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Abstract

We prove several dichotomy theorems toward a complete description of the unavoidable
induced subgraphs of graphs with large treewidth. This is motivated by the Grid Theorem
of Robertson and Seymour (1986) which achieves the same goal for minors (and subgraphs).

Given a graph class C, we say that C is clean if the only induced subgraph obstructions
to bounded treewidth in C are the basic ones: complete graphs, complete bipartite graphs,
subdivided walls and the line graphs of the subdivided walls. The analog of the Grid
Theorem for induced subgraphs (still out of reach) is then observed to be equivalent to a
characterization of all hereditary classes that are clean.

We characterize all clean classes that are defined by finitely many excluded induced
subgraphs. Specifically, we identify a family of “non-basic” obstructions which, in this
scenario, litmus-test the clean classes against the non-clean ones.

The analogous characterization remains elusive in the case of infinitely many forbidden
induced subgraphs. Among the infinite sets of graphs whose exclusion is known to result in
a non-clean class, the following four appear to expose a distinctive gap in our understanding
of cleanness:

• Graphs which are the union of three cycles, all sharing a vertex and otherwise pairwise
vertex-disjoint.

• Graphs which are the union of two vertex-disjoint cycles.
• Graphs consisting of two non-adjacent vertices with three pairwise internally disjoint

paths between them, known as thetas.
• Cycles with an even number of vertices (at least four), known as even holes.

For i = 1, 2, 3, 4, let Ci be the class obtained by excluding the ith set above. We prove a
full “grid-type theorem” for each of C1 and C2. Both results extend to an arbitrary number
of excluded cycles (instead of “three” and “two”) of lower bounded lengths.

In C3 and C4, we characterize the “local” structure of graphs with large treewidth.
Explicitly, given a graph H, we prove the following:

(a) Every (theta, K3)-free graph of large enough treewidth has an induced subgraph
isomorphic to H, if and only if H is a K3-free chordal graph (that is, a forest).

(b) Every (even hole K4)-free graph of large enough treewidth has an induced subgraph
isomorphic to H, if and only if H is a K4-free chordal graph.

We generalize both (a) and (b) to the “right” class of Kt-free graphs for all t. We also
derive, from a very special case of (b), one of the two conjectures of Sintiari and Trotignon
on even-hole-free graphs of large treewidth.
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Preliminaries

Some basic (often customized) notations and definitions are given below. For the standard
graph-theoretic terminology, the reader is referred to [22]. Further specialized definitions
will appear in later chapters immediately before their first application.

1. Numbers and sets. For an integer n, we denote by [n] the set of all positive integers
that are less than or equal to n. In particular, we have [n] = ∅ if and only if n ≤ 0. The
set of all positive integers is denoted by N.

Let X be a set. We denote by 2X the set of all subsets of X. For k ∈ N∪{0}, by
a k-subset of X we mean a subset of X with |X| = k. The set of all k-subsets of X is
denoted by X(k).

2. Graphs. Throughout, by a graph we mean a finite graph with at least one vertex, and
a class (or set) of graphs is always assumed to be an isomorphism quotient. The vertex set
of a graph G is denoted by V (G) and the edge set of G is denoted by E(G). The edges of
G are treated as 2-subsets V (G); that is, we have E(G) ⊆ V (G)(2). In particular, graphs
have no “loops” or “parallel edges.” For v ∈ V (G) and e ∈ E(G), we say v is an end of e
or v is incident with e if v ∈ e. For a subset X ⊆ 2V (G), we define

V (X ) =
⋃
X∈X

X.

The line graph of a graph G is the graph with vertex set E(G) and edge set as follows (see
Figure 2):

{{{u, v}, {u′, v′}} ∈ E(G)(2) : {u, v} ∩ {u′, v′} ≠ ∅}.

3. Induced subgraphs. Let G be a graph. Recall that a minor of G is a graph obtained
from G by a sequence of vertex-deletions, edge-deletions and edge-contractions, whereas a
subgraph of G is a minor of G which has been obtained by only deleting vertices and edges.
For an edge e of G, we write G − e for the graph obtained from G by removing the edge
e; that is, we have V (G− e) = V (G) and E(G− e) = E(G) \ {e}.
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Figure 1: From Left to right: A graph G, an induced subgraph of G, a subgraph of G and
a minor of G.

However, we will avoid deleting and contracting the edges of a graph almost entirely.
Instead, we are interested in removing vertices: for X ⊆ V (G), we denote by G \ X the
graph obtained from G by removing X. Therefore, we have V (G \X) = V (G) \X and

E(G \X) = E(G) ∩ (V (G) \X)(2).

By an induced subgraph of G, we mean the graph G \X for some X ⊆ V (G). It follows
that induced subgraphs of G are exactly the subgraphs that are obtained by only removing
vertices from G (see Figure 1).

For X ⊆ V (G), the subgraph of G induced by X is the induced subgraph G\(V (G)\X)
of G, for which the standard notation is G[X]. The discussion in this thesis revolves almost
entirely around induced subgraphs; so much so that for a graph G and a subset X of V (G),
we use X and G[X] interchangeably to denote the subgraph of G induced by X.

Given a graph H, we say G is H-free if G has no induced subgraph isomorphic to H.
For a set H of graphs, we say a graph G is H-free if G is H-free for every H ∈ H. We say
a graph class C is hereditary if C is closed under taking induced subgraphs. Equivalently,
a graph class C is hereditary if C is the class of all H-free graphs for some set H of graphs.
In this context, we insist on calling H a “set” to distinguish it from the “class” C (but we
emphasize there is no other technical difference between these two terms).

4. Adjacency. Let G be a graph. For distinct vertices u, v ∈ V (G), we say u and v are
adjacent in G if {u, v} ∈ E(G). In this case, we often denote the edge {u, v} by uv.

Let x ∈ V (G). We say a vertex y ∈ V (G) is a neighbor of x in G if x and y are adjacent
in G. The set of all neighbor of x in G is denoted by NG(x), and the degree of x in G is the
number |NG(x)| of the neighbors of x in G. If the degree of x in G is zero, one, or at least
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Figure 2: From left to right: the complete graph K4, the complete bipartite graph K3,3,
the line graph of K3,3, the star K1,5 and a subdivision of K1,5.

three, respectively, then we say that x is an isolated vertex in G, a leaf in G or a branch
vertex in G. We also write NG[x] = NG(x) ∪ {x}. For Y ⊆ V (G) (which may or may not
contain x), we write NY (x) = NG(x)∩ Y and NY [x] = NY (x)∪ {x}. We say x is complete
to Y in G if NY (x) = Y , and we say x is anticomplete to Y in G if NG[x] ∩ Y = ∅. In
particular, if x ∈ Y , then x is neither complete nor anticomplete to Y in G.

Similarly, for a subsetX of V (G), we denote by NG(X) the set of all vertices in V (G)\X
with at least one neighbor in X, and we write NG[X] = NG(X) ∪X. For Y ⊆ V (G), we
write NY (X) = NG(X)∩Y and NY [X] = NY (X)∪X. We say X and Y are complete in G
if every vertex in X is complete to Y in G, and we say X and Y are anticomplete in G if
every vertex in X is anticomplete to Y in G. In particular, if X and Y are either complete
or anticomplete in G, then X ∩ Y = ∅.

5. Special graphs and induced subgraphs. Let t ∈ N. The complete graph Kt is
the unique (up to isomorphism) t-vertex graph in which every two distinct vertices are
adjacent (see Figure 2). For a graph G, a clique in G is a set of pairwise adjacent vertices
in G, and a stable set in G is a set of pairwise non-adjacent vertices in G. We note that
the empty set is both a clique and a stable set in G. For t ∈ N∪{0}, by a t-clique in G we
mean a clique in G of cardinality t. A 3-clique is often called a triangle.

For s, t ∈ N, the complete bipartite graph Ks,t is the unique (up to isomorphism)
bipartite graph with a bipartition (S, T ) where |S| = s, |T | = t and S and T are complete
in Ks,t. For every t ≥ 3, we refer to every graph isomorphic to the complete bipartite
graph K1,t as a star (see Figure 2).

Let P be a graph which is a path. Then we write, for t ∈ N,

P = p1- · · · -pt

to mean V (P ) = {p1, . . . , pt}, and for all i, j ∈ [t], the vertices pi and pj are adjacent in P
if and only if |i − j| = 1. We call the vertices p1 and pt the ends of P , and we say P is a

xii
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v

C

Figure 3: From left to right: A theta, a prism and an even wheel. Squiggly lines represent
paths of arbitrary (possibly zero) length.

path from p1 to pt or a path between p1 and pt. We refer to V (P ) \ {p1, pt} as the interior
of P and denote it by P ∗. The length of a path is its number of edges. Given a graph G,
by a path in G we mean an induced subgraph of G which is a path. If P is a set of paths
in G, then we write P∗ = {P ∗ : P ∈ P}.

Similarly, for t ∈ N \{1, 2}, given a t-vertex graph C which is a cycle, we write

C = c1- · · · -ct-c1

to mean V (C) = {c1, . . . , ct}, and for all i, j ∈ [t], the vertices ci and cj are adjacent in G
if and only if |i− j| ∈ {1, t− 1}. The length of a cycle is its number of edges (which is the
same as its number of vertices). For a graph G, a cycle in G is a subgraph of G which is a
cycle, and a hole in G is an induced subgraph of G which is a cycle of length at least four.
An even hole in a graph is a hole in G of even length.

A theta is a graph Θ consisting of two non-adjacent vertices a, b, called the ends of Θ,
and three pairwise internally disjoint paths P1, P2, P3 of length at least two in Θ from a to
b, called the paths of Θ, such that P ∗

1 , P
∗
2 , P

∗
3 are pairwise anticomplete in Θ (see Figure 3).

A prism is a graph Π consisting of two disjoint triangles {a1, a2, a3}, {b1, b2, b3} called the
triangles of Π, and three pairwise disjoint paths P1, P2, P3 in Π, called the paths of Π,
where Pi has ends ai, bi for each i ∈ {1, 2, 3}, and for distinct i, j ∈ {1, 2, 3}, aiaj and bibj
are the only edges of Π with an end in Pi and an end in Pj (see Figure 3). Given a graph
G, by a theta in G we mean an induced subgraph of G which is a theta, and a prism in G
is an induced subgraph of G which is a prism. Observe that a graph is a prism if and only
if it is the line graph of a theta. Also, thetas and prisms contain even holes.

xiii



Figure 4: The 1-subdivision of K5.

Let G be a graph. A wheel in G is a pair (C, v) where C is a hole in G and v is a
vertex in V (G)\C with at least three neighbors in C. An even wheel in G is a wheel (C, v)
where v has an even number of (and so at least four) neighbors in C (see Figure 3). One
may observe that if a graph G contains an even wheel, then G contains an even hole. In
conclusion, if G is an even-hole-free graph, then G is (C4, theta, prism, even wheel)-free
(where C4 is the four-vertex cycle). A substantial part of this thesis, including the last
four Chapters 7–10, will be occupied with results about the structural properties of even-
hole-free graphs. We prove those results in the modestly larger class of (C4, theta, prism,
even wheel)-free graphs.

6. Subdivisions. Recall that a subdivision of a graph G is a graph obtained from G by
replacing the edges of G with pairwise internally disjoint paths of non-zero length between
the corresponding ends. For instance, subdivided stars are exactly the trees with one
branch vertex (see Figure 2), and thetas are exactly the subdivisions of K2,3.

Let G be a graph and let G′ be a subdivision of G. We refer to the paths in G′ replacing
the edges of G as the subdivision paths. For p ∈ N∪{0}, we say G′ is a p-subdivision, a
(≤ p)-subdivision and a (≥ p)-subdivision of G, respectively, if all subdivision paths in G′

have length exactly, at most and at least p+1. We also say that G′ is a proper subdivision
of H if all subdivision paths in G′ have length at least two. It follows that G′ is a proper
subdivision ofG if and only ifG′ is a (≥ 1)-subdivision ofG, if and only ifG′ is a subdivision
of the 1-subdivision of G (see Figure 4).
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Chapter 1

Introduction

Structural graph theory stands on two main pillars: graph minor theory and the theory
of induced subgraphs. In this thesis, we pursue the analog of a foundational result of
Robertson and Seymour on graph minors, known as the Grid Theorem [61], in the realm
of induced subgraphs.

The Grid Theorem (see Theorem 1.6 below) is about the interplay between the graph
minors and a graph parameter called the treewidth. The treewidth of a graph G measures
the structural complexity ofG, and so the smaller the treewidth of G the easier it is to study
the properties of G from various perspectives. The Grid Theorem in turn tells us exactly
when to expect a graph G to have small treewidth, provided G is coming from a graph
class that is closed under taking minors (or subgraphs, as it turns out to be equivalent).
The question we study is: What if the home class of G is closed under taking induced
subgraphs? What can be said then about the obstructions preventing G from having small
treewidth?

To make this precise, we begin by motivating and defining the notion of treewidth.
Among multiple equivalent definitions for this parameter, there are two definitions due to
Robertson and Seymour [60, 61] that are quite popular: one using the “tree decompositions”
and the other using the “clique sums.” We will hint at tree decompositions in Chapter 3.
But we believe the question of “why is treewidth natural to define?” will be best answered
if this notion is viewed as stemming from a classical result known as the Helly property of
subtrees. We include a proof for the sake of completeness:

Proposition 1.1 (Folklore, see [32, 35, 39]). Let T be a tree and let T be a non-empty set
of subtrees of T . Assume that every pair of subtrees in T share at least one vertex. Then
there is a vertex of T that belongs to all the subtrees in T .

1



G

T

Figure 1.1: A graph G (of treewidth three), a tree T and a T -subtree representation of G
where every vertex of T belongs to four subtrees.

Proof. We proceed by induction on |V (T )|. The result is trivial if |V (T )| = 1. Assume
that |V (T )| > 1. Then we may choose a leaf x of T . Let y be the unique neighbor of x
in T . If the subtree of T with vertex set {x} belongs to T , then by the assumption, the
vertex x belongs to all the subtrees in T . Otherwise, every subtree in T which has the
vertex x should also contain the vertex y. But now T ′ = {S \ {x} : S ∈ T } is a non-empty
set of pairwise intersecting subtrees of the tree T \ {x}, and so the result follows from the
induction hypothesis applied to T \ {x} and T ′. ■

A natural question to ask is: What if only some pairs of subtrees in T are required to
intersect (while other pairs are free to intersect or not)? Can we then arrange for every
vertex of T to fall into fewer (than all) subtrees in T ? How many fewer?

This is precisely answered by the treewidth: for every choice of some 2-subsets of a set
T declared as the “intersecting pairs,” the “treewidth of that choice” is the smallest integer
k (minus 1, to be accurate) such that T may be realized as a set of subtrees of some tree
T where every vertex of T belongs to at most k subtrees in T . On the other hand, every
choice of some 2-subsets of a set T defines a graph with vertex set T , and vice versa. This
explains why treewidth is a graph parameter.

The formal definition should now be easy to guess. Given a graph G and a tree T , a
T -subtree representation of G is a tuple (Tv : v ∈ V (G)) of subtrees of T such that for
every edge uv ∈ E(G), we have V (Tu) ∩ V (Tv) ̸= ∅. The treewidth of a graph G, denoted
tw(G), is the smallest integer w ∈ N for which one may choose a tree T and a T -subtree
representation (Tv : v ∈ V (G)) of G such that every vertex of T belongs to at most w + 1
subtrees among (Tv : v ∈ V (G)); see Figure 1.1.

2



In this language, Proposition 1.1 says that complete graphs have arbitrarily large
treewidth. It turns out that the same is true for complete bipartite graphs.

Proposition 1.2 (Folklore; see [22]). For every t ∈ N, we have tw(Kt+1) = tw(Kt,t) = t.

Proof. We first prove the upper bounds. Let T be a 1-vertex tree, and for every v ∈
V (Kt+1), let Tv = T . Then (Tv : v ∈ V (Kt+1)) is a T -subtree representation of Kt such
that every vertex of T belongs to t+ 1 subtrees among (Tv : v ∈ V (Kt+1)). It follows that
tw(Kt+1) ≤ t. In order to show that tw(Kt,t) ≤ t, let (A,B) be a bipartition of Kt,t, let
a ∈ A and let T be the subgraph of Kt,t induced by {a} ∪B. Then T is a star isomorphic
to K1,t. In particular, T is a tree. For every v ∈ A, let Tv = T , and for every v ∈ B, let
Tv = {v}. It is straightforward to check that (Tv : v ∈ A∪B) is a T -subtree representation
of G where every vertex of T belongs to at most t + 1 subtrees among (Tv : v ∈ A ∪ B).
Hence, we have tw(Kt,t) ≤ t.

As for the lower bounds, note that tw(Kt+1) ≥ t is immediate from Proposition 1.1.
It remains to prove that tw(Kt,t) ≥ t. To that ends, choose a tree T and a T -subtree
representation (Tv : v ∈ V (Kt,t)) of Kt,t such that every vertex of T belongs to at most
tw(Kt,t)+1 subtrees among (Tv : v ∈ V (Kt,t)). Let {aibi : i ∈ [t]} be a perfect matching in
Kt,t. Let U0 = Ta1 , let U1 = Tb1 and let Ui = Tai ∪Tbi for every i ∈ [t]\{1}. Since (Tv : v ∈
V (Kt,t)) is a T -subtree representation of Kt,t, it follows that {U0, U1, . . . , Ut} is a set of t+1
pairwise intersecting subtrees of T . By Proposition 1.1, we have U0 ∩ U1 ∩ · · · ∩ Ut ̸= ∅. It
follows for some x ∈ V (T ), we have x ∈ V (Ta1) and x ∈ V (Tb1) and for every i ∈ [t] \ {1},
either x ∈ V (Tai) or x ∈ V (Tbi). But then x belongs to at least t + 1 subtrees among
(Tv : v ∈ V (Kt,t)), and so tw(Kt,t) ≥ t. ■

The argument above showing that tw(Kt,t) ≥ t can be adapted to prove a stronger fact:

Proposition 1.3 (Folklore; see [22]). Let G and H be graphs where G has a minor iso-
morphic to H. Then we have tw(G) ≥ tw(H).

Proof. Choose a tree T and a T -subtree representation (Tv : v ∈ V (G)) of G such that
every vertex of T belongs to tw(G) + 1 subtrees among (Tv : v ∈ V (G)). Since G has a
minor isomorphic to H, it follows that there is a minor model of H in G. Explicitly, there
are connected and pairwise disjoint induced subgraphs (Gv : v ∈ V (H)) of G such that for
every uv ∈ V (H), there is an edge of G with an end in Gu and an end in Gv. For each
v ∈ V (H), let Uv =

⋃
u∈V (Gv)

Tv. From the choice of (Tv : v ∈ V (G)), it follows (and we
leave it to the reader to check) that (Uv : v ∈ V (H)) is a T -subtree representation of H
such that every vertex of T belongs to tw(G) + 1 subtrees among (Uv : v ∈ V (H)). But
then tw(H) ≤ tw(G). ■

3



r

T

v

Tv

Figure 1.2: Proof of Proposition 1.4.

Treewidth and minors are a match made in heaven. The interplay between the two
contributed fundamentally to the development of the graph minors project [59, 60, 61,
62, 63, 65]. The significance of treewidth as a standalone notion has also been unraveled
over time. For instance, considerable work [38, 52, 53, 72] on “graph width parameters”
has been inspired by the study of treewidth. Various definitions of “width” have also been
examined for hypergraphs, matroids and submodular functions [9, 23, 40, 45].

As the name suggests, one may think of “width” parameters as measuring the “thickness”
of a general graph compared to certain graphs declared as the “thinnest.” Under this
analogy, the treewidth displays all graphs on a spectrum of “tree-likeness,” and trees are
the only (connected) graphs of the smallest possible treewidth. The latter is thanks to the
bothersome “+1” in the definition of the treewidth:

Proposition 1.4 (Folklore; see [22]). A graph has treewidth 1 if and only if it is a forest.

Proof. If a graph H is not a forest, then H has a minor isomorphic to K3, and so tw(H) ≥
tw(K3) = 2. Assume that H is a forest. Then there is a tree T of which H is an induced
subgraph (and so a minor). It follows that tw(H) ≤ tw(T ). Pick a vertex r ∈ V (T ) as the
root, and for every v ∈ V (T ), let Tv be the subgraph of T induced by v and its children
(see Figure 1.2). Now (Tv : v ∈ V (T )) is a T -subtree representation of T such that every
vertex of T belongs to at most two subtrees among (Tv : v ∈ V (T )), as required. ■

Said differently, the smaller the treewidth of a graph, the more tree-like the graph is.
This brings on a wealth of results of striking generality [11, 20, 49, 60, 61, 63] on the
properties of graphs with bounded treewidth. The following theorem of Courcelle [20] is
an illuminating example:

Theorem 1.5 (Courcelle [20]). Every graph property that is expressible in the “monadic
second-order logic” can be tested in linear time on graphs of bounded treewidth.
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Figure 1.3: The graph W5×5.

Similar results are also known for other width parameters such as “rankwidth” [54] and
“twinwidth” [15]. Courcelle’s theorem has also given rise to a substantial literature at the
intersection of mathematical logic and algorithmic combinatorics, occupied by the so-called
“Meta Theorems.” See [46] for further details.

The other half of the world is about graphs of large treewidth. In this context, the
most important result is Theorem 1.6 below due to Robertson and Seymour [61], known
as the Grid Theorem. Recall that by Proposition 1.3, if a graph G has a minor isomorphic
to a graph H, then the treewidth of G is at least as large as the treewidth of H. In
effect, the Grid Theorem pursues the converse. The direct converse to Proposition 1.3 is
not true even if H ∈ {K5, K3,3} and the treewidth of G is much larger than that of H.
This is because the t-by-t hexagonal grid (see Figure 1.3) is a planar graph of treewidth
t [61, 70] for every t ∈ N. It follows from Kuratowski’s theorem [48] that the converse to
Proposition 1.3 remains false for every choice of H that is not planar. However, according
to the Grid Theorem, the situation is different when H is planar:

Theorem 1.6 (Robertson and Seymour [61]). If H is a planar graph, then every graph of
sufficiently large treewidth has a minor isomorphic to H.

The t-by-t hexagonal grid is also known as the t-by-t wall, denoted Wt×t. One may
observe [61, 62] that every planar graph is isomorphic to a minor of Wt×t for some t ∈ N,
and a graph G has a minor isomorphic to Wt×t if and only if G has a subgraph isomorphic
to a subdivision of Wt×t. Therefore, Theorem 1.6 may be restated as follows:

Theorem 1.7 (Robertson and Seymour [61]). For every t ∈ N, every graph of sufficiently
large treewidth has a minor isomorphic to Wt×t, or equivalently, a subgraph isomorphic to
a subdivision of Wt×t.
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This formulation of the Grid Theorem arms us with a useful view on large treewidth,
that it can be blamed on a “local obstruction” with (relatively) large treewidth whose
structure is much simpler than the host graph. The graph minors project already contains
two remarkable applications of this perspective:

1. The main result of the project is the “Well-Quasi-Order Theorem” for minors: there
is no infinite antichain of (finite) graphs under the partial order of minors. The
proof handles graphs of bounded [62] and unbounded [66] treewidth separately. In
the former case, since graphs of bounded treewidth are tree-like, the result follows
from a careful adaptation [62] of Kruskal’s well-quasi-order theorem for trees [47].
For graphs of large enough treewidth, the Grid Theorem guarantees the existence
of a large planar subgraph. This signals a topological orderliness which is then
exhaustively worked out in the “Graph Minors Structure Theorem” [58] as the main
tool used to conclude the proof [65, 66].

2. Among the highlights of the graph minors project on the algorithmic front, the
existence of polynomial-time algorithms for the Disjoint Paths Problem and
the Minor Testing Problem [64] is rather striking from the point of view of
computational complexity theory1. Both algorithms run in two phases depending on
the treewidth of the input graph. In the case of small treewidth, the tree-like shape of
the graph allows for an application of the so-called “Dynamic Programming” [11, 64].
For input graphs of large treewidth, it turns out that a sufficiently “central” vertex of
the planar subgraph provided by Theorem 1.7 is “irrelevant” from the problem [67],
meaning it may be removed without affecting the feasibility of the instance [64].

In yet another formulation, the Grid Theorem yields a characterization of all minor-
closed and all subgraph-closed graph classes for which there is a universal upper bound on
the treewidth of all graphs in the class. Given a graph class C, we say that C has bounded
treewidth if there is a constant c ∈ N such that for every G ∈ C, we have tw(G) ≤ c. Using
this terminology, the Grid Theorem may equivalently be stated in the following ways:

Theorem 1.8 (Robertson and Seymour [61]). Let C be a graph class which is closed under
taking minors. Then C has bounded treewidth if and only if Wt×t /∈ C for some t ∈ N.

Theorem 1.9 (Robertson and Seymour [61]). Let C be a graph class which is closed under
taking subgraphs. Then C has bounded treewidth if and only if for some t ∈ N, no subdivision
of Wt×t belongs to C.

1We leave the reader with following quote by Donald Knuth [43]: “This consequence of Robertson
and Seymour’s theorem definitely surprised me [· · ·] And it tipped the balance, in my mind, toward the
hypothesis that P=NP.”
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In general, for a given width parameter and a given containment relation, by a “grid-
type theorem” we mean a characterization of graph classes closed under the corresponding
containment (preferably in terms of minimal excluded graphs under the same containment)
for which there is a universal upper bound on the corresponding width of all graphs in the
class. Specifically, Theorems 1.8 and 1.9, in order, achieve this goal for treewidth and
minors and treewidth and subgraphs. Admitting a grid-type theorem is also a feature of
several other well-known width parameters and containment relations [14, 29, 30, 31].

As mentioned earlier, our discussion in this thesis is centered around the search for a
grid-type theorem for treewidth and induced subgraphs. Within the framework described
above, this finally brings us to the overarching question of interest in this thesis: Which
hereditary classes have bounded treewidth? Equivalently, we ask:

Question 1.10. For which sets H of graphs do H-free graphs have bounded treewidth?

More precisely, by the ultimate “Grid Theorem for induced subgraph” (for instance, in
the title of this thesis), we mean a description of all sets H of graphs for which the class
of all H-free graphs has bounded treewidth2.

Unlike the case of minors and subgraphs, there is not even a conjecture predicting the
exact answer to Question 1.10. On the other hand, some necessary conditions have long
been known for a hereditary class to be of bounded treewidth. In fact, our results address
more directly a question equivalent to 1.10, asked as Question 1.13 below, which refines
Question 1.10 up to certain necessary conditions.

Building our way toward Question 1.13, the story begins with the following result of
Lozin and Razgon [50]. It says that, although the full answer to Question 1.10 remains
elusive, there is a pretty answer when H is finite:

Theorem 1.11 (Lozin and Razgon [50]). Let H be a finite set of graphs. Then the class
of all H-free graphs has bounded treewidth if and only if H contains a complete graph, a
complete bipartite graph, a forest each component of which is either a path or isomorphic
to a subdivision of K1,3, and the line graph of such a forest.

Moreover, the same argument for the “only if” implication in Theorem 1.11 can be used
to derive a necessary condition for bounded treewidth in general hereditary classes. So we
might as well refine Question 1.10 up to this necessary condition.

2There remains the question of how explicit of a description would count. This may sound quite
subjective at first. However, as blunt as it may appear, we think the answer should be: the more explicit
the better! Of course the reader is free to judge.
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Figure 1.4: The 4-basic obstructions.

Let us elaborate. Recall that for every t ∈ N, the complete graph Kt+1, the complete
bipartite graph Kt,t and the t-by-t-wall Wt×t all have treewidth t. From Theorem 1.3,
it follows that every subdivision of Wt×t has treewidth at least t; in fact, the treewidth
of a graph and all its subdivisions are the same (this is well-known and easy to prove;
we omit the details). One can also observe (see Figure 1.4) that the line graph of every
subdivision of Wt×t has a subgraph isomorphic to some subdivision of Wt×t. It follows from
Theorem 1.3 that the line graph of every subdivision of Wt×t has treewidth at least t.

We refer to these four types of graphs as the “basic obstructions.” For every t ∈ N,
by a t-basic obstruction we mean one of the following graphs: Kt+1, Kt,t, all subdivision
of Wt×t and the line graphs of all subdivision of Wt×t (see Figure 1.4). We say a graph
G is t-clean if G has no induced subgraph isomorphic to any of the t-basic obstructions.
As discussed above, the t-basic obstructions have treewidth at least t. It follows that if
C is a graph class of bounded treewidth, then there exists t ∈ N such that C contains no
t-basic obstructions. For hereditary classes of bounded treewidth, this yields the following
necessary condition in line with Question 1.10:

Observation 1.12. Let C be a hereditary class of bounded treewidth. Then there exists
t ∈ N for which every graph in C is t-clean.

In particular, it is straightforward to observe that the “only if” implication in the
statement of Theorem 1.11 follows from Observation 1.12 (see Figure 1.5).

So it suffices to answer Question 1.10 for those classes which satisfy the condition in
Observation 1.12: for which hereditary classes C does the class of all t-clean graphs in C
have bounded treewidth for every t ∈ N? We call such classes “clean.” Given a graph class
C, we say C is clean if for every t ∈ N, there is a constant w = w(t) ∈ N such that every
t-clean graph G ∈ C satisfies tw(G) ≤ w. So Question 1.10 will now be superseded by the
following refinement: Which hereditary classes are clean? Equivalently, we ask:
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Figure 1.5: Outcomes of Theorem 1.11.

Question 1.13. For which sets H of graphs is the class of all H-free graphs clean?

On par with Question 1.10, the complete answer to Question 1.13 remains out of reach.
The contribution of this thesis is a number of dichotomy results approaching that complete
answer. We will give a brief outline of our results in a moment. But first let us remark
that some partial results on Question 1.13 already exist. For instance, it seems to have
long been known in the graph minors community that the answer to Question 1.13 will be
all classes if “hereditary” is replaced by “proper minor-closed.” In particular, see [69] from
September 2013 where Paul Seymour mentions this result. See also the mathoverflow post
[55] from October 2013 where Cosmin Pohoata poses this as a question and Paul Wollan
[74] sketches a proof using the “Flat Wall Theorem” [41].

The first published proof, and a different one at that, is due to Aboulker, Adler, Kim,
Sintiari and Trotignon:

Theorem 1.14 (Aboulker, Adler, Kim, Sintiari and Trotignon [1]). Every proper minor-
closed class of graphs is clean. Equivalently, for all k, t ∈ N, there is a constant f1.14 =
f1.14(k, t) ∈ N such that if G is a graph which has no minor isomorphic to Kk and no
induced subgraph isomorphic to a subdivision of Wt×t or the line graph of a subdivision of
Wt×t, then tw(G) ≤ f1.14.

The same authors also conjectured [1] that every graph class of bounded maximum
degree is clean, which was later proved by Korhonen [44]:

Theorem 1.15 (Korhonen [44]). Every graph class of bounded maximum degree is clean.
Equivalently, for all d, t ∈ N, there is a constant f1.15 = f1.15(d, t) ∈ N if G is a graph of
maximum degree at most d which has no induced subgraph isomorphic to a subdivision of
Wt×t or the line graph of a subdivision of Wt×t, then tw(G) ≤ f1.15.
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Figure 1.6: A summary of our contribution.

We conclude the introduction with a summary of our results on Question 1.13 (see also
Figure 1.6). Then, in the next chapter, we give the formal statement of each individual
result and discuss the motivations and the consequences in detail.

The analog of Theorem 1.11 for cleanness (instead of bounded treewidth) is a good
starting point to attack Question 1.13. So we ask: what if H is finite? We managed to give
a complete answer to Question 1.13 in this case. This result is stated under Theorem 2.4
in Chapter 2, Section 2.1, of which the proof will be given in Chapter 4.

The case where H is infinite appears to be much more difficult. In one way, this
may be blamed on the vast variety of the so-called “non-basic” obstructions that have
been discovered so far. These are constructions of 3- or 4-clean graphs with unbounded
treewidth each manifesting unique structural properties, and the following four of them
have somehow been closer to the center of attention:
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• Arrays [21, 56];
• Occultations [13];
• Theta-free Layered Wheels [71]; and
• Even-hole-free Layered Wheels [71].

The above constructions, in order, come from the following four non-clean hereditary
classes that are defined by an infinite set H of excluded graphs:

• Pinched graphs ;
• Perforated graphs ;
• (Theta, K3)-free graphs; and
• (Even-hole, K4)-free graphs.

(The exact definitions will appear in Chapter 2.)

We undertake an exclusive study of each class. Specifically, for pinched graphs and
perforated graphs, we prove full grid-type theorems. This means we characterize exactly
all sets H of graphs for which the class of H-free pinched graphs has bounded treewidth,
and similarly, we characterize all sets H of graphs for which the class of H-free perforated
graphs has bounded treewidth. These two results, in order, are stated under Theorems 2.7
and 2.10 in Chapter 2, Sections 2.2 and 2.3. The proofs of Theorems 2.7 and 2.10 (and
in fact, of certain natural extensions of those theorems) will appear in Chapters 5 and 6,
respectively.

For (theta, K3)-free graphs and (even-hole, K4)-free graphs, proving a full grid-type
theorem seems impossibly difficult. Instead, we characterize the “local” structure of graphs
with large treewidth in each class. More explicitly, we identify all graphs H for which every
(theta, K3)-free graph of sufficiently large treewidth has an induced subgraph isomorphic
to H, and similarly, we identify all graphs H for which every (even-hole, K4)-free graph of
sufficiently large treewidth has an induced subgraph isomorphic to H. These two results,
in order, are stated under Theorems 2.16 and 2.20 in Chapter 2, Section 2.4. The proof
of Theorems 2.16 and 2.20 (and again, of certain natural extensions of those theorems)
will occupy the last four chapters of this thesis, eventually finished in Chapter 9 (except
Chapter 10 completes an important technical step of those proofs that we will postpone
until the end to keep the rest of the proofs flowing).
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Chapter 2

Overview of the results

2.1 A few graphs more than the basic obstructions

Our first main result is a characterization of all finite sets H of graphs for which the class
of all H-free graphs is clean. Perhaps we should step back and first ask the same question
for H = ∅: Is the class of all graphs clean?

The answer is negative, as there are several constructions [13, 21, 56, 71] of t-clean
graphs with arbitrarily large treewidth for t ∈ {3, 4}. In this section and the one after, we
will focus on “arrays” [21, 56] as the simplest example of 4-clean graphs with arbitrarily
large treewidth. The definition is as follows. For s ∈ N, an s-array is a graph A whose
vertex set can be partitioned into s + 1 subsets S, L1, . . . , Ls, where |S| = s and S is a
stable set, L1, . . . , Ls are pairwise disjoint and anticomplete paths in A, and the following
hold.

• For every i ∈ [s], every vertex in S has at least one neighbor in Li; and
• There is a linear order x1, . . . , xs of the vertices in S such for every i ∈ [n], the

neighbors of x1, . . . , xs in Li appear along Li in this order (in particular, each vertex
of Li is adjacent to at most of one x1, . . . , xs).

See Figure 2.1. A slightly weaker notion of arrays was first introduced by Pohoata [56] in
2014, and rediscovered by Davies [21] in 2022 (we will define these graphs in Section 5.1).
Both authors observed that their “arrays” are 4-clean with arbitrarily large treewidth. This
remains true for our extended definition of arrays:

Theorem 2.1. For every s ∈ N, every s-array is a 4-clean graph of treewidth at least n.
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L1

x1

L1

L2

L1

L2

L3

x1 x2 x1 x2 x3

Figure 2.1: Left to right: examples of s-arrays for s = 1, 2, 3.

We will prove (a strengthening of) Theorem 2.1 in Chapter 5 under Proposition 5.2,
where we will also re-define arrays in the more technical language of “constellations.”

From Theorem 2.1, it follows that for every graph class C that is clean, there are only
finitely many s ∈ N for which there is an s-array in C. For hereditary classes, we may
rephrase this necessary condition as follows:

Observation 2.2. Let H be a set of graphs such that the class of H-free graphs is clean.
Then there is no H-free s-array except possibly for finitely many s ∈ N.

Moreover, if H is a singleton, then we may describe H more explicitly:

Theorem 2.3. Let H be a graph such that the class of all H-free graphs is clean. Then
every component of H is either a path or a subdivided star.

Proof. Suppose not. It follows that either there is a cycle in H, or there is a component
of H which has at least two branch vertices. Choose ℓ ∈ N such that there is no cycle of
length more than ℓ in H, and every two branch vertices in the same component of H are
at a distance less than ℓ in H.

By the assumption, there exists w ∈ N such that every 3-clean H-free graph has
treewidth less than w. In particular, by Theorem 2.1, there is no H-free w-array.

For each k ∈ {1, 2}, let Ak be a w-array with x1, . . . , xw, L1, . . . , Lw as in the definition,
such that

• for all i, j ∈ [w], the set NLj
(xi) is a k-clique in Ak; and

• for all i ∈ [w− 1] and j ∈ [w], the unique path in Ak from xi to xi+1 with interior in
Lj has length ℓ.

See Figure 2.2. It follows that for each k ∈ {1, 2}, there is an induced subgraph Hk of
Ak that is isomorphic to H. We claim that:
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x1 x2 x3

L1

L2

L3

A1 A2

x1 x2 x3

L1

L2

L3

Figure 2.2: The arrays A1 and A2 from the proof of Theorem 2.3 (for ℓ = 4 and w = 3).

(1) H is a forest.

Note that there is no cycle of length smaller than 2ℓ in A1, and so there is no such cycle
in H1. Also, recall that there is no cycle of length more than ℓ in H. Therefore, there is
no cycle in H at all. This proves (1).

By (1), there is a component of H which has at least two branch vertices. From the
choice of ℓ, it follows that there are two branch vertices u, v in the same component of
H2 that are at distance less than ℓ. Consequently, there is a triangle T in A2 such that
(T ∩ {u, v}) \ {x1, . . . , xw} ̸= ∅. This, along with the fact that both u and v have degrees
more than two in H2, implies that T ⊆ V (H2). But then there is a triangle in H, a
contradiction with (1). This completes the proof of Theorem 2.3. ■

The necessary condition from Observation 2.2 is not sufficient in general. For instance,
if H is the set of all thetas, then there is no H-free s-array for any s ≥ 3, whereas the class
of all theta-free graphs is not clean [71] (further discussion will appear in Section 2.4).

It turns out, however, that the necessary condition from Observation 2.2 is in fact
sufficient when H is finite:

Theorem 2.4. Let H be a finite set of graphs. Then the class of all H-free graphs is clean
if and only if there is no H-free s-array except possibly for finitely many s ∈ N.

In particular, we have:

Theorem 2.5. Let H be a graph. Then the class of all H-free graphs is clean if and only
if every component of H is either a path or a subdivided star.
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Figure 2.3: A graph in H1. Dashed lines represent paths of non-zero length.

Both Theorems 2.4 and 2.5 will be proved in Chapter 4. We remark that, unlike the case
of a single graph (which admits Theorem 2.3), we were not able to find an explicit descrip-
tion of those finite sets H which satisfy the condition from Observation 2.2. Specifically,
the following remains open as far as we know:
Question 2.6. Is there an algorithm that, for a finite set H of graphs, decides in polynomial
time (in terms of

∑
H∈H |V (H)|) whether the class of all H-free graphs is clean?

2.2 Pinched graphs

We now turn to H-free graphs for certain choices of an infinite set H of graphs. As we will
argue in a moment, our first choice of H is inspired by the properties of the arrays: let H1

be the set of all graphs which consist of three induced cycles, all sharing a common vertex
and otherwise pairwise disjoint and anticomplete (see Figure 2.3). We say a graph G is
pinched if G is H1-free.

It follows that complete graphs and complete bipartite graphs are pinched. Moreover,
every graph that is not pinched must have a vertex of degree at least six, so subdivided
walls and their line graphs are also pinched. In other words, the class of all pinched graphs
contains all the basic obstructions. It is therefore natural to ask: Is the class of all pinched
graphs clean? The answer is negative, as certain arrays are also pinched.

The special arrays which we are interested in are the original ones due to Pohoata [56]
and Davies [21]. For every integer s ∈ N, we define PDs to be the graph whose vertex set
can be partitioned into s + 1 subsets S, L1, . . . , Ls, where |S| = s and S is a stable set,
L1, . . . , Ls are pairwise disjoint and anticomplete paths in A each on s vertices, and the
following hold.
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Figure 2.4: The graph PD6 (left) and an expansion of PD6 (right).

• For every i ∈ [s], every vertex in S has exactly one neighbor in Li; and
• There is a linear order x1, . . . , xs of the vertices in S such for every i ∈ [s], the

neighbors of x1, . . . , xs in Li appear along Li in this order (in particular, each vertex
of Li is adjacent to exactly of one x1, . . . , xs).

By an expansion of PDs we mean a graph obtained from PDs by subdividing the edges
of the paths L1, . . . , Ls (see Figure 2.4). It follows that for every s ∈ N, every expansion
of PDs is an s-array, and so by Theorem 2.1, every expansion of PDs is a 4-clean graph
of treewidth at least s.

Also, the expansions of PDs are pinched for all s ∈ N. We will prove (a strengthening
of) this result in Chapter 5 under Proposition 5.2. Here we provide a brief version; hoping
to demonstrate how being pinched follows quite naturally from the construction of the
Pohoata-Davies graphs. Suppose for some s ∈ N, there is an expansion G of PDs which
is not H1-free. Then there are three induced cycles C1, C2, C3 in G, all sharing a single
common vertex and otherwise pairwise disjoint and anticomplete in G. Since x has degree
at least six and C1, C2, C3 are cycles, it follows that there are distinct i, i1, i2, i3 ∈ [s] such
that V (C1)∩V (C2)∩V (C3) = {xi} and xij ∈ V (Cj) \ {xj} for all j ∈ [3]. We may assume
that i1 < i2 < i. But then by the construction of PDs, xi2 has a neighbor in V (C1)\{xi1},
a contradiction with and V (C1) \ {xi1} and V (C2) \ {xi2} being anticomplete.

The above discussion shows that, on top of the basic obstructions, the Pohoata-Davies
graphs form a new family of obstructions to bounded treewidth in the class of all pinched
graphs. We complement this observation by showing that the Pohoata-Davies graphs are
the only “non-basic” obstructions in the class of all pinched graphs.
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In fact, we prove more. For c ∈ N, a graph G is c-pinched if no induced subgraph of G
consists of c cycles, all sharing a vertex and otherwise pairwise disjoint and anticomplete
(so G is pinched if and only if G is 3-pinched). Our main result on pinched graphs is the
following grid-type theorem:

Theorem 2.7. For all c, s, t ∈ N, there is a constant f2.7 = f2.7(c, s, t) ∈ N such that every
t-clean c-pinched graph G with tw(G) > f2.7 has an induced subgraph isomorphic to an
expansion of the graph PDs.

Note that, for s ≥ 3, the expansions of PDs are not 2-pinched. Therefore, it follows
from Theorem 2.7 that:

Corollary 2.8. The class of all 2-pinched graphs is clean.

We will prove Theorem 2.7 in Chapter 5; in fact, we prove a strengthening where the
length of the excluded cycles may be lower bounded. We will also derive the corresponding
strengthening of Corollary 2.8.

2.3 Perforated graphs

Our second choice of an infinite set of excluded graphs is inspired by a construction from
[13], which we will describe in a moment. Let H2 be the set of all 2-regular graphs with
exactly two components. We say a graph G is perforated if G is H2-free. Equivalently, G
is perforated if there are no two disjoint and anticomplete cycles in G.

Unlike the case of pinched graphs, complete graphs and complete bipartite graphs are
the only basic obstructions which are perforated: for every t ≥ 4, subdivisions of Wt×t and
their line graphs are not perforated. One may also observe that n-arrays are not perforated
for any n ≥ 4. Therefore, it makes sense to ask: for every t ∈ N, does every perforated
graph of large enough treewidth have an induced subgraph isomorphic to Kt+1 or Kt,t?

The answer is negative, provided by the following construction from [13]. For s ∈ N,
an s-occultation1 is a graph o whose vertex set can be partitioned into a stable set S in o
of cardinality s and a path L in o, such that the following hold (see Figure 2.5).

1A name by us, and not the authors of [13]. Also, from Wikipedia: “An occultation is an event that
occurs when one object is hidden from the observer by another object that passes between them. The
term is often used in astronomy, but can also refer to any situation in which an object in the foreground
blocks from view (occults) an object in the background.”
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L

x1

x3

x4

x2

Figure 2.5: A 4-occultation.

• No two vertices in S have a common neighbor in V (L).
• The ends of L are anticomplete to S.
• There is a linear order x1, . . . , xs on the vertices in S such that x1 has exactly one

neighbor in L, and for i ∈ [s] with i > 2, the vertex xi has exactly one neighbour
between every two successive vertices in L which are either an end of L or a neighbour
of a vertex in {x1, . . . , xi−1}. In particular, xi has 2i−1 neighbors in L for i ∈ [s].

• No vertex in L has degree 2 in o. In particular, L has length 2s.

It is proved in [13] that:

Theorem 2.9 (Bonamy, Bonnet, Déprés, Esperet, Geniet, Hilaire, Thomassé and Wesolek
[13]). For every s ∈ N, every s-occultation is a (K3,3, K3)-free perforated graph of treewidth
at least s− 1.

However, a closer look at their proof shows that the assertion of Theorem 2.9 remains
correct if (a) the edges of L are allowed to be subdivided, and (b) the word “exactly” in the
third bullet is replaced by “at least.” This leads us to the following definition. For s ∈ N,
a full s-occultation is a graph o whose vertex set can be partitioned into a stable set S in
o of cardinality s and a path L in o, such that the following hold (see Figure 2.6).

• No two vertices in S have a common neighbor in V (L).
• The ends of L are anticomplete to S.
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L

Figure 2.6: A full 4-occultation.

• There is a linear order x1, . . . , xs on the vertices in S such that x1 has exactly one
neighbor in L, and for i ∈ [s] with i > 2, the vertex xi has at least one neighbor
between every two successive vertices in L which are either an end of L or a neighbour
of a vertex in {x1, . . . , xi−1}.

We will prove in Chapter 6 under Theorem 6.2 that Theorem 2.9 holds for full occul-
tations, as well. We will also define full occultations once again in Section 6.1 in terms of
“asterisms.”

It turns out that complete graphs, complete bipartite graphs and full occultations
are the only induced subgraph obstructions to bounded treewidth in perforated graphs.
Moreover, the same holds for any number of excluded cycles rather than two. Given c ∈ N,
we say a graph G is c-perforated if there are no c pairwise disjoint and anticomplete induced
subgraphs of G, each of which is a cycle.

Our main result on perforated graphs is the following. In Chapter 6, we will prove
not only this result but also a strengthening to the case where the lengths of the excluded
cycles are lower bounded.

Theorem 2.10. For all c, s, t ∈ N, there is a constant f2.10 = f2.10(c, s, t) ∈ N such
that every (Kt+1, Kt,t)-free c-perforated graph G with tw(G) > f2.10(c, s, t) has an induced
subgraph which is a full s-occultation.
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Figure 2.7: For t ≥ 3, all non-complete t-basic obstructions contain even holes. Note, in
thick lines, the theta on the left and the middle, and the prism on the right, and note the

even holes highlighted in them.

2.4 Even-hole-free graphs

1. Motivation. The set of all cycles of even length is our next choice of an infinite set
of excluded graphs. This is inspired by the properties of the basic obstruction in the first
place. Specifically, there is a theta in the complete bipartite graph K3,3, there is a theta
in every subdivision of W3×3, and there is a prism in the line graph of every subdivision of
W3×3 (see Figure 2.7). It follows that for every t ≥ 3:

• there is either a theta or a triangle in every t-basic obstruction; and
• there is either an even hole or a t-clique in every t-basic obstruction.

Note that even holes are the only “interesting” induced subgraphs shared by all the basic
obstructions except for the complete graphs. One may also observe that there is a theta
in every array and full occultation of sufficiently large treewidth. Therefore, it is natural
to ask if all the induced subgraph obstructions to bounded treewidth (basic or not) except
for complete graphs contain even holes:

Question 2.11. Does the class of all (theta, K3)-free graphs have bounded treewidth?

Question 2.12. Is it true that for every t ∈ N, the class of all (even hole, Kt)-free graphs
has bounded treewidth?

2. The difficulty with even-hole-free graphs. The latter two questions are not entirely
hopeless at first glance. In particular, The answer to Question 2.12 is positive for t ≤ 3:
(even-hole, K3)-free graphs have treewidth at most five [16].
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However, in 2019, Sintiari and Trotignon [71] answered both Question 2.11 and Ques-
tion 2.12 for t ≥ 4 in the negative. They provided explicit examples of (theta, K3)-free
graphs and (even-hole, K4)-free graphs with arbitrarily large treewidth, which they called
the layered wheels (see Figure 2.8).

Unlike the arrays and the occultations, the layered wheels are rather involved in the
construction. The full definition [71] takes a couple of pages, which is why we omit it.
Nevertheless, despite their unwieldy global structure, the local structure of the layered
wheels is as restricted as possible:

Theorem 2.13 (Sintiari and Trotignon [71]). The following hold.

(a) There are theta-free graphs of arbitrarily large treewidth and arbitrarily large girth.
(b) There are (even-hole, K4)-free graphs of arbitrarily large treewidth and arbitrarily

long shortest holes.

Graphs with no hole are called chordal. In particular, forests are exactly the graphs
which are chordal and triangle-free. For general k ∈ N, we say a graph H is a k-forest if H
is chordal and Kk+2-free. This arranges for the forests to be the same as 1-forests. Using
the above definition, Theorem 2.13 may be restated as follows:

Theorem 2.14 (Sintiari and Trotignon [71]). The following hold for every h ∈ N.

(a) There are (theta, K3)-free graphs of arbitrarily large treewidth in which every induced
subgraph on at most h vertices is a 1-forest.

(b) There are (even-hole, K4)-free graphs of arbitrarily large treewidth in which every
induced subgraph on at most h vertices is a 2-forest.

We will refer to the graphs from Theorem 2.14(a) and (b), respectively, as the theta-free
layered wheels and the even-hole-free layered wheels. It is well-known [28] that among the
graphs of any given clique number, chordal graphs of the same clique number are exactly the
graphs in which every induced subgraph has the smallest possible treewidth. In particular,
Theorem 2.14 says that layered wheels are graphs of arbitrarily large treewidth in which
every small induced subgraph – no matter how large our notion of “small” is chosen to be
– has the smallest possible treewidth.

We were not able to prove a full grid-type theorem for theta-free graphs and even-hole-
free graphs. But we will show that, despite their intricate, almost contrived-looking global
structure, the layered wheels are quite canonical from a local perspective, in that they
represent the local structure of all even-hole-free graphs of large treewidth.
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Figure 2.8: A bit of the theta-free layered wheel (left) and the even-hole-free layered
wheel (right).

3. Forests in theta-free graphs. Suppose F is a graph such that every theta-free
layered wheel of sufficiently large treewidth has an induced subgraph isomorphic to F .
Then, by Theorem 2.14(a), F must be a forest. In fact, one may readily observe that
Theorem 2.13(a), Theorem 2.14(a), and the following are all equivalent (see Figure 2.8):

Theorem 2.15 (Sintiari and Trotignon [71]). Let F be a graph. Then every theta-free
layered wheel of large enough treewidth has an induced subgraph isomorphic to F , if and
only if F is a forest.

We prove that the converse is also true:

Theorem 2.16. Let F be a graph. Then every (theta, K3)-free graph of large enough
treewidth has an induced subgraph isomorphic to F , if and only if F is a forest.

There is a vexatious asymmetry in Theorem 2.16: now that excluding thetas eliminates
the subdivided walls (and complete bipartite graphs), why would we not rule out the line
graphs of the subdivided walls by excluding the line graphs of thetas? Recall that the line
graphs of thetas are prisms. We strengthen Theorem 2.16 to the larger class of (theta,
prism)-free graphs of bounded clique number:

Theorem 2.17. Let t ∈ N. Let F be a graph. Then every (theta, prism, Kt+1)-free graph
of large enough treewidth has an induced subgraph isomorphic to F , if and only if F is a
forest.

Note also that the “only if” implication in Theorem 2.17 follows from Theorem 2.15. It
remains to show that:

Theorem 2.18. For all t ∈ N and every forest F , there is a constant f2.18 = f2.18(F, t) ∈ N
such that every (theta, prism, Kt+1)-free graphs with tw(G) > f2.18 has an induced subgraph
isomorphic to F .

22



Figure 2.9: Examples of 2-forests (which are in fact 2-trees; see Chapter 9, Section 9.2.)

We will prove Theorem 9.1 in Chapter 9, Section 9.1.

4. 2-forests in even-hole-free graphs. Suppose H is a graph such that every even-
hole-free layered wheel of sufficiently large treewidth has an induced subgraph isomorphic
to H. Then, by Theorem 2.14(b), H must be a 2-forest (see Figure 2.9). Indeed, it is
straightforward to check that Theorem 2.13(b), Theorem 2.14(b), and the following are all
equivalent (see Figure 2.8):

Theorem 2.19 (Sintiari and Trotignon [71]). Let H be a graph. Then every even-hole-free
layered wheel of large enough treewidth has an induced subgraph isomorphic to H, if and
only if H is a 2-forest.

Once again, we prove that the converse is also true:

Theorem 2.20. Let H be a graph. Then every (even hole, K4)-free graph of large enough
treewidth has an induced subgraph isomorphic to H, if and only if H is a 2-forest.

Incidentally, Theorem 2.20 contains a conjecture of Sintiari and Trotignon [71] as a
(very) special case: when H is obtained from a two-edge path by adding a universal
vertex. Given a graph F , we denote by cone(F ) the graph obtained from F by adding a
universal vertex. The cone of a two-edge path is known as the diamond (see Figure 2.10):

Conjecture 2.21 (Sintiari and Trotignon). The class of all (even hole, diamond, K4)-free
graphs has bounded treewidth.

Since the diamond is a 2-forest, Conjecture 2.21 follows immediately from the “if”
implication of Theorem 2.20.
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Figure 2.10: From left to right: the diamond, a coned tree, the gem, and the two smallest
(2-connected) 2-forests that are not coned forests (the second from the right is commonly
known as the antinet).

In general, the graph cone(F ) is a 2-forest if and only if F is a forest. We prove yet
another strengthening of Conjecture 2.21, where the “diamond” is replaced by “cone(F ) for
any forest F ” and “K4” is replaced by “Kt for any t ≥ 4.” In view of Theorem 2.14(b), this
yields a characterization of all forests:

Theorem 2.22. Let t ≥ 4. Let F be a graph. Then every (even hole, Kt)-free graph of
large enough treewidth has an induced subgraph isomorphic to cone(F ), if and only if F is
a forest.

While on the topic of Kt-free graph for general t ≥ 4, it is natural to ask whether
Theorem 2.20 may be extended to even-hole-free graphs with larger clique numbers. The
“only if” implication in Theorem 2.20 remains valid for (even-hole, Kt)-free graphs for all
t ≥ 4. We conjecture that the converse is also true:

Conjecture 2.23. Let t ≥ 4. Given a graph H, every (even hole, Kt)-free graph of large
enough treewidth has an induced subgraph isomorphic to H if (and only if) H is a 2-forest.

Note that Theorems 2.20 and 2.22 settle, in order, the following two special cases of
Conjecture 2.23: (a) where t = 4 and H is arbitrary, and (b) where H is a coned forest
and t ≥ 4 is arbitrary. Instead of those results, we prove a common strengthening of
Theorems 2.20 and 2.22 which characterizes forests and 2-forests simultaneously:

Theorem 2.24. For all t ∈ N, every forest F and every 2-forest H ∈ H, there is a constant
f2.24 = f2.24(F,H, t) such that every (even-hole, Kt+1)-free graph G with tw(G) > f2.24 has
an induced subgraph isomorphic to either cone(cone(F )) or H.

We will prove Theorem 2.24 in Chapter 9, Section 9.3. In particular, Theorem 2.20
follows from Theorem 2.24 applied to t = 3 and F = K2, whereas Theorem 2.22 follows
from Theorem 2.24 by setting H = cone(F ). Note that by Theorem 2.14(b), Theorem 2.24
will be false if neither F is a forest nor H is a 2-forest.
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Figure 2.11: A crystal.

