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Abstract

Supersymmetric quantum field theories contain protected subsectors which can be ob-
tained by the procedure known as twisting. The idea of twisted holography is to study
holographic duals of such twists. The main example of twisted holography in this thesis
is the duality between the chiral algebra subsector of N' = 4 super Yang-Mills and the
B-model topological string theory on the complex manifold SL(2,C). In this thesis, we
study two aspects of the duality: the correspondence between determinant operators in
the chiral algebra and “Giant Graviton” branes in the dual geometry, and the extension
to non-conformal vacua of the chiral algebra.

The second BPS subsector studied in this thesis is the holomorphic twist of 4d N =1
super Yang-Mills. The holomorphic twist is defined as the cohomology of one supercharge
and captures the quarter-BPS operators that are counted by the supersymmetric index.
The twisted theory is endowed with extra structures and symmetries which are a 4d ana-
logue of a 2d chiral algebra. We observe that the differential in the holomorphic twist
receives loop corrections which make the theory topological and can be interpreted as a
sign of confinement of the original theory. Finally, we present a holographic realization of
the holomorphic theory in the B-model topological string theory.
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Chapter 1

Introduction and summary

1.1 Twisted holography

Twisting supersymmetric quantum field theories is the procedure of passing to the coho-
mology of a fermionic supercharge Q. The operation produces a consistent subsector of
the SQFT which is easier to study and may allow for exact computations. In the twisted
theory several simplifications occur:

e Twisting restricts to protected (BPS) operators. Certain quantities, eg. correla-
tion functions, might become independent of various parameters like the coupling
constant.

e Dependence on certain spacetime coordinates drops out in cohomology. The fermionic
supercharges satisfy anticommutation relations of the schematic form

{Q,Q}~P. (1.1)

The momenta that appear in the image of the twisting supercharge {Q,  } ~ P, are
by definition exact in cohomology. Since momenta generate spacetime translations,
dependence on the corresponding spacetime coordinates drops out in the twisted
theory. There might be many twists available depending on the spacetime dimension
and the number of supersymmetry (see eg. [5, 6]). For example, if all of the spacetime
momenta become exact we have the topological twist, and if half — the holomorphic
twist.



e Twisted theories are endowed with extra mathematical structures and symmetries,
which become visible at the level of cohomology [7, 4, 8, 9, 10, 11].

For the supersymmetric theories that have a holographic dual, a natural question is
whether there exists an analogous twisting procedure on the gravity side. It was proposed
in [12] that the dual operation corresponds to turning on a non-zero value for a bosonic
ghost field! of the supergravity theory. The twisted type IIB supergravity was conjectured
to be equivalent to the BCOV theory. Remarkably, twisted supergravity can be quantized
to all orders in perturbation theory, despite the theory being non-renormalizable [13, 14].

Applying the twisting procedures to both sides of a holographic duality should there-
fore produce an easier and more tractable duality, where many simplifications occur. In
addition, objects that appear after twisting are typically more well-defined mathemati-
cally (eg. vertex algebras, BCOV theory). One could hence hope for a more mathematical
formulation of holography, at least at the twisted level.

The main example? of twisted holography in this thesis is the duality between a 2d
chiral algebra Ay and the topological B-model on SL(2,C) proposed in [31]. The chiral
algebra is a subsector of N' = 4 SYM obtained by the “@Q + S” twist of [32].> One can
arrive at the dual geometry SL(2,C) by considering a stack of D1-branes in the topological
B-model on C3, whose worldvolume theory is precisely the chiral algebra Ay (in analogy
to the original derivation by Maldacena [34]). The stack of branes deforms the complex
structure:

C*\C — SL(2,C). (1.2)

B-model on SL(2,C) can also be seen as a twist of type IIB string theory on AdSs x S%,
where SL(2,C) = AdS; x S* C AdS5 x S°. Therefore, the above duality can be regarded
as a subsector of the standard AdS;/CFT, correspondence.

At the twisted level, many aspects of the duality simplify:

e The dependence on the 't Hooft coupling ¢g%,;N drops out. As a consequence, the
computations on the chiral algebra side are essentially free theory computations

IThe role of the bosonic ghost field in the BV formalism is to gauge a local supersymmetry. Coupling
a supersymmetric field theory (worldvolume theory of a brane) to the background where a bosonic ghost
¥ is non-zero is equivalent to adding the corresponding supercharge Q¢ to the BRST charge of the
supersymmetric field theory.

20ther examples of twisted supergravity /holography include [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25,
26, 27, 28, 29, 30].

3For an earlier work on the holographic dual of the chiral algebra subsector of N' =4 SYM see [33].



(when considering BRST closed operators). The only parameter is the rank of the
gauge group N, which gets mapped to the string coupling gs ~ 1/N. Therefore,
the large N computations on the gauge theory side can be readily matched with
perturbative topological string theory expansion.

e The closed string field theory of the topological B-model is the Kodaira-Spencer
(BCOV) theory [35, 36]. This theory has been shown to admit a unique quantization
in perturbation theory [37, 13].

e D-branes in the topological B-model are holomorphic submanifolds of the target
Calabi-Yau. In particular, D1-branes that will be considered in this thesis are holo-
morphic curves in SL(2,C).

In [31], the holographic dictionary between single trace operators of the chiral algebra
Ay and modifications of boundary conditions of the Kodaira-Spencer theory on SL(2,C)
was proposed. In this thesis, we study two generalizations:

1. The correspondence between determinant operators and “Giant Graviton” D1-branes
in Chapter 2.

2. The duality between the chiral algebra Ay in non-conformal vacua and topological
B-model on asymptotically SL(2,C) geometries in Chapter 3.

In Chapter 4, we further extend the study of twisted theories and their holographic
duals to the holomorphic twist of 4d A/ = 1 gauge theories and the topological B-model in
non-commutative spacetime. Focusing on the holomorphic twist of pure N' =1 SYM, we
examine its properties such as holomorphic confinement and realize it within the topological
B-model.

1.2 Determinants and Giant Gravitons

As part of the standard AdS/CFT correspondence, an insertion of a determinant operator
in N' = 4 SYM is dual to a Giant Graviton D3-brane, which asymptotically wraps an
R, x S? inside AdSs x S°. In twisted holography, determinant operators in the chiral
algebra Ay are dual to D1-branes that asymptotically wrap C* = R, x S! inside SL(2, C) =
Ang x S3.



When considering insertions of multiple determinants, there might be different brane
configurations (eg. connected or disconnected) with the same boundary behavior. Corre-
lation functions of multiple determinants have large N saddles [38]. Using a spectral curve
construction, to each large N saddle we can associate a holomorphic curve in SL(2,C),
which we conjecture is the support of the dual D1-brane. The conjecture is tested by
various holographic computations summarized in the next sections.

1.2.1 Correlation functions of determinants

The chiral algebra Ay is a gauged [v system of symplectic bosons X,Y valued in the
adjoint representation of U(N). It is convenient to define the linear combination

Z(u;z) = X(2) + uY (2). (1.3)
Then the symplectic boson OPE is*
lu—-w
Z(u; 2)y Z(vsw)g ~ 050, ———— . 1.4
(u; 2)y Z(v;w)g AN T 0 (1.4)

We are interested in correlation functions of determinant operators:

D(m;u;z) =det(m+ Z(u;2)), meC. (1.5)

An insertion of a determinant of this form corresponds to a Giant Graviton brane
wrapping a l-dimensional complex curve, which approaches the boundary of AdS; at a
point z along the line b = au — m + O(a™!), where ad — bc = 1 are the coordinates
of SL(2,C).> When considering insertions of multiple determinants D(m;;u;; z;) there
might be many brane configurations with the same asymptotics controlled by parameters
My, Wiy 25

A method of computing correlations functions of determinant operators in the large N
limit was presented in [38]. Following their prescription (also implemented in [39, 40, 41]),
we fermionize the determinants:

<HD(mi§uz‘§Zi)> = /[dzbd@/)] <H€wi(m"+z(u";ziw> : (1.6)

4We include the N~! factor in the OPE and also put NN in front of single-trace operators. With this
choice of conventions, the ribbon diagrams of genus ¢ contribute at order N2729 in the 't Hooft expansion.

5The boundary behavior of a D1-brane dual to a determinant can be derived by adding a probe D1’-
brane transverse to the stack of NV D1-branes and finding its image in the backreacted geometry.

4



where 9, 1); are auxiliary (anti)fundamental fermions and dydy = Hf de’da);. The expec-
tation value on the right hand side stands for the chiral algebra path integral. Since the
action for the symplectic bosons is free: N [ Tr X9Y', we can easily integrate them out:

[iavag) 7o B TS G mmd )

To deal with the above integral, we perform the Hubbard-Stratonovich transformation by
introducing auxiliary bosonic variables p} for i # j (and set p} = m;):

2i=Zj 4 4
iU

1 - N~ T 45 gl
7 [lawailiag) ¥ R (19
p

J

where

e (1.9)

NS~
2, [lape? =

and the integral [[dp] involves only the off-diagonal components of p (and an appropriate
contour).

After integrating out the fermions, the p integral takes a form suitable for a large N
saddle-point approximation:

1
—/[dp] NIl (1.10)
Zp
with the action
IS~ #—%
S[p] = §Zmpjpi + logdet p. (1.11)
i#£]
The saddle point equations are
Ri— %5 g —1y\i .,
. = ) 1.12
ui_ujpﬁ(p ); =0, i#] (1.12)

They can be rewritten in a simple form as a matrix equation:

[C,p)+ [, p7'] =0, (1.13)

where



e pis a k x k matrix, whose diagonal elements are fixed to be p! = m; and the off-
diagonal components are the variables we are solving for,

e ( is a diagonal k x k matrix, whose diagonal elements are the positions z; of deter-
minants on the boundary of AdSs,

e 1 is a diagonal k£ x k matrix, whose diagonal elements u; control the linear combina-
tions of the symplectic bosons X, Y employed in determinants.

1.2.2 Spectral curve construction

To each saddle p, we can associate a holomorphic curve in SL(2,C) defined as a spectral
curve of a system of commuting matrices:

B(a) = ap —p
Cla) =al+p~" (1.14)
D(a) = aCp+p~'p—Cp.

The spectral curve is defined as a set of points (a,b,c,d), where a € C and b,c¢,d are
simultaneous eigenvalues of B(a),C(a), D(a). The matrices are defined in such a way
that:

e they commute when p satisfies the saddle point equations (1.13). Therefore, for each
saddle p, they can be simultaneously diagonalized,

e they satisfy
aD(a) — B(a)C(a) =1, (1.15)

which constraints the simultaneous eigenvalues to lay inside the locus ad — bc = 1.
As a result, the spectral curve is a holomorphic curve inside SL(2,C),

e the boundary behavior of the spectral curve matches the expected boundary behavior
of a Dl-brane dual to k insertions of determinants D(m;;u;; 2;) in the boundary
theory. Explicitly, when a — 0o, the eigenvalues of matrices B(a) and C'(a) approach

b, =au; —m; + ...
(1.16)
CG=az;+pi+...,
where p; = [p~!]¢. This means that the spectral curve reaches the holographic bound-
ary at k points z;, with an asymptotic behavior controlled by u; and m; as expected
above.



1.2.3 Holographic checks

The conjecture is tested by various holographic computations in Sections 2.3 and 2.4.

Determinant correlation functions with a single trace

First, we compare the large NV expectation value of a single-trace operator in the presence
of multiple determinants with a holographic Witten diagram computation.

A similar calculation to the one in Section 1.2.1 yields

<NTrZ(u; z)”f[D(ui;zi;mi)> - Zi/[dp]efvs[ﬂl l—NTrM (—p—l%ﬂ @)

p

The p integral is controlled by the same large N saddles (1.13). At a given saddle
p = p*, it is equal to evaluating e™*lP"] times

(1.18)

The holographic computation corresponds to a closed string propagating from a bound-
ary insertion N Tr Z(u; 2)™ and interacting with a Giant Graviton brane. The BCOV cal-
culation accords to integrating a bulk-to-boundary propagator sourced by N Tr Z(u;z)"
along the brane:

[Sa—lan(u; 2). (1.19)

In Section 2.4 we show that (1.18) can be rewritten in the above form as an integral over
the spectral curve § = S,-.

Matching actions

An insertion of a determinant operator in the boundary can be engineered in the bulk by
placing a probe D1’-brane transverse to the stack of N D1-branes. The auxiliary fermions
V' s, i = 1,..., N introduced in (1.6) can be interpreted as open strings between the
probe brane and the stack [38]. The auxiliary variables p~! behave as fermion bilinears.



It would be very interesting to match the p action (1.11) with the action of open strings
on the dual Giant Graviton D1-brane. Instead we match the derivatives of the actions with
respect to the parameters m;, u;, z;. In particular, the derivative of the saddle action (1.11)
with respect to m; equals

— aS _ —172
Pi= 5= P 1i- (1.20)

The worldvolume theory of a Dl-brane is a u(1)-gauged 37 system,® where the two
fields, 8 and =, correspond to fluctuations in the two transverse directions, which we can
take to be b and c¢. The action of the worldvolume theory of a brane & parametrized by a
LT
is

- d
/587/\—“. (1.21)
S a
Close to the brane we can expand the two fields into modes:

Ba) =% B, @)= ua”. (1.22)

The asymptotic behaviour of a brane supported at the spectral curve § = §, was found to
be (1.16). Near one of the asymptotic boundaries one can then identify the zero-modes as:

Bo = —my, Y0 = Pi - (1-23)

These zero-modes are conjugate with respect to the action (1.21).

The above considerations give a match of variables p; defined as conjugate to m;. The
derivatives of the actions with respect to u; and z; can be matched in a similar but more
cumbersome way.

5Not to be confused with the chiral algebra Ay which is a u(N)-gauged 3y system, originally appearing
as a worldvolume theory of a stack of N D1-branes.

"The denominator comes from contracting with the SL(2,C) volume form, which can be written as
Q= % in the a # 0 patch.



Modifications of determinants

Excitations of Giant Graviton D1-branes correspond to determinant modifications [42, 43,
44, 45] such as®

1 1
det X = ﬁgg(x, X, .. X, X)— ﬁgg(x, X,.. .., X, Y?). (1.24)

One can create BRST-closed modifications of determinants by acting with the modes of
the global symmetry algebra of the chiral algebra Ay in the infinite N limit. This algebra
was identified on both sides of the duality in [31]. On the chiral algebra side, the global
symmetry algebra is defined by certain modes of the BRST-closed single-trace operators:”

p.q

al™) ~ j{dzzﬁg ?{duu‘”g Tr Z(u;2)", |p| < g -1, |q| < g (1.25)
For example, the lowest modes generate an su(2) subalgebra:

a((f)_l ~ fdz Tr X?(2), ao?()) ~ }{dz Tr XY(2), ao?% ~ fdz TrY?(z). (1.26)

The global symmetry algebra, when acting on determinants, produces BRST-closed
modifications, eg.:

[aé?%,detX(O)} ~ee(X, ..., X,Y). (1.27)

In principle, different modes can produce BRST-equivalent operators. The BRST-
inequivalent modifications can be identified by studying the following matrix of two-point
functions:

<[a<"> det Y(oo)} [al™ detX(O)m . (1.28)

—p,—q> )
P,—q p.q N—00

8We use a schematic notation:

ee(Zy,..., ZN) = iy i IV (Z1) . (ZN)

iN
IN

9There are also three other types of generators of the global symmetry algebra (see [31]) but we focus
on this one.



The two types of inequivalent determinant modifications were found to be:

1
[0\, det X (0)] ~ nee(X,..., V™) P (1.29)
a1, det X(0)] ~ nee(X, ..., Y 70X) (1.30)
1
+nes(X,...,0°Y %) ,p<—§.

On the holographic side, (the bosonic part of) the global symmetry algebra acts by
holomorphic divergence-free vector fields on SL(2,C). The modes of dual global symmetry
algebra create excitations of the dual Giant Graviton brane.

The brane dual to the insertions of det X (0) and det Y (c0) is

= (g 9) c SL(2,C). (1.31)

a

Likewise, we find two types of brane excitations

dg = (8 (ib)) 6b ~ na'~?* (1.32)
a 0 —1-2p
dg = se 1) dc ~ na : (1.33)

which can be matched with the two types of determinant modifications (1.29) and (1.30).

1.3 Non-conformal vacua

In Chapter 3, as the next step in studying twisted holography, we propose that the duality
can be extended to non-conformal vacua of the chiral algebra Ay. The holographic dual
geometries are deformations of SL(2,C), originating from the backreaction of a stack of
non-coincident D1-branes in the topological B-model on C3.

This is a twisted analog of the duality between the Coulomb branch of N' = 4 SYM
and the (asymptotically AdSs x S°) multi-center supergravity solutions obtained from a
near-horizon limit of a stack of non-coincident D3-branes [46, 47, 48, 49, 50].

Non-conformal (translation-invariant) vacua of a chiral algebra are a novel observable
and we conjecture that they correspond to the notion of the associated variety of the
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chiral algebra.' In case of chiral algebras of N' = 2 SCFTs, we expect the 2d vacua to
descent from the Higgs branch vacua of the 4d parent theory.!! The conjecture is therefore
in agreement with [54] which identified the Higgs branch of an A/ = 2 SCFT with the
associated variety of its chiral algebra subsector.

1.3.1 Higgs branch conjecture

The Coulomb branch of N' = 4 SYM is simply RV /Sy, parametrized by the commuting
vevs of the six adjoint scalars d. Inan N =2 language, it decomposes into the N/ = 2
Coulomb branch and the N' = 2 Higgs branch, CV/Sy and C*¥ /Sy, respectively. We
expect the translation-invariant vacua of the chiral algebra Ay to descend from the Higgs
branch vacua.

More generally, the Higgs branch of N/ = 2 SCFTs has been conjectured to correspond
to the notion of the associated variety of its chiral algebra subsector [54]."

Motivated by the above considerations, we conjecture that the space of translation-
invariant vacua of a 2d chiral algebra corresponds to the associated variety of the chiral
algebra (see [58] for the definition). The conjecture can be verified in the case of gauged
B~ systems, which arise from Lagrangian N/ = 2 SCFTs.

1.3.2 Coulomb branch geometries

The translation-invariant vacua of the chiral algebra Ay can be parametrized by eigenvalues
(x;,y;) of X and Y of multiplicity N; = a;N,i=1,... n.

The dual geometries arise from separating the stack of N D1-branes in C?. The eigen-
values z; and y; are identified with the positions x = x;, y = y; of N; branes, where (z,y, 2)
are the coordinates in C3.

The backreaction of the stack of non-coincident branes can be described using 2" patches
of C3, where for each i = 1,...,n either x —x; or y — y; is non-zero. The coordinates x and
y remain holomorphic and coincide in all patches. The coordinate z gets deformed to a
new holomorphic coordinate z; in a patch I. The holomorphic coordinate transformation

10Chiral algebras are referred to as vertex algebras in the math literature.

HTn a setting without conformal symmetry, the chiral algebra subsector can be defined using a version
of the Q-deformation [51, 52, 53]. We expect, but not prove, that this procedure is compatible with the
Higgs branch vevs.

128ee also [55] and the reviews [56, 57].
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on the intersection of two patches I and I’ which differ by the i-th choice only (y # y; in
I'and x # z; in I') is

(x —z:)(y —ui)

(1.34)

2y = zZp +

Let us consider two “extremal” patches: Iy where y — y; are all non-zero and I, where
x — x; are all non-zero. The coordinate transformation on the intersection takes the form

n

i 1 -
B Mo ) MM E

i=1 k>0 1>0

The first term of the sum (k =1 = 0) describes the standard SL(2,C) geometry obtained
by a backreaction of coincident branes:!?

1

o (1.36)

20 — Zoo &

The subsequent terms —= - are deformations of the SL(2, C) geometry. The coefficients
can be identified with the vevs of single-trace operators in the vacuum parametrized by

(5, 3):

(TrX*FY') =" Nuakyl. (1.37)
i=1

1.4 Holomorphic twist

In the final Chapter 4, we move on to study 4d holomorphic theories and their holographic
duals. N = 1 theories are very interesting physically since they display phenomena such
as confinement, chiral symmetry breaking and many dualities. Their holomorphic twist
is defined by restricting to the cohomology of one out of the four supercharges and hence
captures the 1/4-BPS subsector of the theory. Our primary motivation for studying this
subject is that the twisted theory enjoys an infinite dimensional symmetry algebra, that
includes a 4d analog of the Virasoro algebra. We leverage this symmetry to show that the
holomorphic twist of pure supersymmetric Yang—Mills is actually a topological theory — a
phenomenon we dub holomorphic confinement.

13In coordinates wy = 20T, Weo = Zooy, We get the familiar SL(2, C) relation: woy — weex = 1.
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1.4.1 Symmetries

4d N =1 theories have four supercharges:
Qd)@&a Oé,éé € {172} (138)
We can define complex coordinates on C2:

Zo = Tigs Za = Ty - (1.39)

To twist, we take the cohomology with respect to () = @)5. With this choice of twisting
supercharge and complex coordinates, the antiholomorphic derivatives are ()-exact:

{Q.Qu} ~ 0z . (1.40)

When discussing the holomorphic twist, it is convenient to employ a reduced superspace
formalism, i.e. introduce odd spacetime coordinates 6% = dz* and combine the descendants
of @), into one superfield:

0 = Q0 = 00 1 00 L 0@ c Q% (C2?,g). (1.41)

Then, one can show that iff the 0-th component O is in Q-cohomology, the corresponding
superfield satisfies the following equation:

(Q+0)0=0. (1.42)
We will call such superfields semi-chiral.

For each semi-chiral superfield we can define the non-negative modes of the infinite
dimensional symmetry algebra as

A~

Omn = f d*z 2720 O0(z, 2), n,m>0. (1.43)
S3

The infinite dimensional symmetry algebra includes a subsector generated by the stress
tensor superfield S, (or the derivative of the stress tensor 0,5 in case the U(1) g symmetry
is broken), which is a 4d analogue of the Virasoro algebra.

The non-negative modes can be combined into the so called A-bracket:
(01,0} = 74 220, (2, 5)0(0,0) (1.44)
g3

which computes the coefficients of the OPE between operators in ()-cohomology with the
descendants of the operators in ()-cohomology.

13



1.4.2 Holomorphic BF theory

In this thesis, we focus on the example of the holomorphic twist of 4d NV =1 SYM with
SU(N) gauge group. The holomorphic twist is equivalent to the holomorphic BF theory

59, 6, 10]:
9 = 1
d“zTrb( de — =[e, ] |, (1.45)
2 2
where
b=0" £ £ c Q2 gY), c=cO +cM 4P et (C?g)1]. (1.46)

The field content of pure N'= 1 SYM is the vector multiplet, which can be compared
with the field content of the holomorphic BF theory. In particular we can match:

e The holomorphic part of field strength F,, with the component b,

e The gauginos A\, with d,ac(®).

The BRST/BV cohomology of the holomorphic BF theory is isomorphic to the Q-
cohomology of the original N'= 1 SYM. In particular, loop corrections to the action of the
supercharge () map to loop correction to the BRST charge, which we compute in Section
4.3.2. An important corollary of the following one-loop computation:

Q1(Trb?) ~ 0, Trbd“c = 0,5 (1.47)

is that the derivative of the stress tensor of the holomorphic BF theory becomes exact
at one-loop. The semi-chiral superfield 0,5 generates the action of holomorphic vector
fields on C? that preserve the symplectic form dz! A dz?, which include translations and
rotations. Therefore, the holomorphic BF theory becomes topological at one-loop, which
can be interpreted as evidence of confinement of the original theory.

In Section 4.5, we compute the infinite N cohomology at tree-level, which is generated
by three towers of single-traces:

A, =Trd" (1.48)
B =Trb"0,c (1.49)
C, =Trb"0,co0% (1.50)
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Ql(q)) ~ =0

ble, ] ble, ]

Figure 1.1: One-loop correction to the action of Q).

and their derivatives.
At one loop, the differential () relates some of these towers:

Q1(An) ~ 0By (1.51)

Ql(Bn,a) ~ aozc(n—l . (152)

The one loop cohomology consists only of the C), tower and no derivatives, which is con-
sistent with our result that the theory becomes topological.

Finally, we realize the holomorphic BF theory within the B-model. The holomorphic
BF theory is the worldvolume theory of a stack of N D3-branes wrapping C?> C C3. The
c field corresponds the the ghost along the branes and the b field controls the transverse
fluctuations.

The stack of branes sources a Poisson bivector field:
1
n=N—0, AO0,,.
Z3

This field does not deform the complex structure but instead introduces non-commutativity
in the spacetime.

This leads us to conjecture that the holomorphic BF theory is holographically dual to
the BCOV theory on C3\ C? in the presence of Poisson bivector 7.
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Chapter 2

Giant gravitons in twisted
holography

2.1 Introduction and conclusions

The simplest example of Twisted Holography [60, 31] is the conjectured equivalence of

e The large N 't Hooft expansion for a 2d gauged (v system valued in the adjoint
representation of u(N), aka the Ay chiral algebra.

e The B-model topological string theory (aka BCOV theory) [36, 35] on an SL(2,C)
background with appropriate holographic boundary conditions and coupling N~

The proposal of [31] formulates a holographic dictionary for single-trace local operators
whose size remains finite in the large N limit. It includes the match of a large global
symmetry algebra which exists on the two sides of the duality at the leading order in N.

In this Chapter we expand the dictionary to include (sub)determinant operators, whose
size scales linearly in N. We will match the insertions of such operators to the presence of
a B-model D1-brane reaching the boundary of SL(2,C) with specific boundary conditions.

Correlation functions of (sub)determinant operators admit a rich collection of large N
saddles [38]. We will attach to each saddle a spectral curve in SL(2,C) and identify it
with the worldsheet of a dual D1-brane. The explicit identification will allow us to verify
a variety of quantitative holographic predictions.
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2.1.1 Relation to physical holography

The Twisted Holography setup is expected to capture a protected subsector of the standard
example of holography: the duality between N’ = 4 U(N) gauge theory and Type IIB string
theory on an AdSs x S° background [34, 61].

This is manifest on the gauge theory side: the Ay chiral algebra and its two-sphere
correlation functions coincide with the protected chiral subsector of NV = 4 gauge theory
introduced by [32].! The operators in Ay represent specific position-dependent linear
combinations of protected operators in the four-dimensional gauge theory. The correlation
functions do not depend on the gauge coupling, but have a non-trivial large N genus
expansion.

The relation between the B-model topological string theory on SL(2,C) and Type 11B
string theory on AdSs x S? is less explicit. It is expected to be closely analogous to the
original construction relating the B-model to IIB string theory on a self-dual graviphoton
background [35, 64, 65]. Both should be special cases of a general construction in twisted
supergravity [12].

The derivation in [31] bypassed the twisted supergravity analysis. Instead, it employed
the near-horizon limit of a stack of N D1-branes in the B-model, in analogy to the original
derivation of holography from the near-horizon limit of a stack of N D3-branes in IIB
string theory [34].2

The holographic interpretation of (sub)determinant BPS operators in N' = 4 SYM
is well understood [66, 67]. The insertion of a (sub)determinant operator is described
holographically as the presence of a “Giant Graviton” D3-brane in the bulk, reaching the
boundary in a specific manner at the insertion point.

This entry of the holographic dictionary can be derived by adding a probe D3'-brane
to the standard near-horizon limit [38]. The D3'-brane is taken to be fully transverse to
the stack of N D3-branes. The D3—D3’ open strings give 0-dimensional fermions coupled
to the world-volume theory of the N D3-branes. They can be integrated out to give
the (sub)determinant operator insertion. The image of the D3'-brane in the near-horizon
geometry wraps an S® inside the transverse S® and reaches the boundary of AdSs at the
point where the (sub)determinant operator is inserted in the dual gauge theory.

The derivation can be mimicked in twisted holography. The starting point is a probe
D1’-brane transverse to the stack of N D1-branes. The D1’-brane engineers the (sub)determinant

!Torus correlation functions can also be embedded in the gauge theory [62, 63]. It would be interesting
to study their role in Twisted Holography.
2Recall that Dn-branes in the B-model arise from D(n + 2)-branes in IIB string theory [65].
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AdS; S3

RS

Figure 2.1: A schematic depiction of a Giant Graviton D1-brane wrapping C* in Euclidean
AdS; x S3 ~ SL(2,C).

operator in the world-volume Ay chiral algebra. The image of the D1’-brane in the near-
horizon geometry wraps a C* submanifold in SL(2, C) and reaches the holographic bound-
ary at the point where the (sub)determinant operator is inserted.

In both situations, the holographic dictionary only prescribes that a D-brane should
reach the boundary at the insertion point with a certain asymptotic shape. The shape
of the D-brane in the bulk will be determined dynamically. If multiple (sub)determinant
insertions are present at the boundary, there may be semiclassical saddles where the same
bulk D-brane connects all the insertion points, as well as saddles where multiple discon-
nected D-branes do the job.

The calculation of correlation functions of multiple determinants in Ay takes the form
of a tree-level calculation in the physical gauge theory [38], with specific choices of deter-
minant insertions. In the physical theory, the tree-level answer for generic determinant
insertions has large N saddles which can be qualitatively matched to the D-brane sad-
dles. A quantitative comparison, though, requires a full control of the 't Hooft coupling
dependence of the answer and is currently out of reach.

As the 't Hooft coupling dependence drops out in the chiral algebra subsector, we have
instead an exact answer which can be directly compared with a holographic calculation.?
We identify the holographic dual D-brane as the spectral curve of an auxiliary set of
commuting Higgs fields built from the data of the chiral algebra saddle.

A full lift of our results to the physical holographic duality would require an extra step,
which we do not attempt: a match between the holomorphic B-model saddles and explicit
supersymmetric D3-brane configurations in AdSs x S°, perhaps along the lines of [70].

3The "t Hooft coupling drops out in a variety of protected subsectors [68, 69], but these are topological
in nature, so the answers only depend on discrete data. The chiral algebra subsector allows for a non-trivial
(holomorphic) dependence on the positions of the operator insertions, which must be matched by the dual
D-brane geometry.

18



2.1.2 Saddle equations and spectral curves

The saddle equations [38] for a correlation function of k£ subdeterminants in Ay take a
simple form:

(G o)+ 17 =0, (2.1)

where

e pis a k x k matrix whose diagonal elements m; control the “length” of the i-th
subdeterminant operator and whose off-diagonal elements are the variables we are
solving for,

e ( is a diagonal matrix whose entries z; are the positions of the subdeterminant oper-
ators on the two-sphere,

e 1 is a diagonal matrix whose entries u; control the specific linear combination of the
adjoint scalars employed in the subdeterminant operator.

Any solution p of the saddle point equations allows us to build a family of commuting
k x k matrices

Bla)=ap—p
Cla)=al+p!
D(a)=aCp+p 'n—Cp, (2.2)
which satisfy
aD(a) — B(a)C(a) = 1. (2.3)

In turn, this defines a spectral curve S, in SL(2, C): the collection of points (a, b, ¢, d) such
that b,c,d are simultaneous eigenvalues of B(a), C(a), D(a). Here we identify SL(2,C)
with the locus of ad — bc = 1 in C*:
a b
g= (c d) : (2.4)

Following the holographic dictionary of [31], the spectral curve reaches the holographic
boundary at k points z;, with an asymptotic shape controlled by u; and m; just as expected
for the support of a holographic dual D1-brane.

We thus conjecture that a saddle p is dual to a B-model D1-brane B, supported on
S, in SL(2,C). The first test of this conjecture is a comparison of the saddle action S[p]
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on the two sides of the duality. More precisely, we successfully compare the observables

pi = % conjugate to m;, as well as other derivatives of the saddle action.

Next, we compare the leading expectation values of single-trace operators in the pres-
ence of the collection of (sub)determinant operators. The expectation values are computed
from the eigenvalues of a family of auxiliary matrices

H—u 1

C_Zp . (2.5)

We recast the chiral algebra calculation as an integral over S, of certain 1-forms which
we identify with the bulk-to-boundary B-model propagators, completing the holographic
match.

The spectral curve can be connected, but can also consist of multiple components. We
analyze the genus 1 part of the large N expansion around a saddle with two disconnected
components and compare it with a genus 1 calculation in the B-model. We find a non-
trivial match, which allows us to probe the Chan-Paton bundle on the holographic branes.
The spectral curve comes equipped naturally with a line bundle £, given by the common
eigenline of B(a), C'(a), D(a) corresponding to the b,c,d eigenvalues. It appears to control
the CP bundle for B,.

2.1.3 Determinant modifications and open string boundary con-
ditions

The holographic dictionary for operator insertions is best understood after the application
of a state-operator map. In particular, the determinant operators create a state in the
gauge theory which is dual to a state in the string theory where the Giant Graviton D-
brane has a certain shape and the D-brane world-volume theory is in its ground state.

It is also possible to consider operators dual to a Giant Graviton D-brane in an excited
state. In the physical theory, they are described by a certain class of modifications of a
determinant operator [43, 44, 42, 45].

We formulate such a dictionary for twisted holography and test it with explicit cal-
culations. The spectrum of open strings on the B-model brane is well-understood: the
worldvolume theory is a u(1l)-gauged (7 system valued in the normal directions to the
brane. The main challenge for us is to produce BRST-closed modifications of a determi-
nant operator in Ay and to identify BRST-closed modifications which differ by BRST-exact
ones.
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Our strategy is to employ the generators of the global symmetry algebra from [31] to
create the modifications/fluctuations on the two sides of the duality. Different generators
can produce the same open string fluctuations, with specific relative coefficients. On the
chiral algebra side the corresponding modifications of determinant operators should satisfy
the same relations, up to BRST-exact operators. We test our proposal both by inserting
a single modification in the correlation function of multiple determinants and by inserting
two modifications in a two-point function.

