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Abstract

Control theory is one of the key ingredients of the remarkable rise in robotics. Due to
technological advancements, the use of automated robots, which was once primarily limited
to industrial and manufacturing settings, has now expanded to impact many di�erent parts
of everyday life. Various control strategies have been developed to satisfy a wide range
of performance criteria arising from recent applications. These strategies have di�erent
characteristics depending on the problem they solve. But, they all have to guarantee
stability before satisfying any performance-driven criteria. However, as robotic technologies
become increasingly integrated into everyday life, they introduce safety concerns. For
autonomous systems to be trusted by the public, they must guarantee safety. In recent
years, the concept of set invariance has been incorporated into modern control strategies to
enable systematic safety guarantees. In this thesis, we aim to develop safety-critical control
methods that can guarantee safety while satisfying performance-driven requirements. In
the proposed strategies, we considered formal safety guarantees, robustness to uncertainty,
and computational e�ciency to be the highest design priorities. Each of them introduces
new challenges which are addressed with theoretical contributions. We selected motion
control in mobile robots as a use case for proposed controllers which is an active area of
research integrating safety, stability, and performance in various scenarios. In particular,
we focused on multi-body mobile robots, an area with limited research on safe operation.
We provide a comprehensive survey of the recent methods that formalize safety for the
dynamical systems via set invariance. A discussion on the strengths and limitations of each
method demonstrates the capabilities of control barrier functions (CBFs) as a systematic
tool for safety assurance in motion control. A safety �lter module is also introduced as a
tool to enforce safety. CBF constraints can be enforced as hard constraints in quadratic
programming (QP) optimization, which recti�es the nominal control law based on the set
of safe inputs.

We propose a multiple CBF scheme that enforces several safety constraints with high
relative degrees. Using the multi-input multi-output (MIMO) feedback linearization tech-
nique, we derive conditions that ensure all control inputs contribute e�ectively to safety.
This control structure is essential for challenging robotic applications requiring multiple
safety criteria to be met simultaneously. To demonstrate the capabilities of our approach,
we address reactive obstacle avoidance for a class of multi-body mobile robots, speci�cally
tractor-trailer systems. The lack of fast response due to poor maneuverability makes re-
active obstacle avoidance di�cult for these systems. We develop a control structure based
on a multiple CBFs scheme for a multi-steering tractor-trailer system to ensure a collision-
free maneuver for both the tractor and trailer in the presence of several obstacles. Model
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predictive control serves as the nominal tracking controller, and we validate the proposed
strategy in several challenging scenarios.

Although the CBF method has demonstrated a great potential for ensuring safety, it is
a model-based method and its e�ectiveness is closely tied to an accurate system model. In
practice, model uncertainty compromises safety guarantees and may lead to conservative
safety constraints, or conversely, allow the system to operate in unsafe regions. To address
this, we explore developing safety-critical controllers that account for model uncertainty.
Achieving this requires combining the theoretical guarantees of model-based methods with
the adaptability of data-driven techniques. For this study, we selected Gaussian processes
(GPs) which bring together required capabilities. It provides bounds on the posterior
distribution, enabling theoretical analysis, and producing reliable approximations even
with a low amount of training data, which is common in data-driven control. The proposed
strategy mitigates the adverse e�ects of uncertainty on high-order CBFs (HOCBFs). A
particular structure of the covariance function is designed that enables us to convert the
chance constraints of HOCBFs into a second-order cone constraint, which results in a
convex constrained optimization as a safety �lter. A discussion on the feasibility of the
resulting optimization is presented which provides the necessary and su�cient conditions
for feasibility. In addition, we consider an alternative approach that uses matrix variate GP
(MVGP) to approximate unknown system dynamics. A comparative analysis is presented
which highlights the di�erences and similarities of both methods. The proposed strategy is
validated on adaptive cruise control and active suspension systems, common applications
in mobile robots.

This study next explores the safety of switching systems, focusing on cases where system
stability is assured through control Lyapunov functions (CLFs) and CBFs are applied for
safety. We show that the e�ect of uncertainty on the safety and stability constraint forms
piecewise residuals for each switching surface. We introduce a batch multi-output Gaussian
process (MOGP) framework to approximate these piecewise residuals, thereby mitigating
the adverse e�ects of uncertainty. We show that by leveraging a speci�c covariance function,
the chance constrained safety �lter can be converted to a convex optimization, that is
solvable in real-time. We analyze the feasibility of the resulting optimization and provide
the necessary and su�cient conditions for feasibility. The e�ectiveness of the proposed
strategy is validated through a simulation of a switching adaptive cruise control system.
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Chapter 1

Introduction

1.1 Motivation

Automation is the application of technology to execute tasks with minimal or no human
intervention. Although it has existed for centuries, the modern world has witnessed a
remarkable rise in technological advancements in recent decades. Software advancements,
such as signi�cant progress in arti�cial intelligence, cloud computing, and big data an-
alytics, have enhanced automation versatility, and productivity. On the hardware side,
developments such as powerful processors, faster and higher-capacity memory, and im-
proved sensor technology have facilitated the implementation of modern techniques. As a
result, the use of automated technologies, which was once primarily limited to industrial
and manufacturing settings, has now expanded to impact many di�erent parts of everyday
life. This includes areas such as household tasks, healthcare, transportation, and many
other activities that people engage in on a regular basis.

A signi�cant part of the rise in automation has emerged from the integration of robotics
into operations of di�erent levels of di�culty. Robotic vacuum cleaners were among the
�rst robots designed for household use [59]. Fully autonomous 
oor scrubbing robots have
been introduced to maximize cleaning productivity in crowded locations such as shopping
malls, large retail stores, and airports [121]. In healthcare, medical robots perform a variety
of tasks, with advanced surgical robots allowing surgeons to perform high-precision mini-
mally invasive surgery, signi�cantly reducing patient recovery time [65]. Drones are widely
used in applications ranging from recreational activities to search and rescue missions.
The deployment of autonomous vehicles has begun, with robotaxis o�ering rides to urban
passengers after extensive public road tests. Additionally, self-driving truck companies
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have launched several tests to achieve fully autonomous freight transportation. However,
as robotic technologies become increasingly integrated into everyday life, they introduce
signi�cant safety concerns. For autonomous systems to be trusted by the public, they must
address a fundamental question: Are we safe when we delegate tasks to these robots? Part
of the robotics literature seeks to answer this important question. In particular, safety-
critical control systems are developed to meet the crucial requirement of ensuring safety
in robotics. Systems in this �eld are expected to perform tasks where any failure or mal-
function could cause irreparable consequences, such as death or serious injury to people,
or damage to expensive equipment.

There are several advantages to enhancing the safety of autonomous systems through
safety-critical control. Air transportation is a good example of semi-autonomous airplanes
that can safely transport people or goods over long distances in the shortest time. It
should be noted that air transportation is the safest mode of travel. Statistics show that

ying a speci�c distance is a hundred times safer than driving the same distance on roads
[135]. Factors such as stringent safety regulations, advanced technology, redundancy in
components and design, and a structured operating environment collectively ensure that
air travel remains safe. In contrast, a statistical report from the National Highway Tra�c
Safety Administration (NHTSA) indicates that human errors account for 94% of fatal
crashes in the United States [5]. This report highlights factors such as misjudgment,
speeding, drunk driving, and phone use as common mistakes made by drivers. Self-driving
vehicles have the potential to mitigate these shortcomings, provided they are designed
within a framework that guarantees a high level of safety. Consequently, autonomous
vehicles can make roads safer not only for drivers but also for pedestrians and cyclists.

As a result, there is growing interest in the deployment of autonomous vehicles. Achiev-
ing this goal requires the development of accurate control designs that meet performance-
driven objectives while ensuring safety. This task becomes increasingly challenging when
dealing with high levels of uncertainty. Ensuring that autonomous vehicles can operate
reliably in unseen environments justi�es the use of arti�cial intelligence for decision making
together with model-based control for executing actions. Integrating the strengths of both
paradigms is crucial for the successful deployment of autonomous vehicles in everyday
transportation systems. The current trend leverages the capabilities of arti�cial intelli-
gence to train black-box neural networks that can potentially outperform human drivers
by processing data from various sensors at high frequencies. In particular, computer vision
made signi�cant progress in tasks such as perception and behavior prediction. While this
approach provides satisfactory predictions for the vehicle's surrounding environment, it
faces challenges when used to train an end-to-end control system. The primary issue is
that safety-critical systems require transparency to formally guarantee safety. A learning-
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based controller lacks this crucial feature. Furthermore, a safety-critical system must be
interpretable to enable designers to trace back the source of any failure. Without these
crucial attributes, deploying learning-based methods in safety-critical applications remains
problematic.

The shortcomings of the current research, together with the high demand for a practical
solution, motivate our research on safety-critical motion control in general and multi-body
mobile robots in particular. We observe that all safety-critical systems require a notion of
constraint satisfaction to systematically enforce safety.

1.2 Thesis Contributions

This thesis presents a theoretical approach to designing reliable and e�cient safety-critical
control methods by combining model-based formalism with the adaptability of data-driven
control strategies. As guaranteeing system safety is one of the highest priorities of safety-
critical control design, we tried to develop data-driven methods such that safety is math-
ematically guaranteed. In the following, we will outline the key contributions of this
dissertation.

Multiple control barrier functions

We introduce a framework that systematically enables the design of multiple safety con-
straints for systems of high relative degrees. This approach generalizes the single Control
Barrier Function (CBF) construction method to accommodate multiple CBFs of arbitrary
relative degrees. The proposed safety-critical strategy eliminates the application limita-
tions in complex, multi-body systems by ensuring safety for each robot segment. The
contributions are summarized as follows.

ˆ We prove that the intersection of all individual safe sets is forward invariance.

ˆ This method establishes a framework such that all control inputs contribute e�ec-
tively to safety assurance.

ˆ We evaluate the e�ectiveness of the method by applying it to a tractor-trailer system,
where it enabled reactive, collision-free obstacle avoidance for both tractor and trailer.
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Data-driven high-order control barrier function

We develop a data-driven approach based on Gaussian Process (GP) to learn the im-
pact of model uncertainty on high-order safety certi�cates. We then incorporate the
uncertainty-aware high-order safety constraint with an arbitrary robust controller in a
min-norm quadratic program. The contributions are summarized as follows.

ˆ We characterize the impact of uncertainty on the High-Order Control Barrier Func-
tion (HOCBF) and prove that with a proper design of HOCBFs, the residual term
in the high-order safety certi�cate remains control a�ne.

ˆ We prove that by selecting a particular covariance structure in the GP model, the
resulting min-norm Quadratic Programming (QP) with an uncertainty-aware con-
straint can be converted to a Second-Order Cone Program (SOCP).

ˆ We analyze the feasibility of the resulting constrained optimization problem and
determine the necessary and su�cient conditions for feasibility.

ˆ An alternative approach is to �t a GP to the unknown system dynamics. A compar-
ative analysis between our proposed method and this alternative is also presented.

GP-based high-order CBF design for switching systems

We introduce a safety-critical approach that includes switching systems by developing a
batch Multi-Output Gaussian Process (MOGP) model that learns the piecewise residuals
in each switching surface. Using a multi-output framework, the model simultaneously
learns the residuals associated with the Control Lyapunov Function (CLF) and CBF, with
batch processing facilitating e�cient hyperparameter computation.

ˆ We show that the switching system imposes piecewise residuals on CLF and CBF
constraints.

ˆ We develop a batch MOGP model to e�ciently approximate residuals in each switch-
ing surface.

ˆ We demonstrate that by selecting a particular form of the covariance function in the
batch MOGP structure, the resulting min-norm controller with an uncertainty-aware
chance constraint can be converted into an SOCP.

ˆ We identify the necessary and su�cient conditions for the feasibility of the con-
strained optimization.
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1.3 Thesis Organization

This thesis is organized to introduce, develop, and analyze the methodologies and contri-
butions in safety-critical control. The structure is as follows:

In Chapter 2, we present a literature survey covering state-of-the-art methods in safety-
critical control. The survey begins with the concept of set invariance, followed by an
introduction to the safety �lter module as a tool for enforcing safety. We discuss three
main approaches, namely Hamilton-Jacobi (HJ) reachability, CBFs, and predictive �lters
which mathematically de�ne safety criteria and enable their implementation. We provide
a comparative study on these methods which highlights the strengths and limitations of
each. This discussion is followed by a thorough survey on CBFs as the selected method for
developing safety-critical control in this study. Finally, a brief overview of control strategies
for tractor-trailer systems as a use case is presented.

Chapter 3 reviews key concepts that establish the theoretical foundation of this thesis
results. We begin by stating the class of nonlinear dynamical systems that are used in
this study, which is followed by the kinematic modeling of the multi-body mobile robots.
A discussion on the controllability of these systems is also presented. The second part
formalizes the control theories essential to developing safety-critical strategies, including
the formal de�nitions of CBFs and CLFs, followed by a brief overview of model predictive
control and Gaussian processes.

Chapter 4 presents the multiple CBFs framework for multi-body mobile robots. We
derive the conditions to ensure that all control inputs e�ectively contribute to safety by
using a Multi-Input Multi-Output (MIMO) feedback linearization technique. We also prove
that the resulting safe set obtained by intersecting individual sets is forward invariance.
Then, this method is combined with an Model Predictive Control (MPC) method to develop
a reactive obstacle avoidance tracking controller for multi-body mobile robots.

In Chapter 5, we analyze the e�ect of uncertainty on the high-order safety constraints
and propose a data-driven approach to approximate this e�ect. We show that our design
results in a convex optimization problem that can be solved in real time. A discussion on
the feasibility of the resulting optimization, which includes stating necessary and su�cient
conditions for feasibility is presented. We explore solving this problem with an alternative
approach which learns the system dynamics. We present a comparative analysis that
highlights the similarities and di�erences of each approach.

Chapter 6 explores the safety in the area of switching systems in the presence of uncer-
tainty. We show that the e�ect of uncertainty on these systems forms piece-wise residuals
on stability and safety constraints. We develop a multi-output data-driven framework to

5



approximate the piece-wise residuals which leads to a convex optimization. A discussion
on the feasibility of the resulting optimization is presented which states the necessary and
su�cient conditions of feasibility.

Chapter 7 provides concluding remarks and identi�es future research in the area of
safety assurance in dynamical systems.
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Chapter 2

Literature Survey

2.1 Safety Filters

Today, control theory includes well-established methods to e�ciently meet multiple require-
ments, ranging from stability to speci�c performance criteria. However, modern control
systems requirements go beyond stability criteria with respect to set points and reference
trajectories and include safety veri�cation, which justi�es the employment of safety-critical
methods. One important fact about the safety-critical systems is that applying an unsafe
control input does not immediately lead to a violation of safety certi�cates (which is com-
monly represented by state constraints) but rather directs the system into a region of the
state space from which violating safety is unavoidable in the future. The need to identify
such behavior drives the development of safety �lters, which are designed to be integrated
with uncerti�ed control strategies in a modular fashion. These �lters systematically en-
force safety by performing two complementary tasks: monitoring and intervention. The
safety �lter constantly monitors the intended control actions to ensure they meet safety
speci�cations. If necessary, the �lter can adjust or fully override the planned control inputs
to maintain safety.

This paradigm often involves minimizing an objective function under safety constraints,
a challenging problem in control. Over the last two decades, research on this topic has
remained a hot spot. As a result, three main research directions, namely, HJ reachability,
CBF, and Predictive Safety Filter (PSF) have evolved to address the problem. Although
each method attempts to tackle safety veri�cation from a speci�c point of view, they are
all developed based on the set invariance theorem and belong to the family of model-based

7



methods. This section focuses on the most recent advances in safety �lters. Then, we
explain the reason that CBF was selected as the safety method in this thesis.

2.1.1 Set invariance

Before discussing the three (main) safety methods, it would be bene�cial if we review the
concept of set invariance which plays a pivotal role in developing the safety methods. Set
invariance [25] is a fundamental concept in control theory and systems engineering, focusing
on ensuring that the state of a dynamical system remains within a prede�ned set, known
as an invariant set, for all future time. This is particularly important in safety-critical
applications where it is essential to prevent the system from reaching unsafe states. A
set is de�ned as (forward) invariant for a dynamical system if, for any initial condition in
the set, the trajectory of the system also lies within the set for all time. This de�nition
implies not only a strong requirement for the initial state to lie in the prede�ned set but
also imposes a more restrictive constraint on the trajectory to remain in the set rather
than the whole state space. Thus, the construction of the feedback controller to achieve
set invariance usually impacts the overall performance of the system due to the use of a
conservative predetermined set. Consequently, a set is called controlled invariant set [24]
for a system, if for any initial condition in the set, there exists a piece-wise continuous
control signal such that the resulting trajectory lies in the set for all time. We say a set is
a maximal controlled invariant set in the state space if it contains all the initial conditions
such that the previous conditions hold.

Given a controlled invariant set, we can propose various safety �lter designs based on
this de�nition. However, the size of the controlled invariant set impacts the performance
obtained by applying the resulting control law. In the next sections, we will review three
techniques that produce di�erent feedback controllers and controlled invariant sets with
varying levels of performance.

2.1.2 HJ reachability safety �lter

In this safety �lter design, HJ reachability is exploited to synthesize the maximal controlled
invariant set in the state space. By maximizing the controlled invariant set, the resulting
safety �lter reduces the conservatism by its design. HJ reachability [18] is a constructive
tool for obtaining optimal solutions for reachability problems based on HJ equations. The
focus on a reachability problem in control is on the set of states that can be encountered by
a trajectory of a dynamical system, which includes a vast majority of the problems useful
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for system veri�cation. A good example is reach-avoid problems that are concerned with
reaching a goal region while avoiding obstacles [138].

