•a••. EXTREMAL GRAPHS WITH BOUNDS ON DEGREESa

1 Introduction and Summary In the earlier chapters we 

investigated the structures of extremal graphs with some 

restrictions on the variations of diameter over subgraphs 

and partial graphs• In this chapter we shall study extremal 

structures with an additional restriction of a preimposed 

upper bound on, the degree$ of vertices. 

Erdos a.r:id. Eenyi [ 4 J have investigated the structures 

of two accessible graphs ·with a giveti maidmum • degree for any 

vertex.and with the least possible number of edges, Here 

we attempt to. investigate the structures of G11(n, k/ .,(, s) 

and GE(n, k, A, s) with a given maximuin degree r ··for anya

vertex, and with minimum possible number of edges, We 

simply use r as a superscript to indicate the add;itional 

restriction. For example, Gi(n, k, .,(, s) .· will denote a 

Gy(n, k, ;(, s) with maximum degree r for any verte.x. 

In our notation the results of Erdos and Renyi are as 

follows, 
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> 
nn(n-1)(n )Mvr -1., 2 2 2 o (MvV (E (n 2 ,, -, ,, ) 2

) 2I E
)r,

Mr
\ 

(n . 2 2
2 2 .?.. 

n(n ' 
., 

O n(n-1)
Mt(E, (n 2 2 0)

V ,, , , ) .. -
r r 

8n
) -I +

r.§u 
r 

j f r2 r if > 88n, (R)R,)(

l Further t tthey y 1 proved that at r E is asymptotically best 

1 possible. Exact results are not yet available.,_ 

In @ 2 we shall derive some bounds ou u nd s forfor r n for 

, 
' wwhich h the Gt(n, k, ;{, s) 

)
and G�(n, k, s )I ,,(, s are,, 

Thnon-nUli. This gigives us the impossible configurations. 

.

Under . the assump, tion that the upuppp perer bo1md f9r degrees 

is actually attained ain by some ver vertex, we derive two 

extremal structures. 

§ er ... o n dIn 3 we �\'), �v,• '.some �bounds u d s
r e _, for M;(n,, 2 ;2,s),

and M� (n, 2, 2, s) and make a few remarks reg,ardin g· 

the exact values. 
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§ .. 2 Extremal. Graphs with bounds bit degrees.e

For· r < s + 1, we know that the class G�(n, 2, 2, s) 

(G�(n,.2, 2, • s)e1. • is empty. We have the following theorems 

Theorem 11 If r � n-s-1 and if n > f (s) then thee1

structure defined for Min Ge(n, 2, 2, s) is also theve

structure for the' class 

E.:!::oof; It is easy to see that 

So, if there is a G�(n, 2, 2, s)e with M (n, v 2, 2, s)e

edges, then it would mean that it is a Min Ge(n, 2, 2, s) •ve

In a similar way we have 

Theorem 2: If r = n-1 and if n > f ( s) then the structuree2 

defined for 
. . . , . . ,' ;· 

Min GE (n, 2, 2, 3) is also structure for the 

class Min Grv(n, 2, 2,. s). 

Theorem s; G�(n, 2, 2, ,�) 
... ····· 

:r
2+sr+s+lis empty if n > 2 
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Proof Suppose that the maximum degree in a Ge(n, 2, 2, s)ve

is t. Consider a vertex x of degree t. Each of the 

vertices in V-x- Ix would have to be joined to Ix, 

and therefore the load on Ix would at least bE;l 

t + (s+l) (n-t-1) edges. Since t is an upper bound on 

the degrees of each of the vertices in rx, we have 

2t + (s+l) (n-t-1) • .$. t 

2 .·

or n .$. t -t-st+s+l 
s+l 

The right hand side expression of the above inequality i.s 

an increasing function in t (for non-negative t) and 

therefore the class G�(n, 2, 2, s) is empty if 

ne>: 
l'2+sr+s+l 

·es+le

or, equivalently, G�(n, 2, 2., s) is empty· if 

2 . .
./s +4(s+l) (n-1) ... se

re< 2 
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Theorem 4 : G� (n, 2, 8, • s) is empty if 

n > 
s + l 

or r < 

4 

The proof is similar to that of theorem 3. 

Although we can see that 

Mr+2Mv (n, 2, 2, ss) þÿ"d< Mr (n, 2, 2, s) V 

Mr+l and (n, 2, 2, s) þÿ"d< Mr (n, 2, 2, ,s) 
E E 

the strict inequality may not hold in the above 

inequalities. We in fact know that 

n-1( .  ..n-2Mv n, 2, 2, l ) = 1v1 
v 

. (n, 2, 2, 1)

If we can. assume that ···the upper bound for degrees is 

attained· by some vertex we can prove the following 

theorems• 
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Theorem_�: Under the above assumpt+on 

3I,r�- (n, 2, 2, 1) = 3n-9. when n L. 6.e

Proof: Under the assumption of the theorem there exists a 

3vertex of degree n-3 in a Min G�- (n, 2, 2, 1). Let xe

be a vertex with j r x l � n-3. Apart from x and r x, 

there will be another two verti�es in the graph, let they 

be named y and z 

Let y be joined to ry C rx and z be joined to 

·e --
rz C

- j x. If 1-x -{ ry (_) r z } is non-null, theree

will be at least.two edges from each vertex in this set to 

the set r y (_J) r z. Each vertex in ry - rz is, jbined 
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to two vertices in r z and each vertex in f z - r y is 

joined to two verti.9es in ry. Hence, in addition to the 

edges in (x, rx), ..(Y, r.y)_ and (z, rz) we should

have at least 

edges. -This gives us a minimum requirerr{ent of 3n-9 edges. 

Hence � 3- (n, .2, .?, .. l: ) ::;, 311. :;..; 9.: Figure ll provides the.

3 exampl� of an e:z:tremal �aph: Min· · ·G�-- (n, 2, 2, �) • for.

n. = 7. 

Theorem 6 : ·· Under the above: assumption 

2 �- (n, 2, 2, 1) =. 3n-6-E2� when.

