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Abstract

Given a list of monomials of a n-variate polynomial f € F[x] and an integer s, decide
whether there exists an invertible transform A and a b € F" such that f(Ax + b) has less
than s monomials. This problem is called the Equivalence testing to sparse polynomials
(ETsparse). It was studied in [GK93] over Q, in this work, they give an exponential in n*
time algorithm for the problem. The lack of progress in the complexity of the problem
over last three decades raises a question, is ETsparse hard? In this thesis we give an
affirmative answer to the question by showing that it is NP-hard over any field.

Sparse orbit complexity of a polynomial f is the smallest integer sy such that there
exists an invertible transform A such that f(Ax) has sy monomials. Since ETsparse is
NP-hard hence computing the sparse orbit complexity is also NP-hard. We also show
that approximating the sparse orbit complexity upto a factor of sjl/ 3¢ for any € € (0, %)

is NP-hard, where s is the number of monomials in f. Interestingly, this approximation
result has been shown without invoking the celebrated PCP theorem.

[CGS23] study a variant of the problem which focus on shift equivalence. More pre-
cisely, given f € R[x] (the input has the same representation as in ETsparse) and an integer
s, does there exists a b € R" such that f(x 4 b) has less than s monomials. It is called the
SETsparse problem, [C(GS23] showed that SETsparse is NP-hard when R is an integral
domain which is not a field; we extend their result to the case when R is a field.

Finally, we also study the problem of testing equivalence to constant-support poly-
nomials; more precisely, given a polynomial f as before and with support o, does there
exists a invertible transform A such that f(Ax) has support o — 1. We call this problem
ETsupport. We show that ETsupport is NP-hard for > 5 and over any field.
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Chapter 1

Introduction

Given a field FF, an arithmetic circuit is a directed acyclic graph. It has three types of
nodes: Input gates (in-degree 0 and are labelled by field elements), sum and product gates
(these gates take field elements as input and output the result of the operation on the field
elements), and output gate (these gates have out-degree 0). These are algebraic analogues
of boolean circuits and are a widely used model of computation to study polynomials.
With algebraic circuits, the three main categories of questions studied are

¢ Polynomial Identity Testing (PIT): Given an algebraic circuit of a polynomial f, de-
termine whether f is the zero polynomial.

¢ Circuit Lower Bounds: Give an “explicit” polynomial which requires a super-polynomial
size arithmetic circuit to compute.

e Circuit Reconstruction: Given a polynomial f! what is the smallest size arithmetic
circuit computing f?

Interested readers can look at the following surveys: [LV24], [Sap], [SY10] and [CKWTT].

In this thesis, we will study the problem of Equivalence Test (ET) for two families of
polynomials, namely sparse and constant-support polynomials. The motivation to study
this problem originates from a natural problem one can study about polynomials called
the Polynomial Equivalence (PE) problem, which we discuss in more detail below.

Polynomial Equivalence (PE) and Equivalence Testing (ET): Given two polynomials
f,g € FF[x] as alist of their monomials, decide whether there exists an invertible transform
A such that f = g(Ax). This problem is known as the Polynomial Equivalence (PE)
problem. Equivalently, it is asking whether f can be obtained from g after a change of

'Here f is either given explicitly or oracle access to input-output evaluations of the polynomials



coordinates; hence PE can be seen as an algebraic analogue of the Graph Isomorphism
(GI) problem. In fact, [AS05] and [Kay11] show that PE is as hard as GI. But neither do we
know if it is polynomially equivalent to GI nor if it is NP-hard. Over finite field, [Sax06]
and [Thi98] show that PE is in AM M co-AM hence not NP-hard unless PH collapses. Over
Q, it is not even known if the problem is decidable.

Since not much is known about the complexity of PE, a natural variant of the problem
is being studied in the literature to gain further insight. In this variant, we fix a polyno-
mial family %, and we ask the following question: Given f as a list of monomials, does
there exist an invertible transform A such that f(Ax) belongs to &% . This problem is called
the Equivalence Testing (ET) for &.

[Kayll] and [Kay12b] introduced this problem and gave randomised polynomial
time equivalence test for Determinants, Permanents, Elementary and Power Symmetric
polynomials over C. Following this result randomised polynomial time algorithms were
given for Iterated Matrix Multiplication (IMM) [KNST17], Read once formulas? [GST23]
and several other polynomial classes as mentioned in more detail in section 1.2.

In the previous work on ET, no hardness result was known. A potential reason for
this is as follows, most of the polynomial families for which ET was studied had the
following property: When you fix the number of variables of the input f, there exists a
unique polynomial ¢ € & which can be equivalent to f for example say f is n-variate
then there is a unique polynomial in the Determinant family namely Det;, ., which can
be equivalent to f. Moreover, g also has a polynomial sized circuit. Now, if we assume
the input to the ET algorithm is given as a circuit, then this problem reduces to PE in
the case both inputs are given as circuits; this version of PE is known to be in AM N
co-AM hence not NP-hard unless PH collapses. The polynomial families which do not
satisfy the above property are the Read-once formulas and t-design polynomials with ¢
constant (a dense subclass of homogeneous depth-3 circuits ); this is because there might
be multiple polynomials in the family which can be equivalent to f as they are polynomial
families derived from circuit classes. Hence, the natural question which arises is, what is
the complexity of ET for the simplest circuit class? The simplest circuits are the depth-2
circuits, also known as the sparse polynomial.

Sparse Polynomials We say a n-variate degree d polynomial is s-sparse if it has at most
s monomials. It is easy to see that the class of polynomials computed by a depth-2 arith-
metic circuit with top fan-in bounded by s is precisely the set of s-sparse polynomials.
Sparse polynomials have been widely studied in algebraic complexity theory in the con-
text of identity testing, factorisation, and interpolation; interested readers can look at
[Roc18]. Moreover, ET has been previously studied for sparse polynomials over Q in
[GK93]. In this work, they give an algorithm exponential in n*. The lack of progress on

*Equivalence Testing for a circuit class € is defined as the Equivalence test for a polynomial family
where # is the set of all polynomials computable by circuits class &



the complexity over the last three decades gives another reason to study the problem and
believe that it might be hard to solve. ET for sparse polynomials also has connections
with MCSP for depth three circuits; a detailed exposition on this can be found in [BDS524].

Constant-support polynomials ET is efficiently solvable for two special sparse polyno-
mial families, namely the power symmetric polynomial PSym := x4 + ... + x4 [Kay11]
and the sum-product polynomial SP := } ;c(s I Ticjq) xi; [MS21, Kay1l]. What makes ET
easy for these sparse polynomials? Explanations were provided in [GST23, BDS24]: SP is
a read-once formula; it is also a 1-design polynomial. PSym is a 1-design polynomial, but
it is also a support-1 polynomial. It is natural to wonder about the complexity of ET for
constant-support polynomials. In Theorem 3, we show that checking if a given f is in the
orbit of a support-5 polynomial is NP-hard; this answers the question in the negative.

Model of Computation We will specify the model of computation we will be working
with over different fields. Over finite fields and Q we will be working with the turing
model. Over characteristic 0 fields, we will consider an arithmetic model of computation
which allows to store a field element in unit space and perform an arithmetic operation
in unit time.

1.1 Owur Results

We now state our results formally. The ETsparse problem is defined as follows.

Problem 1.1.1 (ETsparse). Given a polynomial f € FF[x] in its sparse representation and
an integer s, check if there exist an A € GL(|x|,FF) and a b € FXl such that f(Ax + b) is
s-sparse.

Our first result, Theorem 1, shows the NP-hardness of ETsparse over any field.

Theorem 1 (ETsparse is NP-hard). 1. LetIF beany field. There is a deterministic polynomial-
time many-one reduction from 3-SAT to ETsparse over IF.

2. Let IF be any field. There is a deterministic polynomial-time many-one reduction from 3-SAT
to ETsparse over IF where the input polynomial to the ETsparse problem is homogeneous.

Here are a few remarks on theorem 1

1. Part 2 of the theorem subsumes part 1. We state parts 1 and 2 separately for two
reasons: One, part 1 has simpler proof. Two, the degree parameters in the proof of
part 1 have a better upper bound in comparison to that in the proof of part 2.



2. When char([F) # 2 then the reduction is natural and has the feature that a satisfying
assignment can be mapped to a sparsifying invertible A € {—1,0,1}X*/X and vice
versa. So, ETsparse is NP-hard even when A is restricted to having only {—1,0,1}
entries.

3. The authors of [BIDS24] gave a randomised polynomial-time ET algorithm for ran-
dom> sparse polynomials, assuming black-box access to the input. Such average-
case results for hard problems are not unusual; for example, [DF89] gave polynomial-
time algorithms for average cases of NP-hard problems like Graph 3-colorability.

Problem 1.1.2 (a-gap-ETsparse). Let & > 1 be a parameter. Given a polynomial f € F[x]
in its sparse representation and an integer sy, output:

e YES, if there exist an A € GL(|x|,IF) and b € IF¥ such that f(Ax + b) is so-sparse.
e NO, if forall A € GL(|x|,F) and b € ™, f(Ax + b) has sparsity at least asy.

Our second result, Theorem 2, shows that a-gap-ETsparse is NP-hard for a« = s3¢,
where s is the sparsity of the input polynomial f and € € (0, 1) is an arbitrary constant.

Theorem 2 (s%-gap-ETsparse is NP-hard). Let € € (0, ) be an arbitrary constant.

1. Let IF be any field. There exists a deterministic polynomial-time many-one reduction from

3-SAT to s%_e-gap—ETsparse over IF where the input polynomial in s%_e-gap-ETsparse is
s-sparse.

2. Let IF be any field. There exists a deterministic polynomial-time many-one reduction from
3-SAT to s3—¢ -gap-ETsparse over IF where the input polynomial in s%_e—gap—ETsparse is
homogeneous and s-sparse.

Here are a few remarks on theorem 2

1. Again as in theorem 1 part 2 subsumes part 1.

2. An interesting feature of the reduction is that it does not invoke the celebrated PCP
theorem. Moreover, it is the same reduction as in theorem 1, hence, the reduction is
natural when char(IF) # 2.

Definition 1.1.1 (Sparse orbit complexity of a polynomial). The smallest sy for which f is
in the orbit of an sp-sparse polynomial is the sparse orbit complexity of f.

A random s-sparse degree-d polynomial in their work was defined to be a polynomial where each
monomial is formed independently of the others by selecting d variables uniformly at random from the
variable set; the coefficients are allowed to be arbitrary.



Theorem 1 shows that computing the sparse complexity of a polynomial is NP-hard.
As a corollary of theorem 2, we will show that approximating the sparse complexity of a
polynomial is also NP-hard.

Corollary 1.1.1. Let0 < e < % be an arbitrary constant.

1. Let IF be any field. It is NP-hard to compute $37¢ factor approximation of the sparse-
orbit complexity when the input is an s-sparse polynomial over F.

2. Let IF be any field. It is NP-hard to compute 537 factor approximation of the sparse-
orbit complexity when the input is an s-sparse homogeneous polynomial over F.

Now, we formally define the support of a polynomial.

Definition 1.1.2 (Support of a polynomial). For a monomial x*, where « is the exponent
vector, the support of x*, Supp(x*), is the number of variables with non-zero exponent.
The support of a polynomial f, Supp(f), is the maximum support size over all the mono-
mials of f.

Thus, a polynomial has support ¢ if there exists a monomial with support ¢ and no
other monomial has support > ¢. The ET problem for constant-support polynomials and
a stronger version of it are defined next (henceforth, ¢ is assumed to be a constant).

Problem 1.1.3 (ETsupport). Given a polynomial f € [F[x] in its sparse representation and
an integer o, check if there exists an A € GL(|x|, F) such that Supp(f(Ax)) < 0.

Problem 1.1.4 ((¢ + 1)-to-c ETsupport). Given a polynomial f € FF[x] with support o + 1
in its sparse representation, check if there exists an A € GL(|x|,F) such that Supp(f(Ax)) <
.

One small difference in the definition here is that we consider invertible transforma-
tions not affine transformations, this is because translation does not change support of a
polynomial. In our third result, Theorem 3, shows that ETsupport and (¢ + 1)-to-o ETsupport
are NP-hard.

Theorem 3 (ETsupport is NP-hard). Let o > 6 be a constant and F be a field with char(F) =
0 or > o+ 1. There is a deterministic polynomial-time many-one reduction from 3-SAT to
ETsupport over FF. In particular, 3-SAT reduces to (o + 1)-to-c ETsupport in deterministic
polynomial time.

1.2 Discussion on Previous Work

Previous work on PE: [Sax06] shows that PE for quadratic polynomials can be solved
in polynomial time given access to an integer factoring oracle. On the other hand, [AS05]

5



shows that Cubic form equivalence (CFE) is known to be as hard as GI. [BD524] gave an
explicit class of polynomials for which PE is polynomially equivalent to GI.

A variant of PE is the Shift Equivalence Testing problem (SET) where given two
n-variate polynomials f and g, one needs to check if there exists b € " such that
f(x) = g(x+b). The author of [Gri97] gave a deterministic algorithm over character-
istic 0 fields, a randomised algorithm over prime residue fields and a quantum algorithm
over characteristic 2 fields for SET. All these algorithms have running time polynomial in
the dense representation of the input, that is, for n-variate, degree-d polynomials given
in the verbose representation as input, the running time is poly((”;d)). The authors of
[DdOS14] gave a randomised algorithm for SET assuming black-box access to n-variate
polynomials f and g with degree bound 4 and circuit size bound s. Their algorithm runs
in poly(n,d, s) time. Another randomised polynomial-time algorithm for SET is given in
[Kay12a].

Previous work on ET: As mentioned before, the study of ET was initiated in [Kay11]
where efficient ET algorithms were given for the power symmetric and the elementary
symmetric polynomials. Following this, efficient ET algorithms were given for several
other important polynomial families and circuit classes such as the permanent [Kay12a],
the determinant [Kay12a, Gro12, GGKS19], the iterated matrix multiplication (IMM) poly-
nomial [KNST19, MINS20], the continuant polynomial [MS21], read-once formulas (ROFs)
[GST23], and design polynomials [BDS24, GS19].



Chapter 2

Preliminaries

In this section, first, we will define some notation and terms which we will be using
throughout the thesis. Later, we give some bounds on sparsity and support of polynomi-
als, which will be key for the proofs.

2.1 Definitions and notations

For n,a,b € N, [n] denotes the set {1,2...,n} and [a, ] denotes the integers from a to
b, both inclusive. A polynomial is homogeneous if all its monomials have the same total
degree. The set of invertible linear transforms in n variables over a field IF is denoted by
GL(n,F). For a polynomial f € [F[x], the action of a linear transform A € FX*Xl on its
variables is denoted by f(Ax) as well as by A(f). The sparsity of a polynomial f, denoted
as §(f), is the number of monomials in f with non-zero coefficients. For a polynomial
f, var(f) denotes the set of variables that occur in at least one monomial of f. We have
used the notation f ~ g earlier to denote f = g(Ax + b). Henceforth, we will ignore
the translation vector b in the main body of the discussion for simplicity but mention
the necessary changes in the proofs or point to appropriate sections when translations
are involved. Thus, for polynomials f and g, f ~ ¢ will mean f(x) = ¢(Ax) where
A € GL(|x|,F). Similarly, the orbit of a polynomial f will denote the set {f(Ax), A €
GL(|x|,IF)}. The degree of a monomial is its total degree, and the degree of a polynomial
f is the maximum degree amongst all monomials in f. The x-degree of a monomial is the
degree of the variable x in the monomial.

Definition 2.1.1 (Degree separated polynomials). Polynomials f and g are degree separated
if no monomial of f has the same degree as a monomial of g. Similarly, f and g are
degree separated with respect to a variable x if no monomial of f has the same x-degree as
a monomial of g.

The set of degrees of a polynomial is the set of distinct degrees of all the monomials in
the polynomial. For example, the set of degrees of f(x1,x2) = x% + x1x0 + 4x is {2,1}.

7



A linear form is a homogeneous degree one polynomial. An affine form is a degree one
polynomial.

2.2 Algebraic preliminaries

2.2.1 Degree separated polynomials

Observation 2.2.1. Let f and g be polynomials such that f ~ g. Then, f and g have the
same set of degrees for the monomials. Thus, if f and g are degree separated, then f  g.

Proof. Under any invertible linear transform applied to the variables of f, every mono-
mial of f maps to a linear combination of monomials of the same degree. Thus, no new
degree can be added to the set of degrees of f under any invertible linear transform. As
f ~ g, the set of degrees of f is contained in the set of degrees of g, and vice versa,
implying the two sets are the same. O

Observation 2.2.2. If f and g are degree separated (or degree separated with respect to
some variable), then §(f + g) = S(f) + §(g).

Proof. As f and g are degree separated (or degree separated with respect to some vari-
able), each monomial of f + g is a monomial of f or g, but not both. O

Observation 2.2.3. If f and g are degree separated, f; ~ fand g1 ~ g, then S(f1 +g1) =
$(f1) +8(81)-

Proof. As f; ~ f and g1 ~ g, therefore f; and g; are degree separated by Observation
2.2.1. By Observation 2.2.2, the statement holds. O

2.2.2 Bounds on the sparsity of polynomials

Observation 2.2.4 analyzes the sparsity of powers of linear forms. Observation 2.2.5 is
a special case of Observation 2.2.4 and is stated separately because it is simpler and is
invoked many times. Observation 2.2.6 analyzes the sparsity of powers of affine forms.

Observation 2.2.4. Let ¢ be a linear form in m variables and d € IN. If char(F) = 0,
f(fd) 1 (51", and if char(F) = p, $(¢4) =TTy (1", "), where d = Yf eip', e €
0,p—1].

Proof. Without loss of generality, let £ = }i" ; ¢c;x; where ¢; € IF\{0}. If char(IF) = 0, then
St = (d:;l"izl) follows from the multinomial theorem and the fact that the number



of monomials of degree d in m variables is (d+m ). Suppose char(FF) = p. Then, d is

expressible as in the observation statement. It w1ll be shown by induction on k that,
k
ej+m—1
Sy = : :
e =T1(" "7 ")

In the base case k = 0, d < p and, like the char(FF) = 0 case, it easily follows that
S?) = (*Hm 1), Assume the statement for a11] < k. Suppose d = exp* + T leip!,

where 0 < ¢, < p. Then, using the fact that (1} ¢jx;)? = 1L, ¢; x]p

10€zp m Pk R\ ek k-1, " pipi\¢
(Zc]x]) (.fo x].> Hi_o(>:1cj x].> .
= J=

i l

Lethz]—[f;&( ]1cfx )¥. Note,

()" = B () ()

&+t =ey i

over F,

By the inductive hypothesis, §'(h) = [T} (“F"] 1), while ST, cjf,’kxi?k)ek) = (e,

] m—1
as ey < p. Now,
d_ ek L A
&= L <041...(xm>(.11(ci Y )a> h

K1+ o =ey =
The degree of i < p¥, while any two monomials in the above expansion are degree
separated by at least p* in at least one variable. Consequently, by Observation 2.2.2,

S(%) = TTE_y (I 1). The above inductive argument is similar to the multinomial ver-
sion of Lucas s theorem O

Observation 2.2.5. If char(IF) = 0 and ¢ be a linear form in exactly two variables, then
§(¢%) = d + 1. The result holds for characteristic p fields if p > d orif d = p* — 1 for some
k € IN. Further, if ¢ is a linear form in more than two variables and d is as before, then

S >d+1.

