










































































CHAPTER 4. LITERATURE REVIEW 29 

To keep these fluctuations under control~ one could instead choose to minimi7,e the 

functional 

(4.7) 

This is a particular case of Tikhonov regularization and the effect of the term 

A lla'(x)ll2 in F1 is to prevent the norm of a'(z), the estimator of the solution a. 

from growing too large. 

Now~ it is known that the regularity of a function f can be characterized by its 

wavelet coefficients. For instance~ if H"(IR) is the Sobolev space 

then it can be shown that (see for instance [12. pages 298-304]) f E H"(IR) if and 

only if 

It follows that the functional 

F2(a) = ll~(a)-usl(2 + EAi l(a,,t,i!k)l2' 
j,k 

(4.8} 

with Aj ,.._,, 4•i as j 00~ can he used to define a type of regularization which gen­

eralizes that defined by 4.7. Functional 4.8 suggests the possibility of a multiscale 

regularization method based upon wavelet bases. A similar method is suggested by 

the work of Chen and Lin, which is examined in section 4.4. 

In [46]. the authors consider the linear moment problem 

(4.9) 

in which the scalars {µk: k E Z} and the functions {g1:: k E Z} are known. while 

the function f E £ 2 (R) is to be estimated. 
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A classical approach to the problem 4.9 is the Backus-Gilbert method. In this 

method. the function / is approximated by the sum 

ict> = L µ1:0:1:(t>, 
I.: 

where the functions { cte : k E Z} are selected so that the averaging kernel 

A(s, t) = L gi:(s)a,(t) 
k 

ii:1 a reMonable approximation of the delta distribution. For example, if 

defines a delta-sequence converging to 6( s - t), then according to the so-called 

D-criterion. the functions { a:1e : k E Z} are chosen so that the functional 

is minimized. 

The authors demonstrate that when the D-criterion is used, the assumption 

/ E Yn, 
(4.10) 

can lead to a definite improvement in performance. In particular, in the case of 

sampled signals, it is shown that the a priori condition / E l'n yields a modification 

of the Backus-Gilbert method which allows for the complete recovery of/. On the 

other hand, a straightforward application of the Backus-Gilbert method does not in 

general allow for the recovery of/ from its sampled values. It is also shown that. in 

all cases. the generalized method performs at least as well as the ordinary method. 

However, in cases other than that of sampled signals, it is not known whether the 

generalization provides substantial improvement or not. 
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The modi:fi.cation of the Backus-Gilbert method, proposed in [46]. makes use 

of the reproducing property of scaling function ~n1bspaces 4.10. Suppose that the 

continuous scaling function t/> satisfies 

B 
l'P(t)I $ (1 + !ti)~ 

for some P > 1 /2. then the series 

Q(s, t) = L ef,(s - k)<J,(t - k) 
k 

defines a continuous, symmetric kernel. In this case, each subspace V; has the 

property that if / E V;. then 

f(t) = 1: Q;(s, t)/(s) ds, 

where 

The subspace V; is said to be a reproducing kernel Hilbert space ( see~ for exam­

ple~ [2}) and this property can he used to convert 4.9 to the new moment problem 

( 4.11) 

The function / is now approximated by the sum! 

If we define the generalized averaging kernel 

A(s,t) = L Lufc(s)o:{{t)~ 
I.: i~ 

then~ when the D-criterion is employed, the functions { a{ j ~ n, k E Z} are 

selected so that the functional 

D.,(a) = ~ w; [ (A(s,t) -Q;(s,t))2 ds, 

with wi non-negative weights~ is minimized. 
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4.3 Continuous deconvolution 

The convolution equation 

1_: h(t - r}x(r) d-r = y(t) t E JR (4.12) 

is considered in the paper [42}. It is observed that, in many cases, the convolution 

kernel h is similar to a scaling function ef,, and based upon this observation the 

kernel is used to define a mother wavelet -r/;. The continuous wavelet trani,-form 

I foe (s t) 
(Wx) (t,a) = ./a J_oe 1/; ~ z{s)ds 

is then us-ed to transform 4.12 into a equivalent i,-ystem of continuous convolution 

equations indexed by the scale variable a. Each equation in this system is solved 

separately, yielding the wavelet transform (Wx)(t, a). The inverse wavelet trans­

form 

1 /"° / 00 (t s) 
z(t) = Cv, J-:,o Jo (~z) (s. a),p -;-

with 

Loe j¢(w)j2 
c"' = ----dw 

0 w 

is then used to recover the function x. 

da 
a5/2ds, 

This approach is much like that proposed by Liu et al. ( see section 4.4) for the 

analysis of discrete convolution equations and suffers from one basic disadvantage. 

An appealing aspects of wavelet analysis is the freedom to choose a wavelet 1/J suited 

to the problem at hand. By using the convolution kernel to define t/J, we lose this 

freedom. 

One of the most powerful techniques for dealing with inverse problems involving 

compact operators (as defined by 4.2) is known as the singular value decomposition 



CHAPTER 4. LITERATURE REVIEW 33 

(SVD) (see (29. 22]). Let H be a Hilbert space and suppose that IC. : H ➔ H 

is a compact linear operator. The singular system for the operator JC. is the set 

{v;, u;; µ;}, where {vi} is an orthononnal basis for the orthogonal complement 

of the null-space N( K:). while { u;} is an orthonormal basis for the orthogonal 

complement of the null-space of the adjoint of JC., N(JC.*). The scalars {µi} are 

known as the singular values of K:, and satisfy 

The singular system of K: can be defined by the equations 

(4.13) 

and 

( 4.14) 

It follows that the generalized solution~ of minimum norm~ of the equation 

IC./= g, 

can be expressed as 

(K:t ) - °"' (g, u;) . g - LJ v,. 
. µ; 

1 

(4.15) 

Since {v;} is an orthonormal basis, the generalized solution ,C.tg will exist as a 

function in H if and only if 

(4.16) 

which holds whenever g E R( JC.). If we are faced with noisy data g6 = g + .i, then 

a solution will exist if and only if 



CHAPTER 4. LITERATURE REVIEW 34 

and since the inner-products {(6. u;}} may decay slower than the ~ing11lar values. 

~t9° need not exist as a function in H. 

In ~,ich cases, one usually employs some type of regularization procedure in 

combination with the SVD. For example. if we use as an approximate solution of 

~f = g6 the minimi7;er of the functional 

( 4.17) 

then. through the use of the SVD~ we can write the roinimi~er of Fas 

(4.18) 

where the window W is given by 

s 
W(s) = 2 • 

).+Isl 

Since 

L IW(µ;)(g,u;}l
2 ~IL ({l.u;)j

2 
< 00, 

i i 

we see that 4.18 is a well-defined element of H for all).> 0 and 6 EH. 

One major drawback. of the SVD is that the basis { v;} may not be well-suited 

to the function f under investigation. For example, suppose that / is piecewise 

smooth. The local discontinuities present in f can cause the coefficients 

{/ ·) - (g, u;} ,v, -
Pi 

to decay very slowly, and accordingly a significant proportion of the norm of 

I({(/, v;}}II~ = L 1(/, v;)l 2 

i 
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may be contained in coefficients for which /Ji is small. The windowed SVD deals 

with the presence of errors in the data g by suppressing the inner-products 

when /Ji is small and. in doing so, may discard significant information about f 

leading to a poor approximation 4.18. Typically, the basis vectors {vi} are non­

local. and this loss of information causes errors that are distributed throughout j 

and not just near the discontinuities of/. 

Wavelet bases hold the promise of being able to circumvent these difficulties. 

Due to the local nature of the basis t/J. discontinuities of a function f affect only 

the coefficients(/, tpi•k) which correspond to basis functions near the discontinuities. 

Furthermore, the suppression or removal of these particular coefficients will produce 

an approximation which is erroneous only in a neighborhood of said discontinuities. 

In view of these desirable properties, it makes sense to see if the SVD can be 

generalized as to allow for the incorporation of wavelet bases. 

One possible generalization is explored by Donoho in the paper (18]. Here the 

author proposes a method for solving the operator equation 

IC/== g, ( 4.19) 

where IC : D(K:) C £2 (IR) ➔ R(~) C £2 (IR) is a linear operator. This method 

makes use of the wavelet-vaguelette decomposition (WVD) which emulates some of 

the more important properties of the SVD, while leaving the user greater flexibility 

in the selection of a suitable basis for fin 4.19. 

The WVD of an operator IC is a collection of three sets of functions: 

1. an orthonormal wavelet basis { 1/J;,k : j, k E Z} and 
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2. two nearly normalized Riesz bases { u/·k : j! k E Z} and { vi.k: j. k E Z}. 

along with a sequence of scalars: 

3. quasi-singular values {tT;: j E Z}. 

The WVD of JC. can be defined by the quasi-singw.ar value relation..'f which are 

(4.20) 

and 

( 4.21) 

We notice that! when the WVD of the operator IC exists, 4.20 implies that D(X.:) 

must be a dense subset of £ 2 (JR). Similarly. from 4.21 we see that R(K.·) must be 

dense in £2 (IR) and since 

N(K.) = R(JC').L = {O}, 

with N(K.) the null space of JC.! JC must be injective. It follows that the inverse 

operator JC-1 is defined on R{IC) although~ it need not be continuous. Also. the 

quasi-singular value relations imply that the sets of functions { ui.k : j, k E Z} and 

{ vfk : j, k E Z} are biorthogonal. Indeed~ since { tpi.k : j ~ k E Z} is orthonormal. 

we have 

( 4.22) 

as required. 

With regard to the solution of 4.19, the relation 4.20 implies 

g = L tT;(/, tpi•k)vi.k 

j,k 
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and through the use of the property 4.22. we obtain 

( 4.23) 

In light of 4.23. the Riesz representation theorem implies that the coefficient func­

tional c;.1.: : L 2 ( R) ➔ IR~ given by 

is continuous with 
l11il·kll 

llc;.1:II = lo-ii • 

Since the functions ui,k are nearly normalized, we find that 

for some constant D. It follows that the number frrJl-1 gives an indication of the 

difficulty in recovering that wavelet coefficients at level j from the data g. For many 

operators. we expect that 

which indicates that higher level wavelet coefficients are increasingly difficult to 

recover. 

Even though the c;.1: are continuous, the function /, as defined via 4.23. need 

not be an element of L2 (R ). From 4.23, we have 

{ j.k\ I = ~ g, u I ,,,j.k 

. ,. tT; 
J,r,; 

and / E L2 (R) if and only if 

" I (g, ui,l.:2· > I 2 
Li ---------- < 00' 
;.k fu;I 

(4.24) 
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which is a condition analogoIDi to Picard's existence criterion. If g E R(/C), then 

smce 

condition 4.24 is satisfied and/ E L2 (llt). However, since/ must be estimated from 

the noisy data.96 = g + 5, with 6 E £2 (JR), it is advantageoIDi to require that 4.24 

holds for any -g E L2 (JR). Unfortunately. this requirement cannot be met in all 

cases. This point is not clear in [18]. and to make it so, we investigate some of the 

consequences of the condition 4.24. 

Let us use the notation -r/·k = u.i,k /rT;. Now by definition, if 4.24 holds for every 

g E £ 2 (R), then { qi,k: j, k E Z} is said to be a Bessel sequence of £ 2 (R). It can 

be shown that the rf.k define a Bessel sequence if and only if 

2 

j,.k 

< BL la;.kl2 
j,.k 

(4.25) 

for some constant B (the reader is referred to [47. page 155]). By contrast 4.21 

implies that { qi·k : j. k E Z} is a Riesz-Fischer sequence or equivalently that 

2 

> ALla;.,l. 
j,k 

(4.26) 

with A = IIKll-2 • Together, the inequalities 4.25 and 4.26 indicate that the TJi.k 

comprise a Riesz basi..., of £2 (R) . A sequence {h1.:} in a Hilbert space His said 

to be a Riesz basis if it is equivalent to an orthonormal basis { e1,:} of H. That is. 

there exists a hounded linear operator T. with a bounded inverse, such that 

Accordingly, there is an orthonormal basis { eJ.k : j, k E Z} of 

V {qi,k : j, k E Z} (4.27) 
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ancl a bounded invertible operator T such that 

for all j, k E Z. If we let {5·k = tT 3vi,k, then since 

we have 

where Pf'I is the orthogonal projection onto 4.27. Now. from 4.28 we obtain 

2 

~ lai,kl2 - 1: O.j,k I pf}f_i·k 

j.k j,J: 

< nr11 2 I: O:j,ke·k 

j,k 

2 

39 

( 4.28) 

and since 4.20 implies that the f/k define a Bessel sequence, we conclude that 

{ f/k : f k E Z} must be a lliesz basis for the subspace R(K). Consequently, the 

inequalities 
2 

j,J: 

must hold and hence R(K) must be a closed subspace of £ 2 {R). In the case of 

bounded operators IC, since IC is a densely defined bijection with a closed range. 

the Open Mapping Theorem [27. page 286) implies that ,c-1 must be continuous. 

As this need not he the case in general, we conclude that { qi,k : j, k E Z} is not 

necessarily a Riesz basis and that in general, 4.24 does not hold for all g E L2 (JR). 

Even though the sets { {i,k : j, k E Z} and { ,,i,k : j, k E Z} are not necessarily 

Riesz bases, one of the main ideas behind the WVD is that the quasi-singular values 

"i can be selected so that the sets { ui,k : j, k E Z} and { vi,k : j, k E Z} are Riesz 

bases. This idea leads us to the notion of vagu.elettes. 
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Definition 4.1 Let wi•k(t) = 2312w(2it - k) and suppose that the furicti,m w sat­

isfies: 

1. lw(t)I ~ (lf,~IJ" for some a> 0, 

2. f~00 w(t) dt = 0 and 

.'J. lw(s) - w(t)I < Js - tl13 for some /1 > 0. 

then { 11i·k : j. k E Z} is said to be a collection of vaguelettes. 

The importance of the definition above is elucidated in the following theorem. which 

is a consequence of Schur's lemma [36, page 270]. 

Theorem 4.1 If { wi,k : j. k E Z} is a collection of vaguelettes, then there exists a 

constant B such that 
2 

L aj_kwi.k ~ BL la;.kl2 . 
j.k j.k 

That is. a collection of vaguelettes m:ust be a Bes.~el seq·uence. 

Suppose that the tTj can be selected so that the functions ui,k and vi.k define 

collections of vaguelettes. A sequence {hk} in the Hilbert space H is a Bessel 

sequence if and only if for any orthonormal basis { ek} of H there exists a a bounded 

linear operator T such that 

With this fact and property 4.22, we can show that the sets { ui,k : j. k E Z} and 

{ vi•k : f k E Z} are Riesz bases. 

Donoho has shown that for certain homogeneous operators, the functions u/k 

and 1,i.k do indeed lead to collections of vaguelettes for appropriately defined tT; and 

wavelets 7" that satisfy: 
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L l/J is M times continuously differentiable and 

2. f~-x. tn'ff,(t) dt = 0 for n = 0, L .... N. 

with M and N sufficiently large. In particular, many of the homogeneous operators 

studied in [18} ._ snch as integration and fractional integration. can he expressed in 

the form 
1 /cc O(w) • . 

(K/)(t) = 21f J_oc !win f(wJ dw, {4.29) 

where a > 0 and O is homogeneous of degree zero (O(aw) = O(w) for any a> 0). 

In such cases, the choices tr; = 2-ai and M, N > a+ 2 are sufficient to ensure that 

the functions: ui,k and vi,k define collections of vaguelettes:. Moreover, since these 

collections are also Riesz bases and hence well-behaved, the rate of decay of the 

fTJ can be regarded as a measure of the ill-posedness of the inverse problem based 

upon the operator equation 4.19. For example. the case of ordinary integration 

c:orresponds to a= 1, while the Abel tran:,-form corresponds to a= 1/2. Therefore. 

ordinary integration is about twice as ill-posed as is the Abel tran:,-form. 

We consider the estimation of/ from the noisy data g0 = g+€h. in the case where 

d is white noise with variance e2. To combat the ill-posedness of the inverse problem. 

Donoho proposes a new type of nonlinear windowing known as thresholding. Let 

(s)+ positive part of s. That is, let 

(•l+ = { •· s>O 

0, s ~ 0 

and define the function 'It by 

'lt(s) = sgn(s)(lsl - t)+-

A sequence of non-negative thresholds { t; : j E Z} is selected and f is approximatecl 
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by the series 

/(t) = ~ ,,,, ( (!/ t·>) ~·•(t). ( 4.30) 

Donoho has shown that in certain Besov spaces, the thresholds can be lielected 

to obtain faster rates of convergence than is possible with standard windowing 

methods 4.18. 

The Besov spaces B;4 can he regarded as generalizations of the Sobolev spaces 

H• = B2.1 and the Holder spaces C" = B~-=- It has been shown in [36, page 199} 

that for rapidly decreasing wavelets t/J of sufficient regularity, B;,q can be completely 

characterized in terms of wavelet coefficients. In particular. it is shown that / E B;.q 

if and only if; 

Suppose that / is supported in the interval. [-a, aJ and B be a ball in B;.q~ then 

the author defines the minimax-wavelet risk by 

( 4.31) 

with j given by 4.30 and E the expectation operator. The rate of convergence is 

defined to be the rate at which 4.31 tends to zero as f ➔ o+, and the author proves 

that. in the case p < 2, this rate is optimal. 