Proof : : Under the assumption of theorem the..re exists a

n-2. • .vertex· o'f degree n-2 · in. G · � JY»in (E •n,:·. 2. 1 �, 1 ) ·• Let 

. x be the vertex with j rx j ::: n-2. '• Apart from x.

and • f x there will be another -vertex, let it be Y• 
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Let y be joined to ry C f.:x:.If [x - 1-y :i.S non-. 
- ·· 

• . ' 

null, then each of the vertices. in this set will .have to 

be joined to two distinct vertices in r y and each 

vertex in r y will have to be joined to some other 

vertex in [ Y• This gives us 

2 �- (n, 2, 2, s) 2. 3h - 6 - [1 r;�·\] 
[y-T•eMine { 3n-6-f-1 J };. __ 

2 .s. 1- r Y I .-1 n-2 

= n 23n - 6 _ [= ; ..:. ]e

2Therefore if there exists a G�- (n, 2 1 2e
1 

1) withe

3n-6 E"-� it has to be the best, And in fact it does,e

https://f.:x:.If
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Figure 1.2 provides a..'1 • example of eap:h a:p. e�trE3mal _.graph 

when n = 6. _ 

In general. it is not lmown if' the assumptions 

would hold and far lei:ls ·kriovvn are the··vaiues of 

Mrv (n, 2 , 2 , s ) an d ME 
r ( n, . 2 , . 2 , s ) • 

§f 3 Bounds for extremal numbers and remarks.f

. 

Usirig 
•, '• . .   

_the 
; C ,, ,L, 

r:esul 
,_; 

t E we can very easily establish 

the following lower bounds for 
., 

Theorem 7 : 

.. 
> 

(n-s ) (n-s-1 ) 
2r 

�/i2 s + 4(1+1) (n-s+i..;l) ... 1-· 
+f z 2i=l 

Proof: The proof of the theo"rem is by induction on s. 

We know tb,at ,t:lie theorem is t.rue for s =OG Suppose 

that the the'orem is true for s i. t - 1. Consider any 
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Min G� (n, 2, 2 1 t). We know that there exists a vertex 

with degree 

jt'Z + 4(t+l) (n-1) ..; t 
2 

By dropping this vertex we o�tain a subgraph which is .a 

G�(n-1 1 2 1 2 1 t-1) and we have 

-
/t2

_____ _.__ __ _ 
+4(t+l) (n-1) - t

M�(n,2,.2,t) > M�(n-1 1 2 1 2 1 t-1) + 2 

which shows that the theorem is true for s = t also. 

Hence the theorem. 

By similar arguments we have 

Theorem 8: 

M� (n, 2 1 2, s) 

2. 
(n-s ) (n-s-1)

2r 

/.2 /(i�� 
2, 

+ 
' 
4(i+l) -- i 

·. 
(n-s+i-lt) 

+ 

i=l 
4 .. 
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By actual construction we have the following upper 

bounds 

< 
,., ·-· 

Mrv(n, 2, 2, s) r (n-r) 

when 
2 
n

s r, and 

Ef]* 
1 

M , 1)e
-

r 

E 
(n 2, 2, S r(n-r) +

when 
2 
n+2 

s r.

The class of bipartite graphs with r vertices 

in one set and n-r in the other set form a sub-class 

of G� (rr, 2, 2e
1 s) and hence the bo.und B1• The class 

of graphs obtained by adjoining [ f]* edges to thee

set cf r vertices in the above bipartite graphs such 

that all the r vertices are covered by these [�]* G 

eiges form a sub-class of G�(n, 2, 2e1 1) and hence the 

bound B2 • 

. ' 

1•:[ f=r denotes the least integer greater than r 
2 • 
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. H0w good are the bounds is as.· yet an unsettled 

question. Prof. Erdos communicated to me that the 

bound does not fare very· well. ,He •writes· thatB1 

he could prove by probabilistic arguments that if 

r > n then M� (n, 2, 2, s) is less than f(c1)nc1 

for every c1 :> o. At this stagc9 .no ,.exact formulae, 

even. asymptotic, seem to be possible. 



Chapter 4" 

EXTREMAL DIBECTED GRAPHS 

1 Introduction and Summaw� In this Chapter we study the 

structur.es of extremal directed graphs with reference to 

�he properttes similar to those considered in earlier 

chapters .for ·undirected :graphs. We shall distinguish 

between tl'{o kinds of directed graphs •. In the first kind 

of direot(ed gr.aphs, a pair ◊-f vertices is joined by ata. 

most one arc il:t a given direction but a pair of vertices 

can be joined by two oppositely oriented arcs •• • In the • 

.. second .kind .of directed graphs two :iof:vertices are joined 

·by at mo.st one arc and if (x, y) is an arc (y, x) �s ·nota

an arc. The second kind oan•be obtained by orienting thea

edges of an unoriented graph without multip:l,e edges.a

The following definitions hold for both kinds of 

directed graphs. · 

A difected graph' to be· simply referred to as a 

graph in the seq_uel, isacalled k .. acoessible (k being a _ 

https://structur.es
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positive integer) if the dianJ.eter of the graph is <
-

k.
, ,  

A k-accessible graph is called k to /. accessible 

( J being a positive integer' i k) of vertex order s 

( s being a non-negativ1;, integer} if all the subgraphs 

obtained by suppressin,g any ·s or less number of arcs 

are /. -accessible, A. k to f • accessible graph of 

vertex order s on n-vertioes is denoted by Dv(n,k,/,s). 

A graph with minimum pos si ble of ·arcs within the class _s

DV(ti, k, !, s) is denoted by Min I\r(n, 'k, f, s) ands
. 

the minimum number of arcs is .denoted by dv(n, k, f, s). 

A k-accessible graph is called k to f accessible of 

arc order s if all the_.partial graphs obtained by 

suppressing any s or '.less number ofarbs a,re /.:.accessi-
.· 

ble. For the notation corresponding to arc order accessi­

bility we replace V by A. 

In § 2 we shall consid.er the extremal structures 

for Min ry(n, 2, 2s1 s) in the case of directed graphs 

of first kind. We shall prove_ under theorem 1 that 
,· i, 

the 
,, 

extremal graphs Min Dv(n, 2, 2s,. s) are, c•oinplete directeds_s



bipartite graphs with s+l vertices in one set and· 

n-s.-1 vertices. in the .other s.et, cI:t means th.at .ae
. 

' . 
. 

Min J\r(h, �, 2, s) is obtained by replacing each edgee

of Min Gv(n, 2, 2e
1 

s) by two oppositely oriented edges. 

Of course we demand that n·>> s. We prove a simil.ar 

theorem for Min D (n, 2, 8, s). ·If we have A . j 3 ae

discussion about the problems with regard to directEid 

graphs of second kind. Katono proved that 

We do not know any th:ing about d (n, 2, 2, s,) for s L 1.ev

For given n and s a. D (n, 2e not v 1 2, s) need exist.e

We present some discussion in this direction. In the 

last section we shall mention the famous Bratton I s 

conjecture. 

