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Abstract

Anderson acceleration (AA), also known as Anderson mixing, is an extrapolation
technique used to accelerate the convergence of fixed-point iterations xk+1 = q(xk),
k = 0, 1, . . . , with q : Rn → Rn, xk ∈ Rn. AA was first introduced by D.G. Ander-
son in the context of solving integral equations but has since been adapted to fixed-point
iteration problems in general. Despite relatively little being known about its convergence
properties, AA has seen considerable usage in several areas such as electronic structure
computations and machine learning. This thesis presents a broad overview of the current
convergence literature for AA and introduces a variety of new results concerning proper-
ties of AA, such as its asymptotic convergence rate, the possibility of stagnation, and an
analysis of its coefficients. Additionally, some variations of the AA iteration are proposed
with an accompanying analysis and comparison to the classical AA algorithm.
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Chapter 1

Introduction

Anderson acceleration (AA) is an iterative method first proposed in [1] to solve nonlinear
integral equations. Although first discussed in the context of integral equations, it was
soon adapted and applied to a variety of applications. Such applications include acceler-
ating the self-consistent field method for electronic structure computations [23], geometry
optimization [28], radiation diffusion and nuclear physics [40], and machine learning [38].

The term acceleration is derived from the observation that AA often improves the con-
vergence speed of fixed-point iterations. That is, given a function q : Rn → Rn with fixed
point x∗, the fixed-point iteration given in (2.7) with initial guess x0 can potentially see sig-
nificantly faster convergence with the application of AA. Additionally, AA can expand the
domain of convergence to include initial iterates that would otherwise not see convergence
in the underlying fixed-point iteration. To contextualize these points, the AA iteration is
now introduced. Consider solving for a fixed point of the function q : Rn → Rn, then the
Anderson iteration formula is given by

xk+1 = q(xk) +
k∑

j=1

β
(k)
j (q(xk)− q(xk−j)) k = 0, 1, 2, . . . , (1.1)

where the coefficients {β(k)
j }kj=1 are determined from the optimization problem

min
{β(k)

j }

∥∥∥∥∥rk +
k∑

j=1

β
(k)
j (rk − rk−j)

∥∥∥∥∥
2

. (1.2)

Here, rk = xk − q(xk) denotes the residual at the k-th iteration of AA. Currently, the
convergence theory for AA has been relatively unsuccessful in quantifying the asymptotic
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convergence rate. The goal of this thesis is to explore various convergence properties of
AA.

This thesis is divided into six chapters. Background material on preliminary topics such
as GMRES, fixed-point iterations, contraction mappings, and existing AA convergence lit-
erature is provided in Chapter 2. This is followed by a discussion on the asymptotic
convergence rates for AA applied to linear problems in Chapter 3, with a special interest
placed on two classes of linear problems. Chapter 4 investigates the presence of stagna-
tion in AA applied to both linear and nonlinear settings. In Chapter 5, expressions are
derived for the acceleration coefficients used in AA in the linear setting, which are applied
to produce new residual bounds that make explicit the acceleration achieved at each iter-
ation. An analysis of two new AA variations is given in Chapter 6 and compared with the
traditional AA method.
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Chapter 2

Background

Before we dive into an analysis of the Anderson acceleration method, it is important for us
to first establish some important background material. In particular, this chapter will con-
centrate on presenting the current convergence literature regarding Anderson acceleration
as well as the relationship Anderson acceleration has with other iterative methods.

2.1 Generalized Minimal Residual Method

Consider solving the linear system
Ax = b, (2.1)

where x, b ∈ Rn and A ∈ Rn×n is nonsingular. Since A is nonsingular, there exists a unique
solution to (2.1) which we will denote by x∗, i.e. Ax∗ = b. Given an initial approximation
x0 ∈ Rn, a projection method constructs a sequence of approximate solutions xk, k =
1, 2, . . . , such that

xk ∈ x0 + Sk, rk ⊥ Lk (2.2)

where rk = Axk − b are the residual vectors and Sk and Lk are k-dimensional subspaces
of Rn termed the candidate space and constraint space respectively. The iterate update
and the residual orthogonality constraint present in (2.2) is sometimes referred to as the
Petrov-Galerkin conditions [36]. Some examples of projection methods include Steepest
Descent [5], Minimal Residual (MINRES) [27], and the Full Orthogonalization Method
(FOM) [35]. Perhaps the most notable example of such a projection method is known as
the Generalized Minimal RESidual (GMRES) method [34], which seeks to minimize the
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residual norm over all vectors in the candidate space, i.e. it finds xk such that

∥rk∥ = ∥Axk − b∥ = min
z∈x0+Sk

∥Az − b∥ , (2.3)

where Sk is taken to be the Krylov Subspace Kk, which is defined as follows:

Definition 2.1.1. Let A ∈ Rn×n and r0 ∈ Rn, then the Krylov subspace generated by A
and r0 is the subspace of Rn given by

Km(A, r0) = Span{r0, Ar0, A2r0, . . . , A
m−1r0}.

Throughout this thesis, the Krylov subspace Km(A, r0) will be often be written as
Km when there is no ambiguity. These subspaces consist of vectors v ∈ Rn such that
v = p(A)r0 where p is a polynomial of degree at most m − 1. With system (2.1) and
Definition 2.1.1 in mind, and setting r0 = Ax0 − b for some initial guess x0, the GMRES
approximations are of the form

A−1b ≈ xk = x0 + pk−1(A)r0,

where pk−1 is a certain polynomial of degree k − 1. In particular, if x0 = 0, our approxi-
mation takes the form

xk = pk−1(A)b. (2.4)

In other words, we approximate A−1b by pk−1(A)b for some polynomial of degree k − 1.
In particular, when k = n, the Cayley-Hamilton Theorem [24] indicates that A−1 can be
expressed as a (n − 1)-degree polynomial using the characteristic polynomial of A. This
fact, combined with the update formula for GMRES shown in (2.4), can be used to show
that GMRES converges to the exact solution x∗ in at most n iterations. While GMRES
will converge in at most n iterations, there is still the possibility of it converging even
sooner, and to further analyze this behaviour, the following definition is introduced.

Definition 2.1.2. The minimal polynomial of a vector v with respect to A is the nonzero
monic polynomial p of lowest degree such that

p(A)v = 0.

The degree of the minimal polynomial is called the grade of v with respect to A.

For the same reasons discussed a moment ago, GMRES will see convergence to the
exact solution after µ iterations, where µ is the grade of r0 with respect to A. With
Definition 2.1.2 established, the following property regarding Krylov subspaces emerges.
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Proposition 2.1.1. ([36]) Let µ be the grade of r0, then Kµ is invariant under A and
Kk = Kµ for all k ≥ µ. i.e.,

AKµ = Kµ.

Proposition 2.1.1 highlights the property that the dimension of Krylov subspaces are
bounded above by the grade of the initial residual r0. More precisely, we have

dim(Kk) = min(k, grade(r0)). (2.5)

A larger Krylov subspace will be generated at each step of the GMRES iteration until
eventually k = µ, at which point the GMRES update will produce the exact solution x∗

to problem (2.1). This finite termination of the method results from the minimization of
the residual (2.3) and the grade

We now present the basic algorithm for GMRES.

Algorithm 1 GMRES

1: Compute r0 = b− Ax0
2: Compute β = ∥r0∥2
3: Compute q1 = r0/β
4: for i = 1, . . . ,m do
5: Compute wi = Aqi
6: for j = 1, . . . , i do
7: hj,i = qTj wi

8: wi = wi − hj,iqj
9: end for
10: hi+1,i = ∥wi∥2
11: if hi+1,i = 0 then
12: Set m := i and go to 16
13: end if
14: qi+1 = wi/hi+1,i

15: end for
16: Find ym that minimizes

∥∥∥βe1 − H̃my
∥∥∥
2

17: Compute xm = x0 +Qmym

A complete explanation of Algorithm 1 is unnecessary for the purposes of this thesis
but interested readers are referred to [36] if a deeper analysis is required. The most notable
steps in Algorithm 1 include the Arnoldi procedure in lines 4-15 to generate an orthogonal
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basis for the Krylov subspace, and the minimization in line 16 for the residual that is then
used to compute the update xm in the following line.

GMRES is not the focus of this thesis, but as discussed in Section 2.3.1, it has a
deep connection with Anderson acceleration. Further, Anderson acceleration falls into the
category of Krylov subspace methods [7] and thus it is important to understand other
methods, such as GMRES, that also belong to this group of iterative methods.

2.2 General Fixed-point Iterations

We now shift focus from GMRES to a more general type of numerical method or class
of numerical methods known as fixed-point iterations. Consider solving for a fixed point
x ∈ Rn of the function q : Rn → Rn. In other words, solving the system

q(x) = x. (2.6)

A common approach to solve (2.6) is by taking a sufficiently chosen initial guess x0 and
iterating

xk+1 = q(xk), k = 0, 1, 2, . . . . (2.7)

The procedure outlined in (2.7) is known as a fixed-point iteration and various different nu-
merical methods exist that follow this form. What is meant by a “sufficiently chosen initial
guess” for fixed-point iterations depends on the application but generally, this condition
requires that x0 is close enough to the solution x∗ such that the iteration will converge. To
gain a better understanding of fixed-point iterations, we now introduce some of the most
popular examples.

2.2.1 Newton’s Method

For example, consider Newton’s Method, which attempts to solve for the roots of a function
f : Rn → Rn by iterating

xk+1 = xk − J(xk)
−1f(xk), k = 0, 1, 2, . . . , (2.8)

where J(xk) is the Jacobian matrix of f at the point xk. If we write

q(x) = x− J(x)−1f(x),
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then if x∗ is a fixed point of q, then

x∗ = q(x∗) = x∗ − J(x∗)−1f(x∗),

meaning
−J(x∗)−1f(x∗) = 0,

therefore f(x∗) = 0. That is, x∗ is a root of f as desired. Newton’s method is widely used
in applications as it often attains a quadratic order of convergence, which can be interpreted
as meaning that asymptotically the number of correct digits in the approximate solution
roughly doubles with each step. The topic of convergence order and convergence rate will
be discussed in more depth in Section 2.3 when introducing the convergence properties of
Anderson acceleration.

One major drawback of Newton’s method is the requirement that the Jacobian be
available at each step, which may not be practical. In an attempt to overcome this problem,
Quasi-Newton methods may be considered, which instead use an approximation of the
Jacobian or the inverse Jacobian at each step. A simple example of a Quasi-Newton
method for one-dimensional problems is given by the secant method

xk+1 = xk −
xk − xk−1

f(xk)− f(xk−1)
f(xk), k = 1, 2, 3, . . . , (2.9)

which approximates the Jacobian at each step by a secant line joining (xk−1, f(xk−1)) and
(xk, f(xk)), starting from initial guesses x0, x1 ∈ R. This secant update removes the need
for Jacobian computations but at the cost of slower convergence.

2.2.2 Power Iteration

Another fixed-point iteration example worth discussing is the power iteration method,

vk+1 =
Avk

∥Avk∥
, k = 0, 1, 2, . . . , (2.10)

which converges to an eigenvector v ∈ Rn of matrix A ∈ Rn×n. More specifically, the power
iteration converges to the eigenvector associated with the dominant eigenvalue (largest
magnitude eigenvalue) assuming such an eigenvalue exists and the initial vector v0 has
a nonzero component in the direction of the dominant eigenvector. Furthermore, after
computing a suitable approximation ṽ ≈ v using the power iteration, the Rayleigh quotient
can be used to approximate the spectral radius associated with symmetric A.
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Definition 2.2.1. The Rayleigh quotient for a given matrix B ∈ Rn×n and nonzero vector
x ∈ Rn is given by

R(B,x) =
xTBx

xTx
.

Remark 2.2.1. The above definition for a Rayleigh quotient makes no assumption as to
whether matrix B is symmetric but the Rayleigh quotient for a nonsymmetric B evaluates
to the Rayleigh quotient of the symmetric part of B, i.e.,

R(B,x) = R((B +BT )/2,x). (2.11)

Now, if ṽ is an approximation found using the power iteration and {λj}nj=1 are the real
eigenvalues of a symmetric matrix A, then

spectral radius(A) = max(|λ1|, |λ2|, . . . , |λn|) ≈ R(A, ṽ) =
ṽTAṽ

ṽT ṽ
.

In Chapter 6, Rayleigh quotients are used to define some Anderson acceleration variant
algorithms. Shown below are a few properties of these quotients that are needed for the
analysis presented in Chapter 6. Let 0 ̸= x ∈ Rn and S ∈ Rn×n be a symmetric matrix,
then for all 0 ̸= c ∈ R we have

R(S,x) = R(S, cx). (2.12)

If (s1,u1) and (s2,u2) are two eigenpairs of S, with u1,u2 orthogonal, then

R(S,u1 + u2) =
s1 ∥u1∥2 + s2 ∥u2∥2

∥u1∥2 + ∥u2∥2
. (2.13)

2.2.3 Contraction Mappings

Determining whether a fixed-point iteration converges or not in general can be tricky, as
we will soon see for Anderson acceleration. Perhaps the most useful result concerning the
convergence of general fixed-point iterations is given by the Banach fixed-point theorem or
the contraction mapping theorem [3, 18].

Definition 2.2.2. Let Ω ⊂ Rn. We say a function f : Ω → Rn is Lipschitz continuous on
Ω with Lipschitz constant σf if

∥f(x1)− f(x2)∥ ≤ σf ∥x1 − x2∥ ,

for all x1, x2 ∈ Ω
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Definition 2.2.3. Let Ω ⊂ Rn. We say a function f : Ω → Rn is a contraction mapping
on Ω if f is Lipschitz continuous with Lipschitz constant σf < 1.

Theorem 2.2.1. Let Ω be a closed subset of Rn and let q be a contraction mapping on Ω
with Lipschitz constant σq < 1 such that q(x) ∈ Ω for all x ∈ Ω. Then there is a unique
fixed point x∗ of q and the iteration defined by (2.7) converges to x∗ for all initial iterates
x0 ∈ Ω.

2.3 Anderson Acceleration

Iteration (1.1) shows that an AA update is comprised of a regular fixed-point iteration

q(xk) along with a weighted sum of function evaluations to previous iterates
∑k

j=1 β
(k)
j (q(xk)−

q(xk−j)). Instead of only considering the most recent iterate xk in the update for xk+1, AA
instead employs a number of previous iterates in an attempt to produce a more accurate
approximation xk+1. One thing to notice with the form of (1.1) is that as the iteration
progresses, the number of previous iterates used also increases. This can pose problems
later in the method as the storage costs increase and the computational cost of optimiza-
tion problem (1.2) increases. As such, many variations of (1.1) have been proposed to
help alleviate this issue, the most notable example being truncated or windowed AA. As
opposed to iteration (1.1), which will now be referred to full-memory AA, windowed AA
only considers a given number of the most recent iterates to produce the next iterate.
Denote by m > 0 the depth or window size and let mk = min(k,m), then the windowed
AA iteration is given by

xk+1 = q(xk) +

mk∑
j=1

β
(k)
j (q(xk)− q(xk−j)) k = 0, 1, 2, . . . , (2.14)

where the coefficients follow from the associated minimization problem

min
{β(k)

j }

∥∥∥∥∥rk +
mk∑
j=1

β
(k)
j (rk − rk−j)

∥∥∥∥∥
2

. (2.15)

For the remainder of this thesis, the windowed AA iteration shown in (2.14) will be denoted
by AA(m) or sometimes just AA if the context is clear. Further, the full-memory AA
iteration given in (1.1) will be denoted by AA(∞).