G. Walter uses a method inspired by the WVD to obtain expansions for wide­

sense stationary stochastic processes that emulate the Karhunen-Loeve transfor­

mation [48]. In [44J, similar ideas are employed to solve the mixture problem. for 

random variables. Let X, Y and Z be random variables with respective probability 
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density functions /. g and h. If the random variables Y an<l Z are independent and 

then the probability density functions are related by the equation 

/(t) = L: g(T)l,(t - -r) dr. 

The mixture problem entails estimating the random variable Y from the noisy 

measurements X. That is. we want to solve for the probability density g! given the 

densities/ and h. This is a problem of deconvolving g from h. 

Walter begins by assmning that the unknown function belongs to the subspace 

Vn. In particular. it is assumed that Vn is generated by an orthonormal scaling 

function of Meyer type. Walter has shown that the Fourier transform of such a 

scaling function can be expressed in the form 

where pis a non-negative u.nimodular function with supp(p) C [-1r/3,1r/3]. The 

Fourier transform of the resulting scaling function will be supported in the interval 

[-41r /3, 4-rr /3] and will be m times continuously differentiable whenever p is m - 1 

times continuously differentiable. 

Next. one assumes that lh(w)j > 0 and defines the functions un.k by 

(4.32) 

and the functions vn.k by 

(4.33) 
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Since ;,. has no zeroes and J is compactly supported with supp ( 4>) C [-41r /3. 4n-J 3 J. 
the functions vn.l: and. in particular. the functions un.k. are well-defined L2 (R) 

objects for all n. k E Z. 

It is easy to show that the sets of functions { un.k : k E Z} and { vn,k : k E Z} 

form Riesz bases for their closed linear spans. Furthermore! since 

{
~n,j ,,1.:n.k) _ r. 
'I' • 'P - a,,1.:~ 

it follows from 4.32 and 4.33 that 

( 4.34) 

Recall that g E Vn. This means that we can expand g in terms of { ¢,n.k : k E Z} 

to obtain 

g(t) = L ak<pn.k(t) 
k 

whereupon we obtain! from 4.33 and the convolution equation. the expansion 

/(t) = L akvn.k(t). 
k 

If we now use the biorthogonality property 4.34, then we find that 

However! since 

if for some a, A > 0 
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then 

which implies that as n ➔ oo, the problem of recovering f from g and h becomes 

increasingly ill-conditioned. 

We mention several points not examined by the author. First, even though the 

two sets { u"·k : k E Z} and { vn.k : k E Z} are biorthogonal. they are not in general 

dual Riesz bases. This is due to the fact that their closed linear spans do not in 

general coincide. To see that this is the case, suppose that un,o can be expressed in 

terms of the basis { v"·k : k E Z }. We find that 

which implies that 

un.o(t) = L b:vn.k(t). 
k 

;,;::o(w) = 2n/2 L bke-ik..,/2"h(w)J(w/2n). 

However. by definition 

which implies that 

I.: 

- 2n/2~(w/2n) 
un.0 (w) = --=. ---'--_;.. 

h(w) 

lh(w)j2 L b,;e-ikw/zn == 1 
k 

and since his not periodic, eq11ation 4.35 cannot hold for all w ER. 

Secondly, we note that the orthogonal projection of { v"·k : k E Z} onto 

(4.35) 
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is in fact the dual basis of { un.k : k E Z}. Suppose we let { ii.n.k : k E Z} denote 

the dual basis. Then, for any/ E L2 (R) the orthogonal projection off onto Un is 

given by 

(Pu/) (t) = L<t, un,k)un.k(t). 
k 

In particular. if we let f == vn.i and use 4.34~ then we find that 

A consequence of the above is that if f E Un then 

f(t) = L (/, un.k)un,k(t) 
k 

- L<f, vn,k)un•k(t). ( 4.36) 
k 

However. if the function / has components in the orthogonal compliment U.;;. then 

the expansions 4.36 will not be equal. Since the orthogonal projection off yields 

the best mean-square approximation off in the subspace Un, there may be circum­

stances in which the orthogonal projection offers some advantages. However. if 11. 

is sufficiently large, the differences may in fact be small. 

In the next chapter, we shall consider a similar approach for the solution of 

convolution integral equations. However? our approach will differ from that of 

Walter·s in the sense that we will make use of dual Biesz base~. Furthermore. the 

results that we will present are valid for general orthonormal scaling functions. 
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4.4 Discrete deconvolution 

We now turn our attention to two papers in which methods for solving the discrete 

deconvolution problem 

L h;-J.:Xk = Yi~ j E Z ( 4.37) 
kEZ 

are presented. Specifically~ we will consider the approaches of Lu et al. (see (331) 

and that of Chen and Lin (8J. 

In the article (33], the authors assume that equation 4.37 arises via a discretiza­

tion of the continuous convolution equation 

L: h(t - r)z(r)dr = y(t). 

Furthermore. it is supposed that the so-called blurring sequence {hk : k E Z} is in 

fact a two-scale sequence associated with the orthonormal scaling function </,. That 

lS. 

cp( t) = v'2 E hkcp(2t - k) ~ 
I.: 

with 

( </>( t - j), </>( t - k)) = d j,k. 

If in fact { h1.: : k E Z} is a bona-fide two-scale sequence. then its discrete Fourier 

transform {DFT) 

must satisfy the equation 

or equivalently 

H(w) = E hke-ikw 
k 

L h21:-;h; = ik,O· 

j 

( 4.38) 
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Two particular convolution kernels I,. are treated n1llllerically in this paper. The 

first. a Gaussian kernel, arises in many practical situations. Suppose we assume that 

the sequence { h1: : k E Z} is defined by sampling the function I,, on some regular 

grid. That is. 

l 1 -/?/cr2 
t1.1.: = -e . a • 

for some a > 0. In this case we have 

It is obvious that the quantity above is positive for any k E Z and we conclude that 

no regular sampling of a Gaussian kernel will give rise to a two-scale sequence. 

The second kernel to he considered is the so-called Fejer kernel. We assume 

that I,, is of the form 

h(t) =_!:_(sin n/2) 
2

• 

v'2 1rt/2 

where the scaling has been selected to ensure that H(O) = v'2. which is implied by 

the normalization condition </>( 0) = L Since h is band-limited. it is not unreasonable 

to assume that sampling should be at or above the Nyquist rate. With this in mind~ 

we suppose that a ~ 1 and set 

1 
h1.: = -h(k/a). 

a 

The Fourier transform of h is 

h(w) = V2x,..(w)(l - lw/11"1) 

and by Poisson's summation formula~ 

oc 

H(w) == 1: i1.(o:[w + 21rl]). 
l=-oo 
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If we restrict our attention to the point w = 1r /2~ then equation 4.38 becomes 

IH( ,r /2)1 2 + IH(31r /2)1 2 = 2(1 - a/2)2 (x1r( mr /2) + X1r(-rnr /2)) ( 4.39) 

and it follows from 4.39 that 4.38 cannot be sati~-fied for any equally spaced sampling 

of the Fejer kernel with a> 1 (sampling above the Nyquist rate). 

In general. one cannot expect that a sampled convolution kernel will produce 

a two-scale sequence corresponding to an orthonormal scaling function. In this 

sense. the method developed Liu et al does not really make use of wavelet analysis. 

However. as we shall see. the proposed method does make use of an algorithm which 

is similar to a discrete wavelet transform so that the method is wavelet-like. Even 

so, one of the advantages of wavelet analysis is the freedom to choose discrete filters 

which are appropriate for a particular application. Since the filters employed by 

the current method are defined by the convolution kernel~ such freedom is absent 

in this case. 

As we have just mentioned, even if { hk : k E Z} is not a two-scale sequence~ the 

proposed method can still be implemented and leads to a new kind of regularization. 

However~ it is not entirely clear from the numerical evidence presented that this 

method offers any particular advantages over more traditional methods. Moreover. 

important properties such as convergence and regularity have not been considered. 

We outline the proposed method and make some comparisons with a standard form 

of regularization. 

Let us suppose that the sequence { hk : k E Z} is summable and has been scaled 

so that 

E lhkl < 1. 
k 

In this case, we can always find another sequence {gk: k E Z}, with OFT G such 
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that 

(4.40) 

In fact~ the choice 

will do. At this point we should note that in the case of wavelet analysis, the filter 

G is taken as the mirror of the filter H. In particular, 

( 4.41) 

However. unless H satisfies a rescaled version of 4.38, the choice 4.41 will not lead 

to a perfect reconstruction filter bank. 

Now. since H{O) =f. 0 in many applications, one can view {1,,k : k E Z} as a low­

pass filter, while {gk : k E .Z} can be thought of as a high-pass filter. The authors 

use these filters to implement a filter bank scheme for digital signals. This scheme 

can be defined, in the frequency domain. by the formulae: 

1. Decomposition. 

{ 

X(w). j = o 
X-(w) = • 

1 • l . 
H(21- w)X;-1(w), 1 = l, 2~ ... 

( 4.42) 

and 

( 4.43) 

2. Reconstruction. 

(4.44) 

This :filtering scheme is analogous to a redundant ( un-decimated) discrete wavelet 

transform ( see [ 41]). 
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If we take the DFT of equation 4.37. then we obtain 

H(w}Xu(w) = Y(w) ( 4.45) 

and in light of 4.42. we see that 

X1(w) = Y(w). 

The deconvolution problem can now be thought of as one of recovering the missing 

information 

Once D1 has been obtained, the formula 4.44 can be used to recover an estimate 

of X 0 • For the purposes of illustration~ let us restrict our attention to a single level 

of decomposition and reconstruction. 

We obtain from 4.42~ 4.43 and 4.44! the special cases 

and 

X1(w) - H(w)Xo(w)? 

D1(w) - G(w)Xo(w) 

Xo(w) = H(w)X1(w) + G(w)D1(w) 

and combining 4.46 and 4.47, we obtain the reproducing equation 

( 4.46) 

( 4.47) 

{4.48) 

This system is singular and accordingly we will restrict our attention to the second 

equation. The equation relating the missing information D1 and the data X 1 = Y 

(4.49) 
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The function H may have zeroes on [-1r. 1r 1 ancl since noisy data yK - Y + d 

need not vanish at these points. equation 4.49 may not be well-posed. The authors 

suggest that one take as an approximation to D 1
. the solution of the equation 

where a <: 1. _Upon letting a= I - .,\~ the use of 4.38 yields 

( 4.50) 

which is the min irn fr,.er of the functional 

If we apply 4.47~ then from 4.50 we find that 

X(w) ~ Xf(w) - H(w)Y6(w) + G(w)Dl(w) 

_ (i + IG(w)l
2 

) H( )Ya( ) 
fH(w)l 2 + A IG(w)l2 w w 

( 
l +.-\IG(w)l

2 
) H yo 

- IH(w)l2 + A IG(w)l2 (w) (w). ( 4.51) 

which could be thought of as the minimi~er of the functional 

( 4.52) 

In view of the unusual form of 4.52, there is no reason to suspect that the regu­

larization method this functional defines possesses any of the important properties 

usually required of more familiar methods. To demonstrate that 4.52 does in fact 

give rise to a viable regularization method, we first show that in the absence of 

noise 5 

lim IIX - X>.11 = o~ 
~➔Q+ 
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where X is a solution of H X = Y. 

Let Z H be the set 

ZH = {w E [-1r.1r] : H(w) = O} 

and assume for simplicity that the measure of ZH is zero. This assumption implies 

N(B) = {0}. making the solution X unique (a proof for the more general case 

N(H) -:/= {0} is analogous). Now. since 

X(w) - XJ;,,{w) = (1 
1 

+ ;\ IG(w )1
2 

IH( ) 12
) X( ) 

- IH(w)l2 + .,\ IG(w)J 2 w w 

.-\IG(w)l
4 X 

- IH(w)l2 + .,\ IG(w)l 2 (w), 

we find that 

where 

Observe that for every w E Zg, 

and 

lim ..\ IG(w)l
4 

= 0 
.\➔o+ IH(w)l2 + .,\ IG(w)l2 

.,\ IG(w)l4 < IG( 12 < 1 
fH{w)l2 + .,\ IG(w)l2 - w) - • 

The desired result now follows from the Lebesgue dominated convergence theorem. 

We now tum our attention to the property of regularity. Specifically, since the 

choice of the regularization parameter.,\ will depend on K, we need to show that it 

is possible to choose .,\ = ..\( K) so that 

( 4.53) 
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where we have used notation 

xs( 1 + ,\ IG(w)l2 H Y" 
.\ w) = IH(w)l2 + ,\ IG(w)l2 (w) {w) 

to denote the approximate solution obtained from the noisy data Y6. 

We proceed by considering the behavior of Xf-X.\, where X>. is the approximate 

solution in the absence of noise. If we use 4.40, then we find that 

X 6(w) - X (w) = 1 + ,\ - ,\ IH(w)l2 H(w)if(w) 
>- >- (1- ..\) IH(w)l2 +,\ 

and if we define the function /:i.. by 

( 1 + ,\ - ,\x ) 2 

/>.(x)= (1-,\)x+l x. 

for x E [0.1}, then 

It can be shown that for x E [O, 1L the function f>. takes on its maximum value at 

the point 

with 
f (x(,\)) = ,\(3 - JS,\2 + 1)2( ✓8,\2 + 1 - 2,\2 - 1). ( 4.54) 

>. 2(1 - ✓8..\2 + 1)2(1 - ..\)3 

In light of 4.54 we find that 

and since 

IIX - xffl < IIX - x-'11 + IIX! - x.~11 

S IIX - X"II + ✓/.\(z(..\)) 11611, (4.55) 

the desired result 4.53 will follow as long as we choose ..\ = ..\( 6) so that: 



CHAPTER. 4. LITERATURE REVIEW 55 

1. .,\ ➔ o+ as ll<fll ➔ o+ and 

Now, since 

we find that the choice 

with O < a < 2. provides the estimate 

{ 4.56) 

We point out that the leading term of the estimate 4.56 is consistent with results 

obtained when minimum norm regularization is applied to compact operators ( see 

for example [29}). 

In the special case 

!H(w)J2 ?: A> 0. 

we find that 

IIX - XAU < ~ IIXII, 

whereupon the use of 4.55 yields the error bound 

~ 
IIX -X'tcaJII < A IIXII + ../ b(z(,\)) 11611. (4.57) 

If we corurider the leading order behavior of 4.57, then we obtain 

(4.58) 

which, once again, is consistent with the results found in (29}. In fact, in the case of 

C-generalized regulerization as applied to discrete deconvolution, analysis, similar 
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to that above~ yields an estimate, of the type 4.57 with the same leading order 

behavior as 4.58 

In view of this similarity, we ~,ispect that there is little difference between the 

method of Liu et al. and that of C-generalized regularization. The method of C­

generalized regularization can be defined by through the use of the functional 

(4.59) 

which is minimized by 

We define the invene filters 1-lJ.. and ri>.. by 

11.>.. w _ H(w) 
( ) - IH(w)l2 + A IG(w)l2 

and 
11. w - l+..\jG(w)l2 Hw 

.>.( ) - JH(w)l2 + A IG(w)l 2 ( ) 

and ob.serve that they are related by the equation 

( 4.60) 

Plots of the filters 1£.>.. and 11.J.. in the case of a Gaussian convolution kernel 

appear in figures 4.1, 4.2 and 4.3. We observe that for small .,\! there is almost 

no difference between the plots of 1£>.. and ri>.., while for larger values of ..\, the 

main difference is near the mid-band frequencies w = ±1r /2. These observations 

are confirmed by the equation 4.60, from which we conclude that if 11511 is small, 

then there will be negligible differences between the two regularization methods. 

Finally, we should mention that, as in (33J, we have restricted our consideration 

to a single application of 4.42 and 4.43 to 4.45. As is demonstrated by the authors~ 
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Figure 4.1: 1-£", 11.,., A = .01 

Figure 4.2: 1-£", 11.,., A = .05 
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Figure 4.3: 11.,., 11.,.. A = .1 

it is possible to derive more general reproducing equations in analogy with 4.48. 

This leads to the possibility of a regularization method, with more than one reg­

ularization parameter, which may improve the flexibility of the proposed method. 

However. we shall leave consideration of this generalization for future research. 

We now consider the second article in which a discrete deconvolution problem 

is addressed. The main focus of the paper [8] is the equation 

00 

L b[i - k]:c[kJ = y(jJ, j E Z, (4.61) 
k=-oo 

where the sequence {x[k]: k E Z} is assumed to be obtained by sampling a 1/ / 

fractal process x(t). In general, a stochastic process xis said to be a 1/ f process if 

its empirical power spectral density R satisfies 

( 4.62) 
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for some 7 :.mch that O < 7 < 2. The authors consider the problem of estimating 

the sequence {x(k}: k E Z} from the noisy data 

with {.i[kJ : k E Z} a sampling of a white noise process d(t). 