2.1.4 Structure of the Chapter

In Section 2.2 we review the relevant aspects of the twisted holography construction and of
the construction of determinant operators. In Section 2.3 we derive the large N saddles of a
correlation function of (sub)determinant operators and the corresponding spectral curves.
We formulate and test the conjecture that the D-branes dual to a given saddle are supported
on the spectral curve, with a natural choice of the Chan-Paton bundle. In Section 2.4 we
compute the large N expectation value of a single-trace operator in the presence of multiple
(sub)determinants. We express the answer in terms of the spectral curves and match it
with a B-model calculation. We also match the action of global symmetry generators on
the two sides of the correspondence. In Section 2.5 we do a detailed test of our dictionary
relating determinant modifications and open string fluctuations on the Giant Graviton.
In Section 2.6 we review a protected subsector of the chiral algebra which resembles the
Dijkgraaf-Vafa setup.

2.1.5 Future directions

The most striking feature of the twisted holography setup is the emergence of geometry
from what are essentially free field calculations in the chiral algebra. This reminds us of
the protracted efforts to derive a holographic dual description of free N' =4 SYM [71, 72,
73,74, 75, 76, 77] and of the Gaussian matrix model [78, 79] which we encounter in Section
2.6.

Single-trace operators only probe small fluctuations of the geometry. Determinant
operators can create D-branes with non-trivial geometrical shapes. The natural next step
is to study operators of size ~ N2, which could produce finite modification of the geometry,
as in [80]. Twisted holography could give an explicit, controllable example where multiple
geometric saddles contribute to a calculation.
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Another natural objective would be to prove twisted holography at all orders in the
large N expansion. Deriving the world-volume theory of Giant Gravitons from the chiral
algebra could be a natural first step. Many of the ingredients of the large N expansion can
be expressed in terms of the spectral curve. It may be possible to recast the expansion in
terms of some open string field theory, controlling all string amplitudes which include at
least one boundary.

The twisted holography based on the Ay chiral algebra we employed in this Chapter
is one member of a large family of examples. Other examples include the chiral algebras
associated to N' = 4 SYM with other classical gauge groups, as well as N = 2 gauge
theories modelled on affine ADE quivers [31]. All of these examples have some IIB duals
and include a variety of determinant-like operators, often dual to Giant Gravitons wrapping
non-trivial cycles in the dual geometries. It may be possible to analyze the corresponding
correlation functions with the tools employed in this Chapter. Correlation functions of
determinants and Pfaffians in N' = 4 SO(N) gauge theory would be a natural starting
point. It would also be interesting to study determinant-like operators in less conventional
examples, such as class S theories with M-theory duals [81].

2.2 The 2d chiral algebra

We will change conventions slightly compared to [31] in order to follow the standard con-
ventions for a 't Hooft expansion, so that contributions of ribbon diagrams of genus ¢ scale
as N27%9,

The relevant chiral algebra Ay is defined by a system of gauged symplectic bosons
valued in the adjoint representation of U(N). After gauge-fixing, we have an action of the
form

N / Tr (XOY + bdc) . (2.6)

Here X, Y are a pair of bosonic spinors, aka symplectic bosons. The ghosts b and ¢ are also
valued in the adjoint representation of U(NN). The BRST charge has the schematic form

N ]f Tr (qx, Y] + %b[c, c]) | (2.7)

In our calculations we will never actually use the BRST charge or the ghosts. All operators
we will employ are built explicitly from a basic set of BRST-closed combinations of the X
and Y fields.
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The chiral algebra has an SL(2)gr global symmetry acting on the (X,Y’) doublet of
symplectic bosons.* Throughout the Chapter we will employ a very convenient formalism
to describe elements of finite-dimensional SL(2) representations: we identify a spin j repre-
sentation with the space of polynomials of degree 2; in some auxiliary variable. The action
of SL(2) on the coefficients of a polynomial maps to a fractional linear transformation of
the auxiliary variable:

p) = (u+ 9y (257, 23)

In particular, we will employ the linear combination
Z(u;2) = X(2) +uY(2) (2.9)
and write the symplectic boson OPE as

lu—-w
Z(u; 2)Z(v;w) ~ No—w

(2.10)

In the large N limit, operators built from a finite number of fields can be expressed as
regularized polynomials in single-trace operators. At leading order in N, the BRST charge
will act separately on each single-trace operator in the product. We can thus focus on the
BRST cohomology of single-trace operators.

A word of caution is that the large N expansion does not play well with the full 2d
conformal symmetry group: most Virasoro descendants of a single-trace operator are multi-
trace operators. We will thus usually focus on the SL(2); global conformal group® only
and discuss single-trace BRST-closed quasi-primary fields.

The single-trace operators

Ap(u;z) = NTr Z(u; 2)" (2.11)

are BRST closed. They have SU(2)g spin j = § and scaling dimension A = 2.

The tower of A, operators does not exhaust the BRST cohomology of single-trace
quasi-primary operators. There is a second tower of D,, operators with SU(2)g spin j =
and dimension A = 7 + 2. These are more complicated to write down explicitly. They can
be usefully represented as specific terms in the OPE of operators in the A tower. There
are also towers of BRST-closed operators B,, and C), in ghost number +1, but we will not

employ them.

4This is a subgroup of the R-symmetry of the physical 4d theory.
5This is a certain combination of conformal and R-symmetry transformations of the physical theory.
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2.2.1 The global symmetry algebra

The chiral algebra correlation functions in the large N limit are invariant under the action of
a global symmetry algebra: the subset of the Fourier modes of single-trace quasi-primaries
which annihilate the vacuum at the origin and at infinity. This algebra can be matched
to the algebra of holomorphic vector fields on SL(2,C) which preserve the holomorphic
three-form €. At least at tree level, this is a symmetry for the holographic dual B-model.®

The Fourier modes of A, (u;z) which annihilate the vacuum at the origin and infinity
are organized in a multiplet of spin § for SL(2)g and § —1 for the SL(2) global conformal
symmetry. We can collect them into a polynomial of degrees (n,n — 2) in two auxiliary

variables v and w:
dz

an(v;w) = j{ — (2 —w)" 24, (v; 2). (2.12)

211

The Fourier modes of the D,,(v; z) which annihilate the vacuum at the origin and infinity
are organized in a multiplet of spin § for SL(2)g and §+1 for the SL(2), global conformal
symmetry. We can collect them into a polynomial d,,(v;w) of degree n in v and n + 2 in

w.”

We can match these Fourier modes with the global holomorphic vector fields on SL(2, C)
which preserve the holomorphic three-form®
dadbde

Q=——-: (2.13)

We can write remarkably compact expressions for the polynomial generating functions of
vector fields in the same irreps of SL(2);, x SL(2)g. We start with the polynomial Jy(v)
collecting the three SL(2)g generators:

Jo(v) = (b —va)(0, + v0,) + (d — ve) (0. + v0y) (2.14)
and the polynomial [o(w) collecting the three SL(2). generators:
Iy(w) = (¢ — wa) (0, + wo,) + (d — wb)(Fp + wIy) . (2.15)
We then match a,(v; w) to some multiple of

Jo(v;w) = (d — ve — wb + vwa)" 2 Jo(v) (2.16)

6 At finite N the Fourier modes of single-trace operators do not form a Lie algebra.
"There are also fermionic generators associated to the B, and C,, towers. We will focus on bosonic

modes here.
8Written here in the a # 0 patch of SL(2,C).
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and d,(v;w) to some multiple of
I,(v;w) = (d — ve — wb + vwa)" Ih(w). (2.17)

Matching commutators constrains the relation further. In particular, we find that a,(v; w)
matches nJ, (v; w).?

It is easy to show that these vectorfields preserve the ad — bc = 1 locus and thus define
vectorfields on SL(2,C). The invariance of € requires a bit more work. The SL(2)g
variation is

d (ipw) =d ( (b —wva)(db — vda) + (d — vc)

a a

(—=bdc + add) = 0.

(2.18)
The desired result for J,(v;w) follows from the observation that ij,(,)2 wedged with
d(d — vc — wb + vwa) vanishes. The analysis for I,,(v;w) is completely analogous.

de dadb dadb

There is another useful perspective. Consider the 1-forms
wy,(v) = % [(b—wva)d(d —vc) — (d —ve)d(b—va)] . (2.19)
It is easy to verify that
dwy,(v) = d(b —va) d(d — ve) = 17,2 (2.20)

Similarly, define

wy, (v;w) = l(d —ve — wb 4+ vwa)" ? [(b — va) d(d — ve) — (d — ve) d(b—wva)].  (2.21)

n
We have
dwy, (V;w) = 11, () S (2.22)
Similarly, we can define
1
wr,(w) = 3 [(¢c — wa)d(d — wb) — (d — wb) d(c — wa)] (2.23)
and ]
wr, (v;w) = s 2(d—vc—wb+vwa)"w10(w). (2.24)

These 1-forms play a useful role in describing the action of vector fields on D-branes.

9The simplest way to do so is to compare the leading N commutator of f;TZNTrXQY(z) and

7

4z N'Tr X™(z) and the commutator of 20, — 2bad, + bddq — (ad + bc)d, and n(b" 10, + b*~2d0,).

27

The former gives n § £ N Tr X"1(z), the latter gives n(n + 1)(b"0, + b"~1dd.).
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2.2.2 (Sub)Determinant operators

The determinant operator det Z(u;z) is a BRST-closed quasi-primary operator. We will
also consider the “subdeterminant” operator, which is a linear combination of quasi-

primary operators
D(m;u;z) = det (m+ Z(u;2)) . (2.25)

Different quasi-primary operators in this generating function can be obtained by expanding

in powers of m.!°

For concrete calculations, we will describe a determinant operator with the help of some
auxiliary fermionic fields:!*

det (m + Z(u; 2)) = / depde) P2 (w2)Y. (2.26)

The fermionic language is also useful to describe modifications of a determinant oper-
ator. For example, something like

/ dydyp : P XVPOp (2.27)

defines a modification of the det X operator where one of the “X” symbols has been
replaced by O.

As we will review momentarily, the /O insertion will behave as a boundary insertion
in the 't Hooft expansion. As a consequence of the large N combinatorics, these insertions
will behave at the leading order in N in a manner similar to single-trace operators: we
can place multiple independent insertions in the fermionic integral and the BRST charge
will act separately on each at the leading order in N. It is thus possible to define a BRST
cohomology of modifications of a specific determinant operator.

In practice, it is not immediately obvious how to write down BRST-closed modifications,
even at the leading order in N. Our strategy will be to produce such operators by acting

10We can give the whole generating function a good behaviour under global conformal transformations
acting on z and SU(2)g rotations acting on u by allowing m to transform in the same way as Z(u; z)
under fractional linear transformations.

" These can be interpreted as the D3-D3’ open string modes. It is also possible to employ a probe
D3”-brane, which is only transverse to the stack of N D3-branes in the B-model directions. This would
give rise to bosons and inverse determinants.
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with the global symmetry generators on the (sub)determinant operators. For example, a
commutator of the form
d - _
7{ Q—Z,N Tr Y™™ (2) det X(0) = / dipde = e?XOVPY (0)" )« + - (2.28)
i
gives a BRST-closed operator which at the leading order in N contains a single X — Y™
modification. This decreases the R-charge by “#1 and increases the scaling dimension by

2
”T’l. A similar construction with the component of D,,_; of minimal R-charge will produce

a modification which decreases the R-charge by "T_l and increases the scaling dimension

by ”TH The fermionic towers of single-trace operators of ghost number 1 would similarly
give modifications of ghost number +1 which increase/decrease the scaling dimension/R-
charge by 3.

We conjecture that these four towers of modifications exhaust the BRST-cohomology
of modifications of det X. This is a non-trivial statement, which is justified by an index
calculation [82] and will match the collection of open string fluctuations available on the
holographic dual side.

2.3 Correlation functions of determinants

We will now compute a sphere correlation function of subdeterminant operators
(D(my;ug;z1) - D(mg; ug; 2x)) - (2.29)
using the techniques of [38]. We will assume the u; to be distinct for convenience.

Using the fermionic presentation, this can be written as

<H D(my; us; >> = / [Tidvde] <Hewi<’"l‘”(“i“”w> (2.30)

and evaluated to

Uy —Uj

I U o S ket BNV Ty MUY it
<HD(mi;ui;zi)> - /[dwdw]e TN Luig sy VYOV MY (2.31)

We do an Hubbard—Stratonovich transformation, by introducing auxiliary variables pé- for
i # j. We also define p! = m;. We thus write

1 - NS~ ZTE i G SN i
<H Dy i >> Nz / [dypddf][dp] e ? 4 Bs ST R (g 39)

p
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where

N ZiT J
Z,= / (dp] e T wmis Pl (2.33)

The [[dp] integral only involves the k(k — 1) off-diagonal components of p and employs
whatever contour makes the Gaussian integral converge.

We can now integrate the fermions away to get the final answer

<HD(mz-;ui;zi)> = ZL/[dP] ¥ X (et gl (2.34)

p

This form is suitable for a large N analysis. We can do a saddle-point evaluation of the
p integral, with action

1 %= %
Slp] = 3 Z - pjp] + log det p. (2.35)
i#]
The classical saddles satisfy the equations
fiT A —17i o
: = 2.36
Sl =0 i3 (2:30)
i.e. in matrix form
€, o] + 1,7 =0, (2.37)

where we introduced diagonal k x k matrices ( and p with entries z; and u;.

From now on, whenever p appears outside of an integral it refers to some specific
solution of (2.37). Recall that p! = m,. It is also useful to define
_ 95p]

i_

= [, (2.38)

which helps to probe the dependence of S[p] on the choice of saddle.

2.3.1 The Spectral Curve

As anticipated in the introduction, the saddle point equations (2.37) guarantee the com-
mutativity of a one-parameter family of k£ x k matrices

Bla) =ap—p
Cla)=al+p*
D(a) =aCpu+p~'pn—p, (2.39)
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which satisf
’ aD(a) — B(a)C(a) = 1. (2.40)

This allows us to associate to any saddle p a spectral curve S, in SL(2, C), with coordinates
a,b,c,d constrained by
ad — be = 1. (2.41)

The spectral curve consists of points (a, b, ¢, d) such that b,c,d are simultaneous eigenvalues
of B(a), C(a), D(a).

The spectral curve is non-compact: as a — oo we find k& branches where b, ¢ and d
grow linearly with a. More precisely, we can expand

b m;

_:ui__

a a

L L (2.42)
a a

We would like to compare these boundary conditions with the holographic boundary con-
ditions expected for a dual D1-brane.

Recall that the holographic boundary conditions of [31] control the behaviour of the
B-model fields as (a, b, ¢, d) go to infinity with fixed ratios. Single-trace operator insertions
at some point z control the behaviour of the fields at fixed £ = z. Analogously, we expect
the insertion of (sub)determinant operators to correspond to the presence of a D1-brane
which asymptotically lies in the £ = z locus.

2.3.2 The asymptotic shape of Giant Gravitons

The near-horizon analysis of [31] starts with a stack of N' D1-branes in C®. If we use
coordinates (x,y,z) on C?, they sit at # = y = 0. We can take the probe D1’-brane to
wrap the transverse line defined mg + = + uoy = 0 and z = 2 to engineer a determinant
operator D(myg; uo; 29). 2

The backreaction of the D1-branes deforms the complex structure of the ambient man-

1
ifold. The z, y coordinates remain holomorphic. After a rescaling by a factor of N2 they
will be identified with b and —a in SL(2,C). The z coordinate is not holomorphic anymore,

12 As a check, notice that if we displace the D1-branes to z = X and y = Y, the combination mg+X+ugY
will have a zero eigenvalue whenever the D1’-brane intersects one of the D1-branes and the action of
D1-D1’ strings correspondingly vanishes.
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but (zz,yz) are deformed and rescaled by a factor of N 2 to give holomorphic coordinates
d and —c in SL(2,C).

The asymptotic shape of the probe D1’-brane for large (a,b, ¢, d) is thus predicted to
be

my
:uo——+...
a

QIO | o>

=20+, (2.43)

We conclude that a D1-brane B, supported on the spectral curve S, has the correct
shape at large (a, b, ¢, d) to satisfy the holographic boundary condition for the insertion of
the k determinant operators D(my;uy;21) - - - D(mg; ug; 2x)-

2.3.3 The asymptotic phase space and the holographic action

The world-volume theory of a single D1-brane is just a v system where the two fields
are valued in the normal bundle to the worldsheet. The combination 337y is a (0, 1) form
valued in the second exterior power of the normal bundle, which can be contracted with
Q to give a (1,1) form which can be integrated over the curve to give the action of the 8y
system.

Locally, we can parameterize the curve by the a coordinate. We parameterize the
normal fluctuations as fluctuations 5 of b and v of ¢. Using {2 = % we get a standard
action

= d
/ Bay A =2 (2.44)
S a
We find the classical phase space by expanding  and v into powers of a:
Bla) = Bua”
Y(a) = yma. (2.45)
The Poisson brackets are

{5n77m} = On,—m {Bm Bm} = {7n77m} =0. (2'46)

As a — oo, the modes with positive n are non-normalizable and are fixed by the holo-
graphic boundary conditions. The mode [ is also fixed, as it represents a change of m;.
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The conjugate mode vy and the normalizable modes with negative n are left free by the
boundary conditions.

Given a solution of the classical equations of motion, the value of , will be the derivative
of the classical action with respect to the fixed value of its conjugate variable y. Similarly,
the modes with negative n give the derivative of the classical action with respect to a
change in the fixed values of the modes with positive n.'

Applying this reasoning to each asymptotic end of the spectral curve, we learn that
Y = p; at the i-th end represents the derivative of the brane action with respect to m;.
But p; also equals the derivative of the saddle action with respect to m;. We thus get a full
match at the leading order in N between the action for a saddle p of the (sub)determinant
correlation function and the action of the holographic dual B-model brane B,, up to a
function of z; and u; only.

It is not too hard to match the z; and u; dependence of the actions as well, though it
is a bit more cumbersome. For example, the z; derivative of the saddle action is

1 o
> pipl. (247)

i T Y

We need to compare this with the a=! term in the large a expansion of —b. This is
straightforward: the large a expansion of b is given by a systematic diagonalization of
the matrix —u + a~!p, which is just the non-degenerate perturbation theory in quantum
mechanics. The wu; play the role of unperturbed energies and the ,0§ are the matrix elements
of the perturbation. The expression above is the familiar second-order correction to the
eigenvalues.

We can match the u; derivatives in the same manner:

Zi—Zj 1 it —1vi
—Z—j 0= =) I (2.48)

Zi—Zj

matches with the a~! term in the large a expansion of ¢ from the systematic diagonalization
of (+altp.

13This is perfectly analogous to the statement that the classical mechanics action S[z;,z¢] evaluated on

a solution with fixed initial and final positions x;, s determines the initial and final momenta as py = %
and p; = — gai .
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2.3.4 D-branes and spectral curves

Observe that D-branes wrapping a spectral curve are a rather common occurrence in the
B-model. A natural way to produce a complicated D-brane is to start with multiple copies
of a simpler D-brane and turn on matrix-valued vevs for the transverse deformations of
the stack. Essentially, the world-volume theory on a stack of k£ coincident D1-branes is
a u(k)-gauged (v system valued in the adjoint representation. A classical solution gives
commuting holomorphic vevs to 5 and ~.

Probing the system with another B-brane shows that the deformed stack of branes
behaves as a single brane wrapping a spectral curve with transverse position given by the
eigenvalues of # and . The Chan-Paton bundle of the resulting D-brane is controlled by
a natural line bundle on the spectral curve: the line bundle whose fiber consists of the
common eigenvectors of 5 and v with these eigenvalues.

In the case at hand, it is natural to identify B(a) and C'(a) with the matrix-valued vevs
of fields B(a) and ~y(a) describing the transverse positions of a stack of k£ D1-branes which
originally sit at b = ¢ = 0.* We will verify at the end of the Section that the appropriate
Chan-Paton bundle on B, is indeed controlled by the eigenline bundle L,.

2.3.5 Factorization and global symmetry

The saddle solutions come automatically in (C*)* families, as we can conjugate p by a
diagonal invertible matrix to get a new solution. The spectral curve S, is the same for all
saddles in these continuous families. If we track back the origin of this symmetry, we see
that it originates from a symmetry under rescaling of v; and ¢ in opposite directions. We
can interpret this as the remnant of the U(1) gauge symmetry on the bulk of the probe
D1" worldsheet, which becomes a U(1) global symmetry at the boundary points according
to a standard holographic dictionary.

We can consider saddle solutions such that p is block-diagonal, with blocks p, of size
k,. Then the p, satisfy the saddle equations for the corresponding collection of k, de-
terminant operators. The spectral curve decomposes correspondingly to the collection of

S, which are typically disjoint. This describes a configuration of disconnected D1-branes.

MAn alternative approach with equivalent results would be to describe a D1-brane as the result of
tachyon condensation on a stack of space-filling D5-branes and anti-D5-branes, i.e. as a complex of sheaves
C* — C?* — C*. One can build an appropriate differential out of commuting linear operators b — B(a)
and ¢ — C(a).
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Conversely, “connected” holographic saddles associated to a single smooth semiclassical
D1-brane correspond to “irreducible” solutions for which p is not block diagonal.

Recall that the chiral algebra correlation functions are covariant under both SL(2),
global conformal transformations and SL(2)r complexified R-symmetry transformations.
Our definition of the spectral curve, though, seems to treat the a coordinate in a different
way than the b, ¢ and d coordinates. We will now show that the spectral curve transforms
correctly under the action of SL(2), x SL(2)g on SL(2,C).

The Z(u; z) field transforms non-trivially under the action of SL(2), x SL(2)g:
_ ’yu+(5Z (au+5‘o/z+5')
Yz+8 \yu+d vz+40 )
We will thus also transform m, in the same manner so that the subdeterminants transform
multiplicatively:

Z(u; 2)

(2.49)

5 N ’ 5 / /
D(m;u;z) = QUEON p (12 m;ozu—l—ﬂ;ocz—i—ﬁ : (2.50)
vz 4 yu+90 Cyu+0 Y2+
Following through the derivation, the auxiliary p variables transform as
/ 5/
puiSuly (2.51)
Y+

Notice that there is a bit of latitude in the definition of the action of SL(2), x SL(2)g, as
we can combine the above formula with conjugation by any diagonal matrix.

Translations 1 — pu + 8 or ¢ — ( + ' clearly act on the spectral curve as shifts
b—b+pa, d— d+ Pcorc— c+ pa, d— d+ 'b. We thus only need to consider
the action of inversions p — —p~! or ¢ — —(~ !, as inversions and translations generate
SL(2)p x SL(2)gr. We can show the details for g — —p~ !, as the analysis for ¢ — —(™!
is essentially identical.

Observe that an eigenvector s of B(a), etc. is annihilated by

ap—p—>=o

al+pt—c

alp+ptu—Cp—d (2.52)

Then ws is annihilated by

b(—p~h) —pu~ +a
ap” CHp Tt —ep
aC+p = Cou "t —dph, (2.53)

-1
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which is the same as being annihilated by

b(—=p™") = (pp™") +a
b¢H+ (o)t —d
bC(—=p") + (o™ )= = L™ + e (2.54)

We thus find that —a,d,—c are simultaneous eigenvalues of
b(=u™") = (pu™")
b+ (pp™)™
bC(=p™") + (p™ )M (=u7) = L), (2.55)

i.e. the spectral curve transforms under inversion p — —pu~t, p — pu~! as: a — b,b —
—a,c — d,d — —c as desired.

2.3.6 Off-diagonal fluctuations

Consider now a reducible saddle solution with two blocks p and p’. We may ask under
which conditions on p and p’ the reducible saddle admits infinitesimal block off-diagonal
deformations.

Block off-diagonal fluctuations 7 of the saddle solutions'® satisfy a complicated-looking
matrix equation:

¢n—n¢" —pp~n(p) "+ pin(p) T = 0. (2.56)

We will now show that one can find a zeromode 7 for every intersection point of S,
and S,. The zeromode is built from the right eigenvector s for B(a), C(a), D(a) and the
corresponding left eigenvector s’ for B'(a), C'(a), D'(a). Let us take 1 to be proportional
to ps ® s’ + s ® s'p’. Then, one can rewrite the left-hand side of (2.56) in the following

way!6

(cp—d)s®s +(s® s (ap’ —b) — (ap —b)s ® s — s s (ap’ — )’ (2.57)
—us® s (c—al’)—plc—al)s®@s +s@s'(d—bl")+ (c —al)s @ 'y, (2.58)

where b, ¢, d are the eigenvalues for s as well as s’. After cancellations, we can arrange the
remaining terms as

s®@ b+ (c—al )] — [epn+ (b —ap)]s@ 5. (2.59)

15We assume the saddle is of the form (8 Z/)
16We thank Adridn Lépez for pointing out a mistake here in the previous version.
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Both terms are equal to ds ® s’ so they cancel.

We would like to employ this observation to compare the Chan-Paton bundle of the
brane B, dual to some saddle p with the canonical line bundle £, present on any spectral
curve, whose fiber is the common eigenline to B(a), C(a), D(a).

In order to “see” the Chan-Paton line bundle of a brane B, we need to consider open
strings stretched between B, and some other brane. We may employ another B, for this
purpose, though B-model open strings will only appear if B, and B, intersect at some
point. As we deform B, and move the intersection point, the open strings will transform
as a section of the Chan-Paton line bundle of B,, and viceversa.

These open string modes are boundary local operators in the topological string world-
sheet and generate the infinitesimal deformation of the two intersecting branes into a single
smooth curve. It is thus natural to identify them with the solutions 7 of (2.56) associated to
the intersection point, which indeed transform as sections of £, as we vary the intersection
point.17

This calculation also offers a subleading check of the holographic duality. In the presence
of an off-diagonal zeromode, the semiclassical contribution of the block-diagonal saddle to
the correlation function will diverge. This divergence arises from the exponentiation of an
annulus diagram. On the holographic dual side, this diagram should correspond to the
propagation of a closed string from B, to B,. It is easy to verify with a local calculation
that this diagram in the B-model diverges in the correct manner when the two D-brane
worldsheets intersect each other.

2.3.7 The inverse problem

Notice that our identification between semiclassical saddles goes only in one direction: we
have built B, from p, but we have not yet demonstrated that every B-model brane B which
satisfies the correct boundary conditions can be produced from some p.8

Often, spectral curve constructions can be inverted by a pushforward operation. Here
we could try to foliate SL(2, C) by surfaces of constant a and pushforward the sheaf defining

1"The reader may be confused by the fact that the open string modes are fermionic, whereas the defor-
mation modes are bosonic. This is actually natural: the deformation involves a descent relation, so the
deformation parameters multiply the first descendant of the fermionic operators, which is bosonic.

18Considering the embedding of the chiral algebra calculation in the N' = 4 SYM physical theory, it is not
actually obvious that this should be the case: the physical brane configurations involve a supersymmetric
D3-brane in AdS5 x S and a B-model brane B in SL(2,C) could potentially fail to lift to such a D3-brane.
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B along these surfaces. Concretely, that means that for generic a we would consider the
intersection points of the support S of B with the constant a surface and add up the fibers
of the CP bundle £ at these points. At branch points where two intersection points collide
one needs to work a bit harder, but the basic idea is to produce a sheaf on the a plane
whose local sections in any open set U are the same as the collection of local sections of £
in the preimage of U under the projection to the a plane.

Because of the boundary conditions on B, the intersection points cannot move to infinity
as we vary a. The number of intersection points will thus be generically fixed. Let us
denote it by k. The direct sum of the fibers at intersection points will thus give a rank
k bundle. Commuting k£ x k matrices B(a) and C(a) could be defined as representing
the multiplication action by b and ¢ on the sections of £. A possible subtlety here is
that the surfaces for generic a are C? parameterized by b and ¢, but the fiber C x C* at
a = 0 restricts bc = 1 and leaves d unconstrained. We expect that to simply impose the
constraint B(0)C'(0) = 0.

We can trivialize the vector bundle at finite a and write B(a), C'(a) globally on the a
plane as polynomial matrices. We know that the eigenvalues of B(a), C'(a) grow at infinity
as w;a and z;a. Unfortunately, this is not enough to immediately conclude that B(a), C'(a)
themselves should grow linearly at infinity. If it did, we would be done, as B(a), C(a)
would have to take the form (2.39).

If we work with a single matrix B(a), ignoring C'(a), we can easily produce counter-
examples. The simplest one would be to write a matrix B(a) with eigenvectors (1,b,b%, ..., 0*71)
for an eigenvalue b. Such a matrix would have all elements equal to 0, 1 or to the coeffi-
cients of the characteristic polynomial of B(a). It would be of degree k in a. In general,
we can look for matrices such that the (4, j) entry has degree up to n; —n; + 1 for some
collection of integers n;. We can produce some examples of this sort, but we do not have
a general understanding of the situation. We leave it to future work.

Instead, we will apply the inverse map to the special example of curves of genus 0.
Parameterize the curve by a global coordinate ¢ and denote as t; the location of the points
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which are mapped to infinity in SL(2,C). We can parameterize
a =0y + Z ; ii ‘.
b=b + Z tu_at
C = Coo + Z tzia;

d=de+y 220 (2.60)

t—1;

We can compute

a; (u; — uy)(z — zj)
ad—bc = aoodoo—boocoo—l—z P Wi ZiGoo — Ziboo — UiCoo + dog + Z a; tij— f J
7 JF#
(2.61)
Therefore, we have constraints as.des — booCoo = 1 and
UiZiloo — Ziboo — WiCoo + doo + Y _ (v —u)(z = 2) _ g (2.62)

i L=t
We can generically solve these k linear equations for the a; in terms of dq, bso, Coo, doo and
of the ¢;.

Notice that we can act with fractional linear redefinitions of ¢. These will act on the t;
in the obvious way, but will also shift a.., etc. by multiples of the a;. Using the solution
for the a;, one gets an intricate action on ., bso, Coo, doo- At this point we thus have a k-
dimensional space of curves which is the quotient of a (k+3)-dimensional space by SL(2,C).
The point (Guo, boo, Coos doo) 18 the image of t = 0o, so under the reparameterization of ¢ the
Point (oo, boo, Coo, doo) Will move along the curve. We cannot use this SL(2, C) to eliminate
the oo, ooy Coos Ao parameters. We can use it instead to fix the values of 3 of the t;.

We also find

Mi = UiQoo — boo + Z ﬁaj
g
Z. J— z,
Di = Coo — Zilloo — Z ——a;. (2.63)
7 Gl
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Solving for the au., b, Coos doo and t; as a function of m; seems hard. Instead, we can
content ourselves with parameterizing the solutions by these parameters.

Next, we will find an associated saddle p. We use the following trick. Consider the
k-dimensional vector s with components % as a function on the curve.’® We will now
find a p such that this is the common eigenvector of B(a(t)) and C(a(t)). Indeed, consider
the vector (a(t)pu — b(t))s. As a(t)u; — b(t) is regular at t = ¢;, the i-th entry of the vector
has a simple pole at each ¢;, including ¢;. Ast — oo, the vector goes to 0. That means we
can express uniquely each entry of (a(t)u — b(t))s as a linear combination of . In other

words, ‘
(a(t)p —b(t))s = ps, (2.64)

where pj = m; and pf; is computed as a residue, i.e.

U; — U 1
Uilloo — boo + Y S tjj 0| = (2.65)
j#i !

has residue at t = ¢;:

Py = — — aj. (2.66)
Similarly, we find (p~!)! = p; and
—1\3 R T Zj
() =T (2.67)
i

We have thus found a natural “genus 0” k-dimensional family of saddles p parametrized
by the t; and oo, booy Cooy doo With Goodoe — booCoo = 1 modulo the SL(2,C) action. It
would be nice to know if this exhausts all saddles, or if higher genus saddles may exist.

2.4 Correlation functions of determinants and traces

In this Section we consider correlation functions which include both a collection of (sub)determinant
operators and a collection of single-trace operators. In the large N expansion, these cor-
relation functions will be controlled by the same large N saddles as we found for the

9This s has a zero at t = co. The construction would work equally well if we rescale the components to

f;i‘?, placing the zero at some other point ¢g. Even better, we should think about s as a non-zero section

of the spin bundle K2 on the genus 0 curve.
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correlation function of subdeterminant operators: the single-trace insertions can at most
produce some polynomial in N, which cannot compete with the exponentials associated to
the determinants.

We would like to show how the expansion around each large N saddle takes the form of
a standard 't Hooft expansion. We will begin by a small exercise in normal ordering which
will facilitate the analysis. Consider the combination of all (sub)determinants which will
appear in the correlation function, express it in a fermionic presentation and normal-order
it with respect to the Z contractions:

o N WiTY TG i (m wisz) )
HD(mi;Uz‘§Zz‘) - /H[d¢jd¢j] LT IN Ly zmm, VUV R Yi(mit 2 (usizi))v . (2.68)
( J

This means that when we evaluate correlation function containing the expression on the
right, we do not do Wick contractions between the Z’s in the exponent.

We can now apply the Hubbard—Stratonovich transformation

HD(mi§Ui; Zl) = Zp_l /[d¢d¢] [dp] . 6% D it

e o _ :
uz,ujj P 5 PibibT 430, i Z (ugszi )t

7z . (2.69)

The normal order operation allowed us to introduce the auxiliary p variables before inte-
grating away the Z fields. We can then redefine p — p + n where n is dynamical and p is
a background value which we can take to be any solution of the saddle equations (2.37),
to insure the vanishing of the n tadpole at the leading order in N.?°

We are now ready for a diagrammatic analysis of the Feynman diagrams which arise
from the Z, 1, 1 and n Wick contractions. We can use a standard ribbon graph picture: the
Z propagators are represented by ribbons with two colour lines, the fermion propagators
by ribbons with one colour and one flavour line, the n propagators by ribbons with two
flavour lines. The only constraint is that no Z propagator can connect two 121 vertices.
Standard large N 't Hooft combinatorics apply to these ribbon graphs, so that the power
of N is controlled by the topology of the surface which we obtain from the ribbon graph
by filling in the closed colour lines: each connected component contributes N27297° where
g is the genus and b the number of closed flavour lines, which behave as boundaries of the
surface. Determinant modifications can be readily included in the analysis. They behave
as extra “boundary” vertices for the ribbon graphs.

