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Abstract

Simulations of complex fluid dynamics problems or climate models take weeks to complete even
when run parallel in state-of-the-art supercomputers. Given computational resource constraints
and the need for adaptable simulation settings, cost-efficient and accurate algorithms are essen-
tial. In this thesis, we explore stable, efficient, and accurate methodologies when applied to the El
Niño–Southern Oscillation (ENSO), which integrates coupled atmosphere, ocean, and sea surface
temperature (SST) mechanisms in the equatorial Pacific. ENSO is one of the most influential and
complex climate phenomena, affecting weather patterns across the globe.

ENSO consists of irregular oscillations between warm (El Niño) and cold (La Niña) phases
in the Pacific Ocean, significantly impacting global weather patterns. Due to ENSO’s inherent
complexity and uncertainties, it is particularly suited for stochastic modeling. By modeling these
uncertainties, stochastic simulations offer a more accurate representation of ENSO’s variability, in-
cluding its irregular periods and amplitudes. We first study the effects of stochastic perturbations
on ENSO dynamics and introduce novel modeling and numerical schemes based on the Wiener
Chaos Expansion (WCE). The key idea behind WCE is the explicit discretization of white noise
through Fourier expansion. We also compare these methods with Monte Carlo (MC) simulations.
Our findings demonstrate that the simulation of the linear stochastic ENSO model driven by the
Ornstein-Uhlenbeck process using WCE requires far less computational resources and gives more
accurate results compared to MC ensembles. This part of the thesis provides an alternative efficient
approach for simulations of stochastic climate models and quantification of statistical moments,i.e,
mean and variance.

In the next stage of this research, we explore a reduced-order modeling (ROM) framework based
on the POD-Galerkin method when applied to a nonlinear ENSO model. POD-Galerkin reduced
order modeling aims to reduce the computational complexity and present high-dimensional prob-
lems (usually PDEs) with reduced-order equations (ODEs). POD modes are optimal in capturing
the system’s dominant features, making it particularly effective for reducing the dimensionality of
systems governed by PDEs. By capturing the full-order ENSO (PDE) model with only four modes
and four reduced-order equations, we achieve a substantial reduction in computational complexity
without significant loss of accuracy. Due to the special properties of the model, we introduce a
novel approach using different POD bases, but the same time coefficients for all model components.
Moreover, we employ machine learning methods to explore different ROM and model discovery
techniques in this part.

The final part of this thesis focuses on the data assimilation of the nonlinear stochastic ENSO
model, which forms the core results of this research. We first demonstrate the validity of POD-
Galerkin reduced order modeling for the stochastic ENSO driven by the Ornstein-Uhlenbeck pro-
cess. We project SPDEs onto POD modes derived from the deterministic model and introduce the
reduced-order stochastic equations (SDEs). After setting up the filtering framework, we combine
these equations and artificial observations in the Pacific ocean, based on realistic experiments, to
estimate the ENSO-related SST anomalies. We employ particle filters and test the efficiency using
different number of particles and ensembles. From novel ENSO modeling to uncertainty quantifica-
tion, from reduced order modeling to nonlinear filtering, this thesis provides a promising approach
for accurate and efficient predictions of ENSO-related climate variables.
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5.14 Average of truth qα(t) and estimation âα(t) using 100 particles and 10 ensembles. . 84

A.1 Meridional profiles of atmosphere (ϕ0,2(y)) and ocean (Ψ0,2(Y )) parabolic cylinder
functions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

C.1 POD modes Ψ̂α(x) for α = 1, ..., 4 obtained from simulations with different initial
conditions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

C.2 POD time coefficients qα(t) for α = 1, ..., 4 obtained from simulations with different
initial conditions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

C.3 Comparison of POD time coefficients qα(t) and the simulation of the POD-SINDy
equations sα(t). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

C.4 Comparison of autoencoder latent space rα(t) and the simulation of the AE-SINDy
equations sα(t). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

C.5 Dynamics of reduced-order model (C.1) as t→∞. . . . . . . . . . . . . . . . . . . . 109

D.1 Ten ensembles of POD time coefficients qsα(t) using Equation (5.8). . . . . . . . . . 110

D.2 Ten ensembles of POD-Galerkin reduced-order stochastic equations asα(t) using Equa-
tions (5.9)-(5.10). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

D.3 First three ensembles of the SST component of full-order stochastic (5.1) (left), POD
reconstruction of full-order model using qsα(t, ω) and Ψα(x) (middle) and L1 error
between them (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

D.4 First three ensembles of the SST component of full-order stochastic (5.1) (left), POD
reconstruction of full-order model using asα(t) and Ψα(x) (middle) and L1 error be-
tween them (right). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

D.5 Evolution of probability densities over time. . . . . . . . . . . . . . . . . . . . . . . 116

xii



List of Tables

1.1 Hierarchy of ENSO Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2 Methodologies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1 Numerical scheme for the the El Niño-Southern Oscillation (ENSO). . . . . . . . . 24

2.2 Descriptions of parameters in the operator A(κ) and nonlinearity N (u, u, µ). . . . . 25

3.1 Gaussian random variables multiplied by the corresponding propagator coefficients
for different sets. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.2 Numerical scheme for the solution of deterministic propagators combined with the
appropriate random basis to obtain the WCE solution of SPDEs. . . . . . . . . . . 43

3.3 Comparison of relative mean and variance errors for MC ensembles and WCE method
for sea surface temperature T (t, x), including computation times on a common laptop. 45

4.1 Reconstruction errors of model PDEs (root mean square) KA,RA,KO,RO,T , using
different number of modes with α = 1, ..., 4 . . . . . . . . . . . . . . . . . . . . . . . 61

4.2 Root mean square error between FOM and used methods for KO, RO, and T using
four modes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.1 Values of projected noise intensities σ. . . . . . . . . . . . . . . . . . . . . . . . . . 73

5.2 Root mean square (RMSE) between truth qα(t) and estimation âα(t) using 2 particles
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Chapter 1

Introduction

Numerical climate prediction (NCP) refers to the simulation of the Earth’s climate system through
mathematical models and computational methods to forecast climate behavior over various timescales,
from months to decades or even centuries. These simulations are critical for understanding and man-
aging the impacts of climate variability on natural and human systems. By simulating the Earth’s
climate system, NCP provides insights into long-term trends in temperature, precipitation, and
extreme weather events. These insights can inform policy decisions on climate adaptation and mit-
igation, support sustainable development, and guide the design of infrastructure resilient to future
climate conditions. As a result, NCP can help assess risks associated with phenomena like tropical
cyclones and polar ice melt, which have global socioeconomic and environmental consequences.

NCP is also critical for advancing our understanding of complex feedback mechanisms within the
Earth’s climate system. These models help track the interactions between various climate compo-
nents, such as the atmosphere, oceans, ice sheets, and vegetation, providing a comprehensive view
of how changes in one system can influence others. By improving the accuracy of these simulations,
NCP plays a crucial role in predicting the potential impacts of climate change on biodiversity, food
security, and water resources. Furthermore, NCP is instrumental in assessing the effectiveness of
climate interventions, such as carbon sequestration and geoengineering strategies, enabling informed
decisions on how to mitigate adverse climate outcomes [143]. As climate challenges become more
pressing, the ability to make well-informed predictions will be indispensable for safeguarding the
planet’s ecosystems and human societies.

NCP on a global scale provides significant advantages in understanding and forecasting climate
variability and change.High-resolution models substantially enhance the representation of key pro-
cesses such as convection, ocean-atmosphere interactions, and the hydrological cycle, leading to
improved accuracy in predicting extreme weather events and long-term climate trends [136]. These
models have been significantly improved by advances in computational power and data assimilation,
allowing forecasts today to achieve a level of accuracy that was unreachable decades ago [60]. Large-
ensemble simulations further guide climate risk assessments by providing probabilistic insights into
rare and effective events [115]. Moreover, the integration of NCP and artificial intelligence promises
to further increase forecast efficiency and skill by leveraging vast datasets and complex pattern
recognition [144].

While predictions remain central to NCP, the uncertainty surrounding them, particularly due
to incomplete data from remote regions, such as the deep ocean and polar ice caps, limits their
reliability. Moreover, the uncertainty in initial and boundary conditions, which particularly stems
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from such incomplete observational data and the inherent long-term variability of the climate sys-
tem, makes prediction more challenging. Additionally, integrating diverse observational datasets
into climate models through data assimilation is computationally demanding, especially when con-
sidering complex feedback mechanisms [161]. The inherent unpredictability of the climate system
complicates distinguishing natural variability from anthropogenic influences [93].

While uncertainty in initial and boundary conditions challenges model accuracy, additional
limitations arise from the models themselves, particularly in simulating small-scale processes and
coupling system components. Current models often struggle to adequately simulate small-scale
processes, such as cloud dynamics, ocean-atmosphere interactions, and ice-sheet behavior, which
are critical for projecting future climates. These processes are typically parameterized due to
computational constraints, introducing biases into simulations [8]. Furthermore, coupling different
components of the Earth system, such as the atmosphere, oceans, and biosphere, remains a com-
putationally intensive task, requiring vast resources and advanced algorithms. Addressing these
challenges calls for increased investment in high-performance computing, the expansion of global
observational networks, and the development of more sophisticated numerical methods [70].

These model limitations are compounded by the high dimensionality of climate systems, which
require models to account for numerous variables across fine temporal and spatial scales. Climate
models must represent interactions across the atmosphere, oceans, land surface, and cryosphere,
resulting in a vast number of variables. Solving the governing equations for these variables requires
substantial computational resources, especially as higher resolutions demand smaller time steps to
maintain stability. Moreover, the representation of small-scale processes, such as cloud microphysics,
ocean eddies, and ice dynamics, often relies on parameterizations, which introduce biases and limit
model accuracy [134]. The sheer size of the data generated by these models also complicates storage,
retrieval, and analysis, making it challenging to extract actionable insights [143].

Data assimilation and uncertainty quantification in high-dimensional climate systems further
amplify these challenges. Integrating diverse observational datasets from satellites, ground stations,
and other sources into large-scale models requires advanced data assimilation techniques, like 4D-Var
or ensemble Kalman filters, which struggle to scale effectively with increasing dimensions. Simi-
larly, ensemble-based methods used to assess uncertainty involve running multiple high-dimensional
simulations, significantly increasing computational demands [125]. Additionally, the chaotic nature
of the climate system complicates the separation of natural variability from anthropogenic forcing,
challenging the accuracy of long-term projections.

To address these challenges, the development of fast algorithms and reduced-order models
(ROMs) has become crucial. These methods aim to reduce computational costs while maintaining
the accuracy of simulations, which is vital given the high-dimensional nature of the climate sys-
tem. As climate models become more complex and require higher resolutions to capture fine-scale
processes, the computational demand increases significantly, making long-term simulations and fre-
quent model updates impractical. Fast algorithms, such as those based on parallel computing and
advanced numerical techniques, enable the efficient processing of large datasets and the rapid ex-
ecution of simulations. Reduced-order models (ROMs) offer an effective approach to mitigate the
computational burden by simplifying the system while retaining its essential dynamics. By focusing
on the most influential modes and reducing the complexity of the model, ROMs maintain accuracy
while dramatically reducing the number of calculations required. These advances are essential for
scaling NCP to the global level, providing timely predictions, and enabling more frequent updates
that are critical for climate monitoring, policy-making, and adaptation strategies. The integration
of fast algorithms and ROMs into climate models facilitates more efficient exploration of future
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climate scenarios, ultimately enhancing our ability to mitigate and adapt to the impacts of climate
change.

This thesis aims to enhance climate prediction by developing efficient, stable, and accurate algo-
rithms, focusing specifically on improving predictions for the El Niño-Southern Oscillation (ENSO),
a critical climate phenomenon influencing global weather patterns. Our work consists of four main
components. First, we employ the ENSO model developed by Majda and collaborators [23,155] and
propose a slightly novel variation by adjusting the boundary conditions. Unlike the original model,
our proposed model is confined to the equatorial Pacific Ocean rather than the entire equatorial
belt.

Building on this new modeling formulation, we use Wiener Chaos Expansion (WCE) and Monte
Carlo (MC) ensemble approaches to simulate a linear stochastic ENSO model as the second step.
In this part, we demonstrate that the WCE method can be more efficient and accurate compared
to the MC technique. However, applying the WCE method to a nonlinear stochastic ENSO model
introduces significant challenges. WCE suffers from rapid growth in the number of terms required
to represent solutions as the dimensionality of the system increases, making computations expensive
and complex. As a result of nonlinear interactions, non-Gaussian dynamics in stochastic models
lead to intricate coupling between chaos coefficients, complicating truncation strategies and intro-
ducing errors in the approximation of higher-order terms. These challenges in the nonlinear model
prompted us to explore more efficient methods.

To address the high dimensionality and nonlinearity of the problem, we employed reduced-order
modeling techniques based on Proper Orthogonal Decomposition (POD) combined with Galerkin
projection in the fourth chapter of this thesis, which constitutes the core of our research. These
reduction techniques allows us to approximate the high-dimensional nonlinear ENSO model using
a small number of reduced-order equations, enabling efficient, accurate, and cost-effective computa-
tions. In addition to POD-Galerkin reduction, we explore neural network and sparse identification
algorithms to investigate alternative reduced-order approaches. In the fifth chapter of this thesis,
we apply nonlinear filtering algorithms to predict sea surface temperatures using reduced-order
models. This work represents an initial and promising step toward achieving accurate predictions
for real-world systems.

The aim of this chapter is to provide a comprehensive overview of the thesis by outlining its key
components. We begin by exploring various Earth climate systems in Section (1.1), narrowing our
focus to the El Niño-Southern Oscillation (ENSO) in Section (1.1.2), which serves as the experi-
mental foundation of this research.Section (1.2) highlights the methodologies developed to enable
efficient and accurate simulations of ENSO. In Section (1.2.1), we delve into stochastic numerical
techniques, including the Wiener Chaos Expansion (WCE) and Monte Carlo simulations. This is
followed by reduced-order modeling strategies in Section (1.2.2), with an emphasis on the POD-
Galerkin method and complementary data-driven approaches. Finally, Section (1.2.3) focuses on
nonlinear filtering methods, which constitute the central objective of this research. We also provide
the thesis layout scheme in Section (1.3). The following chapters will detail the methodologies
employed to achieve these improvements, beginning with an exploration of the ENSO model and
progressing through the advanced techniques developed in this research.
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1.1 Climate Models and ENSO

1.1.1 Climate Modeling

Climate modeling involves using mathematical and computational techniques to simulate the be-
havior of Earth’s climate system. These models are designed to capture the interactions among
key components of the climate—such as the atmosphere, oceans, land surface, and ice—to study
past, present, and future climate conditions. By incorporating physical laws governing phenomena
like fluid dynamics, thermodynamics, and radiative transfer, climate models enable scientists to
predict changes in temperature, precipitation, wind patterns, and other climate variables. They are
essential tools for understanding how natural factors (e.g., volcanic eruptions) and human activities
(e.g., greenhouse gas emissions) influence the climate across different time scales, from seasons to
centuries [119].

Climate models vary in complexity. For instance, Energy Balance Models (EBMs) are simplified
models that estimate global temperatures by focusing on the balance between incoming solar radi-
ation and outgoing heat. More advanced models like General Circulation Models (GCMs) simulate
atmospheric and oceanic circulation, capturing the intricate flow of air and water across the globe.
The most comprehensive models, known as Earth System Models (ESMs), integrate additional
components like the biosphere and carbon cycle [107]. These climate models are used to predict
future climate conditions, understand the role of human activities in climate change, and assess risks
to ecosystems, agriculture, and society. Despite uncertainties, such models have become essential
tools in addressing climate change, and are continuously refined by comparing their outputs with
historical data and observations.

There are several major climate phenomena that significantly influence weather patterns and
global climate. These events involve interactions between the ocean and atmosphere and can lead
to shifts in temperature, precipitation, and storm activity worldwide. For example, The North
Atlantic Oscillation (NAO) is a climate phenomenon that describes fluctuations in atmospheric
pressure differences between the Icelandic Low and the Azores High, two semi-permanent pressure
systems in the North Atlantic Ocean. These pressure variations significantly affect the weather
patterns across North America, Europe, and parts of North Africa, especially during the winter
months [58, 59]. Moreover, the Madden-Julian Oscillation (MJO) is a tropical disturbance that
travels eastward around the globe and affects atmospheric circulation, particularly in the Indian
and Pacific Oceans [99, 172]. It influences monsoon activity and tropical storm development. In
this thesis, we study a natural climate phenomenon characterized by periodic variations in sea
surface temperatures and atmospheric pressure in the tropical Pacific Ocean: the El Niño-Southern
Oscillation (ENSO).

The hierarchy of ENSO models ranges from simple conceptual frameworks to complex coupled
general circulation models (GCMs) as shown in Table (1.1). At the basic level, conceptual models
like the delayed oscillator or recharge–discharge models capture key feedback mechanisms with
minimal complexity [151]. Intermediate complexity models, such as intermediate coupled models
(ICMs), include simplified ocean and atmospheric dynamics to balance realism and computational
efficiency [171]. At the highest level, fully coupled GCMs simulate detailed interactions between
the ocean, atmosphere, and land surface, providing the most comprehensive—but computationally
intensive—representations of ENSO dynamics [83].

4



Conceptual
Models

Intermediate
Coupled
Models

Fully
Coupled
GCMs

Table 1.1: Hierarchy of ENSO Models

1.1.2 El Niño-Southern Oscillation (ENSO)

The El Niño-Southern Oscillation (ENSO) is a recurring and intricate climate phenomenon orig-
inating in the tropical Pacific Ocean. It involves the dynamic interplay between the ocean and
atmosphere, causing periodic fluctuations in sea surface temperatures (SSTs). These changes in-
fluence atmospheric conditions over the equatorial Pacific and other low-latitude regions. ENSO
significantly impacts global weather patterns, making its accurate modeling and simulation crucial
for climate prediction.

Initial observations of climatic anomalies in low-latitude regions were made by Bjerknes [12] in
the late 1960s, who noted the correlation between sea surface temperature (SST) and equatorial
atmospheric circulations. These findings established the link between El Niño and the Southern
Oscillation. Building on empirical observations, Matsuno and Gill [42] used simplified one-layer
shallow-water models with damping to provide analytical solutions, representing the atmospheric
response through equatorial Kelvin and Rossby waves. Since the 1970s, experimental forecasts of
ENSO have been conducted. Among the intermediate atmosphere-ocean coupled models, the Cane-
Zebiak model [171] has been particularly influential, accurately capturing the key dynamics of the
coupled system. Additionally, Neelin, Dijkstra, and their colleagues proposed a comprehensive
deterministic ENSO theory [29,120], thoroughly analyzing the system components.

Another important contribution to ENSO studies was made by Fei Fei Jin, who introduced
the influential recharge-discharge oscillator conceptual model that highlights the basin-scale heat
content buildup as central to the oscillatory behavior of ENSO [66]. Jin also provided a compre-
hensive synthesis of ENSO modeling that unifies delayed oscillator and western Pacific oscillator
while accounting both internal dynamics and external stochastic forcing [67].

ENSO is driven by complex ocean-atmosphere interactions, where changes in SST significantly
impact atmospheric pressure and wind patterns, which in turn influence oceanic currents and up-
welling. A key mechanism is the Bjerknes feedback, a positive loop where warm SST anomalies in
the eastern Pacific weaken trade winds, further reducing upwelling and enhancing warming. The
depth and tilt of the thermocline, a layer with a steep temperature gradient, play crucial roles in the
development of ENSO events, as they affect the distribution of SST anomalies [121]. Additionally,
the propagation of equatorial Kelvin and Rossby waves spreads these anomalies across the equato-
rial Pacific, influencing the onset and decay of ENSO events. These interconnected processes make
ENSO a highly dynamic and complex phenomenon, challenging to model and predict accurately.

In this thesis, we study the nonlinear ENSO model developed by Majda and colleagues [23,
155] (Majda’s model), where the ocean and atmosphere are both modeled as non-dissipative lin-
ear shallow water equations, with a dissipative nonlinear thermodynamics budget. Similar to the
Zebiak-Cane model, it is an anomaly model, where the anomalies are calculated relative to a mean
annual cycle specified from observations, and thus all state variables in subsequent sections are
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anomalies from an equilibrium state and are nondimensional. Building on the foundation of the
Cane-Zebiak model, Majda’s model addresses the limitations of linearity and determinism, making
it a more versatile tool for studying the complexities of ENSO phenomena. This model provides a
more realistic framework for studying ENSO variability, extremes, and predictability in the pres-
ence of noise. Such models can then be further simplified by meridional truncation that reduces the
dimensionality of the problem by approximating the solution in the meridional (north-south) direc-
tion using a predefined set of modes. The model introduced by Majda and co-workers in [23, 155]
are defined as:

U
def
= [u(t, x, y), v(t, x, y), θ(t, x, y), U(t, x, Y ), V (t, x, Y ), H(t, x, Y ), T (t, x, y)]

The differential form, model components, boundary conditions, and modeling parameters are pro-
vided in the Appendix (A).

It is shown that the ENSO model can be projected onto parabolic cylinder functions, resulting in

nonlinear coupled PDEs in five variables u(t, x)
def
= [KA(t, x), RA(t, x), KO(t, x), RO(t, x), T (t, x)]T

that can be expressed in differential equation form as

M∂u

∂t
(t, x) = A(κ)u(t, x) +N (u,u, µ)(t, x) + Ẇ (t) (1.1)

whereM is a 5× 5 constant matrix with diagonals [0, 0, 1, 1, 1], the linear operator A(κ) is a linear
operator dependent on the wind stress coefficient κ and nonlinearity N (u,u, µ) with advection
coefficient µ, respectively. The dissipative steady atmosphere model is driven by atmospheric Kelvin
KA(t, x) and Rossby RA(t, x) waves, respectively. Moreover, a dissipative shallow water ocean model
forced by atmospheric waves is composed of oceanic Kelvin KO(t, x) and Rossby RO(t, x) waves.
The final component of the coupled model is the sea surface temperature (SST) model T (t, x) that
characterizes the temperature anomalies. The randomness W (t) will be discussed in more detail in
the thesis. The equation (1.1) serves as the central component of this work.

1.2 Methodologies

In this thesis, we employ numerical and reduced-order modeling techniques to analyze the deter-
ministic and stochastic versions of Equation (1.1). The techniques used in this work fall into three
main categories. First, stochastic numerical methods include Wiener chaos expansion (WCE) and
Monte Carlo simulations. Second, reduced-order modeling approaches involve POD-Galerkin reduc-
tion and neural networks combined with sparse identification methods. Finally, nonlinear filtering
methods include WCE and particle filtering. Table (1.2) summarizes the methods used in this work.

ENSO Modeling
& Simulations

Stochastic
Numerics

Reduced Order
Modeling

Nonlinear
Filtering

Table 1.2: Methodologies.
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1.2.1 Stochastic Numerical Methods

Stochastic numerics is a subfield of numerical analysis that focuses on developing and applying
numerical methods to solve problems involving randomness or uncertainty. Such problems are
often modeled by stochastic processes, stochastic differential equations (SDEs), stochastic partial
differential equations (SPDEs), or random fields. The primary challenge in stochastic numerics
is to accurately and efficiently simulate, approximate, and analyze systems where the behavior
is influenced by random factors, often leading to non-deterministic outcomes. SPDEs generalize
partial differential equations (PDEs) by including stochastic terms, which may account for random
inputs, boundary conditions, or coefficients. These equations are used in fields like fluid dynamics,
climate modeling, economics, astrophysics and quantum mechanics where randomness is inherent
in the system being modeled [50].

The development of stochastic numerics has been shaped by the evolution of probability theory,
stochastic processes, and numerical analysis. Its history is marked by key contributions from math-
ematicians, physicists, and engineers, as well as the growing importance of computational methods
in science and industry. The foundations of stochastic numerics lie in the development of probabil-
ity theory, which began in the 17th century with the work of Blaise Pascal and Pierre de Fermat
on problems of gambling and chance. This was further formalized by figures like Jakob Bernoulli
(law of large numbers) and Pierre-Simon Laplace (central limit theorem) [82] in the 18th century.
The concept of Brownian motion, observed by botanist Robert Brown in 1827, laid the groundwork
for stochastic processes. Albert Einstein’s mathematical description of Brownian motion in 1905
[36], and later Norbert Wiener’s formalization of it as a stochastic process, were crucial in the
development of stochastic differential equations (SDEs) [163,165].

The development of SDEs began in the early 20th century with the work of Andrey Kolmogorov,
who formulated the Kolmogorov forward and backward equations [77], and Norbert Wiener, who
provided a rigorous mathematical foundation for Brownian motion. Kiyoshi Itô further advanced
this field in the 1940s by developing Itô calculus [64], which became essential for solving SDEs. In
the 1960s and 1970s, with the rise of digital computing, researchers began developing numerical
methods to solve SDEs. The Euler-Maruyama method, an extension of the Euler method for ODEs
to stochastic cases, became one of the first and most widely used techniques [105].

Despite many achievements, stochastic numerics often deals with high-dimensional spaces, where
traditional numerical methods can suffer from the “curse of dimensionality”. Developing efficient al-
gorithms that scale well with dimension is an ongoing challenge. Techniques like variance reduction,
adaptive methods, and parallel computing are crucial in addressing these challenges.

In this thesis, we are interested in a class of stochastic partial differential equations (SPDEs)

ut = L(u) + σẆ (t) (1.2)

where L(u) is a general linear or nonlinear differential operator in spatial variables, and W (t) is a
Brownian motion. The solution of (1.2) not only depends on the spatial-time variable (t, x) but
also the Brownian motion path.

To solve Equation (1.2), we focus on two methods of stochastic numerics: Wiener Chaos Ex-
pansion (WCE) and Monte Carlo (MC) methods. WCE is a technique used to represent random
variables or processes as an infinite series of orthogonal polynomials (Hermite polynomials) with
respect to a Gaussian measure. This method is particularly useful in the context of solving SDEs
or analyzing systems with Gaussian random inputs. The expansion is based on the Wiener-Itô

7



theorem, which states that any square-integrable random variable can be decomposed into an or-
thogonal series of Hermite polynomials of Gaussian random variables [17, 71,94,95,98]. Each term
in the series represents a different “order of chaos”, with the first term being deterministic and
higher-order terms capturing increasing levels of randomness. WCE is powerful for uncertainty
quantification, sensitivity analysis, and solving stochastic partial differential equations (SPDEs) by
transforming a stochastic problem into a deterministic one in the space of the coefficients of the
expansion. This transformation is represented as follows:

u(t, x,W t) =
∑
α∈J

uα(t, x)Vα(ξ) (1.3)

Here, Vα(ξ) are multi-variable Hermite polynomials of Gaussian random variables. The functions
uα(t, x) represent deterministic Hermite-Fourier coefficients in the Cameron-Martin orthogonal de-
composition of u(t, x,W t). The Gaussian random variables are constructed by discretizing the
Brownian motion W t as a Fourier expansion with respect to a set of deterministic basis functions
in L2([0, t]). We revisit the WCE method for nonlinear filtering calculations in the final stage of
this work.

On the other hand, MC methods involve simulating a large number of random samples to
estimate expectations, integrals, or the solutions to stochastic problems. They are widely used due
to their general applicability, particularly for high-dimensional problems. For instance, the mean
of the random solution is estimated using the MC ensemble average:

uMC
M (t, x) =

1

M

M∑
k=1

u(t, x, ωk) (1.4)

where u(t, x, ωk) is a realization computed by the MC simulations, ωk is the sample path of Brownian
motion and M is the total number of realizations. In this thesis, we show that the WCE method
can be more efficient than the MC method for the linear stochastic ENSO model. However, when
studying the nonlinear model, we needed reduced-order modeling techniques, which led to the next
stage of our work.