§e2 Directed Gra;hs of first kinde

Before we prove the main results of this section 

57 

we shall make some preliminary observations. 
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(1)e In a :Dv(n, k, /.., �) and D (n, k, A ,(, s) thee

internal as well as external demi-degrees of any vertex. 
ti '. 

is at least s+l. In a Deve(n, k:, /, s) if X and y are

two distinct vertices and if (x, y) is not any arc, then 

there would at least be s+l disjoint paths of length 

at most /, out of which at least .one is of length < k. 

In a De
;A 

(n, k, /., s) if x and y at'e two distinct 

vertices, then the paths from x to y would have the 

property that at least one of them is of length < k and· 

there are at least s+l arc disjoint'· paths of length 

� . ' �  

< 
 

J: or r.emoval 
, 

of . an
' 

y t(t 
• ' 

-

< .s.) arcs le.aves at least

. 
s+l-t 

. _, ' 
paths of length. 

·-

i /. 

(2)e dv(n, 1, l, s) = n(ri-i)e

We shall now describe two cr'.!Jsssasof graphs which, 

as we shall prove later, provide the struc.tures for the 

extremal graphs t:hat we. set ourselves to seek •.. The first 

of these classes of graphs, denoted by ae(s) (n L 2s+2)ne

are complete directed bipartite graphs with s+l vertices 



in one set and n-s-1 in the other set. Figure l8 

Figur·e 13. 

An:y member of .a . (s) contains 2 (s+l) (n-s-1) arcs and the n 

class a: (s) is containE>d.within the class D (n, 2, 2, .. s),.en v

hence 

(3)e de (n, 2, 2, s) .5_ 2(s+l) (n-s-1)ve

Under theorem we shall in fact prove that e�uality holds 

in C3) for n > > So 

�e (s) is the class of graphs obtained from 1\i_(s)ne

by completing the set of s+l vertices (i.e. every verte:iC 

belonging to the set of s+l vertices is joined to all 

other vertices of the same, in both directions, Figore J;.'1,1, 
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represents a � (1).s6
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Figure 14. 

A graph in the class � (1)s has (s+l) (2n-s-2) arcs.s6 
The las

. 
y

: 
 s �n (s) iss contained within the classs

, . 
Min D (n, . ·2, 2, A s) and henoes

, 

(4)s dA(n, 2, 2_, s) i (s+l) (2n-s-2)s

Theorem 2 states that in fact equality . . ... holds in (4) when·s
n >> s. 

Le=a 1: There exists a function � (s) of s, suchs1

that whenever n > �
1
 (s.) - any Min Ds(n, 2, 2, s) would __ ys

+
containavertex x with ' 1·rs.. f·1+r-xlsx ' ': ::..... , .. : •  2(s+l).s. . . ... : 

-
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Proof : Consider· any Min Dv (n, 2, 
.,., P
vertex 
ro o e----f 

2, s ). If there 

is no 
: C

x
onsi d e

ie e V 
er

with 
· any | [ x

Mien I Ty(n, 2, 2ne , .. f3 ). s v If' t
erte x e

x

he:r eo e 
then letth us 

Ve

 le
suppose that 

e t u s su p 

.

+e
= m > 2(s+l) 

X m8 inV •/ r f + I r-x = m > 2(s+l)
Under Undethis he r . te

assumption,
hi 
s s ume

we 
ion,

obtain two lower bounds for 

dv (n ,
<lv 

2, 
a se pte · we bte tw(n 

. 
e

' 
ai

i ( ,,, 
s u s e

s ) and make/ o n  2 , of the ine quali ty 
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2e, 2 , s u e o d o
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) an :f
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d m r
dv(n,
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d (ne (n--s--1) 

o;f th
2e e 
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obtaiquali_ y inequality 

s
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One lower bound for dv(n, 2, 2, s) is obtained by 
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degree of
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each vertex2. 
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ye
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t m,e

n m /2
n

≤ dv(n, 2., 2, s) 
2 1B þÿ"d_:S: 2 (s

dv 
+l 
(n, 

)
2(n-s- , 2, 1)s )e

or m þÿ"d4 (s+11 ) 
. 

þÿ"d

< 2 (s+l)
,(e } 

(r - 
o

+l n, (1) 
• .

,1
 

(�-�-1) 
... s'"'lJ

:r m 
.· 

�e
< (
.... •·• 

n . 
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ThE:e_EJecond .lowel:' bound for (n, 2, 2, s) is. obtainede, dv 

through the following observations: x, the vertex with 

I re
+ x I + I r-x I = m is joined to each of 

r·+x (_J. r -x, · thi.s accrounts _for • in arcs. Each of the 

vertices in V - X - I-+X - r-X would have to be joined 

. to T +x U r-x, with at least s+l arces in each 

+direction. This accounts for 2 (sl) (n-m+d'-1) arcs. 

The degrees of each of··these vertices is. at least m. 

Therefor>e we wou1d have at least klother.e

(m-2s-s) (n-m+d-1)
. .  

arcs. 2 

This gives us the inequality 

<i 2(s+l) (n-s-1) 

or (m-2s•2) (n-m+d-1 �- � :l ( �tl), (m'?:d-s) - 2m (2)e



But n - m + d - 1 Lo, and we have, as m > 2s + 2 

n-m+d-1 < 4(s+l} (m ... d-s )' - 2sa

.

n: + (4s+5)d +4s(;�l) -1 
or m þÿ"e 4s+3 (3) 

Combining (1) and (3) we have 

n+(4s+5)d + 4s(s+l) .,;. 1 - 4(s+l) 
. ..-

(n-s-1)
. . .  _, 

.

-< •• (4)4s+3 
' .

n 

or ,n2 - n[ 12s + 13] + 4(s+l)2 (4s.:t-3) < 0 (5)a

Let 01 ((s) denote the largest root of the quadratic 

equation. 

n2 - n[ 12s + 13] + 4(s+1)2 (4s+3) = Oa

then (5 ) implies that 

n i 01 ((s ). 

