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Abstract

Cross-validation is a resampling procedure that provides a point estimate of prediction
error. Uncertainty in this estimate is challenging to quantify. Nested Cross-validation [4]
addresses this by providing a prediction interval. However, computing this interval can be
infeasible as it requires running the cross-validation procedure and refitting the model an
extraordinary number of times. Under penalized regression, we provide a fast and efficient
way to compute the prediction interval with a single model fit. We give a thorough analysis
of our proposed method, from the theoretical property of its core computation technique
to its implementation and complexity. Our method performs best when the number of
folds scales with sample size and reduce the computation by O(n), where n is the sample
size. For application, we evaluate nested cross-validation on tuning parameters for signal
regression models, comparing results with restricted maximum likelihood and other cross-
validation based procedures.
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Chapter 1

Introduction

1.1 Overview

Predictive modeling is a fundamental task in modern science. Models are built using an
available set of training data consisting of input-output pairs, with the goal of minimizing
prediction error on future observations that have not yet been realized. However, estimating
the prediction error of a model fit to a set of training data using only that training data
is challenging, and established methods based on cross-validation and covariance penalties
provide only point estimates of prediction error. Any decisions based on these criteria
therefore ignore the potentially large uncertainty in the prediction error. Nested Cross-
Validation was shown by Bates et al. [4] to provide prediction intervals for the prediction
error, mitigating this problem, but their algorithm requires refitting the predictive model
a lot of times leading to intense computational burden even in simple problems. In this
work, we tackle this problem for penalized regression models and develop a faster way of
computing nested cross-validation.

1.2 Contribution

We provide an approach for fast computation of nested cross-validation for penalized regres-
sion models. To elaborate, a theoretical analysis of a computation technique we leverage
is conducted. This technique is referred as the leave-several-out formula (Lemma 1) in
the literature. Then we apply this technique to derive a closed form formula of nested
cross-validation. Our formula requires only a single model fit on the whole training data,
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whereas the original approach requires refitting the model on subset of the whole data
many times. In addition, we implement our formula and compare its performance with
the old procedure of refitting the model. Both asymptotic complexity and finite sample
performance are considered. At last, we extend our result to ridge regression in ultra
high dimension. For applications, we take advantage of our fast computation to examine
the performance of nested cross-validation for tuning parameters of functional principal
component model.

1.3 Organization

We start Chapter 2 with notations and crucial background knowledge, including 2.1, 2.2,
2.3 and 2.6. Topics include predictive modeling, cross-validation and penalized regression.
In section 2.4, we conduct a literature review on past ideas of predictive modeling, cross-
validation and uncertainty quantification. Then we introduce nested cross-validation and
explain briefly its procedure in section 2.5. Section 2.7 provides the motivation of our work.

Chapter 3 demonstrates main results of our work. Section 3.1 contains a theoretical
analysis of the computation technique we use. Section 3.2 shows how we derive a closed
form formula for nested cross-validation. In section 3.3, we implement our formula and
delve into whether empirically it is faster than the existing method. Our results can be
extended to ridge regression in ultra high dimension, which is shown in section 3.4.

Chapter 4 compares nested cross-validation with restricted maximum likelihood and
other cross-validation type procedure on tuning parameters. This is an application of our
work, as without our contribution, tuning parameters with nested cross-validation would
be much more computationally burdensome for penalized regression models.
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Chapter 2

Background

2.1 Notations

Let X ⊆ Rp and Y ⊆ R. We observe training data T = {(X1, Y1), . . . , (Xn, Yn)} consisting
of inputs Xi and outputs Yi where each (Xi, Yi) are independently distributed according to
a joint distribution PXY on X ×Y . When appropriate we collect the samples from T into
X ∈ Rn×p and y ∈ Rn. For any I ⊆ {1, . . . , n}, we let XII and X(−I)(−I) denote the matrix
obtained by either including or excluding indices in I from matrix X, respectively. Note
that XII (or X(−I)(−I)) is a submatrix by subsetting both rows and columns for indices
in (or not in) I. When subsetting only on rows or columns, we denote it as XI· or X·I
respectively. A similar definition applies for vector y, and we let T (I) = {(Xi, Yi)}i∈I .
A prediction function is f : X → Y from some space F . A learning algorithm Aλ(·) :
(X × Y)n → F takes in training data and (optionally) a hyperparameter λ ∈ Rd and

returns a prediction function Aλ(T ) = f̂λ ∈ F . We use the common shorthand y = f(X)

to indicate the n-dimensional vector y = (f(X1,·), . . . , f(Xn,·))
T . Predictions ŷ = f̂λ(X)

returned by f̂λ will incur error compared to future observed data, and this is measured by
a non-negative loss function ℓ : Y × Y → R+ ∪ {0} that satisfies ℓ(y, ŷ) = 0 if and only if
y = ŷ. In practice, Aλ is run by minimizing the training error (or empirical risk), defined

as Rtr(Aλ; T ) = 1
n

∑n
i=1 ℓ

(
f̂λ(xi), yi

)
.
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2.2 Predictive modeling

Predictive modeling means the evaluation of a fitted model is based on its performance
of predictions on future data. Leo Breiman [10], an influential advocate of predictive
modeling, argues for the importance of prediction accuracy as a more flexible criterion to
consider a larger class of learning algorithms.

This motivates the notion of generalization, meaning how well the performance of a fit-
ted model generalizes beyond its training data. Generalization error of a learning algorithm
and its training set is defined as:

R(Aλ; T ) = E
[
ℓ
{
f̂λ(X

∗), Y ∗
} ∣∣∣T ] .

Here f̂λ = Aλ(T ) and (X∗, Y ∗) ∼ PXY is a new observation not observed in T but generated
from the same joint distribution. The goal of predictive modeling is to use the observed
data T to find some f̂λ ∈ F that incurs low generalization error. The generalization error
is a random variable that is a function of T and Aλ. Note that in the learning theory
literature, generalization error is also called risk or true risk. Throughout this work, we
use generalization error or prediction error interchangeably. The average generalization
error is

E(Aλ) = E {R (Aλ; T )} ,

and is a fixed, constant number that depends on the learning algorithm Aλ. Both E(Aλ)
and R(Aλ; T ) depend on the hyperparameter λ through Aλ. The hyperparameter λ, if
present, may be chosen by minimizing an estimate of E(Aλ) or R(Aλ; T ) over λ.

Estimation of E{Aλ} and prediction of R(Aλ; T ) using only T are both challenging
tasks. Hence, on one hand, past attempts of model selection try to minimize the difference
between Rtr(Aλ; T ) and R(Aλ; T ). Classic examples include Mallow’s Cp [26] and AIC
[1]. On the other hand, methods like cross-validation (CV) provide a direct estimate of
E{Aλ} or R(Aλ; T ). All of them fall into the spectrum of predictive modeling.

2.3 Cross-validation

Cross-validation is a resampling technique that estimates E(Aλ) or R(Aλ; T ) by iteratively
applying Aλ to subsets of T and then averaging the resulting estimates. For some K ∈
N such that n/K ∈ N, K-fold cross-validation includes four steps. First, we partition
I = {1, · · · , n} into pairwise disjoint folds, denoted as I1, ..., IK of {1, ..., n}. All of them
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are of equal size n/K. Second, for each fold Ik, we fit the fold on (Xi, Yi)i∈I\Ik to get

Aλ((Xi, Yi)i∈I\Ik) = f̂−k
λ . Then we validate f̂−k

λ on (Xi, Yi)i∈Ik to get a validation score

(K/n)
∑

i∈Ik ℓ(Yi, f̂
−k
λ (Xi)). Finally, we average all validation score to get

ÊCV
K (Aλ) =

1

n

n∑
i=1

ℓ
{
Yi, f̂

−K(i)
λ (Xi)

}
, (2.1)

where K(i) ∈ {1, . . . , K} denotes the index of the partition to which yi belongs. We
frequently refer (2.1) as CV error or CV (point) estimate.

2.4 Literature Review

Cross-validation has been recognized as a good method for predictive modeling [14, 2].
This section aims to give an overview of critical ideas on theoretical developments of CV,
so that we understand how nested cross-validation (NCV) [4], the methodology we will
focus on for this thesis, fits in the literature. There are two goals for the theory of CV.
First, we want to provide theoretical justifications of CV error as an estimate for E{Aλ}
or R(Aλ; T ). Second, if we have a good understanding of CV point estimate, we want to
compute standard errors for uncertainty quantification.

We start with the first goal, which is CV consistency. In other words, when using CV as
a model selection criterion, how close is CV from E{Aλ} or R(Aλ; T ). There has been two
main directions. The first direction leverages empirical process theory to justify the usage
of CV. The idea is to express the CV error with the empirical measure of the data, and then
apply uniform concentration inequalities to establish the finite-sample oracle optimality of
the CV-selected model [34, 23]. Note that this line of work has connections with other
model selection methods such as jackknife and bootstrap, which frequently uses empirical
process theory to build up consistency results [33].

The second direction makes assumptions on algorithm stability. Note that stability is a
concept that connects a wide range of topics in statistics [36]. Here stability in CV refers to
the learning algorithm Aλ. Informally, stability assumption aims to give a uniform bound
on Aλ, meaning if we perturb the training set T to become T ′, we expect Aλ(T ′) to not
change drastically. Stability assumption was initially proposed by Bousquet and Elisseeff
[7] to justify consistency of CV error as an estimate of R(Aλ; T ), and then a line of works
follow [21, 22, 11, 8]. Stronger results are given by Austern and Zhou [3] and Bayle et
al. [5], in which they both introduce central limit theorem (CLT) for CV estimate with
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stability assumptions. Their differences lie in where the CLT is centered. We will come
back to their work when it comes to uncertainty quantification. Lei [24] summarizes the
theory of CV from the lens of stability. Bates et al. [4] study what CV is estimating and
do not rely on stability assumptions. They conclude that under linear model and square
loss, CV is estimating E(Aλ), rather than R(Aλ; T ).

