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Abstract

Superconducting circuits, recognized by the 2025 Nobel Prize in Physics, have become
a leading platform for physics simulation, quantum computation, and advanced materials
research. This thesis advances both physics emulation and coherence characterization
within this framework.

The first part presents a scalable superconducting-circuit architecture for studying
physics dynamics on non-Euclidean lattices. By using high-quality semi-lumped copla-
nar waveguide resonators with carefully engineered capacitive couplings, we implement
tight-binding networks whose connectivity cannot be embedded in Euclidean space. This
enables the experimental realization of three distinct lattices: the f8, 3g hyperbolic lat-
tice, a kagome-like variant, and a f12, 4g lattice whose fundamental domain resides on a
genus-3 Riemann surface. Measurements reveal features predicted by hyperbolic band the-
ory, including a macroscopically degenerate flat-band ground state and clear differentiation
between Euclidean and hyperbolic connectivity.

Next, the thesis explores coherence phenomena theoretically, focusing on the rapid
generation of non-classical states relevant to bosonic quantum computing. A fast protocol
is proposed to generate Schrödinger cat states in a resonator using a continuously driven
qubit, without relying on the dispersive regime, Kerr nonlinearity, or engineered dissipation.
Analysis in the resonant regime reveals that the cat-state size grows quadratically with
time, and the method is extended to weakly anharmonic qutrits, making it applicable to
transmon qubits.

The final part examines noise and decoherence in superconducting qubits through
long-duration purity benchmarking experiments. These measurements separately quan-
tify coherent and incoherent error processes and reveal strong frequency dependence and
telegraphic fluctuations that are consistent with coupling to individual two-level defects
(TLSs).

Additional multi-qubit characterization experiments, presented in the appendices, doc-
ument the fabrication, calibration, and device-level procedures underlying the main projects.

Altogether, this thesis demonstrates how engineered superconducting resonators and
qubits can be used to emulate physics dynamics on curved geometries, generate useful
nonclassical microwave states, and probe noise mechanisms, providing a unified experi-
mental foundation for future circuit-based quantum technologies.

vi



Acknowledgements

I would first like to thank my wife,陈可瑜(Alicia), whose unwavering love and support
made this Ph.D. journey possible. I am equally grateful to my parents, 徐�梁(Weiliang
Xu) and %¢(Hong Yan), for their endless encouragement and understanding that carried
me through the most challenging times.

I am very grateful to my supervisor, Prof. Matteo Mariantoni, for his invaluable guid-
ance, mentorship, and patience throughout this work. I would also like to thank the other
members of my committee, Prof. Jan Kycia, Prof. Rajibul Islam, and Prof. Michal Bajcsy,
for their feedback and support.

My thanks also go to my colleagues at the Digital Quantum Matter (DQM) lab: Noah,
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Chapter 1

Introduction

As a physicist, a designation I now comfortably embrace, I �nd a fundamental motivation
for this �eld to be deeply philosophical. Before Galileo Galilei, explanations of nature rested
largely on faith and mysticism. Newton's laws, built upon other giants, instead suggested
a perfectly predictable mechanical universe, where a su�ciently powerful computer could
determine the fate of all things, an idea I found unsettling. Quantum mechanics and
relativity ultimately overturned that determinism, revealing a world richer and stranger
than classical intuition allows. This realization, over a decade ago, set me on a path toward
experimental quantum physics. Though I began my physics training relatively late, the
journey through demanding theoretical and experimental work has led to the present thesis.

The technical foundation of this work lies in superconducting microwave circuits, par-
ticularly coplanar waveguide (CPW) and semi-lumped element resonators. These devices
behave as low-loss harmonic oscillators whose frequencies, mode shapes, and coupling
strengths can be precisely engineered. Their behavior can be analyzed using distributed-
element transmission-line theory or e�ective lumped-element models, with further opti-
mization provided by �nite-element electromagnetic simulation. This combination of des-
ignability, coherence, and compatibility with Josephson junctions makes superconducting
resonators essential tools in circuit quantum electrodynamics (circuit QED).

A central aim of this thesis is to move beyond treating resonators as isolated compo-
nents. By arranging many semi-lumped CPW resonators with carefully designed capacitive
couplings, we realize tight-binding lattice networks whose connectivity cannot be embedded
in Euclidean space. This enables the experimental emulation of dynamics on hyperbolic
lattices, geometries of negative curvature in which regular tilings require polygons and coor-
dination numbers impossible in 
at space. Hyperbolic lattices support unique band struc-
tures, localization phenomena, and topological properties, and they have been proposed as
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platforms for hyperbolic topological matter and for quantum error-correcting codes de�ned
on curved spaces. Implementing such lattices with superconducting resonators provides a
controlled, scalable analog emulator that connects directly to theoretical work in hyperbolic
band theory, including the prediction of higher-dimensional eigenstates absent in Euclidean
systems and the unusual boundary-to-bulk ratios that make hyperbolic lattices a natural
setting for probing holographic principles.

