Optical Self-Phase Modulation

in Graphene
by

Siddharatha Thakur

A thesis
presented to the University of Waterloo
in fulfilment of the
thesis requirement for the degree of
Master of Applied Science
in

Electrical and Computer Engineering

WATERLOO, ONTARIO, CANADA, 2018

© Siddharatha Thakur 2018



Declaration

I hereby declare that I am the sole author of this thesis. This is a true copy of the thesis, including

any required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

ii



Abstract

Graphene is the first practically fabricated and stable two-dimensional material. It is an atom-
ically thin layer of graphite with a unique gapless electronic band structure which leads to the
observation of near-relativistic electron transport, 2.3% absorption of incident light, and a large
nonlinear index of refraction. The relatively easy fabrication of graphene, coupled with its excep-
tional properties and integrability, makes this system unique for use in electronic and photonic
circuits. Nonlinear optical processes in graphene stems from third-order nonlinear processes that
originate from graphene’s crystal symmetry. This nonlinearity manifests as frequency mixing, self-
refraction and self-phase modulation as light traverses through the material. In literature thus
far, this nonlinearity has been measured using different methods that probe the various nonlinear
effects to report a large discrepancy (six orders of magnitude) in the value obtained for the non-
linear index of refraction (nz). Large variations in this value disallow predictable behaviour when
designing graphene integrated photonic devices. To this end, the thesis addresses this debate by
systematically analysing the contributing factors to the variation in the nonlinear refractive index
and forming a fundamental understanding of the governing processes that lead to the observed
behaviour. Using the Z-scan technique, the effects of the wavelength and pulse-duration of the
exciting source on the value of Ny were studied. The Z-scan technique exploits light induced self-
refraction to relate the change in transmittance to the value of n,. The pulse-duration measurement
is conducted by taking a pulse and temporally stretching it with a dispersion-based prism set-up.
In addition to that, using a pump-probe integrated Z-scan scheme, the temporal evolution of this
nonlinearity is also studied. The combination of the pump-probe methodology, commonly used to
study the dynamics of a system, and the Z-scan set-up gives an insight into the dynamic processes
that contribute to the observed nonlinear behaviour. The ny of graphene is experimentally mea-
sured to depend quadratically on the wavelength, with n, growing larger with longer wavelengths.
This result is also theoretically corroborated under a quantum theory developed by our group. The
N is also shown to grow larger as the pulse-duration grows larger in the hundreds of femtoseconds
regime, a result predicted in a recent publication and shown by us. The temporal evolution of the
nonlinearity follows the dynamics of the system, peaking at the zero-delay point and relaxing on
the timescale of the effective decay of the system as dictated by the relaxation constants. The thesis
does well to resolve a prevalent debate in the field of nonlinear optics of graphene by providing a
systematic study on factors contributing to the discrepancy observed in literature, and in doing so
opens a path to tuning the nonlinear behaviour as per the requirement of the application, which is

limited in current silicon photonics.
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Chapter 1

Introduction

The discovery of graphene opened up unimaginable avenues in a diverse array of scienti ¢ research
and engineering design. This atomically thin single layer of graphite is unique because the very
possibility of its existence was deemed improbable due to the laws of thermodynamics. However, its
unigue structure allows it stability making it the rst practically fabricated two-dimensional mate-

rial. Since its discovery in 2004, it has research in areas spanning electronics, chemistry, biomedical
devices, mechanical devices, high-energy physics and countless others. As the dynamic of electron-
ics and computing changes with the shift towards on-chip integrated devices, the applicability of
lower dimensional materials becomes more pertinent. It is not only graphene's exceptional proper-
ties that makes it a sought after system, but a large part of its applicability is its dimensionality
and how robust it is in that regime.

In addition to its well-known electronic properties, graphene also exhibits strong optical properties
as well. In particular, we look at the strong light-matter interaction that graphene is capable of
accommodating, which gives rise to a very strong nonlinear optical response. This is especially
interesting due to the fact that this strong e ect occurs at this reduced dimensionality. The non-
linear optical response can manifest as self-refraction, frequency mixing and self-phase modulation.
Due to its integrability and strong nonlinear optical response, it makes it ideal for use in on-chip
photonic circuits.

The nonlinear optical response has been studied both theoretically and experimentally by analysing
the aforementioned phenomena. It is characterised by the parameten,, which is the nonlinear
index of refraction or the Kerr coe cient. However, the picture remains unclear regarding the
characterisation of this nonlinearity. Depending on the method and experimental parameters, the
nonlinearity varies largely in magnitude and sign with no consensus in the eld. The motivation
behind this work has been a more systematic and fundamental understanding of the e ect of
experimental parameters on the observed nonlinear e ect. In doing so, we can understand how to
modulate the e ect in a controlled manner, if possible, and consolidate the results that have been
reported thus far. Therefore, in this work we look at how the spectral and temporal properties of
the impinging light e ects the nonlinear response.

The thesis is organised to provide the reader with a self-consistent understanding of the work and



any relevant background information. The rst chapter provides a detailed overview of the core
technique of measurement, the Z-scan. After which the wavelength-dependent measurement of the
Noeif IS presented. The parametern; is referred to asnaeff because we believe that the e ect
observed here is not purely electronic, which is whan, refers to. In addition to the experimental
measurement, we also provide a theoretical validation of the observed trend. The second chapter
focuses on probing the dependence on the pulse-width of the exciting source. The pulse is stretched
using a dispersion based prism-pair set-up. The stretched beams are directed back into the original
Z-scan set up. The set-up is elaborated upon and the results are presented thereafter. The third
chapter presents a pump-probe integrated Z-scan set-up which provides a temporal evolution of the
N2.eff . This provides information regarding how impinging beam introduces a change in the carrier
population resulting in the observation of nonlinear refraction. The measurement is achieved on a
fast time-scale to attempt to probe the ultrafast dynamics in graphene. The nal chapter presents
succinct conclusions and future directions for the work.



