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Abstract

Polymer electrolyte membrane (PEM) fuel cells are a promising zero-emission power source for
transportation applications. An important tool for advancing PEM fuel cell technology is mathe-
matical modeling. Mathematical models can be used to provide insight on the physical phenomena
occurring within a fuel cell, as well as aid in the design of fuel cells by simulating the effect of
changes in design or operating conditions on performance.

A comprehensive, consistent and systematic general formulation for a mathematical PEM fuel
cell model is presented in this thesis. The formulation is developed by considering the fuel cell to
be composed of several, co-existing phases. The conservation of mass, momentum, species, and
energy are applied to each phase in the fuel cell. The interactions between the phases are modeled
by applying a volume-averaging procedure to the conservation equations in each phase.

The solution of the governing equations for the general formulation are beyond the scope of this
thesis research. Instead, simplifying assumptions are applied to the general formulation in order to
reduce the number of governing equations. The cell is assumed to be two-dimensional, steady state
and isothermal. As well, the polymer electrolyte is assumed to be impervious to the gas phase and
liquid water is assumed to exist only in the gas phase or polymer electrolyte.

The numerical solution of the simplified formulation is implemented using the computer lan-
guage of C++ and the finite volume method. The numerical solution provides details of the
transport phenomena within the anode and cathode gas flow channels, electrode backing layers,
and catalyst layers, as well as the polymer electrolyte membrane layer. These details include the
bulk velocity of the gas phase; the concentrations of the species within the gas phase; the potential
and current density in the solid phase and polymer electrolyte; the water content in the polymer
electrolyte; and the distribution of reaction rate within the catalyst layers.
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Chapter 1

Introduction

The transportation sector is a vital component of industrial societies, allowing for the movement

of people and goods both nationally and internationally. Currently, the majority of transportation

is accomplished with the use of fossil fuels and the internal combustion engine. However, due to

the finite supply of fossil fuels and the environmental damage caused by combustion exhaust, such

as global warming and air pollution, eliminating or reducing pollution from transportation sources

is a major policy objective [1]. Currently, two possibilities exist for the power requirements of a

zero-emission vehicle: batteries or fuel cells. Batteries are disadvantaged by long recharge times

and limited driving range; only fuel cells have the potential of matching the convenience and range

offered by the internal combustion engine, while emitting no pollutants, at least at the point of

use [2].

Many different types of fuel cells exist, but the type most applicable for transportation ap-

plications is the polymer electrolyte membrane (PEM) fuel cell [3]. PEM fuel cells operate at a

temperature of approximately 353 K (80◦C), allowing for a start-up time comparable to the internal

combustion engine. Since these fuel cells use a solid polymer as the electrolyte, the cell is mechan-

ically robust: pressure differentials between the fuel and oxidant streams of up to 5.17 MPa are

possible [4] and any environmental danger of electrolyte leakage is eliminated. With an attainable,

net power density of over 1 kW/liter [5], PEM fuel cells are competitive with the internal com-
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bustion engine in terms of power density for transportation applications [6]. Although PEM fuel

cells have many advantages over the internal combustion engine in terms of environmental impact,

there are several significant obstacles to their commercialization [1]. Many of the obstacles involve

systems peripheral to the PEM fuel cells, such as a lack of hydrogen refueling infrastructure [7].

However, many challenges are specific to the PEM fuel cells, such as improving the durability,

increasing the performance and reducing cost [1].

Overcoming these challenges can be aided through the use of mathematical modeling studies.

Because of the small size of PEM fuel cells, particularly the thin catalyst layers where the reactions

occur, local values of physically significant properties, such as concentration and current density, can

not be directly measured. Through simulation, mathematical models can supply information about

local phenomena that can be used to provide a better understanding on the processes occurring

within the fuel cell. Additionally, mathematical models can be used as a replacement for time-

consuming experimental investigations, allowing for the optimization of design parameters and

operating conditions.

In order for a mathematical model to be useful, it must capture the physically relevant processes

within a PEM fuel cell. Therefore, the goal of this thesis is to develop a comprehensive, consistent

and systematic mathematical model of a PEM fuel cell. This chapter elaborates on the goals of

the thesis research and provides an outline for the organization of this thesis. First, background

information, that describes the structure and operation of a PEM fuel cell, is presented.

1.1 Background Information

Typical PEM fuel cells operate at a voltage ranging from 0.7 to 0.8 V, and produce a current per

active area, or current density, of 0.2 to 0.6 A/cm2 [3]. Most applications have voltage or power

requirements that can not be satisfied by a single cell; thus, single cells are connected in series,

forming a PEM fuel cell stack. For example, the Mark 902 fuel cell stack, manufactured by Ballard

Power Systems, supplies 85 kW at a voltage of 284 V, and the Mark 902 single cells can be combined

2
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Figure 1.1: Illustration of a polymer electrolyte membrane (PEM) fuel cell.

to form stacks with power outputs of 10 to 300 kW [5]. Because the single PEM fuel cell is the

basic unit of a stack, the thesis research concentrates on modeling the single PEM fuel cell as a

first step, or building block.

A single PEM fuel cell consists of two bipolar plates and the membrane electrode assembly

(MEA), as illustrated in Figure 1.1. The bipolar plates are constructed of graphite or metal. The

anode and cathode reactants flow through the gas flow channels, which are grooved into the bipolar

plates. The width and depth of the gas flow channels are typically about 1 mm or smaller, and the

total thickness of a bipolar plate is 2 to 4 mm. Figure 1.1 illustrates the parallel gas flow channel

configuration; other configurations are possible, such as serpentine or interdigitated [3, 8]. The gas

flow channels allow the anode and cathode reactants to enter the MEA, where the electro-chemical

reactions that convert the chemical energy of hydrogen and oxygen into water occur. Thus, the

active area of the PEM fuel cell is the surface of the MEA, in Figure 1.1, that is normal to the y-

direction. The MEA typically has a thickness of approximately 600 µm and consists of five distinct
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layers: the anode and cathode electrode backing layers; the anode and cathode catalyst layers; and

the polymer electrolyte membrane layer, as illustrated in Figure 1.2.

Figure 1.2 illustrates each layer of the MEA and represents the xy plane of Figure 1.1. The

PEM fuel cell is divided into an anode and cathode side by the polymer electrolyte membrane

layer. The polymer electrolyte membrane layer consists of a sulfonated fluoropolymer, which is

similar to Teflon, and acts as a conductor of positive ions that travel from the anode to the cathode

catalyst layers. Electrons can not be transported in the membrane, and are forced to travel through

the external circuit. As well, the permeability of the membrane to reactant gases is low; reactant

cross-over is minimal. However, the membrane is permeable to water, and depending on the local

operating conditions, water can be transported from either the anode to the cathode, or from

the cathode to the anode sides of the PEM fuel cell [9]. The thickness of the polymer electrolyte

membrane layer ranges from 50 to 250 µm [10] and the most popular polymer electrolyte membrane

employed for PEM fuel cells is Nafion, manufactured by DuPont.

The conversion of the chemical energy of the reactants to electrical energy, heat, and liquid water

occurs in the catalyst layers, which have thicknesses of approximately 5 µm [11]. The catalyst layers

are a porous media; reactant gas, liquid water, and polymer electrolyte occupy the void space of a

solid matrix that consists of carbon supported platinum catalyst. If the fuel is CO-free, the overall

reaction in the anode catalyst layer is hydrogen oxidation:

H2 −→ 2H+ + 2e−

In the cathode catalyst layer, the proton and electron produced by hydrogen oxidation participate

in the reduction of oxygen:

2H+ + 2e− +
1

2
O2 −→ H2O(`)
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Figure 1.2: The components of a PEM fuel cell and the processes occurring within each component.
The PEM fuel cell is composed of the (a) cathode bipolar plate, (b) cathode gas flow channel, (c)
cathode electrode backing layer, (d) cathode catalyst layer, (e) polymer electrolyte membrane layer,
(f) anode catalyst layer, (g) anode electrode backing layer, (h) anode gas flow channel, and (i) anode
gas flow channel.
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The combination of the two half cell reactions results in the overall PEM fuel cell reaction:

H2 +
1

2
O2 −→ H2O(`) + Heat + Electrical Energy

The anode and cathode electrode backing layers are typically composed of a porous, carbon

paper, or cloth, and are approximately 200 µm in thickness [11]. The electrode backing layers allow

reactant transport from the gas flow channels to the catalyst layers, and also allow the product,

water, to be transported out of the MEA and into the gas flow channels. Electrons are transported

in the solid matrix.

Figure 1.2 also illustrates the compositions of the anode and cathode gas streams. The reactant

in the cathode side of the MEA is oxygen, with nitrogen being present if air is used as the fuel cell

oxidant. Hydrogen is the main reactant in a PEM fuel cell, but carbon monoxide and carbon dioxide

can be present if a reformed hydrocarbon is used as the fuel. The presence of carbon monoxide, even

with concentration levels in the order of a few parts per million, poisons the hydrogen oxidation

reaction; carbon monoxide inhibits the hydrogen oxidation reaction by adsorbing to the platinum

catalyst [12]. Several methods of mitigating CO poisoning have been attempted, such as the use of

an alloy catalyst, increasing the cell temperature, and introducing 2 to 5% oxygen into the anode

gas stream, referred to as oxygen (O2) bleeding [13]. Therefore, both oxygen and nitrogen can be

present in the anode fuel stream. Humidification of the polymer electrolyte membrane is necessary

for ion conduction and liquid water is produced by oxygen reduction; hence water, in both liquid

and gas phases, is present in both the anode and cathode gas flow channels.

The reactions in the catalyst layers are exothermic; hence, heat must be transported out of

the fuel cell. The heat can be removed via convection in the gas flow channels, conduction in

the solid matrix of the catalyst and electrode backing layers, as well as conduction in the solid

portion of the bipolar plates. Since liquid water is produced by the PEM fuel cell, the condensation

and evaporation of water affects the heat transfer in a PEM fuel cell. Thus, the water and heat

management in a fuel cell are closely linked.
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Therefore, many physical and chemical phenomena occur within the layers of a fuel cell and

these processes are summarized in Table 1.1. Electrons and heat are transported in the solid phase

of the anode and cathode bipolar plates. The electron transport also generates heat within the

bipolar plates through Joule heating. In the gas flow channels, both a liquid and gas phase exist.

Thus, both mass and energy transport occurs with each fluid phase, as well as interfacial mass and

energy transport due to the evaporation and condensation of water. The phenomena occurring

within the electrode backing layers are a combination of the phenomena in the bipolar plates and

gas flow channels. Hence, electron and heat transport occur in the solid phase, while mass and

energy transport occur in the gas and liquid phases. Additionally, since the gas and liquid phases

are in contact with the solid phase, the phenomena associated with porous media flow is present

in the electrode backing layers. Like the electrode backing layer, the polymer electrolyte layer is

also composed of a gas, liquid and solid phase; thus, many of the same phenomena are present.

Unlike the electrode backing layers, however, the polymer electrolyte layer contains ions in the

liquid phase. Therefore, liquid phase ionic transport and acid-base equilibrium between the ionic

compounds in the liquid phase occur within this layer in addition to the phenomena occurring

within the electrode backing layers. The phenomena in the catalyst layers include those occurring

in both the electrode backing and polymer electrolyte layers. Unique to the catalyst layers are

reactions which produce electrons and ions, as well as gas phase and liquid phase species.

These phenomena affect the performance of a PEM fuel cell, which is characterized by a voltage

versus current density plot, or polarization curve. The cell voltage, in general, can be expressed as

E = Erev − ηcell, (1.1)

where Erev represents the reversible, thermodynamically determined cell voltage and ηcell is the

voltage loss, or overpotential of the PEM fuel cell. Under typical operating conditions, the reversible

cell voltage is approximately 1.2 V. The overpotential arises from irreversibilities within the PEM

fuel cell and there are three types of overpotential: activation, ohmic, and concentration [14].
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Table 1.1: The physical and chemical phenomena in each layer of a PEM fuel cell.
Layer Phenomena

Anode/cathode bipolar plate
• Electron transport

• Solid phase heat conduction

Anode/cathode gas flow
channel

• Gas phase mass and energy transport

• Liquid phase mass and energy transport

• Water evaporation and condensation

Anode/cathode electrode
backing layer

• Gas phase mass and energy transport

• Liquid phase mass and energy transport

• Water evaporation and condensation

• Electron transport

• Solid phase heat conduction

• Porous media flow

Anode/cathode catalyst layer

• Gas phase mass and energy transport

• Liquid phase mass and energy transport

• Water evaporation and condensation

• Electron transport

• Solid phase heat conduction

• Ionic transport in solid electrolyte

• Production and consumption of electrons, ions, gas
and liquid species

• Porous media flow

Polymer electrolyte mem-
brane layer

• Gas phase mass and energy transport

• Liquid phase mass and energy transport

• Ionic and liquid transport in the polymer electrolyte

• Solid phase heat conduction

• Acid-base equilibrium

• Porous media flow
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Figure 1.3: Polarization curve of a typical polymer electrolyte membrane fuel cell illustrating the
activation, ohmic and concentration overpotential regions.

The polarization curve of a PEM fuel cell can be divided into three regions, with one type of

overpotential dominating each region, although all three types of overpotential occur in each region

simultaneously.

A typical polarization curve, illustrating the effect of the three types of overpotential, is shown

in Figure 1.3. As current is drawn from the cell, the initial drop in cell voltage is mainly due

to activation overpotential. In the activation overpotential region, voltage losses occur when slow

electro-chemical reactions are driven from equilibrium to produce electric current. The electro-

chemical reaction that is responsible for the majority of the activation overpotential is the reduction

of oxygen in the cathode catalyst layer, although if CO is present in the anode, the voltage loss

due to hydrogen electro-oxidation is also significant.

As the PEM fuel cell produces more electrical current, the activation losses increase at a slower
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rate than the ohmic losses, and the polarization curve enters the region characterized by ohmic

overpotential. The ohmic overpotential arises from the transport of charged species; resistance to

electron migration in the bipolar plates, electrode backing layers, and catalyst layers, as well as

hydronium ion transport in the polymer electrolyte membrane and catalyst layers contribute to the

ohmic overpotential.

Further increases in current density result in the polarization curve entering the concentration

overpotential region. The concentration overpotential is caused by mass transport limitations; the

rates of the electro-chemical reactions within the catalyst layers are hindered by a lack of reactants.

The mass transport limitations are due to diffusional limitations in the electrode backing and

catalyst layers, and the phenomena of water flooding. At high current densities, the amount of

liquid water produced in the cathode catalyst layer becomes greater than the amount of water that

can be removed by the flow in the gas flow channels; the liquid water accumulates in the electrode

backing layer and severely hinders the transport of oxygen to the cathode catalyst layer. The lack

of oxygen hinders the oxygen reduction reaction in the cathode catalyst layer and increases the

overpotential; this is referred to as water flooding. Therefore, the performance of a PEM fuel cell

is affected by the electro-chemical kinetics in the catalyst layers, electron migration in the bipolar

plates, electrode backing layers and catalyst layers, hydronium ion migration in the catalyst layers

and polymer electrolyte membrane layer, and the mass transport of the reactants and water in each

component of the MEA and gas flow channels.

1.2 Thesis Objectives and Outline

The performance of a PEM fuel cell is affected by the processes occurring within each layer of the

cell, which include the simultaneous transport of neutral and charged species, as well as heat. In-

situ measurements are difficult, due to the thinness of the layers, and thus mathematical modeling

and simulation has become the predominant tool for better understanding and optimization of

PEM fuel cells. Therefore, the objective of this thesis is to develop a mathematical PEM fuel cell
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model.

Specifically, the thesis objectives are to

• develop a comprehensive, consistent, and systematic general formulation that can be used as

a starting point for all mathematical models of practical PEM fuel cells,

• develop a simplified version of the general formulation that can be implemented and solved

numerically within the time period of this thesis research,

• develop a novel model for water and ion transport which is consistent with the formulation

for other transport phenomena,

• develop the numerical solution of the simplified formulation using the computer language of

C++,

• provide numerical results that simulate physical and chemical phenomena within the PEM

fuel cell.

The general formulation is comprehensive because it includes phenomena in all layers of a PEM

fuel cell. Also, the general formulation is consistent, since the same conservation equations are

applied to to each phase, solid, gas and liquid, of the PEM fuel cell. Since the equations which

govern transport phenomena within each phase are similar, the final set of governing equations for

the fuel cell can be derived systematically by applying a volume-averaging procedure to each phase.

At the time that this thesis research was undertaken, general governing equations that were valid

throughout a PEM fuel cell were not generally available. Instead, individual researchers developed

governing equations that were valid in a specific region of the fuel cell. Thus, the development of

the general governing equations, which represent the conservation of mass, momentum, species and

energy in the gas, solid and liquid phases of a PEM fuel cell, is a unique contribution of this thesis

research, and has been published as Baschuk and Li [15].

A simplified subset of the general, governing equations of Baschuk and Li [15] are solved nu-

merically. The simplifications to the general, governing equations include assuming that the cell is
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two-dimensional, isothermal and operating at steady-state. Additionally, the polymer electrolyte is

considered impervious to the gas phase and it is assumed that the water in the gas phase does not

condense to form liquid water. The simplified numerical model represents a unique contribution

to fuel cell research because the model uses governing equations for the transport of liquid water

and ions in the polymer electrolyte that are novel. Most PEM fuel cell models use a semi-empirical

relationship to describe the transport of ions and water in the polymer electrolyte. Instead of the

semi-empirical relationship, the mathematical model of this thesis research develops a membrane

transport model based on the Generalized Stefan-Maxwell equations and acid-base equilibrium.

Chapter 2 summarizes PEM fuel cell models that currently exist in the published literature.

The general governing equations for the mathematical model are presented in Chapter 3 and these

general equations are simplified for numerical solution in Chapter 4. Chapter 5 documents the

numerical solution of the simplified governing equations. Since the governing equations for water

and ion transport in the electrolyte are novel, parameters such as diffusion coefficients must be

obtained from experimental data. Chapter 6 determines these parameters and also compares the

electrolyte model used in this thesis with the most commonly used electrolyte model in the published

literature. The insights to the physical phenomena occurring within a PEM fuel cell that result

from numerical simulation using the mathematical model of this thesis are examined in Chapter 7.

A summary and suggestions for future work are given in Chapter 8.
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Literature Review

For approximately the past two decades, PEM fuel cells have been investigated as a possible zero-

emission power source for transportation applications. As a result, many research studies have

been undertaken with the goal of improving PEM fuel cell performance such that it is competitive

with an internal combustion engine. Numerical modeling efforts have been a major part of this

research, with the models fulfilling two purposes. The first purpose of the modeling efforts is to

predict the performance of a PEM fuel cell; this involves predicting the polarization curve. The

second purpose is to provide insight on the processes occurring within the PEM fuel cell during

operation; this knowledge allows for the optimization of performance.

Several modeling studies exist in the published literature and can be classified as empirical or

mathematical models. Empirical models are primarily concerned with predicting PEM fuel cell

performance with a single, algebraic equation. Mathematical models apply fundamental conserva-

tion equations to the processes occurring within the PEM fuel cell and solve the resulting partial

differential equations. The solution of a mathematical model includes the overall cell performance,

as well as internal details such as reactant distribution. In this chapter, empirical and mathematical

PEM fuel cell models in the published literature are reviewed.
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2.1 Empirical Models

In the empirical modeling studies, the cell voltage is assumed to have a functional dependence

on one or more variables, and the functional dependence is developed by applying a curve-fitting

scheme to experimentally determined, PEM fuel cell polarization curves. The complexity of an

empirical modeling study can be measured by the number of independent variables used in the cell

voltage function. The simplest empirical modeling studies employ only one independent variable:

cell current or current density. The model of Kim et al. [16] simulated all regions of the polarization

curve with the function:

E = Erev − b log

(
J

Jo

)

−RJ −m exp (nJ) (2.1)

where Erev is the reversible cell voltage, J is the cell current density, and b, Jo, R, m and n are fitting

parameters. Each term in Equation (2.1) can be given physical significance: b log
(

J
Jo

)

represents

the activation overpotential, RJ represents the ohmic overpotential, and m exp (nJ) represents the

concentration overpotential regions of the polarization curve. Therefore, b and Jo are related to the

kinetic parameters, particularly the Tafel constants of the oxygen reduction reaction, while R can

be taken as the ohmic resistance of the polymer electrolyte membrane layer. The m and n were

given physical meaning in the empirical function employed by Squadrito et al. [17]:

E = Erev − b log

(
J

Jo

)

−RJ + αJk ln (1− βJ) (2.2)

The variables α and k are fitting parameters and β is the inverse of the limiting current density,

which is the maximum current density achievable.

The shape of the polarization curve depends on many parameters in addition to the current

density. Therefore, Amphlett et al. [18, 19] developed a generalized steady state electro-chemical
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model (GSSEM) of PEM fuel cell performance using the relationship:

E = Erev + ηact + ηohmic (2.3)

ηact = ζ1 + ζ2T + ζ3T ln
(
cO2
)

+ ζ4T ln (I)

ηohmic = γ1 + γ2T + γ3I

where ηact is the activation overpotential, ηohmic is the ohmic overpotential, T is the cell temper-

ature, cO2 is the concentration of oxygen, I is the cell current, and ζ, γ are empirical constants.

Other independent variables have also been added to the GSSEM, such as carbon monoxide con-

centration [20] and effects due to aging [21].

2.2 Mathematical Models

Empirical models are effective at predicting performance, but provide little insight on the processes

occurring within the PEM fuel cell. Both performance predictions and detailed information about

the processes occurring within the PEM fuel cell are supplied by mathematical models. The pro-

cesses occurring within a fuel cell include mass, momentum, species, and energy transport in the

gaseous reactants and liquid water of the gas flow channels, electrode backing layers, catalyst layers,

and polymer electrolyte membrane layer. These processes can be described, mathematically, by

fundamental conservation laws, subject to assumptions. The assumptions include idealizations of

the physical structure of each component and the relative importance of each process. Mathemati-

cal modeling studies solve the differential equations that are derived from these conservation laws,

and the choice of assumptions influences the predictive capabilities of the model and the amount

of information that can be gleaned from the modeling study. Additionally, a distinction should

be made between micro-scale and macro-scale models. In micro-scale models, transport phenom-

ena are modeled at the molecular level; for example, the interactions of ion, water and polymer

molecules in the polymer electrolyte has been modeled by Jinnouchi and Okazaki [22]. However,
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this scale of modeling is impractical for entire PEM fuel cells, since the number of molecules that

can be modeled using the molecular dynamics (MD) method are limited. Typical polymer elec-

trolyte systems are modeled for approximately 500 water molecules [23]. Thus, the mathematical

models reviewed here are macro-scale models. Molecular interactions are represented by quantities

such as a diffusion coefficients; thus, numerical solution of the entire fuel cell is possible.

The macro-scale mathematical models can be classified into two groups. In one group, the

processes occurring within the MEA are modeled in detail, while the flow in the gas flow channels

is either ignored or characterized by a boundary condition. The approach that this group uses can

be referred to as the MEA-centered approach.

However, the gas flow channels are a significant component of a PEM fuel cell, and the flow

in them is coupled to the processes occurring within the MEA. Therefore, the second group of

modeling efforts concentrates on the modeling the flow in the gas flow channels using techniques

from Computational Fluid Dynamics (CFD). These modeling efforts are referred to as the channel-

centered approach. The MEA-centered approach predated the channel-centered approach and as a

result, the channel-centered approach uses many of the equations of the MEA-centered approach

as a starting point. A review of both approaches is included in this section.

2.2.1 MEA-Centered Approach

The majority of the modeling efforts using the MEA-centered approach are modifications or combi-

nations of two pioneering models: the models of Bernardi and Verbrugge [24, 25] and Springer et al.

[26, 27]. Both of these models assumed that the cell operated at steady-state and was isothermal.

Additionally, both models were one-dimensional in their analysis of the processes in the gas flow

channels and the MEA. Species transport was assumed to be one-dimensional through the MEA,

while transport in the gas flow channels was considered to be one-dimensional along the channel

with a uniform flow velocity, referred to as plug flow, in the channel.

Specifically, in the model of Bernardi and Verbrugge [24, 25], the flow in the gas flow channels,

along the direction of the main flow, was assumed to have no pressure drop; hence, only the
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conservation of species was applied to the gas in the gas flow channels. The species transport was

through the mechanism of convection only, and flow in the gas flow channels was analyzed in order

to obtain the average concentration of reactants within the gas flow channels. This value was used

as the boundary condition at the gas flow channel/electrode backing layer interface for the MEA

model.

The electrode backing layers were assumed to be isotropic, porous media with both gaseous

reactants and liquid water present in the pore regions. However, the gaseous reactants and the

liquid water were assumed to travel in separate pore networks; there was no interaction between

the two fluid streams. The gas phase flow was assumed to have no pressure drop and species

transport was through diffusion only, with the Stefan-Maxwell equations being used to describe the

diffusive fluxes. The conservation of mass and momentum were applied to the liquid phase, with

the conservation of momentum equation being written as Darcy’s law. Electron migration in the

electrode backing layers were modeled using Ohm’s law.

The polymer electrolyte layer was assumed to consist of a porous network of channels, filled

with liquid water and H+ ions. The liquid water transport was described by the conservation of

mass and the conservation of momentum, with the conservation of momentum taking the form

of Schlögl’s equation. The ion transport was governed by the Nernst-Plank equation; however,

Bernardi and Verbrugge [24, 25] assumed that the membrane was fully hydrated. With the fully

hydrated membrane assumption, the concentration of H+ ions was constant and the transport of

ions was due to the potential gradient only.

The catalyst layers were assumed to be composed of a porous media with polymer electrolyte

in the void regions. While the polymer electrolyte layer was assumed to be impervious to reactant

gases, the polymer electrolyte in the void region allowed gas transport through diffusion only, with

the diffusional flux being described by Fick’s law. Hence, transport of liquid water and gaseous

reactants were modeled in a similar manner as in the polymer electrolyte membrane layer. The

oxidation of hydrogen in the anode catalyst layer, and the reduction of oxygen in the cathode cata-

lyst layer, were modeled using the Butler-Volmer equation. Thus, equations for the conservation of
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species in each layer could be formed for each layer of the MEA, coupled with boundary conditions,

and solved.

The model for water and charge transport in the polymer electrolyte membrane in the model

of Bernardi and Verbrugge [24, 25] assumed that the water content of the membrane was constant.

However, in a PEM fuel cell, a constant water content in the polymer electrolyte is unlikely to be

achieved during the production of current. Water is produced at the cathode catalyst layer and

electro-osmotic drag transports water from the anode to the cathode catalyst layer. Hence, a water

concentration gradient in the membrane occurs, which, through diffusion, allows some water to

“back-diffuse” from the cathode to the anode. Also, the protonic conductivity of the membrane

is highly dependent on the water content. Thus, the effect of a variable membrane hydration in a

PEM fuel cell was modeled by Springer et al. [26, 27]. The semi-empirical, governing equation for

transport of water in the membrane consisted of two terms: a Fickian, concentration gradient term

and another term consisting of the flux of H+ ions multiplied by an osmotic-drag coefficient. The

diffusional velocity of the H+ ions was assumed to depend on the potential gradient through Ohm’s

law, but the electrical conductivity of the membrane was allowed to be variable and a function

of membrane hydration. Using experimental data, the water diffusion coefficient, electro-osmotic

drag coefficient, and electrical conductivity were found as functions of membrane hydration. The

membrane hydration was found to be a function of the relative humidity in the reactant gases.

The gas flow channels of Springer et al. [26, 27] were modeled in a similar manner as in Bernardi

and Verbrugge [24, 25], as were the electrode backing layers. However, Springer et al. [26, 27]

simplified the analysis of the catalyst layers, in that the electro-chemical reactions were assumed to

occur on the surface of the electrode backing layer/polymer electrolyte membrane layer interface.

Thus, the coupling of mass transfer, electron and proton migration, and electro-chemical reactions

within the catalyst layers were not included in the model. In the model of Bernardi and Verbrugge

[24, 25], the effect of liquid water in restricting reactant access to the catalyst layer was not

modeled and the concentration overpotential region of the polarization curve could not be simulated.

Springer et al. [26, 27] observed that the concentration overpotential region could be simulated if
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the porosity of the electrode backing layer was varied as a function of current density, allowing the

model of Springer et al. [26, 27] to simulate all regions of the polarization curve.

Many other PEM fuel cell models, which used the MEA-centered approach, were based on the

approaches of Bernardi and Verbrugge [24, 25] and Springer et al. [26, 27]. Weisbrod et al. [28]

coupled the detailed catalyst layer model of Bernardi and Verbrugge [24, 25] with the variable hy-

dration membrane model of Springer et al. [26, 27]. In order to obtain agreement with experimental

data, the model of Bernardi and Verbrugge [24, 25] used an oxygen reduction rate constant, the

exchange current density, several times larger than the experimental value. Gloaguen and Durand

[29] remedied this by considering the catalyst layer to consist of a solid matrix with the void space

occupied by reactant gas; the enhanced species diffusion allowed for the use of an exchange current

density closer to the experimental value. Eikerling and Kornyshev [30] concentrated their modeling

efforts on the cathode catalyst layer and developed analytical solutions corresponding to high and

low cathode overpotentials, and either poor electrical conductivity or poor oxygen transport.

Marr and Li [11] used the membrane model of Bernardi and Verbrugge [24, 25], but improved

the gas flow channel and catalyst layer formulations. Instead of assuming that the pressure drop was

zero, the pressure was allowed to vary in the gas flow channels through the assumption that the flow

was equivalent to one-dimensional pipe flow. As well, the average concentrations of reactants at the

gas flow channel/electrode backing layer interface were not assumed to be the same as the average

concentrations in the bulk flow of the gas flow channel. Rather, through the use of the heat and

mass transfer equivalence assumption, the average concentrations at the interface were calculated

using a log mean concentration relationship, analogous to the log mean temperature relationship

used in heat transfer applications. The catalyst layer model of Bernardi and Verbrugge [24, 25]

was also modified by Marr and Li [11], with the void space of the catalyst layer being occupied

by both polymer electrolyte and liquid water. Baschuk and Li [14] further improved the electrode

backing layer and catalyst layer models by allowing the void space to be occupied by gaseous

reactants, liquid water, and polymer electrolyte; this allowed the model, through the variation of

a parameter called the degree of water flooding, to simulate the concentration overpotential region
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of the polarization curve. Two-phase flow was added to the model of Bernardi and Verbrugge

[24, 25] by Pisani et al. [31], whereby the flow of liquid water was governed by Darcy’s law and

the permeability of the electrode backing and catalyst layers was dependent on the liquid water

saturation. This alteration allowed for the simulation of the concentration overpotential region of

the polarization curve. Chu et al. [32] combined the electrode backing layer and catalyst layer

models of Bernardi and Verbrugge [24, 25] with the membrane model of Springer et al. [26, 27],

but allowed the porosity of the electrode backing and catalyst layers to vary with position.

Most modeling efforts concentrated on the cathode side of the PEM fuel cell, since the losses

attributed to the oxygen reduction reaction are the largest source of voltage loss in a PEM fuel

cell. However, if CO is present in the anode fuel, the voltage loss attributed to the anode side of

the PEM fuel cell become significant due to CO poisoning. Wang and Savinell [33] developed a

model of the anode catalyst layer using the variable membrane hydration of Springer et al. [26, 27]

and the gas filled catalyst layer of Gloaguen and Durand [29]. CO poisoning was incorporated by

altering the Butler-Volmer equation to take into account the reaction sites occupied by adsorbed

CO. The coverage of CO on the electrode was modeled with the empirical relationship of Dhar

et al. [34]. Springer et al. [35] used fundamental, reaction kinetics that included the adsorption,

desorption, and electro-oxidation of both CO and H2 in the anode catalyst layer. The model of

Chan et al. [36] incorporated the reaction kinetics model of Springer et al. [35] into the PEM

fuel cell model of Bernardi and Verbrugge [24, 25]. Baschuk and Li [37] simulated the mitigation

effect of oxygen bleeding on CO poisoning through incorporating reaction kinetics models for the

adsorption, desorption, and electro-oxidation of CO and H2, the adsorption and desorption of O2,

and the heterogeneous oxidation of CO and H2 by O2 into the PEM fuel cell model of Baschuk and

Li [14].

The overall PEM fuel cell reaction is exothermic; hence heat is produced by a PEM fuel cell.

The transport of the heat produced by the PEM fuel cell reactions out of the cell is of interest,

primarily because the water management of a PEM fuel cell is strongly connected to the thermal

management. In order to provide details on the heat transfer in a PEM fuel cell, the isothermal
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assumption must be discarded and conservation of energy applied to the components of the PEM

fuel cell. The model of Bevers et al. [38] and Wöhr et al. [39] incorporated the transport of

mass, momentum, species, and energy in the electrode backing layers, catalyst layers, and polymer

electrolyte membrane layer. Although the temperature was allowed to vary within the PEM fuel

cell, the temperature of the fluid in the void space and the solid phase of the porous media were

assumed to be equal. The flow of both the gaseous reactants and liquid water were analyzed, with

the Dusty Gas Model being employed to describe the mass, momentum, and species transport for

the gaseous reactants in the electrode backing and catalyst layers. The transport of liquid water

in the electrode backing and catalyst layers was assumed proportional to the gradient of the water

loading, defined as the ratio of the mass of water to the mass of the solid phase. The flow of

the gaseous reactants and liquid water were coupled through the porosity; the presence of liquid

water would decrease the pore volume available for gaseous reactants, inhibiting reactant flow. In

the catalyst layers, the reaction kinetics were modeled with the Butler-Volmer equation and heat

generation due to entropy changes and charge transfer resistance, or reversible and irreversible

heat generation, were included. The transport of water and protons in the polymer electrolyte

membrane layer was modeled with the Stefan-Maxwell equation.

Rowe and Li [40] also developed a non-isothermal model of a PEM fuel cell, and it was similar

to the model of Bevers et al. [38] and Wöhr et al. [39] in that the fluid and solid temperatures were

assumed to be equal. However, the model of Rowe and Li [40] included mass and species transport

in the gas flow channels in a similar manner as the model of Bernardi and Verbrugge [24, 25].

Species transport in the electrode backing and catalyst layers was assumed to be through diffusion

only, with the diffusional flux being described by the Stefan-Maxwell equations. The transport of

liquid water was not analyzed, but the amount of flooding was included as an input parameter in

order to simulate the entire polarization curve. The reactants in the electrode backing and catalyst

layers were allowed to have a variable amount of humidification; thus the variable humidification

membrane model of Springer et al. [26, 27] was used for the polymer electrolyte membrane layer.

In the one-dimensional models listed previously, the flow in the gas flow channels and electrode
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backing layers were solved separately. Thus, the interaction between the gas flow channels and

the electrode backing layers was not modeled, yet this interaction is important, since the water

produced in a PEM fuel cell must be removed by the flow in the gas flow channels. As well,

reactant depletion along the channels affect the electro-chemical reactions occurring within the

catalyst layers. The interaction between the gas flow channels and the MEA were modeled by the

MEA-centered approach by Fuller and Newman [9]. The transport in the gas flow channels and

MEA were coupled; the one-dimensional MEA model was integrated along the flow direction in

the gas flow channel. As a result, variations in parameters along the flow direction of the gas flow

channels, such as reactant concentration and temperature, were transmitted to the MEA model; the

fuel cell model was quasi-two-dimensional. Similar to Bernardi and Verbrugge [24, 25], the model

of Fuller and Newman [9] assumed that there was no pressure drop in the PEM fuel cell. Also,

the transport of species in the electrode backing and catalyst layers was by diffusion only, with

the Stefan-Maxwell equation being employed to describe the diffusional fluxes. However, Fuller

and Newman [9] differed from both Bernardi and Verbrugge [24, 25] and Springer et al. [26, 27] in

modeling transport in the polymer electrolyte. Water and H+ transport in the polymer electrolyte

membrane layer was modeled using concentrated solution theory; the transport was assumed to be

though diffusion only and the polymer electrolyte membrane was considered as a diffusing species,

with a diffusional velocity of zero. The conservation of energy was applied by assuming that sections

taken through the thickness of the MEA were of uniform temperature. Therefore, the temperature

varied only along the flow direction of the gas flow channel.