Due to the non-stationary nature of x (Le. self-similarity and slow decay of cor­

relation) standard statistical filtering technique, such as Wiener filtering, prove to 

he inadequate. The authors propose a multiscale filtering technique which com­

bines Wiener filtering and an nn-decimated wavelet tran~·form. This method relies 

on the ability of the wavelet transform to remove, or at least reduce, non-stationary 

effects making the subsequent Wiener filtering more effective. 

The ability of wavelet transforms to reduce non-stationary behavior in 1/ f pro­

cesses is not completely unjustified. In the special case of fractional Brownian 

motion. Flandrin (see [19]) has shown that the continuous wavelet transform of x. 

given by 

I Joe (s -t) (Wx)(t,a)= y'a -oc:t(s)-rp -a- ds. 

is a wide-sense stationary process in t with power spectral density 

In the related work (35], M~-ry shows that for each fixed j, the wavelet coeffi­

cients 

of a stochastic process x, with wide-sense stationary increments, forms a wide-sense 

stationary sequence {:.ci[k] : k E Z}. 
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Admittedly~ these results are far from being complete and the utility of wavelet 

transforms for the analysis of general 1/ / processes is still under investigation. 

However, it is noted in [45] that there is strong empirical evidence to ~11ggest that 

wavelet transforms serve as whitening filters for all 1/ / processes. That is to say. if x 

is a zero mean 1/ / process with power spectral density 4.62. the wavelet coefficients 

xi [k J are weakly correlated along and across scales and satisfy 

It is the properties above that make the proposed method plausible. 

Let { hk : k E Z} and {g1.; : k E Z} be the two-scale sequences corresponding to 

the orthonormal wavelet basis f,pi.k : j, k E Z }- In particular, we suppose that 

these sequences satisfy the dilation equations 

ef,(t) = '1'22.: h1;:ef,(2t - k) 
k 

and 

tf.,(t) = v'22.:nk4'(2t - k) 
k 

with {g1:: k E Z} the mirror of {1,.k: k E Z}, given by Ok= (-l)k+lhk-1- One can 

define the un-decimated discrete wavelet transform (analogous to 4.42 and 4.43) of 

the sequence { :r:[k] : k E Z} via the equations 

(4.63) 

and 

( 4.64) 

where X 0 = X is the the DFT of { x[k] : k E Z }. If we take the DFT of equa­

tion 4.61, the we obtain 

B(w)X(w) = Y(w) ( 4.65) 
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and by repeatedly applying equations 4.63 and 4.64~ we can derive a hierarchy of 

equations equivalent to 4.65. For example .. a single iteration of this process produces 

the system of equations 

B(w)X1(w) - Y1(w), 

B(w)X1(w) - Yi(w), 

( 4.66) 

where Y1 = GY and Yi = HYi. Since X 1 and X1 must be estimated from the 

noisy data 

and 

the authors propose the method of Wiener filtering for the approximation of X 1 

and X 1. Once suitable estimates of X 1 and X 1 have been obtained, Xo can be 

estimated by applying a down sampled in verse wavelet transform. 

Wiener filtering is a least-squares technique for the estimation of a stochas­

tic process from noisy or imprecise measurements (see [391). For instance~ if this 

technique is applied to 4.61, then {x[k] : k E Z} is approximated by the sequence 

z[kJ = L c[k - j]y6 [jJ, k E z. 
j 

The filter { c[ k] : k E Z} is to be selected so that the expected mean-square error 

is minimi~ed. If one assumes that {z[k]: k E Z} and {d°[k]: k E .Z} are wide-sense 

stationary sequences with zero cross-correlation, then 

1 lw 1 lw E {le[k]l2} = - ll - C(w)B(w)l2 B:(w) dw+-
2 

jC(w)l2 R6(w) dw, (4.67) 
2~ -~ ~ -w 
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where~ and Rs are the DFTs of the autocorrelation sequences 

ll:i:[kJ = E {x[jJx[j + kl} 

and 

Ro[kJ = E { 5[jJ<f[j + kl} 

Ifit is now assumed that {z[k]: k E Z}and {<f[k]: k E Z} are white noise sequences 

with the respective variances u; and aJ, then 4.67 can be written as 

211r 211" E {le(kJl2 } = 
2
n-z: 11- C(w)B(w)l2 dw + fT

6 IC(w)l2 dw. 
tr -'Ir 21r -1r 

( 4.68) 

Equation 4.68 defines a functional J(C) = E {le[k]l2} and if we minimize this 

functional on the Hilbert space £2[-,r~ 1rJ, then we obtain the result 

C(w) = tT;B(w) . 
fTi + o-; IB(w)l2 

(4.69) 

We emphasize that the derivation of 4.69 depends heavily on the assumption that 

{ x[kJ : k E Z} and { tf[k] : k E Z} are wide-sense stationary white noise sequences. 

With regard to the solution of system 4.66~ it is the role of the wavelet transform as 

a whitening filter for 1/ f processes that makes this assumption reasonable. Before 

further consideration of the system 4.66, we list several points regarding the filter 

{c[k] : k E Z}: 

1. Stability. The filter { c[k] : k E Z} can be computed from its DFT 4.69 

through the use of the equation 

and if we assume that {b[k] ; k E Z} is a sequence in l 1 (Z ), then it is easy to 

show that 

L lc[k}l2 < oo. 
k 
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However it is not entirely clear that { c(k] : k E Z} is a stable filter in the 

sense that 

L lc[k]I < oo. 
k 

In this case however, a theorem. due to Wiener ( see for example [26]), ensures 

that {c[k}: k E Z} E l 1 (Z) whenever {b[kJ: k E Z} E l 1 (Z). 

2. Causality. If {b[k] : k E Z} is causal. that is bk = 0 for all k = -L -2, .... 

then { c(k] : k E Z} will not be causal. The Wiener filtering technique can 

be adapted to produce a causal filter, which may be desirable for certain 

applications. This complication in considered in some detail in (8} and will 

not be pursued further here. 

3. Regularization. The DFT of the filter {c[k]: k E Z} is identical in form to 

that obtained by a minimum norm regularization scheme in which the reg­

ularization parameter A is predetermined by the variances t.r; and n}. This 

observation suggests the possibility of a redundant multiscale regularization 

method for deterministic convolution equations. 

Let us now return to 4.66 and suppose that the assumptions needed for Wiener 

filtering hold. That is. let us suppose that {x1[k]: k E Z}, {x1[k] : k E Z}, {«P[k] : k E Z} 

and { d1 [k] : k E Z} are white noise sequences with respective variances u;1 , 17';1 , 17'i1 

and r.rj1 • We should point out that in view of 4.62 and the fact that ~(O) = 1, the 

sequence { ~1 [k] : k E Z} may not be well-defined. In such cases, 4.64 should be 

used to replace 4.66 with a system of equation for the detail sequences {xi[k] : j > 

1, k E Z} only. 

If we apply Wiener filtering to each equation in 4.66~ in the presence of noisy 
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data~ we obtain the approximations 

and 

where 

and 

~ B(w) 6 X 1 (w) = 2 Yi(w), 
µ + IB(w)I 

,,.2 
z, 

µ = -2-· 
,,.6, 

64 

( 4.70) 

( 4. 71) 

We recall that, in the frequency domain. the operation of down-sampling is given 

by the mapping 

1 
X(w) ~ ('DX) (w) = 2 (X(w/2) + X(w/2 + 1r)). (4.72) 

H 4. 70 and 4. 71 are down-sampled and the inverse discrete wavelet transform 

(DWT) applied to the resulting functions. then the approximation 

with 

X(w) ::::: Xf(w) - ½ (IH(w)l2 B,.(w) + IG(w)l2 BA(w)) Y 5(w) 

1 ( -+ 2 H(w)H(w + 1r)B,i(w + 1r) 

+ G(w)G(w + 1r)B.\(w + 1r)) Y 5(w + -rrL (4.73) 

B B(w) 
..,(w) =; + IB(w)l2 ~ 

is obtained. Alternatively, if the undecimated inverse DWT is applied directly 

to 4. 70 and 4. 71, then the approximation 

X(w) ::::: Xi(w) == ½ (IH(w)j2 B,.(w) + IG(w)l
2 BA(w)) Y5(w) (4.74) 

is produced. Now, since the filters Hand G possess the properties: 
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L IH(w)l
2 + IG(w)l2 = 2 and 

2. H(w)H(w + 1r) + G(w)G(w + 1r) = O! 

which is the approximation one expects when ordinary Wiener filtering is applied 

directly to 4.65. 

We emphasize that the method of Wiener filtering is dependent upon the knowl­

edge of the power spectral densities of the sequences {:,; [k] : k E Z} and { J'[ k] : k E Z} 

and. in many cases~ such specific knowledge may not be available. HoweveL as we 

have mentioned. 4. 73 and 4. 7 4 suggest the possibility of a multiscale regularization 

method. which is a natural generalization of Tikhonov!s regularization 4.17. 



Chapter 5 

Methods based on scaling 

functions 

5.1 Introduction 

In this chapter, we will examine some of the consequences of the assumption u E Vn 

with regard to equation 2.4. In particular, we are interested in cases for which this 

assumption leads to a modified problem which is well-posed. We show that there 

are conditions, involving the spectrum of a real, symmetric Toeplitz matrix. which 

ensure that the operator1 Qlvn is either weakly or strongly invertible. Subsequently, 

some of the properties of this matrix are investigated and then used to establish a 

convergence result as well as comment upon the condition of the modified problem. 

1The restriction of g to V,.. 

66 
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5.2 Deconvolution of functions in scaling func .. 

tion subspaces 

Let us assume that the unknown function u belongs to the scaling function imbspace 

where t/> is an orthonormal icaliug function. H we let Un[k} = (u, t/>n.k), then u 

admits an expansion of the form 

u(t) = L Un[k]t/>n.k(t), 
k 

which allows us to rewrite 2.4 as 

Now, since 

~ u..[k] 1: g( t - .,-)qi,...(.,-) dr = y(t ). 

((}ef,n.1=) (t) - 1-: g(t - r)2n/2t/>(2nT - k) dr 

- 1-: g(t - k/2n - T)2"12ef,(2nr) dr 

_ (gtj,n.0) (t - k/2n), 

if we u,e the notation en(t) = (Q't/>"'0 ) (t), then 5.2 becomes 

L Un[k}{n(t - k/2n) = y(t). 
k 

(5.1) 

(5.2) 

(5.3) 

We see that under the assumption u E Vn, the problem. of solving 2.4 for the 

unknown function u is equivalent to the problem of solving 5.3 for the unknown 

sequence {un[k]: k E Z}. In terms of operators? we have simply replaced the equa­

tion 

(5.4) 
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with the new equation 
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Figure 5.1: The functions {-1 and {0 

68 

(5.5) 

where Qlvn denotes the restriction of g to the subspace f1n. 

The expansion 5.3 is similar to the scaling function expansion 5.1 in the sense 

that the relevant functions are obtained by translating a single function by the 

amount k/2n. However, unlike 5.1, the basic function (n. depends on n. and as the 

resolution is changed we obtain expansions with respect to different functions. This 

is due to the fact that the operations of translation and dilation. do not commute. 

Figure 5.1 shows typical examples of the function {n in the case where g( t) = e-ltf. 

In section 2.2, it was shown that the problem defined by 2.4 is ill-posed. In the 

coming sections, we .shall consider circumstances under which the new problem. 

defined by 5.3, is well-posed. This consideration will entail an investigation of the 
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sequence of functions {{n(t - k/2n) : k E Z}. In particular. we are interested in the 

properties of {{n.(t - k/2n) : k E Z} which will enable us to recover {u,-i(kJ: k E Z} 

in a unique and continuous way from the specified data. In the next section. we 

begin this investigation by considering the simpler problem of recovering a single 

scaling function coefficient tin[k]. 

5.3 Coefficient functionals and weak invertibility 

Consider the equation 5.4 and let z he some element of £2 (IR.). Suppose that. 

instead of solving 5.4 for u, we seek to recover the moment (u, z) from y. If we 

define the linear functional c : £ 2 (R) ➔ IR by 

then is can be shown that c is continuous if and only if z E R( g·), where <;;· is the 

adjoint of g (see [l, 18]). 

We are particularly interested in the functionals Cn.k : Q(Vn) -+ lR., which are 

defined by 

(5.6) 

Specifically. we want to know when the functionals 5.6 are continuous. Since we 

have assumed· that u E Vn, we are working with the operator equation 5.5 and 

accordingly, the functionals 5.6 will be continuous as long as 4>n,k belongs to the 

range of the adjoint of the opera.tor g Iv" for all k E Z. 

Definition 5.1 If the coefficient functionals Cn.,1.: are continuous for all k E Z. th.en 

we will say that the operator g Iv" is weakly invertible. 
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We begin by considering the adjoint of Qlvn- Let H1 and H2 be Hilbert i:,-paces 

with respective inner-products {·, -)i and {-.-)2 • Suppose that IC : H 1 ➔ H2 is a 

bounded linear operator. The adjoint JC·: H2 ➔ H1 is the bounded linear operator 

defined by the equation 

The existence of the operator JC• is guaranteed by the Riesz Representation Theo­

rem. 

We can regard g I Vn as a linear operator mapping the Hilbert space Yn into the 

Hilbert space '7(Yn) = R(glvn)- The adjoint of '71vn is defined by 

where/ E Yn and h E g{Vn). We notice that for/ E Vn 

and since Pnf =/,we find that 

It now follows that 

(5.7) 

and hence the linear functionals Cn.k are continuous if and only if 

We immediately notice that if {ef>".k: k E Z} C R(Hilvnt), we must have 
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and 11-ince, for any honnded linear operator A:, R(/C·) = N(/C).l., the a.hove implies 

That is, if the Cn.k are contin11ous, glv" must be a bijection onto its range. Further­

more, we observe that 

Let uk(t) = u(t + k/2n), then if y = Qu, we find that 

and hence 

Cn.k(Y) - {u(t + k/2n). tbn.0{t)} 

- Cn.o(y(t + k/2n)}. 

In other words. since Vn is closed under translations which are integer multiples of 

2-n. the Cn.k are continuous if and only if Cn.o is continuous. ff we want to recover all 

of the 1in[k] from the function y = Qu, it is enough to ensure that tbn.O E R( (Qlv .. r). 

Before considering conditions which ensure the weak invertibility of Qlvn, we 

examine some of the immediate consequences of 

(5.8) 

which will be of use in the work to come. Condition 5.8 implies that there exists 

some €n E Q(Vn) such that 

(5.9) 

and since, for any u E Vn, 
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we conducle that 

(5.10) 

Also. if 5.8 holds. then the Cn.k are continuous and the Riesz representation theorem 

ensures the existence of a unique function Vn E Q(Vn) such that 

Accordingly, the function fn = I.In, defined by 5.9 is uniq11e. 

The sequences 

and 

are biorthogonal. This follows easily from the orthononnality of { </>n.k : k E Z}. 

which implies that 

df,k - (<Pn.f(t). <Pn.k(t)) 

- {<Pn,f(t), (PnQ•(n(· - k/2n)) (t)) (5.11) 

- (~n(t - j /2n)J.n(t - k/2n)). 

The set, Xn is a Riesz-Fischer sequence with 

L ai:fn(t - k/2n) > IIQll-2 L !all, (5.12) 
k k 

which follows from 5.9 and the Pa.rseval's relation 

L ja1,,l2 = L a1.:</>r,.,I: 

I: k 
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Indeed. since 

2 2 

L O:kpng•fn(t - k/2n) 
k 

2 

< 11g•112 L ln(t - k/2n) 
k 

and llgll = 11g·11, we see that 5.12 holds. Furthermore, the sequence Xn is complete 

in g(Vn)- To see this, we suppose that v E g(Yn) is such that 

(5.13) 

for all k E Z. We want to show that 5.13 implies v = 0. We know that there exists 

vi E 9(Vn). j EN such that 

!im llv - viii = o 
:,➔-x; 

ancl since strong convergence 2 implies weak convergence 3 • 5.13 yields 

for all k E Z. We can always find fTi E 'Vn such that Qui = vi and through the use 

of 5.9. we obtain 

The set { <f,n.k : k E Z} is complete in 'Vn and accordingly, the sequence { ui : j E N} 

converges weakly to zero. The operator g is continuous and hence {vi : j E N} also 

converges weakly to zero. However, we already know that {vi : j EN} converges 

strongly to v and since the strong and weak limits must agree, we conclude that 

v = 0 and therefore Xn is complete. 

2Convergence in the norm. 

3 Convergence with respect to all continuous linear functionals. 
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We mention that Xn is a Bessel sequence with 
2 

L O:kc;(t - k/2n) S 11911 2 L lo:1i 
k k 

and a. proof similar to that above shows that Xn is also complete in Q ( V.,.). 
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(5.14) 

We return our attention to the weak invertibility of the operator 9lv,,. We 

provide a characterization of this property which makes use of the Gram matrix of 

the sequence Xn. The Gram matrix of Xn, given by 

(5.15) 

is a symmetric Toeplitz matrix and, in light of 5.14, is a bounded linear opera­

tor mapping f.2 (Z) into {l (Z). An explicit expression for the entries of 5.15 can 

be obtained by considering the Fourier coefficients of an appropriate 21r-periodic 

function. Moreover. this function can be defined in terms of the functions ¢ and fl. 