Superconducting qubits enter the thesis in two complementary ways. First, they extend
the resonator platform into the nonlinear regime, enabling access to strongly anharmonic
quantum dynamics. Second, they provide a means to probe and manipulate nonclassical
microwave states. One example developed in this thesis is a protocol for fast generation of
Schr•odinger cat states in a resonator using a continuously driven qubit, without relying on
dispersive couplings or two-photon processes. Cat states, superpositions of opposite-phase
coherent states, are important for foundational studies of macroscopic quantum super-
position and as resources for bosonic error-correcting codes. The protocol analyzed here
demonstrates that resonant driving can produce cat states whose size grows quadratically
in time, even under realistic decoherence.

The thesis also includes a study of purity benchmarking, a method for characterizing
quantum errors and probing two-level defects (TLSs) in superconducting qubits. Whereas
standard randomized benchmarking measures average gate �delity, purity benchmarking
distinguishes whether errors are predominantly stochastic or coherent. The same measure-
ments also reveal the dynamics of TLSs surrounding the qubit.

The structure of the thesis is as follows. Next section 1.1 provides the mathematical
background knowledge necessary to understand and build hyperbolic lattices for Chap 3,
along with the motivation and applications of such work. Chapter 2 reviews the theory
of superconducting resonators, electromagnetic simulation, circuit quantization, transmon
qubits, and qubit{resonator interactions in circuit QED, providing the physics background
for Chap. B, 4, and 5. Chapter 3 presents the main experimental contribution: the design,
fabrication, and measurement of superconducting resonator networks that emulate hyper-
bolic and Euclidean lattices. Chapter 4 develops and benchmarks the resonant cat-state
generation protocol. Chapter 5 analyzes purity benchmarking and the structure of qubit
errors. Two appendices supplement the main text. One summarizes multi-qubit experi-
ments and device-characterization procedures that supported the main projects for a fuller
experimental context; one provide additional explanation and data for Chap. 3. Together,
this thesis shows how engineered superconducting resonators can be used to explore quan-
tum emulation in non-Euclidean geometries, and how qubits can be used to characterize
noise on a quantum device, and how the qubit-resonator systems can generate nonclassical
states, forming a cohesive foundation for future quantum technologies.
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1.1 Hyperbolic Space

This section provides the geometric background on hyperbolic space required for the dis-
cussion of hyperbolic lattices and their experimental emulation in the following sections.

Hyperbolic space is a geometry of constant negative curvature, where curvature quan-
ti�es how a space deviates from 
at Euclidean geometry, for which the curvature is zero.
In Euclidean space, straight lines remain parallel, the angles of a triangle sum to 180� , and
the circumference of a circle grows linearly with its radius. These properties are direct
consequences of zero curvature and do not persist once curvature is non-zero. It is useful
to consider a two-dimensional surface embedded in three-dimensional space. At any point
on such a surface, one can draw many circles passing through that point. Among these,
the circles with the smallest and largest radii de�ne theprincipal curvatures,

k1 =
1

Rmin
, k2 =

1
Rmax

, (1.1)

whereRmin and Rmax are the radii of the smallest and largest �tting circles, respectively.
The Gaussian curvatureat that point is de�ned as

K = k1k2. (1.2)

For a positively curved surface such as a sphere, both principal curvatures are positive
and K > 0. For a 
at plane or the Euclidean surface, both vanish, givingK = 0. For a
negatively curved surface, the surface bends in opposite directions along the two principal
axes, resulting in k1 > 0 and k2 < 0, and thereforeK < 0. Locally, such a surface
resembles a saddle. While this embedded picture provides useful intuition, it becomes
di�cult to visualize the geometry globally.

Hyperbolic space is a special case of negatively curved geometry in which the curvature
is constant everywhere (conventionally set toK = � 1). This condition ensures that the
geometry is homogeneous and isotropic, analogous to Euclidean space, while exhibiting
fundamentally di�erent global behavior. Hyperbolic space is therefore not a deformation
of 
at space, but a distinct geometric setting with its own intrinsic rules.

A convenient representation of the hyperbolic plane is the Poincar�e disk modelD =
f z 2 C : jzj < 1g. In this model, the in�nite hyperbolic plane is mapped into a �nite
disk. Points near the center behave approximately Euclidean, while points approaching the
boundary correspond to locations that are exponentially far away in hyperbolic distance.
As seen in �g. 1.1, we �nd curves appear bent in the disk representation, although they are
straight according to the intrinsic geometry. In curved spaces, straight lines are replaced
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by geodesics, de�ned as the shortest paths between nearby points given the geometry of
the space. In 
at space, geodesics are ordinary straight lines. On a sphere, they are great
circles. In hyperbolic space, geodesics curve in a manner dictated by negative curvature.
Figure 1.1 illustrates geodesics in a hyperbolic lattice projected onto the Poincar�e disk.

To de�ne distances quantitatively, ametric is required, which assigns a physical length
to an in�nitesimal displacement. In the Poincar�e disk model, the metric takes the form [4]

ds2 = 4
dx2 + dy2

(1 � j zj2)2
, (1.3)

wherez = x + iy and jzj < 1. The resulting distance between two pointsz and z0 is [10]

d(z, z0) = arcosh
�

1 +
2jz � z0j2

(1 � j zj2)(1 � j z0j2)

�
. (1.4)

As jzj ! 1, distances diverge, con�rming that the disk boundary represents points in�nitely
far away rather than a physical edge.