Remark 2.3.1. Some authors further denote AA(0) to be the fixed-point iteration (2.7) as
it would not consider any other iterates besides xk. This is consistent with (2.14) with the
convention that

∑0
j=1 aj = 0.

9



One thing to mention about the AA(m) iteration (2.14) is the use ofmk rather than just
m. Using mk allows the user to build up to the desired window size m using a single initial
iterate x0. That is, until the window size is reached, AA(m) behaves in the same manner
that AA(∞) would. Instead of using mk as defined above, a user could instead start from
a set of initial iterates {x0,x1,x2, . . . ,xm} and immediately begin AA(m) without the
initial process where mk → m. This type of process is often referred to as AA with general
initial guess [7].

As mentioned earlier, there are several other variations of AA. Another notable AA
algorithm will be discussed in Chapter 6 that is generally known as restarted AA. Iterations
of this form seek to limit the memory requirement of AA, just as AA(m) does, by instead
restarting the method using the most recent iterate after a given number of steps have
been taken. A specific class of restarting AA methods will be analyzed in Chapter 6 that
builds off the analysis presented in [8] with a comparison to made to AA(m).

2.3.1 Relationship with Other Iterations

As AA has seen more application in recent years, a number of comparisons and links have
been made in the literature between AA and other iterative methods. The most notable
of these relations will be discussed in this section.

GMRES

Generally, AA can be applied to find fixed points of nonlinear functions q but it can be
analyzed more specifically in the context of linear problems. In this linear context, a
relationship exists between AA(∞) and GMRES that is termed “essentially equivalent”
[31]. Specifically, consider affine function q(x) =Mx+b whereM ∈ Rn×n, b ∈ Rn, and let
xA
k , x

G
k denote the k-th iterate of an AA(∞) iteration and GMRES iteration respectively.

Then given some basic assumptions, we have

xA
k+1 = q(xG

k ) =MxG
k + b, (2.16)

when xA
0 = xG

0 . Therefore, AA(∞) iterates can be directly obtained from corresponding
GMRES iterates. As the above relation might suggest, AA applied to linear problems
can be analyzed using the framework of Krylov subspace methods [7]. To be more precise
in the relationship between AA(∞) and GMRES shown in (2.16), the basic assumptions
required include that the matrix I −M is nonsingular and that GMRES does not exhibit
any stagnation. This means that the GMRES residuals satisfy

∥∥rG
j

∥∥ < ∥∥rG
j−1

∥∥ for each j =

10



1, . . . , k. The term stagnation generally refers to an iteration making no progress towards
the solution of the underlying problem for a given number of iterations and stagnation for
GMRES specifically has been analyzed extensively in sources such as [19, 20, 37, 41]. In
Chapter 4, we explore the problem of stagnation in AA(m).

Multisecant Quasi-Newton Methods

As presented in [13], AA falls into the larger category of multisecant quasi-Newton methods.
These are methods which replace the Jacobian in the Newton iteration (2.8) with an
approximate Jacobian that satisfies a given number of secant conditions. In particular,
AA approximates the inverse Jacobian J−1 at step k using a matrix Gk that satisfies the
secant conditions

Gk (rk − rk−j) = xk − xk−j, j = 1, . . . ,m,

as well as the so-called no change condition given by

(Gk + I)u = 0,

for all u orthogonal to the subspace spanned by the vectors {rk − rk−j}mj=1. This clas-
sification of AA identifies the method as an example of the generalized Broyden’s second
method. A detailed description of Broyden’s methods and the connection with AA is given
in [13, 12].

The identification of AA as a Multisecant method can be illustrated through the fol-
lowing simple example. Here, we show that AA(1) applied to solve for the fixed point of a
function q : R → R corresponds to applying the one-dimensional secant method to solve
for the root of the function f(x) = x − q(x). Recall the one-dimensional secant method
presented in (2.9). Consider applying AA(1) to a function q : R → R. Using (2.14), when
k ≥ 1 we have

xk+1 = q(xk) + βk[q(xk)− q(xk−1)].

From (2.15) and the facts that n = 1 and m = 1, we can easily see that

βk =
−rk

rk − rk−1

= − xk − q(xk)

xk − xk−1 − q(xk) + q(xk−1)
.

Substituting this coefficient we have

xk+1 = q(xk)−
xk − q(xk)

xk − xk−1 − q(xk) + q(xk−1)
[q(xk)− q(xk−1)].

11



If we now define f(x) := x− q(x), then fixed points of q correspond to roots of f . Substi-
tuting this f above we obtain

xk+1 = xk −
xk − xk−1

f(xk)− f(xk−1)
f(xk), (the secant method! (2.9))

meaning this AA(1) iteration applied to q corresponds to the secant method applied to
f . Therefore, we can determine the convergence of AA(1) in this situation by applying
well-known results concerning the convergence of the secant method, such as its superlinear
order of convergence given by the golden ratio φ = (1 +

√
5)/2 [9].

2.3.2 Notions of Convergence

A potential shortfall of AA in the current literature is the lack of a clear understanding of
its convergence properties. In particular, there has been little success in proving that the
asymptotic convergence factor is an improvement upon the underlying fixed-point iteration,
despite the general numerical observation that this is the case. To understand this problem
in more depth, the following convergence definitions are first introduced

Definition 2.3.1. A sequence {ξk} converges q-linearly (quotient-linearly) to ξ∗ if there
exists a Ĉ ∈ (0, 1) such that

∥ξk+1 − ξ∗∥ ≤ Ĉ ∥ξk − ξ∗∥

for all k ≥ 0. Alternatively (according to [25]), we say a sequence converges q-linearly to
ξ∗ with q-factor C ∈ (0, 1) if

lim sup
k→∞

∥ξk+1 − ξ∗∥
∥ξk − ξ∗∥

= C.

Definition 2.3.2. A sequence {ξk} convergences r-linearly (root-linearly) to ξ∗ with r-
linear convergence factor ρ{ξk} given by

ρ{ξk} = lim sup
k→∞

∥ξk − ξ∗∥1/k ,

if ρ{ξk} ∈ (0, 1). If ρ{ξk} = 0, then we say {ξk} is r-superlinearly convergent. For much of
this thesis, we will also refer to the r-linear convergence factor as the asymptotic convergence
factor.
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For AA, it is important to note that, in general, the r-linear convergence factor is
strongly dependent on the initial iterate x0 [7]. This contrasts with the underlying fixed-
point iteration (2.6) whose r-linear convergence factor ρFP{xk} is largely independent of the

initial iterate when q(x) is differentiable [7, 25]. Specifically, for an affine iteration function
q(x) = Mx + b, we have ρFP{xk} = spectral radius(M) except when the initial iterate x0 is
parallel to a nondominant eigenvector of M .

2.3.3 Existing Convergence Literature

The first convergence results established for AA were presented in [39], which showed
convergence of AA(m) in both the linear and nonlinear settings, under certain conditions.
These results represented an important step in understanding whether AA will converge,
but this analysis presented no insight into the acceleration observed of AA. That is, it was
not shown in [39] that AA improves the convergence rate of the underlying fixed-point
iteration. To aid in the discussion of AA convergence rates in the following chapters, it
will be helpful to present the basic convergence theorem and proof for the linear setting
as first seen in [39]. Consider using AA(m) to solve for the fixed point of q(x) =Mx+ b
where M ∈ Rn×n, x, b ∈ Rn. Substituting this affine q into (2.14) results in the update

xk+1 =M

[
xk +

mk∑
j=1

β
(k)
j (xk − xk−j)

]
+ b. (2.17)

The residuals corresponding to (2.17) are given by

rk = xk − q(xk) = xk −Mxk − b = (I −M)xk − b. (2.18)

Combining (2.17) and (2.18) leads to the following residual update formula

rk+1 = (I −M)xk+1 − b

= (I −M)M

[
xk +

mk∑
j=1

β
(k)
j (xk − xk−j)

]
−Mb

=M

[
(I −M)xk − b+ (I −M)

mk∑
j=1

β
(k)
j (xk − xk−j)

]

=M

[
rk +

mk∑
j=1

β
(k)
j (rk − rk−j)

]
, (2.19)
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where r1 = Mr0 and r0 = (I −M)x0 − b for some initial iterate x0. The main tool to
show convergence in this linear setting is the residual bound given by∥∥∥∥∥rk +

mk∑
j=1

β
(k)
j (rk − rk−j)

∥∥∥∥∥ ≤ ∥rk∥ . (2.20)

The bound in (2.20) is a result of the solution of the coefficients {β(k)
j }mk

j=1 in optimization
problem (2.15). Since these coefficients are chosen such that the left-hand side of (2.20)

is minimized, and the fact taking β
(k)
j = 0 for all j = 1, . . . ,mk results in the right-hand

side, it is clear that (2.20) holds. Now, using (2.19) and (2.20) we can conclude that

∥rk+1∥ =

∥∥∥∥∥M
[
rk +

mk∑
j=1

β
(k)
j (rk − rk−j)

]∥∥∥∥∥
≤ ∥M∥

∥∥∥∥∥rk +
mk∑
j=1

β
(k)
j (rk − rk−j)

∥∥∥∥∥
≤ ∥M∥ ∥rk∥ .

Since r(x∗) = x∗ − q(x∗) = 0, the q-linear convergence according to Definition 2.3.1 of
the residual iteration (2.19) is achieved if ∥M∥ < 1. As stated earlier, this convergence
theory does not seem to suggest any improvement to the convergence rate of ∥M∥ for the
underlying fixed-point iteration.

Another paper of interest [29] establishes a per-iteration residual bound for AA that
reveals the mechanism by which acceleration is achieved. It is unnecessary to present the
exact bound presented in this work, but the following relationship is emphasized

∥rk+1∥ ≤ O(∥rk∥2) +O(∥rk∥ ∥rk−1∥) + · · ·+O(∥rk∥ ∥rk−mk
∥).

One shortcoming here is that the established residual bound tells us nothing about the
asymptotic behavior of AA. While the exact bound presented in [29] might suggest that
AA will accelerate the convergence over the underlying fixed-point iteration, as we will see
in the following chapter, there exists certain nontrivial linear maps that see no acceleration
from AA.

It was shown [11, 33] that AA slows the convergence corresponding to superlinearly
converging fixed-point iterations. This is a rather disappointing discovery as it implies
that AA cannot be used to speed up quadratically converging Newton iterations. A further
exploration of AA applied to Newtons method is studied in [6, 30].
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Improved Convergence for Symmetric Maps

Recently, it was shown in [14] that AA(m) has an improved asymptotic convergence factor
over the underlying fixed-point iteration for affine q(x) = Mx + b, x, b ∈ Rn where M
is a symmetric matrix. In addition, this linear result is extended to show that nonlinear
functions q also see an improved convergence rate if they have a symmetric Jacobian at the
solution. This convergence result marks the first convergence theory showing that AA(m)
asymptotically achieves the acceleration implied by its name. As such, it is important to
discuss the techniques used and the applicability of the results if we wish to develop better
results in the future. To begin, we first introduce the main theorem of [14].

Theorem 2.3.1. ([14], Theorem 1) Let q(x) = Mx + b where M ∈ Rn×n is symmetric
with ∥M∥ < 1 and let λmax(M), λmin(M) denote the largest and smallest eigenvalue of M
respectively. Then, for any initial iterate x0, AA(m) converges to the fixed point of q with
r-linear convergence rate bounded by

√
w0 ∥M∥, where

w0 = sup
a≥0

sin

[
sin−1

(
|λmax(M)− λmin(M)|a√

4 + (2− λmax(M)− λmin(M))2a2

)

+
∣∣∣tan−1(a)− tan−1

(a
2
(2− λmax(M)− λmin(M))

)∣∣∣ ].
Specifically, the residuals rk generated by AA(m) satisfy

∥rk+1∥
∥rk−1∥

≤ w0 ∥M∥ , for all k ≥ 2,

and w0 is bounded above by ∥M∥ with w0 = ∥M∥ if and only if λmax(M) = −λmin(M).

The basic idea behind the proof of Theorem 2.3.1 is to take advantage of the symme-
try of M by using a geometric interpretation of the AA(m) iteration. More specifically,
the bound shown in Theorem 2.3.1 is the maximization of the angle between rk−1 and
rk, where rk lies in the circle centered as C = (λmax(M) + λmin(M))r̂k/2 with radius
(λmax(M)− λmin(M)) ∥r̂k∥ /2, with r̂k taken to be the minimum norm affine combination
of rk−m−1, . . . , rk−1 such that rk = M r̂k according to (2.19). At this point, interested
readers are encouraged to visit [14] for the derivation of w0 and the proof that w0 ≤ ∥M∥.
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O
C

rk−1
r̂k

rk

In the next chapter, we explore the convergence rate of AA in more detail, with a
special focus given to the linear setting. There, exact convergence rates will be given for a
certain class of linear maps.
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Chapter 3

Asymptotic Convergence Rates

In general, determining the r-linear convergence factor or asymptotic convergence factor of
an AA iteration is extremely difficult. Despite the wide use of AA in practice, there have
been almost no convergence results that establish an improved asymptotic convergence
rate for AA over the underlying fixed-point iteration. This chapter will largely focus on
analyzing this convergence factor problem, particularly in the linear setting. That is, we
will focus on the asymptotic convergence factor for AA applied to solve for the fixed point
x∗ ∈ Rn of an affine function q : Rn → Rn.

Let q(x) =Mx+ b where M ∈ Rn×n and x, b ∈ Rn. Assume A = I −M is invertible
so that q has a unique fixed point given by

x∗ = (I −M)−1b = A−1b. (3.1)

If we consider applying AA(m) to q for some initial iterate x0 to solve for x∗, then recall
from the previous chapter that we have the iteration given by

xk+1 =M

[
xk +

mk∑
j=1

β
(k)
j (xk − xk−j)

]
+ b

and residual iteration given by

rk+1 =M

[
rk +

mk∑
j=1

β
(k)
j (rk − rk−j)

]
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as first shown in (2.17) and (2.19) respectively, where the acceleration coefficients are
chosen to minimize the norm

min
{β(k)

j }

∥∥∥∥∥rk +
mk∑
j=1

β
(k)
j (rk − rk−j)

∥∥∥∥∥
2

.

Remark 3.0.1. Our assumption that A is invertible also allows us to express the iterates xk

in terms of the residuals rk, k = 0, 1, 2, . . . . Since rk = Axk − b, invertibility of A implies
that xk = A−1(rk + b). Therefore, in this chapter and much of the rest of this thesis,
we largely focus on the residual iteration as this more naturally fits with the solution of
the acceleration coefficients as well as removes the need to consider the vector b in our
iteration.

