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Abstract

Partial differential equations (PDEs) underpin the mathematical description
of physical phenomena across science and engineering. High-order discreti-
sation techniques, such as those based on the Summation-by-Parts (SBP)
framework, provide accurate and energy-stable numerical schemes that pre-
serve conservation and stability properties of the continuous equations. These
discretisations yield large, linear systems that have significant structure, whose
solution constitutes the computational bottleneck of many scientific sim-
ulations. Quantum systems can represent exponentially large state spaces
using only a polynomial number of qubits. By exploiting this representational
capacity, quantum algorithms can achieve substantial, and in some cases ex-
ponential, speedups for certain classes of computational problems. However,
the practical application of quantum algorithms to PDEs is challenging as
a result of the difficulty of efficiently representing the discrete operators as
unitary transformations suitable for quantum computation.

This thesis establishes a first step and a significant step toward a unified
framework linking high-order SBP discretisations with quantum algorithms
based on polynomial spectral transformations. Using Quantum Singular Value
Transformation (QSVT), we show how the matrix exponential exp(AT),
governing time evolution in semi-discrete PDE systems, can be efficiently
implemented as a quantum circuit. A key contribution is the development of
systematically constructible and ancilla—efficient block-encodings for struc-
tured matrices, including those arising from high-order SBP discretisations of
PDEs. These constructions exploit the tensor-product and sparsity structure
of the underlying differential operators to enable automated coherent circuit
synthesis with polylogarithmic scaling in system size. The resulting frame-
work bridges classical numerical methods and quantum algorithm design
by embedding stable, high-order discretisation operators into the coherent
quantum model.

The methods are demonstrated on the linear advection equation by block-
encoding the SBP semi-discrete operator and applying QSVT to realise its
time evolution. This work serves as a blueprint for applying QSVT-based
quantum algorithms to high-order discretisations of general linear PDEs.
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1

Introduction

1.1 Motivation and Background

Partial differential equations (PDEs) form the mathematical foundation of
most physical models in science and engineering. Often, they express conser-
vation laws and constitutive relations governing the evolution of quantities
such as mass, momentum, and energy in space and time. Since analytical
solutions are rarely available for practical problems, numerical approxima-
tion of PDEs has become one of the primary means of predictive simulation.
The accuracy and efficiency of such simulations depend critically on the
choice of spatial and temporal discretisation schemes used to approximate the
continuous operators.

High-order discretisation schemes offer superior accuracy per degree of
freedom and thus become more computationally efficient than low-order
methods when stringent error tolerances are required. For a method of formal
order p, the numerical error e satisfies

e=QO(h"), (1.1)

where 1 denotes the mesh spacingand p > 2 characterises high-order [Wano7].
Despite their advantages, such methods often exhibit reduced robustness on

complex geometries or in the presence of discontinuities. Ongoing research

therefore seeks formulations that retain high-order accuracy while improving

stability and efhiciency.

There exist numerous approaches for constructing high-order discretisa-
tions of PDEs, including finite-difference, finite-volume, continuous and
discontinuous-Galerkin, and many more. In this work, we adopt the Summation-
by-Parts (SBP) framework. Originally introduced by Kreiss and Scherer [KS74],
SBP operators mimic integration by parts at the discrete level. When cou-
pled with Simultaneous Approximation Terms (SATs) for weak enforcement
of boundary and interface conditions, SBP schemes lead to provably stable,
conservative, and high-order accurate discretisations suitable for complex
multi-element and curvilinear geometries [DHZ14, CHDRF " 18].



QUANTUM ALGORITHMS FOR PDES VIA SUMMATION-BY-PARTS DISCRETISATIONS

Quantum computing offers a fundamentally different computational
paradigm based on the principles of superposition, entanglement, and unitary
evolution. Unlike classical digital computers, which store and manipulate
information using bits that take values in {0, 1}, a quantum computer op-
erates on qubits whose states reside in complex Hilbert spaces. A system
of nn qubits can represent a superposition of 2" classical configurations, en-
abling compact encoding and coherent manipulation of exponentially large
state spaces. Computation proceeds through unitary transformations acting
on these states, followed by measurement, which probabilistically extracts
classical information [NCoo].

Theoretical studies have shown that quantum algorithms can outperform
their classical counterparts for specific computational tasks. Notable examples
include integer factorisation [Sho97], database search [Grog6], and Hamilto-
nian simulation [LC17]. Of particular relevance to scientific computing are
quantum algorithms for linear algebraic operations such as matrix inversion,
eigenvalue estimation, and linear systems solvers, which form the foundation
of many PDE discretisations [HHLo9, CLO21]. These algorithms exploit
the ability of quantum computers to efficiently represent and manipulate
high-dimensional statevectors, potentially enabling exponential speedups
over classical methods for certain problem classes. We are thus motivated to
explore how quantum computing techniques can be applied to the numerical
solution of PDEs, particularly leveraging high-order stable discretisations.

At an abstract level, a large class of quantum algorithms can be formulated
as transformations of matrix spectra or operator functions. Such formulations
align naturally with the semi-discrete systems arising from numerical PDE
discretisations, where the evolution of the solution is governed by a linear
operator A, as in

T Auy,. (1.2)

Efficiently realising the action of exp(tA) corresponds to simulating the time
evolution under the semi-discrete operator, while matrix inversion appears in
the context of implicit time-marching schemes, where one must solve systems

of the form, for example, (1 — At /—\)uZ+1

= uy. In both cases, the ability
to implement matrix functions such as exp(tA) or (1 — At A)~! efficiently
on a quantum computer becomes central to the development of quantum
algorithms for PDEs.

A key theoretical breakthrough enabling such operator manipulations is the
framework of Quantum Singular Value Transformation (QSVT) [GSLW19].
QSVT provides a unified algebraic formalism for implementing polynomial
transformations of the singular values of a given operator using coherent
quantum circuits. This formalism generalises and subsumes many of the most
powerful quantum algorithmic primitives, including phase estimation, Hamil-
tonian simulation, and quantum linear system solvers, by expressing them as
special cases of polynomial spectral transformations [MRTC21]. The essential



insight is that quantum circuits naturally implement orthogonal polynomial
recursions under alternating sequences of reflections and phase modulations
[LYC16], enabling controlled approximation of analytic functions of operators
without explicitly forming their spectral decompositions.

QSVT operates by embedding the singular values of a target operator into
the eigenphases of a unitary transformation and then applying a sequence
of controlled reflections and phase rotations whose composition implements
a desired polynomial transformation of those singular values. Specifically,
given access to a unitary operator U whose subspace action corresponds to
the operator of interest, QSVT constructs a family of circuits parameterised
by a sequence of phase angles ® = {@o, ¢1, ..., ¢;_1 } such that the resulting
transformation

Ugsvr(U, @) = ePZYPZY . .. piPa1 2y,

acts as a polynomial function of the singular values of the embedded oper-
ator. The polynomial implemented depends solely on the choice of phase
sequence P, while the depth d determines the degree of the polynomial
approximation and hence the achievable accuracy [GSLW 19, LYC16]. For
QSVT to act on a general, possibly non-unitary operator A, it is necessary
to represent A as a sub-block of a larger unitary matrix. This representation,
known as a block-encoding [GSLW 10], is defined by a unitary U € U(2"*7)
satisfying

A/a %

* *

U:

1 , for some normalisation constant & > 0,

where the top-left block encodes the scaled operator A/« and the remain-
ing entries complete unitarity. This embedding enables non-unitary linear
operations to be manipulated within the coherent framework of quantum
computation using only unitary primitives. Block-encodings thus form the
fundamental interface between classical linear algebra and quantum circuits:
they translate matrices, such as those arising from PDE discretisations, into
physical quantum operations that can be composed, inverted, or combined
via QSVT.

Constructing block-encodings for arbitrary matrices, however, is a highly
nontrivial task. In general, the process requires explicit access to all matrix
elements and the ability to coherently load them into quantum amplitudes,
which is infeasible for dense operators due to exponential resource require-
ments. The practical applicability of QSVT-based algorithms therefore hinges
on identifying classes of matrices that admit efficient block-encodings, those
that can be realised using a number of quantum gates and ancillae scaling
polylogarithmically in the matrix dimension. Matrices arising from PDE
discretisations, such as those produced by finite-difference or Galerkin meth-
ods, are highly structured: they are sparse, banded, and often exhibit tensor-
product or block-Toeplitz structure induced by the underlying mesh topology.

INTRODUCTION



QUANTUM ALGORITHMS FOR PDES VIA SUMMATION-BY-PARTS DISCRETISATIONS

Despite this favourable structure, only a limited number of systematic con-
structions for block-encoding such operators currently exist in the literature.
As Seth Lloyd, co-author of the Harrow-Hassidim-Lloyd (HHL) algorithm
and a foundational figure in quantum algorithms, remarked, “finding effi-
cient block-encodings of operators arising from differential equations is the
sixty-four-thousand-dollar question” [Llo22].

1.2 Thesis Objectives and Outline

The overarching objective of this thesis is to establish a first, significant step
toward developing a unified framework connecting high-order numerical
discretisations of PDEs with quantum algorithms capable of efficiently realis-
ing their semi-discrete dynamics. At the classical level, we seek discretisations
that are provably stable, conservative, and systematically extendable to com-
plex geometries. At the quantum level, we aim to construct explicit circuit
implementations that reproduce these discrete operators within the coherent
unitary model, enabling quantum realisation of time evolution through poly-
nomial spectral transformations. We delineate the specific goals as follows:

* Develop efficient and systematically constructible block-encodings for the
structured matrices arising from SBP discretisations of PDEs, and design
modular quantum arithmetic and control primitives that enable their
coherent synthesis using minimal ancillary qubits. This includes exploring
algorithmic strategies for automating block-encoding construction in terms
of oracle generation and circuit composition.

* Demonstrate the discretisation and solution workflow on the linear advec-
tion equation, linking the semi-discrete stability-preserving SBP formula-
tion to its quantum realisation, and analyse the resulting complexity and
accuracy trade-offs.

* Develop a generalised and extensible implementation framework for SBP-
based discretisations on unstructured and curvilinear grids, and perform a
systematic analysis of their fundamental properties, including consistency,
conservation, and stability. This involves a comprehensive, self-contained
treatment of the generalised SBP formulation and the development of a
high-performance Julia codebase, SBPLite. j1, enabling automatic gen-
eration of SBP operators on complex geometries.

The rest of this thesis is organised as follows. Chapter 2 introduces the
concepts of well-posedness and stability for linear PDEs. Chapter 3 presents
classical SBP operators and SATs for constructing consistent, conservative,
and energy-stable finite-difference discretisations. Chapter 4 extends the SBP
framework to multidimensional and curvilinear elements, analyses their sta-
bility and conservation properties, and provides the mathematical foundation
on which SBPL1ite.j1 is implemented. Chapter s introduces the essential



quantum computing concepts and notation used in later chapters. Chapter 6
develops the quantum arithmetic and control primitives required for syn-
thesising block-encoding circuits, including efficient constructions of multi-
controlled gates and conditional arithmetic modules. Chapter 7 formalises the
block-encoding framework and develops systematic procedures for construct-
ing block-encodings of structured matrices. Chapter 8 introduces Quantum
Signal Processing (QSP) and its role in implementing polynomial transfor-
mations using phase-modulated single-qubit rotations. Chapter 9 extends
this formalism to QSVT, which applies polynomial transformations to the
singular values of block-encoded operators. Finally, Chapter 10 demonstrates
the complete quantum realisation of the SBP-based semi-discrete advection
equation via block-encoding and QSVT and presents the associated error and
complexity analyses. Finally, Chapter 11 summarises the main contributions
of the thesis and outlines directions for future research.

INTRODUCTION






2
Stability and Energy Method

In this chapter, we review the concept of well-posedness and stability for
PDEs. We introduce the energy method, a technique used to derive stability
estimates at the PDE level and which later guides the design of stable discreti-
sations. Our goal will be to develop discretisations of well-posed problems
that are also discretely well-posed, achieved by constructing numerical meth-
ods that closely mimic the stability analysis carried out for the continuous
PDE.

2.1 Well Posedness and Stability

Definition 2.1 (Well Posedness [Hado3]). A problem is said to be well posed
if it satisfies the following three conditions:

* Existence: A solution exists for the problem.
* Uniqueness: The solution is unique.

* The solution depends continuously on the data of the problem.

These conditions ensure that small changes in the initial data lead to small
changes in the solution. If any of these conditions are violated, the problem is
considered ill-posed. The first two conditions are self-explanatory,* however
we will elaborate on the third condition a bit more rigorously.

Note 1. Throughout this thesis we restrict attention to linear PDEs. Accordingly,
all stability and well-posedness results presented in this chapter apply only to
linear problems.

Stability can be defined in several ways; in this work, we adopt the for-
mulation presented in [GKO13]. We consider the following initial boundary

* For many linear PDEj, existence follows
from standard semigroup methods [Evaio].
In contrast, existence for nonlinear PDEs
can be highly nontrivial; a famous open
problem is global existence and smoothness
of solutions to the three-dimensional
Navier-Stokes equations [Fefo6].
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value problem (IBVP):
ou
ot
B(ZtU) =G(t), YXean, V>t (2.1)
U(f,to):f(f), VXeQ, t=ty,

=PER HU+S(Xt), VXeQ, Vi>t,

T
where U := |:U1,Z/[2, ... ,L{m} is an m-component vector-valued function,

X = {xl, Xo,..., xd} : denotes the spatial variables, ) C R? is the spatial
domain, and 0Q) its boundary. The source term is denoted by S, the initial
condition by F, and fy is the initial time. The operator P is a differential
operator of order 1, given by

i iy
— Y A ( I ) (a) ,
i=n 0x1 0x,

where each A;(X,t) is a smooth matrix-valued function and i = (iy, ..., i)
is 2 multi-index. The boundary operator B is a differential operator of order
k<n-1.

Definition 2.2 (Stability and Well Posedness [GKO13]). Consider the initial
boundary value problem (2.1) with homogeneous boundary conditions (i.e.,
S =0,G = 0). The problem is said to be stable if there exists an estimate of
the form:

U )] < Ce U (- t) o s (2.2)

where C and « are constants independent of the initial data F and fy. In
addition, if a unique smooth solution exists, then the problem is said to be

well posed.
For non-homogeneous data, the stability condition is slightly different:

Definition 2.3 (Stability and Strong Well Posedness [Nor15]). The IBVP (2.1)
is said to be stable if there exists an estimate of the form:

24 (%, )13 < C(t,to) {HF HQ+/ ISC, )G +1IG(x )||§Q) dT]f
(2:3)

where C(t,t() is independent of the data and is bounded for all finite time
intervals. If a unique smooth solution exists, then the problem is said to be
strongly well posed.

In both definitions, the norms of the functions involved may be defined
differently. In this work, we primarily use the L, norm over a finite domain
Q) with boundary 0Q) for all functions, defined as:

UV) 0 /uvm Wl = (/Qu%iﬂ)l/z,
8
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1/
UV) 1 00) ¢ /uwr 1, 0 /Z/lzdr .

In general, stability is a necessary but not sufficient condition for ensuring
continuous dependence on the problem data. However, in the case of linear
problems, stability guarantees both continuous dependence and uniqueness of
the solution [Guso8]. It is important to note that both definitions of stability
considered here permit solutions to grow exponentially over finite time
intervals. This interpretation of stability differs from the classical notion used
in the general theory of differential equations, where stability often implies
asymptotic behaviour such as decay to equilibrium. In the present context,
stability simply ensures that the solution does not become unbounded or
blow up in finite time.

Theorem 2.1. For linear problems, the stability condition (2.3) implies continuous
dependence on the data and uniqueness of the solution.

Proof.

We consider a perturbation of the IBVP (2.1):
oV L, 0 S - -
a5 = P x,t,g V+SXt)+6S5(%, 1), VXeQ, Vi>t,
B(%,t,V) = G(t) +3G(), VE¥e€aQ, V>, (24)

V(f,fo) = f(f) —|—5f(f), VXeQ, t=t.

Let W =V — U and assume B and P are linear operators. Subtracting (2.1)

from (2.4) gives:
ow _, 0 S
W =P (x,t, ax> W+5S(x,t),

B(%,LW) = 6G(1), VieaQ, V> t, (25)
w (f, to) = 5]:(9_5), VXeQ, t=t.

If (2.1) is stable, then the estimate (2.3) holds for (2.5), and we have:

W01 < Clo o) | 167 @ + | (16571 + 109(0)Fa )]

Small perturbations in the input data namely, 6.F, 6S, and 6§ lead to corre-
spondingly small perturbations in the solution W. This expresses the notion
that the solution to the problem (2.1) depends continuously on the data. More-
over, if the perturbations vanish (i.e., § = 0), then V = U, implying that the
solution I{ is unique. |

Throughout this thesis, for each problem studied, we formulate a continuous-
level stability estimate of the form (2.3) to ensure that this necessary condition
for well-posedness is satisfied. We then construct numerical schemes that
replicate this stability property at the discrete level. In doing so, we ensure
that the resulting schemes are stable which is an essential requirement for the
reliable simulation of partial differential equations, as it guarantees that the
numerical solution remains bounded as it evolves in time.
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2.2 Energy Method

A common approach for deriving estimates of the Ly norm of the solution in
terms of the problem data is the energy method, which involves the following
steps:

* Multiply the PDE by the transpose of the solution and integrate over the
spatial domain Q).

* Apply integration by parts to transform volume integrals into surface inte-
grals to allow insertion of the boundary conditions.

* Integrate in time to obtain an estimate of the Ly norm of the solution.

One of the key concepts used in the energy method is integration by parts
(IBP) which motivates the design of derivative approximations that discretely
replicate this property. Such methods, known as Summation-by-Parts (SBP)
schemes, result in discrete stability proofs that mimic the PDE-level analysis
in a one-to-one fashion. The energy method offers systematic approach for
analysing stability in both continuous and discrete settings. It can also, in
certain cases, be used to demonstrate uniqueness of the solution.

2.3 Linear Advection Equation

Consider the linear advection equation:

U & o(ayU)
y + 1=21 axi =0

Ux,0) = F(x),

VXxeQ, Vi>0,
(2.6)

Vxe, t=0,

. . T.
where we assume the advection velocity field [ﬂx1/ Ayyy o, Oy d] is constant.

Let I' := 0Q) denote the boundary of the spatial domain (), and let 7, be
the i-th component of the outward unit normal on I'. We do not impose
boundary conditions a priori; instead, we derive them by requiring an energy
estimate that ensures stability.

We start by multiplying (2.6) by U and integrating in space:

ou 14 d(ax,U) d(axU)
/Quj dQ+2i§</QuaxidQ+/QuaxidQ>, (2.7)

where we split the second term into two identical terms for easy cancellation
later. We now apply integration by parts to the last term to obtain:

d(ay,
/ MM 40 = ]{Zfﬂﬂxi”xi df—/ aﬂax
Q dax; T Q 9X;

Substituting (2.8) into (2.7)
/ua AQ 4= 2(%14 axlnxldl"téu/”lﬁ/ ou dQ)
Q

10

U dQ. (2.8)

In one dimension, the integration by parts

formula is given by:
b du b b 9o
/a vgdx =oul f/a ua—dx

In higher dimensions, the formula gener-
alises to:

axldQ %uvnxldr / 8 daQ,

where 1 and v are scalar functions, () is the
spatial domain, T is its boundary, and 1y,

is the i-th component of the outward unit
surface normal to T'.
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where the last two terms cancel because

d(a.U ou U
w2t gy, S U2
axi ! 8 axi !
Now, using Leibniz’s rule on the left-hand side of (2.7), we have: >The ordering of scalar terms U, ax,,
and can be interchanged due to the
2
Uf / U? o 1 dHu H (2.10) commutatlve property of multiplication.
2 dt 2 dt '

Substituting (2.10) into (2.9), we arrive at the energy identity:

diul> &g
—5 == ;7{_2/{ Ay My, dT. (2.11)

Integrating (2.11) from O to f, rearranging, multiplying through by 2, and
using the initial condition in (2.6) gives,

UG D1 = 1FO) P /%z,ﬂ axlnx)dl“d‘f (2.12)

At this point, we cannot yet conclude that the problem is stable, since the sign
of the boundary integral is undetermined. To ensure non-increasing energy,
we impose boundary conditions only on the inflow portion of the boundary:

d
Ux,t)=Ggxt), v¥el_:= {x €T:) (axny) < 0}.

i=1
We can now split the boundary integral in (2.12) into inflow and outflow

components and substitute the prescribed data on I'_ to complete the energy
estimate.

t d
et = NFOIF = [, P Y olasms) ar e
d
— /Ot 7{_ G? g(“xi”xi) dr dt, (2.13)

ayny,)| dl dt.

. 2 2 f d
I < IFOIF+ [7 673

Alternatively, this can be expressed as a balanced energy identity:

2 f d . 2
e+ [ 6 Yl dr de = |70

[ f e z<

This estimate provides control not only over the solution at time £, but also

ayny,)| dl dt.

over its behaviour at the outflow boundary I', making it a stronger result
than the inequality in (2.13). Importantly, specifying a boundary condition
at the outflow boundary I'; would not lead to an energy estimate, making

the problem ill-posed.

11
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Periodic Boundary Conditions

For periodic boundary conditions we have that
/Z/lzax,.nxi dlr = 0.
r

Substituting this condition into the energy estimate (2.13) eliminates the
boundary contributions, yielding

(- 01 = 11712,

which implies that the solution norm remains constant in time. Therefore,
the problem is stable for all t > 0.

12
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Classical Summation-by-Parts Operators

In this chapter, we introduce classical SBP finite difference operators [DHZ14]
and their use in constructing consistent and stable discretisations of PDEs.
Building on the energy method developed in Chapter 2, our goal is to design
discrete derivative operators and impose data in such a way that stability can
be proven through a discrete analogue of integration by parts and the energy
method. SBP operators achieve this by mimicking integration by parts at the
semi-discrete level, while Simultaneous Approximation Terms (SATs) enable
weak imposition of boundary conditions and interface coupling.

3.1 Notation and Definitions

We adopt the following conventions for notation based on the notation in
[DHZ 14, DBZ14], throughout this thesis:

* Vectors in continuous space (e.g., vector-valued functions or fields) are
written with over-arrows (e.g., if), while discretised vectors are denoted
in boldface (e.g., u € R").

* Matrices are represented using sans-serif capital letters, for example, D;

* Smooth functions defined on a domain Q C IR? are written using calli-
graphic letters, for example, U (¥) € C®°(Q), indicating that the function
is infinitely differentiable;

When a continuous function ¢/ is sampled at discrete grid points x € R", we
denote the resulting vector as:

u= [U(xl),u(xz),...,U(xn)f.

For brevity, we often write u; = U(x;). Similarly, the restriction of the
T
monomial x¥ to the grid x is written as xk = {x’l‘, x’z‘, .. .,xlfl} . We set

xk = 0 for k < 0. When referring to SBP operators, we distinguish between
their degree and order:

13
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* The degree of an SBP operator is the highest degree monomial it can
differentiate exactly.

¢ The order of an SBP operator is the smallest exponent of the grid spacing
Ax in the leading truncation error across all nodes.

For an operator approximating the m'™® derivative, the two are related by:*

order = degree — m + 1.

3.2 Summation-by-Parts Operators

Definition 3.1 (SBP Operator). Let x = [x1,xp,..., x]" denote a grid of 1
nodes. A matrix operator D € R"*" is said to approximate the derivative %
with order and degree p and satisfy the Summation-by-Parts (SBP) property
if:

1. DXF = H71Qx} = kx*~ for all integers k € [0, p];
2. H=HT and xTHx > 0 V¥x # 0; and
3. Q+ QT = E. := diag(-1,0,...,0,1).
The operator D satisfies the following degree equations:

Dxf = k"1, ke [0, pl,

1
QX =kHX*1, ke (o, p). ()

These properties imply that D approximates the spatial derivative with a
truncation error of order p:
ou

Du= g(x) + ey, (3-2)

where Du represents the discrete derivative evaluated at the grid nodes, and
the error satisfies max(|e,|) = O(Ax?), with Ax denoting the grid spacing.
The matrix H also known as the norm or mass matrix serves as a discrete
inner product matrix, approximating the continuous L? inner product and
the induced norm:

(u,v)y == THV%/ uy dq,
a (3-3)

2
[ullfy = (wu)y.

In this thesis, we restrict attention to SBP operators with diagonal norm ma-
trices H, where the diagonal entries are positive and define a quadrature rule
of degree ¢ > 2p — 1 [DHZ14]. The matrix Q approximates the integration
of a function against a derivative:

ou
T — IOy ~
v HDu=v QuN/QVax dQ. (3.4)

14

*In particular, for first-derivative operators,
the degree and order are equal.
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The SBP property ensures that the operators defined in Definition 3.1 mimic
the integration by parts at the discrete level. This correspondence enables
the construction of schemes that mirror the continuous stability analysis of
Chapter 2. Recall the one-dimensional integration by parts identity:

[ VS e [ USE ar = Vi) — VU 69)

At the semi-discrete level, the SBP operators approximate the left-hand side

as? :
vIHDu +u"HDv = v Qu + uTQv vTHDu ~ [ V?Tu dx,
xp
T
= VTQu + (VTQTII) uHDv ~ /XK I/{— dx,
T TAT
=v Qu+v' Q'u
(3.6)
T (Q + QT) u vIQTu is a scalar, so it equals its transpose.

= VTECll
V(xn)U (xn) = V(x1)U (x1)
where we have used the SBP property Q + QT = E.. Thus, (3.6) reproduces

integration by parts exactly, term by term.

Note 2. The operators defined in Definition 3.1 satisfy the integration by parts
formula exactly, not up to truncation error. This is the origin of the name
Summation-by-Parts. Crucially, the property holds for any mesh spacing, not
merely in the limit Ax — 0.

For p = 1 on a uniform grid with spacing Ax, the classical finite-difference
SBP operator takes the form

-1 1
1
-3 0 3
N :
- Ax : T ’
-2 0 3
-1 1
with
11
i o1
-2 0 3
H= Axdlag(% ,1,%), Q=
1 1
-2 0 3
11
2 2
(3.7)

The differentiation matrix D uses a second-order centred stencil in the in-
terior and first-order forward/backward stencils at the boundaries. More
generally, diagonal-norm classical finite-difference SBP operators employ
order-2p centred differences in the interior and order-p one-sided stencils at
the boundaries [DHZ14].

15
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3.3 Simultaneous Approximation Terms

Consider the one-dimensional linear advection equation

ou ou
— — >
5 +a pp 0, Vxe€lxy,xg], Vt>0, a>0, (4.8)

U(x,0) = F(x), Vxe€[xp,xr], t=0,
with inflow boundary condition
U(xr, t) =G(t), Vt>0.

From (2.13) we know that this boundary condition renders the continuous
problem strongly stable. We now construct a numerical scheme that replicates
this stability analysis at the semi-discrete level.

Semi-Discrete Formulation

Discretise the spatial domain on a uniform grid
— T — —
X = [X1,X,...,%Xn]", X1 1= XL, Xy i= XR,

and let u(t) € R"” denote the semi-discrete approximation to the solution
at time ¢. Using an SBP operator D = H™'Q to approximate dy, the PDE
reduces to J
diltl = —aDu, u(0) =f, (3-9)

where f is the restriction of F to the grid.

To mimic the continuous energy method, we multiply (3.9) by uTH, the
discrete equivalent of multiplying by ¢/ and integrating over the spatial do-
main, to obtain

d

d%l = —gu"HDu = —au"Qu. (3.10)

Taking the transpose of (3.10) and adding to itself, we obtain:

u’H

T
uTHili—lt1 + %Hu = —auT(Q + QT)u
= —auTECu
= —a(u, — uj).
On the left-hand side we recognise
du du’ du d
T T 2
HEE L2 g = 2uTHEE = 2
wiHGE gy e =20 gy = gl

yielding the semi-discrete energy equation

d
gplulf = —aGu —ud). (3.11)

This is the discrete analogue of (2.11).

16
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Enforcing Boundary Conditions via SAT'

To impose the inflow boundary condition, we add a penalty term SAT:3 3 The name “simultaneous approximation
term” reflects that, at boundary nodes, both
SAT; = ,BH_lel (u1 — g), (3.12) the PDE and the boundary condition are

T approximated simultaneously.
where e; = [1,0,...,0]" is the first standard basis vector in R”, and B is a

parameter to be determined. The modified semi-discrete system becomes* +In vector form, (3.12) is
d Ry T
d—‘t‘ — _aDu + SAT;. (3.13) SAT, = [ (1 —6),0,...,0] .

Carrying out the same energy analysis yields

d
El\ul\i = —a(u; — ui) +2B(ui — 11G)
= —au® + (a+28)uf —2Bu G
2 202
_ 2 B _ Bg
= aun+(a+2ﬁ)(u1 a+2ﬁg) T
If a + 2B < 0, we obtain the stability estimate
2
ﬁ ‘ gZ.
a+2B

d
il < +| (514

Integrating over [0, t] gives
,32

t
2 2
t < ||f /
(ol < 1+ [ |55

which mirrors the continuous bound (2.13).5 The semi-discrete system (3.13) s The choice B = —a recovers the estimate
(2.13) exactly.

G*(t)dt, t>0.

can be recast as

%1 = Au+1£(t),

with system matrix A = —aH™! (Q + eje] ). The inequality (3.14) implies
that all the eigenvalues of A have non-positive real parts.

In contrast to strong imposition of boundary conditions, SATs enforce
boundary conditions weakly. The boundary condition is penalised through
an added term that drives the numerical solution toward the correct boundary
value. As a result, the boundary condition is satisfied to within the truncation
error of the scheme. Upon mesh refinement, the numerical solution at the
boundary converges to the prescribed inflow condition G(f) at the same rate
as the interior solution converges to the exact PDE solution [HDRFZz25].
In practice, it is rarely necessary for boundary values to be more accurate
than the solution in the interior [HDRFZ25]. What is essential is that the
scheme remain stable and convergent under refinement. The derivation of
SATs mirrors the continuous setting: the energy method is first applied to the
PDE to identify data (boundary and initial conditions, forcing terms) that
yield a well-posed problem. The same argument is then carried over to the
semi-discrete equations, prescribing the form of the SATs and fixing their
parameters (such as f in (3.12)) so that the discrete energy estimate matches
the continuous one, ensuring stability.

17






4

Generalised Summation-by-Parts

Operators

In the previous chapter, we introduced classical SBP operators, originally
proposed by Kreiss and Scherer [KS74], and reviewed their role in mimicking
integration by parts at the discrete level. Since their introduction, many exten-
sions have been developed. In this chapter, we generalise the SBP framework
to multidimensional elements, including simplices and curvilinear domains.
Multidimensional SBP operators on general elements were first introduced
in [HDRFZ16], providing a foundation for discretisations beyond grids with
tensor-product elements. We begin by defining generalised SBP operators
and outlining their construction on arbitrary elements. We then extend the
framework to curvilinear elements, where geometric mappings and metric
identities play a crucial role, and finally derive energy-stable discretisations of
the linear advection equation using the SBP-SAT methodology. Much of the
material in this chapter is drawn from [CHDRF " 18, HDRFZ25].

4.1 Notation and Definitions

‘We adopt the following conventions for notation based on the notation in
[HDRFZ16, GKNO23].

Definition 4.1. The operator Béi € R™" of degree p is said to be a SBP
operator for the first-derivative % on the nodal set S5 = {5}?:1 of a

reference element with domain Q) C RY if [A)&.,(AQ&, IAE&, and A € R"*"
satisfy the following conditions:*

1. {Dgip}j = S—Z(f]) forall P € P,(Q),j = {1,...,n};

N

2. D¢, = Ifl_légi, where A = AT and xTAx > 0 Vx # 0; and

19

" Here, IP,(€)) denotes the space of
polynomials of maximum total degree r on

Q) defined as
P, (Q) := span{ﬁil ;2 .. .53" e N(r)},

where N (r) := {i € N§ 1 i1 +... +ig <

r}.
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3. Q& = g&‘ + %IAE@., where gETI = —é&, EETI = IAE&, and E& satisfies:

qTéfip - /aﬁ PQng dl, VP, Q¢ ]Per(ﬁ): (4-1)

where ng, is the component of the outward-pointing normal unit vector
in the &;-direction.

As before, the matrix H is the norm (or mass) matrix, which also defines
a discrete inner product.> The entries of H, defined over the nodal set S &
constitute a degree- g > 2p — 1 cubature rule, which satisfies:3

1TF|p = /673 d0 VP e IPL]ZZP*l (ﬁ)

Equation (4.1) requires that the symmetric matrix IAE&, € R™ " approximates
surface integrals in the &;-direction. All three conditions in Definition 4.1
together imply that the SBP operators discretely mimic integration by parts:

AU o~ LV A
v 16 /L{—dQ:/ VUn, dT Vie {1,... d}. (4.
JaVag T Ja% e T ied oo @2)
Q Q ZAZ
L P

This discrete relationship holds exactly for vectors u, v € R” corresponding
to any functions ¢/, ' that are square-integrable and have square-integrable
weak first derivatives.4

Matrices for Face-based Operations

To weakly impose boundary conditions and couple adjacent elements, we use
SATs [CGAg94, DRFHZ18]. In the classical SBP setting, the nodal distribution
includes points on the boundary 90), allowing SATS to be applied directly and
pointwise between coincident nodes of neighbouring elements. In contrast,
generalised SBP operators may not include boundary nodes. To address
this, we adopt the approach of [DRFHZ18], which decomposes the boundary
operator E ¢, asasum over contributions associated with each non-overlapping
facet v € 9Q) of the reference element:

Ee= ) Egl- = Y RINGBR,, (4-3)
’yGBﬁ 768@

where:

* Ry, € R™*" s an interpolation/extrapolation operator that maps func-
tions from the volume nodal set Sq to the facet quadrature nodes S, =

{g'y,j }721,

. é7 € R™*"r is a diagonal facet norm matrix that holds the quadrature
weights on facet 1,

20

> We restrict attention to diagonal-norm
SBP operators, for which H is diagonal with
strictly positive diagonal entries.

3 Throughout this thesis, we use the
notation 1 € IR” to denote the vector of all
ones.

+ie.U,V € HY(Q).
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+ N, = diag [(ng,)1, (ng,)2, - .., (g, )n, ] is a diagonal matrix whose entries
are the ;-component of the outward-pointing unit normal vector to facet

7.

