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Abstract

Monopile foundations supporting offshore wind turbines are hollow circular steel piles
of diameter 46 m and a slenderness ratio (lengibiug of 10-12 driven into the seabed in an
average water depth of 35 m. They are subjected to largel ldszas and overturning
moments at the seabed level from wind, waves, and water currents acting on the wind turbine
structure. Currently, they are designed usingptlyeanalysismethod p is the soil reaction
force per unit length at any point along the pile shaft gnd the corresponding pile
displacement at that pointyhich hasa number ofshortcomings The p-y analysis was
originally developed from a few fuicalefield pile-load test on smal-diameter piles (less
than 2 m in diameter) and their applicability to |ladd@meter monopiles is questionable
Besides, it is empiricakite-specific and does not account for the thddmensional pilesoil
interactionimportant for largediameter monopiles, therelngsulting in a conservative design
andanincreasen the costof the project. Thredimensional finite element analysis can be
used for the analysis and design of monopiles, but such analyses requfreasity large
computational time and effort besides, the specific experti$mitd element software that
further limits its use in practice.

The primary objective of this thesis is to develop a computationally efficient
continuumbased mathematical odel that takes the threBmensional monopiksoil
interaction into account. In the thedisree tasks are performed towards the development of
the mathematicamodel. First, a mathematical framework is developedntalyzelaterally
loaded monopilesollowing the Timoshenko beam theory in a multilayered elastic soil deposit
subpcted to static lateral loading. tlmeanalysisjt is shown that successive simplification of
the analysis can lead to monopiles modeled as a-Beleoulli andrigid beam. The analysis
is verified with finite element solutions and the suitability of the application each of the beam
theories to obtain monopileesponsgheaddisplacement and rotation) is alswestigated
besides, a comparison of the computational time letwbe present analysis and finite
element analysis is also shown.the second task, the aforementioned framework is extended
to analyze monopiles embedded anmultilayered linearviscoelastic soil depositvith
frequencyindependentystereticmaterial damping subjected to harmonic dynamic lateral

loading It is shown that the analysis can be reduced to model monopiles following the



Rayleigh, EuleBernoulli, andrigid beam theory. The analysis verified with welt
established solution techniques aoged in theliterature. Further, he results andhe
computational time obtained from this analysis are compared with those of the analysis in the
first task for bur different monopilewith varying slenderness ratairrently installed in the

field. The purpose of theomparisons to investigat¢heapplicability of the dynamic analysis

for obtaining monopile response whihsubjected tayclic loadings of frequency less than

1.0 Hz It is found thatthe staticamalysis following the EuleBernoulli beam theory is
sufficient forobtainingmonopile response.

In the third task, the mathematical framework developed in the first task is extended to
analyzelaterally loaded monopiles modeled as a E@ernoulli beamin a multilayered
nonlinear elastic soifleposit andsubjected to static loading. In the analy$iie nonlinear
elastic relationships describing the variation of shear modulus with shear strain reported in the
literature either applicable to undrained ays or sandy soildepositsare utilized. The
mathematical accuracy of the analysis is verified by comparing results obtained from the
analysis with the rests of finite element analysis. domparisorof the computational time
between the present and finite element analysis is also shown to demonstrate the computational
efficiency of the present analysis. The resoftshe analysisare further validated with the
results of several fubcale field pde-load tests and they analysis procedure available in the
literature. The accuracy of the results from this nonlinear elastic approach is further ensured
by comparingmonopileresponsewith those of finite element simulations where the soil is
modeledusingan elastic-plastic constitutive modelA comparison of the monopile response
is also shownn the p-y analysis tanvestigatethe appropriateness of the currently uped
curves taanalye and design monopiles. Finallypreliminarystepby-stepdesignprocedure
for monopile foundationembedded in nonlinealasticsoil deposit is destoped following

therecommendationsutlined in current codes of practice foffshore wind turbines.
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CHAPTER 1

| ntroduction
11 General

Of the various sources of renewable energy, wind energy is a popular choice in many
developed and developing countries. Wind turbines are installed onshore and offshore almost
everywhere across the world. While onshore wind turbines are an option iconostes,
the Western European countries have moved offshore to meet their high energy demands.
There have been rapid installations of offshore wind turbines (OWTSs) in Europe with a total
installed capacity of 11,027 MW, with UK and Germany being thditey producergHo et
al. 2016) While Europe covers almd84% of the offshore wind market, countries like China,
Japan, South Korea, Taiwan, ahd USA have also set up ambitious targets for offshore wind
power generatiolGWEC 20%). Theadvantagesf OWTs arethat a continuous and steady
supply of wind over a large areaasailableand thatlargesizedwind turbines capable of
generating significantly high energy can be constructed.

Although OWTs are becoming popular, it is a relatively new tecigyolvith different
engineering challengesOWTs are subjected to large environmental and mechanical loads
which are transferred to the foundations at the sea |&ddk makes it necessary to adopt a
foundation system which cagffectivdy resist these loads. Various types of OWT foundation
systems have been used so far depending on the depth of install#t®mravity base and
monopiles at shallow to moderate water depths, and the suction buckets, jacket, tripod at larger
water depths.Monopiles are the most common type of OWT foundation (about @0%et
al. 2016) because of their simple design, fabrication and installation prod¢iREd¢A 2012)
Currently,monopiles are typically-6 m in diameter, installed in water depths ofugune 35 m
supporting OWTs witta ratedpower output of up to 5 MWMonopilesare designedsing
the p-y methodwhich was developed to design pilglsdiameter less than®. Therefore,
their use to design monopiles is questionaBlesides, mnopilefoundationsarealsoexpected
to supportevenlarger sized OWTs witla poweroutput of more thad MW in deeper water
depthsof up to 60 mwhich would require larger siz& monopilesof diameter 7.510 m
(Kallehave et al. 20)5commonly termed as XL mondgs The use othe p-y methodto

designsuch large diameter piles might lead to an uneconomical and conservative design.
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Therefore,further research studies on different aspects of monopiles supporting OWTs are

necessary to produce safe and econondiesigns.

12 Literature Review

This section provides a brief overview of the existing OWT monopile systems with
respect to thetypical dimensiondpading conditionsgurrent design considerations, grakt

research studies

1.2.1 OWT structure monopile system

Figure 1.1 shows a thrd#aded OWT structure which typically has a rated power
output of 25 MW. The turbine system is a heavy rotating mass comprising the blade, nacelle,
rotor,andhub assembly resting on a tall slender steel tubular columoh{(wéithe tower).For
examplea 3.6 MW Siemens OWT hastower height of 90 randa bladediameter of 120 m
(Siemens AG 2016) The tower and turbine system is connected tosti&structuresia a
transition piece The substructure is aanopilewhich essentiallyis a hollow circular steel
pile of diametetypically ranging over 4 m, driven hydraulically into theeabedn water
depths of approximatelys3n (Doherty and Gavin 2012nda slenderness ratio (lengthdiug
of 10-12 (Klinkvort and Hededa2013)

The OWT structure is subjected to various static and dynamic loads of cyclic nature.
Theaxial static loadg$rom theselweight of the tower, turbine, and the substructure assembly.
The dynamidateralloads arérom thewind load on the tower and turbine assembly with a
predominant frequency of 0.01 KBhattacharya et al. 20}, Jandthewaves and water current
loads on the tower and substructure with a frequency typically in the range-@f30kz
(Kallehave et al. 208). There are additional dynamic lateral loads from the vibrations of the
rotor at the hub level, typically in the range of 60L31 Hz (often termed as 1&8)d vibrations
arising from blade shadowing effectglre range of 0.49.93 Hz (termed as thé3requency,

i.e., thrice the rotor frequency) for a standard 3 MW wind turfiiattacharya et al. 2011)

These loads on the OWT system have to be resisted by the monopile, and therefore, the
geotechnical design of monopile is important to ensure gettsy performance of the OWT
during its typical service life of 20 yeaf®NV 2014)
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1.2.2 Design requirements of OWT monopile

Both the ultimate and serviceability limit state criteria should be considered for the
geotechnical design of monopilédBNV 2014) The typical serviceabilitimit statecriteria
set for monopiles are in terms of maximum rotation of the monbpaelat the seabedevel,
while the typical ultimate limit state criteria set for monopiles are in terms of their collapse

load. Another important design consideratiorthat the natural frequency of the OWT



structure should not be close to the forcing frequencyhefimposed dynamic loads. The

details of the design requirements are mentioned below:

1 Ultimate limit state (ULS) criterion: Sufficient monopile capacity should be ensured under
axial and lateral loading such that the applied loads do not tec#laps of the monopile
under axial and lateral loads during an extreme loading event.

1 Serviceability limit state (SLS) criterion: Displacement tolerances at the monopile head are
required for satisfactory performance of the OWT under instantaneolsngrtérmcyclic
loads. The maximum allowable rotation for monopile atstdeedis 0.5 under extreme
loadng conditions, of which 0.25is from installation tolerances. Therefore, the usual
allowable limit for monopile head rotation is 0.25

1 Resonancavoi dance <criterion: Cu figtifeon twhQ@ W3hs meraen
that the first natural frequency of the global OWT struetuamnopile system should be
+10% away from the excitation frequency band&P (rotor frequency) and 3P (blade

passing frguency) typicallyrangingover0.3i 1.0 Hz (see Figure 1.2DNV 2002)

Vestas V90 3 MW with rotor operational interval: 8.6-18.4 ravolutions/min

A +10% maximum deviation from forcing
frequency (DNYV, 2002)
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Figure 12: Forcing frequencies of a Vestas V90 3 MW OWT (Regenerated from Bhattacharya
et al. 2011)



1.2.3 Research studies and developments

Several research studies on various aspects of OWT structumepilesystem have
been conducted by researchers across the world. These studiegoamabb/ grouped into
two categories{i) loaddeformation studies on monogsland (ii) studies on the natural

frequency othe OWT-monopilesystem.

Load-deformation studies omonopiles

Monopiles are laterally loaded piles that should sabsiynthe ULS andSLS criteria
for adequate performance. For offshore applications, the design of such laterally loaded piles
is currentlybased on thp-y method(GL 2005,AP12011,DNV 2014) In thep-y methodthe
soil ismodeledas a series of uncoupled (Winkler) nonlinear springs attached to the pile shaft
along its entire length, and the pilen®deledas a EuleBernoulli beam. Theoil springs are
characterized by nonlinear fordésplacementty) relationships (commonly teed asp-y
curves) for static and cyclic loading (see Figure 1.3). pfyeurves depend on soil properties

and depth at which the spring is attached to the pile.

D4
Seabed Fa_mMﬂ

-

s

Figure 13: Nonlinearp-y curves for laterally loaded mondgi

However, thewidely-used p-y method recommended by the American Petroleum
Institute (AP12011) was originally developed for long, slender pi(@datlock 1970, Reese
1975)because of which its applicability to largeameter monopiles iguestionable.This is
particularly true because tipey curves were developed by baakalyzing the results of a few
full-scalefield load tests on slender piles with m length and 61 cm diameter, and the method
does not explicitly take into account the mechanicshoégdimensional (D) pile-soil
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interaction important for largediameter monopiles The p-y curve for cyclicload was
developed fofess than 100bad cycles while the monopiles are subjected to billions of load
cycles ¢ 10") over the service life of hOWT (Achmus et al. 2011)

This drawback prompted researchers across the world to examine the applicability of
the existingp-y method to large diameter monopiles under static and cyclic loads and explore
other aspects of monopitehaviorimportant fordesign. An exhaustive literature survey based
on the different aspects of monopikehavior highlighting the major contributions is
summarisechext The literature isategorzedbased on the loading condit®adopted in the
studies

1 Static loading

Three dimensionaB{D) finite element (FEanalysegWeimann et al. 2004,esny and
Weimann 20052006, AbdelRahman and Achmus 2005, Bekken 2088arn and Edgers
2010, Moller and Christiansen 201Haiderali et al. 2013 geotechnical centrifuge tests
(Alderlieste 2011)1-g modellaboratorytess (Moller and Christiansen 201Zhu et al. 201/
and field tests on reducestale (Li et al. 2017mnonopiles in sandgnd clayeysoils showed
that the existing-y curves & not suitable for design of monopilescausehey overestimate
thesoil stiffnessand thus underestimateonopiledisplacementThereforegfforts were made
to modify the existing API recommendpg/ curvesfor sandy(Weimann et al. 200&o0rensen
et al. 2010 Achmus et al. 2011Zhu et al. 2015Li et al. 2017 and clayey(Pradhan 2012)
soils. Amethodsimilar to thep-y analysisvasalsoproposedo design monopilelsased on 3
D FE modelingin conjunction with sitespecific field test¢Byrne et al. 2015 a, b, Zdravkovic
et al.2015, Murphy et al. 2018) Additional mongile-soil response curves i.en-g curves
describing the relationship between ttiistributed momenmm along monile shaft and
rotation g of the monaile crosssection,Sy curves describing the relationship between the
shear forceS at the pile base and pilease displacemenyt andM-g curves describing the
relationship between the ament at themonile base andnonile base rotationwere
developed The design curves weimplemented ia1-D FE framework in which the pile was
modeledas a Timoshenko beam and the soil adjacent to the pile was represented by

translational and rotational springs characterizethby-y, m-g, Sy, andM-g curves.