Proof. Let ¢ be a linear form in exactly 2 variables. When char(IF) = 0, then by Observa-
tion 2.2.4, S (#4) = (d;rﬁl) = d + 1. When char(F) = p, then §(¢4) = [T (‘/’IJr2 h =
Hi-‘:_&(ei + 1), where d = Zi-‘:_ol e;p'. It is easy to see the observation holds When d < p.
Whend = pF—1 = Y 1(p — 1)p/, then Hé:ol(e,' +1) = p¥ = d+ 1. Finally, when
¢ is a linear form in m > 2 variables, then the observation follows from the fact that
(“tm 1) > c+1foranyc € N. O
Observation 2.2.6. Let i = ¢ + ¢y, where / is a linear form in at least one variable and
co € F\{0}, then &(h?) > &(£?) + 1. More precisely, § (h?) > d + 1 holds if char(F) = 0
or if char(F) = pand p > d ord = p* — 1 for some k € IN.

9



Proof. Using the binomial theorem,

W =07l - Z (z)coed i

i=1

As the degree of every monomial in £~ is d — i, all the summands in the above expansion
are degree separated. From Observations 2.2.2 and 2.2.5, it holds that &' (k%) > &(¢9) + 1.

More precisely, §(h?) > d +1, as S(¢*~") > 1 and ( ) # 0 for d as in the observation
statement (by Lucas’s theorem). O

Claim 2.2.1 analyzes the sparsity of polynomials divisible by a power of some linear
form in at least two variables and is used to prove part two of Theorems 1 and 2. Claim
2.2.2 analyzes the support of monomials under invertible linear transforms and is used to
prove Theorem 3.

Claim 2.2.1. Let char(F) = 0. If f € F[x] is a non-zero polynomial divisible by ¢ for
some linear form / in at least two variables, then §(f) > d + 1. The claim also holds for
characteristic p fields, where the degree of f is less than p.

Proof. We prove this by induction on d. For the base case d = 0, it is easy to see that
the sparsity of any non-zero polynomial is at least 1. Suppose now the result holds for
allk < d. Let £ = Y"  c;x; and f = ¢?h. Without loss of generality, assume f is not
divisible by any variable, for if it were divisible by some variable x;, then x; must not
divide / as ¢ contains at least two distinct variables and hence x; divides &, in which case

we can replace f and i by < f and I v, respectively. Let x; be a variable in £ with a non-zero

coefficient and consider af Now,

ﬂﬂ>1+s(”)

ax]

as the derivative map either sends monomials to distinct monomials or eliminates them,
and by assumption some monomial in f is not divisible by x; and will be eliminated. As
f=tn,

4 0h

8x]

) > d. Hence, §(f) > 1+5(§—£) >d+1. O

o _ = c;d0" T+ 01—
8x]

Clearly, ¢“~! divides af By induction, é’(

Q)|'\o-,

2.2.3 Bound on the support of polynomials

Claim 2.2.2. Leto,d,n € N,d > 7, f = (x1---x,)% and ¢4, ..., £, be linearly independent
linear forms in xy,...,x,. If [U} | var(¢;)| > cand g := f(¢1---¥{y), then Supp(g) > ¢
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The claim holds if char(IF) = 0, or char(FF) = p with p > d, or p > cand d = p* — 1 for
some k € IN.

Proof. The claim is first proven for n = 1. Thus, § = ¢% where ¢ = Zlvar cixi, ¢; # 0,
and |var({)| > o, without loss of generality. Note that

E)‘Tg d d—
I - .. o
v ox, o! <(7) c16p -+ b7,

Clearly, (7'( ) # 0 when char(IF) = 0. When char(FF) = p with p > d, or p > ¢ and
d = pF — 1 for some k € N, this follows by Lucas’s Theorem [I.uc78]. So the derivative is
non-zero, as d > ¢, implying there exists a monomial of support at least ¢ in g.

Now, for arbitrary n, g = (¢1 - - - £,)%, where | U!_, var(¢;)| > 0. Observe that

o 97 g]l.ng]n . .
%8 chl,---,jn'M'(ﬁf oo piny
ox;, - - - 0X;, i+ Finme oxj, - - - 0X;,
ji=0

where c;j,.j, = (]?i) e (].”i). Clearly, when char(F) = 0 or > d, cj,...;, # 0. When
char(F) = pand d = p* — 1 for some k € IN, then by Lucas’s Theorem, all the bino-
mial coefficients are non-zero. Hence cj,,... ;, # 0. Observe that the elements of the set
M= {6?771 g la+-+jn =0, ]1 > 0} are linearly independent as the ¢;’s

ao’(g]l E]”)

are linearly independent and d > o. Also, 5.,
ll g

€ Fasji+---+j, = 0. It suf-
fices to show that for some choice of jy, ..., j, and x;,, ..., x; ,whereiy,...,i, are pairwise

7 (€l

distinct, W # 0. As elements of ./ are linearly independent and cj,...;, # 0, this
would imply ax— # 0, indicating that Supp(g) >
For every i > 1, define S; := var({;) \ U}Z%S]' if | U;:1 Si| < o else choose S; C

var(4;) \ U;;%Sj such that | U§=1 Si| = o; here, U;;iS]- = @ for i = 1. Note that such a
collection of sets always exists as | U, var({;)| > o. Say we choose m < n such non-
empty sets. Let j; := |S;| and S; := {x;, ..., x;j, }. Hence,

(- el mo gl

(ax11 s -axlh) SR (8xm1 s axm]-m) - i—1 axil s axi]'i )
As {x1,...,x;} C var(¢;) is not empty and jl < ¢ < p (in case of finite characteristic
Jid

tields), by the analysis of the n = 1 case, m

# 0. Hence,

(0} - - )
and Supp(g) > o. N

£0
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Chapter 3

NP-hardness of ETsparse

In this chapter, we will prove theorem 1. In section 3.1, we prove the theorem for the inho-
mogenous case, to provide more clarity in the proof we introduce an additional notation
after observation 3.1.1, so it is encouraged to not skip past remark 3.1.1. A similar con-
vention is followed in section 3.3.1, here we extend the theorem for the non-homogenous
case to finite characteristic fields. In section 3.2 we prove the theorem for the homogenous
case. The proof provided in both the sections ignore translation for ease of understanding,
later in section 3.4, we will show how to handle translations.

3.1 Inhomogenous Case

Proof Sketch. Given a ¢ € 3SAT with n variables and m clauses we want a (f, s) such
that ¢ is satisfiable if and only if there exists some invertible A such that §(f(Ax)) < s.
Our idea is to define a 2n + 1 variate polynomial f as the sum of two sets of polynomials
denoted by {Q;}i=1 .., and {R;}i=1 . The polynomials )/ ; Q; and } ;" ; R; are degree-
separated, hence by observation 2.2.2 and 2.2.3 we can understand the sparsity of f by
analyzing the sparsities of ' ; Q; and ) /" ; R; separately.

We wish to define Q;’s such that there exists a set & C GL(2n + 1, F) of size (2n!) - 2",
such that (Y7 ; Q;(Ax)) < S(X1 4 Qi(x)) if and only if A € o/. One must ignore the
2n! factor in the size of &/ as it arises because of Permutation Matrices ( since the sparsity
of a polynomial does not change on permutation of its variables ). Ignoring these permu-
tation matrices, we can form a one-to-one mapping between & and the set of all boolean
assignments that is {0,1}". This mapping is the first key step in the reduction, and in the
next paragraph we show that with our choice of Q;’s we can get a lot of structure in the
one-to-one map.

For the i-th variable in the 3SAT formula, we introduce a bi-variate polynomial Q;(x;, y;)
as shown in section 3.1.1. This satisfies the following property: Let A be a linear trans-
formation which maps x; — x; and y; — x; £ y; then S(Q;(A(x;,vi))) < S(Qi(xi,v:));

12



moreover for any other linear map A which maps x;, y; to some other linear polynomials
we have §(Q;(A(x;,v:))) > S(Qi(x;,y;)). We also ensure that the degrees of polyno-
mials Q,’s are pairwise disjoint so by observation 2.2.2 and 2.2.3 the sparsity of Y/ ; Q;
decreases when x; — x; and y; — x; £ y; for all i € [n], for every other linear map it
explodes. Hence it is easy to see that o = [ ;{x; — x; and y; — x; £ y,}, here we
again ignore the permutation matrices. Intuitively, we want to associate the linear trans-
formation which maps y; — y; + x; with the assignment where the i-th variable is set to
True, and similarly y; — y; — x; with the assignment where the i-th variable is set to False.
Note that the boolean assignment of the i-th variable corresponding to an element of &/
solely depends on which of A(y; + x;) or A(y; — x;) is variable, and this is a permutation
invariant decision thus we can safely ignore permutation matrices.

Note that till now we haven’t discussed what the value of s should be. Trivially, we
want s < §(f(x)); otherwise, the identity transformation will be a viable sparsifying
transform'. Secondly, we want sparsifying transforms to be a subset of &/, we ensure this
by setting s < S((X;.; Q;)(Ax)) forall A ¢ & as shown in lemma 3.1.3.

We have a one-to-one correspondence between viable sparsifying transforms and
{0,1}"; we now define polynomials Ry’s as shown in section 3.1.1. Every Ry satisfies
the property that whenever the k-th clause is not satisfied, for every A € o we have
S(Xi 1 Qi(Ax) + Rx(Ax)) > s as shown in proposition 3.1.2. Finally we want to ensure
that when there is a satisfying assignment for i there is a sparsifying transform, as shown
in section .

3.1.1 Constructing f and s

Let i be a 3-CNF in variables x := {x1, x2 ... x,} and m clauses:
Y = Ny Viee, (%) @ ag),

where Cy denotes the set of indices of the variables in the k' clause and ar; € {0,1}. Let
y = {y1,Y¥2...Yn}, X0 be a new variable and z := {xo} UxUy. For dy,d,d3,dy € N,
consider the following polynomials:

e Corresponding to variable x;, where i € [n], define Q;(z) as:

Qi(z) == Qi1(z) + Qi2(z) + Qi3(z), where
g -y .
Qi,l (Z) = x(()?’l 2) 1X?2, Qi,Z(Z) = x(()3l 1) 1(]/1' + xi)d3 and Qi,?’ (Z) = xSldl (yz — xl-)d3.
Intuitively, Q;, and Q; 3 correspond to assigning 0 and 1, respectively, to x; in .
Qi1 is used to establish a mapping between satisfying assignments and sparsifying
transforms.

!We call A to be a sparsifying transform iff S(f(Ax)) <'s

13



3i’l+k)d1

e For the k" clause, k € [m], define Ri(z) := x(() [Tiec, (yj + (—1)™ix;)%.

Define s := 1+ n(3 + d3) + m(dy + 1)? and the polynomial f as:
n m
flz) = xg' + ) Qi(2) + ) Re(2). (31)
i=1 k=1

The following conditions are imposed on the d;’s:
dy > max(s,dy +1), dy > 2d3, d3 > m(dy +1)>+1, and dy > m. (3.2)

For characteristic 0 fields, the inequalities of (3.2) can be converted to equalities. Thus, we
get

dy=m, ds =m(m+1)?>+1=0(m’) = s=0(nm®)

dy =2m(m+1)2+2=0(m®), di =1+n4+m(m+1)?) +m(m+1)* = O(nm>).
(3.3)

Note, for the above choices of d3 and d,, s > d, + 1. Hence, d; is set to s. Under the
conditions of (3.2) the following observations hold.

Observation 3.1.1. For all i € [n], k € [m], the polynomials xgl, Qi1(z), Qin(z), Qis(z)
and R (z) are degree separated from one another. Also, Q;(z) is degree separated from
other Q;(z)’s, for i,j € [n] and i # j. Similarly, R(z) is degree separated from R,;(z) for
k,1 € [m]and k # 1.

Proof. Leti € [n]. Note that Q;1(z) has degree (3i — 2)d; + da, Q;»(z) has degree (3i —
1)d1 + ds and Q; 3(z) has degree 3id; + d3. Clearly 3idy +dz > (3i — 1)d; + d3. Also, (3i —
1)dy +ds > (3i — 2)dy + dy because d; > dy > dp — dj by the conditions in (3.2). Thus,
Qi1(z), Qi2(z) and Q;3(z) are degree separated and Q; is a sum of 3 degree separated
polynomials and has degree 3id; + d3.

Now, leti € [n] and k € [m]. R(z) is a polynomial of degree (3n + k)d; + 3d4 while
the degree of Q;(z) is 3idy + d3. Note that

(31’1 + k)dl +3dy > (31’1 + 1)d1 +3dy > 3ndy +ds > 3idy + d3,
where the second inequality holds because d; > d3 by the constraints in (3.2). Therefore,
Ri(z) and Q;(z) (hence also Q;1, Q;» and Q;3) are degree separated from one another.

Further, the degree of Ri(z) and that of Q;(z) are greater than d; implying xgl is degree
separated from Ry (z) and Q;(z).

Lastly, let i,j € [n] where i < j without loss of generality. The highest degree of a
monomial in Q;(z) is 3id; + ds, while the lowest degree of a monomial in Q;(z) is (3] —
2)d1 + dp. Now,

(3] - Z)dl +dy > (3i + 1)d1 +dy > 3idy + d3
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asj > i+1and dy > dy > d3 by the conditions in (3.2). Thus, Q; and Q; are degree
separated. That Ry(z) is degree separated from R;(z) for k,! € [n] and k # I can be
observed from the fact that the degree of Ry(z) is (3n + k)dq + 3dy. O

Remarks. Observation 3.1.1 shows that the 3n + m + 1 polynomials are degree sep-
arated. The choice of powers of x( in each one of the polynomial was made in
order to obtain this degree separation. Furthermore other than providing this de-
gree separation they do not serve any other purpose in section 3.1, hence we will
replace the powers of xy by a x and will reference observation 3.1.1 whenever
necessary.

Observation 3.1.2. The degree of f is (31 + m)d; + 3dy = (mn)°W).

Proof. From the definition of f in (3.1), it follows that the degree of f is the maximum of

that of xgl, Q; and Ry, where i € [n] and k € [m]. As observed in the proof of Observation
3.1.1, degree of Q; is 3idy + d3, degree of Ry is (3n + k)dy + 3dy and (3n + k)dy + 3d4 >
3idy + d3 > dq. Since k < m, therefore the highest degree is (31 + m)dy + 3d4. So, the
degree of f is (3n + m)d; + 3ds. O

Observation 3.1.3. §(f(z)) = 1+ n(2ds +3) +m(ds + 1) and Supp(f) = 7.
Proof. By Observation 3.1.1, f is a sum of the n 4 m 4 1 degree separated polynomials xgl,

Q; and Ry, where i € [n] and k € [m]. Applying Observation 2.2.5 (for linear forms in two
variables over char(IF) = 0 fields) to Q; » and Q; 3 and Observation 2.2.2 to Q;, we get

$(Qi(z)) = $(Qix(2)) + $(Qi2(z)) + $(Qis(z)) = 2d3 +3, Vi € [n].

By Observation 2.2.5 (for linear forms in two variables over char(FF) = 0 fields) and the
assumption that each clause in ¢ has 3 distinct variables, we get that:

S(Ri(z)) = S(x5) [T S((yj + (=1)%ix))™) = (dg +1)* Vk € [m].
1€Ck

Finally, applying Observations 3.1.1 and 2.2.2 to f gives
n m

S(f(z) =S(x5)+ Y_S(Qi(z)) + Y S(Re(2)) = 1+ n(2ds + 3) +m(ds +1)°.

i=1 k=1

Thus, §(f(z)) > s but also (mn)°),

For the support of f, note that Supp(Ry) = 7 for all k € [m] while Supp(Q;) = 3 for
alli € [n] and Supp(xgl) = 1. By Observation 3.1.1, Supp(f) = Supp(Ry) = 7. O
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3.1.2 The forward direction

Proposition 3.1.1 shows how a satisfiable i implies the existence of an invertible A, such
that §(f(Az)) < s by constructing A from a satisfying assignment u € {0,1}" of ¢.

Proposition 3.1.1. Letu = (uy,...,u,) € {0,1}" besuchthat(u) = 1. Then S (f(Az)) <
s, where A is as:

A x> X0, X = X,y — i+ (1), Vi€ [n]. (3.4)

Proof. It follows from the definition of f in (3.1), Observations 3.1.1 and 2.2.3 that

n m

S(f(Az)) = S(A(x5)) + ) S(Qi(Az)) + ) S(Rk(Az)).

i=1 k=1
Thus, it suffices to analyze the sparsity of A (xg1 ), Qi(Az)’sand Rx(Az)’s. Now, §(A (xg1 ) =
1as A(xgl) = xgl. We now analyze §(Q;(Az)) fori € [n]. If u; = 0, then
Qi1(Az) = x§x2, Qi2(Az) = xj(yi +2x,)® and Q;3(Az) = x5y}°.

If u; =1, then

Qi1(Az) = x§x%2, Qir(Az) = x§y™ and Q;3(Az) = x§(y; — 2x;)™.

By Observation 2.2.5 (for linear forms in two variables over characteristic 0 fields), if u; =
0 then §(Q;j2(Az)) = dz3+ 1 and §(Q;3(Az)) = 1 and, if u; = 1 then §(Q;2(Az)) =1
and §(Q;3(Az)) = d3 + 1. In either case, by Observations 3.1.1 and 2.2.3,

S(Qi(Az)) = $(Qi1(Az)) + S(Qi2(Az)) + S(Qi3(Az)) = d3 + 3.

For the k™ clause, k € [m], the action of A on the corresponding polynomial Ry is:

Re(z) = [ (5 (=10 + (1))
Jelk

As the multiplicands in R¢(Az) do not share any variables, §(Ry(Az)) is the product of
the sparsity of the multiplicands. Since ¢(u) = 1, therefore in the k™ clause there exists
j € Cy such that ay; # u;. For that j, (y; + ((=1)"/ + (—1)")x;)%s = y;i“. As at least one

literal is true in every clause under u, §(Ry(Az)) < (d4 + 1)? using Observation 2.2.5.
Thus,

S(f(Az)) = S(A(xp)) + i§(Qi(AZ)) + i S (Ri(Az)) < 1+n(d3+3) +m(dy+1)* =s.
i=1 k=1
]
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3.1.3 The reverse direction

Now, we show that (f,s) € ETsparse implies ¢ € 3-SAT by showing that the permuted
and scaled versions of the transform of (3.4) form all the viable sparsifying invertible
linear transforms. This is where the constraints on the d;’s are used. So, let A € GL(|z|, F)
be such that §(f(Az)) < s. Lemma 3.1.1 shows that A(xy) is just a variable by leveraging
dl > s.