One of the most important consequences of negative curvature is the exponential growth
of length and area with distance. For a circle of hyperbolic radiusr , the circumference and
enclosed area scale as

CH(r ) = 2 � sinh(r ), AH(r ) = 2 � (coshr � 1), (1.5)

which for larger behave as

CH(r ) � �e r , AH(r ) �
�
2

er . (1.6)

This exponential growth implies that hyperbolic systems are inherently boundary domi-
nated when truncated to �nite size. Unlike Euclidean lattices, the fraction of sites near
the boundary does not vanish as system size increases.

This geometric property recurs throughout this thesis in di�erent physical contexts,
including hyperbolic quantum error-correcting codes, the breakdown of Bloch theory, and
the spectral properties of �nite hyperbolic lattices. Hyperbolic geometry therefore serves
not merely as a mathematical backdrop, but as the organizing principle shaping the physics
explored here.

1.1.1 Hyperbolic Lattices and Regular Tessellations

One of the most profound consequences of hyperbolic geometry is that the assumptions
of translational symmetry and periodicity underlying Bloch's theorem are no longer valid.
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Figure 1.1: An illustration of a f 8, 8g lattice projected onto the Poincar�e disk, whereCn

denote sections of geodesics. Figure adapted from [4].
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Hyperbolic lattices therefore represent a fundamentally new regime for lattice physics,
where counter-intuitive and exotic behaviors can naturally emerge.

A systematic way to introduce hyperbolic lattices is throughregular tessellations. A
tessellation is a tiling of space by non-overlapping tiles that completely �ll the space. It
is called regular if every tile is a congruent regular polygon and the local environment is
identical at every vertex. In two dimensions, such tessellations are labeled by the Schl•a
i
symbol f p, qg, where each tile is a regularp-gon and exactlyq tiles meet at every vertex.
The allowed values off p, qg depend on curvature. A compact criterion distinguishing
spherical, Euclidean, and hyperbolic tessellations is

(p � 2)(q � 2)

8
><

>:

< 4, spherical geometry,

= 4, Euclidean geometry,

> 4, hyperbolic geometry.

(1.7)

While Euclidean space admits only three regular tessellations, hyperbolic space admits
in�nitely many. This abundance provides a large design space for lattices with �xed local
coordination but non-Euclidean global connectivity.

In this section, we focus on thef 8, 3g tessellation, consisting of regular octagons with
three meeting at each vertex. This lattice will be used throughout as a concrete and exper-
imentally relevant example, although the recipe is general for anyf p, qg lattice, including
the f 12, 4g lattice in Chap .3. Its construction is described explicitly below.

Construction of a regular hyperbolic f p, qg lattice

The construction proceeds by de�ning a single fundamental polygon in the Poincar�e disk
and generating the full lattice through the action of a discrete group of hyperbolic isome-
tries.

We work in the Poincar�e disk modelD = f z 2 C : jzj < 1g. A regular hyperbolicp-gon
is placed symmetrically at the center of the disk. To determine the vertex locations, we
�rst de�ne the characteristic angle subtended by each edge at the origin,

� =
2�
p

. (1.8)

The verticeszm are then located at equal angular intervals on a circle of Euclidean radius
r < 1,

zm = r ei (m� 1)� , m = 1, : : : , p. (1.9)
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Figure 1.2: Illustration of a hyperbolic triangle in af 8, 3g lattice for constructing the centre
cell.

To derive the correct radiusr for a f p, qg tessellation, we construct a characteristic
triangle in hyperbolic space. Consider the geodesic triangle formed by the disk centerO,
a vertex V of the polygon, and the midpointM of an adjacent edge. The internal angles
of this triangle are dictated by the symmetry of the lattice:

ˆ At the center O, the angle is half the central angle:� O = �= 2 = �=p .

ˆ At the vertex V, q polygons meet to �ll the space (2� around the vertex). The
polygon's internal angle is therefore 2�=q , and the triangle bisects this, giving� V =
�=q .

ˆ At the midpoint M , the edge is perpendicular to the radial geodesic, so� M = �= 2.

Let RH be the hyperbolic distance from the centerO to the vertex V (the hypotenuse of
the triangle), where �g.1.2 provides an visualization. The hyperbolic law of cosines for
a right-angled triangle relates the lengths of the sides to the angles. Speci�cally, for a
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triangle with anglesA, B , C = �= 2 and sidec opposite toC (the hypotenuse), the relation
is

cosh(c) = cot( A) cot(B ). (1.10)

Substituting our geometric parameters (c = RH , A = �=p , B = �=q), we obtain the
hyperbolic circumradius:

cosh(RH ) = cot
�

�
p

�
cot

�
�
q

�
. (1.11)

The Euclidean radiusr in the Poincar�e disk is related to the hyperbolic distance byr =
tanh(RH =2). The relationship between hyperbolic distanced from the origin and Euclidean
distancer is given byd = 2 artanh( r ), or equivalently, r = tanh( d=2). Using the half-angle
identity tanh 2(x=2) = (coshx � 1)=(coshx + 1), we �nd

r 2 =
cosh(RH ) � 1
cosh(RH ) + 1

=
cot(�=p ) cot(�=q) � 1
cot(�=p ) cot(�=q) + 1

. (1.12)

Multiplying numerator and denominator by sin(�=p ) sin(�=q) and applying the cosine ad-
dition formulas, cos(x � y) = cos x cosy � sinx siny, yields the compact expression [11]

r =

vu
u
u
t

cos
�

�
p + �

q

�

cos
�

�
p � �

q

� . (1.13)

This radius ensures that the polygon has the correct edge lengths to allow exactlyq copies
to meet at a vertex without overlap or gaps.

