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Abstract

In real-world applications, nominal mathematical models that are used to describe the state
behaviors of dynamical systems are usually less robust to deal with environmental disruptions.
Uncertainties, such as imprecision of signals, Gaussian-type white noise, and observation er-
rors, may be injected into the systems and create substantial impacts on stability and safety etc.
To better understand and hence robustly eliminate the potential negative impact, this thesis
aims to develop novel control methods and bifurcation analysis for general nonlinear systems
that are subjected to such types of perturbations.

The first main aspect of the research addresses the verification and control synthesis of
more complex tasks with !-regular linear-time properties besides stabilization problems for
more general perturbed finite-dimensional nonlinear systems. Rigorous abstraction-based for-
mal methods compute with guarantees a set of initial states from which the trajectories satisty
or a controller exists to realize the given specification, however, at the cost of heavy state-space
discretization and potential difficulties of adjusting the speed of the dynamical flows. This the-
sis proposes discretization-free Lyapunov methods to handle verification and control synthesis
for building-block specifications such as safety, stability, reachability, and reach-and-stay spec-
ifications. In the presence of non-stochastic and stochastic perturbations, respectively, rigorous
analysis is conducted upon the fundamental mathematical guarantees of satisfying the above
mentioned specifications using Lyapunov-like functions. A comparison between the proposed
Lyapunov method and formal methods is illustrated via numerical simulations for the case with
non-stochastic perturbations.

In terms of formal verification and control synthesis for stochastic systems, the current
literature focuses on developing sound abstraction techniques for discrete-time stochastic dy-
namics without extra uncertain signals. However, soundness thus far has only been shown for
preserving the satisfaction probability of certain types of temporal-logic specification. We fo-
cus on more general discrete-time nonlinear stochastic systems and present constructive finite-
state abstractions for verifying or control synthesis of probabilistic satisfaction with respect to
general !-regular linear-time properties. Instead of imposing stability assumptions, we analyze
the probabilistic properties from the topological view of metrizable space of probability mea-
sures. Such abstractions are both sound and approximately complete. That is, given a concrete
discrete-time stochastic system and an arbitrarily small L!-perturbation of this system, there
exists a family of finite-state Markov chains whose set of satisfaction probabilities contains that
of the original system and meanwhile is contained by that of the slightly perturbed system. A
direct consequence is that, given a probabilistic linear-time specification, initializing within the
winning/losing region of the abstraction system can guarantee a satisfaction/dissatisfaction for
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the original system. We make an interesting observation that, unlike the deterministic case,
point-mass (Dirac) perturbations cannot fulfill the purpose of robust completeness.

The second aspect of the research addresses the bifurcation analysis in parabolic stochastic
partial differential equations (SPDEs). We consider cases with small additive and multiplicative
space-time noise, respectively, and conduct a local bifurcation analysis via a multiscale tech-
nique. In the presence of small additive noise, we make assumptions that the noise only acts on
the stable fast-varying modes. We apply homogenization techniques based on recent advances
for systems with one-dimensional critical mode directly to the perturbed Moore-Greitzer full
model for the detection of modern jet engine compressor stall. We rigorously develop low-
dimensional approximations using a multiscale analysis approach near the deterministic Hopf
bifurcation point that occurs within the infinite-dimensional subspace. We also show that the
reduced-dimension approximation model contains a multiplicative noise.

To better understand the long-term behavior of SPDEs near the deterministic Hopf bifur-
cation point and demonstrate the stochastic Hopf bifurcations under the impact of small mul-
tiplicative noise, we focus on the system with only cubic nonlinearities and use a different
approach other than stochastic averaging/homogenization. We propose a simplified equation
that has the same linearization as the original equation and prove the error bounds. It can be
shown that the stable marginals do have a small impact on determining the stochastic bifurca-
tion points. This approximation scheme does not reduce the stochastic effects from the stable
modes to point-mass perturbations, and can be allied with the almost-sure exponential stabil-
ity of the trivial solution to analyze the stochastic bifurcation diagram as the noise becomes
smaller.
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Chapter 1

Introduction

1.1 Motivation

‘e research is motivated to develop theory and methods to detect, control and mitigate dy-
namic instabilities in modern jet engines. Controlling compressor instability (surge and stall) is
essential for increasing compressor esciency, preventing damage or failure, and lengthening
the life-span of the engine components. ‘is thesis aims to develop novel methods for more
general nonlinear models with uncertainties, and the results can be applied to controlling of
compression system instabilities and enhancing performance.

‘e abstract evolution equation is of the form of parameter-dependent semi-linear di,er-
ential equations with uncertainties

@u(t) = Au(t) + f(u(t); )+ " (1); (1.1)
where u(t) takes value in a general (€nite or in€nite-dimensional) Hilbert spate for each
t; the linear operatorA : H ! H generates an analytic compa€ly semigroup, and hence

equips point spectrum; the €elfi(u(t); ), also wricen asf (u(t)), is a3" -order Feechet dif-
ferentiable nonhomogeneity that also depends on the paramet2rR; represents the e,ect
of perturbations. In the absence of noise£ 0), linearization around each equilibrium point
Ue( ) gives rise to the linear operatoA + Df ,.( ). As changes monotonically, the point
spectrum ofA + Df ,_( ) satis€es (Hopf) bifurcation conditions and creates local instabilites.

‘e motivating application problem, detection and control of modern jet engine compressor
instabilities, is based on the Moore-Greitzer full model [74] with perturbations. ‘is commonly
used mathematical model consists of a PDE, which describes the behavior of disturbances in
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the inlet region of compression systems, and two ODEs, which describe the coupling of the
disturbances within the mean fow. ‘e perturbed version of the Moore-Greitzer model can be
abstracted by (1.1), whet¢ = H R R andH is an in€nite-dimensional separable Hilbert
space in this case. ‘e subspac®? is decoupled fronH when the state variable it reaches

the steady state. ‘is allows us to consideH andR? separately under certain conditions.

Determined by compressor geometry, as the parameter (thro<le coescient) decreases, Hopf
bifurcation occurs, the jet engine compressors may exhibit potentially three types of instabili-
ties near their Hopf bifurcation points (optimal operating range), namely rotating stall, surge,
and a combination of both. Rotating stall is an instability where the circumferential fow pat-
ternis disturbed, it manifests itself as a region of severely reduced fow that rotates at a fraction
of the rotor speed and causes a drop in performance; surge is a pumping oscillation that can
cause fameout and engine damage. ‘e occurance of such instabilities reduce performance and
cause damage of the compressor blades. To increase compressor esciency, prevent damage or
failure, and lengthen the life-span of the engine components, controllers regarding stabilization
and performance improvement are needed.

Motivated by the above problem, the €rst main aspect of the research addresses the de-
velopment of controllers to ful€ll more complex tasks and hence improve the performance for
more general perturbed nonlinear systems with €nite-dimensional state spaceii.es, R".

We do not con€ne ourselves to stabilization problems so as to enlarge the potential application
areas. Classical applications are such as robotic motion planning and regulation of trajectories
[57,61,63,58]. We consider complex tasks such as pickup-delivery, parts assembly, surveillance
and persistent monitoring [108], etc., as the potential application areas. Systems with determin-
istic (point-mass) perturbations and stochastic perturbations will be investigated separately.

To specify complex -regular tasks (see Appendix A for details), LTL is used as an expressive
language. Amongst all the tools of verifying dynamical behaviors and synthesizing controllers
w.r.t. LTL speci€cations, formal methods are rigorous mathematical techniques specifying and
verifying hardware and so%oware systems [14]. Formal synthesis is to design controllers from
a temporal logic speci€cation using formal analysis or model checking. One of the advantages
of formal methods is that they compute with guarantees a set of initial states from which a
controller exists to realize the given speci€cation [21], however, at the cost of heavy state-space
discretization.

So far, abstraction-based formal veri€cation for deterministic systems has gained its ma-
turity [21]. Whilst bisimilar (equivalent) symbolic models exist for linear and linear control
systems [96, ], sound and approximately complete €nite abstractions can be achieved via sta-
bility assumptions [136, 69] or robustness (in terms of point-mass perturbations) [112, , ]
An illustrative example is provided in Example 2.0.1 to describe how abstraction-based meth-



ods work. ‘e recent investigation considered building blocks, such as safety, reachability,
and reach-and-stay speci€cations, of temporal logics for specifying more complex task objec-
tives and developed speci€ed (robustly) complete algorithms by adaptive state-space partitions
[108, ]. Despite the improvement in terms of the computational complexities, it still remains
a fundamental challenge to overcome the curse of dimensionality for veri€cation and control
synthesis. In addition, for systems with tunable parameters, e.g. the 2-dimensional Moore-
Greitzer model that undergoes a surge-type Hopf bifurcation, the abstraction-based algorithms
manifest dieculties of adjusting the speed of the dynamical fows [122].

In terms of formal veri€cation and control synthesis for stochastic systems, a common
theme is to construct IMC or BMDP, a family of €nite-state Markov chains with uncertain tran-
sitions, as €nite-state abstractions to approximate the probability of satisfaction in proper ways.
‘e previous works [102] argued without proof that for every PCTL formula, the probability
of (path) satisfaction of the IMC abstractions forms a compact interval, which contains the real
probability of the original system. ‘e algorithm provides a fundamental view of computing
the bounds of satisfaction probability given IMCs/BMDPs. However, the intuitive reasoning for
soundness seems inaccurate based on our observation. ‘e most recent work in [51, 52] and
[44] claimed the soundness of verifying genetalregular properties using IMC abstractions,
but a proof is not provided. To the best of our knowledge, we currently lack a general frame-
work, as the one presented in the thesis, for guaranteeing soundness of IMC abstractions for
verifying ! -regular properties.

Under this background, in comparison with formal methods, we propose discretization-
free Lyapunov methods to handle veri€cation and control synthesis for safety, stability, reach-
ability, and reach-and-stay speci€cations. We analyze the fundamental mathematical guaran-
tees of satisfying the above mentioned speci€cations using Lyapunov-like functions for €nite-
dimensional nonlinear systems with non-stochastic and stochastic perturbations, respectively.
In terms of formal methods for nonlinear stochastic systems, we for the €rst time propose the
concept of completeness for the stochastic abstractions. We also present constructive €nite-
state abstractions for veri€cation and control synthesis of probabilistic satisfaction of general
I -regular LT properties. We analyze the probabilistic properties from the topological view of
metrizable space of probability measures. Such abstractions are both sound and approximately
complete.

‘e second aspect of the research addresses the bifurcation analysis in SPDE in the form of
(1.1) within the state space &f. We consider (in€nite-dimensional) systems driven by additive
and multiplicative noise, respectively, and conduct a local bifurcation analysis via a multiscale
technique.

1See Appendix A for details.



In contrast to the deterministic se<ing, the stochastic bifurcation is not that well understood,
in particular for in€nite-dimensional systems [11, 17]. Two concepts of bifurcation are de€ned
within the framework of random dynamical systems [8, Section 9]. ‘e €rst is a phenomeno-
logical bifurcation (P-bifurcation), where the density of a unique invariant measure changes its
structure. On the other hand, as the stability of the trivial invariant measure changes, the corre-
sponding random dynamical system undergoes a dynamical bifurcation (D-bifurcation) where
the number of invariant measures and the structure of random acractors change. In general,
there is not a strong connection between these two types of bifurcation. In particular, with the
appearance of additive noise, i.e. a random process that uniformly perturbs the dynamics, the
D-bifurcation pacern of R" systems is destroyed [41]. A complete diagram of stochastic Hopf
bifurcation is obtained in [11] foR? systems with multiplicative noise under proper conditions.

In the vinicity of the bifurcation points, the study of center manifold for the deterministic
PDE model makes it possible to approximate the local fow behavior by a reduced-dimensional
set of equations [176]. ‘e existance of center manifolds for several classes of PDEs has been
well established, the technical tool of using projection method (e.g. Lyapunov-Schmidt re-
duction) avoids puc<ing the linear part into a normal form and gains its popularity [101][78].
However, under the stochastic purturbations, the dominating dynamics in the critical modes
may appear di,erently in the linear terms and hence may a,ect the stability structure.

It is worth mentioning that there are several results regarding the approximation of the
transient dynamics within the €nite-dimensional critical manifold on a suesciently long time-
scale. For example, the work presented in [26, 27, 29], describe the stochastic bifurcations using
amplitude equations and multiscale analysis techniques. More rigorous analysis on the ap-
proximation of the invariant measure was developed in [28]. Furthermore, in contrast to the
cubic nonlinearities [26], bilinearities [29] tend to mix the dynamics of the slow and fast varing
modes more strongly. For the analysis of stochastic Hopf bifurcations, both bilinearities and cu-
bic terms are needed for the local analysis, which make it more complicated than that of simple
bifurcations. We extend the above work and rigorously develop low-dimensional approxima-
tions for Moore-Greitzer PDE model with additive noise using a multiscale analysis approach
near the deterministic stall bifurcation points.

With the appearance of multiplicative noise, stochastic averaging/homogenization tech-
niques have been applied for dimensional reduction and obtaining amplitude equations [125,

, 27] to analyze dynamical bifurcation. ‘e results verify that as the noise becomes smaller,
a lower dimensional Markov process characterizes the limiting behavior. ‘e low-dimensional
approximation near a deterministic Hopf bifurcation point performs well in terms of simulating
the distribution, density, as well as the top Lyapunov exponent of the full system.

To investigate the long-term behavior of SPDEs near the deterministic Hopf bifurcation
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point and demonstrate the dynamical Hopf bifurcation under the impact of small multiplica-
tive noise, we use a di,erent approach other than stochastic averaging/homogenization. We
propose a simpli€ed equation that has the same linearization as the original equation and show
that the error does not a,ect the topological stability. Compared to stochastic homogenization
techniques, the proposed method does not eliminate the interactions between the critical and
stable modes, which allows us to associate the approximation scheme with the almost-sure ex-
ponential stability of the trivial invariant measure to analyze the D-bifurcation diagram as the
noise becomes smaller.

As the research is motivated by a solid application €eld, the thesis starts with reviews on
the unperturbed Moore-Greitzer PDE model. We focus on the introduction of Moore-Greitzer
model and existing control strategies dealing with the stabilization problem.

1.2 Unperturbed Moore-Greitzer Model

‘e structure of the compression system and the compressor geometry are given in Fig. 1.1 and
Fig. 1.2.

Figure 1.1: Compression system.

‘e compressor gives pressure rise to the upstream fow and sends it into the plenum
through the downstream duct. ‘e thro<le controls the averaged mass fow through the sys-
tem at the rear of the plenum. ‘e sources of instability are twofold: (stall) the upstream non-
uniform disturbance generates a locally higher angle of a<ack, and propagates along the blade
row without mitigation; (surge) the average mean fow and pressure rise oscillate constantly
and formulate standing waves [74]. ‘e deterministic Moore-Greitzer model captures the dy-



Figure 1.2: Compressor geometry.

namic evolution of the above states, and is given explicitly as [175]:

2 3 32 3 2 _ 3
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where the stategg(t); (t); (t)]" 2 H = H R R are as introduced before. ‘e phys-

ical meaning of the states is explained as follogft; ) represents the velocity of upstream
disturbance along the axial direction at the duct entrancg,t) is the averaged mean fow
rate, ( t) is the averaged pressure. To |g‘yl(%ll the physical meaninggpfve also require that

gt 0)=9(t;2 ),g(t0)=g (2 )and ; g(t; )d =0. ‘us, we can write gas a Fourier

expansion as follows X
git; )= g()e" :
n2Zp
‘e operator K is de€ned as a Fourier multiplier,
X am .
K(9) = 1+ o= Gn()€"
n2Zo J J

wherea (that also appears in (1.2)) is the internal compressor lag i@rid the duct parameter.
‘e compressor characteristic . is given in a cubic form,
3
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where ., andM are real-valued parameters that are de€ned by the compressor con€gura-

tion. We also de€ne Z,
— 1

=5 d(+0) d:
0

‘e meaning of the other parameters in (1.2) is as follow$; > 0is the compressor length,
B > 0is the plenum-to-compressor volume ratig, > 0 is the viscous coescient. ‘e pa-
rameter 2 R represents the thro<le coescient, the decrease of which will cause the stability
change.

gemark 1.2.1. e solution of(t) lies in an in€nite-dimensional Hilbert spdde= ff 2 L?:
02 f( )d =0gequipped with the inner product
h; ig:=h;Ki (1.4)

as well as the induced notm kg . Note that the Fourier multipliét is bounded from above and
from below. In general, due to the spatial periodicity and the zero-average propéityed can
expect the solution to be at least in a Sobolev &p@pe H ,
YA 2

Hle = 92H?:00 =02 ) g@=9 @) g(; )d =0 ;
whereH? H is the Sobolev Hilbert space.éffunctions with weak derivatives of order up to
2in L?, andH Ser H?2 is the subspace of periodic functions. Note that the cong{®n=
g(2 ); g (0) =g (2 ) inthe de€nition oH ger makes sense because, by the Sobolev embedding
theorem [56], we haw¢?> C!. Eespacel = H R Risthen aproduct Hilbert space with
inner product de€ned by

h,l(l);u(z)iH :r(g(l); (1); (1));(9(2); (2); (2))iH

= g @iy + 1. © @+@IBY) © @ (1.5)

1.2.1 Abstract Form

We can write (1.2) as an abstract form
@ = Au+f (u); (1.6)
whereu=[g; ;] T 2 H ,A s the operator matrix
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We consider a €xed point of the forme( ) =[0; o( ); &( )]" atwhichf (ue( )) = 0

for each . In particular( ¢( ); e( )) is determined by the irkgeLsection of the compressor

characteristic = <() and the thro<e characteristic = (see [175, Figure 4] for
details).

Note that by de€nition, we have the following expansion:
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where we have used notations®@uv = uivk and ®uvw = u; vikw; for any
{(;k 228 kj;k}| 2|Z(())
+J: + |+ |=

arbitrary u;v;w 2 H Ser' ‘erefore, the noisy perturbation of g that will be added later in the

thesis enters the fow equations via® g? and © g3. However, the operation points of the
compressor, a family of stable €xed poirtse( ); <( )), are notinfuenced by.

Linearization of (1.6) aboute( ) for each results in the following linear operator
A():=A+Df():

‘e Fr echet derivative atig( ) is given as



2 _
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3
£ (1.8)

T ©

where 9 o( )) and . are the Fechet derivatives of . and . at u.

1.2.2 Linear Operator Properties and Hopf Bifurcations

In this subsection, we list the properties of the linear operatof ).

=

A( ) generates an analytic compa€ semigroupS(t) := e*()tonH [175].
For each, there exist constants  0andM 1 such that

kS(H)ky  Me't: 8t> 0
For the stable projection, there existss 0andM > 0 such that

kPS(t)ky Me : 8t> O

A( ) can be represented as

An() 0

A= 707 Aje()

(1.9)

whereAjy : H! H isthe restriction ofA onto H, whilst A restricted toR?isa2 2
matrix Aj 2. ‘e decoupling of the eigenspace makes the linearized fowgand( ;)
invariant respectively under the semigrougd’* ( )t andeMr2( )t

We can expect the solutiomto be in the domain oA ( ) (a subspace dfl ), which is

dom(A( )= Hi, R R

‘e spectrum of A( ) [175]is

f n();r i )gforn2z*;



where ()= L X o)) w® i 2 Cforn2 z* are the eigenvalues of

Ajn corresponding to the eigenvectors ,=[e ™ ;0;0]". ‘e eigenvalues of Ajg. are

S
2
1 0 +
NGO A TR
r l( )_ 2 I 2|C
whereN( )= £( X e( ) andA( )= ﬁgp?. ‘e eigenvectors associated to
r .( )aregivenby ()= 0;1 () 'forj2f 1g, where
S
2
1 0 + —p—
()= NO*AQ) B* el D P
)= 2 : 2
6.  We verify the type of Hopf bifurcation by the sign of the indicator[175]
3q vM 1 a vM 3
ot 1+3 1 5 3 1 & a
= g . 1.10
M 1+ A 1 vM 4B 2y ( )

3a

More speci€cally, surge bifurcation happens when> 0, stall bifurcation happens when
< 0. When =0 , then the bifurcations occur in both of thel andR? subspaces.

Remark 1.2.2. (Ee spectral decompositionAdf ) (as in 3 of the above) results in
H =H; Hy;

whereH ; is an in€nite-dimensional Hilbert space isomorphid tandH , is isomorphic tdr?.

(Eis decomposition provides local coordinates in terms of which the dynamics near the equilibrium
have a convenient form. Hence, the corresponding eigenvalaesir ; change independently.
Depending on which pair of eigenvalues crosses the imaginary axis €rst as the bifurcation parame-
ter isvaried, there are three possible types of Hopf bifurcationsg:dfosses the imaginary axis

€rst, the physical oscillations are dominated by stall e,eats; Batis€es the Hopf bifurcation con-
dition, then surge e,ects dominate; if; andr ; cross the imaginary axis simultaneously, we see a
mixture of both e,ects. Ee critical subspaces are given respectitly agspanfe ' g;0; 0],

H.°= H,,andH ° H.°, where the superscriptepresents “critical'. Ee indica{dr10yeri€es

that the oscillation type is only determined by the fuid's viscosity and the geometric structure of
the compressors.
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Example 1.2.3. Figure 1.3 shows an example of the regions of stable/unstable equilibrium points
under the se”ingsa 0 and

=8, =0:18 M =0:25  =1:67;a= 3fls;vzo:l;B =2; (1.11)

as well as examples of phase portraits given di,erent values of the parantbtdgrare away
from the surge bifurcation point  0:6123 (Ee convergent/divergent rates given the values of

in Figure 1.3 w.r.t. the equilibrium points are exponentially fast. However, vibi@na small
neighborhood of the surge bifurcation point, the dynamics as shown in Figure 1.4 appear to be
slowly-varying.

Figure 1.3: Regions of stable (green) / unstable (red) equilibrium points irRtheubspace
of the Moore-Greitzer model. Given the initial condition ¢f o; o) = (0:53430:6553) the
parameter se<ings in (1.11), arg{0) = 0, the phase portraits in th&®? subspace are generated
with = 0:62(le%o) and = 0:56 (right).

]

Example 1.2.4. Let the con€guration parameters be

[=8; =0:18 M =0:25  =1:67;a= 3fls;v =0:1,B =0:72061 (1.12)
Setg(0; ) =0:005sin() and( o; o) =(0:51 0:66). CEen the indicator as iflL.10)is 0,
which implies the surge and stall bifurcations happen simultaneously. Now: 16t56, under
which the instabilities occur in both of the subspaces. (Ee phase portraitRh shiespace is
shown in Figure 1.5. (Ee state evolutiog(bfatt = 40 andt = 50 in theH subspace is shown
in Figure 1.6. ]
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Figure 1.4: Phase portrait in the? subspace of the Moore-Greitzer model given the initial
condition of ( o; o) = (0:53430:6553) the parameter se<ings in (1.11) and= 0:612 and
g(0) = 0.

More details about bifurcation analysis i can be found in the introduction part of Chapter
S.

1.2.3 Existing Results on Control of Instabilities of Jet Engine Com-
pressors

Surge/stall avoidance control was invented to prevent the compressor from operating in a re-
gion near and beyond the surge line. ‘e recycling of the fow lowers the esciency of the
system and may limit the transient performance of the compressor. However, active surge/stall
control strategies were introduced to overcome the drawbacks of avoidance control. ‘e ap-
proach is to stabilize some part of the unstable area using feedback controllers.

‘e methods of controller design were mainly regarding stabilization feedback. Feedback
linearization was considered for surge control in [13], backstepping as well as the robustness
backstepping was used in [98] and [74]. Passivity based surge control was also introduced to
render robust_2-stable [75].

As for the stall (in€nite-dimensional) control, Banaszuk et al. in [15] designed a back step-
ping control, Birnir and Hauksson in [25] went one step further to construct a control strategy
using the knowledge of asymptotic dynamics. Wen et al. in [170] studied the local feedback sta-
bilization of Hopf bifurcation for in€nite-dimensional nonlinear systems where only one pair of
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Figure 1.5: Phase portrait in the? subspace of the Moore-Greitzer model given the initial
condition of (9(0; ); o; o) = (0:005sin();0:51; 0:66), the parameter se<ings in (1.12) and
= 0:56.

the modes are at the risk of being unstable. Suscient and necessary conditions were obtained
for the controllability.

However, the above investigations are under the assumption that the parameigtime
invariant. Apart from stabilization, reactive control strategies are needed to adapt to more com-
plex time-varying objectives with less restriction on the parameter. To bridge such a practical
gap, real-time controllers with optimal action at each current time should be discovered before
stepping into the stochastic control problem. Other formal methods regarding complicated
speci€cations with bounded noise as well as uncertainties will be helpful for understanding the
regions of acraction for the system.

1.3 Organization of the fesis

‘e goal of the thesis was stated at the end of Section 1.1. As mentioned earlier, the scope of
the thesis is separated into two parts: robust control for €nite-dimensional nonlinear systems
with non-stochastic and stochastic uncertainties, and stochastic Hopf bifurcation analysis in
the presence of small additive and multiplicative noise for SPDEs.

Part I:

13



Figure 1.6: State snapshotsyff) inthe H subspace of the Moore-Greitzer modetat 40 and
t = 50 given the initial condition of(g(0; ); o; o) =(0:005sin();0:51; 0:66), the parameter
sedngsin (1.12) and = 0:56.

Chapter 2 considers Lyapunov-barrier function approaches for general nonlinear systems
with point-mass or deterministic uncertainties. ‘eories are developed upon veri€cation and
control synthesis for stability and safety related speci€cations. Comparisons between the pro-
posed method and formal methods are made via numerical examples.

Chapter 3 extends the Lyapunov-barrier function approaches to the stochastic systems with
extra uncertain signals.

Chapter 4 develops mathematical foundations of stochastic abstractions for veri€cation and
control synthesis of probabilistic speci€cations. ‘e concept of robust completeness for stochas-
tic abstractions is proposed. ‘e philosophy of abstractions is discussed.