Lemma 3.1.1. Without loss of generality, A(xg) = xo.

Proof. 1f A(x) is a linear form in at least two variables, then it follows from the definition

of f in (3.1), Observation 3.1.1, Observation 2.2.5 applied on A(xgl), Observation 2.2.3,
and the constraint d; > s in (3.2) that §(f(Az)) > oS’(A(xgl)) > dy+1 > s, a contra-
diction. Hence, A(xp) has only one variable. By multiplying A with a permutation and
a scaling matrix, we can assume without loss of generality that A(xy) = xo. This can be
assumed because permutation and non-zero scaling of variables do not affect the sparsity

of a polynomial. O

The proof of Lemma 3.1.2 uses d, > 2d3 while that of Lemma 3.1.3 uses d3 > m(dy +
1)2+1.

Lemma 3.1.2. For any invertible A and i € [n]:

$(Qi(Az)) = §(Qi1(Az)) + $(Qi2(Az)) + (Qi3(Az)) > d3 +3,

where Q;, Q;1, Q;» and Q; 3 are as defined in Section 3.1.1. Equality holds if and only if
under A
x; — X;and Yi— Y; + (_1)”1‘X1.

for some scaled variables X, Y; € z and u; € {0,1}. Further, if §(Q;(Az)) # d3 + 3, then
$(Qi(A2)) > 25 +5.

Proof. Tt follows from Observations 3.1.1 and 2.2.3 that forany A € GL(|z|,F), $(Q;(Az)) =
S(Qi1(Az)) 4+ $(Q;2(Az)) + $(Q;3(Az)), where Q; is as described in Section 3.1.1. Now,
the if direction in the lemma statement is easy to verify. For the only if direction, consider
the following cases of A:

1. §(A(x;)) > 2: It follows from Observation 2.2.5 and dp > 2d3 that §(Q;1(Az))
dy+1>2d3+1. Also, $(Qi2(Az)) > 1and §(Q;3(Az)) > 1. Thus, §(Q;(Az))
dr +3 > 2d; + 3.

AV,

2. S(A(x) =1, S(A(yi +x;)) > 2 and S(A(y; — x;)) > 2: It follows from Ob-
servation 2.2.5 that §(Q;2(Az)) > d3+ 1 and §(Q;3(Az)) > ds3 + 1 implying
$(Qi(Az)) > 2d3 + 3.
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3. S(A(x;)) =1withS(A(y;+x;)) =lor S(A(y; —x;)) = 1: Let A(x;) = X; for some
scaled variable X; € z. Because A is invertible exactly one of S(A(y; + x;)) = 1 or
S(A(y; — x;)) = 1 holds true. Let S(A(y; + x;)) = 1, without loss of generality.
Then, it must be that A(y;) = Y; — X; for some scaled variable Y; € z. Thus, A(y; —
x;) = Y; — 2X;. Hence, $(Q;1(Az)) =1, §(Qi2(Az)) = 1and S(Qi3(Az)) =d5 +1
(by Observation 2.2.5) implying & (Q;(Az)) = d3 + 3.

The first two cases show that if A is not as per the lemma statement, then §(Q;(Az)) >
2d3 + 3; otherwise, §(Q;(Az)) = d3 + 3. O

Lemma 3.1.3. Under the given A, §(Q;(Az)) = d3 + 3 holds for all i € [n].

Proof. Suppose §(Q;(Az)) # ds + 3 for some j € [n]. Then, §(Q;(Az)) > 2d3 + 3 by
Lemma 3.1.2. By the definition of f in (3.1), Observations 3.1.1 and 2.2.3 and the condition
d3 > m(dg +1)> + 1, we get the following contradiction:

S(f(Az)) > S(A(xg)) + Z# S(Qi(Az)) + $(Qj(Az)) > 1+ (n —1)(3 +d3) + (3 + 2d3)
i=1,i#j
—=14+n(3+d3) +d3 =s—m(dy+1)>+dz > s.

n
7

]

Lemmas 3.1.1, 3.1.2 and 3.1.3 together show that A is a permuted scaled version
of the transform of (3.4). We can assume A to be as described in (3.4) without loss of
generality as permutation and non-zero scaling of variables do not affect the sparsity of a
polynomial. Proposition 3.1.2 shows how a satisfying assignment can be derived from A
using dq > m.

Proposition 3.1.2. With A as described in (3.4), u = (uy, ..., u,) is a satisfying assignment
for ¢.

Proof. Suppose not; then there exists k € [m] such that the k™ clause, Vjec, (x ® ay;), in
P is unsatisfied. Since this clause is unsatisfied, u; = ai; for all j € Cy. Thus, Ry (Az) =

xé3n+k)d1 [Ticc, (v £ 2xj)d4, where Ry is as defined in Section 3.1.1, and 8 (R (Az)) = (dg +

1)3 > (m+1)(dg + 1) by Observation 2.2.5, the fact that Ry(Az) is a product of linear

forms not sharing variables, and the condition d4 > m. By the definition of f and s in
Section 3.1.1, Observations 3.1.1 and 2.2.3, it holds that

n

S(f(Az)) > S(A(x0)") + 25’(@(/12)) + 8(Ri(Az))
>1+n(3+ds) +m(dg+1)>+(dg +1)2 =54 (dyg +1)> > 5,

a contradiction. Thus, u is a satisfying assignment for . O
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3.2 Homogenous Case

We show a modification of the construction in Section 3.1.1 which, along with arguments
similar to those in Sections 3.1.2 and 3.1.3, can be used to prove Theorem 1 for homo-
geneous polynomials over characteristic 0 fields. Because the polynomials are homoge-
neous, we cannot use degree separation like in the non-homogeneous case. Instead, we
introduce a new variable vy, a new degree parameter ds € IN, and redefine Q;(z) and
Ry (z) of Section 3.1.1 along with modified constraints on the d;’s so that:

1. Each polynomial is homogeneous with the same degree and is divisible by xgl and
dy

Yo~

2. Each polynomial has a distinct xo degree.

The divisibility condition ensures that both xp and yp map to scaled variables under a
sparsifying invertible linear transform (see Lemma 3.2.1 and its proof). Due to the sec-
ond condition, the polynomials are degree separated with respect to xp (see Observation
3.2.1). This fact is used to show that, under a sparsifying invertible linear transform,
the polynomials are degree separated with respect to xy (see Lemma 3.2.2 and its proof).
Formally, let xg, x and y be as defined in Section 3.1.1 and y be a new variable. Define
z:=xUyU{xo} U{yo}. Letdy, da,d3,dg,ds € IN. Consider the following polynomials:

1. For each variable x;, i € [n], define Q;(z) := Q;1(z) + Q;2(z) + Q;3(z), where

Qi1(z) = x B DAstl) ot (Bntm=33)(ds +1) ~ds ds

: 0 0 i
Qi,Z(Z) — xg1+(3i—1)(d3+1)ygz+(3n+m—3l+2)(d3+1)—d4(yi + xi)d4/

Q~3(z) . xd1+3i(d3+1)yd2+(3n+m73i+1)(d3+1),d4(
i, =X 0

yi — xi)™.
2. For the k' clause, k € [m], define
Rk(z) — xgl+(3n+k)(d3+1)ygz+(mfk+1)(d3+1)—3d5 1—[ (yj 4 (—1)“k'ij)d5.
J€Ck
Define s := 1 + n(dy + 3) + m(ds + 1)? and impose the following conditions on the d;’s:

dp > dr + (3n+m—l—1)(d3+1) +1, dy > max((3n—|—m—|—1)(d3+1),s) +1, (3.5)
dz > 2dy, dy > m(d5 + 1)2 +1, ds > m. .

For characteristic O fields, the inequalities of (3.5) can be converted to equalities to get

ds =m, dy = m(ds +1)> +1, d3 = 2dy,
dy =max((3n+m+1)(ds+1),s) +1, (3.6)
dy=dy+ Bn+m+1)(ds+1)+1.
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For these choices, s = 1+ n(dy +3) +m(ds +1)? = O(nm3), while (3n+m+1)(d3 +1) =
@((n + m)m3). Hence,

ds = O(m), dy = O(m®), d3 = O(m®),
dy = O((n+m)m®), di = O((n + m)m®).

Using the conditions in (3.5), it is easy to verify that the individual degree of xo and y( in
every polynomial defined above is at least d; and d», respectively. Define f as:

flz) = xypt Crim i) +ZQ1 )+ Y Ri(2). (3.7)

Clearly, f is a homogeneous polynomial of degree d1 +dy + (3n +m +1)(d3 + 1) and is

divisible by xgl and ygz. Further, the following observations hold under the constraints of

(3.5).

Ob . . dy . dp+(3n+m+1)(dz+1)
servation 3.2.1. For alli € [n], k € [m], the polynomials x,'y, ,Qi1(z),

Qi2(z), Qi3(z) and Ry(z) are degree separated with respect to xo from one another Also,

Qi(z) is degree separated with respect to xo from other Q;(z)’s, for i,j € [n] and i # j.

Similarly, Ri(z) is degree separated with respect to x¢ from R;(z) for k,I € [m] and k # 1.

Proof. The observation follows from the fact that the xp-degree of the summands in f, as
defined in (3.7), form an arithmetic progression with common difference d3 4 1 and hence
every polynomial in the observation statement has distinct xp-degree. [

Observation 3.2.2. $(f(z)) =1+ n(2dy +3) +m(ds + 1) and Supp(f) = 8.

Proof. By Observation 3.2.1, f is a sum of the n 4+ m + 1 polynomials xgl y32+(3n+m+1) (@+1),

Q; and Ry, wherei € [n] and k € [m], which are degree separated with respect to xg. Using
arguments similar to the proof of Observation 3.1.3, it holds that

$(Qi(z)) = $(Qix(z)) + $(Qi2(2z)) + $(Qiz(z)) =2dy + 3 Vi € [n],
S(Ry(z)) = (§>(xgl+(3n+k)(d3+1)ygz+(m—k+1)(d3+1)—3d5) H o?((yj (— 1)’1ka]) 5) = (d5+1) Vk € [m],

j€Ck
and
S(f(2)) = S (el O LY 5(0,(2)) + Y S(Relz) = 1+ n(2ds +3) + m(ds +1)°,
i=1 k=1

Thus, §(f(z)) > s but also (mn)°). For the support of f, note that Supp(Ry) = 8 for all

k € [m] while Supp(Q;) = 4 for all i € [n] and Supp(x dlyd2+(3n+m+1)(d3+1)) = 2. Hence,
by Observation 3.2.1, Supp(f) = Supp(Rx) = 8. O

20



The forward direction. Let u € {0,1}" be such that ¥(u) = 1 and f, as described in
(3.7), be the polynomial corresponding to . Proposition 3.2.1 shows how u can be used
to construct a sparsifying transform. The proof of Proposition 3.2.1 is very similar to that
of Proposition 3.1.1.

Proposition 3.2.1. §(f(Az)) < s where A € GL(|z|, F) is as follows:

A: Yo — Yo, Xo — Xo, Xi — Xj, Y;i — Y; + (—1)”ix,' i€ [Tl] (3.8)

The reverse direction. Let §(f(Az)) < s for some A € GL(|z|,F). Lemma 3.2.1, the
proof of which requires Claim 2.2.1, shows that A(xg) and A(yp) have only one variable
each. With this established, Lemma 3.2.2 shows that the summands of f(Az) must be
degree separated with respect to xo.

Lemma 3.2.1. Without loss of generality, A(xg) = xp and A(yo) = yo.

Proof. Suppose one of A(xg) or A(yp) is a linear form in at least two variables. As A(x)™
and A(yp)® divide f(Az), Claim 2.2.1 and the conditions of (3.5) imply §(f(Az)) > s
a contradiction. So, A(xp) and A(yp) must have only one variable each. Hence, without
loss of generality (i.e., after applying scaling and permutation to A), A(xg) = xp and

A(yo) = Yo. O

Lemma 3.2.2. For all i € [n], k € [m], the polynomials xglyd2+(3n+m+1) LA} 1(Az),

Qi2(Az), Qi3(Az) and Ry (Az) are degree separated from one another with respect to xo.
Also, Q;(Az) is degree separated with respect to xo from other Q;(Az)’s, for i, € [n] and
i # j. Similarly, Rx(Az) is degree separated with respect to x from R;(Az) for k,I € [m]
and k # [.

Proof. Note that each of the 3n + m + 1 summand polynomials, as mentioned in the

lemma statement, is of form xgﬁt(dﬁl) : ygfw -h(z), where t € [0,3n+ m] and v € N.
By the construction of f, each t corresponds to a unique summand polynomial. For

dlyd2+(3”+m+1)(d3+1) the degree of 1 is 0. Leti € [n]. For Q;1(Az), the degree of h is
ds while for Q;,(Az) and Q; 3(Az) the degree of h is ds. Lastly, for Ry (Az), where k € [m],
the degree of I is 3ds. Thus, going over all the summand polynomials, the degree of h
is at most the maximum of ds, ds and 3ds. Since d3 > ds and d3 > 3ds5 by the conditions
in (3.5), therefore the degree of / is at most d3. As shown in Lemma 3.2.1, A(xg) = xo
and A(yo) = yo while there may be monomials in /(z) which have non-zero xo-degree.
Thus, the possible range of xo-degree of any monomial of a summand polynomial lies
in the range [dy + t(ds + 1),d1 + t(d3 + 1) + d3], which is clearly disjoint for distinct .
Therefore, the summand polynomials are degree separated with respect to xo. O
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. S(f(Az)) = §(xfyltBrmEY LV 9(Qi(Az)) + Y S(Ri(Az)), by Lemma 3.2.2.
i=1 k=1

Lemmas 3.2.3 and 3.2.4 are modified versions of Lemmas 3.1.2 and 3.1.3 respectively and
have similar proofs as the original lemmas. Together, Lemmas 3.2.1, 3.2.3 and 3.2.4 show
that A is a permuted scaled version of the transform of (3.8). Proposition 3.2.2 then shows
how to obtain a satisfying assignment from A and can be proved similarly as Proposition
3.1.2.

Lemma 3.2.3. For any invertible A and i € [n]:
$(Qi(Az)) = 8(Qi1(Az)) + $(Qi2(Az)) + $(Qis(Az)) = ds +3,
where Q;, Q; 1, Q;» and Q; 3 are as defined earlier. Equality holds if and only if under A
xi— Xjand y; — Y+ (—1)"X;

for some scaled variables X;,Y; € z and u; € {0,1}. Further, if §(Q;(Az)) # dy + 3, then
$(Qi(Az)) > 2ds + 3.

Lemma 3.2.4. Under the given A, §(Q;(Az)) = ds +3foralli € [n].

Proposition 3.2.2. With A as described in (3.8), u = (u3, ..., uy) is a satisfying assignment
for .

3.3 Extension to finite characteristic fields

In this section, we will show how the construction of Sections 3.1.1 and 3.2, with some
changes for appropriate cases, can be used to show the NP-hardness of ETsparse over
finite characteristic fields for the non-homogeneous case (in the following section) and
the homogeneous case (in Section 3.3.3), respectively.

3.3.1 The non-homogeneous case

We first show how the construction of Section 3.1.1 also proves the reduction over fields IF
where the characteristic is greater than 2 and then give a modified construction to prove
the reduction over characteristic 2 fields. Note that the degrees are chosen in Section 3.3.2
to satisfy (3.2) in any finite characteristic field.

So, let the characteristic be p, where p > 2. In this case, the polynomial f and the
parameter s of Section 3.1.1 remain the same with the d;’s chosen as specified in Section
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3.3.2. The overall argument in both directions of the reduction is highly similar to the
characteristic 0 case, with the main differences being the choice of the d;’s and that in
the proofs of the observations, lemmas and propositions in Sections 3.1.1, 3.1.2 and 3.1.3
wherever Observation 2.2.5 is used, then it is invoked for the finite characteristic case.
Thus, Observations 3.1.1 and 3.1.2 hold without any change while Observation 3.1.3 holds
by using Observation 2.2.5 for the finite characteristic case.

The forward direction. If u € {0,1}" is such that ¢(u) = 1 and f, as described in (3.1),
is the polynomial corresponding to i, then Proposition 3.1.1 shows that for the transform
A of (3.4), defined using u, §(f(Az)) < s holds.

The reverse direction. If A € GL(|z|,[F) is such that §(f(Az)) < s, then the analysis of
Section 3.1.3 continues to hold in this case with little changes. Thus, Lemma 3.1.1 shows
that A(xg) = xo without loss of generality. Then, Lemmas 3.1.2 and 3.1.3 analyse the
sparsity of Q;(Az), where i € [n] and Q; is as defined in Section 3.1.1. Together, Lemmas
3.1.1, 3.1.2 and 3.1.3 show that A is a permuted scaled version of the transform of (3.4).

Finally, Proposition 3.1.2 shows that a satisfying assignment for 1 can be extracted from
A.

Construction for characteristic 2 fields

Over characteristic 2 fields, the polynomial y; + x; is the same as y; — x;. Due to this, the
definition of Q; and that of Ry in Section 3.1.1 need to be changed. Moreover, the sparsi-
fying transform will also be slightly different. Formally, let ¢, x, xo, y and z be as denoted
in Section 3.1.1. Let dq,d»,d3,dys € IN. The construction of Section 3.1.1 is modified as
follows:

e Foralli € [n], define Q;(z) as:
Qi(z) := Qi1(z) + Qix(z) + Qi3(z), where
Qin(z) = x DMxf, Qia(z) = 1V (g + x1)® and Qi5(2) = xg My,

e TFor the k' clause, k € [m], define R := x(()g"’th)d1 [Tiec, (yj + ag,jx;).

Define s := 1+ n(ds + 3) + m(dy + 1)? as before. Set the d;’s as specified in Section 3.3.2
with the conditions of (3.2) imposed. Define f as:

Flz) = 20 + Y. Qi) + Y Ril) 39
i=1 k=1

Observations 3.1.1 and 3.1.2 hold with little change. Observation 3.3.1 analyses the spar-
sity and support of f.
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Observation 3.3.1. S(f) <1+ n(ds+3) +m(dy+1)>and 4 < Supp(f) < 7.

Proof. By Observation 3.1.1, f is a sum of the n + m 4 1 degree separated polynomials xgl,
Q; and Ry, where i € [n] and k € [m]. Applying Observation 2.2.5 (for linear forms in two
variables over finite characteristic fields) to Q; , and Observation 2.2.2 to Q;, we get

$(Qi(z)) = $(Qix(2)) + $(Qia(z)) + $(Qiz(z)) = d3 +3, Vi€ [n].