We are interested in determining the convergence factor associated with the residual
sequence generated by applying AA(m) to linear problem (2.19) for some initial residual
r0 ∈ Rn. Recall from Definition 2.3.2 that the r-linear convergence factor or asymptotic
convergence factor for a given initial residual r0 is given by

ρ(r0) := ρ{rk} = lim sup
k→∞

∥rk∥1/k .

In the case of AA(m), this asymptotic convergence factor is strongly dependent on the
initial residual. Therefore, we are often interested in the worst-case r-linear convergence
factor given by

ρ∗ = sup
r0∈Rn

ρ(r0), (3.2)

which represents the worst-performing convergence behaviour of AA applied to the problem
among all initial residuals. In this chapter, we will also frequently give special attention to
AA(1). Taking m = 1 in (2.18) we have the residual update

rk+1 =M [rk + βk(rk − rk−1)]. (3.3)

Note that in this setting, there is a single acceleration coefficient βk to solve for. If rk ̸=
rk−1, then βk has unique solution given by

βk = −rT
k (rk − rk−1)

∥rk − rk−1∥2
. (3.4)

If we instead have rk = rk−1, then our iteration has begun to stagnate, which we explore
in more detail in Chapter 4. Notably, if stagnation occurs here, then the choice for βk in
(3.3) is irrelevant and we can thus use any value desired (throughout this thesis we often
take βk := 0 in this case according to [7]).
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3.1 Investigation of a Simple Linear Setting

To begin our investigation, it may be helpful to first introduce a simple example to get
a better idea of the problem of determining the asymptotic convergence factor. Consider
applying AA(1) to solve for the fixed point x∗ of

q(x) =Mx =

[
λ1 0
0 λ2

]
x, where λ1, λ2 < 1, (3.5)

which is obviously given by x∗ = 0. Given an initial iterate x0, our initial residual is given
by

r0 = (I −M)x0 =

[
1− λ1 0

0 1− λ2

]
x0.

Our next residual is then given by r1 = Mr0, from which point we can begin iterating
(3.3) using the solution for βk given by (3.4). Even in this simplified setting, developing
an exact convergence theory for AA(1) is challenging. The nonlinearity introduced by βk
leads to complicated behaviour. To see this, Fig. 3.1 highlights the oscillatory behaviour
of the acceleration coefficients and approximate convergence factors as the iteration count
increases for a specific example. Fig. 3.2 illustrates the dependence of the asymptotic
convergence factor on the initial iterate and highlights the initial iterates that result in
the worst-case asymptotic convergence of (3.5). In this case, we have ρ∗ ≈ 0.5074, which
represents an improvement in the asymptotic convergence of the underlying fixed-point
iteration given by ρFP ≈ ∥M∥ = 0.7. Notably, Fig. 3.2 suggests there is some symmetry
in the convergence of AA(1) applied to (3.5). This observation can be explained by the
fact that the asymptotic convergence factor is scaling invariant, as demonstrated by the
following proposition.

Proposition 3.1.1. Consider applying AA(m) for any initial residual r0 to the affine function
q(x) =Mx+ b where M ∈ Rn×n and x, b ∈ Rn. If the iteration converges, then

ρ(r0) = ρ(αr0),

for all α ∈ R \ {0}.

Proof. Consider applying AA(m) to q with initial residual r̃0 where r̃0 = αr0. Then
r̃1 = M r̃0 = αMr0 = αr1. If we have r̃j = αrj for all k −mk ≤ j ≤ k, then using (2.18)
we see

r̃k+1 =M

[
r̃k +

mk∑
j=1

β
(k)
j (r̃k − r̃k−j)

]
= αM

[
rk +

mk∑
j=1

β
(k)
j (rk − rk−j)

]
= αrk+1.
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Figure 3.1: Acceleration coefficients βk as a function of iteration number (left) and the

approximate convergence factor ∥rk∥1/k as a function of iteration number (right) for AA(1)
applied to (3.5) with λ1 = 0.7, λ2 = −0.3, and r0 = (−0.1285, 0.6687)T .

It follows inductively that r̃k = αrk for all k ≥ 0 and therefore

ρ(r̃0) = lim sup
k→∞

∥r̃k∥1/k = lim sup
k→∞

∥αrk∥1/k = lim sup
k→∞

|α|1/k ∥rk∥1/k = ρ(r0),

as desired.

Fig. 3.3 illustrates a few key areas that are interesting for analysis. Perhaps most
notably, the bound given by Theorem 2.3.1 shown in yellow indeed improves upon the
convergence rate of the underlying fixed-point iteration. Comparing this bound with the
worst-case AA(1) iterations shown in blue highlights a sizable difference between the im-
proved bound of [14] and the true worst-case asymptotic convergence factor. Another
interesting observation is that the case where λ1 = λ2 seems to suggest that the worst-
case convergence factor is zero, meaning superlinear convergence is achieved. In particular
we can actually conclude that this case results in r2 = 0, meaning exact convergence is
achieved in just two iterations. In fact, this can be shown to be true for scalar matrices in
general as the following proposition asserts.

Proposition 3.1.2. Consider applying AA(m) for any initial residual r0 to the affine function
q(x) =Mx+ b where x, b ∈ Rn, M is a scalar matrix (i.e., M = λI for some λ ̸= 0), and
r1 =Mr0. Then, we have r2 = 0.

Proof. Let r0 be some initial residual and r1 =Mr0 = λr0. Then β1 is chosen to minimize

∥r1 + β1(r1 − r0)∥2 = ∥λr0 + β1(λ− 1)r0∥2 = ∥(λ+ β1(λ− 1))r0∥2 .

20



Asymptotic convergence as a function of initial residual
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Figure 3.2: Asymptotic convergence factor as a function of initial residual r0 ∈ [−1, 1]2 for
AA(1) applied to (3.5) with λ1 = 0.7, λ2 = −0.3. A 128× 128 grid was used for the initial
residuals and convergence factors were numerically found after generating the residuals
according to (3.3) for each grid point.
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Figure 3.3: Worst-case asymptotic convergence factor for AA(1) (blue) applied to (3.5)
as a function of λ2 with λ1 fixed compared with the associated convergence factor for the
underlying fixed-point iteration (red) and the bound for the convergence factor (yellow)
given by Theorem 2.3.1.
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The above expression is minimized when

β1 = − λ

λ− 1
,

resulting in the next residual satisfying

r2 =M [r1 + β1(r1 − r0)]

= λ(λ+ β1(λ− 1))r0

= λ(0)r0 = 0,

as desired.

Another interesting thing to note about Fig. 3.3 is the worst-case convergence factor
when λ1 = −λ2, as it appears that AA(1) does not improve the convergence of the as-
sociated fixed-point iteration. As we will see in the next section, this case is especially
interesting because AA(1) applied to this affine map exhibits a few properties that allow
us to exactly quantify the asymptotic convergence factor for any initial iterate.

3.2 Asymptotic Convergence Factors for Certain Lin-

ear Maps

In this section, we will present two classes of affine maps, a symmetric and skew-symmetric
class, for which we can determine the asymptotic convergence factor for any initial residual
r0. Further, we will consider how the convergence analysis corresponding to these maps
can be extended to larger systems and similar iterations. Specifically, consider using AA(1)
to solve for the fixed point x∗ ∈ Rn of the affine function q(x) =Mx+ b where x, b ∈ R2

and M =Mλ or M = Wλ with

Mλ =

[
λ 0
0 −λ

]
(3.6a)

and

Wλ =

[
0 λ
−λ 0

]
, (3.6b)

where λ ∈ R \ {0, 1}. The symmetric matrix Mλ in (3.6a) represents the case identified in
Fig. 3.3 where the worst-case convergence factor for AA(1) appears to coincide with the
convergence rate of the underlying fixed-point iteration. The skew-symmetric matrix Wλ
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Figure 3.4: Acceleration coefficients βk as a function of iteration number for AA(1) applied
to affine function with M =M0.7 (left) and M = W0.7 (right).

in (3.6b) contains the same values along the skew-diagonal as the diagonal in Mλ. It is
also important to notice that the eigenvalues of Mλ are λ and −λ while the eigenvalues of
Wλ are iλ and −iλ. A useful property that Mλ and Wλ share is that

∥Mλv∥2 = λ2v21 + (−λ)2v22 = λ2 ∥v∥2 = λ2v22 + (−λ)2v21 = ∥Wλv∥2 , (3.7)

for all v = (v1, v2)
T ∈ R2. We may occasionally need the above property since it allows us

to split up the norm of the following residual

∥rk+1∥2 = ∥M∥2 ∥rk + βk(rk − rk−1)∥2 = λ2 ∥rk + βk(rk − rk−1)∥2 . (3.8)

After applying AA(1) to affine q withM =Mλ orM = Wλ, a few key observations can
be made about the iteration. In particular, the acceleration coefficients appear to follow
a specific pattern with zero acceleration being provided every other iteration (β2j = 0
for all j ≥ 1). Fig. 3.4 highlights this observation for each map by taking λ = 0.7 and
displaying the acceleration coefficients corresponding to a random initial residual. One
visible difference that Fig. 3.4 illustrates is that the coefficients corresponding toWλ appear
to alternate between two distinct values while the coefficients corresponding to Mλ cycle
between 4 points. Additionally these plots clearly show that the coefficients for both maps
take the value zero every other iteration. This behaviour can be proved theoretically. To
see this, we first introduce the following lemma.

Lemma 3.2.1. The AA(1) iteration (3.3) applied to the affine function q(x) = Mx + b
where x, b ∈ R2 and M =Mλ (3.6a) or M = Wλ (3.6b) obeys the residual relation

∥rk+1∥2 = rT
k+1Mrk−1, (3.9)
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for all k ≥ 1.

Proof. Let k ≥ 1. From the unique solution (3.4) for βk, we have

(rk − rk−1)
T [rk + βk(rk − rk−1)] = 0. (3.10)

Taking M to be Mλ or Wλ from (3.6a) or (3.6b) respectively, it is clear that MTM = λ2I2,
where I2 is the 2× 2 identity matrix. Thus, using (3.10), (3.8) and residual update (3.3),
we have

∥rk+1∥2 = λ2[rk + βk(rk − rk−1)]
T [rk + βk(rk − rk−1)]

= λ2rT
k [rk + βk(rk − rk−1)] = rT

k+1Mrk.

Now, since
rT
k+1Mrk = ∥rk+1∥2 − βkr

T
k+1M(rk − rk−1),

it follows that βkr
T
k+1M(rk − rk−1) = 0. Therefore

rT
k+1Mrk−1 = rT

k+1Mrk = ∥rk+1∥2

as desired.

The relation in Lemma 3.2.1 now allows us to prove the peculiar property of these
iterations naturally providing zero acceleration on alternating steps. That is, we now have
the following result.

Proposition 3.2.1. The AA(1) iteration (3.3) applied to linear functions (3.6a) or (3.6b) for
any initial residual r0 has β2k = 0 for all k ≥ 1.

Proof. Let M be given by Mλ or Wλ from (3.6a) or (3.6b) respectively. We will proceed
by induction. Start by assuming that rk =Mrk−1, as this corresponds to βk−1 = 0. In the
base case (k = 1) however, this β0 coefficient is not present but can analogously taken to
be 0. From Lemma 3.2.1, it follows that

∥rk+1∥2 = rT
k+1Mrk−1 = rT

k+1rk,

meaning,
−rT

k+1(rk+1 − rk) = 0. (3.11)

Then, if rk+1 ̸= rk, using the unique solution for our coefficients given by (3.4) with (3.11)
results in βk+1 = 0. If rk+1 = rk, recall that we set βk+1 = 0 (we can choose anything for
βk+1 since the vector it is multiplied by will be the zero vector). Consequently, the next
iteration is determined by the rule rk+2 =Mrk+1, and thus we have our result.
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3.2.1 Convergence for Wλ

From this point, we will inspect the convergence of Mλ and Wλ under AA(1) separately as
they require more individual analysis. To start, we will introduce the convergence rate for
Wλ.

Proposition 3.2.2. Consider AA(1) applied to q(x) = Wλx + b for some b ∈ R2 and any
initial residual r0 ∈ R2. Then, the coefficients βk follow the 2-periodic behaviour{

β2k = 0

β2k+1 = − ∥Wλ∥2

1+∥Wλ∥2
(3.12)

for all k ≥ 0, and the r-linear convergence factor is given by

ρWλ
=

∥Wλ∥(
1 + ∥Wλ∥2

)1/4 .
Proof. As shown in Proposition 3.2.1, applying AA(1) to (3.6b) for any initial iterate
results in β2k = 0 and thus r2k+1 = Wλr2k for all k ≥ 0. Since

rT
2k+1r2k = rT

2kW
T
λ r2k = −λr(2)

2k r
(1)
2k + λr

(2)
2k r

(1)
2k = 0, (3.13)

it follows that

β2k+1 = − ∥r2k+1∥2

∥r2k+1∥2 + ∥r2k∥2
= − ∥Wλ∥2 ∥r2k∥2

∥Wλ∥2 ∥r2k∥2 + ∥r2k∥2
= − ∥Wλ∥2

∥Wλ∥2 + 1
, (3.14)

as shown in (3.12). The r-linear convergence factor ρWλ
will be uncovered by considering

the relative magnitudes of consecutive residuals which we denote by yk := ∥rk∥ / ∥rk−1∥.
Since r2k+1 = Wλr2k, we see y2k+1 = ∥Wλ∥ for all k ≥ 0. Using (3.14), (3.10), and (3.13),
we have

y22k+2 =
∥r2k+2∥2

∥r2k+1∥2
=

∥Wλ∥2 ∥r2k+1 + β2k+1(r2k+1 − r2k)∥2

∥r2k+1∥2

=
∥Wλ∥2

(
∥r2k+1∥2 + β2k+1r

T
2k+1(r2k+1 − r2k)

)
∥r2k+1∥2

=
∥Wλ∥2

(
∥r2k+1∥2 + β2k+1 ∥r2k+1∥2

)
∥r2k+1∥2

=
∥Wλ∥2

1 + ∥Wλ∥2
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From the periodic behaviour present in the acceleration coefficients we then have{
y2k−1 = ∥Wλ∥
y2k = ∥Wλ∥√

1+∥Wλ∥2
, for all k ≥ 1. (3.15)

Now, applying a telescoping procedure we get the desired convergence rate.

ρWλ
= lim

k→∞
∥rk∥1/k = lim

k→∞

∥rk∥1/k

∥r0∥1/k
= lim

k→∞

k/2−1∏
j=0

∥r2j+2∥
∥r2j∥

1/k

= lim
k→∞

k/2−1∏
j=0

y2j+1y2j+2

1/k

= lim
k→∞

k/2−1∏
j=0

∥Wλ∥2√
1 + ∥Wλ∥2

1/k

= lim
k→∞


 ∥Wλ∥2√

1 + ∥Wλ∥2

k/2


1/k

=
∥Wλ∥(

1 + ∥Wλ∥2
)1/4 .