To satisfy the SBP property in this setting, we require that:

[RWP}]' = [Pﬂj = P(E’y,j)r VP e ]PrZP(ﬁ)r j={L...,ny}, (4.4)

178,p, = /a _ Pdr, WP € Poy (a0),). (4.5)
Y

4.2 Construction of Generalised SBP Operators

Let n, denote the number of monomials in the degree r polynomial space.’
We assume that the nodal set S yields a full-column-rank degree-r Van-
dermonde matrix \A/ﬁ € R to ensure we maintain unisolvency [MZ22].
Following this setup, the boundary operator can be constructed as follows.

Construction of Generalised SBP Operators
1. Choose cubature rules:

* Select a volume cubature of degree g > 2p — 1 to define A and
nodal set S5.

* Select a facet quadrature of degree s > 2r to define Ig,y and S, for
each facet 7.

2. Construct Vandermonde matrices:

o Let \A/(A2 € R™ ™ be the degree-r Vandermonde matrix on Sg.

e Let V., € R"*" be the degree-r Vandermonde matrix on S..
3. Define interpolation/extrapolation operator:
7 /T
Ry := U, VE € R, (4.6)

By construction, the operator R, satisfies the interpolation condition
in (4.4).

4. Assemble the boundary operator:

s T A
Ee:= ). RIN,ByR,.
yea)

5. Use Theorem 2 from [DRFHZ18] to compute:

* The discrete derivative operator Déi’

* The skew-symmetric matrix Qﬁi'

21

5 In d spatial dimensions, this is given by

n = r+d
r d .
% Here, t denotes the Moore-Penrose
pseudoinverse: AT = (ATA)~1AT,
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Diagonal-E SBP Operators

In Figure 4.1, we illustrate an SBP operator where the volume cubature nodes
and facet quadrature nodes are collocated. For this special class of operators,
the extrapolation operator R, becomes a restriction matrix that simply selects
the volume cubature nodes lying on the facet. Specifically,

[Rv]i].:(Si]-, ViE{l,...,n}, ]‘6{1,...,1’17}.

Substituting this into (4.3), we obtain a diagonal-E matrix whose nonzero
entries are confined to the degrees of freedom on facet y. Since the facet
contributions are non-overlapping, the sum remains diagonal. Thus, the
resulting boundary operator IAE&, is diagonal. SBP operators constructed in
this manner are referred to as diagonal-E SBP operators [CS17]. Moreover,
both IAE&, and éy are sparse matrices, enabling efficient evaluation of surface
integrals.

Adjacent elements may be coupled either through conforming interfaces,
where facet nodes coincide (Figure 4.2), or through non-conforming inter-
faces, where nodal sets do not align. In the latter case, mortar techniques can
be employed to mediate the coupling (Figure 4.3). In this thesis we restrict
attention to conforming discretisations, and refer the reader to [SZ20] for a
detailed treatment of non-conforming SBP operators.

For conforming interfaces, the facet nodal sets Sy, and S,, of neighbouring
elements x and v must satisfy the following conditions:

1. Each interface node EKW € Sk is paired with exactly one node fyw € Syy
such that EKW- = EW-.

2. If E, is a node shared by both Sy, and S, then the corresponding entries
of the facet norm matrices agree:

{ém} i [é’w] i’

4.3 Curvilinear Geometric Transformation

Definition 4.2 (Curvilinear Coordinates). Let P € R" be a point represented
in two coordinate systems:

1. In the original coordinate system (£1,&p, . ..,&,), the point is given by

P = (51/52/' . '/571)'

2. Inanew coordinate system (x1, X, ..., X,), the same point is expressed
as P = (x1,x2,...,%,), where each x; is a function of the original coordi-
nates:

X = Xi(fl,gz,...,fn), fori = 1,...,n

22
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Figure 4.1: Collocated grid points
on a triangle. Blue circles indicate
the grid points, while red squares

indicate the boundary points.

Figure 4.2: Conforming interface.

Figure 4.3: Non-conforming
interface.



GENERALISED SUMMATION-BY-PARTS OPERATORS

If each function x;(&1, &, . . ., &) is real-valued, twice continuously differen-
tiable, and invertible, then the map

F:R" = R",  F&) = (x1,...,x),

is called a coordinate transformation. When the original coordinates (&1, . . ., &)

are Cartesian:
e the transformation is affine if F is linear,
e and curvilinear if F is nonlinear.

The Jacobian matrix of the map F plays a crucial role in the transforma-
tion of coordinates: its determinant governs whether the mapping is locally
invertible and ensures that derivatives can be consistently transferred be-
tween coordinate systems. This fact is made precise by the Inverse Function
Theorem [HH15, Theorem 2.10.7].

Theorem 4.1 (Inverse Function Theorem). Let F : R" — R" be continuously
differentiable on an open set U C R" containing a point @, and suppose that
detJg(d@) # 0. Then, there exists an open neighbourhood V. C R™ of @ and an
open neighbourhood W C R" of F(@) such that ¥ : V. — W is a bijection with a
continuously differentiable inverse F~1 : W — V. Moreover, for all i € W, the
Jacobian matrix of the inverse satisfies

b @) = [RE@)]

where Jg(X) denotes the Jacobian matrix of F evaluated at X.

0

Consider a smooth, invertible mapping from the computational domain
Q) to the physical domain () in three dimensions, given by?

x=x(§n,8),  y=y&nl), z=z(n7),
§=¢&(xyz), n=nxyz), {(=0xyz),

where E =1[&7, g]T are the computational coordinates and X = [x,y, Z]T
are the physical coordinates. An example of such a mapping is shown in Fig-
ure 4.4.8 The Jacobian matrix and its determinant (often referred to as the

23

Figure 4.4: Mesh Q) generated as
the image of () under a curvilinear
coordinate transformation.

7 For simplicity, we assume 9 C R3 with
coordinates (&,7, ().

# The coordinate transformation is given by:

X(6,7) =&+ g sin(7€) sin(y),

y(&1) = 1+ 5 exp(1— ) sin(e) sin(7uy).
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Jacobian) are denoted by:

PCE UCIC 57 NN . v P
o o&ng) |E %
T

96 08 9

b 9 ) )
106 _0EnD) o o o
ox  d(x,y,2) gj % gZ”

ox dy 0z

The columns of J are known as the covariant basis vectors, denoted by sub-

scripts:*°
9x gi 9x
o¢ n aC
de= ¥\, =%, §=|%
3 o8 | 7 Y o |7 “C o
1
9z 9z 9z
o€ 91 ¢

Similarly, the columns of J~1 form the contravariant basis vectors, denoted
with superscripts:

£ 9 L
e_ | 5 5
s = | & a1 — | 21 26 | %
a = ay | 7 a ay | 7 a = ay
% 9 9
0z oz 0z

Derivative and Metric Invariance

We temporarily adopt index notation and define the following mappings
between coordinate indices and their respective symbols:

(x,y,2),
(&n,0).

('xll X2, x3) =

(&1,6,8) =

The covariant and contravariant basis vectors are denoted as d; and ', respec-

tively. These satisfy the following cyclic identities for any cyclic permutation
(i,j,k) € {(1,2,3),(2,3,1),(3,1,2) }:**

=Jd xd, @ =0
To express derivatives with respect to physical coordinates in terms of
computational coordinates, we begin with the chain rule:

U % 26 oU

G To 1.2‘7 9% 06,

d
axm E (4.7)

We can rewrite the right-hand side of (4.7) using the product rule to obtain:*?

24

o By the inverse function theorem and the
chain rule:

a(x,y,z) .
(& 1,0)

& 1,0) _
o(x,y,2)

' This notation allows us to compactly
express the Jacobian and its inverse as:

€)1
)
)T}

Q)

1= [dg,ay,a;], 17'= [

—
[
=

%,

1 These identities follow from the adjugate
formula for matrix inversion:

—1_adi(d) 1
mer o7l

and from the identity J = @ - (d2 X @3).

oUu I
jT& m+u87§1 <j

d &;
9¢; (j Xy >

9&;

Xy

I
112><113,ﬂ3><111,111><ﬂ2} ’

)
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Tae = Lo

d 3 9¢; 49 9§
o&; <“76me) _u;a?i (jaxm) '

The remaining term in the second summation vanishes due to a geometric
identity. Specifically, we can express it in vector form as:

9%
d s} 9x 3 0 .
9 98 -y (Jd
Lo |7 || |~
aX3
3
0
= Zf(ﬁ Xﬁk)
= % !
25 - 2o
:Z 0°X X87x 2 ox 0°X
= 069E; & 1 0§ aiza§k

Px ¥ & % oF

Px X S %% ox

3
:g%% %‘E%% ET

This is known as the metric invariant identity, and it ensures that the second
term vanishes identically. We are then left with the expression:

o _ Z 3 ( aaf;u) (4.8)

Xy,

Equation (4.8) is referred to as the strong-conservative form of the Cartesian
derivative. This formulation is particularly useful when deriving conservative

discretisations of PDEs.

Volume and Surface Integrals

Just as we transformed derivatives from the physical domain to the computa-
tional domain, we now do the same for volume and surface integrals. We
begin by integrating the metric invariant identity (4.3). This yields:

0-3 a2 (755)

d
&
d 9¢; N
Z ( axm> 4Q
95

-= :»\

9§

1’1& dF

which is known as the surface metric invariant identity.

25

The derivative of a cross product obeys the
product rule:

In the last step we simply relabel dummy
indices. Since (i, ], k) cycles over (1,2,3),
(2,3,1), and (3,1,2), we can replace
(i,j,k) — (j,k, i) in the second term
without changing the sum.
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We can now relate integrals over the physical domain () to integrals over
the reference domain Q) using the volume Jacobian J. Specifically,

/um:/ﬂjdﬁ, /uvm:/ﬂvydﬁ.
Q (@] (9] Q

Integrating the left-hand side of the conservative form (4.8) over the physical
domain yields:
ou

Q X

0 = yfz,mxm dr
(4.9)
- 7£ Uny, J. dT
T

where ny,, denotes the m-th component of the outward-pointing normal
vector to the boundary T in physical coordinates, and J; is the surface metric
Jacobian associated with the transformation. Similarly, integrating the right-
hand side of (4.8) gives:

/()jza§l< af’u) a0 = /]ZB§I< aglu)/dQ

% (4.10)
_ ff ;jBXm Ung, dT.

Combining (4.9) and (4.10), we obtain:

d
T df = Y gy tne 7 d.

Let I be a (d-1)-dimensional face of the reference element and define

. ) 7(6) d agl e (6) T (6
En(§) := nx, (§) J5(§) — Z (&) ng, (§) T (£).

E,; is continuous on I since we assume that the mapping F is smooth. From
the fundamental lemma of the calculus of variations, we have that if

/Z/I §dT =0 foralltd € C(T),

then E,, is identically zero on T. Thus, we have that

Ny, Js = Z % g, J form=1,---,d. (4.11)

Equation (4.11) relates the components of the physical normal vector # to
those of the reference normal vector 7. It is often referred to as Nanson’s
formula and it plays a crucial role in the transformation of surface integrals
and fluxes between computational and physical domains [ZN16, Ode13]. We
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can express (4.11) in vector form as:

SIS RS
Ny 321 g? gzl hg
_ gs1 9:2 983
nx2 L75 - \.7 322 ggz ggz ”62
9s1 9:2 983
Mx Froslil Pl roul R (4.12)

iJ.=J) 1A

The physical normal 7 is usually taken to have unit length, which implies

-1 — J = HJJ*T?&'

- J 1=z
|| =||=J" "1
il = |7

Substituting back into (4.12), we obtain:"3

N
n= =y (4.13)
]

which is the most common form of Nanson’s formula found in the literature.

4.4 Summation-by-Parts Operators on Curved
Elements

When curved geometries are approximated using linear meshes, the global
solution accuracy may degrade to second order, irrespective of the formal
order of the discretisation scheme. To fully leverage the accuracy of high-
order methods in complex domains, it is essential to use geometrically curved
elements. This is particularly important when capturing intricate bound-
ary features or flow structures that are not well-resolved by linear elements
[OBB24]. In this section, we outline the construction of SBP volume and
interface operators on curved elements, starting from their definitions on
a reference element. Our exposition is based on the framework developed
in [CHDRF"18]. To ensure conservation, freestream preservation, stability,
and design-order accuracy, the SBP operators must satisfy several essential
conditions: functions must be exactly extrapolated and differentiated on the
reference element, and the resulting physical operators must retain the design
order of accuracy i.e. the approximation of physical derivatives, constructed
from degree-p SBP operators on the reference element, must have truncation
error of order p [CHDRE" 18, Section 4].

Let O C R? be the physical domain of interest, where d denotes the
spatial dimension. We partition ( into 1, non-overlapping (possibly curved)
elements:

Ne
Q= Uﬁ'f' QKOQV:®forK7§v},

k=1

T = {{QK}ZQ

27

% Both J and J; are assumed to be positive
by construction.
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where O, = O, U 9Q) denotes the closure of element Q. We denote the
set of internal interfaces (i.e., shared facets between elements) by I'!, defined
as:

' = {000 Ny | K,ve{L,..., n.}, k #v}.

Throughout, we assume that the boundary dQ), of each element is piecewise
smooth.

Assumption 4.1. We assume that valid SBP volume and interface operators satisfying
the conditions of Definition 4.1 are defined on the reference element Q). Furthermore,
we assume the existence of a bijective polynomial mapping

D : O — O,

of degree at most ¢ < pmin + 1, where pmin = ming 7, {px}. This map
transforms any point € € Qy to its physical counterpart ¥ € Qy, i.e., '

—,

X = (IJK(f)

Construction of Boundary Operators

The scaled face normal components that appear along the diagonal of Ny,
are computed as:

[in/}’]jj = (ZJ % ”lX> fora € {{,1,0}, xi € {x,y,2},
& ! (&jmjsG)
andj=1,...,n,.

(4-14)
The components describe the physical face normal directions, which are
constructed by scaling the reference-space normals by the metric terms. The
physical boundary operator Ey; is then assembled by summing contributions
from each face y € T of the element (). The decomposition is given by
[CHDRE™ 18]:15

Ey, = ) EY = ) RiyNuyByRey (4.15)
r€lk v€lk

Proposition 4.2 (Discrete Geometric Divergence [CHDRF " 18]). If the condi-
tions of Assumption 4.1 are satisfied, then the discrete boundary operator Ey, satisfies
the discrete geometric divergence condition:

17E, 1 = / 11y, dT = 0.
90

Two-Dimensional Curvilinear SBP Operators

We now describe the construction of SBP operators Dy, = Hlexi where
Qy = Sy, + %Exi on a two-dimensional curvilinear element. The norm

28

' A bijective polynomial mapping has a
Jacobian determinant that is either strictly
positive or strictly negative throughout the
element. We assume it is positive to ensure
that the mapping preserves orientation.

s Note that the reference-space extrapola-
tion operators Ry, are reused directly on
the physical element without modification.
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matrix on the physical element is defined as a diagonal scaling of the reference

norm matrix:

J(&1,m) 0
0 T (&,12)
H= H
0 0 T j(£”x’ U”K)

(4.16)

We then construct Qy, Vx; € {x,y} as Qy, = Sy, + %Exi, where Sy, is
skew-symmetric and defined as:

1 1
Sxi = 2 (Af,xiQf + A,],xqu) ) (QsTAé,xi + Q;Aﬂzxi) : (4.17)
Here, A¢ y, and Ay, are diagonal matrices of size 1 X 1, that encode the
scaled metric terms:

J(fbﬂl)%(&ﬁl) 0 0
0 J(Ezlﬂz)%(leﬂz) 0
Aéle =
0 0 oo T (G ) o (e )

(4.18)

and similarly for Ay y; with d77/0x;. Except for polynomial exactness, the
operator Dy, defined by (4.16), (4.17), and the physical boundary operator
(4.15) satisfies the requirements of Definition 4.1: the matrix Ey, is symmetric,
Sy, is skew-symmetric, and H is diagonal and positive definite. To ensure
conservation, it is also required that Dy, 1 = 0, which is established by the
following theorem.

Theorem 4.3 (Theorem 6, [CHDRF " 18]). Let Assumption 4.1 hold, and let Dy,
be the SBP operator defined by (4.16), (4.17), and the associated boundary operator.
Then, Dy, 1 = 0 provided the metric matrices A¢ ., and Ny x; satisfy the discrete
geometric divergence-free condition:

(DeAgy, +DyAy) 1=H"" (Behey, + EyAyy —Ex) 1 (419)

For two-dimensional problems, the diagonal matrices Agx, and Ay,
storing the exact scaled metrics satisfy the discrete geometric divergence-free
condition in (4.19) [CHDRF" 18, Theorem 7].

Three-Dimensional Curvilinear SBP Operators

The construction of SBP operators Dy, in three dimensions closely mirrors
the two-dimensional case. The norm matrix H and the skew-symmetric

29
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matrix Sy, are defined as:

J(&1,1m,01) 0 '” 0
0 T (&2,12,02) -+ 0 N
H= , . : - H ’
0 0 e \7(5”;(/ 17”1(' gnK)
1
Sx; = 5 (A, Qe + Ay, Qy + Az Qq)
1 T T T
— E (Qf Aﬁ,xi + Q’? Aq,xi + Qg Ag,xi)~
(4.20)

The diagonal metric matrices Agxir Ny i and A¢ x, play the same structural
role as in two dimensions. However, a key distinction is that in three di-
mensions, these matrices are not necessarily the exact scaled metric terms.
Instead, they must be computed to satisfy a discrete version of the geometric
invariance condition, ensuring that the operator Dy, leads to conservative
discretisations.

Theorem 4.4 (Theorem 8, [CHDRF "18]). Let Assumption 4.1 hold, and define
the SBP operator as

1
Dy, = H_lei where  Qx; = Sy, + EExi'

Then, the condition Dy, 1 = 0 holds if the following discrete geometric invariance
condition is satisfied:

(DeAgy,+ DyAyu+DyAgy) 1= A (EcAgy,+ EyAy g+ EAgy— Ex) 1.
(421

Unlike the two-dimensional case, the metric invariant identity (4.21) does
not hold automatically under the assumptions of Assumption 4.1. Instead, the
metric terms must be solved explicitly to enforce this condition. Multiplying

both sides of (4.21) by H yields:
(QeAgx,+ QpAyx+ QrAzy,) 1= (EeAgy,+ EyAyx,+E;Azx,— Ex) 1.
Rearranging terms, we have:
((Qe — E¢)Agn, + (Qp — Ey)Ayx + (Qz — Ef)Azy,) 1= —Ex 1L
Using the SBP property Q + QT = E, we can rewrite the left-hand side as:
(Qé Ay, + QpAyx + QF Agy)1 = Ex L.
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We can now express the above condition in matrix form as:

Qf |Qy|Qf Ay, 1| =] E 1

nx3n nx1 nxn nx1

L 4 3nxn

diagvec (A¢y,)

Qf |Qy|QF diagvec (Ayx,) = Ex 1
nx3n nxn nx1
diagvec (Azy,)
L 4 3nx1
X

QT

(4.22)
Our goal is now to compute the diagonal metric matrices Ag xs Ny and
¢y, such that the discrete geometric invariance condition (4.21) is satisfied.
Following the approach in [CHDRF " 18], we formulate this task as a convex
optimisation problem. Specifically, we seek to minimise the deviation from
the exact scaled metric terms subject to a linear constraint:

1
mxin 5 [|x — b||§, subject to QTx = ¢, (4.23)

where b contains the reference values of the exact scaled metric terms.*
The optimal solution x* to this problem is the closest vector to b in the
Euclidean norm that also satisfies the constraint QTx = ¢, which enforces the
discrete geometric divergence-free condition (4.21). The vector b may either
contain the exact scaled metric terms or high-order approximations accurate
to O(hP*2). A closed form solution to the optimisation problem (4.23) is

provided in the following proposition.

Proposition 4.5 (Proposition 2, [CHDRF " 18]). The solution to the convex opti-
misation problem (4.23) is given by

x"=b-(@Q")"(Q"b-c), (4.24)
where (QT)Jr denotes the Moore-Penrose pseudoinverse of QT. Furthermore,
Ix* = b, < MAP*2,
where h > 0 is the element size and M > 0 is a constant independent of h.

31

For a square matrix A = [a;;] € R"*", we

define

an

) a2
diagvec(A) := | . | e R".

Ann

16 These values are computed from the
Jacobian of the mapping F, denoted by
/A\E,xi, Ay,x;» and Az .. We stack their
diagonals into a single vector:

diagvec (/A\glxi )
b = |diagvec (Ayy,)

diagvec (/A\gyx‘. )
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Note 3. Strictly speaking, the SBP operators constructed in this section do not
satisfy the conditions of Definition 4.1 exactly. In particular, polynomial exactness
of a prescribed degree in each coordinate direction is not enforced. Nonetheless, the
resulting operators achieve the desired order of accuracy on the physical element.
They also mimic integration by parts at the physical level, and may therefore be re-
garded as an alternative definition of SBP operators, where accuracy is characterised
in terms of truncation error rather than polynomial exactness.

4.5 Semi-Discrete Formulation on Curvilinear
Meshes

We now present discretisation of the linear advection equation on curvilinear
meshes using the SBP operators developed in the previous sections and SATSs
to impose inter-element coupling and boundary conditions. Consider the
d-dimensional linear advection equation

d
ou Zaia—u:o, v¥eQ, vt >0,
ot i=1 0x; (4-25)

UE0)=Uy, YFeQ, t=0,

with constant advection velocity @ = (ay, . ..,a4) € R and periodic bound-
ary conditions on 9Q). To motivate construction of SATS, it is useful to recall
the weak form of the PDE at the element level, as is common in the analysis
of discontinuous Galerkin methods [HWo07].*7

Let O C Q) denote the domain of an interior element x with boundary
I, and let V € C®(Q)) be a smooth, compactly supported test function.
Multiplying (4.25) by V and integrating over () gives

ou d OFy,
/ ver d0+i§/0 vosdan =0 (4.26)

where Fy, = a;U denotes the flux in the x;-direction. Applying integration
by parts to the second term yields

/ Vid 2/ d0+2/ VFyngdl = 0. (427)

Within each element «, the flux 7, depends only on the local solution /.
At a shared interface y C I'c N T, however, there are two competing traces

U, U,

which generally disagree unless continuity is enforced (as in continuous
Galerkin methods). Thus, the physical flux is not uniquely defined on 7. To
resolve this ambiguity, we introduce a numerical flux function

Fel )t R" < R™ — R™,

32

7 The discussion here is intended to build
intuition; see [HWo7] for a rigorous
treatment.
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which combines the traces from both elements to produce a unique flux.
Substituting F7, into (4.27) gives

au .
/QKVa 0 — 2/ oy Fu Q= - 2/ V Fi (U, Uy) iy, T,

where (), is the neighbouring element of Q) sharing the interface y. Applying
IBP once more to the left-hand side yields

ou d 0Fx,
/vagdmrﬁ/Q VS in

(4.28)
_ —Z/ (75 (U Uy) = Foy (U ) .

We can incorporate the normal vector # = (1ny,, ..., Hy d)T directly into the
definition of the numerical flux, so that directional dependence is absorbed
into F*(-, ;). Equation (4.28) can then be written more compactly as

5
/V—dQ Z/ y f"'dn_— [ VP et ar

+Z fo (Uy) ny, dT.

(4-29)
The numerical flux function F* satisfies:
1. Consistency: F*(U,U; i) = Y4, Fy,(U) ny,,
2. Conservation: F*(Uy, Uy; 7ix) = — F*(Uy, Uy; 7iy,), ensuring that fluxes

exchanged between neighbouring elements are equal and opposite.

Discretising (4.29) with SBP operators yields

duy

VZHK i

—i—ZVTH Dy £ = — Y vIRT Byf*—b—ZvTEle £
yelk i=

VTH, |2 Z Duwfe) + Y Hy'RT B, £ — Z Hy Ex, cfl )1 0.
dt i=1 yelk i=1

, (4.30)
Here f,(cl) = a;uy denotes the physical flux evaluated at volume quadrature
nodes, while f{ = F*(ux,, uy,; ny) represents the numerical flux at facet
quadrature nodes, with ux, = Ry ux and u,, = Ry, u,. Since vy is arbitrary
and Hy is symmetric positive definite, the bracketed term in (4.30) must
vanish. This gives the semi-discrete scheme

d“’%fo £ = — Y Hy 1RTBf*+ZH1E 0 (431)
T R . vt LM b 43
i= r€eTy i=

33
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The right-hand side of (4.31) consists precisely of the SATs that impose inter-
element coupling and boundary conditions (periodic in this case). A further
simplification using the SBP property gives

d d '
% _ Z(Dm _ H;lEx,K)f;(f) — Y H'REBo£
i=1

r€lk
4 0
= =) H (Qux — Expe) & — ) H'Re, By £ (4.32)
i=1 Y€lK

d .
=Y H'QL £ — Y HOIRL B, £
i=1 =

Substituting the curvilinear SBP operators (4.20) into (4.32) gives

fh) > {(JKﬂ)l Q?,.K] HOEDY [(Jxﬂ)l REVBA,] £().
-

i=1 y€ely

4

VOLUME FACET

The operators marked VOLUME and FACET depend only on the element
mapping and its associated metric terms. Hence they can be assembled once
and stored. Their precomputation considerably simplifies the implementation
of the semi-discrete scheme (4.32).

Conservation

Consider rewriting (4.25) in the following integral form where Q) is an
arbitrary control volume within O):

U 41 oFy
[ 0= —g/ T 40

J i (4.33)
5/0’(01110,( _ _;/aoxf"f(u) 1y, dT.

Equation (4.33) makes the conservation property of the advection equation
explicit: the rate of change of the total mass f O, U dQ)y within O, is equal
to the net flux across its boundary dQ). The conservation property is equally
crucial for numerical schemes. The Lax-Wendroff theorem [LW60] states
that a convergent and conservative discretisation of (4.25) converges to weak
solutions of (4.33).

In the semi-discrete scheme (4.32), conservation follows from the SBP
property Dy,x1 = 0 together with the use of a unique, consistent numerical
flux F* on each interface. A common choice for the advection equation is

A Ay |
2

1
f: (uK’)// Uy, ny) = EAnK'y (uK'y + uv*y) + (uK'y - uv*y) (4.34)

where

d
AnK’Y = Z aiNX,'K’)// NX,-K')/ as in (414)
i=1

34
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The parameter A interpolates between the symmetric SAT (A = 0) and the
upwind SAT (A = 1).
Multiplying (4.32) by 1T H, gives

Ty @k d TAT ¢() TpT .

UH—= = Y 17Ql £ — Y 17RL B f;

_ Z 1TBWf:;, (7 Quxl=0, Re1=1)
Y€lK

so that the right-hand side approximates the net flux across I'x. This shows
due

that the integrated quantity 17H, %% ~ | oy %—Z’t{ dQ)y is conserved element-
wise. Summing over all elements yields

)3 1THK%:7 ) ( Y, 1B+ ), lTvi:Q>-

keTy, k€T, \ velxNI yel\T

boundary fluxes interface fluxes

Here we have split the flux contributions into those from the physical bound-
ary I and those from interior interfaces. Since the numerical flux satisfies
fi = —f onany v C I'c NI, the interior contributions cancel pairwise.
The global conservation statement therefore reduces to

du
L UHe—E == ) 17Byfy (4.35)
k€T, k€T, yelxNT
For periodic boundary conditions the right-hand side vanishes, and we obtain
Y 17H, % —0,
k€T t

showing that the semi-discrete scheme is globally conservative.

Energy Stability
To establish energy stability, we again apply the energy method. Multiplying
(4.32) by ul Hy gives
Ty B T () TRT g ¢+
u, HK? = Z u, QxinK — Z u, RK"yB’YfK'
i=1 Y€K
The left-hand side can be written as %% |lux |||2_|K Using the SBP property
Q;K = _le‘K + %Exix,
ul QL £ = —uls, £ + Suf Ex .

Substituting f,(ci) = a;uy and using skew-symmetry of Sy, the first term

vanishes. Hence

d d
EH“KHIZ'L( =) aul Ey ey — Y ZuZRZVB,yf,’Q. (4-36)
=1 vl

35



QUANTUM ALGORITHMS FOR PDES VIA SUMMATION-BY-PARTS DISCRETISATIONS

Summing (4.36) over all elements and grouping contributions facetwise yields

y %HuKHZHK -2 Y ( TRT. B, £ +ul R, B,yf*)
k€T vel;

Z i (u Exxux + 1, Exvuv>

yeli=1

(4-37)

Using the expression Eyx = R,{Vin,m B, Ry and the fact that Ny, ,q =
—Ny; kv, the second term simplifies to

d
Y Ya (“zvai,K“rB'ruK'r - uszX,-,m Bvuw)- (4-38)
yelpi=1

Meanwhile, the first term in (4.37), using conservation of the numerical flux
and substituting (4.34), gives

d
r€El] yel'ri=1
—A Z (u Ky w ) By |Ancy | (ty — ).
r€l]
(4.39)

Adding (4.38) and (4.39) cancels the facet-local terms, leaving

d 2
Z a”uKHHK —A Z Uy — Uy ) Bv|Anm|(um_uw)-
k€T yel'y

Integrating in time gives

% a0l = X O, =4 [ 5 w07y Augy g (1),

k€T, k€T 761“1

(4-40)
where uy, = uy, — uy,. Since B, is positive definite and | Ay, | is positive
semi-definite, the integral is non-negative. Thus, for A € {0,1},

Y lu®lf, < X [lu(0)

k€T k€T

showing that the semi-discrete scheme is energy stable for both the symmetric
(A = 0) and upwind (A = 1) SAT:.

4.6 Numerical Experiment

We conclude this chapter with a numerical experiment verifying the accuracy,
conservation, and stability of the semi-discrete scheme (4.32) on curvilinear
meshes. We solve the three-dimensional linear advection equation on the

periodic domain
Q=[01? a=(1,117,
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with initial condition
Up(X) = sin(2mx) sin(27ty) sin(27z).
The exact solution is given by

U(X, t) = sin(2mt(x — t)) sin(27t(y — t)) sin(27(z — t)).

Low Warping, ¢ = 1/64 High Warping, ¢ = 1/16
1.0 1.0
N
N\
2 0.5 ® 0.5
0.0 0.0
05 0.5 05 0.5
1.0 0.0 1.0 0.0

x y x y

The domain is discretised using tetrahedral meshes generated with Gmsu Figure 4.5: Warped tetrahedral

[GRog]. We consider two curvilinear meshes, with low and high warping mesh grid.
based on [CDRFC19, Section 5.2]. The warping is applied via the transfor-

mation

X x+scos(n(x— 3
E(—Z-I-ecos(n(f— !

with &€ = 1/64 for low warping and € = 1/16 for high warping. Figure 4.5
illustrates the resulting tetrahedral meshes for the two warping levels. The
new node positions (X, ¥/, ) are then used to construct the curvilinear map-
ping &y : Q — Q for each element x through Lagrange interpolating
polynomials of degree d = 3. The resulting systems of ordinary differential
equations are integrated in time until + = 1 using the classical fourth-order
Runge-Kutta method. The time step is chosen as

01k

At = ——
|
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t=0.33 t=0.67

*’ — W T
r P, v »

vV

where h denotes the minimum distance between volume quadrature nodes
in the mesh. For spatial discretisation, the numerical flux (4.34) with the
upwind SAT (A = 1) is used. Figure 4.6 illustrates the numerical solution at
various time instances on the highly warped mesh using degree p = 3 SBP
operators.

Conservation and Stability

To assess the discrete conservation and stability properties, we track two

diagnostic quantities over time:*3
. . T duK
Conservation residual:  R.(t) = 2 1° Hy I and,
k€T t
. T duy
Energy residual: £(t) = ) u, HKW'

k€T

Figure 4.7 shows the evolution of R.(t) and £(t) for p = 4 on the highly
warped mesh for both symmetric and upwind SATs. The mesh used for this
test consists of 384 elements and is intentionally coarser to demonstrate that
conservation and stability are maintained even at finite resolution, consistent
with the theoretical analysis of the previous section.
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Figure 4.6: Numerical solution for
the 3D advection equation obtained
using a degree-p = 3 SBP—SAT dis-
cretisation on a warped mesh with
¢ = 1/16 and 1296 tetrahedral ele-
ments.

18 % is computed by performing the

right-hand side evaluations in (4.32).
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Figure 4.7: Time evolution of the
conservation and energy residuals.

where u, and uy, , denote the exact and numerical solutions evaluated at the

volume quadrature nodes of element . Figure 4.8 shows the resulting solution

errors and convergence rates obtained under uniform mesh refinement for
SBP operators of degree p = 1 through p = 5, on both the low- and high-
warping meshes. The reference-space SBP operators used in these tests are

the Diagonal-E operators described in Section 4.2.
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5

Introduction to Quantum Computing

5.1 Foundations of Quantum Information

We will start by introducing the basic principles of quantum mechanics that
are necessary to understand quantum computing. We follow the notation
and conventions of [NCoo].
* A vector § in a complex Hilbert space # is written as ket |) € #H, and
its conjugate transpose (adjoint) as a bra <IP‘ e H*! *|p) is represented as a column vector, and
(| as a row vector.

¢ The inner product of two vectors i, ¢ € H is written (¢|¢p) € C.

* The outer product |ip) (¢| defines a rank-1 linear operator on H.

Basic Postulates of Quantum Mechanics

The core principles of quantum mechanics that govern the behaviour of

quantum systems are:

1. State space: A d-dimensional quantum system is described by a Hilbert
space H = C?. A quantum state is a vector |¢p) € H satisfying (p|y) = 1.

2. Composite systems: The joint state space of two systems with Hilbert
spaces H1 and H,; is the tensor product space Hq @ Ho.

3. Unitary evolution: Allowed (coherent) operations on a closed quantum

system are unitary operators U : H — H.

