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INTRODUCTION

Graph§'havé nowgpecome recognized models for a wide
variety of &ituations. Whenever we have .a’collection of
objects with a’%iﬂary relation. defined onfithem graphs serve
s excellent tools to study the oéﬁbinatdrigl properties ofe
the collection with respect to the binary relation. D. Konige
wes the first person to recognize the useﬁp}nesé of graphe
theoretic models. He OOnoeiVthbf a unified s;udy ofégraphse
under an abdtract set upe His book was a pioneering worke
in this field.e

The graph theoretic problems embodied in this thesis
have been motivated by situations arising in communication
networkse In terms of graphs these problems ask for the
extrem%ljsﬁructures with preasdigned diameters and their
variations under suppression of wverticeseand edges. Thee
motivation for the problems and their applications ise
deferred to the _Penultiﬁatﬁsichapter. This has been found
reasonable, in any case not disorderly, as the appropriate

combinatorial problems in terms .of, graphs seem to be of
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great interest on their own. Perhaps we have the cue hers

to study the extremal stryctures of graphs satisfying a
given property and retaining the same property after some

portions of the graphs have been guppressed.

All the graph theoretic problems considered here centre
round the distance metric defined for graphs. An attempt is
mede in the last chapter.todefiné a distance between any
two columns of a (0, l)~matrix. In light of this it scems

to be possible to carry the anslegy from graphs to matrices.

The contributions of this thesis have been divided
into six chapterg,and an appéndix. At the beginning of
each chapter a detailed summary of the resulés in that
chapter is provided., Berge [1l]} has been followed. throughout

for.notation and terminology. We give below a summary of

%he Wofﬁ done in variocus chapﬁ@rs’éf the thesis.e

In chapter I the structures of the graphs with minimum
possible number of edges with prescribed diametral wvariation

under suppression of vertices are studied. It has been
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proved that if the number of vertices of graph is suffici-
ently large compared t6 the stipulated number of suppressible
vertices and if the diameter should remain two throughout,
then the extremal graph will be an appropriate complete
bipartite graphe This is followed by the results concerning
the extremal structures when the diameter is allowed to

vary from 2 to { ( [ > 3) under the suppression of a single
vertex, Several upper bounds have been given and some
conjectures have been made about the extremal numbers that

have not been determined here.

In chapter 2 problems similar to those in chapter 1
are considered with regard to edge suppression. Here again
the most general result is when the diameter remains two
throughout, We prove that the extremal structures in this
case are obtained by completing on% of the sets of the
extremal complete bipartite graph of chépter le As in
chapter 1, structures for other diametral variations have

also been studied and some conjectures presenteds The dual
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agspects of problems of chapter 1 and problems of chapter 2

are discussed iIn the appendix.

In chapter 3 structures of extremal graphs with propert
considered in the earlier two chapters are studied with the
additional constraint of an upper bound on the degriees of
vertices. OSome impossible configurations of number of verti
. number of suppressible vertices, maximum degree have beens

established and some extremal structures-presenteds

- In chapter 4 the problems are considered for directed
griphs of two kinds, the one in which a pair of vertices can
be joined by two oppositely oriemted arcs and the other in
whioh gt mos%t ‘oné arc is allowed between any pair .of vertices
FQQ;thewstrué%ufé% considered here, the extremal directed
graphs of first kind are obtained by replac}gg.an edge bys
typ oppositely oriented arcs in the corresponding extremal
unoriented: graphse In the case of direo?ed.graphs.gf second
kind.somﬁ‘IOWérf%bunds for number of edges in the.extremal

graphs have been obtained and some further discussion about



impossible configurations has been presented.

In chapter 5 the applications of the results in the
first four chapters to problems in.eommunication networks
are discussed. Théfgéﬁeral problem for the weighted graphs
has been mentioned éﬁd has been formulated for a particular
case as a Pseudo=Boolesn Programming problem. Extremal
problems with giveﬁ”probabilities of breakdown have also

been mentioned,

In the last chapter a distance betweén any two columns
of a (0, 1)~matrix has been defined. This generalizes the
distance metric from graphs to gensral (0, 1 )-matrices.

In the light of this distance, connectedness, diameter and
several other terms can be assignedegppropriate meaning ine
terms of (0, 1)-matricess The necessary and sufficient
condition for the existence of. a comnected matrix in the
class U(R, §) has been established, A condition for the
diameter to be finitely bounded forematrices in U(R, 8)

has also been derived.
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Chapter I

ACCESSIBILITY AND ITS VERTEX ORDER

Introduction and Summary

We consider unoriented graphs without loops and multiple
edgese Let G = (Vs E) De such a graphe V denotes the set
of vertices and E denotes the set of edgess If x and vy
be any two vertices belonging to Vs then a(xy y)s called the
distence metween x and yy is the length of the shortest
chain between x and y 1iIn Ge The diameter of the gragh.
denoted by d(G) is defined as

a(3) = Max a(xsv)
Xyy e V

If the graph is digconnected we say that the diameter is
infinites It is easy to observe that the diameter of a
subgraph peed not be equal to the diameter of the original e
graphs The extremal graphseconsidered in this chapter havee
the property that all thelr subgraphs with preagsigned orders

have theilr diameters ranging over prescribed sets of integerga
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A graph is called k-accessible 1if the diameter of

the graph . Ke
A k-accessible graph is said to be k to A
accessible ( A » k) of vertex order s if all the sub-

graphs obtained by suppressing any s or less number of

vertices are A ~accessibles

If ny k9 £ and s Dbe positive integers such that
n>A k31 and n >s > Oy theﬁl'sn‘ :dééd‘ciés o graph
on n-rerticess Gv Cﬁ, k, ), denotes'a' % ”%6.‘K  -
accessible graph of vertex order s on nLVertices;

It is the aim of this Ehapter tostgdy the minimal

graphs in the class GV (ng %y Ay s) in the sénSe of number

of‘adges-

4 greph with minimum pogsible number of edges within
the class G, (ny ky Ls s) i denoted by Min Gy (ny ky Ly s)

and the minimum possible number of edges is denoted by

MV (n’ k, X? 5)‘
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"In the next section wé shall make some preliminary
observations and we shall prove the theorems concerning the
extrenal structures in 8§ 8. Under theorem 1 in § 3 ==
prove that when n ig sufficiently:large compared to sse

then

AV

My (ny 2y 2y s) = (s+1l) (n=g-1)

and ‘the Min G (H, By 298) arve complete bipartite graphse
with s+l vertices in one set and n-s=l vertices in the

other sete Under theoren ZVge prove that if n > 5e

MV (ny 29 fs 1) = 2n -~ 5

for all [f. 23« We also describe the extremal structures.
. N
We end up the chapter with a number of conjectures and

renarks regarding the extremal cases that have not been

established heree

2e Some Preliminary Observationg

(e My (ny 1s Ly s) = QL%:Q& and the only graph in the

class Gy (ny 1y Ay 8) is the complete graph on n vertices.
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(2)- Mylny ky £y 0)==n-1 and Min Gpns ¥y A 0) is some

appropriate tree, for all k 3 2

(3)- In a Gplny ks Ay s) the degree of each vertex is
at least s+ls Further there are at least s+1 disjoint-
chains of length at most A3 out of which at least one is
of length < ks between any two distinct non-adjacent
verticess Note that we do not have any degmand about the-

number of chains between adjacent pair:of vertices.

3e_The Maln Theorems

Before we state and prove {the first theorem we shall-
describe a class of graphs which plays an important role in
theorem. le. An(s).(n 2 234+2) denotes the class of complete .
bipartite graphs on n-vertices with g+l vertices in one
set and n-s=-1 vertices in the other gete Figure Y repre-

sentg a member of Aqg(2)



Figure l.

iny member of the class AnCS)-conEéiﬁs' (éii)”(nns-l)
edges and the class An(s) is contained within the class

GVCn, Dy 24 é)m Hence

My(ns 2y 29 s)lg (s+1) (n=s=l) when n g,zé+ég In+
fact for n >> sy we shall prove under theorem 1 that

{22 ‘e

An(s) provide the structures for Min Gv(n, 29 2y g)at

We shall now provg a lemma that we shall use ford

the proof of theorem le

Lemma 1 ¢ If n> (2 + /2) s+2 then any Min Gy (n92+2y5)

will contain at least one vertex xy such that | [ x [= s+l
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proof *  Consider any Min Gegny 29 2y s)e If possible
let

min =m > g+l

where V ig the set vertices of the graphe

Consider any vertex x for which | [x | =m
and let X9 Xp9 eeey X be the vertices adjacent to
Xe Each of the remaining vertices would be joined to

at least s+l of the vertices from among X1y Yoy eeey Koo

( as there must be s+l disjoint chains- from each
of the remaining n-m~l vertices to xy each of these should
be joined to at least s+l vertices of T'x lxhus accounting
for a total of (n-m-1) (s+1) edgess -Alsos since the degree
of each vertex is at least'm, there must at least be

m-s~l1 more edges incident with each of these n-m=l vertices
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would be at least .. (nyfmf‘l ,)2:@‘1"5"1) "¢ Hence. a r.ﬁnff-?-'@;;(ﬁ;«z,z,s)2

must contain at leasd

m + (n-me~l) (s+1) + (nom=1 )2 (m-s-1) edges?
iaCe m + (nem=l) (s+1) + gn"m';>2(m’s“l)2
_<; w, (n, 2, 2, s)
..2. -_.(_S.'-f_:l) (ﬁ—svl)-
iece (n-lm-l )2 <mh-s"-lh ) E 2 (m»S-—l )
Since m > s + 1, we have
Nem=1 Z 252
or ,;;;E_ n-28-12 (L)

| Again, as 2ach of the vertices has a degree mg the

Minq}fn,'"é,' 2, 8) must have at least _I_l,?ll; edges and hence

%’Q _Z_ (éfi)- {n—s-l)

o N g 2 s+l ) (ne-s=l )2 {2)e



T

prom (1) and (2) we get

2(g41) (n-s=1)"

N2 Sl < m g

11
= 2 e \rd "r. iy S P [ o -3
or n° = n{4s+3) .+ 2(s+L).< 0 - : (3)

b1

From this quadratic inequelity it follows that

n £ (2 + /%) s42

This contradiction proves the lemmae:

Theorem L' ¢ “If n > (2 + /2) 842 then

flt ‘ . . ) T WO - 7
By (472, 2, 8) = (e4l) (n=e-L)

and the class Min G, (n, 2, 2, 8) ocoincldes with the.

clags &n(S)»

froof of the theorem 4 From lemma I it follows that under

‘the conditions stated in the theorsm there exists.a vertex
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further edges to become a Gg (n, 2, 2, s) and all these

edges are essentiale Hence the theorem.

