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Abstract

Zip.cais an online DVDental company that faces two major operational prob-
lems: calculation of the assignment of DVDs to customers every thirty minutes
throughout the day and purchasing of new inventory in regular intervals

In this thesis, we model these two problems and develop algorithms to solve
them. In doing so, we encounter many theoretical problems that are bdth app
cable to Zip’s operations and intrinsically interesting problems independéme o
application.

First, we note that the assignment problem facing Zip is inherently in an online
setting. With returns of DVDs being processed throughout the day, ttaseata
is constantly changing. Although the ideal solution would be to wait until the
end of the day to make decisions, physical work load capacities preventibr
this reason we discuss two online problems, online 0-1 budgeted matching and
the budgeted Adwords auction. We presela{w%; competitive algorithm for the

online 0-1 budgeted matching problem, and prove that this is the best possible
competitive ratio possible for a wide class of algorithms. We also g(\leagffé)
competitive algorithm for the budgeted Adwords auction as the size of the bids
and cost get small compared to the budgets, wBesdhe ratio of the highest and
lowest ratios of bids to costs.

We suggest a linear programming approach to solve Zip’s assignmeiemprob
We develop an integer program that models Bamatching instance with addi-
tional constraints of concern to Zip, and prove that this integer progedomgs to
a larger class of integer programs that has totally unimodular constraint esatric
Thus, the assignment problem can be solved to optimality every thirty minutes.
We additionally create a test environment to check daily performance rawiie
real-time implementation results, showing a marked improvement over Zip’s old
algorithm.

We show that Zip’s purchasing problem can be modeled by the matching aug-
mentation problem defined as follows. Given a graph with vertex capaciiiks a
costs, edge weights, and bud@efind a purchasing of additional node capacity of
cost at mos€ that admits @-matching of maximum weight. We give a PTAS for
this problem, and then present a special case that is polynomial time solvable th
still models Zip’s purchasing problem, under the assumption of uniform.costs

We then extend the augmentation idea to matroids and present matroid aug-
mentation, matroid knapsack, and matroid intersection knapsack, threardP-h
problems. We give an FPTAS for matroid knapsack by dynamic programming,
PTASes for the other two, and demonstrate applications of these problems.
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Chapter 1

Introduction

A deep synergy often exists between academia and industry. Many of thie mo
interesting theoretical problems develop naturally from real applicationsnangt
ideas which, at their conception, were purely theoretical, end up beitgat@n
solving large-scale real-world problems. This exchange is fruitful ihlsides;
academia is endowed with a seemingly endless supply of important, relevdnt, an
challenging problems to resolve and industry is able to develop new teclem®log
and solve practical problems.

In this thesis, we consider a DVD rental company Zip.ca and two problems of
great importance to its operations: the assignment of DVDs to users andrthe p
chasing of new inventories of DVDs. As we model these problems, weueteo
many interesting theoretical problems. While the solutions to some of these prob-
lems have direct benefits and applications to Zip, others are interesting atha mu
more intrinsic level. The intent of this thesis is dual: provide applicable solutions
to Zip and pose and suggest solutions to related theoretical problems.

1.1 Introduction to Zip

Zip.ca is an online mail-order DVD rental company. Customers of Zip havié ava
able to them many different plans which differ mainly in the number of DVDs that
can be possessed at any time. Customers may keep a rented DVD for @&slong
they like; however, only once a disc is returned can it be replaced lip@nd&ach
customer maintains at all times a ranked list of titles that the customer would like
to receive.

At any given time, Zip has a set of users who have fewer DVDs than ttaisp
permit. We will say that such users have open slots to fill. Additionally, Zip has
inventories of available DVDs in each of its distribution centres (DCs) adtues
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1. INTRODUCTION

country. Once or twice a day, the DCs receive additional inventory indha f
of returns. Over the course of each day, Zip must generate assignofi@W®s
to open slots to give to the mailrooms of the DCs for shipping. To obtain an op-
timal set of assignments over any time period (a day, for example), it would be
best to wait until the total inventory for the period was known, and then coenp
all assignments. However, due to the physical constraints of work itgjrathe
mailrooms, assignments must be produced in a more continuous manner over the
course of the time period. Currently, Zip calculates a new set of assignments
ery thirty minutes. The size of these assignments is generally much larger than
the work capacity of the mailrooms over this time, allowing for better work effi-
ciency by mailroom staff. (We do not want staff to waste time searchingrier o
obscure, rarely-shipped DVD that is stored away when in the same timemauld
cess twenty readily available discs.)

The quality of the assignment that Zip produces can be measured by many
different metrics. Four main metrics are currently in use:

1. Percentage of slots left open at the end of the day (or equivaleatiyber
of slots filled)

2. Number of slots filled with DVDs of rank one
3. Number of slots filled with DVDs of rank ten or better

4. Number of shipments made from a user’s home DC (the DC to which the
user returns DVDs and typically closest geographically). Shipmentsihat a
not from the home DC are referred to as cross-shipments.

The reason for these metrics being of importance to Zip is fairly obvious. The
first three are important for customer satisfaction; customers want tveete
number of DVDs for which they have paid and they want them to be higmliged
on their lists. The importance of the fourth metric is slightly less obvious. It is
important since a DVD shipped from a nearby DC will spend less time in the mail
and get to the user sooner, at a cheaper cost. Additionally, the DVD ksibac
Zip's inventory for reassignment sooner. However, the direct impiactjeroving
this metric is hard to measure. Zip seeks daily to maximize an overall metric,
comprised of a combination of these four metrics.

Other issues not captured in this overall metric are also of importance to Zip.
One main issue is servicing recently neglected customers. If a user leamlyec
received titles of poor rank or been left with open slots for long peritasuser
is more likely to leave Zip. Thus, Zip maintains a service index for each user to
measure recent service, and attempts to cater to those with high servica.indice
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1.1. INTRODUCTION TO ZIP

Currently, Zip uses many different algorithms and heuristics to arrivesat a
signments every thirty minutes. Users are segmented into groups basedioa se
index and assignments are calculated one group at a time, using a typetegsho
path algorithm. In this stage, no importance is given to avoiding cross-shippin
Additionally, for the assignments calculated in the first half of the day, orsigas
ments involving DVDs ranked in the top ten are made. This heuristic is done to
attempt to avoid making bad assignments early in the day before a large portion
of the day’s information is available. After the assignments are calculatedah lo
swap procedure is executed to attempt to decrease cross-shippintly, Binae
there is a physical time period associated with running the algorithm, it is possible
that the mailroom has prepared some assignments for shipping while the afgorith
was running, creating a discrepancy in the data. Any assignments inveliirey
an open slot or inventory that no longer exists must be removed. Thisgzae
referred to as scrubbing.

This series of procedures may produce good assignments every thirties)inu
but it is difficult to derive any sort of performance guarantee. It ifialift to
even see what is really happening during the process or which areagieatest
potential for improvement. Our goal in this area is to improve Zip’s assignment
process.

An additional problem faced by Zip is that of purchasing new inventoip. Z
must constantly purchase DVDs, both to keep up to date with new releasés an
replace or bolster inventory of older titles. The most logical goal in puiciga
new DVDs is to do so in the way that increases the value of the daily metric most
significantly, but it can be difficult to predict the impact of purchasingsiens.

Our goal in this second area is to provide a mechanism to Zip with which it can
make reasonable purchasing decisions.

1.1.1 Applied results

We suggest improvements for both the assignment and purchasing aspépts
operations. On the assignment side, this improvement will come in two forms.
First, we modify the metric that Zip uses to evaluate its assignments in such a
way that it captures more information. Specifically, it will incorporate theiser
indices of users and make a distinction between titles of rank eleven and those
of rank 500 (neither of which is true of the original metric). Secondly, vea

a new algorithm for Zip that, rather then apply a series of heuristics antigstc
simply solves one optimization problem to optimality every thirty minutes. Solving
a single problem and reaching an optimal solution is appealing for obviagems;

Zip has a guarantee that, under a certain metric, there does not existabletion

for the time period under consideration.
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1. INTRODUCTION

Using the new algorithm and targeting the new metric in actual real-time oper-
ations at Zip yielded much improved results. The average percentagesdfilttol
with rank one discs increased from 15.7% to 20.1% and the averagenjzayee
of users with open slots at the end of the day decreased from 5.3% to 20486,
dramatic increases.

For the purchasing problem, we show that a suitably defined instance di-matc
ing augmentation, a problem related to Zip’s assignment problem that wenpres
later in this thesis, models finding the budgeted purchasing decision that maximize
the increase of Zip's metric over a given time period. Although we show that this
problem is NP-hard, we additionally give a polynomial-time solvable specéa ca
that also encodes the purchasing problem, under the assumption thabedlHave
the same price. We conclude by speculating how such an algorithm coukkde u
to make long-term purchasing decisions.

In the following sections, we discuss some basic concepts needed totprese
and solve the wide range of theoretical problems discussed in this theselsdVe
present the theoretical results that we obtain.

1.2 Approximation Algorithms

Given an instancé of a maximization problenM, we are interested in finding an
optimal solution forl efficiently An algorithm forM is considered efficient if it
returns a solution in time polynomial in the size of the input for any instance. We
will consider problems belonging to one or both of the complexity claBsasd

NP.

The problemM is in P if there exists a polynomial time algorithm that com-
putes the optimal solution given any instanceMf The classNP contains all
problems inP, but also many other, likely harder, problems. Specifically, it con-
tains a set oNP-complete problems, problems which are unlikely to also be.in
A problem is calledNP-hard if it is, roughly speaking, at least as hard as every
problem inNP. For such problems, if we require an algorithm that runs in time
polynomial in the input size, it is likely that we will have to settle &pproximately
optimalsolutions.

Definition 1.2.1.Given an instancé of a maximization probler, let OPT, be
the value of the optimal solution. A polynomial time algorithnis called ac-
approximation algorithm if for every instancé of M, A outputs a solution of
value at leasbPT, /c, for constant > 1.

For some NP-hard problems, although we cannot obtain optimal solutions in
polynomial time, we can obtain arbitrarily good approximations.
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1.3. GRAPHS

Definition 1.2.2.A polynomial time approximation scheme (PTAS)for an in-

stancd of an NP-hard maximization problem is an algoritiithat, given any
€ > 0, returns a solution of value at legdt— £)OPT, in time polynomial in the
size of the input.

Definition 1.2.3.A fully polynomial time approximation scheme (FPTAS)is a
PTAS that runs in time polynomial in the size of the input andl/ia.

Definition 1.2.4.A pseudopolynomial timealgorithm is an algorithm that runs

in time polynomial in thenumeric valueof the input (which is exponential in the
length of the input). An NP-hard problem is callegakly NP-hard if it admits a
pseudopolynomial time algorithm. An NP-hard problem that does admit such an
algorithm is calledstrongly NP-hard.

Remark 1.2.5.If an NP-hard problem has an FPTAS, then it is weakly NP-hard.
Conversely, a strongly NP-hard problem does not have an FPTAS.

We will now consider an example of an NP-hard problem that is relevanisto th
thesis. The Knapsack problem is defined as follows:

Given items S= {1,..,n}, weights we QS, costs cc Q%, and budget G- Q,
find S C S of maximum weight(8) := ¥ g We such that ¢S) <C.

More specifically, the Knapsack problem is weakly NP-hard; it does aamit
FPTAS [13].

1.3 Graphs

Many of the problems we consider in this thesis are best modeled by graphs.
this section, we define a graph and the graph concepts needed foolhenps we
will consider.

Definition 1.3.1.A graph G := (V,E) is a setV of vertices and seE of two-
element subsets &f called edges. Foe= {vi,v»}, we saye is incident with
bothv, andv,. We denote by (v) the set of all edges incident with We callG
bipartite if there exists a bipartition o intoV, andV, such that for each edge
e € E, ejs incident with one vertex from each ¥f andV,. (In this case, we will
often writeG = (V1 UV, E))

Definition 1.3.2.A subgraphG' = (V',E’) of G= (V,E) is a graph, wheré’ CV,
E' CE, and for evere= {v;,vj} € E/, vi,vyj e V'.
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1. INTRODUCTION

Definition 1.3.3.A viv-walk in a graphG = (V,E) is an ordered list

(Vla €1,V2,62, .., Q<—17Vk)a

wherev; e V V1 <i<kandej = {vj,vj;1} € EV1<j <k—1. Ifthere is a walk
between every two vertices B, we say thats is connected A vivj-path is a
vivj-walk with no repeated vertices. éycleis a path that begins and ends with the
same vertex. A graph with no cycles is calkyclic.

Definition 1.3.4.A tree is a graphG = (V,E) with no cycles wheréV/| = |E| — 1.
A spanning treeof a graphG = (V,E) is a subgrapk’ = (V,E’) that is a tree.

Given weights on the edges of a graph, we can consider the problendofdi
a spanning tree of maximum weight. This problem has received much attention
and can be solved very efficiently [15]. A harder problem,libhdgeted spanning
tree problemis presented below:

Given a graph G= (V,E), weights we QF, costs o= QE, and budget G Q,
find a spanning tree T of maximum weighffw such that ¢T) <C.

This problem is shown to be NP-hard in [21].

Definition 1.3.5.Given a graplG = (V,E) and capacitieB ¢ 7, aB-matching
M C E is a subset of edges such that for everyV, the number of edges M
incident withv is at mosB,,. If the number of edges is equalBg, we say thav is
coveredby M; all other vertices are callaghcovered If B, =1Vv eV, we will
simply callM amatching.

As in the case of spanning trees, we can consider the problem of findng a
matching of maximum weight. This problem can also be solved efficiently [8].
Once again, we consider the problem of adding a budget constraintpoctlem.
Consider théoudgeted matching problem

Given a graph G= (V,E), weights we QF, costs c= QF, and budget G= Q,
find a matching M of maximum weightM) such that ¢M) <C.

This problem is easily seen to be NP-hard (budgeted matching on a set of iso
lated edges is knapsack), and a PTAS is presented in [1].
Finally, we consider the notion afirectedgraphs.

Definition 1.3.6.A directed graph D = (V,E) is a selV of nodes and sdf of
two-elementorderedsubsets oY called arcs. Foe = (v1,V2), we say thaé goes
fromvy tov,. We defined ™ (v1) to be the set of arcs going Y@ andd~(v1) to be
the set of arcs coming from.



1.3. GRAPHS

We will consider themaximum weight st-flow problentefined on directed
graphs, which can be solved efficiently using an algorithm by Ford aficei~u
son [10]:

Given a directed graph B= (V,E), weights we QF, capacities us Qf, a
source node s, and a sink node t, find QF such that

e forallec E,0 < xe < Ug
e forallveV\{st}, x(d7(v)) =x(d(v))
e W' x is maximized

We also present a theorem regarding the existence of integral solutitims to
maximum weighst-flow problem.

Theorem 1.3.7([5]). If u is integral and there exists a maximstrflow, then there
exists a maximurst-flow that is integral.

1.3.1 Graph results

Much interest has been paid in recent years to the generalizing of prslilg
adding budget constraints. Given any maximization problem with &set pos-
sible solutions and some budd&tthe budgeted form of the maximization problem
is to find the solutiors € .% of maximum weight such that treostof Sis at most

B.

Much of the interest received by budgeted optimization problems can be at-
tributed to the fact that adding a budget constraint often greatly ing¢hselif-
ficulty of solving the problem. Maximum weight matching and maximum weight
spanning tree are two such examples. Polynomial time algorithms exist forgolvin
both unbudgeted versions, but as mentioned in the previous section Ualgbtbd
versions are NP-hard.

In 1990, Papadimiriou and Yannakakis gave a framework for multiobjective
optimization problems that can be applied to budgeted optimization problems [19].
In this paper, they discuss the notion oPareto curve A Pareto curve is a set of
solutions where, given any solution in the set, moving to a solution of higltee va
in any objective requires a decrease in the value of at least one otjeetizh
In some sense, the Pareto curve maps out the set of extreme solutions: An
approximate Pareto curvis a set of polynomial size in the size of the instance and
in 1/¢ that approximates a Pareto curve. Papadimitriou and Yannakakis show that
if there is a pseudopolynomial algorithm for the exact version of the optimizatio
problem (i.e. find a solution of exactly a given value or determine that nxie8,e
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1. INTRODUCTION

then there is an FPTAS for the construction ofeaapproximate Pareto curve. In
the setting of budgeted maximization problems, constructing such a curve using
two objectives, weight and cost, it is possible to obtain a solution witliih-a¢)
factor of the optimal solution of cost at mos{a+ ¢) factor of the budget. This
gives an FPTAS for the problem with slight budget violation. Problems fackv
this can be done include shortest path, maximum spanning tree [2], and nmaximu
matching [18].

We consider a budgeted generalization of the max-wdghtitching problem.
In this version, we are given a cost on each ofvbeices and a total budget for
the purchase of additional vertex capacity. The objective of this proldeonaug-
ment the instance in a way that results in the new instance contaifingatching
of maximum weight. Formally, thenatching augmentation probleis defined as
follows:

Given a graph G= (V, E), weights we QF, capacities B ZY, costs o= QY
and a budget G Q, find ye ZY and MC E such that:

e cly<C
e Mis a(B+y)-matching
e M is of maximum weight (M)

We will also consider a special case of matching augmentation. We call the
special case whefgis bipartite withV =ViUV, andc, = VYW eVy, ¢, =1VWeV,
one-sided bipartite matching augmentation with uniform costs

We consider these two problems because they are extremely useful fet-mod
ing Zip’s purchasing problem. In this thesis, we show that matching augmentatio
is NP-hard, and proceed to prove the following two theorems:

Theorem 1.3.8.The matching augmentation problem admits a PTAS

Theorem 1.3.9.There exists a polynomial time algorithm for one-sided bipartite
matching augmentation with uniform costs.