Nguyen and White [41] also developed a quasi-two-dimensional, PEM fuel cell model. The

model was similar to that of Fuller and Newman [9], except that the polymer electrolyte membrane

layer was modeled using the variable hydration model of Springer et al. [26, 27], and the catalyst

layer was considered to be an interface. The pressure drop in the gas flow channels was added

to the model by Thirumalai and White [42], through considering the gas flow channels as a pipe

network. Yi and Nguyen [43] further refined the energy transport analysis of the model of Nguyen

and White [41] by allowing the bipolar plate, MEA, and the gas within the gas flow channels to

22



CHAPTER 2. LITERATURE REVIEW

have different temperatures. Although most modeling studies assumed that the cell is operating

in steady-state, van Bussel et al. [44] developed a transient, quasi-two-dimensional model, based

on the one-dimensional model of Springer et al. [26, 27]. CO poisoning was incorporated into a

quasi-two-dimensional model by Springer et al. [45].

Another method for coupling the MEA and gas flow channels within the MEA-centered approach

is to model the MEA in a multi-dimensional manner and simulate any variations along the channel

as a specified boundary condition at the MEA/gas flow channel interface. Singh et al. [46] developed

a two-dimensional model consisting of the electrode backing layers, catalyst layers and polymer

electrolyte membrane layer, using the same approach as the model of Bernardi and Verbrugge

[24, 25]. Kazim et al. [47] applied the conservation of mass, momentum and species to the cathode

electrode backing layer. The conservation of momentum was assumed to take the form of Darcy’s

law, and the catalyst layer was assumed to be a surface. The cathode electrode backing layer

was also the focus of the model of Bradean et al. [48]. In addition to the conservation of mass,

momentum, and species, the conservation of energy was also applied, with the solid and gas phases

assumed to have the same temperature.

Two-phase flow has also been modeled using the differential equation, quasi-two-dimensional

approach. He et al. [49] used a two-fluid approach to model the cathode electrode backing layer of a

PEM fuel cell in two-dimensions. The catalyst layer was considered to be a surface and the effect of

the gas flow channels were included as boundary conditions. The conservation of mass, momentum,

and species were applied to both the liquid and the gas phases and then solved separately. Darcy’s

law was used for the conservation of momentum equation in the gas and liquid phases; however,

using the definition of the capillary pressure, conservation of momentum for the liquid phase was

rewritten so that the liquid phase velocity was proportional to the gas phase velocity and the

gradient of saturation. Mass transport between the liquid and gas phases was included through

an interfacial source term that was proportional to the difference between the water vapor partial

pressure and the liquid water saturation pressure. Natarajan and Nguyen [50] also developed

a two-phase, two-dimensional model of the cathode electrode backing layer that also included a
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transient term. This two-dimensional model was extended into a quasi-three-dimensional model

by Natarajan and Nguyen [51]. As in the quasi-two-dimensional models, the flow in the gas flow

channels was analyzed by assuming that it was one-dimensional along the flow direction. This

analysis supplied boundary conditions to the two-dimensional analysis, coupling the flow in the gas

flow channels and electrode backing layers.

2.2.2 Channel-Centered Approach

Because the MEA-centered approach avoids solving the Navier-Stokes equations, the transport

processes in the gas flow channel can not be fully coupled with the processes occurring within

the MEA. Thus, the channel-centered approach is used, in which the governing equations for the

entire fuel cell are discretized with the finite volume method. Three research groups have pioneered

channel-centered approaches which can simulate an entire PEM fuel cell. These research groups

are located at the University of Miami, Pennsylvania State University, and the University of South

Carolina.

The University of Miami group first started the channel-centered approach with the model of

Gurau et al. [52]. Gurau et al. [52] developed a single-phase, two-dimensional model that included

the gas flow channels, electrode backing layers, catalyst layers, and polymer electrolyte membrane

layer. The mathematical model was unified in that the equations representing the conservation

of mass, momentum, species, and energy in each layer had the same general form, and differed

through source terms. With the unified approach, the conservation of momentum in the electrode

backing layers resulted in the generalized Darcy’s law equation; a source term was added to the

Navier-Stokes equations such that it reduced to Darcy’s law for small values of permeability. The

catalyst layer was assumed to consist of a solid matrix with the void space filled with polymer

electrolyte membrane; the transport of liquid water in the polymer electrolyte membrane was

modeled by a generalized Schlögl’s equation. Thus, the water transport model for the polymer

electrolyte membrane was similar to the model of Bernardi and Verbrugge [24, 25]. Current flow in

the polymer electrolyte was modeled with Ohm’s law, and the electrical conductivity was allowed
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to vary with membrane hydration using the conductivity model of Springer et al. [26, 27]. The

diffusional flux of each species was modeled with Fick’s law, and the temperature of the solid and

gas phases were assumed to be equal. Zhou and Liu [53] extended the two-dimensional model of

Gurau et al. [52] into three-dimensions, while You and Liu [54] developed a two-phase, isothermal,

two-dimensional model of the cathode gas flow channels, electrode backing layer and catalyst layer.

The research group in the University of South Carolina began their channel-centered approach

with a three-dimensional, single phase model [55]. The model started as an isothermal, three-

dimensional model that incorporated the gas flow channels and MEA and was implemented by

the commercial CFD software FLUENT. The conservation of mass, momentum, and species were

applied to the gas flow channels, electrode backing layers, catalyst layers and polymer electrolyte

membrane layer. The generalized Darcy’s law was used for the conservation of momentum in the

electrode backing layers and Fick’s law was used to describe the diffusive flux. Water and current

transport in the polymer electrolyte membrane layer were modeled with the membrane model of

Springer et al. [26, 27]. The reaction rate in the catalyst layer, current flow and water transport

in the polymer electrolyte membrane layer were not allowed to vary in the direction of thickness

in the MEA; the effect of this was that the catalyst and polymer electrolyte membrane layers were

effectively modeled as surfaces. The conservation of energy was added in Shimpalee and Dutta

[56], and time-dependence added in Shimpalee et al. [57, 58]. Liquid water transport was added to

the single-phase, three-dimensional model in Shimpalee et al. [59]. The liquid water was treated as

a diffusing species, with the diffusional flux being proportional to the liquid water concentration

gradient. In a manner similar to He et al. [49], the interfacial mass transfer rate was proportional

to the difference between the water vapor partial pressure and the saturation pressure.

The research group in Pennsylvania State University began their channel-centered approach

with a two-phase, two-dimensional model of the cathode gas flow channel and electrode backing

layer using the Multiphase Mixture Model (MMM) [60]. The catalyst layer was treated as a surface,

and modeled with a boundary condition. The conservation of mass, momentum, and species were

applied to both the gas and liquid phases, and then added together to form equations governing
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the conservation of mass, momentum, and species in the two-phase mixture. The conservation of

momentum in the cathode electrode backing layer was in the form of Darcy’s law, and through

algebraic manipulations, the flux of liquid water, relative to the mass flux of the two-phase mixture,

was found to be a function of the capillary pressure and gravitational body force. The capillary

pressure, in turn, was a function of the saturation, or volume fraction of liquid water in the electrode

backing void space. Thus, although the conservation equations were solved for mixture values

of velocity, pressure, and concentration, the values for each phase could be determined with an

algebraic relationship. A single phase, isothermal, two-dimensional, transient model, using a similar

formulation as in Gurau et al. [52], was presented in Um et al. [61], and extended to three dimensions

in Um et al. [61]. More recently, several analyses with a single phase model that uses the membrane

water transport equations of Springer et al. [26, 27] have been presented, with sample works being

Wang and Wang [62] and Wang and Wang [63]. Unlike the FLUENT model of the University of

South Carolina group, the recent models do not assume that the catalyst and polymer electrolyte

layers are one-dimensional. Instead, they used the procedure introduced by Kulikovsky [64] to

couple the gas phase and membrane water transport.

Kulikovsky [64] coupled a three-dimensional flow channel and electrode backing model with

a one-dimensional model of the transport in the catalyst layers and polymer electrolyte. The

transport of water in the electrolyte was modeled with the same model as Springer et al. [26],

while gas transport in the catalyst layer was assumed to be due to Knudsen diffusion only. In the

catalyst layer, the conservation of water included the water flux due to a gradient in gas phase water

concentration and a gradient in the hydration of the membrane; thus, there were two unknowns

but only one equation. However, the membrane hydration and the concentration of water in the

gas phase were not independent, but rather related through the hydration versus relative humidity

curves of Springer et al. [26]. Thus, the gradient of membrane hydration could be transformed to

a gradient of gas phase water concentration and the conservation of total water was solved.

Other modeling approaches also assumed that the mass transport in the catalyst layers was

due to Knudsen diffusion. Mazumder and Cole [65] developed a non-isothermal, two-phase, three-
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dimensional model that treated the transport in the catalyst layer as Knudsen diffusion. The water

transport in the electrolyte was highly simplified in that water transport was through electro-

osmotic drag only. The amount of water dragged by the current was assumed to be proportional

to the volume fraction of liquid water. Lister et al. [66] simulated a fuel cell cathode that was

open to the atmosphere; hence, the reactants and products depended on natural convection for

transport. The electrode backing and catalyst layers were assumed to have a small pore size such

that Knudsen diffusion dominated the transport of the species.

An alternative to collapsing the transport of gas phase water and liquid water in the electrolyte

to a function of one variable is to solve the gas phase and liquid water transport separately and

couple them with an interfacial mass transfer term. This was the approach taken by the two-

dimensional model of Siegel et al. [67]. Siegel et al. [67] assumed that the void space of the catalyst

layer was filled with both gas and polymer electrolyte. The conservation of mass, momentum and

species was applied to the gas phase, while the conservation of water was considered in the polymer

electrolyte. The membrane model of Springer et al. [26, 27] was used to describe the water and

current transport in the polymer electrolyte. The water in the gas phase and electrolyte were

coupled by an interfacial mass transfer term that was analogous to Newton’s law of cooling for

convective heat transfer.

Other channel-centered approach models share characteristics with the ones previously men-

tioned. Jang et al. [68] used a model similar to Gurau et al. [52], but included the effect of liquid

water by calculating the liquid saturation and correcting the gas phase diffusivities for the reduced

porosity. The models of the University of South Carolina and University of Miami groups have

been used by other researchers; Jen et al. [69] used the model of Zhou and Liu [53] and Kumar

and Reddy [70] used the model of Shimpalee et al. [55]. Berning et al. [71] developed a three-

dimensional, single-phase fuel cell model that included the gas flow channels, electrode backing

layers, and polymer electrolyte membrane layer; the catalyst layers were treated as interfaces in

a similar manner as Shimpalee et al. [55]. The conservation of mass, momentum, species and en-

ergy was applied to the PEM fuel cell, and the conservation of energy in the gas and solid phases
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were considered separately; thus the temperatures of the gas and solid phases could differ. Heat

transfer between the solid and gas phases was modeled with a convective heat transfer coefficient.

Ferng et al. [72] applied the mixture approach to the conservation of mass, momentum, species,

and energy in the cathode gas flow channel and electrode backing layer. The cathode catalyst layer

was considered an interface, similar to the model of Wang et al. [60]. However, the model assumed

homogeneous flow; the gas and liquid phases were assumed to have the same velocity. Also, the

conservation of momentum equation used in the electrode backing layers added the Forchheimer

drag term to the generalized Darcy’s law used by other modeling approaches. Stockie [73] explored

the effect of using a hydrophobic versus a hydrophilic capillary pressure function with a model

similar to that of Wang et al. [60].

2.3 Summary

PEM fuel cell models can be classified as empirical models, mathematical models that use a MEA-

centered approach, or mathematical models that use a channel-centered approach. The first PEM

fuel cell models were empirical. Although empirical models were effective at reproducing PEM fuel

cell performance, they had limited predictive capability.

The MEA-centered approach typically modeled the MEA, but not the gas flow channels. The

governing equations were formulated for the specific layers in the MEA and the layers were linked

with internal boundary conditions, based on the continuity of total mass and current flows from

one layer to the next. However, this approach has significant numerical challenges when applied

to a multi-dimensional analysis, because while the total mass or current transfer between layers

can be easily calculated, the distribution along a multi-dimensional boundary can not be easily

determined. Thus, the MEA-centered approach is limited mainly to a one-dimensional analysis.

While the MEA-centered approach concentrates mainly on the MEA, the channel-centered

approach traditionally concentrated on solving the Navier-Stokes equations for the flow in the gas

flow channels. Many of the models neglected the MEA and replaced it with boundary conditions,
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or concentrated on a half cell, instead of the entire PEM fuel cell.

Therefore, most of the fundamental-based models available in the literature either focused

on the MEA exclusively, such as the MEA-centered approach, or the flow channels, such as the

channel-centered approach. However, the interactions between the processes occurring within the

MEA and gas flow channels are significant and a more comprehensive PEM fuel cell model, that

considers both the MEA and gas flow channel, is required. One reason that many channel-centered

approaches concentrated on the gas flow channels and neglected the MEA was that governing

equations for the fuel cell, which could be applied to all layers, were not available. Thus, this

thesis research develops a mathematical model that consists of comprehensive, general governing

equations that can be consistently and systematically applied to all layers of the PEM fuel cell; the

general formulation was published in Baschuk and Li [15].

The numerical solution presented in this thesis is based on a simplified version of the general

governing equations. The simplifying assumptions include the assumption that all water outside of

the polymer electrolyte is in the gas phase only, the cell is operating in steady state and isothermally,

and that the cell is two-dimensional. These assumptions make the numerical model similar to those

from the Pennsylvania State University group; a similar numerical solution method is used in which

the the method of Kulikovsky [64] is used to couple the gas phase and membrane water transport.

However, it differs from the reviewed models in that neither the membrane model of Springer et al.

[26, 27] nor Bernardi and Verbrugge [24, 25] are used. Instead, a membrane model based on the

general governing equations, similar to the general membrane transport analysis of Scattergood

and Lightfoot [74], is employed.
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General Formulation

When this thesis research was undertaken, a set of general governing equations for the conservation

of mass, momentum ,species and energy that were applicable to all layers of a PEM fuel cell were not

readily available. Therefore, part of this thesis research consists of formulating the general governing

equations for a PEM fuel cell, and this general formulation has been published in Baschuk and Li

[15]. The general governing equations are also presented in this chapter.

The general governing equations are influenced by the physical structure of a PEM fuel cell,

which consists of several co-existing phases. Conservation equations govern the transport of mass,

momentum, species and energy in each phase. Since the phases co-exist, interfacial interactions

between the phases occur. These interactions are incorporated into the governing equations through

source terms that are the result of a volume-averaging procedure. The values of the interfacial source

terms are unique in each layer.

The physical structure of the PEM fuel cell is presented in this chapter, along with the major

assumptions and the volume-averaging procedure. The volume-averaged equations representing the

conservation of momentum, conservation of species and mass, and the conservation of energy are

each presented.
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Figure 3.1: The structure of the layers within a PEM fuel cell.

3.1 Physical Structure

A PEM fuel cell can be visualized as several, co-existing phases, which are shown in Figure 3.1.

Three phases exist within the fuel cell: solid, liquid and gas. The bipolar plates are composed of

only a solid phase consisting of carbon. In the gas flow channels, both a multi-component gas phase

and a liquid phase that consists of water are present. The liquid water is shown in Figure 3.1 as

being composed of droplets. However, other types of two phase flow are possible, such as stratified,

depending on the Reynolds number [75]. The electrode backing layers consist of the gas and liquid

phases of the gas flow channels and a solid phase consisting of porous carbon paper or cloth.

The polymer electrolyte layer is composed of Nafion which, according to the ionic cluster model

of Gierke and Hsu [76], can also be considered as a combination of solid, liquid and gas phases. In the

presence of water, the Nafion membrane is composed of three regions [77]. One region is composed

of a liquid phase that contains water and hydronium ions. The liquid water and hydronium ions are

contained within clusters that have a diameter of approximately 4 nm [76]. Channels interconnect

the clusters, with the channels having a diameter of approximately 1 nm [76]. The surface of the
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channels and clusters are lined with immobile sulfonate and sulfonate ions. The second region is

the rigid, hydrophobic backbone of the polymer. The third region is located between the clusters

and the rigid, hydrophobic backbone of the polymer and can be described as the amorphous part

of the perfluorinated backbone. This hydrophobic region is permeable to gases; thus, transport

of reactant gas occurs in this region. Although the polymer electrolyte is permeable to gas, the

permeability is low and reactant cross-over is small.

In the model presented in this thesis, the positive ion in the polymer electrolyte is assumed

to be H3O
+, rather than H+, as was assumed in the models of Bernardi and Verbrugge [24] and

Springer et al. [27]. The reason for this assumption is that in the presence of water, a H+ ion

solvates [78] and becomes H+ · [H2O]n, where n is the number of water molecules attached to the

H+ ion. From experimental studies, the number of water molecules that accompany ion transport

in the electrolyte is 1 [79]. Thus, the experimental evidence suggests that n = 1 and the H+ exists

within the electrolyte pores as a hydronium ion: H3O
+. Other electrolyte models, such as Thampan

et al. [78], also assume that the positive ion is hydronium.

The catalyst layers combine the structure of the electrode backing and polymer electrolyte layers.

Thus, the catalyst layers are a porous media, with a solid matrix consisting of carbon supported

platinum catalyst. The multi-component reactant gases, liquid phase water and polymer electrolyte

are contained in the void spaces. Within the polymer electrolyte, the ion-containing liquid phase,

reactant gas, and polymer backbone exist. The electro-chemical reactions of hydrogen oxidation

and oxygen reduction take place on the catalyst surfaces.

Thus, a PEM fuel cell consists of several phases. The solid phases include the carbon in the

bipolar plates, electrode backing and catalyst layers, as well as the polymer matrix of the electrolyte.

Pure, liquid water is present in the gas flow channels, electrode backing and catalyst layers, while a

liquid mixture containing water and hydronium is contained within the polymer electrolyte of the

polymer electrolyte and catalyst layers. The multi-component reactant gases are present throughout

the cell, except in the solid portions of the bipolar plates. The governing equations for each phase

are derived using volume-averaging, which is examined in the next section.
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3.2 Assumptions

The major assumption in the general formulation developed in this section is the length scale that

is considered. The model presented in this thesis is a continuum model in which the interactions

between the phases are not directly resolved, but rather represented by interfacial source terms

that are functions of the mean properties and flow in each phase. Other approaches to the problem

of modeling a PEM fuel cell are possible. For example, Bultel et al. [80] modeled the catalyst layer

at the particle level. Thus, no averaging procedure was necessary, since boundary conditions could

be applied between the catalyst particles and the reactants. Jinnouchi and Okazaki [22] modeled

the polymer electrolyte at the molecular scale: the motion of individual molecules were resolved.

Thus, the thesis research model is macroscopic, compared to other possible approaches. However,

these alternate approaches are impractical for modeling practical PEM fuel cells. In order to model

a fuel cell, which has dimensions in the order of centimeters or even meters, at the small scales

of individual particles or molecules would be impossible using current computational resources.

Thus, the macroscopic approach used in this thesis research must be used in order to model entire

PEM fuel cells. However, in order to accurately model the processes occurring within the cell, the

interfacial source terms should include the effect of the small scale phenomena on the mean values

considered in the model.

3.3 Volume-Averaging Method

The PEM fuel cell consists of several co-existing phases. Within each phase, the transport of

mass, momentum, species and energy are governed by conservation equations. In order to capture

the interactions between the phases, a volume-averaging procedure is applied to the conservation

equations for each species. The volume-averaging procedure integrates the conservation equation

for each species over a representative volume. The representative volume is illustrated in Figure 3.2.

The integration process is represented by
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Figure 3.2: Representative volume for volume-averaging the conservation equations.

〈Conservation Equation〉 =
1

Vr

∫

Vr

(Conservation Equation) dV, (3.1)

where Vr is the representative volume.

In general, three approaches exist for deriving conservation equations [81]:

1. Infinitesimal particle,

2. Infinitesimal control volume,

3. Finite control volume.

The infinitesimal particle approach considers a fluid particle as it moves relative to a fixed coordinate

system. Then, the description of the motion of a single fluid particle is transformed into a description

of various particles at a fixed point in space. In the infinitesimal control volume approach, a

mass, momentum, species, or energy balance is applied to an infinitesimal cubic control volume

in space. Finally, the finite control volume approach applies mass, momentum, species or energy

balances to a finite control volume and uses various integral relations to obtain the final governing

equations. Of the three approaches, the infinitesimal control volume approach is the most physically

descriptive, since the various fluxes are accounted for directly in the flux balance on the control
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volume. However, this is a disadvantage for deriving the governing equations used in this thesis

due to the presence of co-existing phases; it would be easy to omit a physically relevant interfacial

force or flux. Thus, the approach taken in this thesis, as represented by Equation (3.1), is the finite

control volume approach.

Applying the integration process requires two relationships. The first relationship is the trans-

port theorem [82]:

∫

Vk

∂Ψk

∂t
dV =

∂

∂t

∫

Vk

ΨkdV −
∫

Akn

Ψkwkn · nkndS (3.2)

where Akn is the surface area and wkn is the velocity of the interface between phases k and n. The

second relationship is the averaging theorem [82]:

∫

Vk

∇ΨkdV = ∇
∫

Vk

ΨkdV +

∫

Akn

ΨknkndS scalar (3.3)

∫

Vk

∇ ·ΨkdV = ∇ ·
∫

Vk

ΨkdV +

∫

Akn

Ψk · nkndS vector/tensor

Using the transport and averaging theorems, the volume-averaged conservation equations can

be expressed in terms of volume-averaged quantities, such as density and velocity, and interfacial

source terms. For quantities such as density and velocity, the phase-volume, or intrinsic, average

is defined as

〈Ψk〉∗ =
1

Vk

∫

Vk

ΨkdV, (3.4)

where Vk is the volume of phase k within the representative volume and Ψk is a quantity within

phase k, such as density or velocity. The phase-volume average of Equation (3.4) and the total-

volume average of Equation (3.1) are related with

〈Ψk〉
〈Ψk〉∗

=
Vk

Vr
= εk, (3.5)
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where εk is the volume fraction of phase k within the representative volume. One assumption is

necessary in order to allow the volume-averaged equations to be a function of volume-averaged

quantities. If Ψk and Ωk are two quantities in phase k, then it is assumed that:

〈ΨkΩk〉∗ = 〈Ψk〉∗ 〈Ωk〉∗ (3.6)

After volume-averaging, transport properties, such as viscosity and thermal conductivity, differ

from their bulk values. In general, they are correlated as functions of the bulk value and porous

media structure [83]. For PEM fuel cells, the Bruggemann correction is often used [24]:

Ψeff
k = (εk)

1
2 Ψk (3.7)

The volume-averaging procedure is applied to the conservation of momentum, species and mass,

and energy for each phase. These volume-averaged conservation equations become the general, gov-

erning equations for a PEM fuel cell. The interfacial source terms, which represent the interactions

between the phases, differ from layer-to-layer in the fuel cell. The conservation equations for each

phase are presented in the next sections, along with recommended interfacial source terms.

3.4 Conservation of Momentum

The conservation of momentum only applies to the gas and liquid phases because the velocity of

the solid phase is zero. The conservation of momentum is [84]

∂

∂t
(ρkuk) +∇ · (ρkukuk) +∇Pk −∇ · τk − ρkg − b = 0, (3.8)

where the subscript k denotes the phase. The density and velocity of the phase are denoted by ρk

and uk, respectively. In the conservation of momentum, Equation (3.8), momentum change due

to pressure (Pk), viscous stress (τk), gravity (g), and a body force (bk) are included. The viscous
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stress is expressed as [84]

τk = µk

[

∇uk + (∇uk)
†
]

, (3.9)

where † represents the transpose and µk is the viscosity of phase k; it is assumed that each phase is

a Newtonian fluid and that the dilation effect on the viscous stress tensor is negligible. The body

force, bk, only applies to the liquid phase in the polymer electrolyte membrane. Because of the

immobile sulfonate ions, the liquid phase has a net positive charge. In the presence of an electric

field, a force is exerted on the fluid and the body force is

b`,e = cH3O+

`,e F∇Φe, (3.10)

where cH3O+

`,e is the concentration of hydronium ions in the electrolyte, F is the Faraday constant,

and Φe is the potential in the polymer electrolyte.

After the volume-averaging procedure, the conservation of momentum becomes

∂

∂t
(εk 〈ρk〉∗ 〈uk〉∗) +∇ · (εk 〈ρk〉∗ 〈uk〉∗ 〈uk〉∗) +∇ (εk 〈Pk〉∗)

− 〈Pk〉∗∇ (εk)−∇ · (εk 〈τk〉∗)− εk 〈ρk〉∗ g − εk 〈b〉∗ = ΓF,k, (3.11)

where ΓF,k represents the interfacial source term. The volume-averaged forms of the viscous stress

tensor (〈τk〉∗) and body force (〈bk〉∗) are

〈τk〉∗ = µeff
k

[

∇〈uk〉∗ + (∇〈uk〉∗)†
]

, (3.12)

〈b`,e〉∗ =
〈

cH3O+

`,e

〉∗

F∇〈Φe〉∗ , (3.13)

where the assumption of Equation (3.6) was used to express the stress tensor and body force in

terms of phase-averaged quantities.
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Mathematically, the interfacial source term in the conservation of momentum is expressed as

ΓF,k = −
∑

n

1

Vr

∫

Akn

ρkuk (uk − ukn) · nkndA

−
∑

n

1

Vr

∫

Akn

P̃knkndA−
∑

n

1

Vr

∫

Akn

τk · nkndA, (3.14)

where
∑

n represents the summation over all adjacent n phases, Akn is the interfacial area of phases

k and n, and ukn is the velocity of the interface of k and n within the representative volume. The

pressure deviation, P̃k, is given by [82]

P̃k = Pk − 〈Pk〉∗ . (3.15)

In order to solve the volume-averaged conservation of momentum equation, the interfacial source

term must be expressed as a function of volume-averaged quantities. The expression for the inter-

facial source term depends on phase distribution. Thus, the interfacial source term in the gas flow

channels, where only the gas and liquid phases are present, is different than the interfacial source

term for the other layers where a solid phase is present.

The interfacial source term in the gas flow channel depends on the nature of the flow and the

definition of it is beyond the scope of this thesis. In general, there are two possible methods for

dealing with two-phase, liquid-gas flow. One method is to combine the gas and liquid conservation

of momentum equations, eliminating the interfacial source terms. If homogeneous flow is assumed,

then the gas and liquid velocities are equal and the conservation of momentum equation can be

solved for the mixture velocity; this approach is referred to as the mixture approach [75] and can

be used if one phase is dispersed in the other phase. The second approach is referred to as the

two-fluid approach and is more widely applicable. The two conservation of momentum equations

are solved separately and either the interfacial source term [85] or an expression for the velocity

difference between the two phases [86] is defined.

In the other layers of the PEM fuel cell, the gas and liquid phases are in contact with a solid
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phase and the flow is characterized as porous media flow. If the electrode backing layer is assumed

to be isotropic, the interfacial source term can be expressed as a generalized Darcy term [87, 88]:

ΓF,k = −(εk)
2 µk

Kkrk
uk, (3.16)

where K and permeability and krk is the relative permeability of phase k in the porous media. The

permeability is independent of the fluid, but the relative permeability is a function of the liquid

water saturation:

s =
ε`

εg + ε`
. (3.17)

The capillary pressure is also a function of the saturation, and is defined as the difference

between the gas and liquid phase pressures:

Pcg` = Pg − P`. (3.18)

In a cylindrical pore, the difference between the gas and liquid pressure is a function of the surface

tension, contact angle, and pore radius [89]:

Pcg` =
2σ cos θc

r
, (3.19)

where σ is the surface tension between the gas and liquid phases, θc is the contact angle, and r is

the pore radius. If the pore material is hydrophilic, the contact angle is less than 90◦ and Pcg` is

positive; hydrophobic materials have a negative Pcg` and a water contact angle greater than 90◦, as

illustrated in Figure 3.3. The wetting fluid is generally taken to be the fluid with a contact angle

of less than 90◦. Therefore, for a hydrophilic material, the wetting fluid refers to water, while in a

hydrophobic material, the wetting fluid would be air.

A porous media can be considered to be composed of a large distribution of pores with different
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Figure 3.3: Cylindrical pore having (a) hydrophilic and (b) hydrophobic characteristics.

diameters. For a set pressure difference between the wetting and non-wetting fluids, the surface

tension effects will result in some pores containing only the wetting fluid, some pores containing only

the non-wetting fluid, and some pores constaining both fluids, as illustrated in Figure 3.3. Thus,

the total volume of the wetting or non-wetting fluid within the porous media and the capillary

pressure are related. If the two-phase fluid system consists of water and air, the water content of

the porous media is expressed as the saturation, which is defined as the fraction of the void space

occupied by liquid. The functional dependence of capillary pressure on liquid water saturation

is illustrated in Figure 3.4, for a porous media with hydrophilic, hydrophobic and mixed pore

wettability. The figures have been reproduced from Ustohal et al. [90], and were produced using a

porous media consisting of granular packed quartz sand, for Figure 3.4(a), PTFE, for Figure 3.4(b)

and a 1:2 mixture of quartz sand and PTFE for Figure 3.4(c). Except at the extreme values of

saturation, the capillary pressure for a hydrophilic material is always positive and always negative

for a hydrophobic material. Both positive and negative capillary pressures are possible for a mixed

wettability material. All of the capillary pressure curves in Figure 3.4 show hysteresis, with different

curves being produced if water is entering or leaving the porous media; thus the capillary pressure

depends on both liquid saturation and flow history. The hysteresis is due to the contact angle

being different if the water is advancing or receding from the pores [91]. For the mixed material,

the designation of a wetting and non-wetting fluid is ambiguous and the water is typically designated

as the wetting fluid.

The capillary pressure asymptotically approaches infinity at a finite, minimum value of satu-
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(a) Hydrophilic quartz sand
(b) Hydrophobic PTFE

(c) Mixed

Figure 3.4: Capillary pressure dependence on liquid water saturation for (a) hydrophilic quartz
sand, (b) hydrophobic PTFE and (c) a 1:2 mixture of hydrophilic quartz sand and hydrophobic
PTFE. The curves are from Ustohal et al. [90], and the pressure head difference is related to the
capillary pressure by Pcg` = (ρ`)(g)(hd).
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ration, and approaches negative infinity for a maximum value of water saturation. This can be

interpreted as there being a residual saturation of water, s`r, and a residual saturation of air, sgr,

in the porous media. The residual saturation represents the saturation at which the fluid loses the

capability to move as a bulk phase in response to a hydraulic gradient, resulting in the transport

of the residual fluid being dominated by advective-diffusive transport as a dispersed phase in the

fluid with the larger volume fraction [92].

Attempts have been made to correlate capillary pressure curves, with a comprehensive repre-

sentation being [92]:

PNW − PW = 2Zσ cos (θcW )

√
ε

K
L
(

seffW

)

, (3.20)

where PNW and PW are the pressures of the non-wetting and wetting fluids, respectively, Z is a

correction factor to account for the change in contact angle due to roughness, θcW is the intrinsic

contact angle of the wetting fluid to the solid, and L(seff
W ) is a function of the effective saturation

of the wetting fluid. The effective saturation is defined as:

seffW =
sW − sWr

1− sNWr − sWr
, (3.21)

where sNWr and sWr are the residual saturations of the non-wetting and wetting fluids, respectively.

Therefore, if one capillary pressure curve is available, it can be applied to different porous media,

using corrections for the porosity, permeability and roughness. However, the function L is not fully

universal, and depends on several other parameters, such as pore structure.

Predictive models for the relative permeability were developed from conceptual models of flow

in capillary tubes combined with models of pore-size distribution [93]. The common conceptual

models are the Burdine and Mualem functions. In additional to the conceptual models, several

porous media modeling studies have successfully used a simple power law relationship for the
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relative permeability [83]. The Burdine, Mualem, and power law models are expressed as:

krW =
(

seffW

)2





∫ seff
W

0
dseff

W

P 2
c

∫ 1
0

dseff
W

P 2
c



 krNW =
(

1− seffW
)2





∫ 1
seff
W

dseff
W

P 2
c

∫ 1
0

dseff
W

P 2
c



 (3.22)

krW =
(

seffW

)η





∫ seff
W

0
dseff

W

Pc

∫ 1
0

dseff
W

Pc





2

krNW =
(

1− seffW
)η





∫ 1
seff
W

dseff
W

Pc

∫ 1
0

dseff
W

Pc





2

(3.23)

krW =
(

seffW

)n
krNW =

(

seffNW

)n
(3.24)

where Equation (3.22) is the Burdine function, Equation (3.23) is the Mualem function, and Equa-

tion (3.24) is the power law function. The relative permeability of the wetting and non-wetting

functions are denoted by krW and krNW , respectively.

3.5 Conservation of Mass and Species

No reactions occur within any of the phases in the PEM fuel cell. Thus, for the solid, liquid or gas

phases, the conservation of mass and species are [84]

∂ρk

∂t
+∇ · (ρkuk) = 0, (3.25)

∂

∂t
(ρkω

α
k ) +∇ · (ρkω

α
k uk + J α

k ) = 0, (3.26)

where the mass fraction of species α within phase k is denoted by ωα
k and J α

k represents the mass

flux of species α due to molecular diffusion. The conservation of species applies to all phases, while

the conservation of mass applies only to the gas and liquid phases. The mass flux due to molecular

diffusion is [84]:

−cαk∇ ln aα
k −

zαc
α
kF

RTk
∇Φk =

∑

β 6=α

M̂k

M̂αM̂βDα−β,k

(

ωβ
k J α

k − ωα
k J

β
k

)

. (3.27)
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The Generalized Stefan-Maxwell equations are used to describe the diffusive mass flux, with the

temperature and pressure effects neglected. The molar concentration is cαk and the molecular

weights of the phase and species are denoted by M̂k and M̂α, respectively. The activity, aα
k is given

by

aα
k = γα

k x
α
k . (3.28)

The activity coefficient is γα
k and xα

k is the mole fraction. The definition of activity given in

Equation (3.28) is valid for both charged and uncharged species and for an ideal gas or a dilute

solution, the activity coefficient is unity.

After the volume-averaging procedure, the conservation of mass and species become

∂

∂t
(εk 〈ρk〉∗) +∇ · (εk 〈ρk〉∗ 〈uk〉∗) = ΓM,k, (3.29)

∂

∂t
(εk 〈ρk〉∗ 〈ωα

k 〉∗) +∇ · (εk 〈ρk〉∗ 〈ωα
k 〉∗ 〈uk〉∗ + εk 〈J α

k 〉∗) = Γα
S,k, (3.30)

where Γα
S,k represents gain or loss of species α from adjacent phases:

Γα
S,k = −

∑

n

1

Vr

∫

Akn

ρkω
α
k (uk − ukn) · nkndA. (3.31)

The total mass entering or exiting phase k is denoted by ΓM,k and is equal to the sum of the species

interfacial source terms:

ΓM,k =
∑

α

Γα
S,k (3.32)

Because of the small pore diameters, especially within the polymer electrolyte, molecular inter-

actions between species in the fluid phases and the solid phase can be significant. These interactions

can be incorporated within the Generalized Stefan-Maxwell equations by considering the solid phase

as a diffusing species with a velocity of zero [74]. Thus, the volume-averaged form of the Generalized
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Stefan-Maxwell equations become

− 〈cαk 〉∗∇ ln 〈aα
k 〉∗ −

zα 〈cαk 〉
∗
F

R 〈Tk〉∗
∇〈Φe〉∗ =

∑

β 6=α

M̂k

M̂αM̂βD
eff
α−β,k

(〈

ωβ
k

〉∗

〈J α
k 〉∗ − 〈ωα

k 〉∗
〈

J
β
k

〉∗)

+
〈J α

k 〉∗

M̂αDeff
α−s,k

, (3.33)

where J α
k is the total mass flux of species α and Deff

α−s,k represents the interactions between the

solid phase and the species within the fluid phases. Thus, Deff
α−s,k represents transport due to

Knudsen diffusion. In regions of the PEM fuel cell where the solid phase does not exist, or does not

have an appreciable effect on species mass flux, Deff
α−s,k → ∞ and Equation (3.33) reduces to the

standard Stefan-Maxwell equations: Equation (3.27). For the polymer electrolyte, the pore region

is small such that interactions between the fluid and solid polymer are significant [94].