4. Measurement (Born rule): Let {|i) }4_, be an orthonormal basis for the
Hilbert space H, and suppose the system is in the state

d
) = ;“i DE

Measuring [¢) in this basis yields outcome i with probability |a;|?, and

the post-measurement state collapses to |i).
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5. Measurement on subsystems (Extended Born rule): Let H1 @ H; be a
bipartite system with orthonormal bases {|7) } for H; and {|j) } for H,.
Suppose the joint state is

) = Z”‘i]‘ i) ® j) -
i

Measuring subsystem 7{1 in the {|i)} basis yields outcome i with proba-

bility p; = ¥ [a;j |2, and the post-measurement state becomes? > Multiplying any | ;) by a phase '
leaves measurement statistics unchanged.

, 1 ) Two states that differ only by a global
lY)) = i) ® — lel’]’ ) phase (e.g. |) and € |¢)) are physically
VPi j indistinguishable.

Qubits and Composite Systems

* A quantum bit or qubit for short, is a vector in a two-dimensional complex
Hilbert space C? such that |||¢)|| = 1. A canonical basis for C? is given

by the vectors:
1 0
o= =l

o A general qubit state is represented as:
¥) =al0)+B1), with [af+ B =1.
Here, « and f are called amplitudes.

* An n-qubit system is described by the Hilbert space (C?)®", with com-
putational basis states labelled |b) for each bit string b € {0,1}". For
instance, if |¢) , | @) € C? represent two single-qubit states, the joint sys-
tem is described by their tensor product [¢) @ |¢) € C?> ® C?> = C*3 In 3 This is often written as |¢) or |1p) @)
the computational basis, this expands as: for brevity.

) @) = (a1 |0) + B1[1)) ® (a2]0) + B2 [1))
= w0 |00> +a1B2 |01> + Braa |10> + B1B2 |11> .

Entanglement and Superposition

 Astate |) € Hq ® Hj is a product state if [¢) = |¢1) @ |¢o); otherwise,
it is entangled.

* A state of the form |¢) = a |@) + B |x), with a, B # 0, is a superposition
of |¢) and [x).

* Interference arises when amplitudes combine. For example:

1 1

+) =70+ 1), =) =70 -11).

S|
S

2
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Measuring either in the computational basis yields 0 or 1 with equal
probability. However, their superposition:

1
V2

leads to outcome 0 with certainty, due to constructive interference in the

(1) +1=)) = 0)

|0) amplitude.

5.2 Circuit Model of Quantum Computation

We will describe quantum algorithms using the quantum circuit model, a
standard framework in which computations are performed on a fixed collec-
tion of qubits. In this model, a quantum circuit is understood as a unitary
transformation applied to the system, with all qubits conventionally initialised
in the state |0). Quantum circuits are constructed from a sequence of ele-
mentary gates, each acting non-trivially on a small subset of qubits. These
gates are represented by unitary matrices that operate non-trivially only on
the corresponding subsystem of the Hilbert space. When embedded into the
full system, such gates are extended via tensoring with identities. The gate
complexity of a circuit refers to the total number of one- and two-qubit
operations it uses.

Definition 5.1 (Unitary Matrix). A complex matrix U € M,,(C) is unitary
if4 + M, (C) denotes the set of all n x n
uut = uty = 1, complex matrices.

where 1 denotes the conjugate transpose and 1, is the identity matrix of size
n. The set of all such matrices forms the unitary group, denoted

U(n) := {U € M,(C) | uut zlln}.

The coherent evolution of an n-dimensional quantum state |¢p) € C" is
governed by a unitary operator U € U(n). The transformed state is

@) =Uly).

The restriction to unitaries imposes strong structural constraints on admissible

transformations.> A particularly important case is U(2), the group of all S While a general n x n complex matrix
has 2n? real parameters, the unitary group

. . U(n) is a smooth manifold of dimension
as stated in the following example. 2

single-qubit unitaries. Every element of U(2) admits a compact factorisation,

Example 5.1 (Euler’s Decomposition). Let A € U(2) be arbitrary. Then
there exist real parameters a, B,y,6 € R such that

A it e P 0| |cosy —siny e 0|
0 éP| |siny cosy 0 e
The first and last factors are diagonal phase shifts, the middle factor is a

real rotation, and e® is a global phase, physically irrelevant to measurement
outcomes.
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Quantum Gates

A quantum gate is a mathematically well-defined operation that can be imple-
mented physically on a quantum device. Throughout this thesis, we restrict
attention to gates acting on one or two qubits, as these are the native opera-
tions available on most hardware platforms [KSB™20]. Table 5.1 summarises
commonly used gates, including their circuit symbols, matrix representations,
and action on computational basis states. Many gates are parametric, defined

by a continuous parameter, typically an angle that governs the strength or — -

duration of the operation. Examples include the single-qubit rotation gates G
R (0),Ry(0), R:(6). ] Gs —

Matrix Representation Quantum gates are represented by unitary matrices

acting on the system’s state vector. When multiple gates are applied in se- —

quence, the overall transformation is the product of their matrices. However, Figure 5.1: An example of a circuit

the order of multiplication is reversed relative to the left-to-right order of with gates G, Gy, and Gs.

circuit diagrams. For example, if a circuit applies gates G, Gp, G3 from left
to right (see Figure 5.1), the overall operator is

U= G3G2G1/

. 3 q@—=e—
since each gate matrix acts on the state vector from the left.

b—e—b

Reversible Circuits and Computation ¢ —@B— coab

Quantum mechanics is inherently reversible: every operation on a quantum Figure 5.2: Toffoli gate

state |¢) must be invertible. This requirement is captured mathematically by

the fact that all valid operations are represented by unitary matrices, which

are invertible by definition. Reversibility, however, is not unique to quantum

systems; classical computation can also be reformulated in reversible terms. " —e—a
Classical logic circuits are typically built from gates such as NAND and

b—¢—1b
FANOUT [MCi13]. To make such circuits reversible, the computation must

be encoded in a way that preserves all input information. A canonical example 1 —D— —(ab)

is the Toffoli gate, a three-bit reversible gate defined by
Figure 5.3: Implementing NAND

(ap,a1,a2) +— (ap,a1,a2 B ap-ay), using Toffoli.

where @ denotes bitwise XOR. This transformation performs a controlled-
controlled-NOT, embedding the classical AND operation in a reversible
framework (Figure 5.2). Importantly, the Toffoli gate is both unitary and ] ——1
self-inverse, making it suitable for quantum computations. It can further

be used to simulate the NAND and FANOUT gates (Figure 5.3, Figure 5.4).

a——e——

Since any classical Boolean circuit can be expressed solely in terms of NAND 0—P—a
and FANOUT [MC13], and both can be realised using Toffoli gates, it follows

that any classical logic circuit can be embedded into a quantum circuit of Figure 5.4: Implementing
comparable size. This observation establishes that quantum circuits are at FANOUT using Toffoli.

least as powerful as their classical counterparts.
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Name Notation Circuit Diagram Matrix Representation Action on Basis State
. 01
Pauli X X —E— 1 O] Bl0) +a 1)
0 —i
Pauli Y Y —iB10 o |1
auli i 0 iB10) +ia 1)
. 1 0
Pauli Z VA 0 -1 «|0) —B|1)
1 1
Hadamard H % [1 _1] %(“ +B) [0) + %(’X -B) 1)
10 )
Phase S lo 1.1 a|0) +iB 1)
1 0 ;
T-gate T [0 i/ 4] & |0) + e™/4B 1)
. cos(0/2) —isin(0/2) .
X- Ry (6 —R — 0/2 — 0/2)B 11
rotation +(0) 2(0) [—isin(e/z) cos(6/2) cos(0/2)a|0) —isin(6/2)B|1)
. cos(0/2) —sin(0/2) .
Y-rotation  Ry(6) — Ry(0) — lsin(G/Z) cos(6/2) cos(0/2)a |0) —sin(6/2)B |1)
: e %20 —i8/2 i0/2
Z-rotation  R;(0) — R.(0) — 0 o2 e a|0) +e/<B 1)
1 0 i
Phase P(0) —P(6) — 0 o «|0) +e¥B 1)
1
P 1 a1z [00) + a1 B2 |01)
CNOT cX +pB152[10) + praz [11)
—p— 1
1
1
e 1 K12 |00> +a1B2 |01>
CcZ cz . +azp1 [10) — 12 [11)
_"—
-1
. Sa— (1) (1) 8 8 X100 |00> + Oqle |01>
CP CP(0 10 9111
(0) _rol— 001 0 +pB1a2 [10) + B1B2e™ [11)
00 0
o -
1 K K3 |000> + o103 |001>
1 —|—0(1,320é3 |010> + txlﬁzﬁg |011>
1 —|—/310é20¢3 |100> + ‘Bllxz‘By, |101>
Toffoli CCx —— . +B1B2B3 |110) + 1 p2as [111)
—b— 1
01
L 1.0 |

Table 5.1: Common quantum gates
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Diagonal Gates A quantum gate A acting on 1 qubits is called diagonal if its
matrix representation in the computational basis is diagonal. Equivalently,

A=Y e |x)(x], 0y € R,
xe{0,1}"

so that each basis state |x) is left unchanged up to a phase factor ¢, In
explicit form,

A= diag(eieo,eiel, ... ,eiez”fl).

A common circuit symbol for a diagonal gate is shown in Figure 5.5.

Uniformly Controlled Gates Let C}(U) denote a quantum gate acting on k
control qubits and £ target qubits. The gate applies one of 2 distinct /-qubit
unitary operations, depending on the computational basis state of the control
register:

G o) [y) = ley@Ucly),  ce{o1},

where U = {Uc} . {01}* is a family of unitary matrices on the target qubits.
Such an operator is called a uniformly controlled gate (UCG), also known as
a multiplexed gate [[CK " 16]. Its matrix representation is block-diagonal:

GU) = D U,

ce{0,1}k

which makes it especially useful for structured decompositions and condi-
tional logic. Any multi-controlled unitary, such as those in UCG decompo-
sitions, can be written using only on-controls by conjugating with X gates,
simplifying synthesis.

Toffoli Gate  The Toffoli gate (or CCX-gate) is a fundamental building block
in reversible and quantum computing. Since most hardware supports only
one- and two-qubit gates, it must be decomposed into elementary opera-
tions. A standard decomposition uses six CX gates together with single-qubit
rotations [NCoo] (Figure 5.7).

+ Iy
1 T}e-frlo
(e He-THI———

N
\l/
i
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Figure s.5: Notation for a three-
qubit diagonal gate.

At

Figure 5.6: Decomposition of
C{(U) gate. The symbol @ denotes
a generalised control pattern.

Figure 5.7: Decomposition of the
Toffoli gate.
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fan)
J
ad
Ay

If nontrivial phase shifts on intermediate states are permitted, the gate
can instead be implemented with only three CX gates and four single-qubit
rotations [[CK ™16, Lemma 6] (Figure 5.8). In this decomposition, the di-
agonal gate satisfies A |010) = — |010) while acting trivially on all other
basis states. Such relative-phase decompositions are especially useful in cir-
cuits that follow compute-uncompute patterns: diagonal gates commute
with uniformly controlled (and hence controlled) unitaries, allowing them to
pass through conditional logic without affecting control behaviour [ICK ™ 16,
Lemma 7] (Figure 5.9). We refer to this variant as the relative-phase Toffoli
gate (RCCX-gate).

Swap Gate The SWAP gate is a two-qubit operation that exchanges the
states of its inputs:

SWAP ([¢) @ |@)) = |¢) @ |9).

In the computational basis its matrix is

1

= O
O =

1

Alternative circuit symbols are shown in Figure 5.10. The gate can be decom-
posed into three CX gates (Figure 5.11). To verify this, consider a basis state
|x) @ |y), with x,y € {0,1}:

SWAP (|x) @ y)) = CX12CX21CX12 (x) @ [y))
= CX2CXo1 (%) @ [x D y))
=X (@ (xdy) ® |xdy))
=CXn2 (ly) @ |x@y)) (sx@®x=0)
=lyelxey)oy) =ly) ®|x).

Fredkin Gate The Fredkin gate [FT82], or controlled-SWAP, exchanges two
target qubits conditioned on a control qubit. Its action on the computational
basis is

%) ly)z), x=0,

FREDKIN =
%) ly) [2) 1D ), r=1
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Figure 5.8: Decomposition of the
Toffoli gate up to a diagonal gate.

Figure 5.9: Commutation of a
diagonal gate A with a multiplexed
unitary U.

4
VAN

Figure s.10: The SWAP gate.

D
N\

D D
€ U

Figure 5.11: Decomposition of the
SWAP gate.

V)
A%

D
€

Figure s.12: Fredkin gate decom-
position.
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That is, the second and third qubits are swapped if and only if the first qubit
is |1). A decomposition into CX and Toffoli gates is shown in Figure 5.12.
Like the Toffoli gate, the Fredkin gate is universal for classical reversible
computation [FT82].

Universal Gate Sets

Definition 5.2 (Universal Gate Set). A set of quantum gates G is universal if
every unitary on 1 qubits can be approximated to arbitrary precision using
only gates from G. Concretely, for any U € U(2") and any € > 0, there exists
asequence Up, Uy, ..., Us € G such that

[U=U;---UUqf| < ¢

where ||-|| denotes the spectral norm.6

It is known that all single-qubit unitaries together with the CX gate form
a universal set, i.e., any unitary on n qubits can be exactly implemented using
only these gates [BBC " 95]. Moreover, the Solovay—Kitaev theorem states
that if G is a universal gate set closed under inverses and generating a dense
subgroup of SU(2), then any single-qubit unitary can be approximated to
precision € using O(log®(1/¢)) gates from G, for some constant ¢ > 3. Hence
such sets are not only complete but also efficient for circuit synthesis.

The Clifford+T gate set is a widely used universal gate set consisting of:

* Clifford gates: the Hadamard gate H, the phase gate S, and the CX gate.
* Non-Clifford gate: the T gate.

This set is universal for quantum computation in the approximate sense,
meaning any unitary can be efficiently approximated to arbitrary precision
using only Clifford and T gates [KIMMa13].

The Clifford+T set is central to fault-tolerant quantum computation. It
suffices to realise fault-tolerant implementations of these gates, together with
computational-basis measurements, to achieve universality [NCoo]. In typical
error-correcting codes, Clifford gates admit straightforward fault-tolerant
constructions, whereas T-gates require more costly techniques such as magic
state injection and distillation. Nonetheless, provided physical error rates lie
below a threshold, fault-tolerant methods suppress errors exponentially with
only logarithmic overhead in circuit size [ABOgo].

Circuits composed solely of Clifford gates are called stabilizer circuits.
Despite the presence of quantum entanglement and superposition, they can be
simulated efficiently on a classical computer. The Gottesman—Knill theorem
states that stabilizer circuits on 1 qubits, with polynomially many gates and
computational-basis deterministic measurements, can be simulated in time
@(n®) [Goto7], later improved to @ (n?) [AGo4], and more recently to @ (1)
via Gidney’s Stim simulator [Gid21]. This classical tractability highlights
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the necessity of non-Clifford gates for quantum advantage. The T gate is
a standard choice, and the addition of even a few such gates already makes
simulation intractable for large 7 in general.

5.3 Quantum Fourier Transform

The Fourier transform is ubiquitous in scientific computing, with the fast
Fourier transform forming the backbone of many classical algorithms. It
appears in diverse applications, from signal processing and data compression
to complexity theory. Analogously, the quantum Fourier transform (QFT)
is a central primitive in quantum algorithms, playing a key role in phase
estimation, Shor’s algorithm, amplitude estimation, and related procedures.

Throughout this section we adopt the notation of [Ric24]. Let n € IN,
and let H,, := (C2)®" denote the Hilbert space of n qubits. Computational
basis states are written as

) = [xn-1) @ @ |x0),

where x € {0,1,...,2" — 1} is the corresponding integer in little-endian
binary encoding, with x( the least significant bit (LSB).

Hadamard Transform

Before introducing the quantum Fourier transform, it is useful to examine
the structure and action of the multi-qubit Hadamard transform H®". By
definition,

H :=H@H®---®H € U(2").

Applied to the all-zero input, it produces a uniform superposition:

1
HE" 0" = — |x).
V7

For a general basis state |x), where x = x,,_1...x1x9 € {0,1}", we compute:

H" [x) = (H|xy—1)) @+ (H[x1)) @ (H]x0))

n—1
= 75y, (D)W y)
]
j=0 \/Eij{O,l}
1
= (_1)xn—1yn—1+“'+x1y1+x0yo ly)
V2" 2
ye{o1}
1

\/27 ]/6 {Oll}n
where X - if denotes the bitwise dot product modulo 2.
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A standard circuit representation is shown in Figure 5.13. This final ex-
pression highlights a structural property of the Hadamard transform: it maps
computational basis states to uniform superpositions with phases determined
by mod-2 inner products. This feature underlies its role in algorithms exploit-
ing interference, such as the Deutsch-Jozsa, Simon’s, and Grover’s algorithms.

Fourier Transform
For a positive integer n € IN, define
— eZm‘/ n

w

The number w is a primitive n-th root of unity, lying on the unit circle
in the complex plane (Figure 5.14). By construction, w” = 1, and the set
{1,w,w?,...,w" 1} forms a cyclic group under multiplication. A funda-
mental identity is

l+w+w?+-+w" =0,

and more generally, forany k € {1,...,n — 1},
n—1
1+wk+w2k+...+w(n71>k = Zw]k =0.
j=0

Definition s.3 (Discrete Fourier Transform Modulo 7). The Discrete Fourier
transform modulo 7 is the unitary matrix F,, € U(n) defined by

(Fn)j,kizﬁwjk, j,ke{0,1,...,n—1}.

Equivalently,
1 1 1 1
w wZ wnfl
F 1 w? wh w2(n=1)
= —=
Vn
1 w”.*l w2(7‘171) w(n;l)z

For any a € Z,, the action of F;, on a computational basis state is?
1 n—1
_ ay;
Fula) = v Z(:)w] 7).
]:

which is the a-th column of F,, and is called a Fourier basis state.® Since
F, is unitary, it defines a quantum gate acting on log, n qubits, mapping an
n-dimensional state vector to another such vector. When realised as a circuit,
this transformation is the what we refer to as the quantum Fourier transform

(QFT).

SO

w3 UJ2
> L
w? w!
1 L]
P
¢ ° (Un
w®
L] i
wn—l
o .
w7 “e wn—2

Figure s5.14: The roots of unity on
the unit circle.

The inverse Fourier transform is the
Hermitian adjoint,

(F)ik = = w I,

7 Basis states are indexed by integers
x € {0,...,2" — 1} instead of bitstrings for
notational simplicity.

¥ Similarly,

n—1 .
Fila) = 2= Y @ j).
j=0
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Implementation of the Quantum Fourier Transform

In this thesis we restrict to the case m = 2", so that the QFT is a unitary
operator Fpn € U(2") on n qubits. A key ingredient in its implementation is
the use of controlled-phase rotations of the form?

[y} la) = wyi [y) |a),
which apply phases determined by the binary expansion of y.

The QFT is constructed recursively: the (n — 1)-qubit transform is com-
bined with a Hadamard on the remaining qubit and a layer of controlled-phase
gates. Finally, a sequence of SWAP gates is used to reverse the order of the
qubits. An example for n = 5 is shown in Figure 5.16. The resulting circuit

uses n Hadamard gates, n(nzfl) controlled-phase gates, and up to 5 SWAP

gates (each decomposes into three CX gates). The total gate complexity is
therefore O(n?), compared with O(2"n) for the classical FFT.

By omitting rotations with very small angles, we obtain an approximate
QFT with complexity O(nlogn) [CWoo]. The inverse QFT is obtained
simply by reversing the circuit and replacing each gate with its adjoint.

Bl
bolxy
o
SE

m
sl

— QF T3 —=—

QFT16

s1

% These gates commute and may be applied
in any order.

la) T of oi o2
vo)
ly1)
ly2)
lys)

Figure 5.15: Controlled phase rota-
tions for QFT for m = 5 qubits.

Figure 5.16: QFT on s qubits.






6
Building Blocks for Quantum
Arithmetic and Operator Synthesis

This chapter develops the quantum arithmetic and control primitives that un-
derpin the block-encoding and QSVT constructions. We begin by analysing
ancilla management strategies and implementation of multi-controlled op-
erations such as the MCX and MCMT gates, focussing on efficient decom-
positions and cost trade-offs. We then construct a hierarchy of arithmetic
modules—incrementers, constant adders, and conditional adders culminat-
ing in circuits capable of performing controlled arithmetic using a constant
number of dirty qubits. Building on these arithmetic primitives, we next
introduce the Projector-Controlled Phase Shift Gate, which realises selective
phase rotations conditioned on arbitrary projectors, the Linear Combination
of Unitaries (LCU) framework, which expresses structured matrix operations
as coherent weighted sums of simpler unitaries, and finally, we describe Obliv-
ious Amplitude Amplification, an essential technique for amplifying success
probability while preserving unitarity within block-encoded subspaces.

6.1 Multi-Controlled X Gate

Definition 6.1 (Multi-Controlled X Gate (MCX)). The multi-controlled X
gate, denoted MCX,,, is the unitary operator

MCXy, : Hpi1 — Hugr,

acting on 1 control qubits and a single target qubit. On computational basis
states, its action is defined by

MCX,, [x0, X1, -+, Xp—1) |£) = |x0, X1, .-, Xp—1) [t D (X0 A - Axp_1)),

where t € {0,1} is the value of the target qubit, and & denotes bitwise XOR.
Hence, the target qubit is flipped if and only if all  control qubits are in the
|1) state, thereby generalising the standard CCX (Toffoli) gate.
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|x0) —&— |x0)
[x1) —— |x71)
[x2) —8— |x2)
|x3) —— |x3)
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Target |x;) —P— ‘xt O AL, xi>

Ancilla

Figure 6.1: An MCX,, gate with n
control qubits and 1 target qubit.
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The (MCX) gate arises ubiquitously in quantum arithmetic subroutines,
oracle constructions, phase-kickback primitives, etc. In the context of block-
encoding, circuit complexity depends critically on the ability to implement
MCX gates efficiently. Since early fault-tolerant architectures will operate
with few logical qubits, our focus is on ancilla-minimal decompositions that
balance qubit count, circuit depth, and gate complexity. Throughout this
section we examine such decompositions for a circuit with #n control qubits,
one target, and optionally one ancilla, as illustrated in Figure 6.1.

Ancilla Qubits

Before discussing circuit constructions, we introduce the notion of ancilla
qubits as described in [Crais]. Ancilla qubits are auxiliary qubits that support
a quantum circuit without being part of its logical input or output. They
allow intermediate storage, enable reversible constructions, and often reduce
depth or gate count in multi-controlled operations. Depending on their
initialisation and restoration requirements, ancillae are classified into four

types:

* Burnable: Start in [0) but may end in any state. They can be freely
overwritten and final clean-up is unnecessary.

* Zeroed: Start and end in |0). These require explicit uncomputation but
permit safe reuse in later stages.

* Garbage: Begin in an unknown state and need not be restored. Their use
requires reversible techniques such as toggle detection [Crais].

* Borrowed: Also start in an arbitrary state but must be returned unchanged.
They often correspond to temporarily idle qubits elsewhere in the circuit.

Throughout this thesis we focus on the borrowable ancilla case, as it represents
the most general setting and requires the fewest dedicated resources. Such
constructions are particularly suitable for early fault-tolerant architectures,
where minimising qubit overhead is of primary importance.

Uncomputation and Toggle Detection

Figure 6.2 shows the decomposition of an MCX, gate into two MCX,, /, gates
using one ancilla qubit. The first two gates perform a simple reduction: the
ancilla acts as an intermediate flag that is toggled by one half of the controls
and then serves as a combined control for the other half.

However, this procedure pollutes the ancilla since its state is modified mid-
computation. Because the operation of the first MCX,, /, gate is reversible,
we can restore the ancilla to its original value by applying the same gate
again. This process of reversing intermediate side effects is often called the
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uncomputation trick, and it ensures that ancillary qubits return to their initial
state once their temporary role is complete.

‘When the ancilla’s initial state is unknown, uncomputation is not enough.
We need to additionally perform toggle detection [Crais]. The idea is to
conditionally flip the target qubit both before and after the possible toggling
of the ancilla. If the ancilla was never toggled, the two conditional flips cancel;
if it was toggled, the target experiences a net inversion. This guarantees that
the overall transformation remains reversible while the ancilla (potentially
in an arbitrary state), is left unaffected at the end of the computation. This
decomposition can be applied recursively, however it leads to the recurrence
T(n) = 4T(n/2), resulting in a total gate count of T(n) = O(n?).

Decomposition using Conditionally Clean Ancillae

A recently introduced technique, conditionally clean ancillae [NZS24, KG25],
extends the standard notions of clean and dirty ancillae by introducing a new
intermediate resource. Unlike dirty ancillae, which may begin in unknown
states, conditionally clean ancillae behave as if they were clean within sub-
spaces selected by a predicate register. This property allows them to function
as temporary workspace without the overhead of toggle detection, enabling
notable reductions in gate count and depth for building blocks such as MCX
gates, incrementers, and comparators.

Let x1, X3 be control qubits (possibly entangled with a reference system
R), with joint state

|(D>x1x2R = Z X |x>x1x2 |1PX>R :

x€{0,1}2

Append a clean target qubit ¢ in state |0) and apply a CCX controlled by
(X1, XQ):

COX(x1, %2, £) [@) = Y tx [%) 1, [$x) g 0D 411 [11) o [$11) R 1), -

x#11
(6.1)
Define the predicate P as “t = 1” with corresponding projector Ilp =
1® |1)(1],. Restricting (6.1) to the t = |1) subspace gives

Ip CCX(x1, X2, £) | @) = w11 [11), o, [$11)R 1), - (6.2)

Within this subspace, the register (x1, x2) collapses to the definite classical
value |11), independent of R. In the terminology of conditionally clean
ancillae:

* the predicate register is t,
* the conditionally clean ancilla register is (x1, x2),

¢ the associated known value is f(P) = 11.
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Thus, after marking with a CCX-gate and restricting to t = 1, the pair (x1, x2)
may be treated as clean ancillae conditioned on the predicate P. Any operation
controlled on t can safely reuse these qubits as workspace in the known state
|11), performing temporary computations without requiring toggle detection
or explicit cleanup.

To illustrate the use of conditionally clean ancillae, consider Figure 6.3.
Our goal is to implement MCX(xo, x1, X2, X3, X¢) using a single clean ancilla a.
The construction follows a mark-use-unmark pattern that isolates a subset of
the controls, uses them as temporary workspace, and then restores all registers
to their initial states.

1. Mark. Compute the predicate P that (xp,x3) = (1,1) by applying
CCX(x2,x3,a). In the subspace a = 1, the pair (xp,x3) is determinis-
tically |11}, hence conditionally clean with known value f(P) = 11.

2. Use (all gates controlled on 7).

(a) Apply X to x2, converting |1) — |0). Qubit x, now serves as a clean
zeroed ancilla.

(b) Compute CCX(xp, x1,x2) so that x5 temporarily stores xg A x7.

(c) Flip the target via CCX(xp, 4, x¢), toggling x; iff a = 1 and x; = 1,
i.e., precisely whenxg = x1 = xp =x3 = 1.

3. Uncompute. Apply the inverse of steps 2(a)-2(b) to restore x to its original
value within the a = 1 subspace.

4. Unmark. Reapply CCX(xp, x3,4) to reset the ancilla a to |0).

This circuit realises a unitary U that acts as the identity whenever a = 0, since
the compute-uncompute pattern leaves all registers unchanged. Whena =1,
it flips the target qubit f exactly when xop = x; = x, = x3 = 1, thereby
reproducing the action of MCXg.!

In Figure 6.3, the pair (x2, x3) become conditionally clean once the predi-
cate register a is marked. Within the same subspace, these qubits can then
be reused as workspace to generate further conditionally clean ancillae: for
instance, (xp,x1) may be treated as conditionally clean whenever a = 1.
Iterating this idea yields a recursive construction in which conditionally clean
ancillae give rise to additional ones, enabling an efficient synthesis of MCX,,.

Figure 6.4 illustrates the general MCX,, construction using one clean ancilla,
proceeding in four stages:

1. Up ladder: A sequence of [1/2| CCX gates progressively accumulates the
logical AND of control values onto conditionally clean qubits.

2. Down ladder: A second ladder of n — [1/2] — 2 CCX gates propagates
the accumulated values downward until the AND of all  controls is stored
on the single qubit xp. This qubit now acts as the effective global control.
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Figure 6.3: Example of using

conditionally clean ancillae. The

unitary U acts as the desired opera-
y %

tion only when 2 = 1, and in this
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as clean workspace in the known

state |11).

*In this example, only one of the two
conditionally clean ancillae is actually used,
yet the full structure generalises naturally to

larger control sets.
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3. Application: One additional CCX-gate (not part of a compute-uncompute
pair) applies the desired n-controlled NOT to the target.

4. Uncomputation: Both ladders are then reversed, restoring all clean and
conditionally clean ancillae to their initial states and leaving only the
intended flip on the target qubit.

The full construction uses 21n — 3 CCX gates and has depth O(n). Decom-
posing each CCX into one- and two-qubit gates yields 12n — 18 CX gates.
Since all but one CCX occur in compute-uncompute pairs, they can be re-
placed by relative-phase CCX (RCCX) as shown in Figure 6.5, reducing the
total to 61 — 6 CX gates.

Using the toggle-detection trick, the clean ancilla a can be replaced with a
dirty ancilla (Figure 6.6). This raises the CCX count to 4n — 8, but since all
except two appear in compute-uncompute pairs, they can be implemented
with RCCX gates, giving a total of 121 — 18 CX gates.

Finally, employing two ancillae, either both clean or both dirty, reduces
the circuit depth from O(n) to O(log n), while preserving the same overall
gate count as the single-ancilla construction. Detailed implementations are
provided in [KG25, Sections 5.3 and 5.5].

61 —6, with one/two clean ancilla,
Total CX count for MCX,, =

12n — 18, with one/two dirty ancilla.
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Figure 6.4: Decomposition of
MCXg using one clean ancilla. Fig-
ure adapted from [KG25].

............

OO DD DD
DD DD DD

Figure 6.5: Example of a pair
of CCX-gates in a compute-
uncompute pattern that can be
replaced by a RCCX-gate.
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6.2 Multi-Control-Multi-Target Gate

A natural extension of the MCX gate is the multi-control multi-target NOT
gate, denoted MCMTZ.(X). It acts on ¢ control qubits and # target qubits,
flipping each target if and only if all controls are |1):

[x) X#y), ifx=1°,
MCMT{(X) |x) y) =
|x) [y), otherwise.

Here x € {0,1}¢, y € {0,1}, and 1¢ denotes the c-bit string of all ones.

Efficient Decomposition

A naive realisation would apply t separate MCX, gates, one per target qubit,
but this approach scales poorly. A more efficient implementation (Figure 6.7)
uses a single MCX, gate together with 2f — 2 additional CX gates [Gid18,
Fig. 24]. Using the MCX decomposition from previous sections, this yields a
total cost of 12¢ 4 2t — 20 CX gates.

When the number of targets satisfies t > ¢ — 1, the additional targets
can act as ancillary workspace, enabling the ¢ — 2-ancilla construction from
[[CK ™16, Lemma 8]. This improves the MCX, cost to 8¢ — 6 CX gates and
the overall complexity to 8¢ + 2 — 8 CX.

12c+2t—-20, t<c—1,
Total CX count for MCMTE(X) =
8c+2t -8, t>c—1.
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Figure 6.6: Decomposition of
MCXg using one dirty ancilla. Fig-
ure adapted from [KG25].

Figure 6.7: Decomposing
MCMT}}(X) into one MCX,,
gate and m — 1 CX gates.
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To validate these constructions in practice, the MCX and MCMT cir-
cuits described above were implemented by the author in Qiskit [JATK "24].
These implementations were contributed via pull requests that have since
been merged into the official repository, making the techniques directly
available to the broader quantum computing community.

6.3 Quantum Adders

‘We write computational basis states as
x) = |xp—1) @ @ |x0),

where x € {0,1,...,2" — 1} is the integer encoded in binary, with x( being
the least significant bit (LSB). When considering two such registers, the sum
x + y is taken modulo 2", consistent with binary arithmetic on fixed-width
registers. We adopt the notation from [Gid18], where adding the contents of
a qubit register |x), encoding an integer A in binary into another register |y)
is denoted as shown in Figure 6.9.

Quantum-Quantum Adders

Definition 6.2 (In-Place Quantum Adder). The in-place quantum adder is
the unitary operator ADD,, : H; ® Hy — Hy ® Hy, defined by its action
on computational basis states as

ADD, [x) ly) = [x) |(x + ) mod 2"

Definition 6.3 (Controlled Rotation Layer). The controlled rotation layer,
denoted CROT, is the unitary operator CROT, : H; ® Hy11 = Hu ®
H 41, acting on an n-qubit control register and an (n + 1)-qubit target
register. For computational basis states |x) |i7), where |) = QFT,,41 |y) is
the quantum Fourier transform of an (1 + 1)-qubit register, its action is?

n—1n—1 n—1
CROT, [x) ) = (H [T Py (555 )) (H Py (35 )) )17
j=0 k=j j=0

This layer is visually highlighted in Figure 6.10.

Draper Quantum Adder [Draoo, RPGE17]:  The Draper quantum adder per-
forms modular addition in the Fourier basis. It is defined as the unitary

DADD,, := (1® QFT!,;) CROT, (1® QFT,.41),

where QFT,,11 denotes the quantum Fourier transform on n+1 qubits, and
CROT, applies the controlled phase rotations conditioned on the value of
the first register.3 On computational basis states, the operator acts as

DADDy [x) |y) |0) = |x) [(x +y) mod 2%) |cx) ,
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Figure 6.8: Decomposition of
MCMT3(X) gate.
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m—4

m{ —-#,4—— +K [(—

Figure 6.9: Adding stored value
K in top register to the bottom
register.

> The first product performs phase additions
between control qubits x; and target
qubits Y, ..., Yn—1. The second product
propagates overflow into the carry qubit y,
with the correct phase resolution.

3 The carry qubit is included in the Fourier
transform so that it naturally encodes the
carry-out bit. If a carry-out is not required,
this qubit may be omitted, yielding a fixed
adder.
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where ¢, € {0,1} is the final carry-out bit indicating whether x +y > 2".
The full circuit is shown in Figure 6.10.