We can also consider a version of matching augmentation where, rather than
purchasing additional vertex capacity, we purchase 'passes’ fadies. Instead
of paying for violations in degree constraints by paying vertex costs, ayet@
remove edges from contributing to the vertex loads. We can definediye-cost
matching augmentatioproblem as follows:

Given a graph G= (V,E), weights we QF, capacities B= ZV, costs c< QE,
and a budget G Q, find YC M C E such that:

8



1.4. ONLINE ALGORITHMS

ec'Y<C

e M\Y is aB-matching

e M is of maximum weight (M)

In the thesis, we prove the following theorem:

Theorem 1.3.10.The edge-cost matching augmentation problem on bipartite graphs
admits a PTAS.

1.4 Online algorithms

To this point, we have only discussed problems where the entire instaneeis gi
to us before our algorithms must make any decisions. In many applications, this
is far from reality; information comes in pieces over a period of time. Rarely in
these situations do we have the luxury of being able to wait until the entire agstan
becomes known. The assignment problem facing Zip is one such example. Z
must compute many assignments each day, most of which are computeddiefore
DVD availability for the day is known.

In this section, we present a model for online problems. All of the problems
we consider in this thesis will be modeled by bipartite graphs, so we will extend
bipartite graphs into this online setting.

We will consider a grapls = (U UV, E), but at the onset of the algorithm,
neitherV nor E is known to us. Furthermore, we will assume that the vertices of
V are ordered; without loss of generality, let the ordering\aev,, ..,v,). One at
a time, starting withv;, vertexv; and edge& N d(v;) will be presented, along with
any information associated with the edges (weights, for example). At this time,
our algorithm must irrevocably decide to include at most ereE N d(Vv;) in the
solution. Once this decision is made, all edges not chosen are discadiedasen
edges can never be removed from the solution.

Online problems are typically hard to solve. Since decisions are being made
without knowing the entire instance, it is almost impossible to design an algorithm
that can guarantee an optimal solution for any instance of a problem. Asdashe
of NP-hard problems, we will settle for approximately optimal solutions.

Definition 1.4.1.Given an instancé of an online maximization problemt, let
OPT, be the value of the optimal (offline) solution. An online algorithrfor M is
calledc-competitive if for every instanceé of M, A returns a solution of value at
leastOPT /c.
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We now give two examples of online problems that will be discussed in this
thesis. The first problem we considerisline matching This problem is defined
as follows:

Given a bipartite graph G= (U UV, E), where V, E arrive online, find a match-
ing M of maximum sizgM|.

In 1990, Karp, Vazirani, and Vazirani gave an extremely simpRdompetitive
algorithm for online matching that simply picks any edge any time one is available
[14]. They show that this is the best competitive ratio possible for a determinis
tic algorithm. However, in the same paper, they give a randomized algorithm with
competitive ratio of - 1/e (where the competitive ratio of a randomized algorithm
is defined as the maximum over all instances of the ratio of the optimal value to the
expected value of the solution returned by the algorithm). Their algorithra éixe
random permutation of the known side of the bipartition and makes all decisions
according to the ranking in this permutation. The authors show that nomaneld
algorithm can achieve a better competitive ratio. Since this paper, relatelé mo
have received much attention. One such problem is the Adwords auction.

The Adwords auction is a problem that models the application of the selling of
advertising space in search engines. Every time an internet user ehgnsard,

a set of buyers bid for advertising spots available in the search resgks gach
buyer has a daily budget, and as the auctioneer, we obtain profit echal nain-
imum of each buyer’s budget and the sum of all of the bids made by the buye
auctions the buyer won. This problem is clearly best modeled as being asline
we have no information pertaining to which search queries will be entered.

We can model the Adwords auction as an online graph problem, vihése
known andV, E arrive online:

Let U be the set of buyers, V be the set of advertising slots (often catidd pr
ucts), and E be the set V. Let n=|U| and m= |V|. Given bids bc RE and
budgets B= RY, find M C E such that:

o foreach jeV, Y ccmng(jjbe <1
e 5imin{Bi, ¥ ecmna(i) be} is maximized

In 2007, Mehta, Saberi, Vazirani, and Vazirani gave a deterministicitigor
for this problem that achieves a-11/e competitive ratio when the size of the
bids is small compared to the budgets[17]. In the same paper, they show that
no randomized algorithm can do better. In 2008, Buchbinder gave a pdinal-
algorithm that achieves the same ratio, an algorithm discussed in detail later in

10



1.4. ONLINE ALGORITHMS

Section 2.2 [4]. Birnbaum and Mathieu gave a survey of online matching, the
Adwords auction, and several related problems, and provided a singaéqgirthe
original result in Karp et al.[3].

1.4.1 Online results

In this thesis, we consider generalizing both online matching and the Adwaods
tion by adding budget constraints. As mentioned in Section 1.3.1, addingbudg
constraints to maximization problems has been of much interest in recent years
However, to the author’s knowledge, little work has been done regabdidgeted
online problems. The Adwords auction has a budget for each buyethdse are
not explicit constraints. As the size of the bids get small compared to theetsydg
it is not hard to make the constraints explicit without sacrificing the competitive
ratio.

In addition to adding budgets to the problems, we also consider the more gen-
eral weighted version of online matching:

Given a graph G= (U UV, E), weights we RE, costs o= {0,1}§ and budget
C € R, find a matching M of maximum weightM) with cost ¢M) < C.

The budgeted Adwords auction is defined as follows:

Let U be the set of buyers, V be the set of products, and E be thexsét Wet
n=|U| and m= |V|. Given bids be RE, budgets Bz RY, costs o= RE, and cost
budget Ce R find M C E such that:

e foreach jeV, Y ecuns(jjPe <1

e c(M)<C

e >imin{Bi, Y ecmnai) e} is maximized

In this thesis, we prove the following two results.

Theorem 1.4.2.There exists a deterministic polynomial time algorithm for the on-
line 0-1 budgeted matching problem that returns a solution of weight within a
T@—factor of the optimal solution. Furthermore, this is the optimal ratio for a

wide class of algorithms.

Notice that for the unweighted case, this algorithm f&-tompetitive, match-
ing the bound given in [14] for deterministic algorithms, despite the addition of a
budget constraint.

11



1. INTRODUCTION

Theorem 1.4.3.There exists a polynomial time algorithm for the budgeted Ad-
words auction that returns a solution of weight withirjla— gjé)-factor of the
optimal solution, as the size of the bids and costs get small compared to the bud-
gets, wheré& s the ratio of the highest and lowest ratiosgto ce.

1.5 Linear Programming

A linear program (P) can be expressed as follows:

max c'x (P)
s.t. Ax<b
x>0

In (P) aboveA is anm x n matrix andc, b are vectors.
Definition 1.5.1. A solutionx is calledfeasiblefor (P) if Ax< b andx > 0.

Definition 1.5.2.A feasible solutionx* is calledoptimal if c"x* = max{c"x s.t.
Ax<b, x> 0}.

Each linear program has associated withdual linear program. For a linear
program (P) of the form above, the dual (D) is expressed as follows:

min b'y (D)
st. Aly>c
y>0

The following theorem gives a relationship between feasible solutions to (P)
and (D).
Theorem 1.5.3.(Weak duality If x is feasible for (P) and is feasible for (D), then
c'x<b'y.

The weak duality theorem states that any feasible solution to (D) is an upper
bound for any feasible solution to (P). This fact can be very usefuksigihing
approximation algorithms, as shown by the following corollary:

Corollary 1.5.4. If x is feasible for (P)y is feasible for (D), and'x > b;—y , then
cTx > X
—_ a -
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1.5. LINEAR PROGRAMMING

In many applications, it makes no sense to consider solutidios (P) that
are not integral. Thus, we can defineiateger progranthat requires that certain
variables take on only integral variables. Consider the integer prodR3ro€low:

max c'x (IP)
s.t. Ax<b
xeZ

Although these integer programs can lead to more realistic models, they are of-
ten hard to solve. While linear programs can be solved in polynomial time (using
the Ellipsoid Method), integer programs are in general NP-hard to sgvéh@s,
we often approximate integer programs by relaxing the integrality constrlifats.
call (P) thelinear programming relaxatioof (IP).

Now consider (P2) of the following form:

max c'x (P2)
s.t. Ax=Db
x>0

WhereA is anmx n matrix as beforem < n, andrank(A) = m.

Definition 1.5.5. A basisof (P2) is a seB C {X,..,Xn} with |B| = m such that the
columnsAg of A correspondingp are linearly independent. The solutios- A~1b
is called thebasic feasible solution corresponding t@.

Remark 1.5.6.Any linear program can be expressed in the form of (P2), so the
notion of bases and basic feasible solutions is not limited to any specific form o
linear program.

Definition 1.5.7.Let x be feasible for (P). We sayis anextreme point if there
does not exist any such that botlx+y andx—y are feasible for (P).

Fact 1.5.8.x is an extreme point if and only if it is a basic feasible solution for
some basis

Definition 1.5.9. We call two extreme points of a linear progradjacent if their
bases share all but one variable in common.

13
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1.5.1 Lagrangian relaxation

We conclude our background work on linear programs with a brief disonsf
Lagrangian relaxations. Consider the integer program (IP") belowirsataby
adding an additional constraint to (IP):

max c'x (1P
s.t. Ax<b

d'x<B (1)
xeZl

We have discussed many problems where the addition of a budget canstrain
such as (1) makes the problems hard to solve. The method of Lagranigieetien
allows us to, in some ways, remove’ this troublesome constraint. We consider
taking (1) and ’lifting’ it into the objective function. Consider the integergram
LR(A):

max c'x+A(B—d'x) (LR(A))
s.t. Ax<b
xeZl

We call LRQ) the Lagrangian relaxatiorof (IP") for someA > 0. Notice that
any solution feasible for (IP’) is feasible for LR}, for anyA.

Definition 1.5.10. The Lagrangian weight w, (e) of a variablex. is its objective
coefficient in the Lagrangian relaxation.

In the case of LRX), W) (€) = Ce — Ade.
Although there exists considerable theory regarding Lagrangian telaxae
will require only a few basic properties for the purpose of this thesis.

Theorem 1.5.11Let x* be optimal for (IP’) andk, be optimal for LRA) with
A >0. Thenc™x* <c™x; +A(B—d'x;}).

Proof. Consider any feasible for (IP’). Sincex satisfiesd"x < B, ¢'x < c"x+
A (B—d"x). The result follows from the observation thas feasible for LR4). o

Corollary 1.5.12.1If x; is optimal for LRA ) andde; = B, thenx; is optimal for

(IP).
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1.6. MATROIDS

1.5.2 Aninteger program for Zip

The most significant applied result of this thesis is the development of a lrRew a
gorithm to solve instances of Zip’s assignment problem every thirty minutes. T
algorithm that we created is conceptually extremely simple.

Zip’s assignment problem can be formulated as an integer program.

The new assignment algorithm consists of solving one integer prograntito op
mality. Although we have stated that in general it is hard to solve integergursgr
a result later in the thesis shows that the linear program relaxation of thiginteg
program is an exact formulation, and can thus be solved to obtain integirabgss.

1.6 Matroids

Let Sbe a ground set of elements afdbe a set of subsets & We will call any
| € .7 independenfand all other subsetiependent

Definition 1.6.1.We call.# = (S, .#) amatroid if the following three properties
hold:

(M0) 0 e ¥
(M1) IfI’Cl c Sandl € .7, thenl’ € .¥
(M2) If1,J e .# and|l| < |J|, then there exists€ J\ | such that U{e} € .
We now define several concepts regarding matroids.
Definition 1.6.2. Given a matroid# = (S,.#) andAC S:
e A basisof A is an inclusion-wise maximal independent suliséet A.
e Therank of Aisr(A) := max{|B| : B a basis oA}
e A circuit of M is a minimally dependent subsetC S
Alternatively, we can define a matroid as follows:

Definition 1.6.3..# = (S,.¥) is amatroid if (M0), (M1), and the following addi-
tional property hold:

(M3) For allAC S, every basis oA has the same cardinality

We now give some useful properties of matroids.
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Lemma 1.6.4.Given a matroid# = (S, .¥):

1. (Deletion) Forevery C S, . # —S = (S,.#') is a matroid, where
S:=S\Sands :={l € #:1NS =0}.

2. (Contraction) For everyi € ., .# /| ;= (S,.7") is a matroid, where
S:=S\l andy" :={SCS\I : Ul € .7}.

3. (Truncation) Forevenqe N, .#9:= (S .79) is a matroid, where
Jl={les|l|<q}.

4. (Extension For everyD, DNS=0, .# +D := (S,.#") is a matroid, where
S:=SuDandy :={ CSUD:SNSe v}.

5. (Union) For any other matroidit, = (S, .%,), #' := (S,.#") is a matroid,
whereS :=SUS, and.¥’ :={l1Uly: 11 € 7,1, € 7).

An additional property of matroids that will extremely useful in this thesis is
that bases can be found by linear programming. Specifically, considenake
weight independent set problem:

Given a matroid# = (S,.#) and weights we Q5, find an independent set of
maximum weight.

This problem can be formulated as the following linear program, where there
is a variablex for eachec S

max Ww'x
s.t. X(A) <r(A)VACS
x>0

Fact 1.6.5([20]). The above linear program always has an integral optimal solu-
tion.

Before we can use the above fact, we must discuss matroid models. Note that
a matroid can contain exponentially many independent sets. Thus, deterrhaning
given set is independent is potentially a hard problem. If testing for inmdepee
is hard, then certainly the max-weight independent set problem is alslp dsr
are any problems which require as solutions independent sets. Thussitdly
assumed when working with matroids that we are provided with an indepeaden
oracle. This makes matroid problems tractable and interesting to considéneFor
remainder of this thesis, we will assume access to an such an indepeodaciee
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1.6. MATROIDS

Corollary 1.6.6. The max-weight independent set problem can be solved in poly-
nomial time.

Matroids are very useful in modeling certain problems. One such matroid is
the graphic matroid which can be used to model many graph problems. We now
define the graphic matroid.

Definition 1.6.7.GivenG = (V,E), the graphic matroid of G is .# = (E,.¥),
where.# = {E' C E : E’ contains no cyclés

Remark 1.6.8.In the graphic matroid foG = (V,E), whereG is connected, the
set of bases d is the set of spanning trees @f

One other matroid that will be used in the thesis is the uniform matroid.

Definition 1.6.9. Given a ground se$ and an intege€, theuniform matroid of S
of sizeCis.# = (S,.%), where.# ={S C S:|S| <C}.

We will now consider some well-studied matroid problems that will be useful
in this thesis. First is the matroid intersection problem. This problem is similar to
the maximum weight independent set problem, except we now have two nsatroid
and must find a set independent in both. Formally, the matroid intersection is de
fined as follows:

Given matroids.#; = (S, .#1) and ., = (S,.#2) and weights we QS, find
| € 71N % of maximum weight (V).

As in the case of max-weight independent set, there exists a polynomial time
algorithm to solve matroid intersection [9].

As in earlier sections, we also consider budgeted versions of these oo pr
lems:

¢ Budgeted independent sekiven a matroid# = (S .#), weightsw € QS,
costsc € QS, and a budgef € Q, findl € .7 of maximum weight such that
c(l) <C.

e Budgeted matroid intersectiorGiven matroids#1 = (S .#1) and ., =
(S,.#,), weightsw € QS, costsc € Q%, and a budget € Q, find|l € .#1N.%
of maximum weightv(1) such that(l) <C.

Budgeted independent setNd>-hard, as the budgeted spanning tree problem
on G can be solved by finding a budgeted independent set of the graphidanatro
corresponding t&. Berger et al. give a PTAS for the budgeted matroid intersection
problem in [1]. These two results imply that both budgeted problembl Brbard
and admit a PTAS, but the status of the existence of an FPTAS is not kraywn f
either.
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1.6.1 Matroid results

As mentioned in the previous section, matroids are quite powerful for modeling
problems. Graphic matroids model spanning trees in graphs. Matroids €feite o
generalize existing combinatorial objects and can be used to encode nudmy pr
lems. This is particularly true of matroid intersection. In this thesis, we define
several matroid problems with the purpose of encoding some of the idegms beh
previous problems with matroids. First, we consider th&troid augmentation
problem, a problem that in many ways is the matroid equivalent of the edgje-co
matching augmentation problem. Rather than being given a graph and buying
'passes’ for some edges, we are given an independent set of adnaind are
buying additional elements such that the resulting set has as large a maximum
weight independent set as possible. Formally, the matroid augmentatiomisdiefi

as follows:

Given amatroid# = (S, .#), AC S, weights v& QS, costs &= Q%, and budget
CeQ, find A C S such that @) < C and the weight of the max-weight indepen-
dent set IC (AUA) is maximized.

In this thesis, we prove the following result.
Theorem 1.6.10.The matroid augmentation problem admits a PTAS.

A problem related to matroid augmentationnmtroid knapsack In the ma-
troid augmentation problem, we are givArC S as our starting set, much as we
are given starting capacities in the matching augmentation problem. In the matroid
knapsack problem, we are free to select &ny .# as our starting set. We then
must purchase additional elements to achieve a set of maximum weight. The name
of this problem arises from these two aspects; given our choice ofia dfathe
matroid, the optimal solution is obtained by solving an instance of knapsacleon th
remaining elements. The matroid knapsack problem is as follows:

Given a matroid.# = (S,.#), weights we QS, costs cc QF, and a budget
CeQ, find KCACSsuchthat®) <C, A\A' € .7, and WA) is maximized.

We can think of this problem as trying to find a set thlmostindependent; we
must pay for any elements that cause a violation of independence. We v
following result about matroid knapsack.

Theorem 1.6.11.The matroid knapsack problem admits an FPTAS.

The FPTAS mentioned in Theorem 1.6.11 is obtained by scaling the instance
and applying a dynamic programming algorithm.
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Finally, we generalize the matroid knapsack problem to the setting of matroid
intersection. As mentioned earlier, matroid intersection has many applications.
The problem we present here, a generalization of matroid intersectioof ana-
troid knapsack, has even greater modeling power. mhgoid intersection knap-
sackproblem is as follows:

Given matroids 71 = (S, .#1) and ., = (S,.%,), weights we QS, costs cc
QS, and a budget & Q, find A C AC S such that @) <C, A\A' € .#41N.%,
and w(A) is maximized.

