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Abstract

Turbulence plays a key role in many atmospheric and engineering flows, but under-
standing how it becomes isotropic under different conditions is still a challenge. In this
thesis, we use the WRF model in idealized mode to explore how turbulence evolves in four
setups: two driven by buoyancy (convective boundary layer and plume) and two by shear
(random and bubble-perturbed Shear). We analyze anisotropy of the eddy dissipation us-
ing eddy-viscosity-based metrics, comparing how different forcing mechanisms and spatial
resolutions affect the development and isotropization of turbulence. Buoyancy-driven cases
showed smoother, more gradual transitions to isotropy, while shear-driven cases featured
stronger bursts, persistent anisotropy, and slower convergence in time, especially at low
resolution. It can also be understood that vertical velocity is more anisotropic in buoyancy-
driven cases, while vertical shear dominates in shear-driven cases. These results highlight
how both physical forcing and resolution shape the anisotropy of turbulence and point to
important considerations for model setup in future turbulence studies.
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Chapter 1

Introduction

1.1 Background and Motivation

Atmospheric turbulence plays a central role in controlling the transport of momentum,
heat, and tracers in the lower atmosphere [Wyngaard, 2010]. From microscale eddies that
mix pollutants near the surface to larger turbulent plumes rising in convective conditions,
turbulence underpins many of the key processes in weather and climate dynamics. In
boundary-layer meteorology [Stull, 2006], the complexity and multiscale nature of turbu-
lence pose major challenges to both theoretical understanding and numerical modelling.
Despite signi�cant advances, many questions remain about how accurately we can charac-
terize turbulent 
ows, especially in regimes where the underlying assumptions of turbulence
theory are stretched [Briggs, 1985].

A cornerstone of classical turbulence theory is the notion that, at su�ciently small
scales, turbulent statistics become independent of directions, a condition known as local
isotropy. This concept underpins much of our understanding of how energy cascades from
large, chaotic motions to smaller, dissipative ones [Kolmogorov, 1941]. Building upon the
early theories of energy cascades, further developments o�ered a formal framework for
describing isotropic turbulence through energy spectra and statistical descriptors, laying
the groundwork for much of modern turbulence analysis [Marston and Tobias, 2022]. The
assumption of isotropy in large eddy simulation (LES) models is important but needs to
be examined closely. This assumption a�ects how we build models. For example, the
eddy viscosity assumption states that horizontal and vertical viscosity are equal, creating
a consistent relationship between stress and strain rate, much like the Navier-Stokes equa-
tions [Frisch, 1995]. Additionally, this assumption in
uences the choice and e�ectiveness of
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subgrid-scale (SGS) models, such as the Smagorinsky model. These models may not accu-
rately represent complex 
ows that vary in di�erent directions, especially in areas a�ected
by shear, such as boundary layers. Therefore, while the idea of isotropy helps in develop-
ing turbulence models, we must recognize its limits to accurately capture certain turbulent
behaviours in real-world situations [Muralidharan and Menon, 2019]. SGS models, such as
those based on eddy viscosity, often rely on the assumption that these small-scale motions
are isotropic, allowing simpli�ed parameterizations of unresolved dynamics.

However, isotropy is not a universal feature of all turbulent 
ows. Especially in strat-
i�ed, sheared, or surface-layer environments, directional biases introduced by buoyancy,
shear, or terrain can lead to persistent anisotropy even at relatively small scales. Some
theoretical work has examined how and when isotropy breaks down, showing that depar-
tures from isotropy can persist well into the inertial range under certain physical forcings
[Carter and Coletti, 2017]. Observational studies and numerical simulations have further
con�rmed that in the real atmosphere, especially under strongly strati�ed or organized
shear conditions, turbulence may exhibit structure and anisotropy that violates classical
assumptions [Stiperski and Calaf, 2017, Lang and Waite, 2019]. Recent studies have taken
another look at this issue, paying closer attention to it than before. High-resolution simula-
tions and analyses have demonstrated that large-scale, non-turbulent motions and spatial
variability in surface properties can introduce spectral distortions, thereby challenging the
validity of isotropy assumptions in turbulent 
ows [Sirigu et al., 2025]. Moreover, experi-
ments in idealized and realistic terrains have revealed that model-based representations of
turbulence often struggle to capture these e�ects, resulting in discrepancies between pre-
dicted and observed 
ow behaviour. These insights make us question how we use isotropy
in numerical models and highlight the need for diagnostic tools that can quantify anisotropy
more precisely [Mosso et al., 2025]. There is a strong reason to study isotropic analysis in
idealized turbulence environments, where we can isolate di�erent forcing mechanisms. We
want to go beyond just assuming isotropy and actually measure it. To do this, we will use
high-resolution simulations that capture a wide range of turbulent scales [Warhaft, 2000].

This thesis aims to systematically analyze isotropy in four idealized turbulent 
ows
using large eddy simulation with the Weather Research and Forecasting model. By apply-
ing diagnostic tools that assess directional dissipation behaviour, the work seeks to clarify
under what conditions isotropy can be expected, how it evolves across scales, and how
sensitive it is to resolution, initial conditions, and forcings.
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1.2 Turbulence and Isotropy in Atmospheric Flows

1.2.1 Kolmogorov Theory and Inertial Range Assumptions

Turbulence is characterized by a chaotic and multiscale structure in both space and time.
Despite this inherent complexity, certain statistical symmetries can be identi�ed and used
to simplify its analysis. Among these, isotropy holds a central role. In the context of
turbulence, a 
ow is considered isotropic when its statistical properties are invariant under
arbitrary rotations and re
ections of the coordinate system [Pope, 2000]. This means that,
on average, no spatial direction is preferred over another, and the velocity 
uctuations and
their gradients are distributed uniformly across all directions. Richardson's cascade idea
describes how energy in a turbulent 
ow moves from large scales to smaller ones. This
concept relies on the assumption of local isotropy, which allows the energy transfer at each
scale to be characterized by a single velocity and length scale. Big eddies transfer energy to
smaller and smaller eddies by vortex stretching [Richardson, 1922]. This process continues
until the eddies are so small that viscosity takes over and turns the kinetic energy into heat.
The smallest scale where this happens is called the Kolmogorov scale. At this scale, the
energy cascade does not behave like it does at larger scales. Instead, energy is dissipated
because of viscosity [Wyngaard, 2010].

