






























































































































































































� Mr.Lin(�): a multi-resolution basis with linear interpolation, based on unweighted coars-

ening. Outer-product AINV with drop tolerance� is then used, with nested dissection

ordering modified for the multi-resolution basis.

� Mr.Lap(�): a multi-resolution basis with Laplacian interpolation, based on unweighted

coarsening. Outer-product AINV with drop tolerance� is then used, with modified nested

dissection ordering.

� Mr.PDE(�): PDE-interpolation with unweighted coarsening; AINV with drop tolerance

� after modified nested dissection ordering.

� +Mr.Lin(�), +Mr.Lap(�), +Mr.PDE(�): the same as above, only with weighted coarsening

using Delaunay retriangulation.

� ++Mr.Lin(�), ++Mr.Lap(�), ++Mr.PDE(�): the same as above, with weighted coarsening

using coefficient-adaptive retriangulation.

� ?Mr.Lin(�), ?Mr.Lap(�), ?Mr.PDE(�): the same as above, with weighted coarsening us-

ing coefficient-adaptive retriangulation applied separately to each region with near con-

stant coefficients, then stitched up into a global triangulation.

For the multi-resolution bases, enough levels were allowed so that the coarsest level had about

100 nodes, except as noted in the problem commentary.

The drop tolerances were chosen to give roughly the same number of nonzeros in each

preconditioner on the coarsest mesh tested for a particular problem.

The symmetric definite problems were solved with CG and the preconditioned system

D�1=2ZT (M�TAM�1)ZD�1=2. BiCGStab withD�1WT (M�T
� AM�1

� )Z was used for the oth-

ers. Convergence was flagged when the 2-norm of the residual (with Dirichlet nodes rescaled

appropriately, as mentioned before) was decreased by a factor of10�6 beginning from an initial

guess of all zeros; if convergence wasn’t reached after 1000 iterations, the problem was marked

unsolved with an asterisk (*).

After each iteration count in the tables, the “work per unknown” is included in parentheses:

the number of iterations times the number of nonzeros in the preconditioner (prediction and

update operators included), divided by the number of unknowns. This allows a somewhat fairer
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comparison between different preconditioners and problems. However, it should be noted that

this may be somewhat misrepresentative, particularly as the matrix multiplies of approximate

inverses often can be better implemented than the triangular solves of ILU on high performance

hardware; as shown in [4] for example, even when the number of flops required by an ap-

proximate inverse is the same as ILU, the approximate inverse can still run significantly faster.

Unfortunately the code is still in the prototype stage, with some parts running interpreted in

MATLAB and others compiled in C or FORTRAN, so timing counts are not included here.

The triangulation routines for coarsening were adapted from TRIPACK[30].

5.5.2 Problem 1: Poisson equation on a uniform disc

This is Poisson’s equation on an unstructured but fairly uniform mesh of a disc (see figure 5.9.

To be precise, the PDE is:

r2u = f

where

f(x; y) =

(
0 : x � 0

�1 : x > 0

and all boundaries are homogeneous Dirichlet. The solution is plotted in figure 5.10.

For the iterations both the simple independent set coarsening and the weighted independent

set coarsening (figure 5.11) were used, stopping at around 100 nodes in the coarsest mesh. Table

5.1 gives the iteration results, with a plus sign before the bases with weighted independent set

coarsening. For this problem, PDE-interpolation and Laplacian interpolation are the same thing,

so only one is listed.

It is interesting to note that in 2D, the difference between the standard basis and the multi-

resolution basis isn’t nearly as dramatic. The basic reason for this is that the Green’s function

decays linearly in 1D but logarithmically in 2D, making a sparse approximate inverse in the

standard basis more feasible (since more entries are close to zero), while at the same time the

prediction operators become denser and less attractive. Furthermore, while in 1D the optimal

interpolation actually becomes exact giving the cyclic reduction direct method, optimal inter-

polation in 2D still falls short of exact—fine nodes are no longer independent of each other.
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Figure 5.9: Unstructured but uniform triangulation of the disc.

Table 5.1:CG iterations for 2D problem 1 (Poisson equation) to reduce the residual norm by10
�6, with

flops per unknown in parentheses; no convergence is marked by *. Each preconditioner’s drop tolerance

� is chosen to give roughly the same number of nonzeros. Note that ILUT is generally slower than the

flop count suggests. See page 81 for details.