1 Cyclic loading

Centrifuge testgAlderlieste 2011, Grajales et al. 2015)1-g model or smatkcale
laboratorytests(Leblanc et al2010a Alderlieste 2011Moller and Christiansen 201Hansen
et al 2011, Abadie and Byrne 2014badie 2015Nicolai and Ibsen 201%,iao et al. 2018
andnumerical modehg (Grajales et al. 201Bepina et al. 2015 arswell et al. 20162age et
al. 2017, Chong and Pasten 2017, Barari.€2@17,Aasen et al2017,Yang et al. 207) on
monopiles in sandgnd clayey soilsubjectedd short andlong-termcyclic loadsreportedan
increasen monaile displacemenandchanges in the stiffness of the monojsitel system
with the number of load cycle#\ theoretical modeio obtainthe monopile respons@a sandy
soil was suggested in which the modulus degradation of sand with load cycles was determined
from cyclic triaxial tests and given as input to a(EEsnyand Hinz 2007Achmus et al. 2009,
Depina et al. 2015) or a finite differencéafng et al. 207) modelto subsequentlylevelop
design chart§Achmus et al. 20Q9vang et al. 207). Design charts to determine accumulated
monaile rotation because of random tm@y cyclic loading froma limited amount of
empirical dataon smallscale testsvere also developed(Leblanc et al2010b) A design
procedurefor monopiles in sandy sditom the results of a series of centrifuge tekis any
loading amplitude, characteristics, adumberof load cyclesvasalsosuggestedKlinkvort
and Hededal 2012014.

Studies orthe natural frequency ofthe OWT-monopilesystem

For estimating the natural frequency of an OWT structhesstiffness of the monopile
soil systemat seabedevel can be characterized bystaticlateral translationastiffnessKr,
crosscoupling stiffnesKy, androtationalstiffnessK ,, represented as sprin¢seeFigure
1.4). A research stud(Zaaijer 200§ was conducted tevaluate these spring constakts
Kry, and Ky, usingthree different approacheg) effective fixity lengthin which a rigid
clamping of the pilevas usedbeyond areffective depttof 3.3-3.7 times the pile diametdi)
FE simulation and continuum model proposed by previous studies on laterally loaded piles
and(iii) simplified uncoupled springs from both force and displacement based method of a FE
model. The range of applicability of each of the methods in the calculation of natural frequency
was investigatedand it was suggested thae continuum and FE models gaa reasonable

estimation of natural frequency Further esearch studiesed to the development of
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approximate (Adhikarand Bhattacharya 2011) aedact(Adhikari and Bhattacharya 2@}
eguationausing whichan assessment of the natural frequency oO&aMT-foundation system
can be madeln these studieshe foundation wamitially modeledwith static spring&:r and
Kyy (see Figure ) while the tower and turbingeremodeledasa EulerBernoulli beam with
a mass at the endA reasonable match was obtaineetween the results of tleveloped
equationsandthose ofsmallscale experiments and measured values of real wind farm sites
(Bhattacharya and Adhikia2011) The method was further improved by includihg cross
couplingspringK:y (see Figure ) andmodelingthe tower both as a TimoshenkodEuler
Bernoulli beam.Comparson of results with those of wind farm sitgave a reasonably
accurate initial estimataf the naturbfrequency of wind turbinesA higherorder beam theory
for the tower did not improve the natural frequency prediatioich(Arany et al. 2015)

Figure 14: A simplified model for calculation of natural frequency

Beside the development of static spring constants for estimating the natural frequency
of OWTs, a few studies were also conducted to observe the effect @tlomgyclic loads on
the natural frequency of OWTsSmall-scale test¢Bhattacharya et al. 2018ombardi et al.
2013 on OWTin homogeneoyssotropic soft clay under lorgrm cyclic loadsat three sets
of forcing frequency and amplitude showed a degradation of soil stifiidss decrease in

the natural frequency of th®WT. A greater decrease natural frequency at higher strain
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levels wasalsoobserved. Further, the damping of the system was high at higher strain level
and loads. The tests waksorepeated for monopiles imsdy soils, and was reported that
there wasanincrease irstiffnessof the soilthat led taanincreasen natural frequencyArany

et al. 2015)

13 Limitations of existing studies

The previous sectioprovidesinformation onthe currentstateof-art of the OWT-
monopilesystem theirdesign considerati@anda brief discussioron theapplicability ofthe
existing analysismethodsto monopiles At the same timethe behaviorand designof
monopiles undestatic,short andlong-term cyclic loads and methods to predict the natural
frequency of the OWT structuegealsodiscussed Researclstudies on monopiles are limited
in number,andthere area variety of aspecten which further works required, as described
below:

1 The APl recommendeg-y method is still usedin practicefor analying and designing
monopileg(e.g., Bisoi and Haldar 2014, 2Q15AIthoughthere aremproved p-y analyss
methodsfor monopiles these methodsre very sitespecific  Similarly, the design
methodologieslevelopedfrom experimental andumericalstudiesare from a limited
number of tests or analysis eitheridealized soil profiles or forsite-specificconditions.
Therefore, there islearly a needof an analytical, seranalytical ora numerical model
that canaccountfor 3-D monopilesoil interaction considerthe soil variabilitiesactually
encountered inhe field andcanbe used in routine desigiojectswithout resorting to
sophisticate@nd computationally expensi tools.

1 To predict the naturdfequency of the OWT structure thprsng constant¢as shown in
Figure 1.4) should be knowiThe exactor approximatenethoddevelopedor calculatng
the natural frequency of OWTitilize equationsavailable inthe literaturefrom previous
studies on laterally loaded pilesquantify theespring constantddowever the equations
are oversimplifieddeveloped fordealized soil profiles,andarebased on consideratisn
of static stiffness athepile-soil system Moreover their application tahe monopilesoil
systemis also quesitonable because wnopiles are subjected to cydtignamicloads
duringtheir lifetime anddynamic stiffnessnight be necessafgr accurate predictionsf

the natural frequency of the OWE tools can be used for individyabjects;however,
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an analyticalsemtanalyticalor a numerical tool would be very useh#cause large
number ofanalysedor varied soil profilexan be done to develop the static and dynamic
spring constant&conmmonly referredo as static and dynamic impedance functionthen
geotechnicafoundation engineeriniferature)quite easily and economically.

1 Conventionally, laterally loaded piles have always bewmeledas a EuleBernoulli
beam in any analytical, seranalytical or numerical procedwéfor example thep-y
method) for analysis and design of laterally loaded pildswever, formonopiles most
of the literatureclassifiesthe monopileasa perfectlyrigid body while somenumerical
studiesusethe Timoshenko beartheory Thus, there is clearly a lack obnsensus the
literature as tavhich beam theory is really suitable fmodelingmonopiles. Therefore,
an investigation of the suitability of theapplication of different beam theories

(Timoshenko, EuleBernoulli, Rayleighandrigid beamtheory) to monopiles is necessary

14  Objectivesof the present research

Based on the limitations identified in the literature, the specific objectives ofgbentr
researchreported in this thesis are:
1 Develop amathematically rigorous but@mputationally efficienmodelfor analyss of
laterally loaded monopitan a multiayered soil deposthat
I. accounts for3-D monaqile-soil interaction and eliminates the requirement of
developinganew or modifying theexistingp-y curves for application to monopsle
ii. can be used to quicklgredictthe monopilehead displacement and rotationder
different loading conditiongstatic, dynamic or cyclidhrough use of appropriate soil
properties and constitutive relationshipad
iii. can be used to quickly performn exhaustive parametric study for monopiles
embedded in various solil profiles to obtain the spring conskant&:,, andK ,
required for estimation ofthe natural frequency of OWTswithout resorting to
expensive antime-consuming-E analysis

1 Investigate the application of various beam theories to model monopiles.

15 Organization of the thesis
Thethesiscontainssix chapers and i®rganizedas follows:
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Chapter 1 provides a brief introduction of the current staf-art onthe OWT-monopile
systemand a summary of the research objectives

Chapter 2 provides the development af continuurrbasedframework foranalyzing
laterally loaded monopiles mmultilayeredelastic soil subjected to static loading using

the Timoshenko beam theorlt is showrthat the framework can be progressively reduced
to obtain monopile response following the EuBarnoulli and rigid beantheory. The
results obtained from the present analysi®wing various beam theoriegecompared

with 3-D FE analysis an@ppropriate recommendations on the use of different beam
theories formodeling monopilesin a linear elastic soil depositare also made. A
comparison of the computational time required to obtain monopile response between the
present an@-D FE analysiss also shown.

Chapter 3 provides the development afcontinuurdbasednathematical framework for
analying laterally loadedmonopiles in multilayered linear viscoelastic soil with
hysteretic material dampingubjected tsteadystate cycliecdynamicloadingusingthe
Timoshenko beam theanyt is shownthat the framework can be progressively reduced
to obtain monopile respondellowing the Rayleigh, EuleBernoulli, and rigid beam
theory. The results obtained from the present analysis following different beam theories
areverified with the results of existing solutiorevailable in the literature. Further, the
applicability of the dynamic analysis to estimat®nopileresponse at ayclic/dynamic
loadingfrequencyof less than 1.0 Hz is also investigated

Chapter 4 provides the development of a continubased framework foanalyzing
laterally loaded monopiles ia multilayered nonlinearelastic soil, subjected to static
loading using the EulerBernoulli beam theory. The mathematical accuracy and
computational efficiency of this analysisecompared with & FE analysis.Furtherthe
accuracyof the presenainalysis is validated witpredicted results obtained from the/
analysis andneasuredesponsdrom full-scale field pileload tests for a few case studies

in clayey and sandy soil deposit, available in the literatliceassesshe applicability of

the present nonlinear elastic approach in predicting monopile response, the results
obtained from the present analysis are also compared with the results of equhlent 3

FE simulations using #near elasticperfectly plastic constitutive modaind the p-y
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analysis. A comparison of the computational time from the present nonlinear elastic
approach, linear elastperfectly plastic FE analysis, and g analysis is also shown.
Chapter 5 demonstratea preliminarystepby-stepdesignprocedurdor laterally loaded
monopiles usinghenonlinear elastic analysis developedinapter 4.

Chapter 6 provides the conclusions resulting from the present waldng with

recommendations for future research
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CHAPTER 2

Static Analysis of Laterally Loaded Monopiles in Multilayered
Elastic Soll

21 Introduction

In this chapterthe mathematical frameworfor the staticanalysis of laterally loaded
monopiles embedded in a midiyered soildepositis presented.In the analysisthe soil is
modeled as &-D elasticcontinuum and the anopile is modeled following the Timoshenko
beam theory. Rationabil displacement functions are assumed and the principle of minimum
potential energy is applied to obtain the differential equations desgtite monopileandsoil
displacements. The differential equatisgoverningmonile and soil displacemenare
solved analytically and numerically, respectivébllowing an iteraive algorithm. Further, it
is shown that the framework can kanplified to obtain monopile response followinthe
EulerBemoulli and rigid beam thems

The results (piledisplacement and rotation) obtained from the present analysis
following different beam theoriemrecomparedvith the results of equivalent3 FE analysis
for severalkcases osmalldiameter piles and largdiameter monopilesThe difference in the
prediction of pileand monopileresponse following different beam theories from the present
analysis with that of equivaleBtD FE analysiss quantified Besidesyecommendations on
the use of different beam theories modelng monailes following different beam theories
arealsomade Further, a comparison of the computational time requivesbtan pile and
monopileresponsebetween different beam theories and equivalebt BE analysisis also

shown.

2.2  Overview of existing formulations for static analysis of laterally loaded piles in
elastic soil

There are sveral computationalalgorithmswith varying degree ofophistication
available in the literaturefor estimating pile responseembeddedin homogemous
heterogeneous, andultilayeredelastic soildepositand subjected to statitateral loading
These methods can bategorized intthree majogroups: () Winkler type subgradeeaction
basedanalytical formulatior{Reese and Matlock 1956, Matlock and Reese 19é6ic 1961,
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Davisson and Gill 1963, Gill 1968, Alizadeh and Davisson 1970, CH&4,Bowles1996
Ashford and Juirnarongrit 200&algado 2008 (i) continuumbased 3 semtanalytical
boundary element (BE) (Poulos 1971, Banerjee and Davies 1978, Ai et alf@@idulation
based on fuMiamedtdl solutiogMindlin 1936) andthe numericalFE (Desai and
Appel 1976,Kuhlemeyer 1979Randolph 1981 Chow 198, Carter and Kulhawy 1992,
Higgins et al. 201Bformulation and(iii) approximatecontinuumbasedanalyticalandsemt
analyticalformulationusingvariational calculugSun 1994, Guo and Lee 2001, Shen and Teh
2004,Yang and Liang 200@asuet al. 2009)

Of the various formulations available, the Winklertype subgradeeaction based
formulationsfor laterally loaded pile¢derived from beams oan elasticfoundation (BEF))
are the most popular and widelged by geotechnical enginebexause these approaches are
easy to understand and use, mathematically conveaighizomputationally inexpensivén
this formulation the soil is represented bysaries of independent;[}, linear elastic springs
characterized by the coefficient of subgradactionk (unit is F/L; F is force and. is length)
at distinct locations along the pile lengtherethe soil reactioriorce per unitlengthp (unit is
F/L) at any point is proportional to thale displacementy (unit is L) at that point the
relationship betweepandy is mathematically expressedas k3 y. Majority ofthe research
in this formulation has beerdevoted towardsleveloping simple correlatiorte quantify k
(represenng the compressional resistance of 3alks afunction of the pile radiusand the
Young6s modul us a notlsoilReg., ¥esio 19615 Cartea 198Ashford and
Juirnarongrit 2003Salgado 2008 such that an analytical solution of the fouaitterlinear
differential equation governing pile displacement can be obtaifi& requires parameter
calibrationfrom laboratory orfull-scale experiment®.g., Gill 1960 Alizadeh and Davisson
197Q Salgado 2008on laterally loaded pilesuch that the pile response can be predicted
accurately;however, tiese correlations aneot rigorous enough to be used fine routine
geotechnical designBesides,in this formulationthe soil is characterized b i.e., a one
parametefoundationmodel and it neglecs the shearinteraction(characterized by the soll
parametett) between adjacent Winkler springdich arereferred ¢ asthe two-parameter
foundation modeln the BEF literaturgFilonenkeBorodich 194, Pasternakil954 Vlasov
and L eldabtVvallabhan and Das 1991
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The numerica(BE andFE) formulationswhere the soil is modeled as a continuane
conceptually superior to the Winklbased formulations because they accdanthe true
interaction(both the soil parametek andt) between the pile and spihowever, in these
formulations the mathemats involved is often too complex which perhapsnakes the
formulationsunattractive the algorithm computationally exgnsive,and not quite useful for
routine geotechnical practice. The advantage of the approximate contiraseth
formulatiors is that theséormulationshave the ability to capture the importasipect of the
mechanis of the problemand predict pile responsathout significant loss of accuradyeing
mathematically too compleand computatically too intensive.