1.2.2 Reduced Order Modeling

In the second part of the methodology, we focus on reduced-order modeling (ROM), aiming to
simplify high-dimensional systems while preserving their key dynamics and essential features. High-
dimensional systems, such as those governed by partial differential equations (PDEs) or coupled
ordinary differential equations (ODEs), often involve a large number of variables. Therefore, it
is important to explore low-dimensional systems that effectively represent these high-dimensional
models. To achieve this, reduced order modeling (ROM) methods have been an important tool.

ROM is a mathematical and computational strategy aimed at simplifying complex, high-dimensional
models by reducing the number of variables and equations while maintaining the essential charac-
teristics and accuracy of the original system. ROM is particularly valuable in fields where computa-
tional resources are limited, and the full model is too complex or time-consuming to solve directly.
It seeks to identify a lower-dimensional subspace where the most critical dynamics of the system
occur. Once the key modes are identified, the original governing equations are projected onto the
reduced space spanned by these modes. This process results in a set of reduced-order equations
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that are much simpler to solve compared to the original full-order model.

In this thesis, we study the proper orthogonal decomposition (POD) method alongside Galerkin
projection. POD, also known as Karhunen-Loève decomposition in the stochastic context in the
1960s and 1970s [72, 92], emerged as a powerful method for identifying dominant patterns in data.
POD was originally used in the analysis of turbulent flows, where it helped to capture the most
energetic structures in fluid dynamics [97, 147]. This laid the groundwork for applying ROM in
various engineering fields [27, 111].

POD involves decomposing the original data or solution fields into orthogonal modes, ranked
by their significance (e.g., energy content). The top modes are retained to form the reduced basis,
and the remaining, less significant modes are discarded. This method ensures that the residual (the
difference between the full and reduced models) is minimized in the least-squares sense. The vector
field u(t, x) can be approximated by spatial function ψα(x) and time coefficients aα(t) such that:

u(t, x) ≈ un(t, x) =
n∑

α=1

aα(t)ψα(x) (1.5)

Along with the POD, Galerkin projection is used to derive ROM equations, which are typically
systems of ordinary differential equations (ODEs).Once the POD decomposition is applied to the
full-order model, the governing equations are projected onto the reduced subspace spanned by
the retained POD modes. This involves substituting the POD expansion of the solution into the
original partial differential equations (PDEs) and performing an inner product with each basis
function to obtain the reduced dynamics. The resulting equations describe the temporal evolution
of the coefficients associated with the POD modes and are significantly lower in dimension than the
original system, making them computationally efficient while retaining the essential dynamics of
the full-order model. After applying POD-Galerkin, the reduced order equations have the following
form:

˙̂aγ(t) =
n∑

α=1

âα(t)⟨Aψα, ψγ⟩+
n∑

α,β=1

âα(t)âβ(t)⟨N (ψα, ψβ), ψγ⟩ γ = 1, ..., n (1.6)

A key challenge in POD-Galerkin is balancing accuracy with computational efficiency. Reducing
the model’s order may introduce errors or loss of fidelity compared to the original model. Ensuring
that the reduced model accurately represents the system’s essential dynamics requires careful valida-
tion. Applying POD-Galerkin to nonlinear systems can be particularly challenging. Nonlinearities
may not be well-captured by linear ROM techniques, requiring more sophisticated methods like
nonlinear model reduction or machine learning-based approaches. In this work, we show that full
order nonlinear (both deterministic and stochastic) ENSO models can be efficiently and accurately
approximated using few POD modes and reduced order equations. Such equations will be used as
the dynamical models for nonlinear filtering, which serves as the final component of this thesis.

In addition, we also utilize neural networks (autoencoders) for ROM purposes. Autoencoders
play a crucial role in modern machine learning and have a wide range of applications, particularly
in scenarios where data dimensionality needs to be reduced or where feature learning is essential
[53, 157]. They are a type of artificial neural network designed to learn efficient representations of
data, typically for the purpose of dimensionality reduction, denoising, or feature learning. The key
idea behind an autoencoder is to compress input data into a lower-dimensional form (encoding)
and then reconstruct the data from this compressed form (decoding). The encoder is a function
that maps the input data x to a lower-dimensional representation or latent vector z. This process
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condenses the input data into a more compact form, which captures its essential features. The
decoder is the reverse process of the encoder. It takes the latent representation z and attempts to
reconstruct the original input x (denoted as x̂). The loss function measures how well the decoder
reconstructs the input data. Specifically, it computes the difference between the original input x
and the reconstructed input x̂:

L(x, x̂) = ∥x− x̂∥2

This difference is typically calculated using the squared error, which penalizes large deviations
between the original and reconstructed inputs. The overall objective of the encoder-decoder archi-
tecture is to minimize the loss function as following:

Minimize L(x, g(f(x)))

where f(x) is the encoder function that maps input x to a latent representation, and g(f(x)) is the
decoder function that reconstructs or transforms it into the desired output. A smaller loss indicates
a better reconstruction. To find governing equations, we employ sparse identification of nonlinear
dynamics (SINDy) that is a method used for discovering governing equations or dynamical systems
directly from data [16,19,139]. It is particularly valuable in systems where the underlying dynamics
are unknown or too complex to model explicitly but where data is available. SINDy aims to find a
sparse model that describes the dynamics of a system using a small number of active terms from a
larger library of possible functions. The idea is that many physical systems can be described by a
few key interactions or governing equations, and SINDy helps identify these from observational data.
The SINDy algorithm takes m-time measurements of x ∈ Rn, X = [x(t1), . . . , x(tm)]

T ∈ Rm×n and
attempts to discover the structure of a nonlinear differential equation of the form

Ẋ = f(X(t)) ≈ Θ(X)Ξ (1.7)

where Θ(X) = [θ1(X), θ2(X), ..., θp(X)] ∈ Rm×p form the dictionary of basis functions, and Ξ ∈
R

p×n is the matrix of coefficients, where each column corresponds to an equation with p terms.

1.2.3 Nonlinear Filtering

The final component of this work involves nonlinear filtering, which aims to predict model compo-
nents, with a specific focus on sea surface temperature (SST) anomalies. Nonlinear filtering, also
known as the theory of stochastic filtering, is a branch of mathematics and engineering focused on
estimating the state of a dynamical system from noisy observations, where the relationship between
the state and the observations is nonlinear. The development of nonlinear filtering has a rich history
that spans several decades and involves contributions from various fields, including control theory,
probability theory, and signal processing.

The foundation of filtering theory began with Norbert Wiener, who developed the Wiener filter
in the 1940s [165]. Although the Wiener filter is a linear filter and optimal for linear systems with
Gaussian noise, it laid the groundwork for later developments in stochastic processes and filtering
theory. In 1960, Rudolf Kálmán introduced the Kalman filter [69], which is optimal for linear
systems with Gaussian noise. The Kalman filter was a significant advancement because it provided
a recursive solution to the linear filtering problem. However, it was limited to linear systems, and its
extension to nonlinear systems was not straightforward. The work of Ruslan L. Stratonovich in the
1960s was crucial for the development of nonlinear filtering [150]. He formulated the Stratonovich
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filtering equation, which is a nonlinear extension of the Kalman filter. This equation governs the
conditional distribution of the state of a system given noisy observations but is difficult to solve
analytically. During the same period, contributions from Tyrone Duncan, Hans Mortensen, and
Moshe Zakai led to the Duncan-Mortensen-Zakai equation, another form of the nonlinear filtering
problem [170]. Zakai’s equation is particularly notable for simplifying the mathematical treatment
of the filtering problem by converting it into a linear stochastic differential equation (SDE), albeit
for an unnormalized version of the probability density. In 1967, Harold Kushner further developed
nonlinear filtering by introducing an alternative formulation of the filtering problem known as the
Kushner equation [80]. This is an SPDE that describes the evolution of the conditional probability
density of the state given the observations.

Due to the complexity of nonlinear filtering equations, exact solutions are often intractable. Dur-
ing the 1970s and 1980s, researchers focused on developing approximation methods. Techniques
such as the extended Kalman filter (EKF), unscented Kalman filter (UKF), and particle filters (se-
quential Monte Carlo methods) were developed to handle nonlinear systems and non-Gaussian noise
[45] . Recent developments in nonlinear filtering have been driven by advances in computational
power and the rise of machine learning. Techniques like ensemble Kalman filters [37], Gaussian
processes, and deep learning-based approaches have been integrated with traditional filtering meth-
ods to handle increasingly complex and high-dimensional systems, such as those found in climate
modeling, robotics, and finance [15,54,130].

In the continuous-time framework, the evolution of the hidden (unobserved) state of the sys-
tem is typically described by a stochastic differential equation (SDE). This equation captures the
system’s dynamics, incorporating random noise and uncertainty in both the state transitions and
observations. The model equation is given as

dx(t) = f(x(t), t) dt+ σ(x(t), t) dw1(t) (1.8)

where x(t) ∈ Rn is the state vector at time t, f(x(t), t) is a nonlinear function representing the
system dynamics, σ(x(t), t) is the diffusion term (possibly state-dependent) and w1(t) ∈ Rn is a
Wiener process, representing process noise, respectively. The observation equation describes how
the noisy measurements relate to the system’s state. It is also a stochastic differential equation:

dy(t) = h(x(t), t) dt+ dw2(t) (1.9)

where y(t) ∈ Rm is the observation vector at time t. h(x(t), t) is a nonlinear function relating the
state to the observations, dw2(t) is the observation noise, typically modeled as a Wiener process.
To formulate the nonlinear filter, we assume f is a given bounded function Rd and f̂(x(t)) is the
optimal filter. A fundamental result of filtering theory says that the optimal filter is given by the
formula

f̂(x(t)) =

∫
Rd f(x)u(t,x)dx∫

Rd u(t,x)dx
(1.10)

where u(t,x) is the so-called unnormalized filtering density (UFD). A standard way to study the
UFD is to treat it as a solution of the Zakai equation

du(t,x) = L∗u(t,x)dt+ h(x)u(t, x)dy(t) (1.11)

where L∗ is the formally adjoint operator to the generator of the Markov process x(t) and is given
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by:

L∗u(x, t) = −∇x · (f(x, t)u(x, t)) +
1

2
∇x ·

(
σ(x, t)σ⊤(x, t)∇xu(x, t)

)
The first term, −∇x·(f(x, t)u(x, t)), corresponds to the drift of the system (deterministic dynamics).
The second term, 1

2
∇x ·

(
σ(x, t)σ⊤(x, t)∇xu(x, t)

)
, represents the diffusion term, which accounts for

the stochastic noise in the system. The solution can be written as [17,94]:

u(t,x) =
∑
α

1√
α!
φα(t,x)Vα(y)

where Vα(y) are Wick polynomials and φα(t, x) are deterministic Hermite-Fourier coefficients in
the Cameron-Martin orthogonal decomposition of u(t,x). This method is useful for exploring the
evolution of probability density. In this thesis, we present some results for the two-dimensional
model. However, the model encounters several challenges when its dimensionality exceeds two.

On the other hand, we employ a particle filter to make predictions of SST anomalies. The
particle filter approximates the posterior distribution p(x(t) | y(t)) using a set of weighted particles
{xt

i, w
t
i}Ni=1 [1] . At each time step, the particles are propagated forward using the state dynamics:

xt
i ∼ p(xt | xt−1

i ),

where p(xt | xt−1
i ) is derived from the stochastic differential equation (1.8). The weights are updated

based on the observation likelihood:

wt
i ∝ wt−1

i · p(yt | xt
i),

where the observation model is given by Equation (1.8)-(1.9). By using the particle filter, we are
able to predict SST anomalies with time series. Such calculations form the core results of this thesis,
with detailed computations provided within.
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Figure 1.1: Thesis flowchart.
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Chapter 2

Modeling and Simulations of the El
Niño-Southern Oscillation (ENSO)

2.1 Climate Modeling

Climate can be defined as the average condition of the atmosphere, ocean, land surfaces and the
ecosystems. It includes the average wind direction and strength, average cloud cover, the tem-
perature of the sea surface nearby, which affects the previous quantities, and the ocean currents
that affect the sea surface temperature. As an important area of climate science, climate modeling
uses mathematical models. These models can be represented by mathematical equations, which
describe the climate variables such as temperature, winds, and ocean currents. These models are
solved numerically using computational methods, which are essential tools for understanding how
natural factors and human activities influence the climate across different time scales, from seasons
to centuries [24, 119].

Climate modeling requires different approximations depending on the location on Earh. For
example, in mid-latitudes, the large scale atmospheric and ocean flows with their intense boundary
currents and mesoscale eddies are very robust features and may be studied as the direct response
to the curl of the wind stress since there is a fairly clear separation in the time and space scales.
Mid-latitudes cover a significant part of Earth’s regions and give rise to weather fronts and extrat-
ropical cyclones as well as occasional tropical cyclones. However, at low-latitudes (tropics), where
the Coriolis number becomes very small and Rossby number may be order of unity, the atmosphere
and ocean take on rather different characters than in mid-latitudes. Moreover, the tropics are the
only regions where the surface boundary conditions such as sea-surface temperature (SST) have a
significant impact on the weather and climate structure.

Earth’s climate dynamics is mainly driven by the coupling of several components such as at-
mosphere, ocean, sea-ice, lands together with the energy sources including sun and SST. Although
their separated dynamics are worthwhile to analyze at the local regions, uncoupled models do not
provide sufficient information to understand the evolution of climate. Thus, coupled climate models
are essential for the prediction of weather and climate. In this thesis, we study one of the most
important phenomena at low-latitudes called El Niño-Southern Oscillations (ENSO), which is the
dominant mode of variability in the tropical Pacific at inter-annual timescales. ENSO is modeled by
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coupled atmosphere-ocean model together with SST at the equatorial Pacific confined in a region
between Peru and Australia.

ENSO is observed every 3-7 years and has huge impacts on the global climate. Especially strong
El Niño events (observed in 1982-83 and 1997-98) have been connected to low agricultural yields,
availability of water resources, animal movements, forest fires, the economic well-being of nations,
and many others. On the other hand, climate change also alters the ENSO dynamics. According to
a recent study [159], climate change is increasing the frequency of extreme El Niño events, leading to
intensifying droughts, worsening floods, and shifting hurricane patterns. It is projected that strong
El Niño events may be observed in frequency from one every 20 years to one every 10 years by
the end of the 21st century and the strongest events may be much stronger than today’s strongest
events [109] . For example, ocean stratification in the equatorial Pacific is expected to increase
sharply in climate change. Therefore, it is worthwhile to develop novel models and techniques and
analyze the ENSO phenomenon in a changing climate.

This chapter is organized as follows. The relation between El Niño and Southern Oscillation
is provided in Section (2.2), where we present the climate dynamics at low latitudes. The ENSO
modeling framework, which consists of equatorial Kelvin and Rossby waves coupled with sea surface
temperature, is introduced in Section (2.3). We present the ENSO simulations in Section (2.4),
which forms the core of this chapter and thesis. Finally, we discuss the conclusions and future
direction in Section (2.5).

2.2 Equatorial Circulation and the El Niño

2.2.1 El Niño and Southern Oscillation

El Niño is one of the most prominent phenomena in climate science, with substantial impacts on
human societies and the environment. It refers to an anomalous warming of surface waters in the
eastern equatorial Pacific Ocean, and represents a powerful climate event with significant global
consequences. El Niño is associated with heavy rainfall in regions such as California and northern
Argentina, while simultaneously causing anomalously dry conditions in Southeast Asia and northern
and eastern Australia. Additionally, it raises the global average surface temperature by approxi-
mately 0.5°C. When coupled with associated atmospheric changes, the phenomenon is collectively
referred to as the El Niño–Southern Oscillation (ENSO). ENSO is the largest and most significant
source of global climate variability on interannual timescales.

Every few years, the surface temperatures of the eastern tropical Pacific Ocean undergo signif-
icant warming. The most pronounced warming occurs within the region extending approximately
from 5° S to 5° N in latitude, and from the west coast of Peru, at a longitude of approximately 80°
W, to near the International Dateline at 180° W. This phenomenon, as depicted in Figure (2.1), is
characterized by substantial temperature anomalies, with differences reaching up to 6°C between
El Niño years and non-El Niño years.
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Figure 2.1: The sea-surface temperature anomalies during a strong El Niño year (December, 1997)
[156].

The occurrence of these warm events is irregular, with intervals typically ranging from 3 to 7
years.Notably, particularly intense events have been documented in the years 1887–1888, 1982–1983,
1997–1998, and 2015–2016. The progression of the most recent major event, from 2015 to 2016, is
illustrated in Figure (2.2).

Figure 2.2: Upper: SST time series in the Eastern Equatorial Pacific (Niño 3) region. Lower:
Negative of the Southern Oscillation Index (SOI), the anomalous pressure difference between Tahiti
and Darwin [156].
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2.2.2 Dynamics at Low Latitudes

For ENSO studies, the linearized shallow water equations (SWEs) on an equatorial beta-plane
(which approximates the Coriolis force near the equator) are typically used.The SWEs are a sim-
plified set of equations derived from the Navier-Stokes equations under the assumption that the
horizontal scale is much larger than the vertical scale. The linearized equations are :

∂u

∂t
− βyv = −g ∂η

∂x
∂v

∂t
+ βyu = −g∂η

∂y
(2.1)

∂η

∂t
+H

(
∂u

∂x
+
∂v

∂y

)
= 0

where u, v are zonal and meridional velocity components, η is free surface elevation (or thermocline
displacement), g is gravitational acceleration, H is mean depth of the ocean layer, and β = df

dy
is

variation of Coriolis parameter with latitude. These equations model equatorially trapped waves
(especially Kelvin waves and Rossby waves) that alter the ocean’s thermocline and transmit signals
across the Pacific.Kelvin waves (eastward) are triggered by westerly wind anomalies and deepen the
thermocline in the east while Rossby waves (westward) are reflected off the eastern boundary and
help reestablish conditions. These waves are explained in detail in the next section.

At low-latitudes around the equator, the flow is not completely in a geostrophic balance and
the Coriolis parameter due to the rotation of earth is very small and almost zero at the equatorial
region. Geostrophy refers to a state of fluid flow in which the Coriolis force is balanced by the
horizontal pressure gradient force. Mathematically, this balance can be shown as

fv⃗ =
1

ρ
∇p (2.2)

where f , v⃗, ∇p and ρ represent the Coriolis parameter, geostrophic velocity, pressure gradient and
density, respectively. Geostrophic balance occurs when the Coriolis and pressure gradient forces are
in equilibrium while it breaks down very close to the equator. In addition to the Coriolis effect,
there are many other reasons why such an extraordinary mechanism is observed at low-latitudes
rather than mid-latitudes [156] . The first reason is that the equatorial SSTs are usually high,
around 27◦ and convection is easily generated as the temperature further increases. Secondly,
thermocline is quite shallow at the equator and varies from 200m in the west to 50m in the east.
The shallow thermocline causing upwelling leads to the close relation between SST and thermocline
depth. Finally, equatorial Kelvin and Rossby waves are quite fast and that allows ENSO events to
occur in a short time.
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A cross-section of the equator during non-El Niño and El Niño phases

(a) A cross-section along the equator during
non-El Niño.

(b) A cross-section along the equator at the peak
of El Niño.

Figure 2.3: Sketch of the key members of the ENSO cycle [156].

Usual mechanism at equatorial Pacific is driven by the westerly trade winds (Walker circulation),
which transfers the warm surface water from eastern part (South America) to western part (New
Guinea) as demonstrated in Figure (2.3a). The upwelling of cold water coming from the below of
thermocline reduces SST in the eastern part where typical SST in the eastern Pacific is low, around
21◦, and is high in the western Pacific, around 30◦. The ocean water near Peru and contiguous
countries is normally colder and contains more nutrients than usual that makes fishing and related
aquacultural activities as the main income source. However, during El Niño, upwelling weakens or
even stops and westerly trade winds weaken and even reverse as shown in Figure (2.3b). Reversed
trade winds bring the warm water to eastern regions. This atmosphere-ocean coupled mechanism
depicts the seasonal cycle of ENSO. And, without the nutrients from the deep, there are fewer
phytoplankton off the coast. This affects the food chain in the ocean such that fish eat phytoplankton
and, in turn, affects everything that eats fish. That changes business factors in South America and
extremely drought weather is observed in Australia and nearby countries during El Nino events.

2.2.3 Equatorial Waves

Equatorial Kelvin and Rossby waves are critical to the dynamics of the El Niño–Southern Oscil-
lation (ENSO) as they facilitate the redistribution of heat and momentum across the equatorial
Pacific. Kelvin waves are eastward-propagating waves characterized by their rapid speed and con-
finement to the equatorial region due to the Coriolis force. These waves are triggered by wind
stress anomalies, such as the weakening of trade winds during El Niño events. When a Kelvin wave
propagates eastward, it deepens the thermocline and raises sea surface temperatures (SSTs) in the
eastern Pacific, suppressing the usual upwelling of cold, nutrient-rich water. This process is a key
factor in initiating and amplifying the warming phase of El Niño. Kelvin waves are particularly
efficient in transmitting the effects of atmospheric forcing across the vast Pacific basin.

Rossby waves, on the other hand, are westward-propagating and slower than Kelvin waves.
They are generated when Kelvin waves reflect off the eastern boundary of the Pacific basin or
as a direct response to atmospheric forcing. Rossby waves contribute to the redistribution of
thermocline anomalies back toward the western Pacific. During the transition from El Niño to
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La Niña, Rossby waves play a crucial role in restoring the thermocline structure to its normal
state, allowing cooler waters to dominate the eastern Pacific. The interplay between these wave
types creates a feedback mechanism that drives the evolution and termination of ENSO events.
Together, Kelvin and Rossby waves act as key carriers of ocean-atmosphere coupling, regulating
the timescales and spatial patterns of ENSO. The mechanism of oceanic Kelvin and Rossby waves
along the equator is depicted in Figure (2.4). A detailed discussion of the reflection of equatorial
Kelvin and Rossby waves is provided in [148].

Figure 2.4: Oceanic waves induced by a wind anomaly on the equator [156].

2.3 ENSO Modeling

The modern analysis of climate models dates back to the 18th century with the works of Edmond
Halley. For the first time, he went beyond the Ptolemaic view of climate and explained the trade
winds as a function of latitude [49]. Since then, various perspectives of climate modeling have been
developed [35]. First remarks of climatic anomalies at low-latitudes are based on the observations
of Bjerknes in the late 1960s [12]. He recognized the correlation between SST and equatorial
atmospheric circulations which is also named as the Walker Circulation. Such observations are
considered as the links between El Niño and the Southern Oscillations. Along with the empirical
approach, Matsuno (1966) and Gill (1980) utilized simplest and effective one-layer shallow-water
models with damping and provided analytic solutions [42]. This model is known as the Matsuno-
Gill model and the atmospheric response is represented in terms of equatorial Kelvin and Rossby
waves. In addition to analytic solutions, the experimental forecasts of ENSO have been made since
the 1970s. However, the atmosphere-ocean coupled model of ENSO has not been developed since
the mid-1980s. Cane and Zebiak at Columbia University proposed a deterministic numerical model
that predicted the ENSO event in 1986 [171]. This model is known as the Cane-Zebiak model
and accurately captures the key elements of atmosphere-ocean coupled dynamics. Neelin, Dijsktra
and their co-workers introduced a comprehensive ENSO theory and analyzed system components
[29, 110, 120]. Moreover, works of Boyd [14] and Majda [100] on the equatorial wave dynamics are
useful to understand linear and nonlinear structure of ENSO dynamics.

Simulating the ENSO remains a significant challenge in climate science due to several persistent
issues. Despite advancements in modeling techniques, several persistent issues hinder accurate rep-
resentation and prediction of ENSO events. A major difficulty lies in correcting mean state biases,
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particularly the cold tongue bias in the equatorial Pacific, which undermines accurate represen-
tation of ENSO dynamics [88]. Moreover, uncertainty persists in how climate change will affect
future ENSO behavior, with models offering divergent projections of its intensity and frequency
[47]. Model resolution is another critical factor in ENSO simulation [162]. Higher-resolution ocean
models better resolve narrow equatorial currents, coastal upwelling, and ocean eddies [91]. How-
ever, some studies suggest increasing atmospheric resolution alone can sometimes worsen ENSO
asymmetry or shift the location of SST anomalies unrealistically [90].

Most of the climate models, which have been developed so far, are based on deterministic ap-
proaches. Although deterministic models explained the essence of dynamics, climate models are
mostly chaotic and include random effects. Thual and Chen recently developed a simple stochastic
model that captures the main dynamics of ENSO [23, 155]. Their approaches are based on the
stochastic modeling of westerly wind bursts (WWB) that change the ocean phase. Depending on
the strength of the stochastic forcing, the state is modeled as a multi-state Markov chain that
switches between El Niño, non-El Niño and strong-El Niño phases. Although developed models
provide information about ENSO, there are still several limitations for the prediction of ENSO
phenomenon [75] due to the sensitivities to the stochastic forcing. Therefore, it is important to
develop appropriate stochastic models, numerical schemes and effective techniques for the accurate
prediction of ENSO dynamics.

Coupled ENSO models primarily focus on the upper layer of the tropical Pacific Ocean. This
layer drives energy and momentum exchange with the tropopause. The deep ocean, in contrast, is
considered dynamically inactive. The upper ocean of interest is a very long strip of water extend-
ing from 124E to 80W and from 29S to 29N with: i) a meridional (north-south) width of a few
hundred kilometers, ii) a zonal (east-west) extension of about 10,000 kilometers and iii) an average
thermocline depth (downwards from the sea surface) of about 120 meters, which is a relatively thin
ocean layer above the deep cold waters.

2.3.1 A Meridionally Truncated ENSO Model

In this chapter and thesis, we present the nonlinear ENSO model developed by Majda and colleagues
[23, 155] (Majda’s model), where the ocean and atmosphere are both modeled as non-dissipative
linear shallow water equations, with a dissipative nonlinear thermodynamics budget. Similar to
the Zebiak-Cane model, it is an anomaly model, where the anomalies are calculated relative to
a mean annual cycle specified from observations, and thus all state variables in subsequent sec-
tions are anomalies from an equilibrium state and are nondimensional. Building on the foundation
of the Cane-Zebiak model, Majda’s model addresses the limitations of linearity and determinism,
making it a more versatile tool for studying the complexities of ENSO phenomena. This model
provides a more realistic framework for studying ENSO variability, extremes, and predictability in
the presence of noise, although we use deterministic version in this paper. A complete ENSO model
described by zonal and meridional components is provided in Appendix (A). Such models can then
be further simplified by meridional truncation that reduces the dimensionality of the problem by
approximating the solution in the meridional (north-south) direction using a predefined set of modes.

The nonlinear coupled PDEs in five variables which model the interaction of equatorial atmo-
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spheric and oceanic Kelvin and Rossby waves with SST anomalies, defined as

u(t, x)
def
= [KA(t, x), RA(t, x), KO(t, x), RO(t, x), T (t, x)]T

and can be written in differential equation form as

M∂u

∂t
(t, x) = A(κ)u(t, x) +N (u, u, µ)(t, x) (2.3)

whereM is a 5× 5 constant matrix with diagonals [0, 0, 1, 1, 1], the linear operator A(κ) defined as

A(κ) =


− ∂

∂x
− γ 0 0 0 χAαq(2− 2Q)−1

0 1
3

∂
∂x
− γ 0 0 χAαq(3− 3Q)−1

χO
cκ
2

−χO
cκ
2
−c ∂

∂x
− δ 0 0

−χO
cκ
3

χO
cκ
3

0 c
3

∂
∂x
− δ 0

0 0 cη(x) cη(x) −cξαq

 (2.4)

depends on a parameter κ, the wind stress coefficient, and nonlinearity N (u, u, µ) with advection
coefficient µ, is defined by

N (u, u, µ)
def
=
[
0, 0, 0, 0,−µ ∂

∂x
[(KO(t, x)−RO(t, x))T (t, x)]

]T
.