In contrast, anisotropic turbulence exhibits directional dependence in its statistics.
This may arise due to Initial conditions and external anisotropic processes such as gravity,
mean shear, or surface heterogeneity, which imprint preferred orientations onto the 
ow.
Anisotropy can present itself in various forms, including elongated structures aligned with
the mean 
ow and variations in energy distribution across di�erent velocity components
[Taylor, 1935]. It is important to distinguish between global isotropy and local isotropy
[Germano et al., 1991]. Global isotropy refers to 
ows that are statistically uniform in all
directions throughout the entire domain, which is a condition rarely met in geophysical

ows. Local isotropy, however, is a more relaxed condition, wherein the small-scale motions
become isotropic even if the larger-scale 
ow is anisotropic. This concept plays a key role in
turbulence theory, particularly in the context of energy cascade dynamics [Chowdhuri and
Banerjee, 2024]. In practical terms, isotropy assumptions simplify turbulence modelling by
allowing scalar or simpli�ed tensor representations of quantities like Reynolds stresses and
dissipation rates. Many subgrid-scale models and diagnostic frameworks, including those
employed in large eddy simulations, implicitly or explicitly rely on isotropy to close unre-
solved terms. Therefore, understanding the extent to which real atmospheric turbulence
conforms to or deviates from isotropic behaviour is crucial for interpreting model results
and developing physically consistent diagnostics [Stiperski et al., 2018].
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1.2.2 Directional Dependence of Dissipation

The rate of kinetic energy dissipation per unit mass is typically described by the scalar:

� = 2� hsij sij i ;

where� is the kinematic viscosity, andsij is the strain rate matrix:

sij =
1
2

�
@ui
@xj

+
@uj
@xi

�
:

Einstein's summation convention is used, where summation is implied for repeated indices,
so this is a double sum with 9 terms. But sincesij is symmetric, there are only 6 inde-
pendent terms. This formulation captures the contribution of all velocity gradients to the
total dissipation, but it does not indicate how dissipation is distributed across the gradients
in di�erent directions. To explore this, one can examine the individual terms inside the
sum, such ass2

11, s2
22, s2

33, and the cross terms such ass2
12, s2

13, and s2
23 , which re
ect how

energy is dissipated due to gradients in speci�c directions. In isotropic turbulence, the
statistical contributions of these terms are expected to follow speci�c ratios. For example,
in isotropic conditions, the mean-square values of the diagonal and o�-diagonal compo-
nents of the strain rate tensor have known theoretical proportions. These reference values
serve as benchmarks for identifying anisotropy [Hebert and de Bruyn Kops, 2006, Lang
and Waite, 2019]. If the observed values deviate from these benchmarks, it suggests that
the 
ow retains some directional bias in its small-scale structure, even in the dissipation
range [Wang et al., 2021].

This distinction is important in LES, where the smallest resolved scales are modelled
rather than directly computed. Many SGS models assume that turbulence is isotropic
at the subgrid level. However, in atmospheric 
ows in
uenced by shear, strati�cation, or
surface inhomogeneity, this assumption can break down [Reiter and Burns, 1966]. In such
cases, the modelled dissipation may not accurately capture the directional structure of the
true dissipation, leading to potential errors in the energy budget and 
ow dynamics. There-
fore, analyzing the directional contributions to dissipation provides a useful diagnostic for
assessing anisotropy in both real and simulated 
ows. It also o�ers insight into the limits
of turbulence models that rely on isotropy assumptions at unresolved scales [Wyngaard,
2010].
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1.2.3 When and Where Isotropy Breaks Down in Strati�ed or
Sheared Flows

While isotropy serves as a convenient assumption in turbulence theory and modelling,
it is well recognized that many real-world 
ows deviate signi�cantly from this ideal. In
the atmosphere, turbulence frequently develops under conditions that introduce strong di-
rectional biases, most notably due to strati�cation, convection, and mean shear. These
in
uences not only a�ect the large-scale dynamics but can also imprint anisotropic char-
acteristics on smaller scales, including those involved in energy dissipation [Chamecki and
Dias, 2006].

Strati�cation, whether stable or unstable, imposes a vertical structure on the 
ow. In
stably strati�ed environments, vertical motions are suppressed by buoyant forces, leading
to turbulence that is 
attened and elongated in the horizontal plane. This anisotropy may
persist across a broad range of scales and can a�ect both the intensity and distribution of
dissipation [Pumir et al., 2016]. In contrast, in unstable conditions such as those driven
by surface heating, vertical motions are enhanced, but coherent structures like thermal
plumes may still introduce directional features that depart from isotropic expectations
[Stiperski et al., 2021]. These features manifest in various turbulent statistics. For ex-
ample, anisotropic 
ows often show unequal variances in di�erent velocity components,
elevated skewness in scalar or velocity �elds, and spectral energy distributions that vary
with direction [Yokoyama and Takaoka, 2019]. In the dissipation range, anisotropy may
appear as non-uniform directional contributions to the strain rate terms used in estimating
dissipation. These statistical signatures indicate that even the smallest scales of motion
can retain a memory of anisotropic forcing conditions from larger scales [Xiao and Senocak,
2022]. The persistence of anisotropy at small scales is often governed by dynamic length
scales associated with strati�cation and shear. In stably strati�ed 
ows, the Ozmidov scale,

LO =
� �

N 3

� 1=2
;

marks the smallest scale at which buoyancy e�ects are signi�cant. Here,� is the turbulent
dissipation rate, andN is the Brunt{V•ais•al•a frequency,

N =
�

g
�

d�
dz

� 1=2

;

where g is the acceleration due to gravity,� is the potential temperature, and d�
dz is the

vertical potential temperature gradient. Below this scale, the 
ow becomes less a�ected
by buoyancy, and isotropy is more likely to develop.
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Shear is another dominant mechanism that breaks isotropy. When a mean velocity
gradient exists, such as in a jet, shear layer, or boundary layer, turbulent structures be-
come stretched and aligned along the direction of the 
ow. The resulting turbulence is
highly anisotropic, with enhanced production of energy along speci�c axes and nonuniform
dissipation rates. This is particularly evident in the atmospheric boundary layer, where
wind shear interacts with surface roughness and thermal strati�cation to generate complex,
anisotropic turbulent �elds [Watanabe and Nagata, 2023]. In shear-dominated 
ows, the
shear length scale is:

L s =
�

�
jsj3

� 1=2

;

where jsj is the magnitude of the mean,jsj =
p

2sij sij . If the turbulence does not extend
to scales smaller thanLO or L s, anisotropy may persist down to the dissipation range,
violating assumptions of local isotropy [Smyth and Moum, 2000]. Even in idealized nu-
merical simulations, such as those performed under large eddy simulation frameworks, this
anisotropy can persist. As such, diagnosing the extent and nature of isotropy in di�erent

ow regimes is critical. This diagnostics allows researchers to understand the limitations of
classical turbulence theory in applied contexts and to identify which physical mechanisms
are responsible for maintaining anisotropy across scales. This understanding is essential
for re�ning modelling approaches and improving the predictive skill of atmospheric sim-
ulations, particularly in cases where standard assumptions may lead to systematic biases
[Glegg and Devenport, 2017].

1.3 Large Eddy Simulation

1.3.1 Overview

LES is a turbulence modelling framework that resolves the largest, most energetic eddies in
a turbulent 
ow while modelling the in
uence of the smaller, subgrid-scale motions. Unlike
Reynolds-Averaged Navier{Stokes (RANS) approaches, which average turbulent 
uctua-
tions over all scales, LES directly captures the dynamic evolution of larger eddies that
dominate energy transport. This makes LES particularly valuable in studies that require
time-resolved representations of turbulence, such as this thesis. The central idea behind
LES is scale separation. A low-pass spatial �lter is applied to the governing equations of

uid motion to distinguish between resolved and unresolved scales. In the LES framework,
a spatial �lter is applied to the Navier{Stokes equations to separate the 
ow into large-
scale (resolved) and small-scale (unresolved) components. Filtered quantities, which are
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denoted by a tilde, are de�ned as:

~ui (x) =
Z

G(x � r )ui (r ) dr ;

where G is the �lter function, and the integration is over the domain. This �ltering
operation enables explicit treatment of the large, energy-carrying eddies while modelling
the in
uence of the smaller scales The �ltered momentum equation takes the general form:

@~ui

@t
+ ~uj

@~ui

@xj
= �

1
�

@~p
@xi

+ �
@2~ui

@x2j
�

@�ij
@xj

; (1.1)

where ~ui and ~p denote the �ltered velocity and pressure �elds,� is the kinematic viscosity,
and � ij represents the SGS stress tensor, de�ned as:

� ij = gui uj � ~ui ~uj : (1.2)

This SGS stress tensor encapsulates the impact of the unresolved scales on the resolved

ow and must be modeled to close the system of equations. The choice of subgrid model is
critical, as it a�ects the accuracy and physical realism of the LES results. LES occupies a
middle ground between Direct Numerical Simulation (DNS), which resolves all scales but
is computationally prohibitive for high Reynolds number 
ows, and RANS models, which
don't resolve any turbulent 
uctuations. By resolving a signi�cant portion of the turbulent
spectrum, LES allows for greater realism in representing energy-containing eddies and their
interactions, particularly in unsteady or inhomogeneous 
ows. For this reason, LES has
become a preferred approach for modelling atmospheric turbulence, especially for studies
of boundary-layer dynamics and strati�ed turbulence where scale-dependent processes play
a dominant role. In this thesis, LES is used not only to simulate turbulence, but also to
investigate how turbulence behaves, such as how energy is dissipated and how isotropy
varies|under di�erent 
ow conditions and resolutions [Lopes et al., 2024].

The resolved scales represent the most energetic, dynamically signi�cant structures of
the 
ow. These scales may be anisotropic and highly sensitive to boundary and forcing
conditions. They are directly computed by the numerical solver and include features such
as convective plumes, shear layers, and turbulence bursts. The subgrid scales, by con-
trast, include the smaller motions that are not resolved but still a�ect energy dissipation.
Though they contain less kinetic energy, they contribute critically to the energy cascade
and dissipation [Meneveau and Katz, 2000].

The assumption of isotropy in many SGS models, although convenient, can fail in
regimes with strong shear, strati�cation, or anisotropic forcing. In such 
ows, unresolved

7



motions may exhibit directional dependence, and standard models may underestimate
or overestimate dissipation in certain directions. This can distort energy transfer between
scales and reduce simulation accuracy [Supekar and Peacock, 2019]. For this reason, under-
standing the interaction between resolved and subgrid scales is essential, especially when
analyzing 
ow anisotropy or developing improved turbulence diagnostics [Togni et al.,
2019].

1.3.2 Eddy Viscosity Models: Smagorinsky and TKE-Based Ap-
proaches

To model the in
uence of unresolved SGS motions on resolved 
ow, LES relies on subgrid
closure schemes. Among these, eddy viscosity models are a common approach. These
models assume that the deviatoric part of the subgrid-scale stress tensor is proportional
to the resolved strain rate tensor, in a manner analogous to the viscous stress in the
Navier{Stokes equations.

� SGS
ij �

1
3

� SGS
kk � ij = � 2� t ~sij ; (1.3)

where ~sij is the resolved strain rate tensor and� t is the eddy viscosity. This representation
captures the di�usive transport behaviour of small-scale turbulence and provides an eddy
viscosity to model its dissipative e�ects on the larger, resolved 
ow [Pope, 2000]. One
of the earliest and most in
uential SGS models is the Smagorinsky model [Smagorinsky,
1963], which de�nes the eddy viscosity as a function of local strain rate and grid spacing.
The eddy viscosity in this approach is given by:

� t = ( Cs�) 2j~sj; (1.4)

with Cs being the Smagorinsky constant, � the �lter width (typically related to grid
spacing), andj~sj =

p
2~sij ~sij representing the magnitude of the resolved strain rate tensor.

Despite its simplicity, the Smagorinsky model has proven e�ective in many applications
and remains a baseline method in LES studies. However, its reliance on a �xed constant
and its inability to account for backscatter (energy transfer from small to large scales) limit
its accuracy, particularly in complex or transitional 
ows [Fr•ohlich et al., 2006].