Chapter 2

Nonlinear optical phenomena

A comprehensive understanding of any phenomena in experiment or theory necessitates an under-
standing of it's origin. Most, if not all, electronic and optical phenomena stem from the material's
crystallographic properties. The atomic distribution as described by the classi cation of crystal
families and their characteristic symmetries prove fundamental in building theories that describe
the macroscopic e ects that are observed during experiment. Therefore, this chapter will provide
a concise framework to provide the reader with background knowledge of the material and these
processes, aiding the understanding of the experiments and discussions of this thesis. The chapter
is divided into two primary sections. The rst section presents a general discussion on the prop-
erties of graphene, placing it in perspective of the current landscape of scienti ¢ investigation and
potential. The latter section provides a concise discussion on the nonlinear optical behaviour in
graphene, with an emphasis on self-refraction, and the current state of the eld. Due to graphene's
unique structure, it's nonlinear optical behaviour must be considered in a modi ed framework, while
maintaining our understanding of the nonlinear optical behaviour of semiconductors presented as
part of Appendix A.2.

2.1 Graphene

Graphene is an atomically thin two-dimensional allotrope of carbon. It is the basic constituent of all
graphitic compounds, i.e. fullerene, benzene rings, nanotubes. However fundamental its existence,
the isolation of graphene only came to fruition very recently through a stroke of curiosity [2] in
2004. The isolation of a 2D crystal had been experimentally doubted due to the Mermin-Wagner
theorem [3], which states that a crystal at this dimensionality cannot retain long-range order at
any small but non-zero temperature due to thermal uctuations, therefore it melts. The discovery

of this new system revealed a plethora of new physics like the fact that electrons in graphene can
be viewed as massless charged fermions living in 2D space, particles that are not encountered in
our three-dimensional world, creating a bridge between solid-state physics and high-energy physics.
This new physics has invited rigorous research on this system.



2.1.1 Crystal structure

The carbon (C) atoms in graphene form a honeycomb lattice attributed to a sp? hybridisation
scheme. The electronic orbital con guration of an isolated C atom is (5)?(2s)?(2p)*, in a solid-state
environment the 1s electronics remain more or less inert, but the 2and 2p electrons hybridize. In
the sp? hybridisation scheme, threesp? orbitals are formed leaving over a relatively purep-orbital.

In this case the orbitals arrange themselves in a plan at 120deg angles, forming the honeycomb
lattice. The honeycomb lattice is not a Bravais lattice as the two neighbouring sites are not
equivalent. Both A and B sublattices are triangular Bravais lattice with a two-atom basis (A and

B), as illustrated in Figure 2.1a. The three vectors connecting a site on the A sublattice to ann
on the sublattice B are given by vectors:

ap_ a, b=
1= é( 3ex + ey); 2= E( 3ex + ey); 3= aey (2.1)

The distance between two nearest neighbouringr{n) carbon atoms is 0.142 nm. The triangular
lattice is spanned by the basis vectors:

p_
a, = P 3aey; a = %‘(eX + P 3e,) (2.2)

The modulus of the basis vectors yields the lattice spacing o= p?a = 0:24 nm, and the
area of the unit cell is Ayc =  3&°=2 = 0:051 nm2. The density of carbon atoms is given by
Nc =2=A,c=39nm 2=3:9 10®cm 2.

Figure 2.1: Graphene crystal structure. (a) Real space honeycomb lattice. The vectors, 2
and 3 connect the nn carbon atoms, seperated by a distance od = 0.142 nm. The vectors a;
and a, are basis vectors of the triangular Bravais lattice. (b) The triangular lattice in reciprocal
space. Primitive lattice vectors are given byb; and b,. The shaded region is the rst Brillouin
zone (BZ), with the centre at and two inequivalent points K and K'.

The reciprocal lattice, shown in Figure 2.1b, is de ned with respect to the triangular Bravais lattice.
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It is spanned by the vectors:

4—ey (2.3)

2 p_
by = pa(ex ey= 3); by = 3a

The rst Brillouin zone (FBZ), shaded region in Figure 2.1b), is de ned as bounded by the planes
bisecting the vectors to the nearest reciprocal lattice points. This gives a FBZ of the same form
as the original hexagons of the honeycomb lattice, rotated with respect to them by=2. The long
wavelength excitations are situated in the vicinity of the point, in the centre of the FBZ. One
distinguishes the six corners of the FBZ, which consist of inequivalent point&k and K' represented
by the vectors:

4
K= —p=—e 2.4
P> (2.4)

These crystallographic points, known as the Dirac points, play an essential role in the electronic
properties of graphene.

2.1.2 Electronic structure

The electronic band structure of graphene can simply be described under a tight-binding (TB)

model considering thenn carbon atoms. The electrons in the covalent bonds form deep fully

lled valence bands, and thus their e ects on the conductivity can be safely disregarded. The

unhybridized p-orbital is only slightly perturbed by the neighbouring atoms. The TB Hamiltonian

is given by [4]:
H= t ¢, Cr (2.5)

where R is a lattice point, and is the displacement to ann lattice point. An electron at site R
can hop to any neighbouring sites, i.e. ififRi denotes a state with one electron which is atR we
have:

R+ jHjRi= t (2.6)

where t is the hopping energy between the two sites. IfR and R' are not neighbours then,
MR'jH jRi = 0. Looking at eigenvalues for the Hamiltonian, we consider a state with amplitude
r for the electron at site R. The eigenvalue equation is then:

t R+ = R (2.7)

We look for amplitudes which vary like €k ", This is the Bloch wave function. There will be di erent

amplitudes A and g for sublattices A and B. An atom on sublattice A has neighbouring atoms all
on sublattice B at displacements (Q a), (Io 3a=2;a=2) and ( P 3=2;a=2). An atom on sublattice
B has three neighbours on sublattice A at displacements (0), ( 3a=2; a=2) and ( P 3=2; a=2).
So the eigenvalue and the amplitudes A and g are determined for each wavevectok, from the



two equations:
p_

t(e*vad +2e kyaz2 cosp;kxa) A= B (2.8)
t(e ikya+2e”<ya:2c0573kxa) B= A (2.9)
The eigenvalues are then given by:
| P3
E= tjevd+2e kya?2 COSTKXaj (2.10)
" 1
_ e 2
1 P 3
E= t coskya)+2cos ékya cos 7kxa +
1 Py 12
sin(kya) 2sin -kya cos ——kya (2.11)

2

There are two bands one with positive energy and the other with negative energy, and they touch
at the corners of the Brillouin zone, at the Dirac points. Due to the fact that here are two electrons

per unit cell, the lower band is completely lled and upper band is completely empty, placing the

Fermi energy at Er = 0. In order to compute the dispersion relation in the vicinity of these zone

corners where the energy tends to zero, we writek = K + q , where K is the wavevector given

by Eq. 2.4, and we assumey is small and is the momentum measured relative to the Dirac points.
Rewriting the Hamiltonian from Eq. 2.8 for a xed- k as:

" #
0 F(kx; ky)

0= ek o

(2.12)

_ _ P
whereF (kg ky) = ekv@+2e *ya2cos—2k,a. To obtain the lowest order in g we have,F (k; ky) =
3a(qx + igy) and therefore:

H(k)= ~ o} (2.13)

where the speed is given by: = %a—f and is around 1¢ m/s, and « and  are Pauli spin
matrices. Hence the eigenvalues dfl (k) are:

E= ~q (2.14)

This is the linear dispersion relation near the Dirac points that dictates the cone-like band structure
synonymous with graphene, shown in Figure 2.2.