In equation (2.3), small damping terms γ, δ are introduced to guarantee a unique solution, Eq is
latent heat, ξ is the latent heating exchange coefficient, Q̄ is a constant representing mean vertical
moisture gradient, η(x) is the profile of thermocline feedback and the projection coefficients are
defined as

χA =

∫ ∞

−∞
ϕ0(y)ψ0(Y ) dy and χO =

∫ ∞

−∞
ψ0(Y )ϕ0(y) dY,

where ϕ0 and ψ0 denote the atmospheric and oceanic parabolic cylinder functions as a function in
meridional position y and Y = y/

√
c. The initial conditions for the oceanic variables of (2.3) are

given by
u3(x, 0) = f3(x), u4(x, 0) = f4(x) and u5(x, 0) = f5(x). (2.5)

Periodic boundary conditions that were adopted for the atmosphere model in [23] are modified to
reflect the inclusion of the small damping term γ. Boundary conditions for the atmosphere variables
that are confined in the ocean domain:

KA(t, 0) = e−γ(LA−LO)KA(t, LO) and RA(t, 0) = e3γ(LA−LO)RA(t, LO) (2.6)

where LA and LO represent the length of the equatorial belt and Pacific ocean, respectively. The
derivation of boundary conditions (2.6) is provided at the end of this section.

Having defined the ocean domain, the next step is to specify the boundary conditions that
govern wave interactions and energy exchange as the following:

KO(t, 0) = rWR
O(t, 0) and RO(t, LO) = rEK

O(t, LO) (2.7)

where x = 0 and x = LO represent the western and eastern parts of the ocean, respectively. The
unidirectional Kelvin and Rossby oceanic equatorial waves are coupled through the boundary con-
dition (2.7), where the oceanic waves are reflected with coupling coefficients rW that represents
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partial loss of energy in the western Pacific boundary and rE that represents partial loss of energy
due to the north-south propagation of the coastal Kelvin waves along the eastern Pacific boundary.

Equation (2.3) consists of a simple nonlinear advection −µ ∂
∂x
[(KO(t, x) − RO(t, x))T (t, x)] in

the SST equation. We assume no heat flux at the eastern boundary, as specified by the following
boundary conditions for T (t, x):

∂T

∂x
|x=LO

= 0 (2.8)

Figure 2.5: Zonal thermocline feedback profile η(x).

The thermocline depth, influenced by the oceanic Kelvin wave KO(t, x) and Rossby wave
RO(t, x), is incorporated into the SST component through the thermocline feedback variable η(x) =
1.5 + 0.5 × tanh(7.5x − LO/2) as shown in Figure (2.5). It is a feature of the coupled ENSO
model (2.3) that there are no time derivatives of the first two components, KA(t, x) and RA(t, x).
Periodic boundary conditions that were adopted for the atmosphere model in [23] are modified to
reflect the inclusion of the small damping term γ. Hence, the truncated atmospheric model can be
explicitly written as,

∂xK
A(t, x) = −γKA(t, x) + χAαq(2− 2Q)−1T (t, x) 0 ≤ x ≤ LO

∂xK
A(t, x) = −γKA(t, x) LO ≤ x ≤ LA (2.9)

∂xR
A(t, x) = 3γRA(t, x)− 3χAαq(3− 3Q)−1T (t, x) 0 ≤ x ≤ LO

∂xR
A(t, x) = 3γRA(t, x) LO ≤ x ≤ LA (2.10)

with the periodic boundary conditions KA(t, 0) = KA(t, LA) and R
A(t, 0) = RA(t, LA). The solu-

tions of (2.9) and (2.10) can be written as

KA(t, x) = C1e
−γx ⇒ C1 = KA(t, LO)e

γLO LO ≤ x ≤ LA

RA(t, x) = C2e
3γx ⇒ C2 = RA(t, LO)e

−3γLO LO ≤ x ≤ LA
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That provides the solutions for (2.9) and (2.10) as

KA(t, x) = e−γ(x−LO)KA(t, LO) and RA(t, x) = e3γ(x−LO)RA(t, LO)

Using the original boundary conditionsKA(t, 0) = KA(t, LA) = e−γ(LA−LO)KA(t, LO) andR
A(t, 0) =

RA(t, LA) = e3γ(LA−LO)RA(t, LO) yields to the modified boundary condition confined in the ocean
domain:

KA(t, 0) = e−γ(LA−LO)KA(t, LO) and RA(t, 0) = e3γ(LA−LO)RA(t, LO)

By making this modification, we confine the model domain to the ocean region rather than the
entire equatorial belt, which is beneficial for the modeling and simulation framework. As discussed in
Zebiak [171] the parameter γ is intended to represent the effect of a wide range of physical processes
and as such is not easy to determine a priori. Gill [42] uses a value of 0.1, while Zebiak [171] uses
a value of 0.3 arguing that that value gave, in his case, good agreement between model results and
observations. A wide range of values of γ may be used without affecting qualitative conclusions. In
the first order boundary value problems (2.9) and (2.10), t is a parameter and T (t, x) is given. The
general solutions for KA(t, x) and RA(t, x) are given explicitly in terms of T (t, x) as

KA(t, x) =
e−γx χA(2− 2Q)−1 αq e

−γLA

1− e−γLA

∫ LO

0

eγξT (t, ξ)dξ

+ χA(2− 2Q)−1αqe
−γx

∫ x

0

eγξT (t, ξ)dξ, 0 ≤ x ≤ LO,

(2.11)

and

RA(t, x) =
−e3γ(x−LO)3χA(3− 3Q)−1 αq e

−3γLA

1− e−3γLA

∫ LO

0

e−3γ(ξ−LO)T (t, ξ)dξ

− 3χA(3− 3Q)−1αqe
3γ(x−LO)

∫ LO

x

e−3γ(ξ − LO)T (t, ξ)dξ, 0 ≤ x ≤ LO.

(2.12)

2.4 ENSO Simulations

In this section, we provide the numerical solutions of the nonlinear ENSO model (2.3). Numerical
integration is used to compute KA(t, x) and RA(t, x) as given by Equations (2.11) and (2.12). To
compute KO(t, x), RO(t, x) and T (t, x) in (2.3), we use finite difference method. Numerical scheme
is summarized in Table (2.1) as the following :
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Numerical Algorithm for the El Niño-Southern Oscillation

1. Choose initial conditions u3(x, 0) = f3, u4(x, 0) = f4(x) and u5(x, 0) = f5(x) in (2.5) such
that they satisfy the boundary conditions (2.6) and (2.8). It should be noted that there is no
initial condition for KA(t, x) and RA(t, x).

2. Define grid points in the (t, x) ∈ [0, T ] × U and ∆t and ∆x such that they satisfy the CFL
condition for the numerical stability.

3. Use numerical integration for KA(t, x) and RA(t, x) as given by Equations (2.11) and (2.12).

4. Employ backward space finite difference for KO(t, x), forward space finite difference for
KO(t, x). Use either backward or forward finite difference for T (t, x) depending on the deriva-
tive term.

5. Apply the boundary conditions (2.6), (2.7) and (2.8) at the boundaries x = 0 and x = LO for
each iteration.

6. Simulate the model for a sufficiently long duration to allow it to reach the steady state after
the transient phase.

7. Use the snapshots just after the transient phase as a new initial conditions to re-simulate
the model, where the affect of the initial conditions disappears. This allows us to obtain
simulations without transients for further analysis.

Table 2.1: Numerical scheme for the the El Niño-Southern Oscillation (ENSO).

Figure (2.6) illustrates the simulation of the ENSO model (2.3). In the figures, while x = 0
represents western boundary (Australia), x = 1.2 represent the eastern boundary (South America).
We observe that atmospheric Kelvin KA(t, x) and atmospheric Rossby RA(t, x) has steady state
dynamics as there is no time derivative in the equations. Oceanic Kelvin KO(t, x) and oceanic
Rossby RO(t, x) move eastward with a speed c and westward with a speed c/3, respectively. Our
simulation also investigates the evolution of SST anomalies T (t, x). Especially, the SST dynamics
is crucial at x = L0 as it generates an El Niño condition for high values (shown by red). The model
parameters, which are based on the values given in [23], are shown in Table (2.2).

Numerical Simulation of the ENSO-Components

Figure 2.6: Simulation of the equatorial atmospheric Kelvin and Rossby waves, oceanic Kelvin and
Rossby waves and sea surface temperature.
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The Courant–Friedrichs–Lewy (CFL) condition is a necessary condition for the stability of many
explicit time-stepping schemes when solving partial differential equations (especially hyperbolic
PDEs) [26,48]. For the PDE,

∂u

∂t
+ a

∂u

∂x
= 0

a typical explicit finite difference scheme requires the CFL condition:

a∆t

∆x
≤ 1,

In our simulations of the model (2.3), we choose ∆t = 0.006 and ∆x = 0.04 so that the CFL
condition is satisfied for the numerical stability.

Parameter Description Nondimensional Values
κ Wind stress coefficient 5.6
γ Atmospheric damping coefficient 0.1
χA Meridional projection coefficient from ocean to atmosphere 0.31
χO Meridional projection coefficient from atmosphere to ocean 1.38
αq Latent heating factor 0.2

Q Mean vertical moisture gradient 0.9
c Wave propagation speed 0.5
δ Oceanic damping coefficient 0.5
ξ Coupling strength between ocean and atmosphere 8.5
µ Nonlinear zonal advection coefficient 0.04
rW Western boundary reflection coefficient in ocean 0.5
rE Eastern boundary reflection coefficient in ocean 0.5
LA Equatorial belt length 2.6
LO Equatorial Pacific length 1.2

Table 2.2: Descriptions of parameters in the operator A(κ) and nonlinearity N (u, u, µ).

2.5 Conclusion and Future Work

In this chapter, we introduced the El Niño-Southern Oscillation (ENSO), which forms the modeling
core of this research. We first discussed the climate modeling and simulations. Then, the climate
dynamics at low latitudes around the equator was presented. Moreover, we emphasized the impor-
tance of ENSO on the global climate. This was followed by a discussion on atmosphere-ocean-SST
feedback mechanism of ENSO, and geophysical flows, including equatorial Kelvin and Rossby waves.

In the next phase of this chapter, we presented the nonlinear ENSO model introduced by Chen
and Majda [23]. By modifying the atmospheric boundary conditions, we proposed a slightly novel
model that is confined to the Pacific ocean rather than the entire equatorial belt. Finally, we illus-
trated simulation results of the ENSO model at the end of this chapter.

Future work will focus on the stochastic ENSO modeling and simulations based on Wiener Chaos
Expansion and Monte Carlo methods, which are useful methodologies to calculate the statistical
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properties, i.e., mean and variance. Moreover, we will explore reduced-order modeling frameworks
based on the POD-Galerkin and machine learning. These methods will be useful to reduce the
computational complexity of the problems. Finally, we will apply data assimilation techniques to
estimate the SST states of the ENSO model.
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Chapter 3

A Numerical Study of Stochastic El
Niño-Southern Oscillation (ENSO) Using
Wiener Chaos Expansion

3.1 Stochastic Numerical Methods

Stochastic numerical methods have evolved significantly since the early 20th century to model sys-
tems influenced by randomness. Unlike the simulation of deterministic systems, which produce
a single outcome for a given initial condition, simulations of stochastic systems incorporate the
random elements to capture the inherent uncertainty and variability of real-world problems. The
foundation of stochastic modeling was laid by Andrey Kolmogorov’s work on probability theory [77]
and Norbert Wiener’s studies on Brownian motion [163]. These developments culminated in the
1940s with Itô stochastic calculus, which provided a rigorous mathematical framework for analyz-
ing systems with randomness [63]. Around the same period, the Monte Carlo method—introduced
during the Manhattan Project by Ulam, von Neumann, and Metropolis—became a pivotal tool for
simulating random processes [112]. The evolution of stochastic numerical methods also includes
the development of numerical solutions for stochastic differential equations (SDEs). The Euler-
Maruyama method (1960s-1970s) provided a basic framework [76], followed by Milstein’s scheme,
which included strong convergence properties [114]. These methods addressed stability and effi-
ciency challenges in stochastic simulations.

In addition to ensemble approaches in stochastic numerical methods like in Monte Carlo, the
solution of stochastic differential equations using Wiener Chaos Expansion (WCE) is another im-
portant application of spectral methods. The WCE was originally introduced by Norbert Wiener
in 1938 [164, 166]. Using Hermite polynomials, Wiener constructed an orthonormal random basis
for expanding homogeneous chaos depending on white noise. Based on Wiener’s idea, Cameron
and Martin developed a more explicit formulation for the WCE [17]. This development is based on
an explicit discretization of the white noise process through its Fourier expansion. This approach
gained prominence in the late 20th century as a systematic framework to represent and solve SPDEs,
particularly in contexts where randomness interacts with spatial and temporal dynamics.

The application of Wiener Chaos Expansion (WCE) to stochastic finite elements gained promi-
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nence in the 1990s, particularly through the work of Ghanem and Spanos [41]. Their approach
transformed SPDEs into a hierarchy of deterministic equations, making uncertainty quantification
computationally efficient. Lototsky and Rozovsky further advanced the use of WCE by formulating
SPDEs within a Hilbert space framework. By expressing solutions as an infinite series of orthog-
onal Wiener chaos terms, they derived a hierarchy of coupled deterministic equations, effectively
handling systems driven by white noise or Gaussian processes. These equations can then be solved
using numerical or analytical methods. Their approach proved particularly effective for SPDEs
driven by white noise or other Gaussian processes, as WCE naturally accommodates these types of
randomness [94–96].

In this chapter, we examine the effects of stochastic perturbations on ENSO dynamics and in-
troduce novel modeling and numerical schemes based on the Wiener Chaos Expansion (WCE). We
also compare these methods with Monte Carlo (MC) simulations. The key idea behind WCE is the
explicit discretization of white noise through Fourier expansion. It is closely related to techniques
like proper orthogonal decomposition (POD), Karhunen-Loève (KL) decomposition, and other spec-
tral methods [168]. Theoretical foundations of WCE, along with its applications to the 1D wave
equation, Burgers equations, and Navier-Stokes equations, can be found in [71, 95, 98]. The WCE
framework offers several advantages, including the ability to separate random and deterministic
components of the dynamics and the feasibility of approximating probability densities in random
physical systems. However, it also has limitations, particularly in terms of high dimensionality, non-
linearity, and approximation accuracy, as discussed in [101]. Therefore, combining WCE with the
MC approach provides a useful strategy for addressing random processes with uncertain statistical
properties.

This chapter is organized as follows. In Section (3.2), we provide a general framework high-
lighting the importance and application of stochastic methods for ENSO modeling and simulations.
The theoretical foundation of WCE and its fundamental theorems are presented in Section (3.3).
As an application of WCE, we study a minimal ocean problem in Section (3.4) and demonstrate
the accuracy and efficiency of the proposed WCE framework. The main application of this chapter
using WCE is introduced in Section (3.5), where we examine a linear coupled stochastic ENSO
model forced by an Ornstein-Uhlenbeck process. To validate the convergence and accuracy of the
WCE results, we compare them with those obtained from the same model using the Monte Carlo
approach in Section (3.6).

3.2 The El Niño-Southern Oscillation and Stochastic Sim-

ulations

Stochastic climate models are mathematical frameworks that describe the evolution of climate sys-
tems by incorporating random processes to account for the inherent uncertainty and variability
in climate dynamics. In contrast, traditional climate models are typically deterministic, relying
on systems of differential equations to simulate physical processes like temperature, humidity, and
atmospheric circulation. However, many climate phenomena—such as turbulence, cloud formation,
and ocean currents—are uncertain or unresolved, making it necessary to incorporate stochastic
methods to capture these effects more accurately [40,50,102].

28



Stochastic simulations are critical for understanding and predicting the El Niño-Southern Oscil-
lation (ENSO), a key driver of climate variability. ENSO consists of irregular oscillations between
warm (El Niño) and cold (La Niña) phases in the Pacific Ocean, significantly impacting global
weather patterns. Due to ENSO’s inherent complexity and variability, it is particularly suited for
stochastic modeling. Deterministic models alone often fail to capture the full spectrum of observed
behaviors and the impact of random fluctuations. ENSO is a chaotic phenomenon characterized
by complex interactions between the atmosphere and ocean on multiple scales, from sea surface
temperatures in the equatorial Pacific to the broader global atmospheric circulation. Stochastic
processes are incorporated into simulations to account for unresolved small-scale processes, such
as turbulence, ocean-atmosphere coupling, and random atmospheric perturbations. By modeling
these uncertainties, stochastic simulations offer a more accurate representation of ENSO’s variabil-
ity, including its irregular periods and amplitudes.

Climate scientists often use stochastic differential equations (SDEs) to represent the coupled
ocean-atmosphere dynamics that govern ENSO. These equations include deterministic terms de-
scribing the main physical processes (e.g., heat transport, wind stress), and stochastic terms that
model random fluctuations such as atmospheric noise or small-scale turbulence. This randomness
can influence the timing, intensity, and frequency of El Niño and La Niña events. A simplified
stochastic model for ENSO could take the form:

dXt = f(Xt)dt+ g(Xt)dWt (3.1)

where Xt represents a key climate variable (e.g., sea surface temperature anomalies in the Pacific),
f(Xt) models deterministic ENSO dynamics and g(Xt)dWt introduces stochastic forcing driven by
a Wiener process Wt. This type of equation captures the interplay between predictable dynamics
and random perturbations in ENSO [103, 154]. In the next section, we provide the theoretical
background for solving stochastic differential and partial differential equations like Equation (3.1)
using the Wiener Chaos Expansion, which forms the core of this chapter.

3.3 Wiener Chaos Expansion

The Wiener Chaos Expansion (WCE) is a powerful mathematical tool used to represent random
variables as infinite series of multiple Wiener-Itô integrals, organized in terms of orthogonal poly-
nomials of Gaussian processes. By decomposing random variables into chaos levels, WCE provides
a systematic framework for analyzing the effects of randomness in complex stochastic systems. The
0th level of the expansion corresponds to deterministic terms, the 1st level includes linear terms
associated with the Wiener process, and higher levels capture increasingly complex nonlinear in-
teractions. This hierarchical structure makes WCE particularly effective in studying stochastic
differential equations, uncertainty quantification, and financial models, where random fluctuations
significantly influence system behavior. Its ability to systematically manage and approximate the
contributions of noise to such systems highlights its utility in simplifying the analysis and improving
the understanding of stochastic dynamics [124].

WCE relies on Hermite polynomials because they form a natural basis for Gaussian random
processes, ensuring orthogonality under the Gaussian probability measure. Each term in the WCE
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corresponds to a multiple Wiener-Itô integral weighted by Hermite polynomials, where the poly-
nomial degree reflects the chaos level. This relationship enables WCE to efficiently capture the
structure of randomness in systems governed by Gaussian noise, providing a mathematically rigor-
ous and computationally effective approach to stochastic analysis [65]. In Appendix (B), we provide
some properties of Hermite polynomials and their relationships with Gaussian random variables.

3.3.1 Wiener Chaos Expansions of Functionals of Brownian Motions

In this part of this thesis, we are interested in a class of stochastic partial differential equations
(SPDEs)

ut(t, x) = L(u) + σẆ (t) (3.2)

where L(u) is a general linear or nonlinear differential operator in spatial variables, and W (t) is a
Brownian motion. The solution of (3.2) not only depends on the spatial-time variable (t, x) but
also the Brownian motion path. For any fixed time t > 0, assume mi(s) , i = 1, 2, ... are a set of
complete orthonormal bases in the Hilbert space L2([0, t]). Define the Ito integral

ξi =

∫ t

0

mi(s)dW (s) i = 1, 2, ... (3.3)

The equation (3.3) can be interpreted as the projection of the white noise Ẇ (s) onto L2 basis
function mi(s) because ξi = (mi, Ẇs). From the isometry property of the Ito integrals, we have

E[ξiξj] =
∫ T

0

mi(s)mj(s)ds = δi,j (3.4)

where ξi, i = 1, 2, ... are independent standard Gaussian random variables. As a useful fact, the
Brownian motion path {W (s), 0 ≤ s ≤ t} can be decomposed as a linear combination of the
Gaussian random variables ξi. In this work, we employ following the orthonormal bases mi(s) in
L2([0, t]), which are chosen as the trigonometric functions :

m1(s) =
1√
t
, mi(s) =

√
2

t
cos
(π(i− 1)s

t

)
k = 2, 3, ..., 0 ≤ s ≤ t (3.5)

The following theorem provides a Fourier expansion representation of Brownian motion, describing
how it can be expressed as an infinite sum of deterministic basis functions weighted by random
coefficients.

Theorem 1. The Brownian motion {Ws; 0 ≤ s ≤ t} has the Fourier expansion

W (s) =
∞∑
i=1

ξi

∫ s

0

mi(τ)dτ 0 ≤ s ≤ t (3.6)

and the expansion converges in the mean square sense for all s ≤ t

E
[
W (s)−

N∑
i=1

ξi

∫ s

0

mi(τ)dτ
]2
≤ t

πN
(3.7)

Proof. Denote the characteristic function of the interval [0, s] by X[0,s](τ) ∈ L2([0, t]) and has the
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expansion

X[0,s](τ) =
∞∑
i=1

(X[0,s],mi)mi(τ) =
∞∑
i=1

mi(τ)

∫ s

0

mi(τ)dτ

It follows that

W (s) =

∫ s

0

dWτ =

∫ t

0

X[0,s](τ)dWτ =

∫ t

0

( ∞∑
i=1

mi(τ)

∫ s

0

mi(τ)dτ
)
dWτ =

∞∑
i=1

ξi

∫ s

0

mi(τ)dτ

Denote the mean square error of the finite-term truncation

R(N) = E
[
W (s)−

N∑
k=1

ξk

∫ s

0

mk(τ)dτ
]2

Since ξi are independent unit Gaussian variables, we have

R(N) =
∞∑

k=N+1

(∫ s

0

mk(τ)dτ
)2

=
∞∑

k=N

2t

k2π2
sin2

(kπs
t

)
≤

∞∑
k=N

2t

k2π2
≤ 2t

π2

( 1

N2
+

∫ ∞

N

dx

x2

)
≤ t

πN

So the expansion (3.6) converges in the mean square sense uniformly for all s ≤ t [98].

To obtain recursive propagator equations, we denote the set of multi-indices as

J = {α = (αi; i ≥ 1)|αi ∈ {0, 1, 2, ...}, |α| =
∞∑
i=1

αi <∞} (3.8)

where the set J is countable and for every α ∈ J , only finitely many of αi are not equal to zero.
For instance, α = (0, 0, 0, ..., 0) is order |α| = 0 index while α = (1, 0, 0, ..., 0) or α = (0, 0, 1, ..., 0)
are the order |α| = 1 indexes. Higher order indexes α = (1, 0, 1, 0, ..., 0) or α = (2, 0, 0, ..., 0) are
order |α| = 2 and are computed for the nonlinear problems. For α ∈ J , define

|α| =
∑
i

αi and α! =
∏
i

αi!

and

Vα(ξ) =
1√
α!

∏
i

Vαi
(ξi) (3.9)

where Vn is the nth degree Hermite polynomial. The following theorem describes how the solution
u(s, x) of an SPDE can be represented and analyzed using a Fourier-Hermite expansion and the
properties of Wick polynomials.

Theorem 2. (Cameron-Martin) Assume that for any x and s ≤ t, the solution u(s, x) of (3.2)
is a functional of the Brownian motion {Ws : 0 ≤ s ≤ t} with E|u(s, x)|2 < ∞. Then u(s, x) has
the following Fourier-Hermite expansion:

u(s, x) =
∑
α∈J

uα(s, x)Vα(ξ) uα(s, x) = E[u(s, x)Vα(ξ)] (3.10)

where Vα(ξ) are the random Wick polynomials. Furthermore, the first two statistical moment of
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u(s, x) are given by the mean:
E[u(s, x)] = u0(s, x) (3.11)

and the variance
E[u2(s, x)] =

∑
α∈J ,α ̸=0

|uα(s, x)|2 (3.12)

The expansion (3.10) can be separated into two parts:

u(s, x) =
∑
|α|≤1

uα(s, x)Vα(s, x) +
∑
|α|≥2

uα(s, x)Vα(s, x) (3.13)

The first part of expansion (3.13) is the Gaussian approximation of u(s, x), while the second part
accounts for higher-order non-Gaussian terms. It should be noted that due to the linear nature
of the model in this section, we are only interested in the first part of the expansion. In the next
section, we introduce a simple ocean model driven by white noise and present the first applications
of WCE, comparing it with the method of characteristics.

On the other hand, we utilize Monte Carlo simulations to validate the convergence and accuracy
of the results obtained from WCE for the linear stochastic ENSO model given in Section (3.5). The
idea of MC simulations is to sample the random forcing and solve the model equations sample by
sample. The Brownian motion path is sampled by generating Gaussian random variablesW (tn+1)−
W (tn) =

√
∆tN (0, 1) repeatedly. The statistical moments of the random solution are computed by

averaging many realizations in the MC simulation. For example, the mean of the random solution
is estimated by the MC ensemble average:

uMC
M (t, x) =

1

M

M∑
k=1

u(t, x, ωk) (3.14)

where u(t, x, ωk) is a realization computed by the MC simulations, ωk is the sample path of Brownian
motion and M is the total number of realizations [135, 138]. Moreover, the variance uMC

Var(t, x) can
be calculated as

uMC
Var(t, x) =

1

M

M∑
k=1

[
u(t, x, ωk)− uMC

M (t, x)
]2

In Sections (3.5) and (3.6), we demonstrate the application of both methods using different numbers
of recursive propagator equations (WCE modes) and MC ensembles.

3.4 Simple Ocean Model Driven by White Noise

An essential component of ENSO modeling is the propagation of ocean waves. To analyze and test
the efficiency of the proposed WCE method, we first consider a simple ocean model governed by
oceanic Kelvin and Rossby waves driven by white noise. The problem u(t, x) = [K(t, x), R(t, x)]T

can be formulated as follows:

M∂u

∂t
(t, x) = L(u) + ΞẆ (t) where M =

[
1 0
0 1

]
; L =

[
−c ∂

∂x
0

0 c
3

∂
∂x

]
and Ξ =

[
σK
σR

]
(3.15)
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where K(t, x), R(t, x) and W (t) represent the oceanic Kelvin and Rossby waves and Brownian
motion with a constant noise strength Ξ = [σK , σR]

⊤, respectively. The model has the following
reflective boundary conditions

K(t, 0) = rWR(t, 0) and R(t, L) = rEK(t, L) (3.16)

where rW = 0.5 and rE = 0.5 are coupling coefficients at the western and eastern ocean boundaries,
respectively. The ocean domain is chosen as L = 1.2. Specifically, at x = 0 the Rossby wave is
partially reflected as a Kelvin wave with a coupling coefficient rW = 0.5, and at x = L the Kelvin
wave is partially reflected as a Rossby wave with a coupling coefficient rE = 0.5, ensuring wave
interaction at the boundaries. Initial conditions that are shown explicitly in the next section are
defined as:

K(0, x) = f(x) and R(0, x) = g(x) (3.17)

Kelvin and Rossby waves play significant roles in the dynamics of the ENSO in the tropical Pacific
Ocean. Kelvin waves travel eastward along the equator, constrained by the Coriolis effect, which is
zero at the equator. On the other hand, Rossby waves, which travel westward and are much slower
than Kelvin waves, are large-scale waves generated by the Earth’s rotation and the variation of
the Coriolis effect with latitude. In climate models, accurately representing these waves is essential
for simulating the timing, intensity, and duration of ENSO events. These waves are also the first
meridional basis projection to the originally two-dimensional PDEs-(x, y) and help modulate the
sea surface temperature anomalies that are central to ENSO dynamics, as discussed in more detail
in Section (3.5). In the next section, we provide some properties of the ocean model and compare
solutions using the method of characteristics with those obtained numerically.

3.4.1 Discontinuities of the Homogeneous Model

To analyze the model features, we consider the homogeneous (unforced) case of equations (3.15)-
(3.17) where σK = 0 and σR = 0. Due to the reflective boundary condition at the ocean boundaries,
the model has discontinuities. We use a simple linear initial condition as shown in Figure (3.1).
Although this initial condition may not be physical, it is one of the simplest choices that satisfies
the boundary condition of the model.