Our main conjecture is that the large N expansion of correlators around a saddle p is
holographically dual to a B-model calculation in the presence of a D-brane B,, order by
order in the 't Hooft expansion. We will do various tests of this conjecture.

20 At higher order in the N~! expansion it may be useful to adjust p by subleading corrections.
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2.4.1 Determinants and a single-trace

As our main example, consider the correlation function
(D(my;ug;z1) - - D(mg;ug; zi) N Tr Z(u; 2)"). (2.70)
For simplicity, we assume that z # z; and u # u;.

For illustrative purposes, we will evaluate it in a standard way [38], without the inter-
mediate normal order step. We start from

<HD my; ug; z))N Tr Z (u; 2) > </H depidap] eV (it 2 sz N Ty 7 (u; 2)" >

(2.71)
T N Tigi 2 G midhiy) 1 -\

d d 2N ~iFj z;—zj J i NT _ 2 ; , 272

J1avaiie ( G w) (2.72)

and reorganize the trace

— IS, mad; 1 - u—u\"
_/[d¢d¢] 2N Zwﬁj 2i—7j i Vi3, miinh NTI'kxk (_N¢j¢ — Z) ‘ (273)

i

evaluate the Z contractions

Here the quantity in parenthesis is treated as a k& x k£ matrix with indices ¢ and j.

n
U —u
. 2.74
S e
As we execute the fermion Gaussian integral, the maximal power of N will arise from

contractions between each consecutive ;1" pair, giving an extra factor of N for each. We
thus obtain the leading N answer

—Z;lf[dp] ¥ X T 7 et o) N Trgo (—p‘lg) : (2.75)
—z

Evaluating this on some saddle p, the correlation function equals the “bare” correlation
function of (sub)determinants (D(my;ui;21) - - - D(mg; ug; 2x)) times

We introduce the auxiliary p variables?!

—zj

=2 [avaiap] ¥ S AR gy (G

“ N T <—,0_1'ZTZ) (2.76)

21 As before, we integrate over the k(k — 1) off-diagonal components of p and pi = m;.
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evaluated on the saddle.

If we use the normal order trick, the diagrammatic interpretation of this answer is very
straightforward. The leading ribbon graph is a disk diagram with the topology of a wheel,
with the n spokes being Z propagators. Each Z propagator gives one factor of g and
each fermionic propagator gives a —p~! factor. The closed flavour line gives rise to the
Tri«x. The overall factor of N appears because this is a disk diagram.

2.4.2 (Geometric interpretation

The disk one-point function (2.76) can be computed in terms of the eigenvalues of the k x k
matrix

1
R(u;z) = o Zp_l(,u —u). (2.77)
We will now express this answer in the language of the spectral curve. We can write
1
R(u;z) = 7 (D(a) —uC(a) — ¢(B(a) + Cua) (2.78)
—z

for every a. Consider now the special values of a where the spectral curve intersects the
surface A(u; z) defined by d — uc — zb + uza = 0. There are k such values: the solutions
of the equation

det [D(a) — uC(a) — zB(a) + uza] = 0. (2.79)

The corresponding null eigenvectors are annihilated by D(a) —uC(a) — 2B(a) + uza. That
means

R(u;z) =b—ua (2.80)

when acting on these eigenvectors. This means that the eigenvectors of B(a), etc. at the
intersection points are also eigenvectors of R(u;z) with eigenvalues b — ua.

As long as these k eigenvectors are distinct, we can thus write

Trgwr R(u; 2)" = / (b —ua)" da(usz) » (2.81)
Sp

where da(y;z) is a delta function supported on A(w;z). Indeed, the integral on the right
localizes to the intersection points and gives the sum of the corresponding eigenvalues of
R(u;z)". We expect this to happen for generic values of v and z. By continuity, this
relation must be true even when the eigenvectors are not distinct.
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2.4.3 A holographic match

Holographically, this disk 1-point function corresponds to a process where a closed string
propagates from the boundary insertion corresponding to N Tr Z(u;z)" to the B, brane
dual to the saddle. This would evaluate to??

/ O™ Uiz (2.82)
Sp

where ;... is the Kodaira-Spencer field sourced by the boundary insertion.

This matches the chiral algebra calculation if we can identify
Qpyzz = O [(b — ua)”(SA(u;z)] ) (2.83)

This is indeed the case. The equation defining A(u; z) can also be written as

1
- (14 (b—wua)(c—za)) =0. (2.84)
a
As we approach the boundary, the distribution is approximately supported on the two loci
£ =z and g = u. We thus write

oz ~ O [(b —ua)"0e—, + (za — c)_”5g:u] : (2.85)

The first term has a power law growth towards the boundary and is supported at the point
z of the holographic boundary. It has precisely the correct quantum numbers to represent
the insertion of N Tr Z(u;z)™ at the boundary. In particular, it is a polynomial of degree
n in u, as expected.

The second term has a power law decay and represents the boundary behaviour of the
field sourced by the N Tr Z(u;z)™ insertion. It would enter, say, in the calculation of a
two-point function of N Tr Z(u; )™ and another operator N Tr Z(u'; 2’)" at position 2’ = £.

We have thus matched the large N expectation value of A, (u;z2) in a saddle p for a
correlator of (sub)determinants to a B-model calculation of the same quantity in presence
of the D1-brane B,,.

228ee appendix F of [31] for a review of the coupling of KS fields to D1-branes.
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2.4.4 From single-trace operators to modifications

Next, consider the insertion of the global symmetry generator

a,(v;w) = 7{ dz (z —w)" 24, (v; 2). (2.86)

2me
As we vary z along a closed loop, the codimension 2 loci A(v;z) sweep a codimension 1
locus E(v), which intersects the spectral curve along some collection of loops. On A(v; 2)
we have z = 9= At the leading order in N in the saddle p, the insertion of a,(v;w) will

b—va "
thus produce a contour integral on these loops on S,;:

L jdzve (d e w> " (b—va)" = nj{ Lo (v w). (2.87)

27 b—va \b—va 211

This is another remarkable test of the holographic correspondence. Indeed, the action
of a symmetry generator in the B-model is implemented by cutting SL(2,C) along a
codimension 1 locus E and gluing it back under the action of the corresponding holomorphic
vector field V. Equivalently, it corresponds to turning on a vev for the Kodaira-Spencer
field o which is supported on E proportional to 2y €2

Recall that a D1-brane couples by 0 'a. If iy Q = dwy, we can take
0 'a = wydg. (2.89)

We have thus verified that the action of a,(v;w) on the chiral algebra side matches the
action of n.J,(v; w) on the B-model side: the effect of the J,,(v; w) vector fields on a D-brane
supported on the spectral curve is precisely (2.87)!

Somewhat implicitly, this check also verifies the statement that the action of the global
symmetry algebra onto a determinant operator produces modifications which are BRST-
equivalent if the corresponding vector fields produce the same non-normalizable shape
deformation in the dual D-brane. Indeed, it shows that the action of the symmetry gen-
erators is completely captured by the action of the corresponding vector fields onto the
spectral curve.

In the next Section we will do a more direct test of this statement.
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2.5 Two-point functions of modified determinants

In this Section we will focus on correlation functions in the presence of two determinants:
det Y (o0) and det X (0). We will employ the global symmetry generators to build a modifi-
cation of both determinants and thus compute a matrix of (large N) two-point functions of
modified determinants. This will show explicitly which modifications are BRST-equivalent
at leading order and match them to the action of vector fields on the B-model D1-brane.

This correlation function has a single saddle, corresponding to the D-brane with support

in the Cartan of SL(2,C):*
0
g= <‘é 1) . (2.90)

A global symmetry generator J,(v;w), given by (2.16), deforms g by

—va

2
5g = e(a™ +vwa)"? ( 1 Z a) : (2.91)

a

We can combine this with the reparametrization a — a + eva(a™! + vwa)" 2 to eliminate
the variation of a and d. We are left with variations

§b(a) = —ev?ala™" + vwa)" 2, 5c(a) = ea(a™t + vwa)" 2. (2.92)

The coefficient of v* 1wk =1 in J,(v;w) gives a variation

6b(a) = —¢ (Z i f) a?F e (2.93)

which is a mode corresponding to a modification of det X(0) if 2k + 1 > n and to a
modification of det Y (oo) otherwise. The coefficient of v¥w* in J,(v;w) gives a variation

Se(a) = e(” . 2) G2, (2.94)

which is a mode corresponding to a modification of det X(0) if 2k + 1 > n and to a
modification of detY (oo) otherwise. All the other coefficients give vanishing variations.
Notice that the modes 0b = a® and dc = a~* for all s are precisely dual under the inner
product in the v worldvolume theory of the D-brane.

We thus predict that the action of a,(v;w) on det X (0) will only produce very specific
modifications at large N, up to BRST-exact operators:

23In appendix A.1 we discuss saddles with a small number of determinants.
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n—2

e The coefficients of v"*'w*~! for 2k +1 > n should give —n(} ]

which only depends on 2k 4+ 1 — n.

) times a modification

e The coefficients of vFw* for 2k 41 > n should give n("?) times a modification which
only depends on 2k + 1 — n.

e All other coefficients should give BRST-exact or subleading modifications.

The same statements apply to det Y (co), with the opposite constraints on 2k + 1 — n,
producing modifications which are precisely dual under the inner product.

In the rest of the Section we will often employ individual generators rather than gen-
erating functions of them. We can write

n
2

n d n
o) = Y duirs § Tt wi) (2.95)

_n

1.e.

dz n dv n
(n) — Pty =2 A (v 2.96
“pa 74 omizs ]{ omiv. n(v;2) (2.96)

and then predict that the action of al(ﬁl) on det X (0) will only produce the following non-
trivial modifications at large N:

° agg_l for 2p — 1 < 0 should give (—1)1”%71 times a modification which only depends
on p.

° a;fg 41 for 2p+1 < 0 should give (—1)P~'~2n times a modification which only depends
on p.

e All other coefficients should give BRST-exact modifications.

The same statements apply to det Y (co), with the opposite constraints on p, producing
modifications which are precisely dual under the inner product.

We will test these statements by computing correlation functions

([a"™) ., det Y (c0)][a™), det X (0)]) (2.97)

—Dp,=q’ p,q?

45



in the large N limit. We expect to find
(ol det Y (ellafy det XO ) o

(det Y (o00) det X (0)) N—oo

Notice that n and m are either both even or both odd in order for the answer to be non-

zero. The relative sign in the parenthesis is due to the relative sign between inner products

(0|8 y-n|0) and (0|v,B-5]0) in the B~ system on the D1-brane.

HmN (0gp-1 — Ogpi1) - (2.98)

2.5.1 Chiral algebra computation

The correlation functions (2.97) of modified determinants are computed by contour inte-
grals from
(det Y (00) A, (v 2") An(v; 2) det X (0)). (2.99)

The general strategy to calculate correlation functions of two determinants and two single-
trace operators is to employ the formula (2.69), which in this case takes the form

det Y (00) det X (0) = Zi /[dwdﬂ_}] [dp] : VP3P +p3P1vatpiedi+n Y (00)h1+P2 X (0)1ha -

p
(2.100)
We insert it to the correlation function?*
(det Y'(00) A, (v'; 2') Ay (v; 2) det X (0)) (2.101)
1 3 _ _ _ _
= / [depde][dple™eart <: PRIVt AT DY (R X O A (o /) A, (v z)> .
p
(2.102)

We can study terms at the highest order in N using diagrammatics explained in Section
2.4. We need at least one contraction between each of the single-trace operators and the
determinant operators in order for the contour integrals in (2.97) to not vanish. In the
large N limit, the dominant ribbon graphs are of order N* and have the topology of a disk
with one fermion boundary.

All such possible diagrams are shown in figure 2.2. The two single-trace operators are
connected by a certain number of “inner” Z propagators:

; 1 —
Z5 (' 2 Z) (v; 2) = 6]0F i

IN 2 — 2

24The normal ordered product : :z introduced in Section 2.4, means we do not contact symplectic bosons
within the exponent.

(2.103)
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Figure 2.2: The class of ribbon diagrams which contribute to the calculation in the main
text at the order of N

The remaining fields are contracted with fermion vertices, 1/, Y (c0)1; or ¥ X (0)1,, along
the unique closed flavour loop. As we go along the flavour loop, we encounter first the
sequence of fermionic vertices contracted with the first single-trace operator A,,(v’; 2’) and
then the sequence of fermionic vertices contracted with the second single-trace operator
A, (v; z). The contractions are:

i k isk 1V i k ik 1
X3(0)Z] (v; 2) :515]-N;, V(o) Z7 (v; 2) :(515jN.

(2.104)

The A, (v; z) operator can be “inserted” in such a diagram in n different ways, depending
on which of the Z fields is connected to the “first” propagator in the diagram. The same
is true for A,,(v'; 2’). The resulting nm combinatorial factor already appears in the answer
(2.98). The sum over diagrams will have to reproduce the remaining d,, 1 — 0,,+1 and
appropriate overall sign.

Multiple diagrams with the same topology are distinguished by two things:

e The number of inner Z propagators between single-trace operators A,,(v'; z’) and
A, (v; 2), which we denote .
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e Which of the two flavours of fermions run in the two propagators in between the two
sequences of fermionic vertices.

The fermion propagator is completely off-diagonal, so the two flavours of fermions have
to alternate along the boundary. Let us denote by ¢ the difference between the numbers
1 1

of contractions X (0)Z(v'; ') and Y (0c0)Z(v';2). When m — a and n — « are both even
there are two possible diagrams, both with € = 0. They give equal contributions. When
m — « and n — « are odd there are two distinct diagrams, with ¢ =1 and ¢ = —1.

A diagram characterized by (o, €) gets the contribution from all propagators:

mtn o=\ v\ o negte
e (U TUY (Y (-) 2.1
o (B2 (5) (G (2.105)

where the sign comes from fermion contractions. When inserted into the contour integrals
it produces two binomial factors:

m—oa—¢

[e7 - e— n—a-+e
% dz Z,glpj{ do’ U,qn;j{ dz zgﬂo]{ dv -3 v —w LAY (E) =
o 22 oo 2’ 0 2Tz 0 2miv 2 —z b4 z
(2.106)
ace Qa ate p—1
=(-1)z q(a—ﬁ—l—q)( 2 o1 ) = s(q,e). (2.107)
2

The final answer is the sum of three contributions, each of which is a sum over the
possible values of a. Schematically,

<_1)’”2*”+1<22 (=1)%s(a, 00+ Y (=1)%s(a, 1)+ Y (—1)%(@,1)).

m—a even m—a odd m—a odd
(2.108)

It turns out that the combination in parenthesis is non-vanishing only in two cases:?

1 p—qg=1p<i
:{+ P=4=5P%5 (2.100)

-1 ¢g—-p=1p<—3.

25The computation is relegated to the appendix A.2. There is actually a third non-vanishing case, with
p =q = 0: the aéf‘o) generators do not create a modification of the determinant, but they give back a

multiple of the determinant itself.
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We arrive at the expected

([, det Y (o >][a$73,detx<o>]>| e
(det Y (c0) det X (0)) Nosoo

TnmN (0gp-1 — Ogps1) - (2.110)

Since the modifications by ap ) do not depend on n up to a number, we can compute
them using the lowest possible n:

[%;)2ler2 det X (0 j{Z 7{2 VP2 N Tr Z(v; 2) P2 det X (0)
i T

which gives a substitution X — (2 — 2p)Y'=??. The second type of modification is

[al 272 det X (0 7{ o j[ oo v N Tr Z(v; )~ 22 det X (0). (2.111)
There are two terms which contribute at large N, schematically:

ee(X,..., X, Y *29X) +ee(X,..., X, 0y 73, (2.112)

2.6 The matrix model configuration

This Section is somewhat orthogonal to the rest of the Chapter. It describes a topological
subsector where the chiral algebra correlation functions reduce to correlation functions in
a Gaussian matrix model. This subsector may be related the Dijkgraaf-Vafa setup [83, 84,
85].

The definition of the topological subsector is akin to the manner the chiral algebra itself
is embedded into the physical theory. Recall that the chiral algebra is embedded in the
physical theory by realizing X and Y as position-dependent linear combinations of scalar
fields of the physical theory. Concretely, one has four scalars ¢,4 and takes combinations
X = ¢1i +Z¢13 and Y = @yj + Z¢ps.

We can imitate this construction to define a subsector of the chiral algebra generated
by a field
M(z)=X(2)+2Y(2) = Z(u=z;2). (2.113)

Correlation functions of M(z;) are independent of the positions z;. Wick contractions of
M with itself are identical to these of a Gaussian matrix model.
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One way to understand the origin of this simplification is that the correlation func-
tions of operators built from M (z) preserve some extra superconformal symmetry, i.e. the
fermionic linear combinations of symmetry generators:

and q
z
7{2—mTrﬁcZ(z z). (2.115)

In general, we can use the SL(2)r symmetry to rotate at least three u; to coincide
with some z;. As a result, two- and three-point functions can always be taken to lie in the
protected subsector. This can be computationally useful.

2.6.1 Protected determinants

As soon as we set z; = u;, the saddle equations reduce to
p+p =2 (2.116)

for some diagonal matrix A. For irreducible solutions, A has to be a multiple of the identity.

In an irreducible solution, p will have k, eigenvalues equal to some r and k_ eigenvalues
equal to !, with r +r~! = \. Before imposing the m; = p! constraint, we have a 2k, k_-
dimensional space of solutions. Imposing m; = p! enforces k r+k_r~! = Trm and removes
k — 1 degrees of freedom. If we also quotient by the identification p — ApA~! for diagonal
A, we get a 2(k; — 1)(k- — 1)-dimensional space of solutions. For the k = 1,2, 3 cases the
space has expected dimension 0.

As we adjust the spectral problem to the simplified setting, we find

Bla)=a(—p
Cla)=aC—p+ A
D(a) =a¢®—pl —Cp+ X (2.117)

and thus an irreducible spectral curve is supported on ¢ — b = .

As we compute correlation functions of operators with u; = z;, the Wick contractions
between different operators are the same as in a Gaussian matrix model. We still do
not have contractions between scalar fields in the same operator, which means that the
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chiral algebra correlation functions reduce to matrix model correlation functions of normal
ordered operators.

There is a simple integral relation between a normal-ordered determinant and a stan-
dard determinant in the matrix model. If we start from the fermionized form

cdet (A 4+ M) = / dipde) : ?OFMY (2.118)
then we can remove the normal ordering by writing
det (A + M) = / depdap : ePOHME . omay (P0)? (2.119)

and then
N _ _
det (A + M) =/ —5- / dipdipdm : P mHME . o5 (m=X)? (2.120)
T

At the level of saddle equations, this means that instead of fixing m; we fix m; + p; = ;.

The saddle equations are unchanged, but now the diagonal components of p are free
and A is fixed. We only get irreducible solutions if all the A; happen to coincide. Otherwise,
the only saddles are completely diagonal and the k£ branes S,,, are disconnected from each
other.
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Chapter 3

Twisted holography without
conformal symmetry

3.1 Introduction and conclusions

Any N = 2 superconformal field theory in 4d contains a 2d chiral algebra' subsector, pro-
tected by a linear combination “QQ+.S5” of super-charges and super-conformal charges of the
ambient theory [32]. Many such SCFTs are also equipped with a non-trivial moduli space
of super-Poincaré-invariant vacua. The space of vacua may include various “branches”,
distinguished by the type of BPS operators which acquire vevs. The Higgs branch of vacua
can be characterized as leaving unbroken the U(1), R-symmetry of the SCFT. According
to a conjecture of [54], one can recover the Higgs branch of the space of 4d vacua as the
associated variety of the 2d chiral algebra?, an algebraic tool introduced originally to study
the characters of a vertex algebra [58].

This conjecture is surprising: Higgs branch vevs break the 4d superconformal group
to the super-Poincaré group and in particular break the “Q) 4+ S” symmetry protecting
the chiral algebra subsector. The tension can be resolved by considering an alternative
definition of the chiral algebra subsector based on a B-type (2-deformation of the physical

'We use the terms 2d chiral algebra and vertex algebra interchangeably throughout the thesis. Con-
ceptually, a 2d chiral algebra encodes the properties of holomorphic local operators supported on a two-
dimensional locus in some quantum field theory. Vertex algebras provide a mathematical formalization of
2d chiral algebra, essentially via Kaluza-Klein reduction on a circle.

2See also [55], and the reviews [56, 57).
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theory [51, 52, 53]: the B-type (2-deformation setup only requires unbroken U(1), R-
symmetry® and thus appears compatible with Higgs branch vevs.* This leads to the obvious
question: how does a Higgs branch vev affect the chiral algebra correlation functions
computed in the 2-deformed theory?

In order to answer this question, we introduce the notion of translation-invariant vac-
uum for a 2d chiral algebra. A simple analysis, presented in Section 3.2 of this Chapter,
leads to a transparent physical interpretation of the associated variety: it coincides with
the moduli space of translation-invariant vacua of the 2d chiral algebra. The conjecture of
[54] thus identifies the Higgs branch vacua of the 4d N' = 2 SCFT with the vacua of the
corresponding 2d chiral algebra. In the (2-deformation setup, the identification maps the
expectation values of chiral algebra operators to the expectation values of the correspond-
ing operators in the 4d theory.

Correlation functions of a 2d chiral algebra in a non-trivial vacuum are a novel observ-
able, which may be of mathematical interest.> In the rest of the Chapter, we restrict our
attention to N/ = 2 SCFTs which have a type IIB holographic dual [34, 87]. Most of our
calculations will be done in the chiral algebra of N' = 4 U(N) gauge theory, but can be
extended to other examples with some extra work.

One of the simplest variations of Maldacena duality [34] involves precisely correlation
functions of SU(N) N =4 SYM computed in non-trivial super-Poincaré-invariant vacua,
i.e. the Coulomb branch.® in flat space [46, 47, 48, 49, 50], where the six adjoint scalar

fields ® receive diagonal vevs, with eigenvalues ¢; of multiplicities N; = o;N,i=1,...,n.

The dual IIB supergravity solutions are obtained from a near-horizon limit of multi-
center half-BPS D3-brane solutions:

ds®> = H(j) 2da® + H(j)2dij? (3.1)

where x are the four directions parallel to the D3-branes and ¥ the six directions transverse

3This should be contrasted to the 2-deformation defined in [86], which is instead applicable to any
N =2 SQFT.

4We leave a proof of this fact to future work. We can find support for this assumption in the main
example in this Chapter: the chiral algebra of U(N) N' = 4 SYM. If we identify the theory as the low-energy
worldvolume theory on D3-branes, the B-type Q2-deformation is induced by a string theory Q2-background,
which reduces the D3-branes to certain B-branes in the B-model topological string. These B-branes have
a moduli space of vacua parameterized by the Higgs branch of the physical theory.

5Tt should be also be possible to insert non-trivial modules for the chiral algebra at points in the plane
and define conformal blocks in a non-trivial vacuum.

5The A/ = 4 Coulomb branch is (R®)Y/Sy. It includes the A/ = 2 Coulomb and Higgs branches,

CN /Sy and (C?)V /Sy, parametrized respectively by vevs of two and four of the six scalars 3.
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to the D3-branes. The solutions involve a harmonic function H () in RS:

=11 , 3.2
Z T (3:2)

with ; being the transverse positions of the D3-brane stacks, each with a fraction «; of
the total number N of D3-branes.”

The R* holographic boundary® lies at ¥ — oo . The asymptotic deviation of H (%)
from the AdSs x S reference value L*|7]™* encodes the vacuum expectation values of local
operators, according to the standard holographic dictionary.

The main objective of this Chapter is to study the analogous setting for the twisted
holography correspondence of [31], which is expected to capture a protected subsector
of Maldacena’s duality. This correspondence relates the 2d chiral algebra subsector of 4d
N =4 SYM [32] to the B-model topological string theory [35, 36] on appropriate (complex)
3-dimensional Calabi-Yau geometries [60] endowed with a holographic boundary.

The Calabi-Yau geometry dual to the 2d chiral algebra in the standard conformally-
invariant vacuum is the deformed conifold SL(2,C). We follow closely the derivation of
[31] and present in Section 3.3 a family of candidate 3d Calabi-Yau geometries dual to the
correlation functions of the 2d chiral algebra in a non-trivial vacuum.

As a test of our proposal, we study correlation functions involving determinant oper-
ators in the chiral algebra. In the full physical theory, the insertion of such determinant
operators in the boundary theory is dual to “Giant Graviton” D3-branes approaching a
point of the holographic boundary of AdSs; x S°. In twisted holography, the D-branes
wrap 1-dimensional complex curves in the Calabi-Yau geometry. In either case, the large
N saddles of correlation functions of multiple determinants should be dual to semi-classical
D-brane configurations in the bulk [38, 88, 41].

In the standard conformally-invariant vacuum, a spectral curve construction maps
the large N saddles of chiral algebra correlation functions to explicit complex curves in
SL(2,C). In Section 3.4 we will use a similar but somewhat more intricate construction
to extend the match to the saddles which appear for non-trivial vacua.

"The solution for D3-branes in flat space has an extra “1” constant term in H, which drops out in the
near-horizon limit.

8As these vacua are not conformally invariant, correlation functions do not naturally extend to the
four-sphere.
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3.2 Translation-invariant vacua and associated vari-
eties

In this Section we introduce the notion of translation-invariant vacua for a 2d chiral algebra
and propose it coincides with the associated variety of the chiral algebra.

A translation-invariant vacuum V is a collection of translation-invariant correlation
functions on the plane which satisfy OPE and have the cluster property: the correlation
functions factorize in the limit where a subset of the local operators is far from the rest.
In particular, correlation functions in the vacuum V should have a finite limit

<Oo(z)HOa(za)> — (Oo)y <H0a(za)> , 2z 00, (3.3)

v v
when one operator is brought to infinity.

We can use a standard strategy to determine the dependence of such correlation function
on the position z of one operator: the OPE relations determine its poles as a function of
correlation functions of fewer operators and factorization controls the behaviour at infinity.
Every correlation function can be reconstructed recursively in this manner, given the one-
point functions (Og)y.

The full OPE relations contain more information than the singular parts. The non-
singular part of the OPE places constraints on the one-point functions (O, )y. For example,
consider a two-point function

(0a(2)05(0))y = (Oa)y(Op)y + Z Z_n_1<[0a;n0b]>V ) (3.4)

n>0

reconstructed from the behaviour at large z and the singular part of the OPE.” If we
compare this to the full OPE expansion,

(0a(2)00(0))y = > 27 H[OunO))v , (3.5)

nez

we deduce the one-point functions of all operators which appear in the non-singular part

9We use the mathematical conventions here, so that n = 0,1,... correspond to the singular part and
n = —1,—2,... correspond to the finite part of the OPE.
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of the OPE:!?

<[Oa;n0b]>v = 07 n S -2
<[Oa;—10b]>v = <Oa>V<Ob>V . (36)

The space of operators of the form [O,.,0], n < —2, forms a very nice subspace Cy(V)
of the vertex algebra V.'! The quotient Ry = V/Cy(V') equipped with the (commutative)
product O, - Op = [O4.—10p] (mod C5(V)) is called the Zhu’s Cy-algebra of the VOA [89)].

The relations (3.6) are equivalent to the statement that the 1-point functions (O,)y
define an algebra map from Ry to the complex numbers. Essentially by definition,'? this is
the same as a point in the associated variety of the VOA, which is defined as the maximal
spectrum of the Cy-algebra [58]:

Xy = mSpec Ry . (3.7)

Conversely, any algebra map from Ry to the complex numbers gives us a collection of 1-
point functions, with the property that the 2-point functions derived from those via Ward
identities satisfy cluster decomposition and are compatible with the full OPE.

We expect this property to be sufficient to guarantee that all n-point-functions also
satisfy cluster decomposition and are compatible with the full OPE expansion. It would
be nice to prove this fact. With that assumption, we find that the space of vacua for V'
coincides with Xy .

The Cy-algebra is also equipped with a Poisson bracket {O,, Oy} = [04:005]. The cor-
responding Hamiltonian flows {O,, -} have a natural physical interpretation: they describe
the infinitesimal deformation of the vacuum induced by integrating O, on a very large
circle.’® If O = J is a dimension 1 current, the zero-mode of J defines a symmetry of V
and the Poisson bracket {J,-} is the action of the same symmetry on Ry. Equivalently,
the image of J in Ry is the moment map for the symmetry associated to J.

ONotice that [0, O] for negative n is just the regularization of a 9"~10, O, composite operator. The
relations below just tell us that the regularization does not affect the factorization of vevs.

HTf we take O, to be the identity, we find that derivatives of any operator belong to Co(V).

12The maximal spectrum mSpec R of a commutative C-algebra R is defined as the set of its maximal
ideals. Quotiening R by a maximal ideal results in the field C. Conversely, kernel of any algebra map from
R to C is a maximal ideal.

13The insertion of such contour integral indeed preserves translation symmetry and the cluster property:
the contour can be translated and can also be deformed to separately encircle two collections of well-
separated local operators.
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3.2.1 Gauged (v systems

As an example, we consider gauged 3+ systems, which arise as chiral algebras of N' = 2
Lagrangian gauge theories. We identify their associated varieties and translation-invariant
vacua as well as match them with the Higgs branches of the corresponding 4d theories.

First, consider a particularly simple example of associated variety, which occurs for S~
system of free symplectic bosons Sb, with OPE

Y(2)X(0) ~ —. (3.8)

z
It is easy to see that any operator which contains derivatives of the elementary fields
belongs to Cy(Sb). Then Rg), consists of polynomials in two variables z = [X] and y = [Y]
(mod Cy(Sh)) and the associated variety is Xg, = C?, with the standard Poisson bracket
{y, 2} = 1. Correspondingly, the translation-invariant vacua of Sb are labelled by the vevs

= (X(0))ay Y= (V(0))ay (3.9)

The associated 4d N' = 2 theory is a single free hypermultiplet, whose Higgs branch is
indeed C?. The generalization to multiple copies of the symplectic boson chiral algebra is
straightforward.

There exists a universal prescription for the associated variety of a gauged chiral algebra
in terms of the associated variety of the original chiral algebra. Consider a 2d chiral algebra
V equipped with a Kac-Moody symmetry G at level —2h, with h being the dual Coxeter
number of G. Such a Kac-Moody symmetry can be gauged to produce a new 2d chiral
algebra, which we denote V//G. Concretely, one adds a be ghost system for G and takes
cohomology with respect to the standard BRST charge. The associated variety for V//G is
known to coincide with the complex symplectic quotient'® Xy, /G of the associated variety
of V' [90, 91].

The proof in the last reference essentially shows that the operation of taking Zhu’s C)-
algebra Ry commutes with BRST reduction, in the sense that Ry g is obtained from Ry
by adding the ghost representatives [b] and [c¢| and defining a BRST charge as the Poisson
bracket with the representative of the BRST current {Jggrst,-}. The BRST reduction
of Ry is a derived description of the complex symplectic quotient of the corresponding
associated variety: it makes the moment maps BRST-exact and imposes G-invariance.

14Recall that the complex symplectic quotient X' /G of a variety X with Hamiltonian G-action is defined
by quotiening the vanishing locus for the moment maps by (the complexification of) G. The moment maps
are the Hamiltonians for the G-action.
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More physically, this theorem tells us that a vacuum for V//G is the same as a BRST-
invariant vacuum for the combination of V' and the ghosts. The BRST variation of the
vacuum is computed as an integral of the BRST current on a large circle, which is the
same as the Poisson bracket with the current representative in Ry . This statement is fully
compatible with the conjectural relation between associated varieties and Higgs branches.
Indeed, consider a 4d N/ = 2 SCFT with global symmetry G. As long as the U(1),
symmetry does not become anomalous, gauging G (in an N = 2 sense) results in a new 4d
N =2 SCFT. The Higgs branches of the two theories are related by a complex symplectic
quotient and the 2d chiral algebras of the two theories are related by gauging as well.
Incidentally, this reasoning also proves the conjecture for all Lagrangian theories, which
give rise to gauged (7 systems [32, 54].

Chiral algebra of N'=4 SYM

In the case of N' =4 SYM, the 8v system is a pair symplectic bosons X, Y in the adjoint
representation of U(N) [32]. The OPE is

1l u—vw

Zp(u; 2) Zg(v; w) ~ N w&g(sg, (3.10)
where Z(u; z) is the linear combination
Z(uyz) = X(2) +uY(2). (3.11)

The purpose of the auxiliary variable u is to write expressions which are covariant under
the SL(2)r symmetry’ rotating X and Y into each other, which acts as fractional linear
transformations on w.

The moment map is [X,Y] and we can select a vacuum where the X and Y receive
vevs that are any commuting diagonal matrices, with eigenvalues (x;,y;) appearing with
multiplicity N; (by definition, ), N; = N). The vev eigenvalues represent the positions of
stacks of N; D-branes in the transverse C2.

The simplest set of single-trace BRST-closed local operators, the A-tower, consist of
the individual terms of the expansion of

Ap(uyz) = NTr Z(u; 2)" (3.12)

in powers of u, i.e.

Aps(z) = NSTr X" °Y*(2), (3.13)

15This is a subgroup of the R-symmetry of the 4d theory.
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where STr X" *Y*® is the symmetrized trace. These form an irreducible representation of
SL(2)g of dimension (n + 1).

In a vacuum parametrized by eigenvalues (z;,y;) of X and Y of multiplicity V;, they

receive vacuum expectation values

(STrX"Yy™) = ZNm y, (3.14)

which we will give a holographic interpretation in the next Section.