Part Il can be read independent of Part I.

Chapter 5 develops the Hopf bifurcation analysis for a stochastic version of the Moore and
Greitzer PDE model with additive noise based on recent advances in stochastic PDEs. Rigorous
analysis is conducted to show the homogenized critical dynamics with relatively small error in
proper sense.

Chapter 6 to 8 consider parabolic SPDEs with cubic nonlinearities and multiplicative noise.
An approximation scheme, the almost-sure asymptotic stability, as well as the stochastic bifur-
cation structure based on the approximation scheme and the almost-sure asymptotic stability,
are developed respectively in Chapter 6, 7, and 8.
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Figure 1.7: Interconnections between chapters.
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Chapter 2

Lyapunov-Barrier Approaches for
Veri€cation and Control of
Deterministic Systems

Stability, reachability and safety are important aspects in safety-critical control of dynamical
systems. Beyond these, reach-avoid-stay speci€cations is such that the trajectory always avoids
an unsafe set whilst the state reaches a target set within a €nite time and stays inside it a%oer-
wards. In recent years, safety and reachability related properties for dynamical systems re-
ceived considerable acention, primarily motivated by safety-critical control applications, such
as in autonomous cyber-physical systems and robotics [2, 38, 86, , 4, , 63, 58, ].

In view of temporal logic speci€cations (see details in Appendix A), safety and reachabil-
ity related dynamical behaviotsare regarded as building blocks for specifying more complex
task objectives. ‘e advent of various temporal logic languages and the corresponding model
checking algorithms [14] made it possible to verify and synthesize controllers w.r.t. LT proper-
ties for €nite-transition systems [129, 96, ]. Formal methods for nonlinear systems rely on
a €nite abstraction (or symbolic model) of the original systems, based on which computational
methods are developed [69, ]. Apart from the complicated abstraction analysis and the com-
putational complexity caused by state space discretization, formal methods in control synthesis
compute with guarantees a set of initial states from which a controller exists to realize the given
speci€cation [21].

LIn view of LTL formula (see Appendix A), given an unsafe seand a target set , “safety' speci€cation can
be regarded as (: U), ‘reachability'is} , and ‘reach-avoid-stay'i§ ) "~ ( (: U)).
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Figure 2.1: Transition system§ (le%o) and (right).

Example 2.0.1 (Finite abstraction) We insert a simple example here, which is rephrased from
[112, Example 1], to illustrate the idea of €nite abstraction. Consider two transition systems (see
De€nition A.0.1Y; = (Qi;Ai;Ri;AP; L), i = 1;2, whereQ; = fXg;X1;X20, Q2 = fp; 10,

AP = flnitial; Goalg, L1(Xo) = L1(X1) = La(qp) = flinitial gandL1(x2) = Lo(q) = f Goalg.

(Ee actions and transition relations are given in Figure 2.1. We régasdthe original system

and treatT, as the abstraction df; in the following (nonrigorous) sense: (1) for all stat€¥ jn

there exists a state @, with the same label; (2) for all transitionsTip, there exists a transition

in T, with the same starting and ending labels a$inrespectively.

It can be seen that the number of state¥.ims less than that of;, whereas the transition
from qp (Goal) tog, (Initial) in T, does not have a counterpartn. (Ee abstractiod, also
contains non-deterministic transitions given the same actions, e.g., under actiorBanmgh¢he
post-transition state could be eitlggror ¢p. Eis somewhat heuristically illustrates the principle
of constructing €nite abstractions. We abstract states in the original system into €nite and less
states at a cost of potentially enlarging the transition relations. We then use the abstracted non-
deterministic transition graph to connect with some automation generated by an LTL formula for
model checking (see Remark A.0.8). Once the abstract model is veri€ed to satisfy or be controllable
w.r.t. some LTL speci€cation, the original system should have the same property.

In practiceT; is usually given by a dynamical system driven by nonlinear vector €elds with
uncountably many states. Rigorous €nite abstraction analysis and algorithms should be developed
based on state-space discretization [112, , I O

In [110], a €xed-point algorithm was developed for reach-and-stay speci€cation regard-
ing the computation complexity issue by adaptively partitioning the state space. However, for
systems that also depend on tunable parameters and undergo bifurcations, such as the Moore-
Greitzer model for jet engine compressors studied in this thesis, two challenges are raised for
using formal methods: (1) the sampling time for constructing abstractions is highly related
to the parameters since the system state evolves with di,erent rates for di,erent parameters,
and (2) there are constraints on the change rates of the tunable parameters that can be treated
as control inputs. Formal control synthesis tools such as [145, ] cannot be used readily to
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design control strategies for such systems because of these challenges. While the multiscale
abstractions [68, 85] can be used to deal with the €rst challenge, the existing formal control
methods is incapable to deal with constraints on the change rates of the control inputs.

In contrast to formal methods, Lyapunov-like functions are able to provide feedback sta-
bilizing and feedback set-invariance related controllers without state-space discretization and
considering local dynamics [2, 5, 86, ]. It has been a well established fact in control theory
that stability properties can be characterized by Lyapunov functions. Reachability properties
can also be naturally captured by Lyapunov functions for €nite-time stability. On the other
hand, barrier functions [138] are used to certify that solutions of a given dynamical system
can stay within a prescribed safe set, along with their control variants, called control barrier
functions [171, 5], to provide feedback controls that render the system safety. ‘e barrier func-
tion approach can be further combined with Lyapunov method to satisfy stability and safety
requirements simultaneously [159, 5, , , 87, ]. Such formulations are amenable to
optimization-based solutions enabled by quadratic programming [5, ] or model predictive
control [174], provided that the control system is in a control-asne form.

Another important characteristic of a dynamical system is whether or not its solutions can
reach a certain target set from a given initial set with or without control. ‘is is de€ned as
reachability, which plays a key role in analysis and in particular control of dynamical systems
[23]. Reachability analysis and control can also be viewed as an important special case of ver-
i€cation and control of dynamical systems with respect to more general formal speci€cations
[110]. Since asymptotic stability entails asymptotic a<raction, reachability can be naturally
captured by asymptotic stability and Lyapunov conditions.

‘e stability/reachability and safety objectives, however, are sometimes conficting. For
example, while a system can reach a target set from a given initial set, it may have to traverse
an unsafe region to do so. For this reason, when formulating the problem as an optimization
problem, some authors de€ned safety as a hard constraint, and reachability/stability as a s0%o
(performance) requirements [5].

‘e main objective of this chapter is to provide a theoretical perspective on uniting Lya-
punov and barrier functions. ‘e level sets of Lyapunov functions naturally de€ne invariant
sets that can be used to certify safety. ‘e work in [159] used the notion of \barrier Lyapunov
function” to ensure stability under state constraints is achieved. As pointed out by [5], such con-
ditions sometimes are overly strong and conservative. ‘e more recent work [144] proposed the
notion of (control) Lyapunov-barrier function (the lower-bounded functiai in [144, Propo-
sition 1 and De€nition 2]), and derived suecient conditions for stability and stabilization with
guaranteed safety. Despite the potential practical value of the control design framework pre-
sented in [144], the type of Lyapunov-barrier functions considered in [144] (de€neRband
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radially unbounded) implicitly imposes strong conditions on the unsafe set (e.g., it has to be
unbounded [31, ‘eorem 11]). ‘e authors of [31] then proposed suecient conditions for safe
stabilization using non-smooth control Lyapunov functions (see also [33]). ‘e same authors
also pointed out a technical inconsistency (see [32] for details) of the control Lyapunov-barrier
conditions proposed in [144]. All these indicate that unifying Lyapunov and barrier functions
is a non-trivial task.

Di,erent from the aforementioned work, we aim to formulate suscient and necessary Lya-
punov conditions for asymptotic stability under state constraints. We show that, if we restrict
the domain of the Lyapunov function to the set of initial conditions from which solutions can si-
multaneously satisfy the conditions of asymptotic stability and safety, then a smooth Lyapunov
function can be found, building upon earlier results on converse Lyapunov functions [99, ]
In particular, the results from [160] play a key role in inspiring us to formulate a Lyapunov
function that is de€ned on the entire set of initial conditions from which the stability with
safety speci€cation is satis€ed. We further extend the converse theorems to reach-avoid-stay
type speci€cations. Since reachability (similar to asymptotic a<raction) does not impose any
stability conditions (see Vinograd's example [120, p. 120]), we in general cannot expect to €nd
a Lyapunov function that is de€ned in a neighborhood of the target set. We use a robustness
argument [114] to obtain a slightly weaker statement in the sense that if a reach-avoid-stay
speci€cation is satis€ed robustly, then there exists a robust Lyapunov-barrier function that is
robust under perturbations arbitrarily close to that of the original system.

‘e main results of this chapter are summarized as follows.

(1) We formulate the problems of stability with safety and reach-avoid-stay speci€cations
and establish connections between them.

(2) We prove a smooth converse Lyapunov-barrier function theorem that is de€ned on the
entire set of initial conditions from which the stability with safety property is satis€ed.

(3) We extend the converse Lyapunov-barrier function theorem to reach-avoid-stay type
speci€cations using a robustness argument. We show by example that such statements
are the strongest one can obtain.

(4) We extend the converse Lyapunov-barrier functions to converse control Lyapunov-barrier
functions w.r.t. reach-avoid-stay speci€cations, provided that there exists a Lipschitz con-
tinuous feedback law. A comparison between the proposed Lyapunov method and formal
methods based on a €xed-point algorithm is illustrated by an application to enhancing
the performance of jet engine compressors, which is based on a reduced Moore-Greitzer
nonlinear ODE model. We apply a QP framework to reactively synthesize controllers in
the case study.
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(5) We prove the connections between stability with safety and reach-avoid-stay speci€ca-
tions for more general hybrid systems relying on the concept of solutions. We show
that the Lyapunov-barrier approach can be extended to veri€cation of reach-avoid-stay
speci€cations for hybrid systems with di,erential and di,erence inclusions.

Conventions for Notation:

A continuous and strictly increasing function : R ¢! R g is said to belong to clask
if (0)=0. Itis said to belong td<; if it belongs to clasK and is unbounded. We denote by
j ] the Euclidean norm, and b the open unit ball centered @@ w.r.t.j j.

2.1 System Description

Consider a control-free continuous-time dynamical system
x = f(x); (2.1)

wherex 2 R" andf : R" ! R" is assumed to be locally Lipschitz. For each2 R", we
denote the unique solution starting fromy and de€ned on the maximal interval of existence by

(t; Xo). For simplicity of notation, we may also write the solution at) if Xq is notemphasized
or as if the argumentt is not emphasized.

Given a scala## 0, a#-perturbationof the dynamical system (2.1) is described by the
di,erential inclusion
x 2 Fu(X); (2.2)

whereF(x) = f (x) + #B. An equivalent description of thé-perturbation of system (2.1) can
be given by
x=f(xX)+ #; (2.3)

where : R! Bisany measurable signal. We denote system (2.13 layid its#-perturbation

by S.. Note thatS; reduces td&S when# = 0. A solution of S; starting fromxo can be denoted

by (t;Xo; ), where is a given disturbance signal. We may also write the solution simply as
(t) or

Remark 2.1.1. We avoid using, and to denote the intensity of perturbations, sintefre-

quently used from Chapter 2 to 4 for convergence andlysisises confusion with and is

commonly used to denote a Dirac measure in the stochastic context. To keep the notations consis-
tent in the €rst part of the thesis (Chapter 2 to 4), wefusstead.
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We introduce some notation for reachable setsSaf Denote the set of all solutions fdBx
starting from xo by S%(xo). LetRY(xo) denote the set reached by solutions 8f at time't
starting fromxo, i.e.,

Ri(xo)= (1): 2 S¥(x0))

ForT 0, we de€ne

[ [
R, T(x0)=  RL(Xo); Ry "' T(x0)= R%(Xo);
t T ot T

and write R 4(Xo) = R; O(xo): ForasetX, R", we further de€ne

S
R}#(XO) = X02X o RL(XO)1
S
Riﬁ T(XO) = X02X o RL T(XO)’
S
Rg ' T(XO) = X02X o Rz ' T(XO);

S
Re(Xo) = 4 2x, R#(Xo)-

O O O O

Given a nonempty compact convex set of control inpuis RP, consider a nonlinear
system of the form
x=f(xX)+ g(x)u+ #; (2.4)

where the mapping : R" ! R" Pissmooth;u: R ¢! U is alocally bounded measurable
control signal, whilst the other notation remains the same.

De€nition 2.1.2 (Control strategy) A control policy is a function
R"1U (2.5)
We further denot8&, by the control system driven 6§.4)that is comprised by = (x).

De€nition 2.1.3. Leth : R" ! R be a continuously di,erentiable function. We introduce the
following notations fof2.4)

(1) Lrgh(x) = 1 h(x) (f (x)+ d);if d = 0, we simply use h(x) = r h(x) f(x).

(2) Lgh(x) = r h(x) 9(x).
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2.2 Review of Barrier Conditions for Invariance Speci€ca-
tions

Before proceeding, we take a review on barrier functions and barrier conditions that ensure set
invariance for nonlinear systems.

De€nition 2.2.1 (Forward invariance)A setC R" is said to be forward invariant f@; (or
#-robustly forward invariant fof), if solutions fronC are forward complete (i.e., de€ned for all
positive time) an®R »(C) C .

Assumption 2.2.2. We assume thal is de€ned as

C=fx2R":h(x) O0g; (2.6)

whereh : R" ! R s a continuously di,erentiable function. Consequently,
@=fx2R":h(x)=0g; (2.7)
Int(C) = fx 2 R" : h(x) > Og: (2.8)

2.2.1 Reciprocal and Zeroing Barrier Functions

We start with two notions of barrier functions that are frequently used to guarantee forward
invariance of a set. To illustrate the methodology of barrier functions, we consider control-free
nonlinear systemss instead of a more gener&..

De€nition 2.2.3 (Reciprocal barrier function)ForS, given a continuously di,erentiable func-
tion h as in(2.6) a continuously di,erentiable functidd : Int(C) ! R is said to be a RBF for the
setCif there exist functions;; »; 32 K such that, foralk 2 Int( C),

1 1
06 P ey 29)
FBOO F(X) s(h(X): (2.10)

Proposition 2.2.4. [5, Eeorem 1] Given a S8t R" de€ned in2.6)for a continuously di,er-
entiable functior, if there exists an RE-: Int(C) ! R, thenInt( C) is forward invariant.

One drawback of RBFs is that unbounded function values occur as the argument of RBFs
approache&, which may be "undesirable when real-time/embedded implementations are con-
sidered' [5]. We relax the conditions and consider the following notion of barrier functions.
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De€nition 2.2.5 (Zeroing barrier function) ForS, a continuously di,erentiable functiom is
said to be a ZBF for the <@if there existan 2K andaseD withC D  R"such that, for
allx 2 D,

r h(x) f(x) (h(x)): (2.12)

In [5, Proposition 1], the authors veri€ed that the existence of a ZBF $oimplies the
forward invariance ofC. However, a counterexample is provided in [166, Remark 4], which we
rephrase as below.

Example 2.2.6. Consider

and ( »p_
%2y3%2, x 0
h X - 3 %)7 ) ]
() »2x%% x< 0

(Eenh is continuously di,erentiable oR and
C=fx2R":h(x) 0g=10;1):

Now letD = Cas required in De€nition 2.2.5, then fona D, we have
P2
rhx) f(x)= 1 19—,3x1:2 = h¥3¥x):

Let ()= ()@ on[0;1), thenitis clearthat 2 K and thereford satis€eg2.11) However,
the point0 loses asymptotic behavior (due to the non-Lipschitz propdrhyaatih(x) will reach
0 within €nite time for anyy > 0.

We €x this problem by adding local Lipshitz condition on ‘e modi€ed version is given
in Proposition 2.2.9.

Remark 2.2.7. An alternative modi€cation in De€nition 2.2.5 to €x the problem is to inipose
to be an open set strictly containi@gWe refer readers to [114, Remark 21] for more details.

Lemma 2.2.8. [70] Letz : [to;t;) ! R be a continuously di,erentiable function satisfying the
di,erential inequality
z(t) (z(1)); 8t 2 [to; tr); (2.12)
where : R! Ris alocally Lipschitz extended cl&gunction. (Een there exists a cl&ds
function :[0;1) [0;1)! [0;1) (only depending on) such that
z(t) (z(to);t  tp); 8t 2 [to;ts):
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Proof. Let

)= (z(1)); 2(to) = z(to): (2.13)

‘us, the following estimates [103] are valid for any solution of (2.12):
z(t) Z1); 8t 2 [to; ] (2.14)
However, the solution to (2.13) |§ uniquely de€ned Bbft) = 1 (Htg)) + t  to) when
#(ty) > 0[39], where (2) = ;% andb > 0. It can be veri€ed that: (i) is strictly

decreasing orfO; 1 ); (i) limy o () = 1 ; (i) Zt)! Oast! t;. Whenz(tg) =0,%t)=0
forallt 2 [to;t¢]. ‘erefore, 2z(t) 0 wheneverz(ty) 0, and z(t) #(t) 0 for all
t 2 [to; tf] wheneverz(tpy) O. O

Proposition 2.2.9. Given a continuously di,erentiable functitm: R" ! R and dynamics on
Rn
x = f(x) (2.15)

suchthaf : R" ! Rislocally Lipschitz. La€= fx : h(x) 0g, andint(C) := fx : h(x) >
Og. If the Lie derivative dfi along the trajectories afsatis€es

rh(x) f(x) (h(x)); 8x 2 C (2.16)

where is a locally Lipschitz extended cl&s$unction, then the sént( C) is forward invariant.

Proof.If Int(C) = ;, then it is invariant. Otherwise, we apply Lemma 2.2.8, it follows that if
X(to) 2 Int(C), then we haveh(x(t)) > Oforallt 2 [to;tf), where]tq; t;) is the maximal
interval of existence fox(t) starting fromx(to). O

Remark 2.2.10. Note that the result cannot be extended to the invariance of the erfirdespite
that it is widely stated so in the literature. A simple counterexample is that ix)et X2,
and therefor€C = f0g. Een, forx = ¢ 6 0, even though we have a satisfaction(fL6)on
C= fO0g, itis notinvariant under the fow.

2.2.2 Control Barrier Functions

We extend the notion of RBF to CBF for systems with controls. To illustrate the methodology,
we consider system (2.4) with 0.

De€nition 2.2.11. Leth : R" ! R be a continuously di,erentiable functionagd D R"
be as in2.6) Eenh is a CBF if
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(1) Lgh(x) 6 0 forallx 2 D,
(2) and there exists an2 K ; such that for the control systg1)

sup[L¢h(x) + Lgh(x)u] (h(x)); 8x 2 D:
u2u

We further de€ne a set of state-dependent control strategy

K(x):=fu2U :LiB(X)+ LgB(x)u+ (h(x)) 08x2Dg:

By a similar argument as in Proposition 2.2.9, we supposs also locally Lipschitz con-
tinuous. ‘en, if  (x(t)) 2 K(x(t)) and Lipschitz continuous for a0, the setInt( C) is
controlled invariant forS .

‘e notion of CBF can be extended to high relative-degree control systems wheg(x) =
0. We can correspondingly de€ne the relative degree of the continuously di,erentiable func-
tion h on a set with respect to a system as in (2.1), which is the number of times we need to
di,erentiate h along the dynamics of the system before the control inpuéxplicitly appears.
‘e set invariance given the existence of HOCBF is guaranteed [166]. We omit the details due
to the less relevance to the main topic of the thesis.

We have seen ZBFs and the associated CBFs with the relaxed barrier conditions. However,
this type of relaxed barrier conditions fail to guarantee a set invariance with high probability
in the stochastic context (see details in Chapter 3). In particular, for control systems with high
relative degree, the relaxed conditions perform even worse. Di,erent concepts of stochastic
control barrier functions are compared in Section 3.2 in purpose of guaranteeing a set invariance
with a high probability.

2.2.3 Robustness and Converse Barrier Functions

Now that the mechanism of barrier functions and conditions are understood via two special
cases, we involve robustness and de€ne robust barrier function aiming to characterize safety.
De€nition 2.2.12 (Robustly safe set]114] Given an unsafe dét R",aselC R"issaidto
be#-robustly safe w.r.t. to U if all solutions®f starting fromC will not enter U.

It has been veri€ed in [114, Proposition 4] that : If there exist¢-eobustly invariant setD
suchthatC D andU\ D = ;, thenCis#-robustly safe w.r.t. tdJ.

We generalize RBF and ZBF 18y in the following sense [114, De€nition 5].
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De€nition 2.2.13 (Robust barrier function)Given set€; U  R", a continuously di,erentiable
functionB : R" ! R is said to be &t-robust barrier function fo€ and U if the following
conditions are satis€ed:

(1) B(x) Oforallx2C;
(2) B(x) < Oforallx 2 U;
(3) r B(x) (f(x)+ #d)> Oforall x such thatB(x) =0 andd 2 B.

Robust control barrier functions can be de€ned in a similar way as in De€nition 2.2.11.
Sueciency of barrier functions in terms of ensuring a set safety is also guaranteed, the proof
of which falls in standard Lyapunov-type arguments.

Remark 2.2.14. Note that a barrier functioB works in a way to separate two disjoint seénd

U, and meanwhile guarantees the invarianc€.dfowever, the se@andU are free to choose as
long as they are disjoint, e.g. it is not necessary@hat 6 ; orC [ U = R". Furthermore, to
deal with safety control problems, it is natural to arbitrarily look for &smintaining the initial
set of stateX and conversely €nd a CBF {@; U).

‘e necessity of the existence of B given the satisfaction of a safety speci€cation w.r.t.
(G, U) can be veri€ed based on the compactness of reachable set from the set of initial conditions
Xo, Which does not intersect withJ by the a priori safety assumption [114]. ‘is compactness
in turn makes it easier to construdd via the Lyapunov functiorV .

‘e latest converse barrier function theorem by [64], however, does not depend on the
boundedness dR" nU, and hence does not require the compactnesxXgf‘e construction of
barrier function given the safety of robust systems relies on the "time-to-impact' funcien
w.r.t. the reachable seR of robust systems. ‘is Bg turns out to satisfy condition (1) and (2)
of De€nition 2.2.13 as well as a weaker certi€cate

rB(x) f(x)>0;, 8x2 @S; f2 F(x)+ #B:

‘e result in [64] is of great theoretical interest in the sense of constructing barrier functions
with relaxed topological requirement and barrier conditions. ‘eir construction relies on the
seemingly less intuitive time-to-impact functions, whereas our approach aims to unify Lya-
punov and barrier functions. It would be interesting to investigate in future work whether the
Lyapunov approach can be extended to handle unbounded reachable sets.

°Note that we have adapted the notion to be consistent with the notation used in this section.
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2.3 Lyapunov-Barrier teorems for Asymptotic Stability
with Safety Constraints and Reach-Avoid-Stay Speci€-
cations

In this section, we formally de€ne two common types of properties for solutionsSgfand
highlight the connections between them. We then derive converse Lyapunov-barrier function
theorems forS; satisfying such speci€cations, respectively.

‘e €rst one is on reaching a target set in €nite time and remaining there a%oer, while avoid-
ing an unsafe set. ‘is is 0%o.en called a reach-avoid-stay type speci€cation.

De€nition 2.3.1 (Reach-avoid-stay speci€cation)Ve say thatS, satis€es a reach-avoid-stay
speci€catiotiXo; U; ) , whereXy; U; R", if the following conditions hold:

(1) (reach and stay w.r.). Solutions 08 starting fromX, are de€ned for all positive time
(i.e., forward complete) and there exists sbme0 such thatR; T(Xo)

(2) (safew.rtU)Ry4(Xpg)\ U=;.

If these conditions hold, we also say ®at-robustly satis€es the reach-avoid-stay speci€cation
(Xo; U3 ) .

A closely related property for solutions db; is stability with safety guarantees. We €rst
de€ne stability for solutions o6, w.r.t. a closed set.

De€nition 2.3.2 (Set stability) Aclosed sé&  R" is said to be UAS f@: if the following two
conditions are met:

(1) (uniform stability) For every> O, there exists an > Osuch thaf (0)j, < implies
that (t) isde€nedfot Oandj (t)j, < forany solution ofS, forallt 0;and

(2) (uniform aractivity) Eere exists sorfie>0 such that, for every> 0, there exists some
T > Osuch that (t) isde€ned for Oandj (t)j, < forany solution ofS; whenever
J (0)j, <%andt T.

If these conditions hold, we also say #has #-robustly UAS fof.
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De€nition 2.3.3 (Domain of acraction) If a closed seA  R" is #-robustly UAS foS, we
further de€ne the domain of a“raction Affor S;, denoted bs: (A), as the set of all initial states
X 2 R" such that any solution 2 S%(x) is de€ned for all positive time and converges to the set
A, lie.,

G(A)= x2R":8 2 SE(x); limj (1)j,=0 :
De€nition 2.3.4 (Stability with safety guarantee)We say thaS; satis€es a stability with safety

guarantee speci€catigio; U; A), whereXy; U; A R" andA is closed, if the following condi-
tions hold:

(1) (asymptotic stability w.r.A) (Ee sefA is UAS foiS; and the domain of a’raction oA
containsXo, i.e.Xo G #(A).

(2) (safew.rtU)R(W)\ U=;.

If these conditions hold, we also say ®at-robustly satis€es the stability with safety guarantee
speci€catiofiXo; U; A).

2.3.1 Lyapunov-Barrier Function for Stability with Safety Guarantees

In this subsection, we derive a converse Lyapunov-barrier function theorensfosatisfying a
stability with safety guarantee speci€catiqiXq; U; A).