The overall cost of DADD,, arises from two Fourier transforms and one
controlled rotation layer. Each QFT,, 1 requires O(n?) one- and two-qubit
gates, while CROT), contains O(n?) controlled phase rotations. Hence the
total asymptotic complexity of the Draper adder is

Total CX count: O(n?).

Van Rentergem Fixed-Adder The Van Rentergem adder implements the in-
place quantum addition operator ADD,, using only CCX and CX gates, and re-
quires no ancillary qubits. The original construction by Van Rentergem [RVo5]
employed Fredkin gates and included a carry-in bit. Here, we follow the
simplified form of [Gid18, Fig. 15], which omits the carry-in and decomposes
Fredkin gates into CCX and CX operations. The complete circuit is shown in
Figure 6.11. A straightforward gate count shows:

Total CX count: 161 — 15.

Classical-Quantum Adders

Up to this point, our discussion has focused on quantum—quantum adders,
where two quantum registers are summed. We now turn to classical-quantum
addition, in which a known classical constant is added to a quantum register.
Performing this operation reversibly is often more challenging than adding
two quantum registers with unknown values. Intuitively, one might expect
that specialising a circuit for a fixed constant would simplify its design. In
practice, the opposite occurs: since the added value is known at compile time,
there is no second input register available to act as workspace. Introducing
additional ancillae could resolve this, but would increase the overall qubit
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Figure 6.10: Draper adder circuit
DADD3 for n = 3.

This fixed-length version assumes both
registers are of size n. For a generalised
case allowing differing register sizes,

see [Gid18, Fig. 17]. The author’s Qiskit
implementation of this adder has been
merged into the official repository via pull
request #14816.
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count—contrary to our goal of early fault-tolerant compatibility. Instead,
we aim to construct adders that exploit borrowable ancillae, as introduced
earlier. These designs achieve reversibility without permanent workspace
overhead, maintaining low depth and qubit requirements. Formally, they are
defined as follows:

Definition 6.4. Let a € {0,1}" be a classical constant and |x) € 7, an
n-qubit register. The in-place quantum constant adder or offset gate is the
unitary operator

ADD, : Hy — Ha, ADDy |x) = |(x 4 a) mod 2"),

which adds the classical value a to the register x modulo 2" without requiring
additional output or workspace.

We first consider a straightforward adaptation of the Draper adder for
constant addition, then present a more efficient construction that uses a single
dirty ancilla qubit.

Draper Constant Adder ~ As discussed in previously, the Draper adder performs
addition via phase rotations in the Fourier basis. This construction can be
specialised to offset gates. Let ¢ € {0,...,2" — 1} be a known classical
constant. Since the value of [x) is fixed, each controlled-phase gate CPy .y,
in the CROT-layer simplifies: if xj = 1,it becomes a single-qubit phase
rotation on yy; if xj =0,itis omitted. The result is a constant-phase rotation
layer that applies fixed phase shifts to the qubits of |y) according to the binary
expansion of ¢. The overall transformation is |[y) — |(y +¢) mod 2"),
implemented by the circuit

CADD,(c) := QFTH ®,(c) QFT,,
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Figure 6.11: The Van Rentergem
adder for n qubits.

QFT, E QFT]
|carry) — E P(57t/8) :
“TROT;

Figure 6.12: Draper constant adder
circuit CADD3 forn = 3and
a=>5=101,.
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where @, (c) applies the pre-computed single-qubit rotations corresponding
to ¢, as shown in Figure 6.12.

Because c is known, all controlled-phase gates in the CROT), layer can be
replaced by unconditional phase rotations. When multiple such rotations act
on the same qubit, their angles may be summed at compile time, reducing
the number of phase gates from O(n?) to O(n). However, the QFT,, and
QFT] layers each still require O(1?) gates, so the overall circuit complexity
remains quadratic. Thus, the Draper constant adder is one of the simplest
reversible constructions for classical addition, but it is not optimal. Moreover,
it requires high-precision phase rotations with exponentially small angles,
which are challenging to implement fault-tolerantly.*

Hiiner, Roetteler, and Svore (HRS) Constant Adder To implement ADD, more
efficiently, we adopt the construction of [HRS17], which realises constant
addition using only a single dirty ancilla qubit. The circuit for the offset gate
is shown in Figure 6.13. The two key primitives used in this construction
are the controlled incrementer and the carry gate. During the course of
this project, the author implemented this adder in Qiskit, a construction
with many intricate components that are seldom documented in detail. To
address this gap, a comprehensive step-by-step exposition of all subroutines is
provided in Appendix A, along with explicit gate counts (beyond asymptotic
notation) useful for practical resource estimation. Here, we summarise the
main ideas.

Definition 6.5 (Quantum Incrementer). The quantum incrementer INC,, is a

unitary operator
INCy, : Hyy — Hu, INCy,|x) = |(x+1) mod 2"),

which adds one to the binary value of its input register modulo 2"5. The
controlled version of the incrementer applies the increment operation only
when qubits in a control register are set to |1):

x) |(y +1) mod 2"), ifx =1,
CING, [x) [y) =
lx) |y), otherwise.
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Figure 6.13: Recursive constant ad-
dition circuit using a single clean an-
cilla qubit |g) = |0). The CARRY
gate computes and stores the over-
flow carry of x; + a; in g, which
then controls an increment on xp.
The register x is split into lower and
upper halves x and xp.

+ An approximate QFT with complexity
O(nlogn) [CWoo] can reduce the
asymptotic scaling, but large constant
factors and the need for exponentially
precise rotations remain.

5 This corresponds to an increment in
two’s-complement arithmetic.
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Definition 6.6 (Overflow Carry Gate). Let |x) € H,, be the input register
and a € {0,1}" a classical constant. Let |g) € H,,_1 denote dirty ancillae in
arbitrary states, and |q) € H; a clean target qubit. The carry gate CARRY?,
is a reversible unitary that computes the overflow bit of x + a:

CARRY [x) [g) [0), = [} [g) [<arry(x,a))
where carry(x,a) = 1iff x +a > 2", and 0 otherwise.® All dirty ancillae 6 The name “carry gate” is somewhat
are restored to their initial states. The detailed Boolean logic, reversible misleading: it outputs only the global

L . . . . . overflow bit, not a full carry chain.
realisation, and gate-count analysis of the carry gate is provided in Appendix

A.

Having defined these components, the key idea now is that the modular
sum
|x) = |(x +a) mod 2")

can be decomposed into two half-sized additions, coupled only by a single
overflow carry bit. Consider |x) = |xy) |x1) and a = ay||a;, where each
half has size n/2. The addition proceeds as follows:

* Base case: For n = 1, ADD, reduces to a single-bit XOR,
ADDy, |x) = |x D a),
implemented by applying X if a = 1.
* Recursive case: For n > 1, the algorithm performs:

1. Compute the carry-out of x; + ay via CARRY’:IL/2 using |xp) as dirty
ancillae and a clean ancilla |g) to store the overflow:

xL) [xa) [0) = |xp) |xp) [carry(xp,ap)) .
2. Conditionally increment |xpy) using |g) as control:
lxm) [g) = [(xu +q) mod 2"/2) |g).

3. Recursively apply ADD,, on |x1) and ADD,,, on |xp).

Why it works? This construction works because binary addition can be
decoupled at the midpoint once the carry-out from the lower half is known.

¢ The carry from x + ay, is computed first and propagated to xpy through a

controlled increment’. 7 The lower half |x] ) remains unchanged
during this step.
* The recursive additions then apply independently to each half, completing

the modular sum.

Each recursion level halves the register size and performs O (1) work, yielding
an overall cost of O(nlogn) gates using only a single clean ancilla.
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Using a Dirty Ancilla. The clean-ancilla construction of Figure 6.13 can
be adapted to use a borrowed dirty qubit, enabling fully in-place constant
addition without additional clean workspace. At a high level, the dirty-ancilla
version replaces the single controlled increment with a symmetric pair of
increment-decrement operations that conditionally cancel depending on the
carry bit, ensuring the borrowed qubit is restored to its initial state. The
circuit is shown in Figure 6.14.

(5]

) ] = )

5]
|xp) ——— — = [xp) +—— +1

+1

D
< ® R >0
|

+ap —

—HZH —

<= ® >0
D

Constant-Specific Optimisations. The efficiency of the constant adder can
be further improved when the constant a has trailing zeros in its binary
expansion. In such cases, part of the register remains unaffected by the
addition, allowing the recursive circuit to shrink proportionally. A detailed
analysis and complexity derivation are provided in Appendix A.

Controlled Classical-Quantum Adders

We now extend the constant-adder construction to the controlled setting,
where addition by a classical constant is conditioned on a quantum control
register. Such controlled adders are essential in block-encoding circuits, as
discussed later in Chapter 7.8

Naively applying the control condition to every one- and two-qubit gate
within the constant would lead to severe overhead since each gate becomes
multi-controlled on the entire control register. Instead, we employ more
efficient constructions that factor the control logic structurally rather than
gate-by-gate. We denote the control register by |cttl) = |co) @ - - - [cp—1)
where ¢; € {0,1}, and the n-qubit target register as the system on which the
classical constant is added. Although not used directly in our implementation,
the controlled Draper adder is reviewed in Appendix A for completeness and
comparison with the approaches adopted here.

Controlled Constant Adder Extending the constant adder to its controlled
form requires only minimal changes to the underlying circuit—surprisingly,
the only modification is replacing each CARRY?}, gate, with its controlled
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Figure 6.14: Same as Figure 6.13,
but using a dirty ancilla qubit g in-
stead of a clean one. The pink con-
trol gates are MCMT gates that act
on all higher-order bits of x.

¥ In general, we require multiplexed

!

addition.
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! : :
1o —e—
1

| IO — | IO —

Figure 6.15: Subcircuit of the
offset gate showing cancellation
behaviour when the control condi-
tion is not satisfied.
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) A ) A o [
C C
a7 3] A A
|xp) —+— —  |xH) +1 P R — +1 14— R S— tan —
_ R R
Y Y
lctrl) A——&——— Jctrl) £
Figure 6.16: Controlled version of
counterpart; all other gates remain unchanged, yielding a remarkably simple Figure 6.14. Only the CARRY?
and elegant construction as shown in Figure 6.16. gates are controlled; all other gates

remain unchanged.
Why it works? Consider the case where the control condition is inactive.
The controlled CARRY?Y, gates act as identities, leaving the carry register |g)
untouched. As illustrated in Figure 6.15:

* The first incrementer acts on the high bits.

e The second incrementer, sandwiched between two controlled MCMT
gates, becomes a decrementer.

* This controlled decrementer cancels the previous incrementer, leaving the
high bits unchanged.

* The same cancellation pattern recurses throughout the circuit.

When the control condition is active, the controlled CARRY?, gates operate
exactly as in the original adder, computing the carries and triggering the cor-
rect sequence of increment operations. The resulting circuit thus implements

controlled constant addition faithfully.? The CX-gate complexity is 9 Only the dirty-ancilla case is shown; the
clean-ancilla variant follows trivially.

Total CX count = O((n — k) log(n —k) +c¢),

where k is the number of trailing zeros in the binary expansion of a.

Controlled Carry Gate. The controlled version of the CARRY?, gate extends
the clean-ancilla carry logic to the controlled setting, following the same
compute-uncompute principle as before. A detailed circuit construction,
together with its gate-count analysis, is provided in Appendix A.

Figure 6.17 compares the asymptotic and empirical scaling of the controlled
Draper and the HRS constant adders in terms of CX-gate count as a function
of register size. As expected, Draper-based adders exhibit quadratic scaling
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with 7, while the HRS construction achieves a near-linear O(n log n) scaling,
making it substantially more efficient for large registers. The horizontal axis in
the figure extends up to n = 33 qubits, which, as we will later see, corresponds
to operations on a “data” subspace of dimension 2. Hence, n = 30 already
represents arithmetic over a billion-dimensional state space—precisely the
scale at which quantum computers are expected to outperform their classical

counterparts.
20000  No. of Controls
® c=6
® c=7
17500 i
® c=9
15000 ® c=10 )
X
X
€ Adder Type o
3 12500 = —e— HRS o
(@] e S 3
< X- QFT x S
O
o 10000
(o]
o
g
< 7500
5000
2500
0
5 10 15 20
Number of qubits

6.4 Proxy Phasing

In quantum algorithms, we often need to apply phase rotations conditioned
on a particular quantum state. When the state is entangled or otherwise
difficult to isolate, applying such a phase directly can be nontrivial. A useful
technique called proxy phasing [Cra17] addresses this challenge. The core
idea is simple: instead of applying a phase directly to the target state, we
temporarily “copy” information about the state into an ancilla qubit, apply
the phase there, and then uncompute the ancilla. Although the phase is

physically applied to a different qubit, the net effect on the system is the same.

To illustrate the idea, suppose we wish to apply P(0) to a qubit in state
|p) = a|0) + B|1), as if acting directly on [ip). The circuit in Figure 6.18
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Figure 6.17: Comparison of CX-
gate counts for Draper vs. HRS con-
stant adders.
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achieves this using an ancilla:

1. Start in state  |0) + B |1).

0) —B—{ P(6) ——10)

2. Add an ancilla in |0), giving (« [0) + B ]1)) ® |0) = « |00) 4 f |10). . .
Figure 6.18: Proxy phasing.

3. Apply a CX-gate (control: original qubit; target: ancilla): a |00) + B |11).

4. Apply P(8) to the ancilla qubit: a |00) + e®B|11).

s. Uncompute with another CX-gate: a |00) + Be'? |10) = (a |0) + €8 |1)) |0).

The ancilla returns to its original state |0), while the desired phase ¢/ has
been applied to the |1) component of |if), exactly as intended.

6.5 Projector Controlled-Unitary Gate

Let U € U(2"), and IT be an orthogonal projector of size 2" x 2. The
projector-controlled U gate is an operation on m + n qubits defined as:

U +1,® (1, — I).

This gate applies U to the target register when the control register lies in the
subspace onto which IT projects; otherwise, it applies the identity. When
IT=11)(1

, we often refer to the resulting gate as a controlled-U gate.

Projector-controlled NOT Gate

The projector-controlled NOT gate is a special instance of a projector-
controlled unitary gate, where the unitary U is the NOT gate (i.e., X) defined
by the operator:

CaNOT := X @ [T+ 1y @ (Ipn — I1).

This construction can be used to implement an analogue of a projective
measurement, allowing quantum algorithms to apply operations conditioned
on subspace membership without collapsing the state. A canonical example
is the standard CX gate, which corresponds to a projector-controlled X gate
where the control projector is |1) (1]:

X® 1) (1] + 1 ® [0) (0]

Note 4. Up to a Hadamard conjugation on the target qubit, the CryNOT -gate
implements a controlled reflection of the form 1 — 2I1. This structure appears in
Grover’s algorithm and amplitude amplification, where reflections over subspaces
are essential.
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Projector-controlled Phase Shift Gate

Let IT € C2"*2" be an orthogonal projector and let ¢ € R be a phase angle.
The projector-controlled phase shift gate is defined by:

H(P = eiq)(Zl‘[fIlzm).
This operator applies a relative phase to quantum states based on whether

they lie in the image or the orthogonal complement of IT. We can expand
the operator as:*°

1, = P21 — cos()1 + isin(g) (21T — 1)
= %(ei"’ +e )1+ %(eiﬁ" —e ) (2I1-1)  (6.3)
= ¢TI 4 (/% — e 1P

To understand the action of Iy, let [1hr7) be a state that lies in the image of
IT, and |, ) be orthogonal to it. Since IT |¢r1) = |¢r7) and IT |y, ) =0, it
follows that:

o ) =€ |yr), Ty lp) =e ¢ |yp.). (6.4)

Up to a global phase of ¢/?, (6.4) is equivalent to:

My |¢rn) = % lym), Tylypr) = [gu),

which is a selective phase shift on the subspace defined by IT.

The unitary I, can be implemented using a quantum circuit that applies
a phase rotation to a target qubit conditioned on whether the control register
lies in the image of IT. The construction uses a pair of C;yNOT-gates and a
single-qubit phase rotation:

My = (X@M+1® (1-10)) (7% 2 1) (X@ T+ 1@ (1-11))

. . 0
= Xe PIX @ TT* + e 92X @ (1 —HDTT (-T12 =1I)
. 0 .
+ Xe 97 @ IA—TT) + e 9% @ (1 — I1)?
= Xe WX @T14e %% @ (1 — ). (6.5)

We verify that this operator behaves as expected when applied to [0) @ |¢):
o If |¢p) € Im(IT), then:

Iy (10) @ [$r1)) = Xe *#X |0) & |prr)

. 6.6
=10) @ 7 [pr) . oo
o If |¢) € ker(I1), then:

Iy (0) @ [91)) = e P |0) @ [y1)

. 6.
=10} @ e ). 7
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©¢l?PA = cos(g)1 + isin(@)A for any
operator A such that AZ =1.

S R:(¢) P
II 1T

Figure 6.19: Projector-controlled
phase shift gate.
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Again, up to a global phase ¢?, this results in a 2¢» phase shift on the subspace
defined by IT, and no change on its orthogonal complement. The circuit
implementing this operator is shown in Figure 6.19.

Note s (Connection to Proxy Phasing). The projector-controlled phase shift
gate I1, = 9PN can be viewed as a generalisation of the proxy phasing
technique [Cra1y] introduced earlier. Proxy phasing handles the special case where
the projector I corresponds to a single computational basis state (e.g., |1") (1),
and the phase is applied using an ancilla qubit and a pair of MCX-gates. The
projector-controlled gate extends this idea to arbitrary projectors I1, allowing
phases to be applied coherently based on subspace membership rather than exact
classical patterns. Both constructions reflect the same core principle: introducing a
conditional phase without directly measuring or collapsing the system.

6.6 Linear Combination of Unitaries

Suppose we wish to implement a unitary operator V that is expressed as a
linear combination of unitary operators U;

where a; € C are complex coefficients. For simplicity, we assume that all
«; are real and non-negative. This is without loss of generality, since any
complex phase in &; can be absorbed into U; by redefining U; + ¢/ U; for
appropriate phases 6;."* The linear combination of unitaries (LCU) method
provides a way to implement such an operator V efficiently using a quantum
circuit.

Assume that we can implement each U; in a controlled fashion. Specifically,
we assume access to a two-register unitary known as the SELECT operator,

defined by:
k
SELECT(U) := ) _ |i) (i| ® U;.
i=1

This operator applies U; to the target register, conditioned on the control
register being in the state |i):*

SELECT (V) (|)) @ [)) = [i) @ Ui [) .

We also require a unitary operator A, called the PREP operator, which
prepares a weighted superposition over the control states:

1 k k
Al0M) = — ;i = i .
|0™) \/&;\/Eh), where « ;le (6.8)

We now describe how to combine the PREP and SELECT operators to
implement the LCU operator V = }; a;U;.
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 This is equivalent to applying a global
phase to the circuit implementing U;.

2 The control register selects which unitary
U; is applied to the target.
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Prepare the initial state |0™) ® |¢), where |¢) is the input state and m =
[log, k] is the number of control qubits.

=

2. Apply the PREP operator A to the control register:
A0™) @ ®
0") @ [y) = \f Z Vai i) @ |g).
3. Apply the SELECT operator U := ); |i) (i| ® U; to obtain:
( Zfl ®|¢> foI )@ Uily).

4. Applying AT to the control register yields:

1 kK
AT — i) ® U; :
<ﬁ;\/ﬂll>® z|¢>>
Define the projector onto the control state |0™) as
o= [0m) (0" @ 1.

To isolate the part of the state where the control register returns to [0™),
insert the identity 1 = IT+ (1 — IT) and decompose the state as:

*(j&imv>®ui|¢>> (1A (fol ®U|¢>)

k

—<|0*”®11< Zf I®ﬂ>< YV ®U|¢>>+|<I>L>

i=1

1 k
=Y 10" @wU; ) + D)

&3 Since A |0™) = \}Z]f\]) it follows
= 20 @ V) + ok, that (071 A = 5 5 G 4

[

where the orthogonal component is defined by:

@) == (1-TD)A <f2f| ®U|¢>>

By construction, IT|®+) = 0, since TT(1 — IT) = 0.

Thus, with probability p = 1/a?, a projective measurement on the control
register yields |0™), and the target register contains V |i). The failure com-
ponent |®1) lies entirely in the orthogonal subspace. An example quantum
circuit implementing the LCU method is shown in Figure 6.20.
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SELECT

Tl e
T i

Oblivious Amplitude Amplification

‘We have seen that the LCU construction implements the operator V with
success amplitude 1/a, so the overall success probability is p = 1/a?. We
now describe how to boost this probability to 1 using a variant of amplitude
amplification [BHMTo2] known as oblivious amplitude amplification (OAA)
[BCC ™" 14]. From the LCU construction, we obtain a unitary W := ATUA
that acts as:

W [0™) [p) = sin(6) [0") V [i) + cos(8) @),

where 0 = arcsin(1/«), and |®) is orthogonal to the subspace in which
the control register is |0™). To isolate the desired component [0™) V |¢), we
define the projector: IT := |0™) (0™| @1 so that TT|®) = 0 by construction.
We now introduce a reflection operator about this subspace:

R:=2I1-1,
and define the composite unitary:
S:= —WRW'R.

The operator S acts as an amplitude amplifier: repeated applications of S
increase the amplitude on the desired subspace, without requiring any knowl-
edge of |). This motivates the name oblivious amplitude amplification
(OAA)."3 The following lemma formalises this process:

Lemma 6.1 (Oblivious Amplitude Amplification [BCC " 14, Lemma 3.6]). Let
W and V be unitary matrices on n + m qubits and n qubits respectively, and let
6 € (0,71/2). Suppose that for any n-qubit state |p),

W [0™) [p) = sin(6) [0") V |3) + cos(0)|@),

where |®1) is an (n + m)-qubit state that depends on |(p) and satisfies TT|d1) = 0,
where TT = |0™) (0"| @ 1. Let R := 211 — 1 and S := —WRWR. Then for
anyt € Z,

S'W [0™) |p) = sin((2t + 1)) [0™) V |p) + cos((2t +1)8)|D).
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Figure 6.20: LCU circuit for k =
4, using two control qubits (since

[log, 4] =2)

1 This is a key distinction from standard
amplitude amplification, which typically
requires knowledge of the input state

|1h) to construct the relevant reflections.
In contrast, OAA amplifies the desired
component without needing any access to
or assumptions about |¢).
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Hence, if we can choose an integer t such that (2t +1)0 = 7, then
S'W0™) [) = [0") V [y},

yielding a perfect implementation of V using O(t) = O(a) applications of W
and WT. We now consider two cases, depending on whether such a t exists.

Case 1: 75 is an odd integer. In this case, there exists t € Z such that 2t +1 =
g+ The amplification is exact:'4

S'W0™) [g) = [0") V [) -

This gives a perfect implementation of V using O(a) applications of W and
W, and corresponds to the ideal setting.

Case 2: 35 is not an odd integer. Let 2t 4- 1 be the smallest odd integer greater
than 75, and define 6’ such that's

(2t+1)0 = %, so that 0’ < 6.

Introduce a single ancilla qubit in the state |0) and apply a R (2¢) rotation
such that

Ry(20) [0) = 0) + VI~ (1), wherer = S20) o — arccos().
Now define a modified unitary:
W = (Ry(2¢) ®1) W.
This creates the state:
W (10} 107) [9)) = (Ry(2¢) 1) (sin(®) 0} [0")V [§) + cos(8) 0) | &)
— 1 sin(8) [0) [0V [y} + 7cos() 0) &)

+ V1 —r2sin(0) [1) [0™) V |)
1—12cos(0) 1) |®L).
The remaining terms lie in a subspace orthogonal to |0) [0™) V [¢). Let us

verify that the remainder has norm cos(6’). The total squared amplitude of
the orthogonal component is:

(rcos(0))? + (V1 —r2sin(6))2 + (v/1 — 12 cos(6))?
=12 cos?(0) + (1 — r*)(sin?(#) + cos?(h))
=12cos?(8) + (1 —r*)(1) = 1 — r*sin®(0)
=1—sin?(#') = cos*(#')
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“since sin((2t +1)0) = sin(7r/2) =1

s Then sin(9’) < sin(9) = 1.

Since rsin(0) = sin(#’), the amplitude of
|0) [0™) V |} is now sin(6’).
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Taking the square root confirms that the remaining state has norm cos(¢’),
so we obtain:

W' (10} 0™) [)) = sin(6") [0) [0™) V [y} + cos (6')[®").

We are now back in Case 1, with effective success angle 6’ such that (2t +
1)0’ = 71/2. Therefore, we can apply S’ with:

S := —~WRW'R

to obtain a perfect implementation of V using O(t) = O(«) gates. This com-
pletes the construction of oblivious amplitude amplification and its application
to the LCU method.

Note 6. A key assumption in the LCU construction is that the operator V is
exactly unitary. In practice, we are often interested in situations where \ is only
S-close (in spectral norm) to some unitary \V, where \V itself can be expressed as a
linear combination of unitaries U;. In such cases, the standard OAA procedure
must be adapted to handle approximation error, leading to what is known as
approximate oblivious amplitude amplification [Kot14, Theorem 2.5] or robust
oblivious amplitude amplification [BCK15, Lemma 6].
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7

Block-Encoding Framework for

Structured Linear Operators

Block-encoding provides a unifying framework for representing general, non-
unitary linear operators within the unitary dynamics of a quantum computer.
In essence, a matrix A € CN*N is embedded as a scaled sub-block of a larger
unitary U € U(2"). This construction enables non-unitary operations to be
manipulated within coherent quantum circuit model using only unitary prim-
itives. The present chapter develops this concept in full generality: we first
formalise the mathematical definition of block-encodings and establish their
closure under linear combinations and products, thereby showing how com-
plex operators can be composed from simpler constituents. We then extend
these foundations to structured matrices, introducing systematic procedures
for generating the required data oracles and synthesising their corresponding
circuits. Together, these developments provide the algorithmic backbone for
the quantum singular value transformation and PDE solvers constructed in

subsequent chapters.

7.1 Definition

Definition 7.1 (Block-encoding, general form [GSLW 19, Definition 11]). Let
A € C"™*“andletd > max{r,c}. We say that U € Cxd i5 5 block-encoding
of A if there exist isometries By 1 € cixr, Br1 € C%*¢ (with orthonormal

columns) satisfying
Bl 1UBR1 = A. (7.1)

Equivalently, choose any unitary completions By = [BL,l B le] and Bg =

{BRJ BR,z} so that By, Bg € U(d).! Then

B] 1UBg1 Bf 1UBRy A

BE,ZUBR,l B{,ZUBR,Z * k
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LIfV € C? has orthonormal columns, a
unitary completionisany U= [V V] €
C*4 with UtU = 1, where V| spans
ker(V1).
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so A appears as the top-left  x ¢ block of U in the (Br,Bg) basis. Let
IT; :=Bp B{,l andITg := Br B;rz,l denote the projectors onto the encoding
subspaces. Then

A0
0 0

1,
0

B (I1,UITR)Bg = [ ] (B} 1UBk:1) [1c 0] = [ :

We typically use the special case where the encoding subspaces align with
1 1
the computational basis. Taking By 1 = [Or] and Bg; = l(;] (the first r

and ¢ columns of 1) gives

1, 0 1. 0
I, = , g = — I, UIlg =

When d, r, ¢ are powers of two, all operators can be expressed as qubit uni-
taries. In this case, (7.1) becomes

(0] @1,) U (JO"R) @ 1) = A,

where a;, = log,(d/r) and ag = log,(d/c). Unless stated otherwise, we
adopt this computational-basis formulation in what follows.

Definition 7.2 (Approximate block-encoding). Let A be an n-qubit operator
(N = 2"). A unitary Up acting onm + 1 qubitsisan (&, m, €)-block-encoding
of A if there exist parameters «, ¢ € R such that?

IA —a ((0"] @1y) Ua (10™) @ In)[| <,

where m denotes the number of ancilla qubits. Equivalently, U admits the
block structure3

Ua = [E[l < e/a,

A

* x|
where the top-left block corresponds to the subspace with ancilla qubits in
state |0™).

We now record a simple bound on the operator norm of an encoded
matrix.

Proposition 7.1. If Up is an (a, m, €)-block-encoding of A, then
Al < a+e.

Proof.
By definition,

A= (A—wa((0"|®1)Ua (J0")@1)) + a((0™|®1) Ua (|0")®1).
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> The norm here is the spectral norm.

3 The exact form (7.1) is sometimes called a
projected encoding, while the approximate
version above is often referred to simply as a
block-encoding [GSLW19]. We adopt this
latter convention.
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Applying the triangle inequality,
Al < A = a((0"[@D)UA(I0™) @D) || +af|({0™[@T)Ua(|0™) @) .

The first term is at most & by assumption. For the second, note that ((0"|®
1) Up (|0 ®@1) = QUAQT for some isometry Q with ||Q|| = 1, hence the

product has norm at most 1. Thus, ||A|| < a +e. [ ]
o) A~ HA
Lemma 7.2. Let Up be an (x, m,0)-block-encoding of an operator A, and let |1p) Un
be an arbitrary state. Then there exists a quantum circuit that prepares the normalised ) A~  — %
State
Alyp) Figure 7.1: Quantum circuit for
ock-encoding. Post-selecting the
A1) | block-encoding. Post-selecting th
with success probability ||A ) ||*/a?. ancilla outcome 0™ prepares the
data register in a state proportional
Proof. to A|y).
Any block-encoding Ua can be written as
Up=[0")(0"@ 8+ 3 [0l®Cy,
—(x=0"Ay=0™)
where each Cyy is an N x N operator acting on the data register. Let [¢) be
an arbitrary state. The action of Up on the joint state |0™) |¢) of ancilla and
data registers is
A A
Ua(l0") [9)) = 0") 22+ 1 1) Coon ) = [0") 58 + 1),
x A0
where | L) is normalised and orthogonal to [0™) A |¢p).# Projecting onto the ¢ The first term has ancilla [0™); the
ancilla outcome |0™) thus succeeds with probability ||A |¢) [|2/a2, and in remaining terms involve orthogonal ancilla

. . . . states |x % 0™).
this case the post-measurement state is proportional to A |), as claimed. W

7.2 Extensibility Properties of Block-Encodings

Having established how a single block-encoding can probabilistically apply
its encoded operator to a quantum state, we now turn to how such block-
encodings can be manipulated and combined.

Linear Combinations of Block-encodings

In Section 6.6, we described how LCU can be implemented efficiently. The
same principle extends to block-encodings: by combining multiple block-
encodings, we can construct a new block-encoding that represents their linear
combination.
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Definition 7.3 (State Preparation Pair [GSLW 19, Definition s1]). Lety € C"
with |ly|l; < B for some B > 0. A pair of unitaries (Vr,VRg) is called a
(B, b, €)-state-preparation pair if

) 201 ) 201
VL0 = Y cilj),  VRIOY) =) d;lj),
=0 =0

such that: A common choice is V|, = VI, Vg =V
m—1 with C]' = d] = ,/y]‘/ﬁ, as in the PREP
Z ‘ﬁc]’.‘dj — }/j‘ <eg and cj = d]- =0 for allj > m. operator from Equation (6.8).
j=0

Theorem 7.3 (Linear combination of block-encoding (LCBU) [GSLW 19,
Lemma s52]). Let A = Z;-";Ol yiA; with A; € CN*N an n-qubit operator and
¥ € C". Suppose each A admits an («, a, €2)-block-encoding U; on a ancillae, i.e.,

A= (07 1) Uy (00 ©1n) = A/a+E;, [E < ea/a

Let (V1,VR) be a (B, b, €1)-state-preparation pair for ij. Define the multiplexed
unitary on a+b ancillae and N-dimensional system:

m—1 m—1
W=y |J'><J'I®Uj+<]1N— v |f><j|>®ﬂza®ﬂzh.
= 4

] j=0
Then,
U:=(VI@1)W (Vg ®1)
is an (Déﬁ, a+b, aeq + ﬁsz)-block—encoding OfA, ie.’ 5 [GSLW19, Lemma 52| contains a small
typo in the final error bound; the corrected
H A— DC,E) (<0(a+b)| ® HN) U (|0(a+b)> ® ]11\]) H < aeq + /382. version is stated here.
Proof.
Let lr) = Vel0?) = 5ydjlj) and (] = (V] = ¥;c (i, so that
Cj = dj =0 forj > m. Then,6 ¢ By construction cj= dj =0forj>m
(<ob| ® (0% ®1N) u (|ob> ® [0%) ®1N)
= (¢l @ (0| @1n) W (Jgr) ©[0%) @ 1n)
m—1
=L cjd; ((07] @ 1n) U; (|07) @ 1y)
]:
m—1
= C;»kdj (A]'/Dé + E]') .
=0
Multiplying by aB and subtracting A = Y, y;A; results in,
b b m—1
B (0| @1y U (j0H) @1y) — A = 20 (Bejdj —yj) Aj
]:
m—1
+ lXﬁ 2 C}kd] Ej.
=0
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We now bound the two terms separately. First,

HZ(/“WJ‘—W)AJ < Y |bedi—y| ]l < a X |pejdi—y;| < e
] ] ]

Second, since Vp, VR are unitaries, }; lcj> = ) |dj|*> =1, and by Cauchy-
Schwarz, Z]- \c;-‘d]-| < 1. Therefore,

] ]
< apmax||E (2 cjdj )
]
< @B (e2/4) = Pea.
Combining these bounds yields the error agq + Bey, as claimed. |

Power-of-two padding. If m < 2b, pad to
k = 2% terms by setting Uj=Tandy; =0
for j > m. Then W = Z;C;Ol [)(jl ® U; and

Product of Block-encoded matrices .
the same proof applies unchanged.

Theorem 7.4 (Product of block-encodings [GSLW 19, Lemma 4]). Let A,B €
CN*N be n-qubit operators. Suppose Up is an (w, a, €)-block-encoding of A, and
Vg is a (B, b, 8)-block-encoding of B. Assume further that the ancilla registers of
Una and Vg are disjoint. Then, the composed unitary

W = (1p ® Up)(le ® V),

defined on a + b ancillae, and the N = 2"-dimensional system, is an («f, a+
b, ad + Be)-block-encoding of the product AB, i.e.,

H AB — af ((o(“+b>| ® 11N) W (|o<“+”>> ® ILN) H < ad + Pe.