3.3 Coulomb branch geometry

In this Section, we generalize the analysis of Section 4 of [31] and compute the backreaction
of a collection of parallel non-coincident D-branes in the B-model/BCOV theory. We
identify the backreacted geometry as dual to the chiral algebra of ' = 4 SYM in the
non-trivial vacua studied above.

Consider B-model branes wrapping parallel C’s in C3. We use coordinates (z,y, z) € C?
so that N; = ;N branes wrap C defined by equations x = x;, y = y;. The back-reaction
is described by a Beltrami differential'®

(@~ 7)dy — (5 - 5)dz
? Z 1
. Z“ (o= T Ty~ PP 1)

which deforms the complex structure of C*\ |J,{z = z;,y = y:}.

We can also give a Cech description of this Beltrami differential. The description
involves 2" patches of C?, in which, for each i = 1, ..., n, either x — z; or y —v; is non-zero.
We denote a patch by an index I and denote as I, the collection of i’s for which x — x; is
non-zero and as [, the collection of i’s for which y — y; is non-zero. We can trivialize the
Beltrami differential in each patch by a gauge transformation, giving us a new holomorphic
local coordinate z;.!'" The coordinates x and y are holomorphic and coincide in all patches.

I6For convenience, we set the topological string coupling to N -1
1In a patch I, B can be written as 8 = d7;, where

Y—Yi Q; T— T Q;
1= - . 3.16
) Z<w—wi>|w—xil2+ly—yil2 Z(y—yz)I:v—irz-IQJrly—yil2 (3.16)

iel, icl,

The new holomorphic local coordinate is then z; = z — ~;.
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On the intersection of two patches I and I’ which differ by the ith choice only, where
I,, and I, include ¢, we have a coordinate transformation

a;

(x — i)y —vi)

2r = zp + (317)
More generally, z; — 2z is a sum of terms, with positive sign for each ¢ included both in I,
and I} or with negative sign for each i included both in I, and I;.

We can equivalently use coordinates

Wy = 21 [H(I - xz)] H(?J —ui)| (3.18)

icly icly,

which extend to globally defined functions on the whole geometry and satisfy relations

wr(x —x;) —wr(y — i) Z‘%'[Il(ﬁ'—ﬂa)] [Hy-v)] . (3.19)

€L, jer,

whenever I and [’ differ at the ith entry only, where [, and I, include i.

The holographic boundary is at z,y — oo. The coordinate z ~ z; parameterizes
the boundary and is identified with the holomorphic coordinate on the 2d chiral algebra
plane.'® Holographic boundary conditions were formulated in a holomorphic language in
(31].

The holomorphic formulation of the boundary conditions makes use of an “internal”
CP' defined by the ratio z/y as z and y are sent to oo. In our chosen gauge, the intricacies
of the deformed geometry appear asymptotically in a neighbourhood of the poles of the
internal CP': directions with generic x/y belong to the intersection of all patches I. Near
the North and South poles of CP', we can assume we are sitting respectively in either of
the two “extremal” patches, Iy where y — y; are all non-zero or I, where z — z; are all
non-zero. The coordinate transformation between the two patches is

n

i LN\
N Z (x — %O)é(y — ¥i) - Z Z 37k+1—yl+1 ;aixfyf- ' (3:20)

i=1 k>0 1>0

18 As we mentioned in a previous footnote, correlation functions in this non-conformal setup are only
defined on a plane. We do not add a point at infinity to extend the holographic boundary to CP', as was
done in [31].
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Each individual xkﬂ—lylﬂ term after the first describes a deformation of the standard SL(2, C)

geometry'?
1

zy
obtained by backreation of a coincident stack of branes at z =y = 0.

20 — Zoo = (3.21)

The deformation decays as we approach the boundary and represents holographically
the vevs

(STeX*Y') =)~ Nty (3.22)
=1

of the corresponding chiral algebra local operators in a vacuum where X and Y go to
commuting expectation values at oo, with eigenvalues (z;,y;) of multiplicity ;.

This confirms our identification of the geometry as a description of the chiral algebra
correlation functions in a non-trivial vacuum.

3.3.1 Restoring SL(2); invariance

The original C* geometry has an SL(2)p symmetry rotating the x and y coordinates,
which was broken by our choice of trivializations: the coordinates we use come from the

trivializations
rdy —ydz - ( ] > - < T >
L Rt TSP Y R ) (R — 3.23
P+~ O el + 9P Y2l + 9P (3.23)

which privilege respectively the x or y coordinates.
A more general trivialization would be
i — TdE B _
—xg yf2=8< Y Uf 2), (3.24)
(2> + 1yl?) (@ +vy)(lz]* + [y/*)

which interpolates between the two as we vary the parameter v.

Such a trivialization gives us another family z,-1 of local coordinates on the deformed
geometry (in a patch avoiding the x 4+ vy = z; + vy; loci):
= o = ;v
Zy-1 = Zo — = Zoo T .
: D e RS TR ) N [ ey
(3.25)

9Using coordinates wy = 0¥, Weo = 200 T, We get the familiar SL(2, C) relation: zwy — ywe, = 1.
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Different members of the family are related as

n

Zy—1 — Zy—1 = Z ai(u _ U) (326)

— (x— 2 + wly —y))(x—xi+oly —ui))

These coordinates will be useful below.

3.4 Determinant correlation functions in a Coulomb
background

Recall, the chiral algebra subsector [32] of N/ =4 SYM is a gauged system of symplectic
bosons X, Y in the adjoint representation of U(N).

We will now compute correlation functions of determinant operators in a translation-
invariant vacuum ) of the 2d chiral algebra, where X and Y vevs are diagonal matrices
with eigenvalues (x;,y;) of multiplicity N;.

The determinant operators we study are
D(m;u;z) = det (m+ Z(u; z)) = /dwdzz R GO (3.27)

which can be expressed in terms of auxiliary (anti)fundamental fermions v and 1.

Holographically, the insertion of such a determinant represents the presence of a “Gi-
ant Graviton” D-brane wrapping a 1-dimensional complex curve which approaches the
boundary at a point z, along the line x + uy +m = 0.

In order to study correlation functions of multiple determinants, we follow the treatment
of [38], also implemented in [92, 39].

We can use fermionization and normal ordering to express a correlator of determinants
as

k _ _
HD(m(l; Ug; Za) — /dl/)dtz . eZa[maiawa'i"‘LaZ(ua;za)wa] : €_N71 Za<b ZZ::: ¢a¢b¢bwa . (328)
a=1

Then, we apply the Hubbard-Stratonovich transformation i.e. introduce an auxiliary
bosonic k X k matrix p, with p? = m,:

k
HID<ma; Ug; Za) = ZpJ /dlpdﬂz d/p : eza,b p§¢a¢b+za YaZ(Ua;za)P® : €N Za<b ua_ul; p‘blpfi P

a=1

(3.29)
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where d'p is the integration measure for the off-diagonal components of p and Z, is a
normalization factor. We evaluate the correlation function of chiral algebra fields in the
vacuum V:

<: e'lz}az(ua§za)'l/)a :> _ eiﬁaw“ > Ni(mituays) (3'30)
Vv

The correlation function then becomes

k e n N;
< H D(ma; Ug; Za)> = Zp—l /d/p eNZa<b uaful;pbpg H {det pg + ([EZ + Uayi)(;g . (331)
i W a,b

i=1

Introducing diagonal k£ x k matrices ¢, p with entries 2z, and u, respectively, the large N
saddle equations become

" 1
ol S a——— | =0 3.32
7] ; p+ T+ [y (3.32)
or
(37 [ P S (3.33)
T e o '

i=1

3.4.1 The spectral curve

In this Section, we will map large N saddles of determinant correlation functions studied
above to complex curves in the dual geometry (3.20) using a spectral curve construction.

For each saddle p satisfying the equations (3.32)-(3.33), we can define k x k matrices,
functions of a spectral parameter y:

o 1
Zo(y) = (¢ — : ) 3.34
o) YT Yipt Tty (3:34)
The definition is such that
- % 1
X (), Zo(y)] = C,p+[uy+p, : ]20- 3.35
X(). Zo(0)) = (6. ST (339
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We can look at simultaneous eigenvectors of X (y) and Zy(y) as a function of y, with
eigenvalues z(y) and zo(y), away from y = y;. This defines a holomorphic spectral curve
S, in the I patch of the expected dual geometry.

We can also consider the matrix

n

o 1 SNy 1 1
Zoalt) = Zoly) = 3 -y - |
( ;y—in(y)—xi ;y—yi pitpy;  pt ity

(3.36)
We can also write it as
Za) =+ Yo (337
- — Uty X(y) - '
This matrix is regular at y = y; for i = 1,...,n and well-defined away from z(y) = z;. It

commutes with X (y). We can look at simultaneous eigenvectors of X (y) and Z(y) as a
function of y, with eigenvalues z(y) and z(y).

If y # y;, the matrix also commutes with Zy(y) and

n

Zoo(y) = 20(y) = Y

2y yay) —

a; 1

(3.38)

That means z(y) and 2. (y) extend the definition of the spectral curve S, to the I, patch
of the expected dual geometry (3.20).

More generally, the collection of matrices

Q; 1
y—y X(y) — i’

Zi(y) = Zoly) = )

1€l

(3.39)

commute with X (y) and their eigenvectors z;(y) satisfy (3.17) and therefore extend the
spectral curve to all the patches of the expected dual geometry. The spectral curve S, is
thus a curve in the full geometry.

We conjecture that the spectral curve S, is the support of a B-model D-brane which
is dual to the gauge theory saddle p. As a basic test, it approaches the boundary at k
locations, which at the leading order are at © = —u,y, 20 = 24, @ = 1,...,k in the I
patch. At sub-leading order, we find z(y) + u,y + p% = 0. As p% = m,, this is the desired
boundary condition of a brane dual to an insertion of a determinant D(ug; z4; m4)-
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We can also compute the sub-leading behaviour of zy(y):

a

20(y) ~ 24 — 12 [p+xz+uyl] (3.40)

i=1 a

Following the holographic dictionary, we expect the coefficients on the right hand side:

P = Zn:a@- {;} a (3.41)

) p+Ti+ [y,

to be the conjugate momentum to m, on the B-model side, i.e. the derivative of the D-brane
action with respect to m,. At the same time, we recognize p* = 8‘95 for the semiclassical
action S at the gauge theory saddle. This ensures that the action for this B-model D-brane

matches the semiclassical action for the gauge theory saddle, up to m-independent terms.

3.4.2 Restoring SL(2)r invariance

Our formalism in this Section is not manifestly covariant under SL(2)g.

Let us first consider how the spectral curve transforms under inversion y — —pu=!,
p — pp~t. When acting on an eigenvector V of X (y) and Z.(y) with eigenvalues z and
Zso W€ have

rV = —uyV — pV (3.42)

- 1 1
oV =CV ; Vv, 3.43

which can be rewritten as

ypV = (—ap~t = pp~ )V (3.44)
1
ZooftV = + V. 3.45
g (C Z a:zp/flﬂ/ +xz/f1)u (349
That means pV is a simultaneous eigenvector for matrices:
Y(z)=—ap "t — pu! (3.46)
"« 1
Zso(x)=(+ ‘ 3.47
(w)=¢ ;x—xzpu‘lﬂtyﬁxm (347)



with eigenvalues y(z) and 2, (z). These are built just as X (y) and Zy(y), with gy — —p=*,
p — pp~t. Therefore, the spectral curve transforms under inversion as y — —x, © — ¥,
20 =7 Zoo-

More generally, we can define

n

Zy-1(y) = Zo(y) — , 3.48
W) =20) -2 0 X e (343
which can be rewritten as
2o (y) =+ Yo (u—) 1 (3.49)
p+ T + i X(

— y) —zi+oly —ui)

When acting on an eigenvector V of X (y) and Z,-1(y) with eigenvalues = and z,-1 we have

xV = —uyV — pV (3.50)

- 1 1
2y V =(+ o—(u—v , 3.51
; P+$i+ﬂ?/z‘( )x—%‘l'v(y—yi) (3351)

which can be rewritten as

y(p— o)V = (=(z+vy)(p—v)"" = plp —v) ) (g — )V (3.52)
z1 (= 0)V =((p—v)V (3.53)

n

le% 1
—l—Z (z + vy) — (2 +05) plp — V)L + 4 + (2 + vyi) (1 — v) 2 (u—2v)V. (3.54)

i=1

Therefore, (11 — v)V is a simultaneous eigenvector for matrices parametrized by x + vy:

1 1

Y(z+oy) =—(z+oy)(p—0v)" —plp—0)"
le% 1

Zur(r vy) =+ ; (x +vy) — (@ +vys) p(p —v) 7 +yi + (2 +oys) (p—v)~H

with eigenvalues y(z + vy) and z,-1(x + vy). These are built just as X (y) and Z,-1(y),
with g — —(u—v)"" p = pp =)™ y = —(z +vy), z = y.

This shows that the construction of the spectral curve S, is SL(2)-covariant.
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3.4.3 Single-trace insertion and bulk-to-boundary propagator

A single-trace insertion in the correlation function of determinants can also be evaluated in
the large N limit [38]. Without loss of generality, we can look at the insertion of Tr Y (w),
or better a generating function

NTrlog (§ — Y (w)) = NTrlog g — Z (w)" . (3.55)

The main effect of vacuum vevs on Feynman diagrams is that Y fields can either be
contracted with a propagator or replaced by their vev. The dominant Feynman diagrams
have the topology of a disk, with the auxiliary fermions running along the boundary.

After some combinatorial manipulations analogous to these in Chapter 2, the correla-
tion function is the sum of the classical vev NTrlog (§ — Y) and the leading quantum

correction
n

1 1 Q;
—NTI"k klog 1-— < ‘ . 3.56
g w—C;y—yierxﬂruyi (3.56)

This can be written in the I patch as

— NTpp log — 209 NZlog — 2,) — Nlogdet (w — Zo()) . (3.57)

The second term on the right hand side can be computed from a contour integral

 10g(5— )0y logdet (1 = Zuly/)) = 3 log(i — . (w) (359)

v (w)

and evaluated as a sum over the intersection points 3, of the spectral curve and the surface
Zo — W.

We can now compare this with a B-model calculation of the leading Witten diagram:
the integral of a boundary-to-bulk propagator on the conjectural D-brane world-volume?®’

0 ay, . (3.59)
S

20See appendix F of [31] for a review of the coupling of KS fields to D1-branes.
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Analogously to the analysis in Chapter 2, we expect to have a representative for the bulk-
to-boundary propagator sourced by TrY*(w) that is supported on the complex surface
20 = w:

O Uy = Y 0p— - (3.60)

Thus the bulk-to-boundary propagator for the insertion (3.55) is

O v [g] = log(§ — Y)0zp=w - (3.61)

It is straightforward to integrate O 'a,,[] on the spectral curve: in the Iy patch, it only
receives contributions from the intersections between the spectral curve and zy = w and
reproduces (3.58).

In order to explore other patches we can rewrite (3.60) as
aflak;w = yk6A(w) s (362)

where A(w) is a complex surface defined in the Iy patch by

(z0 —w Hy y;)) =0. (3.63)
i=1

In the I, patch it is given by

(zoo—w—l—z >Hy y;)) =0. (3.64)

=1 (& — ;) y vi) i=1
This surface reaches the boundary in the neighborhoods of y = y; for all z,, # w, eg.

(0751 a1
~ 1y + — . 3.65
y~u (200 — W) * 2%(200 — W) (Zoo — w)? ; (y1 — ¥i) ( )

These regions of the surface contribute terms to the propagator which decay with the power
law near the boundary and represent the vevs of other local operators in the presence of
the insertion at z = w, starting with the vev of the identity operator:

0 s ~ Y _YFOug .. (3.66)
=1
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Chapter 4

Semi-chiral operators in 4d N =1
gauge theories

4.1 Introduction

Four-dimensional AV = 1 supersymmetric quantum field theories have been the subject of
intense investigation (see [93] for a review, and [94, 95] for a review of some modern aspects
of the subject). They display phenomena of great physical interest, such as confinement
and chiral symmetry breaking, which have a rich interplay with quantities that can be
exactly computed or strongly constrained via supersymmetry [93].

An important tool is the study of F-terms and chiral operators, which are protected by
two of the four supercharges. These constrain the space of supersymmetric vacua as well
as important classes of deformations of the theories [96, 97, 98, 99, 100]. They are also the
first quantities one would typically match across dualities such as Seiberg duality and its
generalizations [100, 101, 102, 103].

Another important protected quantity which is available for N = 1 superconformal field
theories is the superconformal index [104, 105, 106, 107, 108, 109]. The superconformal
index is a power series whose coefficients are Witten indices of the space of local operators
with a given set of charges. It is a robust quantity which can be computed semi-classically,
disregarding interactions.

Essentially by definition, the coefficients of the superconformal index also count, with
signs, the cohomology of the spaces of local operators with respect to one of the four
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supercharges, denoted simply as () in the following. The cohomology of () thus provides a
natural “categorification” of the data in the superconformal index [110, 111].

Concrete calculations in these references demonstrated surprising simplifications which
can be rigorously proven and extended with the help of the holomorphic twist of the N' = 1
SCFTs [112]. This is a procedure which maps the full physical theory to a simplified theory
whose gauge-invariant local operators are the (Q-cohomology of the original theory.!

The notion of Q)-cohomology of the space of local operators appears to be well-defined
even for theories which are not superconformal. It should describe local operators which are
protected by a single supercharge. In analogy with the chiral ring, we dub these operators
the semi-chiral ring of the theory. In the main text of the Chapter, we will discuss why the
term “ring” is reasonable here. Again, one can explore this structure by the holomorphic
twist of the theory, which is also well-defined in the absence of conformal symmetry.

The twisting procedure has recently been developed in a mathematically rigorous per-
turbative setting [113, 6], allowing one to simplify the twisted SQFTs to holomorphic
quantum field theories defined on C2. The simplified theories are endowed with extra sym-
metries and structures which are a four-dimensional analogue of a two-dimensional chiral
algebra [114, 115, 9, 116, 11]. The implications of these structures on the structure of the
(-cohomology and the associated constraints on the original physical theory are mostly
unexplored.

It is important to observe that the ()-cohomology is much less “robust” than the Wit-
ten index. In particular, interactions are expected to modify the naive free field theory
answers. In the literature, ()-cohomology calculations have mostly been done at tree level,
invoking or conjecturing non-renormalization theorems to justify disregarding perturbative
or non-perturbative corrections. For example, this approach has been rather successful for
planar N/ = 4 supersymmetric Yang-Mills theory [111]. However, the presence of quantum
corrections to the chiral ring, such as the generalized Konishi anomaly [117], suggests the
existence of quantum corrections to the )-cohomology of general N’ = 1 gauge theories,
which we will make explicit in this Chapter.

The main purpose of this work is to explore the effect of interactions on the semi-chiral
ring of pure N' = 1 gauge theory. We will work with the assumption that the space of local
operators can be studied systematically in the far UV where the theory is asymptotically
free. Concretely, that means we will start from the semi-chiral ring of the free theory
and study how interactions deform the action of ) order-by-order in perturbation theory,

!Essentially, one adds @ to the original BRST differential of the physical theory. This enlarges the
gauge symmetry of the problem and allows further simplifications to be carried on systematically.
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gradually reducing the size of the cohomology by pairing up operators which were in
cohomology at the previous loop order.?

Our main assumption will be that non-perturbative corrections may at most further
reduce the size of the perturbative semi-chiral ring. Instanton effects violate the anomalous
R-symmetry selection rules which constrain the action of () in perturbation theory, allowing
for further cancellation between perturbative cohomology classes.?

Crucially, all calculations can be done in the twisted theory.? Classically, this reproduces
and generalizes the simplifications which were found in direct calculations in A/ =4 SYM
[110, 111]. Quantum mechanically, this greatly reduces the complexity of the relevant
Feynman diagrams. The one-loop corrections are semi-chiral analogues of the generalized
Konishi anomaly equations [119, 120, 117]. Our first observation is that the perturbative
corrections cannot stop at 1-loop, as the resulting differential is not nilpotent. Indeed,
for pure SU(2) gauge theory we can even “bootstrap” the necessary two-loop corrections,
essentially bypassing an actual calculation of the Feynman diagrams.

Companion work [7, 116] outline the general definition and computation of the Feynman
diagrams which contribute to the differential and to other algebraic structures in twisted
gauge theories with a general matter content and interactions.

In order to explore the structure of the cohomology, we conduct a systematic calculation
of perturbative cohomology classes in pure SU(2) gauge theory. We are able to include in
the calculation operators with up to fourteen derivatives. The cohomology at one loop is
already sufficiently sparse to forbid further perturbative corrections.

Remarkably, the quantum numbers of the non-zero perturbative cohomology represen-
tatives appear compatible with the hypothesis that instanton effects will ultimately lift all
operators in the semi-chiral ring which are not in the chiral ring. Recall that the chiral ring
of the theory has a single generator, the gaugino bilinear Cy.° It is expected to satisfy the
relation C3 ~ A% (in the chiral ring of SU(2)) and thus acquire a vev which distinguishes
the two gapped vacua of the theory.%

2This procedure is somewhat analogous to a spectral sequence in mathematics and is formalized by the
notion of homotopy transfer. See appendix B.4.

3See [118] for a review of semi-classical instanton calculations. It would be nice to do similar calculations
in twisted theories.

4This statement can typically be promoted to a theorem in perturbation theory, but may require some
caution non-perturbatively. In principle, the choice of path integration contour/solution of Ward identities
for the simplified theories might not be unique, leading to the higher-dimensional analogue of conformal
blocks. We will not explore this issue in this Chapter, but it would be interesting to do so.

5The glueball field is usally denoted S in the SUSY literature.

6More generally, we expect CP ~ A2 for a gauge group with dual Coxeter element h.
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If the hypothesis is correct, the semi-chiral ring computed in the UV will fully match
the semi-chiral ring of the theory in the far IR, which is trivial up to the order parameter
distinguishing the two vacua. It would be interesting to test further the hypothesis that
the semi-chiral ring in the UV and IR should coincide for general twisted theories, perhaps
by looking at gauge theories which enjoy Seiberg-like dualities. See [121] for an earlier
attempt to work outside the chiral ring.

We also present systematic calculations in SU(3) gauge theory up to five derivatives as
well as derive some abstract results valid for any gauge group. Our main analytic result
is a surprising observation: one-loop corrections to the differential in pure N' = 1 gauge
theory make the theory topological rather than holomorphic. We are sorely tempted to
take this result as a UV manifestation of the IR confinement of the physical theory: a
gapped theory is indeed topological at large distances.

Concretely, this result places strong constraints on the possible IR behaviour of the
theory: the holomorphic twist of the IR degrees of freedom must also be secretly topological.
Further investigation (and more examples) of such holomorphic confinement constraints is
warranted.

Another analytic result we present is a full calculation of the semi-chiral ring in the
planar approximation for SU(N). The structure of the calculation leads us to propose a
holographic dual description for the large N twisted theory, involving the B-model on a
certain backreacted version of C3.

Many of our methods extend to more general gauge theories. We anticipate some of
these generalizations by a uniform discussion of the large N cohomology and potential
twisted holographic duals for a variety of theories, including SQCD, N' = 4 SYM and
quivers associated to Calabi-Yau cones [112].

4.1.1 Structure of the Chapter

Section 4.2 discusses in detail the expected properties of holomorphic twists of NV = 1
supersymmetric QFTs. We review a useful superspace technology in Section 4.2.2; discuss
infinite symmetry enhancement in Section 4.2.3, and the twisted version of the stress tensor
multiplet in Section 4.2.4.

Section 4.3 discusses the holomorphic twist of pure N' = 1 gauge theory and the pre-
sentation as a 4d bc system. In Section 4.3.1 we discuss the space of local operators in
the free theory and at tree level. In Section 4.3.2 we discuss loop corrections to the BRST
differential acting on local operators.
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In Section 4.4 we extend the discussion to general Lagrangian gauge theories. In Section
4.5 we perform cohomology calculations in the planar approximation. We discuss a general
strategy, apply it in full to pure gauge theory, and implement it schematically for several
other examples.

In Section 4.6 we use the large NV analysis to motivate a holographic proposal for twisted
pure gauge theory and discuss twisted versions of standard holographic dualities for certain
quiver gauge theories.

Section 4.7 contains some auxiliary computations of characters of spaces of local op-
erators. Section 4.8 contains the results of our concrete calculations of local operator
cohomology for pure SU(2) and SU(3) guage theories.

We conclude with several appendices. Appendix B.1 reviews some properties of A-
brackets. Appendix B.2 discusses the calculation of these brackets at tree level and ap-
pendix B.3 discusses the calculation of brackets at one loop. Appendix B.4 reviews the
notion of homotopy transfer and the homotopy perturbation lemma. Appendix B.5 reviews
an origin of L., algebras in QFT. Finally, appendix B.6 contains a careful comparison of
different perspectives on twisted supersymmetric QFTs.

4.2 Symmetries and kinematics

Our starting point is the four-dimensional A/ = 1 supersymmetry algebra in Euclidean
signature. Using the isomorphism Spin(4) = SU(2) x SU(2), we have an isomorphism
between the vector representation of Spin(4) and (the product of) the spinor representations
of the two SU(2)’s. Thus we denote our supercharges with the two-component spinors’
Q4 and Q,, subject to anticommutation relations:

{Qa, Qs} = Pag, (4.1)
{Qdm Qﬁ} = {QO&? Qﬂ} = 07 (42)
where Pz are the translation generators. Rotation generators in the two SU(2) subgroups

will be denoted M, ; and M, respectively.

Without loss of generality, we choose Q = - as a twisting supercharge.® This choice
equips Euclidean spacetime with a complex structure such that z* = 2 are holomorphic

"We have switched the standard two-component spinor notation for dotted/undotted indices as dotted
indices will soon drop out [122].

8Different choices of @ will simply define a different complex structure on C2. The moduli space of
twisting supercharges forms the nilpotence variety of the supersymmetry algebra [123, 6] (see also 2.1.1 of
[8] for an introduction).
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coordinates and z* = 2~ are anti-holomorphic.” We immediately see that the anti-

holomorphic translations are -exact:

{Q7 Qa} = a;a = Uza . (43)
As a result, the twisted theory is holomorphic in a cohomological sense [124, 125].

The choice of twisting supercharge breaks the four-dimensional rotation group to the
SU(2) subgroup generated by the M, in the twisted theory, which acts trivially on dotted
spinors. These are holomorphic symplectic rotations of the 2%, preserving the holomorphic
volume form d?z = dz' A d22.

In the presence of an unbroken U(1)g symmetry, we can combine M, - with the R-
symmetry generator to define an extra twisted rotation generator'¥ Mz = M; - — R, which
extends the SU(2) above to the entire U(2) group of holomorphic rotations of the z*. The
gauge theories we consider in this Chapter have a U(1)r symmetry which is anomalous at
one loop. The U(2) rotation symmetry formally survives as a symmetry in perturbative
calculations, but is broken down to SU(2) by familiar instanton effects.

For cohomology computations, it is convenient to define a Z-grading on the twisted
theory such that () increases the cohomological degree by 1. We can combine the Cartan
generator M - with the ghost number symmetry of the physical theory to play the role
of the cohomological degree C' = gh — M -. This choice is a bit unusual, but is very
convenient in the absence of U(1)x symmetries.

In perturbation theory, interactions will lift some part of the cohomology but will not
add new cohomology classes. Thus we expect the cohomology to still be supported in
non-positive cohomological degree for N’ = 1 SQFTs expanded perturbatively around the
free point. It would be interesting to know if this property holds non-perturbatively as
well, or in generic N' =1 SQFTs.

4.2.1 Semi-chiral operators and semi-short superconformal mul-
tiplets

In a superconformal theory the ()-cohomology is somewhat constrained. Operators can
be grouped into superconformal multiplets, generated from primary operators which are

9Complex conjugation acts as (z4)* = €a52".
10Tn conventions where M;-,Q:]=-Q: and [R,Q-] = —Q_-. Charges and gradings are summarized
in table 4.7.1.
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annihilated by superconformal and special conformal generators. Each primary operator
transforms in some representation of Spin(4), has some charge R under U(1)g and some
scaling dimension A. Other “descendant” operators are obtained by acting on primaries
with supercharges and derivatives.

For generic A, supercharges and derivatives act freely. In particular, an operator in
such a supermultiplet is Q-closed only if it is -exact. However, when A achieves some
minimum values (aka saturates BPS bounds), some descendant operators are missing and
the multiplets become short. An obvious example is the identity operator, which has no
descendants. Obviously, it is a non-trivial ()-cohomology class. Generally, short multiplets
for N = 1 superconformal symmetry are classified, see e.g. [126], with separate shortening
conditions for @’s and Q’s. While we don’t perform the computations explicitly here, one
can work out exactly the ()-cohomology of such multiplets.

It is instructive to look at some simple subalgebras of the superconformal algebra. For
example, consider the su(1|1) algebra generated by our supercharge ()~ and its Hermitian
conjugate S;. Their anticommutator is

{Q;,S_;_}IA-F%R—M';. (4.4)

Generic multiplets consist of two operators, which cancel in )-cohomology. Short multi-
plets appear when A = M; - — %R and consist of a single ()-cohomology class.

The su(2|1) algebra generated by Q4 and Sy 1s also very useful. It closes on

3
{Qa, SB} =(A+ §R)€a6 — Md/g. (4.5)

Generic multiplets consist of quadruplets of su(2) representations: a primary of spin j,
two ()-descendants with spins j + %, and a Q2 descendant of spin j. For j = 0, the
@-descendants have spin 3 only.

For general j, the only short multiplet (“A;”) is missing the j — % (Q-descendants
and the Q? descendants. It is easy to see that there is a single ()-cohomology class,
the ()1 descendant of the primary operator with the most positive M, charge. It has
cohomological degree —2j — 1. Being a (); descendant, it is not in the chiral ring.

For j = 0, there are two possible short multiplets. One (“Ay”) is missing the Q?
descendant. The ) descendant gives again a ()-cohomology class, of cohomological degree
—1, which is not in the chiral ring.

The second type of 7 = 0 short multiplet (“B;”) consists of the primary only, which is
thus a Q)-cohomology class of cohomological degree 0 and also a chiral ring element.
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In conclusion, Q)-cohomology elements in superconformal theories are always annihi-
lated by the M;; rotation generator and have non-positive cohomological degree. The
cohomology of degree 0 consists of the familiar chiral ring operators.

4.2.2 Chiral superspace and Dolbeault forms

Four-dimensional N' =1 SQFTs are often formulated in the language of superspace [122,
127]. Spacetime is promoted to a supermanifold with extra odd coordinates % and 6%, and
supersymmetric multiplets of operators are collected into “superfields”!! which depend on
the superspace coordinates.

In our context, it is natural to employ a “chiral” superspace which only employs 6%
odd coordinates, with the property that Q, = —dz. when acting on superfields.'?> The
identification 6% <+ dz® allows us to present superfields as Dolbeault forms of type (0, o).
The Dolbeault operator can be written as

0= 00z . (4.6)

Given such a superfield /form O, we denote its n-th form component as O™ The whole
superfield can be reconstructed by a repeated application of §2Q, on the O component:

o6 = Qa0 — 0O L H() L O (4.7)

The combination @) 4 0 coincides with the superspace derivative D in the physical theory
and acts naturally on superfields:

{Q+0,Q.} =0. (4.8)
As a result, we have the descent relation:
(Q +0)019] = (QO)[A], (4.9)
or, in components,
QOM 4 Ok = (QO)™ . (4.10)

HWe notice the unfortunate convention of using the term “superfield” to denote operators on superspace,
even when they are not elementary fields.

2In full superspace, such a definition would be combined with Dg = 0ps. Given a standard N = 1
superfield we can Taylor expand in 6% to restrict to the chiral superspace.
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We call a superfield O semi-chiral'® if it satisfies
D-O=(Q+0)0=0. (4.11)

From the descent relations, we see that a superfield O is semi-chiral if and only if its 0-form
component O is Q-closed. For semi-chiral superfields, the descent relations become:

QOW + 909 =0, QO +90W =0. (4.12)
Analogously, if OO is Q-exact, i.e. O© = QU then

O=(Q+IU. (4.13)

In short, we can identify the cohomology of ) with the space of semi-chiral superfields
modulo the image of (Q + ), simply by a translation in the superspace directions. We will
often do so implicitly.

Finally, we can comment on the OPE of semi-chiral superfields. As anti-holomorphic
translations are (Q-exact, non-holomorphic terms in the OPE must be ()-exact as well.
Restricting to the Q)-cohomology, the OPE will thus be meromorphic. Hartog’s theorem
forbids the existence of meromorphic functions on C? singular at one point. As a conse-
quence, the OPE must be non-singular when restricted to the Q-cohomology. This justifies
the claim that semi-chiral operators can be organized in a semi-chiral ring. Next, we will
discuss more refined algebraic structures hidden in the OPE of semi-chiral superfields.

4.2.3 Infinite dimensional symmetries

The descent relations satisfied by the components of a semi-chiral superfield can be inter-
preted as conservation laws which hold in the twisted theory. Each semi-chiral superfield
O actually gives rise to infinitely many conservation laws: given any J-closed (2, ®) form p
the combination p O is also conserved.

This is completely analogous to what happens for holomorphic operators in 2d CFTs
[9, 10]. Recall that a 2d CFT always includes a holomorphic stress tensor 7'(z), and
may include other holomorphic operators. Every holomorphic local operator in 2d is au-
tomatically a conserved current, being invariant under 9. Moreover, every holomorphic
local operator remains a conserved current when multiplied by a holomorphic function,

13Tn analogy to (anti)chiral superfields, which satisfy D;0=D-0=0.
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giving rise to various infinite symmetry enhancements. For example, the infinite Virasoro
generators arise from the conservation of the holomorphic stress tensor 7'(z).