De€nition 2.3.5. [160] LetA R" be a compact set contained in an operDset R". A
continuous functiow : D! R g is said to be a proper indicator #8ronD if the following two
conditions hold: (W(x) = 0 ifand only ifx 2 A; (2)limn:  w(xy) = 1 for any sequence
fXmgin D such that eithek,, ! p2 @Dorjxyj!1 asm!1l

Intuitively, a proper indicator for a compact seA D, whereD R" is open, is a
continuous function whose value equals zero if and only if Arand approaches in€nity at the
boundary ofD or at in€nity. It generalizes the idea of a radially unbounded function.

Remark 2.3.6. LetA R" be a compact set contained in an opeiset R". (Eere is always
a proper indicator foA onD de€n?d by [160, Remark 2]

1 2 .
Xjgnpp  disA;R"nD)

W(X) =max jXj,;

where digfA; R" nD) = inf .o jXjrnp- INdeedw is clearly continuous. ¥ 2 A, we have
W(X) = jXj, =0.1fx 2 D nA, we havev(x) j xj, > 0. For anyfx,gin D such that either
Xm! P2 @Dorjxnj!1 asn!l ,we either havixmj, '1 or—+—11

Xmgnnp
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tfeorem 2.3.7. Suppose thak is compacty is closed, and\ U = ;. Een the following two
statements are equivalent:

(1) S: satis€es the stability with safety guarantee speci€cédgnuU; A).

(2) Eere exists an open Besuch thafA[X o) D andD\ U = ;, a smooth function
V:D! R gandclas¥K; functions ; and , such that, foralk 2 D andd 2 #B,

1(w(x)) V(X))  2(w(x)); (2.17)
and
r vx) (f(x)+ d) V(X); (2.18)

wherew be any proper indicator féx onD,

Moreover, the s& can be taken as the following set

W,= x2R":8 2 S’é(x);tllilmj (1)j, =0 and (t)62U;8t O :

Clearly, the setW; de€ned above includes all initial states from which solutionsSafwill
approachA and avoid the unsafe sét. ‘e following lemma establishes some basic properties
of the setW.. ‘e proof is completed in Section 2.3.3.

Lemma 2.3.8. Suppose thak is compactlJ is closed, and \ U = ;. If S; satis€es a stability
with safety guarantee speci€catifxy; U; A), then the seW, is open, forward invariant, and
satis€exXg W » G »(A).

‘e proof of ‘eorem 2.3.7 relies on the following result, which states that, on any forward
invariant open subseb of G:(A), we can €nd a \global" Lyapunov function relative 1.

Proposition 2.3.9. LetA  R" be a compact set that is UAS 8. LetD  R" be an open
setsuchthaA D G x(A) andD is forward invariant forS;, whereG;(A) is the domain

of a"raction of A for S;. Letw be any proper indicator fék onD. (Een there exists a smooth
functionV : D! R gandclas¥K; functions ; and ; such that conditions (2.17) and (2.18)
hold for allx 2 D andd 2 #B.

‘is proposition can be proved by combining the proof for Proposition 3 and the statements
of ‘eorem 2 and ‘eorem 1 in [160]. ‘e main di,erence being that the results in [160] are
stated for more general di,erential inclusions and Proposition 3 in [160] is proved onimle
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domain of a"ractionof A, whereas the above results are for speci€perturbations of a Lips-
chitz ordinary di,erential equation and for any open forward invariant set containing the set
A. Due to this subtlety, Proposition 3 of [160] is not directly applicable for our purpose. For
completeness, we provide a more direct proof of this result in Section 2.3.3.

Proof of feorem 2.3.7 We €rst prove (2F) (1). ‘e fact that V is a smooth Lyapunov
function, i.e., satisfying conditions (2.17) and (2.18), on an open neighborBooahtaining A
shows thatA is UAS forS;. We show that the seb is forward invariant. Letxg 2 D. ‘en for
any 2 S%(xo), we have

w =rve@) fC@ap+d) o

holds for almost alt 0. It follows thatV( (t)) V(Xo) < 1. Hence (t) is bounded,
de€ned, and satis€eqt) 2 D forallt 0. By forward invariance oD andX, D, we have

R#(W) D andRy(W)\ U = ;. Itremainsto showthak, G 4(A). Foranyxy 2 Xo and
any 2 S%(xo), we have (t) 2 D forallt 0. Hence
dv( (1) _

g - rve@)y ¢Cap+dy - V@) <0
as long as (t) 62A. A standard Lyapunov argument shows thiat(t)j, ! Oast!1 . Hence
Xo 2 G4(A) andXy G x(A). We have veri€ed thab, satis€es a stability with safety guarantee
speci€cationXo; U; A).

We then prove (1¥) (2). By Lemma 2.3.8, we can Bt= Wy. ‘en (A[X ) D
G:(A). FurthermoreD is open and forward invariant. ‘e conclusion follows from that of
Proposition 2.3.9.

Remark 2.3.10. Compared with related results on suecient Lyapunov conditions for stability

with safety guarantees (e.g., [144, 31, 33]), to the best knowledge of the authors, (Eeorem 2.3.7
provides the €rst converse Lyapunov-barrier theorem and we show that the converse Lyapunov
function is de€ned on whole set of initial conditions from which asymptotic stability with safety
guarantees is satis€ed. In other words, we provide a Lyapunov characterization of the problem of
asymptotic stability with safety guarantees. We also note that several converse barrier functions
have been reported in the literature [172, : ]. In particular, the recent work [114] makes a
connection between converse Lyapunov function and converse barrier function via a robustness
argument, which, to some extent, inspired our work in this section to unify converse Lyapunov and
barrier functions. (Ee results of this section signi€cantly di,er from that in [114], because converse
results are established for both stability with safety guarantees and reach-avoid-stay speci€cations,

30



whereas the results in [114] only concern safety. We achieved this non-trivial extension by adapting
converse Lyapunov theorems (e.g., [160]), as in Proposition 2.3.9, to work with safety requirements,
enabled by characterizing all initial states from which solutions will satisfy stability with safety
guarantees, as in Lemma 2.3.8.

While ‘eorem 2.3.7 gives a single smooth Lyapunov function satisfying the strong set
of conditions (2.17) and (2.18), we propose the following set of suscient conditions for two
reasons. First, they appear to be weaker (although in fact theoretically equivalent in view of
‘eorem 2.3.7) and perhaps easier to verify in practice [122]. Second, they agree with the
notions of Lyapunov and barrier functions commonly seen in the literature.

Proposition 2.3.11. Suppose tha is compacty is closed, and \ U = ;. If there exists an
open seb suchthattA[X o) D and smooth functiong : D! R gandB : R"! R such
that

(1) V is positive de€nite oD w.r.t. A,i.e.V(x) =0 ifand only ifx 2 A;
(2)r V(x) (f(x)+ d) < Oforallx 2 D nA andd 2 #B;

B)Xo C=fx2R":B(x) 0Og DandB(x)< Oforallx 2 U;
(4)r B(x) (f(x)+d) Oforallx2 D andd 2 #B,

thenS, satis€es the stability with safety guarantee speci€céignU; A). Furthermore, iKq
is compact, then conditions (1){(4) are also necessa8y for satisfy the stability with safety
guarantee speci€cati¢Xq; U; A).

Proof. We €rst prove the sueciency part. Conditions (1){(2) state that is a local Lyapunov
function for Sy w.r.t. A. HenceA is UAS forS,.. Conditions (3){(4) state thaB is a barrier
function for S; w.r.t. (Xo; U).

We can easily show thatthe s€ = fx 2 R" : B(x) 0gis forward invariant. Indeed, if
Cis not forward invariant, then there exists some 2 C, a solution 2 S#%(x,), and some
> OsuchthatB( ( )) < 0. De€ne

t=supft 0: (t)2Cg

‘en tiswell de€ned and €nite. By continuity @ ( (t)), we haveB( (t)) =0. Since (t) 2 D
andD is open, for > 0 sueciently small, we have (t) 2 D for almostallt 2 [t;t+ ].‘is
implies that, forallt 2 [t;t + ],

dB( (1) _

ai re( M) (f(C@)+dy) O
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Hence we havdB ( (t)) B( (t)) =0 forallt 2 [t;t+ ]. ‘is contradicts the de€nition of t.
HenceC must be forward invariant. SincX, C andC\ U = ;, we haveR4(X,) C and
R#(Xo)\ U= 7.

It remains to show thatX, G 4(A). For anyxo 2 X, and any 2 S%(xo), we have
(t)2C Dforallt O0.Hence

w =r V( () (f( @)+ dt)<0

as long as (t) 62A. A standard Lyapunov argument shows thiat(t)j, ! Oast!1

We then prove the necessity part. ‘is follows from ‘eorem 2.3.7. LetV andD be given
by ‘eorem 2.3.7(2). Choose any} > 0O such thatX, C = fx2D:V(x) cg ‘is
is always possible, becaus& is compact and we can simply take = sup,,y, V(X). ‘e
idea is to construct the functioB in the form of B(x) = ¢ V(x). To make this precise,
choosec, > c; > c andletD; = fx2 D : V(xX) <cijg (i = 1;2). Construct an open cover
f0O;;0,;03g0f R" by O; = D1,0, = D,nG andO; = R" nD;. De€neBy(x) = ¢ V(X)
forx 2 O1,By(x) = ¢ V(x)forx 2 Oy, andB3(x) = ¢ ¢ for x 2 Os; elsewhere, they
are de€ned to be zero. ‘enB;(x) (i = 1;2; 3) are locally smooth. ‘e rest of the proof follows
the idea of the extension lemma for smooth functions [106, Lemma 2.26], which justi€es the
existence of a globally smooth function that coincides with the locally smooth function when
it is restricted to the subdomain. Now, ldt ;; ,; 30 bBe a smooth partition of unity [106,

p. 43] subordinate td O;; O,; Osg. ConstructB(x) = >, (X)Bi(x); for x 2 R". Itis
easy to verify thatB (x) satis€es|§onditions (3){(4) witlb = D;. First, forx 2 O; = Dy,
we have 3(x) = 0 andB(x) = iz:l i(X)Bi(x) = ¢ V(x). Hence, by the construction

ofVand (2.18) B(x) (f(x)+d)y=r VX)) (f(x)+d V(X 0O forallx 2 D;
andd 2 #B. ‘is veri€es condition (4). Flgrthermore, ifx 62D, then eitherx 62D orx 2 D
but V(x) c;. It follows that B (x) i3=1 i(x)(c ¢)=c ¢ < 0 Hence, we have
C=1fx2R":B(x) 0Og D;andwealreadyhav&, C .SinceD\ U= ;,forx 2 U, we
have 1(x)= 2(x) =0 andB(x) = B3(x) = ¢ ¢ < 0. ‘is veri€es condition (3). Clearly,
by the construction ofV, it veri€es conditions (1){(2) wittD = D;. O

Remark 2.3.12. We can see from the proof of Proposition 2.3.11 that it is without loss of generality
to construct barrier functions from Lyapunov functions [114]. Indeed, the invarianhtdgath
separates the safe initial conditions from the unsafe set, is given by a level set of the Lyapunov
function:

C=fx2R":B(xX) 0Og=fx2D:V(X) cg:

Remark 2.3.13. We compare the Lyapunov-barrier conditions with that in [144], which provided
a novel control framework for stabilization with guaranteed safety for nonlinear systems. Nonethe-
less, we restrict the formulation to autonomous systems (cf. Proposition 1 in [144]). Eis is without
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loss of generality, because the control framework in [144] is fundamentally built upon the condi-
tions for autonomous systems, as clearly indicated in [144] (see, e.g., the remark before and proof
of [144, CEeorem 3]). We also change the notion slightly to be consistent with the notation used in
this thesis. In [144], a set of suecient conditions for a smooth fun¢tio®R" ! R to be called a
Lyapunov-barrier function for the system (2.1) with respect to the origin and an unghfeeset
formulated as follows:

(1) V is lower-bounded and radially unbounded,;

(2) V(x) > Oforallx 2 U;

(3)r V(x) f(x)<Oforallx2 R"n(U[f 0Og); and

(4) R n(U[C)\ U=:,wherethesatisgivenbyC= fx 2 R": V(x) 0Og.

In [31], it is shown that the above conditions imply thd et necessarily unbounded. Here we
show another property that indicates the restrictive nature of condition (4); that is,

X 2 @UmpliesV(x) =0: (2.19)

In fact, suppose that this is not the case, ther) > 0. Eere exists a sequeiggg! x2 @D
such thatV(x,) > 0 (and hencéx,g\C = ;) andfx,g\ U = ; (this is possibly because
x2 @Y. Hencéx,g R"n(U[C). Itfollowsthatx 2 R" n(U[C). By condition (4) above,

X 62U, which contradictgs 2 @U In view of (2.19), condition (4) above is somewhat restrictive,
because it implies that the boundary of the unsafe diets entirely on a level curve 6t

Remark 2.3.14. Figure 2.2 provides an illustration of the sets de€ned for proving (Eeorem 2.3.7.

2.3.2 Lyapunov-Barrier Function for Reach-Avoid-Stay Speci€cations

‘e converse results proved in the previous section can be extended to reach-avoid-stay speci-
€cations under some mild modi€cations.

Suppose thaB; satis€es a reach-avoid-stay speci€catiofy; U; ) .

Lemma 2.3.15. Suppose that is compact anX, is nonempty. 15, satis€es a reach-avoid-stay
speci€catiotiXo; U; ) , then the set

A= x2 : 8 2S%(xx); ()2 ;8t 0 : (2.20)

IS a nonempty compact invariant set .
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Figure 2.2: An illustration of the sets involved in ‘eorem 2.3.7, Lemma 2.3.8, and Proposition
2.3.9. While the domain of a<ractiorix:(A) can potentially intersect with the unsafe sét,

the winning setW; de€ned in (2.19) characterizes the set of initial conditions from which the
stability with safety constraints is satis€ed. Clearly, the syst&@p satis€es a stability with
safety speci€catiorfXq; U; A) if and only if X W .. ‘eorem 2.3.7 (together with Lemma

2.3.8 and Proposition 2.3.9) states that a smooth Lyapunov function can be found on the set
D = W to verify the speci€cation(Xo; U; A). [121]

Proof. We €rst show thatA is nonempty. By the de€nition of reach-avoid-stay speci€cation
(Xo; U; ) , solutions ofS; starting from X are forward complete and there exists soffie 0
such thatthEr T(Xo) . Itis easy to verify that the seIR; T(Xo) is forward invariant forS;.
Clearly,R} '(Xo) A andA is nonempty.

We next show thatA is compact. Sincé and is compact, we only need to show
that A is closed. Note thaA is forward invariant by de€nition. Lef x,,g be a sequence iA
that converges tx. Since is compact, we havg 2 . Suppose that 62A. ‘en there exists
some 2 S%(x) and some > Osuchthat ( ) 62 . By continuous dependence of solutions
of Sy on initial conditions, there exists a sequence of solutiong 2 S%(xn,) that converges

to uniformlyon[0; ]. Wehave ,( )! ()62 asm!1l . SinceR"n isopen, this
implies that form susciently large, ( ) 62 . ‘is contradicts the de€nition of A (recall that
Xm 2 Aand 2 S%(Xm)). Hencex 2 A andA is compact. O

‘e following proposition states that any compact robustly invariant set 08, is UAS for
Sk, Wwhere#°can be taken to be arbitrarily close #. ‘is fact was essentially proved in [114]
in a slightly di,erent context. ‘e conclusion does not hold for#°= # (see Example 2.3.20).

Proposition 2.3.16. Any nonempty compact invariant satfor S, is UAS forS;o whenever
#02 [0 #).
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‘e proof relies on the following technical lemma from [114].

Lemma 2.3.17.[114] Fix any#°2 (0;#) and > 0. LetKk R" be a compact set. Een there
exists some = r(K; ;# %#) > 0 such that the following holds: if there is a solutionf Sxo
such that (s) 2 K for alls 2 [0; T], whereT , then for anyy, 2 (0) + rB and any
y12 (T)+ rB, we havey; 2 R (yo), i.e.y1 is reachable af fromy, by a solution 085;.

Proof. We verify conditions (1) uniform stability and (2) uniform acractivity as required by
De€nition 2.3.2.

(1) Forany > 0, let > 0 be the minimal time that is required for solutions & to
travels from the interior ofA + EE to Rn(A + B). ‘e existence of such a follows from
that f is locally Lipschitz and an argument using Gronwall's inequality. Pick< min(r; 5),
wherer is from Lemma 2.3.17, applied to the et B and scalars , #° and#. Let be any
solution of Syo such thatj (0)j, < . We show that (t)j, < forallt 0. Suppose that
this is not the case. ‘enj (t1)j, for somet; > 0. Since <r andA is compact, we
can always picky, 2 A such thaty, 2 (0) + rB. By Lemma 2.3.17, there exists a solution of
S; fromyy 2 Atoy, = (ty) 62A. ‘is contradicts that A is forward invariant forS;.

(2) Fixany o > 0. Following part (1), choose, suchthat (0)j, < ,impliesj (t)j, < o
for any solution (t) of Sx. Letr be chosen according to Lemma 2.3.17 with theAet (B
and scalars = 1, #% and#. Choose%2 (0;r). Let be any solution ofSy. We show that
j (0)j, < %impliesthat (t) 2 Aforallt 1. Suppose that this is not the case. ‘en there
exists somé; 1suchthat (t;) 62A. Since% < r, we can picky, such thaty, 2 (0) + rB
andy, 2 A. By Lemma 2.3.17, there exists a solutiorSgffromy, 2 Atoy;, = (t1) 62A.
‘is contradicts that A is forward invariant forSy;. Hence (t) 2 Aforallt 1. ‘is clearly
implies (2). ]

Proposition 2.3.16 establishes a link between robust invariance and asymptotic stability. By
combining Lemma 2.3.15, Proposition 2.3.16, and ‘eorem 2.3.7, we can obtain the following
converse theorem for a reach-avoid-stay speci€cation.

teorem 2.3.18. Suppose that is compactU is closed, and \ U = ;, andS; satis€es the

reach-avoid-stay speci€cati@Xy; U; ) . Een there exists a compactAet  such that, for

any #° 2 [0;#) and any proper indicator for A on D, there exists an open $2tsuch that

(A[X o) DandD\ U= ;,asmoothfunctiokf : D! R jandclas¥; functions ; and
» such that conditions (2.17) and (2.18) hold for allD andd 2 #®B.

Proof. By Lemma 2.3.15, there exists a compactset that is#%UAS for any#°2 [O; #) by
Proposition 2.3.16. Furthermore, as shown in the proof of Lemma 2.B.§L§,(XO) A. s
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implies that, for any#° 2 [0;#), the domain of ac<raction ofA for Syo includesX,. HenceSyo
satisfy the stability with safety guarantee speci€cati@Xy; U; A). ‘e conclusion follows from
that of ‘eorem 2.3.7. O

Remark 2.3.19. Figure 2.3 provides an illustration of the sets de€ned for proving Eeorem 2.3.18.

Figure 2.3: An illustration of the sets involved in ‘eorem 2.3.18. If a reach-avoid-stay speci€-
cation(Xo; U; ) is satis€ed, then for each 2 [0; #), we can €nd a seh such thatSyo satis€es
the stability with safety guarantee speci€catidiXy; U; A). Consequently, a sdd and a Lya-
punov functionV de€ned onD can be found such that the Lyapunov conditions (2.17) and
(2.18) hold foiS,.. ‘e conclusion of ‘eorem 2.3.18 follows from that of ‘eorem 2.3.7. [121]

It would be tempting to draw a stronger conclusion than the one in ‘eorem 2.3.18 by
allowing #° = #. ‘e following example shows that the conclusion of ‘eorem 2.3.18 cannot
be strengthened in this regard: Under the current assumptions of ‘eorem 2.3.18, there may
not exist a converse Lyapunov-barrier function satisfying conditions (2.17) and (2.18for
even ifS; satis€es a reach-avoid-stay speci€catiofy; U; ) .

Example 2.3.20. ConsideS de€ned bk = x+ x2. LetXo=[ 1, 09],U=[0:6;1), =

[ 0:25 0:5], and# = 0:25. It is easy to verify thab, satis€es the reach-avoid-stay speci€cation
(Xo; U; ) . However, solutions 8f starting fromxo = 0:5+ , where > 0, with d(t) = # will

tend to in€nity. Furthermore, for angy 2 , there exists a solution 8§ that approaches 0.5.
Hence, there does not exist an oped s&t in Eeorem 2.3.18 and a converse Lyapunov-barrier
function de€ned o that satis€es conditions (2.17) and (2.18) for &lD andd 2 #B. Ee
reason for this is that the conclusion of Proposition 2.3.16 does not 8pldéorthe seA de€ned

by (2.20) may not be UAS 8¢, even though it is UAS f&0 wheneve#° 2 [0; #). Indeed, it is
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P
not discult to verify that the setA = [% 72; 0:5] and, by the observation above, thefset not
UAS forS;. O

Similarly, Proposition 2.3.11 can be adapted to give the following version of converse theo-
rem for reach-avoid-stay speci€cations.

Proposition 2.3.21. Suppose that and Xy are compact) is closed, and\ U = ;, andS;
satis€es the reach-avoid-stay speci€cadyiU; ) . Een for any#° 2 [0;#), there exists a
compactA , an open sdd such thattA[X o) D, and smooth functiong : D! R

andB : R" ! R such that

(1) V is positive de€nite o w.r.t. A, i.e.V(x) =0 ifand only ifx 2 A;
(2)r V(x) (f(x)+ d) < Oforallx 2 D nA andd 2 #B;

B)Xo C=fx2D:B(x) 0g DandB(x)< Oforallx2 U;
(4 r B(x) (f(x)+d Oforallx 2 D andd 2 #B.

Proof. Similar to that of Proposition 2.3.11. ]

‘e above converse results (‘eorem 2.3.18 and Proposition 2.3.21) reveal that the veri€ca-
tion and design for reach-avoid-stay speci€cations can indeed be centered around the problem
of stability/stabilization with safety guarantees. ‘is iswithout loss of generalitsit least from
a robustness point of view. In this regard, Lemma 2.3.15 and Proposition 2.3.16 connect robust
reach-avoid-stay speci€cation with stability with safety guarantees. We can also prove a result
in the converse direction. ‘ese statements are summarized in the following proposition.

Proposition 2.3.22. (Connections):

(1) IfS, satis€es a stability with safety guarantee speci€cgienU; A) andX, is compact,
then for every > 0, S; satis€es the reach-avoid-stay speci€cqdiqnU; A+ B).

(2) IfS; satis€es a reach-avoid-stay speci€catig) U; ) , then there exists a compact set
A such that, for any® 2 [0;#), Sk satis€es the stability with safety guarantee
speci€catioliXo; U; A).

Proof. (1) ‘e conclusion follows from the uniform acractivity property for solutions for S
under the stability assumption. ‘e proof is provided in Section 2.3.3. (2) It follows from Lemma
2.3.15, Proposition 2.3.16, and the de€nitions of the speci€cations. O
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2.3.3 Proofs of Results
Proof of Lemma 2.3.8

We €rst state two lemmas on the properties of the solutionsSpf

‘e €rst one is well known from the basic theory of ODEs (see, e.g, [153, ‘eorem 55,
Appendix C]).

Lemma 2.3.23 (Continuous dependenceBuppose that for somg 2 R" there exists some
T > 0 such that solutions fd8; starting fromxy are de€ned ofD; T]. (Een there exists some
# > 0 such that solutions starting fromy + #B are also de€ned d0; T] and there exists a

constanC (depending o andxg) such that

] (t;x;d) (t;Xo;d))  Cjx  Xq
forallx 2 xo+ #B andd: [0;T]! #B.

‘e next result is on topological properties of solutions of di,erential inclusions satisfying
some basic conditions. It can be found, e.g., in [59, ‘eorem 3, Section 7]. Note that the di,er-
ential inclusion we conside®; : x°2 Fy(x) := f (x)+ #B straightforwardly satis€es the basic
conditions there (i.e.F4 is upper semicontinuous and takes nonempty, compact, and convex
values).

Lemma 2.3.24 (Compactness of reachable setkptK R" be a compact set. Suppose that
there exists some> 0 such that solutions @& starting fromK are always de€ned d6f; ).
(Een, foranyT 2 [0; ), Rg ' T(K) is a compact set. Furthermore, solutior& @h[0; T] form

a compact set under the uniform convergence topology.

‘e following result shows that under the uniform stability assumption (i.e., condition (1)
in De€nition 2.3.2), a<raction of solutions starting from any compact set within the domain of
a<raction is always uniform. ‘e proof of the following result is modeled a%o.er the proof for
Proposition 3 in [160, cf. Claim 4].

Proposition 2.3.25 (Uniformity of acraction). Suppose that a closed 8et R" is uniformly
stable foiS;, i.e., condition (1) of De€nition 2.3.2 holdsKLbe a compact set. Een the following
two statements are equivalent:

(1) Foranyko 2 K and any 2 S%(xo), isde€nedforai Oand
tI!llm j (1)j, =0:
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(2) Forevery> 0, there exist$ = T( ) > Osuch that
j (Djs <
holds for any, 2 K, 2 S%(xc),andt T.
Proof. Clearly, (2) implies (1). We prove that (1) also implies (2) under the uniform stability

assumption. Suppose that (2) does not hold. ‘en there exists sorge> 0 such that for all
n > Othere existx, 2 K, 2 Sé(xn), andt, nsuch that

j n(tn)ja o (2.21)
Let o = , be given by condition (1) of De€nition 2.3.2. For every 0, we must have
 n(Din o 8t2[0;n]: (2.22)

Claim 2.3.26. (Eere exist subsequentrsgand , 2 S%(x,) such thatx,, converges t and
n converges to a solutior?2 S%(x). Ee la”er convergence is uniform on every compact interval
of R 0-

Proof of Claim 2.3.26 From (1), we know that solutions starting frold are always forward
complete. Sinc& is compact, we can assume without loss of generality thatg converges

tox 2 K (otherwise we can pick a subsequence). By Lemma 2.3.24, there exists a subsequence
of f g, denoted byf 1,90, that converges uniformly or0; 1] to a solution ; 2 S¥%(x). By

the same argument, ;,g has a subsequence, denoted fby, g, that converges uniformly

on [0; 2] to a solution , 2 S%(x). Repeat this argument and pick the diagorial,m g. ‘en

f mm Qg has the claimed property. O

Let 2 S%(x) be given by the claim. By statement (1), there exibts 0 such that

i (Dja < 30; st T: (2.23)
However, sincd ., gconverges to uniformly on [0; T], there exists soma T such that
in® i< 8t2[0Tk (2.24)

‘e equations (2.23) and (2.24) give »(T)j, < o, Which contradicts (2.21). O
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Proof of Lemma 2.3.8 We can easily verify thawW, is forward invariant andW W
G:(A) by its de€nition. We show thawV is open.