Method(�) n = 1195 n = 4939 n = 20011 n = 79531

ILUT(0.009) 13 (84) 24 (164) 47 (327) 92 (643)

AINV(0.08) 32 (200) 63 (417) 126 (851) 251 (1724)

Mr.Lin(0.12) 23 (147) 26 (177) 32 (222) 35 (240)

Mr.Lap(0.1) 18 (120) 21 (149) 23 (167) 26 (191)

+Mr.Lin(0.12) 22 (142) 26 (176) 29 (201) 37 (258)

+Mr.Lap(0.1) 19 (122) 20 (136) 21 (145) 25 (172)
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Figure 5.10: Solution of 2D problem 1 (Poisson equation).
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As the problem size increases, ILUT and standard basis AINV both slow down roughly

like O(n3=2). The multi-resolution bases don’t quite achieve grid-independent convergence, but

come very close. The weighted coarsening is superior to the unweighted, but for this problem

the difference isn’t terribly significant—the finest mesh and problem are basically isotropic, so

there isn’t much opportunity for semi-coarsening. Clearly the denser prediction operators in

Laplacian interpolation are more effective than extra nonzeros in the approximate inverse with

sparser linear interpolation, but both provide fast solutions.

5.5.3 Problem 2: heat equation on a uniform disc

This is just a step in an implicit solve of the heat equation on an unstructured but fairly uniform

mesh of a disc (see figure 5.9. To be precise, the PDE is:

r2u� 0:1u = f

85



Figure 5.11: Coarsening of uniform disc (unweighted above, weighted below).
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Figure 5.12: Solution of 2D problem 2 (heat equation).

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

4.85

4.9

4.95

5

5.05

5.1

5.15

5.2

where

f(x; y) =

(
0 : x � 0

�1 : x > 0

and all boundaries are Robin (steady state Neumann plus the reaction term from the time deriva-

tive). The solution is plotted in figure 5.12, and iteration results are given in table 5.2.

There are no surprises here. PDE-interpolation is slightly better than Laplacian interpola-

tion, but the PDE is so close to the Laplacian the difference isn’t remarkable.

5.5.4 Problem 3: heat equation on a stretched mesh

This problem is also an implicit step of solving the same heat equation with non-homogeneous

boundary conditions:

ru � n̂ = sign(cos(20�))

where� is the angle from the origin and the x-axis. The mesh is exponentially stretched towards

the boundary—beginning with the same uniform mesh as before, the new distance�r from the
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Table 5.2:CG iterations for 2D problem 2 (heat equation) to reduce the residual norm by10
�6, with

flops per unknown in parentheses; no convergence is marked by *. Each preconditioner’s drop tolerance

� is chosen to give roughly the same number of nonzeros. Note that ILUT is generally slower than the

flop count suggests. See page 81 for details.

Method(�) n = 1195 n = 4939 n = 20011 n = 79531

ILUT(0.01) 22 (151) 41 (284) 79 (549) 154 (1069)

AINV(0.085) 54 (375) 108 (733) 218 (1462) 434 (2898)

Mr.Lin(0.12) 36 (244) 40 (279) 46 (318) 53 (373)

Mr.Lap(0.1) 28 (195) 30 (216) 34 (250) 38 (278)

Mr.PDE(0.1) 28 (194) 30 (214) 34 (246) 38 (274)

+Mr.Lin(0.11) 33 (239) 38 (277) 42 (308) 49 (359)

+Mr.Lap(0.1) 27 (183) 29 (202) 31 (216) 35 (242)

+Mr.PDE(0.09) 26 (180) 28 (198) 30 (212) 34 (239)

origin is1� 25�r. See figures 5.13 and 5.14 for the mesh and the solution, and table 5.3 for the

iteration results.

Now the advantage of semi-coarsening begins to become apparent: see figure 5.15 for a

comparison of the coarser meshes in the hierarchies. The unweighted approach preserves the

stretching in the coarser levels, causing near degenerate triangles by the boundary. On the

other hand, the weighted approach works to undo the anisotropy, leaving considerably better

conditioned meshes from which more accurate interpolation is possible.

5.5.5 Problem 4: Laplace’s equation around a simple airfoil

The next problem is Laplace’s equationr2u = 0 around a simple airfoil. There are homo-

geneous Neumann boundary conditions around each section of the airfoil, and a farfield wind

coming slightly from below is approximated by imposing the Dirichlet conditionu = x+ 0:3y

on the exterior boundary. See figure 5.16 for a plot of the mesh, which is highly nonuniform but

not stretched, and figure 5.17 for the solution. The mesh hierarchies were constructed with the

trailing tip of the foil specified as a key point to keep coarse. Iteration results are given in table

5.4.
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Figure 5.13: Stretched mesh on disc.
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Figure 5.14: Solution of 2D problem 3 (stretched mesh heat equation).
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Table 5.3:CG iterations for 2D problem 3 (stretched mesh heat equation) to reduce the residual norm

by 10�6, with flops per unknown in parentheses; no convergence is marked by *. Each preconditioner’s

drop tolerance� is chosen to give roughly the same number of nonzeros. Note that ILUT is generally

slower than the flop count suggests. See page 81 for details.