While cross-validation is highly general, imposing no restrictions on Aλ or P, it only
returns a point estimate. Uncertainty quantification of CV, specifically a computable
prediction interval, has been studied in the literature. Disputes on consistency of CV point
estimate carry on to uncertainty quantification. Based on different theories of what CV
point estimate is estimating, different standard error estimators are proposed. Bengio and
Grandvalet [6] shows that there is no unbiased estimator of CV standard error with a single
run of CV. This means that any uncertainty quantification of CV requires more samplings
to be done. Later, the first CLT of CV estimate is constructed in [13], but it remains as
theoretical exploration and does not offer a computable standard error estimator. Consider
the K-fold CV setting defined in section 2.3 and we denote the training set after leaving
out fold Ik as T −k = (Xi, Yi)i∈{1,··· ,n}\Ik . Bayle et al. [5] proposes a CLT that is centered on

(1/K)
∑K

k=1R(Aλ; T −k), and Austern and Zhou [3] introduces a CLT centered on E(Aλ).
Both provide a computable estimator for the standard error. Bates et al. [4] develop nested
cross-validation for a prediction interval centered on R(Aλ; T ), which we will elaborate in
section 2.5.

2.5 Nested Cross-validation

Nested cross-validation computes a prediction interval for R{Aλ; T } by resampling the
entire cross-validation procedure. This involves running cross-validation many times, with
each run of cross-validation requiring many model fits. The result is uncertainty quan-
tification for an estimate of generalization error R{Aλ; T }, at substantial computational
cost.

Fundamental to cross-validation and its nested extension is the notion of a train-test
split. Let Itr ∪ Ite = {1, . . . , n} and Itr ∩ Ite = ∅. Then let Ttr = (Xi, Yi)i∈Itr and

Tte = (Xi, Yi)i∈Ite be a partition of T into a training and test set, and let f̂λ = Aλ(Ttr).
Then

R̂split =
1

|Tte|
∑
i∈Ite

ℓ
(
Yi, f̂λ(Xi)

)
(2.2)

satisfies E(R̂split|Ttr) = R{Aλ; Ttr}. Let R̂(Ttr) be any estimator of the generalization error
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R{Aλ; Ttr} that depends on Ttr but not Tte. Nested cross-validation decomposes the mean

squared difference between R̂(Ttr) and generalization error on the training set,

P(Aλ; Ttr) = E
[(

R̂(Ttr)−R{Aλ; Ttr}
)2]

,

as

P(Aλ; Ttr) = E
[(

R̂(Ttr)− R̂split

)2]
− E

[(
R̂split −R{Aλ; Ttr}

)2]
[4, Lemma 1]. The two terms on the right-hand side are estimated by applying cross-
validation to further resampled datasets. Partition the original data into K ∈ N folds
T (I1), . . . , T (IK) as in cross-validation (Section 2.3). For j = 1, . . . , K, run a (K − 1)-
fold cross-validation on data T (I−j) = T (∪i̸=jIi) and obtain the error estimate êCV

j =

ÊCV
K−1(Aλ) via Equation (2.1). For each j, further compute f̂λ,j = Aλ{T (I−j)} which leads

to holdout/test error estimates:

êtej =
1

|Ij|
∑
i∈Ij

ℓ
{
Yi, f̂λ,j(Xi)

}
,

v̂tej =
1

|Ij| − 1

∑
i∈Ij

[
ℓ
{
Yi, f̂λ,j(Xi)

}
− êtej

]2
.

(2.3)

Each êtej is an unbiased estimate of R[Aλ{T (I−j)}; T (I−j)] and v̂tej is an unbiased esti-

mate of the variance of êtej . Nested cross-validation estimates R{Aλ; Ttr} by R̂{Aλ; Ttr} =
K−1(êCV

1 + · · ·+ êCV
K ) and P(Aλ; T ) by

P̂(Aλ; T ) =
1

K

K∑
j=1

[{
êCV
j − êtej

}2]− v̂tej
|Ij|

. (2.4)

Along with an appropriate bias correction term B̂, the nested cross-validation (1−α)100%
prediction interval for R{Aλ; Ttr} is therefore

R̂{Aλ; Ttr} − B̂ ± z1−α/2P̂(Aλ; T )1/2, (2.5)

where zp is the p-th percentile of the standard Normal distribution.

Bates et al. [4] further suggest that the estimation of P̂(Aλ; T ) may be improved by
repeating the entire nested cross-validation procedure some number L ∈ N times and using
the average of the P̂(Aλ; T ) obtained from each run to form the prediction interval (2.5).
They suggest L = 200 although limited explanation is provided.
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2.6 Penalized regression

Penalized regression defines Aλ(T ) = f̂λ where f̂λ(x) = xT (XTX+Sλ)
−1XTy. The matrix

Sλ ∈ Rp is called a penalty matrix and is model-specific. Often, λ ≥ 0 is a scalar and
Sλ = λS for a fixed matrix S. The vector of predictions on the training set is a linear smooth
of the training inputs, f̂λ(X) = H(λ)y, with smoothing or “hat” matrix H(λ) = X(XTX+
λS)−1XT . This covers ridge regression, nonlinear regression via penalized splines [17], and
some functional and signal regression models including functional principle components
regression [29, 30]. In chapter 4, we investigate the use of our proposed methods on
hyperparameter selection for functional principle component regression models.

The hyperparameter λ ∈ Rd typically controls fit to the training data versus general-
ization to new data. Higher values can yield simpler fitted models with worse fit to the
training data but a smaller gap between performance on the training versus new data.
Lower values can yield complex models with excellent fit to the training data but a large
gap between performance on the training versus new data. Choosing a value of λ that bal-
ances fit and prediction is therefore a critical step in fitting a penalized regression model.
The presence of λ defines an error curve since R(Aλ; T ) and E(Aλ) now depend on λ.
The value of λ must be chosen and one option is to choose it to minimize an estimate of
R(Aλ; T ) or E(Aλ).

2.7 Computational Challenge

Cross-validation requires fitting the model K times and is generally computationally bur-
densome. Nested cross-validation further exacerbates this computational burden by re-
quiring K − 1 additional model fits per fold and then repeating the entire procedure L
times. The total complexity after removing some redundant computations is LK(K+1)/2
model fits. This represents an extraordinary computational burden, rendering nested cross-
validation impractical even in simple models. For example, running 5-fold nested cross-
validation using the suggested L = 200 requires 3000 model fits. Further, when the goal of
predicting generalization error is to do so as a function of the hyperparameter λ and then
find the value λ̂ that minimizes the estimate, the entire nested cross-validation procedure
will have to be repeated for each value of λ that is tried. The goal of this work is to find a
faster way of computing NCV under the setting of penalized regression and square loss.
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Chapter 3

Main Results

The methods proposed in this work apply to the square loss, ℓ(y, ŷ) = n−1 ∥y − ŷ∥22. In
addition, we always assume λ > 0 for the penalized regression model. It is well-known
that in penalized regression with training-set predictions ŷ = f̂λ(X) = H(λ)y and square
loss, the K-fold cross-validation estimate can be computed using only a single model fit
and some matrix algebra:

ÊCV
K (Aλ) =

1

n

K∑
j=1

(yIj − ŷIj)
T (I −H(λ)IjIj)

−2(yIj − ŷIj). (3.1)

Eq. (3.1) uses the well-known residual identity (or leave-several out formula) [35, p. 257],

yIj − f̂λ,j
(
XIj ·

)
=
(
I −H(λ)IjIj

)−1 (
yIj − ŷIj

)
, (3.2)

which holds for penalized regression predictions. The case K = n is called leave-one-
out cross-validation and has received special attention in the literature. For penalized
regression, the one-step formula simplifies considerably:

ÊCV
n (Aλ) =

1

n

n∑
i=1

(
yi − xT

i β̂

1−H(λ)ii

)2

.

The diagonal element H(λ)ii is called the influence of yi on f̂λ. (3.2) provides us with the
tool for faster computation of NCV. However, questions remain regarding how it should be
applied and its performance. Answering those questions would be the goal of this section.

9



We outline the structure of this section. First, section 3.1 begins with a detailed
theoretical analysis of (3.2), referred as the leave-several-out formula. In particular, we
give its proof and analyze its invertibility in section 3.1.1 and section 3.1.2 respectively.
Next, in section 3.2, we leverage this technique for computation of NCV. We obtain a
closed form formula of NCV requiring only a single model fit. We also show the full
derivation of our formula and connect it to 2.5. After that, we analyze the implementation
of our formula and its performance in section 3.3. Specifically, both asymptotic complexity
and finite sample analysis are considered. At last, we extend our results to ultra high
dimensional regression in section 3.4.

3.1 Theory

The residual identity (3.2), also known as the leave-several-out formula, is the core of our
computation technique, hence it bears importance to study its theoretical properties before
applying it to NCV. First, we will state it explicitly and prove it in section 3.1.1. In the
literature, this technique is well-known and the proof is usually omitted. However, we did
not find a source that proves it in our setting, a penalized regression with a general penalty
matrix S ∈ Rp×p. Hence, we state it in Lemma 1 and prove it.

Second, we study the invertibility of the matrix I − H(λ)IkIk in section 3.1.2. This
problem matters for the validity of Lemma 1. When H(λ) is the hat matrix and we obtain
its submatrix as H(λ)IkIk , it is unclear when I −H(λ)IkIk is invertible. In Theorem 3, we
characterize its conditions of invertibility. Note that for Lemma 1, we assume I −HII is
always invertible and leave its examination to Theorem 3.

3.1.1 Core Technique

Lemma 1. We consider a penalized regression setting. Let H(λ) ∈ Rn×n be the hat matrix,
I ⊆ {1, · · · , n} and I ∈ R|I|×|I| be the identity matrix. We follow the same submatrix and
vector notations given in section 2.1. Let ŷ be the predicted y from the full model fit. In
particular, ŷ = H(λ)y. Let ŷ−I be the predicted y by fitting the penalized regression on
data that are not in I, namely (X−I·, y−I). Then

(I −H(λ)II)
−1 (yI − ŷI) = yI − ŷ−I

I . (3.3)

Proof. We adapt a proof from [35], [18] and [15]. When fitting a penalized regression model
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on (X−I·, y−I), we want to solve the optimization problem as below

min
β

(y−I −X−I·β)
T (y−I −X−I·β) + λβTSβ, (3.4)

where β̂−I
λ = (XT

−I·X−I· +λS)−1XT
−I·y−I is the fitted coefficient of penalized regression on

(X−I·, y−I). Now let ŷ−I
I = XI·β̂

−I
λ . If we change (3.4) to

min
β

(y−I −X−I·β)
T (y−I −X−I·β) +

(
ŷ−I
I −XI·β̂

−I
λ

)T (
ŷ−I
I −XI·β̂

−I
λ

)
+ λβTSβ,

(3.5)
the solution would still be the same. Observe that (3.5) is equivalent to fitting a penalized
regression on X and (ŷ−I

I , y−I). Since we fit it on X, the hat matrix is H(λ) = X(XTX +
λS)−1XT . Let ŷ = H(λ)y, the predicted y for fitting the model on (X, y). Observe that
by (3.5) and the definition of ŷ−I

I , we can look at the entries in I of the predicted values
and then get

H(λ)I·

(
ŷ−I
I
y−I

)
= H(λ)II ŷ

−I
I +H(λ)I(−I)y−I = ŷ−I

I .