Letxo 2 Wy. Let% >0be given by condition (2) from De€nition 2.3.2 for UASAf Choose
o < %such that(A+ ¢B)\ U= ;:Choose,= |, according to condition (1) in De€nition
2.3.2 for UAS oA. Clearly, ¢ 0<%

‘en, by Proposition 2.3.25 in the Appendix, there exists sonfe= T( o) > 0such that

. . 0
J O)a< 5
for any solution 2 S%(xo) and allt T. By Lemma 2.3.24 in the Appendix, the $et=

Ry © T(xo) is compact. Let; < £ be chosen such thgK + B)\ U= ;.

By continuous dependence of solutions®f with respect to initial conditions, there exists
somer > Osuchthat, foralk 2 xo+rBandany 2 S%(x), there exists asolution 2 S%(xo)
such that

j@®  @®i< g 8t2[0TI

It follows that

R, (Xo+ #B) K + 3B: (2.25)

Furthermore, att = T, we havej (T)j, ] (M + 1< 5+ 5 = o Itfollows from
condition (1) in De€nition 2.3.2 that

(t)2A+ B A+9B (2.26)

forall 2 S%(x),x 2 xo+rB,andt T.Bycondition (2)in De€nition 2.3.8mw;  j (t)j, =
0. In view of (2.25) and (2.26)(t) 62U forallt 0. We have shown thak 2 W for all
X 2 B;(Xg). HenceW. is open.

Proof of Proposition 2.3.9

‘e existence of a Lyapunov function can be proved based on tik -stability (i.e. given in
De€nition 2.3.27), following the techniques developed in [160] on converse Lyapunov functions
for KL -stability. ‘e KL -stability considered here is in fact a special case of that in [160],
because we do not need to consider stability with respect to two di,erent measures as in [160].
We provide a de€nition oKL -stability below, adapted for a proper indicator of a compact set.
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De€nition 2.3.27. LetA R" be a compact set contained in an opedsetR". Letw be any
proper indicator foA onD. (Ee systen%; is said to b&L -stable orD w.r.t. w if any solution
2 S%(x) with x 2 D is de€ned and remain D forallt 0 and there exists KL -function

such that
w( (tx))  (w(x);t); 8t O (2.27)

forallx 2 D and 2 S¥%(x).

‘e key step in proving Proposition 2.3.9 is the following lemma.

Lemma 2.3.28. Assume that the assumptions of Proposition 2.3.9 hold. (Een the System
KL -stable orD w.r.t.w.

Proof of Lemma 2.3.28 LetG = fx 2 D : w(x) rg. ‘en by the assumptions, sincew is
a proper indicatomw for A on D, G is compact subset dd for eachr 0. Fix% >0 such that
A+ 9B D. We can €nd & -class function satisfying (S)  SUBp; kuks min( %:3 W (X).
‘erefore, for all kxka % we havew(x) (kxka).

Claim 2.3.29. (Eere exists &, function' such that, foreack 2 D, w( (t;x)) " (w(x))
forallt Oand 2 S¥%(x).

Proof of Claim 2.3.29 Indeed, for eackx 2 D, we can €nd ar 0 such thatx 2 C.. By
Proposition 2.3.25, for an§6 >0 chosen above, we can €ndlasuch thatk (t;x)ka  %for
allx 2 C, and 2 S%(x). By forward invariance oD, it follows thatR4(G) R 2 ' "(G)[
(A + 9B) D. SinceG is compact, by Lemma 2.3.24, for any €nite Rg ' T(G) is also
compact. ‘e boundedness oR 4+ (G ) implies thatR 4 (G ) is a compact subset & . LetM (r) =
ma)&zmw(x). ‘en w( (t;x)) M (w(x)) forallx 2 D, 2 S%(x),andt O. Clearly,
M (r) is nondecreasing (due to the inclusion relation of reachable sets f@mith di,erent r)
andlim;, oM (r) = 0 (due to the uniform stability property). ‘e ' 2 K, inthe claim can be

chosensuchtham (r) ' (r)forallr O. ]

Claim 2.3.30. For eachr > 0, there exists a strictly decreasing function: R.o ! R,

with limg; |, 1(t) = 0 such thatw( (t;x)) . 1(t) forallt > O0whenevew(x) r and
2 SE(x).

Proof of Claim 2.3.30 For eachO < " (r), by Proposition 2.3.25, we can €ndla( ) =

T(min( *();%) > Osuch thatforallx 2 C,, 2 S%(x),andt T,(),we have

K (t;xX)ka < min( 1 );% %: (2.28)
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Equation (2.28) also implies
w( (tGx) (YN =; (2.29)
forallx 2 C,, 2 S%(x),andt T,().For >"' (r), we setT,( ) =0 and (2.29) still holds
becausev( (t;x)) '(r) < forallt O0Oby Claim 2.3.29. Note that for each €xedthe
function T, ( ) can be chosen to be nonincreasing iand by de€nitionlim , ., T,( ) =0; for
each €xed > 0, T,( ) can be chosen to be nondecreasingrinBased o, ( ), we can €nd
r - Rso! Rspsuchthat () T,()forall > 0. ‘efunction , can be constructed
as strictly decreasing to zero (hence its inverse is de€nedRop and also strictly decreasing)
and satisfyingimy; , 1(t)=0. Foreach > O,let = , (t). Wehavet= () T().
Hencex 2 C, implies thatw( (t;x)) = ). O

Now we force , 1(0) = 1 de€ned in Claim 2.3.30 and let

. — H ' . 1
(s;t) :=minf (s),rzl(l;lfl) ,~(Hg

with ' de€ned in Claim 2.3.29. ‘en 2 KL 3and (2.27) holds. ]

Once Lemma 2.3.28 is proved, the proof of Proposition 2.3.9 follows from a standard con-
verse Lyapunov argument (see [160, proof of ‘eorem 1]). We provide an outline of the proof
as follows.

Lemma 2.3.31(Sontag [152]) For each 2 KL and each > 0, there exist functions;; ; 2
K1 suchthat ; is locally Lipschitz and

1 (si1)  209)e ' 8(si)2R o R g (2.30)

Proof of Proposition 10 Based on the Lemma 2.3.28 and by Sontag's lemma (Lemma 2.3.31)
on KL -estimates, we can €nd; and , such that

iw( (X)) 1 (wx);t)  a(w(x))e * (2.31)
foranyx 2 D, 2 S%(x),andt 0. Now de€ne
V(x):= sup 1(w( (t;x))) € (2.32)

t 0; 2S%(x)
‘en V(xX) sup 254 (x) 1(w( (t;x))) =  1(w(x)) forall x 2 D, and it is straightforward
from (2.31) thatv(x) sup o 2(w(x))e'! 2(w(x)). ‘erefore condition (2.17) in ‘eo-
rem 2.3.7 is satis€ed.

%is construction of KL function does not impose continuity. Nonetheless, as pointed out in [160, Remark 3],
any (potentially noncontinuousKL function can be upper bounded by a continuokig function.
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To show the satisfaction of condition (2.18) in ‘eorem 2.3.7, we can show that
V( (t;x)) V(x)e'; 8 2Si(x);8t 0 (2.33)

with a similar reasoning as the Claim 1 in [160]. ‘e local Lipschitz continuity ¥ onD nA
follows from the Claim 3 in [160]. ‘en we have

V) (F0+d) liminf YD) VO

uo . t1 (2.34)
Iim(i)nf V(X) : = V(x):
tl o*

A smooth approximation folV exists given its local Lipschitz continuity [111]. ‘e smoothness
can also be extended from the local regibnn A to the whole seD (by following the proof of
‘eorem 1 (step 3) in [160]). O

2.4 Application of Lyapunov-Barrier Approaches for Con-
trol of Reach-Avoid-Stay Speci€cations

In this section, we €rst take advantage of the results from Section 2.3.2 and make a straight-
forward derivation on a converse control Lyapunov-barrier function theorem &rsatisfying

a reach-avoid-stay speci€catidiXo; U; ) under controls. We then consider the separate form

of control Lyapunov-barrier functions (as in Proposition 2.4.3) to guarantee reach-avoid-stay
speci€cations for control systems. ‘e e,ectiveness is numerically veri€ed in a case study of
jet engine compressor control problem. ‘roughout this section, we consider control systems
(2.4) with the set of control inputt) RP.

De€nition 2.4.1 (Reach-avoid-stay controllableA systens. is called reach-avoid-stay control-
lable w.r.t.(Xo; U; ) , whereXgq; U; R", if there exists a Lipschitz continuous control strategy
such that the syste®, satis€es the reach-avoid-stay speci€cgionu; ) .

2.4.1 Control Lyapunov-Barrier Functions for Reach-Avoid-Stay Spec-
[€cations

We €rst show that reach-avoid-stay controllability implies the existence of a control Lyapunov-
barrier function w.r.t. the reach-avoid-stay speci€cation.
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teorem 2.4.2. Suppose thatis compact) is closed, and\ U = ;, andS; is reach-avoid-stay
controllable w.r.t{Xy; U; ) . Een there exists a compactAet such that, for any°2 [O; #)
and any proper indicator for A onD, there exists an open $etsuch thattA[X ) D and
D\ U= ;,asmoothfunctioNN : D! R yandclas¥; functions ; and , such that, for all
x 2 D andd 2 #B, Equation(2.17)s satis€ed and

inf supsup[LsqV(X)+ LgV(X)u+ V(x)] O (2.35)
u2U x2D g248

Proof. By assumption, there exists a Lipschitz continuoushat renders the solutions satisfy
reach-avoid-stay speci€catiofXo; U; ) . ‘en by ‘eorem 2.3.18, for any proper indicator w
for A onD, there exists afunctiotv : D! R g satisfying (2.17) and

sup[LiaV(X)+ LgV(x) (x)+ V(X)] 0

d2#%B

for all x 2 D. Taking the supremum over ak 2 D, we have

sup sup[LaV(X) + LgV(x) (X)+ V(X)] O
X2D d2#%B

Since we have the control(x) 2 U, it follows that

inf sup sup[LgV(X)+ LgV(X)u+ V(x)] O
u2U x2D go 408

]

With a similar approach, Proposition 2.3.21 can be applied to give the following version of
converse control Lyapunov-barrier functions theorem for reach-avoid-stay speci€cations.

Proposition 2.4.3. Suppose that and X, are compact) is closed, and\ U = ;, andS; is
reach-avoid-stay controllable w.i(o; U; ) . (Een for any#® 2 [0; #), there exists a compact
A , an open seD such that(A [ X o) D, and smooth functiong : D! R ¢ and

B: D! Rsuchthat

(1) V is positive de€nite oD w.r.t. A,i.e.V(x) =0 ifand only ifx 2 A;

(2) inf sup sup[LsqV(X)+ LgV(X)u] < O;
u2U x2D 4o 498

B) Xy C=1fx2D:B(x) 0OgandB(x)< Oforallx 2 U;
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(4) supglLsgB(x)+ LgB(x)u] Oforallx 2 D andd 2 #B.
u2U

In real-world applications, our target is formulated as follows.

Problem 2.4.4 (Reach-avoid-stay controlfsiven a reach-avoid-stay speci€ca(i®g; U; ) , de-
sign a control policy such that the resulting solutions®)f satisfy(Xo; U; ) .

Note that, if the functionsV and B (as in Proposition 2.4.3) exist, one can obtain a con-
trol strategy solving Problem 2.4.4, based on which a set of proper constraints on the state-
dependent control signals can be obtained. ‘e suecient conditions on the state-dependent
reach-avoid-stay control signals are derived correspondingly from the functidremdB with
their certi€cates as in (1)-(4) of Proposition 2.4.3. For simplicity, we call the P&iB) the
control Lyapunov-barrier functions for the reach-avoid-stay speci€cat{ofy; U; ) . We con-
sider this separate form of control Lyapunov-barrier functions for potentially less e,orts in
construction.

‘e suecient conditions can be veri€ed based on Proposition 2.3.11 and 2.3.22. We formally
provide the statement as below.

teorem 2.4.5. Given a closed satand an unsafe sét such that(A + B)\ U = ; for some
> 0, suppose that there exists an opersstich that(A [ X o) D, and control Lyapunov-
barrier functiongV; B) satisfying (1) to (4) of Proposition 2.4.3. Let

K(X)= fu2U : LgV(X)+LgV(X)u< OandLygB(x)+ LgB(x)u 0; 8x 2 D; 8d2 #Bg

be the associated set of control strategies genergépB)y (Een, for any control strategysuch
that (x(t)) 2 K(x(t)) andK(x) 6 ; forallx 2 D, the systen$, satis€es the reach-avoid-stay
speci€catioiXo; U; A+ B). In other words, if such aexists, the systeBy is reach-avoid-stay
controllable w.r.{{Xo; U; A+ B).

2.4.2 Case Study of Jet Engine Compressor Control

We have seen in Section 1.2 that the reduced Moore-Greitzer ODE model (restricted to the
R? subspace) is a commonly used nonlinear model for capturing average f@md average
pressure of axial-fow jet engine compressors. As the thro<le coescient decreases, surge
instability occurs and generates a pumping oscillation (Hopf-bifurcation) that can cause fame-
out and engine damage [13, 73]. In practice, to deal with the requests from downstream, the
operation point needs to be switched during the process. However, without any controls, oper-
ation points are determined by and a smaller may result in unstable operation points [175].
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To alleviate the oscillation and prevent substantial pressure loss during the switch, it is moti-
vated to design controllers to lead the state; ) reach-and-stay in a small region around an
unstable operation point, and meanwhile avoid touching the region with low average pressure.

We consider the reduced Moore-Greitzer ODE model with an additive control ifpL@]"
and no extra perturbations:

1 #
i e (pt)) v(t)

ﬁ (1 [©) + 0 (2.36)

a4 (n _
dt (1)
with parameters as

lc.=8; =0:18 M =0:25  =1:67;a= 3f15;v =0:1
Problem 2.4.6. We aim to manipulate the thro’le coescient andv simultaneously such that
the statg ; ) are regulated to satisfy reach-avoid-stay speci€céXgrlJ; ) . We require that
'R o ! [0:5;1]is time-varied with (0) 2 [0:62 0:66]andj (t + ) (t)) 001 for

any > 0. We de€neXg = f( o( (0)); <( (0)g (i.e. a sub-region of stable equilibrium
points, also see Example 1.2.3) be the ball that centered at= (0:4519 0:6513)with radius
r=0:003ie. = +7rB;U=f(xy): x 2 (0:4970:503)y 2 (0:65Q 0:656)y. We set
v(t) 2U =[ 0:05 0:05]\ R forallt.

Addressing Problem 3.3.32, we apply the proposed Lyapunov method and compare the ef-
fectiveness with formal methods.

Remark 2.4.7. For this special case, the purpose that we treata time-varied signal with a
Lipschitz continuity restriction is to prevent unnecessary extra pumping. (Ee &/&€xan be
transformed to €t in the general form (#.4) Now we provide two ways of transformation.

(a) Ee systen.36)s equivalent as

2 3 2 1 3 2 3
(1) (e (D) v(t)
4(5=92 (n @ (pb+4 05, (2.37)

(1) 0 u (t)

d
dt

whereu : R ¢! [ 0:010:01]is an extra input signal on such that satis€eg (t +
) ()j 0:.01 . E&e becomes time invariantwhen 0. Equation(2.37)is in the
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form of (2.4) in particular,u(t) = [v(t); 0;u (t)]", and

2 3 2 3

wle ) 100
f(x)zgﬁ £.gx)=40 0 O
001

0

(Ee Problem 3.3.32 is converted to synthesrzamglu such that the trajectory satis€es
the reach-avoid-stay speci€catiofy; U; ) , whereXy = f( o (0)); <( (0)); (0)) :
(0) 2 [0:620:66]g;0=U (Rn[051)]); = [0:5; 1].

(b) Ee systert2.36)can be rewri"en as

d (1) _ #ec (1) Vi . (2.38)

Letu(t) = [v(t); (t)]" and

)= o PO

then(2.38¥ts in the general form af2.4) except that we require additional initial restriction
and Lipschitz continuity restriction on We make a li"le abuse of notation here to de€ne
U=[ 0:050:05] [05;0:1]

Lyapunov-barrier approach

‘e Lyapunov method can deal with both forms of the conversion (i.e. (2.37) and (2.38)), we
only provide an example based on (2.38). We €rst derive the suscient conditions on the state-
dependent control signal :=[v; ]" and then embed such conditions as constraints into a QP
framework [5]. Meanwhile the cost function is selected in a sense that the control e,ort

2u(t)

le

2

P
(¢ ()~ Ilc((t) ®) (v (2.39)

ju(n)j® +

is minimized for everyt > 0.

_ To derive the suescient conditions, we need to €rst select a closed Aesuch thatA +
B and control Lyapunov-barrier functiongV; B) such that the reach-avoid-stay control
problem can be reduced to the stabilization with safety guarantee control prol{légU; A).
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To demonstrate the sueciency of the conditions, we simply choose= f g. Now we let
hi(x) = j x ji1 +randhy(x) = jx (0:5000:653); r,thenthesets= fx:hy;(x) O0g,
U = fx : hy(x) < 0g. ‘erefore, B(x) = 1=hy(x) is a proper control barrier function as
required. ‘e set D can be considered as an open $eat : hy(x) > 0Og, andV (x) can be
chosen as/(x) = jx j?forallx 2 D nA. ‘e set of control strategies for the reach-
avoid-stay problem based qiV; B) is then obtained a&(x) (i.e. determined straightforwardly
from ‘eorem 2.4.5). However, for Problem 3.3.32, we have additional restrictions dne. the
second entry oil), which is given as

M :=f 2][051]: (0)2[0:620:66] | (t+ ) (t)y 0:.01; 8 > Og: (2.40)
‘erefore, the €nal suecient conditions on the state-dependent control signals are
u(t) 2 K(x(t) \M : (2.41)

To embed the conditions of (2.41) into the quadratic programming with the selected cost
function, we choose sampling time @1 and use numerical iteration method to obtain the
discrete dynamics. ‘e results justi€ed that the suecient conditions are e,ective for any (0)
and( o; o) 2 Xo, but we only show the case whefr o; o) = (0:53430:6553)and (0) =
0:66 as an example.

As a result, the control signal and are shown in Figure 2.4.2. ‘e suscient conditions
on the signals generated by control Lyapunov-barrier functions are shown to be e,ectively em-
bedded within the QP with the minimum input energy (2.39). In particular, the extra conditions
on the changing rate of signals are reactively included.

‘e phase portraits of the resulting trajectory is shown in Figure 2.5. ‘e local Lipschitz
continuity of u can also be guaranteed in this framework ([5, ‘eorem 3]). ‘e synthesis of/
and mainly depends on the suecient conditions, as long as it is feasiigX(t)) \M 6= ;)
for the current iteration, it will proceed to the next iteration. ‘e chacering e,ect of v around
time 20is due to the relatively fast change of, which in turn a,ects the varying speed of the
dynamics. ‘e signal decided by the QP tends to converge to theinder which equilibrium
pointis , which is around0:56.

In particular, when is around the Hopf-bifurcation point, the set control strategi&$x)
can force the trajectories to reach the s&twith an exponential rate, the transient speed of the
local dynamic will not a,ect the decision process ofand .

Discussions on comparisons with formal methods

To apply standard formal methods to Problem 3.3.32, we €x a samplingQithand use ROCS
[109] to compute an inner approximation of the winning set w.r.t. the reach-avoid-stay speci€-
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Figure 2.4: Control signal and solved by the quadratic programming with condition (2.41)
as constraints and (2.39) as the cost function.

cation as well as synthesize the control strategy. It turned out that the approximated winning
set, which is shown in Figure 2.6, fails to cover the given initial condition.

‘e main reason is that, for around the bifurcation point, the sampling timé:1 is too
small to avoid spurious self-transitions in the abstraction. Hence, the reachable set computed
on the abstraction is much smaller than the real one. ‘e system state variablevolves very
slowly when is around the bifurcation point, and this range ofcannot be avoided due to the
constraint on the change rate of.

To further see the e,ect of such a constraint, we remove the constrgir({t + ) (1))
0:01 and perform control synthesis with sampling time 0.01 by using ROCS for (2.36) directly
with as a control variable. In this case, a winning set that can cover the initial condition is
obtained (see Figure 2.6). From the closed-loop simulation result given in Figure 2.7, we notice
that the bifurcation point ( 0:613 is skipped, leading to potentially unphysical control signals.

In summary, this case study poses challenges to formal methods for two reasons. First, the
rate of change for the system state is sensitive to changes in the parameter. ‘is would require
the use of a parameter-dependent sampling time in constructing abstractions or computing
reachable sets. Current tools [145, ] and even multiscale methods [68, 85] cannot be readily
used to handle such situations. Second, the system includes constraints on the change rates
of control inputs. Even though (2.36) can be reformulated to (2.37), considering the thro<le
coeecient as astate variable, as opposed to a control variable, will lead to a more conservative
control strategy, because of the curse of dimensionality and additional spurious transitions
induced by a coarser abstraction/discretization scheme.
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Figure 2.5: Phase portrait §f ; ) generated based on signalnd .

2.5 Lyapunov-Barrier Characterization for Reach-Avoid-
Stay Speci€cations of Hybrid Systems

We have seen in Section 2.3 that it is possible to construct united Lyapunov and barrier func-
tions, or even a single Lyapunov function, that are de€ned on the entire set of initial conditions
from which stabilization with safety guarantees is satis€ed. ‘e connection between stabiliza-
tion with safety guarantees and reach-avoid-stay was also established via robustness.

In this section, we rely on the concept of solutions and show that the Lyapunov-barrier
approach can be extended to veri€cation of reach-avoid-stay speci€cations for hybrid systems
with di,erential and di,erence inclusions. Unlike systems with di,usion (e.g. stochastic sys-
tems with 1t6 di,usion as will be shown in Chapter 3), reach-avoid-stay properties of solutions
to hybrid systems can be converted to stabilization with safety guarantees under mild condi-
tions. ‘e approximated equivalence of these two types of speci€cations can be established via
robustness. We show that smooth Lyapunov-barrier functions can be constructed given the
compactness of target set and the set of initial states.

Note that even though the idea follows the previous work in Section 2.3, the underlying
topology of the solutions to hybrid systems are di,erent. Hence, the results from Section 2.3
are not directly applicable. We aim to leverage the rich results on stability theory of hybrid
systems [71] to unify Lyapunov and barrier conditions in the context of converse Lyapunov-
barrier theorems. We €rst provide the main results to show the similarity as in Section 2.3,
then we would like to highlight the proofs in Section 2.5.5 based on the new topology of hybrid
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Figure 2.6: ‘e approximated winning sets (shaded area) for system (2.37) (Ie%o) with sampling
time 0.1 and system (2.38) (right) with sampling time 0.01, respectively. ‘e green ball: the
target set; the black box: the avoid area; the blue dot: the initial condition. [122]

systems.

We mention that the latest converse barrier theorehisr di,erential inclusions [64] pro-
vide a possibility to construct less smooth Lyapunov-barrier functions under less restricted
topological requirement, e.g., unbounded reachable set. In this section, we only consider the
case where the uniformly asymptotically stable set is compact, which seems already satisfac-
tory in practice. For this reason, we stick with the compactness assumption on the target set
and the set of initial states.

Before proceeding, we present the preliminaries for the hybrid systems, concepts of solu-
tions, as well as other important de€nitions.

2.5.1 Preliminaries
Hybrid systems
Consider a hybrid systerdl = (C; F; D; G) with dynamics

x2 F(x); x2C; (2.42a)
x" 2 G(x); x 2 D; (2.42b)

4Recall that barrier functions are intended for merely safety properties.
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Figure 2.7: ‘e closed-loop simulation with the control policy generated without the constraint
on the change rate of. [127]
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whereC;D R" represent the fow set and the jump set respectively, and the set-valued maps
F:R" R"G:R" R"represent fow and jump maps respectively.

Given ascala# 0, the (additive}#-perturbation ofH, denoted byH 4, is described as
X2 F(X)+ #B; x 2 Cy; (2.43a)
x* 2 G(X)+ #B; X 2 Dy; (2.43b)

whereC,; = C + #B andDy = D + #B. A hybrid time domain is a subse Ry N
of the form[ /o [t;;tj+2] f jg, whereJ 2 N[flg and0=1t, t; t; :::. Given
(t;j); (t%]9 2 E, the natural ordering is such that+ j  t°+ j%ft t°andj |2 A hybrid

arcisafunction : E! R"from a hybrid domainE to R" and, for each €xed,t 7! (t;j)
is locally absolutely continuous on the interval = ft : (t;j) 2 dom( )g.

De€nition 2.5.1 (Solution concept)A hybrid arc is a solution tq2.42)if
(1) (06;002CJ[ D;
(2) forallj 2 N suchthatint(1/) 6 ;, we have

(t;j)2 C forallt 2 Int(1');
{t;j)2 F( (t;j)) foralmostallt 2 I';

(3) forall(t;j) 2 dom( ) suchthat(t;j +1) 2 dom( ), we have (t;j) 2 D and (t;j +
1)2G( (tj)).