An alternative class of models incorporates additional prognostic equations, most no-
tably for subgrid-scale turbulent kinetic energy (TKE). In TKE-based models, the eddy
viscosity is not prescribed directly, but is instead computed from the modelled subgrid
energy:
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� t = Ck �
p

ksgs; (1.5)

whereksgs is the subgrid TKE andCk is a model constant. In most implementations, includ-
ing the one used in this study,ksgs is obtained from a prognostic transport equation, which
evolves the subgrid-scale energy based on production, dissipation, and di�usion terms.
This method allows the model to dynamically adjust the subgrid energy in response to
evolving 
ow conditions [Deardor�, 1980]. This approach allows the SGS turbulence to
respond dynamically to local 
ow conditions, potentially improving performance in inho-
mogeneous or unsteady regions. It also enables better representation of the energetics of the
unresolved scales, which is particularly important in strati�ed or shear-dominated 
ows.
However, similar to other eddy-viscosity models, it does not capture energy backscatter
from small to large scales, which can be important in transitional or weakly turbulent
regions [Katopodes, 2019]. In this study, the LES simulations in WRF use a TKE-based
SGS model, allowing for spatial and temporal variability in eddy viscosity.

LES provides a valuable research platform for probing the limits of isotropy in such
regimes. Since it resolves large-scale motions directly, the model output can be used to
diagnose directional variations in energy, strain, and dissipation [Sutherland et al., 2019].
This is particularly relevant for the present study, which focuses on quantifying the degree of
isotropy in idealized but dynamically rich boundary-layer and strati�ed 
ow con�gurations.
By applying LES in carefully controlled numerical experiments, the study is able to isolate
key mechanisms that promote or inhibit isotropy, providing insights that are not easily
accessible from observations or coarser models.

1.4 Idealized Turbulent Flow Con�gurations

Idealized simulations o�er a simpli�ed yet physically insightful framework for studying
turbulence in the atmosphere. Unlike full-physics models, which must account for complex
interactions between topography and moisture, idealized setups allow for targeted investi-
gation of fundamental turbulent processes under controlled conditions [Elsherif and Taha,
2025].

This clarity is particularly valuable when analyzing small-scale anisotropy. By remov-
ing extraneous in
uences, idealized LES con�gurations enable direct examination of how
speci�c mechanisms|such as buoyant convection or mean shear|a�ect turbulence genera-
tion, evolution, and dissipation. They also allow for systematic variation of parameters like
strati�cation strength or surface forcing, making it possible to isolate causal relationships
[Lefauve and Linden, 2022].
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Idealized simulations provide a controlled framework for investigating turbulence mech-
anisms in the absence of complicating real-world factors such as topography, moisture, and
large-scale weather systems [Elsherif and Taha, 2025]. This clarity is particularly useful
when diagnosing isotropy, where confounding in
uences can obscure the interpretation of
dissipation-based diagnostics.

In this study, idealized regimes are selected to activate distinct turbulence-producing
dynamics in a numerically tractable and interpretable setting. These cases form a consis-
tent foundation for assessing isotropy using dissipation-based diagnostics, providing cross-
comparable results across 
ow types and model resolutions. Four idealized 
ow regimes,
shown in Table 2.2, are designed to isolate speci�c turbulence-generating mechanisms: (1) a
convective boundary layer (CBL) driven by uniform surface heating, (2) a localized thermal
plume resulting from a spatially con�ned surface heat source, (3) a bubble perturbation
shear-driven strati�ed layer using a hyperbolic tangent velocity pro�le, and (4) a random
perturbation strati�ed shear 
ow, same as test case 3. Each case activates di�erent energy
injection processes|buoyancy, shear, or random perturbation to initial conditions, within
a numerically stable, interpretable domain. These simpli�ed regimes are not intended to
replicate speci�c meteorological events but to distil fundamental turbulence behaviours
relevant to boundary-layer 
ows.

The ability to control forcing and boundary conditions is key to ensuring repeatabil-
ity and diagnostic clarity. For example, open lateral boundaries allow free development
of buoyant thermals in convective cases, while periodic boundaries support sustained tur-
bulence in shear-dominated regimes. Parameters such as strati�cation strength, surface
forcing, or shear intensity are precisely prescribed to ensure consistency across simulations.
These con�gurations provide a testbed for analyzing dissipation anisotropy across di�er-
ent regimes. Because turbulence in each case evolves from a dominant, well-characterized
mechanism, the results o�er interpretable comparisons in isotropic behaviour.

1.5 Dissipation Matrix and Isotropy Diagnostics

In turbulent 
ows, kinetic energy injected at large scales undergoes a cascade through
progressively smaller eddies until it is ultimately dissipated by molecular viscosity at the
smallest scales. This process is formally quanti�ed by the viscous dissipation rate per
unit mass, denoted by� , which represents the irreversible conversion of kinetic energy into
internal energy. The strain rate tensor captures the rate at which 
uid elements deform
without change in volume, and it plays a central role in energy transfer within the turbu-
lent cascade. Physically,sij measures the local velocity gradients that are responsible for
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stretching and distorting eddies, processes that enhance inter-scale interactions and con-
tribute to the dissipation of energy at small scales [Pope, 2000]. Dissipation is inherently
a small-scale phenomenon, and in the classical picture of turbulence, there is negligible
dissipation in the inertial range. This assumption underpins many theoretical models and
closure approaches, including Kolmogorov's 1941 theory [Kolmogorov, 1941]. However, the
validity of this assumption depends critically on the 
ow regime and the degree to which
small-scale motions have decoupled from larger-scale anisotropies imposed by shear, strat-
i�cation, or boundary e�ects. Hence, examining dissipation structure, and the associated
strain provides a sensitive insight into the degree of anisotropy present in a turbulent �eld.
To quantify how closely a given 
ow conforms to these ideal conditions, a scalar diagnos-
tic can be introduced that summarizes the deviations of the dissipation tensor from its
isotropic form. This diagnostic provides a single value that captures the extent of direc-
tional imbalance in the dissipation process: lower values indicate near-isotropic conditions,
while higher values point to signi�cant anisotropy. It o�ers a compact and interpretable
measure of small-scale structure without the need to inspect each tensor component indi-
vidually [Lang and Waite, 2019]. In this study, the scalar diagnostic is adapted for use
with spatially varying eddy viscosity �elds, as implemented in the LES model. While the
theoretical reference values assume constant viscosity, the diagnostic framework remains
valid when adjusted to account for the e�ective viscosity at each grid point. This allows
for a more realistic and meaningful interpretation of anisotropy in simulated atmospheric
turbulence, especially under varying 
ow regimes and strati�cation conditions .