It follows that

H(λ)II ŷ
−I
I +H(λ)IIyI +H(λ)I(−I)y−I −H(λ)IIyI = ŷ−I

I

⇒ ŷI +H(λ)II ŷ
−I
I −H(λ)IIyI = ŷ−I

I

⇒ − ŷ−I
I −H(λ)II

(
yI − ŷ−I

I
)
= −ŷI

⇒ yI − ŷ−I
I −H(λ)II

(
yI − ŷ−I

I
)
= yI − ŷI

⇒ (I −H(λ)II)
(
yI − ŷ−I

I
)
= yI − ŷI

⇒ yI − ŷ−I
I = (I −H(λ)II)

−1 (yI − ŷI)

as desired.

3.1.2 Invertibility

Lemma 1 has been used in the literature [35, p. 257], while it is never clear when I−H(λ)II
is invertible. In Theorem 3, we show that when I −H(λ)II is always invertible, and when
it is not, we characterize its invertibility with a necessary and sufficient condition. Before
we state the result, we mention several facts about S ∈ Rp×p that will be useful later.
Note that under the penalized regression setting, the penalty matrix S is at least positive
semidefinite. Further, since S is symmetric, spectral decomposition gives us S = UΛUT
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where U is an orthogonal matrix formed by eigenvectors. Let D ⊆ {1, ..., p} be the set of
indices that S has strictly positive eigenvalues. In particular, we can write Λ as

Λ =

(
0(p−|D|)×(p−|D|) 0

0 ΛD

)
such that ΛD ≻ 0. It follows that

S =
(
U·(−D) U·D

)(0(p−|D|)×(p−|D|) 0
0 ΛD

)(
UT
·(−D)

UT
·D

)
=

(
0(p−|D|)×(p−|D|) 0

0 SD

)
(3.6)

where SD = U·DΛDU
T
·D ∈ R|D|×|D|.

We use ν to denote eigenvalues in general. For any n × n symmetric matrix A, we
write its eigenvalues in increasing order as ν1(A) ≤ ν2(A) ≤ · · · ≤ νn(A). For the sake of
completeness, we state two theorems that will be useful for our proof.

Theorem 1 (Cauchy Interlacing). [20, p. 242] Let B ∈ Rn×n be symmetric, let y ∈ Rn

and a ∈ R be given, and let

A =

(
B y
yT c

)
∈ R(n+1)×(n+1).

Then
ν1(A) ≤ ν1(B) ≤ ν2(A) ≤ · · · ≤ νn(A) ≤ νn(B) ≤ νn+1(A).

Remark 1. We will use Theorem 1 by letting B = I−H(λ)II. Note that if B = I−H(λ)II
and we keep expanding dimension like in Theorem 1, we will get P (I − H(λ))P T where
P ∈ Rn×n is some permutation matrix. A useful fact is that I −H(λ) and P (I −H(λ))P T

share the same eigenvalues [20, p. 58]. Then depending on the dimension difference of
n−|I|, we may need to apply Theorem 1 iteratively to get a lower bound on the eigenvalue
of I −H(λ)II.

The second one is adapted from [20], which is useful for analyzing the eigenvalues of
H(λ).

Theorem 2. [20, p. 65] Suppose A ∈ Rp×n and B ∈ Rn×p with p ≤ n. Then the n
eigenvalues of BA are the p eigenvalues of AB with n− p zeroes.

Now we state our main result and provide its proof.
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Theorem 3. Suppose λ > 0, X ∈ Rn×p with rank(X) = p and H(λ) = X(XTX +
λS)−1XT ∈ Rn×n. We carry the submatrix notations given in section 2.1. When the penalty
matrix S is positive definite, I −H(λ)II is always invertible. When S is positive semidefi-
nite but not positive definite, I−H(λ)II is invertible if and only if Null

(
X(−I)(−D)

)
= {0}.

Proof. We first assume S ≻ 0. Since rank(X) = p and S ≻ 0, XTX + λS is invertible.
Since XTX ⪰ 0, S ≻ 0 and λ > 0, XTX +λS ≻ 0, hence (XTX +λS)−1 ≻ 0. Let y ∈ Rn.
Notice that

yTH(λ)y = yTX
(
XTX + λS

)−1
XTy = (XTy)T

(
XTX + λS

)−1
(XTy) ≥ 0.

where the last inequality can be seen through a Cholesky decomposition of positive definite
(XTX + λS)−1. Note that the last inequality has to be ≥ because we can choose y ∈
Null(XT ) and if rank(X) = p < n, the existence of non-trivial y ∈ Null(XT ) is guaranteed.
Thus, H(λ) ⪰ 0. It follows that for any eigenvalue of H(λ), denoted as νi(H(λ)) for
i = 1, · · · , n, νi(H(λ)) ≥ 0. Next, we want to upper bound νi(H(λ)). By Theorem 2, it is
equivalent to consider H(λ)′ = XTX(XTX + λS)−1. By what we already proved, ν ≥ 0.
Let a ∈ Rp be an eigenvector of H(λ)′ with its corresponding eigenvalue ν. Then we have

H(λ)′a = XTX(XTX + λS)−1a = νa. (3.7)

We define u = (XTX + λS)−1a. Note that u ̸= 0 since a is an eigenvector and (XTX +
λS)−1 ≻ 0. Then (3.7) becomes

(XTX)u = ν(XTX + λS)u. (3.8)

By multiplying both sides of (3.8) with u, we reach

uT (XTX)u = νuT (XTX + λS)u = νuT (XTX)u+ νuT (λS)u.

Rearrange and we get
(1− ν)uT (XTX)u = νuT (λS)u. (3.9)

Note that obviously XTX ⪰ 0. Since rank(XTX) = p and XTX ∈ Rp, XTX ≻ 0. Also,
uT (λS)u > 0 by λS ≻ 0. Recall ν ≥ 0. If 1 − ν ≤ 0, (1 − ν)uT (XTX)u ≤ 0 and
νuT (λS)u ≥ 0. We must have (1 − ν)uT (XTX)u = νuT (λS)u = 0. Since uT (λS)u > 0,
we must have ν = 0. Since uTXTXu > 0, we get 1 − ν = 0, thus ν = 1 ̸= 0. Then we
have a contradiction. Thus, we must have 1 − ν > 0 and then ν < 1. We conclude that
0 ≤ νi(H(λ)) < 1 for i = 1, · · · , n. It follows that 0 < νi(In −H(λ)) ≤ 1 for i = 1, · · · , n.
With iteratively applying Theorem 1, this gives us

0 < νn(In −H(λ)) ≤ ν|I|(I −H(λ)II).
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Hence, I −H(λ)II ≻ 0 and it must be invertible.

Next, we assume S ⪰ 0 but not S ≻ 0. We want to characterize its condition of
invertibility. We start by noting a result from fitting penalized regression, which is

β̂ = argmin
β

{
∥y −Xβ∥22 + λβTSβ

}
=
(
XTX + λS

)−1
XTy.

It follows that

min
β

{
∥y −Xβ∥22 + λβTSβ

}
=
∥∥∥y −Xβ̂

∥∥∥2
2
+ λβ̂TSβ̂

= yTy − 2yTXβ̂ + β̂TXTXβ̂ + λβ̂TSβ̂

= yTy − 2yTXβ̂ + β̂T
(
XTX + λS

)
β̂.

= yTy − 2yTXβ̂ + β̂T
(
XTX + λS

) (
XTX + λS

)−1
XTy

= yTy − 2yTXβ̂ + β̂TXTy

= yTy − yTXβ̂

= yT
(
y −Xβ̂

)
= yT (In −H(λ))y.

(3.10)
Note that (3.10) holds for any data vector y ∈ Rn, hence it enables us to study yT (In −
H(λ))y in the lens of an optimization problem.

Now we return to our if and only if statement. We start with the backwards direction,
and we proceed by proving its contrapositive. That means we assume I − H(λ)II is not
invertible, and we want to show Null(X(−I)(−D)) ̸= {0}. Note that if S ⪰ 0, we can return to
(3.9) to look at the upper bound of ν. rank(X) = p still gives uT (XTX)u > 0. If 1−ν < 0,
the LHS of (3.9) is negative, while the RHS is non-negative, hence a contradiction. Thus,
ν ≤ 1. Then In − H(λ) ⪰ 0. By iteratively applying Theorem 1 again, I − H(λ)II ⪰ 0.
Since I − H(λ)II is not invertible, there must exist an eigenvector a ∈ R|I| such that
aT (I −H(λ)II)a = 0. Suppose I = {i1, · · · , i|I|} with i1 ≤ i2 ≤ · · · ≤ i|I|. We construct a
vector a′ ∈ Rn such that

a′j =

{
am, j ∈ I, j = im,

0, j /∈ I.
(3.11)
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This gives us aT (I −H(λ)II)a = (a′)T (In −H(λ))a′. By (3.10), we have

0 = aT (I −H(λ)II)a = (a′)T (In −H(λ))a′ = min
β

{
∥a′ −Xβ∥22 + λβTSβ

}
= min

β

{
∥a′ −Xβ∥22 + λβT

DSDβD

}
.

(3.12)

where the last equality follows from (3.6). Note that SD ≻ 0 from our discussion on (3.6).
Since the optimization in (3.12) attains 0, we must have βD = 0 and a′ = Xβ. Note that
Xβ = X·(−D)β−D +X·DβD. Then we get a′ = X·(−D)β−D. Recall the construction of a′ in
(3.11), we have a = XI(−D)β−D and 0 = X(−I)(−D)β−D. Since a is an eigenvector, a ̸= 0 by
definition. Then β−D ̸= 0. Hence, Null(X(−I)(−D)) ̸= {0} as desired.