To generate the tessellation, the fundamental polygon is replicated across its edges by
hyperbolic isometries. Label thep geodesic edges of the polygon asC1, : : : , Cp, ordered
counterclockwise. EachCm is obtained from C1 by a rotation about the origin by angle
(m � 1)� [4].

Let 
 1 denote the hyperbolic isometry that maps the fundamental polygon across the
edgeC1 into the adjacent polygon sharing that edge (a boost transformation). In the
Poincar�e disk, orientation-preserving isometries act as M•obius transformations


 (z) =
az + b

b� z + a�
, jaj2 � j bj2 = 1, (1.14)

which preserve the hyperbolic metric and mapD onto itself. De�ne the rotation about the
disk center by angle� as

R(� )(z) = ei� z, (1.15)

8



which is itself a hyperbolic isometry. The generators corresponding to the remaining edges
are then obtained by conjugation:


 m = R((m � 1)� ) 
 1 R(� (m � 1)� ) , m = 1, : : : , p. (1.16)

This construction ensures that each generator
 m maps the fundamental polygon across the
corresponding edgeCm . All local adjacency relations of the lattice are therefore encoded
in the �nite set of generatorsf 
 mg.

The group generated by these transformations,

� = h
 1, 
 2, : : : , 
 pi , (1.17)

is a discrete subgroup of PSU(1, 1) and is referred to as aFuchsian group. By applying
repeatly on the fundamental polygon, � generates the full in�nite hyperbolic tessellation,

T = f 
 (P0) j 
 2 � g. (1.18)

In practice, only �nite subsets of T are accessible. Finite patches are constructed by
restricting the word length in �,

jwj � L , (1.19)

which de�nes a truncated tessellationTL centered onP0. The adjacency graph extracted
from TL is the object ultimately mapped onto a physical platform in hyperbolic lattice
emulation experiments. Now we have the basic mathematically recipe to build hyperbolic
lattices.

1.1.2 Physical Implications

Physically speaking, negative curvature fundamentally alters how locality, connectivity,
and scaling behave in lattice systems, leading to physical consequences that have no direct
Euclidean analogue. In this subsection, we outline three of the most prominent implica-
tions, to tie to the experimental platform for emulation hyperbolic lattices in Chap.3 where
hyperbolic geometry plays a central role: quantum error correction, lattice band theory,
and the simulation of curved spacetime and holographic models.

Hyperbolic quantum error correction code

Topological quantum error-correcting codes provide one of the clearest illustrations of how
geometry constrains physical scaling laws [12]. In any stabilizer code,n physical qubits
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encodek logical qubits, and the ratio k=n de�nes the encoding rate. A central goal of
quantum error correction is to increase both the robustness (code distance) and necessary
number of physical qubits (the encoding rate) while maintaining locality of interactions.

In two-dimensional Euclidean geometries, this goal is limited. For example, surface
codes and toric codes[13], which are de�ned on planar or toroidal lattices with local stabi-
lizers, exhibit excellent fault-tolerance properties, and a small scale proof-of-concept real-
ization of such code is fairly straight forward [14], but it su�ers from vanishing encoding
rate in the large-system limit. Speci�cally, as the linear system size grows, the number
of logical qubits remains constant while the number of physical qubits increases without
bound, leading tok=n ! 0. This limitation is not a de�ciency of a particular code con-
struction; rather, it re
ects a geometric constraint imposed by 
at two-dimensional space
and locality.

Hyperbolic geometry circumvents this constraint. Because hyperbolic lattices exhibit
exponential growth of volume with distance, the number of degrees of freedom increases
much more rapidly than in Euclidean lattices. When stabilizer codes are de�ned on regular
hyperbolic tilings, this geometric growth allows the number of logical qubits to scale linearly
with the total number of physical qubits [11], yielding

k
n

= O(1). (1.20)

This �nite encoding rate is a direct consequence of negative curvature and does not rely
on nonlocal stabilizers or higher-dimensional embeddings.

From a geometric standpoint, the key distinction is that in hyperbolic lattices the
boundary does not become negligible in the thermodynamic limit. Logical degrees of free-
dom can be supported by the extensive boundary while stabilizers remain local in the
bulk. In this sense, hyperbolic codes trade Euclidean translational symmetry for expo-
nential connectivity, modifying the balance between bulk and boundary that governs code
performance.