Proof.
By the definition of block-encoding,

A= ((0°] @1n) Ua (|0°) @1n) = A/a + Ep,  ||Eall < e/a,

[osk;

= (0@ 1y) Vg (I0") ®1y) = B/p + Eg,  |Es] <4/
The block encoded by (1,, ® Ua)(12e ® Vg) on a + b ancillae is

(0] @ 1y) (L ® Ua) (1oe @ Vi) (J0U+Y)) @ 1y) = AB.
We wish to bound
HAB - aﬁA’éH - HAB — aAB + aAB — zxﬁﬂéH

~ [ /(A —aR)B+aA(B-pB)|.
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Using the triangle inequality,
HAB - aﬁﬂ%” < H(A - a/X)BH + Haﬂ(s - ﬁE)H.
Now,
e < o] 1

< afEall 1B
< #(e/¢) p = ¢p.

Similarly for the second term,
|«A(B — pB)|| < a||A]| |B - BB|| < as.
Combining these bounds gives
|AB —apAB|| < ep + ao.

Thus, (1 ® Ua) (I« ® V) isan (af, a + b, ad + Be)-block-encoding of
AB. ]

Conjugate Transpose of a Block-encoding

Theorem 7.5 (Conjugate transpose of a block-encoding). If Up is an (&, a,€)-
block-encoding of an n-qubit operator A, then U\ is an (w, a, €)-block-encoding of

AT,
Proof.
In computational-basis form, Up being an (, 4, ¢)-block-encoding of A
means
[A = a((0"|@1N) Ua (J07) @1N) [ <e.

Let

A:= ((0°|@1y) Up (|0 @1y),  sothat ||A —aA <e.
Taking adjoints and using ||Q"|| = ||Q|| for the spectral norm, results in,

IAT — aAT|| = [[(A - aA)!|| <.
Since ((0°|®1y)" = (|07)®@1y), then,

A = (((0|@1x) Ua (J0%) @1y)) " = ((0]@1y) U (J0%) @1y).

General-basis version. If lel UBr1 =
A/a +E, thenB},U'BL 1 =

(BY ,UBR1)t = At/a+ Ef, so UF
block-encodes A with left/right isometries
its gates. the circuit for Up and inverting its gates. | swapped.

Hence, UR is an (&, 4, ¢)-block-encoding of At. The gate complexity is
unchanged, as U}, is implemented by reversing the circuit for U and inverting
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7.3 Block-Encoding Structured Matrices

‘We have seen how block-encodings can be combined to produce new op-
erators. Here we discuss how to construct block-encodings for structured
matrices commonly encountered in numerical linear algebra. Our exposition
follows [YYL"24], which studies sparse matrices arising in simulations of
ocean-acoustics. The challenge in quantum settings is to represent sparse
matrices efficiently, storing only the nonzero entries while keeping circuit
depth and ancilla costs low.

Assumption 7.1 (Matrix Data Items). Let A € CN*N with N = 2", Assume
that the nonzero entries of A can be partitioned into so disjoint subsets

80,81, -, Ssy—1 such that:

o Foreachl € {0,...,s0 — 1}, there exists a complex value A; and index sets R
(rows) and C; (columns), together with an injective map r; : C; — R satisfying”

Arl(j),j = A, V] e (.
* Egquivalently, for all (i, ),
Sofl
Ajj = z;) Arljee, iy (j)- (7.2)

In particular, S; = {(r(j),]) : j € Ci}, and the sets Sy are pairwise disjoint.

Hence, every nonzero entry of A is uniquely identified by a pair (1, j), where | indexes
the data item and j its column, with r;(j) determining the corresponding row.

Note 7. Condition (2) in Assumption 7.1 restricts how nonzero entries are grouped
into data items. For each value A;, the row indices where it appears must be
recoverable from the column indices through a fixed injective function r). E.g., if
the same numeric value occurs in multiple rows for a given column, two different
injective functions would be required, and therefore, the occurrences must be treated

as distinct data items.

Base Scheme for Block-Encoding Sparse Matrices

We use two registers: a data-item register |a) € H, with27~1 < 59 <s =21
to store the index /, and a system (or column) register |j) € H,. Based on
Assumption 7.1, we define the following quantum oracles that provide access
to the matrix entries and their index structure.

* Data Loading Oracle Og,,: Loads the value A corresponding to the data

81

7 The mapping r; is fixed for each data
item [; that is, all entries corresponding to
A share the same row-column relation

i=r(j).
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10) daca Odata ——— Figure 7.2: Circuit construction of
Ua, the block-encoding of a matrix
|0>ﬂag D A as established in Theorem 7.6.
|0u> A H®a — T QO H®u —
n Org
i+ O

item indexed by I:

Odata ‘O>data |l> =

A 1 \2
(HAHIZMX ‘O>data +4/1- (HAH" ) |1>data) |l>/ le [OISO - 1]/

max

10) daca 1)+ I'€ [so,s = 1],
(7.3)
where ||A||,..x = max; |A;], and |0)4,,, is the ancilla qubit used to load

the data value.

* Out-of-Range Oracle Oyg: Flags whether the indices (1, j) are valid:

0)gag |1 17}, 1€ [0,50—1],j€Cy

Org |0) g 1) 1) =
; e | 17), 1€ [s0,5—1]orj 2 Cy,

(7.4)

where the ancilla |0)4,, indicates whether the input indices are in range.

* Row Oracle O,: Computes the row index i = 7;(j) corresponding to

(l , ]) 8 8 We deviate from the notation of
. [YYL"24]: here we write r;(j) instead
0 |l> | > _ |l> |1’1 (])> , e [0’ 50 — 1]’ ( ) of ¢;(j) for the function, and O, instead of
r Jr= | l> | > le [S 5 ” 7-5 O, for the oracle. This choice better reflects
17 0 ’ their functionality.

Theorem 7.6 (Block-Encoding Sparse Matrices [YYL" 24, Theorem 3.3]).
Let A € CN*N with N = 2" be a matrix with sq data items as in Assumption 7.1,
Let Ogata, Org, and Oy be the oracles defined in (7.3), (7.4), and (7.5), respectively.
Seta = [log,(so)| and s = 2%. Then

Ua == (Lo @ H* @ 1y)

[(Ogats @1 12) (12 @1 @ O;) (1 & Opg)|

(Lo @H* @1y)

is an (s||A||
shown in Figure 7.2.

2+1log, s, 0)-block-encoding of A. The corresponding circuit is

max’
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Proof.

Consider the initial state |0) 4,q, [0) g,
column index j € [0, N — 1]. Postselecting all ancilla registers onto |0) yields
the amplitude <0|data <O|ﬂag <0a| <l| UA |0>data ‘O>ﬂag |0a> ‘]> ’ which equals
the (i, j)-entry of the encoded matrix up to normalisation. Thus, we compute

|0%) |j) , where |j) encodes an arbitrary

(0l gata (Olgag (O°[ (i UA 0} data [0)gag 10) 17)

S—

Z (0] gata (Ogag (k[ (il (Odata @ In+2) (12 @12 ® O) (12 @ Org) |0) gyea [0) o 11) 17

cn\»—\
_

1 s—1 )
== Z 1<y Ljee; (0] gaea (Kl (i] (Odata @ In) (12 ® Or) [0) gy 1) 1)
S k=0

1 s—1sp—1 '
- Z Z 1]601 O’data k| < | (Odata ®1N)(ﬂ2 ®Or) ‘0>data |l> ’]>
=0 =0

1 s—1s9—1
- 7 Z 2 1]EC1 Oldata <k| (Odata ®]1N) |0>data |l> <l|1"[ (])Z
:51',7»,(,')

1 s—1 5071

Lice, Ap (k|1 6, ¢
= Al & 5 Y= D S
=01
1 50 1

T Arlicc
s||A||max§0 i€ Ti=n()

. (7.6)
/1Al max” '
where the last equality follows from the dictionary identity (7.2) in Assump-
tion 7.1. Hence, Up block-encodes A with scaling factor s||A||,,.,: the factor
1/s comes from preparing/unpreparing the uniform superposition via H*?,
and the factor 1/ ||Al| ;,ax
(a, 2+ 1log, s, 0) block-encoding with

from the normalisation in Ogat,. Thus, Up is an

&= S”A”max'

We take the data-loading cost to be sy, i.e., the number of distinct values A;

that must be loaded by Og,t,.° | o The data loading cost refers to the number
of distinct values A; that need to be loaded,

The order of applying Ogata, Org, and O, in Up may be interchanged each requiring at least one 2-qubit gate.

freely, provided that Oy is always applied before O,. The proof is provided
in Appendix B.

PREP/UNPREP Scheme for Block-Encoding Sparse Matrices

We now present an alternative scheme for block-encoding sparse matrices
with data items, which in some cases achieves a better subnormalisation

83



QUANTUM ALGORITHMS FOR PDES VIA SUMMATION-BY-PARTS DISCRETISATIONS

factor. The scheme follows the PREP/UNPREP framework of [YYL " 24]
and [SCC24], in which state-preparation unitaries are used to load the data
items.

The construction begins by splitting the data-loading oracle Ogay, into
two parts, parameterised by a choice of 0 < p < 1. Using the commutation
property of Ogata, the oracles can be rearranged as in Figure 7.3. Each half
acts on a separate ancilla qubit, denoted |0) 4,.. and |0) The first part is

defined by

datag dataq*

data |O>data |l> =

AP A 2p
(7a7= 10 gaa /1= (RTS) ™ D) 1, 1€ 050 1],

max

10) daea 1) I € [so,s —1].
(7.7)
The second oracle Oé;tz is defined analogously, replacing p by 1 — p.
A direct calculation shows that the circuit in Figure 7.3 has the same action
as Up from Theorem 7.6 when both data ancillae are postselected to |0). To
see this, define the projection,

= ‘OO> <00|datao,d3t31 ® ]12{1’

onto the joint ancilla state |00). It suffices to evaluate the action on

‘O>datao ’0>datal |I), for an arbitrary I € [0,s — 1]:*° ° We omit subscripts for brevity.
1
Hodatzogata |0> |0> |l>
Al _ (Al ) _

okt (ks 10+ 1= ()" ) oy, 1€ 0,50 -1,

data

00) |1), 1 € [sg,s—1],
A Al \2P ATY Al \2(1-p)
(HAHmaX 00+ /1= <HA‘H111LX) |1>) (HAHl 7 10) + \/1 - (Hxlxnfn‘ax) |1>) ), 1€[0s0—1],
00) [1), 1€ [so,s—1],

TAT [00) (1) +|L), 1€ (0,50 —1],
|00) |1}, 1€ [sg,s—1],
D, 1€ (05 —1],
= (7.8)
), I'€ [so,s —1],

where |_L) is orthogonal to |00), namely |01), |10}, or |11). Thus, the circuit
in Figure 7.3 is also an (s||A|| . 3 + 108, s, 0)-block-encoding of A. In
particular, the subnormalisation factor remains unchanged.
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p
|0> datag Odata
17
|0> data; datf
|0>ﬂag ()
07) A H®a % T O H®a |—
n Org
) = —1 Or

The key observation is that the Hadamard transforms, together with the
data-loading oracles, prepare a quantum state whose amplitudes encode the
data items; the subnormalisation factor arises solely from these two compo-

nents. From Equation (7.7), each of OF _ and Oé;tz is therefore naturally

data
combined with the surrounding Hadamard transforms.** For the first part,

we compute

<0|data0 Ogata (]12 ® H®a) |O>data0 ‘0a>

1 so—1 AP
= )+ )
\[ (120 HA”max lzso )
I A 1 Z A+
V(| AlF VIS 1\A,|2P 1=0

le

Sof

X
M S arpg z Iy (7.9)
/ 50 1 |A |2p 1=0
where
VI A
X1 = .
VS A
Similarly,
a ®a X2 = 1-p
<O|data1 <O | (]12 ®H ) data |O>data1 = 1 2 Z Al <l‘
\/210:() |Al| Pi=0
>y
+ = <l‘ 7
\/gl:SO
(7.10)

where

/ So—1 ‘Al|2—2p

\fIIAIImaX

Xy =

8s

Figure 7.3: Quantum circuit with

1-p
data oracle split into or Hata and O data

components.

* A related approach for improving the
subnormalisation factor is uniform singular
value amplification [GSLW19], which
employs QSVT as part of the block-
encoding process. See [YYL 24, SCC24]
for further details.
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|O>ﬂag Y
10%) ~— PREP T UNPREP |—
Org
i) = — Or

Both x7 and x; are bounded by 1 and represent precisely the contributions
to the subnormalisation factor which we now seek to reduce. In (7.9) and
(7.10), the terms ﬁ): 1) and L Z <l| correspond to out-of-range
indices. The relevant (normahsed) states are therefore

1 5071 1 S()*l

T Y AT, 1 )3
VY 50 |Aj|2P 1=0 VI 50 |A|22pzo

which have zero amplitude on out-of-range positions. Thus, we replace

the Hadamard layers and data-loading oracles by state-preparation unitaries
PREP and UNPREP, which directly prepare these normalised amplitude
states.

1 so—1 . s—1
PREP[0%) = 50—1|A| Y ALD +IZ 0-11),
1=0 =5y

(7.11)
(07| UNPREP =

s—1
— LV arasYoa
Sg 1|A |2 2pl I=s¢

The resulting subnormalisation factor is the product of these two normalisa-
tion constants:

50—1 So—l
ap = | L AP Y AP
I=0 k=0

We summarise this formally in Theorem 7.7.

Theorem 7.7 (PREP/UNPREP Block-Encoding Sparse Matrices [Y YL 24,
Theorem 3.7]). Let A € CN*N with N = 2" be a matrix with sq data items as
in Assumption 7.1. Let Org and Oy be the oracles defined in (7.4) and (7.5), and let
PREP and UNPREP be the state-preparation unitaries defined in (7.11) for some
0<p <1 Seta= [log,(so)] and s = 2% Then,

Ua := (1, ® UNPREP ® 1) (1 ® Or) Org (1» ® PREP ® 1y)

is an (ap, 1+1og,(s), 0)-block-encoding of A, where

5071 5071

ap = | X AP Y AP
I=0 k=0
The corresponding circuit for Up is shown in Figure 7.4.
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Figure 7.4: Circuit construction
of Up, based on the PREP/UN-
PREP method as established in The-

orem 7.7.
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Proof. We begin by applying Ua to the initial state [0)g,, [07) |f), where |})
is the system register for an arbitrary column index j € [0, N — 1] and then
postselect on [0)g,, [0?) [i) for some row index i € [0,N — 1]. Thus, we

compute

(Ol gag (O] (i Ua 0)gag 10%) )

= <0|ﬂag (0°] (i| (1, ® UNPREP ® 1) (12 ® Oy) Org (12 ® PREP @ 1y ) ‘O>ﬂag |0%) |/)

1 Sof‘l 1—p
APA, P (0]q,, (k| (i] (12 ® O;) O |0)
I AP A Ol ") Ors (O 1117
1 50— 1

A’”A P1_ o 1ice (k| (] (1o @ O |1) |7
\/250 A |2sz0 1|A =z klZO 1<syLjee, (k| (i (12 ® Or) [1) [7)

1 S0— 1 1—
APA P Lice, (k|1 (ilri(f
\/250 1|A |2pzso 1|A |2 2p klZO ]€C1< |><|Z(])>

! SozlApA e, 0 6
i€Cy Okl Cir(j
\/ZSO 1 |A |2p ZSO 1 |A |2 2p k=0 j€C Ykl Ciri(j)

! 5021 Ajlice, 1
\/ZSO 1 A |2p ZSO T A |2 » = I Y€€ Yi=r(j)
1

(7.12)

A
\/ZSO 1|A |2p250 llA |2 2p

Hence, Up is an (ap, 1 +1log, s, 0)-block-encoding of A with

5071 5071
= X ALY (AR
1=0 k=0

The data-loading cost is 2s, since both PREP and UNPREP must load s values
each. ]

Compared to the base scheme of Theorem 7.6, the subnormalisation factor
ap is always smaller:

5071 5071
ap= 4| Y AP Y (AP
1=0 k=0

2-2
< Vool A2 sl A2 (7.43)
= 5ol Al
< 5|l
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Since & is symmetric about p = % ie. ap = a1_p, we may restrict to
p € [1,1] when minimising a,. To determine the optimum value, we
invoke the following result.

Lemma 7.8 (Callebaut’s Inequality [Cal6s]). Let {a;}!" ! and {b;}1"}! be
sequences of non-negative real numbers. Then for 0 <y < x <1,

L R R T BV i WMV R

- - +x3,1—x —x1,14+x
E a; b E a; b]. < E a; " b, E a; b]. . (7.14)
i=0 j=0 i=0 j=0

Hence, the function
(=T =PI
_ ril—r —r r
flr) = ;}“i b; E)”j b,
i= j=

is monotone increasing for r € [0, 1], and thus attains its minimum at r = 0.
Setting a; = |A;| and b; = 1, and performing the change of variables 2p =
1+ r shows that r = 0 corresponds to p = 3.1> Therefore,

50—1 So—l
ap = \[f@p—1) = \| L AP ) [AP,
1=0 k=0

is minimised at p = J. The optimal subnormalisation factor is*3

So—l

topt =) |Ail. (7.15)
1=0

7.4 Oracle Construction

We now describe the construction of the oracles Oyg and O; used in the block-
encoding schemes. Recall from Assumption 7.1 that the nonzero entries of
A € CN*N are partitioned into sy data items indexed by I € [0, so — 1]. Each
item is specified by a value A}, a column set C; C [0, N — 1], and an injective
map

T Cl — [O,N*”,

which determines the corresponding row index. Hence every nonzero entry
of A is uniquely labelled by a pair (1, ), with j € C; and ,(j) giving the row.

The mappings r; form the core of the oracle design: O, computes 7;(j),
Oyg verifies whether (I, ) lies within the valid domain C;, and Og,¢, loads
the corresponding value A;. To make their arithmetic structure explicit, it is
convenient to write

n()=j+k, j€C,

where each integer offset k; € [N + 1, N — 1] encodes the row as a shifted
column index. Such integer shift/offset maps underlie most sparse matrix
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fori e [0,50 — 1].
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formats and directly determine the circuit complexity of the oracle imple-
mentations. Constructing the functions () is therefore a central step in the
overall block-encoding process.

For illustration, consider the matrix proportional to the fourth-order
centred finite-difference stencil for the one-dimensional derivative operator:

0 1 2 3 4 5 6 7
i 5 : -
o[ O 5 -5 0 0 0 0 0
1| -2 0 2 -5 0 0 o0 O
2| 5 -2 0 2 -5 0o 0 0
3 0 L5 -2 0 L0 0
A — 12 3 3 12 16
sl o o L 2 o 2 1 oo | 09
1 2 2 1
51 0 0 0 5 3 U
6| 0 0 0 0 4 3 0 3
7Lo o o o0 0 20 |

We use this stencil as a running example for the oracle constructions. Its

nonzero entries can be grouped into sg = 4 data items with
Ch=1{2,3,4,567}, C ={1,234,56,7},
¢, =1{0,1,2,3,4,56}, C3=1{0,1,2,3,4,5}.

Each colour class corresponds to one offset k; € {—2, —1, +1, 42}, illustrat-
ing the direct mapping between finite-difference stencils and oracle offset

patterns.

Out-of-Range Oracle

The out-of-range oracle Oy identifies whether a pair (I, ) lies outside the Ilo)
valid domain of r;. It flips a flag qubit if either Il)
l e [So, s — l] or ] ¢ Cl' ljo) —O——
The first condition (I > sg) can be checked using comparator circuits. With i)
conditionally clean ancillae, this requires O (1) CX-gates and log™ (1) clean lj2)
ancillae [KG25]. In the PREP/UNPREP scheme of Theorem 7.7, these
0, < D—D—D— DD

indices are automatically assigned zero amplitude by the state-preparation
unitaries, so only the membership check j € C; for | < sy remains.
Membership testing is implemented using MCX-gates, whose control pat-
tern depends on both the binary encoding of elements j € C and the register
storing I. For the stencil matrix in Equation (7.16), the out-of-range column

Figure 7.5: Org with gates colour-
coded and numbered according to
the corresponding pair (I, ). E.g.,
gate 4 activates when! = 2and

sets are j =7 (ie., |111)).

C5=1{01}, Ci={0), G={7}, C5=1{67).

The corresponding circuit for Oyg is shown in Figure 7.5. Each MCX-gate is
controlled on both the register / and the binary pattern of an element j € Cy.
Thus, each gate flips the flag qubit precisely when (I, ) is an out-of-range
pair.
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Row-Index Oracle

The row-index oracle O, computes the functions r;(j) for all I € [0,s9 — 1],
each taking the arithmetic form

n()=j+k, ke[-N+1,N-1],

implemented via the offset gate described in Controlled Constant Adder.
These offsets k; are obtained by partitioning the nonzero entries of A according
to their cyclic shifts, as detailed in Algorithm 1. As an illustration, for N = 8
and sg =2 with

rn(G)=7-2 n@G=/-1 n(G=/+1, n(G)=j+2

the corresponding circuit is shown in Figure 7.6.
To minimise circuit cost, each offset k is chosen to maximise the number

of trailing zero bits in |k|, exposing powers of two and enabling the shift-
then-add optimisation introduced in Appendix A. This factorisation reduces
the total controlled-adder count by decomposing each operation into smaller,
cheaper sub-adders. The procedure Canonical0offset, given in Appendix B,

selects these offsets automatically.

[lo) —
i o

w"H H H }

) — —2H -1+ +1H+2H

=1 H H H

Figure 7.6: Example circuit for Oy,
with gates colour-coded according
to the corresponding pair (1,k(")).
E.g., gate 3 activates when! = 1
and applies a shift of +1.

Algorithm 1: Offset Partitioning
Input: Matrix A € CN*N with N = 2.
Output: Collection Z = {(I,v,k;,C;, ;) }, where 7;(j) = (j + k;) mod N.

1. (Optional) Normalise entries: Round A to suppress tiny floating discrepancies.

2V Unique({A,'j}Ai].#o)
3: T+ ©

4 forveV do

s: Pv — {(l,]) : Al] = U}
6: g —~ Q@

7: for (i,j) € P, do

> list of (1,0, k;,Cp, 1)

> positions where v occurs
> offset — list of (i, j)

8: k < Canonicaloffset(i,j, N) >k = (i — j) mod N; choose canonical representative for efficiency
o Glk] < Gk U{( )}
101 end for

11: for kl S Keys(g) do

b G Sortlj| (i) € Gl }
13: n(j) < (j+k) mod N

14: I%IU{(Z,U,kl,CZ,T’Z)}

15: end for

16: end for

17: return 7

> unique columns
> row map for all j € [0, N — 1]
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The data-loading oracle Oy, encodes the values A; into amplitudes of a

quantum state. Any complex number z = a + ib can be represented via
angles 0, ¢ € [0,27) as

z =

where ¢ = 2arccos(|z|) and 6
Rx(9)Rz(0) on |0):*4

e—zG/Z

cos(§)

—2arg(z). Consider the action of
* Equivalently, we can use Ry (¢)R:(6) |0).

Re(9)R2(0)[0) = e */%cos(%) [0) —ie~/?sin(§) [1).

The coefhicient of |0) is exactly z; since the block-encoding postselects on |0),

the amplitude of |1) is irrelevant. Hence O,y can be implemented using

controlled Ry and R, gates with angles

forl € [0,s9 — 1], as illustrated in Figure 7.7.

@ = 2arccos(

|A;

Al

max

6, = —2arg(4A)),

[0)data — Rz(61) = Re(¢1) [—

The resulting multi-controlled rotations are examples of uniformly con- 1) é é

trolled gates. Such gates, acting on s values with angles {6;}, can be de-

composed into s CX gates and s single-qubit rotations with modified angles

Figure 7.7: Ogata circuit.

{6;}, obtained from {6;} via the Walsh-Hadamard transform [SBMo6]. An
example decomposition is shown in Figure 7.8.

Ry (91)

Rx(63) = — Rx(o)

D
3

Rx(el)

D
3

D
3

Rx(GZ)

D
3

Rx(93)

While the above construction uses a single ancilla register, alternative
data-loading strategies are possible when additional ancillae or approxi-

Figure 7.8: Decomposition of mul-
tiplexed rotations on four values.

mations are allowed. A common option is quantum read-only memory
(QROM) [BGB " 18], which lowers T- or CX-gate counts at the cost of extra
ancillae. Likewise, preparing the states required for PREP and UNPREP in

Theorem 7.7 generally requires QQ(N) gates, where N is the Hilbert-space

dimension, if no auxiliary qubits are used [[CK " 16]. In our setting, however,

s & N, therefore, the cost of Ogy,t, remains subdominant relative to the

other oracles.

7.5 Efficient Oracle Design under Matrix Structure

The oracle constructions described above are generic and make no assump-

tions about the structure of the data items. In many applications, however,

algebraic or arithmetic regularities can be exploited to reduce oracle cost.

The out-of-range oracle Oyg benefits from structured column sets, while
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the row-index oracle O, can be simplified when the shift maps 7;(j) admit
arithmetic patterns. Optimising Ogat, reduces to the problem of optimal state
preparation, which lies beyond the scope of this thesis.

Optimising Org: Out-of-Range Detection
Consider the following column set:
¢ ={3,7,11,15}, Cf={0,1,2,4,56,8,9,10,12,13,14} .

A membership test for Cf can be implemented as in Figure 7.9 (Left). Equiv-
alently, we can test for C; and apply a single X-gate to the flag qubit, as in
Figure 7.9 (Right), which reduces the total number of MCX-gates whenever
G| < ICFl.

fan)
A\

A further improvement arises when C; has an explicit arithmetic form. In
the present example,

C={je[0,15 | jmod 4 =3},

which defines a periodic residue class modulo 4. We refer to such sets as
structured column sets. Their membership test can be realised using a single
MCX-gate, as in Figure 7.10, rather than a generic cascade of multi-controlled
gates, yielding a substantial reduction in total CX count.

More generally, when two control patterns differ in only one bit, their
corresponding gates can be merged into a single gate with one fewer control,
provided the base operation G is identical. This reduction rule is illustrated in
Figure 7.11 and can be applied iteratively to simplify the circuit in Figure 7.9
into the compact form of Figure 7.10.

Boolean Expressions for Membership Tests  Each MCX-gate in the oracle circuits
corresponds to a conjunction of Boolean literals. For example, the first gate
in Figure 7.9 (Right) acts only when

Xg A X1 NX3 A\ Xy,

where x; denotes the state of qubit 7 and ¥; its negation. The flag qubit flips
precisely when this conjunction is satisfied. Thus, every controlled operation
in the circuit implements one Boolean clause.
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Figure 7.9: (Left) Cf; (Right) C; fol-
lowed by an X on the flag qubit.

lio) —4———
lh) ————
li2) ——

ljs) ————
0, —o-{x}-

Figure 7.10: Compact implementa-

tion of Oyg of Figure 7.9.

——
——

— & ——

Figure 7.11: Merging controls
when two control patterns differ
by a single bit.
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Sum of Products (SOP) Form Membership in a set of bitstrings can be rep-
resented as a Boolean function in sum-of-products (SOP) form namely, a
disjunction of conjunctions:

f(xO/"'/x'rlfl) = \/ /\ éi/
k

iGPk

where each literal ¢; € {x;, X;}. Each product term A;¢ p li%is implemented
by a single MCX-gate. To realise the full disjunction, ancilla qubits may be
used to store the outputs of each clause, which are then combined into the
flag qubit through an OR network. For example, the membership test for
{0011, 1001} is written in SOP form as

(XoX1x2x3) V (X0 X1 X2x3).

corresponding to two product clauses, each represented by an MCX-gate,
whose outcomes can then be combined into the flag qubit via an OR.

In contrast to the SOP construction, the out-of-range oracle Org exhibits
a slightly different structure. Because all product clauses act on a single target
qubit, multiple activations interfere modulo two. Consequently, the oracle
realises an exclusive sum of products (ESOP) form:

f(xow'-/an) = @ /\ Zi.
k

iGPk

The ESOP representation captures this cancellation behaviour, enabling alge-
braic simplifications. When two clauses differ in only one literal, their XOR
reduces to a single clause with that literal removed.*S This rule corresponds
precisely to the reduction shown in Figure 7.11: adjacent control patterns
differing in a single bit merge into a simpler gate. Repeated application of
this rule, as illustrated in Figure 7.12, produces algebraically reduced ESOP
expressions and circuits with fewer or less-controlled MCX-gates. The ESOP
viewpoint thus provides the Boolean-algebraic foundation for the structural
simplifications exploited in out-of-range oracles.

|
|

|
I

TT
&
\IJ
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s A product term Ajep, ¢; is often called a
cube, as it defines a subcube of the Boolean
hypercube {0,1}".

16 For example,
(J?o X1 X2 X3) (&) (XO X1 X2 X3) = X1 X2 X3.

Here the dependence on x( cancels, leaving
a simpler product term. In circuit terms,
the two MCX-gates collapse to a single gate
with one fewer control.

Figure 7.12: Iterative cancellations
of adjacent control patterns applied
to Figure 7.9.
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Note 8. The key difference between SOP and ESOP lies in how clauses are
combined: SOP uses ordinary disjunction (OR), so overlapping clauses never
cancel, while ESOP uses exclusive disjunction (XOR), so overlapping clauses
cancel modulo two. In certain cases such as disjoint clauses differing in one literal,
both forms reduce to the same simplified formula. Their semantics, however,
remain distinct: SOP represents set union, whereas ESOP represents parity.
Moreover, for many Boolean functions minimal ESOPs use fewer cubes than
minimal SOPs [MPo1], making ESOP a more compact representation in practice.

Algorithm 2: ESOP-Based Synthesis of Org
Input: Group encodings specified as a mapping [ — Cf C [0, N —1].
Output: Quantum circuit for Oyg obtained via ESOP reduction.

v U {Cf |1} > set of distinct out-of-range column sets

N

: for S € U do

(Es,v) < ESOPMinimise(S; allowNegation = true)
HIS] < (Es,v)

: end for

H—D >map S — (Eg, v) where Eg is ESOP, v € {false, true}

72T O > conjunction terms for the full oracle

8: for | over data items do

0: if C; = @ then

10: continue > no out-of-range constraint for this
11: end if

12 (Ecol, V) = H[Clc]

13: Edata < Encode() > Boolean pattern for data index [
14 T+« TuU { Ecol N\ Edata }

15: if v = true then

16: T <+ T U{Egata } > extra clause if column expression is negated
17: end if

18: end for

19: (Efinal, Vinal) < ESOPMinimise(7; allowNegation = true) > global ESOP reduction over all terms

200 Q < BuildCircuitFromESOP (Egpa1)
21: if Vgpg = true then

222 apply X to the flag qubit

23: end if

24: return Q

Extending ESOP Reductions to Data Indices Thus far, ESOP reductions have
been applied only to the column-index register |j), assuming all MCX-gates
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share identical controls on the data-index register |I). In practice, many
data items exhibit identical column-set patterns, creating redundancy that
allows ESOP reductions to be extended jointly to the data qubits. This yields
significant savings in structured settings such as high-order finite-difference
stencils or block-structured discretisations where repeated column sets fre-
quently arise. The complete procedure, combining column- and data-qubit
reductions and including optimisation over negated ESOP forms, is sum-
marised in Algorithm 2. The subroutines Encode, ESOPMinimise, and
BuildCircuitFromESOP implement, respectively, the Boolean pattern for
the data index /, ESOP minimisation with optional negation, and circuit
synthesis from ESOP expressions.

Optimising O,: Row-Index Oracle

When multiple data items share the same offset kj, the corresponding circuit
contains several controlled-adders with identical base operations that differ
only in their control patterns (Figure 7.13, Left). As in the out-of-range
oracle, these can be merged via the reduction rule of Figure 7.11, yielding
a single controlled-adder with fewer controls (Figure 7.13, Right). This
optimisation is particularly impactful since offset gates are among the most
costly components in our block-encoding schemes.

—_ — - N ~— -
_(
—O0—4¢
d
d

Unlike Oy, however, the control patterns of O, are not fixed by the matrix
structure: they are chosen by us. Specifically, they depend on how data items
are assigned to offsets k;. By ordering the assignments of data items that share
the same base offset gate so that successive control patterns differ in only one
bit, we expose additional opportunities for gate merging. Such an ordering
is provided by a Gray code sequence, ensuring that adjacent indices admit
maximal reductions.
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Figure 7.13: Optimisation of Oy
when multiple data items share the
same offset k; = c. Control patterns
are assigned according to a Gray
code sequence (here 3,2,6,7).
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Algorithm 3: Gray Code Assignment for O, Optimisation
Input: Table D of data items i, each with location location; and offset k;.
Output: Updated table D with field location_gray; defining new data locations.

1 G < GroupBy(D, k) > partition indices by offset k
22 R <= G > Filter(|L| > 1) > Sort(key = |L|, reverse = true)
32 S < G p Filter(|L| = 1) > Sort(key = k)

(Here > denotes left-to-right composition of list operations.)

& M <« 2l ([{i}])] > maximum index range
s U+ D > set of used indices
6 A+ O > map old index — new index
72 N+« Q > list of non-contiguous groups

> — Allocate contiguous Gray-code blocks for repeated groups —
8: for (k,indices) € R do

o f < |indices| ; b« 28]
10 blockStart <— FindFreeBlock(b) > first free block of size b within [0, M)
11 if blockStart > 0 then
12: GraySeq < GenerateGrayCodes(log, b)
13: fori=0,...,f—1do
14: Alindices[i]] < blockStart 4+ GraySeq]i]
15: U + U U {Alindices[i]] }
16: end for
17: else
18: N« N U {(k, indices) }
19: end if
20: end for
> — Handle leftover repeated groups (non-contiguous) —
21: V < Sort([0,..., M — 1]\ U) > available indices
22: for (k,indices) € N do
23 f <« |indices]
240 GraySeq « GenerateGrayCodes([log,(f)])
2s: GrayToIndex <+ Assoc(GraySeq0:f], V[0:f]) > associate first f codes with first f free indices
26: fori=0,...,f—1do
27: Alindices[i]] < GrayToIndex|[GraySeq]i]]
28: end for
29: VY V[f:]
30: end for
31: for (k,indices) € S do > — Allocate singleton groups —
322 Alindices[0]] < PopFirst(V)
33: end for

34: return updated table D with field location_gray defined by A
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7.6 Limitations and Future Extensions

Limitations

The framework developed thus far provides an efficient and fully automated

procedure for constructing block-encodings of structured linear operators

whose sparsity patterns are regular and whose indices admit simple binary

arithmetic. Nevertheless, several intrinsic limitations constrain the class of

matrices to which our approach applies.