For a PEM fuel cell, the interfacial source terms for the conservation of species stem from either

adjacent phases or heterogeneous reactions:

Γα
S,k =

∑

n6=k

Γα
S,k−n + Γα

S,k−react, (3.34)

where Γα
S,k−n represents the transfer of species α from phase n to phase k and Γα

S,k−react is the

production of species α due to the reactions. The first type of interfacial source term only affects

the species water. Water in the gas phase can be condensed into, or evaporated from, the liquid

phase. As well, liquid water in the pore region of the polymer electrolyte can leave or enter the gas

or liquid phases.

For water being exchanged through the gas/liquid, gas/electrolyte, or liquid/electrolyte bound-

aries, two methods can be used to determine the value of the interfacial source term. In the

first method, local thermodynamic equilibrium can be assumed between the water in the adjacent

phases. All of the conservation of species equations for water can be summed together and, with

local equilibrium assumed, the water mass fractions in the different phases can be collapsed into a

single variable [87]. The other method retains the conservation of species for the co-existing phases
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separate and uses a function for the interfacial source terms. For example, the interfacial source

term between the gas and liquid phases can be expressed as [49]:

ΓH2O
S,g−` = −ΓH2O

S,`−g = A
(

Psat −
〈
xH2O

g

〉∗ 〈Pg〉∗
)

, (3.35)

where Psat is the saturation pressure of water and A is constant.

The mass transfer due to the heterogeneous electro-chemical reactions can be expressed as

Γα
S,k−react = M̂αAvṖ

α, (3.36)

where Ṗα is the molar production or consumption of species α and Av is the reactive surface area

per unit volume. The expression for Ṗα depends on the reaction kinetics, which are examined in

the next section.

3.5.1 Reaction

The reactions in a PEM fuel cell require a catalyst and thus are confined to the catalyst layers.

The main reaction in the anode catalyst layer is hydrogen electro-oxidation, while oxygen reduction

occurs in the cathode catalyst layer. However, other reactions can occur, such as carbon monoxide

adsorption in the anode catalyst layer and heterogeneous oxidation of hydrogen by oxygen due to

reactant cross-over through the polymer electrolyte layer. All of these reactions are considered in

this general formulation.

The main reactions are electron transfer reactions, and thus are functions of the overpotential,

defined as [95]:

η = Φs − Φe − U ′, (3.37)

where U ′ is the overpotential at a reference state for the particular reaction. For the electro-
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oxidation of hydrogen, U ′ is taken as zero while for oxygen reduction [62],

U ′ = 1.23− 0.9× 10−3 (T − 298) , (3.38)

where U ′ is in V and T is in K. The anode and cathode reactions are considered in the next sections,

with the anode being examined first.

Anode Kinetics

Hydrogen, carbon monoxide, and oxygen are all present in the anode catalyst layer. Thus, the

following reactions are considered:

1. Hydrogen adsorption, desorption and electro-oxidation,

2. Carbon monoxide adsorption, desorption and electro-oxidation,

3. Heterogeneous oxidation of carbon monoxide by oxygen,

4. Heterogeneous oxidation of hydrogen by oxygen.

The adsorption and electro-oxidation of hydrogen in an acidic environment has been exten-

sively studied. The mechanism for electro-chemical hydrogen oxidation over platinum is the slow

dissociation of adsorbed hydrogen molecules to hydrogen atoms, known as the Tafel reaction, fol-

lowed by the fast electro-chemical oxidation of the adsorbed hydrogen atoms, known as the Volmer

reaction [96]:

H2 + 2M 
 2 (H−M) (3.39)

2 (H−M) 
 2M + 2H+ + 2e− (3.40)

where Reaction (3.39) represents the Tafel reaction, Reaction (3.40) represents the Volmer step and

M denotes a reaction site. The electro-oxidation of hydrogen occurs within the potential range of

0 to 0.2 V. Reactions (3.39) and (3.40) represent the standard representation of the Tafel-Volmer
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mechanism. However, in the polymer electrolyte membrane, the hydrogen ions exist as hydronium

(H3O
+) ions [78]; thus the hydrogen electro-oxidation reaction can be expressed as:

H2 + 2M 
 2 (H−M) (3.41)

2 (H−M) + 2H2O 
 2M + 2H3O
+ + 2e− (3.42)

The H+ ions have been replaced by H3O
+ ions, and water is now required on the left hand side

of the Volmer step. This representation of the electro-oxidation of hydrogen in a PEM fuel cell

explicitly shows the need for proper humidification; without water, proton transport would be

impossible and the electron transfer step could not proceed.

The electro-chemistry of CO in an acidic environment has also been studied extensively [97].

The adsorption of CO involves linearly bonded CO to platinum while the oxidation of CO occurs

from a voltage range of 0.6 to 0.9 V, depending on the voltage sweep rate used in the voltammetry

experiment [97]. The rate of oxidation of CO at low coverage is rapid while the rate is poisoned by

a high coverage of CO. This dependence on coverage indicates that the electro-chemical oxidation

of CO involves adjacent surface sites. Thus, the “reactant pair” mechanism for CO oxidation has

been proposed [98]:

CO + M 
 (CO−M) (3.43)

(CO−M) + H2O 
 M + CO2 + 2H+ + 2e− (3.44)

This mechanism of CO oxidation is similar to the catalyzed gas phase oxidation of CO by oxy-

gen [97]. As with the hydrogen electro-oxidation reactions, the electro-oxidation of CO can be

expressed such that the existence of the H+ ions as H3O
+ ions is explicit:

CO + M 
 (CO−M) (3.45)

(CO−M) + 3H2O 
 M + CO2 + 2H3O
+ + 2e− (3.46)

48



CHAPTER 3. GENERAL FORMULATION

The kinetics of carbon monoxide and hydrogen on platinum indicates the mechanism of CO

poisoning of the anode [99]. CO chemisorbs to the platinum sites to the exclusion of hydrogen.

This is possible because CO is more strongly bonded to platinum than hydrogen, as indicated by a

greater potential required for the electro-oxidation of CO than hydrogen, and a sticking probability

of CO on platinum of 15 times higher than that of hydrogen on platinum [99]. Thus, even a

relatively small concentration of CO can result in the complete coverage of the platinum surface,

to the exclusion of hydrogen. Without access to reaction sites, the electro-chemical oxidation of

hydrogen can not proceed.

One method to mitigate the effect of CO poisoning is the introduction of a small amount of

oxygen into the anode gas stream. The carbon monoxide and oxygen react; thus freeing reaction

sites for the electro-oxidation of hydrogen. The amount of oxygen is usually 2 to 5 percent of the

volume flow rate of hydrogen and this process is referred to as O2 bleeding [13]. It is assumed that

the gas phase oxidation of CO and H2 by oxygen is negligible; thus the oxidation is described by

heterogeneous catalysis. The heterogeneous catalysis of CO on platinum proceeds by a Langmuir-

Hinshelwood mechanism [100].

O2 + M 
 2 (O−M) (3.47)

CO + M 
 (CO−M) (3.48)

(CO−M) + (O−M)→ CO2 + 2M (3.49)

The oxidation of H2 by O2 on platinum has many intermediate reactions [101], but it can be

approximated by a Langmuir-Hinshelwood mechanism [102].

H2 + 2M 
 2 (H−M) (3.50)

O2 + M 
 2 (O−M) (3.51)

(O−M) + 2 (H−M)→ H2O + 3M (3.52)
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Note that Reactions (3.49) and (3.52) are assumed to proceed in one direction only.

Therefore, to summarize, the following reactions are assumed to occur within the anode catalyst

layer.

H2 + 2M 
 2 (H−M) (3.53)

2 (H−M) + 2H2O 
 2M + 2H3O
+ + 2e− (3.54)

CO + M 
 (CO−M) (3.55)

(CO−M) + 3H2O 
 M + CO2 + 2H3O
+ + 2e− (3.56)

O2 + 2M 
 2 (O−M) (3.57)

(CO−M) + (O−M)→ CO2 + 2M (3.58)

(O−M) + 2 (H−M)→ H2O + 3M (3.59)

The adsorption and desorption kinetics of CO are assumed to follow a Temkin model, which has been

verified by the experimental data of Dhar et al. [34], while the adsorption and desorption kinetics

of hydrogen and oxygen are assumed to follow Langmuir kinetics. Electro-oxidation of carbon

monoxide and hydrogen are assumed to follow Volmer/Erdey-Gruz kinetics, with the anodic and

cathodic transfer coefficients being equal [95]. As a result, the reaction rates of the anode catalyst

reactions, in units of mole/(m2 · s), are:

RH
a,ads = kH

ads

(

cH2
g

(
θM
s

)2 − bHads

(
θH
s

)2
)

(3.60)

RH
a,ox =

JH
o

F

{[
θH
s

θ̄H
s

]

exp

(
ηa

BH
a

)

−
[
θM
s

θ̄M
s

][

cH3O+

`,e

c̄H3O+

`,e

]

exp

(

− ηa

BH
a

)}

(3.61)

RCO
a,ads = kCO

ads

{

cCO
g θM

s exp

(

−βrθ
CO
s

RT

)

− bCO
adsθ

CO
s exp

(
[1− β]rθCO

s

RT

)}

(3.62)

RCO
a,ox =

JCO
o

2F

{[
θCO
s

θ̄CO
s

][

cH2O
`,e

c̄H2O
`,e

]2

exp

(
ηa

BCO
a

)

(3.63)

−
[
θM
s

θ̄M
s

][

cCO2
g

c̄CO2
g

][

c`, e
H3O+

c̄H3O+

`,e

]3

exp

(

− ηa

BCO
a

)}
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RO
a,ads = kO

ads

{

cO2
`,e

(
θM
s

)2 − bOads

(
θO
s

)2
}

(3.64)

RH−O
a,ox = kH−O

ox

{

θO
s

(
θH
s

)2 − bH−O
ox cH2O

`,e

(
θM
s

)3
}

(3.65)

RCO−O
a,ox = kCO−O

ox

{

θO
s θ

CO
s − bCO−O

ox cCO2
`,e

(
θM
s

)2
}

(3.66)

where kα
i denotes the forward rate reaction constant, bαi denotes the ratio of backward to forward

reaction rate constant, and Jα
o is the exchange current density. The fraction of the platinum

reaction sites in the solid phase covered by species α is denoted by θα
s , with θM

s = 1−θH
s −θCO

s −θO
s

representing the fraction of free reaction sites. An overbar over the concentration (c̄α
`,e) or the

coverage (θ̄α
s ) represents the value at equilibrium, or when the PEM fuel cell is producing no

current.

In the carbon monoxide adsorption/desorption reaction rate, Equation (3.62), β is a symmetry

factor that has a value between zero and one, and r is an interaction parameter that represents the

effect of lateral-interaction on the adsorption/desorption process [103]. In general, the Tafel slope,

B, is [95]:

Bforward =
RT

βnF
, (3.67)

Bbackward =
RT

(1− β)nF
, (3.68)

where Bforward and Bbackward are the Tafel slopes for the forward and backward reaction directions,

respectively. The number of electrons transferred in the reaction is denoted by n and β is a

symmetry factor that is between 0 and 1. In Equations (3.61) and (3.63), Bα
a is the Tafel slope for

species α; the Tafel slopes for the forward and backward directions are considered equivalent and

are equal to:

BH
a = BCO

a =
2RT

F
. (3.69)
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The production of reaction intermediates (θH
s , θCO

s , and θO
s ) are assumed to be in steady state,

and therefore equal to zero. This results in the relationships:

Ṗ
θH
s

a = 2RH
a,ads −RH

a,ox − 2RH−O
a,ox = 0 (3.70)

Ṗ
θCO
s

a = RCO
a,ads −RCO

a,ox −RCO−O
a,ox = 0 (3.71)

Ṗ
θO
s

a = 2RO
a,ads −RH−O

a,ox −RCO−O
a,ox = 0 (3.72)

Using Equations (3.70) to (3.72), the production of the reactants and products can be expressed

in terms of RH
a,ox, RCO

a,ox, RH−O
a,ox and RCO−O

a,ox :

Ṗ
H2
a = −1

2
RH

a,ox −RH−O
a,ox (3.73)

Ṗ
CO
a = −RCO

a,ox −RCO−O
a,ox (3.74)

Ṗ
O2
a = −1

2
RH−O

a,ox −
1

2
RCO−O

a,ox (3.75)

Ṗ
e−

a = RH
a,ox + 2RCO

a,ox (3.76)

Ṗ
H3O+

a = RH
a,ox + 2RCO

a,ox (3.77)

Ṗ
H2O
a = −RH

a,ox − 3RCO
a,ox +RH−O

a,ox (3.78)

Ṗ
CO2
a = RCO

a,ox +RCO−O
a,ox (3.79)

Cathode Kinetics

The major reaction occurring in the cathode catalyst layer is oxygen reduction:

O2 + 4H+ + 4e− 
 2H2O (3.80)
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As in the anode catalyst layer, the hydrogen ions exist as hydronium ions; thus Equation (3.80)

can be rewritten as:

O2 + 4H3O
+ + 4e− 
 6H2O (3.81)

The reaction rate of the oxygen reduction reaction in a polymer electrolyte/platinum system

has been studied [104] and the production of electrons is governed by Volmer/Erdey-Gruz kinetics:

RO2
c,red =

JO2
o

4F







[

cH2O
`,e

c̄H2O
`,e

]6

exp

(
ηc

BO2
c

)

−
[

cO2
g

c̄O2
g

][

cH3O+

`,e

c̄H3O+

`,e

]4

exp

(

− ηc

BO2
c

)





(3.82)

where JO2
o is the exchange current density for oxygen reduction and cαk is the concentration of

species α. The Tafel slope is denoted by BO2
c and is given by:

BO2
c =

RT

F
. (3.83)

The definition of Tafel slope in Equation (3.83) does not match the general expression for Tafel slope

in Equation (3.67). However, Equation (3.83) results in a Tafel slope of 68 mV/decade at a tem-

perature of 70◦C, which agrees with the experimental value of 70 mV/decade from Parthasarathy

et al. [104]. The discrepancy between the actual and theoretical Tafel slope is because the oxygen

reduction reaction is not a single step reaction; the general expression for Tafel slope is valid only

for a single step reaction.

Gases can dissolve into the polymer electrolyte and be transported between the anode and

cathode; however, compared to the gas phase, the transport of gases in the polymer electrolyte is

slow [24]. On the anode side of the fuel cell, the concentration of carbon monoxide is approximately

100 ppm. If the solubility and diffusivity of carbon monoxide in Nafion is assumed be be similar

to that of oxygen or hydrogen, then it is unlikely that a significant amount could be transported

across the polymer electrolyte membrane layer and react in the cathode catalyst layer. However,
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cross-over of hydrogen could be possible and as a result, the heterogeneous oxidation of hydrogen

by oxygen is included in the cathode catalyst layer. The chemical reaction and reaction rate are

represented in the same manner as in the anode catalyst layer:

H2 + 2M 
 2 (H−M) (3.84)

O2 + M 
 2 (O−M) (3.85)

(O−M) + 2 (H−M)→ H2O + 3M (3.86)

RH
c,ads = kH

ads

{

cH2
e

(
θM
s

)2 − bHads

(
θH
s

)2
}

(3.87)

RO
c,ads = kO

ads

{

cO2
e

(
θM
s

)2 − bOads

(
θO
s

)2
}

(3.88)

RH−O
c,ox = kH−O

ox

{

θO
s

(
θH
s

)2 − bH−O
ox cH2O

e

(
θM
s

)3
}

(3.89)

As in the anode catalyst layer, the net production of θH
s and θO

s are taken to be zero and hence,

Ṗ
θH
s

c = 2RH
c,ads − 2RH−O

c,ox , (3.90)

Ṗ
θO
s

c = 2RO
c,ads −RH−O

c,ox . (3.91)

The net production of each species in the cathode catalyst layer can be calculated:

Ṗ
O2
c = RO2

c,red −
1

2
RH−O

c,ox , (3.92)

Ṗ
H2
c = −RH−O

c,ox , (3.93)

Ṗ
H2O
c = −6RO2

c,red +RH−O
c,ox , (3.94)

Ṗ
H3O+

c = 4RO2
c,red, (3.95)

Ṗ
e−

c = 4RO2
c,red. (3.96)
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3.6 Conservation of Energy

The conservation of energy can be written for all phases as [84]

∂

∂t

(
∑

α

ρkω
α
kH

α
k

)

+∇ ·
(
∑

α

F α
k H

α
k

)

= −∇ · qk. (3.97)

Energy transfer due to pressure work and viscous dissipation are both neglected in the conservation

of energy, which is expressed as Equation (3.97). The enthalpy of phase k is denoted by Hk, and

qk represents the transport of energy due to conduction. The total mass flux of species α is

F α
k = ρkω

α
k uk + J α

k (3.98)

The conductive heat transfer is a function of temperature:

qk = −λk∇Tk, (3.99)

where λk is the thermal conductivity of phase k.

Thus, the independent variables in Equation (3.97) include the temperature and the enthalpy of

each phase. For the neutral phases, the enthalpy can be expressed as a function of temperature [84]:

dHα
k = Cα

p,kdTk (3.100)

where Cα
p,k is the constant pressure specific heat for species α.

For the charged species, the enthalpy is potential dependent. Using the Gibbs equation, the

enthalpy of a charged species can be expressed in terms of the electro-chemical energy (µ̂α±

k ) and

the partial molar entropy (Ŝα±

k ) [105]:

Ĥα±

k = µ̂α±

k + TkŜ
α±

k . (3.101)
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The electro-chemical energy can be expressed as

∇µ̂α±

k = RTk∇ ln aα±

k + zα±F∇Φk, (3.102)

where zα± is the charge and aα±

k is the activity [106]. Thus, for a charged species, the convective

term of Equation (3.97) becomes:

∇ ·
(

F α±

k Hα±

k

)

= ∇ ·
(

Nα±

k Ĥα±

k

)

= Nα±

k · ∇Ĥα±

k (3.103)

= Nα±

k ·
[

RTk∇ ln aα±

k + zα±F∇Φk +∇
(

TkŜ
α±

k

)]

,

where zα± is the charge of species α and Nα±

k is the molar flux of charged species α. For electro-

chemical systems, only the potential gradient term is significant [105]. Thus, this term can be

manipulated to represent Joule heating.

After the volume-averaging procedure, the conservation equations become

∂

∂t

(
∑

α

εk 〈ρk〉∗ 〈ωα
k 〉∗ 〈Hα

k 〉∗
)

+∇ ·
(
∑

α

εk 〈F α
k 〉∗ 〈Hα

k 〉∗
)

= −∇ · (εk 〈qk〉∗) + ΓE,k, (3.104)

where ΓE,k represents the energy entering phase k from adjacent phases:

ΓE,k = −
∑

n

1

Vr

∫

Akn

∑

α

Hα
k (F α

k − ρkukn) · nkndA−
∑

n

1

Vr

∫

Akn

qk · nkndA, (3.105)

The volume-averaged form of the heat flux (〈q〉∗k) is

〈q〉∗k = −λeff
k ∇〈Tk〉∗ (3.106)

where the effective thermal conductivity is denoted λeff
s .

Two solution methods are possible for the volume-averaged conservation equations. For the

first method, the energy equations for each phase are solved separately and are coupled through
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the interfacial source terms. However, this method has the disadvantage of requiring closed forms

for the interfacial source terms. The other method involves assuming that all co-existing phases are

at the same temperature. As a result, the energy equations for each phase can be added together

and the interfacial source terms are not required. The assumption that all phases are at the same

temperature is reasonable because the porous media has a large surface area per unit volume. Thus,

the effective heat transfer coefficient between the phases is very high and the interfacial resistance

to heat transfer is low. For example, in the catalyst layers, the reactive surface area per unit volume

is of the order of 105 m−1.

If all of the phases have the same local temperature, the conservation of energy for the fuel cell

simplifies to

∂

∂t




∑

k

∑

α6=α±

εk 〈ρk〉∗ 〈ωα
k 〉∗Cα

p,k 〈T 〉∗


+∇ ·




∑

k

∑

α6=α±

εk 〈F α
k 〉∗Cα

p,k 〈T 〉∗


 = −∇ · (〈q〉∗)

+ Eα±

J + EW + Em + Ereact, (3.107)

where Eα±

J is the energy production due to Joule heating, EW is the energy from water condensa-

tion and evaporation, Em contains terms resulting from the variable change to temperature from

enthalpy, and Ereact is the energy from the electro-chemical reactions. Only the neutral species are

included in the summations of Equation (3.107), with the contribution of the charged species being

included in the Eα±

J term. The heat transfer due to conduction is defined as

〈q〉∗ = −λeff∇T (3.108)

where λeff is the effective thermal conductivity for the solid, gas and liquid phases.

The energy production due to Joule heating is

Eα±

J =
∑

k

∑

α=α±

−Nα±

k · [+zα±F∇Φk] , (3.109)
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where the non-potential terms are neglected. The transient term for the charged species is also ne-

glected because the timescale of the electrical storage effects is much shorter than thermal timescales

of the solid, liquid and gas phases. Thus, the electrical transport can be always assumed to operate

in steady state. The energy due to water condensation and evaporation is

EW = −
∑

k

∑

n6=k

HH2O
k ΓH2O

S,k−n, (3.110)

where k and n are phases that contain water. Converting from enthalpy to temperature creates

the Em term:

Em = T
∑

k

∑

α6=α±

Cα
p,kΓ

α
S,k, (3.111)

where Em is zero if all of the specific heats are equal or if no species production of consumption

occurs.

The energy from the reactions is

Ereact = −
∑

k

∑

α

Hα
k Γα

S,k−react (3.112)

= Avqreact,

where qreact is the heat of reaction:

qreact = −
∑

k

∑

α

Ĥα
k Ṗ

α. (3.113)

The conversion of the chemical energy of hydrogen and oxygen into electrical work is exothermic;

therefore, heat is generated in the catalyst layers of a PEM fuel cell. For the heterogeneous reactions,

the determination of the heat production is straightforward and depends on the reaction rate and the

enthalpy change of the reaction. However, the heat produced by the electro-chemical reactions must
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be treated differently due to the electron-transfer step. The heat produced by the electro-chemical

reactions can be separated into two parts: the reversible and irreversible heat generation. The

irreversible heat generation is a function of the reaction rate and the catalyst layer overpotential,

while the reversible heat generation term is a function of the reaction rate and the entropy change

for the reaction. The entropy change for an electron transfer reaction is not rigorously defined [105];

hence assumptions must be made in order to calculate the reversible heat generation in the catalyst

layers. The following sections express qreact as a function of the enthalpy of reaction, overpotential,

and reversible heat generation in the anode and cathode catalyst layers. As well, the determination

of the reversible heat generation is discussed.

3.6.1 Anode Heat of Reaction

Using the information from the reaction kinetics section, the anode heat of reaction is:

qa
react = −

∑

k

∑

α

Ĥα
k Ṗ

α

= −RH
a,ox∆ĤH

R,ox −RCO
a,ox∆ĤCO

R,ox −RH−O
a,ox ∆ĤH2−O

R,ox −RCO−O
a,ox ∆ĤCO−O

R,ox . (3.114)

The enthalpy of reactions for the hydrogen and carbon monoxide electro-oxidation reactions are

denoted by ∆ĤH
R,ox and ∆ĤCO

R,ox, respectively. The heterogeneous oxidation of hydrogen and carbon

monoxide have enthalpy of reactions represented by ∆ĤH−O
R,ox and ∆ĤCO−O

R,ox , respectively. The

enthalpy of reactions are related to the enthalpy of formations of each species through:

∆ĤH
R,ox = ĤH3O+

e + Ĥe−

s −
1

2
ĤH2

e − ĤH2O
e (3.115)

∆ĤCO
R,ox = ĤCO2

e + 2ĤH3O+

e + 2Ĥe−

s − ĤCO
e − 3ĤH2O

e (3.116)

∆ĤH−O
R,ox = ĤH2O

e − ĤH2
e − 1

2
ĤO2

e (3.117)

∆ĤCO−O
R,ox = ĤCO2

e − ĤCO
e − 1

2
ĤO2

e (3.118)
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The enthalpy of reaction for the heterogeneous reactions can be obtained by finding the enthalpy

of formations for each of the participating species. However, the enthalpy of formation for the

species in the electro-oxidation reactions can not be easily calculated due to the presence of charged

species. The enthalpies of the participating species must be expressed in terms of the electro-

chemical energy and entropy using the Gibbs function [106]:

µ̂ = Ĥ − T Ŝ (3.119)

Therefore, the enthalpy of reaction for hydrogen electro-oxidation can be expressed as:

∆ĤH
R,ox = ∆µ̂H

R,ox + T∆ŜH
R,ox (3.120)

where ∆µ̂H
R,ox and ŜH

R,ox are:

∆µ̂H,ox
R = µ̂H3O+

`,e + µ̂e−

s −
1

2
µ̂H2

g − µ̂H2O
`,e (3.121)

∆ŜH
R,ox = ŜH3O+

`,e + Ŝe−

s −
1

2
ŜH2

`,e − Ŝ
H2O
`,e (3.122)

Similarly, the enthalpy of reaction for the carbon monoxide electro-oxidation reaction can be ex-

pressed as:

∆ĤCO
R,ox = ∆µ̂CO

R,ox + T∆ŜCO
R,ox (3.123)

∆µ̂CO
R,ox = µ̂CO2

g + 2µ̂H3O+

`,e + 2µ̂e−

s − µ̂CO
g − 3µ̂H2O

`,e (3.124)

∆ŜCO
R,ox = ŜCO2

g + 2ŜH3O+

`,e + 2Ŝe−

s − ŜCO
g − 3ŜH2O

`,e (3.125)

The change in electro-chemical energy for the reaction contributes to the irreversible heat gen-

eration, while the entropy change for the reactions is responsible for the reversible heat generation.
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For an electron transfer reaction of the form:

∑

i

νiα
zi

i → ne−

The surface overpotential is defined as [105]:

−Fη = µ̂e− −
∑

i

νiµ̂
i

n
(3.126)

As a result, the change in electro-chemical energy for hydrogen and carbon monoxide electro-

oxidation becomes:

∆µ̂H,ox
R = −Fηa ∆µ̂CO,ox

R = −2Fηa

Therefore, the heat of reaction can be expressed in terms of overpotential, enthalpy of reaction for

the heterogeneous reactions, and the reversible heat generation:

qreact = Fηa

[
RH

a,ox + 2RCO
a,ox

]
+ qHa,rev + qCO

a,rev −RH−O
a,ox ∆ĤH−O

R,ox −RCO−O
a,ox ∆ĤCO−O

R,ox (3.127)

where qa,rev is the reversible heat generation of the electro-oxidation reactions and is given by:

qHa,rev = −TRH
a,ox∆ŜH

R,ox (3.128)

qCO
a,rev = −TRCO

a,ox∆ŜCO
R,ox (3.129)

The determination of the reversible heat generation is examined in Section 3.6.3.
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3.6.2 Cathode Heat of Reaction

The heat of reaction in the cathode catalyst layer can be determined in the same manner as in the

anode catalyst layer. Thus, the heat of reaction in the cathode catalyst layer is:

qc
react = 4FηcRO2

c,red + qO2
c,rev −RH−O

c,ox ∆ĤH−O
R (3.130)

The enthalpy of reaction for the heterogeneous oxidation of hydrogen is given by Equation (3.117),

while the reversible heat generation in the cathode catalyst layer (qc,rev) is expressed as:

qO2
c,rev = RO2

c,red∆Ŝ
O2
R,red (3.131)

∆ŜO2
R,red = 6ŜH2O

`,e − ŜO2
g − 4ŜH3O+

`,e − 4Ŝe−

g (3.132)

3.6.3 Reversible Heat Generation

Determining the reversible heat generation in the anode and cathode catalyst layers requires the

entropy of formations for each species participating in the electro-chemical reactions. As with the

enthalpy, the entropy for the species in the electrolyte phase are taken to be the values in the gas

phase, for species O2, H2, CO2, and CO. The entropy of water is the same in the electrolyte and

liquid phases. However, the entropy of formations for ions, such as H3O
+ and e−, are not well

defined [105]; the dependence of ŜH3O+

e and Ŝe−
s on temperature, or even potential, is not known.

The reactions occurring within the anode and cathode catalyst layers can be added together to

form the overall PEM fuel cell reactions. If carbon monoxide is not present in the fuel, then the

overall reaction for the cell is:

H2 +
1

2
O2 
 H2O

Since the overall reaction does not involve any charged species, the reversible heat generation can
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be determined with:

qH2;O2
rev = −TRH

a,ox

(

ŜH2O
e − ŜH2

e −
1

2
ŜO2

e

)

(3.133)

When carbon monoxide is present in the fuel, there is an additional overall reaction:

CO +
1

2
O2 
 CO2

and the reversible heat generation can be calculated with:

qCO;O2
rev = −TRH

a,ox

(

ŜCO2
e − ŜCO

e − 1

2
ŜO2

e

)

(3.134)

Therefore, the reversible heat generation in each catalyst layer will be a fraction of the reversible

heat generation of the overall reactions:

qHa,rev = ζHq
H2;O2
rev

qCO
a,rev = ζCOq

CO;O2
rev

qO2,ox
c,rev = (1− ζH) qH2;O2

rev + (1− ζCO) qCO;O2
rev

The value of ζ, (0 ≤ ζ ≤ 1), will depend on the values assumed for ŜH3O+

e and Ŝe−
s . One reasonable

assumption is to assume that Ŝe−
s = 0. Also, the standard entropy for the hydronium ion is assumed

to be given by:

ŜH3O+

e = ŜH+

e + ŜH2O
e

Since the entropy of an hydrogen ion in an aqueous solution at 25◦C is zero [107], the entropy of
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the hydronium ion is taken as:

ŜH3O+

e = ŜH2O
e . (3.135)

With these assumptions, the reversible heat generation component of the heat of reaction for the

anode and cathode catalyst layers can be determined.

3.6.4 Irreversible Heat Generation

Section 3.6.3 described the reversible heat generation of the electro-chemical reactions. The irre-

versible heat generation would be the terms in Equations (3.127) and (3.130) that are functions of

the overpotential:

qa,irr = Fηa

[
RH

a,ox + 2RCO
a,ox

]
, (3.136)

qc,irr = 4FηcRO2
c,red, (3.137)

where qa,irr and qc,irr are the irreversible components of the anode and cathode electro-chemical

reactions, respectively.

3.7 Summary

The PEM fuel cell is considered to be composed of several, co-existing phases. These phases include

a solid phase, which is present as the solid matrix of the polymer electrolyte and the carbon of

the bipolar plates, electrode backing layer and catalyst layers. In addition, a multi-component gas

phase is present in all regions of the fuel cell except the solid portion of the bipolar plates. Finally,

two liquid phases are present. One liquid phase is composed of pure water and can exist in the

gas flow channels, electrode backing and catalyst layers. The other liquid phase consists of water

and hydronium and it is confined to the pore regions of the polymer electrolyte in the catalyst and

polymer electrolyte layers. The governing equations for these phases are the conservation of mass,
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momentum, species and energy:

∂

∂t
(εk 〈ρk〉∗) +∇ · (εk 〈ρk〉∗ 〈uk〉∗) = ΓM,k, (3.138)

∂

∂t
(εk 〈ρk〉∗ 〈uk〉∗) +∇ · (εk 〈ρk〉∗ 〈uk〉∗ 〈uk〉∗) +∇ (εk 〈Pk〉∗)

− 〈Pk〉∗∇ (εk)−∇ · (εk 〈τk〉∗)− εk 〈ρk〉∗ g − εk 〈b〉∗ = ΓF,k, (3.139)

∂

∂t
(εk 〈ρk〉∗ 〈ωα

k 〉∗) +∇ · (εk 〈ρk〉∗ 〈ωα
k 〉∗ 〈uk〉∗ + εk 〈J α

k 〉∗) = Γα
S,k, (3.140)

∂

∂t




∑

k

∑

α6=α±

εk 〈ρk〉∗ 〈ωα
k 〉∗Cα

p,k 〈T 〉∗


+∇ ·




∑

k

∑

α6=α±

εk 〈F α
k 〉∗Cα

p,k 〈T 〉∗


 = −∇ · (〈q〉∗)

+ Eα±

J + EW + Em + Ereact. (3.141)

The formulated equations apply to each layer and phase in the PEM fuel cell, including the polymer

electrolyte membrane. Hence, transport phenomena in the the polymer electrolyte are derived

directly from first principles. Since the governing equations are similar for each layer and phase,

the formulation presented in this thesis is consistent, comprehensive and systematic.

The interfacial source terms, Γ, and the energy source terms, E, depend on the location within

the fuel cell. In the conservation of momentum equation, the interfacial source term, ΓF,k, depends

on the adjacent phases. If a solid phase is present, the momentum interfacial source term becomes

the Darcy term.

The interfacial source term in the conservation of species equation has two contributions. One

contribution represents the interfacial mass transport of water between the gas and liquid phases.

The other contribution is the reactions that occur in the catalyst layers; this contribution is not

present in any of the other layers of the PEM fuel cell.

The energy source terms represent Joule heating (Eα±

J ), water condensation and evaporation

(EW ), the heat of the catalyst layer reactions (Ereact), and a miscellaneous term resulting from the
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variable change from enthalpy to temperature (Em). Of these terms, Joule heating will be present

in all of the fuel cell layers due to electron migration in the solid phase or hydronium migration in

the electrolyte. The presence of water condensation and evaporation requires both the liquid and

gas phases to exist, while the heat of reaction only exists in the catalyst layers.

The governing equations derived in this chapter represent a general description of the processes

occurring within a PEM fuel cell. However, the inclusion of all these processes may not be necessary

in order to successfully model PEM fuel cell performance. As well, the specific form of the inter-

facial source terms and energy source terms are subject to assumptions. The next chapter applies

simplifying assumptions to the general governing equations and further chapters numerically solve

the simplified set of governing equations.
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Chapter 4

Simplified Formulation for Numerical

Implementation

The equations presented in Chapter 3 represent a general formulation for modeling a single PEM fuel

cell. However, the full solution of these equations are beyond the scope of this thesis research due

to time constraints. Therefore, some simplifying assumptions are applied to the general governing

equations in order to reduce the number of equations that require numerical solution. Even though

the governing equations are simplified, the reduced equation set still includes the novel transport

equations for the polymer electrolyte membrane.

This chapter presents the assumptions, and the resulting governing equations for the simplified

formulation. After application of the simplifying assumptions, the only phases that are considered

within the fuel cell are the gas phase, the liquid phase in the polymer electrolyte, and the solid

phase in the bipolar plates, electrode backing layers and catalyst layers. Although the general,

governing equations of Chapter 3 apply to each phase in the PEM fuel cell, the specific details of

the governing equations, such as the interfacial source terms, can be unique to each phase. Thus,

this governing equations for each phase are presented in this chapter.
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4.1 Assumptions

One method of simplifying the governing equation set is to non-dimensionalize the governing equa-

tions. The relative size of the resulting non-dimensional groups can then be used to neglect certain

terms in the general governing equations. However, for PEM fuel cells, this approach is difficult to

implement because the non-dimensionalization process yields many dimensionless groups that can

not be easily quantified [108]. Thus, the general governing equations of this thesis are simplified

using physical arguments instead. For the model presented in this thesis, five major assumptions

are used to simplify the general mathematical model.