Figure 3.1: Initial conditions for Kelvin and Rossby waves at time t = 0 that satisfy the boundary
conditions (left), Kelvin wave at time t = L/2c (middle) and Rossby wave at time t = 2L/c (right).

By using the method of characteristics, we observe that K(t, x) has a jump discontinuity at all
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times 0 < t < L/c and 3L/c < t < 4L/c. At time t = L/2c, the exact solution can be written as:

K(L/2c, x) =

{
1
2
R((−x+ L/2)/3) if 0 ≤ x ≤ L/2

K(x− L/2) if L/2 ≤ x ≤ L
(3.18)

Similarly, R(t, x) has one jump discontinuity at times 0 < t ≤ L/c and 3L/c < t < 4L/c and two
jump discontinuities at times L/c < t < 3L/c. We have the solution for R(t, x) at time t = 2L/c as
follows:

R(2L/c, x) =


R(x+ 2L

3
) if 0 ≤ x ≤ L/3

1
2
K(2L− 3x) if L/3 ≤ x ≤ 2L/3

1
4
R(x− 2L

3
) if 2L/3 ≤ x ≤ L

(3.19)

Figure (3.1) depicts the comparison of numerical solution and exact solution obtained from the
characteristics of Kelvin wave at time t = L/2c and Rossby wave at time t = 2L/c. The figures
illustrate that the error between the exact and numerical solutions is remarkably small. In the next
section, we consider the same problem with σK ̸= 0 and σR ̸= 0 and provide statistical properties.

3.4.2 Mean and Variance Through Characteristic Lines

In this section, we study the exact solution of the statistical moments of the ocean problem (3.15)-
(3.17). We obtain mean and variance solutions at the terminal terminal time and then compare
these with the numerical solutions obtained from the WCE.

Figure 3.2: Kelvin and Rossby waves through characteristics.

Figure (3.2) illustrates the propagation of oceanic Kelvin and Rossby waves through character-
istic lines. The horizontal axis represents the position of the waves in the ocean domain, while the
vertical axis indicates the reflection times at the boundaries. Waves starting their motion at the
point y ∈ [0, L] return to the same point y within one-period time, calculated as T = 4L/c for this
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problem. At the boundaries, the waves transform into each other due to the reflective boundary
conditions. The mean value of K(4L/c, y) is rW rEf(y) while the variance is given by

r2Er
2
Wσ

2
K

(L− y
c

)
+ r2Wσ

2
R

(3L
c

)
+ σ2

K

(y
c

)
(3.20)

Similarly, the mean value of R(4L/c, y) is rErWg(y) while the variance is given by

r2Er
2
Wσ

2
R

(3y
c

)
+ r2Eσ

2
K

(L
c

)
+ σ2

R

(3L− 3y

c

)
(3.21)

In the next section, we compare the exact solutions of the mean and variance equations (3.20)-(3.21)
at the terminal time with the numerical solutions obtained from the WCE-based method.

3.4.3 Recursive Propagator Equations

In this section, we provide a detailed derivation of propagator equations of model (3.15)-(3.17),
which will then be solved numerically. The solutions K(t, x) and R(t, x) of (3.15)-(3.17) have the
following Fourier-Hermite expansion:

K(t, x) =
∑
α∈J

Kα(t, x)Vα(ξ) and R(t, x) =
∑
α∈J

Rα(t, x)Vα(ξ).

Write the SPDE’s (3.15)-(3.17) in the integral form

K(t, x) = f(x) − c
∫ t

0

∂xK(s, x) ds+ σKW (t)

R(t, x) = g(x) +
c

3

∫ t

0

∂xR(s, x) ds+ σRW (t).

If we plug this expansion into the Equations (3.15), multiply both sides by Vβ and take the expec-
tation, we obtain∑

α∈J

Kα(t, x)E[VαVβ] = f(x)E[Vβ]− c
∑
α∈J

∫ t

0

∂xKα(s, x)E[VαVβ]ds+ σKE[W (t)Vβ]

∑
α∈J

Rα(t, x)E[VαVβ] = g(x)E[Vβ] +
c

3

∑
α∈J

∫ t

0

∂xRα(s, x)E[VαVβ]ds+ σRE[W (t)Vβ]

Since E[Vα(ξ)Vβ(ξ)] = δαβ and
∑

αKαδαβ = Kβ, we get a set of infinite-dimensional equations

Kβ(t, x) = f(x)E[Vβ]− c
∫ t

0

∂xKβ(s, x)E[VαVβ]ds+ σKE[W (t)Vβ]

Rβ(t, x) = g(x)E[Vβ] +
c

3

∫ t

0

∂xRβ(s, x)E[VαVβ]ds+ σRE[W (t)Vβ]
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Using the properties of Wick polynomials, we obtain the following recursive propagator equations
for the Kelvin wave:

K|β|=0(t, x) = f(x)− c
∫ t

0

∂xK|β|=0(s, x)ds

K|β|=1(t, x) = −c
∫ t

0

∂xK|β|=1(s, x)ds+ σK

∫ t

0

mi(s)ds

K|β|≥2(t, x) = −c
∫ t

0

∂xK|β|≥2(s, x)ds

Similarly, the propagator equations for the Rossby wave are:

R|β|=0(t, x) = g(x) +
c

3

∫ t

0

∂xR|β|=0(s, x)ds

R|β|=1(t, x) =
c

3

∫ t

0

∂xR|β|=1(s, x)ds+ σK

∫ t

0

mi(s)ds

R|β|≥2(t, x) =
c

3

∫ t

0

∂xR|β|≥2(s, x)ds

The order |β| = 0 propagator solution is obtained by using initial conditions with zero-forcing,
while the order |β| = 1 propagator solutions are solved with forcing terms mk and zero initial
condition. Order |β| ≥ 2 provide zero solution since they are solved with zero initial condition
and without forcing terms. To obtain corresponding boundary conditions, we expand them using
Fourier-Hermite expansion. At x = 0, we have the following relations:

K(t, 0) =
∑
α∈J

Kα(t, 0)Vα(ξ) = rWR(t, 0) = rW
∑
α∈J

Rα(t, 0)Vα(ξ).

Multiplying both sides by Vβ and taking the expectation, one obtains∑
α∈J

Kα(t, 0)E[VαVβ] = rW
∑
α∈J

Rα(t, 0)E[VαVβ].

Since E[Vα(ξ)Vβ(ξ)] = δαβ and
∑

αKαδαβ = Kβ, we get a set of infinite-dimensional equations

Kβ(t, 0) = rWRβ(t, 0)

Similarly, at x = L, we have the following relations:

R(t, L) =
∑
α∈J

Rα(t, L)Vα(ξ) = rEK(t, L) =
∑
α∈J

Kα(t, L)Vα(ξ).

Multiplying both sides by Vβ and taking the expectation, one obtains∑
α∈J

Rα(t, L)E[VαVβ]. = rE
∑
α∈J

Kα(t, L)E[VαVβ]
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Since E[Vα(ξ)Vβ(ξ)] = δαβ and
∑

αKαδαβ = Kβ, we get a set of infinite-dimensional equations:

Rβ(t, L) = rEKβ(t, L)

To formulate the recursive deterministic propagator equations and numerical schemes, we can use
differential forms and index notation as shown in (3.8). We show that the first WCE coefficients
K|0|(t, x) and R|0|(t, x), which are the mean of the stochastic solutions, satisfy

(K(0,0,0,0...))t + c(K(0,0,0,0,....))x = 0 with K(0,0,0,0,...)(x, 0) = f(x) (3.22)

(R(0,0,0,0...))t − (c/3)(R(0,0,0,0,....))x = 0 with R(0,0,0,0,...)(x, 0) = g(x) (3.23)

with the boundary conditions

K(0,0,0,0...)(t, 0) = rWR(0,0,0,0...)(t, 0)

R(0,0,0,0...)(t, L) = rEK(0,0,0,0...)(t, L)

The mean K|0| and R|0| are not driven by the random forcing directly, since the forcing has zero
mean. Order |α| = 1 coefficients can be written for α = (0, 0, 0, .., 1, ....) where the kth element is 1
as:

(K(0,0,0,..,1,....))t + c(K(0,0,0,..,1,....))x = mk(t) K(0,0,0,..,1,..)(x, 0) = 0 (3.24)

(R(0,0,0,..,1,....))t − (c/3)(R(0,0,0,..,1,..))x = mk(t) R(0,0,0,..,1,..)(x, 0) = 0 (3.25)

with the boundary conditions

K(0,0,0,..,1,..)(t, 0) = rWR(0,0,0,..,1,..)(t, 0)

R(0,0,0,..,1,..)(t, L) = rEK(0,0,0,..,1,..)(t, L)

The coefficients { Kα , Rα ; |α| = 1 } of the Gaussian part are forced by the input mk(t) directly.
We solve Equations (3.22)-(3.25) using the finite difference method and compare them with the
exact solutions at the terminal time.

3.4.4 Comparison of Theoretical and Numerical Results

We simulate the model until T = 4L/c, which corresponds to one-period time where L = 1.2
and c = 0.5. Figure (3.3) illustrates the evolution of Kelvin and Rossby wave mean and variance,
calculated using Equations (3.11)-(3.12), over one-period. We compare the mean and variance
results of the exact solution (as obtained in the previous section using characteristics) with those
from the WCE at the terminal time T = 9.6. We find reasonable agreement using 1-WCE mode
for the mean and 9-WCE modes for the variance. As the mean solution decays due to dissipation
at the boundaries, the variance increases over time due to stochastic forcing. Due to discontinuities
in the boundary conditions, some errors are observed in the numerical solution at the boundaries
for the mean calculation.
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Mean and Variance of Kelvin and Rossby Waves

Figure 3.3: Mean and variance of Kelvin and Rossby waves over time (left) and at the terminal
time T = 4L/c (right).

To obtain the random solution for u(t, x) = [K(t, x), R(t, x)]T , we combine the deterministic
propagators uα(t, x) = [Kα(t, x), Rα(t, x)]

T with the corresponding Hermite polynomials. Random
numbers are generated by using the Python package numpy.random.normal with a normal distribu-
tion N (0, 1). Table (3.1) shows one set of random variables to obtain a complete random solution
of model (3.15). After deriving the expressions for the propagators, we combine them with the
corresponding random Hermite bases. Figure (3.4) displays five ensemble solutions of Kelvin and
Rossby waves. Due to the stochastic nature of the solutions, each ensemble exhibits different wave
evolution.

ξP0 ξP1 ξP2 ξP3 ξP4 ξP5 ξP6 ξP7 ξP8 ξP9

1.0000 -1.3102 -0.0109 1.7551 1.3406 0.7429 -1.2924 1.0150 0.2958 2.0311
1.0000 0.3678 -0.5975 -0.0969 0.0215 -0.3817 -0.7041 0.3456 -0.6991 -0.1101
1.0000 0.7719 -0.6630 1.3424 0.7646 -1.2890 0.1414 -1.5045 -1.1763 -1.2049
1.0000 0.0194 -0.2582 0.6723 0.8448 -1.0832 2.0494 0.4994 1.1276 -2.1716
1.0000 -0.1005 -0.1200 -0.0088 0.8219 0.3810 0.1785 1.5316 -0.3415 -0.6532

Table 3.1: Gaussian random variables multiplied by the corresponding propagator coefficients for
different sets.
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Stochastic Representations of Oceanic Kelvin and Rossby Waves

Figure 3.4: Random field solutions of oceanic Kelvin and Rossby waves generated using different
stochastic bases.

In the next section, we apply the Wiener Chaos Expansion (WCE) to the linear coupled stochas-
tic ENSO model and validate the results by comparing them with those obtained from Monte Carlo
simulations.

3.5 Linear Coupled Stochastic ENSO Model

In this section, we utilize the linear stochastic ENSO model introduced by Majda and co-workers
[23, 155] to show the efficiency and accuracy of the WCE method for high-dimensional coupled
problems. A dissipative steady atmosphere model is driven by atmospheric Kelvin KA(t, x) and
Rossby RA(t, x) waves respectively. Additionally, a dissipative shallow water ocean model forced
by atmospheric waves and stochastic wind burst τ(t) is composed of oceanic Kelvin KO(t, x) and
Rossby RO(t, x) waves. Final component of the coupled model is the sea surface temperature (SST)
model T (t, x) that characterizes the temperature anomalies. Linear coupled PDEs in six variables
u(t, x) = [KA(t, x), RA(t, x), KO(t, x), RO(t, x), T (t, x), τ(t)]T can be written in differential equation
form as

M∂u

∂t
(t, x) = A(κ)u(t, x) (3.26)
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where the linear operator A(κ) in terms of bifurcation parameter κ, the wind stress coefficient is

A(κ) =


− ∂

∂x
− γ 0 0 0 χAαq(2− 2Q)−1 0
0 1

3
∂
∂x
− γ 0 0 χAαq(3− 3Q)−1 0

χO
cκ
2

−χO
cκ
2
−c ∂

∂x
− δ 0 0 sp(x)

−χO
cκ
3

χO
cκ
3

0 c
3

∂
∂x
− δ 0 sp(x)

0 0 cη(x) cη(x) −cξαq 0
0 0 0 0 0 −dp


and M is a 6 × 6 constant matrix with diagonals [0, 0, 1, 1, 1, 1]. Randomness enter the model
through an Ornstein-Uhlenbeck process τ(t) that has the form:

∂τ(t)

∂t
= −dp(τ(t)− τ̂) + σẆ (t) (3.27)

where dp, σ and τ̂ represent dissipation, noise strength and mean of the process, respectively. The
coupled model u(t, x) is driven by the Brownian motion W (t), making it random. We have the
following boundary conditions for the atmosphere variables that are confined in the ocean domain:

KA(t, 0) = e−γ(LA−LO)KA(t, LO) and RA(t, 0) = e3γ(LA−LO)RA(t, LO) (3.28)

where LA and LO represent the length of the equatorial belt and Pacific ocean, respectively. We
have the following reflective boundary conditions for the ocean variables:

KO(t, 0) = rWR
O(t, 0) and RO(t, LO) = rEK

O(t, LO) (3.29)

where x = 0 and x = LO represent the western and eastern parts of the ocean, respectively. Initial
conditions for the model can also be written as:

KO(0, x) = fO(x) ; RO(x, 0) = gO(x) ; T (0, x) = TO(x) and τ(0) = 0 (3.30)

Atmospheric and oceanic Kelvin and Rossby waves play crucial roles in ENSO dynamics by in-
fluencing oceanic heat distribution and large-scale circulation patterns. During an El Niño event,
equatorial Kelvin waves propagate eastward along the equator, deepening the thermocline in the
central and eastern Pacific. This deepening reduces upwelling of cooler subsurface waters, allowing
warmer surface waters to accumulate, thereby increasing sea surface temperature (SST) in these
regions. This warming further reinforces El Niño conditions by altering atmospheric convection
patterns and weakening the trade winds.

In contrast, Rossby waves propagate westward and act as a feedback mechanism that modulates
the influence of Kelvin waves. These waves contribute to large-scale ocean circulation changes by
redistributing heat and affecting thermocline depth in the western Pacific. When Rossby waves
reflect off the western boundary of the Pacific basin, they generate eastward-propagating Kelvin
waves, which can influence the transition between El Niño and La Niña phases. Additionally, Rossby
waves contribute to SST variability by modulating oceanic heat transport and mixing processes,
ultimately playing a crucial role in the evolution and termination of ENSO events.

In our numerical simulations, we observe that the initial conditions of the model persist in the
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system until time T = 9.6. Therefore, we simulate the model until 3-period (which is Tf = 28.8)
to analyze both transient and steady states. The ocean is forced by the atmosphere in two ways :
(i) deterministic forcing caused by the wind flow KA(t, x) and RA(t, x) and (ii) stochastic forcing
created by the wind burst activities τ(t). Figure (3.5) depicts the time evolution of atmospheric
forcing (KA(t, x)− RA(t, x)) at the mid-ocean with coupling coefficient κ = 5.75, dissipation dp =
1.0, noise strength σ = 1.2 and mean τ̂ = −0.25.

Figure 3.5: Deterministic and stochastic wind activities (left) and the noise profile confined to the
western Pacific (right).

While the atmospheric winds KA(t, x) and RA(t, x) are observed all over the Pacific ocean, the
stochastic component representing the wind burst activities are confined to the western Pacific as
shown in the noise profile in Figure (3.5). These bursts, known as Westerly Wind Bursts (WWBs),
play a crucial role in the onset and amplification of El Niño events by generating equatorial Kelvin
waves that deepen the thermocline and enhance eastward transport of warm water in the Pacific.
The stochastic nature of WWBs, often linked to the Madden-Julian Oscillation (MJO), introduces
variability in ENSO evolution, influencing its timing and intensity [87].

Figure 3.6: Response of the SST to different atmosphere-ocean coupling κ at the mid-ocean.

Figure (3.6) depicts the response of SST at the mid-ocean to the coupling coefficient κ between
atmosphere and ocean. As the coupling strength increases, the ocean is forced by the atmosphere
with higher strength. This response grows significantly after surpassing a certain threshold value
of κ which acts as a bifurcation parameter.
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3.6 Results

We first apply WCE to the Ornstein-Uhlenbeck (OU) process, which models stochastic wind burst
activities affecting the ocean. Figure (3.7) shows the variance of the OU process for different
numbers of WCE modes, along with the corresponding errors relative to the exact solution. We
observe that a small number of modes, such as 2, 5, and 10, fail to capture more than 50% of
the variance. In contrast, after using 40 modes, the WCE variance results converge closely to the
exact values. Since 50 modes capture over 90% of the variance, we can effectively use 50 modes to
represent the OU variance and coupled model, achieving a satisfactory convergence to the random
field solution of the problem.

Figure 3.7: Variance of OU-process obtained from WCE with different number of modes (with
σ = 1.2, dp = 1.0 and τ̂ = −0.25) (left) and L1 errors relative to the exact (analytical) solution
(right).

To apply WCE for the coupled high-dimensional problem, we first truncate the propagator
equations that can be solved by well-known numerical schemes. We use upwind finite difference
schemes for the ocean and SST components and numerical integration for the atmosphere. The
solutions of propagators are used to calculate the mean and variance of the model. Finally, one can
construct the stochastic bases by using Gaussian random numbers and can combine them with the
deterministic propagators to calculate random field solutions. The numerical scheme and spectral
decomposition of the problem (3.26) are summarized in Table (3.2).
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Numerical Algorithm for Wiener Chaos Expansion

1. Choose a two-way of truncation for the (deterministic) propagator equations and random
basis functions.

2. Truncate the number of propagator equations K ≥ 1.

3. Define grid points in the (t, x) ∈ [0, T ]× U for the appropriate finite difference scheme

4. In this problem, we use ∆t ≈ 3.0 × 10−2 and ∆x ≈ 2.4 × 10−2 and simulate the model with
t ∈ [0, 28.8] and x ∈ [0, 1.2].

5. For each time ti = i∆t and xj = j(∆x1, ...,∆xn) solve the deterministic propagator system of
equations.

6. From the propagator solutions, construct the statistical moments, i.e. mean and variance.

7. (optional) Generate random variable ξk, k = 1, 2, ... and compute the random field solution

KA(t, x) =
∑
α∈J

KA
α (t, x)Vα(ξ) ; RA(t, x) =

∑
α∈J

RA
α (t, x)Vα(ξ) ; T (t, x) =

∑
α∈J

Tα(t, x)Vα(ξ)

KO(t, x) =
∑
α∈J

KO
α (t, x)Vα(ξ) ; RO(t, x) =

∑
α∈J

RO
α (t, x)Vα(ξ) ; τ(t) =

∑
α∈J

τα(t)Vα(ξ)

Table 3.2: Numerical scheme for the solution of deterministic propagators combined with the ap-
propriate random basis to obtain the WCE solution of SPDEs.

For example, the randomness enters through the Orsntein-Uhlenbeck process. If we plug in the
expansion using integral form and take the inner product with Wick polynomial Vβ, we obtain the
following expression:∑

α∈J

τα(t)E[VαVβ] = τ(0)E[Vβ]− dp
∫ t

0

∑
α∈J

τα(t)E[VαVβ]ds+ dp

∫ t

0

τ̂ ds+ σE[W (t)Vβ] (3.31)

Using the properties of the Wick polynomial (or Hermite polynomials), we obtain |α| = 0 and
|α| = 1 order expressions as follows:

τ|β|=0(t) = τ(0)− dp
∫ t

0

τ|β|=0(s)ds+ dp

∫ t

0

τ̂ ds (3.32)

τ|β|=1(t) = −dp
∫ t

0

τ|β|=1(s)ds+ σ

∫ t

0

mi(s)ds (3.33)

The order |β| = 0 equation (3.32) consists of the initial condition and deterministic forcing while
the order |β| = 1equation (3.33) involves a combination of L2 functions mi(s) as given in (3.5).

τ|β|≥2(t) = −dp
∫ t

0

τ|β|≥2(s)ds (3.34)
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The order |β| ≥ 2 Equations (3.34) provide zero solutions, as they involve no initial condition
or forcing terms. Equations (3.32)-(3.34) contribute to corresponding components of u(t, x) =
[KA(t, x), RA(t, x), KO(t, x), RO(t, x), T (t, x)] by forming a system of recursive deterministic prop-
agator equations.

3.6.1 Comparison of Wiener Chaos Expansion and Monte Carlo Sim-
ulations

WCE can provide significant advantages in terms of convergence rate, efficiency, and analytical
insights for many problems involving uncertainty quantification. However, for extremely high-
dimensional, nonlinear and discontinuous problems, WCE can become infeasible. Moreover, to an-
alyze models where analytical or exact solutions are not easily available, such as stochastic ENSO
models, one needs to utilize other numerical techniques to confirm convergence and efficiency.

For this purpose, the coupled model (3.26) can be numerically solved using the Monte Carlo
method. Monte Carlo methods are straightforward to implement and require minimal modifications
to the underlying deterministic solver. This simplicity makes them accessible and widely applicable
over WCE-based methods. MC methods provide direct estimates of statistical quantities such as
mean, variance, and higher-order moments through sampling. Although each method has its own
advantages and drawbacks, a combination of them provides numerical proof of the convergence and
accuracy of simulations.

To analyze the convergence behavior of the MC simulation, we compute different numbers of
ensembles as M ∈ [10, 50, 100, 300]. The relative error of the mean is computed as

ϵu(M) =
||uMC

M (t, x)− E[u(t, x)]||
||E[u(t, x)]||

(3.35)

where E[u(t, x)] is the benchmark mean computed by WCE simulation. We also calculate the
variance error using WCE and MC calculations. The variance of Monte Carlo ensembles is calculated
as

σMC
u (M) =

(uMC
M (t, x)− E[u(t, x)])2

M
(3.36)

and the relative variance error is calculated as

ϵσ(M) =
||σMC

u (M)− σWCE
u ||

||σWCE
u ||

(3.37)

Table (3.3) shows the relative error of WCEmodes and MC ensembles for sea surface temperature
T (t, x) computation times for simulating the ensembles of the coupled model. The benchmark
is computed with WCE mean and variance solutions. We observe that the mean and variance
errors decrease as the number of Monte Carlo ensembles increases. However, the computation time
dramatically increases depending on the ensembles. On the other hand, the computation time of
the WCE solution takes remarkably shorter time with small mean and variance error.
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Relative Error Comparison: MC Ensembles vs. WCE
Method Mean Error Computation Time Variance Error
10 MC Ensembles 0.3792 168 sec 0.4150
50 MC Ensembles 0.0853 798 sec 0.1241
100 MC Ensembles 0.0645 1627 sec 0.1066
300 MC Ensembles 0.0635 4880 sec 0.0616
50 WCE Modes - 801 sec -

Table 3.3: Comparison of relative mean and variance errors for MC ensembles and WCE method
for sea surface temperature T (t, x), including computation times on a common laptop.

Figure (3.8) shows the comparison of convergence of MC results of T (t, x) to the WCE at a fixed
space point x = 0.6 where x ∈ [0, 1.2]. As the number of ensembles increases, the L1 error between
the two methods decreases. However, the computational cost of the MC method is considerably
higher compared to the WCE method.

Figure 3.8: Comparison of WCE and MC variance results of T (t, x) with different number of
ensembles at a fixed space point x = 0.6.

Figures (3.9), (3.10) and (3.11) depict the mean and variance results of oceanic Kelvin wave
KO(t, x), RO(t, x) and T (t, x) using both WCE and MC methods. We only need the first (unforced)
propagator solution for the WCE mean results, which takes 15 seconds. In contrast, the mean results
for the MC simulations are obtained using 300 ensembles, requiring 4880 seconds. Although the
L1 error between these two methods is relatively small, the WCE method requires significantly less
computation time to obtain the mean and variance solutions. As we make longer simulations, , the
error increases due to numerical inaccuracies. The variance of oceanic Kelvin and Rossby waves is
confined in the first half of the ocean due to noise profile sp(x). The SST variance shifts towards
the eastern part of the ocean, resulting in warmer water initiating El Niño events. These results
have been published in Tellus A: Dynamic Meteorology and Oceanography [5], with earlier findings
presented at the European Geosciences Union (EGU) in Vienna in 2023 [4].
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Oceanic Kelvin Wave - Mean Oceanic Kelvin Wave - Variance

Figure 3.9: (a) Mean of oceanic Kelvin wave KO(t, x) obtained from WCE (1st propagator), MC
(300 ensembles), and the corresponding L1 error. (b) Variance of oceanic Kelvin wave obtained
from WCE (50 propagators), MC (300 ensembles).

Oceanic Rossby Wave - Mean Oceanic Rossby Wave - Variance

Figure 3.10: (a) Mean of oceanic Rossby wave RO(t, x) obtained from WCE (1st propagator), MC
(300 ensembles), and the corresponding L1 error. (b) Variance of oceanic Rossby wave obtained
from WCE (50 propagators), MC (300 ensembles).

SST - Mean SST - Variance

Figure 3.11: (a) Mean of sea surface temperature (SST) T (t, x) obtained from WCE (1st propaga-
tor), MC (300 ensembles), and the corresponding L1 error. (b) Variance of sea surface temperature
(SST) obtained from WCE (50 propagators), MC (300 ensembles).
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3.7 Conclusion

In this chapter, we explored a stochastic ENSO model by the numerical simulations based on
Wiener chaos expansion and Monte Carlo methods. The utilization of WCE provided a compre-
hensive study based on a spectral approach while MC simulations enhanced our ability to analyze
stochastic models through ensemble methods. Although WCE and MC-based methods have been
applied to many problems, this chapter investigated a relatively uncommon application on high-
dimensional coupled SPDE models.

Initially, we applied the WCE-based scheme on the simple ocean model formed by oceanic Kelvin
and Rossby waves forced with white noise. The WCE approach with 10 propagators converged exact
mean and variance values obtained from the method of characteristics with high accuracy. These
results demonstrated that the WCE method would be an appropriate method for high-dimensional
and more complicated models. Subsequently, we utilized a linear stochastic ENSO model forced
by the Ornstein-Uhlenbeck process to show the accuracy of the method. We compared the WCE
results formed by 50 modes, which is assumed to be the benchmark for the solution, with 300 MC
ensembles. We showed that the mean and variance results of the stochastic model based on the
MC method converges to the WCE results. Notably, the model simulation with WCE required
for less computational resources as opposed to MC ensembles. Along with the noise construction
with specific model parameters, this chapter provides an alternative approach for simulations of
stochastic climate models with less computational resources that can be considered as a first step
of more complex and longer simulations.