We obtain the following result:
Theorem 1.6.12.The matroid intersection knapsack problem admits a PTAS.

Furthermore, we show the applicability of the matroid intersection knapsack
problem by modeling the bipartite version of edge-cost matching augmentation a
a matroid intersection knapsack problem and obtaining a PTAS.

1.7 Miscellaneous

In this section, we introduce some additional concepts that will be needei$in th
thesis.

Definition 1.7.1.Given a set, apartial order onS s a binary relation<’ such
that for alla,b,c € S:

o (reflexivity)a<a
e (antisymmetryif a<bandb <athena=Db
e (transitivity) if a< b andb < cthena<c
We callS along with the partial order partially ordered set (or pose).

Remark 1.7.2.In all of the applications in this thesis, we will use the relation
'subset’. In other wordsA < Bif ACB

We require a few definitions regarding posets.

Definition 1.7.3.A chain in a posetS is an ordered listsy,..,s) C S such that
V1< j<k<t, s <s

Definition 1.7.4.An antichain in a poseSis a sef{sy,..,&} C Ssuch thatV 1 <
j,k<tsj £scands £ sj.
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Finally, we can present a theorem relating the sizes of chains and ansichain
any poset.

Theorem 1.7.5(Dilworth’s Theorem [7]) In a posets, the maximum size of an
antichain equals the minimum number of chains in any partitiddiofo chains.

We conclude this section with the topic of total unimodularity.

Definition 1.7.6.A matrix A is calledtotally unimodular if every square subma-
trix of A has determinant O 6t 1.

Total unimodularity is an important concept in linear programming for several
reasons. First, the linear programming formulation of many simple problems has a
totally unimodular constraint matrix. Second, we know how to solve sucHerah
efficiently, as displayed by the following theorem.

Theorem 1.7.7(Hoffman and Kruskal’'s Theorem [12])et A be an integral con-
straint matrix of the linear program (P). ThAns totally unimodular if and only if
for each integrab, (P) has integral optimal solutions.

Remark 1.7.8.If we can model a problem arising from (P) with integral constraint
matrix A as a maximum weigtgt-flow problem with integral capacitids, then
Theorems 1.3.7 and 1.7.7 imply thats totally unimodular.

Definition 1.7.9.Given a graplc = (V,E), thevertex-edge incidence matrixof
Gis a|V| x |E| matrix with a one in théi, j) position if vertexv; is incident with
edgeej, and zero otherwise.

Fact 1.7.10([12]). A graphG = (V,E) is bipatrtite if and only if the vertex-edge
incidence matrix ofs is totally unimodular

1.7.1 Total unimodularity results

A final result included in this thesis relates to showing that a certain classeailin
programs have totally unimodular constraint matrices. Of particular signeicisn
that the integer program we formulated to solve Zip's assignment problemdse
to this class. This implies the following corollary.

Corollary 1.7.11. The linear program relaxation for the integer programming for-
mulation used in Zip’s assignment algorithm is exact, and thus has integral bptima
solutions.

This implies that we can solve the integer program used in Zip’s assignment
algorithm.
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1.8. SUMMARY OF CONTRIBUTIONS AND RESULTS

Problem Approximation factor of algorithm
Budgeted online matching vz -factor

Budgeted Adwords auction (1- %)-factor*
Matching augmentation PTAS

— 1-sided bip. uniform case polytime solvable
Matroid augmentation PTAS

Matroid knapsack FPTAS

Matroid intersection knapsack PTAS

Table 1.1: Summary of theoretical results, where * denotes an asymptoticagsu
bids, costs get small compared to budgets

1.8 Summary of contributions and results

In this thesis, we have two areas of contribution. On the applied side, weagiv
exact linear programming formulation of Zip’s assignment problem, showisg th
the assignment problem can be solved efficiently. We also show that andesih
matching augmentation can be used to model Zip’s purchasing problem. Sgce th
problem is NP-hard, we show that a polynomial time solvable special cadeastill
the ability to model Zip’s purchasing problem, if we assume that all DVDs have
equal cost.

We summarize the theoretical algorithmic results contained in this thesis in
Table 1.1.

1.9 Thesis outline

This thesis begins in Chapter 2 by providing in detail algorithms for budgeted ma
troid intersection and the Adwords auction, both of which will be modified later in
the thesis to solve related problems.

In Chapter 3, we discuss all of the applied aspects of this thesis, and ig doin
so, attempt to motivate all of the subsequent theoretical work. Resultduatlac
algorithm implementation are discussed. In Chapter 4 we consider the ordine na
ture of Zip’s operations, pose two problems that have reasonable mogelivey,
and provide online algorithms for each. In Chapter 5, the problem of gpthia
integer program modeling Zip’s assignment process is resolved by gviotal
unimodularity result of a class of linear programs.

Chapter 6 contains the bulk of our theoretical results. Inspired by Zip’s p
chasing problem, the matching augmentation problem is discussed, along with a
tractable special case particularly relevant to Zip. We then transfer thdaténd
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the augmentation problem to the setting of matroids, where we define and give
approximation algorithms for several problems.
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Chapter 2

Algorithms

We will present two algorithms in this chapter that we will modify in the thesis to
solve related problems.

2.1 Algorithm for budgeted matroid intersection

The following PTAS for budgeted matroid intersection is presented in [1].

Let the two matroids in the problem b#1 = (S, .#1) and.Z> = (S,.#2). The
budgeted matroid intersection problem can be expressed as the followiggrinte
program:

max w'x (IPsmi1)
st. x(T)<ry(T) VTCS

xezZ3

First, we form the Lagrangian relaxation LR(of (IPgwm;) by lifting the budget
constraint into the objective function:

max W' x+A(C—c'x) (LR(A))
st. X(T)<ry(T) VT CS
X(T)<rp(T) VI CS
xezZ3
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2. ALGORITHMS

Denote byA* the value ofA that minimizes the optimal value of the result-
ing linear program. We would like to find* for LR(A). This can be done in
polynomial time using Megiddo’s parametric search technique whenever)LR(
can be solved in polynomial time [22], which is the case here. The idea behind
Megiddo’s parametric search technique is that we simultaneously simulate the al-
gorithm that solves LR(*) and computd *. During the technique, the Lagrangian
weightw) (e) = we — ACe Of eache € Swill be represented by a function of the
form a+ Ab. Whenever the algorithm needs to compare two such weights, it com-
putes the value of that makes the two equal, and then determines if this value is
greater than or less thar'; We can determine which is larger by solving one ad-
ditional Lagrangian relaxation for a fixed valuef By the end of the procedure,
the output will be used to determide. The reader should see [16] for a detailed
discussion of the technique.

Once we have found*, we compute two solutionXy, X, € 41 N %, such
thatc(X;) < C < c(Xp). This is done by solving LR(* + €) and LRQ* — ¢) for
sufficiently smalle > 0. Intuitively, this works because by increasihg slightly,
we increase the contribution of the lifted budget term, giving the optimal solution
incentive to be of smaller cost.

Note that fori € {1,2}, we have that

Wy (X)) +AC > Wy (X*) +AC > w, (X*) +Ac(X*) = OPT, (2.1.1)

whereX* is an optimal solution to the budgeted matching instance.
Notice that neitheX; nor X, will contain an element of negative Lagrangian
weight. Thus, for ang € X; UXz, W) (€) =We—ACe > 0. Thus,

Winax > We > A Ce. (2.1.2)

If X1 andX, have different cardinalities, we extend the two matroids by adding
[|X1] — |X2|| dummy elements to the ground set of weight and cost zero, and add
them to the smaller ok; andX,. We then truncate the two matroids to all indepen-
dent sets of sizg = |Xi| = |Xz|. Thus,X; andX; are maximum weight common
bases of each of the two truncated matroids.

Before proceeding, we require some definitions and a lemma.

Definition 2.1.1. Thecommon basis polytopdP of the matroid intersection prob-
lem is the polyhedron defined by all of the constraints of LR( The optimal
faceof P is the convex hull of all optimal solutions to LRY).

Definition 2.1.2. Given a matroid# = (S, .#), X € ., andY C S, theexchange-
ability graph of .# with respect toX andY is the bipartite grapkeX ,(X,Y) :=
(X\YUY\ X,H), whereH = {(x,y) : x€ X\ Y,y e Y\ X, X\ {x} U{y} € .#}.
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2.1. ALGORITHM FOR BUDGETED MATROID INTERSECTION

Lemma 2.1.3(Exchangeability Lemma)GivenX € .# andY C S, if ex,(X,Y)
has a unique perfect matching, thér .7 .

Lemma 2.1.4(Gasoline Lemma)Given a sequence & real valuesay, ...,ax_1
of total valuez'j‘;(l) aj = 0, there is an indek € {0,1,...,.k— 1} such that for any

0<h<k—1, 5™ ajmoay > O.

The remainder of the algorithm proceeds in two steps. First, we will find two
adjacent solutions in the common basis polytopef and.#, also of optimal
cost under the Lagrangian weights. These two solutions will contain ontyesits
in Xy UX, and will maintain the fact that one is under budget and one exceeds
the budget. We then compute the desired approximation from the two adjacent
common bases using the Gasoline Lemma.

Lemma 2.1.5([1]). Assume we have two matroidg = (S, .%1),.#> = (S, %2)
and two common base§, X, € .11 %. ThenX; andX, are adjacent extreme
points in the common bases polytope if and only if the following conditions hold:

1. The exchangeability grapx ,, (X1,X2) has a unique perfect matchihg .
2. The exchangeability grag@x ,,(X1,X2) has a unique perfect matchihg.
3. The uniorM1 UM, forms a cycle.

Corollary 2.1.6 ([1]). Let .#1 = (S A1), .42 = (S,.#2) be two matroids. More-
over, letZ € 71N %, andZ C X1 N X,. ThenX; andX; are adjacent extreme points
in the common basis polytope o1 and.#> if and only if Xy \ Z andX; \ Z are
adjacent extreme points in the common basis polytop&ofZ and.#>,/Z.

Since the new common bases that we find will always be a subggt oKy,
we delete all elementS = S\ (X; UXz). We now present the lemma that shows
we can always make progress towards adjacent common bases.

Lemma 2.1.7([1]). There is a polynomial-time algorithm that, X§ andX, are
not adjacent extreme points, finds a third maximum-weight common Bagith
respect taw, -, such thaly # A= X andXpNXy; CAC XgUXo.

We will reproduce here the proof of this lemma given in [1] as it makes explicit
the polynomial-time algorithm used.

Proof. Let Z = Xy N Xz. Without loss of generality, leX; \ Xo = {s1,..,5} and
Xo \ X1 = {t1,..,tr}. For 1<i,j <r, define.#) := .#1/Z — {x,y;} and.#, =
Mo /Z—{%,Yi}.

25



2. ALGORITHMS

Consider the following polynomial-time algorithm. For ever¥ 1, j <r, com-
puteAjj, a maximum Lagrangian weight common basis#f’ and.,' . If there
existsAjj satisfying|Ajj| =r andw, (Ajj) =W, (X1/Z), thenA= Aj; UZ is the de-
sired third basis. (Note tha # A # X, sincex; andy; are not present io%/l” and
M)

If there does not exist such a;, then no common basi of .7, and.#>
with the desired properties exists. Assume by contradiction that there isiaéch
Chooss, j such that,y; ¢ A. ThenA\ Z is a common basis o#7;' .#,'. Hence
w) (Aij) > wy (A\ Z), sinceA;; is such a maximum Lagrangian weight common
basis. Also/Aj| = |A\ Z| =r, and thusA;; UZ is a common basis o#7;, and.#5>,
implying thatw) (Ai; UZ) < w; (A). Hencew, (Aij) < w, (A\Z). Thusw, (Ajj) =
Wy (A\ Z) = w, (X\ Z), a contradiction. O

At all times, X; \ X2 and Xz \ X; are maximum Lagrangian weight common
bases of 71 /(X1 N Xz) and.#>/ (X1 N Xz). Once the process terminates, there is
no other maximum-weight common bagis of these two, since otherwis& U
(X2 N X2) would have been found by the algorithm in Lemma 2.1.7. SkKiceX,
and Xz \ X; are the only two maximum-weight common bases, the optimal face
of the common basis polytope of the contracted matroids is the convex hull of
these two points. Thus, they are adjacent on the optimal face of the commisn ba
polytope of .71 /(X1 NXz) and.#>/(X1NXz). Thus, by Corollary 2.1.6¢; andXz
are adjacent in the common basis polytopesf and. 5.

If ¢(X1) =C orc(Xz) =C, we are done by Theorem 1.5.12. Assuc(;) <
C < c(X2). Without loss of generality, assume that\ Xo = {s1,...,5} andXz\

Xy ={t1,....tr }.
We may now proceed to find our approximation.

Lemma 2.1.8([1]). Given Xy, X, as above, there is a polynomial time algorithm
which computeX’ such thaX’ € 71N %, c(X') <C, andw(X') > opt— 2Wmax-

Proof. SinceX; and X, are adjacent in the common basis polytope, by Lemma
2.1.5 we have unique perfect matchings = {sit1, ..., St} in x4, (X1, X2) and

My = {t1%,12,S3, ..., 1, S1} IN €X 4, (X1, X2), and corresponding cycle

(s1,t1, 9, t2, ..., S, tr) in the union of the two matchings. For<lj <r, assign edge

sjt; a weightd; := w, (tj) —w, (sj) and all other edges weight 0. SinXg and

Xo have the same Lagrangian weiggi;-b1 0j = 0. By the Gasoline Lemma, there
exists an edge of the cycle such that all partial sums of the weights aroend th
cycle starting at this edge are non-negative. Without loss of generatiynaes; t;

is such an edge.
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2.1. ALGORITHM FOR BUDGETED MATROID INTERSECTION

Find the largesk < r such that(X;) + zlj(:l (c(tj) —c(sj)) <C. Sincec(Y2) >
C, we havek < r, and by constructiorg(X;) + le(:l (c(tj) —c(sj)) > C—c(tky1) +
C(Sk+1)-

We now show that the solutio = X3 \ {s1, ..., Sk+1}U{t1, ..., t}, satisfies the
claim.

Because of how we chose
C—Cmax<C—g¢,,, <c(X)<C (2.1.3)
By the Gasoline Lemma, we have
Wy (X') > Wy (X1) =Wy (Skr1) > Wi (X1) — Winaxe (2.1.4)
Next, we prove thaX’ € .71 N .%,. ConsiderX’ U {s1}. Its symmetric dif-

ference withX; is {s1, .., S 11, ..,t}. Recallst; is an edge oM; for i < k. Notice
that

e 5€ X\ (X' U{sc1})
o { EX/U{SH_l}\Xl
e Xj\sUt €7

Thus, st; is also an edge 0éx 4, (X1, X" U {sct1}), so this graph has a perfect
matching. This perfect matching must be unique, since othemiseould not
be unique irex 4 (X,Y). Thus, by the Exchangeability Lemm¥&,U {11} € .
Similarly, X' U {s;} € %, soX' € .41 N .2,.

We now must bound the weight &f:

w(X') = wy. (X)) +A*¢(X))
=Wy (X ) +A*C—A*(C—c(X"))
> Wy« (X1) +A"C — Winax— A "Gy (by (2.1.3) and (2.1.4))
> Wy« (X1) +A"C — 2Wmax (by (2.1.2))
> OPT — 2Wmax,
where the final inequality follows from 2.1.1. O

Theorem 2.1.9([1]). The budgeted matroid intersection problem admits a PTAS.
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2. ALGORITHMS

Proof. Let € € (0,1). If the optimum solutiorX*contains fewer thap := [2/¢]
elements, we can gue¥s by brute force in timeD(mP) = O(mP(Y/8)) giving a
PTAS. Otherwise, we guess tpeelementsX; of largest weight inK* by iterating
over all possible choices. We contract the matroid by these elements amel dele
from the matroids all elements of weight larger than any of the contracted migme
We also decrease the budget accordingly. The maximum weight of anyniaga
elementis

Winax < W(X)/ P < W(X3)/2, (2.1.5)

sincew,,« is at most the weight of the least-weight element contracted, which is
at most the average weight of all contracted elements. Additionglly= X*\ X

is an optimum solution for the intersection of the new matroids. We compute an
independent se{’ in the intersection using the algorithm in Lemma 2.1.8 of weight

w(X") > W(X") — 2Wiae We return the solutioXX = X UX'.
The algorithm runs in tim@®(mP+1)) = O(mP(1/2)). Finally,

W(X) = W(X5) +w(X')
> W(Xﬁ!) +W(XE) - 2V\/max
> W(X") —ew(Xg) (by (2.1.5))
> (1-¢g)w(X")

2.2 Algorithm for Adwords auction

Recall that in the Adwords auction, a setrobuyers are bidding on a set of
advertising slots (products). For each prodyetach buyer supplies a bidy;. We
cannot collect more tha; profit from each buyer.

The following (1 — 1/e)-competitive algorithm is presented in [4].

The linear programming formulation for the Adwords auction problem is as
follows:
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2.2. ALGORITHM FOR ADWORDS AUCTION

Algorithm 1 Primal-dual algorithm for Adwords
:Initially x, :=0 Vi

[EnY

2: Upon arrival of producj, allocate to buyer that maximizesy; (1 —x;)
3: if x; < 1then

4.  Setyjj 1

5. Setzj «— by (1—x)

6:  Setx —x(1+ %ii") + (CE’E)Bi

7. end if

m n
max bij Vi (P)
2,200
n
S.t. Vi<l Vi<j<m
2,
m
Zbinij <B V1<i<n
=1

y>0

The dual of this linear program is as follows:

n m

min ZlBiXi+sz (D)
i= =1

st bijxi+zi>b; Vi<i<nl<j<m
x,z> 0.

Intuitively, we can think ofx; as a function of the fraction of buy&s budget
that has been used to obtain products, grak the price of produgt

We consider a primal-dual algorithm that, rather than simply award each item
to the highest bidder, simultaneously attempts to give products to a buyer with a
high bid and plenty of budget remaining. The purpose of thesariables in the
algorithm will be to ensure that those with large budgets remaining are fadour
Specifically, eacl; variable is exponential in the fraction of the budB8etised.