More generally, every holomorphic operator O(z) in a 2d CFT gives rise to a tower of
symmetry generators On,n €7, acting on the space of local operators near the origin by'*

A d
(0, 4)(0) = 7{ 42 n0(2)4(0). (4.14)
g1 2T
For non-negative n, these modes capture the singular part of the OPE of O(z) with other
operators. In the mathematical literature, the non-negative modes are sometimes collected

in a generating function called the A\-bracket [128]:

d
{0, A}0) = 7{ 2 0(2)A(0). (4.15)
S1 21
Conversely, the negative modes O_,_1 define the regularized products (0"O A).
The contour-integral definition of the negative modes involves the singular forms z ="~} %.

In order to set up an analogy to problems in higher dimensions, it is useful to identify
these singular forms as de_rivatives of the 2d Bochner-Martinelli kernel wpy = 27” Z, i.e. the
Green’s function for the 9 operator.

Finally, the collection of holomorphic 1-forms zdz 2™ which appear in the definition of

the modes spans the Dolbeault cohomology H°(C*) = C[z*!]dz. It is also useful to give
a Serre-dual description as the basis of Laurent monomials in H%%(C*) 2 C[z*!].'> This is
just the statement that the modes O, are the coefficients of a Laurent expansion of O(z2)
around z = 0.

We are now ready to generalize these notions to n complex dimensional holomorphic
theories. The symmetries

@p:f pO, (4.16)
S2n—1

of the space of local operators associated to the holomorphic superfield O are now labelled
by forms p living in H™*(C" — 0) [11, 9]. Indeed, such an operator varies by (Q-exact
amounts if we deform the S?"~! integration contour and if we vary p by a d-exact form.

MWe are using a mathematical indexing convention here, omitting a shift by the conformal dimension
of O(z) which is standard in the physics literature. With these conventions, O_, represents a regularized
multiplication by O(0).

15The duality pairing is given by integration on S*, with the explicit dual of the Laurent monomial 2"

3 —n—1dz
given by the one-form z Tt
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A standard calculation reveals that the Dolbeault cohomology H™*(C" — 0) is concen-
trated entirely in degrees 0 and n — 1. The degree n — 1 part is dual, under integration
on S?"~1 to polynomials C[z1, ..., z,]. It consists of the n-dimensional Bochner-Martinelli
kernel wpgy; and its holomorphic derivatives.!® It is analogous to the negative modes in 2d
and captures the regularized products (Gf L... 0k A). We can denote the corresponding
modes as @_k1_17...7_kn_1.

The degree 0 part consists of polynomial holomorphic top forms C[z1, ..., z,]d"z.!” The
integral (4.16) thus employs the (n — 1)-th descendant in O. These modes are analogous
to the non-negative modes in 2d and can also be combined into a A-bracket [129]:

{01 )\02} = BA.zan 01(2)02(0) s (418)

SQn—l

which generalizes the secondary products in TFTs [130].'® In analogy with the vertex
algebra situation, we will say that fields O; and Oy have regular OPE if such A-brackets
vanish [131] (see also [129, 8, 132]). See appendix B.1 for some algebraic properties of this
bracket.

The A-bracket and the regularized product in n-dimensional holomorphic theories sat-
isfy associativity axioms which generalize the axioms of a vertex operator algebra. However,
these axioms are further complicated in this derived setting: the operations can be defined
on local operators rather than on their (-cohomology, so that extra higher brackets appear
in the associativity relations, much as L., or A, algebras appear in two-dimensional TFT's

8].

16The Bochner-Martinelli kernel wpy is the (0, — 1)-form defined to be the fundamental class of $2"~1
when wedged with d"z (some conventions define wgps to be this (n,n — 1)-form instead). So, for any
continuously differentiable function f on the closure of a domain D,

f(O) = f(Z) WBM an - / 5f(2:) WBM an . (417)
aD D
When f is holomorphic, the second term disappears. When f is cohomologically holomorphic, the second
term is @Q-exact, being proportional to the first descendant of f.
"The dual (0,n — 1) forms are best described by Cech representatives of the form C[z; !, ..., z!] lez
at the intersection of the n patches in C™ where one coordinate is non-zero. !
8In topologically twisted theories, the modes would instead be characterized by the de Rham cohomology
H*(R% — 0). This is supported entirely in degrees 0 and d — 1, each with dimension 1. In this case, the
“mode” extracted by the “degree 0 class” is just the (d — 1)th descendant 0= jtself. Instead of a
A-bracket, we just have a single secondary product [130]. Alternatively, we can think of the A-bracket as
a generating function for the many secondary products in holomorphically twisted theories [129].
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4.2.4 Twisting the stress tensor supermultiplet

As a warm-up, consider a theory with 4d A/ = 1 supersymmetry equipped with a conserved
flavour current. The conserved current is part of a real linear supermultiplet J[6, 6] such
that

D*J =0, D*J =0. (4.19)

We immediately see that J[f] = D;J|o=o is a semi-chiral superfield, which plays a role
analogous to that of a Kac-Moody current in 2d CFT.

The zero mode jo,(] implements global flavour rotations, but the remaining positive
modes jnm give an action of a much larger symmetry algebra: holomorphic position-
dependent flavour rotations. The negative modes give extra Grassmann-odd symmetry
generators which essentially multiply an operator by derivatives of J [11, 133, 10].

A similar analysis, but slightly more involved, is also possible for the stress tensor mul-
tiplet. The most general “S”-supermultiplet was derived in [134]. Tt includes a superfield
Sap. The component

Sa = D-i-S—i-a‘9=0 (4.20)

satisfies (Q+0)S, = YJ-ra, where }_@a is a component of a closed form Yudm“. In particular,
i, Y =0, (4.21)

Therefore, 0,25 is semi-chiral. The operator Y, vanishes for theories endowed with a
conserved R-symmetry current, in which case S, itself is semi-chiral.

The one-form component S5 which enters the definition of (005%),,.m OT S’,Ezm includes

—

the holomorphic part of the physical stress tensor. The (9,5%),, ,, positive modes generate
Hamiltonian holomorphic symplectomorphisms of spacetime:

[ 1:)0,5°2)0(w) = = [ @uf)S" ()00, (4.22)

which are diffeomorphisms generated by the Hamiltonian vectorfield 0, f. In the case S,
itself is semi-chiral, we expect the positive modes S’fj,m to generate holomorphic diffeomor-
phisms of spacetime. The negative modes give extra Grassmann-odd symmetry generators
which essentially multiply an operator by derivatives of 9,5 or S, respectively [135, 9,
133].

If a quantum field theory is classically scale invariant but has a non-zero beta-function
at one-loop, we will thus find that (Q + 0)S,, vanishes classically but not at one-loop, while
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(Q + 0)0,S vanishes exactly. This is a simple example of 1-loop correction to the action
of Q.

In pure gauge theory, we will find a startling result: 9,5 is (Q + 0)-exact at one-loop
— so, the theory actually becomes topological at first-order in perturbation theory. We dub
this phenomenon holomorphic confinement, as we expect it to remain true at all orders
in perturbation theory and even non-perturbatively. If this expectation holds, it implies
remarkable constraints on the IR behaviour of the theory: the low energy effective field
theory must also become topological upon holomorphic twist.

4.2.5 A simple example: the chiral multiplet

The free (anti)chiral multiplet is described by an (anti)chiral superfield @, i.e. a superfield
annihilated by both superspace derivatives D, which also satisfies an equation of motion
D2® = 0.
Clearly
y=d (4.23)

itself is a semi-chiral superfield.!” The complex conjugate ® also contains a semi-chiral
superfield: B
B=D;d. (4.24)

Together they form a four-dimensional analogue of the two-dimensional chiral 5~ system.
The U(1) current superfield |®|? gives us J = 8. A slightly more involved calculation
produces the holomorphic stress tensor

Sa = B0y — ADu(B7). (4.25)

Much as in a 2d (7 system, the value of the coefficient A in the second term determines
the holomorphic scaling dimension of 8 and v and is proportional to the R-charge of ®.
The dependence drops out for theories with no conserved R-symmetry:

00 S = 0,80% . (4.26)

Brackets can be readily calculated using the Green’s function pairing 5 and v, which
is the Bochner-Martinelli kernel. E.g. 8 generates holomorphic shifts of v, etc.

19We do not even need to set § = 0, as ® is independent of 6.
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A small variation of this system is a chiral multiplet with a superpotential, with an
equation of motion D?*® = 9W(®). Now 3 is not semi-chiral. Instead, we have

(Q+0)8=W(). (4.27)

Notice that B
(Q 4 0)B0ay = 00 [W — AyO, W], (4.28)

so S, = 0,7 is not a semi-chiral superfield unless W is quasi-homogeneous with weight
1, but 0,5¢ always is. This example is also sufficiently rich to admit 1-loop corrections to
some of the brackets [116].

4.3 Twisted gauge theory as a holomorphic BF theory

The holomorphic twist of four-dimensional N = 1 pure gauge theory has been identified
in the BV formalism with a holomorphic version of the BF theory [59, 6, 10]. The iden-
tification is non-trivial and involves simplifications which modify the field content without
changing the Q-cohomology. The twisted theory exists (classically) on any complex surface
Y, but at the quantum level there is an anomaly which requires that ¥ be Calabi-Yau.?°
In the language of the previous Section 4.2, the holomorphic stress tensor S, is not closed
at 1-loop, so only complex symplectomorphisms are symmetries of the theory. In this
Chapter, we will focus on the properties of local operators, so we can take Y = C? with
its standard holomorphic volume form d?z = dz! A dz2.

The elementary fields are collected in a bosonic superfield?! b and a fermionic superfield

b=00 +b® 4@ c Q¥(C?gY), c=c 4+ V4P et g)1], (4.29)

valued in the adjoint representation of the gauge group.??

20This is a consequence of the Grothendieck-Riemann-Roch theorem. On curved space there is an
anomaly to the one-loop quantization of holomorphic BF theory which is proportional to the characteristic
class ¢1(Ty) times the quadratic Casimir of the gauge group G in the adjoint representation. For semi-
simple groups, the only way this anomaly vanishes is if ¢;(Ty) = 0.

211f we do not explicitly fix a holomorphic volume form it is more natural to view b(*) as a (2,4) Dolbeault
form. In this Chapter we will always fix the volume form dz and view b® as a (0,1) form.

22Gtrictly speaking c is valued in the adjoint representation and b in the coadjoint representation. We
will use a nondegenerate invariant pairing on the Lie algebra to identify the two representations.
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The ¢© field is a ghost and has cohomological degree 1. The descendant ¢M) has coho-
mological degree 0 and can be identified with the anti-holomorphic part of the gauge con-
nection. Accordingly, the 2-form part of the combination dc— % [, c] is the anti-holomorphic
field strength.

For matrix Lie groups G, the action of holomorphic BF theory is written as

/d% Trb (5c — %[c, c]> : (4.30)

Expanding out the action, we find the BF term:
= 1
/d22 Tr b (80(1) — 5[0(1), c(l)]> : (4.31)

The cohomological degree of b is —2. The holomorphic part of the connection is absent
in this description.

Field redefinitions notwithstanding, we can compare the field content of the BF theory
to the Q-cohomology of the space of fields of a free N' = 1 pure gauge theory:

e the (2,0) part of the field strength F;; corresponds to d*z b,

e the two gaugino components \,, a = 1,2 which satisfy the Dirac equation e,50\° =
O \* = 0 are identified with the two holomorphic derivatives 0,ac(®). In fact, A, is
the leading component of an anti-chiral superfield W,, which can be identified with
the superfield 0.ac.

The basic action above actually corresponds to a self-dual limit of the twisted the-
ory. The full twisted action also includes the twisted version of the usual kinetic F-term
[ 20T W IV

/d2ZTTr Onc0%. (4.32)

This is a total derivative in the BF theory, though, so it only affects instanton calculations.
It is also possible to make the coupling 7(z) position dependent and holomorphic. Mathe-
matically, this corresponds to the statement that the space of translation invariant quan-
tizations of holomorphic BF theory on C? is a torsor for the abelian group H*(g[[z1, 22]])-
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4.3.1 Local operators

In the BV/BRST formalism, the ¢(?) field plays the role of a ghost for the gauge symmetry
of the BF theory and thus ¢ itself is forbidden from appearing in local operators: only its
derivatives are allowed. Indeed, Faddeev—Popov ghosts are only suitable to gauge-fix the
non-zero modes of the gauge group. The correct way to deal with constant gauge trans-
formations is to only consider local operators which are strictly invariant under them.?
This is consistent with the form of semi-chiral operators in the physical free gauge theory,
which involves the gauginos Ao ~ 9,¢® and their derivatives, up to the equation of motion
O A\* = 0.

Local operators in the free theory

The @-cohomology of the space of local operators in the free limit of the holomorphic BF
theory consists of (graded symmetric) polynomials in 5®) and its holomorphic derivatives
and holomorphic derivatives of ¢{°) which are invariant under constant gauge transforma-
tions. Thus, as a graded vector space, the space of local operators is the G-invariant
set
G
V=C[ononcd9, 0k 0.0 n+m>0k+1>0] . (4.33)

This is also consistent with the field content of semi-chiral operators in the free physical
theory. Operators in the free physical theory that are built from the holomorphic field
strength F'; ; are mapped to b and the two modes of the gaugino A, modulo the equation
of motion are mapped to J,c(®).

Notice that the kinetic term in (4.30) pairs b and ¢V as well as b and ¢®. As a
consequence b® and ¢ have a regular OPE and the above composite operators have no
renormalization ambiguities in the free theory. In the BV formalism, the quantum correc-
tions to @ in the free theory involve the BV Laplacian Agy, which roughly implements
a single Wick contraction on the fields in the operator.?* The absence of b™") and ¢ in
the above cohomology representatives thus also means that quantum corrections?® do not
change the free ()-cohomology V.

The operators in the ()-cohomology for the free BF theory can be promoted to semi-
chiral superfields which are polynomials in b and its holomorphic derivatives as well as

23The rule is different when one studies interactions, which can include the field ¢(©). Furthermore,
interactions are defined up to total derivatives, so they are identified as the cohomology of the combination
Q+ 0.

24To avoid UV divergences, this operator must be suitably regularized.

25We emphasize that we are studying the free theory and quantum corrections thereof in this subsection.
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holomorphic derivatives of ¢. The resulting semi-chiral operators also have no renormal-
ization ambiguities.

Local operators in the classical interacting theory
Classically, the BRST transformations are modified in the interacting theory to
1 _
Qc=—0c+ 5[0’ . Qb= —0b+ [c,b]. (4.34)

Observe that these BRST transformations act sensibly on the space of G-invariant local
operators which do not contain ¢’s but only their derivatives: the BRST transformation of
any operator equals an infinitesimal G rotation with parameter ¢ plus corrections propor-
tional to derivatives of ¢. For example,

(Q + 0)0qc = [c, 04|,
(Q + 9)adsc = [¢, 0a0pc] + [Oac, Dpc] , (4.35)
(Q + 0)0ab = [¢, Dub] + [Duc, 1] .

Thus we can drop the terms containing ¢ when () acts on G-invariant operators.

Here we encounter the simplest example of homotopy transfer, or a spectral sequence.
The cohomology of the local operators with respect to the full interacting (tree level)
differential

Q = eree + Qint (436>

can be computed in stages by first computing the Qe = —0 cohomology, which we denoted
V), defined in (4.33), and then computing the cohomology of an appropriate version of Qjy
acting on V.%¢

Omitting the (©) superscripts for legibility, the restricted action of Qi is just
1
QintC = 5[0, q, Qinth = [c, 1] (4.37)

The situation is particularly simple here because Qi does not change the overall form
degree or number of anti-holomorphic derivatives in an operator. In particular, it maps V
back to itself.

26Homotopy transfer is a method used to recognize the full cohomology as the cohomology of a particular
differential acting on V. Said differently, there is a spectral sequence whose first page is the free cohomology
V. The differential computing the next page is given by the restricted action of Qi on V. In general,
there may be further terms in the spectral sequence, but for the example at hand the spectral sequence
collapses at this stage.
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This action matches naturally the interacting SUSY transformations in the twisted
theory, as formulated in past work on the categorification of the superconformal index
[110, 111, 136]. In these works, the role of V is played by the space of G-invariant words
in a collection of BPS letters and their holomorphic covariant derivatives, which precisely
matches the semi-chiral superfields in the twisted theory and their holomorphic derivatives,
with ¢ omitted. The leading correction to the action of the supercharge comes from the
presence of the holomorphic connection in the covariant derivatives, so that Q- maps

D.o« — [Aa,-]. This reproduces the corrections proportional to d,c¢ in (4.35).

The holomorphic twist explains this simplification and extends it to the quantum theory,
allowing one to compute the further loop corrections to the cohomology which will be
discussed momentarily.

Lie algebra cohomology

A concise way to describe the action of @Q;,; on V is in terms of relative Lie algebra
cohomology. The Lie algebra cohomology of a Lie algebra g is computed by the Chevalley—
Eilenberg complex C*(g) which is the space of graded polynomials on the vector space
g[1] equipped with the Chevalley—Eilenberg differential. If G is a group whose Lie algebra
g is a Lie subalgebra of g, then the relative Lie algebra cohomology of g relative to g
is the cohomology of a subcomplex C*(g|g) of C*(g) which as a graded vector space is
G-invariants of the graded symmetric algebra on the graded vector space (g/g)[1]. The
differential is the usual Chevalley—Eilenberg differential. There is a similar construction for
relative Lie algebra cohomology with values in a module M which we denote by C*(g|g; M)
[137]. For appearances of relative Lie algebra cohomology in the context of supersymmetric
gauge theory see [111, 136].

In the example of holomorphic BF theory, the tree-level cohomology of local operators is
equivalent to the Lie algebra cohomology of g = g[[21, 22 relative to the subalgebra g (con-
sisting of constant polynomials) with coefficients in the module M = Sym(g[[z1, 22]]*) =
C [851 b, ke Zzo]- Following the notation above, we denote this by

C* (allz1, 22]] | g; Sym(g[[z1, 22]]")) - (4.38)

The generators of g[[z1, z3]] play the role of derivatives 9795 c(?) of the ghost field, while
subalgebra g C g[[z1, 22]] represents the Lie algebra of constant gauge transformations,
which in the notation above was given by the ghost ¢(® and is removed from the calculation.

Unfortunately, the computation of most Lie algebra cohomologies is notoriously diffi-
cult. Remarkable simplifications occur in the large N limit for U(N) gauge theories. In
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Section 4.5 we will discuss the large N limit and in Section 4.8 some explicit calculations
in SU(2) and SU(3) gauge theories.

We can present a collection of cohomology classes which exist for all G. Consider any
G-invariant polynomial A, = P,(b). As it does not contain derivatives, this is trivially
Qmi-closed. As it does not contain ¢ fields, it cannot be Qi-exact. In SU(N) gauge
theory, such operators can be written as polynomials in

A, =Trbd", n>1. (4.39)

As Qi commutes with derivatives 0, and satisfies a Leibniz rule, polynomials in the A,
and their derivatives will also be @i,-closed and give a large collection of cohomology
classes.

We can do better. We can introduce an auxiliary fermionic variable € and combine the
elementary fields as C'(¢) = ¢+ eb. The BRST transformations become

QuC(e) = 5[CE),CE)). (4.40)

First of all, this allows us to recast the problem as a Lie algebra cohomology problem:

C* (allz1, 22,¢]] | 9) - (4.41)

Second, as the commutator is local in €, @iy must commute with all vectorfields in z, and
e. This includes vectorfields

E=0. :c—b

o =604 : b— 0,0, (4.42)

which anticommute to translations 0,.

We can define

Ba—l,a = gaAa
Ca_g = gngAa . (443)

These are manifestly Q;ni-closed. As €A, = 0, we have

gBa—l,a = aaAa
€0, = 20,B° | . (4.44)
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The first relation implies that B,_;, cannot be Qi-exact, as d,A, is not. In order to
draw the same conclusion for C,_», we need to verify that 9,B ; is not Qi-exact. That

follows from the relation )
0a By | = £%0, A, - (4.45)

We thus obtained three collections of tree-level cohomology classes. For SU(N) gauge
group we can denote them as symmetrized traces:

A, =Trb", n>2
By, o = STrd"0,c¢, n>1 a=1,2 (4.46)
C, =STrb"0,c0%, n>0.

The first element in the B tower is the stress tensor superfield:
Se = Trbo,c. (4.47)

This is perfectly analogous to the stess tensor in a two-dimensional bc system. The pure
gauge theory is scale-invariant and has a U(1)gr R-symmetry at tree level, and indeed S,
is a semi-chiral superfield at tree-level, as anticipated in Section 4.2.4.

The auxiliary symmetries we introduced are also the zero-modes of certain currents.
The symmetry & is generated by A, = Trb2. The symmetries &, are generated by the
primitive Tr cd,c of Cy. Higher modes of these currents, together with those of the ghost
number current Tr bc and the stress tensor Tr b0, ¢, give the action of more general vector-
fields in z, and e.

We list our conventions for the Lie algebra of SU(N) and its Chevalley—Eilenberg
complex that we will use in the remainder of the Chapter. We will use capital letters
A, B, ... for the adjoint gauge indices. The Killing form is taken to be §4Z so that adjoint
indices can be raised and lowered freely:

1 1
Trtit? = —§5AB, TrtA[t?, 9] = -5 fABC (4.48)

fABC

where the trace is taken in the defining representation and is the structure constant

[t4, 18] = fABCY such that

Z fABCfABD — N(;CD ) (449)
A,B
In particular, for SU(2), we take the generators to be t* = —%O’A and fABC = ABC,
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In this notation, the tree level differential (the Chevalley—Eilenberg differential) Qb =
[c,b], Qc = 3[c, ] reads

1
Qv = BB Qct = §€ABCCBCC. (4.50)

We will also use the relation
b =babt = —2Trb?. (4.51)

4.3.2 Loop corrections

The classical answer for the cohomology of local operators in the interacting theory must
receive perturbative quantum corrections. As an example, consider the holomorphic stress
tensor. Famously, the pure gauge theory is not scale invariant quantum-mechanically. Both
scale-invariance and the R-symmetry are broken at one-loop. The latter anomaly is one-
loop exact and is computed by a famous triangle diagram and is proportional to Tr F'A F.
It is supersymmetrized to the Konishi anomaly equation [119, 120, 117], which involves the
chiral superfield Tr W, W". (See [138] for a discussion of the Konishi anomaly in terms of
the stress tensor supermultiplets from [134].)

These anomalies must have a counterpart in the holomorphic theory. A direct transla-
tion of [138] gives e.g. )
(Q+9)Sa ~ 0, Tr (9 0°¢) . (4.52)

We will momentarily recover this by a direct calculation of a one-loop triangle diagram in
the holomorphic BF theory.

As we discussed in the previous Section, this relation controls the quantum-mechanical
failure of the theory to be invariant under general holomorphic coordinate transformations:
an infinitesimal coordinate transformation generated by a holomorphic vector field v* shifts
the action by an amount proportional to

/ d*zv* 9, Tr (05c 9%¢) . (4.53)

In turns, this shifts the holomorphic gauge coupling 7 by a multiple of 0,v®. This is the
holomorphic generalization of the scale anomaly of the physical theory.

If v® is divergence-free with respect to the standard holomorphic volume form on C2,
then this anomaly vanishes as the density above is a total derivative. Thus complex
symplectomorphisms of spacetime remain a symmetry of the quantum theory.
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A reader may be surprised by the statement that the action of a supercharge may
receive quantum corrections. Indeed, statements of the opposite flavour are sometimes
made in the literature.?”

The origin of this phenomenon is, of course, operator renormalization. As we regulate a
composite operator we introduce extra terms in the action of symmetries, which may then
survive as we send the regulator to 0. The origin of these corrections is manifest in the
fact that they do not act “a letter at the time” on the operator, but they simultaneously
change multiple fields.?

Loop corrections and higher brackets

More formally, the full quantum corrected differential in the BV formalism is defined on
the space of operators:

9+ hApy +{Z, }sv, (4.55)

where the BV Laplacian Agy accounts for the quantum corrections of the free theory and
the last term encodes the effect of the interactions. A proper definition of the differential
requires a careful renormalization, addressing both UV and IR divergences.

Our general expectation/conjecture is that the cohomology of the full quantum differ-
ential is computed as the cohomology of a certain differential Q acting on the cohomology
V of the underlying free and classical theory, at least in perturbation theory. The differ-
ential Q should be interpreted as a quantum-corrected version of the classical interacting
differential Q.

Operationally, the action of Q on some operator O is computed in two steps. First
regularize the combination of the local operator and the exponential of the integrated

2TA more shocking statement is actually true: even the action of translations receives quantum cor-
rections in QFTs. Consider a current J* which is conserved classically but broken at 1-loop. Then
P,J# = 0,J*" vanishes classically but not quantum-mechanically.
A28The action of @ still satisfies the Leibniz rule, but only for the loop corrected product O o O' =
0O_1,-10'. One may try to get rid of the quantum corrections by using the loop-corrected product to
multiply elementary letters in a composite operator, but such an effort is thwarted by the fact that the
regularized product is not associative.

For example, we could try to define the stress tensor as Tr(b o d,¢). This would actually coincide with
Tr bO,c. The Leibniz rule for Qs would produce

Tr([e, b] 0 Oqc) + Tr(bo [c, Dnd]) , (4.54)

but that fails to vanish due to a 1-loop correction to the regularized product and reproduces the expected
anomaly.
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interaction Lagrangian. Then act with Qge. and rewrite the answer as the regularization
of the combination of some new local operator QQO, and the exponential of the integrated
interaction Lagrangian. The resulting Q operator will be scheme-dependent. In order for
the answer to be scheme-independent, we expect that the Q obtained in different schemes
should be related by quasi-isomorphisms (see [116]).

The result is a perturbative expansion for Q

Q=Q+Q+-, (4.56)

where Q,, is computed by certain n-loop Feynman diagrams in the holomorphic theory.?”

In order to develop some intuition, we can show that the tree-level differential (g is the
expected BRST operator ()i, arising from the classical interaction. Denote the interacting
part of the action (4.30) as

/ T3 (2, 2)d%z. (4.57)
R4

i.e. T=—35Trblc,c|. This integrated operator is naively BRST invariant, as its variation
is a total derivative. In the presence of a local operator O € V placed at the origin, though,
renormalization may lead to a BRST anomaly. If we simply turn off the interaction in a
small ball of radius € surrounding the operator, the BRST anomaly will be

Q00 = Qrree { / I(z,2)d*z 0(0,0)} = / I(z,2)d*2 0(0,0). (4.58)
|z|>€ |z|=€
Here we have used the fact that O,Z € V are both semi-chiral and thus are annihilated
by Quee = —0. Integration by parts gives an integral on a small 3-sphere surrounding the
origin.
By definition (4.16), this is the zero-mode of Z acting on O in the free theory, which
we can also write as

Qo0 ={Z,0}, (4.59)

where the bracket is the A = 0 specialization of the A—bracket (4.18). When seen as an
element of the Qe cohomology, it is independent of €. The integral greatly simplifies in
the € = 0 limit. Indeed:

e In the absence of Wick contractions, the integral goes to 0 as €3.

290ne may wonder how to take the cohomology of an operator defined by a formal power series. A natural
strategy is to observe that Q% = 0 and use homotopy transfer to map Q; +-- - to the Qg cohomology. One
then takes the cohomology of the new leading term, etc. See appendix B.4 for details.
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e Each Wick contraction gives a propagator P(z, zZ) which is a (0, 1) form as explained
below. So for the dimensional reason, we can have at most one Wick contraction,
involving the single descendant in Z(!). Denoting the remaining collection of uncon-
tracted fields as F(z, z), we have

/ @22 F (2, 2)P(2, %) — F(0,0) + O(e) (4.60)
|z|=¢

as € — 0. In other words, the fields in Z which survive the Wick contractions can be
placed at the origin. As a consequence, removing the regulator projects QQoO back
to V.

The general form of (), is that of a multi-linear “higher bracket” with n + 2 slots, see
appendix B.1, with all but one of the slots taken by the interaction:

1

@0 = (n+1)!

(1.1,---.1,0}. (4.61)

One can argue that these higher brackets satisfy certain quadratic axioms and that the
resulting Q is nilpotent order-by-order in perturbation theory thanks to these axioms and
an anomaly-cancellation Maurer-Cartan condition on the interaction Lagrangian:

1 1
AL+ AL LT} +-- = 0. (4.62)

See [116] for more details. The basic procedure for evaluating the higher brackets can be
described in the following steps:

1. Take the basic integral

/ [[Z(z, 2)d% 0(0,0). (4.63)
R4n i=1
2. Do a maximal number of Wick contractions using regularized propagators.

3. Act with Qg and integrate the resulting 0 by parts to act on the product of prop-
agators.

4. Set to 0 all descendants and project all surviving fields to the origin, by setting z; = 0
and Taylor-expanding in z; to get an element of V.
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5. Do the resulting Feynman integrals, which turn out to be finite and independent of
the regulator.

The main feature of the Feynman diagram calculations is that they involve superspace
propagators which coincide with the Bochner-Martinelli kernel: one-forms P(z,z,dz) of
Dolbeault type (0,1) (and Grassman odd):

1 z2dz! — z'dz?

P(z,z,dz) = i B : (4.64)
where |z|? = 2! #' +22 22. The propagator is the Green’s function for 0 = dz'2; +dz*5%,
giving the relation B

OP(z,7,d7) = dz'dz*6* (). (4.65)

This puts an immediate upper bound on the number of propagators allowed at any loop
order: (), involves an integral over 2n + 2 anti-holomorphic variables and thus 2n + 1
propagators. In what follows we will avoid writing the dependence on the antiholomorphic
coordinate and write propagators as P(z). Each propagator removes a b and a ¢ superfield:

Pz —y)
.« 4 (4.66)
c(x) b(y)
and each interaction Z(z) = —1 Trb[c, ¢|(z), adds two ¢ superfields and one b superfield.

The net number of ¢ fields thus increases by 1, while the net number of b fields decreases
by n. A simple scaling argument also shows that (),, will increase the number of each type
of derivative by n.

Notice that the action of the differential is well-defined and can in principle be computed
on all polynomials in the elementary fields and their holomorphic derivatives. For a gauge
theory with compact gauge group, we then restrict the action of the general differential to
operators which involve derivatives of ¢ but not ¢ itself and are G-invariant.

Tree level
The only tree-level diagram has a single internal line, contracting a single field in O(z, z)

with a field in Z(y, y). In particular, it satisfies the Leibniz rule: other uncontracted fields
in O(x, %) go along for the ride. It also commutes with 0,.
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If we take O = b, under the action of the tree level )y we have

Q) = (Z0) = [y APl o), b))

) (4.67)
= [e(2).b(z)] - B, / a2y P(y — 2) [e(y).b(y)] .

ly—z|>e

where we performed a single Wick contraction between b in O and ¢ in Z in two ways. We
then integrated by parts the free differential to get to the second line. The result is just
[c(x),b(z)] up to a term exact in the free cohomology V. Similarly, we find Qyc = {Z,c} =
%[c, c|, reproducing the action of Qi in eq. (4.37). It is easy to see that QO coincides

with QO in general, as they both satisfy the Leibniz rule and commute with derivatives.

One loop and beyond

At one-loop, Q0 = %{I, Z,0} only receives contributions from triangle diagrams. The
resulting Wick contractions remove two fields in O and two fields in each of the two
interaction vertices, as shown below:

Without explicitly evaluating the integral, we see the resulting ), acts on pairs of fields
within an operator. It also has to respect the gauge symmetry and the perturbative
spacetime symmetry U(2). For example, it will transform one b field into a ¢ field and
add two holomorphic derivatives, with spacetime indices contracted. For more details
involving computing this bracket for specific operators O see appendix B.3. An important
computation (B.19) involves acting with Q; on Trb?, i.e.

Q1 Trb* o 0, (Trbd“c) . (4.68)

This is 0,5% = 0, (Trbd%c), i.e. the derivative of the stress tensor. Even though 0,S5*
belongs to a nontrivial cohomology class at tree level, it becomes ()-exact at one loop!
As a consequence of the filtration discussed above and more explicitly in (4.71), higher
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order corrections all act trivially on Trb?% so (4.68) does not receive further perturbative
corrections.

As we discussed before and review in detail in the appendices B.2.1 and B.3, 0,5“
generates Hamiltonian symplectomorphisms. The exactness of 9,5 implies that the image
of all Q)-closed operators under Hamiltonian symplectomorphisms must be ()-exact as well.

As a consequence, the holomorphic derivatives of all local operators vanish in cohomol-
ogy. Effectively, the holomorphic theory becomes topological at one loop. We dub this
peculiar phenomenon Holomorphic Confinement, as it is compatible with the expectation
that the physical gauge theory should become gapped, i.e. topological, in the IR. Con-
versely, whatever low energy effective description applies to the physical theory, it should
become topological upon holomorphic twist.

Although the general triangle diagram is straightforward to evaluate, and we do so in
[7], it turns out that the general structure we just described together with the constraint
{Qo, @1} = 0 we derive momentarily, is sufficient to “bootstrap” the detailed form of @4
up to two unknown coefficients, which can be determined by direct integration.

Experimentally, the analogous statement seems to apply to all @),,’s. The crucial re-
quirement is that the relation

Q*0=0, YOV (4.69)

with Q as in (4.56), should hold order-by-order in perturbation theory. The first non-trivial
equation is {Qo, @1} = 0. At higher order, one has

Y. Qu@nO=0, YOEV,Vn>0. (4.70)

ni+n2=n

Denote the space of the monomials by V' (N, N, Ji, Jo) where b or its derivatives appear
N, times, c¢ or its derivatives appear N, times, and the total number of derivatives with
respect to z; is J;. We can make the following observation based on the structure of
Feynman diagrams:

e The action of @), is linear.

e (), annihilates monomials of length shorter than n + 1, since there are not enough
fields in the monomial to perform the Wick contractions needed:

QuV(Ny, N, Jy, Jo) =0, if Ny+ N, <n-+1. (4.71)

95



e (), takes a monomial of length n + 1 and outputs monomial of length 2. More
precisely, it takes a monomial with (n+ 1) b fields and outputs a monomial of length
two that contains a single b field and a single ¢ field. It also takes a monomial with
n b fields and one c field to a monomial with two ¢ fields:

Qn:V(n+1,0,J1,J2) = V(1,1,J; + n, Jo + n), (4.72)
Qn:V(n,1,Ji1,J5) = V(0,2,J1 +n,Jo+n). (4.73)

e (), acts as derivation if the length is longer than n + 1.