In mostof the aforementionetbrmulations the pile is modeled as an elastic Euler
Bernoulli beam the EulerBernoulli beam theoryloes not account for the effect of shear
deformationwithin thebeampile crosssection. The EulerBernoulli beam theorysed in the
formulationds applicable for modeling the bendibghaviorof beams (piles) with slenderness
ratios (lengthradiug typically greater tha@0. For piles that are stubbiyfor example, large
diameter monopiles the use of the EuleBernoulli theory is questionable, and perhaps the
Timoshenko beam theory is more appropridtee shear deformation that is likely to ten
negligible in largediameter monopiles is not taken into account by the BBéznoulli beam
theorybut can be captured by the Timoshenko beam theory (Shames & Dym T9&5)ise
of the Timoshenko beam theory may be particularly necessary for monopiles supporting
offshore wind turbines because these piles have low slenderness ddiiold (Klinkvort &
Hededal 2014) and very large diameters in the rangeiof 4n, with future installations
planned with diameters as large asi71® m Byrneet al 2015). In fact, the rigid beam theory
may also be applicable for monopiles subjected to lateral loads because, sometimes, the
monopiles undergo rigid bodgtation (AbdelRalman & Achmu2005 Klinkvort & Hededal
2013). Rigid body motion isalsopossible for largaliameter stubby drilled shafts and bored
piles aswell if the stiffness of the surrounding soil is much less compared with the stiffness of
the pile (Yang & Liang Q06).

In this chapter, m approximateontinuumbasedormulationfor the staticanalysis of
laterally loadednonilesfollowing the Timoshenko beam theory in multilayered elastic soil
is presented This formulationis an extension of an existing analysis framewankstatic

analysis ofaterally loaded pile®llowing the Euler Bernoulli beam theory (Basu et al. 2009).
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In the presentanalysis, i is shown that the nefermulationoffers ageneralted framework
whichunder simplified asumptions, leads tmon@ilegpilesmodekd as EuléBernoulli and
rigid beams. Closedform slutions formonaile displacement, rotatiotnpending moment,
shear forceand soil reaction are obtained considering all the three beamethedrhe
advantage of this formulation are (i) unlike the Winkler type subgradeaction based
formulation, this formulationleads to a Pasternak (1954) type {marameter subgrade
reactionbased representation of the soil in which the Winkler soil gprame coupled through
shear interaction between thgim) the values ofhesoil spring constarkand shear parameter
t of the tweparameter model are not assigaqatiori but are rathean outcome of the analysis
(iif) the mathematics involveth this formulationis comparatively simplem comparison to
the BE and FE formulationshich makes theolution process tractable and computationally
inexpensive, and (iv) this formulatiaranbe extendedo obtain response gfilesimonopiles
embeddedn aviscoelasticsoil subjected to dynamic loadirfidiscussed in Chapter 3) atal

account for soil nonlinearitfdiscussed in Chapter 4).

23 Mathematical Formulation
2.3.1 Problem definition

Figure2.1shows &ahollow circularmonopilemodeled agimoshenko bearambedded
in a multilayered elastic salleposit Themonaile has a lengthp, radiusrp, wall thickness
tp {=6.35+ (23 rp)/200 mm(API 2011}, area ofcrosssectionAp, andsecond momendf
inertialp. Themonaile is characterizelly its shearmodulusGy [= Ep/{2 2 (1 + rp)}] where
EpisYounmadigdus andyi s t he Poi ssonds Theadlilagersare t he m
characterized btheL a me 6 s  d = Es/k/{@ln+-a§(1 - 2rx)}] andGsi[=Esil{2 3 (1+
)}l whereEsiisY o u nrgodudus andzsii s t he Poi s 8'tayed Eethicknesso of t h
of anyi'" layer isgiven byH; - Hi-1 (with Ho = 0). Each layer has an infigitradial extent and
the bottorm!™ layer has an infiniteerticalextentin the downward directian
No slippage or separation between theropile and the surrounding soil or between
the soil layers is allowed in the analysis.cylindrical r-g-z coordinate systens chosen for
analysis ¢hown in Figure.1). The monopilehead is flush with the ground surface ahd t

loading on the wind turbine structu¢ghown in Figurel.1l) is modeledas a concentrated
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horizontal forceFa andor momentMa at themonile head The goal of the analysis is to
obtain monqile responsé displacementv, rotaton dw/dz, bending momenM, and soll

reactionpi as a function of depth under the action dheapplied loading

lateral loads

2.3.2 Displacements, strainand strain energy densityin soil

The horizontal soil displacemengienerated by the monopile displacemefi) is
described as a product of thieeparabldunctions each of which varies witme of the three
dimensions. The vertical soil displacement; is assumed to beegligible because theffect
of vertical displacement on the horizontal response of piles has been fourktgligileby
several researchers like Tajifd969, Nogami and Novakl977), Novak and Nogam({1977),
and Mylonakis (2001). Mathematically, the horizontal soil displacementsand ug are

expressea@s(Basu et al. 2009
u (r.g.2)=w(2 f( 1 cos (2.1)
u,(r.g.z)= w2 £ 1)sin (2.2)

17



wheref; and 74 are dimensionlesfunctions in the radial and tangential directions and are
functions of the radial coordinate that are both assumed to be edu@lair = rp (ensures
perfect contact between monopile and)said are both assumed to be equal to zerc-at
(ensures thahesoil displacementsecause ononopile movement decreaseith increasen
radial distance from the monopile and eventually becomeg.z&free sine and cosine functions
ensure that the viation of the soil displacements in the tangential direction is compatible with
the horizontal monopile displacement.

Using the soil displacement field, the infinitesimal soil strains (with contractive strains

assumed positiva} expressed as

€ L o dr, (r)
g ur ﬂe -w(2) 5 cosd
é
¢ U 1M, g £.(r)- £(r)
ee, o€ rorug Ug  -w(z)- cosq
e ue Ug r
éeqq ug _ MU, 3é 0
ee,, U Hz U ¢ ; -
. gglélpur Ju, U, o ,lw(z)ieﬂ(l’)- fr) d fr) gng 9
ée u€2F g wor W i T ar g
j é . . Uga
geqz Ee Jlaw, B 2 (Jg -Edw(z)fr(r)cosq
é 2¢ W n o+ Be 2 (zlz)
¢ _lalpu, u, § g 12 s (1)sin
§ 2Fu n Qope 2 gz /g

Further, using the stressrain relationship, the strain energy densitgd2 (Spq and gq are
soil stress and strain tensors dhd summationis implied by the repetition of the indices
andq) of solil is given by

& 2df % ;
u, =2e(r. 26,)w e 83/5w2ﬂ(f' /) (+/ 3GY) V\f('fz Jf
8 cdr =+ dr r r (2.4)
3d7, B (f.- f)df _adw g div ° &
GWa e 2+ w1 °% g F2 G !
FOWeEy oW Gy, O G Ty
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2.3.3 Minimization of p otential energy of the monopile- soil system

The potential energy of the monopgeil system wh the monopile modeledas
Timoshenko bearaubjected to a fordéa andor momentMa, at the head (Figure D), is given

as
Lpl é_dy 26 LD
P :ﬁEEplpaeE sz +%sppbb2dz +u3ﬁ V\E_\}'\zl:o Nﬁl-ﬂ*zﬂ (2:5)
0 Q . 0 Wo

where the first integral in the right hand side of equation (2.5) is the strain energy of the
monopile arising from the bending deformation such fhet the bending slope of monopile
axis the second integral is the strain energy of the monopile arising from the shearing
deformationsuch thatb is the slope of monopile axis because of shear deformatiwhthe
third integral represents the total strenergy of the soil domail being the appropriate soil
domain that participates in the monopsl@l interaction \Mo encompasses a volume
theoretically extending to infinite distances in all radial directions from the monopile axis and
in the downwardvertical direction from the monopile base, except the cylindrical volume
occupied by thenonile). The external workloneby the applied forcd-a and momenMa
at the monopile head given by the other two terms

According totheTimoshenko beartheoryy(2) is the slope due to bending deformation
and H(2) is the slope due to shear deformation, therefore the total dWwde = y(2) + H(2)
(Shames and Dym 1985The theory assumes that the shear strain is constant at all points over
a crosssection othe beam which is not true and incareerror. Therefore, a correction factor
k was introduced by Cowpé€t966 based on the theory of elasticity to account for the non
uniform shear strain distribution along a crgsstion of the beam and still retdahre simple
theory of Timoshenko beam. According to Cowper, for a hollow cirarasssection, the
shear correction factor is givéay A[=63 {(1 +m)(A + rdD}{(7 + 1) 3 (1 +rd)?+ (20 +
6/%) 3 ra%}], wherera is the ratio of inner radius to outer radius of the circular hollow eross
section.

Substitutingb(z) =dw/dz- y(2) and including the correction factéyequation @.5) is

rewritten as

L 2. L 2

_ 1 ady 6 p? d& 0 26
P —n—E| a— ¢ G dzs '*L{,ﬁ E/*V :bi .

02 " pgdZ gz -; 2 @ Y ZQM{ L M ¥, 2.9
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A mechanical system in equilibriuthas minimum potential energy.Therefore,

minimizing the total potential energy of the monogt@l system (i.e., setting the first

variation of the potential energy? equal to0) leadsto the required differential equations

governing the equilibrium dhe monopilesoil system. Considering a layered system, setting

oP =0 inequation @.6) after substitutingJp from equation @.4) results in

e dy diy dlw & )
= (= 1 A - ~ - ™
® 4 g G o oA g v e S
Hioo oa 2
VA adf, o ., Ad

P8 A (L ) 02 Ll (w/me)( . )=
= e, cdr = r dr r

adf, B 1d 7§ , dw adw %
+Gae—%g+ze( -;)——rqywvw e+ N avigdrdz

e}

dw,, adw, &
o P et & R, W Ay
Ly )

dz
fomt e 1df, f
+|pa n Sﬁéwz r d si si)wz_{ (‘snlSGgi) sz_qz_
T _1H1rel r r r
o 2. N o ~
et Ye g 8 G by o P( L e Wi §
r dr ¢ dz Ty i cdr =+
w2l pup el f%fdfdzuu
ry cdr y
ne1 Hi =
~ df, f
08 i [T g (/ 38)wis (/3w L
i=1H .r
1T (2.7
1df adw o, ¥ & ,df f
G 2__¢L ) —r i d N _q+G 2_r
si rdr ygg gqg /F-GQVYZ dr si VY r
f,0, 87 90
-G W 2 {ld o9 girdz ©
ry ar €+

Note, that the" layer inequation @.7) is artificially split inton andn + 1 layers. The

variations ofw, y, fr, andf4in equation @.7) are independent, therefore the terms associated

with av, dy, df:, anddf, must individually be equal to zero in order to satsfyation @.7).
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2.3.4 Analytical solution of differential equations describing monopile displacement

Integratingby parts the terms associatgdw/d2) andddy/d2) in equation (2.7), then
collecting all the terms associated withv and @y and equating them to zeresults in the
differential equations ofv(z) and y(2). A set of coupled differential equationswfz) and

y(2) for thei'" layeris obtainedor the domain & z¢ L, as

dyI advy 0
ad d? 0 o w
kG, A, yz ; d;\’ gkw 2f— 0 (2.9

wherew; = W(z) andyi = y(2) within thei™ soil layer and the soil parametérandt; are given

by

é, o odf 2, adf d
g o ¢ ' rp (2 1@
26,7t - %2 . 38,) X, £ Zag
aflfe =)0 0 6/ 38 i 7 A
é o 7
TBG.éﬁf2+ ;)rdr U i 4,2 )
}2 SI é"‘ f l\,ll'J
vl 5 (2.1
26 sneﬁf2 Prdr 2 0 i w1
i2 H

The constantk is analogous tahe Winkler spring constantand represents the
compressive resistance of soil in tfiéayer. The constart represents the shearée between
the adjacensoil springsthat arisebecause of théifferentid lateral movement of the soil
springscaused byhe monopiledisplacemen

A mathematical transformation is made in terms of an auxiliary fungEtguch that

F 1 d°F

w = —1 ' (2.12
Eplp kaAp dZ
1 dF
,Vi = — (2-13
Eplp dz
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and this results in a single differential equation by combining equagd®)sagd @.9) as

a : 94

L2 0 (2.19
;? kG, A Gi7 % A 5 '% L

with the correspondig relevant boundary conditions

2?1 2, ®WR 2t dR ‘3% (2.1%)
& KG,A 9df El, dz g
d2 M (2.15b)
d a
£ F 1 d°F f B, 1 d°F, (2.16a)
I - o '
TEpIp kaAp dZ yT IEDIP kGPAb dz ?
dF _ df,, (2.160)
dz dz
P A_ET A S P GF. 3,05 @
8@ KGA ydZ2 El, dzy g kGA §z  F) dz
d’F _ d’F, (2.16d)
dz dZ
& 2%t fIcE 2t dE 9 £ F, 1 d’°F, 1
éi 1+ n U n n n l:l # tn+1 n (2178_)
& AkG,A 3dZ E|, dzyg 2 1 EL AGA dz |
d?F

n — 2.17b
o ( )

Equations 2.1%)(2.1%) are applicable at themongile head £ = 0), equations
(2.16a)-(2.16d) are applicable at the interface betweeni'thend the i(+ 1) layers ¢ = H)),
andequations 2.17a)-(2.17) are applicable at thmonile baseZ=Ly).