Method(�) n = 1195 n = 4939 n = 20011 n = 79531

ILUT(0.009) 22 (149) 42 (293) 73 (513) 153 (1071)

AINV(0.085) 61 (411) 125 (865) 215 (1415) 432 (2806)

Mr.Lin(0.13) 51 (339) 65 (446) 78 (532) 84 (566)

Mr.Lap(0.12) 35 (232) 36 (250) 43 (298) 46 (319)

Mr.PDE(0.11) 35 (237) 34 (239) 40 (281) 44 (309)

+Mr.Lin(0.095) 29 (200) 32 (226) 38 (276) 42 (305)

+Mr.Lap(0.075) 21 (141) 23 (168) 25 (178) 28 (194)

+Mr.PDE(0.075) 21 (141) 23 (166) 25 (174) 28 (189)

90



Figure 5.15: Sample coarsening hierarchies for stretched disc mesh (unweighted method above,

weighted method below)

Table 5.4:CG iterations for 2D problem 4 (simple airfoil) to reduce the residual norm by10
�6, with

flops per unknown in parentheses; no convergence is marked by *. Each preconditioner’s drop tolerance

� is chosen to give roughly the same number of nonzeros. Note that ILUT is generally slower than the

flop count suggests. See page 81 for details.

Method(�) n = 6691

ILUT(0.01) 49 (314)

AINV(0.09) 144 (939)

Mr.Lin(0.12) 62 (402)

Mr.Lap(0.12) 35 (242)

+Mr.Lin(0.11) 36 (234)

+Mr.Lap(0.11) 30 (203)
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Figure 5.16: Mesh for 2D problem 4 (simple airfoil).

zoom 9x

zoom 230x zoom 340x

92



Figure 5.17: Solution of 2D problem 4.

0.48 0.5 0.52 0.54

0.47

0.48

0.49

0.5

0.51

0.52

5.5.6 Problem 5: Laplace’s equation around a multi-segment airfoil

This time a multi-segment airfoil with stretched mesh is used, making the problem considerably

more difficult. Figure 5.18 shows the new mesh and figure 5.19 the solution. All trailing

tips were kept coarse, and to allow for the complex geometry, the coarsening was stopped at

about 200 nodes: adequately representing the geometry with fewer nodes appears too difficult.

Iteration results are given in table 5.5.

This is probably the best example of the importance of semi-coarsening. The unweighted

independent set algorithm gives such a bad hierarchy that the standard basis is better, and

the normally more accurate Laplacian interpolation is actually worse than linear interpolation.

However, the weighted independent set method gives reasonable convergence—perhaps not as

good as one might hope, but probably there is still considerable room for improvement in the

coarsening.
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Figure 5.18: Mesh for 2D problem 5 (multi-segment airfoil).
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Figure 5.19: Solution of 2D problem 5.

Table 5.5:CG iterations for 2D problem 5 (multi-segment airfoil) to reduce the residual norm by10
�6,

with flops per unknown in parentheses; no convergence is marked by *. Each preconditioner’s drop

tolerance� is chosen to give roughly the same number of nonzeros. Note that ILUT is generally slower

than the flop count suggests. See page 81 for details.

Method(�) n = 8607

ILUT(0.004) 43 (229)

AINV(0.08) 170 (908)

Mr.Lin(0.2) 189 (1023)

Mr.Lap(0.4) 291 (1666)

+Mr.Lin(0.12) 54 (299)

+Mr.Lap(0.25) 44 (247)
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Figure 5.20: Mesh for problem 6 (discontinuous heat equation).
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5.5.7 Problem 6: discontinuous coefficient heat equation

We now try introducing discontinuous coefficients in the heat problem on the irregular mesh in

figure 5.20, generated with MATLAB’s PDETOOL. The PDE is:

r �Kru� 10�3u = f

where

K(x; y) =

(
1 : x � 0

10�6 : x > 0

andf = �1 on the left disc but 0 elsewhere, with Neumann boundary conditions. The sharp

corners of the mesh, apart from the tiny step in the bottom straight section, are kept coarse.

For this problem, clearly linear interpolation is doing the wrong thing, and Laplacian inter-

polation is even worse. PDE-interpolation works very nicely still. The mesh is fairly isotropic,

so semi-coarsening only helps a little.