Another experimental observation is that Q? # 0, which implies @, # 0. In [7] we
indeed compute the only Feynman diagram which contributes to the two-loop differential
and find it non-vanishing.

Using the contents of the third bullet above, one can define an auxiliary classical sym-
metry U(1), under which b has charge 1 and ¢ has charge 0, commuting with derivatives.
Then, the tree level @)y preserves the symmetry, while higher @,, reduce the U(1), charge.

The existence of this filtration makes the action of Q well-defined on any given mono-
mial in the fields. It also helps ensure that one can define a good cohomology problem in
perturbation theory via homotopy transfer, as a spectral sequence.

4.4 Adding matter

In this Section, we discuss briefly how the holomorphic theory is modified for gauge the-
ories with matter. As explained in Section 4.2.5, chiral multiplets transforming in some
representation R of the gauge group give rise to bosonic superfields v transforming in R
as well as fermionic superfields 3 transforming in R; after complexification we identify this
with the dual representation R*.

4.4.1 Twisted SQCD

The action for the matter field takes the form of a “gauged 7 system” 3’

[ #2801~ fel) + Wi, (4.74)

30 Analogous gauged 3y systems occur in 2d, e.g. in the chiral algebra subsector of 4d N' = 2 gauge
theories [32].
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where we included a superpotential W (), see [9]. The BRST transformation of ¢ is
unchanged from (4.34). The remaining fields transform at tree-level as

Qob=—b+[c,b]+78,  Qoy=—-0v+Ie7], Qb= —08+[c,Bl+o,W . (4.75)

Local operators are built as before, including 3, v and their derivatives. From the point of
view of the free theory, the bc and S systems are essentially identical, so the computation
of the free brackets involves literally the same Feynman diagrams. The main difference is
in the form of the interactions.

An immediate consequence of the modified BRST transformations is that G-invariant
polynomials in b are not @)-closed anymore. On the other hand, chiral operators of the
physical theory map to G-invariant polynomials in v, modulo polynomials multiple of 0, W.

In the absence of superpotentials, 5’s and 7’s appear on the same footing in the twisted
theory, potentially leading to interesting symmetry enlargements which persist beyond tree
level.

For example, a natural extension of supersymmetric Yang-Mills theory for SU(N) is
supersymmetric QCD (SQCD). At the level of the twist this gives rise to matter fields
(74, B“) transforming in the fundamental (respectively anti-fundamental) representation
and (9,, ;) anti-fundamental (respectively fundamental) representation with no superpo-
tential. In particular, the partners 3% of the anti-fundamental chiral multiplets and the
fundamental chiral multiplets 7 have the same gauge quantum numbers, extending the

naive SU(N;) x SU(N;)r x U(1) 5 flavour symmetry to SU(N;|Ny).?!

Concretely, we can build a holomorphic stress tensor of the form
So = Trbdac + e TA0T 4 + c0T4T 4 (4.76)

for appropriate constants c;, co. The Tr b? operator is not in tree-level cohomology anymore,
and neither the stress tensor or its derivatives are exact anymore, at least in perturbation
theory.

Another important example is that of N' =4 SYM. In that example, the holomorphic
twist consists of a holomorphic be system together with three 5+ systems each transforming

31For SU(2) gauge group, there is an extension of the flavor symmetries to the strange Lie supergroup
P(2N; — 1) which contains SU(2Ny) as its even part. It would be interesting to compare these symmetry
enhancements across dualities such as Seiberg duality. They would provide a non-trivial test of the con-
jecture that the simplification of twisted gauge theories to gauged 87 systems holds beyond perturbation
theory.
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in the adjoint representation. The superpotential is Tr[y!,7?]y®. Following [111] we can
collect all the fields together into a single adjoint superfield

0(51, 62,63) =c+ 82"72 — §€ij52’5j6k: — 516283(), (477)

which transforms at tree-level as

N | —

This makes manifest an enhanced group of symmetries, consisting of holomorphic vector-
fields in the C?P parameterized by z, and &; which preserve the volume element d*zd>c.

The tree-level BRST cohomology can thus be presented in terms of relative Lie algebra
cohomology as

C* (gly @ Cl[z1, 22, &i]] | aly) - (4.79)

In the next Section, this will allow us to make contact with the large N analysis of [111]
to provide an explicit description of the large N BRST cohomology.

4.4.2 Twisted theories from twisted branes

In the context of holography, another very rich class of examples include certain quiver
gauge theories with superpotentials, which arise from D3 branes located at the tip of
a three-dimensional Calabi-Yau cone X. The holomorphic twist of such quivers gives,
somewhat obviously, a gauged (v system based on the same quiver with superpotential.

Less obviously, but rather naturally, the twisted theory takes the form of an open string
field theory for the corresponding D-branes in the B-twisted Calabi-Yau sigma model with
target X [112]. This follows from the relation between twists of D-brane world-volume
theories and twisted supergravity [12, 37, 31], which here should be a B-model on C? x X.
From this perspective, the description of the twisted worldvolume theory on C? becomes
very explicit. If B denotes the algebra of functions on a non-singular Calabi—Yau manifold
X, then the complex of fields of the worldvolume theory on a stack of N twisted D3 branes
located at a point p € X is

0%*(C?) ® Extg(OZY, OFN)[1], (4.80)

where O, is the skyscraper sheaf at p. Moreover, in this situation the Ext-algebra Extz(O,, O,)
is equipped with a cyclic structure which determines the BV structure on this complex of
fields.
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When X is a Calabi—Yau cone then one should replace the algebra of functions by a
non-commutative resolution B. In terms of the quiver determining the Calabi—Yau cone
this is the non-commutative Jacobi algebra associated to the superpotential. In any case,
the resulting complex of fields of the holomorphic twist of the worldvolume theory probing
the singular point p of X is completely analogous to the smooth case; it can be written as

Q*(C?) @ gly[A][1] (4.81)
where we have introduced the Koszul dual algebra A = Extg(O,,0,). Notice that A will,

in general, admit a model as an A .-algebra.

We will unpack this description. The N x N matrix valued fields C; of the holomorphic
twist of the four-dimensional gauge theory can be put in correspondence with the boundary
local operators a’ for the B-branes wrapping C? at the tip of the cone X, and the tree-level
differential takes the form

QC; = fi*CiCy + fI*C;ChCr+ - -+ (4.82)

where f are the structure constants for the A, algebra A of boundary local operators in
the B-twisted sigma model.*?

A single D3 brane usually decomposes into several fractional D-branes, each of which
gives rise to a separate gauge group. Elements in a certain subalgebra Ag of A will be dual
to the ¢ ghosts for the quiver gauge fields, others will be dual to the b fields and the rest
to the § and + fields from the chiral multiplets.

In a compact form, we can write
C=> Cd (4.84)
and the differential as a Maurer-Cartan equation for deformations of the B-branes:
1 1
QC = 5((1, C) + g((J, C,C)+ - (4.85)

where the parentheses indicate the operations of the A, algebra.

32Their transformations should follow from the open string field theory action
/d2Z nijciécvj + nijkCiCjC’k + e (483)
where 1" are disk correlation functions in the B-twisted sigma model.
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Figure 4.1: Quiver diagram for A' = 4 SYM.

V3

This is the standard string theory dictionary: the boundary couplings C; for the world-
volume theory of the string can be promoted to fields on the D-brane world-volume. In the
BV formalism, the Maurer—Cartan equation simultaneously encodes gauge invariance of
a deformed boundary and determines the BRST differential for the world-volume theory.
This is a version of the well-known relation between boundary beta functions and world-
volume equations of motion.>?

The tree-level BRST cohomology can be expressed in terms of Lie algebra cohomology
as

C* (gly [A] [[21, 22]] | gly [Ao]) - (4.86)

where gly [Ag] is the gauge theory Lie algebra, which is a direct sum of gl » subalgebras.
This form will allow us to give a very streamlined analysis of the large N cohomology,
following [141, 112]. This “categorifies” well-known simplifications in the computation of
superconformal indices at large N [104, 141].

We provide a few examples. Perhaps surprisingly, we can also associate the holomorphic
twist of pure gauge theory to a brane system. Indeed, the tree-level cohomology can be
recovered from A = Cle], which would formally arise from a point-like brane in Y = C.

N =4 SYM and C3

The example of NV = 4 supersymmetric Yang—Mills theory arises from probing the tip of
X = C3 (the origin, say) and corresponds to the quiver with one vertex and three edges
together with the superpotential W = xyz — xzy, shown in figure 4.1. In the holomorphic
twist the resulting quiver gauge theory is a bc system valued in gl(/V) together with three

331t is also completely analogous to the standard presentation of open string field theory—the field
theory encoding the world-volume theory of D-branes [139]. See also [140] and many references therein.
String field theory is usually not a local field theory, but it is for the B-model [35], essentially due to the
absence of worldsheet instantons.
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adjoint-valued B~ systems that we denote by 3;,~* for i = 1,2,3. The superpotential is
W = Tr~'[y%,+?] and from (4.75) we find the action of the tree level BRST charge

Que = gle.d

3

Qob = [c,0] + ) [8:,7']

_ =l (4.87)
Qo' = [67 72]
13
Qo = [c, Bi] + 5 Z e[,
k=1
The algebra A is defined as follows. Each path gives rise to a Grassman generator, i.e.
Ei€j = —E&5&;. (488)
The node gives rise to an identity e
ee =e, eg;=¢cie=¢;, (4.89)

which recovers (4.77) and (4.78). This agrees with the description of the holomorphic
twist of N/ = 4 supersymmetric Yang-Mills theory given in (4.77), which we cast as the
be system valued in the super Lie algebra gl(N)[eq, 2, e3]. Therefore, in this example, we
have A = Cley, e9,e3] and Ay = C.

The conifold

Next, let’s consider a stack of N D3 branes probing the Calabi Yau cone over the Einstein
manifold 75!, This is a quiver with two nodes and four edges 1, z2: 0 — 1, y1,y2: 1 — 0,
shown in Figure 4.2. This quiver is equipped with the Klebanov—Witten superpotential

W = 219122y2 — 21422241, (4.90)
see [142]. The field content of the holomorphically twisted gauge theory is
e a bc system valued in g = g1 @ g2 = gl(INV) @ gl(N),
e a pair of B systems where
v € Hom(CY,C"), i=1,2 (4.91)

transform in the fundamental of g; and the antifundamental of g,,
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Figure 4.2: Conifold quiver.
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e another pair of Sy systems where
% € Hom(CY,C"), i=1,2 (4.92)
transform in the antifundamental of g; and the fundamental of gs.
The superpotential becomes

W ="Tr (my1re¥e — Ni22N) - (4.93)
From (4.75) we find the action of the tree level BRST charge

1 1
Qoc1 = 5[01, C1]> Qoca = 5[027 02]
QoY = 17 — Vic2 QoY = —ic1 + 2%
1< . 1< -
Qob1 = [01, bl] + 5 Z (%ﬂi - @‘%’) Qobs = [02, bz] - 5 Z (@%’ - ’Yiﬁz’) ( )
i=1 i=1 4.94

Qofr = Bicr + Bt + T172Y2 — Y22
Qof2 = Bact + cfa + o171 — 112
QoB1 = c1B1 + Bica + yoFemt — M2
QoB2 = ¢1B2 + Baca + MA1Y2 — Vo171 -

This BRST differential encodes the A, algebra A which abstractly is the Koszul dual
of the non-commutative Jacobi ring associated to the quiver 4.2 with potential. Each node
defines an generator e, with v = 1,2, which are idempotent and pairwise orthogonal, i.e.

€1e1 = €y, €2y — €9 €169 = 0. (495)
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It has natural multiplication with the paths ¢; and €;
€xyCy = €umry,  Ca€rsy = Exyy . (4.96)
In particular, it is easy to see e = ) e, = €1 + ey is a multiplicative identity
C€uy vy = €uys09€ = €y sy - (4.97)

If a path and a node don’t compose, their multiplication vanishes, e.g. e;n; = n1es = 0.
We also require

Gigj = Elfj = €€ = Elgj =0 (498)
Furthermore there are nontrivial 3-nary A, brackets®!(—, — —): A*3 — A, dual to the
relations determined by the non-commutative derivatives of the superpotential.

nl = (617 €2, g2) = _<€27 €2, gl)
= (€9,€1,€1) = —(€1,€1, €
722 (2 1 1) (1 ~1 2) (4‘99)
T = (627 €2, 61) - _<€17 €2, 62)
f]Q = (617 €1, 62) = _(627 6~17 61) .
All of the 2-nary multiplications between ¢;, €, n; and 7; vanish except
ni€ = €N, M€ = €1, Vi (4.100)

n; and 7; multiply with the node e; naturally according to the path, e.g. me; = eany = 1.
All other 3-nary brackets vanish.

Then if we define the superfield to be

C = cie1 + caey + Vi€ + i€ + Bimy + Pama + Blﬁl + 32772 — bieim — bamaes .

We find (4.94) is simply

where with a slight abuse of notation, [z,y] denotes the appropriate action according to
the representations. For example, if both = and y are in adjoint representation, [—, —| is %
times the bracket [z, y] for adjoint action; if z is in adjoint representation and y is in the
fundamental, then the [—, —] is simply the matrix multiplication. Note that e,, n; and 7;
commute with all the fields and ¢;, €; anticommute with the ¢;, 8; and Bl

Lastly, in this example Ay is determined by the number of nodes, i.e. A9 = C & C.

342_nary bracket is simply denoted as the multiplication.
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4.4.3 N = 2 gauge theories

For N’ = 2 gauge theories, the “algebra” presentation of the tree-level cohomology problem
involves an auxiliary Lie algebra which appeared before in [143], built from the data of a
Lie algebra g and a symplectic representation R of g. The bosonic part of the algebra is
T™g, with generators t* and t, and non-trivial commutators [t? Y] = f“btc and [t%,1,] =

at..% The fermionic part of the algebra is IIR, with generators p’ and commutators
[t“, r'l = feird and {r',r7} = fi%4,, where we raised an index in the structure constants
using the symplectic form.

Then
C'( (T*g @ IIR) ® C[[z1, 22, €]] | g), (4.102)

reproduces the tree-level cohomology of the twisted N = 2 gauge theory with gauge group
G and matter representation R. The chirals in the matter hypermultiplets give 7; and j;
fields packaged in I1R[[e]], while the adjoint chirals in the vectormultiplets are associated
to the f, generators.

4.4.4 Quivers from orbifold projections

Affine ADE N = 2 quivers with SU(d,N) gauge groups arise from N D3 branes in probing
the singular point of C?/T" x C, where T is the corresponding finite subgroup of SU(2).
More general N' = 1 quivers arise from cones of the form C?/T" for a discrete subgroup I'
of SU(3)[144, 145].

In all of these examples, the matter content of the theory is obtained by “orbifold
projection” of the fields in an U(|['|N) N = 4 gauge theory. The idea is to embed T into
the gauge group as a permutation group of |T'| copies of CV as well as in the SU(3) flavour
group in the obvious way. One then projects onto [-invariant fields.

The permutation action of I' decomposes CVI'l into Nd, copies of each representation
R, of dimension d,. Then the gauge fields are projected to U(d,N) gauge fields, while fields
which transform in the (anti)fundamental representation (3) of SU(3) form d,N X d,N
matrices for every copy of R, into (3) ® R, (or viceversa).

35Here we are simplifying the discussion and only working with the totalized Z/2 grading. Like twists of
N =1 theories (without superpotential) there exists a mixed ghost/parity grading by the integers where
the bosonic part is 7*[2]g, for example.
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We can implement the orbifold projection directly in the twisted theory. We start from
the algebra gl @ C[[e1, €2, €3]] with I' acting as permutations on C'l and as a subgroup
of SU(3) on ¢;. The correct algebra A is then the I'-invariant part of gl ® Cle1, €9, €3]]

4.5 The large N cohomology

We have argued in Section 4.3.1 and Section 4.4 that the BRST complex of local operators
at tree level for a variety of twisted SU(N) theories can be expressed as a certain cochain
complex

C* (aly [A ® Cl[z1, 2]]] [gly [Ao]) - (4.103)

For pure gauge theory, A = C[[¢]] for an odd variable e. For N' = 4 supersymmetric Yang-
Mills theory, A = C[[¢;]] for three odd variables ¢;. For quivers associated to D-branes at
Calabi-Yau singularities, A is the algebra of boundary local operators in the associated
B-model D-branes.

If we work at large N, these cohomology problems can be solved in a rather uniform
way. For N =4 SYM, a conjectural solution was proposed in [111], in a form which can
be easily generalized. As in the previous Section, denote as

C(zye)=c(z)+--- (4.104)

the polynomial in ; which collects all the fields in the problem and depends holomorphically
on z,. We view this as a linear element in the complex (4.38). The differential (called the
Chevalley—Eilenberg differential) acting on C(z, ) is dual to the Lie bracket on gly/[[za, €]
and hence can be schematically written as

QC(z,2) = %[O(z, £),C(28)]. (4.105)

We formally extend the space of fields to include not only functions in the variables
Zay €i, Dut also differential forms in these variables. This amounts to replacing Cl[zq, &]],
which we view as functions on the formal super disk D?W=1 with de Rham forms on the
formal super disk. There is also a formal de Rham differential defined by

oC oC
dC =dz,— +deg;—. 4.106
(z,6) =dz 9o +de o=, ( )
We extend the de Rham differential as a derivation and declare that it commutes with the
original differential as in

QdC(z,e) = [C(z,¢),dC(z,¢)]. (4.107)

105



Notice that the right hand side contains no ¢(z)-term. So, all coefficients in the expansion
of the expression
Tr[dC(z,e)]" (4.108)

to powers in the variables z, €, dz, and de are valid )-closed operators.

Some linear combinations of these operators actually vanish, simply because

dTr[dC(z,)]" =0. (4.109)

The conjecture of [111] is that the coefficients of the expansion of these operators in ¢;,
de; and dz®, modulo the above relation, generate the single-trace cohomology at large V.
We will discuss below the possible loop corrections to this statement.

If we repeat the analysis exactly in the same way with a single € variable, we can
formulate a similar conjecture for pure gauge theory. Expanding C(z,¢) = ¢(z) + €b(2),
we have

dC(z,e) = deb(z) + dza0ac(2) 4+ d2,0,b(2) (4.110)
and thus

Tr[dC/(z,¢)]" = de™ Trb™ + dzode™ 'STr b" ' 0,c + dz'dz?de™ 2STr b 20, 0%c
+ edzode™ ISTr 0" 10,b + edztd22de™2STr b 20,b0,¢ . (4.111)

For general n, the first three terms are our familiar A,,, B, , and C,_y towers:

Tr[dC(z,e)]" = de™ A, + dzode" ' B,y o + dz'd22de"2C, 5
+ edz,de" 010, A, + ed2' A2 de™ 2 (n — 1) 100 By 10 . (4.112)
The two last terms do not give us new fields, as they can be rewritten as derivatives of

other representatives. These are precisely the relations from (4.109).

For small n the statements have to be adjusted in a minor way and possibly corrected
to account for the difference between U(N) and SU(N).

4.5.1 Cohomology of the tree-Level differential

We now provide a proof of these expectations and a generalization for all A, following [112,
31].

Our method uses a theorem of Loday, Quillen, and Tysgan (LQT) which relates the
(non-relative) Lie algebra cohomology to the cyclic homology of C|[zq, €;]] [146, 147].
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Applied to our situation, the Hochschild—Serre spectral sequence implies a general rela-
tionship between the relative Lie algebra cohomology and the absolute cohomology which
takes the form of an isomorphism

H* (gly (A)[gly (Ao)) © H*(gly(Ao)) ~ H*(gly(A")). (4.113)

Here A’ is a general algebra, and A is a subalgebra, but we will employ the result for
A" = A® Cl[z1, 22)] with Ag C A. We assume that gly(Ag) is a reductive subalgebra in
order for the above isomorphism to hold; this is true in all examples we consider. Thus,
to obtain relative Lie algebra cohomology we will simply remove the contribution coming
from H*(gly(Ap)). With this in mind, we follow the Loday, Quillen, Tsygan prescription
for computing the absolute cohomology, and after this we will extract the relative answer.

The theorem of Loday, Quillen, and Tsygan can be explained in an intuitive way. We
study single-trace operators

The action of the differential closes on single-trace operators
QTI” Cil G, = Z(_l)fg:77jk Tr Oil e Oia—lcjl e Cjkcia.+l e Cjn : (4'115)

a,k

Here the sign (—1)" accounts for various Koszul signs. This differential defines a degree-
shifted version of the dual of cyclic homology of A’, denoted as HC,(A’)Y[—1].

Including multi-trace operators, we arrive to the theorem of Loday, Quillen, and Tsygan
[146, 147] relating the large N Lie algebra cohomology of gly(A’) to the cyclic homology
of the algebra

H* (gl (A')) = Sym (HCu(A")"[-1]).

Let a,, denote the elements in the A, algebra A" = A ® C|[z1, 22]] with A operations
(—,...,—). The cyclic homology itself can be described by linear combinations of formal
symbols [a; - - - a;,] defined up to cyclic rotations (with appropriate Koszul signs) dual to
the single-trace operators, placed in a degree shifted by n — 1, with differential

Qlay---a,] = Z(_1)~-[a1 e 1 (s Q)G - - - g+

u<v

) (1) @ anl@u, - ag)ag - ay_a) (4.116)

u>v

where the sum is over all pairs of u and v.
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Before we continue, we should remind ourselves of the 2d TFT interpretation of cyclic
homology. Intuitively, each boundary condition in the TF'T gives a “boundary state”, i.e.
a state for the 2d TF'T compactified on the circle. If we produce a complicated boundary
state by taking N copies of an elementary boundary condition and deforming it by some
couplings C;, we should be able to expand the boundary state in powers of the couplings.

A more precise statement is that the coefficient of TrC}, --- C; in the expansion is
mapped to an element in the space Zg:1[S?] of “S'-equivariant” states for the 2d TFT com-
pactified on a circle. The images of the planar () are the coefficients of the BRST variation
of the boundary state, so the map from single-trace operators to Zgi[S'] commutes with

the BRST differential.

In a string field theory language, the map tells us how the closed string fields couple to
local operators in the brane world-volume.

The cyclicity of the trace turns out to be an important complication in the computation
of cyclic homology. A very similar differential acting on words which are not cyclically
symmetric defines the notion of Hochschild homology H H4(A’) of A’ (valued in A’), which
is usually more computable.

For example, we can think about a commutative algebra A’ as defining the affine scheme
X = Spec(A’). Then, a theorem of Hochschild, Kostant, and Rosenberg [148] asserts that
the Hochschild homology of A’ can be identified with the algebra of de Rham forms on X .3¢

Crucially, the cyclic cohomology can be computed from HH,(A’) via a spectral se-
quence involving the Connes B operator, which is an algebraic analogue to the de Rham
differential [149].

The first page of the spectral sequence is
HH,(A) ® Clu™].

Here u is a parameter of ghost number +2 and H H,(A’) is the ordinary Hochschild homol-
ogy of the algebra A’. The differential at this page in the spectral sequence is uB where B
is the Connes B-operator acting on the Hochschild homology. The variable u corresponds
to the generator of H*(BS!) and its presence encodes the fact that the cyclic homology is
an S'-equivariant version of ordinary Hochschild homology.3”

36The grading is opposite to the one usually used for de Rham forms.

37The Hochschild homology H He(A’) also has a 2d TFT interpretation, involving TFT states without S*
equivariance and boundaries decorated by a boundary local operator. The difference between equivariant
and non-equivariant states in a string theory language concerns the inclusion or exclusion of the ¢y — ¢
mode of the bulk ghosts associated to circle rotations.

108



Order-by-order in u, at order u® we find a copy HH,(A") modulo the image of B. At
the next order u™!, we have a copy in HH,(A)u~! of the kernel of B modulo the image of
B, etcetera. In other words, we get a single copy of HH,(A')/(B HH.(A’)) and infinitely
many copies of the cohomology of B.

For our algebra A" = C|[z1, 22, €], the Connes B operator is explicit to describe. We
apply the Hochschild, Kostant, Rosenberg theorem to express the Hochschild homology of
A’ as

HH (A" ~ C|[za, d24, €, dg]].

Here the cohomology degree of z, is zero, dz, is degree —1, € is degree +1, and de is degree
zero. With this identification, the Connes B operator is simply the de Rham differential

B = dz,0,, + deo..

The cohomology of B is very simple and consists of C only. It gives us a summand of
C[u~'] which is actually the difference between the relative, and the absolute Lie algebra
cohomologies.

The part we are interested in is the quotient of C[[z,, dzq, €, d]] by the image of the de
Rham differential. At this point, we have already essentially reproduced our conjectures
above: the cohomology is generated by the coefficients in Tr [dC(z, £)]" modulo the relation
following from d Tr [dC(z,¢)]" = 0.

More concretely, we compute the second page of the spectral sequence converging to
HC.(A") by using an auxiliary spectral sequence that splits the differential B into two
pieces. A similar computation with a single complex coordinate and two odd variables was
done in [31]. The first differential in this auxiliary spectral sequence is the piece of uB
which is the differential acting on the e-coordinate, and does not affect the holomorphic
zo-variables.®® The cohomology of HH,(A’)[u™!] with respect to uded. is isomorphic to

eCl[2a; d2a, de]] ® C[[24, d2za]][u]. (4.117)

The remaining differential is simply udz,0.,, which is basically the holomorphic de
Rham differential on C2. The next page of the spectral sequence is the cohomology of
(4.117) with respect to this differential. This cohomology is

eC[[2a, d€]] ® (BacdzaC[[2a, d2]]) @ C[[24]] ® dz1d2Cl[2,]][1] ® v 'C[[u"]].  (4.118)

38This term in the differential can be thought of as the Koszul differential resolving a point inside of
Al = Spec(C[dg]).
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For the summand in degree —1 have made the identification of the quotient space of one-
forms on C? modulo exact one-forms with two-forms on C? using the Poincaré lemma.
There are no further terms in the spectral sequence.

Removing the summand C C C[[z,]] and v~ 'C[u~!] corresponds to taking the large N
limit of the relative, rather than the absolute, Lie algebra cohomology. Thus, in summary
we see that the relative large N cohomology is Sym®(VY[—1]) where V is the vector space

eC[[2a, de]] @ (DacdzaC[[2a, de]]) B C|[za]]/C ® dzydzC|[za]][1] (4.119)

Here, C[[z,]]/C is power series modulo constant functions. We interpret each of these
summands as tree-level single trace operators present in the large N limit:

e Consider the term £C[[z,,de]]. This corresponds to single trace operators which
have ghost number zero. Tracing through (4.111), which compares with de Rham
cohomology, this term is generated by the primary tower of operators

A, =Te{d"}, n>0
and their z,-derivatives.

e Next consider the term edz,C|[z,,de]]. This corresponds to single trace operators
which have ghost number +1, and by comparing with (4.111), is generated by the
primary tower of operators

Bno=Trb"04c, n>0, a=1,2
and their z,-derivatives.

e Consider the term C[[z,]]/C. This corresponds to single trace operators which have
ghost number +1. This term is generated by holomorphic descendants of the local
operator Tr ¢ where at least one holomorphic derivative appears.

e Consider the term dz;dz;C[[z,, de]][1]. This corresponds to single trace operators
which are of ghost number 42 and is generated by the primary tower of operators

C,=Trb"0,c0%, n=>0

and their z,-derivatives.

39Notice that the relative order of the fields in the trace is immaterial, as we can change the relative
order by adding Q-exact operators with a single insertion of 0,b:

QOab = [Bac,b] + - - (4.120)
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Summarizing, we find the following single-trace primaries in the tree-level cohomology:

A, =Trbd", n>1
B, ., =Trb"o,c, n>1, a=1,2 (4.121)
C,=Trb"0,c0%, n>0.

By the computation above, these operators together with their derivatives and the deriva-
tives of Tr ¢ form a basis of the large N single-trace tree-level cohomology.

The general structure of this calculation should generalize to all algebras of the form
A" = A® C[[z,]]. Then

HH,(A") ~ C|[24,dza)] @ HH,(A).
The Connes B operator for A’ still splits as
B =dz,0,, ®id+id ® By

where By is the Connes operator for the algebra A.

The copies of the B cohomology at non-trivial powers of u~! generalizes the v~ 'Clu™1]
factor above. It has the correct quantum numbers to represent the difference between the
absolute and relative cohomology. At order u® we can apply a similar approach as above
by employing a spectral sequence which first computes the B4 cohomology. The first page
in this spectral sequence computing the large N relative Lie algebra cohomology is thus
the u® part of the cyclic homology of A tensored with C[[z,, dz,]].

If A is commutative, we can give a more intuitive explanation of this by employing
superfields C valued in C? x Spec(A). Then we could formally define dC' using the Connes
B as a differential d and build @Q-closed operators Tr(dC)" as before.

4.5.2 Cohomology of the loop-corrected differential

Starting with the above results about the tree level operators at large N, we can now
discuss the effect of the one-loop correction to the differential.

The first important observation is that the differential now mixes operators with dif-
ferent numbers of traces: a single-trace operator can be mapped to a single trace operator
with an extra factor of N, if the differential acts on neighbouring letters in the trace, or to
a product of two traces if it acts on other pairs of letters.
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Conversely, the 1-loop differential acting on the product of two traces could act on each
individually or merge them into a single trace.*’

In order to have a standard large N combinatorics, it is useful to incorporate a factor
of N~! in the propagators of the fields and a factor of NV in the interaction. One can nor-
malize single-trace operators with an overall power of N. Then the planar loop differential
maps single-trace to single-trace with no extra factors of N. The leading 1 — 2 process is
suppressed by a power of N2, but the 2 — 1 process is of order 1.

In the pure gauge theory, we can schematically discuss the action of the one-loop
differential on single-trace operators.

The action on A, is particularly simple:
Q14, ~ nTrb"20,b0%. (4.122)

The relative order of the symbols in the trace can be changed by adding tree-level exact
terms such as QoTr b*10,b0"20%b. Then, by using the fact that the action of @y on the
individual fields gives commutators, and canceling with the operator in (4.122), we can
thus rewrite the )1 action on the tree-level cohomology in terms of B, ,:

2n

6211471:”_1

OaBY_, . (4.123)

In cohomology, therefore, the one-loop differential eliminates the A,, tower for n > 1 and
divergences of the B, , tower. The action on B, , is a bit more complicated. Barring
magical cancellation, it must produce a multiple of J,C,, up to tree-level exact terms. On
the other hand, the action of (); on C),, must vanish as there are no single-trace operators
with three ¢’s in the tree-level cohomology.

Summarizing, in the planar limit we see that the one-loop differential eliminates almost
every single-trace operator. In the SU(N) theory, only the C,, survive, even though the
derivatives of (), are trivial in one-loop cohomology. These remain even in the SU(N)
theory. !

Stripping off the singleton, i.e. working with an SU(N) gauge theory, we thus find that
the one-loop corrections produce a topological theory with single-trace observables associ-

40This “problem” could be avoided if we define multi-trace operators via regularized products, effectively
adding to the operator extra terms with fewer traces. This would introduce a different, possibly worse
problem: the regularized product is not associative.

4“IWe do not expect the differential mapping two traces to a single trace to change this conclusion, as
acting on C,,C, it would produce single-trace operators with too many c¢’s.
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ated to C,. The quantum numbers of the operators prevent further perturbative correc-
tions to this answer. Indeed, as they have all even ghost number, even non-perturbative
corrections are impossible.

4.6 Hints of twisted holography

We will now discuss a holographic realization of holomorphic BF theory in the B-model
topological string, leading to conjectural examples of twisted holography for the twists of
pure gauge theory and SQCD with a fixed number of flavours. At tree level, this setup
can be treated in parallel to other twisted holography examples based on the B-model,
e.g. the cases of the 2d chiral algebra in N = 4 supersymmetric Yang-Mills theory [31] or
the holomorphic twist of A/ = 4 supersymetric Yang-Mills theory [12], and other theories
associated to D3 branes at singularites as we touched upon in Section 4.4.

For the B-model with flat target C%*92 one can consider branes wrapping d; of the
directions. As we recalled in Section 4.4, the topological B-model presents the tree-level
local operators in the world-volume theory on N branes in terms of the Lie algebra coho-
mology of gly|[[za,€:]], where a = 1,...,d; label the bosonic holomorphic coordinates and
1t =1,...,ds label the fermionic coordinates. We can describe it, as before, in terms of the
composite superfield C(z, ¢).

In the case at hand we are considering d; = 2,ds; = 1, so the total dimension is 3.
This is a familiar situation, where the two-dimensional B-twisted sigma-model computes
top forms on the moduli space of complex structures of a Riemann surface, which are
integrated to give topological string amplitudes. The closed string sector of the B-model
topological string on a Calabi-Yau threefold admits an elegant description in terms of
Kodaira—Spencer theory [35, 37, 13].

Theories associated to D3 branes at singularities, on the other hand, have dy = 2,dy = 3
and involve a more exotic “supercritical” topological string theory, defined in dimension
greater than 3. Loop amplitudes in such a theory vanish unless insertions with sufficiently
negative ghost number are present on the worldsheet. The result can still be expressed in
the language of Kodaira-Spencer theory [37].

