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Abstract

Many control theorists are interested in how measurements of input and state trajecto-
ries can determine the properties of a control system, in lieu of the differential or difference
equation models that usually play this role. In situations of practical interest, such models
may be wholly or partially unknown, while input and state data are readily available. In the
discrete- and continuous-time linear quadratic regulator (LQR) settings, this area of research
has produced a proliferation of algorithms that use input and state data to solve the LQR
problem, the system identification problem, or both. In different algorithms, these data and
the requirements imposed on them take different forms that are not directly comparable,
making it difficult to assess the relative efficiencies with which different algorithms makes
use of data.

In [30], the authors show that the LQR and system identification problems are essen-
tially equivalent in the discrete-time setting. In this thesis, we extend this result to the
continuous-time setting, showing that, assuming input and state data are collected on in-
tervals, every algorithm that solves the LQR problem requires at least as much data as
system identification. From this, we show that the map from the data to the optimal gain
defined by these algorithms is continuous, establishing a connection between interval data
and sampled data algorithms. The possibility of using sampled data in place of interval
data leads to a weaker convergence criterion on sampled data approximations, and a natural
connection with numerical integration. We do some numerical experiments that show the
critical importance of choosing when to make input and state measurements, and emphasize
the possibility of doing so without knowledge of the system or its optimal gain.
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Chapter 1

Introduction

Optimal control theory is a way of thinking about how to make decisions over time, wherein
the objective is to find an action that optimizes a certain criterion. Commonly, this takes
the form of seeking a control input for a dynamical system (usually represented by a dif-
ferential or difference equation) that minimizes a cost functional representing the objectives
one has for the system’s behavior. The mathematical theory of optimal control is rooted in
the calculus of variations, a classical branch of mathematical analysis originating in the 17th

century. Optimal control theorists developed their field rapidly during the second half of the
20th century, spurred on by emerging applications to important problems in areas such as
engineering, economics, and operations research. One of the most celebrated achievements
of this development is the famous linear quadratic regulator (LQR) theory, which formulates
and solves the optimal control problem in the setting of linear control-affine dynamical sys-
tems with quadratic cost functionals.

In the 21st century, the techniques of optimal control theory in general and LQR the-
ory in particular continue to enjoy broad and diverse applications. Armed with increasing
amounts of computing power, modern control theorists are able to study dynamical systems
of greater complexity, often without known differential or difference equation representa-
tions. Simultaneously, many of the fields where control theory is fruitfully applied have
seen a massive increase in the availability of data, precipitated by the availability of sensing
hardware.

These trends have conspired to generate large academic interest in the field of data-
driven control, where observations of the input and state, rather than knowledge of the
underlying dynamical system, play the role of constraining the system’s possible behavior.
LQR theory, seen from the new data-centric perspective, remains an active area of research.
We presently give a brief review of some recent developments in this area that serves to
motivate the remainder of this thesis.
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1.1 Existing work and motivations

There are two dominant and contrasting approaches to data-driven optimal control problems
in general. One approach calls for representations of the dynamical system to be estimated
and constructed from measurements of the input and state trajectories it generates, which
we call data. This step is known as system identification. Once the system is identified,
the classical methods of optimal control may be directly applied to these representations in
order to solve the optimal control problem. The other approach abandons representations
of the system and attempts to find the optimal control directly from data. Accordingly,
algorithms for the solution of LQR problems from input and state trajectories generated by
unknown systems may be classified as direct or indirect, depending on whether they compute
the system matrices A and B as an intermediate step.

It is natural to ask whether this step imposes additional requirements on the amount
of data needed by indirect algorithms, regardless of their specific designs. Apart from the
practical utility of developing algorithms which require the least possible amount of data
to solve a given problem, this question is of theoretical interest because any answer to it
would shed light on the relationship between the two problems of system identification and
data-driven optimal control.

In the discrete-time setting, this question is essentially answered in the negative in [30],
where the authors show that data rich enough for a direct LQR algorithm to find the opti-
mal gain K are also sufficient to identify the system, provided that K ̸= 0. They do this by
considering the set containing only those systems that could have generated input and state
trajectories consistent with the observed data. The systems belonging to such a subset are
“compatible with the data”, a definition we formalize for our setting in Chapter 3, Definition
3.41. The objective is not necessarily to narrow down such a subset to a singleton (as one
does in system identification), or to solve the optimal control problem. Rather, what emerges
are relationships between properties shared by the systems in such sets, and properties of
the data which define those sets. Given a particular control-relevant property such as sta-
bilization by a certain input, we ask what conditions the data must fulfill in order for the
property to be ascribed to all systems in the set it defines. By taking such a perspective on
data-driven control, we can glean important information about unknown systems from the
data they generate, even without identifying them. This is known as the data informativity
framework.

The data informativity framework introduced in [30] is further developed in the setting
of continuous time in [21], where stabilization of the system is linked to the existence of a so-
lution to a linear matrix inequality (LMI). In that paper, it is assumed that the values taken
by the input and state are known on intervals of time, rather than being measured only at
discrete points in time. We refer to these different forms of data as interval data and sampled
data, respectively. In [9], informativity for stabilization with both interval and sampled data
is investigated under the assumption of perfect knowledge of the state derivative. This is a
simplifying assumption, since the state derivative is normally difficult to measure directly.
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These results, among others, validate the usefulness of the data informativity framework
for studying continuous-time linear systems. Nevertheless, to the best of our knowledge, no
continuous-time analogue of the result from [30] establishing the equivalence between data
informativity for direct LQR and system identification is known.

Given the question of whether direct and indirect LQR algorithms impose fundamen-
tally different data requirements, it is useful to examine existing approaches in both discrete-
and continuous-time settings. Direct LQR algorithms are numerous in the literature. See,
for example, [22], [17], [29], [32], and [6] for discrete-time systems, and [14], [10], [31], [20],
and [19] for continuous-time systems. All of the latter group of algorithms rely on interval
data in the form of definite integrals of the input and state in order to perform a version
of Kleinman iteration [15]. Other authors have proposed indirect algorithms that rely on
estimating the state derivative. For example, in [21], interval data are used to obtain rep-
resentations of the input u and state trajectory x in terms of a polynomial basis, and these
are used to approximate the state derivative, which allows the system to be approximately
identified. In [23], similar polynomial approximations to x and u are used in a direct LQR
algorithm. In [11], the state derivative is approximated from sampled data using low-pass
filtering in order to do system identification. Low-pass filtering on sampled data is also used
in [5], but the state derivative is avoided in favour of LMIs. The authors of [7] present a
unified treatment of discrete- and continuous-time systems and reformulate the sampled data
LQR problem as a linear program.

Faced with such a large and diverse catalogue of data-driven LQR algorithms, one nat-
urally hopes to get an idea of their relative advantages and drawbacks. These direct and
indirect algorithms use interval or sampled data in different ways, making it difficult to
directly compare the various requirements they impose on the data they use. Do the differ-
ences in the forms of data used by these algorithms lead to differences in their performance?
The lack of comparability between different data requirements also precludes the drawing
of conclusions about which of these algorithms are more data-efficient, in the sense of re-
quiring less data to solve the same problem. Given these differences, it is even unclear how
the “amount” of data should be defined. Furthermore, it remains to be seen how various
requirements on data are sensitive not only to the quantity of measured data, but also to
when exactly the measurements are made. Are some times better than others for collecting
data? If so, can we know when those times are, in the absence of knowledge of the state or
the optimal control?

Insight into these questions might be gained if only one key question were answered:
can the fundamental equivalence between direct and indirect LQR algorithms, established
for discrete-time systems in [30], be extended to continuous-time systems?
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1.2 Overview of the thesis

The primary aim of this thesis is to address the question above by proving that from a data-
centric perspective, the LQR and system identification problems are equivalent. It is well
known that system identification may be used to solve the LQR problem, as we describe in
Subsection 3.2. We show that additionally, all continuous-time data-driven LQR algorithms
using interval data are doing system identification. We summarize the secondary questions
this thesis aims to investigate as follows:

• How do interval data and sampled data LQR algorithms compare with one another?

• How can we compare the amounts of data required by different LQR algorithms when
those data take differing forms?

• How important is the timing of the collection of data?

We address these aims in the next four chapters. In Chapter 2, we formulate the theory
for the continuous-time infinite-horizon LQR problem and review its central results. We do
this by first considering the finite-horizon problem, and then take the limit of its solution
as the time horizon goes to infinity. In Chapter 3, we do some numerical experiments
to investigate differences in performance between a direct and an indirect LQR algorithm.
Then, we formulate the data informativity framework with interval data in order to show
that every direct LQR algorithm using interval data requires as much data (expressed as the
rank of a matrix) as system identification. In Chapter 4, we use this result to prove that the
map from interval data generated by a system to the system’s optimal gain is continuous.
This enables the approximation of interval data in integral form by sampled data, furnishing
a connection with the theory of numerical integration. We supplement our discussion of this
connection with some more numerical experiments. In Chapter 5, we summarize our results,
revisit the aims outlined above, and suggest some future research directions.
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Chapter 2

Linear Quadratic Regulator

Control theorists are often interested in finding inputs that drive the state of a dynamical
system toward the origin as time t increases. Informally speaking, it may be desirable to find
an input that is both small in magnitude and able to drive the state to the origin quickly.
In this respect, some choices of input are better than others, and we are motivated to search
for a control which is in some sense optimal with respect to some criterion. The setup of the
LQR problem formalizes this idea.

Let A, B, Q, and R be matrices (constant in time t) in Rn×n, Rn×m, Rn×n, and Rm×m,
respectively. We require Q to be positive semidefinite and R to be positive definite. Let the
input u be an Rm-valued function of t, and let the state x be the Rn-valued function of time
that solves the initial value problem (IVP)

ẋ(t) = Ax(t) +Bu(t), x(t0) = x0. (2.1)

We assume that u is such that x exists uniquely on whatever interval of time we are inter-
ested in. Throughout the rest of this thesis, we refer to the matrices A and B together, the

pair (A,B), and the block matrix
[
A B

]⊤
as the system or the system matrices, sometimes

without distinguishing between them. This is the setup for the finite- and infinite-horizon
LQR theories we discuss shortly.

This chapter is organized as follows. In Section 2.1, we introduce the finite-horizon LQR
theory and derive some of its results. We do this mainly for psychological reasons, just to see
how the optimal control is actually found. The steps therein follow those in the first part of
[2, Chapter 2]. The infinite-horizon theory develops out of the finite-horizon theory, but we
gloss over the details of this development. In Section 2.2, we summarize the main results for
infinite-horizon LQR, omitting their derivations. In Section 2.3, we state an algorithm for
iteratively computing approximations to the solution of the infinite-horizon LQR problem
that forms the basis for a data-driven algorithm we discuss in Section 3.1. Section 2.4
contains a small result about Lyapunov equations which comes in handy in Section 3.5.
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2.1 Finite-horizon problem

Let t0 and tf be real numbers with t0 ≤ tf , and let U be the set of Rm-valued functions
piecewise continuous on the interval [t0, tf ] that keep the state bounded on this interval. Fix
a particular initial condition x(t0) = x0. We define

Jx0 : U −→ R

u 7−→
∫ tf

t0

x⊤(t)Qx(t) + u⊤(t)Ru(t) dt+ x⊤(tf )Qfx(tf ), (2.2)

where x(t) solves the IVP (2.1) and Qf ∈ Rn×n is positive semidefinite. The terms x⊤Qx
and u⊤Ru may be respectively thought of as weighted penalties on the state being far from
the origin, and the control effort being large. The term x⊤(tf )Qfx(tf ) penalizes the state at
the time tf . Our condition on u are to guarantee the existence of a unique solution of (2.1)
on [t0, tf ].