96



Figure 5.21: Solution of 2D problem 6.
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Table 5.6:CG iterations for 2D problem 6 (discontinuous heat equation) to reduce the residual norm

by 10�6, with flops per unknown in parentheses; no convergence is marked by *. Each preconditioner’s

drop tolerance� is chosen to give roughly the same number of nonzeros. Note that ILUT is generally

slower than the flop count suggests. See page 81 for details.

Method(�) n = 1918 n = 7420

ILUT(0.009) 25 (145) 50 (310)

AINV(0.08) 66 (404) 140 (814)

Mr.Lin(0.15) 287 (1964) *

Mr.Lap(0.3) 522 (3247) *

Mr.PDE(0.11) 31 (202) 34 (225)

+Mr.Lin(0.2) 712 (4024) *

+Mr.Lap(0.4) * *

+Mr.PDE(0.11) 27 (178) 31 (206)
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Figure 5.22: Solution of 2D problem 7 (simple anisotropy).
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5.5.8 Problem 7: simple anisotropy

This is a rather simple constant coefficient problem on a uniform square mesh, but the diffusion

tensor coefficient is highly anisotropic. The PDE is:

1000ux + uy =
1

20
sin(10�y)

with homogeneous Neumann boundaries fory > 0:25 and the Dirichlet boundary condition

u = x for y � 0:25. See figure 5.22 for the solution.

For the multi-resolution bases, the corners of the mesh are kept coarse. As shown in fig-

ures 5.23 unweighted coarsening, the semi-coarsening with Delaunay retriangulation, and semi-

coarsening with coefficient-adaptive retriangulation are tested—this last is marked with two

plusses in front of the method in table 5.22. Note that while semi-coarsening with Delaunay re-

triangulation begins with the correct choices of coarse nodes, on the boundary the out-of-phase

placement of coarse nodes causes the Delaunay algorithm to generate inappropriate triangles.

The mistake is amplified in coarser levels, a fundamental problem with the top-down approach.

The unweighted coarsening does a terrible job, while the semi-coarsening is effective. How-

ever, coefficient-adaptive retriangulation is much more effective—it appears not just by a con-
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Figure 5.23: Coarsening for simple anisotropy (in order from top: unweighted, weighted with

Delaunay retriangulation, weighted with coefficient-adaptive retriangulation)
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Table 5.7:CG iterations for 2D problem 7 (simple anisotropy) to reduce the residual norm by10
�6,

with flops per unknown in parentheses; no convergence is marked by *. Each preconditioner’s drop

tolerance� is chosen to give roughly the same number of nonzeros. Note that ILUT is generally slower

than the flop count suggests. See page 81 for details.

Method(�) n = 900 n = 3600 n = 14400

ILUT(3:2 � 10�4) 21 (128) 38 (224) 65 (380)

AINV(0.01) 31 (167) 59 (396) 114 (828)

Mr.Lin(0.3) 488 (2623) 605 (3399) 592 (3422)

Mr.Lap(0.45) 433 (2387) 541 (3230) 525 (3243)

Mr.PDE(0.4) 314 (1695) 340 (1993) 354 (2146)

+Mr.Lin(0.01) 23 (144) 47 (366) 81 (656)

+Mr.Lap(0.55) 488 (2553) 610 (3505) 752 (4451)

+Mr.PDE(0.008) 19 (118) 35 (269) 59 (460)

++Mr.Lin(0.01) 15 (79) 21 (122) 32 (195)

++Mr.Lap(0.55) 458 (2400) 770 (4408) *

++Mr.PDE(0.008) 13 (65) 18 (100) 24 (137)
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Figure 5.24: Solution of 2D problem 8 (ANISO).

0

0.5

1

0

0.5

1
0

0.5

1

stant factor, but actually improving the scalability. However, grid-independent convergence is

still not achieved. As always, PDE-interpolation is the best method (though fails with an in-

appropriate hierarchy). It is interesting to note that for semi-coarsening, linear interpolation is

better than Laplacian interpolation here: though both make the mistake of giving equal weight

to weakly coupled nodes in they direction, the Laplacian prediction confounds the mistake by

including more weakly couples nodes.

5.5.9 Problem 8: ANISO

The ANISO problem[17] is a highly anisotropic discontinuous coefficient problem. It splits the

unit square into quarters, the south-west and north-east quarters satisfying1000ux + uy = f

and the other two satisfyingux + 1000uy = f . The right-hand side and boundary conditions

are the same as in problem 7. See figure 5.24 for the solution.