The diagnostic framework for assessing dissipation anisotropy traditionally assumes a
constant molecular viscosity, as is common in theoretical and DNS studies. However, in
practical applications such as LES, this assumption is no longer valid. LES models rely
on a SGS viscosity that evolves dynamically based on local 
ow conditions, making the
dissipation �eld inherently spatially and temporally variable.

To apply dissipation-based isotropy diagnostics in such settings, the formulation must
be adapted to account for the eddy viscosity �eld used by the LES. Rather than relying
on a �xed viscosity value, the modi�ed approach computes the dissipation tensor using
the e�ective viscosity at each grid point. This adjustment preserves the structure of the
original diagnostic while extending its applicability to turbulent 
ows that are partially
resolved and subject to modelled dissipation.

This modi�cation is particularly important in strati�ed or shear-driven atmospheric

ows, where the magnitude and orientation of turbulence can vary signi�cantly across space
and time. By incorporating the spatially resolved eddy viscosity, the diagnostic becomes
sensitive to local anisotropy in the dissipation process without being biased by subgrid-
scale model assumptions. It also allows for consistent comparison between simulations with
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di�erent resolutions or SGS parameterizations.

While this approach introduces additional complexity in the implementation, it is es-
sential for ensuring that anisotropy assessments re
ect the physical dynamics of the 
ow
rather than artifacts of the modelling framework. In this study, the adapted diagnostic is
used to evaluate the isotropy of dissipation across a range of turbulence regimes simulated
with WRF-LES, enabling meaningful interpretation even under strongly inhomogeneous
and anisotropic forcing conditions.

1.6 Objectives

The main goal of this thesis is to understand how turbulence develops and becomes isotropic
under di�erent types of forcing. We study this by running four di�erent simulations using
the WRF model in idealized mode. Two of the cases are driven by buoyancy, and the
other two are driven by shear. We want to see how turbulence starts, how long it lasts,
and how isotropic it becomes over time in each case. To do this, we measure quantities
like dissipation, vorticity, and anisotropy. We also check how the results change when we
increase the resolution of the simulation. By comparing these four setups, we hope to
learn what controls the isotropy of turbulence and how di�erent physical processes shape
its behaviour. This can help us understand real-world atmospheric 
ows more clearly.
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Chapter 2

Methodology

2.1 Overview

This study is carried out to explore the isotropy of atmospheric turbulence through the
high-resolution simulations performed with the WRF model in LES mode. The anal-
ysis aims at estimating isotropy through dissipation-based diagnostics in four di�erent
turbulence-generating setups: a canonical CBL, a localized thermal plume, a strati�ed
shear layer perturbed by a localized bubble, and a strati�ed shear layer with a homoge-
neous random perturbation. Each simulation was carried out in idealized mode, using the
WRF.v4.3.3 model, on the Cedar cluster (Digital Research Alliance of Canada).

2.2 WRF Model and Computational Framework

The WRF model is a widely adopted, community-driven atmospheric model designed for
both research and operational forecasting applications. It integrates the fully compressible,
non-hydrostatic Euler equations in 
ux form. Additionally, it includes parametrization of
various physical processes, e.g. sub-grid turbulence, surface 
uxes, moist physics, radiative
transfer, which enables the simulation of atmospheric processes across a broad range of
spatial and temporal scales, from mesoscale dynamics to boundary layer turbulence. While
the model retains the full compressibility of the governing equations, the numerical schemes
used in WRF are speci�cally designed to dampen acoustic modes. This design allows for
stable and e�cient time integration without the need to resolve sound waves, which are
typically not relevant in atmospheric simulations.

13



2.2.1 Vertical Coordinate System

WRF employs a terrain-following, hydrostatic-pressure-based vertical coordinate� , de�ned
as:

� =
pd � pdt

pds � pdt
; (2.1)

wherepd is the dry hydrostatic pressure,pds is the surface pressure, andpdt is the pressure
at the model top. Near the ground, the grid follows terrain elevation, while at higher levels
it transitions to constant pressure surfaces. The vertical mass metric is given by the dry
air mass per unit area in each grid layer:

� d =
@pd
@�

= pds � pdt : (2.2)

This metric appears in the governing equations and controls the vertical distribution of
mass and pressure. It is also used in the de�nition of 
ux-form equations and in calculating
tendencies associated with vertical motion [Skamarock et al., 2019]. Our simulations have
a 
at bottom, which simpli�es the vertical coordinate.

2.2.2 Governing Equations

The governing equations solved by WRF are the compressible Euler equations written
in 
ux form with vertical coordinate (2.1), along with physical parameterizations. They
correspond to the conservation of mass, Newton's second law, conservation of energy, and
conservation of various scalars. The momentum equations in thex, y, and z directions
account for pressure gradient forces and other physical forcings. The system also in-
cludes thermodynamic, continuity, scalar transport, and geopotential tendency equations.
The prognostic variables include the three-dimensional mass weighted wind components
(U; V; W) = � d(u; v; w), where the lower cases are the velocities, the potential temperature
� and the geopotential height � = gz. Potential Temperature (� ) is the temperature that
a parcel of dry air would have if it were brought adiabatically (i.e., without heat exchange)
to a standard reference pressure, typically 1000 hPa. It is a conserved quantity in dry adi-
abatic processes and is commonly used to identify stability and mixing in the atmosphere.
It is worth mentioning in these simulations that the Mach number is considered very small.