We are left with the forward direction. Like the backward direction, we proceed with a
proof by contrapositive. Assume Null(X(−I)(−D)) ̸= {0} and we want to show I −H(λ)II
is not invertible. Since I − HII ⪰ 0 from middle steps of the forward direction, it is
equivalent to construct an eigenvector a such that aT (I −H(λ)II)a = 0. Let 0 ̸= β−D ∈
Null

(
X(−I)(−D)

)
. We construct a as a = XI(−D)β−D. We need to justify a ̸= 0 so that

it is a valid eigenvector. If a = 0, then β−D ∈ Null
(
XI(−D)

)
. It follows that β−D ∈

Null
(
X·(−D)

)
. Since β−D is non-trivial, we know dim

(
Null

(
X·(−D)

))
> 0. However, since

rank(X) = p, we have rank
(
X·(−D)

)
= p − |D|. By the Rank-Nullity theorem, we must

have dim
(
Null

(
X·(−D)

))
= 0. Hence, we have a contradiction and a ̸= 0. Next, we use

again the construction of a′ in (3.11) and (3.10) to consider

aT (I −H(λ)II)a = (a′)T (In −H(λ))a′ = min
β

{
∥a′ −Xβ∥22 + λβT

DSDβD

}
. (3.13)

If we can argue the minimum value of the optimization in (3.13) attains 0, we are done.
Let

β =

(
β−D

0|D|

)
.

Then a′ − Xβ = 0 by construction of a and a′, and λβT
DSDβD = 0 by construction of β.

Since ∥a′ −Xβ∥22 ≥ 0 and λβT
DSDβD ≥ 0, we know our constructed β attains the minimum

value of the optimization in (3.13), which is 0. By (3.13) again, aT (I−H(λ)II)a = 0. Thus,
I −H(λ)II is not invertible. The forward direction is also completed.

Remark 2. Theorem 3 can be seen as a checking criterion for invertibility of I −H(λ)II.
In a K-fold CV setting, we can first check whether any fold Ik violates the invertibility
condition. If it does, we can resample K folds. Empirically, I − H(λ)II tends to be
invertible with high probability. Proving it would be of interest for future work.
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3.2 Computation

After studying validity of Lemma 1 in section 3.1, we apply the technique to NCV. From
now on, we assume matrix form of I−HII is always invertible, hence positive definite from
proof of Theorem 3.

Our main contribution is to provide a closed-form formula of computing NCV for pe-
nalized regression models. We give the formula in Proposition 1. Let Mn,K ∈ R 2n

K
× 2n

K

be the matrix obtained by setting the first n/K diagonal entries of the identity matrix of
dimension 2n/K to be zero.

Proposition 1. Fix L,LB ∈ N. For l = 1, · · · , L, we denote the sampled folds as
I l
1, · · · , I l

K. Similarly, we denote folds I lb
1 , · · · , I

lb
K for lb = 1, · · · , LB. The nested cross-

validation point estimate of prediction error is

R̂{Aλ; Ttr} =
1

Ln(K − 1)

L∑
l=1

∑
(k,j),k<j

(
yIljk − ŷIl

jk

)T (
I −H(λ)Il

jkI
l
jk

)−2 (
yIljk − ŷIl

jk

)
,

(3.14)
and the bias correction term is

B̂ =

(
1 +

K − 2

K

)
(
R̂{Aλ; Ttr} −

1

nLB

LB∑
lb=1

K∑
j=1

(
yIlb

j

− ŷIlb
j

)T (
I −H(λ)Ilb

j Ilb
j

)−2 (
yIlb

j

− ŷIlb
j

))
.

(3.15)

The nested cross-validation estimate of the mean-squared error is

P̂(Aλ; T ) =
1

KL

L∑
l=1

K∑
j=1

{
[

K

n(K − 1)

∑
k ̸=j

(
yIl

jk
− ŷIl

jk

)T (
I −H(λ)Il

jkI
l
jk

)−1

Mn,K

(
I −H(λ)Il

jkI
l
jk

)−1 (
yIl

jk
− ŷIl

jk

)
− K

n

(
yIl

j
− ŷIl

j

)T (
I −H(λ)Il

jIl
j

)−2 (
yIl

j
− ŷIl

j

)]2
−

∑
v

(((
I −H(λ)Il

jIl
j

)−1 (
yIl

j
− ŷIl

j

))2

v

− 1
|Il

j |
∑

u

((
I −H(λ)Il

jIl
j

)−1 (
yIl

j
− ŷIl

j

))2

u

)2

(|I l
j| − 1)|I l

j|

}
,

(3.16)
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The formulas in Proposition 1 compute the entire prediction interval (2.5) using only
a single model fit to the whole data T . An investigation of the computational complexity
of this formula and the associated implementation details are given in Section 3.3.

Proof of Proposition 1. By looking at (3.14) and (3.16), it is sufficient to derive our formula
for any l and then average the results for all l = 1, · · · , L. We apply Eq. (3.2) to fold I l

k

and pair of folds I l
k ∪ I l

j with k ̸= j to obtain

r̂tej ≡ yIl
j
− f̂λ,j

(
XIl

j ·

)
=
(
I −H(λ)Il

jIl
j

)−1 (
yIl

j
− ŷIl

j

)
,

r̂tejk = yIl
j∪Il

k
− f̂λ,jk

(
XIl

j∪Il
k·

)
=
(
I −H(λ)Il

jkI
l
jk

)−1 (
yIl

jk
− ŷIl

jk

)
.

For each j ∈ {1, . . . , K}, by (2.3) we have

êtej =
K

n

(
yIj − ŷIj

) (
I −H(λ)IjIj

)−2 (
yIj − ŷIj

)
. (3.17)

Recall in Section 2.5, êCV
j is the result of performing a (K− 1)-fold CV on data T (∪i̸=jIi).

Based on the CV procedure, for k ∈ {1, . . . , j − 1, j + 1, . . . , K}, we fit the model on data

T (∪i/∈{j,k}Ii) to get f̂λ,jk = Aλ(T (−Ij ∪ Ik)) and use it to predict yIk . However, since we
run a CV procedure to get êCV

j , we need to aggregate errors corresponding to only fold Ik

but not Ij, thus we define

r̂tejk′ = Mn,K r̂
te
jk

where Mn,K ∈ R 2n
K

× 2n
K is a matrix modified from an identity matrix of dimension 2n/K

by replacing the first n/K diagonals with 0. Thus, M extracts the last n/K entries of
a dimension 2n/K vector. Note that M2

n,K = Mn,K and when implementing the formula
on a computer, the mapping of Mn,K can be replaced by directly subsetting entries of an
array. It follows that

êCV
j =

K

n(K − 1)

∑
k ̸=j

(
r̂tejk′
)T

r̂tejk′

=
K

n(K − 1)

∑
k ̸=j

(
yIljk − ŷIl

jk

)T (
I −H(λ)Il

jkI
l
jk

)−1

Mn,K

(
I −H(λ)Il

jkI
l
jk

)−1 (
yIljk − ŷIl

jk

)
.

(3.18)
Further, notice that in (2.3), v̂tej can be seen as the variance of r̂tej . It follows that by the
definition of variance and combining (3.17),(3.18) and (2.4), we get (3.16). Next, recall
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in section 2.5, R̂{Aλ; Ttr} is the average of all of êCV
j for j ∈ {1, . . . , K}. Notice that the

summation of êCV
1 +. . .+êCV

K is equivalent to summing r̂tejk for all k < j. Then (3.14) quickly
follows. Now we are left to justify the bias correction term (3.15). From previous NCV

implementation by [4], B̂ requires an additional Lb times run of K-fold CV and aggregate
all the CV errors. For lb ∈ {1, · · · , Lb}, we denotes its CV folds as I lb

1 , · · · , I
lb
K . Note that

the sum of square errors for one fold is (yIlb
j

− ŷIlb
j

)T (I −H(λ)Ilb
j Ilb

j

)−2(yIlb
j

− ŷIlb
j

). Then

we aggregate it for all K folds, and further aggregate for all LB times of running CV. This
gives us the difference term taken with respect to R̂{Aλ; Ttr} in (3.15). The 1+(K−2)/K
scaling in (3.15) follows directly from Appendix C [4]. (3.16), (3.14) and (3.15) together
give a closed-form formula of (2.5) as desired.

3.3 Implementation and Complexity

We give full details on the implementation and complexity of our formula in Proposition
1. We consider the setting n ≥ p. The main computation hurdle lies in

r̂tejk =
(
I −H(λ)IjkIjk

)−1 (
yIjk − ŷIjk

)
. (3.19)

(3.19) highlights the main difference between NCV and CV, because usual K-fold CV
needs to compute (3.19) K times, while NCV needs to compute it for (LK2 + LK)/2
times. If we choose to refit the model, computing r̂tejk costs O(np2 + p3), which is the usual
complexity of fitting a penalized regression. Hence, the complexity of refitting the model
is O(LK2np2 + LK2p3). Next, we give a detailed comparison of two ways of computing
(3.19). One uses refitting the model and one implements our formula. Note that floating
point operations (FLOP) counting is a common way to evaluate the number of matrix
operations in an algorithm. For background on numerical linear algebra, please refer to
Appendix A.

3.3.1 Proposed Formula

We first derive a mathematical expression of (3.19) for the sake of implementation and
then give complexity and the number of FLOPs for all steps. Observe that by the form of
H(λ) in penalized regression, we have(

I −H(λ)IjkIjk
)−1 (

yIjk − ŷIjk
)
=
(
I −XIjk·

(
XTX + λS

)−1
XT

Ijk·

)−1 (
yIjk − ŷIjk

)
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It follows that we can compute
(
XTX + λS

)−1
once and store this p× p matrix. Next, we

outline the FLOPs and complexity for in each step shown in Table 3.1. Note that the last
line of the table follows from the need to compute r̂tejk for O(LK2) times

Table 3.1: Step-wise computational complexity and FLOP count for computing r̂tejk with
proposed formula. Total FLOP count and complexity are also reported.