Alternatively, one may improve on each of Theorems 2.20 and 2.22 separately. The one
we do have something to contribute to is extending Theorem 2.22 beyond coned forests. So
we wish to identify more 2-forests H (other than coned forests) for which Conjecture 2.23
holds for all t ≥ 4. One may check that among 2-forests that are not coned forests, there
are only two (up to isomorphism and 2-connectivity) with the fewest number of vertices.

Both these graphs are obtained from a coned K2 (that is, a triangle) and a coned three-
edge path (commonly known as a gem, which is annoyingly more similar to a “diamond”
than the diamond), by gluing them together along the unique edge of K2 and some edge of
the three-edge path (see Figure 2.10). We prove that for all t ≥ 4, Conjecture 2.23 holds
for both of these graphs as a choice of H.

In fact, we prove Theorem 2.25 below which is a much stronger result. A double star is
a tree with exactly two vertices of degree more than one (which are necessarily adjacent).
The middle edge of a double star is the unique edge between the two non-leaf vertices.
By a crystal we mean a graph obtained from cone(F1), . . . , cone(Fk) for some k ∈ N and
some choice of k double stars F1, . . . , Fk, by identifying the middle edges of F1, . . . , Fk (see
Figure 2.11). We will prove the following in Chapter 9, Section 9.4:

Theorem 2.25. For all t ∈ N and every crystal H, there is a constant f2.25 = f2.25(H, t) ∈
N such that every (even-hole, Kt+1)-free graph of treewidth more than f2.25 has an induced
subgraph isomorphic to H.

To conclude, we remark that another approach would be to generalize Theorem 2.20
from (even-hole, K4)-free graphs to (even-hole, Kt)-free graphs for some large values of
t. We do not have much to say about this, except it appears to us that we are somehow
bound to prove Conjecture 2.23 for all values of t > 4 at once. More generally, we wonder
if the following is true, which will imply Conjecture 2.23 by reducing it to Theorem 2.20:

Conjecture 2.26. For every t ≥ 1, every even-hole-free graph of large enough treewidth
has an induced subgraph of treewidth t which is either complete or K4-free.
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2.5 Proofs: the method of strong blocks

The proofs of all of our main results use the “method of strong blocks.” Roughly, this means
we begin all proofs by applying the following statement to the graphs we study: every t-
clean graph of large enough treewidth has a large subset of vertices that are pairwise highly
connected in the whole graph. To make this precise, we need the following definition. Let
G be a graph and let k, l ∈ N. A (k, l)-block in G is a pair (B,P) where B ⊆ V (G) with
|B| ≥ k and P : B(2) → 2V (G) is map such that P({x, y}), for each 2-subset {x, y} of B,
is a set of at least l pairwise internally disjoint paths in G from x to y. We say (B,P) is
strong if for all distinct 2-subsets {x, y}, {x′, y′} of B, we have V (P∗

{x,y})∩ V (P{x′,y′}) = ∅;
that is, each path P ∈ P({x, y}) is disjoint from each path P ′ ∈ P({x′, y′}), except P and
P ′ may share an end.

The following is a major tool that we will use in the proof of all our main results:

Theorem 2.27. For all k, l ∈ N, the class of all graphs with no strong (k, l)-block is clean.
Equivalently, for all k, l, t ∈ N, there is a constant f2.27 = f2.27(k, l, t) ∈ N such that for
every t-clean graph G with tw(G) > f2.27, there is a strong (k, l)-block in G.

We prove Theorem 2.27 in Chapter 3, Section 3.1. In the proof of each of our main
results, we first apply Theorem 2.27 to our t-clean graphs of large enough treewidth to
obtain a sufficiently large strong block. The rest of the proof then will be to examine
the structure of the subgraph induced by the paths of the strong block. This step often
captures the main difficulty and relies on a menagerie of Ramsey-theoretic arguments that
are delicately tailored to the specifications of each proof. Thus, we postpone a more detailed
outline of those techniques to later chapters, immediately before the corresponding proofs.
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Chapter 3

Blocks, subdivisions and minor models1

In this chapter, we put together some of the results that will serve as the common technical
underpinning of the subsequent chapters. In particular, we prove Theorem 2.27. We will
then combine the latter with several Ramsey-type arguments to show that t-clean graphs
of sufficiently large treewidth contain large complete bipartite minor models in which every
branching set induces a path, and the entire model induces a “sparse” subgraph.

3.1 Strong blocks in t-clean graphs

Our goal in this section is to show that:

Theorem 2.27. For all k, l ∈ N, the class of all graphs with no strong (k, l)-block is clean.
Equivalently, for all k, l, t ∈ N, there is a constant f2.27 = f2.27(k, l, t) ∈ N such that for
every t-clean graph G with tw(G) > f2.27, there is a strong (k, l)-block in G.

The proof of Theorem 2.27 needs some preparation. We begin with the definition
of a “tree decomposition” which also yields the more commonly used definition of the
treewidth. Let G be a graph. A tree decomposition for G is a pair (T, β) where T is a tree
and β : V (T ) → 2V (G) is a map such that:

• we have V (G) =
⋃

x∈V (T ) β(t) and E(G) =
⋃

x∈V (T )E(β(x)); and
• T [{x ∈ V (T ) : v ∈ β(x)}] is a connected for all v ∈ V (G).

1This chapter is based on the coauthored papers [3, 8] and the single-author paper [37].
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We leave it to the reader to check that (T, β) is a tree decomposition for G if and only
if (T [{x ∈ V (T ) : v ∈ β(x)}] : v ∈ V (G)) is a T -subtree representation of G [28]. It
follows that the treewidth of G is equal to the minimum of maxv∈V (G) |β(v)| − 1 over all
tree decompositions (T, β) of G. This is in fact one of the most common ways to define
treewidth in the literature [60, 61].

Let T be a tree. For an edge xy ∈ E(T ), we denote by Tx,y the component of T − xy
containing x. Let G be a graph and let (T, β) be a tree decomposition for G. For every
induced subgraph S of T , we write β(S) =

⋃
x∈V (S) β(x), and for every edge xy ∈ E(T ),

we write β(x, y) = β(x) ∩ β(y) = β(Tx,y) ∩ β(Ty,x).

Given a vertex x ∈ V (T ), by the torso of (T, β) at x, denoted β̂(x), we mean the
graph obtained from G[β(x)] by, for each y ∈ NT (x), adding an edge between every two
non-adjacent vertices in β(x, y). It is a well-known observation that clique cutsets do not
affect the treewidth. More precisely, the following holds (a proof can be worked out easily
using Lemma 5 from [12]).

Theorem 3.1 (Folklore, see Lemma 5 in [12]). Let G be a graph and let (T, β) be a tree
decomposition for G. Then we have:

tw(G) = max
x∈V (T )

tw
(
β̂(x)

)
.

There are two properties of a tree decomposition that matter to us in this section:
that of being “k-atomic” (for some k ∈ N∪{0}) and that of being “tight.” We omit the
definition of the former [73] as it will not be used in our proofs, but we need to define the
latter. A tree decomposition (T, β) of a graph G is tight if for each vertex x ∈ V (T ) and
every vertex y ∈ NT (x), there is a component C of β(Ty,x) \ β(Tx,y) such that every vertex
in β(x, y) has at least one neighbor in C. The following is proved in [73].

Theorem 3.2 (Weißauer, Lemma 6 in [73]). For every k ∈ N∪{0} and every graph G,
every k-atomic tree decomposition for G is tight.

Let (T, β) be a tree decomposition for a graph G and let S be a set of pairwise vertex-
disjoint subtrees of T . Let T ′ be the tree obtained from T by contracting each subtree S ∈ S
into a new vertex vS. Let β′ : V (T ′) → 2V (G) be defined as follows. Let β′(vS) = β(S) for
every S ∈ S, and let β′(v) = β(v) for every v ∈ V (T ′) \ {vS : S ∈ S} = V (T ) \ (

⋃
S∈S S).

It is straightforward to observe that (T ′, β′), called contraction of (T, β), is also a tree
decomposition for G. The following result from [26] is a key ingredient in our proof of
Theorem 2.27.
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Theorem 3.3 (Erde and Weißauer [26], see also Grohe and Marx [34]). Let r ∈ N and let
G be a graph with no subgraph isomorphic to a subdivision of Kr. Then G admits a tree
decomposition (T, β) for which the following hold.

(a) (T, β) is a contraction of an (r2 − r)-atomic tree decomposition for G.

(b) For every edge xy ∈ E(T ), we have |β(x, y)| ≤ r2.

(c) For every x ∈ V (T ), either β̂(x) has fewer than r2 vertices of degree at least 2r4, or
β̂(x) has no minor isomorphic to K2r2.

We remark that the corresponding statement from [26], namely Theorem 4 therein,
does not explicitly mention that (T, β) is a contraction of a k-atomic tree decomposition.
However, as the reader can check, the proof of this result, given in Section 3 of [26], starts
with a (r2 − r)-atomic tree decomposition “(T,V)” and concludes at the end that (T, β) is
a specific contraction of (T,V).

Observe that every contraction of a tight tree decomposition is tight. Also, one may
easily check that for every k ∈ N and every graph G, if G has a subgraph isomorphic to
a subdivision of Kk2l, then there is a strong (k, l)-block in G. So Theorem 3.4 below is
immediate from combining Theorems 3.2 and 3.3.

Theorem 3.4. Let k, l ∈ N and let G be a graph. Assume that there is no strong (k, l)-
block in G. Then G admits a tight tree decomposition (T, β) such that for every x ∈ V (T ),
either β̂(x) has fewer than k4l2 vertices of degree at least 2k8l4, or β̂(x) has no minor
isomorphic to K2k4l2.

We also need the following well-known result (see Figure 3.1):

Theorem 3.5 (Folklore, see Lemma 5.1 in [4]). Let G be a connected graph, let S ⊆ V (G)
with |S| = 3 and let H be a connected induced subgraph of G such that S ⊆ V (H) and
V (H) is minimal with respect to inclusion. Then one of the following holds.

(a) There exists a vertex a ∈ V (H) and a path Px (possibly of length zero) from a to x
for each x ∈ S, such that

• H =
⋃

x∈S Px, and;

• the sets (Px \ {a} : x ∈ S) are pairwise disjoint and anticomplete in H.

(b) There exists triangle {ax : x ∈ S} in H and a path Px (possibly of length zero) from
ax to x for each x ∈ S, such that
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Figure 3.1: Outcomes of Theorem 3.5: (a) on the left and (b) on the right.

• H =
⋃

x∈S Px;

• for all distinct x, y ∈ S, the sets Px \ {ax} and Py are disjoint and anticomplete
in H.

We can now prove Theorem 2.27, which we restate:

Theorem 2.27. For all k, l ∈ N, the class of all graphs with no strong (k, l)-block is clean.
Equivalently, for all k, l, t ∈ N, there is a constant f2.27 = f2.27(k, l, t) ∈ N such that for
every t-clean graph G with tw(G) > f2.27, there is a strong (k, l)-block in G.

Proof. We use Theorems 1.14 and 1.15. Let

f0 = f1.15(3, t);

f1 = max{f1.14(K2k4l2 , 3f0), f1.15(2k
8l4, 3f0)}.

We will prove that
f2.27 = f2.27(k, l, t) = f1 + k4l2

satisfies the theorem. Suppose for a contradiction that some t-clean graph G with tw(G) >
f2.27 has no strong (k, l)-block. By Theorem 3.4, G admits a tight tree decomposition (T, β)
where every torso either has fewer than k4l2 vertices of degree at least 2k8l4 or has no minor
isomorphic to K2k4l2 . For each x ∈ V (T ), let Kx ⊆ V (β̂(x)) = β(x) be the set of all vertices
in β̂(x) whose degree in the graph G[β̂(x)] is at is least 2k8l4, and define Jx as follows: if
|Kx| < k4l2, then let Jx = β̂(x) \ Kx; otherwise, let Jx = β̂(x). In particular, we have
tw( ˆβ(x)) ≤ tw(Jx) + k4l2 for all x ∈ V (T ).
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Figure 3.2: An induced subgraph of W12×12 isomorphic to a 1-subdivision of W5×5.

Since tw(G) > f2.27, it follows from Theorem 3.1 that there exists x ∈ V (T ) with
tw(β̂(x)) > f2.27, and so tw(Jx) > f1. We deduce that:

(2) The graph Jx has an induced subgraph W0 isomorphic to either a proper subdivision of
the wall W(f0+1)×(f0+1) or the line graph of a proper subdivision of the wall W(f0+1)×(f0+1).

By definition, either Jx has maximum degree less than 2k8l4 or Jx has no minor that
is isomorphic to K2k4l2 . Therefore, the choice of f1 together with Theorems 1.14 and 1.15
implies that Jx has an induced subgraph W that is isomorphic to either a subdivision of
W3f0×3f0 or the line graph of a subdivision of W3f0×3f0 . It is straightforward to observe
that for every r ∈ N, every subdivision of W3r×3r has an induced subgraph isomorphic to
a proper subdivision of W(r+1)×(r+1) (see Figure 3.2). It follows that W , and so Jx, has an
induced subgraph W0 that is isomorphic to either a proper subdivision of W(f0+1)×(f0+1) or
the line graph of a proper subdivision of W(f0+1)×(f0+1). This proves (2).

Let W0 be as in (2). By a blossom we mean a non-empty subset K of V (W0) for which
there exists y ∈ NT (x) such that K ⊆ β(x, y), and subject to this property, K is maximal
with respect to inclusion. It follows that every blossom K is a k-clique in W0 for some
k ∈ [3]. Moreover, since W0 is K4-free and by maximality, every two distinct blossoms
intersect in at most one vertex, and blossoms of cardinality three are pairwise disjoint.
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K1

K2

K3

HK2

HK3

HK1

W0

β̂(yK3
)

β̂(yK2
)

β̂(yK1
)

Jx

CyK1
CyK2

CyK3

Figure 3.3: Proof of Theorem 2.27. Dotted segments represent edges in E(W0) \ E(β(x))
with both ends in K1, K2 or K3.

Let K be the set of all blossoms, and for each blossom K ∈ K, fix yK ∈ NT (x) such that
K ⊆ β(x, yK). From the maximality of blossoms, it follows that the vertices (yK : K ∈ K)
are all distinct. Recall that (T, β) is tight, and so for every y ∈ NT (x), there exists a
component Cy of β(Ty,x) \ β(Tx,y) such that the every vertex in β(x, y) has a neighbor in
Cy. Since (T, β) is a tree decomposition, it follows that the sets (Cy : y ∈ NT (x)) are
pairwise distinct, disjoint and anticomplete in G.

For each K ∈ K, let HK be a connected induced subgraph of G[(CyK ∪ K)] which
contains K, and subject to this property, assume that V (HK) is minimal with respect to
inclusion. It follows that if |K| = 1, then V (HK) = V (K), if |K| = 2, then HK is a path
in G between the two vertices in K with H∗

K ⊆ CyK , and if |K| = 3, then HK satisfies one
of the two outcomes of Theorem 3.5 applied to S = K. Also, the sets (HK \K : K ∈ K)
are pairwise distinct, disjoint and anticomplete in G. See Figure 3.3.

Let

H = G

[(
W0 \

(⋃
K∈K

K

))
∪

(⋃
K∈K

HK

)]
.

We claim that:
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(3) The graph H has maximum degree at most three and tw(H) > f0.

The first assertion is immediate from the fact that W0 has maximum degree at most
three. For the second assertion, let H ′ be the minor of H obtained by taking the following
steps in order:

• First, for each blossomK ∈ K with |K| = 3, contract the connected induced subgraph
HK of H into a vertex.

• Second, for each blossom K ∈ K with |K| = 2 such that K is contained in a 3-clique
in W0, contract the path HK in H to an edge between the two vertices in K.

• Third, contract each triangle of the resulting graph after Step 2 into a vertex.

Since W0 is isomorphic to either a proper subdivision of W(f0+1)×(f0+1) or the line graph
of a proper subdivision of W(f0+1)×(f0+1), it is readily observed that H ′ is isomorphic to a
subdivision of W(f0+1)×(f0+1). It follows that H has a minor isomorphic to W(f0+1)×(f0+1),
and so tw(H) ≥ f0 + 1. This proves (3).

From (3), Theorem 1.15 and the choice of f0, it follows that H has an induced subgraph
isomorphic to either a subdivision of Wt×t or the line graph of a subdivision of Wt×t. Since
H is an induced subgraph of G, it follows that G has an induced subgraph isomorphic to
either a subdivision of Wt×t or the line graph of a subdivision of Wt×t, a contradiction with
the assumption that G is t-clean. This completes the proof of Theorem 2.27. ■

3.2 Induced subdivisions with pinned branch vertices

From earlier works of Dvořák [25] and Lozin and Razgon [50], it follows almost immediately
that for all d ∈ N∪{0}, t ∈ N, and sufficiently large m, if G is a t-clean graph, then no
subgraph of G is isomorphic to a (≤ d)-subdivision of Km. Here we prove a strengthening,
answering in the affirmative a question of Lozin and Razgon (see Problem 1 in [50]):

Theorem 3.6. For all d ∈ N∪{0} and s, t ∈ N, there is a constant f3.6 = f3.6(d, s, t) ∈ N
with the following property. Let G be a (Kt+1, Kt,t)-free graph which has a subgraph K
isomorphic to a (≤ d)-subdivision of Kf3.6. Then G has an induced subgraph isomorphic
to a proper (≤ d)-subdivision of Ks whose branch vertices are also branch vertices of K.

We will deduce Theorem 3.6 from an even stronger statement, which guarantees both
the branch vertices and the subdivision paths between them to be preserved:

33



Theorem 3.7. For all d ∈ N∪{0} and s, t ∈ N, there is a constant f3.7 = f3.7(d, s, t) ∈ N
with the following property. Let G be a (Kt+1, Kt,t)-free graph and let (B,P) be a strong
(f3.7, 1)-block in G. For each {x, y} ∈ B(2), let P({x, y}) = {Px,y} where Px,y has length at
most d+ 1. Then there is a stable set S ⊆ B with |S| = s such that the following hold.

(a) For any three vertices x, y, z ∈ S, the vertex x is anticomplete to P ∗
y,z in G.

(b) For all distinct {x, y}, {x′, y′} ∈ S(2), P ∗
x,y and P ∗

x′,y′ are anticomplete in G.

In other words,

G

 ⋃
{x,y}∈S(2)

Px,y


is isomorphic to a proper (≤ d)-subdivision of Ks with S as its set of branch vertices (except
for the case s ∈ {1, 2}, where there is no branch vertex).

The proof of Theorem 3.7 will be in several steps. Let us begin with the multicolor
version of Ramsey’s Theorem for complete uniform hypergraphs:

Theorem 3.8 (Ramsey [57]). For all l,m, n ∈ N, there is a constant f3.8 = f3.8(l,m, n) ∈ N
with the following property. Let U be a set of cardinality at least f3.8 and let F be a non-
empty set of cardinality at most l. Let Φ : U (m) → F be a map. Then there exist i ∈ F
and an n-subset Z of U such that Φ(X) = i for all X ∈ Z(m).

From Theorem 3.8, we deduce the next two lemmas:

Lemma 3.9. For all a, b, s ∈ N, there is a constant f3.9 = f3.9(a, b, s) ∈ N with the
following property. Let G be a graph and let (B,P) be a strong (f3.9, 1)-block in G. For
each {x, y} ∈ B(2), let P({x, y}) = {Px,y}. Then one of the following holds.

(a) There exist A ⊆ B with |A| = a and B ⊆ (B \ A)(2) with |B| = b such that every
x ∈ A has a neighbor in Py,z for every {y, z} ∈ B.

(b) There exists a stable set S ⊆ B in G with |S| = s such that for any three vertices
x, y, z ∈ S, the vertex x is anticomplete to P ∗

y,z in G.

Proof. We claim that

f3.9(a, b, s) = f3.8(8, 3,max{3a+ 2b, s})

satisfies the lemma.

34



Assume that 3.9(a) does not hold. Fix an enumeration B = {w1, . . . , wf3.9} of B. For
every 3-subset T = {t1, t2, t3} of [f3.9] with t1 < t2 < t3, let Φ(T ) ∈ 2[3] such that for
each i ∈ [3], we have i ∈ Φ(T ) if and only if wti has a neighbor in G in Pwtj ,wtk

, where
{i, j, k} = {1, 2, 3}.

It follows that the map Φ : [f3.9]
(3) → 2[3] is well-defined. By the choice of f3.9, we

can apply Theorem 3.8 and deduce that there exists F ⊆ [3] as well as Z ⊆ [f3.9] with
|Z| = max{3a + 2b, s} such that for every T ∈ Z(3), we have Φ(T ) = F . In particular,
since |Z| ≥ 3a + 2b, we may choose I1, I2, I3, J,K ⊆ Z with |I1| = |I2| = |I3| = a and
|J | = |K| = b, such that

max I1 < min J ≤ max J < min I2 ≤ max I2 < minK ≤ maxK < min I3.

It follows that I1, I2, I3, J and K are pairwise disjoint. Moreover:

(4) We have F = ∅.

Suppose not. Pick f ∈ F ⊆ [3]. Write J = {j1, . . . , jb} and K = {k1, . . . , kb}. Note
that for every i ∈ If and every t ∈ [b], the set {i, jt, kt} is a 3-subset of Z. So we have
Φ({i, jt, kt}) = F , which means f ∈ Φ({i, jt, kt}). This, along with the choices of Φ and
the sets I1, I2, I3, J,K implies that for every i ∈ If and every t ∈ [b], wi has a neighbor
in Pwjt ,wkt

. But then A = {wi : i ∈ If} and B = {(wjt , wkt) : t ∈ [b]} satisfy 3.9(a), a
contradiction. This proves (4).

Since |Z| ≥ max{s, 3}, it follows from (4) that for every Z ′ ⊆ Z with |Z ′| = s, the set
S = {wi : i ∈ Z} ⊆ B satisfies 3.9(b). This completes the proof of Lemma 3.9. ■

Lemma 3.10. For all c, s ∈ N, there is a constant f3.10 = f3.10(c, s) ∈ N with the following
property. Let G be a graph and let (B,P) be a strong (f3.9, 1)-block in G. For each
{x, y} ∈ B(2), let P({x, y}) = {Px,y}. Then one of the following holds.

(a) There are disjoint c-subsets C and C ′ of B(2) such that for every {x, y} ∈ C and every
{x′, y′} ∈ C ′, there is an edge in G with an end in P ∗

x,y and an end in P ∗
x′,y′.

(b) There exists S ⊆ W with |S| = s such that for all distinct {x, y}, {x′, y′} ∈ S(2), the
sets P ∗

x,y and P ∗
x′,y′ are anticomplete in G.

Proof. We claim that
f3.10(c, s) = f3.8

(
215, 4,max{4c, s}

)
satisfies the lemma.
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Assume that 3.10(a) does not hold. Fix an enumeration B = {w1, . . . , wf3.10} of B. For
every 4-subset T = {t1, t2, t3, t4} of [f3.10] with t1 < t2 < t3 < t4, let Φ(T ) be the set of all
2-subsets {{i, j}, {i′, j′}} of [4](2) for which P ∗

wi,wj
and P ∗

wi′ ,wj′
are not anticomplete in G.

Then the map

Φ : [f3.10]
(4) → 2

(
([4](2))

(2)
)

is well-defined. Consequently, by the choice of f3.10 and Theorem 3.8, there exists a set
F of 2-subsets of [4](2) as well as a subset Z of [f3.10] with |Z| = max{4c, s} such that
for every T ∈ [Z](4), we have Φ(T ) = F . In particular, since |Z| ≥ 4c, we may choose
T1, T2, T3, T4 ⊆ Z with |T1| = |T2| = |T3| = |T4| = c such that

maxT1 < minT2 ≤ maxT2 < minT3 ≤ maxT3 < minT4.

It follows that T1, T2, T3 and T4 are pairwise disjoint. Moreover:

(5) We have F = ∅.

Suppose not. Let {P, P ′} ∈ F where P, P ′ are distinct 2-subsets of [4]. Then we may
write P = {i, j} and P ′ = {i′, j′} such that j /∈ P ′ and j′ /∈ P (while i = i′ is possible).
Pick an element ti ∈ Ti and an element ti′ ∈ Ti′ (this is doable as c > 0). It follows that
for every t ∈ Tj and every t′ ∈ Tj′ , {ti, ti′ , t, t′} is a 4-subset of Z. Therefore, we have
Φ({ti, ti′ , t, t′}) = F , and so {P, P ′} ∈ Φ({ti, ti′ , t, t′}). This, together with the choice of Φ
and the sets T1, T2, T3, T4 implies that for every t ∈ Tj and every t′ ∈ Tj′ , P ∗

wti ,wt
and P ∗

wti′ ,wt′

are not anticomplete in G. But then C = {(wti , wt) : t ∈ Tj} and C ′ = {(wti′
, wt′) : t

′ ∈ Tj′}
satisfy 3.10(a), a contradiction. This proves (5).

Since |Z| ≥ s, there exists Z ′ ⊆ Z with |Z ′| = s. Now by (5), S = {wi : i ∈ Z} ⊆ B
satisfies 3.10(b). This completes the proof of Lemma 3.10. ■

Combining Lemmas 3.9 and 3.10, we deduce the following:

Theorem 3.11. For all a, b, c, s ∈ N, there is a constant f3.11 = f3.11(a, b, c, s) ∈ N with
the following property. Let G be a graph and let (B,P) be a strong (f3.11, 1)-block in G.
For each {x, y} ∈ B(2), let P({x, y}) = {Px,y}. Then one of the following holds.

(a) There exist A ⊆ B with |A| = a and B ⊆ (B \ A)(2) with |B| = b such that every
x ∈ A has a neighbor in Py,z for every {y, z} ∈ B.

(b) There are disjoint c-subsets C and C ′ of B(2) such that for every {x, y} ∈ C and every
{x′, y′} ∈ C ′, there is an edge in G with an end in P ∗

x,y and an end in P ∗
x′,y′.
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(c) There exists a stable set S ⊆ B in G with |S| = s for which the following hold.
• For any three vertices x, y, z ∈ S, the vertex x is anticomplete to P ∗

y,z in G.

• The sets
(
P ∗
x,y : {x, y} ∈ S(2)

)
are pairwise anticomplete in G.

In other words,

G

 ⋃
{x,y}∈S(2)

Px,y


is isomorphic to a proper subdivision of Ks with S as its set of branch vertices (except
for the case s ∈ {1, 2}, where there is no branch vertex).

Proof. We claim that

f3.11 = f3.11(a, b, c, s) = f3.9(a, b, f3.10(c, s))

satisfies the lemma. The choice of f3.11 calls for an application of Lemma 3.9 to (B,P).
Since 3.11(a) is identical to Lemma 3.9(a), we may assume that Lemma 3.9(b) holds. It
follows that there exists S0 ⊆ B with |S0| = f3.10(c, s) such that:

• S0 is a stable set in G; and
• for any three vertices x, y, z ∈ S0, the vertex x is anticomplete to P ∗

y,z.

In particular,
(
S0,P|

S
(2)
0

)
is a strong (f3.10(c, s), 1)-block in G to which we can apply

Lemma 3.10.

The result now follows from the fact that 3.11(b) is identical to Lemma 3.10(a) and
3.11(c) is identical to Lemma 3.10(b) combined with the above two bullets. ■

We also need Lemma 3.12 below which has been observed several times independently,
for instance, in Lemma 2 from [50]. We will also use Lemma 3.12 extensively in subsequent
chapters. For the sake of completeness, we include a short proof:

Lemma 3.12 (Folklore; see Lemma 2 from [50]). For all q, r, s, t ∈ N, there is a constant
f3.12 = f3.12(q, r, s, t) ∈ N with the following property. Let G be a (Ks,s, Kt)-free graph. Let
X be a set of at least f3.12 pairwise disjoint subsets of V (G), each of cardinality at most r.
Then there are q distinct sets in X which are pairwise anticomplete in G.
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Proof. The proof relies on Theorem 3.8. Let

f3.12 = f3.12(q, r, s, t) = f3.8

(
2r

2

, 2,max{q, 2s, t}
)
.

Choose f3.12 distinct sets X1, . . . , Xf3.12 from X . For each i ∈ [f3.12], fix an enumeration
Xi = {xi,1, . . . , xi,|Xi|}. For every 2-subset {i, j} of [f3.12], let

Φ({i, j}) = {(f, f ′) : xi,fxj,f ′ ∈ E(G)} ⊆ [|Xi|]× [|Xj|] ⊆ [r]2.

By the assumption of Lemma 3.12, the map Φ : [f3.12]
(2) → 2[r]

2 is well-defined. From the
choice of f3.12 and Theorem 3.8, it follows that there are subsets Z0, Z1, Z2, Z3 of [f3.12]
with Z0 = q, |Z1| = |Z2| = s and |Z3| = t such that Z1 ∩ Z2 = ∅, as well as F ⊆ [r]2 such
that for every 2-subset {i, j} of Z0 ∪ Z1 ∪ Z2 ∪ Z3, we have Φ({i, j}) = F . Moreover:

(6) For every f ∈ [r], we have (f, f) /∈ F .

For otherwise it follows from the definition of Φ that G[{xi,f : i ∈ Z3}] is isomorphic to
Kt, a contradiction. This proves (6).

(7) We have F = ∅.

Suppose not. Let (f, f ′) ∈ F . By (6), we have f ̸= f ′ and (f, f), (f ′, f ′) ∈ F . By
the definition of Φ, for every i ∈ Z1 and every i′ ∈ Z2, we have xi,fxi′,f ′ ∈ E(G), while
{xi,f : i ∈ Z1} and {xi′,f ′ : i′ ∈ Z2} are both stable sets in G. But now the graph
G[{xi,f : i ∈ Z1} ∪ {xi′,f ′ : i′ ∈ Z2}] is isomorphic to Ks,s, a contradiction. This proves (7).

From (7) and the choice of Φ, it follows that the q sets (Xi : i ∈ Z0) are pairwise
anticomplete in G. This proves Lemma 3.12. ■

We now restate and prove Theorem 3.7:

Theorem 3.7. For all d ∈ N∪{0} and s, t ∈ N, there is a constant f3.7 = f3.7(d, s, t) ∈ N
with the following property. Let G be a (Kt+1, Kt,t)-free graph and let (B,P) be a strong
(f3.7, 1)-block in G. For each {x, y} ∈ B(2), let P({x, y}) = {Px,y} where Px,y has length at
most d+ 1. Then there is a stable set S ⊆ B with |S| = s such that the following hold.

(a) For any three vertices x, y, z ∈ S, the vertex x is anticomplete to P ∗
y,z in G.
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(b) For all distinct {x, y}, {x′, y′} ∈ S(2), P ∗
x,y and P ∗

x′,y′ are anticomplete in G.

In other words,

G

 ⋃
{x,y}∈S(2)

Px,y


is isomorphic to a proper (≤ d)-subdivision of Ks with S as its set of branch vertices (except
for the case s ∈ {1, 2}, where there is no branch vertex).

Proof. The proof uses Theorem 3.11 and Lemma 3.12. Let

f = f3.12(2,max{d+ 3, 2d}, t, t+ 1).

We claim that f3.7 = f3.7(d, s, t) = f3.11(f, f, f, s) satisfies the theorem. Suppose not. Then
we have:

(8) There are pairwise disjoint subsets X1, . . . , Xf3.12 of V (G), each of cardinality at most
max{d + 3, 2d}, such that for all distinct i, j ∈ [f3.12], Xi and Xj are not anticomplete in
G.

To see this, note that by the choice of f3.7, we can apply Theorem 3.11 to (B,P). Since
Theorems 3.11(c) implies 3.7, it follows that one of the following holds.

• There exist A = {x1, . . . , xf3.12} ⊆ B and a set B = {{yi, zi} : i ∈ [f3.12]} ⊆ (B \A)(2)
such that for all i, j ∈ [f3.12], xi has a neighbor in Pyj ,zj .

• There are two disjoint f3.12-subsets of B(2), say C = {{xi, yi} : i ∈ [f3.12]} and
C ′ = {{x′i, y′i} : i ∈ [f3.12]}, such that for all i, j ∈ [f3.12], the sets P ∗

xi,yi
and P ∗

x′
j ,y

′
j

are
not anticomplete in G.

For each i ∈ [f3.12], in the former case above, let Xi = {xi} ∪ Pyi,zi , and in the latter case
above, let Xi = P ∗

xi,yi
∪ P ∗

x′
i,y

′
i
. Then for all distinct i, j ∈ [f3.12], Xi and Xj are disjoint,

and there is an edge in G with an end in Xi and an end in Xj. Also, recall that Px,y has
length at most d + 1 for all {x, y} ∈ B(2), and so |Xi| ≤ max{d + 3, 2d} for all i ∈ [f3.12].
This proves (8).

Now from (8), Lemma 3.12 and the choice of f3.12, we deduce that G contains an induced
subgraph isomorphic to Kt+1 or Kt,t, a contradiction. ■
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3.3 Bisets

In this section, we prove a technical Ramsey-type result about pairs of sets of vertices in a
graph, which we will use in several later proofs. We need the following “product version”
of Ramsey’s Theorem:

Theorem 3.13 (Graham, Rothschild and Spencer [33]). For all n, q, r ∈ N, there is a
constant f3.13 = f3.13(n, q, r) ∈ N with the following property. Let U1, . . . , Un be n sets,
each of cardinality at least f3.13 and let W be a non-empty set of cardinality at most r. Let
Φ be a map from the Cartesian product U1 × · · · ×Un to W . Then there exist i ∈ W and a
q-subset Zj of Uj for each j ∈ [n], such that for every z ∈ Z1×· · ·×Zn, we have Φ(z) = i.

Let U be a set and let a ∈ N∪{0}. An a-biset over U is a pair (A,B) of subsets of U
with |A| ≤ a. Two bisets (A,B), (A′, B′) are said to be disjoint if B ∩B′ = ∅.

The main result of this section is the following:

Theorem 3.14. For all a, b ∈ N∪{0} and m ∈ N, there is a constant f3.14 = f3.14(a, b,m) ∈
N with the following property. Let G be a graph. Let B1, . . . ,Bm be sets of pairwise disjoint
a-bisets over V (G), each of cardinality at least f3.14. Then for every i ∈ [m], there exists
B′
i ⊆ Bi with |B′

i| ≥ b such that for all distinct i, j ∈ [m], the following hold.

(a) We have Ai ∩Bj = ∅ for all (Ai, Bi) ∈ B′
i and (Aj, Bj) ∈ B′

j.
(b) Either Ai and Bj are anticomplete in G for all (Ai, Bi) ∈ B′

i and (Aj, Bj) ∈ B′
j, or

for every (Ai, Bi) ∈ B′
i, there exists xi ∈ Ai such that xi has a neighbor in Bj for

every (Aj, Bj) ∈ B′
j.

(c) Either Bi and Bj are disjoint and anticomplete in G for all (Ai, Bi) ∈ B′
i and

(Aj, Bj) ∈ B′
j, or for every (Ai, Bi) ∈ B′

i and every (Aj, Bj) ∈ B′
j, either Bi∩Bj ̸= ∅

or there is an edge in G with an end in Bi and an end in Bj.

Proof. We prove that

f3.14(a, b,m) = f3.13

(
m,max{b, 2}, 2(2a+1)m2

)
;

satisfies the theorem.

Let B = B1 ∪ · · · ∪ Bm. For each (A,B) ∈ B, fix an enumeration A = {xiA : i ∈ [|A|]}
of the elements of A; recall that |A| ≤ a. For every two a-bisets (A,B), (A′, B′) ∈ B, let

I1(A,B
′) = {i ∈ [|A|] : xiA ∈ B′} ⊆ [a];
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I2(A,B
′) = {i ∈ [|A|] : NG(x

i
A) ∩B′ ̸= ∅} ⊆ [a].

Also, let I3(B,B′) ∈ {0, 1} such that I3(B,B′) = 0 ifB andB′ are disjoint and anticomplete
in G, and let I3(B,B′) = 1 if either Bi ∩ Bj ̸= ∅ or there is an edge in G with an end in
Bi and an end in Bj.

Let M be the set of all m-by-m matrices whose entries are subsets of [a] and let B be
the set of all m-by-m binary matrices. So we have |M| = 2am

2 and |B| = 2m
2 . Consider

the product Π = B1 × · · · × Bm. For every z = ((A1, B1), · · · , (Am, Bm)) ∈ Π, define
M1(z),M2(z) ∈ M and M3(z) ∈ B such that for all i, j ∈ [m], we have

[M1(z)]ij = I1(Ai, Bj);

[M2(z)]ij = I2(Ai, Bj);

[M2(z)]ij = I3(Bi, Bj).

It follows that for every z ∈ Π, M1(z),M2(z) and M3(z) are unique, and so the map
Φ : Π → M2 × B with Φ(z) = (M1(z),M2(z),M3(z)) is well-defined. This, along with the
choice of f3.14 and Theorem 3.13, implies that there exists B′

i ⊆ Bi with |Bi| ≥ max{b, 2}
for each i ∈ [m], as well as M1,M2 ∈ M, such that for every z ∈ B′

1 × · · · × B′
m, we have

M1(z) =M1 and M2(z) =M2. Moreover, we deduce:

(9) Let i, j ∈ [m] be distinct. Then we have Ai ∩ Bj = ∅ for all (Ai, Bi) ∈ B′
i and

(Aj, Bj) ∈ B′
j

Suppose for a contradiction that there are distinct i, j ∈ [m] such that for some
(Ai, Bi) ∈ B′

i and (Aj, Bj) ∈ B′
j, we have Ai ∩ Bj ̸= ∅. Then we have I1(Ai, Bj) ̸=

∅. Also, since |B′
j| ≥ 2, we may choose (A′

j, B
′
j) ∈ B′

j \ {(Aj, Bj)}. It follows that
I1(Ai, Bj) = [M1]ij = I1(Ai, B

′
j) is non-empty. But then Bj ∩B′

j ̸= ∅, a contradiction with
the assumption that (Aj, Bj), (A

′
j, B

′
j) ∈ B′

j ⊆ Bj are disjoint. This proves (9).

(10) Let i, j ∈ [m] be distinct. Then either Ai is anticomplete to Bj in G for all (Ai, Bi) ∈ B′
i

and (Aj, Bj) ∈ B′
j, or for every (Ai, Bi) ∈ B′

i, there exists xi ∈ Ai such that xi has a
neighbor in Bj for every (Aj, Bj) ∈ B′

j.

Note that for all (Ai, Bi) ∈ B′
i and (Aj, Bj) ∈ B′

j, we have I2(Ai, Bj) = [M2]ij ⊆ [a].
If [M2]ij = ∅, then Ai is anticomplete to Bj in G for all (Ai, Bi) ∈ B′

i and (Aj, Bj) ∈ B′
j.

Otherwise, one may choose k ∈ [M2]ij, and so for each (Ai, Bi) ∈ B′
i, the vertex xi = xkAi

∈
Ai has a neighbor in Bj for every (Aj, Bj) ∈ B′

j. This proves (10).
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(11) Let i, j ∈ [m] be distinct. Then either Bi and Bj are disjoint and anticomplete in G
for all (Ai, Bi) ∈ B′

i and (Aj, Bj) ∈ B′
j, or for every (Ai, Bi) ∈ B′

i and every (Aj, Bj) ∈ B′
j,

either Bi ∩Bj ̸= ∅ or there is an edge in G with an end in Bi and an end in Bj.

Note that for all (Ai, Bi) ∈ B′
i and (Aj, Bj) ∈ B′

j, we have I3(Bi, Bj) = [M3]ij ∈ {0, 1}.
If [M3]ij = 0, then Bi and Bj are disjoint and anticomplete in G for all (Ai, Bi) ∈ B′

i and
(Aj, Bj) ∈ B′

j. If [M3]ij = 1, then for all (Ai, Bi) ∈ B′
i and (Aj, Bj) ∈ B′

j, either Bi∩Bj ̸= ∅
or there is an edge in G with an end in Bi and an end in Bj. This proves (11).

Now the result follows from (9), (10) and (11). ■

3.4 Short blocks and long blocks

Given a graph G and d, k, l ∈ N, we say a (k, l)-block (B,P) in G is d-short if for every
2-subset {x, y} of B, every path P ∈ P({x, y}) has length at most d. We say (B,P) is
d-long if for every 2-subset {x, y} of B, every path P ∈ P({x, y}) has length at least d+1.

We will prove three results concerning short and long blocks:

Theorem 3.15. For all d, k, l ∈ N, there is a constant f3.15 = f3.15(d, k, l) ∈ N with the
following property. Let G be a graph and let B be a d-short (k, f3.15)-block in G. Then
there exists a d-short strong (k, l)-block (B,P ′) in G such that P ′({x, y}) ⊆ P({x, y}) for
all {x, y} ∈ B(2).

Proof. The proof uses Theorem 3.14. Specifically, we claim that

f3.15 = f3.15(d, k, l) = f3.14

(
d+ 1, l,

(
k

2

))
satisfies the theorem. For every 2-subset {x, y} of B, let B{x,y} = {(P, P ∗) : P ∈ P({x, y})}.
Then B{x,y} is a set of f3.15 pairwise disjoint (d + 1)-bisets over V (G). Thus, the choice
of f3.15 allows for an application of Theorem 3.14 to the sets

(
B{x,y} : {x, y} ∈ B(2)

)
. We

deduce that for every {x, y} ∈ B(2), there exists P ′({x, y}) ⊆ P({x, y}) with |P ′({x, y})| ≥
k, such that for all distinct {x, y}, {x′, y′} ∈ B(2), the sets

B′
{x,y} = {(P, P ∗) : P ∈ P ′({x, y})} ⊆ B{x,y}

and
B′
{x′,y′} = {(P, P ∗) : P ∈ P ′({x′, y′})} ⊆ B{x′,y′}
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satisfy the outcomes of Theorem 3.14. In particular, it follows from Theorem 3.14(a) that
for every P ∈ P ′({x, y}) and every P ′ ∈ P ′({x′, y′}), we have P ∗ ∩ P ′ = ∅. Equivalently,
we have V (P ′∗({x, y}))∩V (P ′({x′, y′})) = ∅. Hence, (B,P ′) is a d-short strong (k, l)-block
in G. This completes the proof of Theorem 3.15. ■

Theorem 3.16. For all d, t ∈ N, there are constants f3.16 = f3.16(d, t) ∈ N and g3.16 =
g3.16(d, t) ∈ N such that if G is a t-clean graph, then there is no d-short (f3.16, g3.16)-block
in G.

Proof. The proof uses Theorems 3.7 and 3.15. Specifically, we show that

f3.16 = f3.16(d, t) = f3.7
(
d, 2t2, t

)
g3.16 = g3.16(d, t) = f3.15

(
d, f3.7(d, 2t

2, t), 1
)

satisfies the theorem. Let G be a t-clean graph, and suppose for a contradiction that there
is a d-short (f3.16, g3.16)-block B in G. By Theorem 3.15, there exists a d-short strong
(f3.16, 1)-block (B,P ′) in G such that P ′({x, y}) ⊆ P({x, y}) for every 2-subset {x, y} of
B. Since G is (Kt+1, Kt,t)-free, it follows that from Theorem 3.7 that G has an induced
subgraph isomorphic to a proper subdivision of K2t2 . Since Wt×t has 2t2 − 2 vertices, it
follows that G has an induced subgraph isomorphic to a (proper) subdivision of Wt×t, a
contradiction. This completes the proof of Theorem 3.16. ■

We will often use a quantified version of Theorem 3.8 for graphs. The proof is straight-
forward, and we include it for the sake of completeness.

Theorem 3.17 (Ramsey [57]). For all c, s ∈ N, every graph G on at least cs vertices
contains either a c-clique or a stable set of cardinality s.

Proof. The proof is by induction on s for fixed c. The cases c = 1 and s = 1 are easily seen
to hold. So we may assume that c, s > 1. Let G be a graph on at least cs vertices with no
c-clique and no stable set of cardinality s. Let K be a maximum clique in G; thus, we have
|K| ≤ c− 1. For each x ∈ K, let Mx be the set of all vertices in G which are non-adjacent
to x. It follows from the maximality of K that V (G) =

⋃
x∈K(Mx ∪ {x}). Now, for every

x ∈ K, G[Mx] contains no c-clique (as neither does G) and no stable set of cardinality s−1
(or otherwise Mx ∪ {x}, and so G, contains a stable set of cardinality t). Consequently,
by the induction hypothesis, we have |Mx| < cs−1. But then |V (G)| ≤ (c− 1)cs−1 < cs, a
contradiction. This proves Theorem 3.17. ■
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Theorem 3.18. For all d, k, l, t ∈ N, there are constants f3.18 = f3.18(d, k, l, t) ∈ N and
g3.18 = g3.18(d, k, l, t) ∈ N with the following property. Let G be a t-clean graph and let
(B,P) be a (f3.18, g3.18)-block in G. Then there is a d-long (k, l)-block (B′,P ′) in G with
B′ ⊆ B and P ′({x, y}) ⊆ P({x, y}) for every 2-subset {x, y} of B′. In particular, if (B,P)
is strong, then so is (B′,P ′).

Proof. We show that
f3.18 = f3.18(d, k, l, t) = f3.16(d, t)

k;

g3.18 = g3.18(d, k, l, t) = g3.16(d, t) + l

satisfies the theorem. For each 2-subset {x, y} of B, let Q({x, y}) be the set of all paths
of length at most d in P({x, y}), and let P ′({x, y}) = P({x, y}) \ Q({x, y}). Let Γ be
the graph with vertex set B such that xy ∈ E(Γ) for distinct x, y ∈ B, if and only if
|Q({x, y})| ≥ g3.16(d, t). Since |V (Γ)| = |B| = (f3.16(d, t))

k, it follows from Theorem 3.17
that Γ contains either a f3.16(d, t)-clique C or a stable set B′ of cardinality k. In the former
case, (C,Q) is a d-short (f3.16(d, t), g3.16(d, t))-block in G, which along with the assumption
that G is t-clean violates Theorem 3.16. In the latter case, for every 2-subset {x, y} of B′,
we have |P ′({x, y})| ≥ g3.18 − g3.16(d, t) = l, and so (B′,P ′) is a d-long block in G. This
completes the proof of Theorem 3.18. ■

3.5 Sparse complete bipartite minor models

We begin with a couple of definitions, which will be of extensive use in the remainder of
the thesis.

Let G be a graph. A polypath in G is a set W of pairwise disjoint paths in G, and
we say W is a w-polypath in G if |W| = w for some w ∈ N. For d ∈ N, we say W is
d-loose if for every W ∈ W , each vertex v ∈ W has neighbors (in G) in less than d paths
in W \ {W}. Also, for w′ ∈ N with w′ ≤ w, we say W is w′-fancy if there exists W ′ ⊆ W
with |W ′| = w′ such that for every W ′ ∈ W ′ and every W ∈ W \W ′, there is an edge in
G with an end in W ′ and an end in W . It follows that if W is a w-polypath in G which is
w′-fancy, then G[V (W)] has a minor isomorphic to Kw′,w−w′ ; see Figure 3.4.

For s, l ∈ N, by an (s, l)-constellation in G we mean a pair c = (Sc,Lc) where Sc ⊆ V (G)
is a stable set of cardinality s and Lc is an l-polypath in G\Sc, such that each vertex x ∈ Sc

has at least one neighbor in each path L ∈ Lc. We write V (c) = Sc ∪ (∪L∈LcV (L)). If
l = 1, say Lc = {Lc}, then we say c is an s-constellation in G and denote it by (Sc, Lc).
For d ∈ N, we say c is d-ample if for every two distinct vertices x, y ∈ Sc and every L ∈ Lc,
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S

L

W \W ′

W ′

Figure 3.4: A 6-polypath W which is 3-fancy and 2-loose (left) and a (3, 3)-constellation
(S,L) which is 2-ample (right)

there is no path R of length at most d+ 1 in G from x to y with R∗ ⊆ V (L). We also say
c is ample if c is 1-ample. It follows that c is ample if and only if no two vertices in Sc have
a common neighbor in V (Lc). Also, it is easily seen that if c is an (s, l)-constellation in G,
then G[V (c)] has a minor isomorphic to Ks,l; see Figure 3.4.

The main result of this section is the following:

Theorem 3.19. For all d, l, s, t, w ∈ N, there are constants f3.19 = f3.19(d, l, s, t, w) ∈ N
and g3.19 = g3.19(d, l, s, t) ∈ N with the following property. Let G be a t-clean graph with
tw(G) > f3.19. Then one of the following holds.

(a) There is a d-ample (s, l)-constellation in G.
(b) There is a 2w-polypath in G which is both w-fancy and g3.19-loose.

Note in particular that g3.19 does not depend on w.

First, we prove a few lemmas.

Lemma 3.20. For all d, l, s, t ∈ N, there are constants f3.20 = f3.20(d, l, s, t) ∈ N and
g3.20 = g3.20(d, l, s, t) ∈ N with the following property. Let G be a t-clean graph and let c be
a (f3.20, g3.20)-constellation in G. Then there exists S ⊆ Sc and L ⊆ Lc with |S| = s and
|L| = l such that (S,L) is a d-ample (s, l)-constellation in G.

Proof. The proof relies on Theorems 3.8 and 3.16. Specifically, assuming f = f3.16(d+1, t)
and g = g3.16(d+ 1, t), we prove that

f3.20 = f3.20(d, l, s, t) = f3.8

(
2g(

f
2)+l, 2,max{f, s}

)
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g3.20 = g3.20(d, l, s, t) = g

(
f

2

)
+ l.

satisfy the lemma. For every 2-subset {x, y} of Sc, let Φ({x, y}) be the set of all paths
L ∈ Lc for which there is a path R of length at most d+ 1 in G from x to y with R∗ ⊆ L.
It follows that the map Φ : S

(2)
c → 2Lc is well-defined. From Theorem 3.8 and the choice

of f3.20, we deduce that there exists W ⊆ Lc as well as Z ⊆ Sc with |Z| = max{f, s}, such
that for every 2-subset {x, y} of Z, we have Φ({x, y}) = W .

First, assume that |W| ≥ g
(
f
2

)
. Pick M ⊆ Z with |M | = f . Then one may choose a

set L({x, y}) ⊆ W of g paths for each 2-subset {x, y} of M , such that the g
(
f
2

)
paths in⋃

{x,y}∈M(2) L({x, y}) are pairwise distinct, and so disjoint. Also, from the definition of Φ,
it follows that for every 2-subset {x, y} of M and each path L ∈ L({x, y}), there exists a
path RL of length at most d+1 in G from x to y with R∗

L ⊆ L; let R({x, y}) = {RL : L ∈
L({x, y})}. Then (M,R) is a (d + 1)-short (strong) (f, g)-block in G. Since G is t-clean,
this is a contradiction with Theorem 3.16.

We conclude that |W| < g
(
f
2

)
. As a result, there exists L ⊆ Lc \ W with |L| = l. Pick

a subset S of Z with |S| = s. For every 2-subset {x, y} of S and every path L ∈ L, since
we have Φ({x, y}) = W , it follows from the definition of Φ that there is no path R in G of
length at most d+1 from x to y with R∗ ⊆ L. Then (S,L) is a d-ample (s, l)-constellation
in G. This completes the proof of Lemma 3.20. ■

Lemma 3.21. For all l, q, s, t ∈ N, there is a constant f3.21 = f3.21(l, q, s, t) ∈ N with the
following property. Let G be a Kt+1-free graph and let P be a f3.21-polypath in G. Then
one of the following holds.

(a) There exists an (s, l)-constellation (S,L) in G such that S ⊆ V (P) and L ⊆ P.
(b) There exists an l-loose q-polypath Q in G with Q ⊆ P.

Proof. We claim that

f3.21 = f3.21(l, q, s, t) = f3.8
(
max{l + (t+ 1)s, q}, l + 1, 2l+1

)
satisfies the lemma. Assume that 3.21(a) does not hold. Fix an enumeration P =
{P1, . . . , Pf3.21} of the elements of P . For every (l + 1)-subset T = {t1, . . . , tl+1} of [f3.21]
with t1 < · · · < tl+1, let Φ(T ) ⊆ [l + 1] be the set of all i ∈ [l + 1] for which there exists
a vertex xti ∈ Pti that has a neighbor in Ptj for every j ∈ [l + 1] \ {i}. It follows that the
map Φ : [f3.21]

(l+1) → 2[l+1] is well-defined. Therefore, by the choice of f3.21, we can apply
Theorem 3.8 and obtain Z ⊆ [f3.21] with |Z| = max{l + (t + 1)s, q} as well as F ⊆ [l + 1]
such that for every I ∈ Z(l+1), we have Φ(I) = F . Furthermore:
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(12) We have F = ∅.

Suppose not. Then we may choose f ∈ F ⊆ [l + 1]. Since |Z| ≥ l + (t+ 1)s, it follows
that there exist I, J,K ⊆ Z with |I| = f − 1, |J | = (t+ 1)s and |K| = l− f + 1, such that
max I < min J and max J < minK. Then, for each j ∈ J , we have Tj = I ∪ {j} ∪K ∈
Z(l+1), and so Φ(Tj) = F . It follows that for every j ∈ J , we have f ∈ Φ(Tj), which
in turn implies that there exists a vertex xj ∈ Pj that has a neighbor in Pt for every
t ∈ Tj \ [j] = I ∪K. Also, since G is Kt+1-free, it follows from Theorem 3.17 that there
is stable set S ⊆ {xj : j ∈ J} in G with |S| = s. Let L = {Pt : t ∈ I ∪ K}. Then L is
an l-polypath in G \ S, and every vertex in S has a neighbor in every path in L. But now
(S,L) is an (s, l)-constellation in G satisfying 3.21(a), a contradiction. This proves (12).

Since |Z| ≥ q, we may choose Q ⊆ Z with |Q| = q. Let Q = {Pi : i ∈ Q}. Then Q is
a q-polypath in G with Q ⊆ P , and by (12), Q is l-loose. Hence, Q satisfies 3.21(b). This
completes the proof of Lemma 3.21. ■

Lemma 3.22. Let l, s, t, w ∈ N. Let G be a Kt+1-free graph and assume that Q,Q′ be two
((t + 1)s + 1)l+1wl2-polypaths in G with V (Q) ∩ V (Q′) = ∅. Then one of the following
holds.

(a) There is an (s, l)-constellation (S,L) in G such that either S ⊆ V (Q) and L ⊆ Q′,
or S ⊆ V (Q′) and L ⊆ Q.

(b) There exist W ⊆ W and W ′ ⊆ Q′ with |W| = |W ′| = w such that every vertex in
V (W) has neighbors in fewer than l paths in W ′, and every vertex in V (W ′) has
neighbors in fewer than l paths in W.

Proof. Suppose that 3.22(a) does not hold. Let r = (t+ 1)swl + w. Then we have

|Q| = |Q′| = ((t+ 1)s + 1)l+1wl2

= ((t+ 1)s + 1)((t+ 1)s + 1)lwl2

= (t+ 1)s
(
(t+ 1)swl + wl

)
+ ((t+ 1)s + 1)lwl2

≥ (t+ 1)srl + w

≥ r.

In particular, one may choose R′ ⊆ Q′ with |R′| = r. For every Q ∈ Q, let rQ be the
largest integer in [r] for which there exists a vertex pQ ∈ Q which has neighbors in at least
rQ paths in R′. It follows that:

47



(13) We have |{Q ∈ Q : rQ ≥ l}| < (t+ 1)srl.

Suppose not. Let P ⊆ {Q ∈ Q : rQ ≥ l} with |P| = (t + 1)srl. Then for every
Q ∈ P , we may choose pQ ∈ Q and LQ ⊆ R′ such that |LQ| = l and pQ has a neighbor
in every path in LQ. Since |R′| = r, it follows that there exist L ⊆ R′ and T ⊆ P such
that |L| = l, |T | = (t + 1)s, and for every Q ∈ S, we have LQ = L. Also, since G is
Kt+1-free, it follows from Theorem 3.17 that there exists S ⊆ T with |S| = s such that
S = {qR : R ∈ S} is a stable set in G with |S| = s. But now (S,L) is an (s, l)-constellation
in G with S ⊆ V (S) ⊆ V (P) ⊆ V (Q) and L ⊆ R′ ⊆ Q′, contrary to the assumption that
3.22(a) does not hold. This proves (13).

