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Abstract

In this thesis, we study the problem of correcting the error from a noisy Euclidean distance
matrix (EDM). An EDM is a matrix where elements are squared distance between points in RY.
We consider the special case where only one of the distance is corrupted.

We develop efficient algorithms to solve this problem, initially assuming that the points are in
general position, and solve the problem using three different types of facial reduction: exposing
vector, facial vectors, and Gale transform. Furthermore, we investigate yielding elements of an
EDM and develop an algorithm for identifying one small principal submatrix with the embedding
dimension d when many of the points are in a linear manifold of dimension smaller than d, allowing
us to handle a more general problem. We present numerical experiments implemented in MATLAB,
demonstrating the effectiveness of our solutions.
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Chapter 1

Introduction

A Euclidean distance matrix (EDM) is a matrix where each element represents the squared distance
between a pair of points in a Euclidean space. See Definition 1.1.1 below. This structure arises
in various applications. For example, in sensor network localization the distances between wireless
sensors can be measured when they are within a certain radio range. If enough distances are known,
the position of the sensors in the network can then be determined using only the information of
distances between the sensors, e.g., see [14,20]. Another application is molecular confirmation
where the distance between pairs of atoms are extracted using nuclear magnetic resonance, and the
distances can be used in determine the structure of the molecule, e.g., see [12]. These problems
fall into the area called distance geometry. Techniques in distance geometry have has also been
applied in machine learning, for example, in [29]. In machine learning, one can find an EDM in a
low embedding dimension to detect the low dimensional structure from high dimensional data sets
of images; and this is done while preserving the distance property between nearby images.

However, in practical scenarios, the data that populate these matrices can be noisy or incom-
plete, leading to inaccuracies that need addressing. This leads to the question being studied in this
thesis:

Suppose we are given n points in R? along with the distances between pairs of points but
with exactly one of the distances corrupted /noisy. Can we identify the pair of points
with the corrupted distance, and can we identify the magnitude of the noise?

Many related problems has been extensively studied. In [25], the fundamental result connecting
positive semidefinite matrices with Euclidean distance matrices is established. A closely related
problem is the Euclidean distance matrix completion problem (EDMCP), which focuses on filling in
missing or unknown distances in a partially specified EDM. If we know the corrupted entry, then our
problem can also be considered as an EDMCP. Classical results of EDMCP is studied [7]. Related
results are given in [1,06,17]. In [20], the EDMCP and its application to sensor network localization
problem is studied, and an algorithm is presented for solving EDMCP using facial reduction. Our
algorithm is largely based on the result presented in [20], and we discuss results from it in detail in
Section 3.3.1. In [22], the problem of locating the source of a single signal where distance between
other points to this node is noisy has been studied. Results from this study is applicable to sensor
network localization when the unknown node is a cellular phone and the other nodes are cellular
towers. This has application in situation such as emergency response. Our problem is applicable
to the case when the distance between one of the cellular tower and the phone is obstructed.



The special aspect of the problem we wish to solve is: firstly we do not know the position of
the corrupted entry, and secondly we wish to find the magnitude of the noise exactly.

1.1 Problem Description

For z € R?, we work with the Euclidean norm ||z|| := 1/ Z?Zl z?. The Euclidean distance between
two points z,y € R? is

Let S™ C R™ denote the set of n x n symmetric matrices.

Definition 1.1.1. D € S” is a Euclidean distance matriz (EDM) if
Ip1,---,pn € RY such that D;j = ||pi —ij2 Visje{l,---,n}. (1.1)

If D is an EDM , then the smallest d for which the above condition is possible is called the embedding
dimension. P := [pl pn]T is called the configuration matriz of D.

Let E™ C S™ denote the set of n by n Euclidean distance matrices.

Problem 1 (Find the position and magnitude of noise in an EDM with single corrupted element).
Let D € E" with embedding dimension d, and let n be much greater than d. Leti,j € {1,--- ,n},
i # 7, and € #0. Let E;; = eie? + ejeZT where e;, e; are the standard basis vector. Let

D, =D+ EEZ']'.

The problem being addressed in this thesis is

Given the noisy EDM D, and the embedding dimension d, find i,j and € such that
Dy, — eE;; 1s an EDM with embedding dimension d.

1.2 Main Contributions and Outline

In this thesis we provide a solution to problem of identifying the position and magnitude of noise
exactly in an EDM with a single corrupted entry with efficient algorithms. The main algorithms
appear in Chapter 4. We first solve the problem under an assumption that points generating the
original EDM are in general position in Section 4.1. Then, we relax this assumption and present a
modified algorithm in Section 4.2, that solves the problem in a more general setting.

In Chapter 2, we present the relevant background in convex geometry, linear algebra, and
semidefinite optimization.

In Chapter 3, we present the relevant theorems for solving the problem. Section 3.1 introduces
the classical results in the study of EDM. Section 3.2 introduces the concept of Gale transform,
and presents a way of identifying affine dependency using the Gale matrix. This section provides



the theoretical basis for algorithms presented in Section 4.2. In Section 3.3, we review some known
results in solving EDMCP using facial reduction techniques, that provides the theoretical foundation
for our algorithms, and connects Gale matrices with exposing vectors. In Section 3.4, we discuss
the concept of yielding, which addresses the issue of when our problem is unsolvable. We survey
results for matrix pencil (see Definition 3.4.2) and yielding interval of an EDM, and provide our
own characterization.

Finally, in Chapter 5, we analyse the theoretical runtime in Section 5.1. We implement the
algorithms in MATLAB, and we demonstrate the performance of our algorithms in numerical
testing in Section 5.2.

1.3 Preliminary Notation

Let S® C R™ ™ denote the set of n by n real symmetric matrices. For z,y € R™, the inner product

between z and y is (z,y) = Y i, 2;y; = 'y. The Euclidean norm is the distance induced
by this inner product. |[z| := \/(x,z). For matrices A,B € S", define the inner product as

(A, B) := trace(AB).

A Euclidean space is a finite dimensional vector space equipped with inner produce over the real
numbers. We use V to denote a Euclidean space. Let e denote the vector of all ones of appropriate
dimension, and let I represent the identity matrix.

For this thesis, we let D, € S™ denote the noisy EDM with exactly one noisy entry, and we
use d to denote the embedding dimension. We use i., j. to denote the corrupted index such that
ic < Je, and let € denote the noise such that D, —eF;_ ;. is an EDM with embedding dimension d.

For i,7,n € N with ¢ < j, we use [i : j] to denote the list i,7+1,--- , j, and we use [n] to denote
{1,--- ,n}. Let Z, J be lists of indices. We use the notation, [Z, 7] to denote the list of indices in
7 followed by the list of indices in 7.

Let A € R™"™ A submatrix of A is a matrix obtained by removing some rows and some
columns from A. Let Z, J be lists of indices with no repeated elements. We use A(Z,7) to denote
the submatrix of A using rows indexed by Z and columns indexed by J. Thus, A(Z,J) is the
submatrix obtained by deleting the rows with indices [n]\ Z, and deleting the columns with indices
[n]\ J. We use A(Z,:) to denote the submatrix of A with rows indexed by Z and all the columns.
Similarly, A(:, J) denote the submatrix of A with all the rows, and columns indexed by J.

A principal submatriz of A is a square submatrix obtained from A by deleting the same indexed
rows and columns. We use A(Z) to indicate a principal submatrix where both the rows and columns
are indexed by Z. Thus, A(Z) is the submatrix obtained by deleting rows and columns with indices
[n]\Z. In this thesis, if Z is a list of consecutive integers, so Z = ¢,i+1,--- ,i+ j for some i,j € N,
then we call A(Z) a consecutive principal submatriz. We introduce further notation as needed.



Chapter 2

Preliminaries

In this chapter, we introduce the relevant background in convex geometry, linear algebra, and
semidefinite programming.

2.1 Affine and Convex Sets

In this section, we introduce some basic definitions for affine spaces and convex geometry. For
reference, see the textbook[23].

A set A is affine if the line passing through any two points of A lies entirely in A. In other
words, for all z,y € Aand A € R, Ax+ (1 — \)y € A. All linear subspaces are affine sets, and affine
sets which contain the origin are linear subspaces of R".

If A C R" is an affine set and x € R™, then the translation of A by z, given by A+ 2z = {a+x :
a € A}, is an affine set as well. Two affine sets A, B are said to be parallel if B = A + z for some
rz e R™

Every nonempty affine set A is parallel to a unique linear subspace L given by L = {x — y :
x € A,y € A}. The dimension of a nonempty affine set is the dimension of the unique subspace
parallel to it.

Affine sets with dimension 0,1, and 2 are called points, lines, and planes, respectively. An affine
set with dimension n — 1 in R™ is called a hyperplane, and can be characterized as

H={x: (z,b) = 8}

for some 0 # b € R™, 8 € R. Every hyperplane may be represented in this way with b and 8 unique
up to a common nonzero multiple.

The affine hull of A, denoted by affhull(A) is the smallest affine set containing A, and can be
represented by

affhull(A) = {Zmizmz 1,ai€A,)\i€R,Z)\i:1}. (2.1)
i=1 =1

The vector sum y ;" ; A\;a; where > " | \; = 1 is called an affine combination of ay,--- , am.



A set of points {a1, - ,am} is affinely independent if dim(affhull({a1,--- ,amn}) =m — 1. We
say {a1, -+ ,am} is affinely dependent, if it is not affinely independent. Note that

affhull({a1,--- ,am}) = L+ ay,
where
L = afthull({0,a2 — a1, -+ ,am —a1}) =span({0,a2 — a1, -+ ,am — ar}).

Thus, {ai,---,an} is affinely independent if, and only if, {as — a1, ,am — a1} is linearly inde-
pendent. This connection implies that many facts about linear independence can be applied to
affine independence. For example, any m-dimensional affine set can be expressed as the affine hull
of m + 1 points.

There is another connection between affine independence and linear independence by the fol-
lowing proposition.

Proposition 2.1.1. Let ay, - ,a, € R™. {a1, - ,an} is affinely independent if, and only if,
{ <a11> Lo <a{n> } are linearly independent in R*H1.

Proof. {a1,--- ,an} is affinely dependent if, and only if, {as—ay,- - , a;,, —a1} is linearly dependent,
which is true if, and only if, there exists co, - , ¢ € R not all equal to zero such that

CQ(@Q —a1)+---+cm(am—a1) =0

= (—cg— - —cm)ar + a2 + -+ Cpay =0
m
<= decy, - ,cp not all zero, cia; + +coas + -+ - cpay, = 0, such that Zci =0
i=1
<= decy, -, ¢y not all zero, ¢ <a11) + ¢o <a12> +cm <a1m> =0,
which is equivalent to { (?) o (ain ) } is linearly dependent. O

Corollary 2.1.2. Let A CR" be nonempty, and a € A. Then,
dim(afthull(A)) = dim(span({a —a : a € A}) = dim (span <{ (T) ta € A})) -1

Proof. affhull(A)) = L+a where L = span({a—a : a € A}). Thus, dim(affhull(A4)) = dim(span({a—

a:a€ A}). We know that for any a,ay, - ,a, € R",
{a1 — @, ,any, — a} is linearly independent
<~ {a,ay, - ,ap} is affinely independent
— { <?) , <a11> o <ain> } is linearly independent,
by Proposition 2.1.1. Thus, {a1 — a,---,ar — a} is a maximal size linearly independent set in
span({a—a : a € A}) if, and only if, { <?> , <6111> R <le> } is a maximal size linearly independent

)



setinspen ({ (1) a4} ). T, dim(span(fa-a o € ap) = dim (span ({ (1) s a} ) )~

1. U

A set A CVis conver if for all z,y € Aand 0 < XA < 1, Az + (1 — A\)y € A. The convex hull of
A denoted conv(A) is the smallest convex set containing A and can be expressed as

conv(A) = {Z)\iai:mz 1,a,~€A,Z)\i:1,)\i20}. (2.2)

i=1 =1
The vector sum Ajaq + -+, Ama,, wWhere Z;L A = 1,); > 0 1is called a convexr combination of
at, -+, am.

Let C be a convex set, the relative interior of C is
relint(C) := {z € afthull(C) : 3 € > 0, B(z, ¢) N afthull(C) C C'},

where B(z,¢) :={y € V: ||z — y|]| < €} is the open ball centred at = with radius e.

A set K CV is called a cone if for all z € K and A > 0, Az € K. Note that some definition
only require a cone to be closed under positive scalar multiplication, but we will require the origin
to be in a cone as well. A convex cone is a cone that is convex. A set K C V is a convex cone if,
and only if, it is closed under addition and non negative scalar multiplication.

Let C be a convex set, a supporting hyperplane of C' is a hyperplane

H = {x:(z,b) =B},

with b # 0, where (z,b) > (3 for every x € C and H N C # (.

2.2 Background in Linear Algebra

Let V1,Vy be Euclidean spaces. For a linear transformation A : Vi — Vy, its adjoint is A* : Vo —
V1 such that
(A" (y), z)y, = (Y, A(x))yy , ¥V 2 € V1, y € V2.

Let V be a Euclidean space, and S C V. The orthogonal complement of S is
St={zeV:(r,s)=0VYse S}

For a vector a € V \ {0}, we also use a* to denote {z € V: (z,a) = 0}.

For S C V be an linear subspace, then (SL)J- = 5. Furthermore, V can be decomposed as
V=98@5t. Any x € V can be uniquely decomposed as x = xg + x5 where x5 € S, 251 € S*.
We define the orthogonal projection Pg onto S by a linear map such that Pg(z) = xg. The
orthogonal projection has property that Pg(z) = z if x € S, and Pg(x) = 0 if 2 € S*+. For
any orthogonal projection P, P = Prange(p), P = P2, P = P*, and I — P is the projection onto

range(P)*.



Proposition 2.2.1 (Fundamental theorem of linear algebra, [27]). Let A : Vi — Vg be a linear
transformation, then

range(A)" = null(4*) null(A)1 = range(A*),
and rank(A) = rank(A*).
Proof. Since y € range(A)* if, and only if, (y, Azr) = (A*y,x) = 0 for all x € V;, which occurs if,
and only if, A*y = 0. Similarly, = € range(A*)* if, and only if, (z, A*y) = (Az,y) = 0forally € Vs,
which occurs if, and only if, Az = 0. Therefore, rank(A*) = dim(Vz) — nullity(A*) = rank(A). O

Let X € S™, then all of its eigenvalues are real. Let A(X ) = [A(X), -+, A (X)]T denote the
vector formed by eigenvalues of X, where \j(X) > Ao(X) > --- > A\, (X) are the eigenvalues of X.