So, if n > q1 (s ), minimum degree of a vertex in .. aa

Min D,;-(n, 2 1 2, s) cannot be greater than 2 (s+l ). 
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Theorem 1 : 

dv(n, 2., 2, s):::: 2(s+l) (n-s-1) and the classe

Min Dv(n, .,2., 2, s) Coincides with the class 

a (s), if n n >> s,e

Proof : By lemma 1 we know that when n > ¢ 
1 

(s). there

exists a vertex x in a Min Dv(n, 2, 2, s) with 

j r x j + .j. r-x .j = 2(s+L) 
. .-.... •. ,.....Th�r-�.:f'b.re. < 

 • • ' 

. 1e r +x (7 f
:... x 1 == d i s+l. Wri_:te A fo_! r +x - r-x, 

B for r +x Cl r-x, a for r-X. - . r+_ x, ·ande

Y for V-x�A-B-0, We have I A je = s+l-d, I B j � d, 

I C J, "" s+l-d and: j Y ••• 1 •• = n-2s +d-3. The vertex .. xe. "· 
is joined to each vertex of A and the arcs are directed 

away from x, it is joined to each vertex of B in both 

directions and each vertex of C is joined tci x and. 
directed 

the arcs are/towru,ds x. Now, since the graph is a 

Dv(n, 2, 2, s) each vertex of Y would have to be 

joined to r-x, with arcs d:j.rected: away :f'rom· Y and all 

vertices of r +x would have to be. jojned to all vertices 

in Y, with arcs directed away from r +x, All these 

.

. ,

https://Th�r-�.:f'b.re
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account for 2 (s+l) (n-2s+d-2) arcs, but to establish 

the necessary accessibility and C!i'.'der of accessibility 

we need to introdii.c� some �ore arcs, These can be only 
. . . 

between and within r +X (_) r -x and y. Consider any 

vertex a e A, With arcs already existing there is no 

path of length < 2 between a and x, and a would 

compulsorily have to·be joined to all the vertices in 

ra"" x, This accounts for a must of another (s+l) (s;:.d+l) 

arcs, Again, to establish the accessibility with the 

necessary order between C:·and Y . we need to have some 

more arcs leaving c. If n is sufficientlylarg\J 

compared to s, th:n .the n-q,niber of arcs we wo_uld need 

greater than (s+l) (s-d+l) arcs, And in all we have 

already been forced to use more than 

2(s+l) (n-2s+d-2) + 2(s+l) (s-d+l) = 2(s+l) (n-s-1) 

arcs, 

Therefore as long as d < s+l, we do not come 

across the extremal graph, when d = s+l, we have 

and Thishave the structure 

-
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completes the proof of the theorem. 

.· Theorem 2 : • d (n, 2, 2, e) ,= (s+l) (2n.,-s-2) and theeA 

class Min D (n, 2, 2, $) .coincides with the classeA ,e

�e (s), when n >> s.ne

The proof of this theorem follows the same type 

of arguments. adopted for the proof of theorem 1 and 

is omitted here. 

Remarks : Perhaps it would be true that all extremal

directed graphs of first kind are obtained by having 

two oppositely oriented arcs for each edge in the 

corresponding undirected extremal graphs. 

§3. Directed Graphs of Second Kinde

In this section we shall consider directed graphs 

in which at most one arc is permitted between two verti­

ces. Let . G = (V, A) be such a graph. V denotes the 

set of vertices and A denotes the set of arcs.Katona 

proved that d (n, 2, 2, O) 2, v c n log n. We obtaine1 
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an upperbound for d (n, 2, 2; 0) which can be seg_uenti-v 

ally improved. 

Theorem 3: The complete undirected graph on n vertices 

can be oriented in such a way that the resulting directed 

graph is 2-aocessible, except when n = 2, 4. 

Th� proof of the theorem will be evident from the 

construction in the following theorem, 

Theorem 4: dv 
(• n, 2,e 2 , O ) -< �2-3,2. n+lO for n ,;:_ 5 ande

Proof : The proof of the .. theorem is constructive. For 

n = 3, 5, 6 and 7 the result holds and we have the follow­

ing graphs 

Figure 15. 
. Figure 16. 
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1

In general • • when n > we start with a graph • . 
-

8
D .  n. -. 3 3 of'· 

• 

diameter 
' 

two on n--3 . vertices.· 
.

To this,,graph. we adjoin 

a graph of ·thrcevertices D( ) 3 which is shown in the 
. . .

figure below 

/,,j
/'

/ �
�"-.,_, 

�'
�-

Figure 19. '· 

. .• 
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. The vertex b is joined to all the vertices of the Dn,.3e

graph with arcs directed away from b, All the vertices 

of the D _. are joined to O with aros directed towardsen 3 

0, The vertex a is joined to two different vertices in 

D _ • One of these arcs is directed away from a anden 3

the other directed towards a. It is easy to verify that 

we obtain a 2-accessible graph on n-vertices by this 
.. . 

(n-3) (n-4)process. D 
n-v 

� has at most arcs and 2n-l 2 

arcs are incident to D • Hence we havee3

and from the way this upper bound is obtained it is clear 

that this upper bound can be improved, 

In general it is not lmovm for what values of n 

it is possible to orient the complete n-graph in such a 

way that it becomes a Dv(n, 2-, 2, s) or D (n, 2, 2, s).eA

If g (2, s) denotes the least value of n, then g( 2 , s) 

is perhapg l 2s+2 _ 1, For s=O it has been observed toe



Figure 20.

be true and fo:r; : s= 1. it can be observed to be true. The

problem has an alluring similarit ty with the problem which 

Prof. Erdos considered. 

We now obtain a lower bound for dv (n, 2, 2, s). .

and dA(n, 2, 2, s) when n >> s. 
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Theorem 5 : When n >> • •• ss

(2s+2and ) (2s•l) + (2s+2) 2 (n-2s-2)

Proof : In a Dir (n, 2, 2, s) . if the directions are dropped 

there will be at least 2s+2 disjoint chains of length 

.s, 2 between any non-adjacent vertices or in other words it 

will be a Gv (n, 2, 2, 2s+l), Hence we have 

Again, if the directions are dropped in a D (n, 2, .2, s)sA

there will be 2s+2 edge disjoint chains of length i, 2 
.