By (13) and since |Q| ≥ (t+1)srl +w, we may choose W ⊆ Q with |W| = w such that
every vertex in V (W) has neighbors in fewer than l paths in R′.

Next, for every R ∈ R′, let wR be the largest integer in [w] for which there exists a
vertex qR ∈ R which has neighbors in at least wR paths in W .

(14) We have |{R ∈ R′ : wR ≥ l}| < (t+ 1)swl.

Suppose not. Let P ⊆ {R ∈ R′ : wR ≥ l} with |P| = (t+1)swl. Then for every R ∈ P ,
we may choose pR ∈ R and LR ⊆ W such that |LR| = l and pR has a neighbor in every
path in LR. Since |W| = w, it follows that there exist L ⊆ W and T ⊆ P such that |L| = l,
|T | = (t+1)s, and for every R ∈ T , we have LR = L. Also, since G is Kt+1-free, it follows
from Theorem 3.17 that there exists S ⊆ T with |S| = s such that S = {qR : R ∈ S}
is a stable set in G with |S| = s. But then (S,L) is an (s, l)-constellation in G with
S ⊆ V (S) ⊆ V (P) ⊆ V (R′) ⊆ V (Q′) and L ⊆ W ⊆ Q, contrary to the assumption that
3.22(a) does not hold. This proves (14).

By (14) and since |R′| = r = (t + 1)swl + w, we may choose W ′ ⊆ R′ ⊆ Q′ with
|W ′| = w such that every vertex in V (W ′) has neighbors in fewer than l paths in W . Now
W ,W ′ satisfy 3.22(b). This completes the proof of Lemma 3.22. ■

We are now in a position to prove Theorem 3.19, which we restate:

Theorem 3.19. For all d, l, s, t, w ∈ N, there are constants f3.19 = f3.19(d, l, s, t, w) ∈ N
and g3.19 = g3.19(d, l, s, t) ∈ N with the following property. Let G be a t-clean graph with
tw(G) > f3.19. Then one of the following holds.

(a) There is a d-ample (s, l)-constellation in G.
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(b) There is a 2w-polypath in G which is both w-fancy and g3.19-loose.

Note in particular that g3.19 does not depend on w.

Proof. The proof relies on Theorems 2.27 and 3.11 as well as Lemmas 3.20, 3.21 and 3.22.
Specifically, let f = f3.20(d, l, s, t), let g = g3.20(d, l, s, t) and let

f1 = f3.21(g, ((t+ 1)f + 1)g+1wg2 , f);

f2 = f3.11(f, g, f1, 2t
2).

We claim that
f3.19 = f3.19(d, l, s, t, w) = f2.27(f2, 1, t)

and
g3.19 = g3.19(d, l, s, t) = g

satisfy the theorem. Suppose that 3.19(a) does not hold, that is, there is no d-ample
(s, l)-constellation in G. Since G is t-clean and by the choices of f and g, it follows from
Lemma 3.20 that:

(15) There is no (f, g)-constellation in G.

Also, by Theorem 2.27, there is a strong (f2, 1)-block (B,P) in G. By the choice of f2,
we may apply Theorem 3.11 to G and (B,P). By (15), Theorem 3.11(a) does not hold.
Also, if Theorem 3.11(c) holds, then G contains a proper subdivision of K2t2 (as an induced
subgraph), which in turn contains a proper subdivision of every graph on 2t2 vertices. But
this violates the assumption that G is t-clean because |V (Wt×t)| = 2t2 − 2.

We deduce that Theorem 3.11(b) holds. Explicitly, there are two f1-polypaths C, C ′ in
G such that for every L ∈ C and every L′ ∈ C ′, L is not anticomplete to L′ in G. Now, from
(15), the choice of f1 and Lemma 3.21, it follows that there are two g-loose ((t+1)(g+1)fwg2)-
polypaths Q ⊆ C and Q′ ⊆ C ′ in G. Furthermore, from (15) and Lemma 3.22, it follows
that there exist W ⊆ Q and W ′ ⊆ Q′ with |W| = |W ′| = w such that every vertex in
V (W) has neighbors in fewer than g paths in W ′, and every vertex in V (W ′) has neighbors
in fewer than g paths in W . But now W∪W ′ is a 2w-polypath in G which is both w-fancy
and g-loose, and so 3.19(b) holds. This completes the proof of Theorem 3.19. ■

49



Chapter 4

Cleanness in H-free graphs for finite H1

4.1 Warm-up: excluding one graph

The goal of this chapter is to prove Theorem 2.4:

Theorem 2.4. Let H be a finite set of graphs. Then the class of all H-free graphs is clean
if and only if there is no H-free s-array except possibly for finitely many s ∈ N.

The proof will use the bulk of the machinery developed in Chapter 3, demonstrating
our first application of the method of strong blocks. To provide the reader with a taste of
how this method is applied, we first prove the special case of Theorem 2.4 when |H| = 1:

Theorem 2.5. Let H be a graph. Then the class of all H-free graphs is clean if and only
if every component of H is either a path or a subdivided star.

Proof. The “only if” implication is proved in Theorem 2.3. To prove the “if” implication,
we need to show that for every graph H each component of which is a path or a subdivided
star, and for every t ∈ N, there is a constant w = w(H, t) ∈ N such that every H-free
t-clean graph has treewidth at most w. The definition of w uses Theorems 2.27 and 3.18
as well as Lemma 3.12. Choose κ,∆, ρ ∈ N such that the number of components of H is at
most κ, the maximum degree of H is at most ∆, and the radius of every component of H
is at most ρ. It follows that H is isomorphic to an induced subgraph of the graphs which
has exactly κ components, each isomorphic to the ρ-subdivision of S1,∆.

1This chapter is based on the coauthored paper [8].
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Let
m1 = f3.12(∆, ρ+ 1, t, t+ 1);

m2 = f3.12(κ,∆(ρ+ 1) + 1, t, t+ 1).

Let
f = f3.18(ρ+ 1, 2m2,m1, t);

g = g3.18(ρ+ 1, 2m2,m1, t).

We define
w = w(H, t) = f2.27(f, g, t).

Suppose for a contradiction that there is an H-free t-clean graph G with tw(G) > w. From
Theorem 2.27 and the choice of w, it follows that there is a strong (f, g)-block in G. Then,
from Theorem 3.18 and the choices of f and g, it follows that there is a (ρ+1)-long strong
(2m2,m1)-block in G. In particular, one may choose 2m2 vertices (xi, yi : i ∈ [m2]) of G,
as well as a set Pi, for each i ∈ [m2], of m1 pairwise internally disjoint paths of length at
least ρ + 2 in G from xi to yi, such that the sets (V (Pi) : i ∈ [m2]) are pairwise disjoint.
We deduce that:

(16) For each i ∈ [m2], there exists Si ⊆ V (Pi) such that G[Si] is isomorphic to the
ρ-subdivision of K1,∆.

To see this, note that for each path P ∈ Pi, since P has length at least ρ+ 2, there is
path LP on ρ+2 vertices in G with V (LP ) ⊊ V (P ) such that xi is an end of LP (so the other
end of LP is different from yi). It follows that the sets (V (LP )\{xi} : P ∈ Pi) are pairwise
disjoint (ρ + 1)-subsets of V (G). By the choice of m1 = |Pi| and the assumption that G
is (Kt,t, Kt+1)-free, we can apply Lemma 3.12 to obtain a ∆-subset Di of Pi such that the
sets (V (LP ) \ {xi} : P ∈ Di) are pairwise anticomplete in G. Let Si = ∪P∈Di

V (LP ). Then
G[Si] is isomorphic to the ρ-subdivision of S1,∆. This proves (16).

From (16), it follows in particular that the sets (Si : i ∈ [m2]) are pairwise disjoint
(∆(ρ + 1) + 1)-subsets of V (G). By the choice of m2 and the assumption that G is
(Kt,t, Kt+1)-free, we can apply Lemma 3.12 to obtain a κ-subset I of [m2] such that the
sets (Si : i ∈ I) are pairwise anticomplete in G. Let

S =
⋃
i∈I

Si.

By (16), the graph G[S] has exactly κ components, each isomorphic to the ρ-subdivision
of S1,∆. But now H is isomorphic to an induced subgraph of G[S], a contradiction with
the assumption that G is H-free. This completes the proof of Theorem 2.5. ■
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x

F

x

P1 P2 P3

T

P

Figure 4.1: Left: A 3-strand F with neck x and path P . Right: A 3-tassel T with neck x
and paths P1, P2, P3, obtained from three copies of F as its strands.

The proof of Theorem 2.4 is much more complicated, and we will complete it in several
steps, as follows. Note that, in view of Observation 2.2, we only need to prove the “if”
implication. To that end, we introduce two properties for a general set H of graphs: that
of being “tasselled” and that of “hassled.” These two properties, compared to “there are
finitely many s ∈ N for which an H-free s-array exists,” reveal the structure of H somewhat
more explicitly, but they are also more technical. Indeed, it follows that these notions are
successively stronger than the necessary condition from Observation 2.2: every hassled set
of graphs is also a tasselled set, and for a tasselled set H of graphs, there is no H-free s-array
except possibly for finitely many s ∈ N. Surprisingly, it turns out that when H is finite,
all three properties are equivalent. We prove this in the next section under Theorems 4.1
and 4.2. It therefore remains to show that for every finite set H of graphs which is hassled,
the class of all H-free graphs is clean. This will be done in Sections 4.3 and 4.4, making
extensive use of the material from Chapter 3.

4.2 Tassels and Hassles

Here we perform a two-step reduction of the “if” implication in Theorem 2.4: first to a
statement in terms of “the columns of the arrays,” which we refer to as “tassels,” and then
to a statement in terms of an even more technical notion called a “hassle.”

Let c ∈ N. A c-strand is a graph F obtained from a path P by adding a new vertex x
with at least one neighbor in P , such that x is not adjacent to the first and last c vertices
of P . We call x and P the neck of F and the path of F , respectively. By a c-tassel we mean
a graph T obtained from at least c pairwise disjoint copies of a c-strand F by identifying
their necks into a single vertex, called the neck of T . We also refer to each copy of F in T
as a strand of T , and to the path of each copy of F as a path of T (see Figure 4.1).
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Figure 4.2: The 3-array A as described in the proof of Theorem 4.1, obtained from three
copies T1, T2, T3 of the 3-tassel T in Figure 4.1.

We say that a set H of graphs is tasselled if there is a constant c = c(H) ∈ N with the
property that for every c-tassel T , there exists a graph H ∈ H such that each component
of H is isomorphic to an induced subgraph of T .

For a finite set H of graphs, we define ||H||1 =
∑

H∈H |V (H)|. We prove that:

Theorem 4.1. Let H be a finite set of graphs such that there is no H-free s-array except
possibly for finitely many s ∈ N. Then H is tasselled.

Proof. Choose s0 ∈ N such that there is no H-free s-array for any s ≥ s0. Let c =
max{s0, ||H||1}. In order to prove that H is tasselled, we show that for every c-tassel T ,
there is a graph H ∈ H each component of which is isomorphic to an induced subgraph T .

Let d ≥ c be the number of paths of T . Construct a d-array A as follows. Start with
d pairwise disjoint copies T1, . . . , Td of T . For each i ∈ [d], let xi be the neck of Ti, fix an
enumeration P i

1, . . . , P
i
d of the paths of Ti, and for every j ∈ [d], fix a labeling uij, vij of the

ends of P i
j . Then, for every i ∈ [d− 1] and every j ∈ [d], add an edge between uij and vi+1

j

(see Figure 4.2).

Since A is an d-array with d ≥ c ≥ s0, it follows that A is not H-free, and so we may
choose a graph H ∈ H which is isomorphic to an induced subgraph of A.

Let K be a component of H. Our goal is to show that K is isomorphic to an induced
subgraph of T . This is immediate if K is a path, because |K| ≤ ||H||1 ≤ c and T is a
c-tassel. Thus, we may assume that K is not a path. Since H is isomorphic to an induced
subgraph of A, it follows that some induced subgraph K ′ of A is isomorphic to K. In
particular, K ′ is a connected graph on at most ||H||1 vertices which is not a path. Also,
from the construction of A, it is readily observed that the necks x1, . . . , xd of T1, . . . , Td
are pairwise at distance at least 2c + 3 > ||H||1 ≥ |K ′| in A. Consequently, there exists
exactly one i ∈ [d] for which xi belongs to V (K ′).
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Figure 4.3: A 3-stretched walk W with nW = 11 and φW (i) = wi for all i ∈ [11].

Now, since K ′ is connected, it follows that for every component P of K ′ \ {xi}, we
have P ⊆ V (G) \ {x1, . . . , xd} and xi has a neighbor in P . This, along with the fact that
P is connected and |P | < ||H||1 ≤ c, implies that P ⊆ P i

j ⊆ Ti \ {xi} for some j ∈ [d].
In conclusion, we have shown that K ′ \ {xi} ⊆ Ti \ {xi}, and so K ′ ⊆ Ti. Hence, K is
isomorphic to an induced subgraph of T , as desired. ■

The notion of a “c-hassle” is similar to that of a c-tassel, except its paths are replaced
by walks that are “locally” isomorphic to a path, and, up to “weak sparsity,” there may be
additional edges between these walks.

Let us make this precise. Given n ∈ N∪{0}, by an n-segment we mean a set S of at
most n consecutive integers. For instance, [n] is an n-segment. A graph W is said to be a
walk if there exists nW ∈ N and a surjective map φW : [nW ] → V (W ) such that for every
i ∈ [nW −1], the vertices φW (i) and φW (i+1) are adjacent in W (one may observe that W
is a walk if and only if W is connected). Given a walk W along with the choices of nW and
ϕW as in the definition, for every c ∈ N, we refer to φW ([c]) and φW ([nW ]\ [nW − c]) as the
first c vertices of W and the last c vertices of W , respectively. We also say W is c-stretched
if φW (S) is a path in W for every c-segment S ⊆ [nW ] (see Figure 4.3 – playfully put, this
means a snake of length c− 1 can traverse through W and never see/hit itself.)

A c-hassle, where c ∈ N, is a graph Ξ obtained from at least c pairwise disjoint c-
stretched walks, called the walks of Ξ, by adding edges arbitrarily between the walks, and
then adding a vertex x, called the neck of Ξ, which has a neighbor in each walk and which
is anticomplete to the first and last c vertices of each walk (see Figure 4.4).

For a set H of graphs, we say H is hassled if for every integer t ∈ N, there is a constant
c = c(H, t) ∈ N with the property that for every (Kt,t, Kt+1)-free c-hassle T there is a graph
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x

W3W2W1

Ξ

Figure 4.4: A 3-hassle Ξ with neck x, where the walks W1,W2,W3 of Ξ are three copies of
the 3-stretched walk W from Figure 4.3. Dashed lines represent possible edges.

H ∈ H each component of which is isomorphic to an induced subgraph of T . In particular,
every c-tassel is a (K3,3, K4)-free c-hassle, and so every hassled set is also tasselled. More
importantly, for finite sets of graphs, the converse is also true:

Theorem 4.2. Let H be a finite set of graphs which is tasselled. Then H is hassled.

The proof of Theorem 4.2 relies on the next two lemmas.

Lemma 4.3. Let b, c, k ∈ N be integers, let T be a set of c-tassels, each with exactly c paths,
such that |T | ≥ bkck. For each T ∈ T , let xT be the neck of T and fix an enumeration
P T
1 , . . . , P

T
c of the paths of T . Let K be a connected graph on at most k vertices which is

not a path, and assume that for every T ∈ T , there is an isomorphism fT from K to an
induced subgraph of T ; in particular, K is isomorphic to an induced subgraph of T . Then
there exist x′ ∈ V (K) and T ′ ⊆ T with |T ′| = b for which the following hold.

(a) For every T ∈ T ′, we have fT (x′) = xT .
(b) For every component L of K \ {x′}, there exists i(L) ∈ {1, . . . , c} such that for every

T ∈ T ′, we have fT (L) ⊆ P T
i(L).

Proof. For each T ∈ T , let X ′
T = f−1

T ({xT}) ⊆ K. So we have |X ′
T | = 1 because K is not

a path; say X ′
T = {x′T}. Also, since K has at most k vertices, it follows that:

(17) There exist x′ ∈ V (K) and T1 ⊆ T with |T1| = bck such that for every T ∈ T1, we
have fT (x′) = xT .

By (17), for each T ∈ T1 and every component L of K \{x′}, we have fT (L) ⊆ T \{xT},
which in turn implies that there exists i(L, T ) ∈ [c] for which we have fT (L) ⊆ P T

i(L,T ).
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Now, since K \ {x′} has at most k components and since |T1| ≥ bck, it follows that there
exists T ′ ⊆ T1 ⊆ T with |T ′| = b, as well as i(L) ∈ [c] for every component L of K \ {x′},
such that for each T ∈ T ′, we have i(L, T ) = i(L). Hence, x′ and T ′ satisfy 4.3(b).
Moreover, from (17), it follows that x′ and T ′ satisfy 4.3(a), as desired. ■

Lemma 4.4. For every finite and tasselled set H of graphs, there is a constant f4.4 =
f4.4(H) ∈ N with the following property. For every f4.4-hassle Ξ with neck x, there is a
graph H ∈ H such that for every component K of H, one of the following holds.

(a) K is a path.
(b) There exists x′ ∈ V (K) and a map f : V (K) → V (Ξ) with f−1({x}) = {x′}, such that

for every component L of K \{x′}, the restriction of f to {x′}∪L is an isomorphism
from K[{x′} ∪ L] to Ξ[{x} ∪ f(L)].

Proof. Since H is tasselled, it follows that there is a constant c = c(H) ∈ N with the
property that for every c-tassel T there is a graph H ∈ H each component of which is
isomorphic to an induced subgraph of T .

We claim that
f4.4 = f4.4(H) = ||H||21 · c||H||1+1

satisfies the lemma. To see this, let Ξ be a f4.4-hassle with neck x, and let W be the set of
all walks of Ξ. Recall that each walk in Ξ is f4.4-stretched.

For each W ∈ W , let nW and φW be as in the definition of a walk, and construct a
c-tassel TW as follows. Let PW

1 , . . . , PW
c be c pairwise disjoint and anticomplete paths,

each on nW vertices, and for every i ∈ [c], choose a bijection gWi : V (PW
i ) → [nW ] such

that p, p′ ∈ V (PW
i ) are adjacent in PW

i if and only if |gWi (p)− gWi (p′)| = 1 (note that there
are only two such bijections). Let TW be the graph obtained from PW

1 , . . . , PW
c by adding

a vertex xW such that for every i ∈ [c] and every p ∈ V (PW
i ), the vertex xW is adjacent to

p in TW if and only if x is adjacent to φW (gWi (p)) in Ξ (see Figure 4.5).

Note that for every W ∈ W , in the graph Ξ, the vertex x has a neighbor in W and no
neighbor among the first and last f4.4 vertices of W . In particular, from the construction
and the fact that f4.4 ≥ c, it follows that for every i ∈ [c], x has a neighbor in PW

i and no
neighbor among the first and last c vertices of PW

i . Thus, for every W ∈ W , the graph TW
is a c-tassel with neck xW and paths PW

1 , . . . , PW
c .

Also, since H is tasselled, it follows from the choice of c that for every W ∈ W there
exist H ∈ H each component of which is isomorphic to an induced subgraph of the c-tassel
TW . Consequently, since |W| ≥ f4.4 and |H| ≤ ||H||1, it follows that there exists H ∈ H
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i

gWiϕW
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x

Figure 4.5: Left: the walk W with nW = 11 and φW (j) = wj for all i ∈ [11]. Right: the
path PW

i with gWi (pj) = j for all j ∈ [11]. For every j ∈ [11], we have φW (gWi (pj)) = wj,
and xW is adjacent to pj in TW if and only if x is adjacent to wj in Ξ.

and W ′ ⊆ W with |W ′| = ||H||1c||H||1+1 such that for every W ∈ W ′, each component of
H is isomorphic to an induced subgraph of TW .

We now prove that H satisfies 4.4. Let K be a component of H which is not a path.
We wish to show that K satisfies 4.4(b). Note that for every W ∈ W ′, the c-tassel TW has
an induced subgraph isomorphic to K, and so there is an isomorphism fW from K to an
induced subgraph of TW . This allows for an application of Lemma 4.3 to T = {TW : W ∈
W ′} and K. Since |V (K)| ≤ |V (H)| ≤ ||H||1, it follows that there exist x′ ∈ V (K) and
W1, . . . ,Wc ∈ W ′ such that x′ and T ′ = {TW1 , . . . , TWc} satisfy Lemma 4.3(a) and (b).

Henceforth, for all i, j ∈ [c], we write

Tj = TWj
; xj = xWj

; fj = fWj
; nj = nWj

; φj = φWj
;

Pi,j = P
Wj

i ; gi,j = g
Wj

i .

The outcomes of Lemma 4.3 can now be rewritten as:
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f

x

Figure 4.6: The map f : V (K) → V (Ξ). For each j ∈ [4], we have fi(L)(yj) = pj+5, which
yields f(yj) = wj+5.

(18) The following hold.
• For every j ∈ [c], we have fj(x′) = xj.
• For every component L of K \ {x′}, there exists i(L) ∈ {1, . . . , c} such that for every
j ∈ [c], we have fj(L) ⊆ Pi(L),j.

Since |K| ≤ |H| ≤ ||H||1 ≤ f4.4, it follows that every component of K \{x′} is a path on
less than f4.4 vertices. This, combined with the second bullet of (18), yields the following:

(19) For every j ∈ [c] and every component L of K \ {x′}, there exists a f4.4-segment
Sj,L ⊆ [nj] for which we have fj(L) = g−1

i(L),j(Sj,L) ⊆ Pi(L),j.

Define f : V (K) → V (Ξ) as follows (see Figure 4.6). Let f(x′) = x, and for every
component L of K \ {x′} and every y ∈ L, let

f(y) = φi(L)

(
gi(L),i(L)(fi(L)(y))

)
.

We prove that f satisfies 4.4(b). Let L be a component of K \ {x′}. By (19), we have
f(L) = φi(L)(Si(L),L) ⊆ Wi(L) ⊆ V (Ξ) \ {x}, and so we have f−1({x}) = {x′}. This, along
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with the assumption that Wi(L) is a f4.4-stretched walk, implies that f(L) is a path in
Wi(L). In particular, the restriction of f to L is an isomorphism from K[L] to Ξ[f(L)].

It remains to show that for every y ∈ L, the vertices x′, y are adjacent in K if and only
if x, f(y) are adjacent in Ξ. To that end, note that since fi(L) is an isomorphism from K to
an induced subgraph of Ti(L), it follows from the first bullet of (18) that x′ is adjacent to y
in K if and only if fi(L)(x′) = xi(L) is adjacent to fi(L)(y) ∈ Pi(L),i(L) in Ti(L). In addition,
from the definition of Ti, it follows that xi(L) is adjacent to fi(L)(y) ∈ Pi(L),i(L) in Ti(L) if
and only if x is adjacent to φi(L)(gi(L),i(L)(fi(L)(y))) = f(y) in Ξ. This completes the proof
of Lemma 4.4. ■

We can now prove Theorem 4.2, which we restate:

Theorem 4.2. Let H be a finite set of graphs which is tasselled. Then H is hassled.

Proof. We use Lemmas 3.12 and 4.4. Let f1 = f1(H) = f4.4(H). For every t ∈ N, let

f2 = f2(H, t) = f3.12(||H||1, ||H||1, t, t+ 1);

and let
c = c(H, t) = f1f2 · ||H||21.

We prove that for every (Kt,t, Kt+1)-free c-hassle Ξ, there is a graphH ∈ H each component
of which is isomorphic to an induced subgraph of Ξ. This will show that H is hassled.

Let x be the neck of Ξ. By the choice of c, we may choose a set W of f2 · ||H||21 pairwise
disjoint families of walks of Ξ, each of cardinality f1. It follows that for every W ∈ W, the
graph ΞW = Ξ[{x} ∪ (

⋃
W∈W V (W ))] is a f1-hassle with neck x, and with W as its set of

walks.

Since H is tasselled, and by the choice of f1, for each W ∈ W, we can apply Lemma 4.4
to H and ΞW , and obtain a graph HW ∈ H satisfying Lemma 4.4(a) and (b). Moreover,
since |H| ≤ ||H||1 and |W| = f2||H||21, it follows that there exist H ∈ H and X ⊆ W with
|X| = f2||H||1 such that for every W ∈ X, we have HW = H. More explicitly, for every
component K of H, one of the following holds.

• K is a path.
• For every W ∈ X, there exists x′W ∈ V (K) and an injective map fW : V (K) → V (Ξ)

with f−1({x}) = {x′W}, such that for every component L of K \{x′W}, the restriction
of fW to {x′W} ∪ L is an isomorphism from K[{x′W} ∪ L] to Ξ[{x} ∪ fW(L)].
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To conclude the proof, it suffices to show that each component K of H is isomorphic to
some induced subgraph of Ξ. Assume that K is a path. Since Ξ is a c-hassle, it follows that
Ξ has a path on c vertices. But now we are done because |K| ≤ ||H||1 ≤ c. Consequently,
we may assume that K is not a path, and so the second bullet above holds for K and
every W ∈ X. In addition, from |K| ≤ ||H||1 and |X| = f2||H||1, it follows that there exist
x′ ∈ V (K) and Y ⊆ X with |Y| = f2 such that for every W ∈ Y, we have x′W = x′.

On the other hand, {fW(K \ {x′}) : W ∈ Y} is a set of f2 pairwise disjoint subsets
of Ξ \ {x}, each of cardinality less than |K| ≤ ||H||1. This, along with the choice f2 and
the assumption that Ξ is (Kt,t, Kt+1)-free, allows for an application of Lemma 3.12. We
deduce that:

(20) There exist W1, . . . ,W||H||1 ∈ Y for which the sets

fW1(K \ {x′}), . . . , fW||H||1
(K \ {x′}) ⊆ Ξ \ {x}

are pairwise anticomplete in Ξ.

Now, let L1, . . . , Lk be an enumeration of the components of K \ {x′}; then we have
k < |K| ≤ ||H||1. Let W1, . . . ,Wk ∈ Y be as in (20). By the second bullet above, for
each i ∈ [k], the restriction of fWi

to {x′} ∪ Li is an isomorphism from K[{x′} ∪ Li] and
Ξ[{x} ∪ fWi

(Li)] with f−1
Wi

({x}) = {x′}. Moreover, by (20), the sets (fWi
(Li) : i ∈ [k]) are

pairwise disjoint and anticomplete in Ξ. Hence, K is isomorphic to

Ξ

[
{x} ∪

(
k⋃

i=1

fWi
(Li)

)]
.

This completes the proof of Theorem 4.2. ■

In view of Observation 2.2 and Theorems 4.1 and 4.2, in order to prove Theorem 2.4,
it remains to show that:

Theorem 4.5. Let H be a finite set of graphs which is hassled. Then the class of all H-free
graphs is clean.

We will devote the rest of this chapter to the proof of Theorem 4.5, which will be
completed at the end of Section 4.4. We also remark that, combining Observation 2.2 with
Theorems 4.1, 4.2 and 4.5, one may summarize the cornerstone results of this chapter as
follows (see Figure 4.7).
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Theorem 4.1

Observation 2.2

H is hassled

Theorem 4.2

The class of all H-free graphs is clean

Theorem 4.5

Figure 4.7: Corollary 4.6

Corollary 4.6. The following are equivalent for every finite set H of graphs.

• There is no H-free s-array except possibly for finitely many s ∈ N.
• H is tasselled.
• H is hassled.
• The class of all H-free graphs is clean.

4.3 Getting hassled

Our goal in this section is to prove the following:

Theorem 4.7. For all c, t ∈ N, there is a constant f4.7 = f4.7(c, t) such that every t-clean
graph G with tw(G) > f4.7 has an induced subgraph which is a c-hassle.

From Theorem 3.19, we know that every t-clean graph of sufficiently large treewidth
contains, omitting the corresponding parameters, either an ample constellation or a poly-
path which is both loose and fancy. Accordingly, it suffices to prove Theorem 4.7 in each
of these two cases. First, we show that:
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Theorem 4.8. Let c ∈ N, let G be a graph and assume that there is a c-ample (3, 6c)-
constellation in G. Then G has an induced subgraph which is a c-hassle.

Proof. Let (S,L) be a c-ample (3, 6c)-constellation in G. Since |S| = 3, |L| = 6c and (S,L)
is ample, it follows that there is an enumeration S = {x, y, z} as well as a c-subset L′ of L
where for every L ∈ L′, there is a path PL in L with one end adjacent to x and one end
adjacent to z, such that y has a neighbor in PL and x, z are anticomplete to P ∗

L. Moreover,
since (S,L) is c-ample, it follows that for every L ∈ L′, the vertex y is anticomplete to the
first and last c vertices of PL. Now Ξ = G[{y} ∪ V ({PL : L ∈ L′})] is a c-hassle with neck
y and with {PL : L ∈ L′} as its set of walks (each of which is a path in Ξ). This completes
the proof of Theorem 4.8. ■

Unlike the case of ample constellations, handling the second outcome of Theorem 3.19
takes quite a bit of work. We begin with a definition. Let G be a graph, let x, y ∈ V (G)
be distinct and non-adjacent, and let P be a set of pairwise internally disjoint paths in G
from x to y. An x-slash for P in G is a path W in G \ {x, y} such that for every P ∈ P ,
the unique neighbor of x in P belongs to W . Our first lemma says that:

Lemma 4.9. Let c, p, q ∈ N, let G be a graph, let x, y ∈ V (G) be distinct and non-adjacent,
and let P0 be a set of cq(p+1) pairwise internally disjoint paths in G from x to y. Let W0

be an x-slash for P0 in G. Then one of the following holds.

(a) There is a p-subset P of P0 and a path W in G with V (W ) ⊆ V (W0), such that:
• W is an x-slash for P in G; and

• there is no path of length at most c+ 1 in G[V (P) ∪W ] from x to y.

(b) There is a set Q of q pairwise internally disjoint paths in G from x to y, each of
length at most c+ 1.

Proof. Let C be a maximal set of pairwise internally disjoint paths in G from x to y, each
of length at most c + 1. It follows that Q∗ is a path in G on at most c vertices for every
Q ∈ C.

Note that if |C| ≥ q, then 4.9(b) holds, as required. Thus, we may assume that |C| < q,
and so |C∗| < cq. In particular, W0 \ C∗ has at most cq components, and since the paths in
P0 are pairwise internally disjoint, it follows that there are at most |C∗| < cq paths P in
P0 for which P ∩C∗ ̸= ∅. This, along with the assumption that |P0| = cq(p+1) and W0 is
an x-slash for P0 in G, implies that there exist P ⊆ P0 with |P| = p and V (P) ∩ C∗ = ∅,
as well as a component W of W0 \ C∗ ⊆ G \ {x, y}, such that for every P ∈ P , the unique
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neighbor of x in P belongs to W . In other words, W is an x-slash for P . Moreover, we
have (V (P) ∪W ) ∩ C∗ = ∅, and so by the maximality of C, there is no path Q of length
at most c+ 1 in G[V (P) ∪W ] from x to y. Now P and W satisfy 4.9(a), as desired. ■

Most of the technicality in this section goes into the proof of our second lemma:

Lemma 4.10. For all c, q, t ∈ N, there is a constant f4.10 = f4.10(c, q, t) ∈ N with the
following property. Let G be a t-clean graph, let x, y ∈ V (G) be distinct and non-adjacent,
and let P0 be a set of f4.10 pairwise internally disjoint paths in G from x to y. Assume
that there is an x-slash for P0 in G. Then one of the following holds.

(a) G has an induced subgraph which is a c-hassle.
(b) There is a set Q of q pairwise internally disjoint paths in G from x to y, each of

length at most c+ 1.

Proof. The proof relies on Theorem 3.14 and Lemma 3.20. Specifically, let

f1 = f3.14(2c+ 2, 1, c);

m = cf1;

b = max{f3.20(c, 6c, 3, t), g3.20(c, 6c, 3, t)};
f2 = f3.14(c, b, 3).

We prove that
f4.10 = f4.10(c, q, t) = c((c+ 2)mf2 + 1)q

satisfies the lemma. Suppose for a contradiction that none of the two outcomes of 4.10
hold. Apply Lemma 4.9 to x, y,P0 and W0. Since 4.10(b) and Lemma 4.9(b) are identical,
it follows from the choice of f4.10 that:

(21) There is a subset P of P0 with |P| = (c + 2)mf2 and a path W in G with V (W ) ⊆
V (W0), such that:

• W is an x-slash for P in G; and
• there is no path of length at most c+ 1 in G[V (P) ∪W ] from x to y.

From now on, let P and W be as in (21). For every vertex v ∈ NV (P)(x), we denote
by Pv the unique path in P for which v is the unique neighbor of x in Pv. Since W
is an x-slash for P , it follows that NV (P)(x) ⊆ W . Let w1 and w2 be the ends of W .
Since |P| = cmf2 + 2mf2, it follows that one may choose 3m pairwise disjoint f2-subsets
(U1,i, Vi, U2,i : i ∈ [m]) of NV (P)(x) ⊆ W , such that the following hold.
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W

x

U1,i U2,i

w1 w2
v ∈ Vi

Av

Vi

Figure 4.8: The subsets U1,i, Vi, U2,i of NV (P)(x) ⊆ W , and the paths (Av : v ∈ Vi)
depicted by squiggly lines.

• For each i ∈ [m], there are f2 pairwise disjoint paths (Av : v ∈ Vi) in W , each on c
vertices, such that for every v ∈ Vi

– Av contains v; and

– Traversing W from w1 to w2, every vertex in U1,i appears before every vertex in
Av, and every vertex in Av appears before every vertex in U2,i.

In particular, traversing W from w1 to w2, every vertex in U1,i appears before every
vertex in Vi, and every vertex in Vi appears before every vertex in U2,i (see Figure 4.8).

• For every i ∈ [m−1], traversing W from w1 to w2, every vertex in U2,i appears before
every vertex in U1,i+1 (see Figure 4.9).

We deduce that:

(22) For every i ∈ [m], there exist u1,i ∈ U1,i, vi ∈ Vi and u2,i ∈ U2,i, such that Avi is
disjoint from Pu1,i

∪ Pu2,i
and anticomplete to (Pu1,i

∪ Pu2,i
) \ {x}.

To see this, let
Ai = {(Av,∅) : v ∈ Vi};

B1,i = {(∅, P ∗
u ) : u ∈ U1,i};

B2,i = {(∅, P ∗
u ) : u ∈ U2,i}.
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U1,i U2,i
w1

Vi U1,i+1 U2,i+1

w2
Vi+1

x

Figure 4.9: The subsets U1,i, Vi, U2,i, U1,i+1, Vi+1, U2,i+1 of NV (P)(x) ⊆ W .

Then Ai,B1,i,B2,i are three sets of pairwise disjoint c-bisets over V (G), each of cardinality
f2. By the choice of f2, we can apply Theorem 3.14 to Ai,B1,i,B2,i. It follows that there
exist U ′

1,i ⊆ U1,i, V ′
i ⊆ Vi and U ′

2,i ⊆ U2,i with |U ′
1,i| = |V ′

i | = |U ′
2,i| = b such that the

sets A′
i = {(Av,∅) : v ∈ V ′

i }, B′
1,i = {(∅, P ∗

u ) : u ∈ U ′
1,i} and B′

2,i = {(∅, P ∗
u ) : u ∈ U ′

2,i}
satisfy Theorem 3.14(a) and 3.14(b). In fact, Theorem 3.14(a) along with the assumption
that x, y /∈ W , implies that for every u1 ∈ U ′

1,i, every v ∈ V ′
i and every u2 ∈ U ′

2,i, we have
Av∩(Pu1 ∪Pu2) = ∅. It remains to show that there exist u1,i ∈ U ′

1,i, vi ∈ V ′
i and u2,i ∈ U ′

2,i,
for which Avi is anticomplete to (Pu1,i

∪ Pu2,i
) \ {x}. Suppose not. Note that for every

v ∈ V ′
i , since v ∈ Av is a neighbor of x, it follows from the second bullet of (21) that y is

anticomplete to Av. Consequently, by Theorem 3.14(b), there exists j ∈ {1, 2} such that
for every v ∈ Vi, there exists a vertex xv ∈ Av which has a neighbor in P ∗

u for every u ∈ U ′
j,i.

On the other hand, it follows from the choice of b that there exists V ⊆ V ′
i with |V | =

f3.20(c, 6c, 3, t) and there exists U ⊆ U ′
j,i with |U | = g3.20(c, 6c, 3, t). Let S = {xv : v ∈ V }

and let L = {P ∗
u : u ∈ U}. Then (S,L) is a (f3.20(c, 6c, 3, t), g3.20(c, 6c, 3, t))-constellation

in G. This, combined with Lemma 3.20 and the assumption that G is t-clean, implies that
there is a c-ample (3, 6c)-constellation in G. But now by Theorem 4.8, G has an induced
subgraph which is a c-hassle, a contradiction with the assumption that 4.10(a) does not
hold. This proves (22).

Henceforth, for each i ∈ [m], let u1,i ∈ U1,i, vi ∈ Vi and u2,i ∈ U2,i be as in (22). We
write Ai = Avi , P1,i = Pu1,i

and P2,i = Pu2,i
. Also, we denote by a1,i, a2,i the ends of Ai,

such that W traverses the vertices w1, a1,i, a2,i, w2 in this order. It follows that W traverses
the vertices w1, u1,i, a1,i, a2,i, u2,i, w2 in this order, and a1,i, a2,i are the only vertices among
u1,i, a1,i, a2,i, u2,i which can be the same (only if c = 1).
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Let i ∈ [m] be fixed. For each j ∈ {1, 2}, traversing aj,i-W -uj,i starting at aj,i, let
w′

j,i be the first vertex in aj,i-W -uj,i with a neighbor in Pj,i \ {x} (note that w′
j,i exists

because uj,i has a neighbor in Pj,i \ {x}). From (22), we know that Ai is disjoint from and
anticomplete to (P1,i ∪ P2,i) \ {x}; in particular, for every j ∈ {1, 2}, uj,i ∈ Pj,i \ {x} has
a neighbor in the interior of aj,i-w-uj,i. It follows that for every j ∈ {1, 2}, the vertex w′

j,i

belongs to the interior of aj,i-W -uj,i, and there is a path Rj,i in G from w′
j,i to y whose

interior is contained in P ∗
j,i.

For every i ∈ [m] and each j ∈ {1, 2}, let R′
j,i be the longest path of length at most

c+ 1 in Rj,i \ {y} containing w′
j,i. It follows that:

(23) For every i ∈ [m] and each j ∈ {1, 2}, we have R′
j,i \ {w′

j,i} ⊆ P ∗
j,i. Consequently, the

sets (R′
1,i ∪R′

2,i : i ∈ [m]) are pairwise disjoint in G.

By the choice of R′
j,i, either R′

j,i = Rj,i \ {y}, in which case (23) follows immediately
from R∗

j,i ⊆ P ∗
j,i, or R′

j,i is a (c+ 2)-vertex path with R′
j,i \ {w′

j,i} ⊆ P ∗
j,i. This proves (23).

Now, for each i ∈ [m], let W ′
i = w′

1,i-W -w′
2,i, and let Wi = G[R′

1,i ∪ W ′
i ∪ R′

2,i] be
the walk such that traversing Wi from φWi

(1) to φWi
(nWi

), we first traverse the path
R′

1,i starting at the end that is distinct from w′
1,i and stopping at w′

1,i, then we traverse
the path W ′

i from w′
1,i to w′

2,i, and then we traverse R′
2,i starting at w′

2,i (so we have
nWi

= |R′
1,i|+ |W ′

i |+ |R′
2,i| − 2). In particular, we have Wi ⊆ V (P∗) ∪W .

(24) The following hold.
• For all i ∈ [m], the walk Wi is c-stretched and x has a neighbor in Wi.
• For all i ∈ [m], the vertex x is anticomplete to the first and the last c vertices of Wi.
• The paths (W ′

i : i ∈ [m]) are pairwise disjoint.
• The sets (Wi \W ′

i : i ∈ [m]) are pairwise disjoint.

The first bullet is immediate from |Ai| = c and the observation that bothR′
1,i-w′

1,i-W -a2,i
and R′

2,i-w′
1,i-W -a1,i are paths in G containing Ai. Also, the third bullet is trivial, and the

fourth is immediate from (23). It remains to prove the second bullet. Note that by the
definition of R′

1,i and R′
2,i, either y has a neighbor among the first or the last c vertices

of Wi, or the first c + 1 vertices of Wi are contained in P ∗
1,i, and the last c + 1 vertices of

Wi are contained in P ∗
2,i. In the former case, the result follows directly from the second

bullet of (21), and in the latter case, the result follows from the fact that x has exactly
one neighbor in P ∗

1,i and exactly one neighbor in P ∗
2,i. This proves (24).

66



We can now finish the proof. For each k ∈ [c], let

Ik = {i ∈ [m] : i = k (mod c)};

Bk = {(Wi \W ′
i ,W

′
i ) : i ∈ Ik}.

From the choice of m and the third bullet of (24), it follows that B1, . . . ,Bc are sets of
pairwise disjoint (2c+2)-bisets over V (G), each of cardinality f1. The choice of f1 in turn
allows for an application of Theorem 3.14 to B1, . . . ,Bc. In particular, Theorem 3.14(a)
implies that for every k ∈ [c], there exists ik ∈ Ik such that Wik \W ′

ik
and Wil are disjoint

for all distinct k, l ∈ [c]. This, combined with the third and the fourth bullet of (24),
implies that Wi1 , . . . ,Wic are pairwise disjoint. But now by the first two bullets of (24),
the subgraph of G induced on {x} ∪Wi1 ∪ · · · ∪Wic is a c-hassle with neck x and walks
Wi1 , . . . ,Wic , contradicting the assumption that 4.10(a) does not hold. This completes the
proof of Lemma 4.10. ■

From Lemma 4.10, we deduce the following:

Lemma 4.11. For all c, d, q, t ∈ N, there is a constant f4.11 = f4.11(c, d, q, t) ∈ N with the
following property. Let G be a t-clean graph and let W be a d-loose polypath in G. Let
x, y ∈ V (W) be distinct and non-adjacent, and let P be a set of f4.11 pairwise internally
disjoint paths in G from x to y with V (P) ⊆ V (W). Then one of the following holds.

(a) G has an induced subgraph which is a c-hassle.
(b) There is a set Q of q pairwise internally disjoint paths in G from x to y, each of

length at most c+ 1.

Proof. Let f4.10 = f4.10(c, q, t). We show that

f4.11 = f4.11(c, d, q, t) = (2d)f4.10

satisfies the lemma. Let W ∈ W such that x ∈ W . Then x has at most two neighbors
in W . Also, since W is d-loose, it follows that x has neighbors in at most d − 1 paths in
W \{W}. This, along with the fact that |P| = f4.11 ≥ 2(d− 1)f4.10 +2, implies that there
exists P1 ⊆ P with |P1| = 2f4.10 and a path W1 ∈ W \ {W}, such that for every P ∈ P1,
the unique neighbor of x in P belongs to W1. So we have x /∈ W1. In addition, since
W1 \ {y} has one or two components (depending on whether y ∈ W ∗

1 or not), it follows
that there exist P0 ⊆ P1 with |P0| = f4.10 as well as a component W0 of W1 \ {y}, such
that for every P ∈ P0, the unique neighbor of x in P belongs to W0. Therefore, P0 is a set
of f4.10 pairwise internally disjoint paths in G from x to y, and W0 is an x-slash for P0 in
G. Now the result follows from Lemma 4.10 applied to P0. ■
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We can now tackle the second outcome of Theorem 3.19:

Theorem 4.12. For all c, d, t ∈ N, there is a constant f4.12 = f4.12(c, d, t) ∈ N with the
following property. Let G be a t-clean graph. Assume that there is a 2f4.12-polypath in G
which is both f4.12-fancy and d-loose. Then there is a c-hassle in G.

Proof. The proof uses Theorems 2.27 and 3.16 as well as Lemma 4.11. Specifically, let

f = f3.16(c+ 1, t);

g = g3.16(c+ 1, t);

h = f4.11(c, d, g, t).

We claim that
f4.12 = f4.12(c, d, t) = f2.27

(
(t+ 1)f , h, t

)
+ 1

satisfies the theorem. Let G be a t-clean graph and let W be a 2f4.12-polypath in G which
is both f4.12-fancy and d-loose. Suppose for a contradiction that G does not contain a
c-hassle.

Let H = G[V (W)]. Then H is a t-clean graph, and since there is a 2f4.12-polypath
in G which is f4.12-fancy, it follows that H has a minor isomorphic to Kf4.12,f4.12 . In
particular, we have tw(H) ≥ f4.12 > f2.27((t + 1)f , h, t), and so by Theorem 2.27, there is
a strong ((t+ 1)f , h)-block (B,P) in G. Furthermore, since G is Kt+1-free, it follows from
Theorem 3.17 that there exists a stable set A ⊆ B in H of cardinality f .

For each 2-subset {x, y} of A, the vertices x, y are non-adjacent in G. By the choice
of f , we can apply Lemma 4.11 to W and P({x, y}). Note that Lemma 4.11(a) would
violate the assumption that G has no induced subgraph which is a c-hassle. It follows that
Lemma 4.11(b) holds; that is, there exists a set Q({x, y}) of g pairwise internally disjoint
paths in G from x to y, each of length at most c + 1. But now (A,Q) is a (c + 1)-short
(not necessarily strong) (f, g)-block in the t-clean graph G. Combined with the choice of
f and g, this violates Theorem 3.16, hence completing the proof of Theorem 4.12. ■

Theorem 4.7 is now immediate from Theorems 3.19, 4.8 and 4.12:

Theorem 4.7. For all c, t ∈ N, there is a constant f4.7 = f4.7(c, t) such that every t-clean
graph G with tw(G) > f4.7 has an induced subgraph which is a c-hassle.
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Proof. Let
g = g3.19(c, 6c, 3, t)

and let
f = f4.12(c, g, t).

We claim that
f4.7 = f4.7(c, t) = f3.19(c, 6c, 3, t, f);

satisfies the theorem. Let G be a t-clean graph with tw(G) > f4.7. By Theorem 3.19, either
there exists a c-ample (3, 6c)-constellation in G, or there is a 2f -polypath in G which is
both f -fancy and g-loose. In the former case, by Theorem 4.8, G has an induced subgraph
which is a c-hassle. Also, in the latter case, the choice of f along with Theorem 4.12
implies that G has an induced subgraph which is a c-hassle. This completes the proof of
Theorem 4.7. ■

4.4 Being hassled

Finally, we bring everything together and prove Theorem 4.5:

Theorem 4.5. Let H be a finite set of graphs which is hassled. Then the class of all H-free
graphs is clean.

Proof. It is enough to prove, for every t ∈ N, that there is a constant w = w(H, t) ∈ N
such that every t-clean graph G with tw(G) > w has an induced subgraph isomorphic to
some graph H ∈ H.

We begin with setting the value of w, using Lemma 3.12 and Theorem 4.7. Since H is
finite, it follows that ||H||1 ∈ N. Also, since H is hassled, it follows that for every t ∈ N,
there is a constant c = c(H, t) ∈ N such that for every (Kt,t, Kt+1)-free c-hassle Ξ, there is
a graph H ∈ H each component of which is isomorphic to an induced subgraph of Ξ. Let
f1 = f1(H, t) = f4.7(c, t) and let f2 = f2(H, t) = f3.12(||H||1, ||H||1, t+ 1, t). Define

w = w(H, t) = f1 + f2||H||21.

Let G be a t-clean graph with tw(G) > w. Since w ≥ f1, by Theorem 4.7, there is an
induced subgraph Ξ of G which is a c-hassle. This, combined with the assumption that
H is hassled and G is (Kt,t, Kt+1)-free, implies that there exists W ⊆ V (Ξ) ⊆ V (G) with
|W | ≤ ||H||1, as well as a graph H ∈ H, such that each component of H is isomorphic to
an induced subgraph of G[W ].
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Let m ≥ 1 be maximum with the property that there are m pairwise disjoint subsets
W1, . . . ,Wm of V (G), each of cardinality at most ||H||1, where for every i ∈ [m], there is
a graph Hi ∈ H such that each component of Hi is isomorphic to an induced subgraph of
Gi. We claim that:

(25) m ≥ f2||H||1.

Suppose not. Let G′ = G \ (W1 ∪ · · · ∪Wm). Then we have

tw(G′) ≥ tw(G)−m||H||1 > tw(G)− f2||H||21 > f1;

and so by Theorem 4.7, there is an induced subgraph Ξ′ of G′ which is a c-hassle. Since
H is hassled and G is (Kt,t, Kt+1)-free, it follows that there exists Wm+1 ⊆ V (Ξ′) ⊆ V (G′)
with |Wm+1| ≤ ||H||1 as well as a graph Hm+! ∈ H, such that each component of Hm+1

is isomorphic to an induced subgraph of G[Wm+1], a contradiction with the choice of m.
This proves (25).

By (25), we can choose pairwise disjoint subsets W1, . . . ,Wf2||H||1 of V (G), each of
cardinality at most ||H||1, such that for every i ∈ [f2||H||1], there is a graph Hi ∈ H each
component of which is isomorphic to an induced subgraph of G[Wi]. Since |H| ≤ ||H||1,
it follows that there is a graph H ∈ H as well as an f2-subset I of [f2||H||1] such that
Hi = H for all i ∈ I. Moreover, since G is (Kt,t, Kt+1)-free, from the choice of f2 and
Lemma 3.12, it follows that there exists i1, . . . , i||H||1 ∈ I such that Wi1 , . . . ,Wi||H||1

are
pairwise anticomplete in G.

To finish the proof, let K1, . . . , Kh be the components of H. Then we have h ≤ ||H||1
and for each j ∈ [h], there exists Xj ⊆ Wij such that G[Xj] is isomorphic to Kj. But now
G[X1 ∪ · · · ∪Xh] is isomorphic to H, as required. ■
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Chapter 5

Grid Theorem for pinched graphs1

5.1 Alignments and hollow constellations

In this chapter, we prove the following, which extends Theorem 2.7 to the case where the
lengths of the excluded cycles are lower bounded:

Theorem 5.1. For all c, o, s, t ∈ N, there is a constant f5.1 = f5.1(c, o, s, t) ∈ N such that
for every t-clean (c, o)-pinched graph G with tw(G) > f5.1, there is an (s, o)-array in G.

We need to define “(c, o)-pinched graphs” and “(s, o)-arrays.” For c, o ∈ N, we say a
graph G is (c, o)-pinched if there are no c induced subgraphs H1, . . . , Hc of G, each being a
cycle of length at least o+2, such that for some x ∈ V (G), we have V (H1)∩ · · ·∩V (Hc) =
{x} and V (H1) \ {x}, · · · , V (Hc) \ {x} are pairwise disjoint and anticomplete in G. In
particular, a graph G is (c, 1)-pinched if and only if G is c-pinched.

The definition of an (s, o)-array relies on several notions associated with constellations,
which we will introduce below. In what follows, up to Proposition 5.2, let G be a graph
and let s, l ∈ N.

Let c be an (s, l)-constellation in G. By an order on c we mean a bijection π : [s] → Sc.
For every non-empty subset X of Sc, we write c|X for the (|X|, l)-constellation (X,Lc).
Note that for an order π on c, the map π|X is an order on c|X. For every L ∈ Lc, we
denote by cL the s-constellation (Sc, L). Again, observe that an order π on c is also an
order on cL for every L ∈ Lc. For a vertex x ∈ Sc, by an x-gap in c we mean a path P in

1This chapter is based on the coauthored papers [5, 7].
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x1 x2 x3 x4 x5
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L
u

Figure 5.1: Top: A 5-constellation c with Sc = {x1, x2, x3, x4, x5} and Lc = L, where c is
6-hollow (with the x3-gap v-L-w of length five being the longest). Bottom: A 5-alignment.

G (possibly of length zero) with V (P ) ⊆ V (L) for some L ∈ Lc, such that x is adjacent to
the ends of P and anticomplete to P ∗. For d ∈ N, we say c is d-hollow if for every x ∈ Sc,
every x-gap in c has length less than d (see Figure 5.1). For instance, if c is 1-hollow, then
every vertex in Sc has exactly one neighbor in each path L ∈ Lc.

Given an s-constellation s in G and an order π on s, we say that s is an s-alignment in
c in G with respect to π if for some end u of Ls and all i, j ∈ [s] with i < j, traversing Ls

starting at u, the neighbors of π(i) appear “before” the neighbors of π(j). More precisely,
for all i, j ∈ [s] with i < j, every neighbor vi ∈ Ls of π(i) and every neighbor vj ∈ Ls of
π(j), the path in Ls from u to vj contains vi in its interior (see Figure 5.1). We say s is an
s-alignment in G if s is an s-alignment in G with respect to some order π on s. It follows
that if s is an s-alignment in G, then s is ample, and for every non-empty subset X of Ss,
s|X is a |X|-alignment in G.

For a polypath P in G, we say P is plain if every two paths P, P ′ ∈ P are anticomplete
in G. We also say a constellation c in G is plain if Lc is a plain polypath in G.

We are now ready to give the main definition. For o ∈ N, an (s, o)-array in G is a plain,
o-hollow (s, s)-constellation a in G for which there is an order π on a such that for every
L ∈ La, aL is an s-alignment in G with respect to π (see Figure 5.2). We deduce that:

Proposition 5.2. Let o, s ∈ N and let G be a graph. Let a be an (s, o)-array in G. Then
G[V (a)] is a 4-clean (3, o)-pinched graph of treewidth at least s.

Proof. Let J = G[V (a)]. Note that J contains a Ks,s-minor, which implies that tw(J) ≥ s.
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x x1 x2

Figure 5.2: A (3, 4)-array (the labels x, x1 and x2 are as in the proof of Proposition 5.2).

Observe that J does not have an induced subgraph isomorphic to a subdivision of K4

with at most one edge unsubdivided, whereas for every t ≥ 4, every subdivision of Wt×t

does have such an induced subgraph. It follows that for every t ≥ 4, J has no induced
subgraph isomorphic to any subdivision of Wt×t.

Let us say that a connected graph H is fragile if either H has a vertex v such that
H \NH [v] is not connected, or H has a set S of at most two vertices such that H \ S has
maximum degree at most two. Then every connected induced subgraph of J is fragile. On
the other hand, assuming W to be the line-graph of a subdivision of Wt×t for some integer
t ≥ 4, then one may observe (see, for instance, Figure 1.4) that W \NW [v] is connected for
every vertex v ∈ V (W ), and W contains a stable set S with |S| ≥ 3 all of whose vertices
have degree three in W . It follows that W is not fragile, and so W is not isomorphic to an
induced subgraph of J . Also, J is easily seen to be {K4, K3,3}-free. So J is 4-clean.

It remains to show that J is (3, o)-pinched. Suppose for a contradiction that there
are three induced subgraphs C1, C2, C3 of J , each of which is a cycle of length at least
o + 2, such that for some x ∈ V (G), we have V (C1) ∩ V (C2) ∩ V (C3) = {x} and the sets
V (C1) \ {x}, V (C2) \ {x}, V (C3) \ {x} are pairwise disjoint and anticomplete in G. Let π
be the order on a satisfying the definition of an (s, o)-array. Since x has degree at least
six in J , it follows that x ∈ Sa. Also, since a is o-hollow, it follows that there is no cycle
of length at least o + 2 in J [V (La) ∪ {x}]. Thus, for each ℓ ∈ [3], we may pick a vertex
xℓ ∈ Cℓ ∩ (Sa \ {x}). By symmetry, we may assume that there are distinct ℓ1, ℓ2 ∈ [3] for
which π−1(x) is smaller than π−1(xℓ1) and π−1(xℓ2). In particular, we may assume without
loss of generality that π−1(x) < π−1(x1) < π−1(x2). But then x, x2 ∈ C2 are in different
components of J \NJ [x1] (see Figure 5.2), which violates the fact that C1\{x} and C2\{x}
are disjoint and anticomplete. This completes the proof of Proposition 5.2. ■

By Proposition 5.2, for all c, o ≥ 1, Theorem 5.1 yields a complete description of the
unavoidable induced subgraphs of (c, o)-pinched graphs with large treewidth. Moreover, it
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is easily observed that there is an (s, 1)-array in a graph G if and only if G has an induced
subgraph isomorphic to an expansion of the graph PDs. Therefore, Theorem 2.7 is the
special case of Theorem 5.1 for o = 1. We also point out that for all o, s ∈ N with s ≥ 4, if
a graph G is (2, o)-pinched, then there is no (s, o)-array in G. Hence, Theorem 5.1 implies
a strengthening of Corollary 2.8, that for every o ∈ N, the class of all (2, o)-pinched graphs
is clean.

