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Abstract

This thesis explores the application of reinforcement learning (RL) to address two impor-
tant financial problems: risk management and optimal trade execution.

In risk management, we aim to balance returns with associated risks. To achieve this,
we propose an enhanced RL model that integrates a dynamic Conditional Value at Risk
(CVaR) measure. By leveraging distorted probability measures, CVaR allows the RL agent
to emphasize worst-case scenarios, ensuring that potential losses are accounted for while
optimizing long-term returns. Our method substantially reduces the model’s training time
by efficiently reusing computation results, significantly lowering computational overhead.
Furthermore, it optimizes the balance between exploration and exploitation. This approach
leads to more robust decision-making in uncertain environments and a better overall return.

For optimal trade execution, we formulate a flexible RL-based framework capable of
dynamically adjusting to changing market conditions. Our model not only replicates the
results of Almgren-Chriss model in linear environments but also demonstrates superior
performance in more complex, nonlinear scenarios where traditional methods like Almgren-
Chriss face challenges.
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Chapter 1

Introduction

The finance industry is one of the most influential sectors globally, given its crucial role
in shaping economies and facilitating wealth management[6]. There exist various types of
financial problems, such as hedging[45], stock trading[51], and pension planning[36, 17].
Among the numerous financial issues in the world, two have particularly drawn our interest.
The first is risk management[2], a fundamental aspect of finance consistently emphasized
due to its critical importance in safeguarding assets and ensuring financial stability. The
second is the optimal trade execution problem[8, 3], which focuses on executing trades
efficiently to maximize returns under specific variance constraints. In this thesis, I will focus
on applying reinforcement learning techniques to address these two financial problems.

1.1 Risk Management

Investing inherently involves balancing returns with risk[30]. While higher returns can lead
to greater profits, they are often accompanied by increased risk, which raises the likelihood
of losses and leads to more volatile outcomes. Conversely, strategies that minimize risk
tend to reduce uncertainties in trading but typically result in lower returns. Therefore,
finding a balance between return and risk is essential in finance[31]. Risk management
plays a crucial role in optimizing this trade-off between risk and return[46]. It involves the
process of identifying, assessing, and controlling risks that arise during the trading process.
The core objective of risk management is to safeguard assets and ensure financial stability
by minimizing the impact of potential adverse events.

Risk measures serve as fundamental tools within the risk management framework, en-
abling the quantification and management of risk[32]. By tracking and understanding
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quantified risks, traders can make informed decisions on whether to accept, mitigate, or
transfer risks. Adapting risk measures to solving financial problems helps ensure that risks
remain within acceptable limits and that the strategies implemented are robust.

With the rapid advancement of technology, machine learning has emerged as a powerful
tool in financial risk management[25, 4]. Unlike human traders, machine learning models
can analyze and respond to scenarios within milliseconds, operating continuously without
the need for rest. By incorporating risk measures into the training process, a machine
learning agent continuously learns from the insights these measures provide into the risk,
developing robust strategies similar to how a human trader would refine their approach
over time[4]. Among various machine learning approaches, reinforcement learning (RL) has
drawn our attention. RL is a major branch of machine learning that has played a signifi-
cant role in various applications, such as computer vision[50], medical image analysis[53],
and natural language processing[28]. A key advantage of RL is that it does not require
direct instructions or labeled data, unlike supervised learning, which depends heavily on
predefined examples for training[47]. In real-world scenarios, especially in financial mar-
kets, it is impractical to cover all possible market conditions. RL addresses this challenge
by allowing the model to explore and learn from its own experiences, adapting to new and
unforeseen situations without needing explicit guidance. During the training process, RL
models learn by taking actions that not only affect the current state but also influence
future states and outcomes. The objective of RL is to minimize long-term risks rather
than focusing solely on immediate losses. This broader perspective mirrors the approach
required in finance, where the ultimate goal is often to optimize cumulative costs over time.

All of the above mentioned characteristics of RL technology align well with financial
problems, making it an excellent approach for addressing complex economic challenges.
Several studies have incorporated risk measures into RL, addressing complex decision-
making in various domains. The major approaches for reinforcement learning integrated
with risk measures include mean-variance optimization[22], which balances expected re-
turns with their variability, and distributional RL[13], which focuses on learning the entire
distribution of potential returns to better handle risk.

In finance, the RL learner focuses on minimizing financial losses using measures such
as Conditional Value at Risk (CVaR), which is crucial for applications like portfolio opti-
mization and trading strategies. In [11], the researchers proposed an approach adapting
percentile-based risk measures, such as CVaR, within their RL framework, enabling agents
to control worst-case outcomes while learning in uncertain environments. The study in [12]
introduced the integration of dynamic risk measures into the evaluation of optimization
problems, reformulating time-consistent risk-sensitive optimization within a reinforcement
learning framework. Their work focused on assessing the risk of sequences of uncertain
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outcomes arising from market scenarios. These risk measures helped guide the RL agent
in identifying optimal trading strategies for financial decision-making under uncertainty,
effectively balancing risk and return in a more adaptive and comprehensive way. Expand-
ing on [12], we propose an enhanced RL model with a dynamic CVaR risk measure, offering
the following advantages:

(i) Reuse of policy network results in value network evaluation: This approach not
only enhances the efficiency of the learning process by reducing redundant calculations
but also strengthens the consistency between policy decisions and value assessments across
timesteps, thereby leading to a more stable and connected learning trajectory.

(ii) Improved balance between exploration and exploitation in RL: By maintaining
exploration in the learning process while focusing on the best outcomes during value eval-
uation, our approach achieves a better average performance, leading to more optimal final
results.

1.2 Optimal trade execution

The optimal trade execution problem is a critical issue in finance, where the objective
is to execute large trades in a way that minimizes costs and market impact while maxi-
mizing returns within a certain timeframe. The preliminary models were introduced by
[8, 3], determining optimal trading strategies through dynamic programming. Since then,
researchers have explored various alternative approaches, including PDEs [16] and game
theory [15]. Despite their differing techniques, these methods share a common limitation:
they struggle to adapt when introducing new parameters, handling nonlinear conditions,
or extending to multiple assets.

In contrast, reinforcement learning (RL) offers a flexible framework where an agent
learns through interaction with the trading environment. The training process in RL is
driven by the agent’s continuous interaction with the environment. As the environment
changes, the RL model adapts by learning from new experiences, allowing it to adjust its
strategy dynamically based on updated conditions. This adaptability makes RL partic-
ularly well-suited for complex scenarios. Previous researches [27, 20] have explored the
application of reinforcement learning (RL) to optimal trade execution problems. In [27],
the reward signal was omitted during intermediate timesteps, focusing only on the final
reward at the end of the trading period. This approach, however, may ignore the impor-
tance of intermediate actions in shaping the final outcome, as the actions taken during
these steps have a cumulative effect on the overall performance. In contrast, the study by
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Hendricks and Wilcox [20] demonstrated that RL models without considering incorporating
the variance into their rewards, leading to a higher execution risk though they get a higher
expected returns. These drawbacks can lead to suboptimal learning and decision-making
during the trade execution process.

In this paper, we propose an enhanced RL framework for solving the optimal trade ex-
ecution problem, addressing the limitations of previous models and achieving performance
comparable to that of [3]. Our RL framework offers the following key advantages:

(i) The model is inherently model-free and does not require prior knowledge of the
optimal solution or a specific model structure. This allows it to learn and adapt dynamically
to a wide range of complex trading scenarios, including those that pose challenges for
traditional methods like [3].

(ii) By directly deriving the optimal strategy through its interactions with the trading
environment, the RL approach eliminates the need for dynamic programming and avoids
potential related error transmission. This flexibility makes it easier to scale to higher-
dimensional problems, where multiple diverse assets may be involved.

(iii) In addition to focusing on returns, our model also considers the variance of trade
execution in the reward formulation. By incorporating execution risk directly into the
learning process, the agent learns to balance both risk and return, resulting in a more
robust trading strategy that minimizes risk while maximizing returns.

(iv) Our RL model takes into account the impact of intermediate steps on the final
outcome. This means the agent is rewarded based on the cumulative effects of its actions,
rather than assigning a zero reward to middle steps, leading to a more accurate optimization
of the final trading performance.

1.3 Thesis Outline

The rest of this thesis is organized as follows: Chapter 2 provides a brief introduction
to the background of reinforcement learning. Chapter 3 explores risk measurement using
RL technology and discusses enhancements in this application. Chapter 4 presents an
RL approach to solving the optimal trade execution problem. Chapter 5 describes the
experiments conducted using the methodologies outlined in Chapters 3 and 4, along with a
presentation of the results. Finally, Chapter 6 concludes the thesis and discusses potential
future research directions.
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Chapter 2

Background

In this chapter, we review the foundational concepts of reinforcement learning (RL), build-
ing on the work of [48]. We start by introducing the basic structure of the RL model
and the Markov Decision Process (MDP), followed by a simple illustrative example. Next,
we explore common learning approaches, with particular emphasis on the actor-critic al-
gorithm, which will be central to the subsequent chapters. Finally, we provide a brief
overview of other well-known RL algorithms.

2.1 The RL Model

In an RL model, we usually treat the RL learner as the agent, and the thing it interacts
with is defined as the environment. The agent learns optimal policies through interactions
with the environment. Specifically, for a sequence of discrete timesteps, t = 0, 1, 2, . . .,
at each step of interaction, the agent receives the current state st ∈ S, where S is an
arbitrary state space containing all possible states, and a reward rt obtained from the
reward function R. The state st represents whatever information is available to the agent.
The agent then selects an action at ∈ A, where A is an arbitrary action space containing
all possible actions. The environment receives the input at and provides feedback for
the current timestep t, which consists of the reward rt and the next state st+1. Notably,
rt = R(st, at, st+1) indicates the reward received when the agent is in state st, takes action
at, and transitions to state st+1. A diagram of the entire interaction process is shown in
Figure 2.1.

Besides the agent and the environment, there are three more components needed to
build a reinforcement learning model: the goal, the policy π, and the value function V .
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Agent

Environment

Action

at

rt

st+1

State

Reward

Figure 2.1: The interaction process in reinforcement learning

The objective of risk-neutral reinforcement learning is to maximize cumulative rewards,
commonly referred to as maximizing total returns. Although the reward rt depends on the
current state st, the action at, and the subsequent state st+1, the agent only has control
over the action at. By selecting at, the agent directly influences the rewards it receives.
If the reward is high, the action is considered favorable; otherwise, the agent may need
to explore alternative actions. The agent can learn to develop an effective strategy for
selecting actions by evaluating the reward values. However, the objective of an RL agent
can vary depending on the specific problem. For example, in a risk-averse setting, the
agent’s goal may shift from maximizing rewards to minimizing risk. For the remainder of
this chapter, we will focus exclusively on a risk-neutral RL model.

A policy π is a strategy or rule that an agent follows to decide which action to take
in a given state. The optimal policy π∗ selects actions to maximize cumulative rewards
over time. Policies can be either deterministic or stochastic. A deterministic policy always
selects the same action for a given state. It is represented mathematically as a function:

π(st) = at.

This means that for any state st, the policy π will always select action at. A stochastic
policy, however, specifies a probability distribution over possible actions for each state. In
a stochastic policy, π(at | st) represents the probability of taking action at when in state
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st. As the agent may choose different actions in the same state based on the probabili-
ties, this randomness encourages the agent to explore different actions, thereby increasing
the chances of discovering more effective strategies. By preventing the agent from becom-
ing stuck in suboptimal strategies, stochastic policies are often preferred in reinforcement
learning algorithms. For the remainder of this thesis, whenever we refer to a policy, we
will be considering a stochastic policy.

As the goal is to maximize cumulative rewards, for a given state st, the agent must con-
sider not only the immediate reward rt from action at but also the future returns that this
action may yield. For instance, if the agent consistently receives a low immediate reward at
state st, but transitions to a future state st+1 where the expected rewards are significantly
higher, state st would still be considered favorable as it leads to better outcomes in the
long run, resulting in higher cumulative rewards. The value of a state st is determined by
the expected cumulative rewards the agent can obtain starting from st. The value function
V takes a state as input and outputs the quantified value of that state. The value function
V is expressed as:

V (st) = E

[
∞∑
k=0

γkrt+k | st

]
, (2.1.1)

γ ∈ [0, 1] here is used as a discount factor to control how much future rewards are valued
compared to immediate ones. A higher γ value indicates that future rewards are more
significant, while a lower γ emphasizes immediate rewards. In extreme cases, when γ = 1,
future rewards are considered equally important as present ones, whereas γ = 0 means the
agent focuses solely on immediate rewards. In equation (2.1.1), γk represents the discount
factor raised to the power of k, which reduces the value of rewards received k steps into
the future, and rt+k denotes the reward obtained at time t+ k.

Optionally, there may be a fourth component in the system called the model of the
environment. If the agent learns solely from direct interactions with the environment
using trial and error, it is a model-free method. If the agent not only learns from trial and
error but also tries to model the environment, it is a model-based method, which includes
a model of the environment. In the following chapters, we will focus only on model-free
RL methods.

2.2 Markov Decision Process

A fundamental concept in reinforcement learning is theMarkov Decision Process (MDP)[5].
The MDP is a discrete-time stochastic control process widely used across various domains,
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including reinforcement learning. Most importantly, it provides a mathematical framework
for modeling decision-making situations.

A model is said to be Markov if the environment’s response at the next timestep
depends only on the current state and the action taken. More specifically, if there exists
a probability transition function P(st+1 | st, at) that specifies the next state st+1 from the
environment as a function of its current state st and the action at, and it is independent
of any previous environment states or agent actions, then the model is Markov[21].

A typical MDP framework used in RL is a tuple that contains elements defining the
environment in which the agent operates. An MDP is represented as a 4-tuple ⟨S,A,P,R⟩
where each element is defined as follows:

• S: An arbitrary state space, describing a set of possible states an agent can reach.
S ⊂ Rd with d ≥ 1, d ∈ Z.

• A: An arbitrary action space, describing a set of possible actions an agent can take.
A ⊂ Rn with n ≥ 1, n ∈ Z.

• P: The transition probability function, is assumed to be stationary and unknown
to the agent. It characterizes P(st+1 = s′ | st = s, at = a), the probability of
transitioning to state s′ from state s when action a is taken.

• R: The reward function R : S ×A × S → R, which specifies the immediate reward
received after transitioning from state s to state s′ due to action a.

Although general MDPs may have infinite (even uncountable) state and action spaces,
in this paper, we consider only the finite MDP case. A finite MDP refers to an MDP
where the decision-making process has a fixed number of decision steps, often denoted as
T . The agent makes decisions over a finite time period, and after T steps, the process
terminates. This whole process is called one episode. For an RL model with finite MDP,
at each timestep t ∈ [0, T − 1], the current policy πt selects an action at ∈ A based on
the current state st ∈ S, leading to the next state st+1. The agent receives an immediate
reward rt = R(st, at, st+1) at each timestep t. The γ-discounted cumulative rewards for a
trajectory from t = 1 to T − 1 under a policy π = {π0, π1, . . . , πT−1} is calculated as:

max
π

E

[
T−1∑
t=0

γtrt

]
, (2.2.1)
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where γ ∈ [0, 1] is the discount factor. The optimal strategy π∗ is the one that maximizes
equation (2.2.1). Equation (2.2.1) represents the objective function for risk-neutral RL.
And the value function V in equation (2.1.1) can be further extended as:

V (st) = E

[
T−t−1∑
k=0

γkrt+k | st

]

= E

[
rt + γ

T−t−1∑
k=0

γkrt+k+2 | st

]
= E [rt + γV (st+1) | st] . (2.2.2)

Equation (2.2.2) is the Bellman equation for V . It shows a connection between the value
of a state and the values of its successor states. The Bellman equation is often used in
dynamic programming like Value Iteration [7] or Policy Iteration [7, 26].

2.3 Cart-Pole Balancing

A classic example of reinforcement learning with a finite MDP is the Cart-Pole Balancing
Problem. In this scenario, the task is to balance a pole on a moving cart by applying force
to either push the cart to the left or the right. The agent’s objective is to prevent the pole
from falling over by keeping it balanced for as long as possible within a fixed time horizon
T .

The state space S in this problem is composed of four continuous variables: the position
of the cart, the velocity of the cart, the angle of the pole, and the angular velocity of the
pole. The action space A contains only two possible actions: applying a force to push the
cart to the left or the right. The transitions between states are governed by the physical
dynamics of the system, and these transitions are captured by the transition probability
function P(st+1 | st, at), which determines how the system moves from one state to another
based on the agent’s action and the physics of the cart and pole. For instance, if the
agent chooses to push the cart to the left, this action will cause both the cart’s velocity
and the pole’s angle to change based on the system’s physical dynamics. In terms of
rewards, the agent receives a positive reward of +1 for every time step that the pole
remains balanced. However, if the pole falls beyond a certain angle or the cart moves
outside a predefined range, the episode ends, and the agent incurs a large negative reward
(e.g., −20). Additionally, if the pole remains balanced for the entire duration of T steps,
the episode also terminates. Since the RL agent’s goal is to maximize cumulative rewards,
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it will aim to keep the pole balanced for as long as possible to accumulate more rewards
while avoiding penalties incurred by the pole falling off.