The value ofc above is determined later. LBEax= max j {%f} be the maxi-

mum ratio of any buyer’s bid to its budget.

Theorem 2.2.1([4]). Algorithm 1 is(1— 1/c)(1 — Rmay) -competitive, where =
(14 Rna) . ASRmax— 0, the competitive ratio tends {d — 1/).
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2. ALGORITHMS

Proof. We must prove that the algorithm produces a feasible dual solution and al-

most feasible primal solution, and that in each iteratisd,< (1+ 1;)AP, where
AP andAD are the changes in value of the primal and dual solutions, respectively,

over the iteration.

Dual feasibility Consider the dual constraint corresponding to bigerd prod-
uctj. If x; > 1, then the constraint is satisfied. Otherwise, the algorithmzpets
bij(1—x) , wherei’ is the buyei maximizingbij (1—x;). This guarantees that our
constraint is satisfied at this point in the algorithm. In future iteratignsay only

increase, so feasibility will be maintained.

Comparison of primal and dual valuekn iterations where; > 1 fori maximiz-
ing bjj (1—x;), there is no change in the primal or dual objective. Whenever the
algorithm updates the primal and dual solutions, the change in the primatiebjec
is bij. The change in the dual objective is:

Primal (near) feasibility We never update the primal solution for buyers satis-
fying x; > 1. We prove that for any buyérthat if Yi bijyij > Bi, thenx; > 1. This
is done by proving the following claim:

Claim 2.2.2([4]).
1 3jbijVij
- > B _1
()

Proof. We prove the claim by induction on the iterations of the algorithm. Initially,
it is true trivially. We are only concerned with iterations where buyebtains a
product, sak. In such an iteration:
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2.2. ALGORITHM FOR ADWORDS AUCTION

(1. b b
%_KG+a>+m—na

1 2 Ak Dijh bik bik
>——c &8 —-1])(1 —_— 2.2.1
_C—1< >(+Bl>+(0_1)8i (2.2.1)
1 T 2]7&kbljylj blk
T c-1]
1 T Z];ékbu)’lj ( )
> 2.2.2
“c-1] } (2.2.2)
1 [ 2jbijYij
= — Bi — l
cale

Inequality 2.2.1 follows from the induction hypothesis and inequality 2.2.2
follows since for any K x <y <1, M > W Consider choosing =

(1+ %w)ﬁm. Then forx = b'k andy = Rnax We have that

In(c) = In(1+y) < In(1+x).
y X
bj
Thus,c* <1+x<1+Y,giving c(?r> <1+ %‘ik as desired. 0

So as soon as a buyer’s budget is exhausted, we stop allocating {grtathe
buyer. Thus, at most one iteration exists whieneceivesj but is charged less than
bij. Therefore, for each ¥ ; bijyij < B +max {bjj}, and thus the profit extracted
fromi is at least

B.

[;bijyu BIJFTIXJ{b”} 2 lzbijyii] (1~ Rmax)-

Thus, we lose at most(@ — Rnax) factor of the profit.
The competitive ratio of the algorithm follows by Corollary 1.5.4. O
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Chapter 3

Zip’s Assignment and Purchasing
Problems

In this chapter, we discuss suggestions for the solutions to Zip’s assig@amen
purchasing problems. The two main shortcomings of Zip’s current DViyass
ment process are the inability of the overall performance metric to captuog all
the relevant statistics of the daily assignment and the inefficiency and epesg
of the assignment algorithm. We will discuss both of these and offer stigges
as to how they could be remedied.

Once we have resolved these problems, we will encounter a new problem:
the testing of our new algorithm and metric. Since it is impossible to judge the
quality of a daily metric by considering individual thirty-minute runs, we need a
methodology for ensuring, or at least gaining a reasonable amounnfifience,
that our algorithm will perform well over an entire day. To gain this agstea
we construct a mailroom simulation environment in which we test our algorithm.
The simulation methodology and results are discussed. Finally, we compaltsre
of real-time runs of the new algorithm with control over Zip’s operations with th
average results of Zip's old algorithm.

We formulate a problem that models Zip’s purchasing problem and notice that
itis an instance of matching augmentation. We further provide a speciahzass
polynomial-time solvable and discuss the development of a purchasing atgorith
based around this methodology.

3.1 Metric improvement

We first attempt to improve Zip's daily metric. First, consider the evaluation of the
quality of the DVDs sent to users. Currently, Zip uses a combination of tirbau
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3. ZIP’S ASSIGNMENT AND PURCHASING PROBLEMS

of assignments of rank one and the number of assignments of rank tettar be
Assume that in the metric, these two are given weight@ndw,, respectively.
This means that a rank one disc contribwtes-ws to the metric, ranks two through

ten contributen,, and ranks eleven and worse contribute nothing. This valuation
seems extremely arbitrary. Is a rank ten disc that much better than a raek elev
disc? Are rank two and rank nine equally desirable? Or 11 and 500@ritssthat
such a discrete valuation is undesirable. It is not difficult to replace thigu
metric by a continuous one. Intuitively, the metric should be decreasingxitulte
diminishing changes (i.e. there is more of a difference between rank fi/gian
than between fifteen and sixteen). We propose that a disc ofrrahkuld have
contribution proportional tq%, wherec > 1 is a parameter than Zip can set as
desired. Asc increases, we put more importance on highly desirable titles and
almost no importance on those towards the bottom of the rankings. To keep the
contribution of a rank one assignment the same as in the previous metricnwe ca
include this rank metric in the overall metric with weight + ws-.

The second change to the metric will be the inclusion of service indices. Cur-
rently, Zip does not include these indices in their metric, but does use this info
mation to divide the users with open slots into groups. This grouping is extremely
similar to what Zip originally did with the DVD ranks; an arbitrary division is made
and users receive one of a few discrete levels of service. In parieuassign-
ment is calculated for those in the top division, ignoring everyone else glilsa
remaining available inventory, an assignment is calculated for the secasinj
and so on. This procedure is poor not only because of the discrete ddwervice,
but also because it involves creating multiple assignments in isolation. This can
lead to suboptimal results.

The change to the metric will be similar to the change in the rank metric; we
will enforce a more continuous range of service quality. We proposddhatch
possible assignment of digao useri, we calculate the contribution to the metric

as before (using the new rank metric). This value should then be multiplied by
ql/d, wheres € [0,1] is the service metric and > 0 is a parameter that Zip can
set as desired. A higher valuegfdenotes that uséishould receive better service.
As d increases, the range of users that receive good service incezakesverely

neglected users are not treated much differently than mildly neglected users

Now that we have a more complete metric, we will consider an algorithm for
maximizing the metric every thirty minutes.
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3.2. ALGORITHM IMPROVEMENT

3.2 Algorithm improvement

Note that for the time being, we will consider the individual assignment rens a
offline problems. Two algorithmic ideas for modeling Zip's assignment problem
as being online are discussed in detail in Chapter 4. It would be interesting to
consider each thirty-minute period as a single node arriving online ancetité s
assignments we can pick as the incident edges. This may lead to an improved daily
result if implemented carefully and is an interesting future direction.

The assignment problem facing Zip is essentially an instand&ragaitching

on a bipartite graph with some additional constraints. Consider the followimg co
struction:

1. For each userwith an open slot, create a vertexwith capacity equal to
the number of open slots owned by

2. For each titlg and each D& in which there are copies gfavailable, create
a vertexvjx with capacity equal to the number of copiesjavailable ak.

3. For eachy;, vjx, create an edggjc of weight equal to the contribution of the
assignment of titlg to useri shipped from Dk to the metric.

If this were the entire instance, we could solve this easily by linear programming
However, the problem has several other constraints that must beeshcdtese
include:

1. A useri may receive at modtstj; copies of titlej, wherelistjj = 1 if j is
ranked by, andlistj; = 0 otherwise.

2. A DC k can handle at mostap assignments (since we may wish to limit
the size of the assignment we give to any one mailroom, to enforce that only
the best quality assignments are filled).

3. The total number of assignments is at ntasCap (since we may wish to
limit the total assignment size, for reasons similar to those for the limits on
individual DCs).

This problem can be formulated as the following integer program, wherenate
by 1, J, andK the set of users, titles, and DCs, indexed by andk, respectively.
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3. ZIP’S ASSIGNMENT AND PURCHASING PROBLEMS

max %Wijkxijk (lPZip)
injk <slots Viel 1)
JEXijk < availjk VieJ keK 2)
|
injkglistij Viel,jeld 3)
injkgcap( vk € K (4)
i
éxijk <totCap 6))
i

Xijk € {0,1} Viel,jelkeK

In Theorem 5.1.2, we will see that the canonical linear programming relaxatio
of (IPzip) is integral. Thus, we can solve the integer program efficiently by simply
solving the linear programming relaxation to optimality.

We can also arrive at this result more directly. Recall by Remark 1.7.8 that if
we can express®zip) as a maximum weigtst-flow problem with capacities com-
ing from the right-hand side oi®z,), the constraint matrix oflPzip) is totally
unimodular. This gives the desired result from the previous paragralcna-
tively, it implies that we can solve the underlying problem by solving the resultin
maximum weighst-flow problem, which can also be done efficiently.

Consider the following construction of a maximum weigiflow instance
illustrated in Figure 3.1:

Add

e source nods

e nodes corresponding to constraint (5) and an é&gs') with weight 0 and
capacitytotCap

¢ nodek and an ar¢s’, k) with weight 0 and capacitgap for each constraint
k of (4).

e node jk and an argk, jk) with weight 0 and capacitgvail for each con-
straint jk of (2).

e sink nodet
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3.2. ALGORITHM IMPROVEMENT

e nodei and an arci,t) with weight 0 and capacitglots for each constrairit
of (1).

e nodeij and an argij, i) with weight 0 and capacitlyst;; for each constraint
ij of (3).

Finally, add an ar¢jk,ij) with weightw;jx and infinite capacity, forallc I, j € J,
ke K.

Solving this maximum weigtst-flow problem is equivalent to solvingRzip),
where the flow across axgk,ij) in the flow instance corresponds to the value of
variablex;jc in the linear program. The correspondence of solutions in the two
instances is easy to see. If we wish to increase the flow along afjlai¢), we
must also increase the flow along arsss), (s,k), (k, jk), (ij,i), and(i,t) in
order to maintain flow conservation. This corresponds to increasing theokiz
the total assignment, the size of the assignment fronkDghd so on. In fact, the
excess capacity of any arc in the flow instance (except for those afiting fk,ij))
represents the slackness of the corresponding constraint in the lnogaam.

(5) (4) (2) 3) (1)
jaka il.h

jike i1)2
0,totCap
0, availj Wijk , 0, listj;
J:'g 1]
K|
I J K 2
Ik ME

Figure 3.1: Construction of a maximum weigdttflow instance to solvelPzip)
(arcelabelled withwg, Cg)

Now that we have an algorithm that will efficiently produce solutions that will
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3. ZIP’S ASSIGNMENT AND PURCHASING PROBLEMS

optimize any metric of Zip’s choosing in every thirty-minute period, we now have
to test the ability of the algorithm to produce good daily results.

3.3 Algorithm testing

We have shown that we are capable of solving Zip’s assignment problerg e
thirty minutes efficiently. However, as mentioned earlier, we have no gteaan
that we will be producing desirable results for the entire day. It is entiredgible

that the assignments we are selecting early in the day are not part of the loptima
solution; in fact, choosing optimal partial assignments early in the day could be
greatly damaging the daily assignment by making the daily optimal solution unob-
tainable. We illustrate this possibility in Figure 3.2. This may be unavoidable, but
it is desirable to test if the assignments we produce are at least close to optimal;
the very least, we would like to test if we are making an improvement over Zip's
previous results. Itis easy to do this for each assignment run throutgteoday; in

fact, it is unnecessary, since we are solving for the optimal solution. #awieis

not possible to compare daily results. To do this, the new algorithm wouldtoeed
have control over the mailrooms of the DCs. However, this would mean gikiang
new algorithm control over operations before it has been tested, toesoanario

we are trying to avoid.

Users DVDs

Figure 3.2: By selecting the assignments marked with broken lines beforetthe b
tom four vertices arrive, we miss out on the assignment marked with thick lines
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3.3. ALGORITHM TESTING

To solve this testing problem, we constructed a simulation environment for
Zip's mailroom. We were provided by Zip with the status of the database given
to the assignment algorithm every thirty minutes and the value of their metrics for
the day. By comparing status changes between adjacent runs, we hier® a
obtain, for each thirty minute period, a reasonable approximation of the Divdds
were returned into inventory and the slots that became open. In order tofaiak
comparisons with Zip's performance, we made the following assumptions:

1. The work capacity for a DC for a time period is taken to be the actual work
done by Zip’s mailroom during the time period that day. Note that this means
we cannot hope to fill more slots than Zip, and are thus simply testing the
quality of the assignment.

2. The mailroom processes assignments uniformly at random over all $he po
sible assignments given to it.

3. The run time of the algorithm is five minutes (Our LP algorithm runs in
significantly less time, but for comparison of assignment quality, the amount
of scrubbing necessary should be kept constant. Recall from thdimttion
that scrubbing is the process of removing assignments that are no longer
possible to fill due to slots or inventories being utilized during the physical
runtime of the algorithm.)

4. We used the original metric so that we could compare our performance di-
rectly with the results obtained by Zip (it would make no sense to compare
results if we attempted to maximize two different quantities)

Additionally, in each period, we compute an assignment of size at most three time
the mailroom capacity. This is a reasonable compromise between giving asarge
signment, resulting possibly in suboptimal DVDs being chosen for shipmeaht, an
giving a small assignment, resulting in decreased mailroom efficiency. debr e
assignment we produce, we will group the assignment according to thelooh
the DVDs being assigned. For the assignments in eaclk,Dx@ will randomly
select a subset of the assignments to be processed. We further digidbdben
subset intdR¢ and &, whereS represents the assignments that will be processed
during the physical runtime of the next iteration of the algorithm. Thus, thigrass
ments inS, may be subject to scrubbing. In the simulator, each assignment run
proceeds as follows according to Algorithm 2.

In addition to our and Zip’s results, we computed the optimal assignment for
the day. This is done by simply assuming the mailroom has infinite capacity and
waiting until the last time period of the day to produce any assignments.
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Algorithm 2 Simulator

1: Initially, setRy,Sc=0V DCsk, & =0

2: while not end of daydo

3: Update database with discs and slots that have become available in the last
thirty minutes

4. Calculate assignmet= {A¢} using our LP algorithm

5. ScrubA to remove conflicts witlg, Vk; removeS, from the database.

6: For each DCK, select uniformly at randorR,S; C A, ReN S = 0, such
that|Ry| = X2 || = 1% Add R,,S(to «7.

7:  RemoveR, from the databasé&’k

8: end while

9: Returng?
Metric Zip LP-Alg No-Scrub Optimal
Slots Filled 8,779 8,540 8,505 9,08
Top 10 6,358 5,608 5,446 5,62p
Top 1 1,241 1,803 1,761 1,666
Home DC 4,786 6,431 6,466 5,889
Metric 5,569 5,567 5,526 5,87)7
Metric (no SF)| 2,936 3,005 2,975 3,158

Table 3.1: Simulator results

The simulator was used to test an additional linear programming based algo-
rithm. The goal of this alternate algorithm, NoScrub, is to eliminate scrubbing,
preserving all computed assignments. The individual assignments areit@anp
in an identical manner to the LP-based assignment algorithm, except thatwvehe
calculate the next assignment thirty minutes later, we assumewéaiDVD in the
assignment was shipped. The result is that the corresponding slotsvdbel dde
not present in the next assignment run, so no scrubbing will be revgetise next
assignment is made only using slots and DVDs that were not involved in thie pre
ous assignment. Once this new assignment is computed, the piece of theiprevio
assignment that was not shipped is returned to the database.

The results of the testing are summarized in Table 3.1.

Since we have constructed the simulator in such a way that we can never fill
more slots than Zip, it is difficult to derive a fair comparison in the value of the
slots filled metric. For this reason, we have also included the value of the metric
without the slots filled measure. This alternate metric measures, in some respect,
thequality of the assignment, whereas slots filled measurequhetity. We notice

40



3.4. DVD PURCHASING

Zip-Alg Average
Metric LP-AlgDay 1 LP-AlgDay2 of Previous Week
% Top 10 69.3% 73.9% 77.4%
% Top 1 19.6% 20.6% 15.7%
% Home DC 62.2% 62.9% 60.1%
% Users with an open 2.9% 1.8% 5.3%
slot at end of day

Table 3.2: Real-time implementation results

both that the quality of the assignments produced by the two linear programming-
based algorithms is better than Zip’s results and that our results are ribltyterr
worse than the optimal assignment for the day. Both of these observateowsrg
promising for the performance of our algorithm.

These results, along with on-site stability testing, prompted Zip to switch over
to the LP-based algorithm. The quality of the assignments produced in thevbirst
days of activity is summarized in Table 3.2, along with the average resultseor th
previous week seen by Zip before the algorithm switch for comparison.

The new linear programming-based algorithm has made drastic improvements
in the percentage of users with an open slot at the end of the day, rgdben
percentage by more than half on average over the two days. Having disfibies
is a main driver of users leaving Zip, so such a dramatic reduction in this rumbe
is valuable. The percentage of slots filled with top ranked discs also imtteas
considerably, rising more than four percent on average over the tym dd/e
also decreased cross-shipping slightly, which will be likely to provide imguiov
results in the future as discs are returned sooner. The one decesasdrcthe
percentage of slots filled by discs ranked in the top ten, but this was to betexp
we removed from the daily metric what used to be a sharp threshold ateank-
discs in favour of a smoother metric.

3.4 DVD Purchasing

The second problem we attempt to resolve is that of purchasing new DRDs.
chasing must be done regularly in order to accumulate new releasesassbey

are available; the popularity of these titles will be at their peak around this tone, s
it is extremely important to have inventory of them available. DVDs that are lost,
broken, stolen, etc. may have to be replaced if they are still popular. Fittadly
popularity of DVDs may increase for other reasons at any time, and Zip &y n
to bolster their supply.