Figure 2.2: Electronic band structure of graphene. The linear dispersion relation in graphene
at a Dirac point. Intrinsic graphene has a Fermi energy,Er = 0, shown in the gure.

2.2 Nonlinear Response

The nonlinear optical response in graphene stems from strong light-matter interaction that graphene

is capable of accomodating and is characterised by the intensity dependent third order optical
conductivity, ), which is the rst allowed nonlinear term due to the centrosymmetric symmetry

of the lattice. In conventional nonlinear optics based on a semiconductor system, the nonlinear
responses is derived using the Taylor expansion of the electrical susceptibility in electrical eld to
obtain the polarisation eld vector with higher order terms. This is provided in Appendix A.2.
The derivation in terms of optical conductivity provides the same response by relating the current
density, i.e. J(!) to the electrical eld, i.e. E(!) at a general frequency,! . However, as shown
in the previous subsection, graphene presents a unique electronic structure where the conventional
semiconductor based nonlinear optics may not completely encompass the physics. Therefore, a
short concise description of the third order nonlinear optical phenomena in a modi ed framework
unigue to graphene is provided here [5].

The optical response in graphene is in uenced by the chiral nature of the carriers and the scale
invariance of the band structure in the low energy limit. Chirality in the context of graphene refers

to the pseudospin being locked parallel or antiparallel to the direction along which the electron
propagates. Scale-invariance refers to properties of a system that remain universal regardless of



the scales of length, energy or other variables. One of the consequences of these properties is that
graphene exhibits a universal optical response absorbing 2.3% of the normally incident light. An-
other consequence of these properties is the large nonlinear optical response observed in graphene
upon irradiation, which has been conclusive regardless of the framework of the formulation. To
circumvent computational and interpretive di culties, Semiconductor Bloch Equations (SBEs) are
employed. Using SBEs the contribution of both intraband and interband dynamics can be analysed.
The SBEs introduce an e ective dipole in reciprocal space that are able to reveal the peculiarities
of graphene in terms of its optical response. Under a perturbative treatment, the higher order
optical coe cients inherit a nonresolvable singularity. This singularity is a consequence of the
topological properties of the band structure and the chiral nature of the charged carriers. Follow-
ing a many-body analysis, it is revealed that under an electromagnetic eld the charged carriers
in the vicinity of the Dirac points undergo ultra-fast Rabi oscillations accompanied with slower
relaxation dynamics, resulting in an unconventional saturation e ect. This spontaneous saturation

e ect has been revealed to be imperative in the nonlinear optical response in graphene, deviating
the behaviour from conventional semiconductor third order nonlinearity [6, 7]. The singularity is
resolved by excluding the saturated states from the solution domain.

The process of third order frequency mixing can be understood as a three-photon processes with
three complex time dependent elds, €' »t, €' ot and €' 't mixing through the third-order conduc-
tivity. Di erent terms contribute to the conductivity tensor and therefore contribute to the mixing

via pure interband, pure intraband, and a combination of both. The intraband dynamics cause the
guasiparticles to travel along the trajectory determined by the direction of the electric eld at the
graphene plane. The interband dynamics occur between the two level transition of the quasipar-
ticles predominantly around the zero detuning region. The di erent three-photon processes that
are possible are: (i) pure intraband, (ii) pure interband, (iii) interband-intraband, (iv) interband-
interband-intraband, (v) intraband-intraband-interband, (vi) intraband-interband-intraband, and

(vii) interband-intraband-intraband.

2.2.1 Self-Refraction

There are several e ects that originate from a cubic nonlinearity such as harmonic generation,
four-wave mixing and self-phase modulation, which are applicable in their respective applications.
The focus of this work is on self-phase modulation which is observed as theelf-refraction that an
optical beam undergoes as it traverses through a nonlinear medium, commonly known as the Kerr
e ect. In Appendix A we developed a mathematical framework for nonlinear optical phenomena,
and now we can relate a macroscopic observable to this theory.

Keeping Eq.(A.53) in mind, we see that the contribution of n, to the cumulative refractive action

is contingent on the intensity as described by the relation:

n = ng+ nyl (2.15)



Considering a Gaussian beam where the intensity of the beam peaks at the center, the greatest
e ect of self-refraction is seen near the center and then decreases as one moves away from the center.
This pro le is similar to that of a graded-index optical ber. Taking n, > 0 and employing some
basic ray tracing, it would appear that the rays bend towards the optical axis, thereby increasing
the on-axis amplitude resultng in self-focusing This results in the sample causing the beam to
diverge before the focal plane, and converge after the focal plane. This is schematically illustrated
in Figure 2.3a. Intuitively, such strong refraction would indicate an in nite on-axis amplitude,
however, the minimum beam waist is limited by diraction. The e ect of diraction here causes

the beam to spread. Given a long interaction length, thick sample, the beam will again experience
strong refraction, until it is spread by di raction, resulting in periodic focusing [8]. It is possible

to derive a set of beam parameters for a particular sample where refraction and di raction can be
balanced to allow linear transmittance through the sample [9]. Ifn, < 0, self-defocusingoccurs,
where the sample causes convergence of the beam before the focal plane and causes divergence
after the focal plane. This is shown in Figure 2.3b. This will re-visited again in Section 3.2 in the
context of the Z-scan measurement.