Let diag : S — R™ denote the linear map given by
diag(X) == [X11, -+, Xon) " .

Its adjoint is diag* = Diag : R™ — S™ given by

1 0 - 0
0 z --- 0
Diag(z) := S
0 0 - =z,

For every X € S", there exists orthogonal @ € R™*" (QTQ = QQT = I) such that
X = Q Diag(\(X))Q"

Moreover, we define the map Pr : S* — S,

The inverse image is

Pyl (A) == {A €8": A(Z) = A}.
The adjoint map is P7 : Sl — S given by

ifieZ,jel
otherwise.

2.2.1 Generalized Inverse

In this part, we introduce the concept of a generalized inverse, or the Moore-Penrose pseudoinverse.
For reference on generalized inverse, see [10)].

Definition 2.2.2 (Moore-Penrose pseudoinverse). Let A : Vi — Vg be a linear map. The Moore-
Penrose pseudoinverse of A denoted by Al is the linear map A! : Vo — V1 satisfying



1. AAT = Prange(A)
2. .AT.A - Prange(AT)

Every linear map A has a unique map A" that satisfy the above equations. Furthermore, the
generalized inverse of A can also be equivalently defined as the linear transformation At vV, 5V
such that ATz = 0 if z € range(A)*, and Afz = (A\rangC(A*))_l z if x € range(A).

Then, AA'z = 0 if 2 € range(A)*, and AATz = 2 if = € range(A). Similarly, AT Az = 0 if
z € null(A) = range(A*)+, and AT Az = =z if 2 € range(A*) = range(A').

In case of real matrices, we can calculate the Moore-Penrose pseudoinverse of A by the singular
value decomposition. Let A = UDV be the singular value decomposition of A, so D is a pseudo-
diagonal matrix. Then, the pseudoinverse of A can be calculated as AT = VI D'UT. DT is obtained
by replacing the nonzero entries in D with their multiplicative inverses.

The above definition was given by Moore in 1935. An equivalent definition by Penrose in 1955
is the map A" that satisfies the Penrose equations:

1. AATA = A

2. ATAAT = AT
3. AAT = (AAT)*.
4. ATA = (ATA)*.

Proposition 2.2.3. Let A : Vi — Vy be a linear operator. If A is injective, then Al is a left
inverse of A. If A is surjective, then Al is a right inverse of A.

Proof. If A is injective, then null(A) = {0} and range(A") = range(A*) = V;. Thus,
ATA =P nge(ary = Py, =1dy,,

where Idy, is the identity operator on V;. If A is surjective, then
AAT = Prange() = Py, = Idv,,

where Idy, is the identity operator on V. ]

2.2.2 Inertia and Interlacing Theorem

In this section, we introduce several useful results in matrix analysis. See [19] for a detailed reference
on the topic.

Definition 2.2.4. Let A, B € S™. If there exists a nonsingular matriz Q such that B = QAQT,
then B is said to be congruent with A, and we write A = B.

Definition 2.2.5 (Inertia). Let A € S™, the inertia of A is the ordered triple
H(A) = (4 (A), i (A), io(A),

where i1 (A) is the number of positive eigenvalues of A; i_(A) is the number of negative eigenvalues
of A, and ig(A) is the number of zero eigenvalues of A.

8



Theorem 2.2.6 (Sylvester’s law of inertia). A, B € S™ are congruent if, and only if, they have the
same inertia.

Definition 2.2.7 (Schur complement). Let A € S” and partition A as

B C
A=ler b

where B is nonsingular. D — CTB~1C is the Schur complement of B in A.

Let A be the same as in the above definition. Notice that

B Ccl_[ I 0][B 0 I B7'C (2.3)
¢ p| |cTB7! I]|0 D-CTBCc|l0 I |° '
~ |B 0
Therefore, A = [O D—CTBlC}

Theorem 2.2.8 (Eigenvalue interlacing theorem). Let A € S™ and partition A as

B C
A=ler )

where B € S™. Then for alli=1,---,m,

2.3 Semidefinite Optimization

In this section, we provide the definition for semidefinite optimization, and some facts about pos-
itive semidefinite matrices. Additionally, we introduce the well known structure of the positive
semidefinite cone. For reference, see the following textbook on semidefinite optimization [28].

A symmetric matrix A € S” is positive semidefinite if for all z € R?, 27 Az > 0. It is positive
definite if for all x € R™ such that = # 0, 27 Az > 0. We use S% and S, to denote the sets of
positive semidefinite and positive definite matrices in S™, respectively. For A, B € S", we write
A= Bif A— B e€S'. The set of positive semidefinite matrices is a cone of the vector space S".

B
CT
A is positive definite if an only if the Schur complement D — CTB~1C are positive definite. A is
positive semidefinite if an only if D — CTB~1C is positive semidefinite.

Proposition 2.3.1 (Schur’s complement theorem). Let A = [ g} , where B is positive definite.

Proof. This follows from equation (2.3). O

Proposition 2.3.2 (Proposition 1.11, [28]). For X € S, the following are equivalent

1. X is positive semidefinite;

2. \i(X) >0 for everyi € {1,--- ,n};



3. there exists p € R™, h) ¢ R" fori e {1,--- ,n} such that
X = Zﬂih(i)h(i)T;
=1

4. there exists B € R™ such that X = BBT;
5. for every nonempty J C {1,--- ,n}, det(X(J)) > 0;
6. for every S € ST, (X,S) > 0.

The number of nonzero eigenvalues of X € S'} is equal to the rank of X. In part 4., if rank(X) = r,
then there exists B € R™" such that X = BBT.

Let C' € S",b € R™, A : S" — R™ be linear. The semidefinite programming problem in
standard form is

(P) inf (C, X)
subject to A(X) =0 .
X>0
Its dual is
(D) sup o'y
subject to A*(y)+S=C .
S0

2.3.1 Faces of Sﬁ

If K CV is a convex cone, we say that F' C K is a face of K, denoted F' < K if F' is a convex cone,
and for all z,y € K such that x +y € F, we have that x,y € F. If F' # () and F' # K, then we say
F is a proper face of K, and de note it by F' < K.

For A C K, the minimal face of K containing A is denoted by facex(A). Sometime we may
drop the subscript and write face(A) if the context is clear.

F < K is an exposed face if F = K N H for some supporting hyperplane H of K. Thus, F is
exposed if there exists b £ 0 such that

F={zeK, (x,b)=0}.
In this case, we say that b exposes F', or that b is an exposing vector. Notice that
F=Knb"

A cone K is facially exposed if every face of K is exposed.

Proposition 2.3.3. Fori=1,---,n, let F; IS and suppose Y; exposes Fy. Then Y " | Y; exposes
N B

Proof. If X e NI | F;, then Vi€ {1,--- ,n},(X,Y;) =0, thus

10



Conversely, suppose for some X € S7, (X,> ", Y;) = 0. Since V;, X € S7, (X,Y;) > 0 for all i.
Thus,
(X,)Y;)=0Vie{l, - ,n}.

Therefore, N7 F; = {X € S : (X, ", Y;) =0}, and Y ;" | ¥; exposes N/, F}, as claimed. O

It is well known that faces of the positive semidefinite cone can be characterized by the null
space or the column space of matrices in the face. Some reference include [8,30]. The following
theorems list several properties about faces of the semidefinite cone. Proof can be found in [16,21].

Theorem 2.3.4. Let Q = [U V] € R™*" be orthogonal, where U € R™* and let
A0
F—US’;UT—{Q[O o] QT:AeS’;}.
Then F is a face of S™, and

1. F ={X €87 :range(X) C range(U)}.

2. F={X €8% :null(X) D range(V)}.

3. relint(F) = USk , UT = {X € S : range(X) = range(U)}.

4. F=S"NY"L forany Y € S with range(Y') = range(V'). Thus, Y is an exposing vector.
Theorem 2.3.5. Suppose F' IS", and X € relint(F). Let range(U) = range(X), range(V) =
null(X), @ = [U V] € R™™™ be orthogonal. Then,

F:US&UT:{Q[‘Q 8] QT:AeS’j;}. (2.4)

Thus, every nonempty face F' ISt has the form F = US’_T_UT for some U € R" . The face F
can also be written as St N YL, withY € S such that range(Y') = range(V). Thus, ST is facially
exposed.

Theorem 2.3.6. For any X € S, let k = rank(X), U € R™* be a full column rank matriz with
range(U) = range(X). Then we have

facegn (X) = USI_‘;U. (2.5)

U is called a facial vector for the face F = facegn (X).
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Chapter 3

Euclidean Distance Matrix

In this chapter we introduce the relevant results in the study of Euclidean distance matrices.

3.1 The Basic of Euclidean Distance Matrices

Recall Definition 1.1.1 that D € S™ is an EDM if there exists p1,--- ,p, in a Euclidean space such
that D;j = ||p; — ij2 for all 7, j € [n]. The embedding dimension d is the smallest integer d for the
above condition to hold.

Note that dim(afthull({p1,---,pn})) = d. If dim(afthull({p1,---,pn})) = dim(span({0,p2 —
p1, ,Pn—p1})) = k < d, then span({0,p2 — p1,- -+ ,pn — p1} is a Euclidean space with dimension
k. Thus, span({0,ps — p1,- -+ ,Pn — p1} is isomorphic to R¥, and we can embed py,--- ,p, in RF.

Let P = [pl pn]T be the configuration matrix for the EDM D. If PTe = Y1  p; = 0,
then we say P is centered.

Notice that if we translate all the points by the same constant vector, the EDM formed by them
remains the same. That is, if PT = PT — vel, then both P and P are configuration matrices for
D. In particular, if we let v := %PTe, then

_ 1
PTe=PTe - —Ple(ele)
n
= pPTe— "pTe
n
=0.

Therefore, without loss of generality, we assume that the configuration matrix of any EDM is
centered. The vector v = %PTe is known as the barycenter of the points.

3.1.1 Connection Between EDM and Positive Semidefinite Matrices

There is an interesting connection between EDMs and positive semidefinite matrices.

Definition 3.1.1. Let P = [pl pn}T. Then G := PPT is the corresponding Gram matriz.

Since PTe =0, we get Ge =0, i.e., G is centered.
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The Operator K
Note that G;; = plij. Let D be the EDM formed by P, then

2
Dij = |lpi — pjl|
=} pi +p] pj — 2, pj
=Gy + ij — QGij.
Therefore, we make the following definition.

Definition 3.1.2. The Lindenstrauss operator K : S — S™, is given by

K(G) := diag(Q)e! + ediag(G)T — 2G.

(3.1)

K is clearly linear. If D is an EDM with configuration matrix P, then X(PPT) = K(G) = D.

Let
= {X €S Xe=0}, Sj:i={XeS":diag(X) =0},

denote the centered subspace and the hollow subspace, respectively. Also define
De(X) := diag(X)el + ediag(X)T.
Hence, we can also write K as K(X) = D.(X) — 2X. The adjoint of K is
K*(X) := 2(Diag(Xe) — X).
Proposition 3.1.3. [/] We have
range(K) = S%, null(K) =range(D.), K(S¢) = S}.

range(K*) = null(K)* = S%  null(K*) = range(K)" = range(Diag).

Proof. We provide a proof here for completeness.

(3.2)

(3.3)

Let X € S". Then D.(X) = diag(X)e! + ediag(X)7, so diag(D(X)) = 2diag(X). Hence,

K(De(X)) = 2diag(X)el + 2ediag(X)T — 2(diag(X)e! + ediag(X)?) = 0.

Therefore, range(D.) C null(K). Furthermore, K(X) = 0 if, and only if, 2X;; = X;; + Xj; for

all 4,7. Thus, K£(X)
null(K) = range(De).

0 if, and only if, X = ze” + ex” where z = %diag(X ). This proves

For any X € §", K(X)i; = Xii + Xii — 2X;; = 0. Therefore, range(K) C S%. For any Y € S},

1 1 1 \"
IC(—2Y> = diag (—2Y> el + ediag <—2Y> +Y=04+0+Y =Y.

This proves range(KC) = SY.

Let Y € S7, consider v = £-Ye, and X = —3Y +ve? +ev”. Then K(X) = K(—1Y) +K(vel +
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evl) =Y + 0 =Y. Moreover,

1Y+ T4 en? 1Y+ Ly + L '
— = ve ev e —=—=—Ye n| —re el —re e
2 2 4n 4n
1 1 1
— — Ye+-Ye+ -Ye=0.
2 e+4 e+4 e=0

Thus, (—%Y +vel + evT) € S¢, proving K(Sg) = S
For any Y € S", K*(Y)e = 2(Diag(Ye) —Y)e = 2(Ye — Ye) = 0, so Sz D range(K*). By
Proposition 2.2.1, range(K*) = null(K)*. Hence, for any X € S% and Y € S,
(X, diag(Y)e” + ediag(Y)") = trace(X diag(Y)e”) + trace(Xediag(Y)")
= trace(e! X diag(Y)) + trace(Xe diag(Y)T)
=0

since Xe = e X = 0. This shows S% C range(D.)> = range(K*). Thus, range(K*) = S§ =

range(D,)*.

Additionally, we obverse that (X, H) = trace(XH) = 0 for all H € S}, if, and only if, X is a
diagonal matrix. Thus, null(K*) = range(Diag), O

The Generalized Inverse of

Now, we develop the generalized inverse for . Let

1
J=1- ﬁeeT (3.4)

be the projection onto e, the orthogonal complement of e.

Let offDiag : S — S™
offDiag(D) := D — Diag(diag(D)).
In other words,
. | Dy ifi#j,
offDiag(D)s; = { 0 ifi=j.

which is the orthogonal projection onto SY%;.

Proposition 3.1.4. The Moore-Penrose pseudoinverse of K is given by KT : S* — S" [1],
1
K'(D) := — 5/ ofiDiag(D).J. (3.5)

Proof. We include the proof for completeness, and demonstrate —%J offDiag(D)J is indeed the
generalized inverse of K.

First, we show IC]SEL and ICT|Sn are inverses of each other [1], [13].
H
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For X € S%,

JK(X)J = K(X) — %eeTIC(X) — %IC(X)eeT + %eeTIC(X)eeT
= (diag(X)e? + ediag(X)T — 2X) — (diag(X)el + ediag(X)T)
- %(diag(X)Te)eeT + %(diag(X)Te)eeT

=-2X.

