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A classical approach to the problem 4.9 is the Backus-Gilbert method. In this

method. the function f is approximated by the sum
f8) =3 mean(t).
k
where the functions {ay : k& € Z} are selected so that the averaging kernel
A(s.t) =) qu(s)aw(t)
k
is a reasonable approximation of the delta distribution. For example, if
dn(s.t), n=0,1.2....

defines a delta-sequence converging to §(s — t), then according to the so-called
D-criterion. the functions {ay : k € Z} are chosen so that the functional

D(a) = (A(s,t) ~ b.(s.t))? ds
—0a
is minimized.
The authors demonstrate that when the D-criterion is used, the assumption

feWV,

Vo=\/{¢~*: keZ} (4.10)

can lead to a definite improvement in performance. In particular, in the case of
sampled signals, it is shown that the ¢ prior: condition f € V, yields a modification
of the Backus-Gilbert method which allows for the complete recovery of f. On the
other hand, a straightforward application of the Backus-Gilbert method does not in
general allow for the recovery of f from its sampled values. It is also shown that. in
all cases. the generalized method performs at least as well as the ordinary method.
However, in cases other than that of sampled signals, it is not known whether the

generalization provides substantial improvement or not.
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The modification of the Backus-Gilbert method, proposed in [46]. makes use
of the reproducing property of scaling function subspaces 4.10. Suppose that the

continuous scaling function ¢ satisfies

B
l¢(t)] < TP

for some 8 > 1/2. then the series
Qs.t) =Y _ b(s — k)o(t ~ k)
L

defines a continuous, symmetric kernel. In this case. each subspace V; has the

property that if f € V;. then
flt)y= Qi(s.t)f(s)ds,

ing® =]

where
Q;(s.t) = 27Q(27s,2t).
The subspace V; is said to be a reproducing kernel Hilbert space (see. for exam-

ple, (2]} and this property can be used to convert 4.9 to the new moment problem
(f.g)=m. j=nn+l... kel (4.11)

The function f is now approximated by the sum,
ft) = Z Zpkaf;(t).

k >n

If we define the generalized averaging kernel
A(s,t) =3 gl(s)ailt),

k j>n
then. when the D-criterion is employed, the functions {a{ : 7 > n,k € Z} are
selected so that the functional

OC

Du(a) = Fws [ (Als,t) = Qs(s.))" ds,

izn e

with w; non-negative weights, is minimized.
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4.3 Continuous deconvolution

The convolution equation

/ h(t — T)z(r)dr = y(t) tER (4.12)
is considered in the paper [42]. It is observed that, in many cases, the convolution
kernel h is similar to a scaling function ¢, and based upon this observation the

kernel is used to define a mother wavelet 1. The continuous wavelet transform

(Wz) (t.a) = —}_a- : " ("’ - t) z(s) ds

is then used to transform 4.12 into a equivalent system of continuous convolution
equations indexed by the scale variable a. Each equation in this system is solved

separately, yielding the wavelet transform (Wz)(t,a). The inverse wavelet trans-

1 [ [ t—s\ da
s) =g [ [T veream () S

o [TPOL,

w

form

with

is then used to recover the function =.

This approach is much like that proposed by Liu et al. (see section 4.4) for the
analysis of discrete convolution equations and suffers from one basic disadvantage.
An appealing aspects of wavelet analysis is the freedom to choose a wavelet ¥ suited
to the problem at hand. By using the convolution kernel to define v, we lose this

freedom.

One of the most powerful techniques for dealing with inverse problems involving

compact operators (as defined by 4.2) is known as the singular value decomposition
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(SVD) (see [29. 22]). Let H be a Hilbert space and suppose that K : H — H
is a compact linear operator. The singular system for the operator K is the set
{v;, uj; p;}, where {v;} is an orthonormal basis for the orthogonal complement
of the null-space N(K). while {u;} is an orthonormal basis for the orthogonal
complement of the null-space of the adjoint of K, N(K*). The scalars {u;} are

known as the singular values of KC, and satisfy
lim g; = 0.
The singular system of K can be defined by the equations
K u; = pjv; (4.13)

and
K:vj = pj‘l&j. (414)

It follows that the generalized solution. of minimum norm. of the equation

can be expressed as

(Ktg) = 3 o), (4.15)

Since {v;} is an orthonormal basis, the generalized solution K'g will exist as a

function in H if and only if
2

@) o (4.16)

K

2

i

which holds whenever g € R(K). If we are faced with noisy data ¢’ = g + 4, then
a solution will exist if and only if

2

J

5.2
(g vui) < 00

Hj
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and since the inner-products {{4.%;)} may decay slower than the singnlar values.
Ktg® need not exist as a function in H.

In such cases, one usually employs some type of regularization procedure in
combination with the SVD. For example. if we use as an approximate solution of

Kf = ¢’ the minimizer of the functional
F(f)=|IKf =" + AN (4.17)
then. through the use of the SVD, we can write the minimizer of F as

f= Z W (p5)(g° w5)v5. (4.18)

where the window W is given by

A+ s

Wi(s) =
Since
1
; W (5)g,u;)|* < X 2,: [(g*.u;)|” < oo,
we see that 4.18 is a well-defined element of H forall A > 0 and § € H.

One major drawback of the SVD is that the basis {v;} may not be well-suited
to the function f under investigation. For example, suppose that f is piecewise
smooth. The local discontinuities present in f can cause the coefficients

g, u;
(f,05) = 224!
Bj

to decay very slowly, and accordingly a significant proportion of the norm of

(MR PED M AT
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mway be contained in coeflicients for which g; is small. The windowed SVD deals

with the presence of errors in the data g by suppressing the inner-products

(6°.u;) = (g.u;) + (6. 4;)

when p; is small and. in doing so, may discard significant information about f
leading to a poor approximation 4.18. Typically, the basis vectors {v;} are non-
local. and this loss of information causes errors that are distributed throughout f

and not just near the discontinuities of f.

Wavelet bases hold the promise of being able to circumvent these difficulties.
Due to the local nature of the basis 9. discontinuities of a function f affect only
the coefficients ( f, %?*) which correspond to basis functions near the discontinuities.
Furthermore, the suppression or removal of these particular coefficients will produce
an approximation which is erroneous only in a neighborhood of said discontinuities.
In view of these desirable properties, it makes sense to see if the SVD can be

generalized as to allow for the incorporation of wavelet bases.
One possible generalization is explored by Donoho in the paper [18]. Here the
author proposes a method for solving the operator equation

Kf=g. (4-19)

where K : D(K) € L?*(R) - R(K) C L*(R) is a linear operator. This method
makes use of the wavelet-vaguelette decomposition (WVD) which emulates some of
the more important properties of the SVD, while leaving the user greater flexibility

in the selection of a suitable basis for f in 4.19.

The WVD of an operator K is a collection of three sets of functions:

1. an orthonormal wavelet basis {1/;’"‘ : ke Z} and
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2. two nearly normalized Riesz bases {w* : j.k € Z} and {v7*: j.k € Z}.
along with a sequence of scalars:
3. quasi-singular values {o;: j € Z}.
The WVD of K can be defined by the quasi-singular value relations which are
Ky?* = ojp?* (4.20)

and

Kru* = giqpik. (4.21)
We notice that, when the WVD of the operator K exists. 4.20 implies that D(K)
must be a dense subset of L? (R). Similarly. from 4.21 we see that R(K~) must be

dense in L? (R) and since
N(K) = R(K")*" = {0},

with N(K) the null space of K, K must be injective. It follows that the inverse
operator K~! is defined on R(K) although. it need not be continuous. Also. the
quasi-singular value relations imply that the sets of functions {u?* : j.k € Z} and
{vj'k : 7.k € Z} are biorthogonal. Indeed. since {¢5’k 1.k € Z} is orthonormal.

we have
. 1 .
Gbm = (W59 = (Cw* g
J
1, ik oL, ik
= — J'L lvm —_— e J,L‘ im ]

7 KT = T e (4.22)

as required.

With regard to the solution of 4.19, the relation 4.20 implies

9= _a5(f.
3.k
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and through the use of the property 4.22. we obtain
-1 . ujvk
(fo'F) = §="——->. (4.23)
7
In light of 4.23. the Riesz representation theorem implies that the coefficient func-
tional c; : L* (R) — R, given by

{(g. uj'k)
aj ’

Cj,k(g) =
is continuous with )
[l

;1
Since the functions u’* are nearly normalized, we find that

D
llesull = o

leiell =

for some constant D. It follows that the number |o;|™" gives an indication of the
difficulty in recovering that wavelet coefficients at level j from the data g. For many

operators. we expect that
lim o; = 0,
J—roc

which indicates that higher level wavelet coefficients are increasingly difficult to
recover.

Even though the c;; are continuous, the function f, as defined via 4.23. need

not be an element of L? (R). From 4.23, we have
Jky
f = Z (giu I¢J,k
. ag;
Tk
and f € L?(R) if and only if

iy |2
y kel o, (4.24)
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which is a condition analogous to Picard’s existence criterion. If ¢ € R(K), then
since

(9.074) = (£, Cui%) = 73(f, 7).
condition 4.24 is satisfied and f € L? (R). However, since f must be estimated from
the noisy data g’ = g + 4. with & € L2 (R). it is advantageous to require that 4.24
holds for any g € L?(R). Unfortunately, this requirement cannot be met in all
cases. This point is not clear in [18). and to make it so, we investigate some of the

consequences of the condition 4.24.

Let us use the notation 77** = uw**/o;. Now by definition, if 4.24 holds for every
g € L*(R), then {n?* : j.k € Z} is said to be a Bessel sequence of L? (R). It can
be shown that the °* define a Bessel sequence if and only if

z aj.k'lj -
ik

for some constant B (the reader is referred to [47, page 155]). By contrast 4.21

2
< B |al’ (4.25)
ok

implies that {n?*: j k € Z} is a Riesz-Fischer sequence or equivalently that

Z a:'.kflj’k
gk

with A = ||[K]|™. Together, the inequalities 4.25 and 4.26 indicate that the n7*

2
> AN lazul. (4.26)
7ok

comprise a Riesz basis of L* (R) . A sequence {h;} in a Hilbert space H is said
to be a Riesz basis if it is equivalent to an orthonormal basis {er} of H. That is.

there exists a bounded linear operator 7, with a bounded inverse, such that
Tew. = hy.

Accordingly, there is an orthonormal basis {e/* : j, k € Z} of

VW% : 5. keZ} (4.27)
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and a bounded invertible operator 7 such that
TeJL = nj.k'
for all j.k € Z. If we let & = o;v%*, then since

Jj,l‘;k.m —_ (fj-k‘qum) - (7'-Pn€j.k. el‘m)

we have
T"P,&* = &*, (4.28)
where P, is the orthogonal projection onto 4.27. Now. from 4.28 we obtain
2
Yolaial? = ||Y T P
Jke Jk
< T Z a; 16"
ik

and since 4.20 implies that the £&** define a Bessel sequence, we conclude that
{€* : j.k € Z} must be a Riesz basis for the subspace R(K). Consequently, the

inequalities

2
AN lasal? < |1Y - asn™| < B lajul
j'k j'k jrk

must hold and hence R(K) must be a closed subspace of L?(R). In the case of

bounded operators K, since K is a densely defined bijection with a closed range.
the Open Mapping Theorem [27. page 286] implies that X ~! must be continuous.
As this need not be the case in general, we conclude that {ﬂj’k : 5,k € Z} is not
necessarily a Riesz basis and that in general, 4.24 does not hold for all g € L? (R).

Even though the sets {&7*: j k€ Z} and {n?*: j k € Z} are not necessarily
Riesz bases, one of the main ideas behind the WVD is that the quasi-singular values
o; can be selected so that the sets {uf"‘ ke Z} and {vj'k 5.k E Z} are Riesz

bases. This idea leads us to the notion of veguelettes.
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Definition 4.1 Let w**(t) = 29/2w(27t — k) and suppose that the function w sat-
isfies:

1. Jw(t)] < (_IICTJET)_; for some a > 0.

2. [ w(t)dt =0 and

3. lw(s) —w(t)] < |s ~¢t[° for some B > 0.

then {w?* : j.k € Z} is said to be a collection of vaguelettes.

The importance of the definition above is elucidated in the following theorem. which

is a consequence of Schur’s lemma [36, page 270].

Theorem 4.1 If {'w-""" : j5.ke Z} is a collection of vaguelettes. then there exists a

constant B such that \
z ajw’*|| < B Z lael” -
ke Gk

That is. a collection of vaguelettes must be a Bessel sequence.

Suppose that the o; can be selected so that the functions u#* and v7* define
collections of vaguelettes. A sequence {h:} in the Hilbert space H is a Bessel
sequence if and only if for any orthonormal basis {e.} of H there exists a a bounded
linear operator 7 such that ‘

Tek = hk.
With this fact and property 4.22, we can show that the sets {u?* : j.k € Z} and
{v?* : j.k € Z} are Riesz bases.

Donoho has shown that for certain homogeneous operators, the functions u#*

and v7* do indeed lead to collections of vaguelettes for appropriately defined o; and

wavelets ¥ that satisfy:
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1. ¥ is M times continnously differentiable and

2. f:‘c t"p(t)dt =0 forn =0.1..... N.

with M and N sufficiently large. In particular, many of the homogeneous operators
studied in [18], such as integration and fractional integration. can be expressed in
the form

KO = o= [ T fuo) o, (429)

2 e Tl
where a > 0 and §2 is homogeneous of degree zero (2(aw) = (w) for any a > 0).
In such cases, the choices o; = 277 and M. N > a+ 2 are sufficient to ensure that
the functions »** and v** define collections of vaguelettes. Moreover, since these
collections are also Riesz bases and hence well-behaved, the rate of decay of the
7; can be regarded as a measure of the ill-posedness of the inverse problem based
upon the operator equation 4.19. For example, the case of ordinary integration
corresponds to a = 1, while the Abel transform corresponds to a = 1/2. Therefore.

ordinary integration is about twice as ill-posed as is the Abel transform.

We consider the estimation of f from the noisy data g° = g+e€d. in the case where
4 is white noise with variance €2. To combat the ill-posedness of the inverse problem.
Donoho proposes a new type of nonlinear windowing known as thresholding. Let

(8)+ positive part of s. That is, let

s. s>0
(8)e =
0, s<0

and define the function 7, by
1e(8) = sgn(s)(|s| — t)+.

A sequence of non-negative thresholds {t; : 7 € Z}is selected and f is approximated
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by the series .
Frey (g ? u ‘> .k
fM—%%(—;-ﬁPm (4:30)

Donoho has shown that in certain Besov spaces, the thresholds can be selected

to obtain faster rates of convergence than is possible with standard windowing

methods 4.18.

The Besov spaces B, can be regarded as generalizations of the Sobolev spaces
H* = B;, and the Holder spaces C* = B} . It has been shown in [36. page 199]
that for rapidly decreasing wavelets ¥ of sufficient regularity, B; A can be completely
characterized in terms of wavelet coefficients. In particular. it is shown that f € B;
if and only if:

1. {X.|(f: 64 }"" < o0 and
2. {ZL |(f'. ?l’j’k)[p}llp = 2-(1/2~1/p}i2~*i¢; for some {e;} € €4(N).

Suppose that f is supported in the interval [—a,a] and B be a ball in B} . then

the author defines the minimaz-wavelet risk by

R¥(e.B) = infsup E ”f— f (4.31)

{ti} feB

L?*[-a.d] ’

with f given by 4.30 and E the expectation operator. The rate of convergence is
defined to be the rate at which 4.31 tends to zero as ¢ — 0%, and the author proves

that. in the case p < 2, this rate is optimal.

G. Walter uses a method inspired by the WVD to obtain expansions for wide-
sense stationary stochastic processes that emulate the Karhunen-Loevé transfor-
mation [48]. In [44], similar ideas are employed to solve the mixture problem for

random variables. Let X, Y and Z be random variables with respective probability
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density functions f. g and h. If the random variables Y and Z are independent and
X=Y+2.

then the probability density functions are related by the equation

oc
f(t) = ] g(r)h(t — T)dT.

-t
The mixture problem entails estimating the random variable Y from the noisy
measurements X. That is. we want to solve for the probability density g, given the

densities f and h. This is a problem of deconvolving g from k.