Dimensional and structural constraints.

The present construction assumes that

the target operator is square and that its dimension N is a power of two, i.e.,

N = 2" for some integer 1. This ensures a direct mapping between matrix

indices and the computational basis states of n qubits, permitting all addressing

and arithmetic to be performed using bitwise operations. Extending to

rectangular or non-power-of-two matrices requires either zero-padding to

the next power of two or an explicit subspace embedding.

Arithmetic complexity in modular checks. A further limitation arises in the Org

oracle, where Boolean simplification relies on expressing structured index sets

in exclusive-sum-of-products (ESOP) form. In simple cases—such as column

sets repeating every 2F entries—the modular condition reduces to inspecting

only the first k bits of the column index j. E.g., verifying j mod 4 = 3 merely

checks that the lowest two bits of j are 1. Such patterns permit extensive

cancellation among adjacent ESOP terms, often collapsing the entire condition

to a single MCX-gate in the optimised oracle.

However, such simplification does not generalise to arbitrary moduli.

When the repetition pattern follows a period of p # 2%, the condition

jmod p = ¢ may no longer be expressed as a low-depth Boolean pattern

over the binary digits of j. Instead, we might need to implement a reversible

long-division circuit to compute the remainder of j/p, compare it with ¢,

and uncompute the quotient register. In the worst case (under the O(1)

assumption), this requires O(2") MCX gates for an n-qubit index register,

implying a gate complexity that scales linearly with matrix dimension N,

rather than logarithmically. The resulting block-encoding remains correct

but it ceases to be efficient in the quantum-algorithmic sense.

A natural question arising from the above discussion is: what classes of

structured matrices can be block encoded efficiently under these restrictions?

In other words, when does the ESOP reduction and modular arithmetic

required by O; and Oyg remain polylogarithmic in the system size? We

illustrate several representative examples below, each exhibiting a pattern

that permits low-depth Boolean conditions and minimal ancilla overhead.
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Toeplitz Matrices. Consider an 8 x 8 Toeplitz matrix with 5 unique diago-
nals:

Ay &1 Qo
a3 k2 &1 Qg
ag @3 ap a1 &g
dg &3 Qp QA1 &g
A4 K3 Q2 A1 K
N4 &3 Ky &1 K
N4 &3 Ny K7

Xg &3 Q2|

The optimised block-encoding circuit for this matrix is shown in Figure 7.14,
with normalisation factor & = Z?:O |a;].

Figure 7.14: Block-encoding circuit
for an 8 x 8 Toeplitz matrix.

UNPREP

Circulant Matrices. ~ Circulant matrices are closely related to Toeplitz matrices,
with the additional property that each row is a cyclic shift of the previous
one. Consider the following 8 x 8 circulant matrix:

Ny A3 Ay ap  aq
a1 A A3 Qg xQ
Xy &1 QA2 &3 Q4
hp &1 K2 K3 Ay
Xy QA1 QA2 a3 0y
hp &1 Q2 &3 Q4
K4 Xy &1 A2 Q&3

L&3 &4 ap &1 A2

Since every data element appears in all column positions, the g oracle is
unnecessary. The resulting block-encoding circuit is shown in Figure 7.15,
with normalisation factor & = Z;L:O |a;].

Two-dimensional Laplacian. "We now consider a two-dimensional Laplacian
operator discretised on a 4 x 4 grid. The resulting 16 x 16 matrix exhibits a
characteristic block-Toeplitz structure as shown in Figure 7.16. The corre-
sponding block-encoding circuit is shown in Figure 7.17, with normalisation

98

BIEVRI



BLOCK-ENCODING FRAMEWORK FOR STRUCTURED LINEAR OPERATORS

@)
r ------------------- 1 Figure 7.15: Block-encoding circuit
- — - for an 8 x 8 circulant matrix.

1) | 2 -TH+1H+2
- gial
omy { — UNPREP
— —|/7<
10} -

factor & = |ag| + || + |1 | + oo | + a2 |. Note that aq and ap appear twice,
as they are treated as distinct data items corresponding to the row shifts.

o W oy
i(\(]) [xé a 3 ) w0 Figure 7.16: Two-dimensional
Ly g o a Laplacian matrix with 4 x 4 grid
M *2 discretisation.
a2 &0 X | X2
a2 tap &p o o i ap
1% : ] ®p K7, 1%
O L. a2
1% :uo ) Y]
[1%)] X K : 1%
1%} i N, g o9 : [1%)]
Xy a1 g a
Ty ?&61{1”"”1
&2 LX) X o }
1% i N &g K1 :
a, & g

These examples highlight a broad class of matrices that can be efficiently
block encoded due to their regular structure. Since we can efficiently evaluate
the column index modulo a power of two, any operator exhibiting a block-
repeating pattern with block size 2% can be encoded with polylogarithmic
overhead. Such matrices naturally arise in element-based discretisations,
where local operators are repeatedly assembled into a global system with
uniform coupling structure. In particular, the global discretisation operator
introduced in Chapter 10 adheres precisely to this form, enabling an efficient
block-encoding of the entire semi-discrete system.

Note 9. The examples shown in this section have been explored in prior works on
block-encoding of structured matrices, including [YVYL" 24, SCC24]. However,
the prior works investigated these examples in isolation, requiring manual design of
each block-encoding circuit. In contrast, our framework provides a fully automated
and generalised procedure for efficiently block-encoding structured matrices.
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Figure 7.17: Block-encoding circuit
for a 16 x 16 2D Laplacian matrix.

) ] -1 []+1] ]+
] _ [~
|0™) { —| PREP j—« UNPREP
! 1 =
‘O>rg \) S—P—P EI

Future Extensions

Relaxing ancillary qubit constraints. Throughout this work, our focus has
been on achieving block-encodings with minimal ancillary qubit require-
ments. If this restriction is relaxed to allow up to O(n) ancillae, the reversible
long-division required for general modulus checks can be implemented ef-
ficiently [WLC24]. This trade-off between ancilla count and circuit depth
offers a practical path to extending the class of efficiently encodable operators.

Handling non-power-of-two dimensions. To address the power-of-two limita-
tion within the current construction, we can pad each block matrix with zeros
to the next power of two and subsequently apply a permutation that restores
the original ordering. Such permutations admit efficient circuit realisations
[DLX25], and the overhead is often modest since adding a single ancillary
qubit doubles the representable matrix dimension.

Incorporating dual-oracle frameworks. Our approach builds upon the single-
oracle formulation of [Y YL " 24], where only a row or column oracle must
be provided. By contrast, the framework of [SCC24] permits explicit specifi-
cation of both row and column oracles, significantly broadening the class of
matrices that can be efficiently block encoded. Automated synthesis within
such a dual-oracle setting constitutes a promising next step.

Generalising the projector construction. Finally, the present block-encoding
design assumes projectors implemented as controlled-phase projectors with
zero-valued controls. An open direction is to generalise this to arbitrary
control patterns or non-diagonal projectors. Whether such general projectors
admit efficient circuit realisations remains an open question and, to our
knowledge, has not yet been systematically explored in the literature.
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8

Quantum Signal Processing

Quantum Signal Processing (QSP) provides a systematic method for encoding
polynomial transformations into unitary circuits. At its core, QSP exploits
the fact that certain unitaries naturally generate polynomials under repeated
application. To build intuition, we begin by studying a simple rotation matrix
whose powers reveal this polynomial structure explicitly. We then switch
to a geometric viewpoint, framing QSP in terms of reflections on the Bloch
sphere. Finally, we turn to the practical question of polynomial function ap-
proximation, showing how Chebyshev techniques enable the approximation
of analytic functions by admissible polynomials suitable for implementation
via QSP.

8.1 Quantum Signal Processing

Polynomial Encodings in Single-Qubit Rotations

Define the following family of 2 x 2 matrices, indexed by a real parameter
x e [-1,1]!
x —V/1—x2
. (8.1)

A(x) :=
) V1—x2 x
Let us compute a few successive powers of A(x) to observe how its structure
evolves:

A2(x) [« —vl—lel x —\/l—xﬂ
V1 =2a2 x V1—x2 x

[ 22 -1 —2xV/1— A2
C|2xV/1 =22 2x% -1
A (x) = [ 2x2-1 21— 22 x —V1—x?
C2xv1 — a2 2x2—1 V1—x? X
[ 4x3 — 3x (1—4x2)v1— 22
(1 —-4)V1 -2 4x3 — 3x
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operator as long as x € [—1,1].
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Ad(x) = [ 4x3 — 3x (1—4x2)V1 —xﬂ [ X V1 —le
—(1—4x%)V1—x2 4x3 — 3x V1—x2 x

_ 8xt —8x2 +1 —4x(2x? —1)vV/1 — 22
T 4x (22 —1)V1 — 22 8x* —8x2 +1 '

In each case, the matrix entries are polynomials in x, and notably, these
correspond to well-known orthogonal polynomials:

* The top-left entry A, (x) equals the Chebyshev polynomial of the first
kind Tk (x ) ,

¢ The off-diagonal entries are proportional to the Chebyshev polynomial of
the second kind Uj_1(x), scaled by v/1 — x2.

We now formalise the pattern observed earlier.

Lemma 8.1. For any integer k > 0, the k-th power of A(x) takes the form

Tie(x) —Up—1 () V1= x?
Up—1(x)V1—x2 Tie(x)

where Ty(x) and Uy_1(x) are the Chebyshev polynomials of the first and second
kind, respectively.

Ak(x) =

Proof.
We prove the lemma by identifying a recursive pattern. Let us write:

Ak(x) — Pk(x) _Qk(x)\/l_xz
Qr(x)V1—x2 Pi(x) '

for some polynomials Pi(x), Qx(x). Substituting the expressions

A(x)_l x —\/1—x21
V1 =22 x !

AL (x) = Pr_1(x) — Qo1 (X)V1 =22 /
Q-1(0)V1I—x2 Pe_q(x)

into AX(x) = A(x) - AF=1(x), we find:

A (x) =

XPeq+ (2 =1)Qk1 —(xQp—1 + Peq) V1 — 22
(xQ—1+ Pe1)V1 =22 xPeq+ (¥ —1)Qk4

From this, we extract the recurrence:

Substituting Qk (x) into the expression for Pi(x) yields:
(x® = 1)Qx(x) = xPx(x) — Pr_1(x).
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Finally, substituting back into (8.2), we obtain the second-order recursions:
Pr(x) = 2xPr_1(x) — Pr_a(x),
Qr(x) = 2xQ—1(x) — Qr—2(x).

These are exactly the Chebyshev recurrences for Ty and Uy _1. Hence Py = Ty,
and Qy = Uj_1, establishing the claim. |

(8.3)

Geometric Interpretation

To gain further insight into the structure of the matrix A(x), we reinterpret it
geometrically as a rotation operator on the Bloch sphere. When x € [—1,1],
the matrix A(x) acts as a rotation in the two-dimensional subspace spanned
by the standard basis vectors |0) and |1). In particular, this matrix performs a
rotation by an angle 26, where 6 = arccos(x).? We can visualise (as shown
in Figure 8.1) this by applying A(x) to the initial state |0), yielding:

Ax) [0) = [ngg§] = 19),

a point on the Bloch sphere rotated by an angle 6 from the |0) state.
Let us now explore what happens when we alternate reflections across
two different axes: first about |0), and then about the rotated state |¢). Let

* Ajg) =210) (0] — 1 be the reflection across the |0) axis,

* Ay = 2[9) (| — 1 be the reflection across the rotated state [¢p) =
A(x) |0).

Now apply this pair of reflections to the initial state |0). We obtain:

Geometrically, each such double reflection rotates the vector by an additional
angle of 26. Since we began at angle 0, the result lies at an angle of 30 as
shown in Figure 8.2. The final state is:

sin(36)
Repeating the process with |1) instead of |0), we can similarly show that:3

cos(30) ]

Ay Ay AX) 1) = [_Sm@g)

Thus, we can write the composite operation as:

sin(360)  cos(30)

Ay Ay Alx) = [COS(?)G) —sin(SG)] '

103

QUANTUM SIGNAL PROCESSING

> In the block sphere representation, this
corresponds to an R, (26) rotation.

V1 —x2

> [0)

Figure 8.1: Geometric interpreta-
tion of the unitary matrix A(x) as
a rotation in the Bloch sphere.

3 We do not redefine the reflection axes:
we will use the same Ajg) and Ay with

) = A(x) [0).
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This confirms that the sequence of two reflections implements a rotation
by 26, which, when composed with the initial application of A(x), results
in a total rotation of 36. Such rotation-by-reflection constructions are fun-
damental and also appear in Grover’s algorithm [Grog6]. We can make this
intuition concrete using algebra. Recall that the reflection operator about the
rotated state ) = A(x) |0) is given by:

Ay =2p) (p| -1

= 2(A(x) |0) (0] A(x)") -1

= 2(A(x) |0) (0] A(x)") — A(x)A(x)"
A(x)(210) (0] = 1)A(x)"
= A(x) Ay A(x)".

This tells us that reflecting about |¢) is equivalent to conjugating the |0)-

reflection by A(x). Similarly, we can show that Ajg) A(x) Ajgy = A(x). Now
substitute into our composite operation:

cos(30) —sin(36
Ag) Aoy Alx) = Lin((se)) cos(é(’))]

= (A(x) Ajg) A(x)") Ajg) Ax)
= A(x) (Agy A(x)" Apgy) A(x)
— A(x) A(x) Ax)

= A3(x).

This reasoning extends naturally to higher powers, leading to the following

general result:

Lemma 8.2. Let A(x) be the unitary matrix defined in (8.1) and 6 = arccos(x).
Define the following reflections:

* Ay =210) (0] —
* Ay = 2A(x) [0) (0] A(x)" -1

Then for any odd integer k = 2m + 1, the operator:
m
Uk = (AW’) A|0>) A(x)
satisfies:*

Uy = lcos(k@) sin(kG)] _

Tie(x) — U1 (x) V1 —x?
sin(kf)  cos(kf) ’

Uy_1(x)V1—x2 Ti(x)

Thus by interpreting A(x) as a rotation and composing it with reflections,

we have uncovered a second route to the same result as before. Repeated
applications of A(x) let us generate Chebyshev polynomials, but this does not
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Reflection 2: 2 [y) (| —

[$) = A(x)|0)

20 1—x2

Reflection 1: 210) (0]

Figure 8.2: Geometric interpre-
tation of the unitary matrix A(x)
as a reflection across the |0) state,
followed by a reflection across the
rotated state |1).

+ This lemma shows that the repeated
application of A(x), interspersed with
reflections, yield matrices whose entries
are Chebyshev polynomials: Ty (x) on
the diagonal and Uj_1(x)v/1 — x2 on the
off-diagonals.
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give us the ability to produce arbitrary polynomials. For instance, it is unclear
how to directly obtain a target polynomial like f(x) = 3x3. To gain more
control over the output, we need a mechanism for tuning the coefhicients.
A natural way to introduce such flexibility is by inserting phase rotations
between applications of A(x). Specifically, consider modifying the basic
construction by inserting a Z-axis rotation:

A(x) e%% A(x),

e 0
0 el
product A(x) €% A(x):

B x —V1-22| % 0 x —V1—2x2

| V1I—2a2 x 0 e | [V1I—2a2 x

B eiPx? — eiP(1 — x?) —ePx/1 —x2 — e Px/1 — &2

VT =2 e Px/1— 22 e~iPx? — l?(1 — x2) ’

By varying the phase ¢, we can steer the resulting matrix entries-essentially

where ¢4 = [ is a phase rotation. Let us compute the full

tuning the coeflicients of the polynomial. For example, setting ¢ = 0 recovers
the second Chebyshev polynomial:

2x2 -1 —2xV1—x2
Alx) Alx) = le\/l 2 2x?-1 ]

corresponding to T>(x) on the diagonal. This motivates a more general
construction: insert a sequence of phase rotations between each application
of A(x), yielding:

Up = e9% A(x) e1% A(x) ... el®% A(x). (8.4)

By choosing the sequence of phases @ = {¢@o, ¢1, ..., ¢k } appropriately, this
allows us to construct polynomials of degree k in x, encoded in matrix entries
of Up. What we ultimately want, however, is the inverse problem: given a
polynomial p(x), can we find a sequence of phase rotations ® such that the
resulting matrix Ug encodes p(x)? This is the essence of Quantum Signal
Processing (QSP) [LYC16, LC19, LC17].

Theorem 8.3 (Quantum Signal Processing [GSLW 19, Theorem 3]). Let x €
[—1,1], and define the signal rotation operator:

- x ivV1—x? __ iarccos(x)X
Wix) = LW . ]—e

where X is the Pauli X-gate. Then, for any integer d > 1, there exists a sequence of
real phases ® = {@o, ..., pa} € R such that for all x € [-1,1]:

iz T i9iZ) _ P(x) iQ(x) V1 —x?
e¢z~]11(w(x)~€('oz) - [IQ*(X) /1_x2 P*(x)

if and only if P, Q € CIx] such that

(8.5)
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1. deg(P) < dand deg(Q) <d—1,
2. P has parity = d mod 2 and Q has parity =d —1 mod 2,
3. Vx € [-1,1): [P(x)P + (1 - x2)|Q(x)]* = 1.

An eflicient algorithm exists to compute such a phase sequence @ using
O(d?) arithmetic operations [GSLW 19, Theorem 3]. This theorem illustrates
the core mechanism behind QSP: By combining controlled signal rotations
with tunable Z-axis phase gates, we can engineer a unitary whose matrix
entries encode polynomial functions of x.

Conventions and Alternative Forms The definition of W(x) in (8.5) differs
from the signal rotation operator A(x) used in earlier sections. However, the
two are related via conjugation by fixed Z-rotations:’

A(x) = e'T2 W(x) e 157, (8.6)

‘We now define a Hermitian variant of the signal rotation, which is more
convenient for block-encoding applications:

x V1—x2
R(x) = [m x ]

Then, the following corollary from [GSLW 19, Corollary 8] holds:

(8.7)

Corollary 8.4. Let P € C|[x] be a degree-d polynomial satisfying:

1. P has parity =d mod 2,

2. Vx € [-1,1]: |P(x)| < 1.

3. Vx € (—oo,—1]U[1,00): |P(x)| > 1,

4. if d is even, then Vx € R: P(x)P*(x) > 1,

then there exists a sequence of phases ® = {@1,..., pq} € R? such that®

(ei‘PfZ . R(x)) - lp (*x> *] . (8.8)

d
-1 *

]
Moreover, for x € {—1,1}, we have that P(x) = x“ ]—[7:1 e'%, and for d even
P(0) = ¢ T (V9.

This version of QSP departs from the original in several important ways.
First, the signal operator R(x), often called the reflection operator [MRTC21],
is Hermitian and integrates naturally with the block-encoding framework
discussed in Chapter 7. Second, we now use d phase parameters instead of
d + 1. This change ensures that the parity of the polynomial matches its
degree and reduces the circuit depth by one, saving an application of the
block-encoded operator in QSVT constructions. In (8.8), only the top-left
matrix entry is shown, as the others are irrelevant for our purposes’.
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5 This relation allows the effect of switching
from W(x) to A(x) to be absorbed into the
choice of phases. Specifically, subtracting
% from the first phase ¢g and adding 7

to the last phase @, recovers an equivalent
construction.

¢ Both the signal rotation R(x) and the
phase rotation ¢/#Z are unitary operators on
a two-dimensional Hilbert space, and thus
can be viewed as single-qubit operations.

7 This is because QSVT works with a
projected subspace, allowing us to ignore
off-diagonal terms and absorb certain
phases.



Lemma 8.5. Let R(x) be the signal rotation operator defined in (8.7), and let
P(x) € Clx] be a degree-d polynomial satisfying the conditions of Corollary 8.4
(so that the (1,1) entry equals P(x)). Let Sq(x) be the product in Equation (3.8).
Then replacing ® with —® = (—¢1,..., —¢y) yields:

S_o(x) :ﬁ(e—i‘sz.R(x)> - lP*(x) *]

i=1 * *

i.e., the (1,1) entry becomes the complex conjugate P*(x).

Proof.

Since R(x) is real, we have R(x)" = R(x). Moreover, (¢/?%)* = ¢~i?Z
because Z = diag(1, —1). Applying entrywise complex conjugation to
So(x) gives

* *

St (x) = lP*(x) *] _ ﬁ <(Ei¢jz)* . R(x)*)
(

We will primarily focus on the case where P(x) is a real polynomial, for
which the following result holds:

Corollary 8.6 (Real Quantum Signal Processing [GSLW 19, Corollary 10]).

Let Py (x) € R[x] be a degree-d polynomial for some d > 1, such that
* Py has parity-(d mod2 ), and
e forallx € [-1,1] : |Pnr(x)| < 1.

Then there exists P € C[x| that satisfies the requirements of Corollary 8.4 and
R[P(x)] = Py (x).
8.2 Polynomial Function Approximation

Our objective is to use QSP to implement a target function f(x) viaa quantum
circuit. Since QSP realises only admissible polynomials p(x)3, the standard

approach is to approximate f by such a polynomial on a prescribed interval.

Specifically, we seek a polynomial p of minimal degree such that

Ip(x) — f(x)| <€, Vx€[ab],
lp(x)] <1, Vxe[-1,1].
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The degree d directly determines the complexity of the resulting QSP circuit:

a degree-d polynomial corresponds to a sequence of d phase rotations and
d applications of the signal rotation operator R(x), so the overall query and
gate complexity scales as O(d).

Chebyshev Polynomials

Uniform polynomial approximation on [—1, 1] is most effectively carried
out in the Chebyshev basis. These polynomials admit several equivalent
descriptions. For a comprehensive overview, see [Tre13, Chapter 3.

Definition 8.1 (Chebyshev Polynomials of the First Kind). For n € IN, the
degree-n Chebyshev polynomial is defined by the identities

Tu(x) = Ty (%(z + z‘l)) =1(z"+2z7") = cos(nd) = cos(narccos(x)),
where z € C withz = ¢, 0 € [~7, 7], and x = cos0 = J(z+z71). It
follows immediately that |T;1|;_; ;) < 1and Tu(—x) = (=1)"T,(x).

Definition 8.2 (Chebyshev Coefhicients and Truncation). Let f : [-1,1] — C
be Lipschitz continuous (i.e. |f(x)| < L|x — y| for finite L). Then f admits
a unique expansion in Chebyshev polynomials:®

_yv 2 b f(x)Ti(x)
fx) = kg)ﬂka(x), o= Tkxzdx.

This decomposition converges uniformly and absolutely. For a function f
with Chebyshev coefficients {4}, the degree-d Chebyshev truncation is
defined as

d
fa(x) ==Y aTi(x).
k=0

Approximating f then reduces to truncating its Chebyshev series. The
error is governed by the decay of the Chebyshev coefficients:

If = fallcagy = || X aTie(x) < ) ladl
k=d+1 [-1,1] =d+1

If f is analytic in a sufficiently large region around [—1, 1], the coefficients
{ay} decay exponentially. In particular, if f is analytic with |f(x)| < M
inside the Bernstein ellipse (Figure 8.3)

E, = {zeC:z: Tz+zh), |2 :p21},
then |a;| < 2Mp~*, and consequently

2Mp—
If = falli—1 < -1
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9 For k = 0, the factor 2/ is replaced by
1/m.

Figure 8.3: The Bernstein ellipse

E, with foci at 1 and semi-axes
-1 o

i ang 0



Thus, the degree d required for e-accuracy scales as

o)

We refer the reader to [Tre13, Theorem 8.2] for a proof and further details on
bounding polynomial approximation errors via Chebyshev truncation. For
our purposes, the most relevant case is the exponential function f(x) = e't*
with t € R on [—1, 1]. For such standard functions, one can derive tight error
bounds directly from the truncated Chebyshev series, without appealing only
to general Bernstein ellipse arguments.

Recall from Corollary 8.4 that QSP requires the target polynomial P(x) to
itx

have definite parity. However, e'* does not satisty this condition. To resolve

this, we decompose it into even and odd parts,
'™ = cos(tx) +isin(tx),

so that each component can be approximated separately and later recom-
bined, as described in Section 9.3. The following theorem provides explicit
polynomial approximations for cos(tx) and sin(tx) with controlled error on
~1,1].

Theorem 8.7 ([GSLW19, Lemma 57, 59]). Let 0 < & < %, t € R\ {0}, and

set _ 1 o s
R=[34(% 5]

Then the following degree-2R and degree-(2R + 1) polynomials satisfy

cos(tx) — Jo(t) +2 2 V¥ Joge (F) Toge () <e

[71/11

4

<e

— 4

[71/11

sm tx -2 Z ]2k+1 T2k+1( )

where ], (t) denotes the Bessel function of the first kind. Moreover, the required
degree satisfies

In(1/¢)

In(e+ ln(|lt\/€))

d(te) =0 |t +

8.3 Fitting Polynomials with QSP

So far we have studied the theoretical admissibility of polynomials in QSP.
In practice, we want to fit a target function to a QSP-realisable polynomial.
We compute the phase factors @ numerically using pYQse, a Python package
implementing the L-BFGS based optimisation algorithm from [DMWL21].
Figure 8.4 illustrates typical results for approximating cos(10x) and sin(10x).
The optimisation procedure finds a complex polynomial P(x) whose real part
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cos(10x)

sin(10x)

1.00 | —— Real
Imag
0.75 [ ... Target

0.50

Function value
o
o
o

Absolute error

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 -0.50
X

reproduces the target function with near-minimax error. Consequently, the
imaginary part is generally nonzero, as shown in the plots. This phenomenon
reflects the fact that QSP naturally realises complex-valued polynomials. In
the following chapter we will show how to handle such cases by combining
even and odd components into admissible QSVT constructions.
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X

Figure 8.4: QSP polynomial
approximations to cos(10x) and
sin(10x) on [—1,1] using PYQsP.
The real parts match the targets
with near-minimax error, while the
imaginary parts remain nonzero.
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Quantum Singular Value Transformation

In Chapter 8, we studied how single-qubit signal processing enables polyno-
mial transformations of matrix entries, with the phase sequence determining
the implemented polynomial. The central idea of Quantum Singular Value
Transformation (QSVT) is to lift this idea to matrices: by acting on qubitised
subspaces of a block-encoding, it applies a chosen polynomial to all singular
values in parallel. This chapter introduces the geometric picture underlying
QSVT, formalises it in the alternating phase modulation sequence and the
QSVT theorem, and presents circuit constructions for various polynomial
classes. We conclude with an application to Hamiltonian simulation.

9.1 Definitions

Definition 9.1 (Singular Value Decomposition [BK22]). Let A € C"*¢ be any
matrix. Then there exist unitary matrices W € C"*" and V € C°*¢, and a
diagonal matrix ¥ € R"*¢, such that

A =WwWxVvt

The entries of X are the non-negative real numbersoy > 03 > -+ > 03, > 0
called the singular values of A, where k = rank(A). The columns of W and V
are called the left and right singular vectors of A, respectively.! Equivalently,
the SVD can be expressed as a sum of rank-one outer products:

K
A=) o |w) (v,
i=1

where {|w;)} € C"and {|v;)} C C° are orthonormal sets.

Definition 9.2 (Spectral Decomposition). Let A € C"*" be a normal matrix,
ie, AAT = ATA. Then there exists a unitary matrix V € C"*" and a diagonal
matrix D € C"™*" such that

A = VDV*.
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*Here V! denotes the conjugate transpose
of V, and all diagonal entries of X beyond
the first k are zero.
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The entries of D are the (not necessarily distinct) eigenvalues of A, and the
columns of V are the corresponding orthonormal eigenvectors. This de-
composition is called the spectral decomposition of A.? In particular, if A is
Hermitian (A = AY), then the eigenvalues of A are real.

Definition 9.3 ([Gan6o]). Let A € C"*” be a matrix with eigenvalues A4, . . ., A,
where each A; has algebraic multiplicity #;. A function f : C — C is said to
be defined on the spectrum of A if all derivatives

f(j)(}\i): for0<j<m—1land1<i<s,

exist. These values are collectively referred to as the values of the function f
on the spectrum of A.

Definition 9.4 (Jordan Canonical Form [H]J13]). Let A € C"™*" be a square
matrix. Then there exists an invertible matrix S € C"*" such that

A =SJAS7T,

where Jo € C"* is a block-diagonal matrix called the Jordan canonical form
of A. Each diagonal block has the form

A 1
Ak

c kaxmk’

Jmk ()‘k> =
1

Ak

where Ay € C is an eigenvalue of A and my € IN is the size of the block. The
full Jordan form is the direct sum?

In=Jm (A1) & & I (As).

Definition 9.5 (Matrix Function [Higo8]). Let A € C"*" be a square matrix,
and let f be defined on the spectrum of A. Suppose A admits a Jordan
decomposition

A=5J5"".
Then the matrix function f(A) is defined by
f(A) :=Sf())S™! = Sdiag(f(J1),..., f(Js))S ",
where each block f(Ji) is given by#*
(1)
f) ) e et

FI) = fw) T e omem,

(M)
f(Ax)
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>If A is real and symmetric, then A =
QAQT with Q € R"*" orthonormal and
A € R™" diagonal.

3 The Jordan form encodes both the
eigenvalues of A and the structure of its
generalised eigenspaces.

+ This construction requires that f has
sufficiently many derivatives at each
eigenvalue A.
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Definition 9.6 (Singular Value Transformation [GSLW 19, Definition 16]).
Let A € C"*¢ have singular value decomposition A = Z{'c:1 o; |w;) (vi,
where k = min(7, ¢). Let f : R — C be a function that is either even or odd.
Then the singular value transformation of A by f is defined as

Yy = 1 2
;f(gi) |v;) (v;|, if f is even,

k
f(oi) |w;) (vi|, if fisodd,
<! (9.1)

where 0; is defined to be zero for i > k.5

When f(x) = p(x) is a polynomial that is either even or odd, the singular
value transformation PSV (A) reduces to an ordinary matrix polynomial in A
and A", For instance,

px) =x*+5 = p°V(A) = ATA 151,
p(x) =x3+5x = pV(A) = AATA 1+ 5A.
Eigen- and Singular- Value Transformation of

Hermitian Matrices

Let A € C"*" be Hermitian. By the spectral theorem, there exists a unitary
V such that

A=VDV',  D=diag(Ay,...,A;) € R,
Since A'A = AZ = VD2V?, the singular values of A are
o = |Ail, VATA =V |D| VT,

where |D| = diag(|A1],...,|As]). Writing D = sign(D) |D| and defining
W := Vsign(D), we obtain

A =wzVT, ¥ =|D|,

which gives the singular value decomposition of A.5 Thus, for Hermitian
matrices the singular values are simply the absolute values of the eigenvalues,
and the left and right singular vectors are eigenvectors of A up to a sign. Now
let f : R — C be a function of definite parity. Then

WF(Z)VH = Vf(sign(D)Z)VF = VF(D)Vt = f(A), fodd,
V(A =

VF(Z)VF = VF(D)VT = f(A), f even.

(92)
Therefore, if A is Hermitian and f has definite parity, the eigenvalue and
singular value transformations of A are the same. This structural equivalence
breaks down for non-Hermitian matrices and there is no clear connection
between the eigenvalue and singular value transformations.
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$ Odd functions preserve the left and

right singular vector structure, while even
functions apply only to the singular values,
expressed in the right singular basis.

¢ Here, sign(D) is diagonal with entries
sign(A;) € {—1,0,1}. IfA = 0, then

D = Xand W =V, so the spectral and
singular value decompositions coincide.
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9.2 Quantum Singular Value Transformation

Geometric Intuition

Following the constructive approach of Chapter 8, we now develop a geomet-
ric approach toward understanding Quantum Singular Value Transformation
(QSVT). The objective is to extend the single-qubit polynomial transforma-
tions to the multi-qubit case, operating on a larger Hilbert space that contains
a block-encoding of the matrix of interest.

LetUp : C2*™" — C2""" be an (1, 4,0)-block-encoding of A in accordance
with Definition 7.2. For any i) € €', the action of Up on the state [0%) is
given by’

Ua[0%) [9) = [0%) Aly) + d]Ly),

where | L) is orthogonal to the subspace spanned by {|07) A |y) : ¢p € "
and ¢ is a normalisation factor. Now let A = Zle o; |w;) (vi] be the singular
value decomposition of A. Consider how Up acts on the right singular vector

v;):8
Ua[0) [v) = [0) A Jog) + 6| L;)

(9.3)
= 0;10) |w;) + /1 — 02| L;),

where | ;) is orthogonal to |0) |w;). Similarly, applying U to the left
singular vector gives:

UA [0) fw;) = [0) A" Jwi) + B | Ls) 00
=0;|0) |v;) + /1 —0? | L), -

where | L;) is orthogonal to |0) [v;). Now, applying U}, to both sides of (9.3)
yields:

ULUA [0) [o;) = UL (m 0) fwi) + /102 | L;) )
110) [07) = 0710} for) +03/1 — 0 | Li) + /1~ 02U | 1) 09
ML) = /1—02(0) [o5) =3 | L)
Similarly, applying U to both sides of (9.4) gives:
UAUL [0 |w;) = Un ((710 ) [03) + /1 - 02| L) )
110} [w;) = 07 [0) [w3) + 03y/1 — 02 | 1) + /1~ 02Ua | L) ©F)
S UALL) = /1 - 0210) [wi) — 0 | 1)

These calculations reveal an important structure: the two subspaces are
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exact block-encoding (¢ = 0) and & = 1.

¥ For notational clarity, we will assume
a=1:
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preserved under the actions of Up and U}:

Ua

T

span {[0) [v;) , [ L)} span { |0) [w;) ,

~_

UA

L)}

This procedure forms the algebraic foundation of singular value transforma-
tion. To build further intuition, we trace a sequence of operations that reveal
the underlying two-dimensional structure:

1. Begin with the right singular vector state |0) |v;), and apply the block-
encoding unitary Ua:

Ua [0} [07) = 0710} o) + /1 — 02 | L.