Since the goal of the RL agent is to maximize cumulative rewards, it will aim to keep the
pole balanced for as long as possible to accumulate more rewards while avoiding penalties
incurred by the pole falling off. This aligns perfectly with the problem’s objective, as
keeping the pole balanced longer is the desired outcome.

2.4 Optimization in Reinforcement Learning

In reinforcement learning, there are two primary approaches for finding the optimal policy
that maximizes cumulative rewards: value-based methods and policy-based methods.

2.4.1 Value-Based Methods

In value-based methods, the agent learns the value of each state st, which represents the
expected cumulative reward that the agent can achieve starting from that state. Once
the agent has a good estimate of the value of each state, the agent selects actions that
maximize the expected return from each state, ultimately leading to the optimal policy.

The value function V is parameterized by a set of parameters ϕ (e.g., the weights in
a linear model or a neural network). During the training process, the parameters ϕ are
adjusted to minimize the error between the estimated value V (st) and the actual returns
observed from the environment. Once this error falls below a specified tolerance, the
current parameters ϕ are considered optimal, denoted as ϕ∗, which best approximate the
value function for each state st over the time horizon t ∈ [0, T − 1]. This adjustment is
controlled by a hyperparameter known as the learning rate α, which dictates the size of
the updates made to the parameters during each step of training.

To enhance understanding of value-based methods, we present two examples: theMonte
Carlo (MC) method and the Temporal Difference (TD) learning method. We will introduce
them as follows.

Monte Carlo Method

In the Monte Carlo (MC) method[34], the value function is evaluated by simulating se-
quences of states, actions, and rewards (i.e., a trajectory (s0, a0, r0, . . . , sT−1, aT−1, rT−1))
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during each episode. For each visit to state st, the return is calculated as:

T−t−1∑
k=0

γkrt+k.

The target value for V (st) is then the average of all such returns across multiple visits to
st. For a value function V parameterized by ϕ and with learning rate α, ϕ is updated by:

ϕ← ϕ+ α (Average of returns at st − V (st)) .

The Monte Carlo method requires complete episodes to compute the value of states or
state-action pairs. This makes it unsuitable for environments where episodes are long or
ongoing. However, it is a model-free approach, meaning it does not require knowledge of
the environment’s dynamics, making it effective in complex, unknown environments.

Temporal Difference (TD) Learning

Similar to the Monte Carlo method, Temporal Difference (TD) learning[49] does not require
a complete model of the environment. However, instead of using full returns like the
Monte Carlo method, the TD method applies the Bellman equation in equation (2.2.2)
and updates the value function incrementally. The target value is the immediate reward
plus the estimated value of the next state:

TD Target = rt+1 + γV ϕ(st+1).

The TD error, which measures the difference between the estimated and actual returns, is
calculated as:

TD Error = rt+1 + γV ϕ(st+1)− V ϕ(st).

And ϕ is updated by:
ϕ← ϕ+ αTD Error.

This allows TD learning to update the value function after each step, rather than waiting
for an episode to complete, making it faster and more efficient.

2.4.2 Policy-Based Methods

Policy-based methods, in contrast to value-based methods, aim to directly optimize the
policy without estimating a value function. The policy is represented as πθ(a | s), where
θ are the parameters of the policy. The objective is to adjust θ to maximize the expected
cumulative reward by using gradient ascent on the policy parameters. This approach is
known as the Policy Gradient method.
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Policy Gradient Method

Recall that the goal of a reinforcement learning agent is to solve the optimization problem
in equation (2.2.1). A common approach to achieve this is to perform gradient ascent on
the objective function with respect to the policy parameters θ[48]. The objective function
is given by:

J(θ) = E

[
T−1∑
t=0

γtrt

]
.

The gradient of the objective function J(θ) is computed and used to update the policy
parameters as follows:

θ ← θ + β∇θJ(θ),

where β is the learning rate. This approach is particularly effective in continuous or high-
dimensional action spaces, where deriving a policy directly from a value function can be
challenging.

2.5 Actor-Critic Algorithm

Algorithm 1 Actor-Critic Algorithm

1: Initialize the value function network ϕ with learning rate α and the policy network θ
with learning rate β.

2: Initialize the environment and Adam optimizers.
3: for each episode l = 1, . . . do
4: for each timestep t of the episode do
5: Select action at according to the current policy πθ(at | st).
6: Perform action at, observe reward rt and next state st+1.
7: Compute TD error: δt = rt + γV ϕ(st+1)− V ϕ(st).
8: Update the critic (value function): ϕ← ϕ+ αδt.
9: Update the actor (policy): θ ← θ + β∇θJ(θ).
10: end for
11: end for
12: Done.

The Actor-Critic algorithm, introduced in [24], is a hybrid approach that combines
policy-based methods (actor) with value-based methods (critic) to improve both stability
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and learning efficiency. The actor is responsible for selecting actions according to the
policy, while the critic evaluates these actions by using the value function. By integrating
the strengths of both approaches, the Actor-Critic algorithm achieves more stable and
effective learning outcomes compared to using either value-based or policy-based methods
alone. In this framework, we use the TD learning method for updating the critic and the
Policy Gradient method for updating the actor.

The Adam optimizer[23] (short for Adaptive Moment Estimation) is widely used in RL
due to its adaptive learning rate and efficient handling of noisy, sparse gradients, making it
particularly suitable for training neural networks. Adam is commonly employed in Actor-
Critic algorithms, where neural networks approximate both the policy (actor) and the value
function (critic).

2.6 Other RL Algorithms

Besides the actor-critic algorithm, there are other popular RL algorithms. Although these
algorithms are not used in our experiments, we provide a brief introduction to them here.

• Soft Actor-Critic (SAC): An improved actor-critic algorithm that aims to maxi-
mize both the expected reward and the entropy of the policy to encourage exploration[19],
it has quickly become one of the most popular RL algorithms due to outperforming
prior on-policy and off-policy methods in sample efficiency and asymptotic perfor-
mance.

• Deep Q-Network (DQN)[35]: An algorithm designed for discrete action spaces
that combines Q-learning with deep neural networks.

• Q-Learning: A classic value-based algorithm where the agent learns the value of
taking an action in a particular state using the Bellman equation.
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Chapter 3

Dynamic CVaR Risk Measure

In this chapter, we focus on solving financial investment problems using RL. We begin by
exploring the concept of risk measures, with particular emphasis on the Conditional Value
at Risk (CVaR) risk measure. We then reformulate CVaR and construct a dynamic CVaR
risk measure, drawing from the work of [39]. Following this, we build a risk-averse objective
function using the dynamic risk measure within our reinforcement learning model. We also
examine the reinforcement learning algorithm presented in [12] and propose improvements
to enhance its performance. Finally, we outline the structure of the reinforcement learning
algorithm as applied to our model.

3.1 The risk measure setting

Evaluating a model’s performance based on a single path can be misleading, as it may reflect
an extreme or atypical scenario. To achieve a more accurate and reliable assessment, the
model should be tested multiple times. For example, instead of relying on the result from
just one price path, we can simulate 100 different price paths and analyze the distribution
of results across these simulations. By considering the entire distribution of outcomes, we
obtain a more comprehensive understanding of the model’s overall performance. However,
working with distributions is more complicated than using a single value, which is why
it is often preferable to summarize them with a single number that captures their key
characteristics. This is where risk measures play a crucial role, particularly in finance.
Risk measures allow us to quantify and evaluate the risk associated with a distribution
of outcomes, simplifying the complexity into a single number that effectively captures the
underlying risk. In finance, the focus is generally more on losses than profits, especially
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when dealing with uncertainties. To mitigate risks effectively, we aim to improve the
worst-case outcomes and address the tail of the distribution, which represents the most
unfavorable results. Two commonly used risk measures for this purpose are Value at Risk
(VaR)[14] and Conditional Value at Risk (CVaR)[38]. VaR estimates the maximum loss
that could occur within a specific time period, while CVaR calculates the average loss when
losses are under the VaR threshold.

3.1.1 VaR and CVaR

For a given confidence level α ∈ [0, 1], VaR of random variables Z is calculated as the
threshold value below which α percent of the data falls. Mathematically, it is defined as:

VaRα(Z) = sup{z ∈ R | Pr(Z ≤ z) ≤ α}. (3.1.1.1)

For a given confidence level α ∈ [0, 1], CVaR of random variables Z is calculated as
the mean of the worst α percent of performance outcomes. It provides a measure of the
expected loss given that a loss is smaller than the VaR threshold, capturing the mean of
the generalized α-tail distribution. Hence it is also called Tail VaR[38]. It is expressed as:

CVaRα(Z) = E[Z | Z ≤ VaRα(Z)]. (3.1.1.2)

CVaR is also often written as below:

CVaRα(Z) = VaRα(Z)−
1

α
E[(VaRα(Z)− Z)+], (3.1.1.3)

where (VaRα(Z)− Z)+ represents the shortfall below VaR.

CVaR offers several advantages over VaR. For instance, CVaR considers the entire dis-
tribution of tail losses rather than just a single point. This allows it to reflect the severity
of tail events more accurately. While VaR might ignore potential extreme losses in the tail,
CVaR captures these losses, making it a more robust measure for assessing and managing
tail risks. Additionally, CVaR is a coherent risk measure, whereas VaR is not [42]. A co-
herent risk measure satisfies four key properties: monotonicity, subadditivity, homogeneity,
and translation invariance, which will be discussed later in this section. Although CVaR
is similar to VaR, its coherent mathematical properties and enhanced ability to handle
tail risk have made it increasingly popular in various applications. In this thesis, we will
focus exclusively on CVaR risk measures and how they are used to formulate dynamic risk
measures in our models.
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3.1.2 Reformulation of CVaR

CVaR, as a coherent risk measure, has many useful properties. The most fundamental one
is the dual representation[40]. This property allows us to reformulate CVaR in equations
(3.1.1.2) and (3.1.1.3) as a form of an optimization problem. We refer to the work in
[12, 44] and begin this section by presenting the necessary mathematical framework used
in the reformulation.

Consider a probability space (Ω, F , Pr) where Ω is the sample space, F is an event
space and Pr is a probability function. Let p ∈ [1,∞]. The space of random variables
Z = Lp(Ω,F ,Pr) is defined as:

Lp(Ω,F ,Pr) = {f : Ω→ R | f is measurable and ∥f∥p <∞} ,

with the p-norm given by:

∥f∥p =
(∫

Ω

|f(x)|p dPr(x)

)1/p

for 1 ≤ p ≤ ∞.

Its dual space Z∗ = Lq(Ω,F ,Pr) is defined for q ∈ [1,∞] with 1
p
+ 1

q
= 1.

For a sequence of variables Zt, t = 1, . . . , T , we assume that Zt ∈ Z, which means
the random variables Zt has a finite p-th order moment with respect to the reference
probability measure Pr [44]. We define the coherent CVaR risk measure as ρ : Z → R,
where Z := Lp(Ω,F ,Pr). Since CVaR is a coherent risk measure [42], it possesses the
following mathematical properties:

Theorem 1. A CVaR risk measure is a mapping ρ : Z → R that has the following
properties for any Z1, Z2 ∈ Z:

(i) Monotonicity: If Z1 ≤ Z2, then ρ(Z1) ≤ ρ(Z2);

(ii) Translation Invariance: If η is a constant, η ∈ R, then ρ(Z1 + η) = ρ(Z1) + η;

(iii) Convexity: ρ(λZ1 + (1− λ)Z2) ≤ λρ(Z1) + (1− λ)ρ(Z2) with 0 ≤ λ ≤ 1;

(iv) Positive homogeneity: ρ(λZ1) = λρ(Z1) with 0 ≤ λ;

(v) Subadditivity: ρ(Z1 + Z2) ≤ ρ(Z1) + ρ(Z2);

(vi) Zero case: ρ(0) = 0.

16



Definition 1. A risk measure is called proper if it is a mapping ρ : Z → R that
satisfies ρ(Z) > −∞ for all Z ∈ Z and has a domain defined as dom(ρ) := {Z ∈ Z :
ρ(Z) < +∞}.

Definition 2. A coherent risk measure ρ : Z → R is said to be lower semicon-
tinuous if for every sequence of random variables (Zn) ⊂ Z that converges to a random
variable Z ∈ Z:

lim inf
n→∞

ρ(Zn) ≥ ρ(Z).

Theorem 2. Representation Theorem ([12, 44]): For a proper, convex and lower
semicontinuous risk measure ρ : Z → R, where Z := Lp(Ω,F ,Pr) and its dual space is
Z∗ := Lq(Ω,F ,Pr), there exists a set U(Pr):

U(Pr) = {ξ ∈ B : Eξ[Z] ≤ ρ(Z), ∀Z ∈ Z} , (3.1.2.1)

with

B :=

{
ξ ∈ Z∗ :

∫
Ω

ξdPr = 1, ξ ≥ 0

}
, (3.1.2.2)

such that

ρ(Z) = sup
ξ∈U(Pr)

Eξ[Z], Z ∈ Z. (3.1.2.3)

The expectation Eξ[Z] taken with respect to the probability measure ξPr is expressed as
follows:

Eξ[Z] =

∫
Ω

ξ(ω)Z(ω)dPr(ω). (3.1.2.4)

A detailed proof that the CVaR risk measure is a proper, convex, and lower semicon-
tinuous risk measure, which can be applied to Theorem 2, can be found in [44]. Consider
Z ∈ Z as a cost variable. Minimizing the risk of Z, evaluated by CVaR, can be formu-
lated as min ρ(Z). By applying Theorem 2, which links CVaR to the dual space, the cost
minimization is expressed as an optimization problem, which can be written as:

min sup
ξ∈U(Pr)

Eξ[Z], Z ∈ Z. (3.1.2.5)
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This reformulation facilitates the computation of risk-adjusted values by considering a
distorted probability measure ξPr. The reformulated CVaR measure is more adaptable in
capturing varying risk preferences, as it adjusts to different probability distributions that
reflect a decision-maker’s risk tolerance. In real-world decision-making, investors may not
strictly follow the probabilities derived from historical data or market statistics. They
might, for example, believe that the chance of extreme losses, such as market crashes
or unexpected events, is higher than what the data suggests. The distorted probability
measures in CVaR enable investors to reweight these scenarios based on their own beliefs,
allowing for a more personalized approach to risk management. This approach also makes
decision-making more robust as it accounts for worst-case scenarios by evaluating the
supremum of expected outcomes under different distorted probability measures.

In financial risk management, where the future is highly interconnected with the present,
decisions made at one point can have far-reaching implications on future stages. For in-
stance, consider a trader who has measured the risk of today’s financial positions. On
the second day, a trade is executed, and the market’s response unfolds. Consequently, the
trader must recompute the risk of the altered position, taking into account the market’s
feedback. Ignoring this future risk can lead to a suboptimal trading strategy. By evaluating
risk based solely on the current stage, the current CVaR risk measure fails to consider the
potential cascading effects of current timestep decisions on subsequent outcomes. There-
fore, we introduce a dynamic convex risk measure methodology, which can address how
risk evaluations at different times are related.

3.1.3 Dynamic convex risk measures

The core aspect of the dynamic convex risk measure is its successive measurement frame-
work, which offers several advantages over conditional convex risk measures. A dynamic
convex risk measure can incorporate the effects of both current and future states, providing
a more comprehensive assessment of risk over time compared to a conditional convex risk
measure. It enhances the decision-making process in long-term planning and constructs
a more robust RL model. Additionally, the dynamic framework itself offers the ability to
dynamically adjust to new information and evolving conditions. It is more flexible and
adaptive than static conditional convex risk measures.

Another important concept mentioned in this chapter is time consistency. Time consis-
tency means that the risk preferences or risk assessments remain stable over time. In other
words, if a certain policy is deemed optimal at an initial time, it should remain optimal as
time progresses, provided no new information alters the underlying risk landscape. This
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property is crucial for ensuring that decisions made at different points in time are aligned
and do not contradict each other.

Using a time-consistent dynamic risk measure ensures that the risk evaluations at var-
ious stages are coherent with one another, thus providing a stable and reliable framework
for decision-making. This consistency helps in building trust in the decision-making pro-
cess and avoids scenarios where earlier decisions are undermined by later risk assessments.
Consequently, employing a time-consistent dynamic risk measure in reinforcement learning
models leads to more reliable and predictable outcomes, enhancing the overall robustness
and effectiveness of the model.

Consider a probability space (Ω, F , Pr), and a filtration F0 ⊂ F1 ⊂ . . . ⊂ FT ⊂ F .
Define the spaces Lt = Lp(Ω,Ft,Pr), p ∈ [1,∞], t = 0, . . . , T , and Lt,T = Lt × Lt+1 ×
. . .×LT . Given an adapted sequence of random variables Z = (Zt, Zt+1, . . . , ZT ), Z ∈ Lt,T

holds and Zt is a cost variable here.