Walter begins by assuming that the unknown function belongs to the subspace
V,. In particular. it is assumed that V,, is generated by an orthonormal scaling
function of Meyer type. Walter has shown that the Fourier transform of such a
scaling function can be expressed in the form

#@) = [ s —v)ds.
where p is a non-negative unimodular function with supp(p) C [—-7/3.7/3]. The
Fourier transform of the resulting scaling function will be supported in the interval
(~47 /3,47 /3] and will be m times continuously differentiable whenever p is m —1

times continuously differentiable.
Next. one assumes that li:(w)l > 0 and defines the functions «™* by
< _ gnk
un.k(t) — _l_/ efwt ¢? (w) d&J . (4‘32)
2n —— h( w )

and the functions v™* by

v (t) = 51; /_ et gnt(w)h(w) dw. (4.33)
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Since % has no zeroes and ¢ is compactly supported with supp(¢) C [—4x/3.4x/3].
the functions »™* and. in particular. the functions u™*, are well-defined L?(R)

objects for all n. k € Z.
It is easy to show that the sets of functions {u™*: k € Z} and {v™*: k€ Z}
form Riesz bases for their closed linear spans. Furthermore, since
(™. ¢™F) = 654,
it follows from 4.32 and 4.33 that

(u™ 0™ = G (4.34)

Recall that g € V,,. This means that we can expand g in terms of {4)""" ke Z}

to obtain

g(t) =) _ apé™(t)

k
whereupon we obtain. from 4.33 and the convolution equation. the expansion

F(&) = apv™(e).
k
If we now use the biorthogonality property 4.34. then we find that
ap = (f(t). w™*(¢)).

However, since )
nk 2=L/w l¢(w)l
R Mrrle

if for some a, A >0
A

[h(w)| < AT
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then
. 1 > . g2
W4 2 g [ e fb)|” do

1 4ne 4r/3 2 . 2
> = _— e i
> A(1+ o %] dw),

which unplies that as n — oo, the problem of recovering f from g and h becomes
increasingly ill-conditioned.

We mention several points not examined by the author. First, even though the
two sets {u™* : k€ Z}and {v"F: k€ Z} are biorthogonal. they are not in general
dual Riesz bases. This is due to the fact that their closed linear spans do not in
general coincide. To see that this is the case, suppose that ™ can be expressed in
terms of the basis {v™*: k € Z}. We find that

uO(t) = ) bromE(t).
i
which implies that
ﬁ(w) = o"/? Z bze'{kwlzniz(w)gi (w/27).
k

However. by definition

—— n/2 4 Lol
() = 12w/
h(w)
which implies that
. 2 o rom
)| 3 tpeer =1 (4.35)
k

and since h is not periodic, equation 4.35 cannot hold for all w € R.

Secondly, we note that the orthogonal projection of {v"'k : k € Z} onto

Un=V{u"‘k: kEZ}
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is in fact the dual basis of {u™*: k€ Z}. Suppose we let {@™*: k € Z} denote
the dual basis. Then, for any f € L? (R) the orthogonal projection of f onto U, is
given by

(Puf) (&) = Y (™ yumb(t).
&
In particular. if we let f = v™7 and use 4.34. then we find that
(Puv™) (t) = @™ (t).
A consequence of the above is that if f € U,, then

flt) = §:<f‘ﬁ““’>u"”‘(t)
Fa
= Y (f. o Fyunk(e). (4.36)
k

However. if the function f has components in the orthogonal compliment UZ. then
the expansions 4.36 will not be equal. Since the orthogonal projection of f yields
the best mean-square approximation of f in the subspace U,,, there may be circum-
stances in which the orthogonal projection offers some advantages. However. if n

is sufficiently large, the differences may in fact be small.

In the next chapter, we shall consider a similar approach for the solution of
convolution integral equations. However, our approach will differ from that of
Walter's in the sense that we will make use of dual Riesz bases. Furthermore. the
results that we will present are valid for general orthonormal scaling functions.
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4.4 Discrete deconvolution

We now turn our attention to two papers in which methods for solving the discrete

deconvolution problem

D hiwm=y;, JEZ (4.37)
keZ
are presented. Specifically, we will consider the approaches of Lu et al. (see [33])

and that of Chen and Lin (8].
In the article [33], the authors assume that equation 4.37 arises via a discretiza-

tion of the continuous convolution equation

/00 h(t — 7)z(r) dr = y(t).

Furthermore. it is supposed that the so-called blurring sequence {hi : k € Z} is in
fact a two-scale sequence associated with the orthonormal scaling function ¢. That
is.

$(t) = VZ ) hid(2t — k),

ke

with

(B(2 — ), (¢ ~ k) = b

If in fact {h:. : k € Z}is a bona-fide two-scale sequence. then its discrete Fourier
transform (DFT)
Hw) =) hue ™
k

must satisfy the equation
|H@)* + [H(w + ) =2, (4.38)

or equivalently
Z hgk-jhj - Jk’g.
J
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Two particular convolution kernels k are treated numerically in this paper. The
first. a Gaussian kernel, arises in many practical situations. Suppose we assume that
the sequence {hi : k € Z} is defined by sampling the function h on some regular
grid. That is.

—2 /(.2.

hk = —e
(4 4

for some a > 0. In this case we have
1 . 2, 2
3 hacihs = — 3 exp(—(2k ~ §)*/a?) exp(—57/a?).
2 7
It is obvious that the quantity above is positive for any k € Z and we conclude that

no regular sampling of a Gaussian kernel will give rise to a two-scale sequence.

The second kernel to be considered is the so-called Fejér kernel. We assume

where the scaling has been selected to ensure that H(0) = v/2. which is implied by

that k is of the form

the normalization condition $(0) = 1. Since k is band-limited. it is not unreasonable
to assume that sampling should be at or above the Nyquist rate. With this in mind.

we suppose that a > 1 and set
b = —h(k/a)
k= a ).
The Fourier transform of 4 is
h(w) = V2xe(w)(1 — lw/7])

and by Poisson’s summation formula,

oc

H(w)= Y h(aw + 27l]).

l=—oc
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If we restrict our attention to the point w = /2, then equation 4.38 becomes
H(x/2)]* + |HGBx/2)" = 2(1 - @/2)® (xelam/2) + xx(—aw/2))  (4.39)

and it follows from 4.39 that 4.38 cannot be satisfied for any equally spaced sampling
of the Fejér kernel with a > 1 (sampling above the Nyquist rate).

In general. one cannot expect that a sampled convolution kernel will produce
a two-scale sequence corresponding to an orthonormal scaling function. In this
sense. the method developed Liu et al does not really make use of wavelet analysis.
However, as we shall see. the proposed method does make use of an algorithm which
is similar to a discrete wavelet transform so that the method is wavelet-like. Even
so, one of the advantages of wavelet analysis is the freedom to choose discrete filters
which are appropriate for a particular application. Since the filters employed by
the current method are defined by the convolution kernel. such freedom is absent
in this case.

As we have just mentioned, even if {h; : k € Z}is not a two-scale sequence. the
proposed method can still be implemented and leads to a new kind of regularization.
However. it is not entirely clear from the numerical evidence presented that this
method offers any particular advantages over more traditional methods. Moreover.
important properties such as convergence and regularity have not been considered.
We outline the proposed method and make some comparisons with a standard form

of regularization.

Let us suppose that the sequence {h;. : & € Z} is summable and has been scaled

so that
Z lhi| < L.
k

In this case, we can always find another sequence {gi. : k € Z}, with DFT G such
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that
[H(w)] + |G(w)|* = 1. (4.40)

In fact, the choice
Gw) = /1 — [H(w)/’

will do. At this point we should note that in the case of wavelet analysis, the filter
G is taken as the mirror of the filter H. In particular,

Gw) = e “H(w+ ). (4.41)
However. unless H satisfies a rescaled version of 4.38, the choice 4.41 will not lead
to a perfect reconstruction filter bank.

Now. since H(0) # 0 in many applications, one can view {ki : k € Z} as a low-
pass filter, while {g;. : k£ € Z} can be thought of as a high-pass filter. The authors
use these filters to implement a filter bank scheme for digital signals. This scheme

can be defined, in the frequency domain. by the formulae:

1. Decomposition.

{ X(w), 7=0
Xi(w) = X (4.42)
H(2'w)Xja(w), 7=12,...
and
D(w) =G "W)Xy (w). 7=1.2....,. (4.43)
2. Reconstruction.
Xj1(w) = HP'w)Xj(w) + G2 'w)Di(w) j=12,.....  (444)

This filtering scheme is analogous to a redundant (un-decimated) discrete wavelet

transform (see [41]).
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If we take the DFT of equation 4.37. then we obtain
H(w)Xy(w) = Y(w) (4.45)
and in light of 4.42. we see that
Xi(w) = Y(w).

The deconvolution problem can now be thought of as one of recovering the missing

information

DY (w) = G(w)Xo(w).

Once D! has been obtained, the formula 4.44 can be used to recover an estimate
of Xo. For the purposes of illustration, let us restrict our attention to a single level

of decomposition and reconstruction.

We obtain from 4.42. 4.43 and 4.44. the special cases

D'(w) = G(w)Xo(w)
and
Xo(w) = H(w) X1 (w) + G(w)D*(w) (4.47)

and combining 4.46 and 4.47, we obtain the reproducing equation

Xiw) \ _ [ H@)I Hw)GC(w) Xiw) ) (448)
D(w) Hw)G(w) |Gw)] DY(w)

This system is singular and accordingly we will restrict our attention to the second
equation. The equation relating the missing information D! and the data X; = Y
1s

(1 - G@)[*) D}(w) = H(w)G(w)Y (w)- (4.49)
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[\ ]
(V]

The function H may have zeroes on [—w.x] and since noisy data Y? = Y + 4

need not vanish at these points. equation 4.49 may not be well-posed. The authors

suggest that one take as an approximation to D!. the solution of the equation

(1 ~ e|Gw)[*) Di(w) = H(w)G(w)Y*(w).
where a < 1. Upon letting @ = 1 — A. the use of 4.38 yields
(IH(@) + A [G(w)[*) Di(w) = H(w)G(w)Y*(w).
which is the minimizer of the functional
Fy(D) = |HD — GY*||> + A|GDJ*.
If we apply 4.47, then from 4.50 we find that

X(w) = Xj(w) = H(w)Y’w)+ G(w)Di(w)

fG(W”z i d ']
1 H(w)Y°’ (w
( +IH(w)l’+AlG(w)l2) (W)

( 1+ A|G(w)?

]

Ir, &
B +A|G(w)|2) HEY (@),

which could be thought of as the minimizer of the functional

F(X)=|HX - 1+ AGPY!|" + AlGX|.

(4.50)

(4.52)

In view of the unusual form of 4.52, there is no reason to suspect that the regu-

larization method this functional defines possesses any of the important properties

usually required of more familiar methods. To demonstrate that 4.52 does in fact

give rise to a viable regularization method, we first show that in the absence of

noise 4

lim, X ~ Xl =0,
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where X is a solution of HX =Y.
Let Zy be the set
Zg ={wé€[~m.7] : Hw) =0}
and assume for simplicity that the measure of Zy is zero. This assumption implies
N(H) = {0}. making the solution X unique (a proof for the more general case
N(H) # {0} is analogous). Now. since

Y SR U0 = A
X(w) ~ Xa(w) (1 o )I)X( )
AIG()[*
H@F + A G )
we find that

2
- 2_ 1 AGW)[* 2

where

Zf; = [—1?. 1?] \ ZH.

Observe that for every w € Z§,

MGW)It
Aot (H(w)l + A|G(w)[?

and

A G(w)|*
[H(w)* + A|G(w)]
The desired result now follows from the Lebesgue dominated convergence theorem.

s <IGW)* < 1.

We now turn our attention to the property of regularity. Specifically, since the

choice of the regularization parameter A will depend on &, we need to show that it

is possible to choose A = A(d) so that

lisli—o*
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where we have used notation
1+A JG(:;;){2
|H(w)* + A|G(w)f

to denote the approximate solution obtained from the noisy data Y.

Xiw) = Hw)Y’(w)

We proceed by considering the behavior of X¢ — X, where X, is the approximate
solution in the absence of noise. If we use 4.40, then we find that

1+A-AH@w)?

X3 (w) — Xa(w) = H(w)d
@)~ Xa) = T S W))
and if we define the function f, by
1+A=2z \?
A=) =\Ta+ ,\)
for z € [0.1]. then
1 ~
1% =%l = 5 | A (H@)E) @) do.
It can be shown that for z € [0, 1], the function f, takes on its maximum value at
the point
202 +1—-VBA2 +1
N =506
with

A3 - VEAZ F1)3(VBAZ F1-24% —1)
2(1 - vB8AZ +1)2(1-2)3 ‘

A(z(A)) =
In light of 4.54 we find that
X5 = X < A=) 16112
and since

1€ — X3

IA

11X = Xall + [| X3 - X,
< X = Xall + vV A(=z(A) lle]], (4.55)

the desired result 4.53 will follow as long as we choose A = A(4) so that:



(4]
g ]
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1. A = 0% as ||4]| = 0% and
2. fu(=(N) 67 = 0* as [16] 0+ .

Now, since

VHEMN) ~ 2_1\/__)[ + 31‘/5 + 0.

we find that the choice
A(9) = O(llélI*™).

with 0 < a < 2. provides the estimate
1 . o
1X5) = Xaall ~ 5 161772 + O(41>~"*). (4.56)

We point ount that the leading term of the estimate 4.56 is consistent with results
obtained when minimum norm regularization is applied to compact operators (see

for example [29]).

In the special case
|Hw)]? > A>0.

we find that
A
1X ~ Xl < S 1.

whereupon the use of 4.55 yields the error bound
1 ~ Xl < 5 11 + VG0 61 w57)
If we consider the leading order behavior of 4.57, then we obtain
1X = X5l ~ OCI81**) + O(l8]™2). (4.58)

which. once again, is consistent with the results found in [29]. In fact, in the case of

C-generalized regularization as applied to discrete deconvolution, analysis, similar
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to that above, yields an estimate, of the type 4.57 with the same leading order
behavior as 4.58
In view of this similarity, we suspect that there is little difference between the

method of Liu et al. and that of C-generalized regularization. The method of C-
generalized regularization can be defined by through the use of the functional

R(X) = |[HX - Y*II> + A|IGX]2. (4.59)

which is minimized by

A _ F(“’) 5
X = HaF A c@r

We define the inverse filters %* and H, by

A _ F(W)
) = HaF A lGwr
and ,
(o) = LEAC@I Z

|H(w)l* + MG(w)*
and observe that they are related by the equation

Ha(w) = (14 A|G(w)*)H (). (4.60)

Plots of the filters H* and H, iu the case of a Gaussian convolution kernel
appear in figures 4.1, 4.2 and 4.3. We observe that for small A, there is almost
no difference between the plots of #* and #,, while for larger values of A, the
main difference is near the mid-band frequencies w = +n /2. These observations
are confirmed by the equation 4.60, from which we conclude that if ||]| is small,
then there will be negligible differences between the two regularization methods.

Finally, we should mention that, as in [33], we have restricted our consideration

to a single application of 4.42 and 4.43 to 4.45. As is demonstrated by the anthors,
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Figure 4.2: H*, Hx, A = .05
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Figure 4.3: H*, Hy. A =.1

it is possible to derive more general reproducing equations in analogy with 4.48.
This leads to the possibility of a regularization method. with more than one reg-
ularization parameter, which may improve the flexibility of the proposed method.

However. we shall leave consideration of this generalization for future research.

We now consider the second article in which a discrete deconvolution problem

is addressed. The main focus of the paper [8] is the equation

oc

N b — Kz[k] =yli]. i€z, (4.61)

k= ~oc
where the sequence {z[k]: k € Z} is assumed to be obtained by sampling a 1/f
fractal process z(t). In general, a stochastic process z is said to be a 1/ f process if

its empirical power spectral density R satisfies

2

R(w) ~ Tg—!; (4.62)
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for some v such that 0 < 94 < 2. The authors consider the problem of estimating

the sequence {z[k]: k € Z} from the noisy data
v’ (k] = y(k] + (k). keZ.

with {§[k] : k € Z} a sampling of a white noise process d(t).

Due to the non-stationary nature of z (i.e. self-similarity and slow decay of cor-
relation) standard statistical filtering technique, such as Wiener filtering, prove to
be inadequate. The authors propose a multiscale filtering technique which com-
bines Wiener filtering and an un-decimated wavelet transform. This method relies
on the ability of the wavelet transform to remove, or at least reduce, non-stationary

effects making the subsequent Wiener filtering more effective.