Figure 2.3: Ray diagram of self-refraction in cubic nonlinear sample. A lens of focal length

fL is used to focus down the incident beam and the sample is scanned along the optic axis across
the confocal parameter (twice the Rayleigh length, ¢r) centred at the focal plane. The blue ray
lines indicate the self-refraction when the sample is behind the focal plane, while the green ray lines
show self-refraction when the sample is in front of the focal plane for a nonlinear sample with (a)
n,>0and (b)n,< 0



With self-refraction stemming from an intensity-dependent phenomenon, it intuitively follows that
there are specic conditions under which self-focusing/defocusing occurs. Two main points to
consider are the relative contributions of ng and n, in Eg. (2.15) to total refraction, and the
competing e ects of diraction and refraction. An expression for the critical power required for
self-refraction is dervied in Appendix A and is given by [8]:

2
Per =

(2.16)

8n2

From this expression it is seen that the beam power must exceed this thresholdot the intensity,
for self-refraction to occur. Even if the beam is focused tighter, self-refraction will not occur as
di raction will also increase with a reduction in beam diameter.

2.3 Nonlinear Optics of Graphene: Brief Review

The investigation of graphene's nonlinear electrodynamic response was incepted in the theoretical
work of Mikhailov [10]. The primary result of this investigation was the expectancy of the gen-
eration of higher harmonics, i.e. third harmonic generation, with high up-conversion e ciency.
Even though this discussion will not delve into theoretical work, since this thesis is primarily an
experimental study, however, it is important to appreciate origin of this eld of study as being a
theoretical demonstration. To satiate the curious reader, several theoretical works that followed,
in conjunction with experiment, have aided in our understanding of the nonlinear electrodynamic
response of graphene and can be found in these references: [11{21].

With the initial theoretical demonstration of a strong nonlinear response in graphene, Hendry
et al. [22] as part of Mikhailov's group experimentally measured the third order susceptibility
using four-wave mixing (FWM) using 6 ps pulses. The samples in this study were obtained using
mechanical exfoliation and were deposited on a 100n thick glass cover slip. The principle of this
technique is the generation of mixed optical frequency harmonic$ ¢ = 2! 1 - | , under irradiation
by two monochromatic waves with frequencied 1 and ! ,. Experimentally this is accomplished as
follows: two incident pump laser beams with wavelength 1 and , are focused collinearly onto a
sample and mix together to generate a third, coherent beam of wavelength¢ [22]. The result of
the frequency mixing process is governed by the interplay of energy and momentum conservation,
therefore is controlled by tuning the incident pump wavelengths.

The amplitude of the emission peak showed a cubic dependence on the intensity of the pump pulses,
con rming the third-order nature of the response. The strength of the response is quanti ed
by the familiar parameter of the third-order susceptibility @ (Eq. A.49), which relates the
polarisation per unit volume to the third power of the electric eld. However, it was argued that
when considering a two-dimensional material, it is more appropriate to describe the response in
terms of a sheet currentj ® and the third-order surface dynamical conductivity ). Using an

e ective nonlinear susceptibility normalised with the e ective thickness of a graphene layer, the

10



value of j éfr) " 1:5 10 “esuorny, 10 ° cm?/W was obtained. All relevent values for the
linear and nonlinear parameters reported in literature are summarised at the end of this section
in Table 2.1 and Table 2.2, respectively. The large nonlinear response in graphene compared to
other materials is attributed to the fact that all vertical (interband) transitions in graphene are
resonant at all frequencies! 1;! > and ! . An interesting result of sheet current formulation was
the observation that the strength of the nonlinear response in graphene has a* dependence.
Krishna et al. [23] also measured the nonlinear response of graphene using FWM as part of a larger
study investigating the nonlinear optical properties of graphene-metal composite materials. They
measured aj éﬁ)j ' 4:2 10 12 using 6 ns pulses at 532 nm. The graphene sheets were placed in
a dimethylformamide (DMF) suspension. The nonlinear absorption coe ecient was also measured
using the open-aperture Z-scan method, which will be elaborated upon shortly and in detail in
Section 3.2. In the nanosecond regime, graphene shows reverse saturable absorption with a value of
' 9 10 ’ cm/W. The parameter quanti es the nonlinear absorption of the system. In a more
application based study, Ciesielskiet al. [24] measure the near-degenerate FWM signal of graphene
as a nonlinear optical signal to determine the spectral phase pro le of laser pulses in the focus
of microscope objectives. The graphene was obtained with micromechanical exfoliation and then
deposited on glass and studied using a 800 nm laser with 15 fs pulse duration. In this regime, a
value of (S?;)j ' 42 10 Sis obtained. The deviation from Hendry's study [22] is attributed to the
tight focusing of the excitation pulse. The previously mentioned # is also observed here showing
a 40% variation within the 100 nm spectral bandwidth of the pulse. The impact of the scaling
factor on the emitted intensity is unresolvable due to the spectral integration and the mixing of the
frequency components which leads to a broad structureless emission spectrum.
Self-phase modulation observed via the action of self-refraction is previously discussed in Section
2.2.1, is the most common means of measuring the third order optical nonlinearity using the Z-scan
measurement. This technique is the central tool of investigation in this thesis and will be explored
in detail in Section 3.2. The basic principle behind the technique is that the self-refraction ex-
perienced by an incident beam traversing through a nonlinear material can be quanti ed by the
transmittance observed in the far- eld. The change in transmittance obtained in a closed aper-
ture con guration (CA) i.e. aperture in the far- eld, is related to the nonlinear phase shift and
consequently the nonlinear refractive index,n, as de ned in Eq. A.53. Transmittance obtained
in an open-aperture con guration (OA), i.e. no aperture in the far- eld, gives information re-
garding nonlinear absorption. Zhanget al. [25] used the Z-scan measurement to obtain both the
real and imaginary parts of the complex refractive index of graphene. The graphene layers were
fabricated using chemical vapour deposition (CVD) and then transferred onto a quartz substrate.
The measurement was conducted using a laser with center wavelength 1550 nm and 3.8 ps pulse
duration. The CA measurement revealed that the induced nonlinear phase shift has a power de-
pendence characteristic of saturable absorption. A value oh, ' -10 7 cm?/W is obtained in the
low intensity regime, asn, is observed to decrease with increasing intensity. A value ofsy = 74
MW/cm 2 for saturation intensity is reported. Comparing the value obtained by Hendry et al. [22]
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in terms of n, which is 1.5 10 °cm?/W, it is hypothesized that the discrepancy is attributed to

the measured third-order susceptibility having multiple origins. The parametric process of FWM
arises from the coherent electronic response, while the Z-scan measurement is a measure of the
cumulative nonlinear response i.e. thermal or free-carrier.