Computation Step FLOP Count Complexity(
XTX + λS

)−1
XT

Ijk· 2p2(2n/K) O(p2(n/K))

XIjk·
(
XTX + λS

)−1
XT

Ijk· 2p(2n/K)2 O(p(n/K)2)

I −XIjk·
(
XTX + λS

)−1
XT

Ijk· (2n/K)2 O((n/K)2)(
I −XIjk·

(
XTX + λS

)−1
XT

Ijk·

)−1
1
3
(2n/K)3 + 2(2n/K)2 O((n/K)3)(

I −XIjk·
(
XTX + λS

)−1
XT

Ijk·

)−1

(yIjk−
ŷIjk)

2(2n/K)2 O((n/K)2)

Total Number of FLOPs
2p2(2n/K) + 2p(2n/K)2

+
1

3
(2n/K)3 + 5(2n/K)2

Total Complexity of r̂tejk O (n3/K3 + n2p/K2 + np2/K)

Total Complexity O (Ln3/K + Ln2p+ LKnp2)

3.3.2 Refitting the Model

If we refit the model to compute r̂tejk, we also need to do that for (LK2 + LK)/2 times.
Each time we fit the model on (Xi, Yi)i∈{1,··· ,n}\Ijk , and then compute the fitted regression
coefficient as

β̂ =
(
XT

(−Ijk)·X(−Ijk)· + λS
)−1

XT
(−Ijk)·y−Ijk .

It follows that

r̂tejk = yIjk −XIjk·β̂ = yIjk −XIjk·

(
XT

(−Ijk)·X(−Ijk)· + λS
)−1

XT
(−Ijk)·y−Ijk . (3.20)

Next, we give the FLOP count and complexity of 3.20 in Table 3.2.
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Table 3.2: Step-wise computational complexity and FLOP count for computing r̂tejk with
refitting models. Total FLOP count and complexity are also reported.

Computation Step FLOP Count Complexity

XT
(−Ijk)·X(−Ijk)· 2p2(n− 2n/K) O(p2(n− n/K))

XT
(−Ijk)·X(−Ijk)· + λS p2 O(p2)(
XT

(−Ijk)·X(−Ijk)· + λS
)−1

1
3
p3 + 2p2 O(p3)

XT
(−Ijk)·y−Ijk 2p(n− 2n/K) O(p(n− n/K))(
XT

(−Ijk)·X(−Ijk)· + λS
)−1

XT
(−Ijk)·y−Ijk 2p2 O(p2)

XIjk·β̂ 2p(2n/K) O(pn/K)

yIjk −XIjk·β̂ 2n/K O(n/K)

Total Number of FLOPs
2p2(n− 2n/K) +

1

3
p3 + 5p2

+ 2pn+ 2n/K

Total Complexity of r̂tejk O (np2 + p3)

Total Complexity O (LK2np2 + LK2p3)

3.3.3 An Alternative Implementation

Our proposed formula has an alternative implementation using Woodbury matrix identity

Suppose H(λ) = X
(
XTX + λS

)−1
XT Notice that by the Woodbury matrix identity,(

I −H(λ)IjkIjk
)−1

= I +XIjk·

(
XT

(−Ijk)·X(−Ijk)· + λS
)−1

XT
Ijk .

It follows that

r̂tejk =
(
yIjk − ŷIjk

)
+XIjk·

(
XT

(−Ijk)·X(−Ijk)· + λS
)−1

XT
Ijk·
(
yIjk − ŷIjk

)
. (3.21)

Similar to before, we give complexity of each step for computing (3.21) in Table 3.3. Look-
ing at Table 3.2 and Table 3.3, we see that the complexity of Woodbury implementation
recovers the complexity of refitting the model. Hence, Woodbury implementation guaran-
tees that our formula will never be worse than refitting the model. Regarding the number
of FLOPs, the only difference lies in 2p(2n/K) for Woodbury implementation and 2pn for
refitting the model. Since usually 2n/K < n, we conclude that our proposed formula will
always be slightly faster than refitting the model.
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Table 3.3: Step-wise computational complexity and FLOP count for computing r̂tejk with
proposed formula, but an alternative implementation using Woodbury. Total FLOP count
and complexity are also reported.

Computation Step FLOP Count Complexity

XT
−Ijk·X−Ijk· 2p2(n− 2n/K) O(p2(n− n/K))

XT
−Ijk·X−Ijk· + λS 2p2 O(p2)

(XT
−Ijk·X−Ijk· + λS)−1 1

3
p3 + 2p2 O(p3)

XT
Ijk·
(
yIjk − ŷIjk

)
2p(2n/K) O(pn/K)

(XT
−Ijk·X−Ijk· +

λS)−1XT
Ijk·
(
yIjk − ŷIjk

) 2p2 O(p2)

XIjk·(X
T
−Ijk·X−Ijk· +

λS)−1XT
Ijk·
(
yIjk − ŷIjk

) 2p(2n/K) O(pn/K)

(
yIjk − ŷIjk

)
+

XIjk·

(
XT

−Ijk·X−Ijk· + λS
)−1

XT
Ijk·
(
yIjk − ŷIjk

) 2n/K O(n/K)

Total Number of FLOPs
2p2(n− 2n/K) +

1

3
p3 + 5p2

+ 2p(2n/K) + 2n/K

Total Complexity of r̂tejk O (np2 + p3)

Total Complexity O (LK2np2 + LK2p3)
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3.3.4 Compare Asymptotic Complexity

With Table 3.1, Table 3.2 and Table 3.3, we compare them in different regime of n, p,K
and summarize our results in Table 3.4. Observe in Table 3.4 that when p scales with nα or
p is fixed, the one-step formula without Woodbury reduces the computational complexity
by order O(n). The empirical evaluation shown in Figure 3.1 and Figure 3.2 align with
our theoretical results.

Table 3.4: Asymptotic complexity required to compute the nested cross-validation predic-
tion interval by model refitting (Eq. (3.20) and using Proposition 1 with and without the
Woodbury identity (Eq. (3.21)). Shown are the four asymptotic regimes: K-fold (K fixed)
and leave-k-out (K = O(n)) nested cross-validation, as well as low-dimensional (p fixed)
and high-dimensional (p = O(nα) for 1 ≥ α > 0) penalized regression.

Regime Refitting Model NCV formula,
Woodbury

NCV formula, no Wood-
bury

K, p fixed O (K2np2 +K2p3) O (K2np2 +K2p3) O (n3/K + n2p+Knp2)
K = O(n), p fixed O (n3p2) O (n3p2) O (n2p2)
K fixed, p = O(nα) O (K2n1+2α) O (K2n1+2α) O(n3/K+n2+α+Kn1+2α)
K = O(n), p = O(nα) O (n3+2α) O (n3+2α) O (n2+2α)
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NCV Time Comparison: n Increases, p Fixed

Figure 3.1: Change of log scale relative computation time for fitting an additive model.
Relative computation means the computation time of refitting the model (slow) over the
computation time of NCV formula (fast). Regime corresponds to K = O(n), p fixed in
Table 3.4, meaning n increases and p keeps fixed.
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Figure 3.2: Change of log scale relative computation time for fitting an additive model.
Relative computation means the computation time of refitting the model (slow) over the
computation time of NCV formula (fast). Regime corresponds to K = O(n), p = O(nα)
in Table 3.4, meaning n increases and p also increases with n.
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3.3.5 Compare Finite Sample Implementation

The actual values of n, p, and K determine which of the three methods compared in Table
3.4 should be applied to a given dataset and model. The same accounting of floating point
operations that gives Table 3.4 yields the following result.

Proposition 2. Fix n and p. The one-step formula for the nested cross-validation predic-
tion interval given in Proposition 1 requires less floating point operations than refitting the
model whenever K > K∗, where K∗ is the smallest root in [2, n] of the quartic polynomial

f(K) = α
(0)
n,p + α

(1)
n,pK + α

(2)
n,pK2 + α

(3)
n,pK3 + α

(4)
n,pK4 with coefficients

α(0)
n,p = 6n3,

α(1)
n,p = −8n3 + 12pn2 + 30n2,

α(2)
n,p = −24pn2 − 60n2,

α(3)
n,p = −18p2n+ p3 + 15p2 + 6n+ 6pn,

α(4)
n,p = 6p2n+ p3 + 15p2 + 6pn.

Given a choice of K, a dataset of size n, and a model of size p, Proposition 2 is used in
practice to decide whether to perform nested cross-validation by refitting the model or by
using the one-step formula. Although it appears to require finding the root(s) of a quartic
polynomial, recalling that only values of K for which n/K ∈ N are acceptable, we simply
compute f(K) for all such divisors of n to find the point where it crossed zero. Empirically,
K∗ can be approximated by a numerical root solver or plotting f(K) directly. Figure 3.3
reports measured relative computational times between Proposition 1 and model refitting
in which the value of K∗ correctly predicts the point at which Proposition 1 becomes faster.
We are left with the justification of Proposition 2.

Proof of Proposition 2. We first outline our strategy. Given n, p,K, we want to count the
FLOPs for implementing our proposed formula (Proposition 1) and the FLOPs for the old
method, which is refitting the model. Note that FLOP count of computing r̂tejk for these
two methods are in Table 3.1 and Table 3.2. Both will give us a polynomial of K with
coefficients depending on n and p. Equate them and rearrange to get f(K).

Notice that both Table 3.1 and Table 3.2 uses a pair of folds Ijk setting. When it is
for one fold Ij, we replace all of the 2n/K in Table 3.1 and Table 3.2 with n/K. From
section 2.5 and section 3.2, we need to compute K(K− 1)/2 double folds residuals r̂tejk and
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compute K one fold residual r̂tek . Thus, the total FLOP count for proposed formula is

f1(K) =

[
2p2

2n

K
+ 2p

(
2n

K

)2

+
1

3

(
2n

K

)3

+ 5

(
2n

K

)2
]
· K(K − 1)

2
+[

2p2
n

K
+ 2p

( n

K

)2
+

1

3

( n

K

)3
+ 5

( n

K

)2]
·K.

The total FLOP count for refitting the model is

f2(K) =

[
2p2n− 2p2

2n

K
+

1

3
p3 + 5p2 + 2pn+

2n

K

]
· K(K − 1)

2
+[

2p2n− 2p2
n

K
+

1

3
p3 + 5p2 + 2pn+

n

K

]
·K.

Equate f1(K) = f2(K) and rearrange as f2(K) − f1(K). We multiply by 6K2 on both
sides of f1(K) = f2(K) to get rid of all the fractions. Then some algebra in between is
omitted. We reach

f(K) =α(0)
n,p + α(1)

n,pK + α(2)
n,pK

2 + α(3)
n,pK

3 + α(4)
n,pK

4,

α(0)
n,p = 6n3,

α(1)
n,p = −8n3 + 12pn2 + 30n2,

α(2)
n,p = −24pn2 − 60n2,

α(3)
n,p = −18p2n+ p3 + 15p2 + 6n+ 6pn,

α(4)
n,p = 6p2n+ p3 + 15p2 + 6pn.