Closedform solution of the differential equation representing monopile displacement
(equation (2.14)) is obtained bsubstituting F(z) = € into the equation and obtairing a
characteristic equation in terms\of Introducing layering and evaluating the rogtsof the

characteristic equatigthe solution is obtained as
F@=q'e¢” +del’s & &7 & & (2.18)

wherethe associated exponential tes are the solutions of the differential equatidds),
C2M, G, andC4") arethe integration constants for tielayer,and\v() in equation @.18) is

given as
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~ o 2 ~ o
K Qo ] K m’k )
ten Bl
p p kG A a ? p /GpAp _ - pl p pAp (219)
& o2 b
A, 2 O
\ 2 4c,h, 8

The integrations constants for each layer are determined using the boundary conditions from

V1,2(i) =

equations 2.15-(2.17). The functionF is expressed in terms of the integration constants
following equation @.18) which isthenused to otain the monopile didacementw and the
bendingslopey by substitutindg= in equations 2.12) and @.13), respectively.

For the domain below the monopile,@€ z ¢ @) the terms associated withivh+1 in
equation @.7) are equated to zercAs wn+1 is not knowna priori within Lp<z<®a, dvn+1, O
because of which the integrand in the integral betweeh, andz= = must be equal to zero.

This gives the differential equation wf+1

d?w,,
2tn+1 dvz\é +- kaniL :0 (22(:»

At infinite vertical distance down from the monopile (i.ezat ) wn+1 = 0 (this makes

the term associated witv,+1 atz=1 equal to zero) and at the monopile base (i.e =dty)

Wh+1 = Wh. Using these boundary conditions, the solutioegofation 2.20 is obtained as

’ ;ﬂ (z4)
g™ (2.2)

2.3.5 Numerical solution of differential equations describing soil displacement

Referring back teequation (2.7), collecting the terms associated wifth and df,
setting the terms associated with and df; atr = rp andr = @ equal to zero (since the
variations offr andf4 are known at =rp andr = &), and within the intervalp<r <@ (since
dfr , Oanddfy; , 0asf/r and /g is not knowna priori within rp<r <a) gives the following

set of coupled differential equations fér and £ .

x D/

o 2~
df, 1df Z,g0d, 85 £df &
Pl S Sl o0 Z=
dr® r dr ggéﬁggg rodr r_ge% (2.22)
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df, 1df %ag 08,902 laf A
Alg 297 @9% 0 99 eI/
dr® r dr é%? 9(%; ﬁg rdr rg / (2.220)

whereg-g are dimensionless constagteen by

H;

aA fiw’dz+ A 2&:1 wy*
gx = i=1 H|_'|—1 +1 Z:Lp (X 4, 31 4’ 6} (223a)

a IWZdZ a n+1 WZ
\i=1 HI.? 2kn+1 z=L

Hosdw % kK,
aA ' 1’ W,
H,_IQ Qj 8t

gx: H;
B dz+B. [y ?
| & mroen

in which A = (/si + 3Gsj) forx=1 and 4A = Gsiforx=2 and 5, ané\ = (/si + Gsj) forx=3
and 6; whileB; = (/si + 2Gsj) forx=1, 2 and 3, and; = Gsi for x=4, 5, and 6.

= (X 2,5) (2.23b)

Z=Lp

The differential equations off, and 7¢ (equations (2.22a) and (2.22b)) are
interdependent and solved simultaneously usitigoaFD scheme. The discretized forms of
the differential equations are givas

fro2f+F 1R, B4

2
Dr rI 2 D 8er

2 l#1 1 -
ﬁg A —1-33 [ (2.24a)
u

ro2rb  r¢

¢

F ol 4 ]_'l*_'l'fé,é_ 5a o 2 111 0¥ 9 2
r 2D &h = & +§ r 2rb g

where the superscriptrepresents the node number at a radial distarfeem themonaqile
edge andr is the discretization length (i.e., the distance between two consecutive (sa#es)
Figure 2.2) The1-D FD grid has its first node at thmonile-soil boundary (i.e., at =rp)
and is chosen sufficiently long and dense so as to allow proper attenuation of the displacement
functions for accurate results (i.Br,is chosen sufficiently small, and the totahmer of finite

difference nodemis taken sufficiently large so thatDr - ©).
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Figure 22: Finite differencediscretization alongthe radial direction for calculation ofsoil
displacement functions

Equations (2.24a) an(2.24b) when rewritten for nodes 2 through { 1) (i.e.,
excluding the ¥ and them" nodes at which the values ffand 74 are known) generate two
sets of simultaneous equations with each set contaming2 equations. These sets of

equations can be represented in the matrix form as
&X' .} ={Y"} (2.253)
ex’ &} ={Y"} (2.25b)

where K m 2)xm-2)and X9 m 2)xm-2) are the trdiagonal matrices witkD coefficients of the
unknown vectors £} m-2)x1 and {fg} i 2)x1, respectively, and¥{’'} ;m 2)x1and {Y’} m 2)x1 are
the corresponding rigHtand side vectors containing terms with unknowmisand 7+,
respectively.

The nonzero elements of the Hafindside matrix[X"] in equation (2.25a) are given

by
. 1 1
X =— —— _
X" f.75 2 b (2.263)
A ° 2,
2 Qg 6a 90
X" g= — &5 4 £g (2.26b)
&8 Dr? &h =& 8
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] 1 1
+

X =— 2.26¢
& 8757 2 b (2.26c)
wherey =1 - 1. They" row of the correspondifd’s} vectorin equation (2.25a} given by
K o 2~
(v} =% L= J 3 G (2.27a)
y . 2D ch =7

The boundary condition; = 1 at node 1 and: = 0 at nodem) modifies the $and - 2)"

rowsof {4}, which is given by

) o 2~
(ve) = -1 21 G L1 2g G (2.27b)
" o? r,pr, 2D F, 97

- 2 o 2~
vl =% -F° 3g Gn 2.27¢c
{ }m-2 r 2D- E‘.?m-l g-q ( )

m-1

The nonzero elements of the Iefftandside matrix{X’q in equation 2.25b are given by

e g =+ 1 (2.28a)
& 8702 2 b '
2 &g Bag ©
o g= = & o gk g (2.28b)
; Dr &n - ctr =
\ 1 1
X' g =— +— 2.28¢
& 8.757 7 p (2.28c)
They™", 15tand - 2)" rowsof the vector ¥”} in equation (2.25b) are given by
+ K o 2,
v} = Ghm- 178 .95 (2.29)
y f 2Dx ch =
o 2~
{Yf’} — 1 1 226_fr(3)- 1 a g CO{(Z) (22%)
' Dr* 2r,D r, 2rD ,
fm2 & g B
vil o= G g Gm 229
{ }m2 r 2Dx ‘é‘f:'m_l ff ( )

m-1

As the righthand vectoren equationg2.25) and(2.25%) containthe unknowng, and
fq, iterations are necessary to obtain their values. An initial estim#&teasimade and given
as input to ¥}, and 74 is determined by solvingquation (2.25b). The calculatéd values
are then given as input t&{7 to obtain 7, from equation (2.26). The newly obtained values
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of f; are again used to obtain new values &f and these iterations are continued until

. o 1.7, e
convergence is reached. The criteria set for convergeneeav‘érprev“’us- f C“"”T @0 ‘and
1=1

| i | ; | . .
fPrevies. fcu”e”" @0 ‘wheref " and f ™™ are the values of théfunctions (i.e.,

10
—d

m -

frandf ) at thel'™ node for the previous and current iterations, respectively.

2.3.6 Solution algorithm

Monople displacement and slope can be calculated quatiors (2.12 and(2.13),
respectively However, the soil parameteksandti must be known to obtaithe monopile
displacement and slopélhe parameterk andt; depend on the function§ andf; which in
turn depend onw through the six dimensionless constagtgs. Therefore, an iterative
algorithm is followed to obtaithe solutions.

An initial guess of 1.@s made forg-g using which/; andf;are determined, which are
then substituted in equationslefandt; to obtain their valuesUsing the calculated values of
ki and ti, monqile displacements and slopes are calculated. The calculadedpile
displacements and slopes are then usedd¢alate g-g which are compared with the assumed
initial values. If the differences are more than the prescribed tolerable limit of 0.001, the
calculations described so far are repeated with the calculated valgeg at the new initial
guesses. lterations are continued until the valugg-gfbetween successive iterations fall
below the prescribed limitFigure2.3 illustratesthe solition algorithmto obtain the solution
whichisimplemented in a MATLAB scripbn a computer with Intél Core’™ i5-3210M CPU
@ 2.50 GHz and 8 GB RAM
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[Input Lps s tps Eps 775, N, Hi, Esy 7761, Fa, Mg ]

\ 4

Choose initial guess fag; (= g°'9), g (= g°'9).é , & (= &°'9)

y

Calculate 7, and 7 4

4

Calculate k;, t;,andL;

A\ 4

Calculate w; and dw; /dz

y

Calculate g (= g™, g (= g™, , & (= ™Y

Input
ﬁold: ginevxf
old— A new no Check if
“ ,gé T g 2 °9-@ . » "% <0.001
e,
%old: ‘%neV\{

Storew; and dw: /dzas the final values

Figure 23: Solution algorithm
24  Simplification of analysis to EulerBernoulli beam theory

The EulerBernoulli beam theory neglects shear deformatwhich can be
mathematically implemented by assuming inénghear stiffness in thmonile. Indeed, if
it is assumed thabp - =, then the second term on the right hand side of equation (2.12)

becomes zero so that the relationstifg = Eplpw(z) andy(z) = dw(z)/dz are obtained from
28



equations (2.12) and .(@3), respectivelyFurther,equation 2.14) simplifies to the differential
equation governing thmonaile displacement that follows the EuleBernoulli beam theory
(the terms containin@p in the denominator becommequal to zero) Similarly, the associated
boundary conditionghat aregiven by equations 2.15a)(2.170) simplify to the boundary
conditions applicable tomonile following the EuleBernoulli beam theory.

The correspondm differential equatiorfor monopile displacement following the

EulerBernoulli beam theory

2
d*w dw
= - 2, « = 2.30
pp dz4 df |W ( )
with the relevant boundary conditioasdifferent layer interfacgiven by

d3 dw

Ely d;\{ 2t1 +, (2.31a)
AP Y

p'p d22 - a (23:|b)
W= Wa (2.32)
S (2.32b)
dz dz
e d’w dw o _é ¢ dy.

<E_| -2t — FE . A 2.32¢
gEP p dz? i Z H gp di i+1 dz ( )
d'w _ d®w,,

S 2.32d
dZ  d? ( )
e dw, dw o
nglp a7z " dz g Kt W, (2.33a)
d?w,

=0 2.33b
dz ( )

Closedform solution of the differential equation representing monopile displacement
(equation (230)) is obtained bysubstitutingw(z) = €% into the equation and obtaining a
characteristic equation in terms of Introducing layering and evaluating the rogtsof the

characteristic equatiothe solution is obtained as
w(=0'e"? +f)e¥? ez B &* (2.34)
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wherethe associated exponential terms are the solutions of the differential equaiths,

D.0, DM, andD4" are the integration constants for ifldayer ands® in equation (2.3) is

given as
2t| o\/é' Zi 2(? 4K
& 8
S(i)_ Eplp C plp - Eplp (2.35)

The integraton constants are determined d@hd functionw(z) is expressed in terms of the
integration constants dtfferent layer boundaries to obtain the monopile displacement, slope,

bending moment, shear for@nd soil reaction.