We de€ne the range of a solution arcasrge( ) = f (t;j) : (t;j) 2 dom( )g for conve-
nience. Fot 0, we denote byS# (x) the set of all maximal solutiorfsstarting fromx 2 R"
for a hybrid systemH 4; we denote byS# (K ) the set of all maximal solutions starting from
the setKk  R" for Hy.

We introduce correspondingly some notations for reachable setd pfrom someK  R".
ForT 0, we de€ne

‘e reachable setsR;" (K) andR#T(K) are de€ned in a similar way (see examples in Section
2.1). ‘e in€nite-horizon reachable set fromK for Hy is

Ry(K)= (tj): 2S{(K); ()2 dom()

SWe omit this standard de€nition from this section. For a formal de€nition see e.g. [71, De€nition 2.7]
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Assumption 2.5.2. We make the standing assumption tHashould satisfy the basic conditions:

(C1)C; D 2 R" are closed.
(C2) F is outer semicontinuous, locally bounded, and convex foRal.

(C3) G is outer semicontinuous and locally bounded for 2lID.

We also introduce the following concept of closeness of hybrid arcs that will be frequently
used in proofs.

De€nition 2.5.3. [71, De€nition 5.23] Given > 0, two hybrid arcs ; and , are( ; )-close
if
(2) for all(t;j) 2 dom( ;) witht + | there exists such that(s;j) 2 dom( »),
jt sp< andj («(tj) osi))i<

(2) for all(t;j) 2 dom( ;) witht + | there exists such that(s;j) 2 dom( ,),
jt si< andj o(t;j) a(sij)i<

Properties pertaining to stability and safety

We de€ne properties that are related to stability and safety of solutions to (2.43) in a similar
way as in Section 2.3. Particularly, we formally introduce the concepts of stability with safety
guarantees and reach-avoid-stay type speci€cations.

De€nition 2.5.4 (Forward (pre-) invariance)A setl  R" is said to be forward pre-invariant
forHy if forevery 2 S%(1),rge( ) |. e set is said to be forward invariant fét ; if for
every forward complete2 S¥,(1),rge( ) 1,i.e.Rz(1) 1.

Remark 2.5.5. (Ee term “pre' is in the sense that non-complete maximal solutions are not ex-
cluded. (Eis concept allows us to describe the completeness and dynamical behaviors separately for
general maximal solutions. For future references, we only de€ne the “pre' properties of solutions in
consideration of the space limitation.

We next consider stability for solutions dfl » w.r.t. a closed set.

De€nition 2.5.6 (UpAS) A closed seA  R" is said to be UpAS foét if the following two
conditions are met:

54



(1) (uniform stability) for every> 0, there exists a= () > 0such that every solution
toHy with j (0;0)j, satis€eg (t;])ja forall (t;j) 2 dom( );

(2) (uniform pre-a‘ractivity) there exists some 0 such that, for every> 0, there exist
somerl > 0 such that, for every solutiontoH,j (t;])ja whenevej (0;0)ja T,
(t;j)2dom( ),andt+j T.

De€nition 2.5.7 (Basin of pre-a<raction) If a closed se&  R" is UpAS foH 4, we further
de€ne the basin of pre-a‘“raction Af denoted by »(A), as the set of initial states2 R" such

that every solution toH ; with (0;0) = x is bounded and, if it is complete, then also converges
tothe sef, i.e.limyjn j (t))ja =0.

We de€ne stability with safety guarantee and reach-avoid-stay properties for the system
H 4 in the following de€nitions.

De€nition 2.5.8 (Stability with safety guarantee)LetXq; U; A R" andA is a closed set. We
say thatH 4 satis€es a stability with safety guarantee speci€cdbkenU; A) if

(1) (pre-asymptotic stability w.rA) the sefA is UpAS foH; andXy B x(A);
(2) (safety w.r.tU)rge( )\ U=; forall 2 S} (Xo).

De€nition 2.5.9 (Reach-avoid-stay speci€catioretXy; U;l  R". We say thaH ; satis€es
a reach-avoid-stay speci€catiofy; U; | ) if

(1) (reach and stay w.rlt) there exists sonfe 0 such thatR #T(Xo) l;
(2) (safetyw.rtU)rge( )\ U=; forall 2 S¥ (Xo).

2.5.2 Connection Between Stability with Safety Guarantees and Reach-
Avoid-Stay Speci€cations
Stability with safety implies reach-avoid-stay

‘roughout this section, we suppose thatH » satis€es a stability with safety guarantee speci€-
cation (Xo; U; A) for any €xed# 0.

We €rst show some basic properties of solutionsHg: with a €xed# 0. ‘e following
proposition combines the result from [71, Proposition 7.4, Lemma 7.8].
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Proposition 2.5.10. Given a hybrid systerH 4, letA  R" be a compact set that is uniform
stable foH » (condition (1) of De€nition 2.5.6 holds), and every solutioH » with proper initial
condition be either bounded or complete sucHithatj;; | (t;j )ja =0. SupposE B 4(A)

is compact. Een

(1) Bx(A) isopenand B 4(A).

(2) Forevery> 0, there exists sonfe= T( ) > Osuch that
J(t)ia

forall 2 Sx(K),(t;j)2 dom( )witht+j T.

(3) A[R (K) is a compact subsetBf;:(A).

By (2) of Proposition 2.5.10, which indicates the equivalence of uniform acraction and
asymptotica a<raction for solutions toH; under the uniform stability condition, it can be
shown straightforwardly the reach-avoid-stay property (see also Proposition 2.3.9 for compar-
ison). ‘e statement is given in the following proposition.

Proposition 2.5.11. LetA; X, R" be compact sets. Suppose khasatis€es a stability with
safety guarantee speci€catiOf; U; A). Een for every > 0, the systentii » also satis€es the
reach-avoid-stay speci€catipxy; U; A+ B).

te converse side

‘roughout this subsection, we suppose that the perturbed systekh,; satis€es a reach-avoid-
stay speci€catioriXo; U;1 ). We make an additional assumption on the local Lipschitz property
of F and G to prove the converse connection.

Assumption 2.5.12. We assume in this section tifatand G in (2.43)are locally Lipschitz on
some open subset@fndD respectively.

De€nition 2.5.13 (Locally Lipschitz set-valued mapd)etO R" be an open set. A set-valued
fow mapF is also locally Lipschitz 0@, that is, for eaclx 2 O, there exists a neighborhood
N O ofxandanL > 0such that for anyk;x, 2 N,

F(x1) F(x2)+ Ljxz x4jB:
‘e following fact is a direct consequence of being locally Lipschitz [160, Lemma 9].
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Lemma 2.5.14.I1f F : O  R"is locally Lipschitz, then for any compact sulksetO there
exists arLx > 0such that for anyk;;x, 2 K, we have

F(x1) F(x2)+ LkjXz X4jB:

Lemma 2.5.15(Perturbed solutions)For any# > 0,€xa#°2 [0;#) anda > O. LetT and
K  R"beacompactsetsuchtkat (C;[ D) 6 ;. Eenthereexistsan= r(K; ;#%#)> 0
such that for every solution2 S# (K ) with (t%j9 2 K forall (t%j9 2 dom( ) andt%+ j°
T,andforallx 2 (0;0)+ rB, there exists a 2 S, (x) with dom( ) =dom( ) and

(tj)= (&) t+j=T: (2.44)

Remark 2.5.16. We provide the proofin Section 2.5.5. (Ee above result shows that for any compact

solution toH 4o (that exists tillt + ] = ), there exists a solutionto a slightly more perturbed

systenH 4 such that the endpoints oind are related within some time period. (Ee construction

and estimation rely on the local Lipschitz continuitfroind G. (Ee proof states that no ma’er

how conservative the estimation is, we are able to €nd the small neighborhood with sadius

that for any initial condition within (0;0) + rB, there exists a as a solution té1 4 converging

to within €nite time. Ee requirement th&f should be strictly less thahis necessary. Unlike

the robustness concept given in [71, Lemma 7.37], the perturbed Blystamesl infation oC

andD whose intensities increasefasicreases. (Eis subtle di,erence is in consideration of when
(0;0) 2 @Cxo[ Dyo) whilst the constructed is still well posed.

Applying the proceeding results, we show in the next proposition a hybrid-system version
of Proposition 2.3.16.

Proposition 2.5.17. Any nonempty, compact, forward pre-invariant Aefior H is UpAS for
H 4o with any #°2 [0; #).

Remark 2.5.18. (Ee proof is similar to that of Proposition 2.3.16. (Eat ith®e€nition 2.5.6 can

be arbitrarily given (at least in a small range) is guaranteed by the reach-avoid-stay assumption
onH . (Ee idea is to suppose the opposite, i.e., the solutidt 4o starting within a susciently

small neighborhood + rB can possibly not reach or even fow/jump out of the compact set

K =7 (t)])a fort + j , Wherer; are as in Lemma 2.5.15. However, Lemma 2.5.15
indicates that these are not the cases in that for any of thaksere exists someto H  that will
be identical to afert + j , Which contradicts the pre-invariance assumption. We omit the

details since there is no convergence concepts used in the proof that are special for hybrid systems.
‘e following resultis an analogue of Lemma 2.3.15. We complete the proofin Section 2.5.5.
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Proposition 2.5.19 (Existence of compact invariant setpuppose thdt is compact an&y is
nonempty. Suppose that; satis€es a reach-avoid-stay speci€caty) U; 1 ). Een the set

A= x21:8 2S}(x);rge() | (2.45)

is nonempty, compact, and forward pre-invariantiqr

Combining Proposition 2.5.17 and Proposition 2.5.19, we immediately obtain the following
connection between reach-avoid-stay speci€cations and stability with safety guarantees.

Proposition 2.5.20. Let Assumption 2.5.12 be satis€ed. Xgebe a nonempty set aridbe a

compact set. Suppose thbt satis€es a reach-avoid-stay speci€cafidg U;1). Een there
exists a compact s&t | such that any less perturbed system with #° 2 [0; #) satis€es the
stability with safety guarantee speci€cat{ofy; U; A).

2.5.3 Lyapunov-Barrier Functions for Reach-Avoid-Stay Speci€cations

In this subsection, we provide Lyapunov-barrier characterizations for stability with safety guar-
antee speci€cations as well as reach-avoid-stay speci€cation. In particular, such characteriza-
tions are (robustly) complete in the sense that Lyapunov-barrier functions exist based on the
speci€ed dynamical behavior of the solutions. ‘e proofs of results from this subsection are
provided in Section 2.5.5.

We focus on the Lyapunov-barrier functions for stability with safety guarantees, the result
for reach-avoid-stay comes a%oer the connection given in Proposition 2.5.20.

De€nition 2.5.21 (Basin of pre-acraction with safety) (Ee extracted basin of pre-a“raction with
safety is a subset Bf;(A) de€ned by

BL(A):= fx2B4(A):8 2S%(x); rge( )\ U= g; (2.46)
whereA; U are given in the speci€cati¢Xy; U; A).

‘e following lemma veri€es some basic properties of the s@#(A).

Lemma 2.5.22. Suppose tha is compact) is closed, and\ U = ;. IfH, satis€es the stability
with safety guarantee speci€catiofy; U; A), then

1) Xo Bu(A) Bu(A);
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(2) @#(A) Is open and forward pre-invariant.

‘e following result shows that based on the reachable region of solutions with stability
and safety guarantees, a single Lypunov like function exists which is also e,ective as a barrier
function to guarantee the safety.

teorem 2.5.23. Suppose tha is compacty is closed, and\ U = ;. Een the following two
statements are equivalent:

(1) Hx satis€es the stability with safety guarantee speci€cédgnU; A)

(2) Eere exists an open and forward pre-invarianOssuch that(A [ X o) O and

O\ U =;,asmooth functioRN : O! R yandclas¥; functions ;; , such that,
i(w(x)) V(X))  2(w(x)); (2.47)
8X 2 (Cy[ D[ G(Dy))\ O;
r V(x) f V(X); 8x2Cys\ O; f 2 F(x)+ #B; (2.48)
and B
V(g) V(X)=e; 8x 2 Dyg\ O; g2 G(x) + #B; (2.49)

wherew is a proper indicator fok onO.

In particular, we can led = @#(A).

Remark 2.5.24. Note that to use [71, Corollary 7.33], we need to verify that the UpAS holds for
the following system of the following modi€cations:

X2 Fo{X); X2 (Cy)oy (2.50a)
X" 2 GoX); X2 (Dy)y (2.50Db)

where
(Cs)= X2 R":(x+ %X)B\ C; 6 ; ;

Fo{x) = TOMF ((x + %x)B)\ Cy) + (%x) + #)B;
(Dy)w= X2 R":(x+ %x)B\ D;6 ;
Gyx)= V2R":v2g+(%g)+ #)B ,forg2 G(x + %x)B)\ Dx. However, this is guar-
anteed by Assumption 2.5.2 for e#ich 0.
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(Ee proof for [71, Corollary 7.33] relies on the conversion from UpAXito fire-asymptotic
stability based on changing the basin of araction. In contrast, for robust systems driven by di,er-
ential equations witlir being a single-valued function, Proposition 2.3.9 provides a more explicit
way of constructing th&L -function such thatw( (t)) (w(x);t) for all solutions with
initial conditionsx 2 O. (Ee argument is based on the reachable set properties as well as a con-
nection between the solution-to-set distance and the proper indicator. (Ee extension of the explicit
construction from Proposition 2.3.9 to the general hybrid systems should be similar.

By the connection obtained in Section 2.5.2, the following results follow.

Corollary 2.5.25. Suppose tha; X, are compact sets and (2) of Eeorem 2.5.23 holdd- ¢Een
satis€es the reach-avoid-stay speci€cdtignU; A+ B) forany > 0.

teorem 2.5.26. Let Assumption 2.5.12 be satis€ed. Supposk ihabmpacty is closed and
I \ U = ;. Suppose thadt 4o satis€es the reach-avoid-stay speci€cat¥yU;l ). Een there
exists a compact s&t | such that (2) of GEeorem 2.5.23 holds fortapwith # 2 [0; #9.

‘e above constructed Lyapunov functions for the stability with safety guarantees and
reach-avoid-stay speci€cations play an implicit role as a barrier function. We mimic Propo-
sition 2.3.21 and provide an equivalent characterization as in ‘eorem 2.5.23 with separate
Lyapunov-barrier functions to complete this section. ‘e separate Lyapunov-barrier functions
for reach-avoid-stay speci€cations are omiced due to the similarity.

tfeorem 2.5.27. Suppose tha is compacty is closed and \ U = ;. If there exists an open
setO suchthatA [ X O, a smooth functiot : O! R  satisfying

(1) there exist,; , 2 K and a continuous positive functigguch that

1(4Xja) V(X))  2(Xja); 8x2 (Cy[ Dy[ G(Dy))\ O; (2.51)
rvx) f %jXja); 8Xx 2 Cy: f 2 F(x)+ #B; (2.52)
V(g) V(X))  %iXja); 8x2 Dy g2 G(x)+ #B; (2.53)

andB :R" ! R thatis smoothirC\ O such that

(2) these:=fx2R":B(x) 0Og OandX, S;
(3) x 2 U impliesB (x) < 0;
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(4)
rB(x) f 0; 8x2Cy\ O; f 2 F(x)+ #B; (2.54)

B(g B(x) 0, 8x2Dy\ O; g2 G(x)+ #B; (2.55)

thenH ; satis€es the stability with safety guarantee speci€céignU; A).

If Xo is also compact, then the converse side also holds, i.e., the existence \¢fama@owith
conditions (1)-(4) is necessaryHor satisfying the stability with safety guarantee speci€cation
(Xo; Us A).

Remark 2.5.28. For the suecient part, condition (4) intends to regulate the safe direction of solu-
tions on the entire open $@trather than directly on its subsgt:= fx 2 R" : B(x) 0g. GEis
condition seems stronger but also necessary. Imposing conditio® @groanly guarantee the
invariance of the interior @, for counters examples see e.g. [167, Remark 4].

2.5.4 Examples

We provide two examples in this subsection to validate our results.

Bouncing ball

As a classical mechanical system with impulse-momentum change, the model of bouncing balls
is frequently used to illustrate dynamical behaviors of hybrid systems. We model a tennis ball
as a point-mass, and consider dropping it from a €xed height with a constant horizontal speed.
‘e vertical direction is forced by the gravity. As the ball hits the horizontal surface, the in-
stantaneous vertical velocity is reversed with a small dissipation of energy.

To describe the hybrid dynamics, the state of the ball is given as
x=(x;y;2)" 2 R%
wherex is the horizontal positiony represents the height above the surface, andthe vertical
velocity. ‘e fow set is given
C=fx:y>0o0ry=0;z Og:

We consider the foWas 2 3
1
x=f(x:=42z5; x2C;
a

6As in [71], it is natural to sef (0) = O regardless of the noncontinuity &Q.
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Figure 2.8: Snapshot of bouncing balbxg-plane.

wherea = 9:8 s the acceleration due to the gravity. ‘e jump set captures the domain when
the vertical velocity fips the sign, which is geiven as

D=fx:y=0andz < Og:

‘e jump dynamic is such that

2 3
X

X =9gx:=4 05; x2D;
&z

for some dissipation coescien&2 (0;1).

Now €x &= 0:8, let the initial condition to bex(0) = (0;9;0:8)" 2 C, and model a block
(the unsafe set) by

U:=fx:y> 10g:

We consider the target set as
| ;== fx:y2[0;0:1]g:

It can be shown analytically and numerically (see Figure 2.8) that the system satis€es the

reach-avoid-stay speci€catidiix(0)g; U;| ). We now validate the existence of Lyapunov-barrier
functions(V; B).
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Note that, the function

V(= 1+ arctan(z) %zz + ay

1+ &)
has been veri€ed in [71, Example 3.19] to be a valid Lyapunov function w.r.t. thiexset = 0g.
It sueces to €nd valid candidate of the barrier functioB . Consider a sigmoid function

1

(x) = 1+exp( 5x)

and let

1 1
B(x):é (x) vy 522+9:5:

It can be veri€ed thaB (X) < Ofor x2 U,
rB(x) f(x= % (x)(1 x)) z+z 0O x2C;

and 1
B(g(X) B(X = 5(22 &7%)> 0, x2 D;

‘erefore, the above B(X) is a valid barrier function. LeS := fx: B(X) 0gbe the set asin
‘eorem 2.5.27, then it is also clear thak(0) 2 S. ‘e evolution of the state x 2 R® as well as
the barrier functionB are provided in Figure 2.9. It can be seen that fortall O, x(t) 2 S and

therefore remain safety w.r.iJ.

Sample-and-hold control

In this example, we revisit the case study in Section 2.4.2 from the perspective of hybrid system.
Due to the issues of less frequent and inaccurate state measurement, the errors inject into the
closed-loop control system and may cause unsatisfactory performance. We are motivated by
the above issues to convert the system (2.38), which is the equivalent form of (2.36), into a
hybrid system. We then apply the conditions of the Lyapunov-barrier functions in ‘eorem
2.5.27 to synthesize valid sample-and-hold controllers aiming at ful€lling the task in Problem
2.4.6.

For simplicity, we de€ne the state= ( ;) " and the control inputu = (v; ). We write

10 () V()
= .
few= "1y~ * (t)g (n
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Figure 2.9: Solution of bouncing ball (the green dots) and barrier funcBofthe grey surface)
in xyz-plane.
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which is the r.h.s. of (2.38).

We then introduce 2 [0; 0:5) as a timer variable and set

2 3
X

z=4W 2R’ R? R

‘e fow set of the sample-and-hold hybrid systemis givena = R> R? [0;0:5), on which
the fow dynamics are such that

z=f(®=4 0 5; z2C:

‘e jumps happen when the timer is up to0:5 and decisions are made, i.B.,= R> R? f 0:5g

and 2 3
X

Z=9g@2=4%4 (X5; z2D: (2.56)
0

We choose Lyapunov-barrier function®/; B) as in Section 2.4.2 and de€ne a set of high-
gain robust control policy as follows:

K(x)=fu2U :L{V(X)+ LgV(X)u+ V(X) &andL;B(x)+ LgB(X)u &;8x 2 Dg;

(2.57)
where & > 0 is intended to compensate the error that is generated when the same control
input is imposed on the fow dynamics. SinteV, L4V, L;B andLyB are locally Lipschitz
continuous, gRd the quantityx( )  X(0)j for any €xedx(0) 2 D is locally bounded given
X()=x0)+ , f(xs);u)dsand 2 [0;0:05). Itis clear that both

JLiVIX( )+ LgV(X( )u+ V(X)) LeV(X0)+ LgV(X0)u+ V(X0))]
and

JLiB(X( )+ LgB(X( )u  LiB(X0)) + LyB(X0))uj

are locally bounded. We set the bound for both of the above quantities t& seich that for
anyu= (X 2 K(x) andx2 D, we have the Lyapunov-barrier conditions satis€ed in the fow,
i.e.,

LiV(X)+ LgV(¥Yu+ V(¥ OandLiB(X)+ LgB(XYu 0O; 8x2 C:

‘is in turn guarantees the reach-avoid-stay property of the system.
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In the numerical experiments, we empirically s&t& 0:07 and impose an extra set of con-
straints for the control input as in (2.40). ‘eu is selected such that (2.39) is minimized for
eachz 2 D. ‘e results are shown in Figure 2.10 and 2.11. It can be seen that given the robust
correction in the decision making, the high-gain controller can still ful€ll the goal apart from
the intensive chacering trajectory along the direction in betweert = 20 andt = 80.

2.5.5 Proofs of Results
Proof of Lemma 2.5.15

Proof. Note that, implicitly, every reference hybrid arcshould exist for hybrid time+j  T.
We suppose the total number of jumps befoFeis N, therebyN 2 [0; T]. Now, set

04 ;0
©9= @9+ 1 2L (00 (©0)

for all t°+ j°2 [0; T]. ‘en the constructed  satis€es (2.44) and
j (%% %% i 00 (00

In particular, forN > 0, the total distance of (t%j9  (t%9j created by jumps should
be bounded by“.r—r, and for each jump and at the end poitft2 11°, we have

%D @0+ D)
Similarly, supposéN < T (i.e., fows exist), then for atP 2 11°, we have

{519 %9 %j (0: 0) (O;O)j:%;

We show that this is a solution toH ;. On the fow seCy, let® = C,\ (K + rB). ‘en
forx 2 ®, for allt®2 11°, we have

{59 L0559+
FO@IN+ #+ ¢ BrLel (89 (%108

B OF((%)+ #+ o B

=

FO@N+ #+ Z+rly B

F( (% + #+ 4+, B
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Figure 2.10: Control signal and solved by the quadratic programming for the hybrid con-
version of (2.38).
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Figure 2.11: Phase portraits and evolution odnd given the sample-and-hold control signal
vand .
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where the constant 4 in line 4 of the above inclusions is obtained by Lemma 2.5.14.
Similarly, for each end point®of somel i°, the jump should satisfy

%1 G( (jh+ #+ 41, B;

where® ;= Dy \ (K + rB) andL 4 is obtained based on Lemma 2.5.14@or

Now we are able to bound the above Bysuch that is a solution toH.. ‘e r can be
selected accordingly such that all of the followings are satis@ed: # #° 2- + #%+2rL 6 #
andZ + #0+2rLy  #.

Note that the above choice af should work for every possible case: the extreme cases
when only fows N = 0) or jumps (N = T) happen, as well as the mixed fow/jump case
(N 2 (0;T)). O

Proof of Proposition 2.5.19:

To prove Proposition 2.5.19, we need the following lemma.

Lemma 2.5.29. Let the hypothesis in Proposition 2.5.19 be satis€edo ReA | be €xed.
Een for every> 0Oand 0, there exists> 0such that, for every solution2 S, (xo+ B)
there exists a solution2 S}, (xo) suchthat and are(; )-close.

Proof. Without loss of generality, we can assume thaand are arbitrarily small such that

Xo+ B |. Note that by the reach-avoid-stay property éf4, the solution starting froml
should be either eventually bounded or complete. Suppose the statement were to fail, then for
some arbitrarily small and , foreachn 2 Nand , 2 S# (xo + 1=nB) with xo+1=nB |,

there exists no solution 2 S}, (xo)is(; )-closeto ,. Howeverf g, is (locally eventually)
bounded. By [71, ‘eorem 6.1], we can extract a subsequence, still denoted hyg,, that is
graphically convergent to some 2 S# (x). ‘is implies that there exists some sueciently
largen suchthat , and are(; )-close asaconsequence of graphical convergence of bounded
sequences, which leads to a contradiction. O

Proof of Proposition 2.5.19 : By De€nition 2.5.9, there exists sonfe 0 such that
R,"(Xo) |.ltiseasytoverifythatforank 2R ,"(Xo) |,x21,andforall 2 S (x),
we have (t;j) 2 R,"(Xo) for all (t;j) 2 dom( ). ‘is shows that A is nonempty. ‘e
forward pre-invariance is veri€ed by se<ing =0 andXy |.
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It sueces to show the closedness &, which will imply the compactness due to the bound-

edness assumption oh. Pick any sequencéx,g, A such thatx, ! x. ‘en for all

n 2 S (xn), we haverge( ) | and hence bounded. Suppose tha2 A, then there
existsa 2 S¥(x) suchthat (t;j) 21 for some(t;j) 2 dom( ). Select susciently small
and asin Lemma 2.5.29, then there exists some (; ) > 0and susciently largen 2 N
(with x 2 x, + B)suchthat 2 S#(x,+ B). However, by Lemma 2.5.29, there exists a
solution , 2 S¥ (x,) such that and , are arbitrarily ( ; )-close. Sinc®" nl is open, we
have ,(s;j) 2 R" nl for somes + | with jt sj < . ‘is contradicts the forward
pre-invariance property of ,. Hencex 2 A andA depicts compactness. ]

Proof of Lemma 2.5.22

Proof. ‘e €rst claim can be easily veri€ed by De€nition 2.5.8 and 2.5.21. ‘e forward pre-

invariance of (2) comes a%oer De€nition 2.5.4. It sueces to show ﬁw((A) is also open given
U is closed.

