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Abstract

Gradient-domain rendering utilizes difference estimates with shift mapping to reduce vari-
ance in Monte Carlo rendering. Such difference estimates are effective under the assump-
tion that pixels for difference estimates have similar integrands. This assumption is of-
ten violated because it is common to have spatially varying BSDFs with material maps,
which potentially result in a very different integrand per pixel. We introduce an extension
of gradient-domain rendering that effectively supports such per-pixel variation in BSDF's
based on basis expansion. Basis expansion for BSDFs has been used extensively in other
problems in rendering, where the goal is to approximate a given BSDF by a weighted sum
of predefined basis functions. We instead utilize lossless basis expansion, representing a
BSDF without any approximation by adding the remaining difference in the original basis
expansion. This lossless basis expansion allows us to cancel more terms via shift mapping,
resulting in low variance difference estimates even with per-pixel BSDF variation. We
also extend the Poisson reconstruction process to support this basis expansion. Regular
gradient-domain rendering can be expressed as a special case of our extension, where the
basis is simply the BSDF per pixel (i.e., no basis expansion). We provide proof-of-concept
experiments and showcase the effectiveness of our method for scenes with highly varying
material maps. Our results show noticeable improvement over regular gradient-domain
rendering under both L! and L? reconstructions. The resulting formulation via basis ex-
pansion essentially serves as a new way of path reuse among pixels in the presence of
per-pixel variation.

111



Acknowledgements

I would first like to express my gratitude to my supervisor, Toshiya Hachisuka, for his
guidance throughout the completion of this thesis. I appreciate his dedication to brain-
storming ideas during our meetings and providing feedback on nearly every thought I
shared. His efforts not only made this thesis possible but also helped me overcome chal-
lenges as I transitioned from industry to academia.

I would also like to extend my thanks to my parents for their unwavering support, both
spiritually and financially, when I decided to pursue a research career.

I thank Xiaochun Tong for the implementation advice of our baseline in using Luis-
aRenderer. I would also like to thank Xin Peng for her valuable suggestions on using Adobe
[lustrator to create the figures for this thesis.

v



Table of Contents

Author’s Declaration

Abstract

Acknowledgements

List of Figures

1 Introduction

2 Background

2.1
2.2
2.3
2.4
2.5

2.6

Path Tracing . . . . . . . . . . . .
Bidirectional Scattering Distribution Function . . . . . .. ... ... ...
The Rendering Equation . . . . .. .. .. ... . 0 oL
Path Space Formulation . . . . .. ... .. ... ... ... ... ...,
Monte-Carlo Integration . . . . . . . . . . . ... ... . ..
2.5.1 Importance Sampling . . . . . . . . ... ... .
2.5.2  Multiple Importance Sampling . . . . . .. ... ... ... ... ..
Gradient-Domain Rendering . . . . . . . . .. ... oL
2.6.1 Overview . . . . . ...
2.6.2  Shift Mapping . . . . . . . ..
2.6.3 Difference Estimator . . . . .. ... ... L.
2.6.4 Analysis . . . . ...

ii

iii

iv

vii

© NN o ek



3 Problem Statement

4 Method
4.1 Basis Expansion . . . . ... .00
4.2 Lossless Basis Expansion. . . . . . . .. ..o
4.3 Reconstruction . . . . . . . . ..
4.4 Application to Rendering . . . . . . . . . ...

5 Implementation

5.1 Baseline. . . . . . .

5.2 Reconstruction. . . . . . . . . . .

5.3 Mixture with G-PT. . . . . . .

5.4 Choice of Basis. . . . . . . . .
6 Results

7 Limitations and future work

References

vi

20

22
24
25
27
28

33
33
33
34
34

35

43

45



List of Figures

1.1

2.1

2.2

2.3

24

2.5

3.1

Our result using lossless basis expansion compared with traditional gradient-
domain rendering . . . . . .. ..

The forward path tracing process: From the light source, rays are traced
and bounced in the scene, eventually hitting the camera. . . . . . . .. ..

2D illustration of BSDF: The incoming radiance will be scattered in all
directions based on distribution proportional to the BSDF evaluated in the
incoming direction. . . . . . ...

Random sequence replay: The base path shifted (blue) to different pixels.
Note that even with simple geometry changes the path (red) can become
very far away from the base path. . . . . . . ... .. ... ... ...

Vertex reconnection: the second vertex of every shifted path is connected to
the second vertex of the base path. This forms geometrically more correlated
paths but may lead to low radiance if the surface type of the first vertex or
the second vertex (or both) is glossy. . . . ... ... ... ... ... ...

Shift mapping between different integration domains . . . . . . .. .. ..

Simple failure mode of gradient-domain rendering. Top right shows the inte-
gration target for lighter and darker blocks of the checkerboard pattern, mid-
dle and bottom row shows the reconstruction using per-pixel Monte Carlo
integration, regular gradient-domain rendering, and our method and their
respective RMSE compared with ground truth. Regular gradient-domain
rendering suffers from artifacts due to high variance difference estimates
around edges. Our method almost perfectly reconstructs the ground truth.

vii

21



4.1

4.2

4.3

6.1

6.2

6.3

Overview of our method. We propose to expand a part of the integrand g(z)
that significantly varies across pixels into a weighted sum of lossless basis
functions. The resulting basis expansion is designed to satisfy the similar-
ity assumption between neighboring pixels ¢, 7, making difference estimates
effective with shift mapping. . . . . . . .. ... oL

Top: Comparison of our method with different orders of lossless basis along-
side G-PT, with 128 samples per pixel under L' reconstruction. Bottom:
Respective Convergence MAPE plot. Our method handles both the albedo
and normal map better with higher-order bases. . . . . . . .. ... .. ..

Our result (128 spp) with/without mixing with G-PT. Our method works
well for continuous surfaces with high-frequency texture maps. Artifacts
that appear around geometry discontinuities could be effectively handled by
combining our reconstruction with G-PT. Note that our method under L!
reconstruction performs well even without such a combination. . . . . . . .

Cornell-box test scenes with high-frequency albedo, normal, and roughness
variation respectively. The top row shows the rendering result of G-PT and
our method with spherical harmonics. The bottom row shows the corre-
sponding MAPE error image. All scenes are rendered with 128 samples by
our method and 147 samples by G-PT for same-time comparison. We see
that with high-frequency albedo and normal map toggled, our method shows
consistent improvement. When the roughness map is toggled our method
performs comparable to G-P'T, while the error is relatively low compared to
the other two cases. . . . . . . . . . .

Convergence plot (MAPE vs. Time) for high-frequency albedo, normal, and
roughness toggled respectively with the Cornell box scene. The convergence
plot with red represents G-PT, green for our method with box function,
and blue for our method with spherical harmonics. Notice the error in the
roughness toggled plot while G-PT performs better, the error is relatively
low compared to the other cases. . . . . .. .. ... ... ... ......

Visualization of error images with G-P'T and our reconstruction with grad-
ually changing roughness from 0.2 to 1.0. Our method still shows variance
reduction even in low roughness settings with high-frequency albedo and
normal maps. While a higher roughness value allows more informative basis
expansion which will result in better variance reduction overall. . . . . . .

viil

31



6.4

6.5

6.6

Equal time visual comparison reconstruction result for G-PT, our method
with spherical harmonics and box basis. We include rendered result and
error image visualization with MAPE metric for both L' (red box) and L?
(green box) reconstruction. corresponding MAPE and RelMSE for the full
image are provided as numerical reference. In almost all cases our method
with spherical harmonics performs best both visually and numerically. Note
that in most of the cases box function still outperforms regular G-PT. . . .