The ability of wavelet transforms to reduce non-stationary behavior in 1/ f pro-
cesses is not completely unjustified. In the special case of fractional Brownian

motion. Flandrin (see [19]) has shown that the continuous wavelet transform of :z.

given by
W) (t.a) = o= [ sy (252) 4
z)(t.a) = — .
RNV SN PR
is a wide-sense stationary process in ¢ with power spectral density
. 2
: [B(aw)
Sa(w) = ao SH+L
w|

In the related work [35], Masry shows that for each fixed j, the wavelet coeffi-
cients
2’ [k] = (z,%**)
of a stochastic process z, with wide-sense stationary increments, forms a wide-sense

stationary sequence {z’[k]: k € Z}.
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Admittedly. these results are far from being complete and the utility of wavelet
transforms for the analysis of general 1/f processes is still under investigation.
However, it is noted in [45] that there is strong empirical evidence to suggest that
wavelet transforms serve as whitening filters for all 1/ f processes. That is to say. if
is a zero mean 1/ f process with power spectral density 4.62. the wavelet coefficients

z7[k] are weakly correlated along and across scales and satisfy
E {{z-’-[k]lz} x a2,
It is the properties above that make the proposed method plausible.

Let {h;. : k € Z} and {gi : k € Z} be the two-scale sequences corresponding to
the orthonormal wavelet basis {¢**: j.k € Z}. In particular, we suppose that

these sequences satisfy the dilation equations
$(t) = V2D hep(2t ~ k)
k
and
P(t)=V2Y_ gud(2t ~ k)
k

with {g. : k € Z} the mirror of {k; : k € Z}, given by gi. = (—=1)F**h;_;. One can
define the un-decimated discrete wavelet transform (analogous to 4.42 and 4.43) of

the sequence {z[k] : k € Z} via the equations

Xi(w) = H2 W)X (w), =1.2,... (4.63)

Xi(w) =G W) X1 (w), 7=1,2,.... (4.64)

where Xy = X is the the DFT of {z[k]: k € Z}. If we take the DFT of equa-

tion 4.61, the we obtain

B(w)X(w) = Y(w) (4.65)
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and by repeatedly applying equations 4.63 and 4.64. we can derive a hierarchy of
equations equivalent to 4.65. For example. a single iteration of this process produces

the system of equations

B(w)X'(w) = Y'w), (4.66)
B(w)Xi(w) = Yi(w),

where Y! = GY and Y¥; = HY;. Since X! and X; must be estimated from the

noisy data

Y w) = G(w)Y¥(w)

and

*Yi(w) = H(w)Y"(w).
the authors propose the method of Wiener filtering for the approximation of X!
and X;. Once suitable estimates of X* and X, have been obtained, X, can be

estimated by applying a down sampled inverse wavelet transform.

Wiener filtering is a least-squares technique for the estimation of a stochas-
tic process from noisy or imprecise measurements (see [39]). For instance, if this
technique is applied to 4.61, then {z[k] : k € Z} is approximated by the sequence

sk = o[k —jly’lj]. kez.

7

The filter {c[k] : k € Z} is to be selected so that the expected mean-square error
E {lelk]l’} = E {l=(k] - Z[%]*}

is minimized. If one assumes that {z(k] : & € Z} and {é[k] : k € Z} are wide-sense

stationary sequences with zero cross-correlation, then

w

E{ellP} = 5 [ 11~ C@IBWP Raw) ot 5 [ 10 Ralw) dor (467)

2 J_
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where R, and Rj; are the DFTs of the autocorrelation sequences
R.[k] = E {=[j]={j + K]}

and
Rs[k] = E {é[5][7 + K}

Ifit is now assumed that {z[k] : k € Z}and {d[k] : k € Z} are white noise sequences

with the respective variances o2 and o2, then 4.67 can be written as

2 2 "
B{If} = 22 [ - c@B)f do+ Z [P do. (069

Equation 4.68 defines a functional J(C) = E {|e[k]|*} and if we minimize this
functional on the Hilbert space L?|—=, x|, then we obtain the result

_ a?B(w)
W= BEr

We emphasize that the derivation of 4.69 depends heavily on the assumption that

(4.69)

{z[k]: k € Z} and {8[k] : k € Z} are wide-sense stationary white noise sequences.
With regard to the solution of system 4.66. it is the role of the wavelet transform as
a whitening filter for 1/ f processes that makes this assumption reasonable. Before

further consideration of the system 4.66, we list several points regarding the filter
{c[k] : k€ Z}

1. Stability. The filter {c[k]: k € Z} can be computed from its DFT 4.69
through the use of the equation
R B ™
clk] = 5 /_.'e C(w)dw

and if we assume that {b[k]: k € Z} is a sequence in €' (Z), then it is easy to
show that

) Ikl < co.
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However it is not entirely clear that {c[k]: k € Z} is a stable filter in the

sense that
)" lelk]| < oo.
k
In this case however, a theorem. due to Wiener (see for example [26]), ensures

that {c[k}: k € Z} € £* (Z) whenever {bk] : k € Z} € £ (Z).

Causality. If {b[k]: kK € Z} is causal. that is b = 0 for all £ = —1.-2.....
then {c[k] : k € Z} will not be causal. The Wiener filtering technique can

!\D

be adapted to produce a causal filter, which may be desirable for certain
applications. This complication in considered in some detail in [8] and will

not be pursued further here.

3. Regularization. The DFT of the filter {c[k]: k € Z} is identical in form to
that obtained by a minimum norm regularization scheme in which the reg-
ularization parameter A is predetermined by the variances o2 and 7. This
observation suggests the possibility of a redundant multiscale regularization

method for deterministic convolution equations.

Let us now return to 4.66 and suppose that the assumptions needed for Wiener
filtering hold. That is. let us suppose that {z'[k] : k € Z}, {z,\[k] : k € Z}, {8'[k] : k € Z}
and {d1[k] : k € Z} are white noise sequences with respective variances o2, o2 , 0
and o . We should point out that in view of 4.62 and the fact that #(0) = 1, the
sequence {z;(k] : k € Z} may not be well-defined. In such cases, 4.64 should be
used to replace 4.66 with a system of equation for the detail sequences {z’[k] : 7 >
1,k € Z} only.

If we apply Wiener filtering to each equation in 4.66, in the presence of noisy
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data, we obtain the approximations

B(w)

fv1
TP Yi(w) (4.70)

X3 (w) =

and

—E(W) ]

X = Ber

Yi(w). (4.71)

where

HQN

>
t
~|

/3

oy
-

and

2
ﬂ’zl

5 -
73,

I

7
We recall that, in the frequency domain. the operation of down-sampling is given

by the mapping
X(w) — (DX) () = % (X(w/2) + X(w/2 + 7)) (4.72)

If 4.70 and 4.71 are down-sampled and the inverse discrete wavelet transform

(DWT) applied to the resulting functions. then the approximation

I

X(@) = Xt() = 3 (H@)Buw) + [GE) Brw)) Y(w)

-;— (H(w)-H—(w + 7)By(w + )

G(w)G(w + m)Ba(w + 7)) Yi(w + 1), (4.73)
with _
B(w)
B,(w) = ————.,
© = WP

is obtained. Alternatively, if the undecimated inverse DWT is applied directly
to 4.70 and 4.71, then the approximation

X(@) = Xy(w) = 3 (H@) Bulo) + ) Bx@) i) (474)

is produced. Now, since the filters H and G possess the properties:
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L |Hw) + [G(w)* = 2 and

2. Hw)H(w + 7) + G(w)G(w +7) =0,

we see that, when \ = g,
X(w) = X}(w) = X}(w) = Ba(w)Y’(w).

which is the approximation one expects when ordinary Wiener filtering is applied
directly to 4.65.

We emphasize that the method of Wiener filtering is dependent upon the knowl-
edge of the power spectral densities of the sequences {z[k] : k € Z}and {d[k]: k € Z}
and. in many cases. such specific knowledge may not be available. However. as we
have mentioned. 4.73 and 4.74 suggest the possibility of a multiscale regularization
method. which is a natural generalization of Tikhonov's regularization 4.17.



Chapter 5

Methods based on scaling

functions

5.1 Introduction

In this chapter, we will examine some of the consequences of the assumption u € V,,
with regard to equation 2.4. In particular, we are interested in cases for which this
assumption leads to a modified problem which is well-posed. We show that there
are conditions, involving the spectrum of a real, symmetric Toeplitz matrix. which
ensure that the operator® G|y, is either weakly or strongly invertible. Subsequently,
some of the properties of this matrix are investigated and then used to establish a

convergence result as well as comment upon the condition of the modified problem.

1The restriction of G to V.

66
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5.2 Deconvolution of functions in scaling func-

tion subspaces

Let us assume that the unknown function u belongs to the scaling function subspace

v;x\/{qsmk:kez},

where ¢ is an orthonormal scaling function. If we let u.[k] = (u,4™). then »

admits an expansion of the form

u(t) = Y ualklg™4(e), (5.1)
k
which allows us to rewrite 2.4 as
S wnlt] [ gle = rgt(r)dr =y (5.2)
k -0
Now, since
(qu“"‘) (t) = [w g(t — 7)2"/%5(2"7 —~k)dr

= f T gt — /2 — )2 (20 dr

~oC

= (G¢™°) (t — k/2"),
if we use the notation £.(t) = (G¢™°) (t), then 5.2 becomes
> ualkléalt — k/2%) = y(d). (5.3)
%

We see that under the assumption v € V,,, the problem of solving 2.4 for the
unknown function u is equivalent to the problem of solving 5.3 for the unknown
sequence {u,[k] : k € Z}. In terms of operators, we have simply replaced the equa-
tion

Gu=y (5.4)
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Figure 5.1: The functions £_; and &

with the new equation

Glvau =y, (9-9)
where G|y, denotes the restriction of G to the subspace V.

The expansion 5.3 is similar to the scaling function expansion 5.1 in the sense
that the relevant functions are obtained by translating a single function by the
amount k/2". However, unlike 5.1, the basic function &, depends on n. and as the
resolution is changed we obtain expansions with respect to different functions. This
is due to the fact that the operations of translation and dilation do not commaute.

Figure 5.1 shows typical examples of the function &, in the case where g(t) = e~ Itl.

In section 2.2, it was shown that the problem defined by 2.4 is ill-posed. In the
coming sections, we shall consider circumstances under which the new problem.

defined by 5.3, is well-posed. This consideration will entail an investigation of the
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sequence of functions {&.(t — k/2™) : k € Z}. In particular. we are interested in the
properties of {£.(t — k/2") : k € Z} which will enable us to recover {u,[k|: k € Z}
in a unique and continuous way from the specified data. In the next section. we
begin this investigation by considering the simpler problem of recovering a single

scaling function coefficient u,[k].

5.3 Coefficient functionals and weak invertibility

Consider the equation 5.4 and let z be some element of [?(R). Suppose that.
instead of solving 5.4 for u, we seek to recover the moment (u,z) from y. If we

define the linear functional c: L? (R) — R by
c(y) = (u.z)

then is can be shown that ¢ is continuous if and only if z € R(G"), where G~ is the
adjoint of G (see [1, 18]).

We are particularly interested in the functionals ¢, : m — R, which are
defined by
Cak(y) = (u, ¢™"). (5.6)
Specifically. we want to know when the functionals 5.6 are continuous. Since we
have assumed that » € V,, we are working with the operator equation 5.5 and
accordingly, the functionals 5.6 will be continuous as long as ¢™* belongs to the
range of the adjoint of the operator G|y, for all k € Z.

Definition 5.1 If the coefficient functionals c, . are continuous for allk € Z. then

we will say that the operator Glv, is weakly invertible.
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We begin by considering the adjoint of G|y,. Let H, and H, be Hilbert spaces
with respective inner-products (-.-), and {-,-),. Suppose that X : H; - H, is a
bounded linear operator. The adjoint K~ : H, — H; is the bounded linear operator
defined by the equation

(Kz.y), = (z.K7y),.
The existence of the operator K~ is guaranteed by the Riesz Representation Theo-

rem.

We can regard G|y, as a linear operator mapping the Hilbert space V, into the
Hilbert space G(V,) = R(G|v,)- The adjoint of G|y, is defined by

(Glvif-b) = (f.(GIv.)" h).
where f € V, and h € G(V,). We notice that for f € V,
(Glvif. h) = (Gf.h) = (£.G"h)
and since P, f = f, we find that

(Glv.f- k) = (f. P.G™h).
It now follows that
(gan). = Png',m- (5‘7)

and hence the linear functionals c, are continuous if and only if

™ € R((Glv.)") = Pag™ (GTV2)) -

We immediately notice that if {¢™*: k € Z} C R((Glv,)"), we must have

——————e e

R((G|v.)") =Va
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and since, for any bounded linear operator K, R(K*) = N(K)*, the above implies

That is. if the ¢, r are continuous, Glv, must be a bijection onto its range. Further-

more, we observe that
(u(t), ¢™(t)) = (u(t + k/27), 4™°(t)).
Let u*(t) = u(t + k/2"), then if y = Gu, we find that
y(t +k/2%) = (Gu¥) (¢)
and hence
cni(y) = (u(t+Kk/2").4™°(t))
= cao(y(t+k/2%)).

In other words, since V,, is closed under translations which are integer multiples of
27", the ¢, 1 are continuous if and only if ¢, ¢ is continuous. If we want to recover all

of the u,[k] from the function y = Gu, it is enough to ensure that ¢™° € R((G|v,.)").

Before considering conditions which ensure the weak invertibility of G|v,. we

examine some of the immediate consequences of

¢™° € R((Glv.)), (5.8)

which will be of use in the work to come. Condition 5.8 implies that there exists
some l;:n € G(V,.) such that
¢™° = PG én (5.9)

and since, for any u € V,,

ua[0] = (u, ¢™°) = (Gu. &),
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we conclude that
cnie(y) = (y(t), &alt — k/2™)). (5.10)

Also. if 5.8 holds, then the c,; are continuous and the Riesz representation theorem
ensures the existence of a unique fanction v, € G(V,) such that

cno(y) = (¥, va)-

Accordingly, the function &, = v,, defined by 5.9 is unique.

The sequences

X = {&a(t —E/2%) : k€ Z}

and
X, = {é,,(t —k/2): ke z}
are biorthogonal. This follows easily from the orthonormality of {¢""' ke Z}.

which implies that

G = (#7(0).4™48)
(@3 (2), (PG &l ~ k/2)) (1) (5.11)
= (6t~ 3/2"),Enlt — k/2")).

The set, X, is a Riesz-Fischer sequence with

2
> G172 Y el (5.12)
k

> andalt ~ £/27)
k
which follows from 5.9 and the Parseval’s relation

3l =) ™
k k

.
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Indeed. since
2 2
dad™| = |1 aPaGéa(t — k/27)
k k
2
< NG &t — k/27)
K
and [|G]| = ||G7|l. we see that 5.12 holds. Furthermore, the sequence X,, is complete

in G(V,). To see this, we suppose that v € G(V,) is such that
((t).&alt ~ k/27)) =0, (5.13)

for all k € Z. We want to show that 5.13 implies » = 0. We know that there exists
v € G(V,). 7 € N such that

fim [lv = /]| =0

J—c

and since strong convergence ? implies weak convergence 3. 5.13 yields
lim (17(2). &n(t — £/27)) = (v(t). &ult — £/2)) = 0.

for all k € Z. We can always find o7 € V, such that Go7 = v’ and through the use
of 5.9. we obtain

(3 (2).6nlt — k/27)) = (a7 (t), 47" (2))-
The set {¢™* : k € Z} is complete in V,, and accordingly, the sequence {s7 : j € N}
converges weakly to zero. The operator G is continuous and hence {v7 : j € N} also
converges weakly to zero. However, we already know that {v/ : j € N} converges
strongly to v and since the strong and weak limits must agree, we conclude that

v =0 and therefore X, is complete.

2Convergence in the norm.

3Convergence with respect to all continuous linear functionals.
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We mention that X,, is a Bessel sequence with

2
<12 lewf® (5.14)
&

Y auk(t —k/2")
15

and a proof similar to that above shows that X, is also complete in G(V,).