Suppose the opposite, then pick ary2 2 #(A), there exists a sequence of poirits, g,
B, nB,(A) with x, | x. Note that for eactn, there exist , 2 S¥(x,) that are either
bounded or complete with convergence £ Either way, we have , bounded for eacm by
Proposition 2.5.10. By [71, ‘eorem 6.1], we can extract a subsequence, still denotdd by,
that is graphically convergent. By Assumption 2.5.2, the limit satis€e&s S ¥ (x), and is again
either bounded or complete with convergenceAo

Suppose the graphical limit is complete. Let > 0 be given by condition (2) from De€ni-
tion 2.5.6. Pick<r suchthat(A+ B)\ U= ;. Choose according to condition (1) of
De€nition 2.5.6 by the uniform stability. ‘en there exists a = T( ) > 0such that

iB(t: i )ia
for all b 2 S{ (x) andt + j dom(b) witht+j  T. Note that the reachable scR#T(x)
is compact and we can select sonfe< =2 such that(R#T(x) + B)\ U= ;. Let =

minf ¢ g. Asthe consequence of graphical convergence, there exists a susciently largjeN
such that for each > 0, the solution , and are(; °-close. No macer Tor <T,
we can verify by the choice of®andn that ,(t;j) 2 (Rs(X)+ B)[ (A + B) for all
(t;j) 2 dom( ,), which contradicts the property of , 2 S# (x,) with x, 2 B 4(A) n @#(A).
For the case that is bounded, we can proceed and show the contradiction by a similar way.
Combining the above, we ha\@#(A) is open. O
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Proof of feorem 2.5.23

Proof.(1) =) (2): By [71, Corollary 7.33], the existence of smooth Lyapunov-like function
holds on forward pre-invariant open subsets Bf;(A). ‘e result follows immediately by
Lemma 2.5.22 foD = @#(A).

(2) =) (2): By a standard Lyapunov argument for hybrid systems, we are able to show
that forany toH; with (0;0)2 O,

V( (i) V( (0;0)e D

which implies the forward pre-invariance d and the UpAS property of any starting within
O. NowthatO\ U = ;,forany 2 S} (Xo) with Xo O, we haverge( )\ U = ;, which
implies the safety. ]

Proof of feorem 2.5.27

Proof. We only show the suecient part, the converse construction can be argued in a similar
way to Proposition 2.3.11. We start with the stability. Note that by a standard Lyapunov ar-
gument for hybrid systems, the existence éfwith condition (1) is suecient to guarantee the
UpAS property ofA for Hy. ‘e condition (2)-(4) of B intends to separate the s&andU, such
that all the solutions starting fron will stay within it.

We show formally the mechanism & . Suppose the opposite, then there exists sonie S,
a solution 2 S¥ (x), and some hybrid time such th& ( (t;j)) < 0. ‘en we are able to
de€nea€nitetime :=supft+j 0: (t;j) 2 Sg: Asaconsequence, there exi8and;j °with
t% j%=  suchthatB( (t%j9) = 0. Note that since the existstillB( (t;j)) < 0. Forasmall
perturbation of t® is either a fow such that®+ 2 11°, ortriggers a jump such that®+ 2
1 1%L For the €rst case, sind® is open, for arbitrary > 0, we still have (t%j9 2 C,\ O for
almostt®2 [t%t% ].‘us, we have B( (t%j%) = r B( (t%j)) f Oforallf 2 F(x)+ #B
and almost alt®2 [t%t°+ ], which meang®+ j© but (t%j9 2 S. ‘is contradicts the
de€nition of . For the second case, by a similar argument, we h&ge(t®%j°+1)) 0, which
also leads to a contradiction. Hen&is forward pre-invariant. ‘is veri€es condition (2) of
De€nition 2.5.8. A direct consequenceBfis that, for anyX, O, any solution 2 S¥ (Xo)
stays within S and henceD. Condition (1) guarantees that2 B »(A). ‘is veri€es condition
(1) of De€nition 2.5.8. O
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2.6 Summary

In this chapter, we started with a quick review of barrier functions and the associated certi€cates
to guarantee set invariance. A slight modi€cation of barrier conditions were made in Section
2.2.1, based on which the CBF was proposed and veri€ed to sueciently guarantee the set safety
of the controlled trajectories.

We then proved two converse Lyapunov-barrier function theorems for nonlinear systems
satisfying either asymptotic stability with a safety constraints or a reach-avoid-stay type spec-
i€cation. In the former case, we show that a smooth Lyapunov-barrier function can be de€ned
on the entire set of initial conditions from which asymptotic stability with a safety constraint
can be satis€ed. For the lacer, we establish a converse theorem via a robustness argument. Itis
shown by example that the statement cannot be strengthened without additional assumptions.
We further extend the results to establish converse control Lyapunov-barrier functions for sys-
tems with control inputs. ‘e focus of the current chapter is on converse Lyapunov-barrier
functions, applying which we make a quick extension to converse control Lyapunov-barrier
function. However, we only considered an additive measurable disturbance in the right-hand
side of the dynamical systems for the purpose of establishing converse Lyapunov-barrier re-
sults. In addition, similar to other converse Lyapunov theorems, the existence results are not
constructive.

We investigated the e,ectiveness in a case study of jet engine compressor control problem.
In the control problem, we concern the parameter as a time-varied signal to be decided along
with the control signalv for the state variable . It is shown that the suecient conditions orv
and generated by Lyapunov method can be fexibly embedded into a quadratic programming
framework with a minimum energy cost. In contrast to formal methods, which fail to handle
non-uniform speed of dynamics determined byt) using the existing tool boxes, Lyapunov
methods analytically characterize the topological structure on the solutions w.r.t. the reach-
avoid-stay speci€cations without considering local dynamics.

We €nally showed that under mild conditions, the connection can be made, via a robust-
ness argument, between stability with safety guarantees and reach-avoid-stay speci€cations
for robust hybrid systems driven by di,erential and di,erence inclusions. We further extended
the Lyapunov-barrier function theorems to robust hybrid systems that satisfy stability with
safety guarantees and reach-avoid-stay speci€cations. Under the concept of solutions to hybrid
systems, as well as natural requirements on the compactness of target set and the set of initial
conditions, we showed that the existence of Lyapunov-barrier functions is necessary to the two
speci€cations of our interests. It is interesting to compare with the latest converse theorems
on barrier functions for systems driven by di,erential inclusions [64]. ‘e mentioned refer-
ence provides a construction based on time-to-impact functions w.r.t. the robust reachable sets,
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which in turn to be quali€ed as barrier functions. In terms of safety, this method allows us to
consider relaxations for the topological set-ups of target sets and the set of initial conditions,

however, at the cost of not relying on the existing converse Lyapunov theorems and possibly
sacri€cing the smoothness of barrier functions.
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Chapter 3

Lyapunov-Barrier Approaches for
Veri€cation and Control of Stochastic
Systems

In this chapter, we extend the Lypanov-Barrier approaches to veri€cation and control synthe-
sis of stochastic systems. We focus on probabilistic invariance/safety and reachability related
speci€cations for continuous-time stochastic systems modelled by SDE driven by Brownian
motions.

Considering the appearance of noises witld li,usion, instead of direct requirements on
trajectory behaviors in the state spaper sea proper speci€cation is to specify a probability of
sample paths satisfying certain state-space behaviors, namely probabilistic speci€cations. ‘is
turns out to €t the culture of stochastic dynamical systems: when it comes to observations in
the state space, we usually concern how probability laws on the canonical space distribute the
corresponding weak solutions.

As for veri€cation and control synthesis of probabilistic stability-safety type problems, it ap-
pears more challenging. Authors in [102, 35, , 52, 51] applied abstract models, such as IMC
and BMDP, on discrete-time continuous-state stochastic systems to compute an inclusion of the
real satisfying probability and synthesize controllers for probabilistic speci€cations (including
probabilistic reachability on an in€nite horizon). Works in [143, , 88] characterized value
functions for reachability/reach-avoid problems in discrete-time continuous-state stochastic
systems and applied dynamic programming for synthesizing optimal controllers. Authors in
[53] developed a weak dynamic programming principle for the value functions of probabilis-
tic reach-avoid speci€cations in continuous-time continuous-state stochastic systems, which
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provides compatibility for non-almost-sure probabilistic requirements. It remains a fundamen-
tal challenge to overcome the curse of dimensionality in discretization-based approaches for
veri€cation and control synthesis.

Since small perturbations should necessarily be taken into account due to reasons such as
modelling uncertainties and measurement errors of the state, robust analysis provides guar-
antees in a worst-case scenario. Despite the current theme of regarding “inaccuracy' from the
computation of probability measures as the “uncertainty' [102, 35, , 52], to make a closer
analogy of the deterministic case, we consider uncertainties as a result of perturbed stochastic
systems which create an inclusion of solutions. A robust satisfaction of a probabilistic spec-
i€cation in a perturbed stochastic system is then interpreted as follows: the solution process
measured in the correspondingly worst but accurate probability law still satis€es the probabilis-
tic speci€cation. ‘e work [155] demonstrated the robust Lyapunov-stability for discrete-time
stochastic systems with perturbations. ‘e authors in [137] considered the same type of systems
and developed a robust algorithm to guarantees practical convergence to a Nash equilibrium in
non-cooperative games. Continuous-time stochastic di,erential inclusions are also well studied

[93, 94, 118].

Considering this complexity issue as well as the possible appearance of extra uncertain-
ties, this chapter formulates stochastic Lyapunov and barrier functions to deal with suecient
conditions for robust probabilistic invariance and reachability related speci€cations.

Conventions for Notation:

For any stochastic processéXg: o we use the shorthand notatiolXX := fX.g o. For
any stopped procedsX» g o, Where is a stopping time, we use the shorthand notatih .
We denote the Borel -algebra of a set by () and the space of all probability measures on
B () byP (). Given a probability spacé ;F;P), we denote bk ki := Ej j theL-norm for
R"-valued random variables, and I8t := f X : R"-valued random variable witlkX k; < 1g.

3.1 Preliminaries

Before proceeding, we briefy introduce perturbed SDEs and the solution concept. We focus on
the introduction of control-free cases, and the systems with controls should be similar.

Control-free system dynamics

Consider the following form of perturbed SDEs:
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whereW is anm-dimensional standard Wiener process; the procesfk ! B is ameasur-
able signal independent withV, whose marginals(t) 2 B are independent random variables
with unknown distributions;f : R" ! R" is a nonlinear vector €eldb : R" ! R" "M is

a smooth mapping. For future references, we denote systems driven by SDE (33SL), lof
which the # represents the intensity of perturbations. Similar to Chapter 2, we denot&by
the control-free stochastic system without extra perturbations.

Remark3.1.1. Wecantreat : R ! B, as aspecial case, where the marginals are independent
point-mass perturbations that possess Dirac meagui@sunknownx 2 B;.

Assumption 3.1.2. We make the standing assumptions on the regularity of the s§steanthe
rest of this chapter:

(1) Ee mappingk b satisfy local Lipschitz continuity.
(2) Ee eigenvalues[(bd )(x)] of the matrixbd (x) fori =1;2;, ;n satisfy

sup._min_[(bd )(x)] > O

x2Rn 1=1:2;

De€nition 3.1.3 (Solution concepts)Ee systens » admits

(1) astrong solution on a given €ltered probability spate- ¥; f F ’g; PY), where the given
Wiener proces#/ is de€ned, if there exists an adapted proxesatisfying the SDE3.1)
forany :R ¢! B;

(2) aweak solution if there exists a €ltered probability spaGé Y;fF /g; PY) with a pair
(X; W) of adapted stochastic processes, sucMthata Wiener process aXdsolves the
SDE@S.1)forany :R o! B.

Note that from a modelling point of view, we usually do not specify &npriori a Wiener
process [131]. In addition, for the purpose of verifying dynamical behaviors in probability
laws, i.e. the probabilistic properties in the state space, it is not necessary to restrict ourselves
to a speci€ed probability space. For a syst&m, we consider the weak sense of solutions
and denote byS 4(x; W) the set of all weak solutions witiX, = x a.s. for a giverx 2 R".
Likewise, for a given seK  R", let S »#(K; W ) denote the set of all weak solutions with any
initial distribution on (K; B (K)).

Remark 3.1.4. For# 0O, the solution se® »(x; W) (resp.S 4(K; W )) becomes a singleton.
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Canonical space

We have a Wiener proces#/ de€ned on some probability spage¥; F Y; PY) for each weak
solution. We transfer information to the canonical space, which gives us the convenience to
study the law of the solution processes as well as the probabilistic behavior in the state space.

De€nition 3.1.5 (Canonical spacePe€ne := C([0;1 ); R") with coordinate proceXs($ ) =
$(t)forallt Oandall$ 2 . De€ner; .= fXg O w9 for eacht 0, then the
smallest -algebra containing the sets in evéry i.e. F := | ,F¢, turns out to be same as
B ( ). ForeaclX 2 S4(R"; W), the induced measure (probability &) 2 P( ) onF is
such thatP*[A] = PY X 1(A) for everyA 2 B ( ). We also denote* by the associated
expectation operator w.IRX . (Ee canonical space ris given ag ;F;P*).

For the special case wheh 0, we speci€cally denot®* by the probability law of the
weak solutionX given X, = x a.s. for somex 2 R". We also denot&* by the associated
expectation operator w.r.tP*. Likewise, for any arbitrary initial distribution 2 P () , the
unique probability law is given as .

Pl ]:= P*[ ] (dx):
RN

Since we are unclear about the base probability sgaceF Y; PY) where the Wiener process
W is de€ned, we prefer to transfer information to the canonical space, which gives us the
convenience to study the probability law of the weak solutions and the probabilistic behavior
in the state space.

De€nition 3.1.6 (Weak convergence of measures and processé€x))en any separable metric
spacdE; ), a sequence 6P"g of P (E) is said to weakly convergeRo2 P (E), denoted by

pPh* P,ifforallf 2 Cy(E) we haveZ .

lim fdP"= fdP:
n!l E E
A sequenceX "g of continuous process€$swith law P" is said to weakly converge (6nT])
to a continuous proceXswith law P* , denoted bX " * X ,ifforallf 2 C,(C([0;T];R")) we
havelim,; E"[f (X")] = EX[f (X)]:

Remark 3.1.7. We work on this weak topology to study a family of processes. More details on

the weak topology as well as metric spaces of probability measures can be found in Appendix E.
Note that the €rst part of De€nition 3.1.6 is also provided in Appendix E. (Ee weak convergence
of a sequence of processes is dual to the weak convergence of their probability laws. Both concepts
can be used interchangeably.
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Generator and characteristic operator

It is fundamental for many applications that we can associate a second order partial di,erential
operator to a stochastic process [131]. We introduce the following concepts for syStem

De€nition 3.1.8 (In€nitesimal generator) (Ee in€nitesimal generatéy of S ' is de€ned by

x2 R":

A h(x) = lim Ex[h(xtz] hx),

We further denotdom(A ) by the set of functions for which the limit exists forxalt R".

Proposition 3.1.9. [131] LetX be driven byS . Een, ifh 2 C2Z(R"), we haven 2 dom(A )
and

Ah(x)=r h(x) f(x)+ %tr (b )(X) hy(X) ; (3.2)
wherehy, = (hyx, )n n andtr[ ] denotes the trace.
De€nition 3.1.10 (Characteristic operator)Ee characteristic operatbrof S is de€ned by

EX[h(X )] h(x).
EX[ n] ’
where the\ 's are sequence of open $¢tsdecreasing to the the poixti.e.,Ny.q Ny and

\ kNx = fxg,and y =infft> 0; X; 2 Ng. We further denotdom(L) by the set of functions
for which the limit exists for ak 2 R".

Lh(x) = lim x 2 R";
N #0

Proposition 3.1.11. [131] LetX be driven byS; with # = 0. Een, ifh 2 C2(R"), we have
h 2 dom(L) and

Lh(x)=r h(x) f(x)+ %tr (b )(X) hy(X) ; (3.3)
whereh,, = (hyx, )n n andtr[ ] denotes the trace.

feorem 3.1.12 (Dynkin's formula) Leth 2 CZ(R"). Suppose is a stopping time such that
EX[ ]< 1. Cen, 7

EXIn(X )] = h(x) + EX A h(Xs) : (3.4)
0

!Formally,A is the in€nitesimal generator of the transition semigroup (see Appendix B for details) for system
S.
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Remark 3.1.13. Note that there is a subtle but crucial di,erence betweeandL in terms of
the valid test functions, albeit the two operators possess the exact same form. Hovietlee, if
€rst exit time of a bounded set, then the Dynkin's formula can be used as

y
EXh(X )] = h(x)+ EX  Lh(Xs) ; h2 C¥R"): (3.5)
0

We do not usually distinguish the concepAoindL when our goal is to use Dynkin's formula
on a bounded domain with its associated €rst exit time.

We extend the above notions to systerBs; with # 6 0. For eachd 2 B, we denote byA
the generator ofS » and byL 4 the characteristic operator d& ». Furthermore, we have

Agh(x) = r h(x) (f(x)+ #d)+ :—2Ltr (bF)(x) he(x) ; h2 CAR")

and
Lgh(X) = r h(x) (f (x)+ #d)+ %tr (bF)(X) hw(X) : h2 C3R"):

De€nition 3.1.14 (Clari€cation of Notations) SinceA andL (respAq andLg4) have the same

form apart from the domain of test functions, to keep notation succinct, we doAofresp A 4)

to this end unless specially emphasized. Readers are able to justify the meaning of the operators
based on the contexts.

Regularities of solutions

Since for each measurable signalthe corresponding martingale problem is well posed un-
der Assumption 3.1.2, by Markovian selection theorems [54, ‘eorem 5.19, Chap 4], the unique
solutionP* to the martingale problem also makes the associated weak solytiohV ) Marko-
vian.

We also do not exclude explosive solutidria general. As a macer of fact, under the as-
sumptions onf andg, for any X 2 S4(R"; W), there exists a stopping timee, such that
PX[ & > 0] = 1. Each weak solutiorX exists locally for allt 2 (0; ) such that o = 1
(exists globally) otimys, . kX{k = 1 (explodes within €nite time).

2See [16, Section 5.5] for details.

79



Systems with controls

Let the set of controlU be given. Suppose thall is complete and separable metric spaces.
Consider a nonlinear system of the form

dX; = f (Xy)dt+ g(X)udt + b(X)dW, + # (t)dt; (3.6)
where the mappingg : R" ! R" Pissmooth;u : R o ! U is a locally bounded non-

randomized control signal, whilst the other notation remains the same.

In practice, step controls (see De€nition C.2.1) are frequently used. It can be veri€ed that
the probability law of the procesgX; u) can be constructed using a sequential de€nition as in
the discrete-time case (see details in Appendix C.1 and C.2) given step controls.

For a given control process with step controls at susciently dense sampling time, and an
arbitrary initial distribution 2 P (X), we denote byX " the controlled process and by ' {
the law of X Y. Note that, for eacht > 0, the random variableX ' is determined by and X {
fors 2 [0;t).

In terms of control synthesis, we focus on deterministic Markov policieésee De€nition
C.3) that generate step controls based on the sampling points. We further dehiptbéy the
control system driven by (3.6) that is comprised by= (x). We denote byX the controlled
process given the synthesized control and By the law of X for any initial distribution

2 P(X).

‘e corresponding generator/characteristic operator is given as
Lgh(x) := Lgh(x) + Lgh(x)u; h 2 dom(Ly)
for eachd 2 B andu 2 U, whereLgh(x) = r h(x) g(x). Similarly, when# = 0, we have

L"h(x) := Lh(x) + Lgh(x)u; h 2 dom(L):
3.2 Stochastic Barrier Functions for Probabilistic Invari-

ance Speci€cations

We have seen in Section 2.2 that two special types of barrier functions are frequently used
to guarantee set invariance in the deterministic context. In particular, the barrier conditions
associated to ZBFs are less strict than those of RBFs. For this reason, we extend the notion
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of ZBFs to CBFs for control synthesis of safety speci€cations aiming at generating bounded
control inputs when trajectories approach the safe boundaries.

However, for di,usion processes, such a zeroing-type relaxation of barrier conditions for
stochastic barrier functions will have a signi€cant negative impact on the satisfaction prob-
abilities. On the other hand, the non-relaxed reciprocal type conditions provide more severe
control constraints than their deterministic counterpart. For these reasons, we propose a mid-
dle ground to characterize safety properties for (3.6). To be<er convey the idea, we directly
work on the stochastic control barrier functions and only consider the special case whe®
throughout this section.

3.2.1 Problem De€nition

For simplicity, we consideX, = x a.s. for some 2 R" as the initial condition. We €rst
introduce the stochastic analogue of set invariance, i.e. probabilistic set invariance, de€ned as
follows.

De€nition 3.2.1 (Probabilistic set invariance)LetX be a stochastic process. AGet R" is
said to be invariant w.r.t. a tuple; T, p) for X, wherex 2 C,T 0, andp 2 [0; 1], if the initial
conditionX = x a.s. implies

PX[X,2C:0 t T] p: (3.7)

Moreover, ifC  R" is invariant w.r.t. (x; T;1) forallx 2 CandT 0, thenC is strongly
invariant for X .

De€nition 3.2.2 (Controlled probabilistic invariance)Given systen(3.6)and a control signal
u,asetC R"is saidto be controlled invariant undew.r.t. a tuple(x; T; p) for systen(3.6) if
Cis invariant w.r.t.(x; T, p) for the controlled proceXs'.

Similarly, C  R" is strongly controlled invariant undarif C  R" is controlled invariant
underuw.r.t.(x; T;1)forallx 2 CandT 0.

For the rest of this section, we consider a safe set of the form
C:=fx2R":h(x) 0g; h2 C*R"): (3.8)
We also de€ne the boundary and interior Gfexplicitly as below
@:=fx2R":h(x)=0g; (3.9)
Int(C) := fx 2 R" : h(x) > Og: (3.10)
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Problem 3.2.3 (Probabilistic set invariance controlisiven acompacts€t R" de€nedin(3.8)
a pointx 2 Int( C), and a tuple(x; T; p), design a control strategysuch that undeu = (x),
the interiorint( C) is controlled invariant w.r.(x; T; p) for the resulting strong solutions(&6)

3.2.2 Safe-Critical Control Design via Barrier Functions

In this subsection, we propose stochastic barrier certi€cates that can be used to design a control
strategy for Problem 3.2.3. Before proceeding, it is necessary to review stochastic control
barrier functions to interpret probabilistic set invariance. Note that we consider the safe set as
constructed in (3.8), where the functidnis givena priori.

Stochastic Reciprocal and Zeroing Barrier Functions

Similar to the terminology for deterministic cases [5], we introduce the construction of stochas-
tic control barrier functions as follows.

De€nition 3.2.4 (Reciprocal stochastic control barrier functianh functionB : Int(C) ! R
is called a R-SCBF for systgh6)if B 2 C2(R") and satis€es the following properties:

(1) there exist clagsfunctions ;; , such that for alk 2 R" we have

1 1
—F—  B(X _ 3.11
NOIE) IR CTe%) (841
(2) there exists a claksfunction 3 such that
ir21LfJ[L“B(x) 3(h(x))] O: (3.12)
We refer to the set of control policies generatd@.4y)as
Kr(x):= fu2U:L"B(x) 3(h(x)) Og: (3.13)

Proposition 3.2.5 ([40]). Suppose that there exists an R-SCBF for sg@@ntf u(t) = (X}') 2
Kr(X{) forallt O, thenforallt 0OandXy= x 2 Int(C), we haveP*'[X 2 Int(C)] =1
forallt O.
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Remark 3.2.6. (Ee result admits 8*{-a.s. controlled invariant set for the marginalXdf and
is easily extended to a pathwiB&"-a.s. controlled set invariance. Note that the solution is right
continuous. Ldtt,; n=1;2;:::g be the set of all rational numbers[® 1 ), and put

\
= fl :Xg 2 Int(Qg;

1 n<1

then 2 F (a -algebra is closed w.r.t. countable intersections). Qifite set of rational
numbers) is dense i, X ! is right continuous, and is continuous, we have

=13 : X2 Int(C); 8t2[0;1)g:
Consequently, we hai?&'[ ] 1from the marginal result.

De€nition 3.2.7. (Zeroing stochastic control barrier function) A funcBonC ! R is called a
Z-SCBF for syste(8.6)if B 2 C?(R") and

(1) B(x) Oforallx 2C;
(2) B(x) < Oforallx 2C;
(3) there exists an extend€d function such that

sup[LYB(x)+ (B(x))] O (3.14)
u2uU

We refer the set of control policies generatg@ livi)as
Kz(x):=fu2U :L'"B(x)+ (B(x)) Og: (3.15)

Proposition 3.2.8 (Worst-case probabilistic quanti€cationpuppose the mappihgas in(3.8)
Is a Z-SCBF with (x) = kx andk > 0. Letc = sup,,c h(x) and Xy = x 2 Int(C). CEen, if
U = (X{) 2 Kz(X{) forallt 2 [0;T], whereKz(y) = fu 2 U : Ah(y) + kh(y) 0Og, we
have the following worst-case probability estimation:

P*U[X{21Int(C); 0 t T] &;) e °T: (3.16)

Proof.Lets= ¢ h(x) andV(x) = ¢ h(x), thenV(x) 2 [0;c] for all x 2 C. Itis clear that
LYV (x) = LYh(x) foranyu 2 U. Foru(t) 2 Kz (X ) forallt 2 [0; T], we have

LUV(XY) KV (XY + ke:
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By [100, ‘eorem 3.1],

n #
P supV(X{) ¢ 1 1 = e°: (3.17)
t2[0;T]
‘e result follows directly a%oer this. O

Stochastic control barrier functions and high-order stochastic control barrier func-
tions

In proposing stochastic control barrier functions for high-order control systems, the above R-
SCBF and Z-SCBF are building blocks. ‘e authors in [148] constructed high-order R-SCBFs
and have found the suscient conditions to guarantee pathwise set invariance with probability
one. While the results seem strong, they come with signi€cant costs. At the safety boundary,
the control inputs need to be unbounded (as shown in Example 3.2.9 and in the numerical ex-
periments in [167]). On the other hand, the synthesis of controller for a high-order system via
a Z-SCBF has mild constraints. ‘e trade-o, is that the probability estimation of set invariance

is of low quality (note that the worst-case probability estimation using €rst-order barrier func-
tion is already discounted over a relatively long time period). For these reasons, we propose a
di,erent type of stochastic control barrier functions other than the above mentioned two types.

