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Abstract

We study the problem of planning near-optimal coverage paths for a robot operating in
an environment such that a sensor or tool attached to the robot covers the environment.
We consider environments that contain unknown obstacles that are detected by the robot
during the execution of the coverage path. Such obstacles necessitate a replan of the
coverage path that safely avoids the new obstacles while still minimizing a cost function
(coverage time, length, and/or turns).

For an environment with known obstacles, existing coverage planning approaches dis-
courage turns in the path by covering the environment along the least number of coverage
lines, i.e., straight-line paths. This is because turns not only slow down the robot but also
negatively affect the quality of coverage, e.g., tools like cameras and cleaning attachments
commonly have poor performance around turns. However, existing approaches do not guar-
antee the minimum number of coverage lines. To this end, we propose a minimum-turn
coverage planning approach, namely optimal axis-parallel rank partitioning (OARP), that
guarantees coverage along the minimum number of axis-parallel (horizontal/vertical) cov-
erage lines. Using simulations in real-world environments, we show that OARP improves
upon state-of-the-art approaches in terms of turns and coverage time.

When there are unknown obstacles in the environment, recomputing such paths online
is computationally expensive. In such cases, the robot may have to wait for a safe path
to continue coverage, resulting in robot stoppages that increase coverage time. To enable
replanning with minimal stoppage, we extend OARP to introduce an anytime coverage
replanning approach. Upon detecting a new obstacle in the environment, we replan an
initial coverage path obtained from OARP within a given time budget (e.g., time to reach
the new obstacle). Given this budget, the replanning approach also aims to minimize
the overall path turns and coverage time. We showcase the replanning framework in
experiments using an industrial cleaning robot avoiding unknown obstacles.

We then study two problems towards improving upon the above framework. First, we
analyse the length of the coverage paths returned by OARP and obtain an approximation
guarantee that quantifies the sub-optimality of OARP path lengths. Following this, we
propose an approach that improves upon this approximation factor and computes shorter
coverage paths in practice than OARP. The second problem is to remove the axis-parallel
constraint imposed by OARP on the coverage lines. We propose decomposing the envi-
ronment into sectors, i.e., possibly overlapping rectangular sub-regions that can each be
covered by straight-line paths parallel to the longest sector edge. Using results from sub-
modular set cover (SSC) problems, we propose a greedy approach to compute sectors and
provide an approximation guarantee on the number of sectors in the decomposition.
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Chapter 1

Introduction

An increasingly compelling application of modern robotics is to automate repetitive tasks
that are mundane and dangerous to human beings. This includes tasks such as cleaning
[44] and lawn mowing [78], where the task simply involves a human or robot sweeping a tool
(for cleaning or grass cutting) over all points in a given environment. Similar tasks include
underwater inspections [71, 36] and GIS surveys [73], where the robot instead carries a
sensor such that all points in the environment are fully sensed. To automate such tasks
using robots, a path must be generated for the robot to follow such that its tool or sensor
covers the area completely.

Coverage path planning (CPP) is the automation problem in which a robot must find
a path such that its tool or sensor covers the entire environment [37]. Including the above
applications, this problem is also prevalent in agricultural robots [39], visual inspection of
3D structures [82, 49, 10], and more recently, autonomous disinfection of hospitals during
the COVID-19 pandemic [66]. Fig. 1.1 illustrates some applications of robots where CPP
is used. While the requirement of these paths is to cover an environment (or structure)
with the robot’s tool, a desirable coverage path typically aims to minimize a cost associated
with the path, such as coverage time, path length, number of turns, etc.

For a fully known environment with obstacles, CPP is proven to be an NP-Hard problem
[8, 7]. Therefore, computing optimal solutions for the CPP problem does not scale well for
large and complex environments with obstacles. Moreover, in real-world coverage scenarios,
the robot may encounter new obstacles that it was not previously aware of, which increases
the problem difficulty. In this case, the robot may need to either plan a new coverage path
on-line (during coverage) that avoids newly detected obstacles or replan the coverage path
that it is currently following. Additionally, if the goal is to minimize coverage time, the
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(a) Cleaning Robots (Source: Avidbots) (b) Agriculture (Source: [62])

Figure 1.1: Applications of Coverage Planning.

CPP algorithm must be able to compute a new path for the robot before reaching the
obstacle to avoid stoppages caused by the robot not having any safe paths to continue
coverage.

In this thesis, we focus on coverage planning in environments that may contain un-
known static obstacles. The high-level idea proposed in this thesis involves the following
two steps: (i) generate a coverage path for a base environment with known static obsta-
cles, and (ii) replan the initial path upon the detection of new static obstacles. Since
one can usually obtain base maps for indoor environments using existing floor plans or
modern simultaneous localization and mapping (SLAM) techniques, this framework aims
to minimize total coverage cost by starting with a near-optimal initial path to cover the
base environment and performing replans that minimize the added path cost to account
for newly discovered obstacles.

The first problem we will tackle in this thesis is CPP for known environments with
non-convex boundaries and obstacles. To minimize path overlap (or “double-coverage”),
such environments are typically covered through a lawnmower-style path consisting of
parallel coverage lines, which are non-overlapping straight-line paths. Thus, the main
differentiation between coverage plans for an environment is the transitions between these
lines, where the robot performs little to no additional coverage. This has resulted in
a growing body of work focused on minimizing turns, i.e., minimizing the time spent
transitioning between coverage lines [46, 11, 9]. Turns also have the following adverse
effects: (i) the robot travels slower around turns which increases total coverage time, (ii) in
cleaning applications, the tool does not properly pick up water and dust while turning (e.g.,
Fig. 1.2), and (iii) in sample retrieval applications, the robots may experience high pose
estimation errors and poor sensor coverage quality during turns [28]. We add to this body of
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Coverage missed 
due to turns

Figure 1.2: Visualizing missed area coverage by a large industrial cleaning robot while turning.
In addition, turns take time to execute, so CPP approaches aim to minimize robot turning.

work by proposing a state-of-the-art CPP method that generates a minimum-turn coverage
path for a known environment. The key to our approach is that we efficiently compute
a partitioning of the environment that guarantees a coverage path with the minimum
number of axis-parallel (horizontal/vertical) coverage lines. Minimizing the number of
lines typically reduces the number of turns in the coverage path.

The subsequent topic we address in this thesis is replanning the coverage path generated
by the above approach when new static obstacles are discovered in the environment by the
robot’s sensors. We refer to this as the coverage replanning problem (CRP). To solve CRP,
we present an anytime (i.e., given a time budget) replanning algorithm that uses the time
available to reach the new obstacle along the current coverage path to replan as much of
the path as possible. The replanning algorithm extends the axis-parallel partitioning step
from above, where a time budget is incorporated to control any changes to the partitioning
during replanning.

In the rest of the thesis, we address two possible improvements to the above replanning
framework, where we (i) compute paths with approximation guarantees, and (ii) allow
multiple coverage orientations (not just axis-parallel). We first present an approach that
builds upon on the above axis-parallel partitioning-based framework to plan minimum-
length coverage paths with approximation guarantees. In practice, the proposed algorithm
generates paths with near-optimal lengths. Moreover, the algorithm allows paths to be
computed lazily, i.e., with incomplete information about paths in the environment. This
lazy variation offers computation speed-ups that will be useful for replanning. Finally, we
address the removal of the axis-parallel constraints imposed by all of the previous methods,
where we compute decompositions of the environment that allow for multi-directional cov-
erage paths. With this approach, we also provide theoretical guarantees on the computed
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decomposition and demonstrate the performance improvements in simulations, specifically
for complex environments with non-orthogonal boundaries.

1.1 Thesis Contributions

The specific contributions of this thesis are the following.

• We propose a method to compute an optimal axis-parallel (horizontal/vertical) par-
titioning of a non-convex environment with obstacles to generate turn-minimizing
coverage paths. We use this method to propose a minimum-turn CPP approach that
outperforms the state-of-the-art approach of the same class.

• We then extend the axis-parallel partitioning approach to replan coverage paths for
partially unknown static environments, where not all obstacles in the environment
are known a-priori.

• We analyse the path lengths computed by the partitioning-based CPP approach and
derive an approximation factor for the approach. We then propose a lazy approach
that improves upon this approximation factor to generate minimum-length coverage
paths efficiently.

• Finally, we propose an approximation algorithm to decompose the environment into
the minimum number of rectangular sectors, i.e., sub-regions that can each be covered
along parallel straight line paths. We use this decomposition to remove the axis-
parallel constraint of the previous algorithms and compute multi-directional coverage
paths in the environment.

1.2 Organization

We now review the contributions of each chapter in more detail.

Chapter 2: We start by introducing the coverage path planning (CPP) problem and
provide a review of CPP literature. We also review the core concepts that we used to
design the algorithms proposed in this thesis.

Chapter 3: In this chapter, we present the coverage path planning (CPP) problem.
We introduce a turn-minimizing CPP approach named Optimal Axis-Parallel Rank Parti-
tioning (OARP) for general non-convex environments. The proposed approach uses the key
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idea that one can compute an optimal axis-parallel (horizontal/vertical) partitioning of the
environment using a linear program (LP) that can be solved in polynomial time. The chap-
ter details the LP-based partitioning approach and how to compute a coverage path from
the partitioning, which we validate in simulations and comparisons against state-of-the-art
CPP approaches.

The work presented in this chapter is based on the following publication:

• Megnath Ramesh, Frank Imeson, Baris Fidan, and Stephen L. Smith. Optimal Par-
titioning of Non-Convex Environments for Minimum Turn Coverage Planning. IEEE
Robotics and Automation Letters, 7(4):9731–9738, October 2022 [74].

Chapter 4: In this chapter, we extend the OARP approach proposed in the previous
chapter to be applied to static environments with unknown obstacles. We propose a frame-
work that takes an initial coverage path that was planned using a base environment (i.e.,
with known obstacles and boundaries) and replans the path when new obstacles are de-
tected in the environment. The proposed replanning approach aims to balance minimizing
the number of turns and the computation time required to replan the coverage path.

The work presented in this chapter is based on the following publication:

• Megnath Ramesh, Frank Imeson, Baris Fidan, and Stephen L. Smith. Anytime
Replanning of Robot Coverage Paths for Partially Unknown Environments. IEEE
Transactions on Robotics, 40:4190–4206, 2024 [75].

The following chapters address two aspects of improvement for the OARP approach:
(i) computing coverage paths with approximation guarantees, and (ii) removing the axis-
parallel constraints on the path.

Chapter 5: In this chapter, we discuss planning coverage paths with approximation
guarantees on the path length, where the number of turns is considered as a secondary
objective. We start by analyzing the path lengths computed by OARP and obtain an
approximation factor for the approach. We then propose an algorithm that improves
upon this factor and computes coverage paths with near-optimal lengths. Moreover, we
show that these coverage paths can be computed lazily without losing the approximation
guarantee while reducing the empirical runtime in practice.

The work presented in this chapter is based on the following publication:
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• Megnath Ramesh, Frank Imeson, Baris Fidan, and Stephen L. Smith. Minimum-
Length Coverage Path Planning for Grid Environments with Approximation Guar-
antees. IEEE Robotics and Automation Letters, 2025 (To Appear).

Chapter 6: In previous chapters, we discussed CPP approaches where coverage of
the environment is conducted along mostly axis-parallel (horizontal/vertical) paths. This
chapter proposes an approach that removes the axis-parallel constraint and plans coverage
paths along multiple orientations. The approach decomposes the environment into the
minimum number of rectangular sectors (i.e., possibly overlapping sub-regions) that can
each be covered optimally with straight-line paths parallel to the longer side of the rectan-
gle. We show that this decomposition problem is analogous to a well-studied optimization
problem in the literature, for which the greedy algorithm provides a good approximation
guarantee on the solution. Using this link, we propose an algorithm to solve the decompo-
sition problem with optimality guarantees. In simulation, we observe improved coverage
paths for complex non-orthogonal environments compared to CPP approaches in the lit-
erature.

The work presented in this chapter is based on the following publication:

• Megnath Ramesh, Frank Imeson, Baris Fidan, and Stephen L. Smith. Approximate
Environment Decompositions for Robot Coverage Planning using Submodular Set
Cover. In IEEE Conference on Decision and Control, pages 7528–7533, December
2024 [76].

Chapter 7: This chapter concludes the thesis by providing a summary of the work
presented and potential directions for future work.
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Chapter 2

Literature Review and Background

2.1 The Coverage Path Planning (CPP) Problem

We start by introducing the CPP problem we focus on in this thesis. Consider a 2D
(possibly non-convex) environment with known obstacles, where W ⊆ R2 is a closed and
bounded set that represents all free points within the environment. We now consider a
robot with a state composed of its position x ∈ W , where x is a vector in R2, and a
heading θ ∈ [0, 2π) radians. The robot is carrying a coverage tool with a footprint given
by A ⊆ R2. Conventionally, the coverage tool is represented by a simple geometric shape
such as a square of a fixed width l > 0 [37, 7, 32, 88].

Assumption 2.1. The coverage tool is a square with width l > 0.

Let A(x, θ) ⊆ W represent the placement of the tool with respect to the robot’s state.
We consider the square coverage tool to be centered at x and oriented along θ. In reality,
the square tool may not be able to cover the entire environment, so we look to cover an
approximation of the environment W̃ ⊆ W that the tool can reach. This includes grid
approximations of W containing square grid cells of width l. Our goal is to compute a
cost-minimizing coverage path for W̃ . We consider the coverage path to be closed, i.e.,
starts and ends at the same point. This enables the robot to return to its initial position
after covering the environment. Let P be the class of all closed paths in W̃ , where each
P ∈ P is a trajectory passing through a sequence of robot states (x, θ). We now formally
define the coverage path planning (CPP) problem of interest as follows.
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Problem 2.1 (Coverage Path Planning (CPP)). Given an approximation W̃ of a 2D
environment W and a robot carrying a coverage tool of footprint A, plan a path P from
the set P of all possible paths which solves

min
P∈P

J(P ) (2.1)

s.t.
⋃

(x,θ)∈P

A(x, θ) = W̃, (2.2)

where J(P ) is the cost of the path P .

In this thesis, we typically consider the path cost J(P ) to be the time for the robot to
cover the given environment along P , which is determined by both the path length and the
turns present in the path. In Chapter 5, we study a slight variation of this problem where
path length is our primary objective, but the number of turns is minimized as a secondary
objective. We use this variation to derive an approach with guarantees on the resulting
coverage path length.

2.2 Literature Review

The CPP problem has been studied extensively in the robotics literature, with varying
CPP approaches proposed for a wide range of robotic setups. Many detailed surveys of
CPP approaches can be found in the literature [21, 37, 12, 85]. For the general class of
environments, CPP is proven to be an NP-Hard problem [8, 7]. As such, the CPP problem
must be solved using a solution approach that exploits properties of the environment
to plan the coverage path. Therefore, an important component of the CPP problem is
the environment set W . Based on prior knowledge of W , CPP methods can be broadly
classified into offline and online approaches.

• Offline CPP: If W is known, a CPP algorithm may solve for the coverage path in
an offline manner, i.e., planning before the path execution starts. Offline planning
approaches may sometimes require computation time, but provide some guarantees
on the complete coverage of the environment. Some approaches even have guarantees
on the quality of the solution.

• Online CPP: However, in many applications, the environment is either partially
known or completely unknown. In such cases, CPP must be done in a online manner,
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(a) Example Environment (b) Exact decomposition (c) Approximate decomposition

Figure 2.1: Illustrations of typical CPP approaches applied to an example environment.

i.e., path planning/replanning during coverage. In some cases, the environment is
generally known, but may contain dynamic (moving) obstacles, in which case the
coverage path must also be computed/repaired online.

2.2.1 Offline CPP

In the offline CPP problem, we assume that the environment is known and undergoes no
changes. Given this, one looks to compute a coverage path that covers the environment.
For the general class of environments, offline CPP is an NP-hard problem [8] and thus
research is primarily on computing approximations to the optimal coverage path using a
variety of solution frameworks. We first briefly discuss the typical solution frameworks for
offline CPP.

Offline CPP is a well-studied robotics problem. Early works in offline CPP involve using
simple heuristics and maneuvers to cover the environment, albeit with minimal guarantees
of completely covering the environment (i.e., complete coverage) [15, 35, 44]. In [70],
a simple algorithm using random cleaning sweeps is proposed for a robot to cover its
environment. The algorithm is as follows: the robot simply moves straight until it reaches
an obstacle, after which it moves back a small amount, turns at a random angle, and
repeats the process. This approach guarantees complete coverage of simple environments
given enough execution time, as the robot is likely to cover new areas with every sweep.
However, when presented with environmental challenges, this random walk approach would
require significant execution time to complete the coverage of the environment.

To ensure complete coverage of the environment, modern CPP approaches typically fol-
low a decomposition-based algorithmic framework, where (i) the environment is decomposed
into smaller sub-regions, (ii) an optimal coverage path for each sub-region is computed in-
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dividually, and (iii) a tour of the sub-region paths is computed to form the coverage path.
Based on the type of decomposition used by the approach, the decomposition-based ap-
proaches can be further categorized into 2 sub-classes: (i) exact decomposition approaches,
and (ii) approximate decomposition approaches.

Exact Decomposition Approaches: In exact decomposition approaches, the en-
vironment is decomposed into sub-regions called cells, where the union of the cells gives
back the environment. In other words, the decomposition does not omit any part of the
environment. As such, covering each cell guarantees complete coverage of the environ-
ment. The cells are usually non-overlapping and convex, but this is not always the case.
A popular approach of this class, namely the boustrophedon approach, computes an exact
decomposition of the environment where the cells are not necessarily convex [22]. Each cell
is covered by a path that either sweeps the cell (i) back-and-forth along coverage parallel
lines [22] (illustrated in Fig. 2.1(b)), (ii) along spiral paths [17], or (iii) a combination
of both [16]. There are also turn-minimizing approaches that cover each cell in a locally
optimal direction, generally determined using the cell’s geometry [46, 9, 28]. Huang [46]
studies an approach that computes a minimum-turn coverage path for each cell in a con-
vex decomposition by using the cell’s minimum altitude, i.e., orienting the cell where its
”height” is shortest.

As exact decompositions do not omit any region in the environment, they typically
guarantee complete coverage of the environment. However, there are a few drawbacks
that stem from this guarantee. For environments with complex boundaries, specifically
cluttered environments, the decomposition is likely to contain many narrow cells that are
not as wide as the coverage tool. We refer to this as an over-decomposition, which typically
results in instances of redundant coverage. For cluttered environments, computing these
cells may require time and cause unnecessarily overlapping coverage paths.

Approximate Decomposition Approaches: Approximate decompositions are envi-
ronment representations where the union of the cells does not give the exact environment.
A grid decomposition of an environment is an example, as illustrated in Fig. 2.1(c). Grid-
based CPP approaches use an approximate representation of the environment as a set of
(usually square) grid cells and compute a path that covers all of them. This path can
be computed either by solving the traveling salesman problem (TSP) [12], using a wave-
front algorithm to determine visitation order [93], or using a spanning tree of the grid
cells (Spanning Tree Coverage or STC) [32]. STC is a widely studied approach for CPP
in grid approximations, where a spanning tree generated in the grid is used to plan the
coverage path. Many variations of STC have been proposed in later studies [33, 34, 87, 57].
Turn-minimizing grid-based CPP approaches additionally look to minimize the number of
axis-parallel (horizontal or vertical) coverage lines in the coverage path [88, 57].
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Grid-based approaches have also been introduced with approximation guarantees on
the resulting coverage path length [8] and turns [7, 30]. In fact, given a square coverage
tool of width l, the STC approach is shown to provide coverage paths with optimal lengths
for coarse grids with cells of width 2l each [32]. However, a similar guarantee is difficult
to achieve for general grid environments. Arkin et. al. proposed a 6/5 approximation
algorithm for minimum-length coverage planning, but it does not aim to minimize the
number of turns in the path [8]. Approximation algorithms for minimum-turn coverage
planning typically result in longer paths [7, 30]. Later in this thesis, we propose an approx-
imation algorithm to plan minimum-length coverage paths, while also aiming to minimize
the number of turns in the path that achieve comparable performance to turn-minimizing
approximate approaches [88, 9].

2.2.2 Online CPP

We now shift our focus to online coverage planning, where the CPP approach either assumes
partial or no knowledge of the environment and plans the coverage path during the coverage
operation. To detect unknown obstacles in the environment, the coverage robots carry a
sensor to observe the environment online. In sensor coverage applications, the same sensor
may be used for obstacle detection and coverage. Complete coverage of such environments
is difficult to guarantee, but online CPP approaches aim to maximize area coverage given
the current observed state of the environment.

Online CPP approaches have gained recent interest, and as such, there is a wide range
of different approaches in the literature. Similar to offline CPP, decomposition-based ap-
proaches are typically used for online CPP, which are further classified into (i) exact decom-
position and (ii) approximate decomposition approaches. Apart from decomposition-based
approaches, we also review decomposition-free online approaches that have gained recent
popularity.

Exact Decomposition Approaches: Early approaches in online CPP aim to com-
pute exact decompositions of the environment during coverage. Acar et. al. [2] propose
an approach that incrementally decomposes the environment into cells by detecting con-
nectivity changes in the environment (e.g., areas split by obstacles). Each cell in the de-
composition can be covered using a boustrophedon (back-and-forth sweep) path. However,
this approach assumes access to a short-range occupancy sensor to detect connectivity
changes while executing a boustrophedon coverage path [1]. For long-range occupancy
sensors, a modification of this method was proposed by [3]. Here, the coverage planner
constructs a generalized Voronoi diagram (GVD) of the environment during coverage plan-
ning. The GVD is used to generate a hierarchical decomposition of an environment into
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(i) vast regions, which are covered using boustrophedon paths, and (ii) narrow regions,
which are covered by following the GVD edges. Online exact decomposition approaches
guarantee complete coverage for unknown static environments, but also suffer from over-
decomposition, similar to analogous offline approaches, resulting in long coverage paths
with many turns.

Approximate Decomposition Approaches: Grid-based methods extend well for
online CPP as one can easily update a grid with new occupancy information. A popular
approach of this class is online spanning tree coverage, i.e., Online-STC [34, 33]. This
approach is similar to the offline STC approach introduced in the previous section [32],
except that the spanning tree of the grid cells is incrementally constructed online. With
new obstacle-free grid cells detected, the spanning tree and, by extension, the coverage
path are changed to cover the new region. However, given a square coverage tool of width
l, online-STC methods are generally applied to coarse grids with cells of width 2l and do
not generalize well to finer grids with cell width l.

Other grid-based online approaches use various local search and optimization methods
to determine the coverage plan in an unknown environment. Song et. al. [81] propose an
approach using artificial potential fields (APF) to determine a coverage path online. The
APF is used to assign a value to each grid cell that indicates whether the cell is covered,
uncovered, or occupied. Depending on the value, the robot decides which neighboring
grid cell to cover next. A similar technique to APFs is using bio-inspired neural networks
(BINNs) to model and search the environment. This was originally proposed by Luo et.
al. [58] and has gained popularity in many recent works [65, 84, 38]. However, these local
search-based approaches are susceptible to dead-locks, where the robot enters a failure
state where it either does not know where to navigate to, or is in a fatal state where the
robot cannot continue coverage autonomously. Dead-locks are expensive to resolve and
affect overall coverage time.