At this stage, it may not be obvious whether there exists a u ∈ U which minimizes Jx0 ,
how such a minimizer may depend on x0, or what form it may take. The following theorem
addresses these questions.

Theorem 2.1.1. The minimizer u∗ of Jx0 exists, is unique, and is given by

u∗ = Kx∗, (2.3)

where x∗ is the unique solution to the IVP

ẋ∗(t) = (A+BK)x∗(t), x∗(t0) = x0 (2.4)

existing on the interval [t0, tf ], and

K = −R−1B⊤P, (2.5)

where P is the unique solution to the IVP

Ṗ = PBR−1B⊤P − A⊤P − PA−Q, P (tf ) = Qf (2.6)

existing on the interval [t0, tf ].

We spend the remainder of this section building the proof of this result. We start by
introducing the following ansatz. We assume such a minimizer exists, denote it by u∗, refer
to it as the optimal input or optimal control, and assume it has the form

u∗(t) = K(t)x∗(t), (2.7)

where K is a n×m matrix-valued function of time and x∗ is the solution to the IVP

ẋ∗(t) = (A+BK)x∗(t), x∗(t0) = x0. (2.8)
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It is possible to write every u ∈ U as

u(t) = Kx(t) + µ(t), (2.9)

where x solves (2.1) and µ is some Rm valued function on [t0, tf ]. By doing this, we hope to
show that with a judicious choice of K, we will obtain µ = 0 as the minimizer of Jx0 , and in
doing so justify our ansatz. We proceed by defining

x̃ := x− x∗, (2.10)

which lets us write (2.9) and (2.1) as

u = K(x∗ + x̃) + µ

= u∗ +Kx̃+ µ, (2.11)

ẋ∗ + ˙̃x = A(x∗ + x̃) +B(K(x∗ + x̃) + µ), x∗(t0) + x̃(t0) = x0

= (A+BK)x∗ + (A+BK)x̃+Bµ, x∗(t0) + x̃(t0) = x0, (2.12)

respectively. Subtracting (2.8) shows that x̃ solves the IVP

˙̃x = (A+BK)x̃+Bµ, x̃(t0) = 0. (2.13)

Now substituting (2.10) and (2.11) into (2.2) and doing some algebra, we get

Jx0(u) = Jx0(u
∗)

+

∫ tf

t0

x̃⊤(t)Qx̃(t) + (K(t)x̃(t) + µ(t))⊤R(K(t)x̃(t) + µ(t)) dt+ x̃⊤(tf )Qf x̃(tf )

+ 2

(∫ tf

t0

x̃⊤(t)Qx∗(t) + (K(t)x̃(t) + µ(t))⊤RK(t)x∗(t) dt+ x̃⊤(tf )Qfx
∗(tf )

)
,

(2.14)

where our conditions on Q, R, t0, and tf ensure that∫ tf

t0

x̃⊤(t)Qx̃(t) + (K(t)x̃(t) + µ(t))⊤R(K(t)x̃(t) + µ(t)) dt+ x̃⊤(tf )Qf x̃(tf ) ≥ 0. (2.15)

If we can select K such that∫ tf

t0

x̃⊤(t)Qx∗(t) + (K(t)x̃(t) + µ(t))⊤RK(t)x∗(t) dt+ x̃⊤(tf )Qfx
∗(tf ) = 0, (2.16)

then indeed µ = 0 will give x̃ identically zero as the unique solution to (2.13), making (2.15)
zero and Jx0(u) = Jx0(u

∗). This would show that Jx0 attains its minimum at u∗ = Kx∗,
justifying our ansatz.

In order to computeK from (2.16), we move the term x̃⊤(tf )Qfx
∗(tf ) under the integral.

To do this, we introduce a n× n matrix-valued function of time P satisfying

P (tf ) = Qf , (2.17)
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and we use the fundamental theorem of calculus to write

x̃⊤(tf )Qfx
∗(tf ) = x̃⊤(tf )P (tf )x

∗(tf )

= x̃⊤(t0)P (t0)x
∗(t0) +

∫ tf

t0

d

dt

(
x̃⊤(t)P (t)x∗(t)

)
dt

= x̃⊤(t0)P (t0)x
∗(t0) +

∫ tf

t0

˙̃x⊤(t)P (t)x∗(t)

+ x̃⊤(t)Ṗ (t)x∗(t) + x̃⊤(t)P (t)ẋ∗(t) dt, (2.18)

into which we substitute (2.8) and (2.13) for ˙̃x and ẋ∗ respectively, and x̃(t0) = 0 before
rearranging to get

x̃⊤(tf )Qfx
∗(tf )

=

∫ tf

t0

x̃⊤(t)
(
Ṗ (t) + A⊤P (t) + P (t)A+ P (t)BK(t) +K⊤(t)B⊤P (t)

)
x∗(t)

+µ⊤(t)
(
B⊤P (t)

)
x∗(t) dt. (2.19)

Substituting the above into (2.16) and collecting like terms yields∫ tf

t0

x̃⊤(t)
(
Ṗ (t) + (A+BK(t))⊤P (t) + P (t)(A+BK(t)) +Q+K⊤(t)RK(t)

)
x∗(t) dt

+

∫ tf

t0

µ⊤(t)
(
B⊤P (t) +RK(t)

)
x∗(t) dt = 0. (2.20)

At this point it becomes clear that if we find a pair (P,K) that solves the system

0 =Ṗ + (A+BK)⊤P + P (A+BK) +Q+K⊤RK, (2.21a)

0 =B⊤P +RK, (2.21b)

then this K will satisfy (2.16). Using the invertibility of R, we write

K = −R−1B⊤P, (2.22)

and substitute this back into (2.21a) to obtain the IVP

Ṗ = PBR−1B⊤P − A⊤P − PA−Q, P (tf ) = Qf , (2.23)

which P must solve.

Remark 2.1.1. While the optimal control depends on the choice of x0, neither K nor P do.

Equation (2.23) is known as the differential Riccati equation (DRE). A proof of the
unique existence of a P on [t0, tf ] that solves the DRE is contained in [16, Section 6.1]. The
results of the infinite-horizon LQR theory which we summarize in the following section are
obtained by treating tf as an increasing parameter. The idea is to consider the limit of a
sequence of P ’s that solve a corresponding sequence of DREs which come from the sequence
of finite-horizon LQR problems with increasing tf ’s. This material is covered in detail in [16,
Section 6.2], and we do not discuss it here.

8



2.2 Infinite-horizon problem

In this section, we formulate the infinite-horizon LQR problem in continuous time. We keep
the definitions of x, u, A, B, Q, and R from the beginning of the section, and we assume u
is piecewise continuous on [t0,∞] so that the state stays bounded on this interval. We define

J∗ := min
u

∫ ∞

0

x⊤Qx+ u⊤Ru dt. (2.24)

It is necessary to introduce an assumption to guarantee that J∗ is finite. Some definitions
follow. We define stabilizability, detectability, and observability for pairs of matrices using
the well-known Popov-Belevitch-Hautus (PBH) tests, which we state as they appear in [12].

Definition 2.2.1. We say the pair (A,B) is stabilizable when

rank
([
A− λI B

])
= n (2.25)

for every eigenvalue λ of A with nonnegative real part.

Definition 2.2.2. We say the pair (A,C) is detectable when

rank

([
A− λI

C

])
= n (2.26)

for every eigenvalue λ of A with nonnegative real part.

Definition 2.2.3. We say the pair (A,C) is observable when

rank

([
A− λI

C

])
= n (2.27)

for all λ ∈ C.

Assuming that (A,B) is stabilizable guarantees that J∗ is finite and exists uniquely. It
is well known (see for instance [28, Lemma 10.11]) that the minimizer is u = Kx, where

K := −R−1B⊤P, (2.28)

and P is the unique smallest positive semidefinite matrix that satisfies the algebraic Riccati
equation (ARE)

A⊤P + PA− PBR−1B⊤P +Q = 0. (2.29)

This equation is the infinite-horizon counterpart of the DRE (2.23) we encountered in the
previous section. It is of central importance in the infinite-horizon LQR theory, not least
because the optimal gain K may be computed by solving it. However, before we discuss
this, we introduce and discuss the concept of stability.

It is often desirable to ensure that the closed-loop system is stable, meaning the state,
under the influence of the optimal gain, approaches the origin as time passes. We define
stability as follows.

9



Definition 2.2.4. We say a square matrix M is stable, or Hurwitz, when every eigenvalue
of M has negative real part.

The stabilizability assumption on (A,B) alone is insufficient to guarantee that the
closed-loop system is stable, and the optimal gain may not be stabilizing even though the
associated J∗ is finite. Below, we give another useful definition of stabilizability, equivalent
to the previous definition, which involves stability.

Definition 2.2.5. We say the pair (A,B) is stabilizable when there exists an n×m matrix
K such that A+BK is Hurwitz.

The stability of the closed-loop system A+BK under the influence of the optimal gain
is related to the matrix Q. Since Q is positive semidefinite, it is possible to write Q = C⊤C,
where C ∈ Rp×n and p ≤ n. For the results of Chapters 3 and 4, we require A + BK to be
Hurwitz, so the closed-loop system with the optimal control is globally exponentially stable.
The stability of the closed-loop system is a standard requirement for the LQR problem to
be solvable (see for example [16, Section 6.2]). To guarantee this, it suffices to require every
eigenvalue of A on the imaginary axis to be (A,C)-observable [28, Lemma 10.14]. Propo-
sition 4.2.1 requires additionally that (A,C) be detectable. If we require that (A,C) be
detectable, then not only is A+BK stable, the solution of the ARE is unique. Stabilizabil-
ity and stability are the weakest conditions commonly considered in the formulation of the
infinite-horizon LQR theory.

Sometimes, the detectability assumption is strengthened to observability. Requiring
(A,C) to be observable guarantees, in addition to the above, that P is positive definite.
Many more details about all of the aforementioned are given in [16, Section 6.2]. Assuming
observability of (A,C) has the advantage that it allows the J∗ associated with the optimal
input to be used as a Lyapunov function for x. The algorithms we discuss in Sections 2.3
and 3.1 require the observability of (A,C). For the remainder of this thesis, we assume that
every eigenvalue of A on the imaginary axis is (A,C)-observable, and for Proposition 4.2.1,
we assume that (A,C) is detectable.