Example 3.2.9. Consider a stochastic system
dXt = (Xt + Ut)dt"' de, b2 R:

Supposeth&@= fx 2 R: x 1gwithh(x) =1 x. Accordingly, an R-SCBF for the system is

B(X) = Wlx) and we havéZ® = . et =1. Een the R-SCBF condition is

LYB(x) = (x + u) h(x)

1
h?(x)

and the control inputs should satisfy

u h3x) x m:

Asx approaches 1, the control approaches (Eis implies that in order to guarantee safety, we
requires an unbounded control around the boundary of the safe set for stochastic systems, which
can be diecult to satisfy for some practical applications.

84



To obtain non-vanishing worst-case probability estimation (compared to Z-SCBFs) in in-
€nite horizon, we propose a safety certi€cate via a stochastic Lyapunov-like control barrier
function [100], which we still name it as a SCBF.

De€nition 3.2.10 (Stochastic control barrier function)A functionB 2 C2(R") is said to be a
SCBF it 4B (x) 6 0 (recall notation in De€nition 2.1.3) and the following conditions are satis€ed:
(1) B(x) Oforallx 2C;
(2) B(x) < Oforallx 2C;

(3) supLB(x) O.
u2U

We refer the set of control policies generated by (3) as
K(x):=fu2U :L"B(x) Og: (3.18)

Proposition 3.2.11. Suppose the mappiigis an SCBF with the corresponding set of control
policiesK(x). Letc = sup,,c h(x) andX, = x 2 Int(C). Een, ifu; = (X{) 2 K(X}) for all
t 0, we have the following worst-case probability estimation:

h(x)

P*Y[X{2Int(C); 0 t< 1] T:

Proof.LetV = ¢ h,thenV(x) Oforallx 2 CandL"V(x) 0. ‘eresultis followed by
[100, Lemma 2.1] using a supermartingale argument. Indeed, for every,

EXUV(X501  E®[Le gV (X %)
P*U 1] EXIV(XT()] (3.19)
>c P*Y ]
However,E*Y[V(X",)] V(x)forallt O. ‘erefore,

V(x),

PX[ t]< — 8t O (3.20)

Sendingt '1  wegetP*[ < 1] Y forallx 2 Int(C). ‘e result follows immediately.
[

De€nition 3.2.12. A functionB : C*(R") ! R s called a stochastic control barrier function
with relative degree for systen(3.6)if
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(1) B satis€es (1) and (2) of De€nition 3.2.10, and
(2) LgL" B(x) 60 andLgL) B(x) =0 forj =1;2;:::;r  landx 2 C.

(3) sup(LY)'B(x) O.
u2u

We refer the set of control policies generated by (3) as

K'(x):=fu2U:(LY)Y'B(x) Og: (3.21)

If the system (3.6) is ari"-order stochastic control system, to steer the proc¥ssto satisfy
probabilistic set invariance w.r.tint( C), we recast the mappingy as an SCBF with relative
degreer. Forh 2 C#(R"), we de€ne a series of functioris;j : R" ! R such that for each
j =121, we havely; b 2 dom(L) and

bo(x) = h(x);
() =LY (LY *hy(x):

We further de€ne the corresponding superlevel s€dorj =1;2;:::;r as

G=fx2R":h(x) Og: (3.23)

teorem 3.2.13. If the mappingh is an SCBF with relative degireeand the control process
is such thaty, 2 K'(X{) forallt 0. Letg =: sup,,c, b(x) for eachj = 0;1;:::;r and
Xog=x2 jr:O G . Een we have the following worst-case probability estimation:

(3.22)

¥ h(.
j= 9

Remark 3.2.14. We omit the proof due to its less relevance to the main topic. (Ee details can be
found in [167, Eeorem 111.10]. (Ee above result estimates the lower bound of the safety probability
given the constrained control signal&€/nder some extreme conditions, the worst case may happen.
Indeed, a conservative assumption is made in the proof such that within €nXe'tualecross the
boundar;gof eaci . Another implicit condition that may cause the worst-case lower bound is when
the event jrzolf L'h =0; 0 t< 1g isaP*"-null set. Eis, however, is practically possible
since the controller indirectly infuences the value"of for allj < r , the strong invariance of

the level setL"y = 0gis not guaranteed using QP scheme.

PXUXY2 Int(C); 0 t< 1]

On the other hand, a non-zero probability bfg = 0g for anyj <r makes a compensate
for the lower bound estimation. ®h"ly = 0g, the procest (X~ ;)G o is a lower bounded
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martingale and therefore converges with probability 1. We can estimate (using standard exit-
time problem arguments) théb (X~ ;)g o reaching0 within a €nite time has a probability

b (X 1)
1 le

A nice selection of controller is to implicitly reduce the total time a sample path spends in
fLYh  Og for eachy . However, this is a challenging task by only steering the bo"om-level fow,
which in turn gives us a future research direction.

Two examples are provided in [167] to validate our results. It can be shown numerically that
the proposed SCBFs have smaller control e,orts compared to R-SCBFs and higher safe prob-
ability compared to Z-SCBFs. In particular, given a bounded constraint on control inputs, the
safe (conditional) probability using SCBF is much higher than using R-SCBF. Such an empirical
di,erence is enlarged for control systems with high-relative degrees. On the other hand, the re-
sult demonstrates an overall be<er performance of SCBF compared to Z-SCBF given randomly
selected initial points, which indicates a potentially larger winning set.

3.3 Stochastic Lyapunov-Barrier Functions for Robust Prob-
abilistic Reach-Avoid-Stay Speci€cations

In this section, we aim to provide a stochastic version for the probabilistic reach-avoid-stay
problems in consideration of robustness.

Motivated by the deterministic robust abstractions [112, ] and the comparisons with
robust Lyapunov-type characterizations of reach-avoid-stay speci€cations in Section 2.4.2, to
be<er understand how these two perform in the stochastic context, this section formulates
stochastic Lyapunov-barrier functions to deal with suscient conditions for robust probabilistic
reach-avoid-stay speci€cations. ‘e studies on robust stochastic abstractions will be carried
out in the following section.

To this end, we €rst establish a connection between stochastic stability with safety con-
straints and reach-avoid-stay speci€cations based on (3.1). We then prove that stochastic Lya-
punov and Lyapunov-barrier functions provide suescient conditions for the target objectives.
We apply Lyapunov-barrier conditions in control synthesis for reach-avoid-stay speci€cations
based on (3.6), and show its e,ectiveness in a case study.
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3.3.1 Stability and Safety Concepts

We €rst consider the control-free dynamics driven by (3.1) and introduce the problem de€ni-
tions. ‘e systems with controls should be similar.

Apart from Assumption 3.1.2, we also impose the following requirement$ andg.

Assumption 3.3.1. (Eere exists a trivial solutiox for systenS (i.e. S when# = 0) such
thatf (Xe) = g(Xe) = 0.
We provide de€nitions for probabilistic set stability given a closed 8et R".

De€nition 3.3.2 (Uniform stability in probability law) (Ee sefA is said to be Pr-US & if
for each 2 (0;1) there exists 2 K such that

- x. - 1 - . .
XZST(fx;W)P IXta (Ixja) 8 0 1 ; (3.24)

wherex is the initial condition.

Remark 3.3.3. Equation(3.24)s equivalent to the following: for any2 (0; 1) andr > 0, there
existsan = (;r) 2 (0;r) such that

. x - . .
>(zslg(fx;w) P [ X¢ga r 8 s($)] 1 ; (3.25)
whenevejX gs)ja for some random tim&($ ). We can simply pick = ' 1.

De€nition 3.3.4 (Uniform acractivity in probability law). (Ee sef is said to be Pr-UA f@
if there exists some> 0 such that, for each2 (0;1),r > 0, there exists somie> 0 such that
whenevejXja < ,
. X . . < . .
XZSI?(fx;W) P2[[X¢a<r, 8 T] 1 (3.26)
De€nition 3.3.5 (Uniformly asymptotic stability in probability law) (Ee setA is said to be
Pr-UAS folS 4 if it is Pr-US and Pr-UA fd8 4.

Next we introduce several de€nitions pertinent to probabilistic stability with safety guar-
antees. To this end, we consider a closed unsaféJset R".

De€nition 3.3.6 (Work place) Since the solutions are not generally non-explosive without sta-
bility assumptions, a bounded workpl&te:= B, (Xe) with susciently large R > Ois added as
an extra constraint. We nanie= D(N ;U) = N \ U°
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We de€ne the following €rst-exit times for the regions of our interest.

De€nition 3.3.7 (Explosion and safety)For any solutioX 2 Sx(R"; W), we de€ne the explo-
siontime = (N ):=infft 0:X;2 N °gand safety time

p:=infft 0:X;2D°:

It is clear that for eachX , for PX -a.s. we have D.

Remark 3.3.8. Safety is usually the priority in practice. Given safety requirementi.¢resp.

N ), to study conditional probabilistic properties before reaching the unsafe boundary of some
procesX, it is equivalent to just working with the law ¥f © (respX ). Note that for systems

with trivial Pr-US sets, the indicatéf -, ! lasR ! 1 and does not render ‘too much
harm' to replace the law of by P*.

Suppose we kill' the weak solutions whenever they become unsafe and consider the modi-
€ed probability law with supports in the safe region, the following proposition veri€es a notion
of weak compactness (rather than the conventional compactness) of stopped weak solutions of
S.

Proposition 3.3.9. Under the Assumption 3.1.2, given any compaét stite set of all stopped
processeX is nonempty and sequentially weakly compact(w.r.t. the weak convergence) on
every €ltered probability spage ; F;fF (gi2j0;17), WhereX 2, Sx(X; W) (resp. X 2
S4#(K;W)). (Eat is, given any sequenge of weak solutiohgl_, in the above sense, there

is a subsequenéX "<g, a procesX 2 ., Sx(x;W) (resp. X 2 S4(K;W)) such that

(X)) *X

gemark 3.3.10. Note that the above results also hold for stopped progesseshereX 2
2k S#(X; W) (respX 2 Sy(K;W)).

e conclusions follow immediately by [93, CEeorem 1] and [94, Corollary 1.1, Chap 3]. Ee
proof falls in standard procedures. We can €rst show that the truncatddl&wsg of the stopped
processdgX ") g form a tight family of measuréon( ;F;fF (gi2017). Een the relatively
weak compactness follows sif)é«) * X ifandonly ifP" * P . (Ee weak closedness
comes from compactness of the reachable sets of the stopped processes.

Now we introduce two closely-related speci€cations pertaining to stability and safety issues.

3See Appendix E for details.
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De€nition 3.3.11 (Probabilistic stability with safety guaranteespiven a closed set  R",
let D and p be de€ned as in De€nitions 3.3.6 and 3.3.7, respectively. Xgiven D and
p 2 [0;1], S 4 is said to satisfy a probabilistic stability under safety speci€cation(W.4;tA; U)
with probability at leasp, denoted byXq; A; U; p), if

(1) A'is closed and Pr-UAS B¢;;

S
(2) ForalX 2,y S#(X;W),
h i
P* p,=1 and lim jXja =0 p:

‘e above de€nition is the probabilistic analogue of the stability with safety guarantee spec-
i€cation in the deterministic se<ings. ‘e condition (1) of De€nition 3.3.11 is to qualify the be-
havior of solutions neaA, whereas condition (2) is to require that the solution can be a<racted
asymptotically to some neighborhood & and meanwhile maintain safe with probability at
leastp.

‘e following events (sets of sample paths in view of canonical space) are de€ned in favor
of de€ning the second speci€cation.

S
De€nition 3.3.12. GivenX,; D .On( ;F),foreachX 2 ., Su(x; W), we de€ne the
following events.

(1) CEe reach-and-stay event

RS(Xp; ;D):=f$ 2 : <1 andX,2 ; 8t o;
where :=infft 0:X;2 gisthe€rsthi’ingtime of forthe givenX;
(2) Ee reach-avoid-stay evédAS(Xy; ;D) := RS(Xp; ;D)\f p=1g.

De€nition 3.3.13. (Probabilistic reach-avoid-stay speci€cation): Given a closed seR",
let D and p be de€ned as in De€nitions 3.3.6 and 3.3.7, respectively. Xgjven D and
p 2 [0;1], S 4 is said to satisfy a probabilistic reach-avoid-stay speci€cati§1(wd",t. ; U) with
probability at leasp, denoted byXo; ;U;p), if for every weak solutiod 2 ., Su(X;W),
we haveP* [RAS(Xo; ;D) p:

‘e probabilistic reach-avoid-stay speci€cation is the linear temporal property that we
mainly focus on. In the stochastic context, we explore the connection between the target spec-
i€cation and the probabilistic speci€cation of stability with safety guarantees in the next sub-
section.

90



3.3.2 A Connection to Probabilistic Stability with Safety Guarantees
Probabilistic stability with safety implies probabilistic reach-avoid-stay

We €rst show that if a closed set is Pr-US forS 4, then the acraction toA in probability law
possesses the uniformity.

Proposition 3.3.14. Suppose that a closed 8et D is Pr-US fofS ;. LetK be a compact set
andp 2 (0; 1). CEen the following two statements are equivalent:

S
(1) Forany solutioX 2 ., Sx(x; W),
h [
pX lim jXer pja =0 p:

S
(2) Forevery> 0, there exist$ = T(r;") suchthatforanyX 2 ., Sx(x;W),
P* [[Xtr pja<r; 8t T] p:

Proof.Clearly (2) implies (1). We only show the converse. Suppose that (2) is not true. ‘en
there exists some > 0such that for alin > Othere existsx, 2 K, andX" 2 S (Xn; W) with
law P" such that

P '[[X{ Jja 1 8t n]<p: (3.27)

Nowlet " =infft 0:X{ _ 2 B (A)g, where isto be chosen later. Rearranging (3.27)
we have (for eachm),

p>P"[[X{ Jja 8t n]
P"[ "<n andjX{ ja r; 8t n]
=P"[ "<n]P{Xx _ja 1 8 nj "<n]
P'[ "<n]P[X{ Jja 1 8t ";

(3.28)

By the de€nition of Pr-US in view of Remark 3.3.3, there exists an (r; ) <r such that
P'[IX{h Jja 1 8t s($)] wheneverjXgsy ,ja for some random times($ ) and
arbitrary . Clearly, " satis€es the requirement &{$ ). We choose sueciently close to 1 so
that
PiX{  ja 1; 8t "
and hence, by (3.28),
P'L"<n]=p p<p; (3.29)
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wherep = () 1. Note that we have implicitly de€ned and " based on the choice of
such that (3.29) holds.

However, by Remark 3.3.8 and Proposition 3.3.9, there exists a subsequence, still denoted
by X" 2 S4(x,; W), such thatx, ! xand(X")? * X © with X 2 Sx(x;W) on any
compact interval ofR (. By Skorohod [43, ‘eorem 2.4], there exists a probability space
(~Y;FY;fF{g;PY), a processk ° and a sequence of processgX™) ° g with laws P and
fP"g, respectively, such that

Iilm (XMpe=Xro; P as: (3.30)

n!

Let =infft O0:jXw ,ja =20, due to the asymptotic behavior from (1), we have
P[<1] p: (3.32)

By (3.30) and (3.31), there exists some sueciently laigg ;q1) andNy( ;g,) such that for

any arbitraryq; g 2 (0; 1), ) y

PP sup jX{n o Xwnoj =2 (3.32)
t2[0:N1]

and
P[ <N, po: (3.33)

Note that the events in (3.32) and (3.33) are independent, combining these and chaosing

max(N1; N»), we have _
[
PY 9t<n stX{, 2B (A) PI[Q] po;

where

( )

Q= s[:up]j)(‘{‘AD Xin o] =2 \j X a,ja =2for <N ;0
t2[O;N1

We letquop > %’ then there exists am such that
P [n<n]>p (3.34)
Equation (3.34) contradicts (3.29), which completes the proof. O

Corollary 3.3.15. If S satis€es a stability with safety guarantee speci€cg¥enA,; U; p) and
Xois compact, thenforevery 0,S ; satis€es the reach-avoid-stay speci€cgdenB (A); U; p).

Proof.We add the conditionf , = 1g, then (1) and (2) are still equivalent in Proposition
3.3.14. ‘e conclusion follows directly by the de€nitions of the two speci€cations. O
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fe converse side

‘e converse side is intended to show probabilistic stability with safety is necessary to proba-
bilistic reach-avoid-stay speci€cations. Unfortunately, due to the di,usion e,ects and the con-
cept of weak solutions, probabilistic reach-avoid-stay speci€cations, other than reach-avoid-
stay with probability one, may fail to be related to probabilistic stability with safety guarantees
w.rt. some subset of the target set. For this reason, we only convey the main idea in this
subsection and complete the proofs in Section 3.3.5.

‘roughout this subsection, we suppose thaXy,; D andSy satis€es areach-avoid-stay
speci€cation(Xo; ;U;p. We €rst make a quick judgement that there exists a probabifity-
invariant compact subset of.

Lemma 3.3.16. Suppose thatis compact an, is nonempty. I8  satis€es a reach-avoid-stay
speci€catioliXo; ;U;p) with p 2 (0; 1], then the set

A=1fx2 : 8X 2S,(x;W);P*X[X;2 ;8 0] pg
is a nonempty and compact set with
PX[X;2A; 8 0] p (3.35)

forall X 2 S (A;W).

‘e next lemma shows that given an arbitrary solutionX of S 4, we can construct a weak
solutionZ for S 4 that solves the martingale problem and is relatively closexo

Lemma 3.3.17. Let#° 2 (0;#) and be such that < p a.s.. Een there exists some
r( ;# #9 such that for everX 2 So(x; W) with x 2 D, and for allz 2 B, (x), there exists a
weak solutiorZ 2 S4(z; W) suchthatZts , 2 B,(X1+ ) as.foT 2 [;1).

It can be shown that under the construction of Lemma 3.3.16 and 3.3.17, the(geterated
by solutions ofS ;) is Pr-UA for any weak solution o8 4o with #°2 (0; #).

Proposition 3.3.18. Suppose tha& ;4 satis€es reach-avoid-stay speci€catiky) ; U; p). LetA
be the set given in Lemma 3.3.16. &as uniformly a’ractive forSgJ with probability at least
p, i.e., for every> 0, there exist§ = T(;p) suchthatforanyX 2 ., Suo(x; W),

P Xt pja<; 8 T] p:
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On the other hand, for non-strictly invariant setp(< 1), we are not able to show the Pr-US
property due to a geometric gap where we cannot arbitrarily setndr as in De€nition 3.3.2.

However, if there exists an invariant subset ofwith probability one, nice properties appear.
‘is is not a surprise given Proposition 2.3.16. ‘e possibility of such an existence occurs when
the system admits a family of a.s. stable Dirac invariant measures for each sigmveathich
are strictly contained in . We convert the statement into the stochastic context in the next
proposition. ‘e proofs for the following two statements are omi<ed.

Proposition 3.3.19. For systen$ x, any nonempty compact &t D with PX[X, 2 A; 8t
0] = 1 is Pr-UAS foB 4 wheneve#®2 [0; #).

Corollary 3.3.20. If S 4 satis€es a reach-avoid-stay speci€catityy ; U; 1) with compaciX,,
then there exists a nonempty compacset with PX[X; 2 A; 8t 0] = 1 such that for any
#92 [0; #), S 4o satis€es a stability with safety speci€cat{y; A; U; 1).

3.3.3 Lyapunov-Barrier Conditions for Probabilistic Stability With Safety

We aim to show how Lyapunov-Barrier functions can sueciently guarantee the probabilistic
stability with safety in this subsection. We €rst introduce stochastic Lyapunov functions and
then extend the deterministic analogue in Chapter 2 to the stochastic counterpart.

Recall regiorD andN in De€nition 3.3.6.

De€nition 3.3.21 (Stochastic Lyapunov functionsy.etA D be a closed set. A function
V 2 (C?(Br(A)); R o) is said to be a SLF w.iA.if there exist 1; »; 32 K such that, for all
X 2 Br(A),

1(4Xja)  V(x) 2(jXja) (3.36)
and

supLgV(x) 3(iXja): (3.37)
d2#B

We €rst make a quick extension of the existing Lyapunov theorems to systems with extra
L ;-bounded perturbations.

Lemma 3.3.22 (Uniform recurrence) Given an SLF, there exists some> 0 such that, for
every 2 (0;1) andr 2 (0;R=2), there exists somke = T(; ;r ) > 0 such that for any
x 2 B (A),
inf . PX[ <T] 1
X2S4(x;W)

where =infft 0:X; 2 B;(A)gis the €rst hi"ing time ofB, (A) for eachX 2 Sy (x; W).
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Proof. We just show the sketch. ‘e proof falls in a similar procedure as in the proof of [119,
‘eorem 2.7]. We de€ne the €rst hi<ing times 3; » of B;,(A) and B, (A), where0 < r; <
r, R=2. By Dynkin's formula, for eactX 2 S.(x; W) with x 2 B (A) ( is to be selected),
we have
Z 1/\ 2/\t
0 VEx)+ EX LgV (X (s))ds
0
2()  B(r)EX[ 1~ 27 1]
On the other hand,
EX[ 1N 2N ]
Lt np tg (2($)7N 2($) 7 1) dPX($)
=tPX[ 1" o ]

Combining the above, we have* [ ;» ,» t] o( )=t 3(ry) for eacht, which holds for all
X 2 Su(x;W). By this relation, we construct := T(; ;r 1) =2 ,( )= 3(r;) and see

inff PX[ .~ ,<T] 1 5

X2S4(x;W)
Now, let = (;r,) be selected according to Remark 3.3.3 based on the Pr-US property, such
thatPX[, = 1] 1 =2wheneverjxja . ‘erefore, for jXxja , we have for all
X 2 Sx(x;W),
1 > PX[1” 2<T] PX[1<T]+PX[2<T] PX[1<T]+ >

which complete the proof by le<ingr = r;.
O

Proposition 3.3.23. Suppos@& D is compact. If there exists an SLRv.r.t. A, thenA is
Pr-UAS foiS 4.

Proof. By a standard supermartingale argument [100, Lemma 1, Chap Il], we can show that the
existence of SLF implies Pr-US. To show Pr-UArl&t (0; R=2), then by Pr-US and Remark

3.3.3, there existsla2 (0;r) suchthat sup P*[[X{ja r8t s($)] 1 5whenever
X2S4(x;W)
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Xsja k. Nowlet =infft 0:X; 2 Bx(A)g. By Lemma 3.3.22, there exists sonme 0
such thatwe can€nd 8 = T(=2; ;k) to make

. X < _:
ng?&NV)P [<T] 1 2

‘erefore, for all jxja < andforallX 2 S,(x;W),
PX[Xija 1, 8t T]
PX[ <T andjXa I 8t T]
PX[ <TJP*[[X¢ja 1 8 j <T]
PX[ <TJQ1 =2 (1 =2 1

(3.38)

]

‘e following result demonstrates that the existence of an SLF is suecient to guarantee
probabilistic stability with safety speci€cations with probabilities depending on initial condi-
tions.

teorem 3.3.24. Suppose thah D is compact an@gr(A) N . If there exists an SLF
V 2 (C%(Br(A)); R o) and somé := B, (A) such that

(1)r 2 (O;R]landG D ,
(2) Xo G,

SUPyox o V (X)

thenS ; satis€es the probabilistic stability with safety speci€catidg A; U; 1 "G)

We need the following lemma to accomplish the proof.

S
Lemma 3.3.25. ForeactK 2 ,,, Syx(x;W), set :=infft 0:X; 2 G°g. CEen forall
X 2 ox, S W), h

pX lim jXja=0j =1 =1:

Proof. By a similar approach to Lemma 3.3.22, we set an arbitrary2 (0;r). By the Pr-US
property, for allX 2 Su(x; W) there should exist 2 (O;r ) such that for any 2 (0;1),
X 2B (A)impliesPX[X; 2 B, (A); 8t ] 1 ,where

=infft 0:X{2B (A)g:
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By Dynkin's formula, for each weak solution we have
Z N I\t

0 V(x)+ EX i LqV (X (s))ds (3.39)

V(x)  s()EY[ N "

Since thatorf # tgwe have ~ ~t=1t,thus
z

EX[ ~ ~t] 1t » g tdPX(1)=tP*[ ~  t];
combining with (3.39) we have
PX[ ~ t] V(x)=t 3(); foreacht; (3.40)

S
which impliesP*[ ~ < 1]=1forall X 2 x2xo S#(X;W). Onf = 1g , for all weak
solution, we haveP*[ <1 ]=1 and

PX[limsupjXija I ]
ti1
PX[[Xja r;8 j <11 1
Since andr are arbitrary, the conclusion follows. O

Remark 3.3.26. Lemma 3.3.25 shows that SLF eliminate the possibility of safe sample paths
up/down-crossing any neighborhoodoh€nitely ofen. [100, Eeorem 2, Chap Il] demonstrates
the same result by constructing the total time spe@ imB (A) ater timet and showing that it
converges a.s.@mast ! 1

Proof of feorem 3.3.24 . ‘e existence of SLF shows thatA is Pr-UAS forS 4. Now, for
all X 2 Su(x; W) with x 2 Xy, de€ne :=infft 0:X;2 G¢g. ‘en,forall t 0and for
all X 2 Sx(x; W),

Z .
EXIV(X ~)] = V(Xo) + EX LoV (Xs)ds  V(X): (3.41)
0
and, forallt 0,
EXIV(X ~)]  EX[Lr V(X )]> (P[] t]; (3.42)
which imply
PX[  t]<V (x)= i(r); 8t O (3.43)
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S
Sendingt ' 1  wegetforallX 2 ~ ., Sx(x;W),P*[ < 1]1<V (x)= 1(r),i.e,

inf PX[ =1] 1 w;

3.44
X2S4(xW) 1(r) ( )

Sincef =1g f p = 1g andbyLemma 3.3.25, the conclusion follows.