Definition 3. A mapping ρt,T : Lt,T → Lt for t = 0, . . . , T − 1 is called a conditional
risk measure if it satisfies the following monotonicity property:

ρt,T (Z) ≤ ρt,T (W ) for all Z,W ∈ Lt,T such that Z ≤ W. (3.1.3.1)

Definition 4. A conditional risk measure ρt,T : Lt,T → Lt for t = 0, . . . , T − 1 is said
to be a conditional convex risk measure if it satisfies the following properties:

(i) Conditional Translation Invariance: For any Z ∈ Lt,T and η ∈ Lt, ρ(Z1 +
η) = ρ(Z1) + η;

(ii) Conditional Convexity: For any Z,W ∈ Lt,T and λ ∈ Lt with 0 ≤ λ ≤ 1,
ρ(λZ + (1− λ)W ) ≤ λρ(Z) + (1− λ)ρ(W );

(iii) Zero case: ρ(0) = 0.

Definition 5. A conditional convex risk measure ρt,T : Lt,T → Lt for t = 0, . . . , T − 1
is called a conditional coherent risk measure if it satisfies the positive homogeneity property.

Definition 6. A dynamic coherent risk measure is a sequence of conditional coherent
risk measures {ρt,T}T−1

t=0 :

ρt,T : Lt,T → Lt, t = 0, . . . , T − 1. (3.1.3.2)
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Definition 7. A dynamic coherent risk measure {ρt,T}T−1
t=0 is time consistency if the

following implication holds true:

ρt+1,T (Z) ≤ ρt+1,T (W ) =⇒ ρt,T (0, Z) ≤ ρt,(0,W ).

where

Z = (Zt+1, Zt+2, . . . , ZT ),W = (Wt+1,Wt+2, . . . ,WT ), Z,W ∈ Lt+1,T

We have already shown the monotonicity, translation invariance, convexity, and positive
homogeneity of the CVaR risk measure as established in Theorem 1. Additionally, the
CVaR risk measure satisfies the zero case. According to Definition 3, 4 and 5, it is therefore
a conditional coherent risk measure. By Definition 6, a sequence of CVaR risk measures
can be used to construct a dynamic coherent risk measure ρt,T : Lt,T → Lt, for t = 0, . . . , T .

However, directly implementing this dynamic coherent risk measure in its original form
(3.1.3.2) poses several challenges in practice. Since the input Z = (Zt, Zt+1, . . . , ZT ), with
Z ∈ Lt,T , represents a sequence of cost variables, the evaluation of the risk measure requires
waiting until the entire trajectory Z is generated. Additionally, as ρt,T depends on future
risk measures ρt+1,T , . . . , ρT−1,T , when T increases, the number of possible trajectories
expands exponentially, resulting in the computational cost of evaluating ρt,T (Z) increasing
exponentially.

Another key question for a dynamic risk measure is how risk evaluations at different
times are interrelated. In dynamic settings, decisions and risk assessments made at the
current stage often influence those made later. Minimizing risk at one stage might con-
flict with decisions required at subsequent stages, potentially leading to suboptimal or
inconsistent outcomes.

To achieve consistent outcomes, it is crucial that preferences remain aligned over time.
For instance, if a financial position at some future time is always preferable to another
position, it should also be preferable today. Time consistency is a fundamental property
of a dynamic risk measure that ensures risk assessments and decisions remain logically
coherent as time progresses.

Time consistency guarantees that if a policy minimizes risk over the entire time hori-
zon, any portion of that policy, starting from a given stage onward, also minimizes risk for
the remaining time horizon[9]. This property is especially critical in multi-stage decision-
making problems, ensuring that intermediate decisions do not contradict the overall risk
management strategy. In essence, time consistency maintains harmony between present
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and future decisions, enabling a rational and aligned approach to dynamic risk manage-
ment.

Fortunately, [39] proposed a recursive reformulation to address these issues. This nested
form fits naturally within the framework of dynamic programming and significantly re-
duces the computational burden, changing it from exponential growth to linear growth. It
also allows for flexible and responsive decision-making as new information becomes avail-
able, decomposes the overall risk into step-by-step risks generated during the sequential
decision-making process, and makes the risks easier to manage and interpret. Moreover,
this approach ensures time consistency, maintaining coherence in risk evaluations and de-
cisions throughout the entire decision-making process. To understand this approach, we
first introduce the concept of a one-step conditional risk measure.

Definition 8. A one-step conditional risk measure is a mapping ρt :

ρt : Lt+1 → Lt, t = 0, . . . , T − 1. (3.1.3.3)

such that
ρt(Z) = ρt,t+1(0, Z),∀Z ∈ Lt+1. (3.1.3.4)

The CVaR risk measure ρ can be proved to be a one-step conditional risk measure[39].
Let ρt in equation (3.1.3.4) represent the CVaR risk measure for t = 0, . . . , T −1, Consider
L0,T = L0 × L1 × . . . × LT and a sequence of cost variables Z = (Z0, Z2, . . . , ZT ). Define
ρ̃0,T as:

ρ̃0,T (Z) := Z0 + ρ0

(
Z1 + ρ1

(
Z2 + . . .+ ρT−2 (ZT−1 + ρT−1(ZT )) . . .

))
. (3.1.3.5)

ρ̃0,T is a dynamic risk measure by [41]. Notice that we may define ρ̃t,T : Lt,T → Lt with
t ∈ [0, T ] similarly as in (3.1.3.5):

ρ̃t,T (Z) := Zt + ρt

(
Zt+1 + ρt+1

(
Zt+2 + . . .+ ρT−2 (ZT−1 + ρT−1(ZT )) . . .

))
. (3.1.3.6)

We will refer to this as the dynamic CVaR risk measure. We will then prove the time
consistency of this recursive dynamic risk measure form.

Theorem 3. Time-consistent Theorem [39]: Suppose a dynamic risk measure
{ρt,T}T−1

t=0 satisfies the following conditions for all Z ∈ L and all t = 0, . . . , T :

ρt,T (Zt, Zt+1, . . . , ZT ) = Zt + ρt,T (0, Zt+1, . . . , ZT ), (3.1.3.7)
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ρt,T (0, . . . , 0) = 0. (3.1.3.8)

Then it is time-consistent if and only if for all 0 ≤ τ1 ≤ τ2 ≤ T and all Z ∈ L0,T the
following identity is true:

ρτ1,T (Zτ1 , . . . , Zτ2 , . . . , ZT ) = ρτ1,τ2(Zτ1 , . . . , Zτ2−1, ρτ2,T (Zτ2 , . . . , ZT )). (3.1.3.9)

One example presented in [39] that applies Theorem 3 is CVaR. We present this result
as a theorem and provide its proof.

Theorem 4. For a dynamic CVaR risk measure ρ̃t,T , the conditions (3.1.3.7), (3.1.3.8),
and (3.1.3.9) are satisfied, and hence it is time-consistent.

Proof. Referring to Theorem 1, since for a CVaR risk measure ρ, ρ(0) = 0 always holds,
the dynamic risk measure composed of a sequence of CVaR risk measures also satisfies the
zero case, where ρ̃t,T (0, 0, . . . , 0) = 0.

Based on the translation invariance property of CVaR, where ρt(Z +W ) = Z + ρt(W ),
∀Z ∈ Lt,W ∈ Lt+1, equation (3.1.3.7) holds by default for ρ̃t,T . Note that Zt is assumed
to be a Ft-measurable random variable here.

Next, consider equation(3.1.3.6):

ρ̃τ1,T (Zτ1 , . . . , Zτ2 , . . . , ZT ) = Zτ1 + ρτ1

[
Zτ1+1 + ρτ1+1

(
Zτ1+2 + . . .

. . .+ Zτ2 + ρτ2 (Zτ2+1 + . . .+ ρT (ZT )) . . .

)]
= Zτ1 + ρτ1

[
Zτ1+1 + ρτ1+1

(
Zτ1+2 + . . .+ ρ̃τ2,T (Zτ2 , . . . , ZT ) . . .

)]
= ρ̃τ1,T (Zτ1 , . . . , Zτ2−1, ρ̃τ2,T (Zτ2 , . . . , ZT ), 0, 0, . . . , 0︸ ︷︷ ︸

T−τ2 zeros

)

= ρ̃τ1,τ2(Zτ1 , . . . , Zτ2−1, ρ̃τ2,T (Zτ2 , . . . , ZT )).

Thus, equation (3.1.3.9) is satisfied. Therefore, by Theorem 3, we can conclude that the
dynamic CVaR risk measure {ρ̃t,T}T−1

t=0 is time-consistent.

For a cost sequence ct, t = 0, . . . , T − 1, we define Z0 = 0 and Zt+1 = ct for t =
0, . . . , T − 1. By employing the time-consistent, dynamic convex risk measure {ρ̃t,T}T−1

t=0
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formulated by CVaR ρt, t ∈ [0, T − 1] in this section, we derive the following form:

ρ̃0,T−1(Z0, . . . , ZT−1) =ρ̃0,T−1

(
0, c0, . . . , cT−1

)
=ρ0

(
c0 + ρ1

(
c1 + ρ2

(
c2 + . . .+ ρT−1 (cT−1) . . .

)))
. (3.1.3.10)

3.2 The RL algorithm setting

In this section, we will build an RL model to solve financial investment problems. We delve
into enhancing the RL algorithm in [12]. We begin by introducing the risk-averse objective
function that will be incorporated into the algorithm. The function is expressed as:

min
π
ρ̃

(
T−1∑
t=0

ct

)
,

and will be discussed in the following. Next, we conduct a thorough examination of the
original algorithm, highlighting its key features and underlying principles. Following this,
we present our contributions, detailing the improvements and modifications we make.

3.2.1 Risk-averse objective function

As introduced in Section 2.2, for a risk-neutral reinforcement learning (RL) model with a
MDP framework ⟨S,A,P,R⟩, the objective function is formulated as:

max
π

E

[
T−1∑
t=0

γtrt

]
. (3.2.1.1)

However, especially in volatile environments, focusing solely on expected returns can
lead to large potential losses that may outweigh the benefits of high rewards. To ensure
more consistent outcomes, prioritizing stability and safeguarding against adverse scenarios,
we set the goal for the RL learner as minimizing the total cost. In a risk-averse RL model,
minimizing total risk is more important than maximizing average returns. For example, a
risk-averse RL agent prefers an action with a lower but guaranteed reward over one with
a potentially higher expected return but also a significant chance of loss.

In a risk-averse RL setting, we consider a MDP with the tuple (S ,A,P,C), where
the reward function is replaced by a cost function C : S × A × S → R. The cost ct =
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C(st, at, st+1) represents the negative impact incurred at time t ∈ [0, T −1] when the agent
transitions from state st to state st+1 via action at. Equation (3.2.1.1) is reformulated as:

min
π

E

[
T−1∑
t=0

γtct

]
, (3.2.1.2)

where the goal is to minimize the expected cumulative cost, which represents the objective
function for a risk-averse RL model.

However, equation (3.2.1.2) only considers the expected value of the cost, ignoring
the variability associated with the cost. For instance, two policies might have the same
expected cost, but one could have a much higher risk of extreme negative outcomes, it
is hard to tell which one is better by looking at the expected cost. Therefore, using
a CVaR dynamic risk measure ρ̃ is a better approach to quantify and manage the cost
than simply relying on expectation. Applying the risk measure to the objective function
ensures that the optimal strategy is robust against potential worst-case scenarios. It helps
in creating strategies that are more consistent and reliable, especially in situations where
large deviations from the expected outcome could be detrimental. The new risk-averse
objective function, which incorporates the CVaR dynamic risk measure ρ̃, is expressed as:

min
π
ρ̃

(
T−1∑
t=0

γtct

)
. (3.2.1.3)

In portfolio optimization problems, future risks are often as important as current ones.
Discounting them is not reasonable, so we set γ = 1. Hence equation (3.2.1.3) becomes:

min
π
ρ̃

(
T−1∑
t=0

ct

)
. (3.2.1.4)

As proven in Section 3.1.3, this objective function in equation (3.2.1.4) satisfies the
time-consistency property, which is crucial in dynamic settings. Time consistency ensures
that decisions made today remain optimal in the future as more information becomes
available, thereby preventing policy shifts that could lead to suboptimal outcomes.

3.2.2 Optimization problem formulation

In this section, we extend equation (3.2.1.4) using a form of equation (3.1.3.10) to formulate
an optimization problem. Consider an RL model with a modified discrete-time MDP
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represented by the 4-tuple ( S ,A,P,C ). Recall from Chapter 2 that in this RL model,
a policy π is parameterized by some parameters θ. Since the policy governs the agent’s
decisions, different values of θ result in different actions being taken, which in turn leads to
different states being reached. Therefore, in state st, we denote the action selected under
the policy πθ as aθt , and the resulting next state as sθt+1. The policy πθ(at = a | st = s)
represents the probability of taking action aθt = a given the current state s. The term
P(st+1 = s′ | st = s, at = a) represents the probability of transitioning from state s to
state sθt+1 = s′ after taking action a, based solely on the environment’s dynamics. This
probability is independent of the policy πθ, meaning it does not depend on how actions are
chosen by the agent, but only on the inherent behavior of the environment. The transition
probability function Pθ under a fixed policy πθ is the product of the environment’s inherent
transition dynamics P(st+1 = s′ | st = s, at = a) and the policy’s decision-making process
πθ(at = a | st = s), as shown below:

Pθ(st+1 = s′ | st = s, at = a) = P(st+1 = s′ | st = s, at = a) · πθ(at = a | st = s) (3.2.2.1)

Consider Z0 = 0 and Zt+1 = cθt = C(st, a
θ
t , s

θ
t+1) for t = 0, . . . , T − 1, where cθt ∈ Zθ

t+1 =

L1({st}×Aθ
t ×S θ

t+1,F ,Pθ) and Zθ,∗
t+1 is defined as the dual space of Zθ

t+1. Here, the set A
θ
t

represents all possible actions aθt that the agent can take in the current state st, and S θ
t+1

represents all possible states sθt+1 that the agent can reach after taking action aθt . Recall
from Theorem 2, the CVaR risk measure ρt(Zt+1), t = 0, . . . , T − 1, can be written as:

ρt(Zt+1) = sup
ξ∈U(Pθ(st+1|st,at))

Eξ[Zt+1], t ∈ [0, T − 1], (3.2.2.2)

where

U(Pθ(st+1 | st, at)) =
{
ξ ∈ B : Eξ[Zt+1] ≤ ρ(Zt+1), ∀Zt+1 ∈ Zθ

t+1

}
, (3.2.2.3)

with

B :=

ξ ∈ Z∗ :
∑

ω∈({st}×Aθ
t×Sθ

t+1)

ξ(ω)Pθ(ω) = 1, ξ ≥ 0

 . (3.2.2.4)

Eξ[Zt+1] is defined as:
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Eξ[Zt+1] =
∑

(st,a,s′)

ξ(st, a, s
′)Pθ(s′ | st, a)Zt+1(st, a, s

′), (3.2.2.5)

=
∑

(st,a,s′)

ξ(st, a, s
′)P(st+1 = s′ | st = st, at = a, )πθ(at = a | st = st)Zt+1(st, a, s

′).

(3.2.2.6)

We adapt the CVaR expression shown in equation (3.2.2.2) on equation (3.1.3.10) and
then refine the objective function in equation (3.2.1.4) as follows:

min
θ

ρ̃0,T−1(Z0, . . . , ZT ) = min
θ
ρ̃0,T−1

(
C(s0, a

θ
0, s

θ
1), . . . , C(sT−1, a

θ
T−1, s

θ
T )

)
,

= min
θ
ρ̃0,T−1

(
cθ0, . . . , c

θ
T−1

)
,

= min
θ
ρ0

(
cθ0 + ρ1

(
cθ1 + ρ2

(
cθ2 + . . .+ ρT−1

(
cθT−1

)
. . .

)))
,

= min
θ

sup
ξ∈U(Pθ(s1|s0,a0))

(
Eξ

(
cθ0 + sup

ξ∈U(Pθ(s2|s1,a1))
Eξ

(
cθ1 + · · ·

+ sup
ξ∈U(Pθ(sT |sT−1,aT−1))

Eξ

(
cθT−1

)
· · ·
)))

. (3.2.2.7)

The solution θ∗ for equation (3.2.2.7) will lead to the optimal policy πθ∗ .