2. Next, reflect across the state |0) [w;) using Rjg) |,y := 211, —1 where
I, = |0> \wl) <0| (wi ‘ 9 9 This reflection flips the sign of the

orthogonal component while preserving the

(20T, — 1) Up [0) [0;) = 03 [0) [w;) — /1 — 02 | 1) 10) fz0s) erm.

3. Apply U}, to return to the original subspace:

UA (21 — 1) U [0) [0;) = 07 |0) [07) + 031/ 1 — 07 | L)
— (1= 02)[0) fo) +07y/1— 02 | L)
= (207 — 1) [0) [o3) +207/1 — 02| L.
4. Reflect once more, this time across the state |0) |v;):*° © Here, I1g = |0) |0;) (0] (v;].
(2T1g — 1) UR(2M1 = 1) Ua [0) [0;) = (207 — 1) [0) [o3)

—20\/1- 02| Ly).

Examining the final expression, we see that the coefficient of |0) |v;)
is T(0;), the second Chebyshev polynomial, while the coefficient of | L;)
is proportional to Uj(0;), the first Chebyshev polynomial of the second
kind. This emergence of Chebyshev structure mirrors the pattern observed
earlier in QSP, once again revealing the polynomial geometry underlying
the transformation. Because this derivation holds for every singular value
0;, the same sequence of operations applies simultaneously to all singular
values. In effect, QSVT performs QSP-like rotations on each singular value
individually, yet in parallel across all singular directions—an instance of the
so—called qubitised subspaces.

11§
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L) 20 |w;) (0] (w;| — T I+

A /\ A

\ / \
0; |0) |w;) + V 1—02|L;)

v
0 \0
> 10) i) > 10w
0
ut 07 |0) |w;) — \,/‘1 —0?|L;)
210) Jv;) (0] (v;] — T
| Li)
A
> |0) |0;) 202 —1) [0) Jv;) A 2(7,-V/»1 02| L)

20

(2‘7,’2 1)[0) [v;) — 203 V/] (7[2‘ r/>

20

The previous analysis considered the special initial state |0) |v;). More
generally, we may begin with an arbitrary superposition supported on the
right singular subspace of A. In this case, the reflection projector becomes

k
Mg = [07) (0% @ }_ [v;) oif = [07) (0"| ® Do,
i=1

where |0%) denotes the ancilla register. The left projector IT; is defined
analogously in terms of the left singular vectors. The combined unitary

(2ITg — 1) UK (21T — 1) Up

then acts invariantly on each two-dimensional subspace spanned by

{10%) o), | Li)}
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> [0) [vi)

Figure 9.1: Geometric interpreta-
tion of steps 1-4 above. The state
|0) |v;) is mapped via a sequence of
unitaries and reflections through a
two-dimensional subspace spanned
by singular vectors and their orthog-
onal complements.
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To adjust the action of these reflections, we introduce phase parameters
exactly as in QSP (Equation (8.4)). In place of single-qubit Z-rotations, we
now use projector-controlled rotations (Section 6.5). These gates extend the
QSP rotation operators by applying phase shifts conditioned on the projectors
IT; and ITg. Unlike the single-qubit case, however, the relevant subspaces are
embedded within a larger block-encoded matrix, and the projector formalism
is essential to isolate them.

Definition 9.7 (Alternating Phase Modulation Sequence [GSLW 19, Defini-
tion 15]). Let U be a block-encoding of a matrix A and ® = {¢;}7_; € R?
be a phase vector. The phased alternating sequence associated with (U, @)
is defined as"

-1
2

i1 (211~ H ( £192i(2TIg—1) U’f igaiy1 (21T — )UA)/ d odd,
Up(®):= g =1
H (equZi,l(ZHR—]l)U:&eifPZi@HL—]l)UA), d even.
i=1
(9.7)

The circuit implementing the phased alternating sequence is shown in
Figure 9.3. In the block-encoding setting, projector-controlled reflections
. We are
now ready to state the Quantum Singular Value Transformation Theorem,

simplify to zero-controlled MCX, gates, as illustrated in Figure 9.2

which formalises the connection between block-encodings and singular value
transformations.

Theorem 9.1 (Quantum Singular Value Transformation Theorem [GSLW 19,
Theorem 10, Lemma 22]). Let Up be an («,a,¢€) block-encoding of a matrix
A, and let ® = {@;}?; C R be a phase sequence that implements the degree-d
polynomial p(x) € C[x] as in Corollary 8.4. Then the phased alternating sequence

Ua(P) isan (o, a+1, 4d\/%)-block-encoding of PSV(A):

SV A 0
mua@= | &0 ) i, pod
SV A 0_
TTRUA(P)Ig = |7 0() o| = TP (A) (MLUATIR)T, - p even
] (9-8)

Controlled Phased Alternating Sequence

In many applications we require a controlled version of the phased alternating
sequence. At first glance, this appears costly: one might expect to control all d
occurrences of Up and UZ. However, the structure of the sequence contains
many compute-uncompute pairs, which lead to the following simplification:
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 Products are ordered left-to-right, so ¢4
is applied first.

‘When working specifically with block-
encodings (i.e., [T, = |07) (0| ® 1), the
projector-controlled rotation reduces to

dory-ny _ €710
0 e e’

where the block structure corresponds
to the image of I}, and its orthogonal
complement.

0“>{_ B 0“>{

Figure 9.2: Controlled projector
for block-encoding.
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e 194 (211, 1)

; P— R:(294) —D— P— R:(294-1) —D P— R:(291) —D

— L - | L. ] -

0%) : I

Ua |1 I, I [+ UL | | Tk I1x Ua | | I1 I,

— _L | | L] |
Figure 9.3: Quantum circuit imple-
o If d is even, the controlled sequence is obtained by controlling only the menting the phased alternating se-

single-qubit R, (¢) rotations. quence for odd d.

* Ifdis odd, it suffices to control the R;(¢) rotations and a single instance
of the block-encoding Up.

The reasoning is straightforward: if the control qubit is in the |0) state,
none of the controlled rotations are applied. The overall circuit therefore
collapses to the identity when d is even, or to a single Ux when d is odd. Con-
versely, when the control qubit is in the |1) state, the full phased alternating
sequence is applied as usual. The resulting controlled construction is shown
in Figure 9.4.

v ! ! !
P— R:(294) —P P— R:(294-1) —P P— R:(2¢1) P
|07)
Ua | [T I | | UL | | TR g Ua | [T Iy

Figure 9.4: Controlled version of

. . . . Figure 9.3 for odd d.
9.3 Matrix Polynomials for Hermitian Matrices

We now focus on the case where the target matrix A is Hermitian. In this
setting, singular value transformation and eigenvalue transformation coincide.
Suppose Up is an («, a4, €)-block-encoding of A. Our goal is to implement
block-encodings of matrix polynomials p(A) for various classes of polynomi-
als. The complexity bounds we obtain are consistent with those in [GSLW 19,
Theorem 56], but our presentation breaks the cases down explicitly and
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provides concrete circuit constructions, making the implementation details
transparent.

Real-Valued Polynomials with Definite Parity

Let p(x) € R[x] be a polynomial satisfying the conditions of Corollary 8.6.
Then there exists a phase sequence ® such that QSP implements a poly-
nomial g(x) € C[x] with Re(q) = p. By Theorem 9.1, Up(P) is an
(a,a+1,4d \/g )-block-encoding of g(A), and from Theorem 7.5 we know
that Up (—®) encodes g*(A). Since

p(A) =3 (q(A) +q*(A)),

we may use Theorem 7.3 with state-preparation pair (H,H) to obtain an
(x,a +2,4d \/g )-block-encoding of p(A). The corresponding circuit is

shown in Figure 9.5.

Ancilla optimisation. Closer inspection of the QSVT circuit in Figure 9.3
reveals that one ancilla qubit can be saved. The control ancilla naturally
switches the sign of all phase rotations: when in |0) the circuit applies R, (¢),
and when in |1) it applies R;(—¢). Thus the entire unitary may be expressed
as

U = [0) (0] ® Ua(®) + [1) (1] & Un(~P).

Conjugating by Hadamards gives

((0@1)(He1)UH21)(J0)®1) = 5 (Ua(D) + Ua(—D)),

which is precisely the block-encoding of p(A) we require. This optimised
construction (shown in Figure 9.6) achieves the same functionality with
a single ancilla qubit and two additional Hadamards, yielding an (x,a +
1,4d \/% )-block-encoding of p(A). From this point onward we adopt this

improved design for real polynomials of definite parity.

Imaginary multiples.  Finally, if we wish to implement a block-encoding of
ip(A) for such a polynomial p(x), this may be achieved by applying a global
phase of i to the ancilla qubit in Figure 9.5, realised by inserting a Z gate. The
resulting circuit is shown in Figure 0.7.

Real-Valued Polynomials with Indefinite Parity

Consider a real polynomial p(x) € R[x] with |p(x)| < 1 on [-1,1], but
without any parity constraint. We may always decompose p into even and
odd components:

Peven(x) = 3(p(x) + p(—x)),  Poda(x) = 3(p(x) — p(—x)).

0 ] T (]

|Oa+l> | |

Ua(P) Ua(—®)
) —— u —

Figure 9.5: Block-encoding of
p(A) using LCBU to separate the
real and imaginary parts.

Figure 9.6: Optimised circuit for
block-encoding p(A) using only
one additional ancilla qubit com-
pared to the LCBU construction in

Figure 9.5.
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Since peven and poqq satisfy the conditions of the previous section, they can be
implemented using the same constructions. Finally, by applying Theorem 7.3
with the state-preparation pair (H,H), we obtain an (2, a+2, 4d \/g )-
block encoding of p(A).

General Polynomials

Let p(x) € C[x] be an arbitrary polynomial without parity constraints. We
first decompose it into real and imaginary parts:

p(x) = g(x) +ih(x), g, h € Rx].

We then construct block-encodings of ¢(A) and h(A) separately. Two cases

arise:

1. Both g and / have definite parity. Using the optimised construction of
Figure 9.6, we obtain (¢, a +1, 4d\/%) -block-encodings of g(A) and
h(A). Combining them via LCU with the state-preparation pair (H, H)
yields a (20, a+2, 4d \/g )-block block-encoding of p(A).

2. At least one of g or /1 lacks definite parity. In this case, we decompose the
non-parity component into its even and odd parts as before. This produces

(2a, a+2, 4d \/g) -block-encodings of ¢(A) and h(A). Applying LCU

once more with (H, H) yields a final (4«, a + 3, 4d/ % )-block encoding
of p(A).

9.4 Hamiltonian Simulation via QSVT

In the previous section, we described how to implement a block-encoding ofa
polynomial transformation p(A) of a Hermitian matrix A. We now apply this
framework to Hamiltonian simulation, where the goal is to implement the
time-evolution operator exp (iAT) for a Hermitian matrix A up to precision
€. Suppose we are given an («, a,0)-block-encoding of A. We first rescale
time as

exp(iAT) = exp (i':‘ -ch) = exp(iA'T),

where A’ = A/wand T = aT. Note that A’ is Hermitian with spectrum con-
tained in [—1, 1]. Thus, it suffices to construct a block-encoding of exp (iA'T)
up to precision ¢ given a (1,4,0)-block encoding of A’. For notational sim-
plicity we relabel A" — A.

1TX

As before, we decompose '™ into its even and odd components

'™ = cos(Tx) + isin(Tx),

so that cos(7x) and sin(Tx) can be approximated to precision €/6 by polyno-
mials Peven (x) and pogq (%), respectively, via Theorem 8.7. Using Figure 9.6,
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Ua(®) | [ Ua(—=2)

Figure 9.7: Block-encoding of
ip(A) using LCBU.

cos(At) | | sin(At)

Figure 9.8: Block-encoding of
%eitA.
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this yields a (2,a + 2, £)-block-encoding of
Uexp(a) = cos(AT) +isin(AT).

The corresponding circuit is shown in Figure 9.8. To remove the factor of 2
in the normalisation, we must apply amplitude amplification. Since Ugyp(a)
is only 6 = 1-close to unitary, we require the robust version of oblivious
amplitude amplification (OAA) as described in as described in Section 6.6.
Alternatively, QSVT itself can be used to perform the amplification.

Amplification via QSVT

Observe that exp(iAT) is unitary, hence all its singular values are equal to 1,
and we may write

exp (iAT) Z 1 |w;) (v;|, r=rank(A).

In contrast, the block-encoding constructed above gives

r

2exp (iAT) Z% |w;) (v;].

Applying QSVT with the polynomial p(x) = —T3(x) = 3x — 4x3 amplifies
the singular values:

r

pSV< exp (iAT) ) 2 ( ) |w;) (v;| = 21 |w;) (vi| = exp(iAT).

Thus, by applying QSVT with p(x) = —T3(x) to the block-encoding of
1 exp(iAT), we obtain a block encoding of exp(iAT) itself. The phase se-
quence implementing —T3(x) under Corollary 8.4 is simply

o={2r1,-%-%}.

This demonstrates another equivalence between QSVT and established pro-
cedures such as robust OAA: both can be used to amplify success probability
and restore exact unitarity.

Complexity Analysis

A complete complexity analysis that incorporates block-encoding error is
more delicate than simple error propagation. While we could in principle
track errors directly through successive block-encodings, this approach leads
to suboptimal estimates in the Hamiltonian simulation setting. A careful
analysis based on additional inequalities provides sharper control of error
accumulation, but this lies beyond the scope of this thesis. We therefore state
the final result without proof and refer the reader to [GSLW 19, Corollary 62]
for a complete treatment.*?
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2 There is a typo in [GSLW 19, Corol-
lary 62]: the number of ancillae is stated as
a + 2 rather than a + 3.
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Theorem 9.2 (Robust Block-Hamiltonian Simulation [GSLW 19, Corollary 62]).
LetT € R,e € (0,1), and let Up be an (a,a, ﬁ)-block-enwding of a Hermitian
matrix A. Then we can implement an (1, a + 3, €)-block-encoding of exp(iAT)
with

60| T| + 9log(1€2)

queries to Up and U\, three queries to controlled-Up and controlled-UY,, and
O(aa|T| +log(1/¢))
two-qubit gates.
To build intuition, we sketch the resource requirements step by step:

* Cosine block-encoding. Constructing cos(AT) requires d queriesto Ua / U},
together with d controlled rotations and 2d MCX,, gates.

* Sine block-encoding. Constructing sin(AT) similarly requires d queries
toUp/ U:&, plus one query to controlled-Up / UZ\, and again d controlled
rotations and 2d MCX,, gates.

* Half-exponential. Combining the two yields a block-encoding of % exp (iAT)
at a cost of 24 queries to U /U, one controlled query, 2d controlled ro-
tations, and 4d MCX,, gates.

* Amplification. The QSVT amplification step requires three applications
of the block-encoding of 3 exp(iAT), together with three applications of
controlled projectors.

Collecting terms, the full cost of Hamiltonian simulation via QSVT is
6d = 60O(a|T| +1og(1/e))

queries to Up / UZ, three queries to controlled-Up /U%, together with 64
controlled rotations and 124 MCX,, gates.

In the applications considered in this thesis, we assume a perfect block-
encoding (i.e., egg = 0) and therefore account only for the approximation
error arising from the polynomial representations of cos(AT) and sin(AT).
Consequently, our Hamiltonian simulation inherits the asymptotic complex-

ity
In(1/¢)

In(1
In(e+ 0E|T/|€))

O «|T|+

in accordance with [GSLW 19, Theorem s8].
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10
Quantum Algorithm for the
Advection Equation

This chapter unifies the classical and quantum components of our framework,
demonstrating how the SBP-based semi-discrete formulation of the linear
advection equation can be realised as a quantum algorithm through block-
encoding and QSVT. Building upon an assumed state-preparation procedure,
we describe the quantum realisation of the semi-discrete system, detailing
its time evolution and solution reconstruction, and derive an explicit bound
connecting the classical discretisation and quantum approximation errors.
The chapter concludes with an analysis of quantum circuit complexity, high-
lighting the scaling of the block-encoding normalisation factor, QSVT query
depth, and the optimal selection of polynomial degree and element count.

10.1 Linear Advection in One Dimension

Consider the linear advection equation in one spatial dimension with a posi-
tive unit wave speed and periodic boundary conditions:

U au
ot ox
U(a,t) =U(b,t), Vt>0,

U(x,0) =F(x), VxeQ, t=0.

=0, VxeQ:=ab], Vt>0,

Domain Decomposition and Mapping

b—a
Nelem ’

= b as shown in Figure 10.1. We label

The domain is partitioned into #1¢jey, uniform elements of size Ax =
withnodes xg = a < -+ < x,

elem

each element by x =1, ..., lglem, so that
Q = [x¢—1, %] = [a+ (k — 1)Ax,a + kAx].
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a Q1 (oM Qi1
I I I I
X0 Xi—1 Xi Xic+1
~—
Ax

Figure 10.1: Q) = [a, b] partitioned
into Mejeny, non-overlapping el-
ements { O} 2" of equal size
Ax = =2

Melem
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Each element is mapped to the reference interval Q) = [—1,1] using the affine
transformation

Xe—1 + Xk

5 , £e-1,1].

A
Dy(§) = Tfor

The Jacobian of this mapping is constant on each element:

dx  Ax Ax
J_E_T’ J—det(J)—T.

Reference Element Operators

On the reference element () = [—1, 1], there are two boundary facets,
Ip={-1}, Tr={+1},

corresponding to the left and right boundaries. For these facets we define
the following operators:

BL:[l]/BR:[l]/

N = [~1],Ng = [+1].

Here B encodes the boundary quadrature weights, and N stores the outward
normal directions. The reference SBP identity takes the form

E=Q+QT =RkRg —RIR,,

where Q is the differentiation operator on (A) and Ry, Ry are the extrapolation
operators to the left and right facets, respectively.

Semi-Discrete Form

Starting from the general semi-discrete SBP-SAT formulation in (4.32), the
case d = 1 with unit positive wave speed reduces to

duy
dt

= (JKFI)_l Qlu,— Y (JKH)_l RLB, £,  (10.)

Y€l

where uy are the degrees of freedom on element «, I'c = {7y, g} denotes

the left and right facets of the element, and £} is the numerical flux.* Using ' We suppress explicit time dependence in

the constant Jacobian J = %]1, (10.1) simplifies to u and f* for readability.

du 2 ~N—1 T T ¢x
dtK = A (QKIIK - ) vaK> : (10.2)

v€lK

We employ symmetric SATs with parameter A = 0 in (4.34), so that



QUANTUM ALGORITHM FOR THE ADVECTION EQUATION

on each facet oy € T, where u~ and u™ denote interior and exterior traces,
respectively. Substituting the flux into (10.2) yields

1 _ _
Y- RIf; =2 (RINS (uf +up) + RENF (ug +ug))

YTy 2
1
::§<R{NLRLuK+-R£NRRRux+—R{NLRRuK_1+-R£NRRLuK+O
1 1 1
:E(%&VJQm)W+Eﬁ$WHJ—Eﬁ&mFL

(10.3)
Here, we used that the exterior state at the left facet satisfies u;, = Rgru,_1,
while the exterior state at the right facet satisfies u; = Rpu,1. Inserting
(10.3) into (10.2) gives the final semi-discrete evolution equation:

du 2 A 1.7
dtK = T Ax ! <S)\’ u, + U1 — ERII.RR uK]) ’ (10.4)

where the local stiffness operator is defined as
1
uszQK-E(RgRR-R{RLy

Equation (10.4) shows explicitly the contributions from the element interior,

the coupling to the , and the coupling to the left neighbour.
The system of ODE:s in (10.4) can be combined into a global system of the
form
T - 1 1 Tl w
S 3RERL 0 ... —3RIRg
u u
2 —IRTRR  S2  IRERL ... 0 2
d 2 .
— : =_ A1 ) —1iRr
dt | - Ax : 2RiRR S5
0 . . . 1RTR
uy_q . o . PENREN uy_q
IRER, . 0 —IRTRx Sy
L UN L J Lun |
(10.5)

Here the periodic boundary conditions are enforced by coupling the
. The global semi-discrete system can be written compactly as

i 2
U_Au, A=

au _“ a1
T Ax H™ Qg, (10.6)

where u collects all element degrees of freedom and Qg denotes the global
system matrix.
The exact time evolution is given by

u(t) = exp(At) u(0). (10.7)
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If we use the classical SBP operators (cf. 3.7), the matrix Qg becomes skew-
symmetric. However, the associated norm matrix H is not a scaled identity,
so the discrete operator A = — I:Fng is not skew-symmetric in general. We
are particularly interested in the case where A is skew-symmetric, since then

exp(At) = exp (i é t) ,

and é is Hermitian. This allows the time evolution operator exp(Af) to be
implemented on a quantum computer via QSVT as a polynomial transforma-
tion of the Hermitian operator é

Modal Discretisation

To obtain a skew-symmetric global operator A, we employ a modal discreti-
sation with orthonormal Legendre basis functions. On each element «, the
solution takes the form

(%) L) )
w, ) (x,8) = Y07 (1) @i (@1 (x) = Y (8) 9i(€),  x € O, (10.8)

i=0 i=0

where {ﬁEK) }LO are the modal coefficients and ¢; is the i-th orthonormalised
Legendre polynomial. The Legendre polynomials P;(&) satisfy

1 2
/ P;i(&) Pi(§)d¢ = mfszj-

-1

Consequently, defining

2i41
pi(€) = \/ 75— P9,

we obtain an orthonormal basis on [—1, 1]:

/ 11 9:(€) p;(€) de = 5y

Figure 10.2 shows the first few orthonormal Legendre polynomials on [—1, 1].

Given a continuous function G(x), the modal coefficients are obtained by
projection onto the basis,

0" = /,11 G(Pe(€)) @i(&) dE. (10.9)

In practice, these integrals are approximated using high-order quadrature
rules to ensure accuracy of the modal representation. We employ adaptive
Gauss—Kronrod quadrature based on the QuadGK. j1 package [Jul2s] with a
tight absolute tolerance of ¢; = 10715 to suppress numerical errors in the

projection.
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Recall that the diagonal mass matrix defines a discrete inner product on the
reference element. For the orthonormal Legendre basis { ¢; } f:(), the modal
mass matrix is

. 1
Hi; = /1 @i(&) @;(€) d§ = 6yj. (10.10)

Thus A = Tp41,50 A-l=A= Tyt Similarly, the entries Qyij are given by

Quip= [ i@ () 3-9y(@5 " (1))

Xx—1

! o 2 A
:/_1 i(€) Q’j(f)Afx?xdf (10.11)

= /_l1 9i(&) @j(€) dg,

where we performed the change of variables ¢ = & 1(x). Hence Qy is inde-
pendent of the element index «, depending only on the local basis functions.
The final expression in (10.11) has a closed-form solution (see Appendix C):

V(2i+1)(2j4+1), i+jodd, j>1i,

0, otherwise.

Q= [ o) g}(6) de = {

(10.12)
Finally, the extrapolation operators to the left and right boundaries of the
reference element are given by evaluation of the basis functions:

RL=[o0(-1) 1(-1) - gp(-D)],

(10.13)
Rr = {4’0(-#1) p1(+1) - (Pp(+1)}'
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Figure 10.2: First five orthonormal
Legendre polynomials on [—1,1].
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Using ¢;(1) = 4/ 21“ and ¢;(—1) = , we have

1
Zj 2

= 5 (9i(g;(1) = pi(~D)g;(~1))

(1—(—1)f+f) (2i +1)(2j +1)
0

E:: (RRRR R{RL)U

2
1
4
B B i+ jeven,
3/ @i+1)(2j+1), i+jodd.
Hence, the stiffness matrix entries are

(2i+1)(2j+1), i+jodd, j>i,

Sij=Qj—Ej=-1/@2i+1)(2j+1), i+jodd, i>j, (10.14)
0, otherwise.
Similarly,
1/.7 1 ,
2 (RRRe), = -1/ @i+ 1)@j+1),
1 /.7 1, :
> (RLRR)ij = (-1 @i+1)(2]+1). (10.15)

Thus, sRER, = (3RTRR) T so the off-diagonal coupling blocks are trans-
posed negatives in the global operator.

From (10.14) it is immedjiate that S is skew-symmetric. Combining (10.14)
and (10.15), we conclude that the global operator Qg is skew symmetric.
Consequently, with H = 1, the global semi-discrete operator simplifies to

2
A=——Q,,
Ang

which is itself skew-symmetric. In this case,
A
exp(At) = exp (i 7 t) ,

and is Hermitian as desired. The dimension of the global discretisation
operator is is determined by the total number of elements and the local
polynomial order:

N := tglem (p + 1).

Each of the n1gjen, elements contributes a local block of size (p+1) x (p+1).

Numerical Results

We solve the one-dimensional linear advection equation on Q) = [0, 1] with
periodic boundary conditions, positive unit wave speed using the modal
Legendre discretisation. The initial condition is

F(x) = sin(27mtx),
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whose modal coefficients on element x are obtained by projection:
1
™ (0) = /_1 sin(27 y(€)) pi(€)de,  i=0,...,p.  (10.6)

The global semi-discrete system is advanced in time to f = 1 using a Krylov
subspace based exponential integrators from the Exponentialutilities.jl
package [Scizs]. The exact solution is given by

U(x,t) = sin(2r(x —t)),

and the error is measured in the L2 norm,

N . , 1/2
U — | 2 = <21/Q U(xt) -l (2, 1)) dx>

N N 1 ) " ) 1/2
(FEL ocn-Farome)a)

(10.17)
Elementwise integrals are again approximated numerically with a tight ab-

solute tolerance. Figure 10.3 reports ||/ — uy||;2 versus mesh spacing Ax
for polynomial degrees p = 1 to 5. The rates are computed using a least-
squares fit on the last three data points and are consistent with the expected
high-order convergence for smooth periodic data.

10° 4

L* Error

107 4 Rate
1 — Order 1 =1.66
— Order 2 =3.15

Order 3 = 4.07
— Order 4 = 5.67

— Order 5 = 6.71

107"°

10‘720 10‘4.5 10‘40

Element size Az

10.2 Quantum Realisation of the Semi-Discrete
System

In order to construct the quantum analogue of the semi-discrete system, we
first map the numerical solution u, () obtained from the discretised PDE to
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Figure 10.3: L2-error convergence
of the classical SBP scheme for 1D
linear advection problem.
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a quantum state and identify how the QSVT procedure acts on it. We use
the notation U (T) for the exact PDE solution, uy,(T) for its semi-discrete
approximation, and ”Z (T) for the solution reconstructed from the quantum
algorithm. For the semi-discrete system in (10.4), the evolution operator

Ur :=exp <i?T>

is unitary since A is skew-symmetric. Hence, the semi-discrete evolution
preserves the discrete energy:*

[ (T)|l2 = [[un(0) 2.

State Preparation and Time Evolution

To initialise the quantum algorithm, the classical vector u,(0) is normalised
and encoded as a quantum state,

_u(0)
Jun(0)”

This state is prepared using a state preparation procedure that maps the all-

zero state to |up), PREP [0") = |ug) . The QSVT circuit V1 implements an
(1,-,&4) block-encoding of Ut. Let

|ug) :

[¢1) :=Vrluo),  |pr):=Ur|uo) = IZS((OT))HZ

By the operator-norm bound for QSVT approximations,

I1gr) = lor)lly = [[(Vr =VUr) [uo)lly < (VT = Uz [lfuo)ll; < e
(10.18)

Reconstruction and Success Probability

Since U7 is unitary, the QSVT circuit involves no amplitude attenuation from
the block-encoding normalisation: postselection succeeds with probability
1-0 (sé ), and no amplitude amplification is required. To recover the classical
solution, we rescale by the known initial norm,

uy(T) = [lu(0) |12 |-
The reconstruction error is given by
e (T) — 1 (T) |2 < [y (0) |12 2.

Thus, QSVT contributes an algorithmic error proportional to the desired
tolerance &, and the initial data norm.
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> For any unitary Ur, we have ||Uru|j3 =
w*UsUru = |Ju)3.

in = log,(N) qubits are required to
represent an N-dimensional vector.
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Overall Error Bound

We want to quantify the error between U (T), uj,(T), and uZ (T). Using the
triangle inequality, we have

HU(T) —ul(T)

o < IUCT) = (T2 + (T = ] (T)

L2’

[HWo7, p. 88] shows that for smooth periodic solution and initial data, the
error from the modal Legendre discretisation for the advection equation

follows

L
|U(T) — up(T)| 2 < CAXPTIT,  Ax= , (10.19)

Nelem

with C > 0 independent of p and ngjep,. Thus, the overall error bound is

p+1
HZ/I(T) fuZ(T)‘ LSC (ni;m) T + [un(0)]| e, (10.20)
ey QSVT error

Numerical Verification

Figure 10.4 shows convergence behaviour of the quantum algorithm, plotting
the overall error HL{ (T) - ”Z (T) H 2 against the mesh spacing Ax for poly-

nomial degrees p = 1 and 3. The QSVT tolerance is fixed at e, = 10713 to
ensure that the total error is dominated by the classical discretisation term ¢,
and to remain within the numerical precision limits of the pYQs? package
used to compute the QSVT phase factors. The observed rates (computed by
least-squares fit on the last three data points) are consistent with the expected
high-order convergence from the classical discretisation.

10724
g
&
= 1074,
Rate
-6
107 — Order 1 = 1.62
— Order3=3.7

1011.75 1011.50 1011 25 101100 1010.75
Element size Az
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Figure 10.4: L?-error convergence
of the quantum algorithm for poly-
nomial degrees p = 1 and 3 with
fixed QSVT tolerance ¢; = 10~ 13.
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10.3 Quantum Circuit Complexity

‘We now compute the quantum circuit complexity for implementing the time
evolution operator exp(At) using QSVT. The overall complexity depends
on the number of queries to a block-encoding of %, and the cost of each
query. From Theorem 9.2, the number of queries to block-encoding of A
depends on the normalisation factor & and the evolution time f. For brevity,
we use A to denote A for

Normalisation Factor

Recall from Equation (7.15) that the normalisation factor of the block-encoding X 8 ? 10 1
is PR SRR S SV
so—1 1 1 1 !
& = Z |Al |/
=0 5 ¢ -1 F -2
where the entries of A are partitioned into sy data items satisfying the offset
condition of Assumption 7.1. In particular, each data item corresponds to a 6 o —\{Tﬁ 2 | =t®
set of nonzero entries whose row indices are related to the column index j
by an arithmetic map 7;(j) = j +k; (mod N). Since the global operator is - | | |
A= —ﬁQg with Ax = nelLem where L = b — a, the overall normalisation
factor scales as ) 8 o S
ap = Ax kQy = L Melem XQg- o v B
where aq, denotes the contribution obtained from the block-encoding of i i
Qq alone. 10 _ @ @
The operator Qg has a block-tridiagonal form with diagonal blocks S and
off-diagonal coupling blocks given by sR% R, and —1R] Rg. Since these u _ 3
three local blocks repeat across every block column with a fixed offset, it
suffices to consider a single “middle” block column when determining the 1o [
set of distinct data items. The offset structure ensures that all repetitions
are automatically accounted for. Figure 10.5 shows the structure of one y 3 AL
representative block column for polynomial degree p = 3.
Counting data items. Let m := p+1 denote the dimension of each block;
throughout this section we adopt 7 as shorthand for p+1 to simplify notation. s [T 7

* The local stiffness block S has a checkerboard sparsity: an entry is nonzero
Figure 10.5: Representative block

only when i + j is odd. Thus, for even m (the case relevant here, since we
columnof Aforp = 3. Each

assume m is a power of two),
colored squareisa4 x4 local

.. m2 block: top = %R£ Ry, middle =S,
#(0.]) Sij #0} = R bottom = —%R{RR. Gray cells in
S indicate zero entries.

* Each of the two coupling blocks is dense, contributing m? nonzeros apiece.
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Hence one representative block column contains

2
50 = m7—|—2m2 = gmz

data items that satisfy the offset condition. Thus, the normalisation factor «
is simply the sum of the absolute values of all entries in one block column.
The absolute values of the nonzero entries are

(2i+1)(2j+1) (i+jodd),

W(@i+1)(2j+1).

Z V(2 +1)(2j+1).

i,j=0
i+j odd

‘Sl]’:%

= ‘%(R{RR)U’ =

‘%(RgRL)ij

Thus, the normalisation factor is
1 m
Q=3 Z (2i+1)(2j+1) +

Lemma 10.1. The normalisation factor ap satisfies xp € O (Ngjey m> /L)

N \

Proof.

Introduce
m—1 m—1 .
Y (—1)'V2i+1.

Then

mZ_fW/(ZiJrl)(ZjJrl):S%

i,j=0
m 2
< </ \/2x+1dx)
0

= ((2711—1—13)3/2—1>2 c O(md).

Similarly,
Y J@i+1)(2j+1) = 752 S3.

0<i,j<m—1
i+j odd

The sum S5 can be factorised as
2 V2i+1
i (Vai+1-v4i+3)

i=0

2

Z\/WJM/W'
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Bounding the summand on both sides gives:

1 2 1
- < - < — )
VA+1 T VAi+3+V4+1 T VAi+3

Approximating the sums by integrals yields

m—1 1 p S m—1 1
——dx < < — —_—
0 Viax+1 2= 0 V4x+3

Combining these estimates, we find that aq, € ©@(m?). Hence, the overall

dx, => S, € O(y/m).

normalisation factor ap scales as

ap € ®(nelem m3/L).

Block-Encoding Cost

Having determined that each representative block column contributes sg =
5m? distinct data items, we now quantify the qubit requirements of the block-
encoding in terms of the polynomial degree p and the number of elements
Nelem- The dataindex ! € {0,...,s9 — 1} labels each distinct nonzero entry
corresponding to a shift map 7;(j) = j+k; (mod N). To address all possible
I, the ancilla register must be large enough to encode s¢ items. Let

ng := [logso| = [log(%mz)—‘

denote the number of ancillary qubits required to index the data items. The
data register indexes the rows and columns of the global operator A € CN*N,

where N = gjen, M. Accordingly, the data register requires

ng := [log N| = [log(mnegjem) |

qubits to address all matrix indices. Unless otherwise stated, all logarithms
are base 2. We now quantify the cost of implementing the block-encoding
oracles.