The third-order optical response of monolayer to multilayer graphene was studied in the femtosec-
ond regime by Chenet al. [26]. In particular the contribution of interlayer coupling was analysed.
The graphene samples were all grown naturally by CVD and transferred to quartz substrate. To
analyse the e ect of decoupling, individual layers were transferred and stacked on top of each other,
and compared to naturally grown samples of the same thickness. The Z-scan measurement was
performed using a source centred at 733 nm with a pulse duration of 100 fs and a repetition rate
of 80 MHz. The nonlinear refraction index was found to ben,' 1.4 10 ° cm?/W, while the non-
linear absorption coe cient was found to be ' 6 10 & cm/W for monolayer samples. It should

be pointed out that in the picosecond [25] and femtosecond [26] regimes, graphene shows strong
saturable absorption in contrast to the reverse saturable absorption observed in the nanosecond
regime [23]. This is important to mention as the nonlinear e ect of graphene is closely related
to the photon excited times and the dynamics of the system in particular excitation regimes. In
graphene, photoexcited electron-hole pairs thermalise via carrier-carrier scattering and phonon
emission within 150 fs, a timescale denoted by, to reach a new Fermi-Dirac distribution. This

is followed by interband carrier relaxation and hot phonon emission on the picosecond timescale,
denoted by ,. Returning to the main motivation of study for this article, the result of this study
was the conclusion that the intrinsic linear dispersion of monolayer graphene is imperative to ob-
taining a large nonlinearity as coupling of sheets modi es the band structure i.e. loss of linear
dispersion in bi-layer, and thereby reduces the degree of nonlinearity. With Z-scan measuring the
cumulative nonlinearity, high repetition rate sources tend to induce large thermal nonlinearities
which dominate over the electronic nonlinearities. In the case of graphene it is argued that this
issue can be ignored due to graphene being extremely heat-stable and the heat relaxation time of
graphene ( 1.4 ns) being shorter than the repetition time between pulses (12.5 ns) [26]. That is to
say that the heat accumulation injected by one pulse has enough time to dissipate before the next
pulse arrives.

Considering the * dependence of the optical nonlinearity, it follows that the nonlinear response
would be larger in the mid-IR regime, compared to the visible and near-IR wavelengths used in the
aforementioned studies. To this end Miacet al. [27] used a home-made mid-IR Z-scan measurement
to identify the real and imaginary parts of the third-order susceptibility of graphene. The monolayer
graphene sample was CVD grown and transferred to quartz. A pump-probe measurement was
conducted using an 800 nm source with 100 fs pulses to reveal a fast time constant of 200 fs and a
slower time constant of 1.07 to 2.0 ps, depending on pump intensity. At higher excitation intensity,
electron relaxation creates a large quantity of optical phonons which could couple energy back into
the electron distribution, therefore slowing down the cooling rate. For the Z-scan measurement,
a laser centred at 1930 nm with pulse duration of 2.8 ps, and another source centred at 1562 nm
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with pulse duration 1.5 ps were used. Values oh, ' 4.58 10 ’ cm?/W and 1.64 10 ' cm?/W
are obtained for the two di erent wavelengths, respectively. The ratio of n, at 1.93 and 1.56 m

is about 2.8, which is a deviation from the # dependence which would have a ratio of 2.3. The
deviation is attributed to experimental errors. It is emphasized that that Z-scan is a measure of all
contributions to nonlinear refraction, not just the pure electronic response.

A comparative study in mid-IR but with femtosecond pulses was performed by Demetriouset
al. [28]. The measurement was carried out using the Z-scan method at 1150, 1550, 1900 and 2400
nm with a 100-femtosecond laser source on multilayer (5-7) graphene to yield a negative values
for n, ranging from -2.5 10 ° to -0.55 10 ° cm?/W for the respectively range of wavelengths.
The samples were CVD grown and transferred onto quartz. The study speci cally points out
the intensity dependent nature of the nonlinear optical response measured by the Z-scan and the
contribution of higher order processes (i.e. ©), () that would make the conventional n, coe cient
unsuitable to describe the e ect. With increasing intensities the e ect of two photon absorption is
also seen in the OA pro les. A thermal analysis is provided to discount the contribution of thermal

e ects, in addition to the use of a low repetition rate (1 kHz) laser source, which is unnecessary as
discussed previously [26].

In addition to FWM and Z-scan measurement, the Optical Kerr Gate (OKG) measurement is
also used to measure the third-order nonlinear susceptibility [29]. Conducted in a pump-probe
con guration, the pump induces a transient uniaxial birefringence in the medium, while the probe,
rotated 45° relative to the pump beam, undergoes optical retardance as it transverses through.
This e ect is similar to that of a quarter-wave plate that transforms a linearly polarised beam to
circular polarisation, therefore, maximum OKG signal is obtained at 45’ [30]. Using this method in
conjunction with the Z-scan method, Dremetsika et al. [31] investigated the sign and magnitude of
the n, of graphene. The OKG method is advantageous over the Z-scan method as it only probes the
nonlinearity deriving from the electronic response, while the Z-scan probes the cumulative response
of the system. The excitation source for this measurement is a source centred at 1600 nm with
180 fs pulse duration.The OKG set-up is coupled to optical heterodyne detection (OKG-OHD) to
maximise the signal-to-noise ratio. A negative value ofn,' -1.07 10 ° cm?/W is obtained using
this method. Performing the Z-scan measurement on the same sample using a source centred at 1500
nm with 3.8 ps pulse duration gives a value ofn, ' -2 10 & cm?/W. The di erence in the values
obtained with these two methods is attributed to the electronic and cumulative nonlinear responses
being probed. To complement their experimental work and the use of OKG-OHD, Dremetsikaet
al. [32] developed a 2D-OHD-OKE to measure separately the time response of the two main tensor
components of the nonlinear susceptibility. They validate that the out-of-plane tensor components
are small and show that the ,yxy + xyyx COmponents account for the fast birefringent response
while the .y component has a slower (ps) relaxation time.

OKG and Z-scan were also used together to measure the, of single and multi-layer graphene. In
this study Ahn et al. [33] use these methods to derive dependence nf on the wavelength and
uence. The wavelengths used were 720, 800, 940 and 1230 nm, all having a pulse duration of 100

13



fs. In contrast they obtain a positive value for the n, using both methods, with the n, increasing
as the excitation tends to longer wavelengths. Our spectrally dependent study was also presented
in a conference prior to the publication of this article [34] and revealed a similar dependence of,
on excitation wavelength.