We return our attention to the weak invertibility of the operator G|y,. We
provide a characterization of this property which makes use of the Gram matriz of

the sequence X,,. The Gram matrix of X,,, given by
G = [(&alt = k/27),&a(t — /2N, (5.15)

is a symmetric Toeplitz matrix and, in light of 5.14, is a bounded linear opera-
tor mapping ¢2(Z) into £2(Z). An explicit expression for the entries of 5.15 can
be obtained by considering the Fourier coefficients of an appropriate 2mw-periodic

function. Moreover. this function can be defined in terms of the functions ¢ and g.

To find this function, we note that

(Eﬂ(t)'fu(t‘"k/2n)> = .é]_;r-/oc c"»’“/?"

1

= o e |§(2w)dw)| do

= o= L_‘m/ etk Z Ig(2”l w + 2xl])¢
- <L

-

bu(w)| dw

Also note that

Jm 3 faf2r(w + 2ehdw + 21rz)|2

o0
<L

- 2
< suplg()l* 3 |dw + 27| =116
w l
Hence, if we use the notation

Galw) = 3 [3(2"w + 2l + 27rl)|2 , (5.16)
4
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then the Lebesgue Dominated Convergence Theorem (see, for example [38]) allows

. us to write

gnlk] = (&a(2). &alt — E/27)) = -2-1;; [ e G(w) dw. (5.17)

That is. the entries of 5.15 are in fact the Fourier coefficients of the function 5.16

and in particular,

G, = [gn[] ""kH'

We are now in a position to prove the following theorem. which provides a

characterization of the weak invertibility of G|y, in terms of G.,.

Theorem 5.1 Let G, be defined as in 5.16. If there ezists a sequence {47 : jeN} C

L*[—=n.x] and a constant M such that

.. 2 * . - 2
lim [|47G, - 1” = lim —L/ AW)Gn(w)—1] dw=0  (5.18)
J—oc J—roc 27r —

and [|A|| < M. then ¢™° € R((Glv.)")-
Proof. Let
Al(w) = Za‘};e'f"”
I
and define the functions v’ € G(V,,) by

vi(t) = ) odéalt — k/2).
k

If we now let

Bl =V (t).&alt —k/2%) = Y adgalp — K,
I

then, by 5.18
lim 3716 — ol = 0. (5.19)
P
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It now follows that. since {&q(t—k/2"): k€ Z} is complete in G(V},) and
[|A7]| < M. the sequence {v7 : j € N} converges weakly to some v € G(V,,).

Since P,G" is continuous, P,G*17 converges weakly to P.G*v. Now
(PG (8) = ) _ Bis™(#)
I
and. in view of 5.19. we have
lim || P.G" — 49| = 0.
j—boo
Since the strong and weak limits must coincide, we conclude that
P.Gv = ¢™°

and therefore 5.8 holds. 8

Observe that if 1/G, € L*[—x. 7], then G|y, will be weakly invertible. We also
observe that if G is weakly invertible, then so is G|y, for any n. However. the
converse does not hold. For example, suppose that the Fourier transform of the
counvolution kernel is

X w(w? = w2, r<w<nw
g(w) =

otherwise

h

and let ¢ be the Shannon scaling function. That is
. l, - t<w<nm
$(w) = -
0, otherwise

The operator G is not injective and hence. is not weakly invertible. On the other

hand,. for w € (~—w,7),
Go(w) = §(w)

and since 1/Gq € L?[—n. 7], the operator G|y, is weakly invertible.
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Finally. we note that even if the functionals c,; are continuous, the inverse of
the operator G|y, need not be continuous. Since V, and €? (Z) are isometric, the

last statement is equivalent to saying that

Y lear(w)l < oo (5.20)
&

need not hold for all y € G(V,.). We recall that {v;. : £ € Z} is said to be a Bessel
sequence as long as

2
<BY |l (5.21)
k

E [8 73748
k

According to [47, page 154], 5.21 is equivalent to

d_la.m)f* < Bllo]? (5.22)
18

for any o. In view of 5.22 and 5.10, we see that 5.20 will hold if and only if X, is

a Bessel sequence.

5.4 Strong invertibility

Suppose that G|y, is weakly invertible. As we have seen in the previous section.,

~1 need not be

this means that Gy, is a bijection onto its range. However, (Glv,)
continuous. Qur present objective is to derive verifiable conditions which ensure
that (G|, )" is continuous. In particular, we are interested in finding the properties
of the functions g and ¢ which will ensure that the inverse problem defined by 5.5

is well-posed.

Definition 5.2 If (Glv.) ™" is a continuous linear operator mapping G(V,) onto V,.

then we say that Gly, is strongly invertible.



CHAPTER 5. METHODS BASED ON SCALING FUNCTIONS 78

Recall that under the assumption u € V,,, equation 2.4 can be written as
Glvu=y,

or equivalently, as
3 wa[kfén(t — k/27) = yi).
k
Since

2
S o] = Flar.
2 k

the subspace V,, and €2 (Z) are isometric and therefore G|y, will have a continuous

inverse if and only if the linear operator defined by
y() = {ualk] : k € Z} (5.23)

is continuous. In turn, the linear operator defined by 5.23 will be continuous if and

only if there exists a constant C such that
3 unlk]P = Y lens()? < C 1wl
Ik &

and since
cni(y) = (y(t).&alt — K/2™)).

we see that (G|v,)”" will be continuous if and only if
- 2
3 |wierdutt - k/2n)| < Cli? (5.24)
&
for any y € G(V,,). Since 5.24 is equivalent to

Z a&gn(t - k/zn)

&
the operator G|y, will be strongly invertible if and only if the sequence of functions

2
<CY lal, (5.25)
k

X, = {En(t ~E/2%): ke z}
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forms a Bessel sequence of G(V;,}). We have already pointed out that whenever the
sequence X, exists, it must be a Riesz-Fischer sequence. Hence, if X, is a Bessel
sequence, then it must be a Riesz basis of G(V},).

Inequality 5.24, or equivalently 5.25, can be difficult to establish when one works
with the sequence X,. However, it can be shown that X, is a Bessel sequence if

and only if the set
Xo={u(t —k/2"): k € Z}

is a Riesz-Fischer sequence so that we may work with the sequence X instead. Since
the sequence X, is defined explicitly by

&a(t) = (G4™) (t),

this approach turns out to be easier.

A proof of the aforementioned equivalence makes use of the relevant definitions
and the biorthogonality of the sequences X, and X,.. Assume that X, forms a
Bessel sequence of G(V},) and let

y(t) =Y bebalt — k/27).
k

The sequence X, is a Bessel sequence and hence the function y is a well defined
element of G(V,) for any {b : k € Z} € £2(Z). The biorthogonality of X, and X,
yields

b = (y(t), alt — k/2"))

and through the use of 5.24 we obtain

Y <c
&

which implies that X, is a Riesz-Fischer sequence.

2

v

D bualt - k/zn)]
k
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Let us now suppose that X, is a Riesz-Fischer sequence with

2
> CZ]aklz.
k

We use Parseval’s relation for the orthonormal basis {¢o""E ke Z} to obtain the
inequality -

Y arbalt ~ k/2)

k

o

-

2
>C (5.26)

) auba(t — E/2%)
&

Y asmt)
k

Recall that X, is complete in G(V,) and therefore 5.26 implies that there exists a

continuous linear operator 7 : G(V,) — V, such that
"5 (t) = (TEa(- = k/27)) (2).
The orthonormality of {¢™* : k € Z} is used once again to obtain
80 = (T"TEu(t — 3/27). &nlt — k/2%))
and, since X, is the unique sequence in G(V;,) biorthogonal to X. we conclude that

Galt —k/2) = (T Té&(-— k/2) ()
= (T"TG4™) (1)

Finally, the operator T°7T : G(V,) — G(V,) is continuous and therefore X, is a

Bessel sequence with

<TG Y el

D bibalt — k/27)
3

We now focus on establishing conditions which ensure that X, is a Riesz-Fischer

s

sequence of G(V;,). In view of the fact that X, is a Bessel sequence, such conditions

will also guarantee that X, is a Riesz basis.
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The sequence X, is said to be a Riesz basis of G(V,,) if it is complete and if

there exist positive constants A and B such that

AY ldif® <
I3

Inequality 5.14 ensures that a suitable choice for a upper Riesz bound B satisfies

2
<BY Il (5.27)
k

> dubalt —k/2%)
k

B <|IGIF.

It is the existence of a lower Riesz bound A that is, in general, difficult to verify.
However. since the sequence X, is generated by translating a single function &,, we
can use Parseval’s relation for the Fourier transform to simplify the estimation of
A

We have

2

dw

2

= o [ | e

2 J_ s

Y dtalt —k/27)
k

2
- .2}; / 3 dueik l§(2"w)$(w)rdw
|
1 - (2l+1)= . _‘_sz o 2dw
- 5;;1,.,&'% /{M ; e~ [3(2"w) )|

whereupon the use of the notation
D(w) =) _die™
3
and the change of variable w = v + 27l yields the equation

2
= 51; Jim [ ) ID@)* Y lg(zn{w + 2l))d(w + 2nl)| dew.

H<L

Z dkfn(t - k/zn)
k
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We have already seen that

S |32 + 2all)dw + 25| < G

<L
for almost all w and hence the Lebesgue Dominated Convergence Theorem implies

that
2

1 l N
=/ |D(w)]? Gn(w) duw, (5.28)

S dia(t - k/2%)
I
where én(w) is as in 5.16. namely,
. . 2
Gulw) =3 | 32w + 2l]) f(w + 20|
t

In view of 5.28. we see that 5.27 and

A< ) D(w)Gn(w)dw < B, (5.29)
with )
= |Dw)]|

are equivalent.

Suppose that G, satisfies the inequalities
A< G.(w) < B. (5.31)

for almost all w, then since the function 5.30 is unimodular, if 5.31 holds, then 5.29
(and hence 5.27) must hold. In other words, if we can show that there exist positive
constants A and B such that the inequalities 5.31 hold for almost all w, then X,

must be a Riesz basis for its closed linear span.

For our present purposes, what we have just shown is enough. However, it is

interesting to note that in most practical cases 5.31 and 5.29 are, in fact, equivalent.
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For instance if G,, is continuous and we select D from some appropriate §-sequence.

then it can be shown that 5.29 implies 5.31.

The assumption that G, is continuous is not overly restrictive. For example, we
know that g, ¢ € L' (R) and therefore, the functions § and ¢ will be continuous.

Furthermore, since
- . 2
Gulw) IGI* Y |$lw + 2m0)| = liGI*. (5.32)
{

we see that if the series
. 2
3 [¢(w + 2«1)'
I
converges uniformly, then the series 5.16 converges uniformly and G,. will be con-
tinuous.

It is not difficult to find conditions sufficient to ensure the uniform convergence

of Zz

satisfy

. 2
dw + 21rl)| . Henceforth we will assume that the scaling functions we use

b < (5.33)

for some a > 1/2. It follows that

. 2 1
ZI: [#o + 221 < Cz; 1+ jw + 20l

and since we can restrict our attention to w € [—m, 7], we find that

. 2 = 1 o 1
ZI: lqs(w + 21rl)' < c? (1 + ; 1¥ (2l = [[n)%= +z§ 1+ ([21 + 1]7r)2")

2 - 1
=¢ (1+2§1+([21—1]7r)2°)'

In light of the inequality,

= 1 1 X1
< —_— .
S T S <

=1
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we conclude that 3, [¢(w + 27l)|* converges uniformly on compact subsets of R.

Many orthonormal scaling functions will satisfy the inequality 5.33 for some
a > 1/2. For example, if ¢ is a Meyer scaling function, then ¢ has compact
support and 5.33 is satisfied for any choice of a.

If ¢ is a Daubechies scaling function. then ¢ is compactly supported in some
interval I C R. We can choose ¢ from the Daubechies family so that it is N-
times continuously differentiable. It follows that integration by parts leads to the

/; et g(t) dtl

When ¢ belongs to the Battle-Lemarié family, we have

&m=¢am(ﬁ§%9)f

inequality

/ e tp(N(t) dt' +
I
< C

1+ [wf") |$(w)|

where M is a continuous 2n-periodic function and N is a positive integer. The
inequality 5.33 1s satisfied with a = N.
When G, is continuous, we can define the so-called optimal Riesz bounds for

the sequence X,.. In particular, we let

A, = Ex:gxin}é,.(w) (5.34)
and
B, = max G,.(w). (5.35)
wE[-m,x]

We reiterate that the upper bound B, will always exist and is bounded above by
IG]|?. Furthermore, it is the existence of the lower bound A, which can be difficult
to establish. With regard to the inverse problem at hand, it is the lower bound
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which is most important. In fact, we have shown that (G|y,)™" will be continuous
if and only if A,, > 0. By borrowing ideas used by Cohen (see [14, page 182]) in the
study of orthonormal wavelet bases, we can find necessary and sufficient conditions

for the existence of a positive 4,,. We will need the following definition:

Definition 5.3 A compact set K is said to be congruent to [—w, x| modulo 2n (we

will use the notation K = [—n,n] mod 2x) if:

1. |K| =2r and

2. for every w € [—m, x|, there is an integer l € Z such that w + 27l € K.

We now state and prove the following theorem, which gives necessary and sufficient

conditions for the existence of 4, in terms of the functions § and ¢.

Theorem 5.2 Suppose that ¢ satisfies 5.93. then there ezists an A > 0 such that
Gn(w) > A (5.36)

for all w if and only if there ezists some constant C > 0 and a compact set K =
[-7. 7] mod 27 such that

].«’7(2"w)$(w)] >C (5.37)

forallw e K.

Proof. Suppose that 5.37 holds for all w € K = [—m, 7] mod 2r. We want
to show that this assumption implies 5.36 holds for some A > 0. To do this, we
assume the contrary. That is, there exists at least one w” € [—=, 7] such that the

continuous function G, satisfies

Gu(w") =0,
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which implies
(2" + 2xl])d(w" + 2n0)| = 0
foralll € Z.

By definition, for any w € [—, ] there exists m € Z such that w+2rm € K. It
follows that we can choose m so that w™ +27m € K, which contradicts the original
assumption.

We now assume that 5.36 holds and show that 5.37 must hold. Suppose that

0 <e< A/2. Since
¥ |52l + 2l + 2«1)["
{

converges uniformly for w € [—=, 7], there exists a positive integer L such that

Gu(w) = 3 |32 + 2w + 27rl)|2 <e
<L

and hence

- !§(2"[w + 2xl))$w + 2«1)[2 > Go(w) —e> A/2 (5.38)
WL

for all w € [—=, 7).
Now, in view of inequality 5.38. for each w € [~n, 7], there exists [, such that
[l.] £ L and
3(2"[w + 21.])é( 2z)|2> A (5.39
(2" + 27L))(w + 27, > BT 39)
Since § and ¢ are continuous, there exists a neighborhood M, of w such that

A

]g(z"[w +2nl])dlw + 2#1«,)] ‘> BT

for all w € M,,. If we define the sets R; by

R = {w € [-m.7] : lg(2“[w + 21!:’1]):{5((.;-i-27rl)l2 > mé_ﬁ)-} ,
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for l = —L.~L + 1....L, then. each R, is a subset of [—x.n] such that
Mw C R’w‘

Since {M,, : w € [—m, 7]} is a cover of [—m.7n], {R;: { =—L,....L} is a sequence

of subsets of [—m, 7] such that

[-m, 7] = U R,

{=-L

If we now define the sets S; by.

S.t=R_.

-1

S=R\ {J S

p=-—L
then the $;, l = —L,—L + 1.... L form a sequence of disjoint subsets of [—=. ]}

satisfying
L
[, 7] = U 3.

l=-L

Let us use the notation S; + 27! to signify the sets
St + 27l = {w: w—2xl € 5}

and subsequently define the compact set K by

L
K= U S + 2nl.
{=-L

Since the sets S; are disjoint,

L

L
U Sz+21rl"l =Y |S|=2n

=L | ==L

K| =
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hence K = [—=. 7| mod 2x and

. - 2 A
i@ w)bw)| > c? = LT

forallwe K. 8

Suppose that the hypothesis of 5.2 is satisfied. then X, is a Riesz basis of
the subspace G(V,) satisfying the inequalities 5.27 with A = A, and B = B,.
According to Young [47, page 32], there exists a Riesz basis {v : k € Z} of G(V,.).
biorthogonal to X, and satisfying the inequalities

-——Zlag[ < Zau«(t)

The Riesz basis {v : k € Z} is known as the dual basis and. since X, is the unique

< — Z lax)? . (5.40)

sequence in G(V,,) biorthogonal to X, . we must have
ve(t) = Ealt — k/27).