The above result indicates the peculiar property of these skew symmetric matrices
possessing AA(1) convergence factors that are independent of the initial iterate. This
is a rather unusual property as typical applications of AA show convergence rates that
are highly dependent on the initial residual, as illustrated in examples such as Fig. 3.1.
An interesting consequence of this independence on the initial residual is that the skew
symmetric matrix of (3.6b) always improves upon the fixed-point iteration since

ρWλ
=

∥Wλ∥(
1 + ∥Wλ∥2

)1/4 < ∥Wλ∥ = λ.

Furthermore, the fixed-point iteration converges only if the iteration function q(x) is con-
tractive which implies spectral radius(M) < 1 in the linear case but AA can still see
convergence for non-contractive maps as discussed in [29]. For maps of the form (3.6b), we
can have non-contractive maps with ∥Wλ∥ > 1 and still see convergence of AA(1) despite
the fixed-point iteration failing to converge. Specifically, by solving for when ρWλ

< 1 we
see that we instead require

λ = ∥Wλ∥ <

√
1 +

√
5

2
≈ 1.272
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for convergence of AA(1).

3.2.2 Convergence of Mλ

The pattern in the coefficients described by Proposition 3.2.1 results in the iteration being
identical to the “restarted” Anderson acceleration variation analyzed in [?]. Denoted by
rAA(1), this restarted variant enforces no acceleration every other iteration by using the
two-step update

xk = q(xk−1), (3.16)

xk+1 = q(xk) + βk(q(xk)− q(xk−1)), (3.17)

where the coefficient βk is determined by the same optimization problem (2.15) with unique
solution (3.4). In fact, the following proposition outlines how we can use the results of [8]
to help establish the convergence of AA(1) applied to linear iteration (3.6a).

Proposition 3.2.3. Consider AA(1) applied to Mλ as given by (3.6a) and set ε := r
(2)
0 /r

(1)
0

for initial residual r0 = (r
(1)
0 , r

(2)
0 )T . Then, the r-linear convergence factor is given by

ρMλ
(r0) =

[
4ε2λ4

ε4(1 + λ)2 + 2ε2(λ2 + 1) + (1− λ)2

]1/4
. (3.18)

Furthermore, the worst-case asymptotic convergence factor among all initial residuals r0
is given by ρ∗Mλ

= ∥Mλ∥ = |λ|.

Proof. For AA(1) applied to (3.6a), since according to Proposition 3.2.1 every other ac-
celeration weight is zero, we can write the iteration in the two-step form of (3.16), (3.17).
That is, the AA(1) and rAA(1) iterations follow the same update rule when applied to
(3.6a) and thus generate the same iterates when beginning from the same initial iterate.
As a consequence, we can simply apply the r-linear convergence result of [8, Theorem 4.3]
for rAA(1) applied to 2 × 2 symmetric linear systems to our problem leading to (3.18)
as stated. Further, as established in [8, Lemma 4.4], we can maximize this asymptotic
convergence factor with respect to ε to obtain

ε∗ = ±

√
| − λ(1− λ)|
|λ(1 + λ)|

= ±

√
|1− λ|
|1 + λ|

, (3.19)

which gives ρ∗Mλ
= |λ| when substituted into (3.18).
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The above proposition reveals an interesting quality of map (3.6a) when AA(1) is
applied. The worst-performing initial iterate leads to no improvement or acceleration over
the underlying fixed-point iteration. In fact, taking ε = ε∗ according to (3.19), it can be
seen that βk = 0 for all k ≥ 1 and thus the regular fixed-point iteration (2.7) emerges.
With this discovery in mind, we now have a class of maps that do not see any improvement
in the worst case when AA(1) is applied. This is undesirable of an acceleration technique
but the asymptotic convergence factor (3.18) here also highlights calculable acceleration for
all other initiations. The next result highlights a relationship between AA(m) iterations
that will allow us to generalize the convergence given in Proposition 3.2.3 to a larger class
of symmetric matrices.

Proposition 3.2.4. Let S ∈ Rn×n be a symmetric matrix with eigendecomposition

S = QΣQT ,

for diagonal Σ ∈ Rn×n, orthogonal Q ∈ Rn×n, and let ρS, ρΣ be the r-linear convergence
factors associated with AA(m) applied to linear iterations q1(x) = Sx+b1, q2(x) = Σx+b2
for some b1, b2 ∈ Rn respectively. Then, ρS satisfies

ρS(Qr0) = ρΣ(r0)

for initial residual r0 ∈ Rn assuming the AA(m) iteration converges for Σ.

Proof. To begin, it is helpful to distinguish between the residuals produced by AA(m)
applied to Σ and S by {rΣk } and {rS

k } respectively. Setting rS
0 := QrΣ

0 , we have

rS
1 = SrS

0 = QΣQT (rS
0 ) = QΣQT (QrΣ

0 ) = QΣrΣ
0 = QrΣ

1 .

We now proceed by induction. Assume rS
k = QrΣ

k for 0 ≤ k ≤ K. Now, using the fact
that rS

k = QrΣ
k for K − mK ≤ k ≤ K and plugging these residuals into (2.15), by the

norm-preserving property of Q, the acceleration coefficients {β(K)
j } used to compute rS

K+1

and rΣ
K+1 are the same. Our next residual is thus

rS
K+1 = SrS

K +

mK∑
j=1

β
(K)
j S(rS

K − rS
K−j)

= QΣQT (QrΣ
K) +

mK∑
j=1

β
(K)
j QΣQT (QrΣ

K −QrΣ
K−j)

= Q

(
ΣrΣ

K +

mK∑
j=1

β
(K)
j Σ(rΣ

K − rΣ
K−j)

)
= QrΣ

K+1.
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Now, since ∥∥rS
k

∥∥ =
∥∥QrΣ

k

∥∥ =
∥∥rΣ

k

∥∥ , for all k ≥ 0,

and by the asymptotic convergence factor definition Definition 2.3.2, we have our result.

It should be noted that Proposition 3.2.4 can be stated in a more general form for
any two similar matrices A,B ∈ Rn×n related by the similarity transform A = QBQT

for orthogonal Q ∈ Rn×n. That is, it is not required for this result to strictly relate the
asymptotic convergence for a symmetric matrix with the diagonal matrix of its eigenvalues.

The following Corollary uses Proposition 3.2.4 to expand this no-acceleration observa-
tion to a larger class of symmetric matrices, further cementing the idea that AA(1) does
not always result in acceleration.

Corollary 3.2.1. Let S ∈ Rn×n be symmetric with eigenvalues

λ1 = −λ2 with 1 > |λ1| = |λ2| > |λ3| ≥ |λ4| ≥ · · · ≥ |λn|,

and let ρS(r0) be the AA(1) asymptotic convergence factor associated with linear map
q1(x) = Sx+b1 for some r0, b1 ∈ Rn. Then, the worst-case AA(1) asymptotic convergence
factor over all initial residuals is given by ρ∗S = ∥S∥.

Proof. The eigendecomposition of S may be written as

S = QΣQT , where Σ = diag(λ1, λ2, . . . , λn),

for some orthogonal Q ∈ Rn×n. From Proposition 3.2.4, we have ρS(Qr0) = ρΣ(r0) so it
is sufficient to shift our focus to the worst asymptotic convergence of AA(1) applied to
linear map q2(x) = Σx + b2 for some b2 ∈ Rn. Now, by “zeroing out” components of our
initial residual that do not correspond to the Mλ block of Σ we can recover the asymptotic
convergence associated with Mλ given by (3.18). In particular, choosing

r∗
0 = α


1

±
√

1−λ1

1−λ2

0
...
0

 , for some α ∈ R \ {0}, (3.20)

in accordance with (3.19) leads to ρΣ(r
∗
0) = ∥Σ∥. From Proposition 3.2.4, we then see

ρS(Qr
∗
0) = ∥Σ∥ = ∥S∥. According to [39], AA does not perform worse than the underlying

fixed-point iteration and thus since ρFP = ∥S∥, we have our result.
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Chapter 4

Stagnation

The goal of this chapter is to analyze the presence of stagnation in AA iterations with
a finite window size (m < ∞). The term stagnation describes the scenario in which
consecutive iterates are equal, showing no advancement of the iteration to the solution.
The problem of stagnation for AA(∞) with affine q has been analyzed in [31] using the
relationship with GMRES discussed in Chapter 2. Specifically, it was found that stagnation
of GMRES corresponds to stagnation of AA. One key difference between these methods
is exposed with the presence of stagnation however. If stagnation occurs, GMRES will
continue to generate larger Krylov subspaces until it eventually converges exactly to the
solution of (2.6), while AA (with m = ∞) will continue to stagnate indefinitely, making
no progress towards the solution of (2.6).

Several authors have considered the problem of stagnation for GMRES [41, 19, 37, 20].
A deeper analysis of stagnation for GMRES is presented in [20], where necessary and
sufficient conditions are established for complete stagnation and partial stagnation. The
work of [20] is built off of the more general work of [15] which characterizes the matrices
A and initial residuals r0 resulting in any desired nonincreasing convergence curve for the
normed residuals ∥rk∥, k = 0, 1, 2, . . . . To our knowledge, general results concerning the
problem of stagnation for AA(m) with m <∞ in the linear and nonlinear setting have not
been considered and so the goal of this work is to explore this problem and any threat it
may pose to AA iterations in practice.

One term we use frequently in this chapter is defined below.

Definition 4.0.1. Given some fixed-point function q and initial iterate x0, we say AA
displays immediate stagnation if x1 = x2.
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Additionally, it will be occasionally helpful to consider the following matrix-vector
reformulation of linear residual iteration (2.18). We may define

βk =

 β
(1)
k
...

β
(mk)
k

 and Rk =
[
rk − rk−1 rk − rk−2 . . . rk − rk−mk

]
, (4.1)

so that least squares problem (2.15) can take the equivalent form

min
β

∥rk +Rkβ∥2 , (4.2)

with solution satisfying the normal equations

RT
kRkβk = −Rkrk. (4.3)

Meaning (2.18) takes the equivalent form

rk+1 =M(rk +Rkβk).

Recall from Chapter 2, for a given x0 we have the following relationship between the
iterates {xA

k }∞k=0, {xG
k }∞k=0 produced by AA and GMRES respectively:

xA
k+1 = q(xG

k ) =MxG
k + b

In [31], an emphasis is placed on the stagnation and convergence properties of AA(∞) with
respect to the stagnation of GMRES and the grade of A with respect to r0. While the
results of this chapter are instead concerned with the stagnation of AA(m) for some depth
0 < m < ∞, the stagnation results of [31] are still of great importance in our analysis as
the iterates produced by AA(m) and AA(∞) are the same during the initial period where
mk = k. Specifically, the authors define the number

µ(A,x0) = max{k ∈ N : xAA
1 − x0, x

AA
2 − x0, . . . ,x

AA
k − x0 are linearly independent},

and compare it with the grade of A with respect to r0

ν(A, r0) = min{k ∈ N : r0, Ar0, . . . , A
kr0 are linearly dependent}.

If µ < ν, then GMRES begins stagnating at index µ until it eventually converges exactly
to x∗, while AA(∞) will stagnate forever. A consequence of the relationship between AA
and GMRES is that initial iterates that result in the immediate stagnation of GMRES

31



(xG
0 = xG

1 ̸= x∗) also correspond to the immediate stagnation of AA (xA
2 = xA

1 ). To see
this, recall that GMRES updates according to the rule

xG
k = x0 + γk, with γk = argmin

γ∈Kk

∥A(x0 + γ)− b∥ . (4.4)

In the above update, the vector γk is chosen from the Krylov subspace

Kk = Kk(A, r0) = span{r0, Ar0, . . . , Ak−1r0}, (4.5)

where the initial residual is given by r0 = Ax0−b. Using (4.4) and (4.5), the first GMRES
iterate takes the form

xGMRES
1 = x0 + αr0, where α = − rT

0 Ar0

∥Ar0∥2
. (4.6)

It is clear from the above GMRES update that immediate stagnation is achieved when
α = 0, or alternatively, when the initial residual satisfies the orthogonality condition
r0 ⊥ Ar0. Now consider the first and second AA(m) iterates according to (2.17):

xA
1 =Mx0 + b

xA
2 =M

[
xA
1 + β1(x

A
1 − x0)

]
+ b

It is then clear that we have immediate stagnation xA
1 = xA

2 if β1 = −1. Using (3.4) and
the fact that rA

1 =Mr0, this value for β1 can be achieved if

0 =
rT
0 (r

A
1 − r0)

∥rA
1 − r0∥

2 =⇒ rT
0 Ar0 = 0.

This once again highlights the relationship between GMRES and AA, confirming that
linear AA iterations will see immediate stagnation if the same is true of GMRES. In
particular, these iterations immediately stagnate if r0 ⊥ Ar0. In the linear setting, we will
use the residual update formula of (2.19) to present our results as our assumption that A
is invertible implies the stagnation of residuals corresponds to the stagnation of iterates.
The following corollary is a natural consequence of the stagnation results of [31] and the
equivalence of AA(m) and AA(∞) for iterates xk, where k ≤ m+ 1.

Corollary 4.0.1. Consider applying AA(m) to affine fixed-point function q(x) = Mx + b,
where M ∈ Rn×n, b ∈ Rn, A = I −M is invertible, and r1 =Mr0 ̸= 0. Then the residuals
satisfy r1 = r2 = · · · = rm+1 if and only if r0 ⊥ Ar0.

Proof. Theorem 1 of [31] is sufficient in proving the above corollary.

An important remark is that immediate stagnation as described by Corollary 4.0.1 is
only possible if A is an indefinite matrix since the requirement that r0 ⊥ Ar0 implies
rT
0 Ar0 = 0.
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4.1 Stagnation for General Problems

The problem of stagnation becomes more complicated when considering nonlinear iteration
functions q(x) but there are still a few general conclusions we can make. To begin, we will
state a property of the vector

r̂k+1 = rk +Rkβk, (4.7)

which has minimum norm with respect to βk as (4.2) shows.

Lemma 4.1.1. Let r̂k+1 be defined as in (4.7) with general iteration function q, then

r̂k+1 ⊥ r̂k+1 − rk.

Proof. From definition (4.7) and solution for βk as given by (4.3), we have

[r̂k+1 − rk]
T r̂k+1 = [Rkβk]

T [rk +Rkβk] = βT
k [R

T
k rk +RT

kRkβk] = 0,

confirming the orthogonality property desired.

We note that Lemma 4.1.1 is actually a special case of Proposition 5 of [7]. We will need
Lemma 4.1.1 repeatedly in the analysis of stagnation for AA. Our next result is concerned
with the immediate stagnation of nonlinear problems. We denote q2(x) as two applications
of q, i.e. q2(x) = q(q(x)).

Theorem 4.1.1. Consider applying AA(m) to nonlinear fixed-point iteration function q :
Rn → Rn where x1 = q(x0) ̸= x∗. Define w0 := q2(x0)−2q(x0)+x0 and assume w0 ̸= 0.
Then, we have immediate stagnation x1 = x2 = · · · = xm+1 if x0 satisfies

x0 − q(x0) ⊥ w0 (4.8)

Proof. To begin, it is important to notice that if x1 = q(x0) ̸= x∗, then we must have
x1 ̸= x0. Since 0 ̸= w0 = q2(x0)− 2q(x0) + x0 = r1 − r0, we can use the unique solution
for coefficient β1, as given by (3.4), as we satisfy the conditions that mk = 1 and r1 ̸= r0.
From here it is easy to verify that β1 = −1 if x0 satisfies (4.8). As a result, our next iterate
is given by

x2 = (1 + β1)q(x1)− β1q(x0) = q(x0) = x1.