To find this function. we note that 

Also note that 

lim~ 
L➔00 L..J 

lll~L 
jfr[2n(w + 21rl)JJ(w + 21rt)j2 

$; sup l§(w)l2 E IJ(w + 21rl)r = 11g11 2 • 
weR t 

Hence, if we use the notation 

Gn(w) = L lg(2n[w + 2,rl})J(w + 21rl)j2
, 

l 

(5.16) 
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then the Lebesgue Dominated Convergence Theorem {see. for example (38}) allows 

us to write 

That is. the entries of 5.15 are in fact the Fourier coefficients of the function 5.16 

and in particular! 

We are now in a position to prove the following theorem. which provides a 

characterization of the weak invertibility of glvn in terms of Gn. 

Theorem 5.1 Let Gn be defined as in 5.16. If there exists a sequence {Ai : j EN} C 

L 2 
[-1'{. 1r] and a constant M su.ch that 

II 
• ... 11

2 1 
11t I • • 1

2 

}~1! A'Gn -1 = }!+~ 21'{ -1r A'(w)Gn(w) - 1 dw = 0 (5.18) 

Proof. Let 

Ai ( w) = 1:-:r{e-ikc., 
k 

and define the functions vi E g(Vn) by 

v7(t) = L aien.(t - k/2n). 
k 

If we now let 

fJt = {v7(t), {n{t - k/2n)} = L o{gn[p- k], 
k 

then, by 5.18 

(5.19) 
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It now follows that. since {{n(t - k/2n) : k E Z} is complete in Q(Vn) and 

IIAill ~ M! the sequence {vi: j EN} converges weakly to some v E Q(Vn). 

Since Png· is continuous, Png•vi converges weakly to PnQ•v. Now 

(Png•,,.i) (t) = E fJl<f,n•k(t) 
k 

and. in view of 5 .19. we have 

Since the strong and weak limits must coincide, we conclude that 

and therefore 5.8 holds. I 

Observe that if 1/Gn E L2[-1r. 1r], then 91v" will be weakly invertible. We also 

observe that if g is weakly invertible~ then so is 9lvn for any n. However. the 

con verse does not hold. For example~ suppose that the Fourier tran~-form of the 

convolution kernel is 

g(w)::::: { 
0, 

-1r < w < 1r 

otherwise 

and let </> be the Shannon scaling function. That is 

~ { 1, -7r < w < 1r ~w)= . 
0, otherwise 

The operator g is not injective and hence, is not weakly invertible. On the other 

hand~ for w E (-1r, 1r), 

Go(w) = g(w) 

and since 1 / Go E L 2 [-1r. 1r 1, the operator g I v0 is weakly invertible. 
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Finally, we note that even if the functionals ~.k are continuoui;, the inverse of 

the operator 9lvn need not he continuous. Since Vn and l 2 (Z) are isometric, the 

last statement is equivalent to saying that 

L len.k(Y)l2 < 00. (5.20) 
k 

need not hold for all y E Q(Vn.). We recall that {vk : k E Z} is said to be a Bessel 

sequence as long as 
2 

L akVk S BL la1l' . (5.21) 
k k 

According to [47, page 154}, 5.21 is equivalent to 

L l(tr.vk)l2 SB llo-11 2 (5.22) 
k 

for any rr. In view of 5.22 and 5.10, we see that 5.20 will hold if and only if Xn is 

a Bessel sequence. 

5.4 Strong invertibility 

Suppose that 9lvn is weakly invertible. As we have seen in the previous section. 

this means that 9lvn is a bijection onto its range. However, (91vJ-1 need not be 

continuous. Our present objective is to derive verifiable conditions which ensure 

that (Qlvn)-1 is continuous. In particular, we are interested in finding the properties 

of the functions g and ef, which will ensure that the inverse problem defined by 5.5 

is well-posed. 

Definition 5.2 IJ(g/vn)- 1 is a continuous linear operator mapping 9(Vn) onto Vn, 

then we say that 9lv., is strongly inuertible. 
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Recall that under the asa,unption u E Vn, equation 2.4 can be written as 

or equivalently, as 

L ttn[k]{n(t - k/2n) = y(t). 
Ii: 

Since 
2 

L akt/>n.k = L la,:12 . 
Ii: k 

the subspace Vn and 1.2 (Z) are isometric and therefore Qlvn will have a continuou..s 

inverse if and only if the linear operator defined by 

y(t) ~ {ttn(k]: k E Z} (5.23) 

is continuous. In tum, the linear operator defined by 5.23 will be continuous if and 

only if there exists a constant C 2,-uch that 

L IUn[k]I' = L len.1.:(Y)l2 < C IIYll2 

,., ,., 

and since 

we see that ((ilv,.)-1 will be continuous if and only if 

L j(y(t), in(t - k/2n))r ~ C IIYll2 

k 

for any y E 9(V,.). Since 5.24 is equivalent to 

2 

L a,.{n(t - k/2n) 
k 

( 5.24) 

(5.25) 

the operator (}Iv ... will be strongly invertible if and only if the sequence of functions 
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forms a Bessel sequence of g(Vn). We have already pointed out that whenever the 

sequence Xn exists~ it must be a Riesz-Fischer sequence. Hence, if Xn is a Bessel 

sequence, then it must be a Riesz basis of g(Vn)-

Inequality 5.24, or equivalently 5.25, can he difficult to establish when one works 

with the sequence Xn. However, it can be shown that Xn is a Bessel sequence if 

and only if the set 

is a Riesz-Fischer sequence so that we may work with the sequence X instead. Since 

the sequence Xn is defined explicitly by 

this approach turns out to be easier. 

A proof of the aforementioned equivalence makes use of the relevant definitions 

and the biorthogonality of the sequences Xn and Xn. Assume that Xn forms a 

Bessel sequence of g ( Vn) and let 

y(t) = Eb,Jn(t -k/2"). 
k 

The sequence Xn is a Bessel sequence and hence the function y is a well defined 

element of g(Vn) for any {bk : k E Z} E 1.2 (Z). The biorthogonality of Xn and Xn 
yields 

and through the use of 5.24 we obtain 

2 

L lb,/ < C L bk(n(t - k/2"') , 
le k 

which implies that Xn is a Riesz-Fischer sequence. 
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Let us now suppose that Xn. is a Riesz-Fischer sequence with 

L ak€n(t - k/2"') 
k 

We use Parseval's relation for the orthonormal basis {<Jt"'·'": k E Z} to obtain the 

inequality 
2 2 

L «ken(t - k/2"') '?. C L ak<Pn.k ( t) . (5.26) 
k k 

Recall that Xn is complete in Q{Vn) and therefore 5.26 implies that there exists a 

continuous linear operator T: Q(Vn) ➔ Vn such that 

The orthonormality of { cp"·k : k E Z} is used once again to obtain 

and, since Xn is the unique sequence in Q(Vn) hiorthogonal to X, we conclude that 

ln(t - k/2"') - cr-ren(· - k/2")) (t) 

- (,T(Jcpn,k) {t). 

Finally, the operator r·T : g(Vn) ➔ Q(Vn) is continuous and therefore Xn is a 

Bessel sequence with 

2 

L b1in(t - k/2"') ::; IITll4 IIQll2 E lbil · 
k k 

We now focus on establishing conditions which ensure that Xn is a Riesz-Fischer 

sequence of g(Vn). In view of the fact that Xn is a Bessel sequence, such conditions 

will also guarantee that Xn is a Riesz basis. 
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The sequence Xn ia. said to be a Biesz basis of g(Vn) if it is complete and if 

there exist positive constants A and B such that 

(5.27) 

Inequality 5.14 ensures that a ~-uitable choice for a upper Riesz bound B satidi.es 

It is the existence of a lower Riesz bound A that is, in general, difficult to verify. 

However. since the sequence X.,.. is generated by translating a single function {.,.., we 

can use Parseval's relation for the Follrier transform to simplify the estimation of 

A. 

We have 

2 

E dk{n{t - k/2n) 
k 

whereupon the use of the notation 

and the change of variable w = 11 + 21rl yields the equation 
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We have already seen that 

L lg(2n[w + 21rll)<b(w + 21rl)j2 < IIQll 2 ~ 
lll~L 

82 

for almost all w and hence the Lebesgue Dominated Convergence Theorem implies 

that 

~ dr.<.(t - k/2") 
2 = 2~ 1: ID(w)l 2 G.(w) dw, (5,28) 

k 

where Gn(w) is as in 5.16. namely, 

G,.(w) = L lg(2"[w + 21rlJ)J(w + 21rl) 12
• 

l 

In view of 5.28. we see that 5.27 and 

A< 1: D(w}Gn(w) dw ~ B. (5.29) 

with 

(5.30) 

are equivalent. 

Suppose that Gn satisfies the inequalities 

(5.31) 

for almost all w, then since the function 5.30 is unimodular, if 5.31 holds, then 5.29 

( and hence 5.27) must hold. In other words, if we can show that there exist positive 

constants A and B such that the inequalities 5.31 hold for almost all w, then Xn 

must be a Riesz basis for its closed linear span. 

For our present purposes, what we have just shown is enough. However, it is 

interesting to note that in most practical cases 5.31 and 5.29 are, in fact, equivalent. 
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For instance if Gn is continuous and we select b from some appropriate J-sequence. 

then it can be shown that 5.29 implies 5.31. 

The assumption that Gn is continuous is not overly restrictive. For example, we 

know that g, ¢, E £ 1 (R) and therefore, the functions g and ef, will be continuous. 

Furthermore, since 

Gn(w) ~ IIQll2 L f J,(w + 21rl)! 2 = 11911 2 • (5.32) 
l 

we see that if the series 

L jJ(w + 21rl)l2 
l 

converges uniformly, then the series 5.16 converges uniformly and Gn will be con-

tinuous. 

It is not difficult to find conditions sufficient to ensure the uniform convergence 

of ~l lef,(w + 21T'l)j2. Henceforth we will assume that the scaling functions we use 

satisfy 

/J(w)I < 1 +~wl0 ' 
(5.33) 

for some a > 1/2. It follows that 

L jJ(w + 2-irl)/2 < c2 L I 2a. 

1 1 1 + lw + 2-irll 

and since we can restrict our attention tow E [-1r, 1r], we find that 

~ IJ<w Hirl) 12 < c• ( 1 + 't, 1 + ([21 ~ 1]1r )2• + f 1 + ([21 ~ l]1r )"') 

- c• ( 1 + 2 t. 1 + ([21 ~ l]•-)"') • 

In light of the inequality, 

00 l 1 00 1 
~ 1 + ([2l _ l},r)2o ~ 7r2o ~ l2o < OO, 
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we conclude that Li 1¢(w + 27rl)j 2 converges u.rufonnly on compact subsets of !R.. 

Many orthonormal scaling functions will satisfy the inequality 5.33 for some 

a > 1/2. For example, if cf> is a Meyer scaling function, then J has compact 

support and 5.33 is satisfied for any choice of a. 

If ¢, is a Daubechies scaling function. then ¢, is compactly supported in some 

interval I C IR.. We can choose ¢, from the Daubechies family so that it is N­

times continuously differentiable. It follows that integration by parts leads to the 

inequality 

(1 + lwlN) jJ(w}! - ll e-iwt¢,(N)(t) dtl + ll e-iwt¢,{t) dtl 

< c. 

When¢, belongs to the Battle-Lemarie family, we have 

J(w) = M(w) (sin(w/2))N 
w/2 

where M is a continuous 21r-periodic function and N is a positive integer. The 

inequality 5.33 is satisfied with a= N. 

When Gn is continuous. we can define the so-called optimal Riesz bounds for 

the sequence Xn- In particular, we let 

An= min Gn(w) 
we[-,r,,r} 

(5.34) 

and 

Bn = max Gn(w). (5.35) 
wE[-w-,rJ 

We reiterate that the upper bound Bn will always exist and is bounded above by 

IIQll2 • Furthermore, it is the existence of the lower bound An which can he difficult 

to establish. With regard to the inverse problem at hand, it is the lower hound 
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which is most important. In fact. we have shown that (QlvJ-1 will be continuous 

if and only if An > 0. By borrowing ideas used by Cohen (see [14, page 1821) in the 

study of orthonormal wavelet bases, we can find necessary and sufficient conditions 

for the existence of a positive An- We will need the following definition: 

Definition 5.3 A compact set K is said to be congruent to [-1r, 1r] modulo 21r (we 

will use the notation K = [-tr, 1r J mod 2,r) if: 

1. IKI = 21r and 

2. for ever1.J w E [-1r, 1r], there is an integer l E Z such that w + 21rl EK. 

We now state and prove the following theorem. which gives necessary and sufficient 

conditions for the existence of An in terms of the functions iJ and J. 

Theorem 5.2 Suppose that J satisfies 5.,'J.'J, then there exists an A> 0 such that 

(5.36) 

for all w if and only if there exists some constant C > 0 and a compact set K = 
(-tr. tr] mod 21r s·11.ch that 

(5.37) 

for all w EK. 

Proof. Suppose that 5.37 holds for all w E K = [-1r, 1r] mod 21r. We want 

to show that this assumption implies 5.36 holds for some A > 0. To do this, we 

assume the contrary. That is, there exists at least one w· E [-,r, ,r) such that the 

continuous function Gn satisfies 
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which implies 

for all l E Z. 

By definition, for any w E (-1r, 1r] there exists rn E Z such that w + 21rm E K. It 

follows that we can choose m. so that w" + 21rm E K. which contradicts the original 

assumption. 

We now assume that 5.36 holds and show that 5.37 must hold. Suppose that 

0 < e: < A/2. Since 

L lg(2n[w + 21rl])J(w + 21rl)j 2 

l 

converges uniformly for w E [-1r. 1r}, there exists a positive integer L such that 

and hence 

Gn(w) - L jii(2n[w + 21rl])4>(w + 21rl}j2 < f 

lllSL 

~ lg(2n[w + 21rl]}4>(w + 21rl)j2 ?: Gn(w) - E > A/2 
lllSL 

for all w E [-1r,1r]. 

( 5.38) 

Now, in view of inequality 5.38. for each w E [-n-, 1r], there exists lw such that 

llc.rl :s; Land 

(5.39) 

Since g and ~ are continuous, there exists a neighborhood Mc.r of w such that 

for all w E M,,,. If we define the sets R1 by 

R, = {w E [-1r,1r] : luc2n[w + 21rl))~(w + 21rl)l2 2 4(2LA+ 1)}, 
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for l = -L. -L + l. ... L, then. each Rt is a subset of [-1r, 1rJ such that 

Mw C R1..,. 

Since { Mw : w E [-11', 1r 1} is a cover of [-11', 1r] , { Ri : l = -L, ... , L} is a sequence 

of subsets of [-1r.1rJ such that 

L 

[-1r, 11'} = LJ R,. 
l::-L 

H we now define the sets Si by, 

and 

r=-L 

then the St, l = -L, -L + 1. ... L form a sequence of disjoint subsets of [-1r, 1rJ 

satisfying 
L 

[-11', 1r] = U Si. 
l=-L 

Let us use the notation Sz + 21rl to signify the sets 

Si+ 21rl = {w: w - 21rl E Si} 

and subsequently define the compact set K by 

L 

K= LJ S1+2·irL 
l==-L 

Since the sets Sz are disjoint, 

IKI = lj St+ 2n-ll = t ISd = 2,r 
l==-L [ 1=-L 
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hence K = [-1r. ,r} mod 21r and 

for all w E K. I 

Suppose that the hypothesis of 5.2 is satisfied. then Xn is a Riesz basis of 

the subspace Q('Vn) satisfying the inequalities 5.27 with A = An and B = Bn. 

According to Young [47, page 32], there exists a Riesz basis {vk: k E Z} of g(Vn)~ 

hiorthogonal to Xn and satisfying the inequalities 

(5.40) 

The Riesz basis { 111: : k E Z} is known as the dual basis and. since Xn is the unique 

sequence in Q(Vn) biorthogonal to Xn. we must have 

It is not too difficult to show that the Fourier transform of f n is given explicitly by 

( 5.41) 

which implies that 

{5.42) 

To justify the representation 5.42, we simply need to show that the sequence Xn~ 
generated by 5.42, is biorthogonal to Xn. and is contained in the subspace g(Vn). 

If f.n is given by 5.42, then 
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where p = k - j. We use the equation 

to obtain 

2-n loo . jfr(w):t>(w/2n)j
2 

- - e"pw/2" ... dw 
21r -oo Gn(w/2n) 

_ _!_ [ e•l'W j9(2~w)\6(w)j2 dw 

21r -oo Gn(w) 

- _!:_ lim 1"' e',,... Efll~L IY(2"[w ~ 21rl])\6(w + 2,rl)l2 dw. 
21r L-+00 _,.. Gn( w) 

whereupon the Lebesgue Dominated Convergence theorem implies that 

as required. 