Unweighted coarsening is useless here too. However, the discontinuities confuse the edge-

swapping routine so much that coefficient-adaptive retriangulation is even worse—see figure

5.25 for an example of what goes wrong. However, adaptively retriangulating each quarter
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Figure 5.25: Coefficient-adaptive triangulation gone wrong.

separately works well, as can be seen in table 5.8 where this method is labelled with stars.

As expected for an anisotropic problem, the Laplacian interpolation is terrible; PDE-interp-

olation is best, with linear close behind. However, even these work very poorly on the Delaunay

retriangulated coarsened hierarchy; the advantage over the standard basis is only realized with

the more sophisticated hierarchy. This underscores the over-riding important of good coarsen-

ing: it is the most sensitive and difficult part of the multi-resolution scheme.

5.5.10 Problem 9: a model reactor

The final self-adjoint problem is an indefinite problem that loosely models neutron diffusion

and reaction. There are 21 circular rods of radius 0.2 arranged neatly in a disc of radius 0.9,

with an outer shield going out to radius 1. The PDE is:

r �Kru+ cu = f

102



Table 5.8:CG iterations for 2D problem 8 (ANISO) to reduce the residual norm by10
�6, with flops

per unknown in parentheses; no convergence is marked by *. Each preconditioner’s drop tolerance� is

chosen to give roughly the same number of nonzeros. Note that ILUT is generally slower than the flop

count suggests. See page 81 for details.

Method(�) n = 900 n = 3600 n = 14400

ILUT(3:7 � 10�4) 21 (110) 47 (256) 82 (429)

AINV(0.006) 39 (207) 66 (459) 113 (950)

+Mr.Lin(0.15) 133 (706) 336 (2098) 410 (2158)

+Mr.Lap(0.45) 399 (2096) 415 (2381) 486 (2894)

+Mr.PDE(0.15) 126 (656) 306 (1716) 341 (1784)

?Mr.Lin(0.01) 14 (77) 16 (89) 20 (118)

?Mr.Lap(0.4) 333 (1800) 382 (2217) 428 (2583)

?Mr.PDE(0.01) 13 (69) 14 (76) 17 (94)

whereK = 1 andc = 0:3 in the rods,K = 0:005 andc = �0:2 in the disc, andK = 10�6

andc = 0 in the outer shield. The right-hand sidef is�1 inside the reactor and0 on the shield.

All boundary nodes are homogeneous Neumann. See figure 5.26 for the solution.

The multi-resolution basis convergence is disappointing. PDE-interpolation still provides

a better solution than the standard basis, but it’s still rather slow. The discontinuities and lo-

cally indefinite regions in the rods cause catastrophic difficulties for the linear and Laplacian

interpolation.

Surprisingly, the semi-coarsening is less effective than the unweighted coarsening, a further

indication that this might be the real issue in unstructured multi-resolution methods, and that

either the top-down approach needs to be made much more sophisticated or a different approach

should be adopted.

5.5.11 Problem 10: simple convection

This is a convection-diffusion equation on a100� 100 square grid:

0:01r2u�r � (bu) = f
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Figure 5.26: Solution of 2D problem 9 (model reactor).
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Table 5.9:CG iterations for 2D problem 9 (model reactor) to reduce the residual norm by10
�6, with

flops per unknown in parentheses; no convergence is marked by *. Each preconditioner’s drop tolerance

� is chosen to give roughly the same number of nonzeros. Note that ILUT is generally slower than the

flop count suggests. See page 81 for details.

Method(�) n = 4195 n = 16613 n = 66121

ILUT(0.009) 78 (546) 132 (963) 256 (1840)

AINV(0.08) 181 (1260) 355 (2473) 744 (5136)

Mr.Lin(0.15) * * *

Mr.Lap(0.3) * * *

Mr.PDE(0.11) 89 (666) 141 (1031) 132 (945)

+Mr.Lin(0.2) * * *

+Mr.Lap(0.4) * * *

+Mr.PDE(0.11) 112 (860) 154 (1143) 227 (1621)
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Figure 5.27: Solutions to 2D problem 10 (simple convection)
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where

b(x; y) = (ex; 0)

with Dirichlet conditions at the sides of the square and Neumann conditions on the top and

bottom:

u(0; y) = sign(cos(10�y))

u(1; y) = 0

uy(x; 0) = uy(x; 1) = 0

A slightly more difficult problem arises whenb is taken to vary withy:

b =
�
ex(1� (2y � 1)2); 0

�
Figure 5.27 shows the solutions, and table 5.10 has the results for the two problems.