If x2 = x1, then we also have r2 = r1 and the matrix R2 takes the form

R2 =
[
0 r2 − r0

]
=
[
0 r1 − r0

]
.
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Since β2 solves the normal equations Eq. (4.3), we have[
0 0

0 ∥r1 − r0∥2
]
β2 = −

[
0 r1 − r0

]T
r1,

meaning

β2 =

[
ξ
β1

]
=

[
ξ
−1

]
, where ξ ∈ R is a free parameter.

Since q(x2) = q(x1), the next iterate is given by

x3 = q(x2) + β1[q(x2)− q(x0)] = q(x1)− [q(x1)− q(x0)] = q(x0) = x1

independently of ξ. This stagnation update procedure continues as

Rk =
[
0 . . . 0 r1 − r0

]
, for k ≤ m.

Repeating the process described above reveals that x1 = x2 = · · · = xm+1 which is then
halted as the size of Rk is constrained by the depth m. Specifically, this stagnation period
finishes with Rm+1 being the zero-matrix and the following iterate xm+2 being determined
by a regular fixed-point update xm+2 = q(xm+1) = q(x1).

An interesting point to mention of Theorem 4.1.1 is that the assumption that w0 ̸= 0
can be satisfied if the operator A(x) = x− q(x) has an inverse. In this situation, we have
r1 ̸= r0 since x1 ̸= x0 =⇒ A−1(r1) ̸= A−1(r0) by the definition of our residuals. It
is easy to check that condition (4.8) with affine q and residuals given by (2.19) results in
rT
0 Ar0 = 0 as in Corollary 4.0.1. Theorem 4.1.1 identifies the possibility of poorly chosen

initial iterates immediately falling into a period where no progress is made towards the
solution of the underlying fixed-point problem. The duration of this period of stagnation
is determined by the depth m, with larger m resulting in longer periods. If one wishes
to solve a fixed-point problem using a small fixed number of iterations of AA(m), then
Theorem 4.1.1 suggests that a larger m may lead to no improvement towards the solution.
(4.8) may seem unlikely to occur with a given iteration function q for initial iterate x0

chosen uniformly at random from the problem domain, but as we shall see in Section 4.2,
there exists some examples where stagnation is guaranteed. We now present a necessary
condition of iteration functions q to see stagnation for AA(1).

Proposition 4.1.1. Consider AA(1) applied to a nonlinear iteration function q. If xk+1 = xk

for some k ≥ 1, then q is noncontractive.
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Proof. Suppose xk+1 = xk for some k ≥ 1, then from ?? we see

xk = q(xk) + βk[q(xk)− q(xk−1)],

or alternatively,
rk = βk[q(xk)− q(xk−1)]. (4.9)

Recalling that the vector
r̂k+1 := rk + βk[rk − rk−1]

has minimized norm with respect to βk, and thus satisfies

r̂k+1 ⊥ r̂k+1 − rk,

we can substitute (4.9) to result in

(βk[xk − xk−1])
T (βk[rk − rk−1]) = 0.

Since rk = xk − q(xk), we have

[xk − xk−1]
T [(xk − xk−1)− (q(xk)− q(xk−1))] = 0.

Applying Cauchy-Schwarz results in

∥xk − xk−1∥2 ≤ ∥xk − xk−1∥ ∥q(xk)− q(xk−1)∥ .

Now, dividing out the common factor ∥xk − xk−1∥ shows q must be noncontractive. A
related result is detailed in [39] that establishes that AA(m) applied to linear iteration
functions q(x) =Mx+ b sees q-linear convergence of the residuals with a factor no worse
than the underlying fixed-point iteration, that is, ∥rk+1∥ / ∥rk∥ ≤ ∥M∥ for matrices M
with ∥M∥ < 1. In other words, it was shown that q(x) = Mx + b cannot see stagnation
for any depth m if ∥M∥ < 1.

Proposition 4.1.1 shows that AA(1) cannot stagnate if q is contractive. This result
also informs us that the immediate stagnation of AA(m), as described by Theorem 4.1.1,
cannot be achieved for contractive q since mk = 1 in the update for x2. That is, condition
(4.8) can only be achieved for some x0 if q is noncontractive.
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4.2 Stagnation for Linear Problems

There are several additional conclusions we can make about the stagnation behaviour of AA
applied to linear problems. In particular, the linearity provides a nice framework to analyze
the problem of consecutive stagnation periods. That is, iterations that stagnate according
to the results described in Theorem 4.1.1 can, under the right conditions, immediately
fall into another period of stagnation. In fact, several of these stagnation periods can be
chained together to produce the following residual pattern:

r0 = (I −M)x0

r1 =Mr0 = r2 = · · · = rm+1

rm+2 =Mrm+1 = rm+3 = · · · = r2m+2

r2m+3 =Mr2m+2 = r2m+4 = · · · = r3m+3

...
...

r(j−1)(m+1)+1 =Mr(j−1)(m+1) = r(j−1)(m+1)+2 = · · · = rj(m+1)

...
...

The key to understanding this behaviour lies in the AA update following an immediate stag-
nation period as detailed in Theorem 4.1.1. As explained in the proof, Rk continues to grow
by a zero column as k → m, resulting in the same update for each iterate x1, x2, . . . , xm+1.
After this period of stagnation, we have a zero-matrix for Rm+1 and the resulting iterate
xm+2 is determined by a simple fixed-point update xm+2 = q(xm+1) = q(x1). In terms
of the residuals of a linear q, this means that r1 = r2 = · · · = rm+1 and the following
residual is determined by rm+2 = Mr1. This means that the residual update following a
period of stagnation is analagous to starting AA(m) with initial residual r1, so we may
again encounter a period of stagnation if r1 satisfies the conditions of Theorem 4.1.1, or
more specifically, the linear conditions given by Corollary 4.0.1. Recall from Corollary 4.0.1
that immediate stagnation for linear iteration functions q(x) =Mx+ b is achieved if the
initial residual satisfies r0 ⊥ Ar0. Therefore, we can have an additional stagnation period
following an immediate stagnation period if rT

0 Ar0 = 0 and

0 = rT
1 Ar1 = rT

0M
TAMr0.

If we let µ denote the number of stagnation periods, where µ = 1 corresponds to the
immediate stagnation result of Corollary 4.0.1, we can extend this idea further to conclude
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that if r0 satisfies the following system of quadratic forms

rT
0 Ar0 = 0

(Mr0)
TA(Mr0) = 0

(M2r0)
TA(M2r0) = 0

...
...

(Mµ−1r0)
TAMµ−1r0 = 0

(4.10)

then we see the residual pattern

r0 = (I −M)x0,

r1 =Mr0 = r2 = · · · = rm+1,

rm+2 =Mrm+1 = rm+3 = · · · = r2m+2,
...

...

r(µ−1)(m+1)+1 =Mr(µ−1)(m+1) = r(µ−1)(m+1)+2 = · · · = rµ(m+1).

(4.11)

At this point, it is worth mentioning that the above residual behaviour is not necessarily
restricted to the linear setting. That is, we could observe the same residual behaviour of a
nonlinear q but analysis of this process is made more tractable under this linear setting.

4.2.1 Skew-symmetric Matrices

One observation we can immediately make is the effect that a skew-symmetric matrix
A = I −M would have when considering system (4.10). Recall that if a matrix A ∈ Rn×n

is skew-symmetric (i.e., AT = −A), we have

vTAv = 0 for all v ∈ Rn. (4.12)

Considering system (4.10), it is clear that if A is skew-symmetric then we will have im-
mediate stagnation for any given initial residual. Further, after this immediate stagnation
period, AA(m) will fall into another period of stagnation (of the same length according
to m). Moreover, each stagnation period will be followed by another stagnation period,
continuing this procedure forever. This leads us to the following result.

Theorem 4.2.1. If AA(m) is applied to solve for the fixed point of a linear function q(x) =
Mx+ b, where M ∈ Rn×n, b ∈ Rn, and M = I −A with A ∈ Rn×n skew-symmetric, then
the iteration will diverge for all initial iterates x0.
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Figure 4.1: Normed iterates ∥xk∥ as a function of iteration number k for AA(m) and FP
applied to a random skew-symmetric A with random initial iterate, comparing m = 1, 2, 3.
Stagnation periods of length m + 1, separated by fixed-point iterations, can be observed
for each choice of m.

Proof. The proof follows from the fact that AA(m) repeatedly falls into stagnation periods
as a result of (4.10), (4.11), the fact of skew-symmetric matrices shown in (4.12), and
the natural divergence of the underlying fixed-point iteration with M defined as in the
theorem statement. Since M = I − A consists only of eigenvalues with modulus greater
than 1, we have ∥M∥ > 1, and thus the underlying fixed-point iteration must diverge.
The residual behaviour of (4.11) identifies that AA(m) contains the same residuals of
the underlying fixed-point iteration with m additional stagnating residuals between each
fixed-point update.

An important note of Theorem 4.2.1 is that the assumption of invertibility of A implies
that n must be even. In some sense, we might say that AA(m) in the problem setting of
Theorem 4.2.1 slows down the divergence of the underlying fixed-point iteration by a factor
depending on the depth parameter m, as highlighted in Fig. 4.1. This figure shows that
AA sees repeated stagnation periods with the length of each corresponding to the depth
parameter m.
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4.2.2 Symmetric Matrices

If we consider symmetric A ∈ Rn, implying M = I − A is also symmetric, there are
a few more results we can explore concerning the discussed repeated stagnation period
behaviour. To begin, it is first beneficial to reform system (4.10). Let M = QΣQT be the
eigendecomposition of M with diagonal matrix Σ ∈ Rn containing its eigenvalues {λj}nj=1.
Now, if there exists an initial residual r0 satisfying (4.10) given some µ ∈ N, then the
following linear system

Gµ(λ1, . . . , λn)v = 0, (4.13)

has a solution where matrix Gµ ∈ Rµ×n is given by

Gµ(λ1, . . . , λn) =


1− λ1 1− λ2 . . . 1− λn

λ21(1− λ1) λ22(1− λ2) . . . λ2n(1− λn)
...

...
. . .

...

λ
2(µ−1)
1 (1− λ1) λ

2(µ−1)
2 (1− λ2) . . . λ

2(µ−1)
n (1− λn)

 , (4.14)

and

v =


(w

(1)
0 )2

(w
(2)
0 )2

...

(w
(n)
0 )2

 with w0 = QTr0. (4.15)

If we wish to find a solution to the system of quadratic forms in (4.10), we can attempt to
solve (4.13) for a nonnegative vector v (v(j) ≥ 0 for all 1 ≤ j ≤ n). This formulation leads
to the following two results.

Theorem 4.2.2. Consider applying AA(m) to linear fixed-point function q(x) = Mx + b,
where M ∈ Rn×n is symmetric, b ∈ Rn, A = I −M is invertible, and r1 = Mr0 ̸= 0. If
all eigenvalues {λj}nj=1 of M have distinct magnitude (|λi| ≠ |λj| for all i ̸= j) and µ ≥ n,
then the only solution to Gµ(λ1, . . . , λn)v = 0 is v = 0. As a consequence, matrices M
with distinct eigenvalue magnitudes cannot see more than n − 1 consecutive stagnation
periods.

Proof. If all eigenvalues {λj}nj=1 have distinct magnitude, then the columns ofGµ(λ1, . . . , λn)
are linearly independent and therefore deny any nonzero solution v to (4.13) when µ ≥ n.
From the connection established between (4.10) and (4.13), there does not exist a nonzero
residual r0 that produces ≥ n stagnation periods after application of AA(m).
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Theorem 4.2.3. Consider applying AA(m) to linear fixed-point function q(x) = Mx + b,
where M ∈ Rn×n is symmetric, b ∈ Rn, A = I −M is invertible, and r1 = Mr0 ̸= 0.
If there exists a pair of eigenvalues of M such that λi = −λj for i ̸= j where |λi| > 1,
then there exists a nonnegative solution to Gµ(λ1, . . . , λn)v = 0 for all µ ∈ N. As a
consequence, matrices M that feature an eigenvalue pair with these properties can see
consecutive stagnation periods forever.

Proof. We will prove the above result by constructing such a vector v∗ ̸= 0 that sat-
isfies our system Gµv

∗ = 0. Let i∗ < j∗ denote the indices where λi∗ = −λj∗ and
set v∗

d = 0 ∀d ̸= i∗, j∗. Now, consider the submatrix of M given by the 2 × 2 di-
agonal matrix diag(λi∗ , λj∗) with corresponding subvector (v∗

i∗ ,v
∗
j∗). The corresponding

columns of Gµ(λi∗ , λj∗) are linearly dependent and thus Gµ(λi∗ , λj∗)(v
∗
i∗ ,v

∗
j∗) = 0 by tak-

ing v∗
i∗ =

1−λj∗

λi∗−1
v∗
j∗ . In summary, we have

v∗
d =


0, for all d ̸= i∗, j∗,

ξ, for d = j∗,
1−λj∗

λi∗−1
ξ, for d = i∗,

, where ξ is a free parameter.

With this construction of v∗, we can then find an initial residual that results in repeatedly
falling into consecutive stagnation periods by using (4.15).

4.3 Nonlinear Example

Consider applying AA to solve

f(x) = 0, where f(x) =


x1 + 10x2√
5(x3 − x4)

(x2 − 2x3)
2

√
10(x1 − x4)

2

 . (4.16)

Note that xj is denoting the j-th component of x here. f is known as the Powell singular
function [32, 21]. In this experiment, we will consider solving the more general system

F [n](x) = 0,

40



0 2 4 6 8 10 12

k

10
-1

10
0

10
1

10
2

10
3

||
x

k
||

Iterate behaviour for AA

AA(3) with x
0
stalled

AA(7) with x
0
stalled

AA(3)

AA(7)

0 10 20 30 40 50 60 70 80 90

k

10
-15

10
-10

10
-5

10
0

10
5

||
x

k
||

Iterate behaviour for AA

AA(3) with x
0
stalled

AA(7) with x
0
stalled

AA(3)

AA(7)

Figure 4.2: Normed iterates ∥xk∥ as a function of iteration number k (0 ≤ k ≤ 13 in left
plot and 0 ≤ k ≤ 100 in right plot) for AA applied to q(x) of (4.18). Yellow and purple
plots take initial iterate according to [21] (x0 = (3,−1, 0, 1)T ).

where F [n] : R4n → R4n is the extended Powell singular function [21] and
F

[n]
j = xj + 10xj+1,

F
[n]
j+1 =

√
5(xj+2 − xj+3),

F
[n]
j+2 = (xj+1 − 2xj+2)

2,

F
[n]
j+3 =

√
10(xj − xj+3)

2,

with j = 1, 5, 9, . . . , n− 3. (4.17)

The solution to each of these nonlinear problems, is given by x∗ = 0. We can translate
these problems into an equivalent fixed-point problem:

x = q(x), where q(x) = x− F [n](x). (4.18)

Informed by Theorem 4.1.1, we can solve for an initial iterate x0 such that AA(m) exhibits
immediate stagnation. Specifically, we will denote one such solution by xstalled

0 where

xstalled
0 :≈ (0.6836, 1, 1, 1)T (4.19)

Fig. 4.2 highlights the immediate stagnation property that AA(m) is capable of, given
the correct conditions of the initial iterate x0 outlined in Theorem 4.1.1. Considering
the iterates generated by AA(3) with xstalled

0 (shown in red), the left plot illustrates the 4
stalled iterates x1 = x2 = x3 = x4 predicted by Theorem 4.1.1 while AA(7) with xstalled

0
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(shown in blue) features 8 stalled iterates. The left plot indicates that initial iterates that
result in immediate stalled iterates (blue and red plots) may perform worse than other
initializations in the preasymptotic phase while the right plot suggests that these stalled
iterations may still perform better asymptotically.
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Chapter 5

Acceleration Coefficients for Linear
Problems

A source of much of the difficulty surrounding the asymptotic convergence of AA is the
nonlinearity introduced by the acceleration coefficients. In papers concerning AA’s conver-
gence, there is often bounds or assumptions placed on the coefficients to ensure convergence.
In this section we will derive a few expressions for the acceleration coefficients associated
with affine functions q.