We will now take up the discussion about the extremal
structures Min Gh (ny 2, £, 1) for [ > 3a We shall figét
observe by actual construction that Mp{n, 2, [, 1) { 2ne<5h
forn§_5 a.nd,(z&

Bél) denotes the class of graphs on n vertices

nh> 5 which are obtained in the following waye We starth
with a cycle (xi, Xoy Xgs Xjs xs%‘xl) of length five.h
Some of the other (possibly none) heb vertices are
simultaneously Jjoined to both xj and xgi and all othersh
(possibly none) remaining are joined to both x and  x,

or both =z, and x.e Figures 2 and 3 represent two

(1)

. typlcal members of 37 .
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It 1s easy to observe that a nmember of B(*‘

. contains

on-5 -edgées and the class Bél) is contained Wlwhlﬂ the

class Gﬁ(n, é; L, 1) for all F d i e Hence
My (n, 2y £5 1)< 80=5 for all {2 3 and n 3 5
We will in fact prove under theorem 2 that
M (n, 2y 3, 1) = 20'= 5 forall n 3} 5,

but B (l> Will not be the un icnp extremal struotureq.

We may also note that 1f u end -v - are two vertices

of degrée 2 in a- Gy(n, 2y 3, 1), both connected to p and
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enerate
i ébd, 2, 3, 1) s and conversely,

qs then xl- v /-
if u is of degree 2 with [u = %p, 1 in a Gv(n,2,3,l),
then by adding a new vertex =z with Tuz = %p, ql, we
obtain a G%én+l, 2y 3y L)ee Therefore we can restrict

our structural study to graph.which do not have configurae

tions like [u=T[v =

r~+A

Dy q§ y for, it that case we can
omit a vertex like v and if we have a basic solution,
we can add new vertices like 2. During the proof of

%ié theorem 2 concerning the minimal structures in

G@(n, 2, 3, 1) we shall assume that th§ minimal graphs
are free from configurations of the above types We shall
call this the assumptlon regarding the absence of rect-

angles,

The circuit of length five 1s the first basic graph
that will prove useful In the discussion of extremal
structures Min Gv(n3 26 3, 1)« The other basic graph is

the one described below

1 X is the set of vertices of the original Gy (ny25351) e
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This graph on 7 verticesechas 9 edges and G%(n.z 7)
obtained by sequentially adding n~7 new vertices and
joining the new vertex at every stage to two of the old
vertices that happen to be the vertices adjacent to a
vertex of degree twc, we obtain the cla35'¢B§2);Glearlye
Bé2> are also @%Kn, 2, 3, 1)e We shall in fact prove
under theorem 2 that 3&1) and Béz) provide the extremale

structures Min Gv(n, 2y 3, 1)
We have a lemma before we proceed to the thearem.

Lemma % ¢ If n > 5 then any Min Gj.v.(n, 2y 3, 1) mill

contain a vertex of degree 2.



Proof ¢ Prom the observation made earlier it is clear that
Mv(n, 2, 33 1) < 2n - 5. Now if there is no vertex ofe

degree 2 in a Min Gy (n, 2, 3, 1), then lete

min | x| =mn>2
x € X

where X is the set of vertices of the Min Gv(n, 2, 3, 1)ee

Sinice the degree of each vertex is at least m, ‘wee
have

- L 2n=5 or m ¢ T

As n > (A) implies that = < 3 o0 if m > 2, m=3,

If n < 10, then

50 ;
S > 2n 5

and hence Win G, (n, 2, 3, 1) cannot but contain a vertexe
of degree two for n < 10s If n > 10 then let x be any
vertex of degree 8. (x, Tx) accounts for 3 sdgese. Hach

vertex belonging to X =~ x = [ x  should be joined to some
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vertex in [ %« These account for n-4. edgess . Further,
the degree of. each Vertex in X - x - T x. being at least.
5,,the.graph wpu;q:at_least,havgltg?have n-4 more edgoas
But with this bare minimum we have a oycle in X - x - [ =
and we do no% yeb have a Gﬁ(n,,z;,S;ll), although Wé

have already been forced $o use 2neb edgess, And n

S o g ? - : _ LT U } N . :
should therefore be egual to 2 in the extremal case.

Theorem ¥ Mv(n, 2y 3y 1) =2n -5 and B’ and Bég)
provide the extremal structures Min Gv(n,,z, 3, 1) when.

n_)_Oo

Proof &t By the lemma just proved, there is a vertex of
degree 2-in a Min Gv(n, 253y 1); wherever @ » Ds Le¥.

x be any vertex of degree 2. ILet 4 &nd b be the

T

‘wertices in [ X.  Let Y .denotée theisét Tex=t~b. " Lt

Y .

4! be the disjoint subsets 6f ¥ that are

Ty amd Yoy

joined to a, to'b , to both & and b, respectively.

H ..

We shall write

|y ry |T,] =k |7yl = ner-s-k,

abl'=



First let us ‘examine the possibility ]ng) =0, TIno
othis case each vertex ¥y € Yy would have %o be joined too
some vertex belonging to Yab and in this case we have 1o
have at lecast 2n-4 edgss and hence would not lead us to

the bests Similarly we cannot have ]Ybl = O

Hence we may suppose that ]YQL A0 and |Y, [ # 0.
In this case yg € Yg should be Joined to some y €Y = ¥ 40
There should be a chain of length two between §é - and any
yb‘e ¥, and these edges should be in Y. This means thatb
there must bg/gbnnected cemponent of Y, containing o
Y, () Yo But if Yo é:) Y, is a connected compoment
tgen we have already accounted for at least Zned edges and
any further edge will take us away from the best. Henoe
a and b camnot be joined and Yo ) T, must be by itselfo
a connected component and in fact a tree in ¥ (;>.Yb"o
Now because of t@e assumption regarding the absence of

rectangles in the minimal structure we will have ]Yabl=r=0.

The tree in Ya (:) Yb cannot heve a vertex d eonnecctedo



4o two pendent vertices e and f of the tree, for @) if

e and £ prong ;o the same gﬁéup, namelv Ya or Y., then
py our assumption e “could be omitted (2\ i? d e €Y, and
fe Yb then ‘the distance between o and b 153, and the
dlameuer of tne g“aph would nod% any more be 2e Consequently
the tree Ya (Hj Yb is a simple chain, This chain cannot

be of length two,'for if it is of length two then we have a
dlameter s fo; the g phs. - The ;ength.of the. chain canmnot be
moTe than tnrep e*the¢, for 1¢ it_is 80 We”again_havewaf.
dlametpr SUrlctly greater thar 2e Therefore there are two

possibilities ¢ either the chain ig of length 1 or Kength

3 ivirnig the following two basie TOUDS »
) & ) P‘

s

e~



is same as the graph in figure 4.
Now from these' two basi; graphs”we déﬁelop the minimal .
structures. This éqnplefes tﬁé:pfdof that Bél) and  Pég)
provide_thelextremal structures Min-éﬁ(n; 2y 3, l)'fore“
n'i S e
ﬁémark_;a Bven when we consider Min %fﬁ;“Z, L 1) L3,
we Would-hayg.to gaﬁe'é commeeted oomp;héﬁt in ¥, containe

ing Yg (;)_Yb...Theréfore

M@ (ny 2, [41) =2n =5 for ail“ITE?S and . n E 5

This means that a biconnected graph of diameter two would

have to have at least 2n-5 edges when n i S

4 Remarks and Conjectures

In theorem 1 we proved that gﬂ.‘:s) provide the
extremal sturctures when n > (8+/ 29 8 + 2 It appears
true that An(s) provide the extremal structures as long

a8 n p 23+24 This difference may be dus to the method

we adopted.



Very little information is known regerding other
configurations of .n, k, [ and s. It howcver appears

reasonable to make the following conjecturese,

(1) M, (1, 3, 3, 1) =2n ~ 6 when n > 8

The Following figure represents a graph belonging

to the class Qv(n,ﬂs,;ng;)J

in number ). The graph in figure 7 has 2n-6 edgms. This
proves that
My (n, 3, 3, 1) < 2n=6,

..

I can in- faet prove that if the ninimum degree in a



Min G, (n, 3, 3, 1) is equal to 2. then My(n, 3, 3, 1) = 2nn
But if the minimum degree happens to be 3 (the other possibi™

1lity) I kmow nothing. . This means that we can show that

B

%-5_ My (n, 3,3, 1)< 2n=6

' In general it can be seen by actual consiruction that
(2) M,(n, 33 33 8) £ (s41) (0 = 28 = 1)

Perhaps the equality holds in (2) 4if n >> s..

Two more candidates with regard to three accessible

graphs are the following

(3)n My (n,3ndyl In=

for all ['2-5, n E 7

In each case I can prove by actual construction
that the left hand side i5 less -than or egtial to the

right hend side expressions
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Chapter

ACCESSIBILITY AND IIS EDGE ORDER

Intréduction and Summary & In the last chapter we considered
the variations of the diameter over certain subgraphs of a
given graphe In this chapter partial graphs play the role
played by subgraphs in the previous chapters A k~accessible
graph is said %o béﬂ k to [ accessible ( £ 2 k) of edge
orderl s if all the partial graphs obtained by suppressing
any ° s 'or;le;s‘number of edges, are. .A ~acceéSibie. IT

‘Tl k-,"’,( and s be positive integers such that n > L > k
and .0 > sy then Gy (ny %y Ly s) denotes a k to [Ls
accessible graph of edge order s on n verticess - It is
the aim of this chapter to study the minimal graphs in the
class Gplns Xy A s)e A greph with mirnifitn possible numbers
of edges within the class Gy (ny ky As s) is denoted by

Min Gp(ny ky As s) and the minimum possible number ofs

edges is denoted by ME(n, % A3 s)e Theorem 1 states thats

1 At the outset edge order of accessibility and vertex orders
of accessibility are dual conceptses In Appendix 1 we shall
examine the relation between the edge order accessibility of
2 graph and the vertex order accessibility of its dual or
adjoint graphe
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if n > (8 + /g“) (g+1) then

Mp (ny 2y 29 5) = (skl) (n=s=l) + gﬁ;’f_“l)‘

and describes the unique extremal structures. - Under theorem

1.