The somewhat mixed results are further evidence that though PDE-interpolation works well,

coarsening needs further research for robustness; the linear and Laplacian interpolation behave

inconsistently, probably indicating some subtle troubles.
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Table 5.10:Bi-CGstab iterations for 2D problem 10 (simple convection) to reduce the residual norm

by 10�6, with flops per unknown in parentheses; no convergence is marked by *. Each preconditioner’s

drop tolerance� is chosen to give roughly the same number of nonzeros. Note that ILUT is generally

slower than the flop count suggests. See page 81 for details.

Method(�) b1 = ex b1 = ex(1� (2y � 1)2)

ILUT(0.015) 17 (154) 29 (260)

AINV(0.1) 75 (777) *

Mr.Lin(0.2) * 69 (584)

Mr.Lap(0.2) 91 (740) 191 (1504)

Mr.PDE(0.25) 71 (796) 31 (340)

++Mr.Lin(0.13) 93 (1020) 31 (342)

++Mr.Lap(0.12) * 65 (627)

++Mr.PDE(0.12) 17 (216) 23 (273)

5.5.12 Problem 11: circular convection

This is a rather more difficult problem, as the streamlines are not straight lines but rather closed

circles. The PDE is on the unit disc:

r2u�r � (bu)� 10�2u = f

where

b(x; y) = (�1000y; 1000x)

and

f(x; y) =

(
�1 : x � 0

0 : x > 0

with the natural Robin boundary conditions. This is essentially one time-step in a solid-body

rotation. The discretization is on the uniform triangulation of the disc from earlier problems,

with solution shown in figure 5.28

Like many anisotropic problems, this should be easier since it essentially consists of a set of

very weakly coupled one dimensional problems. The difficulty is that automatic methods have

to detect this; if they treat the problem incorrectly very bad things can happen. The additional
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Figure 5.28: Solution to 2D problem 11 (circular convection)
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Table 5.11:Bi-CGstab iterations for 2D problem 11 (circular convection) to reduce the residual norm

by 10�6, with flops per unknown in parentheses; no convergence is marked by *. Each preconditioner’s

drop tolerance� is chosen to give roughly the same number of nonzeros. Note that ILUT is generally

slower than the flop count suggests. See page 81 for details.

Method(�) n = 1195 n = 4939 n = 19627 n = 78763

ILUT(0.01) 33 (360) 53 (604) 111 (1229) *

AINV(0.12) 77 (833) 275 (2694) 755 (6532) *

Mr.Lin(0.23) 103 (1103) 933 (9620) 255 (2150) 691 (4896)

Mr.PDE(0.32) 73 (750) 135 (1411) 297 (2970) 879 (8554)

+Mr.Lin(0.18) 69 (709) 157 (1402) 389 (3216) *

+Mr.PDE(0.23) 71 (739) 177 (1774) 497 (4900) *

twist in this problem is that the one-dimensional problems are periodic, since the streamlines

are closed; this means for example thatA is far from triangular, making life more difficult for

factored preconditioners.

The results for the multi-resolution approximate inverse are disappointing. I cut back the

number of coarse levels to a maximum of two to improve convergence, and while this is still

better than the standard basis, it loses scalability. Allowing more levels slows convergence. The

problem is that the coarsening and interpolation should happen only along the stream-lines; at

low resolutions the stream-lines are very curved so retriangulation is bound to do the wrong

thing. A convection-aware coefficient-adaptive triangulation might do the job, but I have left

this for future work.

Table 5.11 gives the iteration results, for unweighted and weighted coarsening (with Delau-

nay retriangulation). The Laplacian interpolation basis is completely unsuited to this problem,

and thus is not included. It is clear that the coarsening is a major difficulty—counter-intuitively,

the PDE-interpolation works better with the unweighted coarsening than with the weighted

scheme.
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5.5.13 Problem 12: barrier option pricing

The final problem comes from computational finance, a two-asset barrier option pricing problem

in [29]. The PDE, in conservative form1, is:

@u

@�
= r � (Kru� bu) + cu

with coefficients given by:

K(x; y) =
1

2

 
x2�21 xy��1�2

xy��1�2 y2�22

!

b(x; y) =

 
�x(r � �21 � ��1�2=2)

�y(r � �22 � ��1�2=2)

!
c = �3r+ �21 + �22 + ��1�2

Here� = �t is backwards time,x andy are the prices of the underlying assets, and�1, �2,

�, andr are constants describing the stochastic evolution of prices. In this example,�1 = 0:4,

�2 = 0:2, r = 0:05, and� = �0:5. The payoff function (initial condition) is a basket call,

u(x; y; � = 0) = max(12 (x + y) � 100; 0), except for this example I assume the barrier is

applied immediately before, settingu = 0 outside of a small ellipse. The boundary conditions

are Dirichlet,u! x=2 asx!1 andu! y=2 asy !1.