The scene on the left (Living-Room) indeed contains high-frequency infor-
mation. While the lack of visible features and dark texture limits the quali-
tative improvement, we can still visualize the quantitative improvement from
the error image. The scene on the right (Bathroom) lacks high-frequency
features. Although the tiles on the floor are patterned and have similar col-
ors, they dominate many pixels, restricting the benefit of our algorithm. It
is worth noting that our method with spherical harmonics (SH) still reduces
error for the wooden pattern on the side of the bathtub, and overall, it still
performs numerically better than the baseline G-PT. . . .. .. ... ...

The convergence plot for both L' and L? reconstructions is presented. Dashed
lines represent L', and solid lines represent L?. It is evident that under the
same reconstruction loss, our method with both choices of basis consistently
outperforms G-PT. . . . . . . . . ...

X

40



Chapter 1

Introduction

Gradient-domain rendering [16, 14, 10] is an efficient rendering algorithm for scenes with
smooth features. The main idea is to estimate the differences between neighboring pixels,
in addition to pixels themselves, and reconstruct the final image based on those estimates.
Following work [18, 9, 6, 25, 3, 19] extended the vanilla gradient-domain rendering tech-
nique to nearly all popular Monte Carlo rendering methods, providing significant variance
reduction over regular Monte Carlo counterparts in many cases.

Gradient-domain rendering improves over regular Monte Carlo rendering mainly be-
cause of low-variance difference estimates with correlated samples among neighboring pix-
els. Correlated sampling is achieved by a technique called shift mapping, which maps a
sample in one pixel to a similar sample in a neighboring pixel. Difference estimates by shift
mapping will be effective when neighboring pixels have similar integrands because samples
before and after shift mapping have similar contributions. Such contributions cancel each
other effectively in Monte Carlo difference estimates. In many practical scenarios, however,
this assumption is often violated because it is common to have spatial variation of albedo or
shading normals over the image. While gradient-domain rendering can still render images
even in such cases, its performance degrades. A practical trick of factoring out albedo [32]
before rendering does not work if per-pixel variation come from shading normals.

We propose an extension of gradient-domain rendering based on basis expansion of
BSDFs. Our extension can handle per-pixel variation of albedo and shading normals while
maintaining the benefits of gradient-domain rendering. We consider an integrand as a
product of two functions - one that can vary significantly across pixels and the other that
is assumed to be similar among pixels. An example of such an integrand is a product of
a BSDF and incident illumination, where the BSDF can vary rapidly among pixels, but



incident illumination is generally smooth over pixels. We propose to apply lossless basis
expansion to the fast-varying function of the product to capture variation among pixels as
a variation of coefficients on the bases. Unlike regular basis expansion, our lossless basis
expansion results in a exact recovery of a given function since it adds back the remaining
differences (residuals) to the basis functions. The product of this lossless basis function
and the slowly varying part of the integrand will be similar among neighboring pixels,
which effectively allows us to cancel more terms via shift mapping in gradient-domain
rendering. We also re-design the Poisson reconstruction in gradient-domain rendering to
support this basis expansion and to reconstruct the final image by taking into account the
results of all the basis integrals simultaneously. Gradient-domain rendering is a special
case of our formulation where no basis expansion is performed. Our extended gradient-
domain rendering can resolve common artifacts in gradient-domain rendering under per-
pixel variations, making it applicable to a larger set of practical scenes. Figure 1.1 shows one
of the comparisons of our method with order 2 spherical harmonics against regular gradient-
domain rendering. Our result accurately captures per-pixel variation while keeping the
benefits of gradient-domain rendering.
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Figure 1.1: Our result using lossless basis expansion compared with traditional gradient-
domain rendering



Chapter 2

Background

This chapter aims to fill the readers with the background of light transport simulation
and gradient-domain rendering. We provide a gentle introduction to path tracing and
mathematical details to help the reader understand the rendering equation, its path space
formulation, and the Monte Carlo method used to solve the equation. We also explain
gradient-domain path tracing in detail, which acts as a baseline for our method.

2.1 Path Tracing

In movie and game production, rendering realistic images/videos with virtually created
scenes is crucial. To achieve that, it is typical to simulate the light transport behavior in a
physically accurate manner. A common practice in light transport simulation is to assume
lights travel through space as rays. The process can be informally described as follows:

1. A light ray is first emitted from a light source, travels through space, and hits a
surface.

2. The surface absorbs part of the ray’s energy, reflects the light ray if the surface is
not transparent, or refracts if the light ray enters a different media passing through
the surface.

3. The light ray travels through space until it eventually hits the camera sensor.

as in Figure 2.1. We call this process forward ray tracing as it simulates the physical
behavior of light rays starting from the light source. This process can mostly accurately

4



Figure 2.1: The forward path tracing process: From the light source, rays are traced and
bounced in the scene, eventually hitting the camera.

simulate the color of each pixel in the image, but it is highly inefficient. This is because
real-life cameras usually have only small holes. Lights have to eventually pass through
that small hole and hit the camera sensor to contribute color to the image. In the extreme
case, It is almost impossible to render an image with a pinhole camera with forward ray
tracing as the probability that a ray passes through an infinitesimal camera hole is zero.

Fortunately, the path from light to the camera could be backward traced and form the
same path. Backward ray tracing is introduced. It follows almost the same process as
forward ray tracing except that the ray starts from the camera sensor. This ensures that
any path that has been constructed will hit the sensor and thus contribute some color to
the image.
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Figure 2.2: 2D illustration of BSDF: The incoming radiance will be scattered in all direc-
tions based on distribution proportional to the BSDF' evaluated in the incoming direction.

2.2 Bidirectional Scattering Distribution Function

While we described the interactions of light and surface as deterministic events of either
reflection or refraction, it is not practical to simulate light in such a setting considering
realistic objects are usually rough, and perfect reflection or refraction only happens at a
microscopic level. In computer graphics, it is almost impossible to explicitly represent such
microstructure, not to mention that people often do not care about such detail if it is not
visible to human eyes.

To encounter that, Bidirectional Reflectance Distribution Function, or BRDF, has been
used to model the reflectance events that happen within a very small region, simplified as
a single point, on the surface. Formally, BRDF at a single point x with normal n can be
described as a 4D function f,(w,,w;) with respect to incoming light ray direction w; and
outgoing direction w,, such that it satisfies the following conditions:

/fr(wmwi)dwi S 1 (21)
fr(wo, wi) = fr(wi,wo) (2.2)
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fr(wo,wi) >0 (2.3)

where the first condition ensures the preservation of energy, the second term obeys the
Helmholtz reciprocity, and the third term ensures positivity. Similarly, Bidirectional Trans-
mittance Distribution Function, or BTDF is used to describe transmission events, except
that BTDF does not obey the reciprocity property. Bidirectional Scattering Distribution
Function, or BSDF, denote f,, takes both BRDF and BTDF into account and models the
scattering event around the full spherical domain.

There are many different BSDFs created to represent different kinds of surfaces. For
this thesis, we won’t be able to cover the details for any specific BSDFs. However, as we
will later classify surface types into diffuse, glossy, and specular, it is worth noting that
these properties can be fully derived from the BSDFs.

2.3 The Rendering Equation

Kajiya [11] has introduced a more general mathematical formulation for rendering, known
as the rendering equation. Specifically, giving a surface point z, surface normal n, and an
out-going direction w,, the out-going radiance can be computed by solving the following
integration over all incoming direction w;:

Lo(x,w,) = Le(x,w,) + / Li(z, w;) fs(x, wo, w;) [ - wy| dw; (2.4)
Q

where L.(z,w,) is the emission from point x to direction w,, fs(x,w,,w;) represents the
BSDF at point z, the integrand is weighted by the cosine of the angle between the surface
normal and the incoming direction to adjust for quantity change.