Although the present work does not directly implement a quantum error-correcting
code, hyperbolic codes provide a powerful conceptual motivation, and thef 8, 3g lattice can
be converted to error correction codes by implementing the periodic boundary conditions
with physical qubits placed on every edge. They demonstrate that negative curvature
changes what is possible under locality constraints and highlight hyperbolic lattices as a
fundamentally distinct regime for quantum information processing. The same geometric
mechanisms that enable non-vanishing-rate codes also underlie the unusual spectral and
dynamical properties of hyperbolic lattices in the tight-binding models explored later in
this thesis.
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Hyperbolic lattices as hyperbolic materials

Beyond quantum information, hyperbolic lattices is more naturally viewed as a new class of
synthetic matter, sometimes referred to ashyperbolic materials. In conventional crystalline
solids, periodicity underpins much of band theory: Bloch's theorem allows single-particle
eigenstates to be labeled by crystal momentum, and the energy spectrum organizes into
bands over a Brillouin zone. Hyperbolic lattices violate the assumptions required for this
framework. Although they are locally regular, they do not admit a global translation
group. Instead, their symmetry is governed by a non-abelian discrete group of hyperbolic
isometries, like the Fuchsian group.

This absence of Bloch's theorem has concrete physical consequences. Tight-binding
Hamiltonians de�ned on hyperbolic lattices exhibit spectra that cannot be interpreted in
terms of conventional bands. Instead, the spectrum re
ects a competition between local
coordination, global curvature, and boundary e�ects. In �nite hyperbolic lattices, the
boundary grows at the same exponential rate as the bulk, allowing a macroscopic fraction
of eigenstates to be supported near the boundary; consequently, spectral features depend
sensitively on how the lattice is truncated[10]. Hyperbolic band theory [4] addresses these
features using mathematical tools adapted to non-Euclidean geometry. Rather than mo-
mentum space, one works directly with real-space tight-binding operators, with spectral
properties governed by the discrete hyperbolic geometry and the symmetries of the under-
lying lattice. Even for nearest-neighbor hopping models, hyperbolic lattices can display
anomalous density of states, modi�ed transport behavior, and localization phenomena that
have no direct Euclidean counterpart.

From an experimental perspective, these features are not merely theoretical curiosities.
Because hyperbolic lattices are intrinsically boundary dominated, spectroscopic probes
naturally access states whose properties are controlled by curvature. This makes hyperbolic
lattice emulation a powerful platform for studying how geometry alone reshapes single-
particle and many-body physics, independent of material-speci�c details.

Holography, curved space, and gravitational analogues

Hyperbolic geometry also appears naturally in holographic and gravitational theories:
holography and gravitational theories [15][16]. In many models of holographic duality,
spatial slices of negatively curved spacetime appear naturally, and the exponential growth
of volume with radius mirrors the scaling between bulk and boundary degrees of free-
dom [17]. From this perspective, hyperbolic lattices provide a discrete and experimentally
accessible realization of geometric ideas that are otherwise con�ned to high-energy theory.
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The extensive boundary of a hyperbolic lattice plays a role analogous to the boundary de-
grees of freedom in holographic constructions, while the bulk lattice encodes an emergent
interior geometry [18][19].

Relevance to experimental hyperbolic lattice emulation

The applications discussed above share a common geometric origin: negative curvature
reshapes how local rules propagate globally. Hyperbolic lattices provide a setting in which
locality, connectivity, and topology interact in ways that are impossible in 
at space. For
experimental platforms such as superconducting circuits, where the physical layout need
not mirror the interaction graph, hyperbolic lattice emulation becomes feasible despite the
impossibility of embedding hyperbolic geometry isometrically in the plane.

In the remainder of this thesis, we exploit this 
exibility to engineer system of resonators
de�ned on �nite hyperbolic lattices. By directly probing their spectra and dynamics, we
access signatures of negative curvature that connect back to the applications outlined here.
In this sense, hyperbolic lattice emulation serves as a bridge between abstract geometric
ideas and experimentally measurable phenomena.
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Chapter 2

Superconducting Circuit Design

Superconductivity represents one of the most profound and consequential discoveries in
modern physics. As a macroscopic quantum phenomenon, it enables dissipationless elec-
trical transport while remaining fully compatible with conventional circuit design prin-
ciples, existing microfabrication technology, and commercially common measurement de-
vices. The combination of mature cryogenic technologies, capable of cooling devices well
below the superconducting transition temperatureTc, and the introduction of the Joseph-
son junction has transformed superconducting circuits into a versatile platform for both
fundamental studies and engineered quantum systems. In particular, the Josephson e�ect
supplies a non-dissipative, tunable nonlinearity that enables the realization of arti�cial
atoms, controllable interactions, and quantum-coherent devices.