While the optimal gain may be computed by directly solving the ARE, this is not the
only way to solve the LQR problem. Next, we introduce an iterative method for computing
the optimal gain that is useful when a stabilizing gain is already known.

2.3 Kleinman’s algorithm

This is a policy iteration algorithm for computing solutions to the ARE first introduced in
[15]. It assumes (A,B) is stabilizable, and (A,C) is observable, and its proof requires P
to be positive definite and K to stabilize the system. We summarize the algorithm in the
following proposition.
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Proposition 2.3.1. Let K0 be such that A + BK0 is stable. If we recursively compute
sequences {Kk+1} and {Pk} from the system

Kk+1 = −R−1B⊤Pk,

0 = (A+BKk)
⊤Pk + Pk(A+BKk) +Q+K⊤

k RKk, (2.30)

then {Pk} is monotonically decreasing, every Kk+1 is such that A+BKk+1 is stable, and

lim
k→∞

(Pk, Kk+1) = (P,K), (2.31)

where P,K solve the ARE (2.29).

Remark 2.3.1. The system (2.30) is affine in P . Kleinman’s algorithm effectively allows
us to compute the solution to the ARE (a quadratic equation in P ) by solving a sequence of
affine equations.

Kleinman’s algorithm forms the basis for many data-driven LQR algorithms, one of
which we discuss in the first section of the next chapter.

2.4 Lyapunov equations

This section covers a small result used in the proof of Theorem 3.5.1.

Proposition 2.4.1. A matrix P satisfying

A⊤P + PA = Z, (2.32)

where A, P , Z ∈ Rn×n, exists uniquely if A is Hurwitz.

Equations of the form (2.32) are commonly encountered in LQR theory and are known
as Lyapunov equations. The ARE is a notable example. Before we give a proof, we introduce
some notation.

Let ⊗ denote the Kronecker product and vec (A) denote the column vector formed by
vertically stacking the columns of a matrix A. The Kronecker product satisfies the well-
known identity

vec(XY Z) =
(
Z⊤ ⊗X

)
vec(Y ), (2.33)

where X, Y , and Z are appropriately sized matrices. We make use of it below.

Proof. Applying the identity (2.33), we can write (2.32) as(
In ⊗ A⊤ + A⊤ ⊗ In

)
vec(P ) = vec(Z), (2.34)

where In is the n×n identity matrix. When
(
In ⊗ A⊤ + A⊤ ⊗ In

)
is invertible, vec(P ) exists

uniquely. This matrix is known as the Kronecker sum, and its set of eigenvalues is the set
of pairwise sums of the eigenvalues of A⊤ [13, Theorem 4.4.5]. If A is Hurwitz, then all of
its eigenvalues have negative real part, so no pair of them are additive inverses, and P exists
uniquely.

We will again refer to the Kronecker product and the above identity in Section 3.1.
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Chapter 3

LQR with interval data from
unknown systems

In the previous chapter, we formulated the infinite horizon LQR problem and gave some
methods by which the optimal gain K can be computed from the matrices A, B, Q, and R.
In this chapter, we consider the situation where the system matrices A and B are unavailable,
and instead we are only able to observe the values taken by x(t) and u(t) on q intervals

[t10, t
1
f ], · · · , [t

q
0, t

q
f ], (3.1)

where we require tif > ti0 for all i ∈ {1, · · · , q}.

This chapter is organized as follows. In Section 3.1, we present a representative of the
class of direct LQR algorithms. In Section 3.2, we cover a simple method for computing A
and B from interval data, which together with the results covered in Chapter 2 comprise an
indirect LQR algorithm. We do some numerical experiments to compare these algorithms
in Section 3.3, and in Section 3.4, we set up a theoretical framework . Lastly, in Section 3.5
we state and prove the main theorem of the chapter before making some remarks in Section
3.6.

3.1 LQR directly from interval data

In this section, we introduce the adaptive dynamic programming (ADP) algorithm as it is
described in [14, Chapter 2]. This algorithm is a modification of Kleinman’s algorithm where
the system matrices A and B in (2.30) are replaced by some matrices of measured data. We
restate the main result and proof from [14] below.

Theorem 3.1.1. Assume that (A,B) is detectable and (A,C) is observable. Let K0 be a
constant n × n matrix such that A + BK0 is stable, and let u be an Rm-valued function
continuous on every interval [ti0, t

i
f ] for 1 ≤ i ≤ q which keeps the state bounded on these

intervals. If we recursively compute sequences {Kk+1} and {Pk} from

Θk

[
vec(Pk)

vec(Kk+1)

]
= Ξk (3.2)
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where

Θk =
[
X⊗

+ − 2
(
X⊗

−
(
In×n ⊗K⊤

k R
)
+ U⊗

− (In×n ⊗R)
)]

,

Ξk = −X⊗
− vec

(
Q+K⊤

k RKk

)
,

X⊗
+ =

[(
x(t1f )⊗ x(t1f )− x(t10)⊗ x(t10)

)
· · ·

(
x(tqf )⊗ x(tqf )− x(tq0)⊗ x(tq0)

)]⊤
,

X⊗
− =

[∫ t1f
t10

x(t)⊗ x(t) dt · · ·
∫ tqf
tq0

x(t)⊗ x(t) dt
]
,

U⊗
− =

[∫ t1f
t10

x(t)⊗ u(t) dt · · ·
∫ tqf
tq0

x(t)⊗ u(t) dt
]
, (3.3)

x solves

ẋ = Ax+Bu, (3.4)

In×n is the n× n identity matrix, and we assume q is such that

rank
([
X⊗

− U⊗
−
])

=
n(n+ 1)

2
+mn, (3.5)

then {Pk} is monotonically decreasing, every Kk+1 stabilizes (A,B), and

lim
k→∞

(Pk, Kk+1) = (P,K), (3.6)

where P and K solve the ARE (2.29).

Below, we summarize the proof from [14, Sections 2.2 and 2.3].

Proof. First rearrange (2.30) into

0 = A⊤Pk + PkA+K⊤
k B

⊤Pk + PkBKk +Q+K⊤
k RKk, (3.7)

then substitute B⊤Pk = −RKk+1 and note that K⊤
k RKk+1 is symmetric to obtain

0 = A⊤Pk + PkA− 2K⊤
k RKk+1 +Q+K⊤

k RKk. (3.8)

Now, the fundamental theorem of calculus gives

x⊤(tf )Pkx(tf )− x⊤(t0)Pkx(t0) =

∫ tf

t0

d

dt

(
x⊤Pkx

)
dt, (3.9)

where we compute

d

dt

(
x⊤Pkx

)
= (Ax+Bu)⊤ Pkx+ x⊤Pk (Ax+Bu)

= x⊤ (A⊤Pk + PkA
)
x+ 2u⊤B⊤Pkx

= x⊤ (2K⊤
k RKk+1 −Q−K⊤

k RKk

)
x+ 2u⊤B⊤Pkx

= 2
(
x⊤K⊤

k+1 + u⊤)RKk+1x− x⊤ (Q+K⊤
k RKk

)
x (3.10)
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by substituting (3.8) and noting that Pk is constant in time and u⊤
0 B

⊤Pkx is scalar. All that
remains is to apply the identity (2.33) to (3.9) to obtain each row of the matrix equation
(3.2). As the preceding computations make clear, the iterates Pk andKk+1 generated in ADP
are identical to those generated in Kleinman’s algorithm, so they share the same respective
monotonicity and stabilizing properties, and converge to the same limits.

ADP is a method of doing Kleinman-type iteration which solves LQR problems without
knowledge of A or B, provided an initial stabilizing gain is available. We now turn our
attention to system identification, a technique for computing A andB from the data, enabling
K to be found by directly solving the ARE.

3.2 LQR via system identification

Supposing as before that the full input and state over some time interval [ti0, t
i
f ] are exactly

known, we can write the IVP (2.1) with initial time ti0 in integral form as

x(tif )− x(ti0) =

∫ tif

ti0

Ax(s) +Bu(s)ds =
[
A B

] ∫ tif
ti0

x(s)ds∫ tif
ti0

u(s)ds

 . (3.11)

If we have input and state data on the q intervals (3.1), we can define the matrices

D⊤
+ :=

[
x(t1f )− x(t10) · · · x(tqf )− x(tq0)

]
, (3.12a)

D⊤
− :=

∫ t1f
t10

x(s)ds · · ·
∫ tqf
tq0

x(s)ds∫ t1f
t10

u(s)ds · · ·
∫ tqf
tq0

u(s)ds

 , (3.12b)

S⊤ :=
[
A B

]
, (3.12c)

and combine equation (3.11) for the q intervals into the system

D+ = D−S. (3.13)

Remark 3.2.1. Given measurements of x and u on the q intervals in (3.1), the integrals in
the entries of D− will be fully determined (and may be easily computed), even if the integrals
themselves are not measured directly. It is on this basis that we consider D+ and D− to
be known. We will consider approximations to these integrals constructed from sampled
measurements of x and u using quadrature in Chapter 4.

When

rank (D−) = m+ n (3.14)

holds, we can uniquely recover the true system from the data by solving system (3.13).
Having identified the system matrices A and B, we can then solve the LQR problem by
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solving the ARE. This is a very classical way of computing optimal controllers from data.
However, as we saw in the previous section, explicitly identifying an unknown system from the
data it generates is not necessary in order to compute the optimal gain. In the next section,
we compare ADP and system identification in a series of numerical experiments. These
experiments illustrate the limitations of directly comparing the data required by different
algorithms and motivate the development of the data informativity framework in Section
3.4.

3.3 Comparing data requirements of ADP and system

identification

We are interested in whether there exist sets of input and state measurements which are
sufficient for one but not the other algorithm to solve the LQR problem. In general, given
a suitable input and a large enough number of randomly chosen sampling intervals, both
algorithms will be able to solve the LQR problem. On the other hand, there exist inputs and
numbers of sampling intervals which are insufficient for both algorithms. Any situations in
which ADP is more data-efficient than system identification could justify the greater com-
plexity of the former algorithm. The data matrices X⊗

+ , X
⊗
− , and U⊗

− from Section 3.1 are
different sizes from the data matrices D+ and D− from Section 3.2 and have different entries,
so rank conditions (3.5) and (3.14) cannot be directly compared.

What comparisons can we make? Each set of data matrices depends on definite in-
tegrals of x and u which, under our assumptions, are continuous and piecewise continuous
functions of time, respectively. In order to exactly determine these functions (and therefore
their integrals) on the intervals [ti0, t

i
f ], it is necessary and sufficient to measure the values x

and u take on a dense subset of each interval. In practice, this is no easier than measuring
values on entire intervals, so we abandon the idea of comparing cardinalities of subsets of
intervals [ti0, t

i
f ]. Furthermore, obtaining data for a single interval [t10, t

q
f ] will be insufficient

for both algorithms even when m = n = 1, while the same may not be true if this interval is
broken into many smaller intervals [t10, t

1
f ], · · · , [t

q
0, t

q
f ]. For this reason, we also reject the idea

of comparing the total length of the intervals on which data are collected. Instead, in the
numerical experiments that follow, we fix the length of each sampling interval and compare
the number of intervals required to satisfy the rank conditions of ADP and system identi-
fication. The choice of the input, and the number, length, and endpoints of the sampling
intervals are made without knowledge of the true system.