While at first glance this integration domain is only over the spherical domain, there
is more to it. The incoming radiance L; has to be computed by solving the same equation
Li(z,w;) = L,(2', —w;) at the secondary hit point x’, which we found by tracing a ray from
x through direction w. This process goes recursively, thus a nested integral

2.4 Path Space Formulation

Veach’s thesis [20] in addition has formulated rendering into a path space integration, such
that it directly integrates the path contribution weighted by the pixel filter, over all possible
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paths that eventually contribute to the pixel. First, the modification starts by changing
the notation of the rendering equation to avoid taking direction into account. Specifically,

L(p1,ws) = L(p1 — po)

(2.5)
f(p1, wo,wi) = f(p2 = p1 — o)
where the normalized vector
P2 — D1 = wi, Po — M1 = w, (2.6)
lp2 — p1| lpo — 1|

. Unlike the original rendering equation formulation, now p and p; may take any location
on surfaces, visibility check must also be there to ensure the validity of the path:

1 if py and p; are visible
V(po > p1) = ’ . ' (2.7)
0 otherwise
Now the rendering equation can be written as integration over the surface:
. |cos@”|
L(p1 = po) = Le(pr = po) + [ f(p2 = p1 — po)L(p2 — p1) V(p2 <> p1) |cos & s =22l dA(p2)
M _
Gl p2)
= Le(p1 — po) +/ f(p2 = p1 = po)L(p2 — p1)G(p1 > p2)dA(p2)
A
(2.8)
where dw; = |||;fii>zl\\dA(p2) account for quantity change. An additional geometric term

G(p1 <> p2) is defined to help us write the integral into a more compact form.



Now if we keep expanding L(p, — pp) further into its integral form, we obtained
L= p0) = Lelpr > o)+ [ 02> 01— p)Llos = )Gl p2)dA )
A
= Le(pr — po) + / f(p2 = p1 — po)Le(p2 — p1)G(p1 > p2)dA(p2)
A

4 /A /A F(p2 = 11— P0)F(Ds — P2 = 1) Le(ps = p2)G (o1 5 p2)G(pa > ps)dA(ps)dA(ps)

+...
k

—Z / w s = 20 [ = pa = Pac) Gl ) ) A4

[ J/

T (pr)

= Z/ / Le(prv1 — pe)T (pr)dA(p2)...d A(pr+1)
k=04 74

k times

k times

(2.9)
where T'(py) is called the throughput of the path with length k& + 1. Finally, to compute
the pixel color for pixel i, we have to integrate L(p; —> po) over pg, p1, where py on the

camera lens, weighted by the pixel contribution term W (po — p1) for pixel i. Thus

I = /A / W (po — p1)L(pr — po)G(po < p1)dA(p1)dA(po) (2.10)

2.5 Monte-Carlo Integration

Although our problem has already been defined as an integration problem in Equation (2.10),
solving such integral analytically is almost always impossible, except for some special cases.
Fortunately, we could apply the Monte-Carlo integration technique, by drawing samples
randomly and progressively computing the averages. Formally, given the integration prob-

lem
[i:/ fi(z)dx (2.11)

We can draw K uniform samples zy, ...x; and compute the average:

I~ (L) = KZfZ 1) (2.12)



This forms a Monte-Carlo estimator with uniform sampling (I;),¢, If we compute the
expected value of such estimator:

B (%i““) = %gw(m)) = E(fi(z)) = /X @)=L @21)

This shows that our estimator is unbiased.

2.5.1 Importance Sampling

However, a uniform sampling technique might not be optimal. For example, a function
with only a small peak may have a hard time converging because the value at the peak may
never be sampled. A concrete example will be to render a scene with a small light source:
It will be extremely hard to sample a path to hit the light. It is more reasonable to draw
samples from a distribution that focuses on the important part of the function, for example,
sampling the lights. Thus we have an importance-sampled Monte-Carlo estimator:

1 o filze)
<Ii>IS = ? £ pz(xk)

(2.14)

Similar to Equation (2.13), this estimator is unbiased as well because

L= filen)\ o (S [ filew) Ve — T
E <§;p (xk)) = E< ) pizy)de = I, (2.15)

i pi(zy) a Xipi(xk)

The variance of Equation (2.14) is as follows:

(i) - () - (L5Een) ew

k

Consider the extreme case where p;(z;) is very close to the normalized version of f;(xy,)?,

such that % ~ [;, then the variance in Equation (2.16) will be close to zero. However,
such distribution is generally hard to obtain. It is usually helpful to select a particular
part of the integrand that is easy to sample, thus we can have at least better samples over

that specific part.

Regarding path tracing, path samples are constructed by recursively tracing randomly
sampled rays at the hit vertex. Since Equation (2.4) is evaluated recursively at each vertex,

10



we can use the importance sampling technique at each vertex. If we pay closer attention
to the integral of Equation (2.4)

/ Li(z,w;) fs(z,wo,w;) - w;| dw; (2.17)
0 W—/ . J

~
incoming light cosine-weighted BSDF

The integrand consists of the product of the cosine-weighted BSDF and the incoming light.

We can easily extract important samples from a distribution proportional to the cosine-
weighted BSDF' term.

For the lighting term, it is almost impossible to derive a distribution proportional to
L; as it must be recursively evaluated with Monte Carlo path tracing. However, we can
evaluate the incoming light as a summation of direct light and indirect light:

Li(xa wi) = Ldirect (.I’, wi) + Lindirect (il', wi) (218>

where the indirect light is the part where we need to evaluate recursively. The direct term
is simply the emission of the second hit by tracing rays from x towards direction w;. Thus
we can sample the light source according to some heuristic and check for visibility by ray
tracing. Although, unlike BSDF sampling, obtaining a perfect distribution for direct light
sampling is not easy as it depends on both the configuration of lights and the hit point
x, light sampling works particularly well for scenes with a small light source as BSDF
sampling in this case would need to be very lucky for it to hit the light source.

2.5.2 Multiple Importance Sampling

Now we have at least two available sampling strategies, i.e. BSDF sampling and light
sampling, each having its benefit to sample only a part of the integrand f;(x). The question
is, can we combine different sampling strategies and form a better estimator?

We can use multiple importance sampling, or MIS [26] to combine samples and form a
better estimator. Specifically, given different importance sampling strategies, p1,...pas, if
we draw K, samples from p,,, the MIS estimator is:

I, = Z_l/xl Wy () fi(x)de ~ Z_l Kim ;iwm(x?)]% = (Ii) yr1s5 (2.19)

where z}* is the k’th sample drawn from technique m, w,,(z}") is the MIS weight, such

that
{z%l w(z) =1 when fi(z) # 0
0

Wi (z) =0 when p;(x) (2.20)

11



For the choice of w,,, Veach[26] has proven that no other heuristic can be significantly
better than the balance heuristic:

() = MKmpm(m)

> i1 Ko D () (2.21)

2.6 Gradient-Domain Rendering

The Monte-Carlo method provides a tool for us to estimate I; in Equation (2.10) for
individual pixel :. However, it is reasonable to assume that nearby pixels have strong
correlations. If samples from one pixel can somehow help estimate the color in another
pixel, it would bring a lot of benefits for such correlation to propagate. Gradient-domain
rendering realizes this correlation can be interpreted as constructing a difference estimate
between nearby pixels using correlated samples. The difference estimators constructed
thus hopefully have far lower variance than primal pixel intensity estimates. Taking these
extra lower variance estimates into account, a lower variance image can be reconstructed.
In this section, we go over the details of gradient-domain path tracing [18], which is the
baseline and the fundamental building block of our method later introduced in Chapter 4
and Section 4.3. We start by providing an overview of the gradient-domain rendering
algorithm, specifically a baseline gradient-domain path tracing (G-PT) algorithm. We
then provide the mathematical details for the shift mapping process, which is used to
obtain correlated samples between different pixels. In the end, we briefly discuss why
gradient-domain rendering helps in reducing variance when the smoothness assumption

holds.

2.6.1 Overview

The gradient-domain rendering algorithm takes the Monte-Carlo estimator

for every pixel 7. We name this the primal estimate for pixel i.