Now, we shift our focus to the reachability problems that �nd the maximal controlled
invariant set within a constrained state space (safe region). In this approach, we are
concerned with state trajectories that are inevitably reaching the unsafe region (the com-
plement of the constrained state space), regardless of the control e�ort. Collecting these
trajectories forms a region from which violating the safety constraints is inevitable. On the
other hand, the complement of this set leads to a set where safety violations can be avoided
by an appropriate choice of control. Thus, this approach leads to the maximal controlled
invariant set. This complementary relationship is formally de�ned in [22]. Based on this
method, a value function can be obtained by de�ning a distance function to the set whose
result for the interior points indicates how far they are from the boundary of the set. The
negative value for the value function shows a safety violation. Therefore, the value function
de�nes an optimal control problem that seeks to maximize it over the set of all feasible
control inputs with the goal to ensure that it is non-negative which implies the satisfaction
of safety constraints. Thus, the value function plays a vital role in the reachability-based
safety �lters in the sense that it can be used as a metric for safety veri�cation with neg-
ative values indicating safety violation and larger positive values ensuring a more robust
safety margin. In [104], it has been shown that we can construct the maximal controlled
invariant set using the value function. Consequently, the boundary of this set (which is
characterized by the zero superlevel set of the value function) separates the set of states
in which violating the safety constraints is inevitable from the region where guaranteeing
safety is feasible. In practice, an"-superlevel set of the value function is used to introduce
a level of conservatism to the design due to numerical error in approximating the value
function. In the case that we have a di�erentiable value function, we can directly use it to
synthesize a control policy in the safety �lter framework. This policy should be activated
for a short period of time when the trajectory reaches the boundary of the set to avoid
chattering. This behavior is problematic in many practical use cases, where a sub-optimal
solution is achieved at the boundary of the controlled invariant set.

Computing the value function is a crucial task in this approach as the maximal con-
trolled invariant set is obtained by the"-superlevel set of this function. In this framework,
we can characterize the value function as the solution of a HJ Partial Di�erential Equation
(PDE). This PDE can be obtained by the dynamic programming principle [57]. As the
uniqueness of the solution of the HJ-PDE is not guaranteed, approximations such as using
a discounted formulation of the HJ-PDE [7] or introducing �nite-horizon value function
for a su�ciently large horizon [56] has been proposed. In addition, numerical algorithms
have been introduced for com based on the notion of viscosity solutions for PDE, which are
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considered weak solutions to the problem [45]. A common approach in these algorithms is
to create a state space grid and compute the value function, its gradient, and the Hamil-
tonian at each node. In consequence, applying this method to dynamical systems with
high-dimensional state spaces leads to the curse of dimensionality. Although several meth-
ods have been introduced to address this challenge [36, 85], it has restricted the widespread
application of this safety �lter in practice. Nevertheless, the e�cacy of this method has
been evaluated in several real-world applications such as real-time motion planning [35]
and navigation for Autonomous Mobile Robots (AMR) [17].

2.1.3 Control barrier function safety �lter

CBFs established based on the fundamental concept of set invariance. Similar to HJ
reachability, constructing a safe set is essential in this approach. However, a key advantage
that sets CBFs apart from other safety �lters is their ability to modify the desired control
input smoothly as the system states approach the boundary of the safe set, rather than
abruptly switching to a safe control policy at the boundary. This technique leverages the
comparison theorem in its design, enabling the use of a wide range of tools developed for
stabilization (in the sense of Lyapunov) to formally guarantee set invariance.

These features have contributed to the growing use of CBF-based safety �lters in real-
world applications, including robotic swarm [161], mobile robots [85], lane keeping [174],
robotic grasping [43], quadrupedal robots [68], and autonomous vehicles [8]. To meet
the demands of practical applications, several enhancements to the modi�ed CBF design
have been introduced in recent years, such as stochastic CBFs [41] and robust design [76].
Moreover, CBFs have been formulated for discrete-time [6] and sampled-data systems [43],
enabling the integration of continuous-time systems with controllers implemented in a
discrete-time framework.

Despite recent advances, CBF-based safety �lters still face signi�cant challenges. A
key challenge is the constructive synthesis of CBFs and their validation across the state
space (or a limited portion of it), particularly when inputs are bounded. While this task is
manageable for relatively simple systems, such as maintaining a safe distance from the car
ahead [3], avoiding obstacles in complex environments [1], or ensuring safe foot placement
on variable footholds [68], it becomes analytically di�cult for high-dimensional systems.
Recent approaches have tackled this problem using numerical optimization methods like
sum-of-squares [163, 42] and by learning CBFs from expert demonstrations or collected
data [125, 48, 119, 100]. While these methods show promise, a well-established solution to
this challenge has yet to be found.
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2.1.4 Predictive safety �lter

One of the recent approaches in designing safety �lters is to exploit the methods that
ensure safety from a predictive viewpoint, which includes PSFs [156], model predictive
safety veri�cation [155], and predictive shielding [19]. In PSF, the safety �lter constantly
checks the existence of a predictive backup safe control sequence from the current state to
a controlled invariant set inside the state space. The goal is to �nd a trade-o� between
scalability and performance. Additionally, due to the similarity between this design and
predictive control, it inherits the persistent feasibility and stability of the closed-loop system
in MPC design. However, despite the similarities, safety �lters solve a fundamentally
di�erent problem than the standard MPC design. In comparison to the MPC framework
that tries to minimize an objective function to achieve stabilization or reference tracking (or
performance criteria), safety �lters provide a modular framework to verify that a trajectory
to a safe controlled invariant set exists.

Consider a dynamical system at the initial state and a desired control input at the
initial time. We assume that there exists a (conservative) control invariant terminal safe
set for this system. The safety of the desired input is veri�ed by searching for a dynamically
feasible pair of state trajectory and control sequence that starts at the initial state with
the initial desired control input and ends in the control invariant terminal set within a
prede�ned prediction horizon. If such a trajectory exists, then we have the option to apply
the desired input and bring the system to the safe terminal set within the �nite prediction
horizon. Thus, the system is proved to be safe in the sense that it has a predictive safe
backup plan. In the case that a desired control input violates this condition, the closest
input to the desired value is chosen to follow the same behavior. This safety �lter is
established based on the receding horizon fashion. Therefore, only the �rst element of the
resulting safe control sequence will be applied to the system. This implies that the actual
system trajectory is not required to follow the backup plan to the safe terminal set. On
the contrary, it seeks to achieve the performance criteria applied by the desired control
input (or the closest safe input) as long as it ensures returning to the controlled invariant
set. Otherwise, the �lter provides the closest control signal to the desired value that has
this feature. Therefore, the backup control sequence is an alternative plan in the case that
the desired input derives the system to the unsafe region.

The advantage of designing a safety �lter in this predictive manner is that it eliminates
the need for explicitly constructing a safe set for the system, as required in CBFs and HJ
reachability. A trivial choice for the controlled invariant set can be the equilibrium point.
However, a large terminal set leads to a large region in which the MPC problem is feasible
even with a short prediction horizon [31]. As this choice is too conservative, CLFs can be

11



employed to expand the set, making it less restrictive by demonstrating the existence of a
locally stabilizing controller for the equilibrium point [92]. Other methods include terminal
set design using safe periodic orbits [153], adaptive enlargement of the terminal set [31],
or exploiting discrete time CBFs [177].

Implementation of this method involves solving a predictive control problem online.
In practice, we need to make sure that this optimization can be solved reliably in real
time. This topic has been theoretically discussed in [123] and is the main challenge that
restricts the application of MPC. Another practical challenge is applying this method in the
presence of disturbances. The e�ect of disturbances can drive the system to a state where
no safe control input can be computed. In this circumstance, the optimization problem
becomes infeasible. A common approach to deal with infeasibility is to consider soft safety
constraints by introducing slack variables. However, this may lead to a situation in which
the backup control does not drive the system to the implicit safe set. There is ongoing
research in MPC [115, 120] and PSF [64] by augmenting the PSF and CBF.

2.1.5 Comparison of the safety �lters

We brie
y introduced three main safety �lter methodologies. All of the previously described
methods use a form of forward invariant set to guarantee safety. The primary distinction
between these methods lies in how each constructs the invariant set and how the safe
input is applied to the system. In this section, we highlight the di�erences between the
introduced methods and compare their capabilities.

Each method considers a subset of the state space that can be rendered forward in-
variant to satisfy the safety constraint. The most challenging approach is taken by HJ
reachability, which requires �nding an explicit representation of the maximal controlled
invariant set. CBFs, on the other hand, do not necessarily aim for the maximal forward
invariant set; instead, they use an inner approximation of the state space to verify the
satisfaction of the CBF constraint. In PSFs, the controlled invariant set is obtained im-
plicitly through the feasibility of the predictive optimization problem, which can ideally
approximate the maximal invariant set with a su�ciently large prediction horizon. The
mathematical characterization of the safe set is not available for all safety-critical problems
in the case of CBFs and the resulting safe set appears to be a conservative approximation
of the actual set which degrades the performance. Also, in the case of HJ reachability, the
characterization of a controlled invariant set becomes problematic when we have a high
dimensional system.

There are also di�erent approaches to enforcing the safety input. In HJ reachability-
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Figure 2.1: Comparison of safety �lter methods

based safety �lters, a value function is used to switch between the desired input and the
safe input. Solving the HJ partial di�erential equation to �nd the value function often
requires forming a grid on the state space. In consequence, this approach faces challenges
with high dimensional systems. Even when the value function is e�ciently computed, the
method may result in constant switching at the boundary of the controlled invariant set,
which leads to poor practical performance.

In contrast, CBF enforces the safety constraint through a min-norm optimization that
minimizes the instantaneous deviation from the desired input. Since the derivative of the
CBF preserves the control-a�ne structure of the dynamical system, it results in a quadratic
programming problem. This fact contributes to the ease of implementation of this method.
The other bene�t is the smoothness of the �ltering between the desired and safe input.
However, constructing the CBF remains a challenge and is not always straightforward in
all safety-critical scenarios.

Finally, PSF minimizes the deviation from the desired input over a prediction horizon.
This predictive capability reduces the need to instantaneous switching to safe input, as
long as the backup safe plan exists within the prediction horizon. However, the receding

13



horizon structure of PSFs requires solving the optimization problem reliably in real time,
which introduces practical challenges, especially in high-dimensional systems.

In summary, selecting a safety �lter is highly dependent on the speci�c requirements
of the problem. For instance, HJ reachability provides a comprehensive safety guarantee
but struggles with high-dimensional systems due to computational complexity. PSFs o�er

exibility through prediction but require real-time optimization, which can be challenging
for practical applications. On the other hand, CBFs have implementation and performance
balance, but, they are applicable to problems that construction of a CBF is feasible. Based
on the overview of each method, a comparison is presented in Figure 2.1.

2.2 Safety Control with Control Barrier Function

2.2.1 Foundational results

In the last two decades, safety veri�cation of dynamical systems has gained a lot of attention
in control systems. Reachability analysis was one of the earliest methods employed for
safety veri�cation. In principle, safety veri�cation in the sense of reachability is de�ned
as a method to show that starting at some initial conditions, a system cannot evolve
to some unsafe region in the state space. One of the initial challenges of this approach
was the explicit computation of exact or approximate reachable sets. To address this
problem, exact computation of the reachable set was introduced for linear systems with
certain eigenstructures and semi-algebraic initial sets [86, 14]. This was later extended to
approximate reachable set for linear systems with almost arbitrary eigenstructures [150].
However, reachability analysis still could not reliably solve the problem of safety veri�cation
for nonlinear systems in general. Motivated by this trend, Prajna and Jadbabaie in [118]
proposed a safety veri�cation method that relied on the methodology that they called
barrier certi�cates. Originally, barrier certi�cates were used in the context of nonlinear
model validation [117]. In this paper, the idea was to eliminate the need to compute
reachable sets, thus enabling safety veri�cation of nonlinear systems.

They characterized the barrier certi�cate as \a function of state satisfying a set of
inequalities on both the function itself and its time derivative along the 
ow of the system".
Based on this characterization, they proposed that the zero positive level set of this function
separates the safe states from the unsafe region in the state space. Thus, the existence of
such a method acts like a certi�cate or proof of the system's safety. They made a connection
between the capability of the barrier certi�cates in the veri�cation of a property of the
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system (reachability or safety in this case) without the need to compute the 
ow explicitly.
Consequently, the function represented by the barrier certi�cate must be negative inside the
safe region (strictly positive outside) and its derivative must be negative at the boundary
of the set. Due to the constraint on the derivative of the function, the set of valid barrier
certi�cates became non-convex. They addressed this issue at the expense of considering a
more restrictive constraint on the derivative of the function, which was being negative for
all states. The challenging step, similar to the Lyapunov methods, was �nding the barrier
certi�cate. The authors in [118] also formulated the conditions on the barrier certi�cates
as the sum of squares problems and used semide�nite programming to numerically obtain
the function.

The barrier certi�cate method introduced an alternative approach to certifying the
safety of the closed-loop systems. Instead of explicitly computing the safe set, the zero
positive level set of a valid barrier certi�cate implicitly de�ned the safe set. However,
similar to the original Lyapunov theory, this method did not establish a direct connection
between safety veri�cation and control synthesis. Therefore, the only claim of this method
was that the existence of a barrier certi�cate certi�ed the safety of the system in the
resulting set. Inspired by the CLF, Wieland and Allg•ower in [166] de�ned the concept
of CBF. The structure of the proposed method is akin to the CLF, where the Lyapunov
function is replaced by the barrier certi�cate. The proposed method had the capability
of steering the system from a set of initial states to a terminal set without violating the
safety de�ned by the barrier certi�cate. They considered control-a�ne systems and their
key contribution was the construction of a safety feedback controller and barrier certi�cates
for the corresponding closed-loop system. This method could successfully solve the problem
of designing a safe feedback control law. However, due to its strict adherence to CLF
structure, the proposed method lacked the 
exibility to incorporate controllers that meet
performance criteria, limiting its application.

The notion of CBFs was re�ned in [12]. Ames et al. introduced a modi�cation to
the de�nition provided by [118, 166], which does not require that sub-level sets of the
CBF be invariant within the safe set. They also proposed a convex optimization approach
to enforce the safe control input which enabled CBFs approach to be viewed as a safety
�lter method. The rationale behind these changes was to keep the safety veri�cation
capability of the original method while reducing its conservatism and adding 
exibility
to accommodate a desired controller focused on performance. The �rst aspect of this
modi�cation involved incorporating an extended classK function [82] on the right-hand
side of the inequality for the derivative of the CBF. This modi�cation allowed the system
state to approach the boundary of the safe set, resulting in a less conservative design
compared to the original barrier certi�cate approach. The second aspect took advantage
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of the fact that for control-a�ne systems, the time derivative of the CBF is a�ne in
the control input. This realization allowed the safety constraint to be incorporated into a
convex optimization problem, enabling the �ltering of a desired control input while ensuring
safety. The similarity between the structure of CLF and CBF (both are a�ne in control)
enabled them to propose a uni�ed approach that could guarantee stability and safety
simultaneously. Despite these modi�cations, the CBF introduced in this paper exhibited
characteristics di�erent from traditional barrier certi�cates. Motivated by the concept of
barrier functions in optimization methods [27], the candidate CBF, known as reciprocal
CBF, was required to be positive within the interior of the safe set and approach in�nity
at the boundary. This de�nition was later revised with the introduction of zeroing CBFs
in [13]. The latter de�nition has since been widely adopted by researchers in the �eld of
safety-critical control design, with the term CBF commonly referring to zeroing CBFs.

The idea of unifying the stabilization property of the CLF with the safety aspect of the
CBF has been also proposed by Romdlony and Jayawardhana1 in [127]. They acknowl-
edged the features of CLFs for stabilizing the origin, such as (local) convexity and a global
minimum at the origin, and observed that CBFs exhibit di�erent characteristics, including
(local) concavity with the level set of zero belonging to the safe domain. They concluded
that, unlike CLFs, which can be combined while retaining their original properties, CBFs
cannot be directly merged with CLFs. They proposed a novel uni�cation approach, which
led to the concept of Control Lyapunov-Barrier Function (CLBF), representing another
important safety-critical control method.

2.2.2 Principal results

The CBF method showed great potential for addressing safety veri�cation in control sys-
tems. However, several idealistic assumptions initially limited its application. In this
section, we review research that complemented the initial CBF design, enhancing its rele-
vance for real-world safety-critical problems.

A restrictive assumption was that the system must have relative degree one with respect
to the CBF. Many robotic systems, which were the primary targets for safety veri�cation,
had relative degrees greater than one for common tasks such as obstacle avoidance or
constraint satisfaction. As a result, researchers had to use a simpli�ed version of the
dynamical system, such as quadrotor and mobile robots, to be able to apply CBFs method.
To address this limitation, a backstepping approach was introduced in [72], extending the

1Both references [12] and [127] are published in the same conference issue. However, the de�nition of
CBF in [127] follows that of [166].
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method to systems with a relative degree of two. Shortly after this improvement, Nguyen
and Sreenath completely eliminated the assumption of relative degree one in [114] by
introducing a novel approach which is called exponential CBFs. In this work, the authors
proposed a method that employs input-output linearization and pole placement techniques
to stabilize the barrier function to zero. Following up on this improvement, Xiao and Belta
used a di�erent approach to develop a more general de�nition of high-order CBFs in [168].
More recently, the assumptions of forward completeness and uniform relative degree have
been relaxed for high-order CBFs [145].

These contributions open the door to work on the advanced control problems based
on the CBFs method. Several important extensions to the notion of CBFs are developed
in the subsequent years. Robust CBF was one of the �rst improvements that has been a
topic of signi�cant research interest. Xu et al. investigated the robustness of the CBFs
under model perturbations using the input-to-state stability property of the safe sets in
[173]. This approach is also followed by Kolathaya and Ames in [84], where the idea of
Input-to-State Safety (ISSf) [128] is adopted to develop robust implementations of real-
time safety-critical controllers in nonlinear systems. A novel approach for robust CBFs is
introduced by Jankovic [76] that combined with the existing methodology for ISS CLFs to
build safety-critical controllers for nonlinear systems. Taylor et al. proposed an adaptive
version of the method in [148], which allows the system to adaptively ensure safety by
keeping the system's state within a safe set, even in the presence of parametric model
uncertainty. Santoyo et al. in [133] addressed the quanti�cation of the probability that a
system exists in a given safe region of the state space within �nite time. This work extends
the notion of CBFs to the domain of stochastic systems. Motivated by this research, Clark
in [41] presented a framework for CBFs in stochastic systems in the presence of Gaussian
process and measurement noise.

In recent years, several improvements have been introduced on the basis of the afore-
mentioned works, making CBFs more versatile in practical safety-critical control design.
In the following sections, we focus on the directions most aligned with the contributions of
this thesis.