1. The cell operates in steady state.

2. Liquid water only exists within the polymer electrolyte; water elsewhere in the PEM fuel cell

is assumed to be in the gas phase.

3. The cell is isothermal; hence, the conservation of energy is not required.

4. The polymer electrolyte is impervious to the gas phase.

5. The anode fuel consists of only hydrogen and water.

Of the above mentioned assumptions, all but the second assumption can be easily justified. A

PEM fuel cell operating under a constant electrical load and reactant supply would be operating

in steady-state. Although the electro-chemical reactions within a fuel cell are exothermic, with

sufficient external cooling, PEM fuel cell temperature gradients can range from 0.7 to 0.53 K [109].

Since the reactants typically enter the fuel cell at a relative humidity of 100% and water is

produced within the fuel cell, ignoring the presence of condensed, liquid phase water is harder to

justify. However, since the density of liquid water is much higher than water in the gas phase, the

volume occupied by the liquid water should be small. Therefore, if little water is being produced in

the PEM fuel cell, as in low current density operation, then ignoring liquid water can be justified.

Further, a PEM fuel cell can be designed such that all water is removed in vapor form [110].

68



CHAPTER 4. SIMPLIFIED FORMULATION FOR NUMERICAL IMPLEMENTATION

As a result of the five major assumptions, the number of conservation equations governing the

transport in each phase are reduced. Transport in the gas phase is described by the conservation of

mass, momentum and species. The solid phase is stationary; thus, only the conservation of species,

with the species being electrons, is required. The convective flow in the polymer electrolyte is

assumed to be zero; thus, the governing equations are the conservation of hydronium ions and

water. Finally, if the anode reactants are humidified hydrogen, the detailed anode kinetics outlined

in Chapter 3 are not required. With no reactant cross-over through the electrolyte, the cathode

reactions are also simplified. These simplified governing equations and the simplified reaction

kinetics are examined in this chapter, as well as appropriate boundary conditions.

4.2 Gas Phase

Transport in the gas phase is described by the conservation of mass, momentum, and species:

∇ · (εg 〈ρg〉∗ 〈ug〉∗) = ΓM,g, (4.1)

∇ · (εg 〈ρg〉∗ 〈ug〉∗ 〈ug〉∗) + ∇ (εg 〈Pg〉∗) − 〈Pg〉∗∇ (εg) − ∇ · (εg 〈τg〉∗) = ΓF,g, (4.2)

∇ ·
(
εg
〈
ρα

g

〉∗ 〈ug〉∗ + εg
〈
J α

g

〉∗)
= Γα

S,g. (4.3)

The conservation of species is written in terms of partial density:

ρα
k = ρkω

α
k . (4.4)

In order to obtain closure for Equations (4.1) to (4.3), constitutive equations for ΓM,g, ΓF,g, J α
g

and Γα
S,g are required.

Siegel et al. [67] found that the pore size, even in the catalyst layer, can be as large as 10 µm.

Thus, it is assumed that the solid phase does not interfere with the diffusion of the gas species. Since

the activity of an ideal gas is the mole fraction [106], the gas phase Generalized Stefan-Maxwell
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equations become

−〈cg〉∗∇
〈
xα

g

〉∗
=
∑

β 6=α

M̂g

M̂αM̂βD
eff
α−β,g

(〈

ωβ
g

〉∗ 〈
J α

g

〉∗ −
〈
ωα

g

〉∗
〈

J β
g

〉∗)

. (4.5)

For the species in the gas phase, the bulk values of the binary diffusion coefficients can be calcu-

lated with the Fuller, Schettler and Giddings method [111]. The Stefan-Maxwell equations can be

“inverted” and the diffusional flux of species α expressed as a function of mass fraction [112]:

〈
J α

g

〉∗
= −〈ρg〉∗Deff

α−g∇
〈
ωα

g

〉∗
+

〈
ωα

g

〉∗
Deff

α−g
(
1−

〈
xα

g

〉∗)

∑

β 6=α

[

〈ρg〉∗ M̂g

M̂β

∇
〈

ωβ
g

〉∗

+
M̂g

〈
J β

g

〉∗

M̂βDeff
α−β,g

]

(4.6)

where Deff
α−g is the overall, effective diffusion coefficient of species α in phase k and is expressed as:

1−
〈
xα

g

〉∗

Deff
α−g

=
∑

β 6=α

〈

xβ
g

〉∗

Deff
α−β,g

(4.7)

The mass fraction gradient of Equation (4.6) can be converted to a gradient of partial density

through the product rule [113]:

∇
〈
ωα

g

〉∗
=
∇
〈
ρα

g

〉∗

〈ρg〉∗
−
〈
ωα

g

〉∗

〈ρg〉∗
∇〈ρg〉∗ . (4.8)

Thus, the diffusional mass flux of species α is

〈
J α

g

〉∗
= −Deff

α−g∇
〈
ρα

g

〉∗
+

〈
ωα

g

〉∗
Deff

α−g
(
1−

〈
xα

g

〉∗)

∑

β 6=α

[

〈ρg〉∗ M̂g

M̂β

∇
〈

ωβ
g

〉∗

+
M̂g

〈
J β

g

〉∗

M̂βDeff
α−β,g

]

+
〈
ωα

g

〉∗
Deff

α−g∇〈ρg〉∗ . (4.9)

The momentum interfacial source term between the gas and solid phase can be modeled with
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the Darcy term [114]:

ΓF,g = −(εg)
2 µg

K
〈ug〉∗ (4.10)

where K is the absolute permeability of the porous media. If no solid phase exists, then K =∞.

The source term in the conservation of mass equation can be expressed in terms of the source

terms for the conservation of species:

ΓM,g =
∑

α

Γα
S,g. (4.11)

The source terms in the conservation of species can be split into two groups:

Γα
S,g =







M̂αAvṖ
α α 6= H2O

M̂αAvṖ
α + ΓH2O

S,g−e α = H2O
, (4.12)

where Ṗα is the production of species α, in units of mole/m3 s, due to the electro-chemical reac-

tions, and ΓH2O
S,g−e represents the mass transfer of water from the electrolyte to the gas phase. An

expression for Ṗα can be obtained from the electro-chemical reaction kinetics. There is no general

equation for Γα
S,g−e available in literature. However, it is not required in the solution method since

a local thermodynamic equilibrium is assumed between the water in the gas phase and water in

the electrolyte.

4.3 Solid Phase

For the solid phase, there is no convective velocity and only one species exists: electrons. The

conservation of species, in terms of molar flux, is

∇ ·
(

εs

〈

N e−

s

〉∗)

= Γe−

S,s, (4.13)
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where N e−
s is the molar flux of electrons. Assuming the solid phase is a good electronic conductor

(not a semi-conductor), there are no concentration gradients of electrons in the solid phase; thus,

the Generalized Stefan-Maxwell equations reduce to

−
ze−

〈

ce
−

s

〉∗

F

R 〈Ts〉∗
∇〈Φs〉∗ =

〈

N e−
s

〉∗

M̂e−D
eff
e−−s,s

(4.14)

Electron flow is generally expressed in terms of current density through Faraday’s law [105]:

Js = ze−FN e−

s . (4.15)

Using Faraday’s law, the conservation of species and Generalized Stefan-Maxwell equations can be

expressed in terms of current density:

∇ · (εs 〈Js〉∗) = ze−FΓe−

S,s,

Js = −κeff
s ∇〈Φs〉∗ ,

∇ ·
(

εsκ
eff
s ∇〈Φs〉∗

)

= FΓe−

S,s, (4.16)

where the constant terms of Equation (4.14) are combined to form the electrical conductivity of the

solid phase, κeff
s . For the solid phase in this thesis research, the bulk value of electrical conductivity

is 1.67× 104 S/m. The interfacial source term, Γe−

S,s, represents the production of electrons in units

of mole/m3 s:

Γe−

Ss
= AvṖ

e− , (4.17)

where Ṗe− can be calculated with the electro-chemical kinetics.
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4.4 Liquid Phase in the Electrolyte

The transport of water and ions in the electrolyte is modeled using the general membrane model

of Scattergood and Lightfoot [74]. In this membrane model, the convective velocity is assumed to

be zero; thus the only equation is the conservation of species:

∇ ·
(
ε`,e
〈
J α

`,e

〉∗)
= Γα

S,e. (4.18)

The subscript `, e is used to denote the liquid phase in the electrolyte pores. The volume fraction

of liquid water can be expressed as

ε`,e = εeε
`
e, (4.19)

where εe is the volume fraction of electrolyte and ε`e is the volume fraction of liquid within the

polymer electrolyte.

The transport of water and ions in the membrane is governed by the Generalized Stefan-Maxwell

equations, whereby the polymer matrix is considered to be an immobile species:

− 〈c`,e〉∗∇
〈
xα

`,e

〉∗ −
zα

〈

cα`,e

〉∗

F

R 〈T`,e〉∗
∇〈Φe〉∗ =

∑

β 6=α

M̂`,e

M̂αM̂βD
eff
α−β,e

(〈

ωβ
`,e

〉∗ 〈
J α

`,e

〉∗ −
〈
ωα

`,e

〉∗
〈

J
β
`,e

〉∗)

+

〈
J α

`,e

〉∗

M̂αDeff
α−s,e

, (4.20)

where the activity of each species is assumed to be equal to the mole fraction. There are two

mobile species in the electrolyte: water and hydronium ions. For the mobile ions, the Generalized
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Stefan-Maxwell equations are

− 〈c`,e〉∗∇
〈

xH2O
`,e

〉∗

=
M̂`,e

M̂H2OM̂H3O+Deff
H2O−H3O+,e

×

(〈

ωH3O+

`,e

〉∗ 〈

J H2O
`,e

〉∗

−
〈

ωH2O
`,e

〉∗ 〈

J H3O+

`,e

〉∗)

+

〈

J H2O
`,e

〉∗

M̂H2ODeff
H2O−s,e

, (4.21)

− 〈c`,e〉∗∇
〈

xH3O+

`,e

〉∗

−

〈

cH3O+

`,e

〉∗

F

R 〈T`,e〉∗
∇〈Φe〉∗ =

M̂`,e

M̂H3O+M̂H2ODeff
H3O+−H2O,e

×

(〈

ωH2O
`,e

〉∗ 〈

J H3O+

`,e

〉∗

−
〈

ωH3O+

`,e

〉∗ 〈

J H2O
`,e

〉∗)

+

〈

J H3O+

`,e

〉∗

M̂H3O+Deff
H3O+−s,e

. (4.22)

The water and hydronium flux equations can be simplified. The mole fractions of water and ions

are not independent:

〈

xH3O+

`,e

〉∗

= 1−
〈

xH2O
`,e

〉∗

. (4.23)

Additionally, the gradient of mole fraction can be converted to a mass fraction gradient. For two

species, the mole fraction gradient becomes [84]:

∇
〈

xH2O
`,e

〉∗

=

(

M̂`,e

)2

M̂H2OM̂H3O+

∇
〈

ωH2O
`,e

〉∗

(4.24)

Therefore, the two independent variables are the mass fraction of water and the potential in the

electrolyte. The two species equations for the electrolyte pore fluid can be expressed in matrix

form:






A11 A12

A21 A22











〈

J H2O
`,e

〉∗

〈

J H3O+

`,e

〉∗




 =






B11

B21




∇

〈

ωH2O
`,e

〉∗

+






B12

B22




∇〈Φe〉∗ (4.25)
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where the matrix coefficients are defined as

A11 =
M̂`,e

〈

ωH3O+

`,e

〉∗

M̂H3O+M̂H2ODeff
H3O+−H2O,e

+
1

M̂H2ODeff
H2O−s,e

(4.26)

A12 = −
M̂`,e

〈

ωH2O
`,e

〉∗

M̂H3O+M̂H2ODeff
H3O+−H2O,e

(4.27)

A21 = −
M̂`,e

〈

ωH3O+

`,e

〉∗

M̂H3O+M̂H2ODeff
H3O+−H2O,e

(4.28)

A22 =
M̂`,e

〈

ωH2O
`,e

〉∗

M̂H3O+M̂H2ODeff
H3O+−H2O,e

+
1

M̂H3O+Deff
H3O+−s,e

(4.29)

B11 = −
〈c`,e〉∗

(

M̂`,e

)2

M̂H2OM̂H3O+

(4.30)

B21 =
〈c`,e〉∗

(

M̂`,e

)2

M̂H2OM̂H3O+

(4.31)

B12 = 0 (4.32)

B22 = −

〈

cH3O+

`,e

〉∗

F

RT`,e
(4.33)

Equations (4.25) to (4.33) can be inverted to yield

〈

J H2O
`,e

〉∗

= DH2O
H2O∇

〈

ωH2O
`,e

〉∗

+DH2O
H3O+∇〈Φe〉∗ (4.34)

〈

J H3O+

`,e

〉∗

= DH3O+

H2O ∇
〈

ωH2O
`,e

〉∗

+DH3O+

H3O+∇〈Φe〉∗ (4.35)

where Dβ
α is the effective diffusion coefficient of species α for the flux of species β. Finally, equations

(4.34) and (4.35) can be expressed in terms of partial density gradients:

〈

J H2O
`,e

〉∗

=
DH2O

H2O

〈ρ`,e〉∗
∇
〈

ρH2O
`,e

〉∗

+DH2O
H3O+∇〈Φe〉∗ −

〈

ωH2O
`,e

〉∗

DH2O
H2O

〈ρ`,e〉∗
∇〈ρ`,e〉∗ (4.36)

〈

J H3O+

`,e

〉∗

=
DH3O+

H2O

〈ρ`,e〉∗
∇
〈

ρH2O
`,e

〉∗

+DH3O+

H3O+∇〈Φe〉∗ −

〈

ωH2O
`,e

〉∗

DH3O+

H2O

〈ρ`,e〉∗
∇〈ρ`,e〉∗ (4.37)
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The source terms for the liquid species in the electrolyte are similar to the gas phase source

terms:

Γα
S,e =







M̂αAvṖ
α α 6= H2O

M̂αAvṖ
α + ΓH2O

S,e−g α = H2O
, (4.38)

where ΓH2O
S,e−g = −ΓH2O

S,g−e and Ṗα is calculated from the electro-chemical reaction kinetics.

If the polymer electrolyte and the gas phase co-exist, such as in the catalyst layers, the concen-

tration of water in the gas phase and the pores of the polymer electrolyte are not independent. The

polymer electrolyte will absorb or desorb water from the gas phase until an equilibrium is reached.

The water content of the membrane can be expressed with the hydration:

L =
moles of liquid water

moles of SO3H
. (4.39)

As the electrolyte absorbs more water, the value of L increases. The volume fraction of liquid

within the electrolyte is related to the membrane hydration with

ε`e =
L

V̂M

V̂H2O
+ L

, (4.40)

where V̂M is the molar volume of the polymer matrix and V̂H2O is the molar volume of liquid water.

The molar volumes of the polymer matrix and water are 537 cm3/mol and 18 cm3/mol, respectively.

The water content of the air is expressed in terms of “activity” [27]:

ã =
xH2O

g Pg

PH2O
sat

, (4.41)

where PH2O
sat is the saturation pressure of water. Note that the definition of activity in Equa-

tion (4.41) is not equivalent to the activity in the Generalized Stefan-Maxwell equations. The

activity defined by Equation (4.41) is equivalent to the relative humidity.
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Since the water in the gas and membrane are in equilibrium, the hydration of the membrane

can be expressed as a function of the water activity. The first function relating water activity and

membrane hydration was developed by Springer et al. [26]. Since then, several other similar studies

have been undertaken for a wider range of temperatures and relative humidities than the ones

examined by Springer et al. [26]. One of the most comprehensive curve fits of the hydration/water

activity function has been done by Futerko and Hsing [115], using a Flory-Huggins model. The

Flory-Huggins model predicts the activity of a solvent in a polymer-solvent mixture and is based

upon the thermodynamics of mixtures [116]. The model consists of a series of equations:

ã = (1− εse) exp

[(

1− 1

r

)

εse + χ (εse)
2

]

(4.42)

εse =
r + Lc

r + L
(4.43)

ξ =
Lc

(1−Lc) ã
, (4.44)

where the volume fraction of the solid polymer matrix in the membrane is denoted as εse. The

symbol r is the ratio of molar volumes between the solid polymer and liquid water:

r =
V̂s

V̂H2O

. (4.45)

The parameters χ and ξ are dimensionless functions of temperature:

χ = 1.936− 2.18 kJ/mole

RT
(4.46)

ξ = 0.0256 exp

(
22.4 kJ/mole

RT

)

(4.47)

The relationship between the activity of water in the gas and the hydration of the polymer elec-

trolyte is illustrated in Figure 4.1

If the membrane water content is known, the concentration of water and hydronium in the pore

fluid, as well as the volume fraction of liquid in the polymer electrolyte can be calculated. The
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Figure 4.1: The hydration of the polymer electrolyte membrane as a function of the activity of
water in the gas phase for various temperatures.

concentrations of H3O
+ and liquid water are related through the acid-base equilibrium reaction

occurring within the electrolyte pores [78]:

SO3H + H2O 
 H3O
+ + SO−

3 . (4.48)

The concentrations of each component are related with

Ke =
cH3O+

e c
SO−

3
e

cH2O
e cSO3H

e

(4.49)

where the acid-base equilibrium constant is a function of temperature:

Ke = K
o
e exp

[

−∆Ho

R

(
1

T
− 1

298

)]

(4.50)

The value of K
o
e is 6.2, ∆Ho = −52.3 kJ/mole [78], and T is in K.

The concentrations of hydronium and the sulfonate ions are related through electro-neutrality:

cH3O+

e = c
SO−

3
e . (4.51)

Using the definition of membrane hydration, the reference values of water and sulfonate concentra-
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tion can be related with

L =
cSO3H
e,ref

cH2O
e,ref

, (4.52)

where the reference concentration values are the concentrations before the acid-base equilibrium.

Using a mass balance, the reference concentrations can be related to the concentrations after the

acid-base equilibrium reaction:

cH2O
e,ref = cH2O

e + cH3O+

e (4.53)

cSO3H
e,ref = cSO3H

e + c
SO−

3
e (4.54)

If the membrane hydration is known, then Equations (4.49) to (4.54) can be solved for the concen-

trations of water, hydronium, sulfonate and sulfonate ions. The mole fractions in Equation (4.20)

are the mole fractions of the mobile species only. They are related in the concentrations in Equa-

tions (4.49) to (4.54) through

xH2O
`,e =

cH2O
e

cH2O
e + cH3O+

e

, (4.55)

xH3O+

`,e =
cH3O+

e

cH2O
e + cH3O+

e

. (4.56)

The degree of dissociation of the acid membrane is defined as

A =
cH3O+

e

cSO3H
e,ref

, (4.57)

=

(L + 1)−
√

(L + 1)2 − 4L
(

1− 1
Ke

)

2
(

1− 1
Ke

) .

Using the definition of the degree of dissociation, the mole fractions of water and hydronium in the
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electrolyte pores become a function of membrane hydration and temperature:

xH2O
`,e = 1− A

L
, (4.58)

xH3O+

`,e =
A

L
, (4.59)

where A is a function of hydration and the acid-base equilibrium constant, which is a function of

temperature.

If the polymer electrolyte is in contact with liquid water, the membrane hydration is significantly

greater than if it is in contact with fully humidified air. For example, at a temperature of 80◦C,

the hydration of membrane is approximately 10 when in equilibrium with water vapor, but is

approximately 20 when immersed in liquid water [117]. Since liquid water is not considered in the

model, this phenomenon is not included.

4.5 Reaction

Two electro-chemical reactions are considered in the simplified formulation of this thesis. In the

anode catalyst layer, hydrogen electro-oxidation occurs, while oxygen reduction is modeled in the

cathode catalyst layer. Both of these reactions are electron-transfer reactions.

The cathode reactions are the same as in Chapter 3, except that only the electro-chemical

reaction is included; the reaction kinetics are repeated here. Since the positive charge is assumed

to be a H3O
+ ion, the overall reaction in the cathode catalyst layer is

O2 + 4H3O
+ + 4e− 
 6H2O. (4.60)

The rate of reaction is governed by Volmer/Erdey-Gruz kinetics [95]:

RO2
c,red =

JO2
o

4F







[

cH2O
`,e

c̄H2O
`,e

]6

exp

(
ηc

BO2
c

)

−
[

cO2
g,e

c̄O2
g,e

][

cH3O+

`,e

c̄H3O+

`,e

]4

exp

(

− ηc

BO2
c

)





, (4.61)
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Table 4.1: The exchange current density for oxygen reduction at the reference conditions corre-
sponding to a fully hydrated electrolyte and oxygen partial pressure of 1 atm [104].

Temperature (K) log
(

J
O2
o

A/cm2

)

303 -9.7714
313 -9.1347
323 -8.822
333 -8.6026
343 -8.2566
353 -7.7284

where JO2
o is the exchange current density for oxygen reduction at the reference concentrations. The

exchange current density is a function of temperature and the values are listed in Table 4.1 [104].

An overbar denotes the reference concentrations. The reference concentrations for the gas phase

species are the concentrations of the pure species at a reference pressure of 1 atm and the cell

temperature. For the species in the liquid phase, the reference concentrations correspond to the

concentrations when the membrane is fully hydrated. The Tafel slope is denoted by BO2
c and is

given by Parthasarathy et al. [104]:

BO2
c =

RT

F
. (4.62)

The reaction rate is a function of the concentration and has an exponential dependence on

the potential. This is analogous to combustion, whereby the reaction rate is a function of the

concentration and also has an exponential relationship to temperature [118]. Thus, for isothermal

electro-chemical systems, the potential has the same affect on reaction rate as the temperature does

in gas phase systems.

If the fuel is contaminated with carbon monoxide, then the anode reaction should be mod-

eled as a multi-step reaction [119]. However, since the fuel is assumed to be pure hydrogen, the

overpotential will be small and the electro-oxidation of hydrogen can be modeled as a single step
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reaction:

H2 + 2H2O 
 2H3O
+ + 2e− (4.63)

As with the cathode reaction, the anode reaction can be modeled with Volmer/Erdey-Gruz kinet-

ics [95]:

RH2
a,ox =

JH2
o

2F







[

cH2
g

c̄H2
g

][

cH2O
`,e

c̄H2O
`,e

]2

exp

(
ηa

BH2
a

)

−
[

cH3O+

`,e

c̄H3O+

`,e

]2

exp

(

− ηa

BH2
a

)





, (4.64)

where ηa is the anode overpotential, and BH2
a is the Tafel slope of the hydrogen oxidation reaction:

BH2
a =

2RT

F
. (4.65)

The exchange current density for hydrogen oxidation, JH2
o , is considered to be constant and equal

to 0.055 A/cm2 [33].

The production and consumption of species in the catalyst layers are related to the reaction

rate. In the cathode catalyst layer, the production of species is given by

Ṗ
O2 = Rc,red (4.66)

Ṗ
H2O = −6Rc,red (4.67)

Ṗ
H2O = 4Rc,red (4.68)

Ṗ
e− = 4Rc,red (4.69)

where Av is the reactive surface area per unit volume. In the anode catalyst layer, the rate of

species production is

Ṗ
H2 = −Ra,ox (4.70)
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Ṗ
H2O = −2Ra,ox (4.71)

Ṗ
H3O+

= 2Ra,ox (4.72)

Ṗ
e− = 2Ra,ox (4.73)

For all species not included in Equations (4.66) to (4.73), the rate of production is zero.

4.6 Boundary Conditions and Computational Domain

The boundary conditions for the PEM fuel cell model are chosen with regard to an experimental

investigation into PEM fuel cell performance. The performance of a PEM fuel cell can be charac-

terized by a voltage versus current plot. When testing a PEM fuel cell, several operating conditions

can be varied, such as

• the inlet concentration, temperature, and flow rate of the reactants;

• the cell temperature;

• the electrical load; and

• either the inlet or outlet pressure.

The cell temperature is controlled by heating or cooling the external surfaces of the PEM fuel cell.

The electrical load on the PEM fuel cell is specified by setting the voltage of the PEM fuel cell or

the current drawn from the cell. The inlet and outlet pressures are related through the pressure

drop in the gas flow channels; hence, specifying both pressures as input conditions is redundant.

If the PEM fuel cell is not pressurized, then the gas flow channels exhaust to the atmosphere;

thus the outlet pressure is specified. During pressurized operation, the inlet pressure is generally

specified and regulated with a back-pressure control valve that is located at the outlet of the gas

flow channels.

Therefore, one set of input parameters are the operating conditions, and these become the

boundary conditions for the PEM fuel cell model. The boundary conditions and computational
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Figure 4.2: The boundary conditions and computational domain of the PEM fuel cell model.

domain, for the simplified formulation, are illustrated in Figure 4.2. The computational domain

is two-dimensional and includes the gas flow channels, electrode backing, catalyst and polymer

electrolyte layers. In addition, the computational domain extends from the inlets and outlets of

the fuel cell; this is to minimize the effect of the boundary conditions of the processes occurring

within the PEM fuel cell.

Four types of boundary conditions are present on the exterior of the PEM fuel cell in Figure 4.2:

the Zero Flux, Wall, Inlet, and Outlet boundary conditions. The gas phase velocity and species flux

or composition, the species flux in the electrolyte pore fluid, and the potential or current density in

the solid phase must be specified at the boundaries. A value for the cell temperature must also be

specified, although not as a boundary condition because the temperature is assumed to be constant

within the fuel cell. The Zero Flux boundary condition specifies that all velocities and species flux
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are zero:







uk = 0

J α
k · ı̂ = 0

Js · ı̂ = 0







Zero Flux

At the wall boundary condition, the velocity and species flux, except for electrons, are zero. The

potential of the solid phase is set at the wall boundary condition.







uk = 0

J α
k · ı̂ = 0

Φs = Specified







Wall

By setting the solid potential, the cell voltage is being specified:

Ecell = Φs|cathode − Φs|anode

Typically, the anode potential is set to zero and the cathode potential is set to the specified cell

voltage. The inlet boundary conditions specify the velocity of the gas flow and the gas composition.

Additionally, the electronic current density is set to zero.







uk = Specified

ωα
g = Specified

Js · ı̂ = 0







Inlet

At the outlet boundary condition, the flow is assumed to be fully developed. Thus, the gas mass

flux and composition does not vary in the x direction. As well, the gas pressure is specified. As with

the inlet boundary condition, the electronic current density is set to zero at the outlet boundary
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condition.







∂ρgug

∂x = 0

∂ωα
g

∂x = 0

Pg = Specified

Js · ı̂ = 0







Outlet

The cell voltage is an input parameter; hence, the total cell current is an output parameter in

the PEM fuel cell model of this thesis.

I =

∫

Abp

Js · ̂dA, (4.74)

where Abp is the surface area of the bipolar plate and Js is the current density, which changes over

the active cell surface.

4.7 Summary

The governing equation set consists of the conservation of mass, momentum, and species for the

gas phase, and the conservation of species for the liquid electrolyte and solid phases. For the gas

phase, the equations are

∇ · (εg 〈ρg〉∗ 〈ug〉∗) = ΓM,g, (4.75)

∇ · (εg 〈ρg〉∗ 〈ug〉∗ 〈ug〉∗) + ∇ (εg 〈Pg〉∗) − 〈Pg〉∗∇ (εg) − ∇ · (εg 〈τg〉∗) = ΓF,g, (4.76)

∇ ·
(
εg
〈
ρα

g

〉∗ 〈ug〉∗ + εg
〈
J α

g

〉∗)
= Γα

S,g. (4.77)

The conservation of species can be written for α corresponding to hydrogen, oxygen, water and

nitrogen. Thus, the variables for the gas phase are the x and y components of velocity, the pressure,

and the partial density of hydrogen, oxygen, nitrogen, and water. The solid phase conservation of
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species is

∇ ·
(

εsκ
eff
s ∇〈Φs〉∗

)

= FΓe−

S,s, (4.78)

where the only unknown is the solid potential. For the liquid phase in the electrolyte pores, the

conservation of species is

∇ ·
(
ε`,e
〈
J α

`,e

〉∗)
= Γα

S,e, (4.79)

where α is water and hydronium ions. The diffusional mass flux is a function of water partial

density and electrolyte potential; thus, these are the unknowns.

Therefore, the set of governing equations contains a total of 10 equations. The number of

primary variables, that are to be solved for, is also 10 and includes the x and y components of gas

phase velocity; gas phase pressure; partial density of hydrogen, oxygen, water and nitrogen in the

gas phase; potential in the solid phase; partial density of water in the liquid phase; and electrolyte

potential. However, the governing equations are not continuous in the computational domain. The

equations for the gas and solid phases do not exist in the polymer electrolyte layer. The polymer

electrolyte and catalyst layers are the domain for the conservation of species in the liquid of the

electrolyte pores.

The interfacial source terms are also discontinuous. The momentum source term, ΓF,g, is zero

in the gas flow channels and equal to Equation (4.10) elsewhere. The interfacial source terms in

the conservation of species equations, Γα
S,g and Γα

S,e, are only non-zero in the catalyst layers. All

but one of the interfacial source terms can be expressed as a function of the primary variables,

with the exception being ΓH2O
S,g−e which represents the water transport between the gas and liquid

phases. However, through the use of the relationship between membrane activity and hydration of

Equation (4.42), coupled with the electrolyte acid-base relationship of Equation (4.49), the partial

densities of water in the gas and liquid phases can be linked together. Thus, ΓH2O
S,g−e is not required
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for the numerical solution. The details of the numerical solution are presented in the next chapter.
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Chapter 5

Numerical Implementation

This chapter describes the numerical procedure used to solve the governing equations presented in

the previous chapter. For the two-dimensional domain, the equation set contains the

1. x-direction conservation of momentum for the gas phase,

2. y-direction conservation of momentum for the gas phase,

3. Conservation of total mass for the gas phase,

4. Conservation of species for the gas phase,

5. Conservation of species for the liquid phase, and

6. Conservation of species for the solid phase.

Within the equation set, the independent variables are

1. x-direction gas velocity (ug),

2. y-direction gas velocity (vg),

3. Gas pressure (Pg),

4. Partial density of the species in the gas phase (ρα
g ),
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5. Potential in the electrolyte (Φe), and

6. Potential in the solid phase (Φs).

Note that the partial density of liquid water in the electrolyte is not included in the list of indepen-

dent variables: the partial densities of the water in the gas phase and in the pores of the electrolyte

can be combined into one variable using the method of Kulikovsky [64]. This method is presented

in detail in Section 5.6, which develops the numerical solution for the partial density of water in

the gas phase.

The general numerical solution method employed to solve the governing equations is the finite

volume method [120]. The fuel cell is divided into control volumes. A staggered mesh is used,

whereby the velocities are defined at the faces of the control volumes and all other variables are

defined at the center of the control volumes. The conservation equations are then applied to the

discrete volumes, resulting in a series of algebraic equations that, when coupled with the boundary

conditions, can be solved for the independent variables.

The discretized conservation equations can not be directly solved for the independent variables.

Instead, an iterative, multi-level solution procedure is used. In the innermost level of iteration,

each conservation equation is solved for one of the independent variables. The x- and y-direction

conservation of momentum for the gas phase equations are solved for ug and vg, respectively.

The conservation of total mass for the gas phase is solved for the pressure. For the non-water

gas species, the partial densities are determined with the conservation of species equations in the

gas phase. Since water exists both in the gas phase and in a liquid phase within the electrolyte

pores, the equations for the conservation of water in the gas phase and electrolyte pore regions

are combined into one equation that represents the total conservation of water in the PEM fuel

cell. The conservatation of hydronium ions in the electrolyte is solved to yield the potential in

the electrolyte, while the conservation of electrons in the solid phase is used to determine the solid

potential.
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For the next level of iterations, the governing equations are gathered into two groups. The

first group consists of the conservation of momentum and mass equations, while the second group

contains all of the equations derived from the conservation of species. Keeping the partial densi-

ties and potentials constant, the momentum and mass equations are solved for the velocities and

pressure sequentially using the SIMPLE algorithm [120]. Similarly, the velocities and pressure are

kept constant while the conservation of species equations are solved sequentially until the partial

densities and potentials are determined. The solutions of the momentum/mass and the species

equation groups are alternated until all of the independent variables have converged. Then, the

properties such as total density, viscosity, and diffusivity are updated and the solution procedure

is repeated.

The details of this numerical solution procedure are outlined in this chapter. First, the finite

volume grid is illustrated, and the general discretization procedure for the conservation equations is

presented. The specific procedure for the discretization of each conservation equation is discussed

and the overall numerical procedure is outlined. In this section, it is assumed that all variables are

volume-averaged; hence, the volume-averaging operators, 〈 〉 and 〈 〉∗, are omitted.

5.1 Finite Volume Grid

The governing equations are discretized using the Finite Volume Method [120]. One continuous

grid is used to mesh the entire two-dimensional domain, as illustrated in Figure 5.1. Although the

grid is continuous, it can be broken into 11 distinct regions. Seven of these regions correspond to

the separate components of the PEM fuel cell, which are the anode and cathode gas flow channels,

electrode backing layers, catalyst layers, and the polymer electrolyte layer. In addition to the

regions of the PEM fuel cell, the entrance and exit of the gas flow channels are extended in the x

direction; these are the plus and minus anode or cathode extensions. These extensions are added

to the grid in order to minimize the effect of the boundary conditions of the solution.

A staggered grid arrangement is used. The vector quantities, which are the velocities, are
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Figure 5.1: The sample grid used for the PEM fuel cell model. The grid is continuous and consists
of 11 distinct regions: (a) anode minus extension, (b) anode gas flow channel, (c) anode plus
extension, (d) anode electrode backing layer, (e) anode catalyst layer, (f) polymer electrolyte layer,
(g) cathode catalyst layer, (h) cathode electrode backing layer, (i) cathode minus extension, (j)
cathode gas flow channel, and (k) cathode plus extension. Note that the figure is not to scale, with
the y direction being exaggerated in the figure.
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located at the faces, while the scalar variables, which are all other variables, are located at the

control volume centers. The computational molecule for a scalar control volume is also illustrated

in Figure 5.1. The value of a control volume at the coordinates (i, j), P, depends on its north (N),

south (S), east (E) and west (W) neighbors. The north, south, east, and west faces of the control

volume are denoted as n,s,e and w, respectively. A similar labeling convention is used for the u and

v velocities.

The grid illustrated in Figure 5.1 is uniform, with each control volume having the same dimen-

sions. For most of the simulations, however, the grid will be non-uniform. A constant expansion

or contraction factor can be used such that

∆xi+1

∆xi
= β, (5.1)

where β is a constant. In addition, the grid spacing in each region can be independently specified.

5.2 General Discretization Methods

The Finite Volume Method involves applying a conservation equation to a discrete control volume,

resulting in a balance of the inflow and outflow in the control volume. Figure 5.2 illustrates the two

types of flux that are encountered in the control volume balance: convective and diffusive fluxes.

The convective and diffusive fluxes are denoted by Fc and Fd, respectively. The distance from the

control volume center, P , to the east control volume, E, is ∆E , while the distance from the control

volume center to the east face is ∆e.