To plan minimum-turn coverage paths online, the above approaches can be modified
to penalize turns in a local search cost function. However, other grid-based approaches
can be used to guarantee minimum turns in the path overall [75, 51]. These approaches
usually involve solving an optimization problem defined on the grid graph. In [50, 51], a
hexagonal grid is used to plan turn-minimizing coverage paths online for non-holonomic
robots.

Decomposition-free Approaches: Online coverage planning shares similarities with
exploration planning, which involves covering unknown environments using sensors [26].
Exploration planning algorithms use information theory [24, 45] and frontiers [92] to de-
termine the next-best scan of the environment, rather than using decompositions.
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A popular approach of this class, namely Boustrophedon A∗ (BA∗) was proposed by
[90]. Here, the robot starts by executing a single boustrophedon coverage path to cover a
part of the environment, without constructing an exact decomposition. While executing
this path, the robot’s sensor is used to detect points in the environment that the current
boustrophedon path cannot reach. For example, an obstacle in the environment may force
the robot to turn before reaching this point. These points are referred to as backtracking
points, as they are starting points for a second boustrophedon path that can be executed
after the first. From the set of all backtracking points detected during coverage, the
A∗ algorithm is used to pick the best starting point for the next boustrophedon path.
Further variations of this approach have been proposed in later works [89, 20]. Recently,
a decomposition-free online coverage planner was proposed that uses frontiers and search-
based planning to identify the next-best region to cover [56].

2.2.3 Multi-robot CPP

Each of the above-discussed approaches is predominantly used for single-robot CPP. For
multi-robot swarms, variants of the above CPP approaches enable the coverage tasks to be
split between the swarm, thereby improving the overall coverage time [79, 52, 49, 63, 50, 53].
Multi-robot CPP however also has some additional planning challenges associated with
robot coordination and communication. An example is to prevent overlaps between the
coverage paths of different robots in the swarms. Many recent works have been proposed to
plan multi-robot CPP paths with these considerations [18, 64, 14, 13, 86]. However, these
approaches typically do not consider robot turns or provide approximation guarantees on
the resulting path.

In this thesis, we focus on the single-robot CPP case, as a large number of industrial and
domestic applications still utilize single-robot systems. For example, our industry partner,
Avidbots, utilizes a single cleaning robot to cover large environments such as departmental
stores and warehouses. Moreover, the approaches proposed in this thesis offer foundations
to be used in the development of multi-robot coverage planning and replanning approaches
that consider turns and provide guarantees. We discuss this further as future work in
Chapter 7.
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2.3 Preliminaries

2.3.1 Graphs

A graph G = (V,E) is defined as a tuple of two sets: a set V of vertices, and a set
E = {(u, v) | u, v ∈ V } of edges connecting pairs of vertices. A directed graph G is one
where each edge (u, v) in the graph has a direction. More specifically, the edge (u, v) is
an ordered tuple indicating flow from vertex u to v. In contrast, an undirected graph has
edges (u, v) which are unordered tuples that each indicate flow between vertices u and v
in any direction (u to v, or v to u).

In Chapters 3 and 4, we propose CPP approaches that use directed graphs derived from
a square grid representation of an environment. Specifically, we use the node-arc incidence
matrix derived from these graphs.

Definition 2.1 (Node-Arc Incidence (NAI) Matrix). The node-arc incidence matrix B of
a directed graph G is a |V | × |E| matrix, where vi is the vertex corresponding to row i, ej
is the edge corresponding to column j, and

Bij =


−1 if ej leaves vertex vi

1 if ej enters vertex vi

0 otherwise

.

An important property of NAI matrices is total unimodularity.

Definition 2.2 (Total Unimodularity (TU) Matrix). A matrix B is said to be a totally
unimodular (TU) matrix if every square sub-matrix of B has determinant d ∈ {0, 1,−1}.

We use the TU property of NAI matrices in chapters 3 and 4 to show that we can
compute partitions of the environment efficiently.

2.3.2 Matching Problems in Graphs

Given an undirected graph G = (V,E), a matching M ⊆ E is a set of edges in the graph
where no two edges in M share a common vertex. A vertex v is said to be matched if
there exists an edge e ∈ M that is incident upon v. We use concepts of vertex matching
in Chapters 4 and 5.

14



Definition 2.3 (Perfect Matching). A matching M ⊆ E of a graph G = (V,E) is a perfect
matching where all vertices v ∈ V are matched.

A graph G = (V,E) can only contain a perfect matching if it has an even number of
vertices. The size of the resulting matching |M | = |V |/2. For other types of graphs, a
maximal matching |M | ≤ |V |/2 can be computed that maximizes |M |, but in this thesis,
we will only deal with graphs that allow perfect matchings.

2.3.3 Traveling Salesman Problems

The coverage path planning problem is analogous to traveling salesman problems (TSP).
We exploit this relationship in the algorithms proposed in this thesis.

Given an undirected complete (fully-connected) graph G = (V,E), a cycle is a sequence
of vertices C = (v1, v2 . . . , vk, v1), where only v1 is visited twice. A tour T is a cycle that
visits all vertices v ∈ V in the graph (except the start vertex). For each edge (u, v) ∈ E,
where u, v ∈ V , let J(u, v) be a cost associated with the edge. Given a tour T , let the cost
of the tour J(T ) =

∑k−1
i=1 J(vi, vi+1) + J(vk, v1).

Definition 2.4 (Traveling Salesman Problem (TSP)). Given an undirected complete graph
G = (V,E) and a cost function J as above, the traveling salesman problem is to compute
a tour T that minimizes the cost J(T ).

The generalized traveling salesman problem (GTSP) is a variant of TSP where the
vertices V are partitioned into m sets {V1, V2, . . . Vm}, i.e., Vi ∩ Vj = ∅ and ∪mi=1Vi = V .
The goal of GTSP is to compute a cycle C in G that visits exactly one vertex in each of the
m sets and minimizes the cost J(C). The GTSP problem shows up in almost all chapters
of this thesis, with details provided in Chapters 3 and 4.

Metric-TSP: Both TSP and GTSP are NP-Hard problems, but effective heuristics have
been proposed to efficiently compute good solutions in practice [40, 68]. However, we
review a special class of graphs for which there exists an efficient algorithm to solve TSP
with approximation guarantees. We use similar concepts to this algorithm in Chapter 5 to
design an approximation algorithm for minimum-length CPP with turn cost considerations.

Consider a graph G = (V,E), where each edge (u, v) ∈ E has a cost J(u, v). Addition-
ally, we consider that the cost function has the following properties:

(i) Non-negativity : J(u, v) ≥ 0 for all u, v ∈ V ,
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(ii) Symmetry : J(u, v) = J(v, u) for all u, v ∈ V

(iii) Triangle inequality : J(u, v) + J(v, w) ≥ J(u,w) for all u, v, w ∈ V .

A function J(u, v) that satisfies the above properties is called a metric function, and
we refer to G as a metric graph. The traveling salesman problem defined on G is called
the metric traveling salesman problem or metric-TSP.

Given a complete metric graph G = (V,E) as determined by the edge cost function J ,
Christofides [23] proposed a 1.5-approximation algorithm, which is briefly described here.
The algorithm starts by computing a minimum spanning tree (MST) in G. Given the MST,
let O be the set of vertices in the MST that have an odd degree. Since G always contains
a tour (complete graph), O must have an even number of vertices. One can therefore
compute a minimum-weight perfect matching M of the vertices in the sub-graph of G
induced by the vertices in O. Combining the edges of the MST and M , we get a sub-graph
G′ of G that contains only even-degree vertices. Such a graph contains an Eulerian circuit.

Definition 2.5 (Eulerian circuit). An Eulerian circuit in a graph G is a walk along a
sequence of edges that visits each edge exactly once.

The Eulerian circuit may revisit vertices in the graph, in which case a shortcut using
other edges in G is found to compute a tour T . The length of the Eulerian circuit is 1.5
times the TSP tour cost in the worst case, thus giving rise to the approximation factor.

2.3.4 Submodularity

In this section, we provide a brief background on submodular functions and the submodular
set cover (SSC) problem on which our decomposition approach is based. We use these
concepts in chapter 6 to compute approximate environment decompositions for coverage
paths along multiple orientations.

Submodular Functions: Let us consider a set X (not necessarily finite) and let the set
2X be the power set of X, i.e., the set of all subsets of X. A function f : 2X → R≥0 is
submodular if for all A ⊆ B ⊆ X and x ∈ X \B, we have

f(A ∪ {x})− f(A) ≥ f(B ∪ {x})− f(B).

This is known as the property of diminishing returns. Equivalently, f : 2X → R≥0 is
submodular if for every A,B ⊆ X,

f(A) + f(B) ≥ f(A ∪B) + f(A ∩B).
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In addition to submodularity, we consider functions f that possess the following additional
properties:

1. Monotonicity : For all A ⊆ B ⊆ X, f(A) ≤ f(B),

2. Normalization: For the empty set ∅, f(∅) = 0.

Submodular Set Cover (SSC): Consider a set X and a monotone submodular function
f : 2X → R where f(X) is finite. The submodular set cover problem aims to compute a
minimum cardinality subset S ⊆ X subject to a submodular constraint f(S) = f(X), i.e.,

min
S⊆X

|S| (2.3)

s.t. f(S) = f(X). (2.4)

This problem is NP-Hard, however, a simple greedy algorithm provides the best-known
performance guarantee for it [91]. For a given S ⊆ X and x ∈ X \ S, let

δx(S) = f(S ∪ {x})− f(S).

denote the marginal return obtained by adding x to S. The greedy algorithm for this
problem iteratively constructs a set S as follows. We start with a set S0 = ∅ (empty set).
At each iteration r, the greedy algorithm adds the element x ∈ X \ S that maximizes the
marginal return δx(S). Let S

r be the set constructed at iteration r, i.e., Sr = Sr−1 ∪ {x}.
The greedy algorithm terminates after a feasible solution S where f(S) = f(X) is obtained.
Following [91], this algorithm provides a solution S after T iterations that has the following
approximation factor:

|S|
|S∗|
≤ 1 + ln

(
f(X)− f(∅)

f(X)− f(ST−1)

)
.

We apply this result in chapter 6 to provide a guarantee for the approximation envi-
ronment decompositions we compute.
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Chapter 3

Minimum-Turn CPP for Known
Environments

In this chapter, we present a turn-minimizing coverage planning approach for a known
non-convex environment with holes. We also present experimental results using real-world
maps and compare against the state-of-the-art approaches.

3.1 Introduction

Coverage planning with minimum turns is an NP-Hard problem [7]. As such, a common
solution framework is to simplify the problem into three steps:

(i) decompose the environment into sub-regions or cells,

(ii) use the cells to help place coverage lines (straight-line paths) in the environment,
and

(iii) construct the coverage path by computing a tour of the coverage lines.

For example, exact decomposition methods like [22] decompose the environments into
convex cells, each of which is covered by a lawnmower-style path. Following this framework,
the robot only turns when transitioning from one coverage line to another. As a result, the
number of turns in the path is often reduced by minimizing the number of coverage lines.
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(a) (b)

Figure 3.1: (a) An example environment and (b) its optimal rank partitioning obtained using the
proposed OARP method: the orange partitions are horizontal ranks and the purple are vertical
ranks.

A state-of-the-art method which follows this general framework is Vandermeulen et.
al. [88], where they aim to cover the environment along a minimum number of axis-
parallel (horizontal/vertical) coverage lines. Such a method is particularly well suited for
indoor environments, in which many walls are either parallel or orthogonal. Their method
decomposes the environment into cells, which are then used to partition the environment
into ranks, i.e., thin disjoint rectangles of width equal to the robot’s tool width, where
the center line of each rank along its length defines a coverage line. However, to solve the
partitioning step, the authors propose an iterative heuristic with no optimality guarantees.
In this chapter, we provide a coverage planner that follows the above framework and plans
axis-parallel coverage paths with theoretical guarantees and with better performance.

Chapter contributions: The specific contributions of this chapter are as follows:

1. We prove that the axis-parallel rank partitioning problem is tractable and propose a
polynomial-time solver that is guaranteed to find the optimal partition. We do this
by posing the problem as a mixed integer linear program (MILP) and then proving
that the linear relaxation provides optimal solutions.

2. We develop the Optimal Axis-Parallel Rank Partitioning (OARP) method that
leverages the above solver and plans a coverage path for non-convex environments.

3. We present experimental results using maps of real-world environments and show
that OARP outperforms the state-of-the-art method from [88] in minimizing the
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Figure 3.2: An Integral Orthogonal Polygon with light squares representing the polygon and grey
areas representing the boundaries and holes. Each grid cell is as wide as the coverage tool.

decomposition time, number of ranks, number of turns, and consequently the cost of
the coverage plan.

In Section 3.2, we define our decomposition approach and introduce the rank partition-
ing problem. In Section 3.3, we formulate this problem as a Mixed Integer Linear Program
(MILP) and then prove in Section 3.4 that this problem can be relaxed to an LP and
optimally solved in polynomial time. In Section 3.5, we briefly discuss how we compute
a tour of the ranks using a Generalized Travelling Salesman Problem (GTSP) solver to
obtain the full coverage plan. In Section 3.6, we present our experimental results on a
set of real-world environments and compare the performance of our algorithm with the
method proposed in [88].

3.2 Problem Definition

We aim to tackle the CPP problem in Chapter 2.1 with the objective of minimizing robot
turns. In this section, we introduce a simple decomposition of the environment that consti-
tutes W̃ in the CPP problem definition. We then define the rank partitioning and touring
problems which we will be solving in the rest of the chapter.
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3.2.1 IOP Decomposition

We now look at an extension of Problem 2.1 where we minimize the number of turns in
the coverage path p. Following from Assumption 2.1, we decompose the environment Ŵ
using a square grid and focus on paths where the tool moves only in axis-parallel directions
during coverage (horizontal and vertical). We refer to this decomposition as an Integral
Orthogonal Polygon (IOP), which is a set of square grid cells of size l× l [7]. Fig. 3.2 shows
an example IOP generated for a simple non-convex environment with one hole. Computing
the IOP representation of the environment constitutes the decomposition step of the OARP
method. We also use the IOP decomposition in many other parts of this thesis.

3.2.2 Minimum Rank Partitioning Problem

We now consider a partition of the IOP that will help quantify the number of potential
turns in the final coverage plan. We look at partitioning the environment into regions
that will each be covered with a straight-line path (no turns). A rank is the cumulative
footprint of the coverage tool when traversing a straight-line path. For a square coverage
tool of width l, a rank is a rectangular region of width l.

In an IOP, the robot can perform coverage by moving its square tool from one grid cell
to another. A rank in an IOP is therefore a series of horizontally or vertically adjacent
grid cells (e.g. Fig. 3.3). Since each grid cell is of the same size as the coverage tool, a
rank can be covered along a single coverage line (straight-line path) with endpoints at the
centers of grid cells. We can thus define the main problem of this chapter as follows.

Problem 3.1 (Minimum Rank Partitioning Problem). Given an IOP representation of

W̃, compute a partition of the IOP into the minimum number of axis-parallel (horizontal
and vertical) ranks.

From the rank partition determined in Problem 3.1, we generate a coverage path for
the environment by solving the following problem.

Problem 3.2 (Tour Generation Problem). Given a set of axis-parallel ranks (partitioning
of an IOP), compute a tour of the ranks that minimizes the total cost of transitions between
ranks.

In a tour of the ranks, the coverage tool moves from one rank’s endpoint to another
along transition paths determined by the robot’s dynamics.
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Figure 3.3: Illustration of merging oriented grid cells to form ranks and the corresponding coverage
lines. The cell orientations are determined by the MILP from Section 3.3, and the merge-able
cells are merged.

3.3 MILP Formulation

In this section, we formulate Problem 3.1 as a mixed integer linear program (MILP), which
involves a set of variables and linear constraints. Consider an IOP with n grid cells, each
of which is represented by a variable ci in C = {c1, c2, . . . , cn}. We start by introducing
an operator orient(ci) ∈ {H, V } for each grid cell ci to represent its coverage orientation
(H for horizontal or V for vertical). We also introduce a series of variables that bound the
number of ranks in the final partition. The goal of this MILP is to compute the orientations
of grid cells that minimize the number of ranks.

Next, we use the concept of neighbouring grid cells to help represent each rank and con-
struct the objective function to minimize the number of ranks. We do this by formulating
constraints that can be interpreted as a series of merges for neighbouring cells.

Definition 3.1 (Merge-able grid cell). A grid cell ci with orientation orient(ci) ∈ {H, V }
is merge-able with its neighbour if: (i) the cell and its horizontal neighbour are horizontally
oriented, or (ii) the cell and its vertical neighbour are vertically oriented.

A rank is obtained by merging a set of merge-able cells, and so the rank partition
of the IOP depends on the assigned cell orientations. Fig. 3.3 illustrates the intuition of
determining ranks from orientations.

We now work towards constructing a set of operators that count the ranks for a given
set of oriented cells. The following lemma highlights a useful relationship for this task.
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Lemma 3.1. In any minimal rank partition, each rank terminates at cells with less than
two merge-able neighbours.

Proof. By definition, each grid cell in the IOP can have at most two merge-able neighbours
across an axis. Let R = (r1, r2, . . . , rk) be an ordered set of k similarly-oriented cells ri ∈ C
representing a rank along an axis. By our definition of R, these cells are connected in a
sequential order (r1, r2, . . . , rk).

Consider one of the endpoints of R: r1. By definition, r1 and r2 are merge-able neigh-
bours. Let r1 have another neighbour rt that is covered by a rank R̃. If rt is a merge-able
neighbour of r1, then R and R̃ can be merged to a single rank, thereby reducing the number
of ranks and contradicting the optimality of the partition. This would mean one of two
things: (i) rt does not exist, i.e., rt is a border or an obstacle, or (ii) rt is not a merge-able
neighbour. Similarly, we can show that the other endpoint rk has only one merge-able
neighbour rk−1, which completes the proof of Lemma 3.1.

Given the above lemma, we can calculate the number of ranks in an optimal partition
by counting one of the two unique endpoints of each rank. For the rest of this chapter, we
only consider detecting and counting the left and top endpoints of horizontal and vertical
ranks respectively. The choice of left and top endpoints is arbitrary and does not effect
the solution approach. To identify and count the rank endpoints at the IOP border or
holes, we add some artificial cells next to the border cells. These cells are not assigned
an orientation, but simply indicate whether there is a rank that has an endpoint at the
border. We will refer to these cells as border identifiers.

The following logical statements summarize how we will constrain our endpoint counting
variables. For each grid cell ci, denoting the left and top neighbors of ci by left(ci) and
top(ci) respectively, we define our endpoint operators as follows:

endH(ci) =


1 if orient(ci) = H and orient(left(ci)) = V

1 if orient(ci) = H and left(ci) is a border identifier

0 otherwise

,

endV(ci) =


1 if orient(ci) = V and orient(top(ci)) = H

1 if orient(ci) = V and top(ci) is a border identifier

0 otherwise

,

where endH(ci) and endV(ci) are binary operators determining if ci is a horizontal or a
vertical endpoint respectively. We now use these functions to formulate the following
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binary programming problem:

min
n∑

i=0

endH(ci) +
n∑

i=0

endV(ci) (3.1)

s.t. orient(ci) ∈ {H,V },∀i ∈ {1, 2, .., n}. (3.2)

Next, we will convert the above binary programming problem to a MILP by replacing
the operators with a set of new variables. Let us start with endH(ci) and create the auxiliary
variable yih that bounds endH(ci). The upper index (i) of yih matches the lower index of
ci. We also introduce a set of binary variables to denote whether a cell is horizontally or
vertically oriented. For the horizontal case, we introduce xi

h which equals 1 if orient(ci) = H
and 0 otherwise. For the left neighbour, cl = left(ci), we observe the following:

xi
h − xl

h =


1 if orient(ci) = H and orient(left(ci)) = V

1 if orient(ci) = H and left(ci) is a border identifier

−1 if orient(ci) = V and orient(left(ci)) = H

0 otherwise

.

The above, along with a non-negativity constraint, gives the following encoding of yih:

yih ≥ xi
h − xl

h

yih ≥ 0 ,

where yih ≥ endH(ci). With these constraints, we observe that minimizing yih gives us an
optimal solution where yih = endH(ci). We now determine the values of yih for all grid cells
using the following system of vector inequalities:

yh ≥ AHxh (3.3)

yh ≥ 0, (3.4)

where yh and xh are n-dimensional vectors composed of the variables yih and xi
h respec-

tively. On further inspection, AH in (3.3) is the node-arc incidence (NAI) matrix [67] of
the directed graph GH (see Fig. 3.4) composed of all horizontal path flows for an IOP
grid cell from its left neighbour/border identifier. Similarly, we encode endV(c) using the
auxiliary variable vector yv and the NAI matrix AV of the directed graph GV (Fig. 3.4).
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Figure 3.4: The directed graphs GH and GV for an example IOP.

Using the defined matrices and vectors, we write the following MILP to solve Problem
3.1:

min
n∑

i=0

yih +
n∑

i=0

yiv (3.5)

s.t. AHxh − yh ≤ 0 (3.6)

AV xv − yv ≤ 0 (3.7)

xh + xv = 1 (3.8)

xh,xv ∈ {0, 1}n yh,yv ≥ 0, (3.9)

where 1 is the column vector of ones and 0 is the vector of zeros. Eq. (3.8) ensures that
each grid cell is assigned one of two orientations (either xi

h or xi
v equals 1). The objective in

Eq. (3.5) gives us the number of ranks while xh and xv gives us the corresponding grid cell
orientations. The solution of the MILP gives the minimum rank partition as determined
by the grid cell orientations, where we obtain the ranks by merging all merge-able cells.

We also obtain an LP relaxation from this MILP using Eqs. (3.5)-(3.8) and replacing
the binary variables xh and xv in (3.9) with continuous variables as follows:

xh,xv,yh,yv ≥ 0. (3.10)

Proposition 3.1. The relaxed LP denoted by Eqs. (3.5)-(3.8),(3.10) computes an integral
optimal solution and hence solves Problem 3.1 in polynomial time.
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3.4 Proof of Proposition 3.1

In general, solving MILPs is NP-hard while LPs can be solved in polynomial time [54]. An
LP relaxation of a MILP in general will not yield optimal integral solutions. However, our
LP relaxation belongs to a special class of problems that yield integral optimal solutions.
This is mainly because of our use of NAI matrices, which are totally unimodular (TU) [72].
A matrix is TU if the determinants of all its square submatrices are in {−1, 0, 1} [67]. In
this section, we prove that the matrix of all constraints in Eqs. (3.5)-(3.8), (3.10) is TU. It
will then follow from the Hoffman-Kruskal Principle [43] that the relaxed LP can directly
solve the MILP in polynomial time, since our matrix is TU.