Robust CBFs: classical approach

CBF is a model-based approach, which requires the calculation of the time derivatives
of the barrier function along the system's trajectory. This process assumes an accurate
model of the system. However, in most practical settings, constructing high-�delity models
is challenging, and systems are often subject to external disturbances. Dynamical systems
are often modeled by physical principles, but discrepancies between the actual system and
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the nominal model often exist. These model mismatches can lead to inaccurate barrier
conditions, compromising the system's safety. Therefore, addressing model mismatches and
uncertainties in safety-critical control design is essential. Many researchers approach this
problem from di�erent perspectives. The robustness of the CBFs under model mismatch
(e.g., _x = f (x) + � f (x) + g(x)u) is �rst investigated in [173]. In this paper, the extent to
which the forward invariance of a given safe set is robust in the presence of model errors is
investigated. In this work, possible safety violation in terms of the size of the uncertainty
is quanti�ed using ISSf. However, the assumptions made regarding the errors were overly
restrictive, limiting the method's ability to generalize to a wide range of dynamical systems
with uncertainty. A more general form of disturbances to the system is considered in [76].
In this work, uncertainties are modeled as an unknown disturbance (e.g., _x = f (x) +
g(x)u + p(x)w), which covers the previous model mismatch error as a special case. A
modi�ed version of the QP problem is introduced based on the input-to-state stability,
and the safety is encoded to the system in the presence of disturbances. This approach
was subsequently applied in a robot grasping scenario with bounded disturbances in [43].
While these works considered bounded additive disturbances, one common assumption is
that the system states are measurable without any error. This assumption is relaxed in
[63]. In addition to additive disturbance to the system dynamics, they considered bounded
state-estimation errors and incorporated them into their robust design of CBFs method.
In this work, an upper bound for the gradient of the barrier function is obtained based
on the assumption that we have knowledge about the bounds of the disturbance and state
estimation error. In [137], the e�ect of unmodeled dynamics and delays in CBFs method
performance is addressed, where the true state of the system is partially observed (as the
state of the unmodeled dynamics is not measured). A robust design is provided using the
Integral Quadratic Constraints (IQC) approach.

The extensive research on robust CBFs highlights the importance of this topic. How-
ever, reviewing the aforementioned works, one can identify certain drawbacks to using
classical methods. These methods often address speci�c classes of uncertainties and, in
many cases, they cannot be generalized well to a wide range of real-world dynamical sys-
tems. Additionally, they typically rely on assumptions about the bounds of uncertainties
to ensure safety. However, these bounds may not always hold across di�erent environments
and situations for a given system. Also, constructing a state (or input) dependent set of
model errors is often signi�cantly over-approximated, leading to excessively conservative
safety veri�cation. Next, we review the data-driven methods in robust CBFs, which aim
to overcome these limitations.

18



2.2.3 Data-driven CBFs

The use of data-driven techniques for reliable safety veri�cation with CBFs has become
an active area of research. Leveraging the recent successes of learning-based control, re-
searchers have incorporated machine learning into CBF methods to combine the strengths
of both approaches. Most of the works in this �eld of research focus on reducing the model
uncertainty as it negatively impacts the safe behavior of the system. Almost all of them
are established on the robustness property of CBF-based safety veri�cation known as ISSf.

A class of data-driven approaches uses probabilistic models of the residual learning error
to ensure safety in the presence of uncertainty. In particular, these techniques leverage the
distributional information of the residual model error and incorporate the learned residual
model into the safety �lter design process. The application of GPs to model uncertainty
in safety-critical systems was �rst introduced in [20]. Using the GP approximation, the
region of attraction of the system is computed in a discrete domain. In [164], the unknown
additive dynamics of the system are represented by GPs, and a high probability con�dence
bound is obtained by the learned system dynamics. This bound allows the safe region to
gradually expand as uncertainty decreases. In [33], it was noted that previous methods
did not account for input-dependent model uncertainty. The authors addressed this by
developing a speci�c GP kernel structure to overcome the limitation. In [83], the drift
term and input gain of a control-a�ne system are assumed to be unknown, with the goal
of learning the dynamics while ensuring system safety. This was achieved using a matrix-
variate Gaussian distribution and Bayesian learning. Following this work, an extension to
safe multi-agent interactions was developed in [38].

Another approach that addresses the impact of uncertainty on the evolution of CBFs,
rather than focusing on learning the invariant set or unmodeled dynamics, is introduced
in [147]. This method uses episodic learning to model the e�ect of uncertainty on the time
derivative of the CBF, which helps reduce the curse of dimensionality. The approach has
been extended to CBFs with higher relative degrees in [157]. Safety in the presence of
measurement map uncertainties is addressed in [49], where the concept of measurement-
robust CBFs was introduced. This work proposed a method to ensure safety even when the
system's states are not directly observed. The same technique was applied in [44], providing
empirical results using a Segway robot. In [40], reinforcement learning is employed to
learn model uncertainties. In this work, the uncertainty in the dynamics of CBF and CLF
constraints are learned to compensate for its e�ect on the safety and stability of the system.
A di�erent approach is taken in [96], where the agent learns a safe output feedback control
law based on expert demonstrations. This method addresses the challenge of �nding a CBF
from a given dataset, as no systematic method exists for constructing a barrier function in
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general.

In contrast to the aforementioned works, authors in [39] used CBFs to encode safe
exploration to Reinforcement Learning (RL). This work is signi�cant as it aims to move
beyond simulation, enabling physical systems to learn safely in real-world environments.
Speci�cally, they combine the safety veri�cation capabilities of model-based CBFs with
model-free RL algorithms. As a result, the RL-CBF method provides safety guarantees
throughout the entire learning process while improving exploration e�ciency. Although
this method relies on a nominal dynamical model (based on �rst principles), safety is
ensured from the beginning, even in the presence of uncertainty. Additionally, the concept
of safe value functions was introduced in [108], using CBFs to derive optimal and safe
value functions in RL. This work applies CBF-based safety veri�cation from a di�erent
perspective, further expanding the utility of CBFs in reinforcement learning.

The works discussed above illustrate the ongoing research at the intersection of safety-
critical systems using robust CBFs and learning-based methods. We also refer to [154] for a
comprehensive survey on data-driven safety �lters. This interest is partly driven by the de-
velopment of powerful function approximators that enable the learning of accurate models
for unknown phenomena, such as uncertainties. These methods o�er a 
exible framework
for learning various types of uncertainties within a system and have shown promising re-
sults in real-world experiments. Recent advancements in RL also demonstrate signi�cant
potential for systems to learn while interacting with their environment, providing valuable
opportunities to ensure safety across diverse settings. However, despite the advantages of
data-driven approaches, they often lack formal theoretical guarantees|a limitation that
classical robust CBF methods do not face. In this research, one of the objectives is to
develop a data-driven approach for safety veri�cation with formal guarantees.

2.2.4 Multiple CBFs

Ensuring the safety of real-world, safety-critical systems requires considering multiple safety
criteria, which cannot always be achieved with a single CBF. Although multiple CBFs
design provides a more comprehensive approach to safety veri�cation, the concept has
emerged in a few studies. In this section, we review the key contributions in this area
and address the need for a more general framework that can handle multiple CBFs with
arbitrary relative degrees.

Two commonly used approaches have been employed to handle multiple CBFs in safety
�lter design. One approach is to combine all CBFs into a single one. The �rst approach
combines all CBFs into a single one. In [142, 116], multiple Lyapunov-like barrier functions
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were incorporated into a set-theoretic framework for collision avoidance, using smooth
minimum operators to combine CBFs and satisfy multiple objectives. Glotfelter et al.
[66] proposed one of the �rst methods focusing on multiple CBFs by utilizing non-smooth
operators, which guaranteed forward invariance of Boolean composition of safety objectives.
The second approach involves enforcing multiple CBFs simultaneously in the safety �lter
design. In [152], forward invariance of all CBFs is achieved by using discontinuous control
inputs. In [165], multiple CBFs are enforced for a motion planner, where a constraint
relaxation scheme is introduced to prevent infeasibility.

Other works followed this methodology. In [122], multivariate CBFs are designed to
control a manipulator. In this work, CBFs are used for time-varying constraint satisfaction
in a QP scheme, and the uniqueness and Lipschitz continuity of the resulting control law
is addressed. However, they provided theoretical results for CBFs with relative degree up
to two, as at that time, the results of exponential CBFs for higher relative degrees were
not published yet. Multi-agent systems are among applications that require multiple CBFs
for safety veri�cation. This idea is formulated in [159], where a safe swarm of a group of
mobile robots is considered. The pair-wise distance between robots is considered as the
safety constraint to avoid collision between agents. All the resulting barrier certi�cates
are of relative degree one. The e�ciency of the method has been shown by experimental
results. However, the multiple CBFs scheme does not give theoretical guarantees for the
existence of a common solution when we have a multi-objective problem. This issue is
addressed in [160], where multiple CBFs are combined in a single CBF using Boolean
compositions through product and sum of CBFs. In [66], it has been claimed that the
robustness properties of the ZCBFs are removed by using Boolean compositions of barrier
functions in [160]. Thus, they used min and max operators of multiple components barrier
function to address this issue. This leads to non-smooth barrier function analysis for the
�rst time in this work. The multiple CBFs have also been addressed in the context of
robust CBFs in [70]. An active set invariance method is used to compensate for the e�ect
of disturbance and parametric errors. However, the results are limited to barrier functions
of relative degree one. The authors in [43] developed a robust safety-critical control design
based on multiple CBFs scheme for robot grasping. The procedure of a robot grasping
scenario is de�ned based on several constraints which are satis�ed by using robust CBFs.
Multiple safety constraints with relative degree one are used in some applications such as
obstacle avoidance in manipulator [88], robot grasping [58], and trajectory planning under
temporal constraints [62].

The idea of using multiple CBFs is an e�ective way of safety veri�cation in dynamic
systems. However, it brings up some challenges too. CBFs are generally enforced to the
system by solving QP optimization problem in a minimally invasive fashion. Subsequently,
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each CBF imposes a hard constraint on the optimization problem. Thus, feasibility analysis
of the resulting convex optimization problem in the presence of several hard constraints
is essential. The mentioned works did not address this problem and assumed that the
problem was feasible (e.g., an optimal control law exists that satis�es the constraints).
This issue is one of the most recent topics in the �eld of safety veri�cation with CBFs.

In [172], the notion of control-sharing barrier functions is introduced, which provides
the necessary and su�cient conditions for feasibility. However, the results are limited to the
systems with scalar input and barrier functions with relative degree one. In [177], the low
decay rate of CBF constraint is introduced as the reason behind potential infeasibility in
QP optimization with CBFs. They proposed an optimal-decay CBF scheme that ensures
the point-wise feasibility of the problem. In the most recent publication on this topic,
su�cient conditions for the feasibility of optimal control problems with CBFs are proposed
in [171]. In this method, the su�cient conditions are represented by a single constraint that
is enforced on the QP optimization problem by a CBF. This so-called feasibility constraint
makes the problem constraints compatible and guarantees feasibility. Based on the sign of
the Lie derivative of the barrier function with respect to the input-gain dynamics, di�erent
cases are analyzed, and su�cient conditions are obtained for arbitrarily high relative degree
CBFs.

As mentioned above, using multiple CBFs scheme is inevitable in many dynamical
systems to guarantee safety. However, the existing methods consider CBFs with relative
degree one or two. In Chapter 4, we will explore a solution to this problem and highlight the
importance of such a safety-critical method in the control design of tractor-trailer systems.
The next section provides a summary of related works on control design for tractor-trailer
systems.
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Chapter 3

Preliminaries

3.1 System Dynamics

In this section, we present the foundational concepts of system dynamics, which are es-
sential for understanding how systems operate over time. System dynamics provides the
mathematical framework for modeling, analyzing, and controlling robotic systems, form-
ing the backbone of the analysis and design methodologies employed in this research. As
the focus of this thesis is on designing safety-critical control methods for mobile robots,
particularly tractor-trailer systems, we will mainly introduce control-a�ne system dynam-
ics. Then, we formalize the equivalent discrete-time control-a�ne system. Finally, we will
formally de�ne switching systems which cover a wide range of real-world dynamical robots.

3.1.1 Continuous-time system dynamics

The vast majority of dynamical systems are naturally de�ned in continuous-time, re
ecting
the continuous nature of physical processes. We de�ne state vector as the smallest set
of variables that fully characterize system's current condition and determine its future
behavior, given the system's dynamics and inputs. Control inputs, are variables that
can be adjusted to manipulate the system's evolution over time. Dynamical systems are
generally modeled by fundamental physical laws that govern the system. Applying the �rst
principles usually leads to a set of Ordinary Di�erential Equation (ODE), which describe
the dynamic behavior of the system in terms of the rates of change of the state vector
with respect to time. Thus, a mathematical representation of a dynamic system can be
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expressed in the general form:

_x = f (x ; u );

y = h(x ; u ):

This representation makes control synthesis analytically intractable. It is important to
note that most robotic systems are modeled using Lagrangian equations of motion, which
result in vector �eld that is a�ne in control vector and does not depend explicitly on time.
These types of systems are generally known as time-invariant control-a�ne dynamics and
are widely used to describe robotic systems. Consider the nonlinear control-a�ne system:

_x = f (x ) + g(x )u ; (3.1)

wherex is the state vector which belongs to the state space manifoldX � Rn . The input
vector u =

�
u1 : : : um

� >
is constrained to lie inU � Rm . Input functions uj (�); j =

1; : : : ; m, satisfying this constraint is called admissible input functions or control. BothX
and U are compact and convex sets. The vector �eldf : X ! Rn is referred to as drift
vector �eld and each column ofg: X ! Rn� m is referred to as input vector �eld. f and
g are locally Lipschitz in x . Given a locally Lipschitz continuous state feedback control
� : Rn ! Rm , the closed-loop system is:

_x = Fcl(x ) , f (x ) + g(x )� (x ); (3.2)

which is locally Lipschitz continuous. Then, for any initial statex (0) = x 0, the system
(3.2) has a unique solutionx (t) de�ned on a maximal interval of existenceI (x 0) = [0 ; I max ).
In this thesis, we consider forward complete closed-loop systems, thusI max = 1 .

3.1.2 Discrete-time system dynamics

Discrete-time systems describe either inherently discrete systems (e.g., the balance of a
bank savings account at the k-th month) or the equivalent transformation of a continuous-
time system into the discrete domain. The latter is widely used in control systems, as
controllers are almost always implemented using microprocessors, which can only handle
computations at discrete time intervals. Subsequently, states, inputs and outputs of a
discrete-time system are a sequence whose elements are de�ned only at particular instances
tk 2 R+ ; k 2 Z+ in time. Consider the discrete-time control-a�ne system de�ned by
di�erence equations:

x k+1 = f (x k) + g(x k)u k ; (3.3)
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wherex k 2 X � Rn is the state at time steptk , u k 2 U � Rm is the input at tk under the
assumption of a constantu (t) during a sampling interval. The sets and state-transition
functions are de�ned as before.

3.1.3 Switching system

Consider the control-a�ne switching system of the form

_x =
RX

r =1

� r (f r (x ) + gr (x )u ) ; (3.4)

� r =

(
1 if x 2 R r ;

0 otherwise;

wherex 2 X � Rn is the state, andu 2 Rm is the input, and X is a compact and convex
set. The function � r : X ! f 0; 1g; r 2 I is a state-dependent switching signal with the
�nite index set I = f 1; : : : ; Rg which indicates the index of the active switching surface
R r � X . The vector �elds f r : Rn ! Rn and gr : Rn ! Rm� n ; r 2 I , are assumed to be
locally Lipschitz. Let � : Rn ! Rm be a locally Lipschitz continuous state feedback control
law. We assume that the impulse e�ects are absent, i.e., the reset map is the identity.
Furthermore, we assume that the closed-loop system

_x = Fcl(x ) ,
RX

r =1

� r (f r (x ) + gr (x )� (x )) ; (3.5)

satis�es Caratheodory condition [71]. Then, for any initial statex (t0) = x 0, system (3.5)
admits a solution x (t) in the sense of Caratheodory de�ned on a maximal interval of
existenceI (x 0) = [ t0; I max ). We consider complete solutions, thusI max = 1 .

We assume that the state space is partitioned intoR non-overlapping regions labeled
asR r � X , such that they cover the whole state space, i.e.,[ R

r =1 R r = X , and R i \ R j = ;
for all i; j 2 f 1; : : : ; Rg; i 6= j . This assumption requires system (3.4) to be well-posed, i.e.,
for all x 2 X there exists only one active indexr 2 I satisfying the membership condition.

3.2 Modeling of Mobile Robots

The �rst step in controlling a mobile robot is to develop a mathematical model. One com-
mon method for modeling mechanical systems involves using kinematic equations, which
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describe the motion of a robot without considering forces. The kinematic model is widely
used to describe the low-speed behavior of mobile robots and is primarily based on non-
integrable rolling constraints, also known as nonholonomic constraints, which involve the
derivatives of the con�guration variables. These constraints are de�ned in the tangent
space at each con�guration, specifying the allowable velocities of the system. They cannot
be eliminated by de�ning a more restricted con�guration manifold.

For mobile robots, common kinematic models include car-like, di�erential drive, and
omnidirectional models. The state of the robot is typically de�ned by its position and
orientation. We start by obtaining the car-like model (without a trailer), and the same
approach will be used to model tractor-trailer systems as multi-body mobile robots. A
multi-body mobile robot consists of a sequence of two or several hinged bodies moving on

at ground. The �rst body in the sequence is called the tractor and the other bodies are
called the trailers. Models which are derived in this section will be used in the next chapter
as a benchmark for the proposed safety-critical control method.

3.2.1 Unicycle and bicycle model

Consider a single wheel moving along a 
at surface while keeping its body vertical. This
system is commonly known as a unicycle. Its con�guration can be de�ned by a vector
x 2 R3 consisting of three generalized coordinates: the positional coordinatesx; y of the
point of contact with the ground in a �xed frame, and the angle� which denotes the wheel's
orientation relative to the x-axis. The linear velocity of the wheel's center is restricted to
lie within the plane of the wheel's body (zero lateral velocity). Speci�cally, they must
satisfy

�
� sin� cos� 0

�
2

4
_x
_y
_�

3

5 = 0; (3.6)

which is linear in the generalized velocities of the formC(x ) _x = 0, which is called a
Pfa�an constraint. Consequently, all admissible generalized velocities are contained in the
null space of constraint matrixC(x ), which yields

_x =

2

4
cos�
sin�

0

3

5 v +

2

4
0
0
1

3

5 !; (3.7)

where v and ! are linear and angular velocity of the wheel, respectively. This choice of
the basis for the null space of the matrixC(x ) is not unique and other choices lead to
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di�erent representations of the system, in which the input components may have no direct
relationship with the actual control inputs which are forces and torques. Thus, equation
(3.6) is called the kinematic model of the unicycle.