We now show that the function {n, defined by 5.42, belongs to the subspace 

Q(Vn). If we define the sequence {an[k] : k E Z} by 

1 111' eikw 
an[k] = - . dw 

21r _.., Gn(w) 
{5.43) 

then. since Gn is continuous with 

we have 

E IYn[k] 12 < (X). 

k 

Equation 5.41 can be used to obtain 

e,..,(w) = Ean.[k)e-ikw/2"en(w) 
I: 
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and hence. the inverse Fourier transform yields 

fn(t) = L Un[k}{n(t - k/2n). (5.44) 
k 

Since Xn is a Bessel sequence, we see that 5.44 is a well defined function in g(V.,). 

The subspace g(V,.) is closed under translations by integer multiples of 2-n and 

therefore the result follows. 

Every function f E Q(Vn) can be expanded in terms of either Xn or Xn- The 

biorthogonality of Xn and Xn implies that these expansions are of the form 

k 

- L{/(t). {n(t - k/2n))f.n(f - k/2n). (5.45) 
k 

We note that. for a general f E £2 (IR). the series in 5.45 represent the orthogonal 

projection of/ onto 9(Vn.). Now, when y E Q(Vn), the solution of 5.5 

Qlv,.u === Y 

has the expansion 

u(t) = L(y(t),fn(t- k/2"))¢,"·k(t). (5.46) 
k 

If we let Un[k] = (u, ef>" .. k) and Yn[kJ = (y(t), {n(t - k/2")). then equations 5.44 

and 5.46 can be combine to yield 

Un[kJ = l:on[k - p]ynfp]. 
p 

It follows that the coefficients Un[k) can be computed by convolving the sequence 

{yn[kJ : k E Z} with the inverse filter {un[kJ : k E Z}. Since Gn(w) > An > 0. 

{gn[kJ : k E Z} E l 1 (Z) whenever {gn[kl: k E Z}. That is, the inverse filter will 

be stable whenever the forward filter is stable. 
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In light of 5.46. tlte operator (Ylvn)-1 : Q(Vn) ➔ 11n is such that 

ll(Qlvn}-l Y!l 2 = 2: l(y(t),fn(t - k/2n)}j2 - (5.47) 
k 

If we use the equivalence defined by 5.24 and 5.25~ then. definition 5.41, can be 

used to show that Xn is a Bessel sequence with optimal bound A;:; 1 . Therefore. 

equation 5.47 implies 

(5.48) 

and since A.;; 1 is as small as is possible. we find that 

(5.49) 

Suppose that we have the corrupted observation y + Jy, dy E £2 (ll)~ of the true 

data y. We use a series of the form 5.46 to form the approximation tL.; of the exact 

solution u. The error in this approximation is 

u.,(t) - u(t) = I:(tfy(tl,ln(t - k/2n))ef/' .. k(t}. 
k 

and hence 

from which we see that the number A;;-112 gives an upper bound on the relative 

error in the approximation u,. 

Theorem 5.2 can be used to provide an interesting contrast between the op­

erators g and <ilv,. when the Fourier transform of the kernel g is positive. Many 

convolution kernels, such as the Gaussian 

have Fourier transforms satisfying 

lo(w)I > o~ (5.50) 
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for all w E R. When 5.50 holds. g is a bijection onto its range and g-1 exists. 

However. since g E £ 1 (IR), g-1 cannot be continuous. 

On the other hand~ 

L jJ(w + 21rl)l
2 

= 1 > 0 
l 

and Theorem 5.2 imply the existence of some compact set K = [-1r. 1rJ mod 21r 

upon which 

Since K is compact. inequality 5.50 ensures that there is a constant C such that 

for all w E K and all n E Z. Therefore~ if g satisfies 5.50. the operator Qlvn is 

strongly invertible for all n E Z. However, as we shall see, 

lim.An=0 
n➔oo 

and~ as a consequence~ the condition number 

~ ( g Iv,.) - 1191 v,. 1111 ( 91 v.. )-1 
I I 

- Pi. (5.51) 

can he large for large n. Accordingly, the inverse problem defined by 5.5 

can be very ill-conditioned even when, technically, it is well-posed. 

Finally, one might argue that 5 .2 is of more theoretical than practical value. 

In fact. condition 5.37 could be difficult to verify for arbitrary functions J and g. 

However, for many examples, </> is a low pass filter with a Fourier tranb-form that 
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is concentrated on the interval [-1r, 1r]. This fact can be used to derive a simple 

sufficient condition for the existence of a positive .A_. For instance, suppose that ef> 

is a Meyer scaling function, then ~( w) is positive for all w E ( -,r - e, 1r + e) ancl 

supp(~) = [-1r - e.1r + e] for some O < e < ,r/3. It follows that glvn is strongly 

invertible if and only if lu(2nw)l 2'. D for some compact set K = [-1r, ,r) mod 21r c 

(-1r - e, tr+ e). Hence, a sufficient condition for the strong invertibility of glvn is 

that lg(2nw)I be bounded below on [-,r, ,r] 

The same condition is valid when ¢, is a Daubechies scaling function. In par­

ticular, it is shown in Appendix A, that if </, is a Daubechies scaling function, then 

,~(w)j must he bounded below for w E [-1r,1r]. This means that lu(2"w)~(w)j will 

be bounded below on [-1r. 1r] if and only if lg(2"w)I is bounded below on [-1r, 1r]. 

5.5 The function Gn(w) 

In this section, we begin with an investigation of the behavior of the function Gn 
for large lnj. In doing so, we will be in a position to prove that the function 

Un(t) = E{y(t),{n(t-k/2"))</,"'k(t) (5.52) 
k 

converges to the solution u of 5.4 in the special case where y E R(g), lfr(w)I > 0, 

for w E 1R and 

for all w2 2'. w1 > !l > 0. This examination of Gn will also facilitate comments 

concerning the R.iesz bounds An and Bn. In particular, we will be able to provide 

a justification of 

(5.53) 
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and 

(5.54) 

where ,.(glvn) is the condition number, defined by 5.51. 

Let u~ consider Gn. for large positive n. In particular, we will show that 

(5.55) 

uniformly on compact subsets of R~ whenever 

E IJ<w +21rol2 = 1 
l 

(5.56) 

converges uniformly on compact subsets of R.. 

First of all. we use 5.56 to write 

jan(w/2n) - lu(w)l2 j - I: (lu(w + 2n+11rl)l 2 - lg(w)l2) jJ.(w/2R + 21rl)j 2 

and note that, since 

l 

< L ,,g(w + 2n+11rc)l2 - lg(w)l21 IJ.(w/2n + 21rl),2(5.57) 
l 

the last series in 5.57 converges uniformly. 

Without loss of generality, we assume that w E I == [-0! O] and n E N. 

Since 5.56 converges uniformly, for any e. > 0, we can choose L E N, indepen­

dent of n, such that 

E l~<w + 21r1>j2 :s 211~112 
lll>L 

for all w E I. It is easy to see that 
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for all w E [-2nn, 2nnJ :::, I and we can now use 5.57 to obtain the estimate 

jcn(w/2n) - lg(w)l
2
1 ~ L lla(w + 2n+1?rl)j

2 
- jg(w)1

2
f IJ<wf2n + 21rl)j2 + E. 

fll~L 
(5.58) 

which holds for all w E I 

ff we let 

. . 
then D-;t = 0. Suppose that 0 < Ill ~ L. Since ef, satisfies 5.56 and <fo(0) = 1. we 

have 

for all l =f; 0 and hence 

(5.59) 

for all w E I aud O ~ Ill < L. The functions iJ and J are continuous so the 

convergence of the limit 5.59 is uniform for w EI. If 5.59 and 5.58 are combined. 

then we find that 

for any f! > 0. 

We now turn our attention to the behavior of Gnas n ➔ -oo. In this case~ we 

assert that 

uniformly. For any E > 0 ! there exists an L E N such that 

!Gn(w) - Jg(0)J
2

, ~ L IJ9(2"[w + 21tl])l2 - l9(O)1
2 j IJ(w + 21tl)l

2 

+ E, 

lllSL 

(5.60) 
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for all w E f and since 

a nearly identical argument yields the desired result 5.60. 

Consider 5.60 and recall the definitions 5.34 and 5.35 of An and Bn. It follows 

that. 

lim An= lim Bn = jg(0)l2 

n➔-oc n~--:,0 

and. as long as g(0) # 0, we deduce that 5.54 holds. This means that. for small 

enough n. the inverse problem~ defined by equation 5.5, will he well-posed whenever 

g(0) :/= 0. On the other hand, 5.59 implies 

and 

lim Bn = IIQll 2 
• 

n➔oe 

Accordingly. even when ll:(Qlv,J is finite for all n E .Z, the problem posed by 5.5 

becomes increasingly ill-conditioned as n ➔ oo. 

The behavior described above is not unexpected. Since g E £ 1 (JR), we know that 

g(w) tends to zero as lwl ➔ oo. This means that the high frequency components 

of u become increasingly difficult to recover. In light of the fact that <f,n,k is a low 

pass filter with a Fourier transform that is essentially supported in [-2n,r, 2n1r], one 

expects that ~cglvn) will increase as the support width of q,n,k increases. 

In some instances, the rate at which An tends to zero as n ➔ oo can be esti­

mated. Suppose that 
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then 

Since 

for all x 2 0. it follows that 

< c2" i 4;" 1 + 4n(w + 21rl)2 

- c2 sinh(2-") 
2n+I ( cosh(2-n) - cos( w}) • 

sinh(:,;) 
----<L 
1 + cosh(z) -

97 

( 5.61) 

and hence. the lower Riesz bounds A,.,, decay exponentially fast as n ➔ oo. 

We now turn our attention to convergence of 5.52 in the aforementioned special 

case. 

Theorem 5 .3 Let y E R( g), with lo( w) I > 0 for all w E Ill and suppose that there 

ex:ists a SJ > 0 such that 

(5.62) 

whenever w2 2 W1 2: 0. If cf, is an orthonormal scaling function which satisfies: 

1. jJ(w)f 2 D > D~ for all w E (-1r.1r] and 

2. jJ(w)j ::; l+fw11. ~ for some a> 1/2. 

then, for any n, the function 

t&n(t) = 1:(y(t),ln(t- k/2n))4,n.k(t) 
k 

is a well defined element of Yn such that 

1im llu - u.,,.11 = o, 
n➔oc 

where u is the unique solution of gu = y. 

(5.63) 
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Proof. Let Pn denote the orthogonal projection onto the subspace Vn and Qi denote 

the orthogonal projection onto W;, then 

!lu - Unfl
2 = If Pnu - tinll

2 + E l(Q,-u.11
2 

• 

1~n 

For any f E L2 (R.) we have 

and hence we need only show that 

lim IIPnu - Uni(= 0. 
n-+oo 

(5.64) 

Since the function y E R(y) and fg(w)I > 0, it follows that there is a unique 

u E £ 2 (IEt) such that 

g(w )1i(w) = y(w) 

and we can now use 5.41 to obtain 

ff we define the linear operator Mn by 

(5.66) 

then. Mn is continuous with 

and! in view of 5.65, we can write Un in the form 

(5.67) 
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from which we see that~ for each n, Un is a well-defined element of \1n. 

In view of 5.67 ~ we can write 

IIPnu - Uni! - IIPn(Z - g•gMn)ull 

< ll<I - Q'"QMn}u(I 

99 

and consequently? if we can show that the sequence of operators { g·g Mn} con­

verges strongly to the identity, then we will have established the desired result. 

Towards this end, we use 5.66 to obtain 

where [' = [-n'~ 0'] and {l' > 0 arbitrary. Since Gn(w/2"') converges to lu(w)l 2 

uniformly on compact subsets of Rand u E £ 2 (IR), it is enough to show that 

(5.69) 

with C' independent of n. 

Let 

and 

Since h.n. is an even function, we can restrict our attention to values of w such that 

w ~ 0 and accordingly, we can assume that q E N. In addition~ we suppose that 
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n ~ Nb where N1 E N is such that 

and consequently 1:; C [!too). for all q ~ 1. It follows from 5~62 and the fact that 

Gn is periodic that. if w ~ n. then 

for all q ~ 1. and hence 

from which we obtain 

(5.70) 

Suppose that w E l;f, then 

which implies 

(5.71) 

On the other hand~ if w E Ii, then 

and therefore , 

h,.(w) ~ I Dg(}~~+l,r) r' (5.72) 

for w E [-2n1r, 2n1r]. We know that 

lim g(w) = 0 
/wl➔oo 
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and, in view of 5.62. there exists N2 2: N1 such that for all n 2: N,. for all n 2: N2 

and by similar reasoning, 

Inequality 5. 72 now implies 
1 

~S:D2 

and. from 5. 70 we conclude that 5.69 holds with C' = 1/ D2 • 

It now follows from 5.69. that for any€> 0, we can choose Q' > 0 so that 

and therefore , 

as required. I 

In certain instances, rate estimates for 5.64 are simple to derive. Suppose that 

lg(w)I > 0 for w E IR and that 

for all w2 2: w1 > 0. We begin by considering the quantity 

for w E In= (-2n1r, 2n,r]. The monotonicity of g yields the inequality 

Jon(w/2n) - lu(w)f'I < i1- ,~(w/2n)ri {lb(w)l2 + I: j<Mw/2n + 21rl)j2 lu(w)l2 } 

l¢0 

- 211 - ,~(w/2n)ri lb(w)l2 , (5.74) 



CHAPTER 5. METHODS BASED ON SCALING FUNCTIONS 102 

where we have used 5.56. which is 

L ,~(w + 21rl)j2 = l. 
l 

We combine inequalities 5.73 and 5.74 to obtain 

and, through the use of 

we find that 

(5.75} 

valid for all w E In. It is interesting to note that the bound 5.75 does not depend 

on the decay of gas lwl ➔ oo. Rather. it is the behavior of J near w = 0 which 

governs 5. 75. 

Suppose that 1 < /3 < 2 and let Jn = [-,Bn1r,,81'1t}, then Jn C In for all n and. 

from 5.75, we have 

(5.76) 

and hence. the rate at which ~-64 converges is essentially determined by the behavior 

of J, for w near O and the decay of ti as lwl ➔ oo. 
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Let us assume that cp is a Daubechies scaling function and that u belongs to the 

Sobolev space H•(R). then 

which implies that 

2 11oc 2 2 !lull. = 21r --x (1 + w )6 l1i(w)I dw < 00, 

- _!_ [ {l + w2)a lu(w)l2 dw 
21r }R.\Jn (1 + w2)a 

1 2 < 1 II 112 < {l + 7r2[J2n)• !lull. - 1r2(32an U • • 

Furthermore. it is shown in Appendix A that 

and hence, there exists a constant MN > 0 such that 

for all w E Jn. As a result of 5.77 and 5.78, we have the inequality 

(5.77) 

(5.78) 

II (I - g·g Mn) ull 2 ~ 4;{! (P /2 )4N n llu 11 2 + ~: ;/ p- 2

- llull! . ( 5. 79) 

To obtain a rate estimate for 5.63! we must examine the rate at which 

L 11Qjutll2 ➔ o 
j~n 

as 11, ➔ 00. Under the assumption that u E H•(IR.), it can be shown that (see [14, 

page 299]) 

and hence, there exists a constant C3 > 0 such that 
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which. in combination with 5.79, yields the result 

(5.80) 

for all {3 E ( 1, 2). Finally, we point out that. if N 2:: s /2~ then the optimal choice 

of f3 leads us to the estimate 

for some constant C. 



Chapter 6 

Multiresolution based methods 

6.1 Introduction 

Up to this point, our work has not made use of the multiresolution analysis (MR.A) 

generated by the scaling function </,. In this chapter, we begin an investigation of 

two methods which utilize the MR.A in an effort to solve the operator equation 

where we have used the notation Qn = <Jlv". 

The first of these methods is based upon the wavelet expansion~ 

1L - Pmu + Qmu + • · • Qn-11L 

n-1 - L (u! ¢,m,k)<f,"'·'= + LL (11,, "Pj,/.:)'f/;j,k 

k i=m k 

(6.1) 

(6.2) 

of u E Vn. With this method, we seek to improve the condition of the inverse 

problem 6.1 by selectively recovering the orthogonal projections Pmu and Qiu, 

j = m, ... , n - 1, onto the subspaces Vm and W; respectively. 

105 
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The second method is a multiresolution regularization algorithm which is due 

to .J. Liu. In the paper (30 J, the author presents empirical evidence which suggests 

that MRA based regularization may be a useful tool for the solution of certain 

inverse problems. In particular, the author employs a multiresolution regulariza­

tion method, based on the Haar MR.A, to solve a distributed parameter estimation 

problem. We will present a preliminary investigation of certain theoretical aspects 

of MR.A based regularization, and demonstrate that this method can be regarded 

as a special case of C-generalized regularization. Moreover, we shall examine cir­

cumstances under which the generalized and C-generalized solutions are. in some 

sense, close. 