Theorem 3.1 (Hoffman-Kruskal Principle [43]). If an integral matrix A is TU, then for
an integral vector b, the extreme points of the polyhedron {x ∈ Rn | Ax ≤ b} has integral
coordinates.

Since the extreme points of the polyhedron has integral coordinates, the optimal solu-
tion obtained from solving the LP defined in the same polyhedron is also integral.

Lemma 3.2. The constraints of the LP formulation in Eqs. (3.5)-(3.8),(3.10) are TU.

Proof. First, we write our problem in Standard Equality Form (SEF) using slack variables
to eliminate the inequality constraints. We then rewrite the summations in Eq. 3.5 using
a vector multiplication with 1 and obtain

min 1Tyh + 1Tyv (3.11)

s.t. AHxh − yh + zh = 0 (3.12)

AV xv − yv + zv = 0 (3.13)

xh + xv = 1 (3.14)

xh,xv,yh,yv, zh, zv ≥ 0. (3.15)

The constraints are now of the form Ax = b, where

A =

AH 0 −I 0 I 0
0 AV 0 −I 0 I
I I 0 0 0 0

 , (3.16)

b =
[
0T 0T 1T

]T
, (3.17)
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x =
[
xh

T xv
T yh

T yv
T zh

T zv
T
]T

, (3.18)

0 is the matrix of zeros and I is the identity matrix. Clearly b is an integral vector.

To prove A is TU, let us start with the matrix

Ã =

[
AT

H 0 I
0 AT

V I

]
.

Each row of the NAI matrices AH and AV signifies a directed edge in the graph, with
a -1 for the source grid cell (outgoing), a +1 for the sink grid cell (incoming), and 0s
otherwise [67].

Due to this construction, Ã satisfies the following sufficient conditions for TU matrices
as outlined in [43].

1. All elements are in {-1, 0, +1} (all entries in AV and AH are either -1, 0, or +1).

2. Each column of Ã has at most two non-zero elements (each column of AT
H and AT

V

will have two non-zero entries, one for the source and one for the sink).

3. There exists a partition of the rows of Ã into two disjoint sets T1 and T2 such that:

(i) If any column of Ã contains two nonzero entries of the same sign, then one is in
a row of T1 and the other is in a row of T2.

(ii) If any column of Ã contains two nonzero entries of the opposite sign, then they
are both in a row of T1 or in a row of T2.

For Ã, T1 consists of all rows in [
AT

H 0 I
]

and T2 consists of all rows in [
0 AT

V I
]
.

It follows from [67] that the transpose of Ã is also TU. We can construct A from ÃT

by appending columns of the positive and negative signed unit matrices Ī and −Ī where

Ī =

I 0 0
0 I 0
0 0 I

 .

Appending these columns preserves the total unimodularity of the resulting matrix, see
[67]. Because of this, the matrix A is TU, which completes the proof of Lemma 3.2.
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Since the constraints are TU, it follows from Theorem 3.1 that the relaxed LP com-
putes optimal integral solutions for the formulated MILP, thereby completing the proof of
Proposition 3.1. We can therefore use efficient polynomial-time LP solvers [54] to solve
Problem 3.1 optimally.

3.5 Tour Generation

We now address Problem 3.2 and plan our full coverage path by computing a tour of the
ranks obtained from the LP in Section 3.3. We do this by formulating a GTSP to determine
a visitation order for the ranks. Using a GTSP formulation offers us the flexibility to use
existing approaches to compute the tour [80, 68]. We employ a similar formulation that
was proposed in [11] and create an auxiliary graph representing all possible connections
between the ranks. The vertices of this graph are grouped into sets, where each set consists
of two vertices representing the two directions to cover the rank (e.g., for a horizontal line
we can cover it from left to right or right to left). The GTSP aims to minimize the cost of
visiting one vertex in every set (traversing each rank in a specific direction).

The edge costs between the vertices in different sets of the auxiliary graph are given
by the time to travel between rank endpoints along an obstacle-free transition path. These
transition paths are planned using the dynamics of the robot, which depends on the robot’s
design. For this work, we assume semi-holonomic dynamics where (i) the robot stops to
turn in-place with a constant angular velocity, and (ii) the robot has piecewise constant
acceleration (when accelerating or decelerating) while travelling in a straight line with
a maximum linear velocity. The same dynamics model is used in [88] and [9], which
we compare our method against in Section 3.6. We compute each transition path by
constructing a visibility graph within the IOP boundaries and planning the shortest path
using an A* search with the straight-line Euclidean distance used as the heuristic [69]. The
resulting path is a sequence of straight lines and intermediary turns, for which the travel
time is computed.

3.6 Simulation Results

In this section, we present our experiments to test the performance of OARP and compare
it to two different coverage planning approaches from literature. Finally, we present ROS
simulations on an example environment with the Avidbots Neo robot model.
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Figure 3.5: Comparison of our rank partitioning method with that proposed in [88]: (a) Cell
decomposition runtime for each map. (b) The number of ranks determined for each test environ-
ment.

Firstly, in Sections 3.6.1 to 3.6.3, we compare OARP to the heuristic approach from
[88]. We chose the heuristic approach for our main comparisons because it produced the
least turns and the lowest tour costs in our analysis of the available approaches. While
the work in [88] has applied the heuristic approach for both single and multi-robot cases,
the rank partitioning step is itself independent of the number of robots, which is similar
to OARP. We focus on the single-robot coverage tours in this comparison to analyze how
the different rank partitioning methods affect the tour. For this comparison, we use a
dataset containing 2D maps of 44 real-world environments obtained from Avidbots and
used for their Neo cleaning robot. These environments have a minimum coverage path
length ranging from 100 m to around 3700 m, where the minimum coverage path length
of an environment is given by (total area)/(tool width l). The maps in this dataset are
arranged/labeled by increasing complexity, i.e., the minimum number of ranks required
to cover the environment. Due to the confidentiality of these scans, we cannot share
this dataset but we have additionally generated a set of anonymized environments for
visualization, which are shown in Figs. 3.1 and 3.6. Each method is run for 20 trials
on each map in the dataset and we compare the results for every stage of the coverage
planning process.
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Figure 3.6: Coverage path of an indoor environment generated using the proposed LP method.

3.6.1 Decomposition Comparisons

For each map in our dataset, we compared the time it takes for both methods to decompose
the environment into cells. The heuristic method decomposes the environment into a
preliminary set of coarse rectangular cells [88], while the OARP method simply needs to
express the IOP of the environment using a grid overlay. To construct the IOP, we include
all grid cells where over 50% of its area is contained within the original environment. The
results of the comparison are shown in Fig. 3.5a, where we observe that as the complexity of
the map increases, the cell decomposition time for the heuristic method increases rapidly.
In contrast, OARP only requires a grid approximation which can be computed much faster;
about 50% faster on average and 5 times faster in some cases. This makes a large impact
on the overall planner time, especially in cases where the coverage plan would need to be
replanned due to perceived changes or uncertainty in the environment. Robustification of
our approach to dynamic environment uncertainties is a future research direction.

3.6.2 Rank Partitioning Comparisons

We implement our rank partitioning step by expressing the LP using Eqs. (3.5)-(3.8), Eq.
(3.10), and the IOP built in the decomposition step. The algorithm was prototyped in
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Table 3.1: Robot parameters used for experiments

Coverage Tool Width 0.8 m
Maximum Linear Velocity 1 m/s
Linear Acceleration ±0.5 m/s2

Angular Velocity 30◦/s

Python and we used the free LP solver, GLPK [59] to solve the LP. The coverage tool
width was set to 0.8 m to model Avidbots’ robot. Fig. 3.1 shows the rank partitioning of
an example map with the horizontal (orange) and vertical (purple) ranks as determined by
the LP solver. Solving the LP takes an average of 0.4 seconds across all trials for all maps.

For the heuristic method, we solve the same IOP coverage problem by only including the
interior ranks from their method (we ignore the perimeter ranks). The heuristic method
is an iterative algorithm, where running for more iterations improves the performance.
So, one would need to allow enough iterations to find high quality solutions, but avoid
extra iterations after the optimal has been found. In contrast, OARP avoids unnecessary
computation by deterministically finding an optimal solution before terminating.

To standardize the comparison, we limit the runtime of the heuristic method’s parti-
tioning step to that of OARP’s partitioning step (the LP’s runtime) for each map. Fig. 3.5b
shows the results of the experiments. As expected, we observe that the number of ranks
obtained by OARP is always as good or better than the heuristic method, with the perfor-
mance gap widening for more complex maps. In general, the heuristic method does quite
well, likely due to the tractability of the problem. However, since this problem is solvable
in polynomial time, one should choose an optimal solver.

3.6.3 Coverage Tour Comparisons

To generate the coverage tour from the ranks, we use the GTSP formulation in Section
3.5 to compute a tour that minimizes the transition time between the ranks. Table 3.1
documents our choice of parameters used to compute the transition costs by simulating the
robot’s coverage tool and dynamics. We used GLNS [80] to solve the formulated GTSP
problem for both OARP and the heuristic methods. Fig. 3.6 shows an example coverage
tour for an anonymized environment from our dataset, with the transitions (green lines)
between the ranks as determined by the GTSP solver.

We also compared our tours to those obtained using the heuristic method from [88].
Since the ranks are non-overlapping for both methods, the cost of the tour is related to the
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Figure 3.7: Average % improvement exhibited by the OARP method in comparison with [88] for
each map.

number of turns. Fig. 3.7 shows the comparison results, where we plot the average percent
improvement of OARP over the heuristic method for each map on two metrics: a) number
of turns, and b) total coverage tour cost. We observe that OARP improves the coverage
tours on both metrics for almost all maps. For a small number of maps, we see little to no
improvement due to the heuristic method providing the same number of ranks as OARP
for those maps. On average for all maps, OARP improved the number of turns by 5.9%
and the tour cost by around 2.7%. For some maps, we get a 16.8% improvement in the
number of turns, and a 7.6% improvement in total coverage time. From this comparison,
we observe the intended trend that less ranks leads to less turns, and less turns leads to
shorter coverage paths.

3.6.4 Comparison against BCD

We additionally compared the proposed OARP method against the Boustrophedon Cell
Decomposition (BCD) method from [9]. For this comparison, we used the dataset from [9]
containing over 300 aerial scans of environments with varying number of holes (obstacles).
The complexity measure of the maps in this dataset is given by hole vertices, i.e., the
total number of vertices required to represent the holes in the map (e.g., one triangular
hole has 3 vertices). The maximum number of hole vertices in this dataset is 86, whereas
in Avidbots’ dataset, this number goes up to 900. We do not test BCD on Avidbots’
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Figure 3.8: Comparison results of the coverage tour generated using OARP and the BCD method
[9]. The x-axis specifies the number of vertices representing the holes in the maps.

dataset as it would require significant modifications to the BCD implementation, but we
expect to see a similar but exaggerated trend due to the large number of hole vertices.
To perform this comparison, we use the same parameters from [9]; a tool width of 3
m, linear acceleration of ±1 m/s2, and maximum velocity of 3 m/s. We also penalize
turns by adding turning time to the cost function, where the robot turns in-place with an
angular velocity of 30◦/s. Fig. 3.8 shows the results of comparing the cost of the coverage
tours generated by OARP and BCD using identical parameters. We observed that OARP
outperforms BCD for all maps, and improves the coverage tour by 25.5% on average. We
believe that this performance gap is due to OARP’s better coverage line placement. We
also tested the heuristic method from [88] on this dataset and observed that, while OARP
still outperforms [88], the average performance improvement is small (<1%) due to the
relative simplicity of the maps in this dataset.

3.6.5 ROS Simulation Case Study

In this subsection, we provide a case study of simulating the coverage of an example
environment using the Avidbots Neo robot. The simulation was conducted using ROS on an
anonymized hybrid environment as shown in Fig. 3.9. The Neo robot has tricycle dynamics
and so coverage was planned with sufficient space at the boundaries to allow comfortable
turns. The robot was also equipped with a local planner to replan difficult parts of the
coverage plan (e.g. areas with small coverage lines) if necessary. Fig. 3.9 shows the resulting
environment coverage using plans generated by OARP and the heuristic method [88]. We
observed that OARP’s plan was nearly 13% faster than the heuristic method’s plan and
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(a) (b)

Figure 3.9: Simulation results of covering an example environment using the Avidbots Neo robot.
The coverage planners used were (a) OARP and (b) the heuristic method from [88].

3.3% shorter in path length. We also observed that OARP’s plan covered more area of
this map than the heuristic method’s plan (1.1% more). The reasoning for this is two-fold:
OARP’s path consists of less turns (poor coverage at turns), and OARP’s plan required
less replans by the local planner. We also attempted to test the plan generated using the
BCD planner from [9], but the plan contained many sharp turns that are infeasible for the
Neo robot.

3.7 Summary

In this chapter, we proposed the OARP coverage planning method that aims to minimize
the number of turns needed to cover the robot’s environment. We do this by partitioning
the environment into thin axis-parallel ranks using a linear program (LP). We proved
that this formulation computes the optimal rank partitioning in polynomial time. We
then conducted experiments on maps of real-world environments and showed that OARP
always achieves the best rank partition in comparison with the state-of-the-art method.
Furthermore, OARP is also shown to have around 6% lesser turns and 3% shorter coverage
tours on average than the other method.
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Chapter 4

Coverage Replanning for Partially
Unknown Environments

4.1 Introduction

In this chapter, we tackle the problem of replanning optimal coverage paths that have
been interrupted by previously unknown static obstacles. We refer to this as the coverage
replanning problem. This problem arises when businesses such as retail stores and ware-
houses change their environments frequently to accommodate new products and remapping
beforehand each time would be too costly.

One approach to coverage replanning is to stop executing the current coverage path
and plan a new path for the uncovered environment with the new obstacle(s). However,
coverage planning for arbitrary environments is generally NP-Hard [8] and this approach
does not scale well for large environments with many unknown obstacles. Moreover, an
obstacle may only affect a small section of the path, i.e., the unbroken parts of the path
may still be drivable and near-optimal. An alternate approach is to only replan the affected
section(s) of the path (local replanning) while keeping the rest of the path intact. A simple
example of local replanning would be where the robot simply drives around the obstacle
whenever a collision is imminent. However, a more practical approach would be to use the
time while driving towards the blockage to find more optimal solutions. In this chapter,
we propose an anytime coverage replanner that utilizes the time spent driving to conduct
near-optimal replans on the provided coverage paths (see Fig. 4.1).

In the previous chapter [74], we developed the Optimal Axis-Parallel Rank Partition-
ing (OARP) approach to plan coverage paths that minimize the number of turns in the
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(a) (b) (c)

Figure 4.1: Replanning coverage paths in partially unknown environments. (a) An initial coverage
path for the known base environment, (b) the robot (blue triangle) covers part of the environment
(gray region) and observes a new obstacle (red box) interrupting the initial path (red path), and
(c) a near-optimal replanned path (green path) computed online using the proposed approach
(OARP-Replan).

solution. Minimizing turns is motivated by path quality and optimality as robots can have
decreased performance while turning (speed and coverage). In this chapter, we extend
OARP to provide a coverage replanning approach, namely OARP-Replan, that replans
coverage paths.

Chapter contributions: Our specific contributions are as follows:

1. We present an Integer Linear Program (ILP) that replans the ranks of a coverage
path such that a tour of the ranks (i.e. a coverage path) can be replanned within a
time budget.

a) We leverage LP relaxations of this ILP to replan ranks in polynomial time
(efficient to compute).

b) We present a second ILP that reduces the number of decision variables, and
therefore replans the coverage ranks faster than the first ILP.

2. We provide an anytime coverage replanning method named OARP-Replan that lever-
ages the above ILPs to conduct near-optimal replans to the coverage path within a
given time budget.

3. Finally, we conduct simulations and robot experiments to validate our proposed
approach. Our simulation results include comparisons against other state-of-the-art
approaches, including offline approaches (i.e. all obstacles are known) [9, 5].
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4.1.1 Organization

The rest of this chapter is organized as follows. In Section 4.2, we define the problem
of replanning a coverage path within a given time budget. In Section 4.3, we present
the high-level framework of our proposed approach, OARP-Replan, that constrains the
runtime to replan the coverage path, which solves the problem in two stages: (i) rank
replanning, and (ii) touring. In Section 4.4, we describe the rank replanning stage where
we use ILPs to replan the ranks of the coverage path such that the overall runtime is
constrained. In Section 4.5, we describe the touring stage where we formulate a Generalized
Traveling Salesman Problem (GTSP) to compute a tour of the replanned ranks to obtain
the replanned path. In Section 4.6, we provide simulation results on a range of real-
world environments and compare our proposed approach against state-of-the-art coverage
planning methods in online and offline settings. In Section 4.7, we present experimental
results of testing our replanning approach using an industrial-level autonomous cleaning
robot.

4.2 Problem Definition

In this section, we define the problem of replanning the coverage path. This is an extension
of the coverage path planning (CPP) problem introduced in Chapter 2.1. Recall that W
is the robot’s environment and W̃ is the environment approximation (i.e., IOP) we look to

cover. The CPP problem plans an initial coverage path P that covers W̃ using a square
tool of width l while minimizing the path cost J(P ).

4.2.1 Coverage Replanning Problem

Let us consider the case where our robot is trying to follow its initial coverage path P but it
observes a set O of previously unknown obstacles. In other words, the actual environment
is W ⊆ W \ O. We assume the robot is equipped with a sensor that can observe its
environment within a sensor footprint relative to the robot’s position, e.g., an optical
range sensor. Suppose, at position xi, the robot detects a new obstacle interrupting the
path. Let τ be the time in which the robot would encounter the obstacle, i.e., reach it
along its current path from xi. While the robot might be able to continue along P for time
τ , the subsequent path must be replanned. One solution is to solve the full CPP for the
new environment W . While this method would give us the optimal coverage path, it has
a major drawback. If solving CPP takes longer than τ , the robot may have to stop and
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wait for a new path, which is undesirable. To address this, we instead solve the coverage
replanning problem that takes into account a time budget τ .

Let Pr be the remaining path after the first interruption by the obstacle. Let Wr ⊆ W̃
be the area covered by Pr, where O ∩Wr ̸= ∅. The replanning problem is to plan a new
coverage path P ′

r before τ such that it covers the same areas as Pr without colliding into
O. We are now ready to pose the main problem we look to solve in this chapter.

Problem 4.1 (Coverage Replanning Problem (CRP)). Given a path P covering W̃, a set
of newly observed obstacles O, a time τ until the first such obstacle is encountered along
P , the remaining path Pr after the first encounter, and the area Wr ⊆ W̃ covered by Pr,
find a new coverage path P ′

r within time τ which solves

min
P ′
r∈P

J(P ′
r) (4.1)

s.t.
⋃

(x,θ)∈P ′
r

A(x, θ) =Wr \ O. (4.2)

CRP is similar to CPP when τ is infinite and P = Pr. However, for a finite τ , CRP
must find a trade-off between minimizing coverage cost and ensuring a path is computed
within τ . The larger the τ value, the closer the coverage cost is to the optimal path (CPP
solution).

4.2.2 Rank-based Coverage Replanning

CPP is NP-Hard [8], which indicates that Problem 4.1 is intractable. Therefore, we look
for approximations of Problem 4.1 that are more solvable. A common approach is to solve
this problem in stages. While this may remove some optimal solutions in the search space,
it reduces the complexity of the problem and makes it tractable.

In this chapter, we focus on replanning initial coverage paths that are represented as
a series of axis-parallel (horizontal/vertical) ranks covering an IOP decomposition of our
initial environment, e.g., paths generated by OARP. With this setup, we approach Problem
4.1 in two stages: (i) rank replanning, and (ii) touring. In the rank replanning stage, we
compute the minimum number of axis-parallel ranks to cover the IOP of the remaining
regionWr \O. In the touring stage, we obtain the replanned path P ′

r by computing a tour
of the ranks that minimizes the cost of transitioning between the ranks. We also look to
ensure that both stages are completed within the time budget τ . The following problem
captures this requirement.
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Figure 4.2: The effect of an obstacle (black box) on replanning a coverage path consisting of
ranks (black lines) and transition paths (green lines). The ranks of the initial path (left) when
interrupted can be replanned in many ways, two of which are shown here. Example 1 has fewer
new ranks (red lines in dotted box) than example 2 and is preferable for shorter planning time.
Example 2 has fewer total ranks and is preferable for shorter drive time.

Problem 4.2 (Rank-based Coverage Replanning). Given a set of newly observed obstacles
O that interrupts the remainder Pr of the coverage path P , and a time budget τ before the
robot’s first encounter with an obstacle in O, compute the following within time τ : (i)
a minimum set of ranks that covers the IOP representation of the uncovered free region
Wr \O and (ii) a tour of the ranks that minimize the total cost of transition between ranks.

4.3 Solution Framework

In this section, we describe our solution framework for coverage replanning. Unlike OARP,
we look to re-use sections of the initial coverage plan which adds an additional coupling
between the rank replanning and touring stages. In this section, we first explore this
coupling with an example, and then present the high-level algorithm for the proposed
approach.

4.3.1 The Effect of Changing Ranks

We aim to solve rank replanning efficiently so that the majority of the time budget is
available for the touring stage, which is formulated as a Generalized Travelling Salesman
Problem (GTSP), an NP-hard problem. However, the rank replanning output affects the
GTSP input size, and in turn, the runtime. Therefore, we design the rank replanning stage
such that the tour of the replanned ranks can be computed within the time budget τ .
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To better understand this coupling, consider the example coverage path shown in Fig.
4.2 with an initial set of horizontal ranks. Let us now introduce an obstacle, for which rank
replanning returns two different sets of ranks (example 1 and example 2). Each set contains
ranks that are unchanged from the initial path and new ranks, i.e., ranks that were not in
the initial solution. To reduce the computational complexity of the touring step, we reuse
sections of the initial path to cover unchanged ranks. This allows us to spend the time
budget on connecting new ranks to the unchanged path sections. As a result, the GTSP
problem size is driven by the number of new ranks. In Fig. 4.2, Example 1’s second stage
has a GTSP size of 6 sets (4 new ranks + 2 retained paths), whereas Example 2 has a
GTSP size of 7 sets (6 new ranks + 1 retained path of one rank) despite having fewer total
ranks. Note that the number of unchanged disconnected path sections is also bounded by
the number of new ranks.

Let m be the number of total ranks in the replanned solution and mnew ≤ m be the
number of new ranks. The GTSP input size is dependent on mnew and the estimated GTSP
runtime would be a monotonically increasing function T̂ (mnew). Therefore, given a time
budget τ , we bound mnew such that T̂ (mnew) ≤ τ . In other words, a larger τ allows us
to change more ranks (mnew) so that we can minimize the total number of ranks (m). To
compute this bound, we first determine T̂ using data collected from previous GTSP runs
(e.g. data from the offline planning of the initial coverage path). We then set m̄ = T̂−1(τ)
as the maximum GTSP instance size, where T̂−1 is the inverse of T̂ . Thus, we add the
following constraint in rank replanning to ensure that the touring stage finishes within
time τ :

mnew ≤ T̂−1(τ) = m̄. (4.3)

In Section 4.4, we will propose a rank replanning approach that constrains the number
of new ranks mnew in its output within a budget m̄ derived from τ . In Section 4.6.1, we
provide more details about how T̂ can be determined.