To solve equation (3.2.2.7), we draw upon dynamic programming techniques and de-
compose the equation into a series of subproblems that can be solved sequentially. We
define the value function Vt(s) in a backward manner, starting from the terminal state and
moving backward in time. First, consider the case when t = T − 1 in equation (3.2.2.7) for
some θ:

VT−1(s; θ) = sup
ξ∈U(Pθ(sT |sT−1=s,aT−1))

Eξ[c
θ
T−1]. (3.2.2.8)

Next, for t = T − 2, we can express it as:

VT−2(s; θ) = sup
ξ∈U(Pθ(sT−1|sT−2=s,aT−2))

Eξ[c
θ
T−2 + VT−1(s

θ
T−1; θ)]. (3.2.2.9)

For t ∈ [0, T − 3], we derive Vt inductively in the same backward fashion. Consequently,
for t ∈ [0, T − 2], the value function at time t is:

Vt(s; θ) = sup
ξ∈U(Pθ(st+1|st=s,at))

Eξ[c
θ
t + Vt+1(s

θ
t+1; θ)]. (3.2.2.10)
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This recursive approach defines the value function for each timestep, allowing us to break
down the original optimization problem in equation (3.2.2.7) into optimizing manageable
subproblems, as expressed in equations (3.2.2.8), (3.2.2.9), and (3.2.2.10).

To optimize these value functions, we employ the policy gradient approach introduced
in Section 2.3. The optimal policy πθ is learned by following the update rule θ ← θ+β∇θVt,
where β is a predefined learning rate.

Theorem 5. Gradient of Value Functions[12]: ∀s ∈ A, the gradient of the value
function V at period T − 1 is given by:

∇θVT−1(s; θ) = Eξ∗
[
(C(s, aθT−1, s

θ
T )− λ∗)∇θ log π

θ(aT−1 = aθT−1 | sT−1 = s)
]
, (3.2.2.11)

and the gradient of the value function at time t ∈ [0, T − 2] is:

∇θVt(s; θ) = Eξ∗
[(
C(s, aθt , s

θ
t+1) + Vt+1(s

θ
t+1; θ)− λ∗

)
∇θ log π

θ(at = aθt | st = s)

+∇θVt+1(s
θ
t+1; θ)

]
, (3.2.2.12)

where (ξ∗, λ∗) is any saddle-point of the Lagrangian function of equations (3.2.2.8) and
(3.2.2.10) respectively.

We make the same assumptions as in [12], which states that the logarithm of the
transition probabilities, log(Pθ), is differentiable with respect to θ when Pθ ̸= 0, and
that its gradient is bounded. Recall from equation (3.2.2.1) that the term P(st+1 = s′ |
st = s, at = a) is independent of the policy πθ. Consequently, the gradient of log(Pθ),
∇θ log(Pθ(st+1 = s′ | st = s, at = a)), is equal to ∇θ log π

θ(at = a | st = s).

In Theorem 5, we apply the Lagrangian method to find the optimal solution ξ∗ for
the optimization problem in equation (3.2.2.7). By decomposing the original problem
in equation (3.2.2.7) into subproblems, as shown in equations (3.2.2.8), (3.2.2.9), and
(3.2.2.10), we can compute the gradients of each subproblem provided in Theorem 5 to
iteratively update θ. The saddle point is obtained when the gradients are equal to zero.
The detailed proof, including the gradient derivation, Lagrangian functions, and optimality
conditions, can be found in [12].

3.2.3 Improvement

In this section, we present the main contribution of our model. While we maintain the
same approach for policy estimation, the novelty of our method lies in reformulating the
estimation of the value function.
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We have derived the formulas for calculating the value functions, as shown in equations
(3.2.2.8) and (3.2.2.10), and the policy functions, as outlined in equations (3.2.2.11) and
(3.2.2.12). However, in practical implementation, it is challenging to efficiently compute
ξ∗,v for VT that maximizes

Eξ[c
θ
T−1] =

∑
(sT−1,a,s′)

ξ(sT−1, a, s
′)P(sT = s′ | sT−1 = sT−1, aT−1 = a)

πθ(aT−1 = a | sT−1 = sT−1)C(sT−1, aT−1, sT ). (3.2.3.1)

The issue for computing equation (3.2.3.1) is as follows. One common method is to
perform a linear search which will involve iterating over all possible ξ ∈ U . For a discrete
action space A, unless A is finite and has a small size, it is impractical to compute all
the combinations (sT−1, a, s

′). In many financial applications, the allowable trade amounts
are typically not limited to a small range. Consequently, iterating over all possible trade
amounts a to generate all combinations of (sT−1, a, s

′) becomes unrealistic and results in
prohibitively high computational costs.

Since it is costly and impractical to compute all the combinations (sT−1, a, s
′) needed

to accurately evaluate Eξ[c
θ
T−1], finding the optimal ξ∗,v that maximizes Eξ[c

θ
T−1] becomes

challenging. Similarly, for t = 0, . . . , T − 2, the value function Vt faces the same issue in
approximating the value of

Eξ[c
θ
t + Vt+1(s

θ
t+1; θ)],

making it difficult to achieve the optimal ξ∗,v. One can approximate Eξ[c
θ
T−1] by generating

a subset of combinations (sT−1, a, s
′), but the computed value will only asymptotically

approach Eξ[c
θ
T−1] and will never exactly match the true value. Depending on different

set of combinations (sT−1, a, s
′) used, Eξ[c

θ
T−1] could yield different results. Furthermore,

increasing the number of generated combinations significantly raises the computational
cost without resolving the underlying issue.

To summarize, while theoretical solutions might exist, their practical implementation
remains limited by computational resources and the intrinsic limitations of the estimation
process. Another concern is that since Vt is constructed in a nested form, it incurs a higher
computational cost than a linear form. The error between the practical result and the
theoretical result arising in the current step also affects the next timestep, causing the
deviation to accumulate like a snowball.

While finding the optimal ξ∗,v in the value function Vt is challenging, we can utilize a
specific ξ∗,policy, along with λ∗,policy, that forms the saddle point of the Lagrangian function
of Vt, as outlined in Theorem 5. A saddle point is a point on the surface of the value function
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where the gradient is zero, representing either a maximum or minimum. Since the optimal
ξ∗,v corresponds to the scenario that maximizes the value, it must lie at a saddle point.
Although multiple saddle points may exist, we can narrow down the range of possible
values for ξ∗,v by focusing on the saddle points ξ∗,policy. Therefore, we propose using this
ξ∗,policy corresponding to the maximum scenario as an efficient alternative for determining
the optimal ξ∗,v. This approach eliminates the need to perform an exhaustive search over
all possible ξ ∈ U(Pθ(st+1 | st, at)), which was previously required to identify ξ∗,v. As
a result, it significantly reduces computational complexity by removing the necessity to
compute the supremum term in Vt at each timestep. Moreover, by maintaining the same
ξ∗,policy across both value and policy functions, we ensure a tighter coupling between the
two, which leads to more cohesive updates. This unified approach avoids potential conflicts
between policy and value updates that could occur when separate optimal values of ξ are
calculated for each function.

Previously, ξ∗,v was computed in both the value functions, specifically in equations
(3.2.2.8) and (3.2.2.10). By only calculating ξ∗,policy in the policy functions, as shown in
equations (3.2.2.11) and (3.2.2.12), and retaining it as the optimal one for the value func-
tions, we streamline the computation, reducing both time and complexity. For simplicity,
we now denote ξ∗,policy as ξ∗. Consequently, equation (3.2.2.8) is now rewritten as:

VT−1(s; θ) = Eξ∗ [c
θ
T−1], (3.2.3.2)

=
∑

(sT−1,a,s′)

ξ∗(sT−1, a, s
′)P(sT = s′ | sT−1 = sT−1, aT−1 = a)

πθ(aT−1 = a | sT−1 = sT−1)C(sT−1, aT−1, sT ). (3.2.3.3)

Recall that we divided the objective function in equation (3.2.2.7) into a value function
form in equations (3.2.2.8) and (3.2.2.10). Hence, minimizing the objective function can
be treated as minimizing the value functions. For instance, to minimize VT−1(s; θ), we can
express the problem as:

min
θ
VT−1(s; θ) = min

θ
Eξ∗ [c

θ
T−1]. (3.2.3.4)

As discussed earlier, it is difficult to accurately estimate Eξ∗ [c
θ
T−1] since computing

all the possible combinations of (sT−1, a, s
′) is computationally infeasible. During the

testing phase, the trained agent selects only the action that minimizes the expected cost
at the current state st. Considering the performance of other suboptimal actions becomes
unnecessary, as the focus should be on the performance of the best action and improving it.
A greedy action (aθt )greedy involves selecting the action that minimizes the expected cost at
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the current state st, as guided by the policy neural network πθ. Specifically, for t = T − 1,
this can be formulated as:

(aθT−1)greedy = arg min
a∈Aθ

T−1

Eπθ

[C(sT−1, a, sT )] . (3.2.3.5)

Thus, instead of using a subset of the possible combinations of (sT−1, a, s
′) to evaluate

Eξ∗ [c
θ
T−1], we focus on the specific combination that includes the greedy action. Since for

any given state st, there is only one best action (the greedy action), this subset contains
only one element (sT−1, (a

θ
T−1)greedy, (s

θ
T )greedy). Therefore, the expectation operator over

actions and states in the value function Vt, as seen in equations (3.2.2.8) and (3.2.2.10),
is no longer necessary. This simplification aligns with the testing procedure, where the
greedy action is consistently selected. The value function Vt can now be rewritten as:

VT−1(s; θ) = cθT−1 = C(sT−1, (a
θ
T−1)greedy, (s

θ
T )greedy), (3.2.3.6)

with (aθT−1)greedy defined in equation (3.2.3.5). Similarly

Vt(s; θ) = cθt = C(snt , (a
θ
t )greedy, (s

θ
t+1)greedy) + Vt+1((s

θ
t+1)greedy; θ), (3.2.3.7)

where

(aθt )greedy = arg min
a∈Aθ

t

Eπθ

[C(st, a, st+1)] . (3.2.3.8)

By eliminating the supremum term and expectation calculation in the value functions,
we can significantly reduce the computational burden and accelerate the overall algorithm.
Moreover, by applying a greedy action only in the value function estimation, we ensure
that exploration is concentrated on improving the policy, while exploitation is maximized
during the value function estimation. This balanced approach enhances learning efficiency
and can lead to better overall performance.

3.3 The RL algorithm

We present the proposed reinforcement learning algorithm here. We use the same neural
network in [12] to represent both the value function V and policy, with corresponding
parameters ϕ and θ. Our implementation follows an actor-critic structure, as described in
Chapter 2.
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The main algorithm (Algorithm 1) consists of two main steps: For each episode l =
1, . . . , L, the Critic Update (Algorithm 2) is followed by the Actor Update (Algorithm 3).
The Critic Update focuses on updating the value function network, while the Actor Update
focuses on improving the policy network. These updates are performed iteratively over a
series of training loops.

We set the gradients of V ϕ to zero at the beginning of the Critic Update algorithm.
We simulate NV trajectories of states st for t = 0, . . . , T − 1. For each state st, a greedy
action (aθt )greedy is selected by πθ. This greedy action is then executed, obtaining the next
state st+1 and the associated cost ct. For each timestep t ∈ [0, T − 1] and each trajectory
n ∈ [0, NV ], the predicted values vnt = V ϕ

t (s
n
t , θ) are computed. Note that the target values

are calculated using our reformulated equations (3.2.3.6) and (3.2.3.7).

For t = T − 1, the target value is calculated as:

vnT−1 = VT−1(s
n
T−1; θ) = C(snT−1, (a

θ
T−1)greedy, (s

θ
T )greedy).

For t < T − 1, the target value is calculated as:

vnt = Vt(s
n
t ; θ) = C(snt , (a

θ
t )greedy, (s

θ
t+1)greedy) + Vt+1((s

θ
t+1)greedy; θ).

The mean squared loss between the target values and the predicted values is then
calculated. An Adam optimizer step is applied to update ϕ, completing the Critic Update
process.

The Actor Update algorithm shares a similar structure as the Critic one. The target
values are calculated following equations (3.2.2.11) and (3.2.2.12). Since we have multiple
transitions for each timestep, we take the mean of the of the gradient loss and use that as
our loss here, and an Adam optimizer step is applied to update θ, completing the Actor
Update process.

Algorithm 2 Main Algorithm: Actor-Critic

1: Initialize V network ϕ with learning rate α and policy network θ with learning rate β;
2: Initialize the environment and Adam optimizers;
3: for each episode l = 1, . . . , L do
4: Critic Update( );
5: Actor Update( );
6: end for
7: Done
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Algorithm 3 Critic Update

1: Critic update
2: for each training loop i do
3: Set the gradients of V ϕ to zero;
4: Simulate NV trajectories of st, t = 0, . . . , T − 1;
5: Select a greedy action (aθ,nt )greedy for each n ∈ [1, N ] given state snt ;

6: Execute the action (aθ,nt )greedy
7: Observe state (sθ,nt+1)greedy and cost (cθ,nt )greedy = C(snT−1, (a

θ,n
T−1)greedy, (s

θ,n
t+1)greedy);

8: for every timestep t = 0, . . . , T − 1 do
9: for each trajectory n = 1, . . . , NV do
10: Compute the predicted values vnt = V ϕ

t (s
n
t , θ);

11: if t = T − 1 then
12: Apply the equation (3.2.3.6) to calculate the target value;

vnT−1 = (cθ,nT−1)greedy;

13: else
14: Apply the equation (3.2.3.7) to calculate the target values;

vnt = (cθ,nt )greedy + Vt+1((s
θ,n
t+1)greedy; θ);

15: end if
16: end for
17: end for
18: end for
19: Calculate the mean squared loss between the target values and the predicted values;
20: Apply an Adam optimizer step to update ϕ;
21: Done
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Algorithm 4 Actor Update

1: Actor update
2: for each training loop i do
3: Set the gradients of πθ to zero;
4: Simulate Npolicy trajectories of st, t = 0, . . . , T − 1;

5: Select a list (with size Mpolicy) of random actions aθ,n,mt based on snt for each n ∈
[1, Npolicy], m ∈ [1,Mpolicy];

6: Execute action aθ,n,mt and observe next state sθ,n,mt+1 , cost cθ,n,mt , and the log proba-

bility ∇θ log π
θ(aθ,n,mt , snt );

7: Get a saddle-point (ξ∗, λ∗) and compute ξ
∗,(n,m)
t = ξ∗(aθ,n,mt , sθ,n,mt+1 );

8: for every timestep t = 0, . . . , T − 1 do
9: for each trajectory n = 1, . . . , Npolicy do

10: Compute the predicted values vnt = V ϕ
t (s

n
t , θ);

11: if t = T − 1 then
12: Apply the equation (3.2.3.11) to calculate the gradient ∇θVt(s

n
t ; θ);

loss
(n)
T−1 =

1

M

M∑
m=1

ξ
∗,(n,m)
T−1

(
cθ,n,mT−1 − λ

∗
)
∇θ log π

θ(aθ,n,mT−1 , s
n
T−1);

;
13: else
14: Apply the equation (3.2.3.12) to calculate the gradient ∇θVt(s

n
t ; θ);

loss
(n)
t =

1

M

M∑
m=1

ξ
∗,(n,m)
t

(
cθ,n,mt + V ϕ(sθ,n,mt+1 ; θ)− λ∗

)
∇θ log π

θ(aθ,n,mt , snt );

15: end if
16: end for
17: end for
18: end for
19: Calculate the mean of the gradient loss sequence lossnt ;
20: Apply an Adam optimizer step to update θ;
21: Done
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Chapter 4

Optimal Trade Execution

One of the classic problems in the financial area is optimal trade execution[3]. It focuses on
finding an optimal strategy for executing large orders within a specific time frame, aiming
to maximize total expected returns while managing risk throughout the trading process.
In this chapter, we will discuss how to use reinforcement learning to solve the optimal
trade execution problem. Section 4.1 provides an introduction to the problem. Section 4.2
formulates the problem. Section 4.3 reviews the methodology presented in [3]. In Section
4.4, we present our contribution by constructing a reinforcement learning framework to
address the problem, followed by Section 4.5, where we propose an RL algorithm based on
the settings outlined in Section 4.4.

4.1 Introduction

Optimal trade execution is a well-established problem in finance. The goal of this problem
is to execute a designated number of shares of a given stock within a fixed time period
with the highest expected returns[8]. The execution can involve either all buying or all
selling, but it is not permitted to have both buy and sell actions within a single experiment.
However, focusing solely on maximizing returns can result in great uncertainty, resulting
in high volatility of the returns. Obtaining a balance between return and uncertainty is
important here. Hence, the optimal trade execution problem typically involves optimizing
a combination of return and uncertainty nowadays[3].

Variance is a common metric used to measure the uncertainty or risk associated with
returns on an investment in finance. A higher variance indicates that returns are spread
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over a wider range, signifying greater uncertainty and potential volatility. Conversely, a
lower variance suggests that returns are more consistent and closer to the mean, reflecting
lower risk.

Instead of focusing on returns, we consider losses, which can be viewed as costs. A
higher return corresponds to a smaller loss relative to the initial portfolio value, making
the objective of maximizing returns equivalent to minimizing losses. In [3], the shortfall x
is defined as the loss, calculated as the difference between the initial portfolio value and
the value of the portfolio at the end.