6.2 MRA decomposition techniques 

Consider the inverse problem posed by 6.L and ~mppose that 9n is invertible. As 

we have seen. we can write the solution of 6.1 in the form 

u = g-iy n 

- L {y(t), in(t - k/2n))¢,n,k(t). (6.3) 
k 

Since Yn is invertible, we know that the set of functions { {n(t - k/2n) : k E Z} is 

a Riesz basis with Riesz bounds O < B;1 < .A;-1 < 00. It follows that the condition 

number 

(6.4) 

is finite. However~ even though lin < oo. if n is large, then ~ can be close to zero 

and hence~ lin can be quite large for large n. This means that the inverse problem 6.1 

can be extremely ill-conditioned even when it is well-posed. Consequently, the 
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presence of small errors in the data can give ri~e to approximate solutions which 

deviate substantially (in the norm on £ 2 (JR.)) from the exact solution.1 

We now turn our attention to the problem of recovering the functions P nl u and 

Q3u, j = m! .... n-1, from the data y. Since {¢,m·'=., -rpi.J:: j = m, ... , n-1, k E Z} 

is an orthonormal basis for {7n. this is equivalent to the recovery of the sequences 

{um[k]: k E Z} and {u1[k]: j = m, ... , n -1, k E Z}, (6.5) 

where we have used the notation um[k] = (u, </>m.l.:) and u/(k] = (u, t/;i,k). We know 

that un[k] = (y(t), ln(t - k/2n)) and therefore we can apply the discrete wavelet 

transform to the sequence { un[k] : k E Z} to obtain the sequences 6.5. In particular. 

we have the decomposition formulae 

and 

u;-1[k] = L hz-21:u;[k] 
l 

ui-1 [kJ = L 9l-21:u;[k], 
l 

where j = m + l! "" = 2, .... n. 

If we define the functions v; and vi by 

v;-1(t) = L hcv;(t - l/2i) 
l 

(6.6) 

(6.7) 

(6.8) 

1Consider the inverse problem defined by the operator equation Al = g. Suppose that the 

data g is contaminated with error 5g and let the error induced in the solution be of. It can be 

shown that the relative errors in the solution and the data are related via the inequality 

11° Ill < " (A) ll5gll 
11111 - llgll • 

Consequently, when the condition number l'i. (.A.) is large, the relative error in the solution can be 

large even when the relative error in the data is small. When the condition number i.~ large. the 

inverse problem is said to be ill-conditioned. 
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and 

v1-1(t) = Lgcu;(t - l/2;), (6.9) 
l 

with j = m + 1, ... ~ n and Vn = {n., then~ through the use of formulae 6.6 and 6. 7. 

we can show that 

(6.10) 

and 

(6.11) 

We now use the functionals 6.10 and 6.11 to write expansion 6.2 in the form 

n.-1 

u = L(y(t)~"1n(t-k/2m))t/l".k + L L(u(t),vi(t - k/2i))vi·k_ 
k j=m k 

We mention that, since {hkh {gk} E l 1 (Z), if en E LP (JR), then the functions 

v; and vi are well-defined elements of LP (JR) for all j ~ n. 

Recall that, if n is large, then the condition number 6.4 can be large. Since 

the magnitude of Kn depends primarily on the quantity 

(6.12) 

Now, the decomposition 

leads us to the inequality 
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which implies that 

(6.13) 

Accordingly, the size of the condition number ~ is dependent upon the magnitudes 

of the quantities 

(6.14) 

for j = m .... , n. Moreover, the magnitude of the norms 6.14 can be used a.s an 

indication of which functions Pm u and Q ;u are the most difficult to construct in 

the presence of noisy data. For instance, suppose that the observed data is of the 

form y + .iy ! where dy represents small but unknown error. The magnitude of the 

error of the approximate solution 

is given by 

If. in particular, IIQ;Q,71 II is large1 then the magnitude of the error in QJ11,0• given 

by 

can be large even when II 6y II is small. 

To obtain estimates for the norms 6.14! we appeal to Parseval's relation whicli 

yields 

l1PmQ;1yfl2 = E l(y(t},vm(t - k/2m)}l 2 

I.: 

and 

If Q;Q;lYll2 = E j(y(t), vi(t - k/2i)) 12. 
k 
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We can now nse the equivalent definitions of a Bessel sequence 5.21 and 5.22 to 

infer that 

if and only if 
2 

(6.15) 

while 

if and only if 
2 

L akv1(t- k/2'1) ~ lJi L la,l. {6.16) 
k k 

In other words, we can obtain estimates for the norms 6.14 by finding the bo11Rds 

of the appropriate Bessel sequences. 

Let ns restrict our attention to the problem of estimating Dm. The left hand 

side of inequality 6.15 can be written as 

where 

E OA:Vm{t - k/2m) 
k 

2 

- 2~ 1-: IA(w/2m)iim(w)l2 dw 

- 2~ [ IA(w)l2 Nm(w)di:..i. 

Nm(w) = 2m L liim(2m[w + 21rll)j2 • 

l 

If we assume that Nm is continuous, then we have the estimate 

(6.17) 

(6.18) 

Now, through the use of 6.8. we can derive an expression relating the functions Nm 

and Gn. In particular. we can combine the Fourier transform of equation 6.8 with 
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equation 6.17 to obtain 

where P: C0 [-1r. 1r] i-t C0 [-1r". 1r] is the map 

1 
P (A) (w) = 2 {IH(w/2)12 A(w/2) + IH(w/2 + 1r)lz A(w/2 + 1r)}. (6.19) 

If we repeat this process n - m - 1 more times, then we find that 

where 

(6.20) 

If we define the operator Q by 

1 { 2 2 } Q (A)(w) = 2 IG(w/2)1 A(w/2) + IG(w/2 + 1r)I A(w/2 + 1r) .• (6.21) 

then a similar derivation yields the result 

(6.22) 

It should he noted that the Fourier coefficients of pn-=(1/Gn) are the entries 

of the Toeplitz matrix 

k. l E Z, which is the Gram matrix of {vm(t - k/2m) : k E Z}. In particular. the 

entries of this Gram matrix are related to the Fourier coefficients of pn-m(l/Gn) 

VJa 
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We contrast this to the case examined in the previous chapter. Specifically. the 

entries of the Gram matrix of the set { €( t - k /2-m) : k E Z} are generated. in a 

similar fashion. by the function 1/Gm. 

In general~ 

(6.23) 

Expression 6.23 highlights one dilference between two possible approaches to the 

construction of an approximation to u in the subspace Vm. In the first .. we assume 

u E Vm. The functions {m(t - k/2m) are then used to produce 

u.(t) ~ U.1{f) - 1:(y(t).{m(t - k/2-m))ef,m.k(t) 
k 

- (Q;;/y) (t). (6.24) 

The second approach begins with the assumption u E t1n ~ for some n > m. 

whereupon the functions Vrn(t - k/2m) give rise to the approximation 

u(t) ~ U2{t) - L{y(t).vm(t -k/2m)),pm.k(t) 
k 

- (PmQ;1y) (t). (6.25) 

Approximations 6.24 and 6.25 are usually distinct and, as we have just shown 

while 

IIQ;/1[2 = max 1/Gm.(w). 
wE[-11',tr} 

In view of 6.23, we will generally have 

(6.26) 
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which means that the sensitivity of 6.24 and 6.25 to any noise in the data y will 

cliffer according to the magnitudes of the norms in. expression 6.26. However. in the 

previous chapter we proved that 

and, as we sh;all show in the next section. 

It follows that 

and therefore, when we consider sensitivity to noisy data and restrict; our attention 

to the construction oflow resolution approximation, then we expect little difference 

in the two approaches. 

In some cases, the norms 6.20 and 6.22 can be difficult to estimate. In the 

next section, an examination of the operator P enables us to make some general 

statements concerning the limiting behavior of 6.20 and 6.22. 

6.3 The operator P 

The operator P arises in the study of orthonormal wavelet bases (see (14, page 

190]). Here, an examination of the fixed points of P provides necessary and suffi­

cient conditions for the characterization of two-scale symbols H, which give rise to 

orthonormal wavelet bases. 

Many of the properties of P arise directly from the conditions 

IH(B)l2 + [H(B + ,r)[2 = 2 (6.27) 
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and 

IH(O)l2 = 2. (6.28) 

In fact. with conditions 6.27 and 6.28 in mind. it is ea:t-y to show that: 

1. pN (A) (0) = A(O), 

(6.29) 

3. if C is a constant, then 'P (C) = C. 

where A is a 21r-periodic function and NE N. A comment concerning condition 3 

above is in order; it can be shown that if His a two-scale symbol, satisfying 6.27 

and 6.28. then H will give rise to an orthonormal wavelet basis if and only if the 

only fixed points of 1' are constants. 

We have restricted our attention to two-scale sequences {hk} E l 1 (Z). The 

function His therefore continuous. and we can regard 'Pas an operator mapping 

continuous 21r-periodic functions to continuous 2n--periodic functions. In view of 

the conditions 6.29, it is not unreasonable to suspect that 

lim jj'PN (A) (w) - A(O)jj = 0, 
N➔oo oc 

(6.30) 

where ll·lloc is the usual norm on C0 f-1r,1rJ. We will prove that 6.30 does indeed 

hold under the appropriate conditions. However, we first establish the weaker result 

where 11·11 1 is the norm on L1 [-11", 1r). To do this, it is convenient to have an explicit 

representation of pN (A), which is given in the following: 
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Lemma 6.1 If the operator P is as in 6.19, th.en for all NE N 

(6.31) 

Proof Suppose that N = l, then 6.31 becomes 

'P(A)(w) 
l 1 1 

- 2 LIT IH(2-P[w + 2,rk])l2 A(l/2[w + 21rk]) 
k:::O p=l 

1 - 2 {IH(w/2)12 A(w/2) + IH(w/2 + 1r)l2 A(w/2 + 1r)}. 

as required. Assume that 6.31 holds for N =Mand consider pM+i (A). We have 

pM+I (A) (w) = ½ {IH(w/2)12 pM {A) (w/2) + IH{w/2 + 1r)l2 PM(w/2 + 1r)}. • 

(6.32) 

which. after some algebra, can be written as 

::z41-1M+1 

pM+i (A) (w) = 2-M-l L IT IH(2-"[w + 4,rl]}j2 A(2-M-1[w + 4,rk]) 
k:::O p:=l 

2M-1M+1 

+ 2-M-i L IT IH(2-"[w + 21r(2k + l)])j2 A(2-M-1[w + 21r(2k + 1)1) 
k::O p=l 

2M+1 -1M+1 

- 2-M-l L IT jH(2-P(w + 21rk])j% A(2-M-1 [w + 21rk1) 
k:::D p:=l 

and therefore the desired result follows by induction. I 

Since 'PN(l) = 1 for all N, Lemma 6.1 immediately implies that 

for all N E N. We can now prove the following theorem. 

(6.33) 
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Theorem 6.1 Let</> be an 1,rtlummmal scaling f,mctirm. such that 14>1 ~ C for all 

w E (-1r. 1r}. If A E L 1 (-1r. 1r} is a 21r-periodic f,mction. contin·uous near w = 0. 

then 

lim IIPN (A) - A(0)ll1 = o. 
N➔oo 

-
PTfJo/. In view of 6.31 and 6.33, we can write 

""'-1 N ., 

lpN (A) -A(O)I $ .E IT I ~H(2-P[w + 2-n-k]ir IA(z-N[w + 21rk]) -A(O)I. 
k=O p=l 2 

which implies 

21r2N-1 N 

111' (A) -A(O)ll1 $ 
2
~ 1 E II jH(2-P(w + 21rk]}i2 jA(Z-N[w + 2-n-k]) -A(O)j dw. 

O k=O p=l 

If we make the change of variable fJ = w + 21rk in the integral above, then we obtain 

the inequality 

whereupon the change of variable (J = 2N w yields the result 

ll'P (A) - A(O)ll1 :5 2
1 r 2N IT I ~H(2N-pw)l

2 

IA(w) - A(O)I dw. (6.34) 
1r }_.,,. p=l v2 

Now1 from the identity 

one can derive the equation 

(6.35) 
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and hence. 6 .34 is equivalent to 

The non-negative function f J( w) f 2 is continuous and satii:dies 

Hence, the set of functions {2N'j2-ir j~2Nw)j2 : NE N} forms a 5-sequence. We 

conclude that 'PN(A) ➔ A(O), as N ➔ oo in the norm on L1 [-1r,1rJ. I 

Under certain circumstances~ the results of the previous theorem can be ex­

tended to include the spaces .V[-1r.1rl 1 < p < oo. Suppose that A E L00 (-1r. 1r], 

then A E V(-1r, 1r], for 1 p < oo. Furthermorer since 

1' (A) (w) ~ sup (A(w)L 
Ci1E[-w-.1ff 

it is easy to show that 

pN (A)(w) < sup IA(w)I 
1.11E(-1r.1f} 

for all N E N. It now follows that 

which implies that 

for some constant D. 
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Although of some theoretical interest, in view of 6.20 and 6.22~ the results 

of Theorem. 6.1 are of little practical. value. Fortunately~ with some additional hy­

potheses, it can be shown that the sequence {'PN(A) : NE N} converges u.nifonnly. 

We have the following: 

Theorem 6.2 Let A E C 0 [0~ 2n-] and S1Lppose that <f, i..~ an orthonorm,al scaling 

functirm such that f J(w)j > C for all w E [-n-~ 1r]. If the series 

(6.36) 

converges uniformly, then 

Proof. If we use identity 6.33 to write 

then we can use the fact that 'PN(A) - A(O) is 2n--periodic to obtain 

2N-1-1 N 2 

pN (A) (w)-A(O) = 1=~-1 !! I ~H(2-P(w + 2irk])I (A(rN[w + 2,rk]) -A(0)). 

which implies that 

l'PN (A) (w) - A(0}I 

where we have used 6.35 to obtain the last line above. 
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Consider the functions IJ<2-N[w + 21rk]) r. ff w E [0~ 21r}, then 

2-N[w + 21rkJ E [L~/2N-i. (k + l)1r/2N-1] 

and 
2N-1_l u [L"1r/2N-1 ! (k + l)1r/2N-1] = [-,r, 1r}. 
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We can now use the fact the f Jj is hounded below on [-1r.1r] to obtain, from 6.37. 

the inequality 

2"'"-1-1 

j'PN (A) (w) - A(O)j < C L IJ(w + 21rk)j
2 

IA(2-N[w + 21rkl) - A(O)j 

for some q EN. 

k=-2N-l 

$ CE jJ(w + 21rk)J
2 

jA(2-N[w + 21rkl) - A(O)I 
lkf~q 

+ CE jJ(w + 21rk)j
2 

jA(2-N[w + 21rk}) - A(O)I .(6.38) 
lkf>q 

Consider the third series in 6.38. Since 

the uniform convergence of the series 6.36 implies that we can choose q E N. 

independently of N, such that for any c > 0~ 

CL jJ(w + 21rk){2 IA(2-N[w + 21rk]) -A(O)j 
lkf>q 

~ 2C IIAlloc E jJ(w + 21rk)j
2 

$ t:/2. (6.39) 
lkl>q 

With regard to the second series, the continuity of the function A ensures that for 

any e > 0, there exists a<>> 0 such that 

C IA(8) - A(O)I < E/2~ 
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whenever 181 $ 5. Now. for (kl $ q and w E (0. 21rJ we have 

and hence~ we can choose MEN, independent of k, such that 

for all N ~ M. Since 

it follow that 

E jJ>(w + 21rk)j2 S 1: 
lkl$q 

CE l<i><w + 21rk)r IA(2-N[w + 21rk]) -A(O)I 
lklSq 
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$ E f J(w + 21rk)r 5:. e/2~ (6.40) 
lkl:Sq 

whenever N > M. 

If we now return our attention to 6.38~ we see that inequalities 6.39 and 6.40 

imply that 

11-PN (A) - A(O)II~ s e 

for all N > M. Hence, the desired re:nilt follows. I 

In light of the results of Theorem 6.2~ equation 6.20 immediately yields 

lim IIPm.9;1112 = - 1 
m➔-oc G,,.{O) 

(6.41) 

and since ef>(21rk) = dk.o, we have 

Let us investigate some of the implications of 6.41. Suppose that: 
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L u E Vn. 

2. The operator 9;;1 is continuous. 

3. The observed data is of the form y + 5y, where y = 9nu and dy represents a 

smalL but unknown error. 

If the function 

(6.42) 

in the subspace Vm , m < n, is used as an approximation to u, then the squared 

error in this approximation is given by 

llu - u!ifl 2 
- llu - Pmull2 + flPTnQ;1.iyll

2 

n-1 

- L flQ;Q;lyfl2 + f(Pm9;1Jyfl2. 
j=m 

Since IIYII ~ IIQnll Hull, the relative error must satisfy 

(6.43) 

where 

and P,; is the orthogonal projection onto V,;. Inequality 6.43 demonstrates that 

the relative error in the approximation 6.42 depends on two distinct sources. The 

first source is resolution error which results from projecting onto the subspace Vm. 