5.2 Outline of the main proof

The rest of this chapter is devoted to the proof of Theorem 5.1, which consists of two
steps. First, we prove that every t-clean (c, o)-pinched graph of sufficiently large treewidth
contains a large plain constellation:

Theorem 5.3. For all c, l, o, s, t ∈ N, there is a constant f5.3 = f5.3(c, l, o, s, t) ∈ N such
that if G is a t-clean, (c, o)-pinched graph with tw(G) > f5.3, then there is a plain (s, l)-
constellation in G.

Then, we extract our desired array from the plain constellation obtained in Theorem 5.3:

Theorem 5.4. For all c, o, s, t ∈ N, there are constants f5.4 = f5.4(c, o, s, t) ∈ N and
g5.4 = g5.4(c, o, s, t) ∈ N with the following property. Let G be a t-clean (c, o)-pinched
graph. Suppose there is a plain (f5.4, g5.4) constellation in G. Then there is an (s, o)-array
in G.

Theorem 5.1 would then be immediate:

Theorem 5.1. For all c, o, s, t ∈ N, there is a constant f5.1 = f5.1(c, o, s, t) ∈ N such that
for every t-clean (c, o)-pinched graph G with tw(G) > f5.1, there is an (s, o)-array in G.

Proof. Let f = f5.4(c, o, s, t) and let g = g5.4(c, o, s, t). We will show that

f5.1 = f5.1(c, o, s, t) = f5.3(c, g, o, f, t)

satisfies 5.1. Let G be a t-clean (c, o)-pinched graph with tw(G) > f5.1. From the choice of
f5.1 and Theorem 5.3, it follows that there is a plain (f, g)-constellation in G. The choices
of f and g in turn combined with Theorem 5.4 imply that there is an (s, o)-array in G. ■

It remains to prove Theorems 5.3 and 5.4, which we will do in Sections 5.5 and 5.6,
respectively. In Sections 5.3 and 5.4, we establish the technical results that will be used in
the proofs of both Theorems 5.3 and 5.4, as well as several proofs in subsequent chapters.
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5.3 Connectifiers

A vertex v of a graph G is said to be simplicial if NG(v) is a clique of G. The set of all
simplicial vertices of G is denoted by Z(G). For instance, if G is a tree, the Z(G) is the
set of all leaves of G. Also, if G is the line graph of a tree T , the Z(G) is the set of all leaf
edges of T .

In this section, we are interested in the following question: Given η ∈ N, a connected
graph G and a sufficiently large subset S of V (G), what can be said about a minimal
connected induced subgraph H of G that contains at least η vertices from S? For instance,
Theorem 3.1 tells us the answer when η ≤ 3, that H is a path, a subdivided star of
maximum degree three or the line graph of a subdivided star of maximum degree three,
and Z(H) ⊆ S.

Also, it is well-known that when S = V (G), then H is either a path, a star or a complete
graph (which is the line graph of a star):

Theorem 5.5 (Folklore; see [4]). Let d, q ∈ N and let G be a connected graph on more
than dq vertices. Then either G has a vertex of degree at least d or there is a path in G on
q + 1 vertices.

Proof. The assertion is trivial for d = 1. Suppose d > 1 and G is a connected graph on
more than dq such that neither G has a vertex of degree at least d nor is there a path in G
on q+1 vertices. Since G is connected and |V (G)| > 1, we may choose a vertex x ∈ V (G)
and an integer k > 1 for which there is a partition (N1, . . . , Nk) of V (G) where Ni, for each
i ∈ [k], is the set of all vertices in G at distance i− 1 from x. In particular, N1 = {x} and
N2 = NG(x). Since there is no path on q + 1 vertices in G, it follows that k ≤ q. Also,
since G has no vertex of degree at least d, it follows that |Ni| ≤ di−1 for all i ∈ [k]. But
now

|V (G)| ≤
k∑

i=1

di−1 =
dk − 1

d− 1
< dk ≤ dq;

a contradiction. ■

The main result of this section, Theorem 5.6, answers the aforementioned question in
full generality. It turns out that H is always either a path, a subdivided star or its line
graph, or a “caterpillar” or its line graph, where a caterpillar is a tree C of maximum degree
three in which all vertices of degree three lie on a path (we remark that our definition of
a “caterpillar” is non-standard).

Explicitly, we prove the following (see Figure 5.3):
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r r

Figure 5.3: Outcomes of Theorem 5.6 when η = 5. From left to right: the first for (a),
the second for (b) when r /∈ S, the third for (b) when r ∈ S, the fourth for (c), and the
fifth and the sixth for (d).

Theorem 5.6. Let η ∈ N and let G be a graph. Let S ⊆ V (G) with |S| ≥ η8η
4 such that

S is contained in a connected component of G. Then there is an induced subgraph H of G
with |V (H) ∩ S| = η for which one of the following holds.

(a) H is a path with ends in S.
(b) H is a subdivided star with root r such that Z(H) ⊆ V (H) ∩ S ⊆ Z(H) ∪ {r}.
(c) H is the line graph of a subdivided star with V (H) ∩ S = Z(H).
(d) H is either a caterpillar or the line graph of a caterpillar, and V (H) ∩ S = Z(H).

Proof. By an S-bump we mean a vertex v ∈ V (G) \ S of degree two in G, say NG(v) =
{v1, v2}, such that v1v2 /∈ E(G). An S-bump v is said to be round if v belongs to the
vertex set of some cycle in G. By suppressing an S-bump v we mean removing the vertex
v and adding the edge v1v2.

Let G0 be the minor of G obtained by first successively removing round S-bumps
until there are no round S-bumps, and then successively suppressing the remaining S-
bumps until there are no S-bumps at all. It follows that G0 is connected and S ⊆ V (G0).
Moreover, there is no S-bump in G0 and every cycle in G0 is also a cycle in G. Let G1 be a
connected induced subgraph of G0 with |V (G1)| as small as possible such that S ⊆ V (G1).
In particular, there is no S-bump in G1 and every cycle in G1 is also a cycle in G.

It is straightforward to check that if G1 has an induced subgraph H satisfying 5.6, then
G has an induced subgraph H satisfying 5.6. Therefore, we only need to show that G1 has
such an induced subgraph H, which we will do in the rest of the proof. We begin with the
following:
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(26) Every vertex in V (G1) \ S is a cut vertex of G1. Moreover, for every C ⊆ V (G1)
where C is connected and every component Q of G1 \C, we have Q∩S ̸= ∅. In particular,
we have Z(G1) ⊆ S.

The first assertion is immediate from the minimality of |V (G1)|. Now suppose for a
contradiction that for some C ⊆ V (G1) where C is connected, there is a component Q of
G1 \C such that Q∩S = ∅. Since C is connected, it follows that G1 \Q is connected with
S ⊆ V (G1 \Q), which contradicts the minimality of |V (G1)|. This proves (26).

For a subset X of V (G1), we say a vertex x ∈ X is X-safe if either x ∈ S or there is
a component MX,x of G1 \ {x} which is disjoint from X; in the latter case, it follows that
NG1(MX,x) = {x}. We denote by SX the set of all X-safe vertices in X which are not in
S. We deduce that:

(27) Let X ⊆ V (G1) and let x ∈ X \ S such that X \ {x} is connected. Then x ∈ SX .

Since X \ {x} is connected, it follows that there is a component Q of G1 \ {x} which
contains X \{x}. Since x ∈ V (G1)\S, it follows from (26) that x is a cut vertex of G1, and
so there is a component Q′ of G1 \ {x} which is distinct from Q. But then Q′ is disjoint
from X, and so we may choose MX,x = Q′. This proves (27).

(28) For every X ⊆ V (G1), the sets (MX,x : x ∈ SX) are pairwise disjoint and anticomplete
in G1, each containing at least one vertex from S.

Suppose that there are two vertices x, y ∈ SX for which MX,x∪MX,y is connected. Since
G1 is connected and MX,x is a component of G1 \ {x}, it follows that x has a neighbor in
MX,x. Also, since MX,y is a component of G1 \ {y}, since MX,x ∪MX,y is connected and
since y /∈ MX,x, it follows that MX,x ⊆ MX,y. But then x /∈ MX,y has a neighbor in MX,y,
a contradiction with the fact that NG(MX,y) = {y}. Moreover, for each x ∈ SX , since {x}
is connected and MX,x is a component of G1 \ {x}, it follows from (26) that MX,x∩S ̸= ∅.
This proves (28).

Suppose that η ∈ {1, 2}. Since G1 is connected and |S| ≥ η, it follows that there is a
path H in G1 with η ends, where the ends of H are contained in S and H∗ ∩ S = ∅. But
then H satisfies 5.6(a).

So we assume that η ≥ 3, and in particular:

|V (G1)| ≥ |S| ≥ (ηη)8η
3

> (ηη)8η
3−1 .
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Figure 5.4: Left: X is a star (and r may or may not belong to S). Middle: X is a clique.
Right: there is a path X ′′ in X \ S with at least η vertices that are X-safe. Squiggly lines
represent paths of arbitrary (possibly zero) length.

Since G1 is connected, we deduce from Theorem 5.5 that either G1 has a vertex of
degree at least ηη, or there is a path on 8η3 vertices in G1. This, along with Theorem 3.17,
implies that there is an induced subgraph X of G1 which is either a star with η leaves, a
complete graph on η vertices, or a path on 8η3 vertices. From (27), it follows that every
simplicial vertex of X is X-safe. In particular,

• if X is a star, then every leaf of X is X-safe; and
• if X is complete, then every vertex in X is X-safe.

By (28), for every x ∈ SX , there is a path Ux in MX,x ∪ {x} from x to a vertex
ux ∈ MX,x ∩ S, such that S ∩ (Ux \ {ux}) = ∅. It also follows from (28) that the sets
(Ux \ {x} : x ∈ Sx) are pairwise disjoint and anticomplete in G1. Let

H = G1

[
X ∪

( ⋃
x∈SX

Ux

)]
.

If X is a star, then H satisfies 5.6(b), and if X is complete, then H satisfies 5.6(c) (see
Figure 5.4). So we may assume that X is a path on 8η3 vertices. If there are at least η
vertices X ∩ S, then there is a path H in X (and so in G1 that satisfies 5.6(a). Thus, we
may assume that there is a subpath X ′ of X on 8η2 vertices such that X ′∩S = ∅. Suppose
further that there are at least η vertices in X ′ ∩ SX . Choose a minimal path X ′′ in X ′

containing exactly η vertices from SX ; thus, the ends of X ′′ belong to SX . Then

H = G1

[
X ′′ ∪

( ⋃
x∈X′′∩SX

Ux

)]
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is a caterpillar satisfying 5.6(d) (see Figure 5.4).

Therefore, we may assume that there are fewer than η vertices in X ′ that are X-safe.
It follows that there is a subpath P of X ′ (and so of X) on 8η vertices such that no vertex
in P is X-safe. In particular, we have P ⊆ X∗ and P ∩ S = ∅.

Let a, c be the ends of X. For every vertex p ∈ P , let Ap be the component of
G1 \ {p} containing V (a-X-p) \ {p} and let Cp be the component of G1 \ {p} containing
V (p-X-c) \ {p}. We deduce that:

(29) Let p ∈ P . Then Ap and Cp are the only distinct components of G1\{p}. In particular,
Ap and Cp are disjoint.

Since p ∈ V (P ), it follows that p is not X-safe. This means p /∈ S, and there is no
component of G1 \ {p} disjoint from X. By (26), p is a cut vertex of G1. So G1 \ {p} has
exactly two components, namely Ap and Cp. This proves (29).

For an edge pp′ ∈ E(P ), we say pp′ is heavy if there is a component Kpp′ of G1 \ {p, p′}
which is disjoint from X.

(30) Let p-p′-p′′ be a path in P . Then either pp′ or p′p′′ is heavy.

Since p′ is neither in S nor an S-bump, it follows that p′ has a neighbor z in V (G1)\X.
It follows that z ∈ Cp\{p′} and z ∈ Ap′′ \{p}. By (31), either z ∈ Ap′ \{p} or z ∈ Cp′ \{p′′}.
Assume that z ∈ Ap′ \ {p}. Then we have z ∈ Ap′ ∩ Cp, and so by (29), we have

z ∈ V (G1) \ ({p, p′} ∪ Ap ∪ Cp′).

Note also that Ap and Cp′ are the only components of G1 \ {p, p′} which intersect X.
Therefore, the component of G1 \ {p, p′} containing z is disjoint from X, and so pp′ is
heavy. A similar argument shows that p′p′′ is heavy if z ∈ Cp′ \ {p′′}. This proves (30).

(31) Let pp′ and qq′ be two heavy edges of P where {p, p′} and {q, q′} are disjoint and
anticomplete in G1. Then Kpp′ and Kqq′ are disjoint and anticomplete in G1.

Suppose for a contradiction that Kpp′ ∪Kqq′ is connected. We may assume that there
is a vertex v ∈ V (P ) such that a, p, p′, v, q, q′, c appear on X in this order. Since G1 is
connected, it follows that NG1(Kpp′) ⊆ {p, p′} and NG1(Kqq′) ⊆ {q, q′} are both nonempty.
As a result, there is a path R in G1 with an end in {p, p′} ⊆ Av and an end in {q, q′} ⊆ Cv
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Figure 5.5: Proof of Theorem 5.6. Squiggly lines represent paths of arbitrary (possibly
zero) length, and dashed lines depict paths of non-zero length.

such that R∗ ⊆ Kpp′ ∪Kqq′ ⊆ V (G1) \X. But now R is a path in G1 \ {v} with an end in
Av and an end in Cv, a contradiction with (29). This proves (31).

Since |V (P )| = 8η, it follows from (30) that there is a 2η-subset {bib′i : i ∈ [2η]} of
E(P ) such that

• for each i ∈ [2η], the edge bib′i is heavy;
• the sets {{bi, b′i} : i ∈ [2η]} are pairwise disjoint and anticomplete in G1; and
• the vertices a, b1, b′1, . . . , b2η, b′2η, c appear on X in this order.

For each i ∈ [2η], let Ki = Kbib′i
be the component of G1 \ {bi, b′i} as in the definition of a

heavy edge. Since G1 is connected, it follows that NG1(Ki) ⊆ {bi, b′i} is non-empty. Also,
from (26), it follows that Ki∩S ̸= ∅. So there is a path Qi in Ki from a vertex xi ∈ Ki∩S
to a vertex yi ∈ NKi

({bi, b′i}) such that (V (Qi) \ {xi}) ∩ S = ∅, and V (Qi) \ {yi} and
{bi, b′i} are anticomplete in G1 (see Figure 5.5).

By (31), the sets (Qi : i ∈ [2η]) are pairwise disjoint anticomplete in G1. Let I1 be
the set of all i ∈ [2η] with |N{bi,b′i}(yi)| = 1 and let I2 be the set of all i ∈ [2η] with
|N{bi,b′i}(yi)| = 2. Then I1 = [2η] \ I2, and so there is an η-subset I of [2η] such that
either I ⊆ I1 or I ⊆ I2. Let i1 and iη be the smallest and the largest element of I,
respectively. Since η ≥ 3, it follows that i1 and iη are distinct and iη ≥ 3. Let Z1 be a
path in G1[V (Qi1) ∪ {bi1b′i1}] from b′i1 to xi1 and let Zη be a path in G1[V (Qiη) ∪ {biηb′iη}]
from biη to xiη . Let

H = G1

V (b′i1-P -biη) ∪ Z1 ∪ Zη ∪

 ⋃
i∈I\{i1,iη}

V (Qi)

 .
If I ⊆ I1, then H is a caterpillar satisfying 5.6(d), and if I ⊆ I2, then H is the line graph
of a caterpillar and H satisfies 5.6(d). This completes the proof of Theorem 5.6. ■
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Figure 5.6: Left: A (3, 4)-patch ({z},L) for X in G. Right: A (6, 3)-match M for X in G.

5.4 Patch and Match

Let d ∈ N∪{0}, let r ∈ N, let G be a graph and let X ⊆ V (G). By a (d, r)-patch for X in
G we mean a (1, r)-constellation p in G, say Sp = {zp}, such that for every path L ∈ Lp,
the following hold.

(P1) L has length at least d.
(P2) We have L ∩X = {xL} and NL(zp) = {yL} where xL, yL are the end of L.

Note that zp may or may not belong to X.

By a (d, r)-match for X in G we mean an r-polypath M in G with the following
properties.

(M1) Every path L ∈ M has length at least d.
(M2) We have V (M) ∩X = V (M) \M∗.

See Figure 5.6. In this section, we prove the following result, which is the main techni-
cal step is the proof of Theorem 5.3 as well as its counterpart for perforated graphs in
Chapter 6, namely Theorem 6.4.

Theorem 5.7. For every d ∈ N∪{0} and all l, r, r′, s, t ∈ N, there is a constant f5.7 =
f5.7(d, l, r, r

′, s, t) ∈ N with the following property. Let G be a t-clean graph, let X ⊆ V (G)
and let p be a (d, f5.7)-patch for X in G. Then one of the following holds.

81



(a) There exists a plain (s, l)-constellation in G.
(b) There exists a plain (2d+ 1, r)-match M for X in G such that V (M) ⊆ V (p).
(c) There exists a plain (d, r′)-patch q for X in G such that V (q) ⊆ V (p).

The proof of Theorem 5.7 is by induction on d. The base case d = 0 is straightforward
to derive from Theorem 5.6:

Lemma 5.8. Let r, r′, t ∈ N and let η = max{r+1, 3r′, t+1}. Let G be a Kt+1-free graph,
let X ⊆ V (G) and let p be a

(
0, η8η

4
)
-patch for X in G. Then one of the following holds.

(a) There exists a plain (1, r)-match M for X in G such that V (M) ⊆ V (p).
(b) There exists a plain (0, r′)-patch q for X in G such that V (q) ⊆ V (p).

Proof. For every L ∈ Lp, let xL and yL be the ends of L such that (P2) holds (where
xL = yL is possible). Let G′ = G[V (p)] and let S = {xL : L ∈ Lp}. Then G′ is connected
and S ⊆ V (G′) with |S| = f5.8. By the choice of f5.8, we can apply Theorem 5.6 to
G′ and S to deduce that there is an induced subgraph H of G′ with |V (H) ∩ S| = η =
max{r + 1, 3r′, t+ 1} for which one of the following holds.

• H is a path with ends in S.
• H is a subdivided star with root u such that Z(H) ⊆ V (H) ∩ S ⊆ Z(H) ∪ {u}.
• H is the line graph of a subdivided star with V (H) ∩ S = Z(H).
• H is either a caterpillar or the line graph of a caterpillar, and V (H) ∩ S = Z(H).

Since G is Kt+1-free and |S| ≥ t+1, it follows that the third bullet above does not happen.
Since |S| ≥ r + 1, it follows that the second bullet above implies 5.8(b). Moreover, it is
straightforward to observe that since |S| ≥ 3r′, the first and last bullet above each imply
5.8(b). This completes the proof of Lemma 5.8. ■

Let d ∈ N and let G be graph. We say a constellation c in G is d-meager if every vertex
x ∈ V (Lc) has at most d neighbors in Sc. It follows that c is 1-meager if and only if c is
ample.

The following is a key tool in several proofs in the rest of this chapter as well as the
subsequent ones:

Theorem 5.9. Let a, d, l, s ∈ N and let G be a graph. Assume that there exists a d-meager
al−1(s+ 2dl)-constellation a in G. Then one of the following holds.
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(a) There exists an a-alignment s in G with Ss ⊆ Sa and Ls ⊆ L∗
a. In particular, if a is

d′-ample for d′ ∈ N, then s is also d′-ample.
(b) There exists a plain (s, l)-constellation c in G such that Sc ⊆ Sa and L ⊆ L∗

a for
every L ∈ Lc. In particular, if a is d′-ample for d′ ∈ N, then c is also d-ample.

Proof. For fixed a and s, we proceed by induction on l. Let u1 and u2 be the ends of La.
Since a is ample, it follows that there exists S ⊆ Sa with |S| = al−1(s+2dl)− 2d such that
S and {u1, u2} are anticomplete in G. In particular, we have |S| ≥ s ≥ 1, and so 5.9 holds
if either a = 1 or l = 1.

Therefore, we may assume that a, l ≥ 2. For every vertex x ∈ S, traversing La from u1
to u2, let vx and wx be the first and the last neighbor of x in La, and let Px be the unique
path in La with ends vx, wx. It follows that Px ⊆ L∗

a.

Define Γ to be the graph with vertex set S such that for distinct x, y ∈ Sa, we have
xy ∈ E(Γ) if and only if Px ∩ Py ̸= ∅. It is readily seen that Γ is an interval graph, and Γ
is perfect [10]. Also, assuming b = al−2(s+ 2d(l − 1)), it follows from a, l ≥ 2 that

|V (Γ)| = |S| = al−1(s+ 2dl)− 2d = ab+ (2al−1 − 2)d ≥ ab+ (2a− 2)d ≥ a(b+ d).

In summary, Γ is a perfect graph with |V (Γ)| ≥ a(b+ d) for a, b+ d ≥ 1. Thus, Γ contains
either a stable set A of cardinality a or a clique B of cardinality b+ d. In the former case,
we may write A = {x1, . . . , xa} such that, for all distinct i, j ∈ [a], the path in La from u1
to vxj

contains vxi
if and only if i < j. But then the ordered s-constellation s = (A,La) in

G with π(i) = xi for every i ∈ [a] is an a-alignment in G which satisfies 5.9(a), as desired.

Next, assume that Γ contains a clique B of cardinality b+d. Then there exists a vertex
u ∈ L∗

a such that for every x ∈ B, we have u ∈ Px. Let Li = ui-La-u for i ∈ {1, 2}. Since
a is d-meager, it follows that |NB(u)| ≤ d, and so there exists B′ ⊆ B with |B′| = b =
al−2(s + 2d(l − 1)) such that B′ and {u1, u, u2} are anticomplete in G, and every vertex
in B′ has a neighbor in L∗

1 and a neighbor in L∗
2. It follows that, for every i ∈ {1, 2},

ai = (B′, Li) is an al−2(s+2d(l−1))-constellation in G which is d-meager, as so is a. From
the induction hypothesis applied to a1, we deduce that either there exists an a-alignment
s in G with Ss ⊆ Sa1 = B′ ⊆ Sa and Ls ⊆ L∗

a1
= L∗

1 ⊆ L∗
a, or there exists a plain (s, l− 1)-

constellation c1 in G such that Sc1 ⊆ Sa1 = B′ ⊆ Sa and L ⊆ L∗
a1

= L∗
1 ⊆ L∗

a for every
L ∈ Lc1 . In the former case, s satisfies 5.9(a). In the latter case, c = (Sc1 ,Lc1 ∪ {L∗

2}) is
a plain (s, l)-constellation in G such that Sc = Sc1 ⊆ Sa and L ⊆ L∗

1 ∪ L∗
2 ⊆ L∗

a for every
L ∈ Lc, and so 5.9(b) holds. This completes the proof of Theorem 5.9. ■

We can now prove Theorem 5.7, which we restate:
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Theorem 5.7. For every d ∈ N∪{0} and all l, r, r′, s, t ∈ N, there is a constant f5.7 =
f5.7(d, l, r, r

′, s, t) ∈ N with the following property. Let G be a t-clean graph, let X ⊆ V (G)
and let p be a (d, f5.7)-patch for X in G. Then one of the following holds.

(a) There exists a plain (s, l)-constellation in G.
(b) There exists a plain (2d+ 1, r)-match M for X in G such that V (M) ⊆ V (p).
(c) There exists a plain (d, r′)-patch q for X in G such that V (q) ⊆ V (p).

Proof. Let s ∈ N∪{0} and l, r, r′, t ∈ N be fixed. We begin with recursively defining a
sequence {ζi : i ∈ N} of positive integers. The definition relies on Theorem 3.14 and
Lemmas 3.20 and 5.8. Specifically, for every i ∈ N, let

fi = f3.20(1, 1, (4ir)
l−1(s+ 2l), t);

gi = g3.20(1, 1, (4ir)
l−1(s+ 2l), t).

Let η = max{r + 1, 3r′, t+ 1} and let

ζ1 = η8η
4

.

For every i ∈ N \{1}, let

ζi = ζi−1f3.14(1,max{(t+ 1)fi−1 , gi−1}, ζi−1).

This concludes the definition of ζi for all i ∈ N.

We prove by induction on d ∈ N∪{0} that

f5.7 = f5.7(d, l, r, r
′, s, t) = ζd+1.

satisfies the theorem. Let G be a t-clean graph, let X ⊆ V (G) and let p be a (d, ζd+1)-patch
for X in G. If d = 0, then by the definition of ζ0 and the assumption that G is t-clean, 5.7
follows directly from Lemma 5.8. So we may assume that d ≥ 1.

For every L ∈ Lp, let xL and yL be the ends of L such that (P2) holds. Since d ∈ N
and from the definition of ζd+1, it follows that there exists a partition (L1, . . . ,Lζd) of Lp

with
|L1| = · · · = |Lζd | = f3.14(1,max{(t+ 1)fd , gd}, ζd).

For each i ∈ [ζd], let
Bi = {({xL}, L) : L ∈ Li}.
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Then Bi is a set of pairwise disjoint 1-bisets over V (G) with

|Bi| = f3.14(1,max{(t+ 1)fd , gd}, ζd).

Therefore, we may apply Theorem 3.14 to the sets B1, . . . ,Bζd and obtain, for each i ∈ [ζd],
a max{(t+ 1)fd , gd}-subset L′

i of Li such that for all distinct i, j ∈ [ζd], the sets {(xL, L) :
L ∈ L′

i} and {(xL, L) : L ∈ L′
j} satisfy the three outcomes of Theorem 3.14. In particular,

from Theorem 3.14(b), we deduce that:

(32) One of the following holds.
• There exists distinct i, j ∈ [ζd] such that for every Li ∈ L′

i and every Lj ∈ L′
j, the

vertex xLi
has a neighbor in Lj in G.

• For all distinct i, j ∈ [ζd], every Li ∈ L′
i and every Lj ∈ L′

j, the vertex xLi
is

anticomplete to Lj in G.

Now, suppose that the first outcome of (32) holds for some i, j ∈ [ζd]. Since G is t-clean
and |L′

i| ≥ (t + 1)fd , it follows from Theorem 3.17 that there exists S ⊆ L′
i with |S| = fd

such that S = {xL : L ∈ S} is a stable set in G. Also, we have |L′
j| ≥ gd and so one may

choose a gd-subset L of L′
j. Since i, j ∈ [ζd] satisfy the first outcome of (32), it follows

that (S,L) is an (fd, gd)-constellation in G. This, combined with the choice of fd and gd
and the assumption that G is t-clean, allows us to apply Lemma 3.20 to G and (S,L). It
follows that there exists an ample (4dr)l−1(s + 2l)-constellation a in G with Sa ⊆ S ⊆ X
and La ∈ L ⊆ L′

j ⊆ Lj ⊆ Lp. Consequently, we can apply Theorem 5.9 to a. Note that if
Theorem 5.9(b) holds, then there is a plain (s, l)-constellation in G, and so 5.7(a) holds,
as desired. Therefore, we may assume that Theorem 5.9(a) holds, that is, there exists a
4dr-alignment s in G with Ss ⊆ Sa ⊆ X and Ls ⊆ L∗

a ⊆ L∗
p ⊆ V (p)\X. Let π be the order

on Ss as in the definition of an alignment. It follows that for each i ∈ [2r − 1], there is a
unique path Mi in G from π(2di) ∈ X to π(2d(i + 1)) ∈ X with M∗

i ⊆ Ls ⊆ V (p) \ X.
Moreover, since s is ample, it follows that the paths (M2i−1 : i ∈ [r]) are pairwise disjoint
and anticomplete in G, each of length at least 2d + 2 > 2d + 1 (see Figure 5.7). But now
M = {Mi : i ∈ [r]} is a plain (2d + 1, r)-match for X in G with V (M) ⊆ V (p), showing
that 5.7(b) holds.

It remains to consider the case where the second outcome of (32) holds, that is, for
all distinct i, j ∈ [ζd], every Li ∈ L′

i and every Lj ∈ L′
j, the vertex xLi

is anticomplete
to Lj in G. For each i ∈ [ζd], fix a path Li ∈ L′

i (this is possible because since |L′
i| =

max{(t+1)fd , gd} ≥ 1). Since d ≥ 1, it follows that Li has at least two vertices (and so xLi

and yLi
are distinct). Let x′i be the unique neighbor of xi is Li and let Pi = Li\xi. Then Pi
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π(d)

Figure 5.7: Proof of Theorem 5.7. Dotted lines represent paths of arbitrary (possibly
zero) lengths, and squiggly lines represent paths of length at least d.

is a path of length at least d−1 in G with ends x′i, yLi
such that V (Pi)∩X = ∅. Moreover,

xLi
is the only vertex in {xLi

: i ∈ [ζd]} ⊆ X with a neighbor in Pi. Let X ′ = {x′i : i ∈ [ζd]}
and let

p′ = ({zp}, {Pi : i ∈ [ζd]}).

Then p′ is a (1, ζd)-constellation in G such that for every i ∈ [ζd], the path Pi has length
at least d− 1, and we have Pi \P ∗

i = {x′i, yLi
} where Pi ∩X ′ = {x′i}. It follows that p′ is a

(d− 1, ζd)-patch for X ′ in G with V (p′) ⊆ V (p) \X. Moreover, for each i ∈ [ζd], we have
NV (p′)(xLi

) = {x′i}. Now, we may apply the induction hypothesis to p′ to deduce that one
of the following holds:

• There exists a plain (s, l)-constellation in G.
• There exists a plain (2d− 1, r)-match M′ for X ′ in G such that V (M′) ⊆ V (p′).
• There exists a plain (d− 1, r′)-patch q′ for X ′ in G such that V (q′) ⊆ V (p′).

The first bullet above is identical to 5.7(a). Assume that the second bullet above holds.
Since 2d − 1 ≥ 1, it follows that for each paths M ∈ M′, the ends x1M , x2M ∈ X ′ of M
are distinct. Moreover, for each i ∈ {1, 2}, there is a vertex uiM ∈ {xLi

: i ∈ [ζd]} ⊆ X
with NV (p)(u

i
M) = {xiM}. Let M+ = u1M -x1M -M -x2M -u2M and M = {M+ :M ∈ M′}. Then

M is a plain (2d + 1, r)-match for X in G such that V (M) ⊆ V (p′) ∪ {xLi
: i ∈ [ζd]} ⊆

(V (p) \ X) ∪ X = V (p). This means M satisfies 5.7(b). Finally, assume that the third
bullet above holds; say Sq′ = {zq′}. Since d− 1 ≥ 0, it follows that for each path L ∈ Lq′ ,
one may write L \L∗ = {x′L, y′L} where L∩X ′ = {x′L} and NL(zq′) = {y′L} (where x′L = y′L
is possible). Moreover, there is a vertex uL ∈ {xLi

: i ∈ [ζd]} ⊆ X with NV (p)(uL) = {x′L}.
Let L+ = uL-x′L-L-y′L and let L+ = {L+ : L ∈ L(q′)}. Then q = ({zq′},L+) is a plain
(d, r′)-match for X in G such that V (q) ⊆ V (p′)∪{xLi

: i ∈ [ζd]} ⊆ (V (p)\X)∪X = V (p).
Hence, q satisfies 5.7(c). This completes the proof of Theorem 5.7. ■
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Figure 5.8: Proof of Lemma 5.10. Dashed lines represent paths of arbitrary (possibly
zero) length, and squiggly lines represent paths of length at least o.

5.5 From large treewidth to a plain constellation

Here we complete the first step in the proof of Theorem 5.1 by proving Theorem 5.3. We
begin with a lemma:

Lemma 5.10. Let c, d, o, s, l ∈ N and let G be a (c, o)-pinched graph. Let x ∈ V (G), let
Q0 be a path in G \ {x} such that x is anticomplete to Q∗

0 in G, and let R be a plain
(3co)(l−1)(s+2dl)-polypath in G \ {x} such that V (Q0)∩V (R) = ∅. Assume that the ends
of each path R ∈ R may be called u1R and u2R (which could be the same) such that u1R is the
only neighbor of x in R and u2R is the only vertex in R with a neighbor in Q0. Assume also
that (3co)(l−1)(s+2dl)-constellation ({u2R : R ∈ R}, Q0) in G is a d-meager. Then there is
a plain (s, l)-constellation.

Proof. Suppose not. Then applying Theorem 5.9 to the d-meager (3co)(l−1)(s + 2dl)-
constellation ({u2R : R ∈ R}, Q0) in G, it follows that Theorem 5.9(a) holds, that is,
there are R1, . . . , R3co ∈ R and L ⊆ Q∗

0 such that(
{u2Ri

: i ∈ [3co]}, L
)

is a 3co-alignment in G with respect to the order π(u2Ri
) = i on {u2Ri

: i ∈ [3co]}. In
particular, x is anticomplete to L, and for every i ∈ [c], there is a unique path Pi in G
from u2R(3i−1)o

to uR3io
whose interior is contained in L. Now, for each i ∈ [c], let

Hi = x-u1R(3i−1)o
-R(3i−1)o-u2R(3i−1)o

-Pi-u2R3io
-R3io-u1R3io

-x.
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See Figure 5.8. Then H1, . . . , Hc are c induced cycles in G, each of length at least o+ 4 >
o+ 2, such that x ∈ V (H1) ∩ · · · ∩ V (Hc) and the sets {V (Hi) \ {x} : i ∈ [c]} are pairwise
disjoint and anticomplete in G. This violates the assumption that G is (c, o)-pinched, hence
completing the proof of Lemma 5.10. ■

The following result is immediate from Theorem 3.17, and we will also use it in future
chapters. We define a digraph D to be a pair (V (D), E(D)) where V (D) is a finite and
non-empty set of vertices and E(D) is a subset of V (D) × V (D) such that for every
(u, v) ∈ E(D), we have u ̸= v. By a stable set in D we mean a subset S of V (D) such that
for all u, v ∈ S, neither (u, v) nor (v, u) belongs to E(D).

Theorem 5.11. Let c, s ∈ N and let D be a digraph on at least ccs vertices. Then either
there is a stable set S in D with |S| = s, or there are c vertices u1, . . . , uc in D such that
for all distinct i, j ∈ [c] with i < j, we have (i, j) ∈ E(D).

Proof. By Theorem 3.17, either there is a stable set S of D with |S| = s, or there are cc
vertices v1, . . . , vcc in D such that for all distinct i, j ∈ [cc], at least one of (vi, vj) or (vj, vi)
belongs to E(D). Let D♮ be the graph with V (D♮) = {v1, . . . , vcc} such that for all distinct
i, j ∈ [cc] with i < j, we have vivj ∈ E(D♮) if and only if (vi, vj) ∈ E(D). By Theorem 3.17,
there exists i1, . . . , ic ∈ [cc] such that i1 < · · · < ic and {vi1 , . . . , vic} is either a clique or a
stable set in D♮. In the former case, let uj = vij for every j ∈ [c], and in the latter case,
let uj = vic−j+1

for every j ∈ [c]. Then from the definition of D♮, it follows that u1, . . . , uc
satisfy Theorem 5.11, as required. ■

Theorem 5.3. For all c, l, o, s, t ∈ N, there is a constant f5.3 = f5.3(c, l, o, s, t) ∈ N such
that if G is a t-clean, (c, o)-pinched graph with tw(G) > f5.3, then there is a plain (s, l)-
constellation in G.

Proof. The definition of f5.3(c, l, o, s, t) relies on multiple earlier results, including Theo-
rems 2.27, 3.8, 3.14, 3.18 and 5.7 and Lemmas 3.12 and 6.9. Specifically, let

b1 = (3co)(l−1)(s+ 2l2);

b2 = ((t+ 1)s + 1)l+1bl
2

1 .

Observe that b2 > b1 > l + 1 ≥ 2. Let

c′ = (t+ 1)
(s+1)

c(s+1)

;

f0 = f3.14(2, b2, c
′);
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f1 = f5.7(o, l, c, f0, s, t).

Let
f2 = f3.18(o, f1, c

′ + 1, t);

g2 = g3.18(o, f1, c
′ + 1, t).

We will show that
f5.3 = f5.3(c, l, s, o, t) = f2.27(f2, g2, t)

satisfies the theorem.

Let G be a t-clean (c, o)-pinched graph with tw(G) > f5.3, and suppose for a contra-
diction that there is no plain (s, l)-constellation in G. By Theorem 2.27, there is a strong
(f2, g2)-block in G. Since G is t-clean and by the choices of f2 and g2, it follows from
Theorem 3.18 that there is an o-long strong (c′+1, f1)-block (B,P) in G. In particular, B
is a stable set, and one may choose a set c′ + 1 pairwise distinct and non-adjacent vertices
x, z1, . . . , zc′ in B.

Let i ∈ [c′]. Define Li = {P ∗ : P ∈ P({xi, zi})}. Then |Li| = f1. Since (B,P) is o-long,
it follows that every path L ∈ Li has length at least o− 1 ≥ 0, and so x and zi each have
a unique (possibly the same) neighbor in L, which we call xL and yL, respectively. Let
Xi = {xL : L ∈ Li}. Then pi = ({zi},Li) is a (1, f1)-contellation in G such that for every
path L ∈ Lpi = Li, we know that L has length at least o−1, and we have L\L∗ = {xL, yL}
such that L ∩Xi = {xL} and NL(zp) = {yL}.

We deduce that pi, for each i ∈ [c′], is an (o− 1, f1)-patch for Xi in G with Xi ⊆ V (pi).
Moreover, since (B,P) is strong, it follows that the sets

V (pi) = V (P({x, zi})) \ {x}

are pairwise disjoint for all i ∈ [c′]. Therefore, since G is t-clean and by the choice of
f1, we can apply Theorem 5.7 to p1, . . . , pc′ . From the assumption that there is no plain
(s, l)-constellation in G, it follows that for each i ∈ [c′], one of the following holds.

• There exists a plain (2o − 1, c)-match Mi for Xi in G such that V (Mi) ⊆ V (pi).
In particular, G[V (M) ∪ {x}] is an cycle of length at least 2o + 1 ≥ o + 2 for every
M ∈ Mi.

• There exists a plain (o − 1, f0)-patch qi for Xi in G such that V (qi) ⊆ V (pi). In
particular, if Sqi ⊆ Xi, then G[{x} ∪ Sqi ∪ V (L)] is a cycle of length at least o + 2
for every L ∈ Lqi , and if Sqi ∩Xi = ∅, then G[{x} ∪ Sqi ∪ V (L) ∪ V (L′)] is a cycle
of length at least 2o+ 2 > o+ 2.
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Indeed, since G is (c, o)-pinched, It follows that the second bullet above holds.

For each i ∈ [c′], let Ai = Sqi and let Qi = Lqi . It follows that Qi is a plain f0-polypath
in G, and:

(33) For every i ∈ [c′] and all distinct Q,Q′ ∈ Qi, there is an induced subgraph of G which
is a cycle of length at least o + 2 containing x, whose all vertices but x are contained in
Ai ∪ V (Q) ∪ V (Q′).

For each i ∈ [c′], let
Bi = {(Ai, Q) : Q ∈ Qi}.

Then B1, . . . ,Bc′ are c′ sets of pairwise disjoint 1-bisets in G, each of cardinality f0. By
Theorem 3.14 and the choice of f0, it follows that for each i ∈ [c′], there exists Q′

i ⊆ Qi

with |Q′
i| = b2 such that for all distinct i, j ∈ [c′], the sets

{(Ai, Q) : Q ∈ Q′
i}

and
{(Ai, Q) : Q ∈ Q′

j}
satisfy the three outcomes of Theorem 3.14. Let us now prove that:

(34) There exists I ⊆ [c′] with |I| = c such that for all distinct i, j ∈ I and every Qj ∈ Q′
j,

the sets Ai and Aj ∪ V (Qj) are anticomplete in G.

Note that since G is Kt+1-free, it follows from Lemma 3.17 there is subset I0 of [c′]
with |I0| = (s + 1)c(s+1) for which the sets (Ai : i ∈ I) are pairwise anticomplete in G. It
remains to show that there exists I ⊆ I0 with |I| = c such that for all distinct i, j ∈ I and
every Qj ∈ Q′

j, the sets Ai and V (Qj) are anticomplete in G. Let D be the digraph with
V (D) = I0 such that for all distinct (i, j) ∈ I0, we have (i, j) ∈ E(D) if the unique vertex
in Ai has a neighbor in every path Q ∈ Q′

j. By Theorem 5.11, either there is a stable
set I ⊆ V (D) = I0 in D of cardinality c, or there there are s + 1 elements i1, . . . , is+1 of
V (D) = I1 such that for all distinct i, j ∈ [s + 1], we have (i, j) ∈ E(D). In the former
case, by Theorem 3.14(b), I satisfies (34), and we are done. Also, in the latter case, it
follows in particular that for each j ∈ [s], the unique vertex in Aij has a neighbor in
every path Q ∈ Q′

is+1
. Since (Ai : i ∈ I0) are pairwise anticomplete in G, it follows that

S = Ai1 ∪ · · · ∪ Ais is a stable set of cardinality s in G. Also, Q′
is+1

is a plain polypath in
G with |Q′

is+1
| = b2 > l, and so there is a plain l-polypath L ⊆ Q′

is+1
in G. But now (S,L)

is a plain (s, l)-constellation in G, a contradiction. Therefore, we have k = 1, and so one
may choose a c-subset I of I1 with the desired property. This proves (34).
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Henceforth, let I be as in (34). We deduce that:

(35) For each i ∈ I, there are distinct paths Qi, Q
′
i ∈ Q′

i, such that the sets

(Ai ∪ V (Qi) ∪ V (Q′
i) : i ∈ I)

are pairwise anticomplete in G.

By (34) and since |Q′
i| = b2 > 2 for each i ∈ I, in order to prove (35), it suffices to show

that for all distinct i, j ∈ I, every Qi ∈ Q′
i and every Qj ∈ Q′

j, the sets V (Qi) and V (Qj)
are anticomplete in G. Suppose not. Then by Theorem 3.14(c), there distinct i, j ∈ I such
that for every Qi ∈ Q′

i and every Qj ∈ Q′
j, there is an edge in G with an end in V (Qi)

and an end in V (Qj). Since |Q′
i| = |Q′

j| = b2, G is Kt+1-free and V (Q′
i) ∩ V (Q′

j) = ∅,
it follows from the choice of b2 that we can apply Lemma 3.22 to Q′

i and Q′
j. Assume

that Lemma 3.21(a) holds. Then there is an (s, l)-constellation c in G such that either
Sc ⊆ V (Q′

i) and Lc ⊆ Q′
j, or Sc ⊆ V (Q′

i) and Lc ⊆ Q′
j. But Q′

i and Q′
j are both plain,

and so in either case c is a plain (s, l)-constellation in G, a contradiction. It follows that
Lemma 3.21(a) holds, that is, there exist Q′′

i ⊆ Q′
i and Q′′

j ⊆ Q′ with |Q′′
i | = |Q′′

j | = b1 such
that every vertex in V (Q′′

i ) has neighbors in fewer than l paths in Q′′
j , and every vertex

in V (Q′′
j ) has neighbors in fewer than l paths in Q′′

i . Now, fix a path Q0 ∈ Q′′
i . By the

choice of i, j, for every Q ∈ Q′′
j , one may choose a path RQ ⊆ Q in G with (not necessarily

distinct) ends u1Q and u2Q such that u1Q is the unique neighbor of x in Q (and so in RQ)
and u2Q is the only vertex in RQ with a neighbor in Q2. Since Q′′

j is a plain polypath in
G, it follows that R = {RQ : Q ∈ Q′′

j} is a plain b1-polypath in G. Moreover, by the
choice of Q′′

i and Q′′
j , the b1-constellation ({u2Q : Q ∈ Q′′

j}, Q0) is l-meager. But then by
the choice of b1, we can apply Lemma 5.10 to x, Q0 and R to deduce that there is a plain
(s, l)-constellation in G, a contradiction. This proves (35).

Finally, the fact that I ⊆ [c′] with |I| = c combined with (33) and (35) yields a
contradiction with the assumption that G is (c, o)-pinched. This completes the proof of
Theorem 5.3. ■

5.6 Dealing with a plain constellation

We now complete our proof of Theorem 5.1 by proving Theorem 5.4, restated below. But
let us first show that:
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Lemma 5.12. Let a, c, o ∈ N and let G be a (c, o)-pinched graph. Assume that there exists
an ample a2co−1(o + 2co)-constellation a in G. Then there exists an a-alignment s in G
with Ss ⊆ Sa and Ls ⊆ L∗

a.

Proof. Suppose not. Then from Theorem 5.9 applied to a, it follows that there is a plain
and ample (o, 2co)-constellation c in G such that Sc ⊆ Sa and L ⊆ L∗

a for every L ∈ Lc.
Let u be an end of La. Let Lc = {Li : i ∈ [2co]} and for each i ∈ [2co], let ui, vi be the
ends of Li, such that traversing La starting at u, the vertices u1, v1, . . . , u2co, v2co appear
on La in this order. For each i ∈ [2co − 1], let v′i be the neighbor of vi in La \ Li. Since c
is plain, it follows that vi-La-ui+1 is a path of length at least two in L0 whose interior is
disjoint from {ui, vi : i ∈ [2co]} and contains v′i.

For every i ∈ [2co], since c is a constellation, every vertex in Sc has a neighbor in Li.
Let Ri be the shortest path in Li containing vi such that every vertex in Sc has a neighbor
in Ri. Since c is ample and |Sc| = o, it follows that for |Ri| ≥ o for all i ∈ [2co]. Let wi

be the end of Ri distinct from vi. Then the minimality of Ri implies that there exists a
vertex xi ∈ Sc which is adjacent to wi and anticomplete to Ri \ {wi}. Since |Sc| = o, it
follows that there exist x ∈ Sc as well as a 2c-subset {ik, jk : k ∈ [c]} of [2co], such that
i1 < j1 < · · · < ic < jc and we have xik = xjk = x for all k ∈ [c].

For each k ∈ [c], traversing v′ik-La-wjk starting at v′ik , let w′
k be the first neighbor of x

in v′ik-La-wjk (see Figure 5.9; note that w′
k exists because x is adjacent to wjk). Let

Hk = x-wik-La-w′
k-x.

Then Hk is an induced cycle of length at least o + 2 in G because Rk ∪ {v′ik} ⊆ Hk and
|Rk| ≥ o. Now H1, . . . , Hc are c induced cycles of length at least o + 2 in G such that
V (H1) ∩ · · · ∩ V (Hc) = {x}. Also, note that V (H1) \ {x}, . . . , V (Hc) \ {x} are contained
in pairwise distinct component of La \ {v′jk : k ∈ [c]}, and so V (H1) \ {x}, . . . , V (Hc) \ {x}
are pairwise disjoint and anticomplete in G. This violates the assumption that G is (c, o)-
pinched, hence completing the proof of Lemma 5.12. ■

Theorem 5.4. For all c, o, s, t ∈ N, there are constants f5.4 = f5.4(c, o, s, t) ∈ N and
g5.4 = g5.4(c, o, s, t) ∈ N with the following property. Let G be a t-clean (c, o)-pinched
graph. Suppose there is a plain (f5.4, g5.4) constellation in G. Then there is an (s, o)-array
in G.

Proof. Let
σ = s2co−1(o+ 2co);

λ = cs(s!)σs.
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Figure 5.9: Proof of Lemma 5.12. Squiggly lines represent paths of length at least o− 1,
and the dashed lines depict paths of arbitrary (possibly zero) lengths.

We claim that:
f5.4 = f5.4(c, o, s, t) = f3.20(1, λ, σ, t);

g5.4 = g5.4(c, o, s, t) = g3.20(1, λ, σ, t);

satisfy the theorem.

Let G be a t-clean (c, o)-pinched graph and and assume that there is a plain (f5.4, g5.4)
constellation c in G. Since G is t-clean, it follows from Lemma 3.20 and the choices of
(f5.4 and g5.4 that there exist S0 ⊆ Sc and L0 ⊆ Lc such that (S0,L0) is an ample (σ, λ)-
constellation in G. Moreover, (S0,L0) is plain because c is.

By the choice of σ, for each L ∈ L0, we can apply Lemma 5.12 to (S0, L) to show that:

(36) For every L ∈ L0, there exist SL ⊆ S0, QL ⊆ L∗ and an order πL on SL such that
(SL, QL) is an s-alignment in G with respect to πL as in the definition.

Moreover, since |SL| = s for all L ∈ L, and since |Sc| = σ and |L0| = λ, the choices of
σ and λ along with (36) imply that:

(37) There exists S ⊆ S0 with |S| = s, L ⊆ L0 with |L| = cs and an order π on S, such
that for every L ∈ L, (S,QL) is an s-alignment in G with respect to π as in the definition.

We further deduce that:
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(38) There exists S ⊆ L with |S| = s such that for every L ∈ S, the s-constellation (S,QL)
is o-hollow.

By (37), we have |S| = s and |L| = cs. Therefore, in order to prove (38), it suffices to
show that for every x ∈ S, there are fewer than c paths L ∈ L for which there is a path
PL ⊆ QL of length at least o such that x is complete to PL \ P ∗

L and anticomplete to P ∗
L.

Suppose for a contradiction that for some x ∈ S, there are c distinct paths L1, . . . , Lc ∈ L
such that for each i ∈ [c], there is there is a path PLi

⊆ QLi
as described above; let yi, zi

be the ends of Pi. It follows that Hi = x-yi-PLi
-zi-x is an induced cycle of length at

least o + 2 in G. Now H1, . . . , Hc are c induced cycles of length at least o + 2 in G with
V (H1) ∩ · · · ∩ V (Hc) = {x}. Moreover, since L ⊆ Lc is a plain polypath in G, it follows
that the sets

V (H1) \ {x} ⊆ V (Li)

for i ∈ [c] are pairwise disjoint and anticomplete in G. This violates the assumption that
G is (c, o)-pinched, and so proves (38).

Let a = (S,S) where S comes from (37) and S comes from (38). Let π be as in (37).
It follows from (37) and (38) that a is an (s, o)-array in G. This completes the proof of
Theorem 5.4. ■
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Chapter 6

Grid Theorem for perforated graphs1

6.1 Asterisms

In this chapter, we give a proof of Theorem 2.10, or more exactly, the following strength-
ening to the case where the lengths of the excluded cycles are lower bounded:

Theorem 6.1. For all c, o, s, t ∈ N, there is a constant f6.1 = f6.1(c, o, s, t) ∈ N such
that for every (Kt,t, Kt+1)-free (c, o)-perforated graph G with tw(G) > f6.1, there is a full
(s, o)-occultation in G.

There are two terms in the above statement that we need to define: “(c, o)-perforated
graphs” and “full (s, o)-occultations.” For c, o ∈ N, we say a graph G is (c, o)-perforated if
there are no c pairwise disjoint and anticomplete induced subgraphs H1, . . . , Hc of G, each
being a cycle of length at least o + 2. It follows that a graph G is (c, 1)-perforated if and
only if G is c-perforated.

Recall the definition of full s-occultations from Chapter 2, Section 2.3, and observe
that a full s-occultations is in fact an s-constellation along with a specific order. The same
is also the case for a “full (s, o)-occultation.” However, we believe this definition, as well
as most proofs in this chapter, will be presented best if we switch to a slightly restricted
notion of an s-constellation which we call an “s-asterism.” Let s ∈ N and let G be a graph.
An s-asterism2 in G is an s-constellation a in G with the additional property that the ends
of La are anticomplete to Sa in G. An asterism in G is an s-asterism in G for some s ∈ N.

1This chapter is based on the coauthored paper [5].
2From Wikipedia: An asterism is an observed pattern or group of stars in the sky.
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x1 x2 x3 x4 x5

v14v13v12v11v10v9v8v7v6v5v4v3v2v1 v15 v16 v17 v18 v19 v20 v21 v22 v23 v24 v25

Figure 6.1: A 5-asterism a with Sa = {x1, . . . , x5} and La = v1- · · · -v25. Note, for instance,
that x2-v13-v14-v15-v16-x4 is an a-route that is not minimal, and x2-v13-v14-x3 is an a-route
that is minimal. Also, there are exactly 15 a-pieces; 13 of which internal and v1-v2-v3 and
v22-v23-v24-v25 are the two external a-pieces. For instance, v17-v18-v19 is an internal a-piece
which is open, and v5-v6-v7-v8 is a closed a-piece (which is necessarily internal).

We emphasize the fact that every s-asterism is an s-constellation, and so all the notions
and properties associated with s-constellations remain valid for s-asterisms.

But we need to add a few more. Let a be an s-asterism in a graph G. By an a-route we
mean a path in G with ends in Sa and interior contained in La. An a-route R is minimal if
there is no a-route Q with Q∗ properly contained in R∗. By an a-piece we mean a path P
in La of non-zero length such that every end of P that is not an end of La has a neighbor
in Sa, while P ∗ and Sa are anticomplete in G. An a-piece P is internal if P is contained
in L∗

a; otherwise P is external (so there are exactly two external a-pieces). An a-piece P is
said to be open if the ends of P have no common neighbor in Sa, and closed if the ends of
P have a common neighbor in Sa. It follows that every external a-piece is open. In fact,
one may observe that an a-piece P is open if and only if either P is external or P is the
interior of a minimal a-route (see Figure 6.1).

For a fixed order π on a and every i ∈ N, we write ai = a|π([i]). We say a is interrupted
with respect to π if for every i ∈ [s− 1]:

(INT) π(i+ 1) has at least one neighbor in every open ai-piece.

Similarly, we say a is invaded with respect to π if for every i ∈ [s− 1]:

(INV) π(i+ 1) has at least one neighbor in every closed ai-piece.

When the order π is not specified, we also say a is interrupted to mean a is interrupted
with respect to some order π on a, and we say a is invaded to mean a is invaded with
respect to some order π.
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We are almost ready to define “full (s, o)-occultations.” For the sake of clarity, let us
first re-define full s-occultations in terms of asterisms. Given s ∈ N and a graph G, by a
full s-occultation in G we mean an ample s-asterism o in G for which there is an order π
on o such that o is both interrupted and invaded with respect to π.

Equivalently, a full s-occultation in G is an ample s-asterism o in G for which there is an
order π on o such that for every i ∈ [s−1], π(i+1) has at least one neighbor in (the interior
of) every oi-piece. It is straightforward to check that this definition is equivalent to the
one mentioned in Section 2.3, modulo the convenient nuance of viewing a full occultation
as an induced subgraph of a fixed graph G with its “(S, L) partition” given, rather than
independently defined graphs.

In this language, it turns out that “full (s, o)-occultations” are nothing but full s-
occultation with “relaxed invadedness.” Let o, s ∈ N and let G be a graph. For an
s-asterism a in G along with an order π on a, we say a is o-invaded with respect to π if for
every i ∈ [s− 1]:

(OI) π(i+ 1) has at least one neighbor in each closed ai-piece of length at least o.

When the order π is not specified, we also say a is o-invaded if a is o-invaded with respect
to some order π on a. In particular, a is 1-invaded if and only if a is invaded.