It is not too difficult to show that the Fourier transform of £, is given explicitly by

z — én(w) [
flw) = o2 (5.41)
which implies that
t fn(w
a(t) = — ot dw. 5.42
£lt) = / Gt (5.42)

To justify the representation 5.42, we simply need to show that the sequence X..

generated by 5.42, is biorthogonal to X, and is contained in the subspace G(V,).

If £, is given by 5.42, then

én(w)lz

(ot = /) alt = /) = [~ i
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where p = k — j. We use the equation
alw) = 272 §(w)P(w/2")

to obtain

sder|

_ o
Gult = k/2).Ealt —R/2™) = S f il

oo Grlw/27)
oo fierede)|
= — g'p"’r - d(d
2n -0 Gn((d)
1 Sue i + 2el)dle + 2]
- E‘;L—-boc [«8 7 én(w)

whereupon the Lebesgue Dominated Convergence theorem implies that
; n 1 " 1]
(Enlt = B/2) nlt = /7)) = o [ ™ = 50

as required.
We now show that the function &,, defined by 5.42, belongs to the subspace
G(V,). If we define the sequence {gn[k]: k € Z} by

1 Lg eiku

=— - 5.43
2‘)’( - Gn((d) ( )

ALY
then. since G, is continuous with

G'n(w) > A, >0,

we have

Y 13a[K]* < oo.
k
Equation 5.41 can be used to obtain

Euw) = Y Gulkle™™ "¢ ()
k



CHAPTER 5. METHODS BASED ON SCALING FUNCTIONS 90

and hence, the inverse Fourier transform yields
a(t) =) GalklEn(t — k/27). (5.44)
I

Since X, is a Bessel sequence, we see that 5.44 is a well defined function in G(V},).
The subspace G(V}.) is closed under translations by integer multiples of 27" and
therefore the result follows.

Every function f € G(V,.) can be expanded in terms of either X, or X,.. The
biorthogonality of X, and X, implies that these expansions are of the form

F(8) = D _(f(2).&alt — K/27))enlt — K/27)
k

I

D (F(E). Ealt — k/2)alt — E/27). (5.45)
ke

We note that. for a general f € L? (R). the series in 5.45 represent the orthogonal
projection of f onto G(V,,}). Now, when y € G(V,,), the solution of 5.5

Glvau=1y
has the expansion

ut) = Y _(u(t).alt — k/2%))8™(2). (5.46)
k

If we let u,[k] = (u, ¢™*) and y.[k] = (y(t), (¢ — k/27)). then equations 5.44

and 5.46 can be combine to yield
wnlb] = 37 dulk = Plyalpl
P

It follows that the coefficients u,[k] can be computed by convolving the sequence
{yn[k] : k € Z} with the inverse filter {gn[k]: k € Z}. Since G,(w) > A, > 0.
{gn[k) : kK € Z} € € (Z) whenever {gn[k]: k € Z}. That is, the inverse filter will

be stable whenever the forward filter is stable.
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In light of 5.46. the operator (Glv,)™" : G(Vi) — V, is such that
lGhe) ™ wl* = 3 [twte). éute ~ /27| - (5.47)
‘:

If we use the equivalence defined by 5.24 and 5.25, then. definition 5.41, can be
used to show that X, is a Bessel sequence with optimal bound A7!. Therefore.
equation 5.47 implies \

lyll

Gt oll” < "5~ (5.48)

and since A;! is as small as is possible. we find that

GIv)7H = ﬁ (5.49)

Suppose that we have the corrupted observation y + dy, dy € L?(R), of the true
data y. We use a series of the form 5.46 to form the approximation us of the exact

solution ». The error in this approximation is
ug(t) —u(t) = Y _(8y(t). &alt ~ k/27))$™5(2).
I

and hence

s = wll = 3 [(0wte). énte — /2o < L2,
&

from which we see that the number A"/ gives an upper bound on the relative

error in the approximation us.

Theorem 5.2 can be used to provide an interesting contrast between the op-
erators G and G|y, when the Fourier transform of the kernel g is positive. Many

convolution kernels, such as the Gaussian
gty =e*,
have Fourier transforms satisfying

()| >0, (5-50)
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for all w € R. When 5.50 holds. G is a bijection onto its range and G~! exists.
However. since g € L' (R), G~ cannot be continuous.
On the other hand.
Z lqz;(w + 27rl)|- =1>0
[
and Theorem 5.2 imply the existence of some compact set K = [—n. 7] mod 2=
upon which
| J)(w)l >D>0.

Since K is compact. inequality 5.50 ensures that there is a constant C such that
|3z w)d@)| 2 ¢ >0,

for all w € K and all n € Z. Therefore, if § satisfies 5.50. the operator Gly, is

strongly invertible for all n € Z. However, as we shall see,

im A, =0

n—$oc

and. as a comsequence, the condition number

k(Glv) = IGIwll[[(Glv.) "]
- /B (

A,
can be large for large n. Accordingly, the inverse problem defined by 5.5

(44
[44)
iy
e

Glv,u=1y

can be very ill-conditioned even when, technically, it is well-posed.

Finally, one might argue that 5.2 is of more theoretical than practical value.
In fact. condition 5.37 could be difficult to verify for arbitrary functions ¢ and §.

However, for many examples, ¢ is a low pass filter with a Fourier transform that
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is concentrated on the interval [—m,x]. This fact can be used to derive a simple
sufficient condition for the existence of a positive A,,. For instance, suppose that ¢
is a Meyer scaling fanction, then $(w) 1s positive for all w € (=7 — e, + €) and
supp(¢) = [~ — .7 + €] for some 0 < € < 7/3. It follows that G|y, is strongly
invertible if and only if |§(2"w)| > D for some compact set K = [—n, 7] mod 27 C
(—m — e.m + €). Hence, a sufficient condition for the strong invertibility of G|y, is
that |§(2"w)| be bounded below on [—=, 7]

The same condition is valid when ¢ is a Daubechies scaling function. In par-
ticular, it is shown in Appendix A, that if ¢ is a Daubechies scaling function, then
[&(w)l must be bounded below for w € [~, 7). This means that | g(zﬂw)q‘s(w)l will
be bounded below on [—=.x] if and only if |[§(2"w)| is bounded below on [, 7.

5.5 The function G,(w)

In this section, we begin with an investigation of the behavior of the function G,
for large |n|. In doing so. we will be in a position to prove that the function

un(t) = Y (y(t), alt — k/27))4™(2) (5.52)

ke
converges to the solution u of 5.4 in the special case where y € R(G), |g(w)| > 0.
for w € R and
|g(w2)} < |g(wn)l

for all ws > wy; > @ > 0. This examination of G, will also facilitate comments
concerning the Riesz bounds A, and B,. In particular, we will be able to provide

a justification of

lim x(Glv,) = o0 (5.53)
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and
m #(Gly,) =1, (5.54)

n+—c0
where x(G|v,) is the condition number. defined by 5.51.
Let us consider G, for large positive n. In particular, we will show that
Jlim Ga(w/2") = g(w)]* (5.55)
uniformly on compact subsets of R, whenever

> |6+ 2«1)[2 =1 (5.56)
{

converges uniformly on compact subsets of R.

First of all. we use 5.56 to write

Galw/2) = i) = |3 (litw+ 2" aD)* ~15(w)) |blw/2" + 21rz)‘2
i

2
(5.57)

< Y [latw + 2w - 15(0) 2| |Bwr2n +2n0)
4
and note that, since
[latw + 220" ~ jg@)P| < 211617

the last series in 5.57 converges uniformly.

Without loss of generality, we assume that w € [ = [-2,Q] and n € N.
Since 5.56 converges uniformly, for any € > 0, we can choose L € N, indepen-
dent of n, such that

3 |q3(w + 21:1)]2 <

fi>L
for all w € I. It is easy to see that

> |bwr +2m| <

{>L

£
2G|

€

2(I611°
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for all w € [—2"Q2,2"Q] D I and we can now use 5.57 to obtain the estimate

Gulw/2) ~ )] € 3 [latw + 220 — [3w)P| [beo/2* + 270+
M<L

which holds for all w € 1

If we let
'3 - n+1 2 - 21t 2 n 2
Dp(w) = |li(w + 2 =) - |3()P| [d(w/2z +200) .

then D = 0. Suppose that 0 < [{| < L. Since ¢ satisfies 5.56 and $(0) = 1. we

have
$(2nl) =0,
for all [ # 0 and hence
li_{n Dl'(w) =0, (5.59)

for all w € T and 0 < |l| £ L. The functions § and é are continuous so the
convergence of the limit 5.59 is uniform for w € I. If 5.59 and 5.58 are combined.
then we find that

lim max |G (w/2") — |§(w)*| = 0.

n—oo w€l

for any Q > 0.

We now turn our attention to the behavior of G, as n — —oo. In this case. we

assert that

Jim Ga(w) = |50 (5.60)

uniformly. For any € > 0, there exists an L € N such that

Galw) ~ 13O < 3 (132" + 27D ~ 3O)P) [ + 220)] +
n<L
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for all w € [ and since
lim{|3(2%w + 27)* — |§(0) %] = 0.

a nearly identical argument yields the desired result 5.60.

Consider 5.60 and recall the definitions 5.34 and 5.35 of A,. and B,. It follows

that.
lim A, = lim B, = |[§(0){
n—>—o0

n——oc
and. as long as g(0) # 0, we deduce that 5.54 holds. This means that, for small
enough n. the inverse problem, defined by equation 5.5, will be well-posed whenever
3(0) # 0. On the other hand, 5.59 implies

lim A, =0
n=30c
and
lim B, = |igl*.

Accordingly. even when x(G|y, ) is finite for all n € Z, the problem posed by 5.5

becomes mcreasingly ill-conditioned as n — oo.

The behavior described above is not unexpected. Since g € L! (R), we know that
g(w) tends to zero as |w| — oo. This means that the high frequency components
of u become increasingly difficult to recover. In light of the fact that ¢™* is a low
pass filter with a Fourier transform that is essentially supported in [-2"~, 2"7], one

expects that <(G|y,) will increase as the support width of Z'TT increases.

In some instances, the rate at which A, tends to zero as n — oo can be esti-
mated. Suppose that
. C
w)| < ———,
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- 2 1
Gn(w) < C 2; 1+ 4™(w + 2n1)2
\ sinh(27")
2+l (cosh(2—") — cos(w))

sinh(z)
1 + cosh(z) sl

for all = > 0. it follows that

and hence, the lower Riesz bounds A,, decay exponentially fast as n — oco.

An S sz-n-l

(5.61)

We now turn our attention to convergence of 5.52 in the aforementioned special

case.

Theorem 5.3 Lety € R(G), with |g(w)] > 0 for all w € R and suppose that there
erists a 2 > 0 such that

|9(w2)| < |g(w1)],

(5.62)

whenever wy > wy > Q. If ¢ is an orthonormal scaling function which satisfies:

1. Iq&(w)l >D >0, forallw € [—x., x| and

2. l&(w)‘ < Trl%l?’ for some a > 1/2,

then, for any n, the function

un(t) = Y _(y(t). &alt ~ k/2"))6™(t)

k

is a well defined element of V,, such that

lim [fu — .| =0,
n—+00

where u 1s the unique solution of Gu = y.

(5.63)
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Proof. Let P, denote the orthogonal projection onto the subspace V;, and @; denote

the orthogonal projection onto W;, then

= wal® = [[Pae ~ wall® + 3 1Qull

i2n

For any f € L?(R) we have

lim 3 Qi f|I* =0

iz2n

and hence we need only show that

lim [[Pou — uaff = 0. (5.64)

Since the function y € R(G) and [g(w)| > 0, it follows that there is a unique
u € L*(R) such that
g{w)i(w) = j(w)

and we can now use 5.41 to obtain

(w(t). Eult — k/2%) = 9(“” §(w)e™ 212 (e[ 27) du
o Go(w/2n

— i_ = lg(w)l -~ kw27 _ulz"?—'_';"
27 J o c“;,‘(w/z")"(“’)e 2 g(w/2) dw. (5.65)

If we define the linear operator M, by

(M. f) (t) = -2-1; : e"wt-é;f(:g—;% dw, (5.66)
then, M,, is continuous with
i - <

and, in view of 5.65, we can write u,, in the form

= P.G"GMu, (5.67)
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from which we see that, for each n, u, is a well-defined element of V.

In view of 5.67. we can write

|Pow —un)| = ”P,,(I - Q'GMn)uH
< |@-g-9Ma)u]

-

and consequently, if we can show that the sequence of operators { Q"Q)\;(n} con-

verges strongly to the identity. then we will have established the desired result.

Towards this end, we use 5.66 to obtain

H(z—g'gMn)ullz = é‘l;f_: %“12!ﬁ(u)|’dw (5.68)

3w’ _ll i) ? do
Gn(w/2")

- L /
- 2r I
3/

2r R\

where I’ = [, @] and @' > 0 arbitrary. Since G.(w/2") converges to |§(w)|?

- 2 2
lg@)l”

G0/ ) [i(w)]” dw.

+

uniformly on compact subsets of R and u € L? (R), it is enough to show that

- 2
ho(w) = Il o (5.69)
Ga(w/2™)

with C’ independent of n.

Let
I7 =[2"n(2q — 1), 2"n(2¢ + 1)]

M" = maxh,(w).
q wE I;' "»( )
Since h,, is an even function, we can restrict our attention to values of w such that

w > 0 and accordingly, we can assume that ¢ € N. In addition, we suppose that
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n > N;. where Ny € N is such that

Ny > log, (%)

and consequently I} C [Q.00). for all ¢ > 1. It follows from 5.62 and the fact that
G, is periodic that. if w > Q. then

ho(w + 2™ 7q) < by (w).

for all ¢ > 1. and hence
MP>MP>ME> -

from which we obtain
hn(w) < max(MZ, M). (5.70)

Suppose that w € I], then
Ga(w/2") > [§(w)p(w/2")]* > D* |§(w)[*.
which implies
1
My < D (5.71)
On the other hand. if w € I}, then

Ga(w/2") = D?|§(w — 27*'x) |’

and therefore , ,

9(w)

Dg(w — 27+17) (5-72)

b

ha(w) < [

for w € [-2"x,2"r]. We know that

im §(w)=0

jwi—oc
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and, in view of 5.62. there exists N2 > N; such that forall n > N, for all n > N,
min [i(w — 277)| = [3(2")]
and by similar reasoning,
g@eaécly(w)l = |g(2"m)].

Inequality 5.72 now implies
1
Mg

and, from 5.70 we conclude that 5.69 holds with C' = 1/D?.

It now follows from 5.69, that for any € > 0, we can choose Q' > 0 so that

[E-gont)o <5 [,

and therefore .

. 2 2
gl li(w)]? dw + €

Grlw/2")

n—$o0c

iz | (- 042 ] =0,
as required. [

In certain instances, rate estimates for 5.64 are simple to derive. Suppose that

|§(w)] > 0 for w € R and that
|g(w2)] < |g(wn)]

for all w, > w; > 0. We begin by considering the quantity

]g(w)lz . - 1 ~ ny __ (A 2
e 1l--——--—~én(w o |Gater) = ] (5.73)

for w € I, = [~2"r,2"x]. The monotonicity of § yields the inequality

zl (@) + Y [dlw/2" + zfrt)f l9(w)*}

1#0

Cnlar ) = 9P| < [1=[Br2)

l3(w)?, (5.74)

- 2’1 - lq‘b(w/z")lz
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where we have used 5.56. which 1s
. 2
Y l.;s(w +ong)| =1
l

We combine inequalities 5.73 and 5.74 to obtain

<] gt G [ 12 o f?
Go(w/2%) 1l$ Goarz |1 b/

and, through the use of
Galw/2™) 2 D* |§(w) .

we find that
- 2
1 |$w/2")|

k4

) | 2
Ga(w/2") 1'5 D2

(5.75)

valid for all w € I,. It is interesting to note that the bound 5.75 does not depend

on the decay of § as |w| — co. Rather. it is the behavior of é near w = 0 which

governs 5.75.