The second source is the data error. Furthermore? the sensitivity of the approxi­

mation 6.42 to the error dy is governed by the magnitude of the scalar ~,m• 
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In many instances, the convolution kernel is such that 

UQII = maxjg(w)I = lh(O)I ~ 
wER 

then~ since H9nll S 11911 and Gn(O) = lh(O) 12 ~ we have 

ll9nll = lu(O) 1-

It follows that 

(6.44) 

and hence the sensitivity to error in the data decreases as rn ➔ -oo. However. 

(6.45) 

and hence the error due to resolution increases to its maximum value as m ➔ -oo. 

This is a coin.mon feature of many inverse problems. 

6.4 Multiresolution regularization 

In this section, we tum out attention to the MRA based regularization algorithm 

proposed by Liu in [30]. This algorithm is based upon the functional 

F1(u) = IIQu - Yll2 
+~Ai IIQ;ull2

, 

j 

(6.46) 

where Q; is the orthogonal projection onto the wavelet subspace Wi and A; ~ 0. 

The minimizing function u~ of 6.46 can be regarded as an approximate solution of 

the equation 

Qu=y, (6.47) 
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the properties of which are determined by the scalars -\;. Moreover. this algorithm 

can be thought of as a generalization of the method of Tikhonov regularization. 

which is based upon the functional 

In fact, since 

it is easy to see that if. 

Huf = L IIQ,-ui1 2 , 
j 

then the functionals F1 and F2 are identical. 

The presence of the term>.; IIQ;ull 2 in the functional 6.46 serves to prevent the 

norm of Q;u>,. from being too large. A'tt the scalar A; is made larger. the norm 

IIQ;tt>,.11 2 is made smaller. 

We now introduce a related functional which allows us to view multiresolution 

regularization as a special case of C-generalized regularization (3, pages 52-99]. 

Suppose that the scaling function subspace Vo represents the -coarsest scale of in­

terest, and consider the modified functional 

F(u) = l!Qu - Yl!2 + a (1/Pouf1 2 +~A~ IIQ,-ul12) , ,_ 
(6.48) 

where a > 0. In light of the equation 

2 

we see that if we define the linear operator C>.: L2 (JR) ➔ L2 (IR), by 

(6.49) 
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then the functional 6.48 can be rewritten in the form 

(6.50) 

Hence. we can consider the mu..ltiresolution regularization scheme! defined by 6.48 

(or equivalently, by 6.50). to be a special case of C-generalized regularization. where 

the srr,oothing operator CJ.. is the weighted sum of projection 6.49. 

The standard theory of C-generalized regularization can now be applied. First 

of all, we must ensure that the operator Cl. has the following properties: 

1. The null spaces of Q and C ,._ must satisfy 

N(Q) n N(C>J = {O}. 

2. The operator C,. must be a closed linear operator with a dense domain. That 

JS 

Furthermore. the range of C,. must be all of £ 2 (R)~ or equivalently 

R(C,J = L 2 (R). 

3. The set 

Q (N(C,.)) = {/ E L 2 {R): / = Qh, h E N(CA)} 

must be closed. 

We will say that an operator. C,., satisfying the conditions above, is an admissible 

smoothing operator. 
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Since C,. must be onto £ 2 (R)~ none of the scalars A; can vanish. Indeed. if 

A; = 0, then R(C.>.) will he orthogonal to the wavelet subspace W;. in violation of 

condition 3 above. Consequently, 

if and only if f = 0. Accordingly, N ( C >.) = { 0} and condition 1 above is satisfied. 

The domain of C >. is the set 

D(C>.) = {/ E £ 2 (R) : IIC>./11 < oo} (6.51) 

and since~ for any/ E Vn 

n-1 

IIC,./11 2 = IIPo/ll2 + E >..j IIQi/112 
< 00, 

i=O 

we have l1n C D(C>.) for any n. We conclude that D(C."-) is a. dense subset as long 

as>.;> 0. 

Now, we must ensure that C>. is a closed opera.tor. Since C>. is a bijection onto 

£ 2 (R)! the Closed Graph Theorem (27, page 292J implies that the inverse operator 

CA1 is continuous. The operator in question is given by 

C~1 
/ = Pol+ L >.:;tQ;f~ (6.52) 

j?;_O 

which implies that 

11c.\1 ,112 = l(Po/112 + E 172 IIQ;/ll2' 
f>U 

from which we conclude that the sequence of scalars >-71 must be bounded. or 

equivalently 

(6.53) 
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for some constant 'Y. 

If~ in fact, the scalars A; are bounded above as well, then the operator CA is also 

contin11011s. However. in most sitnations~ we will be more interested in the case 

where 

pm A;= oo. 
J-+:x: 

(6.54) 

As we shall see, the minimizer u! of functional 6.50 belongs to the subspace D(Cl) C 

D(CA). H the asymptotic behavior of the A; is selected appropriately~ then a priori 

assu.mptiom; about the smoothness of the minimizer u! can be addressed. For 

example. if the A; satisfy 

as j ➔ oo. then it can be shown that u! belongs to the Sobolev space 

We point ont that, in certain instances, asymptotic conditions for the A;, suffi­

cient to ensure that 

(6.55) 

are readily established. For instance. snppose that W is a contin11011s. even. real 

valued and non-decreasing weight function, and let t/; be an orthonormal wavelet 

of Meyer type. The expansion of any / E £ 2 (R) with respect to this wavelet basis 

can be written in the form 

f(t) = L /o(k]</>o.k(t) +EL fi[kJ-,piJ:(t), 
k j~O k 

so that the Fourier transform of f has the expansion 

j(w) = Fo(w)4>(w) + E 2-i/2 F(w/2i)'ef)(w/21). 
i?:.O 
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Now. recall that supp(4>) = [-,r -e. 1r +e} and supp(~(w)) = {-2(1r+ e:). -?r-ej U 

[1r + E. 2( ,r + E )I, and accorclingly1 

ji<w{' < jFo(w)~(w)j2 + L j2-il2F;(w/2;),b(w/~), 2 

1~ 

+ 2 jFo(w)~(w)j jF0(w),t,(w)j 

.+ 2L j2-j/2pi(w/2i)tb(w/~, j2-J-1/2pi+I(w/2i+1)¢(w/2;+11 • 
·>o ,_ 

whereupon an application of the Cauchy-Schwartz inequality for S1llllS yields 

jFo(w)ci,{w)/3 + L 12-il2Fi(w/2'1)tb(w/2i)r 
j~O 

+ 2 jFo(w)~(w)r + L j2-il2 Fi(w/2i),fo(w/2i)r L j2-il2 Fi(w/2i),fo(w/2i)r 
j>O J~O 

< 3 (IF0 (w)~wlj' + ~ j2-#2 F;(w/2'),b(w/2')12
) 

We can now use inequality 6.56 to obtain 

l lo: ,., 3 Joe I 
2,r -oc W(w) ji(w) - dw < 2,r -oc W(w) jF0(w)4>(w) dw 

which implies 

+ 2~ t [ W(:ziw) IF;(w),fr(w)l2 
,i,, 

,_ 

< 3W(1r + e) IIPo/112 + 3 E wc2i+1(1r + e)) IIQ,-/11 2 • 

i'?:,O 

(6.56) 

! [ W(w) licw) I' ,i,, < 3W( .- + e) II Po/11 2 + 3 ~~ ( W(2i+~r + e))) ~ AJ If Q ;/112 

( ( W(2H1(1r +e)))) < 3max W(1r + e),~:f .\j IIC"/11 2 

Since IIC-'u!II < 00, it follows that, if Wis such that 

W(2i+i(1r + e)) 
sup ~2 < oo, 
;~o i 



CHAPTER 6. 1\fULTIRESOLUTION BASED METHODS 128 

then 6.55 holds. 

The scalars ..\3 are real and bounded below~ so that the operator CA is self-adjoint 

and positive definite. The Euler equation of functional 6 .50 is 

(6.57) 

ancl. in light of inequality 6.53. we find that 

It follows that a solution to 6 .5 7 exists for any y E L 2 (JR) and can be written as 

(6.58) 

Since 

(A· A+ a/)-1 A·= A· (AA·+ a:/)-1 

and 

equation 6 .58 can be rewritten as 

(6.59) 

and hence. u! ED (Cf). 

6.5 Comparison of C-generalized and generalized 

solutions 

We now turn our attention to questions which concern the relationship between 

the C-generalized and generalized solution of 6.1. We shall demonstrate that. in 
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appropriate circumstances. there is little difference between the C-generalized and 

generalized solutions. 

Let P be the projection onto the closure of the subspace R(g). It is well known 

that if Py E g (D (C.~)), then there exists a unique function u! such that 

The function u! is called the C-generalized solution of equation 6.L 

Suppose that S9 is the set of all least-squares solutions of 6.1 corresponding to 

y. that is 

(6.60) 

then u.! E Sy n D(Cl.) is the unique least-squares solution which minimizes the 

functional 

v(f) = IICA/112 
• (6.61) 

In contrast, the generalized solution ut E S11 is the unique mioimi~er of the func­

tional 

p(f) = 11/11 2 (6.62) 

and since g ( D ( C).)) C R( g), u t will exist whenever u.! exists. However~ D ( C >.) :f; 

£ 2 (IR) and accordingly~ there will he cases where ut exists! but u! does not. 

In general. the C-generalized and generalized solutions will be distinct. However. 

there are conditions under which u.! and uf will be the same-: or nearly so. Obviously~ 

if g is injective and y E R(Q), then there exists a unique solution of6.1 and therefore 

u! = u.f. More generally, if the operators g and c,._ commute, then u.! == 11,t. 

A justification of this simple, but seemingly unknown fact follows immediately 

from 6.59, which now implies that u! E R(,r) C N(g)J.. and, since N(Q)J.. is 



CHAPTER 6. MULTIRESOLUTION BASED METHODS 130 

dosed, u! E N(g)J... It is well known that the set S11 is the affine subspace 

where ut is the unique least-squares sob1tion in N(Q)J... We conclude that u! == "t 

whenever g an!1 C,. commute. 

The projection operators P0 and Q; do not m,-ually commute with the con­

volution operator g. Consequently, the operators C~1 and g do not. in general. 

commute. There is. however, one notable exception. The projections, Po and Q;. 

corresponding to the Shannon scaling function and wavelet can be expressed in the 

form 

(Puf}(t) = 1: sinc(t - -r)/(-r) dr 

and 

both of which commute with the convolution operator g. Therefore. in the Shannon 

case. the approximation u! converges to u! = u t as a ➔ o+. 

Before we consider further comparisons of the function u! and u t, we consider 

a case wherf! minimi1,ers u! and ua are close in the sense of the norm. In practice, 

we seek to approximate the generalized solutions ut and u! through the use of the 

corrupted data y + 6y. In some cases, ut and u! will not be well-defined. as it may 

happen that 

Even if P6y E Q (D(C>.)), the approximations formed from y + 6y can dil£er sub­

stantially from the generalized solutions ut and u!. In such cases, the minimizP..rs 

Ua and u! can be used as approximations of uf and u! respectively. Intuitively, one 
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expects that if the smoothing operator C). is close to the identity I. then u! will be 

close to 1ia. The next theorem illustrates one case in which this happens. 

Theorem 6.3 S1,ppose th.at the self-adjoint operators CN are admissible smoothing 

operators and that 

lim uc-1 
- Ill = 0. N➔oo N 

Let u;; be the solution of the Euler equation 

(6.63) 

while u0 denotes the unique solution of 

(6.64) 

then 

for any a> 0 

Proof Equations 6.63 and 6.64 yield the equation 

(6.65) 

Let us use the notation 

and 

then we can write 

g·g + aC;; - CN (Q;,gN + o:J) CN 

- CN ((CiNYN - g•g) Q;1 + I) QaCN-
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If we let 

then~ since CN1 converges uniformly to I~ 7N ➔ 0 as N ➔ oo. Furthermore~ for 

any fixed a> 0. we can choose N1 EN so that 

(6.66) 

for all N ~ N1. It follows that, for all N > N1 ! the operator 

is invertible and accordingly! 6.65 can be written in the form 

N _ = (c-ir.-1 A-1c-1 _ ('!-1) r.• 
Ua Ua N '::la N N ~a '::I Y (6.67) 

In view of equation 6.67 and the fact that 

whenever 

fun IIBN - BIi = lim ll'DN - '.DII = 0, 
N-+oc N➔oo 

we need only show that 

lim l{AN1 - Ill = 0. 
N➔oc 

(6.68) 

Recall that N ~ N1 and hence inequality 6.66 holds. It follows that AN1 admits 

the Neumann series 

00 

AN1 = 1:(-l)P ((Q;,gN - g·g) Q;1Y J 

p=O 
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which implies that 
oe 

p=l 

and since iN ➔ 0 as N ➔ 00, we see that A--;/ converges uniformly to I as N ➔ oo. 

Finally, from 6.67, we obtain 

as required. I 

The condition c-;1 ➔ I uniformly is quite restrictive. Unfortunately~ it is not 

clear that the hypothesis of the previous theorem can be weakened. Furthermore. 

if CN is a weighted sum of projections of the type defined below, then we can 

not exhibit examples that satib-fy the required conditions of the theorem for all 

/ E £2 (R). 

However. there are sets of functions for which a weighted sum of projections 

c;,1 will in fact converge uniformly to the identity. Suppose that 

where 

lim >/! = l 
N➔oc 3 
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and therefore the CN 1 converges to I uniformly for all / in the scaling function 

subspace Vn. 

Let us return our attention to a comparison of the functions ut ancl 11.!. In the 

next theorem~ we examine a particular situation for which the generalized solutions 

are dose in a weak sense. 

Theorem 6.4 Suppose that the operator CN is given by 

CN = PN + E :A.;Q;, 
J°?,N 

N E Nt where {:A.; : j E N} is a non-decreasing sequence of real numbers! S1J,ch that 

:A.;~ 1. AsS1J,me that Py E Q (D(CN)) and let u~ ES= uf EB N(Q).J.. be the unique 

least-squares solution which minimizes the functional 

then. for any h E £ 2 (R)~ there exists a t,"11,bsequence 

such that 

(6.69) 

Proof. First. we note that the domain of CN does not depend on N. Indeed~ 

smce 
N+M-1 

E lj IIQ;/112 < 00, 

i=N 

we see that, for any M, N E N 

(6.70) 
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Now. for any f ED~ we have 

IICN 111
2 

- IIPN /11
2 + E lj IIQi/11

2 

i>N 

< IIPN /11 2 + IIQN /112 + E lj IIQ,-/11 2 = IICN+i/11
2 

;~N+l 
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and since uJ; ES n Dis the unique function minimizing the functional VN, we have 

{6.71} 

which implies that the numbers IICNuklf form a decreasing sequence. Consequently 

(6.72} 

and therefore, there exists a subsequence {CN1:uk": k EN} which converges weakly 

to some u E £2 (JR). 

We now show that the subsequence {u~" : k EN} also converges weakly and 

has the same limit u. The sequence { u k : N E N} is hounded. Indeed, since Aj ~ 1. 

for any/ED 

from which we obtain the inequality 

(6. 73) 

Assume. without loss of generality, that M ~ N, then PMCNuk = PMu~. Since 

PM is continuous, we find that. for all h E L2 (lR) 

fun (PM(u_k - u), h} = 0. 
k➔oo " 

Furthermore. since 

l<uk" -u,h)I < j(PM(ulr, -u),h)j + j(141, -u,PMh-h)I 

< j(PM(uk, - u),h)I + (jjcaubll + !lull) IIPMh- hll 
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and 

we see that 

(6. 74) 

The sequence {u}v : N E N} is contained in the set S of all least-squares 

solutions. As we have already seen, S is a closed affine subspace and is therefore 

weakly closed. It now follows that the weak limit u. of the subsequence {uk" : NE 

N}. is a least-squares solution. 

To complete the proof. we need to show that the function u is in fact the 

generalized solution uf. We begin by showing that J)., == CNUk, is the generalized 

solution of the equation 

(6. 75) 

Denote by SN the set of all least-squares solutions of 6.75. If/ E SN~ then/ must 

satisfy the Euler equation 

or equivalently 

Ci/ (<;·gcN1f - g·y) = o 

and since N(CN1
) = {O}~ every/ E SN must satisfy 

(6. 76) 

In view of 6.16, for any / E SN~ the function CN1 f is a least-squares solution in Sn D 

and, since CN is well-defined on Sn D. for any u E Sn D, CN11. is a least-squares 

solution of 6. 75. Furthermore, since for any u E S n D, 

11/11 = IJCNUIJ 
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we conclude that fl., is the generalized solution of 6.75. 

The function Jl., is the unique element of SN that belongs to the subspace 

N(QCN1 )l.. Furthennore. the subb-pace R(CN1g·) is dense in N(QCN1 ).L~ which 

implies that for any sequence {cN : N E N} of positive numbers. there exists a 

function VN E R(Q·) such that 

We choose the sequence { EN : N E N} so that 

Jim f.N =0 
N➔oo 

and show that { CN! hN,. : k E N} converges weakly to u, the weak limit of {/);" : 

k EN}. Since 

l(CN!hN, -u,v)I < l<CN!/1,. -u,v)f + j(f1t -u~v)j 

< 11h11 EN,.+ l<tt -u.v)/ ~ 

we see immediately that 

for any v E £ 2 (IR). 