41
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The most logical way to decide which DVDs to buy seems to be to do so in
a way that maximizes the increase in the performance metric of the assignment
algorithm. For now, we will assume that the only goal of the purchasingigigor
is, in fact, to increase the quality of the current assignment algorithm ruasby
much as possible (later in the chapter, we will discuss more long-term goals).
goal is conceptually easy to model. Recall the integer programming formuldtion o
the assignment problem in use by the assignment algorithm.

max %Wijkmk (IPzip)
|
JZXiijSIOtS Viel
JZx;jkgavailjk Vied keK
IZXiijHStij Viel,jeld
Y Xijk <capc vkeK
]
Zx;jkgtotCap
i
Xijk € {0,1} Viel,jelkeK

The effect of purchasing a DVD) (and placing it in DCK) on this integer
program is simply an increase of 1 of the vakseail. Thus, we can introduce
a variableyjk for each DVD | and DCk and add these to the integer program.
However, Zip cannot purchase as many DVDs as they wish; they hawelagsing
budget. If we call this purchasing budggtand let the price of DVD (at any DC
k) becjx, we can add the constraint

chkyjk <C
]

to the integer program. Since the goal of the purchasing tool is to determiob wh
DVDs would increase the metric most significantly, we will relax the temporal
aspect of the process slightly and instead consider simply quality of assiggmme
Specifically, we will remove the capacity constraints, both on the DCs arrdlgve
under the assumption that we are trying to make as many assignments with high
metric value as possible. We will not be concerned if this process requives

than a single thirty-minute period, as it will still be increasing the total number
of quality assignments. Finally, we stop differentiating between the DCs. Since
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we have the ability to place the newly purchased DVDs in any DC we wish, and
most of the improvement in the assignment quality will be as a result of these new
purchases, not distinguishing between DCs should not detract froactiueacy of
the purchasing tool significantly. What remains is the following integer piogr

max ZWinij (IPPurchasina
]
ZXij <slots Viel (1)
J
ZXij <availj+y; Vjeld (2)
T
Xij <listij Viel,jed 3)
Zijj <C (4)

xj €{0,1},y;€Zy Viel,jed

Remark 3.4.1.The integer program®eyrchasing Specifies an instance of the match-
ing augmentation problem on a bipatrtite graph, where the constraints @a&fs
the edges of the graph (€ E if listjj = 1).

In Section 6.1.2, we give a PTAS for the matching augmentation problem that
can be used to approximately solve this purchasing problem. If, insteadioigha
costc; for each DVD, we say that all DVDs have the same price, thes){chasing
defines an instance of one-sided bipartite matching augmentation with uniform
costs, a special case of matching augmentation that we prove in Sectiong&h4 h
totally unimodular constraint matrix, and is thus solvable in polynomial time. Al-
though the assumption that all DVDs have the same cost is slightly inaccuiate, it
not completely unreasonable.

In practice, it seems myopic to make purchasing decisions based on obtain-
ing the greatest possible improvement over one assignment run. Onaabks
methodology to follow would be to run the purchasing algorithm over the data fo
an entire day and determine which additional DVDs would best improve the op-
timal daily solution. The purchasing algorithm could be run in this manner every
day, and a database could be maintained keeping track of which titles ame ofte
included in the daily purchasing decision. When it is time to make an actual pur-
chase, the titles that appear in the database most often could be purchiaged
implementation of a buying tool for Zip based on the purchasing algorithm de-
scribed in this section is an interesting direction for future work.
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Chapter 4

Online problems

The problem Zip encounters is in some ways a hybrid between a traditional-match
ing problem and an online matching problem. Zip’s problem is online in thatance
thirty minute period has passed, any unused mailroom capacity is lost fotteve

fewer assignments can be made in total. Also, once assignments are physically
filled by the mailroom, they cannot be revoked. However, an edge thatesr

can be put in the matching several hours later, assuming both ends araecsiilt u
ered. This is not the case in most online problems. Another differencetigtha
Zip’s case, the vertices do not appear online one at a time, but ratheraksblo
Despite these differences, a large online component exists in Zip'staperaso it

is worth discussing some online models.

In this section, we will discuss two different online problems. The first is sim-
ply online matching. The online matching problem is relevant to Zip since it must
also make irrevocable decisions without knowledge of the future. Althdighas
the option to wait and collect more information about the future before asgign
edges to the matching, doing so comes at the expense of unused mailraaitycap
It is therefore in their best interest to make some assignments as soorsdsegyos
as in the online matching problem.

The second problem is the Adwords auction. The Adwords auction models
Zip's situation very well in some aspects. If we think of the bids as the inereas
in Zip’s metric as a result of making the assignment, solving Adwords is similar
to solving Zip’s assignment problem over a period of time in the more restrictive
setting where DVDs arrive one at a time. The budget for each usereciobght
of as a mechanism to ensure that many users receive good servicepas user
will be given assignments of value too large. Recall that in the algorithm &or th
Adwords auction discussed in Section 2.2, buyers with a higher fractionusfed
budget were more likely to receive products. Thus, as some usersostaceive
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4. ONLINE PROBLEMS

assignments, it is more likely that other users receive subsequentrassitgn Ad-
ditionally, the budget can be set higher for those users with high sendaeto
direct the algorithm to serve these users better.

We will consider generalizations of both of these problems, online budgeted
matching and the budgeted Adwords auction. Recall that in each, we tided a
costs to the edges, and require that the solutions we produce have &itaf ab
most some given bound. The addition of budgets to the problems is particularly
relevant in Zip’s problem. In the budgeted Adwords auction, for exaniplee
set the cost of every edge to 1, then we can enforce mailroom capangyraiots
on our assignment. If we set the costs to correspond to a user’'s serdme
in some way, we can guide the algorithm to provide better service for recently
neglected users. The costs and total budget can be used to enfad ddferent
properties, so the problems are worth considering.

4.1 Online 0-1 budgeted matching

Recall the online matching problem:

Given a bipartite graph G= (U UV, E) and weights we RE, find a matching
M of maximum weight ().

We will generalize the online matching problem slightly by adding costs
{0,1} to each of the edges. We will sometimes refer to edgeih c. = 1 as red
edges, and witlte = 0 as black edges. We will be able to assign at nised
edges.

This problem can be formulated as the following linear program:

max Zweye (P)
e
s.t. Z Ve<1l WeUuV
eco(v)
ZCeYe <C
e
y>0

The dual of this linear program is as follows:
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4.1. ONLINE 0-1 BUDGETED MATCHING

min z,+CxX (D)
veUuv

st zZy+z,+CcuX>Wy, VYuveE
zx>0

Notice that at the onset of the problem, we do not know the entire primakdr du
LP. In fact, the dual has no constraints at first, as nortieistfknown. We present a
primal-dual algorithm for the problem that seeks to maintain both primal and dua
feasibility at all times; as the dual constraints appear, we will adjusk #red x
variables to ensure the new constraints are satisfied. The algorithm iptoalty
extremely simple. When a verterarrives online, if there exist black edges incident
to v and uncovered neighbours gfwe select one of them. Otherwise, if the are
red such neighbours (and we are under budget), we pick one of these

The subtle aspect of the algorithm is the maintenance of the dual variabdes. W
have az variable for each vertex. Alt variables start as zero, and remain zero until
an incident edgeiv is selected. At this pointz, andz, are both set tav,,. The
only wrinkle is that we keep track of the vertices\ofthat are incident to chosen
red edges (done by in Algorithm 3). Once we reach our budget, we will need to
set the dual variablg to wmnayx to satisfy upcoming dual constraints corresponding
to red edges. This increasexincreases the dual objective, potentially ruining our
approximation. Thus, once we reach our budget, we will set to zeroralbonents
of z corresponding to variables & as these constraints will be satisfied by our
choice ofx. Algorithm 3 makes formal this primal-dual approach.

First, note the following lemmas:

Lemma 4.1.1.The value ofz, or z, is non-zero only for covered orv, and is
bounded byWmax.

Proof. The value of any component ais only ever changed in steps 4,8,12,0r 15
of the algorithm.

4: z,is only increased ifi is covered.

8: uis chosen such that it is uncovered antlas just arrived online, so it is
uncovered

12: Same as Step 8

15: z, is fixed at zero, so does not meet the precondition of the lemma

Finally, every time a component afs modified (with the exception of in Step 15),
it is set to an edge weight or a maximum of itself and an edge weight. Whus,
bounds the value of any componentzof O
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Algorithm 3 Primal-dual algorithm for online 0-1 budgeted matching
1: Initially all variables set to 0% = 0.
Ignore all edgeg of weightwe <0
Upon arrival of vertex:
For all covereds adjacent toy, if ¢,y = 0 orx = 0, setz, «— max{z,, Wy}
if S the set of uncoveredadjacent tor with ¢,y = 0, is non-emptyhen
Selectu € Ssuch thatv,, is maximized
Setyy <1
Setz,, z, « Wyy
else if T, the set of uncovered adjacent tor with ¢, = 1, is non-empty, and
x=0then
10:  Selectu € T such thatv,, is maximized
11:  Setyy 1
12:  Setz,,z, + Wyy
13:  Set? «+— UV
14: if |¥’| =Cthen

15: Fix z, < 0YV € €, X+ Wmax .= MaXcE We
16: endif
17: end if

Lemma 4.1.2.The value ok, never decreases and the valueofiever decreases
forvg €.

Proof. The values of botlz, andz, are zero until they are set to some non-negative
weight in step 8 or 12. Since the vertices become covered at this point, réaey a
never set in these steps again. Egrthe value may be changed in step 4, but only

increased. Foz, ¢ %, the value is never changed again. O

We now prove the competitive factor for our algorithm.

Theorem 4.1.3.DefineWmin ‘= MiNecE:w,>0We. Algorithm 3 isyvlmfax—competitive

Wmin

for the online 0-1 budgeted matching problem.

Proof. We must show that after each iteration, both the primal and dual solutions
are feasible, and that the total value of the primal solution is Witlﬂgm%eg factor

Wmin

of the value of the dual solution.

Primal feasibility Since we only ever add edges incident to uncovered vertices,
we produce a matching. Also, since we set W after addingC red edges, we
never add more thad red edges, so the budget is respected.
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4.1. ONLINE 0-1 BUDGETED MATCHING

Dual feasibility Consider an edgev arriving online with vertexw. If ¢y, =0,
we have two cases.

e If uis uncovered, then eithew or an edge of larger weight is chosen to the
matching, so we set, > w,,, satisfying the dual constraint corresponding to
edgeuv. By Lemma 4.1.2z, never decreases far¢ ¢, so this constraint
remains satisfied.

e If uis covered, then we immediately sigt= max{z,, wyy}, S0z, > Wy. By
Lemma 4.1.2z, never decreases, so this constraint remains satisfied.

In the case wherg,, = 1, we have three cases.

o If the budget has been reached, tlxea wnay Satisfying the constraint.

e If we are under budget, andalis uncovered, then as in thg, = 0 case,
Z, > Wy, Satisfying the dual constraint. If the budget is reached, thes
set to 0, buk is set towmay, SO the constraint remains satisfied.

e If we are under budget, andis covered, then we sef = max{z,,wyy}, SO
Z, > Wyy. By Lemma 4.1.2z, never decreases, so this constraint remains
satisfied.

Comparison of primal and dual valuekemma 4.1.1 implies that considering
contributions of edges in the matching and their endpoints (and the vaxjabik
capture all non-zero variables.

Let M be the matching returned by the algorithm. For ewarg M, we have
a contribution ofwyy, > Wmin to the primal value and, + z, < 2wpax to the dual
value. This gives us primal value of at least|wnmi, and dual value of at most
2|M|wmax If we reach the budget during the algorithm, the dual value increases by
Cwmax due to the increase ix butC of the z variables are permanently set to 0.
Thus at most pM| — C of thez variables are non-zero, so the dual value is at most
(2IM| — C)Wmax+ CWmax= 2|M|Wmax. Thus, our bound of |M|wmaxis unchanged.
So for any matching/l generated by our algorithm, we have that the primal value
is at least a;m-factor of the dual value.

The competitive ratio of the algorithm follows by Corollary 1.5.4. 0

Remark 4.1.4.In the case where we would like to find a matching of maximum
cardinality (i.ewe = 1 Ve € E), this algorithm produces X 2-approximation.

Notice that this matches the upper bound given for deterministic algorithms for
online unbudgeted matching given in [14]. In this case, the addition of Wdfjdts
has not decreased the value of the optimal competitive ratio.
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4. ONLINE PROBLEMS

We now provide an instance proving that this primal-dual algorithm is optimal
for a certain class of algorithms. Consider the instance shown in Figure 4.1.

Wmax L

Uci1 @———12¢—  g@Vc+1

Wimax 1

Uci2 @——"— ___@\VCc+2

U @ Wmax 1 ®Vx

Figure 4.1: Lower bound instance of budgeted 0-1 online matching edbelled
with W, Ce)

Suppose we have any algorithtnthat always selectsomeedge whenever
there is one available (of positive weight), and selecting this edge will regtesk
the budget. In other words, every time a vertex arrives online that hasa n
empty set of uncovered neighbours, the algorithm selects one of thgsg tedthe
matching whenever it can do so and still respect the budget (it is irr¢lbeanthe
choice of which edge is made).

When we rumA on Figure 4.1, it will select edga vp whenvg arrives. Whervy
arrives, the only uncovered neighbouuis so this edge is selected. This continues
until A has selectedluvi_1 : 1 <i < C}. At this point,A has selecte@ red edges,

S0 can not select any of the upcoming edges. The total weight of the ngtchin
computed iwmin. The optimal matching for this instance{gv; : 1 <i < 2C},
which has weight @wmax This ratio matches the performance guarantee of our
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primal-dual algorithm.
This example shows that to improve upon tﬁ&;? ratio, the algorithm must,
in some scenarios, decline to add an edge, a locally suboptimal choicenibgsig
an algorithm of this nature would almost certainly require randomness, as it is
fairly easy, given a deterministic algorithm that declines edges on occaésiginve
an instance on which it performs poorly. Even given randomness, itfisudifto
decline edges without resulting in poor results for some instances. Thgnags
an algorithm that beats a competitive ratio g2lis an interesting open problem.
Another interesting algorithmic question is the design of an algorithm that vi-
olates the budget by some small amount. It is possible that an algorithm that is
allowed some violation could produce better competitive ratios. The design of a
gorithms for the online 0-1 budgeted matching problem that allow budget violatio
is another interesting direction.

4.2 Budgeted Adwords auction

Recall the Adwords problem:

Given a bipartite graph G= (U UV,E), define n= |U| and m= |V|. Given
bids be RE and budgets B RY, find M C E such that:

e foreach jeV, Yecmns(jiPe <1

e 3imin{Bi, Y ecmna(i) e} is maximized

We will consider adding a budget constraint to the Adwords problem. In the
budgeted case, there will log for each buyer and producf. We will require that
the sum of theg;; of allocated products is at moSt

The linear program formulation for this budgeted problem is as follows:

m n
max ;i;bijyij (P)
n

s.t. _Zlyij <1l Vi<j<m

m
> bijyij <B vl<i<n

=1
m
J;i: i Yij
y=z

OM:
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The dual of this linear program is as follows:
n m
min Bixi+ ) zj+Ca (D)
255,

s.t. bijjXi+z+cja>hj Vi<i<nl<j<m
X,z a > 0.

Consider Algorithm 4, a primal-dual algorithm for the budgeted Adwordbpr
lem based on the primal-dual algorithm for unbudgeted Adwords prasenfé]
discussed in Section 2.2. The algorithm we present is extremely similar to the al-
gorithm in [4]; in fact thex variables are updated in an identical manner. The ideas
behind the algorithm in [4] are extended in a very natural way to includearalb
budget. The values afandd will be chosen later.

Define:

b..
® Rnax= maXel,jeJB*I:
.
® Crax= MaXel jes ¢
bi: L.
o Snax= maxeuemj?qj#oﬁ (and similarlySnin)

o S— Sma

in

Algorithm 4 Primal-dual algorithm for budgeted Adwords

. Initially x,:=0 Vi

2: Upon arrival of producfi, allocate to buyer that maximizes;; (1—x) —cja
3:if bjj(1—x)—cija > Othen

4:  Setyjj 1

5. Setzj «— bjj(1-x)—Gja
6

7

8

[EEY

Setx; «— X (1+ %‘i") +

(c=1)B;
Cij Smax

Seta «— a(1+ D)+

- (@-1C
: end if

1.,.s
1&11#715 )(1—Rmax) (1— S-Cmay) -competitive,
teita

wherec = (1+ Rmax)ﬁax andd = (1+ Cmax)Cm%lx. AS Rnax Cmax— 0, the compet-

itive ratio tends tq1— 3:1) = O(3).

Proof. We must show that after each iteration, the dual solution is feasible, the
primal solution is (almost) feasible an the change in value of the primal solution is
within the bound given above of the change in the value of the dual solution

Theorem 4.2.1 Algorithm 4 js(1—
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4.2. BUDGETED ADWORDS AUCTION

Dual feasibility. Consider the dual constraint corresponding to burgerd prod-
uct j. If bij(1—x)—cja <0, then the constraint is satisfied. Otherwise, the
algorithm setg; to by (1—x) — cyrja , wherei’ is the buyer maximizindp; (1 —
X;) — cja. This guarantees that our constraint is satisfied at this point in the al-
gorithm. In future iterationsy and a may only increase, so feasibility will be
maintained.

Primal (near) feasibility As in Claim 2.2.2, we have that:

1 2 jeM Bij¥ij
&

when we select = (1+ Rmax)%‘- This implies that wheneveg ;v bijyij >
B;, we have thak; > 1, and thus we do not allocate any more products to buyer
i. Therefore, the budget for each buyer is violated by at most oneuptodn
removing this last product assigned to each buyer, we will reduce ofit py at
most a(1— Ryay) factor.