� = T
�

p0

p

� R d
cp

; (2.3)
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whereT is the actual temperature (K), p is the ambient pressure (hPa),p0 is the reference
pressure (usually 1000 hPa),Rd is the gas constant for dry air,cp is the speci�c heat
capacity at constant pressure for dry air. It is important to note that although the vertical
coordinate is� , the vertical velocity componentw is expressed in Cartesian coordinates.
The momentum equations are:

@U
@t

+ r � (V u) + � d�
@p
@x

+
�

�
� d

�
@p
@�

@�
@x

= FU ; (2.4)

@V
@t

+ r � (V v) + � d�
@p
@y

+
�

�
� d

�
@p
@�

@�
@y

= FV ; (2.5)

@W
@t

+ r � (V w) � g
��

�
� d

�
@p
@�

� � d

�
= FW : (2.6)

In these equations,� d is the inverse density of dry air (1=� d), and � is the inverse density
taking into account the full parcel density, � = � d(1 + qv + qc + qr + qi + : : : )� 1, where
q� are the mixing ratios for water vapour, cloud, rain, ice etc. The thermodynamic and
continuity equations are:

@� m

@t
+ r � (V � m ) = F� m ; (2.7)

@�d
@t

+ r � V = 0: (2.8)

This form of continuity equation uses a special gradient format, which is de�ned below. In
these equations, the subscriptsx, y, and � denote di�erentiation,

r � V a = @x (Ua) + @y(V a) + @� (
 a);

and
V � r a = U@xa + V @ya + 
 @� a;

where a represents a generic variable, and 
 = _� is the vertical velocity associated with
the � coordinate.. The right-hand-side (RHS) termsFU , FV , FW , F� m represent forcing
terms arising from model physics, turbulent mixing, spherical projections, and the Earth's
rotation. Also, � m = � (1 + ( Rv

Rd
)qd) � � (1 + 1:61qv) The geopotential tendency equation is:

@�
@t

+ � � 1
d (V � r � � gW) = 0 : (2.9)

15



Scalar transport for moisture and other tracers is given by:

@Qm
@t

+ r � (V qm ) = FQm ; (2.10)

whereQ� = � dq� . The hydrostatic relation is:

@�
@�

= � � d� d; (2.11)

The equation of state for pressure is:

p = p0

�
Rd� m

p0� d

� 


; (2.12)

where
 = cp=cv.

The WRF model integrates the atmospheric equations using a time-split third-order
Runge{Kutta scheme. Horizontal advection is computed using a �fth-order scheme, while
vertical advection uses a third-order scheme. These high-order methods help accurately
capture sharp gradients and turbulent structures. The higher-order horizontal scheme re-
duces numerical di�usion across the larger horizontal domain, while the lower-order vertical
scheme helps maintain stability given the �ner vertical resolution and strong strati�cation.

LES resolves large-scale turbulent motions directly, while SGS e�ects are modelled. In
Cartesian coordinates, the �ltered momentum equation takes the form:

@�ui

@t
+ �uj

@�ui

@xj
= �

1
�

@�p
@xi

+ �
@2 �ui

@x2j
�

@�ij
@xj

; (2.13)

where �ui is the resolved velocity,� ij = ui uj � �ui �uj is the subgrid stress tensor, and� is the
molecular viscosity. WRF incorporates the� ij term in WRF coordinates into the FU ,FV ,
and FW forcing terms. The eddy viscosity� t is computed from the subgrid turbulence
kinetic energy (TKE) as:

� t = ck l
p

k; (2.14)

wherek is the subgrid TKE, l is the mixing length (typically related to grid spacing), and
ck is a model constant. The subgrid stress tensor is then modelled using:

� ij �
1
3

� ij � kk = � 2� t �sij ; (2.15)
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where �Sij is the resolved strain rate matrix:

�sij =
1
2

�
@�ui

@xj
+

@�uj

@xi

�
: (2.16)

The model uses modular physics packages, meaning that physical processes such as
microphysics, radiation, and boundary-layer dynamics are implemented as independent
components that can be activated or replaced as needed. It is parallelized using MPI for
e�cient performance on high-performance computing systems. All simulations were run
on the Cedar cluster provided by Compute Canada, and outputs were saved in NetCDF
format for compatibility with standard analysis tools such as WRF-Python.

2.2.3 Richardson Number and Stability Criteria

The gradient Richardson number (Ri ) is a nondimensional quantity that characterizes the
balance between strati�cation (buoyancy) and vertical shear in a stably strati�ed 
ow. It
is de�ned as:

Ri =
g
�

@�=@z

(@u=@z)2 + ( @v=@z)2 ; (2.17)

where g is the gravitational acceleration, � is the potential temperature, @�=@zis the
vertical potential temperature gradient, and@u=@zand @v=@zare the vertical gradients
of the horizontal velocity components [Miles, 1961].

The Richardson number measures the competition between stabilizing buoyancy e�ects
(numerator) and destabilizing vertical shear (denominator). It plays a key role in predict-
ing whether turbulence will be generated or suppressed in strati�ed shear 
ows. A classical
result in geophysical 
uid dynamics is that whenRi < 0:25, the 
ow may become dynam-
ically unstable and is prone to shear-driven instabilities such as Kelvin{Helmholtz insta-
bility. This value is often referred to as the critical Richardson number. WhenRi > 0:25,
strati�cation is su�ciently strong to suppress turbulence generation by vertical shear, and
the 
ow tends to remain laminar [Howard, 1961].

2.3 Domain Setup, Resolution, and Initialization

In this study, four idealized turbulence scenarios were simulated using the WRF-LES
model: a CBL, plume, localized bubble-perturbed strati�ed shear 
ow, and randomly
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perturbed strati�ed shear 
ow. Each case represents a distinct turbulence generation
mechanism, and its initial thermodynamic and dynamic conditions were con�gured ac-
cordingly.