In addition, the algorithm takes the difference estimates between pixels 7, j:

Such difference estimates often can be obtained with variance far lower than the primal
estimate. The detail of how this estimator is designed will be shown in Section 2.6.2.

12



To obtain the pixel color with these two different kind of estimators combined, gradient-
domain rendering uses Poisson reconstruction to reconstruct all I; based on the primal
estimates (/;),,- and the difference estimates (A;;I) by solving a minimization problem.
With L? loss, the reconstruction target can be expressed as

G _manHI AZJI>MC’ H2+)‘ZHI >MC H (224)

The first term aims to minimize the gap between the reconstructed difference and the
difference estimate. The second term with the parameter A\ regularizes the reconstruction
towards the primal per-pixel Monte Carlo estimates for each I;.

2.6.2 Shift Mapping

Given a sampled path X; at pixel 7, how can we obtain a correlated path at pixel 57
Intuitively, we want to have a similar path, with a similar contribution to pixel j as X; to
pixel 7. Techniques used to construct such correlated paths are called shift mapping, or

path mapping. We define such mapping as a function 7j;, such that

[i(T;(x:)) = fi(xs) (2.25)

There are many different shift mapping techniques, we explain two types of shift map-
ping used in our implementation: random sequence replay and vertex reconnection.

Random Sequence Replay

Random sequence replay gives an almost trivial technique for obtaining correlated samples.
However, random replay usually does not work well for surfaces with geometry or normal
changes, as illustrated in Figure 2.3. The path X; is sampled from a sequence of random
numbers @; sampled between [0, 1]. For simplicity we denote X;(i;) to be the path sampled
at pixel ¢ with random sequence 1; using sampling technique p;, and W;(X;) to be the
random sequence which has to be used to sample path X; at pixel ¢ with the same sampling
technique p;.

Random sequence replay simply copies this sequence into the neighboring pixel and
samples according to these random numbers. The shift function is

Tij(%i) = x%;(0i(x3)) (2.26)

13



Figure 2.3: Random sequence replay: The base path shifted (blue) to different pizels. Note
that even with simple geometry changes the path (red) can become very far away from the
base path.

It is also a requirement that we compute the Jacobian of the shift mapping:

- pil(X)
- pi(x) (227

dX]
~|dy,

dul
dxZ

dT3;(x)
dx;

Vertex Reconnection

As in Figure 2.4, vertex connection simply connects the shifted prefix path of the current
pixel with the suffix path of the neighboring path. Specifically, given a target path

Ypta?. allal (2.28)



Figure 2.4: Vertex reconnection: the second vertex of every shifted path is connected to
the second vertex of the base path. This forms geometrically more correlated paths but may
lead to low radiance if the surface type of the first vertex or the second vertex (or both) is
glossy.

a shifted prefix path with shift function T}; is

0 k _ v (.0 k
xj.ag =T (z;..07). (2.29)
Vertex reconnection simply reconnects vertex xf with xf“ and forms a new path
- .0 Lk ktl _n
Xj = x;..ajy (2.30)

The Jacobian can be computed by chaining the Jacobian of T}, and the Jacobian of the
shift afterward. The Jacobian of the suffix path :U?“...m’.‘ = zF*L 27 is simply 1. The

J i it
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Jacobian of the reconnection xfxf“ simply consists the ratio of the geometry terms:

!cos 9f+1| |z — okt

Hx;“ — 2 |cos Gf“‘ ’

(2.31)

*1 and the normalized direction
k+1

7

where 65*! is the angle between the surface normal of

of zF2" and 9;?“ is the angle between the surface normal of z;”" and the normalized

direction of x?xf“.

Mixed strategies

Random replay preserves the specular chain but the shifted path can quickly become far
away from the original path if geometry or normal changes between paths even by just a
small amount. Vertex reconnection on the other hand makes sure the path reconnects and
as a consequence, all subsequent vertices remain the same as the base path but can lead
to a low contribution path when encountering a glossy or specular surface. As paths are
usually constructed sequentially, a common practice is to first adapt random replay and
only use vertex reconnection when we find two consecutive diffuse vertices. This strategy
makes sure that the specular chain is preserved until the point where path similarities
become more important.

2.6.3 Difference Estimator

It seems obvious that we could simply take the difference of the contribution of the two cor-
related paths as our difference sample, by drawing multiple samples followed by averaging
and thereby achieve a low variance difference estimate. However, this can unfortunately
lead to incorrect results. To see that, we first write out the actual difference of the pixels:

1= i) - / i), (2.3

We can immediately see the first problem we have is that the integration domain is slightly
different between two pixels. If the mapping T;; is not surjective, meaning that some part
of domain & is not covered by the integration, bias will arise. Secondly, if the mapping is
not reversible (injective), then some elements in domain X; will be counted twice, which
will also lead to bias in our estimator. In the design of shift mapping, reversibility can
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Xi Xj

Figure 2.5: Shift mapping between different integration domains

be checked easily, but then in the case when shift mapping fails, how can we handle such
failure without losing a part of the integration domain AX;?

This problem can be seen more clearly in Figure 2.5. We can see one simple solution is
to modify the difference integrals into multiple parts:

Ij - Iz’ - /;\( fj(l‘j)dl‘j — /); fl(l‘z)dl‘z

= fi(z)dx — filz)dz + fi(z)dx — fi(z)dx
Ay Ao By By

dT;;(x)

(2.33)
= [ |

— filz)dx + fi(z)dz — fi(z)dx
B> By

= [ 50 = it |7

de + [ fi(x)de — [ fi(z)dz
B, B

While this simple solution has provided a correct formulation for the difference estimate,
we have to choose to either integrate over domain A; or A,. However, these two different
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formulations are essentially just an MIS formulation with different weighting schemes! For
example, the third line of Equation (2.33) essentially sets the MIS weight to 1 when we
are sampling domain A; and 0 if we are sampling from domain A,. This shows that we
can use the MIS theory in Section 2.5.2 we explained earlier.

In fact, [10] [11] shows that we can write Equation (2.33) in more compact form by
simply working with the original domain &; and X; when applying MIS. Consider that we
are just trying to sample the difference from domain &; and the difference from domain X
with shift mapping 7;; and Tj; respectively. Since the two sampling strategies cover the
entire domain &; | J X;, the condition of applying MIS is satisfied. We can now write the

difference as:
Ayl = /X wi;(7) (fj(ﬂj(x)) ‘djzljf) a fi(x)) &

+ [ wnte) () - sieron |G
X T
where ‘%@)‘ denote the Jacobian determinant for 7;; with respect to x. w;;, wj; are the

(2.34)

J

MIS weights satisfying conditions as mentioned in Section 2.5.2.

One can obtain unbiased estimates by sampling both integrals according to their re-
spective sampling distributions p;, p;

/I MC N k=1 1\ "1, pi(x“g) (2 35)
dei Zj, :
f(IL']k) [i(T5i(z5k)) ‘#

1 N
+ oy 2 i)
k=1

where N denotes the number of samples. As indicated as red arrows in Figure 2.5, when
reversibility check failed for strategy p; at sample z;, we consider in this case that f;(7;;(z;))
produce zero contribution and p;(7;;(z;)) = 0 (as Tj;(x;) is considered as a invalid path).
the same rule also applies in reverse. Balance heuristic explained in Section 2.5.2 can be
used for the MIS weight, but one has to be careful with quantity change:

pi(zjr)

o pz(ﬂfz)
wlj('rz> o de]( z)

pix) + p; (T (z:)) ‘ i (2.36)

For now, we have completed the explanation for gradient-domain rendering.
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2.6.4 Analysis

To understand our motivation later in this thesis, we provide a brief analysis of why
gradient-domain rendering works under the smoothness assumption.