4.3.2 Algorithm

We now describe the high-level algorithm of our proposed approach, namely OARP-Replan,
for which the pseudocode is given in Algorithm 1. We consider a robot that is equipped with
a sensor similar to that of a laser scanner (LIDAR) that is capable of detecting obstacles
(or parts of obstacles) in the environment. OARP-Replan is run when potential collisions
or encounters are detected along the current path P using the robot’s sensor model. More
specifically, we determine the grid cells in the IOP decomposition that cannot be covered
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Figure 4.3: A run of OARP-Replan with one obstacle blocking a set of grid cells in the IOP
(dotted grey box). The visible part of the obstacle (pink dots) is used to identify blocked grid
cells (grey) and obstacle encounters (blue dots) along the current path. For each encounter i ≤ k,
the planner attempts to replan the remaining path (red path) within the time τi to reach the
encounter (black path). To compute τi, previous encounters are replanned using GD replan (green
dotted lines).

anymore due to newly detected obstacles (if the obstacle was partially observed, this process
would be repeated for each scan that reveals more of the obstacle). Let k be the number
of all projected encounters along P (each obstacle may cause multiple encounters). For
each encounter, the robot has the option of replanning the remaining path (the preferred
solution) or simply going around the obstacle while covering the interrupted rank (if there
is no time to replan). We refer to the latter method as the greedy detour (GD) replan,
which can be performed using a local planner with little to no computational time and
thus no robot stoppage. We propose only using GD replan as a fallback method in the
case where the main planner does not have enough time to replan the path.

Fig. 4.3 illustrates an example run of the algorithm. Note that we replan using the
obstacle encounters that have been observed so far by the robot. The encounters that
were not observed (even from an obstacle that was partially observed) is replanned once
the robot has observed them later in the coverage run. We iterate through each obstacle
encounter i ≤ k and evaluate whether the main planner can replan the path after the ith

encounter. The path for all previous obstacle encounters ({1, 2, . . . i − 1}) is replanned
using GD replan. In other words, we look for an obstacle encounter that gives the planner
enough time to replan the path after the encounter. Let τi be the time for the robot to
reach the ith encounter along the current path, which will be the time budget for the replan.

To evaluate if the path after encounter i can be replanned, the planner runs a sub-
routine named RANK-REPLAN to get a set of replanned ranks for which a tour can be
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Algorithm 1 OARP-Replan

Input: Current path P , Environment IOP W̃
Output: Replanned path P ′

1: for each encounter i ≤ k on P do

2: Wi ← Part of W̃ to cover after ith encounter
3: R← Ranks from coverage path P
4: τi ← Time to reach ith encounter
5: m̄i ← T̂−1(τi) ▷ Maximum instance size given τi
6: R′ ← RANK-REPLAN(Wi, R, m̄i)
7: if R′ ̸= ∅ then
8: P ′ ← TOUR-REPLAN(R′, R)
9: return P ′

10: else
11: Apply GD replanning to ith encounter
12: end if
13: end for

computed in time τi (Line 6). If RANK-REPLAN returns a set of ranks, we compute a
tour of the ranks using another sub-routine called TOUR-REPLAN (Line 8) that solves
the GTSP to obtain our replanned path. This sub-routine runs as a background process
while the robot continues to follow the current coverage path. However, if RANK-REPLAN
returns an empty set, then this indicates that there is no solution that will finish within the
expected time budget. In that case, GD replan is used to replan encounter i (Line 11), and
the procedure is repeated for the next encounter. In the end, we obtain a replanned path
where some (or all) encounters are replanned using GD replan, while the remaining path
undergoes a near-optimal replan before the robot reaches the corresponding encounter.

In our implementation, we run OARP-Replan using the path that the robot is currently
executing, i.e. if a new obstacle is detected before P ′ is returned, we start a new replan of
P . In the rest of the chapter, we will expand on how the RANK-REPLAN and TOUR-
REPLAN sub-routines work.

4.4 The RANK-REPLAN Subroutine

In this section, we extend the integer linear program (ILP) from the OARP approach in
our previous work [74] to formulate the RANK-REPLAN subroutine that minimizes the
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Figure 4.4: Integral orthogonal polygon (IOP) of an environment where each grid cell is either
oriented horizontally (orange) or vertically (purple). The left, right, top, and bottom rank end-
points are also shown (see legend). Each cell ci (zoomed-in cell) has four endpoint indicator
variables. If the cell is an endpoint (e.g. ci is a right endpoint), the corresponding variable is
active (yiR = 1).

number of replanned ranks while constraining the number of new ranks within a budget m̄.
We first provide a slightly modified of the original ILP with some additional variables to
allow for extension. Then, we propose two extensions to this ILP: the first extension solves
the rank replanning step optimally, and the second extension solves it efficiently with fewer
ILP variables (no optimality guarantees). The user may choose either ILP based on their
replanning preferences (optimality vs efficiency).

4.4.1 The Base ILP

Consider an integral orthogonal polygon (IOP) containing n grid cells representing the
input environment, where each cell ci for 1 ≤ i ≤ n is of size l × l (l is the tool width).
The goal of the ILP is to assign a coverage orientation (horizontal or vertical) for each
cell ci such that the number of ranks covering the cells is minimized. We obtain ranks by
merging similarly-oriented neighboring grid cells. To this end, we introduce variables to
represent cell orientations and count the resulting ranks after all merges are complete.

Let xi
H and xi

V be binary variables that denote whether cell ci is oriented horizontally
or vertically (cannot be both). Fig. 4.4 shows an example IOP with oriented grid cells and
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Figure 4.5: The directed graphs GL, GR, GT , and GB for the example IOP.

their corresponding ranks. We also add variables to identify the rank endpoints. Let yiL
and yiR be binary variables that indicate whether the cell, ci, is the left endpoint and/or
the right endpoint of a horizontal rank. Similarly, let yiT and yiB be binary variables that
indicate whether ci is a top and/or bottom endpoint of a vertical rank. This notation is
different from the original OARP approach, which only has indicator variables for the left
and top endpoints. Fig. 4.4 also illustrates the endpoint variables and rank endpoints for
the oriented grid cells.

Let xH ,xV ,yL,yR,yT ,yB be n dimensional binary vectors of the corresponding vari-

ables for all grid cells. Let yH =
[
yL

T yR
T
]T

and yV =
[
yT

T yB
T
]T

be the vectors
of all horizontal rank and vertical rank endpoints respectively, where yH ,yV ∈ {0, 1}2n.
Since each rank has exactly two endpoints, the number of coverage ranks m is given by
half the sum of all rank endpoints:

m =
1

2
(1TyH + 1TyV ), (4.4)

where 1 is the column vector of ones. This constitutes the objective of the optimization
problem.

We formulate the ILP constraints by encoding the relationship between the orientations
(x variables) and endpoints (y variables). Following Chapter 3, we use directed graphs in
the IOP to detect whether a neighboring cell can be merged. Let GL and GR be directed
graphs composed of all horizontal path flows for each grid cell from its left and right
neighbors respectively. For cells at the IOP border, we add artificial nodes called border
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identifiers to simulate path flow into those cells. Similarly, let GT and GB be the graphs
composed of all vertical path flows for each grid cell from its top and bottom neighbors
respectively. Fig. 4.5 illustrates these graphs for an example IOP. From these graphs, let
AL, AR, AT , and AB be matrices representing the corresponding graphs, where each row of
a matrix signifies a directed edge in the graph, with a −1 for a source grid cell (outgoing
edge), a +1 for a sink grid cell (incoming edge), and 0s otherwise. These matrices resemble
the node-arc incidence (NAI) matrices for the graphs GL, GR, GT , and GB.

We now pose the rank minimization ILP, namely ILP-0, that we will extend in the rest
of this section:

ILP-0:

min
xH ,xV ,yH ,yV

m (4.5)

s.t.
[
AT

L AT
R

]T
xH − yH ≤ 0 (4.6)[

AT
T AT

B

]T
xV − yV ≤ 0 (4.7)

xH + xV = 1 (4.8)

xH ,xV ∈ {0, 1}n (4.9)

yH ,yV ∈ {0, 1}2n. (4.10)

In this ILP, equations (4.6) and (4.7) ensure that, for an optimal solution of ILP-0, vectors
yH and yV correspond to the endpoints of the optimal number of ranks covering the IOP.
This follows from the minimization of m, which in-turn minimizes yH and yV (Eq. (4.4)),
thereby tightening equations (4.6) and (4.7). Equation (4.8) ensures that each cell is only
assigned one orientation (can be either horizontal or vertical).

Note that the ILP constraints formulated here follows that of OARP in Chapter 3
except for the additional endpoint variables, which we will use in the extension for our
replanning approach.

4.4.2 Constraining New Ranks

We now look to constrain the number of new ranks mnew to be within the rank budget m̄.
To compute mnew, we identify the new ranks in the replanned solution by comparing them
with the ranks from the initial path. This comparison requires an encoding of ranks using
the ILP variables. To this end, we propose an encoding based on perfect matching [55]
that matches the endpoints for each rank in the ILP solution. The new ranks are therefore
the difference between the old and new endpoint matchings.
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Right Endpoint Matching Left Endpoint Matching

Figure 4.6: The matching edges used to detect ranks for a given row of grid cells. Each cell ci
has edges that match it with another cell in the row if ci is a right (using magenta edges) or left
(using cyan edges) endpoint. Here, we illustrate an example where ci is a left endpoint and is
matched with a right endpoint in the row (bold cyan edge). No matching occurs if ci is not an
endpoint.

To simplify the explanation of the encoding, we first look at the horizontal case and
simply extend the same ideas to the vertical case. Consider a horizontal row of connected
(unobstructed) grid cells in the IOP as depicted in Fig. 4.6. Now, consider the case where
the row contains a horizontal rank with a left endpoint at a cell ci. This indicates that the
rank either (i) covers cells to the right of ci or, (ii) covers only ci. In both cases, we observe
that there must exist a cell to the right of ci (including ci) that is the right endpoint of
this rank. We look to identify this rank by matching its left and right endpoints.

We formulate this with variables that represent directed edges added between ci and
every cell cr to its right, as any of them could be a right endpoint. We also add an edge
from ci to itself to account for a single-cell rank. For each edge between ci and a cell cr,
we add a binary variable zir ∈ {0, 1} that takes a value of 1 if the edge is included in the
matching (i.e. cr is a right endpoint). To ensure that ci and cr are matched only if they
are left and right endpoints respectively, we enforce the following constraints:∑

∀r

zir = yiL, (4.11)∑
∀i

zir = yrR, (4.12)

zir ∈ {0, 1} ∀1 ≤ i, j ≤ n. (4.13)

Lemma 4.1. Consider a horizontal row of connected IOP grid cells and two cells ci and
cr in this row where cr is to the right of ci. Then there exists a horizontal rank with its left
endpoint at ci and right endpoint at cr iff zir = 1.
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Proof. (⇒ direction) If there exists a rank between ci and cr, then yiL = 1 and yrR = 1. As
a result, we have the following for ci:∑

∀r

zir = 1, and
∑
∀i

zir = 1.

Assume that zir = 0 (see Fig. 4.7(a)). This indicates that ci must be matched with another
right endpoint ck to its right, i.e. zik = 1. Since there exists a rank between ci and cr,
ck cannot be between the two cells. Therefore, ck must be to the right of cr. WLOG,
let us assume that the rank between ci and cr is the left-most horizontal rank in the row,
meaning that there are no other left endpoints for cr to match with. This is an infeasible
solution for the set of constraints unless zir = 1, thereby proving the statement.

(⇐ direction) If zir = 1, then yiL and yrR have to both be 1, indicating that they are left
and right endpoints respectively. However, consider the case where there is a vertically-
oriented cell between them, indicating that there is no horizontal rank between ci and cr
(see Fig. 4.7(b)). In this case, there must exist another cell ck that is a right endpoint
(to the left of the vertical cell), where ykR = 1. WLOG, let us assume that ci is the only
endpoint to the left of ck. This indicates that ck has no other left endpoint to match with,
which in turn gives an infeasible solution unless zik = 1 and zir = 0. This contradicts the
fact that zir = 1, and therefore shows that there must exist a rank between ci and cr if
zir = 1. This proves the lemma.

Following Lemma 4.1, we now have a way of representing a horizontal rank as a match-
ing of its endpoints. We extract each horizontal row of connected grid cells in the given
IOP and add the following constraints for each cell ci in the row:∑

∀r

zir = yiL, where cr is to the right of ci, (4.14)∑
∀l

zli = yiR, where cl is to the left of ci, (4.15)

zij ∈ {0, 1} ∀1 ≤ i, j ≤ n. (4.16)

We simply extend the setup to represent vertical ranks as a matching of its endpoints
in a vertical row of connected grid cells. For each cell ci in the vertical row, we add the
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...

(a) ⇒ direction

... ...

(b) ⇐ direction

Figure 4.7: Illustrations of the cases considered for Lemma 4.1’s proof.

following constraints: ∑
∀b

zib = yiT , where cb is to the bottom of ci, (4.17)∑
∀t

zti = yiB, where ct is to the top of ci (4.18)

zij ∈ {0, 1} ∀1 ≤ i, j ≤ n. (4.19)

Now, let z̄ij be an input to the ILP such that z̄ij is 1 if the initial path contains a rank
with cells ci and cj as endpoints and 0 otherwise. From Lemma 4.1, if the ILP solution
has a rank with ci and cj as endpoints (zij = 1), then it is a new rank if z̄ij = 0. Using this
relation for all pairs of cells ci and cj with matching edges, we compute mnew as follows:

mnew =
∑
∀i

∑
∀j

(1− z̄ij)zij. (4.20)

We now propose our extended ILP, namely ILP-1, that minimizes the number of ranks
in the replanned solution while constraining the number of new ranks to be within a budget
m̄. We also add the term ϵ mnew to the ILP’s objective function, where ϵ > 0 is used to
compute the rank-minimizing solution with the smallest mnew. Specifically, in the case of
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a large budget m̄, the additional term helps prevent rank changes that do not improve the
number of ranks in the solution. The resulting ILP is as follows:

ILP-1:

min
xH ,xV ,yH ,yV

m+ ϵ mnew (4.21)

s.t. Eqs. (4.6), (4.7), (4.8),

Eqs. (4.14), (4.15), (4.17) (4.18), ∀1 ≤ i ≤ n,

mnew ≤ m̄, (4.22)

zij ∈ {0, 1} ∀1 ≤ i, j ≤ n, (4.23)

xH ,xV ∈ {0, 1}n, (4.24)

yH ,yV ∈ {0, 1}2n. (4.25)

We now show that we can configure ILP-1 to solve the rank replanning stage (Problem
4.2(i)) optimally, i.e. the solution (i) minimizes the number of ranks m, (ii) subject to the
constraint that mnew ≤ m̄.

Proposition 4.1. If ϵ < 1/m̄, then ILP-1 computes optimal solutions to Problem 4.2(i).

Proof. Based on our criteria of optimality, Problem 4.2(i) can be simplified as follows:

P1: min m

s.t. mnew ≤ m̄.

Any solution to ILP-1 must satisfy Eq. 4.22 and is therefore a feasible solution to P1.
What remains to be shown is whether ILP-1 computes the solution with minimum m, i.e.,
there exists an ϵ > 0 such ILP-1 returns an optimizer to P1. To show this, consider the
simplified version of ILP-1:

P2: min m+ ϵ mnew

s.t. mnew ≤ m̄.

Note that since the constraints of P1 and P2 are the same, they share the same feasible
solution space. Let m∗ and m∗∗ be the number of ranks corresponding to the optimizers
to P1 and P2 respectively, where m∗

new and m∗∗
new are the corresponding values of mnew.

Clearly, m∗ ≤ m∗∗.
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Let us assume, by way of contradiction, that m∗ ̸= m∗∗. Since m is an integer, we have
m∗∗ −m∗ ≥ 1. Since the optimizer of P1 is feasible for P2, we have the following:

m∗ + ϵ m∗
new ≥ m** + ϵ m∗∗

neq

ϵ (m∗
new −m**

new) ≥ m** −m* ≥ 1.

From the constraints of P1 and P2, we have the following:

(m∗
new −m**

new) ≤ m∗
new ≤ m̄.

Combining the inequalities, we get:

ϵ m̄ ≥ 1

ϵ ≥ 1/m̄.

Following this, for values of ϵ < 1/m̄, our assumption that m∗ ̸= m∗∗ is contradicted, which
proves our proposition. We choose ϵ = 1/(m̄+ 1) for the rest of this work.

Remark 4.1 (Linear Relaxation). The linear relaxation of ILP-1 is obtained by replacing
the integrality constraints for the decision variables with real-valued constraints as follows:

0 ≤ zij ≤ 1 ∀1 ≤ i, j ≤ n,

0 ≤ yH ,yV ≤ 1,

xH ,xV ≥ 0.

We observed that solving this relaxation consistently gives integral solutions despite the
constraints not being totally unimodular (TUM). Our reasoning for this is that (i) the
constraints of ILP-0 is TUM (following the proof from [74]), and (ii) perfect matching on
a bipartite graph (e.g. graph partitioned as left endpoints (yiL variables) and right endpoints
(yiR variables)) can be solved using a linear program (LP) [55]. For our experiments, we
simply solve the linear relaxation as LPs can be solved in polynomial time [54].

4.4.3 On Reducing ILP Variables

In the previous section, we formulated ILP-1 which solves the rank replanning step opti-
mally. However, one drawback of ILP-1 is that it adds a large number of decision variables
(O(n2)) to the base ILP, which affects the runtime of the ILP. In this section, we propose
another ILP extension, namely ILP-2, that uses fewer decision variables and can be more
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successfully used for large environments. Instead of matching rank endpoints to count the
number of new ranks mnew, we formulate a bound for mnew using the number of rank end-
points that have changed. Specifically, we look to identify and count two types of changes:
(i) added endpoints and (ii) extended endpoints (i.e. endpoints removed when ranks from
the initial solution are merged). Fig. 4.8 illustrates cases where the ranks are changed with
the introduction of obstacles and the corresponding added and extended rank endpoints.

We first analyze the horizontal ranks to present our approach and extend the same
approach to vertical ranks. Consider a binary vector ȳH ∈ {0, 1}2n that indicates if a cell
was a horizontal (left or right) endpoint for a rank in the initial path. We take this vector
as an input to the ILP. We look to compare vectors yH and ȳH to identify added and
extended endpoints.

An added endpoint represents an endpoint in yH but not in ȳH . This helps count the
first four of the five possible rank changes illustrated in Fig. 4.8, as each rank after the
change has at least one added endpoint. Let αH ∈ R be the number of added horizontal
endpoints, which we compute as follows:

αH = (1− ȳH)TyH .

However, in the case of a merged rank (Fig. 4.8), the new rank may not contain any
added endpoints. To account for this, we also count extended endpoints that count cells
that were endpoints in ȳH and are not endpoints in yH while still maintaining the same
coverage orientation (horizontal in this case). Suppose a cell ci was a left endpoint in
ȳH , i.e. ȳiL = 1. The cell is considered an extended endpoint if yiL = 0 and the cell is
still covered horizontally (xi

H = 1). We use the following piece-wise equation for cell ci to
capture this relationship.

ȳiL(1− yiL) + (xi
H − 1) =

{
1 if ci is an extended left endpoint

≤ 0 otherwise

Now, let βH be a vector of binary variables that represents whether each cell is an extended
horizontal endpoint. We use this to compute a value βH that counts the number of extended
horizontal endpoints as follows:

βH = 1TβH ,

where βH ≥ ȳH ◦ (1− yH) + (
[
xH

T xH
T
]T − 1),

βH ∈ {0, 1}2n,
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where the ◦ operator is the element-wise product of two vectors. The endpoint changes
that remain to be counted are the cells that were endpoints in ȳH and are not endpoints
in yH while changing coverage orientations (to vertical in this case). However, such a cell
will now be a part of a vertical rank that would either have an added or extended vertical
rank endpoint. Therefore, we do not count these endpoints as it tracks rank changes that
are already accounted for.

We extend these concepts to the vertical case to count all endpoint changes. Let ȳV be
a binary vector indicating whether a cell was a vertical endpoint for a rank in the initial
path. The total number of added endpoints α and extended endpoints β is then obtained
as follows:

α = (1− ȳH)TyH + (1− ȳV )
TyV (4.26)

β = 1TβH + 1TβV , (4.27)

where βH ≥ ȳH ◦ (1− yH) + (
[
xH

T xH
T
]T − 1), (4.28)

βV ≥ ȳV ◦ (1− yV ) + (
[
xV

T xV
T
]T − 1), (4.29)

βH ,βV ∈ {0, 1}2n. (4.30)

We now look to bound the number of new ranks mnew using α and β, for which we
exploit the following property.

Lemma 4.2. Consider α and β to be the number of added and extended endpoints re-
spectively for a set of replanned ranks. Then the number of new ranks mnew in the set is
bounded as follows:

mnew ≤ α + β/2.

Proof. We start by considering all possible changes to the ranks as illustrated in Fig. 4.8.
For the first four possible changes, the minimum number of added endpoints for each new
rank is 1. However, for a merged rank, the number of added endpoints for the new rank
is 0, so we instead count the minimum number of extended endpoints. Merging two ranks
can be thought of as extending two endpoints so that the ranks join to form a new rank.
Therefore, a merged rank results in at least two extended endpoints. Note that merging
more than 2 ranks to form one new rank results in more than 2 extended endpoints. As
a result, the maximum number of merged ranks is β/2. With this, we have the following
bound on mnew:

mnew ≤ α + β/2,
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Figure 4.8: Illustration of rank endpoint changes as a result of rank replanning. Each row shows
horizontal (orange lines) and vertical (purple lines) ranks blocked by obstacles (black boxes) and
the corresponding replanned ranks and endpoint changes.
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which proves the lemma.

We now propose our second ILP extension. We use the bound we derived in Lemma
4.2 to constrain mnew in the ILP. Following Proposition 4.1, we add an additional term
ϵ (α+β/2) to the objective function, where ϵ = 1/(m̄+1), to compute a solution with the
smallest mnew without dominating the minimization of m. The resulting ILP is as follows:

ILP-2:

min
xH ,xV ,yH ,yV

m+ ϵ (α + β/2) (4.31)

s.t. Eqs. (4.6), (4.7), (4.8), (4.26) - (4.30)

α + β/2 ≤ m̄ (4.32)

xH ,xV ∈ {0, 1}n (4.33)

yH ,yV ∈ {0, 1}2n. (4.34)

Solving ILP-2 guarantees a solution where mnew ≤ m̄. Moreover, ILP-2 only adds O(n)
decision variables to the base ILP (βH and βV ). So, we expect ILP-2 to run faster than
ILP-1. We observed that Remark 4.1 also applies for ILP-2, so we simply solve the linear
relaxation to obtain integral solutions. Since there are negative terms involving yH and
yV (Eqs. (4.28), (4.29), the following constraint in the linear relaxation ensures that the
optimization problem is bounded:

yH ,yV ≤ 1.