Now, we consider a car-like robot with the assumption that two wheels on each axle
collapse into a single wheel at the midpoint of the axle. The front wheel is steerable
while the rear wheel orientation is �xed. The vector of the generalized coordinates is
x =

�
x y � �

� >
2 R4, wherex; y are the Cartesian coordinates of the rear wheel and�

is the orientation of the car body with respect to the x-axis and� represents the steering
angle of the front wheel. Each wheel imposes a nonholonomic constraint on the system.

_x f sin(� + � ) + _yf cos(� + � ) = 0 ;

_x sin� � _y cos� = 0;

where x f and yf are the Cartesian coordinates of the front wheel and have the following
relationship with the car's reference point.

x f = x + ` cos�;

yf = y + ` sin�:

By substituting this formula the �rst constraint becomes

_x sin(� + � ) � _y cos(� + � ) � ` _� cos� = 0:

Thus, the constraint matrix is

C(x ) =
�
sin(� + � ) � cos(� + � ) � ` cos� 0

sin� � cos� 0 0

�
; (3.8)

which has rank two for all x 2 R4. Thus, for the car-like robot with rear-wheel driving,
the kinematic model is obtained as

_x =

2

6
6
4

cos�
sin�
tan �

`
0

3

7
7
5 v +

2

6
6
4

0
0
0
1

3

7
7
5 !; (3.9)

where v, and ! are the driving and steering velocities, respectively. The model has a
singularity at � = � �

2 , which corresponds to the case that the front wheel is normal to the
longitudinal axis of the body. However, the importance of the singularity is limited as the
steering angle is restricted in most practical cases. This kinematic model is widely known
as the bicycle (car-like) model. It will be our reference in deriving the kinematic model of
the multi-body robots.
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3.2.2 Modeling tractor-trailer robots

In the following, we derive a kinematic model of the Tractor-Trailer Robot (TTR) and then
analyze the fundamental properties of the corresponding system from a control viewpoint.
Based on the trailer articulation structure, TTRs are divided into Single-Steering Tractor-
Trailer Robot (SSTTR) and Multi-Steering Tractor-Trailer Robot (MSTTR), respectively.
Note that we derive the kinematic model for a tractor towing one trailer, but the same
approach can be used to extend the model to the N-trailer system.

Single-steering tractor-trailer robots

In an SSTTR, the tractor is fully speci�ed in the Cartesian plane by its reference point
located on the midpoint of its rear axle. Letp = [ x1; y1]> , be the coordinates of the
reference point. The angles� 1 and � 2 denote the orientation of the tractor and trailer,
respectively. SSTTR has a steerable front wheel and its rear wheel is �xed. The steering
angle of the front wheel is denoted by� 1. The generalized coordinates of the system denotes
by x = [ x1; y1; � 1; � 2; � 1]> 2 R5.

We start by using the bicycle model for the tractor. The same approach leads to the
nonholonomic constraints of the formC(x ) _x = 0 for SSTTR, with the constraint matrix

C(x ) =
�
sin (� 1 + � 1) � cos (� 1 + � 1) � `1 cos� 1 0 0

sin� 1 � cos� 1 0 0 0

�
(3.10)

Consider matrix S(x ) that spans the null space ofC(x ) as

S(x ) =

2

6
6
6
6
4

cos� 1 0
sin� 1 0
tan � 1

`1
0

sin( � ! � � 2 )
`2

0
0 1

3

7
7
7
7
5

:

Based on this representation, the kinematic model of the SSTTR can be obtained as

_x =

2

6
6
6
6
4

cos� 1

sin� 1
tan � 1

`1
sin( � 1 � � 2 )

`2

0

3

7
7
7
7
5

| {z }
g1 (x )

v +

2

6
6
6
6
4

0
0
0
0
1

3

7
7
7
7
5

| {z}
g2 (x )

! 1; (3.11)
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wherev and ! 1 are the linear and steering velocity, respectively.

The kinematic model (3.11) is a driftless system (i.e.,f (x ) is zero vector), thus any
state x e 2 X represents an equilibrium point under zero input. Linearization aroundx e

yields _x = g1(x e)v + g2(x e)! 1, which fails to pass the controllability rank condition

rank
��

B AB A 2B A 3B A 4B
��

= 5; (3.12)

sinceA matrix is zero and the number of control inputs is less than the number of states
(i.e., m < n ). This analysis shows that the linearized system of SSTTR is not locally
controllable at a point. Thus, we cannot infer the local controllability of this system
based on the linearized system. It is important to notice that a nonlinear system may be
controllable, even if its linearized system is not. Intuitively, we know that a car-like robot
(and tractor-trailer robots) can be steered to any con�guration in an obstacle-free state
space. In particular, the nonlinear controllability of driftless systems can be investigated
by testing the Lie algebra rank condition [73]:

rank
��

g1 g2 [g1; g2] [g1; [g1; g2]] [g2; [g1; g2]] : : :
��

= 5; (3.13)

which based on Chow's theorem [134] shows that the system can reach nearby points in
arbitrary small times and stay near a given statex e, which is widely known as small-time
local controllability. Note that (3.13) is a local condition. If the rank condition holds
everywhere in the state space, then the robot is said to be controllable.

For the SSTTR system (3.11), the �rst three Lie brackets1 are computed as

[g1; g2] =

2

6
6
6
6
4

0
0

� sec(� 1 )2

`1

0
0

3

7
7
7
7
5

; [g1; [g1; g2]] =

2

6
6
6
6
6
4

� sin( � 1 )(sec(� 1 )2 )
`1

cos(� 1 )(sec(� 1 )2 )
`1

0
cos(� 1 � � 2 )(sec(� 1 )2 )

`1 `2

0

3

7
7
7
7
7
5

; [g2; [g1; g2]] =

2

6
6
6
6
4

0
0

� 2 tan( � 1 )(sec(� 1 )2 )
`1

0
0

3

7
7
7
7
5

:

Now, we can easily verify that away from the model singularity� 1 = � �
2 , the Lie algebra

rank condition (3.13) for system (3.11). The fact that the linearized system does not pass
the controllability rank condition poses the limitation that the exponential stability in the

1Let f , g be two vector �elds in Rn . The Lie bracket of f and g is a third vector �eld de�ned by

[f; g ] =
@g
@x

f �
@f
@x

g:
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sense of Lyapunov cannot be obtained by smooth feedback [139]. Also, based on Brocket's
theorem [29], as (3.11) is a driftless regular system (i.e.,g1 and g2 are linearly independent
vector �elds), a necessary condition for smooth stability is having the same number of
input and states, which is not the case for SSTTR. Thus, a time-varying control law must
be designed for point stabilization. We also refer to [90] for proof of controllability of a
tractor towing N trailers.

Next, we study the controllability analysis of a trajectory. In this case, the linearized
model of (3.13) around a desired reference trajectoryx d =

�
xd yd � 1d � 2d � 1d

� >
, which

satis�es the nonholonomic constraints (3.10). Such a trajectory, as well as the desired
control input vd; ! 1d always exists for SSTTR as it is a di�erentially 
at system [93].

De�ning ~x = x � x d and u d = u � u d, the linearized system around the reference
trajectory is obtained as

_~x = A(t)~x + B(t) ~u ;

where

A(t) =
2X

i =1

udi (t)
@gi
@x

�
�
�
�
�
x = x d (t )

; B (t) = G (x d(t)) ;

whereG is a matrix whose columns areg1 and g2. Computing the system matrices yields

A =

2

6
6
6
6
4

0 0 � vd sin(� 1d) 0 0
0 0 vd cos(� 1d) 0 0
0 0 0 0 vd

`1
sec(� 1)2

0 0 vd
`2

cos(� 1d � � 2d) � vd
`2

cos(� 1d � � 2d) 0
0 0 0 0 0

3

7
7
7
7
5

; B =

2

6
6
6
6
4

cos(� 1d) 0
sin(� 1d) 0

tan � 1d
`1

0
sin( � 1d � � 2d )

`2
0

0 1

3

7
7
7
7
5

:

The linearized system represents a time-varying system. Consequently, controllability anal-
ysis for this system is more involved and requires nonsingularity of the controllability
Gramian [78]. We focus on the special case of a linear reference trajectory with constant
velocity, which produces time-invariant system matrices. Thus,ud1 = vd and also we have
� 1d = � 2d = � 0, and � 1 = 0. Then, the controllability rank condition (3.12) is satis�ed, ex-
cept for the case that� 0 = � �

2 , or vd = 0 (with zero velocity the trajectory would collapse
to a point). In [91], it has been shown that the SSTTR system can be locally stabilized
for arbitrary reference trajectory using linear feedback.

Multi-steering tractor-trailer robots

In an MSTTR, the trailer has also a steerable wheel, which enhances the maneuverability
of the robot. The reference point is the midpoint of the tractor's rear axle as before and
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the generalized coordinates are obtained byx =
�
x1 y1 � 1  � 1 � 2

� >
2 R6, where we

substituted � 1 with  , which is the relative angle between two vehicle segments. Also,� 2 is
added as the steering angle of the trailer's wheel. The matrix of nonholonomic constraints
is

C(x ) =

2

4
sin (� 1 + � 1) � cos (� 1 + � 1) � `1 cos� 1 0 0 0

sin� 1 � cos� 1 0 0 0 0
sin (� 1 �  � � 2) � cos (� 1 �  � � 2) `2 cos� 2 � `2 cos� 2 0 0

3

5 : (3.14)

Given S(x ) as the null space ofC(x ), we can write _x = S(x )� , where the velocity
vector � =

�
v ! 1 ! 2

� >
. In this vector of the generalized velocity vector,v is the linear

velocity and ! 1 and ! 2 are the turning rate of the tractor's front wheel and trailer's rear
wheel, respectively. The matrixS(x ) can be written as

S(x ) =

2

6
6
6
6
6
6
4

cos� 1 0 0
sin� 1 0 0
tan � 1

`1
0 0

S41 0 0
0 1 0
0 0 1

3

7
7
7
7
7
7
5

;

where we have

S41 =
tan � 1

`1
�

tan � 2 cos + sin  
`2

:

The resulting kinematic model is given by

_x =

2

6
6
6
6
6
6
4

cos� 1

sin� 1
tan � 1

`1

S41

0
0

3

7
7
7
7
7
7
5

| {z }
g1 (x )

v +

2

6
6
6
6
6
6
4

0
0
0
0
1
0

3

7
7
7
7
7
7
5

| {z}
g2 (x )

! 1 +

2

6
6
6
6
6
6
4

0
0
0
0
0
1

3

7
7
7
7
7
7
5

| {z}
g3 (x )

! 2: (3.15)

Equation (3.15) represents a nonlinear, driftless system (i.e., no motion takes place under
zero input), which has fewer control inputs than the generalized coordinates. There exists
model singularity at � 1 = � �

2 or � 2 = � �
2 , where the �rst vector �eld has a discontinuity.

This situation occurs when the tractor's (or trailer's) front wheel is perpendicular to the
car's longitudinal axis, causing the car to become jammed. However, this singularity is
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not highly signi�cant in practice because the steering angle is usually restricted within a
limited range.

The controllability analysis of MSTTR can be carried out the same as SSTTR. The
linearized system_x = g1(x e)v + g2(x e)! 1 + g3(x e)! 2 cannot pass the controllability rank
condition

rank
��

B AB A 2B A 3B A 4B A 5B
��

= 6: (3.16)

The Lie algebra rank condition for MSTTR system (3.15) is obtained by

rank ([g1; g2; g3; [g1; g2] ; [g1; g3] ; [g2; g3] ; [g1; [g2; g3]] ; [g2; [g1; g3]] ; : : :]) = 6 : (3.17)

By computing the following Lie brackets

[g1; g2] =

2

6
6
6
6
6
6
6
4

0
0

� sec(� 1 )2

`1

� sec(� 1 )2

`1

0
0

3

7
7
7
7
7
7
7
5

; [g1; g3] =

2

6
6
6
6
6
6
4

0
0
0

cos( ) sec(� 2 )2

`2

0
0

3

7
7
7
7
7
7
5

; [g1; [g1; g2]] =

2

6
6
6
6
6
6
6
4

� sin( � 1 ) sec(� 1 )2

`1
cos(� 1 ) sec(� 1 )2

`1

0
(tan( � 2 ) sin(  )� cos( )) sec(� 1 )2

`1 `2

0
0

3

7
7
7
7
7
7
7
5

;

we can verify that the MSTTR system is controllable as it passes the Lie algebra rank
condition (3.17). This result was also obtained by using coordinate transformation and
state feedback in [32], which makes the controllability analysis easier by transforming the
system into the chain form. One important result for controllable drift-free systems is that
if the driftless control system is controllable, then its dynamic extension is also controllable.
We will exploit this property for MSTTR in the next chapter.

In order to analyze the controllability of MSTTR around a trajectory, we consider the
reference trajectoryx d =

�
xd yd � 1d  d � 1d � 2d

� >
and the reference inputsvd; ! 1d; ! 2d,

which are always available due to di�erential 
atness of MSTTR [131]. Next, we obtain
the time-varying system matrices for the linearized system around the trajectory

A =

2

6
6
6
6
6
6
6
4

0 0 � vd sin� 1d 0 0 0
0 0 vd cos� 1d 0 0 0
0 0 0 0 vd sec(� 1d )2

`1
0

0 0 0 A44
vd sec(� 1d )2

`1

� vd sec(� 2d )2 cos d
`2

0 0 0 0 0 0
0 0 0 0 0 0

3

7
7
7
7
7
7
7
5

; B =

2

6
6
6
6
6
6
4

cos� 1d 0 0
sin� 1d 0 0
tan � 2d

`1
0 0

B41 0 0
0 1 0
0 0 1

3

7
7
7
7
7
7
5

;
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where

A44 =
� vd tan � 2d sin d � cos d

`2
; B41 =

tan � 1d

`1
�

tan � 2d cos d + sin  d

`2
:

Assuming the special case of a linear trajectory with constant velocityvd, where � 1d = � 0

and  d = � 1d = � 2d = 0, we can verify that the linearized system passes the condition
(3.16). The asymptotic stabilizability of the system around an arbitrary trajectory has
been investigated in [131].

3.3 Control Background

We review the concept of stability analysis using Lyapunov theory, which builds a basis
for reviewing safety analysis using control barrier functions. These concepts will be used
to develop safety-critical methods in the remaining chapters of the thesis. As the original
de�nitions for CLF and CBF are de�ned based on the continuous system dynamics of the
form (3.1), we adhere to this formulation throughout this section.

3.3.1 Stability and control Lyapunov function

Stability is a fundamental aspect of the study of control systems. Determining the stability
of a system is often the �rst and most crucial step, as an unstable system is typically
useless and can even pose signi�cant dangers. Lyapunov theory provides a powerful method
for analyzing the stability of control systems. However, its application is not limited to
verifying the stability and it can be used to synthesize a stabilizing control policy. In the
following, �rst, we review fundamental de�nitions based on the Lyapunov stability theory.
We concentrate on the stability analysis of autonomous systems around an equilibrium
point. Based on the de�nitions of the Lyapunov direct method, we introduce the control
Lyapunov function as a method to stabilize nonlinear systems.

Stability

Consider the control a�ne system (3.1). In Equation (3.2), we introduced an autonomous
closed-loop system_x = Fcl(x ) resulting from applying a time-invariant state feedback
u = � (x ) to the system. Suppose thatx e 2 X is an equilibrium point of the closed-
loop system. For convenience, we state all de�nitions and theorems in this section for
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the case that the equilibrium point is at the origin. It can be shown that using a change
of variables, any non-zero equilibrium point can be transformed to the origin, ensuring a
one-to-one correspondence between the original and transformed systems.

Intuitively, an equilibrium point is stable if all solutions can be kept arbitrarily close to
the equilibrium point by starting su�ciently close to it. In the following, we have a formal
de�nition of stability in the sense of Lyapunov.

De�nition 3.1. The equilibrium point x e = 0 is stable, if for each� > 0 there is � =
� (� ) > 0 such that

kx (0)k2 < � =) k x(t)k2 < �; 8t > 0:

We say thatx e = 0 is unstable if it is not stable.

If the origin of the closed-loop system is stable in the sense of Lyapunov, we say that the
control policy � is stabilizing. However, De�nition 3.1 does not imply that the trajectories
started close to the origin converge to the origin as time goes to in�nity. We de�ne this
form of stability below.

De�nition 3.2. The equilibrium point x e = 0 is asymptotically stable, if it is stable and
if in addition there exists � such that

kx (0)k2 < � =) lim
t !1

x (t) = 0:

From the control point of view, asymptotic stability constitutes a more desirable stable
behavior for nonlinear systems as it ensures convergence to the equilibrium which provides
greater reliability. However, in many engineering scenarios, knowing that a system will
reach its equilibrium point after in�nite time is not enough. The requirements demand an
estimation of how fast trajectories converge to the origin. Thus, a more strict notion of
stability is de�ned below for this purpose.

De�nition 3.3. The equilibrium point x e = 0 is exponentially stable if it is stable and
there exist two strictly positive constantsM and � such that

kx (t)k2 � M kx (0)k2e� �t ; 8t > 0;

for all x (0) = x 0 in some neighborhood around the origin.

The constant � is called the rate of convergence and shows that the states of an ex-
ponentially stable system converge to the origin faster than an exponential function. The
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above de�nitions characterize the local behavior of the trajectories (i.e., how the trajecto-
ries evolve when they start near the equilibrium point). If the condition corresponding to
asymptotic (exponential) stability holds for any initial states, the equilibrium point is said
to be globally asymptotically (exponentially) stable. The most powerful and general ap-
proach to study the stability of nonlinear systems is the Lyapunov theory which includes
the Lyapunov linearization method and the direct method for stability analysis. While
the linearization method examines the local stability of the nonlinear system around its
equilibrium point, the Lyapunov direct method is not limited to the local motion. In this
method, the stability properties of a nonlinear system are determined by constructing a
scalar energy-like function and checking the time derivation of this function.