25  Simplification of analysis torigid beam theory

For rigid monopiles the displacement profile is linear (as there is no deformation
present in thenonqile) so that thenonile displacement can be given by

w(z)=w ¥,2 (2.36)
whereyn is the clockwise rotation of thenongile axis that remains constant with depth.
Although equation 4.36) is assumed priori, it does not violate the analysis framework
developed in this study following the variational principles of mechanics (by minimizing the
total potential energy) because, if a function is kn@awpriori, it can be substituted in the
framework without develping itsgoverning differential equationsEquations(2.22-(2.29)
are also valid for rigid piles

Because of the assumed lineamonopile displacement profile, direct algebraic
equations fomonaile head displacement, androtation y’n can be developed following the

rigid beam theory as shown below

e n " o 2
é A fkdz+2kt., A Waz2t KL L o _
EW, 0 & mn, BT U (23
LT sy,
h A wr - ) a
ga fkzdz \2kt. L, a fkcdz 211 J2R,L
e i:1H|-1 ii_LHI_1 u
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2.6  Calculation of secondary variables

In addition tomonaqile displacement, its bending momeévit shear forceV/, and the
soil reactiorp at themonaile-soil interface are of interest. These quantities are givéalby

expressed in terms &)

dy _d°F
M(2)= E | — =—— 2.
@= &Ly @ (2389
adw o d’F
V = L A —= 2.38b
A= 4G%h&, ¥ 0w (2.3
o(2) = Qtdzw 2t d*F a 2t 1 @PF k (2.380)

az " kga d Fe| sgalE g

The foregoing equations are valid for EuB®rnoulli theory as well after the required
simplifications are made (by setting the terms v@thin the denominator equal to zero and
substitutingF = Eplpw andy = dw/d2). For rigid theory, bending momeiaind shear forcdo
not have much meaning, but the soil reaction is important and can be obtained diation
(2.38¢) by settingd®w/dZ equal to zero (becaugeis constant with depth).

For the Timoshenko theory, the shear argban be calculated using

\Y

b@) == Y

(2.39)

27 Results

In order to verify he accuracy of the present analysis a comparison of results (pile
response displacement and rotation) obtained from the present analysis is done with the
resultsof equivalent 3D FE analysis for the case of smdihmeter reinforced concrete piles
with solid circular crossectionand largediametersteelmonopiles witha hollow circular
crosssection. The percentage difference in the prediction of respbaseeen the results from
the present analysis (following the Timoshenko, E&emoulli, and rigid beam theory) and
those of 3D FE analysisis quantified A comparison of the computational time required to
obtain results between the present and equiv@® FE analysis is also showrkurther, a

parametric study is performed for monopiles for various cases of relative mesopile
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stiffness ratio and monopile slenderness ratidhe homogeneousoil to investigate the

applicability of different beartheories for obtaining monopile response.

2.7.1 Comparison of results from present analysis with FE analysis for smalliameter
reinforced concrete pileswith a solid circular cross-section

In this subsection,he accuracy of the resultsbtained from thepresentanalysis
(following the Timoshenko and Eul@&ernoulli beam theopyis verified with the results of
equivalent 3D FE analysis (performed usingbAqu$ for the case of smatliametersolid
circularreinforced concretpileswith E, = 28 GPa andp = 0.2 In Abaqus the pile and the
soil are modeled as a single cylindrical part with appropriate partitioning to represent the pile
and soilseparately This also ensures that there is no slippage or separation between the soil
and the pile.Thetop il surface iglush with the pile headnd the bottom soil surface extends
to a finite depth o0 m below the pile basler the casesnalyged The horizontal radial
extent of the soil domain (i.e., the vertical curved boundary of the FE domain) for each case is
considered at a distance of 20 m from the pile axisfferent boundary conditions are
prescribed at the boundaries of the moedall components of displacements are assumed to
be zero along the bottom (horizontal) surface and two horizontal components are assumed to
be zero along the outer, curved (vertical) surface of the soil donkagit-node continuum
reduced integration (C3D8R)eghents are used, with an approximate global seed size of 0.8.
The optimal domains and meshes described are obtained by performing convergence checks
ensuring thathere are no boundary effect€oncentrated force and moment are apgled
single incremet to a reference point at the centroid of the pile head, to which all the nodes at
the pile top are connected using a rigid body constraint.

Figures 2.4 and 2 $howthe comparison of the displacement and rotation profiles from
the present analysigith those ofequivalent 3D FE analysidor pilesin a homogeneous and
threelayer soil, respectivelyThe details otheinputs of the pile and soil properties towth
theproblemsanalyedare shownn the figures. The shear correction facter= 62 (1 + rp)/(7
+ 6r1) (Cowper 1966fapplicable tesolid circular crossectior) is utilized to obtaintheresults
from the present analysis following the Timoshenkarbéheory Thecomparison of results
following therigid beam theorgoes not make mudensdor such long piles witklenderness

ratio Lp/rp > 20 because they do not undergo rigid body rotatiBrom the comparisaqrit is
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evidentthatthe present analysis produces accurate resuttsnparisorto 3-D FE analysis,
besides, the Timoshenko and EtBarnoulli beam theoryn the present analysgroduce
nearlyidentical resultsthis indicates that the effect of shear deformatansuchlong piles

with a solid circular crossection is not signi¢ant. This observation is found to be true for
several other analyses on solid reinforced concrete pil@sthe problems showkigures 2.4

and 2.5 the differencen the pile head response between the present and FE analysis is
approximatelyess tha 0.5%.

A comparison of the computation@CPU processingjime required to obtaithe
resultsis also shown ifTable 2.1 It can be seen from the table ttie@ FE analysis requires a
lesser computational effort to generate pile respons®nmparisonto the present analysjs
however |t is important tonotethatthe reported time for the FE analysis doesimdtidethe
time required to model the pioil geometry, input of the pHsoil properties, and generation
of the mesh which is a tedious atnmhe-consumingprocess and depends on the expertise of
the user o a particular FE software. Therefore, it can be inferred that the present analysis is
computationallyefficient incomparisorto FE analysissince, it requires simple inputs of pile
soil daawithin the MATLAB script to obtain resultsFurther, it caralsobe seen fronTable
2.1, that thedifferencein computational time between the Timoshenko and Eségnoulli
beam theoryis also negligible therefore,the respons@f smalldiameter solid reinforced
concrete pilescan be obtained following thEulerBernoulli beam theoryinstead of the
Timoshenkdeamtheory
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Figure 24: Comparison of present analysis witDFE analysis for a pile with solid cross
section of 0.61 m radius in a homogeneous soil deposit (a) displacement and (b) rotation
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Figure 25: Comparison of present analysis witibFE analysis for a circular pile withsolid
crosssection of 0.9 m radius in a thrés/ered soil deposit (a) displacement and (b) rotation
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Table2.1: Computational time required for[3 FE analysis and present analysis for small
diameter piles witka solid circular crossection

FE analysis Presentanalysis (sec$
Solved problems : : _
(secs Timoshenko  Euler-Bernoulli Rigid
Figures 2.4(a)-(b) 224 244 237 -
Figures 2.5a)-(b) 236 251 248 -

2.7.2 Comparison of results from present analysis with FE analysis for largaliameter
steel monopileswith a hollow circular cross-section
The response dfollow circular steeinonopiles (E, = 210 GPa andp = 0.3)obtained
using thepresentanalysis isshownin this sulsection through threexampleproblems. For
each problem, the response of monopile is compared with the reselgsigélent3-D FE
analysis (performed usingbaqusg in which the same inputs afonopile and soil geometry,
properties, and loads are given. Iba§us the monopile and soil amodeledas a single
cylindrical part with appropriate partitioning to represent the monopile and soil separately
which ensures no slippage or separation between the soil and monopiléop™wl surface
is flush with the monopile head aftfte bottom soil surface extends to a finite depth of 20 m
below the monopile base for the cagpalyzed The horizontal radial ezht of the soil domain
is selected to be 80 m from the monopile axisfferent boundary conditions are prescribed
at the boundaries of the modehll components of displacements are assumed to be zero along
the bottom (horizontal) surface and two honta components are assumed to be zero along
the outercurved (vertical) surface of the soil domain. Eigbtled reduced integration
(C3D8R) brick elements are used to model both the soil and monopile do#agiobal
approximate seed size o#4ds cho®n to develop the mesh for all the three problems, based
on convergence check€oncentrated force and moment are apphesingle load increment
to a reference point at the monopile head, to which all the nodesrobtimpile are connected.
Figures2.6, 2.7, and 2.8how the comparison of monopile response (displacement and
rotation profiles) from the present analysis with those of FE analysis in a homogeneeus, two
layer, and thredayer soildeposit respectivelyfor three differentnonopileradius2.5, 4, and,
5 m of different slenderness ratidrhe details of inputs for these probleare showrnn the
figures From the comparison of the results presented in Figu6e8.2..it is evident that a

fairly good matchs obtained between the present&E analysigor all the three example
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problems solved. Four additional example problemss@analyzed in which the monopile
length rangsover20-30 m, the slenderness ratio rasgeer6-12, and one two-, andthree
layer soil deposits are consideredlable 2.2 gives th@ercentage differencebtained in
monopile head displacement and rotation for all the problems sdivedl.these exampleg

is observed that the Timoshenko beam theory produces monopile headedigpia@nd
rotation closest to the corresponding FE solutions (as evident in Figw28ar&l Table 2.9
however, the difference between the results from Timoshenko andBartsoulli theory are
not significantly different. Te rigid theoryis found b produceghe maximum errof> 10 %)
in comparison with the FE solutions.

Thecomparison of the computational time between the present and FE analysis is also
shown inTable 23; it can be inferred from the comparison that the present analysis is
compuationally efficient than FE analysi®( similar reasons discusséat the case o$olid
reinforced concrete pilesyhe rigid beam theory generatesterresults than the Timoshenko
and EulerBernoulli beam theory, althougtine difference with FE analigsis greater in

comparison to the Timoshenko and EtB&rnoulli beam theory
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Figure 26: Comparison of present analysis wib3-E analysis for a circular monopile with
ahollow crosssection of 2.5 m radius in a homogeneous soil deposit (a) displacement and (b)
rotation
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Figure 27: Comparison of present analysis wittb3FE analysis for a circular monopile with
ahollow crosssection of 4 m radius intavo-layersoil deposit (a) displacement and (b) rotation
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Figure 28: Comparison of present analysis witb3FE analysis for a circular monopile with
a hollow crosssection of 5 m radius in threelayer soil deposit (a) displacemeand (b)
rotation
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Table 22: Percergedifferencein estimationof monopile head displacement and rotation
using the different beam theoriegh finite element analysis
Beam theory % differencein head displacement % differencein head rotation

Timoshenko 0.4- 34 1.3- 25
EulerBernoulli 1.9- 5.1 46- 8.1
Rigid 41- 7.8 12- 54.1

Table 23: Computational time required for[3 FE analysis and present analyiis large
diameter monopiles withhollow circular crosssection

FE analysis Presentanalysis,(sec$
Solved problems : : __
(sec$ Timoshenko  Euler-Bernoulli Rigid
Figures 2.6(a)(b) 402 483 480 339
Figures 2.7(a)(b) 403 491 488 346
Figures 2.8(a)b) 409 498 494 357

2.7.3 Applicability of different beam theories to monopiles

To further investigate the applicability of the different beam theoriemtel mongile
behaviour monopile displacements and slogefen the design criteriorgre systematically
calculated for differentonaile-soil stiffness ratio&,/Gs (according to Randolph (1981}
has a negligible contribution to lateral soil resistance of piles and the efieataof be taken
into account by defining an equivalehiesr moduluss = Gs3 (1+0.75%); the advantage of
Gs is that the monopile response can be investigated in terms of a single soil parameter that
integrates the effect of both the elastic consjaatsl monile slenderness ratids/rp, for
monopikesembedded in homogeneous soil.

Figures2.9a)-(d) shovs the dimensionlessionile head displacementgGs rp/Fa
andwhGs rp/Ma, and the total head rotatiopsGs rp2/Fa and ynGs ro/Ma for applied forces
and moments, respectively, asctions of relativemonaile-soil stiffness ratioEy/Gs for
varying cases of pile slenderness rdtinthe Timoshenko and Eul&ernoulli theory only.
According to the Timoshenko beam thetrg shear correction factérfor different monopile
radius produces different valuestbé shearcorrection factor.However, it is observed in the

analysisthat the differentk values produced negligible differences in the dimensionless
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monaile response; therefore the plots cormgping to the Timoshenko beam theory in
Figures2.9a)(d) are respective)yapplicableto all the steel monopiles.

Figures2.9(a)-(d) show that fomonailes, the two beam theories produce different
head responses WhER'Gs O  “fad all the cases afiongile slenderness ratio analyzed. For
the case of an applied force at thenile head, the EuleBernoulli beam theory is found to
underestimate the dimensionless head displacement and rotati@fGOO  “ Bor the case
of an applied moment @he monile head, the EuleBernoulli beam theory overestimates
the dimensionless head displacement although the head rotation is found to be nearly equal for
both the beam theories. Théference in response obtained from Timoshenko and Euler
Bernoulli beam theories for the casernbnpilesfor E/Gs O “aflse most likely because
of the effect of warping in thenon@ile crosssection. Thus, for monopiles an elastic soil
depositdifferent beam theorieshouldbe used to estimate accuratenmile head response,
especially for low values of relativeoncile-soil stiffness ratidi.e., forE/Gs O 4.0

Further, Figures 2.10(#)l) show the dimensionless monopile head displacements
WhGs I'p/Fa andwiGs rp2/Ma, and head rotationgnGs rp?/Fa andynGs rp*/Ma for applied forces
and moments, respectively, as functions of pile slendernesd gatio For these figures, the
effect ofthe shearcorrection factork in the Timoshenko beam is found to be negligible as
well. It is evident from these figures that the rigid beam theory can be used with reasonable
accuracy for cases wit/Gs 2 10° (see also Tabl2.4). Table2.4 gives a summary of the

range of appliability of different beam theories for monopiles.
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Figure 29: (a) Dimensionless displacement caused by applied forceijnignsionless head
rotation caused by applied force, (@nensionless head displacement caused by applied
moment, andd) dimensionless head rotation caused applied momennéoriles with
hollow circular crosssections as functions aohonile-soil stiffness ratio obtained using
Timoshenko and EuldBernoulli beam theories
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Figure 210: (a) Dimensionless displacement caused by applied forcdingensionless head
rotation caused by applied force, (c) dimensionless head displacement caused by applied
moment, ad (d) dimensionless head rotation caused applied momenndéoriles with
hollow circular crossections as functions ahonile slendernessatio obtained using
Timoshenko, EuleBernoulli, and rigid beam theories

Thus, for monopiles an elastic soil deposit, the monopile shouldvimleledeither
as a Timoshenko or Euler Bernoulli beaModelingthe monopile as a Timoshenko beam is
preferablefor EJ/Gs O 4 & it gives the best prediction of head rotation. The rigid beam
theory can be used to make a fistind estimate of the monopile head displacement and
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rotation and it may also find its application in the design of drilled piers or caissons supporting

bridges and transmission towers.