5.0.1 Coefficients for AA(1)

To begin, we will first consider the case where m = 1 and we only have one coefficient to
solve for at each step. Here, we introduce the following quantities

yk :=
∥rk∥
∥rk−1∥

, and ϕk := ∠(rk, rk−1). (5.1)

The ϕk quantity represents the angle between rk and rk−1 and its calculation is through
the formula

cos(ϕk) =
rT
k rk−1

∥rk∥ ∥rk−1∥
.

The purpose of introducing these values is to rewrite the solution for βk, as given by
(3.4). This technique can also be seen in [7]. Specifically, after dividing the numerator and
denominator by ∥rk−1∥2 we now have

βk =
−rT

k (rk − rk−1)

∥rk − rk−1∥2
=

−∥rk∥2 + rT
k rk−1

∥rk∥2 − 2rT
k rk−1 + ∥rk−1∥2

=
−y2k + yk cos(ϕk)

y2k − 2yk cos(ϕk) + 1
. (5.2)

43



From the linear convergence result in [39], we have ∥rk∥ ≤ ∥M∥ ∥rk−1∥, and therefore
we have 0 ≤ yk ≤ ∥M∥, and from the properties of the cosine function, we have −1 ≤
cos(ϕk) ≤ 1. This realization allows us to consider the acceleration coefficient as a function
of cos(ϕk), yk on the domain [−1, 1] × [0, ∥M∥]. Let Ω = [−1, 1] × [0, ∥M∥] and consider
the function β : Ω → R given by

β(x, y) =
−y2 + xy

y2 − 2xy + 1
. (5.3)

Then, it is clear from (5.2) that we have

βk = β(cos(ϕk), yk) =
−y2k + yk cos(ϕk)

y2k − 2yk cos(ϕk) + 1
. (5.4)

From the above expression, we can then attempt to understand the qualitative behaviour
of the acceleration coefficients βk through the analysis of the function β on the domain Ω.
For example, since

y2k − 2yk cos(ϕk) + 1 = (yk − cos(ϕk))
2 + 1− cos2(ϕk) = (yk − cos(ϕk))

2 + sin2(ϕk),

the denominator in (5.4) is zero if and only if yk = cos(ϕk) and sin(ϕk) = 0. This cor-
responds to the point (ϕk, yk) = (0, 1), or alternatively, the situation in which we have
stagnation rk = rk−1. As explained in Chapter 4, in the instance that rk = rk−1, the op-
timization problem given for our acceleration coefficients (3.4) becomes rank-deficient. It
is important to note that the point (ϕk, yk) = (0, 1) can only be achieved in AA iterations
where ∥M∥ ≥ 1 since otherwise yk ≤ ∥M∥ < 1. Fig. 5.1 showcases the surface described
by the function β in the domain Ω for a specific value of ∥M∥. This highlights the extreme
values of β, allowing us to prove the following theorem.
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Figure 5.1: Acceleration coefficients βk as a function of yk ∈ [0, ∥M∥] and ϕk ∈ [0, π]
according to (5.4)

Theorem 5.0.1. Consider applying AA(1) for any initial residual r0 to the affine function
q(x) =Mx+ b where ∥M∥ < 1 and x, b ∈ Rn. Then,

− ∥M∥
1 + ∥M∥

≤ βk ≤
∥M∥

1− ∥M∥
,

for all k ≥ 1.

Proof. This result follows from the properties of the function β defined in (5.3). It is not
difficult to show using typical calculus techniques that the function β(x, y) on the domain
Ω = [−1, 1]×[0, ∥M∥], with ∥M∥ < 1, achieves its maximum at the point (x, y) = (1, ∥M∥)
and minimum at the point (x, y) = (−1, ∥M∥). At these points, we have

β(−1, ∥M∥) = − ∥M∥
1 + ∥M∥

, and β(1, ∥M∥) = ∥M∥
1− ∥M∥

,

therefore

− ∥M∥
1 + ∥M∥

≤ β(x, y) ≤ ∥M∥
1− ∥M∥

, for all (x, y) ∈ Ω. (5.5)

If we define ϕk and yk as in (5.1), then βk = β(cos(ϕk), yk) according to (5.4). When AA(1)
is applied to an affine function with ∥M∥ < 1, then [39] shows that yk ≤ ∥M∥ for all k ≥ 1.
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Figure 5.2: Acceleration coefficients βk as a function of iteration number for AA(1) applied
to (3.5) with λ1 = 0.7, λ2 = −0.3, and r0 = (−0.1285, 0.6687)T . The dotted blue lines
correspond to the upper and lower bounds for βk as determined by Theorem 5.0.1 with
upper bound given by 7/3 and lower bound given by −7/17

Since (cos(ϕk), yk) ∈ Ω for all k ≥ 1, using the bounds in (5.5) results in the desired bound
for the acceleration coefficients.

Remark 5.0.1. The proof of Theorem 5.0.1 asserts that the function β(x, y) in the domain
Ω is maximized when (x, y) = (1, ∥M∥) and minimized when (x, y) = (−1, ∥M∥). In
an AA(1) iteration, the point (cos(ϕk), yk) = (1, ∥M∥) corresponds to parallel residuals
rk, rk−1, with rk = ∥M∥ rk−1, while the point (cos(ϕk), yk) = (−1, ∥M∥) corresponds to
parallel residuals rk, rk−1, with rk = −∥M∥ rk−1.

If we consider the 2× 2 example shown in Fig. 3.1 where ∥M∥ = λ1 = 0.7, we have

− 7

17
= − 0.7

1 + 0.7
≤ βk ≤

0.7

1− 0.7
=

7

3
, for all k ≥ 1,

which is highlighted in Fig. 5.2. Its important to note that for AA(1) with a given initial
residual r0, there may not be a K ≥ 1 such that βK achieves the lower or upper bounds
detailed in Theorem 5.0.1. Instead, the bound shown in Theorem 5.0.1 holds over all
possible initial residuals.

The expression for the acceleration coefficients shown in (5.4) is useful for understanding
the possible values these coefficients can take for a given AA(1) iteration, as described by
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Theorem 5.0.1. Another use of (5.4) is for bounding the norm of the residual

∥rk+1∥ = ∥M(rk + βk(rk − rk−1))∥ .

As defined in the previous section, let

r̂k+1 := rk + βk(rk − rk−1), (5.6)

such that ∥rk+1∥ = ∥M r̂k+1∥. Now, we have the following theorem

Theorem 5.0.2. Consider applying AA(1) for any initial residual r0 to the affine function
q(x) =Mx+b where ∥M∥ < 1 and x, b ∈ Rn. If yk = ∥rk∥ / ∥rk−1∥ and ϕk = ∠(rk, rk−1),
then

∥rk+1∥ ≤ ∥rk∥
∥M∥ sin(ϕk)√

y2k − 2yk cos(ϕk) + 1

for all k ≥ 1.

Proof. Since ∥rk+1∥2 = ∥M(rk + βk(rk − rk−1))∥2 for all k ≥ 1, we have

∥rk+1∥2 ≤ ∥M∥2 ∥rk + βk(rk − rk−1)∥2 .

Now, using the solution for βk when m = 1, as given by (3.4), we have

∥rk+1∥2 ≤ ∥M∥2 ∥rk + βk(rk − rk−1)∥2

= ∥M∥2
(
∥rk∥2 + 2βkr

T
k (rk − rk−1) + β2

k ∥rk − rk−1∥2
)

= ∥M∥2
(
∥rk∥2 + 2βkr

T
k (rk − rk−1)− βkr

T
k (rk − rk−1)

)
= ∥M∥2

(
∥rk∥2 + βkr

T
k (rk − rk−1)

)
= ∥M∥2

(
∥rk∥2 + βk

(
∥rk∥2 − rT

k rk−1

))
= ∥rk∥2 ∥M∥2

(
1 + βk

(
1− rT

k rk−1

∥rk∥2

))
.

Substituting in yk and ϕk we have

∥rk+1∥2 ≤ ∥rk∥2 ∥M∥2
(
1 +

(
−y2k + yk cos(ϕk)

y2k − 2yk cos(ϕk) + 1

)(
yk − cos(ϕk)

yk

))
= ∥rk∥2 ∥M∥2

(
1− cos2(ϕk)

y2k − 2yk cos(ϕk) + 1

)
.

Taking the square root of the above leads to the desired bound.

Remark 5.0.2. The bound in Theorem 5.0.2 is also proved in [29, 7] using slightly different
approaches.
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5.0.2 Coefficients for AA(2)

The previous section developed an expression for the acceleration coefficients associated
with AA(1) by introducing the numbers yk and ϕk that represent the relative length and
relative angle of the previous two residuals respectively. In this section, we generalize
this approach slightly to the case where m = 2. To do this, an additional quantity ψk is
introduced, which represents the angle made between rk and rk−2. Specifically,

cos(ψk) =
rT
k rk−2

∥rk∥ ∥rk−2∥
.

While the introduction of ψk may suggest an associated quantity for ∥rk∥ / ∥rk−2∥, note
that

∥rk∥
∥rk−2∥

=
∥rk∥
∥rk−1∥

∥rk−1∥
∥rk−2∥

= ykyk−1,

meaning another variable is unnecessary.

Recall that the AA(2) residual update formula takes the form

rk+1 =M

(
rk +

m∑
j=1

β
(j)
k (rk − rk−j)

)
=M(rk +Rkβk),

where

Rk = [rk − rk−1 rk − rk−2], and βk =

[
β
(1)
k

β
(2)
k

]
. (5.7)

When RT
kRk has an inverse, the solution to βk is given by

βk = −(RT
kRk)

−1RT
k rk. (5.8)

The situation in which RT
kRk does not have an inverse corresponds to the case in which

the columns of Rk are linearly dependent, i.e. rk − rk−2 = α(rk − rk−1) for some α ∈ R.
For this section, we will ignore this case and strictly consider the formula for βk given in
(5.8), since linear dependence of the columns of Rk implies the solution for the acceleration
coefficients are given by minimizing the norm of the vector

rk + β
(1)
k (rk − rk−1) + β

(2)
k (rk − rk−2) = rk + (β

(1)
k + αβ

(2)
k )(rk − rk−1),

for some α ∈ R. This reduces to the m = 1 case with βk = β
(1)
k + αβ

(2)
k found using (5.4).

It is therefore not of interest to consider the case where RT
kRk does not have an inverse
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as this reduces to the analysis for the acceleration coefficients presented in the previous
section. Now, since

RT
kRk =

[
∥rk − rk−1∥2 (rk − rk−1)

T (rk − rk−2)

(rk − rk−1)
T (rk − rk−2) ∥rk − rk−2∥2

]
,

our assumption that the columns of Rk are linearly independent implies RT
kRk has an

inverse and

(RT
kRk)

−1 =
1

det(RT
kRk)

[
∥rk − rk−2∥2 −(rk − rk−1)

T (rk − rk−2)

−(rk − rk−1)
T (rk − rk−2) ∥rk − rk−1∥2 ,

]
(5.9)

where

det(RT
kRk) = ∥rk − rk−1∥2 ∥rk − rk−2∥2 − ((rk − rk−1)

T (rk − rk−2))
2. (5.10)

Additionally, we have

RT
k rk =

[
rT
k (rk − rk−1)

rT
k (rk − rk−2)

]
. (5.11)

For the k-th step of a given AA(2) iteration, define the numbers

h1 := yk − cos(ϕk), (5.12)

h2 := ykyk−1 − cos(ψk), (5.13)

h3 := y2k − 2yk cos(ϕk) + 1, (5.14)

h4 := y2ky
2
k−1 − 2ykyk−1 cos(ψk) + 1, (5.15)

h5 := y2kyk−1 − ykyk−1 cos(ϕk)− yk cos(ψk) + cos(ϕk−1). (5.16)

Now, dividing by ∥rk−1∥2 ∥rk−2∥2 in a manner similar to (5.2), using the expressions (5.8),
(5.9), (5.11) we have

β
(1)
k = yk ×

(
h2h5 − h1h4
h3h4 − h25

)
(5.17)

β
(2)
k = ykyk−1 ×

(
h1h5 − h2h3
h3h4 − h25

)
(5.18)

Equipped with the above expression for βk, we can prove the following theorem which pro-
vides an explicit AA(2) residual bound with respect to the relative quantities yk, yk−1, ϕk, ϕk−1,
and ψk.
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Theorem 5.0.3. Consider applying AA(2) for any initial residual r0 to the affine function
q(x) = Mx + b where ∥M∥ < 1 and x, b ∈ Rn. If yk = ∥rk∥ / ∥rk−1∥, ϕk = ∠(rk, rk−1),
ψk = ∠(rk, rk−2), and h1, h2, h3, h4, h5 are defined as in (5.12)-(5.16), then

∥rk+1∥ ≤ ∥rk∥ ∥M∥

√
h3h4 − h25 − h21h4 + 2h1h2h5 − h22h3

h3h4 − h25
.

Proof. Since ∥rk+1∥2 = ∥M(rk +Rkβk)∥2 for all k ≥ 2, we have

∥rk+1∥2 ≤ ∥M∥2 ∥rk +Rkβk∥2 .

Now, using the solution for βk when m = 2, as given by (5.8), we have

∥rk+1∥2 ≤ ∥M∥2 ∥rk +Rkβk∥2

= ∥M∥2
(
∥rk∥2 + 2βT

kR
T
k rk + βT

kR
T
kRkβk

)
= ∥M∥2

(
∥rk∥2 + 2βT

kR
T
k rk − βT

kR
T
k rk
)

= ∥M∥2
(
∥rk∥2 + βT

kR
T
k rk
)

Using our expression for βk shown in (5.17) and (5.18), we have

βT
kR

T
k rk = yk

(
h2h5 − h1h4
h3h4 − h25

)
rT
k (rk − rk−1) + ykyk−1

(
h1h5 − h2h3
h3h4 − h25

)
rT
k (rk − rk−2)

= ∥rk∥2
(
h2h5 − h1h4
h3h4 − h25

)
(yk − cos(ϕk)) + ∥rk∥2

(
h1h5 − h2h3
h3h4 − h25

)
(ykyk−1 − cos(ψk))

= ∥rk∥2
[
h1

(
h2h5 − h1h4
h3h4 − h25

)
+ h2

(
h1h5 − h2h3
h3h4 − h25

)]
.