By an identical proof to as in Claim 2.2.2, we have that

Smax(
d-—1

2 jeM GijYij
a> d ¢

fl)

when we selectl = (1+Cmax)ﬁx. This implies that wheneveg ;v CijYij > C,

we have thatr > Spax Thus, if we do not exceed our overall budget, there is no
reduction in our performance ratio. If we do exceed our budget, weeskit by

at most may cjj, since once the budget is exceeded, we stop adding items. To cut
back on may ¢;; budget, we may lose as much &s.xmax;j ¢jj profit. Since we
have gone over budget, we have gained at I8as€C profit, so our total profit is
reduced by a factor of at most:

ShinC — Snaxmax; Gjj

~1-S
SiC Crax

Comparison of primal and dual values iterations wherdy;; (1—x;) —cja <0
for i maximizing this expression, there is no change in the primal or dual objective.
Whenever the algorithm updates the primal and dual solutions, the chatige in
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primal objective idjj. The change in the dual objective is:

Bil\X; +2j +CAa = xibjj +Cb_ij1+bij —bijx —cija +acij + Cgi“fx
=by(1 gy bi(,-:i(jc?ia;))
< bij(l+cfll+d—fl)

Thus, the ratio of the change in the primal and dual objectives is:

1_ c-1 d-1
1 s
I+ taa
The competitive ratio of the algorithm follows by Corollary 1.5.4. O

Remark 4.2.2.In the case where; € {0,1} Vij € E as in the online budgeted
matching instance we consider&i< tt’)mTf: and we obtain an asymptotic compet-

itive ratio ofo(%"x ) @SRmax,Cmax— 0. This is asymptotically equivalent to the
result obtained for online 0-1 budgeted matching.
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Chapter 5

Total Unimodularity of the Zip
Linear Program

In Section 3.2, we formulated an integer program that would solve the assign
problem. Consider the linear programming relaxation Bfip):

max > WikXii (Prip)
1
s.t. Zijk <slotg Viel 1)
J
> xijk <availy  Vje€JkeK )
|
ZX]ij”Stij Viel,jeld (3)
Y Xijk <capc vkeK 4)
1
ZXijk <totCap (5)
1

XiijO Viel,jel,keK

We would like to be able to solve the integer program easily. If we knew that
(Pzip) always had an integral optimal solution, we could simply solve the LP to
optimality and be left with a solution that is useful to Zip. On the other hand, if
optimal solutions toRyip) are fractional, more work is required.

In this section, we will show that the constraint matrix Bf;g) is totally uni-
modular, and thusH;ip) will have an integral optimal solution by Theorem 1.7.7
whenever the right hand side is integral (which will always be the cade)will
reach this conclusion by proving a result on a generalizatioRgf)(
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5. TOTAL UNIMODULARITY OF THE ZIP LINEAR PROGRAM

5.1 A more general linear program

Consider the first block of constraints frofy(p):

injk <slotg Viel

]

Notice that for each individual constraint in this block, we specify a aexalue

for some of our indicesi (n this case), and then sum over all values of the other
indices ( andk in this case). Each of the five blocks of constraintsRxa) has
this general form. We will give a general expression for a block ostramts of
this form.

Letl = {iy,..,in} be a set of indices and I&C {1,..,n}, S :={1,..,n}\ S
Defineis = {ix : k € Sj}, the set of indices specified i We would like to
consider the constraint where we specify a certain value for all of thedadhig
and then sum over all values of indicesgn Given an index seat, defineH(is) as
the set of all possible tuples of values that the indiceg c&n assume. Léi(is) be
any such set of values. In other wort(is) is the set of all possible realizations
of h(is). For example, iS= {1,5,6}, then a possible realization bfis) could be
(iy = 3,i5 = 2,ig = 8). Given this notation, we can express the desired constraint,
where the indices in the sgftake on the valuel(is), as

Xn(is:) h(is) < Ch(is):
h(is:)€H (is+)
wherecy ) is the right hand side bound for the constraint where the indicés of
take on the valuel(is).
To express an entire block of constraints in this form, we simply have one
constraint for each set of possible vallgks) of the index sets:

Xn(is).his) < Cnis)  VN(is) € H(is)
h(is)€H (is+)
Notice that the above block of constraints is formed by specifying th&.séb
arrive at a full generalization off%p), we need to have several such sets. Let
< ={S,..,Sn-1}, with §; C {1,..,n} VO < j <m—1. The entire constraint set is
simply
z Xh(is: ) hiis;) < Ch(is;) Vh(is) € H(is) Y0<j<m-1
h(IS*)EH(IS*)
The objective function will be a simple weighted sum of all variables whicimgus
this notation, is expressed as

max Z Wh(I)Xh(I)
h(l)eH(l)
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Together with non-negativity constraints, we arrive at our final gdized linear
program P, .¥).

max Z Wh(I)Xh(I) (P(I 7<5ﬂ))
h(1YER (1)
s.t. Y ais)nis) < Cnig)  Vhiis) €H(is) V0O<j<m-—1
h(is)eH (is+)
x>0

Remark 5.1.1.FPzip, = P({i, j,k}, {{1},{2,3},{1,2},{3},0}, for appropriate val-
ues ofc, whereSy = {1} corresponds to the indéand gives the set of constraints

injk <slotg Viel,
J

S = {2,3} corresponds to the indicgsk and gives the set of constraints

ZXijk < availjk Vjed keK,
i

and so on.

We will now state and prove a theorem than gives a sufficient conditidotalr
unimodularity of the constraint matrix of (B(¥)). First, define a partial order on
<. Let§) < & if § C S. Considerings” along with this partial order as a poset,
we have the following result.

Theorem 5.1.2.If . can be patrtitioned into two chains then the constraint matrix
A of (P(,.%)) is totally unimodular.

Before proving the theorem, note that sincg @k} < {j,k} and{i} <({i,j},
the index set of constraints (5),(4), and (2) form one chain, and thexiséts of
constraints (1) and (3) form a second chain. Thus, the theorem wileghat the
constraint matrix ofRz;p) is totally unimodular.

Proof. Let C; andC; be the two chains. LeB be any square submatrix &f
We must show thatlet(B) € {—1,0,1}. Notice that no variable appears in two
different constraints corresponding to the sameSgetVithout loss of generality,
letCy = (S, ..,Sp), where§ C .. € Sp. Thus, for any two rows dB, rj andry, that
share any variable in common, whetecomes from a constraint associated with
Sj andry from §,, with 0 < j < k < p, we have thaty C rj.

For any two rows 1 andr,, we can replace either withh — r, and only possibly
change the sign of the determinant.
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5. TOTAL UNIMODULARITY OF THE ZIP LINEAR PROGRAM

Consider the following procedure: Initialize= p. Starting with all rows
ri corresponding to constraints frof, replace every row; of C; that satisfies
ri C rj with r; —r;. At the end of this iteration, any variable that appears in a row
corresponding to a constraint §fappears nowhere else in rows corresponding to
C:. Decrement and repeat. At the end of the procedure, the rows corresponding
to C; have at most a single one per column. Perform the same proced@ge on
Call the resulting matriB’. Note thatdet(B')| = |det(B)].

The matrixB’ has at most two ones in each column. If any column has no ones,
thendet(B') = 0, and we are done. If any column has a single one, we can expand
by minors along this entry, reducing the size of the matrix, and proceedtinelyc
If every column has exactly two ones, we have by construction that the ab@;
and the rows o€, each contain a single one per column. Thus, the sum of the rows
of C; equals the sum of the rows 6%, implying thatdet(B') = 0. O

Remark 5.1.3.Under the hypothesis of Theorem 5.1.2, we have that the ro#s of
are the union of two laminar families.

A similar proof to the one above shows that ahyvhose rows are the union
of two laminar families is totally unimodular. Such a proof is given in Goeman'’s
lecture notes [11].

As with (IPzip), if we could model (A(,.-¥)) as a maximum weighst-flow
problem, we would have both an alternative proof that the constraint matrix is
totally unimodular by Remark 1.7.8 and another method to solve such problems
efficiently.

The flow instance constructed will be very similar to the instance we con-
structed to modellPzip). Recall that in this construction, we had the source node
on one side, followed by nodes corresponding to constraints (5)id)(3 (in
this order), then nodes corresponding to constraints (3) and (1jiretig the sink
node. Note that (5),(4),(2) is one chain, and (3),(1) is the reverseathar chain.

The general construction will follow this same format.

As in Theorem 5.1.2, assume that can be partitioned into two chairt
andC,. Assume without loss of generality that =S C S C ... € Sy andC, =
Sn-1C€ Sn2C ... € Sy41. Consider the following construction:

e Add a sources.

e Add a nodéh(is,) and an args, h(is,)) with weight 0 and capacitg, ), for

eachh(ig) € H(ig).

%)
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e For 1< j < p, add a nodén(is;) and an ar¢h(is,_,),h(is;)) with weight O
and capacit;ch(isj), for eachh(is;) € H(is;) (whereh(is,_, ) is the restriction
of h(is,) to the indices ofg _, ).

o Add a sinkt.

e Add a nodeh(is, ,) and an arc(h(is, ,),t) with weight O and capacity
Chiis, )’ for eachh(is, ,) € H(is, ,)-

e Form—12> j > p+1, add a nodé(is)) and an arqh(is,),h(is_,)) with
weight 0 and capacityh(isj), for eachh(is;) € H(is;).

e Add an arc(h(is, ), h(is,.,)) of weightw, and infinite capacity for each
h(l) € H(I). Note that if there exists an indext S, Sp1, we will construct
multiple arcs for each value &1 ), one for each possible value of indiex

As with (IPzip), the flows along arcs of the forifh(is, ), h(is,.,)) correspond
to values ofk, ), and excess capacities along all other arcs correspond to slackness
of the corresponding constraints. Also as before, this instance hasoierty that
each arc of the fornth(is, ), h(is,.,)) lies along a unique directest-path. Thus
increasing flow along this arc requires an increase over the entire dingatie, so
there must exist excess capacity along the entire path, or equivalentknets in
all constraints involvingg, .

Note that the reverse direction of Theorem 5.1.2 does not hold. Consider
P({i,j,k},{{1,2},{2,3},{1,3}}), where each of, ],k takes on exactly two pos-
sible values, 1 and 2. Each constraint has exactly two variables. Tluarssdt be
partitioned into two chains, but if we consider the bipartition

({X111, X122, X212, X221}, { X112, X121, X211, X222, })

we see that every constraint contains one variable from each setefdiegrthe
constraint matrix is the incidence matrix of a bipartite graph, and thus totally uni-
modular.

A weaker version of the reverse direction does hold:

Theorem 5.1.4.If . cannot be partitioned into two chains, and each index can
take on at least four distinct values, then the constraint matok P(,.7) is not
totally unimodular.

Proof. By Dilworth’s Theorem (Theorem 1.7.5), there exists an anticBaifisize
three. Without loss of generality, assu@e= {S,S1,S}. We will show thatA
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5. TOTAL UNIMODULARITY OF THE ZIP LINEAR PROGRAM

contains as a submatrix the incidence matrix of a 9-cycle. Siet€,) = 2, we
will have thatA is not totally unimodular.

We will now find the nine constraints and variables that correspond to te ro
and columns of the 9-cycle. Assume without loss of generality {Bat, 2,3}
are valid values for each index. Constraint O will be the constraint detedig
index setS, with all indicesij, j € S, set to 0. Constrairk, for 1 <k < 8, will
be the constraint determined by index Sefoq3, With each index;, j € S¢ mods,
set equal to the value of in constraink — 1 if j € Sy_1) mods- If | € Sk-1) mod3»
seti; equal to one greatem(od 3) than the value it had the last time it was set in a
constraint, or 0 if it has never been previously set.

An example may help to illustrate this process. &et {1,2,3}, S ={1,3,4},

S = {1,5}. Constraint O will be the one associated wahwith (i1,i»,i3) forced
to be(0,0,0). In other words, select as constraint O the constraint

> X000iais < C(i1-0,i,-03=0)-
4,15

Constraint 1 will be the constraint associated wihwith (i1,is,i4) forced to be
(0,0,0). Note that; andiz are 0 since they were 0 in the previous constraint,iand
is 0 because it has not been seen yet. Constraint 2 is associates} with (i1, is)
forced to be(0,0). Constraint 3 forcesis, iy, iz) to be(0,1,1); i1 is O because it
was in the previous constraint angdis are both 1 because they were not in the
previous constraint, and in their previous appearances, they wer@.both

If we were to apply our iterative rule to constraint 8 to obtain a tenth constrain
it will be exactly constraint 0. This is because any index that is in all thrisengé
be fixed at O for the whole process, and any other inde iwill be removed and
added three times throughout the nine constraints, so will be 0 again by the ten
constraint. In this sense, the numbering of the constraints is arbitrary;tioaly
ordering is important.

The nine variables are selected as follows. For each consecutivef gain-o
straintsk and (k+ 1) mod9, select the variable whose indices match any values
forced in constraint& and (k+ 1) mod 9. Notice that by construction, we can
never have contradictory assignments in the two constraints. For anyiindex
fixed in either constraint, sét= 3 in x~.

Claim 5.1.5. Of the nine chosen constraint$,appears in exactly constrairtsnd
(k+1) mod9

Once we have proven Claim 5.1.5, we see that the matrix defined by the vari-
ablesxk and the constraintk is the vertex-edge incidence matrix of a 9-cycle.
Therefore Ais not totally unimodular. O
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Proof. (Claim 5.1.5) Itis clear that‘ appears in constrainksand(k+1) mod9, as
these constraints set index values exactly as they app#arliet Sj be the set as-
sociated with constrait Consider any constraiht {(k+2), .., (k+8) mod9}.

Assumel is associated witl$j or §j, 1) mog3- Then constraint sets the same
constraint set as one of constrair@nd(k+ 1) mod9. SinceC is an antichain, both
Sj andSj 1) mod3 contain an element not ;1) mog3- The index associated with
this element will not be set in any constraint associated ®ithy) moq3, and thus
will be set to a higher value the next time it appears. The increase will bigher e
1 or 2 mod 3, so will not be the same asxth Thus,x* does not appear in this
constraint.

Assumel is associated Witl§ ., 2) mod3- SinceC is an antichain, there exists
I € §j+2) mod3\ j+1) mod3- Thus,ir is set to some valuec {0,1,2} in constraint
(k4+2) mod9 and not set at all in constraifit+ 1) mod9. Also, this implies that
the value ofi; in constraint(k+5) mod 9 is (b+1) mod3. If r € §;_1) mod3
then ther'™™ position ofx is set to(b— 1) mod 3. If r ¢ S;j_1) mod3, then the
rth position ofx is set to 3. Sincé ¢ {(b— 1) mod3, 3} and(b+ 1) mod3 ¢
{(b—1) mod 3, 3}, and this index is set in constrainls+ 2) mod 9 and (k +
5) mod9, X is not in either constraint. By the same argument, this time using the
fact that there existse S} 2) mod3 \ Sj, We see tha is set to a value in constraint
(k—1) mod9 that is different from the value af in X, sox does not appear in
constraint’k— 1) mod9. O

Notice now why we need the fourth possible value for each index. In the ca
wherer = s, we would need the value @fin X to be different fromb, b+ 1, and
b— 1 mod3 for the above proof to hold.
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Chapter 6

Matching and Matroid
Augmentation

In this chapter, we start by considering the matching augmentation probless, a th
oretical problem that models the purchasing decisions faced by Zip. Ve thiat

the problem is NP-hard in general, but admits a PTAS. After we brieflyidens
several generalizations, we look at a tractable special case of thiemprdiat re-
tains some modeling power in the situation facing Zip.

The central idea behind the matching augmentation problem is that we are
simultaneously searching for an optimal solution and actions that will increase
the value of this optimal solution, subject to some resource (money in ZipEd.cas
There is no reason to limit this discussion to tamatching problem. In the second
half of the chapter, we extend the idea of instance augmentation to the much more
general framework of matroids and discuss several problems in this area

6.1 Matching augmentation

Recall the matching augmentation problem:

Given a graph G= (V,E), weights we QF, capacities Bz Z", costs cc QV,
and a budget G Q, find ye ZY and MC E such that:

e c'y<C
e Mis a(B+y)-matching
e M is of maximum weight ()
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6. MATCHING AND MATROID AUGMENTATION

The matching augmentation problem can be formulated as the following inte-
ger program:

max WeXe (IPwa)
2
s.t. Z Xe<By+w WeV
eco(v)
cy <C
2

xe€ {0,1}F yezY

In the above formulatiorxe = 1 corresponds to including edgen the match-
ing, and the value of, corresponds to the additional capacity purchased for vertex
V.

6.1.1 Complexity of matching augmentation problem

We will show that matching augmentation is NP-hard by a reduction to knapsack
Consider an instance of knapsack whére {1..n} is the set of itemsw € Q"
are the weights of the items; € Q) are the costs of the items, a@ e Q is
the capacity of our knapsack. Consider the bipartite gi@ph (U UV, E) with
Ul = V| =19 =n. For each € S we letB, = 1,B,, =0, ¢, = », andc,, = C.
Also, we will join u; andv; with an edgee of weightwe = w{. Along with a capacity
augmentation budget & = C/, this gives an instance of matching augmentation.
An optimal solution to this instance would solve the corresponding Knapsack in
stance.

We now proceed to the construction of a PTAS for matching augmentation.

6.1.2 A PTAS for the matching augmentation problem

Our PTAS for matching augmentation will proceed as follows. First, we wilsgue
the heaviest edges of the optimal solution, and remove all edges of weigét la
than a certain threshold. On the remaining problem, we will define an instance
of budgeted matching and approximate using the budgeted matching algorithm in
[1]. From this approximation we will extract an approximation for the matching
augmentation problem.