2 we prove that if n > 8e

Mp {n, % A De=n -1+ E-g] for all A > 3.

In fact, we shall prove under theorem 3 that ME(n, 3y 3y 1)
\

is also equal to'n = 1 + I%] when n is sufficiently

larges In the next section we make some preliminary observa-—

tions and in g 3 prove the theoremss We end up the chapter

with some remarks and conjecturess .

(L) In a Gp (ny ey A3 s) the degrée of each vertexe
is at least so+le Furthery the chains between any two
distinct vertices have the property that at least one of

them is of length ¢ k and either there are’ s+l edge
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disjoint chaing of length < A or the suppression of any

t( t < s) common edges leaves at least s+l=-t chains of
length < A »

Now we shall define ‘btwo-. clagses of graphs which
would play important roles in the next séetion of this
chapters Fﬁ(s) (n 2 28 + 2) denotes the clags of all graphs
obtained from Ah(s) by completing the set of s+l verticese.

Figure 8 represents a member of 1 (2)e

. Figure 8a

Any nmember of Fﬁ(s) containg (g+l1) (n=g-~l) + 5-%'}"1)' edges

and the class Fe(s) is contained within the class Gp(ns2s248)¢
X E



Hence

(2)e ME_(II’ 2y 24 s) é_MCS'*'l) (n~s=1) + ﬁﬁg'*‘s_lle

In fact for n >> gy We shall prove under theprem 1 that .

¥ (s) provide the extremalstructures Min Gp(ns 25 2y s)s -

H (0 > 6) is the cjass of graphs on n vertices
defined in the following manner. We arbitrarily divide
the set of vertices into two setss one set containing a
single vertex and the other set containing the remaining
n-1 verticese The single vertex is Jjoined to each vertexe
of the other sets Further the vertices of the larger sete

are Joined within themselves by a set of ! % l edgesee

¥igure 9 representg member of H7 ~and Hg .
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et = Kb e i - e

| Figure %en
A *nember o? Hn contains n - 1+ [ ] ednes and the classn
H, is contamed w.tthm the classn Gpy (n, 2 ,(, 1), for all
A2 3. Under t@go_r_em_ 2 we shall prove that H, m factn
coincides with f:m .GE(n, 2y A 1) for ,(_?_ 3 andn suffi-
clently iargé;_ it can also be observedzﬁhat ﬁ;.iéwcoatainedn
within the olass Gy(ny 3y 3 1) and as it hoppens X

provide the extremel structures Min Gp(ns 3y 35 1) toom

3 me‘%en;gﬁ“_ Goncerndng Extremal Structureg

We start 't-his section with 2 lemma which is crucialn

for the proof of theoren l.n
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. (3 + /B) (s+l)
Lemma 1 ¢« If n > Qg(s) = e thon any

#in Gp(ns 2y 2y s) will have at least one vertex xy
such that | [x | = o+l

Progof § Consider a Min G.(ns 25 25 s)« Let V denote
L0024, Ay

he set of its vertices. If possible let

min | Tx | =mn> s+l
x eV

%

gonziner any vertex x..for which | [z [ = m and

let X9 Xpr, eee X, Do the vertices adiocent ta- xe By

the observations made in §.2i“there'would'be at leagt

.

s+l distinch-chding 'of length tw ﬁbetween mX and the
n=m«l. vertices not adjacent td i.' Therefore each of
these n-m-l ‘vertices would be Joined to at least s+l
of the ‘@TﬁiCés;fﬁQ% ;xﬁ, x?'..t xg; This would account

for (s+1) (n-m-1) edgese

Againy from X to each Qf'.xl’ X eee X2 there

would have to be at least o+l edge-disjoint chaing of
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length less than or equal to twos out of which one would

be the link alrcady existinge Other chains would be of
length two and are at least s in nunbere Therefore each
of the vertices of the set f'x would De jbiped to at least
s other vertices of the same sete This accounts for at

least another. el odpesee
e . (&)

Since the degree of each wertex of %The gebt -
VeXw- r.x of n = -1 vertices'mu§t at least bee my
there would at least be m - g - 1 more edges incident

with each of these vertices and clearly this would require

= gdgege Henece ae
<

at least another

Min Gp(ny, 2y 2y s) must contain at leaste

n+ (am-l) (s+1) + PR 4 {a=ri=1) (q-g-1)

edgess We therefore have
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a4 (pen-l) (evl) + A2 lhansl) (geacl)

et
¢ L4 (1) (ms-1) (@)
(This follows again from the observations made in § 2),
Simplifying{l),we have
(nem=l) (n=s~1) £ s(m=g=1) (2)
Since: m > g + 1y we have’
n-pw=l § @
or m 2 nes=l (8).
Again as each of the vertices has a degree my the
Min G,(ny 2y 2, g) Hust have at least "BEL cdges and
+d [+
hence
Q%El S‘ QL%'I;J:.LJ,. (g+1) (n..s-l)
(o)
(H-'e 3 I""j - -,
Qr m S. u)_l_) \ 2Tl 8 2) (%)



Fron 3 and 4 we have

1 SN g =S

Neg=l < m < o

or n° - n(3s+3) + s° % 3s + 2 <0 (8)

From 5 it follows that

8+ /5 (s+1)
2

n < = fg(S)

This centradiction proves the lenmae
Theorern . 1.% If .n> fg(s), ithe‘n‘

e 2 25 9) = 2G4 64 (s
~and thelelass Min:Gyp (ny 25 2y s) coincides with the
class. gn":

Proof 3  From lemma 1 it follows that if -n » f3(s)
there exists a vertex x of degree s+l - in every

Min' Gp(ny 2y 297 §)"
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Suppose X3 Eoy ssey Xgyo be the vertices in rx.e
By the observation .1 of 8. 29 1t follows that all the
remaining verticesy namely V-x-[ x are joined to each of
the vertices in rx. Alsos all the vertices of [ xe
would be Joined to each othere The graph- does not need
any further edges to become a GE(n, 2, 24 s) and no edgee

can be deletéde
Theorem 23 Mp(ny 2y A5 1) = n-l+ [%] and Min Gp(ny2y Lelde
coincide with H%% for all £ 23 and n > 8.

Proof First we observe that there is a vertex of degree

two in a Min GE(n, 29 Ay 1)s for all A 2 3y fory if thise

(V)

is not the cage there would have to be at least —2-11 edgese

contradicting the observation that ME(n,Z,/(,I) < n~1+[%].e

Consider a Min .Gg(ny 2y Ay 1) for some A 23 ard n.> 8.
Let V denote the set of its verticess Let x e a vertex
with degree 2 and let a and b be the two,verticeg in

[z« Let Y denote the set V-x-a~bs Let ¥_» Y and Y,
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be the subsets of Y that are joined to as to by to both

a" and 'by Tespeetivelys We shall write

| Yop [ =re | Y, [ 2k [ % [ =n-r-8-k,

without loss of generality we can assume that k g Q:%:Q,,

. The proof of theorem 2 will de Wivided into two partsee
In the first part we shall suppose'that 'a: and™*b ‘are not
joined and in’ the second part the assumptioh will bé that

a and b 6 are joineds

Part I: Here a and b are not joinede In this case it

is not possible to have | Yab | = O ?Q?Hi?;LgabI = Qg

Y would have to be connected in the subgraph | lspanned
by itself and this requires | ¥ | -1 =1n -4 edgesy ande
in all we require at least 2n-5 edgess ut 2n«=5 > n-ls I?]e
when n > 8 Againy | Yg [ and ['Xb%J cannot be simultan-
eously zeroy fors when | Y, | and | b | = 0y the number

of edges is at least 2n4 and 2n -~ 4 > n -~ 1 + [%J whene



when' n'> 8 “Nowr let "] Y_ [ =05 | Y [ # 0 | irz | # D
Bach Y, should be"joined to some 'Y, ' and this'would ,
megn that the graph would require at lesast

(n+r~1) + (n-r-3) = 2n-4 edgesy which does not lead us

to Ege:best when n > 8;, ﬁy;symmetry‘We can rule out the - .
Possibility | Y [#0y | % | =0 and | ¥, | # 0
‘Finally suppose that none of | ¥, |y | % | and | Y. |
is zeros Heres; again each Y, should be joined to some
vertex in ¥ « Y, and each Y, should be Joined to some
vertex in Y = Yb. Using the edges within Y we should
be able to trace chains of Tength two bebtween any Yﬁ‘ and. .
any . Yo . This would mean that the edges within ¥ would |
at least be n-r-4 in number and therefore’the graph would at
leagt have to have (n+r-l) + (n=-r-4) = 2n-5 edgesy and it
cannot be the begt for-m > 8; Hence we can conclude that

in a Min, Cylay 2y Ly 1) the descendents of a vertex of

degree two are joined to earh others
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Part TT : Here we:. examine the situation where a and b
are joined... Prom the conclusion pf“t?e previous part of the
préof we know that in a Min Gp(n, 2, f4-1) a and Db are
joineds If Mp(n, 2, Ly 1) <n =1 + f?%—l, then the edges
in the subgraph spanned by Y together with the edges in

(¥, %a, :* ) should not be more than n - 3 + [}Bégii in

number., And 1t can be seen that at least dhese many edges
are always necessary and exactly these many lead to a

Gy(ny 2y £, 1) when | Y | =0, |7Y, |=0 and [ | =n-3

or IYbl = 0, Yabl = 0 and IYgI = n=3 or when n 1is even

[vg] =n~a, (Y] =1 and [v,| =0 or [v,] =n-t, |7,[<1
and |Y3L‘;:O. These are no other graphs %han*%he members ofe

Hoeo This completes the proof that Min GE(h,;é, £y, 1) = H,

for all [ > 3 when n > 8.