The argument between the plus and minus sign for then, value is one that cannot be unambiguously
answered. There is discrepancies in theoretical works on this depending on the method of calculation
and parameters considered. The theoretical study by Ooet al. [12], Chenget al. [11] and Semnani
et al. [14] conclude in their respective theoretical formulations that the value ofn, may take positive
or negative values in speci c ranges of Fermi-levels. Experimentally speaking, this occurs due to
doping or electric eld modulation. Therefore, di erence in measurement methods, experimental
conditions, and sample preparation techniques should be considered when comparing and discussing
di erent studies.
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Table 2.1: Electronic and linear optical properties of Graphene

Value(s) Sample Method Experimental Ref.
Parameters
Relaxation time, (ps)
1 =02 CVD graphene trans- | Pump-probe pump=probe = 800 Nm [27]
2=107-20 ferred onto quartz spectroscopy puse = 100 fs
f =1kHz
1 =0.07-0.12 Multi-layer epitaxial Pump-probe pump=probe = 780 nmM [35]
2=04-17 graphene on SiC spectroscopy puse = 85 fs
f =3 kHz
1 =0.13-0.33 Graphene dispersions in | Pump-probe pump=probe = 790 NM [36]
2=35-49 various solvents (water, | spectroscopy puse = 80 fs
THF, DMF) f =383 Hz
1 =02 Exfoliated graphene on | Pump-probe pump=probe = 800/1300 nm [37]
2 =25 SiO,/Si spectroscopy puse = 150 fs
f =80 MHz
Linear Refractive Index, n
275 1.56i Graphene on SiO; Ren 1550 nm [38]
Linear Absorption Coe cient, (cm 1)
7.4x10 4 Graphene placed across| Tranmittance [39]
aperture and re ectance
Saturation Intensity, Is (W=cm?)
4 1) 10° Epitaxial graphene on | Z-scan [40]
SiC
(2.3, 2.6, 2.6) | Graphene dispersions in | Z-scan in =790 nm [36]
10% various solvents (water, puse = 80 fs
THF, DMF) f =383 Hz
7.4 10 CVD graphene trans- | Intensity depen- in = 1550 nm [25]
ferred onto quartz dent  transmit- puse = 3.8 ps
tance f =10 MHz
(45, 3, 2.1, 1.9) | CVvD graphene trans- | Intensity depen- in =1150, 1550, 1900, 2400| [28]
10° ferred onto quartz dent  transmit- | nm
tance puse = 100 fs
f =1kHz
(0.1,11.7) 10 CVD graphene trans- | Z-scan in = 1930, 1562 nm [27]

ferred onto quartz

puse = 2.8, 1.5 ps
f =32.3, 20.8 MHz
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Table 2.2: Nonlinear optical properties of Graphene

Value(s) Sample Method Experimental Ref.
Parameters
Third-order Susceptibility, ® (esu)
Nonlinear Refractive Index, ny (cm?/W)
j @j= Mechanically exfoliated | FWM 1 = 670-980 nm [22]
1.5 10 7 graphene deposited on 2 = 1130-1450 nm
100 m glass cover slip puse = 6 PpS
j @)= Graphene suspension in| FWM in =532 nm [23]
42 10 *? DMF puse = 6 Ns
f =10 Hz
i @)= Graphene suspension in| FWM in = 800 nm [24]
43 10 ° DMF puse = 15 fs
f =80 MHz
no=-1 10 ° CVD graphene trans- | Z-scan in = 1550 nm [25]
ferred onto quartz puse = 3.8 ps
f =10 MHz
np=14 10 ° CVD graphene trans- | Z-scan in =733 nm [26]
ferred onto quartz puse = 100 fs
f =80 MHz
n, =458 10 ’, | CVD graphene trans- | Z-scan in = 1930, 1562 nm [27]
1.64 10 7 ferred onto quartz puse = 2.8, 1.5 ps
f =32.3, 20.8 MHz
ng=-2x10 8 CVD graphene trans- | Z-scan in = 1550 nm [31]
ferred onto quartz puse = 3.8 ps
f =10 MHz
n,=-1.07x10 ° | CVD graphene trans- | OKG-OHD in = 1600 nm [31]
ferred onto quartz puse = 180 fs
f =82 MHz
n,=-10 ° Graphene covered | Chirped-Pulse- in = 1550 nm [41]
silicon-on-insulator Pumped Self-Phase
(SOI) waveguide Modulation
i ®@j= CVD graphene trans- | Z-scan and OKG in = 720-1230 nm [33]
10 7-10 °© ferred onto quartz; 1,2,4 puse = 100 fs
layers f =80 MHz
Nonlinear Absorption Coe cient, (cm=W)
9 107 Graphene suspension in| Z-scan in =532 nm [23]
DMF pulse = 6 NS
f =10 Hz
(1.2-4.4)x 10 ® Graphene dispersions in | Z-scan in =790 nm [36]
various solvents (water, puse = 80 fs
THF, DMF) f =383 Hz
6x10 © CVD graphene on quartz | Z-scan in =733 nm [26]
puse = 100 fs
f =80 MHz
(0.38, 0.9, 1.5, | CVD graphene trans- | Z-Scan in = 1150-2400 nm [28]
1.9) 10 ° ferred onto quartz puse = 100 fs
f =1kHz
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Chapter 3