We have seen in the proof that conditions;(x)  V(x) andsup,.gLdV O play the
role of guaranteeing the probabilistic set invariance. We refer these conditions as the stochas-
tic barrier certi€cates. An application in control synthesis, termed as stochastic control barrier
functions, has been shown in Section 3.2 with be<er safety probability compared to the zeroing-
type barrier certi€cates [139], however, less e,ectiveness than the reciprocal-type barrier cer-
ti€cates. To provide stability with safety with probability one, one can combine SLF with the
reciprocal-type barrier functions.

tfeorem 3.3.27. Let the same assumption in Eeorem 3.3.24 be satis€ed. Suppose there exists
an SLRV 2 (C%(Br(A)); R o), someG := B,(A) suchthatG 2 D andX, G, aswell as a
functionB 2 (C%(G); R o) satisfying

(1) 9 ;; 22K st

1 1 _
Xin) B (x) m 8x 2 G; (3.45)

(2)9 32K st
suplLaB(X)  3(jxja)] 0; 8x 2 G: (3.46)

d2#B
(EenS ; satis€es the probabilistic stability with safety speci€cdonA; U; 1).

Proof. ‘e proof is similar to ‘eorem 3.3.24. We rely on the SLF to provide the property shown
in Lemma 3.3.25. ‘en the reciprocal type barrier functioB guaranteesthaP[ = 1]=1
[40, ‘eorem 1] for each weak solution. m

Remark 3.3.28. Suppose® = fx 2 R" : h(x) Ogwhereh is smooth, one can possibly enlarge

G suchthatG\ U 6 ; with @G\ U) being piecewise smooth. To see the satisfaction of stability
with safety speci€cations, along with the old conditions, one can introduce an extra reciprocal-type
barrier function, denoted I8, and verify extra conditions that are similar(®45)and (3.46)y
replacingxja with h(x).
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3.3.4 Applications in Control Problems

In this section, based on the results from Section 3.3.2 and 3.3.3, we make a straightforward
extension to a stochastic control Lyapunov-barrier characterization$qr satisfying a proba-
bilistic reach-avoid-stay speci€catiofXo; ;U;p) under controls. As a continuation of [122],

we conduct a case study on enhancing the performance of jet engine compressors, under both
noisy disturbances and bounded point mass perturbations, based on a reduced Moore-Greitzer
nonlinear SDE model.

Probabilistic reach-avoid-stay control via stochastic control Lyapunov-barrier func-
tions

We consider systems with controls as in Section 3.1. Recall (3.6) a nonlinear system of the form
dXt = f(Xt)dt + g(Xt)Utdt + b(Xt)th + # (t)dt

De€nition 3.3.29. (Probabilistic reach-avoid-stay controllable): GKgn D andp 2 [0; 1],
S 4 is said to be probabilistic reach-avoid-stay controllable (Xgt. ; U; p), if there exists a Lips-
chitz continuous control strategguch that the syste®,, satis€es the speci€catifty; ;U;p).

‘e following result is a straightforward extension of ‘eorem 3.3.24.

Proposition 3.3.30. GivenXy; D , if there exists a smooth functioh2 (C?(Bg(A)); R o)
and somé& = B;(A), such that

(r2 (O;R],G D andX, G:
(2) a(ixja) V(X)  2(ixja) and

inf supsup[LgV(x)+ 3(jxja)] O;
ust x2s g2 4B

forsome 1; 2; 32 K,whereLgV(x) := LqV(X)+ r V(Xx) g(x)u (see Page 80).

SUPy 2x o V (X)

(EensS ;4 is probabilistically reach-avoid-stay controllable w.2¢g; ;U;1 nG)

Similarly, one can extend the above proposition to €nd suscient conditions for a “proba-
bility 1' reach-avoid-stay based on ‘eorem 3.3.27. Apart from the conditions in Proposition
3.3.30, one need to additionally verify if there existB&® (C?(G); R o) satisfying
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1) T B(x)

0 8x 2 G for some classk functions ~;; ~»;

1 .
~2(jXja)’
(2) inf supsup[LgB(x) ~3(jxja)] O; for some class< function ~s;.

U2V x2S go48

Remark 3.3.31. In view of Remark 3.3.28, the regi®ican be further relaxed @ Uis smooth
enough. Correspondingly, some extra conditions given by another reciprocal control barrier func-
tion are needed to guarantee the suecienc{qf;, ;U;1) controllability.

Case study

We use the reduced Moore-Greitzer SDE model with an additive control ifgu®]” and a
multiplicative noise to illustrate the e,ectiveness. ‘e model is given as:
" #
d (t) _ i e (pt)) cx O0
d () & (D) (1) @(1)
Lo (0 () O, v
(CD) () @ 0

where @; @ are i.i.d. Brownian motions{ «( ); ( )) =1 Xe( ) are equilibrium points
for M: @.yv 0. ‘e engine parameters (as in Section 1.2) are the same as the se«ings in
Section 2.4.2. ‘e intensity of noises are such that

"=0:08 #=0:001

(3.47)

For @; @:v 0, the system admits a family of equilibrium point$.( ) depending on
the tunable parameter. As drops in the neighborhood of the deterministic Hopf bifurca-
tion point, the system undergoes a D-bifurcation (the stability of the invariant measugeq
changes and a new invariant measureR? n f X .g is built up) and a P-bifurcation (the shape
of density of the new measure changes). ‘e full stochastic Hopf bifurcation diagram in [, Fig
9.13] conveys the brief idea.

‘e pictures in Figure 3.1 and 3.2 depict sample paths given initial condition
( o; 0)=(0:53430:6553)
with @ @-y  0under dierent values of .

Within the a.s. exponentially stable region, any bounded perturbatiorauses a bounded
long-term perturbation ofX¢( ), and ultimately formulate a compact set containinge( ).
For unstable ¢ x4, €specially for those a%oer P-bifurcation, we are interested in stabilizing the
robust system to a compact set.
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Problem 3.3.32. We aim to manipulate andv simultaneously such that the stdte; ) are

regulated to satisfy reach-avoid-stay speci€cg&¥gn ;U;1). Werequirethat : R ¢! [0:5;1]

is time-varied with (0) 2 [0:62 0:66]and] (t + t) (t)] 0:01t for anyt > 0. We de€ne
Xo=f( ¢ (0); &( (0)g; tobe the ball that centeredrat (0:4519 0:6513)with radius
r =0:013i.e. = r+ rB;theunsafesal = f(x;y): h; 0g\f (x;y): h, 0g, where
hi(x;y) = J (x;y) (0:490:64) + 0:055 hy(x;y) = j(x;y) (0:50,0:65) 0:003 We set
v2U =[ 005005\ R.

For each SDE, the signal®’; @ of each sampling time is generated randomly frém 1; 1g.

We choose SLW (x;y) = s(x  r1)?+8l(y rz)?and s(x)=0:1x;setB; = log 't

fori = 1;2: ‘e se«ngs for the quadratic programming keep the same as Section 2.4.2. We
mix sample paths under di,erent®; @ and show the simulation results in Figure 3.3.

Remark 3.3.33. Note that we have adopted reciprocal type barrier functions, which potentially
generates impulse-like control signals (to cancel the di,usion e,ects) and terminates the program-
ming. However, once the synthesis succeeds, the feasible controlled sample paths satisfy the speci-
€cation.

3.3.5 Proofs of Results from Section 3.3.2

Proof of Lemma 3.3.16. ‘e proof for non-emptiness and probability{ invariance property
(3.35) ofA is similar to Lemma 2.3.15, we can show that the reachable set within (ramdom) time
interval [ 1; »] is a valid choice by a strong Markov property argument, wheke:= inf ft
0:Xy2 gand ,:=infft> ;:X;2 °€g.

Indeed, one can easily show that the reachable SS%SXZXOS#(X:W) R, ' #(X) ,
and by the strong Markov property, for everX 2 ., Sx(x; W), any restarted solution,

denoted byX 2 S4(X ,;W)) Wh§re 3 2 [ 1; 2), has the same law a¥ ,.sforalls O.
Continuing the above, foralK 2, Sx(x;W),

P[Xt’\ b 2 ; 8t O]
s inf P[1<1 and ,=1] p: (3.48)

X2 ,ox o S#(x;W)

S
By (3.48), yos,xow) R’ ' 2(X) A. ‘e probability- pinvariance is again by a standard
strong Markov property argument and the de€nition &f.
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To show thatA is closed, lek,, be a sequence iA suchthatx, ! x 2 .We need to show
that x is also inA. Suppose the opposite, then there exists sofn@ S »(x; W) such that

PXi~,2 ;8 O0]l<p, P[<1] 1 p;

where :=infft 0:X;2 ¢g. Due tothe weak compactness of the solution, by Skorohod,
there exists a probability spade™; FY; f F/g; PY), a procesX ° and a sequence of processes
f(X") o gwith laws P andf P"g, respectively, such that

Iilm (XMep=Xro; P as.
n!

on every[0; T]. On each Tg,X"! X 2 ,andsince °isopen, fom susciently large,
we haveX™" 2 . ‘e above shows that T =) 9t2][0T]stX"2Z forallT. ‘ere-
fore, for sueciently large n, sendingT to in€nity, we haveP"[9t 0s.t. X" Z ] 1 p;
which violates the probabilistic invariance &. Hencex 2 A. ‘e boundedness of A is from
the compactness of.

Proof of Lemma 3.3.17. ‘e proof is similar to [114, Lemma 15] and (hybrid case) except in
the context of weak solutions. We construgt. , = Xs , + 2[Z7x Xta o +(Xo Zo)+
Zyo Xoforalls2 [0;T]. ‘en

D

. . .S . . S
JZSI\ XS" J J ZT/\ XT/\ J?‘}' JXO XoJ(l ?) r (349)
For any text function 2 C! (R"), we de€ne processes
Zn
1
M ()= (Zn,)  (Zo) r(Zs) T(Zs)+ St (bI)(Zs) x(Zs) ds (3.50)
0
Z 1
N ()= (Xiny) (Xo) ro(Xs) 1(Xs)+ Str (bH)(Xs) x(Xs) ds (3.51)
0
as well as a martingale
Z
M ®= Xeo) (Xo) La (Xs)ds (3.52)

0

One canshowthatM (t) M (t)jhasabound(T;r; ;# 9 based on the properties 6fg;
andZ o, i.e.,
M) M@®iM@E N@®+N ) M)
(2Cir + TCor) + Tsupr (x) #° (3.53)

x2D
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whereC; is generated due to the choice of C; is due to the properties of, g and .

To makeM a family of martingales under the family of laws of the stopped procesS gf
one also needs to guarantee tidt (t) M ()] T sup,p I (x) #forallt 2 [O;T], since
any two martingales of the martingale problem (under the laws of the corresponding stopped
processes 06 ;) should not be di,ered larger than the above bound. Feasible rangesazn
be obtained based on the requirement
(2Cir + TCor)+ Tsupr (x) #° Tsupr (x) #:

x2D x2D
‘e process Z then satis€es the requirement given the feasible

Proof of Proposition 3.3.18 We just show the sketch. Without loss of generality, we consider
B (A) . Suppose the claim is not true, then there exists sorme 0 such that for alln > 0
there existsx, 2 X, X" 2 S 4o(Xn; W) such that

P'[[X{ja>; 9t n]>1 p:
We now show this leads to a contradiction. By the assumptiSn, also satis€es the reach-
avoid-stay speci€catiorfXo; ;U;p). By a similar argument of weak compactness as in the

proof of Lemma 3.3.16, there exists a sueciently laresuch that for alln N, de€ning the
-entering timeh :=infft  0:X[ 2 g, we are able to show that

P'9t n: X1, 2B(A)] 1 p (3.54)
Let := N inLemma3.3.17. Note that, by the construc_tion inLemma 3.5 jxj =0
and we are able to €nd a proceZswith Z, 2 A andZ, 2 B, (X} ) a.s.. By Lemma 3.3.17,

there exists a process 2 S 4(Zo; W) such thatZ» andx(r}+h)A , share the same law for all
t n.HoweverZi , 2 Aforallt 0by the de€nition ofA. ‘erefore,

POt n:Zn_, 2Z2A] POt 0:Zin, 2A]l<1 p;
which contradicts (3.54).

3.4 ADiscussion on Lyapunov-Barrier Approaches for Un-
known Dynamics

We have seen the existence of control stochastic Lyapunov-barrier (resp. stochastic barrier)
functions is suscient to guarantee probabilistic reach-avoid-stay (resp. safety) speci€cations
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given full knowledge of (3.6). However, in practice, we do not usually have precise information
about the system dynamics, whence the generdi8r(see de€nition in Page 80) as well as the
set of valid control strategies are not determined.

In [126], the authors propose a framework of estimating the valud.dfx) for some test
function h at one speci€c point within the domain. In this section, we extend this idea and dis-
cuss in what sense a data-driven method can approximate the fundtiorgor L“h) for someh
in the whole domain, such that the approximation can be embedded in the stochastic Lyapunov-
barrier framework.

To becer convey the methodology, we simply sét = 0 and considerh as a potential
SCBF (aiming at probabilistic safety controlling) for syst&n As a consequence, under some
reasonable assumptions, the scheme introduce an extra robustness tdbtkeritvative of an
SCBF condition as in Section 3.2.

3.4.1 Worst-Case Probabilistic Tanti€cation

Note that we only assume that the di,usion term is unknown in (3.6) with out loss of generality.
Since our goal in this section is to use the approximated SCBF to regulate the safety direction, we
consider a compact safe séta bounded opens& C , and a functiorh 2 C2(G)\ C2(R")
playing the role in (3.8). Due to the partial knowledge of the system dynamics, we are unable
to capture the correction term in the & derivative of the nominal barrier functiorh along
sample paths. In other words, the second termLih(x) (or LYh(x)) is unknown. We use a
data-driven method to approximate the functidnh, and impose similar barrier conditions on

the approximated’ h for safety-critical control.

Based on the partial observation of data, we show that a degree of robustneks @anse)
in the barrier condition is necessary to balance the inaccuracy of data. A similar approach can
be applied to derive the robustness for the other types of stochastic control Lyapunov-barrier
functions.

We suppose that data is sampled without control inputs. ‘en for each the lawP* of
the procesX is independent ofi. However, the approximatefth, and hencd'h, is used to
generate barrier conditions for the control problem. We further de€ne the stopping time

=infft 0:X{2 @g

for each sampled process. Letdenote a €nite subset a.
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Probability estimation based on partially observed data

We make the following assumptions for the rest of the derivation. We will show later that the
assumptions are feasible for compdct

Assumption 3.4.1. Let(h be the approximation dfh based on the training s€t We assume
that

(1) Forany 2 C and any > 0, there exists arn 2 Csuch that

EY sup jCh(X:) Lh(Xy)j E*supjCh(X;) Lh(X)j+ : (3.55)
t2[0; ] t2[0; ]

(2) Forany&?2 (0; 1], there exists a probability meast&ith marginalsP* forallx 2 C
such that
EsupjLh(x) Ch(x)j &: (3.56)
x2C

Furthermore, we assume that bbthandL h are Lipschitz continuous on the compacGCset

We apply the approximated functiofth and show the worst-case safety probability of the
controlled process under policy generated by the following robust scheme.

Proposition 3.4.2. Suppose we are given arbitra&y> 0;" > 0 and training setC. Let(h

be generated as in Assumption 3.4.1. Suppossufat 'Vh(x) &+ forallx 2 C. Let
K(x)= fu2 U : vh(x) &+ g. Een foranyx 2 Int(C) and a control signal such that
u = (Xy) 2 K(Xy), we have

h(x)

PUXI2IN(C) 0 t< 1] Sorees:

Proof.Letc = sup,,c h(y) and setv = ¢ h. ‘enforall x 2 C, we haveV(x) > 0and
Luv(x)  (&*+ ). Note that
Z 4
EX' V(X% )l = V(x)+ EXY LYV (X{)ds (3.57)
0

“Note that < ¢ with probability 1.
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and by assumption,

Z .
EXu LUV (X 9)ds
Z° . Z .
=EXY LYWV(XY)  Cuv(XY) ds + EXY Cuv(XY) ds
7 0 0
Nt
XLV (XY  CV(X)ids (& ) (") (3.58)
AN
E sup jL'V(XY) CYW(X¥jds & ( ")
0 s2[0; ]
Z I\t
EsupiLV(x) (YW(x)jds & ( ~t) O
0 x2C

where the fourth line of the above is to transfer information from arbitrary2 C to the data
used inC. ‘e is cancelled based on (1) of Assumption 3.4.1, where the notdtigalso

replaced byL" in that b(x) in (3.6) is known and does not render any error of measurement.
Hence, by (3.57), we have

EXUIV(X%)] V(x); 8t O (3.59)
On the other hand, foralt 0,
EX;U[V (X u/\t)] Ex;u[lf th(X u'\t)]

P[] EMVXT()] (3.60)
>c PRt

‘erefore, by (3.59) and (3.60), we have
PXY t] < @; 8t O (3.61)

Sendingt!'1  wegetP*Y[ < 1] @ for all x 2 C . Rearranging this we can obtain the
conclusion. O

Remark 3.4.3. Note that (2) in Assumption 3.4.1 indicates that the error of estimation should
converge ih !, and cappot be replaced by “in probabhjility’ in the sense that, for&tbeye exists

a = (& suchthat sup,cjL"h(x) (Uh(x)j > < &:(Ee la"er is not suscient to show
the last line of(3.57)in general.
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3.4.2 Feasibility of Assumptions

Note that, for the compact sef and for susciently dense training data, the conditions in As-
sumption 3.4.1 can be satis€ed theoretically. We will show that both (1) and (2) of Assumption
3.4.1 require the selection of the training data but separately.

1) Justi€cation of Assumption 3.4.1(1): We observe that for eack in a compact seC, for
any €xedT > 0, the quantitysup, o, ~1jjLh() ('h( )] is a bounded function on the canonical
space generated b§ with measureP*. In view of De€nition 3.1.6 and Proposition 3.3.9, the

quantity ( )

EX sup jLh(Xy) Ch(Xt)j

12[0; AT] oG

forms a compact set (in the conventional sense). By the boundedness assumpti®mverhave
< 1 P*-a.s. forevery 2 C. ‘erefore, sending T to in€nity, we still have the compactness
for ( )

EX sup jLh(Xy) Ch(Xy)j

€2[0; ] x2C

By choosingC susciently dense in C, for each given > 0, we are able to build the-net with
centers inC such that for any arbitraryy 2 C, there exists arx 2 C such thatLh Ch are
weakly -close to each other in the sense of (3.55).

We then verify the feasibility of (2) of Assumption 3.4.1.

2) Approximating Lh over a €nite set: Note that, following a similar procedure as in [126],
we are able to approximateh by someCh at one single poink 2 R" at atime, whose precision
is measured in the corresponding probabifit* := 1, P*. However, to €t the assumption,
we need the precision to be measuredlih sense.

By [126, ‘eorem 6], for eachx 2 R", we can utilize Dynkin's formula, the Lipschitz con-
tinuity of f; g; b, and the relation

EX[h(X ) h(x)

S

E.h(x) =

at some deterministic sampling time to obtain the €rst-step approximation

jEih(x)  Lh(x)j (3.62)

SIn [126], the authors use®, but in our context it is recast to b&*. ‘e uniqueness of PX is by Kolmogrov's
extension theorem.
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where = C; ¢+ Czp “s, andCy; C, > Oare constants generated by Lipschitz continuity. ‘e
precision can be arbitrarily small.

‘e auﬁgors in [126] then applied the LLN to approximateE*[h(X )] (in the de€nition of
C)by: L h(X Oy with i.i.d. h(X ©) draw from P* at the marginal time . ‘e approxi-
mation

P .
cho & i hXE)  heo

S
creates errors in probability w.r.tP* as in [126, ‘eorem 12], i.e., for each 2 (0;1], there
exists a~such thatP*[jLh(x) Ch(x)] 7]>1

Note that, the only place that we introducE”* is when we use LLN. We need to leverage
the convergence in thé ! sense, i.e.,as!1

1 X .
EX = h(X©) E*h(X )] ! O (3.63)
i=1
‘isisindeed the case as an existing result (see Appendix B for details), even though it is seldom
mentioned.

Combining (3.63) and (3.62), we can easily obtain that for ea2hR", for any > 0 (we
abuse the notation that is di,erent from the one used in (3.62)), there exists a susciently large
n such that

E* Ch(x) Lh(x)) : (3.64)
Repeating the same process foobver a €nite seC gives
h i
supE jLh(x) [Ch(x)j ; (3.65)
x2C
whereE is the associated expectation w.iR..=  ,,cP*.

Remark 3.4.4. (Ee abové&; converges to the in€nitesimal generatorsds 0. To use Dynkin's
formula together witllC; to get the bound in the €rst-step approximation, the above scheme only
€ts for test functionk 2 CZ(R"). We noticed that the authors in [126] misused the condition and
provided a case study basech¢x) = x2. Eis partially explains the unintuitive phenomenon in

[126, Fig. 2] that the error increases as the sampling time is re€ned. We can €x this problem by
smoothing théa to beCZ(R" n G) such that the approximation af(x) has guarantees inside

G C ,whichis all we need. Alternatively, since our purpose is not to compare the infuence of the
sampling time 5, we can se& C sueciently large and make ¢ arbitrarily small in practice,

such that the “out-of-domain' samples generated%functions do not account for much of the
mass.
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3) Optimization error:  For any,> 0, we assumgje there exists an optimizer that can learn an
approximation(h based on dataCh(x) : x 2 C such that

supjCh(x) Ch(x)j< : (3.66)
x2C

4) Generalization error: By continuity of Ch(x) andLh(x), there exists som& 2 C such
that

supjCh(x) Lhx)j=jCh(x) Lh(x)j:
x2C

Forany > 0, by choosingCto be susciently dense inCand the Lipschitz continuity of h(x)
andL h(x) on C, there exists somg 2 Csuch that

iChx) Ch(y)j ; jLh(x) Lh(y)]
It follows that

EsupjCh(x) Lh(x)j = EjCh(x ) Lh(x )j

x2C
=Ejlh(y) Lh(y)+ Ch(x) Ch(y)+ Lh(y) Lh(x)j
EiCh(y) Lh(y)j+2
=EjCh(y) Ch(y)+ Ch(y) Lh(y)j+2
E:;:ggjﬁh(y) Ch(y)j + EJCh(y) Lh(y)j+2

+sup EjCh(y) Lh(y)j+2
y2C

+ +2 &:
where&is from Assumption 3.4.1(2), provided that we choose, and sueciently small.

Remark 3.4.5. (Ee €nalCshould be chosen based on all of the above criteria such that (1) and (2)

of Assumption 3.4.1 can both be satis€ed. An algorithm for neural network approxim&tion of

is developed in [168]. Case studies are also provided to validate the result in Proposition 3.4.2. (Ee
controlled sample paths using the training reShlembedded in the SCBF framework demonstrate
e,ectiveness of the proposed method in ful€lling the probabilistic safety speci€cation.
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3.5 Summary

In this chapter, we €rst compare the pros and cons of the existing frequently used R-SCBFs
and Z-SCBFs. We propose SCBFs for probabilistic safety control and extend the worst-case
safety probability estimation to high-order SCBFs. We show that the proposed SCBFs provide
compromised trade-o,s between the imposed control constraints and the conservatism in the
estimation of safety probability, which are demonstrated both theoretically and empirically. To
accurately obtain the probabilistic winning sets, it is necessary to capture how the probability
measure is distorted by the input processes. However, this may be computationally challenging
for stochastic control systems.

We then formulated stochastic Lyapunov-barrier functions to develop suescient conditions
on probabilistic reach-avoid-stay speci€cations. Given uncertainties of the model, robustness
was taken into account such that a worst-case scenario is guaranteed. We characterized a gen-
eral topological structure of the initial sets, target sets and unsafe sets under the stochastic
se<ings, and discussed relaxations given the smoothness of the unsafe boundary. We inves-
tigated the e,ectiveness in a case study of jet engine compressor control problem. Despite of
the potentially unbounded control inputs, the control version of SLF along with reciprocal-type
barrier functions guarantee a (conditionally) probability-one satisfaction.

However, just like deterministic Lyapunov-like functions only providing a stability charac-
terization of the solutions, the stochastic Lyapunov-type argument can only estimate a lower
bound of “satisfaction in probability/law' without solving the evolving states and distributions.

It renders more disculties of selecting Lyapunov/barrier functions under the restrictive geo-
metric requirements of the initial conditions and unsafe sets. Another drawback of the current
results is the lack of converse stochastic Lyapunov-barrier function theorems. We cannot con-
struct the converse connection between the two speci€cations de€ned in Section 3.3.1 as well
due to the di,usion e,ects.

We €nally investigated how a data-driven approach can be embedded in the Lyapunov-
barrier scheme dealing with safety-critical control of unknown stochastic systems. We demon-
strated the possibility of combining approximations of thélterivative of potential SCBFs and
the barrier scheme conditions, and showed thatlakrobustness should be considered to guar-
antee the probabilistic safety. A similar procedure can be applied to derive the robustness for
the other types of stochastic control Lyapunov-barrier functions. One drawback of the current
analysis is the lack of convergence rate w.r.t. the size of the training data and the sampling time.
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Figure 3.1: Sample paths of (3.47) given 0:63and = 0:59respectively.
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Figure 3.2: Convergent and divergent sample paths of (3.47) give:609
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113
Figure 3.3: Controlled sample paths, control inpyt of Problem 3.3.32.
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