,.,. 
d,J. 

between any two vertices or in otherwords it will be a • 
, .. , 

G (n, 2, 2, s), Hence we havesE
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§e4 Bratton 1 s Conjeoture

In this. segtion we shall OJ:J.ce again consider the 

directed graphs of first kind. If such a graph is strongly 

·connected,· we havee 'i ,

J:). i m (6) 
,. 

m <•:- n(n-1) (7) 

and d .S. n�l (8) 

(n stands for the number of 'vertices, • in , for the number 

of arcs and .. d - for the diameter). But there need not 

correspond a strongly connected graph with every set of 

· numbers satisfying the inequalities (6), (?) and ·(8),.e

� otherwords given n, m, d which· satisfy (6 ), (7) and 

(8)ethere may not exist a strongly connected graphe

G = (X, U) with !xi= n, lul = m and d(G) = d, This 

'imp0s sioi;li,ty-
• -, 

aris
• 

.es 
.. .. _.·,

)'fheµ,ever 
�. •-_ .. ,1 .-.:: 

too 
... , ' 

small a m.1mber is chosen 

for d,e

This situation led to theedemand for the lowere,e

bound f(m,n) of the diameters of a strongly connected 

https://oi;li,ty-aris.es
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gragrp ha ----L ...... ,_ -uth lt o^ps o wi 
p s th

u with n -vertices and m arcs, and 
n ve rtices and m arc s , an d 

o comp le t e he t 

inequal it 
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> 

 f ( , n 

WeW e  statestat belowe belo aw verv a er famous, v o yet undecided,  y fam  su , y e t u ndeci ded, 

conjectur e o f  Br atton. 

LetLet 

n-1 = q (m-n+l) + r, r i m-n+1 

p Put t • • 
•

,, . 
• 

I 2q

(

2q if r = 0 

: <  
i

2q
f 

d(m ) 2q + 1 l
,

n ) if r 
r = 

= 1 
0 

(10) 
a(m, n 

) 
+ if 

10
( ) 2o2 q_ + 2 if r 

r = l 
þÿ"e

if 
2 

2 

· -
·

+ 2 r 2

BrattBrattonon 's1 s conjecturecon j ec tu re statess ta te s  thatt h a t: :  eevery er strongly y st
•• · 

ro ngl  y
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A similar question that can be aske.d in this 

connection is given n and d, what is the maximum 

m for which there exists a directed graph of first ,

kind with n vertices and diameter -> d+l, ( If d=l, 

this maximum m is equal to n (n-1 )-1) • ' 



1 
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Chapter 5 

Communication Networks and Graphs 

Introduction and Summary In· this chapter we shall 

discuss the applications of some of the results obtained 

in the earlier chapters to communication hetworki3• :Further 

we shall discuss some programming problell)S related with 

weighted graphs and their applications to problems in 

communication networks. 

A communication network is any complex 6f centres 

dispatching and receiving information toge.ther with a 

set of links that convey information.• A problem of 

cDnstructing a communication network is one of establish­

ing the links between the different centres. The pattern 

of linking is usually dictated by the requirements of the 

inter-communicative readiness on the network and cost 

considerations,. We would like to set up the links in such 

a way that the cost is minimum subject to the dictates of. 

the requirements on the network. 
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A commu.nicitiori:net�ork can·b� identified with a 

graph, l;:ly.identif'.ytng.the ce:q.tres and links respectively
- • . . ' ' ' ' ' '  - .· . 

with .vertice.s and edges (or: arcs), When. tb.e links are 

two wayechannels. v'le .id\)ntify the network with. an unoriented . 

grapb. and when the links are one way cb.annels we identify 

with an .oriep.ted grapl;l,, A m.µriber. of prELctiqal problems 

concerning the construction of communication network can 
: ; 

be translated into f81lliliar graph theoretic language and 
•. i· 

can be dealt with with the usual ease and elegance of 

graph theoretic methods. vrre shall use the· 'egrapk theoretic 

and net.irork theoretic terms interchangeably, 

In t.he next s.ect.ion we. shall discuss some problems 

in communication networks, and. poii:it out. some uses. of tl;le 

resw ts we . alre,ady obteJ,ii:ied. In. § 3 we. shall dis cus.s 

.the programming problems relatE,d with weighted .networks 

and in § 4 we shall mention the. problems. of :constructing 

communication networks with probabilities Of'. breakdown. 
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, .§2 PROBLEMS IN COMMUNICATION NETWORKS. 

The. diametral structure of a graph is of; signi­

ficance with reference to the applications of graph theory 

to problems of construction of communication networks. 

A large diameter has several disadv1IDtages. In the first 
'r1 .. -. 

instance a large number of rel�ys cause delay and if 

there is a possibility of errors creeping in to the. 

messages then each relay woU;ild mean more errors� A small 

diameter is always desirable. The most ideal situation 

would be to· have a complete graph for a network, But 

when it is impracticable to have such a situation we 

would prefer to have as small a diameter.as possible, 

Figures 21, 22, 23 and 24 show examples of 2-accessible 

networks with 5 centres. 

https://diameter.as
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X2 ·:: .. 
. . 
. . 

. \ 
. . \

4 X5 
.

Figure • 22..

x4

. . Figure 23 . Figure . 24 .

Suppose that in the network corresponding to figure 

21, the centre x 1• goes out of order or breaks down by an 

accident; then the whole communication system would be 

in a jeopardy. There would not be any possibility of 

communication. But in the communication network corres-

ponding to figure 22,·the situation is not so very pre-

carious. Even if a centre breaks down by accident the 

remaining centres can communicate with each other and 

the resulting sub-network is also 2-accessible. But we. 

notice that we would have to have two more links. In 
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the network of figure 23, a breakdown would not lead to 

complete jeopardy but the diameter would be increased. 

Hence the vertex order accessibility of the network 

emerges as a natural proof against breakdowns of centres. 

In a similar way the edge order accessibility of the 

network is a proof against breakdowns of links. 

We define the capacity of a centre asi the maximum 

number of links wh.ich can be .. incident to it. If suppose 

3 is an upperbound on the capacities of the five centres, 

x , x ' ••• , X • Then netwo;ks in figure 21 and 24al 2 5

violate the capacity restrictions and the networks of, 

22 ?nd 23 do not violate. Thus we see that bounds on 

degrees 
. 

is .. also a desirable criterion. 

Having defined the desirable criteria, . we oan now 

think of the following problems. Given n centres of 

communication and n >< n matrix 
.

which describes the costs of coj'.ll'.1.e,ting 

the centrea with in the communication network, 



-80-

find out the optimum set of links which minimizes the 

total establishment cost and such that the resulting 

network is 

(1 ) a G (n, I;:, l, s )ev for some predetermined values 
of k, J and s. 