Theorem 3 ¢

Mg, 3, 5, L) =n-1+ ]:g-

and

=

Min Gp(a, 3, 3, 1) coincide with K, for all sufficiently

large na
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Proof : First we observe that there is a vertex of‘ degree
two in a Min Gp(ny .3y 35 1)+  Consider a Min Gp(n,-'3y 3j 1)«
Let V denote the set of its verticess ILet x be a vertex

with degree 2 and let a and b be the two:vertices in

[ %o Let Yé¢deﬁote,the set f-zx -zx=-x aﬁa=1ét“Yé

denoﬁgjtng 88t [Px = % = [x=x Tet Y, ¥, -end Y,
be the subsets of Y - that are joined to ay to bs to both

a and Dby respectivelys- Yo Y and Y+ are disjoint

Here again we shall divide the proof of the theorem
into two parts. In the firgt paft we shall suppoée that
a and b - are not Joined and in the second parﬁ the assump~

tion will'bthﬁat'-é"aﬁd b are joined.

Part I In this cage if [Y, | or [Y | or [YE]‘ is zero |
then the graph will require at least 2n~5 edgese Therefore |
let Y| # 05 [¥,[ # 05 [Yy] # 0 At this stage we shall

consider two casess


https://denote.th
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Cage 1: [yé[ = Os In this case each 7y ¢ Yg should bee
joined to some: Y, ﬁng{ If y e Y, is not joined to

some .vertex in Y e then y 1s either joined to a vertex
inz: Yg in addition to being joined bto some vertex in Y%

or y 1is.joined to a vertex in Yﬁf from which another
edge comes into Yo This is to fulfil the requirement

of a second chain of length < 3 between y and ae

But if this were to be satisfied and if n 1s sufficiently
largesy then clearly the requirement on the number of edges

is greater than n - 1 + [%].

Case 23 [Yg| # 0o Let Y .|+ [L] =t (x {a b )

and the edges from Yg and ¥, account for at least

n+t=1 edgese If this case should lead to the extremal
0l more

case then we can have at most [:gnj_-t/edges. But whene

n is large it would not be possible to have a .\

é?(n’ 3y 3y 1) with just these many additional edgese

Hence we conclude that a and b are joined to

each others
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Part II  Here we examine the situation where a and b
are joineds TFrom Part I we know that in a Min GE(n,S,B,I}e
a and b are joineds Now by the same type of arguments
used for the proof of Part II of theorem 24 we can see

that H, provides the extremal structures MinE(n,S,B,l).ke

Although we allowed for a diameter 3y we find [YgéﬁO.
If [Yé[ # 0 then for every vertex in Y, we should have
two additional edgesy wherd:hs if [Yé[ = 0y for every
two vertices in Y, we need have just three additional

edgess This explains the regulte.

4¢ Remarkg and conjectureg.

Under theorem 1 we proved that F (s) provide the

extremal structures Min GE(n, 2y 2, s)e when’

(B3 + /5) (s+1)
n »e 53 + It appears true that F (s) providee

the extremal structures as long as n 2 2s + 2

"It is interesting to note that

Mgy 25 25 1) = Mplny 2y 3, 1) = nﬁé (n taken to bee

even) whereas
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Mv(n, 24:25 1) = Mv(n, 24 3y 1) =1

This curious revelation is perhaps due to the fact
that we do not demand in the case of edge order accessibility
that the relevant s+l chains between a pair of vertices be
disjoints We just demand that they should be edge disjointe
In the case of chains of length two edge disjointness is
equivalent to disjointhessy and there is no saving in the
case of 2 to 2 accessibilitys In fact in this case
edge order accessibility demands mores for there is a
requirement on the number of:chains between an adjacent
pair of verticesy which is not required in the case of

vertex order accessibility.

It is perhaps true that

ME(na-v 2y 3y g) = sn-g) + [9—:-2-&-:—’"-—;] for n > s

It can be proved by actual construction that the left

hand gide is less than, or equal te the right hand side
when n >> se The following figure 10 represents a

GE(6’ 2, 3', »‘2)(



Figure ‘10 .

|

We ghall obgerve later that the above figure provideg
an extremal structure when we haws bounds. on degreess We

move over to the next chaplter wonde
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the properties of These mere points and linesgs
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Chapter 3

‘a” EXTREMAL GRAPHS WITH BOUNDS ON DEGREESa

1 Introduction and Summary In the earlier chaptefs we

investigated the structures of extremal graphs with some
restrictions on the variations of diameter over subgraphs
and partial graphse In this chapter we shall study extremal
structures with an additional restriction of a preimposed

upper bound on. the degrees of vertices.

Erdos and Renyi [ 4 ] have investigated the structures
of two accessible graphs-with a giveﬁ mé&imum'degree for any
vertex and with the least possible number o6f edgese. Here
we attempt to investigate the structures of Gv(n, ke Ly s)
and GE(n, ky A& s) with a given maximum degree =t for anya
vertexy and with minimum possible number of edges. We
simply use 1 as a superscript to indicate the additional
restrictions For example, Gg(n, ke Ay 8). will denote a
GV(n, ¥y Ay s) with maximum degree T for any vertexs
In our notation the results of Erdogs and Renyi are as

followss



Ir = o™
MTJ(‘E‘) (n’ 29 2y 0) 2 n'jl;f 5 (ﬁ:)
X c ) nln=1)
MV(E) (*1, 2s 2y 0) ',:.?. §1’1
T 4 ==
p B
if > &n (R)

Further they proved that E is asymptotically best

possiblee Exact results are not yet availables

= o~ - - = 3
n g 8 we shall derive some bounds for n for

which the Gg(né ky Ay g) and G§(33 ky Ay 8) are
. il

-

non-nulle This gives us the impossible configurationse

"-.'-:'.-"- _ . g L 2. L - L]
Under the assumption that the upper bound for degreeg

is actually attained by some vertexs we derive two
extremal structuress
) R iy
In 8§ 3 we derive some:bounds for Mﬁ(ngz,z;s)
. 518 ¢ - 5 .:
and My (ny 2y 2y s) and make a few remarks regarding

the exact valuess
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8.2 Extremal Graphs with bounds of degreesee

For r < s + 1y we know that the class G%(n’ 2y 29 8)

{G%(n,'Zs 25 s)e is empty. We have the following theorems

Theorem 13 If » > n-s-1 and if n > fl(s) then thee
structure defined for Min Gﬁgn, 2y 25 s) 1is also the

structure for the class Min\Gﬁ(n, 2, 2y ).
Proof ¢ It is easy to see that

Myny 2y 25 8) < M%} .

Soy if there is a Gi(ny 25 25 sde with Mylny 25 25 sde

edgess then it would mean that it is a Min Gﬁgn, 29 29 8)e

In a gimilar way we have

Theorem 2¢ If v = n~1 and if n > fé(s) then the structuree
defined for Min Gy(ny 25 2, 3) “i& also structure for the

c¢lass Min d%(n, 2y 2¢ 8)s

Theorem 3 G5<n9 2y 2y.8)

5 o
1s empty if n > E_iégtatl
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Proof Suppose that the maximum degree in a Gﬁé};, 2y 2y 8)
is te« Consider a vertex =x of degree te Each of the

vertices in V-x-[ x would have to be joined to [ x
and therefore the load oﬁ rx would at least Dpe

t + (s+l) (n~t-1) edgese Since t is an upper bound on
the degrees of each of the vertices in [ xy we have

t + (s+1) (n-t-1)e < £°

s tagtl

s+l

or ntg'r L

The right hand side expression of the above inequality is
an increasing function in t (for non~negative t) and

therefore the class G%}(n, 2 iy s)  is empty if

.
oL ksrdgtl
neX . e e -

ory equivalently, Gf}(n, 2y 29 g) is emﬁty"if"

.A/Isz+4(s+1) (n-1) -~ se
re< T8 w
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Theorem 4 § Gg(n, 2y 89:35) dis empty if

2

o+ r'(“%)‘ P T

s+ 1

A ~4ﬁ§??,+:4(s+1) (n-1) - s

or r <
4

The proof is similar to that of theorem 3.
Although we can see that

M?l (ny 25 29's) & My (ny 25 2y )

and M§+-l (ny 25 25 8) S ME (ny 2y 257s)

the strict ineeuality may not hold in the above
inequalitiese We in fact know that
M%"l(n,-g, 2, 1) = M%fz(n’ 2y 2y 1)

If we can assume that the upper bound for degrees is
attained by some vertex we can prove the following

theorems
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Theorem 5 ¢ Under the above assumption

M%’B(n, 2, 2, 1) = 3n~9,  when n E 6.

Proof ¢ Under the assﬁmption of the theorem there exists a
vertex of degree n=3 in a M_in“(}%"?(n,,_ 2y 2y 1)o. Tet =xe
be a vertex with | ['x | = n-3. Apart from x and M x,

there will be another two vertiees in the graph, let they

be named y and 2z

~ =Sy N P 7
S \\\>/\\>'<, 4
X < ~5
\\ . "J/? ;P.Q\:\\\\
\ e . - et A
\ _/" I. //’ -
\\\ /_/'{:.-.I_///
\‘\}/2’. L~

Figure 11l.

Let y be joihed ﬁo_'f;y ﬁj r‘x ?nd 2z be joined to
Fz C ‘F-X. f [[x =¥y (O [z}tis non-null, theree

will be at lgast_ﬁwo edges from eaoh'vq?tex in this set to

the set [y (0 ["z+ Bach vertex in [y - [z is.jbined



~49=

to two vertices in [z and each vertex in [z - [y is
joined to two vertices in [ y. Hence, in addition to the
edges in (%, ['x), (v, Ny) and (z, [[2z) we should
have at legst

2l Tx= ATy O T2¥ |+ Ty-Ta |+ -yl
edgese This gives us a minimum reéuiréﬁent of 3n-~-9 edges.
Hence M2~o(n, 2, 2, 1) = 3n = 9. PFigure 11 rdes the

s Hy Cy By A/ =00 T~ Te &t provi .

nf-S

examplg of an extremal graph: Min-;gv (n, g, 2, l)‘fdr

1’1-:‘-’7.

Theorem 6 :~:Under’the-abové;assumpfion

Proof : :Under the assumption of theorem there exists a
vertex of degree n-2 in a Min Gh ~(n,; 2, 2, 1). Let
x be the vertex with -l rix”l = n=2. Apart from x

and ‘[ x there will be another -vertex, let it be y.