Thus, KTK(X) = —3JK(X)J = X.

For Y € S,
1 1 1 1
KI(Y)=—= <Y — ~Yeel — —eelY + 2eeTYeeT>
2 n n n
1 1 1 1
diag(KT(Y)) = -3 (o ~~Ye- Vet nQ(eTYe)e>
1 1 7
= ﬁYe — W(e Ye)e.
Thus,
KKHY) = 2vee” = L (TYe)ee” + Leve)” — L e(™ye)e” —aki(y
V)= —Yee W(e elee’ + Ee( e) W@(e e)e (Y)

1 1 1
= Yeel + Zeely — —QeeTYeeT —2K1(Y)
n n n

=Y.
Therefore, K and K are inverses when restricted to their ranges. We have KK (X) = X for every
X € range(K*) = S&, and KKT(Y) =Y for every Y € SY,.

Next, Je = 0 so S§ 2 range(Kt), and the above calculation showed St C range(K'). Thus,
range(Kt) = SZ. By Proposition 3.1.3, S&* = null(K), thus for any X € SE*, KIKC(X) = 0.

Furthermore, for any Y € range(Diag) = range(KC)*, —3.J offDiag(Y")J = 0. Thus, KKT(Y) =0
for every Y € range(K)® = S} = range(Diag).

We have KK = Prange(x) and KK = Prange(kcty- By Definition 2.2.2, —%JoﬁDiag(D)J is
indeed the Moore-Penrose pseudoinverse of K. O

Moreover, note that KK = Prange(ict)y = Psp., K'K(X) = JXJ for all X € S™.

Proposition 3.1.5. [/] We have that K and K1 are bijective between E™ C S% and ST NSE. We

have
KH(E™) =St NSy, K(STNSE) =E" (3.6)

Let V e R™ (=1 he such that columns of V forms an orthonormal basis of e*. For every
matrix in X € S NS}, range(X) C range(V), thus, St NS} = VS V. Define Ky : 8! — 8"

Kv(X):=KWVXVT), (3.7)
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then Ky (ST71) = E™.
The following theorem connects EDM with the Gram matrix through the operator K.

Theorem 3.1.6. [17,25] A matriz D € S}, is a Euclidean distance matriz if, and only if, K1(D) €
S%. Moreover, the embedding dimension of D is given by rank(KT(D)).

3.2 (Gale Transform and Affine Dependency

In this section, we introduce the concept of Gale transform. Gale transform is important in the
study of convex polytopes [18], and is also valuable in the study of EDMs. In [3], the role Gale
transform plays in studying of EDMs is discussed in details. In addition, Gale transform provides
information about affine dependency between points in the configuration matrix.

Definition 3.2.1. Let D € E", and let d be its embedding dimension, P be its configuration matriz.
The Gale space of D, denoted by gal(D) is

| |
T DR
gal(D) := null <[€T]> = null p|1 p|” = null(PT) N null(e?). (3.8)
1 - 1

T
Since dim(afthull({p1,--- ,pn})) = d, by Corollary 2.1.2, [];p} has full row rank of d+ 1. Thus,
the dimension of gal(D) is n —d — 1.

Let G = KT(D) be the Gram matrix. Recall that G = PP?, so null(G) = null(PT). Thus, the
Gale space can also be defined in terms of the null space of the Gram matrix

gal(D) = null (L@D .

Definition 3.2.2. Let D € E". A n xn—d— 1 matrix N whose columns forms a basis of gal(D)
is the Gale matrixz of D. Let

N = :
T
The vectors ny,--- ,ny, are called the Gale transform of p1,--- , pp.
3.2.1 Affine Dependency
For p1,--- ,pn € RY, the Gale transform nq,--- ,n, encode information about affine dependency

among pi,- -, Pn.

Proposition 3.2.3. [J] Let ny,---,n, € R" %1 be Gale transforms of p1,--+ ,p, € R%.  Let
S C [n] such that |S| =d+1, and let S = [n]\'S. Then, {p; :i € S} is affinely dependent if, and
only if, {n; : i € S} is linearly dependent.
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Theorem 3.2.4. Let n > 3, and let D € E™ with embedding dimension d < n — 2. Let N, P be a
Gale matriz and a configuration matriz of D such that PTe = 0. Then the following hold.

1. If n; =0 for some i € [n], then p; # 0 and p; ¢ afthull{p1,--- ,pn} \{pi}) [/
2. If pi & affhull({py, -+, pn} \ {pi}). then n; =0.

3. Let T ={i € [n] : n; =0}, then {p; : i € I} is linearly independent.

Proof. 1. Suppose for the contrary that n, = 0 but p; € afthull({p1,--- ,pn} \ {p:}). Without
loss of generality, suppose ¢ = 1. Then there exists Ao, -+ , A, such that

i)

Thus, (1,2, ,A\p)T € null <[]911 pl"]> Hence there exists 0 # p € R* 41 such
that Ny = (=1, 2, ,A\,)?. However, in the first row, nf = 07y = 0 # —1, which is a
contradiction.

Further suppose for contradiction that p; = 0. Then, since P is centered, > ; p; = 0. Thus,
p1=0=pa+ -+ py, implying p; € afthull({p2,--- ,pn}) which is a contradiction.

2. Suppose p; is not in the affine hull of {p1,--- ,pp} \ {pi}. If for (A1, -+, An) #0,

A1
_|P1 - Dn .
0= [1 1] S
An
then
. |Pi Pk
0=\ M +Z)\k L} .
k#i
This implies A\; = 0. Otherwise, we can write p; as an affine combination of {p1,--- , pn} \{p:i}.

Thus, the ith row of the Gale matrix must be zero, which correspond to n; = 0.

3. Let Z = {i € [n] : n; = 0}. If |Z| = 1, then the claim is proven by 1., so assume |Z| > 1.
Without loss of generality, suppose nq,--+ ,n, =0 and nyy1,--- ,ny, #0. By 1., p1,--+ ,pr #
0. Suppose for contradiction that {pi,---,p,} is linearly dependent. Thus, there exists
A1, A2,- -+, A not all zero such that),_; \gpr = 0. Without loss of generality, suppose
A1 # 0. Additionally, PTe = 0 so Y_7_, pr. = 0. Therefore, for any 8 € R,

0="> Mpr+ B>
k=1 k=1
=0=>_(B+MJor+ >, Br
k=1 k=r+1

Let 2 = (B+ A, -, B8+ A, B3, ,B)T, s0 PTx =0. eTx:nﬁ—i—EZ:l)\k.
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T
Let 5 = —% > k1 Ak, then ez =0,and z € null <[€T] > . Therefore, there exists y € R?~4~1

such that Ny = 2. Foralli =1,---,r, 0 = (n;)"p = x; = B+ \;. Hence, )\; = %271;:1 Ak
for all ¢ = 1,--- ,r, which is only possible if \; =0 for all ¢ = 1,--- ,r. However, Ay, - -, A,
are not all zero, leading to a contradiction

O]

3.2.2 General Position

Next, we introduce the concept of general position. The assumption of general position can signif-
icantly simplify the problem we are aiming to solve.

Definition 3.2.5. p1,--- ,p, € R? are in general position if every d+ 1 of these points are affinely
independent. An EDM D € E™ with embedding dimension d is said to be in general position, if the
points generating D are in general position in RY.

For example, if d = 2, then py,--- ,p, are in general position if no 3 points are on a line.

Proposition 3.2.6. p,--- ,p, € R? are in general position if, and only if, for all k < d+1, and

dim(affhull({p; : i € S}) =k -1

Proof. Suppose for contradiction, for some k < d+1, S C {p1,- - ,pn} with |[S| = k, dim(affhull({p; :
i € S}) <k —2. Without loss of generality, let S = {p1,--- ,pr}. Let T = {ps,, -+ ,Dtys_} C
({p1,--- ,pn} \ S). Consider SUT, [SUT| = d+ 1. dim(affhull{ps, - ,pr, Pty -, Ptasr_1}) <
k—2+(d+1—k)=d— 1. Therefore, {p1, -+ ,pn} is not in general position. O

Proposition 3.2.7. pi,--- ,p, € R? are in general position, if, and only if, every square submatriz
PT] : : - L : .
of LT} is nonsingular. Furthermore, if D € E" is in general position in R®, if, and only if, for

every I C [n] such that |Z| > d+ 1,

rank(KT(D(T))) = d.

Proof. The first claim follows from the definition of general position and Proposition 2.1.1. For
the second claim, by Theorem 3.1.6, rank(K(D(Z))) is the embedding dimension of {p; : i €
T}. If rank(KT(D(Z))) < d, then {p; : i € T} can be embedded in a lower dimension, implying
dim(afthull({p; : i € T})) < d, so {p1,--- ,pn} is not in general position. O

Proposition 3.2.8. [2] Let D € E™ with embedding dimension d < n — 2. Let N be the Gale
matriz of D. Then D is in general position if, and only if, every submatriz of N with size n—d—1
s nonsingular.
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3.3 Euclidean Distance Matrix Completion Problem

A matrix D is a partial Euclidean distance matriz if every entry of D is either specified or un-
specified, and every fully specified principal submatrix of D is an EDM. We can associate a
weighted undirected graph G = (V, E, w) with the partial EDM D € S", such that V.= {1,--- ,n},
E = {(i,j) : i # j, Dy is specified}, and w;; = /Djj. Let H be the adjacency matrix of the
graph, so that H;; = 1 if D;; is specified, and H;; = 0 otherwise. The Fuclidean distance matrix
completion problem (EDMCP) is

find D cE"
st. HoD=HoD

where o is the entry wise Hadamard product. We can also formulate this problem as

find G €S} NS
st. HoK(G)=HoD "

A natural question to consider is when does a partial EDM admit a completion. It has been
shown by Bakonyi and Johnson [7] that any partial EDM with a chordal graph can be completed to
an EDM, and every nonchordal graph has a partial EDM that does not admit any EDM completion.
Note that a graph is chordal if every cycle of the graph with length at least four has a chord.

If we restrict the embedding dimension of the completion, and ask whether there exists an EDM
completion with embedding dimension d, then the low dimensional EDMCP is

find D e E"
st. HoD=HoD .
embdim(D) = d

The low dimensional EDMCP is NP-hard [24].

EDMCEP is closely related to the problem we are trying to solve. If we know the position of the
error, then the problem can be modelled as a low dimensional EDMCP.

3.3.1 Solving EDMCP Using Facial Reduction

The technique of facial reduction is pioneered by Borwein and Wolkowicz [9]. Let (P) be a standard
semidefinite optimization problem. Suppose we can find the minimal face F' containing the feasible

region of (P). Then, we can modify (P) into the new problem (P) : inf{(C, X) : A(X) =b,X € F},
thus reducing the dimension of the problem.

In general, the minimal face containing the feasible region is hard to identify. However, the
special structure of EDMCP allow us to identify the minimal face containing positive semidefinite
matrices where entries of some principal submatrices are specified. If we consider the graph as-
sociated with the partial EDM, then every fully specified principal submatrix is a clique in the
graph.

Let D € E", and G = KT(D) € S NSZ. By Theorem 2.3.5, we can write face(G) = USLUT =
Stnz L. For simplicity, we say U is a facial vector for G or U is a facial vector for D to mean
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face(@) = face(KT(D)) = USLUT. Similarly, we say Z is an exposing vector for G or for D to
mean Z is an exposing vector for face(G) = face(KT(D)).

Recall that when V € R™"~1 is chosen so that [V e] is orthogonal. We have that

Sg NSt =vstvT = KH(E™).

Facial Vector Approach

The following results presented in [20] give an approach to solving EDMCP by building a facial
vector from intersecting cliques.

Theorem 3.3.1 (Single Clique Facial Reduction. Theorem 2.3,[20]). Let D € E",d = embdim(D),Z =
[1: k], and D = D(Z), t = embdim(D). Let

G = KN(D) = UaSUE,

where S € Sﬁr+, Ug € RExt, UgUG = I;. Furthermore, let Ug = [UG ﬁe}, U= {U(v)G IO } and
n—=k
[V ﬁ] € ROkttt x(n=k+t+1) pe gn orthogonal matriz. Then
face (/CT (P7Y(D) N ]E")) - (UST’W“UT) NSE = (UV)ST UYL, (3.9)

Thus, UV is a facial vector for the minimal face of all EDMs D with the D(Z) = D.

When the intersection between two principal submatrices has embedding dimension d, we can
find the facial vector for the intersection of the two faces efficiently.

Lemma 3.3.2 (Lemma 2.9, [20]). Let

d+1 s s1  d+1
d+1 d+1
o T I I I A
1 s2 2 s 0 I s9 0 U

be appropriately blocked with U, UY € R¥>*HD il column rank, and range(U}) = range(UY).
Furthermore, let

d+1 d+1
" U; s« [ Uity
Up:= k ! , U= &k Uy : (3.10)
w [ U)oy 2 Us

Then, Uy, Uy are full column rank and satisfy
range(U;) N range(Us) = range(U;) = range(Us).

Moreover, if eq11 € RI*L s the (d + 1)th standard unit vector, and Ujeqy1 = aze for some a; # 0
fori=1,2, then Ujeqr1 = e, fori=1,2.

20



Theorem 3.3.3 (Theorem 2.7, [20]). Let D € E™ with embedding dimension d. Let
7, =[1: ]514—]52], Iy = [kjl—f-l:k?l—l—k/jg—{—]{:io,] C [n],

ki=|Ti| = ki + ko, ke =|Ta| =ka+ ks, k=|T1 UL| = k1 + ko + k3.

Thus, D(T1), D(Z2) are two intersecting principal submatrices, where the intersection is D([k1+1:
k1 + ka]).

Fori = 1,2, let D; = D(I;) € EF with embedding dimension t;. Let G; = K'(D;) = UiSZ-UZ-T,
where U; € RFixti g orthogonal, and S; € SZLF. Let U; = |:Ui \/%6]. Let t and U € RF*(t+1)
satisfy UTU = 1,41, and

range(U) = range <[U01 I(;D N range <[Igl [ﬂ) . (3.11)

voo ] e Rx(n—kt+t+l) gng [V ”g—igd e ROkttt x(n—k+t+1) pe orthogonal. Then

Let U = [0 Ik

M2, face KT(PL(D;) NE™)) = (USTHMUT) NSy = (UV)STH V)T (3.12)

Lemma 3.3.4. [20] Let the hypothesis of Theorem 3.3.3 hold. Let G = KI(D(Z; N 1y)), and
suppose rank(G) = d. Since embdim(D(Z1 NZy)) = d, embdim(D;) = embdim(D3) = d as well, so
U; € RF*d for i =1,2. Partition Uy,Us as

d+1 d+1

L k1 U{ ke U;
v = b [U{ ],UQ._kg [Ué ,

Then, U{', UL have full column rank, and range(U;") = range(UY).