This chapter outlines the design principles underlying superconducting circuits. Sec-
tion 2.1 introduces circuit quantization, giving a diagram of a classic circuit a quantum
mechanical description. Sections 2.2 and 2.3 present the two main measurement tech-
niques used throughout this thesis: scattering-parameter characterization and homodyne
detection. Section 2.4 then discusses several types of superconducting resonators, whose
quantized dynamics closely parallel those of the harmonic oscillator. Section 2.5 intro-
duces the transmon qubit|the workhorse of superconducting quantum computing|which
is a weakly anharmonic oscillator that supports discrete energy levels for qubit encod-
ing. Finally, Section 2.6 ties these components together by presenting their interacting
Hamiltonian in the Jaynes{Cummings framework, the backbone of circuit quantum elec-
trodynamics (circuit QED). Together, these elements form the foundation upon which more
complex quantum devices and architectures are built.
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2.1 Circuit Quantization

For a passive electrical circuit to behave as a genuine quantum mechanical system, its
energy must be expressible in a quantized spectrum. A natural and systematic way to
achieve this is to formulate the circuit's Lagrangian, closely mirroring the procedure used
in classical mechanics:

L = T � V , (2.1)

where T and V denote the kinetic and potential energies, respectively. Although this
correspondence is an analogy, a consistent convention is widely used: energy stored in
capacitors plays the role of kinetic energy, while energy stored in inductors plays the role
of potential energy, i.e.T = C _� 2=2 and V = � 2=2L [20], where� is the branch 
ux.1 The
use of 
ux as the generalized coordinate is especially convenient because it aligns naturally
with the Josephson energy, which will be introduced in Sec. 2.5.

To highlight the analogy with a mechanical mass{spring system, the following table
summarizes the correspondence:

Mechanical System (Mass{Spring) Electrical System (LC Circuit)
Position (x) Flux ( � )
Velocity ( _x) Voltage (V = _� )
Mass (m) Capacitance (C)
Spring constant (k) 1=L

This analogy provides useful intuition: a superconducting circuit can be viewed as a
macroscopic mechanical system with well-de�ned generalized coordinates and conjugate
momenta.

Canonical Momentum and the Hamiltonian

The canonical momentum associated with each 
ux coordinate is de�ned as

qn =
@L

@_� n

, (2.2)

wheren labels the circuit nodes or degrees of freedom. Since only capacitors contribute to
_� n , the momenta can be written compactly as

~q= C ~_� , (2.3)
1Resistive elements are excluded in this treatment because superconducting circuits are, by construction,

lossless.
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where~q and ~_� are (N � 1)-dimensional vectors, andC is the reduced capacitance matrix.
One degree of freedom is removed because Kirchho�'s Voltage Law (KVL) always imposes a
linear constraint among node 
uxes. Di�erent choices of independent variables are possible,
and all are related by the KVL relations.

The Hamiltonian is then obtained through the standard Legendre transform:

H =
X

n

_� nqn � L =
1
2

~qtC � 1~q+ V. (2.4)

Promoting the conjugate variables to operators gives the quantum Hamiltonian. The
canonical commutation relation

[�̂ n , q̂n ] = i~ (2.5)

is the key ingredient that endows the circuit with its quantum nature.

� 1 L1 C1 L2 C2 L3 C3

C4 C5

� 4 � 5

� 3� 2

Figure 2.1: An example circuit composed of three capacitively coupled LC resonators.

Example: Three Coupled Resonators

Figure 2.1 illustrates a simple example of three LC resonators coupled capacitively. Ap-
plying KVL yields (

_� 1 + _� 2 + _� 4 = 0,

� _� 2 + _� 5 + _� 3 = 0,
(2.6)
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allowing us to eliminate � 4 and � 5 (one convenient choice among many). The resulting
Lagrangian depends only on� 1, � 2, and � 3. The kinetic energy becomes

T =
X

n

1
2

Cn
_� 2
n

=
1
2

C1
_� 2
1 +

1
2

C2
_� 2
2 +

1
2

C3
_� 2
3 +

1
2

C4(� _� 1 � _� 2)2 +
1
2

C5( _� 2 � _� 3)2. (2.7)

The conjugate momenta follow as
8
>><

>>:

q1 = ( C1 + C4) _� 1 + C4
_� 2,

q2 = C4
_� 1 + ( C2 + C4 + C5) _� 2 � C5

_� 3,

q3 = ( C3 + C5) _� 3 � C5
_� 2.

(2.8)

Rewriting Eq. 2.8 in matrix form identi�es the capacitance matrix2:

C =

0

@
C1 + C4 C4 0

C4 C2 + C4 + C5 � C5

0 � C5 C3 + C5

1

A . (2.9)

Including the potential energyV = � 2
1

2L 1
+ � 2

2
2L 2

+ � 2
3

2L 3
, the quantum Hamiltonian becomes

Ĥ =
1
2

�
q̂1 q̂2 q̂3

�
C � 1

0

@
q̂1

q̂2

q̂3

1

A +
�̂ 2

1

2L1
+

�̂ 2
2

2L2
+

�̂ 2
3

2L3
. (2.10)

The �rst term contains the capacitive energies as well as the interaction terms mediated
by the capacitors. Importantly, the strength of these interactions is encoded in theinverse
capacitance matrixC � 1, which incorporates both direct and indirect coupling paths. Thus,
the interaction Hamiltonian depends on the full circuit topology, not just on the value of
a single coupling capacitor.

This procedure forms the basis of quantizing lossless superconducting circuits. In later
sections, we will transform these Hamiltonians into more convenient bases to expose normal
modes, isolate interactions, and connect with the language of circuit quantum electrody-
namics.