( 2 ) a G (n, k, /., s )e for somEi predeterminEid values E of k, f and s, 

( 3 ) a G� (n, k, /, s ) for some predetermined values 
of k, J, s and r, 

If we can assume that o 
]. 
.. == o, a constant, then 

the above three problems reduce to finding ll!in: Gv (n, k ,,(, s ), 

Min G (n, k, f, s) and Min G�(n, k, f, s) respectively-;eE

Some of these problems for certain values of the parameters 

have already bEien solved by us in the earlier chapters, 

But when the above assumption is not valid then the elegant 

combinatorial methods tha:t we used ih'the earlier chapters 

would no more� be useful• We hil'.vi:( to takEi recourse to 

programmi'1g methods'; vrhich are essentially computational 

in nature• We would have no ready made answer. When all 
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cij's are not equalg1 we call the corresponding graph ag

weighted graph. We shall discuss the problems of cons­

truction of minimal cost weighted networks belonging to 

(1 ), (2) and (3) in the. next section, 

§g·3 WEIGHTED GRAPHSg

We are req_uired to, establitih a :network on 1n t 

ommunication centres. The cost cif establishing a linkcg

between the i-th and j-th centres is cij(cii = o, 
cij l O). The n X n matrix \cij r is given. Any net­

work on these n vertices is completely described a 

n Xn (0g
1 

1)-matrix ixij� • . If ·Xij=l • we can think ofg_g

i-th and j-thcentres as being connected arid otherwiseg

not connected. So our .aim is to find that (o, 1)-matrixg

the graph corresponding to which has the desirableg

properties and the cost of establiShing the network isg

minimum among all those graphs satisfying the sameg

properties. If the graph is a directed graph of secondg

kind then = 1 =-=> xji = O ; and when the graph isxij 



an unoriented graph then x :i should be· a symmetric 
; i j : 

matrix. 

Problem 1: To find a 2-accessible directed graph of ' • 

first kind wi th minimum total cost. 

Formulation : If >2 x j 2 described such a network, we would 
( ij)

have to find a 2-accessible graph for which þÿ� �£� �£cij xij 

is minimum. Two accessibility means that there is either 

an arc joining two vertices or there is a path of length 

two (or both). So if x .. - O(i þÿ"` j) (i.e. if there is 
•. ij . 

no direct are between x. and xj ) there should exist aa 
J_' J ' 

k such ·that. xij.xkj = 1. ,. (i.e. there should be a path 

of length 2 ). If we set x .. = 1 we can write down the 
11

condition for two acc.essibil_i ty as : For any given pair 

i, j there exists a k fiUCh that x.jk. i xkj l or for 
. = 

all i and j 1 - xkj = 0 for some k, xik J 
n 

or for all i and j n/ (1 .... 
' xik i xkj ) = ·o 

k = 1

n n n 
or . E. þÿ� �£ n (1 - xik k x.kj. ) = 0 

i=l j=l kk=il . K 
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Hence problem 1 is equivalent to minimizing 

c .. (A) l. J 

Subject to the conditions 

E·E (B)
i j 

x = 1, x = 0 or 1 for all i and j, ii ij 

Theorem 1 : Problem 1 is equivalent to minimizing the 

Pseudo-Boolean function 

where = 1 and c . i
1 s are the given constants.

J 

Proof : and or 1 

minimizes (A) subject to (B), then it minimizes (C). 

Indeed, if 
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then 

(E � cij+l) E E fl (1-xik xkj) i E E cij x�j - E E cij xijc

cij (xij 
<;"'>

= E t... - xij)c

< E E C .  •·lJ + 1c

This implies that. I: I: n (1 - x.
lk . 

xkJ.) = a· which in turnc

implies that (, x .. S minimizes (A) subject to (B) contra-
. t �JJ 

dieting the definition of 'z x�j ·

). x'i'
l J.(,,. i_

Conversely if r.. = o, xc* == O or. 1. . JiLL11imizes
• J. 1 j·.I� ' . . 

,. 
(C)c then it is subject to (B). If this is not true, thenc

E Z n (1 - xkj ) 2, 1xik 

and / (X'i' . )c > I: E c .. + 1 contradictingF1c lJ - .· lJ •· 

Fl (J) = E E cijc

< E E c .... ·+ l·< F1(xtc,.)-lJ l.J. 

... where J is ml;ltrix of all. ones. 
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Remark: When we consider unoriented graphs we have the 

additional condition that If we consider 

oriented graphs of second kind we have a condition of the 

type x ..• x .. = o.
lJ Jl 

Problem 2 : TS, find a Gv-(n, 2, 2, 1) 

with minimum total cost • 

Problem 3 : To find a D (n, 2, 2, 1) (of secona �\i)dA 

with minimum total cost, 

With E,ome labour the Pseudo-Boolean. expression;to 

be minimiz.Eld for ootaining solution tci Problems 2 and 3 

can be writ.ten down, But they would be far too ghastly 

looking and no E,implication seems to be possible. 'Even 

(0 ), the Pseudo-Boolean. function to be minimized for· • 

obtaining a solut.ion to Problem 1 is intricate, but.··· 

electronic computers should .prove to oe useful in s�_mplify,i,"' 

ing the expression and finding its minimu. Pseudo-Boolean 

l'rogramming of Invanescu [5] would perhaps provide a fairly 

quick solution, It is not conceivable that any other 
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programming method is quiokeJ;>, But perhaps· it is more 

straight forward to compute the values of (c') for all 
2 

2n -n t .ma rioes. In praotioal situations we usually face 

with an impossibility,of connecting two centres xi, xjo

(say) in which case we can put·· = � and = O.oij xij 

This can greatly simplify the ... problem. 

§o4 PROBABILISTIC PROBLEMSo

In § 2 we con�idered vertex order and edge order of 

the accessibility in the networks as pro0fs against accidents 

or. breal,downs.; There is another, ahd perhaps more natural 

way of making the accessibility proof against- accidents.•-.•,  

Suppose :that•a certain probability of breakdown ispi 

as sociate_d •with· each vertex pi, Now we can demand for a 

minimzcl. cost k-acoessible network such that the probability 

tll_at _:!,he network remains k-accessible under breakdovm·, is 

g:r:�ater .. than or eq_ual to a. preassigned number a. It is 
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also possible 1io as sociat:e ,a ''JJrobability bf breakdovm 

with each pair of vertices and demand for a minimal cost 

network in a similar way. These problems do not seem to 

be easily tractaole, but a solution to them would be of 

great practical value• 

We presented in this chapter problems of.great
. - .