Let d be the embedding dimension of D € E", and let Z;,Z> C [n]. If the intersection D(Z; NZs)
also has embedding dimension d, we say the intersection is rigid. When the intersection is rigid,
there is a unique completion for D(Z; U Zy), and the following theorem provides a method of
determining it.

Theorem 3.3.5 (Nonsingular Facial Reduction with Rigid Intersection. Theorem 2.10, [20]). Let
the hypothesis of Theorem 3.3.3 hold. Let

ICTinT,, D=D(I), G=K'(D), U =U(Z,),

[/ UTe

where U € RF*HD) satisfy (3.11). Let {V W} e READXEY) pe orthogonal. Let

_ _ T
R:= (JUV)G ((JUIV)*) . (3.13)
If the embedding dimension for D is d, thent=d, R € Si+ is the unique solution of the equation

(JULV)R(JULV)T = @G, (3.14)
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and

D(TyUT,) = K (UV)R(UV)T). (3.15)

The following corollary shows if we know the minimal face of S’ N S containing K1(D), then
we can recover D by solving a small equation using a principal submatrix of D with embedding
dimension d. Result of this corollary is used extensively in our algorithm.

Corollary 3.3.6 ([20]). Let D € E™ with embedding dimension d. Let Z C [n] such that |Z| > d+1,
and D(I) has embedding dimension d. Let Gz = KI(D(Z)). Let V be a centered facial vector for
D, so KI(D) =V ZVT for some Z € Ri+. Let V1 =V(Z,:). Then,

(JVZ)R(JVr)T = Gy

has a unique solution R € S?IH, with R = Z. Thus, D = K(VRVT).

Proof. The corollary follows from Theorem 3.3.5 by letting Z; = Zy = [n]. We also provide a direct
proof.

Since V is the facial vector for G, range(G) = range(V), and PPT = G = VZV7T for some
Z € S‘i . Let Z = SST then P = VS gives a centered configuration matrix for G. This is a
consistent but overdetermined system. Consider only the rows corresponding to Z, then

P(Z,:) = VzS5.

We have range(P(Z,:)) = range(Vz), since S is nonsingular. rank(P(Z,:))) = rank(Vz) = d, thus
the system P(Z,:) = Vz.S has a unique solution, which is also the solution to P = V'S. Let S be
this unique solution. Clearly, it is also a solution to

JP(T,:) = JVZS.
Notice that
JP(Z,:)P(Z,:)"J = Psy,(P(Z,:)P(Z,:)")
=Gr.

In other word, JP(Z,:) is a centered configuration matrix for D(Z).

Let Gz = PrP} so Pr is any centered configuration matrix for D(Z). We show the system
P7r = JVzX has a unique solution. rank(Pr) = rank(Gz) = d, and we show nullity(JVz) = 0. If
for some y € R?, y € null(JV7),

T
.
TVry =0 = Vgy = 2

€.

Since rank(Gz) = d, there exists d + 1 points in Z such that the dimension of their affine hull is
d. By Corollary 2.1.2, rank ([P(Z,:) e]) = d+ 1, therefore, e ¢ range(Pr) = range(Vz). Hence,
y = 0, rank(JV7) = d as well. Therefore, the system Pr = JVzX has a unique solution.

In particular, this shows JP(Z,:) = JVzS and P(Z,:) = V7S has the same unique solution S.
Furthermore, this shows JV7 is injective, so (JVz)! is a left inverse of JVz. Thus, (JV7)T is
surjective and ((JV7)T) is a right inverse of (JV7)T.
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Now, let @ be the unique solution to Pr = JVz X, then
Gr = PrP} = JVIQQ"V1 J,
hence
QQ" = (JVr)iGz(V{ ).
On the other hand, JP(Z,:)P(Z,:)TJ = Gz, and JP(Z,:) = JV7S , thus,

QQT = (Jvp)'JP(Z, )P, )T JVENT = (Jvg) T (Jvp)SST(VENVEN)T =887 = Z.

Let R = QQ", then R = Z. Hence, we can recover D as D = K(VRVT). O

If Dz, and Dz, are two intersecting blocks that are specified and the intersection has embedding
dimension d, then, using Lemma 3.3.4 and Lemma 3.3.2, we can efficiently determine a U satisfying
(3.11) in Theorem 3.3.3. Thus, we can compute a facial vector for Dz, 7, from facial vector of Dz,
and Dz,. Then, using Theorem 3.3.5, we can uniquely complete Dz, z,.

Exposing Vector Approach

Another approach to solving EDMCP with facial reduction is to consider the exposing vector instead
of the facial vector. An algorithm for solving EDMCP adding exposing vectors from overlapping
cliques was presented in [14], Algorithm 1.

Theorem 3.3.7 (Theorem 4.12, [15]). Let D € E",d = embdim(D),Z C [n], k = |Z|, and
D = D(Z). Then, for any matriz Z exposing faceS’imS’g (KT(D)), Pi(Z) exposes

facess sy, (/CT(P;(D) N IE”))
where [P3(Z)]ij = Zij for alli,j € I, and 0 otherwise.

Recall Proposition 2.3.3 that for F; IS7, if V; exposes F;. Then )", Y; exposes NI Fj.

Let D € E™ with embedding dimension d, Z1,Zo C [n]. For i = 1,2, let D; = D(Z;), G; =
K1(D;), and face(G;) = Slfil N Slgil N Zt. Let F; = face ICT(PEil(Di) NE™)), and let Z; be centered
exposing vector for F;. Then, Z; 4+ Z5 is a centered exposing vector for Fi N Fs.

Let V' be orthogonal, full column rank, and span null( [Z e]T). We find the completion for
D(Z, UZy) by solving for the optimal solution for

win || Hr,uz, © K(VRV') = Hr,ur, o D||. (3.16)

If the intersection D(Z; NZy) is rigid, the solution to (3.16) is unique. Theorem 3.3.5 demon-
strated that we can explicitly find the unique completion D(Z;NZy), and we can find the completion
by solving a small system of equations using Corollary 3.3.6.

Therefore, we can building an exposing vector for D by adding up exposing vectors from over-
lapping cliques. Then, we can find the centered facial vector V' for D, and we have an efficient way
of uniquely determining R = QQT € RY | such that D = K(VRVT).
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Gale Matrix Approach

Theorem 3.3.8. Let D ¢ E*, G = K(D). If N is a Gale matriz for D, then Z = NN7T is a
centered exposing vector for G. Conversely, if Z is a centered exposing vector for G, then for any
factorization Z = NNT, N € R™*"=4=1 N is a Gale matriz of D.

Proof. A centered exposing vector for G is a matrix Z € St N S{ such that GZ = 0,Ze = 0.
Factor Z = NN then range(N) = null(G) N null(e) so N is a Gale matrix of D. On the other
hand, by definition, range(N) = null(G) Nnull(e”), thus NNT € 7, NNTG = 0, and NN”e = 0.
Therefore, NNT is a centered exposing vector of G. O

Theorem 3.3.9. Let D € E" with embedding dimension d, Let T1,Zs C [n], such that embdim(D(Z1N
Ty)) =d. Let |Iy| = k1, |Zo| = ko and |Z) N Is| = k.

k1—d—1 ko—d—1
_ki—k A ok C
M=", [ B ]’ Nz_kg—k;[ D }

be Gale matrices of D(Z1) and D(Zs) respectively. Then,

ki—di—1 kyp—d—1
k1—k A 0
N= & B C
ko—k 0 D

is a Gale matriz for D(I; UTIy).

ky—d—1
. k1—k A . .
Proof. Since N; = . B is a Gale matrix for D(Z;),
AAT  ABT
7= NNy = [BAT BBT}
is an exposing vector for D(Z;). Similarly,
cct op?
_ T _
22 =DNaly = [DCT DDT}

is an exposing vector for D(Zy). By Theorem 3.3.7, and Proposition 2.3.3,

ki ko—k kik ko Pk F ko =k
Ky Zi 0 k1—k 0 0 bk [ AAT ABY 0 T
o [ 0 0 ]+ . [ 0oz ]: k BAT BBT+ccT c¢DT | =NN
> ’ 2 ko —k 0 DCT DDT

is an exposing vector for NZ_, face (lCT(Pil(D(Ii) N IE")) Since the overlap is rigid, N is a Gale
matrix for D(Z; UZy). O
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3.4 Yielding Entry of an EDM

In order to consider the question of identifying the corrupted entry in an EDM, we must consider
the question of whether perturbing the value of one entry will cause a proper EDM to not be an
EDM. Let D € E", e € R, and 4, j € [n]. Recall that E;; = eie? + ejel. If for the corrupted entry
i,J, Dp = D + €eE;; remains a proper EDM of embedding dimension d, then we cannot distinguish
the corrupted EDM from a proper EDM. Then, the problem of recovering i,j and € cannot be
solved.

Definition 3.4.1. Let D € E", i,j € [n]. Let l;; < 0,u;; > 0 be two scalars such that D + eE;; is
an EDM if, and only if, l;j < € < ui;. The entry Dyj is called unyielding if l;; = u;; = 0. Otherwise,
the entry D;; is called yielding. If every entry of D is unyielding, we say D is unyielding. If any
entry of D is yielding, we say D is yielding.

3.4.1 Positive Semidefinite Interval of a Matrix Pencil
First, we introduce the concept of a matrix pencil. The question of when an entry is yielding is
also related to the question of when a matrix pencil is positive semidefinite.

Definition 3.4.2. Let A, B € R™*", the matriz pencil is the function t — A+tB, t € R.

When A > 0 and B is rank 1 or 2, the positive semidefinite interval for the matrix pencil A+tB
is studied in [11]. The positive semidefinite interval for the matrix pencil A + ¢B in a wide range
of cases is summarized in [20].

Theorem 3.4.3. [11] Suppose rank(B) < 2. Without loss of generality, we can suppose B =
wul 4+ Xvv?, X = —1, 0, or 1. Let the positive semidefinite interval be [l,r], so A+ tB = 0 if and
only if t € [l,r].

1. If A\=0, or 1.
(a) If u € range(A) and v € range(A), then

2
—uTg — Ty — \/(uTx —oTy)2 + 4(uTy)2’

l:

r = +00.
where x,y € R™ such that Az = u, Ay = v.
(b) If u & range(A) or v & range(A), then | =0, r = +oc0.
2. If A= —1.
(a) If u € range(A) and v € range(A), then

2

I= ,
—uTx — 0Ty — /(uTz + vTy)2 — 4(uTx)?

2
—uTx 4+ 0Ty + /(uTx +0Ty)2 — 4(ulz)2
where x,y € R™ such that Az = u, Ay = v.

rT =
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(b) If u € range(A), v & range(A), then | = —ule, r =0, where x € R" such that Az = u.
(c) If u & range(A), v € range(A), then I =0, r = U%, where y € R™ such that Ay = v.
(d) If u & range(A), v & range(A), but v € range ([A u]). Let x € R", a € R such that
Az + au =v. Then,
l-a?=0=1=r=0.

1—a?

2 _ _
11—« >0:>l—0 andr—m.

2

1—a? l=—————— andr=
o’ < 0= (UT—ozuT)x and r

(e) If u & range(A), v & range(A), and v ¢ range ([A u]), thenl =1 =0.
In our case, let D € E™ with embedding dimension d, i, j € [n], let
D(e) := D + eEy;.
Let Gg = Kf(E;;), and define the matrix pencil
G(e) = KT(D(e)) = G + €Gp. (3.17)

D(e) € E™ if, and only if, G + eGg is positive semidefinite. This is a rank 2 update of G. However,
we also have the additional condition that the rank of G + ¢G g remains d.

3.4.2 Yielding Interval of an EDM

Next, we present result from [1] that characterizes yielding entries of an EDM using concepts from
Gale transform.

Lemma 3.4.4 (Proposition 2.2, [4]). Let a and b € R? be two nonzero, nonparallel vectors, d > 2.
Let X = ab” 4+ ba”, then X has one positive eigenvalue \; and one negative eigenvalue \g, where

A =aTb+ |la| ||bl], Aa=aTb—|al 0] .

Theorem 3.4.5 (Theorem 3.1,[1]). Let D € E™ with embedding dimension d =mn — 1. Then every
entry of D is yielding.

Theorem 3.4.6 (Theorem 3.2, [1]). Let D € E™ with embedding dimension d < n — 2. Let
ni,--- ,n, be Gale transforms of generating points of D. Then, entry Dy is unyielding if, and only
if, ny is not parallel to n;.

If ng and n; are parallel, then there are two cases: ny = n; = 0 or np # 0 and n; # 0. If
ng = n; = 0, then Theorem 3.2.4 implies py # 0,p; # 0, {pk,pi} is linearly independent, and

Pk, D1 ¢ aﬁ'huu({ph e 7pTL} \ {pkapl}) ThlS anhes dlm(aﬁhull({plu e 7pn} \ {pk7pl})) == d - 2.
All but two points lie in a affine space of dimension d — 2 comes into effect in Theorem 3.4.9, when

we characterize yielding entry but add the additional requirement that the embedding dimension
of the EDM does not change.

The following theorem characterizes the yielding interval.
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Theorem 3.4.7 (Theorem 4.2 & Theorem 4.3 [1]). Let assumption of Theorem 3.4.6 hold, and
further let S = P(PTP)~', where P is the configuration matriz of D. Let s;fp be the ith row of S.

1. If np = n; =0, then the yielding interval of Dy is given by

2 2
22 e
where A1 = s si + ||skll |sill, Aa = st st — llsell [[sil]-

2. If ng,ny are both nonzero and ny = cn; for some nonzero scalar ¢, then the yielding interval
of Dy is given by

4fc|

—4
o] e o ma ot
| sk — s

ISk —csl||27

] if ¢ <0. (3.19)

Theorem 3.4.8 (Corollary 3.2, [1]). Let D € E"™ with embedding dimension d <n —3. If D is in
general position in R, then every entry is unyielding.