3.3.1 Numerical experiments with intervals of equal size

In all of the following examples, we use MATLAB R2022a and ode45 with AbsTol set to
1e-50 to simulate the system over a number of consecutive intervals where tif = ti+1

0 for all i.
The data from the first i intervals are then assembled into the data matrices required by the
algorithms, both of whose linear systems are solved using mldivide to compute P and K.
Because the data matrices are generated from the same trajectories on the same intervals,
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we can meaningfully compare the distances between the P and K thus obtained and those
computed using lqr directly from A, B, Q, and R and observe how these errors change as i
is varied. We treat the matrices returned by lqr as exact, so we use the distance

error := ||M − M̂ ||max (3.15)

between two matrices defined by the matrix max norm. We neglect the error introduced by
ode45 as it simultaneously integrates the ODE and generates the data. For a given algorithm
and a given i, if the rank condition is not satisfied, mldivide may still be used to obtain a
solution. However, the resulting K may not solve the optimal control problem at all. This
is not useful for us, so in this case, nothing is computed or plotted.

Example 3.3.1. We consider the system

A =

[
−1 −1
1 −2

]
, B =

[
1
1

]
, (3.16)

with

Q =

[
1 0
0 1

]
, R =

[
1
]
. (3.17)

Using lqr we obtain

P =

[
0.385988950543435 -0.06129939606183

-0.06129939606183 0.269783312208007

]
,

K =
[
0.324689554481599 0.208483916146171

]
. (3.18)

For the simulation, we choose tif − ti0 = 0.1 for the interval length, t10 = 0 for the initial

time, x(t10) =
[
0.5 −0.5

]⊤
for the initial state, u(t) =

[
sin(5t)

]
for the input, and integrate

over q = 30 intervals along a single trajectory, so that x(tif ) = x(ti+1
0 ). For ADP, we choose

K0 = 0 as the initial stabilizing gain and iterate 20 times, resulting in ||K21−K20||max always
less than 10−13. We allow i to vary from 1 to 30 and generate the following plot.
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Figure 3.1: Error in K and P for a 2-dimensional system from 1 to 30 intervals of data.

Both algorithms perform well, with ADP resulting in notably larger errors than system
identification. Presumably, this is due to the greater numerical error accumulated from the
more numerous calculations necessitated by this algorithm’s greater complexity. Both algo-
rithms show a modest improvement in accuracy as the number of intervals increases. We
attribute this to the averaging effect on numerical errors introduced by mldivide when it
returns a least-squares solution upon being asked to solve an overdetermined system. The
rank condition of ADP is first satisfied when the number of intervals increases to 5, whereas
the corresponding number of intervals for system identification is 3. In this case, it appears
that system identification sometimes succeeds with data that are too few for ADP, but never
the reverse.

Example 3.3.2. We consider the system

A =

 0 1 0
0 0 1
−0.1 −0.5 −0.7

 , B =

00
1

 , (3.19)
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with

Q =

1 0 0
0 1 0
0 0 1

 , R =
[
1
]
. (3.20)

Using lqr we obtain

P =

2.355030933091258 2.238452370854355 0.904987562112091

2.238452370854355 4.241942496771637 1.893095222031230

0.904987562112091 1.893095222031230 1.596995960828505

 ,

K =
[
0.904987562112090 1.893095222031230 1.596995960828504

]
. (3.21)

This system is the same as that given in 2.4.1 in [14]. For the simulation, we choose 0.1 for
the interval length, 0 for the initial time, u(t) =

[
2 sin(100t)

]
for the input, and integrate

over q = 30 intervals. For each interval, we randomly choose an initial state x(ti0) whose
entries are drawn from a uniform distribution on [−5, 5]. For ADP, we choose K0 = 0 and
iterate 20 times, resulting in ||K21 − K20||max always less than 10−13. We allow i to vary
from 1 to 30 and generate the following plot.
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Figure 3.2: Error in K and P for a 3-dimensional system from 1 to 30 intervals of data.

The errors in the results from ADP are about four orders of magnitude greater than
in the previous example, whereas system identification worsened only by about one order
magnitude, so the gap in the accuracy of the two algorithms is greater than with the previ-
ous example. The errors from ADP could probably be reduced by trying different interval
lengths, initial stabilizing gains, and inputs, but it seems that ADP is not competitive with
system identification, which outperforms it considerably. Both algorithms show a similar
improvement in error with an increasing number of samples. ADP requires 9 samples while
system identification can cope with 4. It appears that system identification is more efficient
with data in this example as well.
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Example 3.3.3. We consider the system

A =


0.0741 0.0089 0 0
101.5873 −7.2651 2.7608 2.8068 0 0
0.0704 0.0085 −0.0741 −0.0089 0 0.0200
0.0878 0.2672 0 −0.3674 0.0044 0.3962
−1.8414 0.0990 0 0 −0.0343 −0.0330

0 0 0 −359.0000 187.5364 −87.0316

 ,

B =


−0.0042 0.0064
−1.0360 1.5849
0.0042 0
0.1261 0

0 −0.0168
0 0

 , (3.22)

with

Q =


100 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 100

 , R =

[
1 0
0 1

]
. (3.23)

Using lqr we obtain

P =


766.758621 1.40195031 97.3265407 119.093696 -111.25490 0.62649452

1.40195031 0.10316092 -0.6581454 3.98928230 -1.8221334 0.01500913

97.3265407 -0.6581454 71.6914763 -1.3766798 -29.067836 0.02297498

119.093696 3.98928230 -1.3766798 233.810136 -126.09515 -1.1827543

-111.25490 -1.8221334 -29.067836 -126.09515 88.0775400 0.58591292

0.62649452 0.01500913 0.02297498 -1.1827543 0.58591292 0.56874023

 ,

K =

[
10.7536798 0.38752137 0.40057213 24.8445862 -13.667683 -0.1672295

8.99828865 0.20308407 0.06813470 9.20321182 -5.0796333 0.01795420

]
.

(3.24)

This system is the same as that given in 2.4.2 in [14]. For the simulation, we choose
tif − ti0 = 0.005 for the interval length, t10 = 0 for the initial time,

u(t) =
[∑100

j=1 sin(ωjt)
∑100

ℓ=1 sin(ωℓt)
]⊤

where each ωj and ωℓ is drawn from a uniform distribution on [−50, 50] for the input, and
integrate over q = 70 intervals. For each interval, we randomly choose an initial state x(ti0)
whose entries are drawn from a uniform distribution on [−0.5, 0.5]. For ADP, we choose
K0 = 0 and iterate 30 times, resulting in ||K31 −K30||max always less than 10−10. We allow
i to vary from 1 to 70 and generate the following plot.
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Figure 3.3: Error in K and P for a 6-dimensional system from 1 to 70 intervals of data.

The relationship between the errors and the number of intervals is broadly similar to
that which we have observed in the previous examples. The gap in errors between ADP
and system identification is smaller for this example than for the 3-dimensional system. The
data requirement of ADP is first satisfied with 33 samples, and that of system identification
with 8. It appears that the gap in data efficiency in favor of system identification increases
with increasing system size, which is unsurprising since the rank condition for system iden-
tification is O(m+ n), compared with O(mn) for ADP.

3.3.2 An example with intervals of unequal size

Our numerical experiments so far suggest strongly that ADP is plainly less data-efficient
than system identification. In this subsection, we give an example with intervals of unequal
size that casts doubt on this conclusion. We return to the 2-dimensional system of Example
3.3.1, but instead of integrating over intervals of fixed length and varying their number,
we fix the number of intervals at 5, the initial time t10 = 0, and vary the interval lengths.
We keep tif = ti+1

0 and integrate along the a single trajectory. The input and K0 remain
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unchanged from Example 3.3.1, but we change the initial condition to x(t10) =
[
0.01 0.01

]⊤
.

We then vary the tif in a particular way that highlights the dependence of the ranks of the

matrices
[
X⊗

− U⊗
−
]
and D− on the lengths of the intervals. To motivate our selection of the

tif , we plot the trajectory of the state, the input, and the entries of matrices

[∫ t

t10
x1(s)x1(s) ds

∫ t

t10
x1(s)x2(s) ds

∫ t

t10
x2(s)x1(s) ds

∫ t

t10
x2(s)x2(s) ds

]
,[∫ t

t10
x1(s)u(s) ds

∫ t

t10
x2(s)u(s) ds

]
,[∫ t

t10
x(s) ds

]
,[∫ t

t10
u(s) ds

]
, (3.25)

as functions of t on [0, 4] in Figure 3.4 on the next page. From the plot, we observe that the
ratios between the entries of these matrices vary with time. For example, the quotient∫ t

t10
x2(s) ds∫ t

t10
x1(s) ds

(3.26)

is higher near t = 1.5 or t = 2.75 than it is near t = 2.2 or t = 3.4. If we choose the endpoints
of our intervals so that this quotient has the same value at each endpoint, then the columns
of D− will be linearly dependent. We can select endpoints satisfying∫ tif

t10
x2(s) ds∫ tif

t10
x1(s) ds

= 2, i ∈ {1, 2, 3, 4, 5} (3.27)

in order to force D− to be rank deficient, and similarly select endpoints satisfying∫ tif
t10

x1(s)x1(s) ds∫ tif
t10

x1(s)x2(s) ds
= 0.9, i ∈ {1, 2, 3, 4, 5} (3.28)

in order to force
[
X⊗

− U⊗
−
]
to be rank deficient. We plot these points as well as the afore-

mentioned quotients as they vary over time in Figure 3.5.
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Figure 3.4: Data for ADP and system identification over time for a 2-dimensional system.
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Figure 3.5: “Pathological” sampling interval endpoints for ADP and system identification.