For a scalar quantity, ψ, the fluxes are

Fc|e = u|e ψ|e , (5.2)

Fd|e = − Γ|e
(
ψ|E − ψ|P

∆E

)

, (5.3)

where u|e is velocity on the face between control volumes P and E, Γ|e is the diffusion coefficient
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Figure 5.2: The two types of fluxes encountered in the Finite Volume Method: Fc is the convective
flux, while Fd is the diffusive flux.

at the face, and ∆E is the distance between P and W . The velocity is defined at the face, but

the value of ψ is only known at the control volume centers. Typically, Γe is a function of ψ;

therefore it can also only be calculated at the control volume centers. Therefore, the face values

must be approximated by the control volume center values. For the value of the variable, ψ, two

approximations are used:

ψ|UDS
e =







ψ|P u|e > 0

ψ|W u|e < 0
, (5.4)

ψ|CDS
e =

∆e

∆E
ψ|E +

(

1− ∆e

∆E

)

ψ|P , (5.5)

where ψ|UDS
e is the upwind difference scheme and ψ|CDS

e is the central difference scheme. The

PEM fuel cell model presented in this thesis can use either the UDS or CDS approximation. In

order to enhance convergence, the CDS approximation can be deferred, or lagged. This is referred

as the linear deferred correction and is expressed as

ψ|LDC
e = ψ|UDS

e +
(

ψ|CDS
e − ψ|UDS

e

)old
, (5.6)

where the superscript, “old”, denotes a value from the previous iteration. Thus, at convergence,
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the LDC approximation is equivalent to the CDS approximation.

The values of all variables except velocity are defined at the control volume centers. Therefore,

properties that depend on the gas composition or pressure are also defined at the control volume

centers Thus, interpolation is frequently required. Generally, interpolation is required between two

points for the scalar control volumes, and four points for the velocity control volumes. This is

illustrated in Figure 5.3. Figure 5.3(a) shows that the interpolation to the face of a scalar control

volume relies on the two adjacent control volume centers. However, the interpolation to the face

of a velocity control volume, illustrated in Figure 5.3(b) for a u control volume, requires the values

at four control volume centers. Thus, the interpolation occurs in two stages, with the first stage

being an x direction interpolation, followed by a y direction interpolation.

For both the scalar and velocity control volumes, linear or geometric interpolation is used:

ψface =
∆−ψ+ + ∆+ψ−

∆− + ∆+
Linear (5.7)

ψface =
(∆+ + ∆−)ψ+ψ−

∆+ψ− + ∆−ψ+
Geometric (5.8)

where ∆ is the distance from the node to the face and the subscripts + and − denote the node in

the positive or negative direction from the face.

5.3 Conservation of Momentum

The balance of forces on u and v control volumes are illustrated in Figure 5.4. The forces arise from

shear stresses (Fτ ) and pressure (FP ). Additionally, momentum sources, denoted by Su and Sv,

are present and are the result of the Darcy term. In this section, the equation for the conservation

of momentum in a u control volume is assembled; the corresponding equation for the v control

volume can be derived in a similar manner.

Applying the conservation of momentum force balance to a u control volume results in

95



CHAPTER 5. NUMERICAL IMPLEMENTATION

PSfrag replacements

Face Value

∆
− ∆+

(a) Scalar control volume.

PSfrag replacements

Face Value

∆
− ∆+

(b) Velocity control volume.

Figure 5.3: The interpolation of scalar quantities to the face of the (a) scalar and (b) velocity
control volumes.

96



CHAPTER 5. NUMERICAL IMPLEMENTATION

PSfrag replacements

P

N

S

EW

n

s

ew

nw ne

sw se

Su

Fτyx

∣

∣

n

Fτyx

∣

∣

s

Fτxx
|
e

Fτxx
|
w

FP |eFP |w

(a) u control volume.

PSfrag replacements

P

N

S

EW

n

s

ew

nw ne

sw se

Sv

Fτyy

∣

∣

n

Fτyy

∣

∣

s

Fτxy

∣

∣

e
Fτxy

∣

∣

w

FP |n

FP |s

(b) v control volume.

Figure 5.4: The balance of momentum forces on (a) u and (b) v control volumes.

97



CHAPTER 5. NUMERICAL IMPLEMENTATION

εgm
′′
xugAx

∣
∣
e
− εgm

′′
xugAx

∣
∣
w

+ εgm
′′
yugAy

∣
∣
n
− εgm

′′
yugAy

∣
∣
s

= Fτxx |e − Fτxx |w + Fτyx

∣
∣
n
− Fτyx

∣
∣
s

− FP |e + FP |w + Su|P , (5.9)

where m′′
x and m′′

y are the mass fluxes through the x and y faces, Fτxx is the force due to the shear

stress on the x face in the x direction, Fτyx is the force due to the shear stress on the y face in the

x direction, FP is the force due to pressure, and Su is the momentum source term. The x and y

face areas are denoted by Ax and Ay, respectively.

Many of the terms in Equation (5.9) are non-linear; thus, an iterative solution is required. The

mass fluxes at the control volume faces are a function of the velocities:

m′′
x

∣
∣
w

=
1

2

(
ρg|P ug|P + ρg|W ug|W

)
, (5.10)

m′′
x

∣
∣
e

=
1

2

(
ρg|P ug|P + ρg|E ug|E

)
, (5.11)

m′′
y

∣
∣
n

=
1

2

(
ρg|nw vg|nw + ρg|ne vg|ne

)
, (5.12)

m′′
y

∣
∣
s

=
1

2

(
ρg|sw vg|sw + ρg|se vg|se

)
, (5.13)

where the corner values of vg, with subscripts of sw, se, nw and ne, correspond to the centers of

the v control volumes. If a linear deferred correction is used, the convection term in the east face

becomes

m′′
xugAx

∣
∣
e

= Ac
E |e ug|E + Ac

P |e ug|P + Bc|e , (5.14)

Ac
E |e = min

(
εg|e m′′

x

∣
∣
e
Ax, 0

)
,

Ac
P |e = max

(
εg|e m

′′
x

∣
∣
e
Ax, 0

)
,

Bc|e =
[

εg|em
′′
x

∣
∣
e
Ax

(

ug|CDS
e − ug|UDS

e

)]

,

where the A and B coefficients are calculated using velocity and property values based on the

previous iteration. The expressions of min (a, b) and max (a, b) denote the maximum or minimum
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values of a and b, respectively. Hence, for positive mass flux, Ac
E |e is zero. Similar terms can be

written for the other faces.

The force due to the yx shear stress can be expressed as

Fτyx = τyxAy = εgµAy

(
∂ug

∂y
+
∂vg

∂x

)

. (5.15)

For the north face, Equation (5.15) can be approximated with

Fτyx

∣
∣
n

= Aτxy |n
(
ug|N − ug|P

)
+ Bτxy |n , (5.16)

Aτxy |n =
εg|n µ|nAy

∆N
,

Bτxy |n =

[

εg|n µ|nAy

(
vg|ne − vg|nw

∆e + ∆w

)]

,

where ∆N is the distance from the u control volumes P and N , and ∆e and ∆w are the distances to

the east and west faces, respectively. The face value of viscosity is approximated with a geometric

average.

Similarly, the force due to the shear stress on the x face can be written as

Fτxx = τxxAx = εgµAx

(
∂ug

∂x
+
∂ug

∂x

)

. (5.17)

For the east face of the control volume, the discretization of Equation (5.17) results in

Fτxx |e = Aτxx |e
(
ug|E − ug|P

)
+ Bτxx |e , (5.18)

Aτxx |e =
εg|e µ|eAx

∆E
,

Bτxx |e =

[

εg|e µ|eAx

(
ug|E − ug|P

∆E

)]

,

where ∆E is the distance between the P and E velocities.

The forces due to pressure arise from the pressure gradient term in the conservation of momen-
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tum:

FP |w − FP |e =

∫

Vcv

−εg∇PdV, (5.19)

where
∫

Vcv
represents the integral over the volume of the u control volume and εg is the volume

fraction of the gas phase. The volume fraction of gas is equal to one in the gas flow channels, zero

in the polymer electrolyte layer, and between zero and one in the other layers of the PEM fuel

cell. In order to represent the volume integral as a surface integral, all terms should be under the

gradient. Therefore, Equation (5.19) is approximated with

FP |w − FP |e = − εg|P
∫

Vcv

∇PdV,

= εg|P P |w Ax − εg|P P |eAx, (5.20)

where εg|P is calculated using a linear interpolation between the scalar nodes.

The source term is due to the Darcy term, and is approximated by

Su|P = − µ|P
(
εg|P

)2

K|P
ug|P , (5.21)

where K|P is approximated with a linear interpolation.

After all the terms are gathered, an equation for ug at each control volume can be formed:

Au
P ug|P +Au

N ug|N +Au
S ug|S +Au

E ug|E +Au
W ug|W = Bu

P . (5.22)

The A and B coefficients are

Au
E = min

(
εg|e m

′′
x

∣
∣
e
Ax, 0

)
− εg|e µ|eAx

∆E
(5.23)

Au
W = −max

(
εg|w m′′

x

∣
∣
w
Ax, 0

)
− εg|w µ|w Ax

∆W
(5.24)

100



CHAPTER 5. NUMERICAL IMPLEMENTATION

Au
N = min

(

εg|n m
′′
y

∣
∣
n
Ay, 0

)

− εg|n µ|nAy

∆N
(5.25)

Au
S = −max

(

εg|s m
′′
y

∣
∣
s
Ay, 0

)

− εg|s µ|sAy

∆S
(5.26)

Au
P = max

(
εg|e m

′′
x

∣
∣
e
Ax, 0

)
−min

(
εg|w m′′

x

∣
∣
w
Ax, 0

)
+ max

(

εg|n m
′′
y

∣
∣
n
Ay, 0

)

(5.27)

−min
(

εg|s m
′′
y

∣
∣
s
Ay, 0

)

+
εg|n µ|nAy

∆N
+
εg|s µ|sAy

∆S
+
εg|e µ|eAx

∆E
+
εg|w µ|w Ax

∆W

+
µ|P

(
εg|P

)2

K|P
Bu

P = −
[

εg|e m
′′
x

∣
∣
e
Ax

(

ug|CDS
e − ug|UDS

e

)]

+
[

εg|w m′′
x

∣
∣
w
Ax

(

ug|CDS
w − ug|UDS

w

)]

(5.28)

−
[

εg|n m
′′
y

∣
∣
n
Ay

(

ug|CDS
n − ug|UDS

n

)]

+
[

εg|s m
′′
y

∣
∣
s
Ay

(

ug|CDS
s − ug|UDS

s

)]

+

[

εg|n µ|nAy

(
vg|ne − vg|nw

∆e + ∆w

)]

−
[

εg|s µ|sAy

(
vg|se − vg|sw

∆e + ∆w

)]

+

[

εg|e µ|eAx

(
ug|E − ug|P

∆E

)]

−
[

εg|w µ|w Ax

(
ug|P − ug|W

∆W

)]

+ εg|P P |w Ax − εg|P P |eAx

The equation for vg is derived in a similar manner as Equation (5.22) and the result is

Av
P vg|P +Av

N vg|N +Av
S vg|S +Av

E vg|E +Av
W vg|W = Bv

P . (5.29)

The A and B coefficients are

Av
E = min

(
εg|e m

′′
x

∣
∣
e
Ax, 0

)
− µ|eAx

∆E
(5.30)

Av
W = −max

(
εg|w m′′

x

∣
∣
w
Ax, 0

)
− µ|w Ax

∆W
(5.31)

Av
N = min

(

εg|n m′′
y

∣
∣
n
Ay, 0

)

− µ|nAy

∆N
(5.32)

Av
S = −max

(

εg|s m
′′
y

∣
∣
s
Ay, 0

)

− µ|sAy

∆S
(5.33)
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Av
P = max

(
εg|e m

′′
x

∣
∣
e
Ax, 0

)
−min

(
εg|w m′′

x

∣
∣
w
Ax, 0

)
+ max

(

εg|n m
′′
y

∣
∣
n
Ay, 0

)

(5.34)

−min
(

εg|s m′′
y

∣
∣
s
Ay, 0

)

+
εg|n µ|nAy

∆N
+
εg|s µ|sAy

∆S
+
εg|e µ|eAx

∆E
+
εg|w µ|w Ax

∆W

+
µ|P

(
εg|P

)2

K|P
Bv

P = −
[

εg|e m
′′
x

∣
∣
e
Ax

(

vg|CDS
e − vg|UDS

e

)]

+
[

εg|w m′′
x

∣
∣
w
Ax

(

vg|CDS
w − vg|UDS

w

)]

(5.35)

−
[

εg|n m
′′
y

∣
∣
n
Ay

(

vg|CDS
n − vg|UDS

n

)]

+
[

εg|s m
′′
y

∣
∣
s
Ay

(

vg|CDS
s − vg|UDS

s

)]

+

[

εg|e µ|eAx

(
ug|ne − ug|se

∆n + ∆s

)]

−
[

εg|w µ|w Ax

(
ug|nw − ug|sw

∆n + ∆s

)]

+

[

εg|n µ|nAy

(
vg|N − vg|P

∆N

)]

−
[

εg|s µ|sAy

(
vg|P − vg|S

∆S

)]

+ εg|P P |sAy − εg|P P |nAy

where all distances and locations are relative to the v control volume in Figure 5.4(b).

In order to improve convergence, relaxation is applied to Equation (5.22) [120]:

Âu
P ug|P +Au

N ug|N +Au
S ug|S +Au

E ug|E +Au
W ug|W = B̂u

P , (5.36)

where Âu
p and B̂u

P are calculated with

Âu
P =

Au
p

αu
, (5.37)

B̂u
P = Bu

P + (1− αu) Âu
p ug|oldP . (5.38)

The value of the relaxation factor, αu, is 0.8. A similar manipulation is applied to the equation for

vg.

5.4 Conservation of Species in the Gas Phase: Excluding Water

The mass balance on a control volume for a gas species, excluding water, is
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Fα
c |w − Fα

c |e + Fα
c |s − Fα

c |n + Fα
d |w − Fα

d |e + Fα
d |s − Fα

d |n + Sα
g

∣
∣
P

= 0, (5.39)

where Fα
c is the mass flow of species α due to convection, F α

d is the mass flow of species α due to

diffusion, and Sα
g is the production or consumption of species α. The balance of Equation (5.39) is

illustrated in Figure 5.5.

For the east face, the convective mass flow can be expressed as

Fα
c |e = Ac

E |e ρα
g

∣
∣
E

+ Ac
P |e ρα

g

∣
∣
P

+ Bc|e , (5.40)

Ac
E |e = εg|e min

(
ug|eAx, 0

)
,

Ac
P |e = εg|e max

(
ug|eAx, 0

)
,

Bc|e =
[

εg|e ug|eAx

(

ρα
g

∣
∣CDS

e
− ρα

g

∣
∣UDS

e

)]old
,

where the linear deferred correction is used as an illustration. Similar expressions can be written

for the convective flow through the other faces. The partial density is used as the variable, and
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not the mass fraction. This is because during iteration, the sum of the partial densities may not

add to the total density, and thus the sum of the mass fractions may not be one. This can cause

oscillation or divergence during iterations, which is avoided by using partial density.

In general, the diffusional mass flow is

Fα
d = J α

gA, (5.41)

where A is the face area. The J α
g are defined by the inverted Stefan-Maxwell equations, Equa-

tion (4.9). For the east face, the diffusional flux is

Fα
d |e = Aα

d |e
(

ρα
g

∣
∣
E
− ρα

g

∣
∣
P

)

+ Bα
d |e (5.42)

Aα
d |e = −

εg|e Deff
α−g

∣
∣
e
Ax

∆E

Bα
d |e =

εg|e ωα
g

∣
∣
e
Deff

α−g

∣
∣
e(

1− xα
g

∣
∣
e

)

∑

β 6=α




ρg|e M̂g

M̂β

∇ωβ
g

∣
∣
∣
e
+

M̂g J β
g

∣
∣
e

M̂β Deff
α−β,g

∣
∣
∣
e



Ax − εg|e ω
α
g

∣
∣
e
Deff

α−g

∣
∣
∣
e
∇ρg|eAx

where all terms in the Aα
d |e and Bα

d |e are lagged. The face values of the mass and mole fractions are

approximated by a linear interpolation. The face value of the diffusion coefficient is calculated with

the face values of the mole fractions and Equation (4.7). The diffusion fluxes are also a function of

the face values of mole and mass fraction, through Equation (4.6)

The source term in Equation (5.39) is due to the electro-chemical reactions in the catalyst

layers. The reaction rates can be non-linear; hence, linearization is used and the source term is

expressed as

Sα
g

∣
∣
P

= Aα
S |P ρα

g

∣
∣
P

+ Bα
S |P (5.43)

Aα
S |P = VCV M̂αAv

∂Ṗα

∂ρα

Bα
S |P = VCV M̂αAv

[

Ṗ
α − ∂Ṗα

∂ρα
ρα|oldP

]
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where VCV is the volume of the P control volume. The reaction rates in the cathode and anode are

functions of the concentration; however, using the chain rule, they can be converted to functions

of partial density:

∂Ṗα

∂ρα
= M̂α

∂Ṗα

∂cα
. (5.44)

After assembling Equation (5.39), the following equation for each control volume can be written:

A
ρα

g

P ρα
g

∣
∣
P

+A
ρα

g

N ρα
g

∣
∣
N

+A
ρα

g

S ρα
g

∣
∣
S

+A
ρα

g

E ρα
g

∣
∣
E

+A
ρα

g

W ρα
g

∣
∣
W

= B
ρα

g

P , (5.45)

where the A and B coefficients are defined by

A
ρα

g

E = − εg|e min
(
ug|eAx, 0

)
+
εg|e Deff

α−g

∣
∣
e
Ax

∆E
(5.46)

A
ρα

g

W = εg|w max
(
ug|w Ax, 0

)
+
εg|w Deff

α−g

∣
∣
w
Ax

∆W
(5.47)

A
ρα

g

N = − εg|n min
(
vg|nAy, 0

)
+
εg|n Deff

α−g

∣
∣
n
Ay

∆N
(5.48)

A
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g
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(
ug|sAx, 0

)
+
εg|s Deff

α−g

∣
∣
s
Ay

∆S
(5.49)

A
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g

P = − εg|e max
(
ug|eAx, 0

)
+ εg|w min

(
ug|w Ax, 0

)
− εg|n max

(
vg|nAy, 0

)
(5.50)

+ εg|s min
(
ug|sAx, 0

)
−
εg|e Deff

α−g

∣
∣
e
Ax

∆E
−
εg|w Deff

α−g

∣
∣
w
Ax

∆W
−
εg|n Deff

α−g

∣
∣
n
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∆N

−
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∣
∣
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− VCV M̂αAv

∂Ṗα

∂ρα
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g
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∣CDS
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∣UDS

e

)]old
−
[

εg|w ug|w Ax

(

ρα
g

∣
∣CDS
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(5.51)

+
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∣CDS
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∣
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∣
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− VCV M̂αAv

[

Ṗ
α − ∂Ṗα

∂ρα
ρα|oldP

]

5.5 Conservation of Species in the Electrolyte Pores: Hydronium

The species balance for the electrolyte species is similar to the gas species, except that there is no

convective flux:

Fα
d |w − Fα

d |e + Fα
d |s − Fα

d |s + Sα
`,e

∣
∣
P

= 0. (5.52)

The balance of Equation (5.52) is illustrated in Figure 5.6.

For the hydronium ions, the mass flow rate at the east face is

FH3O+

d

∣
∣
∣
e

= AH3O+

d

∣
∣
∣
e

(

ρH3O+

g

∣
∣
∣
E
− ρH3O+

g

∣
∣
∣
P

)

+ BH3O+

d

∣
∣
∣
e

(5.53)

AH3O+

d

∣
∣
∣
e

=
ε`,e|e D

H3O+

H3O+

∣
∣
∣
e
Ax

∆E

BH3O+

d

∣
∣
∣
e

=
ε`,e|e D

H3O+

H2O

∣
∣
∣
e

ρ`,e|e
∇ρH2O

`,e

∣
∣
∣
e
Ax −

ε`,e|e D
H3O+

H2O

∣
∣
∣
e

ρ`,e|e
∇ρ`,e|eAx
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Figure 5.6: The conservation of species for the liquid in the electrolyte pores.

The source term representing the rate of production of hydronium due to the electro-chemical

reactions in the catalyst layers is

SH3O+

`,e

∣
∣
∣
P

= AH3O+

S

∣
∣
∣
P
ρH3O+

g

∣
∣
∣
P

+ BH3O+

S

∣
∣
∣
P

(5.54)

AH3O+

S

∣
∣
∣
P

= VCV M̂H3O+Av
∂ṖH3O+

∂Φe

BH3O+

S

∣
∣
∣
P

= VCV M̂H3O+Av

[

Ṗ
H3O+ − ∂ṖH3O+

∂Φe
Φe|oldP

]

After assembling Equation (5.52), the following equation for each control volume can be written:

AΦe

P Φe|P +AΦe

N Φe|N +AΦe

S Φe|S +AΦe

E Φe|E +AΦe

W Φe|W = BΦe

P . (5.55)
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The A and B coefficients are defined by

AΦe

E = −
ε`,e|e D

H3O+

H3O+

∣
∣
∣
e
Ax

∆E
(5.56)

AΦe

W = −
ε`,e|w D

H3O+

H3O+

∣
∣
∣
w
Ax

∆W
(5.57)

AΦe

N = −
ε`,e|n D

H3O+

H3O+

∣
∣
∣
n
Ay

∆N
(5.58)

AΦe

S = −
ε`,e|s D

H3O+

H3O+

∣
∣
∣
s
Ay

∆S
(5.59)

AΦe

P = +
ε`,e|e D

H3O+

H3O+

∣
∣
∣
e
Ax

∆E
+
ε`,e|w D

H3O+

H3O+

∣
∣
∣
w
Ax

∆W
+
ε`,e|n D

H3O+

H3O+

∣
∣
∣
n
Ay

∆N
(5.60)

+
ε`,e|s D

H3O+

H3O+

∣
∣
∣
s
Ay

∆S
+ VCVAvM̂H3O+

∂ṖH3O+

∂Φe

BΦe

P =
ε`,e|e D

H3O+

H2O

∣
∣
∣
e

ρ`,e|e
∇ρH2O

`,e

∣
∣
∣
e
Ax −

ε`,e|e D
H3O+

H2O

∣
∣
∣
e

ρ`,e|e
∇ρ`,e|eAx (5.61)

−
ε`,e|w D

H3O+

H2O

∣
∣
∣
w

ρ`,e|w
∇ρH2O

`,e

∣
∣
∣
w
Ax −

ε`,e|w D
H3O+

H2O

∣
∣
∣
w

ρ`,e|w
∇ρ`,e|w Ax

+
ε`,e|n D

H3O+

H2O

∣
∣
∣
n

ρ`,e|n
∇ρH2O

`,e

∣
∣
∣
n
Ay −

ε`,e|n D
H3O+

H2O

∣
∣
∣
n

ρ`,e|n
∇ρ`,e|nAy

+
ε`,e|s D

H3O+

H2O

∣
∣
∣
s

ρ`,e|s
∇ρH2O

`,e

∣
∣
∣
s
Ay −

ε`,e|s D
H3O+

H2O

∣
∣
∣
s

ρ`,e|s
∇ρ`,e|sAy

− VCV M̂H3O+Av

[

Ṗ
H3O+ − ∂ṖH3O+

∂Φe
Φe|oldP

]

5.6 Conservation of Species: Water

Water is present in both the gas and electrolyte. Therefore, the conservation of water in the gas

and liquid phases are combined to form the conservation of total water:

FH2O
T

∣
∣
∣
w
− FH2O

T

∣
∣
∣
e
+ FH2O

T

∣
∣
∣
s
− FH2O

T

∣
∣
∣
n

+ SH2O
∣
∣
P

= 0 (5.62)
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where FH2O
T is the total mass flow of water through a face. It includes the contribution of the gas

and electrolyte flows:

FH2O
T = F

H2O(g)
c + F

H2O(g)

d + F
H2O(`)

d (5.63)

In order to solve Equation (5.62), FH2O
T must be in terms of one variable. The water in the

electrolyte and gas are assumed to be in equilibrium; hence, it is possible to construct a function

such that

ρH2O
`,e = f

(
ρH2O

g

)
(5.64)

Equation (5.64) can be constructed by noting the concentrations of water in the gas and electrolyte

can be related to the membrane activity, or relative humidity. The membrane activity is related to

the partial density in the gas phase with

ã =
ρH2O

g

ρH2O
g,sat (T )

, (5.65)

where ρH2O
g,sat (T ) is the saturation density of water vapor at the temperature, T .

The partial density of water in the electrolyte is also related to the membrane activity, although

it can not be expressed in an explicit formula such as Equation (5.65). Using Equation (4.42), the

membrane activity can be used to determine the membrane hydration. The membrane hydration,

in conjunction with the acid-base equilibrium relationships of Equations (4.49) to (4.56), yields

the concentrations of water and hydronium. From the molar concentrations, the partial density

can then be determined. The relationship between the activity and the partial density of water in

the electrolyte does not have an analytical form, but can be calculated numerically for a constant

temperature. The relationship between the activity and partial density of water for the electrolyte

is illustrated in Figure 5.7. In order to reduce computational time, the curves of Figure 5.7 are

approximated with a Chebyshev function [121]. This approximation also has the advantage of
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Figure 5.7: The partial density of water in the electrolyte as a function of membrane activity for
the temperatures of 303 K, 333 K, and 353 K.

allowing for the calculation of the derivatives.

With the relationships previously discussed, the partial density of water in the gas phase and the

partial density of water in the electrolyte can be used interchangeably through the use of membrane

activity:

ρH2O
g ←→ ã←→ ρH2O

`,e .

Thus, the partial density of water in the electrolyte can be expressed as a function of the partial

density of water in the gas phase, as in Equation (5.64). Examining Equation (5.63), both F
H2O(g)
c

and F
H2O(g)

d are functions of ρH2O
g ; however, F

H2O(`)

d is a function of ρH2O
`,e and must therefore be

converted into a function of ρH2O
g . This can be done with Equation (4.36) and the chain rule [113]:

J H2O
`,e =

DH2O
H2O

ρ`,e

(

∂ρH2O
`,e

∂ρH2O
g

)

∇ρH2O
g +DH2O

H3O+∇Φe −
ωH2O

`,e D
H2O
H2O

ρ`,e
∇ρ`,e, (5.66)

where the derivative of water partial density in the electrolyte with respect to the partial density
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of water in the gas phase is

∂ρH2O
`,e

∂ρH2O
g

=
∂ρH2O

`,e

∂ã

∂ã

∂ρH2O
g

, (5.67)

∂ρH2O
`,e

∂ã
= Slope of Figure 5.7, (5.68)

∂ã

∂ρH2O
g

=
1

ρH2O
g,sat (T )

. (5.69)

Thus, all terms in Equation (5.63) are functions of ρH2O
g . The gas phase mass flows, F

H2O(g)
c

and F
H2O(g)

d , can be expressed with Equations (5.40) and (5.42), respectively. The flow of water in

the electrolyte is expressed as

F
H2O(`)

d

∣
∣
∣
e

= AH2O
d

∣
∣
∣
e

(

ρH2O
g

∣
∣
E
− ρH2O

g

∣
∣
P

)

+ BH2O
d

∣
∣
∣
e
, (5.70)

A
H2O(`)

d

∣
∣
∣
e

=

ε`,e|e D
H2O
H2O

∣
∣
∣
e

(
∂ρ

H2O
`,e

∂ρ
H2O
g

)∣
∣
∣
∣
e

Ax

ρ`,e|e ∆E
,

B
H2O(`)

d

∣
∣
∣
e

= ε`,e|e D
H2O
H3O+

∣
∣
∣
e
∇Φe|eAx −

ε`,e|e D
H2O
H2O

∣
∣
∣
e
ωH2O

`,e

∣
∣
∣
e

ρ`,e|e
∇ρ`,e|eAx.

The source term is similar to the species in the gas phase, with

SH2O
∣
∣
P

= AH2O
S

∣
∣
∣
P
ρH2O

g

∣
∣
P

+ BH2O
S

∣
∣
∣
P

(5.71)

AH2O
S

∣
∣
∣
P

= VCV M̂H2OAv
∂ṖH2O

∂ρH2O
`,e

∂ρH2O
g

∂ρH2O
`,e

BH2O
S

∣
∣
∣
P

= VCV M̂H2OAv

[

Ṗ
H2O − ∂ṖH2O

∂ρH2O

∂ρH2O
g

∂ρH2O
`,e

ρH2O
g

∣
∣
old

P

]

where the derivative of the partial density of water in the gas phase with respect to the partial

density of water in the electrolyte can be determined with Equation (5.67). After assembling

Equation (5.62), the water balance for each control volume can be written as
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The A and B coefficients are

A
ρ
H2O
g

E = − εg|e min
(
ug|eAx, 0

)
+
εg|e Deff

H2O−g

∣
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e
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ρg|n M̂g

M̂β

∇ ωβ
g

∣
∣
∣
n

+
M̂g J β

g

∣
∣
n

M̂β Deff
H2O−β,g

∣
∣
∣
n



Ay

− εg|n ω
H2O
g

∣
∣
n
Deff

H2O−g

∣
∣
∣
n
∇ ρg|nAy

−
εg|s ωH2O

g

∣
∣
s
Deff

H2O−g

∣
∣
∣
s(

1− xH2O
g

∣
∣
∣
s

)

∑

β 6=H2O




ρg|s M̂g

M̂β

∇ ωβ
g

∣
∣
∣
s
+

M̂g J β
g

∣
∣
s

M̂β Deff
H2O−β,g

∣
∣
∣
s



Ay

+ εg|s ω
H2O
g

∣
∣
s
Deff

H2O−g

∣
∣
∣
s
∇ ρg|sAy + ε`,e|e D

H2O
H3O+

∣
∣
∣
e
∇Φe|eAx

−
ε`,e|e D

H2O
H2O

∣
∣
∣
e
ωH2O

`,e

∣
∣
∣
e

ρ`,e|e
∇ρ`,e|eAx − ε`,e|w D

H2O
H3O+

∣
∣
∣
w
∇Φe|w Ax

+
ε`,e|w D

H2O
H2O

∣
∣
∣
w
ωH2O

`,e

∣
∣
∣
w

ρ`,e|w
∇ρ`,e|w Ax + ε`,e|n D

H2O
H3O+

∣
∣
∣
n
∇Φe|nAy

−
ε`,e|n D

H2O
H2O

∣
∣
∣
n
ωH2O

`,e

∣
∣
∣
n

ρ`,e|n
∇ρ`,e|nAy − ε`,e|s D

H2O
H3O+

∣
∣
∣
s
∇Φe|sAy

+
ε`,e|s D

H2O
H2O

∣
∣
∣
s
ωH2O

`,e

∣
∣
∣
s

ρ`,e|s
∇ρ`,e|sAy − VCV M̂H2OAv

[

Ṗ
H2O − ∂ṖH2O

∂ρH2O
ρH2O|oldP

]
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Figure 5.8: The conservation of species for the solid phase.

5.7 Conservation of Species: Solid

The conservation of electrons in the solid phase results in

F e−

d

∣
∣
∣
w
− F e−

d

∣
∣
∣
e
+ F e−

d

∣
∣
∣
s
− F e−

d

∣
∣
∣
s
+ Se−

s

∣
∣
∣
P

= 0, (5.79)

where the balance of Equation (5.79) is illustrated in Figure 5.8. The flow of current, F e−

d , can be

expressed as a function of potential with Equation (4.16). For the east face, F e−

d is

F e−

d

∣
∣
∣
e

= Ae−

d

∣
∣
∣
e

(

Φe−

s

∣
∣
∣
E
− Φe−

s

∣
∣
∣
P

)

, (5.80)

Ae−

d

∣
∣
∣
e

= −
εs|e κeff

s

∣
∣
e
Ax

∆E
,
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where the face values of volume fraction and electrical conductivity are evaluated using a linear

interpolation. The reaction source term is

Se−

s

∣
∣
∣
P

= Ae−

S

∣
∣
∣
P

Φs|P + Be−

S

∣
∣
∣
P
, (5.81)

Ae−

S

∣
∣
∣
P

= −VCVAvF
∂Ṗe−

∂Φs
,

Be−

S

∣
∣
∣
P

= −VCVAvF

[

Ṗ
e− − ∂Ṗe−

∂Φs
Φs|oldP

]

,

where (−F ) is multiplied to the source term because the balance is in terms of current density.

After assembling Equation (5.79), each control volume can be written as

AΦs

P Φs|P +AΦs

N Φs|N +AΦs

S Φs|S +AΦs

E Φs|E +AΦs

W Φs|W = BΦs

P . (5.82)

The A and B coefficients are

AΦs

E =
εs|e κeff

s

∣
∣
e
Ax

∆E
(5.83)

AΦs

W =
εs|w κeff

s

∣
∣
w
Ax

∆W
(5.84)

AΦs

N =
εs|n κeff

s

∣
∣
n
Ay

∆N
(5.85)

AΦs

S =
εs|s κeff

s

∣
∣
s
Ay

∆S
(5.86)

AΦs

P = −
εs|e κeff

s

∣
∣
e
Ax

∆E
−
εs|w κeff

s

∣
∣
w
Ax

∆W
−
εs|n κeff

s

∣
∣
n
Ay

∆N
−
εs|s κeff

s

∣
∣
s
Ay

∆S
(5.87)

− VCVAvF
∂Ṗe−

∂Φs

(5.88)

BΦs

P = VCVAvF

[

Ṗ
e− − ∂Ṗe−

∂Φs
Φs|oldP

]

(5.89)
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Figure 5.9: The conservation of mass for the gas phase.

5.8 Conservation of Mass

The pressure is solved using the conservation of mass equation and the SIMPLE method [120]. For

a single control volume, the conservation of mass can be expressed as

εgm
′′
xAx

∣
∣
w
− εgm

′′
xAx

∣
∣
e
+ εgm

′′
yAy

∣
∣
s
− εgm

′′
yAy

∣
∣
n

+ Sg|P = 0, (5.90)

where Sg|P represents the total mass entering the gas phase. The balance of Equation (5.90) is

illustrated in Figure 5.9.

Equation (5.90) is not solved for pressure, but rather for the pressure correction. The mass flux

through the east face is approximated with

m′′
x = ρg|face ug, (5.91)

m′′
x = ρg|face u

′
g + ρg|face u

old
g ,

116



CHAPTER 5. NUMERICAL IMPLEMENTATION

where ρg is evaluated at the face using a linear interpolation and u′g is the velocity correction. Since

the velocity is defined at the face, no interpolation is required. The velocity correction is expressed

in terms of the pressure correction with

u′g = −
εg|faceAx

Au
P

(

P ′
g

∣
∣
e
− P ′

g

∣
∣
w

)

, (5.92)

where e and w are relative to the u control volume, andAu
P is theAp coefficient from Equation (5.22).

Therefore, for the east face, the mass flow into the control volume is

εgm
′′
xAx

∣
∣
e

= A|e
(

P ′
g

∣
∣
E
− P ′

g

∣
∣
P

)

+ B|e , (5.93)

A|e = −
(
εg|eAx

)2

Au
P

∣
∣
e

,

B|e = εg|e ρg|e u
∗
g

∣
∣
e
Ax,

where u∗g is the velocity obtained by solving the conservation of momentum equation.

The source term in Equation (5.90), Sg|P , includes mass production due to the electro-chemical

reactions and any mass transfer through the gas/electrolyte interface:

Sg|P = Sg,react|P + Sg,g/e

∣
∣
P
, (5.94)

where Sg,react is the mass transfer due to reaction and Sg,g/e is the mass transfer through the

gas/electrolyte interface. The mass production due to reaction can be calculated with Equa-

tion (5.43):

Sg,react|P =
∑

α6=H2O

M̂αAv Ṗ
α
∣
∣
∣
P
VCV |P , (5.95)

where α is the gas species and the summation does not include water. The mass transfer through
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the gas/electrolyte interface is represented by the electrolyte terms in Equation (5.62):

Sg,g−e|P = FH2O
d

∣
∣
∣
w
− FH2O

d

∣
∣
∣
e
+ FH2O

d

∣
∣
∣
s
− FH2O

d

∣
∣
∣
s
+ M̂H2OAv Ṗ

H2O
∣
∣
∣
P
. (5.96)

Each term in Equation (5.96) is a function of the partial density of water in the gas phase. Thus,

both Sg,react and SH2O
g,g−e are not functions of pressure or pressure correction.