By Observation 2.2.5 (for linear forms in two variables over finite characteristic fields) and
the assumption that each clause in ¢ has 3 distinct variables, we get that:

S (R(2) = $(x5) [T S((y) + arx)™) < (da+1)* Vk € [m].
jeCk
depending on 4 ; = 0 or 1. Finally, applying Observations 3.1.1 and 2.2.2 to f gives

n

m

S(f(2) = S + Y §(Qil2)) + Y- S(Re(2)) < 1+ n(ds +3) + m(ds +1)°
i=1 k=1

For the support of f, note that 4 < Supp(Ry) < 7 for k € [m], Supp(Q;) = 3 foralli € [n]

and Supp(xgl) = 1. By Observation 3.1.1, 4 < Supp(f) < 7. O

The forward direction. Let u € {0,1}" be such that y(u) = 1 and f, as described in
(3.9), be the polynomial corresponding to ¢. Proposition 3.3.1 shows how u can be used
to construct a sparsifying transform. The proof of Proposition 3.3.1 is very similar to that
of Proposition 3.1.1.

Proposition 3.3.1. §(f(Az)) < s where A € GL(|z|,F) is as follows:

A xg— xo, X;— X, yi— yi+ (1 —u;)x; Vi€ [n]. (3.10)

The reverse direction. Let A € GL(|z|,FF) be such that §(f(Az)) < s. The analysis
of Section 3.1.3 holds with some changes. Formally, Lemma 3.1.1 holds without any
change in its proof. Thus, A(xg) = xo without loss of generality. Lemma 3.3.1 analy-
ses §(Q;(Az)), i € [n], and its proof is similar to that of Lemma 3.1.2.

Lemma 3.3.1. For any invertible A and i € [n]:

$(Qi(Az)) = 8(Qi1(Az)) + 8(Qi2(Az)) + 8(Qi3(Az)) > d3 +3,

where Q;, Q;1, Q;» and Q; 3 are as defined in this subsection. Equality holds if and only
if under A
x; — X;and Yi— Y; + (1 — ul-)Xi

for some scaled X;,Y; € zand u; € {0,1}. Further, if §(Q;(Az)) # d3 +3,then §(Q;(Az)) >
2ds + 3.
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Lemma 3.1.3 also holds with the same proof as before. Lemmas 3.1.1, 3.3.1 and 3.1.3
together show that A is a permuted scaled version of the transform described in (3.10).
Proposition 3.3.2 then holds and can be proven similarly to Proposition 3.1.2.

Proposition 3.3.2. With A as described in (3.10), u = (uy,...,u,) is a satisfying assign-
ment for 1.

3.3.2 Setting of parameters in the non-homogeneous case

Let the characteristic be p > 0. If p > d;, where the value of d; is as set in (3.3) for
characteristic O fields, then the d;’s are chosen to be the same as in (3.3). Otherwise, p
must be O(nm®). When p = O(nm?), we choose dq,d,,d3 and dy, to be of form p/ — 1,
j € N, while satisfying the inequalities of (3.2) along with d; > d, > d3 > dy4. This is
done so that Observation 2.2.5 can be used for characteristic p fields with p = O(nm?). It
is possible to choose d;’s in this way because, for any k € IN, there is exactly one number
of form pf —1,j € N, in [k, pk]. The bounds on d1, dy, d3 and dy are as follows:

dy < pm, d3 < pm(dg+1)*+p = O(p°m®) = s = O(nmp?),
dy = pds+ (p — 1) = O(p*m®), di = max(r, pdy + p — 1)

where r € [s, ps] is of form p/ — 1, j € N. Thus, r < ps = O(nm®p*), while pdy + p — 1 =
O(p°m?3). As p = O(nm?),

d; = O(°m'®), dy = O(n*m™), d3 = O(n®*m'?), dy = O(nm*) and s = O(n*m'?).

3.3.3 The homogeneous case

Like in the non-homogeneous case, we first show how the construction of Section 3.2 can
be used to prove the reduction over fields where the characteristic is greater than 2 and
then give a modification of this construction to prove the reduction over characteristic
2 fields. Note that the degrees are chosen in Section 3.3.4 to satisfy (3.5) in any finite
characteristic field.

So, let the characteristic be p, where p > 2. We consider the polynomial f and param-
eter s as defined in Section 3.2. Note that the degree of fisd; +dy + (B3n+m+1)(d3 +1).
We choose d;’s in Section 3.3.4 such that ds, d4 and ds5 are of form pk — 1 for some k € N,
while d; and ds are of form p!(p! — 1), for some t,I € IN. For this choice of the d;’s, Obser-
vations 3.2.1 and 3.2.2 continue to hold for f. While the forward direction is proved sim-
ilarly to the characteristic O case, the reverse direction requires some change. More pre-
cisely, Lemma 3.2.1, which was proven earlier using Claim 2.2.1, requires a different proof.
This is because Claim 2.2.1 holds for fields with characteristic 0 or p, with p being “large
enough”. If p > dy +dy+ (3n+m+1)(d3 + 1) for d;’s as chosen in (3.6), then Claim 2.2.1
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holds and so does Lemma 3.2.1 along with the rest of the argument in the reverse direc-
tion of Section 3.2. Thus, we consider the case whenp < dy+d, + (Bn+m+1)(dz+1) =
O((n + m)m?) and prove Lemma 3.2.1 by a different argument. Then, the rest of the argu-
ment in the reverse direction of Section 3.2 continues to hold in the same way as before.

The forward direction. Let u € {0,1}" be such that ¥(u) = 1 and f, as described in
Section 3.2, be the polynomial corresponding to 1. Proposition 3.2.1, with the same proof
as before, shows how u can be used to construct a sparsifying transform.

The reverse direction. Let A € GL(|z|,FF) such that S(f(Az)) < s. We prove Lemma
3.2.1, which shows that A(xg) and A(yp) have only one variable each, by showing that for
an appropriate choice of d; and d; (see Section 3.3.4), and the characteristic being finite,
the following holds

S(f(Az)) = S(A(XG))S (A(y))S(3(Az)).

Here g(z) is a polynomial of degree (3n + m + 1)(ds + 1). Using Observation 2.2.4 and
the choice of d;’s, A(xo) and A(yp) are shown to be single variables. With Lemma 3.2.1
proven, Lemma 3.2.2, with the same proof as before, shows that all the summands in
f(Az) are degree separated from one another with respect to xg. From Lemmas 3.2.1 and
3.2.2, it follows that

m

S(F(Az)) = Syt CrmD@BI) Ly 00, (Az)) 1+ Y S(Ry(Az)).
i=1 k=1

Then, Lemmas 3.2.3 and 3.2.4 hold just as in the characteristic 0 case because d3, d4 and
ds are of form p* — 1. Together, Lemmas 3.2.1, 3.2.3 and 3.2.4 show that A is a permuted
scaled version of the transform of (3.8). Proposition 3.2.2 shows how to derive a satisfying
assignment for ¢ from A.

Construction for characteristic 2 fields

Similar to the non-homogeneous case, we modify the construction of Section 3.2 to make
the reduction work over characteristic 2 fields. Consider the following polynomials:

e Foralli € [n], define Q;(z) := Q;1(z) + Qi2(z) + Qi3(z) as:

Qii(z) == Lt (3i=2)(ds+1) yd2+(3n+m—3i+3)(d3+1)_d3xd3

0 0 i’
d1+3i(dz+1)  dr+(3 —3i+1)(d3+1)—dy_d
Qia(z) = 2 i(d3+ )y02+( n-+m—3i+1)(d3+1) sy,
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e For the k' clause, k € [m], define

Rk(z) — xgl+(3n+k)(d3+1)ygz+(mfk+1)(d3+1)—3d5 H (}/j 4 aijj)d5
j€Ck

Define s := 1+ n(dy + 3) + m(ds + 1)? as before. Set the d;’s as specified in Section
3.3.4 to satisfy the conditions in (3.5). Define f as:

f(z) i= xhylt Gromt D@D LY 0. 2) + Y Ri(2). (3.11)
i=1

Observation 3.2.1 holds with little change. Observation 3.3.2 analyses §(f) and Supp(f).
Observation 3.3.2. S(f) <1+ n(dy+3)+m(ds+1)%>and 5 < Supp(f) < 8

Proof. By Observation 3.2.1, f is a sum of the n 4+ m + 1 polynomials xgly32+(3n+m+1)(d3+1),

Q; and Ry, where i € [n] and k € [m], which are degree separated with respect to xo.
Applying Observation 2.2.5 (for linear forms in two variables over finite characteristic
tields) to Q; » and Observation 2.2.2 to Q;, we get

$(Qi(z)) = $(Qix(2)) + $(Qia(z)) + S(Qiz(z)) = dy +3, Vi € [n].

By Observation 2.2.5 (for linear forms in two variables over finite characteristic fields) and
the assumption that each clause in ¥ has 3 distinct variables, we get that:

]GCk

depending on whether a;; is 0 or 1. Finally, applying Observations 3.2.1 and 2.2.2 to f
gives

$(f(2)) = S (e ) LY 9(0.(2)) + Y. S(Ryl2)) < 1+ n(ds+3) + m(ds +1)°.
i=1 k=1
For the support of f, note that 5 < Supp(Ry) < 8 for k € [m], Supp(Q;) =

4
and Supp(xglyd2+(3n+m+1)(d3+1)) = 2. By Observation 3.2.1, 5 < Supp(f) < 8

foralli € [n]
U

The forward direction. Let u € {0,1}" be such that ¥(u) = 1 and f, as described in
(3.11), be the polynomial corresponding to . Proposition 3.3.3 shows how u can be used
to construct a sparsifying transform. The proof of Proposition 3.3.3 is similar to that of
Proposition 3.2.1.

Proposition 3.3.3. §(f(Az)) < s where A € GL(|z|,F) is as follows:

At xg — X0, Yo — Yo, Xi > Xi, Yi— Y+ (1 — ul-)xi Vi e [TZ] (3.12)
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The reverse direction. Let A € GL(|z|,FF) be such that §(f(Az)) < s. Lemmas 3.2.1
and 3.2.2 hold with little change in the arguments presented in the finite characteristic
case. Thus, A(xg) = xo and A(yo) = yo without loss of generality. Lemma 3.3.2 analyses
$(Qi(Az)), i € [n], and its proof is similar to that of Lemma 3.2.3.

Lemma 3.3.2. For any invertible A and i € [n]:

$(Qi(Az)) = §(Qi1(Az)) + S(Qi2(Az)) + S(Qi3(Az)) > dy +3,

where Q;, Q;1, Q;» and Q; 3 are as defined in this subsection. Equality holds if and only
if under A
Xj — Xl' and Yi— Yi + (1 — ui)Xl-

for some scaled X;, Y; € zand u; € {0,1}. Further, if §(Q;(Az)) # ds+3,then §(Q;(Az)) >
2d4 + 3.

Lemma 3.2.4 also holds with the same proof as before. Lemmas 3.2.1, 3.3.2 and 3.2.4
together show that A is a permuted scaled version of the transform described in (3.12).
Proposition 3.3.4 then holds and can be proven similarly to Proposition 3.2.2.

Proposition 3.3.4. With A as described in (3.12), u = (uy,...,uy) is a satisfying assign-
ment for 1.

3.3.4 Setting of parameters in the homogeneous case

Let the characteristicbe p > 0. If p > dy +dy + (3n +m + 1)(ds + 1), where dy,d, and
d3 are as chosen in (3.6) for the characteristic 0 case, then the same setting of d;’s holds.
Otherwise, p = O((n + m)m?3). Similar to the non-homogeneous case, we choose d3, d4
and ds so that d3 > d4 > ds and they are of form pk — 1, k € IN. We have the following
bounds:

ds < pm = ds = O(pm) = O((n+m)m ),

dy < pm(ds +1)2+p = dy = O(p*>m®) = O((n 4+ m)>m'?),
o5 =0(pPnm®) = O((n 4 m)3nm'?),

d3=pdy+p—1 = d3 = O(p*m®) = O((n + m)*m").

(3.13)

This choice of d3, dy and d5 ensures they are (mn)°(), satisfy (3.5) and that Observation
2.2.5 can be used for characteristic p fields with p = O((n + m)m?). Now, let k; :=
Llogp(s)J +1,ky = Llogp((3n +m—+1)(ds+1))] +1, then set
k1+ky—1 )
=Y, (p-Dp =prth—pa (3.14)
i=ky
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For this choice, dy > s and dy > (3n + m +1)(d3 4 1). Lastly, let k3 := |log,,(d2 + (3n +
m+1)(d3+1))] + 1, then set

k3+k1—1 )
d= Y (p-1Dp=phth—pb>d+OBnt+m+1)(ds+1). (3.15)
i=ks

For this choice of d; and d, it holds that,
dy = O(p*s(Bn+m+1)(dz +1)) = O(pPPnm®(n + m)) = O((n + m)Pnm*)
dy = O(p*s(da + (3n+m+1)(d3 +1))) = O(p™*n?m’ (n +m)) = O((n + m)P>n>m°).

3.4 Extending Theorem 1 for translations

In this section, we modify the construction of Section 3.1.1 to prove part 1 of Theorem
1 while considering translations. The idea is to choose the degree parameters for the
polynomial f such that if f(Az + b) is s-sparse, where A € GL(|z|,F) and b € F/?, then
b must be 0 (the all 0s vector in IF/?) and A must be as described in (3.4). We first show the
reduction over any field of characteristic not equal to 2 and give a separate construction
for characteristic 2 fields.

Formally, let ¥, x, x9, y and z be as denoted in Section 3.1.1. For b & IF'Z‘, b|w denotes
the component of b corresponding to the variable w € z. Let dy, dy, d3, d4 € IN. Consider
the following polynomials:

e Corresponding to x;, where i € [n], define Q;(z) as

Qi(z) := Qi1(z) + Qi2(z) + Qiz(z), Qii(z) := x(()?’i_z)(dﬁl) fl2,
Qia(z) == x(()3i_1)(d2+1)(yi + xi)d3 and Q;3(z) := xgi(dzﬂ)(yi — x;)B.

k (3d4+1)

e For the k' clause, k € [m], define Ry(z) := x [jec, (v + (= 1)%ix;)%.

Define s := 1 + n(ds + 3) + m(dy + 1)2. Impose the following conditions on the d;’s:

di > 6n(dy+1) +2d3+2, dy > 2d3, d3 > m(dy +1)>+1, dy > m. (3.16)
Finally, define f(z) as
flz) = X3 + Z Qi(z f Ri(z). (3.17)
k=1 o

The d;’s are chosen in Section 3.4.1 such that they are (mn)~\") and also satisfy the inequal-
ities of (3.16) over any field. Observations 3.4.1, 3.4.2 and 3.4.3 hold under the conditions
of (3.16).
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Observation 3.4.1. For all i € [n], k € [m], the polynomials xgl, Qi1(z), Qia2(z), Qis(z)
and R(z) are degree separated from one another. Also, Q;(z) is degree separated from
other Q;(z)’s, for i,j € [n] and i # j. Similarly, Ry(z) is degree separated from R;(z) for
k,1 € [m]and k # 1.

Proof. Leti € [n]. Note that Q;1(z) has degree (3i —2)(d2 + 1) + dp, Q;2(z) has degree
(8i —1)(d2 +1) +ds and Q; 3(z) has degree 3i(dy + 1) + d3. Clearly,

Bi(dp+1)+dz > Bi—1)(dp+1)+d3 > (3i —2)(dp + 1) + d>.
Thus, Q;1(z), Qi2(z) and Q;3(z) are degree separated and Q;(z) is a sum of three degree

separated polynomials and has degree 3i(dy + 1) + d3.

Now, leti € [n] and k € [m]. The lowest degree of any monomial of Q;(z) is (3i —
2)(dy + 1) + dy > 2d,, while the degree of any monomial of Ri(z) is k(3ds + 1) + 3dy <
m(3dy + 1) + 3dy. As dy > 2d3 and d3 > m(dy + 1)? from (3.16), therefore

2dy > 4ds > dm(dy +1)% > m(3dy + 1) + 3d,

Thus Q;(z) is degree separated from Ry(z).

Lastly, let i,j € [n] where i < j without loss of generality. The highest degree of any
monomial of Q;(z) is 3i(d2 + 1) + d3 while the lowest degree of any monomial of Q;(z) is
(3j —2)(d2 + 1) + dy. Note that

(3j—2)(d2+1) +dy > (3i+1)(d2—|—1) +dy > 3i(d2+1) +dj

becausej > i+ 1and d, > d3 from (3.16). Therefore Q;(z) and Q;(z) are degree separated.
That Ri(z) is degree separated from R;(z) for k,I € [m] and k # I can be observed from

the fact that the degree of Ry(z) is k(3dy + 1) + 3dy. Clearly, xgl is degree separated from
the rest of the polynomials because d; > 6n(ds + 1) + 2d3 + 2 while the highest degree
polynomial among Q;(z)’s and Ry(z)’s is Q,(z) of degree 3n(dy 4+ 1) + ds. O

Observation 3.4.2. The degree of f is d; = (mn)°() with %1 > s.

Proof. By the definition of f in (3.17) and Observation 3.4.1, the degree of f is the maxi-

mum degree among xgl, Qi’s and Ry’s, where i € [n] and k € [m]. The degree of Q; is
3i(d2 + 1) + d3 and that of Ry is k(3d4 + 1) + 3d4 with 3i(d2 + 1) +ds > k(3€l4 + 1) + 3dy.
Further, d; > 6nd; + 6n + 2d3 4 2. Hence the degree of f is dy. Finally, it holds by (3.16)
that & > 3ndy > 3nds > s. O

Observation 3.4.3. §(f(z)) = 1+ n(2d3 +3) + m(dy + 1)% and Supp(f) = 7.

The proof of Observation 3.4.3 is similar to that of Observation 3.1.3 and uses Observa-
tions 3.4.1,2.2.2 and 2.2.5.
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The forward direction. Ifu € {0,1}" is such that ¢(u) = 1 and f, as described in (3.17),
is the polynomial corresponding to 1, then Proposition 3.1.1, with some small changes to
its statement and proof, shows that for b = 0 and the transform A as described in (3.4),

S(f(Az)) < sholds.

The reverse direction. We leverage the constraints in (3.16) to show that if §(f(Az +
b)) < s for some A € GL(|z|,FF) and b € F/?, then A is as described in (3.4) and b = 0.
Lemma 3.4.1 shows that A(xg) = x, without loss of generality, and b|x0 = 0. Then,
Lemma 3.4.2 shows that the summands of f(Az + b) are degree separated with respect
to xg.

Lemma 3.4.1. A(x) = xo, without loss of generality, and b},,, = 0.

Proof. Let £y = A(xo) and by = by,,. If by = 0 and ¢ is a linear form in at least two

variables, then by the choice of d; and Observation 2.2.5, §((£g + bo)?) > dy +1 > s. If
by # 0, then by the binomial theorem

4k (1) i
(o +bo) =Y (1) bigin,

i—o \!