Theorem 3.1 (Local Stability [82]). Let x e = 0 be an equilibrium point for (3.2) and
D 2 Rn be a domain containing the origin. LetV : D ! R be a continuously di�erentiable
function, such that

V(0) = 0 and V(x ) > 0; in D n f 0g; (3.18)
_V(x ) � 0 in D; (3.19)

then, x e = 0 is stable, Moreover, if

_V(x ) < 0 in D n f 0g; (3.20)

then, x e = 0 is asymptotically stable.

A continuous scalar function satisfying (3.18) is called locally positive de�nite and if
the condition is satis�ed over the whole state space then it is globally positive de�nite.
The scalar functionV de�ned in Theorem 3.1, which satis�es (3.18) and (3.19) is called a
Lyapunov function.

It can be shown that if the Lyapunov function satis�es conditions (3.18) and (3.20)
in the whole state space instead of a domain and has an additional property of radially
unboundedness (i.e.,kx k ! 1 =) k V(x )k ! 1 ), then the system is globally asymp-
totically stable (Theorem 3.2, [82]).

Control Lyapunov function

Lyapunov theory is not just a method for analyzing stability; it also provides guidelines for
synthesizing a nonlinear controller method. In this section, we will review the CLF as a
method for designing a stabilizing controller for control a�ne systems (3.1). Before stating
the formal de�nition of CLFs, we review the de�nition of a special class of functions.
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De�nition 3.4. A Lipschitz continuous function
 : [0; a) ! [0; 1 ), a > 0, is said to be a
classK function if it is strictly increasing and 
 (0) = 0 . It is called classK1 function if
a = 1 , and 
 (r ) ! 1 as r ! 1 .

De�nition 3.5 (Control Lyapunov function [15]). Let V : X ! R+ be a positive-de�nite,
continuously di�erentiable and radially unbounded function. We sayV is an CLF for (3.1)
if there exist a classK1 function 
 : R+ ! R+ such that

inf
u 2 Rm

L f V(x ) + LgV(x )u + 
 (V(x )) � 0; (3.21)

whereL f V(x ) = @V(x )
@x f and LgV(x ) = @V(x )

@x g are the Lie derivatives ofV(x ) along the
vector �elds f and g.

If there exists a CLF for system (3.1), then we can show that the system is globally
asymptotically stabilizable [15]. Thus, it is desirable to �nd a state feedback control law
� (x ) such that it satis�es

L f V(x ) + LgV(x )� (x ) + 
 (V(x )) � 0; (3.22)

for any x 2 X n f 0g. An important property of the CLF method is that it boils down the
stabilization problem into satisfying a constraint, which is an a�ne constraint in control
input. Then, we can solve the following constrained optimization problem to enforce the
stabilizing condition (3.22):

� CLF (x ) = arg min
u 2 Rm

kuk2
2; (3.23)

s:t: L f V(x ) + LgV(x )u + 
 (V(x )) � 0;

which �nds the smallest control input that satis�es the CLF condition. In the case that
a desired control policy exists, we can also modify the cost (3.23) such that it �nds the
closest control input satisfying the CLF condition to the desired input. It is also desirable
for control design if� CLF (x ) is locally Lipschitz. It has been shown in [60] that a su�cient
condition for locally Lipschitz continuity of � CLF (x ) is that the vector �elds f , g, and the
gradient of V with respect to them are each locally Lipschitz continuous [60]. De�nition
3.5 characterizes a CLF in the case that the control input is unconstrained. However,
there are many control applications in which the input is restricted due to the actuator
limitations, i.e., u 2 U � Rm . In this case, the CLF condition (3.21) may not be satis�ed
at every x 2 X n f 0g, even if V is a valid CLF for (3.1). This motivates the following
lemma from [15].
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Lemma 3.1. (Proposition 2.2 in [95]) Let V : X ! R+ be a CLF for system (3.1) with
U � Rm as the compact set of admissible inputs. For each strictly positive constantc
denote the sublevel set ofV by 
 c = f x 2 X � Rn : V (x ) � cg. If there exists aci > 0
such that

inf
u 2U

L f V(x ) + LgV(x )u + 
 (V(x )) � 0; (3.24)

holds for allx 2 
 ci nf 0g, then the origin is locally asymptotically stabilizable fromx 2 
 ci ,
and the set
 ci is a subset of the region of attraction of the origin.

We denote the largest sub-level set ofV satisfying (3.24) by 
 cmax , which is the largest
set from which the system (3.1) is stabilizable. Additionally, restricting the classK1

function to be linear leads to exponential stability. If there exists a compact subsetD �

 cmax such that the following holds for some� > 0

inf
u 2U

L f V(x ) + LgV(x )u + �V (x ) � 0;

for all x 2 D, then any trajectory of the system starting fromx 0 2 
 cmax � D will be
driven to the origin with the exponential rate of convergence [11].

3.3.2 Safety and control barrier function

In this section, a notion of safety in control systems is de�ned and the basic ideas behind
control barrier functions are reviewed. Finally, a quadratic program is introduced to enforce
safety and stability to a nominal controller.

Safety

Although the de�nition of safety in control systems is dependent on the application, a com-
mon approach can be found in many cases. Safety is guaranteed by avoiding the hazard
or reducing the chance of putting the system at risk. Therefore, a mathematical represen-
tation of these notions is needed in order to develop safety-critical control strategies. But,
how can we model a hazard or a potential risk for our systems?

Consider the state space of the dynamical system (3.1) as the set of all possible variables
that gives a complete description of the system at any particular time. Suppose we are able
to determine the safe area in the state space. Then, we can separate this region from the
whole space and obtain a set of states in which the system is guaranteed to be safe. This
idea establishes a framework to verify that the system is safe by checking if the states are
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evolving in the safe set. This desirable behavior is called set invariance and can be veri�ed
using Nagumo's theorem [113] (see [110] for an English translation). Then, the goal of
a safety-critical controller would be enforcing a control law such that the system satis�es
the conditions of the set invariance, which is the backbone of the CBF method. Before
introducing the main idea of CBFs, we review the concept of set invariance. Consider the
autonomous system

_x = f (x ); (3.25)

where x 2 Rn is the sate vector, and the vector �eldf : Rn ! Rn is locally Lipschitz in
x . Suppose this system starts from an initial statex 0. Solution x (t) of (3.25) is unique
on I (x 0), where I (x 0) = [0 ; I max ) is the maximal interval of existence forx (t) with initial
condition x 0. We want to evaluate whether the solution to (3.25) starting from this initial
state, stays in a prede�ned set or not. We de�ne this set by the zero superlevel set of a
di�erentiable function h(x ) as


 = f x 2 Rn j h(x ) � 0g: (3.26)

We assume that the system starts at this set (i.e.,x 0 2 
). According to Nagumo's
invariance principle, if the derivative ofh(x ) along with the trajectories of (3.25) satis�es

_h(x ) � 0; 8x 2 @
 ; (3.27)

where@
 denotes the boundary of the set, then the system trajectories never leave this set.
The condition (3.27) essentially pushes back the trajectory into the set, when it reaches
the boundary of the set. As a result, if we �nd a functionh(x ) that satis�es (3.27), then
the zero superlevel set of the function will be invariant.

The Nagumo's invariance principle is similar to Lyapunov theorem in the sense that
both verify a property of the system without solving the ODE explicitly. The main di�er-
ence between them is that in Lyapunov function every positive level set is an invariant set.
However, in Nagumo's theorem only the zero-level set of the functionh(x ) (which can be
considered as the 
ipped version of the Lyapunov function) is an invariant set.

Control barrier function

Now we want to synthesize a control input that guarantees the system's safety. While the
initial results on set invariance addressed systems without inputs, the work on viability
theory extended them to controlled dynamical systems [16]. Consider the control a�ne
system (3.1), it's closed-loop system (3.2) and the maximal interval of existenceI (x 0) =

38



[0; I max ) for the solutions of the closed-loop system. We denote the safe set byC. In
consequence, as long as the states evolve inC over time, the system is safe. Therefore, the
notion of safety can be de�ned as the ability of the controller to keep future states within
the safe set. The problem of designing such a controller can be de�ned in the context
of set invariance. The goal is then designing a control method, which is able to formally
guarantee the forward invariance of the setC.

De�nition 3.6. (Forward invariant set) A set C is said to be forward invariant, with
respect to (3.2), if for any x(0) 2 C, the solution x (t) 2 C for all t 2 I (x 0).

We assume that the system always starts at the safe set (i.e.,x 0 2 C). If we prove that
the set C is forward invariant, then the system's safety is ensured. We use CBFs to certify
the safety to the control system (3.1). CBFs e�ectively use the idea of Nagumo's theorem
to ensure the forward invariance of a desired set. Consider the safe setC to be de�ned as

C = f x 2 Rn j h(x ) � 0g; (3.28)

@C = f x 2 Rn j h(x ) = 0 g; (3.29)

Int (C) = f x 2 Rn j h(x ) > 0g; (3.30)

whereh: Rn ! R is a continuously di�erentiable function, and is designed such that the
system satis�es a safety criterion (i.e., never collides with an obstacle, never pass a certain
limit, etc.). The time derivative of h(x ) with respect to state trajectories is

_h(x ) = L f h(x ) + Lgh(x )u ; (3.31)

where L f h(x ) = @h(x )
@x f and Lgh(x ) = @h(x )

@x g are the Lie derivatives ofh(x ) along the
vector �elds f and g. Before formulating the CBFs, we need to give some de�nitions.

De�nition 3.7. (Extended classK function) A continuous function � : (� b; a) ! R,
a; b2 R+ , is said to be an extended classK function if it is strictly increasing and � (0) = 0 .

De�nition 3.8. (Relative Degree) Given ar th -order continuously di�erentiable function
h: X ! R, we sayh(x ) has a relative degree ofr with respect to system (3.1) inD � Rn , if
for all x 2 D, h(r )(x ; u ) = L r

f h(x ) + LgL r � 1
f h(x )u , with LgL r � 1

f h(x ) 6= 0 and LgL k
f h(x ) =

0 for k < r � 1.

We assume that the functionh(x ), has relative degree one with respect to system (3.1).
We now have set up the foundations to de�ne the CBFs.
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De�nition 3.9. (Control barrier function, [9]) Given the control system (3.1) and the safe
set C as in (3.28), the continuously di�erentiable functionh(x ) is called a control barrier
function if there exists an extended classK function � such that for all x 2 X

sup
u 2U

L f h(x ) + Lgh(x )u + � (h(x )) � 0: (3.32)

Comparing with the previous safety condition in (3.27), the condition introduced in
(3.32) is less conservative. The extended classK function � in (3.32) essentially allows
the control system to utilize the entire safe region in its state space. However, once the
trajectory reaches the boundary of the safe set (e.g.,h(x ) = 0), the right-hand side of
inequality (3.32) approaches zero, preventing the system from entering the unsafe region.
The function � also maintains a smooth transition when the trajectory approaches the
boundary of the safe set@C and pushes it back into the set. Thus, the behavior of the
system at the boundary of the safe set depends on the choice of this function.

Consider the following set that contains all the input values that render the setC
forward invariant

Us , f u 2 U j L f h(x ) + Lgh(x )u � � � (h(x ))g;

which motivates stating the following theorem

Theorem 3.2. ([10]) Consider the safe setC in (3.28), and CBF h(x ), @h
@x (x ) 6= 0, for

all x 2 @C, any Lipschitz continuousu 2 Us guarantees that the setC is forward invariant
for the system (3.1).

Note that De�nition 3.9 is only applicable to systems with relative degree one. However,
in many applications, CBFs have relative degrees greater than one. A modi�cation of the
original theory is investigated in [114], which introduced the exponential control barrier
function. Exponential CBF e�ectively uses the idea of virtual input-output linearization
to enforce arbitrarily high relative safety constraints.

Exponential control barrier functions

Let the safe setC and its associated subsets be as de�ned in (3.28)-(3.30), whereh(x ) is
smooth. However, suppose that the relative degree ofh(x ) is r > 1. Thus, we have

h(r )(x ; u ) = L r
f h(x ) + LgL r � 1

f h(x )u ; (3.33)
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which means the inputu does not appear in the time derivatives ofh until the r th order.
We can leverage the Exponential Control Barrier Functions (ECBF) to certify the forward
invariance of the setC.

De�nition 3.10. (Exponential control barrier function, [114]) Given system (3.1) and the
safe setC as in (3.28), the continuously di�erentiable functionh(x ) with relative degreer
is called an exponential control barrier function if there exists a gain vectork 2 R1� r such
that

sup
u 2U

�
L r

f h(x ) + LgL r � 1
f h(x )u

	
� � k� (x ); (3.34)

where� (x ) =
�
h(x ) _h(x ) : : : h(r � 1)(x )

� >
.

In [114], it has been proved that ifk satis�es speci�c properties, then forward invariance
of the safe set can be also achieved for the high-order CBFs. While all of the classK
functions are restricted to be linear in ECBFs, another de�nition of high-order CBFs is
proposed in [169], which generalized the idea to time-variant structure, which also accepts
arbitrary class K functions. In the next chapters, we will use these concepts to develop
our safety-critical control structure for systems that have uncertainty in the model.

3.3.3 Uncertainty decomposition and robust safety veri�cation

The �rst step in any control system design is system modeling. A common approach is
to use physical principles to derive a model of the system, such as mobile robot modeling
discussed earlier in this chapter. This typically results in a nominal model of the true
underlying dynamics. Consider the nominal model

_x = f (x ; u ); (3.35)

we can rewrite the actual system dynamics as

_x = f (x ; u ) + f true (x ; u ) � f (x ; u )
| {z }

=� n (x ;u )

; (3.36)

where the function � n : Rn � Rm ! Rn represents the error between the true dynamics
and the nominal model. While it is di�cult to directly characterize the set in which � n

evolves, assumptions about the true dynamics based on domain knowledge can be made
to construct a set Dn (x ; u ) � Rn such that � n (x ; u ) 2 Dn (x ; u ) for all x 2 X ; u 2 U.
This set is typically an overapproximation of the model error, leading to a conservative
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robust safety design when used for safety �lter construction. Data-driven techniques aim
to address this issue by approximating the true dynamics or modeling the error, reducing
the error term to a smaller quantity � l : Rn � Rm ! Rn .

_x = f (x ; u ) + f l (x ; u ) + � n (x ; u ) � f l (x ; u )
| {z }

=� l (x ;u )

; (3.37)

wheref l : Rn � Rm ! Rn represents the learned dynamics that aim to correct the nominal
term. The notion of ISSf provides a framework for quantifying the e�ect of uncertainty
on safety guarantees by characterizing changes in the set kept forward invariant. In the
following, we present this notion for the case that we have a residual learning error �l (x ; u )
in our design.

Consider the control a�ne system (3.1) as the nominal model, we have

_x = f (x ) + g(x )u + f l (x ; u ) + � l (x ; u ): (3.38)

Let C be the zero superlevel set of the CBFh(x ), representing the safe set for (3.38).
Suppose that the safety control lawu s : Rn � Rm ! U is obtained by using the learned
dynamics such that there exists� 2 K

r h(x ) (f (x ) + g(x )u s(x ; u ) + f l (x ; u s(x ; u )) + � l (x ; u )) � � � (h(x )); (3.39)

for all x 2 Rn and u 2 Rm . We further assume that there exists�� 2 R+ such that

jr h(x )� l (x ; u )j � ��; (3.40)

for all x 2 Rn and u 2 Rm . In other words, this inequality implies that the e�ect of the
model mismatch on the time derivative of the CBF is bounded. We combine (3.39) and
(3.40), which yields

_h(x ; u ) � � � (h(x )) � ��: (3.41)

We know that � 2 K , which implies that � � 1 2 K . We can use this property to conclude
that

h(x ) � � � 1(� �� l ) =) _h(x ; u ) � 0: (3.42)

Consider the superlevel set of the CBFh(x ) at � � 1(� �� ) as

C�� l
=

�
x 2 Rn j h(x ) � � � 1(� �� )

	
: (3.43)

Inequality (3.42) implies that the time derivative of the barrier function h(x ) is non-
negative on the boundary ofC�� l

and negative at the interior of the set, therefore, we can

42



use Nagumo's theorem to conclude thatC�� l
is forward invariant. This establishes a fun-

damental robustness property of safety-critical methods with CBFs, since it states that
the set kept forward invariant does not increase dramatically with small perturbations by
the residual learning error, but rather scales proportionally. Intuitively, a more accurate
learning model can obtain tighter bounds on the learning error (smaller�� l ), which in turn
controls the expansion of the safe set.

Robustness analysis via the notion of ISSf is introduced in [128], which is an equivalent
version of input-to-state stability [140] in safety veri�cation of systems with uncertainty.
This idea has been followed by the authors in [84], which extended the results to robust
CBF design. Many works on the learning-based CBF safety �lter were established based
on these results.

3.3.4 Enforcing CBF and CLF

In the last two sections, we formally de�ned the stability and safety of the dynamical
systems. CLF and CBF have been introduced as tools to systematically design a controller
that leads to a stable and safe closed-loop behavior. Each method requires satisfying
a constraint to verify the associated property. Now, we will focus on enforcing these
constraints.

As stability was one of the primary objectives in control from the beginning, most of the
methods inherently satisfy stability in various forms (stabilizing around a point or tracking
a reference path or trajectory). However, the notion of safety has often been neglected at
the design level and it has been gradually added to the essential performance requirements.
Consequently, we often need to enforce the CBF safety constraint in a modular approach to
the existing performance-driven controllers, which is equivalent to modifying the nominal
control law. This intervention must be performed in a way that it has the least e�ect
on the nominal control law. Consider system (3.1) with a nominal control policyu nom ,
Lipschitz continuous in x . Suppose that a CBF design is available with constraint (3.32)
to verify the safety of this system. Inequality (3.32), imposes an a�ne condition on the
control input, which can be incorporated into a min-norm optimization. The resulting
optimization is convex and can be solved in real time.

u s = arg min
u 2U

ku � u nom k2
2 (3.44a)

s.t. L f h(x ) + Lgh(x )u + � (h(x )) � 0: (3.44b)

The QP (3.44) (considering that the set of admissible control inputs is compact and
convex) is solved point-wise in time to applyu nom to the system only if it complies with
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(3.32). Note that the CBF method boils down the problem of long-term safety veri�cation
into a single time step condition (3.44b). This is a desirable property, as it removes the
need to plan far ahead into the future to make sure that the system never leaves the safe set.
Additionally, this framework has the capability to incorporate the stabilization property
of CLF with the safety guarantees from the CBF in a uni�ed approach.

u s = arg min
u 2 Rm ;d2 R

kuk2
2 + �d 2 (3.45a)

s.t. L f V(x ) + LgV(x )u + 
 (V(x )) � d; (3.45b)

L f h(x ) + Lgh(x )u + � (h(x )) � 0; (3.45c)

whered 2 R is a slack variable. This approach prevents infeasibility by making the CLF a
soft constraint giving the CBF constraint a priority in case of con
ict. This optimization
requires perfect knowledge of the model as the Lie derivatives are computed using the
system dynamics. In this thesis, we will eliminate the assumption that an accurate model is
available and address the problem of designing a safety-critical control using this framework
under model uncertainty.