For a single control volume, the pressure correction equation becomes

AP
P P ′

g

∣
∣
P

+AP
N P ′

g

∣
∣
N

+AP
S P ′

g

∣
∣
S

+AP
E P ′

g

∣
∣
E

+AP
W P ′

g

∣
∣
W

= BP
P . (5.97)

The A and B coefficients are

AP
E =

(
εg|eAx

)2

Au
P

∣
∣
e

(5.98)

AP
W =

(
εg|w Ax

)2

Au
P

∣
∣
w

(5.99)

AP
N =

(
εg|nAy

)2

Av
P

∣
∣
n

(5.100)

AP
S =

(
εg|sAy

)2

Av
P

∣
∣
s

(5.101)

AP
P = −

(
εg|eAx

)2

Au
P

∣
∣
e

−
(
εg|w Ax

)2

Au
P

∣
∣
w

−
(
εg|nAy

)2

Av
P

∣
∣
n

−
(
εg|sAy

)2

Av
P

∣
∣
s

(5.102)

BP
P = εg|e ρg|e u∗g

∣
∣
e
Ax − εg|w ρg|w u∗g

∣
∣
w
Ax + εg|n ρg|n v∗g

∣
∣
n
Ay − εg|s ρg|s v∗g

∣
∣
s
Ay (5.103)

−
∑

α6=H2O

M̂αAv Ṗ
α
∣
∣
∣
P
VCV |P − Sg,g−e|P

After the solution has been obtained, relaxation is used:

P ′
g = αPP

′∗
g , (5.104)

where P ′∗
g is the value of P ′

g after solution of Equation (5.104) and αP = 0.2 is the relaxation
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factor. With the pressure correction, the velocity correction is determined with Equation (5.92)

and applied to the velocity solutions from the conservation of momentum equations.

5.9 Boundary Conditions

The boundary conditions can be classified into three groups: velocity boundary conditions, pressure

boundary conditions, and scalar boundary conditions. The velocity boundary conditions affect the

u and v velocities, the pressure boundary conditions affect the pressure, while the scalar boundary

conditions are applied to the gas phase partial densities and potentials. Within each of the groups,

two general boundary conditions exist: external and internal. The external boundary conditions

are specified in Section 4.6. The internal boundary conditions arise if a phase becomes discon-

tinuous; hence, internal boundary conditions are necessary where the gas or electrolyte phase are

discontinuous, such as at the electrode backing layer/catalyst layer and catalyst layer/polymer

electrolyte layer interfaces. The method of dealing with these boundary conditions are examined

in this section.

5.9.1 Velocity Boundary Conditions

Two types of external boundary conditions are used for the velocities and these boundary conditions

are illustrated in Figure 5.10. Figure 5.10(a) shows a specified velocity boundary condition on the

west side of the domain, while Figure 5.10(b) shows a fully developed boundary conditions in the

east side of the domain. The governing equation for the control volume is

Au
P ug|P +Au

N ug|N +Au
S ug|S +Au

E ug|E +Au
W ug|W = Bu

P . (5.105)

For the specified velocity boundary condition of Figure 5.10(a), the W velocity of Equation (5.105)

is specified and the equation can be rewritten as

Au
P ug|P +Au

N ug|N +Au
S ug|S +Au

E ug|E = B̂u
P , (5.106)
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where B̂u
P is

B̂u
P = Bu

P −Au
W ug|W . (5.107)

The value of ug|W is specified by the boundary conditions.

The fully developed boundary condition is approximated with

∂ρgug

∂x
= 0,

ρg|E ug|E − ρg|P ug|P
∆E

= 0,

ug|E =

(
ρg|P
ρg|E

)

ug|P . (5.108)

Using Equation (5.108) in Equation (5.105) yields

Âu
P ug|P +Au

N ug|N +Au
S ug|S +Au

W ug|W = Bu
P , (5.109)

where

Âu
P = Au

P +Au
W

(
ρg|P
ρg|E

)

. (5.110)

Figure 5.11 illustrates the situation in which an internal boundary condition is required for the

velocity. In Figure 5.11, the E velocity is on a face which divides the domain in which the gas

phase exists from the domain in which the volume fraction of the gas phase is zero. This situation

is handled by setting the E velocity equal to zero. Thus, the balance on the P control volume

becomes

Au
P ug|P +Au

N ug|N +Au
S ug|S +Au

W ug|W = Bu
P . (5.111)
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5.9.2 Pressure Boundary Conditions

The external boundary conditions relevant to the pressure correction equation are illustrated in

Figure 5.12. Figure 5.12(a) shows the specified velocity boundary condition, while Figure 5.12(b)

is the specified pressure boundary condition. The specified velocity boundary condition is applied

to the initial conservation of mass equation, Equation (5.90):

εg m
′′
xAx

∣
∣
w

︸ ︷︷ ︸

specified

− εgm′′
xAx

∣
∣
e
+ εgm

′′
yAy

∣
∣
s
− εgm

′′
yAy

∣
∣
n

+ Sg|P = 0. (5.112)

Since the velocity at the west face is known in Figure 5.12(a), the mass flux is also known and does

not need to be expressed in terms of pressure correction. The other mass fluxes at the east, south

and north faces can be decomposed into pressure correction values with the procedure outlined in

Section 5.8.

If the pressure at the boundary is specified, as illustrated in Figure 5.12(b), then the pressure

in the adjacent control volume is set to the specified value:

P |P = Specified. (5.113)

The pressure correction equation for the adjacent control volume is then

AP
P P ′

g

∣
∣
P

= 0. (5.114)

As with the velocity, internal boundary conditions for the pressure arise if the gas phase is

discontinuous, as illustrated in Figure 5.13. The internal boundary conditions are approached in

the same manner as the specified velocity external boundary conditions. For the case illustrated in

Figure 5.13, the mass balance becomes

εgm
′′
xAx

∣
∣
w
− εg m′′

xAx

∣
∣
e

︸ ︷︷ ︸

0

+ εgm
′′
yAy

∣
∣
s
− εgm

′′
yAy

∣
∣
n

+ Sg|P = 0, (5.115)
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where the mass flux through the east face is zero. The other mass fluxes at the west, south and north

faces can be decomposed into pressure correction values with the procedure outlined in Section 5.8.

5.9.3 Scalar Boundary Conditions

The conservation of a scalar quantity in a control volume at a boundary is illustrated in Figure 5.14.

The mass balance of Figure 5.14 is

FBC − Fc|e + Fc|s − Fc|n − Fd|e + Fd|s − Fd|n + S|P = 0, (5.116)

where FBC is the mass entering the control volume from the boundary. In general, the boundary

mass flow is expressed as

FBC = ABC ψ|P +BBC , (5.117)
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where ψ represents the potential or partial density.

Three types of boundary conditions can be expressed with Equation (5.117): specified flux,

specified value and fully developed. For the specified flux boundary condition, ABC = 0 and

FBC = BBC , (5.118)

BBC = F ′′
specifiedAx,

where F ′′
specified is the specified mass flux of gas phase species, current density, or mass flux of

hydronium. For the model presented in this thesis, the value of the specified flux is always zero.

The total mass flux or current density in the x direction of a scalar quantity can be expressed

as

F ′′ = uψ − Γ
∂ψ

∂x
+Bd, (5.119)
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where u is the convective velocity, Γ is the diffusion coefficient or conductivity, and Bd represents

all lagged terms from the diffusive flux. If the value of ψ is specified at the boundary as ψf , then

the flux becomes

F ′′
BC = ufψf −

(
Γ

∆w

)

(ψ|P − ψf ) +Bd, (5.120)

where the subscript f denotes a face value. Thus, for the specified value boundary condition is

FBC = ABC ψ|P +BBC , (5.121)

ABC = −ΓAx

∆w
,

BBC =

(
ΓAx

∆w

)

ψf + ufψfAx +BdAx.

The final type of external boundary condition for the scalar quantities is the fully developed

boundary condition. This boundary condition is only applied to the partial densities of the species

in the gas phase at the outlet. When the flow is fully developed, the diffusive flux is zero, resulting

in

FBC = ABC ψ|P , (5.122)

ABC = ug|P .

The mass balance for a control volume adjacent to a phase discontinuity is illustrated in Fig-

ure 5.15. The flux at the phase boundary is zero; hence, a mass balance results in

Fc|w + Fc|s − Fc|n + Fd|w + Fd|s − Fd|n + S|P = 0. (5.123)
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5.10 Numerical Procedure

The equations of the previous sections, representing the conservation of mass, momentum and

species for a single control volume, have the general form of

AP ψ|P +AN ψ|N +AS ψ|S +AE ψ|E +AW ψ|W = BP , (5.124)

where the A and B can be functions of velocity, pressure, gas and liquid composition, and grid

spacing. These equations are solved using a multigrid solver with a Gauss-Seidel smoother [120].

However, since the equations are coupled, an iterative solution procedure is required; this procedure

is outlined here.

The overall solution procedure is illustrated in Figure 5.16. The overall solution is composed of

an outer loop that contains three procedures. The first procedure, “Calculate Constants”, calculates

numerical values for all the quantities that are functions of total pressure and the gas and electrolyte

compositions. The second procedure, “Solve Species”, solves for the partial gas densities, solid and
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electrolyte potentials. The final procedure, “Solve Flow”, determines the velocity and pressure.

The outer loop continues if the error is greater than the convergence criteria, tol. The error is

taken as the maximum initial RMS residual of the equations for the partial gas density, solid or

electrolyte potentials, velocity, or pressure:

error =
√∑

[BP − (AP ψ|P +AN ψ|N +AS ψ|S +AE ψ|E +AW ψ|W )]2, (5.125)

where the summation is over all the control volumes.

The three procedures in the outer loop are composed of several steps. The steps that make up

the “Calculate Constants” procedure is illustrated in Figure 5.17. The first step in the procedure

is to calculate the mass fraction at each control volume using the partial density:

ωα
g =

ρα
g

∑

β ρ
β
g

, (5.126)

where the summation is over all the gas species. Using these mass fractions, the total pressure

and the temperature, the properties of the gas phase, such as total density, viscosity, and mass

diffusivity are determined. Additionally, the Stefan-Maxwell fluxes are calculated at all interior

faces. In order to calculate the properties in the liquid of the electrolyte, such as density, mass

diffusivity and volume fraction, the membrane hydration must be known. The membrane hydration

can be determined from the activity, and the activity is determined from the partial density of water

in the gas with Equation (5.65). However, the activity is limited to a range of values:

0.1 ≤ ã ≤ 1.0. (5.127)

The upper limit is due to the fact that the hydration is not defined for activities greater than 1.0;

at activities greater than 1.0 the membrane is in contact with liquid water, resulting in phenomena

that are not included in the current model. The lower limit is applied in order to ensure convergence.

For activities of less than 0.1, the electrical conductivity of the membrane becomes so small that
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the electrolyte becomes an insulator. The low value of conductivity can lead to an AP value in

Equation (5.124) that is zero, which will cause the Gauss-Seidel solver to fail. In addition to

the membrane properties, the derivative of the partial density of liquid water with respect to the

membrane activity is also calculated here.

The procedure for determining the partial densities and potentials contains two levels of it-

erations, as illustrated in Figure 5.18. The inner loop solves for the partial density of the gases

and the potentials. Although the properties are kept constant in this procedure, the non-linear

reactions require an iterative solution procedure. The inner loop solves the gas partial densities

and potentials sequentially. However, the rate of reactions are multi-variable functions of partial

density and potential; hence, the need for an outer level of iteration.

The procedure for determining the velocities and pressure is illustrated in Figure 5.19. Figure 5.19

shows the basic SIMPLE algorithm [120]. The momentum equations are solved for the x- and y-

direction velocities. These velocities are then used in the conservation of mass equation to create

the pressure correction equation. The pressure correction is then relaxed, and the x- and y veloc-

ities are corrected. The procedure continues until the initial residuals are below the convergence

criteria, tol.

5.11 Summary

The simplified formulation was solved numerically using the finite volume method and a staggered

mesh. Since the equations were non-linear, a multi-level, iterative solution technique was used. In

the lowest level of iteration, each conservation equation was solved for one variable. The conserva-

tion of momentum in the x- and y-directions were solved for the x- and y-components of velocity.

The pressure in the gas phase was determined from the conservation of mass. The conservation of

hydrogen, oxygen and nitrogen were solved to obtain the partial densities of hydrogen, oxygen and

nitrogen, respectively. The potential in the electrolyte was obtained with the conservation of hy-

dronium ions, while the conservation of electrons in the solid phase was used to determine the solid
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phase potential. The equations representing the conservation of water in the gas and liquid-filled

pores of the electrolyte were combined and solved for a single variable. Using acid-base equilib-

rium and empirical membrane hydration curves, the partial density of water in the electrolyte was

expressed as a function of partial water density in the gas phase. Hence, the conservation of total

water could be solved for the partial density of water in the gas phase.

Because the velocities, pressure, partial densities, and potentials were coupled, two additional

levels of iterations were employed. The second level of iterations involved gathering the governing

equations into two groups. In one group, the velocities and pressure in the gas phase were calculated

by iterating the equations for the conservation of momentum and mass with the SIMPLE algorithm.

The second group of iterations alternated between solving for the partial gas densities and potentials

until they converged. The final level of iterations alternated between the two groups, until a final

converged solution for the velocities, pressure, partial densities and potentials was obtained.
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Chapter 6

Parameter Determination for the

Electrolyte Model

The transport of water and charge in the polymer electrolyte is modeled using the Generalized

Stefan-Maxwell equations of Scattergood and Lightfoot [74]. This is a novel approach, since the

majority of mathematical PEM fuel cell studies employ the model developed by Springer et al.

[26, 27]. As a result, the diffusion coefficients required for the Generalized Stefan-Maxwell approach

are not available for a Nafion membrane and they must be determined from published, experimental

data.

There are three constants that need to be determined in the electrolyte model. These are the

binary diffusion coefficient of hydronium and water (DH3O+−H2O,`,e), and the diffusion coefficients

for hydronium and water in the membrane, DH3O+−s,`,e and DH2O−s,`,e. Of these three, the bi-

nary diffusion coefficient between hydronium and water is known for aqueous systems and can be

expressed as [105]

DH3O+−H2O,`,e =
λ0

1RT

F 2
, (6.1)

where λ0
1 is 349.8 S cm2. Therefore, there are only two unknown coefficients that need to be
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determined.

In the published literature on Nafion membranes for PEM fuel cell use, there are three measured

quantities. The first is the diffusion coefficient of water, under conditions of a water concentration

gradient and no current. The second measurement is the ionic conductivity of the membrane.

This is measured for membranes with no water gradient. The third measured property is the

electro-osmotic drag coefficient, defined as

nd =
Molar flux of water

Molar flux of ions
. (6.2)

The electro-osmotic drag coefficient is determined for membranes with a constant hydration; hence,

the membrane is under the same conditions as when the conductivity is measured.

Therefore, in order to find the diffusion coefficients, the equations for hydronium and wa-

ter transport in the membrane must be simplified to the above two membrane conditions. This

chapter determines the value of the diffusion coefficient between water and the polymer matrix,

DH2O−s,`,e, and the diffusion coefficient between hydronium and the polymer matrix, DH3O+−s,`,e.

The diffusion coefficient between water and the polymer matrix can be determined from experi-

mental water diffusion data, while the diffusion coefficient between hydronium and the polymer

matrix is determined from experimental conductivity data. The experimental, electro-osmotic drag

data can be used to validate the electrolyte model; using the values of DH2O−s,`,e and DH3O+−s,`,e

determined from water diffusion and conductivity data, the electro-osmotic drag calculated from

the model should match the experimental data. Finally, the differences between the electrolyte

model of this thesis and the commonly used model of Springer et al. [26, 27] are highlighted.
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6.1 Water Diffusion Coefficient

During experiments for determining the diffusion coefficient of water in the electrolyte membrane,

the current flow is zero. Therefore, the governing equations for the electrolyte reduce to

N H2O
`,e = −

(

xH3O+

`,e

c`,eD
eff
H3O+−H2O,`,e

+
1

Deff
H2O−s,`,e

)−1

∇xH2O
`,e , (6.3)

where the volume-averaging operator, 〈 〉∗, has been omitted for the concentration and mole frac-

tions. In Equation (6.3), the only unknown is DH2O−s.

The water diffusion models in the published literature use a Fickian diffusion equation with the

hydration gradient as the driving force for water diffusion [122]:

〈

N H2O
`,e

〉

= − ρM

M̂M

Dw,F∇L , (6.4)

where the density of the polymer matrix, ρM , is 2 g/cm3 and the molecular weight of the polymer

matrix, M̂M , is 1100 g/mole. The operator, 〈 〉, represents the volume average, not intrinsic average,

and thus represents the molar flow rate of water divided by the total cross-sectional area of the

electrolyte: both polymer matrix and liquid pore. In Equation (6.3), N H2O
`,e represents the molar

flow rate of water divided by the cross-sectional area of the liquid filled pores only.

Several diffusion coefficients, Dw,F , have been proposed in the published literature, and Motu-

pally et al. [122] found that the best fit with experimental data occurs with

Dw,F =







3.1× 10−3L [exp (0.28L )− 1] exp
(
−2436

T

)
0 < L ≤ 3

4.17× 10−4L [161 exp (−L ) + 1] exp
(
−2436

T

)
3 ≤ L < 17

, (6.5)

where Dw,F is in units of cm2/s and T is in units of K.

For the same hydration gradient, the molar flux predicted by Equations (6.3) and (6.4) must

be equivalent. Comparing Equations (6.3) and (6.4), a relationship between DH2O−s and Dw,F can

138



CHAPTER 6. PARAMETER DETERMINATION FOR THE ELECTROLYTE MODEL

be written as

ε`,e

(

xH3O+

`,e

c`,eD
eff
H3O+−H2O,`,e

+
1

Deff
H2O−s,`,e

)−1
∂xH2O

`,e

∂L
=

ρM

M̂M

Dw,F . (6.6)

With further simplification, an explicit function for DH2O−s,`,e can be obtained:

DH2O−s.`,e =
1
√
ε`,e

[

ε`,eM̂M

ρMDw,F

(

∂xH2O
`,e

∂L

)

−
1− xH2O

`,e

c`,eD
eff
H3O+−H2O,`,e

]−1

. (6.7)

The values on the right-hand-side in Equation (6.7) are functions of membrane hydration. The

volume fraction of water in the electrolyte is given by Equation (4.40) and the mole fraction of

water can be determined as a function of hydration and temperature with Equation (4.58). The

derivative of mole fraction with respect to hydration is

∂xH2O
`,e

∂L
=

A

L 2
− 1

L

∂A

∂L
, (6.8)

where the derivative of the degree of dissociation with respect to hydration is

∂A

∂L
=

1−
(L +1)−2

“

1− 1
Ke

”

r

(L +1)2−4L

“

1− 1
Ke

”

2
(

1− 1
Ke

) . (6.9)

The relationship between the diffusion coefficient of water in the membrane as a function of

hydration for temperatures of 303, 333, and 353 K are illustrated in Figure 6.1. The diffusion

coefficient increases with increasing temperature, but the relationship between the diffusion coeffi-

cient and membrane hydration is complex. Starting at a membrane hydration of zero, the diffusion

coefficient increases to a maximum value at a hydration value of 3. Further increases in hydration

reduce the diffusion coefficient until a hydration of approximately 6 is reached. An increase in

hydration from 6 to full hydration results in an increase in the diffusion coefficient. Thus, the

diffusion coefficient has an absolute or local maximum at a hydration value of 3.

139



CHAPTER 6. PARAMETER DETERMINATION FOR THE ELECTROLYTE MODEL

 0

 0.5

 1

 1.5

 2

 2.5

 2  4  6  8  10  12  14

PSfrag replacements

Membrane Hydration

D
iff

u
si

on
C

o
effi

ci
en

t
(m

ol
e/

m
s
×

10
−

3
)

353 K

333 K

303 K

Figure 6.1: The diffusion coefficient of water in the membrane as a function of hydration for
temperatures of 303, 333, and 353 K.

However, this maximum may not be a physical phenomena, but rather a function of the data

fitting technique used by Motupally et al. [122]. In the reference, the experimental expression for

Dw,F , Equation (6.5), was determined with

Dw,F = Dw,I

[
∂ ln (ã)

∂ln (L )

]

, (6.10)

where Dw,I was curve-fitted to the experimental data of Zawodzinski et al. [123]:

Dw,I = 6.31× 10−7
(
L − 0.0209L 2 − 0.501

)
. (6.11)

The units of Dw,I is cm2/s. The derivative term in Equation (6.10) is referred to as the Darken

factor, and is expressed as

∂ ln (ã)

∂ln (L )
=

L

ã∂L

∂ã

. (6.12)

Thus, in order to calculate Dw,F , the functional relationship between hydration and activity is

required. Motupally et al. [122] used the curve fit of Springer et al. [26]:

L = 0.043 + 17.81ã− 39.85ã2 + 36.0ã3. (6.13)
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Figure 6.2: The Darken factor based on the electrolyte hydration function of (a) Springer et al.
[26] and (b) Futerko and Hsing [115]

The maximum of Figure 6.1 is due to the Darken factor. Figure 6.2 compares the Darken factor

based on the hydration function of Equation (6.13) with the Darken factor derived by using the

relationship of Futerko and Hsing [115], expressed as Equation (4.42). The temperature used to

create Figure 6.2 was 353 K. The Darken factor used by Motupally et al. [122] exhibits a maximum

value, while the Darken factor derived with the hydration function of Futerko and Hsing [115] shows

a constant decrease as a function of membrane hydration. If the Darken factor derived from the

function of Futerko and Hsing [115] is used, the diffusion coefficient of water in the membrane does

not show the same sharp increase in value shown in Figure 6.1, as illustrated in Figure 6.3. The

diffusion coefficient of water in the electrolyte based on the Darken factor of Futerko and Hsing [115]

has a significantly different functional dependency on membrane hydration than the one determined

from Motupally et al. [122]. Thus, the choice of hydration function and subsequent Darken factor

greatly affects the water diffusion coefficient. Since the function used by Motupally et al. [122]

agreed well with experimental data, the water diffusion coefficient illustrated in Figure 6.1 is used

for the model presented in this thesis. However, further study should be done on the effect of the

Darken factor on the diffusion of water in the electrolyte.
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Figure 6.3: The diffusion coefficient of water in the membrane as a function of hydration determined
with (a) the Darken factor originally used by Motupally et al. [122] and (b) the Darken factor
calculated with the hydration function of Futerko and Hsing [115]. The temperature is 353 K.

6.2 Hydronium Diffusion Coefficient

Several experimental studies for determining the conductivity of Nafion exist in the published

literature. However, one of the most comprehensive was the study of Sone et al. [124], where the

conductivity of the membrane was determined for temperatures ranging from 293 to 353 K and

membrane activities from 0 to 1. The conductivity was defined as

κ (ã) = − J

∇Φe
, (6.14)

where the electrical conductivity was a function of the membrane activity. The conductivity data

was fitted with a third order polynomial:

κ = a+ b(RH) + c(RH)2 + d(RH)3, (6.15)

where RH is the relative humidity. Sone et al. [124] determined the conductivity for various tem-

perature and membrane heat treatments. In this thesis, the conductivity data for the N-form of

Nafion was used because the N-form was heat treated at 80◦C; PEM fuel cells typically operate
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Table 6.1: The polynomial constants for the experimental conductivity data of Sone et al. [124].
Temperature (K) a (10−1 S/m) b (10−2 S/m) c (10−4 S/m) d (10−6 S/m)

293 -19.8 16.6 -34.5 28.4
303 -8.01 6.72 -11.6 11.8
318 -1.75 1.45 0.0161 3.45
333 -3.41 2.73 -2.67 5.72
343 -1.56 1.21 1.01 3.95

at a temperature of approximately 353 K. The polynomial constants of Equation (6.15) for the

N-form Nafion are reproduced in Table 6.1. Sone et al. [124] correlated the electrical conductivity

to the relative humidity of the gas phase in equilibrium with the electrolyte. However, the electrical

conductivity should be a function of a property within the electrolyte, such as membrane hydration.

The relative humidity can be converted to membrane hydration with Equation (4.42).

In order to match this experimental data with the membrane model of this thesis research, the

governing equations for the membrane must be simplified in order to correspond to the experimental

conditions. No water concentration gradient exists within the membrane; thus, the water and

hydronium equations simplify to

0 =
1

c`,eD
eff
H2O−H3O+,`,e

(

xH3O+

`,e N H2O
`,e − x

H2O
`,e N H3O+

`,e

)

+
N H2O

`,e

Deff
H2O−s,`,e

, (6.16)

−
xH3O+

`,e F

RT
∇Φe =

1

c`,eD
eff
H2O−H3O+,`,e

(

xH2O
`,e N H3O+

`,e − xH3O+

`,e N H2O
`,e

)

+
N H3O+

`,e

Deff
H3O+−s,`,e

. (6.17)

The only unknown constant in the above equations is the diffusion coefficient between hydronium

and the membrane, Deff
H3O+−s,`,e. Using the relationship between current density and molar flux of

hydronium,

Je = ε`,eN
H3O+

`,e F , (6.18)
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an expression for the conductivity from Equations (6.16) and (6.17) can be obtained:

κ =

ε`,ex
H3O+

`,e
F2

RT

x
H2O
`,e

c`,eDeff
H2O−H3O+,`,e

−

x
H3O+

`,e
x
H2O
`,e

„

c`,eDeff
H2O−H3O+,`,e

«2

x
H3O+

`,e

c`,eDeff
H2O−H3O+,`,e

+ 1

Deff
H2O−s,`,e

+ 1
Deff

H3O+−s,`,e

. (6.19)

The conductivity of Equation (6.19) can be set equal to the conductivity of Sone et al. [124] for

the range of temperatures and water activity and the value of DH3O+−s,`,e can be determined.

Equation (6.19) can be solved for DH3O+−s,`,e:

DH3O+−s,`,e =
1
√
ε`,e









ε`,ex
H3O+

`,e F 2

κRT

+
xH2O

`,e

c`,eD
eff
H2O−H3O+,`,e








x
H3O+

`,e

c`,eDeff
H2O−H3O+,`,e

x
H3O+

`,e

c`,eDeff
H2O−H3O+,`,e

+ 1
Deff

H2O−s,`,e

− 1















−1

, (6.20)

where the electrical conductivity, κ, is given by the polynomial relationships of Equation (6.15)

and Table 6.1. Figure 6.4 shows the value of DH3O+−s as a function of membrane hydration for

temperatures of 303, 333, and 353 K. As the temperature increases, the diffusion coefficient between

hydronium and the polymer matrix also increases.

6.3 Electro-osmotic Drag

With values for all of the diffusivities in the membrane model accounted for, the membrane model

can be further validated through the experimentally determined electro-osmotic drag. The electro-
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Figure 6.4: The diffusion coefficient for hydronium ions in the membrane as a function of membrane
hydration for temperatures of 303, 333, and 353 K.

osmotic drag coefficient for the current membrane model can be expressed as

nd =
N H2O

`,e + N H3O+

`,e

N H3O+

`,e

(6.21)

=
xH2O

`,e

c`,eD
eff
H3O+−H2O,`,e

(

xH3O+

`,e

c`,eD
eff
H3O+−H2O,`,e

+
1

Deff
H2O−s,`,e

)−1

+ 1.

Using the diffusion coefficient values that were calculated in the previous sections, the electro-

osmotic drag coefficient can be calculated as a function of membrane hydration. Figure 6.5 shows

the calculated electro-osmotic drag coefficient as a function of membrane hydration for temperatures

of 303, 333, and 353 K. The electro-osmotic drag coefficient ranges from a low value of 1 to a high

value of 1.16. This agrees well with the experimental values obtained by Zawodzinski et al. [79],

which found that the electro-osmotic drag was constant with a value of 1 for the entire range of

membrane hydrations when exposed to water vapor. If the value of the binary diffusion coefficient

between water and hydronium, DH3O+−H2O, is increased by one order of magnitude, an almost exact

match between the experimental results of Zawodzinski et al. [79] and the current membrane model

can be obtained. However, in this thesis research, this is not done because some uncertainty exists

on the exact value of electro-osmotic drag; the values in Figure 6.5 may be within the experimental

error.
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Figure 6.5: Electro-osmotic drag coefficient as a function of membrane hydration for temperature
of 303, 333, and 353 K.

In this thesis research, the positive ion in the polymer electrolyte was assumed to be hydronium

(H3O
+), but most other modeling studies assume that the charged species is a free hydrogen ion

(H+). The reason that H3O
+, and not H+, was chosen as the positive ion is that for acid-base

reactions, standard chemical textbooks, such as Mahan and Myers [125], use hydronium for the

positive ion. The assumption that the charged ion is hydronium is further justified through the

comparison of the membrane model to the electro-osmotic drag data. Using a free hydrogen ion

in the electrolyte would result in an electro-osmotic drag coefficient that is much less than one;

hence, from the experimental electro-osmotic drag data, it can be concluded that the positive ions

are hydronium ions.

6.4 Comparison with Springer Model

Currently, most numerical studies of PEM fuel cells use the electrolyte model of Springer et al. [26]

to describe the transport of current and water in the polymer electrolyte. The mathematical model

of this thesis research used a novel electrolyte transport model; this section compares the electrolyte

transport model that is used in this thesis research (the “Thesis” model) to the commonly used

model of Springer et al. [26] (the “Springer” model).

Within the electrolyte, the Springer model states that current and water transport are governed
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by

Je = −κe∇Φe, (6.22)

〈

N H2O
`,e

〉

= −DH2O−e∇λ+
nd

F
Je. (6.23)

where the transport properties of electrical conductivity (κ), diffusion coefficient (DH2O−e), and

electro-osmotic drag coefficient (nd) are functions of the membrane hydration. The original values

of the electrical conductivity, diffusion coefficient, and electro-osmotic drag coefficient which were

presented in Springer et al. [26, 27] are generally not used by the recent mathematical models in the

published literature. Instead, models, such as Kulikovsky [64], use the same governing equations

as Springer et al. [26], but use values of electrical conductivity, diffusion coefficient, and electro-

osmotic drag coefficient from other experimental studies, such as Sone et al. [124], Zawodzinski

et al. [123], and Zawodzinski et al. [79].

In order to compare the Thesis and Springer models, the transport properties of both models

should be derived using the same experimental data. Thus, the electrical conductivity in Equa-

tion (6.22) is represented by the experimental data of Sone et al. [124] and Equation (6.15). The

diffusion coefficient for in Equation (6.23) is given by

DH2O−e =
ρMDw,F

M̂M

, (6.24)

where Dw,F is defined by Equation (6.5). The electro-osmotic drag coefficient, nd, is set to the

value of one in order to correspond with the experimental data of Zawodzinski et al. [79].

For the Thesis model, the mass fluxes of water and hydronium are defined by Equations (4.34)

and (4.35). These equations can be converted to relationships similar to the Springer model:

Je =
ε`,eD̂H3O+

H2O

F
∇xH2O

`,e +
ε`,eD̂H3O+

H3O+

F
∇Φe, (6.25)

〈

N H2O
`,e

〉

= ε`,eD̂H2O
H2O∇x

H2O
`,e + ε`,eD̂H2O

H3O+∇Φe, (6.26)
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Table 6.2: The values of D̂β
α for a fully hydrated membrane at a temperature of 353 K.

α β D̂β
α

H2O H2O −6.27× 10−4 mole/m · s
H3O

+ H2O -9.67× 10−5 mole/m ·V · s
H2O H3O

+ 1.68× 10−5 mole/m · s
H3O

+ H3O
+ −2.19× 10−4 mole/m ·V · s

where the D̂β
α terms are related to the Dβ

α of Equations (4.34) and (4.35) with

D̂H3O+

H2O =
M̂H2O
(

M̂`,e

)2D
H3O+

H2O , (6.27)

D̂H3O+

H3O+ =
DH3O+

H3O+

M̂H3O+

, (6.28)

D̂H2O
H2O =

M̂H3O+

(

M̂`,e

)2D
H2O
H2O, (6.29)

D̂H2O
H3O+ =

DH2O
H3O+

M̂H2O

. (6.30)

The D̂β
α can be either negative or positive. Using the diffusion coefficients that were determined in

this chapter, the values of D̂β
α can be calculated as functions of membrane hydration and temper-

ature. For a fully hydrated electrolyte at a temperature of 353 K, the valued of D̂β
α are tabulated

in Table 6.2. All but one of the D̂β
α terms are negative, with the single positive coefficient being

DH2O
H3O+ .

The Thesis model reduces to the Springer model if the current density does not depend on

the water gradient: D̂H3O+

H2O = 0. Thus, while the Springer model incorporates electro-osmotic

flow, which is characterized by fluid flow induced with a potential gradient, it does not include

the complimentary effect of the streaming potential, in which a potential gradient is induced by

fluid flow [105]. The effect of this assumption can be illustrated by simulating the one-dimensional

membrane shown in Figure 6.6. The electrolyte layer of Figure 6.6 has no-flux boundary conditions

in the x direction, and specified potential and hydration in the y direction. The anode potential and

hydration are denoted by Φe|a and L |a, respectively, while the cathode potential and hydration
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Figure 6.6: One-dimensional membrane simulation for comparing the Thesis and Springer models.

are denoted by Φe|c and L |c.

The Thesis and Springer models are applied to the problem of Figure 6.6 with two different

sets of boundary conditions, For both sets of boundary conditions, or cases, the temperature is

353 K. In the first set of boundary conditions, the membrane hydration is set to 11 at both the

anode and cathode boundaries; a membrane hydration of 11 corresponds to a relative humidity

of 100%. Thus, no water concentration gradient exists across the membrane for case 1, but a

potential gradient does exist, with the anode potential being set to 0.1 V and the cathode potential

grounded at a value of 0 V. Case 2 has both a concentration and potential gradient. The potential

boundary conditions are the same between cases 1 and 2. At the cathode side of the electrolyte, the

membrane hydration is set to 11, but at the anode side of the electrolyte, the membrane hydration

is set to 3.5, which corresponds to the hydration if the membrane is in equilibrium with a gas with

50% humidity. Since water is produced in the cathode and water is consumed in the anode, case 2

approximates the conditions occurring within a PEM fuel cell.

For both cases, the current density and total water molar flux are compared in Table 6.3. For

the Springer model, the total molar flux of water is given by Equation (6.23), but for the Thesis

model, the total molar flux of water must include the water contained in the hydronium ion:

N H2O
`,e

∣
∣
∣
total

=
〈

N H2O
`,e

〉

+
Je

F
. (6.31)

For case 1, the Thesis and Springer models yield similar values for current density and total water
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Table 6.3: Comparison between the Thesis and Springer electrolyte models.

Thesis Model Springer Model Difference

Case

Current
Density
(A/m2)

Total
Water Flux
(mole/m2 · s)

Current
Density
(A/m2)

Total
Water Flux
(mole/m2 · s)

Current
Density

(%)

Total
Water Flux

(%)

1 -3.48× 103 -4.07× 10−2 -3.49× 103 -3.62× 10−2 0.3 12
2 -1.51× 103 1.82× 10−2 -1.04× 102 -9.34× 10−3 31 151

flux. If the difference between the Thesis and Springer model outputs are quantified as

Difference =

∣
∣
∣
∣

Thesis Value− Springer Value

Thesis Value

∣
∣
∣
∣
× 100%, (6.32)

then the difference for the current densities is less than 0.3% and 12% for the total water flux. The

current densities between the Thesis and Springer models match well because they are both based on

the same experimental data. Since there is no concentration gradient within the electrolyte in case

1, the equations for the flux of charged species for the Thesis and Springer models become equal.

However, the predicted total water flux is larger for the Thesis model than for the Springer model

because the Springer model uses an electro-osmotic drag coefficient of 1, while the electro-osmotic

drag coefficient for the Thesis model ranges from 1 to 1.12, as shown in Figure 6.5.