Generally speaking, the bulk B-model fields are divergence-free holomorphic poly-
vectorfields on C% 792 but in the neighbourhood of the brane they can be roughly thought
of as divergence-free holomorphic poly-vectorfields on C%192 essentially by identifying .,
as bosonic coordinates Z' and ; as 0 in the poly-vectorfield. They can thus be paired up
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naturally with the forms Tr(dC)" on C%/% to describe the coupling of the brane to the
bulk fields.

This setup can be employed to study the world-volume theory of the branes, the BF
theory, in two related ways:

e The bulk closed string fields must admit a non-anomalous coupling to the world-
volume theory living on the brane. Anomaly cancellation can be used to constrain
the differential and brackets of the worldvolume theory, for any number N of branes.*?

e Open-closed duality predicts that the open-closed string theory in the presence of a
stack of NV branes should be equivalent to the closed string theory in a backreacted
geometry. The standard dictionary of open-closed duality relates the planar loop
expansion of the field theory to classical calculations in the bulk closed string theory,
with a precise relation between the number of loops and the power of the backreaction
on the two sides. Quantum effects in the bulk govern the N~! expansion in the field
theory.

On general grounds, the backreaction of the D-branes is a d;-vector valued in (0, ds — 1)

forms:
dy

Nwgy [ [ 0-. (4.124)
t=Q
where wgy is now the Green’s function for 0 in the transverse directions.

The effects of this backreaction can be drastically different depending on the value of
ds and are typically non-geometric in nature. It is not necessarily obvious how to define
a decoupling limit to derive a standard holographic correspondence from the open-closed
duality statement. The anomaly cancellation results, on the other hand, can be safely used
to constrain the properties of the D-brane worldvolume theory.

4.6.1 Holomorphic BF theory from the B-Model

The world-volume theory of a stack of N D-branes wrapping C? in C3 is precisely holomor-
phic BF theory with gauge group U(N).** The lowest component of the b field describes

42In lower-dimensional examples (topological defects of complex dimension one) the constraints can be
discussed elegantly in the language of Koszul duality [150, 151, 8, 152]. It is expected that the notion of
Koszul duality can be extended to higher dimensional defects and a similar language will apply here.

43Holomorphic BF theory is the dimensional reduction of holomorphic Chern-Simons theory, which is
the open string field theory of the B-model topological string on a space-filling brane [153].
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transverse fluctuations of the branes while the lowest component of the c¢ field is the ghost
for the world-volume gauge fields.

We will now show more explicitly that the operators A, By, o, C,, (4.46) in BF theory
can be naturally coupled to the closed string fields of the B-model in the neighbourhood
of the brane.

The closed string fields of the Kodaira—Spencer theory are given by
BePNV.(CH2, pweP.V.I(CH[1], =eP.V.2(C. (4.125)

These are Dolbeault (0,e) forms with coefficients in the zero, first, and second exterior
power of the holomorphic tangent bundle of the target. The ghost number of a field is
determined by both the polyvector degree and Dolbeault degree. If a® denotes the (0, )
Dolbeault component of a field, then 8 has ghost number i — 2, x has ghost number
i — 1, and 7% has ghost number 7. The fields p, 7 satisfy the constraint that they are
divergence-free, meaning that dou = 0 and dom = 0. In local coordinates p = 140, , the
first constraint is simply 0, = 0 and similarly for the bivector field.

Let us take coordinates (21, 29, w) on C? with the complex codimension brane wrapping
the first two coordinate planes. The most basic first-order coupling of closed string fields
to a stack of N D-branes of complex codimension one is

N [ o7'B. (4.126)
(CQ
Notice that only the (0,2) Dolbeault component appears in the coupling expression above.
Here, we view 3 as a Dolbeault type (3,2) form on C? via the holomorphic volume form:;
071 is a non-local expression which schematically denotes a (2,2) form 3 with the prop-
erty that 08" = (. Fluctuations in the transverse direction, whose coordinate is w, are
controlled by the eigenvalues of the lowest component of the open string b-field via:

oo

NERIOESY % Tr 0" 0" B wo - (4.127)

n=0
Therefore, the basic coupling leads to a tower of single-trace couplings
1
N— Trb" 0" ' B0 dz1d 2, (4.128)
C2 n‘

involving the A,, = Trb" local operators in the tree-level cohomology of the 4d holomorphic
BF theory.
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Notice that in our B-model inspired analysis of the large N tree-level cohomology, A,
was identified as the coefficient of de™ in Tr(dC)". The above coupling is consistent with
an identification de — 0,,.

There are analogous couplings between the B, , = Trb"d,c and C, = Trb"0,c0c
operators involving the transverse derivatives of the components 0., of the field p and
the field 7 given schematically by

1 n—1

/(C2 mBn,a (9w ,U/a‘w:() ledZQ (4129)
1 n—1

/(C2 mcn aw 7T|w:0 ledZQ . (4130)

All the couplings can be expressed concisely in terms of Tr(dC)". Observe that the
replacement de — d,,, ¢ — dw maps the differential B = ded. + d2“0,, to the J operator
in C3. Thus Tr(dC)" becomes a d-closed form in C?, which can be naturally paired with
the closed string fields.

These linear couplings can give rise to an anomaly which is bilinear in the bulk field,
involving the bracket of two local operators on the brane. We expect it to be cancelled by
a tree-level bulk Feynman diagram involving a cubic bulk vertex. This is the general prin-
ciple of Koszul duality: the algebraic structures in the brane world-volume theory should
be constrained or even determined by anomaly cancellation in terms of bulk Feynman di-
agrams. It should represent a target space manifestation of the relations between open-
and closed- string field theory.

4 is captured by the following closed string field which is a

The brane backreaction®
bivector:*

1
Ty = N0y Ny (4.131)

At leading order, the effect of 7, on the classical closed string theory is to modify the
differential acting on polyvector fields to

0 — 0+ {mp, —}s, (4.132)

44The backreaction can be obtained by solving the equation of motion of the Kodaira-Spencer theory
with a D-brane source term N§,,—g.

45This field has charge —1 under the U(1), rotation symmetry in the plane transverse to the branes,
so that a perturbative expansion in this back-reaction breaks U(1); just in the same way as the quantum
corrections in the 4d holomorphic BF theory.
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where {—, —}5 is the Schouten bracket.*0

This backreaction also produces a BRST anomaly in the couplings to the brane, which
we expect to be cancelled by the planar part of the 1-loop BRST transformations of A,
B, . and C,. Generally speaking, turning on a non-trivial closed string field which is a
bivector has the effect of making spacetime noncommutative.

4.6.2 Large N SQCD

In this Section we discuss some preliminary observations about the holomorphic twist of
SQCD, see Section 4.4.1. We briefly recall that the twist of SQCD can be described as a
higher dimensional gauged 87 system, with 8, v and /3, 7 fields arising respectively from
(anti)fundamental chiral multiplets.

Recal also that the g fields from the fundamental chiral multiplets have the same gauge
quantum numbers as the 7 fields from the anti-fundamental chiral multiplets, and vice
versa. As a result, the U(Ny), x U(Ny)g classical global symmetry of physical SQCD is
enhanced to U(Ny|Ny).

Remarkably, we can engineer this holomorphic theory in the B-model as well, by adding
(N¢|Ny) space-filling branes, which support an U(N¢|Ny) holomorphic Chern-Simons the-
ory. This opens up the possibility of a twisted holography analysis.

~ In the large N limit, we expect the (anti-)fundamental matter to contribute mesons
[ 4b"T'B to the BRST cohomology of local operators, together with their derivatives.

There does not seem to be space for any loop corrections at the leading order in N.

It thus appears that the holomorphic twist of SQCD, at the leading order in /N, enjoys
a symmetry by the super Lie algebra u(N¢|Ny)[z1, 22, 0,], deformed by the effect of the

1
n=—0. A0, (4.134)
w

background.

At low energy, for Ny < N, SQCD is expected to have a runaway behaviour due to an
instanton-generated superpotential with no minimum [154, 155]. It would be interesting

46In local coordinates, for 3,7 € PV**(C?) = C>(C?)[e; = 0;,dz"], it is computed by
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to study this phenomenon in the holomorphic twist and holographically. In practice, it
should mean that the operator “1”7 is Q-exact after instanton corrections are included.

4.7 Indices and characters for local operators

Supersymmetric indices offer a good way to gain some intuition about the cohomology
calculations which characterize BPS operators. Depending on the specific calculation we
are interested in, we can flavour the indices with fugacities for various actual or spurious
symmetries. Crucially, the indices can be computed in the free theory and are unaffected
by the interacting differentials.

Index calculations are not useful to study the full non-perturbative pure gauge theory
case, which only has an SU(2) rotational symmetry commuting with the super charge:
the collection of protected local operators in the free theory with a given SU(2) charge is
infinite-dimensional and thus cannot be sensibly counted.*

In a perturbative setup, we can grade operators by the full U(2) symmetry, as explained
at the beginning of Section 4.2. Both the b field and the holomorphic derivatives have
positive charge under the diagonal generator My and no fields of the BF theory have
negative charge (see table 4.7.1). The counting problem is thus well-defined.

Introducing traditional fugacities p, ¢ for the U(2) Cartan generators, the contribution
to the index of a b field of gauge fugacity z and its derivatives is

1
Hn,mZO(l _ pm+1qn+1z> )

(4.135)

which we can regard as the plethystic exponential of the single particle index %.
Here pqz is the fugacity for b, which is a boson, and each derivative adds a factor of p or

g. The contribution of a ¢ field, keeping only derivatives, is

11 (1-p"q"z). (4.136)

n,m>0|(n,m)#(0,0)

4TWe do expect the cohomology for each cohomological degree to be typically finite-dimensional, so that
a weighed character of the cohomology is well-defined. For example, in the pure free gauge theory the
only letters of non-negative cohomological degree are d,¢, and each can only appear once in an operator.
As long as the interactions can be described as turning on a differential on the free cohomology, the result
will be finite-dimensional. An exception would be theories with an infinite-dimensional chiral ring which
cannot be decomposed into finite-dimensional sectors of given charge under some flavour symmetry.
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As we build the full index, the contributions of b and ¢ fields with the same gauge charge
almost cancel out, leaving the products

[[a-p"2) ][ -q"2) (4.137)
m>1 n>1
for each generator of the gauge group G.

We can manipulate the product of g-dependent factors over the generators of G with
the help of the Kac-Weyl denominator formula:

H - q H H 1 - q ZOc = Z (—1)E(A)q()‘1>‘+2p)/(2hG)X>\(Z) . (4138)

m>1 a m>1 /\GAE

Here (—1)W is a sign which will be immaterial in the following and the sum on the right
hand side runs over the positive roots A}, of the group. The product on the left hand side
runs over roots « for G.

We can expand the product of p-dependent factors in the same manner and combine
the two sums. The projection over G invariants maps xa(z)x(2) — x, as the product of
two irreps of G contains a (single) G-invariant element if and only if the two irreps coincide.

We thus get

IS lp.d = > (pg) M0/ (4.139)
AEAT
For example,
S £(0+1)
LoPpal = (pg) = . (4.140)
>0

Notice that the index is a function of pg only: it does not receive contributions from
operators with non-trivial SU(2) spin. This is compatible with the exactness of 0,5,
discussed in Section 4.3.2, which implies that all operators with non-trivial SU(2) spin are
@-exact at 1-loop.

4.7.1 Large N index

If we include the fugacity = for the spurious symmetry U(1), giving charge 1 to b, as well
as the usual p, ¢ rotation fugacities employed in calculations of the superconformal index,
the single-letter index f(z;p,q) is given by

11—z

(I-p)(1—q)
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The fugacity x should be set to pg when we introduce loop corrections. Non-perturbative
corrections would further constrain p ¢V = 1 as the U(1) g symmetry is broken to a discrete
subgroup by anomalies.

The large N index for an U(N) theory is computed by a standard formula [104]:

Igzrt[:c;p,q]zﬂl_f H U =p) = a") (4.142)

1—2xm
n=1

(w"p q")

n=1

This index should count polynomials in single-trace operators. The single-trace index is
the Plethystic logarithm:

A .
l—-2 1—p 1—q°

[single [‘Tv b, q] = (4143)

We expect all single trace operators in the tree-level cohomology to be organized into

towers of derivatives of a “primary” field, with the exception of 9, Tr ¢, as Tr ¢ is disallowed.

Excluding the tower of derivatives of Tr ¢, the index for the remaining single-trace primaries

is

T — pr — qT + pq
1—x '

1+(1_p)(1_Q) (_1+[single[x;p7Q]) = (4144)

This agrees with our large N cohomology calculations in Section 4.5: we see the contribu-
tion of the primaries

A, =Trb", n>1
Bo =Trb"0,c, n>1 a=1,2 (4.145)
C, =Trb"0,c0%, n>0.
This confirms the result that these operators together with their derivatives, and the deriva-
tives of Trc, form a basis of the large N single-trace tree-level cohomology.
In the case of gauge group SU(N) and infinite N, the derivatives of Tre¢ vanish and
the cohomology is generated by primaries

A, n>2, B, n>1, Cpy,n>0 (4.146)

and their derivatives.

The 1-loop corrected cohomology for U(N) appears to only include the C,, operators
and no derivatives, as well as derivatives of Trc. This reproduces the single-particle index
in (4.143) where = = pq, without any cancellation, i.e. each term in the single-trace index
corresponds to one single-trace cohomology class.
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R| M- |Mp|Cgr|C
Ol 1 [0 11
b |0 2 2 0 |-2
c | -1 -1 0 1 1
Oo | O 1 1 0 |-1

Table 4.1: We collect here the charges of elementary fields under various generators used
in the main text. The twisted rotation generator was defined as Mpr = M;- — R and
the “perturbative” and “non-perturbative” cohomological degrees as Cr = gh — R and
C = Cr— Mg =gh— M, -, respectively.

4.8 Numerical analysis for N = 2,3

In this Section, we study the cohomology of local operators for the holomorphic twist of
pure N =1 SYM for SU(N) gauge group with N = 2,3, formulated as holomorphic BF
theory as described in Section 4.3. The space of local operators can be organized by the
charge Mp = M — R, with finite-dimensional eigenspaces. We use symbolic manipulation
software to compute the cohomology up to the following values for the charge:

Mr=14 for N =2,

4.147
MR:8 for N =3. ( )

Up to the tree-level stage, our calculation is the pure gauge theory analog of [111, 136],
which computed numerically the low energy cohomology of semi-chiral operators in N' = 4
SYM for SU(N) with N = 2,3,4. The main bottleneck in numerical calculations of
cohomology of local operators appears to be the large number of gauge invariant operators
and of monomials which appear in individual gauge invariant operators, especially for
N > 2.

The computational strategy is straightforward:

1. We pick a specific basis for the adjoint representation of the gauge group and work
with the explicit components for all the fields. In this way, the finite N trace relations
are implemented automatically.®

2. We produce a basis for the space of gauge invariant operators

Ve(n1,12) = @jp Vg (11, n2)

48This choice is also the main limitation of our method, as the number of possible monomials in the
fields grows dramatically as Mg or N increase.
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built out of the operator b and its derivatives as well as derivatives of c. Operators
in Vjp|(n1, n2) have charges ny, no under the Cartan generators of U(2), which add up
to Mg, have charge |b| under the auxiliary U(1), which commutes with the tree-level
differential )y and the cohomological grading (which we have left implicit in the
expression above). Recall that |b| simply counts the number of times b appears in a
local operator; all other fields are weighted trivially under U(1),. The perturbative
differential commutes with U(2), so that we get a collection of complexes V,(n1,n2)
indexed by the n;.

3. We compute the action of
Qoi Vfb|(n1,n2) — Vle(nl,ng) (4148)
on the basis and find a basis for the representatives of the )y cohomology

H' (Vi (n1,m2), Qo).

4. We compute the action of the one-loop differential (); on the representatives of the
(o cohomology:

Ql . HZ(V‘b‘(nl, ng), QO) — Hi+1(V|b|71(TL1, 712), Qo) . (4149)

We then compute the representatives of the (); cohomology
H.(H.(Vo(nl) n2)7 QO)a Ql)

This procedure gives the one-loop approximation to the perturbative cohomology. In prin-
ciple, we should continue and compute the two-loop differential

QQ . H.(H.(V‘H(Tll,ng),QQ),Ql) — H.(H.(V|b|_2(n1,ng),Qo),Ql) (4150)

as in a spectral sequence. Up to the values of My we consider, though, we find that the
1-loop cohomology is sufficiently sparse to forbid non-zero higher loop differentials. Our
answer

H*(Vo(n1,n2), Qpert) = @ H*™ 2 (H* (Vg (n1,m2), Qo) Q1) (4.151)
[b]

is thus exact to all orders in perturbation theory.

A potential strategy for non-perturbative calculations would be to start from H®(Ve(n1,n2), Qpert)
and compute a l-instanton correction to the differential. Such a correction must lower
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n1 + no by multiples of 2N, the anomaly introduced by a 1-instanton effect, while increas-
ing cohomological degree by 1:

Ql—inst : Hi(vo(nb n2)7 Qpert) — HiJrl(Vo(nl - N7 Nng — N)? Qpert) . (4152>

It would be the beginning of another spectral sequence-like calculation incorporating n-
instanton effects.

For N = 2, we will find multiple pairs of perturbative cohomology classes which could
in principle be lifted by instanton effects. Indeed, our calculations are compatible with the
conjecture that the whole perturbative cohomology should be lifted by instanton effects,
with the exception of the identity operator and of the gaugino condensate Cy = 0,c0%c,
with no non-trivial operator with the charge of C2. This is somewhat remarkable, as the
perturbative cohomology is otherwise rather sparse.

Such a result would fully agree with the space of local operators in the far infrared:
the IR theory has two gapped vacua distinguished by the vev of Cj, which is expected
to square to a multiple of the identity operator, proportional to the appropriate power of
the strong coupling scale. The far infrared effective theory in each gapped vacuum is not
expected to support any other non-trivial local operators. We will comment on this point
further at the end of the Section.

For N = 3 one may similarly hope for instanton effects to cancel all perturbative
cohomology classes except Cy and C?, as the theory is expected to have three gapped
vacua in the IR. Unfortunately, we cannot push our calculation to the order p°q®, which
would be needed to find a perturbative cohomology class whose 1-instanton image could
cancel the other perturbative cohomology class we find below.

4.8.1 Cohomology of the tree-level differential

By the numerical analysis outlined above, we find that all cohomology classes at tree level
(up to the studied values in equation (4.147)) are of the “same type” as in the infinite
N case, i.e. their representatives are polynomials in single trace primaries A,, B, o, Cy
given in (4.46) and their derivatives. Therefore, there is a surjective map from infinite N
tree-level cohomology into SU(2) and SU(3) cohomology, up to the level we checked:*?

HEU(OO)(VIbI(”laW%QO) - HgU(N)(V\bl(”hW)a Qo) , N=23. (4.153)

49The map is not injective: e.g. due to trace relations operators C,, vanish for odd n in SU(2).
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Mg N=2 N=3 N = o0
)

3 | —pux — qux + p*qu® + pgu?
2 — p*ux — 2pquxr — Pux
1p3qu? + p2gPu® + pu
Vi + PP — pPur + PP TR+ PP PuE — it
5 | —2p%qux + pq*u® — 2pqtux + px? | +pPquit — pgtul + pgPula
—@ux + qa? —pux? — qua?
P + P+ —ptur Lo e s e ses,
+p°¢ut + pPePu’ — pPauta 39 2 4,4 2 2,3 33,6
3 2 4,4 | 2 4 2 +p°quir +prqtu” = 3pTqtuta | +pqu
—2p°qur +p g ut +piqu 2 2 2 2, .2 33 2.2 4
6 P2 Puts — 202 Pux + p*r? +p qutr —p 7«;$2 —Ppqu 552 +p QQUQJC
pPu? — pPude — 2pgPur +pg*u’s 4 pqus® — 2pqur +pqux
—Puz? + 2
Tpquta? + pgr? — ¢rux + ¢x?

+pqulzs + p?¢Put

Table 4.2: Tree-level characters counting cohomology classes with charges p™ ¢™2u®rz?.
Each column should be added to the previous one to get the full answer.

In the analogous setting for N' =4 SYM with SU(2) gauge group, this statement fails at
Mpg ~ 8, due to the appearance of a “non-multitrace” cohomology representative which
is not a polynomial in infinite N single-trace cohomology representatives [136, 156, 157].
Here we do not find any non-multitrace cohomology classes of the tree level differential up
to Mgr = 14. It is possible that such states will appear at higher quantum numbers. We
do not have a clear expectation either way.

The tree-level characters for N = 2,3 and N = oo are listed in table 4.2.

4.8.2 Cohomology of the loop-corrected differential

As predicted, the derivatives of cohomology classes are exact at 1-loop for finite and in-
finite V. More surprisingly, we find several cohomology classes at N = 2, which are not
polynomials in the infinite N single-trace cohomology of the 1-loop differential. These are
the “non-multitrace” cohomology classes with respect to the 1-loop differential.

The 1-loop cohomology classes for N = 2,3 compared to N = oo are shown in table
4.3.
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2 [ Cy Co Co
1 - C1,C2 | Cy, C2

6 | Cy 7 | Cy, CoCh, C3

8 7 | Cs,C5Co, C2,C1C2, C3

10 | Cy, B120,Co0Cy | 7 | Oy, C3Cy, o0y, CoC3, C3Cy, C1CF, Cf
Cs, C4Cy, C3C, C CQ,CQ,CCC C! 037
12 B1,2818231’281200 ? 0%70%6%’515370380 2 2v“1%0, Y24
Cs, C5Co, C4Ch, 040027 C3Cy, C3C1Cy, CgC’g,
02200702012,020103702061,C?CO’C%Cg”Clc(?’C(?

14 CG, B3728200(9%C() ?

Table 4.3: Cohomology representatives at 1-loop. For N = 2 we find cohomology classes
which are not of the form of the cohomology classes at infinite N.

We include the characters counting 1-loop cohomology classes of various charges:

SU(2
Xt (1:9:0) =1+ pqu® + p*a*a” + p*°u® — p°¢*u® + p°g°u
+p'qw? —p'g"w’ + O(°¢%) (4.154)
SU(3
X (u, p, q) =1+ pqu? + p**u* + p**u® + O(p¢’) (4.155)
1

Xfloop(u7p7 q) :H (

— U O(p3¢ 4.156
720:1 1 _pnqnuz) Xl—loop(“’apv Q) + (p q ) : ( : )

If we replace the fugacity u for Cr with a fugacity v for the nonperturbative cohomo-
logical degree C' (see table 4.7.1), the SU(2) character becomes

SU(2 _ . _ . _
X (v,p,q) =1+ pa + (PPPv™ = P°Pv ™) + (0°°v™ = pTq v ™) + pPev™
+p'q"v " + O(p°®) . (4.157)
We grouped together pairs of terms which could be lifted by 1-instanton effects.

It seems plausible that the term p”¢"v~12 coming from the cohomology class C could be

paired up with a term —p%¢?v™'% coming from a potential cohomology class Bj 29:C07Cy
at charge Mpr = 18, which is above the values studied by us. More generally one can
conjecture the contributions from cohomology classes C5,, for n > 0:

p2n+1q2n+lv—4n (4158)
could be lifted by the contributions from “non-multitrace” cohomology classes

32n71,262008500
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which take the form

_p2n+3q2n+3v—4n—l . (4159)

The term p®q®v~% could potentially be cancelled by a contribution —p®¢®v= from a new
“non-multitrace” cohomology class at charge Mp = 18, which is above the values we
studied numerically.

4.8.3 Comparison to compactification on a two-torus

We should elaborate on the possibility of matching operators between the UV and far IR
theory. This discussion will be somewhat orthogonal to the rest of the Section.

In two-dimensional topological twists, it was found that the space of local operators
computed in the UV could be fully matched to the space of local operators in the far IR,
but only including the effect of gapped particles and solitons [158]. The two-dimensional
(2,2) supersymmetric CP! sigma model is closely related to pure four-dimensional A" = 1
gauge theory. Indeed, it is expected to arise from a supersymmetric compactification on a
two-torus of the four-dimensional theory [159, 160]. Solitons in the two-dimensional theory
are related to domain walls in the four-dimensional theory.

The supersymmetric torus compactification is compatible with the holomorphic twist:
we can consider the twisted theory on C* x C* and reduce it to a topological theory on
R2. Local operators in the two-dimensional theory, though, could arise either from local
operators in the four-dimensional theory or from holomorphic surface defects wrapping
the internal two-torus. In particular, the local operators in the twisted CP! sigma model
which create solitons are likely to arise in such manner.

A better option, for our purpose, is to consider the twisted theory on the product
of two holomorphic cigars and reduce it to the same topological theory on (R*)?, with
specific boundary conditions. Then four-dimensional local operators map to “corner” local
operators at the junction of the two boundaries. It would be nice to characterize the
resulting boundary conditions in the twisted CP! sigma model and verify that the corner
local operators computed via the web formalism of [158] match the 1, Cy local operators
expected in four dimensions.
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Appendix A

Appendices for Chapter 2

A.1 Examples

All k=1

The saddle equations are trivial. We have p = m; and thus p; = m;'. This is reasonable:
a one-point function of D(my;uy;21) can only pick the m¥ term, so the saddle action is
log m;.

The spectral curve is given by b = uja —my, ¢ = zla+mf1, d= u1z1a+u1mf1 — 1My,

ie.
1 0 —my
= a+ _ _ . Al
g (21 U12’1> (ml Y (uymyt — z1m1)> (A1)

If we identify t = a, this is a standard genus 0 spectral curve with one puncture at
t = 00.

Al12 k=2
For an irreducible solution, the saddle equations require
12 WU
= —mim A2
P2P1 71 — 7 1172 (A.2)
and we have
£ T %2 21— 22
P1=— 2, P2 = — 1 (A.3)
U1 — U2 Uy — Ug
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The two-point function (D(mq;uy; 21)D(ma; ug; 22)) has a tree-level saddle action

21 — 22 21 — 22
—1—m1m2 .
Uy — U2 Uy — Uz

log (A.4)

The spectral curve is of genus 0. We can place the punctures at t = 0 and £ = co and
write without loss of generality:

(1w 1 uy \ ao oo boo
7= (21 U121>t+ (22 U2Z2) 14 * (Coo doo>' (A.5)

The constraint det g = 1 fixes all but two parameters.

As we placed a puncture at £ = 0o, we should replace the basis ;= of functions vanishing
at t = co which we employed in the general case in section 2.3.7 Wlth some functions that
vanish at some other point ¢, instead of ¢t = co. If we use (¢t —ty) and (t —to)/t as entries of
the eigenvector, we arrive to the expected form of p, with p? = u; — us, and can determine
the two remaining parameters in terms of m; and my. We get

my —Mma
oy = ————
Uy — U2
miug — Moy
b= ———— ==
U — U2
miz1 — MaZzg
COO = - ——
Uy — Uz
Mgz — MalU122
Uoo = —
U — U2
1.2
P2P1
ay = ——"2L . (A.6)
(u1 — ug)

Al13 k=3

The k = 3 saddle equations have generically two irreducible solutions. The solutions
involve a square root and are cumbersome to write down directly. Instead, we can realize
them in terms of genus 0 spectral curves. We can write

— 1 Uy 1 Uz % 1 us as Qoo boo
o= (o (L) ()it (i) oo

The constraint det g = 1 allows one to express, say, as, a3, Cs and d, in terms of aq, a,
oo
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We can build p by using the eigenvector with components (t —ty), (t—1to)/t, (t—to)/(t—
1). This expresses the masses m; in terms of a1, ds, doo. The relations are linear in @,
ds, but impose a quadratic equation for a;. We thus find a nice parameterization of the
saddles p in terms of a; and two of the m;, together with a quadratic relation to impose

the value of the third m;.

A.2 Binomial sum

After change of variables = 2= + ¢ in (2.107), the three sums in (2.108) take the form:

SEE S (;c - gq_—pe_—ll) <2x L 8)’

r=[max(q+e/2,2q+¢)]

where € € {0,41} and the total sum is equal

(=1)

m

241(25(0) + S(—1) + S(1)).

We will use the binomial identity:

S(B,C) = i(—l)x (Qx i;i_cl— 1) (QI ) xB i O) B {;’(—1)3, g :8.

=0
There are 9 ranges for variables p — ¢ and p + ¢ that we have to consider:

1. p—q > 2: all three sums are zero.

2.p—q=1p+q<0
3.p—q=0,p+qg< -1

4. p—q=0,p+qg=0:

(A.8)

(A.10)

(A.11)

(A.12)

(A.13)



7.p—q<—-2,p+qg<-—L

S(0) =2(=D)"",  S(=1)==2(=1)"",

8. p—q<-2,p+q=0:

9. p+q > 1: all sums are zero again.

The total sum is non-zero only for:

S(1) =2

S(1) =1

S(1) = —2(—1)77
S(1) = —(~1)

+1, p—q=1p<i
25(0)+ S(-1)+S(1)=<2 -1, p—qgq=-1,p< %
+1, p=q=0,
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where the last case does not correspond to a modification of a determinant.

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)



Appendix B

Appendices for Chapter 4

B.1 Properties of \-brackets

The A-brackets describe a multilinear operation on the space of local operators modulo
total derivatives. They control how the BRST differential is affected by position depen-
dent interactions with non-zero holomorphic momenta, denoted A.! A general \-bracket
{®, .- a,_,®}n satisfies the properties

(oo (D+X)0n .. =0, (B.1)

n—1

0{ 2 Otn ={. 2 (0= X)O}n. (B.2)

i=1

Notice that the last entry of the brackets behaves in a slightly different manner from the
others. The brackets are graded symmetric under permutations of the remaining arguments
together with the A\ parameters. They are graded symmetric under permutation of all
arguments if we define A\, = — Z?:_II A; — 0, with the latter symbol acting outside the
bracket.

The A-brackets should be understood as generating series for a tower of brackets:

{ox - na®tn=) [ |

ko

AP
kf! {o,... 0}, . (B.3)

'Properties of these brackets are discussed and derived in [7, 116]. Mathematically, they should describe
part of the information contained in a holomorphic factorization algebra [161, 124]. We also thank Ahsan
Khan for sharing unpublished notes on A-brackets at an early stage of this work.
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The brackets used in the BRST charges at the loop level and Maurer Cartan equations are
the A-bracket evaluated at \; = 0. The MC equations for holomorphic position-dependent
couplings involve the full brackets.

A particularly simple situation is one where all brackets with more than two entries
vanish. Then the 2-ary A bracket {e ye} satisfies axioms such as:

o {0A\B} =—-)A,B).

e 0{A\B} = —-\A,B}+ {A,0B}. This implies {A,dB} = (0 + \){A\B}.

o {A\B} = (—1)MAIBUB _,_5 A}

o {A\{Bx, O} = (-1)AFVIEEILB, {A), O} + (1) H{{Ax B} 5 +2,C} =0

where |A| and |B| denotes the fermion parity of the operators.

In the case of one complex dimension with vanishing higher brackets, such a A-bracket?
generate the familiar Lie conformal algebra® [128], which encodes the singular part of the
OPE, i.e. the A-bracket is a generating function for the non-negative VOA operations.
The information contained in the negative VOA operations is captured by a regularized
product which satisfy compatibility axioms with the A-bracket. These axioms guarantee
that together the A-bracket and regularized product encode the chiral algebra.

B.2 Bracket on the tree level

In this section, we give more details on the computations of the tree level bracket, i.e.
A-bracket of two arguments. Tree level brackets are simply given by performing a single
Wick contraction of free fields.

(b4, Py =617, (B.4)

where capital letters denote adjoint gauge indices. Our Lie algebra conventions are collected
at the end of section 4.3.1. Therefore, given two operators O; and Os, its tree level bracket
is simply
_ 54900180, 50, 50,
deA 6bB obA 6cB 7
2\ bracket in one complex dimension satisfies the same set of properties as above except a few sign
differences.

3There is also a great set of lecture notes by Victor G. Kac available at https://web.archive.org/
web/20220320093700/https://w3.impa.br/~heluani/files/lect.pdf.

{01,0,} + (—1)lOl54B (B.5)
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where |O| denotes the fermion degree. Care with signs is needed when taking functional
derivative with respect to Grassman variables. Our convention is
)

oA (Pc?) = 0188 — 649CP (B.6)

In the rest of the section, we will demonstrate the computation with more explicit
examples.

B.2.1 Bracket with stress tensor: Hamiltonian symplectomor-
phisms

The stress tensor for the bec system, i.e. holomorphic twist of the pure gauge theory, is
2Trbd,c. We are interested in vector fields on C? that preserves the symplectic form
w = dz; A dz. Since all closed forms are exact on C?, all symplectic vector fields are
actually Hamiltonian
_of 0 af o
L 02,02 0207

Given any two functions f, g on C2, the corresponding vector fields have the commutation
relation

(B.7)

(X Xgl = Xirg1 (B.8)
where the Poisson bracket is defined to be
of o0 0g 0
{fgp =20 0907 (B.9)

N 821 82’2 821 822 ’

Let’s choose the basis f,, = 27" 20+

commutation relation

for any m € Z>_; and n € Z>_;, which has the

{fmn: fraw} = [(m 4 1) (0" + 1) = (m" + 1) (0 + 1)] fnsm e - (B.10)
Define the mode generator
Gmm = 27" 20110,8%, -, (B.11)
with 0,5% = 2Tr 0,00% = —0,ba0%". A straightforward computation gives
[Gmms G ] = (M +1)(n" +1) = (m'+ D)(n+ 1)) gmsm/ s, myn>—1.  (B.12)
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These are precisely the commutation relations (B.10) of the positive modes of the Hamil-
tonian vector field Ham(C?) on C?. Acting on a test field, we have

gm0 = =Xy, 0, (B.13)
which, in particular, includes SU(2) rotations and translations
g_LOO = (910, 907_10 = —620

1 (B.14)
_§<91,—1 +9-11)0 = (CC182 — 1'281>O.