Suppose that 1 < 8 < 2 and let J,, = [-8"x,8"x], then J,, C I, for all n and.

from 5.75, we have

I = 2 2 i bl 2 2 ~ 2
Iz-G6Mal® < go [ [1=[dwr)[] sl av
1 3w’
— St LS |
Tox /1;\1,. Gn(w/2™)
4 7 n 2)? 2
< prmax|1-|dw/2) | flul
D*+1 .y Ay2
o BLCIE

2
lit(w)]® dw

(5.76)

and hence. the rate at which 5.64 converges is essentially determined by the behavior

of ¢ for w near 0 and the decay of @ as |w| — co.
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Let us assume that ¢ is a Daubechies scaling function and that « belongs to the
Sobolev space H*(R). then
2 __ 1 /‘00 2\s |~ 2
ol = 5 [ (40 o) do < o0,

which implies that

2ys
-2% R\J» faf* do = 2% R\J, 8 122;’ i) do
< e S el BT
Furthermore. it is shown in Appendix A that
1- l&(w)r = pyw + O(w*N?)
and hence, there exists a constant My > 0 such that
11 ~|dtwszm[ | < Muts22. (5.78)
for all w € J,. As a result of 5.77 and 5.78, we have the inequality
1T -GG M ull < 2 g payim g 4 ZELgtmpgz (5.79)

To obtain a rate estimate for 5.63. we must examine the rate at which
$112
> ll@wtl* —o
i2n
as n — o0o. Under the assumption that « € H*(R), it can be shown that (see [14,

page 299])
S (1+49)Qul’ < 0o
i2n

and hence, there exists a constant Cs > 0 such that

Sl = ¥ g loul?

i2n
< Csz4™™,
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which. in combination with 5.79, yields the result
[l — wall® < C1(B/2)N" + C2872 + C34™™, (5.80)

for all B € (1,2). Finally, we point out that. if N > s/2. then the optimal choice

of B leads us to the estimate

“‘!I, _ un"z S 02_4"N”/(2N+.),

for some constant C.



Chapter 6

Multiresolution based methods

6.1 Introduction

Up to this point, our work has not made use of the multiresolution analysis (MRA)
generated by the scaling function ¢. In this chapter, we begin an investigation of
two methods which utilize the MRA in an effort to solve the operator equation

Gou =1y, (6.1)

where we have used the notation G, = Glv,.

The first of these methods is based upon the wavelet expansion,

u = Pmu+Qmu+"'Qn—lu
n-1
Y o(w ™)™+ DY gyt (6.2)
k

i=m k

of u € V,. With this method, we seek to improve the condition of the inverse
problem 6.1 by selectively recovering the orthogonal projections Pnpu and @;u,

j=m,...,n—1, onto the subspaces V;;, and W; respectively.

105
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The second method is a multiresolution regularization algorithm which is due
to J. Liu. In the paper [30]. the anthor presents empirical evidence which suggests
that MRA based regularization may be a useful tool for the solution of certain
inverse problems. In particular, the author employs a multiresolution regulariza-
tion method, based on the Haar MRA, to solve a distributed parameter estimation
problem. We will present a preliminary investigation of certain theoretical aspects
of MRA based regularization, and demonstrate that this method can be regarded
as a special case of C-generalized regularization. Moreover, we shall examine cir-
cumstances under which the generalized and C-generalized solutions are, in some

sense, close.

6.2 MRA decomposition techniques

Counsider the inverse problem posed by 6.1. and suppose that G, is invertible. As

we have seen. we can write the solution of 6.1 in the form

v = Goly
= D (w(t). &ult — k/27)g™(2). 6.3)
k

Since G, is invertible, we know that the set of functions {fn( t—k/2"): ke Z} is
a Riesz basis with Riesz bounds 0 < B! < A;! < oo. It follows that the condition

number
_I?z
A,

is finite. However, even though x, < oo, if = is large, then A,, can be close to zero

kn = K(Ga) = IGall |G| = (6.4)

and hence, &, can be quite large for large n. This means that the inverse problem 6.1

can be extremely ill-conditioned even when it is well-posed. Consequently, the
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presence of small errors in the data can give rise to approximate solutions which

deviate substantially (in the norm on L? (R)) from the exact solution.!

We now turn our attention to the problem of recovering the functions P,u and

is an orthonormal basis for V. this is equivalent to the recovery of the sequences
{mfk): k€ Z} and {[k]: j=m,...,n -1, k€ Z}, (6.5)

where we have used the notation u,[k] = (u, $™F) and w/[k] = (u,¥**). We know
that un[k] = (y(t), éa(t ~ k/2™)} and therefore we can apply the discrete wavelet
transform to the sequence {u,[k] : k € Z} to obtain the sequences 6.5. In particular.

we have the decomposition formulae

u;_1[k] = Z hi_ziu;[k] (6.6)
{
and
Wk = Y guslk], (6.7)
[
where j=m+4+1l.m=2,....n.

If we define the functions v; and 7 by

vio(t) = Z ho;(t — 1/27) (6.8)
l

IConsider the inverse problem defined by the operator equation Af = g. Suppose that the
data g is contaminated with error dg and let the error induced in the solution be 6f. It can be
shown that the relative errors in the solution and the data are related via the inequality

] 0
L:‘Tflil- <k(A) J:klil:[
Consequently, when the condition number « (A) is large, the relative error in the solution can be
large even when the relative error in the data is small. When the condition number is large. the

inverse problem is said to be ill-conditioned.
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and
PN = ) qwst —1/2). (6.9)
{

with j=m+1,..., n and v, = f:,, then, through the use of formulae 6.6 and 6.7.

we can show that
uilk] = (y(t). vi(t — k/27)) (6.10)

and
W] = (y(t). v (¢ — k/2)). (6.11)

We now use the functionals 6.10 and 6.11 to write expansion 6.2 in the form

n~1

u = ;(y(t)eum(t —k/2™)) ™ + z ;(y(t),yj(t ~ k/29) ).

J:ﬂ v

We mention that, since {h.}.{gc} € €1 (Z), if £ € L? (R), then the functions
v; and v’ are well-defined elements of L? (R) for all j < n.

Recall that, if = is large, then the condition number 6.4 can be large. Since
IGall* = Ba < IIGI*.

the magnitude of %, depends primarily on the quantity

—1y2 1
“gnln =i (6.12)

Now, the decomposition
162 5l" = 1PnGull” + -+ + | @nGwl
leads us to the inequality

G 1P < 1BaG|I* + - + [|QurG
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which implies that
1/2
Ao S NG (|1PnGH I + - |QnarGH ) - (6.13)

Accordingly, the size of the condition number &, is dependent upon the magnitudes

of the quantities
| PmGrt|| and [|Q;67. (6.14)

for j = m....,n. Moreover, the magnitude of the norms 6.14 can be used as an
indication of which functions Pru and Q;u are the most difficult to construct in
the presence of noisy data. For instance, suppose that the observed data is of the
form y + dy. where dy represents small but unknown error. The magnitude of the

error of the approximate solution
us =G (y + 8y)
is given by
|G oy|| = (IIPmG;lﬁynz P ||Qn..1§;‘5y“2) 2

If. in particular, ||@;G;}|| is large, then the magnitude of the error in Q;us. given
by

1Qi6="ayl| < (@62 dwll.
can be large even when ||dy|| is small.

To obtain estimates for the norms 6.14. we appeal to Parseval’s relation which

yields
| PuGityll* = 3 Kutt). vm(t — k/2™)
k

1Q:G:1ull* = Y [(w(e). vt — k/2))|*.
&
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We can now use the equivalent definitions of a Bessel sequence 5.21 and 5.22 to
infer that
1PmGty|[* < Do lwll?

if and only if N
D @vm(t ~k/2")| < Do Y ol (6-15)
while L L
lQ:6: | < D7 llwl?
if and only if

2
<D el (6.16)
k

> (t - k/2)
I3

In other words, we can obtain estimates for the norms 6.14 by finding the bounds

of the appropriate Bessel sequences.

Let us restrict our attention to the problem of estimating D,.. The left hand

side of inequality 6.15 can be written as

2

S it =127 = = _: A2 i) de
_ 1 2
= o [ M) Nl s
Where
Na(w) =2 ) |5 (2™ [w + 2] (6.17)
{

If we assume that N,, is continuous, then we have the estimate

NPuGT|* = Dm = max  Na(w). (6.18)

WwE[—rx]

Now, through the use of 6.8. we can derive an expression relating the functions N,,

and G,. In particular, we can combine the Fourier transform of equation 6.8 with
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equation 6.17 to obtain
Nm(“’) = P(Nm-{—l) (“’)v

where P : C°[—n.x] — CY[—m, 7] is the map

P (4) (@) = 3 {|Hw/DI Alw/2) + |Hw/2 + 7 Alw/2 +7)}

If we repeat this process n — m — 1 more times, then we find that
Nip(w) = P™7™ (Np) (w),

where

Nofw) = 2 3 el + 2w = tw),
[ n

which means that. for all m < =,

1PnGH " = max P (1/62) (@).

we[~m.n]

If we define the operator Q by

Q(4) () = 5 {IG(w/2[* Alw/2) +1G(w/2 + m) Alwo/2 +7)}

then a similar derivation yields the result

|61 = max @ (P (1/64)) (w).

we ‘Rﬂ'

111

(6.19)

(6.20)

(6.21)

(6.22)

It should be noted that the Fourier coefficients of P*~™(1/G,) are the entries

of the Toeplitz matrix

(vm(t — k/27), vm(t — 1/27))],

k.l € Z, which is the Gram matrix of {v,.(t — k/2™) : k € Z}. In particular. the

entries of this Gramn matrix are related to the Fourier coefficients of P"~™(1/ G",.)

via
1

(vt = £/27), (e = 127 = 5= [ PR (1/G)w) o

-
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We contrast this to the case examined in the previous chapter. Specifically. the
entries of the Gram matrix of the set {g(t —k/j2™): ke Z} are generated. in a
similar fashion. by the function 1/G,,.

In general. i
1/Gum(w) # P (1/Gn) (). (6.23)

Expression 6.23 highlights one difference between two possible approaches to the
construction of an approximation to u in the subspace V;,. In the first. we assume

u € V,u.. The functions &y (t ~ k/2™) are then used to produce

u(t) =wi(t) = ) (y(t).&nlt — k/2™))™5(t)
k
(Ga'v) (®). (6.24)

]

The second approach begins with the assumption v € V,. for some n > m.

whereupon the functions v, (t — k/2™) give rise to the approximation

u(t) M uplt) = Y (y(t).vm(t — k/2™))6™E(2)
k

= (PaGr'y) (t). (6.25)

Approximations 6.24 and 6.25 are usually distinct and, as we have just shown

|PaGi [ = max P (1/G2) (@),

wE[~r.x]
while
I67H = max 1/Gm(w).

In view of 6.23, we will generally have

(G # [| PG| - (6.26)
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which means that the sensitivity of 6.24 and 6.25 to any noise in the data y will
differ according to the magnitudes of the norms in expression 6.26. However. in the

previous chapter we proved that

lim_ Gn(w) = 3(0)1°

and, as we shall show in the next section.
lim P*(A4) (w) = A(0).
k—oo

It follows that
lim {|G2* = lim [|PaG7}|| = 13(0)]

m——oc
and therefore, when we consider sensitivity to noisy data and restrict our attention
to the construction of low resolution approximation, then we expect little difference
in the two approaches.
In some cases. the norms 6.20 and 6.22 can be difficult to estimate. In the
next section, an examination of the operator P enables us to make some general

statements concerning the limiting behavior of 6.20 and 6.22.

6.3 The operator P

The operator P arises in the study of orthonormal wavelet bases (see [14. page
190]). Here, an examination of the fixed points of P provides necessary and suffi-
cient conditions for the characterization of two-scale symbols H, which give rise to

orthonormal wavelet bases.

Many of the properties of P arise directly from the conditions

|HO)® + |H@O +=)* =2 (6.27)
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and

|H(0)]> =2. (6.28)

In fact. with conditions 6.27 and 6.28 in mind. it is easy to show that:

1. PV (A)(0) = A(0),
2. PN (A) (7)) = A(7/2"). and (6.29)

3. if C is a constant, then P (C) =C.

where A is a 2nx-periodic function and N € N. A comment concerning condition 3
above is in order; it can be shown that if H is a two-scale symbol, satisfying 6.27
and 6.28. then H will give rise to an orthonormal wavelet basis if and only if the
only fixed points of P are constants.

We have restricted our attention to two-scale sequences {hi} € £ (Z). The
function H is therefore continuous. and we can regard P as an operator mapping
continuous 2x-periodic functions to continuous 2w-periodic functions. In view of

the conditions 6.29, it is not unreasonable to suspect that
Jim ||PY (A)(w) - A(0)]|, =0. (6.30)
—$00

where ||-||_. is the usual norm on C°[~7,7]. We will prove that 6.30 does indeed

hold under the appropriate conditions. However, we first establish the weaker result
. N _ -
Jim [P (4) - 4Q)], =0.

where ||-||, is the norm on L*[—=,7]. To do this, it is convenient to have an explicit

representation of PV (A), which is given in the following:
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Lemma 6.1 If the operator P is as in 6.19. then for all N ¢ N

N1 (N
PY(A)(w)=27" ) {H |H(2P[w + 21rk])|2} A2 Vw +27k]).  (6.31)

k=0 p=1

Proof. Suppose that N = 1, then 6.31 becomes

P(A)(w) = %ZH|H(2“’[w+21rk])|zA(1/2[w+21rk])

k=0 p=1

1 2
= 5 {{H@w/2)I* Aw/2) + |H(w/2 + )] Alw/2+7)} .
as required. Assume that 6.31 holds for N = M and consider PM+! (A). We have

PMHL(4) () = 5 {IH /DI P (4) (@/2) +H(w/2 + 0 PMw/2 + 7))
(6.32)

which. after some algebra. can be written as

2M_1 M+1
PM+L (A (w) = 27M-! Z H |H(2‘P[w + 471'1])]2 A(2"M'l[w + 4nk])

k=0 p=1
2M_L M+1

+ oMt Z II IH(2HP[&I + 27 (2k + 1)])'2 A(2—M-1[w + 27 (2k + 1)])
k=0 p=1
M+ M4

= oM Y ] [H@ P + 2xk])[F AR w + 2k])

k=0 p=l1

and therefore the desired result follows by induction. J
Since PY(1) =1 for all N, Lemma 6.1 immediately implies that

2N_1 (N
27V )" {I’[ |H(27Pw +21rk])[2} =1 (6.33)
=1

=0 p=

for all N € N. We can now prove the following theorem.
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Theorem 6.1 Let ¢ be an orthonormal scaling function. such that |¢p| > C for all
w € [-m.x]. If A € L'—=.%] is a 2n-perindic function. continuous near w = 0.

then

i IPY (4) — A(0)||, = 0.

Proof. In y.iew of 6.31 and 6.33, we can write

N1 N

|PN (A) — A(0)] < ZH‘-——H(Z"’w+21rL )’ [A(2 " w + 2mk]) — A(0)] .
k=0 p=1

which implies
1 a2Vl N )
1P (A) — A(O)]I; < ‘é;/; g g |H(27P[w + 2rk])|” |A(27Y{w + 27k]) — A(0)] dw.

If we make the change of variable § = w+ 27k in the integral above, then we obtain

the inequality

1 2N+l N

“pN (A) — A(O)Hl < 5 iA(Z"NG) - A(U)l de.

-rg)

whereupon the change of variable 8 = 2V¥w yields the result

P (4) - AQO)], < —

2
o ). [A(w) — A(0)] dw.  (6.34)

1
—_H(2N-?
5 (27 Pw)

Now, from the identity
Hw) = —H(w/2)(w/2),
7 /2)(w/
one can derive the equation

lé(w/2” )[ (6.35)

o -II[ L rera)
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and hence. 6.34 is equivalent to

1 |62Nw)
IP(4) - A0}, < o= [ 2V |Aw) - A(0)] dw
= b
C . 2
< o _*2” #(2Vw)| |Aw) — A(0)| dw.

2
is continuous and satisfies

The non-negative function l(ﬁ(w)
<. g2
/ |¢(w)[ dw = 2r.