We now give the main definition. Let o, s ∈ N and let G be a graph. By a full (s, o)-
occultation in G, we mean an ample ordered s-asterism o in G for which there is an order
π on o such that o is both interrupted and o-invaded with respect to π. In particular, o is
a full (s, 1)-occultation in G if and only if o is a full s-occultation in G. There is also an
analogue of Theorem 2.9 for full (s, o)-occultations:

Theorem 6.2. Let g, o, s ∈ N and let G be a graph. Then the following hold.

(a) Let o be a full (g + s − 1, o)-occultation in G. Then os is a full (s, o)-occultation in
G and G[V (os)] has girth at least g + 2.

(b) Let o be a full (s, o)-occultation in G. Then G[V (o)] is a (K3,3, K4)-free (2, o)-
perforated graph of treewidth least s− 1.

Proof. We leave the proof of 6.2(a) to the reader as it is easy, and will only give a proof
of 6.2(b), which is almost identical to the proof of Theorem 2.9 in [13]. Let G′ = G[V (o)]
and let π be an order on o with such that o is both interrupted and o-invaded. Then G′

contains a subdivision of an s-occultation as a subgraph, and so by Theorem 2.9, G′ has
treewidth at least s− 1. Now suppose for a contradiction that there are two disjoint and
anticomplete induced subgraphs H1 and H2 of G′, each being a cycle of length at least

97



o+ 2. It follows that for each i ∈ {1, 2}, neither V (Hi) ∩ So nor V (Hi) ∩ Lo is empty. Let
i ∈ [s] be maximum with π(i) ∈ V (H1) ∪ V (H2), and without loss of generality, assume
that π(i) ∈ H2. Let P be a connected component of H1[V (H1) ∩ V (Lo)]. Then we may
write ∂P = {u, v} such that for some choice of j, k ∈ [i−1], u is adjacent π(j) in G and v is
adjacent π(k) in G. It follows that either P contains the interior of minimal oi−1-route, that
is, P contains an open oi−1-piece P ′, or j = k and P is a closed oi−1-piece. In the former
case, since o is interrupted, by (INT), π(i) ∈ V (H2) has a neighbor in P ′ ⊆ P ⊆ V (H1).
But this violates the assumption that H1 and H2 are anticomplete in G. Also, in the latter
case, we have H1 = π(j)-u-P -v-π(j). Since H1 has length at least o + 2, it follows that
P has length at least o. More precisely, P is a closed oi−1-piece of length at least o. But
then since o is o-invaded, by (OI), the vertex π(i) ∈ V (H2) has a neighbor in P ⊆ V (H1),
again a contradiction with H1 and H2 being anticomplete. This completes the proof of
Theorem 6.2. ■

We remark that Theorem 2.10 is the special case of Theorem 6.1 when o = 1. By
Theorem 6.2(b), for every c, o ∈ N, Theorem 6.1 gives a grid-type theorem for the class of
(c, o)-perforated graphs. Indeed, to make sure that all three outcomes of Theorem 6.1 are
necessary, we may combine Theorem 6.1 and Theorem 6.2(a) to obtain the following more
“efficient” version of Theorem 6.1:

Corollary 6.3. For all c, g, o, s, t ∈, there is a constant f6.3 = f6.3(c, g, o, s, t) ∈ N such
that for every (Kt,t, Kt+1)-free (c, o)-perforated graph G with tw(G) > f6.3, there is a full
(s, o)-occultation o in G such that G[V (o)] has girth more than g + 2.

6.2 Outline of the main proof

The proof of Theorem 6.1 follows the same trajectory as that of the proof of Theorem 5.1,
except the second step will be split into two sub-steps.

Similar to the proof of Theorem 5.1, our first step is to prove that every (Kt,t, Kt+1)-free
(c, o)-perforated graph of sufficiently large treewidth contains a large plain constellation:

Theorem 6.4. For all c, l, o, s, t ∈ N, there is a constant f6.4 = f6.4(c, l, o, s, t) ∈ N such
that if G is a (Kt,t, Kt+1)-free (c, o)-perforated graph with tw(G) > f5.3, then there is a
plain (s, l)-constellation in G.

For the second step, we begin with showing that a sufficiently large constellation in a
(Kt,t, Kt+1)-free (c, o)-perforated graph G guarantees the existence of a large 2-ample and
interrupted asterism in G:
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Theorem 6.5. For all integers c, o, s, t ∈ N, there are constants f6.5 = f6.5(c, o, s, t) ∈ N
and g6.5 = g6.5(c, o, s, t) ∈ N with the following property. Let G be a (Kt,t, Kt+1)-free (c, o)-
perforated graph. Assume that there exists a plain (f6.5, g6.5)-constellation c in G. Then
there is an (o + 1)-ample, interrupted s-asterism a in G such that Sa ⊆ Sc, and for some
L ∈ Lc, we have La ⊆ L.

Then, we prove that a sufficiently large 2-ample and interrupted asterism in G yields
the desired full occultation:

Theorem 6.6. Let c, o, s ∈ N and let G be a (c, o)-perforated graph. Assume that there is
an interrupted cs-asterism a in G which is 2-ample. Then there is a full (s, o)-occultation
o in G with So ⊆ Sa and Lo ⊆ La.

With the above three results, Theorem 6.1 becomes immediate:

Theorem 6.1. For all c, o, s, t ∈ N, there is a constant f6.1 = f6.1(c, o, s, t) ∈ N such
that for every (Kt,t, Kt+1)-free (c, o)-perforated graph G with tw(G) > f6.1, there is a full
(s, o)-occultation in G.

Proof. Let f = f6.5(c, o, cs, t) and let g = g6.5(c, o, cs, t). We will show that

f6.1 = f6.1(c, o, s, t) = f6.4(c, g, o, f, t)

satisfies the theorem. Let G be a (Kt,t, Kt+1)-free (c, o)-perforated graph with tw(G) > f6.1.
From the choice of f6.1 and Theorem 6.4, it follows that there is a plain (f, g)-constellation
in G. The choices of f and g in turn combined with Theorem 6.5 imply that there is an
(o+1)-ample, interrupted sc-asterism a in G. In particular, since o ≥ 1, it follows that a is
3-ample. But now by Theorem 6.6, there is a full (s, o)-occultation in G. This completes
the proof Theorem 6.1. ■

It remains to prove Theorems 6.4, 6.5 and 6.6, which we will, in the reverse order, in
Sections 6.3 and 6.4 and 6.5.

6.3 The cherry on top

Recall that by definition, every full occultation is both ample and interrupted. Our goal
in this section is to prove that in perforated graphs, a qualitative converse holds, too:
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x = πx(6)

Figure 6.2: The vertex x is a cherry on top of the asterism a from Figure 6.1.

Theorem 6.6. Let c, o, s ∈ N and let G be a (c, o)-perforated graph. Assume that there is
an interrupted cs-asterism a in G which is 2-ample. Then there is a full (s, o)-occultation
o in G with So ⊆ Sa and Lo ⊆ La.

The proof of Theorem 6.6 calls for a few more definitions and lemmas. Let s′ ∈ N, let
G be a graph and let x ∈ V (G). Let a′ be an s′-asterism in G with V (a′) ⊆ V (G) \ {x}.
We say x is a cherry on top of a′ in G if:

(CH1) x is anticomplete in G to Sa′ , and to the ends of La′ ; and
(CH2) x has a neighbor in every open a′-piece (and so x has a neighbor in La′).

See Figure 6.2. In this case, (Sa′∪{x}, La′) is an (s′+1)-asterism in G, which we will denote
by Cher(a′, x). Moreover, if π is an order on a, we denote by πx the order on Cher(a′, x)
where πx(s′ + 1) = x and πx(i) = π(i) for all i ∈ [s′]. Note that by (CH2), Cher(a′, x) is
interrupted with respect to πx if and only if a′ is interrupted with respect to π.

Observe that the notion of a “cherry on top” arises naturally from viewing interrupted
ordered asterisms as ordered asterisms which can be constructed by “successively adding
cherries on top.” Said more carefully, it is straightforward to observe that given s ∈ N and
a graph G, an s-asterism a in G is interrupted with respect to an order π on a, if and only
if for every i ∈ [s− 1], π(i+ 1) is a cherry on top of ai in G.
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Accordingly, our first lemma, which we will use both here and in Section 6.4, provides
a tool for growing interrupted “sub-asterisms” of a given asterism by adding one cherry on
top at a time. It roughly says the following: Let G be a graph, let a be an asterism in
G which is 2-ample and let x ∈ Sa. Let S ′ ⊆ Sa \ {x} such that x is a cherry on top of
a|S ′ = (S ′, La) in G. Then the same property is also inherited by an “optimally” chosen
subpath L′ ⊆ La, that is, x is a cherry on top of the asterism (S ′, L′) in G.

This notion of “optimality” is defined as follows. Let s′ ∈ N, let G be a graph, let a be
an asterism in G and let x ∈ Sa. By an (a, x, s′)-candidate in G we mean an interrupted
s′-asterism a′ in G with Sa′ ⊆ Sa \ {x} and La′ ⊆ La, such that for some order π on a′, a′
is interrupted with respect to π, and the following hold.

(CA) Let L be a path in G with V (La′) ⊊ V (L) ⊆ V (La) such that (Sa′ , L) is
an asterism in G which is interrupted with respect to π. Then there exists
i ∈ [s′−1] such that π(i) has a neighbor in the interior of L (and so we have
s′ ≥ 2).

We deduce that:

Lemma 6.7. Let G be a graph and let a be a 2-ample s-asterism in G for some integer
s ≥ 2. Let x ∈ Sa and let a′ be an (a, x, s− 1)-candidate in G with the order π on a′ as in
(CA). If x is a cherry on top of a|Sa′ in G, then x is a cherry on top of a′ in G.

Proof. We need to show that a′ and x satisfy (CH1) and (CH2). Note that Sa′ = Sa \ {x}.
First, we show that:

(39) Let u be an end of La′ that is not an end of La. Then the unique neighbor of u in
La \ La′ has a neighbor in π([s− 2]).

Suppose not. Let v be the ends of La′ other than u and let u′ be the unique neighbor of
u in La \ La′ . Then u′ is anticomplete to πa′([s− 2]). Since a′ is an (a, x, s− 1)-candidate
in G and u is not an end of La, applying (CA) to L = La implies that s ≥ 3. Also, u′ is
adjacent to x′ = π(s− 1), as otherwise L = v-La′-u-u′ violates (CA). Let u′′ be the end of
La for which u-La-u′′ contains u′. Since x′ is adjacent to u′ and x′ is not adjacent to u′′,
traversing u′-La-u′′ from u′ to u′′, we may choose the first vertex w which is not adjacent to
x′. It follows that u′ ̸= w but u′′ and w might be the same. Let w′ be the unique neighbor
of w in u′-La-w (so u′ and w′ might be the same). Since a is 2-ample and x′ is complete to
u′-La-w′, it follows that π([s−2]) is anticomplete to u′-La-w. But now L = v-La′-u-u′-La-w
violates (CA). This proves (39).
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From (39) and the fact that a is 2-ample, it follows that x is anticomplete to the ends
of La′ , and so a′ and x satisfy (CH1). Also, we claim that:

(40) Let P be an open a′-piece. Then x has a neighbor in P .

First, assume that P is an internal open a′-piece. Then P is an open a|Sa′-piece. Since
x is a cherry on top of a|Sa′ in G, it follows from (CH2) that x has a neighbor in P , as
desired. Next, assume that P is an external a′-piece. Then P and La′ share at least one
end, say u. By (39), either u is an end of La, or the unique neighbor u′ of u in La \ La′ is
adjacent to π(i) for some i ∈ [s− 2]. In the former case, P is an external a|Sa′-piece, and
so P is an open a|Sa′-piece. Again, since x is a cherry on top of a|Sa′ in G, it follows from
(CH2) that x has a neighbor in P . In the latter case, traversing La′ starting at u, let u′′
be the first vertex with a neighbor in Sa′ . Since a′ is interrupted, it follows that u′′ is a
neighbor of π(s− 1), and so there exists an a|Sa′-route R from π(s− 1) to π(i) such that
P = R∗ \ {u′}. Note that since a is d-ample, the ends of R∗ have no common neighbor in
Sa′ , and so R∗ is an open a|Sa′-piece. Therefore, since x is a cherry on top of a|Sa′ in G, it
follows from (CH2) that x has a neighbor in R∗. On the other hand, since x′′ ∈ Sa \ {x}
is adjacent to u′ and a is d-ample, it follows that x is not adjacent to u′. But now x has a
neighbor in P . This proves (40).

By (40), a′ and x satisfy (CH2). This completes the proof of Lemma 6.7. ■

We also need the following, which is an application of Lemma 6.7:

Lemma 6.8. Let o, s, µ ∈ N such that µ > s − 1 ≥ 1. Let G be a graph and let a be
a 2-ample µ-asterism in G which is interrupted with respect to some order π on a. Let
S ′ ⊆ π([µ − 1]) such that π(µ) has a neighbor in every closed a|S ′-piece of length at least
o. Assume that there is a full (s − 1, o)-occultation o′ in G with So′ ⊆ S ′ and Lo′ ⊆ La.
Then there exists a full (s, o)-occultation o in G with So ⊆ Sa and Lo ⊆ La.

Proof. We write x = π(µ). Choose a full (s − 1, o)-occultation o′ in G with So′ ⊆ S ′ and
Lo′ ⊆ La, such that Lo′ is maximal with respect to inclusion. In particular, o′ is ample,
interrupted and o-invaded with respect to some order π′ on o′, and we have So′ ⊆ S ′ ⊆
Sa \ {x}. We further deduce that:

(41) o′ is an (a, x, s− 1)-candidate in G and x is a cherry on top of a|So′ in G.

From the maximality of Lo′ , it follows immediately that a, x, o′ and π′ satisfy (CA). So
o′ is an (a, x, s− 1)-candidate in G. It remains to show that x is a cherry on top of a|So′ .
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To that end, we need to argue that a|So′ and x satisfy (CH1) and (CH2). Observe that
(CH1) follows immediately from the fact that La|So′

= La. For (CH2), let P be an open
a|So′-piece. Since So′ ⊆ S ′ ⊆ Saµ−1 , it follows that P contains an open aµ−1-piece P ′. But
now since a is interrupted with respect to π, it follows that x = π(µ) has a neighbor in the
open aµ−1-piece P ′, and so x has a neighbor in P . This proves (41).

In view of (41), we can apply Lemma 6.7 to a, o′ and x, and deduce that x is a cherry on
top of o′. It follows that o = Cher(o′, x) is a 2-ample ordered s-asterism in G, interrupted
with respect to π′

x, such that So ⊆ Sa and Lo ⊆ La. Also, we have:

(42) o is o-invaded with respect to π′
x.

We need to prove that o and π′
x satisfy (OI) for every i ∈ [s − 1]. This is immediate

for i ∈ [s− 1] as o′ is o-invaded with respect to π′. For i = s, let P be a closed os−1-piece
of length at least o. Our goal is to show that π′

x(s) = x has a neighbor in P . Since
Sos−1 = So′ ⊆ S ′ ⊆ Saµ−1 , it follows that either P is a closed a|S ′-piece, or P contains
an open a|S ′-piece, which in turn implies that P contains an open aµ−1-piece P ′. In the
former case, x has a neighbor in P due to the assumption that π(µ) = x has a neighbor
in every closed a|S ′-piece of length at least o. In the latter case, since a is interrupted, it
follows that x = π(µ) has a neighbor in the open aµ−1-piece P ′, and so x has a neighbor
in P . This proves (42).

In conclusion, we have shown that o is a 2-ample s-asterism in G, interrupted and
o-invaded with respect to π′

x, such that So ⊆ Sa and Lo ⊆ La. Hence, o is a full (s, o)-
occultation in G with So ⊆ Sa and Lo ⊆ La. This completes the proof of Lemma 6.8. ■

We can now prove the main result of this section, which we restate:
Theorem 6.6. Let c, o, s ∈ N and let G be a (c, o)-perforated graph. Assume that there is
an interrupted cs-asterism a in G which is 2-ample. Then there is a full (s, o)-occultation
o in G with So ⊆ Sa and Lo ⊆ La.

Proof. For fixed c, we proceed by induction on s. The result is immediate when s = 1.
Assume that s ≥ 2. Write µ = cs; then µ > s− 1 ≥ 1. Let us first show that:

(43) Let i, i′ ∈ [µ − 1] be distinct, let Pi be a π(i)-gap in a and let Pi′ be a π(i′)-gap in a
such that x is anticomplete to Pi ∪Pi′ in G. Then Pi ∪{π(i)} and Pi′ ∪{π(i′)} are disjoint
and anticomplete in G.

Suppose not. Then, since a is 2-ample, it follows that there is a path R (of non-empty
interior) in G from π(i) to π(i′) such that either R∗ ⊆ Pi or R∗ ⊆ Pi′ . As a result, there is
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an (internal) open aµ−1-piece P such that either P ⊆ Pi or P ⊆ Pi′ . On the other hand,
since a is interrupted with respect to π, it follows that x = π(µ) has a neighbor in the open
aµ−1-piece P . But then x has a neighbor in Pi ∪ Pi′ , a contradiction. This proves (43).

Let I be the set of all i ∈ [µ− 1] for which there is a π(i)-gap Pi of length at least o in
a such that x is anticomplete to Pi in G. From (43), we deduce that:

(44) |I| < c.

Suppose not. Then we may choose a c-subset I ′ of [µ − 1] where for each i ∈ [µ − 1],
there is a π(i)-gap Pi of length at least o in a such that x is anticomplete to Pi in G.
But now by (43), (Pi ∪ {π(i)} : i ∈ I ′) are c pairwise disjoint and anticomplete induced
subgraphs of G, each of which is a cycle of length at least o + 2, a contradiction with the
assumption that G is (c, o)-perforated. This proves (44).

We are almost done. By (44), there exists S ′ ⊆ π(µ− 1) with |S ′| = µ− 1− (c− 1) =
c(s− 1) such that for every x′ ∈ S ′, the vertex x = π(µ) has at least one neighbor in every
x′-gap in a. In particular, π(µ) has a neighbor in every closed a|S ′-piece of length at least
o. Moreover, since a is interrupted and 2-ample, it follows that a|S ′ is a c(s− 1)-asterism
in G which is interrupted and 2-ample. Therefore, by the induction hypothesis, there is a
full (s− 1, o)-occultation o′ in G with So′ ⊆ Sa|S′ = S ′ and Lo′ ⊆ La|S′ = La. But now we
can apply Lemma 6.8 to a, S ′ and o to deduce that there is a full (s, o)-occultation o in G
with So ⊆ Sa and Lo ⊆ La. This completes the proof of Theorem 6.6. ■

6.4 The transition graph

The following definition is central to our discussion in this section. Let G be a graph and
let a be an asterism in G. By the transition graph of a, denoted Ta, we mean the graph
with vertex set Sc such that x, y ∈ Sc are adjacent in Tc if and only if there is an a-route
R in G from x to y such that every vertex in Sa \ {x, y} is anticomplete to R∗ (and so to
R) in G (see Figure 6.3).

Our goal is to prove Theorem 6.5, restated below:

Theorem 6.5. For all integers c, o, s, t ∈ N, there are constants f6.5 = f6.5(c, o, s, t) ∈ N
and g6.5 = g6.5(c, o, s, t) ∈ N with the following property. Let G be a (Kt,t, Kt+1)-free (c, o)-
perforated graph. Assume that there exists a plain (f6.5, g6.5)-constellation c in G. Then
there is an (o + 1)-ample, interrupted s-asterism a in G such that Sa ⊆ Sc, and for some
L ∈ Lc, we have La ⊆ L.
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x1 x2 x3 x4 x5
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x1 x2

x3

x4

x5

Figure 6.3: The transition graph Ta of the the 5-asterism a from Figure 6.1.

Proof. Let c, o, t ∈ N be fixed. The definitions of f6.5 and g6.5 rely on Theorems 3.8 and
3.14 and Lemma 3.20. First, we define two sequences {σi : i ∈ N} and {λi : i ∈ N} of
positive integers recursively, as follows. Let

t′ = max{c(o+ 1), t};

σ1 = f3.20(1, 1, 3, t
′);

λ1 = g3.20(1, 1, 3, t
′).

For i ∈ N \{1}, assuming σi−1 and λi−1 is defined, let

f3 = (σi−1 + 1)c(σi−1+1)

f2 = f3.14(2, λi−1 + 1, f3);

f1 = f3.8(2f3, 2, 2
2c − 1);

let
g2 = 22cf 2f3

1 f2f3;

g1 = λ1(c, o, s, t) = 2(2c+f1)2g2;

and let
σi = f3.20(o+ 1, g1, 2c+ f1 + 2g1, t

′);

λi = g3.20(o+ 1, g1, 2c+ f1 + 2g1, t
′).
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This concludes the recursive definition of {σi : i ∈ N} and {λi : i ∈ N}.
We will prove, by induction on s ∈ N for fixed c, o, t ∈ N, that

f6.5 = f6.5(c, o, s, t) = σs;

g6.5 = g6.5(c, o, s, t) = λs;

satisfy the theorem.

First, observe that neither a subdivision of the wall Wc(o+1)×c(o+1) nor the line graph
of a subdivision of the Wc(o+1)×c(o+1) is (c, o)-perforated. Now, let c be a plain (σs, λs)-
constellation in a (Kt,t, Kt+1)-free (c, o)-perforated graph G. Then from the choice of t′, it
follows that G is t′-clean, and so by the choices of σs and λs, we can apply Lemma 3.20 to
c.

If s = 1, then it follows that there exists an ample 3-constellation (S, L1) in G such that
S ⊆ Sc, and for some L ∈ Lc, we have L1 ⊆ L. In particular, each end of L1 has at most
one neighbor in S, and there exists x ∈ S such that a = ({x}, L1) is a 1-asterism in G.
But now we are done because a 1-asterism is automatically (o+1)-ample and interrupted.

Consequently, we may assume that s ≥ 2, and there exist S1 ⊆ Sc with |S| = 2c+f1+2g1
and L1 ⊆ Lc with |L1| = g1 such that (S1,L1) is an (o + 1)-ample (2c + f1 + 2g1, g1)-
constellation in G. In particular, each end of every path in L1 has at most one neighbor in
S1. Thus, there exists S ⊆ S1 ⊆ Sc with |S| = 2c + f1 such that f = (S,L1) is an (o + 1)-
ample (2c + f1, g1)-constellation in G where each end of every path in L1 is anticomplete
to S. In other words, fL is an (o+ 1)-ample (2c+ f1)-asterism in G for every L ∈ L1.

Note that f is plain because c is. Moreover, since |L1| = g1 = 2|S|
2
g2, it follows that:

(45) There exists L2 ⊆ L1 with |L2| = g2 as well as E2 ⊆ S(2), such that for every L ∈ L2,
we have E(TfL) = E2.

Henceforth, let L2 and E2 be as in (45). Let T be the graph with V (T) = S and
E(T) = E2. Then (45) implies that TfL = T for every L ∈ L2. We prove that:

(46) There is no matching of cardinality c in T.

Suppose for a contradiction that there exists a matching {x1x′1, . . . , xcx′c} ⊆ E(T) of
cardinality c in T. Since |L2| = g2 ≥ 2, we may choose two distinct paths L1, L2 ∈ L2.
Then we have {x1x′1, . . . , xcx′c} ⊆ E(TfL1

) = E(TfL2
). Since fL1 and fL2 are both (o + 1)-

ample, f is plain, and from the definition of the transition graph, it follows that for each
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L1

L2

H1

H2

Hc

x1 x′
1 x2 x′

2 xc x′
c

Figure 6.4: Proof of (46) (each dashed segment represents a path of length at least o+ 1
and each squiggly segment depicts a path of arbitrary yet non-zero length).

i ∈ {1, 2} and each j ∈ [c], there is an fLi
-route Ri,j of length at least o+4 in G from xj to

x′j such that for all distinct j, j′ ∈ [c], Hj = R1,j ∪ R2,j and Hj′ = R1,j′ ∪ R2,j′ are disjoint
and anticomplete cycles in G (see Figure 6.4). But then (Hj : j ∈ [c]) are c pairwise disjoint
and anticomplete induced subgraphs of G, each of which is a cycle of length at least 2o+8,
a contradiction with the assumption that G is (c, o)-perforated. This proves (46).

By (46), T has a vertex cover X ⊆ S = V (T) with |X| = 2c. It follows that S \X =
V (T) \X is a stable set in T. Moreover, we have:

(47) Let L ∈ L2. Then for every fL-route R, there exists a vertex x ∈ X which has a
neighbor in R∗.

Suppose not. Then we may pick L ∈ L2 as well as an fL-route R such that X and
R∗ are anticomplete in G, and subject to this property, R∗ is minimal with respect to
inclusion. Let z, z′ ∈ S be the ends of R. Then z, z′ ∈ S \ X = V (T) \ X. Since fL is
(o+1)-ample and from the minimality of R, it follows that S \ (X∪{z, z′}) is anticomplete
to R∗. We conclude that S \{z, z′} = V (TfL)\{z, z′} is anticomplete to R∗. But then from
the definition of the transition graph, it follows that zz′ ∈ E(TfL) = E(T), a contradiction
with the fact that V (T) \X is a stable set in T. This proves (47).

In view of (47), for every L ∈ L2 and all distinct z, z′ ∈ S \X, we can choose a minimal
non-empty subset ΦL({z, z′}) of X such that for every fL-route R from z to z′, there is a
vertex x ∈ ΦL({z, z′}) which has a neighbor in R∗. It follows that, for each L ∈ L2, the
map ΦL : (S \X)(2) → 2X \ {∅} is well-defined. On the other hand, we have |S \X| = f1,
which along with the choice of f1 and Theorem 3.8 yields the following:
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(48) For every L ∈ L2, there exists YL ⊆ X and ZL ⊆ S \X such that:
• we have YL ̸= ∅ and |ZL| = 2f3; and
• for all distinct z, z′ ∈ ZL, we have ΦL({z, z′}) = YL.

Combining (48) with the fact that |L2| = g2 = 22cf 2f3
1 f2f3, it follows from a pigeonhole

argument that for several choices of L ∈ L2 for which the sets YL associated with them are
all the same, and so are the sets ZL. More precisely, we deduce:

(49) There exist L3 ⊆ L2, Y ⊆ X and Z ⊆ S \X, such that:
• we have |L3| = f2f3, Y ̸= ∅ and |Z| = 2f3; and
• for every L ∈ L3 and all distinct z, z′ ∈ Z, we have ΦL({z, z′}) = Y .

Now, by the first bullet of (49), we may fix a partition

(Pi : i ∈ [f3])

of L3 into f2-subsets. We can also pick a vertex y ∈ Y and fix an enumeration

{zi, z′i : i ∈ [f3]}

of the elements of Z. By the second bullet of (49), for each L ∈ L3 and every i ∈ [f3], we
have y ∈ Y = ΦL({zi, z′i}). This, together with the minimality of ΦL({zi, z′i}), implies that
for each L ∈ L3 and every i ∈ [f3], there exists an fL-route Qi,L from zi to z′i, where we
write Ri,L = Q∗

i,L, such that y is the only vertex in Y with a neighbor in Ri,L.

With this notation, we claim that:

(50) There exists a plain (σs−1, λs−1)-constellation c′ in G such that for some i0 ∈ [f3],
we have Sc′ ⊆ Z \ {zi0 , z′i0} and Lc′ ⊆ {Ri0,L : L ∈ Pi0}. In particular, we have Sc′ ⊆
Sc \ {y, zi0 , z′i0}, and for every L′ ∈ Lc′, we have L′ ⊆ L for some L ∈ Lc.

To see this, for each i ∈ [f3], let

Bi = {({zi, z′i}, Ri,L) : L ∈ Pi}.

Then Bi is a set of f2 pairwise disjoint 2-bisets in G. From the choice of f2 and Theo-
rem 3.14, it follows that for each i ∈ [f3], there exists a (λs−1 + 1)-subset P ′

i of Pi, such
that for all distinct i, j ∈ [f3], the sets

{({zi, z′i}, Ri,L) : L ∈ P ′
i} ⊆ Bi
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and
{({zj, z′j}, Rj,L) : L ∈ P ′

j} ⊆ Bj

satisfy the three outcomes of Theorem 3.14. Let D be the digraph with V (D) = [f3] such
that all distinct i, j ∈ [f3], we have (i, j) ∈ E(D) if there is a vertex wi ∈ {zi, z′i} which has
has a neighbor in Rj,L for every path L ∈ P ′

j. By the choice of f3 and Theorem 5.11, either
there is a stable set I ⊆ V (D) = [f3] in D with |I| = c, or there are σs−1 + 1 elements
i1, . . . , iσs−1 , iσs−1+1 ∈ I0 such that for each j ∈ [σs−1], there is a vertex wij ∈ {zij , z′ij}
which has a neighbor Riσs−1+1,L for every L ∈ P ′

iσs−1+1
. In the former case, for each i ∈ I,

since |P ′
i| = λs−1 + 1 ≥ 2, it follows that one may choose two paths Li

1, L
i
2 ∈ P ′

i, such
that for all distinct i, j ∈ I, the sets {zi, z′i} and Rj,Lj

1
∪Rj,Lj

2
are anticomplete in G. Since

L3 is a plain polypath and fL is (o + 1)-ample for every L ∈ L3, it follows that for every
i ∈ I, the induced subgraph Hi = Qi,Li

1
∪ Qi,Li

2
is a cycle of length at least 2o + 8, and

the sets (Hi : i ∈ I) are pairwise disjoint and anticomplete cycles in G. But this violates
the assumption that G is (c, o)-perforated. We deduce that the latter holds. Now, let
W = {wij : j ∈ [σs−1]} and let W be a λs−1-subset of P ′

iσs−1+1
⊆ Piσs−1+1 . Then

c′ =
(
W,
{
Riσs−1+1,L : L ∈ W

})
is a plain (σs−1, λs−1)-constellation in G such that Sc′ ⊆ Z \ {zi0 , z′i0} and Lc′ ⊆ {Ri0,L :
L ∈ Pi0}. This proves (50).

Henceforth, let us fix c′ and i0 ∈ [f3] as give by (50). It follows from the induction
hypothesis applied to c′ that:

(51) For some L ∈ Pi0, there is an (o+1)-ample, interrupted (s− 1)-asterism a′ in G such
that Sa′ ⊆ Sc′ ⊆ Sc \ {y, zi0 , zi′0} and La′ ⊆ Ri0,L.

From now on, let L ∈ Pi0 be as in (51). Then we may choose an (o + 1)-ample,
interrupted (s− 1)-asterism a′ in G such that Sa′ ⊆ Sc′ ⊆ Sc \ {y, zi0 , zi′0}, La′ ⊆ Ri0,L, and
subject to these properties, V (La′) is maximal with respect to inclusion. By (50), every
vertex in Sc′ has a neighbor in Ri0,L in G. Also, recall the choice of y ∈ Y = Φ({zi0 , z′i0}),
which implies that

y ∈ X ⊆ S \ Z ⊆ S \ (Sc′ ∪ {zi0 , z′i0})
and y has a neighbor in Ri0,L = Q∗

i0,L
. In conclusion, every vertex in Sc′ ∪ {y} has a

neighbor in Ri0,L. In fact, since fL is (o + 1)-ample and each end of Ri0,L is adjacent to
one of zi0 or z′i0 , it follows that every vertex in Sc′ ∪ {y} has a neighbor in R∗

i0,L
and the

ends of Ri0,L are anticomplete to S ′ ∪{y} in G. In other words, a+ = (Sc′ ∪{y}, Ri0,L) is a
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(σs−1 + 1)-asterism in G where Sa′ ⊆ Sc′ = Sa+ \ {y} and La′ ⊆ Ri0,L = La+ . Furthermore,
we deduce that:

(52) a′ is a (a+, y, s− 1)-candidate in G and y is a cherry on top of a+|Sa′ in G.

From the maximality of V (La′) ⊆ Ri0,L in the choice of a′, it follows immediately that
a+, a′ and y satisfy (CA), and so a′ is a (a+, y, s− 1)-candidate in G. It remains to prove
that y is a cherry on top of a+|Sa′ in G. To that end, we need to show that a+|Sa′ and y
satisfy (CH1) and (CH2). Observe that (CH1) follows from the fact that La+|Sa′

= La+ .
To see (CH2), let P be an open a+|Sa′-piece (which may be internal of external). It follows
that P ⊆ Ri is the interior an fL-route between two vertices in Sc′ ∪{zi0 , z′i0}. On the other
hand, since Sc′ ∪ {zi0 , z′i0} ⊆ Z and L ∈ Pi0 ⊆ L3, it follows from the second bullet of (49)
that some vertex in Y has a neighbor in P . But then from P ⊆ Ri0,L = Q∗

i0,L
and the

choice of Qi0,L, we conclude that y has a neighbor in P . This proves (52).

We are almost done. Note that a+ is (o + 1)-ample, because fL is. Therefore, since
o + 1 ≥ 2, in view of (52), we can apply Lemma 6.7 to a+, a′ and y, and deduce that
a = Cher(a′, y) is an interrupted s-asterism in G with Sa ⊆ Sa+ = Sc′ ∪ {y} ⊆ S ⊆ Sc and
La = La+ = Ri0,L ⊆ L where L ∈ Pi0 ⊆ L3 ⊆ L2 ⊆ L1 ⊆ Lc. Moreover, a is (o+ 1)-ample
because a+ is. This completes the proof of Theorem 6.5. ■

6.5 Plain constellations in perforated graphs

In this section, we give a proof of Theorem 6.4, hence concluding our proof of Theorem 6.1.
Similar to Section 5.5, we start with a lemma:

Lemma 6.9. Let c, d, o, s, l ∈ N and let G be a (c, o)-perforated graph. Let {Q1, Q2} be
a plain 2-polypath in G and let R be a plain (3co)2(l−1)2(s + 2dl)l-polypath in G such that
V ({Q1, Q2}) ∩ V (R) = ∅. Assume that the ends of each path R ∈ R (which could be the
same) are called u1R and u2R such that u1R is the only vertex in R with a neighbor in Q1 and
u2R is the only vertex in R with a neighbor in Q2. Assume also that for each k ∈ {1, 2},
the (3co)2(l−1)2(s+ 2dl)l-constellation ({u1R : R ∈ R}, Qk) in G is a d-meager. Then there
is a plain (s, l)-constellation.

Proof. Suppose not. Note that

(3co)2(l−1)2(s+ 2dl)l =
(
(3co)2(l−1)(s+ 2dl)

)l−1
(s+ 2dl).
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Figure 6.5: Proof of Lemma 6.9. Dashed lines represent paths of arbitrary (possibly zero)
length, and squiggly lines represent paths of length at least o.

Therefore, we can apply Theorem 5.9 to the d-meager (3co)2(l−1)2(s + 2dl)l-constellation
({u1R : R ∈ R}, Q1) in G. Since there is no plain (s, l)-constellation in G, it follows that
Theorem 5.9(a) holds, that is, there exists S ⊆ R as well as a path L1 ⊆ Q∗

1 such ({u1R : R ∈
S1}, L1) is a (3co)2(l−1)(s+2dl)-alignment inG. In particular, since |S| = (3co)2(l−1)(s+2dl),
we can apply Theorem 5.9 to d-meager (3co)2(l−1)(s+2dl)-constellation ({u2R : R ∈ S}, Q2)
in G. Again, since there is no plain (s, l)-constellation in G, it follows that Theorem 5.9(a)
holds, that is, there exists S ′ ⊆ S as well as a path L2 ⊆ Q∗

2 such ({u2R : R ∈ S ′
1}, L2) is a

(3co)2-alignment in G. On the other hand, ({u1R : R ∈ S ′
1}, L1) is also a (3co)2-alignment

in G. Since (3co)2 > (3co−1)2, it follows from the Erdős-Szekeres Theorem [27] that there
exist R1, . . . , R3co ∈ S ′ ⊆ R such for each k ∈ {1, 2},(

{ukRi
: i ∈ [3co]}, Lk

)
is a 3co-alignment in G with respect to the order π(ukRi

) = i on {ukRi
: i ∈ [3co]}. In

particular, for every i ∈ [c] and k ∈ {1, 2}, there is a unique path P k
i in G from ukR(3i−1)o

to
ukR3io

whose interior is contained in Lk. Now, for each i ∈ [c], let

Hi = u1R(3i−1)o
-P 1

i -u1R3io
-R3io-u2R3io

-P 2
i -u2R(3i−1)o

-R(3i−1)o-u1R(3i−1)o
.

See Figure 6.5. Then H1, . . . , Hc are c induced cycles in G, each of length at least 2o +
4 > o + 2, and the sets {V (Ci) : i ∈ [c]} are pairwise disjoint and anticomplete in G.
This violates the assumption that G is (c, o)-perforated, hence completing the proof of
Lemma 6.9. ■

Theorem 6.4. For all c, l, o, s, t ∈ N, there is a constant f6.4 = f6.4(c, l, o, s, t) ∈ N such
that if G is a (Kt,t, Kt+1)-free (c, o)-perforated graph with tw(G) > f5.3, then there is a
plain (s, l)-constellation in G.
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Proof. The definition of f6.4(c, l, o, s, t) relies on multiple earlier results, including Theo-
rems 2.27, 3.8, 3.14, 3.18 and 5.7 and Lemmas 3.12 and 6.9. Specifically, let

b1 = (3co)2(l−1)2(s+ 2l2)l;

b2 = ((t+ 1)s + 1)l+1bl
2

1 .

Observe that b2 > b1 > l + 1 ≥ 2. Let

c′ = f3.12((s+ 1)c(s+1), 2, t, t+ 1);

f0 = f3.14(2, b2, c
′).

Let
t′ = max{c(o+ 1), t};

f1 = f5.7(o, l, f0, f0, s, t
′).

Let
f2 = f3.18(o, f1, 2c

′, t′);

g2 = g3.18(o, f1, 2c
′, t′).

We will show that
f6.4 = f6.4(c, l, s, o, t) = f2.27(f2, g2, t

′)

satisfies 6.4. Let G be a (Kt,t, Kt+1)-free (c, o)-perforated graph with tw(G) > f6.4, and
suppose for a contradiction that there is no plain (s, l)-constellation in G.

From the choice of t′ and the assumption that G is both (Kt,t, Kt+1)-free and (c, o)-
perforated, it follows that G is t′-clean. Thus, by Theorem 2.27, there is a strong (f2, g2)-
block in G. Since G is t′-clean and by the choices of f2 and g2, it follows from Theorem 3.18
that there is an o-long strong (2c′, f1)-block (B,P) in G. In particular, B is a stable set,
and one may choose a set {xi, zi : i ∈ [c′]} of 2c′ pairwise distinct and non-adjacent vertices
in B.

Let i ∈ [c′]. Define Li = {P ∗ : P ∈ P({xi, zi})}. Then |Li| = f1. Since (B,P) is o-long,
it follows that every path L ∈ Li has length at least o− 1 ≥ 0, and so xi and zi each have
a unique (possibly the same) neighbor in L, which we call xL and yL, respectively. Let
Xi = {xL : L ∈ Li}. Then pi = ({zi},Li) is a (1, f1)-constellation in G such that for every
path L ∈ Lpi = Li, we know that L has length at least o−1, and we have L\L∗ = {xL, yL}
such that L ∩Xi = {xL} and NL(zp) = {yL}.
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Qi

Qi Qi

xi xi xi
Ai

Ai Ai

Figure 6.6: Proof of Theorem 6.4. Dashed lines represent paths of length at least 2o− 1,
squiggly lines represent paths of length at least o− 1, and circled nodes in the middle and
the left figure depict the unique vertex in Sqi .

We deduce that pi, for each i ∈ [c′], is an (o− 1, f1)-patch for Xi in G with Xi ⊆ V (pi).
Moreover, since (B,P) is strong, it follows that the sets

V (pi) ∪ {xi} = V (P({xi, zi}))

are pairwise disjoint for all i ∈ [c′]. Therefore, since G is t′-clean and by the choice of
f1, we can apply Theorem 5.7 to p1, . . . , pc′ . From the assumption that there is no plain
(s, l)-constellation in G, it follows that for each i ∈ [c′], one of the following holds.

• There exists a plain (2o − 1, f0)-match Mi for Xi in G such that V (Mi) ⊆ V (pi).
In particular, G[V (M) ∪ {xi}] is an cycle of length at least 2o+ 1 ≥ o+ 2 for every
M ∈ Mi.

• There exists a plain (o − 1, f0)-patch qi for Xi in G such that V (qi) ⊆ V (pi). In
particular, if Sqi ⊆ Xi, then G[{xi} ∪ Sqi ∪ V (L)] is a cycle of length at least o + 2
for every L ∈ Lqi , and if Sqi ∩Xi = ∅, then G[{xi} ∪ Sqi ∪ V (L) ∪ V (L′)] is a cycle
of length at least 2o+ 2 > o+ 2.

We define Ai and Qi as follows: if the first bullet above holds for i, then let Ai = {xi} and
let Qi = Mi, and if the second bullet above holds for i, then let Ai = {xi} ∪ Sqi and let
Qi = Lqi (see Figure 6.6). It follows that Qi is a plain f0-polypath in G, and:
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(53) For every i ∈ [c′] and all distinct Q,Q′ ∈ Qi, the graph G[Ai ∪ V (Q) ∪ V (Q)] has an
induced subgraph which is a cycle of length at least o+ 2.

For each i ∈ [c′], let
Bi = {(Ai, Q) : Q ∈ Qi}.

Then B1, . . . ,Bc′ are c′ sets of pairwise disjoint 2-bisets in G, each of cardinality f0. By
Theorem 3.14 and the choice of f0, it follows that for each i ∈ [c′], there exists Q′

i ⊆ Qi

with |Q′
i| = b2 such that for all distinct i, j ∈ [c′], the sets

{(Ai, Q) : Q ∈ Q′
i}

and
{(Ai, Q) : Q ∈ Q′

j}
satisfy the three outcomes of Theorem 3.14. Let us now prove that:

(54) There exists I ⊆ [c′] with |I| = c such that for all distinct i, j ∈ I and every Qj ∈ Q′
j,

the sets Ai and Aj ∪ V (Qj) are anticomplete in G.

Note that since G is (Kt,t, Kt+1)-free and since |Ai| ≤ 2 for all i ∈ [c′], it follows from
Lemma 3.12 and the choice of c′ that there exists a subset I0 of [c′] with |I0| = (s+1)c(s+1)

for which the sets (Ai : i ∈ I) are pairwise anticomplete in G. It remains to show that there
exists I ⊆ I0 with |I| = c such that for all distinct i, j ∈ I and every Qj ∈ Q′

j, the sets Ai

and V (Qj) are anticomplete in G. Let D be the digraph with V (D) = I0 such that for all
distinct i, j ∈ I0, we have (i, j) ∈ E(D) if there is a vertex wi ∈ Ai which has a neighbor in
every path Q ∈ Q′

j. Then, by Theorem 5.11, either there is a stable set I ⊆ V (D) = I0 in
D with |I| = c, or there are i1, . . . , is+1 ∈ I0 such that for each j ∈ [s], the vertex wij ∈ Aij

has a neighbor in every path Q ∈ Q′
is+1

. In the former case, by Theorem 3.14(b), I satisfies
(54), and we are done. In the latter case, since (Ai : i ∈ I0) are pairwise anticomplete in
G, it follows that S = {wij , j ∈ [s]} is a stable set of cardinality s in G. Also, Q′

is+1
is a

plain polypath in G with |Q′
is+1

| = b2 > l, and so there is a plain l-polypath L ⊆ Q′
is+1

in
G. But now (S,L) is a plain (s, l)-constellation in G, a contradiction. This proves (54).

Henceforth, let I be as in (54). We deduce that:

(55) For each i ∈ I, there are distinct paths Qi, Q
′
i ∈ Q′

i, such that the sets

(Ai ∪ V (Qi) ∪ V (Q′
i) : i ∈ I)

are pairwise anticomplete in G.

By (54) and since |Q′
i| = b2 > 2 for each i ∈ I, in order to prove (55), it suffices to show
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that for all distinct i, j ∈ I, every Qi ∈ Q′
i and every Qj ∈ Q′

j, the sets V (Qi) and V (Qj)
are anticomplete in G. Suppose not. Then by Theorem 3.14(c), there distinct i, j ∈ I such
that for every Qi ∈ Q′

i and every Qj ∈ Q′
j, there is an edge in G with an end in V (Qi)

and an end in V (Qj). Since |Q′
i| = |Q′

j| = b2, G is Kt+1-free and V (Q′
i) ∩ V (Q′

j) = ∅,
it follows from the choice of b2 that we can apply Lemma 3.22 to Q′

i and Q′
j. Assume

that Lemma 3.21(a) holds. Then there is an (s, l)-constellation c in G such that either
Sc ⊆ V (Q′

i) and Lc ⊆ Q′
j, or Sc ⊆ V (Q′

i) and Lc ⊆ Q′
j. But Q′

i and Q′
j are both plain,

and so in either case c is a plain (s, l)-constellation in G, a contradiction. It follows that
Lemma 3.21(a) holds, that is, there exist Q′′

i ⊆ Q′
i and Q′′

j ⊆ Q′ with |Q′′
i | = |Q′′

j | = b1
such that every vertex in V (Q′′

i ) has neighbors in fewer than l paths in Q′′
j , and every

vertex in V (Q′′
j ) has neighbors in fewer than l paths in Q′′

i . Now, fix two path Q1, Q2 ∈ Q′′
i

(again, this is possible because |Q′
i| = b2 > 2). Since Q′′

i is a plain polypath, it follows that
{Q1, Q2} is a plain 2-polypath in G as well. By the choice of i, j, for every Q ∈ Q′′

j , one
may choose a path RQ ⊆ Q in G with (not necessarily distinct) ends u1Q and u2Q such that
u1Q is the only vertex in RQ with a neighbor in Q1 and u2Q is the only vertex in RQ with
a neighbor in Q2. Since Q′′

j is a plain polypath in G, it follows that R = {RQ : Q ∈ Q′′
j}

is a plain b1-polypath in G. Moreover, by the choice of Q′′
i and Q′′

j , for each k ∈ {1, 2},
the b1-constellation ({ukQ : Q ∈ Q′′

j}, Qk) is l-meager. But then by the choice of b1, we can
apply Lemma 6.9 to {Q1, Q2} and R to deduce that there is a plain (s, l)-constellation in
G, a contradiction. This proves (55).

Finally, the fact that I ⊆ [c′] with |I| = c combined with (53) and (55) yields a
contradiction with the assumption that G is (c, o)-perforated. This completes the proof of
Theorem 6.4. ■
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Chapter 7

Even-hole-free graphs
I. Constellating neighbors1

7.1 Kaleidoscopes

This is the first chapter in a series of three, each building on the material from the preceding
ones, eventually leading to the proofs of Theorems 2.18, 2.24 and 2.25. The proof of
Theorem 2.18 will only use the results from this chapter. The proofs of Theorems 2.24 and
2.25, however, will consume the entire machinery we will develop in the rest of this thesis.
We will complete all three of those proofs in Chapter 9.

The statement of our main result in this chapter uses the following definitions. Given
w ∈ N and a graph G, a w-kaleidoscope in G is a 4-tuple (a, x, y,W) where:

(K1) we have a, x, y ∈ V (G), and x-a-y is a path in G;
(K2) W is a set of w pairwise internally disjoint paths in G \ {a} from x to y; and
(K3) the vertex a is anticomplete to W∗ in G.

Given a subset Z ⊆ V (G) and d ∈ N, we say that Z is d-mirrored by (a, x, y,W) (or rather
z is d-mirrored by (a, x, y,W), if Z = {z}), if:

(M1) Z is disjoint from (
⋃

W∈W V (W )) ∪ {a};
(M2) the vertex a has at most one neighbor in Z; and
1This chapter is based on the coauthored papers [2, 6] and the single-author paper [36].
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a
x y

z

Figure 7.1: A 4-kaleidoscope (a, x, y,W) by which the vertex z is 2-mirrored.

(M3) for all z ∈ Z and W ∈ W , z is anticomplete to NW [x] ∪ NW [y], and z has at
least d distinct neighbors in W . In particular, z is anticomplete to {x, y}.

See Figure 7.1.

Our goal is to prove the following, which forms the core of our inductive arguments in
the proofs of Theorems 2.24 and 2.25.

Theorem 7.1. For all d, t, w ∈ N, there is a constant f7.1 = f7.1(d, t, w) ∈ N with the
following property. Let G be a (theta, prism, even wheel, Kt+1)-free graph, let (a, x, y,W)
be an f7.1-kaleidoscope in G, and let z ∈ V (G) be 1-mirrored by (a, x, y,W). Then there
exists W ′ ⊆ W with |W ′| = w such that z is d-mirrored by (a, x, y,W ′).

We will complete the proof of Theorem 7.1 in Section 7.3.

7.2 Apexed constellations

In this section, we prepare for the proof of Theorem 7.1 by establishing a number of
technical results, many of which will also be used in future chapters.

The first result concerns the local structure imposed by a pair of highly connected
vertices in a (theta, prism)-free graph of bounded clique number:

Theorem 7.2. For all l, s, t ∈ N, there is a constant f7.2 = f7.2(l, s, t) ∈ N with the
following property. Let G be a (theta, prism, Kt+1)-free graph, let a, b ∈ V (G) be distinct
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and non-adjacent and let P be a collection of pairwise internally disjoint paths in G from
a to b with |P| ≥ f7.2. Then there is a subset N of P where NV (N )(a) is a stable set in G,
and there is an (s, l)-constellation c in G such that Sc ⊆ NV (N )(a) and Lc ⊆ N ∗.

The proof of Theorem 7.2 relies on yet another technical result which roughly says that
in a (theta, prism)-free graph G of bounded clique number, if some vertex a ∈ V (G) is
“trapped” in an induced subgraph H of G where H \ {a} is isomorphic to the line graph of
a proper subdivision of a tree, then a may be separated from the rest of G be the removal
of a small cutset. We will give the exact statement of this result as Theorem 7.3 below.
Nevertheless, to avoid the digression caused by its length and technicality, we postpone
the proof of Theorem 7.3 to Chapter 10. It is important to note that the proof does not
use the material from Chapters 7, 8 and 9.

Back to the statement of Theorem 7.3, we need two definitions. Let G be a graph.
Given an induced subgraph H of G and a vertex a ∈ V (H), we say a is trapped in H if we
have NG[NG[a]] ⊆ V (H), and every vertex in NH(a) = NG(a) has degree two in H (and
so in G). By a separation in G we mean a triple (L,M,R) of pairwise disjoint subsets
V (G) with L ∪ M ∪ R = V (G), such that neither L nor R is empty and L and R are
anticomplete in G. Let x, y ∈ G be distinct. We say a set M ⊆ G \ {x, y} separates x and
y in G if there exists a separation (L,M,R) in G with x ∈ L and y ∈ R. Also, for disjoint
sets X, Y ⊆ V (G), we say a set M ⊆ V (G) \ (X ∪ Y ) separates X and Y if there exists a
separation (L,M,R) in G with X ⊆ L and Y ⊆ R. If X = {x}, we say that M separates
x and Y to mean M separates X and Y .

Theorem 7.3. Let t ∈ N and let G be a (theta, prism, Kt+1)-free graph. Let H be an
induced subgraph of G that is isomorphic to the line graph of a proper subdivision of a tree
which is not a path. Let a ∈ V (G) \ V (H) such that a is trapped in G[V (H) ∪ {a}]. Then
for every vertex x ∈ G \ NG[a], there exists Sx ⊆ V (G) \ {a, x} with |Sx| < 4t6 such that
Sx separates a and x in G.

This enables us to prove Theorem 7.2:

Proof of Theorem 7.2. Let η = 8t6 + 1 and let c = η8η
4 . We will show that

f7.2 = f7.2(l, s, t) = (t+ 1)(s+l)c(s+l)

satisfies the theorem. For each P ∈ P , let xP be the unique neighbor of a in P (so xP ̸= b).
Since G is Kt+1-free, it follows from Theorem 3.17 and the choice of f7.2 that there exists
N ⊆ P with |N | = (s+ l)c(s+l) such that N = {xP : P ∈ N} is a stable set in G.
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Let D be the digraph with V (D) = N such that for all distinct paths P,Q ∈ N , we
have (P,Q) ∈ E(D) if and only if xP has a neighbor in Q∗ in G. We deduce that:

(56) D has no stable set of cardinality c.

Suppose not. Let K ⊆ N be a stable set in D with |K| = c. Let G1 = G[V (K) \ {a}].
By the definition of D, for every P ∈ K, we have NG1(xP ) = NP (xP ) \ {a}, and in
particular |NG1(xP )| = 1. Since G1 is connected and by the choice of c = |K|, we can apply
Theorem 5.6 to G1 and K = {xP : P ∈ K} ⊆ N \ {b}. Recall that G1 is Kt+1-free. Also,
every vertex in K has a unique neighbor in G1, and so no path in G1 contains more than
two vertices from K. Since η = 8t6 + 1 > t + 1 ≥ 2, it follows that there is an induced
subgraph H1 of G1 with |V (H1) ∩K| = 8t6 + 1 for which one of the following holds.

• H1 is either a caterpillar or the line graph of a caterpillar with V (H1)∩K = Z(H1).

• H1 is a subdivided star with root r1 such that Z(H1) ⊆ V (H1)∩K ⊆ Z(H1)∪ {r1}.

If H1 is a caterpillar, then G[H1 ∪ {a}] contains a theta with ends a and a′ for every
branch vertex a′ of H1, a contradiction. Also, if the second bullet above holds, then since
every vertex in K has degree one in G1, it follows that V (H1) ∩ K = Z(H1), and so r1
is not adjacent to a. But then G[H1 ∪ {a}] contains a theta with ends a and r1, again a
contradiction. This implies that H1 is the line graph of a caterpillar with |V (H1) ∩K| =
8t6 + 1 and V (H1) ∩ K = Z(H1). Moreover, every vertex in V (H1) ∩ K ⊆ K has a
unique neighbor in G1, and so in H1. Thus, there is an induced subgraph H2 of H1

which is isomorphic to the line graph of a proper subdivision of a caterpillar, such that
|V (H2) ∩ K| = 4t6 and V (H2) ∩ K = Z(H2). In particular, Z(H2) ⊆ K ⊆ N is the
set of all vertices of degree one in H2, and so there is a 4t6-subset H of K such that
Z(H2) = {xP : P ∈ H}. Let

G2 = G

[
V (H2) ∪

(⋃
P∈H

V (P )

)]
.

Then G2 is (theta, prism, Kt+1)-free (because G is) and H2 is an induced subgraph of G2

which is isomorphic to the line graph of a proper subdivision of a caterpillar. Moreover,
we have a ∈ V (G2) \ V (H2), and NG2(a) = Z(H2), which in turn implies that a is trapped
in G2[V (H2) ∪ {a}]. Hence, we can apply Theorem 7.3 to G2, H2 and a. Since a and
b ∈ V (G2) are distinct and non-adjacent, it follows that there exists Sb ⊆ G2 \ {a, b} such
that |Sb| < 4t6 such that Sb separates a and b in G2. But there are 4t6 pairwise internally
disjoint paths in H from a to b in G2, a contradiction. This proves (56).
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From (56), Theorem 5.11 and the definition ofD, it follows that there exist P1, . . . , Ps+1 ∈
V (D) = N such that for all distinct i, j ∈ [s+ l] with i < j, the vertex xPi

has a neighbor
in P ∗

j . Let
S = {xPi

: i ∈ [s]}

and let
L = {Ps+i : i ∈ [l]}.

Then c = (S,L∗) is an (s, l)-constellation in G with Sc = S ⊆ NV (N )(a) and Lc = L∗ ⊆ N ∗.
This completes the proof of Theorem 7.2. ■

We continue with another definition. Let G be a graph, let H be an induced subgraph
of G and let v ∈ V (G) \ V (H). We say that:

(G) v is H-good if |NH(v)| = 1;
(B) v is H-bad if NH(v) is a clique in H on at least two vertices; and
(U) v is H-ugly if NH(v) is not a clique in H.