Unlike ILP-1, ILP-2 does not guarantee an optimal solution to the rank replanning
problem, as we use a pessimistic bound on mnew in our ILP constraint. However, we
observe in our simulation results that the paths replanned with ranks from ILP-2 are close
in cost to those from ILP-1.

4.5 The TOUR-REPLAN Subroutine

In this section, we describe our approach to compute a tour of the replanned ranks to
obtain our new coverage path. Similar to the approaches from [11] and [74], we formulate
this as a Generalized Travelling Salesman Problem (GTSP) on a fully-connected auxiliary
graph representing all connections between ranks. Each set in the graph represents a rank
and consists of two vertices to represent the directions in which the rank can be traversed.
We call these sets as rank sets. The edge costs are the transition times between two ranks,
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i.e. the time for the robot to travel from one rank endpoint to another. Since the transition
times depend on the robot’s design and dynamics, we compute the edge costs by assuming
dynamics similar to [74] and [88], where (i) the robot traverses a straight line with piecewise
constant acceleration with a maximum velocity and (ii) the robot stops and turns in place
with a constant angular velocity. Solving GTSP on this graph obtains a tour that covers
each rank while minimizing the transition times between the ranks. In Section 4.6.1, we
provide more details on the robot dynamics parameters used to compute transition times
in our simulations.

However, we look to address two additional challenges in the tour replan. Firstly, we
look to limit the size of the GTSP instance by considering only the interrupted sections
of the initial path. Fig 4.9 gives an illustration of possible path interruptions caused by
(i) ranks changing orientations (ii) ranks split by an obstacle, and (iii) unreachable ranks.
The ranks that are unchanged correspond with sub-sections of the initial path that are
unchanged. We retain each such section by representing it as its own GTSP set, consisting
of two vertices representing possible traversal directions. We refer to this set as a path
set. The GTSP is computed on a graph containing these path sets and rank sets that each
represent a new rank obtained from RANK-REPLAN to be added to the tour.

The second challenge is that we must also take into account the position of the robot
and the desired end of the tour. To address this, we add artificial start and end vertices
to the GTSP graph, as in Fig. 4.9. To ensure that the solution is a path from the start
vertex to the end vertex, we add a directed zero-cost edge from the end vertex to the start
vertex. Solving the GTSP on this graph gives us the replanned coverage path.

In this chapter, we created a fully-connected auxiliary graph. There are alternative
approaches where the auxiliary graph need not be fully-connected, such as those using
lazy edge evaluations to compute a tour [77]. However, the above challenges must still
be addressed for such a formulation using the approach described for the fully-connected
case.

4.6 Simulation Results

In this section, we evaluate the OARP-Replan approach in simulation using real-world
maps. We compare the performance of OARP-Replan in online coverage replanning sce-
narios against greedy detour (GD) replan and other planning approaches [74, 88, 56].
We also compare OARP-Replan with offline coverage planning approaches provided with
complete obstacle information [9, 5], where OARP-Replan is given no prior obstacle in-
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Edge Cost = 0

Figure 4.9: All possible changes to an example initial tour of only horizontal ranks (orange
circles). The initial tour requires replanning if the ranks (i) switch orientations to form vertical
ranks (purple circles), (ii) are split by obstacles, and (iii) become unreachable due to obstacles
(black circle). The resulting GTSP sets are shown consisting of (i) path sets (yellow), (ii) rank
sets for each new replanned rank, and (iii) artificial vertices representing the start and end of the
initial path, with a directed zero-cost edge connecting them.
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Table 4.1: Robot parameters used for experiments

Parameter Value

Coverage tool width 0.8 m
Maximum linear velocity 1 m/s
Linear acceleration ±0.5 m/s2

Angular velocity 30◦/s
Radial sensor range 5.6 m

formation. Finally, we demonstrate using OARP-Replan to replan coverage paths in a
high-fidelity ROS simulation.

4.6.1 Simulation Setup

We simulate the robot covering partially known environments: the base environment is
known but there are unknown obstacles that the robot discovers during coverage using its
sensor. We plan initial coverage paths for the base environments using the OARP method
[74] and replan the path as new obstacles are detected.

Dataset: We use a dataset of 8 real-world 2D maps obtained from Avidbots as our
base environments, with their minimum coverage path lengths ranging from 145 m to
1900 m. We then add randomly generated obstacles with varying sizes and orientations
to create a set of unknown environments. Specifically, we create two datasets of unknown
environments: (i) fixed clutter dataset where the new obstacles occupy 10% of the base
map’s free area for all maps, and (ii) varying clutter dataset where starting with a candidate
base environment, we generate unknown environments by varying the % area occupied by
new obstacles. For the varying clutter dataset, we chose the base environment to be the one
used in Fig. 4.1(a) and we test with 2 to 20 % area occupied. Due to the confidentiality
of the environments, we are unable to share the complete dataset, but we have created
anonymized environments for visualization, as seen in Figs. 4.1, 4.12, and 4.16. Fig. 4.12
shows an example base environment containing three unknown obstacles (red boxes) for
which the initial coverage path (dark path) needs replanning.

Implementation: We test the two variants of OARP-Replan (Algorithm 1) based
on which RANK-REPLAN method is used: (i) OARP-Replan-1 which uses ILP-1, and
(ii) OARP-Replan-2 which uses ILP-2. Both approaches were implemented in Python.
For each ILP, we solve the corresponding linear relaxation using the free SCIP solver [4].
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Figure 4.10: Data used to estimate TOUR-REPLAN runtime, where we plot the number of ranks
(x-axis) and the time taken to compute all transitions and replan GTSP (y-axis). The red line
shows the cubic polynomial fit to the data.

Then, we compute a tour of the replanned ranks by solving the GTSP formulation from
Section 4.5, for which we use the open-source GLNS solver [80]. Table 4.1 shows the robot
parameters used to compute the transition time between ranks. The robot is also equipped
with a radial sensor in simulation (radius in Table 4.1) that detects new obstacles and runs
OARP-Replan.

Metrics: Our main metric of interest is the time taken by the robot to complete
coverage, i.e. total coverage time. This is computed as a sum of drive time and stoppage
time, where stoppages occur when the robot is waiting for a new path to be computed.
Table 4.1 shows the robot parameters used to compute the path drive time using the
dynamics model from Section 4.5. To measure stoppage, we compute the minimum excess
time taken by the algorithm to compute the replanned path as follows:

Minimum stoppage time = max({0, [Time to plan transitions]

+ [Time to find GTSP tour]

− [Time to obstacle encounter]}.

Replan runtime estimator: In each simulation run, the robot conducts many re-
plans of the coverage path depending on the obstacles it observes. For each replan, we
compute a time τ to reach the next obstacle encounter along the current path using the
robot model from Section 4.5. Using τ , we then determine a budget m̄ for rank replanning
using an estimator function T̂ (m) of the runtime needed to compute a tour for m ranks.
The inverse of T̂ (m) is then used to compute the replanning budget, i.e. m̄ = T̂−1(τ).
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The runtime estimate T̂ (m) includes (i) the estimated time to compute transition paths
T̂trans(m), and (ii) the estimated time to solve the GTSP T̂GTSP(m). Transition path com-
putation is included as it is a time-intensive process, especially for large maps. Formally,

T̂ (m) = T̂trans(m) + T̂GTSP(m).

We use data collected from previous coverage planning runs to estimate each function.
Our solver of choice, GLNS, typically computes a tour in O(m2) time for m ranks [80].
Therefore, we estimate T̂GTSP by fitting a cubic polynomial through the data as shown in
Fig. 4.10, where we plot the time to compute the tour for different rank counts (m values).
For T̂trans(m), we use the following map-specific linear estimator. Let tavg be the average

time to compute the transition paths for one rank in the given map. We compute T̂trans(m)
as follows:

T̂trans(m) = tavgm.

Under-estimating the replan runtime will result in robot stoppage, as the robot must wait
for the new path to be computed. Using the above estimator with OARP-Replan in our
simulations, we observed little to no such robot stoppage. Therefore, we use this simple
estimator for the rest of the chapter as it works well for OARP-Replan. Regardless, this
estimator may be inaccurate in cases where the time to compute transition path differs
significantly from tavg (e.g. time to compute transitions increase when a large number of
obstacles are added to an environment). While other sophisticated estimators can be used
with OARP-Replan to handle this, we do not focus on this for this chapter.

4.6.2 Comparisons with Online Approaches

In this section, we compare the total coverage time (drive time + stop time) of our two pro-
posed OARP-Replan approaches against online coverage planning/replanning approaches.
Our baseline approaches are as follows: (i) the OARP approach as proposed in [74], (ii) the
heuristic (HR) approach from [88], (iii) the online search-based (SB) coverage planning ap-
proach from [56], and (iv) GD replan, i.e. the practical case of following a turn-minimizing
coverage path with a local planner. The first two approaches minimize turns in the path
but they are offline planners. So we modify them to be usable online for replanning as
follows:

(i) while the robot is following the path and detects new obstacle encounters, the plan-
ning approach is used to replan the ranks for the remaining coverage path, and
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Figure 4.11: Comparison of the online replanning approaches using the fixed clutter dataset: (a)
Difference between total coverage time and base coverage time. (b) Minimum stop time of the
robot during coverage (GD and SB omitted as replanning time is negligible). The line shows the
average and the lighter region shows the data interval.

(ii) the tour of the resulting ranks is computed by solving the GTSP as formulated in
Section 4.5, where unchanged parts of the coverage path are preserved.

For OARP, we replan coverage ranks by solving the linear relaxation of ILP-0 from Section
4.4 (identical to the LP in [74]). We refer to this online variant of OARP as OARP-
Original. For the HR approach, we solve Algorithm 1 from [88] to replan ranks. The
latter two approaches (SB and GD) are designed for online coverage planning with fast
computation of coverage paths. As a result, these approaches have negligible stoppage
time. The online SB approach plans the entire coverage path online and does not require
an initial path. However, the SB approach minimizes path length rather than total coverage
time with turns.

Fixed Clutter Dataset: We first review the results for the fixed clutter dataset. For
each base environment, we ran 5 trials, where each trial was generated with a new random
set of obstacles occupying 10% of the free space in the environment. The maps are sorted in
the order of base coverage time, which is the time to cover the base environment (without
the unknown obstacles) using the initial coverage path. Fig. 4.11(a) and (b) show the
results of the comparison where we plot the following for each method: (a) the difference
between the total coverage time (including stops) and the base coverage time (i.e. total −
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(a) GD replan result (b) OARP-Replan-1 result (c) Path improvement examples

Figure 4.12: Qualitative results of replanning an initial coverage path for the example environment
with unknown obstacles.

base), and (b) the minimum stop time. To visualize the best-case coverage time for each
environment (a lower bound), we also include the results for an offline planner (OARP)
when provided with all obstacle information a-priori. We observe that both OARP-Replan
approaches result in lower total coverage times relative to all baseline approaches, and
comes closest to the performance of the offline planner. In comparison with GD replan,
OARP-Replan exhibits an average improvement of about 12% across all maps. To visualize
this improvement, we show an example map with three unknown obstacles (red boxes) in
Figs. 4.12(a) and (b) where the initial path was replanned using GD replan and OARP-
Replan-1 respectively. Fig. 4.12(c) shows two examples where we observe qualitative
differences between the approaches. In example 1, paths replanned using GD replan (red
paths) have multiple long detours around the obstacle, whereas OARP-Replan-1 has no
such detours. In example 2, GD replan generates messy overlapping paths when avoiding
the large obstacle, while OARP-Replan-1 reorients the ranks in this region to obtain a
path with fewer overlaps. Using OARP-Replan-2, we observe similar improvements in the
replanned path for this example. Since the tour of the replanned ranks is computed with
little to no stoppage, the replanning time does not affect the total coverage time.

When comparing with OARP-Original and the HR approach [88], both OARP-Replan
approaches achieve faster coverage times, with the gap increasing as initial paths get longer
(larger maps). This is because both ILP-0 and the HR approach do not limit the change to
the coverage path, leading to longer replanning times and resulting robot stoppages (Fig.
4.11 (b)). In contrast, OARP-Replan approaches cause little to no stoppage. We expect
this difference in performance to be exaggerated in weaker computation setups, such as
onboard computers on robot platforms. The OARP-Replan approaches also outperform
the SB approach as a result of minimizing the number of ranks (turns) in the coverage
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Figure 4.13: Comparison of the online replanning approaches using the varying clutter dataset:
(a) Difference between total coverage time and base coverage time. (b) Minimum stop time of
the robot during coverage (GD and SB omitted as replanning time is negligible). The line shows
the average and the lighter region shows the data interval.

path. However, we observe that the SB approach performs well on the map with the
longest base coverage time when compared to the other baselines. Note that this map is
not the largest in terms of area, so we reason that the performance of SB is more closely
related to map area than to base coverage time (which may be influenced by complex
layouts/geometry). Between the OARP-Replan approaches, OARP-Replan-1 consistently
plans paths with slightly shorter coverage times than OARP-Replan-2.

Varying Clutter Dataset: We also conducted similar experiments using the varying
clutter dataset, where we ran 5 trials for each clutter level. The map chosen for this
dataset has a base coverage time of 944s. Fig. 4.13 shows the results of the coverage time
comparisons. In Fig. 4.13(a), we plot the difference between the total coverage time and
base coverage time. We observe that the OARP-Replan approaches outperform GD replan
by 18% on average, with the performance gap increasing with clutter level. This is because,
with more obstacles, GD replan causes many detours, while the OARP-Replan approaches
tend to shorten such detours.

In comparison with OARP-Original and the HR approach [88], the OARP-Replan ap-
proaches plan coverage paths with comparable coverage times. However, both OARP-
Original and HR experience longer stops with increasing clutter (Fig. 4.13(b)). We also
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observe some stoppage with using the OARP-Replan approaches in environments of 20%
clutter. We believe this is because we do not update our runtime estimator during an
experiment, making it inaccurate for highly cluttered environments (e.g. computing tran-
sitions take more time with more obstacles). A more sophisticated estimator that updates
itself during coverage may eliminate this stoppage. We also observe that the coverage time
using the SB approach plateaus with increasing clutter due to SB’s rapid online computa-
tion of coverage paths. Although OARP-Replan outperforms SB at all the clutter levels
tested, this performance gap may decrease with higher clutter levels (> 20%).

4.6.3 ILP Runtime Comparisons

In this section, we compare the average runtimes of the rank replanning ILPs for both
OARP-Replan approaches. Our approach relies on the ILP being solved efficiently so
that the GTSP tour can be reliably computed within the time budget (preventing robot
stoppages). The ILP from OARP-Original is excluded from this comparison as it does not
constrain the GTSP input size.

Fig. 4.14(a) and (b) show the comparison results in the fixed clutter and varying clutter
datasets respectively, where we plotted the average ILP runtimes for each map. For the
fixed clutter dataset, the maps are sorted in the order of increasing size (area) of the
environment, and in-turn, the number of grid cells in the IOP. We observe that ILP-2’s
runtime scales better than ILP-1 as the environment area increases. This is mainly due to
the reduction in the ILP variables that speed up runtime. Moreover, we also observe in Fig
4.11(b) that using ILP-2 resulted in slightly shorter stop times for larger maps (the plot
for OARP-Replan-2 is close to zero while OARP-Replan-1 goes up to 100s for one map).
We believe that this difference will be exaggerated when computation power is constrained
(e.g. low-cost robot hardware) to the point that it will affect coverage time. Therefore, for
such applications, we recommend ILP-2 over ILP-1. A future improvement of this work
could involve combining both ILPs, with ILP-2 as a fallback for ILP-1.

For the varying clutter dataset, we observe that the average runtimes of both ILPs
are comparable, with ILP-1 performing better overall. Increasing clutter seems to slightly
change both ILPs’ runtimes, and as such, we observed no drastic runtime difference as with
the fixed clutter dataset. While this comparison was performed with a fixed tool width
(grid cell size), changing the tool width could either increase or decrease the number of
grid cells for all maps. However, since the change in map area also has the same effect, we
expect the observed trend to be maintained with a change in tool width.
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Figure 4.14: Comparison of average ILP runtimes for the OARP-Replan approaches. (a) Fixed
clutter dataset comparisons, with maps sorted by base map area. (b) Varying clutter dataset
comparisons. The line shows the average and the lighter region shows the data interval.

4.6.4 Comparisons with Offline Approaches

In this section, we compare the proposed OARP-Replan approach (i.e. OARP-Replan-1)
against offline coverage planning approaches, which are provided with all obstacle infor-
mation prior to coverage. In contrast, we provide OARP-Replan with no prior obstacle
information, so it must replan the coverage path whenever the robot detects obstacles. We
compare OARP-Replan against 3 offline approaches: (i) boustrophedon cell decomposition
(BCD) method [9], (ii) line coverage (LC) approach [5], and (iii) the offline OARP planner
[74]. For clarity, we will refer to the offline approaches as BCD-Offline, LC-Offline, and
OARP-Offline for the rest of this section. The BCD-Offline algorithm also resembles the
BCD approach from the ‘ipa room exploration’ ROS package, which is the most effective
algorithm in the package according to the adjoining survey in [12].

While OARP-Replan was developed with mobile robots as a focus, it can also be used
for coverage planning with aerial robots (fixed coverage tool width). As such, we apply
the OARP-Replan approach to plan coverage paths for an aerial robot where the obstacles
in the environment are not previously known. We use the dataset from the BCD paper
[9] that consists of around 300 scans of environments with varying numbers of obstacles or
holes. The outer boundary of each map is a square, which is then filled with the obstacles
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Figure 4.15: Comparison results with offline planning approaches. (a) Coverage time comparisons
between OARP-Replan and offline baselines. (b) Violin plot of percent coverage achieved by the
OARP-based approaches (with data points plotted). BCD-Offline and LC-Offline are omitted as
they are exact approaches that achieve 100% coverage.

observed in the scans. The maps are arranged in the order of increasing complexity, which
is given by the number of hole vertices (e.g., one square hole consists of 4 vertices). We also
use robot parameters similar to that of the UAV from [9]: a tool width of 3 m, maximum
velocity of 3 m/s, and linear acceleration of ±1 m/s2 (turning time omitted to match [9]).
Additionally, OARP-Replan is provided with an initial path for the unobstructed base
environment (a square), and a radial range sensor similar to previous sections to identify
obstacles.

Fig. 4.15(a) shows the results of comparing the total coverage times of using all ap-
proaches. We observe that OARP-Replan outperforms BCD-Offline and LC-Offline across
all maps, with an improvement of about 25% on average from BCD-Offline. We believe this
improvement to be due to the optimal coverage lines produced by both OARP-based meth-
ods, as BCD-Offline paths tend to overlap closer to cell boundaries and obstacles. We also
observe that OARP-Offline exhibits the best performance with an average improvement of
31% in coverage time from BCD-Offline. However, note that OARP-Offline is equivalent to
OARP-Replan when provided with all obstacle information a-priori and unlimited solver
time. We conclude that using OARP-Replan with a simple initial path is a competitive
alternative to using BCD-Offline with complete obstacle information. However, if obstacle
information is available beforehand, OARP-Offline is a better alternative as it computes
paths with the fastest coverage times.

One thing to note is that both BCD-Offline and LC-Offline are exact approaches that
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aim to cover the entire environment (100% coverage). In contrast, the OARP-based ap-
proaches use grid approximations that may not cover the environment fully. To address
this, we plot the percent coverage achieved by both OARP-based methods (they cover the
same grid) in Fig. 4.15(b), where we observe that the OARP-based approaches achieve
about 96% coverage on average across all environments, with missed coverage usually oc-
curring close to obstacles and boundaries. Therefore, we recommend OARP-Replan for
covering environments with unknown obstacles where small amounts of missed coverage is
acceptable.

4.6.5 Simulation Case Study

This section provides a case study of a Turtlebot 3 replanning coverage paths in a ROS sim-
ulation using GD replan and OARP-Replan (i.e. OARP-Replan-1). This is to demonstrate
the real-world applicability of our replanning approach in contrast to GD replanning. We
generated an anonymized environment as shown in Fig. 4.16, for which an initial coverage
path was planned (Fig. 4.16(a)). We added new obstacles to the environment that occu-
pied 10% of the initial area. As the robot observes new obstacles blocking this path, the
robot replans the path either using OARP-Replan or GD replan. The replanning is done
while driving and the robot switches to the new path when available. The robot is also
equipped with a local planner to traverse the path and make small changes if the path goes
close to the walls. Fig. 4.16(b) shows a snapshot of the robot replanning the coverage path
using OARP-Replan. We use the robot parameters from Table 4.1 for this simulation with
some changes to use the default Turtlebot controller in ROS: we set maximum velocity
to 0.3 m/s and linear acceleration to 1 m/s2. With these parameters, we observed that
OARP-Replan covered the environment 16.5% faster than GD replan along a path that
was 12.2% shorter. This difference is mainly due to the reduction in long detours where
the robot travels around obstacles many times. We included recordings of this case study
in our video attachment.

4.7 Robot Experiments

In this section, we present the results of testing OARP-Replan (i.e. OARP-Replan-1) on an
Avidbots Neo robot (Fig. 4.17(a)) covering a partially unknown environment. The robot’s
task is to cover a test environment for which an initial path is provided (Fig. 4.18(a)). The
robot has tricycle dynamics and is equipped with a local planner to make small changes to
difficult parts of the initial path. However, the robot may encounter large obstacles during
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(a) (b)

Figure 4.16: Robot operating system (ROS) simulation of covering an example environment with
unknown obstacles. (a) An initial coverage path for the base environment (b) replanning the
path online using OARP-Replan.

coverage (Fig. 4.17(b)) which may result in narrow regions that the robot cannot reach
along its current path. Therefore, a replan of the coverage path is necessary to reach such
regions and maximize the coverage of the environment.

We conducted our experiments using two test scenarios. Fig. 4.18 shows the results of
applying OARP-Replan in both scenarios. In scenario 1 (Fig. 4.17(a) / Fig. 4.18(b)), the
robot observes an obstacle that interrupts a large number of ranks in the initial path. The
path is replanned using OARP-Replan, which computes horizontal ranks to comfortably
cover the narrow region (bottom right of the environment in Fig. 4.18(b)). In scenario 2
(Fig. 4.17(b) / Fig. 4.18(c)), the robot encounters a large obstacle that it must observe
over time. Later in the task, the robot observes a part of the obstacle that causes a narrow
coverage region (top right of the environment in Fig. 4.18(c)). OARP-Replan allows the
robot to cover this region by re-orienting the coverage ranks. We provide recordings of
these experiments in our multimedia attachment.