The summands in the above expansion are degree separated and (dil) # Oforalli € [0,d4]
because of the choice of d; (and Lucas’s Theorem if the characteristic is finite). Thus,
(€0 + bp)™ contains at least one monomial of degree i, for all i € [0,d]. Since dz—l >
3n(dy+1) 4+ ds > s and the maximum degree of any polynomial among the Q;’s and Ry’s,
withi € [n] and k € [m], is 3n(da + 1) + d3, therefore at least s + 1 monomials in (/o -+ b )1
are degree separated from Q;(Az + b)’s and Ry(Az + b)’s. Hence §(f(Az+Db)) > s, a
contradiction. Thus, b, = by must be 0 and A(xg) = fo must have only one variable,
which can be assumed to be xy without loss of generality, as permutation and non-zero

scaling of variables does not affect the sparsity. O

Lemma 3.4.2. For alli € [n], k € [m], xgl, Qi1(Az+b), Qi2(Az+Db), Qi3(Az+b) and
R;(Az + b) are degree separated from one another with respect to xg. Also, Q;(Az + b)
is degree separated with respect to xq from other Q;(Az +b)’s, for i,j € [n] and i # j.
Similarly, Rx(Az + b) is degree separated with respect to x from R;(Az +b) for k,I € [m]
and k # L.

Proof. Leti € [n]. For Q;1(Az+Db), Qi2(Az+Db) and Q;3(Az + b), the respective range of
xo-degree of a monomial of respective polynomials is [(3i —2)(dy + 1), (3i —2)(d2 + 1) +
dz], [(31 — 1)(d2 + 1), (31 — 1)(d2 + 1) + dg] and [3Z(d2 + 1),3i(d2 + 1) + d3] As dy > dj,
it can be observed that these ranges are disjoint, implying Q; 1(Az+b), Q;»(Az +b) and
Qi3(Az + b) are degree separated from one another with respect to xo.
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Leti,j € [n] and i < j without loss of generality. For Q;(Az +b) and Q;(Az +b), the
respective range of xg-degree of a monomial of respective polynomials is [(3i — 2)(dy +
1),3i(d2 + 1) + dg] and [(3] — 2)(d2 + 1),3j(d2 + 1) + d3] Asdy > dzandj > i+1,
therefore (3j —2)(dy + 1) > 3i(dy + 1) + d3. Hence, Q;(Az + b) is degree separated from
Q;(Az + b) with respect to xo.

Now, let k,I € [m] and k < I without loss of generality. For R¢(Az + b) and R;(Az +
b), the respective range of xo-degree of a monomial of respective polynomials is [k(3d4 +
1),k(3dy+1) 4+ 3dy] and [I(3dy +1),1(3ds + 1) + 3d4]. Asl > k+1, therefore [(3dy +1) >
k(3dy + 1) + 3dy. Hence, Ry(Az + b) is degree separated from R;(Az + b) with respect to
XQ0.

Lastly, let i € [n] and k € [m]. The highest xo-degree of a monomial in Rx(Az + b)
is k(3ds + 1) + 3dy < m(3dy + 1) + 3dy, while the lowest xo-degree of any monomial in
Qi(Az+b)is (3i —2)(dy + 1) > dy. Now,

dy > 2d3 > 2m(dy +1)% > m(3dy + 1) + 3d,

where the inequalities follow from the conditions in (3.16). Therefore Q;(Az + b) is degree

separated from Ry(Az + b)’s with respect to xg. Clearly, xgl is degree separated with
respect to xo from Q;(Az + b) and Ry(Az + b) because d; > 3n(dy + 1) + d3, the highest

xo-degree of any monomial among the Q;(Az + b)’s and Ry(Az + b)’s. O
d n m
S S(f(Az+Db)) = S(xy) + ) S(Qi(Az+b)) + ) S(Ri(Az + b)) by Lemma 3.4.2.
i=1 k=1

Lemma 3.4.3 analyses the sparsity of Q;(Az + b). The proof of Lemma 3.4.3 is similar to
that of Lemma 3.1.2 and uses Observations 2.2.5 and 2.2.6.

Lemma 3.4.3. For any invertible A, b € Fl#l and i € [n]:
S(Qi(Az+b)) = $(Qi1(Az+b)) + S(Qi2(Az + b)) + S(Qi3(Az+b)) = d5 +3,

where Q;, Q;1, Q;» and Q; 3 are as defined in this section. Equality holds if and only if
b, =0,b,, = 0 and under A

Xi — Xi and Yi — Yi -+ (—1)MiXZ'

for some scaled X;,Y; € z and u; € {0,1}. Further, if §(Q;(Az + b)) # d3 + 3, then

Proof. From Lemma 3.4.2 and Observation 2.2.2, it follows that S (Q;(Az+b)) = S(Q;1(Az +
b)) + $(Qi2(Az+b)) + §(Q;3(Az + b)). The if direction of the lemma statement is easy
to verify. For the only if direction consider the following cases of A and b:
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1. S(A(xi) +bp,) > 2: If b),, = 0 then S(A(x;)) > 2 and by Observation 2.2.5,
$(Qi1(Az +b)) > da + 1. If by, # 0 then by the choice of d; and Observation 2.2.6,
S(Qi1(Az+Db)) > dr+1. Also, §(Q;2(Az+Db)) > 1 and §(Q;3(Az+Db)) > 1
Hence, §(Q;(Az+Db)) > dy +3 > 2d3 + 3 as dy > 2d3. For the remaining cases, we

consider §(A(x;) +bj,,) = 1, meaning A(x;) = X; for some scaled variable X; € z

and b, = 0.

2: Like in the previous case, it can be shown using Observation 2.2.5 (if bly,- = (0) or
Observation 2.2.6 (if b|,, # 0) that §(Q;2(Az +b)) > d3 +1and §(Q;3(Az+b)) >
ds + 1 implying (Q;(Az + b)) > 2d; + 3.

3. S(A(x;) + b|x,~) = 1 with S(A(y; + x;) + b|yi + b\xi> = 1lor S(A(y; — x;) + b|yi —
b|,,) = 1: Because A isinvertible, S(A(y; — x;)) > 1and S (A(y; + x;)) > 1. Further,
since b|,, = 0, therefore b|,, must be 0. This observation and the invertibility of A
imply that exactly one of S(A(y; +x;)) = 1 or S(A(y; — x;)) = 1 holds. Without
loss of generality, let S(A(y; + x;)) = 1, which implies A(y;) = Y; — X; for some
scaled variable Y; € z. Then A(y; — x;) = Y; —2X;. Hence, §(Q;1(Az+Db)) =1
S(Qi2(Az+b)) =1and S(Q;3(Az+ b)) = d3 + 1 (by Observation 2.2.5) implying
S(Qi(Az+Db)) =dz+3.

2. S(A(xl) +b|xi) =1, o?(A(% + xi) +b|yi +b|x,) > 2and c?(A(% — xi) +b|yi —b|xi) >

The first two cases show thatif A and b are not as per the lemma statement, then §(Q;(Az +
b)) > 2d3 + 3; otherwise, (Q;(Az + b)) = d3 + 3. O

Lemma 3.1.3 holds with some change to its statement and can be proved using Lemmas
3.4.2 and 3.4.3, and Observation 2.2.2. Lemmas 3.4.1, 3.4.3 and 3.1.3 together show that A
is a permuted scaled version of the transform of (3.4) and that b = 0. Then, Proposition
3.1.2 shows how a satisfying assignment for i can be recovered from A.

Construction for characteristic 2 fields

Since over characteristic 2 fields y; + x; and y; — x; are the same polynomials, we need
to modify the previous construction. Moreover, the sparsifying transform will also be
slightly different. Formally, let ¢, x, xo, y and z be as denoted in Section 3.1.1. Let dy, d>,
d3, ds € N. Consider the following polynomials:

e Corresponding to x;, where i € [n], define Q;(z) as

Qi(z) := Qi1(2z) + Qia(z) + Qis(z), Qi1(z) == x(()3i—2)(d2+1) <,

Qin(z) == x(()Si_l)(dZH)(]/i +x;)% and Q;3(z) = xSZ(dz“)y‘-i?’-

1

e For the k' clause, k € [m], define Ry(z) := xg(3d4+1) [Tiec, (vj + ak,jx]-)d4
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Define s := 1+ n(d; + 3) + m(dy + 1)?. Choose d,’s as specified in Section 3.4.1 so that
they are (mn)°(!) and satisfy the conditions of (3.16). Finally, define f(z) as:

F2) = x4 Y Qi) + ) Re(a). (.18)
i=1 k=1

Observations 3.4.1, 3.4.2 hold with little change. Observation 3.4.4 analyses the sparsity
and support of f and has a proof similar to that of Observations 3.4.3 and Observation
3.3.1.

Observation 3.4.4. S(f(z)) <1+ n(ds +3) +m(dy+ 1) and 4 < Supp(f) < 7.

Remarks. Like in Section 3.3.3, the sparsity of the polynomial output by the reduc-
tion over characteristic 2 fields depends on the number of variables which are
complemented within a clause. Hence, for the same number of variables n and
the same number of clauses m, the output polynomial corresponding to two dif-
ferent ¢’s may have different sparsity. Thus, the reduction is not natural over
characteristic 2 fields.

The forward direction. Let u € {0,1}" be such that ¥(u) = 1 and f, as described in
(3.18), be the polynomial corresponding to . Proposition 3.3.1 shows how u can be used
to construct a sparsifying transform A with b = 0.

The reverse direction. Let A € GL(|z|,F) and b € Fl*l be such that §(f(Az + b)) < s.
The analysis of the reverse direction in the previous section holds with some changes.
Formally, Lemma 3.4.1 holds without any change in its proof while Lemma 3.4.2 holds
with some change in its statement and proof. Thus, A(xg) = x¢ without loss of generality.
Lemma 3.4.4 analyses §(Q;(Az + b)), where i € [n], and its proof is similar to that of
Lemma 3.4.3.

Lemma 3.4.4. For any A € GL(|z|,F?l),b € Fl#l and i € [n]:
S(Qi(Az+b)) = $(Qi1(Az+b)) + S(Qix(Az + b)) + S(Qi3(Az+ b)) = d5 +3,

where Q;, Q;1, Qi and Q; 3 are as defined in this section. Equality holds if and only if
b|x,- = O,b‘yi = 0 and under A

X; — X; and Yi— Yi + (1 — Lli)Xi

for some scaled X;,Y; € z and u; € {0,1}. Further, if §(Q;(Az + b)) # d3 + 3, then
S(Qi(Az+b)) > 2d5 + 3.

Lemma 3.1.3 holds with the same proof (for translations) as before. Lemmas 3.4.1, 3.4.4
and 3.1.3 together show that A is a permuted scaled version of the transform of (3.10)
and that b = 0. Then, Proposition 3.3.2 shows how a satisfying assignment for ¢ can be
recovered from A.
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3.4.1 Setting of parameters

For characteristic 0 fields. In this case, the inequalities in (3.16) can be converted to
equalities. Thus

dy=m, d3=m(m+1)*+1=0(m’) = s=0(nm),
dy =2m(m+1)> +2 = O(m®), d; = 6ndy + 6n +2d3 +2 = O(nm?).

For finite characteristic fields. Let the characteristic be p > 0. If p > d;, where the value
of d; is as in the characteristic 0 fields case, then the d;’s are set as per the characteristic 0
fields case. Otherwise p = O(nm?). In such a case, we choose the d; > dy > d3 > dy4 to
be of form pk — 1, for some k € N, so that the conditions in (3.16) are satisfied and Obser-
vation 2.2.5 can be used over characteristic p fields. The lemmas and the observations in

the previous section hold for this choice of the d;’s. Now, the following bounds hold on
the d;’s:

dy < pm, d3 < pm(dy +1)> +p = O(p°m®) = s = O(nmp?),
dy = pds + (p — 1) = O(p*m®), dy < p(6ndy + 6n + 2d3 +2) = O(nmp°).

As p = O(nm?), therefore

d; = O(n®m'®), dy = O(n*m'®), d3 = O(n®>m'?), dy = O(nm*) and s = O(n*m!?).
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Chapter 4

NP-hardness of a-gap-ETsparse

In this section, we prove Theorem 2. We first prove parts 1 and 2 of Theorem 2 over
characteristic 0 fields without considering translations in Sections 4.1 and 4.2, respectively.
Section 4.3 extends both parts to finite characteristic fields.

Proof sketch. For a 3-CNF 1, we carefully analyze the sparsity of the corresponding
polynomial f as defined in Section 3, for the non-homogeneous and the homogeneous
case. For unsatisfiable ¢’s, we do a slightly deeper analysis on §(f(Az)), for all A €
GL(|z|,F), to show a lower bound. For satisfiable ¢’s, §(f(Az)) has already been up-
per bounded for an appropriate A € GL(|z|,F). The degree parameters are also chosen
differently so that the gap between the lower bound and the upper bound is significant.
Comparing the sparsities for satisfiable and unsatisfiable 1’s proves Theorem 2. Note that
throughout this section, we assume € € (0,1/3) to be an arbitrary constant.

4.1 Analyzing the gap: the non-homogeneous case

For a 3-CNF 9, consider the polynomial f as defined in (3.1). Choose the d;’s to satisfy
the following while also being (111)°(1):

dy > max(4mn, (mn O(17€) ds=m(dy+1)°+1, dy=d3+1,dy =dy + 1. (4.1)
3

Note under these constraints, the conditions in (3.2) are also satisfied. Lets := S(f).
Then, s = 1+ n(2d3 + 3) + m(dy + 1) by Observation 3.1.3. For ¢ € 3-SAT, Lemma 4.1.1
shows lower bounds on §(f(Az)) for all A € GL(|z|,F). In the lemma, Item 1 is essen-
tially Lemma 3.1.1, Items 2 and 3 are a slightly deeper analysis of that in Lemmas 3.1.2 and
3.1.3, and Item 4 is the analysis in Proposition 3.1.2. Thus, Lemma 4.1.1 encapsulates the
analysis of Section 3.1.3. For i € 3-SAT, by Proposition 3.1.1, there exists A € GL(|z|, [F)
such that S (f(Az)) < so, where sy = 1+ n(ds +3) + m(dy + 1)2. Proposition 4.1.1 shows
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a-gap-ETsparse is NP-hard by comparing the sparsity for satisfiable and unsatisfiable ¢’s,
and uses Lemma 4.1.1 and the conditions in (4.1).

Lemma 4.1.1. Let ¢y € 3-SAT, f be as defined in (3.1) corresponding to i and A &<
GL(z], IF).

1. If A(xp) is a linear form in at least 2 variables, §(f(Az)) > d; + 1.

2. If A is not as in item 1 and A(x;) is a linear form in at least 2 variables for some
j € [n], then §(f(Az)) > dp + 1.

3. If Aisnotas initems 1 and 2 and for some j € [n], A(y; + xj) or A(y; — x;) is a linear

2
form in at least 3 variables, then §(f(Az)) > w.

4. If A is not of the form described in the previous three items, then §(f(Az)) >
(dy +1)3.

Proof. By Observations 3.1.1,2.2.3 and the definition of f as in (3.1), it follows that:

S(F(Az)) = S(AG)) + ) S(Qi(Az) + Y. S(Re(Az)).

i=1 k=1

We now analyse §'(f(Az)) under the transforms listed in the lemma statement. The list
covers all possible types of transforms.

1. By Observation 2.2.5, §(f(Az)) > <§’(A(xgl)) > dq + 1 follows.

2. In this case, A(xg) = x¢ without loss of generality, as permutation and non-zero
scaling of variables do not influence the sparsity of the polynomial. By Observation
2.2.5, it follows that 8 (f(Az)) > §(Qj1(Az)) > dy + 1.

3. In this case, A(x;), where i € [0,n] is some scaled variable in z. Without loss of
generality, let A(y; + xj) be a linear form in at least 3 variables. By Observation

2.2.4,8(Qj2(Az)) > (d32+ %) holds. Therefore,

d3+2) _ di+3d3+2

$(f(Az)) = $(Q)(Az)) > 8(Qj2(Az)) > ( 2 2

4. In this case, A(x;) = X;, where i € [0,n] and X; € z is some scaled variable. Also,
A(y; + x;) and A(y; — x;) are linear forms in at most two variables for all i € [n].
Thus, A(y;) = Y; + ¢;X;, where ¢; € F and Y; € z is some scaled variable. As A is
invertible, the Y;’s and X;’s are distinct variables. Hence,

S (Re(Az)) = S(XJHM) rC[ S(Y;+ (¢ + (—1)™1) X;)™).
7€Ck

Since 1 is unsatisfiable, for any such A, there exists k € [m] such that §(Ry(Az)) >
(dg + 1)3 (by Observation 2.2.5). Therefore, S(f(Az)) > §(Ry(Az)) > (dg +1)3.
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Proposition 4.1.1. Let char(F) = 0. If the input in a-gap-ETsparse is an s-sparse polyno-
mial, then a-gap-ETsparse is NP-hard for a = s'/37,

Proof. If p € 3-SAT, then §(f(Az)) < sy where A is as described in (3.4). If p € 3-SAT,
then it follows from Lemma 4.1.1 that for any A € GL(|z|, F):

d§+3d3—‘r—2

S(f(Az)) > min <d1 +1,dy 41,20 (dy 1)3>.

The constraints imposed in (4.1) ensure that (dy4 + 1) is the minimum. As d3 = m(dy +
1)2 4 1, therefore s9 = 1+ n(ds +3) +m(dy +1)*> < 3nd; = 3mn(dy +1)*> +3n <
4mn(dyg + 1)%. Thus, the gap in the sparsities of the YES instances and the NO instances is

(d4+1)3 N (d4+1)3 - dy+1
so  4mn(dy+1)2  4dmn

Also, asdy > 4mn, S(f) =s <2m(dy +1)3 = dy+1 > (5)/3. Then, the gap is

(d4+1)3>d4+1> s1/3
S0 ~ 4dmn T 2V/34m4/3n’

Finally, note that s > di. Thus, for die > (mn)o(l) large enough,

1/3
S 1/3—€

s€ > d?f > 2183423y — > s

21/34m4/3n —

Hence, the gap is at least s'/37€. Therefore, 3-SAT reduces to x-gap-ETsparse for a =
gl/3—€ O]

4.2 Analyzing the gap: the homogeneous case

Consider the polynomial f as defined in (3.7) for ¢. Choose the d;’s to satisfy the following

constraints while also being (m1)°(1).

ds > max((4mn, (mn)°1€)), dy = m(ds +1)2 +1, d3 = d3 +1,
dy =max((Bn+m+1)(d3+1),s)+1, (4.2)
di=dy+Bn+m+1)(ds+1)+1.