Optimizing a combination of return and uncertainty can thus be reframed as optimiz-
ing a combination of the expectation of shortfall x and its variance. The optimal trade
execution problem can be formulated as the following optimization problem:

min
x

(E(x) + λVar(x)) , (4.1.1)

where λ ∈ [0,∞) represents the weight given to variance. A higher λ indicates greater
emphasis on variance. If λ = 0, the problem reduces to a standard wealth-maximization
(shortfall-minimization) scenario, where maximizing returns is the only concern. In [3],
the researchers developed a discrete-time, stochastic control framework to solve equation
(4.1.1). This method is called as Almgren-Chriss model and will be introduced in Section
4.3.

4.2 Problem Formulation

We formulate the optimal trade execution problem following the definition in [3], focusing
exclusively on the all selling scenario. For a trading horizon T , we divide it into N intervals,
resulting in a total of N + 1 timestep points. The length of time between two consecutive
timesteps is denoted as τ = T

N
.

Initially, at the discrete-time t = 0, the agent holds Q shares of a stock. The task is
to determine the amount ut of the shares to sell at each timestep t for t ∈ [1, N ]. By the
end of the trading period, at t = N , all shares must be sold, leaving a zero inventory. The
inventory size throughout the entire trading trajectory can be defined as a sequence qt,
t = 0, . . . , N , where:

qt = Q−
t∑

j=1

uj =
N∑

j=t+1

uj, t = 1, . . . , N, q0 = Q =
N∑
j=1

uj and qN = 0. (4.2.1)
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The selling amount ut can also be written as ut = qt−1 − qt, for t = 1, . . . , N .

When attempting to sell a fixed number of shares, it is highly likely that the highest
bidding price will not be able to take the entire quantity. Consequently, some shares may
be sold at lower prices than initially expected. In finance, this phenomenon is known as
slippage[18], where the slippage rate quantifies the difference between the expected and
actual transaction prices.

Therefore, when shares are sold at a time step t with a corresponding price Xt, the
actual average transaction price is typically lower than Xt. To model this situation, we use
a temporary impact function h, where the input to h at time step t is the current selling
rate, expressed as ut

τ
. In [3], the temporary impact function h

(
ut

τ

)
is defined as:

h
(ut
τ

)
= ϵ sgn(ut) + η

ut
τ
, (4.2.2)

where sgn is the sign function and ϵ is used as fixed costs of selling. When we perform
a sell action ut with a price Xt−1 from the previous timestep , the average selling price
Xaverage

t at timestep t is given by:

Xaverage
t = Xt−1 − h

(ut
τ

)
, t ∈ [1, N ], (4.2.3)

where h
(
ut

τ

)
is defined in equation (4.2.2).

Besides the temporary impact on the market price, there also exists a permanent im-
pact. Permanent impact refers to changes in the “equilibrium” price[3]. Every time we
perform a trade, especially when the trade amount is large, we adjust the balance between
supply and demand in the market. The permanent price impact function is denoted as g,
where the input of the function g at time step t is ut

τ
, the current selling rate. A linear

permanent impact function g(ut

τ
) in [3] is defined as:

g(
ut
τ
) = ζ

ut
τ
, (4.2.4)

where the constant ζ is the permanent price impact factor.

The price of a stock is influenced by three main factors: drift rate, volatility, and market
impact. Drift rate and volatility arise from the stochastic processes that drive the stock’s
price, while market impact, which is divided into temporary and permanent price impacts,
reflects the market’s response to trading actions. Temporary price impact is short-lived,
affecting only the trade price at the current timestep, whereas permanent price impact
influences future prices. Therefore, we focus exclusively on the permanent price impact

36



here. The price evolution model in [3] assumes that the agent has no knowledge of future
price movements, and thus, does not include a drift term. The price evolution is described
by the following equation:

Xt = Xt−1 + σ
√
τ ξt − τ g

(ut
τ

)
, t ∈ [1, N ], (4.2.5)

where σ represents the volatility of the asset, ξt are independent draws from a standard
normal distribution.

With a given initial stock priceX0, the initial portfolio value of our position is calculated
as X0Q. The cumulative money earned at each timestep presents the total wealth at the
end, shown as:

N∑
t=1

utX
average
t = X0Q+

N∑
t=1

(
σ
√
τξt − τg

(ut
τ

))
qt −

N∑
t=1

uth
(ut
τ

)
. (4.2.6)

A detailed proof of the validity of equation (4.2.6) can be found in [3]. Mathematically, we
denote the shortfall x as:

x = X0Q−
N∑
t=1

utX
average
t ,

= −
N∑
t=1

(
σ
√
τξt − τg

(ut
τ

))
qt +

N∑
t=1

uth
(ut
τ

)
. (4.2.7)

Recall from equation (4.1.1), we denote E(x) for the expected shortfall and V ar(x) for
the variance of the shortfall. The λ parameter here is a measure of risk aversion. The
higher the value of λ, the more we are willing to prioritize reducing variance, even if it
means sacrificing some expected cost. Overall, the mean-variance optimization problem is
represented as:

min
x

(E(x) + λV ar(x)) , (4.2.8)

with x defined in equation (4.2.7).

4.3 Almgren-Chriss Model

The Almgren-Chriss model [3] employs a discrete-time, stochastic control framework to
derive the optimal trade list ut, for t ∈ [0, N−1]. In this section, we outline the construction
of this framework and present the model’s solution for deriving the optimal trades.
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With x defined in equation(4.2.7), we readily compute E(x) and V ar(x) as follows:

E(x) =
N∑
t=1

τqtg
(ut
τ

)
+

N∑
t=1

uth
(ut
τ

)
, (4.3.1)

V ar(x) = σ2

N∑
t=1

τq2t . (4.3.2)

Substituting g
(
ut

τ

)
and h

(
ut

τ

)
in equations (4.2.2) and (4.2.4) into (4.3.1), we obtain

E(x) =
N∑
t=1

τqtζ
ut
τ

+
N∑
t=1

ut

(
ϵ sgn(ut) + η

ut
τ

)
,

=
N∑
t=1

qtζut +
N∑
t=1

utϵ sgn(ut) +
N∑
t=1

η
u2t
τ
,

= ζ
N∑
t=1

qtut + ϵ
N∑
t=1

|ut|+ η
N∑
t=1

u2t
τ
,

= ζ
N∑
t=1

qt(qt−1 − qt) + ϵ
N∑
t=1

|ut|+ η
N∑
t=1

u2t
τ
,

= ζ
N∑
t=1

(qtqt−1 − q2t ) + ϵ
N∑
t=1

|ut|+ η
N∑
t=1

u2t
τ
,

=
1

2
ζ

N∑
t=1

(q2t−1 − q2t − (qt − qt−1)
2) + ϵ

N∑
t=1

|ut|+ η
N∑
t=1

u2t
τ
,

=
1

2
ζQ2 − 1

2
ζ

N∑
t=1

u2t + ϵ

N∑
t=1

|ut|+ η

N∑
t=1

u2t
τ
,

=
1

2
ζQ2 + ϵ

N∑
t=1

|ut|+ (
η

τ
− 1

2
ζ)

N∑
t=1

u2t ,

=
1

2
ζQ2 + ϵ

N∑
t=1

|ut|+
η̃

τ

N∑
t=1

u2t , (4.3.3)

where η̃ = (η − 1
2
ζτ). Note here we only consider a pure sell case, therefore

∑N
t=1 |ut| =
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|Q| = Q. With respect to q1, . . . , qN , we can rewrite equation (4.3.3) as

E(x) =
1

2
ζQ2 + ϵQ+

η̃

τ

N∑
t=1

(qt−1 − qt)2. (4.3.4)

Consider (4.3.2) and (4.3.4), J(x) = E(x)+λV ar(x) can be seen as a quadratic function
with q1, . . . , qN ; and it is strictly convex for λ ≥ 0[3]. Hence, we can obtain the unique
global minimum by setting its partial derivatives to zero. More precisely, the derivative
w.r.t. qt, t ∈ [1, N − 1] is given by:

∂J

∂qt
= 2τ

(
λσ2qt −

η̃

τ 2
(qt−1 − 2qt + qt+1)

)
. (4.3.5)

Setting equation (4.3.5) to zero, we have:

1

τ 2
(qj−1 − 2qj + qj+1) = κ̃2qj, (4.3.6)

with

κ̃2 =
λσ2

η̃
=

λσ2

(η − 1
2
ζτ)

=
λσ2

η
(
1− ζτ

2η

) . (4.3.7)

The final solution of equation (4.3.7) is a combination of the exponential exp(±κtτ), where
κ satisfies

2

τ 2
(cosh(κτ)− 1) = κ̃2. (4.3.8)

Solving equation (4.3.6) with κ̃ satisfies equation (4.3.8), we obtain the optimal in-
ventory list {qt}Nt=0 and its corresponding trade list {ut}Nt=1. Performing a trade amount
ut at each timestep t ∈ [1, N ] make us able to achieve the minimum value of J(x) =
E(x) + λV ar(x). The detailed proof and calculation procedures can be found in [21]. The
form of {qt}Nt=0 and {ut}Nt=1 are shown as:

qt =
sinh(κ(T − tτ))

sinh(κT )
Q, t = 0, . . . , N − 1, qN = 0, (4.3.9)

and the corresponding trade list is calculated by:

ut =
2 sinh

(
1
2
κτ
)

sinh(κT )
cosh

(
κ

(
T − (t− 1

2
)

))
Q, t = 1, . . . , N, (4.3.10)
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This approach is efficient when the price impact functions and price evolution are
modeled linearly. However, in the case of nonlinear price impact functions, the objective
function J(x) = E(x)+λV ar(x) can become non-convex, potentially resulting in multiple
local minima. In such scenarios, finding the global optimal solution using partial derivative
methods is difficult. Moreover, with nonlinear models, it is typically only possible to
obtain an approximate solution rather than a closed-form solution, which is an explicit
mathematical expression that can be evaluated in a finite number of operations. In real-
world scenarios, price impact functions are often far more complex and nonlinear, making
it challenging to apply the same approach to address the mean-variance problem.

4.4 The RL setting

In this section, we contribute an RL framework to find the optimal trade list for the mean-
variance problem. There are a few advantages to using an RL model to solve the optimal
trade execution problem. The RL approach can easily adjust to adapt to dynamic market
conditions. It handles high-dimensional state spaces and non-linear price impact conditions
effectively. It is well-suited for complex financial tasks where traditional methods, such as
PDEs, may fall short.

Recall from Section 2.2, the MDP used here is a 4-tuple (S ,A,P,R), where each
element will be defined and described in the following paragraphs.

4.4.1 Action

An action ut ∈ A, where A = [0, 1], determines the percentage of the current inventory of
shares that needs to be sold:

• ut = 0 indicates that no shares are sold at time t;

• ut = 1 indicates that the entire current inventory is sold at time t;

• For ut ∈ (0, 1), ut represents the proportion of shares on hand to be sold at time t.

4.4.2 State

The state space S in this model is a 3-dimensional space, where each state st ∈ S represents
the current state at time t. It is composed of the following three elements:

40



• Current price Xt ∈ R: The price of the asset at time t, which is a real number
representing the current market price.

• Inventory left qt ∈ [0, Q]: The remaining shares on hand at time t, where Q is the
initial inventory.

• Timestep t ∈ [0, N ]: The current timestep t, where N is the total number of
timesteps in the trading horizon.

Note that when selling a large amount of shares, even a small update in the policy can
result in a significant change in ut. This can cause substantial variations in the value of
qt, leading to large fluctuations and instability in the training process. To accelerate the
convergence of the RL algorithm and prevent the feature qt from dominating the learning
process, we rescale it by dividing the inventory holding qt at each timstep by the average
inventory factor. This factor is defined as qaverage = Q

N
. Consequently, the range for qt

changes from [0, Q] to [0, N ]. Thus, the state space S = R × [0, N ] × [0, N ] and a state
st = (Xt, qt, t).

4.4.3 Transition Probability

There is nothing special about the transition probability function P used here. It is still
assumed stationary and unknown to the agent. P(st+1 = s′ | st = s, at = a) denotes the
probability of arriving the next state s′ after an action a is executed in the current state s
at the time t.

4.4.4 Reward

Reward shaping is a critical component in our RL model. It is where our main contribution
lies. In typical scenarios, the objective is simply to minimize costs. However, in the optimal
trade execution problem, the objective is to minimize both the expected cost and the
variance of the cost, as shown by the expression:

min (E(x) + λV ar(x)) ,

where x represents the total cost (shortfall). While the expected cost E(x) can be computed
incrementally at each timestep, variance is more complex—it can only be calculated at the
final timestep, as it requires information from the entire process.
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In our RL model, at timestep t, the agent selects an action ut in a given state st. The
number of shares sold is calculated as ut · qaverage. The money earned at this timestep is
determined by the number of shares sold, multiplied by the average selling price as shown
in equation (4.2.3). The expected selling money is calculated by multiplying the number
of shares sold with the initial price X0. The difference between the expected value and the
actual money earned is defined as the cost for this timestep. We define a cost function C
that determines the cost at timestep t as follows:

ct = C(st, at, st+1) = ut · qaverage · (X0 −Xaverage
t ). (4.4.4.1)

The shortfall value x at the end can be expressed as the cumulative cost, i.e., the sum of
ct from t = 0 to T − 1, which represents the difference between the initial portfolio value
and the actual proceeds obtained from selling over the trajectory:

x =
N−1∑
t=0

ct. (4.4.4.2)

Note that if the agent has sold all the shares at timestep k, then for t = k + 1, . . . , N − 1,
we have ct = 0.

Variance measures the spread of a data distribution by comparing each point to the
mean, which requires multiple data points. With only one data point, there is no infor-
mation about the spread. Since a single trajectory yields just one shortfall value, it is
insufficient to compute the variance. Therefore, we generate multiple price paths (denoted
as W ) to calculate the variance. Note that for a given state swt , where t ∈ [0, N − 1]
and w ∈ [0,W ], calculating the variance based on the current cumulative cost

∑t
k=0 c

w
k

at timestep t is not an accurate approach for computing the mean-variance value. This
is because the input for the variance, which is the shortfall x, should be the total cost
incurred once all shares have been sold. As long as there are remaining shares at timestep
t, the current cumulative cost

∑t
k=0 c

w
k does not equate to the shortfall x of this price path

and thus cannot be used to compute the mean-variance value.

To address this, we will assume the agent is forced to sell all remaining shares at the
next timestep (t+ 1), ensuring a complete and finished trade list. This assumption allows
us to calculate the shortfall xwt+1 as the cumulative cost

∑t+1
k=0 c

w
k =

∑N−1
k=0 c

w
k = xwt+1. Hence

we take xwt+1 as input to calculate the mean-variance value jwt at time t:

jwt = J(xwt+1) = E(xwt+1) + λV ar(xwt+1) (4.4.4.3)

Note that if t = N −1, we can directly calculate the jwt value, as all remaining inventory is
sold at this timestep. If at a specific t∗,w ∈ [0, N−1], the agent has already sold everything
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with qwt∗,w+1 = 0, we assign jwk = jwt∗ for k ∈ [t∗,w + 1, N − 1]. We refer to this specific t∗,w

as the finished index.

The primary goal of the RL agent is to find an optimal trade list that minimizes the
mean-variance value. We can encourage the action that leads to a smaller value of jwt by
setting−jwt as the reward rwt . In this case, the agent would maximize rwt , which is equivalent
to minimizing jwt . However, this approach raises some issues. Since the ultimate objective
is to minimize the mean-variance value at the final timestep, jwN−1, focusing on minimizing
jwt at each individual timestep could lead to suboptimal results. An action may increase
jwt temporarily but result in a better next state swt+1, where the agent can achieve a lower
jwt+1 by selecting a more effective action, ultimately leading to a lower jwN−1. Additionally,
because this is a pure selling case with no buying allowed, the inventory qwt is always
non-increasing over time. When the agent is forced to sell all remaining shares, a larger
inventory qwt will lead to a higher expected shortfall, even if the variance improves slightly,
ultimately resulting in a higher value of jwt . Hence, j

w
t at later timesteps is likely to have a

higher value than jwt at earlier timesteps, and this discrepancy is not due to better actions
taken at later timesteps, but rather because qwt is typically smaller as time progresses. Not
only does the selling amount uwt contribute to improving jwt , but all previous actions uwi
for i = 0, . . . , t− 1 also play a role in lowering jwt , as these actions collectively result in a
reduced qwt . Thus, j

w
t is not an appropriate choice for the immediate reward rwt . To define

a more suitable reward for use here, we first need to store a baseline inventory list within
our model.