Shift mapping assumes that the integrand f; is similar to a neighboring integrand f;
for similar x, and this assumption can be informally written as
T Ry = fi(z) =~ fi(z;). (2.37)
where z; = T;;(x;). The difference of the sample contributions f;(z;) and f;(z;) will be
small when shift mapping results in z; =~ z; and if the above assumption is satisfied.

When the assumption in Equation (2.37) holds and shift mapping results in x;; ~
Tij(xik), xjk =~ Tji(x;), this difference estimator (A;;7) will have low variance because

—dTij(xi’k) ~1 and —dTﬂ(%k) ~1
dz; dj k.
! o (@) ! (2.38)
fi(Tij(wig)) ‘—dj A~ filain) =0
Lik
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Chapter 3

Problem Statement

While gradient-domain rendering works well when Equation (2.37) holds, this assumption
may not hold universally, thereby constraining its application in practice. For example, it
is common to have a spatial variation of albedo and/or normals that may result in different
integrands per pixel. Figure 3.1 shows a simple example where f; varies like a checkerboard
pattern over . In this example, f; is a product of two functions

fix) = gi(z)hi(z) (3.1)

where g;(x) varies like a checkerboard (i.e., differs among pixels around edges) but h;(z) =
is identical for all 7 (i.e., no variation among pixels). This example models a typical scenario
in rendering where g;(x) is a spatially varying feature such as the BSDF term per pixel
and h;(z) is a mostly smooth feature such as incident illumination. The integrand f;(z)
does not satisfy the assumption in Equation (2.37) whenever pixels I; and /; have different
checkerboard colors, and only a part of the integrand h;(x) satisfies the assumption. As
such, gradient-domain rendering fails to handle even this simple example and results in
large errors whenever the integrand f;(z) varies among neighboring pixels. We present an
extension of gradient-domain rendering that can efficiently handle a larger set of problems
including this simple example.
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h(x) dx

Integration Target

-AProposed |

Figure 3.1: Simple failure mode of gradient-domain rendering. Top right shows the inte-
gration target for lighter and darker blocks of the checkerboard pattern, middle and bottom
row shows the reconstruction using per-pizel Monte Carlo integration, reqular gradient-
domain rendering, and our method and their respective RMSE compared with ground truth.
Regular gradient-domain rendering suffers from artifacts due to high variance difference es-
timates around edges. Our method almost perfectly reconstructs the ground truth.
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Chapter 4

Method

To introduce our idea, let us work through the example in Figure 3.1. Suppose that we
represent g;(z) as a weighted sum of two basis functions b9(z) and b} (z) as in

gi(x) = af¥(z) + albl(x) (4.1)
where o and «} are the weights. Let us choose the basis functions b)(z) and b} (x) such

that each one of them is equal to g;(x) within the corresponding checkerboard block. The
weights a? and o} in this case can be trivially defined as

0 0 (i € darker block) p
’ 1 (i € lighter block) '

which effectively captures the checkerboard pattern via the weights. Note that bl(z) &f ()
does not vary over 7, and the per-pixel variation is now encoded by the weights o and a.

Under this basis expansion of g;(x), the integral I; could also be decomposed into a
weighted sum:

I = / hi(x)g;(x)dx = / hi(z) (a9b) () + a;b; (z)) da
' : (4.3)
- a?/ hi(2)b)(z)dz + a%/ hi(x)b} (z)dz = af I + of I}
Xi Xi
where we wrote I = [, hi(2)b}(z)dz and similarly for /}. The problem changed from

solving one integral of h;(z)g;(x) to two integrals for h;(x)b)(z) and h;(z)b}(x) weighted
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by o and a;. The new integrands h;(z)b?(x) and h;(z)b}(z) both satisfy the similarity
assumption in Equation (2.37) because 0?(x), b} (), and h;(z) are in fact exactly the same
for all the pixels ¢ in this particular example. Therefore, gradient-domain rendering can
be successfully applied for each of h;(x)b?(xz) and h;(x)b}(x) independently, and we can
reconstruct I and I! to estimate I; as the weighted sum ofI? + oI} per pixel. We
generalize this process as follows.

Step 1: Decompose g;(x) into a weighted sum of basis functions that satisfy the as-
sumption, i.e. b)(z,) = bl(x}) for z, & xy:

L

gi(x) =" albi(x). (4.4)

=1

Note that the basis functions do not need to be the same functions for all the pixels as
long as they satisfy the similarity assumption. There is also no assumption on the weights
L across pixels.

)

(%

Step 2: Write down the integral of g;(x) also as a weighted sum:

I = /X hi(x)gi(x)dx:/x hi(x)iagbﬁ(x)dx

i =1
L L (4.5)
= Zaﬁ/ hi(z)b (z)dr = Zaé]}.
NG _ =l
7

Step 3: Apply gradient-domain rendering on new integrands bl(z)h;(x) independently,
reconstruct I}, and take the weighted sum to have [; = Zle alIl. For problems where
hi(z) satisfies the similarity assumption, the integrand b!(z)h;(z) should also satisfy the
assumption.

For the example in Figure 3.1, in vanilla gradient-domain rendering, the difference
estimate between pixels sharing the same color exhibits zero variance, i.e., b°(z)h(z) —
VO (z)h(x) = b (x)h(x) — b'(x)h(x) = 0 = constant for arbitrary z, conversely, the gradient
estimate between pixels with different colors entails non-zero variance, i.e., £(b*(z)h(x) —
VO(x)h(x)) # constant. Consequently, high-variance (error) information propagates to
other pixels at the reconstruction step. This error manifests as ”dipole artifacts” in Fig-
ure 3.1 under L? reconstruction. The difference image shows significant errors around the
boundaries between different colors.
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To summarize why basis expansion helps in this case, let us compare the difference
between our formulation and vanilla gradient-domain. Assuming that h;(z) ~ h;(x),

gi(x) = 32 aibi(x), g;(x) = 32, by (x) and b(x) ~ bf(x) for all I
e In gradient-domain rendering, the difference estimate used is
Ayl = [ ) = fi)e = [ hi@ala) = hy@g(a)da
~ [ o) (o) = gyta) e

which may have large variance when g;(x) # g;(z).

e In our formulation, the difference estimate used is
Ayl = / hi(x)bl(z) — hj(x)bg(x)dx
X

~ /Xhi(a:) (Bi(x) — Bh(x)) do ~ 0

(because h;(z)~h;(x))

which results in more cancellations.

4.1 Basis Expansion

Given a function g and a set of basis functions {b'(z)};, basis expansion approximates g as
a linear combination of b as .
vy~ Y o't (x) (4.6)
I=1

where L is the number of basis functions of our choice and ! defines the weight (or coeffi-
cients) for corresponding b'. For orthonormal bases, each coefficient is simply a projection
of function ¢ onto the corresponding basis as

ol = /Xg(a:)bl(:c)dx ~ Z % (4.7)

k

Basis expansion has been used in various applications in rendering. Sloan et al. [21],
for example, proposed to use a precomputed set of coefficients to represent light transport
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under an environment map. Ng et al. [21] broke down the rendering equation for direct
illumination into a triple product integral comprising the environment map, visibility, and
cosine-weighted BSDF terms. This decomposition is akin to our decomposition of g;(z)
and the resulting decomposition of the integral. A recent extension of this approach by
Xu et al. [30] uses a neural network to train a more sophisticated set of basis functions for
better approximation of each component.

Manzi et al. [20] also proposed incorporating basis expansion into gradient-domain ren-
dering. Still, the contexts of basis expansion fundamentally differ between our method
and those of Manzi et al. Our method defines basis functions to decompose the integrand
and provide low-variance difference estimates. This process involves changes in both differ-
ence estimates and reconstruction. Manzi et al. consider a weighted sum of basis features
(vectors) to regularize reconstruction only, which does not involve any change in difference
estimates.