Under these constraints, the conditions in (3.5) are also satisfied. Let s := &(f). Then,
s = 1+ n(2ds + 3) + m(ds + 1)3 by Observation 3.2.2. For ¢ € 3-SAT, Lemma 4.2.1,
proved using Claim 2.2.1, shows lower bounds on §(f(Az)), for all A € GL(|z|,F). In
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the lemma, Items 1 and 2 are essentially Lemma 3.2.1, Items 3 and 4 are a deeper analysis
of that in Lemmas 3.2.3 and 3.2.4, and Item 5 is the analysis in Proposition 3.2.2. For
¢ € 3-SAT, by Proposition 3.2.1, there exists A € GL(|z|,F) such that S(f(Az)) < s,
where s) = 1+ n(dy + 3) + m(ds + 1)?. Proposition 4.2.1 proves a-gap-ETsparse is NP-
hard using Lemma 4.2.1 and the conditions in (4.2).

Lemma 4.2.1. Let ¢ € 3-SAT, f(z) be the polynomial as defined in (3.7) corresponding to
pand A € GL(|z|, F).

1. If A(xp) is a linear form in at least 2 variables, §(f(Az)) > d; + 1.

2. If Aisnotasinitem 1 and A(yp) is a linear form in at least 2 variables, §(f(Az)) >
dy + 1.

3. If Ais not as in items 1 and 2, and A(x;) is a linear form in at least 2 variables for
some j € [n], then §(f(Az)) > d3 + 1.

4. If A is not as in items 1, 2 and 3, and for some j € [n], A(y; + x;) or A(y; — x;) is a
2
linear form in at least 3 variables, then §(f(Az)) > w.
5. If A is not of the form described in the previous four items, then §'(f(Az)) > (ds +
1)3.

Proof. Like in the proof of Lemma 4.1.1, we analyse §'(f(Az)) with A as listed in the
lemma statement. Suppose A(xo) is a linear form in at least 2 variables. Since xgl divides
f, it follows from Claim 2.2.1 that §(f(Az)) > d; + 1. Similarly, if A(xp) is a variable

while A(yp) is a linear form in at least 2 variables, then since ygz divides f, §(f(Az)) >
dy 4+ 1 holds by Claim 2.2.1. For the remaining cases, A(xy) = xo and A(yo) = yo without
loss of generality. It then follows from Lemma 3.2.2 that
_ dy . do+(Bn+m+1)(ds+1) = i
$(f(Az)) = S(A(x'y, ) +)_S(Qi(Az)) + ) S(Ri(Az)).
i=1 k=1

The last three cases then can be proved the same way as the last three cases of Lemma
4.1.1 in the non-homogeneous case. O

Proposition 4.2.1. Let char(FF) = 0. If the input in a-gap-ETsparse is an s-sparse homoge-
neous polynomial, then a-gap-ETsparse is NP-hard for a = s!/3~€.

Proof. If ¢ € 3-SAT, then §(f(Az)) < sy where A is as described in (3.8). If ¢ € 3-SAT,
then it follows from Lemma 4.2.1 that for any A € GL(|z|, F):

d243dy +2
S(f(Az)) > min (dy +1,dy +1,d; +1,%, (a5 +1)?).
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The constraints imposed in (4.2) ensure that (ds + 1) is the minimum. As dy = m(ds +
1)2 4 1, therefore s9 = 1+ n(dy +3) +m(ds +1)?> < 3nds = 3mn(ds +1)> +3n <
4mn(ds + 1)2. Thus, the gap in the sparsities of the YES instances and the NO instances is
(d5+1)3 > (d5+1)3 B ds+1

so  4mn(ds+1)2  4dmn’

Also, as ds > 4mn, S(f) =s <2m(ds +1)3 = ds+1 > (5)/. Then, the gap is
(d5+1)3>d5+1> s1/3
S0 = dmn T 21/34mA/3n’

Finally, note that s > d%. Thus, for d%e > (mn)o(l) large enough,

1/3
€ 3¢ 1/34,,,4/3 O I/ s
s¢ >ds" >2""4m n:>21/34m4/3n25 .
Hence, the gap is at least s'/37€. Therefore, 3-SAT reduces to a-gap-ETsparse for a =
1/3—¢
s : [

4.3 Extension to finite characteristic fields

In this section, we will show how the construction of Sections 3.1.1 and 3.2, with some
changes for appropriate cases, can be used to show the NP-hardness of a-gap-ETsparse
over finite characteristic fields for the non-homogeneous case (in the following section)
and homogeneous case (in Section 4.3.2), respectively.

4.3.1 The non-homogeneous case

Let the characteristic be p, where p > 2. If p > dj, where d; is as chosen in Section 4.1,
then the argument of that section holds. Hence, it is assumed that p < d; = (mn)°W),
Consider the polynomial f defined in (3.1). Let € € (0,1/3) be an arbitrary constant.
Choose the d,’s to be of form p¥ — 1 for some k € IN to satisfy the following inequalities,

along with those of (3.2):
dy > max(3pmn, (mn)°1V/)), dy > m(dy +1)%, dy > (d3 +1)2, di > dy. (4.3)

Note that we can get d3 = O(pm(dy +1)?), do = O(p(d3 +1)?) and d; = O(pda). Let
s := 8(f). Then, s = 1+ n(2ds + 3) + m(dy + 1) by Observation 3.1.3. For ¢ € 3-SAT,
Lemma 4.3.1 shows lower bounds on §(f(Az)) for all A € GL(|z|,F). Like Lemma 4.1.1,
Lemma 4.3.1 is a slightly deeper analysis of that in the reverse direction of Section 3.3.1.
For ¢ € 3-SAT, by Proposition 3.1.1 there exists A € GL(|z|,F) such that S(f(Az)) <
so, where sg = 1+ n(d3 + 3) + m(dy + 1)%. Proposition 4.3.1 shows the NP-hardness of
a-gap-ETsparse using Lemma 4.3.1 and the inequalities in (4.3).
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Lemma 4.3.1. Let p € 3-SAT, f, as defined in (3.1), be the polynomial corresponding to ¢
and A € GL(|z|, F).

1. If A(xp) is a linear form in at least 2 variables, §(f(Az)) > dq + 1.

2. If A is not as in item 1 and for some j € [n], A(x;) is a linear form in at least 2
variables, then §(f(Az)) > dp + 1.

3. If Aisnotas initem 1 and 2 and for some j € [n], A(y; + x;) or A(y; — x;) is a linear
form in at least 3 variables, & (f(Az)) > (dz + 1)1

4. If A is not of the form described in the previous three cases, then §(f(Az)) > (ds +
1)3.

Proof. By Observations 3.1.1, 2.2.3 and the definition of f as in (3.1), it follows that:
d n m
S(f(Az)) = S(A(xg)) + }_ $(Qi(Az)) + ) S(Ri(Az)).
i=1 k=1

We now analyse §(f(Az)) with A as listed in the lemma statement. The analysis for
the first, second and fourth cases is similar to that of the respective cases in the proof
of Lemma 4.1.1. In the third case, without loss of generality, let A(yj + x]-), for some
j € [n] be a linear form in at least 3 variables. By Observation 2.2.4 and the fact that

dy = pF—1=y"% — (p—1)p for some k € N,

S(A((y;+x))™)) = H( —;fi—l) _ (P(P;1)>k: (d3+1)(pT+1>k: (dy + 1) 10522

Note, log, (= 1) is an increasing function for p > 3. Hence, logp(PT) > log,(4/2) >
0.63. Therefore
S(f(Az)) > $(Qj2(Az)) > (ds+ 1)1

Similarly, if A(y; — x;) is a linear form in at least 3 variables, then §(f (Az)) > §(Qj3(Az)) >
(d3 +1)13. O

Proposition 4.3.1. Let char(F) = p > 2. If the input in a-gap-ETsparse is an s-sparse
polynomial, then a-gap-ETsparse is NP-hard for & = s/37¢.

Proof. The proof is similar to that of Proposition 4.1.1. If ¢ is satisfiable, then §(f(Az)) <
so where A is as described in (3.4) and sg = 1 + n(d3 + 3) + m(d4 + 1)2. For unsatisfiable
Y, it follows from Lemma 4.3.1 that for any A € GL(|z|,F):

§(f(AZ)) > min(d1 +1,dr, +1, (dg, + 1)1'63, (d4 + 1)3)
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As dz > m(dy +1)?, therefore sp = 1+ n(ds + 3) + m(ds +1)> < 3nds < 3pmn(dy + 1)
The conditions imposed in (4.3) ensure that dy +1 > dy +1 > (ds + 1)1+logp((’7+1)/2) >
(dg +1)3 > sg. Thus, the gap in the sparsities of the YES instances and NO instances is

(dy+1)3 - (de+1)% dy+1
so  3pmn(dy+1)2  3pmn’

Also, note as dy > 3pmn, therefore s < 2m(dy +1)3 = dy+1> (ﬁ)l/g’. Then, the gap

1S
(d4+1)3>d4+1 g1/3

so  3pmn — p21/33m4/3n’

Finally, note that s > dZ. Thus, for d?f > (mn)o(l) large enough,
€ > 3¢ > ppl/33,4/3, s'/2 > gl/3—e
=dg =P p21/33mA/3y = :

Hence, the gap is at least s'/37€. Therefore, 3-SAT reduces to a-gap-ETsparse for a =
gl/3—€ U]

Analysis over characteristic 2 fields

In this case, we consider the construction of Section 3.3.1. For a 3-CNF v, let f be the
corresponding polynomial as defined in (3.9). Let s := &(f). Over characteristic 2 fields,
the value of s depends on the number of variables complemented in a clause. To show
the hardness of a-gap-ETsparse, we require s > d3 (see the proof of Proposition 4.3.2).
This can be achieved if there exists a clause with all variables complemented. Hence, we
assume, without loss of generality, that there is such a clause in ." The d,’s are chosen in
the same way as in Section 4.3.1 to satisfy (4.3) with p set to 2. In particular, they satisfy
the following inequalities.

dy > max(6mn, (mn)°V)), dy > m(dy +1)%, dy > (d3+1)2, dy > dy.  (4.4)
By Observation 3.3.1 and the assumption on 1, it holds that
1+n(ds+3)+ (ds+1)° <s < 1+n(ds +3) +m(dg +1)°.

For ¢ € 3-SAT, Lemma 4.3.2 shows lower bounds on §(f(Az)) where A € GL(|z|,F).
For ¢ € 3-SAT, by Proposition 3.3.1 there exists A € GL(|z|,F) such that S(f(Az)) <
so, where sp = 1+ n(ds + 3) + m(dy + 1)2. Proposition 4.3.2 shows the NP-hardness of
a-gap-ETsparse using Lemma 4.3.2 and the inequalities in (4.4).

'To have some clause, say the first one, contain only complemented variables, every uncomplemented
variable x in the clause can be replaced by —x followed by complementing each occurrence of x in the
remaining clauses.
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Lemma 4.3.2. Let ip € 3-SAT, f, as defined in (3.9), be the polynomial corresponding to ¢
and A € GL(|z|, F).

1. If A(xp) is a linear form in at least 2 variables, 8(f(Az)) > d; + 1.

2. If A is not as in item 1 and for some j € [n], A(x;) is a linear form in at least 2
variables, then §(f(Az)) > d + 1.

3. If Aisnotas initem 1 and 2 and for some j € [n], A(y; + xj) or A(y;) is a linear form
in at least 3 variables, 8 (f(Az)) > (d3 + 1)'8.

4. If Ais not of the form described in the previous three cases, then §(f(Az)) > (ds +
1)3.

Proof. The proof of this lemma is very similar to that of Lemma 4.3.1. In particular, the
analysis for the first, second and fourth cases is similar to that of the respective cases in
the proof of Lemma 4.3.1. So, we consider the third case. Without loss of generality, let
A(y;j + x;) be a linear form in at least 3 variables for some j € [n]. Then, by Observation

2.2.4 and the fact thatd; = 2K —1 = Zi.:& 2! for some k € N,

S(A((y; +x)®)) >

k=l /1431
3-1

) — 3k — (d3+1)log23 > (d3 _|_1)1.58'
i=0

Therefore
S(f(Az)) > §(Qja(Az)) = (ds +1)™".
Similarly, if A(y;) is a linear form in at least 3 variables, then §(f(Az)) > §(Qj3(Az)) >
(dg + 1)1.58.
[l

Proposition 4.3.2. Let char(F) = 2. If the input in a-gap-ETsparse is an s-sparse polyno-
mial, then a-gap-ETsparse is NP-hard for a = s!/3-¢.

Proof. The proof is similar to that of Proposition 4.3.1. If ¢ is satisfiable, then §(f(Az)) <
so where A is as described in (3.4) and sg = 1 + n(d3 + 3) + m(d4 + 1)2. For unsatisfiable
Y, it follows from Lemma 4.3.1 that for any A € GL(|z|,F):

S(f(Az)) > min(dy +1,d2 + 1, (d3 + 1)1, (dy +1)3).

As d; > m(dy + 1)?, therefore sg = 1+ n(ds + 3) + m(dy +1)? < 3nd; < 6mn(dy +1)2.
The conditions imposed in (4.4) ensure that d; +1 > dy +1 > (d3 + 1)1 > (dy +1)3 >
sp. Consequently, the gap in the sparsities of the YES instances and NO instances is

(d4+1)3 N (d4+1)3 - dy+1
so  6mn(dg+1)2  6mn

43



Also, note as dy > 6mn, therefore s < 2m(dy +1)° = dy+1 > (%)1/3. Then, the gap

is
(d4-|—1)3>d4+1> 51/3
S0 — 6mn T 24/33mA/3n’

Finally, note that s > di. Thus, for die > (mn)o(l) large enough,

1/3
€ 3e 4/34, 4/3 5 1/3—€
s >dy >2¥73m*°n = Y7335, >s .

Hence, the gap is at least s'/37€. Therefore, 3-SAT reduces to a-gap-ETsparse for a =
1/3—¢€
s : [

4.3.2 The homogeneous case

Let the characteristic be p, where p > 2. If p > dj, where d; is as chosen in Section 4.2,
then the argument of that section holds. Hence, assume p < di = O((mn)°)). Consider
the polynomial f defined in (3.7). Choose d3, d4 and d5 to be of form p* — 1 for some
k € IN while also satisfying:

ds > max(3pmn, (mn O(1/¢) ,dy > m(ds +1)?, d3 > (dy +1)% (4.5)
p

Thus, dy = O(pm(ds +1)?) and d3 = O(p(ds + 1)?). Now, let k; := [log,,(d3 +2)] +
L ko := [log,((3n+m+1)(ds +1))] + 1, then set

k1 +ky—1 )
dy:= ), (p—1)p' =patle—po (4.6)

i—ky
Lastly, let k3 := [log,(d2 + (3n +m +1)(d3 +1))] + 1, then set

kz+ki—1 )
di= Y (p—1p =pith—ph (4.7)

i—ks

For this choice of the d;’s, the conditions in (3.5) are satisfied. Lets := &(f). By Ob-
servation 3.2.2, s = 1+ n(2dy + 3) + m(ds + 1)3. For ¢ € 3-SAT, Lemma 4.3.3 shows
lower bounds on §(f(Az)) for all A € GL(|z|,FF). Like Lemma 4.2.1, Lemma 4.3.3 is a
slightly deeper analysis of that in the reverse direction of Section 3.3.3 For ¢ € 3-SAT,
by Proposition 3.2.1 there exists A € GL(|z|,FF) such that (f(Az)) < sg, where sy =
1+ n(dy + 3) + m(ds + 1), Proposition 4.3.3 shows the NP-hardness of a-gap-ETsparse
using Lemma 4.3.3 and the setting of the d;’s in this section.

Lemma 4.3.3. Let ¢ € 3-SAT, f, as defined in (3.7), be the polynomial corresponding to ¥
and A € GL(]|z|,F).
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1. If A(xp) or A(yop) is a linear form in at least 2 variables, §(f(Az)) > d3 + 2.

2. If A is not as in item 1 and A(x;) is a linear form in at least 2 variables for some
j € [n], then 8§(f(Az)) > ds + 1.

3. If Aisnotas initems 1 and 2 and for some j € [n], A(y; + x;j) or A(y; — x;) is a linear
form in at least 3 variables, & (f(Az)) > (dy +1)163.

4. If Ais not of the form described in the previous three cases, then §(f(Az)) > (ds +
1)3.

Proof. Suppose A(xp) is a linear form in at least two variables. Applying the argument in
the proof of Lemma 3.2.2 for the finite characteristic case (refer Section ??) shows that

S(f(Az)) = S(A(x0)") = P+ > ds + 2.

Similarly, if A(xp) is a variable and A(yp) is a linear form in at least two variables, the
same argument shows that

S(f(Az)) = S(A(yo)™?) = p*! > ds + 2.

For the remaining cases, A(xp) = xp and A(yg) = yo without loss of generality. It then
follows from Lemma 3.2.2 that

n m
$(f(Az)) = S(AGyg O + ) $(Qu(42)) + ) S (Re(Az)).
i=1 k=1
The last three cases can then be proved in the same way as the last three cases of Lemma
4.3.1.
O

Proposition 4.3.3. Let char(F) = p > 2. If the input in a-gap-ETsparse is an s-sparse
homogeneous polynomial, then a-gap-ETsparse is NP-hard for a = s'/37¢.

Proof. The proof is similar to that of Proposition 4.2.1. If ¢ € 3-SAT, then 8(f(Az)) < s
where A is as described in (3.8). If ¢ € 3-SAT, then it follows from Lemma 4.3.1 that for
any A € GL(|z|,F):

$(f(Az)) > min <d3 +2,d5+ 1, (dg + 1)1, (ds + 1)3).

The constraints imposed in (4.1) ensure that (ds + 1) is the minimum. As dq > m(ds +
1)?, therefore sg = 1+ n(dy + 3) + m(ds + 1)? < 3ndy < 3pmn(ds + 1)2. Thus, the gap in
the sparsities of the YES instances and the NO instances is

(ds+1)3 S (ds+1)% ds+1
so  3pmn(ds+1)2  3pmn’
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Also, as d5 > 3pmn, S(f) =s < 2m(ds +1)> = ds+1 > (5.)1/3. Then, the gap is

(d5+1)3 ds +1 s1/3
> .
so  3pmn — p21/33m*/3n

Finally, note that s > d%. Thus, for dge > (mn)o(l) large enough,

1/3
5 > gl/3—€

€ 3e 1/34.,.4/3
s€ > dxf > p2V/°3m*n = P2 /33mAT =

Hence, the gap is at least s'/37€. Therefore, 3-SAT reduces to a-gap-ETsparse for a =
gl/3—¢€ U]

Analysis over characteristic 2 fields

For characteristic 2 fields, consider the polynomial f as defined in (3.11). Let s := §(f).
Like in the characteristic 2 construction for the non-homogeneous case, the value of s
depends on the number of variables complemented within a clause. To show the NP-
hardness of a-gap-ETsparse, s > d2 is required (see the proof of Proposition 4.3.4), which
can be achieved if there is at least one clause where all variables are complemented. There-
fore, we assume that such a clause exists (see footnote 1). Set the d;’s as specified in the
beginning of Section 4.3.2 with p = 2. For this setting of the d;’s, the constraints in (3.5)
are satisfied. By Observation 3.3.2 and the assumption on 1, it holds that

1+n(dg+3)+ (ds+1)° <5 < 1+n(dy+3) +m(ds +1)°.