3.4.3 Yielding Interval with Fixed Embedding Dimension

Note that in the definition of yielding, D + eD;; is not required to stay at the same embedding
dimension. We further characterize the condition for G(e¢) = G + eGEg to not only be positive
semidefinite, and also rank(G(e)) = d.

Let D € E" with embedding dimension d. If for some i, j € [n], there exists an interval (—d, )
with 6 > 0 such D + eD;; is an EDM with embedding dimension d for all € € (—4,0), then we say
D;j is yielding with fized rank. If for all i # j € [n], D;; is not yielding with fixed rank, then we
say D is unyielding with fixed rank.

Theorem 3.4.9. [5] Let D € E™ with embedding dimension d < n — 2. Let e > 0. Let G =
KH(D) = QAQT be the Gram matriz with its spectral decomposition. Suppose

0 0
A= [o A+],A+€Si+.

Let Gg := ICT(EZ-]-), and define
— Gu G
Gp=Q"GpQ= |7 7|,
b= @eRe [GF{Q GZQ]

where Gay € S%.

Ay + €Gao = 0 if, and only if, T + eAil/ZéggAllﬂ = 0. Let

1 1
I.=|- Ty — (3.20)
( AmaX(A+1/2G22A+1/2) )\rnin (A+1/2G22A+1/2) )

where a zero in the denominator results in —oo /+oo for the left/right bound of the interval. Define
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the EDM condition:

ecl. and e (C_}’ll — eG1o (A+ + 6@12)_1 @21) = 0. (3.21)
Then:

1. If the EDM condition holds, then
D(e) € E", embdim(D(e€)) > d. (3.22)
If GH =0 or GH — 6@12(A+ + 6@22)_1621 =0, then

D(e) € E", embdim(D(e)) = d. (3.23)

2. Suppose there exists 0 € Ry such that for all € € (—9,9),
D(e) € E", embdim(D(e€)) = d.

Then the configuration matriz P of D has n —2 > d points that are in a linear manifold L of
dimension d — 2. Furthermore, the yielding entries i,j correspond to the two points outside
the linear manifold.

Proof. We define the matrix pencil G(¢) = G+ €eGg, where Gg = —%J E;;J. An orthogonal pair of
eigenvector of E;; is e; + e; and e; — e; with eigenvalues 1 and -1 respectively. JE;J = Pgré (Eij),
thus JE;;J and Gg = —%JEUJ also have exactly two nonzero eigenvalues, one with a positive
eigenvalue and another with a negative eigenvalue. Specifically, G has two orthogonal eigenvectors

€ij = € — €5, €ijc = %6 — (ei + ej),

and their corresponding eigenvalues are

1 2—k

By Theorem 2.2.6 and Theorem 2.2.8, Amax (A7 *GoaAT"?) > 0 > Apin(AS/?GoaAT"?). There-
fore, 0 € I. Clearly,

1/2

e€l. — T+er;?GpA? =0 « Ay +eGa >0,

and
G+eGp=QAy +eGp)QT =0 < A+¢Gg = 0.

1. Suppose € and G satisfy the EDM condition:
e € I and ¢ (Gry — Gz (As +€Go) ' G ) = 0.
By Schur’s complement theorem (Proposition 2.3.1),
€ (@11 — eGra(Ay + eégg)_légl) =0 <= G(e) = 0.
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Therefore, G(€) = 0, and rank(G(€)) > d, implying (3.22).
Furthermore, by (2.3).

- _[eGun €Gro
At eGp = |:€G{2 A+ + €G22:|
~ € (éll — 6@12 (A+ + 6@12)_1 (_;21> 0
0 A+ + 6022

Suppose (6711 —eG1a (A+ + 6@12)_1 @21> = 0. Since rank(A, + €Ga2) = d, we have

rank(A + eGg) = d.
Similarly if G11 = 0, then G2 = 0, so we get rank(A + eGg) = d as well, proving (3.23).

. Suppose there exists 6 € Ry such that for all € € (=6,0), D(e) € E", and embdim(D(e) = d.
This is equivalent to
G+ €eGg = 0, rank(G + eGg) = d.

We wish to show this implies that range(Gg) C range(G). Recall that

€ (GH — 6@12 (A+ + 6@12)71 621) 0

A-l-GGEg _
0 A++€G22

Since rank (A + eGao) = d, so if rank(A + eGg) = d, we need
rank (e ((_?11 — eG1o (AJ,_ + g@lz)—l (—;21)> =0.

Thus, it must be that (C_?n —€eGra (A4 + e@lg)fl Ggl> =0.

For all 0 # € € I.N(—4,0), (A+ + e@lg) > 0, thus the above equation only hold when G1; = 0.
Then, G2 = 0 as well, and we have range(Gg) C range(G).

Let V' be a facial vector for G, then range(V') must contain the span of the two eigenvectors
of Gg. Thus, there exists a facial vector for G of the form.

V= [6,‘]‘ €ijc V]
such that V is orthogonal. Without loss of generality, suppose : =n — 1,7 = n, let
_ N
v=[3]
where V] € R(”_Q)Xd, Vo € R2¥4. The first column of V; is all 0, and the second column of
Vi is Ze. rank(V;) = d — 2, since Vie = 0.

G =PPT =VRVT = VRV2RY2yT
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d
for some R € RY | .

Since rank(V; RY/?) is the same as rank(V}), the first n — 2 rows of P = VRY? are in a d — 2
dimension manifold.

O

Corollary 3.4.10. Let D € E™ with embedding dimension d = 2 < n — 1. If there exists § > 0
and i,j € [n] such that D + €E;; is an EDM with embedding dimension 2 for all € € (=6,0), then,

Dst = (Dn)st =0 fOT S 7é Z,t 7éj
Thus, when d = 2, if all off-diagonal entry of D are monzero, then D is unyielding with fized
rank.

Proof. By 2. of Theorem 3.4.9, if D + €E;; is an EDM with embedding dimension 2, then all other
points are in a linear manifold of dimension d — 2 = 0. Therefore, all other points are the same
point and have distance 0 with each other. ]

Corollary 3.4.11. If D € E" with embedding dimension d < n — 2 is generated from points in
general position, then D is unyielding with fixed rank.

Proof. Let P = [p1,--- ,pn]T be the configuration matrix of D. If D is generated from points
in general position, then every d + 1 points of {p1,--- ,p,} is affinely independent. Thus, for all
k < d+ 1, the dimension of affine hull of every k points has dimension k£ — 1.

Suppose D+eE;; is an EDM with embedding dimension d for small €, then dim(afthull({p1,- - , pn }\
{pi,pj})) = d —2. Since n > d + 2, by Proposition 3.2.6 |{p1,--- ,pn} \ {pi,pj}| > d, thus the
dimension of affhull({p1,--- ,pn} \ {pi,p;} should be > d — 1, leading to a contradiction. O
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Chapter 4

Solving the problem

Recall the problem of identifying the position and magnitude of noise in an EDM with a single
corrupted entry. Problem 1:

Let D € E" with embedding dimension d, and let n be much greater than d. Let
icyJe € [n], ic < je, and € # 0. Let

D, =D+ EEZ'C]'C.

Given the noisy EDM D,, and the embedding dimension d, find ¢,j and e such that
D,, — eF;; is an EDM with embedding dimension d.

We will also work under the assumption that n is much greater than d, and let i. < j. to distinguish
i. and j.. We also give the following definition.
Definition 4.0.1. Let Z C [n], |Z] > d + 1 be an index set and suppose (ic,j.) is the corrupted
entry. Let Gz = ICT(DH(I)).

1. We say that Dy, (Z) is a good block if Gt is positive semidefinite with rank d.

2. We say that D,(Z) is an uncorrupted good block if in addition to being a good block, we also
have i. € T and j. ¢ L.

3. We say that Dy, (Z) is a bad block if G1 is not positive semidefinite, or rank(Gz) > d.

4. We say that Dy(Z) is an undetermined block if G is positive semidefinite, but rank(Gz) < d.

In this definition, we see that if D,,(Z) is a bad block, then {i., j.} € Z. Conversely if {i., j.} C Z,
D, (Z) is bad block when D(Z) is unyielding. If D(Z) is yielding, then D,,(Z) may be a bad block,
an undetermined block or a good block.

If points generating D are not in general position, then some principal submatrix D(Z) may have
embedding dimension less than d. In this case, D,,(Z) may be uncorrupted, but be an undetermined
block.

If only i. or j. is in Z, then D, (Z) is a proper EDM. While we make the distinction between
a good block and an uncorrupted good block, we cannot determine whether D, (Z) is uncorrupted
by checking the Gram matrix Gz. This definition is introduced to assist with the analysis in
Section 4.2.
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4.1 Solving the Problem Under General Position Assumption

In this section, we assume D € E™ is generated from points in general position in R?. Assume n
is much greater than d. This assumption hold true in many real world applications of EDM. For
example, in sensor network localization, d is often 2 or 3. n is the number of sensors, and can be a
very large number.

Let i, jo € [n], and let D;_;, be the corrupted entry, and let € # 0 be the noise. Let i, < j. to
distinguish 7. and j.. Let D, = D + €k j,.

Under the assumption that D is in general position, by Proposition 3.2.7, every principal sub-
matrix of D with size at least d + 1 is an EDM with embedding dimension d. Corollary 3.4.11
implies all entries are unyielding, thus D,, is not a proper EDM . Furthermore, every principal
submatrix of D with size n > d + 2 is unyielding with fixed rank.

Let Z C [n]. If {ic, jc} € Z, then D, (Z) is a proper EDM. Suppose |Z| > d + 2. If {i.,j.} CZ,
then D(Z) is not a proper EDM with embedding dimension d, and we can identify it by checking
K1(D,(Z)) is not positive semidefinite or rank(KT(D,(Z))) # d.

We present three different facial reduction methods using each of the exposing vector, facial
vector, and Gale transform approaches. All three methods, follow this general idea:

Algorithm 1: Algorithm Framework

1 Divide the Z = [n] into several overlapping blocks : Z;,- - ,Z,, such that |Z;| > d + 2 for
each i, and |Z; N Z; 41| > d+ 1 foreach i =1, -+ ;r — 1.

2 Di = Dn(Iz), G, = ICT(DZ)

3 Check if each D; is an EDM with embedding dimension d by checking if G; = 0 and

rank(G;) = d.
a if All D; are EDMs with with embedding dimension d then
5 Use the exposing vector/facial vector/gale matrix of each clique D; to form the

exposing vector/facial vector/gale matrix of D.
Obtain D¢omplete using Corollary 3.3.6 .
7 | Find i, js, € by checking the nonzero entry of Dy, — Deomplete-

8 else

/* There exist a Dp that is not an EDM with embedding dimension d x/
10 if The size of Dy is big, for example |Dy| > 2d 4+ 2 then

11 L Go back to Line 1 and divide Dj into small blocks.

12 else
13 L Search for the corrupted position is, js in the small block Dy

14 Permute points so that iy, js is outside of the principal diagonal blocks Dy, -, D,.
15 | Go back to Line 1 and complete D to find the true value of D;_j, .

We now provide more explanation for the algorithm above. The first step is to divide Z into
several overlapping blocks. We require the size of each block to be at least d+ 2 to prevent yielding
with fixed rank, and the overlap between each block is required to be rigid. Under the general
position assumption, rigid intersection is equivalent to the overlap between two blocks being at
least size d + 1.
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In the actual implementation of the algorithm, we sometime take the overlap to be slightly
greater than d 4+ 1. With random data, there might be points close to being affinely dependent in
some blocks, and taking a slightly larger overlap provide better stability.

If the noise is located outside of these principal diagonal blocks, then the problem can be solved
as an EDMCP. With Zy,--- ,Z. being overlapping cliques in the known partial EDM, we can use
the information of these cliques to explicitly complete the EDM Dcomplete-

If we found a bad block among any of the principal diagonal blocks D1, --- , D,, then we have
narrowed the range on the position of the noise. Say D, is found to be a bad block, then we can
repeat the divide and conquer method when the size of Dy is big, or we can search each entry in
this small block Dy to find the position of the noise. In the algorithmic framework, we gave an
example of using |Dy| > 2d + 2 as a condition to continue with the subdivision, but a different
condition can be used as well. As long as D; can still be divided into at least 2 blocks of size at
least d 4 2 with an overlap of size at least d + 1, the block can be further subdivided. On the other
hand, as long as the size of Dy is small relative to n, we can stop the subdividing procedure, and
use the following small block algorithm to find the position of the noise. In this chapter, we say a
block is small if it has size that is a linear function of d.

This leads to Line 13 in Algorithm 1. We provide the details on how we search for the small
block in the following algorithm. We frequently use it as a subroutine in all methods.

Algorithm 2: Small Block Algorithm
Data: Corrupted EDM D,, = D + €F;_;., where D € E" has embedding dimension d and is
in general position. Z, C {1,--- ,n}, |Zy| > d + 1 such that D, (Z;) is not an EDM
with embedding dimension d
Result: i, js such that {is, js} = {ic, jc}
1 Zy=({1,--- ,n}\Zp)[1:2].
2 D. = D,(Z}).
ne = |Z;|.
Ztound = 0.
for i =1 to |I| do
T, = (Z,\ {i}) UZ,.
D; = D,(I).
if D; is a good block then
L Ztound = Ztound U {Z}

10 /* Tfouna must contain exactly two points that are the corrupted entries *x/

© W N o Ok W

11 i5 = min(zfound)v js = maX(Ifound)‘
12 return ig, Js.

Theorem 4.1.1. Given D, = D+¢€Ej;_;, where D € E" has embedding dimension d and in general
position, ic,je € [n] such that ic < je, and I, C {1,--- ,n}, |Zy| > d+ 1 such that Dy(Ip) is not an
EDM with embedding dimension d, Algorithm 2 returns is, js such that is = ic, js = Je.

Proof. In the algorithm, we first obtain Z, = ({1,--- ,n} \ Z)[1 : 2] as two points known to be
good. We remove points from 7, UZ, one at a time and check whether the remaining points give
a good block. Let i € Z,. We append the two points to ensure the size of (Z \ {i}(UZ, is at least
d + 2, so that it is unyielding with fixed rank.
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For any i € 7, D; = D((Zp \ {i}) UZ,) does not contain the corrupted distance if, and only if,
1 =i, or j.. Therefore, after iterating through all ¢ € 7y, Ztounqg must contain exactly two points i,
and j.. Thus, the algorithm correctly output two points is, js such that iy = ic, js = je. ]

In the actual implementation of this algorithm in MATLAB, we append d + 1 points from
({1,--- ,n} \ Zp) for better stability. Having a slightly larger block ensure the block less likely to
be almost having embedding dimension less than d.