The endpoints in the first subplot of the figure above are

(t1f,t
2
f,t

3
f,t

4
f,t

5
f) = (3.29)

(0.36235857765, 1.45617638255, 1.53404368934, 1.95361011479, 2.24496668603),

and those in the second subplot are

(t1f,t
2
f,t

3
f,t

4
f,t

5
f) = (3.30)

(1.32001917243, 1.65964907930, 2.41995145884, 3.01633485068, 3.64965819368).
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Using the intervals defined by the endpoints in (3.29), we get
0.00380596 0.00422884 0.00422884 0.00470051 0.02678606 0.02960169

0.02985536 0.03317262 0.03317262 0.04010324 0.04504974 0.02395866

0.00003632 0.00004035 0.00004035 0.00005671 -0.0002035 -0.0011072

0.00922823 0.01025359 0.01025359 0.01147989 0.02773984 0.02778419

0.00168993 0.00187770 0.00187770 0.00262059 0.00190112 -0.0081537

 ,

(3.31)0.0303911758 0.0128271450 -0.000294574 0.0597236400 0.0028307283

0.0334292359 0.0654532923 -0.001273909 0.0654112121 0.0154947045

0.2477341011 -0.156181920 0.0719016850 0.2248777861 -0.233782871

 ,

(3.32)

for
[
X⊗

− U⊗
−
]
and D⊤

− respectively. As expected, the first column of
[
X⊗

− U⊗
−
]
is 0.9 times

the second column, and we use cond and rank to compute the condition number and rank
of these matrices, yielding

cond(
[
X⊗− U⊗−

]
) = 1.492336577344e+17, rank(

[
X⊗− U⊗−

]
) = 4, (3.33)

cond(D−) = 26.278488301511288, rank(D−) = 3. (3.34)

This shows that using the data generated from the single trajectory broken into the five
intervals defined by the endpoints in (3.29), the ADP rank condition n(n+1)/2+mn = 5 is
not satisfied. On the other hand, using the same trajectory and intervals, the optimal gain
produced by system identification has error ≈ 1.9× 10−16. If we instead use data generated
from the same trajectory on intervals defined by the endpoints in (3.30), we get

0.03218645 0.03583994 0.03583994 0.04314551 0.07925022 0.06167295

0.00256653 0.00259593 0.00259593 0.00265474 0.00293267 0.00048375

0.01492406 0.01573840 0.01573840 0.01736705 0.04094454 0.02927772

0.01060740 0.01097616 0.01097616 0.01171368 0.01922328 0.01009090

0.01156875 0.01202052 0.01202052 0.01292406 0.02438074 0.01461905

 ,

(3.35)0.0567014832 -0.002874064 0.0221630681 -0.013374516 0.0152232123

0.1134029664 -0.005748128 0.0443261362 -0.026749033 0.0304464246

0.0099594997 0.2759991900 -0.264578032 0.3406610391 -0.326965789

 ,

(3.36)

for
[
X⊗

− U⊗
−
]
and D⊤

− respectively. As expected, the second row of D⊤
− is twice the first

row, and we compute

cond(
[
X⊗− U⊗−

]
) = 7.884559620066274e+09, rank(

[
X⊗− U⊗−

]
) = 5, (3.37)

cond(D−) = 1.153450412909037e+16, rank(D−) = 2, (3.38)

which shows the system identification rank condition m + n = 3 is not satisfied. Using the
same trajectory and intervals, ADP produces an optimal gain with error ≈ 6.8× 10−5.
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In this example, we have demonstrated that the rank conditions for ADP and system
identification may be satisfied or not satisfied when the number of data intervals is fixed and
their lengths are varied. We have done this using the same system and input which, using
intervals of equal length, earlier apparently showed system identification to require less data
than ADP. With that being said, the data we obtained undoubtedly contained numerical
errors from integrating the ODE and solving linear systems, the interval endpoints we chose
were inexact, and the resulting matrices we computed were not perfectly singular. Although
we believe the accuracy of our methods is sufficient to show the existence of endpoints that
make the data sufficient for one algorithm but insufficient for the other, we are hesitant to
make absolute statements about the relative data requirements of ADP and system identifi-
cation. Nevertheless, it is clear that the rank conditions of both algorithms depend strongly
on the interval endpoints.

In this section, we have presented some numerical experiments aimed at understanding
the differences in the amount of data required to solve LQR problems via a direct algorithm
(ADP) and an indirect algorithm (system identification). In the case where intervals are
of equal length, for our 2-dimensional, 3-dimensional, and 6-dimensional examples, system
identification appears to be more accurate and to require less data than ADP. This gives the
impression that ADP tends to be less efficient with data than system identification, making
the hope that ADP may be used to solve LQR problems using data insufficient for system
identification seem remote.

However, by using the same number of intervals of varying lengths, we showed that each
algorithm can be made to satisfy its rank condition when the other fails simply by careful
(or pathological) choice of the interval endpoints. It seems somewhat counterintuitive that
the success or failure of either algorithm should be so sensitive to integration endpoints.
This is especially interesting since the process we used to choose our intervals made use
only of input and state measurements, and did not depend on any a priori knowledge of
the unknown system. It is therefore conceivable that in practical settings, both algorithms’
data efficiencies could benefit from more deliberate choice of data collection intervals than
defaulting to intervals of equal length. This observation makes it difficult to make any confi-
dent statements about which algorithm may be more data efficient than the other in practice
or in theory, in spite of any apparent advantage enjoyed by system identification.

Besides, we have only considered two particular algorithms as representatives of direct
and indirect algorithms for solving the LQR problem from data. As such, the results of our
numerical experiments provide limited insight into the comparative data efficiencies of the
two approaches in general. It remains to be seen whether there exist any direct algorithms
that can consistently solve LQR problems from data insufficient for system identification.
To investigate this question, it is necessary to take a more theoretical approach which is
independent of the details of any particular algorithm. In the next section, we do this by
extending the data informativity framework introduced in [30] to our present continuous
time setting.
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3.4 Informativity of interval data for LQR

In Section 3.2, we considered the case where D− defined in (3.12) has full rank. We now
consider the case where it is is rank-deficient. In this case the linear equation (3.13) has
infinitely many solutions. We can then define sets

SD := {S : D+ = D−S} , (3.39)

AD :=
{
A :
[
A B

]⊤ ∈ SD for some B
}

(3.40)

of systems that are compatible with the data. It is convenient to additionally define the set

S0
D := {S0 : 0 = D−S0} (3.41)

of matrices that solve the corresponding homogeneous system. From now on, we denote the
system matrices of S0 by A0 and B0, the true system that generated the data by Ŝ, and
its system matrices by Â and B̂. When system identification is possible from the data, SD
is a singleton containing only the true system. When system identification is impossible,
SD contains in addition to the true system infinitely many systems between which the data
cannot distinguish. The main idea of the data informativity framework is to investigate
which properties relevant to control may be attributed to all members of a given SD. By
doing so, we can extract some useful information about the true system even in situations
where it cannot be identified.

For a particular choice of m and n, the set of linear systems
[
A B

]⊤
is the set Rn(m+n).

We define the subset

Sstab :=
{[

A B
]⊤

stabilizable
}

(3.42)

of Rn(m+n) containing all systems which are stabilizable according to Definition 2.2.1. For
every fixed system and Q and R satisfying our conditions from Chapter 2, the uniqueness of
the corresponding P and K established in Section 2.2 makes it possible to define functions

pQ,R : Sstab −→ Rn×n (3.43)[
A B

]⊤ 7−→ P where P solves (2.29), (3.44)

kQ,R : Sstab −→ Rm×n (3.45)[
A B

]⊤ 7−→ K where K solves (2.28). (3.46)

Even when Q and R are fixed, different systems may have the same K. For example, given
any stabilizable pair (A,B), every member of the set

{(αA, αB) : α ∈ R, α > 0} (3.47)

is also a stabilizable pair, and shares the same optimal K. For this reason, in general we
cannot expect kQ,R to be injective. Instead, it is natural to consider level sets.
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Definition 3.4.1. For particular Q, R, P , and K, we refer to the sets

SQ,R,P :=
{[

A B
]⊤ ∈ Sstab : pQ,R

([
A B

]⊤)
= P

}
(3.48)

SQ,R,K :=
{[

A B
]⊤ ∈ Sstab : kQ,R

([
A B

]⊤)
= K

}
(3.49)

as level sets of pQ,R and kQ,R respectively.

We are finally ready to state the definition of informativity for LQR for continuous-time
systems. This definition extends the notion of informativity for LQR given in [30, Definition
24] to the continuous-time setting.

Definition 3.4.2. We say the data are informative for LQR when

SD ⊂
{[

A B
]⊤ ∈ SQ,R,K : A+BK is Hurwitz

}
(3.50)

holds for some K ∈ Rn×m. In this case, u = Kx is a stabilizing optimal control for every[
A B

]⊤ ∈ SD.
Remark 3.4.1. Since SQ,R,K ⊂ Sstab, Definition 3.4.2 implies that every system compatible
with the data is stabilizable.

Remark 3.4.2. No matter what the data, the K in Definition 3.4.2 will be unique if it exists
because the minimizer of (2.24) is unique.

3.5 Direct LQR algorithms require as much data as

system identification

We are now ready to state and prove the main theorem of this chapter.

Theorem 3.5.1. The data are informative for LQR if and only if SD =
{[

Â B̂
]⊤}

or

K = 0.

That SD =
{[

Â B̂
]⊤}

or K = 0 imply the data are informative for LQR is immediate,

so it only remains to prove the converse implication. To this end, we give the following
proposition.

Proposition 3.5.1. If the data are informative for LQR, then A0 + B0K = 0 for every[
A0 B0

]⊤ ∈ S0
D, where K = kQ,R

([
A B

]⊤)
for every

[
A B

]⊤ ∈ SD.
Proof. For every positive number α,

[
A B

]⊤ ∈ SD, and [A0 B0

]⊤ ∈ S0
D, we have

[
A B

]⊤
+

1

α

[
A0 B0

]⊤ ∈ SD. (3.51)
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Defining

F := A+BK, (3.52)

F0 := A0 +B0K, (3.53)

we see that (3.51) implies that the matrices F + (1/α)F0 and F − (1/α)F0 are Hurwitz,
since every system in SD is stabilized by K. Scaling these matrices by α also scales their
eigenvalues by α, and since α is positive, αF + F0 and αF − F0 are also Hurwitz. The
eigenvalues of all of the aforementioned depend continuously on α. Consider a sequence
{αj}∞j=1 of positive αj converging to zero. Every element of the sequences {αjF + F0}∞j=0

and {αjF − F0}∞j=0 is Hurwitz, so the limits

lim
j→∞

αjF + F0 = F0, (3.54)

lim
j→∞

αjF − F0 = −F0 (3.55)

must have only eigenvalues with nonpositive real part. We conclude that F0 has eigen-

values only on the imaginary axis. Next, we observe that for
[
A0 B0

]⊤ ∈ S0
D, we have[

NA0 NB0

]⊤ ∈ S0
D for every N ∈ Rn×n, so replacing A0 and B0 in (3.53) with NA0 and

NB0, respectively, our argument above shows that NF0 has eigenvalues only on the imagi-
nary axis for every N . Setting N = F⊤

0 in particular, we conclude that F⊤
0 F0 has eigenvalues

only on the imaginary axis. Being a symmetric real matrix, its eigenvalues must also be real.
Thus, F⊤

0 F0 must be nilpotent. The only symmetric real nilpotent matrix is the zero matrix,
so we are done.

Remark 3.5.1. The proofs of the above lemma and of Lemma 15 in [30] differ in that
continuous-time stability of a matrix is related to the real parts of is eigenvalues, whereas
discrete-time stability is related to the spectral radius.

An easy corollary of this proposition follows.

Corollary 3.5.1. If the data are informative for LQR, then A+ BK = Â + B̂K for every[
A B

]⊤ ∈ SD, where Â+ B̂K is the closed-loop true system under input u = Kx.

The following proposition makes use of this corollary to show that data informative for
LQR is sufficient for P to be determined uniquely.