Spectral dependence of the e ective
Kerr coe cient of Graphene

3.1 Introduction

The focus of this thesis is probing the spectral and temporal dependence, and evolution of the
third order susceptibility of graphene. To this end, the Z-scan measurement is the technique that is
central to the study. To probe the properties of interest, the basic measurement setup is integrated
with a prism pulse-stretching and pump-probe setup. In the rst set of experiments, the Z-scan
method is used in its intrinsic form to measure the spectral dependence of the e ectiva,, referred
to hereinafter as ny.etf . The use of this verbiage will become more clear through the discussion
of the experimental results of this thesis. In essencey, refers to the pure electronic response of
system resulting in the observation of nonlinear refraction. However, given experimental conditions
and methods, the observed e ect may not stemonly from the electronic response, but can include
contribution from another phenomenon. Therefore, it is more appropriate to use the aforementioned
verbiage. This chapter includes three primary sections. The rst section will provide a detailed
experimental background on the Z-scan technique, including a general theory of the technique and
sources of inaccuracy in measurement. The second section focuses on the experimental set-up and
beam characterisation. The quality of the beam and it's alignment are signi cant contributors in
obtaining accurate measurements. The last section will present the results obtained for the spectral
dependence ohyes in graphene. The excitation spans 800-1050 nm, limited by the source (690-
1050 nm) and the detectors (780-1800 nm). The results show a clear dependencemfes; on
with na.eff iNcreasing as the excitation tends to longer wavelengths.
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Figure 3.1: Closed aperture (CA) transmittance and self-refraction illustrated for ns.
The closed aperture (CA) transmittance seen in the far- eld for a medium that exhibits self-phase
modulation and consequently self-refraction. A medium have am;, >0 experiences self-focusing
resulting in decreased transmittance (a) before focus, (b) no change at focus, and (c) increased
transmittance after focus. Conversely in a medium havingn, <0, the self-defocusing e ect causes
(d) increased transmittance before focus, (e) no change at focus, and (f) decreased transmittance
after focus. The peak to valley position is seperated by a factor of 1.7zgr, where zr is the
Rayeleigh length, for a third order nonlinearity. The baseline in the plots is a normalised power
value for transmission in the linear regime.

3.2 Z-scan Technique

The investigation of higher order e ects of any type brings with it many experimental complexities
that make their investigation non-trivial. In nonlinear optics, the experimental measurement of
the nonlinear index of refraction and nonlinear absorption may garner a similar perception in their
realisability. However, in 1989 Sheik-bahaeet al. [42] reported an experimentally facile single-
beam method to measure the real and imaginary components of the third-order susceptibility with
high sensitivity. This method is referred to as the Z-scan technique. The technique is based on
the correlation of phase distortion and amplitude distortion during beam propagation through
a nonlinear medium. Both nonlinear refraction and absorption can be probed by observing the
transmittance in the far- eld with a closed aperture (CA) and open aperture (OA) con guration,
respectively. This chapter will provide a detailed outline of the theoretical and experimental aspects
of the Z-scan method. Since this thesis focuses on nonlinear refraction, the derivation of the
analytical theory, basis of experimental implementation, and additional details will focus around
the CA measurement. Since the OA measurement is a necessary complementary measurement (i.e.
for the normalisation of absorption e ects in the CA pro le), it will be considered only in experiment
and not delved into in detail. In order to gain a more intuitive sense of how the self-refraction shown
in Figure 2.3 is probed by the Z-scan method and can be extracted using the formulation derived
in this section. Figure 3.1 illustrates the relative change in the CA transmittance pro le as the
sample scans across the focal plane of the beam.
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3.2.1 Experimental Sources of Inaccuracy

The relative experimental simplicity of the Z-scan technique is contrasted by the strict control of
certain parameters that must be exercised to obtain reliable and accurate measurements [43]. These
parameters have implications on several assumptions of the analysis, and will be elucidated upon
below.

Laser Beam Pro le

With a nonlinear optical phenomenon where the observable e ect of refraction is related to the
magnitude of the incidient intensity, it becomes imperative to consider the intensity distribution

of the beam upon the sample. This is particularly important for the Z-scan, as the measurement
relies on the sample induced distortions in the beam pro le to characterise the nonlinearity, which
necessitates the characterisation of the initial beam. In the analysis presented by Sheik-bahast

al. in their original paper, the pro le is assumed to be a TEMgyy Gaussian beam, which provides a
complete description of the intensity distribution of the beam when beam waist size, on-axis irradi-
ance at focal point and ideality of the beam are considered. Several studies have been conducted to
analyse the e ects of non-Gaussian beams [44,45], such as Lorentzian, parabolic and top-hat. An
elliptical beam is a common output pro le in many lasers, therefore the thin medium theory analy-
sis for elliptical Gaussian beams presented by Miaret al. [46] is a very practical tool to ensure the
accuracy in data analysis. An interesting observation that was made in this study was that under
certain conditions of ellipticity, an additional peak appears in the Z-scan pro le. A non-Gaussian
beam can be characterised in terms of thé 2 parameter. The M 2 value is e ectively the ratio of
the divergence of the beam to the divergence of a Gaussian beam of the same waist size [47]. A
Gaussian beam has thev 2=1, while all other pro les have M2 > 1. The M 2 can be related to the
beam divergence half-angle, , by the following relation:

=M?— (3.1)

Experimentally this quantity can be measured by scanning a beam pro ler along the optic axis
and measuring the beam radius at the focal plane to obtain the waist size. Following that, the
beam radii will be measured at various distances away from the focal plane to accurately obtain
the divergence angle of the beam. The divergence half-angle can simply be obtained geometrically
through the relation:

Wz  Wqp

=2 M 3.2
— (3.2)

where wy ) is the radii at position z;;). The M2 is decomposed to itsM? and M components,
along with , and y, to characterise a non-circular beam. Modelling studies [48] have been per-
formed to determine the relationship between theM 2 value and the transmission (T) value. Several
di erent types of non-ideal Gaussian beams were generated, close to what is seen in the laboratory,
and the e ects of the nonlinear medium were incorporated to generate data sets for both open and
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closed aperture Z-scans. Two overarching trends were observed: (1) The scatter in the T increases
with increasing M 2; (2) the value of T increases with increasingM 2. The precise nature of the de-
viations depends on the particulars of the irregularities in the beam pro le. However, this provides
us with a good idea about the nature of the expected deviations whem 2 is far from ideal.

Temporal Characteristics of the Laser Pulse

Due to the intensity dependent nature of nonlinear optical e ects, high laser powers are required
to probe them. To this e ect pulsed laser are employed which are capable of delivering extremely
high peak energies. The temporal characteristics of the laser include the frequency and the pulse
width which become important parameters as it pertains to the photophysical dynamics of the
system. When the response time of the nonlinearity is much shorter than the laser pulse width, the
nonlinear e ect can be assumed to depend on the instantaneous irradiance in the sample. When
the nonlinear response time is much longer than the laser pulse width, then the e ects can be
assumed to be uence-dependent rather than irradiance dependent and a time integration must
be performed as done in Eq. (A.73) in section A.3. This adds another layer of complexity to the
analysis as the e ects become dependent on temporal parameters.