For ¢ € 3-SAT, Lemma 4.3.4 shows lower bounds on §(f(Az)) for all A € GL(|z|,FF).
For ¢ € 3-SAT, by Proposition 3.3.3 there exists A € GL(|z|,F) such that §(f(Az)) <
so, where s) = 1+ n(dy + 3) + m(ds + 1)?. Proposition 4.3.4 shows the NP-hardness of
a-gap-ETsparse using Lemma 4.3.4 and the setting of the d;’s in this section.

Lemma 4.3.4. Let ¢ € 3-SAT, f, as defined in (3.11), be the polynomial corresponding to
pand A € GL(|z|,F).

1. If A(xg) or A(yp) is a linear form in at least 2 variables, §(f(Az)) > d3 + 2.

2. If A is not as in item 1 and A(x;) is a linear form in at least 2 variables for some
j € [n], then 8§(f(Az)) > ds + 1.

3. If Aisnotasinitems 1 and 2 and for some j € [n], A(y; + x;j) or A(y; — x;) is a linear
form in at least 3 variables, §(f(Az)) > (dy +1)'8.

4. If Ais not of the form described in the previous three cases, then §(f(Az)) > (ds +
1)3.

46



Proof. Suppose A(xp) is a linear form in at least two variables. Applying the argument in
the proof of Lemma 3.2.2 for the finite characteristic case (refer Section ??) shows that

S(f(Az)) > S(A(xg)™) > 2+ > dy 2.

Similarly, if A(xp) is a variable and A(yp) is a linear form in at least two variables, the
same argument shows that

S(f(Az)) > S(A(yo)™) > 2+ > d3 4 2.

For the remaining cases, A(xo) = xp and A(yo) = yo without loss of generality. It then
follows from Lemma 3.2.2 that

S(F(Az)) = S(A(hyHOmmNED)) LY (0.(Az)) + Y S(Ry(Az)).
i=1 k=1

The last three cases can then be proved in the same way as the last three cases of Lemma
4.3.2. O

Proposition 4.3.4. Let char(F) = 2. If the input in a-gap-ETsparse is an s-sparse homoge-
neous polynomial, then a-gap-ETsparse is NP-hard for a = s!/3~¢.

Proof. The proof is similar to that of Proposition 4.3.3. If ¢ € 3-SAT, then §(f(Az)) < s
where A is as described in (3.12). If ¢ € 3-SAT, then it follows from Lemma 4.3.1 that for
any A € GL(|z|, [F):

S(f(Az)) > min <d3 +2,d3+ 1, (dg + 1), (ds + 1)3).

The constraints imposed in (4.1) ensure that (ds + 1) is the minimum. As dy > m(ds +
1)?, therefore s = 1+ n(dy +3) + m(ds +1)? < 3ndy < 6mn(ds + 1)2. Thus, the gap in
the sparsities of the YES instances and the NO instances is

(ds+1)3 S (ds+1)% ds+1
so  6mn(ds+1)2  6mn

Also, as ds > 6mn, s < 2m(ds +1)> = ds+1 > (ﬁ)l/s. Then, the gap is

(d5+1)3 > ds + 1 s1/3
S0 — 6mn T 24/33mA/3y’

Finally, note that s > d%. Thus, for dge > (mn)o(l) large enough,

1/3
s

€~ g3€ 4/3n...4/3 1/3—€
s¢ > dz* > 2*/°3m n:>24/33 4/37128 )

Hence, the gap is at least s'/37€. Therefore, 3-SAT reduces to x-gap-ETsparse for a =
1/3—¢
s : [
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4.4 Extending Theorem 2 for translations

In this section, we prove part 1 of Theorem 2 over all fields while considering transla-
tions. The proof involves a careful analysis of the sparsity of f as defined corresponding
to a 3-CNF . We split the proof into two cases: over characteristic 0 fields and finite char-
acteristic fields. The reason for the split is that in the analysis, we consider the sparsity
of powers of affine forms 1 = ¢ + ¢, where §'(h) > 3. The sparsity of such affine forms
depends on the underlying field, as shown in the following analysis using Observation
2.2.4 and the binomial theorem. Note that we take € € (0,1/3) to be an arbitrary constant
throughout this section.

4.4.1 For characteristic 0 fields

Consider the polynomial f as defined in (3.17) for a 3-CNF ¢ and choose the d;’s to be
(mn)°() and also satisfy the following conditions:

d4 > max(4mn, (mn)o(l/e)), dy =m(dy +1)24+1, dy =d3+1, d; = 6ndy + 6n 4 2d3 + 2.

(4.8)
Note that the constraints in (3.16) are also satisfied under (4.8). Lets := &(f). By Ob-
servation 3.4.3, s = 1+ n(2d3 + 3) + m(dy + 1)3. From Section 3.4, it follows that for
satisfiable ¢’s, there exists A € GL(|z|,F), b = 0 such that §(f(Az)) < sy, where
so = 1+ n(ds + 3) + m(dy + 1)%. For unsatisfiable ¢’s, Lemma 4.4.1 gives lower bounds
on §(f(Az +b)), where A € GL(|z|,FF) and b € Fl?l, and encapsulates the argument of
the reverse direction of the reduction in Section 3.4 with a slightly deeper analysis. Com-
paring the sparsities for satisfiable and unsatisfiable 1’s proves part 1 of Theorem 2 for
translations. Proposition 4.4.1 shows a-gap-ETsparse is NP-hard using Lemma 4.4.1 and
the conditions in (4.8).

Lemma 4.4.1. Let ¢ € 3-SAT, f, as defined in (3.17), be the polynomial corresponding to
i, A € GL(|z|,FF) and b € Fl.
L. If A(xo) + by, is a non-trivial affine form, then §(f(Az +b)) > %1.2

2. If Aand b are not as in item 1 and for some j € [n], A(x;) +b x; is anon-trivial affine
form, then S(f(Az+b)) > dp + 1.

3. If A and b are not as in items 1 and 2 and for some j € [n], <§>(A(y]. 4 x].) +b\yj) >3
or §(A(yj — xj) +by,,) >3, then S(f(Az+b)) > %H)ZM_

2an affine form ¢ + ¢, where £ is a linear form and ¢ is a constant, is non-trivial if £ is a linear form in at
least two variables or ¢ # 0 or both.
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4. If A and b are not of the form described in the previous three cases, then b = 0 and
S(f(Az)) 2 (ds+1)°

Proof. 1. The proof of this case follows from the argument in the proof of Lemma 3.4.1.
Henceforth, we assume A(xp) = xo and b|,; = 0. Then, by Lemma 3.4.2, it follows
that

S(f(Az+Db)) = oS’(xgl) + ié’(Qi(Az +b)) + i S(Ry(Az +D)).
i=1 k=1

2. By Lemma 3.4.2 and Observation 2.2.6 (applied to Q; 1 (Az + b)) it follows that
S(f(Az+b)) > S(Qi1(Az+b)) > da+ 1,

3. In this case, for i € [0,n], A(x;) is some scaled variable in z and b),, = 0. If b|yj =0,
then this case is the same as the third case of Lemma 4.1.1. Otherwise, let A(y; +
xj) + b|y], = {; + bj, where {; is a linear form in at least two variables. Then, using
the binomial theorem and Observations 2.2.2 and 2.2.4, it follows that

S((€j+b]~)d3) — 5(2 (5113) b?fiﬁj-) _ 2§<(f1i3) b;'igfie;') > 2(i+1) _ (d3+1)2(d3+2)'
Thus,
(d3+1)(ds +2)

S(f(Az+b)) > S(Qix(Az+b)) > 5 .

Similarly, if S (A(y; — x;) + b\yj) > 3, then S(f(Az + b)) > (d3+1)2(d3+2)_

4. In this case, for i € [0,n], A(x;) = X;and b, = 0. Fori € [n], S(A(y; + x;) +
b)) < 2and S(A(y; — x;) + b)) < 2. As A is invertible, S(A(y; +x;)) > 1 and
S(A(yi —x;)) > L. f S(A(yi +x;)) > 20r S(A(y; — x;)) > 2, then b),, must be
0. Further, as A is invertible and A(x;) = X;, therefore if S(A(y; + x;)) = 1, then
S (A(yi — x;)) > 2 and vice versa also holds, which again implies b|,, = 0. Thus, for
alli € [n], b, = 0 implying b = 0. This case can then be proved in the same way
as the last case of Lemma 4.1.1.

0

Proposition 4.4.1. Let char(F) = 0. If the input in a-gap-ETsparse is an s-sparse polyno-
mial, then a-gap-ETsparse is NP-hard for « = s'/37¢.

Proof. The proof is similar to that of Proposition 4.1.1. If ¢ € 3-SAT, then §(f(Az)) < s
where A is as described in (3.4) and s = 1+ n(ds + 3) + m(dy + 1)%. If ¢ € 3-SAT, it
follows from Lemma 4.4.1 that for any A € GL(|z|,F) and b € F/2I:

d2 4 3ds +2
S(f(Az+b)) > min (%,dz + 1,%, (4 +1)%).
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The conditions imposed in (4.1) ensure that (dy + 1)3 > sg and (d4 + 1)? is the minimum.
Asdz = m(dy+1)%?+1, therefore sy = 1+n(ds +3) +m(dy +1)% < 3nd; < dmn(dy+1)2.
Consequently, the gap in the sparsities of the YES instances and NO instances is

(d4+1)3 > (d4+1)3 _ dy+1
so  4mn(dy+1)2 dmn

Also, note that as dy > 4mn, therefore s < 2m(dy +1)> = dy+1 > (55.)'/3. Then, the
gap is
(d4—|—1)3 S d4—|—1 51/3
so  Amn T 21/34mA/3n’

Finally, note thats > di. Thus, for die > (mn)o(l) large enough,

1/3
s
> gl/3—€,

€ > 3e 1/3 4/3
s >dyf >2V°4m* °n = T34 3y =

Hence, the gap is at least gl/3-€

. Therefore, 3-SAT reduces to a-gap-ETsparse for & =
1/3—€
S .

O

4.4.2 For finite characteristic fields

Let the characteristic be p, where p > 2. If p > d;, where d; is as chosen in Section 4.4.1,
then the argument of that section holds. Hence, it is assumed that p < di = (mn)°(1). We
again consider the polynomial f as defined in (3.17) and impose the following constraints
on the d;’s.

dy > max(3pmn, (mn)°1/)), dy > m(dy+1)2, dy > (d3+1)?, di > 6ndy + 61 + 2d3 + 2.
(4.9)
Note, we can get d3 = O(pm(dy +1)?), dy = O(p(ds +1)?) and d; = O(p(6nd, + 61 +
2d3 + 2)). The conditions of (3.16) are also satisfied under (4.9). From Section 3.4, it
follows that for satisfiable ¢’s, there exists A € GL(|z|,IF), b = 0 such that §(f(Az)) < sy,
where s9 = 1+ n(ds + 3) + m(ds + 1)2. For unsatisfiable 1’s, Lemma 4.4.2 gives lower
bounds on §(f(Az + b)), where A € GL(|z|,FF) and b € F/?. Proposition 4.4.2 shows
a-gap-ETsparse is NP-hard using Lemma 4.4.2 and the constraints in (4.9).

Lemma 4.4.2. Let ¢ € 3-SAT, f(z) be as defined in (3.17) corresponding to i, A €
GL(|z|,FF) and b € Fl.

L. If A(xo) + by, is a non-trivial affine form, then §(f(Az +b)) > %

2. If A and b are not as in item 1 and for some j € [n], A(x;j) +b x; is a non-trivial affine
form, then §(f(Az+b)) > dp + 1.
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3. If A and b are not as in items 1 and 2 and for some j € [n], (5’(A(y]. 4 x].) + b\yj) >3
or S(A(y; —xj) + by, ) > 3, then S(f(Az +b)) > (d5 +1)"5.

4. If A and b are not of the form described in the previous three cases, then b = 0 and
S(f(Az)) = (dy+1)%

Proof. The first, second and fourth cases can be proved similarly to those of Lemma 4.4.1.
Hence, we consider the third case. Then, for i € [0,n], A(x;) is some scaled variable in
z and b| x5 = 0. If b|y], = 0, then this case is the same as the third case of Lemma 4.3.1.
If by, # 0, then, without loss of generality, A(y; + x;) + by, = {; + bj, with {; a linear
form in at least two variables. Using the binomial theorem, the fact that d3 = pF — 1 =
Y5 3(p — 1)p', Lucas’s theorem and Observations 2.2.2 and 2.2.4 gives

S((4;+b)B) =& (E) ((’113>bd3 %l) 25 (( >bd3 lzl)

3 1 . dz k—1
ZZH(&H—Z 1) Zl—% ej;+1)
i=0 =01=

where i = 2;(;& e pl with e;; € [0,p — 1] (e;; represents the Jth “digit” in the base-p

expansion of 7). Note that for i = rp, where r € [0, pk_l — 1], the value of ¢;;, where | > 1
and t € [i,i + p — 1], is the same for all f while ¢;g = t — i. Therefore, for such i’s, the
following holds

i+p—1k—-1 k-1 rp+p—1 k 1
Z [T +1) = ( erpl—|—1> Y, (t—rp+1)= (erps +1).
1=0 I=1 t=rp I=1
Using the above observation and the fact that d3 = p* — 1,
dy k—1 prl—1p-1g— pF1-1k_1
+1
ezl+1 Z Z ]__[ erp—l—tl"'l p(pz ) Z H(erp,l+1)
i=01=0 r=0 I=1
By repeating the same argument, we get
ds k—1 1)\ k
ZH(eil +1) = (M) = (ds+ 1)1+1ogp((p+1)/2)'
i—01=0 2

Now, logp((p +1)/2) is an increasing function for p > 3. Thus, logp((p +1)/2) >
log,((3+41)/2) > 0.63. We can then conclude that

S(f(Az)) = $(Qjp(Az +b)) > (d3 + 1)1,

Similarly, if §(A(y; — xj) +b|y) > 3, then §(f(Az+Db)) > $(Q;3(Az+b)) > (d3 +
1)163. N
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Proposition 4.4.2. Let char(F) = p > 2. If the input in a-gap-ETsparse is an s-sparse
polynomial, then a-gap-ETsparse is NP-hard for a = gl/3—€

Proof. The proof is similar to that of Proposition 4.4.1. For the polynomial f defined in
(3.17),s := S(f) = 1+ n(2d3 + 3) + m(dy + 1)3. If ¢ € 3-SAT, then §(f(Az)) < so where
A is as described in (3.4) and sg = 1+ n(ds + 3) + m(dy + 1)%. If ¢ € 3-SAT, it follows
from Lemma 4.4.1 that for any A € GL(|z|,FF) and b € Fl#:

$(f(Az+b)) > min (%,dz F1,(d3 1), (dy + 1)),
The conditions imposed in (4.9) ensure that (ds + 1)3 > sp and (d4 + 1)3 is the minimum.

As dz > m(dy + 1), therefore so = 1+ n(ds + 3) + m(dy + 1)* < 3nd; < 3pmn(dy +1)2.
Consequently, the gap in the sparsities of the YES instances and NO instances is

(da+1° _  (da+1)°  dy+1
so  3pmn(dy+1)2  3pmn’

Also, note that as dy > 3pmn, therefore s < 2m(dy+1)> = dy+1 > (5.)1/3. Then, the
gap is
(d4+1)3 d4+1 51/3
> .
so  3pmn — p21/33m*/3n

Finally, note that s > di. Thus, for die > (mn)o(l) large enough,

1/3
> > gl/3—€

€ 3e 1/3n~.,,.,4/3
s > dyf > p2V/73m*°n = —p21/33m4/3n >

Hence, the gap is at least s'/37€. Therefore, 3-SAT reduces to x-gap-ETsparse for a =
gl/3—€ O]

For characteristic 2 fields

Let the characteristic be 2. Consider the polynomial as defined in (3.18). Lets := §(f).
Now, s depends on the number of variables complemented in a clause. To prove the
hardness of a-gap-ETsparse, s > d3 is required (see the proof of Proposition 4.4.3), and this
can be achieved if there is at least one clause where all the variables are complemented.
Thus, assume, without loss of generality, that such a clause exists (see footnote 1). Choose
the d;’s to satisfy (4.9) with p set to 2. By Observation 3.4.4 and the assumption on 1, it
holds that
14+ n(ds+3)+ (dg+1)° <s <1+n(ds+3) +m(dg +1)>.

For ¢ € 3-SAT, Lemma 4.4.3, which can be proved in the same way as Lemma 4.4.2, shows
lower bounds on &(f(Az + b)) where A € GL(|z|,F) and b € Fl?l. For ¢ € 3-SAT,
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by Proposition 3.3.1 there exists A € GL(|z|,F) such that (f(Az)) < sy, where sy =
1+ n(ds + 3) + m(dg + 1)%. Proposition 4.4.3 shows the NP-hardness of a-gap-ETsparse
using Lemma 4.4.3 and the inequalities in (4.9).

Lemma 4.4.3. Let ¢ € 3-SAT, f(z) be as defined in (3.18) corresponding to i, A €
GL(|z|,F) and b € F/#,

L. If A(xo) + by, is a non-trivial affine form, then (f(Az +b)) > %.

2. If Aand b are not as in item 1 and for some j € [n], A(x;) +b x; is anon-trivial affine
form, then S(f(Az+Db)) > dy + 1.

3. If A and b are not as in items 1 and 2 and for some j € [n], S(A(y; + xj) + b‘y].) >3
or S(A(y;) + b|y],) > 3, then §(f(Az+b)) > (dz + 1)1,

4. If A and b are not of the form described in the previous three cases, then b = 0 and
S(f(Az)) = (da+1)%

Proposition 4.4.3. Let char(F) = 2. If the input in a-gap-ETsparse is an s-sparse polyno-
mial, then a-gap-ETsparse is NP-hard for a = s!/3-¢.

Proof. The proof is similar to that of Proposition 4.4.2. If ¢ € 3-SAT, then 8(f(Az)) < sp
where A is as described in (3.4) and s9 = 1+ n(ds +3) +m(dy +1)%. If ¢ € 3-SAT, it
follows from Lemma 4.4.3 that for any A € GL(|z|,FF) and b € F/#!:

S(F(Az+b)) > min (D, dr 1, (d5 + 1), (s +1)°).