" 2
Hence, the set of functions {2V /2n ‘¢(2N w)l : N € N} forms a d-sequence. We

conclude that P¥(A) — A(0), as N — oo in the norm on L}[~w,n]. |
Under certain circumstances, the results of the previous theorem can be ex-

tended to include the spaces LP[~n. 7], 1 < p < co. Suppose that A € L=®[—x. 7],

then A € LP[—=.n].for 1 < p < co. Furthermore, since

P(A)(w) < sup IIA(w)l .

wE[—m.x

it 1s easy to show that

PV (A)(w) < sup |A(w)]

wE[—mn,x]

for all N € N. It now follows that

|PY (4) - AQO) < ( sup |A(w)] + IA(O)I) [PY(4) — A0)],

we[—mx
which implies that

1PY (4) - A©)], < D [[P* (4) - A)]),.

for some constant D.
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Although of some theoretical interest, in view of 6.20 and 6.22. the results
of Theorem 6.1 are of little practical value. Fortunately. with some additional hy-
potheses. it can be shown that the sequence {P¥(4) : N € N} converges uniformly.
We have the following:

Theorem 6.2 Let A € C°0.2r] and suppose that ¢ is an orthonormal scaling
function such that ,q.S(w)i > C for all w € [—m.x]. If the series

Y Iqi(w + 21rl)[2 (6.36)
4

converges uniformly, then

Jim_ Jmax |PY (A) (w) - A(0)] = 0.

Proof. If we use identity 6.33 to write

N1 N

PY(4)(w) - A0) = > []

k=0 p=l

—--H(z*p [w + 2xk]) 27N w + 2xk]) - A(0)) -

then we can use the fact that PN (A) — A(0) is 2n-periodic to obtain

2N~l_} N 2
YA w-a0) = Y ] ————H(2"” w + 2rk])| (A(2"V[w + 2xk]) — A(0)).
k=-~2N-1 p=1
which implies that
N1 N

———-H(2"’ w + 27k]) {A(2"N w + 27k]) ~ A(0)]

PYa)w) -40)] < > ]I

k=—2N~1 p=1

2Nt -1 ¢(w + 27k
= ] ( il )‘ = |A(27N [w + 27k]) — A(0)[.(6.37)

ezt | §(2N o + 27k])|

where we have used 6.35 to obtain the last line above.
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Consider the functions [¢(2~¥[w + 21rk])[. If w € [0.2r], then

27w + 2nk] € [kn /2N (K + 1)w/2V1)

and
b Ll B8 §

U [kvr/2N"1, (k + 1)7:/2”‘1} = [~m,x].

k=—2N-1

We can now use the fact the [qg is bounded below on [—, 7] to obtain, from 6.37.

the inequality
2V~
PY(4) @)~ A0)] < € T |blw +2mh)| |A@w + 2nk]) - A(0)]
k2N~
< Y |bw+ 21rk)lz |42 w + 27k]) — A(0)]
Iki<q

+ Y |dw+ 21:1;)[2 |A(2~Vw + 27k]) — A(0)] .(6.38)

k[>q

for some g € N.

Consider the third series in 6.38. Since
|A(2~Vw + 27k]) — A(0)] < 2]|All,, .
the uniform convergence of the series 6.36 implies that we can choose ¢ € N.
independently of N, such that for any € > 0,

¢y |bw+ 2«1:)[2 |A(2~ N w + 2nk]) — A(0)]

lkj>q

<2C Al 3 |élw + 2«1:)(2 < e/2. (6.39)

[kl>q
With regard to the second series, the continuity of the function A ensures that for

any € > 0, there exists a 4 > 0 such that

ClA(f) — A(0)] < €/2,
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whenever |6} < 8. Now. for [k| < g and w € [0.27], we have
|27V [w + 2nk]| < 2"'&“1('(«1 +1)
and hence. we can choose M € N, independent of k, such that
[2¥[w + 2mk]| < &

for all N > M. Since
S [bw+2mm)] <1,

kl<q

it follow that

cy I(;’s(w + Zvrk)r |A(2 7V [w + 2xk]) — A(0)|

Ik|<q

<Y |dw+ 21rk)!2 <e/2. (6.40)

Iki<q
whenever N > M.

If we now return our attention to 6.38. we see that inequalities 6.39 and 6.40

imply that
[P¥ (4) - 40)], <«

for all N > M. Hence, the desired result follows. |

In light of the results of Theorem 6.2, equation 6.20 immediately yields

1
lim [|P.Gt? = = 6.41
Q| PG| G.(0) (6.41)
and since $(21rk) = d;.0, we have
1
im ||PnG || = -
A2 B8 = oy

Let us investigate some of the implications of 6.41. Suppose that:
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1.ue V,.
2. The operator G_! is continuous.
3. The observed data is of the form y + dy, where y = G.u and dy represents a

small, but unknown error.

If the function
ul, = PuG'(y + Oy). (6.42)

in the subspace V|, , m < n, is used as an approximation to u, then the squared

error in this approximation is given by

u—ub® = llu— Paul?® + || PuGo 6y
n—1
= Y Qi |’ + |[PaGI 8| -
j=m

Since |ly|| < J|Gxl| J2]l, the relative error must satisfy

B < B
u® n Y Yy
- 2 2
”Pr;‘;gn Iy” 52 "Jy” (6.43)

NPAGT I + 1PaG IR ™™ Hwl®
where

Fnm = 1Gall || Pn G|

and P: is the orthogonal projection onto V;'. Inequality 6.43 demonstrates that
the relative error in the approximation 6.42 depends on two distinct sources. The
first source is resolution error which results from projecting onto the subspace V.
The second source is the data error. Furthermore, the sensitivity of the approxi-

mation 6.42 to the error dy is governed by the magnitude of the scalar &, ;.
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In many instances, the convolution kernel is such that
161l = max |3(«)| = 15(0)} .
then. since [|G.|l < |G|l and G.(0) = |§(0){>, we have
Gall = |3(0)] -
It follows that

lim Knm = 1 (6.44)

Mop =

and hence the sensitivity to error in the data decreases as m — —oo. However.

PG|

= 6.45
mo=e | PGyl + || PGyl (6-49)

and hence the error due to resolution increases to its maximum value as m — —oo.

This is a common feature of many inverse problems.

6.4 Multiresolution regularization

In this section, we turn out attention to the MRA based regularization algorithm
proposed by Liu in [30]. This algorithm is based upon the functional

Fyu) = [IGu —ylI" + > % 1Qull. (6.46)

where Q; is the orthogonal projection onto the wavelet subspace W; and A; > 0.
The minimizing function =, of 6.46 can be regarded as an approximate solution of

the equation
Gu =y, (6.47)
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the properties of which are determined by the scalars A;. Moreover. this algorithmn
can be thought of as a generalization of the method of Tikhonov regularization.
which is based upon the functional

Fy(u) = [|Gu —ylI* + Aul®.

In fact, since

flul®> = Z 1Qsll?.

it is easy to see that if.

then the functionals F; and F, are identical.

The presence of the term A, [|Q;u||® in the functional 6.46 serves to prevent the
norm of Qjuy from being too large. As the scalar A; is made larger. the norm

“Qj?l,\ll2 is made smaller.

We now introduce a related functional which allows us to view multiresolution
regularization as a special case of C-generalized regularization (3, pages 52-99|.
Suppose that the scaling function subspace V; represents the coarsest scale of in-

terest, and consider the modified functional

F(u) =||Gu —yl’ + (lll’oun2 +Y) A IIqullz) : (6.48)
320
where a > 0. In light of the equation
’ 2
1Poull® + D A21|Qsull® = |[Pou+ Y A;Qsul| .
320 320

we see that if we define the linear operator C : L? (R) — L?(R), by

Crf = Pof +Y_ MQsf, (6.49)

i20
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then the functional 6.48 can be rewritten in the form
F(u) = ||Gu — y|I” + a||Caulf®. (6.50)

Heunce. we can consider the multiresolution regularization scheme, defined by 6.48
(or equivalently. by 6.50). to be a special case of C-generalized regularization. where

the smoothing operator C, is the weighted sum of projection 6.49.

The standard theory of C-generalized regularization can now be applied. First

of all, we must ensure that the operator C, has the following properties:

1. The null spaces of G and C) must satisfy
N(G) n N(Cy) = {0}.
2. The operator C, must be a closed linear operator with a dense domain. That
18
D(C,) = L*(R).

Furthermore, the range of Cx must be all of L? (R). or equivalently

R(C,) = L* (R).

3. The set
G(N(@C\)) ={feL*(R): f=Gh, he N(C\)}
must be closed.

We will say that an operator. C, satisfying the conditions above, is an admissible

smoothing operator.
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Since C) must be onto L?(R). none of the scalars A; can vanish. Indeed. if
A; =0, then R(C,) will be orthogonal to the wavelet subspace W;. in violation of
condition 3 above. Consequently,
ICAFIP = I PofI* + 3 A2IQs £ =0
720
if and only if f = 0. Accordingly, N(C,) = {0} and condition 1 above is satisfied.

The domain of C, is the set
D(Cy) = {f € L*(R) : |ICxfl] < 0} (6.51)

and since, for any f € V,

n—1

eI = NP AI? + D A2 1IQs£II” < oo,

=0

we have V,, C D(C,) for any n. We conclude that D(C,) is a dense subset as long
as /\j > 0.

Now, we must ensure that C, is a closed operator. Since C, is a bijection onto
L% (R). the Closed Graph Theorem (27, page 292] implies that the inverse operator
Cy! is continuous. The operator in question is given by

CI f=PRf+ Y A'Qif. (6.52)
Jj20
which implies that
les* F1I7 = NPofI* + 3 A5 IQs£1I°
jz0

from which we conclude that the sequence of scalars z\;-'l must be bounded. or

equivalently
A;j2y>0 (6.53)
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for some constant .

If. in fact. the scalars A; are bounded above as well, then the operator C, is also
continuous. However. in most situations. we will be more interested in the case

where
lim A; = oco. (6.54)

j—roc
As we shall see, the minimizer u of functional 6.50 belongs to the subspace D(C}) C
D(C,). If the asymptotic behavior of the A; is selected appropriately. then a priom
assumptions about the smoothness of the minimizer u} can be addressed. For
example. if the A; satisfy
Aj~ 2%,

as j — oo. then it can be shown that u} belongs to the Sobolev space

H*(R) = {f: [W(I—F lw]?)” f'(w)r dw < oo}.

-

We point out that, in certain instances, asymptotic conditions for the A;, suffi-

cient to ensure that

~ W (w) [i2(w)|* dw < oo. (6.55)

-~

are readily established. For instance. suppose that W is a continuous. even. real
valued and non-decreasing weight function, and let ¥ be an orthonormal wavelet
of Meyer type. The expansion of any f € L?(R) with respect to this wavelet basis
can be written in the form
£(&) =Y falkle™ @) + Y Y Pkl (),
k >0 &
so that the Fourier transform of f has the expansion
flw) = Fo(w)d(w) + Y 2772 F(w/2 )(w/2).

20
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Now. recall that supp(¢) = [-7 —e. 7 +£] and supp(d(w)) = [-2(x +£). -7 — €] U
[* + €.2(7 + €)]. and accordingly,

2

) < [R@de)] + X[ 2P|
20
+ 2 Fo(w)d(w) F“(w)¢('w)]
+ 22’2"5/25‘5(&!/25)12'(&’/25 2*‘7.“1/2Fj+1(w/2j+1)!B(w/zj‘;.x ’
330

whereupon an application of the Cauchy-Schwartz inequality for sums yields

2

2732 Fi(w/2 y(w/2)

)] < |R@ide)| + 3

320

¥ 2\/1F0(W)$(w)rz+z
720

o

We can now use inequality 6.56 to obtain

2_;/_: W(w) lf(w)r do < %[: W (w) | Fo(w)d(w)| dw

2902 Fi(u/ 2 (w/27)| | [ |27 Fitu/ 29 Yt/ 2)|

)
320

Fo(@)d()| + 3 [2~fszf(w/z=')«/3(w/2f){2) (6.56)
320

+ %; /— : W(2w) [zwf(w)z/?(w)l2 dw

< 3W(r + ) [|PfI* +3 ) W2 (r +€)) |1Q; £11°.

320
which implies
1 oG R 2 W(25+1(1r + e)) , \
5 [m W(w) if(w)! dw < 3W(r+e)||Pfl? + 3?;% ( v ) :22:5 AQ;fll
< 3max (Wir + o), sup (LEE D) e gy
j20 i

Since ||Caud|| < oo, it follows that, if W is such that
F+1
sup W29+ (m + €)) < oo

. 2
j20 Aj
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then 6.55 holds.

The scalars A; are real and bounded below. so that the operator C, is self-adjoint
and positive definite. The Euler equation of functional 6.50 is

(G°G+aCl)uy =Gy (6.57)
and. in light of inequality 6.53. we find that
(GG +aC}) £.9) 2 (aCRf.£) 2 ZIFI.
It follows that a solution to 6.57 exists for any y € L?(R) and can be written as

u) = (G°G +aC?) ' Gy (6.58)

Since

(AA+al) A" = A" (AA" + al)!

and

GG™ + aCi =Cx {(GC')™ (GCY) + al}Ch.

equation 6.58 can be rewritten as
uy =667 {(667) (6657)" +al} Ty (6.59)

and hence. u} € D (C}).

6.5 Comparison of C-generalized and generalized

solutions

We now turn our attention to questions which concern the relationship between

the C-generalized and generalized solution of 6.1. We shall demonstrate that. in
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appropriate circumstances. there is little difference between the C-generalized and

generalized solutions.
Let P be the projection onto the closure of the subspace R(G)- It is well known
that if Py € G (D (C»)), then there exists a unique function u! such that

lim ”ui - uz” = 0.

a0+

The function ! is called the C-generalized solution of equation 6.1.

Suppose that Sy, is the set of all least-squares solutions of 6.1 corresponding to

y. that is
Sy = {u: Gu = Py}, (6.60)

then u! € S, N D(C,) is the unique least-squares solution which minimizes the
functional
v(f) =G fIl*- (6.61)

In contrast, the generalized solution u! € S, is the unique minimizer of the func-
tional
o(£) = IfI° (6.62)

and since G (D (Cy)) C R(G), u! will exist whenever u! exists. However. D (C)) #
L? (R) and accordingly. there will be cases where u! exists, but u! does not.

In general. the C-generalized and generalized solutions will be distinct. However.
there are conditions under which u! and u! will be the same, or nearly so. Obviously.
if G is injective and y € R(G), then there exists a unique solution of 6.1 and therefore
u! = ul. More genera]ly,. if the operators G and C, commute, then u! = uf.
A justification of this simple, but seemingly unknown fact follows immediately
from 6.59, which now implies that v} € R(G") C N(G)* and, since N(G)* is
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closed, u! € N(G)*. It is well known that the set S, is the affine subspace
S, = u'® N(G),

where u! is the unique least-squares solution in N(G)t. We conclude that uf = u!

whenever G and C) commute.

The projection operators P, and @Q; do not usually commute with the con-
volution operator G. Consequently. the operators C;‘ and G do not. in general.
commute. There is. however, one notable exception. The projections. Py and Q;.
corresponding to the Shannon scaling function and wavelet can be expressed in the

form
oC

(Pof) (8) = / sinc(t — 7)f(r) dr

and
(Q;f) (t) = {27+ sinc(27 (¢ ~ 7)) — Psinc(27(t — 7))} f(7) dr.

both of which commute with the convolution operator G. Therefore, in the Shannon
A

; t =4l as +
~ converges to u! =u' as a — 07.

case. the approximation u

Before we consider further comparisons of the function u! and u!. we consider
a case where minimizers u} and u, are close in the sense of the norm. In practice,
we seek to approximate the generalized solutions u! and u! through the use of the
corrupted data y + dy. In some cases, u! and u! will not be well-defined. as it may

happen that
Péy & G(D(Ch)) -

Even if Pdy € G (D(C,)), the approximations formed from y + éy can differ sub-
stantially from the generalized solutions u' and u}!. In such cases, the minimizers

%, and ¥} can be used as approximations of u! and u! respectively. Intuitively, one
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expects that if the smoothing operator C, is close to the identity [. then u) will be

close to . The next theorem illustrates one case in which this happens.

Theorem 6.3 Suppose that the self-adjoint operators Cy are admissible smoothing

operators and that

Jim fle5t ~ 1] =o.