It follows that each vertex in NG(H) ⊆ V (G) \ V (H) is exactly one of H-good, H-bad, or
H-ugly. We deduce that:

Lemma 7.4. For all m,n, p, q, t ∈ N, there is a constant g7.4 = g7.4(m,n, p, q, t) ∈ N with
the following property. Let G be a (theta, Kt+1)-free graph. Let c be an (3(p+ q+3), g7.4)-
constellation in G and let a ∈ V (G) \ V (c) such that a is complete to Sc and anticomplete
to V (Lc) in G. Then there is a constellation m in G with Sm ⊆ Sc and Lm ⊆ Lc, as well
as an order π on m, with the following specifications.

(a) One of the the following holds.

• |Sm| = p, |Lm| = m and every vertex x ∈ Sm is L-bad for every L ∈ Lm.

• |Sm| = q, |Lm| = n and every vertex x ∈ Sm is L-ugly for every L ∈ Lm.

(b) For each L ∈ Lm, mL is both an asterism in G and an alignment in G with respect
to π.

Proof. Let
λ2 = m(p+ q + 1)p + n(p+ q + 1)q;

λ1 = λ2(3(p+ q + 3))p+q+3(p+ q + 3)!.

We claim that
g7.4 = g7.4(m,n, p, q, t) = 9(p+ q + 3)2(t+ 1) + λ1
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satisfies the lemma.

(57) There is a λ1-subset L1 of Lc such that every vertex in V (L1) has at most one neighbor
in Sc.

Suppose not. Then, since |Sc| = 3(p + q + 3) and by the choice g7.4, it follows that
there is a subset X of Lc with |X | = 9(p+ q + 3)2(t+ 1) = |Sc|2(t+ 1), such that for each
L ∈ X , there is a vertex xL ∈ V (L) and two vertices yL, zL ∈ Sc such that xL is complete
to {yL, zL}. It follows that there is a (t+1)-subset T of X as well as two vertices y, z ∈ S⌋
such that for every L ∈ T , we have {yL, zL} = {y, z}. Since G is Kt+1-free, it follows from
Theorem 3.17 that there are two paths L1, L2 ∈ T such that xL1 and xL2 are not adjacent
in G. But then there is a theta in G with ends y, z and paths y-a-z, y-xL1-z, y-xL2-z, a
contradiction. This proves (57).

Henceforth, let L1 be as (57).

(58) For every L ∈ L1, there exists a (p + q + 3)-subset SL of Sc as well as a bijection
ψL : [p+ q+3] → SL, such that the constellation (SL, L) is an alignment in G with respect
to ψL.

To see this, for each vertex x ∈ Sc, let Px be the (unique) shortest path in L which
contains all neighbors of x in L (so x is adjacent to the ends of Px and anticomplete to
V (L) \ V (Px). Let Γ be the graph with V (Γ) = Sc where x, y ∈ Sc are adjacent in Γ if
and only if Px and Py are not disjoint. We claim that Γ has no 3-clique. Suppose for
a contradiction that there is a 3-subset X of Sc for which the sets (V (Px) : x ∈ X) are
pairwise intersecting. Then there exists a vertex u ∈ V (L) such that for every x ∈ X, no
component of L \ {u} contains all neighbors of x in L. Also, by (57), u has at most one
neighbor in X. It follows that L \ {x} has two distinct components L1, L2, and there are
distinct vertices x, y ∈ X such that both x and y have a neighbor in both L1 and L2. It
follows that for each i ∈ {1, 2}, there is a path Ri in G from x to y with interior contained
in Li. In particular, R∗

1 and R∗
2 are anticomplete in G. But now there is a theta in G with

ends x, y and paths x-a-y,R1, R2, a contradiction. The claim follows. Observe that Γ is
an interval graph, and so Γ is perfect [10]. Thus, since |V (Γ)| = |Sc| = 3(p + q + 3) and
Γ has no 3-clique, it follows that there is a (p + q + 3)-subset SL of V (Γ) = Sc which is a
stable set in Γ. This, along with the definition of Γ, implies that there exists a bijection
ψL : [p + q + 3] → SL for which (SL, L) is an alignment in G with respect to ψL. This
proves (58).

From the choice of |L1| = λ1 = λ2|Sc|p+q+3(p+ q + 3)! and (58), we deduce that:
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(59) There exists a (p + q + 3)-subset S0 of Sc, a bijection ψ0 : [p + q + 3] → S0, and a
λ2-subset L2 of L1, such that for every L ∈ L2, the constellation (S0, L) is an alignment
in G with respect to ψ0.

Henceforth, let S0, ψ0 and L2 be as in (59). Let S = S0 \ {ψ0(1), ψ0(p+ q + 3)}. Then
|S| = p+ q+ 1. Let ψ : [p+ q+ 1] → S be the bijection given by ψ(i) = ψ0(i+ 1) for each
i ∈ [p+ q + 1]. Then the following is immediate from (59):

(60) For each L ∈ L2, (S, L) is both an asterism in G and an alignment in G with respect
to ψ.

Moreover, we deduce that:

(61) For every L ∈ L2, one of the following holds.
• There is a p-subset BL of S such that every x ∈ BL is L-bad.
• There is a q-subset UL of S such that every x ∈ UL is L-ugly.

Suppose not. Then, since |S| = p + q + 1, it follows that there are i, j, k ∈ [p + q + 1]
with i < j < k such that ψ(i), ψ(j) and ψ(k) are all L-good. Let ui, uj and uk be
the unique neighbors of ψ(i), ψ(j) and ψ(k) in L, respectively. Then uj belongs to the
interior of the path ui-L-uk. But then there is a theta in G with ends a, uj and paths
a-ψ(i)-ui-L-uj, a-ψ(j)-uj and a-ψ(k)-uk-L-uk, a contradiction. This proves (61).

By (61) and the choice of λ2, it follows that either there exists L ⊆ L2 such that either
|L| = m|S|p and every path in L satisfies the first outcome of (61), or |L| = n|S|q and
every path in L satisfies the second outcome of (61). In the former case, there is a p-subset
B of S and an m-subset M of L such that every vertex x ∈ B is L-bad for every L ∈ M.
Therefore, m = (B,M) satisfies the first outcome of 7.4(a). In the latter case, there is a
q-subset U of S and an n-subset N of L such that every vertex x ∈ U is L-ugly for every
L ∈ N . Hence, m = (U,N ) satisfies the second outcome of 7.4(a). Moreover, in both
cases, by (59), the corresponding choice of m along with π = ψ|Sm satisfies 7.4(b). This
completes the proof of Lemma 7.4. ■

The last result in this section shows that, if G is (prism, even wheel)-free as well, then
Lemma 7.4 may be strengthened so that the second outcome of 7.4(a) always holds. To
that end, the following will be our key tool for using the even-wheel-free assumption:
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Theorem 7.5. Let G be a (theta, prism, even wheel)-free graph, let C be a hole in G
and let z1, z2 ∈ G \ V (C) be distinct and adjacent, each with at least one neighbor in C.
Assume that z1 and z2 have no common neighbor in C. Then either both z1 and z2 are
C-good and their (unique) neighbors in C are distinct and adjacent, or exactly one of z1
and z2 is C-bad. Consequently, if G is C4-free as well, then exactly one of z1 and z2 is
C-bad.

Proof. Note that if both z1 and z2 are C-bad, then since z1 and z2 have no common
neighbor in C, it follows that C ∪ {z1, z2} is a prism in G, a contradiction. So we may
assume without loss of generality that z1 is either C-good or C-ugly. If z2 is C-bad, then we
are done. So we can consider the case that z2 is also either C-good or C-ugly; in particular,
since neither (C, z1) nor (C, z2) is an even wheel in G, it follows that for every i ∈ {1, 2},
|NC(zi)| is an odd integer. Assume first that both z1 and z2 are C-good, say NC(zi) = {xi}
for i ∈ {1, 2}. Then since z1 and z2 have no common neighbor in C, and C ∪ {z1, z2} is
not a theta in G, it follows that x1 and x2 are distinct and adjacent in G, as required.

This leaves the case where one of z1 and z2, say the former, is C-ugly. Since z1 and
z2 have no common neighbor in C, it follows that NC(z2) ⊆ C \NC(z1). Note that every
component of C \ NC(z1) is a path in C (and so in G). Moreover, for every component
P of C \ NC(z1), CP = NC [P ] ∪ {z1} is a hole in G. Since CP ∪ {z2} is not a theta in
G, and (CP , z2) is not even wheel in G, and z1 and z2 have no common neighbor in C,
it follows that z2 has an even number of neighbors in P . In conclusion, we have shown
that z2 has an even number of neighbors in each component of C \ NC(z1). But then z2
has an even number of neighbors in C, a contradiction. We conclude that either both z1
and z2 are C-good and their neighbors in C are distinct and adjacent, or exactly one of
z1 and z2 is C-bad. In addition, if G is C4-free, then the first outcome does not hold, as
otherwise G[NC [z1]∪NC [z2]] is isomorphic to C4, a contradiction. This completes the proof
of Theorem 7.5. ■

We conclude this section with the following:

Theorem 7.6. For all l, s, t ∈ N, there is a constant g7.6 = g7.6(l, s, t) ∈ N with the
following property. Let G be a (theta, prism, even wheel, Kt+1)-free graph.Let c be an
(3(s + 6), g7.6)-constellation in G and let a ∈ V (G) \ V (c) such that a is complete to Sc

and anticomplete to V (Lc) in G. Then there is a constellation m in G with Sm ⊆ Sc and
Lm ⊆ Lc, as well as an order π on m, such that the following hold for every L ∈ Lm.

(a) Every vertex x ∈ Sm is L-ugly.
(b) mL is an s-asterism in G which is also an s-alignment in G with respect to π.
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Proof. We use Lemmas 3.12 and 7.4 and Theorem 7.2. Specifically, let

Λ2 = f7.2(1, 1, t);

λ2 = f3.12(Λ2, 4, 3, t+ 1);

Λ1 = f7.2(λ2, 1, t);

λ1 = f3.12(Λ1, 2, 3, t+ 1).

We claim that
g7.6 = g7.6(l, s, t) = g7.4(λ1, l, 3, s, t)

satisfies the theorem. By the choice of g7.6, one can apply Lemma 59 to c for m = λ1,
n = l, p = 3, q = s and the same choice of t. We obtain a constellation m in G with
Sm ⊆ Sc and Lm ⊆ Lc, as well as an order π on m, satisfying 7.4(a) and 7.4(b).

Assume that m satisfies the second outcome of 7.4(a). Then m is an (s, l)-constellation
in G satisfying 7.6(b). Furthermore, since m satisfies 7.4(b), it follows that 7.6(a) hold for
m, and we are done.

For the rest of the proof, we assume that m satisfies the first outcome of 7.4(a) and we
will derive a contradiction. In particular, m is a (3, λ1)-constellation in G.

Let x = π(1), z = π(2) and y = π(3). For every L ∈ L3, traversing L starting at xL,
let uL be the last neighbor of x in L, let z1L, z2L be the first and the last neighbor of z in L,
respectively, and let vL be first neighbor of y in L. Since m an alignment with respect to π,
it follows that uL, z1L, z2L and vL are all distinct, appearing on L in this order. Also, since z
is L-bad, it follows that NL(z) = {z1L, z2L} is a clique of G. Since G is (K3,3, Kt+1)-free and
from the choice of λ1, we can apply Lemma 3.12 to the sets ({z1L, z2L} : L ∈ Lm) to deduce
the following:

(62) There is a Λ1-subset L1 of Lm for which the sets ({z1L, z2L} : L ∈ L1) are pairwise
anticomplete in G.

Next, we launch the first application of Theorem 7.2. Note that {z-z2L-L-vL-y : L ∈ L1}
is a set of Λ2 pairwise internally disjoint paths in G between non-adjacent vertices z and
y. Consequently, by to the choice of ψ2, we can apply Theorem 7.2 to this collection, and
deduce that there exists L3 ∈ L′

1 as well as L′
2 ⊆ L1 \ {L3} with |L′

2| = λ2 such that:

• {z2L : L ∈ L′
2}∪{z2L3

, y} is a stable set in G (though this already holds by (62)); and
• for all L ∈ L′

2, the vertex z2L3
has a neighbor in the interior of z2L-L-vL-y.
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For each L ∈ L′
2, traversing z2L-L-vL-y from z2L to y, let w1

L, w
2
L be the first and the last

neighbors of z2L3
in z2L-L-vL-y, respectively; it follows that {w1

L, w
2
L} ∩ {z2L, y} = ∅ and

z1L, z
2
L, w

1
L, w

2
L appear on L in this order. Let CL denote the hole a-x-uL-L-vL-y-a in G. We

deduce that:

(63) The vertex z2L3
is CL-bad for every L ∈ L′

2. Explicitly, w1
L and w2

L are distinct and
adjacent, and we have NCL

(z2L3
) = {w1

L, w
2
L}.

To see this, note that z and z2L3
are two adjacent vertices in G \CL, each with at least

one neighbor in CL. Indeed, we have NCL
(z) = {a, z1L, z2L}, and so z is CL-ugly. Since a

is anticomplete to L3 and from (62), it follows that z2L3
is anticomplete to {a, z1L, z2L} =

NCL
(z). Therefore, z and z2L3

have no common neighbor in CL, and so by Theorem 7.5,
z2L3

is CL-bad. This proves (63).

Since G is (K3,3, Kt+1)-free and from the choice of λ2, we can apply Lemma 3.12 to the
sets {{w1

L, w
2
L, z

1
L, z

2
L} : L ∈ L′

2}, and deduce that:

(64) There is a Λ2-subset L2 of L′
2 for which the sets ({w1

L, w
2
L, z

1
L, z

2
L} : L ∈ L2) are

pairwise anticomplete in G.

It is time for the second application of Theorem 7.2. Note that {z2L3
-w2

L-L-vL-y :
L ∈ L2} is a set of Λ2 pairwise internally disjoint paths in G between non-adjacent ver-
tices z2L3

and y. Together with the choice of Λ2, this allows us to apply Theorem 7.2 to
{z2L3

-w2
L-L-vL-y : L ∈ L1}, and obtain two paths L1, L2 ∈ L1 such that

• {w2
L1
, w2

L2
, y} is a stable set in G (though this already follows from (64)); and

• the vertex w2
L2

has a neighbor in the interior of w2
L1

-L1-vL-y.

Traversing w2
L1

-L1-vL-y from w2
L1

to y, let w,w′ be the first and the last neighbors of
w2

L2
in w2

L1
-L1-vL-y, respectively; it follows that {w,w′}∩{w2

L1
, y} = ∅ and w1

L1
, w2

L1
, w, w′

appear on L1 in this order. In addition, we have:

(65) The vertex w2
L2

is CL1-bad. More precisely, w and w′ are distinct and adjacent, and
we have NCL1

(w2
L2
) = {w,w′}.

Let C1 = a-z-z2L1
-L1-vL-y-a; then C1 is a hole in G. Note that w2

L2
and z2L3

are two
adjacent vertices in G \ C1, each with at least one neighbor in C1. In fact, we have
NC1(z

2
L3
) = {z, w1

L1
, w2

L1
}, and so z2L3

is C1-ugly. This, along with (64), implies that w2
L2
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Figure 7.2: Proof of Theorem 7.6.

is anticomplete to {z, w1
L1
, w2

L1
} = NC1(z

2
L3
). It follows that w2

L2
and z2L3

have no common
neighbor in C1. But then by Theorem 7.5, w2

L2
is C1-bad. More precisely, w and w′ are

distinct and adjacent, and we have NC1(w
2
L2
) = {w,w′}. Since CL1 \C1 = x-uL1-L1-z1L1

, it
remains to show that w2

L2
is anticomplete to uL1-L1-z1L1

. Suppose not. Recall that by (64),
a and w2

L2
are not adjacent in G. Consequently, there is a path Q of length at least two in

G from a to w2
L2

such that Q∗ is contained in the interior of a-x-uL1-L1-z1L1
. But then by

(63), there is a theta in G with ends a, w2
L2

and paths a-z-z2L3
-w2

L2
, a-y-vL1-L1-w′-w2

L2
and

Q, a contradiction. This proves (65).

Finally, by (63) and (65), there is a prism in G with triangles {z2L3
, w1

L1
, w2

L1
} and

{w2
L2
, w, w′} and paths z2L3

-w2
L2

, w2
L1

-L1-w and w1
L1

-L1-uL1-x-a-y-vL1-L1-w′ (see Figure 7.2),
a contradiction. This completes the proof of Theorem 7.6. ■

7.3 Enhanced mirroring

Using the material from Section 7.2, here we give a proof of Theorem 7.1, restated below:

Theorem 7.1. For all d, t, w ∈ N, there is a constant f7.1 = f7.1(d, t, w) ∈ N with the
following property. Let G be a (theta, prism, even wheel, Kt+1)-free graph, let (a, x, y,W)
be an f7.1-kaleidoscope in G, and let z ∈ V (G) be 1-mirrored by (a, x, y,W). Then there
exists W ′ ⊆ W with |W ′| = w such that z is d-mirrored by (a, x, y,W ′).
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Proof. We will be using Lemma 3.12 and Theorems 7.2 and 7.6. Specifically, let

λ = g7.6(1, 4, t);

σ = f7.2(λ, 30, t);

φ = f3.12(σ, d, 3, t+ 1).

We claim that
f7.1 = f7.1(d, t, w) = φ+ w

satisfies the theorem.

Let W ′ ⊆ W be the set of all paths W ∈ W for which z has at least d neighbors in W .
If |W ′| ≥ w, the we are done. For the rest of the proof, we assume that |W ′| < w, and will
derive a contradiction. From the choice of f7.1 = |W|, it follows that there exists W0 ⊆ W
with |W0| = φ such that z has less than d neighbors in each path W ∈ W0.

For every W ∈ W0, traversing W from x to y, let xW be the last neighbor of x in W ,
let u1W , u2W be the first and the last neighbor of z in W , respectively, and let yW be the first
neighbor of y in W . It follows that the vertices x, xW , u1W , u2W , yW , y appear on W in this
order, and u1W , u

2
W are the only two vertices among them which may be the same. Since

G is (K3,3, Kt+1)-free and by the choice of φ = |W0|, it follows from Lemma 3.12 applied
to the sets (NW (z) : W ∈ W0) that:

(66) There is a σ-subset W1 of W0 for which the sets (NW (z) : W ∈ W1) are pairwise
anticomplete in G.

Note that {z-u1W -W -xW -x : W ∈ W1} is a set of σ pairwise internally disjoint paths
in G between non-adjacent vertices z and x. Consequently, by the choice of σ, we can
apply Theorem 7.2 and deduce that there are two disjoint subsets W2 and W3 of W1 with
|W2| = σ and |W3| = λ, such that:

• {u1W : W ∈ W2 ∪W3} ∪ {x} is a stable set in G (though this is already guaranteed
by (66) and (M3) as z is 1-mirrored by (a, x, y,W)); and

• for every W ∈ W2 and every W ′ ∈ W3, the vertex u1W has a neighbor in the interior
of the path LW ′ = u1W ′-W ′-xW ′-x.

Let S = {u1W : W ∈ W2} and let L = {L∗
W ′ : W ′ ∈ W3}. Then we have |S| = 30

and |L| = λ, and so (S,L) is a (3(4 + 6), g7.6(1, 4, t))- constellation in G, where z ∈
V (G) \ S ∪ V (L) is complete to S and anticomplete to V (L) in G. This allows for an
application of Theorem 7.6 (with l = 1, s = 4 and the same choice of t). It follows that
there exist W1,W2,W3,W4 ∈ W2 and W ′ ∈ W3 such that the following hold.
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Figure 7.3: Proof of (67).

• For every i ∈ [4], u1Wi
is LW ′-ugly; and

• ({u1Wi
: i ∈ [4]}, L∗

W ′) is a 4-asterism in G which is also a 4-alignment in G with
respect to the order π given by π(u1Wi

) = i for each i ∈ [4], and traversing L∗
W ′

starting at x, the vertex u1W1
is the first with a neighbor in L∗

W ′ .

Next, for each i ∈ [4], traversing L∗
W ′ starting at xW ′ , let vi, v′i be the first and the last

neighbors of u1Wi
in L∗

W ′ , respectively; it follows that {vi, v′i} ∩ {xW ′ , u1W ′} = ∅ and the
vertices xW ′ , v1, v

′
1, v2, v

′
2, v3, v

′
3, v4, v

′
4, u

1
W ′ , u2W ′ , yW ′ appear on W ′ in this order. Let C =

a-x-xW ′-W ′-yW ′-y-a. Then C is a hole in G and u1W1
and z are two adjacent vertices in

G \C, each with a neighbor in C. Also, u1W1
is LW ′-ugly, and so C-ugly, and by (66), u1W1

and z have no common neighbor in C. This, combined with Theorem 7.5, implies that
z is C-bad. More precisely, a and z are not adjacent (though we do not use this), and
NC(z) = NW ′(z) = {u1W ′ , u2W ′} is a 2-clique in G. We further deduce that:
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Figure 7.4: Proof of Theorem 7.1.

(67) The vertices u1W2
and u1W3

each have at least one neighbor in the interior of
u2W ′-W ′-yW ′-y.

Suppose not. Then by (66), u1Wi
is anticomplete to u1W ′-u2W ′-W ′-yW ′ . Let C ′ =

z-u1W1
-v′1-W ′-v4-u1W4

-z. Then C ′ is a hole in G and we have NC′(u1Wi
) = NLW ′ (u

1
Wi
)∪{z} =

NC(u
1
Wi
) ∪ {z}. Also, u1Wi

is C-ugly, because it is LW ′-ugly. This, along with the fact that
G[V (C) ∪ {u1Wi

}) is not a theta in G and (C, u1Wi
) is not an even wheel in G, implies that

|NC(u
1
Wi
)| is an odd integer which is at least three. But then (C ′, u1Wi

) is an even wheel in
G, a contradiction (see Figure 7.3). This proves (67).

To finish the proof, note that by (67), there exists a path P in G from u1W2
to u1W3

such that P ∗ is contained in the interior of u2W ′-W ′-yW ′-y. But now there is a theta in
G with ends u1W2

, u1W3
and paths u1W2

-z-u1W3
, u1W2

-v′2-W ′-v3-u1W3
and P , a contradiction (see

Figure 7.4). This completes the proof of Theorem 7.1. ■
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Chapter 8

Even-hole-free graphs
II. Phantom layered wheels1

Roughly, the proofs of our main results on even-hole-free graphs, namely Theorems 2.24
and 2.25, are in two steps. First, we prove that every even-hole-free graph of bounded clique
number and sufficiently large treewidth has an induced subgraph which is an “approximate
version” of a layered wheel of large treewidth. We call that induced subgraph a “phantom”
in G. The second step, then, is to take the phantom on a roller coaster ride of Ramsey-type
arguments, extracting more and more similarities with the structure of the layered wheels
until the desired chordal induced subgraph is obtained.

Our goal in this section is to complete the first step, and the main result is Theorem 8.1
below. Before giving the formal statement, we must clarify what we mean by the “approx-
imate version” of the layered wheels. This needs a slightly clearer picture of the structure
of these graphs [71].

For an integer r ∈ N, a layered wheel L of treewidth (at least) r is a Kr+1-minor model
in which each branching set induces a path. This means that V (L) can be partitioned into
r+1 pairwise disjoint paths L0, . . . , Lr in L such that for all distinct i, j ∈ [r]∪ {0}, there
is an edge of L with an end in V (Li) and an end in V (Lj).

In fact, a lot more happens: for each i ∈ [r], every two vertices z1, z2 ∈ V (L0) ∪
· · · ∪ V (Li−1) that are adjacent in L have (many) “private” common neighbors in Li. This
is crucial for the layered wheels to be even-hole-free (the reason can be traced back to
Theorem 7.5), and our “approximate” layered wheels are exactly meant to capture this
property.

1This chapter is based on the coauthored paper [6] and the single-author paper [36].
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Zi+r′
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X1
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Υ1(e) = Γi+1(e)

e

Figure 8.1: Left: A (Z0, d, r)-phantom p. Right: The (X0, d, r
′)-phantom p[X0; i, r

′] for
X0 ⊆ Zi.

The precise definition is as follows. Let d ∈ N and r ∈ N∪{0}, let G be a graph and
let Z0 ⊆ V (G). A (Z0, d, r)-phantom in G is a (2r + 1)-tuple p = (Z0, . . . , Zr; Γi : i ∈ [r])
where the following hold for every i ∈ [r] (see Figure 8.1).

(PH1) Zi is a subset of V (G) containing Zi−1.
(PH2) Γi : E(G[Zi−1]) → (Zi \ Zi−1)

(d) is a map with the following specifications.
• For every e ∈ E(G[Zi−1]), the ends of e are complete to Γi(e).
• The sets (Γi(e) : e ∈ E(G[Zi−1])) are pairwise disjoint.

In particular, we have Z0 ⊆ · · · ⊆ Zr ⊆ V (G).

For a phantom p as above, we will often use a natural notion of a “sub-phantom” of
p, which we define next. Let i, r′ ∈ {0, . . . , r} such that i + r′ ≤ r and let X0 ⊆ Zi. We
denote by p[X0; i, r

′] the (X0, d, r
′)-phantom (X0, . . . , Xr′ ; Υi : i ∈ [r′]) which is defined

recursively, as follows (again, see Figure 8.1). For each j ∈ [r′] with Xj−1 already defined,
let

Xj = Xj−1 ∪

 ⋃
e∈E(G[Xj−1])

Γi+j(e)


and let

Υj = Γi+j

∣∣∣∣
E(G[Xj−1])

.
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We leave it to the reader to check that the above definition does yield a (X0, d, r
′)-phantom.

Also, for each j ∈ {0, . . . , r′}, we have Xj ⊆ Zi+j, and for each j ∈ [r′], we have Xi\Xi−1 ⊆
Zi+j \ Zi+j−1.

As mentioned earlier, we would like to show that every even-hole-free graph of bounded
clique number and huge treewidth contains a large phantom. We need this to be true
both when Z0 is a 2-clique and when Z0 is a 3-clique. Accordingly, our main result in this
chapter says that:

Theorem 8.1. For all d, t ∈ N and r1 ∈ N∪{0}, there is a constant f8.1 = f8.1(d, r1, t) ∈ N
with the following property. Let G be a (theta, prism, even wheel, C4, Kt+1)-free graph with
tw(G) > f8.1. Then there is a (Z1

0 , d, r1)-phantom in G for some 2-clique Z1
0 . Moreover,

for every r2 ∈ N with r2 < r1, there is a (Z2
0 , d, r2)-phantom in G for some 3-clique Z2

0 .

8.1 Securing a kaleidoscope

We will prove Theorem 8.1 in Section 8.3. The proof will be by induction on r1. For
the induction step to work, we will have to prove a strengthening of Theorem 8.1, namely,
Theorem 8.8, asserting that the desired phantom may always be found such that its vertices
are “sufficiently mirrored” by a relatively large kaleidoscope. The base case r1 = 0, however,
needs to be worked out separately, and that is what we will do in this section. Explicitly,
we show that:

Theorem 8.2. For all integers d, t, w ∈ N, there is a constant f8.2 = f8.2(d, t, w) ∈ N
with the following property. Let G be a (theta, prism, even wheel, Kt+1)-free graph with
tw(G) > f8.2. Then there is a w-kaleidoscope (a, x, y,W) in G as well as a 2-clique Z0 in
G such that Z0 is d-mirrored by (a, x, y,W).

Proof. The proof relies on three earlier results: Theorems 2.27, 7.1 and 7.2. Specifically,
let

f1 = f7.1(d, t, w);

φ1 = f7.2(1, f1 + (t+ 1)3, t);

f2 = f7.1(d, t, φ1);

λ = g7.6(f2, 3, t);

φ2 = f7.2(λ, 27, t).
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We will show that
f8.2 = f8.2(d, t, w) = f2.27(φ2, 2, t+ 1)

satisfies the theorem. Let G be a (theta, prism, even wheel, Kt+1)-free graph with tw(G) >
f8.2. Then G is (t+1)-clean, and by Theorem 2.27 and the choice of f8.2, there are distinct
and non-adjacent vertices a, b ∈ V (G) and a set P of φ2 pairwise internally disjoint paths
in G from a to b. From the choice of φ2 and Theorem 7.2, it follows that there is a subset
N of P where NV (N )(a) is stable set in G, and an (30, l)-constellation c in G such that
Sc ⊆ NV (N )(a) and Lc ⊆ {P ∗ : P ∈ N}.

For every R ∈ Lc, let LR = R\NR(a), and let x′LR
be the unique vertex in N2

R(a). Then
x′LR

is an end of LR. Moreover, since NV (N )(a) is stable set in G, it follows that every vertex
x ∈ Sc has a neighbor in LR for every R ∈ Lc. Consequently, (Sc, {LR : R ∈ R ∈ Lc}) is a
(3(3 + 6), λ)-constellation in G. Note also that a is complete to Sc, by the definition, a is
anticomplete to LR for every R ∈ R ∈ Lc. This, along with the choice of λ and Theorem 7.6
(for l = f2, s = 3 and the same choice of t), implies that there exist x, y, z ∈ Sc and and
f2-subset L′ of {LR : R ∈ R ∈ Lc} with such that The following holds for every L ∈ L′.

• The vertices x, y, z are all L-ugly.
• The pair ({x, y, z}, L) is a 3-asterism in G which is also a 3-alignment in G with

respect to the order π given by π(x) = 1, π(y) = 2 and π(z) = 3, where traversing
LR starting at x′L, the vertex x is the first with a neighbor in L.

For every L ∈ L′, traversing L starting at x′L, let uL be the last neighbor of x in L, let zL be
the last neighbor of z1 in L and let vL be the first neighbor of y in L. LetWL = x-uL-L-vL-y.
ThenWL is a path in G from x to y and we have zL ∈ WL\(NWL

[x]∪NWL
[y]). In particular:

(68) For every L ∈ L′, the vertex z1 is anticomplete to NWL
[x] ∪ NWL

[y] and z1 has a
neighbor in WL (namely zL).

From (68), it follows that (a, x, y, {WL : L ∈ L′}) is a f2-kaleidoscope in G by which z1
is 1-mirrored. This, along with the choice of f2 and Theorem 7.1, implies that there is a φ1-
subset L1 of L′ such that z1 is d-mirrored by the φ1-kaleidoscope (a, x, y, {WL : L ∈ L1}).

For every path L ∈ L1, let PL = z1-zL-L-vL-y. Then P ′ = {PL : L ∈ L1} is a set of φ1

pairwise internally disjoint paths in G between the two non-adjacent vertices z1 and y. By
Theorem 7.2, this time applied to z1, y and P ′, there are L0, L1, . . . , Lf1+(t+1)3 ∈ L′ such
that {zLi

: i ∈ [f1 + (t + 1)3] ∪ {0}} is a stable set in G, and for every j ∈ [f1 + (t + 1)3],
the vertex zL0 has a neighbor in P ∗

Lj
⊆ WLj

.
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Let z2 = zL0 . It follows that z2 is anticomplete to {a, x, y}, and for each j ∈ [f1+(t+1)3],
z2 has a neighbor in WLj

. Furthermore, we have:

(69) The vertex z2 is anticomplete to {uLj
: j ∈ [f1 + (t + 1)3]}. Also, there exists I ⊆

[f1+(t+1)3] with |I| = f1 for which z2 is anticomplete to {vLj
: j ∈ I}. Consequently, for

every j ∈ I, z2 is anticomplete to {a} ∪NWLj
[x] ∪NWLj

[y], and z2 has a neighbor in WLj
.

To see the first assertion, note that for all j ∈ [f1 + (t + 1)3], there is a path Qj in G
from z2 to y with Q∗

j ⊆ P ∗
Lj

\ {zLj
}; in particular, uLj

is anticomplete to Q∗
j . Therefore,

if z2 is adjacent to uLj
for some j ∈ [f1 + (t + 1)3], then there is a theta in G with ends

a, z2 and paths a-x-uLj
-z2, a-z1-z2 and a-y-Qj-z2, a contradiction. Now we prove the second

assertion. Suppose for a contradiction that there is a (t + 1)3-subset I ′ of [f1 + (t + 1)3]
such that z2 is complete to V ′ = {vLj

: j ∈ I ′}. Since G is Kt+1-free, it follows from
Theorem 3.17 applied to G[V ′] that there is a stable set {v, v′, v′′} in G contained in V ′.
But then there is a theta in G with ends z2, y and paths z2-v-y, z2-v′-y and z2-v′′-y, a
contradiction. This proves (69).

Let I be as in (69). Then (a, x, y, {WLj
: j ∈ I}) is a f1-kaleidoscope in G by which z2 is

1-mirrored. From the choice of f1 and Theorem 7.1 applied to (a, x, y, {WLj
: j ∈ I}) and

z2, we conclude that there is a w-subset W ⊆ {WLj
: j ∈ I} ⊆ {WL : L ∈ L′} such that

z2 is d-mirrored by the w-kaleidoscope (a, x, y,W). Moreover, z1 is d-mirrored (a, x, y,W)
because it is d mirrored by (a, x, y, {WL : L ∈ L′}. Hence, Z0 = {z1, z2} is d-mirrored by
(a, x, y,W). This completes the proof of Theorem 8.2. ■

8.2 Deus ex machina

In this section, we will show how the most critical challenge in the proof of Theorem 8.1
is surmounted through an utterly unexpected “trick.” As said in the previous section,
the proof of Theorem 8.1 is by induction on r1. In the induction step, we are given a
(Z0, d, i − 1)-phantom for some i ∈ [r1], and our goal is, for each edge e ∈ E(G[Zi−1]), to
find a set Γi(e) of d common neighbors of the ends of e (outside Zi−1) and then define Zi

as the union of these sets and Zi−1. To that end, since we know the phantom is sufficiently
mirrored by a kaleidoscope, all we need is, for each edge e ∈ E(G[Zi−1]), to find a large
constellation (S,L) where the ends of e are complete to S and anticomplete to L.

A natural tool to try on this problem would therefore be Theorem 7.2. But there are
two major difficulties: first, here we are dealing with paths coming out of the common

134



a

b

z1

z2

x1

x2

x1

x2

z

a

b

Figure 8.2: Left: a (theta, prism, even wheel)-free graph G containing a clique {z1, z2} for
which NG(z1) ∩NG(z2) = {x1, x2} is a stable set of vertices of degree three in G (observe
that G does contain C4). Right: the z1z2-contraption of G which is a theta with ends a, b.

neighbors of two adjacent vertices (the ends of e) rather than a single vertex (called a in
Theorem 7.2), and second, the said paths are not necessarily induced paths in G because
the end of e may have further (private) neighbors along each path.

Surprisingly, it turns out we can surmount the above obstacles by simply “pretending”
they do not exist. This is formally stated in Theorem 8.3 below, which we will prove in
this section.

In essence, Theorem 8.3 says that certain minors of (theta, prism, even wheel, C4)-free
graphs are also (theta, prism, even wheel, C4)-free. Recall that a minor of G is a graph that
is obtained from G by a sequence of vertex deletions, edge deletions and edge contractions,
where for an edge xy of a graph G, the xy-contraption of G is the graph obtained from G
by identifying the two vertices x and y into a single vertex.

For a graph G and two adjacent vertices z1, z2 ∈ V (G), we define the z1z2-contraption
of G to be the minor of G (without parallel edges) obtained by first contracting the edge
z1z2 into a new vertex z, and then removing every edge in the resulting graph between
z and a vertex in the symmetric difference of NG(z1) and NG(z2). In other words, the
z1z2-contraption of G is the graph G̃ with the following specifications:

• V (G̃) = (V (G) \ {z1, z2}) ∪ {z};
• G̃[V (G) \ {z1, z2}] = G \ {z1, z2}; and
• NG̃(z) = NG(z1) ∩NG(z2).

See Figure 8.2. The main result of this section says that:

Theorem 8.3. Let G be a (theta, prism, even wheel, C4)-free graph and let z1, z2 ∈ V (G)
be distinct and adjacent such that NG(z1) ∩ NG(z2) is a stable set of vertices of degree at
most three in G. Then the z1z2-contraption of G is also (theta, prism, even wheel, C4)-free.
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It is worth noting that, as far as our application of Theorem 8.3 is concerned, it suffices
to show that G̃ is (theta, prism)-free (under the same assumptions). This is thanks to
Theorem 7.2 holding true for the larger class of (theta, prism)-free graphs. Also, the proof
of Theorem 8.3, hence its application in the proof of Theorem 8.1, is the only place in
the proof of Theorem 2.24 and 2.25 where we use the assumption that G is C4-free. As
unfortunate as it may appear, however, excluding C4 is necessary even if we ask for the
contraption not to “be” a theta; see Figure 8.2.

We now plunge into the proof of Theorem 8.3, beginning with the following lemma.

Lemma 8.4. Let G be a (theta, prism, even wheel, C4)-free graph and let z1, z2 ∈ V (G) be
distinct and adjacent such that NG(z1)∩NG(z2) is a stable set of vertices of degree at most
three in G. Let G̃ be the z1z2-contraption of G with z ∈ V (G̃) as in the definition, and
let W be an induced subgraph of G̃ which is either a theta, or a prism, or an even wheel.
Then there is a path P in W with ends a, b for which the following hold.

(a) We have z ∈ P \ (NW [a] ∪NW [b]), and so V (W ) \ P ∗ ⊆ V (G) \ (NG[z1] ∩NG[z2]).
(b) In W , the vertices in P ∗ (including z) have degree two, and a, b have degree three.
(c) In G, both z1 and z2 have a neighbor in V (W ) \ V (P ).

Proof. First, assume that there is no path P in W satisfying 8.4(a) and 8.4(b). Since G
is (theta, prism, even wheel, C4)-free, it follows that z ∈ W . Also, since NG(z1) ∩NG(z2)
is a stable set of vertices of degree at most three in G, it follows that NG̃(z) is a stable
set of vertices of degree at most two in G̃. In particular, there is no wheel (C, v) in G̃

where z ∈ NC [v], and z does not belong to a triangle of a prism in G̃. Moreover, from
the assumption that there is no path in W satisfying 8.4(a) and 8.4(b), it follows that
there is no wheel (C, v) in G̃ where z ∈ C \ NC(v), and z does not belong the interior of
a path of a theta or a prism in G̃. We deduce that W is a theta in G̃ and z is an end
of W . Let z′ ∈ V (G̃) \ NG̃[z] = V (G) \ (NG[z1] ∩ NG[z2]) be the other end of W and
let P1, P2, P3 be the paths of W . Then for every i ∈ [3], Pi has ends z, z′, and for some
j ∈ {1, 2}, zj is not adjacent to z′ in G. On the other hand, for every i ∈ [3], we have
NPi

(z) ⊆ NG(zj) ∩ (Pi \ {z}). Thus, traversing Pi \ {z} starting at z′, we may choose xi
to be the first vertex in NG(zj) ∩ (Pi \ {z}); it follows that xi ∈ P ∗

i . But then there is a
theta in G with ends zj, z′ and paths zj-xi-Pi-z′ for i ∈ [3], which violates the assumption
that G is theta-free. This proves that there exists a path P in W with ends a, b for which
8.4(a) and 8.4(b) hold.

It remains to show that P satisfies 8.4(c). Suppose for a contradiction, and without
loss of generality, that z1 is anticomplete to W \ P in G. Then U = (P \ {z}) ∪ {z1}
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is a connected induced subgraph of G with a, b ∈ U such that U \ {a, b} ⊆ P ∗ ∪ {z1} is
anticomplete to W \ P in G. Consequently, there exists a path P1 in U from a to b where
P ∗
1 is anticomplete to W \P in G. But now (W \P )∪P1 is a theta, a prism or an even wheel

in G (depending on whether W is a theta, a prism or an even wheel in G, respectively),
which is impossible because G is (theta, prism, even wheel)-free. This completes the proof
of Lemma 8.4. ■

The next two results, in turn, show that under the assumptions of Theorem 8.3, the
z1z2-contraption is theta-free and prism-free.

Theorem 8.5. Let G be a (theta, prism, even wheel, C4)-free graph and let z1, z2 ∈ V (G)
be distinct and adjacent such that NG(z1) ∩ NG(z2) is a stable set of vertices of degree at
most three in G. Then the z1z2-contraption of G is theta-free.

Proof. Suppose for a contradiction that there is a theta W in the z1z2-contraption G̃ of G.
Let z ∈ V (G̃) be as in the definition of a contraption. Let P be the path in W with ends
a, b satisfying Lemma 8.4. It follows from Lemma 8.4(a) and (b) that a, b are the ends of
W , P is a path of W , and we have z ∈ P \ (NP [a]∪NP [b]). Let Q1, Q2 be the paths of W
distinct from P ; so Q1 and Q2 both have ends a, b, as well. Let C = Q1 ∪ Q2. Then C is
a hole in G \ {z1, z2} and we have C = W \ P ∗.

From the definition of G̃, it follows that W \ {z} ⊆ G \ {z1, z2} and {z1, z2} is complete
to NP (z). As a result, for every i ∈ {1, 2}, there are two paths Pa,i, Pb,i in (P \ {z})∪ {zi}
from a to zi and from b to zi, respectively, such that Pa,i \ {zi} and Pb,i \ {zi} are disjoint
and anticomplete in G, and P ∗

a,i ∪P ∗
b,i and C \ {a, b} are disjoint and anticomplete to in G.

We claim that:

(70) Let i ∈ {1, 2}. Then either a is adjacent to zi in G, or NC(zi) ⊆ NQj
[b] for some

j ∈ {1, 2}. Similarly, either b is adjacent to zi in G, or NC(zi) ⊆ NQj
[a] for some

j ∈ {1, 2}.

We only need to show that for every i ∈ {1, 2}, either a is adjacent to zi in G, or
NC(zi) ⊆ NQj

[b] for some j ∈ {1, 2}. Suppose not. Then we may assume without loss of
generality, that a is not adjacent to z1 in G, and there is a vertex in Q∗

1 \NQ1(b) which is
adjacent to z1 in G. It follows that Pa,1 has length at least two, and that there is a path R
of length at least two in G from a to z1 such that R∗ ⊆ Q∗

1 \NQ1(b). Also, since Pb,1 ∪Q2

is a connected induced subgraph of G containing the two non-adjacent vertices a and z1,
it follows that there exists a path S of length at least two in Pb,1 ∪ Q2 from a to z1. But
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then there is theta in G with ends a, z1 and paths Pa,1, R, S, contrary to the assumption
that G is theta-free. This proves (70).

From (70), it follows immediately that:

(71) Let i ∈ {1, 2} such that zi has a neighbor in C. Then the following hold.
• If zi is C-good, then we have NC(zi) ⊆ (NC(a) ∩NC(b)) ∪ {a, b}.
• If zi is C-bad, then for some j ∈ {1, 2}, either NC(zi) = NQj

[a] or NC(zi) = NQj
[b].

• If zi is C-ugly, then we have a, b ∈ NC(zi).

Now, since C \ {a, b} = W \ P and W \ P ⊆ W \ P ∗ = C, from Lemma 8.4(a) and
the definition of G̃ it follows that z1 and z2 have no common neighbor in C, and from
Lemma 8.4(c), it follows that z1 and z2 each have at least one neighbor in C \ {a, b}.
Consequently, by Theorem 7.5 and without loss of generality, we may assume that z1 is
C-bad and z2 is either C-good or C-ugly. It follows from the second bullet of (71) that
for some j ∈ {1, 2}, we have either NC(z1) = NQj

[a] or NC(z1) = NQj
[b]. We may exploit

the symmetry between a, b and between Q1, Q2, and assume that NC(z1) = NQ1 [a]. Since
a ∈ V (H) is not a common neighbor of z1 and z2, we deduce from the third bullet of (71)
that z2 is C-good. This, together with the first bullet of (71), the fact that z2 has a neighbor
in C \ {a, b} and the fact that z1 and z2 have no common neighbor in C, implies that Q2

has length two, say Q2 = a-q-b, and we have NC(z2) = {q}. But then G[{a, q, z1, z2}] is
isomorphic to C4, contrary to the assumption that G is C4-free. This completes the proof
of Theorem 8.5. ■

Theorem 8.6. Let G be a (theta, prism, even wheel, C4)-free graph and let z1, z2 ∈ V (G)
be distinct and adjacent such that NG(z1) ∩ NG(z2) is a stable set of vertices of degree at
most three in G. Then the z1z2-contraption of G is prism-free.

Proof. Suppose for a contradiction that there is a prism W in the z1z2-contraption G̃ of
G. Let z ∈ V (G̃) be as in the definition. Let P be the path in W with ends a, b satisfying
Lemma 8.4. It follows from Lemma 8.4(a) and (b) that P is a path of W , a and b belong to
distinct triangles of W and we have z ∈ P \ (NP [a] ∪NP [b]). Let {a, a1, a2} and {b, b1, b2}
be the triangles of W and let Q1, Q2 be the paths of W distinct from P such that Qi has
ends ai, bi for i ∈ {1, 2}. Let C = Q1 ∪ Q2. Then C is a hole in G \ {z1, z2} and we have
C = W \ P .

From the definition of G̃, it follows that W \ {z} ⊆ G \ {z1, z2} and {z1, z2} is complete
to NP (z). As a result, for every i ∈ {1, 2}, there are two paths Pa,i, Pb,i in (P \ {z})∪ {zi}
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from a to zi and from b to zi, respectively, such that Pa,i \ {zi} and Pb,i \ {zi} are disjoint
and anticomplete in G, and both P ∗

a,i and P ∗
b,i are disjoint from and anticomplete to C in

G.

Now, since C = W \ P ⊆ W \ P ∗, it follows from Lemma 8.4(a) and the definition of
G̃ that z1 and z2 have no common neighbor in C, and it follows from Lemma 8.4(c) that
z1 and z2 each have at least one neighbor in C \ {a, b}, Consequently, by Theorem 7.5, one
of z1 and z2 is C-bad; say z1 is C-bad. Let us write NC(z1) = {q1, q2} where q1 and q2 are
adjacent. Due to the symmetry between {a1, a2} and {b1, b2}, we may assume, without loss
of generality, that {a1, a2} ∩ {q1, q2} ⊆ {a1}, and there are disjoint paths R1 and R2 in C
from a1 to q1 and from a2 to q2, respectively. It follows that either {a1, a2} ∩ {q1, q2} = ∅
or {a1, a2}∩{q1, q2} = {a1} = {q1}. In the former case, there is a prism in G with triangles
{a, a1, a2}, {z1, q1, q2} and paths Pa,1, R1 and R2, a contradiction. Also, in the latter case,
C ′ = a-Pa,1-z1-q2-R2-a2-a is a hole in G and a1 = q1 ∈ G \C ′ has exactly four neighbors in
C ′, namely a, a2, q2 and z1. But then (C ′, z1) is an even wheel in G, again a contradiction.
This completes the proof of Theorem 8.6. ■

We can now restate and prove Theorem 8.3:

Theorem 8.3. Let G be a (theta, prism, even wheel, C4)-free graph and let z1, z2 ∈ V (G)
be distinct and adjacent such that NG(z1) ∩ NG(z2) is a stable set of vertices of degree at
most three in G. Then the z1z2-contraption of G is also (theta, prism, even wheel, C4)-free.

Proof. Suppose not. Let G̃ be the z1z2-contraption of G and let z ∈ V (G̃) be as in the
definition of G̃. First, we show that:

(72) G̃ is C4-free.

To see this, suppose there is a hole C of length four in G̃. Since G is C4-free, it follows
that z ∈ V (C). So we have NC(z) = C ∩ NG(z1) ∩ NG(z2) and there exists exactly one
vertex z′ in C with z′ ∈ V (G̃) \ NG̃[z] = V (G) \ (NG[z1] ∩ NG[z2]). As a result, for some
j ∈ {1, 2}, zj is not adjacent to z′ in G. But now (C \ {z}) ∪ {zj} is a hole of length four
in G, a contradiction. This proves (72).

From (72) and Theorems 8.5 and 8.6, we deduce that there exists an even wheel (C, v)
in G̃. Let W = G[V (C) ∪ {v}] and let P be the path in W with ends a, b satisfying
Lemma 8.4. It follows from Lemma 8.4(a) and (b) that z ∈ P \ (NP [a]∪NP [b]) and P is a
path of length at least four in C such that a, b ∈ NC(v) ⊆ NG(v) and v is anticomplete to
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P ∗ in G̃. Let Q = C \P ∗. Then Q is a path in G from a to b. Let a′ and b′ be the neighbors
of a and b in Q, respectively. Since C is an even wheel in G̃, it follows that Q has length
at least three, and so a, a′, b, b′ are all distinct. In addition, we have W \ P ∗ = Q ∪ {v},
W \ P = Q∗ ∪ {v}, and |NQ(v)| = |NC(v)| ≥ 4 is an even integer.

From the definition of G̃, it follows that W \ {z} ⊆ G \ {z1, z2} and {z1, z2} is complete
to NP (z). As a result, for every i ∈ {1, 2}, there are two paths Pa,i, Pb,i in (P \ {z})∪ {zi}
from a to zi and from b to zi, respectively, such that Pa,i\{zi} and Pb,i\{zi} are disjoint and
anticomplete in G, and both P ∗

a,i and P ∗
b,i are disjoint from and anticomplete to Q∗ ∪ {v}

in G. We claim that:

(73) The vertex v has a neighbor in Q \ {a, a′, b, b′}.

Suppose not. Then we have NQ(v) = {a, a′, b, b′}. Then C ′ = Q∗ ∪ {v} = W \ P is a
hole in G. By Lemma 8.4(a) and the definition of G̃, z1 and z2 have no common neighbor
in C ′, and by Lemma 8.4(c), z1 and z2 each have at least one neighbor in C ′. Therefore,
by Theorem 7.5, one of z1 and z2, say the former, is C ′-bad in G. Let NC′(z1) = {q, q′}
where q and q′ are adjacent. The symmetry between a′ and b′ and between q and q′ allows
us to assume that |{a′, v} ∩ {q, q′}| ≤ 1, and there are disjoint paths R and R′ in C ′ from
v to q and from a′ to q′, respectively. It follows that either

• {a′, v} ∩ {q, q′} = ∅; or
• {a′, v} ∩ {q, q′} = {a′} = {q′}; or
• {a′, v} ∩ {q, q′} = {v} = {q}.

If the first bullet above holds, then there is a prism in G with triangles {a, a′, v}, {q, q′, z1}
and paths Pa,1, R and R′, a contradiction. Also, if the second bullet above holds, then
C ′′ = a-Pa,1-z1-q-R-v-a is a hole in G and a′ = q′ ∈ G \ C ′′ has exactly four neighbors
in C ′′, namely a, v, q and z1, which in turn implies that (C ′′, a′) is an even wheel in G.
Similarly, if the third bullet above holds, then C ′′ = a-Pa,1-z1-q′-R′-a′-a is a hole in G
and v = q ∈ G \ C ′′ has exactly four neighbors in C ′′, namely a, a′, q′ and z1. It follows
that (C ′′, v) is an even wheel in G. Each of the last three conclusions goes against the
assumption that G is even-wheel-free. This proves (73).

(74) Let i ∈ {1, 2} such that v is not adjacent to zi in G. Then NW\P (zi) is a non-empty
subset of {a′, b′}.

Suppose not. By Lemma 8.4(c), z1 and z2 each have at least one neighbor in W \ P =
Q∗ ∪ {v}, and so NW\P (zi) ̸= ∅. It follows that there exists a vertex q ∈ Q∗ \ {a′, b′} =
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Q \ (NG[a] ∪ NG[b]) which is adjacent to zi in G. This, together with (73), implies that
(Q∗ \ {a′, b′}) ∪ {v, zi} is connected, and so there exists a path S of length at least two in
(Q∗ \{a′, b′})∪{v, zi} from v to zi. But now there is a theta in G with ends v, zi and paths
v-a-Pa,i-zi, v-b-Pb,i-zi and S, contrary to the assumption that G is theta-free. This proves
(74).

(75) There exists i ∈ {1, 2} for which v is adjacent to zi in G.

Suppose for a contradiction that v is anticomplete {z1, z2}. By (74), both NW\P (z1)

and NW\P (z2) are non-empty subset of {a′, b′}. By Lemma 8.4(a) and the definition of G̃,
in the graph G, z1 and z2 do not have a common neighbor in W \P ∗ = Q∪{v}. Therefore,
due to the symmetry between z1 and z2 and between a′ and b′, it is safe to assume that
NQ∗∪{v}(z1) = {a′} and NQ∗∪{v}(z2) = {b′}. In particular, D = a′-z1-z2-b′-Q-a′ is a hole
in G and ND(v) = NQ(v) \ {a, b}. Recall that |NQ(v)| is an even integer which is at least
four, and so |ND(v)| is a non-zero even integer. Since (D, v) is not an even wheel in G
and D ∪ {v} is not a theta in G, it follows that v is D-bad. From this combined with
(73), and without loss of generality, we may assume that v is not adjacent to a′ and there
is a path R in G from a′ to v with R∗ ⊆ Q∗ \ {a′, b′}. Moreover, again by Lemma 8.4(a)
and the definition of G̃, in the graph G, z1 and z2 do not have a common neighbor in
W \ P ∗ = Q ∪ {v}. Specifically, there exists i ∈ {1, 2} for which zi is not adjacent to a.
But now there is a theta in G with ends a, zi and paths a-a′-zi, Pa,i and a-v-b-Pb,i-zi, a
contradiction. This proves (75).

(76) Let i ∈ {1, 2} such that v is not adjacent to zi in G. Then either zi is anticomplete to
{a, b} in G, or v is anticomplete to {z1, z2} in G.

Suppose not. By Lemma 8.4(a), z1 and z2 do not have a common neighbor in {a, b, v} ⊆
Q ∪ {v} = W \ P ∗. But now either either G[{a, v, z1, z2}] or G[{b, v, z1, z2}] is isomorphic
to C4, a contradiction. This proves (76).

Let us now finish the proof. In view of (75), we may assume, without loss of generality,
that v is adjacent to z2 in G. Thus, by (76), z1 is anticomplete to {a, b} in G. Since
NW\P (z1) is a non-empty subset of {a′, b′}, we may assume that a′ is adjacent to z1 in G.
Moreover, since G[{a′, v, z1, z2}] is not isomorphic to C4, it follows that a′ and v are not
adjacent in G. But then there is a theta in G with ends a, z1 and paths a-a′-z1, Pa,1 and
a-v-b-Pb,1-z1, a contradiction. This completes the proof of Theorem 8.3. ■

141



8.3 Conjuring a phantom

In this section, we complete the proof of Theorem 8.1, of which the bulk of the difficulty
is captured in the following lemma:

Lemma 8.7. For all integers d, h, t, w ∈ N, there is a constant f8.7 = f8.7(d, h, t, w) ∈ N
with the following property. Let G be a (theta, prism, even wheel, C4, Kt+1)-free graph and
let Z0 ⊆ V (G) with |Z0| ≤ h. Assume that Z0 is 3-mirrored by a ξ-kaleidoscope (a, x, y,W)
in G. Then there exists a (Z0, d, 1)-phantom (Z0, Z1,Γ1) in G with |Z1| ≤ 2dh2 and a
w-subset W ′ of W, such that Z1 is 3-mirrored by the w-kaleidoscope (a, x, y,W ′).

Proof. For fixed d, t, w ∈ N, we define the sequence {ξj : j = 0, . . . , h2} of positive integers
recursively, as follows. The definition will rely on Lemma 3.12 and Theorems 7.1 and 7.2,
respectively. Let ξ0 = ξ0(d, t, w) = w. For each j ∈ [h2], assuming ξj−1 is defined, let

fj = fj(d, t, w) = df7.1(3, t, ξj−1)
ξj−1 + f7.1(3, t, ξj−1);

gj = gj(d, t, w) = f
fjf7.2(1,1,t)
j ;

ξj = ξj(d, t, w) = f3.12 (gj, 3, 2, t+ 1) .

In particular, observe that the sequence {ξj : j = 0, . . . , h2} is increasing.

We prove that
f8.7 = f8.7(d, h, t, w) = ξh2

satisfies the lemma. Indeed, we prove a stronger statement tailored to an inductive proof.
Let |E(G[Z0])| = m; then we have 0 ≤ m ≤ h2. Pick an enumeration e1, . . . , em of the
edges of G[Z0]. Our goal is to show that:

(77) For each j ∈ {0, 1, . . . ,m}, there exist j pairwise disjoint d-subsets (Γk : k ∈ [j]) of
V (G) \ Z0 as well as a ξm−j-subset Wj of W, such that the following hold.