Proposition 3.5.2. If the data are informative for LQR, then SD ⊂ SQ,R,P for a unique P
independent of A and B.

Proof. Substituting RK = −B⊤P from (2.28) and Â+ B̂K = A+BK from Corollary 3.5.1,
the ARE (2.29) becomes

0 =
(
Â+ B̂K

)⊤
P + P

(
Â+ B̂K

)
+Q+K⊤RK, (3.56)

where K, Â+ B̂K, Q, and R are common to all
[
A B

]⊤ ∈ SD. Since Â+ B̂K is Hurwitz,
Proposition 2.4.1 guarantees that the P which solves the Lyapunov equation (3.56) exists

uniquely. Since (3.56) holds for all
[
A B

]⊤ ∈ SD, P is independent of A and B, and the
proof is complete.
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Now we are ready to give the proof of Theorem 3.5.1.

Proof. Assuming the data are informative for LQR, we rewrite (2.29) and (2.28) as

A⊤P = −P
(
Â+ B̂K

)
−Q, (3.57)

B⊤P = −RK, (3.58)

by a substitution similar to the one performed in (3.56). Proposition 3.5.2 shows that equa-

tions (3.57) and (3.58) hold for every
[
A B

]⊤ ∈ SD and the right-hand sides of both equa-

tions are independent of A and B. Since
[
A+ A0 B +B0

]⊤ ∈ SD for every
[
A0 B0

]⊤ ∈ S0
D

and every
[
A B

]⊤ ∈ SD, (3.57) and (3.58) imply that A⊤
0 P = 0 and B⊤

0 P = 0 for every[
A0 B0

]⊤ ∈ S0
D. Furthermore, for

[
A0 B0

]⊤ ∈ S0
D, we also have

[
NA0 NB0

]⊤ ∈ S0
D for

every N ∈ Rn×n, giving

A⊤
0 N

⊤P = 0, (3.59)

B⊤
0 N

⊤P = 0 (3.60)

for every N ∈ Rn×n. This implies that either P = 0 or
[
A0 B0

]
= 0. To see this, suppose

P ̸= 0, A⊤
0 ̸= 0, and let pij and akℓ be nonzero entries of P and A⊤

0 , respectively. If we
choose N⊤ such that nℓi is the only nonzero entry, then the entry in row k and column j of
A⊤

0 N
⊤P will be nonzero. The same argument works with B⊤

0 in place of A⊤
0 . In the case[

A0 B0

]
= 0, we get SD =

{
Ŝ
}
, and P = 0 gives K = 0.

Corollary 3.5.2. The data are informative for LQR if and only if K = 0 or D− has a
trivial nullspace (meaning that the only S that solves 0 = D−S is S = 0).

Remark 3.5.2. When K = 0, Proposition 3.5.1 gives A0 = 0, meaning AD =
{
Â
}
and the

data uniquely identify Â.

3.6 Remarks

In this section, we have shown that under the typical assumptions for LQR, in order for SD,
an affine subspace of Rn(m+n), to contain only systems optimally stabilized by a single K,
it must be a singleton or the optimal gain must be zero. The latter is a pathological case
where A is stable, the open-loop system is already optimal, and the cost cannot be improved
by any feedback control. If we require (Â, C) to be observable, P will be positive definite
and this case will be eliminated. Aside from the pathological case, every algorithm, direct or
indirect, that solves LQR problems using interval data is implicitly doing system identifica-
tion. This gives a positive answer to the key question posed at the end of Section 1.1. It also
strengthens a link between the various conditions of data-driven LQR algorithms and some
recent work on persistent excitation [4] and Willems’ lemma [18] in continuous time. One
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imagines the possibility of using Willems’ lemma to investigate whether a given condition
on data is strictly necessary (in addition to being sufficient), or whether the algorithm can
be made to work with less data by relaxing it.

We now know that the map from input and state data on the q intervals in (3.1) to the
optimal gain K defined by any data-driven LQR algorithm has the same domain as (and
is identical to) that defined by system identification together with the ARE. In the next
section, we use this fact to prove that this map is continuous, which leads to the possibility
of attaining arbitrarily close approximations to K by constructing approximations to D−
from sampled data.
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Chapter 4

Sampled data approximations

We begin with a simple example that shows the impossibility of using sampled data to exactly
and uniquely recover input and state trajectories, or the systems that generated them, even
when the samples are spaced arbitrarily closely.

Example 4.0.1. Let z be an integer and let φ be a positive real number. Let xz and uz be
the state and input, where xz solves the IVP

ẋz(t) = Azx(t) +Bzuz(t), xz(0) =

[
1
0

]
, (4.1)

and

Az = 2πφz

[
1 0
−2 1

]
,

Bz = 2πφz

[
1
−1

]
(4.2)

are the system matrices parameterized by z. Incidentally, (Az, Bz) is stabilizable for every
z ̸= 0. Applying input uz =

[
1 −1

]
xz, the closed-loop system state evolves according to

xz(t) =

[
cos(2πφzt)
− sin(2πφzt)

]
. (4.3)

Suppose we choose to sample periodically with frequency φ, so that the state and input are
measured at every time t ∈ {τ/φ, τ ∈ Z}. Then we will always observe xz(t) = xz(0)
and uz(t) =

[
1 −1

]
xz(0), for every choice of z. We can make the sample times arbitrarily

closely spaced by making φ arbitrarily large, yet we still cannot distinguish between any of the
pairs (Az, Bz) or the trajectories of their states xz. For a given pair of systems, there always
exists a sampling frequency high enough to distinguish them, but there exists no sampling
frequency high enough to distinguish between all pairs of systems in Rn(m+n).

While many physical systems of practical interest exist in continuous time, sensors and
controllers are often implemented using digital computers running in discrete time. We are
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therefore motivated to consider the LQR problem for continuous-time systems with sam-
pled data, in spite of the difficulties illustrated by the example above. In this chapter, we
extend our results for the interval data formulation using approximations to interval data
constructed from sampled data. Rather than measuring values taken by the input and state
on an entire interval [ti0, t

i
f ], we sample them at a finite subset of points in the interval.

The chapter is organized as follows. In Section 4.1, we show that the map from data
matrices D+ and D− to the true system Ŝ is continuous. This enables us to show in Section
4.2 that approximations toD+ andD− can be used to obtain arbitrarily close approximations
to the optimal gain K of the true system. In Section 4.3, we discuss the relation between
this result and some preexisting methods for approximating x and u from sampled data. In
Section 4.4, we do some numerical experiments demonstrating the usefulness of the theory
from Section 4.2 and highlighting the importance of choosing sampling points. We conclude
with some remarks in Section 4.5.

4.1 The map from data to system is continuous

Let
{
D̃d

+

}∞

d=1
and

{
D̃d

−

}∞

d=1
be matrix-valued sequences satisfying

lim
d→∞

D̃d
+ = D+, (4.4)

lim
d→∞

D̃d
− = D−. (4.5)

Since D− is not square, we require the following easy proposition.

Proposition 4.1.1. D− has a trivial nullspace if and only if D⊤
−D− is invertible.

Proof. Suppose D− has a trivial nullspace and consider an S that solves D⊤
−D−S = 0. Then,

D−S is simultaneously in the nullspace of D⊤
− and in the column space of D−. These spaces

are orthogonal complements so we must have S = 0, which shows that D⊤
−D− is invertible.

Now suppose D⊤
−D− is invertible and consider an S that solves D−S = 0. The same S solves

D⊤
−D−S = 0, and by the supposition must therefore be S = 0, which shows D− has a trivial

nullspace.

This is useful later on when we show the continuous dependence of Ŝ on D+ and D−.
Corollary 3.5.2 shows that if K ̸= 0, D− must have a trivial nullspace for the LQR problem
to be solvable.

Proposition 4.1.2. Assume that D− has a trivial nullspace. Then, there exists some δ such
that for every d ≥ δ there exists a unique matrix S̃d that solves

D̃d
+ = D̃d

−S̃
d, (4.6)

and these S̃d satisfy

lim
d→∞

S̃d = Ŝ. (4.7)
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Proof. Since D− has a trivial nullspace, D⊤
−D− has only nonzero eigenvalues, and these are

all bounded away from zero because there are finitely many of them. Since the eigenvalues
of a matrix are continuous in its entries, the eigenvalues of D̃d⊤

− D̃d
− approach those of D⊤

−D−

as d → ∞, meaning there exists some δ such that for every d ≥ δ the matrix D̃d⊤
− D̃d

− is

invertible. From the continuity of matrix inversion, the sequence

{(
D̃d⊤

− D̃d
−

)−1
}∞

d=δ

satisfies

lim
d→∞

(
D̃d⊤

− D̃d
−

)−1

=
(
D⊤

−D−
)−1

. (4.8)

To show convergence of the sequence {S̃d}∞d=δ, we first write

0 = lim
d→∞

D+ − D̃d
+

= lim
d→∞

D−S − D̃d
−S̃

d

= lim
d→∞

D−S − D̃d
−S + D̃d

−S − D̃d
−S̃

d

= lim
d→∞

(
D− − D̃d

−

)
S + D̃d

−

(
S − S̃d

)
= lim

d→∞

(
D− − D̃d

−

)
S + lim

d→∞
D̃d

−

(
S − S̃d

)
= 0 + lim

d→∞
D̃d

−

(
S − S̃d

)
. (4.9)

We then substitute this into

lim
d→∞

(
D̃d⊤

− D̃d
−

)−1

D̃d⊤
− D̃d

−

(
Ŝ − S̃d

)
= lim

d→∞

(
D̃d⊤

− D̃d
−

)−1

D̃d⊤
− lim

d→∞
D̃d

−

(
Ŝ − S̃d

)
. (4.10)

to complete the proof.

4.2 The map from data to optimal gain is continuous

Having just proved in the previous section that systems may be approximately identified from
approximations to the input and state data they generate, we now show that close enough
approximations to the true system are stabilizable, and will lead to close approximations to
the true optimal gain. We achieve this using the PBH test for stabilizability we introduced
in Definition 2.2.1 in Chapter 2. We summarize our main result in this proposition.

Proposition 4.2.1. Let S̃d =
[
Ãd B̃d

]⊤
be the unique solution to (4.6). There exists some

δ such that for every d ≥ δ the pair (Ãd, B̃d) is stabilizable. Furthermore,

lim
d→∞

kQ,R

(
S̃d⊤

)
= kQ,R

(
Ŝ⊤
)
, (4.11)

provided that (Â, C) is detectable.
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Proof. The eigenvalue λ̃d of Ãd corresponding to eigenvalue λ of A depends continuously on
the entries of Ãd, so defining

Mc :=
[
A− λI B

]
, (4.12)

M̃d
c :=

[
Ãd − λ̃dI B̃d

]
, (4.13)

we get

lim
d→∞

M̃d
c = Mc (4.14)

from Proposition 4.1.2.

Since M⊤
c has more rows than columns, equation (2.25) implies it has a trivial nullspace.