However, the fact that WCE provides several advantages both numerical and theoretical, it has
its drawbacks. As WCE is applied to particularly high-dimensional nonlinear problems, it becomes
more computationally expensive due to the increasing number terms in the chaos expansions. The
simulation of stochastic models involving non-Gaussian processes through WCE may not be the
most efficient or effective approach. Depending on the type of problem, MC or other numerical
methods may be more suitable.
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Chapter 4

Reduced-Order Modeling (ROM) of the
El Niño-Southern Oscillation (ENSO)

4.1 Reduced Order Modeling (ROM)

Simulations of complex fluid dynamics problems or climate models take weeks to complete even
when run parallel in state-of-the-art supercomputers. Given computational resource constraints
and the need for adaptable simulation settings, cost-efficient and accurate algorithms are essential.
To overcome these difficulties, reduced order modeling (ROM) aims to reduce the computational
complexity and present high-dimensional problems (usually PDEs) with reduced order equations
(ODEs). Among the prominent techniques, one effective data-driven approach is dynamic mode
decomposition (DMD), introduced by Peter Schmid in 2010. DMD decomposes spatiotemporal
data into modes with distinct temporal dynamics, providing a linear approximation of the system’s
behavior [68,81,137,142]. A closely related concept is the Koopman operator, which provides a lin-
ear representation of nonlinear dynamical systems by projecting them onto an infinite-dimensional
function space. This operator has gained attention for its ability to extract global dynamic fea-
tures, making it valuable for prediction and control of nonlinear systems [113, 129, 167]. While
DMD and the Koopman operator provide linear approximations, manifold learning techniques,
such as Isomap developed by Tenenbaum and co-workers and diffusion maps proposed by Coifman
and Lafon uncover the low-dimensional latent space, providing a nonlinear perspective on ROM
by capturing intrinsic geometric structures within high-dimensional data [25,32,153]. Additionally,
autoencoders, a class of deep learning architectures, learn compact, nonlinear latent representations
by encoding data into a reduced space and reconstructing it, offering flexibility for complex systems
[10,53,158].

Building on these foundational methods, modern advancements in ROM tackle challenges in
strongly nonlinear and high-dimensional systems. For instance, DMD and Koopman operator ap-
proaches excel in analyzing fluid flows or oscillatory systems, where global modes dominate. Mani-
fold learning, on the other hand, is particularly effective for systems exhibiting nonlinear structures,
as it provides insights that linear methods may overlook. Autoencoders introduce deep learning
to ROM, enabling the discovery of intricate patterns and reconstructions even in chaotic systems.
Hybrid approaches, such as integrating Koopman theory with autoencoders, enhance ROM capa-
bilities by leveraging the strengths of both linear and nonlinear techniques, making them effective
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for high-dimensional and nonlinear systems.

Proper Orthogonal Decomposition (POD) is another widely used ROM technique that identifies
the most energetic modes of a system. These modes are optimal in capturing the system’s dominant
features, making POD particularly effective for reducing the dimensionality of systems governed by
partial differential equations, such as fluid flows or heat transfer. Within the POD framework,
the governing equations are projected onto a reduced basis using Galerkin projection, yielding a
computationally efficient approximation of the original system. However, since POD prioritizes
energy-dominant modes and is inherently linear, it may struggle to capture complex nonlinear dy-
namics. Despite its limitations in handling strong nonlinearities, POD remains a cornerstone of
ROM due to its simplicity and strong theoretical foundation.

POD has its origins in early 20th-century mathematical and statistical developments. It is
closely linked to Principal Component Analysis (PCA), introduced by Pearson (1901) [126] and
later formalized by Hotelling (1933) [56]. PCA identifies dominant modes in data by analyzing co-
variance matrices, a concept that later influenced POD. A few decades later, the Karhunen–Loève
(KL) [72, 92] theorem emerged as a significant mathematical framework in stochastic processes.
Developed by Karhunen and Loève in the 1940s, the KL theorem describes a way to represent ran-
dom processes through orthogonal components, forming a foundation for what would later become
POD. The development of PCA and the KL theorem laid the groundwork for applying orthogonal
decomposition techniques to both deterministic and random systems.

In the analysis of functional data of random processes, each observation is a curve on a functional
space assumed to be sampled from a stochastic process X ∈ L2[0, T ] - the Hilbert space of square

integrable functions on [0, T ] with the usual inner product
〈
φ, ψ

〉 def
=
∫ T

0
φ(s)ψ(s)ds for any two

functions φ, ψ ∈ L2[0, T ]. As the primary theoretical foundation of POD, the Karhunen-Loéve
expansion of X, under certain technical conditions, is assumed to exist such that

X(t) = µ
X
(t) +

∞∑
j=1

ξjφj(t),

where the mean function µ
X
(t)

def
=
[
X(t)

]
and the basis functions φj(t) are the orthonormal eigen-

functions of the covariance kernel Γ
X
(s, t) = Cov

[
X(s), X(t)

]
[72,92]. The eigenvalues correspond-

ing to φj(t) ∈ L2[0, T ] satisfy∫ T

0

Γ
X
(s, t)φj(s)ds = λjφj(t) and Γ

X
(s, t) =

∞∑
j=1

λjφj(t)φj(s).

The random coefficients ξj are given by the projection of X(t) − µ
X
(t) in the direction of the jth

eigenfunction φj, that is,

ξj
def
=
〈
X(t)− µ

X
(t), φj

〉
.

Furthermore,
{
ξj
}
are uncorrelated sequences of random variables with zero mean and variance λj.

Since the process X ∈ L2[0, T ], we have
∑∞

j=1 λj <∞.
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In the 1960s and 1970s, POD began to gain recognition in fluid dynamics and turbulence re-
search. Lumley [97] introduced an essential extension to POD by incorporating spatial velocity
correlations, significantly impacting fluid dynamics research. The fluid flows are assumed to be
turbulent and stationary in time. Under these conditions, researchers computed ensemble averages
to derive spatial velocity correlations. The orthonormal eigenfunctions of the velocity correlations
were then used as a rational and quantitative basis of identifying coherent structures. Lumley’s
work highlighted POD’s ability to identify dominant energy-carrying modes in fluid flows, offering
insights into complex phenomena like turbulence. This application of POD to physical systems
marked its transition from a purely mathematical tool to a practical method in engineering and
applied sciences. By the 1980s, POD was extended to computational mechanics. Sirovich [147] in-
troduced the “snapshot method”, which made POD computationally feasible for high-dimensional
systems by utilizing time-series data from simulations or experiments. Recent advancements fur-
ther highlight POD’s role in fluid dynamics and reduced-order modeling. For example, [43] applied
POD-Galerkin methods for large eddy simulation (LES) filtering, while [141] and [160] explored
closure models for turbulent flows, demonstrating the continued evolution of POD techniques.

Although solutions are defined on the interval [0, T ] they are seldom observed there; instead
they are observed on a discrete subset of points. The POD method of snapshots, where the data
are taken at different times as a way to efficiently determine the n <<∞ basis functions, was first
suggested by Sirovich [147] to study fluid dynamic applications for extracting coherent or dominant
structures. The only requirement is that the snapshots are linearly independent (or data generated
by ergodic dynamical systems). Given a function w(t, x), the POD seeks a decomposition of the
form

w(t, x) ≈
n∑

α=1

aα(t)ψα(x)

with spatial basis functions ψα(x) (also called modes), orthogonal in the spatial domain, and tem-
poral coefficients aα(t), capturing the time evolution of the function. n is the number of retained
modes, chosen based on the desired level of approximation.

An open question is how a given functional data set can effectively be spanned by finite basis
functions without the assumption of ergodicity. There is little in the current literature that provides
a sufficient answer to this question with a notable exception of Djouadi and Sahyoun [31]. Their
work explicitly investigates the theoretical properties of dimension reduction techniques within a
functional analytic framework. We extend that conceptual framework to explore dimension reduc-
tion techniques in this chapter. The techniques presented in [31] circumvent one of the confounding
issues that the snapshots are linearly independent. In addition, we develop the theoretical prop-
erties of the techniques within a functional analytic framework to identify an optimal set of basis
functions for vector valued coupled nonlinear PDEs in one spacial dimension. These results provide
a systematic approach to constructing the basis functions for model reduction.

Along with POD, Galerkin approximations are used to build weak solutions of the PDEs by
constructing solutions of certain finite-dimensional (n) approximations to the PDEs. Many ROM
techniques in fluid mechanics arise from the POD-Galerkin projection approach [3, 147]. Suppose
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we are given the PDE in the following form

∂w

∂t
(t, x) = Aw(t, x) +N (w,w)(t, x) (4.1)

The Galerkin projection reduces the PDE model to a set of reduced-order equations (ODEs) by
projecting the governing equations onto a subspace spanned by the reduced basis functions, resulting
in the following form:

ȧγ(t) =
n∑

α=1

aα(t)⟨Aψα, ψγ⟩+
n∑

α,β=1

aα(t)aβ(t)⟨N (ψα, ψβ), ψγ⟩ γ = 1, ..., n

In this chapter, we explore dimensionality reduction and model discovery methods applied to the
nonlinear ENSO model. The primary focus is on POD-Galerkin reduced-order modeling, where we
also introduce the main theorem developed by [31] and later extended by [9]. We present a stable,
efficient, and accurate reduced-order ENSO model using POD-Galerkin method. Additionally, we
investigate model reduction using neural networks and model identification using sparse identifica-
tion of nonlinear dynamics (SINDy) method as proposed by [16], to compare different reduction
approaches.

This chapter is organized as follows. We describe the nonlinear deterministic ENSO model in
Section (4.2). We introduce the POD method with the main theorem in Section (4.3). This is fol-
lowed by the POD-Galerkin ROM in Section (4.4) where we discuss efficiency, accuracy and stability
with the main results. In addition, we study neural networks in Section (4.5) and SINDy method
in Section (4.6), where we provide additional results. Finally, the discussion of the conclusion of
the proposed methods and future work occurs in Section (4.7).

4.2 Nonlinear El Niño-Southern Oscillation Model

Let Ω := {x ∈ [0, L]} denote the extent of the equatorial Pacific Ocean (the physical space between
Australia and South America) and the time domain be defined with a terminal time T as T := {t ∈
[0, T ]}. Then the nonlinear coupled PDEs in five variables which model the interaction of Kelvin
and Rossby waves with SST anomalies are defined as

u(t, x)
def
= [KA(t, x), RA(t, x), KO(t, x), RO(t, x), T (t, x)]T

and can be written in differential equation form as

M∂u

∂t
(t, x) = A(κ)u(t, x) +N (u, u, µ)(t, x), in T× Ω (4.2)

whereM is a 5× 5 constant matrix with diagonals [0, 0, 1, 1, 1], the linear operator A(κ) defined as

A(κ) =


− ∂

∂x
− γ 0 0 0 χAαq(2− 2Q)−1

0 1
3

∂
∂x
− γ 0 0 χAαq(3− 3Q)−1

χO
cκ
2

−χO
cκ
2
−c ∂

∂x
− δ 0 0

−χO
cκ
3

χO
cκ
3

0 c
3

∂
∂x
− δ 0

0 0 cη(x) cη(x) −cξαq

 (4.3)
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depends on a parameter κ, the wind stress coefficient, and nonlinearity N (u, u, µ) with advection
coefficient µ, is defined by

N (u, u, µ)
def
=
[
0, 0, 0, 0,−µ ∂

∂x
[(KO(t, x)−RO(t, x))T (t, x)

]T
.

In equation (4.2), small damping terms γ, δ are introduced to guarantee a unique solution, Eq is
latent heat, ξ is the latent heating exchange coefficient, Q̄ is a constant representing mean vertical
moisture gradient, η(x) is the profile of thermocline feedback and the projection coefficients are
defined as

χA =

∫ ∞

−∞
ϕ0(y)ψ0(Y ) dy and χO =

∫ ∞

−∞
ψ0(Y )ϕ0(y) dY,

where ϕ0 and ψ0 denote the atmospheric and oceanic parabolic cylinder functions dependent on
meridional position y and Y = y/

√
c.

The initial conditions for the oceanic variables of (4.2) are given by

u3(x, 0) = f3(x), u4(x, 0) = f4(x) and u5(x, 0) = f5(x). (4.4)

Periodic boundary conditions that were adopted for the atmosphere model in [23] are modified to
reflect the inclusion of the small damping term γ. Boundary conditions for the atmosphere variables
that are confined in the ocean domain are:

KA(t, 0) = e−γ(LA−LO)KA(t, LO) and RA(t, 0) = e3γ(LA−LO)RA(t, LO) (4.5)

where LA and LO represent the length of the equatorial belt and Pacific ocean, respectively. Having
defined the ocean domain, the next step is to specify the boundary conditions that govern wave
interactions and energy exchange as follows:

KO(t, 0) = rWR
O(t, 0) and RO(t, LO) = rEK

O(t, LO) (4.6)

where x = 0 and x = LO represent the western and eastern ends of the ocean, respectively.
The unidirectional Kelvin and Rossby oceanic equatorial waves are coupled through the boundary
conditions (4.6), where the oceanic waves are reflected with coupling coefficients rW that represents
partial loss of energy in the western Pacific boundary and rE that represents partial loss of energy
due to the north-south propagation of the coastal Kelvin waves along the eastern Pacific boundary.

Equation (4.2) consists of a simple nonlinear advection −µ ∂
∂x
[(KO(t, x) − RO(t, x))T (t, x)] in

the SST equation. We assume no heat flux at the eastern boundary, as specified by the following
boundary conditions for T (t, x):

∂T

∂x
|x=LO

= 0

Suppose {u(t, x) : 0 ≤ t ≤ T, x ∈ Ω} is the solution of the coupled PDE (4.2), defined on some
domain Ω and taking values in some Euclidean space R5. Assume the solution u(t, .) ∈ L2([0, T ], H)
whereH is some Hilbert space of functions Ω→ R5 such as an L2 (square-integrable vector functions
u on Ω) or H1(D) ⊂ L2(D) which denotes the Sobolev space of u of order one that satisfies the
boundary conditions (4.5) and (4.6).
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4.3 Proper Orthogonal Decomposition (POD)

In this section, the theoretical properties of the POD techniques within a functional analytic frame-
work are established. That framework was originally introduced by Djouadi and Sahyoun [31] and
later extended by Baxendale [9]. That approach aims to identify an optimal set of basis functions
for vector-valued, coupled nonlinear PDEs. We present below the results in [9], which provide an
efficient approach for constructing basis functions to be used in model reduction.

Suppose {w(t, x) : 0 ≤ t ≤ T, x ∈ Ω} is the solution of some PDE, defined on some domain Ω
and taking values in some Euclidean space Rd. Assume the solution w(t, .) ∈ L2([0, T ], H), where H
is some Hilbert space of functions Ω→ Rd such as an L2 or Sobolev space. In order to construct a
reduced order model (ROM) we first look for a finite-dimensional subspace H0 of H and a function
w̃ : [0, T ]→ H0 taking values in H0 so that the L2 difference∫ T

0

∥w(t, ·)− w̃(t)∥2Hdt

is small. The selection of H0, or equivalently the set of POD modes forming a basis for H0, is
determined solely based on observations of the solution w(t, x). The information from the PDE will
later be used to derive an approximate ODE governing the finite-dimensional process. {w̃(t) : 0 ≤
t ≤ T}.

To formulate a computationally suitable framework, assume that we have snapshots {w(x, ti); 1 ≤
i ≤M} of the function w(t, x) taken at times ti evenly distributed over the interval [0, T ]. That is,
instead of continuous observations, we have elements w(ti) = w(ti, ·) ∈ H for 1 ≤ i ≤ M , and we
look for a finite-dimensional subspace H0 of H and a sequence w̃1, . . . , w̃M taking values in H0 so
that the L2 difference

M∑
i=1

∥w(ti)− w̃i∥2H

is small. Specifically, given n ≥ 1 let Sn be the set of all functions F : {1, 2, . . . ,M} → H of the
form

Fi =
n∑

α=1

aαi ψα

where all the vectors aα are in RM and all the ψα are in H. Thus Fi takes values in the linear span
H0 = span{ψ1, . . . , ψn} which has dimension at most n. Define

µn = inf
F∈Sn

(
M∑
i=1

∥w(ti)− Fi∥2H

)
. (4.7)

Theorem 3. Given the snapshots w(t1), . . . , w(tM) define the M ×M matrix C by

Cij = ⟨w(ti), w(tj)⟩H , 1 ≤ i, j ≤M. (4.8)

The matrix C is symmetric and non-negative, with eigenvalues λ1 ≥ λ2 ≥ · · · ≥ 0 (counted with
multiplicities) and corresponding orthonormal eigenvectors γ1, γ2, . . . in RM . Then the minimization
problem (4.7) has solution µn =

∑
α>n λα and the optimal F is given by Fi =

∑n
α=1 a

α
i ψα where
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{ψ1, . . . , ψn} is orthonormal and is given by

ψα =
1√
λα

M∑
i=1

γαi w(ti), 1 ≤ α ≤ n,

and
aαi =

√
λαγ

α
i , 1 ≤ i ≤M, 1 ≤ α ≤ n.

Theorem (3) plays a crucial role in our research, providing the foundation for computing the
POD modes ψα and the corresponding time coefficients aα using the eigenvectors γα eigenvalues λα

of matrix C and snapshots w(ti). The proof is provided in the next section.

4.3.1 Proof of Main Theorem

This section presents the proof of Theorem (3), which serves as the theoretical foundation for POD.
To derive the proof step by step following an analytic framework, operators Γ and Γ∗ are defined
as an initial stage. In Lemma (1), it is shown that Γ∗Γ is a trace class of operator with a finite
trace. Then, minimization problem (3) is expressed in terms of maximization problem as defined
in Problem (4.11). Finally, eigenvalues and eigenvectors of Γ∗Γ are introduced, revealing a close
relationship with the correlation matrix C. To simplify notation, the snapshots w(ti) is written as
wi for 1 ≤ i ≤M in the proof steps.

Operators Γ and Γ∗

To express the problem in functional analytic framework, the operators Γ and Γ∗ are defined in
this section. The usual Euclidean inner product on RM is denoted by ⟨·, ·⟩M . Given the snapshots
{wi ∈ H : 1 ≤ i ≤M}, the operator Γ : H → RM is defined by

(Γϕ)i = ⟨ϕ,wi⟩H , 1 ≤ i ≤M. (4.9)

If ϕ ∈ H and g ∈ RM then

⟨Γϕ, g⟩M =
M∑
i=1

⟨ϕ,wi⟩Hgi = ⟨ϕ,Γ∗g⟩H

where Γ∗ : RM → H is given by

Γ∗g =
M∑
i=1

giwi.

The following lemma introduces the trace-class operator Γ∗Γ that maps H into itself and shows
that its trace is finite.

Lemma 1. Let {ϕα : α ≥ 1} be any complete orthonormal basis for H. Then

∑
α≥1

⟨ϕα,Γ∗Γϕα⟩H =
M∑
i=1

∥wi∥2H <∞. (4.10)
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Proof. We have

∑
α≥1

⟨ϕα,Γ∗Γϕα⟩H =
∑
α≥1

(
M∑
i=1

⟨ϕα, wi⟩2H

)
=

M∑
i=1

(∑
α≥1

⟨ϕα, wi⟩2H

)
=

M∑
i=1

∥wi∥2H .

Changing the problem

To formulate the proof of Theorem (3), the problem is reformulated by introducing µ̂ as the supre-
mum taken over all sets of vectors ψ1, . . . , ψn in H as follows:

µ̂n = sup

{
n∑

α=1

⟨Γ∗Γψα, ψα⟩H : the set {ψ1, . . . , ψn} is orthonormal in H

}
. (4.11)

The following result closely follows the main idea presented in Theorem 1 of [31].

Theorem 4. Suppose the supremum in the maximization problem (4.11) is attained by an orthonor-

mal set {ψ̂1, . . . , ψ̂n}. Then the minimization problem (4.7) has µn =
∑M

i=1 ∥wi∥2H − µ̂n and the

infimum is attained with Fi =
∑n

α=1(Γψ̂
α)iψ̂

α.

Proof. Write Fi =
∑n

α=1 a
α
i ψ

α. Applying the Gram-Schmidt orthogonalization process yields
a complete orthonormal system {ϕα : α ≥ 1} such that ψα ∈ span{ϕ1, . . . , ϕn} for all α = 1, . . . , n.
Thus, after some elementary rearranging, we may assume F is of the form Fi =

∑n
α=1 b

α
i ϕ

α where
the set {ϕ1, . . . ϕn} gives the first n terms of a complete orthonormal system {ϕα : α ≥ 1}. Then

M∑
i=1

∥wi − Fi∥2H =
M∑
i=1

∥∥∥wi −
n∑

α=1

bαi ϕ
α
∥∥∥2
H

=
M∑
i=1

∑
β≥1

〈
ϕβ,
(
wi −

n∑
α=1

bαi ϕ
α
)〉2

H

=
∑
β≥1

M∑
i=1

(
(Γϕβ)i −

n∑
α=1

bαi ⟨ϕβ, ϕα⟩H
)2

=
n∑

β=1

M∑
i=1

(
(Γϕβ)i − bβi

)2
+
∑
β>n

M∑
i=1

(
(Γϕβ)i

)2
=

n∑
β=1

M∑
i=1

(
(Γϕβ)i − bβi

)2
dt+

M∑
i=1

∥wi∥2H −
n∑

β=1

⟨Γ∗Γϕβ, ϕβ⟩H .

where the last equality is obtained by applying (4.10). Minimizing the first term is achieved by
selecting bβi = (Γϕβ)i for 1 ≤ β ≤ n and the minimization of the third term is accomplished by
maximizing µ̂n as given in Problem (4.11) . Thus µn =

∑M
i=1 ∥wi∥2H−µ̂n and the optimizing function

is given by ϕα(x) = ψ̂α(x) and then bα = (Γψ̂α).
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Eigenvalues and eigenfunctions of Γ∗Γ

Since Γ∗Γ is symmetric and non-negative and of rank at most M on a Hilbert space H, it can be
diagonalized. Thus there is a complete orthonormal set of eigenfunctions {να : α ≥ 1} in H and

corresponding eigenvalues λ̂1 ≥ λ̂2 ≥ λ̂3 ≥ · · · ≥ 0 (counted with multiplicities) so that

(Γ∗Γ)να = λ̂ανα, α ≥ 1.

(Given that H is a function space, the eigenvectors of Γ∗Γ are referred to as eigenfunctions.)

Theorem 5. For the maximization problem (4.11), we have µ̂n =
∑n

α=1 λ̂α, attained by the or-
thonormal set {ν1, . . . , νn}.

Proof. Let {ψ1, . . . , ψn} be an orthonormal set in H, and define the n × n matrix A by
Aαβ = ⟨Γ∗Γψα, ψβ⟩. Let κ1 ≥ κ2 ≥ · · · ≥ κr > 0 denote the strictly positive eigenvalues of A. The
Rayleigh-Ritz procedure applied to −Γ∗Γ and −A, see for example Theorem 10.12 in [118], implies

λ̂α ≥ κα for 1 ≤ α ≤ r. Then

n∑
α=1

⟨Γ∗Γψα, ψα⟩H =
n∑

α=1

Aαα = trace(A) =
n∑

α=1

κα ≤
n∑

α=1

λ̂α.

Therefore µ̂ ≤
∑n

α=1 λ̂α, and equality is attained by choosing ψα = να.

Applying the result of Theorem (5) in Theorem (4) and noting

∑
α≥1

λ̂α =
∑
α≥1

⟨να, (Γ∗Γ)να⟩H =
M∑
i=1

∥wi∥2H ,

This leads to the following corollary.

Corollary 1. Suppose Γ∗Γ has eigenvalues λ̂1 ≥ λ̂2 ≥ · · · ≥ 0 (counted with multiplicities) with
orthonormal eigenfunctions ν1, ν2, . . .. Then for n ≥ 1, the minimization problem (4.7) has solution

µn =
∑

α>n λ̂α attained with Fi =
∑n

α=1(Γν
α)iν

α.

The following section introduces the relationship between the correlation matrix C and Γ∗Γ,
establishing a framework that is more suitable for computation.

Eigenvalues and eigenvectors of C

Corollary (1) provides the solution of the minimization problem (4.7) expressed in terms of the
operator Γ∗Γ on the Hilbert space H. Here it is reformulated in the computationally convenient
form given in Theorem (3) in terms of the M ×M matrix C. Notice that for γ ∈ RM we have
(Cγ)i =

∑M
j=1⟨wi, wj⟩γj = ⟨wi,Γ

∗γ⟩ = (ΓΓ∗γ)i, so that C = ΓΓ∗.

Proposition 1. (i) If {ϕ1, . . . , ϕn} is any orthogonal set of non-zero eigenfunctions of Γ∗Γ with

non-zero eigenvalues λ̃1, . . . λ̃n, then {Γϕ1, . . . ,Γϕn} is an orthogonal set of non-zero eigenvectors

of C with the same non-zero eigenvalues λ̃1, . . . λ̃n.
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(ii) Conversely, if {γ1, . . . , γn} is any orthogonal set of non-zero eigenvectors of C with non-zero

eigenvalues λ̃1, . . . λ̃n, then {Γ∗γ1, . . . ,Γ∗γn} is an orthogonal set of non-zero eigenfunctions of Γ∗Γ

with the same non-zero eigenvalues λ̃1, . . . λ̃n.

Proof. (i) We have

C(Γϕα) = ΓΓ∗Γϕα = Γ
(
Γ∗Γϕα

)
= Γ

(
λ̃αϕ

α
)
= λ̃α

(
Γϕα

)
and

⟨Γϕα,Γϕβ⟩M = ⟨ϕα,Γ∗Γϕβ⟩H = λ̃β⟨ϕα, ϕβ⟩H .

Together, we see Γϕα ̸= 0 and the Γϕ1, . . . ,Γϕn are orthogonal and Γϕα is an eigenvector of C with
the same eigenvalue λ̃α as the eigenfunction ϕα.

(ii) Similarly we have

Γ∗Γ(Γ∗γα) = Γ∗(Cγα) = Γ∗(λ̃αγα) = λ̃α
(
Γ∗γα

)
and

⟨Γ∗γα,Γ∗γβ⟩H = ⟨γα,ΓΓ∗γβ⟩M = ⟨γα, Cγβ⟩M = λ̃β⟨γα, γβ⟩M , (4.12)

and the result follows as in (i).

Proof of Theorem (3). Let λα and γα be the eigenvalues and orthonormal eigenvectors of

C, as in the statement of Theorem (3). Then in Corollary (1) we have λ̂α = λα and orthogonal
eigenfunction Γ∗γα. Using (4.12) we have orthonormal eigenvectors

ψα =
1√
λα

(Γ∗γα) =
1√
λα

M∑
i=1

γαi wi

and then

aαi = (Γψα)i =
1√
λα

(ΓΓ∗γα) =
√
λαγ

α
i .

4.4 POD-Galerkin ROMApplied to Nonlinear ENSOModel

In this section, we apply POD techniques presented in Section (4.3) to the ENSO model described
in Section (4.2). Suppose {u(t, x) : 0 ≤ t ≤ T, x ∈ Ω} is the solution of the coupled PDE (4.2),
defined on some domain Ω and taking values in some Euclidean space R5. In (4.2), the equatorial
atmosphere is modeled by a steady-state linear equation forced by heat from the equatorial Pacific
Ocean surface, which is proportional to the SST T (t, x). Hence, the first two components KA(t, x)
and RA(t, x) of u(t, x) are driven by T (t, x). For each fixed time t the first two equations along with
the boundary conditions on KA(t, x) and RA(t, x) the functions x 7→ KA(t, x) and x 7→ RA(t, x) are
determined by the function x 7→ T (t, x). Thus there are linear transformations Φ1 and Φ2 sending
functions of x to functions of x such that for each t we have

KA(t, ·) = Φ1(T (t, ·)), and KA(t, ·) = Φ2(T (t, ·)).
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Therefore, every solution u(t, x) of (4.2) satisfying the reflection boundary conditions that couple
KO(t, x) and RO(t, x) is of the form

u(t, x) = [Φ1(T (., t))(x),Φ2(T (., t))(x), K
O(t, x), RO(t, x), T (t, x)] (4.13)

Assume the solution u ∈ L2([0, T ], H) where H is some Hilbert space of functions Ω→ R5 such
as an L2 or Sobolev space. Due to the functional dependance of KA(t, x) and RA(t, x) on T (t, x)
as shown in (4.13), for the ENSO system, we concentrate on the three functions

u(t, x) =
(
KO(t, x), RO(t, x), T (t, x)

)
(4.14)

and the space Ĥ, which is again a Hilbert space of functions Ω → R3. For each fixed time t
the mapping x 7→

(
KO(t, x), RO(t, x), T (t, x)

)
is in Ĥ. Recall that the solution u(t, x) satisfies

u(t, ·) ∈ H for all t, where H is a Hilbert space consisting of functions [0, L]→ R5. Define the new
Hilbert space

Ĥ = {v : [0, L]→ R3 : (0, 0, v) ∈ H}

with the inner product
⟨v, w⟩Ĥ = ⟨(0, 0, v), (0, 0, w)⟩H , v, w ∈ Ĥ.