2In practice, C is often extracted or re�ned using electromagnetic simulations, e.g. Ansys Q3D.
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2.2 Scattering Parameters

Scattering parameters (S-parameters) describe how a device under test (DUT) responds to
a continuous-wave microwave excitation. They form one of the core tools used throughout
this thesis. The measurements are performed using a Vector Network Analyzer (VNA),
which sends a calibrated signal into the DUT and records the amplitude and phase of the
waves emerging from each port.

Di�erent conventions exist for de�ning S-parameters. In this thesis, we adopt the
following form:

Snn =
Vre
ected

Vin
ei ( � in � � re
ected ) , (2.11)

Smn =
Vtransmitted

Vin
ei ( � in � � transmitted ) , n 6= m. (2.12)

DUT

1 2

S21

S11

Figure 2.2: Illustration of S-parameter measurement for a two-port DUT.

Here, n and m label the ports of the DUT. The quantity Snn represents the re
ection
coe�cient at port n: the VNA sends a signal into portn and records the signal that returns
to the same port. The quantity Smn represents the transmission coe�cient from portn
to port m: the signal enters through portn and the VNA records the outgoing signal at
port m. In both cases, the VNA reports the complex ratio of outgoing to incoming waves,
capturing both magnitude and phase.

Figure 2.3 shows an exampleS21 measurement of a superconducting resonator. Details
abnout resonance dip (or peak, depending on the coupling con�guration) and its linewidth
will be analyzed in detail in Sec. 2.4.
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Figure 2.3: ExampleS21 response of a single resonator.

2.3 Homodyne Measurement

Homodyne detection is a widely used technique for measuring weak signals in noisy en-
vironments by mixing the probe signal with a strong reference tone. In superconducting
circuit experiments, this method is essential for time-resolved measurements based on
short microwave pulses, as opposed to the continuous-wave measurements performed with
a VNA.

Figure 2.4 illustrates the basic operating principle, and Fig. A.1 shows a full implemen-
tation with the speci�c instruments used in our setup. An arbitrary waveform generator
(AWG) produces two microwave envelopes that are 90� out of phase. These de�ne the
intermediate frequency(IF), f IF . The two signals are combined in an IQ mixer together
with a strong local oscillator (LO) tone at frequency f LO . When the IF tones are tuned
correctly, the IQ mixer generates a clean microwave pulse at a single sideband, typically
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at the frequencyf LO � f IF .3

The resulting microwave pulse is sent to the device under test (DUT). The re
ected or
transmitted signal then passes through a second mixer, driven by the same LO tone, which
down-converts the signal back to the IF band. After �ltering out the undesired frequencies,
the down-converted signal is digitized using an analog-to-digital converter (ADC) or a high-
speed digitizer. Because the digitizer can be triggered synchronously by the AWG, both
the amplitude and relative phase of each pulse can be measured reliably.

Each measurement yields a single complex value (an IQ point). The magnitude of
the IQ point indicates the energy contained in the outgoing signal, while its phase carries
information about the dynamical evolution of the system. In contrast toS21 measure-
ments, homodyne detection allows full control over the pulse shape, duration, and tim-
ing|capabilities that are crucial for time-domain experiments, such as qubit readout and
control in Sec. 2.5.

Mixer

AWG

I Q

IQ mixer

LO

DUT

ADC

Figure 2.4: Simpli�ed schematic of a homodyne measurement chain.

2.4 Superconducting Resonators

A resonator is any system capable of storing energy and releasing it e�ciently at a char-
acteristic frequency. Classical examples include a pendulum, a tuning fork, or an optical

3Depending on the phase convention, the output sideband can appear atf LO + f IF . This technique is
known as single-sideband mixing.
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cavity formed by two mirrors. In this chapter, we focus on superconducting resonators.
While conventional resonators based on normal-metal conductors have been studied for
more than a century, advances in microfabrication have enabled the realization of super-
conducting resonators that achieve exceptionally high quality factors. These devices retain
the same underlying principles as their classical counterparts, but their low dissipation,
long coherence times, and compatibility with quantum circuit architectures make them
powerful building blocks for applications ranging from circuit quantum electrodynamics
(cQED) to lattice simulations and bosonic quantum computing.

To introduce their operation, we begin with a simple parallel LC resonator:

CrLr

The impedance of the circuit is

Z (! ) =
i!L r

1 � ! 2L r Cr
,

which has a pole at the resonance frequency

! r =
1

p
L r Cr

.

A central �gure of merit is the quality factor, Q, which quanti�es how well the resonator
stores energy. An ideal lossless resonator would haveQ ! 1 . In practice, losses are
categorized into two main contributions: internal losses, arising from dissipation within
the device itself, andexternal losses, introduced through coupling to drive and readout
circuitry. These contributions combine as

1
Q

=
1

Qint
+

1
Qext

. (2.13)

Experimentally, the quality factor is often estimated from thefull width at half maxi-
mum (FWHM) of the resonance peak (or dip) in a transmission measurement,

Q =
f r

� f
, (2.14)
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where f r is the resonance frequency and �f is the frequency separation between the two
points where jS21j has decreased by 3 dB relative to its maximum. Because 3 dB corre-
sponds to half the transmitted power, this is commonly called the3-dB bandwidth. The
following subsections describe various physical implementations of superconducting res-
onators and their roles in circuit quantum electrodynamics.