To implement OARP-Replan, we require an occupancy map that uses the LIDAR scan
collected by the robot to identify grid cells that correspond to static obstacles. However,
this occupancy map must differentiate between a static obstacle and a noisy LIDAR scan.
We do this by checking consecutive LIDAR readings for obstacles that block grid cells in
the occupancy grid and has not moved for some time. While this step increases the time
between detecting an obstacle and replanning, it is necessary to prevent faulty replanning
of the coverage path as a result of LIDAR scan noise/fluctuations. This provides a sim-
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(a) Neo robot in Scenario 1 (b) Scenario 2 obstacles

Figure 4.17: Snapshots from experiments using the Avidbots Neo robot

(a) Initial Path (b) Scenario 1 (c) Scenario 2

Figure 4.18: Robot experiment results of replanning an initial coverage path using OARP-Replan.
The final robot path (pink curves) and the covered area (blue) are shown for both scenarios.

ple guideline to handle sensor noise, however more sophisticated approaches can be used
instead to filter noisy sensor data.

Note that without replanning (i.e. GD replan with the local planner), the coverage path
for the narrow regions will have short ranks with turns occurring in quick succession. The
Neo robot cannot drive such paths without manual assistance. The proposed replanning
approach aims to reduce such instances where manual assistance is required to continue
coverage.
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4.8 Summary

We proposed an anytime coverage replanning approach called OARP-Replan to replan
coverage paths for environments with unknown static obstacles. OARP-Replan solves this
problem in two stages: (i) rank replanning, and (ii) touring. The first stage replans the
ranks (straight-line paths) of an obstructed coverage path, while the second stage com-
putes a tour of the replanned ranks to obtain the new path. We proposed two integer
linear programs (ILPs) that each solve the rank replanning stage so that the resulting
touring stage is completed within a time budget τ . Simulations on maps of real-world en-
vironments showed that the OARP-Replan variants using each ILP achieve better coverage
performance than a greedy replanner and state-of-the-art coverage planners used for online
replanning [74, 88, 56]. Moreover, we also compared OARP-Replan with offline planning
approaches (treating all obstacles as known) [9, 5] where we observed an improvement
in total coverage time. Finally, we demonstrated the proposed approach by replanning
coverage paths for an industrial-level cleaning robot.

In this work, we focus only on the case of new obstacles in the environment. The case
where an obstacle is observed and later removed from the environment (including dynamic
obstacles) is left for future work. This would involve detecting areas in the environment
that could be free at a later time due to an obstacle removal and returning to cover
them without long detours. Another future direction involves replanning using predictions
about environment occupancy to balance coverage and exploration, which are competing
objectives. To balance them, the coverage planner must determine when to replan the
coverage path, perhaps even delaying a replan until more information about an obstacle is
collected.

In the rest of the thesis, we will address two issues with the OARP-based frameworks:
(i) obtaining guarantees on the computed coverage path, and (ii) removing the axis-parallel
constraint on the coverage lines.
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Chapter 5

CPP with Approximation Guarantees

We now shift our focus to improving the coverage replanning by analysing the length of
OARP coverage paths and establishing an approximation factor for the OARP approach.
We then propose an improved approximation algorithm to connect axis-parallel coverage
lines into a minimum-length tour. The proposed approach can also be used lazily, i.e.,
without evaluating all possible transition paths. This offers a speed-up that can be useful
to replan more of the coverage path upon detecting unknown obstacles.

5.1 Introduction

For general environments, CPP is an NP-hard problem [8], thus optimal planning ap-
proaches do not scale well with increasing problem complexity. So, as we discussed in
Chapter 3, CPP algorithms [22, 5, 88, 74] usually follow the following framework, where
they: (i) decompose the environment into sub-regions, (ii) compute an optimal set of par-
allel straight-line paths or coverage lines to cover each sub-region, and then (iii) compute
a cost-minimizing tour of the coverage lines to form a coverage path. In this chapter, we
refer to this approach as the line-touring framework. This framework is commonly used to
minimize the number of turns in the coverage path as (i) turns take time to execute while
adding little to no new coverage, and (ii) tools like cleaning attachments miss coverage
during turns [5, 88, 74, 7].

While this framework makes the problem more tractable, it, in general, computes paths
with suboptimal length. This is acceptable as long as the computed solution is “good
enough” with a known approximation factor. While approximation algorithms for CPP
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have been studied [8, 29], an approximation factor for the line-touring framework has not
been analyzed. In this work, we study the line-touring framework applied to grid decompo-
sitions, where the environment is represented as a set of square grid cells. Each coverage line
covers a rank, i.e., a group of grid cells aligned along an axis-parallel (horizontal/vertical)
straight line. As such, one can obtain the coverage lines for a grid decomposition by par-
titioning it into these ranks. We refer to this variation of the line-touring framework as
rank-touring [88, 74, 31].

In this chapter, we show that the rank-touring framework achieves an approximation
factor of (1 + 1.5γ) for path length, where γ > 1 is the approximation factor to solve the
metric traveling salesman problem (metric-TSP). Following this, we propose a (1.5 + ϵ)-
approximation algorithm, namely Minimum Length Coverage Approx (MLC-Approx), for
minimum-length CPP in connected grid environments with holes. Here, ϵ ≪ 1 is a small
term proportional to the number of ranks. Building upon the rank-touring framework,
MLC-Approx relaxes the turn minimization objective to compute paths with near-optimal
length, while still achieving fewer turns than a TSP planner.

Chapter contributions: Our specific contributions are as follows:

1. We show that the rank-touring framework for minimum-length CPP achieves an
approximation factor of (1 + 1.5γ), where γ > 1 is the approximation factor to solve
metric-TSP,

2. For grid environments with holes, we propose a (1.5 + ϵ)-approximation algorithm
for minimum-length CPP, which also minimizes the number of turns as a secondary
objective,

3. We propose a lazy variation of the (1.5 + ϵ)-approximation algorithm that achieves
the same result with improved runtime.

We also evaluate MLC-Approx using maps of real-world environments and compare
against state-of-the-art approaches that employ the rank-touring [88, 74], and line-touring
[9] frameworks.

Recent turn-minimizing approximate approaches have applied the rank-touring frame-
work to minimize turns in the coverage path [88, 74]. In [74], the authors proposed the
optimal axis-parallel rank partitioning (OARP) approach that guarantees the minimum
number of axis-parallel ranks in the resulting coverage path. In this work, we provide
an approximation factor for these approaches and propose an algorithm with a tighter
guarantee.
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Organization: In Section 5.2 we define CPP and the minimum-length rank-based CPP
problem that we look to solve in this paper. In Section 5.3, we establish an approximation
factor of (1 + 1.5γ) for the rank-touring framework to solve the minimum-length CPP
problem. In Section 5.4, we propose MLC-Approx and show that it achieves an improved
approximation factor of (1.5+ϵ), where ϵ≪ 1. In Section 5.5, we introduce a lazy variation
of MLC-Approx to improve CPP computation time. In Section 5.6, we provide simulation
results where we compare MLC-Approx with baseline approaches that follow the same
framework. Section 5.7 concludes the paper.

5.2 Problem Definition

5.2.1 Rank-touring Framework

We start by clarifying the notation for the rank-touring framework we will use in this
chapter. As discussed in previous chapters, the rank-touring framework starts by par-
titioning the IOP W̃ into non-overlapping axis-parallel (i.e., horizontal/vertical) ranks
R = {r1, r2, . . . , rm}, where each rank ri ∈ R is a set of grid cells that can be covered in
a straight-line sweep using a square tool of width l. Let PR be the set of coverage lines
that each correspond to a rank in R. For example, the coverage line of a horizontal rank
ri is a path connecting the centers of its leftmost and rightmost grid cells. The framework
then computes a cost-minimizing tour of the paths in PR to obtain a coverage path for the
IOP. The resulting coverage path P is a sequence of coverage lines in PR and collision-free
transition paths connecting two coverage lines at their endpoints. The aim of the tour is
to minimize the cost J(P ) associated with the transition paths.

5.2.2 Rank-based Coverage with Minimum Length

For this work, we consider the primary cost J(P ) of the coverage path P to be the path
length L(P ), with the number of turns Θ(P ) as a secondary cost. To minimize Θ(P ), we

partition W̃ into axis-parallel ranks R such that the number of ranks m is minimized. We
refer to this partition as the minimum rank partition of W̃ .

The minimum rank partition of W̃ can be computed using approaches in the literature
[74, 88]. From this partition, one can obtain the coverage lines PR and a coverage path

P for W̃ using the framework. In this work, we will focus on minimizing the length L(P )
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of this path resulting from a minimum rank partition R and develop an approximation
scheme for this problem.

Problem 5.1 (Minimum-length Rank-based Coverage). Given an approximation W̃ of the

environmentW, a coverage tool of width l and a minimum rank partition R of W̃, compute
a coverage path P ∈ P that solves:

min
P∈P

L(P )

s.t.
⋃

(x,θ)∈P

A(x, θ) = W̃.

Unlike the rank-touring framework, our solution approach to this problem allows changes
to the ranks (e.g., breaking) to compute near-optimal solutions in the search space. Re-
garding the number of turns Θ(P ), we focus on rank changes that add the fewest turns
to the resulting P . Note that using the minimum rank partition R also helps to minimize
Θ(P ) as it reduces the number of coverage lines.

5.3 Approximation Factor for Rank-Touring

We first analyze the optimality of the rank-touring framework to plan minimum-length
coverage paths for the environment’s IOP W̃ (Problem 5.1). Since it is a step-wise ap-
proach, the framework may remove optimal paths from its solution space. So, we obtain
an approximation factor that quantifies the length of the resulting path in comparison to
the optimal coverage path length for W̃ .

Given a coverage tool of width l, let n be the number of grid cells in W̃ , and R =
{r1, . . . , rm} be any rank partition of W̃ (does not necessarily minimizem). Each ri ∈ R is a
horizontal/vertical rank that contains ni ≤ n grid cells. Since R is a partition,

∑m
i=1 ni = n.

Let PR = {p1, . . . , pm} be the set of coverage lines obtained from the ranks R, where pi ∈ PR

is the coverage line corresponding to ri ∈ R. Since pi is a straight line covering ni grid
cells (i.e., connecting the centers of the end grid cells in a row), the coverage line will have
the length

L(pi) = (ni − 1)l. (5.1)

Let P ∗ be the optimal coverage path for W̃ of length L(P ∗). To lower-bound L(P ∗),
consider the length of a coverage path that covers every cell without any overlap (e.g., cells
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Figure 5.1: An IOP where a rank-touring algorithm (left) computes a path of length 5/3 times
the optimal coverage path length (right).

arranged in a loop). This gives

L(P ∗) ≥ Area

l
=

nl2

l
= nl. (5.2)

We now derive an approximation factor for the rank-touring framework. Our derivation
assumes access to an approximation algorithm to solve the metric traveling salesman prob-
lem (metric-TSP), where the edge costs of the graph satisfy the triangle inequality. Let γ
be the approximation factor of this TSP solver.

Theorem 5.1. Given an IOP W̃, the rank-touring framework computes a coverage path
P of length L(P ) satisfying

L(P ) ≤ (1 + 1.5γ)L(P ∗),

where P ∗ is the optimal coverage path of W̃.

Proof. Let R = {r1, . . . , rm} be a rank partition of W̃ , and let PR = {p1, . . . , pm} be the
resulting coverage line set. The rank-touring framework computes a coverage path P by
connecting the coverage lines in PR using a set of transition paths PT . The resulting length
of P is

L(P ) = L(PR) + L(PT ) =
m∑
i=1

L(pi) + L(PT ).
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We bound L(P ) by bounding the above sum of path lengths. Following Eqs. (5.1) and
(5.2), we have

m∑
i=1

L(pi) = (n−m)l ≤ nl ≤ L(P ∗).

Now, consider a tour Te of length L(Te) over the endpoints of PR computed by the γ-

approximation metric-TSP solver using collision-free paths in W̃ . Note that Te does not
necessarily connect the coverage line set PR to form a coverage path. Let T ∗

e be the optimal
TSP tour of these endpoints. Then, we have

L(Te) ≤ γL(T ∗
e ) ≤ γL(P ∗).

The second inequality follows as T ∗
e covers fewer grid cells than P ∗ (covers all cells). Con-

sider the weighted graph Ḡ induced by Te, where the edge costs are the path lengths
between endpoints. To this, we add edges corresponding to the coverage lines PR. The
resulting Ḡ has a total edge cost ≤ (1 + γ)L(P ∗) and all of its vertices have odd degree.
However, the edges of Te form two perfect matchings of the endpoints of PR. Let M∗ be
the matching with cost ≤ L(Te)/2. Adding the edges of M∗ to Ḡ gives a graph with all
even degree vertices containing an Eulerian cycle of cost ≤ (1 + 1.5γ)L(P ∗). This proves
the theorem, as this cycle’s cost is a bound on L(P ).

Obtaining a tight example for this bound is non-trivial without considering environ-
ments with unrealistic perturbations. However, we provide an algorithm for which this
factor must be at least 5/3.

Proposition 5.1. There exists an IOP W̃ for which a rank-touring algorithm computes a
coverage path of length 5/3 times the optimal coverage path length.

Proof. Consider the IOP in Fig. 5.1, where d is its height measured between the center
points of the top and bottom grid cells. We can stack copies of this IOP vertically to
obtain a new IOP with an arbitrarily large d. Now, consider a rank-touring algorithm that
(i) partitions the IOP into the minimum number of horizontal ranks, and (ii) computes a
minimum-length tour connecting the coverage lines. The resulting coverage path, shown
in Fig. 5.1 (left), has length 5d for a large d. However, the IOP allows a Hamiltonian cycle
(right of Fig. 5.1) with length 3d+3l ≈ 3d, i.e., the optimal coverage path. Therefore, the
algorithm computes a coverage path of length 5/3 times the optimal.
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(a) Coverage ranks (orange) with
matching edges (green)

(b) Sub-tour merging with spanning
tree

Figure 5.2: MLC-Approx stages: (a) obtain coverage lines (orange) from the minimum rank
partition and compute min-length perfect matching paths (green), and (b) identify the resulting
sub-tours (colored paths) and evaluate possible merges (black lines) as determined by an ordering
(dotted green lines).

5.4 A (1.5 + ϵ)-Approximation Algorithm

We now present a (1.5+ ϵ)-approximation algorithm for Problem 5.1, called the Minimum
Length Coverage Approx (MLC-Approx) algorithm. MLC-Approx modifies the touring
step in the rank-touring framework to improve the guarantee on the path length. Instead
of connecting ranks at their endpoints, MLC-Approx allows the breaking and merging of
neighboring ranks while minimizing the path length added to the final coverage path. We
consider that the IOP is connected, i.e., there exists a path between every pair of grid cells
with axis-parallel motions.

5.4.1 General Framework

A pseudocode of the coverage planning approach is given in Algorithm 2. We start by
computing the minimum rank partition R of the IOP W̃ and obtain the resulting coverage
lines PR for the IOP. For this, we use the approach proposed in [74], which utilizes a linear
program (LP) to compute the optimal partition in polynomial time. Fig. 5.2(a) shows the
resulting set of coverage lines for an example IOP.
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Let V be the set of all the rank endpoints, where each v ∈ V corresponds to the center
of a grid cell at one end of a rank. We compute a perfect matching of V that minimizes the
length of the paths connecting the endpoints in the matching (Line 1). For this, we use
a transition graph G = (V,E) where the edges E represent collision-free transition paths
between two endpoints with the edge weights being the lengths of the transition paths.
The result is a set M of matching paths connecting pairs of rank endpoints. Together, the
matching paths M and the coverage lines PR form a set T of sub-tours, i.e., closed paths
that collectively cover all cells in the IOP, where |T | ≥ 1 (Line 2). Fig. 5.2 shows an
example set of sub-tours, where the coverage lines (orange) and matching paths (green)
together form a set of sub-tours (colored paths in Fig. 5.2(b)) covering the IOP.

Algorithm 2 MLC-Approx

Input: Environment IOP W̃ , Coverage lines PR from rank partition, Transition Graph
G = (V,E) of rank endpoints

Output: Coverage Path P
1: M ← A min-length perfect matching of V using G
2: T ← Sub-tours obtained from combining PR and M
3: ST ← SubtourOrdering(T ) ▷ Ordering of adjacent sub-tour pairs to be merged
4: for (Si, Sj) ∈ ST do
5: Merge Si with Sj ▷ See Section 5.4.2
6: end for
7: P ← Final tour after merging all sub-tours
8: return P

We now look to merge the sub-tours in T into a single coverage path P . For this, we
use the connectivity of the IOP and the resulting adjacency of the sub-tours.

Definition 5.1 (Adjacent Sub-tours). Two sub-tours are adjacent if they each cover grid
cells that are axis-parallel (horizontal/vertical) neighbors of each other.

Since the IOP is connected, every sub-tour in T is adjacent to at least one other sub-
tour. Therefore, we use a sub-routine named SubtourOrdering(T ) to determine an
ordering of adjacent sub-tour pairs that can be merged to obtain P (Line 3). In our
implementation of SubtourOrdering(T ), we compute a spanning tree in an adjacency
graph G′ = (V ′, E ′), where each sub-tour is represented by a vertex v ∈ V ′ and edges
e ∈ E ′ connect two adjacent sub-tours. Fig. 5.2(b) shows the spanning tree of sub-tours
in an example environment. We use the edges of this spanning tree to determine pairs of
adjacent sub-tours that can be merged in any order to obtain P (Lines 4-7). In the next
sub-section, we address how two sub-tours are merged in MLC-Approx.
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(a) (b) (c) (d)

Figure 5.3: Corner junction merging: (a) Corner junction formed by 4 grid cells. (b) Edge swap
to merge two sub-tours at the junction. (c & d) Modifying sub-tour S to allow an edge swap by
removing the red edges and adding the green edges.

5.4.2 Sub-tour Merging

We propose two strategies to merge adjacent sub-tours, namely double edge merging and
corner junction merging. In both strategies, we exploit the layout of the adjacent (neigh-
boring) grid cells covered by two sub-tours to determine a merging strategy that limits
the path length added. For the rest of this section, let the two sub-tours to be merged be
represented by S and S̄. With some abuse of notation, we say that a grid cell ci ∈ S if
sub-tour S covers the cell ci.

Double Edge Merging: A simple strategy to merge sub-tours is to add a double edge
between the two adjacent grid cells ci ∈ S and c̄i ∈ S̄. Specifically, we add a traversal path
from ci to c̄i and another path from c̄i to ci. During coverage, the coverage tool follows
this double edge, where it moves from sub-tour S to sub-tour S̄, covers S̄, and returns to
finish covering S. Given that the coverage tool width is l, the length added to the coverage
path using this strategy is 2l. Additionally, since we consider the IOP to be connected, all
sub-tours arising from the perfect matching can be merged using double edges to form a
single tour.

Corner Junction Merging: We now consider a strategy to reduce the length added
during the merge. Consider the case where two adjacent grid cells ci, cj ∈ S share a corner
with two adjacent grid cells c̄i, c̄j ∈ S̄. We refer to these four grid cells as a corner junction
(Fig. 5.3). Now, we evaluate a set of possible merges within this junction that limits
the path length added. First, consider the case where sub-tour S has an edge (ci, cj) and
sub-tour S̄ has an adjacent and parallel edge (c̄i, c̄j) connecting the corresponding pairs of
cells (Fig. 5.3(a)). In this case, we simply perform an edge swap, where we replace these
edges with new ones (ci, c̄i) and (cj, c̄j) that merge the sub-tours (Fig. 5.3(b)). This swap
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adds no path length to the resulting merged sub-tour.

Now, consider the case where sub-tour S has no edge (ci, cj) parallel to (c̄i, c̄j). In-
stead, let ci−1, ci+1 be the cells covered by sub-tour S before and after ci respectively.
Also, let cj−1 be the cell covered by sub-tour S before cj. Fig. 5.3(c) shows an example
junction. For now, assume that an edge (c̄i, c̄j) exists in sub-tour S̄ (we will remove this
assumption later). To merge the sub-tours, we first modify sub-tour S by removing three
edges, namely (ci−1, ci), (ci, ci+1), and (cj−1, cj), and replacing them with three new edges
(ci−1, ci+1), (cj−1, ci), and (ci, cj) (Fig. 5.3(d)). The path resulting from these edge swaps
is still a closed sub-tour, but more importantly, there is now an edge connecting ci and cj
in the sub-tour. We now merge the sub-tours using the edge swap from before. For edge
(cj−1, ci), let L(cj−1, ci) be the length of the edge (the shortest obstacle free path between
the cells). WLOG, we assume that L(cj−1, ci) ≤ L(ci+1, cj). Specifically, between two
choices for the above sub-tour modification, we chose the one with the least added length.
While this added length can be computed after the sub-tour modification is made, we
speed up this process by obtaining a bound on the added length that is easier to compute.

Proposition 5.2. Given two sub-tours S and S̄ with a corner junction as defined above,
merging the sub-tours at the corner junction when there is no edge (ci, cj) results in added
length of at most L(cj−1, ci).

Proof. The length of the edges added by the modification is:

L+ = L(ci−1, ci+1) + L(cj−1, ci) + L(ci, cj).

Similarly, the length removed by the modification is:

L− = L(ci−1, ci) + L(ci, ci+1) + L(cj−1, cj).

However, following the triangle inequality, we also have:

L(ci−1, ci+1) ≤ L(ci−1, ci) + L(ci, ci+1).

Subtracting L− from L+, we have the added path length:

L+ − L− = L(ci−1, ci+1) + L(cj−1, ci) + L(ci, cj)−
L(ci−1, ci)− L(ci, ci+1)− L(cj−1, cj)).

Following the inequality and that L(cj−1, cj) ≥ L(ci, cj) = l, we can rewrite the above as:

L+ − L− ≤ L(cj−1, ci),

which proves the proposition.
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Following this, we identify a sub-tour modification that minimizes the added length
by checking the length of the “cross path” (i.e., the corresponding L(cj−1, ci)) added. If
L(cj−1, ci) > 2l, we use the double edge strategy for the merge using one of two grid cell
pairs in the corner junction. For the case when sub-tour S̄ also does not have an edge
(c̄i, c̄j) between its adjacent cells, we modify S̄ as above to create an edge at the junction.
We check if the total length added by modifying both subtours is greater than 2l, at which
point we simply defer to the double edge strategy.

The above strategies enable the merging of two sub-tours at any set of adjacent cells
or corner junctions, while ensuring that the path length added by each merge does not
exceed 2l. In Line 5 of Algorithm 2, we choose the merge with the least (potentially zero)
added path length.

5.4.3 Approximation on Path Length

We now show that the above approach yields the following approximation factor on the
resulting coverage path length.

Theorem 5.2. Given a connected IOP with n grid cells, and a rank partition R containing
m ranks, the coverage path P obtained using MLC-Approx has length L(P ) satisfying

L(P ) ≤ (1.5 +m/n)L(P ∗),

where P ∗ is the optimal coverage path of the IOP.

Proof. Let L(PR) be the total length of the coverage lines PR obtained from the ranks R.
Recall that

L(PR) = (n−m)l.

Let L(M) be the total length of the matching paths M computed by MLC-Approx to form
the sub-tours. Now, let T ∗

V be the optimal TSP tour of the rank endpoints V . Since M is
a minimum-length perfect matching of V , we have

L(M) ≤ 0.5L(T ∗
V ) ≤ 0.5L(P ∗).