Therefore, jwt is not a suitable choice for the immediate reward rwt . To find a better
way for defining the reward, we first need to store a baseline inventory list in our model.
At the beginning of the algorithm, we initialize it with W random trajectories. For each
state sbaseline,wt , the agent performs an action u

(baseline,w)
t , resulting in the next timestep

state sbaseline,wt+1 . We calculate xbaseline,wt+1 for each state sbaseline,wt , and then compute jbaseline,wt

according to equation (4.4.4.3). The mean-variance value is then obtained by taking the
average over W trajectories, shown as:

jbaselinet =

∑W
w=1 j

(baseline,w)
t

W
. (4.4.4.4)

Similarly, we compute the baseline trade list as

ubaselinet =

∑W
w=1 u

(baseline,w)
t

W
. (4.4.4.5)

We calculate the current average mean-variance value jt as the mean of jwt across all
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trajectories, defined as:

jt =

∑W
w=1 j

w
t

W
, for t ∈ [0, N − 1]. (4.4.4.6)

Next, we compare jN−1 with j
baseline
N−1 . If jN−1 is smaller than jbaselineN−1 , we replace the baseline

list {jbaselinet }N−1
t=0 with the current mean-variance list {jt}N−1

t=0 . Following this, the baseline
trade list {ubaselinet }N−1

t=0 is recalculated using equation (4.4.4.5), based on the current trade
list {uwt }N−1

t=0 . Hence, this baseline list stores the results of the trajectories that have
achieved the minimum jN−1 value up to this point.

We then redefine the reward as rwt = (jbaselinet − jwt ). This reward formulation helps
mitigate the issue where jwt values are typically larger at earlier timesteps and smaller at
later timesteps, which is not necessarily due to poor actions at the start but rather due
to the nature of inventory reduction over time. By subtracting the corresponding baseline
jbaselinet , the reward reflects relative improvement, ensuring that the agent focuses on out-
performing the baseline, regardless of whether jwt is smaller or larger in absolute terms.
Additionally, this approach promotes consistency in evaluating actions across timesteps,
rewarding the agent based on its ability to exceed expectations rather than simply favoring
later timesteps.

Recall that for a large Q, both the expected value and variance are high, resulting in
a larger jwt . Since we rescale Q, we must also rescale the reward accordingly. This is done
by dividing the reward by jbaselinet , leading to the following adjusted reward:

rwt =
(jbaselinet − jwt )

jbaselinet

. (4.4.4.7)

This scaling ensures that the rewards are normalized to a much smaller range, avoiding
large fluctuations caused by the original scale. The primary advantage of this scaled reward
is that it prevents the model from being overly sensitive to large changes in Q, resulting
in more stable learning across different scenarios.

Additionally, we introduce a bonus to the reward if jN−1 is smaller than jbaselineN−1 , which
indicates that the current mean-variance value at the end is lower than the previous histor-
ical minimum. Specifically, the reward at the finish index timestep t∗,w for each path will
receive a larger boost of 10 and for each timestep t ∈ [0, t∗,w], the reward rt will be increased
by 1. Since the RL model is designed to maximize cumulative rewards, we aim to highlight
that while intermediate actions are important, minimizing the final outcome—represented
by jN−1—is the ultimate objective. This reward bonus compensates and incentivizes the
agent to make decisions in earlier steps that may lead to a slightly lower immediate reward
but result in a smaller overall jN−1.
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The choice of adding 1 to the intermediate timesteps and 10 to the finish index timestep
is intentional. The value of 1 is chosen because the rewards are normalized, offering a
balanced incentive without dominating the learning process. Meanwhile, the value of 10
for the finish index timestep emphasizes the significance of the final mean-variance outcome,
while not being excessively high. The number 10 is a balanced choice, but one could also
opt for values like 15 or 20 for the finish index reward to further stress the importance of
minimizing jN−1. Note that this bonus will not apply if jN−1 is equal to or greater than
jbaselineN−1 . Finally, we can define our reward as:

rwt =



(jbaselinet −jwt )

jbaselinet
+ 1, if jN−1 < jbaselineN−1 and t < t∗

(jbaselinet −jwt )

jbaselinet
+ 10, if jN−1 < jbaselineN−1 and t = t∗

(jbaselinet −jwt )

jbaselinet
, if jN−1 ≥ jbaselineN−1 and t ≤ t∗

0, if t > t∗,w

(4.4.4.8)

where t ∈ [0, N − 1].

Overall, the proposed reward shaping method in our RL model is able to evaluate both
loss and variance effects at each timestep. By incorporating a rescaled reward based on
a baseline, the model ensures fair comparisons across timesteps and accurately reflects
improvements in the mean-variance value. This approach encourages early sacrifices for
long-term gains and prevents the agent from getting stuck in local minima. The combi-
nation of comparing the baseline mean-variance value and providing extra reward bonuses
for achieving a smaller J(x) value offers a clear guide for the agent to learn and converge
toward an optimal trading strategy, accelerating the convergence of the learning process.

4.4.5 Counter

Since the optimal trade list is unknown, the agent cannot determine whether the RL model
has already found the optimal trade list or not. As a result, the agent does not know when
to stop training. Typically, a fixed number of training loops l is set for the entire RL
algorithm, and the final result after l loops is treated as the optimal trade list. However,
this approach is inefficient because, even if the optimal solution is found early on, the
model continues training for all l loops, wasting a lot of time.

To improve the efficiency of the RL training process, we introduce a counter to track
updates to the baseline trade list, which represents the trade list with the smallest mean-
variance value found so far. The counter is initialized to 0 and increments by 1 with each
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training loop of the value network and policy network. Whenever a trade list with a smaller
mean-variance value is found, the baseline trade list is replaced by this new trade list, and
the counter is reset to 0. The counter thus tracks how many loops have passed since the
last update to the baseline trade list.

If the baseline trade list remains unchanged for a significant number of loops, it is likely
that the current baseline trade list is the optimal one. In this case, if the counter value
exceeds a fixed threshold lstop, we terminate the training and present the current baseline
trade list as the optimal solution.

4.5 The RL algorithm

In this section, we introduce the proposed reinforcement learning algorithm, following the
setting in Section 3.3. A fully-connected, multi-layer feedforward artificial neural network
(ANN) is employed to model both the value function V and the policy function π, with
parameters ϕ and θ, respectively. The algorithm adopts a standard actor-critic structure,
utilizing the Bellman equation, Temporal Difference (TD) learning, and the Policy Gradient
Method, as discussed in Chapter 2, to update the policy network π (parameterized by θ)
and the value network V (parameterized by ϕ).

The main algorithm (Algorithm 4) consists of two primary steps: for each episode
l = 1, . . . , L, the Critic Update (Algorithm 5) is followed by the Actor Update (Algorithm
6). The Critic Update focuses on updating the value function network, while the Actor
Update focuses on improving the policy network. These updates are performed iteratively
over a series of training loops.

As the number of trajectories used in the V function and the policy function may
differ, we denote them by WV and Wpolicy, respectively. At the beginning of the Critic
Update algorithm, we first check whether the counter is bigger than lstop. If yes then we
stop the whole training process. We then set the gradients of V ϕ to zero. We simulate
WV trajectories of states st for t = 0, . . . , N − 1. For each state st, the next state st+1 is
obtained using the action uθt . We calculate the associated mean-variance value jt. For each
timestep t ∈ [0, N − 1] and each trajectory w ∈ [0,WV ], the TD error δt for t ∈ [0, N − 1]
is computed at each timestep t. We update ϕ according to equation (4.4.5.3).

The Actor Update algorithm shares a similar structure to the Critic Update. We check
the counter. We simulate Wpolicy trajectories of states st for t = 0, . . . , N −1. We calculate
the mean-variance value and TD error used here. We update θ following equation (4.4.5.4).
The details can be viewed in Algorithm 6 below.
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At the end of both the Actor Update and Critic Update, we compare jN−1 and j
baseline
N−1 .

If jN−1 is smaller, we update the baseline trade list and reset the counter to 0. Otherwise,
the counter is incremented by one.

Algorithm 5 Main Algorithm: Actor-Critic

1: Initialize critic network Vϕ(s) with learning rate α and policy network πθ with learning
rate β;

2: Initialize the environment and Adam optimizers;
3: Initialize the counter and baseline trade list with finished index number, obtain the

baseline mean-variance list {jbaselinet }N−1
t=0 ;

4: for each episode l = 1, . . . , L do
5: Critic Update( );
6: Actor Update( );
7: end for
8: Done
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Algorithm 6 Critic Update

1: Critic update
2: for each training loop i do
3: if counter > lstop then
4: stop training process;
5: end if
6: Set the gradients of V ϕ to zero;
7: Simulate WV trajectories of st, t = 0, . . . , N − 1;
8: Obtain from πθ the associated actions uwt and the next timpstep state swt+1 for
w = 1, . . . ,WV ;

9: Compute the mean-variance value jwt according to equation (4.4.4.3) and the reward
rwt according to equation (4.4.4.8) for t ∈ [0, N − 1];

10: Compute the average mean-variance value jt according to equation (4.4.4.6) for
t ∈ [0, N − 1];

11: for every timestep t = 0, . . . , N − 1 do
12: for each trajectory w = 1, . . . ,WV do
13: Compute TD error: δt = rwt + γVϕ(s

w
t+1)− Vϕ(swt );

14: end for
15: end for
16: if jN−1 > jbaselineN−1 then
17: jbaselinet = jt for t = 0, . . . , N − 1;
18: counter = 0;
19: else
20: counter = counter + 1;
21: end if
22: end for
23: Update ϕ as follows: ϕ← ϕ+ αδt∇ϕVϕ(st) using an adam optimizer step;
24: Done
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Algorithm 7 Actor Update

1: Actor update
2: for each training loop i do
3: if counter > lstop then
4: stop training process;
5: end if
6: Set the gradients of πθ to zero;
7: Simulate Wpolicy trajectories of st, t = 0, . . . , N − 1;
8: Obtain from πθ the associated actions uwt and the next timpstep state swt+1 for
w = 1, . . . ,Wpolicy;

9: Compute the mean-variance value jwt according to equation (4.4.4.3) and the reward
rwt according to equation (4.4.4.8) for t ∈ [0, N − 1];

10: Compute the average mean-variance value jt according to equation (4.4.4.6) for
t ∈ [0, N − 1];

11: for every timestep t = 0, . . . , N − 1 do
12: for each trajectory w = 1, . . . ,Wpolicy do
13: Compute TD error: δt = rwt + γVϕ(s

w
t+1)− Vϕ(swt );

14: end for
15: end for
16: if jN−1 > jbaselineN−1 then
17: jbaselinet = jt for t = 0, . . . , N − 1;
18: counter = 0;
19: else
20: counter = counter + 1;
21: end if
22: end for
23: Update θ as follows: θ ← θ + β∇θ log πθ(ut, st)δt using an adam optimizer step;
24: Done
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Chapter 5

Experiment

In this chapter, we present the numerical results of two cases. The first case in section 5.1
relates to the dynamic CVaR risk measures discussed in Chapter 3, while the second case
in section 5.2 involves the experimental results for optimal trade execution, as covered in
Chapter 4.

5.1 Dynamic CVaR Risk measures on RL application

In this section, we present three distinct experiments that apply dynamic CVaR risk mea-
sures within reinforcement learning frameworks. The method in [12] serves as our baseline
for comparison throughout all three experiments. We start with the Statistical Arbitrage
example, replicating one of the experiments conducted in [12]. Then, we will extend it to
a new experiment where we consider the jump cases with different jump frequencies. In
addition, we apply our method to a typical stock trading environment which includes an
initial stock price and trades constrained by the amount of money rather than the inven-
tory size. The first two experiments are trained and tested on a GPU (NVIDIA GeForce
RTX™ 4080 Laptop GPU), while the final experiment is conducted on a CPU (13th Gen
Intel® Core™ i9-13900HX × 32).

5.1.1 Statistical Arbitrage

In a RL model, the agent starts each episode with zero inventory. At each timestep
t ∈ [0, T − 1], the agent determines a quantity |at| shares of an asset to trade based on
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the current price Xt and the current inventory holding qt. A selling action is defined as
at < 0, while a buying action is defined as at > 0. If the agent chooses to do nothing, then
at = 0. Similarly, a positive qt represents the number of shares held by the agent, while a
negative qt indicates the agent owes |qt| shares to the market. When qt = 0, it indicates
that no shares are currently held. We set a fixed number amax to limit the amount the
agent can buy or sell in a single timestep. Specifically, the agent can buy up to amax shares
or sell up to amax shares. Therefore, the action at lies within the interval (−amax, amax).
Similarly, we impose a constraint on the inventory holding size, denoted by qmax. Thus,
the inventory holding qt is controlled within the interval (−qmax, qmax).

The price of the asset follows an Ornstein-Uhlenbeck process[29], which can be expressed
as:

dXt = κ(µ−Xt)dt+ σdWt, (5.1.1.1)

where µ denotes the mean, κ is the rate of reversion that governs how quickly the asset
price reverts to µ, Wt is a Wiener process[43], and σ represents the volatility of the asset.

As introduced in Chapter 3, the objective function in this RL model is defined by
equation (3.2.1.4). The goal of the agent is to learn an action selection strategy that

minimizes the dynamic CVaR risk measure value of the total costs, denoted as ρ̃
(∑T−1

t=0 ct

)
.

The expression for ρ̃ is presented in equation (3.1.3.10). We adapt the same formula for
the cost variable ct from [12]. The mathematical expression for ct at each timestep t is
given as follows:

ct = −
(
−atXt − ϕ(at)2

)
, for t ∈ [0, T − 1], (5.1.1.2)

where ϕ denotes the coefficient associated with transaction costs.

At t = T − 1, trading is halted at the next timestep T , and the terminal cost cT−1 is
calculated as[12]:

cT−1 = −
(
−aT−1XT−1 − ϕ(aT−1)

2
)
− (qTXT − ψq2T ), (5.1.1.3)

where ψ represents the terminal penalty coefficient.

Choice of parameters

Throughout the examples, we consider a single stock with a volatility σ = 0.2 and a mean
µ = 1. The rate of mean reversion is set to κ = 2. The transaction cost coefficient is fixed
at ϕ = 0.005.
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Parameter Value

Volatility σ = 0.2
Mean µ = 1
Rate of mean reversion κ = 2
Trading horizon T = 1
Transaction cost ϕ = 0.005
VaR confidence p = 80%
CVaR confidence p = 80%
Number of trajectories for V network NV = 500
Number of trajectories for policy network Npolicy = 500
Number of transitions for policy network Mpolicy = 500
Learning rate of V α = 1× 10−3

Learning rate of policy β = 1× 10−3

Table 5.1: Parameter values used for example 5.1.1.

The V network is initialized with a learning rate of α = 1 × 10−3, and the policy
network is initialized with a learning rate of β = 1 × 10−3. The trading horizon is set to
T = 1. The selected value for the total number of training epochs l for the entire algorithm
depends on the number of time periods (N). As N increases, the length of the generated
trajectories also increases, which not only leads to exponentially higher computational
costs for generating states but also requiring more training loops to converge. Table 5.1
summarizes this information, and the parameter settings are consistent with those in [12].

Result

We use the model from [12] as the baseline for comparison with our model. All models in
the following test cases are trained using a CVaR risk measure with a confidence level of
0.2. For a given price path, the portfolio value at t = T is calculated as terminal wealth.
However, evaluating a model’s performance based on the terminal wealth outcome from
one single price path can be misleading. For example, a strategy might perform well in one
favorable scenario but could lead to significant losses in other less favorable cases, which
would not be captured by just one outcome. Thus, to have a more robust performance
analysis, we simulate 30,000 price paths and generate the terminal wealth distributions for
both the baseline and our models based on the 30,000 outcomes. The analysis of these
distributions, including the mean, standard deviation (Std), VaR, and CVaR, as well as the
total training time required for each model, will be presented. Initially, we test under the
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same conditions in [12] and then extend to two separate cases: with the terminal penalty
(ψ > 0) and without the terminal penalty (ψ = 0). For each case, we present the results
for increasing number of decision timesteps (N) and inventory size (Q).

(a) l = 300 (b) l = 1200

Figure 5.1: Terminal wealth distributions for training loops l = 300, 1200 with ψ = 0.05

Curve Mean Std VAR (80%) CVAR (80%) Time

5 5 2 baseline 300loop 0.3547 0.5005 0.0213 -0.0082 109.7079s
5 5 2 300loop 0.4205 0.5160 0.0330 -0.0230 71.6285s

5 5 2 baseline 1200loop 0.3482 0.5469 -0.0038 -0.0213 435.8855s
5 5 2 1200loop 0.3912 0.5542 0.0062 -0.0086 276.2237s

Table 5.2: Comparison of Statistics for training loops l = 300, 1200 with ψ = 0.05

In the first experiment, we use the parameters as in [12], where N = 6, qmax = 5, and
amax = 2. There is a terminal penalty, and we set ψ = 0.05. We will compare our model
with theirs under the same conditions.