Suppose we have a root K∗ ∈ [2, n] for f(K). When K > K∗, f2(K) − f1(K) > 0, thus
f1(K) < f2(K), meaning our formula is faster and vice versa.
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Figure 3.3: Change of relative computation time (refitting model / NCV formula in Propo-
sition 1) with the increase of K and varying pair of (n, p). Horizontal dotted line is 1,
meaning computation time of both is equal. Vertical dotted line is the predicted K∗. Rel-
ative computation time is expected to rise above 1 when K is bigger than predicted K∗

and vice versa.
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3.4 Extension to Ultra High Dimension Regression

In this section, we extend our results to the ultra high dimensional setting, meaning n < p
for X ∈ Rn×p. Note that we use the word ultra, so that it differentiates from the high
dimension setting of p = O(nα) for 0 < α ≤ 1 discussed in section 3.3.4. O(nα) for
α ∈ (0, 1] includes models like penalized splines [32, 12], but they usually remain n ≥ p.
Hence, computationally it is fine as long as rank(X) = p.

When n < p and for a penalty matrix S that is only positive semidefinite such as
additive models, the matrix XTX + λS is no longer invertible, as rank(XTX) = n while
XTX ∈ Rp×p. Thus, most models would require some kind of sparsity penalty. For
example, high dimensional additive models [25, 27] needs a LASSO type of penalty, which
makes the prediction no longer linear. Then Lemma 1 can no longer be applied.

When S ≻ 0 and λ > 0, XTX + λS remains invertible, hence the hat matrix H(λ)
still exists, and our technique in Lemma 1 applies. We will consider ridge regression when
n < p, specifically S = I.

Some background knowledge of ridge regression is given in Appendix C. In ultra high
dimension, we fit the penalized regression slightly differently, then the form of hat matrix
also changes. In particular, by the kernel trick [18], the hat matrix can be written as

H(λ) = XXT
(
XXT + λIn

)−1
. (3.22)

In Appendix C, we prove the equivalence of (3.22) to H(λ) = X(XTX + λIp)
−1XT in

Lemma 4. Further, (3.22) can be motivated by a different formation of ridge regression
optimization, shown in Theorem 7. Note that compared with H(λ) = X(XTX+λIp)

−1XT ,
(3.22) has computational advantage, as it reduces computation from O(p3) to O(n2p).

Observe that our formula in Proposition 1 will not change, and the core computation
still lies in (3.19). What changes is how we compute the hat matrix, hence the implemen-
tation and complexity. Like before, we will give a comparison between our formula and
refitting the model like before. For our formula, since we only need to fit the model once
for a full model fit, we can compute 3.22 once and store an n×n matrix. This is fine since
we have n < p. Then every time we need H(λ)IkjIkj , we directly obtain this sub-matrix.
The complete implementation steps with their computation complexity are shown in Table
3.5.

Next, we look at refitting ridge regression when n < p. To compute r̂tejk, refitting the
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Table 3.5: Step-wise computational complexity and FLOP count for computing r̂tejk with
proposed formula. Model is ridge regression in ultra high dimension (n < p). Total FLOP
count and complexity are also reported.

Computation Step FLOP Count Complexity

I −H(λ)IkjIjk (2n/K)2 O((n/K)2)(
I −H(λ)IjkIjk

)−1 1
3
(2n/K)3 + 2(2n/K)2 O((n/K)3)(

I −H(λ)IjkIjk
)−1 (

yIjk − ŷIjk
)

2(2n/K)2 O((n/K)2)

Total Number of FLOPs
1

3
(2n/K)3 + 5(2n/K)2

Total Complexity of r̂tejk O (n3/K3)

Total Complexity O (Ln3/K)

model needs to compute

β̂−Ijk = XT
(−Ijk)·

(
X(−Ijk)·X

T
(−Ijk)· + λI

)−1

y−Ijk ,

r̂tejk = yIjk −XIjk·β̂
−Ijk .

(3.23)

From (3.23), we can compute XXT once and store this n×n matrix. Then the submatrix
X(−Ijk)·X

T
(−Ijk)· can be directly obtained. The full implementation steps and complexity

are shown in Table 3.6.

With Table 3.5 and Table 3.6, we compare their complexity in different regime of n, p,K
show in Table 3.7. Notice that when K = O(n), our formula reduces the computation by
at least O(n2) for both p = O(nα) and p is fixed. When K is fixed, our formula has a lower
order on K, but may have a higher order on n, thus unclear which is faster in practice.
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Table 3.6: Step-wise computational complexity and FLOP count for computing r̂tejk with
refitting models. Model is ridge regression in ultra high dimension (n < p). Total FLOP
count and complexity are also reported.

Computation Step FLOP Count Complexity

X(−Ijk)·X
T
−(Ijk)· + λI 2(n− 2n/K)2 O((n− 2n/K)2)(

X(−Ijk)·X
T
−(Ijk)· + λI

)−1
1
3
(n− 2n/K)3 + 2(2n/K)2 O((n− 2n/K)3)(

X(−Ijk)·X
T
−(Ijk)· + λI

)−1

y−Ijk 2(n− 2n/K)2 O((n− 2n/K)2)

XT
(−Ijk)·

(
X(−Ijk)·X

T
−(Ijk)· + λI

)−1

y−Ijk 2p(n− 2n/K) O(p(n−2n/K))

XIjk·β̂
−Ijk 2p(2n/K) O(pn/K)

yIjk −XIjk·β̂
−Ijk 2n/K O(n/K)

Total Number of FLOPs

1

3
(n− 2n/K)3 + 4pn+

6(n− 2n/K)2 + 2n/K

Total Complexity of r̂tejk O ((n− n/K)3 + pn)

Total Complexity O (LK2(n− n/K)3 + LK2pn)

Table 3.7: Asymptotic complexity required to compute the nested cross-validation predic-
tion interval by model refitting and using Proposition 1. Model is ridge regression in ultra
high dimension (n < p). Shown are the four asymptotic regimes: K-fold (K fixed) and
leave-k-out (K = O(n)) nested cross-validation, as well as p fixed and p = O(nα) for α > 1.

Regime Refitting Model NCV formula
K, p fixed O (K2(n− n/K)3 +K2pn) O (n3/K)
K = O(n), p fixed O (n5 + n3p) O (n2)
K fixed, p = O(nα) O (K2(n− n/K)3 +K2n1+α) O (n3/K)
K = O(n), p = O(nα) O (n5 + n3+α) O (n2)
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Chapter 4

Application

4.1 Model: Functional Principal Components

Let yi = β0+
∫ 1

0
xi(t)ω(t)dt+ ϵi, i = 1, . . . , n, with ϵi ∼ N(0, σ2) independently. This is the

signal regression we start from. The unknown signal parameter is ω ∈ RN . The covariates
xi(t) are usually observed at fixed time points t1, . . . , tN . Thus, in matrix and vector form,
the model is written as

yi = β0 + xiω + ϵi, ϵi
iid∼ N(0, 1).

Then we do a B-spline expansion on the signal ω, so that ω(t) ≈ b1(t)β1 + · · · + bA(t)βA

for some A ∈ N leads to writing the the model in discrete form as

yi = β0 +
N∑
j=1

xi(tj)

{
A∑

a=1

ba(tj)βa

}
+ ϵi, i = 1, . . . , n. (4.1)

For further details on signal regression and functional data analysis, see [29]. The unknown
parameters are the intercept, β0, and the spline weights, β = (β1, . . . , βA)

T . To estimate
the spline weights it is desirable to minimize the penalized least squares criterion:

β̂(λ) = argmin
β∈RA

{
∥y − β01n −XBβ∥22 + λβTSβ

}
,

where 1n ∈ Rn is a vector of 1’s, S ∈ RA×A by Ska =
∫ 1

0
b′′k(t)b

′′
a(t)dt, X ∈ Rn×N by

Xij = xi(tj), and B ∈ RN×A by Bja = ba(tj). The penalized least squares criterion is
written in vector form has unique solution

β̂(λ) =
(
(XB)TXB + λS

)−1
(XB)Ty.
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The corresponding training set predictions are:

ŷ(λ) = XB
(
(XB)TXB + λS

)−1
(XB)Ty.

When the signal is densely observed, the model may be substantially over-parameterized.
Dimension reduction is achieved by performing the singular value decomposition XB =
UDV T with U ∈ Rn×A a column-orthonormal matrix of left singular vectors,
D = diag(δ1, . . . , δA) a diagonal matrix of ordered singular values, and V ∈ RA×A a square
orthonormal matrix of right singular vectors. Some of the singular values may be close to
zero, and we retain some number p ≤ A of them such that (δ21+ · · · δ2p)/(δ21+ · · · δ2A) is close
to 1. Denote by Vp then first p columns of V . Now the optimization becomes

ζ̂(λ) = argmin
ζ∈Rp

{
∥y − β01n −XBVpζ∥22 + λζTV T

p SVpζ
}
.

The functional principle component predictions are

ŷp(λ) = (XBVp)
[
(XBVp)

TXBVp + λVpSVp

]−1
(XBVp)

Ty.

This model is called Functional Principal Component Regression (FPCR) [30]. These are
written in the form ŷp(λ) = H(λ)y and so are compatible with Lemma 1 and the formula
of Proposition 1. Accordingly, we proceed with nested cross-validation to estimate and
quantify uncertainty in the prediction error R{Aλ; T }.

4.2 Simulation

In this simulation, we examine the performance of NCV for tuning parameter selection
of FPCR, and take uncertainty with respect to prediction error into consideration. In
particular, our study is motivated by [31], in which they compare the performance of
smoothing parameter selection between restricted maximum likelihood (REML) and gen-
eralized cross-validation (GCV). We provide the background of REML in section 4.2.1. For
our simulation on FPCR, we use REML, GCV, and leave-one-out cross-validation (LOO)
to select the tuning parameter, and evaluate their performance on uncertainty quantifi-
cation with NCV. We denote the selected smoothing parameter λ by these methods as
λREML, λGCV and λLOO separately.
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4.2.1 REML

REML starts by looking at FPCR model in (13) as

y|ζ ∼ N(β01n +XBVAζ, σ
2I),

ζ ∼ N(0, (σ2/λ)W−1)

where we define

W := V T
p SVp.