3.3.5 Model predictive control

MPC is an advanced control method that e�ectively uses model predictions for optimization
purposes. This control strategy has been successfully implemented in various industrial
applications ranging from process control to autonomous driving. MPC has a simple, yet
e�ective control design that allows the controller to take the state and input constraints
into account while achieving control objectives. In this section, we give an overview of
the standard MPC formulation. In the next chapter, we will use the idea to design a
nominal controller for trajectory tracking for a tractor-trailer system. First, we introduce
the optimal control problem that we aim to solve. The goal of this control synthesis is
to achieve the desired performance in an optimal fashion. Consider a control task for the
system (3.1) with the initial point x (0). The control policy should obtain the optimal
input sequenceUopt = f u�

1; u�
2; : : : g solving the following optimization problem

min
ut

1X

t=0

l (x t ; u t ) (3.46a)

s.t. x t+1 = f (x t ) + g(x t )u t ; 8t 2 f 0; 1; : : : g; (3.46b)

x t 2 X ; u t 2 U; 8t 2 f 0; 1; : : : g; (3.46c)

x 0 = x (0): (3.46d)
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We denote the solution of this in�nite-time optimal control problem by J � (x (0)). The
stage costl(:; :) is designed so that the system satis�es a predetermined control objective.
There are two challenges regarding solving the optimization problem (3.46) and applying
the resulting optimal control sequence to the system. First, �nding the solution to the
minimizing problem (3.46a) can be hard to compute in an in�nite (long) horizon. Second,
the model used to predict the future states (3.46b) may not be accurate enough. In
consequence, the resulting cumulative prediction errors can negatively a�ect the output of
the optimization problem. MPC has addressed these issues by reformulating the problem
(3.46). First, it solves the problem in a �nite horizon N , shorter than the task duration.
Second, it measures the states at each sampling time and updates the optimal control
sequence based on more reliable predictions with new measured information from the
system. We can formulate the MPC optimization problem with a discretized form of the
system dynamics as follows

min
umpc

t

p(x N ) +
N � 1X

t=0

l (x t+ njt ; u t+ njt ) (3.47a)

s.t. x t+ n+1 jt = f (x t+ njt ) + g(x t+ njt )u t+ njt ; 8n 2 f 0; 1; : : : ; N � 1g; (3.47b)

x t+ njt 2 X ; u t+ njt 2 U; 8n 2 f 0; 1; : : : N � 1g; (3.47c)

x N 2 X f ; (3.47d)

x 0 = x (tjt); (3.47e)

whereumpc
t = [ u t jt ; : : : ; u t+ N � 1jt ]> is the vector of optimized inputs in the prediction horizon

N . The notation x t+ njt is used to denote the statex at time t + n predicted at the current
time t. We take u(t) = u �

t jt (x (t)), from the optimal control sequenceumpc and apply it to
the system and measure the resulting state, which is used as the initial state for the next
step as in (3.47e). The optimization problem is then repeated at timet + 1, based on the
new statex t+1 jt+1 = x (t + 1), forming a moving or receding horizon control scheme.

The receding horizon approach alleviates the mentioned issues with in�nite optimiza-
tion, however, it introduces two implementation issues. First, the �nite-time optimal con-
trol problem (3.47) may become infeasible after a few steps. Second, the obtained control
sequence may not lead to trajectories that converge to the origin. We need to address
these issues such that the short-sighted horizon leads to reliable long-term performance.
Comparing with the in�nite-time optimal control (3.46), the MPC problem has a terminal
costp(x N ) and terminal constraint setXf which can be used to cover the mentioned short-
comings of the method. We essentially create a situation to simulate in�nite-horizon by
forcing the �nal state to be in an invariant set for which there exists an invariance-inducing
controller, whose in�nite-horizon cost can be expressed in closed form. We refer to [26]
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for a detailed proof and procedure to ensure persistent feasibility and stability with the
terminal cost and constraint set.

3.4 Gaussian Process Regression

In the last section, it has been noted that using classical robust control methods yields
excessively conservative safety �lters. Data-driven methods have been introduced as a
solution to mitigate this issue. Let's revisit the regression problem in (3.37).

_x = f (x ; u ) + f l (x ; u ) + � n (x ; u ) � f l (x ; u )
| {z }

=� l (x ;u )

:

Finding the learned dynamicsf l (x ; u ) can be formulated as a classical regression prob-
lem. Algorithms solving this problem are generally categorized into either parametric or
nonparametric. The choice of learning method depends on the level of knowledge about
the system. Parametric approaches have a �xed number of parameters, independent of
the number of measurements. They are ideal when the structure of the true dynamics
is known and fast predictions are a requirement of the design. On the other hand, non-
parametric approaches have a variable number of parameters that grow with the size of
the data, making them suitable for handling both structural and parametric uncertain-
ties. However, they are computationally more expensive when fast predictions are needed.
Gaussian process regression is a nonparametric approach that can serve as an e�ective
framework for learning the error model. These technique provides bounds on the learning
error, enabling the characterization of a state- and input-dependent set Dl (x ; u ) such that
� l (x ; u ) 2 D(x ; u ) for all x 2 X ; u 2 U. In the next chapters, this techniques will be used
to establish e�cient learning-based safety mechanisms. In the following, we introduce the
concept of Gaussian process regression.

We represent a GP approximation ofv : X ! R as v(x ) � GP (m(x ); k(x ; x 0)), which
is fully speci�ed by its mean functionm: X ! R and covariance (kernel) functionk : X �
X ! R. Our prior knowledge of the problem can shape the form ofm(x ) and k(x ; x 0),
considering that the covariance function must satisfy positive de�niteness [167]. Given
noisy measurementswj = v(x j ) + " j ; j 2 f 1; : : : ; Ng, which are corrupted by Gaussian
noise" j � N (0; � 2), a GP model can infer a posterior mean and variance for a test point
x t conditioned on the measurements

� (x t ) = w >
�
K + � 2

n I
� � 1 �K > ;

� (x t )2 = k (x t ; xt ) � �K
�
K + � 2

n I
� � 1 �K > ; (3.48)
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where w 2 RN is the vector of measurementswj , K 2 RN � N is the Gram matrix with
elementsK ij = k(x i ; x j ), and �K =

�
k(x t ; x1); : : : ; k(x t ; xN )

� >
2 RN . We considered zero

prior mean to obtain (3.48).
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Chapter 4

Multiple Control Barrier Functions

4.1 Introduction

The structure of real-world safety-critical systems (e.g. multi-body mobile robots) implies
that a single CBF is not enough to guarantee the safety of the whole system and several
safety criteria need to be considered for each component of the system. Despite the im-
portance of this issue, the idea of the multiple CBFs scheme is addressed in a few studies.
In [122], multivariate CBFs of relative degree two are designed to safely control a ma-
nipulator. However, the idea is not extendable to safety constraints with arbitrarily high
relative degrees. Multiple safety constraints with relative degree one are also used in some
applications such as obstacle avoidance in manipulator [88], constrained motion planning
[136], and trajectory planning under temporal speci�cations [62]. In this chapter, we relax
the assumption of relative degree one safety constraints for multiple CBFs structure.

Tractor-trailer systems are widely used in many applications ranging from road ship-
ment to agricultural machinery. Although they are the most common mode of transporta-
tion in the supply chain, their poor maneuverability restricts their usage in safety-critical
applications. Autonomous TTRs can be a good solution to address this issue. TTRs typ-
ically consist of a car-like tractor that tows either a passive or active trailer. Based on
the trailer's articulation structure, these systems are categorized as SSTTRs or MSTTRs.
Notably, MSTTRs feature an additional input mechanism for trailer navigation. Speci�-
cally, the rear axle of the trailer has independent steering, which provides the system with
enhanced maneuverability. Consequently, MSTTRs o�er superior mobility compared to
SSTTRs.
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Many tracking control methods have been introduced for SSTTRs. A nonlinear con-
troller based on the Lyapunov direct method in [79], a robust lane-keeping control policy
based on a prediction of the robot's motion in [58], and exponential convergence on the
line-of-sight distance between the actual and the desired trajectories for the trailer in [77].
On the other hand, the proposed controllers for MSTTRs are not only concerned with
the tracking problem but also try to overcome challenges regarding the TTR's autonomy.
In [124], feedback linearization and backstepping methods have been used to address the
problem of reducing the swept path width. In [101], a 
atness-based trajectory planning
method has been proposed. In [80], centralized, decentralized, and distributed nonlinear
MPC were implemented. In [102], an MPC approach was used to solve the problem of
stabilizing the system around a nominal path.

An accurate tracking control method is necessary for TTRs' autonomy but not suf-
�cient. An obstacle avoidance control technique that guarantees safety, is essential for
autonomous transportation. In the literature, obstacle avoidance of TTRs is mainly ad-
dressed in path planning methods. A multi-layered obstacle avoidance path planning ap-
proach for MSTTRs based on the particle swarm optimization method has been developed
in [176]. In [178], an online trajectory planning method has been designed for the dynamic
model of a tractor with an arbitrary number of trailers. In [89], collision-free paths were
generated via a cooperative approach (using workspace information). As an alternative
technique, obstacle avoidance was guaranteed via a reactive method (using installed sen-
sors on the robot). In this work, we aim to develop a tracking control strategy enhanced
with a reactive obstacle avoidance technique, which e�ectively uses the idea of a multiple
CBFs scheme to generate a safe motion for both the tractor and trailer in the presence
of several obstacles. To the best of our knowledge, this study is the �rst attempt to use
CBFs to synthesize controllers enforcing safety over tractor-trailer systems.

4.2 Control of Tractor-trailer Systems

Designing a control methodology for tractor-trailer systems is divided into two categories:
stabilization, and tracking. In stabilization control, the controller is designed such that
the system steers from an initial state to a given terminal state (e.g., the origin of the
state space). The tracking problem is concerned with following a given path or reference
trajectory with the least possible error. However, there are some di�culties in designing a
control methodology for tractor-trailer systems. While some of these di�culties originate
from the underactuated nature of the system, others are a result of the rigid structure of
the system. For instance, the space required by a truck-trailer during a turning maneuver
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is an important safety aspect (which is denoted by swept-path width), especially in the
narrow urban roads. Jackkni�ng is a type of accident that occurs when a truck with a
separate cab and trailer folds at the pivot point, forming an acute angle between the two
sections. Researchers tried to overcome these issues with the latest developments in the
control theory over time.

The proposed controllers for MSTTRs are not only concerned with the tracking problem
but also try to overcome challenges regarding the TTR's autonomy. In [124], the problem
of reducing the swept path width has been formulated as a path-following problem and
solved by the feedback linearization and backstepping methods. A 
atness-based trajectory
planning method has been proposed for a class of MSTTRs in [101]. Then, a sliding mode
controller has been designed for the dynamic model to track the planned trajectory in the
presence of input disturbances. MPC has been used in many MSTTRs tracking control
schemes. Centralized, decentralized, and distributed structures of the nonlinear MPC
were implemented on MSTTR, and a comparison study of their performances has been
conducted in [80]. The path-following error model of the MSTTR has been derived, and
based on that, an MPC approach was used to follow a nominal path in [102]. This work
considered both the forward and backward motion control of the system.

An accurate tracking control method is necessary for TTRs' autonomy but not su�-
cient. An obstacle avoidance control technique that can guarantee safety is essential for
autonomous transportation. In the literature, obstacle avoidance of TTRs is mainly ad-
dressed in path planning methods. A multi-layered planning approach for MSTTRs has
been developed in [175, 176]. In the proposed method, �rst, a collision-free path was gener-
ated for the tractor by cubic splines. Then, initial knots were determined by applying the
A* algorithm, and the particle swarm optimization method was used to �nd the shortest
feasible path for the tractor. Finally, the Gaussian pseudospectral method was used to
generate the trailer's path based on the one that was previously planned for the tractor. In
[178], an online trajectory planning method has been developed for the dynamic model of a
tractor with an arbitrary number of trailers. Dynamically feasible collision-free trajectories
were generated by this planner, which can be tracked by any feedback controller. In [89],
�rst, a trajectory has been generated for the trailer based on the desired tractor trajectory
regardless of obstacles. Then redesigned collision-free paths were generated via a coopera-
tive approach (using workspace information), or obstacle avoidance was guaranteed via a
reactive approach (using installed sensors on the robot).

In the introduced motion planning methods for MSTTRs, which take obstacle avoidance
into account, only the method introduced in [89] can avoid colliding with an unexpected
obstacle for the tractor on the planned trajectory. In [146] reachability analysis is used
to dynamically determine the safe regions. These regions then converted to state- and
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input-dependent constraints in an MPC framework to generate a local collision-free path
for tractor-trailers. The safe set is generated only for the tractor, thus, the safety of the
trailer is not formally guaranteed. In this chapter, we aim to develop a reactive obstacle
avoidance technique and tracking control strategy that can generate a safe motion for both
the tractor and trailer in an MSTTR in the presence of multiple obstacles. We propose
an obstacle avoidance technique based on CBFs, which provably guarantees collision-free
maneuvers for not only the tractor but also the trailer. To the best of our knowledge, our
study is the �rst attempt to use CBFs to synthesize controllers enforcing safety over the
tractor-trailer systems.

4.3 MIMO Feedback Linearization

In this section, we revisit the feedback linearization technique for MIMO systems as the
backbone for the proposed method in the next section. Inspired by the SISO feedback
linearization, this technique has been developed to bene�t from the simplicity and e�ec-
tiveness of existing linear control methods on nonlinear systems. In particular, we start
with the squared MIMO system (systems with the same number of inputs and outputs)
and pose the question of whether there exists a state feedback controlu = � (x ) + � (x )� ,
and a change of variablesz = T(x ), that convert the nonlinear system (4.5) into a linear
system. Before start developing the method we need to de�ne some concepts from dif-
ferential geometry. These de�nitions are mathematical results, which are independent of
control systems.

De�nition 4.1. (Distribution) For vector �elds f 1(x ); f 2(x ); : : : ; f k(x ) on D � Rn , let
�( x ) = f f 1(x ); f 2(x ); : : : ; f k(x )g be the subspace ofRn spanned by the set of vectors
f 1(x ); f 2(x ); : : : ; f k(x ) at any �xed x 2 D. A distribution is the collection of all vector
spaces�( x ) for x 2 D and represented by� = spanf f 1; f 2; : : : ; f kg.

The dimension of the subspace spanned by a set of vector �elds is de�ned by

dim(�( x )) = rank [f 1(x ); f 2(x ); : : : ; f k(x )]; (4.1)

which may vary for di�erent values ofx. If we have � = spanf f 1; f 2; : : : ; f kg, with the set of
linearly independent vector �eldsf 1(x ); f 2(x ); : : : ; f k(x ) for all x 2 D, then dim(�( x )) = k
for all x 2 D. In this case, we say that � is a nonsingular distribution on D.

De�nition 4.2. (Lie bracket) Let f; g be two vector �elds onD � Rn . The Lie bracket of
f and g is the third vector �eld de�ned by

[f; g ] = r gf � r fg; (4.2)
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wherer f and r g are Jacobian matrices. The Lie bracket is also represented byadf g.

De�nition 4.3. (Involutive distribution) A distribution � is involutive if

g1 2 � and g2 2 � ! [g1; g2] 2 � : (4.3)

De�nition 4.3 essentially means, that if we have two vector �elds in a distribution, the
Lie bracket of them does not increase the dimension of the distribution. Thus, it de�nes
the notion of invariant distributions. In other words, the Lie bracket does not expand the
distribution. We have the following lemma for nonsingular distributions.

Lemma 4.1. If � is a nonsingular distribution onD, generated byf 1; f 2; : : : ; f k , then �
is involutive if and only if

[f i ; f j ] 2 � ; 1 � i; j � k; (4.4)

Proof. f 1; : : : ; f k are vector �elds of �, which is the necessary condition. Letg1 and g2 be
any two vector �elds of �. Then, we can represent them locally by

g1(x ) =
kX

i =1

ci (x )f i (x ); g2(x ) =
kX

i =1

di (x )f i (x ):

Then the Lie bracket of the vector �eldsg1(x ) and g2(x ) is

[g1; g2] = [
kX

i =1

ci f i ;
kX

i =1

di f i ]

=
@

@x
(

kX

j =1

dj f j )
kX

i =1

ci f i �
@

@x
(

kX

i =1

ci f i )
kX

j =1

dj f j

=
kX

j =1

dj
@fj
@x

kX

i =1

ci f i +
kX

j =1

f j
@dj
@x

kX

i =1

ci f i �
kX

i =1

ci
@fi
@x

kX

j =1

dj f j �
kX

i =1

f i
@ci
@x

kX

j =1

dj f j

=
kX

i =1

kX

j =1

f ci dj [
@fj
@x

f i �
@fi
@x

f j ] + ci (L f i dj )f j � dj (L f j ci )f i g

=
kX

i =1

kX

j =1

f ci dj [f i ; f j ] + ci (L f i dj )f j � dj (L f j ci )f i g:

Since � is a nonsingular distribution, [ f i ; f j ] 2 �. Thus we conclude that [ g1; g2] 2 �,
which proves the su�ciency.
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De�nition 4.4. (Di�eomorphism) A continuously di�erentiable map z = T(x ) with a
continuously di�erentiable inversex = T � 1(z), is called di�eomorphism.

We consider the control-a�ne nonlinear systems as described in (3.1). However, we
assume that this system hasm outputs

_x = f (x ) + g(x )u ;

y1 = h1(x );
...

ym = hm (x );

(4.5)

wherehj (x ) : Rn ! R; j = 1; : : : ; m , are smooth functions.