X & - 2
.\\~ ’w/‘e/-/j//e
~— e v
\ T \‘l”// //
| ‘,/

! 3

l’ V%

e

N
N
Figure 12

Let y Dbe jqined_‘bq ry' C _f.—;x. If [—X - [_y is none
null, then '.each of tﬂe vertices. in this set wlill. have to
be joined to two distinct vertices in [ y and each
vertex in [_y will have to be Jjoined to some other

vertex in | y» This gives us
M%"z (n, 2, 2, s)z 2 = B - [.L_%I_J.]
2 dline { 3n—6-£ U:I—J-:] ¥

2 <} ry|<n~2

B - 6 - Ln"?]

Therefore if there exists a G1§-2 (n,

i

2, 2¢ 1) withe

3n-6 |2°E| 1t has to be the best. And in fact it does.e
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Figure 12 provides an —example of eagh an extremal graph

when n = 6. .

In general. it is not known if the assumptions
would hold and far less kxown are the values of

M% (n, Ry 2y 8) and Mg (n, 2, .2, 5)

§£f3 Bounds for extremal numbers and remarks,.f

Using the result E we can very easily establish

the following lower bounds for My (n, %, 2, s) and

Theorem 7 ¢ My(n, 2, 2, s)

(nws) (n-s-l)

2 ‘2rh;

s /i% 4 4(141) (n-s#i-1) = 1°
o T 4 s _

i=1

Erodf ¢ The proof of the theorem 1is by induection on s.
We know that the theorem is true for s=0.  Suppose

that the theorem is true for s ¢ t - 1., Consider any
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Min GT

v (@ 2, 2y t). We know that there exists a vertex

with”aegrée

./“bg + 4(t+l) (n-1) <%
2

By dropping this vertex Wé obtain a subgraph which.is.a

G_I"

V(n-l, 2, 2, t~1) and we have

) . JtP4a(641) (n-1) = t
Mv(n;zzg,t)-z Mv(n-l, 242, twl) + 5

which shows that the theorem is true for s =t also.
Hence the theorem,
By ®imilar arguments we have

Theorem 8':

My (n, 2, 2,.s)

(n=-s ) Cn;s;l)
e

B

ﬁgk/%f+4@ﬂ)méﬁﬂ);fd

+ &
i: ' 4



By actual construction we have the following upper

bounds_

Mg(n, B2, s)_<_ r(n-r) (Bl)

when % _<;'r, and

ME (n, 2, 2, 1)eg r(n-r) + E%:] (By)
when Q’-%'-z- _<_ Lo

The class of ‘bipartite graphs Wit;a r vertices
in one set and ri;r in the other set form a sub-class
of Gy (m, 2, 2¢ s) and hence the bound Bl‘. The class
of graphs obtained by adjoining [—Jég-—_]* edges to thee
set of vertioes in the above Bipartite graphs such
that all the ©r vertices are covered by these [%]*
eges form a sub~class of Gg(n, 2, 2¢ 1) and hence the

bound B2 .

L

1-'-'[% rdenotes the least integer greater than % .
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How gdod are the bouhds is as yet an unsettled
guestions Profe Brdos communicated to me that the

bound B, does not fare very well. He writes that

1
he could prove by probabilistic arguments that if
r > ci n then M§ (n, 2, 2, s) is less than f(cl)ll

for every oy > O. At this stage no exact formulae,

even asymptotic, seem to be possibles
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EXTREMAL DIRECTED GRAPHS

1 Introduction and Summaryt In this Chapter we study the

structures of extremal directed graphs with reférence to
the properties similar to those considered in earlier
chapters for -undirected 'graphs. We shall distinguish
between two kinds of directed graphs.: In the first kind
of directed graphs, a pair of vertices is joined by ata
most one arc in e given direction but a pair of vertices
can be joined by two oppositely oriented arcs. In the
_second kind of directed graphs two xf-vertices are joined
by at most one arc and if (x, y) is én arc (y, %) 3& nota
an arcs The second kind can-be obtained by orienting thea

edges of an unoriented graph without multiple edges.a
The following definitions hold for both kinds of
directed graphss -

4 directed graph to be simply referred to as a

graph in the sequel, isacalled keaccessible (k being a
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positive integer) if the diameter of the graph is ¢ k,

A k~accessible graph is called k +to [ accessible

( £ veing a positive {nﬁegerv 2 k) of vertex order s

( s being a non-negative integer.) if all the subgraphs
obtained by suppressing any 's or less number of arcs
are [ -accessibles 4.k t0o [ accdessible graph of
vertex order s on n-vertices is denoted by Dv(n,k,[,s).
A graph with minimum pgssible of 'arcs within the class
Dv(ﬁ, k, f, s) is denoted by Min Dv(n,’k, L, 8) ands
the minimum number of arcs is denoted by dv(n, ky, £y, 8)e
A k-accessible graph is ealled k to [ accessible of
arc order s 1if all the partial graphs obtained by
suppreéssing any 8 or less nﬁmber of arcs ére X;accessi—

bles For the notation corresponding to arc order accessi~

bility we replace V Dby A.

In B 2 we shall consider the extremal structures
for Min Dy(n, 2, 25 s) in the case of directed graphs
of first kind. We shall prove under theorem L that the

extremal graphs Min D (n, 2, 2§ s) are complete directeds



bipartite graphs with s+l vertices in one set and:
n~s~l vertices. in the other sete It means that ae
Mih'Dv(ﬂ; é, 2, 8) 1is obtained by replacing each edgee
of Min Gv(n, 2y 2§ s ) by two oppositely oriented edgese.
Of course we demand that n >> s. We prove a similar
theorem for Min DA(n,'z, 2, 8)e If 8 3 we have ae
discussion about the problems with regard to directed

graphs of second kind. Katono proved that
‘dgfny 28,2, 0) > 0; B log n.

We do not lmow any thing about dy(n, 2, 2, s,) for s > lee
For given n and s a Dv(n, 2¢ 2, 8) need not exist.e
We present some discussion in this direction. In the

last section we shall mention the famous Bratton's

conjecture.

f8e2 Directed Gré@hs of first kinde

Before we prove the main results of this section

we shall make some preliminary observations.
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(1)e In a Dy(n, X, £, s) and D,(n, k, £, s) thee

A

internal as well as external demlw~degrees of any vertex
is at least s+l. Inﬂé Dglny k, Ly ) if x and y are
two distinet vertices and if (x, y) dis not any arc, then
there would at least be s+l disjoint paths of length

at most [ out of which at least one is of length < k.

In a Dﬁ(n, ky f, s) if x and y are two distinct
vertices, then the paths from x to y would have the
property that at least one of them is of length < k and -
there are at least s+l arc disjoint' paths of length

& A or removal of any t(t <.s) ercs leaves at least

s+l-t paths of length < f.

(2)he d;j(n, 1, K, S) = n(nul)e

We shall now describe two elassegof graphs which,
as we shall prove later, provide the structures for the
extremal graphs that we set ourselves to seek. The first
of these classes of graphs, denoted by aﬁés) (n > 28+2)

are complete directed bipartite graphs with s+l vertices



in one set and mn-s~l in the other set. Figure I8

represents a oz (1)e

" g \ i // //Q\\' \“;\\ \, :
\V Iy TN R .
Ao V N\ ~. )
sf/’ )\\/ ’ \\ X\\ N
Figure 13.

Any member of o (s) contains 2(s+1) (n~-s-1) arcs and the
class o, (s) is contained within the class Dy (n, 2, 2, 8),e

hence

(3)e d@én, 2y 2, 8) < 2(s+l) (n=s=-1)

Under theorem we shall in fact prove that equality holds

in (3) for n >> Se

B%és) is the class of graphs obtained from An(s)
by completing the set of s+l vertices (iees every vertex:
belonging to the set of s+l wvertices is Joined to all

other vertices of the same, in both directions, Figure X4
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represents a B, (1)es

Figure 140__

A graph in the class Bg(1)s has (8+41) (2n~s-2) arcs.s
The Ql&SS':Bn(S) iss contained within the olésss

Min D, (n, 2, 2, &) and henoces

(4)s a,(n, 2, 2,.8) < (s41) (2n-s-2)s

Theorem 2 states that in fact equality holds in (4) wher's

n >> s,

Temma—l ¢ There exists a function @1(8) of s,'sﬁchs

that whenever In'>_¢1(sJ Uany‘"Min Dggﬁ;lz, 2, s) would

contain a vertex x ~with. 1'Té%£!f:¥ r';x s = 2(8%1).5



Proof : Consider any Min Dv(n, 2, 2y 8)s If there
is no vertex x 6V with | [[™x | + | [[7x | = 2(s41),
then let us suppose that

.mi%; 7]+ _r"x»l == m > 2(s+1)

x €

Under this assumption, we obtain two Lower bounds for
use

dv(n, 2, 2, 8) and make/of the 1nequa11ty of

dv(n, 2y 2, s) -< 2(s+1) (n—-s;-l) t0 obtain an inequality

of the form n < dll(s), glving us that if n > £y(s)

it cannot happen that

min [r"'xl + l T™x| > 2(s+1).
x €V _

et | Y% (7 M= | =

One lower bound for dv(n, 2, 2, 8) 1s obtained by

observ1ng ’Ghat the degree” of each vertex is at least m,

We haVe
1’1-2.-..m < a (n’ 2 2, _S)
< 2(s+1) (n_s_l) |



Theegecond lower bound for dy(n, 2, 2, s) is obtainede
through the following observations ¢ x, the vertex with
| Tefx | + | T™x | =m is joined to each of
C*%% () I “x, this accounts for ‘m arcs. Each of the

vertices in V - x = [

x - [ x would have to be joined
to T ™% () I""x, with at least s+l arces in each
directions, This accounts for 2(s#l) (n-m+d=l) arcs.

The degrees of each of-these vertices is at least m.

Therefore wé would have at lesst angther

(m-2s-sz) (n-m+d-1) TS .