While those prior works are relevant in that they also use basis expansion, the contexts
of how basis expansion helps are different and thus only remotely related to our work.
For example, having higher-order basis expansion does not always help in our case because
high-frequency signals tend to violate the similarity assumption as in Equation (2.37) when
shift mapping slightly changes the sample location. In addition, unlike those prior uses
of basis expansion, we would like to have an ezact recovery of g;(x) for each pixel for
consistent reconstruction. The example in Figure 3.1 is a case where the exact recovery
is trivially available, but we would like to achieve this for more general cases. We thus
propose slight modifications to this traditional basis expansion to align with our specific
requirements.

4.2 Lossless Basis Expansion.

We need to choose {b'} such that the weighted sum perfectly recovers g;(z) while also
satisfying the similarity assumption. Observing that approximation by basis expansion
(e.g., spherical harmonics) effectively captures the general shape of g; while simultaneously
satisfying the similarity assumption (i.e., spherical harmonics are the same for all the
pixels), we would like to still utilize such existing basis functions. To achieve this goal, we
consider adding back the residual (i.e., approximation error) to the basis functions. Given
a set of basis function {b(x)}; we define the residual as

rlx) = gix) = Y alt(x). (45)
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To recover g;(x) exactly, we ”distribute” r;(x) to all the given bases. We add r;(z) evenly
based on either the absolute value or the squared value of the coefficient to each basis,
which results in

o) = Do) 1) = 3 (o) + = it
1 I=1 ! (4.9)

RN U L
T4 Z<b< T S ”)

where n € {1,2}. We can redefine our lossless basis for pixel i, namely {b}(z)};, as
b(x) € b (2) + whri(x) (4.10)

where w! = ﬁ% This process keeps the basis for every pixel as close as possible to
the given origlinzil basis while still maintaining the equality constraint. We empirically did
not observe a clear advantage of one weighting scheme over the other with n =1 or n = 2.
Consequently, in our implementation, we adhere to the n = 2, maintaining consistency for
evaluation purposes. Figure 4.1 provides an overview of our method using lossless basis

expansion.

This formulation is straightforward to implement with an arbitrary choice of the starting
global basis. Now the difference of b!(x) between pixel i and j essentially depends on the
residual, so selecting global bases that result in smaller residuals helps in general. We
have not explored an optimal choice of such global basis functions and will leave it as
future work. It is worth noting that using g;(x) as the basis itself, as well as the BSDF
integration pre-factorization approach [32] are both special cases of our method. In the
case of using g;(x), our method reduces to gradient-domain path tracing [18]. The case of
BSDF integration pre-factorization approach [32] is equivalent to our method with a single
constant global basis followed by per-pixel residual distribution, resulting in a unit cosine-
weighted BSDF as a single lossless basis in our case. Our formulation thus generalizes
those prior approaches. Figure 4.2 shows our method with different orders of spherical
harmonics as global bases. General material variation, including albedo, can be effectively
handled with more bases. It is worth iterating that a higher-order basis does not always
mean better reconstruction in our method and the performance of higher-order bases is
empirically comparable to lower-order ones in some scenes.
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Naive Gradient-Domain

~ e h(®)
= () da /\/K dx
- |
High Variance Difference
‘ Gradient Domain with Lossless Basis Expansion

bY (%) hi(x)

hi()dx e | |—""" /M dx
hi(x)

o) d i ~ /M dx

bj (x)

Low Variance Difference

Figure 4.1: Ouverview of our method. We propose to expand a part of the integrand g(x)
that significantly varies across pixels into a weighted sum of lossless basis functions. The
resulting basis expansion is designed to satisfy the similarity assumption between neighbor-
ing pizels i, j, making difference estimates effective with shift mapping.

4.3 Reconstruction

Once we decomposed g;, we can estimate the difference estimator for I jl —II = <Aijf l>
as in Equation (2.35) using the same set of samples and the same shift mapping as in
regular gradient-domain, except we replace f;(z) with h;(z)bi(x). It is not necessary to
have additional samples for multiple bases. We then reconstruct the contribution to the
pixel coming from this basis integral I!.

While directly reconstructing each I! independently by following Equation (2.24) is
straightforward, the results are rather undesirable because our end goal is to reconstruct
I;, not individual I!. If the coefficient a! of any particular basis [ for pixel i is small, I! is
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not as important for our final estimate /; because of Equation (4.5). As a result, we could
give less weight to regularization related to I! and allow the reconstruction to be more
focused on other indices.

We introduce a new loss that takes the coefficients o into account. Under L? loss, our
reconstruction is defined as

{<IZ>G’ mmz ZHIZ _Il Aij‘]l>MCH2
,J

{I'};
(4.11)

2

i

where Il = [, h x, x)dx is as defined in Equation (4.5). The subscript G’ is to differen-

tiate the estlmator for IZZ from the naive Poisson reconstruction. The first difference term
is the same as in Equation (2.24) except now it also considers averaging the loss from all
the bases. The second term, instead of regularizing each basis directly with the primal
estimate, regularizes the reconstructed image with the primal image estimate. While an-
other feasible option is to regularize the weighted basis with the weighted primal estimate,
we use the current approach because it has only one A parameter that empirically affects
the results in the same manner as in regular gradient-domain rendering. The final integral
estimator is simply (I})oz = .1, o <If>G,. Note that the estimated {<IZ>G,} are unbi-
ased under L? because the expected values of I} — I — (A;I') . and S Ak — (1) e
are both zeros by construction. Thus

L L L
> o <If>G,] =Y dE[(I}),]=> dll=1 (4.12)
=1 =1 =1

which implies that our estimator (I;) .5 is unbiased under L? reconstruction.

E[(I

4.4 Application to Rendering

We apply our framework to rendering based on the rendering equation [11] where we have
Lofx,0) = Lu(x.6) + [ L) frx 0. ] do (113
T ek
h(w o (X,w
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where x is the position, ¢,w are the outgoing and incoming directions respectively. We
assigned incident radiance L; to h and the cosine weighted BRDF term f,.(x, ¢, w)n-w| to
g. This choice is justified by common scenarios where incident illumination varies smoothly
(except for geometric discontinuities) and the BRDF term may vary rapidly over the image
due to material variation. We ignore the emission term in our formulation for simplicity.

With a pinhole camera, we have a 2D array of integration problems for image I that
involve the first hit vertices x; for i € [1,W] x [1, H]:

Ii:/Li(xi,w)gd)i(Xi,w)dw
Q

B - (4.14)
< /th(w)gi(w)dw = /in(w)dw

where we defined

def def def

hi(w) = Li(xi,w)  gi(w) = gs,(x5,0)  filw) = gi(w)hi(w) (4.15)

to align with our notations h;, ¢g;, and f;. Anti-aliasing could be achieved by downsampling
after rendering a higher-resolution image with this formulation.

Note that h(w) is an integral over all possible paths p traced from x towards direction
w. Shift mapping 7T;;(w) as defined in Equation (2.34) in a more complete context changes
both w and path p. Although the full path formulation is more complete, we focus on
the formulation in the angular domain rather than the path integral domain for simplicity,
treating h;(w) as a function that returns a stochastic value. As long as the similarity
assumption can be designed to hold with path-space shift mapping (i.e., the value return
from h; and h; satisfies h;(w) ~ h;(T;;(w)) for T;;(w) = w), our current formulation still
satisfies the similarity assumption. There are several popular choices for shift function Tj;
and we refer readers to the survey by Hua et al. [10] for more details.