Notice that 

and once again~ it can be shown that { hN,. : k E N} converges weakly to u. Finally. 

since hN E N(Q)l., we conclude that u must be the generalized solution 1it. I 

We mention that is not immediately obvious whether or not the previous theo­

rem can he extended to address strong convergence. 
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Conclusions 

In this thesis. we have considered certain aspects of the applications of wavelet 

analysis to the problem of deconvolution. In particular, we have addressed some 

of the basic theoretical considerations of the problem deconvolution with wavelet 

bases. This is merely a beginning. Although the properties of wavelet bases are 

attractive and the empirical results found in the literature are encouraging~ a fair 

evaluation of wavelet analysis, with regard to inverse problems, is ongoing. 

The results we have presented raise many questions and, if some of these ques­

tions are answered, the perhaps the aforementioned evaluation will he more com­

plete. In Chapter 5, the properties of the function Gn. were examined in some detail. 

This examination permitted us to present results concerning the strong and weak 

invertibility of the operator Yn = QI v". An examination of the behavior of Gn lead 

to a convergence result in the case where the convolution kernel satisfies 

lb(w)I > o 

and 

138 
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for all w1 and w2 satisfying lw1 I ~ lw2 I ~ 11 > 0. This result is somewhat restrictive 

ancl further investigation of the function Gn may lead to results that are valid for 

a larger class of kernels g. 

A typical characteristic of many inverse problems is the trade of£ between accu­

racy of approximation and sensitivity to noise in the data. This property leads us 

to a question regarding the choice of resolution n. That is. given the approximation 

u! = L(y6(t).€n(t - k/2n))<f,n.k. 
k 

where y 5 = y + 5. we need to be able to choose n so that the error of approximation 

and the error due to noise 

are both as small as is possible. Further examination of the dependence of Gn 
on 11. could lead to a method to choose the resolution which parallels Morozov • s 

Discrepancy Principle (see [29, page 228]}. 

Of course there is interest in the extension of the results of Chapter 5 to include 

other common integral operators. However~ such work will depend on the kernels 

of these operators and complications. not found in the current work, may arise. 

The work done in the first few sections of Chapter 6 is closely related to the 

some of the work done in Chapter 5 and hence, similar questions arise. Once again. 

a. method for the choice of resolution level ha8 not been discussed. In this case. 

a more in depth examination of the operator 'P is needed. We point out that the 

approach considered in Chapter 6 may have some advantages with regard to the 

choice of resolution level. Recall that the scaling functions </>n.k can be thought of 
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as low pass filters. Roughly speaking, the width of these filters is proportional to 

2n and hence the pass band of </>"·I.: doubles as the resolution is increased from 11, 

to 11, + 1. Depending on the g and the noise level II «fl!~ is may tum out that the 

optimal width for the inverse problem at hand will lie in between c2n and c2n+1. 

C a constant depending on </>. 

In such a case~ the work found in (10 J may be of use. In this paper~ a splitting 

technique~ which allows for a finer partition of the frequency axis~ than the partition 

induced by the functions </>n.k. is introduced. An incorporation of the ideas presented 

in [ 10 J with our own work in Chapter 6 may lead to a method for the choice of 

resolution which can be fine-tlllled to the noise and the kernel of the problem under 

consideration. 

With regard to the latter part of Chapter 6. we have presented results which 

concern a comparison of the methods of C-generalized and ordinary regulariza­

tion. Moreover! results about the corresponding generalized solutions are also given. 

These results are of a very general nature and any future research should attempt 

to exploit the properties of wavelet bases as well as the properties of any particular 

kernel g under consideration. 

Another possibility for future research into multiresolution based regularization 

is to make use of the idea of a time frequency localization operator ( see [14J). Recall 

that the operator CA is given by 

c,._ = Po + E A;Q;­
J~O 

If we choose to allow for some type of spatial discrimination, then one possible 

generalization of the operator above is 

C>,.f = E >..1.:(/, ef,o,k)ef,o,k +EE>..{{/, -,pi•k)tfi·k ~ 
k j~o k 
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which bears some similarity to the time frequency localization operators introd11ce<l 

by Daubechies. 

If the sequence { Ak : k E Z} and { ..X{ : j ~ 0. k E Z} satisfy 

and 

LL (..xi)-2 < oo, 
1'?;.0 k 

then it can be shown that c-; 1 is a Hilbert-Schmidt operator and is therefore com-

pact. The minimizer u;, of the functional 

must satisfy the Euler equation 

or equivalently 

(7.1) 

Since g is bounded, we have that QC~1 is compact and this leads to the possibility 

of using a singular value decomposition to solve equation 7. l 

Finally, we point out that in [14], time frequency localization operators are 

defined through the use of the continuous wavelet transform. It is possible that 

we could define the operator C>,. so that its inverse is a time frequency localization 

operator of the type discussed in [14]. This approach may have the advantage that 

difficulties, such as the lack of translation invariance of wavelet bases, are avoided. 



Appendix A 

Daubechies scaling functions 

In this appendix, we will show that if ef, is a Daubechies scaling function~ then 

for all w E [-tr. 1rJ. This proof makes use of the fact that if H ( w) is the OFT of 

the two scale sequence {hk : k = 0,. ... 2N - 1}~ corresponding to </>, then H(w) is 

bounded below on the interval w E [-1r /2. 1r /2]. We will also examine the behavior 

the function I JI for w near 0 and show that 

1- jJ(w)j2 = DNw2N + O(w2N+2)., 

for some positive constant D N ~ where N E N is the number of vanishing moments 

of the corresponding wavelet. 

In (14. page I 71], it is shown that the modulus of H(w) can he written as 

(A.I) 

where PN is a polynomial of degree N -1, N > 2, given by 

N-l(N-l+k) PN(:c) = E :,;k_ 

k=O k 
(A.2) 
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There are more general choices for the polynomial A.2. However. these choices 

lead to longer discrete filters1 and hence. the choice A.2 is generally preferred. 

The following lemma allows us to conclude that if fH(w)I is of the form A.l. then 

IH(w)I ~ D > 0 when w E (-1r /2, 1r /2]. 

Lemma A.1 ff IH(w)l2 i..'> as in A.1, then 

d 2 
dw IH(w)I $ 0 

for w E [O. ;r]. 

Proof If we let x = sin2(w/2). then since 

for all w E [O, 1r], it is enough to show that the polynomial 

is such that 

for x E (0, l]. 

We have 

Q'(x) ~ 0 

Q'(z) - -N(l - z)N-l PN(z) + (1- x )N P;,-(:c) 

_ (1- z)N-l ((1- x)PN(x) - NPN(x)) 

1That bi. longer two scale sequences. 
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and. from A.2. we obtain 

Since 

( N+k) (k + 1) 
k+l 

( N-l+k) (N+k)! 
(N + k) k = (k + 1) {k + l)!(N - l)! 

(N + k-1)! 
(N + k) k!(N - l)! = 0. 

we find that 

for z E [O, l] as required. I 

In light of Lemma A.l, we see that IH(w)l is a non-increasing function in the 

interval [O, ,r]. Since the h1.:, k = 0~ 1, ... 2N - 1, are real, the ftmction IH(w)I is 

even and 

IH(w)I > !H(11'-/2)1 == 1.2 (A.3) 

We can now prove the following: 

2The equality follows from the identities JH(n/2)1 = !H(31r/2)1 and IH(w)l 2 +IH(w + 1r)f == 2. 
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Lemma A.2 If cf, i...-r a Daubechies scaling function then 

(A.4) 

for all w E [ -1r. 1r] . 

Proof. A proof follows easily from a contradiction. Suppose that ~ has at least one 

zero w· E [ -1r. 1r J. We use the two scale equation to obtain 

and, since H(w) has no zeros in [-1r/2.1r/2J~ we conclude that ~(w·/2) = 0. We 

continue this process and find that 

for any p EN. Since~ is continuous. 

J(O) = 0. (A.5) 

However. </, is unimodular with J( 0) = 1 and A.5 is a contradiction. We conclude 

that ~ must sati~iy the inequality A.4. I 

We now turn our attention to the behavior of the function J for w near zero. 

Lemma A.3 If rp is a Daubechies scaling functionr then 

(A.6) 

where 

CN = ( 2(N - 1) ) . 
N-1 
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Proof. Recall that 

and .. since Q(O) = 1. it follows that 

Q(x) = 1- CN xN + O(xN+i). 
N 

(A.7) 

Let H(w) = 1/2 IH(w)l2
• Since H(w) = Q(sin2(w/2))~ we have 

il(w) = 1 - ;~w2N + O(w2N+2). (A.8) 

~(w) = H(w/2)if!(w/2) 

and the Leibniz rule for the differentiation of products yields 

which implies 

If we solve the above for ~<Pl(O), then we obtain 

In view of A.8. we can use A.9 to conclude that 
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for all p = 1. 2 ..... 2N - 1 and that 

H- (ZN)(O) (2N) 1C 
«J(2N}(Q) = ___ = • N 

4N -1 N4N(4N - 1) 

and therefore. 

.-.;.( ) 1 CN 2N 0( 2N+2) 
-r w = - N4N(4N - l)w + w , 

from which we obtain A.6. I 



Bibliography 

[IJ R. S. Anderssen. The linear functional strategy for improperly posed problems. 

volume 77 of International Series of Numerical Mathematics~ pages 11-30. 

Basel, 1986. Birkhauser. 

[2J N. Aronszajn. Theory of reproducing kernels. Transactions of the American 

Mathematical Society, 68:337-404. 1950. 

(31 M. Bertero. Regularization methods for linear inverse problems. In G. Talenti. 

editor. Inverse Problems. number 1225 in Lecture Notes in Mathematics. pages 

52-167! Berlin. 1986. Springer-Verlag. 

(4} G. Beylkin. On representation of operators in bases of compactly supported 

wavelets. SIAM Journal of Numerical Analysis, 6(6):1716-174. 1992. 

(5] G. Beylkin. R. Coifman! and V. Rokhlin. Fast wavelet transforms and nu­

merical algorithms I. Communications on Pure and Applied Mathematics. 

XLIV:141-183. 1991. 

[61 Ronald N. Bracewell. The Fourier Transform and Its Applications. McGraw­

Hill, New York. 1984. 

148 



BIBLIOGR.4.PHY 149 

[7} D. C. Chawpeney. A Handbook of F<J·urier ThefJrems. Cambridge University 

Press. Cambridge. 1987. 

(SJ Bor-Shen Chen and Chin-Wei Lin. Multiscale Wiener filter for the restoration 

of fractal signals: Wavelet filter bank approach. IEEE Transactions on Signal 

Processing~ 42(11):2972-2982, 1994. 

(9] Charles K. Chui. An Introduction to Wavelets. Academic Press. San Diego. 

1992. 

[10] A. Cohen and Ingrid Daubechies. On the instability of biorthogonal wavelet 

packets. SIAM Journal of Mathematical Analysis. 24(5):1340-1354. 1993. 

[11] A. Cohen and Ingrid Dauhechies. Orthonormal bases of compactly supported 

wavelets III. better frequency resolution. SIAM Journal of Mathematical Anal­

ysis~ 24(2):520-527! 1993. 

[12] Ingrid Daubechies. Orthonormal bases of compactly supported wavelets. Com­

munications on Pure and Applied Mathematics, VXLI:909-996. 1988. 

(13} Ingrid Dauhechies. The wavelet transform, time-frequency localization and 

signal analysis. IEEE Transactions on Information Theory1 36(5):961-1005. 

1990. 

[14] Ingrid Daubechies. Ten Lectures on Wavelets. SIAM" Philadelphia, 1992. 

[15] Stanley R. Deans. The Radon Transform and Some of lb Applications. Wiley. 

New York, 1983. 

(16] Joe DeStefano and Tim Olson. Wavelet localization of the Radon transform 

in even dimensions. preprint, July 1992. 



BIBLIOGRAPHY 150 

[17] .John W. Dettman. Applied Complex Variables. Dover. New York. 1984. 

[18} David L. Donoho. Nonlinear solution of linear inverse problems by wavelet­

vaguelette clecomposition. preprint. April 1992. 

(19] Patrick Flanclrin. On the spectrum of fractional Brownian motion. IEEE 

Transactions on Information Theory~ 35(1):197-199, 1989. 

(20] Gerald B. Folland. Fourier Analys-i.-:. and Its Applications. Wadsworth. Bel­

mont~ 1992. 

[21J C. W. Groetsch. Generalized Inverses of Linear Operators. Marcel Dekker. 

New York. 1977. 

[22] C. W. Groetsch. The Theory of Tikhonov Regularization for Fredholm Equa­

tions of the First Kind. Pitman Publishing~ London. 1984. 

[23] C. W. Groetsch. Inverse Problems ·in the Mathematical Sciences. Vieweg. 

Wiesbaden. 1993. 

[24] Christopher K Heil and David F. Walnut. Continuous and discrete wavelet 

transforms. SIAM Review, 31(4):628-666. 1989. 

[25] M. Holschneider. Inverse Radon transforms through inverse wavelet trans­

forms. Inverse Problems, 7:853-861, 1991. 

[26] Yitzhak Katznelson. An Introduction to Harmonic Analysis. Dover~ New York. 

1976. 

[27] Erwin Kreyszig. Introductory Functional Analysis With Applications. Krieger. 

Malabar~ 1989. 



BIBLIOGRAPHY 151 

(28} Wayne M. Lawton. Necessary and snfficient conditions for construcing or­

thonormal wavelet bases. Journal of Mathematical Phys-ics't 32(1):57-61. 1991. 

(29] L. P. Lebedev~ L I. Vorovich, and G. M. L. Gladwell. Functional Analysi..<.r 

Application..~ in Mechanics and [nuerse Prnblem,s. Kluwer, Dordrecht, 1996. 

[30] .Jun Liu. A multiresolution method for distributed parameter estimation. 

SIAM Jrnr.rnal of Scientific Computing. kak(2):389-405. 1993. 

[31] .Jun Liu. A sensitivity analysis for least-squares ill-posed problems using the 

Haar basis. SIAM Journal of Numerical Analysis, 31(5):1486-1496, 1994. 

[32J Jun Liu, Beatrice Guerrier, and Christine Benard. A sensitivity decomposition 

for the regularized solution of inverse heat conduction problems by wavelets. 

Inverse Problems, 11:1177-1187, 1995. 

(33] Jian Lu. Dennis Healy . .Jr., and John B. Weaver. Signal recovery and wavelet 

reproducing kernels. IEEE Tran..-:action..~ on Signal Processing. 42(7):1845-

1849. 1994. 

[34] Stephane G. Mallat. Multiresolution approximations and wavelet orthonormal 

bases of L2 (1R ). Transactions of the American Mathematical Society, 315( 1 ):69-

87, 1989. 

[35] Elias Masey. The wavelet transform of stochastic processes with stationary 

increments and its application to fractional Brownian motion. IEEE Transac­

tions on lnfomation Theory, 39(1):260-264, 1993. 

[36] Yves Meyer. Wavelets and Operators. Cambridge University Press. Cambridge. 

1992. 



BIBLIOGRAPHY 152 

[37] Yves Meyer. Wavelets: AlgfJrithrn....; ar,d Applications. SIAM, Philadelphia. 

1993. 

(38] Arch W. Naylor and George R. Sell. Linear Operafor Theory in Engineering 

and Science. Springer-Verlag, New York, 1982. 

[39} Athanasios Papoulis. Probability. Random Variables and Stochastic Pmcesses. 

McGraw-Hill. New York, 1991. 

[40] Sediki M. Riad. The deconvolution problem: An overview. Proceedings ,,f the 

IEEE, 74(1):83-85, 1986. 

[41] Mark J. Shensa. The discrete wavelet transform: Wedding the a trous and 

Mallat alorithms. IEEE Transactions on Signal Processing, 40(10):2464-2482. 

1992. 

(42] Jean-Luc Starek and Albert Bijaoui. Filtering and deconvolution by the 

wavelet transform. Signal Processi.ng, 35:195-211, 1994. 

[43] David Walnut. Applications of Gabor and wavelet expansions to the Radon 

transform. preprint, June 1991. 

[44] Gilbert G. Walter. Wavelets and Other Orthogonal Systems With Application..~. 

CRC Press, Boca Raton, 1994. 

[45] Gregory W. Womell and Alan V. Oppenheim. Estimation of fractal signals 

from noisy measurements using wavelets. IEEE Trano.ctions on Signal Pro­

cessing, 40(3):611-623, 1992. 

[46] Xiang-Gen Xia and M. Z. Nashed. The Backus-Gilbert method for signals in 

reproducing kernel Hilbert spaces and wavelet subspaces. Inverse Problems. 

10:785-804, 1994. 



BIBLIOGRAPHY 153 

[47] Robert M. Young. An Introduction to Nor1,harrnonic F011,rier Series. Academic 

Press. New York~ 1980. 

[48] .Jun Zhang and Gilbert G. Walter. A wavelet-based KL-like expansion for wide­

sense stationary random processes. IEEE Transactions on Signal Processi.ng, 

42(7):1737-1745, 1994. 