REML selects λ by maximizing the restricted log-likelihood

lR(α, λ, σ|y) = −1

2
{log |σ2Vλ|+ (y − β01n)

T (σ2Vλ)
−1(y − β01n) + log |σ−21Tp V

−1
λ 1p|}

(4.2)

where we define

Vλ := Ip + λ−1(XBVp)
TW−1(XBVp).

Note that Vλ is invertible since W is invertible and Vp comes from the first p eigenvectors
of XB. Given α, λ, the value of σ2 maximizing (4.2) is

σ̂2
α,λ =

1

n− 1
(y − β01n)

TV −1
λ (y − β01n).

It follows that we maximize the profile restricted log-likelihood

lR(α, λ|y) = −1

2
[log |Vλ|+ log |1Tp V −1

λ 1p|+ (n− 1) log{(y − β01n)
TV −1

α (y − β01n)}]. (4.3)

Note that since we centered y and X, we know α = 0 and (4.3) reduces to

lR(λ|y) = −1

2
[log |Vλ|+ log |1Tp V −1

λ 1p|+ (n− 1) log{yTV −1
α y}].

4.2.2 Simulation Details

We generate X ∈ R100×100, ω ∈ R100 and y ∈ R100 as followed. We start by generating
a covariance matrix Σ ∈ R100×100 with Σij = exp(−0.1 · |i − j|). Then we generate X ∼
N(0,Σ). Note that we reduce the column sum of X to be zero, since we want the intercept
to be zero. We generate time points t ∈ R100 as t = (0.01, 0.02, · · · , 0.99, 1)T . We generate
ω as ω = sin(t) = (sin(0.01 · 2π), sin(0.02 · 2π), · · · , sin(1 · 2π))T . Lastly, we generate y as
y = Xω+ ϵ with ϵi ∼ N(0, 0.1) and ϵ = (ϵ1, · · · , ϵ100). Note that we also center y to ensure
the intercept β0 is 0.
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4.2.3 Results

Figure 4.1 reports the performance of tuning parameters using REML, GCV and LOO.
The fitted models with tuning parameter have uncertainty quantified by NCV. Further,
Figure 4.1 contain the true prediction errors, so that we can compare the performance of
these methods. More clear results of λREML can be seen in Figure 4.2. We find that λREML

tends to be smaller than λGCV and λLOO. However, by looking at the boxplot of prediction
error, we see no obvious difference on prediction performance between λREML, λGCV and
λLOO. In addition, all of λREML, λGCV and λLOO have large uncertainty shown by NCV
prediction interval. Hence, we recommend to use REML for selecting smoothing parameter
and use NCV to quantify uncertainty of the selected model.
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Figure 4.1: Boxplot of prediction errors with results of tuning parameters. NCV point
estimates with prediction interval are shown as solid lines. Choices of tuning parameters
that give the lowest GCV score, LOO score and that maximize REML are shown as vertical
dotted lines. Each row corresponds to one choice of principal components, hence one
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l’Institut Henri Poincaré, Probabilités et Statistiques, 61(4):2804 – 2865, 2025.

[4] Stephen Bates, Trevor Hastie, and Robert Tibshirani. Cross-validation: What does it
estimate and how well does it do it? Journal of the American Statistical Association,
119(546):1434–1445, 2024.

[5] Pierre Bayle, Alexandre Bayle, Lester Mackey, and Lucas Janson. Cross-validation
confidence intervals for test error. In Conference on Neural Information Processing
Systems, December 2020.

[6] Yoshua Bengio and Yves Grandvalet. No unbiased estimator of the variance of k-fold
cross-validation. Journal of Machine Learning Research, 5:1089–1105, December 2004.
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Appendix A

Preliminaries on Numerical Linear
Algebra

This section aims to give a brief background of numerical linear algebra we need for section
3.3. The primary reference of this section is [16]. Floating point operations (FLOP) is a
way to quantify the volume of work in matrix computations. In the numerical linear algebra
literature, one FLOP is a basic unit of matrix computations, such as adding, subtraction
and multiplication. For example, for some matrices A,B with the same dimension, Aij+Bij

is one FLOP. Now for a more concrete example, suppose A ∈ Rm×n and B ∈ Rn×p. We
consider the matrix multiplication AB. This needs mnp FLOPs. Table A.1 summarizes
the FLOP count for basic matrix and vector operations. Note that we write most of them
in the updating value format, because this is what usually happens in practice.

Table A.1: FLOP Count of Vector and Matrix Operations [16, p. 12]

Operation Dimension FLOPs

α = xTy x, y ∈ Rn 2n

y = y + αx α ∈ R, x, y ∈ Rn 2n

y = y + Ax A ∈ Rm×n, x ∈ Rn, y ∈ Rm 2mn

A = A+ yxT A ∈ Rm×n, x ∈ Rn, y ∈ Rm 2mn

C = C + AB A ∈ Rm×n, B ∈ Rn×p, C ∈ Rm×p 2mnp

Next, we give the FLOP count of solving a linear system, as our proposed formula
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involves a lot of matrix inversion. Fortunately, the matrices we invert are usually positive
definite or enough to assume to be. Regarding why, see section 3.1.2. Inverting a positive
definite matrix involves a Cholesky decomposition and then solving two triangular systems.
For an n by n matrix, Cholesky decomposition takes n3/3 FLOPs [16, p. 164], and solving
either upper or lower triangular system takes n2 FLOPs [16, p. 106–107]. Thus, together
inverting a positive definite matrix takes n3/3 + 2n2 FLOPs.
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Appendix B

Convex Optimization

Content of this section is largely based on [9]. Some of our definitions are not in the most
general setting. Our goal is only to provide the necessary background knowledge for section
3.4 and Appendix C. We aim to cover very fundamental concepts. In particular, we will
highlight the importance of primal-dual relationship and other core concepts such as the
KKT conditions.

Definition 1 (Convex set). A set C is convex if for any x, y ∈ C and any θ with 0 ≤ θ ≤ 1,
we have θx+ (1− θ)y ∈ C.

Definition 2 (Convex function). A function f : Rn → R is convex if dom(f) is a convex
set and if for all x, y ∈ dom(f), and θ with 0 ≤ θ ≤ 1, we have

f(θx+ (1− θ)y) ≤ θf(x) + (1− θ)f(y).

An example of a convex function is f(x) = xTQx where Q ⪰ 0. We state it in Lemma
2, which is useful in section 3.4.

Lemma 2. Let Q ⪰ 0 and define f : Rn → R as f(x) = xTQx. Then f is a convex
function.

Proof. Let x, y ∈ Rn and θ ∈ [0, 1]. We consider θf(x) + (1 − θ)f(y) − f(θx + (1 − θ)y).
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Notice that

θf(x) + (1− θ)f(y)− f(θx+ (1− θ)y)

= θxTQx+ (1− θ)yTQy −
[
θ2xTQx+ (1− θ)2yTQy + 2θ(1− θ)xTQy

]
= (θ − θ2)xTQx+ (1− θ)(1− 1 + θ)yTQy − 2θ(1− θ)xTQy

= θ(1− θ)[xTQx+ yTQy − 2xTQy]

= θ(1− θ)(x− y)TQ(x− y)

≥ 0

where the last inequality follows from Q ⪰ 0 and θ, 1 − θ ≥ 0. By Definition 2, f is
convex.

Next, we introduce convex optimization. We start from the primal optimization prob-
lem, shown as

min
x

f(x)

subject to fi(x) ≤ 0, i = 1, . . . ,m,

hj(x) = 0, j = 1, . . . , p,

(B.1)

where x ∈ Rn. We denote D = dom(f)∩m
i=1dom(fi)

⋂
∩p

i=1 dom(hi) as the domain of (B.1)
and assume it is non-empty. We also assume f, f1, · · · , fm, h1, · · · , hp are differentiable. If
f, f1, · · · , fm are convex functions and hi(x) = aTi x−bi, we say (B.1) is convex. When (B.1)
is convex and unconstrained, we can directly check the gradient for the optimal solution,
shown in Theorem 4.

Theorem 4. [9, p. 140] If f : Rn → R is convex and the problem is unconstrained, then
∇f(x) = 0 is a sufficient and necessary condition for x to be optimal.

Next, we define and Lagrangian and the dual function, which help to form the dual
problem of (B.1). Note that for the rest of the section, we do not require (B.1) to be convex
unless stating explicitly.

Definition 3 (Lagrangian). We define the Lagrangian L : Rn × Rm × Rp → R as

L(x, λ, ν) = f(x) +
m∑
i=1

λifi(x) +

p∑
i=1

νihi(x) (B.2)

with dom(L) = D ∩Rm ∩Rp. We call λi the Lagrange multiplier associated with fi(x) ≤ 0
for i = 1, · · · ,m, and νi the Lagrange multiplier associated with hi(x) = 0 for i = 1, · · · , p.
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Definition 4 (Dual function). The dual function g : Rm × Rp → R is

g(λ, ν) = inf
x∈D

L(x, λ, ν). (B.3)

Note that for λ ≥ 0, g(λ, ν) is a lower bound of f(x), because g(λ, ν) = infx L(x, λ, ν) =
L(x, λ, ν) ≤ f(x). We call (λ, ν) with λ ≥ 0 and (λ, ν) ∈ dom(g) as dual feasible. Next,
we state the dual form of (B.1). The dual form of (B.1) is

max
λ,ν

g(λ, ν)

subject to λ ≥ 0.
(B.4)

Let p∗ be the optimal value of the prime (B.1) and d∗ be the optimal value of the dual
(B.4). Then we have d∗ ≤ p∗ since g(λ, ν) is always a lower bound of f(x). This is called
weak duality. When we have d∗ = p∗, we call it strong duality. To check for strong duality
when (B.1) is convex, Slater’s conditions are usually helpful, as shown in Theorem 5.

Definition 5 (Slater’s condition). Let relint denote the relative interior. The Slater’s
conditions are there exists x ∈ relint(D) such that

fi(x) < 0, i = 1, · · · ,m,

Ax = b.
(B.5)

Theorem 5. [9, p. 226] If (B.1) is convex and Slater’s conditions (B.5) hold, strong duality
holds.

Finally, we state the KKT conditions for convex program. It is helpful because when
(B.1) is convex, KKT conditions give the necessary and sufficiency conditions for the primal
and the dual optimal solutions.