Now, we consider the length added to the path from merging adjacent sub-tours. We have
the number of sub-tours to be at most m, i.e., the number of ranks. Since we limit the
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length added from each merge to 2l (double edge strategy), the total path length added is
2ml. Putting it all together, we have the following for the total path length:

L(P ) = L(PR) + L(M) + 2ml

≤ (n−m)l + 0.5L(P ∗) + 2ml

= nl + 0.5L(P ∗) +ml = (1 +m/n)nl + 0.5L(P ∗).

Following that L(P ∗) ≥ nl (Eq. 5.2), we obtain

L(P ) ≤ (1.5 +m/n)L(P ∗),

which proves the theorem.

In Theorem 5.2, we observe an additive m/n term in the approximation factor. This
term has little effect as (i) using a minimum rank partition (i.e., minimizing m), we observe
that m/n≪ 1 is a small number, and (ii) many of the sub-tour merges can be performed
with the corner junction strategy, which adds little to no additional length. With this, we
see that the approximation guarantee is closer to 1.5.

5.4.4 Turn Minimization

While the use of a minimum rank partition minimizes the number of ranks in the coverage
path, we must also minimize the turns added during the sub-tour merges. To do this, we
use a weighted sub-tour adjacency graph to compute the ordering in Line 3 of MLC-Approx
(Algorithm 2), where the edge weights are given by the minimum number of turns added
by merging two adjacent sub-tours. We then compute a minimum spanning tree (MST)
in this graph to determine the sub-tour pairs to be merged. When merging two adjacent
sub-tours (as per MST edge), we pick the merge strategy that minimizes the number of
added turns. Typically, this leads to merges occurring at the ends of ranks, as they add
fewer additional turns to the final coverage path.

5.5 MLC-Approx with Lazy Evaluations

For large maps, computing a fully-connected transition graphG = (V,E) to perform perfect
matching of all rank endpoints can be computationally expensive, as it requires planning
collision-free paths between all combinations of endpoints (O(V 2) operations). However,
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Table 5.1: Statistics for dataset maps.

Statistic Min Max Mean Std Dev

Grid Cells 610 3262 2079 953
Minimum Number of Ranks 39 290 147 73
TSP Path Length (m) 489 2640 1675 776
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Figure 5.4: Path length comparisons. (a) Average path lengths for each map. (b) % length
difference from TSP across all maps.
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(a) (b) (c)

Figure 5.5: Coverage paths for an example environment generated using (a) OARP, (b) TSP, and
(c) the proposed MLC-Approx.

we exploit the use of perfect matching to employ a lazy strategy, where we do not require
exploring all the paths in the transition graph.

We start with a fully-connected transition graph G̃ = (V, Ẽ), where Ẽ is the set of
Euclidean edges (may have collisions) between each pair of endpoints in V . We then
replace Line 1 in MLC-Approx with the following. We iteratively compute a matching M̃
using G̃, where M̃ may contain both Euclidean and collision-free edges. For all Euclidean
edges in M̃ , the corresponding edge in Ẽ is replaced with a collision-free edge, and the edge
cost is updated accordingly. This process is repeated until M̃ has no Euclidean edges, i.e.,
M̃ = M . While the lazy approach may still require O(V 2) edge replacements, we observe
that this number is far less in practice. Since the length of the Euclidean edge is a lower
bound on the length of the collision-free path, the final matching M is optimal.

For some complex environments, one may additionally use a difference threshold heuris-
tic to reduce the number of matching iterations. If the length difference between a Eu-
clidean edge and its replacement exceeds this threshold, we preemptively replace all other
incident edges. This still only replaces a fraction of the edges while reducing the number
of iterations, improving runtime.

5.6 Simulation Results

While the approximation factor is the focus of this paper, we explore how MLC-Approx
performs in practice compared to state-of-the-art approaches. We conduct simulations us-
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ing a dataset of 10 real-world environments for which the statistics are given in Table 5.1.
The dataset, which is available at the link https://github.com/megalphian/MLC-Maps,
includes a combination of street maps from [83] and anonymized maps of real-world en-
vironments provided by our industry partner, Avidbots. To implement MLC-Approx, we
obtain the minimum number of axis-parallel ranks for each map’s IOP by solving the LP
from [74]. The map dataset is sorted in increasing order of complexity as determined
by the number of ranks computed by the LP for each map. We compute the minimum-
length perfect matching using the lazy approach (Section 5.5). We then use the strategies
from Sections 5.4.2 and 5.4.4 to merge the resulting sub-tours into a coverage path while
minimizing turns added to the path.

5.6.1 Path Length Comparisons

We compare MLC-Approx against three baseline approaches: (i) the OARP approach from
[74], (ii) the turn-minimizing coverage (TMC) approach from [88], and (iii) the boustrophe-
don cell decomposition (BCD) approach from [9]. OARP and TMC are turn-minimizing
CPP approaches that use the rank-touring framework. TMC computes ranks using an
iterative heuristic that can be run for a long time to find high-quality solutions. To stan-
dardize the comparison, the runtime of this heuristic is limited to that of OARP’s rank
partitioning step. All approaches are tested on each dataset map for 5 trials. For each map,
the grid-based approaches (MLC-Approx, OARP, and TMC) must cover the same grid ap-
proximation as determined by a tool width l = 0.8 m (to match our industry partner’s
robot). For OARP and TMC, a GTSP solver [80] is used to compute a minimum-length
tour connecting the ranks, where the solver is given a fully-connected transition graph.
In addition to these baselines, we also perform an ablation analysis by comparing the full
MLC-Approx approach with a variant that only uses double edge (DE) merging. We will
refer to this as MLC-DE-Only.

To compare against an optimal planner, we compute a coverage path for each map by
solving the Euclidean Travelling Salesman Problem (TSP) of the grid cells. The TSP path
will always have the shortest length (does not minimize turns), so the length difference to
TSP gives the gap to the optimal path length. The LKH3 solver [41] was used to solve
TSP with the Euclidean distance between grid cells as the edge costs (may have collisions).
Fig. 5.4(a) reports the average path lengths across trials for each approach and map, and
Fig. 5.4(b) compares the % length difference from TSP for all approaches. MLC-Approx
outperforms all benchmarks and comes closest to the TSP length. We attribute this to the
sub-tour merging strategies (Section 5.4.2) that re-use path length instead of adding length
to connect ranks. We see this effect in Fig. 5.5, where the MLC-Approx path has fewer
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overlapping transition paths (green lines) than the OARP path, resulting in an overall
shorter path. MLC-Approx also outperforms BCD, mainly because BCD paths have many
overlapping sections as it aims to cover 100% of the environment. However, we observe
that grid-based approaches achieve an average coverage of 96% of the environments in our
dataset. So, while MLC-Approx does not cover the entire environment, it covers most of
the reachable regions.

MLC-Approx path lengths are also closer to TSP than MLC-DE-Only, supporting our
earlier claim that most sub-tours are merged with corner junction merging, which adds
little to no length. As such, MLC-Approx path lengths are closer to the optimal than the
(1.5 +m/n)L(P ∗) bound.

5.6.2 Turns Comparisons

We now compare the number of turns in the coverage paths generated by MLC-Approx. For
the ablation analysis, we also include a variant of MLC-Approx without turn minimization
(Section 5.4.4), which we refer to as MLC-NoTurnMin. Fig. 5.6(a) shows the number of
turns for each CPP approach to cover each map, averaged across trials. While MLC-Approx
has fewer turns compared to MLC-NoTurnMin, MLC-Approx has more turns than the
other turn-minimizing approaches. This is because sub-tour merges often add turns to the
path as a result of breaking ranks to re-use path length. We analyze this tradeoff between
length and turns by comparing the number of turns per 100 meters of path length, i.e., a
measure of path ”straightness”. Fig. 5.6(b) shows this comparison, where MLC-Approx
paths have comparable straightness to the turn-minimizing baselines. In comparison to
TSP, MLC-Approx paths have significantly fewer turns despite having comparable path
lengths. While this comparison is not entirely fair, we use it to show that MLC-Approx
approaches TSP-like path lengths with comparable straightness (turns/length tradeoff) to
that of turn-minimizing approaches. While one can also compare against angular-metric
TSP [6], we found that, while it provides good solutions for smaller maps of ∼ 100 grid
cells, it scales poorly for the large maps in our dataset.

BCD achieves the fewest turns for some maps due to the presence of non-orthogonal
boundaries in these maps (e.g., walls oriented at different angles). Unlike grid-based ap-
proaches, BCD is not limited to covering in axis-parallel directions, and so its paths align
better with the environment. A future improvement of MLC-Approx is allowing multiple
coverage directions while retaining its guarantees.
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Figure 5.6: Turn comparisons. (a) Number of turns (bold - fewest turns). (b) Coverage path
straightness as denoted by the number of turns per 100 meters of path length.

5.6.3 Runtime Improvements with Lazy Evaluations

We demonstrate the runtime improvements from using MLC-Approx with lazy evaluations.
For the lazy method, we used a difference threshold of 8 meters (10 times l) for all maps to
standardize the comparison. Since perfect matching can typically be computed efficiently,
the runtime bottleneck for MLC-Approx is the number of edge evaluations, i.e., computing
collision-free paths connecting ranks. We plan these paths using a visibility graph planner
[69]. At worst, both lazy MLC-Approx and non-lazy approaches [88, 74] evaluate all O(V 2)
edges in the transition graph. However, we plot the number of edge evaluations for lazy and
non-lazy MLC-Approx in Fig. 5.7(a), where we observe that lazy MLC-Approx evaluates a
small fraction of all edges. This results in a runtime performance boost compared to non-
lazy approaches. Fig. 5.7(b) shows the results of comparing the runtimes of each approach,
where lazy MLC-Approx achieves the fastest runtimes among all baselines. As discussed
in Section 5.5, lazy MLC-Approx computes an optimal matching of rank endpoints, so it
does not sacrifice the path quality.

Here, the TSP planner appears to be faster than non-lazy approaches while having more
edges to evaluate. This is because we used Euclidean distances for the TSP costs, which
are quicker to compute than visibility graph paths. Using a visibility planner, the runtime
to compute a complete graph for TSP rises to a prohibitive amount (multiple hours).
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Figure 5.7: Runtime comparisons. (a) Number of edge evaluations (i.e., obstacle-free paths
planned) by MLC-Approx with/without lazy. (b) Runtimes for each map (red arrow - exceeds
5000s).

5.7 Summary

This chapter studied minimum-length coverage path planning (CPP) for robots using grid
decompositions of environments. The rank-touring framework introduced by recent CPP
approaches [7, 88, 74] guarantees a coverage path of length (1 + 1.5γ) times the optimal,
where γ ≥ 1 is the approximation factor for metric-TSP. To improve this bound, we pro-
posed the MLC-Approx algorithm, which modifies the rank-touring framework to achieve
an approximation factor of (1.5 + ϵ), where ϵ ≪ 1 is proportional to the number of ranks
(straight-line paths). Empirically, MLC-Approx plans coverage paths with near-optimal
lengths in comparison with state-of-the-art CPP approaches [74, 88, 9]. MLC-Approx
paths also have comparable “straightness” to turn-minimizing CPP planners, which is de-
sirable for path tracking. A lazy variation of MLC-Approx was also proposed for efficient
computation of these paths.

The core techniques of MLC-Approx (matching and sub-tour merging) are applicable to
any rank-touring approach that minimizes ranks. For real-world deployment, MLC-Approx
paths should be tracked using a local planner similar to the setup from [74]. Moreover, for
replanning coverage paths, the lazy MLC-Approx approach offers a runtime speed-up in
comparison with OARP to compute coverage paths. In combination with OARP-Replan,
one may be able to replan more of the coverage path using MLC-Approx as a replacement
for the GTSP transition planner. A future improvement to MLC-Approx is to enable a
configurable trade-off between path length and number of turns.
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Chapter 6

Multi-Directional CPP with
Approximate Decompositions

Finally, we address the problem of removing the axis-parallel constraint on the coverage
lines. We propose an approximate decomposition that allows coverage lines to be placed
along multiple directions in the environment, which is better suited for non-orthogonal
environments.

6.1 Introduction

While at the cost of solution quality, coverage planning approaches in literature use the
following framework to make CPP more tractable: (i) decomposing the environment into
sub-regions that can each be individually covered, and (ii) computing a visitation order or
a tour of the sub-regions. The environment decomposition step is critical as it determines
the majority of the coverage path, and also affects the cost of the tour connecting the
sub-regions. Therefore, it is important to compute good decompositions that account for
these effects on the path.

Recall that, in the literature, CPP algorithms are grouped into exact or approximate ap-
proaches depending on the choice of decomposition. Exact approaches usually decompose
the environment into convex or monotone sub-regions called cells or “sectors” [9, 46, 5].
In this chapter, we refer to these sub-regions as sectors. Each sector is then covered by
a lawnmower path (i.e. using parallel coverage lines) along an optimal orientation as de-
termined by the geometry of the sector. However, when applied to complex environments
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with irregular boundaries, exact CPP approaches are susceptible to over-decomposition
where some sectors are thinner than the coverage tool. This is a consequence of covering
the entire environment and results in many instances of double coverage where the robot
returns to areas it has already covered.

In previous chapters, we had proposed CPP approaches that minimizes double coverage
by minimizing the number of coverage lines (i.e. straight-line paths). This falls under the
broad category of approximate CPP approaches that use grid decompositions to cover areas
that are reachable by the coverage tool. The decomposition is composed of non-overlapping
(usually square) grid cells of size equal to the coverage tool [57, 47, 74, 75]. However, using
grid cells constrains the robot to cover the environment along axis-parallel (horizontal or
vertical) orientations, leading to sub-optimal “staircase-like” coverage paths. We seek a
decomposition that addresses the shortcomings of both exact and approximate approaches
by (i) preventing over-decomposition and (ii) removing axis-parallel constraints.

In this chapter, we propose a decomposition of the environment into possibly overlap-
ping rectangular sectors. We choose rectangles for the following reasons: (i) the lawnmower
path to cover a rectangle can be optimally oriented along the longest edge [46], and (ii)
one can efficiently identify the largest rectangle in an environment [60, 27]. We refer to
this as the sector decomposition problem. Inspired by works in sensor coverage [25, 61],
we leverage the submodularity property of covering the environment with sectors to design
our solution approach. Specifically, we show that the sector decomposition problem is an
instance of the submodular set cover (SSC) problem, which has been studied extensively
in the literature [91, 48, 19]. In our proposed approach, we use the result that the greedy
algorithm for SSC has a well-known approximation guarantee [91].

Chapter contributions: Our specific contributions are as follows:

1. We formulate the sector decomposition problem that aims to minimize the number
of sectors and show that this is an instance of the submodular set cover problem.

2. We propose a greedy algorithm to solve the sector decomposition problem, with an
approximation guarantee on the number of sectors following that of [91].

3. We present simulation results using maps of real-world environments and compare
against state-of-the-art coverage planning approaches.

Organization: In Section 6.2, we introduce the sector decomposition problem. In Section
6.3, we motivate minimizing the number of sectors and show that the sector decomposition
problem is an instance of SSC. In Section 6.4, we present our greedy approach to decompose
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the environment into sectors. In Section 6.5, we describe how we compute the coverage
path using the decomposition. Finally, in Section 6.6, we provide the results of generating
coverage paths for real-world environments using the proposed approach.

6.2 Problem Definition

Consider an indoor environment as represented by a setW ⊆ R2. We look to cover the en-
vironment using the robot’s coverage tool, which we assume to be a square of width l. This
assumption follows from other works in coverage planning including [8, 74]. Specifically,
we look to decompose W into (possibly overlapping) rectangular subsets called sectors.
Let Q denote a set of candidate sectors where each sector Qi ∈ Q represents a rectangle in
the environment (i.e., Qi ⊆ W) with the longest edge oriented along an angle θi ∈ [0, π).
Note that the set Q can be uncountably infinite. Let |Q| denote the area of a set Q ⊆ R2,
and define the function a : 2Q → R for a subset S ⊆ Q as

a(S) =
∣∣∣ ⋃
Qi∈S

Qi

∣∣∣. (6.1)

We consider a set of candidate sectors Q such that its union covers W , i.e. a(Q) = |W|
(i.e., total environment area). Hence, there exists a subset S that covers all ofW if needed.

We are now ready to present the main problem of this chapter. Given the environment
W , we look to decompose W into the minimum number of rectangular sectors. However,
we also look to prevent cases of over-decomposition, where the decomposition may contain
small sectors covering inaccessible areas in the environment. To do this, we seek to find a
decomposition such that the area within W covered by the sectors is at least γ|W|, where
γ ∈ (0, 1] is a design parameter we call the minimum coverage ratio. The value of γ can
be chosen by the user based on the percentage of the total area the user would like to
cover (for 95% coverage, γ = 0.95). We comment on the relationship between γ and the
decomposition later in this chapter.

Problem 6.1 (Sector Decomposition). Given an environment W, a set of candidate rect-
angular sectors Q and a minimum coverage ratio γ, compute a set of sectors S ⊆ Q that
solves:

min
S⊆Q

|S|

s.t. a(S) ≥ γ|W|.
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Figure 6.1: Coverage path resulting from a sector decomposition containing three sectors. Each
sector is covered by a lawnmower path and the robot transitions between sectors using (i) intra-
sector paths, and (ii) inter-sector paths.

Solving Problem 6.1, we obtain sectors and the coverage lines (i.e., straight-line paths)
forming lawnmower paths for each sector. A sector has two possible paths depending on
the connections between the coverage lines. From this, we plan a coverage path for the
environment using a sector touring approach where: (i) we pick a lawnmower path for each
sector, and (ii) connect the lawnmower paths using a cost-minimizing tour between the
path endpoints. An example coverage path for a set of three sectors is shown in Fig. 6.1.
We provide details on sector touring in Section 6.5.

Remark 6.1. While we consider rectangular sectors in this chapter, one could more gener-
ally consider sectors that are monotone with a well-defined orientation for the lawnmower
path. However, in our solution approach, we leverage existing approaches [60] that effi-
ciently compute the largest inscribed rectangle within the environment at an orientation.

6.3 Link to Submodular Set Cover

In this section, we establish that Problem 6.1 is an instance of SSC. We motivate minimizing
the number of sectors by deriving a bound on the worst-case coverage path length resulting
from a decomposition of rectangular sectors. We then prove the submodularity of the area
function a, which, based on [91], implies that the greedy algorithm provides a polynomial-
time approximation algorithm.
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6.3.1 Coverage Path Optimality

We now motivate minimizing the number of sectors in the decomposition by considering
the length of the resulting coverage path after sector touring. Giving an exact characteri-
zation of the relationship between the sector decomposition and the coverage path length is
challenging. Thus, our approach is to bound the length of the coverage path obtained from
sector touring and minimizing this bound. For convex environments, this may be done
using a single sector covering the environment. However, for non-convex environments,
such as those considered in this chapter, obtaining a similar bound requires more in-depth
analysis.

Given a sector decomposition of the environment, the lawnmower path length to opti-
mally cover each rectangular sector can be tightly bounded using the rectangle dimensions
and the coverage tool width l. Consider a rectangular sector Q of width w and height h.
Without loss of generality, let w ≥ h and consider a lawnmower path with coverage lines
along the longest edge (i.e. width) of the rectangle. Now, let PQ be the path to cover Q
and let L(PQ) be its length.

Lemma 6.1. Given a rectangular sector Q of width w and height h, the coverage path PQ

has a length L(PQ) satisfying

L(PQ) ≤ w
⌈h
l

⌉
.

Proof. The length of each coverage line in the lawnmower path is w − l as the tool can
stay at a distance of l/2 away from the perimeter of the rectangle to cover it. To connect
each coverage line to an adjacent line, we require a connecting path of length at most l. So
each line-connection pair has a length of w.

If h is a multiple of l, then the number of line-connection pairs is exactly h/l, and the
bound is tight. If h is not a multiple of l, i.e., h ̸= cl for some c ∈ N. The number of
coverage lines needed to coverQ is ⌈h/l⌉. Therefore, the total path length is upper-bounded
by w⌈h/l⌉, which proves the lemma.

Given a set S of rectangular sectors that cover the environmentW , i.e. a(S) = |W|, let
P , with length L(P ), be the coverage path obtained by connecting the lawnmower paths
using sector touring. Since the sectors can overlap, the sum of sector areas is given by∑

Q∈S

|Q| = (1 + α)|W|,
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where α is the ratio of |W| double-covered by sectors in S. Let w′ represent the longest
width of all sectors in S. We now bound L(P ) with respect to the length L(P ∗) of the
optimal coverage path P ∗ for W (unconstrained by sectors).

Proposition 6.1 (Coverage Path Length Optimality). Given an environment W and a
coverage tool of width l, let P ∗ be an optimal coverage path of W, with length L(P ∗).
Consider a decomposition of W into rectangular sectors S, and let α be the ratio of sector
overlap and w′ be the longest sector width. Then, the length L(P ) of the coverage path P
resulting from sector touring satisfies:

L(P ) ≤ (2 + α)L(P ∗) + (
√
2 + 1)w′|S|.

Proof. Since the area covered by a tool of width l along any path of length L is at most
lL, we have

L(P ∗) ≥ |W|
l

, (6.2)

with equality if the path is a straight line. The path P is obtained by (i) covering each
sector individually using lawnmower paths, and (ii) defining the connections between the
lawnmower paths, called transition paths. Let Ls be the total length of the lawnmower
paths. Following Lemma 6.1,

Ls ≤
∑
Q∈S

( |Q|
l

+ w′
)
≤

∑
Q∈S |Q|
l

+ |S|w′

Following the definition of α, we get the following ratio between the sum of sector areas
and l: ∑

Q∈S |Q|
l

=
(1 + α)|W|

l
≤ (1 + α)L(P ∗).

We now bound the length of the transition paths Lt that connect the lawnmower
paths. We split the transition paths into two path segments: (i) inter-sector (path between
sectors), and (ii) intra-sector (path traveled within each sector). Fig. 6.1 illustrates these
path segments in an example coverage path. To bound Lt, we consider computing transition
paths as follows: (i) we use a TSP tour that visits a single corner of each sector (inter-
sector), and (ii) connect each ends of the lawnmower path to the corner (intra-sector).
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To bound the inter-sector path segments, let TOUR(S) be the length of the TSP tour
of the sector corners. Note that the optimal coverage path P ∗ for the environment visits
each sector at least once. So, we have that

TOUR(S) ≤ L(P ∗).

We now bound the intra-sector path segments for each sector. A lawnmower path for
a rectangle starts close to one sector corner and ends at a different corner. Therefore, the
cumulative path length to reach any corner from the endpoints of a lawnmower path is
at most the diameter of the sector (length of the diagonal), which is at most

√
2w′. As a

result, we have that
Lt ≤ L(P ∗) +

√
2|S|w′.

Adding all the path lengths, we arrive at the final result:

L(P ) = Ls + Lt

≤ (1 + α)L(P ∗) + (1 +
√
2)|S|w′ + TOUR(S),

≤ (2 + α)L(P ∗) + (1 +
√
2)|S|w′

which proves our proposition.