The reconstruction step is as explained already. Our framework does not need much
change over the existing pipeline of gradient-domain rendering, except that we need to in-
corporate the basis expansion. Our method generally works well for high-frequency albedo
and normal maps. However, our difference estimators may still have high variance around
geometric discontinuities where incoming radiance h; changes rapidly, which invalidate our
assumptions. Fortunately, because shift mapping already produces samples that can be
used for regular-gradient domain rendering, we optionally mix the result of our estima-
tor and regular gradient-domain estimator with inverse variance weight estimated with at
least two batches of partial results. We found that this optional combination with G-PT
empirically works well. Figure 4.3 shows the comparison of our method with and without
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combining with G-PT. It is worth noting that in L' reconstruction, our method with-
out such a combination still outperforms regular gradient-domain rendering because the
propagation of error in L' is typically not as significant as in L2
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Reference G-PTL! Ours-SH-0 Lt Ours-SH-1 Lt Ours-SH-2 Lt

BEDROOM KITCHEN
107!
107!
107!
10—1 10_1
10-! 107!
107
=== Ours SH-3 (L1) === Ours SH-2 (L1) === Ours SH-1 (L1) === G-PT (L1)
= Ours SH-3 (L2) — Ours SH-2 (L2) = Ours SH-1 (L2) — G-PT (L2)

Figure 4.2: Top: Comparison of our method with different orders of lossless basis along-
side G-PT, with 128 samples per pizel under L' reconstruction. Bottom: Respective Con-

vergence MAPE plot. Our method handles both the albedo and normal map better with
higher-order bases.
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Ours L?
(No Mixed)

Ours L! Ours L!
(No Mixed) (Mixed)

Figure 4.3: Our result (128 spp) with/without mizing with G-PT. Our method works well
for continuous surfaces with high-frequency texture maps. Artifacts that appear around
geometry discontinuities could be effectively handled by combining our reconstruction with

G-PT. Note that our method under L* reconstruction performs well even without such a
combination.

32



Chapter 5

Implementation

5.1 Baseline.

We implemented our own CPU gradient-domain path tracer (G-PT) [11] in LuisaRenderer
[31] and our method on top of the same system. Our implementations are based on the
method by [11] and we chose to omit next-event estimation for simplicity. We employed
the reversible path-space shift mapping techniques to follow the suggested implementation
by [11]. We only made slight modifications to regular gradient-domain path tracing to
avoid some redundant calculations for our method: splitting the throughput into two parts
and storing them: Basis/BSDF evaluation at the primary hit, and incoming throughput
after the primary hit. When a path hits a light source, we only need to multiply the
basis/BSDF evaluation of the first hit with the throughput after the hit. Primal estimates
and difference estimates for each basis are stored in a buffer for the later reconstruction
stage. We use the same sample to evaluate all lossless bases. The only overhead during
the rendering stage compared to vanilla G-PT is basis evaluation, which is about 8% of
the total rendering time with 9 basis functions.

5.2 Reconstruction.

We used PyTorch for both L! and L? reconstructions. Since we deal with convex optimiza-
tion, we used the L-BFGS optimizer due to its efficiency. It has been observed that L'
reconstruction often yields visually appealing results but may introduce bias in gradient-
domain rendering. This bias is typically manifested as an overall darker image compared to
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unbiased reconstruction or local blurring when high-frequency details are present. We have
observed that employing L' loss for differences and L? loss for regularization addresses the
brightness issue while still producing visually pleasant results. This is because the visual
artifacts introduced in L? reconstruction are a consequence of over-penalization when noisy
difference estimates are present. Therefore, we adapt L? regularization for both L' and L?
reconstruction in both vanilla G-PT and our methods. We set A = 0.1 for L? reconstruction
and A = /0.1 for L'. Using the same \ has demonstrated near-optimal performance in our
test scenes for both our method and G-PT, consistent with our conclusions in Section 4.3.

5.3 Mixture with G-PT.

To combine with a regular gradient-domain estimator using inverse variance weight, we
divide samples into at least 2 batches and estimate the sample variance for (/) and
(I)- In practice, we find that even 2 batches work effectively for high sample counts, so
we set the batch number to max(2, |2;]), with N being the number of samples used for
rendering, demonstrating good performance in practice.

5.4 Choice of Basis.

To show that our method could easily adapt different basis functions, we test two different
choices of bases: (1)2-degree spherical harmonics (SH) which has 9 bases and (2)9 inde-
pendent box functions that evenly partition the spherical domain similar to the scaling
function of the Haar wavelet. We used the Monte Carlo integration approach as in Equa-
tion (4.7) to solve for a! with BSDF sampling as a precomputation. We set the number
of samples K = max(150,3N) with K defined in Equation (4.7) and N is the number of
samples for rendering. This precomputation typically takes 2 — 3% of our total rendering
time. Once we have coefficients stored in buffers, one for each [, b!(w) can be efficiently
calculated based on Equation (4.10).
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Chapter 6

Results

All our experiments were run on a desktop with Intel(R) Core(TM) i7-5930K CPU @
3.50GHZ with 12 threads and NVIDIA RTX 2080Ti GPU. GPU is used only for recon-
struction as in the reference implementation by [11].

As our proposed method is designed to address scenarios involving high-frequency ma-
terial maps, we initiate the experimentation by modifying the simple Cornell-Box scene.
This experiment acts as a proof of concept and evaluates the ability of our method to han-
dle changes in albedo, normal, and roughness with our chosen global basis. Our initial step
involves generating a high-frequency checkerboard for albedo, creating a normal map by
treating the checkerboard with Gaussian blur as the height map, and adjusting roughness
by remapping the black and white range between 0.3 and 1. We conduct tests with only
one property toggled at a time. The results are visually demonstrated in Figure 6.1, and
the numerical result is shown with convergence plots in Figure 6.2. Our experiments under
both L' and L? reveal that our method exhibits superior performance in handling changes
in albedo and normal. While we observe a decreased performance compared to G-PT for
high-frequency roughness, it is noteworthy that the error in this case is already low with
G-PT itself compared to other scenarios.

As our current lossless bases focus on maintaining information in low frequency, the
variance of the difference is dominated by the higher frequency "noise” defined in Sec-
tion 4.2. Consequently, the "failure” case in Figure 6.1 where using constant albedo and
normal with varying roughness only may not be conclusive, as high-frequency signals re-
main ”similar” across different pixels. Therefore, we further explore how high-frequency
noise affects the performance of our method. In the ablation study, we separate roughness
from the choice of the checkerboard-patterned surface map, toggling both the albedo and
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normal map and gradually setting roughness as a global surface variable. The results are
demonstrated in Figure 6.3. We observe that with decreasing roughness, the performance
of our method decreases as expected due to high approximation error in our current choices
of bases.

To test our method in a more realistic setting, we modify scenes from the rendering
resource [1] by applying different materials with varying albedo, normal, and roughness on
six test scenes: Staircase, Bedroom, Kitchen, Living-Room, Bathroom, and additionally
Lone-Monk. We demonstrate our results in Figure 6.4 with the same-time convergence
plot in Figure 6.6. For Staircase, Bedroom, Kitchen, and Lone-Monk, our method is
both numerically and visually better than G-PT for both L' and L?, respectively. Upon
closer inspection of the Staircase scene, areas under low light conditions, which originally
suffered from over-blurring in L' reconstruction and displayed noisy artifacts in L?, are
effectively captured by our method. In the Kitchen scene, where we apply a varying grid
pattern texture map with varying albedo and roughness, vanilla G-PT struggles with noisy
gradients around feature discontinuities. Our method decouples these discontinuities and
results in an overall much cleaner result. In the Bedroom scene with a high-frequency
normal map, as anticipated, we achieve further variance reduction, particularly when high-
frequency features dominate the screen. The improvement in the Lone-Monk scene is
somewhat limited due to a lower frequency material map compared to previous scenes.
Our method still preserves more details under L' and effectively removes artifacts around
sharp features under L? (commonly termed as dipole artifacts).