We consider two different values for the number of training loops: l = 300 and l = 1200.
Figure 5.1(a) presents the distributions of the test results for the baseline and our model
with l = 300, while Figure 5.1(b) shows the distributions of the test results for l = 1200.
The baseline distribution is shown in blue, and ours is shown in orange. The x-axis is
the terminal wealth value. The y-axis represents the probability density value of this
distribution. This means that the area under the curve for each distribution sums to 1,
allowing for a normalized comparison between the baseline and our model. As shown in
Table 5.2, for the case of 300 loops, our result has a better mean and worse CVaR than
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the baseline one. For 1200 loops, our model outperforms the baseline in both mean and
CVaR. Additionally, no matter in which test case, our model completes training in nearly
less than half the time compared to the baseline models. We observe that for the baseline
method, the larger training loop results in a worse outcome in both the mean and CVaR.
However, for our method, the larger training loop results in a better CVaR and a slightly
worse mean. Overall, the baseline model trained with l = 300 achieves the best CVaR,
while our model trained with l = 300 obtains the best mean.

In real-world market trading scenarios, a longer N is typically preferred over a value as
short as 6. Additionally, the inventory size is usually larger than 5, and the trading volume
per step is often greater than 2. The work in [12] considers only the above test case, which
imposes overly restrictive conditions on inventory size, action size, and the time period. To
explore more comprehensive scenarios, we increase N from 6 to 11, and then to 21, while
also expanding qmax from 5 to 100, and amax from 2 to 10. The following six test cases
illustrate these expanded scenarios:

1. N = 6, qmax = 100, amax = 10, ψ = 0.05, l = 600,

2. N = 11, qmax = 100, amax = 10, ψ = 0.05, l = 900

3. N = 21, qmax = 100, amax = 10, ψ = 0.05, l = 2400,

4. N = 6, qmax = 100, amax = 10, l = 600,

5. N = 11, qmax = 100, amax = 10, l = 900,

6. N = 21, qmax = 100, amax = 10, l = 2400.

Curve Mean Std VAR (80%) CVAR (80%) Time

CVaR0.2 baseline N6 0.4844 1.9467 -0.9196 -1.5839 213.5062s
CVaR0.2 N6 1.2853 1.7745 0.0156 -0.2318 135.8017s

CVaR0.2 baseline N11 -1.9591 2.1606 -3.4742 -4.0714 611.0105s
CVaR0.2 N11 0.4986 3.5635 -2.0448 -2.7652 341.4316s

CVaR0.2 baseline N21 -505.3289 23.2900 -525.1646 -537.9521 3143.9254s
CVaR0.2 N21 -504.6711 23.2900 -524.4551 -537.3021 1670.3865s

Table 5.3: Comparison of Statistics for N = 6, 11, 21 with ψ = 0.05

Figure 5.2 shows a comparison of the terminal wealth distributions between the base-
line model and our model with a terminal penalty of ψ = 0.05. The statistics for each
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(a) N = 6 (b) N = 11

(c) N = 21

Figure 5.2: Terminal wealth distributions for N = 6, 11, 21 with ψ = 0.05

distribution are provided in Table 5.3. Figure 5.2(a) represents the case with N = 6,
and Figure 5.2(b) shows the case with N = 11. In both cases, our method consistently
produces a distribution with a better mean and fewer losses. It is also worth noting that
the training time for our method is still approximately half that of the baseline. Figure
5.2(c) illustrates the N = 21 case, where both the baseline and our model perform poorly,
exhibiting high negative means and standard deviations. Despite increasing the training
loops to 2400, the results remain non-convergent. This suggests a potential limitation in
the baseline method when dealing with larger N , inventory size, and action size, along
with a terminal penalty. Since our method is based on the baseline method, it shares the
same issue.

We then test the models under the condition where ψ = 0; i.e. there is no terminal
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(a) N = 6 (b) N = 11

(c) N = 21

Figure 5.3: Terminal wealth distributions for N = 6, 11, 21 with ψ = 0

Curve Mean Std VAR (80%) CVAR (80%) Time

CVaR0.2 baseline N6 3.1533 3.8557 0.3657 -0.1980 215.8686s
CVaR0.2 N6 4.1485 4.5667 0.5391 -0.3797 137.8757s

CVaR0.2 baseline N11 3.3624 5.0483 0.0649 -0.9294 617.2624s
CVaR0.2 N11 6.4780 7.1249 1.0717 -0.2419 314.0352s

CVaR0.2 baseline N21 -5.3289 23.2890 -25.1646 -37.9521 3187.4091s
CVaR0.2 N21 9.6354 11.9256 0.7259 -0.8641 1594.2923s

Table 5.4: Comparison of Statistics for N = 6, 11, 21 with ψ = 0

penalty. The statistical data are provided in Table 5.4. In the case when N = 6, the base-
line model exhibits a slightly higher CVaR, while our model shows better performance in
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terms of the mean. As the trajectory length increases to 11 and then to 21, our model sig-
nificantly outperforms the baseline in both mean and CVaR. The entire distribution of our
results shifts to the right compared to the baseline, with the shift becoming more promi-
nent as N increases. This indicates a substantial improvement in both performance and
risk management. Notably, the time required for our method remains approximately half
of the baseline. Another observation is that as the length of the trajectories increases, the
standard deviation of the distributions becomes larger for both models. This is expected,
as longer trajectories typically involve more variability due to the increased influence of
random market fluctuations.

5.1.2 Jump Cases

In financial modeling, a jump refers to a sudden and significant change in the value of an
asset that cannot be captured by standard continuous price evolution models, such as the
Ornstein-Uhlenbeck process used in equation (5.1.1.1). These jumps can either increase or
decrease the asset’s price. Incorporating jumps into a model allows for a more accurate
representation of real-world market dynamics, where such abrupt changes may occur due
to events such as economic announcements[10] or geopolitical developments[37]. To further
demonstrate the robustness of our approach, we extend our analysis to include scenarios
characterized by market jumps, focusing specifically on upward jumps.

Let J denote the jump component in our model, with the occurrence of jumps defined
as dJ . The process dJ is modeled using a Poisson process. Specifically, dJ over a small
time increment τ is determined by:

dJ ∼ Poisson(Λ · τ),

where Λ is the rate parameter of the Poisson process, representing the expected number of
jumps per unit time.

We use a logistic function to ensure that the jump magnitudes are smoothly distributed
within a specified range [Jmin, Jmax]. The jump magnitude is calculated as:

J =

(
Jmin + (Jmax − Jmin) ·

1

1 + exp(−x)

)
· dJ, x ∼ N (0, 1),

where x is drawn from a normal distribution with a mean of 0 and a standard deviation
of 1. Here, Jmin represents the minimum magnitude of the jump and Jmax represents the
maximum magnitude of the jump. The price evolution then becomes:

dXt = κ(µ−Xt)dt+ σdWt + J. (5.1.2.1)
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By changing the values of [Jmin, Jmax] and λ, we can control the frequency and magnitude
of the simulated jumps.

Result

In this experiment, we fixN = 10+1 and do not consider the terminal penalty. The training
loop is set to l = 900. We train our model and the baseline model under two different
values of λ with two different ranges of [Jmin, Jmax]. Given that the mean asset price is
defined as 1, the pairs (Jmin, Jmax) are set to (0.03, 0.06) and (0.05, 0.10), representing
price fluctuations of 3% to 6% and 5% to 10%,

We train the models under various jump conditions. The details of all four jump cases
are described below:

1. Jmin = 0.05, Jmax = 0.1, λ = 0.005,

2. Jmin = 0.05, Jmax = 0.1, λ = 0.05.

3. Jmin = 0.03, Jmax = 0.06, λ = 0.005,

4. Jmin = 0.03, Jmax = 0.06, λ = 0.05.

Curve 0 jump case 2 jumps case 4 jumps case

CVaR0.2 baseline λ = 0 mean: 3.3624 mean: 3.7698 mean: 5.3770
Time: 617.2624s cvar: -0.9294 cvar: -0.5564 cvar: 0.8296

CVaR0.2 λ = 0 mean: 6.4780 mean: 7.0894 mean: 7.0934
Time: 314.0352s cvar: -0.2419 cvar: 0.0927 cvar: -1.3238

CVaR0.2 baseline λ = 0.005 mean: 5.8226 mean: 6.3974 mean: 6.5966
Time: 656.2229s cvar: -0.1317 cvar: 0.2310 cvar: -0.6904

CVaR0.2 λ = 0.005 mean: 6.2207 mean: 6.6267 mean: 7.0612
Time: 374.5136s cvar: -0.3212 cvar: 0.1927 cvar: -0.1023

CVaR0.2 baseline λ = 0.05 mean: 5.3269 mean: 6.1933 mean: 6.4668
Time: 638.2356s cvar: -0.4222 cvar: 0.1021 cvar: -0.7894

CVaR0.2 λ = 0.05 mean: 6.5223 mean: 6.9385 mean: 7.1611
Time: 363.4547s cvar: -0.3754 cvar: 0.0914 cvar: -0.5671

Table 5.5: Comparison of Statistics for lambda = 0, 0.005, 0.05 with jumps in [0.05, 0.1]
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(a) 0 jump case (b) 2 jumps case with a jump range [0.05, 0.1]

(c) 4 jumps case with a jump range [0.05, 0.1]

Figure 5.4: Performance of the model trained with λ = 0

We then compare the performance of the models trained with and without jumps across
three different test sets: price paths without any jumps, price paths with two jumps, and
price paths with four jumps.

We first fix the jump size with Jmin = 0.05, and Jmax = 0.1, and train the model
under three conditions: no jumps, λ = 0.005, and λ = 0.05. Table 5.5 compares the mean
and CVaR (80%) values across different scenarios, with the model trained under varying
risk levels (λ = 0, 0.005, 0.05) and tested under different jump occurrences (0, 2, and 4
jumps). Focusing on the rows of Table 5.5, we begin by comparing the trained models
across different test cases. For λ = 0, our model achieves better mean and CVaR values
in both the 0 jump and 2 jumps cases compared to the baseline. In the 4 jumps case, our
model obtains a better mean, but the CVaR result is worse.
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(a) 0 jump case (b) 2 jumps case with a jump range [0.05, 0.1]

(c) 4 jumps case with a jump range [0.05, 0.1]

Figure 5.5: Performance of the model trained with λ = 0.005

Figure 5.4 illustrates corresponding the distribution plots for models trained with no
jump: Subplot (a) shows the distributions tested with no jumps, Subplot (b) shows the
distributions tested with 2 jumps, and Subplot (c) shows the distributions tested with
4 jumps. In all three cases, the distribution of our model consistently shifts to the left
compared to the baseline, resulting in a better mean outcome. However, as seen in Subplot
(c), our model exhibits poor tail performance, as shown by the worse CVaR in this scenario.

We also evaluate scenarios where a jump occurs during the training process, testing
both a low probability case with λ = 0.005 and a higher probability case with λ = 0.05.
Figures 5.5 and 5.6 illustrate the performance of models trained under these respective
settings. In both figures, the distributions of our model and the baseline nearly overlap,
making it difficult to distinguish between them visually. However, examining the data in
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(a) 0 jump case (b) 2 jumps case with a jump range [0.05, 0.1]

(c) 4 jumps case with a jump range [0.05, 0.1]

Figure 5.6: Performance of the model trained with λ = 0.05

Table 5.5, we observe that for both λ = 0.005 and λ = 0.05, our model exhibits worse
CVaR performance in the test case without jumps, but outperforms the baseline in CVaR
when jumps occur. This contrasts with the λ = 0 case. Next, we compare the performance
of different models under the same test cases by examining the columns in Table 5.5. For
the 0 jump test case, our model trained without jumps achieves the best CVaR, while
our model trained with λ = 0.05 achieves the best mean. In the 2 jumps test case, our
model trained without jumps achieves the best mean, while the baseline model trained
with λ = 0.005 achieves the best CVaR. In the 4 jumps test case, our model trained with
λ = 0.05 achieves the best mean, while the baseline model trained with λ = 0 achieves the
best CVaR.

Finally, by examining the diagonal entries in Table 5.5, we observe that in the case
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where models are trained and tested without any jumps, as well as in the case where
models are trained and tested with the highest λ value (λ = 0.05), our model outperforms
the baseline in both mean returns and CVaR. Additionally, in the case where models are
trained and tested with a moderate likelihood of jumps (λ = 0.005), our model achieves
better mean returns and only slightly worse CVaR. In conclusion, our models consistently
outperform the baseline models in terms of mean returns across all test sets and achieve
better CVaR in most test cases across different λ settings. Moreover, the time required to
train our models is approximately half that of the baseline models.

Curve 0 jump case 2 jumps case 4 jumps case

CVaR0.2 baseline λ = 0 mean: 3.3624 mean: 3.9202 mean: 4.6437
Time: 617.2624s cvar: -0.9294 cvar: -0.2560 cvar: 0.5457

CVaR0.2 λ = 0 mean: 6.4780 mean: 6.2933 mean: 4.7588
Time: 314.0352s cvar: -0.2419 cvar: -0.6455 cvar: -4.7754

CVaR0.2 baseline λ = 0.005 mean: 5.7675 mean: 5.7096 mean: 4.3601
Time: 656.2229s cvar: -0.0945 cvar: -0.3477 cvar: -3.5428

CVaR0.2 λ = 0.005 mean: 6.2207 mean: 6.5255 mean: 6.1067
Time: 374.5136s cvar: -0.3194 cvar: 0.0057 cvar: -2.1672

CVaR0.2 baseline λ = 0.05 mean: 5.7347 mean: 5.4408 mean: 3.8188
Time: 638.2356s cvar: -0.2118 cvar: -0.7888 cvar: -4.3626

CVaR0.2 λ = 0.05 mean: 6.2723 mean: 6.5028 mean: 5.9033
Time: 363.4547s cvar: -0.2558 cvar: -0.0440 cvar: -2.5013

Table 5.6: Comparison of Statistics for λ = 0, 0.005, 0.05 with jumps in [0.03, 0.06]

For the test cases with a smaller jump range, Jmin = 0.03 and Jmax = 0.06, the
statistical results are presented in Table 5.6, and the corresponding distribution plots
are shown in Figures 5.7, 5.8, and 5.9. The test results exhibit a trend similar to those
observed with a larger jump range. Specifically, in the diagonal entries of Table 5.6,
where each model is tested under its corresponding training conditions, our model achieves
better mean returns and CVaR compared to the baseline model. However, there are some
differences when compared to the test cases with a larger jump range. For the case where
models are trained with λ = 0.05, our model shows a worse CVaR than the baseline.
Nevertheless, when the model is trained with the same λ but with a larger jump size,
our model performs better in terms of risk management. Additionally, when models are
trained without any jumps, the baseline model demonstrates better CVaR than ours when
tested under both the 2 jumps and 4 jumps cases. This discrepancy is not observed when
testing with a larger jump range.
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(a) 0 jump case (b) 2 jumps case with a jump range [0.03, 0.06]

(c) 4 jumps case with a jump range [0.03, 0.06]

Figure 5.7: Performance of the model trained with λ = 0

Regardless of the jump range, our model consistently demonstrates superior mean re-
turns and, in most instances, better CVaR values compared to the baseline. When the
models are trained and tested under the same conditions, our model achieves better or
comparable CVaR values relative to the baseline. Furthermore, even when tested under
unmatched jump scenarios, our model generally outperforms the baseline in both mean
returns and CVaR. Based on these test results, we can conclude that our method is more
robust than the baseline.
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(a) 0 jump case (b) 2 jumps case with a jump range [0.03, 0.06]

(c) 4 jumps case with a jump range [0.03, 0.06]

Figure 5.8: Performance of the model trained with λ = 0.005

5.1.3 Stock Trading

We observe that the experiments in Sections 5.1.1 and 5.1.2 are designed to explore specific
trading scenarios where the initial stock price is not fixed at a particular X0 value, and
the trading process is limited by the inventory size qmax, rather than the amount of money
available. These setups serve as valuable case studies for certain trading environments. In
the this section, we introduce a more conventional stock trading scenario, featuring a fixed
initial price value and an initial amount of money. This allows us to explore the trading
dynamics in a context more closely aligned with traditional financial markets, which will
be further discussed.

In all examples, we consider a single stock with an initial market price X0. The number
of shares held at timestep t is denoted by qt, and the amount of money on hand at timestep
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(a) 0 jump case (b) 2 jumps case with a jump range [0.03, 0.06]

(c) 4 jumps case with a jump range [0.03, 0.06]

Figure 5.9: Performance of the model trained with λ = 0.05

t is denoted by mt. The agent starts with q0 shares and m0 amount of money, resulting
in an initial portfolio value of X0q0 +m0. At each timestep t ∈ T , the agent executes a
trade with a quantity at ∈ (−qt, aavailable), where aavailable represents the maximum number
of shares that can be bought given the current price Xt and money holding mt. Trades
are selected by the RL agent, which is based on the state st composed by (Xt, qt,mt, t).
It is important that both mt and qt must be non-negative, meaning that short selling and
borrowing money are not permitted in this case.