. , '  

complexity. We did not s1,1cceed much in.simplifying · 

the matters. But the applic.ations; that we pointed seem 

to be very very relevant. · 
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Chapter 6 

A DIJ'r Al1C}•; FYIH ( l't, 1)-MAi'HlCSS 

the c11ncept r,f c.istwice graphs pl<).Yf1d the ce::itral r,.,le. As 

. incidence matrices ,.,r 6raphs r,.,1•m particular· classes ,.,f 

(O, 1)-Matrices, it Wr'lUld be reasr-,nabl1:: t,., seek f,.,,:: a 

defi::iition nf a distance between lll1Y tw('I Cl'llunns .-,f e. (n, 1)­

Iviatrix, We s:.tcc6edn in this chaptzr, in defining a distancEit 

between the Cl'llurnns r,f a (o. 1)-Matrix, This gives a ,:reat 

sc,,pe f,,r carrying the analngy fr,.,m graphs tn matrices, A 

wide rR.n.:,;c c,f pr,.,blems spring up - hut m,,st r,f them seem t:, 

defy any easy S"lluti"n• He succeed in pr'">viag s'">rne specific 

th,,"rems. 

Let .il. be mi m xn (n,1)-Matrix, Let RJ,t R� • •. l\n 
a.ennte its rnws and c1, , •• en den-,te its c,.,luruns, Ac2 

finite sequence 0f distinct c-,lurnns c1, c2, ••• Ck is saidn

t,-, :r,.,rm a chain if c1 and Ci+l (f,.,r i = 1 t!' le - 1) he.ve 



= < same eq_µ;i.yalenc� clas.s. i f j d(C., C.)
• l J 

d(Ci, = 0Ci)e

otherwisee

{t {f and belong to thecj
j 

nc  
i 
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a one in the same row. k-1 is called the length of the 

chain and .this chain is said to connect c and Ck. Ase

can be easily seen connectedness is an eq_uivalence 'relation. 

Eq_uivalence classes of columns a;r.e called conneccted components. 

its columns belong toA matrix is called connec.ted .if all 

the same eq_uivi;i,lence class. We define• the .distaJ:;J.ce between 

any two columns and Cj, to be denoted by d(Ci, Cj),Ci 

in the following mannere : 

where t. is the length of the shortest chain·· starting at 

and ending at Cj.Ci 

The diameter d (A) of a ( 0, 1 )-Mat:rix A is defined 

in the following mannl3r 

d(A)· = max: d(Ci' Cj)e

1e= 1 to n 

je = 1 to n 

I • 
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·  

The diameter.of a disconnected matrix is 
: 

00 • Given 
v

R'. ,ando

S it would be of interest to find the formulae for· d and 

and d
'a 

 
where d / stand for maxo d(A)o and min d(A) 

fl 
. 1 8 U (R, S) A 8 U(R, S) 

respectively. We do not suc�eed in providing these formulae, 

but we find necessary and sufficient conditions under which 

a i:s finite. • We mention the formula for a in the particular 

case U(k, k), 

� 2 �HE RESULTS 

Lemma.l: Acollllected (o, 1)-Matrixoof·size m by n with 

given row sums r , r , •••• r O < r in exists if and onlyo1 2 m i 

if Zr, > m + n - 1, 
l -

Lemma 2 ; Let A be a connected matrix with • each r > 2oi 

and :8 r. > there exists a 
l 

n+m•l then row in the matrix which 

has distinct intersection with two othor ;rows, or there is a 

row which has double link with at least one row. 

1.oU(R,S) denotes the class of (0,1)-Matrices with row sumo
vector R and column sum vector S, H.J. Ryser
disoussed the necessary and sufficient conditions on R ando
S for U(R,S) to be non-empty,o

https://diameter.of
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The proofp of these ·two lemmas are simple and are 

omitted here. 

that the class u(R,· S) is non-empty, then the necessary 

and sufficient condition for the • existence of a conneci;e_d 

matrix in the class U(R',· S) is that � ri > m :i,. n - 1.o

Proof: The necessity follows from lemma 1. The proof of 

sufficiency is as follows. 

If there is no connected.matrix in the·:class U(R, s), 

then let k, k > 1 be the minimum number of ·connected 

components in U(R, S), Let A be the matrix with 

k-connected components, Then, we can rearrange the columnso

k2and rows and partition the matrix in to sub--:matriceso

so that the connected components are along the diagonal ando

all non-diagonal blocks are zero matrices. Let To denoteo
1o

the number of ones in the i-th connected componento . Leto

and ni denote respectively the number of rows • andmi 

such 



k 
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colU!)ll1s of the i-th connected component. Then, by lemma 1, 

Ti>
-

m. + n. - 1, for i = 1,e 2, • • • k. But = mi +ni -1l l 
T1 

cannot hold for all i = 1, :.2, • • • k.e For, if T.
l 

J:. m1+n. -i
l 

k k 
for all i = 1, .2, ••• k .then E m:i: . - �m

1 + ·E n1..;ki - 1,,,1 i=l 
or E r. • m + n - 1{ < m + n .. 1 contradi'oting the hypothesis.

l 

Therefore there is a component, say theer-th component, with 

T > m + n - 1. By.lemma 2, the' r-th component has a rown _r ··· r 

which has distinct intersection with the other rows or' has a 

double link with some row. Now.we c.an apply an interchange1 

using a one of this row and a one from some other connected 

component. This interchange redu_oes the number o:t; connected 

components, Thus the assumption that le > 1 is not correct. 

This completes the proof of the theorem. 

Theorem 2 : GivenR = (r , r1 2 • • • rm..) re i CI =1,2,i 1. 2 for 

••• m and S = (s , s , ) s. 0e for j CI= 1,2,.,. 1 2 • • • ' Sn  ' 
> 

J 

n and that U (ReI S) . is non-empty then a: of this class of 

matrices is finite if E r. 2, 
l · 

m + .n·. -• 1e and ·for every 1 l 

partitioning of I as I U I , f • , ._ I J J as J U J , , ·� ,e2 k 1 2 

U J , one of the following should be violated .e

1.e interchange as defined in (12]e



( (1,) þÿ� �£ ri = t s r p - - 1 to k 
), ·- 1 t k si'

i 8 Ip jj E J p 

(2)  Σ ri ≥ Ip p I + I J I to kp 
p 

- 1, p = t . 
i EI
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This 
.. . 

Q:" ttheorem f follows 7  ows f from rom thethe previprevious ,, ,c-. theorem.theorem. 