De�nition 4.5. A nonlinear system of the form (4.5), wheref : D ! Rn and g : D !
Rn� m , are su�ciently smooth on D � Rn , is said to be feedback linearizable, if there exists
a di�eomorphism transformation z = T(x ), where T : D ! Rn and T(D) contains the
origin such that it transforms (4.5) into

_z = Az + B� (x )[u � � (x )]; (4.6)

where the pair(A; B ) is controllable and� (x ) is nonsingular for all x 2 D.

4.3.1 Input-output linearization

Consider the derivative of thej th output yj of the system (4.5) with respect to time, which
is represented by Lie derivative format as

_yj = L f hj +
mX

i =1

(Lgi hj )ui : (4.7)

Suppose that each of theLgi hj = 0; j = 1; : : : ; m; and the inputs do not appear in (4.7).
Consider r j as the smallest integer such that at least one of the inputs appears in the
derivatives of each of the outputs

y(r j )
j = L r j

f hj +
mX

i =1

(Lgi L
r j � 1
f hj )ui ; (4.8)
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where at least one of theLgi L
r j � 1
f hj 6= 0. Note that all the previous Lie derivatives of

hj (x ) with respect to gi are zero. We de�ne the matrixE(x ) as

E(x ) =

2

6
6
6
4

Lg1 L r 1 � 1
f h1 : : : Lgm L r 1 � 1

f h1

Lg1 L r 2 � 1
f h2 : : : Lgm L r 2 � 1

f h2
...

. . .
...

Lg1 L r m � 1
f hm : : : Lgm L r m � 1

f hm

3

7
7
7
5

: (4.9)

Based on these derivations, we de�ne the relative degree for MIMO systems.

De�nition 4.6. (Vector Relative Degree [73]) The system (4.5) is said to have a vector
relative degreer1; r2; : : : ; rm at a point x 0 if

Lgi L
k
f hi (x ) = 0 ; (4.10)

for all i = 1; : : : ; m, for all k < r i � 1, and the matrix E(x ) is nonsingular for all x in a
neighborhood ofx 0.

If system (4.10) has well de�ned vector relative degreer1; r2; : : : ; rm , then (4.10) can
be written in the matrix form

2

6
6
6
4

y(r 1 )
1

y(r 2 )
2
...

y(r m )
m

3

7
7
7
5

=

2

6
6
6
4

L r 1
f h1

L r 2
f h2
...

L r m
f hm

3

7
7
7
5

+ E(x )

2

6
6
6
4

u1

u2
...

um

3

7
7
7
5

: (4.11)

SinceE(x 0) is nonsingular, we can conclude that for a neighborhoodX0 of x 0, E(x ) is
bounded away from nonsingularity for allx 2 X 0. Thus, we can design the control law

2

6
6
6
4

u1

u2
...

um

3

7
7
7
5

= E � 1(x )

0

B
B
B
@

2

6
6
6
4

� 1

� 2
...

� m

3

7
7
7
5

�

2

6
6
6
4

L r 1
f h1

L r 2
f h2
...

L r m
f hm

3

7
7
7
5

1

C
C
C
A

: (4.12)

This feedback control law is denoted by static feedback linearizing control law. Substituting
(4.12) into (4.11) yields the following linear closed loop system

2

6
6
6
4

h(r 1 )
1

h(r 2 )
2
...

h(r m )
m

3

7
7
7
5

=

2

6
6
6
4

� 1

� 2
...

� m

3

7
7
7
5

: (4.13)
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Lemma 4.2. ([73]) Suppose the system (4.5) has a vector relative degreef r1; : : : ; rmg at
x 0, then the row vectors

� 1
1 = h1(x ); � 1

2 = L f h1(x ); : : : ; � 1
r 1

= L r 1 � 1
f h1(x );

� 1
2 = h2(x ); � 2

2 = L f h2(x ); : : : ; � 2
r 2

= L r 2 � 1
f h2(x );

...

� m
1 = hm (x ); � m

2 = L f hm (x ); : : : ; � m
r m

= L r m � 1
f hm (x );

(4.14)

are linearly independent.

In the following Proposition, we check the conditions which guarantee the existence of
a set of coordinates that transforms the system (4.5) into the normal form.

Proposition 4.1. ([73]) Suppose (4.5) has a vector relative degreer1; : : : ; rm at a point
x0. Then r1 + � � � + rm � n. Then, set

� i
1(x ) = hi (x );

� i
2(x ) = L f hi (x );

...

� i
r i

(x ) = L r i � 1
f hi (x );

(4.15)

if r = r1 + � � � + rm < n , we need to complete the basis by �ndingn � r more functions
such that the mapping

T(x ) = [ � 1
1(x ); : : : ; � 1

r 1
(x ); : : : ; � m

1 (x ); : : : ; � m
r m

(x ); � r +1 (x ); : : : ; � n (x )]> ; (4.16)

has a nonsingular Jacobian atx 0. Thus, �( x ) quali�es as a local coordinates transforma-
tion near x 0. Additionally, if the distribution G = spanf g1; : : : ; gmg is involutive near x 0,
it is always possible to choose� r +1 (x ); : : : ; � n (x ) such that

Lgj � i (x ) = 0 ; (4.17)

for all r + 1 � i � n, for all 1 � j � m, and all x around x 0.

In particular, we �nd � r +1 ; : : : ; � n such that based on condition (4.17), the input does
not appear in the additional n � r dynamics. Using these variables the system (4.5) is
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reduced to the normal form

_� 1
1 = � 1

2; : : : ; _� 1
r 1

= b1(�; � ) +
mX

j =1

a1
j (�; � )uj ;

_� 2
1 = � 2

2; : : : ; _� 2
r 2

= b2(�; � ) +
mX

j =1

a2
j (�; � )uj ;

...

_� m
1 = � m

2 ; _� m
r m

= bm (�; � ) +
mX

j =1

am
j (�; � )uj ;

_� = q(�; � ) + p(�; � )u;

y1 = � 1
1;

...

ym = � m
1 :

(4.18)

Here, the transformation 	 : x ! (�; � ) is a di�eomorphism mapping from x into the
normal form coordinates. If the decoupling matrixE(x ) is nonsingular, the zero dynamics
can be obtained by solving the following problem.
Find an initial state and an input �u so that the outputs yj (t) � 0; 8t. From the normal
form given in (4.18) we have

�u(t) = � E � 1(�; � )b(�; � ): (4.19)

This is the decoupling control law of (4.19) with� = 0. Also, the initial conditions on � j
i

for all i = 1; : : : ; r j and j = 1; : : : ; m have to be set to zero. The dynamics of� can be
obtained by

_� = q(0; � ) � p(0; � )E � 1(0; � )b(0; � ): (4.20)

If f (x 0) = 0 ; hi (x 0) = 0 for i = 1; : : : ; m and 	 maps x 0 to the origin, then � 0 is an
equilibrium point of the zero dynamics of (4.20). Then, the system (4.5) is minimum
phase if the equilibrium point 0 is asymptotically stable.

4.3.2 Full state feedback linearization

The main question is whether there exists a set of output functionsh1(x ); : : : ; hm (x )
such that the system (4.5) has vector relative degree, which satis�esr1 + � � � + rm = n.
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Considering this, the system(4.5) can be converted into a controllable linear system by
using the feedback lawu(x ) = E � 1(x )[� � (x ) + � ] and coordinate transformation� =
[� 0 : : : � r i � 1]> ; � i = L j

f hi (x ); 0 � j � r i � 1; 1 � i � m. First, we de�ne the distributions:

G0(x ) = spanf g1(x ); : : : ; gm (x )g;

G1(x ) = spanf g1(x ); : : : ; gm (x ); adf g1(x ); : : : ; adf gm (x )g;
...

Gi (x ) = spanf adk
f gj (x )j0 � k � i; 1 � j � mg;

(4.21)

for i = 1; : : : ; n � 1. Then we have the following proposition

Proposition 4.2. (Proposition 9.16 in [134]) Consider the system(4.5) whereg(x ) is the
control vector �eld. Suppose the matrixg(x 0) has rank m. Then, there exists a set of
real-valued functionsh1(x ); : : : ; hm (x ) such that the system (4.5) has vector relative degree
f r1; : : : ; rmg, with

r1 + r2 + � � � + rm = n; (4.22)

if and only if the following conditions are satis�ed

1. for each0 � i � n � 1, the distribution Gi has constant dimension in a neighborhood
X0 of x 0,

2. the distribution Gn� 1 has dimensionn,

3. for each0 � i � n � 2, the distribution Gi is involutive.

The following Remarks extend the application of the MIMO feedback linearization to
a more general class of control-a�ne nonlinear systems.

Remark 4.1. The results established so far can be extended to a system having a di�er-
ent number of inputs and outputs. Note that in order to have vector relative degree, the
decoupling matrix must have full row rank (equal to the number of outputs).

Remark 4.2. If the decoupling matrix is singular, the system does not have a vector relative
degree. In this case, we can use dynamic extension which is essentially choosing new inputs
as the derivative of the existing system inputs such that the corresponding decoupling matrix
becomes nonsingular [73]. The control system is designed based on the additional dynamics
and the new set of inputs. The original inputs will be computed by integration.
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4.4 Theoretical Analysis of Multiple CBFs

In this section, we introduce a multiple CBFs scheme which enforces several safety con-
straints with high relative degrees. This safety-critical control structure is essential in many
challenging robotic applications that need to meet several safety criteria simultaneously. In
order to illustrate the capabilities of the proposed method, we have addressed the problem
of reactive obstacle avoidance for a class of tractor-trailer systems. Safety constraints can
be designed such that the mobile robot keeps a predetermined distance from the obstacles
and never collides with them.

Consider the following representation of the input-a�ne control system (3.1).

_x = f (x ) + G(x )u ; (4.23)

where the actuation term is of the formG(x ) = [ g1(x ); g2(x ); : : : ; gm (x )], with locally
Lipschitz input vector �elds gi : Rn ! Rn , i 2 f 1; : : : ; mg. All other de�nitions are the
same as Section 3.1.1. We begin with de�ning the safe sets associated with candidate CBFs
with the goal of designing a controller that guarantees the forward invariance of these sets

C1 = f x 2 Rn jh1(x ) � 0g;

C2 = f x 2 Rn jh2(x ) � 0g; (4.24)
...

Cm = f x 2 Rn jhm (x ) � 0g;

wherehi : Rn ! R, i 2 f 1; : : : ; mg, are continuously di�erentiable functions that we design
to satisfy several safety criteria. The sets@Ci and Int (Ci ) are the boundary and the interior
sets, respectively. We de�ne the set of admissible states as

A =
m\

i =1

Ci = f x 2 Rn j81 � i � m; hi (x ) � 0g: (4.25)

We want to verify the forward invariance for all setsCi , which is equivalent to the forward
invariance of their intersection. Therefore, we assume that the set of admissible statesA
is non-empty.

For a given i 2 f 1; : : : ; mg, supposehi (x ) has an arbitrary relative degreer i , which is
de�ned to be the smallest integer such that at least one of the inputs explicitly appears in
the time derivatives ofhi (x ):

h(r i )
i (x ) = L r i

f hi (x ) +
mX

l=1

(Lgl L
r i � 1
f hi (x ))ul ; (4.26)
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where at least oneLgl L
r i � 1
f hi (x ) is non-zero for allx 2 D � Rn . If we repeat this procedure

for all i 2 f 1; : : : ; mg, equation (4.26) can be written in the matrix form

2

6
6
6
4

h(r 1 )
1

h(r 2 )
2
...

h(r m )
m

3

7
7
7
5

=

2

6
6
6
4

L r 1
f h1

L r 2
f h2
...

L r m
f hm

3

7
7
7
5

+ E(x )

2

6
6
6
4

u1

u2
...

um

3

7
7
7
5

; (4.27)

wherehi (x ) is denoted byhi for short. The matrix E(x ) is obtained by

E(x ) =

2

6
6
6
4

Lg1 L r 1 � 1
f h1 : : : Lgm L r 1 � 1

f h1

Lg1 L r 2 � 1
f h2 : : : Lgm L r 2 � 1

f h2
...

. . .
...

Lg1 L r m � 1
f hm : : : Lgm L r m � 1

f hm

3

7
7
7
5

; (4.28)

which is called the decoupling matrix.

Suppose that the system has a vector relative degree according to De�nition 4.6 and it
is full-state feedback linearizable (i.e., it satis�es the conditions in Proposition 4.2). Then,
for a given � 2 Rm , we can �nd u such that

2

6
6
6
4

u1

u2
...

um

3

7
7
7
5

= E � 1(x )(

2

6
6
6
4

� 1

� 2
...

� m

3

7
7
7
5

�

2

6
6
6
4

L r 1
f h1

L r 2
f h2
...

L r m
f hm

3

7
7
7
5

): (4.29)

This feedback linearizing control law exists since the decoupling matrixE(x ) is invertible.
Substituting (4.29) into (4.27) yields the following expression

2

6
6
6
4

h(r 1 )
1

h(r 2 )
2
...

h(r m )
m

3

7
7
7
5

=

2

6
6
6
4

� 1

� 2
...

� m

3

7
7
7
5

: (4.30)

Note that the system in (4.30) is also decoupled which enables us to divide it intom
systems of the form

h(r i )
i = � i ; i 2 f 1; : : : ; mg (4.31)
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which can be represented in the state space format

_� i (x ) = Fi � i (x ) + Gi � i ;

hi (x ) = Ci � i (x ); (4.32)

where� i (x ) =
�
hi L f hi : : : L r i � 1

f hi
� >

, and we haveFi 2 Rr i � r i , Gi 2 Rr i � 1, Ci 2 R1� r i

as de�ned below

Fi =

2

6
6
6
6
6
4

0 1 0 : : : 0
0 0 1 : : : 0
...

...
...

. . .
...

0 0 0 : : : 1
0 0 0 : : : 0

3

7
7
7
7
7
5

; Gi =

2

6
6
6
6
6
4

0
0
...
0
1

3

7
7
7
7
7
5

;

Ci =
�
1 0 0 : : : 0

�
; (4.33)

for i 2 f 1; : : : ; mg, which is clearly linear and controllable. Next, we can separately control
m systems in (4.5). We apply the state feedback control of the form� i = � K i � i (x ) to the
system (4.30), where the elements ofK i =

�
k0

i k1
i : : : kr i � 1

i

�
, are our design parameters.

We can arbitrarily select the gain vectorK i such that all the eigenvalues of the closed-loop
matrix Acl

i = Fi � Gi K i are real and negative. Then,hi (x ) = Ci eA cl
i t � i (x 0), and by the

comparison lemma [82], any� i � � K i � i (x ) yields hi (x ) � Ci eA cl
i t � i (x 0).

HOCBF is a more general de�nition of CBFs with high relative degrees introduced in
[169]. We de�ne the notion of multiple CBFs with high relative degrees as multi-CBFs
and prove the forward invariance of the safe set associated with them. Toward this end,
the following de�nition and results will be helpful.

De�nition 4.7. (De�nition 4.3 in [82]) A continuous function � : [0; a) � [0; 1 ) ! [0; 1 )
is a classKL function if for each �xed s, the mapping� (r; s) belongs to classK functions
with respect tor , and for each �xedr , � (r; s) is decreasing with respect tos and � (r; s) ! 0
as s ! 0.

Lemma 4.3. (Lemma 4.4 in [82]) Consider the scalar autonomous di�erential equation
_y(t) = � � (y(t)) , y(t0) = y0, where � is a class K function de�ned on [0; a), for all
0 � y0 < a , this equation has a unique solutiony(t) de�ned for all t � t0. Moreover,
y(t) = � (y0; t � t0), where� is a classKL function de�ned on [0; a) � [0; 1 ).

Lemma 4.4. Let � be a locally Lipschitz classK function and h : [0; t f ) ! R be a
continuous function. If _h(t) � � � (h(t)) for all t 2 [0; t f ), and h(0) � 0, then there exists
a classKL function � : [0; 1 ) � [0; 1 ) ! [0; 1 ) such thath(t) � � (h(0); t), and h(t) � 0,
for all t 2 [0; t f ).
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Proof. De�ne the di�erential equality _z(t) = � � (z(t)), z(0) = h(0). Since � is a locally
Lipschitz function, there exists a unique solutionz(t). As z(0) � 0, based on Lemma
4.3, z(t) = � (z(0); t) for all t 2 [0; t f ), where � is a classKL function. Next, since
_h(t) � � � (h(t)) for all t 2 [0; t f ), based on comparison techniques in [87],h(t) � z(t)
for all t 2 [0; t f ]. Thus, h(t) � � (h(0); t) for all t 2 [0; t f ], consequently,h(t) � 0 for all
t 2 [0; t f ]. Thus, h(t) � � (h(0); t) for all t 2 [0; t f ].

To ensure the forward invariance of each safe setCi in (4.24), we de�ne the set of
functions mj

i : Rn ! R as

mj
i (x ) = _mj � 1

i (x ) + � j
i (m

j � 1
i (x )) ; (4.34)

where� j
i is a classK function with m0

i (x ) = hi (x ) for j 2 f 1; : : : ; r i g, and i 2 f 1; : : : ; mg.
We also de�ne their superlevel setsM j

i and the interior of these sets as

M j
i = f x 2 Rn jmj � 1

i (x ) � 0g; (4.35)

Int (M j
i ) = f x 2 Rn jmj � 1

i (x ) > 0g; (4.36)

for all j 2 f 1; : : : ; r i g, and i 2 f 1; : : : ; mg.

De�nition 4.8. (Multi-CBFs) Let the functions mj
i (x ) and setsInt (M j

i ) be de�ned by
(4.34) and (4.36), respectively. The set ofm continuously di�erentiable functions of the
form f h1; : : : ; hmg, where hi : Rn ! R, i 2 f 1; : : : ; mg, is called a multi-CBFs set if for
each i, hi and its derivatives up to orderr i , are locally Lipschitz continuous, and there
exists a set of continuously di�erentiable classK functions � j

i , j 2 f 1; : : : ; r i g, such that
mr i

i (x ) � 0. This inequality can be represented as

sup
u2U

[L r i
f hi (x ) +

mX

l=1

(Lgl L
r i � 1
f hi (x ))ul + R(h) + � r i

i (mr i � 1
i (x ))] > 0; (4.37)

for each i 2 f 1; : : : ; mg, for all x 2
T m

i =1

T r i
j =1 Int (M j

i ), where R(hi ) denotes the Lie
derivatives ofhi with respect tof up to order r i � 1.

Based on De�nition 4.8, we state the following theorem for the forward invariance of
the associated sets.