Finally, this results in

∥rk+1∥2 ≤ ∥M∥2
(
∥rk∥2 + ∥rk∥2

[
h1

(
h2h5 − h1h4
h3h4 − h25

)
+ h2

(
h1h5 − h2h3
h3h4 − h25

)])
= ∥rk∥2 ∥M∥2

(
h3h4 − h25 − h21h4 + 2h1h2h5 − h22h3

h3h4 − h25

)
.

Now, taking the root of each side gives us the desired residual bound.

To our knowledge, the residual bound for AA(2) shown in Theorem 5.0.3 is the first
of its kind. The general residual bound shown in [29] takes a similar form in the linear

50



2 4 6 8 10 12 14 16 18 20 22

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Figure 5.3: Illustration of AA(2) residual bounds from Theorem 5.0.3 applied to affine q
with M = diag(0.7,−0.5, 0.3) and r0 chosen randomly. The red points correspond to the
values of yk+1 = ∥rk+1∥ / ∥rk∥ generated by AA(2) and the black bars correspond to the
bound given for each yk+1 in Theorem 5.0.3. The iterations considered in the above plot
range from k = 2 to k = 21.

setting when m = 2, except that the bound is in terms of a variable that represents the
optimization gain at step k, which in general is unknown. The bound in Theorem 5.0.3
writes this optimization gain explicitly in terms of the angles between residual vectors
ϕk, ϕk−1, ψk and the relative lengths of residual vectors yk, yk−1.

To see the residual bound given by Theorem 5.0.3 in action, consider the following
example. Let q(x) = Mx + b with x, b ∈ R3 and M = diag(0.7,−0.5, 0.3) and consider
the residuals generated by AA(2) applied to q for some initial residual r0. By dividing each
side of the bound in Theorem 5.0.3 by ∥rk∥, we obtain a bound for yk+1. In Fig. 5.3, we
plot the actual values for yk+1 versus the bound obtained in Theorem 5.0.3 as a function
of the iteration number k.

In theory, the approach used in Theorem 5.0.3 to find a bound for the normed residuals
can be extended to m > 2 by introducing more quantities that represent relative angles
and relative lengths of previous residuals. That is, if we define the numbers

yk =
∥rk∥
∥rk−1∥

, (5.19)

ϕ
[j]
k = ∠(rk, rk−j), (5.20)
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then we could express βk as a function of m relative lengths

yj =
∥rj∥
∥rj−1∥

, j = k −m+ 1, . . . , k,

and m(m+ 1)/2 relative angles

ϕ
[1]
j = ∠(rj, rj−1), j = k −m+ 1, . . . , k,

ϕ
[2]
j = ∠(rj, rj−2), j = k −m+ 2, . . . , k,

...

ϕ
[m−1]
j = ∠(rj, rj−m+1), j = k − 1, k,

ϕ
[m]
j = ∠(rk, rk−m),

resulting in m+m(m+1)/2 = m(m+3)/2 total variables. With respect to Theorem 5.0.3,

the above formulation implies ϕk = ϕ
[1]
k , ϕk−1 = ϕ

[1]
k−1, and ψk = ϕ

[2]
k . In the future, this idea

of expressing βk in these terms will be explored in more detail in the hopes of extracting
a residual bound that shows improved convergence rates over the underlying fixed-point
iteration.
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Chapter 6

Restarted Anderson Acceleration

As discussed in Chapter 2, various modifications have been proposed for the AA algorithm.
In particular, several authors have explored the use of restarts during AA iterations [16,
26, 4, 8]. This technique suggests applying AA(m) for some number of iterations K, at
which point the iteration is restarted by taking the last iterate xK and using it as an initial
iterate for AA(m) while discarding all previous information. This restarting strategy is
similar to restarted GMRES, often denoted by GMRES(m), which is analyzed in various
sources such as [10, 2, 22, 17]. For example, consider the restarted AA(1) algorithm studied
in [4, 8] which enforces a restart every other iteration. This algorithm updates according
to the rule

xk+1 = q(xk) k = 0, 2, 4, . . . , (6.1)

xk+1 = q(xk) + βk(q(xk)− q(xk−1)) k = 1, 3, 5, . . . , (6.2)

where βk is found in the usual manner (3.4). Here, we adopt the notation used in [8] and
refer to the above algorithm as rAA(1). It is clear from the above formulas that restarts
correspond to the even iterations k where xk+1 = q(xk), as only information from the most
previous iterate is used in the next update. In this chapter, we develop exact convergence
rates associated with various restarted AA(1) algorithms applied to the affine function

q(x) =Mx+ b,

whereM ∈ Rn×n and x, b ∈ Rn. Additionally, we make the assumption that A := I−M is
invertible such that a unique solution for the fixed-point problem is guaranteed. While these
results do not directly inform us of the convergence behaviour of AA(1) in general, these
algorithms are similar enough that the analysis of these methods may have implications for
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the analysis of AA(1). Further, numerical experiments will be investigated that compare
the convergence of these restarted methods with the typical windowed AA that this thesis
has largely been concerned with.

6.1 Convergence of rAA(2)

In this section, we discuss a new restarted AA(1) algorithm which will be denoted by
rAA(2) . This method differs from the method analyzed in [8] by including an additional
AA(1) update between each restart. That is, rAA(2) updates according to the rule

xk+1 = q(xk) k = 0, 3, 6, . . . , (6.3a)

xk+1 = q(xk) + βk(q(xk)− q(xk−1)) k = 1, 4, 7, . . . , (6.3b)

xk+1 = q(xk) + βk(q(xk)− q(xk−1)) k = 2, 5, 8, . . . , (6.3c)

where the coefficients βk are determined in the usual manner according to (3.4). Here,
restarts occur every three iterations, where the iteration number satisfies k ≡ 0 (mod 3).
Another way we might chose to think about this formulation is given as follows. If we
follow [39] and denote AA(0) as the fixed-point iteration, then our proposed restarted
AA(1) algorithm can be found by taking mk = min(1, k (mod 3)) in (2.14).

To analyze the convergence of rAA(2)we investigate the associated residual iterations.
Since rk = xk − q(xk) = Ax − b, our assumption that A has an inverse implies that
xk = A−1(rk + b). Substituting this into (6.3), we have the rAA(2) residual iteration

rk+1 =Mrk k = 0, 3, 6, . . . , (6.4a)

rk+1 =M [rk + βk(rk − rk−1))] k = 1, 4, 7, . . . , (6.4b)

rk+1 =M [rk + βk(rk − rk−1))] k = 2, 5, 8, . . . . (6.4c)

To aid in the analysis of this method, we introduce a reformulation of (6.4) with the
following proposition.

Proposition 6.1.1. Let {rk} be the residuals generated by applying the restarted AA iter-
ation shown in (6.4). Then,

rk+1 = F(rk−2), k = 2, 5, 8, . . . , (6.5)

where F : Rn \ {0} → Rn is the three-step residual operator given by

F(u) :=M2[I −R(A−1, A(I − A)u)A]u, (6.6)

and R(A−1, A(I−A)u) is the Rayleigh quotient seen in Definition 2.2.1 for the matrix A−1

with the nonzero vector A(I − A)u.
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Proof. Consider rk−2 where k ∈ {2, 5, 8, . . . }. From (6.4), we then have rk−1 =Mrk−2 and
therefore

rk =M [rk−1 + βk−1(rk−1 − rk−2)] =M [I − (1 + βk−1)A]rk−2,

where

1 + βk−1 = 1 +
rT
k−2M

TArk−2

rT
k−2A

TArk−2

=
rT
k−2Ark−2

rT
k−2A

TArk−2

=
rT
k−2A

TA−1Ark−2

rT
k−2A

TArk−2

.

Putting these equations together, we have

rk =M [I −R(A−1, Ark−2)A]rk−2. (6.7)

Now, our next residual is determined by the update

rk+1 =M [rk + βk(rk − rk−1)]

=M
[
M(I −R(A−1, Ark−2)A)rk−2 − βkR(A

−1, Ark−2)MArk−2

]
=M2

[
I − (1 + βk)R(A

−1, Ark−2)A
]
rk−2,

where

1 + βk = 1 +
(M [I −R(A−1, Ark−2)A]rk−2)

T (R(A−1, Ark−2)MArk−2)

(R(A−1, Ark−2)MArk−2)T (R(A−1, Ark−2)MArk−2)

=
1

R(A−1, Ark−2)

(Mrk−2)
T (MArk−2)

(MArk−2)T (MArk−2)

=
R(A−1, A(I − A)rk−2)

R(A−1, Ark−2)
.

Finally, substituting this in for the expression we found earlier for rk+1, we now have

rk+1 =M2
[
I −R(A−1, A(I − A)rk−2)A

]
rk−2 = F(rk−2), (6.8)

as desired.

The following theorem highlights an interesting property of initial residuals that consist
of a sum of two eigenvectors of the matrixM . From this point on, we make the assumption
that M is a symmetric matrix, which ensures that M has real eigenvalues with orthogonal
eigenvectors.

Theorem 6.1.1. Let ui, uj, i ̸= j, denote two orthogonal eigenvectors ofM with eigenvalues
mi and mj respectively. Define

z(ε) := ciui + cjuj = ci(ui + εuj), with ε =
cj
ci
, (6.9)
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where ci, cj ̸= 0 are real constants. Then, if mi = mj,

F(z(ε)) = 0. (6.10)

Otherwise, if mi ̸= mj, then z(ε) solves the following nonlinear eigenvalue problem

F(F(z(ε))) = λ(ε)z(ε), (6.11)

where

λ(ε) =
(m2 −m1)

2m4
1m

4
2

[m2
1(m1 − 1)2 +m2

2(m2 − 1)2ε2][m2
1 +m2

2/ε
2]
. (6.12)

Proof. Suppose m1 = m2. Then, since rAA(2) follows the same residual updates as AA(1)
until a restart occurs after the third iteration, we can apply Proposition 3.1.2 to conclude
that r2 = 0. The following residual r3 will also be the zero vector as we have reached that
exact solution. Therefore, 0 = r3 = F(r0). If we instead have distinct mi, mj, then we
can analyze the effect of F on the vector z. For the sake of readability, set i = 1, j = 2,
and let a1 = 1−m1, a2 = 1−m2 be the eigenvalues of A. Substituting z(ε) = c1(u1+εu2)
into F , we have

F(z(ε)) = c1[m
2
1(1−R(A−1, A(A− I)z(ε))a1)u1 +m2

2(1−R(A−1, A(A− I)z(ε))a2)εu2].

Using properties (2.12) and (2.13) of Rayleigh quotients outlined in Chapter 2, we have

R(A−1, A(I − A)z(ε)) = R(A−1, c1A(I − A)(u1 + εu2))

= R(A−1, a1(1− a1)u1 + a2(1− a2)εu2))

=
1
a1
∥a1(1− a1)u1∥2 + 1

a2
∥a2(1− a2)εu2∥2

∥a1(1− a1)u1∥2 + ∥a2(1− a2)εu2∥2

=
a1(1− a1)

2 + a2(1− a2)
2ε2

a21(1− a1)2 + a22(1− a2)2ε2
.

Now,

F(z(ε)) = c1

[
a2(1− a2)

2(a2 − a1)m
2
1ε

2

a21(1− a1)2 + a22(1− a2)2ε2
u1 −

a1(1− a1)
2(a2 − a1)m

2
2ε

a21(1− a1)2 + a22(1− a2)2ε2
u2

]

=
c1(a2 − a1)a2(1− a2)

2m2
1ε

2

a21(1− a1)2 + a22(1− a2)2ε2︸ ︷︷ ︸
=:c̃1

u1 +

(
−a1(1− a1)

2m2
2

a2(1− a2)2m2
1ε

)
︸ ︷︷ ︸

=:ε̃

u2

 . (6.13)
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Therefore, another application of F results in

F(F(z(ε))) =
c̃1(a2 − a1)a2(1− a2)

2m2
1ε̃

2

a21(1− a1)2 + a22(1− a2)2ε̃2

[
u1 +

(
−a1(1− a1)

2m2
2

a2(1− a2)2m2
1ε̃

)
u2

]
.

Since
−a1(1−a1)2m2

2

a2(1−a2)2m2
1ε̃

= ε by definition, we have

F(F(z(ε))) =
(a2 − a1)a2(1− a2)

2m2
1ε

2

a21(1− a1)2 + a22(1− a2)2ε2
(a2 − a1)a2(1− a2)

2m2
1ε̃

2

a21(1− a1)2 + a22(1− a2)2ε̃2
[c1(u1 + εu2)] .

Finally, substituting in the expression for ε̃ and ai = 1−mi, after simplifying we get

F(F(z(ε))) =

(
(m2 −m1)

2m4
1m

4
2

[m2
1(m1 − 1)2 +m2

2(m2 − 1)2ε2][m2
1 +m2

2/ε
2]

)
︸ ︷︷ ︸

λ(ε)

z(ε),

proving our claim.

Now, we can exactly quantify the asymptotic convergence factor associated with initial
residuals of the form presented in Theorem 6.1.1, as the following theorem claims.

Theorem 6.1.2. Consider rAA(2) applied to a symmetric matrix M ∈ Rn×n. Let the initial
residual have the form r0 = ciui + cjuj, i ̸= j, where ci, cj ̸= 0 are real constants and
ui, uj are orthogonal eigenvectors of M with eigenvalues mi and mj respectively. If we
denote ε := cj/ci, such that r0 = ci(ui + εuj), then the r-linear convergence factor of
rAA(2) applied to r0 is given by

ρ(r0) =

(
(mj −mi)

2m4
im

4
j

[m2
i (1−mi)2 +m2

j(1−mj)2ε2][m2
i +m2

j/ε
2]

) 1
6

. (6.14)

Proof. The proof follows as a result of Theorem 6.1.1 and a similar telescoping process to
what was seen in the proof of Proposition 3.2.2. Using Proposition 6.1.1 and Theorem 6.1.1,
we have

rk+6 = F(F(rk)) = λ(ε)rk, k = 0, 6, 12, . . .

This implies that
∥rk+6∥
∥rk∥

= λ(ε).
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Therefore, we have the following r-linear convergence factor

ρ(r0) = lim
k→∞

∥rk∥1/k = lim
k→∞

∥rk∥1/k

∥r0∥1/k
= lim

k→∞

k/6−1∏
j=0

∥∥r6(j+1)

∥∥
∥r6j∥

1/k

= lim
k→∞

[λ(ε)k/6]1/k = λ(ε)1/6.

From the definition of λ(ε) given in (6.12), we have our result.

While Theorem 6.1.2 only holds for residuals that are defined by a linear combination
of two eigenvectors, this theorem allows us to fully classify the convergence corresponding
to 2× 2 symmetric matrices, giving us the following corollary.