This gives us the inequality

n + 2(g+l) (nem4d-1) +('m"29"1 )gﬁn‘md-d—l‘)_e

£ 4y (n, 2, 2y 8)e
< 2(s+1) (n=s-l)

or (m~2s=2) (n-m+d-1) < "é‘(s_-_g-l ) (m-;_‘d-s ) - em (2)e



But n-m+d—1io, and we have, as m> 2 + 2

n-m+d=1 :<__ 4(e+1) (medes) - 2sa

. n«-@&%ﬁi+4ﬂ&ﬂ)-l el
or * W2 L5+3 - ()

Combining (1) and (3) we have

FiE e ) Tan |
n+(4s+5' )d4;+§s(s+ 2. l.<_... 4.‘&8?.*: )n(r_; : 1) (2)
or nf - nf l2s +-15‘] 4-4(s+1) (4s+3) :$ 0~ (5)a

Let ¢1(s) denote the largest root of the‘quadrétic

equation.

n® - nl12s + 137 + 4(e+1)® (4843) = 0a
then (6 ) implies that

n.ﬁ q)l(S)'

So, 1f n > ¢, (s), minimun degree of a vertex in aa

Min I&(n, 2, 2, ) oarnot be greater than 2(s+l).



Theorem 1 ¢

dy(n, 2y 2, 8) = 2(s+l) (n-s-1) and the classe
Min Dy(n, 2, 2, s) coincides with the class

an(s), if n 5> see

Proof ¢ By lemma 1 we know that when n > (f)l(s). there

exists a vertex x in a Min Dv(n, 2, 2, 8) with

| T |+ ] T7x | = 2(s41)s Thevesowe-

e M *x (") r' x| = d:<: s+l. Write A for M *x - [7x,

B for [ (O) M™x, 0 for ["x.~ [ *x, -ande

Y for Vex-A=B-Cs We have | A le= s+l-d, | B | = 4,

| ¢ | = s#1-d and | v| = n-gs+d-3. The vertex . xe

is jolned to each vertex of A and the arcs are directed

away from x, it ies joined to each vertex 6f B in both

directions and each vertex of C is joined to x and
directed

the arcs are/ towards x., Now, since the graph is a

Dv(n, 2, 2, 8) each vertex of Y would have to be

jolned to [ "x, with arcs directed away from Y and all

vertices of [ *x would have fo be joined to all vertices

in Y, with arcs direeted away from r"'x. A1l these
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account for 2(s+l) (n-2s+d-2) arcs, but to establish
the necessary accessibllity and order of accessibility
we need to introduce some &ore arcs. These can be only
between and within r;+x (;jf—“x and Y. Consider any
vertex a € Ae With arcs already existing there is no
path of length < 2 between a and x, and a would
compulsorily have to be joined to all the vertices in
"&xe This accounts for a must of another (s+1) (s&d+l)
arcse Again, to establish the accessibility with the
necessary order between Crand Y .we need to haye some
more arcs leaving Cs If n dis sufficiently large
compared to s, then the nuwber of arcs we would need
greater than (s+1) (s=d+l) arcs., And in all we have
already been forced to use more than
2(s+l) (n=2s+d=2) + 2(8+1) (s~-d+1) = 2(s+l) (n~s-1)
arcs.

Therefore as long as d < s+l, we do not come
across the extremal graphe. Bult when d = s+l, we have

Fdx = [ "x and we have the structure a,(s). Thie
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completes the proof of the theorem.

.Theorem 2 ¢+ d,(n, 2, 2, 8).= (s+1) (2n-s~2) and thee
class Min D,(n, 2, 2, s) coincides with the classe

Bg(s)y when n >> s.

The proof of this theorem followgs the same type
of arguments adopted for the proof of theorem 1 ahd

is omitted here,

Remarks ¢ Perhaps it would be true that all extremal
directed graphs of first kind are obtained by having
two oppositely oriented arcs for each edge in the

corresponding undirected extremal graphs.

B3« Directed Graphs of Second Kinde

In this section we shall consider directed graphs
in which at most one arc is permitted between two verti~
cess Let G = (V, A) De such a graph. V denctes the
set of vertices and A denotes the set of arcs.Katono

proved that dv(n, 2, 2, 0) > ¢, n log n. We obtaine
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an upperbound for 4, (n, 2, 2, 0) which can be sequenti-

ally improved.

Theorem 3 ¢ The complete undirected graph on n vertices

can be oriented in such a way that the resulting directed

graph is 2~accessible, except when n = 2, 4.

The proof of the theorem will be evident from the

construction in the following theorem,

Theorem 4 dv(h, 2,62, 0) < 2-5%3319 for n > 5 ande

L 22

Proof ¢+ The proof of the. theorem is constructive. For

n =3, 5, 6 and 7 the result holds and we have the follow-

ing graphs
/"/[ 3 / ‘
\
et / / NS
PN : X :
\ //g | ;::;j*\\\ -
- . 7
,,_\// : - \3&;\\
. // % y \‘\“?\h
Figure 15«

,Figufg 1Gs
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Figure 17

Figure 18.

In general when 'n > 8 we gtart with a graph D" o

diameter two on n~3 . vertices, - To. this: graph. we adjoin

a graph of ‘threevertices D(S) which is shown in the

figure below

“ )

Figure 19«
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. The vertex b i1is joined to all the vertices of the Dn-Se

graph with arcs directed away from b. All the vertices
of the Dnus are joined to C with ares directed towardse

Ce The vertex a ig joined to two different vertices in

D

n-3® One of these arcs i8 directed away from a ande

the other directed towards ae. It is easy to verify that

we obtain a 2-accessible graph on n-vertices by this

processe D, _. has at most gn—s)gﬁn-4) ares and 2n-l

arcs are incident to DS' Hence we havee

(n, 2, X)_O) £ 2nel+ (n-3% 2(n—4) =4 ~gn+10

Ay

and from the way this upper bound is obtained it is clear

that this upper bound can be improved.

In general it is not known for what values of n

it is possible to orient the complete n-graph in such a

way that i1t becomes & Dy(n, 2, 2, s) or DA('n‘, 2, 2, 8)ee

If g(2, s) denotes the least value of n, then g(2, s)

is perhaps 2 25 +2. Lle Tor s=0 it has been observed toe
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‘be true:and for - Sﬁlf_iﬁ_¢3ﬂ‘bﬁ,°b§?fved~?th9szUé? The

figure.be}ow;;sua_JDV(H!LZ,ﬁZQ;})gg

Figufe 20g

This greph is from one of Professor Brdds's papergs: . .Our
problem has, an alluring similarity with the preblem which
Prof. Erdos considered.

. Wé now obtain a lower bound for dv(n;ﬁzyrz,"s)‘“

and dA(n, 2, 2, 8) when 1 >> g
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Theorem 5 ¢ When n >> ss

a,(n, 2,72, 8) 2 (2s42) (n-2s-2)

> (2s+2) (2s=1)

and dA(n, 2y 2y 8 )y .

+ (28+2)(n~-2g=2)

Proof ¢+ In a Dv(n, 2, 24 s). if the directions are dropped
there will be at least 2s+42 disjoint chains of length
£ 2 Dbetween any non-adjacent vertices or in other words it

will be a Gv(n, 2, 2, 28+l). Hence we have
dy(n, 2, 2,+s) 2 (2842) (n-28-2)

Again, if the directions are dropped in a D,(n, 2, 2, s)s

there will be R2g+2 edge disjoint chains of length 3{2

Lo
A

between any two vertices or in otherwords it will be a.

GE(n, 2, 2, s)e Hence we haves

1, n; 2 2, ) 3 BeL o1 4 (5049) (nozs-2)
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Be4 Bratton's Conjecture
i——

In this section we shall once again consider the
directed graphs of first kinds If such a graph is strongly

‘connécted, we havee

n m (6)
m < n(n-1) ’- (7)
and 4 £ n-l (8)

(n stands for the number of 'vertices, - m: for the number
of arcs and- d- for the diameter )e But there need not
correspond a strongly connected graph with every set of
Jumbers satisfying the inequalities (6), (7) and (8).

Tn otherwords given n, m, d which satisfy (6), (7) and
(8 )ethere may not exist a strongly connected graphe

G = (X, U) with |X| =n, |U] =m and a(¢) = d. This
impessibility arise§Wﬁ§§ﬁsver too small a number is chosen

for d.e

This situation led to theggemand for the lowere

bound f(m,n) of the diameters of a strongly comnected
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graph —i*--ut lo~vs with n vertices snd m arcs, and

to complete th~ abnve system of inequalities by the

inequality °*

—~

cd > £(m,y n)

We

n

tate below a very famous, yet undecided,

conjecture of Bratton.

Let

n-l = q(men+l) +r, T g m=n+1

Put

D
(o]
+
o
l_l.p
Hs
H
fv i
Do

Bratton's conjecture states that : every strongly -

connected direoted graph of first kind with m ares

Q

e
and n verti

or equal to 3(m, n) - 1,

es has a diameter which is greater than

(91

(10)
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A similar question that can be asked in this
connection ig given n and d, what is the maximum
m for which there exists a directed graph of firs®
kind with n vertices and diameter > a+1, ( If d=1,

this maximum m is equal to n(n-l)~l)¢z



Chapter 5

Communication Networks and Graphs

1 TIntroduction and Summary In this chapter we shall

disouss the applications of some of the results obtained

in the earlier chapters to communication networks. : Purther
we shall discuss some programming problems related with
welghted graphs and their applications to problems in

communication networks.

A communication network is any complex of centres
dispatching and receiving information together with a
set of links that convey information. A problem of
constructing a communication network is one of establishe~
ing the links bhetween the different centres. The pattern
of linking is usually dictated by the requirements of the
inter=communicative readiness on the network and cost
considerations, We would like to set up the links in such
a way that the cost is minimum subject to the dictates of .

the requirements on the network.
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A oommbhicéfioﬁfhé%%6rk één.bé jdéntified with a
graph, by identifying.the centres and links respectively
with vertices and edges (or arcs). When.the links are
two wayechammels we identify the network with. an unoriented
graph end when the links are one way channels we identify
with an oriented graph.. A number of practical problems
concerning the construction of oommunica?;on network can
be translated into familiar graph theoretic language and
can be dealt with with the usual ease“;nd elegance of

graph theoretic methodse. We shall use the graﬁﬁ‘thearetic

and network theoretic terms interchangeably.