Theorem 6. [9, p. 244] Let (B.1) be convex. Then strong duality holds with x∗ is prime
optimal and (λ∗, ν∗) are dual optimal if and only if the following KKT conditions are
satisfied:

fi(x
∗) ≤ 0, i = 1, · · · ,m,

hi(x
∗) = 0, i = 1, · · · , p,
λ∗
i ≥ 0, i = 1, · · · ,m,

λ∗
i fi(x

∗) = 0, i = 1, · · · ,m

∇f(x∗) +
m∑
i=1

λ∗
i∇fi(x

∗) +

p∑
i=1

ν∗
i ∇hi(x

∗) = 0.

(B.6)
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Appendix C

Background of Ultra High Dimension
Ridge Regression

Let n < p, λ > 0 and S = I ≻ 0. We assume rank(X) = n. Note that some of the content
we cover in this section do not restrict to n < p. We include them here, because they help
us to motivate (3.22). Since the unconstrained optimization problem of ridge regression
remains the same, which is

min
β

∥y −Xβ∥22 + λβTβ, (C.1)

the fitted coefficient, which is also the minimizer of (C.1), is β̂ = (XTX +λI)−1XTy. This
is the same as its form when n ≥ p.

It follows that the hat matrix H(λ) is

H(λ) = X(XTX + λIp)
−1XT . (C.2)

The format of hat matrix already implies our technique in Lemma 1 is applicable. However,
computationally it is not efficient to invert XTX + λIp ∈ Rp×p, which costs O(p3) and p
can be very large. Since we know rank(XTX) = n < p, our first goal is to reduce the
computation of accessing (C.2).

One thing we can try is singular value decomposition (SVD) on X. This method is
mentioned in [19, p. 659]. Let the singular decomposition of X be X = UDV T and
R = UD. Lemma (3) will show us how SVD helps us get a solution for (C.1).

Lemma 3. β = V (RTR + λI)−1RTy is a minimizer of (C.1).
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Proof. We first show the objective function of (C.1) is a convex function of β. Then we show
V (RTR+ λI)−1RTy satisfies the stationarity condition of (C.1). Finally, we conclude that
since (C.1) is convex and unconstrained, any solution satisfying the stationarity condition
is a minimizer. Let θ ∈ [0, 1] and f(β) = (y − Xβ)T (y − Xβ) + λβTβ. Let β1, β2 ∈ Rp.
Note since the identity matrix Ip ≻ 0, by Lemma 2, λθβT

1 β1+λ(1− θ)βT
2 β2 ≥ λ(θβ1+(1−

θ)β2)
T (θβ1 + (1− θ)β2). Hence, if we can show

(y − θXβ1 − (1− θ)Xβ2)
T (y − θXβ1 − (1− θ)Xβ2)

≤ θ(y −Xβ1)
T (y −Xβ1) + (1− θ)(y −Xβ2)

T (y −Xβ2),
(C.3)

we are done. Notice that yTy = θ1y
Ty+(1− θ)yTy and 2θ(1− θ)β1X

TXβ2 and both sides
of (C.3) share −2θyTXβ1,−2(1− θ)yTXβ2. Hence, (C.3) reduces to proving

(θβ1 + (1− θ)β2)
TXTX(θβ1 + (1− θ)β2)

≤ θβ1X
TXβ1 + (1− θ)βT

2 X
TXβ2.

(C.4)

Since obviously XTX ⪰ 0, by Lemma 2 (C.4) is true.

Next, we derive the stationarity condition of (C.1). Notice that

∂

∂β

{
∥y −Xβ∥22 + λβTβ

}
=

∂

∂β

{
yTy − 2βTXTy + βTXTXβ + λβTβ

}
= − 2XTy + 2XTXβ + λβ.

Setting −2XTy + 2XTXβ + λβ = 0 and we have the stationarity condition as

(XTX + λIp)β = XTy. (C.5)

Next, we plug in plug in V (RTR+λI)−1RTy and check whether it satisfies (C.5). Observe
that XTX = V DUTUDV T = V D2V T . Then

(XTX + λIp)V (RTR + λIn)
−1RTy

= (V D2V TV + λV )(RTR + λIn)
−1RTy

= V (D2 + λIn)(D
TUTUD + λIn)

−1RTy

= V (D2 + In)(D
2 + In)

−1RTy

= V RTy

= XTy,
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from which we know (C.5) is satisfied. By Theorem 4, V (RTR+λIn)
−1RTy is a minimizer

as desired.

Lemma 3 reduces computation from O(p3) to O(n2p), because RTR ∈ Rn×n. However,
the problem is that we cannot apply our technique in Lemma 1. To elaborate, if we let

H(λ) = UDV TV (RTR + λIn)R
T = R(RTR + λIn)R

T

, the problem arises when we do

H(λ)II = RI·(R
TR + λIn)

−1RT
I·,

and RI· = UI·D does not come from the SVD of XI·. In particular, when we take certain
rows of a matrix like XI·, its SVD decomposition is no longer UI·DV T . We have to do
another SVD on XI· to get XI· = ŨD̃Ṽ T . This breaks the usage of Lemma 1, as the power
of Lemma 1 is to avoid refitting models, but XI· = ŨD̃Ṽ T is the same as refitting another
time.

Instead, by the kernel trick [18], the hat matrix can be written as

H(λ) = XXT
(
XXT + λIn

)−1
. (C.6)

Then two question arise. First, whether (C.6) is equivalent to (C.2). Second, what mo-
tivates the alternative form of H(λ) in (C.6). We answer them respectively in Lemma 4
and Theorem 7. Note that proof of Theorem 7 can be found in [28, p. 279], but we give a
slightly more complete proof based upon framework of convex optimization (Appendix B).

Lemma 4. H(λ) = XXT
(
XXT + λIn

)−1
= X(XTX + λIp)

−1XT .

Proof. Notice that[
XXT (XXT + λIn)

−1 −X(XTX + λIp)
−1XT

]
(XXT + λIn)

= XXT −X(XTX + λIp)
−1XT (XXT + λIn)

= XXT −X(XTX + λIp)
−1(XTXXT + λXT )

= XXT −X(XTX + λIp)
−1(XTX + λIp)X

T

= XXT −XXT

= 0.
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Since XXT +λIn ∈ Rn×n and rank(XXT +λIn) = n, we know dim(Row(XXT +λIn)) = n.
Thus, we must have

0 = XXT (XXT + λIn)
−1 −X(XTX + λIp)

−1XT

and XXT (XXT + λIn)
−1 = X(XTX + λIp)

−1XT as desired.

Remark 3. Lemma 4 shows that (C.2) and (C.6) are the same quantity. The difference is
that (C.6) is computationally more efficient, which costs O(n2p), while (C.2) costs O(p3).
The reduction is due to not inverting XTX + λIn, but XXT + λIp.

Before we proceed, we give an alternative formation of (C.1) and prove their equivalence.
This will be helpful for interpretation of Theorem 7.

Lemma 5. Let t > 0. The ridge optimization problem (C.1) is equivalent to

min
β

∥y −Xβ∥22 ,

subject to ∥β∥22 ≤ t.
(C.7)

Proof. We consider (C.7) as the prime problem and want to show its equivalence to (C.1).
By Lemma 2 and middle steps of Lemma 3, (C.7) is convex. The Lagrangian of (C.1) is

L(β, λ) = (y −Xβ)T (y −Xβ) + λ(βTβ − t).

Note that Slater’s condition holds for (C.7) by taking β = 0. Hence, strong duality holds.
It follows that KKT conditions are both necessary for the optimal solutions of the prime
and the dual. Suppose the dual optimal solution is λ∗ and the prime optimal solution is
β∗. By KKT stationary condition,

0 =
∂

∂β
{L(β∗, λ∗)}

= −2XTy + 2XTXβ∗ + 2λ∗β∗,

(C.8)

which is the same as the stationarity condition for (C.1) by taking λ = λ∗. Hence, optimal
solution of (C.7) is the same as (C.1) when taking λ = λ∗. If we start from (C.1), we solve
it to get β∗. Then let t = ∥β∗∥22 in (C.7) and consider λ∗ = λ. Then β∗ satisfies (C.8)
and λ∗(β∗ − ∥β∗∥22) = λ∗(β∗ − t) = 0, which is the complementary slackness condition of
KKT. Hence, β∗ is also the optimal solution of (C.7) by sufficiency of KKT. Thus, (C.7)
and (C.1) are equivalent.
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Theorem 7. [28, p. 279] Let t > 0. β = XT (XXT + λI)−1y can be derived from the dual
problem of optimization problem below:

min
β,ϵ

ϵT ϵ

subject to βTβ ≤ t,

ϵi = yi − xT
i β, i = 1, . . . , n.

(C.9)

Proof. We treat (C.9) as the prime problem. Note that (C.9) is convex by Lemma 2. Its
Lagrangian is

L(ϵ, β, λ, α) = ϵT ϵ+ λ(βTβ − t) + α(ϵ− y +Xβ).

By taking (β, ϵ) = (0p, y), we get 0 < t and y = y − 0n. Thus, Slater’s conditions hold by
definition B.5. By Theorem 6, KKT conditions (B.6) is sufficient and necessary for optimal
solutions. Suppose the primal optimal solutions are β∗, ϵ∗ and the dual optimal solutions
are λ∗, µ∗. Consider stationary conditions of (B.6), and we have

∂

∂β
L(ϵ, β, λ, α) = 2λβ +XTα,

∂

∂ϵ
L(ϵ, β, λ, α) = 2ϵ+ α.

Thus, we get

β∗ = − 1

2λ∗X
Tα∗,

ϵ∗ = −1

2
α∗.

(C.10)

With (C.10), we can rewrite L(ϵ∗, β∗, λ∗, α∗) as

L(ϵ∗, β∗, λ∗, α∗) = −1

4
(α∗)Tα∗ − 1

4λ∗ (α
∗)TXXTα∗ − λ∗t− (α∗)Ty.

It follows that by stationary condition of (B.6) again,

∂

∂α
L(ϵ∗, β∗, λ∗, α∗) = −1

2

(
In +

1

λ∗XXT

)
α∗ − y = 0.

Thus,

α∗ = −2

(
In +

1

λ∗XXT

)−1

y.
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By (C.10), we get

β∗ = − 1

2λ∗X
T (−2)

(
In +

1

λ∗XXT

)−1

y = XT (XXT + λ∗In)
−1y.

Remark 4. Note that (C.9) is obviously equivalent to the alternative formation of ridge
regression optimization (C.7). By Lemma 5, we know (C.9), (C.7) and (C.1) all form the
optimization of ridge regression.
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