The conditions imposed in (4.9) ensure that (dy + 1)3 > sg and (d4 + 1)? is the minimum.
As d3 > m(dy +1)?, therefore sy = 1+ n(ds + 3) +m(dy +1)? < 3nds < 6mn(dy + 1)
Consequently, the gap in the sparsities of the YES instances and NO instances is

(d4+1)3 > (d4—|—1)3 . d4—|—1
so  6mn(dy+1)2  6mn’

Also, note that as d4 > 6mn, therefore s < 2m(dy+1)3 = dy+1> (ﬁ)lﬁ. Then, the
gap is
(d4+1)3 > dy+1 s1/3
S0 — 6mn T 24/33mA/3y’

Finally, note thats > di. Thus, for die > (mn)o(l) large enough,

173
24/33m*/3n

Hence, the gap is at least s'/37€. Therefore, 3-SAT reduces to a-gap-ETsparse for a =
gl/3—€ U]

1/3—¢

s€ > die > 243343 — > s
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Chapter 5

NP-hardness of ETsupport

In this section, we prove Theorem 3.

Proof sketch. The proof strategy is similar to that outlined in section 3.1; here, instead
of the sparsity, we are working with the support of the polynomial. We map 1, a 3-CNF,
to a polynomial f, which is the sum of polynomials which are degree separated or degree
separated with respect to some variable. At least one polynomial in f is of support o + 1
and the rest of support ¢ (where ¢ is a constant). As the summands are degree separated
or degree separated with respect to some variable, Supp(f) = ¢ + 1 and for any invert-
ible linear transform A, Supp(A(f)) is equal to the maximum support size among the
transformed summands. Claim 2.2.2 is used to show that ¢ € 3-SAT iff there exists an
invertible linear transform A, such that Supp(A(f)) < ¢. Thus, the reduction also holds
for (o + 1)-to-o ETsupport. For characteristic p fields, we assume p > ¢ + 1 so that Claim
2.2.2 holds.

5.1 Construction of f

Let ¢ > 5 be an even integer constant and ¥ be as denoted in Section 3.1.1. For odd o,
we describe the changes in the construction/argument at the appropriate points. As o is
a constant, let n > ¢ 4 4. The proofs of Lemmas 5.3.1 and 5.3.2 use n > ¢ + 4. To ensure
Supp(f) = o+ 1, we assume that all the variables in the first clause are complemented
(see footnote 1) and that no clause is repeated. Let x := {x1,...,xx}, ¥ := {y1,...,Yn}
and z := {z1,...,2,—5} and w := x Ul y U z. Note that when ¢ = 5, z is an empty set and
hence we do not consider the z variables in such a case. By (w - - - w;)*, where w; € w
and [, « € IN, we denote a power of wy - - - w;. Consider the polynomials:

n+g 5)

e First, introduce ( many monomials defined by the set

P:={(wy---wy)* | ws,...,ws € zLUx and are pairwise distinct}.
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¢ Then, introduce (’%) many monomials defined by the set

Q = {((xiyiy) -+~ (xi ))* |i1,...,ig € [n] and are pairwise distinct}.

Yi

a
2

NS

Note: For odd ¢, the monomials are of form ((x;y;,)--- (x

QI = (4) 7"

)%i,,, )" Thus

ia—l yiﬂ'—l
2 2 2

e Let R := {Ry(w) | k € [m]}, where R;(w) is defined corresponding to the k' clause

as:
Rk(W) = (H (y] — [Zk,]'x]‘)2+ak'j)(21 T Z(T—5)'
jeCk

Define f(w) := Yoep §(W) + Lneg H(W) + X421 Rx(w). The powers, denoted by *, must
be such that the following hold:

1. All the polynomials in P U Q are degree separated from one another and from the
Ry’s, with the powers being at least o + 1.

2. Over characteristic p fields, where p > 0, all the powers are less than p or are of the
form p* — 1 for some k € IN.

In Section 5.4, we choose the powers to satisfy the above conditions over any field. The
following observations hold by the definition of the polynomials and the above condi-
tions.

Observation 5.1.1. For k € [m], the degree of Ry is at most o 4+ 4 and Supp(Rx(w)) < o +1
with equality in both cases when a;; = 1 for all j € C;. For k,I € [m] with | # k, any
monomial of Ry is degree separated from every monomial of R; with respect to some
variable in x Ll'y.

Proof. Note that Rx(w) is a product of variable disjoint polynomials. Hence, the degree
of Ry is ¢ — 5+ Yiec, (2 + ar;) where

C+1<0—5+) (24a;) <o+4
j€Ck

and the upper bound is achieved if 4y ; = 1 for all j € Cy. Similarly, it can be seen that the
variable disjointness property along with the fact that the characteristic of the underlying
field is not equal to 2 or 3 implies

0 —2 < Supp(Ri(w)) <o +1

where the upper bound is achieved if a;; = 1 for all j € C. Now for k,I € [m], where
k # I, there are two possibilities for the clauses Cy and C;:
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1. Ci and C; contain the same set of x variables in which case there exists a j such that
ax; # a;j. Assume without loss of generality that a5 ; = 1, therefore a;; = 0. From
this and the definition of R and R;, it can be seen that

Rk(W) = (y] - x]')3Rk : (2122 SN 20_5), Rl (W) = yJZRl : (2122 oo Zg_5)
where Ry and R; are polynomials which do not contain a variable from z L {x;,y;}.
Thus, the monomials of Ry are degree separated from those of R; with respect to x;
or y]
2. Otherwise Cy and C; differ in at least one variable. This again implies that there

exists a variable y; such that the monomials of Ry have non-zero y;-degree or non-
zero xj-degree while the monomials of R; have zero y;-degree and zero xj-degree.

Note that the above argument also holds, with some modification, if all the R;’s are of the
form

Re(w) = (] (y; - C].x].)2+“k,j)(2122 .-2Zg-5), ¢j €T,
jeCk

Observation 5.1.2. S(f(w)) = O(n” +m) and Supp(f(w)) = o + 1.

Proof. By Condition 1 in Section 5.1, Observations 5.1.1 and 2.2.2, it holds that,

m

S(fw)) = ) Sew)+ Y}, Shw))+) SRe(w)).

g(w)ep h(w)eQ k=1
As g(w) € P and h(w) € Q are monomials, thus §(g(w)) = 1 and §(h(w)) = 1. For
k € [m],

S(Re(W)) = ([T Syj — axjx;)* %) - S(z1z2 . . . 20-5) < 64
jeCk

because all the polynomials in the product are variable disjoint and 4, ; can be non-zero
forall j € Cy. Lastly, as |[P| = ("*7™°) and |Q| = (,},) (for odd 7, |Q| = (1) 74"), hence

ag

S(f) < <”+Z_5> + (;2) + 64m.

Thus, $(f) = O(n” + m). Now, Supp(g(w)) = o and Supp(h(w)) = o, where g(w) € P
and h(w) € Q. By Observation 5.1.1, Supp(Ri(w)) < o + 1, for k € [m]. In particular,
Supp(R1) = o+ 1. By Condition 1 in Section 5.1 and Observation 5.1.1, it holds that

Supp(f(w)) = Supp(Ri(w)) = o +1. O
Observation 5.1.3. For any A € GL(|w|,F), it holds that

Supp(f(Aw)) = max (g max, (Supp(g(Aw)), Supp(h(Aw))), Supp (;i Rk(AW)> ) :

Proof. This observation follows easily from Condition 1 in Section 5.1. O
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5.2 The forward direction

Proposition 5.2.1 shows how a satisfying assignment for ¢ implies the existence of an
invertible A, such that Supp(f(Aw)) = o, by constructing A from the satisfying assign-
ment.

Proposition 5.2.1. Let ¢y € 3-SAT with (uy,...,u,) € {0,1}" a satisfying assignment.
Then, Supp(f(Aw)) = o, where the transform A is defined as

A:izirzj, i X, Y= Y+ (T—u)x; i€ [n],j € [0 —5]. (5.1)

Proof. As Condition 1 and Observation 5.1.3 are satisfied, it suffices to analyse the action

of A on individual polynomials of P LI Q and then analyse Supp(} ;. ; Ry (Aw)). Clearly,

for g(w) € P, g(Aw) = g(w). Leth(w) € Q. Then h(w) is of form ((x¢,ys,) - - - (Xt, Yt, )",
2 2

t; € [n], and A acts on h as:

A ((xtlytl) T (xt%yt%))* = ((xfl)(yfl + (1 - utl)xtl) T (xt )(yt% + (1 - uf%)xf ))*

a a
2 2

Note | Uf_; var(¢;)| = o, where {; = A(w) and w € var(h(w)). Thus, Supp(h(Aw)) < 0.
When ¢ is odd, a similar argument holds for the modified construction of Q. For k € [m],
A acts on Ri(w) as:

A (TT ) —ajx)> ™) - (21 -205) = (TT (5 + (1= agj — u)x)> "% - (21 245).
jECk jECk

If ar; # uj, then ag; = 1 — u;. Since ¥ is satisfiable, therefore for all k € [m], a; # u;
for some j € Ci. Hence, Supp(Ry(Aw)) < (0 —5) +5 = o for all k € [m]. This implies
Supp(YjL; Rk(Aw)) < o. Thus, Supp(f(Aw)) = 0. O

5.3 The reverse direction

Now, we show that if Supp(f(Aw)) < o for A € GL(|w/, F), then a satisfying assignment
can be recovered for 1. Lemmas 5.3.1 and 5.3.2, proved using Claim 2.2.2, together show
that A is as:

Aiziwrzi, X=X, Yi— yi+cx; ¢ €F, j€[o—5]i€ [n]

without loss of generality.! Proposition 5.3.1 derives a satisfying assignment for ¢ from
A.

'as permutation and non-zero scaling of variables do not affect the support.
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Lemma 5.3.1. If Supp(f(Aw)) < o, then Vw € zUx, A(w) = W, for scaled variable
Wew.

Proof. Let g(w) = (wy - - -wy)* € P, where w; € zLIx and  represents an integer power
which is at least o + 1. Now, g(Aw) = ({1 - - - £5)*, where the {;’s, with j € [¢], are linearly
independent linear forms. If | U;.’ (var({;)| > o +1, then by Claim 2.2.2, Supp(g(Aw)) >

o+ 1 a contradiction. Thus, | U4 var(¢;)] < o. The linear independence of these o
many linear forms implies | U7_; var({;)| > . Combining these inequalities gives [ U7_,
var({;)] = o. Thus, there exist variables Wi, ..., W, € w such that ({{,...,4,}) =

({Wy,...,W,}), where (S) denotes the vector space spanned by the elements of a set S of
polynomials. In particular, ({¢1,...,4,}) = (var(g(Aw))).

Consider the variable x; € xUzand let A(x;) = ¢1. Now, P can be seen as a collection
of o sized subsets of zLIx. Sincen +0 — 6 > 2(0 — 1) (as implied by n > ¢ +4), there exist,
without loss of generality, ¢1(w) and g2(w) € P, such that var(g;(w)) Nvar(g2(w)) =
{x1}. Note that (var(gi(w))) N (var(gx(w))) = (var(g1(w)) Nvar(g2(w))). Thus,

dim(var(g,(w))) 1 (var(g2(w))) = dim(var(gs (w)) N var(ga(w))) = 1.

The invertibility of A and the argument of the first paragraph imply there exist o-size sets
Bi, B C w, with By = var(g1(Aw)) and B, = var(g2(Aw)), such that (var(g;(w))) and
(Bq) are isomorphic and so are (var(g>(w))) and (Bp). Similarly, under A, (var(g;(w))) N
(var(gp(w))) is isomorphic to (B1) N (By). Thus, dim (B1) N (By) = 1. From the first
paragraph, it is also evident that £; € (B1) N (B2) = (B1 N By), where the equality follows
as By and B, are sets of variables. This implies A(x1) = ¢; = Wj, where Wj is some scaled
variable in w. 0

Lemma 5.3.2. If Supp(f(Aw)) < o, then A(x;) = X; and A(y;) = Y; + ¢;X;, for scaled
variables Y;, X; € wand ¢; € FF.

Proof. The proof is similar to that of Lemma 5.3.1. As Supp(f(Aw)) < ¢, Lemma 5.3.1
holds. Thus, for all w € x Uz, A(w) = W for some scaled variable W € w. In partic-
ular, A(x;) = X; where i € [n] and X; € w is some scaled variable. Let A(y;) = ¢,
where ¢; contains at least one variable other than those in var(A(w)), for any w € x LU z.
Without loss of generality, consider /i(w) = ((x1y1) - - - (xgyg¢))* € Q, where * represents
an integer power which is at least o + 1. Now, h(Aw) = ((Xi41) --- (Xglg))*, where
X1...Xg,ly,... g are linearly independent linear forms. If |var(¢1) U --- Uvar({g) U
{X1,...,X¢}| = o +1, then by Claim 2.2.2, Supp(h(Aw)) > ¢ + 1, a contradiction.
Thus, |var(f) U -+ Uvar(lg) U{Xy,...,X¢}| < 0. The linear independence of these
)U{Xi,...,X¢}| > 0. These inequal-
ities imply |var(¢1) U---Uvar({g) U{Xy,..., X¢}| = 0. Hence there exists variable set
B={Xy,...,Xg}U{Y1,...,Yg} such that (B) = ({{1,..., {5} U{Xy,..., X¢}). In partic-
ular, ({¢1,..., Le} U{Xy,..., Xe}) = (var(h(Aw)))

o many linear forms implies |var(¢;) U - - - Uvar(¢
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Consider the variable x; € x. Asn —1 > ¢ — 2 (as implied by n > ¢ + 4), then for
x1 € xand y; €y, there exist, h1(w), hy(w) € Q such that var(hy(w)) Nvar(hy(w)) =
{x1,y1}. Note that (var(hy(w))) N (var(hy(w))) = (var(hi(w)) Nvar(hy(w))). Thus,

dim(var(hi(w))) N (var(hy(w))) = dim(var(h(w)) Nvar(hy(w))) = 2.

The invertibility of A and the argument of the first paragraph imply that there exist o-size
sets By, By C w, with By = var(h;(Aw)) and B, = var(hy(Aw)), such that (var(h(w)))
and (Bj) are isomorphic, and so are (var(hy(w))) and (Bp). Similarly under A, (var(hi(w))) N
(var(hp(w))) is isomorphic to (B1) N (By). Therefore, dim(B1) N (By) = 2. As A(x1) = X3,
and A(y1) € (B1) N (By) (by the argument in the first paragraph), therefore A(y1) =
Y7 + ¢1 X7, where Y7 € w is some scaled variable and ¢; € F. O

Note: For odd o, the proof holds with some modification. First, h(w) € Q is now of
form ((x1y1) - -- (x(%l Yoo )x%ﬂ )*. The argument in the first paragraph then shows that
for h(Aw) = ((X141) - -~ (X%l&TA)X%ﬂ)*, there exists a o-size set B C w, such that
B = {Xl,,XJTH} L {er---/YUT*l} and <B> = <{£1,...,£UT4} L {Xl,...,XaTH}>. Sec-
ondly, for a variable x; € x, the existence of 111 (w), hy(w) € Q such that var(h(w)) N
var(hp(w)) = {x1,y1} is implied by n — 1 > ¢ — 1 (which itself is implied by n > ¢ + 4).
With these changes, the remainder of the argument continues to hold.

Proposition 5.3.1. A satisfying assignment u for i can be extracted from A.

Proof. The action of A on Ry, where k € [m], is:

(TT(j = arjx;)> i) - (z1 - zo—5) = (T] (W + (cj — ai)x;)* ™) - (z1 - - - zo—5).
jeCy jeCk

An argument similar to the proof of Observation 5.1.1 shows that for any k,I € [m]
with k # [, any monomial of Ry(Aw) is degree separated from every monomial of
R;(Aw) with respect to some variable in x U'y. This implies Supp (Y} ; Ry(Aw)) =
maxge(y) (Supp(Re(Aw)). Since Supp(f(Aw)) < o, therefore Supp(Ri(Aw)) < ¢ for
all k € [m]. Using the fact that the characteristic of the field is not equal to 2 or 3 and the
action of A of Ri(w), it can be seen that Supp(Ri(Aw)) < ¢ iff for some j € Cy, ¢; = ai.
Hence, for each Ri(w), there exists j € Cy such that ¢; € {0,1}. Construct u € {0,1}" by
setting u; := 1 — ¢;, for appropriate j € Cy and the remaining u;’s to arbitrary values in
{0,1}. From the definition of u, it follows that for the k" clause, there exists j € Cy such
that u; # ay ;. As k is arbitrary, all clauses are satisfied. O

5.4 Choosing the degrees

In this section, we set the powers x, as denoted in Section 5.1, for all polynomials in P, Q
and R such that Conditions 1 and 2, specified in that section, are satisfied over any field.
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We specify the choice of x separately for characteristic 0 fields and finite characteristic
fields. Let N := ("T77°) + (,72),i € [N]and k € [m]. Forodd o, N := (") 4 (é)%ﬂ

g o

Over characteristic 0 fields. For the polynomials in P LI Q, arbitrarily order them and
choose the powers to be of form ¢ + i. For this choice of the powers, every polynomial in
P U Q has corresponding degree (o + i) and is clearly degree separated from the other
polynomials in P LI Q. By Observation 5.1.1, the degree of Ry is at most 0 +4. Asi > 1
and o > 2 it can be easily observed that

oclc+i)>o(c+1)>0+4.

Thus, for this choice of the powers, Condition 1 is satisfied over characteristic 0 fields.
The degree of f thenis o(c+ N) = O(n”).

Over finite characteristic fields. Let the characteristic be p > 0. We assume p > o + 1
to ensure Claim 2.2.2 holds. If p > ¢ + N, the powers can be chosen just like in the
characteristic 0 case. Otherwise if  +1 < p < ¢ + N, then we choose the powers to be of
form p! — 1, where t € N, from the following N disjoint intervals:

c+1,p(c+1)], [plc+1)+1,p2(c+1) +p], [PPec+1)+p+1,03(c+1)+p*+7p],---

Order the N polynomials in P U Q arbitrarily and assign powers in each polynomial from
the above N intervals. Then, the degree of a polynomial in P LI Q lies in the range

i—2
o(p o +1) + IZ p.o(p'(e+1) + ZE Pl

=0 =1
For distinct i this range is disjoint implying the polynomials in P LI Q are degree sep-
arated. By Observation 5.1.1, the degree of Ry is at most o + 4. Now, we show that the
polynomials of P LI Q are degree separated from the R;’s by showing that the lower bound
on the degree of any polynomial in P U Q is greater than the degree of any Ry. Asi > 1,
o > 2and p > 1, it follows that

. i—2
c(p e+ )+ Y. p) > o(c+1) >0 +4
1=0

Thus, for this choice of powers, Conditions 1 and 2 are satisfied. For p > o + N, the
degree of fisc(c+ N) =0(n")and forc +1 < p < o+ N, the degree of f is

N-1

O(e(p(e+1)+ Y p)) = 0(p") = O((e + N)N) = O((¢ +n")").

1=1
Note that the degree of f can be represented in 7°(!) many bits as ¢ is a constant. Hence,
as remarked just after Theorem 3, we assume that over finite characteristic fields, the
exponent vectors corresponding to the monomials of the input polynomials are given in
binary.
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