Theorem 4.1. Given system (4.23) with a set of multi-CBFsf h1; : : : ; hmg, any Lips-
chitz continuous controlu that satis�es m constraints of the form (4.37) renders the setT m

i =1

T r i
j =1 Int (M j

i ) forward invariant for system (4.23).
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Proof. Sincef h1; : : : ; hmg is a set of multi-CBFs, the derivatives ofhi are locally Lipschitz.
Also, the continuous di�erentiability of � j

i implies their Lipschitz continuity. Thus, mj
i (x ),

j 2 f 1; : : : ; r i � 1g are Lipschitz continuous. The controlu appears in ther th
i time derivative

of hi , thus it only exists in the expression ofmr i
i (x ). Sinceu is also Lipschitz continuous,

mr i
i (x ) is Lipschitz continuous. Sincehi (x ) belongs to a multi-CBFs set, thenmr i

i (x ) � 0,
i.e., _mr i � 1

i (x ) + � r i
i (mr i � 1

i (x )) � 0, for all x 2
T r i

j =1 M j
i . By Lemma 4.4, sincex 0 2 M r i

i ,
mr i � 1

i (x ) > 0, which implies that x (t) 2 Int (M r i
i ) for all t � 0. In consequence, we have

_mr i � 2
i (x )+ � r i � 1

i (mr i � 2
i (x )) > 0. We use Lemma 4.4 another time. Sincex 0 2 Int (M r i � 1

i ),
we also havemr i � 2

i (x ) > 0, which implies that x (t) 2 Int (M r i � 1
i ) for all t � 0. Repeating

this procedure, we get thatx (t) 2 Int (M j
i ), for all j 2 f 1; : : : ; r i g, for all t � 0. Therefore,

the set
T m

i =1

T r i
j =1 Int (M j

i ) is forward invariant for system (4.23).

We have addressed the case that the number of inputs and CBFs are the same (i.e.,
the decoupling matrix is squared). Remarks 4.1 and 4.2 generalize the idea to the systems
with a di�erent number of inputs and CBF.

4.4.1 Quadratic programming optimization

In this section, we demonstrate that the multiple CBF structure can be integrated with
an arbitrary nominal controller to ensure safety. Speci�cally, we employ the safety �lter
introduced in Section 3.3.4. This approach yields a set ofm safety constraints of the form
(4.37), which are a�ne in the control input u . The following QP optimization modi�es
the nominal control law to generate a safe input.

u s(x ) = arg min
u 2 Rm

u > u � 2u >
nom u; (4.38)

s.t. Amcbf (x )u � bmcbf (x ); (4.39)

whereu nom is a locally Lipschitz continuous nominal control law. The constraint (4.39) is
the matrix form of (4.37), where

Amcbf (x ) = � E(x );

bmcbf (x ) =

2

6
6
6
4

L r 1
f h1 + K 1� 1(x )

L r 2
f h2 + K 2� 2(x )

...
L r m

f hm + K m � m (x )

3

7
7
7
5

: (4.40)

Note that the non-singularity of the decoupling matrixE(x ) is essential for the existence
of a control input u that satis�es (4.39).
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Remark 4.3. In [1], we previously stated that the control lawu s, obtained by solving
the QP optimization problem (4.38), is Lipschitz continuous and provided a proof in [2]
based on the conditions established in [111]. However, a later publication [112] identi�ed a
counterexample demonstrating that the original conditions in [111] do not always guarantee
Lipschitz continuity, as illustrated in [126]. Since CBF-based safety �lters fundamentally
rely on the assumption that the solution to the QP optimization, which de�nes the safe
control input, is Lipschitz continuous, this property is critical for ensuring the Lipschitz
continuity of the closed-loop system. Addressing this limitation remains an open research
challenge, particularly in the context of the multi-CBF structure proposed in this chapter.

A recent trend in this topic is to guarantee the feasibility under the presence of input
constraints [177] or multiple CBFs [172]. The latter derived the necessary and su�cient
conditions for the feasibility of the QP optimization for two safety constraints and a system
with a single input.

4.5 An Application to Autonomous Tractor-trailer

In this section, the problem of obstacle avoidance while tracking a given reference trajec-
tory is addressed for autonomous tractor-trailer systems. The reference trajectory is not
necessarily safe, and we assume that there might be some obstacles on the reference tra-
jectory. Thus, reactive obstacle avoidance based on CBFs is required. The structure of the
MSTTR enables us to deploy the multi-CBFs method. The trajectory tracking objective
is achieved using an Linear Time-Varying Model Predictive Control (LTV)-MPC approach
as the nominal controller, and a multiple CBFs scheme is designed for the tractor and
trailer to ensure the system's safety.

4.5.1 Kinematic model of the tractor-trailer robot

The MSTTR mobile robot comprises a car-like tractor and a trailer equipped with actively
steerable wheels. Each body has a reference point located on the midpoint of its rear axle.
Let pi = [ x i ; yi ]> ; i = 1; 2, be the coordinates of the reference points on the Cartesian
plane. The steering angles of the tractor and trailer are� 1 and � 2, respectively. The
angles� and  denote the orientation of the tractor and the relative angle between two
vehicle segments, respectively.v is the linear velocity, and a is the acceleration of the
tractor. We consider low-speed turning maneuvers in this work. Thus, the assumption of
pure rolling of wheels holds and wheel slip dynamical e�ects can be neglected. Figure 4.1
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shows an on-axle tractor-trailer mobile robot. The state vector of the system denoted by
x = [ x1; y1; v; a; �;  ; � 1; � 2]> and the kinematic model of the system can be described by

_x1 = v cos�;

_y1 = v sin�;

_v = a;

_a = J;

_� =
v
l1

tan � 1;

_ =
v
l1

tan � 1 �
v
l2

(tan � 2 cos + sin  );

_� 1 = ! 1;
_� 2 = ! 2;

(4.41)

wherel1 and l2 are the distances between the front and rear axle (wheelbase) of the bodies.
The coordinates of the trailer's reference point are given by

x2 = x1 � l2 cos(� �  );

y2 = y1 � l2 sin(� �  ):
(4.42)

The control input is represented byu = [ u1; u2; u3]> = [ J; ! 1; ! 2]> , whereJ is the rate
of change of the acceleration and! 1 is the angular velocity of the tractor, and! 2 is the
angular velocity of the trailer.

4.5.2 Construction of CBFs

Position-based barrier functions are used to construct safe sets for both the tractor and
trailer to ensure collision-free maneuvers for the whole system. This type of safety con-
straint constructs a circular area with a user-de�ned radius (denoted by the safety distance)
that keeps the system away from the unsafe area. We choose reference pointspi ; i = 1; 2;
of two vehicles in the system (4.41) as the critical positions.

Suppose that we know the exact position of the robot at each time step. The position
of the obstacles are denoted bypo

k = [ xo
k ; yo

k ]> ; k 2 f 1; : : : ; Nog, where No is the number
of obstacles in the workspace. We assume that obstacles are distributed in the workspace
such that there exists a collision-free path around the reference trajectory.
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Figure 4.1: A multi-steering tractor-tractor system.

We use multiple CBFs scheme to construct the CBFs for this system. The CBFsh1(x )
and h2(x ) are the CBFs associated with the tractor and trailer, respectively. Suppose that
we haveNo obstacles in the workspace, and for each of them, we designhik (x ), i = 1; 2,
k 2 f 1; : : : ; Nog. These CBFs are obtained based on the position of the bodies' reference
points pi , and the position of each obstaclepo

k . The safe sets and their associated CBFs
for the tractor and trailer are given by

Cik = f x 2 Rn jhik (x ) � 0g; (4.43)

hik (x ) = ( x i � xo
k)2 + ( yi � yo

k)2 � di
2; (4.44)

for all i = 1; 2, k 2 f 1; : : : ; Nog, where di is a design parameter and denotes the safety
distance for each vehicle segment. The CBFsh1k(x ) and h2k(x ) have relative degrees three
and two, respectively, for allk 2 f 1; : : : ; Nog.

Remark 4.4. The conventional kinematic model of the MSTTR has input vectoru =
[v; ! 1; ! 2]> . However, considering the designed CBFs, the system does not have a vector
relative degree since the decoupling matrix has rank one for this system. We have executed
two steps of dynamic extension to achieve the decoupling matrix of rank 2 and vector
relative degreer1 = 3; r2 = 2 for the system (4.41).

We choose linear functions with positive coe�cientskj
i as the set of locally Lipschitz

classK functions � j
i (x ), i = 1; 2; j = f 1; : : : ; r i g, which are de�ned the same for all obstacles
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k 2 f 1; : : : ; Nog. Therefore, the constraints in (4.37) can be identically written as
...
h 1k(x ; u ) + K 1[h1k(x ); _h1k(x ); •h1k(x )]> � 0; (4.45)
•h2k(x ; u ) + K 2[h2k(x ); _h2k(x )]> � 0; (4.46)

whereK 1 = [ k0
1; k1

1; k2
1], K 2 = [ k0

2; k1
2]. Also,

...
h 1k(x ; u ) and •h2k(x ; u ) with k = f 1; : : : ; Nog

are a�ne in u . We refer to the Appendix A for the derivation of (4.45) and (4.46).

4.5.3 Controller design

This section addresses the tracking control design problem of the MSTTR with multiple
CBFs. An LTV-MPC approach is utilized for trajectory tracking. Thus, we �rst derive
a linear approximation of the system and then discretize the obtained linearized time-
varying system. Next, we formulate the discrete LTV-MPC controller, which focuses on
the tracking of the reference trajectory. Then, we enforce the safety constraints (4.45) and
(4.46) using the QP optimization introduced in (4.38).

First, we need to linearize the system (4.41) around a given reference trajectory. Assume
we are given the reference statex r and input u r 2 U. We denote the reference state path
by a �nite sequence of statesX ref = f x r (t + i )gi obtained by applying a �nite input
sequenceUref = f u r (t + i )gi (which is given by a planner) to the system (4.41). Then, the
linearization of the system described in (4.41) aroundX ref and Uref results in the following
LTV system

_x 0 = A0(z t )x 0+ B 0(z t )u 0; (4.47)

wherex 0 = x � x r and u 0 = u � u r at each time step andA(z t ) 2 Rn� n , B (z t ) 2 Rn� m ,
wherez t = [ x r (t); u r (t)]> is a parameter vector that is known at each time step. Then we
can discretize (4.47) with sampling timeTs using the forward Euler discretization method.
The discretized approximation can be identically written as

x k+1 = A(zk)x k + B(zk)u k + C(zk); (4.48)

where A(zk) 2 Rn� n ; B (zk) 2 Rn� m , and C(zk) 2 Rn are matrices with known elements
at current time step k.
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x k+1 = Akx k + Bku k + Ck ; (4.49)

Ak = I +
@F
@x

(x r ; u r )Ts;

Bk =
@F
@u

(x r ; u r )Ts;

Ck = ( F (x r ; u r ) �
@F
@x

(x r ; u r )x r �
@F
@u

(x r ; u r )u r )Ts:

We refer to the Appendix A, for a derivation of the system matrices in (4.49).

Discrete-time LTV-MPC formulation

Consider we have a full measurement of the statex k at the current time step k. The
following optimization problem formulates the discrete LTV-MPC design:

min
X opt

t ;Uopt
t

kx r
t+ N jt � x t+ N jtk2

P +
t+ N � 1X

k= t

kx r
kjt � x kjtk2

Q + ku r
kjt � u kjtk2

R (4.50)

s.t. x k+1 jt = Akx kjt + Bku kjt + Ck ; k = t; : : : ; t + N � 1;

x t jt = x (t);

x kjt 2 X ;

u kjt 2 U;

whereX opt
t = [ x t jt ; : : : ; x t+ N � 1jt ]> is the vector of optimized states, and the vectorUopt

t =
[u t jt ; : : : ; u t+ N � 1jt ]> is the vector of optimized inputs in the prediction horizonN . The
notation x t+ kjt is used to denote the statex at time step t + k predicted at the current
time t. The weighting matricesP and Q are positive semide�nite andR is positive de�nite
and penalizes the di�erence between the �nal state, state, and the input with their reference
values, respectively. The nominal control law is denoted byu nom , which is obtained by
picking the �rst element of Uopt

t .

4.6 Simulation Results

In this section, simulation studies highlight the e�ectiveness of the proposed method. A
comparison is made between the multiple CBFs scheme and ECBF method. Then, the
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Table 4.1: Maximum values for the MSTTR and SSTTR models

MSTTR Parameters SSTTR Parameters
vmax 20m=s vmax 20m=s
amax 1 m=s2 � 1max 0:784rad
 max 0:784rad amax 1 m=s2

� 1max 0:784rad ! 1max 1:5 rad=s
� 2max 0:784rad
Jmax 2:5 m=s3

! 1max 1:5 rad=s
! 2max 0:5 rad=s

accuracy of the proposed control strategy is investigated in a cluttered environment. Simu-
lations are run in the Python environment, and the optimization problems are solved using
CVXPY [51] package.

Consider the system described in (4.41), the tractor and trailer wheelbases arel1 =
2:5m and l2 = 5:5m, respectively. We have compact sets

X = f x 2 R8 : jx i j� x i max g; i = 1; : : : ; 8; (4.51)

U = f u 2 R3 : ju i j� u i max g; i = 1; 2; 3; (4.52)

wherex i and u i are the constrained elements of the state and input vectors, respectively.
x i max and u i max are the maximum values which can be obtained from Table 4.1.

The multi-CBFs design parameters are safety distancesd1 = 4:6m, d2 = 3 m, and
gain vectorsK 1 =

�
1 2 2

� >
, K 2 =

�
4 4

� >
. The LTV-MPC parameters are the pre-

diction horizon N = 5, the sampling time Ts = 0:2s, the weighting matrices Q =
diag(1; 1; 0:5; 0; 0:05; 0:1; 0; 0), P = Q, and R = diag(0:01; 0:05; 0:05).

4.6.1 Obstacle avoidance in a 90� turning maneuver

The task is to follow a 90� turning maneuver path while avoiding two obstacles. In this
simulation, the performance of the multi-CBFs structure application to MSTTR has been
compared with the application of ECBF method to the SSTTR (an SSTTR model can
be obtained by substituting � 2 = 0 in (4.41)). As the position-based CBF has relative
degree two with respect to SSTTR system, we have applied ECBF method [114] to this
system. The ECBF gain vector isK 0

1 =
�
1 2

� >
and the weighting matrices areQ0 =
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P0 = diag(1; 1; 0:5; 0:5; 0:5), and R0 = diag(0:01; 0:05). Other parameters are the same in
both cases. Identical parameters have been used in LTV-MPC and CBF design for both
systems.

Figure 4.2: SSTTR with ECBF in a 90� turning maneuver in the presence of two obstacles.
See this link for the simulation video.

Figure 4.2 and 4.4 illustrate the performance of the ECBF and multiple CBFs, re-
spectively. The transit paths of the tractor and trailer are represented, and the reference
trajectory is shown in dark grey. The system started at an arbitrary initial position, where
it is not in collision with any obstacle. The results show that the LTV-MPC was able
to track the reference trajectory in a short amount of time. In Figures 4.2 and 4.4, the
tractor-trailer system is illustrated in two snapshots when it passes each obstacle. As shown
in Figure 4.2, the SSTTR with ECBF had a collision with obstacles at the corner of the
trailer. In contrast, Figure 4.4 shows that the MSTTR with multiple CBFs scheme suc-
cessfully passed the obstacles without any collision. The reason is that the multiple CBFs
approach has a dedicated CBF for each body. It e�ectively bene�ts from the MSTTR's
additional input to navigate the trailer such that it also passes the obstacle without any
collision. The input signals for the SSTTR and MSTTR systems are illustrated in Figures
4.3 and 4.5, respectively. It can be veri�ed that the input constraints are satis�ed in both
cases using the LTV-MPC structure. The additional input in the MSTTR (the angular
velocity ! 2) has been represented in Figure 4.5, which shows that the multi-CBFs scheme
avoids any collision by changing this input at two time instances when the trailer is passing
the obstacles. A video of these results is available in this link.
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Figure 4.3: The SSTTR system inputs. Left: the tractor acceleration. Right: the tractor
steering angle.

Figure 4.4: MSTTR with multiple CBFs in a 90� turning maneuver in the presence of two
obstacles. See this link for the simulation video.
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Figure 4.5: The MSTTR system inputs. Left: the tractor jerk signal. Middle: the tractor
angular velocity. Right: the trailer angular velocity.

It is important to note that this simulation is speci�cally designed to illustrate how
the multi-CBF structure ensures safety while fully utilizing the system's capabilities. To
this end, two types of TTRs are considered, where the multi-CBF approach leverages the
additional control input from the MSTTR to facilitate obstacle avoidance for both the
tractor and the trailer. In contrast, the ECBF design fails to guarantee safety, as it lacks
direct control over the rear axle of the trailer. Ensuring safety for both the tractor and
trailer using ECBF alone is only feasible by imposing a large safety threshold. However,
this leads to a conservative approach, which becomes problematic in scenarios where the
available free space between obstacles is narrow.

4.6.2 Obstacle avoidance in a cluttered workspace

In this section, we investigate the accuracy of the proposed tracking and obstacle avoidance
in a complicated scenario. A cluttered workspace is considered where eight obstacles are
presented on a reference trajectory. The LTV-MPC and multiple CBFs scheme parameters
are the same as previously stated. In order to show that the system passed the obstacles
without any collision, a footprint plot is provided in Figure 4.6, which shows the space
covered by the whole system (tractor and trailer) during the simulation. The input signals
associated with the MSTTR system have also been represented in Figure 4.7.

The evaluation process in this environment can be divided into two phases. In the �rst
phase, the reactive obstacle avoidance of the proposed method is tested. Particularly, the
location of the obstacles left a narrow space for the tractor and trailer to pass without
collision. However, the safety module could successfully ensure a collision-free pass while
e�ectively enforcing the safe control input via the QP framework. In time instances that
the system passes the obstacles, the input! 2 changes such that the trailer does not have any
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Figure 4.6: MSTTR with multiple CBFs in a cluttered environment. Left: the trajectories
for the tractor and trailer. Right: footprint plot that shows the space covered by the whole
system (tractor and trailer) during the simulation. See this link for the simulation video.

Figure 4.7: The MSTTR system inputs in a cluttered environment simulation. Left: the
tractor jerk signal. Middle: the tractor angular velocity. Right: the trailer angular velocity.
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