Table 24: Applicability of different beam theories fanonopileswith different slenderness
ratio (Lp/rp) and relativanondile-soil stiffness ratioy/Gs )

Lp/rp Ey/Gs Beam theory to predict pile head response
> 104 Timoshenko or EuleBernoulli

>80 ¢ 104 Timoshenko

5-20 2 10° Rigid"

"Rigid theory should only be used for a quick initial estimatmofhqile head displacement and Timoshenko or
EulerBernoulli beam theories should be used for accurate predictimomdpile head response

28  Summary

A mathematicaframework for the static analys laterally loadedmonailes is
presented in which the Timoshenko beam theory is used to modalothgile and elastic
continuum theory is used to model the soil. A rational displacement field is assuntieel fo
soil and the equilibrium of thenonile-soil system is obtained by applying the principle of
minimum potential energy. The differential equations describingntibagile and soil
displacementsbtained using the variational principle of mechaaresolved analytically and
numerically respectivelyfollowing an iterative algorithm. It is shown mathematically that
the Timoshenko beam theory leads to the most generalized form of the differential equations,
and successive simplifications to thegaations result in the equations for the EdBernoulli
and rigid beam theories, respectively.

Several example problerfm the case asmalldiametereinforced concrete piles with
solid circular crosssection andargediametersteel monopiles with hailv circular cross
sectionare solved using the analysis and coredawith theresponsebtained from3-D FE
analysis.The percentage difference in the prediction of pile response from the present analysis
following different beam theories with those 6D3FE analysis is quantified. A comparison
of the computational time required to obtairesponsdérom the present analysis with those of
3-D FE analysis is also showrkurther, asystematic parametric studhased on normalized
monaile head displacemeand rotatioris performed to investigate the rangfeapplicability
of differentbeam theoriefor obtaining monopile response
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CHAPTER 3

Dynamic Analysis of Laterally Loaded Monopiles in Multilayered
Viscoelastic Soll

3.1 Introduction

In this chapterthe mathematical frameworkleveloped in Chapter 1 is extended to
include the effect of dynamic loading on monopilés.the analysis, the soil is modeled as a
3-D multilayered viscoelasticontinuum with frequency independeritysteretic material
dampingand the monopile is modeled following the Timoshenko beam thd®ationalsoil
displacement functions are assumed andBhet ended Ha mi intonmmd@e Pr i nc
with the calculus of variatiois applied to obtain the differential@ations describinmonile
and soil displacements. The differential equations govemongpile and soil displacements
are solved analytically and numerically, respectively, followeny iterative algorithm.
Further, it is shown that the framework can be progressively reduced to obtain monopile
response following thRayleigh,EulerBernoulli, and rigid beam theories.

The results djomplex dynamic impedance functiondisplacementand rdation)
obtained from the present analy§idlowing different beam theorieare verified with the
results ofexisting solutionsavailable in the literature Example problems are solved to
investigate the applicability of different beam theoriesréanforced concrete piles with solid
circular crosssection and steel piles witha hollow circular crosssection. Further, the
applicability of tre dynamic analysisersus the static analysf€hapter 2 to estimae the
resporse of largediameter monopilegtypically subjected taa cyclic/dynamic loading of
frequency less than 1.0 Hzefe Figure 1), is investigated For the investigation,a
comparison of thelynamic and static respongmonopilehead displacement and rotation)
following different beam theorie@imoshenko, EuleBernoulli, and rigid of four different
monopilescurrently installed at wind farm sites in Europe done A comparison of the
computational time to obtaineldynamic and static responserobnopile is als@shownand
the appropriateness of thegplicability of dynamic analysis te@btain monopile responses

discussed
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3.2 Overview of existing formulations fordynamic analysis of laterally loaded piles in
viscoelastic soll

In the literature, everalformulationsare availabléor thedynamic analysis of laterally
loaded pilesvhichcan bebroadlycategorized into four major groups: (i) Winkler spring model
(associated with dashpdts represent the hysteretic and radiation dampdaged analytical
and numerical (Novak 1974, Novak et al. 19R&esset 1980Gazetas and Dobry 1984,
Makris and Gazetas 1998lylonakis 2001 Gerolymos and Gazetas 2Q00Grunet al.2009,
Zhong and Huan@013 formulationsfor piles embedded in homogeneous or layered soils
either floating in a halspace or overlying rigid bases, (BD continuumbasedsemt
analytical BE(Kaynia and Kausel 1982, Sen et al. 1988ynia and Kausel 199Padron et
al.2008,Ai and Li 2015) andFE (Blaney et al. 195, Kuhlemeyer 1979, Roesset and Angelides
1980,El-Marsarfawi et al. 1992Vu and Finn 1997Thammarak 2009 formulationsfor piles
embedded in homogeneoasd layeredhalf-spaces, (iii) rigorousontinuumbased analytical
or semianalytical Nozoe et al198, Pak and Jennings 1987, Rajapakse anti $887,1989
formulationsfor piles embedded in homogeneous {sal&ces or overlying rigid bases, and (iv)
approximate analytical studies for pilesl@edded in homogeneous soil overlying rigid bases
(Nogami and Novak 1977, Novak and Nogami 195nand Pire 1993,1995 Zherg et al.,
2013,Shadlou and Bhattacharya 2014 et al. 2016 Anoyatis et al. 2016

Of the different analysis methods available, the Winkler based formulations are the
most popular and widely used by geotechnical engineers because these apfroathesly
known as the Beam on Dynamic Winkler Foundati@DWF)) are mathematically
convenent, computationally inexpensiyend can be easily extended to include the effect of
soil nonlinearity However, the methods based on Winkler approach require parameter
calibration (e.g., Winkler spring constantend damping coefficients for the dashpdis
accurate prediction of pile and superstructure responseitfiedneglect the coupled vibration
between the piksal or between the soil layerbesidesleading to unrealistic pilbehaviorat
low frequencies of vibratian The rigorous continuurbased numerical solutions (e.§E
formulationg have an advantage over the Winkler type formulations as these methods consider
the coupled vibration of the pile and soil. However, these methods are computationally
intensive and gpensive, and may also require thedelingof nonreflecting viscous boundary

conditions to include the effect of radiation damping which can affect the accuracy of the
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solution. The rigorous analytical or seranalytical continuurbased studies have the
advantage of taking into account the effect of material and radiation damping within the
formulation and solution process without recourse to artificial dashpots (as required in
Winkler-type and continuurbased~E methods); however, the mathematics invdlaee often
complex, computationally expensjvand not quite useful for routine geotechnical practice.
The advantage of the approximate analytical contirbased methods is that these methods
have the ability to capture the important physics of thelpnobvithout being mathematically

too complex and computationally too intensive.

In most of the aforementionedanalytical, semanalytica] and numerical dynamic
analysis of laterally loaded piles, the pile is modeled as an elasticHEaneoulli beam that
does not account for the effect of shear deformation and rotatory inertia pilet@oss
section. For largéliameter drilled shaftsnal monopiles, the use of EulBernoulli beam
theory is questionable, and perhaps the Timoshenko beam theory is more apptagriate
discussed in Chapter .2)The effect of shear deformatiorfincluded in the mathematical
frameworkdeveloped in Chapter 2jd rotatory inertiavhich are likely to benon-negligible
in piles and monopiles, are not taken into account by the-Beleroulli beam theory but can
be captured by the Timoshenko beam theory (Shames and Dym 1985).

In this chapter an approximate cdmuumbased formulatiofor analysis of laterally
loadedmoniles (modeled as a Timoshenko beam)multilayered viscoelastic sodnd
subjected to harmonic force and/or moment attbeile headis presentedlt is shownin
the analysisthat the formulation offers aunified framework which under simplified
assumptions leads to monopiles/piles modeled as Rayielgbh takes into account only the
rotatory inertia but not the shear deformation (Strutt J8'EQleii Bernoulli (which does not
take nto account both the rotatory inertia and the shear deformatiod rigid beams A
significant advantage of the preséatmulationis that the values of soil spring constént
shear parameterinertial resistance, and the radiation damping coefficientof the soilare
not assigned priori but are ratherlatained as part of the solutidhgrefore, no ad hoc inputs
based on empirical equations or parameter calibration are necesblagythe Winkler or FE

formulaions

45



33 Mathematical formulation
3.3.1 Problem definition

Figure 3.1 showa hollow circular monopile modeled as a Timoshenko beaasoll
deposit withn layers. The monopile hadengthL,, radiusr,, wall thicknessp, areaof cross
sectionAp, andsecond moment of inertig andis characterizedby its shearmodulusGp and
densityr,. Each soil layer is modeled ashiamogeneous, isotropic, and linear viscoeldtic

D continuum with frequency independenhysteretic material damping (Kramer 1996)

characterized by densityrs, compl ex Lame &g= ((t+@jn ¥ t amah t
G, =G, (1+2jx,) where/si = Esm/{(1 + )(L - 2)}, Gsi = Esi{2(1 + ms)}, EsisYoun g o s

modulus,/sii s t he P o ki she mrequency iralépendent material damping ratio of
the soil (the subscriptdenotes thé" layer), and j =/ 2. The thickness of an" layer is
given byH; - Hi-1 (with Ho = 0). The monopile head is flush with the ground surface and
subjectedto a timeharmonic horizontal forc&a(t) = Foe™ and/or momenMa(t) = Mo
whereW = circular forcing frequencyko = applied force amplitudeylo = appliedmoment
amplitude, and =time.

The goal of the analysis is to obtain the stestdye monopildnead displacement and
rotation caused by the applied force and/or momentsabdequently evaluatbe dynamic
monaile head impedances for the swaying, coupled swasocging, and ocking mode of
monopile vibration.In the analysis, @ slippage or separation between the monopile and the
surrounding soil or between the soil layers is considered. A-hgded cylindricalrt g-2)
coordinate system is chosen such that its originaligke centre of thenonile head, the-
axis coincides with thenonile axis and points downward, the reference radial direction
coincides with the direction of the applied foffeg and the tangential distange measured

from ro is clockwise positive when lookaetbwnfrom the top of thenonaile.
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Figure 31: A monopile embedded in a multilayered viscoelasticdgilositand subjected to
time-harmoniclateral loads

3.3.2 Displacements, strain, andstrain energy density in soil

The horizontal soil displacement field, generated by the monopile displacement, is
described as a product of separable functions, each of which varies with one of the three spatial
dimensionsnd time.The vertical soil disglcementi;is neglected in the analyses discussed

in Chapter 2 The soil displacement field in the radial and tangedir&ctionis expresseds
u (r.g.zt)=w(z 9 f(r)cos (3.1)
u,(r.g.zt)= Wz #( ) sin (3.2)

wherew(zt) = w(z)e™ in whichw(z) is the steadgtate monopile displacemetit(r) and/r)
arethe dimensionless functions in the radial and tangential directions, respectively, that are
both assumed to be equal to one atrp, and equal to zero at=a. The sine and cosine
functions ensure that the variation of the soil displacements in the tangential direction is
compatible with the horizontal monopile displacement.

Using the soil displacement field, the infinitesimal soil strains (with contractive strains

assumed positive) is esgssed as
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Further, using the elastic strestsain relationship, the strain energy densityeq/2 of the
viscoelastic soil with frequenagdependent material damping is given by

G, )w S W 0) (7 o) w97

S SI r

(3.4)

_ o 2~ _ _ _ o 2 ~ _ g’ ~
+ si\N2 auf 8 +Z;sivv2 (fl' ;) _I“lfq Gsi uw fr28 Gs-ll- _Ml a fu 8
S QN S T TS T el

3.3.3 Application of Extended Hamilton Principle to monopile-soil system

The total potential energ®)) of the monopilesoil system using the Timoshenko beam

theory (Shames and Dym 1985) is given by

L, 2,
=”~1 aw ‘o6 3.5
P EEPDSEE c+gz +é’$fGAb—Eydzo 4, fidrd 4. (3.5)

where the first integral in the right hand side of equation (3.5) is the strain energy of the
monopile arising from the bending deformation such fhet the bending slope afionile

axis the second integral is the strain energy of the monopile arising the shearing
deformation such thalw/dzis the total slope (i.e., slope caused by both bending and shearing)
of the monopile axis, the third integral represents the total strain energy of the soil démain
that participates in the monop#®il interaction, & (same a Chapter 1) is a correction fattor

account for the neaniform shear strain distribution within the monopile crssstion.