While case 1 shows minor discrepancies between the Thesis and Springer models, case 2 shows

a large difference between both the predicted current densities and total water flux. The current

density predicted from the Thesis model is significantly larger than the prediction from the Springer

model; the difference is approximately 31%. This difference in current density comes from two

sources. The first source is the influence of the mole fraction gradient term in Equation (6.25). The

mole fraction gradient term is

ε`,eD̂H3O+

H2O

F
∇xH2O

`,e =
(positive)(positive)

F
(negative) = negative;

thus, the mole fraction gradient is beneficial for the current density and the current density from

the Thesis model is greater than that of the Springer model.
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Figure 6.7: The membrane hydration predicted by the Thesis and Springer models for case 2.

The second factor influencing the larger predicted current density in the Thesis model is the

difference in water flux between the two models. For the boundary conditions described in Sec-

tion 6.1, in which the current density is zero but a water concentration gradient exists, both the

Thesis and Springer models would predict the same total water flux. This is due to both models

being based on the same experimentally derived diffusion coefficient, Equation (6.5). However, in

the presence of a potential gradient, the water flux predictions from both models diverge. In the

Thesis model, the direction of the water flux is from the cathode to the anode, while the Springer

model predicts that the water flux is from the anode to the cathode. Therefore, the Thesis model

predicts that the water concentration gradient has a greater influence on water motion than the

Springer model if a potential gradient is present.

The different water flux values between the two models affect the predicted current density

through the value of membrane hydration. The predicted membrane hydrations from both models

are illustrated in Figure 6.7. Throughout the membrane, the Thesis model predicts a larger mem-

brane hydration than the Springer model. Since the resistance to charge transport decreases with

increasing hydration, the predicted current density is larger for the Thesis model than the Springer

model.
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Therefore, there are similarities and differences between the electrolyte transport model used in

this thesis and the commonly used model of Springer et al. [26]. The Springer model can be derived

from the Thesis model if the effect of concentration gradient on current transport is neglected. If

the current density is zero, both models will predict the same amount of water transport from a

water concentration gradient. Also, if no water concentration gradient exists within the electrolyte,

both models predict the same current density if a potential gradient is applied across the membrane.

As well, the predicted total water flux under these boundary conditions is similar. However, the

predictions of the two models are significantly different for boundary conditions that include both

water concentration and potential gradients. The Thesis model predicts a larger current density

than the Springer model and the water flux due to the concentration gradient is predicted to be

larger by the Thesis model than the Springer model. This discrepancy is significant because under

fuel cell operation, both potential and concentration gradients exist within the polymer electrolyte

layer. Thus, the use of the Springer model, with the assumption that concentration gradients are

insignificant for current transport, may not be justified for modeling the polymer electrolyte in a

PEM fuel cell.

6.5 Summary

The thesis research used a transport model for water and ions in the polymer electrolyte that was

based upon the Generalized Stefan-Maxwell equations. As a result, values for the diffusion coeffi-

cients were not available from the published literature and had to be determined from published,

experimental data for membrane water diffusion and conductivity. Using these diffusion coeffi-

cients, the electrolyte model was further validated by comparing the model output with published

data for the phenomena of electro-osmotic drag. Good agreement was obtained between the model

and the experimental, electro-osmotic drag data.

The electrolyte model used in this thesis research was compared with the semi-empirical model

that was commonly used in published, PEM fuel cell modeling studies. The electrolyte model in
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this thesis reduced to the semi-empirical model if charge transport due to concentration gradients

was neglected. By ignoring charge transport via concentration gradients, the semi-empirical model

under-estimated the current density, when compared to the transport model used in this thesis.
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Chapter 7

Results and Discussion

A mathematical PEM fuel cell model can illustrate the physical phenomena occurring within a

PEM fuel cell. This is significant because direct measurement of quantities such as velocity or

concentration within all layers of a PEM fuel cell is impossible, due to the thinness of the layers.

Therefore, this chapter highlights some of the processes that the current PEM fuel cell model

illustrates.

In order to examine the processes occurring within a PEM fuel cell, values for the boundary

conditions and design parameters are required. These values are obtained from a previously pub-

lished experimental investigation of PEM fuel cell performance [126]. For the boundary conditions

and design parameters chosen from the experimental investigation, the number of control volumes

required for the mesh and the convergence criteria are determined. Then, the gas phase velocity,

species mass fluxes, and reactant concentrations are examined, as well as the mass flux, current,

and potential distribution within the polymer electrolyte. First, however, the numerical method is

validated against another CFD computer code.
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Figure 7.1: Test case for validating the numerical procedure.

7.1 Validation

The numerical procedure outlined in the previous chapter was implemented using the computer

language of C++. During implementation, the possibility exists that errors could be introduced into

the subroutines, which would affect the values of velocity, pressure, partial density and potential.

Therefore, the mathematical model developed for this thesis research was compared with a CFD

code that was available from Ferziger and Perić [120]. Ferziger and Perić [120] used a similar grid

structure and solution method as the current model, and thus the results generated by the two

computer programs should be identical for the same test case. The test case chosen was lid-driven

cavity flow, since the code of Ferziger and Perić [120] was designed to illustrate such a flow problem.

This test case is illustrated in Figure 7.1. The cavity configuration was square, with each side being

1 mm, and the mesh was 4× 4 control volumes. The velocity of the lid was 1 m/s and the fluid

has a constant density and viscosity of 1 kg/m2 and 1× 10−5 Pa s. The u velocities of the thesis

research and the program of Ferziger and Perić [120] were compared and are tabulated in Table 7.1.

As can be seen in the table, the x direction velocities match perfectly; similar results occur if the

y direction velocity and pressure are compared. Therefore, from these results, it can be concluded
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Face Number Thesis Code (m/s) Ferziger and Perić [120] (m/s)

5 −3.98× 10−2 −3.98× 10−2

6 −6.05× 10−2 −6.05× 10−2

7 −4.18× 10−2 −4.18× 10−2

8 1.42× 10−1 1.42× 10−1

9 −6.91× 10−2 −6.91× 10−2

10 −9.46× 10−2 −9.46× 10−2

11 −5.47× 10−2 −5.47× 10−2

12 2.18× 10−1 2.18× 10−1

13 −5.95× 10−2 −5.95× 10−2

14 −7.53× 10−2 −7.53× 10−2

15 −3.37× 10−2 −3.37× 10−2

16 1.68× 10−1 1.68× 10−1

Table 7.1: The comparison between the thesis research code and that of Ferziger and Perić [120]
for lid driven cavity flow: x direction velocity.

that the numerical procedure is free from errors.

7.2 Model Input Parameters

Comparing the model with experimental data is challenging because the current model does not

include liquid water transport in the electrode backing layers and gas flow channels. Therefore, the

model must be compared against data that is not undergoing liquid water flooding. One way to

avoid data influenced by liquid water flooding is to use experimental data that is gathered under

high stoichiometry or flow rate conditions. The high flow rate allows for the removal of liquid water

from the cells by the flow in the gas flow channels. The stoichiometry is defined as

St =
N α

g

∣
∣
in

N α
g

∣
∣
react

, (7.1)

where N α
g

∣
∣
in

is inlet molar flow rate of reactant α and N α
g

∣
∣
react

is the rate of species α consumption.

From Faraday’s law, the anode and cathode rates of consumption are related to the cell current

density

N H2
g

∣
∣
anode

react
=
JAcell

2F
, (7.2)
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Table 7.2: The operating conditions for the high stoichiometry data from Mughal [127].
Parameter Value

Outlet Pressure 1 atm
Cell Temperature 343 K
Anode Reactants Hydrogen with 100% Humidity
Cathode Reactants Air with 100% Humidity
Anode Stoichiometry 3
Cathode Stoichiometry 5
Cell Voltage 0.8 V
Cell Current Density 220 A/m2

N O2
g

∣
∣
cathode

react
=
JAcell

4F
. (7.3)

As the cell stoichiometry is increased, the cell current density increases but eventually plateaus

such that further increases in stoichiometry no longer affect the current density.

Another operating condition that would minimize water flooding is the operation at high cell

voltages and low current densities. Since the amount of water produced in the fuel cell is pro-

portional to the current density, a low current density would produce a smaller amount of liquid

water. Therefore, the model is compared against experimental data that has been gathered under

the operating conditions of high stoichiometry and low current density.

Such an experimental study has been undertaken in Mughal [127] and Mughal and Li [126],

which produced several polarization curves at different operating conditions using a single 50 cm2

fuel cell. The operating conditions chosen for the comparison to the mathematical model are shown

in Table 7.2. During the experiments, the cell exhausted to atmospheric pressure and operated at

a temperature of 343 K. Fully humidified hydrogen was supplied at a stoichiometry of 3 to the

anode, while the cathode of the cell was supplied with fully humidified air at a stoichiometry of 5.

At these operating conditions, the cell potential was 0.8 V and the current density was 220 A/m2.

The operating conditions listed in Table 7.2 translate into boundary conditions that are illustrated

in Figure 7.2

In addition to the boundary conditions, the mathematical model also requires the design pa-
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Figure 7.3: The design parameters required for the PEM fuel cell model.

rameters of the experimental cell. The parameters required for the simulation are illustrated in

Figure 7.3. Since each layer has a distinct structure, the design parameters can be grouped ac-

cording to the relevant layer. The anode and cathode layers are identical; hence, the same design

parameters apply to the gas flow channels, electrode backing and catalyst layers on the anode

and cathode sides. For the gas flow channels, the thickness of the flow channel is required for

the mathematical model. The thickness, volume fraction of the gas phase, and the permeability

are the design parameters associated with the electrode backing layer. The catalyst layers have

several design parameters associated with them. As with the other layers, the thickness is required.

The catalyst layer contains a three phase mixture of solid, gas and electrolyte; thus, the volume
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Table 7.3: Catalyst surface area per unit mass of catalyst (As) as a function of mass ratio of
platinum to carbon support (fPt) [128]

fPt As

(
m2/g

)

0.1 140
0.2 112
0.3 88
0.4 72
0.6 32
0.8 11
1 28

fractions of gas and electrolyte are needed for the simulation, as well as the permeability. The

platinum loading of the catalyst is also a key parameter, as well as the catalyst composition, which

is the mass fraction of platinum in the platinum/carbon support mixture. The platinum loading

and the catalyst composition are used to calculate the reactive surface area per unit volume in the

catalyst layer:

Av =
AsmPt

δcl
, (7.4)

where As is the catalyst surface area per unit mass of catalyst and is related to the mass ratio

of platinum to carbon support according to Table 7.3 [128]. The electrolyte layer has only one

independent design parameters: the thickness.

The design parameters used for the comparison to the experimental data are listed in Table 7.4.

The thickness of the gas flow channel was measured from the experimental cell to be 1 mm, while

the thickness of the electrode backing layer was specified as 2.03× 10−4 m by the cell manufacturer.

The volume fraction of the gas and the permeability were not specified, and had to be estimated

from an earlier study [129]. Only two of the design parameters in the catalyst layer were specified

by the manufacturer: the catalyst loading of 1 mg/cm2 and the mass ratio of platinum in the solid

catalyst of 0.2. These two parameters can be used to relate the porosity and thickness:

εcl = 1−
(

1

ρPt
+

1− fPt

fPtρC

)
mPt

δcl
, (7.5)
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Table 7.4: The design parameters used for comparing the mathematical model with experimental
data.

Layer Parameter Value

Gas Flow Channel δfc 1× 10−3 m

Electrode Backing Layer δeb 2.03× 10−4 m
εg 0.5
K 1.76× 10−11 m2

Catalyst Layer δcl 2.55× 10−5 m
εg 0.1
εe 0.1
K 1.76× 10−11 m2

mPt 1 mg/cm2

fPt 0.2

Polymer Electrolyte Layer δcl 1.64× 10−4 m

Channel Length Lch 1× 10−3 m

Anode and Cathode Plus Ex-
tensions

Lplus 1× 10−2 m

where εcl is the void fraction of the catalyst layer, ρPt is the density of platinum and ρC is the density

of carbon. Therefore, the void fraction was arbitrarily set to 0.2, which allowed the thickness to

be calculated as 2.55× 10−5 m. The void space was assumed to consist of an equal volume of

electrolyte and gas. The polymer electrolyte used was Nafion 115; thus, the thickness of the layer

was taken from Baschuk and Li [12].

The length of the fuel cell gas flow channels in the experimental cell was 7.5 cm. However,

this length could not be used in the mathematical model because it was too long; convergence

of the numerical procedure would be too time consuming. Since the data was gathered under

high stoichiometry conditions, the reactant concentrations would not vary significantly along the

channel. Thus, a small channel length could be reasonably used to simulate the experimental

data. Therefore, a channel length (Lch) of 1 mm was used for the simulations, with outlet channel

extensions of 1 cm (Lplus).
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7.3 Grid Independent Solution

Before the mathematical model can be compared to the experimental data, the number of grid

points required for a grid independent solution must be determined. The mesh used for the com-

parison between the mathematical model and experimental data is illustrated in Figure 7.4. The

number of control volumes is specified for each layer of the PEM fuel cell and the grid spacing

within each layer is uniform. The number of control volumes in the x direction for the anode

and cathode gas flow channels is denoted by Nx
ch, while the number of control volume used for

the anode and cathode plus extensions is denoted by Nx
plus. For the anode and cathode electrode

backing layers, the number of control volumes in the y direction are N y
eb,a and Ny

eb,c, respectively.

Similarly, Ny
cl,a and Ny

cl,c denote the number of control volumes in the y direction for the anode

and cathode catalyst layers. The number of y direction control volumes for the polymer electrolyte

layer is represented by N y
e . Although the number of control volumes in the y direction can be

different for the anode and cathode sides of the PEM fuel cell, in practice the same values are used

for both sides:

Ny
fc = Ny

fc,a = Ny
fc,c, (7.6)

Ny
eb = Ny

eb,a = Ny
eb,c, (7.7)

Ny
cl = Ny

cl,a = Ny
cl,c. (7.8)

Therefore, the total number of control volumes used for the simulation, Ntotal, is

Ntotal = Nx
ch

[
2
(
Ny

fc +Ny
eb +Ny

cl

)
+Ny

e

]
+ 2Ny

fcN
x
plus. (7.9)

Determining the number of grid points required for an accurate solution was done using two

steps. For the first step, only the cathode gas flow channel was simulated, and the length of the

channel was set at Lch = 5 cm, while the thickness remained the same as in Table 7.4. The aspect

ratio of the control volumes was taken as one; hence, ∆ = ∆x = ∆y. Hence, if the number of
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that the figure is not drawn to scale.

163



CHAPTER 7. RESULTS AND DISCUSSION

0

2

4

6

8

10

0 4 8 12 16

e
rr

o
r

=

∣ ∣ ∣

∆
P

2
N
−

∆
P

N

∆
P

2
N

∣ ∣ ∣
×

1
0
0
%

N
y

fc

Figure 7.5: The effect of the number of control volumes on the error in the pressure drop.

control volumes in the y direction was specified, the number of control volumes in the x direction

became

Nx
ch =

Lch

δfc
Ny

fc. (7.10)

In order to determine the number of control volumes required for the grid-independent solution,

the pressure drop along the channel was calculated for various values of N y
fc for an inlet Reynolds

number of 200. Figure 7.5 shows the pressure drop error for N y
fc of 4, 8, and 16. The number of

control volumes in the y direction was determined from Equation (7.10). The error was calculated

as

error =

∣
∣
∣
∣

∆P2N −∆PN

∆P2N

∣
∣
∣
∣
× 100%, (7.11)

where ∆PN is the pressure drop along the length of the channel for N y
fc = N and ∆P2N is the

pressure drop associated with N y
fc = 2N . The error is approximately 0.2% for a N y

fc of 16; hence, a

grid spacing of 0.0626 mm ensures a grid independent solution for the channel.
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Figure 7.6: The effect of the number of control volumes on the error in the current density.

In the second step of finding the number of control volumes required for a grid independent so-

lution, the number of y direction control volumes for the electrode backing, catalyst, and electrolyte

layers was determined. The entire PEM fuel cell was simulated with the boundary conditions listed

in Figure 7.2. For the design parameters listed in Table 7.4, the same number of control volumes

in the y direction were used for the electrode backing, catalyst and electrolyte layers:

Ny
eb = Ny

cl = Ny
e = Ny. (7.12)

Figure 7.6 illustrates the effect of increasing the number of control volumes, N y, on the current

density in the solid phase. The error in the current density is defined as

error =

∣
∣
∣
∣

J2N − JN

J2N

∣
∣
∣
∣
× 100%, (7.13)

where JN is the current density for cell for N y = N and J2N is the current density corresponding

to Ny = 2N . From Figure 7.6, the grid independent solution occurs when N > 32.

Thus, the number of control volumes required for a grid independent solution was obtained
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Table 7.5: The number of control volumes required for a grid independent solution.

Number of y direction control
volumes

Ny
fc,a = Ny

fc,c = 16

Ny
eb,a = Ny

eb,c = Ny
cl,a = Ny

cl,c = Ny
e,c = 32

Number of x direction control
volumes

Nx
ch = 16

Nx
plus = 160

using two steps. The first step determined the grid spacing required in the gas flow channels, while

the second step found the number of control volumes needed in the electrode backing, catalyst and

polymer electrolyte layers. For the PEM fuel cell with the design parameters listed in Table 7.4, the

number of control volumes required are listed in Table 7.5. The total number of control volumes

used for the simulations is 8192.

7.4 Convergence Criteria

The iterative solution procedure ends when the residuals are below the convergence criteria (tol)

and the choice of tol was influenced by the error in the gas phase density. The conservation of

species in the gas phase are solved for the partial density. However, the total gas density, which is

used in the conservation of mass and momentum equations, is calculated using the ideal gas law:

ρg =
P

RT
, (7.14)

where the gas constant, R, is a function of the gas composition through the mass fractions. The

mass fractions are determined from the partial densities:

ωα
g =

ρα
g

∑

β ρ
β
g

. (7.15)
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Figure 7.7: The effect of convergence criteria on the error in the partial density of oxygen.

If the conservation of mass, momentum, and species are solved exactly, then the partial density of

a gas species would be

ρα
g = ωα

g ρg (7.16)

However, since tol is not equal to zero, an error exists, which can be defined as

error =

∣
∣
∣
∣

ρα
g − ωα

g ρg

ρα
g

∣
∣
∣
∣
× 100% (7.17)

By decreasing the convergence criteria, the error of Equation (7.17) can be decreased. Figure 7.7

illustrates the effect of the convergence criteria, tol, on the partial density error for oxygen in the

cathode. The error decreases rapidly with lower tol, with a tol of 1× 10−8 resulting in a density

error of less than 0.1%. Therefore, the convergence criteria was chosen to be 1× 10−8.
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Figure 7.8: Current density as a function of ζAv .

7.5 Comparison to Experimental Data

Using the boundary conditions shown in Figure 7.2, the design parameters listed in Table 7.4, the

number of control volumes tabulated in Table 7.5, and the convergence criteria of 1× 10−8, the

mathematical model was compared to the experimental data of Table 7.2. The current density pre-

dicted by the mathematical model was compared to the experimental current density of 220 A/m2.

However, the resulting current density exceeded that of the experimental data. One possible ex-

planation for this discrepancy is that the reactive surface area of the real PEM fuel cell is lower

than the result of Equation (7.4). Therefore, the reactive surface area was reduced by multiplying

by a factor, ζAv :

Ãv = ζAvAv, (7.18)

where Av is the reactive surface area per unit volume calculated by Equation (7.4). The current

density at a cell voltage of 0.8 V as a function of ζAv is illustrated in Figure 7.8. Examining the

figure, the current density is a logarithmic function ζAv . In order to obtain a current density of
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220 A/m2, the value of ζAv should be 6.5× 10−2. If this value is used in a simulation, then the

output current density of the model is 217 A/m2; thus, the model matches the experimental data.

Adjusting the reactive surface area per unit volume to match the experimental data can be justified.

Equation (7.4) determines the reactive surface area per unit volume for the void space. However,

it does not take into account the effect of the three phase boundary. In order for a reaction to

occur, both the gas, electrolyte and solid phase must be in contact. Therefore, a large reduction in

reactive surface area from the ideal case is reasonable.

7.6 Transport Phenomena Within the PEM Fuel Cell

A mathematical PEM fuel cell model allows for the study of the processes occurring within the fuel

cell. For the boundary conditions and design parameters of Section 7.5, the processes occurring

within the gas, solid, and liquid phase within the electrolyte are examined in this section. The

bulk motion of the gas phase is examined in Section 7.6.1. Within the gas phase, the transport

of hydrogen, in the anode, and oxygen, in the cathode is explored in Sections 7.6.2 and 7.6.3.

Section 7.6.4 presents the transport of liquid water in both the gas phase and liquid phase of the

polymer electrolyte pores. Charge transport, both due to electrons in the solid phase and hydronium

ions in the electrolyte, are examined in Sections 7.6.5 and 7.6.6, respectively. The distribution of

reaction rate in the catalyst layers is explored in Section 7.6.7. Finally, the effect of channel length

on the water content and performance of a fuel cell is shown in Figure 7.6.8

7.6.1 Bulk Gas Phase Transport

The bulk flow of the gas phase can be illustrated through the use of the stream function:

∂ψ

∂x
= ug

∂ψ

∂y
= −vg (7.19)

where ψ is the stream function and a contour plot of ψ results in the streamlines of the flow [130].

The streamlines of the numerical simulation are illustrated in Figure 7.9. In the anode side of the
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Figure 7.9: The gas phase streamlines in the PEM fuel cell
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cell, the streamlines show that the gas phase is transported from the gas flow channels, through

the anode electrode backing layer, and into the anode catalyst layer. The gas phase does not exist

in the polymer electrolyte layer; hence, no streamlines are present. In the cathode side of the cell,

the gas phase travels through the cathode catalyst and electrode backing layers before entering

the cathode gas flow channel. Thus, the streamlines show that a net mass transfer occurs between

the anode and cathode sides of the PEM fuel cell. The loss of mass in the anode and gain in the

cathode can be explained by examining the electro-chemical reactions:

1

2
H2 + H2O 
 H3O

+ + e− Anode

1

4
O2 + H3O

+ + e− 


3

2
H2O Cathode

where the anode and cathode reactions are expressed on a per mole of hydronium basis. If only

hydronium is transferred through the polymer electrolyte layer, the mass produced per mole of

hydronium is

∆Manode = −1

2
M̂H2 − M̂H2O = −1.903× 10−2 kg/mole, (7.20)

∆Mcathode =
3

2
M̂H2O −

1

4
M̂O2 = 1.903× 10−2 kg/mole, (7.21)

where ∆Manode and ∆Mcathode are the mass production per mole of hydronium in the anode and

cathode catalyst layers, respectively. Thus, the transfer of the hydronium ion across the polymer

electrolyte layer results in loss of mass in the anode and a gain of mass in the cathode catalyst

layers.

The magnitude of the velocity in each layer of the PEM fuel cell is illustrated in Figure 7.10.

Figure 7.10 shows the magnitude of the phase-averaged velocity, which is defined as

Velocity Magnitude =

√

(〈ug〉∗)2 + (〈vg〉∗)2, (7.22)
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Figure 7.10: The magnitude of the phase-averaged, bulk gas phase velocity the PEM fuel cell
at x/Lch = 0.5. The y direction has been normalized such that the cathode gas flow channel
corresponds to (0 ≤ y ≤ 1), the cathode electrode backing layer corresponds to (1 ≤ y ≤ 2), the
cathode catalyst layer corresponds to (2 ≤ y ≤ 3), the polymer electrolyte layer corresponds to
(3 ≤ y ≤ 4), the anode catalyst layer corresponds to (4 ≤ y ≤ 5), the anode electrode backing layer
corresponds to (5 ≤ y ≤ 6), and the anode gas flow channel corresponds to (6 ≤ y ≤ 7).

where ug and vg are the x- and y-direction gas phase velocities, respectively. The velocity in the

electrode backing layers is approximately two orders of magnitude smaller than in the gas flow

channels. The porous media has a higher resistance to flow; hence, the velocity is smaller in the

porous media than in the gas flow channels. An increase in velocity occurs at the interface between

the electrode backing and catalyst layers. This increase in velocity is due to a change in porosity

between the two layers; from Table 7.4, the volume fraction of the gas phase in the electrode backing

layer is 0.5, while the catalyst layer has a smaller gas phase volume fraction of 0.1; Thus, if the

density of the gas phase is constant across the interface between the two layers, the velocities are

related with

Velocity Magnitude in Catalyst Layer

Velocity Magnitude in Electrode Backing Layer
=
εg|electrode backing layer

εg|catalyst layer

. (7.23)

Using the values in Table 7.4, the magnitude of the velocity in the catalyst layer should be approx-
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imately five times that in the electrode backing layer. This is in agreement with the results shown

in Figure 7.10. Also in Figure 7.10, the velocity magnitude in the cathode catalyst layer exhibits a

local minimum near the catalyst layer/polymer electrolyte interface. This is due to the directional

change of the mass flux of water, which is examined in more detail in Section 7.6.4.

7.6.2 Hydrogen Transport

For the gas phase species, the total mass flux is the result of both convection and diffusion:

F α
g = εgρ

α
g u + εgJ

α
g , (7.24)

= F α
c,g + F α

d,g,

where F α
c,g and F α

d,g are the species mass flux due to convection and diffusion, respectively. The

stream function for the total mass flux can be defined as

∂ψ

∂x
= Fα

x

∂ψ

∂y
= −Fα

y (7.25)

For hydrogen, the streamlines for total mass flux are illustrated in Figure 7.11. The streamlines

of total hydrogen mass flux show that hydrogen is transported from the anode gas flow channels

to the anode catalyst layers. If the diffusional flux of hydrogen was negligible, then the hydrogen

mass flux streamlines of Figure 7.11 would be identical to the streamlines of the bulk flow, which

are illustrated in Figure 7.9. However, the streamline patterns differ between the bulk flow and

total hydrogen mass flux, resulting in the conclusion that diffusional transport is significant in the

anode electrode backing and catalyst layers.

The streamlines for the diffusional flux of hydrogen are shown in Figure 7.12. In the anode

electrode backing and catalyst layers, the diffusional flux is in the opposite direction than both the

total hydrogen mass flux and the convective velocity. Since the reaction requires hydrogen to be

supplied to the anode catalyst layer, diffusion acts to hinder the electro-chemical reactions. The
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Figure 7.11: The streamlines for the total mass flux of hydrogen in the PEM fuel cell
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Figure 7.12: The streamlines for the diffusional mass flux of hydrogen in the PEM fuel cell
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diffusional flux is proportional to the mass or mole gradient:

J α
g ∝ −∇ωα

g ∝ −∇xα
g

Therefore, since the direction of the diffusional flux is from the anode catalyst layer to the anode

electrode backing layer, the mole and mass fractions of hydrogen must higher in the anode catalyst

layer than the electrode backing layer. The increase in mass fraction of hydrogen from the gas flow

channels to the anode catalyst layer is illustrated in Figure 7.13. Figure 7.13(a) shows the two-

dimensional mass fraction distribution, while Figure 7.13(b) shows the mass fraction distribution

for a constant x/Lch of 0.5. Both figures show a significant decrease of hydrogen mass fraction from

the anode catalyst layer to the anode gas flow channel. The mass fraction is larger in the catalyst

and electrode backing layers, while in the gas flow channel, the mass fraction is nearly constant,

only increasing near the electrode backing layer/gas flow channel interface. The concentration of

hydrogen also increases, as illustrated in Figure 7.14. Figure 7.14(a) shows the two-dimensional

distribution, while Figure 7.14(b) shows the concentration distribution for a constant x/Lch of 0.5.

Thus, although hydrogen is consumed, the mass fraction increases. The increase in mass fraction

is due to the nature of the electro-chemical reactions, and can be explained by considering the test

problem illustrated in Figure 7.15. A tube of length L is illustrated in Figure 7.15. At the inlet of

the tube, hydrogen and water are supplied, while at the outlet of the tube, hydrogen and water are

removed in a molar ratio of 1:2: for every one mole of hydrogen removed, two moles of water are

also removed. This rate of removal is equivalent to the reaction stoichiometry of the anode catalyst

layer. The bulk velocity in the tube is

ρgug = FH2
g

∣
∣
x=L

+ FH2O
g

∣
∣
x=L

= r
(

M̂H2 + 2M̂H2O

)

, (7.26)

where r is the molar flux of hydrogen at x = L. The conservation of hydrogen in the tube results
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Figure 7.13: The mass fraction of hydrogen in the anode gas flow channel, electrode backing
layer and catalyst layer. The y direction has been normalized such that the anode catalyst layer
corresponds to (4 ≤ y ≤ 5), the anode electrode backing layer corresponds to (5 ≤ y ≤ 6) and the
anode gas flow channel corresponds to (6 ≤ y ≤ 7). The (a) two-dimensional distribution and the
(b) one-dimensional distribution at x/Lch = 0.5 are shown.
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Figure 7.14: The concentration of hydrogen in the anode gas flow channel, electrode backing
layer and catalyst layer. The y direction has been normalized such that the anode catalyst layer
corresponds to (4 ≤ y ≤ 5), the anode electrode backing layer corresponds to (5 ≤ y ≤ 6) and the
anode gas flow channel corresponds to (6 ≤ y ≤ 7). The (a) two-dimensional distribution and the
(b) one-dimensional distribution at x/Lch = 0.5 are shown.
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Figure 7.15: Test problem for explaining the hydrogen mass fraction gradient in the anode catalyst
layer.

in

∂

∂x

(
ρgugω

H2
g + J H2

g

)
= 0. (7.27)

Integration of Equation (7.27) yields

ρgugω
H2
g + J H2

g = rM̂H2 . (7.28)

Since the gas mixture in Figure 7.15 is binary, the diffusive flux can be expressed as Fick’s law.

Additionally, since the convective velocity is defined by Equation (7.26), the mass gradient of

hydrogen is

∂ωH2
g

∂x
=

r

ρgDH2−H2O,g

[

ωH2
g

(

M̂H2 + 2M̂H2O

)

− M̂H2

]

. (7.29)

Therefore, the gradient of hydrogen mass fraction will be positive if

ωH2
g >

M̂H2

M̂H2 + 2M̂H2O

, (7.30)

> 0.053.

Since the mass fraction of hydrogen in the anode side is greater than 0.2, hydrogen oxidation results

in an increase in mass fraction for hydrogen.
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Figure 7.16: The streamlines for the total mass flux of oxygen in the PEM fuel cell

7.6.3 Oxygen Transport

Although oxygen is consumed, water is produced in the cathode catalyst layer. Thus, the bulk gas

flow exits the cathode catalyst layer to the cathode electrode backing layer and gas flow channel,

as shown in Figure 7.9. However, oxygen must travel from the gas flow channel to the cathode

catalyst layer, as illustrated by the streamlines for the total mass flux of oxygen which are shown in

Figure 7.16. The direction of oxygen transport in Figure 7.16 is opposite to that of the bulk flow.

Therefore, the transport of oxygen from the gas flow channel to the reaction sites in the cathode

catalyst layer is due to diffusion.

The diffusional flux of oxygen is driven by mass or mole fraction gradients and Figure 7.17 illus-

trates the mass fraction of oxygen in the cathode gas flow channel, electrode backing and catalyst

layers. Figure 7.17(a) shows the two-dimensional mass fraction distribution, while Figure 7.17(b)

shows the mass fraction distribution for a constant x/Lch of 0.5. Both figures show a significant

decrease of oxygen mass fraction from the cathode gas flow channel to the cathode electrode back-
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Figure 7.17: The mass fraction of oxygen in the anode gas flow channel, electrode backing layer
and catalyst layer. The y direction has been normalized such that the cathode gas flow channel
corresponds to (0 ≤ y ≤ 1), the cathode electrode backing layer corresponds to (1 ≤ y ≤ 2) and
the cathode catalyst layer corresponds to (2 ≤ y ≤ 3). The (a) two-dimensional distribution and
the (b) one-dimensional distribution at x/Lch = 0.5 are shown.
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ing layer. The magnitude of the mass fraction gradient is larger in the electrode backing and

catalyst layers, while the gradient in the gas flow channel is zero except near the gas flow chan-

nel/electrode backing layer interface. Also, the oxygen mass fraction gradient becomes zero at the

cathode catalyst layer/polymer electrolyte layer interface because the electrolyte is impervious to

the gas phase. The distribution of oxygen molar concentration follows that of the mass fraction

and is illustrated in Figure 7.18. The two- and one-dimensional concentration distributions are

shown in Figure 7.18(a) and Figure 7.18(b), respectively. The decrease in oxygen concentration has

a negative effect on fuel cell performance, since the rate of electro-chemical reaction is proportional

to oxygen concentration.

7.6.4 Water Transport

Water exists both in the gas phase and the pores of the polymer electrolyte. Thus, unlike hydrogen

and oxygen, water transport is continuous throughout the PEM fuel cell. The total water flux is

defined as

F H2O
T = F H2O

g + F H2O
`,e (7.31)

where F H2O
g and F H2O

`,e are the total mass fluxes of water in the gas and polymer electrolyte,

respectively. In the gas flow channels and electrode backing layers, the electrolyte phase is not

present and F H2O
`,e is zero, while the mass flux in the gas phase is zero for the polymer electrolyte

layer. Water is transported in both the gas and electrolyte within the catalyst layers.

The streamlines for the total water flux are illustrated in Figure 7.19. Due to the electro-

chemical reactions, water is consumed in the anode catalyst layer and produced in the cathode

catalyst layer. Water is drawn into the anode catalyst layer from the anode gas flow channel and

extracted from the cathode catalyst layer to the cathode gas flow channel. Thus, Figure 7.19 shows

that the direction of water flux in the electrode backing layers and gas flow channels is from the

anode to the cathode. However, the direction of water flux in the polymer electrolyte layer is from
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Figure 7.18: The concentration of oxygen in the anode gas flow channel, electrode backing layer
and catalyst layer. The y direction has been normalized such that the cathode gas flow channel
corresponds to (0 ≤ y ≤ 1), the cathode electrode backing layer corresponds to (1 ≤ y ≤ 2) and
the cathode catalyst layer corresponds to (2 ≤ y ≤ 3). The (a) two-dimensional distribution and
the (b) one-dimensional distribution at x/Lch = 0.5 are shown.
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Figure 7.19: The streamlines of total water mass flux in the PEM fuel cell.
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Figure 7.20: The y direction water mass flux in the catalyst layers and polymer electrolyte layer at
x/Lch = 0.5. The y direction has been normalized such that the cathode catalyst layer corresponds
to (2 ≤ y ≤ 3), the polymer electrolyte layer corresponds to (3 ≤ y ≤ 4), and the anode catalyst
layer corresponds to (4 ≤ y ≤ 5).

the cathode to the anode, which is opposite to that in the electrode backing layers and gas flow

channels. In the catalyst layers, the water flux is in both directions.

The change in direction of the water mass flux in the catalyst layers and polymer electrolyte

is further illustrated in Figure 7.20. Figure 7.20 shows the y-direction total mass flux of water in

the cathode catalyst layer, polymer electrolyte layer, and anode catalyst layer. A negative mass

flux corresponds to water traveling to the cathode side of the fuel cell, with a positive mass flux

indicating that the direction of water transport is from the cathode to the anode. In most of the

PEM fuel cell, the y-direction water flux is negative, meaning that the flow direction is from the

anode to the cathode. However, in the polymer electrolyte layer and in the catalyst layers near the

catalyst layer/polymer electrolyte interfaces, the water mass flux changes direction and becomes

positive. This change in direction is responsible for the local minimum of velocity magnitude in

the cathode catalyst layer that is illustrated in Figure 7.10.