In addition, note that this method of finding the position of noise works for a block of any size.
If we apply this method on the entire matrix D,,, we can find the position of the noise, however, it
will be inefficient. Under the assumption that n is much greater than d, and that the size of 7 is
small, Algorithm 2 has asymptotic O(1) runtime as n — oo. Time complexity of the algorithm is
further discussed in Section 5.1

Finally, we provide the detail on Line 6 in Algorithm 1.This is also a commonly used subroutine
in all methods.

Algorithm 3: Completing D From the Facial Vector
Data: V € R™*4 or Z € R™" such that face KT(D) = VSLVT =§" N Z+, T C [n] such
that D, (Z) € EZl and embdim(D(Z)) = d
Result: R € S%, and Deomplete = K(VRVT) such that Deomplete = D
1 D1 = D, (T), Gy = KI(Dy).
2 Py € RIZIX? guch that P P] = G;.
3 if We know the exposing vector instead of the facial vector then

T
4 L V € R4 whose columns forms a basis of null ([fT] >

Vi =VI(Z,).
Q= (JW)iP.
R=0QQ".

Dcomplete = ,C(VRVT) .

return D opplete-

© ® N o O

Theorem 4.1.2. Let D € E™ with embedding dimension d. Given V € R™*? such that face KT (D) =
VSIVT and given I C [n] such that Dy (Z) € E¥l with embdim(D(Z)) = d, then Algorithm 3 finds
R such that D compiere = K(VRVT) = D.

If instead we are given a exposing vector Z € R™™ such that face KT(D) = S’YFHZL, Algorithm 3
first finds a facial vector V such that face K1(D) = VS4VT =St N Z+.

Proof. It directly follows from Corollary 3.3.6 that Dcomplete €quals D. O

We can choose Z to by any set such that D, (Z) is an EDM with embedding dimension d. In
particular, we can choose a block with good condition number. For example, we can calculate the
condition number of the principal submatrices D1, ---, D, and choose the block with minimum
condition number for Algorithm 3.

For an EDM D, we use the value of the maximum eigenvalue of (D) divided by the minimum
positive eigenvalue of KT(D) as its condition number. Thus, a large condition number implies the
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minimum positive eigenvalue is close to 0, implying D is close to having embedding dimension less
than d.

In the next few sections, we apply the above algorithmic framework using each of the three
different facial reduction methods. Furthermore, we experiment with several methods of dividing
the blocks:

1. Bisection. We divide Z into two blocks overlapping in a block with size d + 1.

2. Maximum number of block with minimal overlap. We divide blocks into Z;, -+ ,Z, such that
|Z:| = 2(d + 1) and |Z; N Z;+1] = d + 1. Each overlapped section is only used in two blocks,
thus we call this the “multi-block” method.

3. Minimum block size. We divide each block into block of size d + 2, the minimum possible
size.

While we can pair any division method with any facial reduction method, we will see in Sec-

tion 5.1 that there is a benefit to runtime for dividing blocks into small size when using the facial
vector method.
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4.1.1 Bisection Method With Exposing Vector (BVE)

We use a bisection division method and solves the problem using exposing vectors in this section.

Algorithm 4: Bisection Method With Exposing Vector
Data: D, = D +¢FE; ;.. D an EDM with embedding dimension d. Points that form D
are in general position
Result: i, js and €, such that D,, — €, F;,;, is an EDM with embedding dimension d.
1 Z.=[1:n].
2 D. = D,(Z,).
3 ne. = |Z|.
4Ty = [1: [2etB2)] 7 = [|2e=4=2 | :p]. for i = 1,2 do

6 if D; is a bad block then
7 if |Z;| < 2d + 2 then
8 Run small block algorithm Algorithm 2, and obtain the corrupted index i, j.
9 Ty =T\ {is, js}-
10 T = lis, Zg, js)-
11 Run Line 2 to Line 24 to obtain Dcomplete-
12 €s = nonzero entry in (D, — Dcomplete)-
13 return i, jg, €5.
14 else
15 I.=1;.
16 Go back to Line 2 .
17 else
18 Z! = matrix formed form a centered set of orthonormal basis vector for null(G;).
19 ie., ZIG; =0,ZTe=0,2"7/ = I.
20 Z; = Z{Z{T is the centered exposing vector.
21 W; = P}i(Zi), so Wi(Z;) = Z; and zero everywhere else.

22 Z =Wi+ Whs.
ZT
23 V € R™*? whose column forms a basis of null <|:6T:| >

24 Run Algorithm 3 and obtain D¢omplete-

25 Find i, j5 to be the index of none zero entry in D. — Deomplete; and
€s = (Dc - Dcomplete)is,js-

26 return ig, jg, €5.

Theorem 4.1.3. Let D € E™ with embedding dimension d and be in general position. Let i., j. € [n]
such that i, < j., € € R, and let D, = D + €E;_j.. Algorithm 4 returns is,js and €s such that
Dn - EEisjs =D.

Proof. Line 4 divides Z. into two overlapping blocks with an overlap of size d + 1, and the size
of each block is at least d + 2. Since D is in general position, if both blocks are good, then the
overlap is good as well. Thus, the overlap between D1 and D- is rigid. The algorithm calculates the
exposing vector for each block, and it follows from Theorem 3.3.7 and the analysis in Section 3.3.1
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that the above algorithm builds an exposing vector for D, and so we can obtain Dcomplete = D by
Theorem 4.1.2. Since Dcomplete = D, by looking at the nonzero entry of D, — Dcomplete; We obtain
the position and magnitude of the noise.

If one of the two blocks is bad, we can reduce the size of the problem and repeat the process on
the bad block. If the size of the bad block is too small to further subdivide, we use Algorithm 2 to
find the position of the noise. Then, permuting the index according Line 9 ensures the corrupted
entry is outside of the principal diagonal blocks. Then, we can repeat the process and obtain the
exposing vector for D and calculate Deomplete- ]

4.1.2 Multi-Block Method With Facial Vector (MBFYV)

In this section, we divide D,, into the maximum number of blocks with minimal overlap. We divide
each block to have size 2d + 2, and the overlap with the adjacent has size d 4+ 1. Since the starting
size of each block is already small, we do not further subdivide and call on Algorithm 2 when we
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encounter a bad block.

Algorithm 5: Multi-Block Facial Vector Algorithm

[= NN, BNV R I

BN

10
11
12
13
14
15

16

17

18
19

20
21
22

23
24
25
26
27
28
29

30

Data: D, = D +¢FE;_j.. D an EDM with embedding dimension d. D is in general position.
Result: i, js and €, such that D,, — €, F;,;, is an EDM with embedding dimension d.
Z. = [n].
ne = |Ze| .
s1=1,e1 =2d+ 2.
Ty = I.([s1 : e1]), D1 = Dyn(I1), G1 = KT(Dy).
if D1 is a good block then
V1 =matrix formed eigenvector associated with positive eigenvalues (This is the facial
L vector for the block).

else
L Record we have found a bad block with index 7 = Z;.
while have not found a bad block and e; < n. do
s9 = e1 —d,eg = min(n,, so + 2d + 1).
IQ = IC([SQ : 62}).

Dy = D, (I3).
if Dy is a good block then
Vo = matrix formed eigenvector associated with positive eigenvalues.
Append the vector of all ones to V4 and V5.
d+1 d+1
. d+1 [ V/ d+1 v,
Partition Vi, V5 as V; = i [ v ], Vo = Taldot { ‘/?2, ]
‘/111 ‘/211
Form the facial vector for D, (I Uly) by V = 1% or V = Vl’(Vlﬁ)TVQH
A Vi
Remove the column of all ones. Update V73 =V, e; = es.

else
L Record we found a bad block with index Z, = Z5.

if no bad block is found then
/* V is the facial vector for D. */
Dcomplete using Algorithm 3 Find i, js to be the index of nonzero entry in
Dy, — Dcompletea €s = (Dn - Dcomplete)is,js~
else
/* a bad block is found */
Run Algorithm 2, obtain the corrupted index i, js.
Ig =1 \ {iSajs}-
Te = lis, Ly, Js)-
Run Line 2 to Line 22 and obtain D¢omplete-
Recover €, as the nonzero entry in (Dy, — Deomplete)-

return i, jg, €5.

Theorem 4.1.4. Let D € E" with embedding dimension d and in general position, ic,j. € [n]
such that i, < je, and € € R. Let D, = D + €F;_j.. Algorithm 5 finds is, js, and €5 such that

Dy

— EEisjs =D.
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Proof. Algorithm 5 first divides D,, into many overlapping blocks of size 2d + 2, and every two
consecutive blocks overlap in a block of size d 4+ 1. If any of the small blocks is bad, Algorithm 2
finds the position of the error. Then, we permute it so that the corrupted position is not in any of
the small principal submatrices.

Suppose all the small blocks are good. Since D is in general position, the overlap between any
two consecutive block is rigid. By Lemma 3.3.4, we can apply Lemma 3.3.2 and Theorem 3.3.3
repeatedly to build the facial vector for D. Then, we use Algorithm 3 to obtain Dcomplete = D, 50O
we can obtain the position and magnitude of the noise. O

In numerical testing, we observed that increasing this overlap size slightly can increase the
accuracy of the algorithm, and use an overlap of size d + 3. When the overlap size is only d + 1,

the overlap may be close to being in embedding dimension d — 1, leading to a higher error in the
final result.

4.1.3 Small Blocks With Gale Transform (SBGT)

The minimum block size we can divide into is having each block with size d + 2.

Algorithm 6: Gale Transform Algorithm
Data: D, = D +¢FE;_j,, where D an EDM with embedding dimension d and D is in
general position
Result: iy, j; and e such that D,, — e;E;_;, is an EDM with embedding dimension d.
1 Z.=11:n].
2 N € Rnxn—d—l-
3 while i = 1 to n — d and have not found a bad block do

4 | Di=Dy(T[i:d+i+1]), G =KI(Dy).
5 if D; is a bad block then
6 Run the Algorithm 2 and obtain output is, js.
7 Ty =T\ {is, js}-
8 Te = lis, Zg, Js)-
9 Run Line 2 to Line 17 of this algorithm to obtain Decomplete-
10 Recover €, as the nonzero entry in (D), — Dcomplete)-
11 return ig, js, €.
12 else
13 Calculate the Gale matrix N; for D;.
14 N([i:i+d+1],i) =N
15 /* Built the full Gale matrix successfully x/

T
16 V € R™? whose columns forms a basis of null <[]ZT } >

17 Run Algorithm 3 to obtain Dcomplete-

18 Find ig, js to be the index of none zero entry in D, — D¢omplete; and
€s = (Dn - Dcomplete)is,js-

19 return g, jg, €5.

39



Theorem 4.1.5. Let D € E" with embedding dimension d and in general position, ic,j. € [n]
such that i, < je, and e € R. Let D, = D + €E;_j.. Algorithm 6 finds is, js, and €5 such that
D, — €k, = D.

Proof. For each i = 1,--- ,n—d, let D; = Dy([¢ : d + i+ 1]). Thus, each D; has size d + 2 and
overlaps with D;_; and D;1 is a block of size d + 1. Since D is in general position, the overlap
between any two consecutive blocks is rigid.

If any of the small blocks is bad, Algorithm 2 obtains the position of the error. Then, we
permute the points so the corrupted position is not in any of the principal submatrices.

Suppose all D;s are good blocks, then we apply Theorem 3.3.9 repeatedly and obtain the Gale
matrix for D. Recall that the Gale matrix is related to the exposing vector by Theorem 3.3.8. Thus,
this process is equivalent to adding up exposing vectors in Algorithm 4. From the Gale matrix, we
can obtain the facial vector, and use Algorithm 3 to obtain Dgomplete = D. Thus, we can obtain
the position and magnitude of the noise. O

Notice that we can also choose a single clique D(Z) with the best condition number, and build
the minimum sized blocks as D(Z U {i}) for each ¢ € Z. In numerical testing, we find this method
provides higher accuracy.

4.2 Solving the Problem Without General Position Assumption

We now remove the assumption that points are in general position, and adjust our algorithm to sovle
the problem. We call the problem without general position assumption the hard case. We relax
the assumption of general position to that there exists one uncorrupted good principal diagonal
block of size d + 1. Note that if D € E™ with embedding dimension d is in general position, then
the corrupted EDM D,, has an uncorrupted good principal diagonal block of size d + 1.

In addition, we impose the restriction that points generating D are distinct. Thus, all nondiag-
onal elements of D are nonzero. This is a reasonable restriction to make on the data. If two points
generating D are the same, we may consider them as one single point. By Corollary 3.4.10, when
the embedding dimension is 2, this assumption ensures any principal submatrix of D is unyielding
with fixed rank.

For an EDM D € E" to contain a yielding with fixed rank entry D;;, all but points ¢ and j must
be in a affine space of dimension d — 2. Thus, if the D,, contains one uncorrupted good principal
diagonal block of size d + 1, the case of yielding with fixed rank cannot occur.

Furthermore, all three facial reduction algorithms require overlapping cliques with rigid intersec-
tion, and rigid intersection is the only requirement on the cliques. Therefore, with this assumption
that there exists an uncorrupted good block, we can always solve the problem with the facial
reduction algorithms.
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We have the adjusted algorithm framework:

Algorithm 7: Hard Case Algorithm Framework - No General Position Assumption

Search for a good block of size at least d + 1: Zgood Zrest = [12] \ Zgood-

Divide the Z,qs into several disjoint blocks : Zy,- -+ ,Z,, such that |Z;| > 1 for each i.

T; = 7; UZgo0a (Then, Dy(Z! ﬂI}) is a good block for each i, 7).

D; = D, (T}), G; = K'(D}).

Check if each D; is an EDM with embedding dimension d by checking if G; > 0 and
rank(G;) = d.

if all D; are EDMs with with embedding dimension d then

Use the exposing vector/facial vector/gale matrix of each clique D; to form the
exposing vector /facial vector/gale matrix of D.