Let u be the solution of the Euler equation
(GG +oCy) ul =Gy, (6.63)

while u, denotes the unique solution of

(G°G + al)u. =Gy, (6.64)
then

Jm [ o] =0
for any a >0

Proof. Equations 6.63 and 6.64 yield the equation

u —u, = {(g'g + aC%,)—l -(G°G+ a[)-l} G'y. (6.65)
Let us use the notation
Ga=GG+al
and
Gn = GCR,
then we can write
G°G+aCk = Cn(GnGn+al)Cy

= Cn ((GiGv — G"G)GZ* + 1) GaCh-



CHAPTER 6. MULTIRESOLUTION BASED METHODS 132

If we let
T = ||GnGN — GG,

then. since Cy' converges uniformly to I. 75 — 0 as N — oo. Furthermore, for

any fixed a > 0. we can choose N; € N so that
(GNGN — G G)Gall <N/ < 1. (6.66)
for all N > N,. It follows that, for all N > N;, the operator
Ay =(GnGn —GG)GH + 1
is invertible and accordingly. 6.65 can be written in the form

uy —ua = (CF G ANCR - G1) Gy (6.67)

In view of equation 6.67 and the fact that
Jim ||BvDy —BD|| =0

whenever
Jim ||By —~B|| = lim ||Dy - D =0,

N—co

we need only show that
lim |[A7' -1||=0. (6.68)

N-aoc

Recall that N > N; and hence inequality 6.66 holds. It follows that A5' admits

the Neumann series

AF =) (-1 ((GxGv - G76)G1Y)".

p=0
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which implies that

|4z = Il < (-1 |[(GuGn — G G) G|

p=1
= v
< 'YN/QE (wv/a)® = P

p=0

and since vy — 0 as N — oo, we see that A" converges uniformly to [ as N — oo.

Finally, from 6.67, we obtain

A [luy —ua]| < NGl Jim [ICF'GIMARCR - G5H| =0.
as required. |

The condition Cy' ~ I uniformly is quite restrictive. Unfortunately, it is not
clear that the hypothesis of the previous theorem can be weakened. Furthermore,
if Cy is a weighted sum of projections of the type defined below, then we can
not exhibit examples that satisfy the required conditions of the theorem for all
f e L*(R).

However. there are sets of functions for which a weighted sum of projections
Cx' will in fact converge uniformly to the identity. Suppose that

Cv =P+ Y 2,
320

where

lim«\;-vzl

N—ooo

and that f € V,.. It follows that

lex =D flI* = 'f(l};? ) 1Q;£1?

=20

2
1"’\£’ 2
< Ggg_l( > ) I
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and therefore the Cy' converges to I uniformly for all f in the scaling function

subspace V.

Let us return our attention to a comparison of the functions u! and =f. In the
next theorem. we examine a particular situation for which the generalized solutions

are close in a weak sense.

Theorem 6.4 Suppose that the operator Cy is given by

Cv=Pn+ Z AiQj,
i2N
N € N, where {\; : 7 € N} is a non-decreasing sequence of real numbers, such that
A; > 1. Assume that Py € G (D(Cn)) and let ul, € § = ut @ N(G)* be the unique

least-squares solution which minimizes the functional

vn(f) = lICn fII.

then. for any h € L?(R). there ezrists a subsequence

{u}vk ke N}
such that
- t —
klg?c(um —uf k) =0. (6.69)

Proof. First. we note that the domain of Cy does not depend on N. Indeed.

since
N+M-1

3 QI < oo,

=N
we see that, for any M,N € N

D = D(Cx) = D(Cxsn)- (6.70)
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Now. for any f € D. we have

lenfIP = IPnfIP + Y 22 1QsfI?

>N

< IPxfIP+1Qn AP+ Y NIQfI” = llCnsa fIIP

F>2N+1

and since u}, € SN D is the unique function minimizing the functional vx, we have

lewute]| > [lewssule]| > emwersdrn| = - (6.71)

which implies that the numbers CN'uL” form a decreasing sequence. Consequently

et < o
and therefore, there exists a subsequence {Cn, "'IV., : k € N} which converges weakly
to some u € L? (R).

We now show that the subsequence {u}, : k € N} also converges weakly and
has the same limit . The sequence {1}, : N € N} is bounded. Indeed, since ); > 1.
for any fe D

IC~ £l 2 1Al

from which we obtain the inequality

b < o] < o] o2

Assume. without loss of generality, that M < N, then PyCnul; = Pyul;. Since
Py is continuous, we find that, for all k € L2 (R)

. t
L}Lm (Pm(uy, —u),h) =0.
Furthermore, since

l(u}h —u, h)’ < I(PM(uIvk - u),h)l + I(u}ﬁ — u, Pagh — h)'
< |(Pretuly, — ) B + (Jlcout ]| + 1ull) 12wk ~ b
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and
Jim || Pagh — k]| = D Qihli* =o.
—+0c o
we see that
lim {(u},,k —u, h)l = 0. (6.74)

k—oc

The sequence {ul, : N € N} is contained in the set S of all least-squares
solutions. As we have already seen. S is a closed affine subspace and is therefore
weakly closed. It now follows that the weak limit u, of the subsequence {“5\& : N e
N}. is a least-squares solution.

To complete the proof. we need to show that the function u is in fact the
generalized solution u'. We begin by showing that f}, = Cyul, is the generalized
solution of the equation

GCx' f =y. (6.75)
Denote by Sy the set of all least-squares solutions of 6.75. If f € Sy. then f must
satisfy the Euler equation

(GCy")™ (GCy") £ = (63" v
or equivalently
Cy (G°6CH' f—Gy) =0
and since N(Cy') = {0}. every f € Sy must satisfy
G GCR f =G"y. (6.76)

In view of 6.76, for any f € Sy. the function C5 f is a least-squares solution in SN D
and, since Cy is well-defined on S N D. for any © € SN D, Cyu is a least-squares
solution of 6.75. Furthermore, since for any v € SN D,

Al = NIChrul|
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we conclude that f}; is the generalized solution of 6.75.

The function fl; is the unique element of Sy that belongs to the subspace
N(GCy')t. Furthermore. the subspace R(Cy'G~) is demse in N(GCx')*. which
implies that for any sequence {exy : N € N} of positive numbers. there exists a

function vy € R(G~) such that
“f:tv -CIGI"N” <en.
We choose the sequence {ex : N € N} so that
lim ey =0

and show that {Cylhy, : k € N} converges weakly to u, the weak limit of { f,'{,k :
k € N}. Since

(Cithw, —w o)} < [CREFE, —w0)| +](fh, — w9

< lhllem + |(fl, —w.v)],

we see immediately that

Lim ,(c;f,:h’Nuv)l

k—oc

for any v € L?(R).

Notice that
PMCE-th = Pyhy

and once again, it can be shown that {hy, : k£ € N} converges weakly to ». Finally,
since hy € N(G)*, we conclude that « must be the generalized solution «'. |

We mention that is not immediately obvious whether or not the previous theo-

rem can be extended to address strong convergence.



Chapter 7

Conclusions

In this thesis. we have considered certain aspects of the applications of wavelet
analysis to the problem of deconvolution. In particular, we have addressed some
of the basic theoretical considerations of the problem deconvolution with wavelet
bases. This is merely a beginning. Although the properties of wavelet bases are
attractive and the empirical results found in the literature are encouraging. a fair

evaluation of wavelet analysis, with regard to inverse problems. is ongoing.

The results we have presented raise many questions and, if some of these ques-
tions are answered, the perhaps the aforementioned evaluation will be more com-
plete. In Chapter 5, the properties of the function G, were examined in some detail.
This examination permitted us to present results concerning the strong and weak
invertibility of the operator G, = Glv,.. An examination of the behavior of G, lead

to a convergence result in the case where the convolution kernel satisfies
|g(w)[ >0

and
[§(w1)] < [g(w2)]
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for all w; and w, satisfying Jwy| > |wa| > @ > 0. This result is somewhat restrictive
and farther investigation of the function G, may lead to results that are valid for

a larger class of kernels g.

A typical characteristic of many inverse problems is the trade off between accn-
racy of approximation and sensitivity to noise in the data. This property leads us

to a question regarding the choice of resolution n. That is. given the approximation
up = (40 (8).Ealt — k/27))4™".
k
where y® = y + 4. we need to be able to choose n so that the error of approximation
en = [|u —u]

and the error due to noise
en = |G|

are both as small as is possible. Further examination of the dependence of G.
on n could lead to a method to choose the resolution which parallels Morozov's
Discrepancy Principle (see [29, page 228]).

Of course there is interest in the extension of the results of Chapter 5 to inclnde
other common integral operators. However, such work will depend on the kernels

of these operators and complications. not found in the current work, may arise.

The work done in the first few sections of Chapter 6 is closely related to the
some of the work done in Chapter 5 and hence, similar questions arise. Once again,
a method for the choice of resolution level has not been discussed. In this case.
a more in depth examination of the operator P is needed. We point out that the
approach considered in Chapter 6 may have some advantages with regard to the

choice of resolution level. Recall that the scaling functions ¢™* can be thought of
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as low pass filters. Roughly speaking, the width of these filters is proportional to
2" and hence the pass band of ¢™* doubles as the resolution is increased from n
to n + 1. Depending on the g and the noise level |[d]|, is may turn out that the
optimal width for the inverse problem at hand will lie in between C2" and C2"*.

C a constant depending on ¢.

In such a case. the work found in [10] may be of use. In this paper. a splitting
technique, which allows for a finer partition of the frequency axis, than the partition
induced by the functions ¢™*. is introduced. An incorporation of the ideas presented
in [10] with our own work in Chapter 6 may lead to a method for the choice of
resolution which can be fine-tuned to the noise and the kernel of the problem under

consideration.

With regard to the latter part of Chapter 6. we have presented results which
concern a comparison of the methods of C-generalized and ordinary regulariza-
tion. Moreover, results about the corresponding generalized solutions are also given.
These results are of a very general nature and any future research should attempt
to exploit the properties of wavelet bases as well as the properties of any particular

kernel g under consideration.

Another possibility for future research into multiresolution based regularization
is to make use of the idea of a time frequency localization operator (see [14]). Recall
that the operator C, is given by

Cr= Pg <+ E 1\ij.
=0
If we choose to allow for some type of spatial discrimination, then one possible
generalization of the operator above is

Crf = Z&(f 875 + 3 N M(F Y,

>0 k
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which bears some similarity to the time frequency localization operators introduced

by Daubechies.

If the sequence {M\ : k € Z} and {X : j > 0. k € Z} satisfy
Z,\Zz < oo
k

and

T30 <o,

J20 k
then it can be shown that C;! is a Hilbert-Schmidt operator and is therefore com-

pact. The minimizer u), of the functional
F(u) = [|Gu — y* + a||Cxull®
must satisfy the Euler equation
(G°G +aCf) ua =Gy
or equivalently

Cx ((9CT)7(GCT) + al) Cruy = GTy. (7.1)

Since G is bounded, we have that GC;! is compact and this leads to the possibility

of using a singular value decomposition to solve equation 7.1

Finally, we point out that in [14], time frequency localization operators are
defined through the use of the continuous wavelet transform. It is possible that
we could define the operator C, so that its inverse is a time frequency localization
operator of the type discussed in [14]. This approach may have the advantage that

difficulties, such as the lack of translation invariance of wavelet bases, are avoided.
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Daubechies scaling functions

In this appendix, we will show that if ¢ is a Daubechies scaling function, then
|éw)| > € >0

for all w € [—r.x]. This proof makes use of the fact that if H(w) is the DFT of

the two scale sequence {ht : k =0,...2N — 1}, corresponding to ¢, then H(w) is

bounded below on the interval w € [—7/2.7/2]. We will also examine the behavior

the function q;l for w near 0 and show that

.2
1— I¢(w)’ —_ DNwZN +0(W2N+2),
for some positive constant Dy, where N € N is the number of vanishing moments
of the corresponding wavelet.

In [14. page 171], it is shown that the modulus of H(w) can be written as
|H(w)* = 2cos®™ (w/2) Py (sin*(w/2)), (A.1)

where Py is a polynomial of degree N —~1, N > 2, given by

N-1 .
P~(z)=Z(N—1+L)x“- (A-2)

k=0 k
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There are more general choices for the polynomial A.2. However. these choices
lead to longer discrete filters’ and hence. the choice A.2 is generally preferred.
The following lemma allows us to conclude that if |[H(w)]| is of the form A.l1. then

|H(w)] > D >0 when w € [—7/2,7/2].

Lemma A.1 If |H(w)|? is as in A.1, then
d 2
2 | <o

forw € [0.7].

Proof. If we let = sin®(w/2). then since

dz 1
—_— = =yl >
3 sin(w) > 0.

for all w € [0.7], it is enough to show that the polynomial
Q(z) = (1 — =)V Py(z)

is such that
Q'(z) <0
for z € [0,1].

We have

Q'(z) = —N(1—=z)"'Py(z) + (1 — 2)" Py(z)
= (1=2)"7'((1 - z)Py(z) — NPy(z))

1That is. longer two scale sequences.
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and. from A.2. we obtain

N-1 I
Qz) = 1—z)V? {Zk(N 1+L)zk"l
k=1

k
N-1 N~1
N—-1+k N—-1+Ek
- Zk + z"’_NZ + z*
i} k=0 k k=0 k
2AN -1
— (1~$)N~1 -— (N ) zN*'l
N-1
N-2
N+k N-1+k
+ Y S (k+1) — (N +k) 5| .
Since

. N+k NS AT (N + k)t
(L+1)( )—(N+k)( . )"““’(Ml)!(N-l)i

E+1
(N +k—1)
E(N —1)!

Q=) = - ( AN =1 ) 2V (1-z)¥1 <o,
N

- (N+k) =0.

we find that

for z € [0,1] as required. |

In light of Lemma A.1, we see that |H(w)| is a non-increasing function in the
interval [0,7]. Since the h;, k = 0,1,...2N — 1, are real, the function |H(w)| is
even and

|H(w)| 2 |H(r/2)] = 1.2 (A.3)

We can now prove the following:

2The equality follows from the identities |H (r/2)| = |[H(37/2)| and |H (w)|* +|H(w + m)]* = 2.
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Lemma A.2 If ¢ is a Daubechies scaling function then
|#w)| 2 ¢ >0, (A.4)
for dllw € [-x.7].

Proof. A proof follows easily from a contradiction. Suppose that ¢ has at least one

zero w" € [—n.w]. We use the two scale equation to obtain

(o) = %H(w'/z)q%(w'/z)

and, since H(w) has no zeros in [—7/2.7/2]. we conclude that ¢(w"/2) = 0. We

continue this process and find that
$w/2P) =0
for any p € N. Since ¢ is continuous.
#(0) = 0. (A.5)

However. ¢ is unimodular with q.S((l) = 1 and A.5 is a contradiction. We conclude
that ¢ must satisfy the inequality A.4. §

We now turn our attention to the behavior of the function ¢ for w near zero.

Lemma A.3 If ¢ is a Daubechies scaling function. then

2 Cx
— N4N(4V 1)

2N ~1)
N-1 |

sz +O(w2N+2), (Aﬁ)

1= |¢(w)

where

Cn

]
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Proof. Recall that
Q’(z) - _CNzN-l(l - Z)N--l - ___CNzN-—l + 0(2”)
and. since @(0) = 1. it follows that
Cn n N+1
Qz)=1- N + O(z (A.T)
Let H(w) =1/2|H(w)|*. Since H({w) = Q(sin*(w/2)), we have

3 Cn_ o~ N+2
Hw)=1 ——Ww + 0. (A-8)

If we let B(w) = }&(w)r. then
P(w) = H(w/2)B(w/2)
and the Leibniz rule for the differentiation of products yields

&P)(w) = -2—1';(1}(@/2)@”’((#/2) +pH (w]2)8P D (w/2) +
+ H?(w/2)®(w/2).)

which implies
(I’(”)(O) — 5’]% (@"’)(0) -f-pf{'(())‘b‘”””(o) e 4 fI"”(O)) X
If we solve the above for ?)(0), then we obtain

3P (0) = — (pH’(O)‘I'(’""(O) Foeet H"”(O)) (A.9)

In view of A.8. we can use A.9 to conclude that

@ (0) =0
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forall p=1.2.....2N — 1 and that

‘I’(zN)(O) - ﬂ'(zN)(O) - _ (2N)ICx
4N 1 N4N (4N — 1)
and therefore.
bw)=1~- Cn o+ 0(w2N+2).
N4N (4N — 1) ‘

from which we obtain A.6. 1
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