In the next section we. shall discuss some problems
in communication networks, and point out some uses. of the
results we already obtained. In 8§ 3 we shall discuss
.the programming problems related with weighted metworks
and in 8 4 we shall mention the problems. of .constructing

communication networks with probabilities of breakdown.
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.82 PROBLEMS IN COMMUNICATION NETWORKS .

The diametral structure of a graph is of signi-
ficance with reference to the applications of graph theory
to problems of construction of communication networkse.

A large diameter has several disadvéntages. In the first
instance a large number of relagys cause delagbénd if
there is a possibility of errors creeping in to the
messages then each relay woudd mean more errorg, 4 small
diameter is always desirable. The most ideal situation
would be to have a complete graph for a network. Butb
when it is impracticable to have such a situation we
would prefer to have as small a diameter as possible.
Figures 21, 22, 23 and 24 show examples of 2-accessible

networks with 5 centrese.
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g

T\*\;}ﬂJﬁ : -Figuré'22(

L
- Figure 23.

Figure 24{‘

Sﬁppose that ih‘thé netWork corresponding to figure
21, the centre 'Xl goes out of order or breaks down by an
accident 3 ‘then the whole communication system would be
in a jeopardy. Therélwouidwnot ﬁé‘énj pdési%iiifyngf;
communicatione. But in the oomm&nication nefWﬁrk'éofres-
ponding to figure 22, the situation is not so very pre-
carious. Even if a centre breaks down by accident the
remaining centres can communicate with each other and

the resulting sub-network is also 2~accessible. But we.

notice that we would have to havevﬁwo more links. In



the network of figure 23, a breakdown would not lead to
complete jeopardy but the diameter Woui&-be.increased.
Henceﬂthe vertex order accessibiiity of the'ﬁetwprk
emerges as a natural proof against breakdowns of céntres.
fn a similar way the edge order accessibiiity of the

network is a proof agéinst %reakdowns of links.

We define the capacity of a oent;g as the:maximum
number of links which oénibe,iﬁcident to.if. IIf.sﬁppose
3 is an upperbound on the capacities.of the fivé centres,
X, 5;2_,.“,..,' %50 Then Hetworks in figuéé"’zl and 24a
violate the capacity restrictions and the‘nefwdrks of,

22 and 23 do not violgié, ‘Thus we see that bounds on

degrees is also a -desirable criterion.

Having defined the desirable criteria,.we can now
think of the followiﬁg problems. Given n centres of
communication Xy Xgy eeny X and n_>{ n matrix

<

@ == jcijg'; which describes the costs of conneeting

the centrea Xy with Xy in the communiecation network,
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find out the optimum set of links which minimizes the
total establishment cost and such that the resulting

network is

(1) a Gv(n, K, Ky-s)e for some predetermined wvalues
of X, £ and s.

(2) a GE(n, k, £, s)e for some predetermined values
of k, £ and s.

(3) a G%(n, k, f, s) for some predetermined values
of X, £, & and r.

If we can assume that c,. = c, a constant, then

the above three problems reduce to finding Min Gv(n,k,X,s),

Min GE(ﬁ, kK, fy s) eand Min Gg(n, ﬁ, Ly 8) respectivelyee

Some of these problems for certain values of the parameters

have already béen solved by us in the earlier chapters.

But whert the above assumption is not valid then the elegant
combinatorial methods that we used in’ the earlier chapters
would no moresbe useful. We ha¥e to take recourse to
programmi¥ig methods), which are essentially computational

in naturee. We would have no ready made answer. When all
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oij's are not equalg we call the corresponding graph ag
weighted graph. We shall discuss the problems of cons-

truction of minimal cost weighted networks belonging to

(1), () and (3) in +the next section.

§g3 WEIGHTED GRAPHSg

We are required to establifh a Wetwork on 'n!
c%mmunication centress The Gost of establishing a link
between the i~th and Jj=th centres is Cij(cii = 0,
°iy 2 0)s The n X n mnatrix %cij%fis given. Any net-
work on these n vertices is completely described a
n Xn (0g 1)-matrix z}é’ijg o If -x 4=l e can think ofg
i=th end j=th centres as being connected and gfherwiseg
not connected. 8o our aim is to find that (0, 1)-matrixg
the graph corresponding to which has the desirabhleg
properties and the cost of establishing the network isg
minimum among all those graphs satisfying the sameg
propertiess If the graph is a directed graph of secondg

kind then x4 = 1 ==> X5y = 0 3 and when the graph is
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an unoriented graph thenléxiéﬁ'Sﬁould he‘avsymme%rié
matrix.

Problem 1 : To find a 2-accessible directed graph of

first kind With minimum total coste.

Formulation ¢ If‘gxijg described such a metwork, we would

have %o find‘av2»agcessib}e graph for_which PPN Cij Xij
is;minimum.-_quvaccessibility means that tﬁeré-ié‘either
an arc joining two vertices or there is a path of length
4wo (or both)é So 1 x4 = 0(1 # j) (i.e. if there is
no di?eof_are b@tweén_ xi:an§ ‘xj} M?her? should exist a

ki’suoh thatt X 1.r(i.e, there should bé a.paﬁh

13"y T

of length 2)s If we set x,. =1 we can write down the

ii
condition for two accessibillty as : For anyAgiﬁehepair.
i, ] there_exists Q7 k.(such %hat;:Xik'vij.m l. or}for

al},,i_ and 1o~ Xy X4 =0 fgr some ky

n .
or for all i and } jTT (1 = %, Xp.) =0
k=1 v T Tkt
n on }éy ( ST »ﬁ.) .
or - x» x| Lo~ X, ) =0
i=1 j=l k=l - ‘:11:: ng o



Hence problem 1 is equivalent to minimizing

L L Xy DB (4)
1.3 4 1]

Subject to the conditions

n
23 N @-x,%.)=0 (B)
i § ke  TETE
Xig = 1, X434 =0 or 1 for all i and j.

Theorem 1 : Problem 1 is equivalent 't0 minimizing the

Pseudo~Boolean function

Fl(Xi)>: Z3Zey

j»Xijff (22 gy 4H02 £ T (@=xyy xkj)ﬁ (¢)

where %33 =1 and Oij'S are the given constants.

. Q\‘_‘\ (o] . 0 — . (0] —
Proof : .Suppogy ixijz- with xjy =1 and x4 =0 orl

Yo .

minimizes (A) subject to (B), then it minimizes (¢).
Indeed, if

TS o x . +(TX 0] 1

13 %1 gt 1)zzTT (1 - X ij)

{ "2 e, x0. +(2ZX oy«

0 g0
15 *ij 5+ 1) %2 [ (Lxyy Xpey)
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then
o 5
(22 ey +1) 22 I Q=xyy ij) ST Toyy Ryy m BT Cyy Xy
- (<0 _

< 2 Zc.. + 1lc

This implies that = % [](L =~ Xik ij) = 0 which in turnc
implies that (%Xijg minimizes (A) subject to (B) contraw-

dicting the definition of & leQ

Conversely if iX*J" K?i = 0, x¥3'= 0 or l,minimizes

N

(C)ethen it is subject to (B)s If this is not true, thenc

221 @~ = =) 21

and 7/

lc(ng)b > £ fec,. +1 contradicting

ij

"“l —
Py J)=2 ¢ %5 5o

X R
< Zogy '+ 1< Py (Mg )

.where J is matrix of all ones.



Remark ¢ When we consider unoriented graphs we have the
additional condition that Xij = in. If we consider
oriented graphs of second kind we have a condition of the

type Xijuxji = Qs

Problem 2 ¢ To find a B;(n, 2, 2, 1)

with minimum total costs.

Problem 3 : To find a D,(n, 2, 2, 1) (of second kiad)d

with minimum total coste.

With some labour the Pseudo-Boolean expression to
be minimized for obtaining solution to Problems 2 and 3
can be written down. But they would be far too ghastly
looking and no simplication secems to be possibles Even
(3), the Pseudo~Boolean function to be minimized for -
obtaining & solution to Problem 1 is intricate, but =
electronic computers should prove to be useful in simplify=
ing the expression and finding its minimue Pseudo-Boolean
Programming of Invamescu [5] would perhaps provide a fairly

quick solution. It is not conceivable that any other
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programming method is quicker. But perhaps’ it is more

straight forward to compute the values of (C) for all

2
n-=n

2 matrices. In practical situations we usually face

with an impossibility.of connecting two centres Xi"on

(say) in which case we can put c,. = ¢ and X;4 = 0.

1] J

This can greatly simplify the. problem.

go4 PROBABILISTIC PROBLEMSo

In 8 2 we considered vertex order and edge order of
the accessibility in the networks as proefs against accidents
or breakdownss There is another, ahd perhaps more natural
way of making the accessibility proof against accidents.
Suppose that:a certain probabililty of breakdown p; is
associated with-edch vertex Py Now we can demand for a
minimal cost keaccessible network such that the probability
that the network remains keaccessible under breakdovmsis

greater.than or equal to a preassigned number «. It is
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also possible to associate a probability of breakdown

with each pair of vertices and demand for g}minima}"oost
network in a similar waye These problems do not seem to
be easily tractable, but a solution to them would be of

great proctical value.

We presented in this chapter problems of great
complexity. We did not succeed much in simplifying

the matters., But the applications: that we pointed seem

to be very very relsvant.



Chapter &

A DISTANCHE FoRr (0, 1)=-MATRICIS

§nl Introductlen and Swmary s+ In a1l the earlier chaptersn

the concept nf distance »n graphs played the ceatral rnle, As
. incidence matrices ~f gravhs falm particular classes nf
(06, 1)=-Matrices, it w»uld be reasonable tn seek far =z
definition nf a distance between any tws calumns af 2 (0, 1)~
Matrix, We succeedy in this chapter, in defining a distance
between the columns »f a (0, 1)=-Matrix, This gives a great
scape far carrying the analagy fir~m graphs %ms matrices, A
wilde ranze »f prablems spring up - but mast of them seem Uy
defy any easy snlutinn, Ve succeed 1n praviag some specifice

thearens,

Let 4 be an m >u (n,l)-Matrix, ZLet Rl’ R2 ces Rm

cennte its rnws and Cl’ C2 ves C dennte its calunns, 4

n

inite seqguence »~f distinct calumns Cys 02, coe Ck is saidn

tn farm & chain if Cy and Ci+3 (far i =1 ts k - 1) have
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a one in the same row., k=1 is called the length of the

chain and this chain is said to connect C apd Ck’ Ase

can be easily seéﬂ connectedness is an equivaiencé Telation.
Equivglence classes of columns aye called connected components,
; matrix is called comnected if 2ll its columns belong to
thg_same equivalence classe We define:the distance'between_-
any two columns C; and Cj, to be denoted by d(Oi,'Cj),

in the following mannere:

| (t if 0; and C; Delong o the
i#3 d@y %)_fgsmwemQWﬂmweckma

/
i
|
i

7 otherwiser

where +t. is the length of the shortest chain starting at

Gi and ending at Gj.