Following Proposition 6.1, we observe two factors of the sector decomposition affecting
the length of the worst-case coverage path: (i) the number of sectors |S|, and (ii) sector
overlap α. Therefore, reducing the number of sectors in the decomposition reduces the
second term in the bound. We address (ii) in our approach (Section 6.4) by constraining
sector overlap when computing the decomposition.

6.3.2 Submodularity of Sector Coverage

We now show that the coverage function a is a submodular function defined on the set of
all candidate sectors Q. This is not immediately obvious as Q is uncountably infinite.

Proposition 6.2. The coverage function a : 2Q → R as defined in Eq. (6.1) is normalized,
monotone and submodular.

Proof. Recall that for a to be normalized, a(∅) = 0 for the empty set ∅. As such, normal-
ization holds trivially as the coverage of W is 0 if no sectors are picked from Q. Similarly,
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recall that a is monotone if for all A ⊆ B ⊆ Q, a(A) ≤ a(B). This holds trivially, since
for any set A ⊆ Q, each sector in A must cover a non-negative amount of area in W .

To show the submodularity of a, consider sets A ⊆ B ⊂ Q and a sector Q ∈ Q \ B.
From the definition of submodularity in Chapter 2, the following must hold:

a(A ∪ {Q})− a(A) ≥ a(B ∪ {Q})− a(B).

For the set B, let δQ(B) = a(B ∪ {Q})− a(B) represent the marginal return of adding Q
to the set B. First, notice that

δQ(B) =
∣∣∣Q \ (∪QB∈BQB)

∣∣∣.
Now, manipulating this expression we get

δQ(B) =
∣∣∣Q \ (∪QB∈BQB)

∣∣∣
=

∣∣∣Q \ ((∪QA∈AQA) ∪ (∪QB∈B\AQB)
)∣∣∣

=
∣∣∣(Q \ (∪QA∈AQA)

)
∩
(
Q \ (∪QB∈B\AQB)

)∣∣∣
≤

∣∣∣Q \ (∪QA∈AQA)
∣∣∣

= δQ(A),

where the equality in the third line follows from an application of DeMorgan’s Laws (i.e.,
A \ (B ∪ C) = (A \B) ∩ (A \ C)). This proves the proposition.

Following Proposition 6.2, we have that Problem 6.1 is an instance of SSC which allows
us to use the result from [91] to propose a greedy decomposition approach.

6.4 Sector Decomposition Approach

We now describe our solution approach for sector decomposition. We look to greedily add
large rectangular sectors to the decomposition that cover new areas of the environment.
We first describe the greedy step that leverages computational geometry algorithms to
identify the largest candidate sector in the environment (or its subset). We then present
the greedy algorithm that computes a sector decomposition while constraining the overlap
between the sectors. For the case where the overlap is not constrained, we provide an
approximation factor for the greedy algorithm following [91].
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6.4.1 Sector Identification

We first look to identify the largest candidate sector (i.e. the rectangle of maximum area)
for a given environment W (or its subset). One can efficiently compute the largest area
axis-parallel rectangle in the environment [60, 27]. Also, for coverage planning, one may
constrain the robot’s coverage directions using the orientations of the environment’s edges
(boundary and holes), so that the robot covers along long walls and moves predictably
[46, 9, 5].

To identify the largest sector, we use a polygonal representation ofW and extract a set
of candidate orientations Θ using the polygon’s edges. We limit our candidate sectors Q to
rectangles oriented along every θ ∈ Θ. We then obtain the largest axis-parallel rectangular
sector in W for each θ using existing approaches [60]. Repeating this process for every θ,
we form the set Q̄ of candidate sectors for the greedy step.

6.4.2 Greedy Decomposition

We propose an algorithm that decomposes the environment W by greedily choosing rect-
angular sectors that cover the largest remaining uncovered area. The pseudocode is given
in Algorithm 3. Until the minimum coverage of the environment is achieved (Line 3), we
compute candidate sectors Q̄ for each orientation θ ∈ Θ (Line 4). We then pick the can-
didate sector Q ∈ Q̄ covering the largest additional area, add it to our decomposition S
(Lines 5-6). We then remove the area it covers from the environment to avoid overlapping
coverage with future candidate sectors (Line 8).

In some cases, a small amount of overlap between sectors is useful to have better fitting
neighbouring sectors. To do this, we introduce a parameter called sector erosion radius,
β, which is used to compute the Minkowski difference Q̄ between Q and a disk of radius
β. Only Q̄ is removed from the environment so that future sectors may overlap with Q.
Setting β to 0 leads to disjoint sectors, while arbitrarily large values lead to unconstrained
overlapping.

Remark 6.2. For unconstrained overlap, the candidate sectors must be computed using
an alternate approach, as the convex skull method may return the same rectangle repeat-
edly. One may use a checkerboard decomposition like in [88] to identify sectors at each
orientation. The candidate sectors only need to be computed once for this case.
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Algorithm 3 Greedy Sector Decomposition (G-Sect)

Input: Environment W , Candidate orientations Θ, Minimum coverage ratio γ, Sector
erosion radius β

Output: Sector decomposition S
1: S ← ∅ ▷ Intialize to empty set
2: W̄ ← W ▷ Copy environment
3: while a(S) < γ|W| do
4: Q̄ ← Candidate sectors for W̄ for all angles in {θ}
5: Q← argmaxQ∈Q̄ a(S ∪ {Q})− a(S)
6: S ← S ∪ {Q}
7: Q̄← Erode Q by a radius of β
8: W̄ ← W̄ \ Q̄
9: end while
10: return S

6.4.3 Analysis

In the case of overlapping sectors (large β), we obtain an approximation factor for the
G-Sect algorithm as a function of the minimum coverage ratio γ. We derive this factor
following that of Wolsey’s analysis of the greedy algorithm in [91]. Given a set of candidate
orientations Θ, let S∗ be the minimum sector decomposition of the environment, i.e. |S∗| ≤
|S| for any S.

Proposition 6.3 (Approximation factor for G-SectD). Given an environment W and a
minimum coverage ratio of γ, let S∗ be the minimum sector decomposition given candidate
orientations Θ. Then, the G-Sect algorithm computes a sector decomposition S satisfying

|S|
|S∗|

≤ 1 + ln

(
1

1− γ

)
.

Proof. We first prove this proposition for a finite set of candidate sectors Q that cover the
environment W . Let T be the number of iterations run by the greedy algorithm, and let
Sr for 1 ≤ r ≤ T be the subset that is picked by the greedy algorithm after r iterations.
Following Wolsey’s analysis of the greedy algorithm for SSC over a finite set [91], we have
the following approximation factor:

|S|
|S∗|

≤ 1 + ln

(
a(Q)− a(∅)

a(Q)− a(ST−1)

)
. (6.3)
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Since a is normalized, we have a(∅) = 0. Since Q covers W , we have that a(Q) = |W|.
Given that G-Sect terminates after a minimum coverage of γ|W|, we have that a(ST−1) ≤
γ|W|. Substituting these values in Eq. (6.3), we get

|S|
|S∗|

≤ 1 + ln

(
|W|

|W| − γ|W|

)
= 1 + ln

(
1

1− γ

)
(6.4)

We now show that this bound also applies when Q is infinite. Let S∗ = {Q∗
1, Q

∗
2, . . . Q

∗
k}

be the minimum sector decomposition of W from all of Q. Now, let S = {Q1, Q2, . . . QT}
be the sector decomposition obtained by G-Sect given γ. Using these sets, we construct a
finite set of candidate sectors Q′ = S ∪ S∗. On this finite set Q′, we can run G-Sect and
for each greedy iteration r, we have the following for all Q∗

i ∈ S∗:

a(Sr ∪Qr+1)− a(Sr) ≥ a(Sr ∪Q∗
i )− a(Sr).

This follows from the correctness of the greedy step for a set of candidate orientations Θ.
As a result, the approximation factor holds on the finite set Q′. However, since Q′ contains
the choices of G-Sect from Q and the optimal set from Q, the approximation factor also
holds on the infinite set Q. This proves the proposition.

A key observation from Proposition 6.3 is that the approximation factor increases as γ
increases. For γ = 0.95 (95% coverage), the approximation factor is close to 4. Obtaining
a similar approximation factor for minimally overlapping sectors (small β) is a non-trivial
task. However, decompositions using small β values better suit coverage planning as they
reduce instances of double coverage. In Section 6.6, we provide simulation results of plan-
ning coverage paths using minimally overlapping sectors.

6.4.4 Local Sector Merges

After a decomposition is computed using G-Sect, we merge neighbouring sectors to further
reduce the number of sectors. Specifically, we conduct merges where the lawnmower path of
one sector can be extended to cover a neighbouring sector. Given the sector decomposition
and corresponding sector orientations, we start by counting the number of coverage lines
required to cover each sector. We then iterate through the sectors in the order of increasing
sector area (i.e. smallest to largest) to check for possible merges. For each sector Q, we
look for an adjacent sector Qadj with a coverage orientation θadj such that the number
of coverage lines to cover Q ∪ Qadj along the orientation θadj is less than or equal to the
cumulative number of lines required to cover each sector individually. The reduction in
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Table 6.1: Robot parameters used for experiments

Parameter Value

Coverage tool width l 0.8 m
Maximum linear velocity 1 m/s
Linear acceleration ±0.5 m/s2

coverage lines indicates that the lawnmower path of Qadj can be extended to cover Q. Any
ties are broken by choosing Qadj with the largest area. The merged sector is added back to
the set of sectors and the process is repeated until all possible merges have been completed.
The resulting sector decomposition forms our final solution to Problem 6.1.

Note that these merges may result in sectors that are not necessarily rectangular, i.e.
they do not strictly satisfy Problem 6.1. However, they still satisfy the key restriction that
each sector is covered by a lawnmower path. To obtain a strictly rectangular decomposition,
this step may be skipped. In practice, a similar strategy may also be used to cover areas
that are uncovered by the sector decomposition.

6.5 Sector Touring

We now describe our approach to plan a coverage path using the sector decomposition from
Section 6.4. Similar to [9], we formulate a generalized travelling salesman problem (GTSP)
that aims to minimize the time to cover all sectors by determining (i) the visitation order of
the sectors in the decomposition, and (ii) entry and exit points for each sector. We create an
auxiliary graph where the vertices are grouped into sets. Each set in the graph represents
the coverage of a sector and consists of at most four vertices that represent the directed
paths to cover each sector, i.e. two possible lawnmower paths per sector where each path
can be traversed in two directions. The chosen path and traversal direction determine the
entry and exit points for each sector. The graph edges represent the transition paths to
travel between sectors. The edge costs are given by the travel time along an obstacle-free
path from one end of a lawnmower path to another determined using a visibility graph
planner [69]. We compute this travel time using a piecewise constant acceleration robot
model where the robot travels along a straight line with constant acceleration until a
maximum velocity is reached. The parameters used for this model is given in Table 6.1.
We do not directly penalize the turning time of the robot, but the above model penalizes
the stop time preceding an upcoming turn. The GTSP tour in the resulting graph gives
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the coverage path for the environment as a series of connected sectors.

6.6 Simulation Results

In this section, we present simulation results for the proposed sector decomposition ap-
proach using maps of real-world environments. Specifically, our dataset includes 2 street
maps of New York and Shanghai cities from [57] and 2 anonymized environments ob-
tained from combining maps of real-world environments obtained from our industry part-
ner Avidbots. We compare the coverage planning performance of our approach against
two state-of-the-art approaches: (i) an exact decomposition approach called boustrophe-
don cell decomposition (BCD) [9], and (ii) our previous approximate (grid) decomposition
approach called Optimal Axis-Parallel Rank Partitioning (OARP) approach [74].

For our simulations, we set the desired coverage ratio γ to be 95% of the environment,
after which the greedy algorithm is terminated. This choice helps eliminate sectors that
cover small inaccessible areas and effectively reduces the number of sectors in the decom-
position. We first identify the environment’s walls using Probabilistic Hough Transform
and obtain the set of candidate coverage orientations Θ. The coverage tool width l for
the simulations is configured as in Table 6.1. For the BCD and sector decomposition ap-
proaches, we ignore small obstacles (obstacle area < 4l2) as they do not affect the coverage
orientation and can be trivially evaded during coverage. For OARP, some small obstacles
are removed during the construction of the grid decomposition.

Pertaining to sector overlap, we motivate our configuration of G-Sect by decomposing
a simple map using two values of the sector erosion radius β: l/4 and 2l. Figure 6.2
shows the decompositions, where we observe that increasing overlap reduces the number of
sectors but also results in overlapping coverage lines (i.e., double coverage). However, by
using a small β along with local sector merges, G-Sect computes a minimal decomposition
with non-overlapping coverage lines (Figure 6.2 (c)). Therefore, we conduct the rest of the
experiments with β = l/4 and conduct sector merges.

Figure 6.3 shows the decompositions computed using G-Sect for our test maps. We
observe that sector decomposition results in intuitive coverage lines, especially in narrow
regions where the coverage lines are oriented along the edges of the environment. Table
6.2 shows the results of comparing G-Sect’s decompositions against those of BCD [9]. We
observe that sector decomposition approach covers the environment with fewer sectors,
predominantly due to (i) our choice of γ, and (ii) sector merging. In contrast, BCD
results in over-decomposition due to the large number of reflex vertices present in the test
environments. G-Sect is less influenced by these vertices for the chosen γ.
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Table 6.2: Comparison of number of sectors in each decomposition

Map BCD [9] Our Approach

Anonymous 1 55 32
Anonymous 2 75 43
New York 136 73
Shanghai 86 44

(a) β = l/4 (b) β = 2l (c) β = l/4 & merging

Figure 6.2: G-Sect results with varying sector overlap and merging.

Table 6.3: Comparison of coverage planning performance for the test maps.

BCD [9] OARP [74] Sector Decomposition

# Lines % Area Cost (s) # Lines % Area Cost (s) # Lines % Area Cost (s)

Anonymous 1 187 100% 2297 169 95.4% 1850 158 95% 1714
Anonymous 2 204 100% 2566 130 94.2% 2425 125 95% 2255
New York 300 100% 4692 219 94.3% 3880 267 95.1% 3874
Shanghai 235 100% 4540 187 97% 3713 221 95% 3687
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(a) New York (b) Shanghai

(c) Anonymous 1 (d) Anonymous 2

Figure 6.3: Sector decomposition results for the test maps.
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We now compare the coverage planning performance of the proposed approach with
that of BCD and OARP. We generate an auxiliary graph as described in Section 6.5 with
the parameters from Table 6.1, and solve the GTSP using the open source GLNS solver
[80]. Table 6.3 shows the results of comparing (i) number of coverage lines, (ii) percent
area covered, and (iii) coverage path cost. For every map, we run each approach for 5 trials
and present the average for each metric. We observe that the proposed approach achieves
the lowest path cost for all test maps. This is due to G-Sect computing coverage lines that
align with the walls of the environment. For the New York and Shanghai maps, we observe
that the proposed approach outperforms OARP despite having more coverage lines. This
is because OARP constrains the robot’s motion to axis-parallel orientations creating long
transition paths (where the robot performs no coverage). However, for environments with
axis-parallel boundaries, we expect the OARP approach to perform better as it minimizes
the number of coverage lines (fewer transitions). A future direction we look to explore
is a combination of G-Sect and OARP [74] that minimizes the number of coverage lines
in the path while covering along multiple orientations. Meanwhile, the BCD approach
covers the environment entirely but plans relatively expensive paths as a result of over-
decomposition.

6.7 Summary

We proposed an environment decomposition approach for robot coverage planning called
sector decomposition. The approach decomposes the environment into the minimum num-
ber of rectangular sectors, where each sector is covered using a lawnmower path oriented
along its longest edge. We showed that sector decomposition is an instance of the sub-
modular set cover (SSC) problem, and proposed a greedy algorithm with a guarantee on
the number of sectors in the decomposition. Finally, we present coverage planning results
using the proposed approach for real-world environments and show that it improves upon
existing coverage planning approaches [9, 74].

While we use lawnmower paths to cover each sector, one may use OARP in conjunction
with the sectors to compute the minimum number of ranks oriented at multiple angles.
A future direction of this work is such a combination to minimize the number of turns in
the coverage path generated using sector decomposition, for cases when robot turning is
detrimental to coverage time and quality.
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Chapter 7

Conclusions and Future Work

Coverage path planning (CPP) is the task of planning a robot’s path such that the
tool/sensor being carried by the robot covers all points in its environment. Additionally,
CPP aims to minimize the cost associated with the path, such as length, turns, and/or
coverage time. While CPP is NP-Hard for known environments [8], the complexity of the
problem increases further when unknown obstacles are introduced into the environment.
In this thesis, we studied the problem of coverage path planning for partially unknown
static environments.

In Chapter 3, we proposed the optimal axis-parallel rank partitioning (OARP) approach
to compute minimum-turn coverage paths for known non-convex environments with ob-
stacles. The key to OARP is that we can partition the environment efficiently into the
minimum number of axis-parallel (horizontal/vertical) thin rectangles called ranks that
can each be covered along a straight-line path. We then compute a generalized traveling
salesman problem (GTSP) tour of the ranks to compute a coverage path such that the
transition time between the rank endpoints is minimized. We presented simulation results
with two datasets of maps and compared against state-of-the-art CPP approaches in the
literature [88, 9]. We also showcased an industrial cleaning robot executing a path gen-
erated using OARP for an example environment in a high-fidelity robot operating system
(ROS) simulation.

In Chapter 4, we extended OARP to replan coverage paths upon detecting new static
obstacles in the environment. We aim to conduct path replans that minimize the robot’s
drive time and stoppage time resulting from the robot not having a safe path to continue
coverage, i.e., from computationally expensive replans. We proposed OARP-Replan, an
anytime coverage replanning approach, that uses the time available before reaching the
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first newly detected obstruction to replan as much of the interrupted coverage plan op-
timally (few turns as possible). To incorporate the time budget, we modified OARP to
consider the coupling between the rank partitioning and the touring steps. We showed
that OARP-Replan computed optimal replans of the coverage path if given a large enough
time budget, i.e., enough time to reach the new obstacle. We showcased this approach
using extensive simulations and real-world experiments with an industrial cleaning robot,
where we observed an improved performance against several baseline approaches, specifi-
cally resulting from achieving fewer turns in the coverage path with little to no stoppage
resulting from the replanning. Moreover, in our robot experiments, OARP-Replan enabled
a large cleaning robot to reach and cover narrow areas in the environment caused by new
obstacles.

We then focused on two improvements to the planning approaches proposed in the
previous chapters. In Chapter 5, we proposed a modification to OARP that computes
minimum-length coverage paths with approximation guarantees, while minimizing turns
as a secondary objective. We started by showing that the rank-touring framework (e.g.,
OARP) to compute coverage paths achieves an approximation factor of (1 + 1.5γ) on the
coverage path length, where γ is the approximation factor to solve the metric-TSP. We
then proposed an improved (1.5 + ϵ)-approximation algorithm called MLC-Approx that
can replace the GTSP step in OARP. Here, ϵ << 1 is proportional to the number of ranks
in the environment’s coverage path. In practice, we show that MLC-Approx computes
paths with near-optimal lengths and comparable “straightness” to minimum-turn CPP
approaches like OARP. Moreover, we also proposed a lazy variation of MLC-Approx that
computes paths quicker without losing the approximation guarantees. This lazy variant
offers a large speedup in path computation and can enable faster replans of coverage paths.

Finally, in Chapter 6, we remove the axis-parallel constraint introduced in OARP by
computing an approximate decomposition that allows coverage along multiple directions.
We propose decomposing the environment into the minimum number of sectors, which
are possibly overlapping rectangular sub-regions. Each sector can be covered in parallel
straight-line paths oriented along its longest edge. We showed that the sector decompo-
sition problem is an instance of the submodular set cover (SSC) problem, for which the
greedy algorithm achieves the best-known approximation guarantee. Following this, we
proposed a greedy algorithm for sector decomposition that incorporates techniques from
computational geometry to identify sectors in the environment [27, 60]. Given a mini-
mum desired coverage ratio of γ (i.e., fraction of environment area covered), we obtained
an approximation guarantee of 1 + ln( 1

1−γ
) for the greedy approach. In simulations, we

obtained intuitive decompositions of non-orthogonal complex environments resulting in
shorter coverage times than axis-parallel paths.
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7.1 Future Work

While this thesis studies algorithms to compute near-optimal coverage paths for partially
unknown environments, there are still some challenges that are yet to be solved. Specifi-
cally, we identify the following two topics for future work in this domain.

Obstacle Predictions: The coverage replanning approach proposed in Chapter 4 regis-
ters a new obstacle using sensor readings collected before a replan. However, for a large
obstacle that is not visible at once, the replanning is done in parts, where each replan uses
parts of the obstacle that have been observed by the sensor at different replans. This may
result in a replanned path with some sub-optimal detour paths that may be prevented if
more information about the obstacle was available at the first replan. To mitigate this, one
may predict the shape and size of a partially-observed obstacle, which can then be used
to compute replanned paths closer to the optimal. This approach can be especially use-
ful if there are recurring obstacles across multiple coverage planning missions. A possible
direction towards this predictive coverage replanning approach is to use modern mecha-
nisms like deep neural networks [42] to generate predictions about the obstacles or whole
environments that can be incorporated in a replanning approach like OARP-Replan.

Early Environment Exploration: Consider a cleaning robot exploring an unknown
warehouse environment using a long range LIDAR scanner while covering with a smaller
vacuum attachment. In this case, the sensor has a much larger footprint than the vacuum
tool, so a coverage path for the vacuum tool will guarantee exploration of the environment
with the sensor. However, when covering cluttered environments with unknown obstacles,
one may want to detect new obstacles earlier in the coverage path so more time is available
to replan the coverage path such that the overall coverage time is minimized. In the
cleaning robot example, early exploration of a large obstacle in a occluded section of the
warehouse may allow enough time for the robot to replan a cost-minimizing coverage path
that avoids it. For CPP applications where robustness is an issue (i.e., dead-locks due to
no safe paths), early exploration of uncovered environments may help identify areas where
the robot is likely to get stuck. Therefore, future work in this area may balance planning
optimal coverage paths with planning informative paths that encourage early exploration.

Multi-robot extensions: While we focus on single-robot coverage planning in this thesis,
many of these concepts can be potentially used to design planning and replanning algo-
rithms for multi-robot coverage. For example, one may modify the MLC-Approx algorithm
proposed in Chapter 5 to compute coverage subtours for a swarm of n robots, instead of
a single tour. For multi-robot coverage replanning, OARP-Replan may be modified to
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replan multiple coverage paths at once, where any changes to the coverage ranks can be
addressed by replanning the paths for a subset of robots in the swarm. A possible challenge
to address is to compute multi-robot paths with each robot being subject to a capacity
constraint, which may also be explored as future work.

Another consideration when replanning coverage paths with multiple robots is respect-
ing communication constraints as determined by the swarm network. Obstacles seen by
one robot in the swarm may affect a section of the path that was assigned to be covered
by other robots in the swarm. In such cases, a replanning algorithm may additionally
re-assign sections of the path to balance the coverage load.
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