Here if v(x) = (KO(t, ·), RO(t, ·), T (t, ·)) then (0, 0, v) : [0, L]→ R5 is the function

x 7→ (0, 0, KO(t, ·), RO(t, ·), T (t, ·)).

Remark 4.1. : If the Hilbert space H is the product of Hilbert spaces H1 ×H2 ×H3 ×H4 ×H5,
so that u ∈ H can be written

u(x) = (u1(x), u2(x), u3(x), u4(x), u5(x))

with ui ∈ Hi for i = 1, . . . , 5 and

⟨u, v⟩H =
5∑

i=1

⟨ui, vi⟩Hi
, u, v ∈ H

then Ĥ = H3×H4×H5 . Therefore, for each fixed time t the mapping x 7→
(
KO(t, x), RO(t, x), T (t, x)

)
is in Ĥ. It should be noted that we define H = HKA × HRA × HKO × HRO × HT and Ĥ =
HKO ×HRO ×HT in the PDE model (4.2), respectively. Considering this, we can define full snap-
shots

ui(x) = (Φ1(T (ti, .))(x),Φ2(T (ti, .))(x), K
O(ti, x), R

O(ti, x), T (ti, x)) 1 ≤ i ≤M

and reduced snapshots as

ui(x) = (KO(ti, x), R
O(ti, x), T (ti, x)) 1 ≤ i ≤M (4.15)
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where ui(x) ∈ Ĥ. We can form an M ×M matrix using the reduced snapshots such as

Cij =
1

M
⟨ui, uj⟩Ĥ =

1

M

(
⟨KO

i (x), K
O
j (x)⟩HKO

+⟨RO
i (x), R

O
j (x)⟩HRO

+⟨Ti(x), Tj(x)⟩HT

)
1 ≤ i, j ≤M

(4.16)
Using the reduced snapshots given in (4.15) and the eigenvectors γα and eigenvalues λα of matrix
C, we can define the orthonormal modes by (see Theorem (3))

Ψ̃α(x) =
1√
λα

M∑
i=1

γαi ui(x) and Ψ̂α(x) =
1√
λα

M∑
i=1

γαi ui(x) (4.17)

where Ψ̃(x) and Ψ̂(x) are constructed using reduced and full snapshots, respectively. It is worth
pointing out that POD modes Ψ̃(x) and Ψ̂(x) remain invariant regardless of initial conditions for
the PDE model (4.2). This invariance of POD modes is presented in Appendix (C). Figure (4.1)
illustrates the POD modes Ψ̃α(x) and projected initial conditions ⟨(u3(x, 0), u4(x, 0), u5(x, 0)), Ψ̃α⟩
where α = 1, .., 4. As the full-order PDE model given in Equation (4.2) is discretized using 168
spatial nodes, each POD mode Ψ̃α(x) consists of 504 elements, combining the corresponding modes
for KO(t, x), RO(t, x) and T (t, x), respectively. The reconstruction results are presented in the next
section to show the accuracy of the method. After finding optimal POD bases {Ψ̃1, ..., Ψ̃n} and
{Ψ̂1, ..., Ψ̂n}, one can project PDE (4.2) onto these POD modes using Galerkin projection to find
set of ODEs for the Rn-valued process t → (a1(t), ..., an(t)) so that the solution given by un(t, x)
stays close to the solution u(t, x). The steady state properties of first two components of model
(4.2) suggest that the time evolution of the system is controlled by the evolution of the last three
components KO(t, x), RO(t, x) and T (t, x) satisfying

∂

∂t
u(t, x) =

[
∂KO

∂t
(t, x) ∂RO

∂t
(t, x) ∂T

∂t
(t, x)

]T
= A0u(t, x) +N0(u, u)(t, x) (4.18)

where u(t, x) is given by (4.13) and A0 and N0(u, u) denote the last three rows of A and N (u, u),
respectively. Replacing u(t, x) and u(t, x) with un(t, x) and un(t, x) in (4.18) results in

n∑
α=1

ȧα(t)Ψ̃α =
n∑

α=1

aα(t)A0Ψ̂α +
n∑

α,β=1

aα(t)aβ(t)N0(Ψ̂α, Ψ̂β) (4.19)

The PDEs for KO and RO are coupled through the boundary conditions (4.6), that is, KO(t, 0) =
rWR

O(t, 0) andRO(t, LO) = rEK
O(t, LO). Hence, due to this coupling, the amplitudes

(
a1(t), a2(t), · · · an(t)

)
in (4.19) are common for all the POD modes, as described in Remark 4.2 below. Taking the inner
product of each side with the function Ψ̃γ such that

n∑
α=1

ȧα(t)⟨Ψ̃α, Ψ̃γ⟩Ĥ =
n∑

α=1

aα(t)⟨A0Ψ̂α, Ψ̃γ⟩Ĥ +
n∑

α,β=1

aα(t)aβ(t)⟨N0(Ψ̂α, Ψ̂β), Ψ̃γ⟩Ĥ (4.20)

These assumptions suggest the following reduced order equations:

ȧγ(t) =
n∑

α=1

aα(t)⟨A0Ψ̂α, Ψ̃γ⟩Ĥ +
n∑

α,β=1

aα(t)aβ(t)⟨N0(Ψ̂α, Ψ̂β), Ψ̃γ⟩Ĥ γ = 1, ..., n (4.21)
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Since

⟨Ψ̃α, Ψ̃γ⟩Ĥ =

{
1 α = γ

0 α ̸= γ
(4.22)

Equation (4.21) represents the reduced order model (ODEs) of the full-order PDE model (4.2).
Similar to POD analysis, we observe that four modes (n = 4) is sufficient to capture the main prop-
erties using the POD-Galerkin method. To simulate the ODEs, the initial conditions of the PDE
are projected to determine the corresponding initial conditions given in (4.4) for the reduced-order
model using ⟨(u3(x, 0), u4(x, 0), u5(x, 0)), Ψ̃α⟩ .

Remark 4.2 : Using this approach, we emphasize that each component of ENSO model (4.2)
has distinct spatial modes written in vector form as {Ψ̂α(x)}nα=1 and {Ψ̃α(x)}nα=1, reflecting their
unique variability patterns. However, the temporal coefficients {aα(t)}nα=1 remain the same across
all components, ensuring a unified low-dimensional representation of the system’s dynamics as given
in Equation (4.21). That approach makes it uniquely different from other applications of the POD-
Galerkin method.

Figure 4.1: (a) POD modes Ψ̃(x) and (b) projected initial conditions used to simulate the reduced-
order equations.

Figure (4.2) illustrates initial conditions of the PDE model (4.2) (u3(x, 0), u4(x, 0), u5(x, 0)) and
reconstructed initial conditions using

∑4
α=1⟨(u3(x, 0), u4(x, 0), u5(x, 0)), Ψ̃α⟩Ψ̃α. This result verifies

that the ODEs (4.21) are simulated using correct initial conditions ⟨(u3(x, 0), u4(x, 0), u5(x, 0)), Ψ̃α⟩.
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Figure 4.2: Comparison of initial conditions of PDE ⟨(u3(x, 0), u4(x, 0), u5(x, 0))⟩ and reconstructed
initial conditions using four POD modes ⟨(u3(x, 0), u4(x, 0), u5(x, 0))⟩.

Figure (4.3) depicts the comparison of POD time coefficients qα(t) and POD-Galerkin ODEs
aα(t) . qα(t) is obtained using the formula qαi =

√
λαγ

α
i where λα and γα are the eigenvalues and

eigenvectors of correlation matrix (4.4), respectively. Moreover, α and i represent the POD modes
and elements of modes, respectively. On the other hand, aα(t) is obtained using reduced order
equations (4.21) with the initial conditions ⟨(u3(x, 0), u4(x, 0), u5(x, 0)), Ψ̃α⟩. These results confirm
the high stability and accuracy of the POD-Galerkin approach. We also observe that four modes
are sufficient to capture the main features of the full-order model u(t, x) while the first two modes
are the most dominant, effectively capturing the primary dynamics of the full-order model as shown
in Table (4.1). A detailed discussion of the results is provided in Section (4.4.1).

n = 1 n = 2 n = 3 n = 4

KA 0.54387 0.04312 0.04293 0.03683

RA 0.31148 0.03050 0.02771 0.02116

KO 0.18504 0.02298 0.02268 0.02224

RO 0.04198 0.01884 0.01277 0.00971

T 0.06859 0.01562 0.01186 0.00838

Table 4.1: Reconstruction errors of model PDEs (root mean square) KA,RA,KO,RO,T , using dif-
ferent number of modes with α = 1, ..., 4
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Figure 4.3: Comparison of POD time coefficients qα(t) and simulations of reduced order equations
aα(t) for α = 1, ..., 4.

4.4.1 Reconstruction (Accuracy) Results Using POD-Galerkin Reduced
Order Modeling

The reconstruction of model components given in Equation (4.14) can be performed in two ways:
(i) using POD, where the approximation with four modes Ψ̃α(x) and time coefficients qα(t) is given
by

uPOD(t, x) ≈
4∑

α=1

qα(t)Ψ̃α(x) (4.23)

62



and (ii) using POD-Galerkin with POD modes Ψ̃α(x) and ODEs aα(t), where the reconstruction
takes the form

uPOD-G(t, x) ≈
4∑

α=1

aα(t)Ψ̃α(x) (4.24)

The first method involves POD modes Ψ̃(x) and time coefficients qα(t) without any reduced-
order equations. On the other hand, the second method incorporates the simulation of ODEs,
aα(t) where the coefficients for the equations are obtained with the Galerkin projection using POD
modes. Both qα(t) and aα(t) are shown in Figure (4.3). In both cases, while POD modes Ψ̃α(x)
are same, the time coefficients aα(t) and qα(t) are slightly different. However, both approximations
are highly accurate using four time coefficients and four POD modes. Figures (4.4)-(4.8) illustrate
the reconstruction results of PDE model (4.2). In each figure, first columns depict the simulation
of the full-order model (4.2) using well-known numerical methods. In our problem, we employed
numerical integration for the KA(t, x) and RA(t, x) due to their steady-state nature, and finite
difference for KO(t, x),RO(t, x) and T (t, x). Moreover, while seconds columns represent the POD
reconstruction using formula (4.23), third columns show the POD-Galerkin reconstruction using
the formula (4.24). Finally, fourth and fifth columns are the L1 errors between FOM and POD and
POD-Galerkin approximations, respectively. It should be noted that while FOM and reconstructed
models are on the scale 10−1, errors are on the scale 10−2. This verifies that the accuracy of each
method is always above 95% with the POD approach being slightly better.

Atmospheric Kelvin Wave (FOM and Reconstruction)

Figure 4.4: Full-order model (FOM), POD and POD-Galerkin (POD-G) reconstructions of atmo-
spheric Kelvin KA(t, x) together with reconstruction (L1) errors.
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Atmospheric Rossby Wave (FOM and Reconstruction)

Figure 4.5: Full-order model (FOM), POD and POD-Galerkin (POD-G) reconstructions of atmo-
spheric Rossby RA(t, x) together with reconstruction (L1) errors.

Oceanic Kelvin Wave (FOM and Reconstruction)

Figure 4.6: Full-order model (FOM), POD and POD-Galerkin (POD-G) reconstructions of oceanic
Kelvin KO(t, x) together with reconstruction (L1) errors.

Oceanic Rossby Wave (FOM and Reconstruction)

Figure 4.7: Full-order model (FOM), POD and POD-Galerkin (POD-G) reconstructions of oceanic
Rossby RO(t, x) together with reconstruction (L1) errors.
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Sea Surface Temperature (FOM and Reconstruction)

Figure 4.8: Full-order model (FOM), POD and POD-Galerkin (POD-G) reconstructions of SST
T (t, x) together with reconstruction (L1) errors.

4.5 Neural Networks

In the previous section, we have employed POD and POD-Galerkin methods to reduced the dimen-
sion of high-dimensional model (4.2) and demonstrated accurate and stable results, which form the
core of this chapter and thesis. On the other hand, in this section, we investigate the deep learning
and neural networks for the dimensionality reduction. Deep learning, a subset of machine learning,
has revolutionized artificial intelligence (AI). It enables models to automatically learn hierarchi-
cal feature representations from data. Inspired by the structure of biological neural networks, deep
learning architectures typically consist of multiple layers of artificial neurons that process and trans-
form input data through nonlinear activation functions. The resurgence of deep learning can be
attributed to the availability of large-scale datasets, advances in computational power (e.g., GPUs),
and algorithmic innovations such as backpropagation [140]. One of the pioneering breakthroughs
was the development of convolutional neural networks (CNNs) by LeCun et al. [85], which signifi-
cantly improved image recognition tasks. More recently, deep learning models such as ResNet [51]
and Vision Transformers [33] have further enhanced performance across various domains, including
computer vision and natural language processing (NLP).

Neural networks have been increasingly used for solving partial differential equations (PDEs),
leveraging their ability to approximate complex functions and model high-dimensional systems.
One prominent approach is Physics-Informed Neural Networks (PINNs) [133], which incorporate
the governing PDEs into the loss function to enforce physical constraints during training. PINNs
have been successfully applied to forward and inverse problems in fluid dynamics, heat transfer,
and elasticity, demonstrating advantages over traditional numerical solvers, especially for high-
dimensional or data-scarce scenarios. Extensions of PINNs, such as Variational PINNs (VPINNs)
[73], utilize variational principles to improve accuracy and convergence.

Another significant neural network-based method for PDEs is the Deep Galerkin Method (DGM)
[146], which employs deep neural networks to approximate solutions of high-dimensional PDEs, par-
ticularly useful for financial mathematics and stochastic differential equations. Additionally, Fourier
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Neural Operators (FNOs) [89] provide an alternative approach by learning solution operators rather
than explicit solutions, allowing for fast and generalizable predictions across different PDE instances.
These methods have demonstrated the potential of deep learning in accelerating PDE simulations
and expanding the scope of solvable problems beyond traditional computational methods. In this
thesis, we employ autoencoders to reduce the dimensionality of the nonlinear ENSO model and
compare with the POD-Galerkin approach.

4.5.1 Autoencoders

Autoencoders are a type of neural network designed to learn efficient representations of data, typ-
ically for the purpose of dimensionality reduction. They consist of two main parts: an encoder
and a decoder as illustrated in Figure (4.9). The encoder compresses the input data into a lower-
dimensional latent space, while the decoder reconstructs the original data from this compressed
representation. The input-output relationship is given by

ŷ = W2(W1y + b1) + b2 (4.25)

whereW1,W
T
2 ∈ Rm×n are the encoder and decoder weight matrices, and b1 ∈ Rm, b2 ∈ Rn are the

encoder and decoder bias vectors. Once the optimal {W1,W2,b1,b2} are found, we can construct
an encoder to reduce the input into a reduced order data z ∈ Rm using {W1,b1} and a decoder
to convert the encoded data back to its original dimension using {W2,b2}. The goal of training
an autoencoder is to minimize the reconstruction error between the input and the reconstructed
output, ensuring that the latent space captures the most important features of the data. y and
the reconstructed input ŷ. A common choice for the reconstruction error is the mean squared error
(MSE):

L(y, ŷ) = ∥y − ŷ∥2 = ∥y − (W2(W1y + b1) + b2))∥2

The overall objective is to minimize the reconstruction error over the entire dataset. Let D =
{y(i)}Ni=1 be the dataset with N examples. The minimization problem can be formulated as:

min
{W1,W2,b1,b2}

1

N

N∑
i=1

∥y(i) − (W2(W1y
(i) + b1) + b2)))∥2

y1

y2

y3

y4

Input layer
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nodes)

tanh

tanh
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Figure 4.9: Autoencoder architecture for ENSO data with tanh() activations function
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Autoencoders can capture intricate, non-linear patterns in data thanks to the use of non-linear
activation functions in their neural network layers. This capability makes them more versatile
and powerful than linear techniques like principal component analysis (PCA). Additionally, the
architecture of autoencoders can be customized for specific tasks by adjusting the number of layers,
neurons per layer, and types of activation functions, allowing for their application to a wide variety
of problems. However, the latent space representations produced by autoencoders can be challenging
to interpret, unlike the clear principal components in PCA. Furthermore, training autoencoders can
be computationally demanding and time-consuming, especially for deep networks with numerous
layers. They require careful hyperparameter tuning and a substantial amount of training data. In
the next section, we discuss the system identification of reduced-order data obtained from POD
and autoencoders using sparse identification of nonlinear dynamics (SINDy) method. With this
approach, we gain more insights on the model discovery in addition to POD-Galerkin projection.

4.6 Sparse Identification of Nonlinear Dynamics (SINDy)

Sparse identification of nonlinear dynamics (SINDy) [16] is an algorithm for discovering the dynam-
ical equations directly from the data. The problem of model discovery from data can be formulated
as a feature selection problem in machine learning [74]. The SINDy algorithm takes m-time mea-
surements of x ∈ Rn, X = [x(t1), . . . ,x(tm)]

T ∈ Rm×n and attempts to discover the structure of a
nonlinear differential equation of the form

Ẋ = f(X(t)) ≈ Θ(X)Ξ (4.26)

where Θ(X) = [θ1(X), θ2(X), ..., θp(X)] ∈ Rm×p form the dictionary of basis functions, and Ξ ∈
R

p×n is the matrix of coefficients, where each column corresponds to an equation with p terms. p
is the maximal number of n-multivariate monomials of degree at most d. The majority of Ξ entries
are zero while the remaining non-zero entries identify the active terms contributing to the sparse
representation of the dynamics f(X).

To guarantee sparsity, SINDy is reformulated as a Least Absolute Shrinkage and Selection
Operator (LASSO) problem

min
Ξ

1

m

m∑
i=1

∥ẋ(ti)−Θ(x(ti))Ξ∥22 + α∥ξ∥1. (4.27)

where ξ(Ξ) ∈ R1×pn is a vector of all entries inside Ξ. LASSO is an optimization algorithm that
finds a sparse solution for (4.27) by initializing Ξ = 0 and at each iteration, it tries to find an
update for Ξ one matrix entry at a time. The l1 regularization coefficient α acts as a threshold
such that if the an optimal condition involving α is not satisfied for a particular Ξ entry, the entry
is chosen to be equal to zero. Increasing the value of α leads to more zero entries in Ξ, resulting in
a sparse model. The dictionary of basis functions for monomial sampling of a dynamical system is

Θ(X) =

 | | | | |
1 X XP2 XP3 . . .
| | | | |

 . (4.28)
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The dictionary Θ(X) is constructed by appending candidate nonlinear functions of X column-wise.
Here, higher order polynomials are denoted asXPd where d is the order of the polynomial considered.
For example, element 1 is a column-vector of ones, element X is as defined above, element XP2 is
the matrix containing the set of all quadratic polynomial functions of the state vector x, and is
constructed as follows:

XP2 =


x21(t1) x1(t1)x2(t1) . . . x22(t1) . . . x2n(t1)
x21(t2) x1(t2)x2(t2) . . . x22(t2) . . . x2n(t2)

...
...

. . .
...

. . .
...

x21(tm) x1(tm)x2(tm) . . . xm2 (tm) . . . x2n(tm)

 . (4.29)

In our research group, we applied neural networks and SINDy on the Moore-Greitzer compres-
sor model where my contribution was on dimensionality reduction and SINDy components [123].
Moreover, we applied a compressed sensing, which forms the foundation of SINDy, to the Lorenz-96
atmospheric model where my contribution involved constructing a reduced-order ensemble Kalman
filter [117]. These applications motivated me to apply similar methods to the ENSO model (4.2),
which forms the core of this thesis.

4.6.1 Reconstruction (Accuracy) Results Using SINDy Reduced Order
Modeling

In this section, the combined results using the proposed methods in this chapter are presented.
As for the dimensionality reduction methods, we employ POD and autoencoders, while Galerkin
projection and SINDy are used for model discovery. The reconstruction results of model components
KO(t, x),RO(t, x), and T (t, x) of the model (4.2) using four modes are presented in Table (4.2). Here,
POD and AE represent the reduction methods while Galerkin and SINDy are the model discovery
methods. The best reconstruction results are obtained using POD and AE, respectively. We observe
more reconstruction errors when we use the model discovery results. Among them, POD-G provides
the best reconstruction results that is followed by POD-SINDy and AE-SINDy, respectively. The
corresponding reduced-order equations and their simulations are provided in Appendix (C).

POD POD-G POD-SINDy AE AE-SINDy

KO 0.00350 0.02224 0.05892 0.01740 0.07206

RO 0.00496 0.00971 0.03354 0.01708 0.02697

T 0.00712 0.00838 0.02195 0.01352 0.02757

Table 4.2: Root mean square error between FOM and used methods for KO, RO, and T using four
modes.

4.7 Conclusion and Future Work

This study has demonstrated the efficacy of the POD-Galerkin projection in modeling the El Niño-
Southern Oscillation (ENSO) phenomena. By capturing the full-order model with only four modes
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and four reduced order equations, we achieved a substantial reduction in computational complex-
ity without significant loss of accuracy. Due to the special properties of the model, we introduced
a novel approach using different POD bases, but the same time coefficients for all model components.

Our results illustrated the capability of the reduced-order model to replicate key oceanographic
features associated with ENSO, including oceanic Kelvin waves, oceanic Rossby waves, and varia-
tions in sea surface temperature (SST). The reduced-order model was able to maintain the essential
dynamics and spatiotemporal patterns of these features, which are critical for understanding and
predicting ENSO events. Overall, the application of the POD-Galerkin method to ENSO model-
ing presents a promising approach for efficient and accurate simulations. This reduction in model
complexity could facilitate more extensive and rapid assessments of climate scenarios, potentially
enhancing predictive capabilities. Moreover, we applied neural networks and SINDy to further ex-
plore reduced-order modeling. Autoencoders were employed to reduce the model’s dimensionality,
while SINDy was used to identify the underlying equations. We analyzed each method by compar-
ing their reconstruction results.

Future work will concentrate on the reduced-order modeling of stochastic coupled ENSO models
and assessing the efficiency of the proposed approach. This study lays the groundwork for developing
reduced-order filtering techniques, a data assimilation technique that integrates observational data
into reduced-order models to estimate and update the state of complex dynamical systems efficiently.
By combining dimensionality reduction methods with state estimation techniques, like particle
filters, reduced-order filtering retains essential dynamics while significantly reducing computational
costs. This approach is vital for enhancing the accuracy and efficiency of climate models, enabling
better predictions of ENSO.
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Chapter 5

Data Assimilation of the El
Niño-Southern Oscillation (ENSO)

5.1 Data Assimilation of the El Niño-Southern Oscillation

(ENSO)

Data Assimilation (DA) is a mathematical technique used to combine observational data with nu-
merical models to improve state estimation and forecasting of dynamical systems. It is widely used
in meteorology, oceanography, climate science, and engineering applications. By integrating noisy,
sparse, and incomplete observations, DA corrects model predictions in an optimal way using filtering
algorithms [2,84]. In numerical climate prediction (NCP), DA plays a crucial role by improving the
initialization, accuracy, and reliability of climate models, where it combines real-time observations
from satellites, radars, ocean buoys, and ground stations. Climate prediction involves long-term
simulations of the Earth’s atmosphere, oceans, and land systems, which require precise initial con-
ditions to reduce forecast errors. DA alleviates biases and uncertainties in key climate variables
such as sea surface temperature (SST), atmospheric circulation, and ocean currents [13,18,127].

DA is also important for enhancing sea surface temperature (SST) predictions for El Niño–Southern
Oscillation (ENSO) by integrating observational data with numerical models [20–22]. ENSO-related
SST anomalies in the equatorial Pacific strongly influence global climate, making accurate forecasts
essential for early warning systems. Methods like 4D-Var and the Ensemble Kalman Filter (EnKF)
are widely used by organizations like NOAA, ECMWF, and JMA to refine global weather forecasts
and track extreme events like hurricanes [6, 131]. Building upon the developments in the field of
data assimilation and the findings from the previous chapter, we present a reduced-order particle
filter, which is a widely used data assimilation technique, for ENSO-related SST prediction as the
final stage of this thesis.

This chapter is organized as follows. In Section (5.2), we present the nonlinear stochastic ENSO
model. In Section (5.3), we introduce the POD-Galerkin ROM for this stochastic model and provide
model validation. Section (5.4) covers nonlinear filtering theory and particle filters. In Section (5.5),
we present the results of the particle filter applied to the reduced order ENSO model and prediction
of ENSO-related SST. Finally, we discuss conclusions and future work in Section (5.6).
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5.2 Stochastic Nonlinear ENSO Model

Stochastic nonlinear PDEs in six variables

u(t, x, ω) = [KA(t, x, ω), RA(t, x, ω), KO(t, x, ω), RO(t, x, ω), T (t, x, ω), τ(t, ω)]T

can be written in differential equation form as

M∂u

∂t
(t, x, ω) = A(κ)u(t, x, ω) +N (u, u, µ)(t, x, ω) (5.1)

whereM is a 6×6 constant matrix with diagonals [0, 0, 1, 1, 1, 1], the linear operator A(κ) in terms
of bifurcation parameter κ, the wind stress coefficient, is

A(κ) =


− ∂

∂x
− γ 0 0 0 χAαq(2− 2Q)−1 0
0 1

3
∂
∂x
− γ 0 0 χAαq(3− 3Q)−1 0

χO
cκ
2

−χO
cκ
2
−c ∂

∂x
− δ 0 0 ϵχO

cκ
2
sp(x)

−χO
cκ
3

χO
cκ
3

0 c
3

∂
∂x
− δ 0 −ϵχO

cκ
3
sp(x)

0 0 cη(x) cη(x) −cξαq 0
0 0 0 0 0 dp

 (5.2)

and N (u, u, µ), nonlinearity with advection coefficient µ, is

N (u, u, µ) =
[
0 0 0 0 −µ ∂

∂x
[(KO(t, x, ω)−RO(t, x, ω))T (t, x, ω) 0]

]T
Randomness enter the model through the Ornstein-Uhlenbeck process τ(t) that has the form:

∂τ(t, ω)

∂t
= −dp(τ(t, ω)− τ̂) + ΞτẆ (t, ω) (5.3)

where dp, σ and τ̂ represent dissipation, noise strength and mean of the process, respectively. The
boundary and initial conditions are same defined as in Chapter (4).

The coupled model u(t, x, ω) (5.1) is driven by the Ornstein-Uhlenbeck process τ(t), making it
random. Here, ϵ = 0.1 is included in the model to scale the noise intensity properly. Since we
are working with stochastic PDEs, it is important to generate ensembles to validate the proposed
method. For this purpose, we simulate ten ensembles of the Ornstein-Uhlenbeck process as shown
in Figure (5.1). Each ensemble produces a different solution u(t, x, ω) depending on the choice of
ω. In the next section, we show the projection of stochastic PDE (5.1) onto POD modes along with
Galerkin projection.
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Figure 5.1: Ensembles of Ornstein-Uhlenbeck process τ(t, ω) (ten ensembles).