Let .7 be an instance of matching augmentation and let0 be a constant.
Let M* be optimal for.#. If M* contains at mosp := [%1 edges, then we can
solve the problem optimally by brute force in tif@mP) = O(mP(¥/€)) by simply
guessing the optimal solution. Thus, assume iiatontains more thap edges.
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6.1. MATCHING AUGMENTATION

We will guess the heaviegtedgesV; of M* by iterating through all possible
choices ofM; with M| = p. We remove from our graph the edgesMj and
all edges of weight larger than the smallest weight of an eddd/jn For each
endpointv of an edge oM}, we decreasB, by one ifB, > 1, and otherwise reduce
the budgeC by ¢,. Let.#’ be the resulting matching augmentation instance, with
underlying graplG’ = (V,E’). Note that in#’, the maximum weight of an edge is

(Mgy) _ ew(My)
p - 8

since the heaviest remaining edge has smaller weight than the least-wegght ed
in M}, and thus has smaller weight than the average edd4in Also, M| :=
M*\ M{; is optimal for.#".

To find an approximately optimal solution fof’, we will define a suitable
budgeted matching instancé€’ as follows:

For each vertex €V, we will created, = degy (v) copies ofv, S, :={v1, ..., Vg, }-
LetS={vi:i<B/}and ={vi:B, <i<d}.

For each edge = uv e E’, we will create two new verticeg) andty. For each
u € S& add an edge betweghandu; of weightWy,, = wyy/2 and cost 0. For each
ui € §, add an edge betwegfrandu; of weightW, = W,y/2 and cost,. (Add
similar edges for all; € S,.) Additionally, jointg andty with an edge of weight
Wty = Wuy/2+ & and cost 0§ > 0 to be set later). This construction is illustrated
in Figure 6.1. The total budg& remains as before. L&¥,ax be the maximum
weight of an edge in?’. Note that

w
V\/max <

, (6.1.1)

Lemma 6.1.1.LetM be an optimal solution fa’ and lete = {u,v} € E’ be any
edge. Then either the edi#ty is chosen irM or edgesity andv;ty are chosen in
M, for someu; € S, vj € S

Proof. Assumetgty is not chosen itM. Since the cost of this edge is zero, it must
have been not chosen because on& @indty is covered. Assume without loss
of generality thaty is covered. Ifty is uncovered, then we can select edgfg
instead of the edge coveritgand increase the weight df by 8, a contradiction.
Therefore both vertices are covered. Sittgis not inM, edgesuitg andvitg are

in M, for somey; € §,, vj € S.. O

In fact, since we can always make local improvements as in the above lemma,
we will assume without loss of generality tHdthas this property for eaahe E’'.
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Cu Wuv Cy

Vi

VB,

VB, +1

Vd

Figure 6.1: Construction of the budgeted matching instance

Given such aM, defineM to be the sefuv e E’ : uit¢ andv;ty are chosen iM,
for someu; € S, v; € S}. Thus, we can see that

W(M) =w(M)/24+w(E")/2+ S|E' — M|.

We will now construcll\7|ﬁ, a solution in.#’ that corresponds to the solution
M; in .#’. In other wordsM; = M.

For each vertex € V, arbitrarily order the edgese E’ incident withv. Let
the position ofein this ordering bev(e). Define the solutio;" as

{uyete, Wete :€=Uuve M} U{tgts :e=uve E"\ M/}

After constructing the budgeted matching instan€efrom .#’ using

6_m|n{ I }, (6.1.3)

we will use the approximation algorithm for budgeted matching in [1] to find a

solutionM of weightWw(M) > OPT — 2Wmax > W(M") — 2Wmax.
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6.1. MATCHING AUGMENTATION

Substituting our formula fow into the inequalityy(M) > W(M[") — 2Wmaxgives
W(M)/2+W(E")/2+ 3|E" — M| > W(M})/24+W(E")/2+ 5|E" — M} | — 2Wmax
Simplifying, bounding the size of our solutions (& |, and applying 6.1.2 gives

W(M) > w(M) — 28(IM{'| — M) — 4Wimax
> W(M;) — 28 |E/| — AW, oy (6.1.4)

Finally, letM := M{; UM. Then

w(M) = w(M;;) +w(M)
> W(ME) +W(M{) — 20[E'| — 4Wpay (by (6.1.4))
>w(M*) —ew(My)/2—ew(M()/2 (by (6.1.3),(6.1.1))
=w(M*) —ew(M)

This entire algorithm has running tin@mP+°() = O(mP(¥/¢)), and is thus a
PTAS.

It should be noted that, after using similar filtering techniques and considerin
the same budgeted matching instance, an FPTAS can be obtained that vid@ates th
budget constraint by at most(a+ €)-factor using the Pareto set methodology of
[19] discussed in Section 1.3.1. Finding an FPTAS (with no budget violation)
determining that none exists is an open problem.

6.1.3 Generalizations of matching augmentation

One simple generalization is replacing the constant cost funatieriz¥ by non-
decreasing cost functions. By simply adding different costs to the édgeégent to
S Wv eV, anon-decreasing cost function can be implemented. Note thist ifot
non-decreasing, an optimal solution to the budgeted matching instance will simply
use the cheapest edges available and ignore the ordering of the rocigtriu

A second generalization is to have the cost of additional capacity on x berte
dependent on which incident edge is being added. Equivalently, wearesider
the edges having two costs each, one for each endpoint. This allows asdo h
different costs to connect different edges to a vertex. Specificatlyer than being
givenc € QY, we will havec QEX{M}; for each edge = {u,v}, we will have
two costscy andcg, as shown in Figure 6.2.

The PTAS for this generalized version is almost identical to the PTAS for the
original. Clearly, in the construction of the budgeted matching instance, gtetco
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Ca We cl

Figure 6.2: Vertex-dependent edge costs in matching augmentation

an edgevi, v € S will now be the cost of connecting edgéo vertexv. The only
non-trivial change reflects the fact that in this generalization, it is impbwaich

edges pay a connection cost and which are connected using the ocgjzaity
available, whereas before, this distinction was not necessary. In seewdzere
additional capacity is purchased at a vertex, it is now desirable to useitfiread
capacity to connect the expensive edges and purchase new capacibngrt the
inexpensive edges.

To solve this problem, for each edge that we guessigjrduring the filtering
step, we also guess if neither, one, or both of its endpoints are beingqudig f
vertex capacities (rather than by the budget). Depending on the gubagtimake,
we will either decrease the available capacity at vertices or decreasntheing
budget available. This makes the running time for the algori@(#m)P+O(1))
rather tharO(mP+C(1)) since there are four different ways to connect an edge (a
binary decision at each endpoint), so we still have a PTAS.

An interesting related problem is edge-cost matching augmentation, where the
costs depend exclusively on the edges, and entire edges must bagaatchot
simply the endpoints. The reduction given here is not strong enough tporede
this case. If the graph is bipartite, this edge-cost case is solvable thiexighques
discussed later in the chapter; the general case remains open.

6.1.4 Special case: one-sided bipartite matching augmertiian with
uniform costs

Consider an instandés, w, ¢,C) of matching augmentation whe@= (V1 UV,, E)

is bipartite,c, = 0 Vv € V1 andc, = 1 Vv € V,. This encodes the budget constraint
that we are permitted to purchase at mosinits of additional vertex capacity over
one side of the bipartition (and none on the other side). The linear progragmmin
relaxation of this problem is as follows:
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6.1. MATCHING AUGMENTATION

max WeXe (Pbip)
2% "
s.t. z Xe< By WeV; (1)
eco(v)
Y Xe<Bitw WEV; (2)
eco(v)
w<C )
VeV
Xe<1l VecE (4)
X,y>0

Lemma 6.1.2.The constraint matrif of the above linear program is totally uni-
modular

Proof. LetM be the submatrix with rows corresponding to all constraints of (1) and
(2) and columns corresponding to tkreariables. Note tha#l is totally unimodular
as it is simply the vertex-edge incidence matrix of a bipartite graph.

Let A’ be any square submatrix 8f If A’ has a row corresponding to a con-
straint of (4), then this row has either zero or one entry of '1". If théremow
is zeroes, the determinant is zero. If there is exactly one '1’, we canlatdcthe
determinant through expansion along this row and proceed inductively.

So assume the rows @&f consist only of constraints from (1),(2), and (3). If
there is a column of’ that contains exactly zero or one nonzero entry, we either
havedet(A’) = 0 or we can expand along this column and proceed inductively,
respectively.

Otherwise, each column has exactly two nonzeros. Consider the columns co
responding to the variables. SincéV is the vertex-edge incidence matrix of a
bipartite graph, the rows corresponding to (1) minus the rows correspptal(2)
give the all-zero vector. Since every columnfdhas two nonzero entries, the sums
of the rows ofA’ corresponding to (1) and (2) are equal. Looking at the columns
of A’ corresponding to thg variables, clearly the sum of the rows corresponding
to (2) equal the row (3). (Constraint (3) must be present or therédwaat be two
nonzeros in thg-columns). Putting these two together we see that (3) plus the
rows of (1) equals the rows of (2), implying thaéet(A') = 0. O

Thus, we can simply solvé¥;,) and get an integral solution. This implies that
this special case is polynomial-time solvable. This special case is still reli@vant
Zip, since the structure d& in this case is exactly the structure of their problem;

69



6. MATCHING AND MATROID AUGMENTATION

we have a bipartite graph, and the only purchases that can be madecasil®n
of the bipartition (the side corresponding the supply of DVDs). Although it is
slightly inaccurate to set the cost of every DVD to be equal, it is not completely
unreasonable.
We may also model this problem as a maximum weggtitow problem. This
will serve as another proof that the constraint matrix is totally unimodular (by
Remark 1.7.8) and give an additional algorithm for solving the problemiexftig.
Consider the following construction:

¢ Create directed grafdh from bipartiteG by directing every edgeof G from
V1 to V,, with weightw, and capacity 1.

e Create a sourceand an ar¢s, V) of weight 0 and capacit, for all v e V;.
e Create a sinkand an argv,t) of weight 0 and capaciti, for all v € V.

e Create a dummy nod# an arc(v,d) of weight O and infinite capacity for all
v e Vs, and ardd,t) of weight 0 and capacitg.

The flow on arc(vy, v2) in the maximum weighst-flow instance corresponds
to the value of the variablg,,, in the linear program, and the flow on g, d)
corresponds to the value gf,. Note that at mosB, edges incident tv € V1 may
be chosen, as at mdd§ flow can enter (and thus exit) nodén the flow instance.
The same is true of verticese Vs, except that additional flow can be routed along
the arc(v,d). However, at mosE units can be routed in this manner over the entire
instance, forcing the solution to respect the budget constraint.

We now move away from matching and instead focus on similar types of prob-
lems involving matroids. We first present the direct analogue to matching axagme
tation, and then the related Matroid knapsack problem. We give PTASé&ofior
this problem and a generalization, Matroid intersection knapsack.

6.2 Matroid augmentation

Recall the matroid augmentation problem:

Given amatroid# = (S,.#), AC S, weights v QS, costs &= Q$, and budget
CeQ, find A C S such that @) < C and the weight of the max-weight indepen-
dent set IC (AUA') is maximized.

Notice that this is in some ways the direct analogue of edge-cost matching aug
mentation for matroids; in the matching version, we wanted to increase the value
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of the optimal solution in our instance by purchasing additional edges. id&ns
# the graphic matroid fo6 = (V,E). This instance, phrased in terms of graphs,
is given a grapl® = (V,E) and a subsei C E of the edges, select additional edges
A’ C E of costc(A') < C such that the resulting network has an acyclic subgraph of
maximum weight possible. A practical application of this could be the refurgsh

of an existing service network; given a certain budget, we want to adxigtirey
infrastructure to increase service by as much as possible.

The matroid augmentation problem can be formulated as the following integer
program:

max w'x (IPy)
st. X(T)<r(T) VT CS
Xe<Ye VeeS\A
c'y<cC
Xy € Z3
The following integer program is equivalent:
max w'x (1P,)
st. x(T)<r(T) VT CS
c'x<cC
xezZ3
where we set. = 0 Ve € A (and unchanged for al ¢ A). Thus, the matroid
augmentation problem can be reduced to the budgeted independenttdetpr
The reverse reduction is straightforward; if we Aet 0, then solving matroid aug-
mentation solves budgeted independent set. Since solving budgetedriddepe
set would solve budgeted spanning tree (using the graphic matroid) uageted
spanning tree is NP-hard [21], so is matroid augmentation. However, sily ea
get a PTAS for matroid augmentation by using the algorithm for budgeted matroid

intersection in [1] (the result in [1] for budgeted matroid intersection clezdy
applies to budgeted independent set).

6.3 Matroid knapsack

Recall the matroid knapsack problem:
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Given a matroid.# = (S,.#), weights we QS, costs cc QF, and a budget
CeQ, find KCACSsuchthat@®) <C, A\A' € .7, and WA) is maximized.

We can formulate the matroid basis knapsack problem as the following integer
program:

max w'x (IPvkn)
st. X(T)<r(T)+y(T) VTCS
c'y<cC
Xe<1l Vee$S
Xy € Z3

Notice that there is no reason to ever hswve- X for anye € S Thus, we can
redefine oux variables to bex—y in the above integer program, giving us a more
convenient representation:

max w'(x+y) (IP¥kn)
st. x(T)<r(T) VTCS

c'y<cC

Xet+Ye<1l VeeS

xy€z3

This new integer program motivates the reason for calling this problem matroid
knapsack; in any locally optimal solution, we choose sdwe.# (at no cost) by
setting the values of the variables and then solve the knapsack problem on the
remaining elements. The solution to this knapsack problem is representeghby th
variables.

We will once again consider the application of this problem obtained by using
the graphic matroid of a connected graph-= (V,E). The problem then becomes
the problem of selecting any spanning treeGfat zero cost, and then buying
additional edges of the graph subject to a budget. We wish to obtain a ketivor
maximum weight. An application of this problem would be the use by a company
of a communication network run by some central authority. The company may be
allowed access by the central authority to everything in the network ferdsea
start-up (i.e. a spanning tree at zero cost), and wishes to gain additaiglesor
connectivity by purchasing access to additional components.

Before considering algorithms for the matroid knapsack problem, we will con
sider the problem under the uniform cost function.
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6.3.1 Special case: uniform costs

Consider the case wheog =1 Ve € S In other words, we can select aByele-
ments to add to our independent set.

Claim 6.3.1. The feasible solutions ofi),,) in the uniform costs case correspond
to the independent sets of a matroid.

Proof. The possible choices gfof at mostC elements form the independent sets
of a uniform matroid on the ground s8t where we defin& as a copy ofS. In
other words, for eache S there isg’ € S, and vice versa. Combining this uniform
matroid with our original matroid# by Matroid Union, we see that all feasible
solutions to [Py« are independent sets of this union matroid on groun8s&.
Conversely, given an independent ketl’ of the matroid formed by applying
matroid union ta.# and the uniform matroid, we selextvariables according to
the elements of and they variables according to the elementd of O

Since the solutions are simply independent sets of a matroid, we can obtain the
optimal solution in polynomial time (by Corollary 1.6.6).

6.3.2 Algorithms for matroid knapsack

We will now consider matroid knapsack for an arbitrary matroid. First, nakiae
the problem is NP-hard. This can be seen easily by considering the matrogew
only independent set is the empty set. In this case, the problem is exaqgilydaka
and thus weakly NP-hard.

First, we show that the problem can be reduced to budgeted matroid inter-
section, which has a PTAS [1]. We then give a pseudopolynomial-time dynamic
programming algorithm, which will lead to an FPTAS.

Since (P}« already contains the rank constraints for one matroid and a bud-
get constraint, if we can show that the gt y. < 1Ve € Sdefines the independent
sets of some matroid, we will be done (note that we will define the cost oftsrjec
Xe as 0 towards the budget).

Claim 6.3.2..#"' = (S,.9") is a matroid, wher& = {e1,e;:ec S}, ' = {AC
S:Aec Ss.te,e €Al

Proof. For any elemergc S, consider the matroidze = ({e1, e}, {{e1},{e2},0}).
Since.#. is a matroid for everg e S, .#" is a matroid by Matroid Union. 0
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Settingxe=1ifec Ayandy.=1ifec Ay Yee S we see thate+Ye. < 1Vee
S& (A, A2) € Z. Thus, (P{«n) is the intersection of two matroids along with a
budget constraint, and thus has a PTAS by [1].

We may hope to do better than a PTAS. This PTAS exists for any two general
matroids; one of our matroids is extremely structured and quite simple. We exploit
this fact to get a dynamic programming algorithm to solve Matroid knapsack.

In our dynamic programming solution, we will solve a series of subproblems.
In the subproblem denoted by W], we find a solution to the Matroid knapsack
problem on the matroit¥ restricted to the ground sét, ..,i}, where{1,..,i} are
thei heaviest elements & Additionally, our solution tdi, W] must be the solution
of minimum cost that has weight of at |e&8t If there are several such solutions,
we will require the one with largest weight.

We will solve the problenii + 1, W] by modifying the optimal solutions of one
of the problemgi,W] and[i,W — wi1]; using the first will correspond to element
i +1 not being included in the solution fo+ 1, W], whereas using the second will
correspond to adding element 1.

Consider the dynamic programming algorithm given by Algorithm 5.

Algorithm 5 Dynamic programming algorithm for Matroid Knapsack
1. Order the elements &by decreasing weight (breaking ties lexicographically).
2: DefineOPT][i,W] to be the min-cost solution using elemefis..,i} that has
weight of at leasW. If there are many such solutions, select the one of
largest weight (break further ties by selecting the solution whose laigest
dex is smallest).
3: CalculateOPT]i + 1,W] as follows:

o Let(X,Y) = OPT[i,W — wi1].

e Let f be the minimum cost element in the circGitof X Ug 1 (if XU
€1 is independent, sdtto be null).

e Set OPT[i + 1,W] to be eitherOPT[i,W] or (XUey1\ f,YUT),
whichever has smaller cost.

We will first prove that the above recursive step is correct.

First, notice that th& component of the solutio@PT[i, W] is always a basis of
{e1,..,a} (otherwise, we could add componentsxtdo either increase the weight
or decrease the cost, depending on whether the elements added com@.fidm
&.+1 ¢ OPTI[i +1,W], thenOPT[i + 1,W] = OPT[i,W].

Lemma 6.3.3.If g1 € OPT[i+ 1,W], thenOPT[i + 1, W] = (XUe 1\ f,YUT),
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6.3. MATROID KNAPSACK

where(X,Y) = OPT[i,W — wi1].