Table 2.1: Simulation con�gurations for each idealized case at low and high resolution.
Simulation Case Resolution Length (km) Height (km) � x (m) � z (m)

CBL Low 12 2 50 42

CBL High 12 2 25 21

Plume Low 12 10 50 42

Plume High 12 10 25 21

Bubble Shear Flow Low 12 10 50 42

Bubble Shear Flow High 12 10 25 21

Randomly Shear Flow Low 12 10 50 42

Randomly Shear Flow High 12 10 25 21

The CBL and Plume simulations employed an initially layered potential temperature
pro�le with zero initial velocity. The initial potential temperature increases steadily with
height, showing that the air becomes progressively more stable as we move upward. Near
the surface, the gradient is small, suggesting a well-mixed layer, while the sharper increase
aloft indicates a stable cap that limits vertical mixing. The CBL was driven by uniform
surface heating, while the Plume case included a localized circular heat source. The Plume
case uses open boundary conditions, which allow 
uid to enter or leave the domain, mini-
mizing arti�cial wave re
ections at the boundaries, and the CBL uses a periodic boundary
condition due to the horizontal homogeneity of the heat 
ux. In the CBL case, the Ozmi-
dov scale is about 20 meters, which shows the smallest size where buoyancy still a�ects the

ow. In the plume case, the spatial distribution of the surface heat 
uxq(x; y) is de�ned
by the following equation:

q(x; y) =

8
<

:
qmax cos2

�
�
2

p
(x� x0 )2+( y� y0 )2

R

�
; if

p
(x � x0)2 + ( y � y0)2 � R;

0; if
p

(x � x0)2 + ( y � y0)2 > R;
(2.18)

where qmax = 0:24 K m/s denotes the maximum heat 
ux, R = 2000 m is the radius of
the heat source, and (x0; y0) represents the coordinates of the center of the heat source at
the ground surface at the center of the domain. In the CBL case, the heat 
ux is uniform
across the entire surface:q(x; y) = qmax .
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The Shear-Driven simulations were initialized with a hyperbolic tangent pro�le for
both potential temperature and velocity. The initial strati�cation and velocity pro�les
of the shear-driven and randomly perturbed test cases were con�gured based on a target
Richardson number pro�le. This ensured that the initial 
ow resides near the marginal
stability condition, allowing the development of turbulence from shear instability without
requiring external forcing. The initial velocity pro�le was given by:

U(z) =
� U
2

tanh
�

z � z0

dshear

�
; (2.19)

where � U is the di�erence in velocity across the shear layer,dshear is the thickness of the
shear transition, andz0 = 5000 m. The initial potential temperature was given by:

� (z) = � 0 +
� �
2

+
� �
2

tanh
�

z � z0

dshear

�
; (2.20)

where � � is the potential temperature di�erence across the shear layer, thereforeU and
� have the same tickness. The initial potential temperature and velocity pro�les were set
so that the minimum Richardson number in the domain was 0.3 for the bubble perturbed
shear case, which is slightly above the critical value for shear instability. For the randomly
perturbed shear simulation, the minimum Ri number was considered 0.1 to ensure the
creation of the shear instability.

To trigger turbulence, a perturbation was added to the initial condition. Two pertur-
bations were considered: a spatially localized bubble and random perturbations. In the
bubble case, the local Richardson number was reduced below the critical threshold and
created a small region of instability, allowing turbulence to develop in a controlled area of
the domain. The potential temperature �eld of the bubble is given by:

� � (x; y; z) =

8
><

>:

� � sin
�

�
2

z
dshear

�
� cos2

 
�
2

r �
x
dx

� 2
+

�
y
dy

� 2
!

; if j z� z0
dshear

j � 1;

0; if j z� z0
dshear

j > 1:

(2.21)

where � is the magnitude of the perturbation of the temperature, dx and dy are the
length of the bubble in the x and y direction. In this casedx = dy = 2500m.

For the next test case, the random perturbations were added instead of the warm bubble
throughout the domain. After that, the geopotential and density �elds were recomputed to
restore hydrostatic balance in both shear cases. These simulations used periodic boundary
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conditions, allowing �elds exiting one boundary to re-enter from the opposite side, thereby
mimicking in�nite or homogeneous domains without boundary-induced e�ects.

To assess resolution e�ects, each scenario was simulated at two resolutions: a low-
resolution setup with a 50 m horizontal grid spacing and 240 vertical levels, assuming
approximately uniform spacing with � z � 42m, and a high-resolution setup with 25 m
horizontal spacing and 480 vertical levels, with a vertical spacing of 21 m. The output
intervals were con�gured to resolve the temporal evolution of the turbulent structures and
the energy dissipation metrics.

Table 2.2: Simulation setup and initial conditions for each case.
Attribute CBL Plume Bubble

Shear
Random
shear

Potential Temperature Layered
structure

Layered
structure

tanh tanh

Initial Velocity Zero Zero tanh tanh

Boundary Conditions Periodic Open Periodic Periodic

Forcing Mechanism Uniform sur-
face heating

Localized
heat source

Shear in-
stability +
localized
bubble per-
turbation

shear in-
stability +
random per-
turbation

Figure 2.1 shows the initial potential temperature pro�les used for the di�erent idealized
simulations. In the CBL case, the temperature increases slowly with height up to about 2
km. The plume case includes a background temperature gradient with a localized warm
bubble around 5 km. The bubble shear and randomly perturbed shear cases have the same
overall pro�le, featuring a smooth transition near 5 km using a tanh shape.

Figure 2.2 shows the initial horizontal velocity pro�les in the x-direction. Both the
CBL and plume cases have zero background 
ow, while the shear cases include a smooth
velocity increase with height. This shear is centred around 5 km and introduces velocity
gradients that will drive shear-driven turbulence in the simulations.
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Figure 2.1: Initial potential temperature pro�les for each simulation. The CBL pro�le is
2 km. The plume case includes a warm anomaly at 5 km. Both bubble shear and random
shear share the same tanh-shaped pro�le.
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Figure 2.2: Initial horizontal (x-direction) velocity pro�les. The CBL and plume cases start
from rest, while the shear cases have a tanh pro�le centred near 5 km to induce shear.
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2.4 Physical Settings

All simulations were performed in dry, idealized mode to focus on the intrinsic dynamics
of turbulence without the in
uence of moist processes. Most physical parameterization
schemes, including microphysics, radiation, cumulus convection, and planetary bound-
ary layer (PBL) parameterizations, were turned o�; however, surface scheme and sub-
grid turbulence schemes were used. Surface heat 
uxes were prescribed in the CBL and
plume cases, and no surface heat 
ux in the shear cases. Surface momentum 
uxes were
computed using a surface layer scheme. Subgrid-scale turbulence was modelled using a
prognostic eddy viscosity formulation with isotropic mixing as described above. Acoustic
time-splitting and divergence damping techniques were used to maintain stability during
the integration of the compressible equations [Wicker and Skamarock, 2002].