8 Obtain D¢omplete using Corollary 3.3.6 . Find i, js, € by checking the nonzero entry of

Dn - Dcomplete~

[ N I VN

B =]

9 else

10 /* There exist a Z; such that D,(Z;) that is not an EDM with embedding
dimension d x/
11 if The size of Dy is big, for example |Dy| > 2d 4+ 2 then

12 L Go back to Line 2 and divide Zp \ Zgo0q into small blocks.

13 else

14 Search for the position of the corrupted entry iy, js in the small block.

7" = [n] \ {45, js} Search for a new good block Z 4 from D, (Z'), this new good
block is an uncorrupted good block.

15 Permute points so that iy, js is outside of the principal diagonal blocks.

16 Go back to Line 2 and complete D to find the true value of D;_;,.

Details on how to find a good block are discussed in Section 4.2.1. We wish to find an uncor-
rupted good block as the rigid intersection between blocks. However, as noted in the beginning of
Chapter 4, we cannot distinguish a good block from an uncorrupted good block by checking the
rank of the Gram matrix.

Thus, we first find a good block Zy,,q using Algorithm 9, which we discuss in more details in the
next section. Then, we divide the Z,qs into several disjoint blocks : Zj,--- ,Z,, such that |Z;| > 1
for each ¢, and let Z! = Z; U Zyp0q. Hence, Z; N I]’- = Tg00d for all 7, j, and the intersection is rigid.

If Zy004 is not an uncorrupted good block, without loss of generality, say i. € Zgoo4. Then, let
T, be the block with j. € 7y, then Z; would be a bad block. Then, we can search the small bad
block and identify i., j.. Finally, we can exclude i., j. and search for an uncorrupted good block.
Using this as the intersection with all other points, we can obtain Dcompelete = D and solve the
problem.

Another adjustment we need to make is the algorithm we use to find the position of the noise
in a small block. The original algorithm Algorithm 2 rely on the fact that any block of size d + 2
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not containing the corrupted entry is a good block.

Algorithm 8: Hard Case Small Block Algorithm - No General Position Assumption
Data: Corrupted EDM D,, = D + €F;_;,, where D € E" has embedding dimension d and
contains an uncorrupted good block. Z, C {1,--- ,n} such that {i.,j.} C 7,
Result: iy, js such that {is, js} = {ic, je}

17 ={1,--- ,n}\ L.

2 D. = D,(T).

3 ne.=|7'|.

4 Ifound = @

5 while i =1 to n. — d and good block not found do

6 D; = D.([i : d+1]).

7 if D; is a good block then

8 L Record we have found a good block Z, = [i : d + i].

©

if Cannot find a good block then
10 | I,=T.

11 for i =1 to || do

13 if D; is a good block then

14 L Ztound = Ztound U {Z}

15 /* Tfounga must contain exactly two points that are the corrupted entries */
16 return Zioung = {is,Js}-

Theorem 4.2.1. Let D,, = D + eE;_j. where D € E" has embedding dimension d and in contains
an uncorrupted good block. Let i.,j. € [n] such that i, < je, and T, C {1,--- ,n}, |Zp] > d+1
such that Dy(Zy) is not an EDM with embedding dimension d. Algorithm 8 returns is, js such that

s = 1lcy Js = Jc-

Proof. First, we check all consecutive principal diagonal blocks of size d+1 in the remaining entries.
If we find a good block Z,, then Z, is an uncorrupted good block. We remove points in Z; from
T, UZ, one at a time. D((Zy \ {i}) UZ,) always contains an uncorrupted good block and hence is
unyielding with fixed rank. The same argument as the original small block algorithm applies. If
removing ¢ causes Dy ((Zy \ {¢}) UZ,) to become a proper EDM, then i is a part of the corrupted
entry.

If none of the consecutive principal diagonal blocks of size d + 1 has embedding dimension d,
then we use the entire D,,({1,--- ,n} \ Z;) as the uncorrupted good block. This means we need to
compute the eigenvalue decomposition for a large matrix. However, |Z,| is small, we do not need
to perform this computation often, so it does not lead to a increase in runtime. ]

4.2.1 Identifying a Good Block

Assuming there exists an uncorrupted good block, we use the following algorithm to find a good
block. In the process of finding a small good block, we may also encounter a bad block, in which
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case, we return this bad block, and proceed to Line 14 in Algorithm 7.

Algorithm 9: Finding a Small Good Block
Data: D, = D +¢€E; ;.. D € E® an EDM with embedding dimension d. D,, contains a
principal submatrix of size d + 1 that is a uncorrupted good block.
Result: Either a good block of size d + 1 or a bad block of size d + 1

1 Z.=1[1:n].
2 Do = Dy(Z).
3 ne = |Z|.

4 IZ=0.

5 while the first block is not chosen and have not found a bad block do
6 while i = 1 to n. — d and have not found a bad block do

7 D; = D.([i : d+1]).

8 Gz = KT<DZ)

9 if D; is a good block then

10 Record we found a good block.

11 L Record the condition number of G;.

12 else if D; is a bad block then

13 L Record we found a bad block with index Z; and exit.
14 else

—al—
15 Calculate the Gale matrix N; = : for G;.
T
“Nitad—

16 I=ZU{s:ns=0in N;}.
17 if there is a good block then

18 Pick D; with the best condition number.

19 Record that we have chosen a good block and exist the loop.
20 else if there is no good block and no bad block then

21 Z =Z(1:d+1]) \ .

22 I.=[1,Z,].

23 Z=0.

24 D. = D, (Z.).

25 ne = |Z¢|.

26 Continue with the loop.

Theorem 4.2.2. Let D,, = D + ek ;,, where D € E" an EDM with embedding dimension d.
Suppose D contains a principal submatriz of size d + 1 that is a uncorrupted good block. Then,
Algorithm 9 either returns a bad block of size d + 1, or a good block of size d + 1.

Proof. First, we check all consecutive principal submatrices of size d + 1. If any of the consecutive
principal submatrices has embedding dimension d, we have found a good block.

Otherwise, all consecutive principal submatrices of size d + 1 have affine dependency among
their generating points. By Theorem 3.2.4, by selecting the index set corresponding to rows of
zeros in Line 14, we identify points that are not affine combinations of the other points in the
block.
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Conduct the procedure on all consecutive principal diagonal blocks of size d + 1. Z is an
index list with no element repeated, where s € Z if there is some ¢ € {1,---,n. — d} such that
s€{i,i+1,---,i+d} and ng = 0 in the corresponding Gale matrix N;. The order of this index
list is in the order we add into it.

Next, consider Line 21 of the algorithm. We let Z, be the points in Z.(1 : d + 1) that are not
in Z, and append it at the end of Z. Let Z. = [Z,Z,]. Then, we repeat the process on D, (Z.).
Through this process, if we do not encounter any bad blocks, we must eventually obtain at least
d + 1 points that are affinely independent.

First, we note that Z # (). If Z = ), but no good block was found, then all points are in a linear
manifold spanned by the first d+ 1 points, which has dimension less than the embedding dimension
d. Therefore, the minimum length for Z. is d + 1.

To prove the correctness of the algorithm, we show that:

1. At any iteration, D, contains a principal submatrix of size d + 1 such that the corresponding
submatrix in the uncorrupted D is an EDM with embedding dimension d.

2. The algorithm terminates.

Proof of 1: By assumption, claim 1 holds for the first iteration. Inductively, suppose that at the
beginning of some iteration, claim 1 holds, and we have not found any good block in this iteration.
Let Z! denote the index list from the previous iteration, and Z. the new index list built in the
current iteration. Z. is Z plus the remaining points among the first d+ 1 points of Z... In particular,
Z/\(1:d+ 1) C Z.. Since we have not found a good block, the embedding dimension of the first
d + 1 points is less than d.

For k > d + 1, consider D(Z/([1 : k])) Suppose D(Z.(]1 : k])) has embedding dimension r < d,
then embdim(D(Z/([1: k+1])))) =r+1or r.

In the first case, we call k + 1 a dimension increasing point. In this case, we have

P11 (k+1) ¢ aﬁhull({pi 11 € Ié([l : k])})

Thus,
pr(er1) € affhull({p; : i € Z.([k +1—d : k])}),

SO Mk4+1 = 0 in Nk+17d and pI‘/:(]H_l) el - Ic- In addition, pzé(k_H) ¢ aﬁhull(Ic N {pi 11 € Ié([l :
k])}). Thus, D(Z.) contains an EDM with embedding dimension 7 + 1.

By the inductive hypothesis, there is a good block, so eventually there must be some k' > d+1
such that D(Z/([1 : ¥'])) is an EDM with embedding dimension d. Let k' be the first index for
this to happen. Therefore, D(Z.([1 : ' — 1])) has embedding dimension less than d. The argument
above shows k € Z. and that D(Z.) contains points in a manifold of dimension d.

Next we show that the algorithm will terminate. Proof of 2: Let n. = |Z.|. We have that
I. = [Z,Z,], where Z, = I'([1 : d+ 1]) \ Z. Suppose |Z.| = |Z.|, so the size does not decrease in this
iteration, and never decreases in future iterations.

The only case for this to happen is when all of Z/.([d+2 : n!]) are in Z. Let k = max{d+2,n,—d},
and consider Z/([k : n.]). If n. > 2(d + 1), then Z_([k : n.]) is the last d + 1 points, otherwise, it is
the set of points after d + 1.
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We claim that
Vi€ Tk nl)), ps & affball({p; < j € Lo([k: ml)) \ i}).

The base case is i = n,,. Since the last point is in Z, it must be selected from the last block. Thus,
it is not in the affine hull of {p; : j € I.[k : n,, — 1])}.

Inductively, suppose for some k < i < nl, the property holds for all j > i. Then, by the
inductive hypothesis,

pry & affhull({p; : j € Zo([i + 1,nc))}).

Suppose for contradiction that pz(;) = Z;Ll;z—‘,—l Ajpz(j) for some Ajy1,- -+, Ay, such that Z?/;Hl Aj.
Then for some r such that A, # 0, pz) = A—lr (pI(i) — Zj L )\jpzé(j)>, contradicting the inductive

hypothesis.

Furthermore, any consecutive block of size d + 1 containing ¢ must also contain all points in
[nl.—d:i—1]. Since i is selected, it must be that

pr) € affhull({p; : j € L([ne — d,i — 1])}).

Therefore,
Py & affhull({p; : j € Ze([k : ng]) \ i}).

Thus, {p; : i € Z.([k : n.])} is affinely independent. But the last d 4+ 1 points cannot be affinely
independent, otherwise it becomes a good block. Thus, k = d + 2 > n., — d. If the size does not
decrease in this iteration, then n/ < 2(d + 2).

At this point, since the block size is small, we can check whether KT(D,(Z.)) is a good/bad
block and return this block as a good/bad block.

However, we can also continue with the process and must be able to obtain a good/bad block
of size d + 1 after a finite amount of iteration. Let h = n, —d — 1. Split Z| into Z; = Z.([1 : h]),
Iy =TI([h+1:d+1]), and I3 = Z([d + 2 : nl]). Thus, |[71,Z2]| = d+ 1 and |[Z2,Z3]| = d + 1.
embdim(D([Z2,Z3])) < d. We already demonstrated {p; : i € Z3} is affinely independent, therefore,
{pi : 1 € Ty} must be affinely dependent. Furthermore, any block of size d + 1 containing any index
in 7o must contain all indices in Z5. Therefore, not all ¢ € 75 can be in 7.

Next, consider the dimension increasing points in Z3. If ¢ is a dimension increasing point, then
pi € affhull({p; : j € Z.([1 : i—1])}), and we know p; ¢ affhull({p; : j € Z.([i+1 : n.])}). Therefore,
the dimension increasing points in one iteration must always be selected in Z in future iterations.

If there are no dimension increasing points in Zs. Then it must be that embdim(D(Z.([1 :
d + 1]))) = d, otherwise embdim(D(Z.)) < d contradicting that D(Z.) always contains a good
block. When a point is selected in Z, it moves to the front of Z.. Combining the fact that the
dimension increasing points are always in Z and not all points in Zs can be in Z, all dimension
increasing points in Zs must eventually move to the first d + 1 positions in at most h steps. Then,
the first block is a good block of size d + 1 and the algorithm terminates. O
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4.2.2 Hard Case MBFV

We provide an example of adjusting the MBFV algorithm to solve the problem without the
general position assumption. The other methods can also be adjusted based on Algorithm 7.

Algorithm 10: Hard Case Facial Vector Algorithm- No General Position Assumption

[S NN VN

N o

Data: D, = D +¢€E; .. D an EDM with embedding dimension d and contains a principal
submatrix of size d + 1 that is a uncorrupted good block.
Result: iy, j; and €, such that D, — e, E; ;, = D.

Run Algorithm 9.
if A bad block is found then
Run Algorithm 8, and obtain the corrupted position g, js.
Exclude i, js and run Algorithm 9 to find an uncorrupted good block Z,.
Let 7/ = [1 : n] \ [Zg, is, js), and permute points into the order [Zy, i, I', js).
else
L Permute the points so the good block is at the beginning.

8 Irest:[d—l—l:n].
9 s1=1,e1=d+ 1.

10
11
12

13
14

15
16
17
18
19
20

21

22

23

24
25

26
27
28

29
30
31

Ty = [Zg, Lrest(s1 = €1)], D1 = Dn(I1), G1 = KT(Dy).
if D1 is a good block then
L V1 =matrix formed eigenvector associated with positive eigenvalues.

else
L Record that we have found a bad block with index I, = I;.

while have not found a bad block and e; <n—d—1do
sg =e1+1,eg =min(n —d — 1, s9 + d).

Iy = [Ig>Irest(32 : 62)]; Dy = Dn(IQ)

if Dy is a good block then

V5 =matrix formed eigenvector associated with positive eigenvalues.
Append the vector of all ones to V7 and V5.
d+1 d+1
o av1 [ V! d+1 vy
Partition V1, V5 as V; = i [ Vl}/ ], V= Toldot [ V22’ ]
vy vy
Form the facial vector for D, (I Ul3) by V = %4 or V = V{(V{')TVQH )
Vi (Vy) vy v
Remove the column of all ones. Update V3 =V, e; = es.

else
L Record we found a bad block with index Z; = Zs.

if no bad block is found then
Run Algorithm 3 to obtain Dcomplete-
| Find is, js to be the nonzero entry in Dy, — Deompletes €5 = (Dr, = Deomplete)is, js -

else
Run Algorithm 8, obtain the corrupted index i, js.
| Run Line 4 to Line 32 of Algorithm 10.