U(k· ,  k,I dedenotes n ot ess t allU the hk clclass as s ' oof f C all .. :r n, >>X < nn (O(o, 1, ) , J ) .)­

MMatrices ric with k == w ( (k,' , ] k,, l k,, ••• k, bboth ot h f for , or row sum and 
) 

( column SS1.11Il vect
\ vectors. We have the following theorem for the 

class U(k, J k). ).

Theorem 3 

 1 le i nn i 2k - 1 
i -

 

\ 00 

•

i � .p n > 2k 

2
Proof : Wh., en n S. 

. 

2k - 1 we cannot have two columns without 2K

a one in some common row and so ,-d(( A
. 

 ) = 1 for all .A 8 U(k ,k), 

therefore d=l• When n L 2k, U(k, . k) ) contains a dir1 conneted 

matrix and hence cI = 00
• 
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,---'

When n = q_,k + r it is perhaps truo. that d i q_. 

The formul.p,e for a: and d in the general case 

would be desirable but not yet available, 

In view of this definition of a distance for (0,1)-

Matrices, ever so many questions can be asked, oarrying 

the analogy from graphs to matri0es, 



km�ndix 

p"CCESS IBILij['Y ATfD ADJOINT GRAPHS 

Let G = (X, U) �e a finite unoriented graph. The 

adjointe(or interchanbe !egraph) I(G) of G is defined as
. ,e

follows. The edges of ', G form the vertex set of I ( G), 

and two vertices in I ( d) are ,joined by an edge if a.nd .only 

if the corresponding edg,es in G ha,ve a vertex in common. 

: , 
The study of the b�haviour of graphs under 

. 

repeated 

interchanges has be<in a topic of many investigations�• In 

this appendix we shall stU:dy the interchange graphs from 

the po;i.nt of view of accessibility and order,<' Before going·. 

further we define a quadril:;;.teral. A ruac1r:i.l<c],teral in a 

graph is defined as a set of four vertices,e
· ,  

There are ' 

shortest chains between six different pairs•e Out of these 

six shortest chains four are -named diagonals• The two 

diagonals do not intersect at any of these four vertices, 

Tl1e,ore,l!l. 1 Let G be a finite connected graph and let its 

diameter be 1
{. Then the diameter of I(G) is either k-1, 
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k or k+l, 

Lillllll).cll If two edges are the terminal edges of a simple 

chain of length t· in G, then in I(G) the vertices 

correspondingl� these edges will have a simple chain of 

length t-1 between them. 

Pro_of This follows from the definition of I(G), 

ProQ.:LOf thMLElill 1 Since the diameter of G is k, there 

exist two vertices ae0 and be0 such that the shortest

chaiµ betwE/.en them is •±',•;Length k. 

i •. e. d(a , ) 0 be :::: 0 
k ••• (1)

, .

Let • (a , a..) and (b , 0 -1 0 b ) be the two edges hav:!ng a 1 •• 0 

and b • 0 as their terminal v-ertices, (If k = le
l 

(a , 0 a )e1

and (b , 0 b ) will coincide). Therefore (a1 , 0 8]_), • ande

(b0, are the terminal edges of a chain of length ateb1) 

most k+2. Since k is the ma.J\iimum distance between any 

two vertices ih • G, any two edg�s of G lie on a chain of 

length at most k+2. And hence by lemma 1 the shortest .. 

https://betwE/.en
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We therefore have 

... þÿ"d1 1,  - 1 .$. d(ad (
 2 , )

11·• bo)e .$. • •••• ( ) 
o 

k (2) 

 
 2

••• • •   

"' 

k - 1e
b

a , þÿ"d (3)
.$.. 

d
d 

( 
(a

)
bo) < , 

k 
0
o, o • (3) I 

• •• •  

• ..• 

By similar arguments we can see that the seide 
(a1, b 1 ) ise

not greater than ke- 2 in lengeth and we heae v e

..  
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k ;... 2 ;$. d ( 8J., bl) :;_ k.e • •.• (4) 

Considering· 1, 2·, 3 and 4, we observe that any quadri­

lateral having two edges for two sides and containing a 

diametral chain as one of the other sides can have twelve 

possible structures. If in any of these quadrilaterals the 

fourth, side is of length k-2, then' the diameter of I(G) 

would be k-1. For, the shortest simple chainehaving (ae, a1)
0._e

and (b0, b1) as terminal edges is of length k., llnd by thee

lemma the vertices in I(G) corresponding to tl1ese· edges 

of G will lie on a simple chain of' lengt•h k-1. If the 

fourth side or one of the diagonals is of length. k-1, then 

the diameter of I(G) would be k. If' the fourth side and 

both the diagonals are of length k, then the diameter of 

I(G) would be k+l. 

To summarize the above discussion, the diametral 

structure of I(G) depends upon the existence of certain 

types of ,quarilaterals in G. The interchange graphs of 



= a. 

d = 2. 

ii, 

I(G2
) ; d 

• . . 

and .9·;3 in Figure 1 illustrate the three possibili­

ties• The relevant quadrilaterals are indicated. 

! i
' ; 

! / 

fi

ii
• I 

·, ,l 

I (G�) : d = 3. 
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The�rem 2 Let G be a finite connected graph with diameter"' 

k.e If I-1(G) is defined, then the diamet'er of I-1((-i-) ise

either k-1 erk or k+l.e
This follows from theorem 1. 

Theorem_ll_ If G is a k to I. acc0ssible graph of ed� 
.... t ;} 

order s, then I(G) is a Ge (N1, k+i, ,!_ + j, s) wheree N.ve
,i;� 

is the no of vertices in I(G) ��d i and j take the 

values -1 or 0 or 1. 
·-;;. 

There is a one to one correspondence between the partial 

graphs of G.� and subgraphs of I(G). Every partial graph of 

G with more than [ U j - s - 1 edges (where [ U ! denotes 
"' 

the number of edges of G) is ,!_ -accessible and the corre&,-

ponding subgraphs of I(G) with more than [ U l - s-- 1 

vertices are ;( + j-accessible, where j == -1 or 0 or +1. 

I(G) itself will be k + i accessible where i takes one of 

the values -1, 0 or +1. Hence the theorem. 

Theorem__4 Let G be a k to I. accessible graph of 

vertex order s• Then� if I-1(G) is defined it will bee
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a G (N2, k+l., ;{1-j, s) where N is the number of verticesE 

of r-
1(G) and i arid j take one.of the values -1, O 

or +l. 

The proof of this .theorem is similar to that. of 

Theorem 3 .• 
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