2.5 Isotropy Diagnostics

2.5.1 Dissipation Ratios in Isotropic Turbulence (Taylor's Ra-
tios)

In this section, we donot use Einstein's summation convention. All summations are written
explicitly to avoid confusion. In incompressible turbulence, the molecular dissipation rate
per unit mass is given by:

� = 2�
X

i;j

hsij sij i ; (2.22)

where � is the molecular viscosity,sij is the strain-rate tensor, andh�i denotes a domain
average.

Taylor [1935] and subsequent work Pope [2000] show that under statistical isotropy, the
normalized dissipation matrix

D ij =
hs2

ij i
P

m;n hsmn smn i
(2.23)

must be invariant under coordinate rotations. This implies that all diagonal elements are
equal and all o�-diagonal elements are also equal.
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Diagonal Terms

For incompressible 
ow,
X

i

@ui
@xi

= 0: (2.24)

This constraint reduces the degrees of freedom in the diagonal strain components. Under
isotropy, one obtains [Taylor, 1935]:

hsii sii i =
2
15

X

m;n

hsmn smn i ; (2.25)

so that:
" ii

" tot
=

2
15

: (2.26)

O�-Diagonal Terms

For o�-diagonal components (i 6= j ):

hsij sij i =
1
4

"* �
@ui
@xj

� 2
+

+

* �
@uj
@xi

� 2
+

+ 2
�

@ui
@xj

@uj
@xi

� #

: (2.27)

Under isotropy, the cross term vanishes and the remaining terms are equal [Taylor, 1935]:

hsij sij i =
1
2

* �
@ui
@xj

� 2
+

=
1
10

X

m;n

hsmn smn i ; (2.28)

so that:
" ij

" tot
=

1
10

; i 6= j: (2.29)

As a result, for molecular dissipation in isotropic turbulence, the normalized dissipation
matrix D ij is equal to 2/15 on the diagonal and 1/10 on the o�-diagonal.

2.5.2 Extension to LES with Eddy Viscosity

Lang and Waite [2019] showed that sub-�lter dissipation in �ltered DNS obeys Taylor's
ratios under isotropic turbulence. In LES, the eddy dissipation is a parameterization of this
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sub-�lter dissipation, and so it should behave similarly. In our LES model, the e�ective
eddy viscosityK varies spatially and temporally. To account for this, we apply the same
theoretical framework usingK at each grid point.

The rate of SGS dissipation per unit mass is de�ned as:

� = 2
X

i;j

hKs ij sij i ; (2.30)

wheresij is the resolved strain-rate tensor. The normalized contribution of each component
is:

� ij =
2hKs ij sij i

�
: (2.31)

We assess isotropy by comparing� ij against theoretical ratios:

Stheo
ij =

(
2
15; i = j;
1
10; i 6= j:

(2.32)

To quantify deviations from isotropy, similar to Lang and Waite [2019], we de�ne:

� � =
1
6

X

i;j

� � ij

�
� Stheo

ij

� 2
: (2.33)

Small values of� � indicate near-isotropic dissipation. We compute� � using time-averaged
values from the central horizontal domain, minimizing boundary e�ects and better re
ect-
ing bulk turbulence behaviour.

In summary, isotropy diagnostics use dissipation matrix components to help us un-
derstand how small-scale turbulent energy dissipation is distributed in di�erent direc-
tions. Theoretical ratios derived from molecular viscosity are useful benchmarks, and
our eddy-viscosity extension allows for application in LES. Across simulations, deviations
from isotropic values are a clear indicator of anisotropy, a�ected by di�erent forcing and
resolution. The scalar diagnostic� � captures these deviations and investigates the 
ow's
isotropic behaviour.
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Chapter 3

Results

3.1 Convective Boundary Layer

The CBL simulation was performed over a total duration of 6 hours to ensure the develop-
ment of fully turbulent 
ow. This extended run time allows the turbulence to evolve from
an initially quiet state with no velocity to a turbulent convective regime due to surface
heating.

To visualize the evolution of CBL over time, two sets of contour plots are presented:
Figure 3.1 for total vorticity and Figure 3.2 for potential temperature. The high resolution
simulation was used in these �gures. Figures includes four selected times:t = 14, 30,
60, and 240 minutes. Each time snapshot highlights how turbulent structures evolve. We
begin with small convective plumes near the surface, then observe how the mixed layer and
vorticity depth grow over time. These times are chosen to represent distinct regimes of

ow development throughout the simulation, capturing the early transition, growth, and
mature phases of turbulent convection. The vorticity contours (Figure 3.1) clearly show
the gradual upward development of convective structures, with small plumes att = 14
minutes growing into larger turbulent eddies byt = 60 minutes, and eventually reaching a
deep mixed layer att = 240 minutes. At t = 14 minutes, strong vorticity is con�ned below
500 m. Byt = 30 minutes, it reaches 750 m, and extends up to 1.2 km att = 60 minutes.
At t = 240 minutes, vorticity spans almost the full domain up to 1.25 km, indicating
deep turbulent mixing. In parallel, the potential temperature plots (Figure 3.2) show that
at t = 14 minutes, we see a sharp gradient near 1 km, the initial capping inversion, with
colder, well-mixed air below. As time progresses, the mixed layer thickens: the gradient
shifts upward to 1.2 km att = 60 minutes and 1.5 km att = 240 minutes, consistent with
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vertical mixing. Eventually, since there is surface heating, but no cooling or large forcing,
the CBL will grow in time.

Figure 3.1: Magnitude of total vorticity contour of CBL simulation during the fully devel-
oped stage for four selected times.

For the CBL case, the Ozmidov scale is estimated using the initial potential temper-
ature pro�le to compute the Brunt{V•ais•al•a frequency N , together with a representative
dissipation rate � taken from the early turbulent peak. This results in an Ozmidov scale of
approximately 20 m. This value represents the smallest scale at which buoyancy e�ects re-
main important in the convective boundary layer and suggests that turbulence approaches
isotropy only at smaller scales.

In the CBL simulation, all dissipation values are domain-averaged over the lower half of
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