PREP/UNPREP oracle. Recall that the state-preparation oracles PREP and
UNPREP require O(s) two-qubit gates, where s = 2"2. We do not consider
any optimised state-preparation methods for PREP /UNPREP in this thesis.
Since s is the next power of two above sy, we have

sp <5 <25 = Ofs)=0(m?). (10.21)

Accounting for both PREP and UNPREP, the combined data-loader cost is
therefore
CPREP = O(mz) (10.22)
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Oy oracle. Recall that O, implements the arithmetic maps
rn(j)=j+k (modN), [1=0,...,s50—1,

where each offset k; corresponds to one of the distinct data items defined
previously. Since we have sy = %m2 data items, we must implement s
controlled addition circuits, each performing a shift by a constant offset k;.

Note 10. In practice, our Gray-code-based construction yields a substantially lower
empirical cost, scaling as O(mlogm) rather than O(m?). This improvement
depends on implementation details such as the chosen ESOP minimisation strategy,
ordering heuristics, and the internal structure of the Boolean synthesis solver.
For our complexity analysis, we adopt the conservative O (m?) bound to ensure
consistency across different implementations.

Each offset gate for n-qubit register with ¢ controls uses O(c + nlog(n))
CX-gates if one dirty ancilla qubit is available. We can use the target qubit
of Oyg as a dirty ancilla for O;. In our setting,

n=ng= [log(mnelem)w, c=mn, = [log(%mz)].

Summing over all sy shifts, the total cost of the O, oracle is so (1, + 14 logny),

ie.,

r

Co, =0 <m2 (logm + (10g nglem + log m) log(log nejem + log m))) :
(10.23)
Org oracle. The Org oracle has one MCX gate per data item, so there are a
total of sp such gates. Each data item requires only a single MCX because
the item follows a structured, repeating activation pattern that is simplified
by ESOP minimisation. Each MCX,;-gate requires 12n — 18 CX-gates if one
dirty ancilla is available.
Not counting further optimisations, the 1, ancilla qubits (indexing the
data items) act as controls exactly as in O,. On the data register, due to the

ESOP simplification the predicate evaluates only the residue class j mod m,
rather than the full index j. Hence the data-side controls reduce to

= {1og m]
instead of using all 14 bits. Therefore, each MCX is controlled on
n=ng+ny = | log(§m?) | + [logm]
qubits. With one MCX per data item, the total two-qubit gate cost is
s0 (121 — 18) = gmz 12 ([10g(3m?)| + [10gm] ) — 18] honn)
= O (m?log(m)) .
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Combining (10.21), (10.23), and (10.24), the overall CX cost for one appli-
cation of the block-encoding is

Cpe =0 (mz ( log m+ (log Nelem + log m) log(log Nelem t log m))) :

(10.25)
Thus, the dominant cost arises from the O, oracle. Empirically, our Gray-
code optimisation often reduces the effective number of data items to st =
O(mlogm), which correspondingly tightens the cost of both O, and Oyg.
Figure 10.6 plots the measured CX counts versus the global matrix size N =
Nelem (Pp+1) where, for each curve, the polynomial order p is fixed (with
p+1 = 25) and the number of elements 7gjem is doubled along the x-axis.
Each curve shows the expected (poly)logarithmic growth in N at fixed order,

while the vertical separation across curves reflects the m? prefactor in (10.25).

Order (p)
—— 1
106 —*— 3 - - - &
. ° o
15
—eo— 31
10°
o
c
3 B —
S} & S * o
S -— o
X
O

103

4 8 16 32 64 128 256 512
N = nelem(p + 1)

Overall QSVT Complexity

We can now summarise the quantum circuit complexity for implementing the
time evolution operator exp(AT) using QSVT for T > 0. From Theorem 9.2,
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the total number of queries to the block-encoding of A is

log(1/¢4)
o+ ST

Q =0|aT+ (10.26)

and additional two-qubit gate overhead of O (T a) where a4 is the number
of ancilla qubits used in the block-encoding. In our case, a = [logsy| =
O(logm).

In the asymptotic complexity (10.26), the first term dominates whenever
aT > log(1/¢,). This regime is precisely the one of practical interest for
large-scale scientific and engineering problems. The the block-encoding
normalisation factor scales as & € @ (gjem 7°), 50 even for moderate time
horizons T = O(1), the product aT rapidly exceeds log(1/¢,) for practi-
cally relevant accuracies (e.g., &5 ~ 107°-10712). Typical applications such
as global atmospheric dynamics or high-Reynolds-number turbulence often
involve Ngjem ~ 10°-107, yielding aT ~ 10°—10° while log(1/¢4) < 20.
Hence the precision-dependent term contributes negligibly in these compute-
dominated regimes. Consequently, for the purpose of determining the opti-
mal discretisation parameters p and #lgjey,, we may work under the dominant-
term approximation

log(1/¢)

O|al +
log e + )

~ OT),

which simplifies the optimisation analysis. After obtaining the optimal values

*
elem’

sion to recover the complete scaling with e; and T. As shown in Figure 10.7,

p*andn we substitute them back into the full QSVT complexity expres-
as «T increases, the contours flatten, indicating that for sufficiently large
problems the required polynomial degree becomes nearly independent of the
target tolerance. This behaviour quantitatively supports the validity of this
approximation in the compute-dominated regime.

Choosing p and 7gjen,

Having derived the quantum circuit complexity, we now select the poly-
nomial degree p and the number of elements ngje, to achieve a desired
accuracy . Since we are working under the dominant-term approximation,
we fix the QSVT error tolerance £; < 0.1¢/||uy,(0)||2 and the discretisation
tolerance €5 < 0.9¢ so that the overall error bound (10.20) is satisfied. A
similar constant-fraction split was adopted in [PJK'W25, Corollary 11] when
optimising multiple query-dependent costs under a single global tolerance.
Based on (10.19), it suffices to choose (p, ejem ) such that

L \Pt! cT\ Y (p+1)
C < > T < &5 < MNgem = L () .
Melem €4
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2539

2116

1693

d(T, €)

1271

250 500 750 1000 1250 1500 1750 2000
T=aT

For brevity set R := CT /g4 > 1. Using the lower bound for #¢jep,,

> LRl/mr log ngjem = log L + IO%R’ m:=p+1.

Nelem

Under the dominant-term approximation, the overall CX-gate complexity

we seek to minimise is
Casvr(p, fetem, T,€4) = Q- Cpg + O(aTa).
where Q = O(aT). Substituting the expressions for « and Cpg, we obtain

CQSVT(p/ Nelem, T, ed) =0 (nelem/L Tm® [log m+

(log Nelem + log m) log(log Nelem + log m)} ) :
(10.27)
Substituting #gem = LR/ into (10.27) and collecting slowly varying poly-

logarithmic terms into
A(m,L,R) :=logm+ (logL—l—logrrH— 10%) log(logL—l—logm—l— 10%),
the cost simplifies to

O(Tm5 RY/™ A(m,L,R)). (10.28)

We now seek to choose m > 1 to minimise the cost expression f(m) :=
mPRY™A(m, L, R). We instead minimise its logarithm,

g(m) = log f(m) = Slogm + 5% +1og A(m, L, R).
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Note that since A(m,L,R) = O(logmlog(logm)), its logarithm grows

as doubly-logarithmically in m. Thus, the the dominant behaviour is cap-
logR

tured by the first two factors, giving g(m) := log f(m) ~ 5logm +
Stationarity ¢’ (m) = 0 yields
5 logR

log R log R
— * *

m T w2 0 T M =T P =g
With R = CT /e, we obtain

m* = 1og<CT) pr = 1og(CT)fl, Mo & LRY™ =L ¢S,

-1

Resulting complexity at the optimum. ~Atm* = L1og(CT/e;), we have RYm =
¢® = ©(1) and hence n¥, . = Le°. The per-query block-encoding cost be-
comes

Coe(m*) = O((m* ) A(, LR)),  m* = %log(%).

Since a*T = ©(T(m*)?), the total two-qubit complexity is the sum of the
dominant aT-term and the precision-driven term:

Casvr(m*) = O(T (m*)° A(m*,L,R))
dominant T term
log(1/¢4)

“of
log(1/¢4)
log(e+ 7®(T (m*§3)>

(m*)? A(m*, L,R)) .

precision term

(10.29)
Absorbing constant multiplicative factors into big-O, we may take R = T'/¢

and equivalently write

Casyr(m*) = O(T 10g5<%> ( log(%) Z))

o B o (2) A hos (£).1.7))
log (e * Tllogggl(;g/)e)>

(10.30)
Recall that A(m, L, R) grows only polylogarithmically with m, L, and R =
%. Thus, the total two-qubit gate count grows linearly with the simulation
time T and polylogarithmically with 1/e.

10.4 Limitations and Future Extensions

Limitations

The proposed framework makes several simplifying assumptions that restrict
its applicability to broader classes of problems. First, we assume access to an
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oracle for state preparation corresponding to the initial condition. Preparing
arbitrary initial states remains an open challenge in quantum algorithms, and
likewise, this work does not address the issue of state readout. Second, the
approach relies on the skew-symmetry of the semi-discrete operator, which
holds for certain classes of periodic boundary conditions. For such operators,
QSVT realises eigenvalue transformations, but this assumption limits the
framework to a subset of PDEs and boundary conditions. Finally, the current
implementation assumes a uniform computational mesh. Many practical
PDE problems often require non-uniform or curvilinear meshes to capture
local solution features. In such cases, the discrete norm matrix A is no longer
proportional to the identity, necessitating distinct data loads for each element
and thereby increasing the block-encoding cost.

Future Extensions

Extensions to Non-Skew-Symmetric Operators A natural next step is to extend
the framework beyond skew-symmetric operators. Several recent works
propose alternatives for simulating non-Hermitian dynamics on quantum
computers [FLT23, ACLY 24, HJLZ24]. One promising approach is the Lin-
ear Combination of Hamiltonian Simulation (LCHS) algorithm [ACLY 24],
which decomposes a general operator as

_A4AT A— At

A=L+iH L= H—
i, 2 2’

and expresses the matrix exponential via a contour integral,

exp(—At) = /]R 1f£k3k exp(—it(kL + H))dk,
where f (k) is chosen from a family of kernel functions. The integral is then
approximated using a quadrature rule, and each term in the quadrature rule
involves simulating operator kL + H using Hamiltonian-simulation tech-
niques such as QSVT. It was recently proven in [LS25] that LCHS achieves
asymptotically optimal scaling for matrix exponentiation; within a constant
factor of three of pure QSVT further motivating QSVT-based algorithms
for solving PDEs numerically.

Another line of extension involves quantum linear system algorithms
(QLSAs), which can be used to implement implicit time-stepping schemes.
While recent comparisons suggest that LCHS can outperform QLSA by
102 — 103 in two-qubit gate counts for time-dependent problems [PJTKW/25],
QLSAs compute the full intermediate state at each time step, which can be
advantageous for certain applications. Both approaches ultimately require (i)
a block-encoding of the discretised operator, (ii) a QSVT-based polynomial
approximation of the desired function, and (iii) efficient state preparation and
readout-making the block-encoding scheme developed in this work directly
reusable in both contexts.
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Curvilinear Meshes Extending the framework to curvilinear meshes repre-
sents another key direction. In the current formulation, the discretisation
is performed classically before block-encoding the resulting operator. For
non-uniform or curved meshes, the elementwise discretisation stencils vary
across the domain, requiring distinct data items for each element and in-
creasing both the number of data-loading operations and the normalisation
factor. A promising strategy is to separate the encoding of mesh geometry
and discretisation coeflicients. Curvilinear meshes are often represented as
polynomial mappings from reference element coordinates to physical space;
these mappings and their derivatives could themselves be approximated using
QSVT, allowing the loading of only the minimal geometric data (e.g., nodal
coordinates in reference space).

State Preparation and Readout  Finally, recent work [MGB22, OS25] has ex-
plored using QSVT for state preparation, where the statevector is given as
function values on a discrete grid. By loading grid coordinates along a diagonal
matrix and applying QSVT to transform the diagonal entries into polynomial
approximations of the target function, one can prepare the desired initial
state. Beyond state preparation, recent studies, such as [LW] " 25], have shown
that in certain PDE contexts, linear functionals of the solution vector can be
estimated exponentially faster on a quantum computer. Adapting this idea to
the present framework would enable practical readout strategies focused on
physically relevant observables.
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Conclusions and Recommendations

11.1  Conclusions

This thesis establishes a significant step toward a unified framework for trans-
lating classical high-order discretisations with provable stability into efficient
quantum algorithms for linear PDEs. By starting from well-posed PDEs and
constructing stable semi-discrete formulations, we have shown that these
stability principles can be preserved at the semi-discrete level within the quan-
tum circuit model through block-encoding and time evolution via QSVT.
The result is a quantum algorithmic formulation that retains the discrete en-
ergy estimates, conservation properties, and operator structures of its classical
analogue while admitting an efficient realisation in terms of quantum gates.

Chapter 6 provides the quantum foundations required for implementing
these discretisations efficiently on quantum hardware via block-encoding. It
develops the arithmetic and control primitives underlying block-encoding,
which serve as the building blocks later assembled in Chapter 7 into an
algorithm that embeds structured matrices as sub-blocks of larger unitaries in
an efficient and automated manner. Together, these chapters form the bridge
between classical discretisation theory and quantum circuit design, providing
the foundation for automated synthesis of block-encodings.

Chapter 8 and Chapter 9 develop the polynomial-transformation machin-
ery that forms the mathematical basis of the main quantum algorithm. QSP is
introduced as a single-qubit protocol for implementing polynomial functions
through alternating phase sequences, and QSVT extends this principle to
arbitrary block-encoded matrices.

Chapter 10 brings everything together by realising the SBP—SAT semi-
discrete formulation of the linear advection equation as a complete quantum
algorithm. It derives explicit relationships between classical discretisation
and quantum approximation errors and establishes complexity bounds on
block-encoding normalisation, QSVT query complexity, and the optimal
trade-off between polynomial degree and mesh resolution. This final chapter
highlights the central contribution of the thesis: demonstrating, through a
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concrete example, that high-order energy-stable discretisations can be im-
plemented as quantum circuits while maintaining their theoretical guaran-
tees. Our construction provides a blueprint for automating the synthesis of
discretisation-faithful quantum algorithms for a broad class of linear PDEs
and advanced numerical methods.

Contributions

The main contributions of this thesis can be summarised as follows:

¢ Ancilla-efficient automated block-encodings. Design of an automated
circuit-synthesis framework for block-encoding sparse, structured matrices
with minimal ancilla requirements. The approach avoids the overhead
of large ancillary registers typically required by general-purpose schemes,
making it more suitable for near-term and early fault-tolerant quantum
computers.

* High-order stable discretisations on quantum hardware. Most existing
quantum PDE approaches rely on first-order finite-difference discretisa-
tions. This thesis extends the paradigm to high-order SBP element-based
schemes, showing that classical energy-stable discretisations retain their
semi-discrete stability and conservation properties when realised as quan-
tum circuits.

* Cross-disciplinary synthesis and expository treatment. The thesis brings
together tools from numerical analysis, quantum algorithms, quantum
circuit synthesis, Boolean logic synthesis, and software engineering within
a single, coherent framework. Equal emphasis is placed on exposition
and reproducibility: each component is developed from first principles,
with explicit constructions, illustrative examples, and supporting software
utilities. This combination of methodological depth and pedagogical
clarity provides a self-contained resource for researchers seeking to apply
quantum computing techniques to state-of-the-art numerical simulation
problems.

* Explicit and verified quantum circuits. Construction of explicit quantum
circuits implementing time evolution via block-encoding and QSVT, mod-
ulo state-preparation oracles. All circuit components were verified through
classical simulation, confirming the correctness of the block-encoded op-
erators, QSVT transformations, and overall algorithmic behaviour. These
simulations provide empirical support for the theoretical analysis.

* SBPLitejl. Development of a lightweight Julia package for high-order
Summation-by-Parts discretisations. The package enables rapid proto-
typing of classical discretisations, automatic generation of operator matri-
ces, and numerical verification of energy stability on both uniform and
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curvilinear meshes. It serves as the classical foundation for the quantum
implementations presented later in the thesis.

11.2 Recommendations

Some recommendations for future work are listed below.

¢ Design SBP operators optimised for block-encoding. Exploit the intrinsic
flexibility in the definition of SBP operators to construct new variants
whose algebraic structure minimises block-encoding cost. This reverses
the usual perspective: instead of adapting block-encoding to a given dis-
cretisation, design discretisations whose coefficient patterns and sparsity
are inherently compatible with efficient quantum realisation.

¢ Increase ancilla budget. Explore block-encodings that trade circuit depth
for additional ancillary qubits, enabling efficient reversible arithmetic such
as long division and modulus checks [WLC24].

* Support non-power-of-two dimensions. Implement zero-padding and
efficient permutation circuits [DLX25] to handle matrices whose sizes are
not exact powers of two, reducing structural constraints on discretised
operators.

* Adopt dual-oracle block-encodings. Extend the automated synthesis
pipeline to support frameworks using both row and column oracles [SCC24],
broadening the class of efficiently encodable matrices.

* Generalise projector constructions. Investigate the use of arbitrary control
patterns and non-diagonal projectors within the block-encoding design to
enable more flexible operator structures.

* Extend beyond skew-symmetric operators. Incorporate QSVT-based
algorithms for non-Hermitian systems, including Linear Combination of
Hamiltonian Simulation (LCHS) [ACLY 24, LS25] and Quantum Linear
System Algorithms (QLSAs) [PJKW25].

* Integrate curvilinear geometries. Develop techniques for encoding curvi-
linear meshes where geometric mappings are computed using QSVT,
reducing per-element data loading.

* Leverage QSVT for state preparation and readout. Apply recent QSVT-
based methods [MGB22, OS25, LW] " 25] for preparing initial conditions
and extracting physically relevant observables efficiently.
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Appendix A: Supplementary Material

for Chapter 6

This appendix provides supplementary material for Chapter 6, including
detailed circuit constructions and explicit gate counts for the quantum circuits

discussed therein.

Quantum Incrementer

Naive Incrementer The quantum incrementer INC,, can be expressed as an

ordered product of MCX-gates:

where MCX; targets qubit j and is controlled on qubits 0,1, . ...

Each gate implements the propagation of a carry bit: starting from the
LSB, a bit flips iff all less significant bits are in the |1) state. Thus, the circuit
forms a cascade of MCX-gates, each applying a conditional flip determined by
the lower bits. This naive design is shown in Figure 1. Decomposing every
MCX; with the constructions from Chapter 6 leads to a quadratic cost, since

0
INC, := [] MCX;,
j=n—-1

I AR\
N\

D
Ay

D
€

each MCX; requires O(j) CX gates. Hence,

Naive incrementer cost: O (%) CX gates.

A more efficient alternative, due to Gidney [Gid18, Figure 19], achieves
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* The gate with the largest index acts first;
MCXp := X s a single X gate.

Figure 1: Naive incrementer using
a series of MCX gates for n = 6.

+1

? % ¢ ¢
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|
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Figure 2: Surrounding an incre-
ment gate with X gates turns it into
a decrement gate.
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the same operation using two’s-complement arithmetic with a dirty ancilla
register as detailed next.

Gidney Incrementer: n-dirty ancillae Let ¢ € {0,...,2" — 1} denote the
two’s-complement value held in a dirty ancilla register, and g its bitwise
complement. Then

g=(-¢—1)mod2" = g¢+g=-1mod2", —¢g—3% =1mod?2".

This identity, illustrated in Figure 2, implies that adding 1 can be realised by
subtracting both a value and its complement:

|x) — [x—¢—%) = |[(x+1) mod2"),

for any unknown g, enabling increment with only dirty ancillae. Figure 3
shows the corresponding circuit. The evolution of the quantum state proceeds
as:

1. Initialize: |x) |g)
2. Subtract the dirty register: |(x — g) mod 2") |g)

3. Apply bitwise negation to the ancilla: |(x — ¢) mod 2") |g)

4. Subtract the complement: |(x — ¢ —g) mod 2") [3) = |(x + 1) mod 2") |3)

5. Uncompute the negation: |(x + 1) mod 2") |g)

Both subtraction steps use the Van Rentergem adder applied in reverse.
The circuit therefore consists of two adders plus 211 X gates for the bitwise
negations, yielding

Total CX count = 32n — 30.

This achieves a linear gate count, representing a substantial improvement over
the naive O (n?) construction.

Gidney Incrementer: 1-dirty ancilla  Building on the previous adder, we now
describe a construction requiring only a single dirty ancilla qubit, follow-
ing [Gid18, Figure 20].
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Figure 3: Incrementer circuit for n-
qubit registers using n dirty ancilla
qubits in register |g).
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Let m = 2n — 1 and partition the m-qubit target register as
%) = |xu) @ lx1),  |xm) € Huo1, [x1) € Ha,

where |x1) holds the least significant bits. We also have a dirty ancilla |g) €
H1, prepended to |xy) to form the extended high register

~

%) = [8) |xm) € Ha-
The goal is to implement the transformation
|x) [xH) — |(x+1) mod2™),
using only one dirty qubit. The construction uses two interacting increments:

¢ Increment the low half unconditionally: Increment x; using the double-
subtraction method from before, treating Xy as the dirty register.

* Increment the high half conditionally: Increment xf; only when x; = |1").
This is achieved by sandwiching an addition of x, to X between two MCX
gates controlled on x;. When the control condition fails, the addition and
subtraction cancel; when true, the addition becomes another subtraction,
yielding

|5C\H> — ‘fH — 2xL) = ‘(&\H + 2) mod 2n> ,

since x; = —1 mod 2" in two’s—complement arithmetic?. > Two’s-complement identity: x;, =
[1") <= x; = —1 mod 2".
‘We now trace the evolution through the circuit shown in Figure 4:
1. Initialize: |x1) |Xp)
2. Subtract x from Xp: |x1) |(Xy — x) mod 2")
3. Conditionally complement X if x; = [1"):
N z ifxp =|1"),
%) [fxo (¥ — x1))  where  fy, (2) = ,
z otherwise
4. Add x7 in place: ‘XL> |fo(5C\H — XL) + XL>. When x; = ’1"),
froo (R —x1) +xp = Xy —xp +x, = —Xy — 3.

5. Uncompute the conditional complement:

3, xp=11",

|xp) |(Xg +0 —1) mod 2"), ¢ =
0, otherwise.

6. Increment x; unconditionally using the double-subtraction trick:

|(x +1) mod 2") |(Xyg +J — 1) mod 2") .
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If x; = |1"), then | (xz + 1) mod 2") = |0) and,
|(Rg +6 — 1) mod 2") = |(Xy +2) mod 2") = |g) |(xy +1) mod 2" 1),
yielding the final transformation
x)1g) — |(x+1) mod 2"} Ig),

thus realising a full increment using only a single dirty ancilla.

The construction described so far applies only to registers of odd length.
To extend it to even-length registers, we isolate the least significant bit and
perform a controlled increment on the remaining (m — 1)-bit subregister
conditioned on the LSB, followed by a final CX on the LSB. The increment
then decomposes into two steps:

1. Apply a controlled-increment to the upper (m — 1) bits, conditioned on
the LSB being |1).

2. Apply a CX gate to the LSB to complete the increment.

Intuitively, this works because toggling the LSB increments it modulo 2,
while the conditional increment propagates the carry when the LSB overflows
from |1) to |0). The resulting circuit is shown in Figure 5. A detailed gate-
count analysis yields:

44n — 62, n even,
Total CX count =

42n — 40, n odd.

Controlled Gidney Incrementer: 1-dirty ancilla  The controlled version of the
single-dirty-ancilla incrementer leverages the self-inverse structure of the
original circuit, which consists of a subtractor and adder separated by layers
of X and MCMT gates. To introduce control, all MCMT gates are promoted
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Figure 4: Incrementer circuit for an
n-qubit register with odd #, using
a single dirty ancilla qubit |g).

For small registers (n < 8), the naive
incrementer remains cheaper due to
constant factors. However, in block-
encoding contexts, 2" corresponds to
matrix dimension, so # is typically much
larger.
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-— — |x0) <
|x) +1 [x+1)
n _ n—1
] — = |X1.m-1) #
+1

to be conditioned on the control register, and the intervening X gates are
replaced by their controlled counterparts. The resulting circuit is shown in
Figure 6. When the control condition is inactive, the leading and trailing pairs
of MCMT gates do not trigger, and the subtractor-adder sequence cancels
exactly. A subtle modification ensures this cancellation still holds: the final
subtractor in the uncontrolled design is replaced by an adder conjugated by X
gates, maintaining reversibility when the control is off. When the control is
active, the circuit executes identically to the original incrementer, achieving
the desired controlled operation. The CX-gate complexity is bounded as?

60c +50n — 112, n even,
Total CX count =

Figure s: Incrementer circuit for an
n-qubit register with even #, using
a single dirty ancilla qubit |g).

3 Bounds are stated for the regime ¢ > n. In
block-encoding contexts we typically have
n > ¢, resulting in smaller actual counts.

48¢ +50n —92, n odd.
lotrl) A———o—— Jotrl) =2
n n | Input Input A A
I a— — |xL) ——— % +K N7
K K
%) +1 = | |
 — — & ® & &
K +K Input Input
. K
n—
|Xt) —+— 2 S 2 D
Figure 6: Controlled version of Fig-
ure 4. The pink gates indicate the
Constant Adders modification where the final sub-

Controlled Draper Constant Adder The controlled Draper constant adder
is obtained by promoting each phase gate in the CADD,(a) circuit to be
additionally controlled on an external register. The key insight is that when
the control condition is not met, no controlled-phase rotations are applied,
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tractor is replaced by an adder con-
jugated by X-gates.
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causing the QFT,, and QF T}, layers to cancel exactly. Consequently, the target
register remains unchanged, while if the control is active, the adder performs
the full modular addition. The corresponding circuit is shown in Figure 7.

Constant-Specific Optimisations for HRS Adder ~Additional circuit-level optimi-
sations can be performed by exploiting the structure of the classical constant
a. If a is divisible by 2%, then the lowest k qubits of the quantum register
|x) remain unchanged under addition modulo 2". Consequently, the adder
operates only on the upper n — k qubits, reducing both recursion depth and
total gate count. Formally, writing a = 2Xa’ gives

|x) — |xp) @ |[(xg +4a’) modz”_k>,

where |xr) are the lowest k qubits and |xg) the remaining n — k. The
optimisation is implemented by detecting the largest power-of-two factor
of a and omitting the corresponding least-significant qubits in the addition.
For example, a = 12 = 1100, = 22.3, so the two least significant qubits of
|x) remain fixed. The recursive adder thus acts only on the top n — 2 qubits
with constant 3. This truncation shortens the recursion and yields

Total CX count with shift optimisation: O((n — k) log(n — k)),

where k is the number of trailing zeros in the binary expansion of a.

Carry Gate Implementation 'The CARRY?, gate is implemented through re-
versible carry propagation using dirty ancillae. Let x; denote the i qubit
of the input register, a; the i bit of the constant a, and g; the dirty ancilla
carrying overflow from bit 7 to i+1. A carry is generated whenever (x; A 4;),
(x; Agi—1),or (a; A g;i_1) holds, giving

Qi & ® [(xiNap) @ (xi Agi1) ® (a; A gio1)].
This Boolean rule is implemented reversibly as:

e Ifa; =1, apply CX(x;+ g;) and an X on x; before the Toffoli to handle
the case x; = 0,8;-1 = 1.

* Always apply a Toffoli CCX(x;, g1, 8i)-

Because g;_1 may initially be |1), we must trigger the Toffoli only when
gi—1 was toggled by the current addition rather than its initial value. This is
ensured via the double-Toffoli trick: insert identical CCX(x;, gi—1, ;) gates
before and after the operations that may flip g;_1.

This guarantees correct carry propagation:

 If g; 1 is unchanged, the two Toffolis cancel.

o If gi_ toggles, the control configuration differs and g; is flipped once.
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Figure 7: Controlled Draper con-

stant adder circuit CADDj3 for
n=23anda =5 =101,.
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Assuming all a; = 1, the worst-case CX count is

Carry gate cost: 14n — 18 CX gates.

The first ancilla gy can be removed by
directly controlling g1 on xg. If a9 = 0, all
operations on gy cancel; if a9 = 1, the pair
reduces to a single CCX(xp+>g1).

_________ S S
|x) -] L ) |x0) — B ao)
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1 R = : | :

R 181) — & 57 G G2 G 1182)

Y [x3) —4-@ & @1 1)

182) —-D— G &—& Is3)
0) — L) A S e x+11),

Controlled Carry Gate The controlled CARRY?, gate, shown in Figure o,
extends the original carry logic (Figure 8) to the controlled setting. The circuit
follows a standard compute-uncompute pattern consisting of subcircuits F
and F?, enclosed by two CX gates. To obtain the controlled version, the
control condition is applied only to these two outer CX gates. When the
control is inactive, the controlled CX gates act as identities, and the F and
FT blocks cancel, leaving the carry register unchanged. When the control is
active, the circuit behaves identically to the original CARRY7, and computes
the correct overflow bit. The CX-gate complexity is:4

Total CX count: 24c + 14n — 44.
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Figure 8: Example circuit for com-
puting the final carry bit of x 4 11
using dirty ancilla qubits g. The
pink gates acting on qubit 7 are
present only if the i-th bit of the
constant a4 is 1. For the constant
a =11 = 1011, the gates on qubit
index 2 are omitted, since a4, = 0.

+ This bound assumes ¢ > 2n, which is rare
in our block-encoding applications.
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|ctrl) A———— letrl) A "

__________ k| o FI o __
|x0) —+ i T [%0)
x1) — ® | ® + [x1)

)+ =) | i '
1g0) — O—D9——1 O : [51)
c = |x) —H ax |xa)
A ' V| :
il I 81) — <> S SERR S + [82)
R |x3) —-9—B : : D¢ |x3)
Y 82) —H©&—0 Sid O—&+ Iss)
|0) ——— — |(x +a)n) 0) —b D X +11)4

Figure 9: Controlled CARRY? gate.
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Appendix B: Supplementary Material
for Chapter 7

Commutativity of Block-Encoding Oracles
Lemma .1. The oracle Ogata commutes with both Org and O,

Proof.

We verify commutativity case by case.

¢ Commutation with O,. Consider
(Odata & 1N+2><]12 ® ]12 ® OV) |0>data |0>ﬂag |l> ‘]>

B {(Odata ®IN+2) [0)gaea [0 iag |) [71(7)) 1€ (0,50 — 1],
(Odata ® IN+2) [0) gaca |0) iag 1) 17) » I € [so,5 — 1],

Al )2 .
(AT 100 1= (AT ) M) 10)gag 11 1700} 1 € [0,50 = 1],

10)data 0) iag 1) 170/ I € [s0,5 — 1.
®)

Reversing the order yields the same action:

(12 @ 12 ® Or) (Odata ® IN+2) [0)daa 0) g I1) [7)

A Al \2 )
@100 (1 0+ 1= (A1) M) 0)gag 1D 1), 1€ [0,50 — 1],

(]12®]12®OT’) |0>data |0>ﬂag|l> ‘]>/ le [50/5_1]/

A Al \? .
(HAHIIMX 10)daca + 1/ 1 — (H/‘;Hifnla) |1>data) 10) ag [1) [71(7)) 1€ [0,50 —1],

|0>data‘0>ﬂag|l> |]>/ le [5015_1]'
()

Hence, Og,t, commutes with O,.
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* Commutation with Org. Similarly,

(Odata & ]1N+2)(]12 & Org) |0>data |0>ﬂag |l> |]>

(Odata @ UN+2) [0)gara [Dgag [D) 17}, 1€ (0,50 =1], j € Gy,

(Odata ®HN+2) ‘O>data |1>ﬂag |Z> |]> 4 le [So,S - 1] Orj ¢ Cl/

2 .
(AT 100 + /1= (=) Maaea) D 1D 1), 1€ 050 =1), j€C

|0>data ‘1>ﬂag |l> |]> ’ le [SO/S - 1] OI'j ¢ Cl/

(3)

Again, reversing the order yields the same expression:

(12 ® Org) (Odata @ IN+2) [0) daea [0) iag 1) [7)

2 .
(12 Org) (1] 10a + /1= (72T) Mtaa) 10g 1D 170, 1€ 0,50 1),

(12 ® Org) [0) gaa [0} 1) 1) e [so,s 1],

2
(7 0)ga + /1~ (1) W) ODag 1), 1€ 050 =11, j € €

ax

10)data [ 1) fiag 1) 170/ I € [so,s —1orj &C.

(4)

Hence, Ogata commutes with Opg.
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Algorithm 4: Canonical Offset

Input: Integersi,j € [0, N — 1], modulus N > 0.
Output: Canonical representative k € [-N + 1, N — 1] satisfying k = (i — j) mod N.

(8]

10:

11:
12:
13:
14:
15:
16:
17:
18:

QA v B

. diff < (i —j) mod N
. if diff = 0 then

return 0

. end if
: kl <+ diff
- ky < diff — N

: function v, (m)

m < |m|
return bitlength(m & —m) — 1
end function

f < vp(kq),
if t| # tp then
return arg maXye i, k,} 02 (k)
else if |kq| # |k2| then
return arg minge gk, k,1 K|

tz — U (kz)

else

return max (kq, k2)
end if

D> positive representative
> negative representative

> number of trailing zeros in binary representation

> tie: prefer positive representative
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Appendix C: Supplementary Material
for Chapter 10

Integral Identity for Legendre Polynomials

Lemma .2. For orthonormalised Legendre polynomials,
1 V2i+1)(2j4+1), i+jodd, j>i,
'/_1 9i(§) ¢j(§) d = {

0, otherwise.

Proof.
Using ¢;(€) = 1/ 2L P;(€), we obtain

1 - - 1
[ 90 gj(&)de = YEREED [ pe)pi(e) de.

Integration by parts gives

! / 1 /
L= [ P©OP©ds = [POR], - [ PHOP € de
The boundary term is 1 — (—1)7*/, and we have

0, i+ jeven,

Li+ILi=1—(-1)" =
P 1) {2, i+ jodd.

Ifj < i, then Pj’ has degree < j —1 < i, s0 by orthogonality I;; = 0. Similarly,
if j > 1, then I = 0. Thus, we have

. {2, i+jodd,j> i,
1

0, otherwise.

The result follows. |
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Quantum Circuit for Block-Encoding Qg

PREP UNPREP

Figure 10: Block-encoding Qg ma-
trix for p = 1.
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