Proof. Assume, for a contradiction, th@PT[i + 1,W] = (X',Y’) with c(Y’) <
c(Y) +cq.
If 6,1 €Y, considerX’,Y"\ g.1). This solution has weight at least—w; ;.
Its cost is
c(Y') —cip1 < c(Y)+ct —cip1 < c(Y)

where the last inequality follows becauses either null or the minimum cost
element in a circuit that contairgs, 1, and thus has lower cost. This new solution
is of lower cost thar{X,Y), a contradiction.

If g1 € X, consider the sdD :={ee S\ X' : X'Ue¢ &/ X' Ue\eg 1 € 7}.
In other wordsD is the set of elements that form circuits involviag, in X'.

Claim 6.3.4.If XU g1 contains a circui€, thenCND # 0

Proof. SinceC is a circuit,C\ g is independent ixX’ UC. Thus, we can extend
C\ a1 to a basiB of X’UC. SinceX' is also a basis ok’ UC, |B| = |X’|. This
implies thatB is also basis ofey,..,e1}, since it has the same sizeXs Thus,
we can exten&’\ g1 to a basis by adding an elemeahiof B\ X, which is just
C. So we haved € CND, as desired. 0

Note that ifX U g1 is independent, the®PT[i +1,W] = (XUe&1,Y).

Let f’ be the minimum cost edge @ D. Note thatf’ € Y/, as otherwise(X'U
f'\ &11,Y’) is a better solution thafX’,Y’) (since the elements are in decreasing
order by weight, and further ties are broken by highest-indexed elemeht
solution). Consider the solutidiX’ U f'\ e11,Y’\ f’). This solution has weight at
leastW —w; 1. Its cost is

c(Y')—cp <c(Y)+cr —cp <c(Y)

where the last inequality holds becauss either null or the minimum cost element
of the circuitC, which containsf’. This new solution is of lower cost thadix,Y),
a contradiction. D

Assume that we have filled out the entire dynamic programming table (this
will be explained in more detail later). To recover the optimal solution, we simply
scan across th®PTIn,:] row of the table. At each entry, we check the cost of
the solution; when we first encounter a solution of cost greater @ame step
back one column to find our optimal solution. If we never find a solution of cos
greater that, then our optimal solution is simply tf@PT[n,W] with W as large
as possible (eventuall@PT[n,W] will be empty).
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6. MATCHING AND MATROID AUGMENTATION

Since the weights can be arbitrary non-negative rationals, this dynantic pro
gramming table is not polynomial size (or even finite). To get our FPTAS, wat mu
scale and round our weights so that there are only polynomially many vakies w
must consider, as is done in the standard technique for converting thsdaka
dynamic programming algorithm to an FPTAS.

Let the optimal solution bg of weightw(l). Divide each weightve by a value
f (to be determined later) and round down to obtain new weightdNotice that

for eache,
We o Wi
— —1l<We < —
forses
Use the dynamic programming algorithm above to compute an optimal solution
for this new instance. Consider the valud oihder the original weights:

w(l) = > We
ecl
> We
ecl
>y We (I'is optimal)
ec
()
ec f
=w(l) — I
>w(l)—fn
>w(l) —ew(l) (Assumingfn < eOPT)

SinceOPT > maxeWe > %ZeeSWe, we can choosd = ﬁZeesWe- Under this
choice off, the size of our dynamic programming tablé)'éng) =0(F Yecs) =

3 . . . . .
O(%), so the algorithm runs in time polynomialinand ¥/¢.

6.4 Matroid intersection knapsack

We now consider a generalization of the matroid knapsack problem. Insfead
requiring that ourx variables define an independent set of a matroid, we will
require that they define an independent set in the intersection of two nstroid
%1 = (S, fl) and//lz = (S, fz).

The integer program for the matroid intersection knapsack problem id-as fo
lows:
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6.4. MATROID INTERSECTION KNAPSACK

max w'(x+y) (IPmikn)
st. x(T)<ry(T) VTCS
X(T)<ra(T) VTCS
c'y<cC
Xe+Ye<1l Vee$S
Xy€Z3

Before proceeding, we will show how the matroid intersection knapsauti pr
lem can be used to solve the edge-cost matching augmentation problemmitebipa
graphs.

6.4.1 Application to edge-cost matching augmentation

Let G = (U UV,E) be the bipartite graph in the edge-cost matching augmentation
instance. We will use the set of edgess the ground set of both of our matroids.
They variables in the matroid intersection knapsack instance will represent the
set of edges purchased in the edge-cost matching augmentation ingtéseal]
ensure that we stay under budget. We now must define two matroids stialstita
of edges is independent in both matroids exactly when it is a fedsiitviatching
in the edge-cost matching augmentation instance.

Define .z, = (E, %), where 4y = {E' CE: Yue U,|[E'Nd(u)| < By},
whereB, is the vertex capacity of vertex specified in the edge-cost matching
augmentation instance. Defing, similarly.

Lemma 6.4.1.Solutions to edge-cost matching augmentatiorGoa (U UV, E)
and the matroid intersection knapsack instance ustfigand./ are in one-to-
one correspondence.

Proof. Let E’ be any set of edges iy N A, andY C E \ E' with c(Y) <C.

E’ satisfies all vertex capacities, and combined Withgives a feasible solution

to the edge-cost matching augmentation instance. ConverseM, €€ be any
feasible solution to edge-cost matching augmentation. We can decomvpiose

XUY, whereX is a feasibleB-matching and is the set of purchased edges with
c(Y) < C. X andY correspond to an independent set and set of edges of weight at
mostC, respectively, in the matroid intersection knapsack instance. O

Since the objective value of solutions is preserved in the reduction, anit re
we can obtain for matroid intersection knapsack will carry over to this specia
bipartite case of edge-cost matching augmentation.
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6. MATCHING AND MATROID AUGMENTATION

6.4.2 A PTAS for matroid intersection knapsack

We will give a PTAS for the matroid intersection knapsack problem using tech
niques similar to those used by [1] in the budgeted matroid intersection algorithm
presented in Section 2.1.

First, as in [1], we form a Lagrangian relaxatidoR(A)) of the problem by
lifting the budget constraint into the objective function.

max W' (x+y)+A(C—cly) (LR(A))
st. X(T)<ry(T) VT CS
X(T)<tao(T) VTCS
Xe+VYe<1l VeeS
Xy € 73

Removing the constaiC and rearranging givesR(A)’) below.

max W' x4 (w—Ac)Ty (LR(A))

st. X(T)<ry(T) VT CS
X(T)<ro(T) VTCS
Xe+Ve<1l VeeS
Xy € Z3 (6.4.1)

Remark 6.4.2. The Lagrangian weight for the variabbesandy. corresponding to
an elemene € Sin LR(A)’ are different; forxe = 1, W) (€) = We.

Without the budget constraint on thierariables, their only restriction is thgt
cannot be 1 ik is 1. Thus, any time we hawg = 0 in an optimal solution, we will
be free to choosg. = 1. We will want to do this exactly wheyy has nonnegative
Lagrangian weight. Thus, wheq@ = 0, we will have

Ye=1< We> AcCe. (6.4.2)
To ease later work, we define some notation.
Definition 6.4.3.For any sel C S, defineTt :={ee T :we> Ace}

Definition 6.4.4.Given a solution to any of the above integer programs, define
X :={eeS:xe=1},Y :={eec S:y.=1}. We will refer to the solution a&X.,Y).
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6.4. MATROID INTERSECTION KNAPSACK

Under these definitions, we see that (6.4.2) implies that we will always have
Y = {S\X}* (6.4.3)

in any optimal solution(X,Y) to (LR(A)"). Thus, we can replacg by 1— x if
e St, and by 0 otherwise. Making this substitution intd(A )’), we get:

max w'x-+ > (W—2A¢)T(1—xe) (LR(A)"
ecSt
stt. X(T)<ry(T) VT CS
X(T) <ra(T) VTCS

xez? (6.4.4)

Before proceeding, we will simplify the objective function &R(A)").

w X+ z (W—AC)T(l_xe) = Eswexe+ Z (We—ACe) — Z (We — A Ce)Xe

ecSt ecSt ecSt
= ) (AceXe)+ > (WeXe) +R
ecStr ecS\St
— Zsmin{we, ACe}Xe+R (6.4.5)
ec

Above, R = S o (We — ACe) is a constant (and can thus be removed from
the objective function), and (6.4.5) follows sindee. > we Ve € S\ S" andwe >
AceVee S'.

What remains is an instance of matroid intersection, with weights

W, = Min{We, A Ce},

which can be solved efficiently. Note that any solutkto this problem implies a
corresponding as in 6.4.3.

Remark 6.4.5.For any solutiorX to (LR(A)"), W (X) =w, (X, {S\X}T) - R

As in [1], we can use Megiddo’s parametric search technique to obtain the
optimal Lagrangian multiplieA > 0 and two solutiongXs,Y:) and(Xz,Y2) with
X1, X2 € #1N F, such that(Yr) < C < c(Yz) and(Xy, Y1) and(X,Y2) are optimal
with respect to Lagrangian weights.

As in Section 2.1, we add dummy elements if necessary and truncate the ma-
troids, resulting inX; andX, being maximunmw/-weight common bases of each of
the two truncated matroids.
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6. MATCHING AND MATROID AUGMENTATION

Lemmas 2.1.3 - 2.1.7 from Section 2.1 all hold exactly as in the budgeted
matroid intersection algorithm. Each time we execute the algorithm in Lemma
2.1.7 and it returns a third maximuwi-weight common basi, we will calculate
Ya = {S\ A}". We replaceX; by Aif c(Ya) <C andX; by Aif c(Ya) > C. Asin
section 2.1, this process will end in polynomial time wik, X, adjacent in the
common basis polytope o#1 and.#>.

If eitherc(Y1) =C orc(Y2) = C, we have a feasible solution that is optimal with
respect to the original weights (by a proof similar to that of Theorem 1.5stR)
we are done. AssumgY;) < C < c(Y2). Without loss of generality, assume that
Xi\ X2 ={s1,...,5 } andXo \ Xg = {tg,...,t; }.

Lemma 6.4.6.Given (X1,Y1), (X2,Y2) as above, there is a polynomial time algo-
rithm which compute$X',Y’) such thaX’' € /1N %, X' NY' =0, ¢c(Y') <C, and
w(X"+Y’) > opt— 3Wmax-

Proof. SinceX; and X, are adjacent in the common basis polytope, by Lemma
2.1.5 we have unique perfect matchings = {sit1, ..., S, tr } in x4, (X1, X2) and
M, = {t1%,12,Ss, ..., 1, S } iN €X 4, (X1, X2), and corresponding cycle
(s1,t1,%,t2, ..., S, tr). Assign edgesjt; a weightd; := w'(t;) —w/(s;j) and all other
edges weight 0. Sinc¥; and X, have the same/-weight, Zﬁ:l 0j = 0. By the
Gasoline Lemma, there exists an edge of the cycle such that all partial suines of
weights around the cycle starting at this edge are non-negative. Witrgsibfo
generality, assum&t; is such an edge.

Find the largesk < r such that

cY)+e({sj:1<j<k})—c({tj:1<j<ktjeYi}) <C.

In other words, find the largek&t< r such that ther we would select if we chose
XasXi\{s1,...,s} U{ts,...,t} is under budget. Sina&Y>) > C, we havek <,
and by construction,

cY1)+c({sj:1<j<k+1}")—c({tj:1<j<k+Ltev})>C
or equivalently,
cV1)+c({sj:1<j<k}T)—c({tj: 1< j<ktjeVi}) >
C—Cqy +C(YaNtei1) >C—Cs ).

Since addings¢, 1 to Y; put us over budgets.; € S" (since otherwise, we
would not includes 1 in Y1, so the cost would not increase). Since for an element
eto be included irS*, it must satisfywe > A ce, we must have thats,,, > Acs,, ,,
and thus

Wmax > ACs,,, (6.4.6)
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6.4. MATROID INTERSECTION KNAPSACK

We now show that the solutiod’ = Xi \ {s1,...,S+1} U {t1,...,t},Y = VY1 \
{t1,..., .} U{sj : 1 < j <k} satisfies the claim.

ClearlyX'NY’ = 0, asX;NY; = 0, and the only elements added to either set
are removed from the other. Because of how we clopse

C—cg, <c(Y)<C. (6.4.7)
By the Gasoline Lemma, we have
W (X') > W (Xg) =Wy, =W (%) —min{wg,,ACs ., } > W (X1) — Wmax
Recall thatw/ (X) = w, (X', {S\ X'} ") — R, whereR = w, (S") is a constant.

Thus,

W(X') = W (Xe) — Winax Wy (X', {S\X'}F) = R > Wy (X, {S\ Xa} ) — R Wrna
S Wy (XY U{se1} ") > Wy (X1, Y1) — Winax

Asin[1], X' U{s¢1} € A andX' U{s1} € %, soX' € 71N 7.
We now must bound the weight 6X’,Y’):

W(X',Y') = wy (X, Y') + Ac(X',Y')
=w) (X, Y)+AC—-A(C—c(Y))
>wy (X', Y)+AC—Acs, (by (6.4.7))
> Wy (X',Y") + AC — Winax (by (6.4.6))
> W) (X1, Y1) +AC — 3Wmax (by (6.4.8))
> OPT — 3Wmax

where the last inequality follows from the fact that for ahy> 0, the optimal
solution to the Lagrangian relaxation is an upper bound of the originaldiedg
problem. O

Finally, we present the PTAS for matroid intersection knapsack. Theitilgor
will follow a similar structure to that of Theorem 2.1.9.

Theorem 6.4.7.The matroid intersection knapsack problem admits a PTAS.
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6. MATCHING AND MATROID AUGMENTATION

Proof. Lete € (0,1). If the optimum solution contains fewer than= [3/¢] ele-
ments, we can guess the optimal solutiri, Y*) by brute force in tim&((2m)P) =
O(mP1/¢)), giving a PTAS. (The 2 appears because for each element that we gue
to be in the solution, we must also guess if it is<ifior Y*.) Otherwise, we guess
the p elementg X/}, Yy;) of largest weight in X*,Y*). We contract the matroids by
the elements we put iK;; and delete from the matroids all elements we pujn

or that are of weight larger than any of the element&4f, Y,;). We also decrease
the budget by(Y,;). The maximum weight of any remaining element is

Wina < WX Vi) /P < EW(X V) /2, (6.4.9)

sincew,,,, is at most the weight of the least weight element removed, which is
at most the average weight of removed elements. Addition@l¥,Y") is an op-
timum solution for the remaining matroid intersection knapsack instance, where
X=X\ X4 andY :=Y*\Y,;. We compute a solutiofX’,Y’) to this instance
using the methodology described this section of weigtX’,Y’) > w(X*,Y") —
3W a4 We return the solutiofiX,Y) = (X5 UX, Y UY/).

The algorithm runs in tim@©(2mP+O1)) = O(m°(1/¢)). Finally,

—ew(X{, YY) (by (6.4.9))
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Chapter 7

Conclusion

In this thesis, we introduced Zip.ca, a DVD rental company, with two main oper-
ational problems to solve: the assignment of DVDs to users and the pinglodis

new DVDs. In order to grasp these problems, we developed theoretal@ems

with capability to model Zip’s situation. The result was twofold: we obtained al-
gorithms for both of the two problems we set out to solve and theoreticdtsesu

to many interesting related problems. The assignment algorithm we constructed
made improvements in the quality of the assignments generated (especially with
respect to percentage of slots filled and percentage of slots filled with DY{op

rank). Some of our theoretical results are listed below.

We give aW competitive algorithm for the online 0-1 budgeted match-

ing problem "and show that this the best possible result for a wide class of
algorithms.

We give a(1— ) competitive algorithm for the budgeted Adwords auc-
tion as the size of the bids and cost get small as compared to the budgets.

We show that Zip’s assignment problem can be modeled exactly by an in-
stance of the matching augmentation problem, and give a PTAS.

We present a polynomial time solvable special case of matching augmenta-
tion that models Zip’s assignment problem under the uniform cost assump-
tion.

We develop three related matroid problems, matroid augmentation, matroid
knapsack, and matroid intersection knapsack. An FPTAS by dynamic pro-
gramming is presented for matroid knapsack and PTASes for the other two
are provided.
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7. CONCLUSION

7.1 Future work

Many open problems were encountered throughout this thesis on botppheda
and theoretical side. The most obvious and pressing need for worleaptilied

side is the development of a full DVD purchasing methodology. Althoughave h
developed an algorithm to find approximate solutions maximizing the impact on
the metric of one assignment run, it is unclear at this point how this algorithm
should be best used to make long-term purchasing decisions. Over thectiioe p

of several weeks or months, a DVD will be shipped out many times, so it nlitkes
tle sense to purchase one with the sole purpose of filling one slot. As deatedstr
by the general theme of this thesis, it is likely the case that hidden behind this
problem is an interesting theoretical direction, but more work is neededvilun

it.

One main overarching open problem for much of the theoretical work ségcu
is obtaining hardness of approximation results. Although an FPTAS wamebta
for matroid knapsack, this thesis was only able to discover a PTAS for @ach
matching augmentation, matroid augmentation, and matroid intersection knapsack.
These problems are all indeed NP-hard, but it is not known if they apagiir
NP-hard. In other words, the question of finding a PTAS for any ofetibsee
problems, or proving that none exists, is currently open.

An additional open question is related to the online 0-1 budgeted matching
problem. We showed that the competitive ratio we obtained is the best possible f
the class of algorithms that always selects an edge to the matching wherxisere e
edges available to select. The design of an algorithm that occasionallglfandt
certainly randomly) declines to pick any edge with the intention of obtaining a
better competitive ratio is an interesting future direction.

One final direction for future work is to model Zip's assignment problera as
truly online problem. One shortcoming of the algorithm that we implemented is
that we relied on empirical testing to ensure its quality. It would be very irteres
ing to present an online algorithm to solve Zip’s assignment problem theitied
daily performance guarantees, rather than guarantees for every thirtyenmau
riod.
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