48



The total kinetic energy (T) of the monop8geil system using the Timoshenko beam
theory is given by

L

L 2. ~ o 2 2,
1L ,éawag 17 B 01’ A TV,
T = fz - r
2 Vb, & P TE Yz, MEn
A e (3.6)
+33L£IL %rdrdqd +1—ﬁ E’H a, - rgrd az
QH[ _? 2O rp

where the first and the second integrals on the-hghd side of equation (3.6) represent the
kinetic energy from the translational and rotatory inertias of the monopile, respectively, the
third integral represents the kitic energy of the cylindrical soil domain below the monopile,
and the fourth integral represents the kinetic energy of the remaining soil domain that
participates in the monop#oil interaction.

The workdoneW:c by the external forcEa(t) and momenMa(t) is given by

W= R, M 3.7)
z=0

where the first and the second tesntheright-handside of equation (3.7) represents the work
done by the applied force antbment taundergo the shearing and bending deformation at the
monopile headiespectively.

According to the Extended Hamiltonbs Pri

time t; to t> under equilibrium satisfies the following (Craig and Kurdila 2006, Humar 2012)

t2 t,

Fe(T - Jeit +Wncdt 0 (3.8)

4
wheredQis the variational operator, andandt; are the times at which the configuration of
the system are assumed to be known. Substituting equations (3.1), (3.2), (3.5), (3.6), and (3.7)

in equation (3.8) and considering explicit soil layering as deschibEdjure 3.1 results in
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(3.9
Performing integration by parts on the terms associated @fjtv/uz), a(uw/pt),
Adw vz, duy/i), dufd/ur), andapf/pr) in equation (3.9) leads to an equation of the form

A(w) awdz+ ) dez+ € g f, dt #~+ I()q)ﬁqfer: (3.10)
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wheread, dy, df:, anddf ;are the first variations of the functionwsy, 7, andf 4 respectively,
andA(Q, B(®, C(®, andD(QP are the differential operators. Considering the variationg of

fr, andf g separately and equating the terms associatedawitlay, df:, anddf ; individually

to zero produce the governing differential equatiave) = 0,B()) = 0,C(fy) = 0, andD(7g)

=0, forw, y, fr, andfg, respectively, along with the appropri#i@undary conditions.

3.3.4 Analytical solution of differential equations describing monopile displacement

Considering the termassociated withdv and @y for 0 ¢ z ¢ Lp, the governing
differential equations olv andy are obtained A set of coupled differential equationsw(z)

andy (2 for thei™ layer is obtained for the domaint@ ¢ L, as

¥y, Aw 6_, W
Eplp uzz +kaAp§_m -J/i 9—'!1 p_ﬁJ (311)
R I T A Y e (3.12)
Y A - A ’ vt
where the soil parameteksti, andL; are given by
é,_ - o é o f _ o
k=pd 1 aesi)ﬁg”ufr S @ r%‘—% odr 25/ (i H g
e i & (3.13)
__® W — "1 2 9
+2G, f{ 1, —,{)E‘ldr ¢/ 36,) rjﬁ f ¥ fru
"o "o H
g, & 2
P0G, Err+ f)rar v i 42 n
R g
t =) . (3.14)
Tpn—€° 1]
T%Gsnéﬁff+ f)rdr ¥2 0 i w1
f & H
é 2
ip ef{ ROZ)fdr U0 4,2, o
U’
L, 4 u (3.15)

e %
prsné;f{ f+fqz)rdr 0 i1
& H
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The constank;, ti, andL; represents the compressiwhear, and inertiaksistancef
soil in thei™ layer, respectively

A mathematical transformation is made in terms of an auxiliary fun&tias shown

below
2
w = 1 WR 7 F (3.16)
Eplp kaAp uzz /‘GpEpAb |“E
yi:LE (3.17)
E.l, 1wz
and this results in a single differential equatiori-dfy combining equations (3.11) a(®l12)
as
a 2 @f P % 2t@°«@ +2w
2o B 'fg T, EEhes s W
¢ kA B2 7 A Ep'p (3.18)
£k & kr, 0, L o, _
@V =
HEL %EGPEPAp § %EAp 8 v

F.

ep 2, @R ey 23 2 1§ |2
61 b -t F W u F (3.19a)
g koA g 6L BgEa Bk
d2F
1. 3.19b
dz | _, Mo ( )
?a 1 rW o 1 d*F
%?Eﬁ kG,EA 9 1G,A dF
" (3.20a)
1 W 05 1 dZF.ﬂ
éﬁ KGEA 9% TIBA a2
L (3.20b)
dz dz
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g kaA\) ?df 1 II:_P IP " éGpEp% Ep 89_/32 B:H, (3.20c)
_efé 2, @SFHL 2, 2 éa 1+ 1 qufl?
_e|]_ + (5, P %AJ— —* I:J
g KGA f/df I glp éGpEpAb 5 g;dz H,
¢’ _dF,
d_zz_ - (3.20d)
& a2 @F, ém 22 2 1, & |2
e|1+ n & n _ n F g—n —+ 1L u
kG dZ P
& A 92 1 B, G&EA K 2 . (3.21a)
2t d\Nn+1
LR L
d’F
n :O
— (3.21b)

Equations (3.19a3.19b) are applicable at the monopile head-=(0), equations

(3.20a)(3.20d)areapplicable at the interface between thand the i(+ 1)" layers ¢ = Hi),

andequations (3.21aj3.21b) are applicable at the monopile basel(y).

Closedform solution of the functiofr is obtained for the differenfi@quation (3.18)

F=qd” +Qels £ &° & & (3.223)

() = o|<i 3.22b
v : (3.22b)
a 2t Ofr 2t r AA + i 9
& ioa BE oea ‘Bea U8
a _cpp P’ ép th p'?; C p'Ab ? - (3.22¢)
+ i o
'hc,n, 8



(3.22d)

The integration constan@®, C¥), C5¥, andC4" in equation (3.22a) for th& layer
can be determined using appropriate boundary conditions given in equations(33219
After obtaining F(2), w(z), and y(2) are calculated from equations (3.16) and (3.17),
respectively.

Considering the termasseiated with dvn+1 for Lp< z < & leads to the differential

equation ofnv(z) below themonaile

W, fw,
UZZ L- kn Wy - rl-1+ Ff L0 (323)

where the soil parameteks:1, th+1, andLn+1 are defined in equations (3.13.15). The

2tn+1

boundary condition for equatioB.@3 at the monopile base (i.e.,zat Lp) iS Wnh = Wn+1, Which
ensures the continuity of displacemeRbr the case af- =@, thesolutionof equation (3.23)

satisfying the boundary conditions is given by

W.a(2)= (2

2 A % lha
a kﬂ B Ln+1 W % 2tn+1 ‘
Z:Lp Q 2tn+1 0

(3.24)

3.3.5 Numerical solution of differential equations describing soil displacement

Considering the termsssociated withfi(r) and f4r) in equation (3.10), the

corresponding differential equations are obtained as

= o 2,

df, 1df %a.dod, 82 gdf &

— T4+ 19 2 HH ==

dr® r dr a;gg‘:‘? 9? 80’ r dr raeg % (3.25a)
e ¢r =0
A 2

d, 1df g, 53,992 iqf i

7,297 @9 0% 98 -6 Yl

dr> r dr gjer_ 9%; ﬁg rdr r—ge ! (325b)
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with the corresponding boundary conditiohfp) = 7(rp) = 1 andfi(a) = (=) = 0. The

dimensionless constangs g in equations3.25) and 8.2%) are given by

n+l  Hi
aA fiw’dz
9.= —fl iy (x 4,3,4,6) (3.26a)
aB fjw’dz
\ i=1 Hir_}
n+1 Hi o 2 nt H
A fia Oglz W iz
gx:rp i=1 H,lg . iz Hi 5 (X :2,5) (3.26b)
A B fjw’dz
| aef

inwhich A = (7, €G,) forx=1and 4A = G, forx=2and5,andy = (7, &,) for
j=3and6; whileg = (7, €G,)forx=1,2and3,ang = G, forx=4,5,and 6. Solutions

for equations (3.25a) and (3.25b) are obtained simultaneously (as these equations are coupled)
using thel-D FD method described in Chapt&r

3.3.6 Solution algorithm

Monopile displacement and slope can be calculatad Equation (3.16) and (3.17)
respectively. However, the soil parameteks ti, and Li must be known to obtaimonaile
displacement and slop&@he parameters, ti, and Li depend on the functions andf;which,
in turn; depend onv through the six dimensionless constagtgs. Therefore, an iterative
algorithm is followed to obtain solutions.

An initial guess of 1.0 is made fgr-g using which/; andf,are determined, which are
then substituted in equationskgfti, andL ; to obtain their valuesUsing the calculated values
of ki, ti, andLi monopile displacements and slopes are calculated. The calculated monopile
displacements and slopes are then used to calgiiggerhich are compared with the assumed
initial values. If the differences are more than the prescribed tolerable limit of 0.001, the
calculations described so far are repeated with the calculated valgeg at the new initial
guesses. lterations are continued until the valugg-gfbetween successivierations fall

below the prescribed limitFigure 3.2llustrates the solution algorithm which is implemented
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in a MATLAB scriptona computer with Intél Coré™ i5-3210M CPU@ 2.50 GHz and 8 GB
RAM.

[Input L, Moy tps Eps s 7, 0, Hiy Esiy M6 Xsis 7'si Fo, Mo, W]

\4

v

Choose initial guess fag (= g°'9), g (= ¢°'9.é , & (= g9

Calculate 7, and f 4

Calculate k;, t;,and L ;

\ 4

Calculate w; and dw; /dz

Calculate g (= g™, g (= ¢"*),é , g (= ")

Input
Q_’L°|d: glnevx’/
old= A new no Check if
* , e g 2 °9-@ - "¥<0.001
€,
%old: ‘%neV\’/

Storew; and dw: /dzas the final values

Figure 32: Solutionalgorithm
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34  Simplification of analysis to Rayleigh and EulerBernoulli beam theory

The Rayleigh beam theory neglects the sheardeftionwhich can be mathematically
implemented by assuming infinite shear stiffness imbaqile. SettingGp- = in equation

(3.16) results irFi(2) = Eplpwi(2) which simplifies the differential equation (3.18) as

EPIPC:;—ZV:(_ (Zti by ZV)% {k'i ( T i)+ 2'}-WiV\'0 (3.28a)

with the relevant boundary conditions at different layer interfaces given

d? d
Eylp st (2, W R (3.28a)
EDIDC::‘_ZV}: M, (3.28b)
W= Wy (3.2%)
- AW (3.29b)
dz dz

d*w dy . dFw W,
EPI P dA ) (Zti 'rpl p % E_pl P d 21 (2_i+1 ’;;I P Z)A’é’i (3-29C)
dw _dw, (3.29d)
dz dZ

d® d d
Eplpd—;é_ (2tn Il :V)/Tvi 2 5 V(;‘; (3.30a)
d?w

h — 3.30b
az ° ( )

Equation (3.27) along with the boundary conditions given by equation {228))
gives monopile displacement following the Rayleigh beam theory (Strutt 187 Closed
form solution ofw in equation (3.27) can be written in a similar way as given bytens
(3.22a) and (3.22b) witty; replacingF; in equation (3.22a) with the coefficierdsand /i in
equation (3.22b) being replaced for the case of Rayleigh beam theory by the following

a, :w (331b)
Eplp
n =5 (7oA + 4 2 (3.31b)
E.lp
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The EulerBernoulli beam theory neglects both the shear deformation and rotatory
inertia of beam crossection. This can be mathematically obtained by settipig = O in the
differential equation and boundary conditions for the case of the iRaydeam theory (i.e.,
equations (3.27§3.30)).

3.5  Simplification of analysis to rigid beam theory

For rigid monopiles, the displacement profile is lineam({lar to Chapte®) and the

monaile displacemenis expressed as

w(z9)=w() ¥,()2 (3:32)
whereyn is the clockwise rotation of th@onqile axisat any time. Equationg3.25)}(3.26)
along with the solution procedure descrilre@hapter 2 are also valid for rigid piles

Thealgebraic equations for monophead displacement, and rotationyn including

the effect of translational andtatoryinertiaof the monopildollowing the rigid beam theory

aregiven by
ew, 0K, K, &R (3:33)
iVn y éKyr Kyy @ '\)llo
where
c=a fils- b Yz ik - E ) w- (3.342)
én H; L 7]
_ Cu _ 2 _ 2 7P
Kry - _gla:lle](K iL Wdz {21# \/2#+1(K nt |2—) I'p}/v n;] ZpH
(3.34b)
en L
Kyr = -ga n(K - iszdZ \/2}1&( L(_ n -ILLZ) M rp _27p§ (3340)
=1H,
- n Hi L2
L,=a filk- b WZdz {epy Jrr (k- L) 8 m a2

2. (r 1) L2 P
ll p ( p p) "hpl'.'ll 1Y
i 4 12Ty

(3.34d)
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such that

m=r, ;{rj -(rp t-p)z} L, (3.35)

36  Calculation of secondary variables

In addition to monopile displacement, the quantities of interest are the monopile
bending momenM, shear forceV, and the soil reaction forge per unit pile length at the
monopilesoil interface. These quantities are also expressed in telffasof

dy _d°F
M(2) = Ep|pd—5; = (3.36a)
adw g dF r W dF (3.360)

VA= 4G A=, Yo TE o

d

p(z):2tdz\2N{ (—rpAb } E} W

:ad4F$ék iﬁﬂ 2t 7, p,A+p+|_1_€_uﬁ|:
kG,A i 1A B 8 GEA  GA ;@
£ k & kr, rA+ L0, A, + L 0§, {l
- - + W r v
Jf EPIP éﬁ(GPEPAD EPID 8 PEPAP " 8 ?