5.3 Reduced Order Modeling of Stochastic Nonlinear ENSO

Model

In Chapter (4), we have shown that the deterministic case of coupled model (5.1) (without the
presence of τ(t)) can be expanded in terms of POD modes ΨD

α (x) such that :

uD(t, x) ≈
n∑

α=1

qDα (t)Ψ
D
α (x) (5.4)

where uD(t, x) is the solution of deterministic model, qDα (t) are the POD time coefficients and ΨD
α (x)

are the POD modes obtained from deterministic problem. The solution can be projected onto modes
ΨD

α (x) to obtain the time coefficients qDα (t) with the following inner product:

qDα = ⟨uD(t, x),ΨD
α (x)⟩ (5.5)

On the other hand, we have shown that the PDE model can be projected onto those modes using
Galerkin projection yielding the following reduced order equations:

ȧDγ (t) =
n∑

α=1

aDα (t)⟨A0Ψα,Ψγ⟩+
n∑

α,β=1

aDα (t)a
D
β (t)⟨N0(Ψα,Ψβ),Ψγ⟩ (5.6)

where γ = 1, ..., n. In this section, we apply the same procedure for the stochastic nonlinear
model (5.1) to obtain POD time coefficients and stochastic reduced order equations. To distinguish
deterministic solution uD(t, x), we shall use uS(t, x, ω) in this section. As in the deterministic case,
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the coupled model (5.1) can be expanded in terms of POD modes ΨD
α (x) such that

uS(t, x, ω) ≈
n∑

α=1

qSα(t, ω)Ψ
D
α (x) (5.7)

where uS(t, x, ω) is the solution of stochastic model, qSα(t, ω) are the stochastic POD time coefficients.
It is worth pointing out that we use the POD modes ΨD

α (x) obtained from the deterministic problem.
The solution can be projected onto modes ΨD

α (x) to obtain the time coefficients qSα(t, ω) with the
following inner product:

qSα(t, ω) = ⟨uS(t, x, ω),ΨD
α (x)⟩ (5.8)

On the other hand, the PDE model (5.1) can be projected onto those modes using Galerkin pro-
jection yielding the following stochastic reduced order equations:

ȧSγ (t, ω) =
n∑

α=1

aSα(t, ω)⟨A0Ψα,Ψγ⟩+
n∑

α,β=1

aSα(t, ω)a
S
β(t, ω)⟨N0(Ψα,Ψβ),Ψγ⟩+


σ1
...
...
σn

 τ(t, ω) (5.9)

together with the Ornstein-Uhlenbeck process

τ̇(t, ω) = −dp(τ(t, , ω)− τ̂) + ΞτẆ (t, ω) (5.10)

The reduced order model equations (5.9) and (5.10) are coupled through τ(t). The noise projection

coefficients
[
σ1 ... σn

]⊤
are obtained using the inner product ⟨ϵ(χO

cκ
2
sp(x),−χO

cκ
3
sp(x), 0),Ψγ⟩

as shown in Figure (5.2) where γ = 1, .., 4. The values of σ are shown in the Table (5.1).

POD Modes and Zonal Noise Profile

Figure 5.2: POD modes of deterministic model (left) and noise profile ϵ
(
χO

cκ
2
sp(x),−χO

cκ
3
sp(x), 0

)
as a function of space (right).

σ1 σ2 σ3 σ4
0.54463 0.62471 -0.24323 -0.16448

Table 5.1: Values of projected noise intensities σ.

In Figure (5.3), the scaled Ornstein-Uhlenbeck process with the corresponding σ values is shown
where each one contributes as randomness to the differential equations (5.9) for each ensemble ω.
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Ornstein–Uhlenbeck Process Ensembles Scaled by σ for Modes N = 1, .., 4

Figure 5.3: Scaled noise amplitude ensembles of the Ornstein-Uhlenbeck process with σ values.

Figure (5.4) depicts the time evolution of qs(t, ω) and as(t, ω). While the first one is obtained
using the projection of uS(t, x, ω) onto POD modes ΨD(x) using the formula (5.8), the latter is
obtained by simulating SDEs (5.9) and (5.10). We use ten ensembles, but only the first four of
them are shown for visualization purposes. In Figure (5.4), the comparison of modes for each
ensemble is shown from left to right while ensembles are shown from top to bottom. The results
validate that qsα(t, ω) and asα(t, ω) align very well for α = 1, 2 while we observe some errors for
α = 3, 4.

POD Coefficients and Stochastic Reduced-Order Dynamics

Figure 5.4: Comparison of POD time coefficients qS(t, ω) and simulation of stochastic reduced order
equations aS(t, ω).
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Figure (5.5) illustrates the full-order SPDE model as well as the reconstruction using POD and
POD-Galerkin. The first figure is the average of ten ensembles of the simulation of SPDE model
(5.1). The second one depicts the POD reconstruction using {qSα(t)}α=4

α=1 and {ΨD
α (x)}α=4

α=1. Final
figure shows the reconstruction using {aSα(t)}α=4

α=1 and {ΨD
α (x)}α=4

α=1.

(Stochastic) Sea Surface Temperature (FOM and Reconstruction)

Figure 5.5: Stochastic full order model (FOM), POD and POD-Galerkin (POD-G) reconstructions
of SST T (t, x), each obtained using the average of ten ensemble simulations and four modes.

Figure (5.6) illustrates the reconstruction errors between the full-order models and POD as well
as POD-Galerkin reconstructed models. Similar to the deterministic case, it should be noted that
while FOM and reconstructed models are on the scale 10−1, errors are on the scale 10−2. This verifies
that the accuracy of each method is always above 95% with the POD approach being slightly better.
These results validate that the ROM (5.9) and (5.10) are appropriate candidates for reduced order
filters, which are introduced in the next section. Moreover, it should be noted that qα(t) and aα(t)
represent the stochastic time coefficient without use of superscript s in the next sections.

(Stochastic) Sea Surface Temperature (Reconstruction Error)

Figure 5.6: L1 errors between POD and POD-G reconstructions, each obtained using the average
of ten ensemble simulations.
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5.4 Nonlinear Filtering Theory

Nonlinear filtering, a subfield of data assimilation, has its origins in the mid-20th century, arising
from efforts to extend the (linear) Kalman filter to nonlinear systems. Early theoretical foundations
of nonlinear filtering were laid by Kushner (1964) and Stratonovich (1960), who independently
derived the fundamental equation governing the evolution of the conditional probability density
function, now known as the Kushner-Stratonovich equation [80, 150]. This equation describes the
evolution of the posterior distribution of the state given observations, but is often computationally
intractable for high-dimensional or complex systems. This limitation inspired the development
of approximate methods, including the extended Kalman filter (EKF) and the unscented Kalman
filter (UKF), which linearize or approximate the system dynamics and observation models to achieve
practical implementations [145].

Figure 5.7: The big picture for DA methods and algorithms [2].

Over time, advancements in computational power and numerical techniques facilitated the devel-
opment of more sophisticated methods for nonlinear filtering. The Fokker-Planck-based approaches,
which use partial differential equations to describe the evolution of the probability density function,
gained traction in certain applications but remained computationally expensive. We provide some
results of Fokker-Planck-based methods on nonlinear filtering in the Appendix (D). Stochastic
simulation methods, such as Monte Carlo approaches, emerged as powerful alternatives, enabling
approximate solutions to the nonlinear filtering problem. The ensemble Kalman filter (EnKF), in-
troduced by Evensen in 1994, became a popular choice in geophysical data assimilation, leveraging
ensemble-based approximations of the covariance [37]. However, a major breakthrough occurred
with the introduction of the particle filter (PF), which revolutionized nonlinear filtering by pro-
viding a flexible framework for approximating posterior distributions for high-dimensional systems
[44, 86]. The particle filter, which relies on random sampling techniques to represent a probability
distribution, is also known as the sequential Monte Carlo (SMC) method. These data assimila-
tion methods and algorithms are illustrated in Figure (5.7). In the next sections, we provide the
formulation of discrete time filtering and particle filters.
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5.4.1 Nonlinear Filtering Problem

The nonlinear filtering problem involves estimating the state of a stochastic dynamical system using
noisy and potentially incomplete observations. To define the problem, consider the evolution of the
state space {xk, k ∈ N} given by

xk = f(xk−1) + βk (5.11)

in which f(..) denotes the deterministic model, and βk is a random forcing representing unresolved
physics, discretization, etc. The objective of filtering is to recursively estimate xk from observations

yk = H(xk) + ηk (5.12)

in which the observation errors ηk are random vectors representing measurement errors and possibly
representation error [79].

Figure 5.8: Sequential assimilation [2].

In a Bayesian formulation, the filtering problem is to recursively calculate the state estimate xk,
at time k given the measurement y1:k up to time k. Thus, it is essential to derive the probability
density function (pdf) p(xk|y1:k) where the initial pdf p(x0|y0) ≡ p(x0) of the state vector, which
is also known as the prior, is available. Then, in principle, the pdf p(xk|y1:k) may be obtained,
recursively, in two stages: prediction and update. The sequential scheme of model and observations
are shown in Figure (5.8).

Suppose that the required pdf p(xk|y1:k−1) at time k − 1 is available. The prediction stage
involves using the system model (1) to obtain the prior pdf of the state at time k via the Chap-
man–Kolmogorov equation

p(xk|y1:k−1) =

∫
p(xk|xk−1)p(xk−1|y1:k−1) dxk−1 (5.13)

Note that in (5.13), use has been made of the fact that p(xk|xk−1,y1:k−1) = p(xk|xk−1) as (5.11)
describes a Markov process of order one. The probabilistic model of the state evolution p(xk|xk−1)
is defined by the system equation (5.13) and the known statistics of vk−1.
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At time step k, a measurement yk becomes available, and this may be used to update the prior
(update stage) via Bayes’ rule

p(xk|y1:k) =
p(yk|xk)p(xk|y1:k−1)

p(yk|y1:k−1)
(5.14)

where the normalizing constant

p(yk|y1:k−1) =

∫
p(yk|xk)p(xk|y1:k−1) dxk (5.15)

depends on the likelihood function p(yk|xk) defined by the measurement model (5.12) and the
known statistics of ηk. In the update stage (5.14), the measurement yk is used to modify the prior
density to obtain the required posterior density of the current state [1]. In the next section, we
derive the Bayesian formulation to estimate the state xk using particle filters.

5.4.2 Particle Filter

The particle filter was introduced in the 1990s by Gordon, Salmond Smith [45]. It uses a set of
weighted particles to calculate the posterior distribution and updates these particles recursively as
new observations become available. This method is particularly well-suited for systems with strong
nonlinearity or non-Gaussian noise [1] as it avoids the linearization or Gaussian assumptions of
Kalman-based filters. Applications of particle filters span a wide range of fields, including robotics
(for simultaneous localization and mapping), finance (for volatility estimation), geophysics (for
tracking atmospheric and oceanic states), and biomedical engineering (for neural signal processing).

In order to develop the details of the algorithm, let {xi
0:k, w

i
k}

Ns
i=1 denote a random measure that

characterizes the posterior pdf p(x0:k|y1:k), where {xi
0:k, i = 0, . . . , Ns} is a set of support points

with associated weights {wi
k, i = 1, . . . , Ns} and x0:k = {xj, j = 0, . . . , k} is the set of all states up

to time k. The weights are normalized such that
∑

iw
i
k = 1. Then, the posterior density at k can

be approximated as

p(x0:k|y1:k) ≈
Ns∑
i=1

wi
kδ(x0:k − xi

0:k) (5.16)

We therefore have a discrete weighted approximation of the true posterior, p(x0:k|y1:k). The
weights are chosen using the principle of importance sampling [11, 34]. This principle relies on the
following: Suppose p(x) ∝ π(x) is a probability density from which it is difficult to draw samples but
for which π(x) can be evaluated (as well as p(x) up to proportionality). In addition, let xi ∼ q(x),
i = 1, . . . , Ns be samples that are easily generated from a proposal q(·) called an importance density.
Then, a weighted approximation to the density p(·) is given by

p(x) ≈
Ns∑
i=1

wiδ(x− xi) (5.17)
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where

wi ∝ π(xi)

q(xi)
(5.18)

is the normalized weight of the ith particle.

(a) Initial sample (b) Prior sample (c) Posterior sample

Figure 5.9: Evolution of signal density using particles [169].

Therefore, if the samples xi
0:k were drawn from an importance density q(x0:k|y1:k), then the

weights in (5.16) are defined by (5.18) to be

wi
k ∝

p(xi
0:k|y1:k)

q(xi
0:k|y1:k)

(5.19)

Returning to the sequential case, at each iteration, one could have samples constituting an
approximation to p(x0:k−1|y1:k−1) and want to approximate p(x0:k|y1:k) with a new set of samples.
If the importance density is chosen to factorize such that

q(x0:k|y1:k) = q(xk|x0:k−1,y1:k)q(x0:k−1|y1:k−1) (5.20)

then one can obtain samples xi
0:k ∼ q(x0:k|y1:k) by augmenting each of the existing samples xi

0:k−1 ∼
q(x0:k−1|y1:k−1) with the new state xi

k ∼ q(xk|x0:k−1,y1:k). To derive the weight update equation,
p(x0:k|z1:k) is first expressed in terms of p(x0:k−1|y1:k−1), p(yk|xk), and p(xk|xk−1). Note that (5.14)
can be derived by integrating (5.22)

p(x0:k|y1:k) =
p(yk|xk)p(xk|x0:k−1,y1:k−1)p(x0:k−1|y1:k−1)

p(yk|y1:k−1)
(5.21)

=
p(yk|xk)p(xk|x0:k−1,y1:k−1)

p(yk|y1:k−1)
× p(x0:k−1|y1:k−1) (5.22)

=
p(yk|xk)p(xk|xk−1)

p(yk|y1:k−1)
p(x0:k−1|y1:k−1) (5.23)

By substituting (5.20) and (5.23) into (5.19), the weight update equation can then be shown to
be

wi
k = wi

k−1

p(yk|xi
k)p(x

i
k|xi

k−1)

q(xi
k|xi

0:k−1,y1:k)
(5.24)
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Furthermore, if q(xk|x0:k−1,y1:k) = q(xk|xk−1,yk), then the importance density becomes only
dependent on xk−1 and yk. This is particularly useful in the common case when only a filtered
estimate of p(xk|y1:k) is required at each time step. From this point on, we will assume such a case,
except when explicitly stated otherwise. In such scenarios, x0:k−1 need not be stored; therefore, one
can discard the path xi

0:k−1 and history of observations y1:k−1. The modified weight is then

wi
k ∝ wi

k−1

p(yk|xi
k)p(x

i
k|xi

k−1)

q(xi
k|xi

k−1,yk)
(5.25)

and the posterior filtered density p(xk|y1:k) can be approximated as

p(xk|y1:k) ≈
Ns∑
i=1

wi
kδ(xk − xi

k) (5.26)

where the weights are defined in (5.25). It can be shown that as Ns →∞, the approximation (5.26)
approaches the true posterior density p(xk|y1:k).

This approach is called sequential importance sampling (SIS) algorithm, and consists of recursive
propagation of the weights and support points as each measurement is received sequentially. Itera-
tively, the particle filtering algorithm is described by using the initial, prior and posterior samples
as illustrated in Figure (5.9), and is summarized in Appendix (D).

5.5 Prediction of ENSO-Related SST Using a Particle Fil-

ter

In this section, we provide the prediction (estimation) results of ENSO-related SST anomalies using
a particle filter. The model equations are given by

ȧ1
ȧ2
ȧ3
ȧ4

 =


f1(a1, a2, a3, a4)
f2(a1, a2, a3, a4)
f3(a1, a2, a3, a4)
f4(a1, a2, a3, a4)

+


σ1
σ2
σ3
σ4

 τ(t) (5.27)

and coupled with the Ornstein-Uhlenbeck process τ(t):

τ̇(t) = −dp(τ(t)− τ̂) + ΞτẆ (t) (5.28)

These model equations are obtained by POD-Galerkin reduction as shown in Section (5.3). More-
over, the observation model is defined as:

dy(t) = Hadt+ dV (t)

where a = [a1, a2, a3, a4] and V (t) is the observation noise. Observation matrix H is defined as:

H =


ψS
1 (x1) ψS

2 (x1) ψS
3 (x1) ψS

4 (x1)
ψS
1 (x2) ψS

2 (x2) ψS
3 (x2) ψS

4 (x2)
ψS
1 (x3) ψS

2 (x3) ψS
3 (x3) ψS

4 (x3)
ψS
1 (x4) ψS

2 (x4) ψS
3 (x4) ψS

4 (x4)


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where ψS(x) = {ψS
1 (x), ψ

S
2 (x), ψ

S
3 (x), ψ

S
4 (x)} represent the SST modes as shown in Figure (5.10).

Figure 5.10: Four (artificial) sensors located on the SST modes (ψS
1 (x), ψ

S
2 (x), ψ

S
3 (x), ψ

S
4 (x)).

The artificial sensor locations on SST modes are chosen based the measurement locations along
the equator in the Pacific Ocean, where Tropical Atmosphere Ocean (TAO) or PIRATA array sensors
are often deployed to monitor sea surface temperatures (SSTs), ocean currents, and atmospheric
conditions [108].

Figure 5.11: Four (artificial) sensors located between Australia (west) and South America (east)
for ENSO-related SST prediction.
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The locations on the SST modes are x1 = 10, x2 = 60, x3 = 110 and x4 = 160 are (roughly)
corresponding to 165E, 170W , 125W and 95W in the physical map between Peru and Australia as
shown in Figure (5.11). The ENSO regions are highlighted with dark blue, while sensor locations
are highlighted with red. At 95°W, in the Eastern Pacific off the coast of Ecuador and near the
Galápagos Islands, observations contribute to understanding ocean-atmosphere interactions. Mov-
ing westward, 125°W lies within the Niño 3 region, crucial for ENSO monitoring. Further along,
170°W marks the western part of the Niño 4 region, near the International Date Line, while 165°E
is situated in the far western Pacific within the warm pool region, close to Papua New Guinea [39].
These locations are key points in the equatorial Pacific used for climate monitoring.

Table (5.2), Table (5.3) and Table (5.4) show root mean square error (RMSE) between truth
qα(t) and âα(t) for each α = 1, ..., 4 and N = 1, ..., 10 using 2, 10 and 100 particles, respectively.
These results illustrate that the average RMSE between qα(t) and âα(t) is highest when we use 2
particles as shown in Table (5.2). We observe a decrease in the RMSE as the number of particles
increases to 10 as Table (5.3) depicts. Finally, 100 particles provides the least RMSE between truth
and estimation as depicted in Table (5.4).

N \ α α=1 α=2 α=3 α=4

1 2.15041 1.32658 0.19607 0.32399
2 1.27993 0.77188 0.38540 0.80816
3 1.49222 0.95776 0.34001 0.50791
4 1.31384 0.79834 0.35769 0.65422
5 3.95279 2.44826 0.59709 0.96357
6 1.43829 0.87249 0.52204 0.50693
7 1.81068 1.12634 0.31083 0.24162
8 0.70814 0.41439 0.36192 0.34583
9 5.71670 3.55058 0.38825 0.35637
10 1.32547 0.84686 0.61840 0.52932

Navg 2.11885 1.31135 0.40777 0.52379

Table 5.2: Root mean square (RMSE) between truth qα(t) and estimation âα(t) using 2 particles
where α is the corresponding mode and N is the ensemble.
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N \ α α=1 α=2 α=3 α=4

1 2.50553 1.58457 0.27835 0.26389
2 1.37071 0.83383 0.40497 0.56726
3 1.69041 1.10872 0.32415 0.39766
4 1.32182 0.79636 0.29877 0.39169
5 2.22055 1.33722 0.21619 0.32237
6 1.88935 1.18696 0.25200 0.30577
7 4.18982 2.54341 0.30655 0.28061
8 0.85589 0.50584 0.36409 0.36558
9 2.47465 1.53720 0.17990 0.25208
10 2.01953 1.27629 0.36595 0.22006

Navg 2.05383 1.27104 0.29909 0.33670

Table 5.3: Root mean square (RMSE) between truth qα(t) and estimation âα(t) using 10 particles
where α is the corresponding mode and N is the ensemble.

N \ α α=1 α=2 α=3 α=4

1 0.91869 0.57305 0.18204 0.24005
2 1.14308 0.74703 0.17617 0.16347
3 0.99282 0.59680 0.24051 0.24119
4 0.68051 0.44013 0.25134 0.19244
5 0.45638 0.33377 0.15078 0.22276
6 0.60706 0.38026 0.24701 0.23554
7 0.43131 0.24686 0.13730 0.19837
8 1.31637 0.83361 0.36978 0.34164
9 0.42808 0.24496 0.18150 0.21906
10 1.26820 0.77991 0.15054 0.17587

Navg 0.82478 0.52298 0.19752 0.22384

Table 5.4: Root mean square (RMSE) between truth qα(t) and estimation âα(t) using 100 particles
where α is the corresponding mode and N is the ensemble.

Figures (5.12), (5.13) and (5.14) illustrate the comparison of time series qα(t) and â(t) using 2,
10 an 100 particles, respectively. Each time series is obtained using the average of 10 ensembles
with the corresponding modes α = 1, .., 4. We observe good agreement between qα(t) and â(t) for
α = 1, 2 while we observe some errors depending on the number of particles for α = 3, 4.
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Figure 5.12: Average of truth qα(t) and estimation âα(t) using 2 particles and 10 ensembles.

Figure 5.13: Average of truth qα(t) and estimation âα(t) using 10 particles and 10 ensembles.

Figure 5.14: Average of truth qα(t) and estimation âα(t) using 100 particles and 10 ensembles.
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5.6 Conclusion and Future Directions

In this chapter, we explored the data assimilation of the stochastic ENSO model using particle filter.
First, we have shown the validity of POD-Galerkin reduced order modeling, which was introduced
in Chapter (4), for the stochastic partial differential equations driven by an Ornstein-Uhlenbeck
process. We projected SPDEs onto POD modes coming from the deterministic model and intro-
duced reduced order stochastic equations (SDEs). The validity and accuracy of this approach is
shown by comparing the POD time coefficients qα(t) and simulations of SDEs aα(t). Our results
show that the corresponding time coefficients align closely with high accuracy. To demonstrate the
validity of these results, we generated 10 ensembles and showed that the method is valid for each
ensemble.

The second part of this chapter focused on the prediction of ENSO-related SST anomalies using
particle filters. In this part, a theoretical background of nonlinear filtering and particles filters has
been introduced. After setting up the filtering problem, we combined the reduced order stochastic
equations and artificial observations in the Pacific ocean, which is based on realistic experiments,
to estimate the SST state. We tested the efficiency of the particle filter using a different number of
particles and ensembles. Our results show that as we increase the number of particles, we obtain a
more accurate estimation. Combining POD-Galerkin reduced order modeling of stochastic ENSO
model and particle filtering, this chapter provides a promising approach for the accurate and effi-
cient predictions of climate variables.

Future work will focus on the ENSO-related SST estimation using different data assimilation
techniques such as ensemble Kalman filter (EnKF) to compare these results with the particle filter.
Moreover, variational data assimilation methods such 4D-Var will be used to estimate more accurate
initial conditions. Combining these methods with real ENSO measurements, we hope to be able to
make more realistic SST predictions.
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Chapter 6

Conclusion and Future Work

6.1 Conclusions and Future Work

6.1.1 Concluding Remarks

In this thesis, we explored different aspects of climate modeling and simulation with a focus on
El Niño-Southern Oscillation (ENSO) and proposed efficient and accurate solutions by employing,
developing and improving known mathematical techniques. The main challenges of climate mod-
eling arise from uncertainty, nonlinearity and high-dimensionality. The main purpose of this work
was to propose solutions to these challenges. We first proposed a new modeling and numerical
framework for known ENSO models by adjusting the modeling domain and boundary conditions.
This provided us with a modeling and simulation domain confined to the equatorial Pacific ocean
for atmosphere, ocean and sea surface temperature, which are the main components of the ENSO
mechanism. After producing appropriate simulation data, we attempted to improve well-known
methods for efficient and accurate schemes. This work has been presented in Chapter (2).

One of the main challenges in climate modeling is the formulation and quantification of uncer-
tainty. As a first step to overcome these difficulties, we applied Wiener Chaos Expansion (WCE)
and Monte Carlo (MC) methods to the linear stochastic ENSO model in Chapter (3). The utiliza-
tion of WCE provided a comprehensive study based on a spectral approach while MC simulations
enhanced our ability to analyze stochastic models through ensemble methods. Although WCE
and MC-based methods have been applied to many problems, this chapter investigated a relatively
uncommon application to high-dimensional coupled SPDE models. We have shown that WCE is
an accurate and cost-efficient spectral approach for linear high-dimensional problems compared to
MC ensemble applications. However, we encountered some difficulties for the nonlinear stochastic
ENSO model when using WCE due to the high-dimensionality and non-Gaussian nature of the
problem. These challenges led us to develop dimensionality reduction techniques as the next stage
of this thesis.

Building upon the fact that cost-efficient and accurate algorithms are essential for high-dimensional,
nonlinear and stochastic models, we delved into reduced-order modeling (ROM) frameworks in
Chapter (4). In this part of the thesis, we have shown the efficacy, stability and accuracy of the
POD-Galerkin ROM in modeling ENSO phenomena. Our results demonstrated that by capturing
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the full-order model with only four modes and four reduced-order equations, a substantial reduction
in computational complexity is achieved without significant loss of accuracy. Due to the special
properties of the model, we introduced a novel approach using different POD bases, but the same
time coefficients for all model components. Moreover, we applied neural networks and SINDy to
explore different ROM and model discovery techniques. After developing stable and accurate re-
duced order models, we presented a reduced-order particle filter in the final chapter of this thesis.

The final part of this thesis covered the data assimilation of the nonlinear stochastic ENSO
model. We first demonstrated the validity of POD-Galerkin reduced order modeling, which was
introduced in Chapter (4), for the stochastic partial differential equations driven by the Ornstein-
Uhlenbeck process. We projected SPDEs onto POD modes derived from the deterministic model
and introduced reduced-order stochastic equations (SDEs). After setting up the filtering frame-
work, we combined the reduced-order stochastic equations and artificial observations in the Pacific
ocean, which is based on realistic experiments, to estimate the ENSO-related SST anomalies. We
employed particle filters and tested the efficiency using different numbers of particles and ensembles
in Chapter (5).

To conclude, from novel ENSO modeling to uncertainty quantification, from reduced order
modeling to nonlinear filtering, this thesis provided a promising approach for accurate and efficient
predictions of ENSO-related climate variables. In the next section, we present suggestions and
future directions for each stage of this thesis to improve the efficiency, reliability and accuracy of
ENSO-related climate variables.

6.1.2 Future Work

In this thesis, we have presented the different aspects of ENSO from modeling to simulations (both
deterministic and stochastic) and from reduced-order modeling to SST estimations. The scenarios
described below are ones that can be studied in the future for more accurate and realistic results.

Advanced numerical methods and coupled ENSO-MJO models

In Chapter (2), we introduced a novel ENSO model by adjusting the model domain. To develop
more realistic modeling approaches, a natural step would be to couple the modified ENSO model
with another important climate phenomena such as the Madden-Julian Oscillation (MJO). The
coupled ENSO and MJO models can be given as:

M1
∂u1
∂t

(t, x) = A1(κ)u1(t, x) +N1(u1, u1, µ)(t, x) + C21u2(t, x) + Ẇ1(t) (6.1)

M2
∂u2
∂t

(t, x) = A2(κ)u2(t, x) +N2(u2, u2, µ)(t, x) + C12u1(t, x) + Ẇ2(t) (6.2)

where model (6.1) and model (6.2) represent the ENSO and MJO models with coupling constants
C12 and C21, respectively. The importance of ENSO-MJO coupling and some proposed models are
introduced in [52, 116, 122, 152]. Moreover, we presented simulation results of ENSO in (2), where
we considered the model with a small nonlinearity. As we increased the nonlinearity, we encountered
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numerical instabilities. To address this issue, future work should explore more advanced numerical
methods, such as finite volume or finite element, to capture high nonlinearity more effectively.