46



Theorem 4.2.3. Let D € E" with embedding dimension d and contains a principal submatriz of
size d + 1 that is a uncorrupted good block. Let i.,j. € [n] such that i. < j. and let ¢ € R. Given
D, = D + €E;_j,., Algorithm 10 returns i, js, €s such that is = ic, js = je, €5 = €.

Proof. Algorithm 10 first calls Algorithm 9 to obtain a small good/bad block. If a bad block is
obtained, Algorithm 8 finds the corrupted position, and we can use Algorithm 9 to obtain a small
good blocks from the remaining correct positions.

Once we have a small good block, it can be used as the rigid intersection for all the blocks. The
correctness of the rest of the algorithm follows from Theorem 4.1.4. O

4.2.3 An Example of a Problem with Multiple Solutions

In this section, we provide an interesting example we noticed when the EDM D € E" is unyielding
with fixed rank, and but there does not exist a unique solution to the problem.

Note that the following example does not satisfy the assumption that there exists an uncorrupted
good block. Let d = 3.

[0 4 16 8 6 14T
4.0 4 4 6 6
po_ |64 0 8 14 6
"T 18 4 8 0 18 14
6 6 14 18 0 20
14 6 6 14 20 0

Let G, = KT(D,,), we see that A\(G,,) ~ (—0.7252, 0, 0, 4.7157, 7.4003, 13.2759)”. Therefore, D,
is not an EDM, as its corresponding G,, = ICT(Dn) is not positive semidefinite.

However, there are 6 ways we can correct D,, to an EDM with embedding dimension 3. We can
do so by changing D45, D46 or Dsg, and for each position, there are two possible magnitude for
the noise. Therefore, it is impossible to determine the actual corruption.

We can change D, 5 in two different ways to obtain either of the following possible uncorrupted
EDM:

0 416 8 6 14 0 4 16 8 6 14
L0 4 4 6 6 4.0 4 4 64 6

P O Ul
718 4 8 0 14> 727 |8 4 0 |5] 14
6 6 14 0 20 6 6 14 0 20

14 6 6 14 20 0 146 6 14 2 o]

Or we can change the (4,6) entry in the following ways:

0 416 8 6 14 0416 8 6 14

4 0 4 4 6 6 10 4 4 6 6

P = ot B § U I VA
5 48 0 I8 |F|l" 4718 4 8 0 18
6 14 18 0 20 6 6 14 18 0 20

146 6 [2] 20 o [14 6 6 20 0
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Similarly, we can change the (5,6) entry:

0 4 16 8 6 147 0 4 16 8 6 147
4 0 4 4 6 6 4 0 4 4 6 6
16 4 0 8 14 6 16 4 0 8 14 6
Ds=1g 4 8 0 18 14| P6=|g 4 8 0 18 14
6 6 14 18 0 6 6 14 18 0 [6]
14 6 6 14 0 | 14 6 6 14 [6] 0]

This situation occurs in general when all but 3 points are in a manifold of dimension d — 2. In this
case, points 1-3 are on a line in R3, and point 4-6 are off the line. For example, a configuration
matrix for D is

0 0 2
0 0 0

0 0 -2
P=19 ¢ o
1 2 1

1 -2 -1

Points 1,2,3 are in a line on the z-axis in R3, thus are in an affine space of dimension 1. Points 4,5,6
are off the line and in general position. If we perturb the distance between points 4 and 5, then
we cannot find a position for point 6 that can preserve both its original distances with 4 and 5.
However, there exists two locations for point 6 such that it can maintain the distance with point 5.
Then, we can take the error to be in the distance between point 4 and 6 and can fix the corrupted
EDM by changing the (4, 6) entry instead.

Even though this example is only n = 6, we can increase the size of this problem by adding any
number of points on the z-axis in the generating matrix P;.

This example illustrates a new class of problem, in addition to yielding, where the problem
of identifying the position and location of the noise in a corrupted EDM with a single error is
impossible.

In Section 4.2.1 and Section 4.2.2, we showed that if there exists an uncorrupted good block,
then we can solve the problem exactly. For future study, it would be interesting to see if problems
that do not belong to the two unsolvable cases, and do not contain an uncorrupted good block can
be solved, and how to solve them.
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Chapter 5

Time Complexity and Numerics

We analyse the theoretical complexity and demonstrate results from numerical experimentation on
our algorithms in this chapter.

5.1 Time Complexity

We analyse the big O runtime for each algorithm in Section 4.1, and the runtime to find a good
block in Section 4.2.1 when we don’t assume the EDM is in general position. Suppose the corrupted
EDM is D, € S"™ and has embedding dimension d. Recall that n is assumed to be much greater
than d, so we only consider the asymptotic behaviour as n — oo and treat d as a constant.

5.1.1 Runtime for BEV
In each iteration, we divide an n X n matrix into two blocks of size %‘m, and compute the
spectral decomposition of their Gram matrices to obtain an exposing vector. The runtime is

20 ((%‘“‘2)3) = 20(n3). If both of the principal diagonal blocks are proper EDMs, then we add

them to obtain the exposing vector for D.

After obtaining the centered exposing vector Z, we calculate the facial vector V' as an orthogonal
T

matrix whose column forms a basis of null <[5T} > This step again has a runtime of O(n?).

Finally, Algorithm 3 runs in constant time since we are only solving a system of equation where
the size of the system is a function of d. Therefore, O(n?) is the runtime for one iteration.

— . .. 2 .
There are % choices for the position of the corrupted entry. There are ("‘T‘H) points

in the top right block outside of the two principal submatrices. Therefore, the probability the
corrupted point is in one of the principal submatrices is

1_(n—;l—2>2/n(n2—1)%;

when n is large. Therefore, with probability almost %, we continue with the divide and conquer

algorithm, and work with the smaller matrix of size %M, reducing the size of the problem by
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i—1
approximately a half. After ¢ divisions, the size of the matrix is %i(dﬁ). Let T'(n) be the total
runtime of the algorithm, and let f(n) be the runtime of one iteration. We have the recurrence

! n

T(n) = 57 () + fn) = %T () +0w).

O(n?) dominate the recurrence relationship. Therefore, the total runtime is O(n?).

5.1.2 Runtime for MBFV

In MBFV method, we calculate the spectral decomposition of the Gram matrix for each consecutive
principal diagonal block of size 2d + 2. Building the facial vector from two overlapping blocks only
requires calculating the generalized inverse of a small matrix. Therefore, calculating the facial
vector of small blocks is done in constant time, and the work to build the full facial vector V' has
runtime O(n). Calculating R such that D = K(VRVT) is also done in constant time, as we only
need to solve a small system of equations. Therefore, the total runtime is O(n).

We note that if we were to use a bisection method, then we need to calculate the facial vector
%M, and we would have a runtime of O(n?). Therefore, it is more efficient to
divide into blocks with small size.

of a matrix size

5.1.3 Runtime for SBGT

We calculate the Gale matrix for each consecutive principal diagonal block of size d + 2, and build
up the Gale matrix N for D. This step can be built in constant time O(n). As noted before, the
Gale matrix N and the exposing vector Z for D are connected by Z = NNT. Therefore, we see
that by dividing into small blocks, we can build up the exposing vector/Gale matrix more efficiently
compared to dividing into large blocks. Furthermore, there is a higher probability the corrupted
distance is outside of the principal diagonal blocks when the size of each block is small.

After obtaining the Gale matrix N, we calculate the facial vector V' of D. This is the most time
consuming step, with runtime of O(n?). Thus, the SBGT algorithm has a total runtim of O(n3).

5.1.4 Runtime for Identifying a Good Block

To identify a good block, we calculate the Gale matrix for all consecutive principal diagonal blocks
of size d + 1. This step has runtime O(n).

We identify points that are not in the affine hull of other points in the small block, and then
repeat the process on these points. In analysing the algorithm, we show the size of the index list
we work with must decrease or reach a small block size and will terminate in a small number of
steps. Therefore, the runtime for the total algorithm is O(n?).

In numerical testing, we usually can identify a small block with embedding dimension d after
only 1 or 2 iterations, and solving the hard case problem is only slightly slower than solving the
problem under the general position assumption. It is unclear whether there is an upper bound
tighter than O(n?) for this algorithm.
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5.2 Numerics

In this section, we tests the performance of these algorithm using MATLAB. First, we generate ran-
dom problems and compare the three methods of facial reduction. Randomly generated problems
are expected to be in general position.

All tests on conducted in MATLAB R2024a on a Dell PowerEdge R640 machine with two Intel
Xeon Gold 6244 8-core 3.6 GHz (Cascade Lake) CPU, and 192 GB Memory, using the fast linux
server of the math faculty computing facility at the University of Waterloo.

In the tables, we run 1000 problems under each data specification. The output includes:

e tol-met: Percentage of problems we find the position of the noise and the relative error of
between the noise we found and the actual noise met the tolerance of 1076,

e rel-error: The average relative error of the magnitude of the noise.

e time: The average time it took to solve one problem.

Data specifications BEV MBFV SBGT

n d noise tol-attained rel-error time(s) tol-attained rel-error time(s) tol-attained rel-error time(s)
1000 5 0.196 100% 1.58e-10 0.077 100% 8.86e-12 0.019 100% 9.82e-04 0.080
2000 5 -0.214 100% 1.22e-10 0.350 100% 1.35e-11 0.060 100% 8.25e-12 0.322
3000 5 -0.273 100% 1.58e-10 0.880 100% 1.43e-11 0.152 100% 2.96e-11 0.759
4000 5 0.051 100% 2.73e-10 1.659 100% 1.84e-11 0.253 99% 5.13e-04 1.311
5000 5 0.219 100% 3.50e-10 2.876 100% 1.77e-11 0.378 100% 1.43e-11 2.094
6000 5 -0.077 100% 1.90e-10 4.613 100% 1.84e-11 0.530 100% 1.08e-11 3.154
7000 5 0.481 100% 2.56e-10 7.212 100% 2.44e-11 0.706 100% 1.18e-11 4.525
8000 5 0.185 100% 3.50e-10 10.158 100% 2.54e-11 0.923 100% 1.38e-11 6.331
9000 5 -0.019 100% 3.89e-10 14.037 100% 2.37e-11 1.177 100% 1.24e-11 8.509
10000 5 -0.108 100% 5.26e-10 19.257 100% 2.54e-11 1.455 100% 1.60e-11 11.144
11000 5 -0.157 100% 2.90e-10 23.665 100% 2.87e-11 1.742 100% 1.50e-11 14.079
12000 5 0.229 100% 2.85e-10 32.461 100% 3.08e-11 2.107 100% 1.58e-11 17.961
13000 5 -0.061 100% 4.82e-10 41.664 100% 3.27e-11 2.543 100% 1.34e-11 22.221
14000 5 -0.440 100% 4.74e-10 49.687 100% 3.27e-11 2.781 100% 3.77e-11 26.696
15000 5 -0.102 100% 4.12e-10 61.680 100% 3.49e-11 3.273 100% 1.72e-11 32.358
16000 5 0.238 100% 8.05e-10 62.119 100% 3.21e-11 3.672 100% 1.68e-11 37.935
17000 5 -0.318 100% 6.44e-10 72.432 100% 3.73e-11 4.271 100% 2.05e-11 44.683
18000 5 -0.325 100% 7.99e-10 82.122 100% 3.53e-11 4.521 100% 1.66e-11 51.527
19000 5 0.032 100% 5.72e-10 90.706 100% 3.26e-11 4.981 100% 1.84e-11 58.178
20000 5 0.032 100% 4.43e-10 99.551 100% 4.16e-11 4.803 100% 1.99e-11 62.434

Table 5.1: Average of 200 problems; n = 1000 to 20,000, d =5

We successfully recovered the original EDM accurately, with the solution times consistent with
the theoretical runtime. Among the three method, only SBGT do not met the required tolerance in
some cases. Since SBGT uses the least amount of information from D,, to recover D, it is subject
to more variability, and can be less accurate sometime.
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Figure 5.1: Runtime vs. the problem size n

In terms of runtime, as expected, BEV is slightly slower than SBGT, and MBFYV is extremely
fast. As shown in the table, MBFYV solves a 20,000 by 20,000 problem in under 5 seconds.

In the following table, we compare the MBFV method with the adjusted method for solving
problems not in general position. We generated random problems and shifted many points to lie
in a lower dimensional linear manifold for the adjusted MBFV method.

Data specifications General Position MBFV Adjusted MBFV

n d noise tol-attained rel-error time(s) tol-attained rel-error time(s)
100 8 -0.157 100% 3.26e-12 0.002 100% 4.09e-13 0.005
200 4 0.229 100% 2.56e-12 0.003 100% 4.89e-14 0.006
300 4 -0.061 100% 3.34e-12 0.004 100% 4.71le-14 0.010
400 6 -0.440 100% 5.08e-12 0.005 100% 1.39e-13 0.014
500 8 -0.102 100% 7.88e-12 0.006 100% 2.47e-13 0.022
2000 5 0.238 100% 1.21e-11 0.047 100% 6.46e-14 0.091
4000 10 -0.318 100% 3.20e-11 0.217 100% 3.13e-13 0.376
6000 8 -0.325 100% 3.24e-11 0.442 100% 1.91e-13 0.654
8000 6 0.032 100% 2.70e-11 0.748 100% 1.05e-13 0.990
10000 5 0.032 100% 2.63e-11 1.256 100% 6.15e-14 1.559

Table 5.2: Average of 1000 problems; n from 100 to 10000, d random positive integer between 2

and 10
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We solved all problem accurately and efficiently. The hard case MBFV method is still highly
efficient, and only has a slight increase in runtime compare to the original MBFV. Thus, the method
we developed to identify a small good block is very efficient.
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Chapter 6

Conclusion

In this thesis, we explored the problem of identifying and correcting a single corrupted entry in
a Euclidean Distance Matrix (EDM). Using results from solving the Euclidean Distance Matrix
Completion Problem (EDMCP), we developed efficient divide-and-conquer algorithms using facial
reduction techniques to detect the position and magnitude of the noise. We introduced three
different facial reduction methods: exposing vector, facial vector, and Gale transform.

Additionally, we investigated yielding entries in an EDM and addressed the case where the
points generating the problem are not in general position. This involved developing an algorithm
to search for a small principal diagonal block with the desired rank.

We performed thorough numerical experiments using MATLAB, demonstrating that our meth-
ods are highly efficient even on large-scale problems.
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