• For every k ∈ [j], the ends of ek are complete to Γk.
• The set Z0 ∪ (

⋃
k∈[j] Γk) is 3-mirrored by the ξm−j-kaleidoscope (a, x, y,Wj).

Let us first prove that (77) implies 8.7. Let {Γk : k ∈ [m]} and W ′ = Wm be as in (77)
for j = m. Let Z1 = Z0 ∪ (∪k∈[m]Γk). Then we have |Z1| = |Z0| + dm ≤ 2dh2 and
|W ′| = ξ0 = w. Define the map Γ1 : E(G[Z0]) → (Z1 \ Z0)

(d) such that Γ1(ek) = Γk for
every k ∈ [m]. Then from (77), and specifically the first bullet of (77), it follows that
(Z0, Z1,Γ1) is a (Z0, d, 1)-phantom in G with |Z1| ≤ 2dh2, and from the second bullet of
(77), it follows that Z1 is 3-mirrored by the w-kaleidoscope (a, x, y,W ′), as desired.
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Figure 8.3: Proof of Theorem 8.7 (dashed lines represents paths of undetermined length).

We now turn to the proof of (77), which is by induction on j. For j = 0, the result
follows from the fact that ξh2 ≥ ξm as well as the assumption that Z0 is 3-mirrored by the
ξh2-kaleidoscope (a, x, y,W). So we may assume that j ≥ 1. By the induction hypothesis,
there exist j − 1 pairwise disjoint d-subsets (Γk : k ∈ [j − 1]) of V (G) \ Z0 as well as a
ξm−j+1-subset Wj−1 of W , such that:

• for every k ∈ [j − 1], the ends of ek are complete to Γk; and
• the set Z0 ∪ (∪k∈[j−1]Γk) is 3-mirrored by the ξm−j+1-kaleidoscope (a, x, y,Wj−1).

Let z1, z2 ∈ Z0 be the ends of ej and let Z+ = Z0 ∪ (∪k∈[j−1]Γk). Let W ∈ Wj−1 be
fixed. Let xW , yW be the neighbors of x and y in W , respectively. Consider the hole
CW = a-x-W -y-a in G. Since Z+ is 3-mirrored by (a, x, y,Wj−1), it follows from (M3) that
z1 and z2 each have at least three neighbors in W ⊆ CW , and from (M2) that a is adjacent
to at most one of z1 and z2. Thus, by Theorem 7.5, the vertices z1 and z2 have a common
neighbor in W . Traversing W from x to y, let zW be the first common neighbor of z1 and
z2 in W . By (M3), {z1, z2} is anticomplete to {x, xW , y, yW}, and in particular we have
zW ∈ W \ {x, xW , y, yW} (see Figure 8.3).
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Since G is (K2,2, Kt)-free and since |Wj−1| = ξm−j+1 = f3.12(gm−j+1, 3, 2, t), it follows
from Lemma 3.12 applied to the sets ({xW , zW , yW} : W ∈ Wj−1) that there exists W ′

j−1 ⊆
Wj−1 with |W ′

j−1| = gm−j+1 such that the sets (xW , zW , yW} : W ∈ W ′
j−1) are pairwise

anticomplete in G.

Next, we define a digraph D with vertex set W ′
j−1 such that for distinct paths W1,W2 ∈

W ′
j−1, the arc (W1,W2) is present in D if and only if zW1 has a neighbor in W ∗

2 . We claim
that:

(78) D has no stable set of cardinality f7.2(1, 1, t).

Suppose not. Then there is an f7.2(1, 1, t)-subset S of W ′
j−1 such that for all distinct

W1,W2 ∈ S, the vertex zW1 is anticomplete to W ∗
2 . Let

J = G

[( ⋃
W∈S

V (zW -W -x)

)
∪ {z1, z2}

]
.

Then J is (theta, prism, even wheel, C4, Kt+1)-free, because G is. Note that the vertices
z1, z2 ∈ V (J) are distinct and adjacent with NJ(z1) ∩ NJ(z2) = {zW : W ∈ S} being
a stable set of vertices of degree three in J . Consequently, by Theorem 8.3, we have
the z1z2-contraption J̃ of J is (theta, prism, even wheel, C4)-free. Moreover, J̃ is Kt+1-
free (because J is). Let z ∈ V (J̃) be as in the definition of the z1z2-contraption. Then
NJ̃(z) = NJ(z1) ∩ NJ(z2) = {zW : W ∈ S} is a stable set of vertices of degree two in
J . Moreover, P = {z-zW -W -x : W ∈ S} is a collection of f7.2(1, 1, t) pairwise internally
disjoint paths in J̃ between the non-adjacent vertices z and x. Applying Theorem 7.2 to
P , we deduce that there exist W1,W2 ∈ S such that, in the graph J̃ , the vertex zW1 has a
neighbor in the interior of zW2-W2-x. But then zW1 ∈ NJ̃(z) has degree at least three in J̃ ,
a contradiction. This proves (78).

By (78) and the definition of fm−j+1, it follows from Theorem 5.11 that there are
two disjoint subsets U and V of V (D) = W ′

j−1 with |U| = df7.1(3, t, ξm−j)
ξm−j and |V| =

f7.1(3, t, ξm−j), such that for all W ∈ U and W ′ ∈ V , we have (W,W ′) ∈ E(D). It follows
that for every W ∈ U , the vertex zW is 1-mirrored by the f7.1(3, t, ξm−j)-kaleidoscope
(a, x, y,V). Therefore, by Theorem 7.1, for each W ∈ U , there is a ξm−j-subset VW of V
such that the vertex zW is 3-mirrored by the ξm−j-kaleidoscope (a, x, y,VW ). From this,
combined with the fact that |U| = d(f7.1(3, t, ξm−j))

ξm−j , we deduce the following:

144



(79) There exists a d-subset D of U and a ξm−j-subset of Wj of V such that for every
W ∈ D, we have VW = Wj.

Let Γj = {zW : W ∈ D}. Then Γj is a d-subset of V (G) \ Z+ which is complete
to {z1, z2}. In particular, (Γk : k ∈ [j]) are j pairwise disjoint d-subsets of V (G) \ Z0,
and for each k ∈ [j], the ends of ek are complete to Γk. By (79), Γj is 3-mirrored by
the ξm−j-kaleidoscope (a, x, y,Wj). Moreover, Z+ is 3-mirrored by the ξm−j-kaleidoscope
(a, x, y,Wj), because Wj ⊆ V ⊆ W ′

j−1 ⊆ Wj−1. In conclusion, we have shown that
Z+ ∪ Γj = Z0 ∪ (∪k∈[j]Γk) is 3-mirrored by the ξm−j-kaleidoscope (a, x, y,Wj). Hence, the
sets (Γk : k ∈ [j]) satisfy the two bullet conditions of (77). This completes the inductive
proof of (77), and so finishes the proof of Lemma 8.7 ■

From Lemma 8.7, we deduce that:

Theorem 8.8. For all d, h, t ∈ N and r ∈ N∪{0}, there exist (r + 1) positive integers
(Ξi = Ξi(d, h, t) : i = 0, . . . , r) with Ξ0 = 1 for which the following holds. Let G be a
(theta, prism, even wheel, C4, Kt+1)-free graph and let Z0 ⊆ V (G) with |Z0| ≤ h. Assume
that Z0 is 3-mirrored by a Ξr-kaleidoscope (a, x, y,W0) in G. Then, for each i ∈ {0, . . . , r},
there exists a (Z0, d, i)-phantom (Z0, . . . , Zi,Γj : j ∈ [i]) in G with |Zi| ≤ (2d)2

i−1h2
i and a

Ξr−i-subset Wi of W, such that Zi is 3-mirrored by the Ξr−i-kaleidoscope (a, x, y,Wi). In
particular, there exists a (Z0, d, r)-phantom (Z0, . . . , Zr,Γj : j ∈ [r]) in G.

Proof. The definition of (Ξi = Ξi(d, h, t) : i = 0, . . . , r) is recursive, as follows. We already
know that Ξ0 = Ξ0(d, h, t) = 1. For each i ∈ [r], assuming Ξi−1 is defined, let

Ξi = Ξi(d, h, t) = f8.7

(
d, (2d)2

r−i−1h2
r−i

, t,Ξi−1

)
.

We prove, by induction on i, that there exists a (Z0, d, i)-phantom in G which satisfies
Theorem 8.8.

The case i = 0 is immediate from the assumptions that |Z0| ≤ h and Z0 is 3-mirrored
by the Ξr-kaleidoscope (a, x, y,W0). Assume that i ≥ 1. By the induction hypothesis,
there exists a (Z0, d, i − 1)-phantom (Z0, . . . , Zi−1,Γj : j ∈ [i − 1]) in G with |Zi−1| ≤
(2d)2

i−1−1h2
i−1 and a Ξr−i+1-subset Wi−1 of W , such that Zi−1 is 3-mirrored by the Ξr−i+1-

kaleidoscope (a, x, y,Wi−1).

Since Ξr−i+1 = f8.7(d, (2d)
2i−1−1h2

i−1
, t,Ξr−i), we can apply Lemma 8.7 to Zi−1 and

(a, x, y,Wi−1) to deduce that there is a (Zi−1, d, 1)-phantom (Zi−1, Zi,Γj) in G with |Zi| ≤
2d((2d)2

i−1−1h2
i−1

)2 = (2d)2
i−1h2

i and a Ξr−i-subset Wi of Wi−1 ⊆ W , such that Zi is
3-mirrored by the Ξr−i-kaleidoscope (a, x, y,Wi). In particular, since (Z0, . . . , Zi−1,Γj :
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j ∈ [i − 1]) is a (Z0, d, i − 1)-phantom in G and (Zi−1, Zi,Γi) is a (Zi−1, d, 1)-phantom in
G, it follows that (Z0, . . . , Zi,Γj : j ∈ [i]) is a (Z0, d, i)-phantom in G. The induction is
completed, and so is the proof of Theorem 8.8. ■

Finally, we give a proof of Theorem 8.1, which we restate:

Theorem 8.1. For all d, t ∈ N and r1 ∈ N∪{0}, there is a constant f8.1 = f8.1(d, r1, t) ∈ N
with the following property. Let G be a (theta, prism, even wheel, C4, Kt+1)-free graph with
tw(G) > f8.1. Then there is a (Z1

0 , d, r1)-phantom in G for some 2-clique Z1
0 . Moreover,

for every r2 ∈ N with r2 < r1, there is a (Z2
0 , d, r2)-phantom in G for some 3-clique Z2

0 .

Proof. Let {Ξi(d, 3, t) : i = 0, . . . , r1} be as in Theorem 8.8, and let Ξ = Ξr1(d, 3, t). Let

f8.1 = f8.1(d, r1, t) = f8.2(3, t,Ξ).

Let G be a (theta, prism, even wheel, C4, Kt+1)-free graph with tw(G) > f8.1. Since G
is (t + 1)-clean, and from the choice of f8.1 combined with Theorem 8.2, it follows that
there exists a Ξ-kaleidoscope (a, x, y,W) in G as well as a 2-clique Z1

0 in G such that Z1
0

is 3-mirrored by (a, x, y,W). Therefore, by Theorem 8.8 and the choice of Ξ, there exists
a (Z1

0 , d, r1)-phantom p1 = (Z1
0 , . . . , Z

1
r1
; Γ1

i : i ∈ [r1]) in G, and so Z1
0 satisfies 8.1.

Now, let r2 ∈ [r1 − 1]. Assuming Z1
0 = {z1, z2}, since d, r1 ≥ 1, we may choose a

vertex z ∈ Γ1
1(z1z2). Let Z2

0 = {z1, z2, z} ⊆ Z1
1 and let p2 = p1[Z

2
0 ; 1, r2]. Then p2 is a

(Z2
0 , d, r2)-phantom in G, and so Z2

0 is a 3-clique in G which satisfies 8.1. This completes
the proof of Theorem 8.1. ■
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Chapter 9

Even-hole-free graphs
III. Chordal induced subgraphs1

In this chapter, we prove Theorems 2.18, 2.24 and 2.25. This will be done in Sections 9.1,
9.3 and 9.4. Section 9.2 is devoted to some preliminary results about chordal graphs of
bounded clique number, which we will use in the proofs of Theorems 2.24 and 2.25.

9.1 Forests in (theta, prism)-free graphs

We begin with a definition. For d ∈ N and r ∈ N∪{0}, let Td,r be the rooted tree of radius
r such that if r ≥ 1, then the root has degree d, and every vertex that is neither the root
nor a leaf has degree d + 1 (see Figure 9.1). It is easy to observe that Td,r contains every
tree of maximum degree d and radius r. There is also a well-known result of Kierstead and
Penrice [42], that in sparse graphs, we may pass from a non-induced tree to an induced
one:

Theorem 9.1 (Kierstead and Penrice [42]). For all d, s, t ∈ N and r ∈ N∪{0}, there is
a constant f9.1 = f9.1(d, r, s, t) ∈ N with the following property. Let G be a (Ks,s, Kt)-free
graph and U be a subgraph of G which is isomorphic to Tf9.1,f9.1. Then there is an induced
subgraph U ′ of G with V (U ′) ⊆ V (U) such that U ′ is isomorphic to Td,r.

The next lemma is the core of our proof of Theorem 2.18:
1This chapter is based on the coauthored paper [6] and the single-author paper [36].
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Figure 9.1: From left to right: the trees T3,r for r = 0, 1, 2, 3.

Lemma 9.2. For all d, t ∈ N and r ∈ N∪{0}, there is a constant f9.2 = f9.2(d, r, t) ∈ N
with the following property. Let G be a (theta, prism, Kt+1)-free graph, let a, b ∈ V (G) be
non-adjacent, and let P be a set of f9.2 pairwise internally disjoint paths in G from a to
b. Then G[V (P)] has a subgraph J isomorphic to T r

d such that a ∈ V (J) is the root of J ,
and b /∈ V (J).

Proof. For fixed d, t ∈ N, we define a sequence {mi = mi(d, t) : i ∈ N∪{0}} recursively, as
follows. Let m0 = 1, and for i > 1, assuming mi−1 is defined, let

mi = f7.2(dmi−1, d+ 2, t).

We prove by induction on r ≥ 0 that

f9.2 = f9.2(d, r, t) = mr

satisfies the lemma. The base case r = 0 is immediate by choosing J = {a}. Assume that
r ≥ 1. By the choice of f9.2 = mr = f7.2(dmr−1, d+ 2, t), we can apply Theorem 7.2 to a, b
and P to deduce that there is a (d+2, dmr−1)-constellation c in G such that Sc ⊆ NV (N )(a)
and Lc ⊆ N ∗.

Moreover, there are at most two vertices in Sc which are adjacent to b, as otherwise
there is a theta in G with ends a, b and paths (a-xi-b : i ∈ [3]) where x1, x2, x3 ∈ Sc, a
contradiction. It follows that we may choose d vertices a1, . . . , ad ∈ Sc \NG(b).

Since Lc = dmr−1, we can partition Lc into d pairwise disjoint subsets (Li : i ∈ [d]),
each of cardinality mr−1. Since c is a constellation in G, it follows that for each i ∈ [d] and
every path L ∈ Li ⊆ {P ∗ : P ∈ P}, the vertex ai has a neighbor in L. Consequently, for
each i ∈ [d] and every L ∈ Li, there is a path in PL in G from ai to b with P ∗

L ⊆ V (L).
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a2
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P2

Pd
b

NV (L1)(a)

NV (L2)(a)

NV (Ld)
(a)

Figure 9.2: Proof of Lemma 9.2. Dashed lines represent paths of non-zero length, and red
lines depict paths of arbitrary (possibly zero) length.

For each i ∈ [d], let
Pi = {PL : L ∈ Li}.

See Figure 9.2. Then Pi is a set of mr−1 pairwise internally disjoint paths in G between
the non-adjacent vertices ai and b. It follows from the induction hypothesis that G[V (Pi)]
has a subgraph Ji isomorphic to T r−1

d such that a′i ∈ V (Ji) is the root of Ji, and b /∈ V (Ji).
Furthermore, observe that the sets (V (Pi) \ {b} : i ∈ [d]) are pairwise disjoint in G, and
for each i ∈ [d], we have NV (Pi)(a) = {ai}. It follows that the sets (V (Ji) : i ∈ [d]) are
pairwise disjoint in G, and for each i ∈ [d], we have NV (Ji)(a) = {ai}. But now assuming

U =

(
d⋃

i=1

V (Ji)

)
∪ {a} ⊆ V (P),

we deduce thatG[U ] contains a (spanning) subgraph J isomorphic to T r
d such that a ∈ V (J)

is the root of J , and b /∈ V (J). This completes the proof of Lemma 9.2. ■

We are now ready to proved Theorem 2.18, which we restate:
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Theorem 2.18. For all t ∈ N and every forest F , there is a constant f2.18 = f2.18(F, t) ∈ N
such that every (theta, prism, Kt+1)-free graphs with tw(G) > f2.18 has an induced subgraph
isomorphic to F .

Proof. Observe that there is tree T on |V (F )|+1 vertices which has an induced subgraph
isomorphic to F . Let d and r be the maximum degree and the radius of T , respectively.
Then T is isomorphic to an induced subgraph of Td,r and so F is isomorphic to an induced
subgraph of Td,r.

Let f = f9.1(d, r, 3, t+ 1) and let l = f9.2(f, f, t). We claim that

f2.18 = f2.18(F, t) = f2.27(t+ 1, l, t+ 1)

satisfies the theorem. Let G be a (theta, prism, Kt+1)-free graph with tw(G) > f2.18. Then
G is (t+ 1)-clean, and from Theorem 2.27 and the choice of f2.18, it follows that there is a
strong (t+1, l)-block in G. Consequently, since G is Kt+1-free, it follows that there are two
distinct and non-adjacent vertices a, b ∈ V (G), and a set P of l pairwise internally disjoint
paths in G from a to b. This, along with the choice of l and Lemma 9.2, implies that G has
a subgraph isomorphic to T f

f . Since G is (K3,3, Kt+1)-free, it follows from Theorem 9.1 and
the choice of f that G has an induced subgraph isomorphic to T r

d . Hence, F is isomorphic
to an induced subgraph of G, as desired. ■

9.2 k-trees

For k ∈ N, a k-tree is a graph ∇ with |V (∇)| = h ≥ k such that if h = k, then ∇ is
complete, and if h > k, then there is a bijection ϖ∇ : V (∇) → [h] such that for every
i ∈ [h − k], the set of all forward neighbors of ϖ∇(i), that is, the set of all neighbors of
ϖ∇(i) in V (∇) \ ϖ∇([i]) is a k-clique in ∇ (see Figure 2.9 where both 2-forests are in
fact 2-trees). In other words, k-trees are the connected graphs obtained from the k-vertex
complete graph by successively adding a vertex whose neighborhood forms a k-clique. It
follows that 1-trees are the same as trees. Recall also that forests are exactly the graphs
which are induced subgraphs of the trees. This generalizes easily to k-forests and k-trees
for all k ∈ N. We give a proof for the sake of completeness:

Theorem 9.3. Let k ∈ N and let H be a graph. Then H is a k-forest if and only if H is
an induced subgraph of a k-tree.
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y1 y2 y3

x1 x2 x3

x0 N

Figure 9.3: Proof of Theorem 9.3 (when k = 5 and |N | = 2).

Proof. The “if” implication is straightforward to check. Note also that every k-forest H is
an induced subgraph of a connected k-forest (which, for instance, may be obtained from
H by adding a new vertex with exactly one neighbor in each component of H). Therefore,
to prove the “only if” implication, we only need to show that for every connected k-forest
H, there exists a k-tree ∇ such that H is an induced subgraph of ∇.

We prove the above assertion by induction on |V (H)| = h. The case h = 1 is trivial.
Assume that h > 1. Since H is chordal and Kk+2-free, it follows from a well-known result
of Dirac [24] that there exists a bijection π : V (H) → [h] such that for every i ∈ [h − 1],
the set of all neighbors of π(i) in V (H) \ π([i]) is a clique of H on at most k vertices. Let
π(1) = x0, let H− = H \ {x0}, and let N = NH(x0). Then N is a non-empty clique on
at most k vertices in H, which in turn implies that H− is a connected Kk+2-free chordal
graph on h− 1 vertices and N is a non-empty clique on at most k vertices in H−. By the
induction hypothesis, there is a k-tree ∇− such that H− is an induced subgraph of ∇−. In
particular, N is a non-empty clique on at most k vertices in ∇−. We deduce that:

(80) There is a k-clique K in ∇− such that N ⊆ K.

This is immediate if ∇− is a complete graph. So we may assume that ∇− is a k-tree
that is not complete. Choose x ∈ N with ϖ−1

∇−(x) ∈ [h − 1] as small as possible. Let M
be the set of forward neighbors of x in ∇−. Then M ∪ {x} is a (k+1)-clique in ∇− which
contains the clique N of cardinality at most k. This proves (80).

Let K be as in (80). Fix an enumeration {yi : i ∈ [k − |N |]} of the elements of K \N .
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z

S1 S2

z1 z2

Figure 9.4: A crystallized vertex z in a 12-vertex 2-tree.

We define the graph ∇ as follows. Let

V (∇) = V (∇−) ∪ {x0} ∪ {xi : i ∈ [k − |N |]}

and let

E(∇) = E(∇−) ∪

k−|N |⋃
i=0

({xiy, xiyj, xixj′ : y ∈ N, j ∈ [i], j′ ∈ [k − |N |] \ [i]})

 .

We also define the bijection ϖ∇ : V (∇) → [|V (∇)] so that ϖ∇(xi) = i + 1 for all i ∈
{0, . . . , k− |N |} and let ϖ∇(z) = ϖ∇−(v)+ k− |N |+1 for all v ∈ V (∇−) (see Figure 9.3).
Then one may check that ∇ is k-tree and H is an induced subgraph of ∇; we omit the
details. ■

Another example of 2-trees are crystals defined in Section 2.4. Note that, by definition,
every 2-tree ∇ on three or more vertices has a degree-two simplicial vertex, that is, a vertex
v whose neighborhood is a 2-clique. There is a useful strengthening of this fact: if ∇ has
four or more vertices, then we can arrange for v to be a “side vertex” from a “side crystal”
in ∇.

To make this precise, given a graph H and a vertex z ∈ V (H), we say z is crystallized
if there is a 2-clique {z1, z2} ⊆ NH(z) of G with the following specifications.

(C1) NH(z) \ {z1, z2} is a non-empty stable in G (and this is why z cannot be a
degree-two simplicial vertex).

(C2) There exists a partition (S1, S2) of NH(z)\{z1, z2} such that for each i ∈ {1, 2}
and every vertex x ∈ Si, we have NH(x) = {zi, z}.
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S1,z
z1

z2

z

S2,z

Figure 9.5: A (z1, z2, 4, 3)-crystal

See Figure 9.4. It follows that every vertex in NH(z) \ {z1, z2} is a degree-two simplicial
vertex in H. Furthermore, we deduce that:

Theorem 9.4. Every 2-tree ∇ with |V (∇)| ≥ 4 has a crystallized vertex.

Proof. We proceed by induction on |V (∇)| = h ≥ 4. If h = 4, then ∇ is a diamond and
both degree-three vertices of H are crystallized. Assume that h > 4. Let ϖ∇ be as in the
definition of a 2-tree, let v = ϖ∇(1) and let ∇′ = ∇\{v}. Then N∇(v) ⊆ V (∇′) is 2-clique
and ∇′ is a 2-tree on h− 1 ≥ 4 vertices. By the induction hypothesis, ∇′ has a crystallized
z in ∇′. In particular, there exist a 2-clique {z1, z2} ⊆ N∇′(z) and a partition (S1, S2) of
N∇′(z) \ {z1, z2} satisfying (C1) and (C2). Now, if N∇(v)∩ (N∇′ [z] \ {z1, z2}) = ∅, then z
is a crystallized vertex in ∇ (still with {z1, z2} ⊆ N∇(z) and (S1, S2) satisfying (C1) and
(C2)). Otherwise, since N∇(v) is a 2-clique in ∇′, there are two possibilities:

• There exists i ∈ {1, 2} and x ∈ Si such that either N∇(v) = {x, zi} orN∇(v) = {x, z}.
• There exists i ∈ {1, 2} such that N∇(v) = {zi, z}.

In the former case, x is a crystallized vertex in ∇ with the 2-clique {zi, z} contained in
N∇(x) and the partition ({v},∅) of N∇(x) \ {zi, z} satisfying (C1) and (C2). In the latter
case, let {1, 2} \ {i} = {i′}. Then z is a crystallized vertex in ∇ with the 2-clique {z1, z2}
contained in N∇(z) and the partition (Si ∪{v}, Si′) of N∇(x) \ {z1, z2} satisfying (C1) and
(C2). This completes the proof of Theorem 9.4. ■

Our last result in this section is an analog of Theorem 9.1 for crystals. We begin
with defining a “regular” version of crystals. Let f, g ∈ N, let G be a graph and let
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z1, z2 ∈ V (G) be adjacent. A (z1, z2, f, g)-crystal in G is a tuple C = (S1,z, z, S2,z : z ∈ S)
with the following specifications (see Figure 9.5).

(CR1) S is a subset of V (G) \ {z1, z2} with |S| = f (and thus C is a 3f -tuple).
(CR2) (S1,z, S2,z : z ∈ S) are 2f pairwise disjoint g-subsets of V (G) \ (S ∪ {z1, z2}).
(CR3) For each i ∈ {1, 2} and all z ∈ S and x ∈ Si,z, we have N{z1,z2,z}(x) = {zi, z}.

We write V (C) = S ∪ (
⋃

z∈S(S1,z ∪ S2,z)). Also, by an (f, g)-crystal in G, we mean a
(z1, z2, f, g)-crystal in G for some pair z1, z2 of adjacent vertices in G.

Note that C in G may or may not identify an induced subgraph of G which is a crystal.
But if it does, then we say C is “clear.” More precisely, we say a (z1, z2, f, g)-crystal
C = (S1,z, z, S2,z : z ∈ S) in G is clear if S is a stable set and (S1,z, S2,z : z ∈ S) are
pairwise anticomplete stable sets in G. Just like Theorem 9.1, we need to pass, in sparse
graphs, from crystals to clear crystals. This is attained in Theorem 9.5 below:

Theorem 9.5. For all f, g, s, t ∈ N, there are constants f9.5 = f9.5(f, g, s, t) ∈ N and
g9.5 = g9.5(f, g, s, t) ∈ N with the following property. Let G be a (Ks,s, Kt)-free graph, let
z1, z2 ∈ V (G) be adjacent, and let C = (Λ1,z, z,Λ2,z : z ∈ Λ) be a (z1, z2, f9.5, g9.5)-crystal in
G. Then there is a clear (z1, z2, f, g)-crystal in G.

Proof. The proof relies on Lemma 3.12, Specifically, we will show that:

f9.5 = f9.5(f, g, s, t) = f3.12(f, 2g + 1, s, t);

g9.5 = g9.5(f, g, s, t) = f3.12(2g, 2, s, t)

satisfy the theorem. First, we deduce that:

(81) For each i ∈ {1, 2} and every z ∈ Λ, there exists a stable set Si,z ⊆ Λi,z of cardinality
g such that S1,z and S2,z are anticomplete in G.

Let z ∈ Λ be fixed. Since |Λ1,z| = |Λ2,z| = f9.5, it follows follows that we may choose a
bijection u : Λ1,z → Λ2,z. Therefore, the set ({x, u(x)} : x ∈ Λ1,z) are pairwise disjoint 2-
subsets of V (G). Since G is (Ks,s, Kt)-free, it follows from the choice of f9.5 and Lemma 3.12
that there are 2g vertices x11 . . . , x1g, x21 . . . , x2g ∈ Λ1,z for which the sets ({xij, u(xij)} : i ∈
{1, 2}, j ∈ [g]) are pairwise anticomplete in G. Let S1,z = {x1j : j ∈ [g]} ⊆ Λ1,z and let
S2,z = {u(x2j) : j ∈ [g]} ⊆ Λ2,z. Then S1,z and S2,z are anticomplete stable sets in G, each
of cardinality g. This proves (81).
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Now, (S1,z ∪S2,z ∪{z} : z ∈ Λ) are |Λ| = g9.5 pairwise disjoint (2g+1)-subsets of V (G).
Since G is (Ks,s, Kt)-free, it follows from the choice of g9.5 and Lemma 3.12 that there exists
an f -subset S of Λ for which the sets (S1,z ∪ S2,z ∪ {z} : z ∈ S) are pairwise anticomplete
in G. In particular, S is a stable set, and from (81), it follows that {S1,z, S2,z : z ∈ S}
are pairwise anticomplete stable sets in G. Hence, C′ = (S1,z, z, S2,z : z ∈ S) is a clear
(z1, z2, f, g)-crystal in G. This completes the proof of Theorem 9.5. ■

9.3 Double coned forests

In this section, we complete the proof of Theorem 2.24. For the sake of an inductive
argument, we need to begin with the following technical result:

Theorem 9.6. Let d, g, h, t ∈ N and r ∈ N∪{0}. Let G be a (K2,3, Kt+1)-free graph and
let Z ⊆ V (G) with |Z| ≤ h. Let Z0 = {z1, z2, z} ⊆ Z be a 3-clique such that NZ(z) =
{z1, z2}. Let p = (Z0, · · · , Zr; Γi : i ∈ [r]) be a (Z0, d+ g+ 2ht3, r)-phantom in G such that
Zr ∩ Z = Z0. Then one of the following holds.

(a) There is a (z1, z2, 1, g)-crystal C in G[Zr] with V (C) and Z \ Z0 anticomplete in G.
(b) G has a subgraph U isomorphic to Td,r which satisfies the following.

• U contains z as its root.

• {z1, z2} and V (U) are disjoint and complete in G.

• Let i ∈ [r], let u ∈ V (U) be at distance i in U from z and let u− be the parent
of u in U . Then u ∈ Γi(u

−z1) ∪ Γi(u
−z2) ⊆ Zi \ Zi−1. In particular, we have

V (U) ∩ Z = {z}.

Proof. The proof is by induction on r. If r = 0, then the subgraph U of G with V (U) = {z}
satisfies 9.6(b). Assume that r ≥ 1. For each i ∈ {1, 2}, let Ki be the set of all vertices in
Γ1(ziz) with at least one neighbor in Z \ Z0.

(82) We have |K1|, |K2| < 2ht3.

For suppose |Ki| ≥ 2ht for some i ∈ {1, 2}. Since |Z \ Z0| < h, it follows that |Ki| >
2|Z\Z0|t, and so there is a t3-subset K of Ki and a non-empty subset Y of Z \ Z0 such
that for every x ∈ K, we have NZ\Z0(x) = Y . Pick a vertex y ∈ Y ; then y, z are not
adjacent in G. Since G is Kt+1-free, it follows that there is no t-clique of G contained
in K ⊆ Γi(ziz) ⊆ NG(z) ∩ NG(zi). Thus, by Theorem 3.17, there are three pairwise
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non-adjacent vertices x, x′, x′′ ∈ S. But now G[{x, x′, x′′, y, z}] is isomorphic to K2,3, a
contradiction. This proves (82).

By (82), there exist L1 ⊆ Γ1(z2z) and L2 ⊆ Γ1(z1z) with |L1| = |L2| = d+ g such that
L1 ∪ L2 and Z \ Z0 are anticomplete in G. It follows that either

• for each i ∈ {1, 2}, there is a g-subset Mi of Li to which zi is anticomplete in G; or
• there exist j ∈ {1, 2} and Nj ⊆ Lj with |Nj| = d such that zi is complete to Nj in G.

In the former case, C = (M1, z,M2) is a (z1, z2, 1, g)-crystal in G[Z1] such that V (C) ⊆
L1 ∪ L2 ∪ {z} and Z \ Z0 are anticomplete in G because V (C) ⊆ L1 ∪ L2 ∪ {z}, and so
9.6(a) holds. Therefore, we may assume that the second bullet above is the case, and by
symmetry, we may also assume that j = 1. Since N1 ⊆ Γ1(z2z), it follows that N1 is a
d-subset of V (G) \ (Z ∪ Γ1(z1z2)) where {z1, z2} is complete to N1.

For every z′ ∈ N1, let Zz′ = (Z \ {z}) ∪ {z′} and let Z0,z′ = {z1, z2, z′}; then we have
Z0,z′ ⊆ Z1. Since r ≥ 1, it follows that

pz′ = p[Z0,z′ ; 1, r − 1] = (Z0,z′ , · · · , Zr−1,z′ ; Γi,z′ : i ∈ [r − 1])

is a (Z0,z′ , d + g + 2ht3, r − 1)-phantom in G such that Zi,z′ ⊆ Zi+1 for all i ∈ [r − 1].
Moreover, since Zr−1,z′ ⊆ Zr and Zr ∩ Z = Z0, it follows that:

Zr−1,z′ ∩ Zz′ ⊆ Zr ∩ ((Z \ {z}) ∪ {z′}) = {z1, z2, z′} = Z0,z′ ;

and thus Zr−1,z′ ∩ Zz′ = Z0,z′ (see Figure 9.6).

Now, from the induction hypothesis, we deduce that:

(83) For every vertex z′ ∈ N1, one of the following holds.
• There is a (z1, z2, 1, g)-crystal C in G[Zr−1,z′ ] with V (C) and Zz′ \ Z0,z′ anticomplete

in G.
• G has a subgraph Uz′ isomorphic to Td,r−1 which satisfies the following.

– Uz′ contains z′ as its root.

– {z1, z2} and V (Uz′) are disjoint and complete in G.

– Let i ∈ [r − 1], let u ∈ V (Uz′) be at distance i in Uz′ from z′ and let u− be
the parent of u in Uz′. Then u ∈ Γi,z′(u

−z1) ∪ Γi,z′(u
−z2) ⊆ Zi,z′ \ Zi−1,z′. In

particular, we have V (Uz′) ∩ Zz′ = {z′}.

Note that if some vertex z′ ∈ N1 satisfies the first bullet of (83), then 9.6(a) holds
because Zr−1,z′ ⊆ Zr and Zz′ \Z0,z′ = Z \Z0. Therefore, we may assume that every vertex
z′ ∈ N1 satisfies the second bullet of (83) (again, see Figure 9.6). We also claim that:
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Figure 9.6: Proof of Theorem 9.6.

(84) The sets (V (Uz′) : z
′ ∈ N1) are pairwise disjoint.

Suppose for a contradiction that there are distinct vertices z′, z′′ ∈ N1 for which Uz′

and Uz′′ share some vertex u. Then u, z, z′′ are all distinct, and so there are i′, i′′ ∈ [r − 1]
such that u is at distance i′ in Uz′ from z′, and u is at distance i′′ in Uz′′ from z′′. Let u
be chosen such that min{i′, i′′} is as small as possible. Let u′ and u′′ be the parents of u
in Uz′ and Uz′′ , respectively. Then, by the choice of u, the vertices u′ and u′′ are distinct.
From the definition of pz′ and the second bullet of (83), we deduce that:

u ∈ Γi′+1(u
′z1) ∪ Γi′+1(u

′z2) ⊆ Zi′+1 \ Zi′

and
u ∈ Γi′′+1(u

′′z1) ∪ Γi′′+1(u
′′z2) ⊆ Zi′′+1 \ Zi′′ .

Particularly, it follows that (Zi′+1 \ Zi′) ∩ (Zi′′+1 \ Zi′′) ̸= ∅, which yields i′ = i′′.
But then u′z1, u′z2, u′′z1, u′′z2 are pairwise distinct edges of G[Zi′ ] (because u′, u′′, z1, z2 are
pairwise distinct vertices), for which we have

(Γi′+1(u
′z1) ∪ Γi′+1(u

′z2)) ∩ (Γi′+1(u
′′z1) ∪ Γi′+1(u

′′z2)) ̸= ∅.

This violates the second bullet condition in (PH2) from the definition of a phantom, hence
completing the proof of (84).

Now, let U be the subgraph of G with

V (U) =

( ⋃
z′∈N1

V (Uz′)

)
∪ {z}
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and

E(U) =

( ⋃
z′∈N1

E(Uz′)

)
∪ {zz′ : z′ ∈ N1}.

Since z is complete toN1 and |N1| = d, it follows from the second bullet of (83) (specifically,
the first dash) that U is isomorphic to Td,r and U contains z as the root. Also, from the
second dash of the second bullet of (83) and the fact that {z1, z2} is complete to z, it
follows that {z1, z2} is complete to V (U) in G. Hence, we have shown that U satisfies the
first and the second bullets of 9.6(b).

It remains to show that U satisfies the third bullet of 9.6(b). Let i ∈ [r], let u ∈ V (U)
be at distance i in U from z and let u− be the parent of u in U . Then we wish to prove
that u ∈ Γi(u

−z1) ∪ Γi(u
−z2). To see this, note that if i = 1, then we have u− = z

and u ∈ N1 ⊆ L1 ⊆ Γ1(u
−z2), as required. Otherwise, there exists z′ ∈ N1 such that

u, u− ∈ V (Uz′), where u is at distance i− 1 ∈ [r− 1] from z′ is Uz′ and u− is the parent of
u in Uz′ . But now from the second bullet of (83) (specifically, the second dash) along with
the definition of pz′ , we deduce that:

u ∈ Γi−1,z′(u
−z1) ∪ Γi−1,z′(u

−z2) = Γi(u
−z1) ∪ Γi(u

−z2).

This completes the proof of Theorem 9.6. ■

From Theorem 9.6, we deduce that:

Theorem 9.7. For all f, t, h ∈ N, there is a constant f9.7 = f9.7(f, h, t) ∈ N such that for
every (theta, prism, even wheel, C4, Kt+1)-free graph G of treewidth more than f9.7, one of
the following holds.

(a) For every 2-tree ∇ on h+ 1 vertices, G has an induced subgraph isomorphic to ∇.
(b) G has a subgraph isomorphic to cone(cone(Tf,f )).

Proof. The definition of f9.7 relies on Theorem 8.1. Specifically, for each i ∈ [h], let
ri = (h− i)f . We will prove that

f9.7 = f9.7(f, h, t) = f8.1
(
f + h+ 2ht3, r1, t

)
satisfies the theorem. From Theorem 8.1 and the choices of f9.7, r1 and r2, it follows that:

(85) Then there is a (Z1
0 , f + h + 2ht3, r1)-phantom in G for some 2-clique Z1

0 . Also, if
h ≥ 2, then there is a (Z2

0 , f + h+ 2ht3, r2)-phantom in G for some 3-clique Z2
0 .

Now, instead of 9.7, we prove the following stronger statement by induction on i:
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(86) Assume that G has no subgraph isomorphic to cone(cone(Tf,f )). Then for each i ∈ [h]
and every 2-tree ∇ on i + 1 vertices, there is an induced subgraph Zi

0 of G isomorphic to
∇ as well as a (Zi

0, f + h+ 2ht3, ri)-phantom pi in G.

To launch the induction, note that if i ∈ {1, 2}, then ∇ is an (i + 1)-vertex complete
graph, and so the (86) follows directly from (85). Thus, we may assume that 3 ≤ i ≤ h, and
in particular, ∇ has at least four vertices. By Theorem 9.4, there is a crystallized vertex z
in ∇. Let {z1, z2} ⊆ N∇(z) and the partition (S1, S2) of N∇(z)\{z1, z2, z} be as in (C1) and
(C2) from the definition of a crystallized vertex. Let ∇′ = ∇\(S1∪S2). It is straightforward
to observe that ∇′ is a 2-tree. Let |V (∇′)| = j+1. Then j ≥ 2. In fact, since S1∪S2 ̸= ∅,
it follows that |V (∇′)| < |V (∇)|, and so 2 ≤ j ≤ i − 1 ≤ h − 1. Consequently, we may
apply the induction hypothesis to ∇′, obtaining an induced subgraph Zj

0 of G isomorphic
to ∇′ and a (Zj

0 , f + h+ 2ht3, rj)-phantom pj = (Zj
0 , . . . , Z

j
(h−j)f ; Γ

j
k : k ∈ [(h− j)f ]) in G.

Let Z = Zj
0 ; so |Z| = j + 1 ≤ i ≤ h. Let φ : V (∇′) → V (Z) be an isomorphism from

∇′ into Z. Let Z0 = {φ(z1), φ(z2), φ(z)} ⊆ Z; then we have NZ(φ(z)) = {φ(z1), φ(z2)}.
Since Z0 ⊆ Z = Zj

0 and (h− j) ≥ 1, it follows that p = pj[Z0; 0, f ] is a (Z0, f +h+2ht3, f)-
phantom (Z0, . . . , Zf ; Γk : k ∈ [f ]) in G. Moreover, since Zf \ Z0 ⊆ Zj

f \ Z
j
0 = Zj

f \ Z, it
follows that Zf ∩Z = Z0. This, combined with the assumption that G is (theta, Kt+1)-free,
allows for an application of Theorem 9.6 to G,Z, Z0 and p.

From the assumption that G has no subgraph isomorphic to cone(cone(Tf,f )), we con-
clude that Theorem 9.6(a) holds. Explicitly, there is a (φ(z1), φ(z2), 1, h)-crystal C in
G[Zf ] such that V (C) and Z \ Z0 are anticomplete in G. Now, since V (C) is anticomplete
to Z \Z0, and since |S1|, |S2| ≤ i ≤ h, it follows that there is an induced subgraph Zi

0 of G
isomorphic to ∇ such that Z \ {φ(z)} ⊆ Zi

0 ⊆ (Z \ {φ(z)})∪ V (C). In particular, we have
Zi

0 ⊆ Z ∪ Zf ⊆ Zj
f . Recall also that j ≤ i − 1 ≤ h − 1, and so we have f, ri ∈ {0, . . . , rj}

with f + ri ≤ rj. As a result, pj = pj[Zi
0; f, ri] is a (Zi

0, f + h+ 2ht3, ri)-phantom in G. In
conclusion, we have shown that there is an induced subgraph Zi

0 of G isomorphic to ∇ as
well as a (Zi

0, f + h+ 2ht3, ri)-phantom pi in G. This proves (86).

Observe that the assertion of 9.7 is equivalent to (86) for i = h. This completes the
proof of Theorem 9.7. ■

Finally, we give a proof of Theorem 2.24, which we restate:

Theorem 2.24. For all t ∈ N, every forest F and every 2-forest H ∈ H, there is a constant
f2.24 = f2.24(F,H, t) such that every (even-hole, Kt+1)-free graph G with tw(G) > f2.24 has
an induced subgraph isomorphic to either cone(cone(F )) or H.
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Proof. Observe that there is tree T on |V (F )|+1 vertices which has an induced subgraph
isomorphic to F . Let d and r be the maximum degree and the radius of T , respectively.
Then T is isomorphic to an induced subgraph of Td,r and so F is isomorphic to an induced
subgraph of Td,r. Let f = f9.1(d, r, 3, t+ 1).

By Theorem 9.3, H is an induced subgraph of a 2-tree ∇. Let |V (∇)| = h.

We claim that
f2.24 = f2.24(F,H, t) = f9.7(f, h, t)

satisfies the theorem. Let G be an (even hole, Kt+1)-free graph of treewidth more than
f2.24. Then G is (theta, prism, even wheel, C4, Kt+1)-free. From the choice of f2.24 and
Theorem 9.7, it follows that either G has an induced subgraph isomorphic to ∇, or G has
a subgraph isomorphic to cone(cone(Tf,f )). In the former case, it follows from the choice of
∇ that G has an induced subgraph isomorphic to H. In the latter case, it follows from the
choice of f and Theorem 9.1 that G has an induced subgraph isomorphic cone(cone(Td,r)).
Since F is isomorphic to an induced subgraph of Td,r, we deduce that G has an induced
subgraph isomorphic cone(cone(F )), as required. ■

9.4 Crystals

We conclude this chapter by proving Theorem 2.25. The approach is similar to that of
Section 9.3: we begin with a technical result which is tailored to an inductive argument.

Theorem 9.8. Let f, g ∈ N and r ∈ N∪{0} be integers, let G be a graph and let Z0 be a
2-clique in G. Let p = (Z0, · · · , Zr; Γi : i ∈ [r]) be a (Z0, f + g, r)-phantom in G. Then one
of the following holds.

(a) There is an (f, g)-crystal in G[Zr].
(b) There are g pairwise disjoint r-cliques K1, . . . , Kg ⊆ Zr \ Z0 of G such that Z0 and

K1 ∪ · · · ∪Kg are complete in G.

Proof. The proof is by induction on r. Note that 9.8(b) holds trivially for r = 0. Assume
that r ≥ 1. Let Z0 = {z1, z2}.

Let j ∈ {1, 2} and z ∈ Γ1(z1z2) be fixed. Let Zj
0,z = (Z0 \ {zj}) ∪ {z}; then Zj

0,z ⊆ Z1

is a 2-clique in G. Since r ≥ 1, it follows that

pjz = p[Z0,z; 1, r − 1] = (Z0,z, · · · , Zr−1,z; Γi,z : i ∈ [r − 1])
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Figure 9.7: Proof of Theorem 9.8.

is a (Zj
0,z, f + g, r − 1)-phantom in G such that Zj

i,z ⊆ Zi+1 for all i ∈ [r − 1]. We deduce
from the induction hypothesis that:

(87) For every j ∈ {1, 2} and every z ∈ Γ1(z1z2), one of the following holds.
• There exists an (f, g)-crystal in G[Zj

r−1,z].

• There are g pairwise disjoint (r − 1)-cliques Kj
1,z, . . . , K

j
g,z ⊆ Zj

r−1,z \ Z
j
0,z ⊆ Zr \ Z0

in G such that Zj
0,z and Kj

1,z ∪ · · · ∪Kj
g,z are complete in G.

Now, if there exist j ∈ {1, 2} and z ∈ Γ1(z1z2) which satisfy the first bullet of (87), then
9.8(a) holds because Zj

r−1,z ⊆ Zr. Consequently, we may assume that for all j ∈ {1, 2} and
every z ∈ Γ1(z1z2), the second outcome of (87) holds (see Figure 9.7).

Moreover, the following is immediate from the definition pjz and the fact that p satisfies
(the second bullet of) (P2) from the definition of a phantom:

(88) The 2(f + g) sets
(
Zj

r−1,z \ Z
j
0,z : j ∈ {1, 2}, z ∈ Γ1(z1z2)

)
are pairwise disjoint.

Since |Γ1(z1z2)| = f + g, it follows that either

• there is an f -subset X of Γ1(z1z2) such that for every x ∈ X, every j ∈ {1, 2} and
every k ∈ [g], the vertex zj has a non-neighbor ujk,x ∈ Kj

k,x; or
• there is a g-subset {y1, . . . , yg} of Γ1(z1z2) such that for every i ∈ [g], there exists
ji ∈ {1, 2} and ki ∈ [g] for which zji is complete to Kji

ki,yi
.
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In the former case, for each x ∈ X, let

U1,x = {u12,x . . . , u2g,x};

U2,x = {u11,x . . . , u1g,x}.
Then, the second bullet of (87) combined with (88) implies that (U1,x, x, U2,x : x ∈ X) is a
(z1, z2, f, g)-crystal in G[Zr], and so 9.8(a) holds.

In the latter case, for each i ∈ [g], let

Ki = Kji
ki,yi

∪ {yi}.

Then, it follows from the second bullet of (87) combined with (88) thatK1, . . . , Kg ⊆ Zr\Z0

are g pairwise disjoint r-cliques of G where Z0 and K1∪· · ·∪Kg are complete in G. Hence,
9.8(b) holds. This completes the proof of Theorem 9.8. ■

We are ready to prove Theorem 2.25, restated below:

Theorem 2.25. For all t ∈ N and every crystal H, there is a constant f2.25 = f2.25(H, t) ∈
N such that every (even-hole, Kt+1)-free graph of treewidth more than f2.25 has an induced
subgraph isomorphic to H.

Proof. From the definition of crystal, it follows that for some f, g ∈ N, there are f double
stars H1, . . . , Hf , each of maximum degree at most g, such that H is obtained from

cone(H1), . . . , cone(Hf )

by identifying their middle edges. Let

f1 = f9.5(f, g, 3, t+ 1);

g1 = g9.5(f, g, 3, t+ 1).

We claim that
f2.25 = f2.25(H, t) = f8.1(f1 + g1, t+ 1, t)

satisfies the theorem. Let G be an (even hole, Kt+1)-free graph of treewidth more than
f2.25. Then G is (theta, prism, even wheel, C4, Kt+1)-free. From the choice of f2.25 and
Theorem 8.1, it follows that there is a (Z0, f1+ g1, t+1)-phantom p in G for some 2-clique
Z0 of G. Therefore, we can apply Theorem 9.8 to G,Z0 and p. Since G is Kt+1-free, it
follows that Theorem 9.8(b) does not hold. We deduce that there is an (f1, g1)-crystal in
G. This, along with the choices of f1 and g1, the assumption that G is (K3,3, Kt+1)-free,
and Theorem 9.5, implies that there is a clear (f, g)-crystal in G. But now from the choices
of f and g, it follows that G has an induced subgraph isomorphic to H, as desired. ■
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Chapter 10

Even-hole-free graphs
IV. Separating a trapped vertex1

In this last chapter, we prove Theorem 7.3:

Theorem 7.3. Let t ∈ N and let G be a (theta, prism, Kt+1)-free graph. Let H be an
induced subgraph of G that is isomorphic to the line graph of a proper subdivision of a tree
which is not a path. Let a ∈ V (G) \ V (H) such that a is trapped in G[V (H) ∪ {a}]. Then
for every vertex x ∈ G \ NG[a], there exists Sx ⊆ V (G) \ {a, x} with |Sx| < 4t6 such that
Sx separates a and x in G.

The main technicality in the proof of Theorem 7.3 is isolated in Theorem 10.2, which
gives an explicit decomposition theorem for all (theta, prism)-free graphs containing a
vertex a as described in the statement of Theorem 7.3. It turns out that the entire graph
G \ {a} can be partitioned into two induced subgraphs L and L′, such that L admits a
line-graph-like structure imposed by H, and every vertex v ∈ V (L′) is either anticomplete
to V (L) or attaches to V (L) in a highly restricted way; we refer to the latter type of
vertices as the “jewels.”

The formal statement of Theorem 10.1, as well as its proof, will appear in Section 10.1.
In Section 10.2, we will examine the adjacency between the jewels and the line-graph-like
part L more closely to show that in the case of bounded clique number, the jewels cluster
into subsets of bounded cardinality, attaching at pairwise “far-apart” zones of L.

Combining the latter result and the decomposition theorem from Section 10.1, we will
derive Theorem 7.3 in Section 10.3.

1This chapter is based on the coauthored paper [2].
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η(e4)
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C

G

η(e6, v6)

Figure 10.1: A smooth tree T (top left – note that T is a caterpillar), a proper subdivision
C of T (bottom left – note that C is also a caterpillar), and a graph G in whivh there is a
(T, a)-strip-structure η (right – note that G[η(T )] is isomorphic to the line graph of C).

10.1 Jeweled strip structures

A tree T is said to be smooth if T has at least three vertices and no vertex of T has degree
two. Let G be a graph, let a ∈ V (G), let T be a smooth tree, and let

η : V (T ) ∪ E(T ) ∪ (E(T )× V (T )) → 2V (G)\{a}

be a function. For a subset S of V (T ), we define

η(S) =
⋃

v∈S, e∈E(T [S])

(η(v) ∪ η(e))

and
η+(S) = η(S) ∪ {a}.

Also, for a vertex v ∈ V (T ), we define Bη(v) as follows (although we will often omit the
subscript η unless there is ambiguity).

Bη(v) =
⋃

v∈e∈E(T )

η(e, v).
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With the notation as above, the function η is said to be a (T, a)-strip-structure in G if
the following conditions are satisfied (see Figure 10.1; see also [17], [18] and [19] for similar
notions).

(S1) For all distinct o, o′ ∈ V (T ) ∪ E(T ), we have η(o) ∩ η(o′) = ∅.
(S2) If l ∈ V (T ) is a leaf of T , then η(l) is empty.
(S3) For all e ∈ E(T ) and v ∈ V (T ), we have η(e, v) ⊆ η(e), and η(e, v) ̸= ∅ if and only

if e is incident with v.
(S4) For all distinct edges e, f ∈ E(T ) and every vertex v ∈ V (T ), the sets η(e, v) and

η(f, v) are complete in G, and there are no other edges in G between η(e) and η(f).
In particular, if e and f share no end, then η(e) and η(f) are anticomplete in G.

(S5) For every e ∈ E(T ) with ends u, v, define η◦(e) = η(e) \ (η(e, u) ∪ η(e, v)). Then for
every vertex x ∈ η(e), either

• we have x ∈ η(e, u) ∩ η(e, v); or
• there is a path in η(e) from x to a vertex in η(e, u)\η(e, v) with interior contained

in η◦(e), and there is a path in η(e) from x to a vertex in η(e, v) \ η(e, u) with
interior contained in η◦(e).

(S6) For all v ∈ V (T ) and e ∈ E(T ), the sets η(v) and η(e) \ η(e, v) are anticomplete in
G. Equivalently, we have Nη(T )(η(v)) ⊆ Bη(v).

(S7) For every v ∈ V (T ) and every component D of η(v), we have NBη(v)(D) ̸= ∅.
(S8) For every leaf l of T with e ∈ E(T ) being the leaf-edge of T incident with l, the

vertex a is complete to η(e, l). Moreover, a has no other neighbors in η(T ).

A club is a 4-tuple (G, a, T, η) where G is a graph, a ∈ V (G), T is a smooth tree and η
is a (T, a)-strip-structure in G.

We say a subset C of η(T ) is local in η if C ⊆ η(e) for some e ∈ E(T ) or C ⊆ Bη(v)∪η(v)
for some v ∈ V (T ). The following lemma is a characterization of all local subsets:

Theorem 10.1. Let (G, a, T, η) be a club. Then a subset C of η(T ) is local in η if and
only if every 2-subset of C is local in η.

Proof. The “only if” implication is trivial. For the “if” implication, suppose for a contra-
diction that there exists C ⊆ η(T ) which is not local in η, but every 2-subset of C is local
in η. We claim that:
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η(e)

B(v) ∪ η(v)

B(u) ∪ η(u)

(B(u) ∪ η(u)) \ η(e)

(B(v) ∪ η(v)) \ (B(u) ∪ η(u))

x′

y′

Figure 10.2: Proof of Theorem 10.1.

(89) C ⊆
⋃

v∈V (T )

(B(v) ∪ η(v)).

For suppose there exists a vertex x ∈ C ∩ η◦(e) for some e ∈ E(T ). Then by (S1), we
have x /∈ η(f) for all f ∈ E(T )\{e}, and also we have x /∈ B(v)∪ η(v) for every v ∈ V (T ).
Thus, since C is not local, it follows that there exists a vertex y ∈ C \η(e). But then {x, y}
is a 2-subset of C which is not local in η, a contradiction. This proves (89).

By (89), and since the empty set is local in η, we may pick x ∈ C, v ∈ V (T ) and
e = uv ∈ E(T ) such that x ∈ η(e, v) ∪ η(v). We deduce:

(90) C ⊆ B(u) ∪ η(u) ∪B(v) ∪ η(v).

Suppose for a contradiction that there exists a vertex y ∈ C\(B(u)∪η(u)∪B(v)∪η(v)).
By (89), we have C \ (B(u)∪ η(u)∪B(v)∪ η(v)) = C \ (η(e)∪B(u)∪ η(u)∪B(v)∪ η(v)),
and so y ∈ C \ (η(e) ∪ B(u) ∪ η(u) ∪ B(v) ∪ η(v)). But then by (S1), {x, y} is a 2-subset
of C which is not local in η, a contradiction. This proves (90).

Now, since C is not local, it follows that C ̸⊆ η(e); so by (90) and without loss of
generality, we may assume that there exists a vertex

x′ ∈ (B(u) ∪ η(u)) \ η(e) ⊆ (B(u) ∪ η(u)) \ (B(v) ∪ η(v))

such that {x′, y′} ⊆ C. Similarly, since C is not local, it follows that C ̸⊆ B(u)∪ η(u), and
so by (90), there exists a vertex y′ ∈ (B(v) ∪ η(v)) \ (B(u) ∪ η(v)). But then {x′, y′} is a
2-subset of C which is not local in η, a contradiction (see Figure 10.2). This completes the
proof of Theorem 10.1. ■
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The mere statement of our main result in this section relies on a number of further
definitions, which we will provide below.