Nonlinear Stochastic ENSO Model Using Sparse Wiener Chaos Expansion

We demonstrated the application of the stochastic linear ENSO model using WCE and compared
it with the Monte Carlo method in Chapter (3). The WCE can be separated into two components:

u(t, x, ω) =
∑
|α|≤1

uα(t, x)Vα(ξ) +
∑
|α|≥2

uα(t, x)Vα(ξ) (6.3)

The first component provides a Gaussian approximation of u(t, x, ω), while the second component
captures the higher order non-Gaussian terms. Since the problem in Chapter (3) is linear, we
focused only on the first component. We have also emphasized the challenges of the WCE method
when applied to a nonlinear model due to its non-Gaussian feature. Sparse truncation methods
have been proposed in the literature to address these challenges [57]. The next step in this stage
of the research would be to apply an appropriate sparse truncation approach to solve the nonlinear
ENSO model using WCE.

POD-Galerkin Reduced Order Modeling Using H1 (Sobolev) Norm

In Chapter (4), we presented POD-Galerkin reduced-order modeling applied to the nonlinear ENSO
model. Our results were based on the L2 norm when computing the correlation matrix and applying
Galerkin projection. We obtained stable, efficient and accurate results using the L2 norm. However,
as the nonlinearity (parameter µ) increases, the problem’s complexity grows. In such cases, stabi-
lization methods may be required to achieve a stable solution. Various stabilization techniques in
POD-Galerkin methods have proposed in the literature using H1 (Sobolev) norm [38, 61]. By con-
sidering the derivatives of the solution, H1 (Sobolev) norms ensure that the reduced basis functions
approximate the solution accurately while also capturing its smoothness and gradient information.
Using the H1 norm, the correlation matrix is defined as:

Cij =
1

M
(⟨ui, uj⟩+ ϵ⟨∇ui,∇uj⟩ 1 ≤ i, j ≤M (6.4)

where ϵ and M are the weight given on the gradient terms and number of snapshots, respectively.
The eigenvectors and eigenvalues of the matrix (6.4) are used to construct the POD modes. More-
over, the reduced order equations have the following form using the H1 norm:

ȧγ(t) =
n∑

α=1

aα(t)
(
⟨A0ûα, ũγ⟩+ ϵ⟨∇(A0ûα),∇ũγ⟩

)
(6.5)

+
n∑

α,β=1

aα(t)aβ(t)
(
⟨N0(ûα, ûβ), ũγ⟩+ ϵ(⟨∇(N0(ûα, ûβ)),∇(ũγ)⟩)

)
(6.6)

Depending on the complexity of the problem, either L2 or H1 norm can be more suitable.
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Data Assimilation Using Real-Time Observation and Variational Methods

In Chapter (5). we demonstrated that ENSO-related SST anomalies can be predicted using data
assimilation algorithms. We employed particle filters and presented prediction results. Accurate
initial conditions are essential for numerical climate prediction. Data assimilation algorithms, such
as 4D-Var, help ensure accurate initial conditions, which are particularly important for chaotic
systems like the atmosphere and ocean, where small errors in initial conditions grow rapidly [7,30].
Given the observations

y = Hx+ εr (6.7)

and the background vector
xb = x+ εb (6.8)

the objective is to minimize the following 4D-Var cost function using the least squares method to
obtain an estimation:

J(x) =
1

2
(x− xb)

⊤B−1(x− xb) +
1

2
(y −Hx)⊤R−1(y −Hx) (6.9)

Here, B is the covariance matrix of the background εb, and R the covariance matrix of the ob-
servation error εr, which accounts for both instrument and representativeness errors [132]. H is
the observation operator, mapping the variables from the model space to the observation space as
defined in Chapter (5). By integrating reduced-order modeling with accurate initial conditions and
real-time data, this approach may yield more precise and reliable climate predictions.
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Appendix A

A Complete El Niño-Southern
Oscillation Model

A.1 A Complete Coupled Model

This section provides a more complete model of ENSO used in this thesis. The model is introduced
by Majda and co-workers [23,155] and are defined as:

U
def
= [u(t, x, y), v(t, x, y), θ(t, x, y), U(t, x, Y ), V (t, x, Y ), H(t, x, Y ), T (t, x, y)]

and can be written in differential form as

M∂U

∂t
(t, x, y) = A(κ)U(t, x, y) +N (U,U, µ) (A.1)

whereM is a 7×7 constant matrix with diagonals [0, 0, 0, 1, 1, 1, 1], the linear operator A(κ) defined
as

A(κ) =



0 y ∂x 0 0 0 0
−y 0 ∂y 0 0 0 0
∂x ∂y 0 0 0 0 αq/(1−Q)
κc1 0 0 0 c1Y −c1∂x 0
0 0 0 −Y −∂Y 0 0
0 0 0 −c1∂x −c1∂Y 0 0
0 0 0 0 0 c1η c1ζαq


depends on a parameter κ, the wind stress coefficient, and nonlinearity N (u, u, µ) with advection
coefficient µ, is defined by

N (U,U, µ)
def
=
[
0, 0, 0, 0, 0, 0,−µ ∂

∂x
(UT )

]T
.

In the above model (A.1), x is zonal direction. y and Y are meridional direction in the atmosphere
and ocean, respectively. They are different in the atmosphere and ocean as they each scale to a
suitable Rossby radius. u and v are zonal and meridional atmospheric winds, respectively, while θ is
potential temperature. U and V are zonal and meridional oceanic currents, while H is thermocline
depth. Finally, T represent sea surface temperature (SST) anomalies. The atmosphere extends over
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the entire equatorial belt 0 ≤ x ≤ LA with periodic conditions u(t, 0, y) = u(t, LA, y) whereas the
Pacific Ocean extends over 0 ≤ x ≤ LO with reflective boundary condition

∫∞
−∞ U(t, 0, y)dY = 0 and

U(t, LO, Y ) = 0. We modify these boundary conditions and provide a slightly novel ENSO model
in this research. The model parameters c1, κ, η ξ and αq are defined in Chapter (2). After some
calculations, it can be shown that ENSO model can be projected onto parabolic cylinder functions
due to non-constant Coriolis constant at low-latitudes. These functions are provided in the next
section.

A.2 Parabolic Cylinder Functions

Figure A.1: Meridional profiles of atmosphere (ϕ0,2(y)) and ocean (Ψ0,2(Y )) parabolic cylinder
functions.

After solving the system (2.3) in Chapter (2) solution U(t, x, y) can be constructed by using cor-
responding atmospheric and oceanic parabolic cylinder functions, as illustrated in Figure (A.1).
The first atmospheric parabolic functions read ϕ0(y) = (π)−1/4 exp(−y2/2), ϕ2(y) = (4π)−1/4(2y2−
1) exp(−y2/2), while the ocean parabolic functions read Ψm(Y ) where Y = y/

√
c. The parabolic

cylinder functions in the ocean and atmosphere differ due to the Rossby radius. The reconstructed
variables reads :

u(t, x, y) = (KA(t, x)−RA(t, x))ϕ0(y) + (RA(t, x)/
√
2)ϕ2(y)

θ(t, x, y) = −(KA(t, x)−RA(t, x))ϕ0(y)− (RA(t, x)/
√
2)ϕ2(y) (A.2)

U(t, x, Y ) = (KO(t, x)−RO(t, x))Ψ0(Y ) + (RO(t, x)/
√
2)Ψ2(Y )

H(t, x, Y ) = (KO(t, x) +RO(t, x))Ψ0(Y ) + (RO(t, x)/
√
2)Ψ2(Y )

It should be noted that we focus on the solution of

u(t, x)
def
= [KA(t, x), RA(t, x), KO(t, x), RO(t, x), T (t, x)]T

in this thesis.
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Appendix B

Hermite Polynomials and Wiener Chaos
Expansion

B.1 Hermite Polynomials

This section provides the properties of Hermite polynomials, which is used in Chapter (3), where we
describe the deterministic and stochastic components of the WCE. Hermite polynomials are closely
related to Gaussian random variables through their role as orthogonal polynomials with respect to
the Gaussian probability measure. Specifically, Hermite polynomials form an orthogonal basis for
functions of Gaussian random variables, which makes them essential in expansions like the Wiener
Chaos Expansion (WCE). Consider functions on the real axis R = (−∞,∞) equipped with the
Gaussian measure

µ(dx) = ρ(x)dx ρ(x) =
1√
2π
e−

x2

2 (B.1)

where dx is the Lebesgue measure. The space of square integrable functions with Gaussian measure
µ can be denoted as

L2(R, µ) =
{
f(x);

∫ ∞

−∞
f(x)2µ(dx) <∞

}
The inner product on this space is defined as

(f, g)µ =

∫ ∞

−∞
f(x)g(x)µ(dx) =

∫ ∞

−∞
f(x)g(x)ρ(x)dx

If ξ is a Gaussian random variable with distribution N(0, 1) then

(f, g)µ = E[f(ξ)g(ξ)]

where E denotes the expectation operator. The un-normalized Hermite polynomials are defined
as

Pn(x) = (−1)ne
x2

2
dn

dxn

(
e−

x2

2

)
n = 0, 1, 2, .... (B.2)
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Pn(x) are orthogonal polynomials with respect to the Gaussian measure

(Pn, Pm)µ = E[Pn(ξ)Pm(ξ)] = n!δn,m

Hence the normalized Hermite polynomials are defined as

Hn(x) =
Pn(x)√
n!

= (n!)−
1
2 (−1)ne

x2

2
dn

dxn

(
e−

x2

2

)
(B.3)

It is well known that {Hn(x);n = 0, 1, ...} are a complete orthonormal basis in the Hilbert space
L2(R, µ). Since V0(x) = 1 particularly we have

E[Hn(ξ)] =

∫ ∞

−∞
Hn(x)dµ(x) = (Hn, 1)µ = 0 if n ̸= 0 (B.4)

So a Hermite polynomial of a standard Gaussian random variable has zero mean if its order is bigger
than zero. This fact is helpful for further calculations. Like most orthogonal polynomials, Hermite
polynomials have a generating function

ψ(x, z) = e−
z2

2
+xz (B.5)

Expanding ψ(x, z) into a Taylor series of variable z, we have

ψ(x, z) =
∞∑
n=0

∂nψ(x, z)

∂zn
|z=0

(zn
n!

)
On the other hand,

ψ(x, z) = e
x2

2 e−
(z−x)2

2 = e
x2

2

∞∑
n=0

(−1)n

n!

dn

dxn

(
e−

x2

2

)
zn =

∞∑
n=0

Pn(x)

n!
zn (B.6)

So the coefficients of the Taylor expansion of ψ(x, z) are exactly the un-normalized Hermite poly-
nomials.

Pn(x) =
∂nψ(x, z)

∂zn
|z=0 (B.7)

Differentiating (B.2) directly we get

P ′
n(x) = xPn(x)− Pn+1(x) (B.8)

On the other hand, by differentiating both sides of (B.6) with respect to x we have

∂

∂x
ψ(x, z) = zψ(x, z) =

∞∑
n=0

Pn(x)

n!
zn+1 =

∞∑
n=0

P ′
n(x)

n!
zn

Shifting the summation index and comparing the coefficients of zn suggests that

P ′
n(x) = nPn−1(x) (B.9)

Combining (B.8) and (B.9) together, we get the recursive relation of the un-normalized Hermite
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polynomials
Pn+1(x)− xPn(x) + nPn−1(x) = 0 n = 1, 2, ... (B.10)

with P−1(x) = 0, P0(x) = 1. From the recursive relation, we can easily get the first six un-normalized
Hermite polynomials

P0(x) = 1

P1(x) = x

P2(x) = x2 − 1

P3(x) = x3 − 3x

P4(x) = x4 − 6x2 + 3

P5(x) = x5 − 103 + 15x

For the normalized Hermite polynomials, the recursive relation becomes

√
n+ 1Hn+1(x)− xHn(x) +

√
nHn−1(x) = 0 (B.11)

H−1(x) = 0 V0(x) = 1 (B.12)

and the differential rule is
H ′

n(x) =
√
nHn−1(x) (B.13)
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Appendix C

Reduced-Order Equations of the El
Niño-Southern Oscillation Model

C.1 Invariance of the POD Modes

In this section, we provide supplementary results in addition to those obtained in Chapter (4). We
generate five ensemble simulations of model (4.2) using different initial conditions. Figure (C.1)
validates that POD modes Ψ̂α(x) are invariant as they maintain similar pattern regardless of initial
conditions. Such modes only change the direction due to the eigenvectors, but they preserve the
magnitude. Depending on the initial condition POD coefficients qα(t) have different magnitude
while maintaining the same frequency, as shown in Figure (C.2).

POD Modes

Figure C.1: POD modes Ψ̂α(x) for α = 1, ..., 4 obtained from simulations with different initial
conditions.
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POD Time Coefficients

Figure C.2: POD time coefficients qα(t) for α = 1, ..., 4 obtained from simulations with different
initial conditions.

C.2 Reduced Order Equations

In this section, we provide the explicit form of the reduced-order equations of the ENSO model
(4.2) introduced in Chapter (4). These ROMs are obtained using POD-Galerkin, POD-SINDy and
Autoencoder-SINDy methods.

C.2.1 POD-Galerkin Reduced Order Equations

One of the main results of this thesis is the reduced order modeling based on the POD-Galerkin
method. The ROM given by (4.21) has the following explicit form:

ȧ1
ȧ2
ȧ3
ȧ4

 =


−0.0073 3.6551 1.0371 0.5446
−1.4313 0.0159 0.2480 −0.6435
−0.0208 −0.0072 −0.4296 0.6164
−0.0057 −0.0045 −0.9101 −0.5193



a1
a2
a3
a4

+ µ


f1(a1, a2, a3, a4)
f2(a1, a2, a3, a4)
f3(a1, a2, a3, a4)
f4(a1, a2, a3, a4)

 (C.1)
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f1 =

a1 a2 a3 a4
a1 0.0027 0.0080 0.0108 0.0240
a2 0.0097 −0.0038 −0.0072 −0.0183
a3 −0.0073 0.0064 0.0002 0.0071
a4 −0.0416 0.0178 0.0002 0.0169

f2 =

a1 a2 a3 a4
a1 −0.0152 0.0204 0.0079 0.0056
a2 −0.0114 0.0163 −0.0075 −0.0221
a3 −0.0726 0.0088 0.0014 0.0253
a4 −0.0145 0.0275 −0.0122 −0.0033

f3 =

a1 a2 a3 a4
a1 0.0079 0.0271 0.0120 0.0514
a2 0.0533 −0.0108 −0.0069 −0.0754
a3 −0.0056 0.0338 −0.0194 0.0367
a4 −0.1363 0.0437 0.0007 0.0778

f4 =

a1 a2 a3 a4
a1 0.0444 0.0105 0.0447 0.0500
a2 −0.0059 −0.0272 −0.0430 −0.0706
a3 0.1138 0.0522 −0.0120 0.0430
a4 −0.0133 0.0601 −0.0304 0.0829

The coefficients in Equation (C.1) are calculated using the inner products ⟨A0Ψ̂α, Ψ̃γ⟩ for the linear
part and ⟨N0(Ψ̂α, Ψ̂β), Ψ̃γ⟩ for the nonlinear part, where α = 1, ..., 4 and γ = 1, ..., 4. The comparison
of these equations aα(t) and POD coefficients qα(t) are shown in Figure (4.3).

C.2.2 POD-SINDy Reduced Order Equations

The second reduced-order equations in this research is explored through SINDy method, as intro-
duced in Section (4.6). To apply SINDy, we first use the POD time coefficients qα(t), which are time
series, and plug them into the Equation (4.27). This algorithm is processed using built-in Python
Pysindy package [28].

ṡ1 ṡ2 ṡ3 ṡ4

s1 -0.0224 -1.4335 -0.0197 -0.0105

s2 3.6573 -0.0205 -0.0083 -0.0058

s3 0.6418 0.3688 -0.5479 -0.5332

s4 0 0 0 0

s21 0.0007 -0.0001 0.0015 0.0021

s1s2 0.0019 0 0.0036 -0.0004

s1s3 -0.0564 0.0770 -0.0713 0.0651

s1s4 -0.0739 0 0 0.0723

s22 0.0001 0.0006 0.0039 -0.0006

s2s3 0.0996 -0.0025 0.0101 -0.0829

s2s4 0 0.1020 -0.0941 0

s23 0 0 0 0

s3s4 0 0 0 0

s24 0 0 0 0

Table C.1: Coefficients of linear and quadratic terms in the system of the POD-SINDy equations.

It should be noted that there is a good agreement between the largest coefficients of Equations
(C.1) and Table (C.1). While the coefficient of a2 term in ȧ1 (C.1) is 3.6551, the coefficient of s2
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term in ṡ1 Table (C.1) is 3.6573. Moreover, while the coefficient of a1 term in ȧ2 (C.1) is −1.4313,
the coefficient of s1 term in ṡ2 in Table (C.1) is −1.4335. These findings validate the use of these
different ROM approaches as other coefficients are relatively small to compare. The comparison of
POD coefficients qα(t) and simulation of SINDy equations sα(t) is illustrated in Figure (C.3).

Figure C.3: Comparison of POD time coefficients qα(t) and the simulation of the POD-SINDy
equations sα(t).

C.2.3 Autoencoder-SINDy Reduced Order Equations

The final reduced-order equations in this research is explored through autoencoders and SINDy
methods, as introduced in Section (4.5) (4.6). While the full-order model (4.2) is reduced using
autoencoders, the model equations are explored by employing SINDy. The AE-SINDy reduced-order
equations are the followings:

107



ṡ1 ṡ2 ṡ3 ṡ4

s1 0 0 0 0

s2 0 0 0 0

s3 0.6009 -0.7532 -0.3643 -2.5726

s4 -1.7731 0.7783 2.0848 0.3260

s21 0 0 0 0

s1s2 0 0 0 0

s1s3 0 0 0 0

s1s4 0 0 0 0

s22 0 0 0 0

s2s3 0 0 0 0

s2s4 0 0 0 0

s23 -0.0005 0 0.0005 0.0006

s3s4 0.0013 0 -0.00162 0

s24 0.0015 -0.0008 -0.0017 -0.0012

Table C.2: Coefficients of linear and quadratic terms in the system of the AE-SINDy equations.

Figure C.4: Comparison of autoencoder latent space rα(t) and the simulation of the AE-SINDy
equations sα(t).

The comparison of autoencoder reduced time series rα(t) and simulation of SINDy equations
sα(t) is illustrated in Figure (C.4).
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C.3 Hopf Bifurcation

A Hopf bifurcation occurs when a system transitions from a stable equilibrium to a periodic orbit
as a system parameter is varied. This bifurcation is typically observed in nonlinear dynamical
systems and is characterized by the appearance or disappearance of oscillatory behavior. Consider
a dynamical system governed by a set of ordinary differential equations:

dx

dt
= f(x, µ)

where x ∈ Rn is the state vector, µ is a real parameter, and f is a smooth vector field. A Hopf
bifurcation occurs under the following conditions: (i) The system has a fixed point x0 for all values
of µ and (ii) a pair of complex-conjugate eigenvalues λ(µ) and λ̄(µ) of the Jacobian matrixDf(x0, µ)
cross the imaginary axis as µ passes through a critical value µ0. Specifically,

ℜ(λ(µ)) = 0 at µ = µ0

which leads to oscillatory behavior as µ changes [46]. Figure (C.5) illustrates the dynamics of
reduced-order model (C.1), which has critical eigenvalues and is captured by the nonlinearity µ as
t→∞.

(a) [a1(0), a2(0)] = [−5.5706,−1.0802] (b) [a1(0), a2(0)] = [14.4293, 18.9197]

(c) [a1(0), a2(0)] = [94.4293, 98.9197] (d) [a1(0), a2(0)] = [194.4293, 198.9197]

Figure C.5: Dynamics of reduced-order model (C.1) as t→∞.
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Appendix D

Nonlinear Filtering of the El
Niño-Southern Oscillation (ENSO)

D.1 Validation of POD-Galerkin ROMs of the Stochastic

ENSO Model

In this section, we provide supplementary results in addition to those obtained in Chapter (5).
Since we are working with SPDEs, it is important to generate ensembles and validate the proposed
method. For this purpose, we generated ten ensembles of the model (5.1) using different random
seeds of the Ornstein-Uhlenbeck process, as shown in Figure (5.3).

(Stochastic) POD Time Coefficients

Figure D.1: Ten ensembles of POD time coefficients qsα(t) using Equation (5.8).
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Every ensemble creates distinct solutions due to the randomness. Therefore, we obtain different
POD time coefficients qNα (t, ω) and reduced-order stochastic equations aNα (t, ω) for each ensemble,
where α = 1, .., .4 is the corresponding mode, and N = 1, ..., 10 is the ensemble. These results are
shown in Figures (D.1) and (D.2). To validate the results, we compare each qNα (t, ω) and aNα (t, ω).
The first four ensembles are depicted in the main part of the thesis, as shown in Figure (5.4). Our
findings show that each ensemble from N = 1 to N = 10 show a good agreement between qNα (t, ω)
and aNα (t, ω) for each α = 1, .., 4.

(Stochastic) POD-Galerkin ROM Simulations

Figure D.2: Ten ensembles of POD-Galerkin reduced-order stochastic equations asα(t) using Equa-
tions (5.9)-(5.10).

Figure (D.3) illustrates the full-order model of the first three ensembles together with POD
reconstruction using qsα(t, ω) and Ψα(x). For each ensemble, we achieve high accuracy and a small
reconstruction error for SST T (t, x, ω). Figure (D.4) depicts the full-order model of the first three
ensembles together with POD reconstruction using asα(t, ω) and Ψα(x). Similar to the POD case,
we obtain high accuracy and a small reconstruction error for each ensemble of SST T (t, x, ω).
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(Stochastic) SST and POD Reconstructions

Figure D.3: First three ensembles of the SST component of full-order stochastic (5.1) (left), POD
reconstruction of full-order model using qsα(t, ω) and Ψα(x) (middle) and L1 error between them
(right).
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(Stochastic) SST and POD-Galerkin Reconstructions

Figure D.4: First three ensembles of the SST component of full-order stochastic (5.1) (left), POD
reconstruction of full-order model using asα(t) and Ψα(x) (middle) and L1 error between them
(right).

D.2 Particle Filter Algorithm

The particle filter algorithm described in Chapter (5) using the initial, prior and posterior samples
is illustrated in Figure (5.9), and is summarized in the following table:
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Step Description
Step 1: Initialization

• Sample Ns particles {xi0}Ns
i=1 from the prior p(x0) (Figure

(5.9a)).

• Set their weights wi
0 =

1
Ns
.

Step 2: Prediction

• For each particle i, propagate (Figure (5.9b)):

xit ∼ p(xt | xit−1).

Step 3: Update

• Compute the weights based on the observation yt (Figure
(5.9c)):

wi
t ∝ wi

t−1 · p(yt | xit).

• Normalize the weights:

wi
t ←

wi
t∑Ns

j=1w
j
t

.

Step 4: Resampling

• Resample Ns particles {xit}Ns
i=1 based on their weights to ob-

tain equally weighted particles.

Step 5: Repeat

• Repeat Steps 2–4 for t = 1, 2, . . . , T .

• It should be noted that, in this chapter, N and Ns represent
number of ensembles and particles, respectively.

Table D.1: Steps of the Particle Filter Algorithm.

D.3 A Spectral Approach to Nonlinear Filtering : Revisit-

ing Wiener Chaos Expansion

In this section, we provide a spectral approach on nonlinear filtering by extending the knowledge
on Wiener Chaos Expansion, as shown in Chapter (3). We consider the filtering scheme where the
signal process x(t) is a Markov diffusion process and the observation process is of the form

y(t) = y0 +

∫ t

0

h(x(s))ds+ w(t) (D.1)
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where w(t) is a Brownian motion independent of the process. And, x(t) has the following form:

dx(t) = b(x(t))dt+ σ(x(t))dw(t), 0 < t ≤ T, (D.2)

x(0) = x0

Let f be a given bounded function Rd and f̂(x(t)) be the optimal filter. A fundamental result of
filtering theory says that the optimal filter is given by the formula

f̂(x(t)) =

∫
Rd f(x)u(t, x)dx∫

Rd u(t, x)dx
(D.3)

where u(t, x) is the so-called unnormalized filtering density (UFD). A standard way to study the
UFD is to treat it as a solution of the Zakai equation

du(t, x) = L∗u(t, x)dt+ h(x)u(t, x)dy(t) (D.4)

where L∗ is the formally adjoint operator to the generator of the Markov process x(t), and is defined
as (for 2-dimensional system):

L∗ =
1

2

2∑
i=1

2∑
j=1

∂2

∂xi∂xj
[(σσT )iju]−

2∑
i=1

∂

∂xi
[µi(x)u]

The solution of the Zakai equation (D.4) can be written in the form [94] :

u(t, x) =
∑
α

1√
α!
φα(t, x)Vα(y) (D.5)

where Vα(y) are Wick polynomials of Wiener integrals
∫ t

0
mi(s)dy(s) where {mk} is a complete

orthonormal system L2([0, t]) and φα(t, x) are deterministic Hermite-Fourier coefficients in the
Cameron-Martin orthogonal decomposition of u(t, x) [17]. One important feature of the expan-
sion is that it separates observations and parameters in that the Wick polynomials are completely
defined by the observation process y(t) but Hermite-Fourier coefficients φα(t, x) are determined only
by the coefficients of the signal process x(t), its initial distribution and the observation function h
[94].

D.3.1 Recursive Equations

Plugging the expansion (D.5) into the Zakai equation (D.4) results in the following equation:

∂φα(s, x)

∂s
= L∗φα(s, x) +

∑
k,l

αl
kmk(s)h

l(x)φα̃(k,l)(s, x) 0 < s ≤ t
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where α = (αl
k)1≤l≤2;k≥1∈,J , as defined in Chapter (3). φ0(s, x) satisfies the forward Kolmogorov

equation (Fokker-Planck equation) corresponding to the state process:

∂φ0(s, x)

∂s
= L∗φ0(s, x) (D.6)

φ0(0, x) = p(x)

where p(x) is the initial distribution. Fokker-Planck equation describes the time evolution of the
probability density function (PDF) for a stochastic process. For |α| = 1 with αi = 1, where we
write φi for φα, the corresponding equation has the following form:

∂φi(s, x)

∂s
= L∗φi(s, x) +mi(s)h(x)φ0(s, x) (D.7)

φi(0, x) = 0

These equations (forced Fokker-Planck equations) have zero initial condition (distribution), and are
forced by φ0(s, x) and mj(s). The orthonormal basis functions mj(s) are defined as:

m1(s) =
1√
T
, mi(s) =

√
2

T
cos
(π(i− 1)s

T

)
(D.8)

where 2 ≤ i ≤ K , 0 ≤ s ≤ T in which K depends on the order of truncation.

Figure D.5: Evolution of probability densities over time.

Figure (D.5) depicts the solution of Equation (D.6) by using the 2D state model obtained from
the POD-Galerkin reduced order model forced by white noise. We start with an initial distribution
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at T = 0. This probability density diffuses over time. It should be noted that this is an initial appli-
cation of WCE to nonlinear filtering, and there are many points that need to be considered carefully.

Solving Fokker-Planck type equations numerically presents several challenges. In multi-variable
systems, the equation becomes high-dimensional, leading to an exponential increase in computa-
tional cost—commonly known as the curse of dimensionality. For example, producing Figure (D.5)
was produced by using an open software, and required 1GB storage, which is extremely expensive.
When we include |α| = 1 equations, the solution is infeasible, and requires high computational re-
sources, which are beyond the scope of this research. Additionally, the equation often exhibits both
fast and slow dynamics, which leads to stiffness. Explicit methods require very small time steps
for stability, making them inefficient. In contrast, implicit methods, such as Alternating Direction
Implicit (ADI) or Crank-Nicolson, offer stability for stiff problems and allow for larger time steps
[106,128,149].
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