This means that for each eigenvalue λ of A with nonnegative real part, McM
⊤
c is invertible, so

all of its (finitely many) eigenvalues are bounded away from zero. We now show that M̃d
c M̃

d⊤
c

is also invertible when d is large enough. First, consider a sequence {λ̃d}∞d=1 converging to
a λ with nonnegative real part. There exists a δλ such that for every d ≥ δλ the eigenval-
ues of M̃d

c M̃
d⊤
c are all nonzero. Now consider a sequence {λ̃d}∞d=1 converging to a λ with

negative real part. There exists a δλ such that for every d ≥ δλ, λ̃
d also has negative real part.

It follows that, for every d ≥ δ := max{δλ}, we have M̃d
c M̃

d⊤
c invertible, and therefore

M̃d
c has a trivial nullspace for every λ̃d with nonnegative real part. Applying Definition 2.2.1,

we conclude that (Ãd, B̃d) is stabilizable for d ≥ δ. This means that, for d large enough, the
unique smallest positive semidefinite solution P̃ d of the ARE

Ãd⊤P̃ d + P̃ dÃd − P̃ dB̃dR−1B̃d⊤P̃ d +Q = 0 (4.15)

defines the optimal gain K̃d

K̃d := −R−1B̃d⊤P̃ d (4.16)

which minimizes the LQR cost for Ãd, B̃d, Q, and R. We know from [8] that when (Â, B̂)
and (Â, C) are respectively stabilizable and detectable, P̃ d depends continuously on Ãd and
B̃d, so it must converge to P . If we replace D̃d

+, D̃
d
−, and S̃d in Proposition 4.1.2 with B̃d⊤P̃ d,

−R, and K̃d, respectively, we can conclude that

lim
d→∞

K̃d = K. (4.17)

In summary, we have shown that the map from data matrices D+ and D− to optimal
gain K defined by system identification together with the ARE is continuous. This naturally
leads to the idea of finding approximations toD+ andD− in order to compute approximations
to K. There may be a connection between this result and some recent related work [33] on
noise sensitivity of data-driven LQR algorithms in discrete time. Assuming the endpoints
of the sampling intervals may be freely chosen, there is no reason why D+ should not be
directly measured by selecting endpoints among the points at which x and u are sampled.
Therefore, it only remains to approximate D−, whose entries are definite integrals of the
entries of x and u over time. This contrasts with the convergence in norm in L2

(
[ti0, t

i
f ],R

)
to x and u required in [21], which we discuss presently.
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4.3 A weaker condition for approximation

Since x and u are continuous and piecewise continuous in time, respectively, their entries
belong to the space L2

(
[ti0, t

i
f ]
)
of square-integrable real-valued functions on [ti0, t

i
f ] equipped

with the standard inner product. From [21, Section II], a real-valued entry f of x or u can
be represented as

f =
∞∑
k=0

f̃kbk, (4.18)

where {bk}k∈N is a complete basis and

f̃k = ⟨f, bk⟩w, (4.19)

where ⟨·, ·⟩w is a weighted inner product defined by

⟨f, g⟩w :=

∫ tif

ti0

f(t)g(t)w(t) dt, (4.20)

and w : [ti0, t
i
f ] 7→ R is a weight function chosen to ensure {bk} is orthogonal with respect to

⟨·, ·⟩w . In [21], the basis functions considered are orthogonal polynomials, and the examples
given are Chebyshev and Legendre polynomials, which are orthogonal on [−1, 1] with respect
to weigh functions w(t) = 1√

1−t2
and w(t) = 1, respectively. Affine transformations that

map [−1, 1] to an arbitrary interval [ti0, t
i
f ] may be applied to the basis functions to achieve

approximation on any interval (we say more about this in the next section). In both cases,
the weight functions are bounded below on [−1, 1] by a positive constant. In this case,
convergence in the norm given by the limit (4.18) implies convergence to the entries of D−,
as stated in the following proposition.

Proposition 4.3.1. Let α be a positive number and let ∥·∥p and ∥·∥w be the norm induced
by the standard Lp inner product and ⟨·, ·⟩w respectively. Assume w satisfies w(t) ≥ α for
all t ∈ [ti0, t

i
f ]. Then,

lim
N→∞

∥∥∥∥∥
N∑
k=0

f̃kbk − f

∥∥∥∥∥
w

= 0 (4.21)

implies

lim
N→∞

∫ tif

ti0

N∑
k=0

f̃kbk(t) dt =

∫ tif

ti0

f(t) dt. (4.22)

Proof. From the condition on w we immediately have ∥f∥w ≥ α ∥f∥2 and

lim
N→∞

∥∥∥∥∥
N∑
k=0

f̃kbk − f

∥∥∥∥∥
2

= 0. (4.23)
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Then, applying Hölder’s inequality, we write∥∥∥∥∥
N∑
k=0

f̃kbk − f

∥∥∥∥∥
1

=

∥∥∥∥∥
(

N∑
k=0

f̃kbk − f

)
· 1

∥∥∥∥∥
1

≤

∥∥∥∥∥
N∑
k=0

f̃kbk − f

∥∥∥∥∥
2

∥1∥2

=
(
tif − ti0

) 1
2

∥∥∥∥∥
N∑
k=0

f̃kbk − f

∥∥∥∥∥
2

, (4.24)

which, since our intervals satisfy tif > ti0, shows

lim
N→∞

∥∥∥∥∥
N∑
k=0

f̃kbk − f

∥∥∥∥∥
1

= 0. (4.25)

The last step is to observe that∥∥∥∥∥
N∑
k=0

f̃kbk − f

∥∥∥∥∥
1

=

∫ tif

ti0

∣∣∣∣∣
N∑
k=0

f̃kbk(t)− f(t)

∣∣∣∣∣ dt ≥
∫ tif

ti0

N∑
k=0

f̃kbk(t)− f(t) dt, (4.26)

and taking the limit as N →∞ completes the proof.

Clearly, the converse of Proposition 4.3.1 does not hold. In fact, by considering se-
quences converging to D−, we no longer require any approximations to the entries of x and
u to be constructed. By only requiring the limits (4.4) and (4.5) to hold, we are seeking
approximations to a matrix of definite integrals (which exists in the finite-dimensional space
Rq(m+n)) instead of approximations to the integrands (which exist in infinite-dimensional
spaces) in the fashion of [21] or [23]. In doing so, we weaken the conditions on approxima-
tions to interval data necessary to guarantee convergence of data-driven LQR algorithms to
the optimal gain.

4.4 Numerical experiments with sampled data

There are numerous numerical integration methods in which function values on a finite sub-
set of an interval are used to approximate definite integrals on the interval. If we sample
at d+ 1 equally spaced points and use polynomial interpolants, we are doing Newton-Cotes
quadrature. If we move these samples to the Chebyshev nodes, and instead integrate a
Chebyshev polynomial interpolant, we get Clenshaw-Curtis quadrature. If the interpolant is
a Legendre polynomial, we are doing Gaussian quadrature. Interested readers can find more
methods and details in standard numerical integration references, such as [24, Chapter 9].
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We choose to focus on Clenshaw-Curtis quadrature, where the main idea is to approxi-
mate the integrand with a Chebyshev series, so that we get

lim
d→∞

∫ 1

−1

d∑
k=0

ckTk(t) dt =

∫ 1

−1

f(t) dt, (4.27)

where ck are some coefficients and Tk are the Chebyshev polynomials. In practice, rather
than constructing the approximation explicitly, we sample at d+ 1 Chebyshev points of the
second kind, given by

tk = cos(kπ/d), 0 ≤ k ≤ d. (4.28)

Then, since the map from the d+1 sampled values f(tk) to the integral
∫ 1

−1

∑d
k=0 ckTk(t) dt of

the degree d Chebyshev interpolant is a linear functional, we can directly obtain the integral
by computing

d∑
k=0

wkf(tk), (4.29)

where wk are particular weights. A more detailed discussion may be found in [26, Chapter
19]. The points tk lie in the interval [−1, 1], so given an arbitrary interval [ti0, t

i
f ], we use the

affine bijection

t←→
tif − ti0

2
t+

tif + ti0
2

(4.30)

to map the former to the latter, and also apply a coefficient of
tif−ti0

2
to the weights wk . This

algorithm has the advantage that the interval endpoints are included among these points, so
we can directly measure D+ without introducing additional sampling points.

Curtis-Clenshaw and Gaussian quadrature are known experimentally [25] to be compet-
itive with one another. Newton-Cotes formulas suffer from the major drawback that they
diverge [27, Section 2] as the degree of the interpolating polynomial increases to infinity,
but retain some attractiveness because they use periodically sampled data which is natu-
rally generated by many digital sensors and computer hardware. This is the main reason
we are interested in them, although higher-order formulas are also in use, and techniques
such as Richardson extrapolation can help improve their relatively poor convergence rate.
In the following experiments, we assess how the ADP and system identification algorithms
perform with approximated data constructed using Newton-Cotes quadrature of degree one
(commonly known as the trapezoid rule), and with data constructed using Clenshaw-Curtis
quadrature of degree d.

We repeat the examples of Chapter 3, keeping the same parameters as before and fixing
the number of intervals. Now, instead of using ode45 to compute the integrals in D− as
we do in Chapter 3, we use it to measure x and u at d + 1 times during each interval.
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We do this once with equally spaced samples and do quadrature with the trapezoid rule,
and again with d + 1 samples at Chebyshev nodes and do Clenshaw-Curtis quadrature. In
both cases, the sample times include all ti0 and tif , so we measure D+ exactly. Using both

LQR algorithms, we separately compute K̃d from the D̃d
− obtained from both quadrature

methods. We allow d+1 to vary from 3 to 10, 000 and compare the P̃ d and K̃d thus obtained
with the P and K returned by lqr. In the our error plots, we include for comparison solid
and dashed horizontal lines representing the error in the K and P respectively computed
from ode45-generated interval data. The results for the 2-dimensional Example 3.3.1 with
30 intervals are shown in the following plot.
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Figure 4.1: Error in K and P for a 2-dimensional system from 3 to 10,000 samples per
interval.

ADP and system identification respond to the errors in approximated data in similar
ways. In ADP, Curtis-Clenshaw quadrature produces approximations to K and P as good
as those produced from interval data generated by ode45 for d + 1 ≥ 10, and the errors
remain around 10−12 for larger d. In system identification, similar behavior is observed
where the errors stop decaying after d + 1 = 10 and remain around 10−13. However, there
is a significant and persistent gap between these errors and the errors obtained from ode45

interval data. This indicates that the more dramatic difference in the error produced by both

39



algorithms using interval data we observed in Figure 3.1 is at least partly an artifact of our
numerical simulation, and not necessarily predictive of the relative performances in practice.
Nevertheless, it seems likely that a gap of at least one order of magnitude does exist, which
we continue to attribute to the greater complexity of ADP. Overall, approximated data
from Curtis-Clenshaw quadrature performs very well in both algorithms. In contrast, the
approximation errors of trapezoid rule with equally spaced samples decay much more slowly
as d increases, and the errors are still markedly larger even with d + 1 = 10, 000 sampling
points per interval. Next, we show the results for the 3-dimensional Example 3.3.2, also with
30 intervals.
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Figure 4.2: Error in K and P for a 3-dimensional system from 3 to 10,000 samples per
interval.