The price of the asset continues to follow the Ornstein-Uhlenbeck process described
in section 5.1.1. The cost ct is defined as the negative value of the profit obtained in
each state, such that minimizing the cumulative cost essentially maximizes the total profit,
leading to better terminal wealth. For t = 1, . . . , T − 1, the cost ct is determined by the
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change in portfolio value between time t and the next timestep t+ 1. The portfolio value
at any timestep t is given by yt = qtXt+mt. The asset price at the next timestep, Xt+1, is
obtained from equation (5.1.1.1). The inventory and money holdings at the next timestep
are updated as follows:

qt+1 = qt + at,

mt+1 = mt − (atXt + ϕ(at)
2),

where ϕ is the transaction cost coefficient. Thus, the cost ct for t ̸= T is expressed as:

ct = yt − yt+1. (5.1.3.1)

Choice of parameters

We adopt the parameter settings from Table 5.1 for this experiment. The initial market
price of the stock isX0 = 1, and the agent begins with 100 shares and $100 in cash, resulting
in an initial portfolio value of $200. The algorithm is trained over l = 600 epochs, with
Mpolicy = 200 transitions used for the policy update. The number of decision timesteps is
fixed at N = 11 across all test cases. These additional parameters are provided in Table
5.7 below.

Parameter Value

Initial stock price X0 = 1
Initial share holdings q0 = 100
Initial money holdings m0 = 100
Number of decision timesteps N = 11
Whole algorithm training loops l = 600
Number of transitions for policy network Mpolicy = 200

Table 5.7: Parameter values used for example 5.1.3.

Result

Both our model and the baseline model are trained under conditions where no jumps occur
during the training process. We test the models in four different scenarios: no jump, up
jump, down jump, and mixed jump. Specifically, we test the up jump case with a single

66



upward jump, the down jump case with three down jumps, and the mixed jump case where
jumps can be either up or down, with two jumps triggered. The test results are shown in
Table 5.8. Our model not only achieves better mean and CVaR compared to the baseline
in the no jump case but also outperforms the baseline in the down jump and mixed jump
cases. In the up jump case, our model produces a better mean, though it performs slightly
worse in CVaR. However, it is noteworthy that our model achieves a slightly better VaR
in this case.

Subplot (a) in Figure 5.10 represents the no jump case, Subplot (b) the up jump case,
Subplot (c) the down jump case, and Subplot (d) the mixed jump case. The x-axis and y-
axis definitions remain the same as in Section 5.1.1. Subplots (a), (c), and (d) demonstrate
our model’s superior performance, with distributions shifting to the right and improved tail
behavior. Subplot (b) shows a slightly worse tail performance for our model, this aligns
with the test data. Overall, our model outperforms the baseline in mean and CVaR in
most cases, demonstrating greater robustness against market jumps.

Curve Test case Mean Std VAR (80%) CVAR (80%)

CVaR0.2 baseline No Jump -4.9804 5.8773 -9.8888 -13.2305
CVaR0.2 No Jump -0.6171 8.6529 -7.9375 -12.7138

CVaR0.2 baseline Up Jump -1.2655 5.8754 -6.1993 -9.4914
CVaR0.2 Up Jump 1.0688 8.6983 -6.1940 -11.0717

CVaR0.2 baseline Down Jump -14.7755 5.9230 -19.7781 -23.0689
CVaR0.2 Down Jump -5.8793 8.6986 -13.1341 -18.0224

CVaR0.2 baseline Mixed Jump -5.2841 5.9028 -10.2551 -13.5420
CVaR0.2 Mixed Jump -0.2120 8.6899 -7.4761 -12.3387

Table 5.8: Comparison of Statistics for Various Scenarios

Combining the observed experimental results from Sections 5.1.1, 5.1.2, and 5.1.3, we
can conclude that in most cases, our model achieves a better mean and CVaR compared
to the baseline. Recall that our value functions are computed based on equations (3.2.3.6)
and (3.2.3.7), where greedy actions are selected to minimize the expected cost at each
state st, thereby maximizing total profit and leading to improved mean returns and CVaR
performance. However, this method has some drawbacks; for instance, focusing only on
the greedy action’s result when evaluating value functions neglects the potential outcomes
of other actions, leading to inaccurate state value estimates. As a result, the agent may
occasionally select suboptimal actions, increasing the likelihood of getting stuck in local
optima. Overall, our model not only outperforms the baseline in terms of mean and CVaR
but also significantly reduces training time.
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(a) No jump (b) 1 up jump

(c) 3 down jumps (d) mixed 2 jumps

Figure 5.10: Comparison of distribution performance between our model and the baseline
across different jump scenarios

5.2 Optimal Trade Execution

In this section, we present two examples related to the optimal trade execution problem.
In Section 5.2.1, we analyze the results obtained from comparing our RL model with those
from Almgren-Chriss model, which serves as a benchmark for the optimal trade execution
problem. In Section 5.2.2, we present the computed results of our RL model incorporating
a nonlinear price impact function. Both experiments are conducted on a CPU (13th Gen
Intel® Core™ i9-13900HX × 32). Further details of each example are provided below.
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5.2.1 Optimal Execution of Portfolio Transactions

We refer to the parameter settings in [3]. We start by holding one million shares of a stock
with an initial market price of X0 = 50 $/share. This stock has an annual volatility of
12%, a bid-ask spread of 1

8
$/share, and a median daily trading volume of 5 million shares.

With a trading year of 250 days, the daily volatility is calculated as 0.12√
250

= 0.0076. The

price evolution is described in equation (4.2.5). The volatility σ used here is computed
as the daily volatility multiplied by the initial price, shown as σ = 0.0076 × 50 = 0.38.
We assume a liquidation time T = 60 days. This period is divided into daily trades, so
N = 60 and we get τ = 1 day. We define γ in the permanent price impact function as
2.5 × 10−7. For the temporary price impact function, Almgren-Chriss model chooses the
fixed transaction cost ϵ as half of the bid-ask spread, which is 1/8

2
= 0.0625. For η, we

assume that for each 1% of the daily volume traded, there is a price impact equal to the
bid-ask spread. Under this assumption, we have η = 1/8

0.01×5×106
= 2.5 × 10−6. For our RL

model, the V network is initialized with a learning rate of α = 1 × 10−3, and the policy
network is initialized with a learning rate of β = 1 × 10−3. All the parameters above are
summarized in Table 5.9.

Parameter Value

Initial stock price X0 = 50 $/share
Initial holdings Q = 1, 000, 000 shares
Annual volatility 12%
Bid-ask spread 1

8
$/share

Daily volatility σ = 0.38
Median daily trading volume 5, 000, 000 shares
Liquidation time T = 60 days
Number of time periods N = 60
Time step τ = 1day

Permanent price impact γ = 2.5× 10−7 $/share2

Temporary price impact η = 2.5× 10−6 ($/share)/(share/day)
Fixed transaction cost ϵ = 0.0625 $/share
Learning rate of V α = 1× 10−3

Learning rate of policy β = 1× 10−3

Table 5.9: Parameter values used in the optimal trade execution example.

In our tests, we consider 13 different values of λ: 1 × 10−6, 1.5 × 10−6, 2 × 10−6,
2.5 × 10−6, 3 × 10−6, 3.5 × 10−6, 4 × 10−6, 4.5 × 10−6, 5 × 10−6, 5.5 × 10−6, 6 × 10−6,
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6.5 × 10−6, and 7 × 10−6. Each case leads to an optimal trading list {ut}N−1
t=0 and its

corresponding inventory list {qt}Nt=0. We perform trade ut for t = 0 to N − 1 on 10,000
price trajectories and calculate the value of E(x) + λV ar(x) at final time. Note that due
to the random process involved in the price evolution, the value of E(x) + λV ar(x) may
vary even under the same trade list. Sometimes, this value may be larger, while other
times it may be smaller, making it challenging to accurately evaluate the performance of
the trade list. To mitigate this issue, we test each trading list 100 times over 10,000 price
trajectories. This yields a list of 100 values for E(x) + λV ar(x), and we use the median
value as the final E(x) + λV ar(x) for that trade list.

Figure 5.11: Efficient frontier curves for each λ value.

The benchmark value of E(x)+λV ar(x) for each λ value is computed using the trading
list {ut}N−1

t=0 obtained from the Almgren-Chriss model (see Chapter 4.3). The trading list
{ut}N−1

t=0 for our test cases is generated through the reinforcement learning model presented
in Chapter 4.4.

The optimal trade list that each model finds for each λ produces a corresponding E(x)
and Var(x) value. We construct an efficient frontier curve from the list of these E(x) and
V ar(x) pairs, which has a size of 13. The plot can be found in Figure 5.11. In this plot,
the y-axis represents the expected return, which is the initial portfolio value minus the
expected shortfall E(x), denoted as X0Q − E(x). The x-axis represents the risk, shown
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Figure 5.12: min(E(x) + λ · Var(x)) for each test λ case.

Figure 5.13: Relative error of E(x) + λ · Var(x) for each test λ case.
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as the standard deviation, which is the square root of the variance V ar(x). The efficient
frontier plot illustrates the trade-off between risk and return. Points along the curve
represent optimal portfolios that offer the highest possible expected return for a given level
of risk. The shape of the curve typically shows that as the expected return increases,
so does the associated risk, reflecting the fundamental trade-off in financial optimization.
Portfolios lying below the curve are considered suboptimal because they provide lower
returns for a given level of risk, while portfolios above the curve are unattainable due to
the constraints of the model.

(a) λ = 1× 10−6 (b) λ = 1.5× 10−6 (c) λ = 2× 10−6

(d) λ = 2.5× 10−6 (e) λ = 3× 10−6 (f) λ = 3.5× 10−6

Figure 5.14: Shares Holding vs Time Periods for each test lambda cases.

Our model’s curve is in blue while the benchmark one is in orange. However, the values
of the expected return and standard deviation of these two models computed for each
test case are so close that the two efficient frontier curves overlap, making it difficult to
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distinguish between the curves. We consider the plot of the value of E(x) + λV ar(x) for
our model and Almgren-Chriss model for each λ in Figure 5.12. We plot the relative error
for the value of E(x) + λV ar(x) for each test λ case. The error is shown as a percentage
and is calculated as

∣∣our result−benchmark
benchmark

∣∣. The plot is shown in Figure 5.13. The results of
our model align well with the benchmark results where the relative error remains within a
range of 3%. As the λ value increases, this error tends to decrease. From Figures 5.12 and
5.13, we can conclude that the RL model provides a good estimate of min(E(x)+λV ar(x))
when compared to the benchmark.

1× 10−6 1.5× 10−6 2× 10−6

Our Result stop period 25 22 23
mean-variance value 725279.4062 821875.875 895509.875

Benchmark Result stop period 54 43 39
mean-variance value 704002.1875 803619.875 883295.

2.5× 10−6 3× 10−6 3.5× 10−6

Our Result stop period 21 21 23
mean-variance value 964150.875 1018460.875 1061939.25

Benchmark Result stop period 35 32 30
mean-variance value 948965.875 1007413.25 1059865.125

Table 5.10: Comparison of Time Periods to Stop for Our Results and Optimal Results for
different λ Values

Moreover, we compare the inventory list {qt}Nt=0, with q0 = Q and qN = 0, for each λ
values. The blue curves in Figure 5.14 represent our model’s inventory list, while the orange
curves correspond to the benchmark model’s. The x-axis shows the time periods, and the
y-axis indicates the number of shares held. From Figure 5.14, it is evident that the blue
curves reach zero faster than the orange curves for all λ values tested. Additionally, the
smaller the λ value, the quicker the blue curves tend to zero compared to the orange curves.
Table 5.10 illustrates the stop periods for completing trades under various λ values. The
data supports our observation: our model consistently finishes the trading process earlier
than the benchmark model. For example, at λ = 1× 10−6, our model completes trading in
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25 periods, whereas the benchmark model takes 54 periods. This pattern holds across all
λ values, with the gap in completion time widening as λ decreases. In summary, our RL
model demonstrates superior efficiency by completing the liquidation process earlier across
all λ values while maintaining comparable performance on the optimal trade execution
problem. Finishing trades in fewer periods reduces exposure to market volatility and risk,
making our model a more robust and preferable choice compared to the benchmark.

5.2.2 Nonlinear Price Impact Function

We follow most of the parameter settings in Table 5.9. The only difference lies in the
temporary price impact function. We adopt the nonlinear temporary price impact function
from [16], which has the following form:

h
(ut
τ

)
=
[
1 +Ks sgn

(ut
τ

)]
exp

(
Kt sgn

(ut
τ

) ∣∣∣ut
τ

∣∣∣υ) , (5.2.2.1)

where Ks = 2× 10−6, Kt = 0 and υ = 1.

Figure 5.15: Efficient frontier curves for each λ value.
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The efficient frontier plot for this case is shown in Figure 5.15. Overall, the curve
demonstrates an expected trend where higher expected returns correspond to higher risk.
However, there is one point that appears slightly abnormal, exhibiting a lower expected
return compared to the nearest point to the left, yet with higher risk. Since the key
evaluation metric is the combined value of E(x) + λV ar(x), the optimal value can be
achieved through different combinations of E(x) and V ar(x). We have plotted the curve
of E(x)+λV ar(x) for our model in Figure 5.16. The trend of the minimum E(x)+λVar(x)
appears accurate, reinforcing the notion that different combinations of E(x) and V ar(x)
can yield the same optimal E(x) + λV ar(x) value.

Figure 5.16: min(E(x) + λ · Var(x)) for each test λ case.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

In this thesis, we leverage reinforcement learning (RL) technology to address two key
financial problems: risk management and optimal trade execution.

Building upon the work presented in [12], we integrate a dynamic Conditional Value
at Risk (CVaR) risk measure to formulate a risk-averse RL model. Unlike traditional
approaches that aim to maximize returns, our objective function minimizes cumulative
costs, thus focusing on risk management. A notable improvement in our model is the
reuse of policy network computations during value network evaluation, which significantly
reduces computational costs and accelerates training time. Additionally, we optimize the
trade-off between exploration and exploitation.

We demonstrate the robustness of our enhanced model through three distinct exper-
iments, using the model from [12] as the baseline for comparison. First, under the same
testing scenario as in [12], our model achieves superior results in both mean and CVaR val-
ues while reducing training time by approximately 50%. Further testing is conducted under
scenarios involving market jumps and a traditional stock trading environment. In these
cases, our model consistently outperforms the baseline in mean value and achieves better
CVaR results in most cases. These results indicate that our enhancements contribute to a
more efficient and robust RL model for risk management in portfolio optimization.

We also propose a novel RL framework for addressing the optimal trade execution
problem, using the Almgren-Chriss model [3] as a benchmark. Both models are tested
under a linear formulation of price evolution and price impact functions. Through extensive
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computational experiments, we demonstrate that our RL model achieves an optimal mean-
variance value with a relative error of less than 3% across 12 different values of λ. Moreover,
our model consistently produces shorter trading lists compared to the benchmark, thereby
completing trades more quickly and reducing exposure to market volatility and risk. This
demonstrates that our RL model is a more robust and preferable choice compared to
traditional methods.

Finally, we extend the application of our RL model to nonlinear conditions, where the
price impact function is nonlinear, a setting in which the Almgren-Chriss model struggles
to provide a closed-form solution. Even under these challenging conditions, our RL model
exhibits the expected behavior, with efficient frontier plots showing the anticipated trend:
higher expected returns are associated with higher risk. This demonstrates the flexibility
and robustness of our RL framework, making it well-suited for more complex trading
environments.

6.2 Future Work

This thesis explores utilizing reinforcement learning (RL) in financial applications, specif-
ically within the domains of dynamic CVaR measurement and optimal trade execution.
However, there are several avenues for future research that can further enhance these mod-
els.

First, as observed in Figure 5.2(c), both the baseline model and our enhanced RL
framework struggled in convergence with extending to a longer time horizon (N = 30)
under the presence of a terminal penalty. Since our framework builds upon the baseline, it is
likely that limitations in the baseline model are being carried forward, causing both models
to converge to local minima. Future research should focus on resolving this by refining
the underlying algorithm, potentially introducing advanced optimization techniques or
regularization to prevent such convergence issues and enable more robust performance
over extended time horizons.

Second, our work has concentrated on the optimal trade execution problem only for a
single stock scenario. The next step could be to extend this framework to multiple cor-
related assets, which would introduce more realistic, complex testing scenarios. Handling
multiple assets would allow for the development of cross-asset strategies, managing asset
correlations, and enhancing diversification—demonstrating the flexibility of RL in tackling
scenarios beyond the reach of traditional methods.
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Finally, variance remains a challenge in optimal trade execution, as calculating it re-
quires multiple trajectories, making it computationally intensive to obtain a reliable mean-
variance distribution. This complexity limits the direct application of risk measures, such
as those presented in Chapter 3, to the optimal trade execution problem. Future work
could aim to develop more efficient methods for managing variance, enabling a seamless
integration of the risk-sensitive techniques discussed in Chapters 3 and 4. This would re-
sult in a more robust RL model capable of addressing both risk and execution challenges
in financial markets.
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