Power Fluctuations

The Z-scan technique is based in analysing the medium induced distortions in the beam pro le.
Therefore, any external sources of distortion like those seen from uctuations in laser output power,
can prove detrimental to the accuracy of the experiment because the ner details of the curves are
lost to noise. A common means of compensating for these uctuations is to divide the signal of
the far- eld detector by the reference detector. This produces a much cleaner Z-scan pro le as it
e ectively nulli es the e ects of source uctuations. However, this correction can be inadequate if
the power varies by more than a few percent. Another method of obtaining a cleaner data set is
only record a data point when the power falls within a well-de ned limit. In general, the initial
method proves su cient.

Aperture Size

The importance of the aperture size is obvious, as the size directly correlates to the degree of
isolation of the on-axis irradiance, where the medium induced distortion is most evident. In exper-
iment, the far- eld aperture is generally a pinhole. The distinction between aperture and pinhole

in this context pertains to a particular assumption in the analysis which assumes that the far- eld
aperture is in nitesimally small, allowing an in nitesimal amount of transmission. In reality, the
aperture is nite and with a nite linear transmission, which must be corrected for to obtain an
accurate measurement. Qualitatively, the aperture is said to reach the in nitesimal limit when the
transmission features become independent of the size, or no changes are seen in transmission if
the aperture is translated in the x or y direction by one to two aperture diameters. A factor of
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(1 S)°268 can be multiplied to the T relation as a means to account for a nite aperture. S is
the linear transmittance of the aperture of the Gaussian beam and is given by:

2
2rg

S=1 ev@)? (3.3)
wherer, is the radius of the nite aperture and w(z;) is the waist size at the aperture plane.

Aperture Alignment

When the goal is to measure nonlinear refraction, a pinhole or aperture is placed in front of the
far- eld detector as a means to isolate the nonlinearity induced distortions. With these distortions
being most prominent on the optical axis where the intensity of the impinging Gaussian beam is the
largest, the alignment of the aperture is an important experimental factor. Since the irradiance on
the optical axis is enhanced, the irradiance in the wings is reduced, so misalignment will produce
a skewed transmittance prole in the far- eld. The e ects of misalignment are investigated by
Hermann and Chapple [49]. They derived an expression to model the e ects of misalignment where
a misalignment parameter, , is de ned to be the radial displacement normalised by the beam size
at the observation plane. For T to agree with the on-axis result with 1%, must be less than 0.1.
Experimentally, we obtain the best alignment by mounting the aperture on an x- and y-direction
translation stage to optimize for largest transmittance in the linear regime. For a Gaussian-shaped
beam, = 0:1 corresponds to a 2% drop in pinhole transmission. If the linear transmission is
reduced by 5%, the error in T is 3%. This illustrates the importance of obtaining the best
alignment if error is to be minimised. In addition to that, practical alignment can be di cult if the
beam pro le is asymmetric, as we associate maximum linear transmittance with on-axis alignment,
making this a non-trivial exercise.

Aperture-Waist Distance

Due to the fact that the Z-scan experiment relates nonlinearity induced spatial distortions in the
eld to nonlinear refraction via change in transmittance in the far eld, the distance, z;, from the
beam waist to the far eld detector becomes an important parameter. This distance is ideally
approaches in nity, but practically it is a nite values. The e ect of having a nite distance on the
di erential transmittance ( T) can be obtained by di erentiating Eq. (A.69) with respectto z. In
doing so we obtain the formula:

T(z1) 0:9
Ta) ‘Tos+(a)y (3.4)

ZR

where the change in T is normalised by T when z; equals to in nity. Qualitatively, as expected

we observe that as we increase the distance into the far- eld the function approaches the in nity
limit. However, by simply inserting some trial distances for z;, we see that for a distance of 10
Rayleigh length T is 1% greater than the value at in nite distance and for 20 Rayleigh lengths the
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variation decreases to 0.2%. Therefore, in experiment 10 Rayleigh lengths is a reasonable minimum
approximation for the distance that can be considered far- eld. In addition to that, a correction
can further be made using Eq. (3.4).

Sample Thickness

The analytical simplicity of the Z-scan is primarily stems from the "thin Im" approximation, which
assumes that the path length inside the sample is not large enough to cause distortion in the beam
shape, but only presents the e ects of in-medium propagation as a phase shift. It intuitively follows
that this approximation will break down after a certain sample thickness. The criterion for validity

of this approximation requires that the sample length L is much shorter than the Rayleigh length
(zr). As seen previously, the Rayleigh length factors prominently in the optics and the subsequent
analysis of the measurement. Since this parameter is a measure of the distance scale over which
the beam pro le changes, it imposes a requirement on the length of the sample with the condition:
L Zr5 o whenj oj > 1. Experimentally, it is easy to increase (decrease) the Rayleigh
length by increasing (decreasing) the initial beam diameter incident on the focusing optic or using
a longer (shorter) focal length lens. However, for very thick samples, this may not be practical.

Defects

Since the techniques relies on relating wave distortion to nonlinear refraction, any other mecha-
nisms contributing to these distortions will work to obscure the nonlinear e ect. This can occur
through physical imperfections in the sample, or beam steering caused when the sample sits non-
perpendicular to the beam as it is scanned and the beam will be moved away from the axis of the
aperture.

Etalon E ects

With samples that have not been anti-re ection coated, there is a strong possibility that they form
low- nesse Fabry-Perot etalons. Etalon refers to an optical device that contains two parallel mirrors.

It is intuitive to see that with the formation of this psuedo-cavity there will be a certain modulation

in the transmission that is seen by the FF detector. The degree of transmission change depends
on the refractive index of the medium and its optical length. In order to avoid the formation
of an etalon, an anti-re ection coating must be applied to reduce the internal re ection of the
surfaces. In addition to transmission variations, the re ections do vary with irradiance, which will
inde nitely skew the measurement of nonlinearity. Studies have been performed to observe the
e ects of re ection in a self-focusing medium [50]. For low nonlinear phase shifts ( ¢ 0:01), the

re ectance is seen to enhance the nonlinear phase shift by a factor, when the cavity is in resonance.
For a low re ectance and moderate phase shift R = 0:065 ¢ = 0:5), the nonlinear phase shift
can push the cavity away from resonance, eradicating the symmetry in the Z-scan pro le. For
moderate re ectance and large phase shiftsR 0.5, ¢ = ), strong feedback e ects such as
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optical switching and bistability can occur. To avoid all etalon e ects, it is best to at least coat the
rear surface of the samples to reduce the formation of a cavity, especially in high refractive index
materials.
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