We also include some failure cases. In Figure 6.5, the Living-Room scene, while qual-
itatively comparable to G-PT due to darkness in the texture and lack of image features,
shows in the error image and the convergence plot that our method with both BOX and
SH still outperforms G-PT. The bathroom scene in Figure 6.5 demonstrates a ”failure”
case, where varying features are far apart from each other in general. However, our method
still performs visually competitively (notice the wooden pattern around the bathtub) and
quantitatively better convergence than G-PT under the same-time comparison.
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Roughness-Variation,,-
(Failure)

Figure 6.1: Cornell-box test scenes with high-frequency albedo, normal, and roughness
variation respectively. The top row shows the rendering result of G-PT and our method
with spherical harmonics. The bottom row shows the corresponding MAPE error image.
All scenes are rendered with 128 samples by our method and 147 samples by G-PT for
same-time comparison. We see that with high-frequency albedo and normal map toggled,
our method shows consistent improvement. When the roughness map is toggled our method

performs comparable to G-PT, while the error is relatively low compared to the other two
cases.
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CORNELL-BOX-ALBEDO

2% 107!
10!
6x 1072
10?
CORNELL-BOX-NORMAL
4x 10!
3x 107!
2% 107!
10?
CORNELL-BOX-ROUGHNESS
10!
6x 1072
10%
------ Ours SH (L1) --==== Ours BOX (L1) === G-PT (L1) —— Ours SH (L2) —— Ours BOX (L2) — G-PT (L2)

Figure 6.2: Convergence plot (MAPE vs. Time) for high-frequency albedo, normal, and
roughness toggled respectively with the Cornell box scene. The convergence plot with red
represents G-PT, green for our method with box function, and blue for our method with
spherical harmonics. Notice the error in the roughness toggled plot while G-PT performs
better, the error is relatively low compared to the other cases.
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Figure 6.3: Visualization of error images with G-PT and our reconstruction with gradu-
ally changing roughness from 0.2 to 1.0. Our method still shows variance reduction even
in low roughness settings with high-frequency albedo and normal maps. While a higher
roughness value allows more informative basis expansion which will result in better vari-
ance reduction overall.
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Reference Ours-SH Reference Ours-BOX
Loss Type Lt L?
Time (s) 374.33 382.86 379.09 373.97 377.92 374.36
KITCHEN MAPE 0.2081 0.1589 0.1529 0.2091 0.1626 0.1629
RelMSE 0.0253 0.0241 0.0228 0.0284 0.0251 0.0250

. Reference Ours-BOX Ours-SH Reference
Loss Type Lt

) Time (s) 621.80 610.31 603.24 621.45 605.33 598.07
BEDROOM MAPE 0.1875 0.1614 0.1363 0.2012 0.1733 0.1577
RelMSE 0.0454 0.0344 0.0251 0.0473 0.0373 0.0308

Reference Ours-BOX Ours-SH Reference Ours-BOX Ours-SH

Loss Type L Lt L?
o ] Time (s) 302.63 301.76 297.35 302.27 298.64 294.41
LONE-MONK MAPE 0.1587 0.1411 0.1397 0.1712 0.1607 0.1576
RelMSE 0.0368 0.0362 0.0332 0.0435 0.0404 0.0395

Reference Ours-BOX Ours-SH Reference - Ours-SH
Loss Type Lt Lt ?

Time (s) 567.21 561.78 563.71 566.86 557.01 559.03
STAIRCASE MAPE 0.1362 0.1062 0.0891 0.1390 0.1100 0.0957
RelMSE 0.0110 0.0081 0.0060 0.0117 0.0079 0.0063

Figure 6.4: Equal time visual comparison reconstruction result for G-PT, our method with
spherical harmonics and box basis. We include rendered result and error image visualization
with MAPE metric for both L' (red boz) and L* (green boz) reconstruction. corresponding
MAPE and RelMSE for the full image are provided as numerical reference. In almost all
cases our method with spherical harmonics performs best both visually and numerically.
Note that in most of the cases box function still outperforms regular G-PT.
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Figure 6.5: The scene on the left (Living-Room) indeed contains high-frequency informa-
tion. While the lack of visible features and dark texture limits the qualitative improvement,
we can still visualize the quantitative improvement from the error image. The scene on the
right (Bathroom) lacks high-frequency features. Although the tiles on the floor are patterned
and have similar colors, they dominate many pixels, restricting the benefit of our algorithm.
It is worth noting that our method with spherical harmonics (SH) still reduces error for the
wooden pattern on the side of the bathtub, and overall, it still performs numerically better
than the baseline G-PT.
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STAIRCASE LIVING-ROOM

10 103 102 103
------ Ours SH (L1) -----= Qurs BOX (L1) ------ G-PT (L1)
— Ours SH (L2) — Ours BOX (L2) — G-PT (L2)

Figure 6.6: The convergence plot for both L' and L? reconstructions is presented. Dashed
lines represent L', and solid lines represent L?. It is evident that under the same recon-
struction loss, our method with both choices of basis consistently outperforms G-PT.
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Chapter 7

Limitations and future work

Similar to related work in gradient-domain rendering [32, 20, 13], our method currently does
not support depth of field or motion blur effect. This issue is common to any technique
that uses pixel-based information, such as per-pixel shading normal or albedos, so it is
not unique to our method. For cases where we would like multiple subpixel samples,
the computation for coefficients must be done for each sample, which introduces extra
computation and memory costs. Using a common set of coefficients by varying residual
distribution does not help due to our assumption that coefficients could vary significantly
across pixels. One potential solution is to precompute the coefficients for arbitrary normal
directions, but we leave it as future work. We want to mention that for antialiasing,
rendering at a high resolution and downsampling is often the preferable approach because
tone mapping should be done before antialiasing to properly deal with aliasing in HDR
images. Our current method is compatible with this common practice.

Our method does not consider stochastic BSDF evaluation [3]. It could still help
in variation reduction when conditional BSDF evaluation on the incoming direction has
sufficiently low variance. Our current implementation does not handle specular reflection
towards secondary hits and beyond. When encountered, it automatically falls back to
regular gradient-domain rendering for such pixels. Although we could apply our method
at the first hit with non-perfect specular BSDF, in general, such a scenario can only be
handled properly with world space techniques, which we leave as future work.

Our numerical experiments show that spherical harmonics consistently outperform the
box function. However, we have not identified any theoretical reason behind it. By design-
ing a better choice of global bases under the same lossless basis construction, as discussed
in Section 4.2, we could ideally achieve even further improvement. Additionally, while our
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results experimentally show performance improvements, we currently lack theoretical un-
derstanding compared to G-PT. We ideally would like to have a provable improvement over
G-PT since G-PT is a special case of our method. Although our combination with G-PT
helps get rid of artifacts introduced by our method, a better reconstruction technique or a
better design of pixel-wise basis could yield a more stable reconstruction step.

Inspired by prior work on advanced reconstruction in gradient-domain rendering [20,

, 7], we believe that incorporating more advanced reconstruction techniques into our
basis integral formulation could lead to immediate improvements. One can interpret our
decomposition of gradient-domain rendering as a more effective path reuse among pixels,
which may have applications in some recent work on spatial-temporal path reuse [17, 22, 5].
While our current method is designed for offline use, we envision that a more specialized
lossless basis expansion focused on cosine-weighted BSDFs evaluation could potentially
facilitate real-time applications in the future.

Another future work is in the realm of generalized denoising. Modern denoising methods
rely on auxiliary image space data [2, 13, 33] to capture pixel-dependent information and
to avoid over-blurring of sharp features. However, high-frequency variation, even if present
in those auxiliary data does not necessarily indicate entirely different pixel intensities.
For example, it is often the case that incident illumination is smooth even when albedo
changes rapidly [29, 15]. Our basis expansion approach decouples this high-frequency per-
pixel variation, and this concept can be useful to apply to denoising. Our framework itself
should also be applicable to any problems where we need to solve multiple integrals that
are correlated to each other.
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