The domain is the square[0; 200]�[0; 200], with an unstructured mesh that is refined around

the boundary of the barrier—see figure 5.29. Iteration counts for an initial fully implicit timestep

of size�� = 0:01 years (a fairly long step of about half a week) are given in table 5.12,

and for a timestep of size�� = 0:0001 years (a more typical step of roughly 50 minutes) in

table 5.13, both with the unweighted coarsening and the weighted coarsening with Delaunay

retriangulation.

For the long timestep, there is considerable correlation between distant nodes. This makes

the multi-resolution method more effective than the standard basis, though clearly only with

PDE-interpolation—linear or Laplacian interpolation fail. For the largest problem, the superior

scaling of PDE interpolation beats even ILUT in flop count.

1Although the original equation is non-conservative, and perhaps should be treated as such, it is simpler for the

current discretization code to deal with the conservative form
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Figure 5.29: Mesh for 2D problem 12 (option pricing)

zoom 7x

Table 5.12:Bi-CGstab iterations for 2D problem 12 (option pricing) with long timestep to reduce the

residual norm by10�6, with flops per unknown in parentheses; no convergence is marked by *. Each

preconditioner’s drop tolerance� is chosen to give roughly the same number of nonzeros. Note that

ILUT is generally slower than the flop count suggests. See page 81 for details.

Method(�) n = 3495 n = 13905 n = 55473

ILUT(0.01) 11 (112) 23 (247) 37 (398)

AINV(0.08) 25 (256) 55 (625) 85 (1013)

Mr.Lin(0.14) 89 (877) 157 (1563) *

Mr.Lap(0.15) 129 (1276) 331 (3287) *

Mr.PDE(0.35) 31 (314) 33 (344) 37 (390)

+Mr.Lin(0.13) 165 (1644) 217 (2232) *

+Mr.Lap(0.2) 141 (1408) 481 (3795) *

+Mr.PDE(0.24) 21 (210) 29 (296) 29 (296)
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Table 5.13: Bi-CGstab iterations for 2D problem 12 (option pricing) with short timestep to

reduce the residual norm by10�6, with flops per unknown in parentheses; no convergence is

marked by *. Each preconditioner’s drop tolerance� is chosen to give roughly the same number

of nonzeros. Note that ILUT is generally slower than the flop count suggests. See page 81 for

details.
Method(�) n = 3495 n = 13905 n = 55473

ILUT(0.0002) 5 (50) 5 (71) 5 (101)

AINV(0.003) 5 (50) 5 (93) 5 (177)

Mr.Lin(0.25) 583 (6002) * *

Mr.Lap(0.3) 585 (5992) * *

Mr.PDE(0.28) 15 (145) 15 (153) 19 (201)

+Mr.Lin(0.28) 557 (5606) * *

+Mr.Lap(0.33) * * *

+Mr.PDE(0.2) 11 (106) 13 (130) 15 (153)

However, for the short timestep the matrix is very diagonally dominant; there is little cor-

relation for the multi-resolution basis to exploit, yet fast decay in the Green’s function to the

benefit of the standard basis. Even with PDE-interpolation, the basis transforms are essentially

a waste of storage that could be better spent on the approximate inverse, although the flop counts

show that the multi-resolution method is scaling better and might be more effective for larger

problems.

5.6 Summary

Every test problem was successfully solved with PDE-interpolation and appropriate coarsening

in the multi-resolution basis: no other method showed this level of robustness. Furthermore,

the multi-resolution method almost always outperformed the standard methods, at least on the

largest meshes: their greater scalability is apparent, often running an order of magnitude or

more faster. (The exceptions are the strongly diagonally dominant matrices arising from the

short timesteps in problem 12.)
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It’s true the standard methods were more competitive in 2D than in 1D, with ILUT somtimes

giving the best flop counts for smaller meshes. However, as mentioned before this performance

measure should be taken with a grain of salt since applying the ILUT preconditioner is often

more expensive than the approximate inverses, particularly on parallel machines. The fairer

comparison with standard AINV always came out in favour of the multi-resolution methods,

again apart from problem 12.

The downside of the multi-resolution methods is their sensitivity with respect to the auto-

matic mesh coarsening. Particularly for the anisotropic problems, appropriate semi-coarsening

with coefficient-adaptive triangulation (which often required the domain to be first partitioned

into regions of roughly constant coefficients for robustness) is crucial. However, these problems

were solved with ease once a good hierarchy was found. The only really troubling issue was

with the nontrivial convection in problem 11, which featured closed and curved streamlines.