For the following four sets of definitions, let (G, a, T, η) be a club.

• Rungs. For an edge e ∈ E(T ) with ends u, v, by an η(e)-rung, we mean a path
P in η(e) ⊆ η(T ) for which either |V (P )| = 1 and P ⊆ η(e, u) ∩ η(e, v), or P has
an end in η(e, u) \ η(e, v), an end in η(e, v) \ η(e, u), and P ∗ ⊆ η◦(e). Equivalently,
a path P in η(e) is an η(e)-rung if P has an end in η(e, u), an end in η(e, v), and
|P ∩ η(e, u)| = |P ∩ η(e, v)| = 1.
It follows from (S5) that every vertex in η(e) \ η◦(e) is contained in an η(e)-rung.
In particular, if η(e, u) ⊆ η(e, v), then we have η(e, u) = η(e, v) (for otherwise each
vertex in η(e, v) \ η(e, u) fails to satisfy both bullet conditions of (S5)). Similarly, if
η(e, v) ⊆ η(e, u), then we have η(e, u) = η(e, v). An η(e)-rung is said to be long if it
is of non-zero length.

• Tame structures. Let e ∈ E(T ). We write η̃(e) for the set of all vertices in η(e)
that are not in any η(e)-rung (so η̃(e) ⊆ η◦(e).) We say that η is tame if η(v) = ∅
for every v ∈ V (T ), and η̃(e) = ∅ for every e ∈ E(T ). In other words, η is tame if
and only if every vertex in η(T ) is in an η(e)-rung for some e ∈ E(T ).

• Substantial structures. We say that η is substantial if for every e ∈ E(T ), there
exists a long η(e)-rung in G. Equivalently, η is substantial if for every edge e ∈ E(T )
with ends u, v, we have η(e, u) ̸= η(e, v), and so η(e, u) \ η(e, v), η(e, v) \ η(e, u) ̸= ∅.
For a (T, a)-strip-structure η′ in G, we write η ≤ η′ to mean that η(o) ⊆ η′(o) for
every o ∈ V (T ) ∪ E(T ) ∪ (E(T ) × V (T )). One may observe (using (S4) and the
smoothness of T , in particular) that if η is substantial and η ≤ η′, then η′ is also
substantial.

• Rich structures. We say η is rich if a is trapped in η+(T ), and for every edge
e = lv ∈ E(T ) where l is a leaf, we have |η(e, l)| = 1. It follows that if η is rich, then
T has exactly |NG(a)| leaves. Moreover, for each edge e = lv ∈ E(T ) where l is a
leaf of T , since T is smooth, it follows that v has degree at least three in T , which in
turn implies that η(e, v)∩η(e, l) = ∅ (for otherwise we have η(e, l) ⊆ η(e, v), and the
single neighbor of a in η(e, l) violates the assumption that a is trapped in η+(T )).

A pyramid is a graph Σ consisting of a vertex a, a triangle {b1, b2, b3} disjoint from a and
three paths P1, P2, P3 in Σ at most one of which has length exactly one, such that for each
i ∈ [3], the ends of Pi are a to bi, and for all distinct i, j ∈ [3], the sets V (Pi) \ {a} and
V (Pj \ {a}) are disjoint, and bibj is the only edge of G with an end in V (Pi) \ {a} and an
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p

Figure 10.3: From left to right: A short pyramid, a long pyramid, and a jewel (at b3).
Squiggly lines represent paths of arbitrary (possibly zero) length.

end in V (Pj) \ {a}. We say that a is the apex of Σ, the triangle b1b2b3 is the base of Σ,
and P1, P2, P3 are the paths of Σ. The pyramid Σ is said to be long if each of its paths
has length at least two. For a graph G, by a (long) pyramid in G we mean an induced
subgraph of G which is a (long) pyramid. See Figure 10.3.

Let G be a graph and let Σ be a pyramid in G with apex a, triangle b1b2b3, and paths
P1, P2, P3. Let i ∈ [3] and let p ∈ V (G) \ V (Σ). We say p is a jewel for Σ at bi if p is
anticomplete to Pi (in particular, p is anticomplete to a), and for every j ∈ [3] \ {i}, we
have NPj

(p) = NPj
[bj] (see Figure 10.3). By a jewel for Σ we mean a jewel for Σ at one of

b1, b2 or b3. For the most part, we will be tacking pyramids and jewels that are “canonical”
relative to a given strip structure. The precise definitions are as follows. Let (G, a, T, η)
be a club.

• Seagulls and claws. By a seagull in T we mean a triple (v, e1, e2) where v ∈ V (T )
and e1, e2 are two distinct edges of T incident with v. By a claw in T we mean
a 4-tuple (v, e1, e2, e3) where v ∈ V (T ) and e1, e2, e3 are three distinct edges of T
incident with v.

• Canonical pyramids. Let (v, e1, e2, e3) be a claw in T . By an η-pyramid at
(v, e1, e2, e3), we mean a pyramid Σ in η+(T ) with apex a, base b1b2b3 and paths
P1, P2, P3, such that the following hold for each i ∈ [3] (see also Figure 10.4).

– bi ∈ η(ei, v).

– There is a leaf li of T with the following property. Let Λi be the unique path in
T from v to li. Then we have:

∗ ei ∈ E(Λi); and
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η(e2, v)

η(e1, v) η(e3, v)
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η(e2)

η(e3)
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p b2

b1 b3

Σ

ve1 e3

e2

l1 l2 l3

Figure 10.4: Left: A smooth tree T , a branch vertex v of T and a claw (v, e1, e2, e3) in T .
Right: An η-pyramid Σ, which is an η-pyramid at v, or more specifically, an η-pyramid at
(v, e1, e2, e3). The vertex p is η-jewel, a η-jewel at v, and a η-jewel at (v, e1, e2).

∗ Pi = Γi∪{a}, where Γi is a path in G[
⋃

e∈E(Λi)
η(e)] such that Ri = Γi∩η(ei)

is a long η(ei)-rung and Γi ∩ η(e) is an η(e)-rung for each e ∈ E(Λi) \ {ei}.
In particular, assuming ui to be the ends of ei distinct from v and ci to be the
unique vertex in NRi

(bi) = NPi
(bi) for each i ∈ [3], we have bi ∈ η(ei, v)\η(ei, ui)

and ci ∈ η(ei) \ η(ei, v).
For a branch vertex v ∈ V (T ), by an η-pyramid at v we mean an η-pyramid at
(v, e1, e2, e3) for some claw (v, e1, e2, e3) in T . Also, by an η-pyramid we mean an
η-pyramid at v for some branch vertex v ∈ V (T ). It follows that every η-pyramid
is a long pyramid, and if η is substantial, then there is a η-pyramid at every claw
(v, e1, e2, e3) in T .

• Canonical jewels. Let (v, e1, e2) be a seagull in T . A vertex p ∈ G \ η+(T ) is said
to be a η-jewel at (v, e1, e2) if for some edge e3 ∈ E(T ) \ {e1, e2} incident with v,
there exists an η-pyramid Σ at (v, e1, e2, e3) with base b1b2b3 where bi ∈ η(ei, v) for
each i ∈ [3], such that p is a jewel for Σ at b3 (see Figure 10.4). In particular, for
each i ∈ {1, 2}, the vertex p is adjacent to bi and its unique neighbor ci in P ∗

i . Since
Σ is an η-pyramid at (v, e1, e2, e3), it follows that, assuming ui to be the end of ei
distinct from v, the vertex p has a neighbor in η(ei, v) \ η(ei, ui), namely bi, and a
neighbor in η(ei) \ η(ei, v), namely ci.
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Figure 10.5: A pyramid (left) and a corner path at b1 (right). Squiggly lines represent
paths of arbitrary (possibly zero) length and dashed lines represent possible edges.

For a vertex v ∈ V (T ), by a η-jewel at v we mean a η-jewel at (v, e1, e2) for some
seagull (v, e1, e2) in T . By a η-jewel we mean a η-jewel at v for some branch vertex
v ∈ V (T ). We denote by JWη the set of all η-jewels. It follows that JWη ⊆ G\η+(T ).

We are now in a position to state the main result of this section:

Theorem 10.2. Let (G, a, T, η) be a club where G is (theta, prism)-free and η is tame,
substantial, and rich. Then there is a substantial and rich (T, a)-strip-structure ζ in G
such that η ≤ ζ, and for every vertex w ∈ G \ ζ+(T ), either w is anticomplete to ζ+(T ) in
G or w ∈ JWζ.

The proof of Theorem 10.2 makes critical use of Theorem 10.3 below. In rough terms,
for a (theta, prism)-free graph G and a pyramid Σ in G whose apex is trapped in Σ,
Theorem 10.3 characterizes the adjacency between Σ and any path in G\Σ. For the exact
statement, we need to give a few definitions. Let G be a graph and let Σ be a pyramid in
G with apex a, base b1b2b3 and paths P1, P2, P3. A set X ⊆ V (Σ) is said to be local (in
Σ) if either X ⊆ V (Pi) for some i ∈ [3] or X ⊆ {b1, b2, b3}. Let P be a path in G \Σ with
(not necessarily distinct) ends p1, p2. For i ∈ [3], we say P is a corner path for Σ at bi if
p1 has at least one neighbor in V (Pi) \ {bi}, p2 is complete to {b1, b2, b3} \ {bi}, and except
for the edges imposed by the latter conditions, there is no edge with an end in V (P ) and
an end in V (Σ) \ {bi} (see Figure 10.5). By a corner path for Σ we mean a corner path for
Σ at one of b1, b2 or b3.

Observe that, if G is a graph, Σ is a pyramid in G and P is a path in G \ Σ such that
NΣ(P ) is local in Σ, then there is no path in P which is a corner path for Σ, nor is there a
jewel for Σ in V (P ). The following shows that if G is (theta, prism)-free, then the converse
is also true:
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Theorem 10.3. Let G be a (theta, prism)-free graph, let H be an induced subgraph of G,
let a ∈ V (H) be trapped in H and let P be a path in G \H. Let Σ be a pyramid in H with
apex a, base b1b2b3, and paths P1, P2, P3. Then NΣ(P ) is local in Σ if and only if there is
no path in P which is a corner path for Σ, and V (P ) contains no jewel for Σ.

Proof. We only need to prove the “if” implication. Suppose for a contradiction that there
exists a path P in G \H for which NΣ(P ) is not local in Σ, there is no path in P which
is a corner path for Σ, and there is no jewel for Σ in V (P ). We choose such a path P
with |V (P )| minimum. It follows that NΣ(X) is local in Σ for every path X in G with
V (X) ⊊ V (P ). Also, since a is trapped in H, it follows that Σ is a long pyramid, and
V (P ) ⊆ V (G) \ V (H) is anticomplete to NΣ[a].

First, assume that |V (P )| = 1, say V (P ) = {p}. We deduce:

(91) There exists i ∈ [3] for which p is anticomplete to Pi.

Suppose for a contradiction that p has a neighbor in each of P1, P2, P3. Since NΣ(p) is
not local in Σ and p is not a corner path for Σ, we may assume without loss of generality
that p has a neighbor in P ∗

1 and a neighbor in P ∗
2 . For each i ∈ [3], traversing Pi from a

to bi, let xi be the first neighbor of p in Pi. Since a is trapped, it follows that x1 ∈ P ∗
1 ,

x2 ∈ P ∗
2 and x3 ∈ P3 \ NΣ[a] (in particular, x3 = b3 is possible). But then G contains a

theta with ends a, p and paths (a-Pi-xi-p : i ∈ [3]), a contradiction. This proves (91).

By (91) and without loss of generality, we may assume that p is anticomplete to P3.
Since NΣ(p) is not local in Σ, it follows that p has a neighbor in P1 and a neighbor in P2,
and there exists j ∈ {1, 2} for which p has a neighbor in P ∗

j . For each j ∈ {1, 2}, traversing
Pj from a to bj, let xj and yj be the first and the last neighbor of p in Pj, respectively.
Then we have xj ∈ P ∗

j \NPj
(a) for some j ∈ {1, 2}. Indeed, this happens for all j ∈ {1, 2}:

(92) We have x1 ∈ P ∗
1 \NP1(a) and x2 ∈ P ∗

2 \NP2(a).

Suppose not. Since NΣ(p) is not local in Σ and p is anticomplete to NΣ(a), we may
assume without loss of generality that p has a neighbor in P ∗

1 and x2 = y2 = b2. But
now G contains a theta with ends a, b2 and paths a-P1-x1-p-b2, a-P2-b2 and a-P3-b3-b2, a
contradiction. This proves (92).

(93) NPj
(p) is a 2-clique for every j ∈ {1, 2}.

Suppose not. Then we may assume without loss of generality that either x1 = y1 or x1
and y1 are distinct and non-adjacent. By (92), for each j ∈ {1, 2}, we have xj ∈ P ∗

j \NPj
(a).
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It follows that if x1 = y1, then G contains a theta with ends a, x1 and paths a-P1-x1,
a-P2-x2-p-x1 and a-P3-b3-b1-P1-x1, a contradiction. Therefore, x1 and y1 are distinct and
non-adjacent. But then G contains another theta, this time with ends a, p and paths
a-P1-x1-p, a-P2-x2-p and a-P3-b3-b1-P1-y1-p, again a contradiction. This proves (93).

The case |V (P )| = 1 is almost concluded. By (93), for each j ∈ {1, 2}, we have
NPj

(p) = {xj, yj} where xj is adjacent to yj. It follows that if yj ∈ P ∗
j for some (j, j′) ∈

{(1, 2), (2, 1)}, then G contains a prism with triangles {xj, yj, p} and {b1, b2, b3} and paths
xj-Pj-a-P3-b3, yj-Pj-bj and p-yj′-Pj′-bj′ , a contradiction. Hence, we have yj = bj for every
j ∈ {1, 2}. But now p is a jewel corner for Σ at b3, a contradiction.

From now on, assume that |V (P )| > 1. Let p1 and p2 be the distinct ends of P . For
every i ∈ [3], let P ′

i = Pi \ NPi
[a]. By the minimality of V (P ) of and since NΣ(P ) is not

local in Σ, we may assume without loss of generality that

• NΣ(p1) ⊆ P ′
1 and p1 has a neighbor in P ′

1 \ {b1}; and
• p2 has a neighbor in P ′

2, and either NΣ(p2) ⊆ P ′
2 or NΣ(p2) ⊆ {b1, b2, b3}.

It follows from the choice of P that P ∗ and V (Σ) \ {b1} are anticomplete in G. For each
i ∈ {1, 2}, traversing Pi from a to bi, let xi and yi be the first and the last neighbor of pi
in Pi, respectively. So we have x1 ∈ P ′

1 \ {b1}, y1 ∈ P ′
1 and x2, y2 ∈ P ′

2. The latter can be
made more informative:

(94) We have x2 ∈ P ′
2 \ {b2}.

Suppose not. Then we have x2 = y2 = b2, and so b2 ∈ NΣ(p2) ⊆ {b1, b2, b3}. Since P is
not a corner path for Σ at b1, it follows that p2 is not adjacent to b3. But now G contains a
theta with ends a, b2 and paths a-P1-x1-p1-P -p2-b2, a-P2-b2 and a-P3-b3-b2, a contradiction.
This proves (94).

From (94) and the minimality of P , it follows that P ∗ and V (Σ) are anticomplete in
G, and for every i ∈ {1, 2}, we have NΣ(pi) = NP ′

i
(pi), xi ∈ P ′

i \ {bi} and yi ∈ P ′
i .

(95) For every i ∈ {1, 2}, the vertices xi and yi are distinct and adjacent.

Suppose not. Then we may assume without loss of generality that either x1 = y1 or x1
and y1 are distinct and non-adjacent. In the former case, G contains a theta with ends a, x1
and paths a-P1-x1, a-P2-x2-p2-P -p1-x1 and a-P3-b3-b1-P1-x1, and in the latter case, G con-
tains a theta with ends a, p1 and paths a-P1-x1-p1, a-P2-x2-p2-P -p1 and a-P3-b3-b1-P1-y1-p1,
both of which are contradictions. This proves (95).
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To finish the proof, note that by (95), NPi
(p) = {xi, yi} is a 2-clique for every i ∈ {1, 2}.

But now G contains a prism with triangles {p1, x1, y1} and {p2, x2, y2} and paths P ,
x1-P1-a-P2-x2 and y1-P1-b1-b2-P2-y2, a contradiction. This completes the proof of The-
orem 10.3. ■

We are ready to prove Theorem 10.2, which we restate:

Theorem 10.2. Let (G, a, T, η) be a club where G is (theta, prism)-free and η is tame,
substantial, and rich. Then there is a substantial and rich (T, a)-strip-structure ζ in G
such that η ≤ ζ, and for every vertex w ∈ G \ ζ+(T ), either w is anticomplete to ζ+(T ) in
G or w ∈ JWζ.

Proof. Let η be a tame, substantial, and rich (T, a)-strip-structure in G such that η(T ) is
maximal with respect to inclusion. Let M = G \ (η+(T ) ∪ JWη).

(96) Let P be a path in M with ends p1 and p2 such that there exist x1 ∈ Nη(T )(p1) and
x2 ∈ Nη(T )(p2) for which {x1, x2} is not local in η, and such that |V (P )| ≥ 1 is minimum
subject to this property. Then there exists (j1, j2) ∈ {(1, 2), (2, 1)} and f = v1v2 ∈ E(T )
such that xj1 ∈ B(vj1) \ η(f) and xj2 ∈ (B(vj2) ∪ η(f)) \B(vj1).

Suppose not. For each i ∈ {1, 2}, let ei ∈ E(T ) be such that xi ∈ η(ei) (hence e1 ̸= e2)
and let si be an end of ei such that there exists a path Λ0 (possibly of length zero) from s1
to s2 in T \ {e1, e2}. We claim that there is a vertex v ∈ Λ0 such that B(v)∩{x1, x2} = ∅.
First, suppose that s1 ̸= s2. Let v1 be the unique neighbor of s1 in Λ0. Then we have
x1 /∈ B(v1) and x2 /∈ B(s1). Also, since f = s1v1 does not satisfy (96), we have either
x1 /∈ B(s1) or x2 /∈ B(v1). But then either v = s1 or v = v1 satisfies the claim. Thus, we
may assume that v = s1 = s2. Since neither e1 nor e2 satisfies (96), we have x1 /∈ B(s1)
and x2 /∈ B(s2). In other words, we have B(v) ∩ {x1, x2} = ∅, and the claim follows.
Henceforth, let v be as promised by the above claim. For each i ∈ {1, 2}, let ui be the
end of ei distinct from si (hence u1 ̸= u2). Let Λ = u1-s1-Λ0-s2-u2 and let u′1, u′2 be the
neighbors of v in Λ such that Λ traverses u1, u′1, v, u′2, u2 in this order (so possibly u1 = u′1
or u2 = u′2). For each i ∈ {1, 2}, let e′i = u′iv. Since T is smooth, one may choose a
vertex u′3 ∈ NT (v) \ V (Λ). Let e′3 = u′3v. For each i ∈ [3], let Ti be the component of
T \ (NT (v) \ {u′i}) containing v (so e′i ∈ E(Ti)). Since B(v) ∩ {x1, x2} = ∅ and since η is
tame and substantial, it follows that there is an η-pyramid Σ at (v, e′1, e′2, e′3) with apex a,
base b1b2b3 and paths P1, P2, P3 such that we have:

• bi ∈ η(e′i, v) and P ∗
i ⊆ η(Ti) \B(v) for each i ∈ [3]; and
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• xi ∈ P ∗
i for each i ∈ {1, 2}. In particular, NΣ(P ) is not local in Σ and P is not a

corner path for Σ.

On the other hand, since V (P ) ⊆M ⊆ V (G)\ (η+(T )∪JWη) and since Σ is an η-pyramid,
it follows that V (P ) contains no jewel for Σ. Moreover, a is trapped in η+(T ) because η
is rich. Therefore, we can apply Theorem 10.3 to G, H = η+(T ), a, P and Σ to deduce
that P contains a corner path for Σ. Note also that by the second bullet above, for every
vertex x ∈ V (Σ)\{a}, either {x, x1} or {x, x2} is not local in η. From this, the minimality
of |V (P )| and the fact that η is rich, it follows that P ∗ and V (Σ) are anticomplete in G.
But now P itself is a corner path for Σ, a contradiction with the second bullet above. This
proves (96).

(97) Let P be a path in M with ends p1 and p2 such that there exist x1 ∈ Nη(T )(p1)
and x2 ∈ Nη(T )(p2) for which {x1, x2} is not local in η, and such that |V (P )| ≥ 1 is
minimum subject to this property. Let (j1, j2) ∈ {(1, 2), (2, 1)} and f = v1v2 ∈ E(T ) be
as guaranteed by (96) applied to P, x1 and x2. Then we have Nη(T )(P

∗) ⊆ η(f, vj1) and
Nη(T )({p1, p2}) ⊆ η(f) ∪B(v1) ∪B(v2).

Suppose not. Without loss of generality, we may assume that j1 = 1 and j2 = 2. By the
minimality of |V (P )|, we have Nη(T )(P

∗) ⊆ η(f, v1). So one of p1 and p2, say the former,
has a neighbor in x′1 ∈ η(T ) \ (η(f)∪B(v1)∪B(v2)). Let T1 be the component of T \ {v2}
containing v1 and let T2 be the component of T \ {v1} containing v2. It follows that there
exists (i, j) ∈ {(1, 2), (2, 1)} such that x′1 ∈ η(Tj)\B(vj). But now we claim that P, x′1 and
xi violate (96). This is immediate if |V (P )| = 1. If |V (P )| > 1, then by the minimality of
|V (P )|, we have i = 2, from which the claim follows directly. This proves (97).

(98) Let P be a path in M with ends p1 and p2 such that there exist x1 ∈ Nη(T )(p1) and
x2 ∈ Nη(T )(p2) for which {x1, x2} is not local in η, and such that |V (P )| ≥ 1 is minimum
subject to this property. Suppose that there exist (k1, k2) ∈ {(1, 2), (2, 1)}, f = v1v2 ∈ E(T )
and e1 ∈ E(T )\{f} incident with vk1, such that pk1 has a neighbor in η(e1, vk1) and pk2 has
a neighbor in (B(vk2)∪ η(f)) \B(vk1). Then pk1 is complete to B(vk1) \ (η(e1, vk1)∪ η(f)).

Due to symmetry, we may assume that k1 = 1 and k2 = 2. Let e3 ∈ E(T ) \ {e1, f} be
incident with v1 and let b3 ∈ η(e3, v1) be arbitrary. We need to show that p1 is adjacent
to b3. Suppose for a contradiction that p1 and b3 are non-adjacent. Let b1 ∈ η(e1, v1) be
adjacent to p1 and let x ∈ (B(v2)∪η(f))\B(v1) be adjacent to p2. Let T2 be the component
of T \ (NT (v1) \ {v2}) containing v1 (so f ∈ E(T2)). Also, for each i ∈ {1, 3}, let ui be the
end of ei distinct from v1 and let Ti be the component of T \ (NT (v1) \ {ui}) containing
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v1 (so ei ∈ E(Ti)). By (96) and (97), there exists an edge f ′ = v′1v
′
2 ∈ E(T ) such that

Nη(T )({p1, p2}) ⊆ η(f ′)∪B(v′1)∪B(v′2). This, along with the minimality of |V (P )|, implies
that p1 is anticomplete to (η(T1) ∪ η(T3)) \ B(v1), the sets V (P ) \ {p1} and η(T1) ∪ η(T3)
are anticomplete, and the sets V (P ) \ {p2} and η(T2) \ B(v1) are anticomplete, as well.
Since p2 is adjacent to x ∈ (B(v2)∪ η(f)) \B(v1) and since η is tame, it follows that there
exists a path P2 in G from a to p2 with P ∗

2 ⊆ η(T2) \ B(v1). Also, for each i ∈ {1, 3},
there exists a path Pi in G from a to bi with P ∗

i ⊆ η(Ti) \B(v1). Since η is rich, it follows
that V (P ) and NG[a] are anticomplete, and in particular P1 has length at least two. But
now G contains a theta with ends a and b1 and paths P1, a-P2-p2-P -p1-b1 and a-P3-b3-b1, a
contradiction. This proves (98).

The following is immediate from (98) and the assumption that T is smooth.

(99) Let P be a path in M with ends p1 and p2 such that there exists x1 ∈ Nη(T )(p1)
and x2 ∈ Nη(T )(p2) for which {x1, x2} is not local in η, and such that |V (P )| ≥ 1 is
minimum subject to this property. Suppose that there exist (k1, k2) ∈ {(1, 2), (2, 1)} and
f = v1v2 ∈ E(T ) such that xk1 ∈ B(vk1) \ (η(f)) and xk2 ∈ (B(vk2)∪ η(f)) \B(vk1). Then
pk1 is complete to B(vk1) \ η(f).

We employ all previous statements to show that:

(100) Let D be a component of M . Then Nη(T )(D) is local in η.

Suppose not. By Theorem 10.1, there exist x′1, x′2 ∈ Nη(T )(D) such that {x′1, x′2} is not
local in η. For each i ∈ {1, 2}, let p′i be a neighbor of x′i in D. Since D is connected, there
exists a path P in D ⊆M from p′1 to p′2. In other words, there exists a path P ′ in M with
ends p′1, p′2 as well as vertices x′1 ∈ Nη(T )(p

′
1) and x′2 ∈ Nη(T )(p

′
2) such that {x′1, x′2} is not

local in η. Therefore, we may choose a path P in M with ends p1 and p2 such that there
exist x1 ∈ Nη(T )(p1) and x2 ∈ Nη(T )(p2) for which {x1, x2} is not local in η, and such that
|V (P )| ≥ 1 is minimum subject to this property. As a result, we can apply (96) to P , x1
and x2. Let (j1, j2) ∈ {(1, 2), (2, 1)} and f = v1v2 ∈ E(T ) be as in (96). We may assume
without loss of generality that j1 = 1 and j2 = 2; in particular, v1 is a branch vertex of T .
By (97), we have Nη(T )(P

∗) ⊆ η(f, v1) and Nη(T )({p1, p2}) ⊆ η(f) ∪ B(v1) ∪ B(v2). From
(99) applied to (k1, k2) = (1, 2), it follows that p1 is complete to B(v1) \ η(f). Also, from
(99) applied to (k1, k2) = (2, 1), it follows that either p2 is complete to B(v2) \ η(f) and
B(v2)\η(f) ̸= ∅, or p2 is anticomplete to B(v2)\η(f). Note that if |V (P )| > 1, then by the
minimality of |V (P )|, we have Nη(T )(p1) ⊆ B(v1) and Nη(T )(p2) ⊆ (B(v2) ∪ η(f)) \ B(v1).
Let us define

η′ : V (T ) ∪ E(T ) ∪ (E(T )× V (T )) → 2G\{a}
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as follows:

• Let η′(o) = η(o) for every o ∈ V (T )∪(E(T )\{f})∪((E(T )×V (T ))\{(f, v1), (f, v2)}).
• Let η′(f) = η(f) ∪ V (P ) and let η′(f, v1) = η(f, v1) ∪ {p1}.
• Let

– η′(f, v2) = η(f, v2)∪{p2} if p2 is complete to B(v2)\η(f) and B(v2)\η(f) ̸= ∅;
– η′(f, v2) = η(f, v2) if p2 is anticomplete to B(v2) \ η(f).

From the assumption that η is tame, substantial and rich, and the fact that p2 is adjacent to
x2 ∈ B(v2)∪ η(f)) \B(v1), it is straightforward to check that η′ is also a tame, substantial
and rich (T, a)-strip-structure in G. But η′(T ) = η(T ) ∪ P , a contradiction with the
maximality of η(T ). This proves (100).

The proof is almost concluded. Let X be the union of all the components D of M where
D and η+(T ) are anticomplete in G. Since η is rich, it follows that a is anticomplete to
M \X, as well. So for every component D of M \X, we have Nη+(T )(D) = Nη(T )(D) ̸= ∅.

By (100), for every component D of M \X, the set Nη(T )(D) is local in η. Let D be the
set of all components D of M \X for which we have Nη+(T )(D) ⊆ Bη(v) for some v ∈ V (T ).
Breaking the ties arbitrarily and by the definition of X, we may write D =

⋃
v∈V (T ) Dv,

where

• for all distinct u, v ∈ V (T ), we have Du ∩ Dv = ∅; and
• for all v ∈ V (T ) and every D ∈ Dv, we have Nη+(T )(D) ⊆ Bη(v) and Nη+(T )(D) ̸= ∅.

For each edge e = uv ∈ E(T ), let De be the set of all components D of M \X for which
we have Nη+(T )(D) ⊆ η(e) and

• either Nη(T )(D) ∩ η◦(e) ̸= ∅, or;
• Nη(T )(D) ∩ (η(e, u) \ η(e, v)) ̸= ∅ and Nη(T )(D) ∩ (η(e, v) \ η(e, v)) ̸= ∅.

From the definition of X, it follows that every component of M \X belongs to exactly one
of the sets {Dv,De : v ∈ V (T ), e ∈ E(T )} (again, since η is rich, a is anticomplete to each
such component).

We now define
ζ : V (T ) ∪ E(T ) ∪ (E(T )× V (T )) → 2G\{a}

as follows. For all v ∈ V (T ) and e ∈ E(T ), let

ζ(v) =
⋃

D∈Dv

D;
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ζ(e) = η(e) ∪

( ⋃
D∈De

D

)
;

ζ(e, v) = η(e, v).

It is easily seen that ζ satisfies the conditions (S1)-(S8) from the definition of a (T, a)-strip-
structure in G. In particular, since η is rich, it follows that ζ satisfies (S2), and from the
definitions of X, Dv’s and De’s, it follows that ζ satisfies (S5) and (S7).

Now, observe that η ≤ ζ. Since η is substantial and rich, since η ≤ ζ, and from the
definitions of X and ζ, it follows that ζ is a substantial and rich (T, a)-strip-structure with
JWζ = JWη. Moreover, note that we have ζ+(T ) = η(T )+ ∪ (M \X), and so

G \ (ζ+(T ) ∪ JWζ) = G \ (ζ+(T ) ∪ JWη) = X.

Hence, the sets G \ (ζ+(T ) ∪ JWζ) and ζ+(T ) are anticomplete in G. This completes the
proof of Theorem 10.2. ■

10.2 Jewels under the loupe

In this section, we revisit jewels for strip structures and collect a number of results con-
cerning their properties in various settings. This will help attune Theorem 10.2 for its
application in the proof of Theorem 10.9.

First, we introduce some notation. Let (G, a, T, ζ) be a club. For a vertex v ∈ V (T ),
we denote by JWζ,v the set of all ζ-jewels at v. It follows that JWζ,v = ∅ if v is a leaf of T .
We also refine the notation JWζ,v to the seagulls at v, as follows. For a vertex v ∈ V (T )
and an edge e ∈ E(T ) incident with v, we denote by ζe(v) the set of all components D of
ζ(v) for which we have NB(v)(D) ⊆ ζ(e, v), or equivalently, Nζ(T )\ζ(e,v)(D) = ∅. Given a
seagull (v, e1, e2) in T with ui being the end of ei distinct from v for each i ∈ {1, 2}, we
define

ζ(v, e1, e2) = ζ(e1) ∪ ζ(e2) ∪ ζe1(u1) ∪ ζe2(u2) ∪ ζ(v).

The notation JWζ,(v,e1,e2) then stands for the set of all ζ-jewels at (v, e1, e2).

The following describes, in (theta, prism)-free graphs, the adjacency of jewels at a given
seagull:

Theorem 10.4. Let (G, a, T, ζ) be a club where G is theta-free. Then the following hold.
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(a) For every seagull (v, e1, e2) in T , we have Nζ+(T )(JWζ,(v,e1,e2)) ⊆ ζ(v, e1, e2). Conse-
quently, for every vertex v ∈ V (T ), we have Nζ+(T )(JWζ,v) ⊆ ζ(NT [v]), and for every
two distinct vertices v, v′ ∈ V (T ), we have JWζ,v ∩ JWζ,v′ = ∅.

(b) Assume further that G is prism-free and ζ is rich. Let (v, e1, e2) be a seagull in T
and let x be a ζ-jewel at (v, e1, e2). Let R be a long ζ(ei)-rung for some i ∈ {1, 2},
let r be the end of R in ζ(ei, v) and let r′ be the unique neighbor of r in R. Then
either x is anticomplete to R or NR(x) = {r, r′}.

Proof. We begin with a common set-up for the proofs of both 10.4(a) and 10.4(b). Fix
a seagull (v, e1, e2) in T and a vertex x ∈ JWζ,(v,e1,e2). Then v is a branch vertex of T .
For each i ∈ {1, 2}, let ui be the end of ei distinct from v and let Ti be the component
of T \ (NT (v) \ {ui}) containing v. Let T ′ be the component of T \ {u1, u2} containing v.
Since x ∈ JWζ,(v,e1,e2) is a ζ-jewel, there exist an edge e3 ∈ E(T ) \ {e1, e2} incident with v
and a ζ-pyramid Σ at (v, e1, e2, e3) with apex a, base b1b2b3, and paths P1, P2, P3 such that
x is a jewel for Σ at b3. In particular, Pj ∩ ζ(ej), for each j ∈ [3], is a long ζ(ej)-rung Rj

whose end in ζ(ej, v) is bj. Also, x is anticomplete to P3 (and so x is not adjacent to a).
For each j ∈ {1, 2}, assuming cj to be the unique vertex in NRj

(bj) = NPj
(bj), it follows

that x is adjacent to both bj ∈ ζ(ej, v) \ ζ(ej, uj) and cj ∈ ζ(ej) \ ζ(ej, v). Therefore, there
are paths Qj, Sj of length at least two in G from a to x such that

bj ∈ Q∗
j ⊆ (ζ(T ′) \ ζ(v)) ∪ (ζ(ej, v) \ ζ(ej, uj))

and
cj ∈ S∗

j ⊆ ζ(Tj) \ (B(v) ∪ ζ(uj) ∪ ζ(v)).

Now, in order to prove 10.4(a), it suffices to show that Nζ+(T )(x) ⊆ ζ(v, e1, e2). Suppose
for a contradiction that x has a neighbor y ∈ ζ+(T )\ ζ(v, e1, e2). Since x is not adjacent to
a, it follows that y ∈ ζ(T )\ζ(v, e1, e2). Assume that y ∈ ζ(T ′)\ζ(v). Then by (S5) and (S7)
from the definition of a strip structure, there is a path Q′ of length at least two in G from a
to x with Q′∗ ⊆ ζ(T ′)\ζ(v). But now there is a theta in G with ends a, x and paths a-S1-x,
a-S2-x and a-Q′-x, a contradiction. It follows that y ∈ ζ(T1 ∪ T2) \ ζ(v, e1, e2). In other
words, for some (i, i′) ∈ {(1, 2), (2, 1)}, we have y ∈ ζ(Ti)\ (ζ(ei)∪ ζei(ui)∪ ζ(v)). Thus, by
(S5) and (S7) from the definition of a strip structure, and by the definition of ζei(ui), there is
a path S ′

i of length at least two in G from a to x such that S ′∗
i ⊆ ζ(Ti)\(ζ(ei)∪ζei(ui)∪ζ(v)).

But then there is a theta in G with ends a, x and paths a-Qi-x, a-S ′
i-x and a-Si′-x, a

contradiction. This proves 10.4(a).

Next, we prove 10.4(b). Assume that ζ is rich, and let i, R, r, r′ be as in 10.4(b). By
symmetry, we may assume that i = 1. Suppose x has a neighbor y ∈ R. Let P ′

1 =
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(P1 \ R1) ∪ R. Let Σ′ be the pyramid with apex a, base rb2b3, and paths P ′
1, P2 and P3.

Recall that a is trapped in ζ+(T ) because ζ is rich. Moreover, Σ′ is a pyramid in ζ+(T ), x
is adjacent to y ∈ P ′

1 and to b2, c2 ∈ P2, and x is anticomplete to P3. It follows that NΣ′(x)
is not local in Σ′, and x is not a corner path for Σ′. So we can apply Theorem 10.3 to G,
H = G[ζ+(T )], a, P = x and Σ′ to deduce that x is a jewel for Σ′ at b3. In particular, we
have NR(x) = NP ′

1
(x) = {r, r′}. This completes the proof of Theorem 10.4. ■

The following shows for every rich (T, a)-strip-structure in a (theta, prism)-free graphs
of bounded clique number, there are only a few jewels at each vertex of T .

Theorem 10.5. Let t ∈ N and let (G, a, T, ζ) be a club where G is (theta, prism, Kt+1)-free
and ζ is rich. Then for every vertex v ∈ V (T ), we have | JWζ,v | < t5.

Proof. If v is a leaf of T , then JWζ,v = ∅ and the result is immediate. So we may assume
that v has degree at least three in T (because T is smooth). Also, by (S3) and (S4) from
the definition of a strip structure, and from the assumption that G is Kt+1-free, it follows
that 3 ≤ |NT (v)| ≤ t, and thus:(

|NT (v)|
2

)
(t+ 1)3 ≤ t(t− 1)(t+ 1)3

2
<
t3(t+ 1)2

2
=
t3(t2 + 2t+ 1)

2
<
t3(t2 + 3t)

2
≤ t5.

Therefore, in order to prove | JWζ,v | < t5, it is enough to show that | JWζ,(v,e1,e2) | ≤ (t+1)3

for every seagull (v, e1, e2) in T .

Suppose for a contradiction that | JWζ,(v,e1,e2) | ≥ (t+1)3 for some seagull (v, e1, e2) in T .
Since G is Kt+1-free, it follows from Theorem 3.17 that there is a stable set X ⊆ JWζ,(v,e1,e2)

in G with |X| = 3. Let u1 and u2, respectively, be the ends of e1 and e2 other than v. For
each i ∈ {1, 2} and every x ∈ X, since x is a ζ-jewel at (v, e1, e2), it follows that there is a
long ζ(ei)-rung Rx

i such that Qx
i = Rx

i \ ζ(ei, v) is a path in ζ(ei) \ ζ(ei, v) from a neighbor
of x to a vertex in ζ(ei, ui) \ ζ(ei, v); in particular, Rx

i contains a neighbor of x. Therefore,
for each i ∈ {1, 2}, we may pick a non-empty set Ri of long ζ(ei)-rungs such that every
vertex in X has a neighbor in at least one rung in Ri, and subject to this property, Ri

minimal with respect to inclusion. We deduce:

(101) |Ri| > 1 for some i ∈ {1, 2}.

Suppose not. Then for every i ∈ {1, 2}, there exists a long ζ(ei)-rung Si such that
every vertex in X has a neighbor in Si. Let si be the end of Si in ζ(ei, v) and s′i be unique
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neighbor of si in Si. By Theorem 10.4(b), the sets X and {s′1, s′2} are complete in G. But
now G[X ∪ {s′1, s′2}] is a theta with ends s′1, s′2, a contradiction. This proves (101).

By (101) and without loss of generality, we may assume that |R1| > 1. This, together
with the minimality of R1, implies that there are distinct vertices x, y ∈ X as well as
distinct, long ζ(e1)-rungs Rx, Ry ∈ R1 such that x has a neighbor in Rx, y has a neighbor
in Ry, x is anticomplete to Ry, and y anticomplete to Rx. Let rx and ry be the ends of
Rx and Ry in ζ(e1, v), respectively. Let r′x be the unique neighbor of rx in Rx and let
r′y be the unique neighbor of ry in Ry. So we have r′x, r′y ∈ ζ(e1) \ ζ(e1, v). Again, by
Theorem 10.4(b), we have NRx∪Ry(x) = {rx, r′x} and NRx∪Ry(y) = {ry, r′y}. It follows that
rx, r

′
x ∈ Rx \ Ry and ry, r

′
y ∈ Ry \ Rx. Furthermore, rx is anticomplete to Ry \ {ry}, as

otherwise there is a long ζ(e1)-rung R with R ⊆ (Ry\{ry})∪{rx} and NR(x) = {rx}, which
violates the second assertion of Theorem 10.4. Similarly, we deduce that ry is anticomplete
to Rx \ {rx}.

Now, let
G1 = G[(B(u1) \ ζ(e1, u1)) ∪ ((Rx ∪Ry) \ {rx, ry})]

and let
G2 = G[(B(u2) \ ζ(e2, u2)) ∪Qx

2 ∪Q
y
2].

Since ζ is rich, it follows that G1 and G2 are connected. Consequently, there exists a path
Q1 in G1 from r′x to r′y, and there exists a path Q2 from x to y with Q∗

2 ⊆ G2. In addition,
since v is a branch vertex of T , we may choose an edge e3 ∈ E(T ) \ {e1, e2} incident with
v. By Theorem 10.4(a), {x, y} is anticomplete to ζ(e3, v). Let Q3 be the path from rx
to ry with Q∗

3 ⊆ ζ(e3, v) (so Q3 has length one or two). Then there is a prism in G with
triangles {x, rx, r′x} and {y, ry, r′y} and paths Q1, Q2, Q3, a contradiction. This completes
the proof of Theorem 10.5. ■

The last two results in this section examine the connectivity within G \ ζ+(T ) for a
(T, a)-strip-structure ζ arising from Theorem 10.2.

Theorem 10.6. Let G be a theta-free graph and let a ∈ V (G). Let T be a smooth tree
and let ζ be a (T, a)-strip-structure in G. Let v, v′ ∈ V (T ) be distinct and let P be a path
in G \ ζ+(T ) with ends x, x′ such that x ∈ JWζ,v, x′ ∈ JWζ,v′, and P ∗ is anticomplete to
ζ+(T ). Then v and v′ are adjacent in T .

Proof. Suppose not. By Theorem 10.4(a), x and x′ are distinct. Let Λ be the path in T from
v to v′. Then Λ has length at least two, and so there are two distinct edges f, f ′ ∈ E(Λ) such
that f is incident with v and f ′ is incident with v′. Let u be the end of f distinct from v and
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u′ be the end of f ′ distinct from v′. Let (v, e1, e2) and (v′, e′1, e
′
2) be two seagulls in G such

that x ∈ JWζ,(v,e1,e2) and x′ ∈ JWζ,(v′,e′1,e
′
2)

. For each i ∈ {1, 2}, let ui be the end of ei distinct
from v and let u′i be the end of e′i distinct from v′. Without loss of generality, we may assume
that u2, u′2 /∈ Λ. Let T2 be the component of T \ (NT (v) \ {u2}) containing v and let T ′

2 be
the component of T \ (NT (v

′)\{u′2}) containing v′. Let T ′ be the component of T \{u′, u′2}
containing v′. Since x is a ζ-jewel at (v, e1, e2), it follows that x is not adjacent to a, and x
has a neighbor c ∈ ζ(e2)\ζ(e2, v) ⊆ ζ(T2)\ (B(v)∪ζ(u2)∪ζ(v)). Therefore, there is a path
Q of length at least two in G from a to x such that c ∈ Q∗ ⊆ ζ(T2) \ (B(v)∪ ζ(u2)∪ ζ(v)).
Also, since x′ is a ζ-jewel at (v′, e′1, e

′
2), it follows that x′ is not adjacent to a, and x′

has a neighbor b′ ∈ B(v′) \ (ζ(f ′, u′) ∪ ζ(e′2, v
′)) and a neighbor c′ ∈ ζ(e′2) \ ζ(e′2, v′) ⊆

ζ(T ′
2) \ (B(v′) ∪ ζ(u′2) ∪ ζ(v′)). Therefore, there are paths P ′, Q′ of length at least two in

G from a to x′ for which we have b′ ∈ P ′∗ ⊆ (ζ(T ′) \ ζ(v′)) ∪ (ζ(f ′, v′) \ ζ(f ′, u′)) and
c′ ∈ Q′∗ ⊆ ζ(T ′

2) \ (B(v′)∪ ζ(u2)∪ ζ(v′)). But now there is a theta in G with ends a, x′ and
paths a-P ′-x′, a-Q′-x′, and a-Q-x-P -x′, a contradiction. This proves Theorem 10.6. ■

Theorem 10.7. Let t ∈ N and let (G, a, T, ζ) be a club such that G is (theta, prism,
Kt+1)-free, ζ is rich and every vertex in G \ (ζ+(T ) ∪ JWζ) is anticomplete to ζ+(T ) in
G. Let x ∈ V (G) \ (ζ+(T ) ∪ JWζ). Then there exists Sx ⊆ V (G) \ (ζ+(T ) ∪ {x}) with
|Sx| < 2t5 such that Sx separates x and JWζ \Sx in G \ ζ+(T ). Consequently, Sx separates
x and ζ+(T ) in G.

Proof. By Theorem 10.4(a), (JWζ,v : v ∈ V (T )) is a partition of JWζ into pairwise disjoint
subsets. Let G′ be the graph obtained from G \ ζ+(T ) by contracting the set JWζ,v into a
vertex zv for each v ∈ V (T ) with JWζ,v ̸= ∅, and then adding a new vertex z such that
NG′(z) = {zv : v ∈ V (T ), JWζ,v ̸= ∅}. We claim that there is a set Y ⊆ V (G′)\{x, z} of at
most two vertices which separates x and z in G′. Suppose not. By Menger’s Theorem ??,
there are three pairwise internally disjoint paths in G′ from x to z. So there exists S ⊆ T
with |S| = 3 as well as three paths (Pv : v ∈ S) in G \ ζ+(T ) all having x as an end and
otherwise pairwise disjoint, such that for each v ∈ S, Pv has an end yv ∈ JWζ,v distinct
from x, and we have P ∗

v ⊆ G \ (ζ+(T ) ∪ JWζ). For all distinct v, v′ ∈ S, it follows that
Pv,v′ = yv-Pv-x-Pv′-yv′ is a path in G \ ζ+(T ) from yv ∈ JWζ,v to yv′ ∈ JWζ,v′ such that
P ∗
v,v′ ⊆ G \ (ζ+(T )∪ JWζ). In particular, P ∗

v,v′ and ζ+(T ) are anticomplete in G. But then
by Theorem 10.6, S is a 3-clique in T , a contradiction. The claim follows.

Let Y be as in the above claim. For each y ∈ Y , if y = zv for some v ∈ V (T ), then let
Ay = JWζ,v. Otherwise, let Ay = {y}. Let Sx =

⋃
y∈Y Ay. Then Sx ⊆ G \ (ζ+(T ) ∪ {x})

separates x and JWζ \Sx in G \ ζ+(T ). Also, by Theorem 10.5, we have |Sx| < 2t5. This
completes the proof of Theorem 10.7. ■
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10.3 Small cutsets

Here we complete the proof of Theorem 7.3, beginning with the following:

Theorem 10.8. Let (G, a, T, ζ) be a club where G is theta-free and ζ is rich. Then for
every v ∈ V (T ), there exists at most one edge f ∈ E(T ) such that ζ(f, v) is not a clique.

Proof. Suppose for a contradiction that there are two distinct edges f1, f2 ∈ E(T ) where
for each i ∈ {1, 2}, there exist xi, yi ∈ ζ(fi, v) such that xi is not adjacent to yi. Then both
f1 and f2 are incident with v, and so is not a leaf of T . It follows that H = x1-x2-y1-y2-x1
is a hole of length four in G. Since ζ is rich, it follows that a is anticomplete to V (H). Let
f1 = u1v. Let l1 be a leaf of T such that the unique path Λ1 in T from l1 to v contains
u1 (so f1 ∈ E(Λ1)). Let Rx1 be a ζ(f1)-rung containing x1 and let Ry1 be a ζ(f1)-rung
containing y1. Since ζ is rich, it follows that H1 = G[V (Rx1)∪V (Ry1)∪B(u1)] is connected,
and so there is a path Q in H1 from x1 to y1. In particular, Q has length at least two and
Q∗ ⊆ (B(u1) ∪ ζ(f1)) \B(v). But now there is a theta in G with ends x1, y1 and paths Q,
x1-x2-y1 and x1-y2-y1, a contradiction. This completes the proof of Theorem 10.8. ■

Theorem 10.9. Let t ∈ N and let (G, a, T, ζ) be a club such that G is (theta, prism,
Kt+1)-free, ζ is rich and every vertex in G \ (ζ+(T )∪ JWζ) is anticomplete to ζ+(T ) in G.
Then for every vertex x ∈ G\NG[a], there exists a set Sx ⊆ G\{a, x} with |Sx| < 4t6 such
that S separates a and x in G.

Proof. Since G is Kt+1-free, it follows that T has maximum degree at most t, and so t ≥ 3.
For each vertex v ∈ V (T ), we define four sets of vertices Cv, Kv,Mv,Nv ⊆ V (G) as follows.

If v is a leaf of T , then let Cv = B(v). Otherwise, let Cv = ∅. It follows that |Cv| ≤ 1.

Let Kv be a maximal clique of G contained in B(v). It follows that |Kv| ≤ t. Moreover,
if v is a leaf of T , then by the richness of ζ, we have Kv = B(v) = Cv (and so |Kv| = 1),
and if v is a branch vertex of T , then by Theorem 10.8, Kv contains all but possibly one
of the sets ζ(f, v) for f ∈ E(T ).

Let
Mv =

⋃
w∈NT (v)

JWζ,w

and let
Nv =

⋃
w∈NT (S)

Kw.
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Then the following is immediate from Theorems 10.4, 10.5 and 10.6:

(102) For every v ∈ V (T ), we have

• Mu ∪Nv ⊆ G \ (JWζ,v ∪{a});

• |Mu ∪Nv| < t(t5 + t) < 4t6; and

• Mu ∪Nv separates a and JWζ,v in G.

Now, for each x ∈ G \NG[a], we define Sx as follows.

First, assume that x ∈ ζ+(T ) \ NG[a]. Then either x ∈ ζ(e) for some edge e = uv ∈
E(T ), or x ∈ ζ(v) for some branch vertex v ∈ V (T ). In the former case, let

Ex = Mu ∪Mv;

Ix = Nu ∪Nv ∪ Cu ∪ Cv.

and in the latter case, let
Ex = Mv ∪ JWζ,v

Ix = Nv.

Let Sx = Ex∪Ix. Observe that since x ∈ G\NG[a], we have Sx ⊆ G\{a, x}. Also, we have
|Ix| ≤ 2t2, and by Theorem 10.5, we have |Ex| < 2t6. It follows that |Sx| < 4t6. Moreover,
from Theorem 10.4 and the fact that ζ is rich, it is easy to check that for every path P
in G from a to x, if V (P ) ⊆ ζ+(T ), then P contains a vertex from Ix, and otherwise P
contains a vertex from either Ix or Ex. Therefore, Sx separates a and x in G.

Next, assume that x ∈ JWζ . By Theorem 10.4(a), there exists a unique vertex v ∈ V (T )
such that x ∈ JWζ,v. Let Sx = Mv∪Nv. Then by (102), we have Sx ⊆ G\{a, x}, |Sx| < 4t6

and Sx separates a and x in G.

Finally, assume that x ∈ V (G) \ (ζ+(T ) ∪ JWζ). Then we choose Sx to be as in
Theorem 10.7, which implies that Sx ⊆ G \ {a, x}, |X| < 2t5 < 4t6 and Sx separates a and
x in G. This completes the proof of Theorem 10.9. ■

We conclude by proving Theorem 7.3:

Theorem 7.3. Let t ∈ N and let G be a (theta, prism, Kt+1)-free graph. Let H be an
induced subgraph of G that is isomorphic to the line graph of a proper subdivision of a tree
which is not a path. Let a ∈ V (G) \ V (H) such that a is trapped in G[V (H) ∪ {a}]. Then
for every vertex x ∈ G \ NG[a], there exists Sx ⊆ V (G) \ {a, x} with |Sx| < 4t6 such that
Sx separates a and x in G.
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Proof. Since H is isomorphic to the line graph of a proper subdivision of a tree, it follows
that there is a smooth tree T whereH is isomorphic to the line graph of a proper subdivision
of T . Since a is trapped in G[V (H) ∪ {a}], it follows that NG(a) is exactly the set of
all simplicial vertices of H (all of which have degree one in H); in particular, T has
exactly |NG(a)| leaves. Also, one may observe that there is a tame, substantial, and rich
(T, a)-strip-structure η in G with η(T ) = H (see Figure 10.1). Therefore, we can apply
Theorem 10.2 to the club (G, a, T, η), deducing that there is a substantial and rich (T, a)-
strip-structure ζ in G such that every vertex in G \ (ζ+(T ) ∪ JWζ) is anticomplete to
ζ+(T ) in G. Hence, by Theorem 10.9 applied to the club (G, a, T, ζ), for every vertex
x ∈ G \NG[a], there exists Sx ⊆ G \ {a, x} with |Sx| < 4t6 such that Sx separates a and x
in G. This completes the proof of Theorem 7.3. ■
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Glossary of special terms and notations

PDs 15

Td,r 147

cone 23

η◦ (where η is a strip-structure; see (S5)) 165

JWη (where η is a strip-structure) 170

cL (where c is a constellation and L ∈ Lc) 71

c|X (where c is a constellation and X ⊆ Sc) 71

Alignment 72

Ample (meaning 1-ample) 45

Ample (as in d-ample) 44

Array (as in s-array) 12

Array (as in (s, o)-array) 72

Asterism 95

Basic obstruction 8

Biset 40

Block (as in (k, l)-block) 26
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Caterpillar 75

Cherry on top 100

Claw (in a tree) 168

Clean (class of graphs) 8

Clean (as in t-clean) 8

Clique (as in t-clique) xii

Closed (as in closed a-piece, where a is an asterism) 96

Club 165

Constellation (as in (s, l)-constellation) 44

Constellation (as in s-constellation) 44

Contraption 135

Crystal 25, 154

Crystallized 152

Disjoint (as in disjoint bisets) 40

Double star 25

Even wheel xiv

Expansion of PDs 16

External (as in external a-piece, where a is an asterism) 96

Fancy (as in w′-fancy polypath) 44

Forest (as in k-forest) 21

Full s-occultation 18, 97

Full (s, o)-occultation 97
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Gap 71

Hassle 54

Hassled (as in hassled set of graphs) 54

Hollow (as in d-hollow) 72

Internal (as in internal a-piece, where a is an asterism) 96

Interrupted 96

Invaded (meaning 1-invaded) 96

Invaded (as in o-invaded) 97

Jewel (as in η-jewel, where η is a strip-structure) 169

Jewel (for a pyramid) 168

Kaleidoscope 116

Length (of a path) xiii

Length (of a cycle) xiii

Long (as in d-long (k, l)-block) 42

Loose (as in d-loose polypath) 44

Match 81

Middle edge (of a double star) 25

Mirrored (as in d-mirrored) 116

Occultation (as in s-occultation) 17

Open (as in open a-piece, where a is an asterism) 96

Order (on a constellation) 71
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Patch 81

Path (as in path in a graph G) xiii

Perforated (as in (c, o)-perforated) 95

Perforated (as in c-perforated) 19

Perforated (meaning 2-perforated) 17

Phantom 131

Piece (as in a-piece, where a is an asterism) 96

Pinched ((c, o)-pinched) 71

Pinched (as in c-pinched) 17

Pinched (meaning 3-pinched) 15

Plain (as in a plain constellation) 72

Plain (as in a plain polypath) 72

Polypath 44

Prism xiii

Pyramid (as in η-pyramid, where η is a strip-structure) 168

Pyramid 167

Rich (as in rich strip-structure) 167

Route (as in a-route, where a is an asterism) 96

Rung 167

Seagull (in a tree) 168

Short (as in d-short (k, l)-block) 42

Simplicial 75
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Smooth (as in smooth tree) 164

Strand 52

Strip-structure 165

Strong (as in strong (k, l)-block) 26

Substantial (as in substantial strip-structure) 167

Tame (as in tame strip-structure) 167

Tassel 52

Tasselled (as in tasselled set of graphs) 53

Theta xiii

Tight (as in tight tree decomposition) 28

Torso 28

Trapped 118

Tree (as in k-tree) 150
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