Water is produced in the cathode catalyst layer and consumed in the anode catalyst layer. If

the polymer electrolyte was impermeable to water, the direction of water flux would always be from
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Figure 7.21: The fraction of y direction water mass flux that is transported in the electrolyte at
x/Lch = 0.5. The y direction has been normalized such that the cathode catalyst layer corresponds
to (2 ≤ y ≤ 3), the polymer electrolyte layer corresponds to (3 ≤ y ≤ 4), and the anode catalyst
layer corresponds to (4 ≤ y ≤ 5).

anode to cathode. The water required for the anode reaction would be extracted from the anode

gas flow channel, while the water produced by the cathode catalyst layer would be removed by

entering the cathode gas flow channel. Instead, since the electrolyte is permeable to water, some

of the water required by the anode reaction can be supplied by the cathode reaction. However, the

resistance to water transport in the electrolyte is much larger than in the gas phase, as illustrated

in Figure 7.21. Figure 7.21 shows the fraction of total water mass flux that is transported in the

electrolyte for the catalyst layers and polymer electrolyte layer. The catalyst layers are composed

of both gas and electrolyte, but in most of the catalyst layers, water transport is almost entirely in

the gas phase; this indicates that the resistance to mass transport is lower in the gas phase than in

the electrolyte.

The higher resistance to mass transport in the electrolyte results in the situation that is illus-

trated in Figure 7.22. The void space of the catalyst layers consists of the gas phase and polymer

electrolyte. Water can be transported through each phase, but the resistance to water transport

is higher in the polymer electrolyte than in the gas phase. As a result, most of the water pro-
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Figure 7.22: Diagram of water transport in the MEA of a PEM fuel cell.

duced on the cathode side of the fuel cell exits through the cathode electrode backing layer and

gas flow channels. Similarly, most of the water required for the anode reaction is extracted from

the anode gas flow channels and electrode backing layer. However, near the electrolyte/catalyst

layer interfaces, the resistance to mass transport becomes small enough that water is transported

from the cathode catalyst layer to the anode catalyst layer. From Figure 7.20, the amount of

water entering the anode catalyst layer from the anode electrode backing layer is approximately

1.5× 10−3 kg/m2 s, while the amount transfered from the cathode to the anode catalyst layer is

approximately 5.0× 10−4 kg/m2 s. Therefore, approximately 25% of the water consumed by the

anode catalyst layer reaction comes from the cathode catalyst layer. Ideally, the water produced

in the cathode catalyst layer should provide 100% of the water needed by the anode catalyst layer

since this would eliminate the need to have fully hydrated reactants. However, in practice, the reac-

tants must be fully humidified in order to sufficiently hydrate the membrane and this is confirmed

by the simulation.

The water transport across the polymer electrolyte layer is driven by a water concentration

gradient. The amount of water contained in the gas phase and electrolyte can be characterized by

the membrane activity as defined by Equation (4.41). In the gas phase, the membrane activity is
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the relative humidity, while the water content of the electrolyte is proportional to the membrane

activity. The membrane activity in the PEM fuel cell is illustrated in Figure 7.23. The two-

dimensional distribution of membrane activity is shown in Figure 7.23(a), while Figure 7.23(b)

illustrates the one-dimensional membrane activity distribution at an x/Lch of 0.5. In the y direction

of the PEM fuel cell, the membrane activity is constant throughout most of the cathode gas flow

channel, but starts increasing near the cathode gas flow channel/electrode backing layer. The

membrane activity increases in the cathode electrode backing layer and in the cathode catalyst layer,

reaching a maximum value near the cathode catalyst layer/polymer electrolyte layer interface. The

membrane activity then decreases throughout the polymer electrolyte layer and reaches a minimum

in the anode catalyst layer near the polymer electrolyte layer/anode catalyst layer interface. The

anode electrode backing layer has an increasing membrane activity, with the slope decreasing to

zero in the anode gas flow channel at a location near the anode electrode backing layer/gas flow

channel interface.

The membrane activity is greater than one in the cathode electrode backing and catalyst layers,

and this corresponds to a relative humidity in the gas phase of greater than 100%. Thus, liquid water

formation would occur within the cathode side of the PEM fuel cell, leading to the phenomenon

of liquid water flooding. Water flooding is characterized by liquid water filling the void spaces of

the catalyst and electrode backing layers, inhibiting the flow of oxygen to the reaction sites in the

cathode catalyst layer, and decreasing the cell current density. However, liquid water formation

is not included in the model presented in this thesis. In the anode side of the cell, the membrane

activity is less than one in the gas flow channel, electrode backing and catalyst layers. A membrane

activity of less than one is not desirable because the ability of the electrolyte to transport ions

is lower at lower membrane activities; the decrease in electrolyte conductivity due to low water

content is referred to as membrane dehydration. Thus, Figure 7.23 illustrates that both water

flooding and membrane dehydration can occur simultaneously.
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Figure 7.23: The membrane activity in the PEM fuel cell. The y direction has been normalized such
that the cathode gas flow channel corresponds to (0 ≤ y ≤ 1), the cathode electrode backing layer
corresponds to (1 ≤ y ≤ 2), the cathode catalyst layer corresponds to (2 ≤ y ≤ 3), the polymer
electrolyte layer corresponds to (3 ≤ y ≤ 4), the anode catalyst layer corresponds to (4 ≤ y ≤ 5),
the anode electrode backing layer corresponds to (5 ≤ y ≤ 6), and the anode gas flow channel
corresponds to (6 ≤ y ≤ 7). The (a) two-dimensional distribution and the (b) one-dimensional
distribution at x/Lch = 0.5 are shown.
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7.6.5 Electron Transport

Electrons are produced in the anode catalyst layer, consumed in the cathode catalyst layer, and

transported in the solid phase. The x-component of the electronic current density is less than

1% of the y-component value; thus, the electronic current density distribution is effectively one-

dimensional. Figure 7.24 shows the y-component of the electronic current density within the PEM

fuel cell. The two-dimensional distribution is shown in Figure 7.24(a), while Figure 7.24 shows

the y-component of electronic current density at a x/Lch value of 0.5. The polymer electrolyte

layer is electronically insulative; thus, the electronic current density is zero. In the other regions

of the fuel cell, the direction of the electronic current density is from the anode to the cathode.

The electronic current density is constant, with a value of -220 A/m2, in the gas flow channels and

electrode backing layers. In the catalyst layers, the magnitude of the electronic current density is

reduced, from the value 220 A/m2 at the electrode backing/catalyst layer interfaces, to the value of

zero at the catalyst layer/polymer electrolyte interfaces. The slope of the current density is steeper

in the anode catalyst layer than in the cathode catalyst layer due to the faster reaction kinetics of

the hydrogen oxidation reaction compared to the oxygen reduction reaction. With slower reaction

kinetics, the oxygen reduction reaction requires a larger surface area and thus a thicker reaction

zone than the reaction occurring within the anode catalyst layer.

The solid potential distribution is illustrated in Figure 7.25. The two-dimensional distribution is

shown in Figure 7.25(a), while the one-dimensional distribution of solid phase potential is illustrated

in Figure 7.25(b). Because of the high conductivity of the solid phase and the low current density,

the potential in the solid phase appears constant in Figure 7.25. The potential in the solid phase

is 0.8 V in the cathode side of the fuel cell and 0 V in the anode side.

189



CHAPTER 7. RESULTS AND DISCUSSION

0.75

0.5

0.25

0

x
Lch

1
2

3
4

5
6

7

Normalized y

0

-125

-250

Current
Density
(A/m2)

(a)

-250

-200

-150

-100

-50

0

0 1 2 3 4 5 6 7

C
u
rr

en
t

D
en

si
ty

(A
/m

2
)

Normalized y

(b)

Figure 7.24: The y-component of electronic current density in the PEM fuel cell. The y direction
has been normalized such that the cathode gas flow channel corresponds to (0 ≤ y ≤ 1), the
cathode electrode backing layer corresponds to (1 ≤ y ≤ 2), the cathode catalyst layer corresponds
to (2 ≤ y ≤ 3), the polymer electrolyte layer corresponds to (3 ≤ y ≤ 4), the anode catalyst layer
corresponds to (4 ≤ y ≤ 5), the anode electrode backing layer corresponds to (5 ≤ y ≤ 6), and the
anode gas flow channel corresponds to (6 ≤ y ≤ 7). The (a) two-dimensional distribution and the
(b) one-dimensional distribution at x/Lch = 0.5 are shown.
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Figure 7.25: The solid phase potential in the PEM fuel cell. The y direction has been normalized
such that the cathode gas flow channel corresponds to (0 ≤ y ≤ 1), the cathode electrode backing
layer corresponds to (1 ≤ y ≤ 2), the cathode catalyst layer corresponds to (2 ≤ y ≤ 3), the polymer
electrolyte layer corresponds to (3 ≤ y ≤ 4), the anode catalyst layer corresponds to (4 ≤ y ≤ 5),
the anode electrode backing layer corresponds to (5 ≤ y ≤ 6), and the anode gas flow channel
corresponds to (6 ≤ y ≤ 7). The (a) two-dimensional distribution and the (b) one-dimensional
distribution at x/Lch = 0.5 are shown.
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7.6.6 Hydronium Transport

Hydronium ions are transported in the liquid filled pores of the polymer electrolyte and the ionic

current density can be defined as

Je = ε`,eFN H3O+

`,e ,

where N H3O+

`,e is the molar flux of hydronium. As with the solid phase, the y-component of the

ionic current density is much larger than the x-component and the current density distribution is

one-dimensional. Figure 7.26 shows the y-component of the electronic current density within the

catalyst and polymer electrolyte layers. The three dimensional ionic current density distribution

is illustrated in Figure 7.26(a) and the ionic current density at a constant x value of x/Lch = 0.5

is shown in Figure 7.26(b). The electrolyte is only present in the catalyst and polymer electrolyte

layers, resulting in a zero ionic current density at the electrode backing/catalyst layer interfaces.

In the polymer electrolyte layer, the ionic current density is constant with a value of -220 A/m2.

Electro-neutrality results in [105]

∇ · Js +∇ · Je = 0. (7.32)

Therefore, the gradients for the electronic and ionic current densities are mirror images, with the

magnitude of the gradient being larger in the anode catalyst layer than in the cathode catalyst

layer.

The distribution of potential in the electrolyte of the anode and cathode catalyst layers and

polymer electrolyte is shown in Figure 7.27. Figure 7.27(a) illustrates the distribution of poten-

tial in the x and y directions, while the distribution for a x value of x/Lch = 0.5 is shown in

Figure 7.27(b). The potential in the electrolyte is lowest in the cathode catalyst layer near the

cathode electrode backing/catalyst layer interface. The potential increases within the cathode

catalyst layer and reaches a maximum near the cathode catalyst layer/polymer electrolyte layer
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Figure 7.26: The y-component of ionic current density in the PEM fuel cell. The y direction has been
normalized such that the cathode catalyst layer corresponds to (2 ≤ y ≤ 3), the polymer electrolyte
layer corresponds to (3 ≤ y ≤ 4), and the anode catalyst layer corresponds to (4 ≤ y ≤ 5). The (a)
two-dimensional distribution and the (b) one-dimensional distribution at x/Lch = 0.5 are shown.
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Figure 7.27: The electrolyte potential in the catalyst and polymer electrolyte layers. The y direction
has been normalized such that the cathode catalyst layer corresponds to (2 ≤ y ≤ 3), the polymer
electrolyte layer corresponds to (3 ≤ y ≤ 4), and the anode catalyst layer corresponds to (4 ≤ y ≤
5). The (a) two-dimensional distribution and the (b) one-dimensional distribution at x/Lch = 0.5
are shown.
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interface. In the polymer electrolyte layer, the potential decreases until it reaches a local mini-

mum in the anode catalyst layer, near the polymer electrolyte/anode catalyst layer interface. The

electrolyte potential within the anode catalyst layer increases from the local minimum near the

polymer electrolyte/anode catalyst layer to the constant value in the anode gas flow channel.

Comparing the membrane activity distribution shown in Figure 7.23 and the electrolyte po-

tential distribution shown in Figure 7.27, the potential and activity distributions are similar. In

the mathematical model presented in this thesis, the ionic current density is a function of both

potential and water mole fraction gradient with Equation (6.25). Therefore, the potential gradient

is a function of the current density and water mole fraction gradient in the electrolyte:

∇Φe = −
Je −

ε`,eD̂
H3O+

H2O

F
∇xH2O

`,e

ε`,e

˛

˛

˛

˛

D̂
H3O+

H3O+

˛

˛

˛

˛

F

, (7.33)

where D̂H3O+

H2O is positive, D̂H3O+

H3O+ is negative, and the water mole fraction gradient is proportional

to the membrane activity. Using Equation (7.33), the electrolyte potential distribution, shown in

Figure 7.27, can be explained.

In the cathode catalyst layer, the ionic current density is negative. The membrane activity

gradient, as shown in Figure 7.23, is positive and since the membrane activity is proportional to

the water mole fraction in the electrolyte, the gradient of water mole fraction in the electrolyte is

also positive. Hence, from Equation (7.33), the potential gradient in the electrolyte is positive. In

the polymer electrolyte layer and in the catalyst layers near the catalyst/polymer electrolyte layer

interfaces, the membrane activity and water mole fraction gradients become negative. The mole

fraction gradient term is greater than the current density term in Equation (7.33) and the electrolyte

potential gradient in Figure 7.27 becomes negative. Other than near the polymer electrolyte layer

interface, the ionic current density in the anode catalyst layer is zero, as shown in Figure 7.26.

Thus, from Equation (7.33), the potential gradient becomes proportional to the water mole fraction

gradient. Since the membrane activity gradient is positive, the gradients of water mole fraction
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and potential in the electrolyte are also positive in the anode catalyst layer.

Therefore, the potential distribution in the electrolyte is heavily influenced by the water content

through the mole fraction gradient term in Equation (7.33). The ionic current density appears to

have little effect, such that

∇Φe ∝ ∇xH2O
`,e .

This result differs significantly from other modeling studies that use the Springer membrane

model [26]. The model of Springer et al. [26] uses the Ohm’s law relationship of Equation (6.22)

and ignores the effect of concentration gradient on ionic transport:

∇Φe ∝ −Je.

The potential gradient obtained with the Springer model would be always positive, since the ionic

current density is negative in the catalyst and polymer electrolyte layers. Therefore, because the

Springer model neglects the effect of concentration gradients, the predicted voltage loss associated

with ionic transport in the electrolyte would be larger for the Springer model than the membrane

model presented in this thesis.

7.6.7 Catalyst Layer Reactions

The reaction rates for the anode and cathode catalyst layers are represented by Equation (4.64)

for the anode catalyst layer and Equation (3.82) for the cathode catalyst layer. The production

and consumption of hydrogen, oxygen, water, electrons and hydronium are proportional to the

reaction rate, which has units of mole/m2 · s and represents the molar production of electrons per

unit area of catalyst. The distribution of the reaction rate within the catalyst layers is influenced

by magnitude of the reaction rate constants, such as exchange current density and Tafel slope, and

the resistance to mass transport for the reactants.
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Figure 7.28 shows the distribution of the reaction rate in the cathode catalyst layer. The two-

dimensional distribution and the reaction rate at x/Lch = 0.5 are illustrated in Figures 7.28(a) and

7.28(b), respectively. The reaction rate is negative because electrons are consumed in the cathode

catalyst layer. The magnitude of the reaction rate is highest near the electrode backing/catalyst

layer and catalyst layer/polymer electrolyte layer interfaces. A higher oxygen concentration in-

creases the magnitude of the reaction rate and from Figure 7.18, the highest oxygen concentration

in the cathode catalyst layer is near the electrode backing/catalyst layer interface; hence, the magni-

tude of the reaction rate in the catalyst layer reaches a maximum at the interface with the electrode

backing layer. Resistance to hydronium ion transport is responsible for the increase in reaction rate

magnitude at the catalyst layer/polymer electrolyte interface. Since the hydronium ions enter the

cathode catalyst layer from the polymer electrolyte layer, the resistance to hydronium transport is

lowest near the catalyst layer/polymer electrolyte layer interface and increases with distance from

the interface. Thus, the reaction rate is highest where resistance to oxygen transport is lowest,

at the electrode backing layer interface, and where the resistance to hydronium ion transport is

lowest, at the polymer electrolyte layer interface. The distribution of reaction rate in the cathode

catalyst layer is due to resistance to both oxygen and hydronium transport.

The reaction rate distribution in the anode catalyst layer is significantly different than the

distribution in the cathode catalyst layer. The reaction rate in the anode catalyst layer is illustrated

in Figure 7.29. Figure 7.29(a) shows the reaction rate for both the x and y directions, while

Figure 7.29(b) shows the reaction rate for x/Lch = 0.5. Because electrons are produced in the

anode catalyst layer, the reaction rate is positive. The reaction rate is zero in most of the anode

catalyst layer, showing a large increase near the polymer electrolyte/anode catalyst layer interface.

Unlike the cathode catalyst layer where oxygen transport is through diffusion, hydrogen transport

is through convection and the concentration of hydrogen increases within the anode catalyst layer.

Therefore, the main mechanism that limits the rate of reaction in the anode catalyst layer is

resistance to hydronium ion transport, as indicated by the distribution shown in Figure 7.29. The

reaction rate distribution is more uniform in the cathode catalyst layer than in the anode catalyst
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Figure 7.28: The reaction rate in the cathode catalyst layer. The y direction has been normal-
ized such that the cathode catalyst layer corresponds to (2 ≤ y ≤ 3). The (a) two-dimensional
distribution and the (b) one-dimensional distribution at x/Lch = 0.5 are shown.
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Figure 7.29: The reaction rate in the anode catalyst layer. The y direction has been normalized
such that the anode catalyst layer corresponds to (4 ≤ y ≤ 5). The (a) two-dimensional distribution
and the (b) one-dimensional distribution at x/Lch = 0.5 are shown.
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layer. This is caused by the differences in exchange current density. The anode exchange current

density is approximately six orders of magnitude larger than the cathode exchange current density.

Thus, the anode reaction requires a much smaller reaction area than the cathode reaction.

7.6.8 Effect of Channel Length

The results shown in the previous sections show little variations along the channel length and the

profiles of concentration, current density, and potential are one-dimensional across the MEA. This

is due to the short length of the channel, 1× 10−3 m, used in the previous sections. However, if

a cell with a longer channel length is simulated, then two-dimensional effects are more evident,

particularly for the water content of the electrolyte and current density. The effect of channel

length of membrane activity and current density are illustrated in this section by simulating cells

with channel lengths of 1× 10−2 m and 1× 10−1 m.

For the simulations used in this section, the boundary conditions are illustrated in Figure 7.30.

The boundary conditions are similar to the ones illustrated in Figure 7.2, but the flow configuration

is different. The flow configuration is counter-flow, whereby the anode and cathode inlets are on

the opposite sides of the fuel cell. Fully humidified hydrogen enters the anode gas flow channel,

while fully humidified air enters the inlet of the cathode gas flow channel. The cell voltage is 0.8 V

while the cell temperature is set to 343 K.

The design parameters are listed in Table 7.6. Most of the design parameters used in this section

are similar to the ones used in the previous sections, which are listed in Table 7.4. However, two

different channel lengths, 1× 10−2 and 1× 10−1 m, are used. As well, both positive and negative

channel extensions are employed, with lengths of 1× 10−2 m.

The grid is illustrated in Figure 7.31. The difference between the grid used in this section and

the grid of Figure 7.4 is the presence of the anode and cathode minus extensions. These extensions

reduce the effect of the boundary conditions on the numerical solution of the PEM fuel cell. The

number of control volumes used for the grid illustrated in Figure 7.31 are listed in Table 7.7.

The length of the channel affects the water content in the polymer electrolyte layer. Figure 7.32
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Figure 7.30: The boundary conditions used for examining the effect of channel length.

201



CHAPTER 7. RESULTS AND DISCUSSION

Table 7.6: The design parameters used for illustrating two-dimensional effects.
Layer Parameter Value

Gas Flow Channel δfc 1× 10−3 m

Electrode Backing Layer δeb 2.03× 10−4 m
εg 0.5
K 1.76× 10−11 m

Catalyst Layer δcl 2.55× 10−5 m
εg 0.1
εe 0.1
K 1.76× 10−11 m
mPt 1 mg/cm2

fPt 0.2

Polymer Electrolyte Layer δcl 1.64× 10−4 m

Channel Length Lch 1× 10−2 m, 1× 10−1 m

Anode and Cathode Exten-
sions

Lplus, Lminus 1× 10−2 m
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Figure 7.31: The mesh used for the comparison between the mathematical model and experimental
data. The regions are the (a) anode minus extension, (b) anode gas flow channel, (c) anode plus
extension, (d) anode electrode backing layer, (e) anode catalyst layer, (f) polymer electrolyte layer,
(g) cathode catalyst layer, (h) cathode electrode backing layer, (i) cathode minus extension, (j)
cathode gas flow channel, (k) cathode plus extension. Note that the figure is not drawn to scale.
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Table 7.7: The number of control volumes used for illustrating two-dimensional effects.

Number of y direction control
volumes

Ny
fc,a = Ny

fc,c = 16

Ny
eb,a = Ny

eb,c = Ny
cl,a = Ny

cl,c = Ny
e,c = 32

Number of x direction control
volumes

Nx
ch = Nx

plus = Nx
minus = 16

shows the membrane activity in a PEM fuel cell. The membrane activity for a cell with channel

lengths of 1× 10−2 m and 1× 10−1 m are illustrated in Figures 7.32(a) and 7.32(b), respectivity.

The anode gas flow channel inlet is located at x/Lch = 0, while the inlet for the cathode gas

flow channel is at x/Lch = 1. For both channel lengths, the membrane activity in the cathode

channel decreases as x increases; the cathode gas stream gains water as it travels from the inlet, at

x/Lch = 1, to the outlet at x/Lch = 0. The membrane activity in the anode channel also decreases

as x increases, with the anode gas stream losing water as it flows from the inlet, at x/Lch = 0, to

the outlet at x/Lch = 1.

Comparing Figures 7.32(a) and 7.32(b), the minimum membrane activity is lower and the

maximum membrane activity is higher for the channel length of 1× 10−1 m than for the 1× 10−2 m

channel. The difference in membrane activity between the two channel lengths can be more clearly

seen in Figure 7.33. Figure 7.33 shows the membrane activity for the y-direction of the PEM

fuel cell for x/Lch values of 0, 0.5 and 1. The membrane activity for the fuel cell with a channel

length of 1× 10−2 m is illustrated in Figure 7.33(a), while Figure 7.33(b) shows the membrane

activity for a channel length of 1× 10−1 m. At the anode inlet and cathode outlet, x/Lch = 0, the

membrane activity is highest, while at the anode outlet and cathode inlet, the membrane activity is

the lowest. For the channel length of 1× 10−2 m, the profiles of membrane activity across the flow

channels and MEA at the three x/Lch locations are similar. However, for the longer flow channel of

1× 10−1 m, the profiles at the three x/Lch values are significantly different from each other. The

greater variation between the profiles is due to the water transport from the anode to the cathode.

With a longer channel length, more water is transfered from the anode to the cathode; hence, the
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Figure 7.32: The membrane activity in the PEM fuel cell with a channel length of (a) 1× 10−2 m
and (b) 1× 10−1 m. The y direction has been normalized such that the cathode gas flow channel
corresponds to (0 ≤ y ≤ 1), the cathode electrode backing layer corresponds to (1 ≤ y ≤ 2), the
cathode catalyst layer corresponds to (2 ≤ y ≤ 3), the polymer electrolyte layer corresponds to
(3 ≤ y ≤ 4), the anode catalyst layer corresponds to (4 ≤ y ≤ 5), the anode electrode backing layer
corresponds to (5 ≤ y ≤ 6), and the anode gas flow channel corresponds to (6 ≤ y ≤ 7).
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Figure 7.33: The membrane activity in the PEM fuel cell with a channel length of (a) 1× 10−2 m and
(b) 1× 10−1 m at x/Lch = 0, 0.5 and 1 The y direction has been normalized such that the cathode
gas flow channel corresponds to (0 ≤ y ≤ 1), the cathode electrode backing layer corresponds
to (1 ≤ y ≤ 2), the cathode catalyst layer corresponds to (2 ≤ y ≤ 3), the polymer electrolyte
layer corresponds to (3 ≤ y ≤ 4), the anode catalyst layer corresponds to (4 ≤ y ≤ 5), the anode
electrode backing layer corresponds to (5 ≤ y ≤ 6), and the anode gas flow channel corresponds to
(6 ≤ y ≤ 7).
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Figure 7.34: The magnitude of the y-direction current density at the external boundary of the
cathode bipolar plate (y = 0).

maximum membrane activity in the cathode catalyst layer is larger for the longer channel length.

As well, the minimum membrane activity, in the anode catalyst layer, is smaller for the longer

channel length. Therefore, both water flooding and membrane dehydration are more significant for

longer channel lengths.

The difference in membrane activity between the two channel lengths results in different current

density profiles, as illustrated in Figure 7.34. For the shorter channel length, the current density

is more uniform along the channel length. As well, the average current density is higher for the

1× 10−2 m channel than for the 1× 10−1 m channel; the average current density is 261 A/m2 for

the 1× 10−2 m channel length and 210 A/m2 for the longer channel length of 1× 10−1 m. Thus,

the smaller fuel cell has a larger power density than the larger fuel cell. This result illustrates the

difficulty of scaling small cell designs to larger cells. The transport phenomena in small cells can

be approximated one-dimensionally; however, two-dimesional effects are significant for larger cells.

Therefore, practical sized cells can not be designed by scaling-up small cells.
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7.7 Summary

The numerical solution of the simplified formulation was used to illustrated transport phenomena

in a PEM fuel cell. First, however, the numerical model developed in this thesis research was

validated against another CFD code. Also, the number of control volumes required for a grid

independent solution were determined, as well as the appropriate value of the convergence criteria.

In addition, the predicted current density from the numerical model of this thesis research was

compared against published, experimental PEM fuel cell performance data.

The transport of the bulk gas phase, hydrogen, oxygen, water, electrons, and hydronium was

examined. The direction for the bulk flow of the gas phase in the membrane electrode assembly

was always from the anode to the cathode side of the cell. Thus, a net mass transfer occurred from

the anode side to the cathode side of the fuel cell. This convective gas flow aided the transport of

hydrogen from the anode gas flow channel to the reaction sites in the anode catalyst layer. However,

the bulk gas phase flow acted to hinder the transport of oxygen from the cathode gas flow channels

to the cathode catalyst layer. As a result, the concentration of hydrogen increased in the anode

catalyst layer, but decreased in the cathode catalyst layer.

Water was transported in both the gas phase and as a liquid phase in the polymer electrolyte.

Due to the electro-chemical reactions, water was consumed in the anode catalyst layer and produced

in the cathode catalyst layer. Some of the water produced in the cathode catalyst layer traveled

through the polymer electrolyte layer to react in the anode catalyst layer. However, because the

resistance to mass transfer was lower in the gas phase than in the electrolyte, the majority of the

water required for the anode reaction was drawn from the anode gas flow channels. Likewise, the

majority of the water produced in the cathode catalyst layer was exhausted through the cathode gas

flow channels. As a result, the relative humidity in the cathode side of the fuel cell exceeded 100%,

indicating that water flooding would occur. In the anode catalyst layer, the relative humidity in

the gas phase was below 100%, indicating that membrane dehydration occured. Thus, performance

problems due to both excess water in the cathode and insufficient water in the anode could plague
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a PEM fuel cell simultaneously.

The conductivity of the solid phase was high, resulting in no significant voltage losses due to

electrical resistance. The potential distribution in the electrolyte was highly influenced by the water

content; thus, hydronium transport due to concentration gradients was significant. Both reactant

gas and hydronium transport affected the reaction rate distribution in the cathode catalyst layer.

In the anode catalyst layer, however, the reaction rate was limited solely by ion transport, since

hydrogen transport was aided by convection.

The length of the gas flow channel affected the water content of the electrolyte and gas stream,

as well as the current density. A longer channel resulted in both more flooding and electrolyte

dehydration, and thus reduced the average current density of the fuel cell.
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Summary and Future Work

This thesis presented a consistent, systematic, and comprehensive general formulation for a PEM

fuel cell. Simplifying assumptions were applied to the general formulation in order to obtain a

numerical solution. The results from the numerical solution illustrated physical phenomena that

occur within the PEM fuel cell. The simplified mathematical model used the Generalized Stefan-

Maxwell equations to describe water and ion transport in the polymer electrolyte. The use of these

equations to describe transport in the electrolyte was novel, since most, published, PEM fuel cell

models employ semi-empirical equations to describe ion and water transport in the electrolyte.

A PEM fuel cell consists of several distinct layers, or regions, and within each layer, several

physical processes occur. In the anode and cathode bipolar plates, fluid flow occurs in the gas

flow channels while current flows in the solid portion of the bipolar plate. The anode and cathode

electrode backing layers are characterized by fluid flow in porous media. Positive ions and water

flow in the pores of the acidic polymer electrolyte layer. The catalyst layers combine the fluid flow

characteristics of the electrode backing and polymer electrolyte layers. As well, the electro-chemical

reactions that convert the chemical energy of hydrogen and oxygen into electrical energy, heat and

water occur within the catalyst layers: oxygen reduction occurs in the cathode catalyst layer while

hydrogen oxidation occurs in the anode catalyst layer. The processes in the layers are coupled and

due to the thinness of the layers, direction measurements of quantities that can characterize these
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processes, such as temperature or concentration, is impossible. Therefore, mathematical modeling

is used to provide insight on the physical phenomena occurring within a PEM fuel cell. Several

mathematical models currently exist in the published literature. These models tend to concentrate

on modeling phenomena in the membrane electrode assembly, or on modeling the fluid flow in the

gas flow channels.

The general formulation of this thesis research was derived by considering the fuel cell to be

composed of several co-existing phases. These phases included a multi-component gas phase that

included hydrogen, oxygen, water, nitrogen, carbon dioxide or carbon monoxide; liquid phase

consisting of water that exists in the gas flow channels, electrode backing and catalyst layers; solid

phase that is the solid matrix in the catalyst and electrode backing layers, as well as the solid of the

bipolar plate; and a liquid phase consisting of water and hydronium ions in the pores of the polymer

electrolyte. The conservation of mass, momentum and energy was applied to each phase, although

only the conservation of species, for electrons, and energy apply to the solid phase. The phases

interact with each other and this interaction was captured by volume-averaging the conservation

equations of each phase. The volume-averaging procedure resulted in the addition of interfacial

source terms to the conservation of mass, momentum, species and energy of each phase. These

interfacial source terms represented the interactions between the phases and expressions for these

terms were required in order to solve the governing equations.

The general governing equations were simplified by assuming that the fuel cell was isothermal

and operating in steady-state. Also, the polymer electrolyte was assumed impervious to the gas

phase, the anode fuel was assumed to be free of carbon monoxide, and liquid water was considered

to exist only in the gas phase or the liquid in the pores of the polymer electrolyte. Thus, the

conservation of energy did not need to be solved and constitutive equations for two-phase, gas-

liquid flow were not required for solution. The transport of liquid water and hydronium in the

pores of the electrolyte were modeled with the Generalized Stefan-Maxwell equations. The use of

these equations in a PEM fuel cell model was unique, since most modeling studies use semi-empirical

equations to describe ion and water transport.
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The simplified mathematical model was solved numerically for a two-dimensional geometry

using a finite volume, SIMPLE algorithm, which was written in the computer language of C++ as

part of the thesis research. The independent variables included the gas phase x- and y-component

velocities; the gas phase pressure; the partial density of the gas phase hydrogen, oxygen, water

and nitrogen; and the potentials in the solid and electrolyte. The water transport in the polymer

electrolyte was coupled to the gas phase water transport by assuming local equilibrium between

the water in the gas phase and the water in the electrolyte pores.

Since the model for water and ion transport in the electrolyte used by this thesis was unique,

values for the diffusion coefficients in the Generalized Stefan-Maxwell equations were not avail-

able from the published literature. The values for the diffusion coefficients were obtained using

experimental water diffusion and conductivity data for Nafion from the published literature. The

electrolyte model of this thesis was compared to the common semi-empirical model used by other

PEM fuel cell models in the published literature. The electrolyte model of this thesis reduced to

the semi-empirical model if no water concentration gradients existed within the polymer electrolyte

membrane; thus, the semi-empirical model neglected the effect of concentration gradients on ionic

transport. The effect of neglecting this effect was discovered to be significant and would result in

the semi-empirical model under-estimating the current flow in the electrolyte if the water content

of the anode side of the electrolyte was less than the cathode side.

The numerical solution of the mathematical model highlighted many of the processes that

occurred within a PEM fuel cell. Examining the flow of the gas phase yielded that a net transfer

of mass occurred between the anode and cathode sides of the fuel cell due to hydronium transport

from the anode to the cathode. The net mass transfer resulted in a convective flow direction in the

catalyst and electrode backing layers that was from the anode to the cathode. The convective flow

aided the transport of hydrogen in the anode electrode backing and catalyst layers. As well, the

nature of the electro-chemical reactions, in which hydrogen and water were removed from the gas

phase at a ratio of 1:2, resulted in the hydrogen concentration increasing in the catalyst layers even

though it was being consumed. The convective flow hindered oxygen transport in the cathode and
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the main mechanism of oxygen transport was diffusion.

Hydrogen transport was confined to the anode side of the fuel cell, while oxygen transport

occurred only in the cathode side. However, water transport was continuous across all regions

of the fuel cell because water was present in the gas phase as well as the electrolyte. Water

was consumed in the anode catalyst layer and produced in the cathode catalyst layer. Since the

resistance to water transport was lower in the gas phase than in the electrolyte, most of the water

consumed in the anode catalyst layer was obtained from the anode gas flow channel, while most

of the water produced in the cathode catalyst layer exited the fuel cell via the cathode gas flow

channel. However, some of the water produced in the cathode catalyst layer near the catalyst

layer/polymer electrolyte interface traveled through the polymer electrolyte layer to participate in

the anode reaction. The relative humidity in the gas phase on the cathode side of the cell was

greater than 100%, indicating that liquid water formation would occur if it was included in the

model. On the anode side of the cell, the relative humidity was below 100% in the catalyst layers

even though the flow in the anode gas flow channel was fully humidified. Thus, these simulations

suggested that both liquid water flooding and membrane dehydration could occur simultaneously.

The potential in the solid phase was nearly constant in the anode and cathode sides of the fuel

cell due to the high conductivity of the solid phase. The potential in the electrolyte was influenced

more by the water content of the electrolyte than the current density. Thus, electrolyte models

should include the effect of concentration gradients on ion transport, since this effect was found to

be significant.

The reaction rate distributions in the anode and cathode catalyst layers indicated the relative

importance of different processes to the conversion of chemical energy to electrical energy in the

fuel cell. In the cathode catalyst layer, both reactant gas transport and ion transport influenced

the reaction rate. However, in the anode side of the fuel cell, the reaction rate was limited solely

by ion transport, since hydrogen transport was aided by convection.

The length of the flow channel affected the water content in the gas phase and electrolyte. A

longer channel resulted in both more flooding and more electrolyte dehydation. As a result, the
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performance of a fuel cell decreased when the channel length increased.

The results of this thesis research suggest several areas of future research. Since simulations

showed that the cathode side of the fuel cell would have a relative humidity of greater than 100%,

two-phase, liquid-gas flow can not be neglected and should be incorporated into the mathematical

model. Also, the fuel cell reactions are exothermic and the transport of the heat of reaction from

the catalyst layers out of the fuel cell is a significant problem, especially at operating conditions

that produce high current densities. Therefore, the isothermal assumption should be discarded and

the conservation of energy equation added to the mathematical model. As well, practical gas flow

channel configurations, such as the serpentine pattern, are three-dimensional; thus, the numerical

solution should include three dimensions. Finally, the numerical solution presented in this thesis

was limited to small cells because the time to achieve a converged solution was long. In order to

simulate fuel cells of practical size, a more efficient solver than the one currently used should be

employed and the numerical solution should be re-written in order to take advantage of parallel

computing methods.
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