The diameter d(A) of a (0, 1)=-Matrix A is defined
in the following mannér
ie=1 ton

je=1 ton



The diameter.of a disconnected matrix is o , Giveﬁ. Rt cando
§ it would be of interest to find the formulae for - & and

~ — an
d where @ / stand for maxo 4 d(A)o and min aa)
& e UR,S) LA eUR,S)

respectivelys We do not sucéeed in providing these formulae,
but we find necessary and sufficient éonditions under which
d is finites We mention the formula for J in the particular

case U(k, k).

§ 2 THE RESULTS

TLemmg 1 ¢ A conneoted (0, 1)-Matrixoof size m by n with
given row sums Tiy Toy eesy T 0 < rs < n exists if and onlyo

if Zry2m+n -1,

Lemma 2 3 Let A be a connected matrix with each ry > 20
and % Ty 5> n4m=l then there exists a row in the matrix which
has distinct intersection with two other rows, or there is a

row which has double link with at least one rowe

1.0U(R,8) denotes the class of (0,1 )-Matrices with row sumo
vector R and column sum vector Se¢ Heds Ryser

discussed the necessary and sufficient conditions on R ando
§ for U(R,S8) to be non~empty.o
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The proofs of these two lémmas are simple and are

omitted here.

Theorem ls Given R ='(ri, fg-... rm), Ty 2 2y 1 =1ly42y0ea m

and-”S z-(sl, sg'..§'sn), 8: 20, §J =1,2, wes nj such

J
that the class UR, §) is non-empty, then the necessary

and sufficient condition for the existence of a connected

matrix in the class U(R; S) is that = ry >m #+n = lo

Pfoof ¢ The necessity follows from lemma l. The proof of

sufficiency is as follows.,

If there is no connected matrix in the ‘class U(R, s),
then let %k, k¥ > 1 be the minimum number of cornected
components in UR, 8)s ILet A De the maetrixz with
k-connected componentse Then, we can rearrange the columnso
and rows and partition the matrix in to k2 sub=natriceso
go that the connected components are along the diagonal ando
all non=diagonal blocks are zero matrices. Led Tg denot eo

o)

the number of ones in the 1-th connected componento., TIeto

m; and n, denote respectively the number of rows and



colums of the i-th connected component. Then, by lemma 1,

T, > m

i . +ni - 1, for i = 1’82, se e k. But Ti = m.+ni--l

1 1

cannot hold for all 1

it

ly+2y ees kee For, if Ti é-mi%ni—l

k k
for all 1 =1, 2, eee k then X Ti = E?mi + 2 ny
1=1 i=1

or % rs® omo+n - kX <m+n 1 contradicting the hypothesis.

-k

Therefore there is a component, say theer~th component, with
T, > my, + N, - 1. By lemma 2, the r-th component has a row
which has distinct intersection with the other rows or has a
double link with some rows Now.we can apply an interchangel
using a one of this row and a one from some other connected
component, This interchange reduces the number of connected

componentg. Thus the assumption that k > L is not correct.

This completes the proof of the theorems

Theorem 2 ¢ Given R = (rl, T eve rm) rg > 2 for 1 € I =1,2,
eeem and 8§ = (sl, Boy esey sn), 8 > 0e for J € I = 1,2ss00
n and that U(Rg S).is non~empty them d of this class of
matrices is finite if & r, 2 m, +xn; ~'le and " for every
partitioning of I as EflU Iz, oo Ik § J as Jl U J2 s s e€

U Jk 3y ome of the following should he violated e

l.e interchange as defined in [12]e



l'+1JPl.-1, p =% to k.

Thig theorem follows from the provious theorem.

U(E} k) denotes the class of all n X n (0, 1)=

Matrices with X = (X, kX, Ky ess, k) both for row sum and

colwim sum vectors. We have the following theorem for the

class Ulky ke

Theorem 3

{ - ” 1

{ L k<{n {2k =1
1 1

1 = ifn 2 2k

Proof ¢ Wahen n £ %k = 1 we cannot have two columns withoutd
o
. = 2 0 = apC o - A Y - .’_\
a one in some common row and so d(a) =1 for all 4 ¢ Ulk,k),
contains a disconmeted

therefore d=l. When n > 2k, U(k; k)

matrix znd hence 4 = o,



When n = g.k + v 1t is perhaps truc. that d < Q.

The formulge for @ and d din the general case

would be desirable but not yet available.

In view of this definition of a distance for (0,1 )-
Matrices, ever so many quéstions can be asked, carrying

the analogy from graphs to matrices.
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Annéndix

ACCESSIBILITY AND ADJOINT GRAPHS

Let G = (X U) Qe a finite unoriented graphe The
adjointe(or interchanbe?graph) I(G) of G is defined as
follows; The edges of iG form the vertex set of I(G),
and two vertices in I(d) are joined by an edge if and .only

if the corresvonding edges In G have a vertex in commone

The study of the béhaviour of grapﬁépander rapeated
interchanges has been a téplc of many investigationse. In
this appendix we shall study the interchange graphs from
the point of view of acceggibility and ordets | Before goiﬁg:

further we define a quadrilateral. A ¢guadrilateral in a

graph is defined as a set of four verticess« There are
shortest chains between six different pairs«e Out of these
six shortest chains four are -named diagonalss The two

diagonalg do not intersect at any of these four vertices.

Theorem 1 Let G De a finite connected graph and let its

diameter be %. Then the diameter of I(G) is either k-1,



k or k+l.

Lemma L If two edges are the Terminal edges of a simple
chain of length t* in Gy then in I(G) the vertices

corresponding 4 these edges will have a simple chain of

length t-1 Dbetween them.
Proof This follows from the definition of I(G).

Proof of theorem 1  Since the diameter of G is Xy there

exist two vertices og and bg such that the shortest
chain betwgen them isef'*length k.

iv.e- d<a0’ b%) =k seo s (1)

*

Let '(aoy al) and (bo, bl) be the two edgei having 8

and b "as their terminal verticess (If k = lg(ao, al)e
and (bo, bl) will coincide)« Therefore (ao, ai)s ande
(b, bl> are the terminal edges of a chain of length ate
most k+8« gince k Is the maximum distance between any
two vertices 1h Gy &ny two edgés of G lie on a chain of

length at most I=+2« And hencd by lemma 1 the shortest .
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chain between any two vertices in I(G) is

most wkl. Tn other words the

Q7 -

than or equal to  k¢l.

Ine four vertices a9 aq9 b

o)

of length atb

diametsr of I(®) is less

and form a quadri-

b,

lateral in G« We shall call the ghortest chaing between

shortest ¢

e

T

i

in lengtha
length less
length less

to the

r—.

tory

or and Dby

e

&
o

Fory ga

d by

T -

v 7

the diasg

as the diagona@s’and the other

The diagonals have to be at leagt

onal from a, ie of

Vewly then there would exist a chain of

13

k Dbetween a

can at most

fin

o
[

We therefore have

-
| 74N

=t
-i/‘\

By similar argument

not greater than

n b
.9 <
dlays by) 2
- 1. '
0.(&10, UO) Y
5 We Call see
K2

k

Tk

7 o

and b ITh

L]

is ig contradic-

agsunpbion that the distance hetween 8y and bo

veaa (3)
AR (3)
at the gide {alg ul) is

in length and we have



-.-98"'

k -2 S. d(al’ bl) S_ k. oocn(4>

Considering 'ls 29 3 and 4y we observe that any quadri-
lateral having two edges for two gsides and containing a
diametral chain as one of the other sides can have twelve
possible structurese If in any of these guadrilaterals the
fourth,side is of length k-2, then the diameter of I(G)
would be X-ls Fory the shortest gimple chainﬁgaving (38’31)
and  (bs bl) as berminal edges is of length k., And by thee
lemma the vertices in I(G) corresponding %o these edges
of G will lie on a simple chain of length k~l. If the
fourth side or one of the diagbnals is of length. k-ls then
the diameter of TI{(G) would be ke If the fourth side and
both the diagonals are of length ks then the diameter of

I(Q) would be k+le

To summarize the above discussions the diametral
structure of T(G) depends upon the existence of certain

types of quarilaterals in Ge The interchange graphs of



‘.G1’~Q2 and ~QB in Pigure 1 111ustrate the

three pdssibili~

[ ]

tiegss The relevant quadrilaterais_are indicated.

o NG oD ®

. I(G—l) t 4 = 8,

e
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Theorem 2 Let G be a finite connected graph with dlameter

Xie If T7Y(Q) is defined, then the diamever of T (&) Ise
either kel er k or k+lee

This follows from theorem le

Theorem 3 If G iz a kX to [ accessible graph of ed@d
order gy then I(G) is a G%gng Tekiy A+ 39 g) whggee N

is the no of vertices in I{(G) and i and j take the

values ~1 or O or 1. ‘

There is a one to one correspondence between the partial
graphs of G =and subgraphs of I(G)e Every partial graph of
G with more than | U | - s =~ 1 edges (where | U | denotes
the number of edges of @) is A -accessible and the corre&r*
ponding subgraphs of I(G) with more than | U | = s— 1
vertices are A + j-accessiblesy where j = -1 or O or +ls

I(G) itself will be k + i accessible where i takeg one of

the values =1y 0 or <+l Hence the theorems

Theorem 4 TLet G be a k¥ to A accessible graph of

vertex order se Thens if I"l(G) is defined it will bee
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a GE(NB’ d, &3y s) where N is the nuaber of vertices
of I“l(G) and i and J ‘take one of the values ~13 O

oT 4l

The proof of this theorem is similar to that. of

Theoren 3a
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