The results are similar to those for the 2-dimensional system. In ADP, both quadrature
methods eventually succeed in almost matching the errors given by interval data. Both ADP
and system identification with both quadrature methods achieve errors around 10−6, so the
gap in performance between LQR algorithms appears to be smaller than the roughly one
degree of magnitude observed for the previous system. In comparison, the gap in perfor-
mance for interval data is striking. The errors produced by Clenshaw-Curtis quadrature
stop decreasing past d+ 1 = 20 in both LQR algorithms. The errors produced by trapezoid
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rule again decay far more slowly, but eventually match those produced by Clenshaw-Curtis
quadrature for d + 1 ≥ 2, 000. Finally, we show the results for the 6-dimensional Example
3.3.3 with 70 intervals.
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Figure 4.3: Error in K and P for a 6-dimensional system from 3 to 10,000 samples per
interval.

In this example, Curtis-Clenshaw quadrature matches the errors of interval data in both
ADP and system identification for d + 1 ≥ 20. Using this quadrature method, the errors
produced by the LQR algorithms persistently differ by about two orders of magnitude. The
errors produced by trapezoid rule remain orders of magnitude larger, even with d+1 = 10, 000
samples per interval.

4.5 Remarks

In this chapter, we have used our results from Chapter 3 to show that the map from data
matrices D+ and D− to optimal gain K is continuous. We take the approach of seeking
approximations to definite integrals of x and u on an interval, rather than approximations to
x and u themselves. This results in a weaker condition on approximations to interval data.
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When combined with our result from Chapter 3, this means we can use any approximate
data on the q intervals in (3.1) for which (4.4) and (4.5) hold in place of exact interval data
in a data-driven LQR algorithm such as [14], [10], [31], [20], or [19] that is formulated using
exact interval data, and we will obtain arbitrarily close approximations to K.

This opens the possibility of applying the varied and powerful techniques of numerical
integration to the task of approximating interval data from sampled data. By seeking ap-
proximations to integrals, we avoid certain issues associated with computing approximations
to the state derivative. For example, in [21], the derivative approximation error caused by
partition in [21, Equation 19] does not always go to zero as the order of the polynomial
interpolant grows, so instead the authors provide an upper bound.

We have demonstrated the application of techniques from numerical integration with
our numerical experiments. All three examples showcase the large advantage enjoyed by
Clenshaw-Curtis quadrature over trapezoid rule, which highlights the significance of the
choice of sampling points. This suggests that methods which make use of periodic data
sampling may be dramatically improved by more judicious choice of sampling points. We
stress that we have made the choice of sampling points without knowledge of the system
or its optimal gain. This points to the possibility of exploring different methods by which
sampling points may be chosen in different situations. In some circumstances, the greater
practical difficulty of implementing aperiodic sampling with digital sensors and computers
could be more than justified by the improvements in performance it affords.
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Chapter 5

Conclusions and future directions

In this thesis, we have developed a data-centric view of direct and indirect LQR algorithms
in continuous time. In Chapters 1 and 2, we have given an overview of the diverse approaches
taken by various authors to the LQR problem in discrete and continuous time, and a review
of the classical theory of the linear quadratic regulator which forms the foundation for our
subsequent analysis.

In Chapter 3, we have used a data informativity framework to show that all direct LQR
algorithms require at least as much interval data as system identification. This means that
all interval data LQR algorithms, direct and indirect, evaluate the same map from data D+

and D− to optimal gain K. We have complimented this result with some insights about the
system identification and ADP algorithms gleaned from our numerical experiments. These
experiments suggest that ADP requires more intervals of data than system identification
when the intervals are equally sized, but this is not true in general if the interval size varies.

In Chapter 4, we have shown that the map from D+ and D− to K is continuous, which
enables the use of sampled data with every LQR algorithm formulated using interval data
to approximate K. This leads to a connection with numerical integration, and furnishes a
different and weaker condition on the convergence of approximations used for this purpose.
Our numerical experiments have shown a large advantage in the convergence rate of ap-
proximations to P and K for a certain aperiodic sampling scheme, compared with periodic
sampling.

5.1 Conclusions

Having addressed the central question of this thesis, we now return to the three questions
we posed in Section 1.2.

We have compared interval and sampled data LQR algorithms with one another pri-
marily through the lens of using sampled data to approximate interval data in integral form.
There are certainly sampled data algorithms that do not take this approach, and we have
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a little more to say about this in the next section. Nonetheless, our numerical experiments
in Chapter 4 show that sampled data can be used to solve LQR problems as effectively as
interval data, provided the sampling times are well chosen. For our examples, any more
than approximately 10 to 20 samples per interval was excessive, and resulted in no further
reduction in error. We acknowledge that significant gaps between Curtis-Clenshaw quadra-
ture and interval data persist even with rapid sampling in system identification for the
2-dimensional and 3-dimensional systems, as shown in Figures 4.1 and 4.2. These gaps are
likely due not to poor performance of sampled data, but to unrealistically good performance
of the interval data we obtained using ode45. We see no reason why sampled data cannot
match interval data in a realistic application, as it also does in Figure 4.3. Admittedly,
we draw these conclusions based on numerical experiments with only two algorithms and
three relatively small linear systems, but they are also justified by the theory from Chapter 4.

We state and prove the main result (Theorem 3.5.1) from Chapter 3 in the hope that
it will allow a degree of comparison between the data requirements of different interval data
LQR algorithms. Each LQR algorithm shapes the interval data into its own form and im-
poses its own conditions on that data (for example the rank conditions on Ω and Γ in [20],
condition (18) in [19], condition (2.38) in [14], uniqueness of solution to (22) in [31]), and
neither the data nor the conditions can be directly compared. While Theorem 3.5.1 indeed
shows the equivalence of the system identification and data-driven LQR problems for data of
the form defined in equations (3.12), the example of Subsection 3.3.2 shows that it is possible
for an interval data LQR algorithm to have its data requirement satisfied by data that is
insufficient for system identification. However, this example is highly contrived, since the
interval endpoints are specifically chosen to cause D− to be rank-deficient, a choice which
would never be made in practice. We expect that in the absence of such special choices
of interval endpoints, each of the rank conditions mentioned above holding will generally
imply that the D− matrix constructed from the values taken by x and u on the q intervals in
(3.1) will have a trivial nullspace, and the rank condition (3.14) will be satisfied. However,
this remains to be formally investigated. On the other hand, because (3.14) is is necessary
and sufficient for system identification, those interval data LQR algorithms that impose re-
quirements on their data which fail to hold when (3.14) holds can be said to be inefficient.
They require more data than is strictly necessary in order to solve the LQR problem. From
our numerical experiments in Section 3.3, it seems that ADP is sometimes but not always
inefficient in this sense, and the degree of inefficiency for a given problem depends on the
particular choice of sampling interval endpoints.

Example 3.3.2 shows the strong and somewhat unexpected sensitivity of the rank con-
ditions of ADP and system identifications to the endpoints of sampling intervals, when their
number is held constant. This points to the possibility of improving the data efficiency of
both algorithms by careful selection of interval endpoints, based not on knowledge of the
underlying system or its optimal gain, but solely on input and state data already collected.
This, along with the massive difference in performance between trapezoid rule and Clenshaw-
Curtis quadrature we observed in Section 4.4, suggests that a primary focus of data-driven
LQR algorithm design should be using existing input and state data to decide when and
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how more data should be collected. Our experiments show that large advantages may be
gained without knowledge of the system matrices or the optimal gain. The timing of data
collection matters to such a degree that it seems more appropriate to categorize data-driven
LQR algorithms based on how they decide how and when to collect data, rather than based
on whether they explicitly identify the system.

5.2 Future directions

Our investigations into the continuous-time LQR problem remain substantially incomplete.
As mentioned in the previous subsection, there exist sampled data LQR algorithms that do
not attempt to approximate interval data. We presently sketch the setup for an exact system
identification algorithm.

Example 5.2.1. Consider the LQR problem for the linear system (2.1). Suppose the state
and input are measured at times ti and ti + h, and that the input is constant on the time
interval [ti, ti+h]. Then, using e−hA as an integrating factor, we obtain by the time invariance
of the system

x(ti + h) = ehA
(
x(ti) +

∫ h

0

e−τAdτBu

)
=
[
ehA ehA

∫ h

0
e−τAdτB

] [x(ti)
u(ti)

]
(5.1)

for this input. If we have state and input data on q pairs of times

(t1, t1 + h), · · · , (tq, tq + h), (5.2)

we can define

D⊤
+ :=

[
x(t1 + h) · · · x(tq + h)

]
, (5.3a)

D⊤
− :=

[
x(t1) · · · x(tq)
u(t1) · · · u(tq)

]
, (5.3b)

much as we did in (3.12), and introduce the notation

A∆ := ehA, (5.4a)

Φ :=

∫ h

0

e−τAdτ, (5.4b)

B∆ := A∆ΦB, (5.4c)

S⊤
∆ :=

[
A∆ B∆

]
, (5.4d)

which allows us to combine equation (5.1) for the q pairs into the system

D+ = D−S∆. (5.5)

Equations (5.4) define an operator
[
A B

]⊤ 7−→ [
A∆ B∆

]⊤
on Rn(m+n) induced by the

periodic sampling of the input and state of the continuous-time system, and these data con-
strain A and B via (5.5). What conditions on D− and h must we impose in order to invert

the map and recover A and B? What can we say about the set of
[
A B

]⊤
compatible with

the data when D− is not invertible?
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Generalizing the data informativity framework to exact sampled data algorithms like
the one sketched above would do much to advance our understanding of the LQR problem
in the continuous time setting.

Having made some remarks about the LQR problem, we naturally turn toward gener-
alizations to other settings in optimal control. The ADP algorithm has been adapted to
stochastic linear systems [3], and to nonlinear systems whose right-hand side is spanned by
a finite basis set [14, Chapter 3]. In [1], the optimal control problem is solved by an itera-
tive procedure for approximating solutions to the Hamilton-Jacobi-Bellman (HJB) equation
reminiscent of Kleinman’s algorithm for solving the ARE.

The similarities between direct and indirect optimal control algorithms developed for
linear, stochastic, and nonlinear continuous-time systems inspire hope that a result analogous
to those of [30] and Chapter 3 establishing the equivalence of data informativity for the
optimal control and system identification problems may hold for settings beyond LQR. Such
a result may be attained by a generalization of the methods used to establish the existing
results, or there may be easy counterexamples showing that such a result does not exist for
large classes of systems beyond the deterministic linear setting. In the latter event, it may
yet be possible to leverage the data informativity framework in different ways to provide
more insight on the relationship between the problems of system identification and data-
driven optimal control. This relationship has been the central theme of our investigations in
this thesis, and many questions along similar lines of inquiry remain.
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