B.2.2 Brackets for large N tree level cohomology

In this section, we calculate the tree level A-brackets between the three towers of operators
introduced in section 4.3.1 and section 4.5. We will work out the brackets explicitly in
for U(2). To reduce clutter, we normalize A, = % Trbd™ and further define B, , and C,
through the relation

Ap[b+n%0ac) = Ay + 1" Bp1.0 + 1'7Chs. (B.15)
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A straightforward computation of Wick contraction yields*

{An)\Am} =0
(A, Bpa} = 2<(n 1)+ (m 41— 1)/\a>An+m_1
2im+1
(A2 Ch) = ﬁ <(n 1O + (m+ 1))\°‘>Bn+m_17a
—1
(B And = (-20) (004 2200 ) iy
B m n+m—14dap
{BnarBms} = (—2n) (m (aa + - )\a> Bnim-1
n—1 n+m—1+dap (B.16)
—— |0 A Bn m—1,o
+n+m—l(5+ n—14 9,3 B) * 1’)
m+1 n+m
{Bn,a A Cm} = (_Qn)n T m (aa + )\a) Cn+mfl
n+1 o, mtn—1_,
{Cn)\Am} = —2nm ((9 + T)\ > Bnerfl,a
1
{Cn A Bma} = 2n::m <8a -+ n + m)\a> Cn+m_1

{Ch2Cr} =0

up to (Yo exact terms.

As discussed in section 4.6, calculations above could be reproduced by holographic
consideration. We leave this as a future direction.

B.3 Bracket at one loop

In this section of the appendix, we explain the computation of the one loop brackets on
operators, and perform some explicit examples, filling in some of the details in section
4.3.2. According to the prescription in (4.61), we need to compute the triple bracket

Q.0 = %{z,z, 0} (B.17)

4We use the convention ¥*xo = ¥ax1 — ¥1X2 = —VaX®
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with all A parameters set to zero. The nontrivial contribution comes from Wick contractions
removing two fields in O and two fields in each of the two interaction vertices, as shown
below:

We see immediately that if O consist of only a single field, the triple brackets vanish
identically. )1 acting on a pair of fields can be nonvanishing. In the example of pure
gauge theory, described in 4.3, the relevant operators we are interested in are babg, bac?
and their derivatives, with open adjoint gauge indices A, B. On operators of more than
two fields, the action of () is simply the sum of (); on all pairs of fields,

1 (fl coJicaSfifivr o fimafi S ) = Z(‘U"'Q1(fifj) (fl coJicfiv o fima S >
i<j

(B.18)

where the signs (—1) are due to the (anti)commutation relation to bring f; and f; to the

front.

We will first compute the triple bracket by evaluating the one loop diagram given above.
The one loop diagram has been calculated in [7]. As a result, the () action on babp is

Q1(babg) = 0aba(2)0%cP (2) + 0abp(2)0*cH(z) — 2645000 (2)0%c (x) (B.19)

and on bacP is
Q1 (bac?) = (1) (aacA(x)a%B(x) o8 8acD(x)3acD(x)> . (B.20)
On the other hand, in the example of SU(2) pure gauge theory, we can also evaluate
the @) action on operators by bootstapping the relation (4.69). Choose the initial ansatz
Q1(b1c1) = C301¢105¢1 + C101020509 + . .. (B.21)

where the indices are adjoint gauge indices and (' 5 are arbitrary coefficients. Comparing
to (B.20), we find Cy = 0 and C} = —2 but we will leave it unfixed below. Surprisingly,
up to three loop level, we find a unique solution of (4.69) parametrized by the arbitrary
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coefficients (' . In particular, the action of ()1 on the most general type of operator of
the form V (1,1, nq + mq, ng + my) is given by:

n1 Qna mi Qmso 2€A €EBC
Ql(f)l 82 bA81 (92 CB> = —Cg f(CA, CB) -+ Cl# g<Cc, CD) y <B22)
2€ €
Ql(a?lﬁéwaxainlaghb]g) = —CQ H(bA, bB, CaA, CB) + CIM K(bc, bD, Cc, CD) .
my + mg + 2
(B.23)

Where the explicit form of the functions are given b
Yy
1
F(ca,cp) = ot 8;20148{”18;”2“03 — 8?185‘2“0,48?1“85”03,
1
H(ba,bp,ca,cp) = 8{“+ 8;2CA8T1872"2+163 — 8{‘18;2“0,40{”1“8?%3
o 8?1“8;26146?16?2“03 + 8?1832+1bA8T1+18£n2CB,

Gleesen =33 () ()

k=0 =0

ka1 _ _ _
[a{nl klgma=lo guitkgnatitl,  gmikgmat+l, gm+krlgna+l, |

mi1 Mma2 1
Kitestmce.co) =33 i () (1)

k=0 =0

[81711—76-%18;712—100 8?1+k832+l+1bp . a{nl—kagnz—l—i-lCC a{u-ﬁ-k-‘rla;tz-i-lbD

—k+1 _ — _
_a{m + a;nz le 8?1+k8;12+l+1cD+aIn1 kagnz l+1bc a?1+k+lagzz+ch

One can check explicitly that the resulting ) is not nilpotent. This implies the need
for a two-loop correction, so that Q? + {Qq, @2} = 0 from (4.70). For example,

2 2
QQ (bAbAbBbB> = O3CYl EABchaaaﬁbBaaaBCC (B24)

10C2

Q> (bAbAaacBao‘cB) = — €ApcO,c 10" [8?038300 — 818203816200} ) (B.25)

B.4 Homotopy transfer

Consider a super vector space X with a differential () (an odd nilpotent linear operator).
Denote the cohomology @ in X as H(X, Q). Suppose that we are given a decomposition
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of supervector spaces
X=UspVaeW (B.26)

such that QU C U and W = im(Q|v ), which implies QW = 0. This immediately implies
that
H(X,Q)=H{U,Q=Qlv). (B.27)

Indeed, the kernel of @ equals the kernel of @ plus W, and the image of Q is the image of

Q@ plus W.

An explicit quasi-isomorphism between (U, Q) and (X, Q) can be presented in terms of
a cochain contraction (m,t,h) from (X, Q) to (U,Q). Let m : X — U be the projection,
t: U — X be the inclusion let A : X — X be such that the following identities hold

7Q = Qr
Qu=1Q
=1y
Qh+hQ =1x —um (B.28)
mh =10
ht =10
h*=0.

Indeed, we can define h as vanishing on the U and V' summands and the inverse of () on
W. The first two relations say that =, ¢ are chain maps. The remaining relations encode
that (m,¢, h) is a cochain contraction.

A systematic calculation of the cohomology of any cochain complex (X, Q) will effec-
tively produce a contraction as above. Indeed, we can let V' C X be the complement of
the kernel of Q). The cohomology U is then presented as any complement of W = im(Q|y)
in the kernel of Q).

B.4.1 Deforming a contraction

Next, consider a situation where the differential () is a perturbation of a simpler differential
(o, that is

Q=Qo—0 (B.29)

for some ‘small’ differential §. Also, assume that we have a contraction for Qq:

X=UyaVy® W, (B.30)
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such that QyUy C Uy and im(Q)|y,) = Wy. Denote by Qo, To, Lo and hg the corresponding

maps supplying a contraction as above.

We can look for a deformation of the contraction for )y to a contraction for (). For

example, define
A = 197 + {ho, @} = 1x — {ho,d} .

If we can invert A, we can define new maps

Q = mQA 1o = Qo — ol L

Tx —hoo "
1
L=A"Y = rxhoém
T=7mAT = ﬂ-olx%x(wlo
h=hyA™ = holx%X(ShO :

(B.31)

(B.32)

We claim that these maps define the desired deformed contraction. Some relations follow

immediately from the expressions above:

=0,
mh =0,
ht=0,
h?=0.

Using )
Q =m0 A Qo = TQuo
and a bit of work, we can verify another set of relations:
Qr = TQuomeA™ = TQ — TQ{ho, Q) = 7Q — m{ho, Q}Q
= mQ — TR + TAQ = 7Q — T + Tl = TQ,
1Q = A gmoQr = Qu — {ho, Q}Qu = Qv — Q{ho, Q}
= Qu— Quomot + QAL = Qu — Quo + Qo = Qu.

The final relation takes a bit more work. First, we can compute the commutator

1 1y
{Qo, h} = m{Qo, hO}m — h{Qo,0}h
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Ix 1x 9
- —ur — ho*h
Ix —hod1x —0hg "

hod n oho
1X—h05 1X—5h0

=1x+ LT (B.36)

From this it follows that
tr+{Q,h} =1x, (B.37)

as desired.

B.4.2 Perturbative cohomology

In a perturbative setting we may have a differential given as a power series in some formal
parameter

Q=Qo+hQ+hQr+--- (B.38)

Homotopy transfer offers a way to recursively define a “perturbative cohomology” in such
setting, as long as the @); have a sufficiently “triangular” form.

Namely, we can start by taking the cohomology U, of )y and treating the rest of the
sum as —d, inverting the corresponding

A = om0 + {ho, Q} = 1x + h{ho, Q1} + I*{ho, Q2} + - - - (B.39)
perturbatively. The result is a new perturbative differential
Q = mo(hQy + - )A i = hQSY + n2QV + - - (B.40)

which is now a formal power series starting at order h.

We can then compute a contraction for Qél) and repeat the procedure to get a new

pertubative differential on the cohomology Uél) of Q[()l), etcetera. As long as we have some
kind of filtration controlling the form of the @);, the procedure will converge to some limiting
Uéoo) which can be taken as the definition of perturbative cohomology.

B.5 Maurer-Cartan equations and quantum field the-
ories

A student of QFT is usually familiar with the idea that any QFT can be formally/ pertur-
batively deformed by adding to the action a general linear combination of local operators
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(modulo total derivatives) multiplied by couplings:

Zgz/d’)x@’ 7). (B.41)

The parameterization of the space of deformations is scheme-dependent beyond the first
order of perturbation theory. The deformation space can be described as a formal (i.e.
defined in perturbation series) pointed (i.e. equipped with a base point) super (if we
include deformations by Grassmann odd operators) manifold.

Another familiar notion in QFT is that of a beta function. If the base theory is scale-
invariant, an infinitesimal scale transformation will act on the couplings, thus defining a
formal vector-field

p= Z Bi(g 61 ’Lg]agz + 52 zgjgkagl + - (B.42)

Even if the base theory is not scale invariant, an infinitesimal scale transformation will
give an infinitesimal deformation of the theory. We will still get a formal vectorfield
B = Boady + -

If the base theory is described in a BRST formalism, we can extend the space of formal
deformations to include all operators in the BRST complex. Accordingly, we have a larger
collection of couplings g;, some of which will have non-zero ghost number/cohomological
degree. If we take the deformed theory with some couplings g; and act with the BRST
differential on correlation function, a possible BRST anomaly will manifest itself as an odd
variation of the couplings, i.e. an odd vectorfield vector field

1
Q= an 771 9509 + 2772 zgjgkagl +- (B.43)

In other words, correlation functions will be annihilated by the action of Qgrst + Q. By
definition, the odd vectorfield @ is nilpotent. We thus have what is called a formal pointed
dg-supermanifold.

The condition for a deformation of the theory to be non-anomalous thus takes manifestly
the form of a Maurer-Cartan equation, with coefficients 77” I The constraint Q% = 0 tells
us that the coefficients satisfy the axioms of an L, algebra.

Notice that we did not assume that the QFT we are referring to should be topological
or holomorphic. The appearance of co-structures is simply due to the formal deformation
nature of the problem.

We can also consider position-dependent deformations of the theory. This leads to
A-brackets and their non-holomorphic analogues (see [116] for more details).

158



B.5.1 Homotopy transfer for odd vector-fields and L., algebras

The basic homotopy transfer formula from appendix B.4 can be widely generalized. For
example, consider an L., algebra, presented dually as the collection of coefficients in an
odd nilpotent formal vectorfield Q.

There is a “sum over trees” construction for L., algebras which is analogous to the
contraction formulae above [162]. The analogy becomes sharp in the language of the
formal supermanifolds. Suppose that we have a contraction for @), the linear part of Q.
This gives us dual linear maps ¢, 7, h relating the g;’s and some smaller set of g,. We can
define as before

A=t +{h,Q}, (B.44)
and -
Q=710A1,
IT=A""
’ B.45
I=7nA"1, ( )
H=hA"t,

which give an odd vectorfield Q on the §, as well as morphisms relating it to Q.

Dually, these formulae reproduce the ‘sum over tree’ formulae. As we expand out the
expressions for the coefficients of Q, we find sums of terms involving sequences of operations
which alternate the action of L., brackets and of the coefficients in h.

B.6 Rigid SUSY, twists, and indices

In the bulk of the document, our goal is to understand the (perturbative) algebra of local
operators in a SUSY QFT protected by the minimal amount of supersymmetry. These
operators form a “semi-chiral ring,” and are computed by taking the ()-cohomology of any
supercharge in the A/ = 1 theory (the particular supercharge is immaterial). Essentially by
definition of locality, the collection of local operators in any QFT should only depend on the
details of the spacetime manifold through the contribution of gauge-invariant functions of
the metric and other background fields, and their derivatives at the point, which can affect
operator mixing. After a holomorphic twist, we do not expect the surviving background
fields, such as the Beltrami differential encoding the complex structure of spacetime, to
have local invariants. Hence the semi-chiral ring should be insensitive to the spacetime
manifold that the theory is placed on.
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There are many other quantities of interest in SUSY QFTs which are sensitive to the
underlying spacetime. Perhaps the best example of a BPS quantity which depends on
the spacetime is the supersymmetric partition function Z,,. The partition function, with
arbitrary background fields turned on, captures the correlation functions of local operators
which couple to those background fields e.g. Z[A] tells us about correlation functions of
the current j# which couples to A,,. The partition function also describes the “topological”
response of the theory to non-trivial background field configurations, including non-trivial
topologies themselves. In the case that the flat space theory is superconformal (and thus
has a U(1)p symmetry), the supersymmetric partition function on S® x S! is essentially
the superconformal index, which in turn counts (with signs) the (dimensions of the Q-
cohomologies of the) local operators in the semi-chiral ring. We shall review the precise
correspondence between these quantities below.

In this appendix we will review and disambiguate the terminology employed here and
in the supersymmetry literature. Specifically, we will:

1. Give a brief review of the literature on rigid supersymmetry and define what we mean
by the word “twist.” The goal here will be to disentangle the study of BPS quantities,
roughly captured by passing to the Q-cohomology (and what we will call twisting),
from the process of turning on a non-trivial background field. This is summarized in
figure B.1.°

2. Describe precisely how to do computations in a twisted theory by trading it for a
simpler theory which is a deformation retract of the original one, and comment on
the information of the untwisted theory that is captured by the twisted theory.

3. Separate the notions of supersymmetric partition function, supersymmetric index,
and superconformal index, and explain under what conditions and to what extent
they are the same on S% x S!.

As we will explain, there are two ways to obtain the twisted/cohomological theory on
a non-trivial spacetime £4.% Starting with the untwisted flat space theory, schematically
denoted Ly24;+4,, One can:

5To re-iterate, our definition of “twist” only means to pass to the cohomology of a nilpotent (not
necessarily scalar) operator ). In the literature, twist can sometimes mean the entire passage from
Lrs — L5 Unfortunately, twist can also refer to turning on background gauge fields, which we will also
do (but not call twisting).

6Note: we write everything schematically with a Lagrangian £ for simplicity, but a Lagrangian is not
essential for the rigid SUSY based arguments below.
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Figure B.1: Down-moving arrows always involve turning on some background fields in or-
der to define the theory on a curved manifold: on the left, there is the extra constraint to
preserve supersymmetry on M; on the right, many local aspects of the geometry are unim-
portant. Right-moving arrows always indicate passing to a ()-cohomology, i.e. restricting
attention to BPS quantities of the theory.

1. Put it on M then twist. Start by trying to place the flat space theory on a desired
curved manifold M. Since this generically breaks the supersymmetries of the original
flat space theory, one must turn on particular background fields in order to preserve
SUSY. This may not be possible at all and will generally require choices beyond
the geometry of M, such as a complex structure for a 4d A/ = 1 theory equipped
with a U(1)g symmetry, or a complex symplectic structure for a generic 4d N' = 1
theory. If the theory can be placed on M while preserving at least one nilpotent
scalar supercharge, then one can study the Q-twisted theory on M.

2. Twist then put it on M. Alternatively, we can start by passing from the flat space
theory to the twisted theory Cgﬁl . rdz» & holomorphic-topological QFT which we can
try to place on different curved manifolds by using an atlas of coordinate patches
related by diffeomorphisms which preserve the holomorphic-topological structure.”
For example, the twist of a 4d N' =1 theory equipped with a U(1)z symmetry can
be placed on an arbitrary complex manifold/coupled to an arbitrary Beltrami differ-
ential. In the absence of R-symmetry, it can be placed on any complex symplectic

manifold.
We schematically sketch these two paths in figure B.1. In the main body of the text we
take path 2.

In the next section, we briefly review the literature on rigid supersymmetry that encom-
passes the left-most arrow of this diagram, since it is the only one which is not obvious from

"In some situations, e.g. with extended supersymmetry, there may be other non-geometric background
fields which can be turned on and are needed to match the supergravity setup. The S? partition function
of 2d (2,2) theories or the S* partition function of 4d N = 2 theories are likely examples.
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the text. Then we review what it means to compute and study the twisted /cohomological
theory. Finally, we discuss the particular case that M = S3 x R and/or M = 5% x S,
and the relationship between the supersymmetric partition function, the supersymmetric
index, and the superconformal index.

B.6.1 Rigid SUSY and curved spacetimes

Let us very briefly review the first approach, and, in particular, explain how to place a
SUSY theory on a curved spacetime M while preserving supersymmetry. A systematic
answer for this problem was first described by [163], with solutions tabulated in [164, 165].
Important follow-ups for index calculations are described in [166, 167] (see [168] for a
superspace approach and [169] for a self-contained review).

As previously mentioned, if one naively tries to place a flat space theory Lrs on some
manifold M by minimally coupling it to the metric g,, for M, then the theory on M will
not generically be supersymmetric.® In particular, there is only a supercharge on M for
each covariantly constant spinor (

V,.(=0. (B.46)

Note: even when SUSY is preserved, there’s no reason to expect the SUSY algebra on M
to be the same as on R* since the isometries of M will be different from isometries of R*.?

The rigid supersymmetry construction of [163] provides a systematic procedure for
determining if and how one can place the flat space theory Lgs on M, without breaking
supersymmetry, for a much larger class of M than specified by (B.46). The idea is to
couple the theory to background off-shell supergravity in a possibly non-minimal way,
enriching the Killing spinor equation (B.46) with additional background field terms. Then,
by tuning the values of the background fields in this supergravity multiplet, the Killing
spinor equation may admit more solutions on M. The procedure is as follows:

1. Pick a supermultiplet S,. Every local Lorentz-invariant SUSY QFT has a real

conserved symmetric stress tensor 7,,, which lives inside a stress tensor supermul-

tiplet alongside the conserved supercurrent S,, [134] (see also section 4.2.4). The

8Intuitively, perturbations to the flat space metric couple to the stress tensor T*”, and [Q,T**] # 0,
so generically £ is not supersymmetric. In a similar vein, (non-flat) background connections for global
symmetries will also break SUSY.

9However, the SUSY algebra on M should Inénu-Wigner contract to the SUSY algebra for R*, where
the contraction parameter is some characteristic length scale for M. Also see the comments around (1.1)
of [163].
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other component fields {A&;} in the supermultiplet are determined by the precise
supermultiplet S, we are using, but 7},, and S,,, are universal.

2. Make g,, a superfield. We promote the background metric g,, to a (component
of a) background supergravity multiplet. The multiplet contains g,,,, the gravitino
U, and some additional auxiliary fields {);} which can source the {X;} operators
in the supercurrent multiplet S,,.

3. Couple Lr: to supergravity background. We couple Lzs+ to the appropriate
background off-shell supergravity multiplet (as dictated by S,).

4. Tune the background so L, is supersymmetric. To obtain a supersymmetric
theory on M, we must tune the values for the background off-shell supergravity
multiplet appropriately. We set g, to look like M, and set the gravitinos (and
any other fermionic background fields) to zero so we have a bosonic background, i.e.
¥ =0 = U. Since SUSY variations of the bosonic background fields are proportional
to the gravitinos, they vanish. By solving for ¥ = 0 and §¥ = 0, we obtain
the allowed values for the auxiliary bosonic background fields {);} so that Ly, is
supersymmetric.

That this last step of tuning the background off-shell supergravity fields works, and can
be done at all, is non-obvious. The intuition is that one should actually think of the theory
Lga as being coupled to standard dynamical off-shell supergravity. Off-shell because we
do not integrate out the auxiliary fields. Then, by rescaling the fields in the dynamical
supergravity multiplet and taking the “rigid limit” Planck mass Mp — oo, the supergravity
fluctuations decouple and we can “freeze in” the admissible background values. This also
makes it clear that the resulting rigid SUSY algebra can be thought of as the subalgebra
of local superdiffeomorphisms that preserve the particular background.

Some important notes about this procedure:

e Since the gravitino variation always contains a covariant derivative of ¢

0 = 5C\I]NO¢ = VMCOl + F(guu7 yiy C) 9 (B47)

we obtain a generalization of the Killing spinor equation (B.46), enriched by the
background fields. There can be yet additional dependence of F' on background
connections for global symmetries.

e We can use this construction in the reverse. By solving the Killing spinor equation
(B.47), we can determine which M admit supersymmetric backgrounds [164, 165].
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e Similarly, the construction makes it clear that we do not need specific information
about L+, other than the stress tensor multiplet S, it admits. In particular, we
don’t even need to have a Lagrangian description of the flat space theory.'°

To pick a guiding concrete example, if the flat space N/ = 1 theory has an unbroken
U(1)r symmetry, then the theory admits an R-multiplet and couples to background fields
for “new minimal supergravity” [170, 171]

R/L = (];SR)a Soz,ua g,uo’u Tuua C,uu) ) <B48)
Hu = (A,(LR% qjau: \Ijuo'm Guv, Bw/) s <B49)

where €}, is a conserved anti-symmetric two-form associated to “string charges” [134]. In
Euclidean signature, left and right-handed spinors are independent, so their variations are
set to zero independently 6.¥,, = 0 and 6gﬁf,m = 0. Thus we simply read off the new
Killing spinor equations from the gravitino variations of new minimal supergravity:

(V, — zAgm)g = —§v 0,6, (B.50)
(Vo + A = —i—%V”&Hoyf, (B.51)

where V# = £e#P29, B, and is conserved V,V* = 0 [163, 166, 167]. In Euclidean signa-
ture, A, and V# are generally allowed to be complex, but one assumes g, is real.

Solutions to the above Killing spinor equations in the off-shell new minimal supergravity
background (B.50-B.51) exist if and only if M is a Hermitian manifold, in which case
the background field values A,(LR) and V# are (almost) fully determined from the complex
structure J#, and Hermitian metric on M (see [164] for details). For example, V#* =
%VVJ Y, When M is Kahler, J”, is covariantly constant, so V* vanishes and the Killing
spinor equations reduce to the familiar holomorphic twist of N' = 1 theories on Kéahler
manifolds by an R-symmetry background as described in [172, 173, 174]. We will return
to this below. Other stronger facts are obtained if more supercharges are preserved.

The analysis above can be repeated without a U(1)g symmetry for theories admitting
an FZ-multiplet. The FZ-multiplet couples to the auxilliary fields of “old minimal super-
gravity” [175, 176]: a metric g,, gravitinos ¥, and \I~/W, a vector field b, and two scalars
M and M. There are also similar results for “conformal supergravity” and Lorentzian
signatures [177, 178, 179, 180, 181, 182].

10With the caveat that background fields can enter the action non-linearly. A description of the coupling
thus includes information on how the stress tensor multiplet varies as the background fields are turned on.
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An important consequence of having a U(1)z symmetry in the new-minimal supergrav-
ity treatment, is that the ) which is guaranteed to survive on a Hermitian manifold M
is a scalar under holomorphic coordinate trasformations [163, 164]. This is not the case
without a U(1)g symmetry for the old-minimal supergravity treatment [165]. A closely
related (but strictly stronger) fact is that with and without U(1)z symmetry, an N’ = 1
theory can be placed on a manifold locally isometric to M3 x R, where M3 is a maximally
symmetric space, while preserving four supercharges; but only with a U(1)g symmetry
they can be made time-independent (i.e. they commute with the generator of isometries
along the R factor).

One way to understand this scalarity of @ is as follows [164]: the holonomy group of the
Levi-Civita connection for a Kéhler manifold M is U(2), and at the level of Lie algebras
u(2) = u(l) x su(2) where these are subalgebras of the chiral su(2) symmetries of flat
spacetime. By turning on a U(1)g background, one can cancel the U(1) component in the
U(2) holonomy group, leaving a scalar supercharge ¢ to the Killing spinor equations

(V. —iAf =0 (B.52)

as in [172, 173, 174]. On a more general Hermitian manifold M, the metric and complex
structure are covariantly constant with respect to the Chern connection V,(f), not the
Levi-Civita connection. In this general Hermitian case, the Killing spinor equations in
the off-shell new minimal supergravity background (B.50-B.51) become the exceptionally
simple

(V) —iAlD) ¢ =0 (B.53)
when written in terms of the Chern connection (see [164] for details on the Chern-connection
and gauge field Aff)). Thus the entire story for the Kéhler manifold and the holonomy of
the Levi-Civita connection being cancelled by ALR) repeats for the U(2) holonomy of the
Chern connection and A",

B.6.2 Twisted theory on curved spacetime

Oppositely to the story above, we can instead take a flat space theory Lgs and twist it by
passing to the (-cohomology. As previously mentioned, these (Q-cohomologies capture the
BPS local operators comprising the semi-chiral ring. In the main body of the chapter, our
journey ends here for N' =1 SYM: we are computing the (perturbative) semi-chiral ring of
local operators on flat space, and studying its structure and holomorphic descendants.

There are now two (essentially equivalent) things we mean by the “twisted theory”
£5. On one hand, we can study the cohomological theory written in terms of the original
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field variables on C?. On the other hand, we can study an effective repackaging of these
(-cohomologies into new fields, presenting the theory in a different way. Specifically, we
find a different set of field variables that correspond to ()-cohomologies and when treating
both in the BV formalism provides a deformation retract of the respective chain complexes.
For example. In our case, the twisted sector of N' =1 SYM can be presented in terms of
the original field variables, or can be effectively described by a be system/holomorphic BF
theory.

Now, if we are interested in trying to place the twisted flat-space theory L& with
Lorentz group K on a non-trivial manifold M, and if we also have a U(1)g symmetry
(or other global symmetries), then we can talk about turning on background fields again
to preserve the @-cohomological/holomorphic structure on M. In particular, it may be
possible to find a homomorphism K < K x U(1)g, so that the twisting supercharge @ is a
scalar under the image of K: the new Lorentz group K’. In this case, there is a new stress
tensor 17”7 (whose components integrate to new Lorentz group rotations) is different from
T, satisfying 7" = {Q,S}.!! In flat-space, this is a trivial redefinition of field data, but
alters the way that the theory Lg% couples to curved space. More specifically, a Q-exact
stress tensor makes placing £{% on M sensible at all. Since @ is a K’ scalar, the theory can
be put on any M without breaking the Q-cohomology/holomorphic structure i.e. while
preserving @ and Q* = 0.

It is important to reiterate that our definition of twist in this thesis is precisely passing
to (Q-cohomology, to study the BPS operators, i.e. the right-moving arrows in figure
B.1. Not the act of turning on a background gauge field/twist for U(1)g symmetry, i.e.
down-moving arrows in figure B.1. We stress this point because the flat-space twisted
theory ££%, with or without a U(1)g symmetry, is a theory that exists, which captures the
correlation functions of the semi-chiral subsector of the full flat-space theory Lgs4. Turning
on a background symmetry is required to put the theory on a non-trivial manifold.

Some extended remarks about twisting are in order. We have emphasized that a main
step in constructing the twist of a supersymmetric theory involves taking the cohomol-
ogy with respect to a nilpotent supercharge (). More precisely, this step in the twisting
procedure involves deforming the original BRST operator ()grst by the supercharge @,
see [113]. If one is only interested in what happens to the cohomology of local operators
when passing to a twist, then there is a spectral sequence which does involve taking the

"Here there is an unfortunate historical overloading of terminology which we have tried to avoid. In the
literature, the homomorphism, “new Lorentz group K’,” and “new stress tensor,” are called the “twisting
homomorphism,” “twisted Lorentz group,” and “twisted stress tensor” respectively. Referring to the fact
that objects are affected by a nontrivial U (1) g background. We do not use such language because a priori
these “twists” do not have to be related to taking a @)-cohomology.
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(Q-cohomology.

There is another step in the twisting procedure that we have not discussed. To make
sense of the deformed/twisted BRST operator @Qprst + () one uses R-symmetry to shift
the ghost number grading so that this operator is homogenous. The output of twisting
typically collapses the Z x Z/2 (ghost X parity) bigrading of a supersymmetric field theory
to a Z/2 grading. In the original theory, the BRST operator has bidgree (1,0) with respect
to this bigrading and ) has bidegree (0,1). One chooses a copy of U(1) in the R-symmetry
to lift this to a Z grading, which we interpret as the ghost grading in the twisted theory.
Of course, if the R-symmetry does not contain a U(1) factor then this step is not possible.
We refer to [113, 6] for more details.

B.6.3 Partition functions, supersymmetric index, and supercon-
formal index

In the rigid SUSY story, we emphasized the existence of a nilpotent time-independent
scalar supercharge  on the Hermitian manifold M when there is a U(1)g symmetry. This
can be used to show, modulo anomalies, that Z,, is independent of the Hermitian metric
on spacetime, and is locally a holomorphic function of the complex structure moduli and
line bundle moduli (in the presence of background fields) of M [167].

Alternatively, in the ()-cohomology story, we emphasized the existence of a new Lorentz
group on flat space under which ) was a spacetime scalar, and such that a new stress tensor
T}, was (-exact. Infinitesimal responses of the holomorphic theory to a curved background
are computed by correlation functions of the new stress tensor T/’W, and hence it is also
clear that Z, (or really any correlation function of operators in the semi-chiral ring)
only depends (locally) on the complex structure moduli since @-exact deformations leave

correlation functions unchanged.

Indeed, using a linearized analysis around flat space, one can show that the change AL
to the Lagrangian under infinitesimal variations of the complex structure and Hermitian
metric lead to Q-exact deformations of the Lagrangian, except for terms proportional to
the holomorphic complex structure moduli [166]. The conclusion is that Z, is locally
a holomorphic function of the complex structure moduli. The fact that it is only locally
a holomorphic function emphasizes that we may still have anomalies leading to phase
ambiguities of the partition function [183].

Now let us focus on the special case of interest. The rigid SUSY analysis tells us that the
only 4-manifolds admitting four supercharges must be locally isometric to M3 x R where
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M3 is a space of constant curvature [163, 164]. In particular, manifolds with topology of
S3 x S* are an example. Without U(1)z symmetry, a theory with an FZ-multiplet can be
placed on a manifold locally isometric to S® x R while preserving 4 supercharges, but only
with a U(1)g symmetry can those supercharges be made time-independent in the sense
that they commute with the generator of translations along the R direction [163, 164].
Hence, we once again focus from hereout on theories which have a non-anomalous U(1)g
symmetry.

Every complex manifold diffeomorphic to S* x St is a Hopf manifold: a quotient of
C% — {(0,0)} by the free action of a discrete group G [184, 185]. Of primary interest are
those manifolds such that G = Z, in which case we are left with a primary Hopf surface;
secondary Hopf surfaces can be obtained by finite group quotients from the primary Hopf
surfaces. If the coordinates of C2 — {(0,0)} are zy, 29, we obtain a primary Hopf surface
by quotienting

(21, 22) ~ (pz1 + \25", qz2) (B.54)

where m € N and p,q, A\ are complex parameters, such that 0 < |p| < |¢| < 1 and
(p—q™)A =0 [186]. We will take A = 0 from here.

Given all this, it is completely reasonable to ask for the supersymmetric partition
function Zy((p,q,u) on M = S' x S3 where p and ¢ label complex structure moduli
of the Hopf surface, and w labels line bundle moduli for background gauge fields. By
supersymmetric partition function we mean the partition function with (—1)¥ inserted,
so that fermions have periodic boundary conditions on the S!'. Antiperiodic boundary
conditions would explicitly break supersymmetry.

We define the supersymmetric index to be the (refined) Witten index of the theory on
S3 x R in Hamiltonian quantization [187, 188, 105, 104, 106, 107]

Z(p,q,u) = Try, ((_1)ije+jr—§qu—jr—§<Jﬂ) : (B.55)

where 27, and 2j, are charges under the Cartan’s M, - and M, _ of the spacetime SU(2)s,
R is U(1)g charge, and J is some collection of U(1) flavour charges associated to a corre-
sponding set of fugacities (. Since S is compact, this is a well-defined (signed) count of
the states of the theory on S3. Based on the counting of quantum numbers, the index is
well-defined along RG flows (so long as all pertinent symmetries are preserved along the
flow). Note that this definition of the index as a refined Witten index makes sense if the
theory is superconformal or not. However, if the theory is superconformal, then the count-
ing of states in the supersymmetric index can be interpreted as a counting of 1/(4 N')-BPS
local operators by the state-operator correspondence, which we will call the superconfor-
mal index. In theories with a superconformal symmetry, this turns the four-dimensional
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index into a counting problem of gauge invariant local operators in the limit of vanishing
coupling.

The relationship between the supersymmetric index to the superconformal index is
clear. The relationship between the supersymmetric partition function and the supersym-
metric index is that when M = S? x S1, then

Zu(p, g u) = e 7PIL(p, q,u), (B.56)

where the prefactor F depends on the a and ¢ central charges of the theory [189], and are
interpreted as a supersymmetric Casimir energy [186, 190, 169].
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