(3.36¢)
The foregoing equations are valid for Rayleigh and EBEmnoulli theories as well
after the required simplifications are made (by setting the termsGyith the denominator
equal to zero for Rayleigh beam theory and additionally setiihg= O for Euler-Bernoulli
beam theory, and substitutifig= Eplpw and y = dw/d2). For the Timoshenko beam theory,
the shear rotatiofr can be calculated using

\Y

b(@=1c A

(3.37)

37 Results

To demonstrate theccuracy of th@resentanalysishe resultgcomplex dynamic pile
head impedances and pile responsisplacement and rotatipfrom this analysigollowing
the Timoshenko and Eul@&ernoulli beam theorieare compared with the results of different
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solution techniquegapproximate comuum based formulation, rigorous continuum based
formulation, and Winkler based formulatioayailable in the literaturdor the case of solid
reinforced concrete pilesThe accuracy of the resultpile response displacement and
rotation) obtained fom the present analysis following the rigid beam theory is verified with
the results of D FE analysis and Winkler based formulation, available in the literaiiwe.
example problems are analyzed using the present analysis following the Timoshenko,
Rayleigh, and EuleBernoulli beam theories for piles with solid and hollow cresstions in

a twolayer soil deposit overlying a rigid layer tavestigate the effect of shear deformation
and rotatory inertia on the dynamic response of laterally loaded foles wide range of
dimensionless frequencyFurther, he appropriateness of thapplicability of thedynamic
analysisdeveloped in this chapterersus the static analysis developed in Chapter 2 is
investigated for the case ddrgediameter monopilesvhich aretypically subjected taa
cyclic/dynamicloadingof frequency less than 1.0 Hz

3.7.1 Comparison of results from present analysis withan approximate 3-D analytical
solution for small-diameter solid reinforced concrete piles

A comparison of theomplex dynamic pilbead impedancebtained from the present
analysis iglonewith those by Novak and Nogami (1977) for the case of atlfeael pile with
pile base encased in a rigid layer (fixed pile base withdisppacemergand otation). Novak
and Nogami (1977) based on the work of Tajimi (1969) developed a contipased model
for analysis of laterally loaded piles (modeled as a HBdégnoulli beam) in a linear
viscoehstic soil layer with frequendpdependent hysteretic neaital damping and embedded
in a rigid stratum. In the analysis, zero vertical soil displacement was assumed (similar to the
present analysis), appropriate potential functions were introduced to decouple the governing
equations of motion for the soil, atlte eigenvalue expansion over the vertical coordinate was
utilized to obtain the pile response in terms of an infinite trigonometric series. Thefresults
the present analysere obtained for a solid reinforced concrete pile using the Timoshenko
(sher correction factok for solid circular crossectionis the same as discussed in Chapter
2) and EulerBernoulli beam theoriewith Lp/rp = 20,E, = 28 GPayp = 0.2, relative pilesoil
stiffness raticEy/Gs = 33 10° 75 = 0.25,/s= 1.5G, pile-soil density ratiorp/rs = 1.25, andx

= 0.025. Figures3.3(a}(c) showthe complex dimensionless pileead impedances for
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swaying, coupled swayiAgpcking, and rocking motions as functions of the applied

dimensionless frequen@s = Why/Vs whereV, =,/G,/r . is the shear wave velocity of soil.

The real part of the pileead impedances represents the pile stiffness and the imaginary part
denotes the damping present in the syst€early, the present analysis captures the essential
features of the mechanics of the problem and predicts theffcnequency (i.e., th@atural
frequency of the pilsoil system) very well. Below the caoff frequencyno waves propagate

and no radiabn damping is generated in the system which can be seen from the plots. There
is a sudden increase in the imaginary part of the complex dynamic impedance beyond the cut
off frequency which indicates that there is finepagatiorof waves within the pilesoil system

and an initiation of the radiation damping (the plot shows the total dampfrgm the
frequencydependentadiation damping¢ and the frequency independent hysteretic material
dampingxs). The constant value of the imaginary part belowctrteff frequency is primarily

an effect of the presence of only the material damping within the sy$tigre3.3(a) shows

the impedanceé, for swaying motion in a normalized fornK{Lp*/(Eplp)), Figure3.3(b)

shows the impedance:, for coupled swayingocking motion in a normalized

form (- KryLg?/(Eplp)) (note that the impedanc&s, andK,r are nearly equal), while Figure
3.3(c) shows the impedanég , for rocking motion in a normalized forny Lp/(Eplp)). The

match between thesults obtained from the present analysis with those by Novak and Nogami
(1977) is reasonably well, particularly for the swaying and coupled swayaking modes
although the cubff frequency is overestimated by the present analysis for the rocking mode
This difference in the results is most likely a result of the difference in solution approaches in
the two methods. In the present analysis, the impedances obtained using the Timoshenko beam
theoryis nearly identical to those obtained using the EBlEmoulli beam theory for the range

of dimensionless frequency investigated.
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Figure 33: Dimensionless complex dynamic pilead impedander (a) swaying, (b) coupled
swayingrocking, and (c) rocking motions of a freead solid reinforced concrete pile
embedded in a homogeneous soil layer with the pile base encased in a rigid layer

3.7.2 Comparison of results from present analysis with a3-D elastodynamic solution
for small-diameter solid reinforced concrete piles

A comparison of the results obtained from the present analysis is made with those by
Pak and Jennings (1987), who developed a rigordDsistodynamic solution for laterally
loaded freehead slender piles floating homogeneoukalf-spaces. Pak and Jennings (1987)

modeled the soil as a continuum with zero viscous hysteretic material damping and the pile as
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a EulerBernoulli beam, formulated the pit®il interaction using Bredholm integral equation

of the second kind and solved the equation using an appropriate numerical method.
Dimensionless pile displacemewtr, and slope dw/dz, caused by an applied force and a
moment, as obtained by Pak and Jennings (1987), are compared with the corresponding results
of the present analysis performed usingTimoshenkgshear correction factar for the pile

with solid circular crossectionis thesame aghatdiscussed in Chapter 2hdEulerBernoulli

beam theories, as shown in FiguBe4(a)(b). The results are obtained for a solid reinforced
concrete pile with_p/rp = 50, E, = 28 GPayp = 0.2, relative pilesoil stiffness ratidey/Gs =

1.253 10%, = 0.25, pilesoil density ratiop/rs= 1.7, ands = 0, and an applied dimensionless
frequencyap = 0.2. The match between the results obtained from the present analysis with
those by Pak and Jennings (1987) is reasonably widie results of the present analysis
obtained using the Timoshenko beam theory are not appreciably different from the results
obtained using the Euldernoulli beam theory. Comparisons are made for three more
problems analyzed by Pak and Jennings (198@)the dimensionless pile displacement and
slopeare shown in Figureés5-3.7 (the input data used for the analysis are given in the figures).
As before, the match between the results obtained from the present analysis with those by Pak
and Jennings (1987 well. Although the pile responses matched well in Fig3t8s3.7, the
dynamic pilehead impedances were not found to be smooth functions of the forcing frequency,
which is in contrast with what Pak and Jennings (1987) obtaifhks. happeneflecause the
present analysis does not truly model a-sptice (Sun and Pires 1993, 1995, Gazetas 1995)
and is appropriate for modeling p#eil systems in which the bottemost soil layer is
considered rigid (this condition is more applicable in redti$ie(Anoyatis and Lemnitzer
2017).
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Figure 35: Dimensionless pile (a) displacement anddlopeof a freehead solid reinforced
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head
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3.7.3 Comparison of results from present analysis with aWinkler based analytical
solution for large-diameter solid reinforced concrete piles

A comparison of the present analysis is also made with the analysis developed by
Mylonakis (2001) (this analysis wasverified with the rigorous numerical FE solution
developed by Kaynia and Kausel (198@y) estmating the lateral dynamic pileead stiffness
of fixed-head large diameter shafts embedddtbmogeneouysinear viscoelastic soil with the
pile bases resting on top of rigid layers (i.e., hinged pile base condition with zero displacement

and bending moment at the pile basé&jigure 3.8 shows the ghamic swaying pilhead

impedanceK, . &K . oK., RiX,) (the imaginary partx is a summation of the

frequencydependent radiation damping and frequencyndependent material damping
normalized with respect to the corresponding static swagipgdance, as obtained from the
present analysis and Mylonakis (2001). A very good match is obtagtegen the results of
the present and the developed analysis by Mylonakis (2aedrther, the Timoshenko beam
theory does not produce a significantifferent resultin comparisorto the EulerBernoulli

beam theoryor the range of dimensionleBequencyinvestigated
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Figure 38: Dimensionlesslynamic swaying head impedance of a fekezhd solid reinforced
concrete pile in a homogeneous soil profile with the pile base resting on top of a rigid stratum
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3.7.4 Comparison of results from present analysis with3-D FE solution and Winkler
based solutionfor the case oflarge-diameter solidrigid piles

A comparison of the results obtained from the present anfdiisiwing the rigid beam
theoryis made with that of a Winkldrsased analysis developed by Varun et al. (2009) for
estimating the dynamic responseigid pilesembedded in a multilayered soil depo&itarun
et al. (2009) verified their analytical technique with the results of rigo3dDS-E solution
(performed using Baqu3. Figures3.9a)(b) show the comparisons of the maximum pile
head displacement and rotation, respectively, as functions of the agp({reiM/Va where
Vs is the shear wave velocity of thepsoil layer for a massless rigid pile (i.ep = 0)
embedded into a thrdayer soil profile withxsi = 0. The other details of the pile and the soil
properties are provided the Figurs 3.9(a}(b). The results obtained from the present analysis
is alsocomparedwith the results of a Winkler based model developed by Zhong and Huang
(2013)for estimating the dynamic response of rigid caissdfigures 3.9(ajb) show that a
reasonable match is obtained between the results of the present analysis and theteasetts ob
from the Winklerbased analysis and finite element analysis. Results obtained from the present
analysis arén good agreement with that of the finite element analybisreaghere is some

differencewith the results of the Winkldnased analysis.
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Figure 39: Maximum pile head (ajlisplacement and (b) rotation of a rigid pile embedded in
a threelayer soil deposit subjected to a lateral faatéhe head
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3.7.5 Example problems forreinforced concrete solid pile and steel hollowile in atwo-
layer soil

Two example problems are analyzed, one with a reinforced concrete pila swiid
crosssection and the other with a steel pipe pile with the hollow €esson, both embedded
in two-layer soil with the pile bases encased in rigid layer (i.e., fixed base condition with zero
rotation and displacement). The normalized dynamic-hekel impedances for swaying
(KrrL3:/(Eplp), coupled swayingocking ¢ KryL2/Eplp), and rocking K Lp/Eplp)) are plotted in
Figures3.10-3.11 for these two piles as functions of dimensionless frequanGy W p/Vs1)

which is normalized with respect to the shear wave velazs'lt@/: /Gsl/fsl)Of thefirst soll

layer. Results are obtained for all the three beam theories to investigate the effect of shear
deformation and rotatory inertia of the pile creggion on the pile response. The details of
the pile and soil properties used as inputs in these examples are shown in the figures.

The variation of the pilaead impedances with frequency for these two examples with
layered soil profile are similar to th@sbtained earlier for the problems with a single soil layer.
For the case dhereinforcedconcrete pile (Figur8.10), the impedances for the swaying and
coupled swayingocking modes predictetbllowing the EulerBernoulli beam theory is
slightly greater than that predicted using the Timoshenko beam thearyhe rocking mode,
the impedance from the EulBernoulli beam theory is less than that obtaineshgishe
Timoshenko beam theoryrurther, theEulerBernoulli and Rayleigh beam theories produce
nearly identical results, which show that the rotatory inertia of the pile-seas®n has little
effed on the estimation of the pileead impedance for the range of dimensionless frequency
investigated For the case of hollow steel pile (Fig®.é1), the difference in response using
the EulerBernoulli and Timoshenko beam theorigmorebut not significantly differentAs
before, the impedances for the swaying and coupled swayaking modes argreater and
that for the rocking mode is less as obtained using the -Beleroulli beam theory when
compared with the Timoshenko beam thebwever, the difference is not significai{gain,
the EulerBernoulli and Rayleigh beam theories produced gadéntical impedances for the

range of dimensionless frequency investigated.
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Figure 310: Dimensionless pildhead impedances for (a) swayinl) coupled swaying
rocking, and (c) rocking motions of a freead solid reinforced concrete pile embedded in a
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Figure 311 Dimensionless pildhead impedances for (a) swaying, (b) coupled swaying
rocking, and (c) rocking motions of a freead hollow steel pile embedded in a dager soil
overlying a rigidiayer with the pile base encased in the rigid layer

3.8 Investigation of the gplicability of dynamic analysis toobtain monopile response

In the foregoingsection, the accuracy of the present analysis following different beam
theory is shown for the caf smaHldiameter solid reinforced concrete piles wigirp 2 20
(Figures 3.33.7) and largadiameter solid reinforced concrete piles wlijlir, < 20 (Figures

3.83.9) for a wide range of dimensionless frequerarycountered in practice Example
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