2.4.1 Coplanar Waveguide Resonators

Coplanar waveguide (CPW) resonators are the workhorses of circuit QED, although it
operates just like a classical resonator if driven at high power. Their straightforward fab-
rication, robust microwave performance, and compatibility with diverse coupling schemes
make them one of the most versatile building blocks in superconducting circuits. Figure 2.5
shows a cross-sectional view of a CPW structure, consisting of a center conductor separated
from two ground planes by lithographically de�ned gaps on a dielectric substrate.

L

t
w s w

Figure 2.5: A 3D rendered illustration of a coplanar waveguide. The dark grey material is
the substrate (e.g. silicon); the lighter grey material is the conductor (e.g. superconducting
aluminum).
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The characteristic impedance of a CPW is

Z0 =

r
lCPW

cCPW
, (2.15)

wherelCPW and cCPW are the inductance and capacitance per unit length. These quantities
may be obtained numerically using Ansys Q3D or computed analytically [21, 22]:

cCPW = 2� 0(� r 1 + 1)
K (k0)
K (k0

0)
, (2.16)

lCPW = 4(30� )2� 0
K (k0

0)
K (k0)

, (2.17)

where� 0 is the vacuum permittivity, � r 1 the substrate dielectric constant,K the complete
elliptic integral, k0 = S=(S + 2W), and k0

0 =
p

1 � k2
0. Sincek0 depends only on the ratio

S=(S + 2W), this ratio uniquely determinesZ0. Typical CPW resonators are designed for
50 
 to match standard microwave hardware.

After setting the cross section, the next step is to determine the resonator length.
The two most common choices are the half-wave (�= 2) and quarter-wave (�= 4) resonators.
Their fundamental �eld pro�les are illustrated in Fig. 2.6. A �= 2 resonator is open at both
ends, producing voltage antinodes at its terminations and a node at its center. Figure 2.7
show the simulated �eld distribution; it is clear that the �eld is the weakest at the middle
of a resonator. A�= 4 resonator is created by shorting one end to ground (Fig. 2.8), forcing
a node at one end and an antinode at the other.

Half-wave Resonator

Quarter-wave Resonator

Figure 2.6: Illustrations of the half-wave (�= 2) and quarter-wave (�= 4) CPW resonators.
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Figure 2.7: Field distribution of a half-wave resonator, simulated with Ansys HFSS.

The resonance frequencies are

L �= 2 =
c

2f r
p

� e�
, (2.18)

L �= 4 =
c

4f r
p

� e�
, (2.19)

where� e� = (1 + � r 1)=2.

Although �= 2 resonators are physically longer, they o�er the advantage that both
ends can be capacitively coupled to other circuit elements. By adjusting the termination
geometry, a wide range of coupling strengths can be engineered. Figure 2.9 shows an
example where one end of a�= 2 resonator is split to couple to two neighboring resonators.
This 
exibility is essential for the resonator networks in Chap. 3.

2.4.2 Quasi Lumped Element Resonators

The term lumped-element (LE) resonatoris often used to describe idealized circuit models
in which the inductive and capacitive components are assumed to be point-like compared
to the wavelength of the signal. In practice, however, planar implementations occupy a
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Figure 2.8: A micrograph of a section of a quarter-wave CPW resonator showing the short-
to-ground termination.

Figure 2.9: A micrograph showing a fork-type coupler where one CPW resonator couples
to two others.

non-negligible physical footprint, and are therefore more accurately described asquasi-
lumped-elementresonators. Both terms are common in the literature and will be used
interchangeably in this thesis.

Figure 2.10 shows a representative micrograph of such resonators. A variety of planar
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Figure 2.10: An example micrograph of a lumped element resonator, coupled to a CPW
transmissin line.

capacitor and inductor geometries exist, although several design approaches dominate. The
most widely used capacitor implementation is the interdigitated capacitor (IDC), whose
capacitance can be tuned by adjusting the number of �ngers, their length, and the spacing
between them. Inductors are typically formed using meandering current paths, where the
total conductor length and the spacing between adjacent traces determine the resulting
inductance.

A major advantage of quasi-lumped-element resonators is their compact footprint.
Compared to the coplanar-waveguide (CPW) resonators discussed in Sec. 2.4.1, they oc-
cupy signi�cantly less chip area and o�er �ner geometric control over the inductance and
capacitance. Their 
exible layout also enables unconventional coupling geometries, making
them attractive for applications requiring dense integration or tailored resonator{resonator
interactions.

2.4.3 Semi-Lumped Element CPW Resonators

When meandering CPW resonators are packed densely, parasitic capacitance between ad-
jacent segments of the same resonator becomes signi�cant. This e�ect arises in both half-
wave and quarter-wave geometries and alters the electromagnetic environment su�ciently
to shift the resonance frequency from that predicted by simple transmission-line models.
Figure ?? shows two examples: the left one is loosely packed, so the capacitance between
the neighbouring meandering lines are negligible; the right one is densely packing, where
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