The current automatic mesh coarsening algorithms could not find a good hierarchy, so even

though standard methods did worse, the multi-resolution results were still far from optimal.
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Chapter 6

Conclusions and Future Work

I have presented a new preconditioner for elliptic PDE’s, based on the idea of using second gen-

eration wavelets to compress the inverse for approximation with sparse matrices. This resolves

the inherent scalability problem of existing approximate inverses: in the standard basis, sparsity

and quality become increasingly compatible as the problem size grows. Along the way I have

pointed out where algorithms are naturally parallel. The test results show that for many fairly

difficult problems the method scales well, much better than the standard basis approximate

inverse, and even for small problems often gives significantly better convergence.

The key points brought home are:

� Wavelets are a natural choice for approximate inverses, but only when moments arenot

preserved with an update step.

� Interpolation should be chosen carefully with knowledge of the problem; in general, PDE-

interpolation is essential for robust convergence. Methods that are higher order than the

PDE are useless.

� Good automatic coarsening is crucial, perhaps more important than the choice of inter-

polation. Simple approaches are bound to fail for tough problems with anisotropy or

discontinuities; finding a robust algorithm, especially for convection problems, is still an

open problem.
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Along the way, several interesting questions have been raised. I will briefly summarize them

here.

The parallels to multigrid and other methods would make a comparative study very useful.

In particular, the theoretical machinery used for analyzing the convergence of multigrid proba-

bly can be put to good use here, and similarly the new perspective of compressing the discrete

Green’s function might lead to new results for other multi-resolution techniques. On a prac-

tical level, the multi-resolution components of the software are compatible with node-nested

multigrid, so code may be re-used (and the two techniques could be compared directly).

Developing an algebraic multi-resolution approximate inverse where the prediction opera-

tors are derived directly from the matrix might make for simpler and more robust code—the

issue of retriangulation in coarsening might be avoided in particular.

Adapting approximate inverse algorithms other than AINV (e.g. Chow and Saad’s MR

method) may be very useful. In particular, other approaches have more natural parallelism

in the construction phase, though perhaps not showing as good convergence rates.

The particle model that served as an intuition for harmonic weighting of the diffusion term

deserves more thought—perhaps a discretization based directly on the underlying statistical

mechanics rather than via the continuum approximation of the PDE will give a rigourous and

powerful solution to the inconsistencies andad hocnature of the current schemes. Coefficient

homogenization for coarsening might also fall naturally out of this research.

Coefficient-adaptive triangulation was used to great effect in a controlled setting, but the

present implementation’s instability for variable coefficients is clear, as well as the difficulties

of convection problems.

The bottom-up approach in automatic unstructured mesh coarsening needs to be considered

along with improvements to the weighted top-down approach suggested here. Theoretical work

on the best possible node placement for the coarsest mesh could cross-fertilize with adaptive

meshing research. This also leads the way to the question of what is the coarsest possibleuseful

representation of a given problem.

Probably the most telling weakness with the method as it stands is the restriction to scalar

problems. Most real-life problems involve systems of PDE’s, often with some variables fol-

lowing an elliptic or parabolic nature and others with a hyperbolic character (so called mixed
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systems). From an abstract viewpoint, the general scheme of the multi-resolution approximate

inverse appears to apply here, but the problem of good interpolation may be challenging, to say

nothing of coefficient dependent coarsening.

Another obvious direction is in implementing the method for higher order PDE’s or dis-

cretizations. (This arises in structural analysis, flux limiter methods for convection problems,

etc.) There doesn’t appear to be any great difficulty in doing this, but interpolation again could

pose problems, especially determining the coarse nodes used to predict a fine node.

A third and perhaps most challenging direction is the implementation for 3D problems.

Here Green’s functions decay even faster (reducing the need for multi-resolution compression),

interpolation operators are necessarily denser and more expensive, and unstructured meshing

is frought with technical difficulties to name only a few problems. Although similar multi-

resolution methods can be proven to give “optimal”O(n) convergence even for 3D problems,

the constant factor obscured by theO notation is often so large that other preconditioners are

more effective for the problem sizes of interest today. It may be that though multi-resolution

bases have a role to play, they will only be useful for really big problems—e.g. perhaps coars-

ening should be stopped at hundreds of thousands of nodes. Of course, some 3D problems have

anisotropy or strong convection that essentially reduce them to sets of weakly coupled lower di-

mensional problems, albeit potentially with very complicated geometry; multi-resolution meth-

ods appear to have more potential here.

Finally, although theoretically the algorithms presented in this thesis should be able to run

effectively in parallel, this is a far cry from a working parallel implementation. The creation of

a truly scalable, parallel high performance multi-resolution approximate inverse will be a real

test of the method.
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