Corollary 6.1.1. Consider rAA(2) applied to a symmetric matrixM ∈ R2×2. Let the initial
residual have the form r0 = c1u1 + c2u2, where c1, c2 ̸= 0 are real constants and u1, u2

are the orthogonal eigenvectors of M with eigenvalues m1 and m2 respectively. If we
denote ε := c2/c1, such that r0 = c1(u1 + εu2), then the r-linear convergence factor of
rAA(2) applied to r0 is given by

ρ(r0) =

(
(m2 −m1)

2m4
1m

4
2

[m2
1(1−m1)2 +m2

2(1−m2)2ε2][m2
1 +m2

2/ε
2]

) 1
6

. (6.15)

Furthermore, the worst-case r-linear convergence factor among all initial residuals is given
by

ρ∗ = sup
r0∈R2

ρ(r0) =

[
|m2 −m1|m2

1m
2
2

m2
1|1−m1|+m2

2|1−m2|

] 1
3

.

Proof. It is clear from Theorem 6.1.2 that (6.15) holds where r0 is defined as a linear
combination of the two eigenvectors ofM . It can be found using typical calculus techniques
that

argmax
ε∈R

λ(ε) = ±

√∣∣∣∣1−m1

1−m2

∣∣∣∣.
Substituting the above value for ε in (6.15) results in the given value for ρ∗ shown above.

In Fig. 6.1 and Fig. 6.2 a few illustrations are given that show off the convergence
of rAA(2) for a 2 × 2 linear setting. In particular, Fig. 6.2 appears to suggest that the
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Figure 6.1: Convergence of rAA(2) for symmetric M ∈ R2×2 with eigenvalues m1 and m2.
(Left) Worst-case asymptotic convergence factor of rAA(2) according to Corollary 6.1.1.
(Right) Ratio of worst-case asymptotic convergence factor of rAA(2) and convergence factor
of fixed-point iteration.

convergence of AA(1) and rAA(2) are quite similar when applied to problem (3.5). In fact,
it appears that the worst-case asymptotic convergence factor for rAA(2)may be an upper
bound on the worst-case asymptotic convergence factor of AA(1). Proving this observation
would lead to a more accurate convergence factor bound than that which was proved in
[14]. A similar observation can be made for the restarted iteration presented in [8] and in
the future, this idea will be explored in more detail.

6.2 Convergence of arAA

In this section, another restarted variant of AA(1) is presented in which restarts occur
in an alternating fashion between every two and three iterations. We term this method
Alternating Restarted Anderson Acceleration (arAA) and iterates are produced according
to the rule

xk+1 = q(xk) k = 0, 5, 10, . . . , (6.16a)

xk+1 = q(xk) + βk(q(xk)− q(xk−1)) k = 1, 6, 11, . . . , (6.16b)

xk+1 = q(xk) k = 2, 7, 12, . . . , (6.16c)

xk+1 = q(xk) + βk(q(xk)− q(xk−1)) k = 3, 8, 13, . . . , (6.16d)

xk+1 = q(xk) + βk(q(xk)− q(xk−1)) k = 4, 9, 14, . . . . (6.16e)
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Comparison of convergence factors (
1
 = 0.7)

Figure 6.2: Worst-case asymptotic convergence factor for AA(1) (blue) applied to (3.5)
as a function of λ2 with λ1 fixed compared with the associated convergence factor for the
underlying fixed-point iteration (red), the bound for the convergence factor (yellow) given
by Theorem 2.3.1, and the worst-case asymptotic convergence factor for rAA(2) (purple)
according to Corollary 6.1.1.

In our linear setting, with A invertible, we have the associated residual iteration

rk+1 =Mrk k = 0, 5, 10, . . . , (6.17a)

rk+1 =M [rk + βk(rk − rk−1))] k = 1, 6, 11, . . . , (6.17b)

rk+1 =Mrk k = 2, 7, 12, . . . , (6.17c)

rk+1 =M [rk + βk(rk − rk−1))] k = 3, 8, 13, . . . , (6.17d)

rk+1 =M [rk + βk(rk − rk−1))] k = 4, 9, 14, . . . . (6.17e)

In essence, the iteration described above is an alternating combination of the rAA(2)method
presented in the previous section and the method presented in [8]. We analyze this method
in a similar fashion to the previous section. To begin, suppose k ∈ {0, 5, 10, . . . } and con-
sider the residual vector rk generated according to (6.17). Then, following (6.7), we have

rk+2 = R(rk) :=M [I −R(A−1, Ark)A]rk.

Here we denote by R : Rn \ {0} → Rn the two-step residual propogation operator as
first seen in [8]. Following this update, we restart the method and perform a fixed-point
iteration to find the next residual. Then, using the notation introduced in the previous
section, we have the residual

rk+5 = F(rk+2) =M2
[
I −R(A−1, A(I − A)rk+2)A

]
rk+2,
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according to (6.17). Putting these updates together, we can express (6.17) using the five-
step update

rk+5 = (F ◦ R)(rk), k = 0, 5, 10, . . . . (6.18)

The following proposition is similar to Theorem 6.1.1 in the sense that it characterizes
the behaviour of the operator featured in (6.18) on vectors that are linear combinations of
two eigenvectors of M .

Proposition 6.2.1. Let ci, cj ∈ R be two nonzero constants and ui, uj, i ̸= j, denote two
orthogonal eigenvectors of M with eigenvalues mi and mj respectively. Setting ε = cj/ci,
we have

(F ◦ R)(ci(ui + εuj)) = Ĉ

[
ui +

mi

mj

εuj

]
, (6.19)

where the constant Ĉ is given by

Ĉ =
ci(mj −mi)

2m3
im

4
jε

2

[(1−mi)2 + (1−mj)2ε2][m4
i ε

2 +m4
j ]
. (6.20)

Proof. Consider applying R to the vector ci(ui + εuj) first. As shown in [8], this gives us

R(ci(ui + εu2)) =
ci(mj −mi)(1−mj)miε

2

(1−mi)2 + (1−mj)2ε2︸ ︷︷ ︸
=:c̃

ui +

(
−mj(1−mi)

mi(1−mj)ε

)
︸ ︷︷ ︸

=:ε̃

uj

 . (6.21)

By substituting ai = 1−mi in (6.13), we then have

(F ◦ R)(ci(ui + εuj)) =
c̃(mj −mi)(1−mj)m

2
jm

2
i ε̃

2

m2
i (1−mi)2 +m2

j(1−mj)2ε̃2

[
u1 +

(
−1−mi

1−mj

1

ε̃

)
u2

]
.

Now, plugging in c̃ and ε̃ according to (6.21) and simplifying, we get the desired result.

A critical observation to make of the expression in (6.19) is the multiplication bymi/mj

in the second eigenvector. A by-product of this fact is that repeated applications of the
operator F ◦ R result in more multiplications by mi/mj. Specifically, K applications of
this operator takes the form

(F ◦ R)K(ci(ui + εuj)) = C

[
ui +

(
mi

mj

)K

εuj

]
, (6.22)
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for some constant C ∈ R. As the iteration progresses, this suggests that if |mi| > |mj|,
then the coefficient of uj explodes and if |mi| < |mj|, then the coefficient vanishes. In
other words, arAA converges in the direction associated with the smallest eigenvalue. This
fact also leads to the following convergence behaviour.

Theorem 6.2.1. Consider arAAapplied to a symmetric matrix M ∈ Rn×n. Let the initial
residual have the form r0 = ciui + cjuj, i ̸= j, where ci, cj ̸= 0 are real constants and
ui, uj are orthogonal eigenvectors of M with eigenvalues mi and mj respectively. Denote
ε := cj/ci, such that r0 = ci(ui + εuj). If mi = −mj, then the r-linear convergence factor
of arAAapplied to r0 is given by

ρ(r0) =

(
4m5

i ε
2

[(1−mi)2 + (1 +mi)2ε2][ε2 + 1]

)1/5

, (6.23)

otherwise, the residuals are r-superlinearly convergent.

Proof. Suppose mi = −mj and rk = ci(ui + εuj) for some k ∈ {0, 5, 10, . . . }. Then, using
Proposition 6.2.1, we have

rk+5 = (F ◦ R)rk = (F ◦ R)[ci(ui + εuj)]

=
4m5

i ε
2

((1−mi)2 + (1 +mi)2ε2)(ε2 + 1)
[ci(ui − εuj)] .

Another application of F ◦ R results in

rk+10 =

(
4m5

i ε
2

((1−mi)2 + (1 +mi)2ε2)(ε2 + 1)

)2

[ci(ui + εuj)]

=

(
4m5

i ε
2

((1−mi)2 + (1 +mi)2ε2)(ε2 + 1)

)2

rk

Therefore, we have

∥rk+10∥
∥rk∥

=

(
4m5

i ε
2

((1−mi)2 + (1 +mi)2ε2)(ε2 + 1)

)2

.

Thus, using a similar process to Theorem 6.1.2, we have the following r-linear convergence
factor

ρ(r0) = lim
k→∞

∥rk∥1/k = lim
k→∞

∥rk∥1/k

∥r0∥1/k
= lim

k→∞

k/10−1∏
j=0

∥∥r10(j+1)

∥∥
∥r10j∥

1/k

=

(
4m5

i ε
2

[(1−mi)2 + (1 +mi)2ε2][ε2 + 1]

)1/5

.
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We now handle the case in which |mi| ≠ |mj|. If rk = ci(ui + εuj) for some k ∈
{0, 5, 10, . . . }, then using Proposition 6.2.1 gives

∥rk+5∥2

∥rk∥2
=

Ĉ2

[
1 +

(
mi

mj

)2
ε2
]

c2i [1 + ε2]

=

[
(mj −mi)

4m8
jm

6
i ε

4

((1−mi)2 + (1−mj)2ε2)2 (m4
i ε

2 +m4
j)

2

]
︸ ︷︷ ︸

f(ε)

1 +
(

mi

mj

)2
ε2

1 + ε2


︸ ︷︷ ︸

g(ε)

.

Recall from (6.22) that repeated applications of F ◦R scales the second eigenvector accord-
ing to mi/mj. This means that the ε used in the above equation either goes to infinity or
zero as k increases. Therefore, it is sufficient to understand the behaviour of ∥rk+5∥ / ∥rk∥
as k → ∞ by analyzing the functions f(ε) and g(ε) as ε → ∞ and ε → 0. We can
then recognize that limε→∞ f(ε) = 0 = limε→0 f(ε) , and limε→∞ g(ε) = (m1/m2)

2 and
limε→0 g(ε) = 1. Therefore, we can say

lim
k→∞

∥(F ◦ R)(rk)∥
∥rk∥

= 0,

showing the r-superlinear convergence of the method according to (2.3.2).

The following corollary now follows directly as a result of the above theorem.

Corollary 6.2.1. Consider arAAapplied to a symmetric matrix M ∈ R2×2. Let the initial
residual have the form r0 = c1u1 + c2u2, where c1, c2 ̸= 0 are real constants and u1, u2

are the orthogonal eigenvectors of M with eigenvalues m1 and m2 respectively. Denote
ε := c2/c1, such that r0 = c1(u1+ εu2). If m1 = −m2, then the r-linear convergence factor
of arAAapplied to r0 is given by

ρ(r0) =

(
4m5

1ε
2

[(1−m1)2 + (1 +m1)2ε2][ε2 + 1]

)1/5

, (6.24)

otherwise, the residuals are r-superlinearly convergent.

In the future, more investigation into the convergence of arAAon higher-dimensional
nonlinear problems is of interest. The superlinear convergence described above is appealing
for an iteration method and this faster convergence is rather unusual considering AA(1)
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Figure 6.3: Approximate r-linear convergence factor ∥rk∥1/k as a function of iteration
number k for arAAapplied to (3.5) with λ1 = 0.7, λ2 = −0.3 for a random initial residual
r0.

takes more efficient steps on a per-iteration basis. In general, exploring different restarted
AA methods is enticing as convergence is more easily quantified and there are clearly some
examples where asymptotic convergence of restarted iterations is superior to that of the
traditional AA method.
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Chapter 7

Conclusion

Quantifying the r-linear convergence factor for AA iterations is a challenging problem, even
in simple linear settings. While it is frequently observed that AA improves the convergence
rate over the underlying fixed-point iteration, a complete theory outlining this improvement
and its dependence on the initial iterate is unavailable in the current literature.

In Chapter 3, we analyzed the r-linear convergence factor corresponding to AA(1)
applied to a symmetric and skew-symmetric class of linear iteration functions q. In the
symmetric case, it was discovered that the worst r-linear convergence factor among all
initial iterates did not improve upon the convergence rate of the fixed-point iteration. This
highlighted a class of iterations where AA does not achieve any acceleration in the worst
case but has quantifiable convergence improvement for all other initial iterates. In the skew-
symmetric case, it was discovered that the r-linear convergence factor was independent
of the initial iterate. This independence on the initial iterate results in AA(1) always
improving upon the fixed-point iteration and achieving convergence for maps where the
regular fixed-point iteration fails. The analysis of these simple linear maps provides a
glimpse into the complicated convergence behaviour possible of AA iterations. In the
future, developing more general results for the asymptotic convergence of AA applied to
linear settings will be explored.

The occurrence of stagnation in AA(m) iterations is studied in Chapter 4 in both linear
and nonlinear settings. There, conditions are presented that are necessary for an iteration
to see stagnation. These results can be used to inform users of AA(m) when stagnation may
occur but the given analysis does not say anything about the asymptotic repercussions of
stagnation. As highlighted in Fig. 4.2, AA iterations that stagnate can still achieve better
r-linear convergence factors than nonstagnating iterations. A future investigation of the
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asymptotic behaviour of iterates where AA(m) stagnates would be interesting.

In Chapter 5, expressions are found for the acceleration coefficients in terms of the
relative angles and relative lengths of previous residuals. Further, residual bounds are
derived using these expressions that make the optimization gain at each step explicit in
terms of previous residuals. These one-step residual bounds are insightful for understanding
the acceleration AA provides at each iteration but these bounds do not tell us anything
about the asymptotic behaviour. In the future, it would be interesting to explore how these
bounds might be used to show an improved r-linear convergence factor over the underlying
fixed-point iteration. Bounding the angle between previous residuals (such as what was
shown in [14]) may be a reasonable avenue to further strengthen these residual bounds.

Lastly, we explored a few different restarted variations of AA in Chapter 6. As high-
lighted by the convergence result given for arAA , restarting AA in a certain manner may
result in improved asymptotic convergence over the regular windowed AA algorithm. As a
result, it may be interesting to further investigate restarted algorithms as they may perform
better. Additionally, these algorithms may provide a means to understand the convergence
of AA. As seen in Fig. 6.2, the worst-case r-linear convergence factor of rAA(2) appears
to bound the worst-case r-linear convergence of AA(1). Proving this bound exists would
allow us to state a bound for AA(1) that better represents the acceleration provided by
AA than the bound shown in [14]. Overall, despite the difficulty in quantifying the asymp-
totic convergence of AA, there are several approaches one might take to show improved
convergence.
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